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ing sweep expansion so that succeeding pulses fell on proper parts of 
the scale and by keeping this expansion constant, it was possible to ob­
tain a calibration. 

TWO-PATH SIMULATOR 

As an aid to interpreting the results obtained from the above experi­
ment, particularly when the two pulses overlap and interfere, a circuit 
was set up in the laboratory to simulate two-path transmission. The 
equipment, as shown on Fig. 9, consisted of a wave guide hybrid junction 
with the r-f pulse energy being fed into the E plane arm. To each side 
arm was connected a variable attenuator in series with a few feet of wave 
guide fitted with a short circuiting plunger. Waves reflected from these 
two plungers recombine in the H plane arm where the detector is located. 
There are two separate paths through the hybrid as follows: (1) Input, 
side arm A, reflecting plunger A, side arm A to output. (2) Input, side 
arm B, reflecting plunger B, side arm B to output. By adjusting the 
attenuator in either branch the amplitude of the signal transmitted by 
way of that branch could be adjusted. In the same way by adjusting 
the position of the reflecting plunger in �e�i�t�h�~�r� branch the distance 
traveled by a signal in traversing that branch could be varied. 

If the path lengths were made the same and the amplitudes adjusted 
to be equal there would be perfect cancellation due to a phase turn-over 
in the hybrid junction and hence no output from the detector. If one 
plunger were now left fixed in the above position and the other moved by 
a quarter wavelength (to produce a total shift of half wavelength or 180°) 

Fig. 8-Received pulses and calibrating pUlses. 
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the output signal would be at maximum amplitude due to addition of 
energy coming from the two paths. This amplitude is, of course, twice 
that of the signal from one branch alone. In the experiment the plunger 
in one branch was left fixed and the attenuator in that branch left set 
at zero. The path through this branch then represented the normal 
transmission path for an actual system. The path through the other 
branch could be made to correspond to spurious paths having different 
amounts of delay and attenuation simply by .adjusting the position of the 
reflecting plunger and the setting of the attenuator. A series of photo­
graphs were taken of pulses resulting from these different amounts of 
delay and attenuation. 

The first three pictures of Fig. 10 were taken with the path lengths 
exaetly equal. When the amplitudes were also equal there was complete 
cancellation. As the signal in one branch was attenuated the amplitude 
of the resultant pulse increased until it became equal to that of the 
original pulse as shown in the third picture. Increasing one path by one­
half wavelength brought the signals from the two branches into phase 
and they added up to double amplitude as seen in the fourth picture. It 
should be pointed out that although in our experiment we changed delay 
by 0.36 millimicroseconds in going from the first minimum to the first 
maximum, in free space a change of delay of only 0.125 millimicroseconds 
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Fig. 9-Apparatus .to simulate two-path transmission. 
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Fig. lO-Simulated two-path tmnsmission. 

would be required. The discrepancy lies in the large ratio between the 
phase velocity and group velocity in the wave guide used whereas in 
free space this ratio is, of course, equal to unity. In free space the amount 
of delay required to go from a maximum to a minimum signal corresponds 
to a change of path difference of only about one and one-half inches. 
-VVith only this slight shift required to change conditions from those shown 
by the first picture of Fig. 10 to those shown by the last, it is not at all 
surprising that the received signal is very unstable during time of multi­
path transmission. 

Fig. 11 shows the effect of changing relative phases in 90° steps ~\Yhile 
keeping the amplitudes equal to each other. It is seen that even ,vith the 
carriers in direct opposition cancellation is far from complete due to the 

Fig. ll-Simulated two-path tmnsmission. 
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Fig. 12-Simulated two-path transmission. 

relative delay between the two component pulses. Flat topped pulses 
seem to be characteristic of conditions where the two carriers are in phase 
quadrature and about equal in amplitude. 

Fig. 12 shows a set of conditions with a constant delay difference of 2 
millimicroseconds (corresponding to a path difference in free space of 
about 2 feet). For the pulses shown on Fig. 13 there was a constant delay 
difference of 7.34 millimicroseconds, enough to provide complete separa­
tion of the pulses. The carriers were in phase opposition but with this 
amount of separation there is no overlap of pulses and the results would 
have been the same if the phase had been aiding. Any increase of delay 

Fig. 13-Simulated two-path transmission. 
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beyond this point results only in moving the pulses farther apart and has 
no effect upon pulse shape or amplitude. 

The experimental set up just described proved to be somewhat un­
satisfactory since it was not possible with it to produce phase opposition 
between the two carriers without having zero delay difference between the 
two paths or a difference of at least 0.66 millimicroseconds. For the length 
of pulse used this latter amount of delay difference is sufficient to prevent 
anything like complete cancellation of pulses. In fact the amplitudes of 
the two resultant peaks are only about 12 db below the peak amplitude 
of the original pulse. From this we know that for the natural path any 
fade which appeared to be complete must have resulted from path dif­
ferences of less than 0.66 feet, in fact from differences of less than about 
one-half foot. 

SUMMARY 

The pulse experiment results indicate that over one particular path 
at least there is, at times, transmission of microwaves by at least two, and 
probably more than two, paths. Path differences involved are from a 
fraction of a foot up to about seven feet, differences of less than about 
three, feet being the most common. These results agree with those ob­
tained by other methods. These multi-path effects result in bad distortion 
of very short pulses and even in the presence of entirely separate spurious 
pulses. These effects put a definite lower limit on pulselength and spacing 
between pulses in a pulse transmission system. The limit depends upon 
the amount of distortion which can be tolerated and also upon the per­
centage of time such distortion can be accepted. No statistical data were 
recorded. 

With the laboratory equipment for simulating transmission over two 
paths, many of the waveforms obtained over the natural path could be 
duplicated. There were times, however, when the waveforms received by 
way of the natural path were too complicated to be explained by trans­
mission by as few at two paths. 
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Properties of Ionic Bombarded Silicon 
BY RUSSELL S. OHL 

(Manuscript received August 23. H151) 

This paper deals with a new and very interesting techniqiLC by which the 
properties ot silicon surfaces are altered very materially by bombardment 
with ions of such gases as hydrogen, helium, nitrogen and argon. 'Phe change 
in rectifying properties has been of special interest but there have been con­
sidered also changes in the structural features oj the material itself. The 
effects oj bombardment on the rectifying properties are illustrated by a series 
of characteristic curves systematically arranged to bring out the effects of 
the several variables oj experiment such, for example, as ion velocity, in­
tensity of bombarding current, length of time of bombardment, hnd of gas, 
and the temperature of the specimen during bombardment. The effect oj 
bombardment on materials contaminated with impurities is also illustrated. 
It is of particular practical importance that silicon contaminated with boron 
to the point where it shows relatively little rectification can be modified by 
bombardment to make it even better than most un bombarded materials. 

Some years ago, the writer discovered that the electrical properties of 
silicon surfaces could be greatly modified by bombardment with positive 
ions. The ions in question were generated in a low pressure discharge in 
some gas, like hydrogen, helium or nitrogen, and after passing through a 
perforated cathode were accelerated to a suitable velocity before imping­
ing on the surface to be treated. This scheme may be contrasted with 
other methods subsequently reported for treating germanium1 in which 
high-velocity ions were derived from radioactive sources. Preliminary 
results of the present research were described in a paper entitled Silicon 
Transistors, by VY .. J. Pietenpol and the writer, presented at an Elec­
tronics Conference held at the University of l\1ichigan, June 22, 1950. 
Since that time exploration has continued with a view both to learning 
about basic principles and about possible practical applications. 

Editorial Note-Since the resurgence of interest in point-contact rectifiers, 
considerable research has been carried on into the characteristics of silicon and 
germanium. The author of this paper.was a pioneer in this new field of study, as 
evidenced, for example, b~r Patent No. 2,378,944, applied for on July 26,1939, and 
Patent No. 2,402,839, applied for on March 27,1941. More recent ,york has been 
described in a large number of text books and technical papers such as Electrons 
and Holes in Semi-Conductors by William Shockley, D. Van Nostrand, 1950, and 
numerous papers by Lark-Horowitz published mostly in Physical Revie\y. The 
work described in the accompanying paper is a continuation of this long research. 

1 Brattain and Pearson, Phys. Rev., 80, Dec. 1950. 
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The present paper gives the results of some more recent experiments 
made with improved equipment. Also described briefly are some related 
experiments in which silicon is bombarded with alpha particles derived 
from radioactive polonium. The overall results of this work indicate 
rather clearly that with suitable variations of bombarding voltage, target 
temperature and time of exposure as well as impurity content in the base 
material, it is possible to prepare to specification silicon surfaces having 
a wide range of properties. From the materials so treated it has been 
possible to construct improved forms of signal rectifiers, harmonic gener­
ators, transistors, modulators, gating devices and also photo-electric 
cells. It is particularly significant that the voltage range over which these 
newer deviees ean be operated has been greatly extended, thus making 
them useful in places not previously regarded as possible. Since these 
new surfaces appear to be readily reproducible in large numbers and 
since they are electrically tough, chemically stable and shmy no unsatis­
factory tempera~ure or aging effects, it would appear that bombarding 
techniques should have considerable practical value. 

This paper is concerned mainly with the practical aspect of ion bom­
bardment of silicon, namely its effect on the voltage current character­
istics at low frequencies. Equally important, perhaps, are its theoretical 
aspects, particularly with regard to the interpretation of the rather 
pronounced changes in the properties in light of presently-accepted vie\ys 
of solid-state physics. These aspects are not covered in this paper. 

METHOD 

The bombardment process referred to above consists of exposing the 
silicon surface to ions that have previously been accelerated to energies 
in the range from about 100 electron volts to about 30 kilo-electron-volts. 
A recent setup is illustrated in Fig. 1. The electrons from a tungsten 
cathode are accelerated toward a grid which is at a positive potential with 
respect to the cathode. l\1any of the electrons pass a short distance 
beyond the grid and return for ultimate capture. Ionization due mainly 
to the impacts of electrons with gas molecules takes place in this turn­
around region, producing amongst other things positive particles. Elec­
trodes are so proportioned that this ionization is fairly uniform over the 
grid area. 

The silicon specimen to be bombarded is made negative \"ith respect 
to the filament. This accelerates the positively charged particles toward 
the target. The latter rests on a graphite plate heated by a coil belmy, 
carrying high-frequency currents. A thermocouple with suitable con­
nections to the exterior makes possible an adequate measurement of 
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temperature. The apparatus will accommodate circular surfaces as large 
as I! inches diameter. The gases from which ions are derived are ad­
mitted through the gas inlet. Thus far experiments have been made 
with hydrogen, helium, nitrogen and argon. The bombarding voltages 
have as already noted, been varied from 100 to 30,000 volts and the 
surface temperatures have been varied from about 20°C to 400°C. The 
effects of these several variables will be discussed more fully below. 

SAMPLE PREPARATION 

The material to be bombarded is usually prepared in batches of about 
300 grams in fused silica crucibles roughly cylindrical in shape.2 After 
solidifying, the cast is ground to a cylinder approximately I! inches 

TUNGSTEN ___ 1~~~~~~~~~~ CATHODE 
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SPECIMEN ---__ 

INDUCTION 
HEATER ---

THERMO-____ _ 
COUPLE 

X-RAY 
-----SHIELD 

GRAPHITE 
>.:)~iii~~~:i:~t-i"------ HOLDER 

TO PUMP 

Fig. I-Bombardment apparatus. 

2 Scaff, Theuerer, and Schumacher, A.I.M.M.E., 185, pp. 382-392, 1!l4n. 



PROPERTIES OF IONIC BOMBARDED SILICON 107 

diameter. This has the effect of removing some of the contaminating 
impurities derived from the crucible as well as providing samples of 
convenient size. This 1 !-inch cylinder is then sliced transversely into 
thin wafers which subsequently are polished on one side. Except as other­
wise noted the material covered by this paper had an impurity content 
of about 0.1 per cent. The exception will be found in the data of column 
(a) of Fig. 8. 

BOMBARDMENT PROCEDURE 

The wafer, as prepared above, is placed in the bombarding apparatus 
with the rough face contacting the graphite support. The vacuum cham­
ber is sealed by placing the ion generator in position and the whole 
assembly is evacuated. The sample is then heated to the proper tempera­
ture and the desired kind of gas is admitted, the pressure being estimated 
from the ion current. When stable conditions prevail, the accelerating 
voltage is applied to the target and the bombardment is carried out for 
the proper length of time. A convenient current density is 5 micro­
amperes per square centimeter of target area. The target area of our 
present apparatus, including the silicon and a portion of the graphite 
support, being 20 square centimeters, the ion current is generally around 
100 microamperes. The dosage is sometimes spe'cified in microcoulombs. 

After bombardment, the sample is removed from the apparatus and 
the rough surface is covered with a thin layer of evaporated rhodium. 
For most of the tests outlined below the 1 !-inch diameter wafers were 
cut into i-inch squares, a size convenient for testing. 

GRAPHICAL REPRESENTATION 

In considering the merits of non-linear materials such as silicon, per­
haps the simplest and most useful characteristic is the voltage-current 
relation. If this is plotted to a linear scale, it results in a smooth curve 
of the general form shown in Fig. 2a. Specific curves obtained in practice 
may depart widely from that shown but in general, all may be regarded 
as made up of two semiparabolas, one in the first quadrant and one in 
the third, joined by a nearly horizontal straight line. For present pur­
poses, we shall further simplify this idealized characteristic by consider­
ing it as made up of three straight lines. The first, AB, is associated with 
the reverse voltage current characteristic. The third, CD, is associated 
with the forward voltage current characteristic. These two character­
istics are joined by the nearly horizontal line, BC. The slopes of these 
three lines correspond to resistances. The section BC for example, corre-
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sponds to a region in which resistance is very high. The points Band C 
are particularly important for they represent points of inflection where 
the resistance undergoes rapid change and the material is departing 
most markedly from Ohm's Law. Ideally they should be sharp but in 
practice there is usually considerable curvature. Though either inflection 
point could presumably be used in detection processes, the point to the 
right of the origin is for practical reasons, usually preferred. Point B 
defines a voltage E B at which substantial backward currents flow. It is 
referred to simply as the reverse voltage. In a similar way, point C defines 
a forward voltage E F. The distance between Band C (E B + E F) will be 
referred to as the inflection interval. The difference in these quantities 
(E B - E F) is also of interest. One-half of this voltage difference is re­
ferred to as the self-biasing voltage. It is a significant quantity readily 
measured in practice by noting the d -c voltage across a large condenser 
placed in series with the crystal and a supply of 60 cycles AC. For de­
tectors, point C should preferably be close to the origin and E F should 
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be small. For certain kinds of voltage limiters, E F should be large. In 
either case the inflection interval should be large. 

In an alternate graphical representation, see Fig. 2b, voltage-current 
data are plotted to a log-log scale. This form of representation is of 
particular value when large ranges of data are to be shown. It is also of 
value in determining the resistance CRp) at small voltages. Corresponding 
points on the two curves shown in Fig. 2 are identifiable by the letters A 
B, C, and D. Curves of both kinds are used interchangeably to show the 
effects of the several variables of the experiment. 

EFFECT OF CONTACT PRESSURE 

In point contact rectifiers,3 pressure is of considerable importance. 
Usually the best pressure is a compromise between good electrical charac­
teristics, usually obtainable only with light pressures, and good stability 
usually obtainable with higher pressures. Experiments have been per­
formed with a range of contact pressures both on bombarded and unbom­
barded materials. In general, the results are highly variable, particularly 
in the case of unbombarded material. From this wide range of data, 
however, two characteristics have been selected that may be regarded 
as typical for 10-gram and GO-gram pressure. They are shown in Fig. 3 
for silicon taken from nearby portions of the same sample. Significant 
points on these several curves may be compared with their idealized 
counterparts shown in Fig. 2. Although the samples chosen show some­
what more than the usual intrinsic resistance typical of p-type silicon, 
the effects of contact pressure are nevertheless regarded as representative. 
As indicated in Figs. 3a and 3b, the effect of increased contact pressure,4 
particularly in the case of unbombarded material, is of reducing the low 
voltage resistance, Rp , see Fig. 2b. The more desirable higher resistance 
is obtainable only with light contact, a condition unfavorable for high 
mechanical stability. In the case of bombarded material, the effect of 
contact pressure is less important. Thus it is possible in this case to 
incorporate in the design higher contact pressures and obtain thereby 
higher stabilities. For purposes of this paper a contact force of 10 grams 
has been accepted as standard. 

In addition to showing the effect of contact pressure, Fig. 3 shows some 
overall effects of bombardment. It will be noted, for example, that the 
effect of bombardment, see Fig. 3b, has been that of shifting the plots 
of Fig. 3a to the left by several orders of magnitude. Thus the resistance 
CRp) is increased by a factor of more than 10,000. It is to be noted also 

3 Scaff and Ohl, Bell System, Tech. J., 26, Jan. 1947. 
4 Realy contact force. 
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from a comparison of Fig. 3a with Fig. 3b that at the one volt level, the 
ratio of forward to reverse currents for the unbombarded case is about 
twenty, whereas that for the bombarded case, is more than 10,000. At 
other levels the difference is even greater. Referring particularly to Figs. 
3c and 3d, it will be seen that one effect of bombardment is that of 
separating the two significant points of inflection Band C. That is, the 
inflection interval has been notably increased. This increase is the result 
of a small increase in the fonvard voltage and a very substantial increase 
in the reverse voltage. 

EFFECT OF TYPE OF GAS 

Four high purity gases were tested as ion sources, namely, hydrogen, 
helium, nitrogen and argon, having atomic weights respectively of 1, 4, 
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Fig. 4-Characteristics showing effect of various gases all ,vith a bombarding 
potential of 30 kv. 
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14 and 40. 'Vhile all four gases worked very well, helium was the easiest 
to handle. In the course of the tests, identically prepared samples each 
i-inch square, taken from a high-purity silicon melt, were bombarded 
with ions formed in the particular gas under test. Particular conditions 
known to be good· for producing good rectifier units were adopted as 
standard for these tests. They corresponded to a total bombarding charge 
of GOO microcoulombs per sq. cm., a surface temperature of 395°C a 
contact force of about 10 grams and a bombarding potential of 30 kv. 

That the effect of bombardment varies with different gases is seen at 
a glance from the characteristic current-voltage curves shown in Fig. 4. 
Figs. 4b to 4e in particular indicate that as compared with an untreated 
sample, Fig. 4a, the effect of bombardment is in general that already 
noted of separating the two significant points of inflection, Band C. A 
rather substantial increase in t~e forward voltage appears in the case 
of argon as compared with hydrogen, helium and nitrogen. In contrast 
with a small increase in the forward voltage resulting from the bom­
bardment of helium, there is a very substantial increase in the backward 
voltage. Though substantial f.or all four gases, the effect of bombardment 
is largest for helium with progressively smaller effects noted respectively 
for argon, hydrogen and nitrogen. A particular characteristic of helium 
bombardment, as compared with argon, not readily appreciated from a 
linear scale, is shown in Fig. 4f. It will be noted that at the one volt level, 
the ratio of forward to reverse current for helium is about 130 whereas 
for argon it is about 25. At other levels the difference is even greater. 
At the moment helium is regarded as a preferred source of ions. 

The log-log current-voltage curves show as before that the lowest 
voltage at which substantial forward currents flow occurs in helium, while 
the highest forward voltages occur for argon. In a similar way the 
voltages for substantial reverse currents are highest for helium and 
lowest for argon. The sharp break in the reverse current characteristic, 
evident in these cases, has been observed so generally that it is now 
accepted as typical of bombarded surfaces. 

EFFECTS OF TEMPERATURE 

Investigations have been made of the properties of silicon surfaces 
as affected by the temperature at which bombardment "'as carried out. 
This has been done not only for surfaces used as rectifiers but surfaces 
used as transistors and as photo-electric cells as well. In the case of recti­
fiers, a procedure was adopted similar to that used in the previous tests. 
Measurements were made at five different temperatures ranging from 
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Fig. 5-Characteristics showing effects of voltage and temperature variation. 

25°C to 395°C each at accelerating voltages of 1 kv, 3 kv, 10 kv and 30 
kv using helium gas. The data so obtained were useful not only for study­
ing the effect of temperature but useful in the studies of the effect of 
ion velocity as well. The latter ,vill be discussed in the following section. 

