





















































































































































































































































ELECTRON TUBES FOR A COAXIAL SYSTEM 1121

these parts is difficult when production numbers are considered. The micas
in particular presented a serious problem. Mica sheet is composed of a large
number of laminations many of which are of the order of 0.0001” in thick-
ness. When the mica discs are punched out, these laminations leave, not
smooth edge holes as do metal stampings, but rather a large number of
minute jagged edges. The method used to check these was an optical one
in which the mica was projected at about 40 times size onto a glass screen
on which engraved lines acted as go-no-go gages. This reduced tool and
human error considerably. The cooperation of several industrial concerns
which supply some of the critical parts and the measuring instruments
was very helpful in obtaining the desired tolerances.

It was evident from the start of the development of the L3 tubes that
the performance requirements for high gain conventional structure tubes
would be pushing to the limit the available process controls and measuring
techniques. A statistical quality control program was put into effect on the
tubes after the final laboratory design had been crystallized. The statistical
study covered the tube dimensions and the data collected from those tubes
after they had been processed. The net result of the study was to indicate
that better measuring methods and process controls are needed.

With the amount of d-c. feedback employed in the working circuits, the
space current does not vary too rapidly with tube geometry. In the case
of the most critical spacing, that between the grid and the cathode, a 109,
change in the spacing would be expected to cause only about 2.5%, change
in space current. However, the transconductance is more sensitive to the
grid-cathode spacing, with a 149 change in transconductance to be ex-
pected for a 109, change in the spacing. This comes about because the trans-
conductance is a function of the spacing, even at a fixed space current.

Since a 109, change in spacing is only 0.00025 inch, the importance of
close tolerances on the parts dimensions controlling it is evident. The test
specification limits on transconductance permit a variation of about 4259,
so that the 0.00025 inch change in spacing would use up over half of the
allowed deviation. Preproduction runs at the Laboratories have shown
that the tubes are practical and that their performance in the amplifier
circuits has justified their design.

3.2 Electrical Characteristics

The nominal electrical characteristics are shown in Table II. The corre-
sponding characteristics for the earlier types 386A, 6AKS5 and 404A are
also given for comparison. The last row in the table shows figure of merit
values which are a measure of the circuit performance. The tabulated values
for the figure of merit were calculated, taking into account the effect of
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space charge on the input capacitance, and include a total allowance of
3 mmf. for socket and wiring capacitance (input plus output). The L3 tubes
are somewhat better than the 404A and substantially better than the 6AKS.
The figures of merit tabulated will not check with the values shown in
Figs. 2-4 since the curves were calculated for cold tube capacitances and
zero socket and circuit capacitances. :

TasLe II
. K 4

Classification nggl)\de oA sPentodeg 084 ngégde Tgfcl}de Tﬁ?’(‘?de Tl:?oﬁe
Heater voltage 6.3 6.3 20.0 6.3 6.3 6.3 6.3 volts
Heater current 0.150 10.175 .05 0.30 | 0.30 0.45 | 0.45 amps
Plate current 7.5 7.5 13 13 25 40 ma
Screen current 2.5 2.5 4.5 [ 3.5 8 — ma
Transconductance 4000 5000 12500 | 15000 | 28000 {45000 umhos
Input capacitance* | 3.6 3.9 7.0 | 7.8 15.2 | 11.5 mm{
Qutput capacitance*| 2.6 2.85 2.5 [2.5 3.3 0.9 mmf
Plate-grid capaci- 0.025 0.01 0.03 | 0.025| 0.05| 3.5 mmf

tance*

Figure of merit** |61 72 123 | 146 165 — mc

* Cold capacitances.

** This is the frequency at which unity voltage amplification would occur with a
simple parallel tuned circuit interstage. Allowances have been made for stray capacitances
and for the increase in input capacitance when a tube is energized. No figure is given for
the 437A tube because the relations derived for the earlier stages in the amplifier do not
apply to the output stage.

3.3 Performance in Repealer

The positions of the tubes in an auxiliary repeater are indicated in the
diagram of Fig. 13. The overall insertion gain is a little over 30 db at 4 mc.
While the noise contributions of the first 435A tube and the 436A tube
are important, they have been reduced to 48 db below one volt and 62 db
below one volt, respectively, for 1200 repeaters. The second 435A tube and
the “lower” 437A tube appearing in Fig. 13 are the major contributors
to the modulation. The expected modulation levels from these tubes are
those associated with single tone ratios of about 34 db for the fundamental
to second harmonic ratio and 70 db for the fundamental to third harmonic
ratio, with a grid signal level of 0.1 volt r.m.s.

INPUT AMPLIFIER OUTPUT AMPLIFIER
———] TRIODE L____
437A
TETRODE  TETRODE TETRODE
435A 435A 436A
-——— TRIODE | __
437A

Fig. 13—Position of tubes in the input and output amplifiers for the L3 carrier system,
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The gain-band performance in this repeater, or in any other circuit, will
be less than that shown in the curves in TFigs. 2-4 since the total shunt
capacitances in a working circuit are always larger than the cold tube
capacitances used in calculating the inherent figure of merit.

3.4 Test Specifications

The test specifications for the L3 tubes were written with the L3 system
requirements as the prime consideration. In addition to the usual tests made
on small tubes, a modulation test was included for the 435A and 437A
tubes because of the importance of this characteristic in terms of system
performance. In order to avoid penalties which can result from unwanted
systematic deviations which pile up in a long system, requirements have
been set up which will control the distribution of transconductance, modula-
tion, and some of the most critical interelectrode capacitances. By the
application of suitable quality control methods, it is expected that these
requirements can be met economically and that such measures will prevent
the manufacture of large numbers of tubes having average characteristics
far off the design values. When simple go, no-go limits are used, it is not
economical to set close enough limits to attain the desired control of the
average characteristics.

4. CoNCLUSIONS AND IFUTURE POSSIBILITIES

The fundamental problem in the development of repeater tubes for
broad band coaxial systems has been to devise means for utilizing closer
and closer grid-cathode spacings without sacrificing life performance.

The closer spacings have been made possible by devising rigid control
grid supporting structures which can be wound with very small diameter
wire. The wire is held under tension by the supporting frame so that a flat
winding is produced which can be spaced very close to a flat cathode.

The possibilities for the development of tubes which will provide still
better broad band amplification depend to a great extent upon the kind
of system design to be considered. If higher figure of merit, as defined in
this article, can be utilized, considerable improvement can be realized with
space charge controlled tubes such as the 435A, 436A and 437A by using
mounting arrangements which provide more precise means of establishing
and maintaining the critical dimensions.
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APPENDIX

Meanings of Symbols

I’ = Figure of merit

G = Voltage amplification

B, = Bandwidth between 3 db points
K = Interstage circuit constant

G = Grid-plate transconductance
Input capacitance

Output capacitance

Turns per unit distance on grid
Grid-cathode spacing
Grid-screen spacing
Screen-plate spacing

Area of active structure

= Plate current, d-c

= Ratio of plate current to cathode current
E., = Grid-cathode voltage

E., = Screen-cathode voltage

[ (I

srecTs =00
Il

p = Grid-screen amplification factor

I, = Cathode current density, d-c

r = Grid wire radius

I, = Amplitude of fundamental component of a-c plate current

I,, = Amplitude of second harmonic component of a-c plate current
i, = Fundamental a-c plate current component

i, = Second harmonic plate current component

Gy = Perveance factor

E, = Amplitude of grid signal voltage
p = Frequency X 2r
14
i

Time
= a-c plate current

Units: length in cms; practical electrical units; time in seconds.
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Assumptions

I

II

IIT

v

\

na =1

The ratio of the pitch distance to the grid-cathode spacing is held
constant. This is done so that the effect of the variation in field along
the cathode surface resulting from the finite grid pitch distance will
be small and the same throughout the discussion.

Cy = 00885 X 10724 (-2 + %)

_ 00885 X 1074
4

Ce

The input and output spaces are treated as if they can be represented
by ideal condensers. This amounts to assuming that the grids are per-
fect planes and that there are no end effects. The effects of space charge
on the capacitances are neglected, and the socket and wiring capaci-
tances are also neglected. This means that the resulting calculated
figure of merit represents the limiting value inherent in the tube
structure.

3/2
233 X 10° M4 (E—2 + Ed)
u

a <1 + lot b)m

L oa

IB=

The expression for plate current assumed is an idealized one, but holds
fairly well for these tubes.

dp
=0
dEcl
It is assumed that the triode amplification factor is independent of
the control-grid voltage. This holds fairly well under the conditions
of assumption I.

When the interstage consists of a single parallel tuned circuit, K = 1.
This case is assumed.

Derwations

Beginning with the above assumptions, and substituting in equation (1),
equations (2), (3) and (4) can be derived. The procedure will be outlined
below: '

K Gm

F= 27(C: + Co) W
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4.74 X 108 MI}B

I = (2)
am<g+1+1><1 +1a+b>
. a b c a
Fu = [5 (8 X 1030“’312’3< le ;r b) — Ecl} 3)
'3 .

2.73 [1 — logyp cosh <27r 1)
a a,

logy coth (27r %)

Substitutions for C;, Cs, and K in (1) are made from assumptions IT
and V. Gy, is found by differentiating the plate current expression (assump-
tion IIT) with respect to E. , remembering that p is independent of E.,
according to assumption IV.

4)

u =

1/2
233 X 10°°M 4 <E°2 + Ed)

3
Gn = ; (5)
2 3/2
Ty
a
From assumption IIT we can write
1 b\
2 " 1/3 2/3(1 +1 a-‘{l- >
<7 + E”‘) T (233X 10—“)”3M1/3A1/3 (©)
Substituting in (3)
—6 13213 la-+ b)m
. 3 (233 X 10 )MAIL <1+ "
m § 3/2
<1 n la —: b) (233 X 10753118 41
o - 150233 X 107) A T o
. <1 i i a + b)
a
Since Iy = MIyA by definition,
—4 1/3
G = 264 X 10 MAIL ®)

<1+1a+b>
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Substituting in (1),
2.64 X 107*'M AL

= 1 b 1,1 1 ©)
a*’? (1 ylaot )27r [.0885 X 10724 (- + -+ )]
L a a b ¢
Collecting the constants and cancelling the A’s,
83 r71/3
F = 4.74 X 10 M1, @

a4/3<1+}+{><1+l“+b>
a b c L o a

The expression for E.. can be found by substituting I's = M4 in assump-
tion III and solving for E.,.

3/2
2.33 X 107°M4 (‘E—z + Ea)

MLA = K
& <1 + 1 @+ b>
Looa
i S8 <1 + la+ b)
—< + Ea = £ — e
1.76 X 10~
Ep = p |:5.68 X 10%**15" (1 + % z 1’ b) - Ea] 3)

The expression for u can be found by applying assumption [ and substitut-

ing n = %in the Vogdes-Elder formula* for a plane structure.

_ 2mnb _ logy cosh (27nr) (10)
k= 2303 log1o coth (27ner) logio coth (27nr)
Substituting # = }1
b r
2.73 M logyo cosh { 27 A
4

i

ﬂ = —
logy coth (21r g) logy coth <21r ;)

Equation (11) can be derived by considering a particular structure and
introducing a small sinusoidal signal E, cos pt added to the d-c. voltage
in the plate current expression, Assumption III. This can be written as

E 3/2
I+ i =G <72 + E. + Eg cos pt) (12)

*F. B, Vogdes and Frank R. Elder, Pkys. Rev., 24, pp. 683-689, Dec., 1924,
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For zero signal this becomes

E., 3/2
I; =G ( ; + Ecl) (13)

Tor a pure resistance load which is small compared to the plate resistance,
the fundamental component, neglecting contributions from third and higher
order terms, is

i, = Gn E, cos pt (14)

Neglecting the contributions of fourth and higher order terms, the second
harmonic component is

3 E?
¢ cos 2pt (15)

Gap = Ip s eV
16 (E,
(72 + Eﬂ)

This is found by expanding (12) into the binomial series. From Assumption
IIT and equation (5),

E, or
(B n) =2 0
The amplitude of the second harmonic component, from (15) is
3 IzE
IZ;J - 16 Ecz 9 (17)
—“_ + Ecl

2
Substituting for <E-—°2 + Ecl> from (16) in (17).
U

GLE:

Iy = 121, (18)
From (14),

GnE, = I (19)
Substituting from (19) in (18),

I

IZp '12—18 (20)
This can be written -

Lo p1s (11)



Telephone Traffic Time Averages
By JOHN RIORDAN

(Manuscript Received April 25, 1951)

This paper describes the determination of the first four semi-invariants of the
distribution of the average, over an arbitrary time interval, of traffic carried by a
telephone system with an infinite number of trunks, during a period of statistical
equilibrium. Both finite and infinite numbers of independent call sources are con-
sidered, and the distribution function of call holding times is left general.

1. INTRODUCTION

OR mathematical studies of telephone traffic, like those of call loss or

delay which are used in trunking engineering, the traffic is considered
as a flow of probability in time. In the period of most importance, the busy
hour, this flow is usually regarded as stationary; that is to say, the proba-
bility of a given number of busy trunks, or the probability of delay of an
incoming call (or any other probability of the system which comes in ques-
tion) is taken as independent of the particular moment in the busy hour at
which the system is examined. The system is said to be in statistical equilib-
rium,

For such theoretical studies, the statistical quantities which determine
these probabilities, like the rate at which calls appear, are of course taken
as given, but in the application they must be determined by observations,
such as those being taken in the current extensive program of traffic meas-
urements. Here a difficulty appears. To abridge the extensive amount of
observational material, either measurements are made of traffic averages
over periods small compared to the busy hour (but not small enough to be
neglected) or the measurements of continuous recorders are averaged by
hand. It may be noticed here that for application of the results given below
the traffic averages obtained by measurements must be those of a con-
tinuous device which records all traffic changes and not, as in some measuring
devices, those obtained from a number of “looks” at points within the
averaging interval. But to use these measurements in determining the
traffic parameters by standard sampling theory, a corresponding theoretical
study of the averages is necessary.

Such a study, within limits to be described presently, is given here. No
attempt is made to describe the sampling studies possible from the results
reached. These seem to be of many kinds, not necessary to describe, but for

1129
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concreteness it may be mentioned that the most important, at the moment,
seems to be that of setting confidence limits for the average traffic.

The most important of the limits to this study are those implied by the
assumptions of statistical equilibrium with fixed average, and an infinite
number of trunks. The former limits application to periods in which, roughly
speaking, average traffic is neither rising nor falling; the latter is justified
only by the extreme mathematical difficulties produced by assuming other-
wise. The traffic variable is the number of busy trunksin a period of statisti-
cal equilibrium. For pure chance call input, the call holding time character-
istic is left arbitrary throughout the development, but main interest lies in
the two extreme cases of constant holding time and exponential holding
time, which are examined in detail.* For calls from a limited number of
sources, results are obtained only for exponential holding time. ‘

More precisely, if N(¢) is the random variable for the number of busy
trunks at time ¢, the variable studied, the average number of calls in an
interval of length T, is

M) = lf fo N d (1)

The question is: What are the statistical properties of M (T)?

The results given are the first four cumulants (semi-invariants) of M(T),
which seem to have the simplest expressions. For the convenience of the
reader it may be noticed that the first cumulant is the mean, the second
the second moment about the mean which is the variance, the third the
third moment about the mean, and the fourth the fourth moment about
the mean less three times the square of the variance.

In all cases the mean of M (T) is the mean of N (¢) and for pure chance call
input is called b, the average number of calls in unit average holding time, #.

The other cumulants for pure chance call input, %, , have the general
expression

(n — 1)

T
by = b an dug(x) (T — x)x™ % n = 2234
o

with

e =1 [ 0@

* F. W. Rabe [6] has reported results for these two cases for relatively long averaging
intervals, which are verified below. I owe my interest in this problem to a report on Rabe’s
work made by Messrs. Gibson, Hayward and Seckler in a probability colloquium at Bell
Telephone Laboratories initiated and directed by Roger Wilkinson.



TELEPHONE TRAFFIC TIME AVERAGES 1131

and f(¢) the probability that a call lasts at least ¢, that is, the distribution
function of holding times. The specializations of this, for constant holding
time and exponential holding time, appear in section 4. The results for
finite source input have a similar character.

The procedure in obtaining these is as follows. The cumulants are de-
termined from the ordinary moments (about the origin) and the latter
are determined by the integration of expectations. Thus the first moment,
the mean is determined from

EM(D)] = fo EING] dt = EIN()] @

where E(x) is written for the expectation or mean of x.
Similarly the second moment is given by

EMAT)] = Tl2 fo ’ fo EIN(O)N )] dt du 3)

and so on for higher moments. Correlation effects appear in (3) in
E[N()N (#)] and are included in the development by formulation of transi-
tion probabilities, that is, those probabilities determining the traffic flow
in time. The transition probability P;(t) is defined as the probability of
transition in ¢ from j calls in progress (busy trunks) to % calls in progress,
and fixes the inter-relatedness of call probabilities at different time epochs.
Only for large values of ¢ are these probabilities independent.

Hence, the first task is to determine these simple transition probabilities,
then those of double and triple transitions, then the expected values of
pairs, triples and quadruples of numbers of busy trunks, and finally the
moments.

2. TRANSITION PROBABILITIES

For exponential holding time, and infinite sources, infinite trunks, these
probabilities have already been determined by Conny Palm [5]. Palm’s
work has been summarized both by Feller [1] and by Jensen [3], and de-
scribes the whole process, not merely the equilibrium condition. For the
equilibrium condition, a different procedure,* similar to that used by
Newland [4] for another purpose, allows the assumption of a more general
holding time characteristic.

* Thanks are due S. O. Rice for suggesting this, as well as for many corrections and

improvements. I also have had the advantage of a careful reading of the mss. by E. L.
Kaplan.
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For infinite sources, and calls arriving individually and collectively at
. random with average density a, the well-known formula for the probability
that exactly % calls arrive in time interval ¢ is the Poisson

mi(t) = ¢ *(al)"/k! 4)

Then, if P;;(t; k) is the conditional probability of transition from 7 to 7
when £ calls arrive in time ¢,

Py(t) = ;ZE’ P45 B)mi(f) ©)

Consider P;;(t; 0), that is the (conditional) transition probabilities when
no calls arrive. Let the probability that a call lasts at least ¢ be f(¢), so that
the average holding time % is given by

h = [0 ul—f (w)] du = fom f(u) du )

The ¢ calls initially in process are independent of cach other. Select one of
them and suppose the time from its arrival (its age) is #, . Then the proba-
bility that it will also exist / units later is the conditional proba-
bility f( + #)/f(t1). Since in equilibrium conditions all moments of arrival
have equal probability, the corresponding probability for an arbitrary call is

g = j;wf(l'i'h) dy +fowf(l1) dt=%‘/;wf(u) du N

Hence the transitional probability P;;(¢; 0) is the binomial expression
Piy(t; 0) = < ]->g’(1 — g+ ©)
and its generating function is

Pty %;0) = D2 Pii(t; 02 = [1 + (v — 1)g) 9)

In (8) and (9), for brevity, the argument of g is omitted.
Now, suppose one call arrives in interval {. The moment of arrival is
uniformly distributed in ¢; that is, if u; is the moment of arrival,

Priu < ua < u + du) = du/t

and the probability that a call arriving at an arbitrary moment will be in
existence at time ¢/ is, say,

00 = [fe-0=t i =20 w0

14
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The corresponding generating function is

1 =00+ Q@) =1+ (= — 1D

and, since calls arriving 'are independent, the generating function for %
calls arriving is

1+ (x— 1)QJ
and v
Pty 2 k) = [1 + (x — Dgllt + (x — 1O (11)
Hence, finally by (5), |
Pi(t;x) = 2, Py (D

e (at) k

=14 (x — 1)g]";20 1+ & — DO

=1+ (v — gl exp (x — 1) at Q
=[1+4 (x—g'exp@—1)ak (1 — g (12)

The last step uses (10).

This is the generating function for the 51mplest transition probabilities,
‘and is quite like Palm’s result; indeed, for exponential holding time g = f =
¢, The probabilities themselves are obtained by expansion of the generat-
ing function in powers of x, or by substituting g for e='* in Palm’s result.
But they are not needed here; the generating function is most apt for deter-
‘mining the averages of interest, as will appear.

Before going on to the other transition probabilities, it is interesting to
notice certain checks of equation (12). In statistical equilibrium the traffic
has Poisson density (Palm l.c.) that is, in the present notation

Pr(N(t) = k) = ¢ "b*/k!

where b = ah. This of course is independent of time. Then, if V(0) has this
density, so should N (¢) as determined from N (0) and the transition proba-
bilities implicit in (12). This is verified by

—by 1
3 Pi(t2)e /it = exp (e — Vb1 — ) L1 + (= — Vgl &

exp [(x — )01 — g) — b+ b+ (x — Dbgl (13)
exp (x — 1)b.

It

Ii
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Also, g(0) = 1 and g(«) = 0 so that
P0,x) =1+ (x— 1]i=xf (14)
Py(, x) = exp (x — 1)b (15)
showing that in zero time no transit to another state is possible, and in
infinite time the equilibrium probabilities are reached no matter what the
initial state has been.
Finally, in a Markov process (cf. Feller [2], Chap. 15) the simple transi-
tion probabilities alone are needed since
Pty u) = Py()Pin(u)
A test for this is the Chapman-Kolomogorov equation, namely

Pyt + u) = ; Pyi() P (a0)

Using (12), the corresponding relation of generating functions is
1+ (x— gt + w]iexp b(x — D[1 — g(t + u)]

=[1+4 (&= 1g()g()]* exp b(x — D1 — g(g(w)];
so the process is Markovian only if

gt + u) = g(t)g(u)
which is true only for exponential holding time.

For the next transition probability P;;x(¢, #), consider first the condition
in which no call arrives in the whole interval ¢ + . As before

Pilt) = <;>gf(1 — )

where for convenience g is written for g(f). For the next transit, however,
there is a difference, namely

Pi(u) = <]k) <g2u>’° (1 B %>j—k

since giyu/g: is the conditional probability that a call which has lasted ¢
will last % more; Pji(u) is the conditional probability of a transit from 7
to k in #, given the transit ¢ to j in £.

The generating function for the double transition probabilities in this
case is, then, ’

20 20 Panltyw;0)2y = [+ (0 = g+ aly — Dgewad” (16)

Now suppose a single call arrives at random in interval ¢. As before, the
probability that it will occupy a trunk at time ¢ is Q(t) = A'(1 — g(t))
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and the conditional probability that it will also occupy a trunk at time
t+ uis

%fotf(t—l—u—x)dx—:-Q(t)
or

gl) — g(t + w)
1 - g

The corresponding generating function, with x and y the indicators of calls
at ¢t and ¢ + u, resp. is

1 — 00+ 00l — R, wlr + QOR(E, wxy

= R(t, w), say.

or
14 (@ — DA — g/t + aly — Diglu) — gt + u)li/t

The generating function for ¢ calls in this interval is this expression raised
to the ¢’th power, since calls arrive independently; and since ¢ calls arrive
with probability ¢ *‘(af)/c!, the generating function for calls arriving in
this interval is

2 [+ & — DO+ aly — DORIE(at)"/c!

(17)
= exp d[(x — 1)(1 — g(®) + x(y — 1(g(n) — gt + u))]
For brevity Q and R have been written for Q(f) and R(Z, ).
Finally the generating function for calls arriving in ¢, ¢ + #, is
exp b(y — 1)(1 — g(u)) (18)
Hence
2 Zk: P (t, w2y = [1 + (& — g + 2y — Dg(t + )]’
cexp bz — DA — g()) + (v — DA — gw) (19)

+ 2y — D(g@) — gt + )]
By similar argument, the generating function for triple transition proba-
bilities is
; ; ; Pijre(t, u, v)x'y"z*
=+ @ — Dg+ 2 — Dgepu + 29E — Dgeutal’
cexpd((x — DA —g) + (v — DA — g +  (20)
(¢ — 1)1 —g)+ 2y — Digu — gia) +
y(@ — 1)(g — gur)+ 2y — 1D (@t — Zerutr))
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3. ExPECTED CORRELATIONS

Correlation. expectations, like E[N()N (#)] in equation (3), are needed
for evaluation of the moments of M (7). They may be determined from the
transition probability generating functions, if it is agreed, as a matter only
of convenience, that the time epochs ¢, %, v, etc. are in that order (! < # <
v < --+). Since, on the assumption of statistical equilibrium, the call
probabilities at the first epoch ¢, are independent of its value, as already

noticed, this value may be taken as zero without loss of generality.
Thus for the second moment it is sufficient to determine

o) = EINON(W)] = 2 ip: 22jPui(w)
with p, = Pr[N(0) = 4] = e~tbi/i!
Write
Gu(x,y) = 20 pix’ 20 Pi(w)y’
By (12), this is the same as
Gu(®, 9) = expblx — 1+ 3 — 1+ (@ — Dy — 1)g(w)]

or .
H,(x,y) = Gu(x + 1,y + 1) = expb(x + y + xyg(u))
and .
o'H
‘P(u') - Bxay z,y=0
= " + bg(w)

In the same way the second order correlation expectation, that is

EINQ)N@)N (u + ),

‘P(ur 7’)

is obtained from

Ii

Gu:”(x7 y: Z)

2o pixt Do 2 P, v)yizt
and ’

Hy,. (%, Y, ) = Gu.”(x +Ly+ 1,24 1)

(21)

(22)

=expb(x + v+ z + xyg(w) + yzg(v) + 2(y + Dazg(u + v))

Hence

o(u, v) = b + b2g(u) + g(v) + gl + v)] + bglu + v)

(23)



TELEPHONE TRAFFIC TIME AVERAGES 1137

Finally, the third order correlation turns out to be
o(u, v, w) = EINQO)N ()N (1 + )N + v + w)]
= b 4 b¥g(n) + g(v) + g(w)
+ gl + ) + g0 + ) + glu + 2+ )]
+ Blg(n 4 0) + g +w) + 2 4 0 4+ w)]
+ Vlg(w)g(w) + g(u + v)g(v + w)
+ g@)g(u + v+ w)] + bglu + 2 + w)

As will appear, the arrangement of terms in (22), (23) and (24) corresponds
to the expansion of ordinary moments in terms of cumulants (semi-in-
variants); e.g. (24) corresponds to m, = bt 4 6b°ky 4+ 4bks + 3k3 + ks
with %; the ¢’th cumulant (for the Poisson of mean b, k; = ).

