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Given a coaxial Clogston 1 with infinitesimally thin laminae, having a 
high-impedance core and a high-impedance sheath of fixed radius b, 
and in which the total thickness 81 + 82 of both stacks is a fixed constant 
28. Assuming that 28 is small compared to b, what should be the radius 
a of the core, and how should the total stack thickness be divided between 
the outer and inner stacks so as to minimize the attenuation constant of 
the line? Finally, what should be the fraction 0 of conducting material 
in the stacks to minimize the attenuation constant, if the electrical 
constants of the conducting and insulating layers are fixed, but thc 
properties of the main dielectric are at our disposal? 

If the two inequalities 

81 «a, 82 «b, (132) 

are satisfied (these restrictions will be removed in Section IX, when we 
discuss Clogston cables having an arbitrary fraction of their total volume 
filled with laminations), then equation (118) for the attenuation constant 
of a Clogston 1 with .infinitesimally thin laminae and high-impedance 
boundaries becomes, approximately, 

1 [ 1 1 ] 
a 21']00 log (b/a) a8! + b82 . 

(133) 

If we write 
(134) 

and vary 81 and 82 in accordance with this relation while holding a and b 
constant, it is easy to show that the expression on the right side of 
(133) is a minimum when 

28yb 
(135) 

These equations tell us the most efficient way to divide the stacks in a 
Clogston 1 when the radii of the core and the outer sheath are a and b re­
spectively, still assuming of course that the thickness of each stack is 
small compared to its mean radius. 

If we introduce the optimum values of 81 and 82 into (133), we get 

(136) 

If b is fixed, the last expression is a minimum, considered as a function 
of a, when 

log (b/a) = 1 + v' a/b. (137) 



LAMINATED TRANSMISSION LINES. I 

The root of this transcendental equation is 

bla = 4.3827, a = 0.22817b. 

Substituting this value of bl a into (135), we find 

81 = 1.35358, 

82 = 0.64658, 

81/82 = 2.0935; 

917 

(138) 

(139) 

while from (136) and (138) the mInImum value of the attenuation 
constant is 

3.238 
a~ . 

'f]og(81 + 82)b 
(140) 

To find the optimum value of (), we observe that equation (118) forthe 
attenuation constant of a Clogston 1 cable with infinitesimally thin 
laminae and high-impedance boundaries may be written in the form 

(Eol J.Lo)! (b ) a = --- f a, ,81, 82 , 
Og1 

(141) 

where the first factor depends on the electrical constants of the com­
ponents of the cable, whilef(a, b, 81 ,82) is a function only of the geometry. 
By (110) the attenuation constant of a plane Clogston 1 has the same 
form, only with a different dependence on the geometrical factors. Now 
assume that the geometrical proportions of the line are fixed, and that 
the electrical constants J.L1 , g1 , J.L2 , and E2 of the conducting and insula­
ting layers are given, but that the constants J.Lo, EO of the main di­
electric and the fraction of space () occupied by conducting layers in 
the stacks are at our disposal. The J.LoEo product of the main dielectric 
is to be codetermined with () so that Clogston's condition (102) is always 
satisfied. Solving (102) for () gives 

() = J.LoEo - J.L2E2 

JloEo + (J.L1 - J.L2)E2 
(142) 

Hence the first factor in the expression (141) for a may be written 

(Eol J.Lo)! E~[J.LOEO + (J.L1 - J.L2)E2] 
----

(}gl g1J.L~[JlOEO - J.L2E2] 
(143) 

If we minimize the right side of (143) with respect to Eo , all other quanti­
ties being held constant, by equating to zero the derivative with respect 



91S THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1952 

to Eo and then solving for Eo , we get 

J.l.oEo = M(f.LI + 2f.L2) + (f.Li + Sf.Llf.L2)!]E2 • 

From (142) the value of (J is 

(J = J.l.1 + (f.Li + Sf.LIJ.l.2)! 
3f.Ll + (f.Li + SJ.l.lf.L2)!' 

and the corresponding attenuation constant is proportional to 

(144) 

(145) 

(146) 

It will be observed that so far we have determined only the optimum 
value of the product f.LoEo , and so we are still free to alter the ratio of 
J.l.o to EO while holding the product of these two quantities constant. For 
given values of f.LI and f.L2 , we obtain the lowest attenuation constant by 
making fO as small as possible and f.Lo as large as possible, subject of course 
to the practical restriction that EO cannot be lower than the dielectric 
constant of free space. However if we permit J.l.2 and J.l.o to be simul­
taneously increased, as by magnetic loading of both the insulating layers 
and the main dielectric, we find from (146) that on paper it is possible 
to decrease the attenuation constant without any definite limit. This 
observation is in accord with the fact that the attenuation constant of 
an ordinary coaxial cable may be decreased indefinitely, with a corre­
sponding decrease in the velocity of propagation along the cable, if we 
are willing to assume an unlimited amount of lossless magnetic loading. 

If f.LI = f.L2, (144) and (145) take the form 

(J = 2/3, (147) 

from which we have the result given by Clogston:14 If the conducting 
and insulating layers are infinitesimally thin and have equal permea­
bilities, then minimum attenuation is achieved when the thickness of the 
conducting layers is twice the thickness of the insulating layers. In this 
case, from (146) and (147) the attenuation is proportional to 

(fO/ J.l.o)! 3(EO/ f.Lo)! 
----

(JgI 2g1 
(14S) 

When f.Lo = f.L2, corresponding to no magnetic loading, we must take 
EO = 3E2, and (14S) reduces to 

14 Reference 1, pp. 513-514. 
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OUI 2Ul 
(149) 

while if we load the main dielectric so that Ilo 

€o = €2, we have 
3112 and we can take 

(150) 

which is just one-third of the value with no magnetic loading. 
As Clogston has pointed out, if the limitation is on the total thickness 

of conducting material in the stacks rather than on the stack thicknesses 
themselves, we shall find it advantageous to use a small value of 0 (a 
high "dilution" of conducting material) so as to make the average 
dielectric constant €d (1 - 0) of the stacks, which has to be matched by 
the main dielectric, as small as possible. We shall see later that the effect 
of finite lamina thickness is in fact to limit the total thickness of conduct­
ing material which it is useful to employ in a single stack at high frequen­
cies, so that for physical stacks of non-magnetic layers at high frequencies 
the optimum value of 0 is less than 2/3. Quantitative results which take 
into account the finite thickness of the layers will be obtained in 
Section XI. 

To illustrate the use of some of the equations derived above by means 
of a numerical example, we shall compare the attenuation constant of a 
conventional coaxial cable with that of a Clogston 1 cable of the same 
size. If a and b denote the radii of the inner and outer conductors of a 
conventional coaxial cable, and we take b/a = 3.5911 to minimize the 
attenuation constant, then we have from equation (48) of Section II, 
on setting PI = a and P2 = b, 

1.796 
a=--

1]OUIOlb ' 
(151) 

where 1]0 is the intrinsic impedance of the main dielectric, which may be 
air. For a Clogston 1 coaxial cable with infinitesimally ~hin laminae, no 
magnetic material in the stacks (Ill = 112 = Ilv), and the optimum propor­
tions given by (139) and (147), we have 

rv 4.857 
a rv 1]OUI(SI + s2)b ' 

(152) 

where b is the outside radius of the outer stack and 'YIo is the intrinsic 
impedance of the main dielectric, which cannot be air in a Clogston cable. 
The ratio of the attenuation constant a c of this Clogston cable to the 
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attenuation constant as of an air-filled standard coaxial of the same size, 
made of the same conducting material, is 

a c 2.704 (h 
as ~ (lLorl eor )}(81 + 82) , 

(153) 

where ILOr and eOr refer to the main dielectric of the Clogston cable. 
Since the attenuation constant of a standard coaxial cable is propor­

tional to the square root of frequency in the range we are considering, 
while the attenuation constant of the ideal Clogston cable is independent 
of frequency in this range, there will be a crossover frequency above 
which the Clogston cable has a lower attenuation constant than a con­
ventional coaxial cable of the same size. If we are dealing with copper 
conductors and if frequencies are measured in Mc· sec -1 and linear 
dimensions in mils, then from equations (78) and (153) we find that the 
crossover frequency is given approximately by 

49.50 (eorl ILOr) (154) 
fMc ~ ( )2 

81 + 82 mils 

For example, let us take an ideal Clogston 1 cable of outer diameter 
0.375 inches, excluding the sheath, with no magnetic loading, and assume 
the following values: 

a = 42.8 mils 
b = 187.5 mils 

81 = 12.69 mils 
6.06 mils 

18.75 mils 

(j = 2/3 
e2r = 2.26 (polyethylene) 
eOr = 3e2r = 6.78 
ILOr = 1L1r = 1L2r = f 

(155) 

This cable has a lower attenuation constant than a standard air-filled 
coaxial of the same size at frequencies above about 1 Mc· sec -1, the ap­
proximate formula (154) yielding 0.955 Mc· sec -1 for the crossover 
frequency and the exact equation (1l8), taken in conjunction with (151), 
yielding 1.251 Mc ·sec-I

. 

The reader is cautioned that the comparison given by (153) between 
Clogston and conventional cables is based upon certain highly idealized 
assumptions. In the first place we have neglected the finite thickness of 
the laminae, which will in fact cause the attenuation constant of a 
physical Clogston cable to increase with increasing frequency, and 
ultimately to cross over again and become higher than the attenuation 
constant of a conventional air-filled coaxial. We have also neglected 
dielectric and magnetic losses, which are likely to be directly propor­
tional to frequency and by no means negligible at the upper end of the 
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frequency band. In practice, too, the J.1.oEo product of the main dielectric 
must be held very close to the Clogston value or the benefit of the large 
effective skin depth is lost; and the stacks must be extremely uniform or 
again the depth of penetration is greatly reduced. We shall take up all 
these matters in later sections, and shall see that while the results just 
given represent ultimate limits of performance, the practical improve­
ments which can be achieved over conventional cables depend upon the 
degree to which one can solve the manufacturing problems that tend to 
make every actual Clogston cable differ more or less from the ideal struc­
ture considered above. 

v. EFFECT OF FINITE LAMINA THICKNESS. FREQ~ENCY DEPENDENCE OF 

ATTENUATION IN CLOGSTON 1 LINES 

The principal effect of finite lamina thickness in a Clogston cable is to 
introduce a frequency dependence into the propagation constant, and 
in particular to cause the attenuation constant to increase, with increas­
ing frequency, above the value which we have found for infinitesimally 
thin laminae (or for finite laminae at low frequencies). The increased 
losses are associated with the fact that the penetration depth in a lami­
nated stack decreases with increasing frequency, even when Clogston's 
condition is exactly satisfied, if the laminae are of finite thickness. vVe 
shall now obtain expressions for the surface impedance of a plane lami­
nated stack of n double layers, such as is shown in Fig. 3, when Clogston's 
condition is satisfied but the individual layers are of finite thickness. 

We first observe that Clogston's condition (102) implies 

7]2yK2t2 = 7]2<T2(1 - 'Y~/ <T~)t2 

. [1 OJ.1.1 + (1 - O)J.1.2] (1 - O)t1 
~WJ.1.2 - (1 - O)p,2 0 (156) 

where in the last step we have used the fact that in the conducting 
layers 7]ly is equal to 7]1 and K1 is equal to <T1 to a very good approximation. 
We now introduce the dimensionless parameter 

(157) 

which may be regarded as a measure of the electrical thickness of the 
individual conducting layers. From (86) and (156) we have, for the prop-
agation constant per double layer, -
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ch r = ch 8 - !8 sh 8, . 

and from (87), for the it~rative impedances, 

·8, 
I{I = - [+ !8 + (182 

- 8 coth 8 + 1)2], 
g)tl 

8 ~ 
K2 = -t [- !8 + (!82 

- 8 coth 8 + 1)2], 
gl I 

since T]ly = Kl/ gl = 8/ gitl • 

(158) 

(159) 

If the thickness i l of each conducting layer is moderately small com­
pared to the skin depth (h at the highest frequency of interest, the quanti­
ties r, Kl , and K2 may conveniently be expanded in powers of 8. The 
identity . 

ch x-I = 2 sh2 !x 

enables us to transform (158) into 

sh 2 ! r = ! (ch 8 - 1) - 18 sh e 
8

4 

[ 8
2 

8
4 J = - 48 1 + 15 + 560 + ... , 

(160) 

(161) 

after we expand sh 8 and ch e by Dwight 657.1 and 657.2 and collect 
terms. Taking the square root by the binomial theorem gives 

(162) 

the negative sign being introduced because from (157) 8 2 is a positive 
imaginary number and we want Re r > O. Then 

r = 2 8h-
1 

[ - 4~ ( 8' + ~~ + ;:4~~ + ... ) J 
(163) 

i [8
2 

8
4 

8
6 J 

= - VS 2" + 60 + 525 + .. 0 , 

provided that we expand the sh-l function by Dwight 706. From (159) 
we get 

K = ~ [(3 - iv'S) 8 2 + iV3 8 4 _ iV3 8 6 + 0 0 0 J 
I g)tl 6 45 1575 . , 

(164) 

[{2 = ~ [- (3 + iv'S) 8 2 + iylS 8 4 
- iV3 8 6 + . 0 oJ ' 

gltl 6 45 1575 
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where we have expanded coth e by Dwight 657.5 and chosen the sign 
of the square root to make Re K1 and Re K2 both positive. 