The results of the above measurements are plotted in Fig. 5. They 
are further summarized in Fig. Ga. The latter figure, in particular, indi­
cates that as rectifiers, there is little choice of surface temperature be­
tween about 250°C and 400°C. It has been found, however, that for 
temperatures below about 250°C the point contact seems to be more 
vulnerable to electrical shock. 
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EFFECT OF ION VELOCITY 

The effect of ion velocity (bombarding voltage) has been investigated 
for several types of silicon. The effects vary with the different types. 
Typical results are those given in Fig. 5 already referred to. It will be 
noted from a comparison of the data for a particular temperature, say 
300°C, that the principal effect of increased ion velocity is that of increas­
ing the reverse voltage. Values of these reverse voltages E B and also the 
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TABLE I-EFFECT OF BOl\IBARDl\IENT VOLTAGE ON EB AND EF 

30 KV 10 KV 3 KV 1 KV No 
Bombardment 

Surface Temp. Deg. C. 

EB Ep EB Ep EB Ep EB Ep EB Ep 
------ ------ -- -- --

395 16.7 1.3 14.0 1.5 10.0 1.5 7.1 1.0 
300 16.5 1.5 12.5 1.2 10.0 2.0 6.5 1.0 
225 18.5 3.6 12.5 1.5 9.6 1.5 5.5 0.3 
140 17.5 2.5 9.8 1.5 6.7 2.5 7.0 1.2 

Mean 17.3 2.0 12.1 1.4 9.1 1.9 6.5 0.9 2.4 0.5 

Mean E'B . ......... 14.9 9.7 6.7 4.1 

corresponding forward voltages E p have been scaled from the above 
drawings and have been tabulated below. Since they vary only slightly 
with surface temperature, only their mean values are regarded as signifi­
cant. Mean values of E B are plotted in Fig. 6b. 

In order to isolate further the effects of bombardment we have sub­
tracted from the mean values of E B value of E B for untreated silicon. 
Thus the curve marked E~ represents the improvement in backward 
voltage that has accrued from bombardment alone. This is also tabu­
lated as the mean E~ in Table 1. 

EFFECT OF TOTAL CHARGE 

Tests hav( been made to determine the effect of time of bombard­
ment on the rectifying properties of silicon surfaces. In these tests, 
specimens taken from neighboring regions of the same melt were ex­
posed for progressively longer periods all at the same bombarding po­
tential of 30 kv and the same rate and density of application, 5 micro­
amperes per square centimeter. Representative current-voltage charac­
teristics are plotted in Figs. 7 a and 7b for two neighboring regions. 
The results are summarized in Fig. 7 c. The latter show a rather rapid 
improvement of back voltage E B with total charge up to perhaps 50 
microcoulombs per square centimeter.5 Thereafter the improvement is 
small. For purposes of comparison, there is plotted as a vertical line a 
value of bombarding charge that would account theoretically for one 
positive ion in each unit crystallographic cell on the surface layer. This 
suggests that when all surface cells have been penetrated by a single 
ion, no marked increase in back voltage can be effected. 

5 Specifying results in terms of microcoulombs implies that bombarding ef­
fects are independent of the rate of application. This is known to be true only 
between factor limits of ! and 2 of the bombarding current. 
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EFFECT OF MATERIAI~ COMPOSITION 

Thus far discussions have centered around a single type of high purity 
material that was regarded as representative. It is of interest to examine 
the effect on other materials particularly those in which impurities have 
been added. For this purpose tests were made on comparable samples 
from four sources all bombarded for tw~ minutes with 5 microamperes 
6f current and each with five representative bombarding voltages. The 
results are illustrated by the curves shown in Fig. 8. The four columns 
correspond to progressively higher percentages of impurities beginning 
with (a) on the left as a material having an impurity content believed 
to be less than 0.01 per cent. The impurity content of (b) is not known 
accurately except that it lies between (a) and (c). The material repre­
sented by column (c) was produced by adding 0.02 per cent boron6 to 
a material illustrated in column (a). The last column (d) was produced 
by adding 0.1 per cent boron to the material illustrated in column (b). 

It is to be noted from Fig. 8 that marked changes in the voltage­
current characteristic may be effected by bombardment for all degrees 
of the impurity content shown. It is especially interesting that in columns 
(c) and (d) corresponding to materials contaminated with boron to the 
point where nonlinearity is almost absent, rectification can not only 
be restored but indeed the product may be made better than the best 
unbombarded material. 

EFFECTS OF ALPHA-PARTICLE BOMBARDMENT 

The close relationship between helium ions such as generated above 
and alpha particles such as emanate from radioactive materials suggests 
that the latter may be used for the bombardment of silicon surfaces. 
A few experiments of this kind have been made with results that are 
not only interesting but possibly useful. For these tests, four sources of 
alpha particles were obtained. They consisted of 1"6 inch square pieces 
of nickel on which had been plated a thin coating of polonium followed 
by a covering of gold. The initial strength was 4 millicuries per square 
centimeter. The half-life of polonium is 140 days. 

The process of bombardment consisted simply of placing the polished 
surface of a standard silicon square against the layer of gold and examin­
ing the same periodically.' Tests of four samples were carried out simul­
taneously. The results are given in Table II. The data for Sample No.1 
departs so markedly from the mean that it may be disregarded. Since 

6 Boron is a particularly active agent in effecting changes in the properties 
of silicon. 
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the data for self-bias are the result of a direct measurement while those 
for forward and reverse voltage are transcribed from a cathode-ray 
plot, they are perhaps the most significant. Samples 1 to 3 represent 
specimens of increasing degrees of purity. 

These alpha-particle bombardment experiments indicate rather defi­
nitely that results may be obtained similar to those obtained from 
bombardment with gaseous ions and, like the ion bombardment, they 
tend to produce high resistance surfaces. 

TABLE II 

Sample Number 
Days of Exposure 

1 2 3a 3b 
--- --- ---

4 Self Bias-Volts <1 6 180 60 
4 Reverse Voltage <1 20 380 130 
4 Forward Voltage <0.5 <0.5 <1 <1 

13 Self Bias-Volts <1 160 200 190 
13 Reverse Voltage 1 360 440 420 
13 Forward Voltage <0.5 <0.5 <1 <1 
39 Self Bias-Volts <1 60 130 100 
39 Reverse Voltage 0.5 480 500 500 
39 Forward Voltage <0.2 350 180 180 
56 Self Bias-Volts <1 70 150 110 
56 Reverse Voltage 0.5 440 560 560 
56 Forward Voltage 0.3 320 320 240 
66 Self Bias-Volts 100 85 
66 Reverse Voltage 560 520 
66 Forward Voltage 200 320 

MECHANICAL EFFECTS OF BOMBARDMENT 

The marked changes in the electrical properties of silicon imposed by 
bombardment strongly suggest that bombardment may also impose a 
corresponding change in the lattice structure and that this might be 
detected by suitable optical methods. Attempts were made at an early 
date to detect such changes. To this end a mask of nichrome ribbon 5 
mils wide and 1 mil thick was laid over a sample of silicon during bom­
bardment. An optical examination of the surface showed that after 
bombardment in the case of helium the surface on either side of the 
mask was elevated whereas in the case of argon it was depressed. This 
result has since been confirmed by one of the authors's colleagues, 
Dr. F. VV. Reynolds, who has found that in cases of prolonged bom­
bardment by helium the adjacent surfaces may be elevated by as much 
as 225 Angstroms7 while in the cases of prolonged bombardment by 

7 One Angstrom is 10-8 em. 
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argon the adjacent surfaces may be depressed by as much as 130 Ang­
stroms. Further investigation of this phenomenon is under way. 

STABILITY OF BOMBARDED SURFACES 

No extended test has yet been made of the stability of bombarded 
surfaces but results extending over more than two years are encouraging. 
Similarly, rectifiers for the. millimeter wavelength range, mounted with­
out the usual protective impregnation, show little or no change at the 
end of a year. 

In a few instances bombarded surfaces have been subjected to rather 
severe tests with results that suggest that under normal conditions they 
may be even more stable than surfaces activated by more conventional 
methods. For example, surfaces contaminated while cutting or while 
cementing them to their mountings have subsequently been cleaned 
with solvents such as alcohol and are substantially the same before and 
after treatment. In other cases, they have been heated in a flame to 
soldering temperatures with no appreciable. effects. Even in the very 
severe case where the bombarded piece was heated to a cherry red and 
the superficially oxidized layer was removed with hydrofluoric acid the 
effects of bombardment were still evident. There was, however, con­
siderable reduction in the tolerable reverse voltage. There is nothing 
in our experience to date to suggest that bombarded surfaces treated 
in accordance with the simple straightforward methods outlined above, 
are in any wise temporary in character. 

CONCLUSIONS 

The experiments reported above have shown that rather pronounced 
changes in the electrical properties of silicon may be produced merely 
by bombarding the polished surface with positive ions. The ratio of 
forward to reverse currents, for example, which for the usual untreated 
silicon is seldom more than a few hundred, can be made more than 10,000. 
Experiments show that the effect depends to some extent on the type 
of ion gas used, helium being a preferred medium. The effect depends 
also on the volocity of the bombarding particles, the total bombarding 
charge and to a lesser extent on the temperature of the specimen during 
bombardment. Good results are obtained from bombarding potentials 
of 30 kv with current densities of 5 microamperes per square centimeter 
for periods of one or two minutes. The temperature should preferable 
be about 300°C. 

Ordinarily the properties of silicon are materially affected by impurity 
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content. In the case of bombarded silicon the effect is much less. More 
particularly it is possible to contaminate silicon with impurities such 
as boron to the point where its rectifying properties are almost com­
pletely lost and by bombardment it is possible to convert the crystal 
into a very useful rectifier. It is possible to produce results similar to 
the above by exposing the crystal to radioactive polonium. Bombarded 
materials appear to be relatively st.able. 

The writer wishes to express his appreciation of the encouragement 
and help of Dr. G. C. Southworth in the preparation of this paper, to 
A. J. Mohr, Jr., for his able assistance in the experimental work, and 
to numerous associates in Bell Telephone Laboratories for their assist­
ance in preparing materials and in making special tests for which the 
author was not adequately equipped. 



Mechanical Properties of Polymers 
at Ultrasonic Frequencies 

BY WARREN. P. MASON AND H. J. McSKIMIN 

(Manuscript received October 25, 1951) 

Since the mechanical properties of solid polymer materials are largely de­
pendent on the motions that segments of the polymer chains can undergo, 
to understand these properties one must use measuring techniques which can 
determine these motions. One. of the most promising methods is to measure 
the reaction of polymer materials to longitudinal and shear waves over a 
frequency spectrum wide enough to determine the relaxation frequencies due 
to thermal motions of the principle elements of the chain. The presence of 
relaxations is indicated by a dispersion in the velocity and attenuation 
constants of the material, or a dispersion in the characteristic impedance 
of the material if the attenllation is too high to allow velocity measurements. 
A number of different types of measuring methods are described in this 
paper which make possible propagation and impedance measurements not 
only in solid polymers, but also in liquid polymers and in solutions of 
polymer molecules in typical solvent.S. 

When these techniques are applied to long chain polymers in dilute solu­
tions, the three relaxations observed correspond to motions occurring in isolated 
molecules since as the dilution increases, the molecules seldom touch. The 
lowest relaxation corresponds to a configurational relaxation of the molecule 
as a whole, the highest relaxation corresponds to the twisting of the shortest 
segment-containing about 4-0 repeating units-while the intermediate re­
laxation corresponds tQ a transient entanglement of chain segments. All 
three types of relaxations are present in pure polymer liquids but are spread 
out over a frequency range due to the perturbing effect oj near neighbors of 
adjacent chains. The high frequency shortest chain relaxation can be traced 
in solid polymers of the linear chain type such as polyethylene and nylon 
and produces rubber-like response to mechanical shocks of very short duration. 

I. INTRODUCTION 

The mechanical properties of solid polymer materials are largely deter­
mined by what motions, parts or segments of the polymer chains can 
undergo. Toughness, mechanical impact strength and ultimate elongation 
depend on the facility with which the polymer molecule can be displaced. 

122 
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If only a small motion of the polymer chain can occur within the time of 
the measurement, the material has high elastic stiffness coefficients and 
acts similar to a rigid solid. On the other hand, if significant segments 
of the polymer chain can move at the frequency of measurement, the 
elastic stiffness is much lower and rubber-like behavior results. An inter­
mediate case, which occurs when the significant motion of the polymer 
molecule is near the relaxation time at the frequency of measurement, is 
that of a damping material such as butyl rubber. Even "long time" 
qualities of plastics such as creep, stress relaxation and recovery depend 
on the integrated displacements of rapidly oscillating segments of the 
chain. 

One of the most promising methods for investigating these motions is 
to determine the reaction of mechanical waves on the polymer materials 
over a wide spectrum of wavelengths, eventually going to frequencies 
comparable with those of thermal vibrations of significant groups or 
segments in the macromolecules. 

If one wishes to understand the origins of these motions it is necessary 
to measure the molecules in the form of liquids or solutions since then 
the segments of the molecule are less restrained by their neighbors and 
can perform all the possible vibrations. Polymer liquids are also interest­
ing in themselves as sources of damping material. To apply these results 
to rubbers and solid materials, one then has to measure the modifications 
of the polymer chain motion caused by the close approach of near neigh­
bors, by measuring the mechanical properties of these materials. 

By using different types of techniques, these processes can be applied 
to molecules in solution, to ~iquid polymers and to solid polymers. The 
principal types of methods used for liquids are the torsional crystal, the 
torsional wave propagation system and the shear wave reflectance method, 
all of which are described in Section II. For solids an optical method and 
,an ultrasonic method are described in Section V. All of these methods 
involve displacements of 10-6 cm or less so that non-linear effects are 
negligible. 

All of these methods depend on setting up shear or longitudinal waves 
in the medium and observing either the velocity and attenuation of the 
wave, or the reaction of the medium back on the properties of the 
transducer. If the attenuation of a wave in the medium under consid­
eration is low enough to permit the wave parameters, i.e., the velocity 
and attenuation per wavelength to be determined, the relaxation of 
some significant part of the polymer molecule is determined by the dis­
persion of the wave properties which occur, as shown by Fig. lA, in the 
form of an increase in velocity and a maximum in the attenuation per 
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Fig. lA-Velocity and attenuation for a medium with one relaxation frequency. 

wavelength curve. If the variation in this relaxation mechanism is 
studied as a function of temperature and chain length, the type of seg­
ment may be determined. If, however, the attenuation of the medium 
is so high that its wave properties cannot be determined, some informa­
tion can still be obtained by determining the loading, or mechanical 
impedance, that such a wave exerts on the driving crystal or trans­
ducer. If all the relaxations occur in the stress-strain relation, it can be 
shown that there is a reciprocal relation between the propagation con­
stant r = A + jB, and the characteristic impedance per square centi­
meter Zo given by the equation 

zor = (R + jX)(A + jB) = jwp (1) 

where A is the attenuation and B the phase shift per centimeter, R the 
mechanical resistance and X the mechanical reactance per square centi­
meter, w is 271" times the frequency and p the density of the medium. A 
typical two relaxation mechanism! is shown by the curves of Fig. lB. 
By assuming values for the stiffness and dissipation factors and fittIng 
a theoretical curve to the measured values, the relaxation frequency or 
frequencies can be determined. 

1 All the relaxation mechanisms discussed in this paper are represented in 
terms of equivalent parallel electric circuits in which the resistance terms repre­
sent viscosities and the inverse of capacities represent shear elastic stiffnesses. 
In mechanical terms these correspond to a series of Maxwell models as discussed 
in a paper by Baker and Heiss to be published in the next issue. 
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The most information about the motions of isolated polymer chains 
can be obtained by investigating the properties of polymer solutions. 
This follows from the fact that in pure polymer liquids, and in solids, 
the mechanical properties are mainly determined by interactions be­
tween chains on account of the close packing of the chains. If, however, 
one dissolves the polymer molecules in a solvent, the inter-chain and 
intra-chain reactions can be separated as the dilution increases. When 
the polymer is in the order of one percent of the solvent, the chains on 
the average touch very seldom and the mechanical properties of the 
solution are determined by the properties of single molecules. As dis­
cussed in Section III, three types of chain segment motion have been 
isolated, (1) a configurational relaxation of the chain as a whole, (2) a 
position change of the shortest segment and (3) twisting of the shortest 
chain segment. Above the frequency of relaxation of this chain segment 
the joints of the polymer molecule become frozen and the chain be­
comes very stiff. These shortest chain relaxations occur also in pure 
polymer liquids, in rubbers and in non rigid solids with linear chain 
segments such as polyethylene. In pure liquids a lower frequency quasi-
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configurational relaxation also occurs for chain lengths greater than 60 
elements but for chain lengths less than 40 elements this type of relaxa­
tion disappears. From the difference between the high frequency shear 
elasticities measured for polyethylene and nylon 6-G and those measured 
for static pulls, it appears that there may be lower frequency relaxations 
in these materials as well. 

II. METHODS OF MEASUREMEN'l' FOR SOLUTIONS AND PURE POLYMER 

LIQUIDS 

To measure the mechanical properties of such dilute solutions, shear 
waves have been used since for longitudinal waves the added stiffness 
caused by the dissolved polymers is very small compared to the stiffness 
of the solvent alone. The velocity and attenuation of a longitudinal 
wave are given by the equations 

v = VA + 2p.. 
I , 

P 
(2) 

where A and p. are the Lame elastic constants, f the frequency, p the 
density, v the sound velocity, X the compressional viscosity and 11 the 
shear viscosity. Since for a one percent solution of polyisobutylene in 
cyclohexane the shear elasticity does not exceed 90,000 dynes/cm2

, 

whereas the value of A is in the order of 2 X 1010 dynes/cm2
, it is obvious 

that the longitudinal velocity would have to be measured to an accuracy 
of 1 part in 100,000 before the presence of polymer molecules could be 
ascertained. Attenuation measurements give some information on the 
added viscosity due to the chain molecules but since longitudinal attenu­
ations are not easily measured below 1 megacycle, the most interesting 
frequency range is missed. 

A pure shear wave in a viscous liquid is propagated according to the 
equation2 

v = voe-~ (1 + i)z (3) 

where v is the transverse particle velocity, p the dem;ity, f the frequency, 
11 the shear viscosity, j = V -1 and z the distance. For typical sol­
vents, the attenuation is so high that wave motion cannot be measured. 
However the viscous wave produces an impedance loading on a crystal 
generating such a wave which can be measured by the change in the 
resonant frequency and the change in the resistance at resonance. The 
mechanical impedance per square centimeter caused by such a viscous 
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wave is equal to2 

Zo = V 7rfrlP (1 + j) = R AI + jX AI (4) 

This causes a change in resistance, and a change in frequency In a 
crystal generating a shear wave in the liquid equal to 

(5) 

where Kl and K2 are constants of the crystal which can be obtained 
approximately from the dimensions and piezoelectric constants of the 
crystal but which are more accurately obtained by calibration in known 
liquids. The constants Kl and K2 vary slightly with temperature and 
should be calibrated over a temperature range. 

The first instrument to use a vibrational method for measuring vis­
cosity was the vibrating wire method of Phillipoff.3 In this method a 
wire was vibrated in a liquid and t~e damping rate was used as a measure 
of the viscosity. Another method also applicable in the low frequency 
range is the transducer method of Ferry.4 In this method wires are 
vibrated by electromagnetic transducers and the resistance and reac­
tance drag on the wires are measured by the change in the electrical 
resistance and reactance of the transducer. From the constants of the 
transducer, the equivalent viscosity and stiffness of the liquid can be 
measured. 

In the medium frequency range a torsional crystal5 method was 
devised by one of the writers which has been applied in the frequency 
range from 10 to 150 kc. The torsional crystal is shown by Fig. 2. For, 
these types of measurements the crystal usually is made of quartz with 
four electrodes of gold evaporated on the surface. Four wires are soldered 
on the surface and serve as supports as well as electrodes. The motion 
is all tangential to the surface and tests at Bell Laboratories and at the 
Franklin Institute,6 where a precision study of the torsional crystal has 
been made, have shown no observable longitudinal waves from the 
crystal surface. The process of measurement consists in measuring the 

2 W. P. Mason, Piezoelectric Crystals and Their Application to Ultrasonics, 
D. Van Nostrand, 1950, p. 340. 

3 W. Phillipoff, Physik. Zeits, 35, 1934, pp. 884-900. 
4 T. L. Smith, J. D. Ferry and F. W. Schemp, "Measurement of the Mechanical 

Properties of Polymer Solutions by Electromagnetic Transducers," J. App. 
Phys., 20, No.2, Feb. 1949, pp. 144-153. 