(24)

4. MOMENTS

Moments are obtained from these results by integrations. As already
noted, equation (2), the first moment is b for any holding time distribution.
Since there are two ways of ordering the epochs ¢, 7, the second moment is

EMAD)] = = f " fo ol — 1)

1% Jo
9% [T t '
_—_bz-{—“_f dtf du gt — u) (25)
T2 Jo 0

T
= b2+gszf0 dx g(x) (T — x)

The last step is by the formula for reversing the order of integration indi-

cated by
T 12 T T
[af au= au| a
0 0 0 ()

The variance or second central moment, which is also the second cumulant
ks , is then

E[(M(T) — b)7]
EMYNT)] — b

%2/07 dx g(x) (T — x)

Var [M(T)]

(26)
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Since there are 3! = 6 ways of ordering 3 epochs, the third moment may
be written

T t u
EMYT)] = 6 dtf duf dvo(t — 1, u — v)
T3 Jo 0 0

b2 T t 173 ‘
=5 + 6?5 \ dtfo dufo dalg(t — w) + glu — 2) +g.(”‘7’)]

6b T t u
—l-]—,3 | dtfodufo dvg(tfv)

Here the first triple integral is immediately evaluated by use of the identity

2‘/;Tdtfotdufcudv[g(t-—u) + glu — v) + gt — )]

= fononontdudvg([t—-vl)

2T for dz g(x) (T — x)

Il

T ky/b

i

The last triple integral, by successive inversions of integration order, turns
out to be

%/ﬁ dx glx) (T — x)x
Hence finally
EMY(D)] = 8° + 3bky + 67”3 fo ’ dx g(x) (T — x)x (27)
and
ks = E[(M(T) — b)°]
= EM*(T)] — 3b EIM*(D)] + 2b°

= EIMY(T)] — 3b by — ¥’ (28)

= %—bs fonx g@)(T — 2)x
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The fourth moment is given by

D) T t u v
EMYD)] = 1%/ dtfduf dv[ dw ot — u,u — v, v — w)
T Jo 0 0 0 .

= pt
4 2%{1)3];'/()!/;ufovdtdudvdw[g(t—u)—l—g(t—v)

+ gt —w) + gl — v) + glu — w) + glv — w)]
+ & /;T/;tﬁuj;vdtd1¢dvdw[g(t—v)+g(1¢—w)+2g(t~w)]

+ ¥ fonothu fovdtdudvdw[g(t—u)g(v—w)-l—

gt —v)glu — w) + gt — wglu — )]

+ b/OT /Ot/ou fovdtdudvdw[g(t — w)]}

Employing the identities
T T T T
4[0 j; ‘/; /; dtdudvdw (gt — u) + gt —v) + gt — w)
+ glu — o) + glu — ) + g0 — w)]

f:/{:/{)u[:didudvdw g(lt - %I)

27° /0 ! dx glx)(T — x) = T'ky/b,

8 /OT fot fou f: dt du dv dw [g(t — u) glv — w) + g(t — v) glu — w)
4+ gt — w) glu — v)]

‘/;T‘[OTfOTfOTdtdwdvdwg(lt—ul)g(|v;w|)

4 [ fo " i o) (T — .@T = TRy

Il

Il

and successive inversion of order of integration, the final result turns out
to be
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EM*(T)] = b* + 6b°ky + 4bk; + 3k3

126 [T 9
+ e ]0 dx gla)(T — x)x
and

ky = E[(M(T) — b)*"] — 3E[(M(T) — b)7]

126 (7
= fo dr gx) (T — x)a°

Il

It is a tempting surmise that

ol —1) [T _ n—2
b, = b—ﬁ—fo dx gx)(T — x) »

(29)

(30)

but this has not been proved. Note that for g(x) = 1, k, = b, the cumulant

of the Poisson, as it should.

For the two cases of chief interest, constant and exponential holding
times, the function g(x), in average holding time unils (that is, x = #/k) is

given by

c.h.t. gxy=1— = r<1
=0 x> 1

e.h.t. gx) = e

and the results are as follows:

Constant Holding Time

Cumulant T<1 T>1
ko b1 — T/3) bT(1 — 1/37)
ks b1 — T/2) bT2(1 — 1/27)
ks b1 — 3T/5)  bT-3(1 — 3/5T)
Exponential Holding Time
ks 20TT — 1 4 ¢ 7]
ks 6T T — 2 4+ (T + 2)e 7]
ks 126T2T — 6 + (T2 + 4T + 6)e7)

time

-1
kn=b1—’i——] T <1
. [ n-i-lT <

b n—11
T"‘1|:1—1l+17“:| r>1

It may be worth noting that, if the surmise is correct, for constant holding
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and for exponential holding time
k= b"(” — D = DT~ (= D1+ T T+ )™
where in the last term (I’ + «)™? is a symbolic expression or shorthand for
n—2
T+ o) = 2 (" 2) " a,
. 0 m
and o = (m 4+ 1)1 e.g.
T4+ o) =1T54 61%4 18T + 24

For small values of T, the two cases coalesce ((* =~ 1 — x)andatT =0
approach b as they should. For large values of 7', and constant holding
time,

kn ~ b/T™1, (n=23,4);
for exponential holding time
ko ~ nlb/T™, (n=234).

For n = 2, these results agree with Rabe [6].

As T increases, for either holding time, the cumulants are progressively
smaller, and the approximation of the distribution of M (T) by a normal
curve (which has all cumulants, except the first and second, zero) improves.
This is what follows from the central limit theorem if the subdivision of 7°
into a large number of intervals results in mutually independent random
variables (cf. Rice [7] 3.9).

Figure 1 shows a comparison of the variances (k) for the two holding
time cases. Figure 2 shows a comparison of the cumulants %, , k; and %, for
constant holding time, and Fig. 3 shows the same thing for exponential
holding time. '

5. FINITE SOURCES—EXPONENTIAL HoLDING TIME

The generating function for transitional probabilities for NV subscribers,
each originating calls independently with probability A, and for exponentlal
holding time, as given by Jensen (l.c.) is as follows:

Pi(t, x) = 1 + gl — D1 + golx — Dp—* 31)
with
= p— pe-()\+7)t
p=p+q

p=1—g=20+7)
v=1/h
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It should be noticed that for ¢ = «©, go = ¢1 = p and
Pi(o, %) = 1 + plx — D (32)

The right hand side is the binomial generating function and, as independent
of 7, is the generating function for the statistical equilibrium probabilities;
that is

PrivG) = B = (ZZ) &
Also the process is Markovian since
; & 22 P Pu(u) = 2Py + qule — DI [1 + goulw — DI¥7
o J J

=14+ (gou + Qe — quegon) & — nl’
[t + (Gou + goegru — goegon) (6 — DI
and
Gev + requ = Guigou = g1, 04w
Qow T Qoeqre = Qoidou = o, tu

Here it has been convenient to indicate by the double subscript the de-
pendence of ¢ and ¢y on a time variable.

Moments are obtained by the process given in detail for the infinite
source case. Ior brevity it is convenient to use the binomial cumulants
which are as follows

k2 = Npg
ks = Npglg — p)
& = Npg(1 — 6pq)
and the modified time variable Ty = (A 4 )7 Then.the results are
by = 2T7°ko[Ty — 1 4 €Y
ks = 617 xsT1 — 2+ (T1+ 2)e™
Ry = 1277 (ks + N )[2T1 — 6 + (TT + 4T1 + 6)¢ ]
— N1 — (Ti+ e + 7))

These of course bear a strong resemblance to the infinite source case (ex-
ponential holding time), to which they converge.
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The Reproduction of Magnetically Recorded Signals

R. L. WALLACE, JR.
(Manuscript Received July 9, 1951)

For certain speech studies at the Bell Telephone Laboratories, it has been
necessary to design some rather specialized magnetic recording equipment.

In connection with this work, it has been found experimentally and theo-
retically that introducing a spacing of d inches between the reproducing head
and the recording medium decreases the reproduced voltage by 54.6 (d/))
decibels when the recorded wavelength is N inches. For short wavelengths
this loss is many decibels even when the effective spacing is only a few ten-
thousandths of an inch. On this basis.it is argued that imperfect magnetic con-
tact between reproducing head and recording medium may account for much
of the high-frequency loss which is experimentally observed.

INTRODUCTION

ITHIN the last few years there has been increasing use of magnetic
recording in various telephone research applications (examples are
various versions of the sound spectrograph used in studies of speech and
noise). Some of these uses! have required a reproducing head spaced slightly
out of contact with the recording medium. Experimental studies were made
to determine the effect of such spacing and the results were found to be
expressible in an unexpectedly simple form. The general equation derived
is believed to be fundamental to the recording problem and to account for
much of the high-frequency loss that is found in both in- and out-of-contact
systems.
This paper discusses results of the experimental study and presents for
comparison some theoretical calculations based on an idealized model.

MEASUREMENTS OF SPACING Loss

In order to measure the effect of spacing between the reproducing head
and the medium, an experiment was set up as indicated in Fig. 1. The
recording medium used was a 0.0003 inch plating of cobalt-nickel alloy?
on the flat surface of a brass disc approximately 13 inches in diameter by
% inch thick.

This disc was made with considerable care to insure that the recording
surface was as nearly plane and smooth as possible and that it would turn
reasonably true in its bearings. Speeds of 25 and 78 rpm were provided.

1R. C. Mathes, A. C. Norwine, and K. H. Davis, “Cathode-Ray Sound Spectro-

scope,” Jl. Acous. Soc. Am., 21, 527 (1949).
2 Plating was done by the Brush Development Company.

1145
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The ring-type record-reproduce head shown in Fig. 1 was lapped slightly
to obtain a reasonably good fit with the surface of the disc.

A single-frequency recording was made with the head in contact with
the disc using a-c. bias in the usual way. Then the open circuit reproduced
signal level was measured, first with the head in contact, and then after
introducing paper shims of various thickness between the reproducing head
and the medium. Thus the effect of spacing was measured at a particular
frequency and recording speed. The signal was then erased and the process
was repeated for other recorded frequencies and for several record-repro-
duce speeds. Measurements were also made for cases in which the recording
and reproducing speeds were different. Considerable care was required to
kecp the disc and head sufficiently clean so that reproducible results could
be obtained.

HIGHLY POLISHED PLANE

SURFACE PLATED WITH 0.0003"
COBALT NICKEL ALLOY \\ RECORDED TRACK

+~ 0.118" WIDE

/
I~
~

\
/ .
RECORD-REPRODUCE BRASS DISC

HEAD (BRUSH BK9t1)

Fig. 1—Mechanical arrangement of recordmg set up. The one head served for re-
cording, playback, and erase.

Figure 2 shows typical response curves measured at 21 in./sec. with the
reproducing head in contact and with 0.004 inch spacing. The difference
between these two curves will be called the spacing loss corresponding to
this spacing and speed. From these data and more of the same sort it is
found that, within experimental error, spacing loss can be very simply re-
lated to spacing and the recorded wavelength, A, by the empirical equation,

Spacing loss = 55(d/\) decibels €))]

where spacing loss is the number of decibels by which the reproduced level
is decreased when a spacing of d inches is introduced between the repro-
ducing head and a magnetic medium on which a signal of wavelength A
inches has been recorded.

The fact that this expression fits the experimental data reasonably well
is indicated in Fig. 3 where spacing loss data measured a;'t a number of dif-
ferent speeds, frequencies, and spacings are plotted against d/A.
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Fig. 2—Response curves taken at 21 in./sec. Recordings were made with head in
contact and were played back first with head in contact and then with a spacing of 4
mils between head and disc.
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IMPLICATIONS OF THE EXPERIMENT

In this section it will be assumed that equation (1) holds true in all cases
where the spacing d is sufficiently small and the recorded track is sufficiently
wide so that end effects are negligible. If this is true, as it seems experi-
mentally to be, then it is indeed surprising how great can be the effect of
even a very small spacing when the recorded wavelength is small. For
example, take the case of a 7500 cps signal recorded at 7.5 in./sec. in which
case the wavelength is 0.001 inch. A particle of dust which separated the
tape from the reproducing head by one-thousandth of an inch would de-
crease the reproduced level by 55 db. A spacing of 0.0001 inch would pro-
duce a quite noticeable 5.5 db effect and even at 0.00001 inch spacing the
0.55 db loss would be measurable in a carefully controlled experiment.

In view of the magnitudes involved, it seems probable that this spacing
loss may play a significant role even in cases where the reproducing head
is supposed to be in contact with the medium. For example, it has been
known for some time that chattering of the tape on the reproducing head
or changes in the degree of contact due to imperfect smoothness of the tape
can result in amplitude modulation of the reproduced signal and thereby
give rise to “modulation noise” or “noise behind the signal.”

With the aid of equation (1) it is possible to estimate the magnitude of
the noise provided some assumption is made about the wave form of the
modulation. To take a simple case, suppose that the roughness of the tape
were such as to sinusoidally modulate the spacing by a very small amount
and at a low frequency. The reproduced signal would then be modulated
. and would contain a sideband on each side of the center frequency. The
energy in these two sidebands constitutes the modulation noise in this case.
If it is required that this noise be 40 db down on the signal, then one can
calculate the maximum permissible excursion of the tape away from the
reproducing head. This turns out to be 1.1(10)~% cm. or about one-sixth of
the wavelength of the red cadmium line! Of course, the one mil wavelength
assumed in this example is about as short as is often used and the effect
becomes less severe as the wavelength is increased. This is one of the rea-
sons that speeds greater than 7.5 in./sec. are used for highest quality
reproduction.

One can also make some rough qualitative inferences about the effect of
the thickness of the recording medium on the shape of the response curve.
As can be seen from equation (1) or from Fig. 2, low irequencies can be
reproduced with very little loss in amplitude in spite of considerable spacing
between the reproducing head and the medium while high frequencies (i.e.
short wavelengths) may be appreciably attenuated by even 0.0001 inch
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spacing between the head and the medium. With this in mind it is easy to
see that at high frequencies only a thin layer of the medium nearest the
reproducing head will contribute to the reproduced signal. In this case
(short ) increasing the thickness of the medium beyond a certain amount
can have no effect on the reproduced level simply because the added part
of the tape is too far from the head to make its effect felt. Consider the
effect of increasing the thickness of the medium from 0.3 mil to 0.6 mil
when the wavelength is one mil. Since the spacing loss for 0.3 mil spacing
at A = 1 milis 16.5 db, thesignal contributed by the lower half of a medium
0.6 mils thick cannot be less than 16.5 db lower than that contributed by
the upper half and hence the increase in thickness can do no more than to
raise the reproduced level by 1.2 db.

At a lower frequency for which A = 100 mil, however, the corresponding
spacing loss is only 0.165 db and in this case the two halves of the tape can
contribute almost equally with the result that doubling the thickness of
the medium can almost double the reproduced signal voltage.

Qualitatively, then, one might expect that increasing the thickness of
the recording medium, other things being equal, would increase the response
to low frequencies and leave the high frequency response relatively unal-
tered. This is in agreement with data published by Kornei.?

The estimates of magnitudes just given rest on assumptions which cannot
be proved except by further experiments. It has been implicitly assumed,
for example, that the medium is uniformly magnetized throughout its
thickness and this may not be the case. It does seem perfectly safe, how-
ever, to conclude that at a wavelength of one mil that part of the medium
which lies deeper than about 0.3 mil from the surface cannot contribute
appreciably to the reproduced signal. Furthermore, as the wavelength is
decreased beyond this point the thickness of the effective part of the tape
decreases in inverse proportion to N with the result that the available flux
also decreases. For this reason the “ideal” response curve cannot continue
indefinitely to rise at 6 db per octave as it does at low frequencies. In fact,
when the effective part of the tape becomes thin enough, the available flux
will decrease at 6 db per octave and just cancel the usual 6 db per octave
rise, giving an “ideal” response curve which rises 6 db per octave at low fre-
quencies but which eventually becomes flat, neither rising nor falling with
further increase in frequency.

Spacing loss may contribute in still another way to the frequency response
characteristic of a magnetic recording system in which the reproducing
‘head makes contact with the medium. It is well known to those who work

3 Otto Kornei, “Frequency Response of Magnetic Recording,” Elecironics, p. 124,
August, 1947,
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with magnetic structures such as are used in transformers and the like
that intimate mechanical contact between two parts of a magnetic circuit
does not imply intimate magnetic contact. In fact, even when great care is
taken in fitting such parts together, measurements invariably show an
effective air gap between them and the effective width of this gap usually
amounts to appreciably more than one mil. One reason for this is that the
permeability of soft materials such as are used in the cores of transiormers
and reproducing heads is very sensitive to strain. Even the light cold work-
ing which a surface receives in being ground flat is sufficient to impair very
seriously the permeability of a thin surface layer.

In view of this it is to be expected that the magnetic contact between
reproducing head and medium is less than perfect. If cold working during
the fabrication of the head or due to abrasion by the recording medium
should result in an effective air space between head and medium amounting
to as much as one mil, the effect on frequency response would be pro-
nounced indeed. At a recording speed of 7.5 in./sec. this amount of spacing
would cause a loss of 7.3 db at 1000 cps, 14.6 db at 2000 cps, 21.9 db at
3000 cps, 29.2 db at 4000 cps, etc.

It seems certain that in a practical recording system some loss of this
sort must occur. The problem of determining the magnitude of the loss or
in other words the amount of the effective spacing in a practical case is,
however, a difficult one. So far, no direct experimental method for its deter-
mination has been found.

THEORETICAL CALCULATIONS FOR AN IDEALIZED CASE

In the preceding section an experimentally determined spacing loss func-
tion has been discussed. It was shown that as the reproducing head is moved
away from the recording medium the reproduced signal level decreases.
This means that the magnetic flux through the head decreases. If the dis-
tribution of magnetization in the recording medium were known, it should
be possible to compute the flux through the head and thereby to derive
the spacing loss function on a theoretical basis. Unfortunately it seems
almost impossible to do this calculation in an exact way because very little
is known about the magnetization pattern in the medium and because the
geometry of the usual ring type head makes the boundary value problem
an exceedingly difficult one to solve.

It is possible, however, to obtain a solution for an idealized case which
bears at least some resemblance to the practical situation and this solution
will be presented. The results must, of course, be viewed with due skepti-
cism until they can be proved experimentally or else recalculated on the
basis of better initial assumptions. It is hoped, however, that in some
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measure they may serve as a guide to a better understanding of the mag-
netic reproducing process.

THE IDEALIZED RECORDING MEDIUM

The problem will be reduced to two dimensions by assuming an infinitely
wide and infinitely long tape of finite thickness 8. A rectangular coordinate
system will be chosen in such a way that the central plane midway between
the upper and lower surfaces of the recording medium lies in the x—y plane.
It will be assumed that the medium is sinusoidally magnetized in such a
way that in the medium the intensity of magnetization is given by

I, = I, sin (2zx/\)
I,=1.=0. 2

Equations (2) say that the recording is purely longitudinal. In a prac-
tical case, of course, the recorded signal is neither purely longitudinal nor
purely perpendicular but rather contains components of both sorts. In
Appendix I it is shown that the frequency response does not depend on the
relative amounts of these two components and hence that the computed
results are equally valid whether the recorded signal is purely longitudinal,
purely perpendicular, or a mixture of the two.

Appendix IT contains calculations for the case of a round wire sinusoi-
dally magnetized along its axis, and for a plated wire. These results, though
much different in mathematical form, are shown to be very similar to the
results for a flat medium.

THE IDEALIZED REPRODUCING HEAD

Figure 4 shows a semi-practical version of the sort of idealized repro-
ducing head which will be treated.

It consists of a bar of core material with a single turn of exceedingly fine
wire around it. This head is imagined to be spaced d inches above the sur-
face of the recording medium. If the dimensions of the bar are made large
enough, the amount of flux through it will obviously be as great as could
be made to pass through any sort of head which makes contact with only
one side of the tape and so the open circuit reproduced voltage per turn
is as high as can be obtained with any practical head.

Suppose a very narrow gap is introduced in this head where the single
turn coil was and that the magnetic circuit is completed by a ring of core
material as shown in Fig. 5.

If the permeability of the head is very high and the gap very small then
the flux which passed through the single turn coil of Fig. 4 will now pass
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through the ring of Fig. 5 and can be made to thread through a coil of many
turns wound on the ring. In so far as this is true, calculations based on this
bar type head are applicable to ring type heads.

If the bar of Fig. 4 is now allowed to become infinite in length, width,
and thickness, the flux density in it can be computed and the flux per unit
width can be evaluated. This calculation is outlined in Appendix I. If the
tape moves past the head with a velocity v in the x direction, the repro-

SINGLE TURN OF

VERY FINE WIRE BAR OF PERMEABLE
N ‘ MATERIAL

L
SPACING d—%

Fig. 4—Tdealized bar-type reproducing head.

Fig. 5—Idealized ring-type reproducing head.

duced voltage should be proportional to the rate of change of flux. In the
appendix this is shown to be

do. . M

TS T A - M N cos () 3)

where %‘ is the rate of change of flux in W cm. width of the reproducing

head measured in Maxwells per sec.,
r is the permeability of the reproducing head,
W is the width in cm. of the reproducing head (and of the recorded
track in a practical case),
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vis the velocity in cm./sec. with which the recording medium
passes the reproducing head.
I is the peak value of the sinusoidal intensity of magnetization
in the recording medium measured in gauss,
0 is the thickness of the recording medium measured in the same
units as A,
A is the recorded wavelength measured in any convenient units,
d is the effective spacing between the reproducing head and the
surface of the recording medium measured in the same units
as A, and _
w is 27 times the reproduced frequency in cycles per sec.

Note that equation (3) applies to a ring type head with no back gap.
If the head has a back gap then not all the available flux will thread through
the ring. Some of it will return to the medium through the scanning gap
and hence will not contribute to the reproduced voltage. This does not
affect the shape of the frequency response curve but does contribute a
constant multiplying factor (less than unity) to the right hand side of
equation (3). The value of this factor depends on the reluctances of the gaps
and of the magnetic parts of the reproducing head. If the reluctance of
the magnetic parts is negligible and the reluctance of the back gap is equal
to the reluctance of the front gap then the available flux will divide equally
in the two gaps and the factor will be one-half. This factor will not be con-
sidered further in this paper because it does not contribute to the shape
of the response curve but only to the absolute magnitude of the repro-
duced voltage. It could be interpreted as reducing the effective number of
turns on the reproducing head to a value somewhat lower than the actual
number of turns.

Spacing Loss

The term ¢ 27d/* tells how the reproduced voltage depends on spacing.
In order to compare this computed effect with the experimentally observed
one it is necessary to put it in decibel form by computing twenty times the
log of e2a/>, This gives

Spacing Loss = 54.6 (d/)) decibels .

This agrees very well indeed with the experimentally determined equation
(1) in which the constant is 55 instead of the computed 54.6. The com-
puted spacing loss function is plotted in Fig. 6. ‘
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THICKNESS Loss

The effect of the thickness of the recording medium shows up in the
term (1 — ¢7%%™), At low frequencies for which the wavelength is much
greater than the thickness of the medium this reduces to 2w3/\. In this case
the reproduced voltage is proportional to the thickness of the medium and
to frequency. This is the familiar six db per octave characteristic.

At high frequencies, however, when A K § the term reduces to unity

o
]
\\\
) ‘\
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2mrd h
SPACING LOSS =20 LOG € A
15 d N
=54.65 pp
9 A
% 20 \
2 . N
4 25 \
z \
» 30
7 REPRODUCE HEAD \
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Z \
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] —* \
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Memum/:’ 1
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60 ] [
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SPACING IN WAVELENGTHS, d/A
Fig. 6—Computed spacing loss as a function of d/A.

and the computed “ideal” response is flat with frequency and independent
of the thickness of the medium.
If the term (1 — ¢27%/%) is rewritten as

(2nd/3) [%r/“]

then the part in parenthesis accounts for a 6 db per octave characteristic
and the part in brackets accounts for a loss with respect to this 6 db per octave
characteristic. This loss, which will be called Thickness Loss, is given by

41t seems somewhat awkward to speak of “Thickness Loss” when nothing is actually

lost by making the medium thick. The only cxcuse for this way of splitting the terms
is that it makes for ease in comparing measured and computed curves.
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Thickness Loss = 20 log 1—% db (5)

where A is the recorded wavelength and 6 is the thickness of the recording
medium. This function is plotted in Fig. 7.

COMPARISON WITH EXPERIMENT

The most elementary consideration of the magnetic recording process
indicates that when the recording signal current is held constant the open
circuit reproduced voltage should be a function of frequency, increasing
by 6 db for each octave increase in frequency. Experimental response curves
tend to show this 6 db per octave characteristic when the recorded wave-
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Fig. 7—Computed thickness loss as a function of §/A.

length is moderately long and the frequency moderately low. This makes
it possible to draw a 6 db per octave line on the measured response char-
acteristic in such a way as to coincide with the low-frequency part of the
measured response characteristic. As the frequency is increased the meas-
ured curve tends to fall more and more below the 6 db per octave line. This
is because several kinds of loss come into play as the wavelength decreases
or as the frequency increases. Among these losses are:

1. Self demagnetization,

2. Eddy current and other losses in the recording and reproducing heads,

and
3. Gap loss due to the finite scanning slit in the reproducing head.
The work presented in the first sections of this paper indicates that the
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following two kinds of loss should be added to this list:

4. Spacing loss due to imperfect magnetic contact between the repro-

ducing head and the recording medium, and

5. Thickness loss.

Of these five losses three can be evaluated quantitatively either by direct
measurement or by calculation from theory. The remaining two are self-
demagnetization and spacing loss.

In this section the known losses will be evaluated for a particular re-
cording system. This leads to a response curve which can be compared with
the measured curve. The difference between the two curves should be due
to self-demagnetization and to spacing loss provided the above list of losses
is complete.

3 EDDY
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-40 ¥
= ——
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J =45 T i
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=75 L | | | 1 | I i | ! | 1 I 1 I 1 1.1
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FREQUENCY IN KILOCYCLES PER SECOND
Fig. 8—Measured eddy current loss as a function of frequency.

The recording system used is the one shown in Fig. 1 with the speed set
at 15.5 in./sec. for both recording and reproducing. A constant signal cur-
rent of 0.1 ma was used for recording with the 55 kc bias adjusted to give
maximum open circuit reproduced voltage.

Eddy current losses were measured as indicated in Fig. 8 by sending a
measured constant current ¢ through a small auxiliary winding around the
pole tip and measuring the open circuit voltage developed across the normal
winding of the head. Any departure of this measured voltage from a 6 db
per octave increase with increasing frequency is due to losses in the head
which will be loosely called eddy current losses. Other kinds of loss may
enter into this measurement (as, for example, loss due to the self-capaci-
tance of the winding) but in the frequency range of interest, eddy losses
predominate.
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By a completely different sort of measurement,” J. R. Anderson has
arrived at a similar value for eddy current loss in this type of head and
has shown that approximately the same loss occurs in both the recording
and the reproducing process. For this reason it seems proper to assume
that eddy currents account for just twice the loss measured by the method
of Fig. 8.

The loss due to the finite gap in the reproducing head is computed from
the well known relation.’

Gap loss = 20 logyo T8

sin (wg/\)
where g is the effective gap width in inches and \ is the recorded wave-
length in inches.