Our first observation is that when the lamina thickness is finite the 
effective skin depth of the stack is also finite. We have, from (157) and 
(163), 

r = _1_ [~+ it~ - 8t~ _ ... ] 
V3 oi 150~ 5250~ , 

(165) 

and the average propagation constant per unit distance into the stack is 

r 1 [ti it~ 8t~ ] r t = = "2 + -4 - --6 - ... . (166) 
(t1 + (2) V3(t1 + t2) 01 1501 52501 

If as usual we define the effective skin depth ~ to be the distance, meas­
ured into an infinitely deep stack, at which the current density has fallen 
to 1/ e of its value at the surface, then keeping only the first term in (166) 
we have 

~ = 1 
Re r t ti 7rJ.tIgdti 

(167) 

a result also given by Clogston.I5 The number N of double layers in one 
effective skin depth is 

(168) 

while the total thickness T ~ of conducting material in these layers is 

v30i V3 
T~ = Nt1 = -- = --. (169) 

tl 7rJ.t1gdtI 

T ~ is essentially the thickness of conducting material in each stack which 
is effectively carrying current; it is evident that for small values of tI/01 
this effective thickness is inversely proportional to the frequency f and 
to the thickness t1 of the individual conducting layers, but independent 
of the thckness t2 of the insulating layers, provided that t2 is very small 
compared to the length of a free wave in the insulating material. 

In the general case, still assuming of course that Clogston's condition 
is satisfied, the surface impedance ZO('Yo) of a plane Clogston stack is 
given by equation (65) of Section III, namely 

Z ( ). - !Zn( 'Yo)(K1e
nr + I(2e-

nr
) + K1K2 sh nr (170) 

o 'Yo - Zn('YO) sh nr + HK1e-nr + K2enr) , 

15 Reference 1, equation (III-44). 
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where Zn('YO) is the impedance of the surface behind the stack. If 8 = 0, 
(170) reduces to (105) of Section IV, that is, 

(171) 

where Tl is the total thickness of conducting material in the stack. If 
Zn('YO) is infinite, then for all values of 8 and n we have 

8 2 t ZO('YO) = - [!8 + (i8 - 8 coth 8 + 1) coth nr]; (172) 
gitl 

and if Re nr is large, corresponding to a stack many effective skin depths 
thick, then for any Zn('YO) we have 

(173) 

Once ZO('Yo) has been computed for a particular frequency, the at­
tenuation and phase constants of the plane Clogston 1 line at that fre­
quency are given, as in Section II, by 

ex = Re Zo('Yo)/1}ob, 

(3 = w~ + 1m Zo('Yo)/1}ob. 

(174) 

(175) 

Explicit expressions for the surface impedance of a coaxial stack of finite 
layers have not been derived. However, if in a coaxial Clogston 1 the 
thickness of each stack is small compared to its mean radius, or if the 
depth of penetration given by (167) is small compared to the radius of 
the surface near which the currents flow, then the parallel-plane formula 
(170) may be used for the stack impedances ZI('YO) and Z2('YO) which are 
to be substituted into the equations of Section II for the attenuation 
and phase constants, namely 

ex - Re Zl('YO)/Pl + Z2('YO)/P2 
- 21}O log (pd Pl) , 

(176) 

(3 - -;---- + I Zl('YO)/ PI + Z2('YO)/ P2 
- Wv Ilo€o m 21}O log (pd PI) • (177) 

If the plane approximations are regarded as insufficiently accurate, one 
can compute the surface impedance of a cylindrical stack by repeated 
multiplication of matrices similar to the one given by equations (88) of 
Section III. This procedure would obviously involve considerable numeri­
cal computation, but we can hardly expect that it would reveal anything 
qualitatively new for Clogston cables of the proportions considered in 
Part 1. 
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It will be instructive to compare the impedance of a laminated plane 
stack with the impedance of a solid metal.plate over the full frequency 
range from zero to very high frequencies. 16 If the stack contains n con­
ducting layers, each of thickness tl , and the metal plate is of thickness 
Tl = ntl, the impedances of the plate and of the stack will be equal at 
zero frequency, and also at very high frequencies where the first layer 
of the stack is already many skin depths thick. For simplicity we assume 
that both the plate and the stack are backed by infinite-impedance 
surfaces at all frequencies. 

To orient ourselves we shall define three critical frequencies, for which 
respectively the thickness of the solid plate is equal to one skin depth in 
the metal, the thickness of the stack is equal to one" effective skin depth", 
and the thickness of a single conducting layer is equal to V3 skin depths 
in the metal. These frequencies are 

fl = 1/(7r,ulglTi) 

f2 = V3/ (7r,ulgl tlT1) = V3nfl 

fa = 3/(7r,ulglti) = 3n2
fl 

(Tl = (1), 

(Tl = Til), 

(h = V3(1). 

(178) 

The approximate forms of the surface impedance functions of the plate 
and the stack in the various frequency ranges are then quite simple. 

In the range 0 ~ f ~ fl' the surface impedance of the solid plate is 
approximately constant and given by 

(179) 

while in the range f ~ fl we see approximately the surface impedance of 
an infinite plate, 

ZO('Yo) ~ (1 + i)/gI01 = (1 + i)V7r,ud/gl' (180) 

which is proportional to vJ. The surface impedance of the stack is 
approximately constant in the range 0 ~ f ~ h , where 

(181) 

while in the range f2 ~ f ~ is it is approximately equal to the impedance 
[(1 of an infinitely deep stack of moderately thin layers as given by the 
first of equations (164), namely 

(182) 

16 In this connection see also Reference 1, Fig. 2, p. 494. Clogston compares 
a laminated stack with a solid plate of the same total thickness as the stack, hence 
a plate which contains more conducting material than the stack. 
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which is directly proportional to frequency (and independent of con­
ductivity). For f ~ fa the stack acts much like an infinitely thick solid 
plate, for which 

ZO('Yo) ~ (1 + i)/g101 = (1 + i) V7rJ.td/g1' (183) 

an impedance again proportional to 0. 
The real parts of the approximate expressions for surface impedance 

may be plotted on log-log paper, where power-law relationships are 
represented by straight lines, to give quite a good idea of the way in 
'which the stack resistance varies over the entire frequency range. To 
show how the exact resistance departs from the approximate formulas in 
the transition regions, we have calculated the resistance of a particular 
stack over the full frequency range from equation (172), and also the 
resistance of the corresponding solid plate from the formula 

and plotted the results, together with those for an infinite plate and an 
infinite stack, in Fig. 7. The actual numerical values were chosen solely 
for ease in plotting, and are of no particular significance. It should be 
noted that the exact curves oscillate slightly around the asymptotic lines 
in the transition regions. For example, the resistance of the laminated 
stack is actually higher than the resistance of the solid plate at certain 
frequencies slightly above fa . These oscillations appear clearly in the 
numerical results, but are scarcely visible on the plots because of the 
logarithmic compression of the upper ends of the frequency and re­
sistance scales. 

We shall next obtain an expression for the rate at which the surface 
impedance of a laminated stack begins to depart from its dc value as 
the frequency is increased. For this purpose we must expand the various 
factors appearing in equation (170) for ZO('Yo) in powers of 8. Using the 
expansions (163) and (164) which have already been derived for r, 1(1 , 

and 1(2, it is a matter of straightforward if tedious algebra to show 
that: 

-nr e 

1 _ iv'3n 8 2 _ (15n
2 + i2v'3n) 84 + 

6 360 

1 '+ iv'3n 8 2 _ (15n
2 

- i2v'3n) 84+ 
6 360 

(185) 

(186) 

in [2 8 4 
(175n

2 
- 48) 6 ] 

sh nr = -20 8 + 30 - 12600 8 + ... , (187) 
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(188) 

_ _ ie'P [ (15n - 4) 82 _ (175n? - 70n - 16) 8 4 ••• J 
- V3gltl 1 + 30 4200 +, 

I(]e-nr + K 2e
nr (189) 

ie2 [1 _ (15n + 4) 8 2 _ (175n2 + 70n - 16) 4 

V3 gltl 30 4200 8 + 
1 in 6 

Kd(2 sh nr = (g
l
t
l
)2 6V3 8 + ... (190) 

By substituting the above series into equation (170), we can obtain 
the variation of the stack impedance with frequency so long as tIfo! is 
sufficiently small. Although in principle there would be no difficulty in 
taking into account an arbitrary sheath impedance Zn(-Yo), for brevity 
we shall restrict ourselves here to the case in which the sheath impedance 
is so high that at all frequencies of interest the current in the sheath may 
be neglected. Then we have equation (191) (see next page). 
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Fig. 7-Surface resistance R of solid plates and laminated stacks versus 
frequency f on log-log scale. 
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which can be reduced to 

[{le
nr + [{2e-

nr 

2 sh nr (191) 

ZO('YO) = _1_ [1 + (3n - 1) 8 2 _ (5n
2 

- 1) 8 4 + ... J 
ngltl 6 180 

1 
[ 

'rlT T2 2 J . (192) 
~ _ 1 + 21 :tl + 1:1 + ... , 

glT1 01 gel 

the last expression being valid if the number of double layers is not too 
small (n ~ 5, say). To this approximation the fractional changes in the 
resistance and reactance of the stack are 

where 

~R 

Ro 
Titi7r2J1.igil 

9 
(193) 

(194) 

(195) 

is the dc resistance. From the exact calculations described above it 
appears that (193) and (194) are valid up to the neighborhood of the 
critical frequency 

h = V3/(7rJ1.1g1tl T1), (196) 

at which frequency the approximate formulas yield 

~R/Ro = 1/3, ~X/Ro = V3. (197) 

For f > f2 , however, these approximations rapidly break down. 
We may now answer the question: What must be the thicknesst1 of 

the individual conducting layers in a plane stack which contains a given 
total thickness Tl of conducting material, if at a specified top frequency 
fm the resistance of the stack is not to have increased by more than a 
specified small fraction of its dc value? We find that the permissible 
value of tl is 

t1 = 3 ~ /Ml 
7rJ1.1g1Tdm 'V Ro ' (198) 

and we note that this value of tl is inversely proportional both to f m and 
to Tl . If we measure tl and Tl in mils and f min Mc· sec -1, then on putting 
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in the numerical values of f..LI and~gl for copper, we have 

20.31 IAli' 
(tl)mils = (f) (T)· -R· 

m Me I mils 0 

929 

(199) 

For a plane Clogston 1 with stacks of equal thickness, the attenuation 
constant is given by (174), and the fractional change in attenuation 
with frequency is equal to the fractional change in resistance of either 
stack, as calculated from (193). For a coaxial Clogston 1 with stacks 
thin enough so that the plane approximation is valid we may also use 
(193), but the fractional changes in resistance will be different for the 
two stacks if these are of different thicknesses, and the fractional change 
in the attenuation constant must be calculated from equation (176). 
If RIO and R20 are the dc resistances "per square" of the two stacks, and 
ARI and AR2 their increments as obtained from (193), then the fractional 
increase in attenuation is given approximately by 

Aa "-' ARt! PI + ARd P2 

ao "-' RIO/ PI + R20/ P2 • 
(200) 

For either plane or cylindrical geometry we find that if we scale up a 
particular Clogston line by mUltiplying the thicknesses of the stacks and 
the main dielectric by the same factor, then the low-frequency at­
tenuation constant will be divided by the square of the scale factor. 
However, the permissible thickness of the individual conducting layers, 
if we are to have the attenuation flat to a specified degree up to a fixed 
frequency, is inversely proportional to the scale factor. Thus if we double 
the overall dimensions of the line and double the amount of conducting 
material in the stacks, we shall divide the low-frequency attenuation 
constant by four, but we shall have to make the individual layers half as 
thick in order to maintain the same relative increase in attenuation 
constant at the same top frequency f m • In addition it is clear that if we 
double the top frequency while maintaining the same requirement on 
Aa/ ao for a line of given dimensions, we shall also have to cut the thick­
ness of the individual layers in half. 