5 W. P. Mason, "Measurement of the Viscosity and Shear Elasticity of Liquids 
by Means of a Torsionally Vibrating Crystal," A.S.M.E., 69, May 1947, pp. 359-
367. 

6 P. E. Rouse, Jr., E. D. Bailey, and J. A. Minkin, "Factors Affecting the 
Precision of Viscosity Measurements with the Torsional Crystal," Laboratories 
of the Franklin lnst., Report 2048, presented to Am. Petroleum lnst., May 4, 
1950. 



128 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1952 

resonant frequency and resonant resistance of the crystal in a vacuum, 
then introducing the solution to be measured, the change in the resonant 
resistance I:lRE and the change in resonant frequency I:lf are determined 
by an electrical bridge. Several short cuts are possible if the mechanical 
impedance is not too high. By measuring the capacity at a frequency 
considerably higher than the crystal frequency, the resistance at reso­
nance and I:lf can be obtained by changing the frequency and resistance 
until a balance is obtained leaving the capacity unchanged. This method 
has been used to measure viscosity, and a recent precision study at the 
Franklin Institute6 has shown that it agrees with other methods to an 
accuracy of well under a per cent. 

The torsional quartz crystal has been successfully used to measure 
liquids having a viscosity up to 10 poise, but above this viscosity the 
electrical resistance gets so high that it is hard to measure it since it is 
shunted by the much smaller reactance of the static capacitance of the 
crystal. A crystal of higher electromechanical coupling such as am-

Fig. 2-Cell and 80-kc crystal for shear viscosity and elasticity measurements 
of liquids. 
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Fig. 3-Photograph of torsional crystal and rod. 

monium dihydrogen phosphate (ADP) will cause the electrical resistance 
component to be smaller in comparison to the reactance of the static 
capacitance and hence can be used to measure higher viscosities. How­
ever, since wires cannot be soldered to the surface but must be glued, 
the crystal is much more fragile than quartz and its use has been aban­
doned in favor of another method which makes use of the phase and 
attenuation change in a torsional wave iT!- a rod caused by the surround­
ing liquid whose properties are to be measured. 

This method, devised by one of the writers, 7 consists in sending a short 
train of torsional waves, periodically repeated, down a glass or metal 
rod. As shown by Fig. 3, the torsional wave' is generated by a torsional 
quartz crystal soldered or glued to the end of the rod. These waves 
travel to the free end of the rod and are reflected back to the crystal 
where they are detected, amplified, and displayed on a cathode ray 

7 This method is described by H. J. McSkimin, in a paper before the Ac­
oustical Soc. of Am. in October, 1951. 
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oscilloscope. Echoes due to end to end reflections also appear, being 
attenuated by normal acoustic losses until they are undetectable by the 
time the next pulse is applied. 

With only air surrounding the rod, a phase reference and amplitude 
reference are obtained for the first received wave (or subsequent echoes 
if greater sensitivity is desired). The rod is then immersed a definite 
length in the liquid to be measured, as shown in Fig. 4, with a resulting 
phase retardation and amplitude reduction. These are measured by em­
ploying the experimental circuit shown by Fig. 5. In order to allow the 

Fig. 4-Photograph of complete torsional wave measuring equipment. 
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use of one crystal for both receiving and transmitting, the crystal is put 
in the bridge circuit of Fig. 5 where a resistance and capacity are used 
to balance out the transmitted pulse so that it will not overload the 
amplifier. The relatively weak voltages generated by the incoming 
acoustic waves pass through directly. The gate circuit provides pulses 
of radio frequency voltage at repetition rates in the range of 20 to 100 
per second with a synchronizing voltage supplied to the oscilloscope for 
the horizontal sweep. The frequency range of the device is from 20 to 
200 kc. Both glass and nickel-iron rods were used, the latter having a 
very low frequ.ency-temperature coefficient. With a 100-kc quartz 
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AND 
OSCILLO­

SCOPE 

Fig. 5-Experimental pulsing circuit for measuring torsional impedance of 
liquids. 

torsional crystal, a rod length of 21 inches and diameter of 0.2 inch were 
used. The entire crystal-rod assembly is placed inside a glass tempera­
ture control unit, as shown by Fig. 4, through which water can be cir­
culated to provide temperatures in the range O°C to 80°C. The test 
liquid is placed either directly into the inner bore of this water jacket, 
or in another tube which can be inserted from the bottom to surround 
the rod up to a fixed mark. 

In use, both phase and attenuator settings were adjusted to balance 
the first received pulse against the continuous wave component passing 
through the attenuator. Cancellation for the duration of the pulse was 
visually indicated on the oscilloscope. A plot of balance phase and level 
is made as a function of the temperature. When the liquid is introduced 
an attenuation change AA and a phase change AB are required to 
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re-balance the circuit. These are measured by the amount of attenuation 
in nepers (1 neper = 8.68 db) and the number of radians phase shift 
required to re-establish a balance. An alternate method of measuring 
phase shift is to measure the change in frequency required to re-estab­
lish balance. If this method is used the phase shift change of the overall 
circuit with frequency has to be calibrated for the uncovered rod by 

FUSED QUARTZ 

", SOLDERED // 
-- JOINTS -

/ 
/ 

Fig. 6-High frequency shear reflection method for measuring shear imped­
ances of liquids. 

noting the frequencies for which 3600 phase shifts (as measured by 
balance) occur in the circuit. 

It is shown in the appendix that the torsional impedance of the 
liquid per square centimeter is given by 

Z ~ (p~o) ~ [M + jaB] (6) 

where p is the density, and Vo the sound velocity in the rod, a is the 
radius and .e the covered length of the rod and ~A and ~B are respec­
tively the change in attenuation in nepers and the change in phase shift 
in radians to re-establish balance. If a very viscous liquid is used it may 
be necessary to correct for the fact that the torsional impedance may 
differ from the plane wave impedance as discussed in the appendix. 

This device can measure liquids having dynamic viscosities from 10 
poise to 1,000 poise with an accuracy of the order of 10 per cent. The 
frequency range covered may be from 20 to 200 kc depending on the 
size of the crystal used to drive the rod. Hence it supplements the 
torsional crystal method for very viscous liquids. 

At frequencies above 500 kc, the torsional crystal becomes too small 
to be used practically and recourse is had to a high frequency pulsing 
method.8 As shown by Fig. 6, shear waves are set up in a fused quartz 

8 w. P. Mason, W. O. Baker, H. J. McSkimin and J. H. Heiss, "Measurements 
of the Shear Elasticity and Viscosity of Liquids by Means of Ultrasonic Shear 
Waves," Phys. Rev., 75, No.6, March 15,1949, pp. 936-946. See also H. T. O'Neil, 
"Refraction and Reflection of Plane Shear Waves in Viscoelastic Media," Phys. 
Rev., 75, No.6, March 15, 1949, pp. 928-936. 
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rod by means of a Y-cut or AT cut crystals soldered to a silver paste 
layer baked on the fused quartz surface. The particle motion of the 
shear wave is parallel to the large reflecting surface and hence only 
shear waves are reflected from this surface. These impinge on a second 
shear crystal which is connected to an amplifier and oscillograph. Since 
the attenuation in fused quartz is so low, a long series of reflected pulses 
appear on the oscillograph. When a liquid, whose shear properties are 
to be measured, is placed on the fused quartz surface, this causes a 
change in the amplitude and phase of the reflected wave. By using the 
balance method shown by Fig. 7, in which two identical fused quartz 
rods are used, one of which has a liquid layer and the other does not, 
and by using a phase shifting network and an attenuator to balance out 
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OSCILLATOR 

PHASE SHIFTER 
AND 

AMPLITUDE 
. CONTROL 

COAXIAL 
CABLE 

NO.2 

--+§~~~~g; 

NO.1 

TO 
AMPLIFIER 

Fig. 7-Method for obtaining resistance and reactance terms for high fre­
quency shear reflection method. 

pulses, the shear impedance of the liquid can be determined. If R is the 
loss per reflection expressed as a current ratio, 0 the change in phase 
angle required to rebalance the circuit and cp the angle between the wave 
normal and the reflecting surface, it can be shown8 that the shear im­
pedance of the liquid is 

. [1 - R2 + 2jR sin OJ 
ZlIf = RlIf + JXlIf = Zq cos cp 1 + R2 + 2R cos ° (7) 

where Zq is the impedance pv for shear waves in the quartz. This IS 

equal to 

Zq = 2.20 X 3.76 X 105 = 8.27 X 105 mechanical ohms 

Since this impedance is much larger than that of the liquids that are to 
be measured, the sensitivity is increased by making cp large. In practice 
cp was taken as 800

• This method is applicable from 3 mc up to 100 mc 
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and complements the other methods. Fig. 8 shows a photograph of the 
equipment. 

III. MEASUREMENTS OF POLYMERS IN SOLUTION 

When such methods are applied to a polymer solution, it is found 
that the resistance and reactance components are no longer equal but 
the resistance is invariably larger than the reactance. This indicates the 
presence of a shear elasticity in the solution. If the molecules have a 
single relaxation frequency, it has been found that the shear properties 
of the liquid can be represented by a stress-strain equation of the type 

T _ as + 1 
- '1]A at 1 1 

--as + J.LBS 
(8) 

'1]Bai 

where T is the shearing stress, S the shearing strain,' '1]A the solvent 
viscosity, '1]B a molecular viscosity of some particular motion of the 
chain which disappears when the reactance of the chain stiffness J.LB of 
this motion is low enough so that the motion can follow the applied 
shearing stress at the frequency of the measurement. When this type of 
mechanism is present in the liquid, it has been shown9 that the impedance 
the liquid presents to the crystals is 

2 • [ 2 PJ.L~ ( )] 
PJ1.B'1]B + J WP'1]A'1]B + -;;; '1]A + r]B (9) 

'1]~ + J.L~/W 
Fig. 9 shows a plot of the resistance and reactance components of an 
assumed solution having a single relaxation frequency, and a viscosity 
30 times the solvent viscosity. At very low frequencies, the' resistance 
and reactance follow that of a solution', but for frequencies comparable 
with the relaxation frequency, the resistance becomes larger than the 
reactance while for very high frequencies the two come together on a 
line determined by the solvent viscosity. If there is more than one 
relaxation frequency, the resistance and reactance may coalesce for 
several intermediate stages. A continuous distribution would give a 
definite relation between the frequency dependence of resistance and 
reactance. 

The torsional crystal and the shear waye reflection method have 
been applied to long chains of polyisobutylene dissolved in various sol-

9 w. P. Mason, Piezoelectric Crystals and Their Application to Ultrasonics, 
D. van Nostrand, 1950, p. 353. 
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Fig. 8-Dual reflecting block assembly for measuring high frequency shear 
impedances of liquids. 

vents with concentrations ranging from zero per cent to 10 per cent. 
Polyisobutylene is a polymer molecule having the chemical formula 

[

CH3 H ] ?-?- . 
CH3 H 

N on-planar zigzag segments can be expected in the liquid state. Fig. 10 
shows measured curves for 20 kc of the resistance and reactance for 
solutions of viscosity average molecular weight of 3,930,000 in cyclo­
hexane. Four values of concentration were used and two temperatures 
were measured. For pure cyclohexane, the resistance and reactance 
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components are equal but as the percentage of polyisobutylene is in­
creased, the resistance increases more rapidly than the reactance. 

By solving equation (9) for TJA , TJB and JlB in terms of R and X measured 
at one frequency and TJA + TJB the solution viscosity, we find 

WP 

(R2 _ X2)2jwp . 

Wp(7JA + 7JB) - 2RX ' 
2RX 

7JA = 
(10) 

JlB = Wp(7JA + 7JB) - 2RX 

Applying these formulae to the measured results, the curves of Fig. 11 
result. The shear elasticity is directly proportional to the concentration, 
the viscosity TJA is only slightly larger than the solvent viscosity while 
the main part of the measured viscosity resides in TJB the viscosity asso­
ciated with chain motion. Fig. 12 shows these three quantities for a one 
per cent solution measured as a function of temperature. The apparent 
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stiffness decreases with increase in temperature for a single frequency 
measurement. However, when measurements were made at 20, 40, 80 
and 150 kc it was found that the elasticity was a function of the fre­
quency, which indicates the presence of more than one relaxation and 
complicates the determination of the temperature relationships. Fig. 13 
shows measurements of the shear elasticity over a frequency range from 
2.5 kclo up to 14 megacycles for 25°0. There is a gradual rise up to 
about 300 kilocycles after which there is a sharp break to a stiffness of 
about 90,000 dynes/cm2 for a 1 per cent solution of the 3,930,000 molecu­
lar weight polymer in cyclohexane. If one analyzes the frequency varia­
tion of the elasticity he finds that it can be fitted by three relaxation 
frequencies, one having a frequency of 230 cycles, one around 66,000 
cycles and one around 4 megacycles. A possibility exists for a fourth 
relaxation. The lowest relaxation is thought to be a configurational re­
laxation of all the elements of the chain. The highest one appears to be 
a relaxation of the twisting motion of the smallest segment of the chain 
such as a Kuhn segment. The intermediate relaxation appears to be due 
to the motion of the ends of the smallest chain segment from one posi­
tion of entanglement to an adjacent position. This interpretation is 
based partly on the fact that the associated viscosity of the motion is 
very similar to that for the relaxation of th~ twisting motion of the 
smallest chain segment and partly from data presented in the next 
section on pure polymer liquids which shows a lower frequency relaxa­
tion agreeing in frequency assymptotically with this one, which involves 
chain motions of approximately 30 to 40 chain elements. Temperature 
variations of these elastic components show that the lowest relaxation 
mechanism has a stiffness that increases slightly with temperature in 
agreement with the kinetic theory of elasticity. The corresponding 
viscosity (1]2) which comprises most of the viscosity for a solution, when 
plotted against the reciprocal of the temperature, as shown by Fig. 14, 
indicates an activation energy of 3.9 kilocalories per mole which is 
slightly higher than that of the solvent cyclohexane alone, which is 
about 3.2 kilocalories per mole. This difference of 0.7 kilocalories pre­
sumably represents the added energy required to bend the chain in its 
configurational motion. Measurements with another chain length of 
1.18 X 106 molecular weight showed that the stiffness of the lowest (con­
figurational) relaxation decreased from 310 to 160 indicating that the 
stiffness of this motion is approximately proportional to the square root 

10 The lowest frequency, 2.5 kc, was measured by means of a quartz crystal 
tuning fork which will be described in another paper. This instrument makes 
possible the direct measurement of configurational elasticities. 
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of the molecular weight. The viscosity decreased by a factor of 6.25 
and consequently the relaxation frequency increases from 230 to 660 
cycles. 

The second "entanglement" relaxation has a stiffness of about 3100 
dynes/cm2 for a 1 gram per cc solution of the 3.93 X 106 molecular 
weight solution and about 2650 dynes/cm2 for the 1.18 X 106 molecular 
weight solution. The variation with temperature, if any, is small. The 
corresponding viscosities 7]3 for the two solutions are nearly equal as 
shown by Fig. 14, and have an activation energy of 4.25 kilocalories 
per mole. The final high frequency "short segment" relaxation has a 
high stiffness of 83,000 dynes/cm2 for a 1 per cent solution of 3.93 X 106 

molecular weight. The corresponding viscosities for the two solutions 
shown by Fig. 14 have nearly identical values and an activation energy 
of 4.25 kilocalories per mole, i.e. very closely equal to the "entangle­
ment" relaxation viscosity. 

These upper two relaxations persist in pure liquid polymers as dis­
cussed in the next section, although they are spread out over a small 
range of relaxation time values. The highest one can be traced in meas­
urements of mechanical properties of solid plastics such as polyethylene 
and nylon which indicates that these materials should have rubber like 
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TABLE I 

Density Melt Viscosity Poise I Average 
Molecular No. of Chain 

Weight Segments 
WC 25°C 35°C 50°C 15°C 25°C 35°C 50°C 

-- ------ ----
904 0.83 0.826 0.821 0.814 1.10 0.67 0.33 0.16 

1,220 0.846 0.842 0.837 0.83 2.64 1.40 0.65 0.297 

1,590 0.856 0.849 0.846 0.840 8.4 4.0 2.1 0.87 
2,450 0.872 0.866 0.863 0.857 100 38 15.9 4.9 

3,520 0.881 0.877 0.872 0.866 580 216 95 30 
4,550 0.89 0.886 0.882 0.875 1,960 737 320 98 

5,590 0.897 0.892 0.887 0.882 4,600 1,840 740 220 
10,380 0.912 0.908 0.904 0.896 11,500 4,600 2,050 625 

J.1, dynes 
Measurement at 24 megacycles ~; rJ in poise 

15°C 25°C 35°C 50°C 

J1. '/ J1. '1 J1. '1 J1. 

--

0.482 X 10 9 1.07 0.4 X 109 0.68 0.35 X 10 9 0.39 0.1 X 10 9 

1.08 X 10 9 2.64 0.8 X 109 1.39 0.58 X 10 9 0.7 0.17 X 109 

1.65 X 109 5.12 1.2 X 109 2.57 0.885 X 109 1.99 0.27 X 109 

2.71 X 10 9 15.7 2.0 X 10 9 8.1 1.67 X 109 4.15 0.98 X 109 

3.81 X 109 40 3.0 X 10 9 20 2.17 X 10 9 10.6 1.2 X 109 

5.48 X 10 9 73 4.22 X 10 9 38.3 2.8 X 10 9 20.2 1.6 X 109 

5.9 X 109 107 4.78 X 109 51 3.74 X 109 29.5 2.5 X 109 

6.9 X 109 119 5.55 X 109 65.8 4.22 X 10 9 31.5 2.9 X 109 

Measurements at 14 megacycles 

0.38 X 109 0.975 0.3 X 109 0.6 0.22 X 109 0.35 0.12 X 109 

0.475 X 109 2.53 0.35 X 109 1.4 0.25 X 109 0.74 0.18 X 109 

0.68 X 10 9 3.86 0.61 X 109 3.4 0.3 X 109 1.62 0.25 X 109 

2.32 X 10 9 16.3 1.7 X 10 9 10 0.94 X 109 4.75 0.39 X 109 

3.8 X 109 56.2 2.8 X 109 24.25 2.0 X 109 12.3 0.855 X 109 

4.75 X 109 90.4 3.6 X 109 48.3 2.65 X 109 26.6 1.47 X 109 

6.03 X 10 9 136.5 4.6 X 10 9 81.4 3.24 X 109 39.6 2.0 X 109 

6.64 X 10 9 160 5.3 X 109 93.5 3.98 X 109 54.2 2.3 X 10 9 

Measurement at 4.5 megacycles 

0.34 X 10 9 1.18 0.19 X 10 9 0.64 0.18 X 109 0.34 0.09 X 109 

0.55 X 109 2.65 0.21 X 109 1.33 0.2 X 10 9 0.68 0.1 X 10 9 

1.57 X 109 24 0.96 X 109 11.7 0.72 X 109 5.52 0.34- X 109 

2.79 X 109 76 1.9 X 109 37.4 1.43 X 109 16.5 0.9 X 109 

3.57 X 109 124 2.5 X 109 61.2 1.86 X 109 31 1.04 X 109 

4.4 X 109 176 3.4 X 109 98.5 2.6 X 109 54 1.6 X 10 9 

5.65 X 109 186 4.3 X 109 124 2.8 X 109 76 1.8 X 109 
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response to mechanical shocks of very short duration. The lowest fre­
quency configurational relaxation is spread over a wide spectrum of 
relaxation times in pure liquids. 

Measurementsll of these and other chains in various solvents have 
also been made and the results are discussed, from a chemical point of 
view, in a companion paper by W. O. Baker and J. H. Heiss. It is shown 
that the stiffnesses vary with the polymer chain and the solvent used. 