Thickness loss is computed from equation (5). It must be remembered
that this loss was derived on the assumption of uniform magnetization
throughout the thickness of the recording medium. This may be a fairly
good approximation to the actual state of affairs for a thin medium such
as the one being considered, but obviously if the thickness of the medium
is large compared with the width of the recording gap then the recording
field will not penetrate uniformly through the medium and the derived
thickness loss function will not apply.

The derived equation (3) indicates that at low frequencies the reproduced
voltage should be proportional to the thickness of the medium. If the thick-
ness of the medium is increased beyond the limit to which the recording
field can penetrate, this will no longer be the case and further increase in
thickness will have no effect on the response.

Data presented by Kornei® on the cobalt-nickel plating being considered
here shows that the low-frequency response is approximately proportional
to the thickness of the medium for values of thickness between 0.075 mil
and 0.5 mil. This may be taken as an indication of approximately uniform
penetration through these thicknesses and hence tends to indicate that
the derived thickness loss function should be applicable in the case of the
0.3 mil plating being considered here.

The effects of these losses are shown in Fig. 9 along with measured fre-
quency response data. Consider first the experimentally measured response

5 In unpublished work, J. R. Anderson of the Bell Telephone Laboratories has made
use of the fact that eddy losses depend on frequency while all other magnetic recording
losses depend on wavelength. By recording a single frequency and playing back at vari-
ous speeds he determined the loss on playback. By recording various frequencies with
recording speed adjusted to give constant recorded wavelength and using a single play-
back speed he evaluates the eddy loss in the recording process.

6S. J. Begun, “Magnetic Recording,” p. 84, Murray Hill Books, Inc., New York.
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data shown as circles falling near the lowest curve. Some of the measured
points have been omitted to avoid crowding but enough remain to show
the trend. At low frequencies these points fall along a line of approximately
6 db per octave.

A straight 6 db per octave line labeled 1 has been drawn through these
points and extended as shown in the figure. This line is the base from which
the various losses must be subtracted. Curve 2 shows the effect of sub-
tracting the computed thickness loss. When eddy losses and gap loss are
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Fig. 9—Computed response curves and measured response points.

also taken into account, curve 4 is obtained. The difference between this
curve and the lowest measured response points is presumably due either to
self-demagnetization, to spacing loss, or perhaps to both.

There is one clue which may be of help in deciding how much of this loss
should be attributed to self-demagnetization and how much to spacing loss.
This clue comes from the fact that the form of the spacing loss function
is known. Any part of the loss which is due to spacing must follow the equa-
tion

Spacing Loss = 54.6 (d/\) db
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whereas there is reason to believe that the effects of self-demagnetization
cannot possibly account for more than something like ten or fifteen db loss
and hence could not follow the equation given above.

In view of this it seems reasonable to try as a first guess the assumption
that all the unexplained loss is due to spacing.

If this assumption properly accounts for the shape of the measured re-
sponse curve there will be at least some reason to suppose it may be correct;
particularly so if the required amount of effective spacing seems reasonable.

The lowest solid curve, No. 7 of Fig. 9, has been computed on this basis.
That is, a spacing loss corresponding to 0.81 mil effective spacing has been
subtracted from curve 4. It is seen that this computed response curve fits
reasonably well with the measured points. Furthermore, 0.81 mil effective
spacing corresponds to quite reasonably good magnetic contact.

If this interpretation of the measured data is correct then it is obvious
that the high-frequency response could be improved a great deal if more
intimate magnetic contact between the reproducing head and the recording
medium could be achieved. To this end an attempt was made to lap the
surface of the head in such a way as to remove material very gently and
slowly. After lapping, the response was appreciably improved as indicated
by the set of measured points around curve 6. This curve was computed
assuming an effective spacing of 0.36 mil. Note that the computed curve
now fits the measured points very well indeed.

After still more lapping,” the measured response points around curve 5
were obtained. In this case it is necessary to assume only 0.23 mil effective
spacing in order to account for the measured curve. Further lapping failed
to give further improvement in response but a defect in the head which may
account for this has since been found and it is believed that with great
care one might actually measure something very close to curve 4.

To summarize, this is what seems to have been found. It is possible to
compute a response curve taking into account gap loss, eddy current losses,
and thickness loss. If this curve is compared with the final measured re-
sponse curve it is found that the measured curve gives less high-frequency
response than was computed. The difference between the two curves is
just the right sort of function of frequency and of just the right magnitude
to be accounted for by an effective spacing of 0.00023 inch between the
reproducing head and the recording medium. It seems probable that the
effective spacing could not have been much smaller than this value and
therefore it may be correct to assume that practically all the unexplained

7 After each lapping it was found that smaller values of bias current sufficed to give

maximum reproduced voltage. This is presumably because the improved magnetic con-
tact made the bias current more effective.
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high-frequency loss is due to spacing. This would imply that, under the
conditions of this experiment, self-demagnetization has a negligible effect
on frequency response.

In any case it seems clear that the intimacy of magnetic contact between
the reproducing head and the medium can have a very pronounced effect on
high-frequency response. The condition of the surface of the reproducing
head (and of the tape) may have more effect on high-frequency response
than any other single factor.

"In a very fine piece of pioneering work Liibeck® found empirically that a
term of the form ¢ was needed to account for the shape of measured
response curves. Guckenburg® has recently written more on this subject.
Both authors have assumed that this term has to do with self-demagnetiza-
tion and that \; is determined by the magnetic properties of the recording
medium. The experiment just discussed and the theory presented in this
paper suggest, on the other hand, that M is not a function of the magnetic
properties of the recording medium but rather is determined by the intimacy
of magnetic contact between reproducing head and medium. If this is the
case then Lubeck’s A; is related to the d of this paper through the equation
A = 2wd.

Guckenburg reports Ay = 100y for the best available medium. This cor-
responds to d = 0.625 mil and yields a response curve a little better than
the poorest measured curve of Iig. 9. The best measured curve of Fig. 9.
corresponds to Ay = 37u.
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APPENDIX I

THE FIELD DUE TO A FLAT SINUSOIDALLY MAGNETIZED
- MEDIUM

TueE FIELD IN FREE SpPACE

It is convenient to begin by evaluating the field inside and outside the
recording medium when the medium is in free space. By making use of the

8 H. Liibeck, “Magnetische Schallaufzeichnung mit Filmen und Ringkopfen,” Aku-
stiche Zeil., 2, 273 (1937).

®W. Guckenburg, “Die Wechselbeziehungen zwichen Magnettonband und Ringkipf
bie der Wiedergabe,” Funk und Ton, 4, 24 (1950).
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method if images, this solution can be used to find the fields which exist
when the medium is under an idealized reproducing head of permeability u.
Also, the free space solution may be of use in evaluating the effect of self
demagnetization since the demagnetizing field is computed.

Let the recording medium be an infinite plane sheet of thickness § and
choose rectangular coordinates so that the central plane of the medium
lies in the x—y plane as shown in Fig. 10.

Let the permeability of the recording medium be unity and let the inten-
sity of magnetization inside' it be given by

I, = I, sin 2wx/\)
(6)
ILi=1,=0

dH dHz

X0,2
( 0> 0) dA%

(XJ)EﬁGZ
dx

e
-,

Y
RECORDING
MEDIUM

Fig. 10—Coordinate system for flat tape calculations.

This is equivalent to a volume density of “magnetic charge” given by
p= —div/]

_ L.
dx

— (2xI./N) cos (27x/N) (7)

I

The problem then is to compute the field at a point (x, %) due to this
charge. Consider the field at (%, 2) due to the element dx dz at (x, z). This
element amounts to an infinitely long line of uniform charge density. The
field due to such a distribution is directed perpendicular to the line and
has a magnitude equal to twice the linear charge density divided by the
distance from the point to the line.
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In the present case this leads to

- _ (% — %)
dH, = —(4xl,./\) Eoy ey e cos (2mx/N) dx dz
. ®)
(2 — 2)

dH, = — (4I/\)

, cos (2rx/\) dx dz
(to — 2)* + (20 — 2)° 4

The total field at (xo, 2) is obtained by integrating with respect to x
over the range —  to 4+ and with respect to z over the range —4/2
to +6/2. In carrying out the integration over x it is convenient to make
the substituticn

(% — %)/ (0 — 5) = p

)
de = — (2 — 2)dp
Neglecting terms which obviously integrate to zero, this gi\;es
’ 8/2 —o0 . .

H, = (47|'Im/>\) sin (27‘.%/)\)[ I: P sin [271'(20 Z)P/)\] d?] dz

e ik (10)
S ™ cos [27(z0 — 2)p/A]
H, = (4xl,/N) cos (2wxo/N) ‘[6/2 [fw 7; _‘;_ v ? dp] dz

% >3

The integrals in brackets can be found in tables.”” Carrying out the inte-
gration gives

512
H, = — @7 I./M) sin (2rx,/N) f g gy
s/2
32 (11)
H, = —(4x"I/)\) cos (2mao/\) [ ¢TI gy
o12
20 Z 4
which integrate to
H, = —2wl, sin (2rag/N)e oM ™ — ™M 2
H, = —2xl, cos Qux/N)e P e — ¢
2 > §/2

10D, Bierens de Haan, “Nouvelles Tables D’Integrales Définies,” p. 223, Leide, En-
gels, 1867.



REPRODUCTION OF MAGNETICALLY RECORDED SIGNALS . 1163

Below the recording medium, that is for zp < —§/2,

H, = —2rl, sin Qrag/N)e™ ™M ¢ — ¢ 13)
v 13
-, = 21, cos (27rxo/)\)e+2“°’)ﬂ[e"m — ™M
‘ 2w < —§8/2
z
SEMI- INFINITE BLOCK
OF PERMEABILITY i
A
d _ RECORDING MEDIUM
e |
" x
¢
{4 f
Fig. 11—Flat tape under idealized reproducing head.
Inside the recording medium,
H, = —(47’L./)\) sin 27x/N)
zg 8/2
i [f g2 g _|_f T dz:l
—8/2 29
H, = —{«"L./N) cos (2rx/)N) : (14)
] 8/2
. [f 6—211(20—1)/)\ dZ _ f e+21r(zg—z)l)\ dz:l
—3l2 zQ
which integrate to
H, = — 2zl sin Qaxg/N)[2 — ¢ "™ + &™) 15
15

H, = 2rl,, cos (27rxg/)\)e_"m(e—2"°“ — &
8/2 > 5 > —§/2

TrE FiELps IN AND UNDER THE REPRODUCING HEAD

The idealized reproducing head amounts simply to a semi-infinite block
of high permeability material with a flat face spaced a distance d above the
surface of the recording medium as shown in Fig. 11.
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The problem of most interest is that of finding the & component of mag-
netic induction, B, , at any point (%, %) in the idealized head and inte-
grating this with respect to z to determine the total flux passing through
unit width (in the y direction) of a plane & = x,. This plane will then be
allowed to move with a velocity v by putting 2 = 9 and the time rate of
change of flux will be computed. Except for the effects of eddy currents,
self demagnetization, gap loss, etc. (which are treated separately) this rate
of change of flux should be proportional to the open circuit reproduced
voltage. This is the only result of which direct use will be made but for the
sake of completeness all the field components will be evaluated not only in
the idealized head but also at all other points. f

This problem is completely analogous to the problem of a point charge in
front of a semi-infinite dielectric treated by Abraham and Becker!! and can
be solved by use of the method of images.

TrE F1ELD INsIDE THE Hice PERMEABILITY HEAD

By analogy with the treatment of Abraham and Becker, the value of B
in the high permeability head is computed as though this head filled all
space and as though the recording medium were polarized to a value
2u/(u + 1) times the actual value of polarization present. This gives di-
rectly from equations (12),

B, = —[2u/(u + D2rL, sin Qmxe/N)e (™ — &
2 28 12N —7x5/\ (16)
B. = —[2u/(u + D)2z, cos (2rxe/N)e "M — ™
20 Z d + 5/2

THE Fieip BeErow THE REPRODUCING HEAD

Again by analogy with the treatment of Abraham and Becker, the field
outside the idealized head is computed as though no head were present.
The field is that due to the actual magnetized medium plus the field due to
an image of the medium (centered about z = 2d - §). The intensity of
magnetization of the image medium is —(u — 1)/(u + 1) times the in-
tensity of magnetization of the actual medium.

The field due to the image medium is computed from equations (13)
after suitable modification. The required modifications are:

1. Multiply the right hand sides by —(u — 1)/(z + 1) to take account
of the magnitude and sign of the image magnetization as just dis-
cussed, and

2. Replace z by z — (2d + 8) to take account of the position of the
image.

U M. Abraham and R. Becker, The Classical Theory of Eleciricity and Magnetism.
p. 77, Blackie and Son Limited, London, 1937.
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This gives the field due to the image plane as

H.; = 271, z———_—l—_ i sin (211’360/)\)62"(20_2(1-6)/)‘(6”6/)\ — TN

(17

Hy= —2xl, "= 1cos (27rxo/)\)32”““—2‘1'5)’)‘(6””‘ — ™

pt+1
. 20 S d + 5/ 2
To this must be added the field due to the real medium which is given by
equations (12) when §/2 < 3 < d + §/2, by equations (15) when —§/2 <
2 < §/2, and by equations (13) when z, < —4§/2.
Performing this addition gives the following results:
Between the head and the recording medium,

H, = —2xl, sin Quxo/N)e (™ — ™
) M 1 —2m(2d+3—22¢) /A
11 = e
[ pt+1 :|
—2mwzq /Ny wWEIN —m8 (N (18)
H, = —2nl, cos Qmxo/N)e ™" — ™)
— 1 _sr@dts—2s )/x:l
. 1 + M e 0
[ p+1
d+8/2> 2 > 82
~ Inside the recording medium,
H, = —27I, sin (27rxo/)\)
. [2 _ 8—15/)\(621rzo/)\ + e—21rzg/)\) _ :: _'|—- 16—27r(2d+5—20)/)\(e1r6/)\ _ e—rﬁl)\):l
H, = —2xl, cos 2wxs/\) (19)
. [e—rﬁl)\(e2n‘zo/)\ _ e—?ﬂ'zo/)\) + . 16—21r(2d+5—zo)/)\(etr5/)\ _ 6—_[6[)‘)]
pt1 '
8/2 > 20 > 8/2
Below the recording medium,
H, = —2rl, sin Qrae/N)e" ™M™ — ¢7™)
. l: Y 1e—-21r(2d+6)l)\:|
w1
H, = 2xl, cos Qwxo/N)e™ M — ¢ : ‘ (20)

g _#—1 rearan
l:l r+ 1° ]

20 _<_ —6/2



1166 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1951

TrE Frux pER UNIT WIDTH IN THE IDEALIZED REPRODUCING HEAD

The desired flux per unit width is computed from

b5 = f B, ds (21)
d+8/2

where B, is given by equation (16). Performing the indicated integration
gives

be = 2u 2181, sin (2mx0/N) [ (22)

S

If the reproducing head moves past the recording medium with a velocity
v so that %y = o,

b _ _ &

dt uwt1
where w is 2 times the reproduced frequency. This is the result for unit
width of the reproducing head. For a width of W cm., -

1 ; ;/—:\"m] g2
T

4ol (1 — €M™ cos (wt) (23)

dé M —2xd/Ny —2wd/\
J i — m — 4
r T daWol,(1 — e )e cos (wf) (24)

THE CASE OF PERPENDICULAR MAGNETIZATION

Equation (23) was derived for the case of pure longitudinal magnetiza-
tion as defined by equations (6). It will now be shown that this same result
is obtained for d¢./d! if the magnetization is purely perpendicular, that is if

I, = —1I, cos (2rx/X)

(25)
I,=1I1,=0

In this case the divergence of I is zero except at the surface of the tape
and this magnetization is equivalent to a surface distribution of magnetic
charge on the top and bottom surfaces of the tape. The magnitude of this
charge density is just equal to I, so that on the top surfacé of the tape there
is a surface density of charge given by

o = —1I, cos (2rx/\) at z = §/2 (26)
and on the bottom surface of the tape there is a surface density of charge
given by

o = I, cos (2rx/N\) atz = —§/2 27

Since the permeability of the recording medium is assumed to be unity,
this problem reduces to that of finding d¢./dt due to two infinitely thin
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tapes of the sort to which equation (23) applies. One of these tapes is at
z = §/2 and the other at 3 = —4§/2.

The problem then is to rewrite equation (23) for a very thin tape and
in terms of surface density of charge. As § approaches zero, equation (23)
reduces to

d¢‘x _ I

dt wt+1
From equation (7), the volume density of charge in this tape is
p = — (2xl./N) cos (2wx/N)

But as & approaches zero, the longitudinally magnetized tape to which
equation (28) applies becomes equivalent to a surface distribution of mag-
netic charge of surface density equal to 8p. This amounts, for the thin
longitudinally magnetized tape, to a surface charge density of

o1 = — (2w8/\) cos (2wx/N) 29)

But the charge density on the top side of the perpendicularly magnetized
tape is given by equation (26). Comparing these two values shows that the
surface charge density in the thin longitudinally magnetized tape is just
2w8/\ times as great as the surface charge density on top of the perpendicu-
larly magnetized medium. This means that d¢,/d! due to the top side of the
perpendicularly magnetized tape can be obtained by dividing the right hand
side of equation (28) by 2x8/\. This gives

%:— i
dt w41

due to the top side of the tape.

The contribution from the bottom side is obtained from equation (30)
by replacing d by d + & (since the bottom side is spaced d 4 § from the
reproducing head) and changing the sign. Adding these two contributions
gives for the total

do. _ o

dt w41

This is the same as equation (23) and so the desired result has been
established.

Note from equations (6) and (24) that in order to get the same result for
the perpendicular and longitudinal cases it was necessary to assume a 90-
degree phase difference between I, and I,. The usual type of recording
head lays down a pattern of magnetization which is neither purely per-

410],, (275 /N) e 7 cos (wt) (28)

—27d [\

4ol e cos (wt) (30)

dmvl,(1 — ¢ ™ cos (wl) (31)
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pendicular nor purely longitudinal but the two components are always in
phase. This means that the two contributions to d¢./d! add as vectors at
90 degrees. If the intensity of magnetization in the recording medium is
held constant while the relative values of perpendicular and longitudinal
components are changed, the only effect on the reproduced signal is a change
of phase.

APPENDIX II

THE FIELD DUE TO A ROUND WIRE

In Appendix I the field due to a sinusoidally magnetized flat medium
such as a tape has been calculated and the rate of change of flux in an

MAGNETIC/ PLATING
ON NONMAGNETIC CORE

Tig. 12—Coordinate system for round wire calculations.

idealized reproducing head has been evaluated. The analogous calculations
for a round wire have also been carried through and it is the purpose of this
section to present some of the results. The derivation of these results seems
too tedious and long to be presented here.

THE REcoOrRDING MEDIUM

Let the recording medium be a wire, the axis of which lies along the «
axis as shown in Fig. 12. Let the radius of the wire be a. To take account
of plated wires as well as solid magnetic ones, let the wire have a nonmag-
netic core of radius g, . Let the cylindrical shell between gy and a be mag-
netized sinusoidally in the « direction so that

I, = I, Sin (2rx/\)
I, =1,=0

(32)

By putting g, = 0 in the expressions which follow it will be possible to
obtain the result for a solid magnetic wire.
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THE FIELD IN FREE SPACE

If no reproducing head is present to disturb the field distribution, the
computed field components at a point (%, 7,) are

H, = —4xl,, Sin (2m2/N)Ko(2rre/N)[(2ra/NI1(27a/N)

— (2mao/N)11(2wao/N)]
H, = —4rl, Cos (o N Kn(Zrro/N)[(2a/N 127/ N)

— (2rao/N)I1(27a0/N)]

(33)

70> a

A discussion and tabulation of the I and K functions can be found in
Watson’s “Theory of Bessel Functions.”??

The field due to a solid magnetic wire is obtained by setting ¢y = 0 in
equations (33). This gives

H, = —4xl,. Sin 2rxo/N)(2wa/N)Ko(2are/N) 11 (2ma/N)
H, = —4xI,, Cos (2wxe/\) 2wa/N)K1(2wro/N)[1(2wa/N)
70. Z a

Tae RatE or CHANGE oF FrLux 1N AN IDEALIZED HEAD

Tt has not been possible to carry out the calculations for an idealized head
which is a satisfactory approximation to the grooved ring-type head often
used in wire recording. The results presented below will apply only to repro-
ducing heads which completely surround the wire. In this case the idealized
head is an infinitely large block of core material of permeability u pierced
by a cylindrical hole of radius R in which the wire is centered as shown in
Fig. 13. At any point (%, #5) in the permeable medium the components of
flux density can be shown to be

B; = aH,
(35)
B, = oH,
4 Z R
where
£ (36)

*7 (v — 1)(@rR/NL,(2xR/NK:(2xR/N) + 1

and H, and H, are given by equation (33).

12 G. N. Watson, “A Treatise on the Theory of Bessel Functions,” p. 79, 361, 698,
Cambridge Univ. Press, 1922, .
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The total flux through a plane x = x in the pérmeable medium is ob-
tained by integrating

¢ = fR i B(2xr) dr €Y)
This gives
¢ = —20al, sin (2mx/N)(2rR/N)K1(2rR/N)[(2ra/N:(2ra/N)
— (2mao/N) 11 (2wae/N)]

CYLINDRICAL HOLEIOF RADIUS R
IN INFINITE BLOCK OF PERMEABILITY &

Fig. 13—Round wire surrounded by idealized reproducing head consisting of an
infinite block of core material of permeability u.

If the plane ¥ = x;, moves with a velocity » with respect to the wire so
that x = 9, then

‘% — —4mhanl,, cos (wl) 2rR/N) K1 (2xR/N)[(2ma/N I1(27a/N) )

— (2mao/N)11(2mwae/N)]

where @ = 2af and f is the reproduced frequency.

SpeciAL CASES

Equation (39) can be used to compute the response of a simple repro-
ducing head consisting of a single turn of very fine®® wire as shown in Fig. 14.

In this case p = 1 and equation (36) shows that « = 1. Furthermore if
the wire is solid so that ap = 0, equation (39) reduces to

13 Unless the diameter of the wire is small compared to the recorded wavelength there
will be additional loss not accounted for by 39.
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ddi; = —4ml, cos (wl) (2nR/N) 2ra/NK1(2eR/N L(25a/A)  (40)

As \ approaches infinity, Ki(2rR/\) approaches N/2rR and I,(2wa/X)
approaches wa/) so that, for very long wavelengths, equation (40) reduces to

% = —4rl,0(27/N) (wd’) cos (wf) 1)

This relation (which could have been derived in a much simpler manner)
should be useful for the experimental determination of the intensity of
magnetization, I, .

SINGLE TURN OF RADIUS R
CONCENTRIC WITH WIRE

)
WIRE OF
== — ~“RADIUS &

\
\

Fig. 14—Elementary reproducing head consisting of a single turn of wire.

Another case of some interest corresponds to a high permeability repro-
ducing head which surrounds the wire. In this case u is great enough so that

equation (36) reduces to
1

T 2rR/NT xR/ N K27 R/N)

If it is assumed, in addition, that the wire is solid so that ¢y = 0, then equa-
tions (42) and (39) give

(42)

. dgd? = —4x\vl,, cos (wf) (21ra/)\)Il(Zwa/)\)/Io(ZwR/)\) (43)

CoMPARISON BETWEEN RounNp WIRE AND Fratr MEDIUM RESPONSE

Tt is interesting to compare equation (43) with equation (24) to see how
the response characteristic of a round wire compares with that of a tape.
Assuming p >> 1, the appropriate equation for the flat medium is

e —axTWal, cos (@) (1 — ¢0r) e (44)
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To compare equations (43) and (44), consider first the limiting cases of
very long and very short wavelength As A approaches infinity they re-
duce to - N ‘

% = ——7ra2(87r2‘v/ >\)I m cos (wi) 43
for the wire and
{% = — W (8x"0/N)In cos (wt) (40)

for the tape.
These two expressions are identical provided the cross section area of
the wire, (ra?), is the same as that of the recorded track on the tape, (6W).

0
-5 T T
=
o WIRE%”//-’ \\
SN
/ N-TaPE \\
Bl E-s
NH \
x go' \
_"g n 20 \
“ DIMENSIONS IN MILS \

g -25 TAPE ! WIRE

3 A WIDTH =25.13 | DIAMETER =8.00 \

3 "% THICKNESS =2.00 |  SPACING =0.50

N SPACING = 0.50 |
-35

vV =12.56" PER SEC. \

-40 l \
-45 1 I T ) {1|||1| ‘ ! I
. 002 004006 0.1 0.2 0.4 0.6 0.8 1.0 2 4 6 810 20

FREQUENCY IN KILOCYCLES PER SECOND

Fig. 15—Computed responses for wire and tape showing that the responses are very
similar provided the dimensions of the wire and tape are suitably related.

As A approaches zero, the two expressions reduce to

% = —4m(2ra)\/R/ae" "™, cos (wi) 47)
for the wire, and
d—d‘i’?’ = —4mo(W)e ™™, cos (wl) (48)

for the tape.

Suppose that the reproducing head makes reasonably good contact with the
wire so that 4/R/a = 1. In this case equations (47) and (48) are identical
provided the circumference of the wire, (27a), is the same as the width of
the recorded track on the tape and provided also the effective spacing be-
tween reproducing head and medium is the same in the two cases,
(d = R — a). In both cases only a thin surface layer of the recording me-
dium is effective in producing high frequency response. For this reason the
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high-frequency response is independent of the “thickness” of the medium
and is directly proportional to the “width” of the track provided 2ma is
interpreted as the width of track on a wire.

The comparisons which have just been made indicate that if the dimen-
sions of a wire and of a tape are suitably related, the two media should give
identical response at very high and very low frequencies provided they are
equally magnetized. The dimensional requirements are

wa® = oW,
2ra = W, and (49)
R—a=4d

In order to show how the computed responses compare at intermediate
frequencies, numerical calculations have been made for a special case in
which equations (49) are satisfied. The case chosen is that of a wire 8 mils
in diameter moving at a velocity of 12.56 in./sec. past a reproducing head
which is effectively one half mil out of contact with the wire (R — a =
0.5(10)~* in.). By equations (49) the corresponding flat medium is a tape
which is 2 mils thick and 25.13 mils wide. The tape is assumed to be moving
with a velocity of 12.56 in./sec. past a reproducing head which is also
effectively one half mil out of contact (d = 0.5(10)7* in.). In this case
the numerical constants in equations (43) and (44) are equal. That is,

8n%ay = 4xWv = 25.6 cm.?/sec.
and the quantity to be computed and compared for the two cases is

da/d1
20 logm ZS,TM

The computed curves are shown in Fig. 15 from which it can be seen
that they coincide at low and high frequencies as planned and that further-
more they differ by no more than 1.5 db in the middle range of frequencies.