As a numerical example, let us return to the cable whose specifications 
were given by (155) at the end of Section IV. For this cable we have: 

PI 

P2 

55.49 mils 

181.44 mils 

pd PI = 3:270 

= 8.46 mils 

= 4.04 mils (201) 
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If the conducting layers are copper, we find that equation (200) for the 
fractional increase in attenuation becomes, numerically, 

Aa/ao ~ 0.121(tI)!i1a1irc . (202) 

If for example the copper layers are 0.1 mil thick and the polyethylene 
layers 0.05 mil thick, since we are assuming () = 2/3, then the attenuation 
constant has increased by 10 per cent of its" flat" value at a frequency of 
about 9.1 Mc·sec-I. 

We may also ask for the:upper crossover frequency, above which the 
Clogston cable will have a higher attenuation constant than a standard 
air-filled coaxial of the same size. Such a crossover frequency must exist 
because the dielectric loading of the Clogston cable (in our case EOr = 
6.78) introduces a factor VEor into the asymptotic expression for the 
attenuation constant at extremely high frequencies when the stacks look 
like solid metal walls; in addition there will be slight differences due to 
the fact that the geometric proportions of the conventional and Clogston 
cables are not exactly the same. 

We assume, subject to a posteriori verification, that the upper cross­
over frequency lies between the critical frequencies 12 and 13 , defined by 
(178), for each stack. Then we have in effect infinitely deep stacks of 
moderately thin laminae, whose surface resistances are equal and are 
given by (182) to be 

RI = R2 ~ 7T"JJ.Itd/V3 = 5.79 X 10-\tI)mils1Mc ohms. (203) 

The attenuation constants of the conventional and Clogston cables are 
obtained from (151) and (176) respectively, where for the conventional 
coaxial we set 1]0 = 1]v. After a little arithmetic we find for the upper 
crossover frequency in this particular case, 

(204) 

Thus if the copper layers are 0.1 mil thick, the upper crossover frequency 
is about 280 Mc· sec-I, which turns out to lie well inside the interval 
between the critical frequencies 12 and 13 for both stacks. 

Comparing this result with the result at the end of Section IV, we see 
that a 0.375-inch Clogston 1 cable with O.I-mil copper conductors and" 
the other specifications given by (155) is nominally better than a con­
ventional air-filled coaxial cable of the same size in the frequency range 
from about 1 Mc· sec -1 to 280 Mc . sec -1. We are still neglecting the effect 
of failure to satisfy Clogston's condition exactly, the effect of stack non­
uniformity, and dielectric losses. All of these factors will be present to a 
greater or less degree in any physical embodiment of a Clogston cable, 
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and will reduce, or in extreme cases even eliminate, the frequency range 
over which the Clogston cable exhibits lower loss than a conventional 
coaxial cable. 

VI. EFFECT OF DIELECTRIC MISMATCH 

We may think of Clogston's relation (102) as a condition imposed on 
the phase velocity in a laminated transmission line to maximize the 
depth of eddy current penetration into the stacks. If this condition is 
not exactly satisfied, that is, if the J.l.oEo product of the main dielectric is 
not equal to the ji€ product of the stacks, then the effective skin depth 
of the stacks is finite at finite frequencies and decreases with increasing 
frequency even in the ideal case of infinitesimally thin layers, while if 
the layers are of finite thickness the effective skin depth is even less than 
it would be with a perfectly matched main dielectric. The losses in the 
stacks at moderate frequencies where Clog~ton's penetration effect is of 
importance are correspondingly increased by the presence of dielectric 
mismatch. 

For a quantitative discussion we define the amount of dielectric 
mismatch ~(J.l.OEO) by 

.6. (J.l.OEO) = J.l.oEo - ji E, 

and also the dielectric mismatch parameter k by 

k= 
~(J.l.OEO) 

J.l.€ - J.l.2E2 

(1 - 8) ~(J.l.OEO) 

8 J.l.lE2 

(205) 

(206) 

In terms of k, the general expressions for r, Kl , and K2 in a plane stack 
of finite layers take a relatively simple form. We have 

'1]2y K2t 2 = 1]20"2(1 - 'YV 0"~)t2 
iWJ.l.l (1 - 8)t1 = - [J.l.2E2 - J.l.OEO] ---
J.l.l~ 8 

= -iwJ.l.l(1 + k)t l = - (1 + khlO"til 

~ - (1 + khlyKltl , 

(207) 

after a little rearrangement, where the only approximation that has 
been made so far is to set '1]ly ~ '1]1 and Kl ~ 0"1 • Substituting (207) into 
(86) and (87) gives . 

ch r = ch 8 - HI + k)8 sh 8, (208) 

and 
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\vhere as usual 

(210) 

If k = 0, equations (208) and (209) evidently reduce to (158) and (159) 
of the preceding section. For a stack of infinitesimally thin layers, the 
constants fl and [( are given by equations (93) and (94) of Section 
III, namely 

'r, ~ [~ (",'~, - ""1'0"') T ~ (-2ik)'O/Ol, (211) 

[( = rdg = (-2ik)!jgl0l. (212) 

Up to this point we have set no restrictions on the magnitude of k, 
and we have not even assumed that k is necessarily real. Throughout 
the rest of this section, however, we shall assume that k is a positive or 
negative real number, as it must be if there is no dielectric or magnetic 
dissipation. 

In practice both the lamina thickness and the amount of dielectric 
mismatch will be as small as it is feasible to make them. It will be useful, 
therefore, to obtain approximate expressions for r, [(1, and [(2 under 
the assumptions 

181« 1; I k I « 1. 

Then equation (208) yields 

sh 2 ! r = ! (ch 8 - 1) - i (1 + k) 8 sh 8 

= _~ Q2 _ (1 + 2k) 84 _ ... 
4 0 48 . 

(213) 

(214) 

If I k I « 1 we can neglect 2k compared to unity in the coefficient of 
8\ but since we have made no assumptions as to the relative magni­
tudes of I 8 I and I k I, we cannot drop either the term in k82 or the 
term in 8 4

• If we replace sh!r hy !r in (214), we get 
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where we have taken the square root of the complex quantity by Dwight 
58.2, and 

Similarly, from (209), 

+1 if k > 0, 
sgn k = 

-1 if k < 0. 

[(1 = ~ [(1 + k) 8 2 + 8 • / _ k _ (1 - 2k - 3k2
) 82 _ 

gltl 2 11 12 

~ ~ [teZ + 8v -k - 8 2/12] 
gltl 

itl 1 2. 1 

= ~ + _ ;;:)3 ~ [(tI/(h) - 6dd 2 

glul V uglUl 

= JsglOl {[ vHtt/Ol)4 + 9k? + t(tt/Ol)2]! + iy!3tt/OI 

... ] 

- i(sgn k)[vHtt/Ol)4 + 9k2 - t(tt/Ol)2]!}, 

[(2 ~ V~glOl {[ VHtt/Ol)4 + 9k2 + t(lI/OI)2]! - iV3tl/Ol 

- i(sgn k) [V:lCtt!OI)4 + 9k2 - t(t1/Ol)2p}. 

(216) 

(217) 

The effective skin depth of a stack of moderately thin layers in the 
presence of slight dielectric mismatch is, from (215), 

(ll + 12) y!3(ll + (2)OI/tl 
~ = Re r = [VHtt/Ol)4 + 9k2 + t(t1/(h)ZP . (218) 

An equation essentially equivalent to this was given by Clogston, in 
somewhat different notation.17 It is clear from (211) or (218) that if the 
layers are infinitesimally thin, we have 

.~ = oI/e I k 1\ (219) 

and the effective skin depth in the stack is proportional to the skin 

17 Reference 1, equation (III-42). 
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depth 01 in the conducting material at the operating frequency, although 
if the mismatch parameter k is small, the proportionality constant mul­
tiplying 01 will be large. In the general case, the number of double layers 
in one effective skin depth is 

N = _A_ = V3ol/t l (220) 
tl + t2 [VHtl/Ol)4 + 9k2 + !(t l /0 l )2]!' 

and the total thickness of conducting material in these layers is 

T t:. = Ntl = V30
1 1· • (221) 

[VHtt/Ol)4 + 9k2 + !(tl/Ol)2]" 

It is instructive to plot the effective skin depth of a given stack at a 
fixed frequency as a function of dielectric mismatch. If 

Ao = 0(t1· + t2)oi/ti (222) 

denotes the effective skin thickness when there is no mismatch, then the 
relative skin thickness when the mismatch parameter is k is just 

A V2 
Ao = [VI + 361{;20i/tt + I]!' 

(223) 

This ratio is plotted against k in Fig. 8, a universal curve being obtained 
by measuring k in units of (t l /0 l )2. It is worth noting that when k = 

(tl/o l /, the effective skin thickness is only 53 per cent of the skin 
thickness with perfect dielectric match. 

The surface impedance ZO('Yo) of a laminated plane stack at any fre­
quency and with any amount of dielectric mismatch is given by equa­
tion (65), 

!Zn('YO)(Klenr + Ii2e-nr) + KIK2 sh nf 

Zn('YO) sh nf + !(Kl e- nr + K2e nr) 
(224) 

For a stack with infinitesimally thin layers and total thickness s, the 
equation becomes 

ZO('YO) = K Zn('YO) ch fts + K sh fts 

Zn('YO) sh ftS + K ch fts' 

where r t and K are given by (211) and (212). At zero frequency, 

(225) 

1 1 
Zoe 'Yo) = gs + 1/ Zn ('YO) glTI + 1/ Zn ('Yo) , (226) 

while if Zn('YO) is infinite, in general 
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Zo(')'o) = g~l a(1 + k)(3 (227) 

+ [1(1 + k)2(32 - (1 + k)(3 coth (3 + 1]; coth nr}, 

which simplifies, for infinitesimally thin layers, to 

ZO('YO) = K coth r(s. 

If the stack is many effective skin depths thick, we have 

Zo(')'o) = Kl , 

while if the individual layers are infinitesimally thin, 

ZO('Yo) = K , 

where Kl and K are given by (209) and (211), respectively. 

(228) 

(229) 

(230) 

When ZO('Yo) is known, the attenuation and phase constants of the 
parallel-plane Clogston 1 are given as usual by 

a = Re Zo('Yo)/r]ob, 

{3 = w~ + 1m Zo('Yo)/r]ob. 

For the coaxial cable we use 

a = ReZ1(')'o)/Pl+ Z2('YO)/P2, 
21]0 log (pd PI) 

Q _ _ /- + 1 Zl(')'O)/Pl + Z2(')'O)/P2 
fJ - WV J..Lo€o m 2r]o log (pd PI) , 

(231) 

(232) 

(233) 

(234) 

but the impedances of the cylindrical stacks are easy to compute only if 
we can employ the parallel-plane approximation for each stack. To take 

ll. 
flo 

1.0 

/ ~ 
/ \ 

I \~ / 
~ ~ ~ r--f..--- r--

0.8 

0.6 

0.4 

0.2 

o t~ 
-5 -4 -3 -2 -1 0 2 3 4 ~X6'.2 

k 1 

Fig. 8-Relative skin depth 11/11 0 in a stack of finite layers versus dielectric 
mismatch parameter k, measured in units of (tt/Ol)2. 
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curvature effects into account would require a considerable amount of 
numerical calculation. Equation (98) of Section III provides an explicit 
expression for the surface impedance of a cylindrical stack of infini­
tesimally thin layers in the presence of dielectric mismatch, in terms of 
Bessel functions of complex argument; but if the layers are of finite 
thickness we can at present do nothing better than multiply out the 
matrices of the individual layers step by step. 

The variation of the surface impedance of a laminated stack with 
frequency over the full frequency range is not quite so simple in the 
presence of dielectric mismatch as when Clogston's condition is exactly 
satisfied, but a somewhat analogous discussion may be given. As in the 
preceding section, we consider a plane stack of n conducting layers 
each of thickness tl , where ntl = T1, and backed by an infinite-imped­
ance surface. When the mismatch parameter is k, the three critical 
frequencies are: 

fl = l/(7rJ.tlglTi) 

12 = V3/(7rJ.t1g1tlT1V1 + 3n2lc2
) 

= V3nI1/V1 + 3n2le2 

13 = 3/(7rJ.t1g1ti) = 3n2
fl 

(Tl = T A), 

(235) 

(i1 = V301). 