IV. MEASUREMENTS OF PURE LIQUID POLYMERS 

A. Shear Wave Measurements in Liquid Polymers 

Similar shear wave measurements have been made for pure polyiso­
butylene liquids of molecular weights from 904 to 10,380 (i.e. from 16 
chain elements to 186 chain elements), by the techniques described in 
Section II. Some of these results have been discussed in reference (8) 
but the much more comprehensive measurements made since require 
some revisions of the original conclusions. 

The easiest data to interpret are the high-frequency data obtained by 
the shear wave reflectance method. The data of Table I give measure­
ments of 8 liquids varying in average molecular weight from 900 to 
10,380, at three frequencies and four temperatures. If we plot for ex­
ample the Maxwell shear stiffness and viscosity for the three frequencies 
and for 25°C as a function of the number of chain elements (here a chain 
element is taken as two adjacent carbon atoms one of which has two 
methyl groups attached and the other two hydrogens) the 4.5-mc meas­
urements are shown by the triangles of Fig. 15. The 14 megacycle 
measurements are shown by the circles and the 24-mc measurements by 
the squares. 

An attempt was made to fit these measurements with a two relaxa­
tion mechanism shown by the figure with two stiffnesses which are taken 
to be independent of the molecular weight and equal respectively to 
1.2 X 108 dynes/cm2 and 6 X 109 dynes/cm2

• The best fit is obtained by 
taking the two viscosities 711 and 712 equal and these are adjusted for the 
different molecular weights in such a manner as to best fit the experi­
mental curve. A fair agreement is obtained except for the range from 60 
to 90 chain elements where the two relaxation model gives too rapid an 
increase of stiffness with increase in the number of chain elements and 
at the high molecular weight viscosity range where the viscosity shows 
a dispersion in values but the model does not. The sum of the two vis-

11 These results on the mechanical impedance of long chain molecules in sol­
vents' have been presented at the XIIth International Congress of Pure and 
Applied Chemistry by W. O. Baker, W. P. Mason and J. H. Heiss, Sept. 13, 1951. 
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cosities 711 and 712 assumed as a function of molecular weight is shown- by 
Fig. 16. The log of the viscosity starts proportional to the molecular 
weight but above a molecular weight of 2,400 the increase is very slow 
and becomes asymptotic to a value of 240 poises. An equation which 
fits the increase in viscosity with molecular weight is 

71D = Kell ' 8 tanh Z/2370 

where Z is the molecular weight. The solid Jine shows a plot of this curve 
and the circles are the assumed values to obtain a best fit to the meas-
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ured values. This equation indicates that when Z = 2,370 or 43 chain 
elements the viscosity increases only a small amount more by a chain 
articulation effect and hence in this high frequency range we are dealing 
with a chain length of about 40 elements or 80 carbon atoms. This is 
checked also by a comparison of the static and dynamic viscosity. The 
total dynamic viscosity due to the two relaxation mechanisms compared 
to the static viscosity does not differ markedly until the number of 
chain elements is more than· 40. Above this value other motions than 
that of the shortest chain segment can take place and can add to the 
dynamic viscosity. The static viscosity fits an equation of the same sort, 
but the indicated chain length for the viscous motion is about i times 
that of the shortest segment. 

When a similar process is carried out over the temperature range the 
equations of Fig. 16 are obtained. The static viscosity has an activation 
energy of 16 kilocalories per mole, while the dynamic viscosity has an 
activation energy of about 11.2 kilocalories per mole. 

The relaxation frequencies for the two components are plotted as a 
function of the number of chain segments by the solid lines of Fig. 17. 
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For long chain segments the values become asymptotic to 8 X 106 cycles 
and 160,000 cycles which are not far from the two highest relaxation 
frequencies obtained from the solution measurements of Section III. 
Hence it appears likely that these relaxations are due to the" entangle­
ment" motion and the twisting motion of the shortest chain segment. 
The increased activation energy is due to the fact that more energy has 
to be applied to the chain segment to break it loose from its equilibrium 
position when it is surrounded by adjacent polyisobutylene molecules 
than when it is surrounded by cyc10hexane molecules. The stiffness of 
the chain is due more to the slope of the potential well than to any in­
trinsic chain stiffness as is shown by Fig. 18, which shows the two stiff­
nesses as a function of temperature. These values are obtained by fitting 
the 15°, 35° and 50° data in a similar manner to that used for the 25° 
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data, and the activation energy of 11.2 kilocalories per mole is obtained 
in a similar manner. 

Due to the closeness of the surrounding polyisobutylene molecules, 
one would expect that the relaxation frequencies would not have discrete 
values but would be spread about the center value in some sort of a 
Gaussian distribution. If we approximate this by representing each 
region by two relaxations, one-half, and the other twice the frequency 
of the mean value, as shown by the dotted lines of Fig. 17, the agree­
ment with the measured values of Fig. 15 is considerably better as 
shown by Fig. 19. A wider distribution yet is indicated. 

For molecular weights greater than 2,000 the shortest chain segment 
viscosity begins to diverge from the static viscosity indicating that 
there ,are other relaxations for these longer chains. Some data for the 
three longest chain polymers, F, G and H have been obtained by the 
torsional rod method and the results are given in Table II. These data 
are plotted on Fig. 20 as a ratio of dynamic to static viscosity plotted 
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against the frequency times the static viscosity. All the viscosity data 
can be represented within the experimental error by a single curve, but 
the stiffness curves appear to require different curves for different tem­
peratures. On analyzing the data in terms of a distribution of relaxation 
frequencies, a single curve for all temperatures could be obtained if the 
stiffness of each mechanism were independent of the temperature and 
the relaxation frequency were inversely proportional to the static vis­
cosity, i.e., had an activation energy variation equal to that for the 
static viscosity for each relaxation mechanism. This condition holds 
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15°C 
Frequency 
Kilocycles 

I-' '1 

25 2.9 X 108 600 
40 3.8 X 108 550 
52 4.0 X 108 470 

1.40 5.8 X 108 380 

24.5°C 
Frequency 
Kilocycles 

/' '1 

27.5 2.0 X 108 510 
40.96 2.95 X 108 480 
54.23 3.60 X 108 456 

55°C 
Frequency 
Kilocycles 

I-' '1 

32.2 3.9 X 107 150 
40.5 4.8 X 107 137 
47.0 5.3 X 107 126 

-

TABLE II 
Measurement for Polymer F-Molecular weight = 4550 

25°C 35°C 45"C 

I-' 1/ I-' '1 I-' '1 

--
1.45 X 108 270 0.78 X 108 145 0.44 X 108 77 
1.7 X 108 250 0.86 X 108 125 I 0.47 X 10' 66 
1.9 X 108 220 0.78 X 108 110 0.54 X 108 59 
3.0 X 108 180 1.5 X 108 91 0.71 X 108 48 

Polymer G-Molecular weight = 5590 

65°C 

I-' '1 

1.9 X 107 38.4 

2.93 X 107 36.1 

Polymer H-Molecular weight = 10,380 

67°C 

/.l. '1 

2.9 X 107 94 
3.5 X 107 86 
3.9 X 107 79 

55°C 65°C 

I-' '1 /.l. 

0.26 X 108 43 0.17 X 108 

0.28 X 108 38 0.20 X 108 

0.33 X 108 34 0.21 X 108 

0.44 X 108 26 0.28 X 108 
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quite well for frequencies much lower than the relaxation frequencies 
of the smallest chain segment, but as the frequency approaches these 
relaxation frequencies, the stiffness of these polymers increases as the 
temperature decreases. 

A fair approximation to these measured values is obtained by assum­
ing one more" configurational" relaxation frequency in addition to the 
two smallest segment relaxations discussed previously. Fig. 21 shows 
calculations of the ratio of dynamic to static viscosity and the shear 
stiffness for 65°C and 25°C. The lowest relaxation frequency is assumed 
to have a stiffness of 6.3 X 106 dynes/cm2 and a viscosity of 20 poises 
at 65°C. For 25°C the stiffness of 2 X 107 dynes/cm2 is assumed and an 
activation energy of 17.3 kilocalories gives the component a viscosity 
of 607 poises at 25°C, and a relaxation frequency of 5,250 cycles. The 
average value of 16 kilocalories for the static viscosity is a result of the 
sum of the variation due to the two components. Although the agree­
ment can be improved by assuming distributions of relaxation fre­
quencies centered around these three primary frequencies, there does 
not seem to be much doubt of the existence of these primary relaxation 
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obtained from high frequency measurements. 

mechanisms which show up as discrete relaxations in long chain mole­
cules in solution. 

Some measurements have also been made to determine the effect 
of chemical substitutions in the polymer chains. In a previous paper, * 
the high frequency properties of poly-a-methyl styrene were discussed. 
This material has the polyisobutylene chain but with one methyl re­
placed by a phenyl so that its chain becomes 

H CH3 

I I c-c-

*6 
For low molecular weights this material is liquid. The shear stiffness of 
this liquid is somewhat higher than for polyisobutylene but has about 
the same change with temperature. The variation of the high-frequency 
viscosity, however, is much larger for poly-a-methyl styrene than for 
polyisobutylene, and corresponds to an activation energy of 23.6 kilo­
calories. The relaxation region for the shortest chain motion is much 

* See footnote on page 132. 
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narrower than in polyisobutylene, which correlates with the smaller 
steric hindrance. 

Measurements have also been made in the 70-kc to 140-kc range for 
two non polar liquids, polybutadiene and polypropylene and one polar 
liquid, polypropylene sebacate. The first two have the formulae 

H H H H cHa H 
I I I I I I 

-C-C=C-C- -C-C 
I I I I 

H H H H 
polybu tadiene polypropylene 

while the polar liquid, polypropylene sebacate, has the formulae 

o H H H H H H H H CHa H 
II I I I I I I I I I I 

-O-C-C-C-C-C-C-C-C-C-C-O-C-C-
I I I I I I I I II I I 

H H H H H H H H H H H 

The measured results are given by Table III. These data are plotted 
on Fig. 22 as a function of the product of frequency times static viscosity. 
For comparison the data for polyisobutylene polymer F is also plotted. 
By extrapolating to low values of the product-frequency times static 
viscosity it is seen that the low frequency" quasi-configurational" stiff­
nessesof these liquids run from 106 to 1.5 X 107 dynes per square centi­
meter. Polyisobutylene has the greatest stiffness for any value of fre­
quency times viscosity while polybutadiene has the least. This reflects 
the greatest steric hindrance of polyisobutylene and the smallest for 
polybutadiene which has only hydrogens connected to the carbon chain 
atoms. Another consequence of the larger steric hindrance of the CHa 
groups of polyisobutylene is that the viscosity associated with the short­
est chain segment motion is largest for polyisobutylene and smallest 
for polybutadiene as can be seen from the ratio of dynamic to static 
viscosities for high values of frequency times static viscosity. 

The activation energy for static viscosity are for polypropylene, poly­
propylene sebacate and polybutadiene respectively 21.2, 12 and 8 kilo­
calories compared to 16 kilocalories per mole for polyisobutylene. The 
high-frequency activation energies as determined by the dynamic meas­
urements are respectively 11.8, 4.6 and 1.4 kilocalories for polypropylene, 
polypropylene sebacate and polybutadiene. The differences between the 
activation energy for static flow and that for dynamic flow are respec­
tively 9.6, 7.4 and 6.6 kilocalories, which values are all higher than 



Temp.oC Density p 

10 I 0.877 
20 0.873 
30 0.869 
40 0.865 
50 0.861 
60 0.857 

45 0.849 
55 0.842 
65 0.836 
75 0.830 
85 0.824 

5 1.076 
15 1.068 
25 1.060 
35 1.051 
45 1.042 
55 1.034 
65 1.026 

Poise Static 
Viscosity 'Is 

740 
450 
288 
189 
128 
88 

30,000 
10,900 
4,200 
1,600 

700 

9,200 
4,200 
2,060 
1,050 

580 
320 
183 

TABLE III 

76.5 Kc Measurements 

Maxwell 

'ID poise I p. dynes/cm2 
'ID/'IS f'1s 

Poly butadiene 

25.5 7.83 X 10 6 0.0355 5.66 X 101 

21.1 6.38 X 10 6 0.0469 3.44 X 101 

17.45 5.3 X 106 0.0605 2.21 X 101 

15.3 4.67 X 106 0.081 1.44 X 107 

11.9 3.92 X 106 0.093 0.98 X 101 

9.85 3.55 X 106 0.112 0.67 X 101 

-

Polypropylene 

76.5 Kc Measurements 

380 3.56 X 108 0.01265 2.3 X 109 

160.2 1.4 X 108 0.0153 0.832 X 109 

89.8 0.786 X 108 0.0214 0.321 X 109 

50.8 0.444 X 108 0.0318 0.128 X 109 

31.2 0.264 X 108 0.0446 0.053 X 109 

Polypropylene Sebacate 

77.1 Kc Measurements 

95.2 4.88 X 107 0.0103 7.1 X 108 

67.6 2.94 X 107 0.0161 3.24 X 108 

51.4 2.01 X 107 0.0249 1.6 X lOB 
43.1 1.54 X 107 0.0411 0.81 X lOB 
38.8 1.24 X 107 0.0669 0.45 X lOB 
32.8 1.01 X 107 0.1023 0.25 X lOB 
26.8 0.88 X 107 0.147 0.14 X lOB 

142.6 Kc 1Ieasurements 

Maxwell 

'ID poise I p.dynes/cm2 
'ID/TiS 

14.65 9.96 X 106 0.0196 
13.45 7.91 X 10 6 0.0299 
12.4 6.67 X 10 6 0.043 
11.05 5.96 X 10 6 0.0583 
9.16 5.21 X 106 0.0715 
7.51 4.54 X 106 0.0855 

142.5 Kc Measurements 

354.5 6.69 X 108 0.0118 
167 3.18 X 108 0.0153 
79.1 1.46 X 108 0.0188 
46.6 0.998 X 108 0.0292 
28.4 0.51 X 108 0.0405 

141.5 Kc Measurements 

74.6 7.45 X 101 0.0081 
54.9 4.28 X 107 0.0131 
41.3 2.82 X 107 0.02 
33.2 1.97 X 107 0.0316 
26.9 1.69 X 107 0.0464 
24.2 1.34 X 107 0.0756 
22.9 1.25 X 107 0.125 

f'ls 

10.55 X 101 

6.41 X 101 

4.11 X 101 

2.69 X 107 

1.82 X 101 

1.25 X 101 

4.26 X 10 9 

1.55 X 10 9 

0.6 X 10 9 

0.23 X 10 9 

0.10 X 109 

1.3 X 10 9 
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Fig. 22-Ratio of dynamic to static viscosity and the shear stiffness for four 
polymer liquids plotted against product of frequency and static viscosity. 

the 4.8 kilocalories for polyisobutylene. This presumably indicates that 
there is more of a difference between the viscosity flow segment and the 
shortest chain segment in these materials than in polyisobutylene. Since 
no measurements are available over a range of molecular weights, no 
direct evidence has been obtained for the various chain lengths. 

B. Longitudinal Wave Measurements in Liquid Polymers 

Since the increase in shear elasticity for the highest relaxation fre­
quency is so large, it should also appear in longitudinal wave measure­
ments. Fig. 23 shows a calculation for the 5590 molecular weight liquid 
of the longitudinal velocity assuming that the Lame A elastic constant 
is independent of frequency and that all the variation occurs in the shear 
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of molecular weight 5590 and that calculated from shear stiffness measurements 
assuming the Lame A elastic constant is independent of frequency. 

constant as determined by the shear measurements. The points are 
velocities measured for longitudinal waves and as can be seen, the meas­
urements agree closely with the calculated values. A slightly better 
agreement would be obtained if A increased by a small amount as ,the 
frequency increased. As discussed in the next section there is some 
experimental evidence for an increase in A in nylon 6-6 and in poly­
ethylene. 

The question also arises as to how much of the attenuation is due to 
shear mechanisms and how much due to pure compressional effects. 
From longitudinal velocity and attenuation measurements at 30°C for 
the polymers E, F and G of Table I, the values of A + 2p. and X + 21] 
can be determined and are shown by Table IV. The values of p. and 1] 
can be obtained from Table I by interpolation and are given in columns 

TABLE IV 

Polymer I X + 2J.1. dynes/cm2 I X + 2~ I poise J.I. dynes/cm2 I ~ poise I X dynes/cm2 X 

5 megacycles 

E 1.92 X 1010 

I 

62 

I 

0.17 X 1010 

I 

26 

I 

1.60 X 1010 10 
F 2.26 107 0.23 X 1010 46 1. 70 X 1010 15 
G 2.38 170 0.31 X 1010 75 1.76 X 1010 20 

8 megacycles 

E 2.01 X 1010 ! 50 

I 

0.20 X 1010 

I 

22 

I 

1.61 X 1010 6 
F 2.26 93 0.27 X 1010 41 1.72 X 1010 11 
G 2.56 155 0.34 X 1010 69 1.88 X 1010 17 
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4 and 5. Columns 6 and 7 show the values of A and x, the compressional 
comp·onents. A definite longitudinal compressional viscosity is indica­
ted which however is somewhat smaller than the shear viscosity 7]. 

V. MEASUREMENTS FOR SOLID POLYMERS 

Recently two new methods have been devised for accurately measur­
ing the properties of solid plastics in tlie ultrasonic frequency range 
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Fig. 26-Examples of refraction and focusing effects for sound waves. 

and these have shown relaxations in such plastics as polyethylene and 
nylon 6-6. The simplest method for measuring one of the properties for 
longitudinal waves, i.e., the attenuation, is to measure the change in 
loss between two transducers in a liquid such as water, caused by insert­
ing a sheet of the material. This process, used during the last war, 
results in the losses in db per centimeter for several rubbers and plastics, 
shown by Fig. 24. Indications of relaxation mechanisms are given by 
the rubbers and the plastic tenite II which is a cellulose acetate butyrate. 
The first fairly accurate method for measuring longitudinal sound 
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velocities12 in plastics was the method of observing the focusing effect 
of a cylindrical lens made of the plastic. Sound waves can be made 
visible by the Debye-Sears technique of using a sound wave as a phase 
diffraction grating. Here light from a slit 8 1 is made parallel by the 
lens L2 and passes through the cell parallel to the wave fronts of the 
sound waves as shown by Fig. 25. The compressed parts of the medium 
retard the light waves more than the rarefied parts do and hence the 
medium acts as a phase diffraction grating. If a second slit 8 2 is used 
which is small enough to pass only the zero order, a light valve action 
is obtained which modulates the light according to the sound wave 
intensity. If now the lens L5 is used which focuses on the median plane 
of the tank, a picture of the sound beam is obtained as shown on Fig. 26. 
The bottom figure shows the focusing effect of a plastic and from the 
focal distance d and the radius of curvature r of the lense, one can cal­
culate the velocity in a plastic compared to the velocity in the water 
by the formula 

(11) 

This method gives velocities good to from 2 to 5 per cent depending on 
the attenuation in the lens. 

G. W. Willard13 has devised recently a more accurate method for 
measuring sound velocities as shown schematically by Fig. 27. Here a 
plastic to be measured is placed half way across the sound beam in the 
liquid and light is sent along the wave front occurring in both the plastic 
and the liquid. If the waves are in phase the retardation in the two light 
gratings, corresponding to sound propagation in both media, add up 
and for a slit selecting the zero order the darkest pattern occurs on the 
photographic plate. If the two waves are just out of phase, the retarda­
tion is reversed in the two media and the lightest part occurs. With 
this relation it can be shown13 that the spacing d of light and dark lines 

12 W. P. Mason, Piezoelectric Crystals and Their Application to Ultrasonics, 
D. Van Nostrand, 1950, p. 404. It was used in this country by G. W. Willard as 
early as 1940. It was also used in Germany by J. Schaefer "Eine Neue Method 
Zur Messung der Ultraschallwellen in Festkorpern." Diss Strassburg, 1942. By 
making the front surface part of a cylinder, Schaefer also measured the shear 
velocity in a solid. 