As has been pointed out, equation (43) applies only to the unusual case
in which the head completely surrounds the wire. The similarity of the
two curves of Fig. 15, however, suggests a way of computing approximately
the response to be expected when the wire head makes contact with only a
part of the circumference of the wire. It suggests that the computation be
carried out as though the wire were a flat medium of suitably chosen dimen-
sions. In order to make the high frequency end come out right one would
expect that W in equation (44) should be given a value equal to the length
of the arc of contact between the wire and the head. To make the low
frequency end come out right, § must be given a value which makes the
cross section area of the tape equal to that of the wire, i.e. such
that 6W = wa%
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The subject equations are investigated with the aim of establishing some
general properties of the flow fields which they describe, including the existence
or non-existence of classes of exact solutions having certain formal properties.
The results include a number of geometric characteristics of the vector fields
involved, a suggestive reformulation of the partial differential equations re-
stricting carrier concentration and electrostatic potential, and several classes of
exact solutions involving arbitrary constants and/or functions. Of particular
interest is a family of solutions in closed form for the steady-state, no-recom-
bination case involving an arbitrary harmonic function in three dimensions. -
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A. INTRODUCTION

HIS paper is concerned with the system of relations describing the flow

of holes and electrons in the interior of a homogeneous semiconductor
subject to the assumption of constant temperature, electrical neutrality,
and constant difference in concentrations of ionized donor and acceptor
centers. These relations are: ‘

div|l, = —e [a + g—f’] (1)

div [|n = e [m + g—:‘] @)
1174
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l°|,, = —ppe [p grad 0 + ]g grad ;i)il ©)
[— [n grad v — ’ieT. grad n:l @
= p = — po= N (aconstant) | )
n p >0 ©)

= 1o+ il ()

wherein
concentration of negative carriers (electrons)
concentration of positive carriers (holes)

: thermal equilibrium value of #

: thermal equilibrium value of p

b
b

I

=

: hole current density vector

: electron current density vector

3

total current density vector

time variable

magnitude of electronic charge

Boltzmann’s constant
: hole mobility constant
: electron mobility constant

absolute temperature (assumed constant with time and uniform)

potential of electrical intensity field

electron-hole recombination rate function (will usually be regarded

as depending on p — pp and # — n, or equivalent variables).

These relations have fundamental application to transistor electronics,
photoelectric effects, and related phenomena. Detailed discussions of their
physical bases will be found in References 1 and 3. In brief, (1) and (2)
are conservation conditions for the positive and negative carriers; (3) and
(4) express the dependence of the local current densities on the electrostatic
potential gradient and on the carrier concentration gradients (i.e., on con-
duction and diffusion); (5) expresses the condition of electrical neutrality
under the assumption of a constant difference in concentrations of ionized
donor and acceptor centers; and (6) and (7) are self evident.

The present study is directed toward the discovery of (1) general proper-
ties of the flow fields inside semiconductors and (2) families of exact solu-
tions to the flow equations. The approach to the latter objective is through

™D ST ——o —o

2SHET
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the “inverse method” which has proved very useful in the study of vari-
ous non-linear partial differential equation systems in mechanics. In the
inverse method, one proceeds by formal devices suggested by the equations
under study to try to find families of solutions to the equations which in-
volve arbitrary constants or, preferably, arbitrary functions. This is done
without reference to any preconceived boundary value problems. After a
pool of such families of solutions is available, it can be examined from the
point of view of finding boundary value problems of interest consistent
with any of the solutions in hand. The likelihood of finding solutions of
interest in this way is of course greatly enhanced when the solutions in-
volve arbitrary functions. Aside from providing solutions of some useful
boundary value problems, the solutions found by the inverse method
constitute a reference bank of non-trivial exact solutions against which
to check numerical methods and approximation schemes (based, for ex-
ample, on the assumption that a particular term can be neglected) for
solving problems of more immediate practical interest.

J. Bardeen has demonstrated (in Reference 2) how the steady-state be-
havior of contact-semiconductor combinations can be explained on the
basis of the characteristics of (1) the flow field inside the semiconductor
and (2) those of the barrier layer at the contact. The present study is con-
cerned in this connection only with the first of these influences. It provides,
for example, a complete solution for the spherically symmetric flow field
without recombination for arbitrary currents—a generalization of the zero-
total current solution given by Bardeen. In the absence of surface recom-
bination this spherically symmetric solution provides the hemispherically
symmetric flow field in the neighborhood of a point contact on a plane
surface and remote from other electrodes or surfaces. This spherically sym-
metric solution is contained as a particular case in a family of solutions
involving an arbitrary harmonic function in three dimensions. Other choices
of the harmonic function can be made to yield flow fields associated with
numerous electrode configurations of immediate practical interest, for ex-
ample that of the type-A transistor.

The objective of the present paper is to find (or establish the non-exist-
ence of) broad classes of solutions, and not to undertake detailed studies of
any particular solutions. Such detailed studies of particular cases from the
family of solutions mentioned above (and from other families found in
this study) will form the subject matter of papers dealing with specific flow
field configurations. However, in order to illustrate the interpretation of
mathematical arbitrary constants in terms of basic physical parameters,
the analysis of the spherically symmetric solution mentioned above is car-
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ried up to the point of actual substitution of numerical values in the

formulae. ‘

Note: In the following, functions and constants described as “arbitrary”
are to be considered as being subject nevertheless to the restrictions
implied by (6). In any particular case it is an elementary matter to
determine these restrictions and we shall not usually carry out this
detail. Also, ‘“‘arbitrary” functions are subject to appropriate dif-
ferentiability conditions readily evident in any particular case.

B. SomeE ProrPERTIES OF THE CURRENT DENSITY VECTOR FIELDS

o o
Several interesting properties of the current density vector fields ||  ,|| » ,

and || are easily found from (3)-(3).
It is evident that (3) and (4) can be rewritten as

° kT

Il = —euppgrad('l)—l——e—ln p) ®)

and - ‘1
kT

lln = —eun n grad <’0 - = In n>. )

From (3), (4), and (7) we have

C

| = —euan + pyp) grad © + AT grad (un — wp)  (10)

which because of (5) can be rewritten as

1= = G ) grad [0 = 2L o | o)

€ pn + up
Now (8), (9) and (11) are all of the form
u = ¢grady

and hence obviously satisfy the condition
u - curlu = 0.
Therefore we have
Theorem 1: T] ps |°| »,and IT are surface-normal vector fields.

From (8)-(10) we find, using (5)

curl ﬁp = —epp grad p X grad U, (12)
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curl ||, = —eu, grad p X grad U, (13)
and
curl || = —e(u. + pp) grad p X grad v, (14)
whence
[ Theorem 2:
curl ||, _ curl rl,. _ curl]]
Up bin Ba = pp

<] [+] o
| Thatis, curl ||, , curl ||, and curl || are constant multiples of one another.

and

[ Theorem 3: |, ||n, and || are irrotational if and only if

gradp =0 (= )
or grad 0 =0 (0 =0O)
| or V = V(p, 1).

The following interesting relations can be obtained from (8) and (9)
(they are really consequences of Theorem 1):

curl ]olp = grad In p X Iolp (15

and
cur] Io],. = grad In n X [oln (16)

Now from (3) — (5) we find

o X {la = emossy BT (1 + p) grad p X grad 0 (172)
= Suaup kT (n + p) grad (n + p) X grad O (17b)
= Yeu,up, kT grad (n + p)? X grad O (17¢)
= Yep,up kT curl [(n + p)? grad V] 17d)

and
;lzl;_—;l/.lﬂi: grad [NU — g(n+P)] (18)

and
l'fe + l—'«e = —(n + p) grad 0. (19)
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[Note: As is suggested by (18) and (19), the total carrier concentration
C=n+p=N+2p=2a—N@E>|N|

will frequently appear as the “natural” concentration variable in
the relations with which we shall be working. Hence, expressions
involving p, or p and »n will often be replaced in the sequel by their
equivalents in terms of the variable @. It will be noted that

grad ® = 2 grad p = 2 grad ».]
Equations (17) and (19) yield at once the following theorems:
[ Theorem 4: The vector field

o o o

”px Hn= H X ”n= ”pX[
L is solenoidal.

[ Theorem 5: The vector field

<|ﬁ’ — H") is irrotational with a potential (—eNUV + kT®).
| Mp Mn

" Theorem 6: The vector field

L <Hp + ”"> is surface-normal (to the surfaces of constant V).
Mp Hn

o o o .
[T heorem 7: ||p, ||n, ||, grad U, and grad p are coplanar vectors.

[ Theorem &: The flow lines of any two of the fields ||, ,||., and | coincide
if and only if

gradp =0 > = p®)
or grad© =0 (U = V@)
B or V = V(p, b).

Also, from (17) and (19) we obtain the curious relations:
Ul’ X Ul‘ = k—Tgrad ® X (Hp H") (20a)

Mp Bn 2 Kp Mn
= 6 cun (&’ + &‘) (20b)

2 Mp Mn

ol 1 )] (29
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Finally, by taking the divergence of (7) and making use first of (1) and
(2) and then of (5), we obtain:
[Theorem 9: The vector field |°| is solenoidal.
C. FORMULATION OF PARTIAL DIFFERENTIAL EQUATION SYSTEM

RESTRICTING ® AND U

A very convenient formulation of the partial differential equations re-
stricting ® and U is suggested by (18) and (19). Taking the divergence of
these equations and substituting (1) and (2) into the results we obtain:

divgrad(NU—?@): —a<(}1+1‘?_@>

21
2 9t 21)
and
div (® grad ) = B ((R + % ’9;:) (22)
wherein for brevity we have set
el
Ep Hn
and
1 1
B=—— =
Mp KBn

and shall henceforth assume 8 5 0, i.e., g 5 u. . Equations (21) and (22)

yield immediately a derived equation not containing explicitly the terms
introduced by recombination and time variations:

div grad (N’O — ,g‘ (P> = — g div (® grad )

or

(23a)

div [(N + g@) grad U — k%‘grad (P:l =0
or

(23b)

div (((P + @) grad l:‘o _ BRT n ((P + M):I) = (. (230
a ae a
Either the set (21) and (22) or one of the forms of (23) together with either

(21) or (22) constitutes a basic set of two partial differential equations deter-
mining ® and V. We are here considering ® as ®(¢®).
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Tt will be observed that (23) is equivalent to the condition

div|[=0 (249)
established as Theorem 9.
(In terms of ®, (10) becomes

o

Il =- M[(g@ +N>grad’0 —ggrad@>]. (25)

In most of the following sections we shall find it expedient to consider
separately the cases N # 0 and NV = 0 (associated respectively with semi-
conductors of the extrinsic and intrinsic conductivity types). For the case
N # 0, use will be made frequently of new dependent variables U and 3C
defined by:

kT

U = W,G) (26)
kT _
=0 A ® =0V — U @n
That is,

__eN
® = ﬁ‘u (28)
V=a4 3¢ (29)

will be substituted into relations involving ® and U to obtain the corre-
sponding relations in terms of U and 3C. Incidentally, it will be noted that
U and JC have the dimensions of voltage.

In terms of U and JC the basic equations (21)-(23) can be written:

. _ eN oU
div grad 3¢ = v [(R + = 2T 6t:| (30)
BkT eN oU
div [U grad (U 4+ 3¢)] = N I:(R + — AT 6t:| (31)
div I:grad 3¢ + ﬁkT‘u' grad (U + 5(2):' (32)

wherein ® will be considered as G ().

It will be observed that, in the absence of recombination and time varia-
tion, (30)-(32) reduce to

div grad 3¢ = 0 (33)
and [V = 0]
div [UW grad (W + 3¢)] = 0 (34)
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The elegant form of this set of equations furnished the original motivation
for the introduction of the variables U and 3C. The comparable equations
for N = O are

.

divgrad ® = 0 35) -
(v =10]
div [® grad U] = 0. (36)

D. THE RECOMBINATION RATE FuNcCIION ®

In order to avoid undue confusion in the sequel we shall at this point
make some clarifying remarks concerning the function ®. As was stated in
the Introduction, we basically regard & as a function of p — poand # — #n,.
However, because of (5), any expression in p — po and # — 7, can be re-
placed by one in which (say) p is the only field variable quantity. It is then
convenient to regard ® as a function of p and write it ®(p). When dealing
with expressions in terms of ® and of 4, it is convenient to regard ® as a
function of one of these variables and to indicate this fact by writing ®(¢®)
or ®(U). When we do this we do not mean that ®&(®) (say) is the same
algebraic function of @ as ®R(p) is of p, but rather that ®(p) is the function
of p obtained when one substitutes ® = N + 2p into R(®).

For example, for constant mean lifetime recombination

Q(p) = 71—0 (p — o) (37a)

®(®) = 2—10 (@ — &) (37b)
__eN _

Q) = TrokT (u — Uup) (37¢)

with 7o constant;
and for mass-action recombination

(R(P) = n—:T;’ lp(p + N) — pono] (38a)

R(®) = m (@ — @) (38b)
2N2

@(u) = m (u® — ). (38¢)
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E. AppITioN OF ARBITRARY TIME FUNCTIONS TO U AND JC

Since only the gradient of U appears in the basic equations (21) and (22),
it is evident that if

V=0®,9,z1)

and

®

I

®(x, ¥, 2, 1)
are a pair of functions satisfying (21) and (22), then so also are
D =V, y, 3, 1) + m(l)
and
® =@, 9,3 1)

where #(f) is an arbitrary time function.
And since U = U + I, if

3¢ = 3C(x, v, 2, 1)
and
U = Ux, y, 2, 1)
are a pair of functions satisfying (30)—(32), so also are
e = 3¢, v, 3, &) + @)
and B
U = Uz, ¥, 3, 1).

These arbitrary additive functions with zero gradients are physically
trivial in that they merely reflect the arbitrariness of the reference voltage
level. They will, however, be retained for the sake of formal completeness
whenever they appear in the subsequent analyses.

F. SUMMARY OF SOLUTIONS FOR NO RECOMBINATION OR TIME VARIATION

The next ten sections of this paper (Sections G-Q) contain a sequence
of detailed analyses in which is determined the existence or non-existence of
solution fields having certain prescribed formal properties. In most of these
studies time variability and recombination are admitted and the analysis
includes the establishment of the class of recombination rate functions
® consistent with the property under consideration. In those cases where
solutions are found to exist, they are expressed in the simplest convenient
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terms: in closed form, or as solutions of an ordinary differential equation,
or as solutions of a single partial differential equation. The solutions found
usually involve arbitrary constants and/or arbitrary functions of various
kinds.

The present section is intended to provide a skimpy but compact sam-
pling of the results obtained in the next ten sections. It will be confined to
a simple listing of solutions found and furthermore will contain only the
forms to which these solutions reduce when recombination and time varia-
tion are excluded. (Some solutions are lost under this reduction.) A heading
will indicate the section(s) from which the solution comes as well as the
formal property associated with each solution.

For the sake of conciseness and simplicity the symbols denoting arbi-
trary constants and functions in this section are independent of those em-
ployed in the later sections. They are to be interpreted as follows:

4, B: arbitrary constants
h(x, v, z): any harmonic function
(or with subscript)

(D, ®): any given solution field
[G. grad 0 = 0]

V=4
® = h(x, v, 2)

H,I. grad ® = 0]

U = h(x, y, 2)
®=4

[J. grad3c = 0, N = 0]
V= A4+ Vh(x,y,2)
Ne ,———
® = H,\/h(x,y, 2)
[K,L. 0= 0(®), N 5 0]

U = hlx, 3,5 + A4 [E—_hff_y_ﬂ

__ Ne B — h(x, v, z)j|

(4 #0)
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(For definition of function A see Equation (87) and Figs. 1 and 2.)
K, M. U =0(®),N = 0]
V=Anhx,y2) + B
[G’ = h(x, y,2)
[N, O. grad ®-grad U = 0]

0V = In(x, v, 3)
¢ = h2(x; Y, Z)
provided

grad In(x, y, z)-grad h(x, v, 2) = (
[N. grad U-grad 3¢ = 0, N == 0]
[ Vi, y, 3) + ha(z, 3, 2)

Ne
¢ = \/hl(xy Y, Z)

Y,

provided
| grad /u(x, v, 2)-grad ha(x, y,2) = 0

[P. grad ®-grad & = 0]
V=0 + i, y,2)
® =0
provided
grad ®-grad h(x, y, ) = 0.

G. SOLUTIONS WITH U = V()
Our point of view in general is that ® and U (or U and 3C) are functions
of three space coordinates and time, so that U = U(/) implies for example

that 6_‘0 = g—e;? = g%) = 0. That is to say, we now seek solutions for which
everywhere

grad 0 = 0. (39)

From (21) and (22) this condition gives us the following restrictions on
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® (and none on V({)):

divgrad ® = 0 (40)
and '
19@
®(®) + 33 = 0. (41)

By operating with div grad on (41) we obtain
®R'(®) =0

(we consistently use primes to denote differentiation with respect to the
argument of a function of a single variable—e.g.,

" dZCR((P)>
WO = 55
whence,
2Q(®) = A® + B (42)

(A, B: arbitrary constants). Substituting (42) into (41) we obtain
¢
o = —B
=7 + A@

whence

® = c(x, y,2)e * — B/A 4 =0 (43a)
or
® = ¢(x, 9,2 — Bt 4 =0). (43b)
From (36) it follows that
div grad ¢(x, v, 2) = 0, (44)

that is, ¢ must be harmonic.

In brief, if ®(®) is of the form given in (42), any V(¢) and (43) constitute
solutions to the flow equations for any harmonic ¢(x, y, ). Other forms of
6(®) admit no solutions with VO = V().

It is evident that when recombination is absent time variation is also
absent, and vice versa. The solutions reduce in this case to:

UV =C (C: arbitrary constant) (45)

@ = c(x, v, 2). (46)
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H. Sovrutions wite ® = ®(f), N = O

The condition

grad® =0 47
yields from (21) and (22)
<N + % (P> divgrad 0 = 0 (48)
and
@ div grad 0 = 8 [G{((P) + %%c{'. (49)
Two cases arise for ® # 0:
Case 1:
o= -5 (50)
(03
and
. (04
41v grad U = — N(R((P) o By 1)
(04
Case 2:
1de
®(®) + TR 0
or
D—1t= L (D: arbitrary constant) (52)
2R(®)
and
div grad 0 = 0. (53)

When recombination is absent, these cases reduce to:
® = E (E: arbitrary constant) (54)

and (53).
When time variation is absent, Case 2 again yields (53) and (54).

It should be recalled that U can depend on ¢ as well as #, ¥, 2; so that
arbitrary functions of ¢ play the role of arbitrary constants in (51) and (53),
whenever time variation is allowed.
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1. Sorurions witH P = P({), N = 0

Il

For N = 0, only Case 2 of the previous section occurs, because the con-
dition ® = 0 (implying no carriers!) is of no interest.

J. SorutioNs WITH 3C = JC(£), N # 0
For grad 3¢ = 0, (30) and (32) yield:

®(w) + ;,ﬁ‘; M=o (55)

and
div grad u? = 2 diva grad u = 0. (56)
Taking the div grad of (55) multiplied by U we obtain
div grad u®k() = 0

whence, because of (56)

4—;% wR(w) = Fu’ + G (F, G: arbitrary constants)
or
4’1? RO = Fu + Gu™, G7)

Substituting this permitted form for the recombination rate function into
(55) we obtain ‘

iqi + FU’ = —G (58)
whence
= Vf(, 3, 0™ = G/F  (F #0) (59a)
or
U =i 9,2 — G (F=0). (59b)

From (56), f(x, v, ) is subject to
div grad f(x, y, 2) =0. (60)

In summary, if and only if ®(U) has the form (57), there are solutions
for which 3¢ = 3¢ (t) (arbitrary). The U is given by (59) in which f is an
arbitrary harmonic function of x, y, 2.
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In terms of ® and U these solutions are given by:

®(P) = c> + (eN> f ¢ (61)
= 22 VG, 3, DeF = GJF (F =0) (624)
or
N
and
= 5() + Vf(x, y, )™ — G/F (F £ 0) (63a)
or

=35(t) + VJf(x, 5,2 — Gt (F =0). (63b)

For no recombination (R = 0), these results specialize to (59b), (60),
(62b), and (63b) with G set equal to zero. It should be noted (see (55)) that
absence of time variation implies absence also of recombination.

K. Sorutions witH U = U(®, ¢), GRAD @ 5= 0

In Theorems 3 and 8 of Section B we have shown that some very inter-
esting properties are implied by the condition

grad U X grad @ = 0. (64)

In sections G-I we have treated the cases grad U = 0 and grad @ = 0.
We now turn to the remaining possibility leading to (64):

-0 = (@, t) with grad @ 5 0. (65)
Substitution of (65) into (23b) leads to

90 kT | ..
l:(N + = 3 (P> 36 . :I div grad @
d 90 kT 2
+ — 7% [(N + - 3 (P) 5 o :I (grad ®)° = 0. (66)

Two cases arise.
Case 1:

a0 kT
<N+B@>a@ — =0
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This condition clearly satisfies (66) and leads to .
BkT BN

V@, ) =¢gl) + — |+ —

(g(#): arbitrary function). (67)

The restriction on @ is then provided by the result of substituting (67)

into (21):
-y } IE [a(@) + 1‘“—“’] (68)

Any @ satisfying (68) constitutes with (67) a solution having the property
desired.

If (65) is substituted into (25) it will be found that the condition -

a0 kT
<N+B )a@ e

ﬁ—Nln
(44

div grad l:(P -

o

is equivalent to || = 0, so that Case 1 is characterized by zero total current.
Case 2:
a a0 kT
<N + 3 (P> % o # 0.

In this case (66) can be written in the form

Tarer = s [(v450) B -] s00 @
From (69) it follows that ® must be of the form @ (%, t) with
div grad A(x, v, 2, £) = 0. (70)
In summary we have

Theorem 10: If U = V(®, ) with grad @ # 0, then either || = 0 or V =
V(, t) and ® = ®(k, £) with div grad k(x, y, 3, £) = 0.

We shall investigate the restrictions on the functions k(x, ¥, 2, £), V(%, 1),
and ®(k, {) in the next two sections.

Theorem 10 remains unchanged if recombination is absent. If time varia-
tion is absent, it simply drops f as a variable in the functions mentioned in
the theorem. If both recombination and time variation are absent, the
theorem can be strengthened to:

Theorem 11: If both recombination and time variation are absent and
V = V(®), then U = V(k) and @ = ®(k) with div grad k(x, 3, 2) = 0.
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L. Sorutions witH U = UV, §), ® = ®(k, ), GRAD @ # 0,
DIV GRAD & = O, N # 0

For formal reasons we shall work, not with the conditions ® = ®(k, f)
and U = U(k, £), but with the equivalent conditions

U = Wk, &) and 3¢ = 3¢(%, £). (71)

The condition grad ® # 0 now implies ?9—‘;; #= 0.

Substitution of (79) into (30) and (32) yields—after use of (70):

a'ae > eN 9U , eN ou ah:l
612 7 (grad i)’ = W [‘P‘(‘u) T T o T W ok a1 (72)
and
o ([ BrT
a‘h([? ] + ah) 0. (73)
From (73) we get v
‘ . o
3h T BET (74)
BTy o
oe

(j(£) : arbitrary function)
which yields upon substitution into (72):

U
a i@ —u oh
oh| BT

@7 + (75)

ou ok | ou
I:CR(‘IL) + == T <5]; 3 + 5;)]

ou are, of course, functions of % and of ¢.

in which «u, 0 and 7
In determlmng the combined implications of (75) and (70) three cases arise

2
according to whether or not e 0 or grad (grad 2)? = 0.

oh?
Case 1:

— # 0, grad (grad #)® 5 0.
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In this case no satisfactory interpretation has been found when time
variability is present.
When time variation is absent, we work with the conditions

w = ulk); 3= 3"
with
div grad A(x, v,2) = 0 (76)

and arrive at counterparts of (74) and (75):

r H—aa ( BkT> .
= =" H: arbitrary constant) (77)
—— v =— ( yc ) (

and
H — ay’
Y+ U

From (78) it is evident that ® # O implies 3¢” = 0 and grad % # 0. So
we have

3¢’ (grad k)* = ( >I (gr;md h)_?' = — 7—\] ®). (78)

~ % &AW
(grad h)2.= S]X—W—/ (79)
(W‘U—)
which is of the form
| lgrad k(s 3, DF = $(h). (79)
Now from (79a) follows
grad & X grad (grad /)2 = 0 (80)

which implies that the vector lines of the field grad % are all straight. Since
# is harmonic, this restricts the choice of % to the potential fields associated
with a uniform parallel flow, a straight line source, or a point source. Hence,
for suitably chosen rectangular coordinates(z, ¥, z), circular cylindrical co-
ordinates (p, 0, z) or spherical polar coordinates (r, 6, ¢), the only possibili-
ties, are respectively

h=x— (grad B = 1 (81a)

or

h = 1n-1-—> (grad k)* = Il,_z =& (81b)
p
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or

1

rt

h = %-—) (grad h)2 = =i (81c)
The possibility # = « violates one defining condition for the present case
(i.e., grad (grad %)? # 0) and hence will be left for consideration in Case 3.
The remaining two possibilities lead respectively to the following forms of
ordinary differential equation for the determination of U(%):

S - ‘IL‘U.' ! a9y _
<—7 T ) +5€ ®W) =0 (82b)
or
S—aw\ | «t ]
<T_|_—cu> + 5 ®(w) = 0. (82¢)

Given any aL(%) satisfying one of these equations, the associated 3C(k) is
obtained by integration from (77):

H — uw

It is evident from (72) that Case 1 does not exist if both recombination
and time variation are absent.
Case 2:

(J: arbitrary constant). (83)

a'se
o =0

In considering this case we shall exclude the condition %—3—; = 0 because it
has been included in Section J.

.. 0%e
From the condition Py i 0 we have

i = k@®h + £Q) (k(2), £(1): arbitrary functions) (84)

with & # 0. This shows that 3C itself is 2 harmonic function and we can with-
out loss of generality use it in place of 4.

Equations (74) and (75) now yield the two conditions on W(3C, #), G(W),
and 3C(x, v, 3, 1):

| ou
0~ Yaw (85)

U+ v
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and
eN [oU 93¢ , ou
(= 7)) = . 86
®(W +2kT(asc T ax) 0 (86)
4
3 A_L—
|
2
//

A

;
N

-2 /
/ A+In|A-1] =x

-3 //

_4 e

-35 -30 -25 -20 -i5 -10 -05 o] 0.5 1.0 15 20 25 30 35
® .

Fig. 1—The transcendental function A (x).

T

Ay
-4 // -
| A+enla-1] =x
—8 - '/
~
-12

~14 -12 -0 -8 -6 -4 -2 o] 2 4 6 8 10 12 14
x

Fig. 2—The transcendental function A (x).