In the range ° ~ f ~ /2 , the surface impedance of the stack is ap­
proximately constant, being given by 

ZoC'Yo) ~ II glTl . (236) 

In the range f2 ~ 1 ~ 13 ,. we have 

Zoe 'Yo) ~ J{l , (237) 

where J{I is given by (217) provided that Ie is small compared to unity. 
For infinitesimally thin layers the upper critical frequency f3 is infinite, 
and we have for f ~ /2 , 

ZO('Yo) ~ I Ie 1!(1 - i sgn Ie) I glOI 

= (1 - i sgn Ie) V 7rJ.t 1 I Ie I f/gl, 
(238) 

which is proportional to 0. If the layers are of finite thickness but 
k = 0, we have the result obtained in the preceding section, 

(239) 

which is proportional to f up to the critical frequency f2 . If neither the 
mismatch parameter Ie nor the layer thickness tl is zero, then the surface 
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impedance Zo(')'o) cannot be represented by a simple power of} in the 
range 12 ~ 1 ~ 13. At frequencies above 13 , if the layer thickness is 
finite, the impedance is approximately that of a solid conductor, namely 

Zo(')'o) ~ (1 + i)lolJ1 = (1 + i)V 7rJ1.d/gl , (240) 

which is proportional to 0. 
Since in general the surface resistance depends upon the two param­

eters tIlo l and le, it is not possible to plot a single curve which shows the 
variation of resistance with frequency under all possible conditions of 
dielectric mismatch. However if we compare a matched stack of finite 
layers with a similar mismatched stack, we see that the asymptotic 
behavior of Zo(')'o) is the same for both stacks at very low and very 
high frequencies. A numerical study of the exact equation for Zo(')'o) 
shows that in the neighborhood of the critical frequency 12 , the resist­
ance of the mismatched stack is higher than the resistance of the matched 
stack. (The critical frequency 12 as defined in (235) is a function of the 
mismatch parameter le, but will be of the same order of magnitude for 
a slightly mismatched stack as for a perfectly matched stack.) The 
resistance of the mismatched stack exhibits relatively small fluctuations 
above and below the resistance of the matched stack in the neighborhood 
of the upper critical frequency is , but this region is not of as much prac­
tical interest as the region near 12 , where the stack resistance is defi­
nitely increased by the effect of dielectric mismatch. 

An explicit expression for the rate at which the surface impedance of 
a mismatched stack begins to depart from its dc value as the frequency 
is increased has been worked out only for the ideal case of infinitesimally 
thin layers. For a plane stack of infinitesimal layers backed by an in­
finite-impedance surface, equation (228) gives, at moderately low fre­
quencies, 

Zo(')'o) = ~ [1 + (r t s)2 - (f t S)4 + .0 oJ 
rtS 3 45 

= _1_ [1 _ 2ikTi + 4le
2
Ti + 00 oJ 

gIT! 30i 4501 ' 

(241) 

from which the fractional changes in resistance and reactance are 

~R 4eTi 4e7r2.uioiTi12 
(242) 

Ro 4501 - 45 

~X 2leTi 2k7r.u1gITi1 (243) 
Ro 30i 3 
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The admissible value of I k I, if the fractional change in resistance is not 
to exceed a specified value tlR/Ro at a given top frequency 1m, is 

I k I = 3V5oi · %R = 3-0 . /tlR (244) 
2Ti 11 Ro 27rJ.LIydmTi 11 Ro ' 

which is inversely proportional both to 1m and to the square of the total 
thickness of conducting material in the stack. If we express Tl in mils, 
1m in Mc· sec -\ and assume the conducting layers to be copper, we get 

(245) 

The variation with frequency of the surface impedance of a matched 
stack of finite layers at moderate frequencies (say 1 ~ 12) is given by 
equation (192) of Section V; but no simple formula has yet been de­
rived for the surface impedance of a mismatched stack of finite layers· 
in this frequency range. The derivation of such a formula would appear 
to involve nothing more than some rather formidable algebra, the diffi­
culties centering around the fact that in the general case we can make 
no a priori assumptions as to the relative magnitudes of k and (tI/Ol)2. 
It is reasonable to suppose, however, that if both dielectric mismatch 
and finite lamina thickness contribute appreciably to tlR/Ro, the per­
missible values of I k I and tl individually will be less, if we are to achieve 
a given flatness of the attenuation versus frequency curve, then the 
permissible value of either if the other factor were unimportant. 

To exhibit the effect of dielectric mismatch from a slightly different 
point of view, we may plot the surface resistance of an infinitely deep 
plane stack of moderately thin layers (a finite stack several effective 
skin depths thick would show essentially the same behavior) at a fixed 
frequency, as a function of the mismatch parameter k. The surface re­
sistance is just Re K l , which may be obtained from (217) if k and 
tl /O l are assumed small compared to unity. Fig. 9 shows the dimension­
less quantity 

Re YI0IKI = ~ [V!CtI/Ol)4 + 9k2 + !(tI/Ol)2]!, (246) 

for the three values tl/Ol = 0, tl/Ol = 0.1, and tl/Ol = 0.2. For an elec­
trically thick solid conductor we have simply 

(247) 

hence to get any benefit from the laminated stack we must have 
Re YI0IKI smaller than unity. Actually, if we meet Clogston's condition by 



LAMINATED TRANSMISSION LINES. I 

0.35 ...----r---...,.---r------r---..--~-____r--.,.._-__r_-___, 

0.25 ~--+--~~-+---+---I-----I 

~ 0.201----f---j..-~~ __ _+_-____1I_-+_~~~-+_-_+_-___l 
~ 

rn 
~ 0.151----f---j..---t--~"t_~____1I_~_H_-_+_--+_-_+_-___l 

0.10 I----f---j..--+--_+_-\'I~~'I__+_-__+_--+_-_+_-___l 

0.051----+----+--+---J----\-l-f---+---+---I----+-----l 

O~_~_~ __ ~ _ _L_~~_~_~ __ L-_~_~ 

-0.10 -0.08 -0.06 -0.04 -0.02 o 
k 

0.02 0.04 0.06 0.08 0.10 

939 

Fig. 9-N ormalized stack resistance Re g!8!K! versus dielectric mismatch 
parameter k, for different values of iI/8!. 

raising the dielectric constant and thus lowering the impedance of the 
main dielectric, then since the attenuation constant of the line is pro­
portional to the ratio of stack resistance to dielectric impedance, we 
must have Re gtCJ1K1 considerably smaller than unity to obtain a lower 
attenuation with the Clogston line than with an ordinary air-filled line 
having solid metal walls. 

For a plane Clogston 1 line with stacks of equal thickness, the frac­
tional change in the attenuation constant with frequency is equal to 
the fractional change in the resistance of either stack, whether this 
change arises from the effects of finite lamina thickness or from di­
electric mismatch or both. The fractional change in the attenuation COll­

stant of a coaxial Clogston 1 depends not only on the change in resist­
ance of each stack; but also on the geometric proportions of the cable, 
in the manner expressed by equation (200) of Section V. 

The effect of dielectric mismatch on the overall attenuation versus 
frequency characteristic of a Clogston cable is in general to reduce the 
total frequency range (in Mc· sec -1) over which the Clogston cable has 
a smaller attenuation constant than a conventional air-filled coaxial 
cable of the same size. To calculate the lower crossover frequency we 
may ordinarily neglect finite lamina thickness effects and use equation 
(241) for the stack impedances, while at the upper crossover frequency 
the stack impedances are very nearly equal to K1 , as given by (217). 
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It should be remembered that mismatch of the JloEo product of the main 
dielectric will usually be accompanied by a change in the dielectric 
impedance V Jlo/ Eo • Thus under certain conditions the lower crossover 
frequency may even be reduced by choosing EO slightly below the Clog­
ston value, inasmuch as the increase in dielectric impedance may more 
than compensate for the increase in stack resistance at low frequencies; 
but it appears that this will be paid for in a steeper slope of the attenu­
ation versus frequency curve and a consequent greater reduction of the 
upper crossover frequency. 

I t would be very useful to make a numerical study of the effects of 
dielectric mismatch in Clogston cables having a variety of different pro­
portions; but in the present paper space limitations restrict us to a few 
observations concerning orders of magnitude. For the cable which we 
considered at the end of the preceding section, it turns out than an 
increase or decrease of 1 per cent in the value of EO makes a change of 
at most a very few per cent in either crossover frequency; with a matched 
dielectric, we recall, these crossover frequencies were about 1 Mc. sec-1 

and about 280 Mc· sec -1 respectively. However if we had designed a 
laminated cable with thicker stacks or thinner laminae or both, so as to 
increase the theoretical factor of improvement over a conventional cable 
in the working frequency range, we should have found that the tolerable 
deviation of EO from Clogston's value, instead of being of the order of 
1 per cent, was more nearly of the order of 0.1 per cent or even smaller; 
and the greater the improvement striven for, the more stringent the re­
quirement of accurate dielectric match. 

VII. DIELECTRIC AND MAGNETIC LOSSES IN CLOGSTON 1 LINES 

Dielectric and magnetic dissipation in the main dielectric and in the 
stacks can be taken into account by introducing complex dielectric con­
stants and permeabilities for the lossy materials. Thus we may write 

EO E~ - iE~' E~ (1 - i tan CPo), 

E2 E~ - iE~' E~ (1 - i tan CP2), 
I • /I I 

Jlo = Jlo - ~Jlo = Jlo (1 - i tan So), (248) 
, • /I I 

Jll = Jll - ~Jll = Jll (1 - i tan Sl), 

Jl2 = Jl~ - iJl~' = Jl~ (1 - i tan S2), 

where in the most general case the loss tangents may all be different, 
though it will be assumed that they are all small compared to unity, so 
that the problem may be treated by first-order perturbation methods. 
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The average rate of energy dissipation per unit volume in a lossy di­
electric by a harmonically varying electric field of maximum amplitude 
E is just ~w€" E\ since the imaginary part €" of the complex dielectric 
constant corresponds to a conductivity g = w€". Similarly the average 
rate of energy dissipation pel' unit volume in a lossy magnetic material 
by a harmonically varying magnetic field of maximum amplitude H is 
~wJ.1." H2. The part of the attenuation constant which arises from di­
electric and magnetic dissipation is one-half the ratio of power dissipated 
per unit length of line to total transmitted power, provided of course 
that the attenuation per wavelength is small. Since the loss tangents 
of the various materials are assumed small, we can use the fields found 
for the lossless case to calculate the transmitted and dissipated power. 

If the volume occupied by currents in the stacks is smal~ compared 
to the volume of the main dielectric, so that we can neglect the power 
flow in the stacks in the direction of wave propagation compared to the 
power flow in the main dielectric, then the part of the attenuation 
constant which is due to dielectric and magnetic dissipation is given by 
equation (51) of Section II, namely 

ad = !wV J.1.~€~(tan ¢o + tan so) = 7rvMr (tan¢o + tan so), (249) 
Av 

where Av is the vacuum wavelength and J.1.~r , €~r are the real parts of the 
relative permeability and relative dielectric constant of the main di­
electric. This equation will be derived from energy considerations pres­
ently. It should be noted that the part of the attenuation constant 
given by (249) is directly proportional to frequency, provided that the 
loss tangents are independent of frequency; but it is the same for both 
plane and coaxial geometry and is independent of all the geometrical 
factors which describe the size and the relative proportions of the line. 

Equation (249) will probably be sufficiently accurate for all Clogston 
1 lines having the proportions (stacks thin compared to main dielectric) 
which we have considered in Part 1. As an example wherein we also take 
into account the power flow in the stacks, however, we shall treat a 
parallel-plane line with infinitesimally thin laminae backed by high­
impedance walls. Then, according to equations (120) and (121) of 
Section IV, the principal field components in the main dielectric are 

(250) 

and in the stacks, 
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Hx ~ Ho(!a 1= y)/s, 

Ey ~ - y'ii'/E'Ho(!a 1= y)/s, 
(251) 

the propagation factor e-rz+iwt being understood throughout. To take 
account of dielectric and magnetic dissipation in the stacks, we write 

E = E' - iE" [E~/(1 - e)] - i[E~' /(1 - e)], 

[eJl~ + (1 - e)Jl~] - i[eJl~' + (1 - e)Jl~']. 
(252) 

ii = ii' - iii" 

The average power Po transmitted through the main dielectric is 
obtained by integrating the real part of the z-component of the com­
plex Poynting vector !E X H* over unit width of the line; thus 

Similarly, the average power PI transmitted per unit width of either 
stack is 

PI =! h:a 

[y'ii'/E' HoH6(!a - y)2/S2]dy 

= !y'ii'/E'HoH6s. 