13 G. W. Willard, J. Acous. Soc. Am., 23, Jan. 1951, pp. 83-94. The origin of 
this multiple path interference method goes back to the work of R. Biir (Helvetia 
Physica Physica Acta Bd 13 page 61 (1940)) who attached a piezoelectric crystal 
to a bar with a 45° end section and set up transverse and longitudinal waves, in 
the bar. These waves produced longitudinal waves in a surrounding liquid and 
by observing the interference pattern between them, the longitudinal and shear 
constants could be determined for an isotropic medium. Willard's method as 
described above is much more direct and is capable of higher accuracies. 
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is related to the wavelength in the liquid At and the wavelength in the 
solid As, by 

1 
-

d 
1 

As 
(12) 

This corresponds to a velocity in the solid compared to a velocity in 
the liquid given by 

Vs = 1 - vt/Jd 
Vt (13) 

where J is the frequency. Fig. 28 shows a photograph of a series of lines 
in a transparent plastic and a transparent plastic in the form of a wedge. 
It is seen that beyond the edge of the plastic there is a dark interference 
band for each one in the transparent plastic. This phenomenon is caused 
by the refraction of the sound wave that has traversed the plastic and 
the dark lines are lines of equal phase of the two waves in the liquid. 
The angle of the dark lines is half the refraction angle. Hence the velocity 
can also be determined by counting the number of dark bands in the 
liquid beyond the plastic. This makes it possible to measure the veloci-
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Fig. 27-0ptical method for measuring sound velocities of plastics by com­
paring their velocity with that of a liquid such as water. 
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Fig. 28-Photographs of interference patterns from sound waves in liquids 
and plastics. 

ties in opaque plastics. The accuracy of the method is better than 1 per 
cent if the attenuation is low enough to give a number of interference 
lines. For plastics of high internal loss, the method becomes somewhat 
inaccurate. 

Typical measurements using this system are shown in Table V. Small 
changes in chemical composition and plasticizer content are shown up 
as can be seen from the table. Of particular interest is the difference 
between nylon 6-6 and polyethylene. Chemically as shown by Fig. 29, 
the two are identical except for the dipoles occurring for every 6 units 
of the ethylene chain. These dipoles have the effect of bonding adjacent 
layers together and result in a higher shearing modulus. 

By attaching shear vibrating crystals to a right angled prism, as shown 
by the lower part of Fig. 28, with the direction of motion of the crystals 
parallel to the transmitting face, and setting up shear standing waves 
between the two crystals, the shear properties of the plastic can be 
measured. Longitudinal waves are generated in the liquid which inter­
fere with one another and cause dark bands perpendicular to the plastic 
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TABLE V 
Measured longitudinal velocity and attenuation at 25°C and 2.5 me. 

Longitudinal attenuation in DB/em at 25°C and 2.5 me except as noted. 

Long Shear 
Material velocity velocity A DB/em Density X 10-1i 10-1i 

em/sec em/sec 
--- ---

Dural, 17 ST .. " ..... , ... , ....... , ....... 6.5 3.12 - 2.7 
Brass, half hard .......................... 4.7 2.11 - -
Polystyrene ... , ....... , .................. 2.35 1.12 2 1.05 
Plexiglas .... , , ............. , ............. 2.68 5 1.18 
Tenite II, (cellulose acetate butyrate), 2% 

plasticizer ....... , ............ ' .......... 2.08 9 1.23 
Tenite II, 13% plasticizer ... , . , ...... , .... 2.02 10 1.21 
Polyvinal formal ......................... 2.68 10 1.24 
Polyvinlidene chloride ............... 2.4 18 1.71 
Poly N -butyl methacrylate ...... , ........ 1.96 5 1.05 
Poly I-butyl methacrylate ........... , .... 2.08 6 1.05 
Neoprene ....................... , ......... 1.51 20 .99 
Polyethylene ............................. 2.0 4.7 Fl.ll .90 
Nylon 6-6 (3-30 megacycles) . '" .......... 2.68 1.0 Fl.5 1.11 
Nylon 6-10 (3-30 megacycles) ............. 2.56 1.0F1.5 1.11 

surface. By determining the spacing of these lines the velocity of the 
shear waves can be determined. 

Another method has also been developed which is more applicable for 
high loss materials. This is a pulsing method and is a modification of the 
method proposed by one of the authors for measuring the properties 
of small crystal specimens.14 Here longitudInal or shear crystals are sol­
dered to the fused quartz rod as shown by Fig. 30 and a sample to be 
measured is placed between these by means of a liquid such as poly­
isobutylene which has a high shear elasticity. If the specimen has a 
small attenuation, this can be measured by taking the difference in the 
amplitude of successive reflections. If the specimen has a high loss, this 
does not work and another method has been used which consists in 
sending a pulse from both crystals.15 One crystal is then used to receive 
and it receives the wave sent through the sample and the wave reflected 
from the fused quartz-sample interface. By adjusting the amplitude 
until these two are equal and the frequency or phase of one channel 
until the waves cancel, a ratio of amplitudes and a frequency of half 
wavelength are accurately determined. From these the velocity and 
attenuation can be calculated. 

This method has been applied to measuring the longitudinal and shear 
velocities of polyethylene and 6-6 nylon. The polyethylene was of "equi­
librium" crystallinity and average molecular weight corresponding to 

14 H. J. McSkimin, "Ultrasonic Measurement Techniques Applicable to Small 
Solid Specimens," J. Acoust. Soc. Am., 22, No.4, July 1950, pp. 413-418. 

15 H. J. McSkimin, J. Acoust. Soc. Am., 23, No.4, pp. 429-435. 
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an intrinsic viscosity in xylene of [n] = 0.89 at 85°C. Fig. 31 shows the 
longitudinal velocity of polyethylene plotted as a function of frequency 
and temperature. The velocity rises with frequency and a dispersion 
is indicated. This is confirmed by the attenuation per wavelength curve 
for two different frequencies plotted as a function of temperature, Fig. 
32. A definite dispersion is seen to occur with an activation energy of 
about 12 ± 2 kilocalories per mole. This could occur in either the A 
constant or the shearing constants j.L, but the data of Figs. 33 and 34 
show definitely that it occurs in the shear component. Fig. 33 shows 
the shear velocity for four temperatures plotted as a function of fre­
quency. This can be fitted for 30°C with a single relaxation mechanism 
having a relaxation frequency of 8 megacycles. To agree with the meas­
ured attenuation and velocity, there has to be a spreading of the single 
relaxation over a range as also occurs in liquids. The indicated shear 
stiffness below this relaxation frequency is 2.6 X 109 dynes/cm2

• Some 
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data on the zero frequency shear modulus is obtained from the Young's. 
modulus for a static pull which is from 30,000 to 50,000 pounds/square 
inch. Since the Young's modulus is three times the shearing modulus, 
the zero frequency shearing modulus should not exceed 1.1 X 109 dynes/ 
cm2

• Hence one may expect that other relaxations will occur at lower 
frequencies. 

Fig. 34 shows the attenuation per wavelength for shear waves. The 
solid line for 30°C represents the calculated attenuation per wavelength 
for the model assumed. If all the dissipation were due to shear mech­
anisms, the calculated attenuations would occur as shown by the 30°C 

A,B,C,D 
AMPLIFIER 

PULSED BUFFERS 
OSCILLATOR 

A 

DETECTOR 

Fig. 30-Ultrasonic pulse method for measuring the velocities and attenua­
t.ions of highly attenuating plastics. 
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points of Fig. 32. Most of the loss is accounted for by shear mechanisms, 
but it appears that some compressional mechanisms may also be present. 

The mechanism causing the relaxation in the megacycle range for 
polyethylene appears to be the same as for polyisobutylene, namely 
the relaxation of the shortest chain segment that is free to move. The 
chain segment acting appears to be longer than six chain units for similar 
measurements of nylon 6-6 show no relaxations in this frequency range. 
Fig. 35 shows the longitudinal velocity and Fig. 36 the attenuation per 
wavelength for longitudinal waves. Since the attenuation per wave­
length is still increasing for nylon 6-6 at 25 megacycles a still shorter 
chain segment may be operating for this material. The shear velocity 
and attenuation per wavelength for nylon 6-6 are shown by Figs. 37. 
and 38. 

Fig. 39 shows the shear stiffness of polyethylene and nylon 6-6 plotted 
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against liT where T is the absolute temperature. Both are plotted for 
8 mc and 30 mc. The dispersion in both materials is evident. Below 
30°C the shear elasticity of polyethylene varies exponentially with the 
temperature with an activation energy of 2.72 kilocalories per mole. 
Above this temperature a deviation occurs due to the approach to the 
melting temperature. Nylon has a smaller variation with temperature. 

Comparing the longitudinal and shear wave measurements one can 
calculate the Lame}.. elastic constant and this is shown plotted on Fig. 40 
for both polyethylene and nylon 6-6 as a function of temperature for 
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Fig. 41-Eq'uivalent shear and compressional viscosities for polyethylene and 
nylon 6-6 plotted as a function of frequency for a temperature of 25°C. 

two frequencies. The dispersion of }.. for polyethylene is small but is more 
prominent in nylon 6-6. This correlates with the larger compressional 
viscosity component present for nylon 6-6 which as shown from Fig. 41 
is as large as the shear viscosity. According to the structural rearrange­
ment theory of compressional viscosity due to Debye,16 compressional 
viscosity can enter when some part of the chain can rearrange from one 
stable state to another stable state as a function of pressure. This re­
arrangement occurs across a potential barrier and hence requires a finite 
amount of time to occur. This lag in the rearrangement results in a 
compressional viscosity and as the frequency is increased, a frequency 
is found for which the motion can no longer occur in the time of a single 

16 P. Debye, Z. Elektrochem., 45, 1939, p. 174. 
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cycle and the A constant increases. It appears from these measurements 
that the dipole binding present in nylon 6-6 allows a greater structural 
rearrangement under pressure than can occur for polyethylene which 
has only linear chains. 

VI. CONCLUSIONS 

Measurements in dilute solutions, in pure polymer liquids and in non 
rigid solid polymers have all shown the presence of a shortest segment 
whose relaxation leads to a crystalline type of elasticity. In dilute 
polymer solutions the presence of a configurational type of relaxation 
and an entanglement relaxation of the shortest chain segment have 
been shown. For pure polymer liquids a quasi-configurational type of 
relaxation has been found for chain lengths greater than 60 segments, 
but for chain lengths less than 40 segments this type of relaxation dis­
appears. From the difference between the high frequency shear elastici­
ties measured for polyethylene and nylon 6-6 and the static measure­
ment of Young's modulus, it appears that there may be other relaxations 
in these materials for lower frequency ranges. 

For pure polyisobutylene and for nylon 6-6 there appear to be struc­
tural changes induced by pressure which account for a compressional 
viscosity and a dispersion in the A elastic constant. This effect is smaller 
for polyethylene. 

APPENDIX-EFFECT OF LIQUIDS ON THE PROPAGATION OF SHEAR WAVES 

IN RODS 

For radially symmetric rods, the tangential particle displacement U(J 

in the rod is given by 

(1) 

where 

(IA) 

All other displacements are zero. In this equation waves are considered 
to be travelling in the +z direction with a propagation constant () = 
A + jB, where A is the attenuation in nepers per cm and B the phase 
shift in radians per centimeter. J.L is the shear stiffness which may be 
complex to take account of the dissipation within the rod. 
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From the defining relations for the stress strain equation 

Tro = }J..8ro = J.L (auo _ uo) 
ar r 

and the tangential particle velocity auo/ at, one can calculate the im­
pedance Z per square cm. of cylindrical surface at r = a. This relation is 

Z = - Trl} = jJ.Lk [JoCka) - ~J 
UO w J 1(lea) lea 

(2) 

Since only the first mode is excited, parameters can be adjusted to 
keep k quite small, i.e. (lea < .2) and equation (2) can be simplified by 
using power series expansions for the Bessel functions. Neglecting higher 
order terms this results in 

. k2 
Z = -JJ.La 

4w 
(3) 

To evaluate the impedance of the liquid surrounding the rod, the tor­
sional wave is first propagated along the length of the rod without the 
liquid, i.e. with Z = o. Then from equation (3) le = 0 and from equa­
tion (IA) 

2 

o~ = -pw _ (Ao + jBO)2 (4) 
J.L 

where Ao and Bo are respectively the attenuation and phase shift in 
the rod alone. With the small loss in metal and glass rods Ao can be 
taken equal to zero and 

Bo = w/VJ.L/p = w/vo (5) 

where vo is the velocity of propagation in the rod alone. 
When the liquid surrounds the rod, however, 

2 

k2 = pw + 02 = -(Ao + jBO)2 + (A + jB)2 (6) 
J.1. 

For the usual case where (B + Bo) » (A + Ao), equation (6) approxi­
mates 

k2 = (B + Bo) (- AB + jAA) ~ 2Bo (-AB + jAA) 

where AB is the increase in phase shift per centimeter and AA the in­
crease in attenuation per cm, both directly measurable quantities. The 



170 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1952 

final working equation is then given by 

Z = jJ.a X 2Bo[.1A + j.1B] = pa (.1A + j.1B) = pvoa (.1A + j.1B) (7) 
4w 2vo 2 

Since .1A and .1B are the attenuation and phase shift changes per unit 
length, then if f is the length of the rod, covered the total attenuation 
and phase shift changes will be .1A and .1B multiplied by 2f. Hence if 
.1Ao and .1Bo are the measured attenuation and phase changes, the 
impedance Z becomes 

pVoa - .-
Z = 4r (.1Ao + J.1Bo) (8) 

This derivation neglects the change of phase occurring at the inter­
section between the rod having no liquid and the rod surrounded by 
the liquid, but it can be shown that this is small and moreover, the 
change in the wave on leaving is equal and opposite fo that occurring 
on entering and hence this correction cancels out. However, if the 
liquid is viscous enough there is a correction due to the fact that the 
measured impedance of equation (8) is for a cylindrical surface, whereas 
the desired impedance is the characteristic plane wave impedance. 
Obviously if the radius of curvature is sufficiently large no correction to 
equation (8) need be made. To obtain a suitable criterion one may con­
sider waves propagated into the liquid from the surface of the rod and 
solve for the impedance per square cm. of the cylindrical surface. This 
neglects the variation with z, but since the wavelength along the rod is 
quite large, little error results from neglecting variations with z. 

An outgoing cylindrical wave in the medium may be represented by 

where the primes refer to the wave in the liquid arid 

, 2 '2 2 

(k')2 = ~ = p w 
jJ.' Z~ 

or 
, 

k'a = p wa 
Zk 

where Zk = V jJ.' p' is the plane wave impedance of the liquid. 
The shearing stress 

T 's ' [auo uoJ rO=J.l rO=P ar-r:' 

(9) 

(10) 



MECHANICAL PROPERTIES OF POLYMERS 171 

and the tangential velocity may be obtained as before and the complex 
impedance over the cylindrical surface determined to be 

Z - - T ro - , [aHi
2
) (ka)' Hj2) (kr)'] /. H(2) (k )' - --.- - -p - JW 1 r 

U3 ar r 
(11) 

Noting that for plane waves Zk = VP'p', one may eliminate p' from 
(11) and evaluate Z at r = a with the result 

Z - . [H6 2

\ka)' 2] Z (12) 
- J Hj2) (ka)' - (ka)' k 

The above equation can be used to obtain a solution for Zk in terms of 
the measured value of the cylindrical impedance Z for any set of para­
meters that may apply. Except for very heavy loading of the rod, how­
ever, the ,results of equation (8) may be used directly with little error. 
For example calculations indicate that for I kq, I' = 10, the multiplier 
of Zk of equation (12) is approximately 1.07 L - 7.4° for phase angle of 
(ka)' of -25°. For (ka)' < 10, the correction multiplier rapidly becomes 
important. This same correction is applicable for the torsional crystal, 
but since this is only used for dynamic viscosities less than 10 poises, a 
correction is seldom necessary. 



Relay Armature Rebound Analysis 
BY ERIC EDEN SUMNER 

(Manuscript received October 25, 1951) 

Rebound of mechanical structures subsequent to impinging on stops gen­
erally has deleterious effects on their performance and should, therefore, be 
minimized. A considerable reduction in rebound can often be obtained by 
introducing additional degrees of freedom to the structure. 

A mathematical treatise of the dynamics of rebound motion of systems 
representing idealized relay armatures is presented. Normalized differential 
equations of mot'ion and their solutions for the "free" and "impact" inter­
vals are derived for systems having one, two, and three degrees of freedom, 
allowing the rebound behavior of a specific system to be calculated: The equa­
tions of series of rebounds, and possible combinations of such series are con­
sidered next for systems having one and two degrees of freedom. The field of 
possible rebound maxima is mapped for a practical range of mass distribu­
tion constants, coefficients of restitution, and force ratios. A sufficiently broad 
optimum design region is indicated. 

The results of this analysis have been checked closely on a model and have 
led to appreciable reduction of armature rebound in relay designs. 

I. INTRODUCTION 

In numerous types of mechanisms it is desirable to arrest the motion 
of a member at a particular point and to maintain it in this position. 
One of the simplest means of accomplishing this is to allow the moving 
member to impinge on a fixed member (stop) and to provide forces to 
tension it against this stop. Because the member to be arrested possesses 
kinetic energy and because the stop cannot generally absorb all of this 
energy, the moving member will rebound from the stop. The rebound 
motion generally deteriorates the performance of the mechanism and 
should be minimized. 

Investigation of this phenomenon has been stimulated by the armature 
rebound problem in relay operation, where rebound from the front stop* 
tends to reclose contacts and must therefore be compensated for by 
additional (waste) travel, resulting in deleterious effects on speed and 

* Among relay designers the front stop has been generally referred to as "back­
stop". In this paper the terms front stop and heel stop have been used through­
out for easier identification. 

172 
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magnetic characteristics. Analysis in this paper will be directed towards 
relay armature systems, but it is also applicable to rebound in similar 
mechanisms. 

II. STATEMENT OF PROBLEM 

Analysis will be restricted to planar motion of armature systems 
having one, two, and three degrees of freedom as depicted in Figs. 1, 
2, and 3. Generally one stop must be provided for each degree of free­
dom, although in the three-degree-of-freedom system of Fig. 3, two of 
the stops have been combined. 

Applied forces F 1 , F2 , Fa , have been chosen so as to be most easily 
correlated with actual relay designs. 

The initial condition in all cases will be a pure rotation about the 
"heel" just prior to a "zero" impact at the "front" of the armature. 
The" zero" impact will be followed by rebound motion and impacts at 
the various stops eventually bringing the armature to rest. The object 

FRONT STOPT 

CORE 

Fig. I-Solidly hinged armature­
one degree of freedom. 

I , 
1'--____ .... 

'CORE AND RETURN 
PATH STRUCTURE 

(a) 

FRONT STOP 
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F2t ... ARMATURE 

HEELSTOP ......... ~ 
" F 
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Fig. 2~Loosely hinged armature­
two degrees of freedom. 
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CENTER OF 
GRAVITY 
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(b) 
Fig. 3-Armature system-three degrees of freedom. 
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will be to minimize rebound motion at the front, since this is usually 
near the point actuating the relay contacts. 

The basic problem is then to find the response of the armature subject 
to aperiodic but well defined impulses, which are functions of the 
positions and velocities of the system. 

III. ASSUMPTIONS 

In order to facilitate the solution of this problem,. the following 
modifying assumptions are made: 

(1) As mentioned in the previous section, analysis is restricted to 
planar motion. 

(2) The armature is assumed to be a rigid body. 
(3) Stops are assumed to be very stiff, massless springs capable of 

energy absorption during impact with the armature. The associated 
coefficient of restitu~ion is assumed constant. Core and stop vibration 
are neglected. 

(4) The tensioning forces Fl , F2 , F3 are assumed to be constant forces. 
(This is fairly closely true for moderate rebound amplitudes of practical 
relay structures.) 

(5) All displacements are small relative to the dimensions of the 
system and in particular the angular displacement () is sufficiently small 
so that 

cos () == 1 

sin (J == (J 

IV. DERIVATION OF EQUATIONS OF MOTION 

The derivation of the equations of motion resolves itself into the 
solution of two different types of intervals: 

(1) Free Interval: This is the period during which the armature is 
not in contact with any of its stops and only the tensioning forces are 
acting. 

(2) Impact Interval: During such intervals the armature is in contact 
with at least one of the stops. The stiffness of the latter is assumed so 
high that the tensioning forces during this interval may be neglected. 