For the integration of (85) we need the transcendental algebraic function
of a single real variable defined by

A@)+In|A(®) — 1] = x. (87

This function is plotted in Figs. 1 and 2. It will be observed that x is always
a single-valued function of A; while A is a single-valued function of x for
x > 0, a double-valued function for x = 0, and a triple-valued function for
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x < 0. The single-valued monotone functions Ay, As, and A; are defined

respectively by the restrictions A > 1,1 > A > 0, and A < 0. When A is

~ used without subscript it is implied that either A;, A2, or Az can be used.
It will be useful to remember that

! _ A(x) —1
Ax) = —A(_x)— (88)
In terms of the function A, (85) integrates to
— L) — yla | 5
wee ) = 1) — ol |20 F] L ea)

(m(t) : arbitrary function)
or
w@Ee, ) =ml) = (G = (89b)

The latter case (§ = <) corresponds to U = U(f) and hence was included
in Section G. Therefore in the following we shall consider only j # v.
Now by making use of (89a) and (88), (86) can be rewritten in the form:

2

eNU—j+v (G—m@U—-j+v) =

(90)

(primes denoting here l%)
We now observe that the right side of (90) is harmonic, while the left side
is a function only of 3C and ¢. From this it follows that the right side can be
written in the form:

ase | j'm — 5€)
a =

Ol =] BTN

=
From (90), (91) and (89a) follows
s

%Z /(1) = —- J Q@
eN Jj—

: (92)

+%_____]+7<r+——, g U + gln .(u —ID.
u J— J =
Since (92) is of the form
®(U) = ¢(u, 9),

The result of taking ((%) of the right side must be zero identi-

U = const
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cally in U. Making use of the algebraic lemma that

x—l‘EO

A—}—Bx—l-(—:ﬁ-(D-}—E)ln -
X x F

implies A =B=C=D=E=0, we arrive at two possibilities:
Possibility 1:
() =7() =0 and j— v = Kel)
' (K, L: arbitrary constants)
This yields from (92), (89a) and (91):

2T

= a(u) = Lu (93)

wu(ge, f) = Ke ™A [-1-

L e ) — :;c)} (94)

and
3(x, v, 2,0 = € “* s(x,9,2) + € f ! [Lm(t) + m’(t):ldt (95)

where s(x, ¥, 2) is any harmonic function.
Possibility, 2:
() = M, q(1) = Q,r(t) = R)
(M, Q, R: arbitrary constants)
This yields from (92), (89a) and (91):

2chR(‘u) ———'—ﬂf+7
0 N (96)
.<R+M——_7‘u+anM_Y—1‘> '
we,) = (i — v)A[’%ff_;ﬂ (97)

and

e(x, ,2,8) = &7 u(x, y, 2)

@0 fe—«u/(M—v)) [R +om'(l) +

7 Q_ ; m(l):| dt ©8)

where u(x, v, 3) is any harmonic function.
In the absence of recombination, Possibilities 1 and 2 lead to the same
result: Equation (97) and

Je(x, y, 2, 1) = ulx, v, 2) + m(l). (99)
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In the absence of time variation, (86) shows that recombination is neces-
sarily absent, too, so the results reduce to

wge) = AA (B ~ 30) (100)
4

with 5¢(x, y, z) any harmonic function and A and B arbitrary constants.

This solution for the case grad 3C #£ 0, together with that given by (59b)

and (60) (with G = 0) for the case grad 3¢ = 0, constitute a veritable gold

mine of useful solutions because of the arbitrary harmonic function involved.

An example involving a particular choice of 3C will be examined in Section R.

Case 3:
2
, %—hgf # 0, grad (grad h)® = 0.

In this case (grad %)? is a function of £ so that (75) can be written in the
form

From this it follows (because div grad & = 0) that
Wz, y, 2, ) = a)b(x, y, 2) + () (101)
with
div grad b(x, v, 2) = 0. (102)
The condition grad (grad %)* = 0 now requires further that
grad (grad 8)? = 0. (103)

But any b(x, y, z) satisfying both (100) and (101) can, by suitable choice
of axes, be written

b= Sx  (S:constant).

This leaves us with exactly the same totality of solutions as we could have
obtained by setting U = WU (x, £), 3¢ = JC(x, ) in the first place. So we replace
% by x in (74) and (75) and obtain:
. au
t — —_—
ase _ 1D " Vo (104)
dx v+ U
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and
au
9 [’(‘) Vo [a(m) Lo a«u] . (105)
dx v+ U 2kT 9t )

Any U(x, ¢) satisfying (105) can be substituted into (104) to obtain JC(x, ¢)
from

ou
@J) — U —
e, 1) = J(O) + f —T—T_ﬂf?ﬁ dx (106)

(](t): arbitrary function).
If recombination is absent, ®(Al) disappears from (105). If time variation
is absent, %" disappears from (103) and 7(¢) and f(¢) are replaced by arbitrary

constants. In the latter case, the standard change of variables

au d d
w(a) for i w(a) T for T (107)
reduces the solution of the second order equation (105) to the solution of a
first-order equation followed by a quadrature. If both recombination and
time variation are absent, the substitution (107) reduces the solution of (105)
to two quadratures.

A set of equations equivalent to the steady-state <g—t = 0> forms of (104)

and (105) has been the subject of an extensive numerical investigation by
W. van Roosbroeck (Reference 1) for the recombination rate functions
given in (37) and (38).

M. Sovrutions witH U = V(k, £), ® = ®(k, 1), GRaDp @ < 0,
Div GRaD =0, N =0

Tor these conditions (21) and (23b) yield

@ (grad Y’ = [m( )+ 1 ("“’ on 4 9 )] (107)

6h2 L)

and

a | o® =
57 [a—h - ﬂk_T ® —] (grad 1)* = 0. (108)
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Since we do not here allow grad & = 0, (108) implies

V|2 - 50
g% = _ih@__ v = @; (g(1) : arbitrary function) (109)
a .
Case 1:
2
g—hi—) # 0, grad (grad 7)° # C.

In this case, as in the associated case in Section L, the implications of
(107) together with

div grad (x, y, 2,0 = 0

are not known when time variation is present.
When time variation is absent, we work with the conditions

® =®%) and UV = V)
with -
div grad (x, y,2) = 0
and arrive at counterparts of (107) and (108):

@ (grad 1)* = Z‘—; ®R(®) (110)
and
((P’ - % @1)’) "=, (111)

Proceeding as in the analysis of Case 1 of Section L, we infer that % must
be of the kind given by (81b) or (81c). The associated second-order differ-
ential equations restricting ®(%) are then, respectively:

" %%e_gh(ﬂ((i’) =0 (112a)
and
o — %,]11—4 ®(®) = 0. (112b)

The V(k) associated with any solution of (112) can be obtained by integra-
tion from

= v® — D =~ = .
V) = C + f — dh (C, D: arbitrary constants). (113)
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It will be noted from (110) that simultaneous absence of recombination
and time variation is inconsistent with the defining conditions of this case.

Case 2:

We shall exclude the possibility of g = 0 because it is included in Section

I. Then, proceeding as in Case 2 of Section L, we conclude that @ itself is
a harmonic function and can be used in place of % (107) and (109)
then become-

190 _
R(®) + 39 = ] (114)
and
00 _ 71 — ()]
o (115)
or

V@, ) = v[1 — @] In® + 7(2) (3(#): arbitrary function). (116)

e . . .
Because ; is harmonic and a function of ®, we have

2w@) = - 2% _ Fe — F
at
(E, F: arbitrary constants)
whence
2R(®) = Eo — I (117)
and
®x, y,3 1) = E_;Hf;i(x, y,5) — ;—: (E # ¢) (118a)
or
O, y,2,0) = m(x, y,2) + Ft  (E=0) (118b)

where m(x, v, z) is an arbitrary harmonic function.
If recombination is absent, these results specialize to (116) and (118b)
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with ¥ = 0. If time variation is absent it follows from (114) that recom-
bination is absent, too, and the results specialize to

V@) =G+ Hhe (119)

with ®(x, v, z) any harmonic function and G and H arbitrary constants.
These solutions play the same role for the intrinsic semiconductor (N = 0)
that (100) does for the extrinsic (V = 0).
Case 3:

’e 2

£ # 0, grad (grad %) = 0.

In this case it can be shown, just as in Case 3 of Section L, that no gen-

erality is lost by considering ® = ®(x, ¢) and VU = U(, {) in place of ®(%, )
and V(%, £). Equations (107) and (109) then become

e ae 160
= I:a((p) +5 E:I (120)
and
' e
o o i0)] o)
dx @

Any solution of (120) when substituted into (121) gives an associated U
from

9@~

n — — gl

@ 5~ — &)

Vlx, 1) = q(t) + v — dx.

(122)

If recombination is absent, ®R(®) merely vanishes from (120). If time varia-
tion is absent, the functions g(¢) and §(¢) are replaced by arbitrary constants
and the standard change of variables

u(®) for d—G)
dx
p p (123)
u(®) 75 for o

leads to a solution of (120) in two quadratures. An equivalent solution is
given by W. van Roosbroeck in Reference 1. From (120) it follows that
recombination and time variation cannot simultaneously be absent for
Case 3.
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N. CONSTRUCTION OF SOLUTIONS FROM ORTHOGONAL HarMoNIC FIELDS,
N0

There are many known examples of pairs of harmonic functions 4 (x, ¥, 2)
and h,(x, v, z) that have orthogonal vector fields—that is, for which
‘ grad Jy-grad by = 0 (124)

with grad 7; # 0 and grad %, # 0. [E.g., the real and imaginary parts of any
analytic function of a complex variable.] From any such pair of functions
we can construct the following solutions of (33) and (34):

‘u=h1; 3c=h2—h1 (125)

and
=Vh; ®=h. (126)
In terms of @ and U these solutions are
N

@=Hfh1; 0 = I (127
and

Ne ,— — '

The validity of the solution (125) is seen from (33) and this expanded
form of (34):

U div grad U -+ grad U-grad (U 4 3€) = 0. (129)

Similarly, the validity of (126) follows from (33) together with a different
expansion of (34):

div grad U? 4 2 grad U-grad 3¢ = 0. (130)

It is evident that a given /%; and k. can be interchanged in the above
solutions to yield different solutions, and also that any given 7, or % can be
replaced by an arbitrary constant multiple of itself plus a second arbitrary
constant.

O. CONSTRUCTION OF SOLUTIONS FROM ORTHOGONAL HarMoONIC FIELDS,
N=0

We can write the differential equation system for the intrinsic semi-
conductor [(35) and (36)] in the form:

divgrad ® = 0 (131)
® div grad U + grad ®-grad © = 0. (132)
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From these we verify the solution:

for any harmonic /4 and %, satisfying (124).
The solutions given by (127) and (133) have the property

grad ®-grad 0 = 0

and so may be considered, in a sense, complementary to the solutions in
Sections L and M for which

grad ® X grad U = 0.

P. SuperprosiTION OF A HARMONIC 3¢ FIELD, N. # 0

Inspection of the equation system {(33), (130)] reveals the following
superposition theorem for obtaining new, solutions from some known solu-
tions for the case of no recombination or time variation:

Theorem 12: If [Al, 3¢] is a known solution an~d if & is any harmonic func-
tion such that grad 4L-grad % = 0, then [U, 3¢ 4 /] is also a solution.

Or, in terms of ® and U:

Theorem 12': If [®, °(~)] is a known solution and if % is any harmonic function
such that grad ®@-grad /& = 0, then [®, D + /] is also a solution.

In the latter form it is evident from Section O that the theorem holds also
for N = 0, but does not extend the results of Section O.
Q. A PartiAL DirrereENTIAL EQuaTiON IN TERMS OF 3C ALONE, NV # 0
For N = 0, (21) provides a differential equation involving only one de-
pendent variable—®. We shall now derive an analogous—but vastly more
complicated—differential equation for the case N # 0, % = 0.
For this case (30) and (32) become
div grad 3¢ = — % G(W)
and

div[grad 5 + };m grad (U + ac)] — 0,

or in terms of a familiar vector symbolism
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Ve = — @ S
3 T a(‘u) (134)
and
V. I:Vsc + scuv(‘u + 5@)} = 0. - (13%)
Now let $(U) be the inverse function to ®(1), i.e. the function such that
S(®() = U
Then from (134) we have
Q= s(— gv%c). : (136)
«

Substitution of (136) into (135) yields after some computation

ss'V (V') — %7 (ss” + s (vvse)®

(137)
+ §'vie-vvise — % (s + Ve =0

where 8'(y) = 4 s(¥), etc.
dy ’

8, 8', 8” are considered as given functions of (— y \723(:).

[23
The simplest meaningful choice of 8§ is

3<_ZXV23Q>=57.(_ZXV2R>+K (138)
. a N a

(J, K: prescribed constants)

corresponding to constant mean lifetime recombination. For this 8, (137)
specializes to

J(E — Jveae)va(ve) — J2(Vvee)? (139
+ Jvse-vvie — (v + K — Jvie)vie = 0.
If any 3¢ can be found satisfying (139), the associated U is given (from
(136)) by

@ = Jvie + K.
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R. SAMPLE APPLICATION OF THE RESULTS OF SECTION L: SPHERICAL
SyMmETRY, N # 0

As an example of the solutions included in the results of Section L we
consider the case of a spherically symmetric field about a point (or spherical)
source of current.

We take, as the most general harmonic function having spherical
symmetry,

=L-+M (140)

| =

(L, 3 : arbitrary constants).

For the time being we shall assume L ## 0 and M # 0. Then from (100)
and (28) and (29) we have

U=ZA<u>+M+— (141)
A
and
_Ne ~ (B—M—L/r
® = H,A (—Z——> (142)
In terms of U and @, (3) and (4) can be written
|°|p = —_—,I:—”e [(@ — N) grad U + ch—;l:grad (P:| (143)
and
|°|n = —gng l:((p + N) grad © — lg‘ grad (P] . (144)
which yield upon substitution of (141) and (142):
i, =1 u,,eNL( i- 1)1 | (145)
and
o=t ueNZ (24 4+ 1) Lr, (146)
" 2 kT r?

where T is the unit radial vector. The total current density is obtained by
adding (151) and (152):

(=}

|| = EeNi l:(un + I-‘p) A + (pn — #p)]%rr (147)

[y
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The currents flowing are obtained from the current densities from the
relation

°
I = Qr “ Ty

where @ is the solid angle (with respect to the origin) within which the
flow field lies. (If the current source is surrounded by the “homogeneous
semiconductor, @ = 4u; if it lies on a flat surface of a large slab, @ = 2,
etc.) So we have

1 -
I, = 5 QupeNL <kTA — 1> (148)
1 ~f( e ~
I, = -éﬂ,u.,,eNL <k—TA “+ 1> (149)
I -aeNL[@n ) A G m]. (150)

We shall now obtain expressions for the mathematical parameters B, 4,
L, and I in terms of meaningful physical quantities: I, , I , Ve and @.
(Subscript « refers to values of variables as 7 becomes very large.) We
shall take our reference voltage as the voltage “at infinity”’ so that U, = 0.
Setting 1/7 = 0 in (141) and (142) we obtain

E—M

0-AA< >+zz

and

. PNCES)
4

from which follows (for 4 = 0)

B=4h ]i—l+1l (151)
A4
and
~ kT
M = o P - (152)

From (148) and (149) we readily find (for L 5% 0):

kT ppln + unlp (153)

A==
el*‘pIn pnd
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and

7 H-pIn _ ”nIp
= 154
L Quunitp eN (154)

Finally we substitute (152) and (153) into (154) to get
E - @ﬂpIn + .UvnIp In (N - (Pao)lv‘pln + (N + (Pao)“nIp
4 /J'pIn - I-‘-nIp ]V<I~“pIn - ,U'nIp)

Equations (152)-(155) give the desired expressions for M, A, L and B
in terms of I, , I, , and @, for U, = 0if 4 % 0and L 5 0.
For A = 0 we can repeat the above steps using

(155)

V=28 (156)

and
Ne ,~ =~ >

in place of (141) and (142). The result for L # 0 and U, = 0 is

I, = —3Qu, eNL (158)
I, = 10u, eNL ‘ (159)
I = 3QeN (un — pp)L (160)
with _
B=0 (161)
M= — % P (162)
and

— 20, 2. oyl — pl,

z = = =
Qu,eN  Qu,eN Qup, pn eN

(163)

It is evident that 4 = 0 implies U = constant and p,/, + p.l, = 0.
The condition L = 0 makes 3¢ = constant, so we use (62b) and (63b)

and set
V=0+VR+ 3/r (164)

and

® = %‘i VR + 3/ (0, R, §: arbitrary constants).  (165)
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From (143) and (144) we obtain

o QNé'p, =
I, = T S (166)
_ QNeé'un %
n = T S (167)
and
QNé = :
I=-— T (pn + pp) S. (168)
From (164) and (165) we readily obtain for U, = 0:
ET Y\
R = (m (P,o> (169)
and
~ kT
Q= Ve P (170)

It is evident that I = 0 corresponds to the case 3¢ = constant and implies
“pIﬂ - IJnI p = 0.

The foregoing now provides a formal solution with U, = 0 for every
assignment of values to @, , I, and I, . There remains the question of the
requirements imposed by the condition

np >0
which is equivalent to
®>|N]|. @a7n)

This implies first of all that ®,, must be chosen >| NV | .

It is instructive to look first at the case L = 0. Equation (165) shows
immediately that (171) requires the choice of the positive sign for the radical
for N > 0 and the negative for N < 0 to avoid @, < | N | . We further find
by substitution of (166) and (169) into (165) that (171) requires

4
r> [ﬂkTu,,(zPi m—pT IQ)] NI,. (172)

The bracketed factor is positive. Since we are interested only in non-negative
values of 7, (172) imposes no restriction if I, is zero or not of the same sign
as N. However, for N and I, of the same sign, (172) establishes an inner
radius inside which the solution does not satisfy (171). This may be regarded
as establishing the minimum radius for an inner spherical electrode for
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prescribed [, and @, or alternatively as limiting the possible choices of
I, and @, for prescribed inner electrode radius. Had we chosen the con-
stants O, R and S so as to obtain prescribed values of ® and U at a pre-
selected electrode radius 7, , restrictions analogous to (172) on the maximum
radius would appear.

For the case 4 = 0 the restriction analogous to (172) is

> 2 I (7
P _[Quka(O’w—lNl)}”' (73)

Since the bracketed factor is positive, (173) provides no restriction for
I, > 0, but for I, < 0 establishes a minimum radius of the kind just dis-
cussed.

For L, A 5 0, the analog of (172) and (173) is

;> L/A
o At kT®, A~ kT | N | (174)
Ned ) ( Ned
where 4 and L are given by (153) and (154) and A~! denotes the inverse
function of A—i.e.,

AA@X)] =«
or

A7MA) =A+In|A—1].

Equation (174) is a minimum radius restriction of the same kind as those
obtaining for 4 = 0, and L = 0, but the relationship between the minimum
radius 7o and @ , I, and I, is considerably more complicated than in the
more degenerate cases.

Tt will be noted that the relation

kT G <B - M)

eN 1 a
(with A, B, M given in terms of @ , I,,, I by (152), (153), and (154)) deter-
mines which function (A1, A2, or A;) is to be used for A in any given case,
because any assigned value (% 0) is taken on by one and only one of
(A1, Ay, Ay).

If surface recombination is negligible as well as interior recombination,
this spherically symmetric solution is of use in the study of “point” con-
tacts on a plane surface of a semiconductor. [Fig. 3 and Ref. 2.]

The results of this section can easily be duplicated for any other choice
of the harmonic function JC to obtain a great variety of specimen solutions.
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Solutions based on JC’s having a single source singularity (such as the ex-
ample above) will contain four mathematical parameters, and hence will
permit arbitrary selection (subject to (6)) of the physical parameters, I, ,
I,, ®.,, and U, . However, solutions based on 3C’s having more than one
source singularity will provide only a subset of the possible assignments of
the physical parameters. For example, the harmonic function associated
with the electrostatic field produced by two separate point charges each equi-
distant from two parallel infinite plane conductors provides solutions of

Fig. 3—Point source flow field, useful in connection with point contact theory

Fig. 4—Two-source flow field between conducting planes, useful in connection with
Type A transistor theory.

interest in connection with the type A transistor configuration (Fig. 4).
However, the family of solutions obtained contains only a five-parameter
subset of the six-parameter family obtainable by arbitrary assignment of
Ip1, Ipz, Inl; Inz, (Pw, and Uw .

S. SAMPLE APPLICATION OF THE RESULTS OF SECTION M: SPHERICAL
SYMMETRY, N = 0

We now round out the considerations of Section R by exhibiting the
related solutions for N = 0 (i.e., the intrinsic semiconductor).
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In accordance with the results of Section M, we choose for ® the most
general harmonic function with spherical symmetry:

1 + B (A, B: arbitrary constants). (175)

=

From (119) then, for A 5 0

=Eln<ﬁ%+3>+é (176)
and from (175), (176), (143), and (144)
I, = %Qp,p ed <ﬁ -+ 'g) Q77
I = lﬂuneﬁ<~—- ’ET> (178)
2 €
1. 9+ -~ kT
I =504 [(Pn + wp)H — (un — pp) —e-]- (179)
From (177) and (178) we obtain
palp — ppln
" Quppa kT (150)
and
o kT u I + Mol
== *—*‘I P (181)

and from (175) and (176) for U, = 0:
B =0, (182)

and

-’le‘-nlp + ppln

In @y. 183)
4 V'nIp - I‘pIn (

G=—-HmB=—
The condition ®, > | N| = 0 introduces the restriction (for A # 0):

1
> — oLy — upln). 4
r =z I:Q,Up,un kTG)w—J (pr Ip pp In) (184)
Evidently this implies no real restriction for u.l, — upl, < 0 (ie., 4 < 0),
but introduces a minimum radius—of the same kind we have already dis-
cussed—when p.l, — p,l, > 0 (le.,, 4 > 0).
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For A = 0, @ is constant and, by Section I, U is harmonic. So we set

® = C,>0

and

and obtain from (143) and (144)

I, = 20u, eC®,,
and

I, = 20u,eCOy .
TFrom (187) and (188):

C" 2117 21, _ I-LnIp"I_ﬂpIn

T Q0. Qne®,  Quapy e,
and from (186) for U, = 0,
D =o.
Evidently A = 0 is associated with the condition
pnp = ppln = 0.

T. Summary LisT oF SYMBOLS

Coordinate Systems:

(%, v, 2): ordinary rectangular cartesian coordinates.
(p, 0, 2): ordinary circular cylindrical coordinates.
(r, 6, ¢): ordinary spherical polar coordinates.

I : unit radial vector in (7, 0, ¢).

t : time variable.

Physical Variables:

n : concentration of negative carriers (electrons).
p : concentration of positive carriers (holes).
@®: total carrier concentration = »n -+ .
w="Leo (vxo.

eN
®: recombination rate function.
U: electrostatic potential.

(185)

(186)

(187)

(188)

(189)

(190)
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5@:5’0-%:’0—@@ (N # 0).
elN

[}

|| : total current density vector.
Cen T :

||a: electron current density vector.

o

||»+ hole current density vector.

subscript “0”: designates thermal equilibrium values.
subscript “o’’: designates values “at infinity”.

Physical Constants:

T: absolute temperature.

e :magnitude of electronic charge.

k : Boltzmann’s constant.

it electron mobility constant.

1pt hole mobility constant.

a El/ﬂp + l/ﬂn-

B:= /up — 1/un. (Assumed 5% 0)

7;51.3_]?2
ae
N: = no'—‘Po.

Other Constants and Functions:
A, B, -+, Z ((except I, N, and T)),

~

27 B: Tt Z;

A, B, ---, Z: arbitrary constants

a, b; R ((except & h, k7 n, P, 7, 1, % ¥, z))?

@, b, --- , z: arbitrary functions of variables designated (e.g., j(£)).

h, kb, e : harmonic functions of variables designated at place of usage.
A: A(x) is defined by the relation A(x) + In|A(x) — 1] = «.

(See Figs. 1 and 2.)
8: 8(U) is defined by S[R(U)] = U.
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Instantaneous Compandors on Narrow Band Speech Channels

By J. C. LOZIER
(Manuscript Received Aug. 15, 1951)

If speech is passed through an instantaneous compressor, the original speech
frequency spectrum is substantially widened. It is known that instantaneously
compressed speech can be transmitted over a medium with a passband no wider
than that occupied by the uncompressed speech, and the original signals re-
covered without distortion. The conditions required for such distortionless
transmission are examined. The analysis indicates that more severe requirements
must be imposed on the attenuation and phase characteristics of the system when

this reduced bandwidth mode of operation is used. The practical value of this ex-
change of transmission requirements is a matter for experimental determination.

INTRODUCTION

HEN a signal such as speech is instantaneously compressed in ampli-

tude, harmonics and cross modulation products are generated which
extend the frequency spectrum of the original signal by many octaves. It
is proposed to demonstrate that the additional products thus generated are
necessary for the distortionless recovery of the original signal. Then the
conditions will be examined under which this broadband signal can be
transmitted without distortion through a bandwidth no wider than that
occupied by the spectrum of the uncompressed speech. Finally, some of the
practical aspects of using intantaneous compandors on narrow band
speech channels will be considered, with emphasis on the nature of the trans-
mission requirements placed on the medium. The advantages to be obtained
from the use of instantaneous compandors have already been presented by
Mallinckrodt.!

BANDWIDTH Vs DISTORTION

If a single frequency tone is compressed by a 2 to 1 compressor,? and then
the fundamental alone is expanded, it can be shown that the resultant 3rd
harmonic distortion is only 13 db below the fundamental. Expansion of
both the fundamental and the 3rd harmonic output of the compressor will
reduce this 3rd harmonic distortion to 29 db below the fundamental. Ex-
pansion of the fundamental plus the 3rd and Sth harmonics will reduce the
3rd harmonic distortion in the recovered signal to 45 db below the funda-

1C., 0. Mallinckrodt “Instantaneous Compandors,” B.S.T.J., Vol. XXX, No. 3,
July 1951.

2In a2 to 1 compressor, the output amplitude is the square root of the input amplitude.

The name comes from the fact that, in such a compressor, the output amplitude will
increase 1 db for each 2 db increase in input amplitude.

1214
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mental. These results are indicative of the significance of such components
in the compressor output spectrum to distortion in the recovered signal.

FREQUENCY ANALYSIS OF TRANSMISSION UNDER REDUCED BANDWIDTH
CONDITIONS

It might be concluded from the results quoted above that a wideband
channel is required for the distortionless transmission of instantaneously
compressed speech. However, if the compressed speech is properly sampled

! i i
: | |
o 4 : | | (@) ASSUMED SPECTRUM
| i d OF ORIGINAL SIGNAL
{ ]
| : l
: I -
1 ]
l | ! :
I
: | |
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]
0 il 8 1 ! i INSTANTANEOUS
: ! COMPRESSION
| 1
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¥
|
: |
i |
| i
] | t
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|
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|
, 1 |
1 ] ]
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| | 1
4 8 10
2 il = : - I (d) _ SIGNAL AFTER
| , ! COMPRESSING AND
= e % ! : SAMPLING
t
1 | |
0 4 8 12 16 20

FREQUENCY IN KILOCYCLES PER SECOND

Fig. 1—Frequency analysis of instantaneous compressing and sampling of origina
signal.

before transmission, and the received signals are again sampled at the re-
ceiver, the bandwidth of the intervening medium can be restricted to that
of the original speech, and still the transmission can be distortionless.
Hence, the sampling must transform the broadband spectrum of the com-
pressed speech in such a way that it can be successfully transmitted over a
relatively narrow band.