(254) 

The average power iJ.Po dissipated in the main dielectric per unit length 
and width of the line is 

!b 

iJ.Po = !w Lib [E~' EyE: + Jl~' HxH;] dy 

= !W[E~' (Jl~/ E~) + Jl~/]HoH6b 
(255) 

= !wJl~HoH6b(tan C/>O + tan ~o), 

while the average power iJ.PI dissipated per unit length and width of 
either stack is 

where 

!a 
P I [ [-"E- E-* + -"H H*] d iJ. I = Z-W lib E Y Y Jl x x Y 

= !wii' HoH6 8 (tan c/>2 + tan f), 

_II 

tan f = Jl 
ii' 

eJl~' + (1 - e)Jl~' 
eJl~ + (1 - e)Jl~ . 

(256) 

(257) 

The attenuation constant due to dielectric and magnetic dissipation is 
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~p( + 2jj,PI 

2(Po + 2PI ) 

= !.wV~ (tan c/>o + tan to) + (2,iL' s/3J.L~b)(tan c/>2 + tan f) 
2 J.Lo 0 1 + (2s/3b) V,iL' E~/ J.L~E' , 

943 

(258) 

which reduces to (249) if we neglect the terms in sib. The total attenua­
tion is the sum of the metal losses, given by equation (110), and the 
dielectric and magnetic losses. 

For a coaxial Clogston 1 cable with infinitesimally thin laminae and 
high-impedance boundaries, the principal field components are given by 
equations (126)-(128) of Section IV. In the main dielectric we have 

I 
Hq,~2-' 

7rp 

I ' I 1 "-' J.Lo 
Ep "-' '-2' 

EO 7rp 

while in the inner stack, 

l(p2 - a2) 

Hq, ~ 2 (2 2) , 7rp PI - a 

1 If} l(p2 -:~a2) 
E p ~ -:; 2 (2 2) , 

E 7rp PI - a 

and in the outer stack, 
l(b2 _ p2) 

Hq, ~ 2 (b 2 2) , 7rp - P2 

_ ~-' l(b2 _ p2) 
E p ~ ~ 2 (b 2 2) • e 7rp - P2 

The average power transmitted through the main dielectric is 

1 ~~ 11* P2 Po = - -, - log - , 
2 EO 27r PI 

(259) 

(260) 

(261) 

(262) 

while for the average power transmitted through the inner and outer 
stacks it will be sufficient to replace the exact expressions by the follow­
ing simple approximations, 

1 • /,iL' 11* SI 

PI ~ 2 11 e' 2;" 3PI ' 

1 . /,iL' 11* S2 

P 2 ~ 2 11 e' ~ 3P2 . 

(263) 

(264) 
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For the average power dissipated per unit length of line in the main 
dielectric and the inner and outer stacks we have, respectively, 

1 I 11* P2 ) 
~Po = zWJ.lo -2 log - (tan cpo + tan to , 

7r PI 
(265) 

1 I 11* 81 ( -) 
~PI ~ zwji -2 3- tan CP2 + tan t , 

7r PI 

1 I 11* 82 ( -) 
~P2 ~ zwji -2 3- tan CP2 + tan t . 

7r P2 

(266) 

The part of the attenuation constant which is due to dielectric and 
magnetic dissipation is therefore 

~Po + ~Pl + ~P2 
2(Po + PI + P2) 

P2 (ji' ('81 82) -
log - (tan cpo + tan to) + -3·f - + - (tan CP2 + tan t) 

_ 1.wV""'" PI J.lo PI P2 

- 2 J.loEo log f!3. +! 1 /ji'E~ (~ +~) 
PI 3 11 J.l~E' PI P2 

We need scarcely point out that if the loss tangents are not small 
compared to unity, it may be impossible to satisfy Clogston's condition 
(102) very closely with a real value of 0, and the resulting mismatch 
may reduce' the depth of penetration and increase the metal losses in 
the stacks. In practice, however, the loss tangents will be of the order 
of 0.001 or even 0.0001, and matching the imaginary parts of J.loEo and 
jiE will be much less of a practical problem than matching the real parts. 

ApPENDIX I 

BESSEL FUNCTION EXPANSIONS 

Let PI and P2 be the inner and outer radii of a cylindrical shell and 
let the thickness t, given by 

t = P2 - PI, (AI) 

be less than PI . Then, following Schelkunoff/ we may replace the Bessel 
functions appearing in equation (68) of Section III by their Taylor ex­
pansions, namely 

1 S. A. Schelkunoff, Bell System Tech. J., 13, pp. 561-562 (1934). 
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() ( ) ~ (Kt) n (n) ( ) 
Ko KP2 = Ko ,KPI + Kt = L.J -,- Ko KPl, 

n=O n. 

It follows that 

where 
An(X) = I~(x)Kcin)(x) - K~(x)Icin)(x), 

Bn(x) = Io(x)Kcin)(x) - Ko(x)Icin)(x). 
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(A2) 

(A3) 

(A4) 

The quantities An(x) and Bn(x) turn out to be finite polynomials in 
1/ x, the general expressions for the coefficients having been derived in 
a rather inaccessible monograph by Pleije1.2 When x is large, however, 
the leading terms are quite simple. From Pleijel's analysis, or directly 
by substituting the asymptotic series for Io(x) and Ko(x) into (A4), we 
find 

A2m(X) l/x + O(I/x
3
), 

A 2m+1(X) -m/x2 + O(1/x
4
), 

(A5) 
B2m(x) = m/x2 + O(1/x4

), 

B2m+1(X) = -1/x + O(I/x3
), 

where m is a positive integer or zero. 
If we substitute these approximations into the first of equations 

(A3), we obtain 

2 H. Pleijel, Beriikning af Motstand och SJiilfinduktion, K. L. Beckmans Bok­
tryckeri, Stockholm, 190'6. 
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(A6) 

The other three equations may be treated similarly. Doing so, and 
remembering that 

pd PI = 1 + t/ PI , (A7) 

we obtain the results which were quoted in Section III, namely 

KP2(KodI2 + K I2I oI) ~ [1 + -2t ] ch Kt - 2~ sh Kt, 
PI KPI 

Kp,(Ko,[o, - K02IOl) ~ [1 + 2~.J sh Kt, 

Kp,(KnI 12 - Kuln) ~ [1 + 2~.J sh Kt, 

(AS) 

Kp2(Kll l o2 + K o2I ll) ~ [1 + -2t ] ch Kt + 2~ sh Kt, 
PI KPI 

up to first order in t/ PI . 

TABLE OF SYMBOLS 

Note: Rationalized MKS units are employed throughout. The sub­
scripts 0, 1, 2 applied to symbols representing material constants, such 
as E, J.l, g, (J", and 11, have the significance that 0 refers to the main dielec­
tric in a Clogston line, while 1 refers to the conducting layers and 2 re­
fers to the insulating layers in the stacks. Bars denote average values. 
Subscripts not included in the present table are explained in the context 
where they are used. 
ct, ill, e,~: Elements of the" general circuit parameter matrix (Section 

III). 
a: 

b: 

Distance between outer sheaths of plane Clogston line. 
Radius of inner core of coaxial Clogston line. 

Thickness of main dielectric in plane Clogston line. Inner 
radius of outer sheath of coaxial Clogston line. 



c: 

E: 

f: 
g: 
g: 
H: 

h: 
I: 
~: 

J: 

K: 

1 .. 
Iv. 

M: 
m: 
n: 
p: 
q: 

R: 
r: 

T: 

w: 
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A parameter related to the degree of nonuniformity in a 
laminated medium (Section XII). 

Electric field intensity; coordinate subscripts indicate 
components. 

Frequency. 
Electrical conductivity. 
()gl ; average conductivity parallel to laminated stack. 
Magnetic field intensity; coordinate subscripts indicate 

components. 
-iKo; a transverse separation constant (Section X). 
Electric current. 
V-l, 
Electric current density; coordinate subscripts indicate 

components. 
Characteristic impedance of stack of infinitesimally thin 

laminae. 
Characteristic or iterative impedances of laminated stack 

(introduced in Section III). 
A parameter related to dielectric mismatch in a Clogston 

1 line (Section VI). 
The general circuit parameter matrix (a<Be~-matrix). 
A mode number. 
Number of double layers in a laminated stack. 
A mode number. 
A parameter related to the propagation constant In a 

Clogston 2 line (Section XI). 
A-c resistance of a laminated stack. 
Ratio of attenuation constants of Clogston and conven­

tionallines (Section XII). 
Thickness of a laminated stack. 
Thicknesses of inner and outer stacks in a coaxial Clog­

ston 1. 
Total thickness of conducting material in a laminated 

stack (subscripts explained in context). 
Total thickness of conducting material in one effective 

skin depth. 
Thickness of an electrically homogeneous layer. Time. 
Thickness of a single conducting layer. 
Thickness of a single insulating layer. 
Electric potential. 
An abbreviation for Hy in Section XII. 
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X: AC reactance of a laminated stack. 
x: Rectangular coordinate in the direction of magnetic field 

ina plane Clogston line. 
y: Rectangular coordinate in the direction normal to the 

stacks in a plane Clogston line. 
Z: Surface impedance of a plane or cylindrical boundary; 

ratio of tangential components of the electric and mag­
netic fields (subscripts explained in context). 

Zk : Characteristic impedance of a transmission line. 
z: Rectangular coordinate in the direction of wave propa-

a: 
(3: 
r: 

')': 

.6.: 

0: 
E: 
E: 

E, : 

Ev : 

E', E": 

t: 
'YJ: 

'YJv : 

'YJy, 'YJp : 

G: 

0: 

gation. 

Re ')'; attenuation constant. 
1m ')'; phase constant. 
Propagation constant per double layer normal to lam­

inated stack. 
r / (tl + t2); average propagation constant per unit dis­

tance normal to laminated stack. 
Propagation constant in longitudinal direction. 
Effective skin depth; the depth at which the current den­

sity in an infinite plane stack has fallen to 1/ e of its value 
at the surface. A small change in a quantity. 

V2/WJ1.g; skin thickness in a solid conductor. 
Dielectric constant (capacitivity or permittivity). 
E2/(1 - 0); average dielectric constant measured normal 

to laminated stack. 
E/ Ev ; relative dielectric constant. 
Dielectric constant of vacuum; 8.854 X 10-12 farads·me­

ter-1
• 

Real and (negative) imaginary parts of complex dielectric 
constant. 

tan -\J1." / J1.'); phase angle of complex permeability. 
ViwJ1./(g + iwe); intrinsic impedance of medium. 
Intrinsic impedance of vacuum; 376.7 ohms. 
'YJ(1 - ')'2/i)!; characteristic impedance looking III the 

y- or p-direction in a homogeneous medium. 
(1 + i)tI/Ol ; a parameter related to the electrical thick­

ness of a conducting layer. 
tI/(tl + t2); fraction of stack volume filled by conducting 

layers. 
(0"2 - ')'2)!; transverse propagation constant in the y- or 

p-direction in a homogeneous medium. 



A: 

A: 
Av : 
J.1.: 

ji: 

J.1.r : 

J.1.v : 

J.1.', J.1.": 

~: 

P: 
PI, P2 : 

0-: 
¢: 

x: 
w: 

LAMINATED TRANSMISSION LINES. I 949 

A parameter related to the propagation constant III a 
Clogston 2 (Section XII). 

Wavelength. 
Free-space wavelength. 
Permeability. 
OJ.1.1 + (1 - O)J.1.2 ; average permeability measured parallel 

to laminated stack. 
J.1./ J.1.v ; relative permeability. 
Permeability of vacuum; 47T' X 10-7 henrys·meter-1

• 

Real and (negative) imaginary parts of complex per­
meability. 

y/ a + !; normalized coordinate transverse to a 'plane 
Clogston 2 line (Section XII). 

Radial coordinate in cylindrical system. 
Inner and outer radii of main dielectric in coaxial Clogston 

line. '. 