The three-degree-of-freedom case will be considered first and the 
others subsequently deduced from it by allowing some of the constants 
to approach zero. 
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A. Free Interval 

The motion of the armature will be described by the displacement at 
the stop points: Xl, X3 , X3 • * Let m be the mass and R the radius of 
gyration of the armature about the center of gravity. The latter is 
located by the dimensions flR, f2R, and f3R relative to the stop points, 
i.e., the points on the armature which contact the stops in the rest 
position (Fig. 3). 

The equations of motion are derived in Appendix I and are put into 
dimensionless form: 

1 [ (F2) (F3)] (t)2 . (t) . 
Y3 = 2 C3l + C32 (F

l
) + C33 (F

1
) ; + Y30 ; + Y30 

where: 

Xa is the front velocity Xl, just prior to the" zero" impact, and 

Cn = (d + 1) 
C22 = U: + 1) 
CZ3 = (f~ + 1) 

(1) 

(2) 

(3) 

YlO , Y20 , Y30, are the initial ve.1ocities and Y10, Y20 , Y30 the initial dis­
placements for the free interval in question. 

The equations of motion for a two-degree-of-freedom system are 
obtained, if F3 = o. Then for the two coordinates of interest: 

Yl = ~ [C11 + C12 (;:)] (0' + YIO (0 + YlO! 

y, = ~ [C21 ~ C" (;;)] G), + Y20 (0 + y" 

(4) 

* A summary of all notations used in this pap3r is given in Appendix IV. 
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For a one-degree-of-freedom system y, = C21 + C" (~:) = 0, whence 

(5) 

B. Impact I nlerval 

The change of velocity at point" i" due to an impact at "i" is, by 
definition of· the coefficient of restitution" k", 

It is assumed here that the action of the stops are true impacts, i.e., 
the changes in velocity take place while there is negligible motion of the 
body. The velocity changes then occur as instantaneous rotation about 
the conjugate axis, leading to the general relation for an impact at 
point" i": 

if jOn = if je(n-l) + I{ Hi! ie(n-l) (6) 

The first subscript indicates the coordinate, the second subscript 
indicates the beginning (0) or the end (e) of the free interval described 
by the third subscript. The impact transfer coefficient I{ji relating a 
velocity change at point "j" to an impact at point "i": 

(7) 

Equations (1) through (7) allow anyone specific case to be mapped, 
if the mass distribution and force ratio are known. A sample of such 
mapping of rebound motion for a rectangular two-degree-of-freedom 
armature appears in Fig. 4. 

v. ANALYSIS OF REBOUND PATTERN-ONE-DEGREE-OF-FREEDOM SYSTEM 

The rebound pattern for the one-degree-of-freedom system-as de­
rived in Appendix II-consists of an infinite series of parabolic arcs of 
diminishing amplitudes. The structure comes to rest after a finite time 
interval. The maximum rebound occurs during the first bounce and 
equals 

e 
y = - 2C (8) 
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where 

(9) 

The system returns to rest at 

2 
(10) 

G(l - k) T 

VI. ANALYSIS OF REBOUND PATTERN----TWO-DEGREE-OF-FREEDOM SYSTEM 

The reason for choosing a two-degree-of-freedom system over a one­
degree-of-freedom system would be, in keeping with the philosophy of 
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this treatment, to reduce Yl, the greatest excursion at the front. In 
order to simplify mapping, this maximum excursion will be expressed 
as 2CYI , the ratio of Y1 to Y as given by Equation (8) for the case of 
k = 1. Thus 2CY1 is the ratio of the greatest excursion of the two­
degree-of-freedom system under consideration to the greatest excursion 
of the corresponding perfectly elastic one-degree-of freedom system. 

We first introduce two basic constants which are functions of the mass 
distribution relative to the stop locations: 

(11) 

This constant represents a mechanical coupling coefficient. As 
Mij = M ji , the two-degree-of-freedom system under consideration here 
has only one such non-trivial constant M12 • . 

The second constant represents a force transformation factor from the 
"j" coordinate to the "i" coordinate: 

p .. _ C ij 
~J - C

ii 
(12) 

In the analysis of the two-degree-of-freedom system only P12 is important. 
If there is to be any heel motion, the" zero" impact at the front must 

impart a positive velocity to the heel. By Equations (6), (7), and (12), 
this require~ that P 12 be negative, which in turn implies that £lf2 > l. 
For the limiting case of £lf2 = 1, P 12 = M12 = 0 and no coupling exists 
between the heel and the front. Physically this means that the two 
stops are the centers of percussion of each other and the system will 
act as a simple hinge. 

With the above foundation, it is possible to analyze the patterns of 
motion and maximum rebound amplitudes. 

A. Motion Immediately Following" Zero" Impact 

After the" zero" impact at the front, both front and heel will lift off 
in accordance with impact Equation (6) and continue to move in ac­
cordance with the free interval Equatio'ns (4). Whether the next impact 
occurs at the front or the heel depends on their respective periods, 
tl and t2 : 

1 + P12 f 
M 12 • (13) 
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where: 

f= ~ 
FI 

A large value of tl /t2 will result in a series of heel impacts and the 
heel will come to rest while the front is still displaced from the stop. 
This will be called a complete heel series. A small value of t l /t2 results in 
a similar complete front series. If tl /t2 is near unity, a limited number of 
impacts on one end are followed by an impact on the other end, etc. 
An analysis of front and heel series follows: 

B .. Front Series 

If tdt2 < 1 a series of front impacts occurs. The impact velocities at 
the front are 

The corresponding time intervals are 

T _ 2kl 2ki 
In - A'A' 

where 

A = (Cu + Cld) 

During this time, the heel velocity and displacement are given by 

Y20(n+l) = Y20n + [~ - P12(1 + k1) ]YiOn I 
+ [ 2B. + 0 ]0 

Y20(n+l) = Y20n A YIn Y20~ YIOn 

where 

B = C12 + C2d 

(14) 

(15) 

(16) 

The velocity and displacement at the heel after a given number of front 
impacts are obtained by a summation of Equations (16). For a com­
plete front series n ~ 00, and 

(17) 
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In addition it is useful to set down energy equations in order to 
simplify evaluation of greatest rebound for the various groups of re­
bound patterns. The kinetic energy function T is evaluated in Appendix 
1. A potential energy term V -the work done against FI and F2 from the 
equilibrium position-is introduced. If To is the total energy of the 
system prior to the" zero" impact, then 

(18) 

The energy loss due to n front impacts is 

-/::. (Ti:. V) = (1 - kin) (1 - M")y;,, (19) 

:for a complete front series n ~ 00, and 

-/::. (T i:. V) = (1 - M.,)yi~ (20) 

If a complete front series follows the" zero" impact, YleO 1 and 

(21) 

After completion of this "initial" front series, the system maintains 
only one degree of freedom (rotation about the front) until a heel 
impact occurs. By setting YI = Yl = Y2 = 0 in (21) we obtain the heel 
impact approach velocity Y2 = P 12 • 

Apparently energy loss due to n front impacts is a function of M 12 , 

kl' and the approach v~locity of the first impact. 

c. Heel Series 

An analysis similar to the above can be made for partial and com­
plete heel series following the" zero" impact. This is demonstrated in 
Appendix III, yielding, for kl = k2* 

= API2 (1 + k)2 ·[API2 - k(l - k) - M k] I 
YleCIJ B(l _ k)2 B 1 + k 12 

(22) 
. _ 1 + k [2AP12 _ k(l - k) - M

12
(1 + k)] 

YleCIJ - 1 - k -----s- (1 + k) 
---

* The more general form kl ~ k2 can be obtained as indicated in Appendix III. 
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The energy relationships for heel series are 

-Li (T + V) = (1 _ en) M 12(1 - M 12) .2 
T 2 p2 Y2eO 

o 12 

(23) 

For a complete series n ---? 00, and 

Li (T + V) _ M 12(1 - M 12) .2 - -m-- - p2 Y2eO 
.L 0 12 

(24) 

If a complete heel series follows the" zero" impact, Y2eO = P 12 (1 + k1), 
and 

(25) 

Finally, for the special case where a complete heel series follows an 
initial complete front series Y2eO = P 12 , and 

(T + V) -Li --------rr;- = M 12(M12 - 1) (26) 

It is to be noted that the energy loss due to a partial heel series is a 
function of M12 , P 12 , k2, and the approach velocity of the first impact, 
but that the equation for a complete heel series does not contain k2 . 
Finally, a complete initial heel series is a function of only M12 and kl . 

D. Complete Mapping of Problem 

Equations (1) through (26) make it possible to completely map the 
two-degree-of-freedom rebound problem. The relative maximum ampli­
tude 2CYl and the rebound pattern will be determined. 

Examination of the necessary equations, show that 2CY1 is in all 
cases a function of four parameters: kl' k2 , M12 and P 12j. Of these, k2 
enters only if a partial heel series occurs prior to the time of maximum 
rebound. If it is assumed that for this limited group of cases k2 = kl = k, 
the number of parameters is reduced to three: k, M 12 , Pld. 

In Figs. 5 to 10, 2CY1 is plotted against P1d for the most useful range 
of 1/8 < M12 < 1/2.5, 0.3 < k < 0.6 and 0 < P1d < 10. 

As P1d is increased from zero to infinity (corresponding to an increase 
in the heel tension F2), the rebound pattern goes through some or all of 
five regions. The criterion for location in anyone region is based upon 
the parameter 

(27) 
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Region I-Complete initial front series for 1 < Q < 11k. Within this 

. 'f M2 (1 - M 12)e h . b d d' h regIOn, 1 12 > 1 + P
1
d ,t e maXImum re oun occurs urmg t e 

first bounce and 

2CYI = (1 - M 12)e 
1 + P1d 

(28) 

If the maximum rebound occurs later, it must occur during a com­
plete heel series which ·follows the initial complete front series. From 
Equations (21) and (26) 

(29) 

By comparing Equations (28) and (29), the critical requirement 
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f h 
.. (1 - M 12) 2 

or t e latter case IS that P1d > M2 k -1. It should be noted that 
12 

while the first rebound maximum, shown in solid lines on Figs. 5 to 10, 
is always realized, the later rebound given by (29) is an upper limit­
shown in dashed lines-and is not always realized. In the dashed re­
gions, phasing is extremely critical and small variations in the param­
eters may cause large variations in maximum rebound. From an 
engineering standpoint these regions are essentially undesirable. 

Region II-Partial initial front series for 

!<Q l+k 
k < k • 

This region is one of critical phasing, and attention is limited to 
special cases leading to maximum rebound. These cases occur when a 
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heel impact immediately follows the last front impact of the sU'les. 
These cases occur at 

(30) 

and lead. to rebound amplitudes 

2CYl = M12 + (1 - M 12)[k2n - M 12 (1 - kn)2] (31) 

In Figs. 5 to 10, these special points are plotted and connected with 
straight dotted lines, which therefore indicate upper limits to rebound. 
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"Q,egion III-Partial initial heel series for 

l+k l+k 
-k - < Q < k(l - k) + M12k(1 + k) • 

This is a region of critical phasing, and values were determined only 
for the maximum cases, where a front impact just precedes the last 
impact of the partial initial heel series. Here: 
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(32) 



186 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1952 

and: 

2CYI = 1 - (1 - M 12)(1 - k2) {l + [k - M 12(1 + k)(l - kn)]2} 

- M 12(1 - M 12)(1 + k)2 {I - k
2n (33) 

+ [Ie - k n 
- M 12(1 + k)(l - kn)]2} 

Region IV-Complete initial heel series. A complete initial heel series 
implies that when the heel has come to rest, the front is still away from 
the stop. When the front finally meets its stop, the situation is identical 
with that just prior to the zero impact except that the energy content of 
the system is lower. The pattern must then repeat with diminished 
amplitudes. For this region we recognize two groups of cases. The first 
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group is that in which the front velocity is positive at the completion of 
the heel series. In that case 

2(1 + k) . (1 + k) 
k(1 - k) + M 12 (1 + k)2 > Q > k(1 - k) + .ll112k(1 + k)2 

and 

(34) 

For the second group the front velocity is still negative when the heel 
comes to rest from which point on the system acts as a one-degree-of-
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freedom system until the next front impact. The requirement for this 
group is that 

2(1 + k) 
Q > k(l - k) + M 12 (1 + k)2 

and the maximum rebound is given by 

2CYI = M12 - (1 - M 12)[(1 - k2) + M 12(1 + k)2] (35) 

It is to be noted that in the upper part of Group 1 the amplitude in­
creases with successive heel impacts. This can be explored through the 
use of Equation (22). For simplicity of mapping, however, the limit 
given by Equation (35) has been extended back from the lower boundary 
of Group 2 until it intersects the line marking the first rebound ampli­
tude of Group 1. 

In Figs. 5 to 10 the respective regions have been identified by means 
of the symbols indicated below: 

Region I from P1d = 0 
Region II from 0 

Region III from D. 
Region IV, Group 1 from X 
Region IV, Group 2 from 0 

E. Discussion of Rebound Charts 

to 0 

to D. 
to X 
to 0 

Aside from quantitative data contained in Figs. 5 to 10, the following 
general trends are of interest: 

For values of M12 > 1, and the values of k under consideration, most 
of the useful range of P1d involves critical phasing and the rebound 
maxima are relatively high. 

For values of t :::; M12 :::; 1, consistently controllable rebound ampli­
tude may be obtained. 

For values of M12 < t rebound increases again and the structure 
approaches the one-degree-of-freedom case. 

VII. ANALYSIS OF REBOUND PATTERNS--THREE-DEGREES-OF-FREEDOM 

SYSTEM 

Rebound pattern analysis as in Parts V and VI has so far not:.. been 
performed for the three-degree-of-freedom system, partly because of 
complexity, and partly because for the system of Fig. 3 friction at the· 
hinging stop will greatly influence the motion. 
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However, it is felt that the approach and notation of the analysis 
presented here is sufficiently general to allow extension of the rebound 
pattern analysis to the three-degree-of-freedom case. At any rate, with 
the assumption of the magnitudes of frictional forces, the basic equations 
of Part IV may be used to plot any particular case. 

VIII. ARMATURE REBOUND MODEL 

In order to verify the formal analysis presented in Parts III, IV and 
V, a large model of a two-degree-of-freedom system was constructed. 
It consisted essentially of a large bar constrained to move in a plane, 
biased against two stops, and to the ends of which writing pens were 
attached. As rebound conditions were simulated by releasing the bar 
against its stops, chart paper moved at right angles to the bar motion 
and thus produced a record of end displacement versus time. 

By changing spring members and attaching masses to the bar, it was 
possible to vary the mass distribution and the biasing forces. 

The results obtained closely agreed with those suggested by the 
analysis. The maximum rebound amplitudes were generally somewhat 
lower probably due to frictional effects. 

IX. RELAY DESIGN CRITERIA RESULTING FROM ARMATURE REBOUND 

ANALYSIS 

A. Limitation of Analysis 

The assumptions which this analysis is subject to have been described 
under Part II. As applied to relays and probably the majority of mechani­
cal structures, one assumption is most frequently and severely violated. 
The stops, which have been assumed to be stiff springs associated with a 
definite coefficient of restitution are, in practice, massive bodies which 
dissipate energy through excitation of high frequency modes of vibration. 
Accordingly, the assumption that the stops are at rest is violated, 
particularly if the mechanism is subject to repetitive (pulsing) im­
pacts and the stop vibration does not decay greatly in the repetition 
period. 

However, mechanisms designed in accordance with this analysis have 
performed well even under moderate pulsing conditions if the sensitive 
phasing region was avoided. In addition, every effort should be made to 
reduce the amount and duration of stop and mounting structure vibra­
tion by making them stiff, massive, and dissipative, if possible. 
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B. Design Criteria 

1. Type of Armature Structure. 
The selection of the number of degrees-of-freedom for an armature 

structure depends on the expected coefficient of rebound as well as 
practical considerations. 

It can be shown without great difficulty that for very low coefficients 
of rebound the one-degree-of-freedom system is preferable. This is quite 
obvious when one considers the limiting value of k = O. In this case the 
one-degree-of-freedom system will have no rebound whatsoever, while 
the two-degree-of-freedom system has a heel bounce followed by re­
bound at the front. The value of k below which the one degree system is 
preferable varies with the mass distribution relative to the stop points, 
being 0.18 for a rectangular plate armature with stops located at its 
edges. 

Experience indicates that k in most practical relays and similar 
mechanical structures varies from 0.3 to 0.6. Hence the two-degree-of­
freedom system is superior in all practical cases to the solidly hinged 
armature. 

As far as three and higher degree-of-freedom systems are concerned, 
it may be said that generally the greater the number of modes resulting 
in impacts, the quicker the rebound energy can be diverted and dis­
sipated and the lower theoretical rebound values can be obtained. This 
consideration would favor systems containing many degrees of freedom. 
However, while multi-degree-of-freedom systems can reach very low 
rebound values, their motion (phasing) must be very closely controlled 
or they may prove to be inferior to simpler systems particularly under 
vibratory (pulsing) operation. It is this difficulty which makes it appear 
that the two-degree-of-freedom system offers the best promise with the 
three-degree system also quite promising. By the same reasoning, 
additional spurious rocking modes should be minimized. 

2. Armature Mass. 
The armature mass should be as low as possible. This will minimize 

stop and structure vibration. In addition, in. relay applications light 
armatures tend to increase magnetic "drag" losses of the' armature 
during the release motion. 

3. Stops and Mounting Structure. 
As discussed before, it is desirable to reduce the amount and duration 

of stop and mounting structure vibration. 
4. Coefficient of Restitution. 
The coefficient of restitution should be kept low. Stops having low 

stiffness should, therefore, be avoided. 
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5. Biasing Forces. 
Fl should be kept as high as practicable. 
For proper energy loss during impacts, the motion between impacts 

must occur outside the region of the compression, i.e., the armature 
and stop must separate. Therefore, because all practical stops have a 
finite stiffness, the biasing forces (Fl , F2 , etc.) should produce a static 
deflection less than say, arbitrarily, 5 per cent of the maximum expected 
rebound amplitude. 

6. Design Parameters for Two-Degree-of-Freedom Systems. 
As clearly indicated in Figs. 5 to 10 for the practical range of coef­

ficients of restitution, most consistently good results are obtained with a 
coupling factor M12 = /6 to i. This factor is most easily adjusted by 
correct placement of the front stop. 

For the above range of M12 the force ratio FdFl should be such as to 
make the product 

>3 

>3 

(N ote: For a rectangular armature structure with the stops placed at 
its edges M12 = i, P12 = ! and force ratios in the neighborhood of 8 are 
desirable.) 
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ApPENDIX I 

DERIVATION OF BASIC EQUATIONS OF MOTION THREE-DEGREE-OF-FREEDOM 

SYSTEM 

(1) Free Interval 

The motion of the armature will be described by the displacement at 
the stop points, Xl , X2 , X3 • Let m be the mass and R the radius of gyra­
tion of the armature about the center of gravity. The latter is located 
by the dimensions fIR, f2R, and f3R relative to the stop points (Fig. 3). 
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The rotation and displacement of the center of gravity is then 

Xh = (X2 - Xl) +f3 + X3 1 
£1 £2 

£1 l 
XlI = Xl + (X2 - Xl) -+ j PI £2 . 

X2 - Xl . 

e = R(Pl + f2) 

(a) 

From this the kinetic energy may be computed 

_ xi(1 + f~ + fi) + x~(pi + fi + 1) + xi(fl + f2)2 

T = !m(x~ + x;) + !mR
2
iJ2 1 

- 2(£1 + l2)2 (b) 

+ 2XlX2(fd2 - f~ - 1) - 2XaR3(fl + f2) (Xl - X2) 
2(fl + f2)2 ) 

Applying LaGrange's Equation to the above, the equations of motion 
are obtained: 

~ (iiT) _ iiT = P, 
dt aqr. aqr 

Fl xl[f~ + fi + 1] + x2[fd2 - f~ - 1] - X3f3(fl + £2) 

1 
m (£1 + f2)2 

F2 xl[fd2 - fi - 1] + x2[fi + fi + 1] + X3f3(f1 + £2) 

t 
(c) 

m (fl + £2)2 

F3 -xl f3(fl + f2) + x2f3(fl + f2) + x3(f1 + f2)2 
m (f1 + f2)2 ) 

The Equations (3) may be solved for Xl, X2 , X3 and the results inte­
grated, yielding 

x. = 2~ [GnF. + G • .Ji', + G • .Ji',jt' + XlOt + XlO I 
x, = 2~ [G"F. + G,.Ji', + G,.Ji'3jt' + x"t + x., I 

J 

(d) 



RELAY ARMATURE REBOUND ANALYSIS 193 

where 

Cn = (£i + 1) C13 = Cal = flfa 

1 C22 = (£~ + 1) C12 = C2l = (1 - fd2) 

C33 = (f~ + 1) C23 = C32 = -f2f3 

(3) 

XlO , X20 , xao are the initial velocities, XlO , X20 , Xao the initial displace­
ments for the free interval in question. Interpretation of the analytic 
results is simplified by the introduction of normalization. Let xa be Xl 
just before the" zero" impact and define 

Xi F1 . d Xi 
y, = t.T = t!m x, y, = d G) y, = t. 