A steady state frequency analysis will serve to illustrate this phenomenon.
Figure 1(a) shows the 4 kc frequency spectrum assumed for the original
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signal, and Fig. 1(b) shows a 10 kc portion of this signal after instantaneous
compression. Now the minimum sampling rate required to handle a 4 kc
signal band is 8 kc. It is also the sampling rate that will allow the maxi-
mum band reduction in this case, as further analysis will show. The fre-
quency spectrum of a sampling function with an 8 kc repetition rate has a
d-c. component, an 8 k¢ fundamental, and all the harmonics of this repetition
rate as shown in Fig. 1(c). These harmonics are all of equal amplitude and
all are phased so as to add up every 125 microseconds to form the charac-
teristic sampling waveform. Figure 1(d) shows the frequency spectrum
formed by sampling the 10 kc portion of the compressed speech signal. It

! | | !
8 10 _ | 10 KC PORTION OF | !
| COMPRESSED SIGNAL! | (8) FREQUENCY SPECTRUM OF
8 4!, ——“FOLDED” INTO 4KC BASEBAND 1 AKC BASEBAND SECTION OF
] ' I ' SIGNAL AFTER COMPRESS-
' i ! | ING AND SAMPLING
R | | | |
[}
T I :
1
|
8 10 10 8l8 10 1o 8|8 10 !
T
i (D) EFFECT OF RESAMPLING
8 414 2 U 24 S L =4 4KC SPECTRUM SHOWN
] N FIGURE 2(a)
0 414 olo 414 olo 4i
| T
|
‘ | ‘ :
ORIGINAL : 1
,~SIGNAL ’ | (C) EFFECT OF EXPANDING
¥ | | FIGURE 1(d)(OR FIGURE 2(b)
T WITH PROPER SYNCHRONI-
! } ZATION)
] |
1 1
0 4 8 12 16 20

FREQUENCY IN KILOCYCLES PER SECOND

Fig. 2—Frequency analysis of instantaneous sampling and expanding of transmitted
signal.

represents the product of the spectra of Fig. 1(b) and 1(c). As such, it is
composed of the various component frequencies in the sampling spectrum
as carrier frequencies, with the 10 kc portion of the compressed speech
signals as amplitude modulated sidebands about these carriers.

Figure 2(a) shows the resulting spectrum that falls in the 4 kc baseband
of Fig. 1(d). It represents that part of the compressed and sampled spectrum
that would be received over anideal 4 kc baseband channel. Thisspectrum is
worth examining because it illustrates how the addition of instantaneous
sampling makes it possible to transmit all the components in the compressed
speech over a 4 kc channel. The effect may be described as a linear “folding”
of the broadband spectrum back and forth over the 4 kc band. However,
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although any broadband signal can be similarly folded into a 4 kc band by
an instantaneous sampler with an 8 kc repetition rate, the process is not
fully reversible. For example, there is no means of telling whether a 3 ke
component in the folded signal comes from a 3 k¢, a 5 ke, an 11 ke, or a 13
ke, etc. component in the original signal. Hence it is only a very special
class of signals that can be recovered after their frequency spectra have been
condensed in this fashion.

To recover the original speech in this case, the spectrum shown in Fig.
2(a) can be sampled at an 8 kc rate to produce the spectrum shown in Fig.
2(b). Now an examination of the spectra involved will show that when the
second sampling is properly synchronized with the transmitting sampler, the
two spectra shown in 1(d) and 2(b) will be identical. The spectrum in Fig.
1(d) represents the 8000 samples per second of the compressed speech gen-
erated at the transmitter. Thus, when the spectra of Figs. 1(d) and 2(b) are
identical, samples will be recovered at the receiver which are identical to
those that were generated at the transmitter. These can be converted to
samples of the uncompressed speech by complementary instantaneous ex-
pansion. The spectrum of these samples is shown in Fig. 2(c). All that is
necessary at this point to recover the original speech without distortion is
to pass these samples through a 4 kc. low-pass filter.

REQUIREMENTS FOR DISTORTIONLESS TRANSMISSION ON REDUCED
Banpwipta Basis

Thus the criterion for distortionless transmission of compressed and
sampled speech under these conditions is that the samples recovered at the
receiver be the same as the samples of compressed speech that were generated
at the transmitter. This means sending 8000 pulses per second over a 4 kc
band without intersymbol interference. Nyquist® has shown that this is the
maximum rate at which independent pulses can be transmitted over a 4
kc band and still be recovered at the receiver. At this maximum rate, the
bandwidth employed does not give the transient response of one pulse time
to die out before the next pulse is received. Therefore the transient response
in this case must be such that, when one pulse is at its peak, the transient
responses of all other pulses will be going through zero. The infinitely sharp
cut-off at 4 kc, which is required to separate out the spectrum shown in
Fig. 2(a) from that in Fig. 1(d), will have the required zeros in its pulse
response, provided the attenuation is constant and the phase is linear with
frequency.

n x

This is the familiar S shape of transient response. Nyquist has shown,

3 H. Nyquist, “Certain Topics in Telegraph Transmission Theory,” A.I.E.E. Trans-
actions, Vol. 47, Pages 617 to 644, April 1928.
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also that this is just one of a whole family of transmission characteristics
with a specified symmetry about the cut-off frequency, all of which have
the required transient zeros. However, there is no reason to suppose that
any of them would prove less sensitive to variation of the transmission
characteristics from the ideal than the one described above.

It is apparent that synchronization of the transmitting and receiving
samplers is required to insure that the receiving sampling is done at the
exact instant that all transient responses but the desired one are zero.

EFFECT OF VARIATIONS FROM IDEAL TRANSMISSION CHARACTERISTICS
ON DISTORTION

In practice of course a certain amount of distortion is tolerable. To get
some measure of the practicability of such reduced bandwidth transmission
of compressed speech, the first step is to determine how much intersymbol
interference can be tolerated in this type of signal, and then to translate this
tolerance into allowable variations in the frequency characteristics of the
transmission medium from the assumed ideal. However, it is hard to estimate
what the allowable intersymbol interference might bein this case. In a single
channel system, intersymbol interference produces a form of distortion, and
the sensitivity of such signals to distortion is primarily a matter for subjec-
tive determination.

For computational purposes it will be assumed, however, that this inter-
symbol interference should be 20 db down in the output. It is apparent that
a 59, variation in the amplitude of a sample before expansion will produce
a 109, variation in the expanded sample. On this basis 59, intersymbol
interference in the medium between transmitter and receiver is the maximum
allowable. Using Wheeler’s theory of paired echoes?, it can readily be shown
that a sinusoidal variation in the phase vs. frequency characteristics of the
medium, with an amplitude of { of a radian (5.7 degrees), will cause a
pair of echoes each of which will have a peak equal to 5%, of the original
sample. Similarly a sinusoidal deviation in the attenuation vs. frequency
characteristic of 0.9 db from the ideal will also cause a pair of echoes with
an amplitude of 5%,.

In estimating the average effect of such echoes, it cannot be expected that
the intersymbol interference from a given echo will be appreciably less
than its peak amplitude would indicate. The principal reason is that, in order
to realize the savings in bandwidth, the pulses are 125 microseconds apart,

which is as close together as the 4 kc band will permit. Reference to the Sin x

4H A. Wheeler, The Interpretation of Amplitude and Phase Distortion in Terms of
Paired Echoes, I.R.E., June 1939.
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form of transient response indicates that the width of pulses (and hence of
echoes) received over a 4 kc band, is such that they will be within 659, of
their peak amplitude for a full 125 microseconds. Thus such echoes will cause
at least 659, of their peak interference to at least one subsequent pulse.
This illustrates why it is so difficult to control intersymbol interference in
pulse systems operating under minimum bandwidth conditions.

Assuming from this argument that the interference from echoes should
be taken at their peak values, the tolerable phase deviations from linearity
must be measured in tenths of a radian in this case. On ordinary speech
channels the tolerable phase deviations from linearity are measured in
radians, which represents a difference of one or two orders of magnitude.

Another estimate of the allowable intersymbol interference may be ob-
tained by comparing it to quantizing noise on a PCM system. A 5-digit
PCM system has 32 quantizing levels, and the average uncertainty in the
recovered pulse amplitude is one half of a quantum step, or approximately
1.6%. The 109, intersymbol interference requirement chosen above repre-
sents approximately 6 times as much deviation in recovered pulse amplitude.
Again only subjective measurements can tell whether intersymbol inter-
ference in this case is six times more tolerable than quantizing noise. How-
ever, a 5-digit PCM system is not a high quality circuit by Bell System
standards.

The distortion effects due to lack of synchronization of the transmitting
and receiving samplers have been ignored in the discussion so far, on the
assumption that it would not prove too difficult in practice to make it a
relatively negligible source of intersymbol interference. However, it may not
prove to be a negligible factor from the economic standpoint, when an at-
tempt is made to prove in a system of this type.

MULTICHANNEL ASPECTS

In the case of multichannel time division systems, the addition of in-
stantaneous campandors seldom requires an increase in the transmission
requirements of the medium. In multichannel PAM and PPM systems, for
example, intersymbol interference causes intelligible crosstalk between chan-
nels, and the requirements on such crosstalk usually calls for the intersymbol
interference to be some 60 db down in the recovered speech. In such cases
the addition of an instantaneous compandor can serve to reduce this re-
quirement on the line to some 40 db, through the so-called ‘“Compandor
Advantage™. It is fair to point out, however, that such systems are seldom,
if ever, operated as minimum band pulse systems.

5 C. O. Mallinckrodt, “Instantaneous Compandors,” B.S.T.J., Vol. XXX, No. 3,
July 1951.
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CONCLUSIONS

It has been shown that distortionless transmission of instantaneously
compressed speech over a frequency band no wider than that required for
the uncompressed speech does involve the transmission of a broad-band
signal over a relatively narrow-band channel. This is made possible by the
use of an instantaneous sampler which serves to “fold”” the spectrum of the
compressed speech at the transmitting end so that the entire spectrum is
contained within the desired bandwidth. The criterion for distortionless
transmission of these “folded” signals is shown to be one of recovering at
the receiving end the precise samples of compressed speech that were gener-
ated at the transmitter. To accomplish this distortionless recovery of the
transmitted pulses it is necessary, first, that the transmission medium cause
no intersymbol interference, and, second, that the signals at the receiver
must be sampled in synchronism with the sampling at the transmitter.

It was also shown that the full reduction in bandwidth can be realized
only by pulse operation under minimum bandwidth conditions. It was esti-
mated that the accuracy of control of the steady state phase and attenuation
vs. frequency characteristics that would be required to maintain the inter-
symbol interference below an acceptable level would be hard to meet in
practice, primarily because of having to operate under such minimum band-
width conditions.



The Evolution of Inductive Loading for Bell System
Telephone Facilities

By THOMAS SHAW
(Concluded from July 1951 issue)

PART VI: CONTINUOUS LOADING
General

ONTINUOUS loading, i.e., the addition of uniformly distributed in-

ductance, was studied theoretically in the Bell System several years
before theoretical work started on coil loading. This early work of John
Stone Stone, then a member of the headquarters technical staff of the
American Bell Telephone Company, resulted in the issue to him on March
2, 1897 of a U.S. Patent (575,275) describing a ‘‘bi-metallic”” wire cable.

Later on, when the commercial development was authorized, cost con-
siderations made it desirable to start with laboratory experiments on an
“electrically equivalent” artificial line using small lumped inductances.
In planning these experiments, it soon became apparent that only a small
amount of distributed inductance could be obtained with the best magnetic
material then available, namely, iron. Recognition of the important ad-
vantages inherent in the use of large amounts of inductance, and of the
absence of limitations regarding the magnitude of inductance that could
be provided in coil form, then shifted the development emphasis to the as
" yet unsolved problem of spacing inductance coils in relation to wavelength.
This theoretical problem was quickly solved by G. A. Campbell, who was
then in charge of the project, and accordingly the laboratory artificial line
was designed to demonstrate the practicability of coil-loading (early in 1899).
The Bell System development work on continuous loading was then sus-
pended for some time.

During the next two decades, coil loading was found to be economically
suited to all Bell System needs for inductive loading, even on short inter-
mediate submarine cables required at shallow water crossings of rivers and
bays. Shortly after the First World War, however, it became necessary to
undertake the development of continuously loaded cable to meet an urgent
demand for telephone communication with Cuba. Exploratory theoretical
studies and laboratory investigations had been started shortly before the
war, but were discontinued during the war. The exploratory work included
consideration of the possible use of a new nickel-iron magnetic alloy which

1221
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was then under development by the Research Department of the Western
Electric Company, and which later on became widely known as permalloy.?®

Key West-Havana Submarine Telephone Cable System

This project required three different submarine cables ranging in length
from about 100 to 105 nautical miles, each being a great deal longer than
any previously designed for telephone transmission, and a large fraction of
the route was in deep water, reaching a maximum depth somewhat over
6000 ft. The difficulties to be expected in protecting loading coils from injury
under the great hydrostatic pressure involved, and the complications that
would be encountered during installation and in subsequent maintenance
work, prevented coil loading from receiving consideration. Moreover, the
great water pressure also eliminated consideration of paper insulated cable.

Since the cables were intended for use in telephone circuits connecting
remote points in the United States with Havana and remote points in Cuba,
the over-all system design requirements were very formidable. In addition
to a two-way telephone circuit in each cable, provision also was made for
three carrier telegraph circuits above the voice range, and for direct current
grounded telegraphy below the voice. These complex requirements brought
in difficult problems regarding telegraph flutter interference and other types
of non-linear distortion.

The fundamental design studies resulted in a decision to install single
core, continuously loaded, cables using gutta-percha insulation, and having
a concentric system of copper tapes wrapped around the insulated conductor,
for use as a return conductor. (These cables were the first to be installed
with this feature.) Iron-wire type continuous loading was chosen largely
because the desired project in-service dates did not allow sufficient time for
the additional research and development work, and the additional manu-
facturing preparations, that would have been necessary in order to use
permalloy tape loading. The manufacturing situation presented serious
problems, because it was necessary to plan for manufacture abroad, since no
American company had facilities for making deep-sea submarine cable.
Moreover, iron-wire type continuous loading (as proposed by C. E. Krarup*
of Denmark) was old in the European telephone art, having been used in
several short submarine cables, and some underground cables.

In the Cuban Straits cables under discussion, the central copper conductor
had a diameter of about 0.140 inch. About this was closely wrapped a single
layer of 0.008 inch soft iron wire and three layers of gutta-percha type
insulation having a total thickness of about 0.135 inch. A thin copper tape
directly on this core furnished protection against damage by the teredo,

*E.T.Z., April 17, 1902.
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and was part of the system of copper tapes previously mentioned which
served as a return conductor.

The effective permeability of the iron-wire loading material was about
115. The distributed inductance of about 4.35 millihenrys per nautical mile
resulted in a low nominal impedance of about 115 ohms. The energy losses
in the loading material were the principal factors in limiting the top of the
working frequency band to about 4000 cycles. At 1000 cycles per second,
the bare line equivalent was of the order of about 22 db (for the mean value
of the longest and shortest cable). At 4000 cycles it was about 2.2 times as
great.

Space limitations prevent a more complete description and discussion

here. Comprehensive information regarding all features of the project is
givenina 1922 4. I. E. E. Paper® prepared by Messrs. W. H. Martin, G. A.
Anderegg and B. W. Kendall. Engineers of the A. T. &. T. Co. and W. E.
Co. were responsible for the electrical design of the cables, method of opera-
tion, and arrangement of the repeaters and other terminal apparatus. The
cables were manufactured late in 1920 and installed early in 1921 by The
Telegraph Construction and Maintenance Co. Ltd. of London, for the Cu-
ban-American Telephone and Telegraph Company. The latter organization
is jointly owned by the A. T. &. T. Co. and the Cuban Telephone Co. (a
subsidiary of the International T. &. T. Co.)
1930 Non-Loaded Cable: Since the 1921 cables were not suitable for carrier
telephone operation (largely because of excessive losses and non-linear
distortion at high frequencies), it became necessary during 1930 to install a
fourth cable between Key West and Havana in order to meet the demand
for additional facilities. Advantage was taken of advances in the communica-
tion art, notably an improved cable insulation (paragutta), improved re-
peaters and carrier telephone systems, to design a non-loaded cable system
which would be suitable for carrier operation. The initial carrier set-up
provided three carrier telephone circuits, using a type C4 system which had
originally been developed for open-wire lines. Early in 1942, a seven-channel
system was substituted. Comprehensive information regarding the 1930
cable and its use of the 3-channel carrier telephone system is given in a 1932
A.I. E. E. paper by Messrs. Affel, Gorton and Chesnut.®

High Speed Transoceanic Loaded Telegraph Cables

During the First World War when the need for increasing the message-
carrying capacity of existing non-loaded transoceanic telegraph cables be-
came urgent, the Bell System engineers who worked on this problem finally
came to the conclusion that to obtain a great advance in the existing art it
would be necessary to have much better cables.
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In July 1919 the continuing interest in this problem crystallized in a
Western Electric proposal to use permalloy continuous loading in new
transoceanic telegraph cables. Since this remarkable new magnetic alloy™
had been invented and developed by Western Electric engineers, they were
already familiar with its extraordinary high permeability characteristics,
and had confidence-in their ability to use it in providing a high impedance
loading which would make practicable a great increase in message-carrying
capacity. Loading with iron-wire would not have any advantage in tele-
graph speed, because of its low permeability. Intensive research work
quickly started on the permalloy loaded cable design and installation prob-
lems, and on the related terminal apparatus and operating problems. The
success attained in these efforts resulted in disclosures to the Western Union
Telegraph Company regarding the great increase in telegraph signaling
speed that could be obtained with the proposed new permalloy loading.
In due course the Telegraph Company made arrangementswith the Telegraph
Construction and Maintenance Company Ltd. of London for the manu-
facture and installation of a 120-mile trial length, using loading material
supplied by the Western Electric Company and applied and treated under
the direction of Western Electric engineers. In October 1923 this experi-
mental length was laid in deep water near the south shore of Bermuda. The
trial installation tests were so satisfactory that the Western Union company
arranged for the manufacture and installation of a 2300-mile cable to connect
New York with Horta in the Azores. As with the trial length, the loading
material was supplied by the Western Electric Company, and it was ap-
plied and treated under Western Electric supervision.

The new cable was laid during September 1924. After refined adjust-
ments in the terminal apparatus, a speed of over 1900 letters per minute
was obtained. This speed is about four times the carrying capacity of an
ordinary non-loaded cable of the same length. At this point a brief state-
ment of general theory is indicated: The effect of the inductance is to
oppose the setting up of a current and to maintain it once it has been
established, thus preserving a definite wave front as the signal impulse
travels over the cable. The individuality of the signal impulses is retained,
and thus the much higher speed becomes possible.

The permalloy loading material was applied in tape form in a close helix
around a stranded copper conductor. The tape was 0.006 inch thick and
0.125 inch wide. The alloy was composed of about 799, of nickel and 219,
of iron and a small amount of manganese, suitably heat treated. It provided
an inductance of about 54 millihenrys per mile, slightly over 12 times that
obtained by the use of iron wire in the Cuba cables previously described.
The permeability of the loading was about 2300, or about 20 times that of
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the iron wire used on the Cuba cables. An important feature of the cable
not previously mentioned was a layer of viscous insulating material (under
the regular gutta-percha insulation) which protected the strain-sensitive
permalloy from the stresses caused by hydrostatic pressure in the great
depths of the ocean. ‘

Demand for other high-speed loaded submarine cables quickly followed
the successful demonstration of the New York-Horta cable and several were
installed during 1926, reaching a total of about 15,000 miles of high-speed
cables. The new installations included the Horta-Emden cable manufac-
tured and installed by the Norddeutsche-Seekabelwerke A.G. for the
Deutsch Atlantische Telegraphengesellschaft, and the New York-Bay
Roberts-Penzance cable manufactured and installed by the T. C. & M.
Company for the Western Union Telegraph Company. These particular
cables used an improved form of permalloy supplied by the Western Electric
Company containing about 809, nickel, 17.59, iron, 2%, chromium, and
0.59%, manganese. This alloy had an initial permeability of about 3700 and
provided a higher impedance loading than that used on the first high-speed .
cable. In consequence, the newer cables were capable of speeds of about
2500 letters per minute.

Other high-speed continuously loaded cables, installed in 1926 and subse-
quent years, used permalloy material manufactured under Western Electric
Company patent license, in some instances under a special foreign trade
name.

Comprehensive information regarding all features of the high-speed
cable projects specifically mentioned above is given in two papers by O. E.
Buckley, published in 1925* and 19284, respectively.

In passing, it should be observed that the permalloy loaded cables under
discussion were not intended for, and were not suitable for telephone
communication. For this purpose, a new family of magnetic alloys, the
perminvars, was developed.*® Their composition centered on 479, nickel,
259, cobalt, 209, iron, 7.59, molybdenum, and 0.59, manganese. When
used as a thin loading tape, this alloy has electrical and magnetic properties
especially suitable for telephone transmission, including very low hysteresis
which is very advantageous in the control of all forms of non-linear dis-
tortion.

A Proposed Transailantic Telephone Cable

During the late 1920’s, there was worked out a design of a perminvar
loaded cable suitable for voice frequency telephony between Newfound-
land and Ireland (1800 nautical miles). It was of the single core type with
a concentric return conductor. Four layers of very thin perminvar tape
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-provided the loading, and the loaded conductor was insulated with para-
gutta. The suitability of the design for use in deep water was verified by
temporarily dropping a.20-mile length on the sea floor in a deep water
section of the Bay of Biscay.

The general business depression of the early 1930’s resulted in a post-
ponement of the cable project because of its great cost. Later on the project
was postponed indefinitely because, in the face of improvements in trans-
atlantic radio telephone communicaion, so expensive a cable to carry a
single conversation could no longer be justified.

Additional information regarding this cable project is included in Dr.
O. E. Buckley’s 1942 paper, “The Future of Transoceanic Telephony,”
constituting the 33rd Kelvin Lecture before the Institution of Electrical
Engineers.? :

Continuous Loading for Paper Insulated Telephone Cables

Tape and Wire Loading: When permalloy and perminvar first became
available, theoretical studies were undertaken to determine the prospects
of economic competition with coil loading on ordinary paper insulated
telephone cables. Special consideration was given to the use of the mag-
netic alloys in situations where coil loading is most expensive, namely, in
submarine intermediate cables at river crossings, many of which involve
high-frequency carrier telephone operation. None of these studies, however,
gave sufficient promise to warrant commercial development work.
Electroplated Permalloy Loading: During the middle 1920’s, the Bell Tele-
phone Laboratories started research work on a radical new concept of
continuous loading using electroplated permalloy, which gave some promise
of being less expensive than magnetic alloy tape or wire loading. The
process involved the electrolytic deposition simultaneously of suitable pro-
portions of nickel and iron on the copper conductor, and the use of
special heat treatments to obtain the desired characteristic (magnetic and
electrical) properties of permalloy. In due course, methods were devised
for separating the concentric magnetic layer from the conductor, and for
breaking it up into longitudinally discontinuous pieces, so as to secure the
most advantageous properties for telephone transmission service, and to
provide mechanical flexibility in handling. '

The experimental work was concentrated on small copper conductors,
partly because of the more simple process problems, and partly because
such combinations appeared to have the best prospects of competing with
coil loading from the plant cost standpoint. (N.B.—The amount of permal-
loy loading material required to provide a specified inductance per unit
length, and its cost, is a direct function of the conductor diameter.)
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The requirements for and the possibilities of using electroplated loading
in the exchange area services were given priority in the theoretical cost
studies—largely because of their extensive use of small conductor cables.
These studies indicated some attractive possibilities of using light-weight
electroplated loading on fine wires (26 and 24-gauge) as substitutes for
larger size wires without loading, provided satisfactory solutions could be
worked out for the circuit balance and magnetic instability problems. The
balance problem arises from the difficulty of securing sufficient uniformity
among the loaded conductors used as wire and mate in the individual
pairs. This is complicated by the sensitivity of the permalloy continuous
loading to magnetization by steady and intermittent superposed signaling
currents. On the larger-size exchange cable wires that are not now used
extensively without coil loading, the comparative cost estimates were not
attractive for the electroplated loading.

The inflexibility of continuous loading is an adverse general factor, since
it is not feasible to decrease or increase the weight of the loading after
manufacture, in order to accommodate changes in transmission require-
ments made desirable by changes in performance standards or alterations
in circuit layouts. Also, there would be inflexibility in conforming to changing
requirements in complement sizes of loaded circuits in areas where it is
necessary to have loaded and non-loaded circuits within the same cable
sheath.

Theoretically, one of the flexibility limitations of the conzinuous loading
could be reduced by using coil loading in combination with it, in order to
extend its transmission range. However, this would reduce the width of the
transmission band below that obtainable with the coil loading on a circuit
not having continuous loading—the decrease in effective cutoff being a
complex function of the ratio of distributed inductance to coil inductance.
Combinations of high cutoff, low impedance, coil loading with low in-
ductance continuous loading could be designed to have satisfactory band
width properties. For a given grade of transmission performance, however,
such combinations appear to be inherently more expensive than coil loading
or continuous loading by themselves.

The experimental work on electroplated continuous loading for exchange
area cables was carried on somewhat intermittently during the 1930’s. At
no time did the prospects of securing satisfactory over-all transmission
performance, at costs which would encourage competition with coil loading,
appear to be sufficient to warrant an all-out sustained attack on the many
difficult technical problems involved. Although the development project
has not been permanently abandoned, it had to be discontinued in the late
1930’s on account of the great pressure of more urgent work.



1228 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1951

The use of electroplated loading as a substitute for coil loading on toll
cables, or on incidental cables in open-wire lines, did not appear to be
attractive when the cost estimates and the complex requirements on circuit
balance, stability, non-linear distortion and flexibility were taken into
account.

Summary

Enough has been told in the preceding pages to support the earlier
statements regarding the low importance of continuous loading in the
growth of the Bell System, relative to that of coil loading. Obviously, the
success attained by the intensive development and in the very extensive
use of economical types of coil loading is" an important factor in this situa-
tion. That these extent-of-use relations are not due to a lack of interest in
continuous loading is well demonstrated by the Bell System initiative in
developing the permalloy continuousloading that made high-speed telegraphy
practicable in long submarine telegraph cables, and by the other develop-
ment work summarized in this review.