ViwJ.1.(g + iwe); intrinsic propagation constant of medium. 
Angular coordinate in cylindrical system. Phase angle, 

tan-l (e"/e'), of complex dielectric constant. 
-ir(; a transverse separation constant. 
Angular frequency in radians·second-1

• 

FUNCTION SYMBOLS 

Re: 
1m: 
log: 
sh: 
ch: 
J o , J 1 : 

No, N 1 : 

10 , II : 
I{o,1(1 : 

Real part. 
Imaginary part. 
Natural logarithm. 
Hyperbolic sine. 
Hyperbolic cosine. 
Bessel functions of the first kind. 
Bessel (Neumann) functions of the second kind. 
Modified Bessel functions of the first kind. 
Modified Bessel functions of the second kind. 



Electrical Noise In Semiconductors 

By H. C. MONTGOMERY 
(Manuscript received June 3, 1952) 

Transistors, diodes, and single crystal filaments of germanium have com­
mon noise properties: a spectrum varying inversely with frequency, and 
strong dependence on the biasing current. Theoretical attempts to explain 
this noise are reviewed briefly. Experiments with single crystal filaments 
indicate that the noise resides in the behavior of the minority carrier. In 
one type of experiment, the correlation of noise voltages in adjacent por­
tions of a filament is quantitatively related to the lifetime and transit time 
of minority carrier. In another, the effect of a magnetic field on the noise is 
found in accord with calculated changes in lifetime of the minority carrier. 

In the development of the transistor it was recognized quite early 
that electrical noise in the device was considerably in excess of Johnson 
noise, particularly at low frequencies. Noise having a similar spectrum 
had been observed many years earlier in microphonic carbon contacts 
carrying a current, and in copper oxide rectifiers, composition resistors, 
and crystal diodes. Flicker noise in vacuum tubes appears to be a re­
lated phenomenon. A number of attempts have been made to deter­
mine the mechanism of production of noise of this sort, but none have 
been particularly successful. 

In this paper we will first survey the more important characteristics 
of noise in germanium diodes and transistors. This will be followed by 
a partial hypothesis as to the nature of the noise mechanism. We will 
then discuss experimental work on noise in filaments of single crystal 
germanium carrying a dc current. These experiments strongly support 
the hypothesis, and in fact led to its formulation in the first place. 

I. NOISE IN DIODES AND TRANSISTORS 

There are many similarities in the noise phenomena found in diodes 
and transistors of both the point contact and junction type. It seems 
likely that the noise mechanism is similar in all these devices. 

One of the most characteristic features of the noise in such structures 

950 
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is the spectrum. The spectral density (power per unit bandwidth) varies 
inversely as the frequency, according to the relation 

dvV = en df 

where the exponent lies between 1 and 1.5 with an average about 1.2. 
'This type of spectrum will be referred to as a l/f spectrum. Measure­
ments of the spectra of silicon point contact diodes have been reported 
by P. H. lVIillerl for the frequency range 20 cycles to 300 kilocycles. 
Spectra of point contact transistors measured by the author have been 
reported elsewhere2

, 3 for the range 20 to 15,000 cycles. Typical spectra 
for p-n junction type diodes and transistors are shown in Fig. 1. Almost 
without exception,. our measurements and those reported in the litera­
ture have shown the l/f spectrum over most of the frequency range 
covered. There is some evidence from the related fields of flicker noise 
and carbon microphone noise that the l/f spectrum may extend to fre­
quencies well below 0.1 cycle per second. Some departures from this 
type of spectrum have been noted in the neighborhood of 100 kc, as 
shown in the curves. 
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Fig. I-The spectrum of noise in n-p-n transistors varies inversely with fre­
quency. 
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Fig. 2-The short-circuit noise current from a point contact or junction diode 
generally increases with dc bias current. 

A second characteristic feature of noise in all semiconductor devices 
is that it is current dependent. In the absence of biasing current only 
Johnson noise is observed. When biasing current is present the noise 
power may be as much as three or four orders of magnitude above 
Johnson noise. As a general thing the noise increases as the bias is in­
creased, although some minor exceptions to this rule are noted, usually 
at bias values where the slope of the current-voltage curve is changing 
rapidly. 

To illustrate the bias-dependent behavior, the noise properties of 
some germanium diodes of various types are sho\vn in Fig. 2. The short 
circuit noise current in a I-cycle band at 1000 cycles is plotted as a func­
tion of dc bias current, some of the data being for forward bias, but most 
for reverse bias. Several curves are shown for each type of unit, and 
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these are typical of the variations encountered. There is a general ten­
dency for noise current to increase in proportion to bias current, but in 
limited regions the individual units may have slopes considerably dif­
ferent from unity. It would perhaps be more logical to plot current 
densities rather than total currents, but because of the general form of 
the relations this makes little difference in the overall picture, and 
there is some difficulty in estimating the appropriate area for the point 
contact units. There is an almost unlimited number of different ways 
of representing noise data. For example, noise current, current density, 
voltage, or available power may be expressed as a function of various 
bias parameters. Of a good many combinations tried, none gave an 
outstandingly simple picture of noise behavior, and the representation 
used in Fig. 2 is probably as good as any for an overall picture of diode 
nOIse. 

The noise behavior of transistors depends on two bias parameters. 
Selection of the emitter current and collector voltage for the parameters 
usually leads to a rather simple representation. It often turns out that 
the noise behavior as an amplifier over the commonly used range of bias 
values depends largely on the collector voltage and is relatively inde­
pendent of the emitter bias. Data of this sort were shown for point 
contact transistors in a previous reference,3 and have been given for 
an n-p-n transistor by Wallace and Pietenpo1.4 A somewhat more com­
plete family of curves is shown in Fig. 3 for a recent n-p-n transistor. 

A few attempts have been made to determine the effect of tempera-
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ture on noise behavior. Such experiments have been rather unsatisfac­
tory because the changes in impedance and gain characteristics as a 
function of frequency are of the same order as the changes in noise prop­
erties. This makes the interpretation ambiguous. By and large, such 
experiments suggest that changes in noise with temperature are rather 
small, perhaps of the order of the change in absolute temperature, and 
not at all like the exponential changes associated with a diffusion process. 
This observation does not necessarily rule out a diffusion-like noise 
process; it might indicate merely that we are not looking at the right 
part of the spectrum to observe exponential changes with temperature. 

II. A HYPOTHESIS REGARDING THE NOISE MECHANISM 

Considerable work has been done on the theory of current-dependent 
noise having a l/f spectrum. Among the earliest was that of Schottky 5 

in connection with flicker noise in vacuum tubes. He considered the 
arrival of foreign atoms on the emitting surface of the cathode as a 
random series of events governed by a diffusion law with a charac­
teristic time constant, and arrived at a l/f2 rather than a l/f spectrum, 
and a highly temperature sensitive process. Surdin 6 pointed out that by 
postulating a series of decay processes with suitably distributed time 
constants a l/f spectrum could be achieved. From physical arguments 
regarding the emission process from cathodes, Macfarlane7 obtained a 
range of relaxation times and a l/f spectrum, in a process which was 
highly temperature dependent. Richardson8 gave a very general anal­
ysis of the noise properties of systems in which the conductivity was 
governed by a diffusion process. One conclusion was that a geometrically 
simple diffusion process in one, two, or three dimensions could not lead 
to l/f spectrum, although by some highly specialized assumptions about 
the geometry of a contact surface he was able to obtain such a spectrum. 
DuPre,9 in considering a hypothesis somewhat resembling that of Sur­
din, showed that the required range of activation energies was phys­
ically reasonable, and that the assumptions could be set up in such a 
way as to make the process relatively temperature independent. Several 
of the above authors and Van der Ziel lO discuss the physical basis for 
applying flicker noise theory to the noise in semiconductors. Although 
this theoretical work has contributed a great deal to distinguishing be­
tween suitable and unsuitable mechanisms, there is still no specific 
physical theory of noise in semiconductors which can be tied in a quan­
titative manner to experimental results. 

The experimental work described in the remainder of this paper has 
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led to a hypothesis regarding the noise mechanism, which is by no means 
a complete explanation, but which may be a useful step in that direc­
tion. This hypothesis resulted largely from the experimental work, but 
it seems worth while to describe it first to help appreciate the signifi­
cance of some of the experimental results. 

It has been observed. that in many semiconductor structures the 
noise voltage is approximately proportional to the dc bias current. 
This relation suggests that the noise is the result of fluctuations of the 
conductivity of the material, which modulate the bias current and pro­
duce a fluctuating voltage across the specimen. Such fluctuations in 
conductivity could result from variations in concentration of the mi­
nority carrier (holes in n-type material, electrons in p-type). The mag­
nitude of the observed noise and the type of spectrum seem to demand 
that the fluctuation be coarse-grained in time to a much greater extent 
than could be accounted for by random statistical fluctuations of carrier 
density. Experiments of Haynesll on lifetime and transit of injected car­
riers in rods of germanium have occasionally indicated finite sources of 
minority carriers in the material. Our hypothesis is that such sources 
of carriers are rather generally distributed over the material (although 
mostly too small to be noticed in experiments of the Haynes type), and 
that their activity is being modified at a slow rate by some unspecified 
local influence in a suitable way to agree with the observed noise spec­
trum. 

The experiments described below involving noise co"rrelation phenom­
ena and the effect of a magnetic field on noise point strongly to an im­
portant role for the minority carrier in the noise mechanism, and hence 
strongly suggest some such hypothesis as that just described. 

III. NOISE IN SINGLE CRYSTAL FILAMENTS 

It was found several years ago that a filament cut from single crystal 
germanium of high purity exhibits noise well above Johnson noise when 
a dc current is flowing in it. It is not clear whether this noise arises in 
the body of the material or on the surface, but to date no method of 
preparing the sample has eliminated this noise, and it is a prominent 
feature even at bias fields as low as 10 volts per centimeter. This noise 
seems to have most of the characteristics of the noise in diodes and 
transistors: it has the l/f spectrum, is current dependent, and is quite 
stable with time. It has been the subject of considerable study in the 
hope that a better understanding of it would illuminate the whole field 
of semiconductor noise. 
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Samples, referred to as "bridges", have been cut from thin slabs of 
single crystal germanium, by a technique devised by, W. L. Bond/2 

often of a form shown in Fig. 4. Side arms for both the current and 
the noise measuring electrodes have been found necessary to avoid 
spurious noise at the electrodes. A large inductance in the bias circuit 
greatly reduces the effect of any noise voltage generated at the bias 
electrodes. The spurious noise power from this source is seldom more 
than a few per cent of that being measured. It should be noted that the 
contact area for the noise measuring electrodes should not be on a por­
tion of the specimen carrying bias current, otherwise spurious noise may 
be generated at these electrodes. Typical dimensions for the straight 
central filmanent of the bridge are 0.05 x 0.05 x 0.7 cm. The side arms 
have sandblasted surfaces to suppress holes or electrons injected at the 
electrodes. The central portion may be etched, sandblasted, or other­
wise treated at will. The 'enlarged circular areas are rhodium plated to 
provide good contacts to each side arm. 

Measurements of the noise spectrum in such bridges with several dif­
ferent etching treatments and with sandblasted surfaces are charac­
terized by the l/f spectrum over a wide frequency range. * Fairly ex­
tensive measurements have been made in the audio frequency range, 
and a few covering the range from 20 cycles to 1 megacycle. A typical 
spectrum is shown in Fig. 5. 

The current dependence of the noise is shown in Fig. 6 for a number 
of samples, mostiy n-type, one p-type, and with various resistivities. 
The outstanding feature is that noise voltage always increases with dc 
bias voltage. In many cases there is direct proportionality at the lower 
bias values, increasing to a square law at higher biases. There are some 

LE 
ABOUT 7MM 

TO NOISE 
MEASURING 
AMPLIFIER 
~ 

Fig. 4-Filament with side arms cut out of a single crystal of germanium. 

* Departures from the 11f spectrum at frequencies of the order of 100 kilo­
cycles and above were first discovered by G. B. Herzog and A. Van der Ziel. 
See Reference 13. 
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Fig. ?-Typical spectra of noise in single crystal filaments carrying a dc cur­
rent. 

exceptions to this trend. Also, there are large variations in the magni­
tude of the noise. An average unit shows a noise voltage about three 
times Johnson noise at a bias oflO volts per centimeter. 