Xam 
7=-

Fl 

(2) 

Dividing Equations (d) by Xa7 yields the normalized equations of 
motion: 

1 [ (F2) (Fa)] (t)2 . (t) 
Y1 = 2 cu + C12 (F

1
) + C13 (F

1
) ; + Y10 ; + Y10 

1 [ C (F2) C (Fa)] (t)2 . (t) 
Y2 = 2 C21 + 22 eF

1
) + 23 eF

1
) ~ + Y20 ; + Y20 

(1) 

(2) Impact Interval 
The change of velocity at point "i" due to an impact at" i" IS, by 

definition of the coefficient of restitution" Ie": 

(e) 

Since this velocity change occurs as rotation about the conjugate 
point as an instant center of rotation, the impact relationships may 
be written, for an impact at point" 1", 

.1X1 = - (1 + le1)X1 

. (¥, - f2R) 
.1X2 = -(1 + le1)Xl ( . R) 

fIR + p; 
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(1 + kl)Xl (fd2 - 1) 
(Pi + 1) 

faR 
.!lX3 = -(1 - kl)Xl R 

fIR + f; 

( ) . flP3 = - 1 + kl Xl -"2--

£1 + 1) 

Similarly it can be shown that impacts at points (2) and (3) follow 
the same pattern. The general impact relations for impact at point "i" 
are then 

y jOn = Y ie{n-l) + K HYie(n-l) (6) 

The first subscript indicates the coordinate, and the second subscript 
indicates the beginning (0) or end (e) of the free interval denoted by the 
third subscript. 

The impact transfer coefficient K ji relating a velocity change at 
point "j" to an impact at point "i": 

(7) 

ApPENDIX II 

ANALYSIS OF REBOUND PATTERNS-ONE-DEGREE-OF-FREEDOM SYSTEM 

The equation of motion of this system is 

YIn = !Ct,2 + YlO nt' + YlOn (f) 

where 

(9) 

t' = ~ 
T 

and is measured from the start of the particular interval of free motion 
in question. The impact relationship is 

The motion consists of a series of parabolic arcs having periods of 
2ylO/C in general, or 2/C, 2k/C, 2k2/C, .", 2kn

-
l /C. The time elapsed 
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IS a convergent series and approaches, for a complete series: 

Lim ~ [1 + k + k2 + ... kn] = 2 
n-->ctJ C C(l - k) 

(10) 

The maximum rebound amplitude in any interval is -yion/2C. 
The maximum excursion occurs during the first bounce at t' = l/C and 
equals _k2/2C. 

ApPENDIX III 

ANALYSIS OF REBOUND PATTERNS--TWO-DEGREE-OF-FREEDOM SYSTEM 

The equations of motion of this system are 

Y1 = !At'2 + ylOnt' + Y10n ~ 

Y2 = !Bt,2 + Y20nt' + Y20n J 
where A Cn + C121 

B = C12 + C2d 

1 = F2 
Fl 

t' _ t measured from the start of the par­
- T ticular free interval in question. 

A. Complete Front Series 

At the beginning of a front series 

Y1 = 0 1 
Yl = YleO ~ 

Y2 = Y2eO I 

) 

(g) 

(h) 

(i) 

In a manner analogous to that for the one-degree-of-freedom system 
each front impact reduces Y1 to - k1Yl . Therefore, after the nth impact, 

and the time elapsed in the nth interval is 

T 2kf. 
n = TY1eo (j) 
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At the heel, from (g), the heel velocity preceding the nth impact is 

Y2e(n-l) = Y20(n-l) + Bt' (k) 

The velocity change during the (n - 1) interval is then equal to 
BTn_1 • From Equations (6), (7) and (12), the change in velocity during 
the nth impact is - P12(1 + k1)kr-1YleO . 

The total change of Y2 between impacts is then 

Y20n - Y20(n-l) = BTn_1 - P 12(1 + k1)kr-1Yleo 

Similarly in preceding intervals: 

Y20(n-l) - Y20(n-2) = BTn- 2 - P 12(1 + kl)k~-2 YleO 

By addition of the above 

= BTl - P12(1 + k1)k1Yeo 

- P12(1 + kl)Yleo 

n-l , n-I 

Y20n - Y2eO = B L T m - P 12(1 + kl ) L k~YleO 
m=l m=O 

2B n-I n-l 

= A YleO ~l k~ - P12(1 + kl)YleO ~o km 

The summations may be evaluated, yielding 

[2B~ - kf ( ) 1 - kf]. 
Y20n - Y2eO = if 1 _ kl - P I2 1 + ki 1 _ kl YleO (1) 

To evaluate the displacements at the heel, Equation (g) yields 

Y20n - Y20(n-l) = Y20(n-l) T n-l + !BT n-i 

Adding these expressions for intervals 0 to n; the total change in Y2 is 
n-l n-l 

Y20n - Y20I = L Y20mT m + !B L T~ 
m=1 m=1 

2k1(1 - kf- I
). . 

= A (1 - k
1

) YleOY2eO 

+ [2B(ki - 2kfH + kin) 
A2(1 - k 1)2 

2P12kl (1 - k~ - kf-I + ki n- I)].2 
- A(l - k1)2 YleO 

(m) 
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Expressions for an initial series may be obtained by setting i/leo = 1 
i/2eO = Y2eO = 0, and, finally, for an initial complete series m ~ 00 and 
hence k m 

~ 0, and Equations (1) and (m) become 

(17) 

B. Complete Heel Series 

For heel series, Equations (1) and (m) may be used by interchanging 
the initial velocities, accelerations, and impact transfer coefficients for 
those relating to heel motion: 

(n) 

2k2(1 - k;-I). . 
YIOn - YIOI = B (1 _ k

2
) YIeOY2eO 

+ [2A(k~ - 2k;+1 + lc~n)' 2111I2k2(1 - k; - k;-I + k~n-I)J.2 (0) 
B2(1 - k~) - BP12 (1 - kD Y2eO 

An initial heel series occurs when the heel strikes first after the" zero" 
impact. The first heel impact then occurs TI = 2PI2/B(1 + k I ) after 
the zero impact and the initial conditions are 

Substitution of the above into (n) yields 

IiI,. = -10, + ~ ~ ~: [2AJ12 (1 - k,)" -Md1 + k,)(1 - Ion] (p) 

The corresponding expression for YIOn is quite involved. For the special 
case of k = ki = k2 
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_ AP12(i + k)2 [A P12 (1 - kn)2 HI - kn) 
YIOn - B ~ 1 - k 1 - k2 

_ M 12 (1 - kn)(k - len)] 
(1 - k)2 

If the initial series is a complete series, n ~ 00 and 

(q) 

AP12(1 + k)2 [AP12 k(1 - k) M ~] 1 
YIOrfJ = B(l _ 1e)2 ~ - 1 + k - 12~ 

(22) 
. = 1 + Ie [2AP12 _ Jc(1 - Ie) _ M (1 + k)] 

YlerfJ 1 _ le B (1 + Ie) 12 v 

C. Partial Front Series 

The worst rebound occurs when heel and front impacts occur nearly 
simultaneously, with the front hitting first. From Equation (m) for an 
initial front series, this requires that 

B 1 - kn 

_.=Q=-­
API.! . le - len 

(30) 

After n front impacts conditions are given by Equations (14) and 
(19) with Yl = Y2 = 0, and 

T + V = 1 _ (1 _ M
12

) (1 _ k2n) = k2n + J.1f12Y~ _ 2M12k
n
Y2 

To P~2 P 12 

This may be solved for Y2 = P 12 (1 - len). The maximum front excur­
sion now possible is that for a complete series of heel impacts. The 
above value of Y2 in Equation (24) yields 

2CYl = M12 + (1 - M 12)[le2n 
- M 12(1 - le n

)2] (31) 

D. Partial Heel Series 

The worst rebound occurs again when heel and front impacts occur 
nearly simultaneously, with the front hitting first. From Equation (9) 
for an initial heel series, this requires that 

B 1 - kn+1 

- = Q = :;-:--:-----::-:-------
AP12 le(l - le) + le(l _ ~ n)M 

1 + Ie C 12 

(32) 
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After n heel impacts Y2 = P12(1 + le)kn and from Equations (19) 
and (23) 

T+V 
To 

= yi - 2M12(l + k)knYl + 11112 (1 + le)2k2n 

This may be solved for Y1 = Ie - M 12(1 + le)(l - len) and after the 
front impact immediately following: 

Y2 = P 12 (1 + le)kn - P 12 (1 + Ie)[k - 11112 (1 + le)(l - len)] 

The maximum front excursion now possible is that for a complete 
series of heel impacts. The above value for Y2 in Equation (24) yields 

2CY1 = 1 - (1 - .11112)(1 - le2) {I + [k - M 12 (1 + k)(l - len)]2} 

- M 12(1 - 11112)(1 + k)2 {I - k2n (33) 

SUMMARY OF NOTATION 

A Cn + C12 + Cld 

B C12 = C22 + C2d 

Ci2 C = Cll --
C22 

Cn = 1 + £i 
C22 = 1 + ~ 

C33 = 1 + ~ 

+ [le - len - .11112 (1 + le)(l _ len)]2} 

ApPENDIX IV 

Fl = front tensioning force 

F2 = heel tensioning force 

k1 = coefficient of restitution at vertical front stop 

k2 = coefficient of restitution at vertical heel stop 
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fIR = vertical front stop location relative to c.g. 

f2R = vertical heel stop location relative to c.g. 

f3R = horizontal heel stop location relative to c.g. 

m = mass of armature 

p .. _ Cij 
~3 - C

ii 

1 + P12 

Q = M 12f = ~ 1 + kl 
1 + P 12 f t2 kl 

R = radius of gyration of armature about center of gravity 

Xam 
7=-

Fl 

= time 

t' 

tl = basic period of front after" zero" impact 

t2 = basic period of heel after" zero" impact 

Tn = duration of nth free interval 

Xl = vertical front displacement 

X2 = vertical heel displacement 

X3 = horizontal heel displacement 

xa = front velocity just prior to "zero" impact 

x 
Y=-. 

Xa7 

Y I = greatest excursion (rebound) of front 
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A New Telephone Carrier System for M edium-H aul Circuits. R. S. 
CARUTHERS 1, H. R. HUNTLEy2, vV. E. KAHLt, and L. PEDERSONl • 

Elec. Eng., 70, pp. 692-693, Aug. 1951. 
Low terminal costs and single-cable operation make this the first economically 

practical carrier system for medium-haul telephone circuits. Performance is not 
sacrificed for economy. 

A .15-I(w 500-.Ll1egacycle Grounded-Grid Tridode. * C. E. FAY!, D. A. 
A. HALEl, and R. J. KIRCHER1. Proc. I.R.E., 39, pp. 800-803, July, 
1951. 

Short-Cut Method Aids Figuring Exhaust and Collecting Systems. W. 
H. FOGLE3• Heating, Piping and Air Cond., 23, pp. 75-78, July, 1951. 

A simple, workable method of determining static losses in industrial exhaust 
and collecting systems is explained here by means of a sample problem and its 
step-by-step solution. The method might be described as an "averaging out" 
process, whereby all duct sizes and lengths are averaged out with the cfm and 
velocity to give a total linear footage of the average duct size and an average 
velocity. 

Arcing at Electrical Contacts on Closure. Part I. Dependence Upon 
Surface Conditions and Circuit Parameters. * L. H. GERMERI. Jl. Appl. 
Phys. 22, pp. 955-964, July, 1951. 

In a low-voltage circuit the occurrence of an arc between approaching elec­
trodes is dependent upon the nature of the surfaces and upon the circuit induct­
ance. For carbon surfaces, or noble metal surfaces which have been "activated" 
by operation in various organic vapors resulting in a carbonaceous layer, the 
limiting circuit inductance is somewhat above 1O-3h) which is much higher 
than the limiting inductance for clean noble metal surfaces. This 8:ctivation by 
organic vapors occurs for noble metals only and for certain vapors; for example, 
benzene derivatives. In the case of silver and benzene vapor, it has been shown 
that the activation is due to adsorption of benzene onto a greasy surface layer 
and its decomposition there by the heat of subsequent closures. A metal surface, 
which has been activated by organic vapor, remains active indefinitely if there 

* A reprint of this article may be obtained on request. 
1 Bell Tel. Labs. 
2A.T.&T.Co. 
3W. E. Co. 
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is no arcing at the surfaces; but with continued operation and accompanying 
arcing, the activating material is burned away, and the surface returns to the 
inactive condition if no activating vapor is supplied. 

Arc voltages, which are independent of current and of ambient gas, as far as 
tested, have been measured for a number of metals and for carbon; the arc 
voltage for carbon is quite erratic in the range between 20 and 30 volts, but for 
each of a number of metals the arc voltage is steady. 

Arcing at noble metal surfaces, similar to that induced by carbonaceous 
material from organic vapors, can be produced also by insulating particles or 
insulating films. The active condition gradually disappears with continued arc­
ing, unless there is a steady supply of insulating material to the surface. 

The minimum arc current has been measured to be 0.6 amp for active silvel' 
and for carbon, and 0.03 amp for inactive silver. These are the currents at 
which an established arc is extinguished. 

Iron-Silicon Alloys Heat Treated in a Magnetic Field. * M. GOERTZl. 

Jl. Appl. Phys., 22, pp. 9G4-9G5, July, 1951. 
Heat treatment in a magnetic field has been found effective for iron-silicon 

alloys between two per cent and ten per cent silicon, the highest maximum per­
meability being obtained at about 6.5 per cent silicon. In a single crystal of this 
composition, magnetized parallel to a (100) direction, the hysteresis loop is 
squared by the magnetic anneal and the maximum permeability is increased 
from 50,000 to 3,800,000, the highest value yet reported. 

Domain Boundary J.Vl otion in Ferroelectric Crystals and the Di-electric 
Constant at High Frequency. C. KITTELl. Letter to the Editor. Phys. 
Rev., 83, p. 458, July 15, 1951. 

A Method for Determining the Propagation Constants of Plastics at 
Ultrasonic Frequencies.* H. J. MCSKIMINl . J. Acoust. Soc. Am., 23, pp. 
429-434, July, 1951. 

A pulse technique particularly suited to dissipative materials is described for 
measuring attenuation and phase-shift constants of plastics, using either trans­
verse or longitudinal waves in the frequency range of 5-50 me. 

A thin wafer of the material under test is placed between two identical fused 
silica buffers; and waves generated by quartz crystals at the ends of the assem­
bly are transmitted simultaneously through the specimen in both directions. 
Comparison of transmitted and reflected components by means of a special 
balancing circuit provides information from which the complex propagation 
constant can be calculated, and hence dynamic rigidities and viscosities. 

Illustrative data for polyethylene and Nylon are given. 

* A reprint of this article may be obtained on request. 
1 Bell Tel. Labs. 
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Some Antecedents of Quality Control. E. C. MOLINA4• Ind. Quality 
Control, 8, pp. 10-11, July, 1951. 

Traveling-Wave Amplifier J.lleasurements. F. E. RADCLIFFE1. Electronics, 
24, pp. 110-111, Aug., 1951. 

Rapid sweep-frequency technique used at 4,000 mc can be applied to all 
broad-band amplifier measurements. Oscilloscope display shows transmission 
accurate to 0.1 db and return-loss values up to 40 db. 

I(irchhoff's Formula, its Vector Analogue, and Other Field Equivalence 
Theorems. * S. A. SCHELKUNOFF1. Communications on Pure and Applied 
Math., 4, pp. 43-59, June, 1951. 

Remarks Concerning Wave Propagation in Stratified 111 edia. * S. A. 
SCHELKUNOFF1. Communications on Pure and Applied lJlath., 4, PIl. 
117-128, June, 1951. 

An Achromatic Doublet oj Silicon-and Germanium. * R. G. TREUTING1• 

J. Opt. Soc. Am., 41, pp. 454-456, July, 1951. 
The semi-metals germanium and silicon have high transparency and high 

refractive indices over a wide range of infrared wavelengths and are stable to 
normal atmospheres. Their relative indices and dispersions make achromatic 
combinations possible; and designs are given for axially corrected doublets of 
relative apertures f:2 and f: 1. The optical homogeneity of the materials is dis­
cussed: compositional variations are not considered an optical hazard, but there 
is evidence of structural imperfections in some specimens whose effect on optical 
properties remains to be evaluated. 

On the Motion of Gaseous Ions in a Strong Electric Field. I.* G. H. 
WANNIER1. Phys. Rev., 83, pp. 281-289, July 15, 1951. 

This paper applies the Boltzmann method of gaseous kinetics to the prob­
lem of positive ions moving through a gas under the_ influence of a static, uni­
form electric field. The ion density is assumed to be vanishingly low, but the 
field is taken to be strong; that is, the energy which it imparts to the ions is 
not assumed negligible in comparison to thermal energy. Attention is focused 
upon the computation of velocity averages, and the drift velocity in particular, 
rather than a complete knowledge of the entire velocity distribution. It is shown 
in Sections C and E that the- problem so formulated is completely soluble if 
the mean free time between collisions of ions and molecules is a constant; this 
is the case for the so-called polarization force between ions and molecules which 
predominates over other forces at low temperature. A method for obtaining 
averages to any desired accuracy in the general case is developed in Section D. 
The method is applied to the hard sphere model for the high field range and 

* A reprint of this article may be obtained on request. 
1 Bell Tel. Labs. 
4 Bell Tel. Labs., Retired. 
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mass ratio 1. An application of the resulting formula (43) to experimental mate­
rial has been published earlier. 

Evidence for the Noncubic High Temperature Phase of BaTi0 3 • E. A. 
WOODl. Letter to the Editor. J. Chem. Phys., 19, p. 976, July, 1951. 

Seven-League Oscillator. * F. B. ANDERSONl. Proc. I.R.E., 39, pp. 881-
890, Aug., 1951. 

A bridge-type RO oscillator is described which is continuously adjustable 
over a frequency range of 20 cps to 3 mc in one sweep of a two-gang linear 
potentiometer control. Tracking requirements of the two-gang control are not 
severe. The output is available in four phases, and the frequency is an approxi­
mately logarithmic function of the linear potentiometer setting. Practical limits 
of the frequency range are tentatively 0.01 cps and 10 mc. Accuracy of setting 
of the order of one per cent is attainable with ordinary components. Frequency 
stability is of the order of 2 per cent per db of tube gain variation. 

Semi-Conductor Surface Phenomena.* W. H. BRATTAINl. Semi-Con­
ducting Materials, H. K. HENISCH, ed., pp. 37-46. Proceedings of a con­
ference held at the University of Reading (July 10-15, 1950) London, 
Butterworths, 1951. 

Developments in the understanding and interpretation of phenomena occur­
ring at the surface of a semi-conductor are reviewed. The development starts 
with the Mott-Schottky theory of the space charge layer. Bardeen's concept of 
a space charge layer due to 'surface states' explained the independence of recti­
fication on contact potential and Meyerhoff's small values for the contact poten­
tial between n- and p-type silicon. Shockley and Brattain observed that this 
contact potential difference increased with impurity concentration. Illumination 
of a silicon surface produced hole and electron pairs in the space charge layer. 
The potential of the surface changed until the photo current was balanced by a 
conduction current. The relation between photo-current and potential change 
was of the same form as a forward characteristic for a rectifying contact. In an 
experiment similar to Becquerel's, using water as an electrolyte, the surface 
may be biased in the reverse direction. 'When so biased the response to modu­
lated light gives the differential resistance of the space charge layer. This re­
sistance increases rapidly with reverse bias and the time constant of the layer 
increases, both agreeing qualitatively with theory. This experimental method 
of measuring changes in surface potential caused by illumination permits deter­
mination of the properties of the space charge layer at the free surface of a semi­
conductor. 