PART VII: EXTENT OF USE AND ECONOMIC SIGNIFICANCE
INTRODUCTION

Up to now, this account of coil loading has been in terms of individual
developments and their significance with respect to the prior art and current
developments in related fields, with occasional information regarding.their
importance and extent of use.

It is now appropriate to supply and analyze some general statistics
regarding the total amount of loading which has been used, in a rough
appraisal of the importance of coil loading in the growth of the Bell Tele-
phone System. Some important qualifications of the statistics are com-
mented upon in advance of the presentation of actual figures.

- The statistics here given and discussed are for the most extensive and
most important applications of coil loading, namely, for voice-frequency
loading over cable circuits. They are grouped in two principal categories:
(1) non-phantom type coils used on non-quadded exchange area cables, and
to a relatively very small extent on toll cables, and (2) side circuit and
associated phantom coils used on quadded long-distance and interurban toll
cables, and to a relatively very small extent on entrance cables in open-
wire lines and on long quadded exchange cables.

The figures used are based on production statistics up to the end of 1949.
The important significance of the production figures is that they measure
at the time of manufacture the current demands for additional loaded
facilities required by the growth of the telephone system, and the up-to-
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then accumulated total demand. In general, the loading coils were manu-
factured to meet specific customers’ orders; manufacture for merchandise
stock in anticipation of future orders was seldom undertaken, except during
periods of extraordinarily high, sustained, demand. On this basis practically
all of the coils that were manufactured were installed in the telephone plant.

The production statistics of course include a considerable number of
coils which were installed shortly after manufacture and which were taken
out of service many years later to facilitate the use of improved transmission
systems that required different types of coils, or to permit the use of carrier
systems on the unloaded toll cable circuits. In general, complete potting
complements were not taken out of service in preparation for carrier sys-
tems operation; i.e., a large fraction of the disconnected loading coils remain
in the cases in which they were originally potted and installed, and the
other coils in the same cases are still in service. It is important to remember
that the displaced loading coils played an important part in the improve-
ment and growth of telephone service in their own period of commercial
use. The unavailability of statistics regarding displaced loading makes it
impossible to supply accurate information regarding the total number of
loading coils now being used for regular telephone service. It seems probable,
however, that about 809, or more of all the toll cable coils that have been
manufactured are in service, or installed in circuits which will be used as
soon as traffic growth requires them. The corresponding percentage figure
for exchange area coils is probably higher. The number of loading coils
taken out of service because of incipient defects that were not detected in
the factory inspection tests, or which became unserviceable in consequence
of service injuries, or which have been junked because of obsolescence, is a
very small fraction of the total number of coils that have been manufactured
tor Bell System use

GENERAL PRODUCTION STATISTICS, VOICE-FREQUENCY CABLE LOADING

Total Production

The grand total production figure (up to the end of 1949) for all types
of voice-frequency loading coils for Bell System use is of the order of 20.7
million. Approximately 549, of this total (about 11,270,000 coils) are non-
phantom type coils, used almost entirely on exchange area non-quadded
cables. Nearly 9,500,000 coils are side circuit or phantom loading coils
used on quadded toll and toll entrance cables. Approximately three-quar-
ters of the grand total have been manufactured during the last two decades.

The greatly varying rates in the growth of loading coil production are
shown, (a) in terms of accumulated total production through 1949 in
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Table XIX and (b) in annual totals during the period 1920-1949, plotted
in Fig. 35.

Annual Production Tolals

In general, the average and peak figures of annual production prior to
1920 were very small relative to those in the 1920-1949 period covered by
the chart. For example, the maximum annual production of side circuit
and phantom toll cable coils prior to 1925 was in the war year 1918,* and
the maximum annual production of non-phantom exchange area cable coils

TaBLE XIX

AccumurATED TortaL Propuction® —Vorice FrEQUENCY CABLE LOADING
Corrs (1N Mitrions oF CoiLs)

At End of Year Si%ehfxiif’;itg;iénd Non-Phantom Coils Total
1915 0.31 0.22 ,0'53
18 0.52 0.30 0.82°
20 0.64 0.35 0.99
22 0.73 0.39 1.12
1924 0.95 0.53 1.48
26 1.49 0.79 2.28
28 2.69 1.32 4.01
30 5.59 2.00 7.65
1934 6.44 2.60 9.04
38 6.65 3.21 9.86
40 7.04 3.81 10.85
42 7.82 5.15 12.97
1944 8.14 5.48 13.62
46 8.49 6.69 15.18
48 9.33 9.76 19.09
49 9.46 11.27 20.72

Notes: (1) All production figures are approximate values.
(2) Commercial production of side and phantom coils did not start until 1910.
Up to that time non-phantom coils were used for toll cable loading (and for
exchange area cables).

prior to 1923 was in the war year 1917.1 Thus, with occasional exceptions,
the production data for the years prior to 1920 could not be accurately
plotted on the chart without using a confusing s:-ale.

In the beginning, the use of loading was small relative to its subsequent
use because the Bell System cable plant was small. For nearly a decade the
expanding toll cable plant used fewer coils than the exchange plant. From
then on, in the two-decade period 1913-1932, toll cable loading dominated

* 117,000 coil peak in 1918; 187,000 coil total in 1925.
t 33,000 coil peak in 1917; 38,000 coil total in 1923.
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in the extent of use, reaching its all-time peak in growth during 1930. The
four-year period of most rapid expansion of toll cable loading coincided
with: (a) the full scale introduction of four-wire repeatered loaded (H44-25)
circuits for long haul long-distance facilities, (b) the introduction of
permalloy-core loading coils which resulted in large loading economies, and
(c) the planned use of relatively large circuit-groups in order to speed up
the long-distance service.

The business depression of the early 1930’s terminated the rapid expansion
period in all types of loading. Several years later, when business conditions
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Fig. 35— Annual production totals of voice-frequency cable loading coils for Bell Tele-
phone facilities.

improved sufficiently to require another large expansion in the toll cable
facilities, the demand for new long-haul circuits was taken care of generally
by the use of Type K carrier systems on non-loaded cable pairs and pairs
from which loading was removed; and the use of new toll cable loading was
largely restricted to short-haul repeatered and non-repeatered circuits.
Thus it happened that, during the 1939-1942 period of rapid plant expansion,
the production of exchange area loading coils substantially exceeded that
for toll cable loading in the struggle to meet the demands for additional
facilities required by the war effort.

The post-war drive to meet the greatly increased demands for long-
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distance telephone service, and the provision of a tremendous amount of
new exchange plant to take care of more than eleven million new Bell
System telephone stations, made it necessary to build up the production
rates to higher values than those during the war period. An important
factor in the new heavy demands was the desire to restore the speed of
service to the pre-war standards.

The post-war demand for exchange area loading has been greatly in
excess of that in any previous spurt in demand, reaching its peak value
during 1948, and has been very large in relation to the toll cable loading
requirements. The post-war rapid build-up of a backbone network of
coaxial cables, together with the expanding use of carrier systems in existing
and new cables of the conventional types, and the introduction of micro-
wave radio relay systems have held down the demand for new toll cable
loading to relatively small quantities for use on relatively short circuits.

Relative Costs, Toll and Exchange Loading

Production statistics by themselves do not indicate the relative economic
importance of exchange area and toll cable loading. Except in the early
years when coils of the same size were used for both types of loading, the
toll cable lJoading coils have been considerably more expensive than the
exchange area loading coils. During the periods of maximum production
and use portrayed in Fig. 35, the average prices per potted toll cable loading
coil have ranged up to about twice or three times as large as those per
potted exchange area coil. Consequently, the total plant investment in
toll cable loading is substantially greater than the total investment in
exchange area loading, notwithstanding the somewhat greater total use of
exchange area loading, as indicated by the production statistics. This is
consistent with the fact that more expensive types of cable are used for the
toll circuits and the service requirements are more difficult.

Analysis in Relation to Core Malterials

There now follows a rough breakdown of total production in terms of
core materials, in recognition of the importance of the cores in determining
the coil performance characteristics and costs:

In general, the production percentage figures in Table XX do not dis-
criminate between types of facilities (toll or exchange area). If separate
percentage-of-total figures should be derived for toll facilities and for ex-
change area facilities, those for toll facilities would substantially exceed the
tabulated figures for total iron-wire, iron-dust, and permalloy-powder core
loading coils, especially in the case of the latter, and the percentage-of-total
figure for exchange area molybdenum-permalloy core coils would greatly
exceed that for toll cable loading.
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In considéring the two different permeability types of iron-wire and of
iron-dust core-materials, it is important to note that in each case the lower
permeability material had a much more extensive total use than the higher
permeability material, and that it was used in the more important facilities.

It is of special interest from the plant-cost standpoint that nearly two-
thirds of the compressed molybdenum-permalloy powder core coils (up to
the end of 1949) are the reduced cost designs using Formex-insulated
conductors in their windings, this being an important factor in coil-size
reduction. The other molybdenum-permalloy core coils are larger-size coils
using a combination of textile and old type of enamel conductor-insulation.

It is highly significant with respect to the economics of the Bell System
plant growth that over one-third of all voice-frequency loading coils manu-
factured up to the end of 1949 are of the lowest-cost types ever standardized

TaBLE XX

ESTIMATED DISTRIBUTION OF ACCUMULATED TOTAL LOADING CoOIL PRODUCTION
Ur To ExD OF 1949 1N TErRMS oF CORE MATERIALS

Percentage of Approx. Period (1)
Core Material ' Total Loading Coil of Commercial Manu-
Production facture

Fine Iron-Wire............................ 1.5 1901-1927
Compressed Powdered-TIron................. 10.5 1916-1928
Compressed Powdered-Permalloy............ 33. 1927-1938
Compressed Powdered Molybdenum-

Permalloy........... ... . .. ... .. 54. 1937-
Non-Magnetic (Carrier loading)............. 2. 1920-

Note (1): For more definite dates in relation to different types of facilities, and in
relation to the two different permeability values of the iron-wire and iron-
dust materials, reference should be made to Table IIT (page 158).

for general use. This total includes about 609, of the total production
(through 1949) of all types of exchange area loading coils.

Loaded Circuit Mileage Estimales

To add some substance to the significance of the production statistics on
voice-frequency loading, it is desirable to record some rough estimates
regarding the aggregate length of the cable circuits which have been loaded.

For exchange area loading, a weighted average coil-spacing between the
6000 ft. and 3000 ft. values now standard can be assumed. Considering the
time elements in the evolution of loading practices, as discussed in Part
IIT of this review, it is reasonable to assume an average coil-spacing some-
what longer than the mean value of the two standard spacings, say about
5000 ft. On this assumption, the aggregate loaded cable-mileage which
corresponds with an assumed production total of 11,200,000 coils is of the
general order of 10,500,000 pair miles.
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The 3000-ft. spacing has been used much less extensively on toll cable
circuits than in the exchange plant, on which basis the weighted average
coil-spacing for quadded toll cable loading is somewhat longer than the
weighted average value for exchange area loading. Within the accuracy
required for the present general estimates, 5500 ft. seems to be a reasonable
estimate for the average coil spacing in quadded toll cable loading. On
this basis, and assuming a production total of about 9,500,000 side circuit
and phantom coils, the aggregate loaded toll cable circuit-mileage is of the
order of 9,900,000 miles. Keeping in mind the substantially universal use of
quadded cables and of phantom group loading for long-distance and inter-
urban toll cables, the aggregate mileage of loaded toll cable quads is of
the order of 3,300,000 miles. Because of the extensive installation of loaded
H 44-25 four-wire repeatered circuits during the period 1925-1931, the
loaded “facility” mileage-aggregate is considerably less than the loaded
“circuit” mileage-figure above given. Meanwhile, much of the loaded H 44-
25 4-wire circuit mileage has been converted for short haul two-wire circuit
usage, and much has been unloaded to permit the operation of Type K
carrier systems. The available data on these plant changes do not permit
accurate estimates regarding the mileage of loaded four-wire and two-wire
types of toll cable circuits now in commercial use. It is again appropriate,
however, to call attention to the important part in the growth and im-
provement of the telephone service which the displaced loading coils played
in their own period of commercial use.

EcoNoMIC SIGNIFICANCE

Since loading has been used only when it permitted the use of cheaper
facilities than would otherwise have been feasible, the great economic value
of loading in the growth of the Bell Telephone System is indicated by the
circuit mileage-figures given above. Other factors, however, would have to
receive consideration in a complete appraisal, namely, the contributions of
loading to nation-wide customer satisfaction that have resulted from im-
proved transmission performance and higher speed of service. In turn, these
factors themselves have been greatly influenced by the unit plant-cost
reductions made possible by the use of loading.

For example, if loading had not been available when new or additional
facilities became desirable, it is highly questionable as to whether it would
have been economically feasible to work to the high-grade transmission-
performance standards that have been readily achieved at reasonable costs
with the cheaper loaded facilities. Moreover, it is even more questionable

“whether it would have been economically feasible to provide as many
facilities without loading as were actually installed on a loaded basis.
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Because of the speculative uncertainties involved in making assumptions
regarding relative transmission-performance and relative plant-size, with
and without loading, and because of the practical difficulties involved in
evaluating in monetary terms the differences in transmission performance
and in speed of service, no complete appraisal of the economic value of coil
loading has ever been attempted for the exchange area plant. These, and
additional special complications subsequently discussed, have also prevented
accurate appraisals of the economic value of toll cable loading.

Exchange Area Loading

During the first two decades or so of the use of exchange area loading,
rough estimates of its economic significance were sometimes made by
comparing the total costs of the loaded facilities with the much higher cost
of the non-loaded cable plant which otherwise would have been required to
meet the same trunk-loss limits at 800 or 1000 cycles. Depending on the
period under study, the estimated aggregate plant-cost reduction figures
ranged up to and beyond $100,000,000. These estimates included the
plant-cost reductions that resulted from the use of less expensive pole lines
for aerial cables, and less expensive conduit systems made possible by
utilizing a smaller total number of cables, each having a larger number of
pairs. If similar studies should be made now, the corresponding hypothetical
plant-cost reduction figure would probably be many times as large as the
figure previously mentioned. These figures ignore the superior over-all
transmission in loaded trunk plant that results from the much more favorable
distortion characteristics. Also they assume equal sizes of trunk plant, with
and without loading. Because of these qualifications, and because of the
magnitude of the cost-reduction estimates, it is difficult to define their real
significance.

A better understanding may perhaps be obtained from consideration of
the cable data given in Table XXI, following. This compares some of the
most important types of cable on which loading has been used with the
types which would probably have been required for transmission reasons,
if loading had not been available.

The large savings which loading permitted in the use of cable copper and
in the amount of lead sheath per cable pair, are indirectly indicated by the
tabulated data. Moreover, with loading on finer-wire cables a given total
number of facilities can be provided with a much smaller total number of
cables, thus permitting the use of less expensive conduit systems. This
factor is extremely important in some routes of congested sections of large
metropolitan areas such as Manhattan and the loop section in Chicago,
where there might well be a question as to the physical practicability, dis-
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regarding costs, of installing enough large-conductor, non-loaded cables to
provide as.many facilities as those made available in existing loaded small-
conductor cables. ‘
Toll Cable Loading: An accurate appraisal of the economic value of toll
cable loading would have the specific complications mentioned abové in the
discussion of exchange area loading, and in addition certain intricate
difficulties briefly discussed below.

In the aggregate, a very much larger amount of loading has been used on
repeatered facilities than on non-repeatered voice-frequency circuits. The
over-all plant-cost reduction and the transmission and speed of service

TasLe XXI

LoapED AND NON-LOADED EXCHANGE AREA CABLES
RELATIVE Ust oF Di1FFERENT TYPES

Loaded Exchange Area Cable |- Alternative T&)?} egf Non-Loaded
Degr se(8) . | .

egree of Use Conduc- }Yg;ght)— No. Pairs | Conduc- ‘nglsg]i',t)" No. Pairs
tor Size Cop' or Full Size | tor Size Cop' er Full Size

B &S ga. Pair-Mile Cable B &Sga.| piirhile Cable

Very Extensive...........| 22 21.0 909 19 42.0 435
.. 16 84.3 152®

Very Extensive........... 24 13.2 1515® 22 21.0 909®
19 42.0 455@

Substantial.............. 19 42.0. 455® 16 84.3 152®
13 168.8 75®
Small................... 26 8.3 2121®@ 24 13.2 1515@
22 21.0 909@

" Notes: (1) These weights include a small allowance for the effect of pair-twist and
i%tranﬁing, in increasing the conductor length, relative to the cable sheath-
ength.

(2) High-capacitance cables—(approx.) 0.082 (&%) mf/mi.

(3) Low-capacitance cables—(approx.) 0.066 mf/mi.

(a) In the very extensive installations of exchange area loading during the
1928-1949 period, a very large fraction of the total use was on 22 and 24-
gauge cables in nearly equal quantities.

improvements that have resulted from the use of loading in combination
with voice-frequency repeaters must of course be jointly credited to the
repeaters and the loading. Since as yet no rationally acceptable procedure
for allocating the pro-ratio credits has evolved, very questionable arbitrary
allocations would become necessary. Moreover, very debatable uncertainties
would be involved in making assumptions regarding the types of facilities
which would have been employed if loading and repeaters could not have
been jointly used on small-gauge toll cable conductors.

In appraising the economic importance of toll cable loading it is therefore
necessary to revert to general terms, namely, its great extent of use as
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indicated by the previously discussed production and circuit-mileage sta-
tistics.

In short-haul, non-repeatered, toll cable circuits, loaded 19 ga. conductors
are generally used for service which would have required 16 or 13 gauge
conductors without loading. The plant-cost savings in cable, copper, and
lead are much greater per unit length than the average savings realized in
the loaded exchange area cables. The aggregate mileage in this type of toll
plant, however, is but a small fraction of that in the loaded exchange area
plant.

Until the commercial exploitations of lower-cost carrier telephone systems
started during the late 1930’s, the loaded repeatered voice-frequency cable
facilities satisfactorily met the quantitative and qualitative needs for the
rapidly expanding long-distance telephone services along dense traffic routes
where the use or the extension and expansion of the open-wire plant would
have been unduly expensive, even on a carrier basis. In such backbone
routes, and also along slow-growing tributary routes, and for short-haul
toll facilities, the repeatered and non-repeatered loaded toll cables have
provided more economical service than could have been obtained in an
open-wire plant, and with increased dependability. Also, as previously
indicated, larger circuit groups have been economically feasible, with valu-
able results as regards the speed of service.

In concluding this part of the review, it is noteworthy that the phantom-
group loading almost universally used on voice-frequency repeatered and
non-repeatered toll cable facilities is a major factor in the plant economies
that have resulted from the commercial exploitation of the phantom working
principle. These particular plant-cost savings constitute an important con-
tribution to the aggregate economies achieved by toll cable loading.

PART VIII: SUMMARY AND CONCLUSION
General

The story of coil loading told in the present review is one of continuing
evolution whereby its inherent capabilities have been substantially realized
in its adaptation to the growing and changing needs of -exchange area
facilities and of interurban and long-distance communications by wires,
throughout the Bell Telephone System. Also, full advantage has been
taken of the opportunities offered by the development of better core-
materials and new manufacturing techniques and tools to improve the
loading apparatus and reduce its cost.

It was inevitable that by far the most important uses of coil loading
would be for voice-frequency telephony over cable circuits. The very low
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ratio of distributed inductance to distributed capacitance, incidentally
resulting in low impedances, and the relatively high conductor resistances
of cable circuits, gave loading its greatest opportunities in exercising its
natural functions of reducing the circuit attenuation and attenuation-
frequency distortion. Clearly appreciated from the beginning, these possi-
bilities have been advantageously realized to a very great extent, and they
still have substantial economic importance for future voice-frequency appli-
cations in the continuing growth of the exchange area non-quadded cable
plant, and short, quadded interurban toll cables.

Open-Wire Loading

The higher ratios of distributed inductance to distributed capacitance in
the open-wire lines made the reduction of attenuation-frequency distortion
a relatively minor objective in the use of loading, attenuation reduction
being the primary objective. Incidentally, the relatively high impedances
of the non-loaded lines that resulted from their higher ratios of inductance
to capacitance limited the attenuation reduction obtainable by coil loading
to smaller percentage values than those obtainable on cable circuits. How-
ever, full advantage of these important, though limited, possibilities was
realized in the expanding open-wire plant during the decade that preceded
the commercial introduction of vacuum-tube repeaters. The early uses of
these repeaters on open-wire lines were on circuits having improved loading
designed especially for use in conjunction with repeaters. In 1915, this combi-
nation of loading and repeaters made transcontinental telephony econom-
ically feasible, and for several years greatly increased the demand for
loading. The importance of open-wire loading soon started to decline,
however, as a result of improvements in the repeaters, their circuits, and
auxiliary networks, which made it possible to secure considerably better
voice-frequency transmission on long lines at a lower total cost by dis-
carding loading and using more repeaters. The climactic event in this new
trend was the beginning of the operation of the first transcontinental
circuits on a non-loaded basis during 1920. During the middle and late
1920’s the general removal of open-wire loading was expedited to increase
the plant flexibility and facilitate the commercial exploitation of carrier
telephone and telegraph systems over non-loaded lines.

Since, for transmission-cost reasons, it is not feasible to develop suitable
loading for long lines over which carrier systems are operated, there is no
reason to expect any new leases of life for open-wire coil loading. Not-
withstanding its small extent of use relative to that for cable loading, and
the relatively short period during which it was standard practice, open-wire
loading was a necessary and a vitally important factor in the rapid expansion
of long-distance telephony that began nearly five decades ago.
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Toll Cable Loading

The pattern of the commercial evolution of loading practices for long-
distance cable systems has been generally similar to that for open-wire
loading, but with important quantitative and qualitative differences, and
especially in the relative time-elements. These various differences have
been mainly due to the previously mentioned inherent differences in the
basic transmission properties of non-loaded cables and non-loaded open-wire
lines. ‘

Prior to the availability of vacuum-tube repeaters, loading was an essential
factor in the establishment of a very important expanding network of
storm-proof, intercity, toll cables; coarse-gauge conductors and expensive
coils were used for distances ranging up to about 250 miles, 16 ga. con-
ductors and less expensive coils being satisfactory for terminal business
over short distances. Without using loading, these early toll cable systems
would not have been economically feasible.

In the early uses of repeaters on toll cables the cable circuits also used
loading. These combinations permitted improved transmission performance
and important extensions in transmission range. In this general connection,
it is of interest to note that it was not economical to use non-loaded con-
ductors for toll cable transmission until cable carrier telephone systems
became available about two decades after the commercial introduction of
the vacuum-tube repeater. For voice-frequency transmission, the use of
repeaters without loading would have been unduly expensive, due to the
high costs of the additional repeaters and the much more expensive distortion-
correcting networks and regulating networks that would have been required.

In the early part of the period that intervened between the introduction
of vacuum-tube repeaters and of cable carrier systems, the substantially
continuous development of improved loading, and of improved repeaters
and auxiliary equalizing and regulating networks, provided improved fa-
cilities of several different types especially proportioned on a minimum
cost basis to meet the transmission-service needs of different geographical
distances.

High-velocity, four-wire, H 44-25 19 gauge circuits were very extensively
used for long-haul facilities ranging up to about 2000 miles in length. It is
of interest that the timely completion of the development of the first cable-
carrier system stopped the contemporary efforts to make additional im-
provements in the H 44-25 voice-frequency loaded four-wire circuits so that
they would be suitable for transcontinental distances. These improvements
would have involved the use of velocity distortion corrective networks.

Nineteen gauge two-wire circuits having lower-velocity, higher-im-
pedance, loading than that employed on the above mentioned four-wire
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circuits were very extensively used for short-haul repeatered and non-
repeatered facilities.

A large curtailment in the demand for loading on new long cable circuits
immediately followed the commercial exploitation of the Type K cable-
carrier system, which started during the middle 1930’s. The drastic nature
of this impact was subsequently increased by the standardization of a still
more economical (K2) cable carrier system,® and by the post-war extensive
installation of coaxial cable systems. The very recent development of a
relatively inexpensive short-haul carrier system (Type N), which uses two
pairs in the same cable for its opposite-direction paths, promises an ad-
ditional substantial reduction in the need for new loaded toll cable facilities,
even for short distances. However, it seems probable that the demand for
new loading may continue indefinitely on a low-level basis for more or less
special short-haul situations where carrier telephony may be more expensive.

During the past two decades or so, loading cost-reduction has been
carried so far that the prospects of further substantial cost-reductions are
not now in sight. It seems improbable that any further design cost-reduction
could be large enough to reverse the present general trend towards a large
dependence upon carrier telephony for new short-haul toll cable facilities.

Exchange Area Loading

During the period covered by the present review, telephone transmission
over exchange area cables has been entirely on a voice-frequency ‘basis.
Moreover, the use of vacuum-tube repeaters in conjunction with loading
(or on non-loaded cables) has been statistically insignificant in comparison
with the very extensive use of loading. In consequence, exchange area
loading does not have to share with developments in repeaters and in
carrier systems the great credit which it has earned with respect to the
improvement of exchange area transmission performance and the reduction
of plant cost.

The simple pattern in the evolution of exchange area loading practices,
relative to those for toll cable loading, is of course basically due to the
shortness of the circuits and the relatively uncomplicated service-require-
ments.

In certain important respects, the improvements achieved by the nearly
continuous development work are generally similar in the two types of
loading, notably: (1) the improvement in transmission quality obtained by
increasing the transmission band-width, and (2) the successive facility-cost
reductions resulting from the successive developments of lower-cost loading
apparatus. These plant-cost reduction activities were carried out to a
greater degree in the exchange area loading. It is especially noteworthy
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that the most important apparatus-cost reduction developments were com-
pleted in time for exploitation during periods of peak demand for new coils.

With respect to the effects of other developments in reducing the demand
for exchange area loading, the introduction of improved subscriber sets
during the 1930’s warrants special mention. By permitting higher losses in
the trunks, somewhat longer non-loaded trunks could be used.

Looking towards the future, the prospective use of a new low-cost re-
peater of an entirely new type (El telephone repeater) is expected to reduce
the demand for the heavier weights of loading. Also, the new Type N
short-haul cable carrier system, referred to on page 1240, may have some
considerable use on relatively long non-loaded exchange trunks along heavy
traffic routes. It is also of interest that a greatly improved telephone set
(500-type) now in the final stages of development will probably reduce the
need for loading on long subscriber loops.

Although it is not possible at present to make accurate quantitative
estimates of the ultimate effects of the just mentioned new developments
upon the future demand for new exchange area loading, there is no reason
to believe they will be so drastic as the effects of carrier system develop-
ments upon the ultimate future demand for toll cable loading. It seems
especially probable that the low-cost H-spaced loading will continue in-
definitely to be an important factor in the economy of design of new exchange
area cable plant to provide telephone service for a continually increasing
number of subscribers.