The noise behavior at reduced temperatures has been investigated. 
Results on 'three different bridges are shown in Fig. 7. The open circuit 
noise voltage is shown as a function of temperature for constant bias 
voltage. Although the curves show rather large irregularities, there 
seems to be no general trend for noise to decrease with decreasing tem­
perature over the range covered, from -200°C to room temperature. 

The surface treatment applied to a bridge may affect the noise very 
substantially. A sandblasted surface usually gives the lowest noise. 
Etching the surface may raise the noise voltage by a factor of ten or 
more, though the dc resistance changes only a few per cent. The tech­
nique of washing and drying the surface may have an important effect 
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Fig. 6-Variation of noise with dc bias in single crystal filaments. 

on the noise. Some of these processes also affect the lifetime of carriers 
in the bridge to a large extent. However, there seems to be no direct 
and simple relation between the two effects, since treatments have been 
found which change the noise by a large factor with almost no effect on 
lifetime, and vice versa. 

Fig. 8 shows measurements of noise voltage on several dozen bridges 
at a uniform bias of 10 volts per centimeter, all having sandblasted sur­
faces, mostly of n-type but a few of p-type germanium, and with widely 
different values of resistivity, produced by varying impurity concentra­
tions. There is considerable scatter in the results, but there is a fairly 
obvious tendency for noise voltage to increase in proportion to resis­
tivity. Since Johnson noise also increases in proportion to resistivity in 
a structure of fixed dimensions, the conclusion is that with constant bias 
voltage the ratio of current induced noise to Johnson noise tends to be 
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independent of the resistivity of the material. From the data it also 
appears that there is no consistent difference between n- and p-type 
material. 

Noise does not appear to depend on orientation of the filament with 
respect to the crystal axes. Filaments orientated along the 100, 110, and 
111 directions and rotated in several ways about these directions showed 
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no significant differences in noise behavior. It should be noted, however, 
that small variations might be hidden in the large scatter in the data 
from undetermined causes. 

IV. NOISE AND MAGNETIC FIELDS 

An important role for the minority carrier in the noise mechanism 
was first clearly indicated in experiments on the effect of a magnetic 
field on noise in germanium filaments. It has been found experimentally 
that the noise in a single crystal filament may change by a substantial 
factor when the filament is subjected to a steady transverse magnetic 
field. The following discussion will show that this behavior is in har­
mony with the hypothesis of noisy injection of minority carriers, as set 
forth in a preceding section. * 

The physical picture on which this treatment is based involves the 
rando~ injection of holes into an n-type filament by hole sources which 
may be either in the interior or on the surface of the filament. tIt is 
assumed that the spectrum of the noise arises from the fluctuating na­
ture of the noise source. The effect which any source has will depend 
upon the lifetime of the holes which it emits .. If these holes remain in 
the filament for a long time, they will produce more noise than if they 
remain in the filament for a short time. We shall be concerned with 
the effect of magnetic fields upon these lengths of time and shall not 
deal in this paper with the fluctuations of the noise sources themselves. 
If a transverse magnetic field is applied to an n-type germanium fila­
ment, a Hall effect voltage is set up and the holes will be deflected to­
wards one surface of the filament. Since recombination takes place prin­
cipally at the surfaces, this may cause a substantial change in the lifetime 
of the holes. In order to determine the effect of the magnetic field on 
the noise we proceed along the following lines. 

(a) We assume that the observed noise is due to fluctuations in the 
conductivity of the filament produced by fluctuations in the hole con­
centration. Since these fluctuations are small, we may take the change 
in conducitivity to be proportional to the change in average hole den-

* The following semi-quantitative theory of the dependence of noise on mag­
netic field is taken with some modification from unpublished work of W. Shock­
ley and H. Suhl, on the basis of which the calculations leading to the curves of 
Figs. 10 and 11 were carried out. It is hoped that this work may be published in 
the near future. 

t To simplify the terminology, the discussion is based on n-type material with 
holes as minority carrier. An exactly similar argument could be made for p-type 
material with electrons as the minority carrier. There is some experimental evi­
dence of the similarity of behavior of n- and p-type germanium, though most of 
the experimental work has been done with n-type. 
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sity. (b ) We restrict the noise measurements to frequencies low enough 
so that the period is long compared to the lifetime of a hole. It is then 
evident that the contribution of a hole source to the noise is proportional 
to the fluctuating hole current generated by the source and to the aver­
age lifetime of the holes. This lifetime depends on the position of the 
source in the filament, the absorption properties of the surfaces and the 
electric and magnetic fields. * (c) We assume that the generation prop­
erties of the sources are unaffected by the magnetic field, hence, the 
calculation of the effect of the field on the noise reduces to a problem of 
calculating the change in lifetime produced by the field. (d) We neglect 
body recombination in comparison with surface recombination. In ger­
manium filaments of the size usually dealt with, this approximation 
causes only a small error in the lifetime. (e) Individual sources (or at 
any rate groups of sources over regions small compared to the dimen­
sions of the filament) will be considered to be statistically independent; 
therefore, the total effect on the noise can be determined by summing 
the squares of the contributions from individual sources. Hence we wish 
to evaluate the following expression: 

Change in noise power at field H = (i(H)/(T2(0) (1) 

where the symbol () indicates an average over all the noise sources. 
The statments (a) to (e) represent the principal assumptions in de­
veloping the theory. 

In order to calculate T as a function of the magnetic field, H, we con­
sider a steady state case in which a current of holes Jo is injected into a 
region in which the average lifetime is T. If the density of holes in the 
region is p(x, y, z), the total number is 

P = J p(x, y, z) dx dy dz. 

However, P = JOT/q, where q is the charge carried by a hole. Therefore, 

T = Jo J p(x, y, z) dx dy dz (2) 

This is the method of evaluating T which is used in the qualitative dis­
cussion which follows, and also in the calculation of the curves of Figs. 
10 and 11. 

* It should be pointed out that a consequence of the hole injection theory of 
noise in a filament is that marked frequency dispersion should occur when the 
frequency being studied is high enough so that a period is short compared to the 
lifetime of holes in the filament. However, we shall neglect this important and 
interesting aspect of the problem. 
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Three cases will be treated. In all of these it will be supposed that the 
width of the filament parallel to the magnetic field' is relatively large~ 
so that effects from the edges can be neglected. Also, we are concerned 
only with average effects over the long dimension of the filament. This 
permits us to deal with a one-dimensional problem. We shall consider 
first the case in which holes are supposed to be injected from the sur­
faces, and the two surfaces have equal and rather large recombina­
tion rates. In Fig. 9, part (a) shows how holes injected from each 
surface are distributed across the thickness in the absence of a mag­
netic field, and part (b) shows the distribution with a moderate field. 
The form of these distributions may be determined from the following 
arguments. 
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field, (b) with moderate magnetic field. 

If we suppose a steady hole current J o emitted from the left-hand 
surface of the filament, then a relatively high concentration PI of holes 
will appear directly in front of the surface. Some of these holes will re­
combine upon the surface, the rate J I being given by 

where S is the recombination constant for the surface. The balance of 
the holes will diffuse through the filament to recombine upon the right 
surface at a rate 

and we note that J I + J 2 = J. Because of the high recombination rate, 
P2 will be very small; hence, J 2 will be much smaller than J I • In the ab­
sence of a magnetic field the gradient is uniform, and the concentrations 
will be linear, as shown in part (a) of the figure. An identical argument 
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applies to pr, the concentration of holes emitted from the right-hand 
side. 

Under the influence of a magnetic field pushing holes toward the right, 
the concentrations will change to those shown in part (b) of the figure. 
The magnetic field will pull holes through the filament and tend to pre­
vent diffusion from right to left. For some moderate value of field, the 
value of J 2 is not increased enough to change J I appreciably, so the 
value of PI is nearly the same as with no field. At the same time the 
effects of diffusion are suppressed by the field so that the concentration 
PI extends nearly to the right side of the figure. By the same action, the 
concentration of holes emitted from the right surface drops to zero very 
quickly. 

From the curves of Fig. 2 and relation (2), we see that the area under 
the density curve, and hence the lifetime of holes injected at the left is 
at most doubled by the magnetic field, while the lifetime of those in­
jected at the right is reduced nearly to zero. Recalling that the noise 
is proportional to a summation of the square of the lifetimes, we see 
that the noise power is at most doubled at a suitable value of magnetic 
field. 

Higher values of field will sweep so many holes to the right-hand 
surface as to substantially reduce PI, so at very high fields the noise 
decreases monotonically to zero. 

Thus it is seen that the noise behavior is the result of competing ten­
dencies. On the one hand, the magnetic field helps holes escape from 
the surface at which they are emitted, but on the other hand it tends to 
push these holes against the opposite surface and thereby reduce their 
lifetime. The relative importance of those two tendencies depends on 
the surface recombination properties and the strength of the magnetic 
field. 

Calculation of the lifetime along the lines just discussed involves solu­
tion of the continuity equation 

D d
2

p _ JlpE H dp = 0 
dx2 dx 

with suitable boundary conditions. The results of such a calculation 
carried out by Shockley and Suhl in the work already referred to are 
plotted in Fig. 10. 

In order to make the results independent of sample dimensions, the 
fQllowing parameters are used. The first parameter is proportional to 
the applied magnetic field, and is defined as the effective transverse 
potential in units of kT / q: 
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<I> = tEH = 172tEH X 10-5 

kTlq 

where t = thickness of the filament (cm) 

H = magnetic field (oersteds) 

E = applied electric field (volts per cm) 

(3) 

EH = effective transverse component due to Hall effect (volts 
per cm) 

q = unit electronic charge 

kT = Boltzman's constant X absolute temperature. 

The constant may be derived by noting that kT I q is 1/40 volt at room 
temperature, and that the effective transverse field, EH , may be ex­
pressed as follows. (See Reference 14, Section 8.8.) 

EH = ()E = (()n + ()p)E 

where () = Hall angle 

= (J.Ln + J.Lp)HE X 10-8 

= 4.3 X 10-5HE 

J.Ln = Hall mobility for electrons (2800 cm2/volt-sec) 

J.Lp = Hall mobility for holes (1500 cm2/volt-sec). 

The other dimensionless parameter is proportional to the rate of surface 
recombination, and is defined as the ratio of the surface recombination 
velocity to the diffusion velocity from the center: 

t/I = st/2D = st/86 

where s = recombination velocity characteristic of the surface (cml 
sec) 

D = diffusion constant (cm2/sec). 

The numerical constant is given for holes at room temperature. The 
noise changes are expressed in decibles, that is, ten times the common 
logarithm of the ratio of noise powers with and without the magnetic 
field. 

A second case is that in which generation and recombination are on 
the surfaces, but the two surfaces have unequal absorption properties. 
It might be expected that rather large increases in noise would result 
when the magnetic field was poled to pull holes away from the surface 
with high absorption properties, and this turns out to be the case when 
the calculations are carried out. The results are shown in Fig. 11 for a 
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case where the two recombination parameters are 0.1 and 10, and.for 
a second case where the parameters are 0.5 and 50. In this figure, sepa­
rate curves have been shown for noise due to holes generated on each 
of the two surfaces. The total noise would be gotten by adding the noise 
powers represented by the two curves after appropriate weighting for 
the contributions of the two surfaces. At present we do not see any way 
of determining the weighting factor. 

A third case is that in which it is assumed that the noisy generation 
of holes is uniform throughout the body of the filament, but that re­
combination takes place on the surfaces only. These assumptions seem 
at first sight to be in contradiction to the statistical mechanical prin­
ciple of detailed balancing, which states that under equilibrium condi­
tions all processes occur with equal frequency in the forward and reverse 
directions. Thus it would seem that if holes are generated in the interior, 
we must consider recombination in the interior also. Actually this is 
not necessary under the non-equilibrium conditions which prevail 
during noise measurements. There is no necessity for the noise generated 
by a source and a sink for holes to be simply related to the strength of 
this source. Thus we may suppose there are relatively weak sources and 
sinks for holes in the interior, but that the hole absorption and genera­
tion of the sources is very noisy compared to the recombination and 
generation processes on the surfaces. If this is the state of affairs, most 
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of the noise will be generated in the interior, but a hole generated in the 
interior will be much more likely to recombine on the surface. The 
dotted curve of Fig. 10 has been calculated assuming a uniform dis­
tribution of noise sources throughout the interior of the filament and 
equal and very large recombination constants for the two surfaces. It is 
seen that for this case the reduction of lifetime predominates, and there 
is a monotonic decrease in noise with increasing magnetic field. 