The Calculation of Traveling-Wave-Tube Gain. * C. C. CUTLERl. Proc. 
LR.E., 39, pp. 914-917, Aug., 1951. 

* A reprint of this article may be obtained on request. 
1 Bell Tel. Labs. 
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Essential information for claculation of traveling-wave-tube gain is sum­
marized and condensed in this pape~. The important relations are documented, 
presented in a concise form for simplified computation, and developed as a 
nomograph. The conclusions have been found to be in agreement with measure­
ments on six different tube designs. 

Thermal Variation of Young's Modulus in some Fe-Ni-Mo Alloys.* 
M. E. FINEl and W. C. ELLISI. References. Jl. llfetals, 3, pp. 761-764, 
Sept., 1951. 

A Broad-Band Transcontinental Radio Relay System. * T. J. GRIESER1 

and A. C. PETERSON1• Elec. Eng., 70, pp. 810-815, Sept., 1951. 
Spanning the continent from coast to coast, this microwave relay system 

provides six channels, each of which can carry one television circuit or hundreds 
of telephone circuits. Some features of this vast network are descirbed. 

An Improved Telephone Set.* A. H. INGLIS1 and W. L. TUFFNELLI. 
Elec. Eng., 70, pp. 770-775, Sept., 1951. 

The familiar telephone set has undergone numerous changes which will pro­
vide better service at lower cost than do present models. Increased transmitting 
and receiving gain, better side tone control, broader frequency response, faster 
dialing, simple ringing control, and a trim appearance are some of the features 
of the new design. 

The Institutes jor Basic Research-Their Contribution to National 
Strength. M. J. KELLyl, pp. 11-23. Applied Research is Not Enough, 
(booklet). Addresses at the Dedication of the Institutes for Basic Re­
search, The University of Chicago, May 16, 1951. 

The Crystal Clock. W. A. MARRISON1• Science Marches On, JAMES 
STOKLEY, ed., N. Y., Ives Washburn, Inc., 1951, pp. 303-309. 

Observations of Zener Current in Germanium p-n Junctions. K. B. 
McAFEEt, E. J. RYDER], W. SHOCKLEYt, and M. SPARKSI. Letter to the 
Editor. Phys. Rev., 83, pp. 650-651, Aug. 1, 1951. 

Experimental Radio-Telephone Service for Train Passengers. * N. 
MONKI. Proc. I.R.E., 39, pp. 873-881, Aug., 1951. 

Experimental public radio-telephone service for train passengers was in­
augurated by the Bell Telephone System several years ago. Initial installations 
operated in conjunction with a series of urban mobile base stations. lVIore re­
cently, highway mobile systems have been used for this service, and this paper 
describes a typical train installation operating through a highway channel. All 

* A reprint of this article may be obtained on request. 
1 Bell Tel. Labs. 
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of these early systems utilized an attendant on the train. The cost of providing 
an attendant has, in some cases, been found excessive. Consequently, experi­
ments have been initiated in which a coin box is used on the train. The arrange­
ments for this purpose are also described. 

The Magneto-Resistance Effect in Oriented Single Crystals of Ger­
manium.* G. L. PEARSON! and H. SUHLI. Phys. Rev., 83, pp. 768-776, 
Aug. 15, 1951. 

This paper describes an extensive study of the magneto-resistance effect in 
germanium as a function of crystal orientation. Experimental measurements 
establish the constants involved in the dependence of the effect on orientation 
of magnetic field and electric relative to the crystal axes. The measurements 
are internally consistent with existing phenomenological theory based on cubic 
crystal symmetry, in which terms involving the magnetic field to higher than 
the second order are neglected. It is shown that such deviations as do occur 
arise from higher terms in the field, since an extension of the phenomenological 
theory to the fourth order predicts their symmetry. Relations are established 
between the experimentally observed phenomenological constants and those 
constants appearing in existing magneto-resistance electronic theories. It is con­
cluded that no electronic theory yet worked out is entirely consistent with 
experiment. The present electronic theories are special cases of a very general 
theory recently proposed by Shockley, and it is possible that agreement can 
be obtained as soon as the computational difficulties of the latter theory are 
overcome. 

New Phenomena of Electronic Conduction in Semi-Conductors. W. 
SHOCKLEY!. Semi-Conducting jl1aterials, H. K. HENISCH, ed., pp. 26-36. 
Proceedings of a conference held at the University of Reading (July 
10-15, 1950) London, Butterworths, 1951. 

The semi-conductors silicon and germanium may be discussed as insulators 
the electronic structure of which is disturbed. Excess electrons, which act as 
negatively charged current carriers, may be present as may be 'holes' or places 
where electrons are missing from the valence-bond structure. Holes act as 
positively charged current ·carriers. In ordinary electronic conduction the flow 
of current carriers is substantially incompressible so that the density of carriers 
remains constant. When a new transistor phenomenon known as 'carrier injec­
tion' occurs, however, the total density of holes and electrons may be greatly 
increased and this modulation of the electronic structure may be used both for 
scientific investigation and for practical amplification. In particular, carriers 
may be injected at a predetermined time and place into a known uniform elec­
tric field and their transit time to another place accurately timed by detecting 
their arrival with a "collector" point. Drift velocities and mobilities may be 
measured precisely in this way with a directness unattainable by pre-transistor 

* A reprint of this article may be obtained all request. 
1 Bell Tel. Labs. 
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methods involving conductivity and Hall effect. These new experiments and 
their related theories may furnish a foundation for a new engineering science of 
transistor electronics. 

Domain Patterns on Nickel. * H. J. WILLIAMSI and J. G. WALKERI. 

Phys. Rev., 83, pp. 634-636, Aug. 1, 1951. 
Domain patterns have been observed on two single crystals of nickel cut In 

the form of hollow parallelograms. The length of the sides were parallel to the 
(111) directions in one specimen and to the (110) directions in the other. The 
crystals show domain structures with the three types of domain boundaries 
which are to be expected from a material having the directions of easy magneti­
zation along the (111) directions. Domain boundary movement under the influ­
ence of an applied magnetic field was observed. 

Polymorphism in Potassium N iobate, Sodium N iobate, and Other ABOa 
Compounds. * E. A. WOODI. Bibliography. Acta Cryst., 4, pp. 353-362, 
July, 1951. 

The first part of this paper presents the results of optical and X-ray studies 
of the perovskite-type crystals, potassium niobate and sodium niobate. Potas­
sium niobate is orthorhombic at room temperature, changing to tetragonal at 
about 225°C. and cubic near 435°C. Sodium niobate is orthorhombic at room 
temperature, changing to tetragonal at about 370°C. and to cubic at about 
640°C. 

The second part of the paper discusses relations among the structures of the 
ABO a compounds. 

Subjective Sharpness of Additive Color- Pictures. * M. W. BALDWINI. 

Proc. I.R.E., 39, pp. 1173-1176, Oct., 1951. 
This is a report on the first numerical results to come from a laboratory 

experiment on the subjective sharpness of additive three-color pictures. The 
sharpness factor is isolated by using out-of-focus projection (of slides) instead 
of actual television transmission. 

An observer's acuity for defocus is greatest for the green component and least 
for the blue component, in an additive three-color picture. When the same 
picture is reproduced in monochrome (white, red, green, or blue) at the same 
brightness, the observer's acuity for defocus is equal to that found for the 
green component. . 

Frequency-Modulation Terminal Equipment for the Transcontinental 
Relay System. * J. G. CHAFFEEI and J. B. MAGGIOI. Elec. Eng., 70, pp. 

880-883, Oct., 1951. 
To meet the exacting requirements of the new transcontinental microwave 

relay system, specially designed frequency-modulation terminal equipment was 

* A reprint of this article may be obtained on request. 
1 Bell Tel. Labs. 
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constructed. The terminal transmitter converts either message or television 
signals to a frequency-modulated signal centered on 70 me and the terminal 
frequency-modulation receiver recovers these signals, thus providing a link 
between the relay system and other telephone facilities. 

Observer Reaction to Low-Frequency Interference in Television Pictures. * 
A. D. FOWLER!. Proc. I.R.E., 39, pp. 1332-1336, Oct., 1951. 

This paper presents results of tests to determine how much low-frequency 
interference can be tolerated in black-and-white television pictures. Various 
levels of single low-frequency interference were superimposed on a locally trans­
mitted television picture. Observers viewed the picture and rate the disturbing 
effect of each level of the interference. Ratings were made in terms of preworded 
comments ranging from "not perceptible" to "unusable." Interfering frequencies 
from 48 to 90 cycles per second were employed. 

Just visible interference appears as a flicker. The rate of flicker is the differ­
ence between interfering and 60-cycle field frequencies. The most disturbing 
interference produced a flicker rate of 5 or 6 cycles per second. To be tolerated, 
peak-to-peak amplitude of this interference had to be 54 db weaker than the 
peak-to-peak amplitude of the television signal (including synchronizing pulse). 
For flicker rates of 0.5 and 12 cycles per second, the amount of interference 
which could be tolerated was larger by 14 and 3 db, respectively. 

Arcing at Electrical Contacts on Closure. Part II. The Initiation of an 
Arc.* L. H. GERMER!. Jl. Appl. Phys., 22, pp. 1133-1139, Sept., 1951. 

The capacity of the plates of an oscilloscope charged to 35 or 40 volts is dis­
charged repeatedly by approaching electrodes of carbon, active silver, and inac­
tive silver. Facts about the discharges, which are arcs of very short duration, 
are inferred from resulting open circuit potentials and calculated electrode 
separations. 

The separation at the first arc varies in different experiments but corresponds 
on the average to a nominal electric field of 0.6 X 106 volts/em for carbon or 
active silver and to 2 X 106 volts/em for inactive silver. Each arc is initiated 
by a very small number of field emission electrons. The hypothesis that a single 
electron may perhaps be sufficient is consistent with observations at later stages 
of each closure when the electrodes are closer and the field much higher. 

The earlier observation, that the potential across a short arc is constant and 
independent of current, is not true if the arc time is sufficiently short. For 
active silver a time comparable with 2 X 10-8 sec is required to establish the 
steady arc voltage characteristic of later stages of arcs which last longer than 
this. The initial time during which the potential is decreasing toward its final 
steady value is 100 times the transit time of a silver ion across the gap. 

* A reprint of this article may be obtained on request. 
1 Bell Tel. Labs. 
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Computation of Control Limits for p-Charts When the Samples Vary in 
Size. H. L. J ONES5. Ind. Quality Control, 8, pp. 26-27, Sept., 1951. 

The Design of Switching Circuits. W. KEISTERt, A. E. RITCHIEl, and 
S. H. WASHBURNl. N. Y., Van Nostrand, 1951. 556 pp. (Bell Telephone 
Laboratories Series). 

This is the first published textbook in its field. It presents, first, the funda­
mental design principles of switching circuits composed of discrete-valued 
switching elements .. Most of the discussion concerns two-valued elements, with 
greatest emphasis placed on electromagnetic relays. Chapters cover basic circuit 
paths, the logical interpretation of requirements, and the techniques of con­
structing networks to fulfill these requirements. The symbolic methods of 
Boolean algebra and its application to the design of combinational and sequen­
tial circuits is covered. Later chapters cover various unifunctional circuits such 
as selecting, connecting, translating, counting, and lockout. Final chapters dis­
cuss methods of synthesising unifunctional circuit building blocks into larger 
circuits and systems. 

Measurement of the Elastic Constants of Silicon Single Crystals and 
Their Thermal Coefficients. H. J. MCSKIMINt, W. L. BONDt, E. BUEHLERt, 
and G. K. TEALl. Letter to the Editor. Phys. Rev., 83, p. 1080, Sept. 1, 
1951. 

Interest in the properties of silicon single crystals arising from their use as 
semiconductors has led us to make measurements of the elastic constants of 
two single crystals. Measurements of velocities of propagation for both shear 
and longitudinal waves were made in the crystals as described in a recent paper 
by McSkimin. Frequencies in the range 8-12 me/sec were used. 

The three independent elastic constants were evaluated, a density of 2.331 
(measured by pycrometer) being used. Data and formulas used are summarized 
in Table 1. Two crystals were measured-as indicated-with data obtained 
from the larger one being used to determine the elastic constants. Check meas­
urements were made for the smaller crystal; and despite the less accurate "pulse 
overlap" technique used for two of the measurements, velocity agreement to 
within 0.15 per cent was obtained. 

Both crystals were of a high degree of crystalline perfection as shown by 
etching and X-ray tests. 

Domain Wall Relaxation in Nickel. W. P. MASONl. Letter to the 
Editor. Phys. Rev., 83, pp. 683-684, Aug. 1, 1951. 

Phase Transitions in Ferroelectrics. B. MATTHIASl. National Research 
Council, Comm. on Solids. Phase Transformations in Solids. Ed. by 
R. Smoluchowski, J. E. Mayer, W. A. Weyl. N. Y., Wiley, 1951. 660 pp. 

1 Bell Tel. Labs. 
5 Ill. Bell Tel. Co 
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Under the name ferroelectrics are classified those materials which exhibit 
dielectric anomalies phenomenologically similar to the magnetic behavior of 
the ferromagnetics. Perhaps it would have been more logical to use the term 
Rochelle-electrics, thus emphasizing the similarity in the dielectric behavior to 
that of Rochelle salt. 

In this paper the known ferroelectrics are listed first, and then there follows. 
a discussion of the various theories which have been created to explain them. 

Data on Random-Noise Requirements for Theater Television. * P. 
MERTZl. Jl. S.lll.P.T.E., 57, pp. 89-107, Aug., 1951. 

Provisional evaluation of permissible random noise for theater television is 
considered from several sources of information. These cover broadcast television 
experience and the graininess in motion picture film; the requirements deduced 
from the various sources generally agree. For broadcast television, a frequency 
weighting and limit on weighted noise power have been used. The finer picture 
detail of theater television presumes a lower permissible random noise. Changes 
in weighting curve are discussed. A limit figure of noise is suggested, which is 
comparable to graininess effects in motion pictures, though slightly more severe 
than present published performance on camera tubes. 

A Spatial Harmonic Traveling-Wave Amplifier for Six Millimeters 
Wavelength. * S. MILLMAN l . Proc. I.R.E., 39, pp. 1035-1043, Sept., 1951. 

This paper describes a traveling-wave amplifier in which the electron beam 
interacts with a spatial harmonic of an electromagnetic wave propagating along 
an array of resonator slots. The result is a considerable reduction in operating 
beam voltage for a given physical separation of the circuit elements. This type 
of amplifier operating at about 1,200 volts has yielded net power gains of about 
18 db in the 6-mm wavelength region. A magnetic field of about 1,600 gauss is 
sufficient for proper beam focusing. Aside from small variations of gain with 
frequency that is caused by internal reflections, the bandwidth is of the order 
of 3 per cent. 

Form of Transient Currents in Townsend Discharges with M etastables. * 
J. P. MOLNARI. Phys. Rev., 83, pp. 933-940, Sept. 1, 1951. 

The form of the current is calculated for a Townsend discharge stimulated 
by a pulsed light beam, with particular reference to the current component 
initiated by metastable effects. The calculation is directed particularly to the 
development of methods for quantitative interpretation of current patterns 
observed experimentally. 

Studies of "I-Processes of Electron Emission. Employing Pulsed Town­
send Discharges on a lllillisecond Time Scale. * J. P. MOLNARI. Phys. 
Rev., 83, pp. 940-952, Sept. 1, 1951. 

* A reprint of this article may be obtained on request. 
1 Bell Tel. Labs. 



ABSTRACTS OF TECHNICAL ARTICLES 211 

The relative amounts of electron emission from the cathode in a Townsend 
discharge caused by ions, photons, and metastables have been studied experi­
mentally for several cathodes in argon, using pulsed-light stimulation of the 
discharge. The current initiated by metastables exhibits a slow build-up and 
decay, thus permitting easy separation from the faster rising effects of gas 
ionization and electrqn emission by photons and ions. Time constant studies of 
the slow component yielded a diffusion constant for metastable argon atoms of 
45 cm2 sec- l at one millimeter pressure. The efficiencies of electron emission by 
meta stables and ions was found to be closely the same, while the quantum 
yield for photon emission was found to be generally smaller. 

Electrical Properties of aFe203 and aFe203 Containing Titanium. * F. J. 
MORIN l

. Phys. Rev., 83, pp. 1005-1010, Sept. 1, 1951. 
Electrical conductivity, Hall effect, and Seebeck effect have been measured 

on two sets of polycrystalline samples of aFe20a and aFe20a containing from 
0.05 to 1.0 atomic per cent titanium (n-type impurity). One set of samples con­
tained 0.6 atomic per cent excess of iron (n-type impurity), the second set con­
tained 0.6 atomic per cent deficiency of iron (p-type impurity). 

The conductivity of pure aFe20a is independent of this amount of stoichio­
metric deviation. The slope of the log conductivity vs reciprocal temperature 
plot is 1.17 ev and the intercept at liT = 0 is 2.1 X 104 ohm-l cm-l • Room 
temperature conductivity varies from -10-14 ohm-1 cm-1 (extrapolated) for 
pure aFe20s to 0.3 ohin-1 cm-1 for aFe20s containing 1.0 atomic per cent 
titanium. 

The measured Hall voltages seem to result entirely from magnetization of 
the samples, which are weakly ferromagnetic, and disappear above the ferro­
magnetic Curie temperature. 

The temperature variations of the Fermi level are determined from Se~beck 
data. The temperature variations of carrier concentration are determined from 
Fermi level and of mobility from carrier concentration and conductivity for 
some samples. Carrier concentration results indicate that each added titanium 
ion donates approximately one electron to the conduction process. l\10bilities 
are found to be less than 2.0 cm2/volt sec, suggesting that conduction involves 
electrons in the d level of iron. 

Acceptance Inspection of Purchased Material.* J. E. PALMER3 and E. 
G. D. PATERSONl . Ind. Quality Control, 8, pp. 15-19, Sept., 1951. 

This paper describes some of the principles and procedures employed in the 
inspection of purchased material in the form of components or finished products. 
The authors' experience has been largely with procedures used in the Bell Sys­
tem, and the illustrations have therefore been drawn from this source. It is felt, 
however, that considerations leading to the choice of specific inspection tech-

* A reprint of this article may be obtained on request. 
I Bell Tel. Labs. 
aw. E. Co. 
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niques wi~l be generally applicable even though the number and volume of items 
purchased and the number of suppliers involved may in some cases differ widely. 
In this presentation, stress has been placed on a discussion of the broader gauge 
factors underlying the engineering planning of inspection procedures rather than 
on specific sampling and control techniques. 

Analysis of Audio-Frequency Atmospherics.* R. K. POTTERl. Proc 
I.R.E., 39, pp. 1067-1069, Sept., 1951. 

Sound portrayal techniques used in studies of speech and noise reveal the 
structure of atmospheric disturbances well known to long-wave radio and ocean­
cable engineers as "whistlers," "swishes," and tweeks." It is suggested that 
renewed investigation of these effects, using modern analyzing tools, might yield 
information of considerable scientific interest. 

Reflection of Electromagnetic Waves from Slightly Rough Surfaces. * 
S. O. RICEl. Communications on Pure and Applied Math., 4, pp. 351-378, 
Aug., 1951. 

Color Television and Colorimetry. * W. T. WINTRINGHAMl. Proc. I.R.E., 
39, pp. 1135-1172, Oct., 1951. 

The high lights of the history of color measurement and of color photography 
are reviewed. Following this introduction, the principles of modern three-color 
colorimetry are developed from a hypothetical experiment in color matching. 
The conventional theory of "perfect color reproduction" by color television is 
built up from colorimetric background. Some of the difficulties to be expected 
in applying colorimetry to color television are brought out. 

Finally, there is some discussion which tends to show that colorimetry may 
not be a sufficiently powerful tool to provide answers to all of the questions which 
will arise in the reproduction of scenes in color by television. The advantage of 
colorimetry as a background is indicated, however. 

* A reprint of this article may be obtained upon request. 
1 Bell Tel. Labs. 
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