Loading for Incidental Cables in Open-Wire Lines

The impedance-matching loading systems used on entrance and inter-
mediate cables have made vital contributions to the excellence of the
over-all performance of the open-wire transmission systems. These are of
great importance relative to the amount and the cost of the loading actually
used.

In consequence of the increasing utilization of open-wire carrier systems,
the voice-frequency loading is much less important than it was two to three
decades ago. However, an indefinitely continuing, though small, demand
seems certain, because of the valuable transmission improvements which
the loading makes available at low cost.

The demand for additional carrier loading is expected to continue in a
somewhat rough proportion to the number of additional open-wire carrier
systems that are installed. However, in consequence of the high cost of the
loading for multi-channel systems (which is much higher than formerly in
consequence of greatly increased labor and material costs), it seems probable
that more and more consideration will be given (especially on ‘“long”
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incidental cables) to the use of lower-cost transmission-improvement treat-
ments, even though they are not so good as loading in certain respects.

Cable Program Circuit Loading

. During the 1930’s and early 1940’s, there were extensive applications of
loading on the cable sections of nation-wide chain networks used for trans-
mitting AM broadcast program material. Now that high-grade program
transmission circuits may be obtained by carrier methods on broadband
cable carrier systems, the future demand for 8-kc loaded cable program
circuits will be largely limited to special situations where the carrier program
circuits are not economical.

It is expected also that there will be a moderate, continuing demand for
the recently developed loading that provides a 15-kc band for the trans-
mission of FM program broadcast material, principally on studio-transmitter
circuits, and on end links in toll cable networks, where carrier program
circuits may be uneconomical.

Continuous Loading

Over the years, a substantial amount of exploratory development work
on continuous loading for ordinary types of paper-insulated cable has been
done, but with negative results so far as commercial applications in the Bell
System are concerned; it has not yet been found feasible to compete with
coil loading in service performance and cost.

However, continuous loading has had a few applications in single core
submarine cables, in deep water installations where coil loading is not
feasible. The three 1921 cables between Key West and Havana are the only
continuously loaded cables to become a part of the Bell System. They use
iron wire as the loading material. Several years later, permalloy tape
continuous loading developed by the Bell Telephone Laboratories made
possible a great increase in the message-carrying capacity of transoceanic
telegraph cables. During the middle 1920’s, an aggregate of about 15,000
nautical miles of the new type, high speed, cable was installed for use by
non-affiliated telegraph and cable companies.

Late in the 1920’s, a perminvar type loaded cable suitable for voice-
frequency telephony between Newfoundland and Ireland was developed by

“the Bell Telephone Laboratories. The business depression of the early
1930’s intervened to cause a temporary postponement of the project; later
on, an indefinite postponement resulted from improvements in transatlantic
radio-telephony.

From the foregoing, it is clear that the importance of continuous loading
has been low relative to that of coil loading in the growth of the Bell Tele-
phone System.
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CONCLUSION

During the half century that has intervened since its invention, coil
loading has played a very important part in making nation-wide telephony
possible and in helping to make possible the great growth in the business
which has occurred. Although the application of coil loading to new circuits
has now been greatly curtailed, due in large part to the development of
carrier systems, coil loading still has an important field of application in
exchange area telephone plant and for some rather special circuit applica-
tions. '

The reader may take it for granted that the organization which has
developed and used loading to the maximum degree of utility in the present
telephone plant will be on the alert in the future to make full use of loading
in situations wherever loaded circuits provide a more economical solution
of the transmission service needs than the other available procedures. It is
also reasonable to expect that new types of loading and new loading ap-
paratus will be developed to the extent that may be economically war-
ranted.
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A Full Automatic Private Line Teletypewriter Switching System.™ W. M.
Bacon! and G. A. Locke.! Elec. Engg., v. 70, pp. 408-413, May, 1951.

ABsTrRACT—A full automatic teletypewriter message switching system
has been developed for use in private line networks involving one or more
switching centers and a multiplicity of local or long distance lines, each of
which may have one or more stations. This system provides fast teletype-
writer communication from any station to any other station or group of
stations in the network.

Crossbar Tandem System.* R. E. Corris.! A.I.E.E., Trans., v. 69, pt. 2,
pp. 997-1004; 1950.

A Study of Nuclear and Electronic Magnetic Resonance.* K. K. DARROW.!
Elec. Engg., v. 70, pp. 401404, May, 1951.

AnsTtrRACT—SInce the discovery of magnetic resonance in solids, liquids,
and gases in 1945, the phenomenon has been used in the determination of
nuclear magnetic moments and magnetic field strengths, as well as in the
study of crystal structure and relaxation times.

The Genesis of Submarine Cables. L. EspENscHIED.! Bibliography. Elec.
Engg., 70, pp. 379-383, May, 1951.

ABsTRACT—It was a century ago that the first submarine cable was laid
between Dover and Calais. To mark this centenary the author reviews
some of the events leading up to this achievement which made possible
further advances in the communications field, such as laying of the trans-
atlantic cable by the Great Eastern escorted by four ships, as shown in
the picture.
~ Borocarbon Film Resistors. R. O. Grispare,! A. C. PristeR}, and G. K.
TEAL.! Natl. Electronics Conference, Proc.. v. 6, pp. 441-442, 1950.

AstrACT—The carbon film type of resistor is particularly useful at high
frequencies, for not only can it be made to have small reactance but it is,
in effect, all skin so that there is no increase in resistance at high frequencies
due to skin effect. The film is also well cooled .through its intimate contact
with the core and this makes possible the dissipation of large amounts
of power per unit area. While primarily developed for high frequency ap-
plications in this country, the pyrolytic carbon resistor possesses other

* A reprint of this article may be obtained on request.
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characteristics which have led and are leading to greatly expanded fields of
application. Principal among these are the tolerances of one per cent or
better attainable in production, the stability in use, the relatively small
and predictable temperature coefficient of resistance, and the low noise level.
These properties result in large part from the ultimate crystalline structure
of the carbon films.

Some Methods of Solving Hyperbolic and Parabolic Partial Differential
Equations. R. W. HamminGg.! International Business Machines Corp. Com-
putation seminar. Proceedings, Dec., 1949, Ed. by C. C. Hurd. N. Y., I.B.M .,
pp- 14-23, 1951.

ABsTrRACT—The main purpose of this paper is to present a broad, non-
mathematical introduction to the general field of computing the solutions
of partial differential equations of the hyperbolic and parabolic types, as
well as some related classes of equations. I hope to show that there exist
methods for reducing such problems to a form suitable for formal computa-
tion, with a réasonable expectation of arriving at a usable answer.

I have selected four particular problems to discuss. These have been
chosen and arranged to bring out certain points which I feel are important.
The first problem is almost trivial as there exist well-known analytical
methods for solving it, while the last is a rather complicated partial differ-
ential-integral equation for which there is practically no known mathemati-
cal theory.

Electrography and Eleciro-Spot Testing.*H. W. Hermance! and H. V.
Waprow.! Physical Methods in Chemical Analysis; Ed. by W. G. Berl.
N. Y., Academic Press, v. 2, pp. 155-228, 1951.

Correlation Energy and the Heat of Sublimation of Lithium. C. HERRING.!
Letter to the editor. References. Phys. Rev., v. 82, pp. 282-283,
Apr. 15, 1951.

Some Theorems on the Free Energies of Crystal Surfaces.® C. HERRING.
References. Phys. Rev., v. 82, pp. 87-93, Apr. 1, 1951.

AssTtrRacr—Although the interpretation of experimentsin such fields as
the shapes of small particles and the thermal etching of surfaces usually
involves problems of kinetics rather than mere equilibrium considerations,
it is suggested that a knowledge of the relative free energies of different
shapes or surface configurations may provide a useful perspective. This
paper presents some theorems on these relative free energies which follow
from the Wulff construction for the equilibrium shape of a small particle,
and some relations between atomic models of crystal surfaces and the sur-
face free energy function used in this construction. Equilibrium shapes of

* A reprintof this article may be obtained on request.
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crystals and of non-crystalline anisotropic media are classified, and it is
pointed out that the possibilities for crystals include smoothly rounded as
well as sharp-cornered forms. The condition is formulated for thermo-
dynamic stability of a flat crystal face with respect to formation of hill-and-
valley structure. A discussion is presented of the limitations on the appli-
cability of the results imposed by the dependence of surface free energy on
curvature; and it is concluded that these limitations are not likely to be
serious for most real substances, though they are serious for certain ideal-
ized theoretical models.

The Crystal Structures of NiO-3Ba0, NiO-BaO, BaNiO; and Intermediate
Phases With Composition Near Ba:Ni,0s ; With a Note on Ni0.* J. J. Lan-
DER.! References. Acta Cryst., v. 4, pp. 148-156, Mar., 1951.

AsstrACT—The crystal structures of NiO-3BaO, NiQO-BaO and BaNiO;
have been determined from X-ray diffraction data, and data are given for
phases with composition near that represented by Ba,Ni,O; . In each of
these structures nickel behaves in a novel fashion. A coplanar triangular
arrangement of oxygen around nickel is found in NiO-3BaO. In BaNiO;
nickel has a valence of four and the structure is a close-packed hexagonal
stacking of planar arrangements found in perovskite 111 planes. The com-
pound NiO-BaO has a magnetic moment corresponding to two unpaired
electrons, whereas the deduced coplanar square arrangement of oxygen
around nickel suggests that there should be no unpaired electrons. Com-
pounds with composition near Ba,Ni;O5 contain an amount of oxygen which
is a continuous function of temperature and possibly contain mixtures of
bi- and tetravalent nickel.

The problem of NiO having octahedral co-ordination of oxygen is con-
sidered.

New Ferroeleciric Tartrates. B. T. MatTHIAS! and J. K. Hurm. Letter to
the editor. Phys. Rev., v. 82, pp. 108-109, April 1, 1951. -

A Negative Impedance Repeater.® J. L. MERRILL, JR.X. A.I.E.E., Trans.,
v. 69, pt. 2, pp. 1461-1466, 1950.

Interexchange Tandem Trunking in the Los Angeles Metropolitan Area.
W. F. PrerrrER!. A.I.E.E., Trans., v. 69, pt. 2, pp. 1071-1079, 1950.

ArsTrACT—Twenty-four years have elapsed since the first large-scale
machine switching tandem system was designed and installed for service
in Los Angeles. As an intermediate switching center, the tandem office
enabled operators to use the dial method of operation for establishing inter-
exchange telephone connections over the associated trunking network.
During the intervening years, it has facilitated the rapid handling of tele-

* A reprint of this article may be obtained on request.
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phone calls between the various communities in and around the city. Step-
by-step tandem equipment was employed and, as the volume of calls grew,
the trunk capacity was increased by installing additional switching equip-
ment. In 1946 it became evident that the abnormal rate of growth required
additions substantially beyond the practical size limit of the step-by-step
tandem unit. To solve the resulting problem, it became necessary to reor-
* ganize the tandem trunking system and select a multiunit tandem switch-
ing plan. It also provided an opportunity to consider the application of the
more recently developed crossbar tandem switching system. This paper
reviews the factors affecting the general problem of interexchange trunking
which have led to the development of the present tandem network in the
Los Angeles metropolitan area. It describes the major elements of a system
which now employs a total of five tandem switching units, three of which
are crossbar tandem offices.

p-n Junction Rectifier and Photo-cell. W. J. PIETENPOL'. Letter to the
editor. Phys. Rev., v. 82, pp. 120-121, Apr. 1, 1951.

Formulas for the Delermination of Residual Stress in Wires by the Layer
Removal Method.* W. T. READ, JR.L. JI. Applied Phys., v. 22, pp. 415-416,
Apr., 1951.

AsstracT—The distribution of residual axial stress in a beam or wire of
circular cross section is derived as a function of the moment required to
straighten the wire after removal of successive layers of material. Applica-
tion of the formulas involves two graphical differentiations and integra-
tions of experimental curves.

Observation of Magnetic Domains by the Kerr Effect. H. J. WILL1AMS,
F. G. FosterY, and E. A. Woob!. Letter to the editor. Phys. Rev., v. 82,
pp. 119-120, Apr. 1, 1951.

Particle Size in Suspension Polymerization.* F. H. WinsLow! and W.
MATREYEK!. Bibliography. Ind. & Engg. Chem., v. 43, pp. 1108-1112,
May, 1951.

AssTrACT—Control of size and geometrical form of densely cross-linked
hydrocarbon polymers yields fluid spherical powders useful as dielectrics
and in rheological studies, Such studies also bear on polymer forms impor-
tant in ion exchange resins.

Several significant factors influencing the preparation of polymer sphe-
roids have been established on a semi-quantitative basis: Polyvinyl alcohol
proved to be a highly efficient stabilizer for polymer spheroid preparations.
Under comparable conditions, (a) high molecular weight grades, (b) par-
tially hydrolyzed grades, and (c) high concentrations of stabilizer were

* A reprint of this article may be obtained on request.
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associated with spheroids of lower mean diameters. These generalizations
cover suspension stabilization down to roughly 0.19 stabilizer. The con-
-centration limits where suspending action begins are, however, of special
interest. Here it was found that the number of polyvinyl alcohol molecules
present became important—that is, for equal weight concentrations in the
vicinity of 0.005%, low molecular weight polymer (19,000) produced sta-
bilized (although large) spheres whereas the usual high molecular weight’
polymer (95,000) was ineffective.

Close to the maximum possible yield of well-formed spheroids was repro-
ducibly obtained in narrow size distribution and with average spheroid
diameters ranging from 5 microns to several millimeters in diameter—a
thousand-fold variation in dimensions.

Elastic and Eleciromechanical Coupling Coefficients of Single-Crystal Bar-
ium Titanate. W. L. Bonp!, W. P. Mason?, and H. J. McSkimin®. Letter
to the editor. Phys. Rev., v. 82, pp. 442-443, May 1, 1951.

Making Small Spheres W. L. Bonpl. Rev Sci. Instruments, v. 22, pp.
344-345, May, 1951.

Submarine Telephone Cable With Submerged Repealers. ] J. GILBERT.
Electronics, v. 24, pp. 164, 168, 172+, June, 1951.

Electrode Reactions in the Glow Discharge.* F. E. HaworTH!. References.
Ji. Applied Phys., v. 22, pp. 606-609, May, 1951.

AsstracT—The reactions which occur at silver electrodes in a normal
glow discharge in air have been determined. These are: (1) formation of
AgNO; and some Ag:0O at the anode at the rate of 3.4 pg/coulomb; (2) loss
of metal from the cathode by chemical action at the rate of 3.5 pg/coulomb
(probably the same reaction as (1) with subsequent loss of the reaction
products by the greater heating of the cathode, but this hypothesis has
not been established); and (3) normal sputtering loss at the cathode at the
rate of 0.4 pg/coulomg. These processes result in building a conducting
layer on the anode. If the electrode separation is so small that the anode
.extends into the region of the cathode fall, then the high electric field pulls
the newly formed and not very coherent growth upon the anode across into
a bridge between the electrodes.

Storing Video Information.*A. L. HopPpER'. Electronics, v. 24, pp. 122-
125, June, 1951. ' '

ABsTRACT—Comparison of signal amplitudes along adjacent television
scanning lines can be made by storing the video information of one line for
63.5 microseconds. Storage is done in an ultrasonic delay line employing
a fused silica bar with quartz transducers.

* A reprint of this article may be obtained on request.
1 Bell Tel. Labs.



ABSTRACTS OF TECHNICAL ARTICLES 1249

Cross Sections for Lon-Atom Collisions in He, Ne, and A. J. A. HORNBECK!
and G. H. WANNIER!. Letter to the editor. Phys. Rev., v. 82, p. 458, May 1,
1951. .

Ferromagnetic Resonance.*C. KirTEL'. Bibliography. JI. de Physique, v.
12, pp. 291-302, Mar., 1951. "

Theory of Antiferroelectric Crystals. C. KirTeLl. References. Phys. Rev.,
v. 82, pp. 729-732, June 1, 1951.

ABsTRACT—An antiferroelectric state is defined as one in which lines of
ions in the crystal are spontaneously polarized, but with neighboring lines
polarized in antiparallel directions. In simple cubic lattices the antiferro-
electric state is likely to be more stable than the ferroelectric state. The
dielectric constant above and below the antiferroelectric curie point is in-
vestigated for both first- and second-order transitions. In either case the
dielectric constant need not be very high; but if the transition is second
order, e is continuous across the Curie point. The antiferroelectric state
will not be piezoelectric. The thermal anomaly near the Curie point will
be of the same nature and magnitude as in ferroelectrics. A susceptibility
variation of the form C/(T + Z) as found in strontium titanate is not
indicative of antiferroelectricity, unlike the corresponding situation in anti-
ferromagnetism.

Theory of Antiferromagnetic Resonance C. KitTerl. Letter to the editor.
Phys. Rev., v. 82, p. 565, May 15, 1951. :

Barium-Nickel Oxides With Tri- and Telravalent Nickel.* J. J. LANDER!
and L. A. WooteN!. Am. Chem. Soc., Ji., v. 73, pp. 2452-2454, June, 1951.

ABsTrACT—The compound BaNiO; and intermediates with composition
ranging between BasNi;Os and BasNiOs have been prepared. BaNiO; is
black, stable in alkali, and has a structure made up of layers identical with
the 111 planes of a perovskite but stacked in a close-packed hexagonal fash-
ion. At 730° in 730 mm. of oxygen, the structure changes to that associated
with the series BagNi;Os to BasNisOs in which the oxygen content appears
" to decrease continuously with temperature increasing to 1200°, at which
point sharp melting is observed. These materials are black and stable in
alkali with an hexagonal structure for which the details have not been deter-
mined. Resistivities and magnetic susceptibilities are reported. A wide range
in composition, temperature and reaction atmosphere was studied but only
one additional compound was observed. Attempts to isolate this compound
were not successful.

The Phase System BaO-Ni0.* J. J. LANDER'. Am. Chem. Soc., JI., v. 73,
PP- 2450-2452, June, 1951.

* A reprint of this article may be obtained on request.
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ABsTrACT—The phase system BaO-NiO has been studied largely by means
of X-ray diffraction. The two compounds NiO BaO and NiO 3BaO occur in
the system. Their preparation and properties are described. NiO BaO is
black, stable in air, orthorhombic, and melts at 1240°. NiO 3BaO is gray-
green, unstable in air, hexagonal, and melts at 1160°. A eutectic melting at
1080° is observed between these compounds, but none between NiO 3BaO
and BaO. Intersolubility of all solid phases in the system is small, even at
high temperatures, but quantitative data have not been obtained.

A Phenomenological Derivation of the First- and Second-Order Magneto-
striction and Morphic Effects for a Nickel Crystal.* W. P, Mason'. References.
Phys. Rev., v. 82, pp. 715-723, June 1, 1951.

AssTrACT—In order to account for experimental results which showed
that the saturation elastic constants of a single nickel crystal varied with
the direction of magnetization, a phenomenological investigation has been
made of the stress, strain, and magnetic relations for single nickel crystals.
The variation in elastic constants is shown to be a “morphic” effect caused
by the change in the crystal symmetry due to the magnetostriction effect.
In the energy equation this effect is represented by additional terms which
involve squares and products of both the magnetic intensities and stresses.
These terms are as large as the magnetostrictive terms when the stresses are
of the order of 10'° dynes/cm?. The energy equation has been used to derive
the first- and second-order magnetostrictive effect, and the resulting terms
agree with Becker and Doring’s empirical constants for saturation conditions.
For smaller magnetic intensities the terms divide up into first- and second-
order terms which vary differently with magnetic field intensity. It is shown
that the morphic effects involve six measurable constants, and some of these
are evaluated experimentally.

Dielectric Properties of Sodium and Potassium Niobates.* B. T. MATTHIAS!
and J. P. REMEIRAL Phys. Rev., v. 82, pp. 727-729, June 1, 1951.

Asstract—The following paper deals with evidence of ferroelectricity in
KNbQO; and NaNbOs. Temperatures at which both materials undergo crys-
tallographic changes and corresponding changes in dielectric constant and
loss tangent are reported. Photographs of dielectric hysteresis loops and
values of saturation polarization taken at various points over a temperature
range are given for KNbO;.

Ferroelectricity. B. T. MatTHIAS!. Bibliography. Sczence, v. 113, pp. 591-
596, May 25, 1951.

ABstrRACT—Under the name of Ferroelectrics one classifies those materials
which exhibit dielectric anomalies phenomenologically similar to the mag-
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netic behavior of the ferromagnetics. Perhaps it would have been more
logical to use the term Rochelle electrics, thus emphasizing the similarity in
the dielectric behavior to that of Rochelle salt, for which this behavior was
first discovered by J. Valasek.

In this discussion the known ferroelectrics will be listed, and the various
theories that have been created to explain them will be examined.

Theory of Ferroelectric -Behavior of Barium Tilanate. P. W. ANDERSONL.
References. Ceramic Age, v. 57, pp. 29-30, 334, April, 1951.

Criterion for Superconductivity. J. BARDEEN!. Letter to the Editor. Phys.
Rev., v. 82, pp. 978-979, June 15, 1951.

Magnetic Domain Patterns.* R. M. Bozortr!. Bibliography. JI. de Phy-
sique, v. 12, pp. 308-321, March, 1951.

Electron Temperature vs Noise Temperature in Low Pressure Mercury-Argon
Discharges. M. A. Easiey! and W. W. Mumrorp'. Letter to the Editor.
JI. Applied Phys., v. 22, pp. 846-847, June, 1951.

The Origin of Bombardment-Enhanced Thermionic Emission.™ J. B. JoHN-
son’, References. Phys. Rev., v. 83, pp. 49-53, July 1, 1951.

ABsTRACT—Measurements on bombardment-enhanced thermionic emis-
sion from oxide cathodes show that (a) the effect is not related to normal
fading and recovery of thermionic emission; (b) the emitted electrons have
energies in the thermal range rather than in the secondary range. Calcula-
tions indicate that the electron bombardment releases more than enough
internal secondaries to account for the effect as increased thermionic emis-
sion. A more comprehensive theory is needed for explaining why the observed
effect is not even larger.

Dipolar Domains in Paramagnetic Crystals at Low Temperatures. C.
Krirreril. Letter to the Editor. Phys. Rev., v. 82, pp. 965-966, June 15, 1951.

Methods of Measuring Adjacent-Band Radiation from Radio Transmilters.*
N. Lunpl. I.R.E. Proc., v. 39, pp. 653-656, June, 1951.

ABSTRACT—A review of three possible methods of measuring or estimating
adjacent-band radiation characteristics of a radio transmitter is given. These
three methods differ in the type of signal applied to the transmitter and
may be termed the two-tone, normal signal, and thermal noise methods.
Measurements on a multichannel single-sideband transmitter using each of
these methods are presented to show that there is a good correlation between
the normal signal and thermal noise methods.

An empirical method for calculating the slope of the adjacent-band radia-
tion as a function of frequency from the measured two-tone distortion values

* A reprint of this article may be obtained on requést.
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is given, and the measured and calculated slopes are shown to be in fairly
good agreement.

Microwave Spectrum in NO.. K. B. Mc A¥EE, Jr.!. Letter to the Editor.
Phys. Rev., v. 82, p. 971, June 15, 1951.

A Simple Electronic Differential Analyzer as a Demonstration and Labora-
tory Aid to Instruction in Engineering. M. H. Nicrnois' and D. W. HaGEL-
BARGER!. JI. Engg. Education, v. 41, pp. 621-630, June, 1951.

Telecommunications. H. S. OsBoRNE!. Ordnance, v. 36, pp. 87-90, July—
August, 1951.

Triangular Permutation Numbers. J. RIoRDAN'. References. Am. Math.
Soc., Proc., v. 2, pp. 429-432, June, 1951.

Measurements of Dynamic Internal Dissipation and Elasticity of Soft
Plastics.* H. C. RoRDEN! and A. GrIecol. Ji. A pplied Phys., v. 22, pp. 842—
845, June, 1951.

AssTrACT—In order to measure the mechanical properties of soft plastics
over wide frequency and temperature ranges two new techniques have been
devised. The first one, which operates in the frequency range of a few cycles,
uses a horizontal oscillating pendulum. The shear impedance of the sample
is measured by mounting a small pad of the material between the vibrating
pendulum and a fixed platform and determining the change in frequency
and the change in the decrement caused by the sample. From these measure-
ments the shear mechanical resistance and reactance of the specimen can
be determined. The other technique, which is applicable in the frequency
range from 100 cycles to 10,000 cycles, makes use of a vibrating tuning fork.
Two identical samples are mounted between a stationary weight and the
moving tines, and the shear mechanical impedance is determined by deter-
mining the change in frequency and change in decrement caused by the
specimen. These two techniques have been applied to measuring the shear
properties of a number of soft plastics including Pyralin, Koroseal, Keldur,
polyvinyl butyral, Thiokol, and gum rubber. All of these show relaxation
effects. The polyvinyl butyral appears to be approaching a.crystalline elastic
stage at the low frequency of 1000 cycles, while gum rubber remains in a
quasi-configurational stage from 2 cycles to 1000 cycles.

The Mobility of Electrons in Silver Chloride.* J. R. Haynes' and W.
SHockLEY!. References. Phys. Rev., v. 82, pp. 935-943, June 15, 1951.

AssTrACT—Techniques are described which utilize the “print out effect”
to obtain both the direction and velocity of photoelectrons in silver chloride
crystals in an electric field. Hall mobility of the electrons is calculated from
their change in direction produced by crossed electric and magnetic fields.
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Drift mobility of the electrons is obtained by measurement of their velocity
in known electric fields. The value obtained for the Hall mobility (Re)
multiplied by 8/37 is 51 cm?/volt sec at 25°C. The values obtained for the
drift mobility are shown to be a function of temperature. A value of 49.5
cm?/volt sec was obtained at 25°C, which is within experimental error of
(8/3m)Ra, indicating that acoustical scattering is the principal mechanism
and that temporary trapping is unimportant. A summary of the behavior
of conduction electrons in silver chloride, calculated from the results of these
experiments, is included.

p-n Junction Transistors.® W. SHOCKLEY!, M. SParks!, and G. K. TEAL!.
References. Phys. Rev., v. 83, pp. 151-162, July 1, 1951.

ABsTrRACT—The effects of diffusion of electrons through a thin p-type
layer of germanium have been studied in specimens consisting of two n-type
regions with the p-type region interposed. It is found that potentials applied
to onen-type region are transmitted by diffusing electrons through the p-type
layer although the latter is grounded through an ohmic contact. When one
of the p-n junctions is biased to saturation, power gain can be obtained
through the device. Used as “n-p-n transistors” these units will operate on
currents as low as 10 microamperes and voltages as low as 0.1 volt, have
power gains of 50 db, and noise figures of about 10 db at 1000 cps. Their
current-voltage characteristics are in good agreement with the diffusion
theory.

* A reprint of this article may be obtained on request.
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