Experimental work has given results which in most cases are in fair 
qualitative agreement with the calculated relations. "Measurements for 
three filaments, each of which had one high recombination and one low 
recombination surface, are shown in Fig. 12. The recombination param­
eters, as shown on the curves, were of the order of 1/1 = 10 for one sur­
face, and 1/1 = 0.5 for the other. The general shape of the curves is quite 
similar to the calculated curves of Fig. 11. The maxima are of the right 
order of magnitude, and occur at reasonable values of the field param­
eter CPo The lack of detailed agreement between the measured and cal­
culated curves is not surprising, because the experimental conditions 
did not fulfill the assumptions made for the calculations in several re­
spects. The filaments were neither wide enough nor long enough so that 
edge and end effects could be overlooked. The recombination properties 
of the surfaces could not be measured directly, but had to be estimated 
from other filaments which had been similarly treated. One experi­
mental curve shows a secondary maximum on the opposite side of the 
origin. This might indicate a defective portion of one surface having an 
anomalous recombination constant. 

Experimental results are shown in Fig. 13 for four filaments, each of 
which had nominally equal recombination constants for the two sur­
faces. These may be compared with the calculated curves of Fig. 10. It 
will be noted that the experimental curves are not symmetrical about 
cP = o. This lack of symmetry is probably due to dissymmetry in the 
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samples, particularly the fact that one surface of each filament was 
cemented to a support, which would probably change the surface recom­
bination properties somewhat. Aside from the lack of symmetry, the 
behavior of the two filaments with the higher recombination constants 
is in reasonable agreement with the calculated curves. The filaments 
with the lower recombination constants are in poor agreement with 
calculated values, in that the noise does not fall off with increasing field 
nearly as fast as calculated. The cause of this behavior is not under­
stood. These experimental curves may also be compared with the dotted 
curve of Fig. 10, calculated on the assumption of volume generation and 
surface recombination. The similarity is quite poor in all cases. The 
somewhat better agreement with the surface generation calculations than 
with the volume generation calculations is not the basis for anything 
more than a very tentative feeling that the experimental results sup­
port the surface generation viewpoint. 

While there are many discrepancies in detail between the experi­
mental and calculated relations between noise and magnetic field, these 
are at least partially understandable in terms of the differences between 
the experimental setup and the theoretical model. The high degree of 
qualitative agreement considerably strengthens the hypothesis of noisy 
injection of minority carriers as an important element in the noise 
process. 

v. NOISE CORRELATION PHENOMENA 

The noisy hole injection hypothesis leads one to expect certain corre­
lation phenomena in the noise voltage observed in neighboring portions 
of a filament. Consider first noise measurements at a frequency so lmv 
that the transit time of a hole* along the filament is negligibly small. 
This might be a frequency of one kilocycle in a typical experiment. 
The holes have an average lifetime, from which can be determined an 
average life path, which is defined as the product of the lifetime by the 
drift velocity under the existing electric field. Noise voltage measure­
ments across segments of the filament much shorter than a life path 
should be highly correlated, since nearly all the holes which make a 
transit of one segment will make an almost simultaneous transit of the 
other segment. On the other hand, noise voltages across segments much 
longer than a life path should show little correlation, because most of 
the holes appearing in the two segments are from different sources, and 
the sources have been assumed to be statistically independent. 

* As before, the concepts apply equally well to electrons in p-type material. 
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A second situation arises when noise is measured at frequencies high 
enough so that the transit time of holes between segments is not neg­
ligible. In this case we should expect the correlation between the noise 
voltages to be improved by incorporating in one channel of the meas­
uring circuit a delay equal to the transit time between segments. 

In order to calculate the correlation resulting from the first situation, 
we set up a theoretical model based on a few simplifying assumptions: 
(a) The noise process may be represented by an array of noisy hole cur­
rent generators which are statistically independent; (b) These generators 
are uniformly distributed along the filament over the segments where 
the noise is to be observed, and for a sufficient distance on either side 
to produce uniform conditions over the segments; (c) The hole currents 
from the generators decay exponentially with a decay constant deter­
minable from the lifetime; (d) Measurements are made at low enough 
frequencies so that time of transit of holes may be neglected. We will 
consider later an alternative to the second assumption. The correlation 
coefficient between two voltages of instantaneous values VI and V2 may 
be defined as 

- - - 1/2 
P12 = VIV2/ (vi. X vV 

where the bars represent time averages. To evaluate this expression, the 
contribution of a single generator to the noise voltage in each segment 
is determined by integrating over the appropriate portion of the decay 
curve. The total contribution from all generators to the mean voltage 
product and the mean squared voltages is then determined by inte­
grating the product or square over all the generators. The details are 
carried out in the appendix, and lead to the solid curve of Figs. 14-16, 
in which the ordinates are the correlation between noise voltages.- in two 
segments of a filament and the abscissae are the ratio of life path of a 
hole to the segment length. 

In an experiment the lifetime 'T of holes remains fixed, determined 
chiefly by the recombination properties of the surface. Consequently 
the life path C is proportional to the hole velocity, which is determined 
by the electric field, according to the relation 

C = 'TJ.LE 

where E is the applied field in volts per centimeter and J.L is the drift 
mobility of holes. Hence, by varying the biasing voltage a large range 
of life path values can be obtained. 

The correlation is measured by carrying the noise voltages through 
separate amplifying channels having identical pass bands extending 
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from 800 to 1300 cycles per second. A switching arrangement makes it 
possible to apply either of the output voltages or their sum or difference 
to a rectifier-meter combination. From the readings of the meter the 
correlation can be computed according to the relation 

(6) 

Vl and V2 are rms values of the individual noise voltages, and Sand D 
are the rms values of their sum and difference. The equivalence to 
expression (5) can be seen by noting that 

Results of correlation measurements on three bridges are shown in 
Figs. 14-16. In each case the calculated curve is shown for reference. 
The values of t were calculated from decay measurements on optically 
injected holes, as described by J. R. Haynes,ll using a value for mobility 
of 1700 cm2/volt-sec. In Fig. 14 the agreement with the theoretical model 
is very good. The scatter in the points is due to fluctuations in the 
noise, which are quite large in the band used for these measurements. 
In Fig. 15 the agreement could be made quite good with a lateral shift 
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the side arms. 

by a factor of two. In Fig. 16 the form of the experimental curve seems 
different from that calculated. In particular, the slope is steeper, and 
the curve tends to level off at a correlation of about 0.8. It seems pos­
sible to explain the discrepancies between the experimental data and 
the calculations on the basis of two considerations which were not in­
cluded in the model. (a) The pair of side arms separating the two seg­
ments of the filament serve to drain off some holes which would other­
wise contribute to the correlation. The dashed curve in Fig. 15 shows 
the calculated effect, on the assumption that the absorption in the side 
arms is equivalent to an extra section of filament equal in length to half 
a segment. The actual distance across the side arms is only 20 per cent 
of a segment, but it is not hard to believe that the decay rate in this 
region might increase by a factor of two or three due to the reduced elec­
tric field and loss of holes down the side arms. (b) The model assumed a 
uniform distribution of noise sources along the filament. There is ex­
perimental evidence that the distribution may be quite spotty. This 
can have a substantial effect on the form of the correlation curve. For 
example, the dashed curve in Fig. 16 shows the curve calculated for 
noise sources lumped at the mid-point of each segment. Other assumed 
positions might shift the curve considerably along the horizontal axis. 
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In view of these considerations there seems to be very satisfactory agree­
ment between the experimental results and the model. 

Another type of experiment involves noise measurements at frequen­
cies high enough so that the transit time of a hole across a segment is 
an appreciable fraction of a cycle. In this case the correlation between 
noise voltages from adjacent segments can be improved by putting a 
time delay in one channel of the measuring circuit. Measurements were 
made by taking the noise voltages from the two segments through sepa­
rate amplifying channels having identical pass bands extending from 17 
to 24 kilocyles. The outputs of the two channels were put on the vertical 
and horizontal plates of a cathode ray oscilloscope, forming a sort of 
Lissajous pattern. The patterns differ from those obtained with sinus­
oidal voltages in that the elliptical figures are filled in solid, due to the 
continual variation in amplitude of the noise. A phase shifting device is 
included in one channel, and as the phase is shifted to give optimum 
correlation, the elliptical pattern narrows down and approaches a line 
inclined at 45°. For a quadrature phase shift, the pattern becomes cir­
cular, and in practice this setting can be determined more precisely 
than the in-phase setting, largely because the background noise in the 
circuit is less troublesome. With the phase shift for optimum correlation 
determined, the delay at the center of the pass band is easily calculated, 
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and since the band is not very wide, the variation in delay over the band 
is not important. From the drift mobility of holes we may estimate the 
transit time between segments, according to the relation 

t = L/p,E 

where t = transit time, seconds 

L = distance between segment mid-points, cm 

E = applied field, volts/cm 

p, = mobility of holes, cm2/volt-sec. 

Data for a bridge of n-type germanium of resistivity about 20 ohm­
cm are given in Table 1. The transit distance, L, after a small correction 

TABLE I 

E volt/em Delay miero see. Bridge Temp. oK. Mobility Transit Time 
em2/volt-see. micro see. 

10 21.1 298 1700 18.0 
14 15.7 299 1690 12.9 
20 11.8 301 1670 9.1 
30 9.2 305 1640 6.2 
40 9.3 313 1580 4.8 

for reduced field across the side arm, was taken as 0.305 cm. As noted 
in the table, the bridge temperature rose somewhat at the higher bias 
values, and the assumed values of mobility have been modified accord­
ing to the inverse three-halves power of the absolute temperature. The 
delay required for optimum correlation is shown in the second column 
of the table, and the calculated transit time between segments in the 
last column. It is seen that the two are in reasonably good agreement, 
especially at low fields. When the direction of the field is reversed, an 
equal delay is required, but in the opposite channel of the measuring 
circuit, as would be expected. Here, again, we have experimental evi­
dence supporting the noisy hole injection hypothesis. The cause of the 
discrepancy shown in the table at higher fields is not understood. It is 
possible that trapping phenomena increase the transit time over that 
calculated from the mobility. There is some evidence for this sort of 
behavior in lifetime experiments, but to date there does not seem to be 
enough information for any estimate of magnitude of such an effect. 

VI. GENERAL COMMENTS 

These studies of electrical noise in semiconductors leave little doubt 
that the noise is closely related to the behavior of the minority carriers. 
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I t is not yet clear whether the noise is a surface or a volume property 
of the material, but it is well established that the surface properties 
have an important connection with the magnitude of the noise. From 
some of the experimental work it seems likely that the generation and 
recombination processes are separate and have different noise prop­
erties. Because of the nonequilibrium situation, this does not violate the 
principle of detailed balancing. It seems probable that a more complete 
understanding of the generation and recombination processes and a 
clearer picture of the origin of noise in semiconductors may be expected 
to develop together. 
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ApPENDIX 

Suppose that a source of holes located at a point Xo in a filament pro­
duces a fluctuating current of holes of rms value J 1 in a specified fre­
quency band. The hole current is swept down the filament by a field E 
and is assumed to decay exponentially according to the relation 

(1) 

where the life path .e may be expressed in terms of drift velocity v, hole 
mobility p" and lifetime r 

.e = Vr = p,Er. 

Assuming that the frequency of measurement is low enough to justify 
neglecting the hole transit time, the noise voltage due to holes from a 
single source is proportional to the number of holes present in the seg­
ment. This is obtained by integrating (1) over an appropriate range 

b 

dv = J 1 1 e-(x-xo)ll dx 

{

K1eXOll[e-all _ e-bll] 

K 1[I - e-<b-xo}/l] 

Xo < a (2) 

a < Xo < b 

where K1 is an omnibus constant which will cancel out in the final result. 
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Under the assumptiQn that the sources are statistically independent, 
the total voltage squared is obtained by integrating the square of (2) 
over all the sources. 

2" _ 2 _ TT 1a 
2xo/l[ -all -(a+L)II]2 d 

V1 - V2 - 1\..1 e e - e Xo 
-00 

+ 1(1 i a
+

L 
[1 - e-(a+L-xo)/I]2 dxo 

= K, [1 - f + f e - L/ (J . 
Similarly, the cross product of voltages in two segments, extending say 
from 0 to Land L to 2L, is 

o 
- TT 1 2xo/l[1 -Lf(][ -LIt -2L /l] d V1V2 = 1\..1 e - e e - e Xo 

-00 

= K ~ [1 _ -L/l]2 22L e . 

From the definition of the correlation coefficient 

P12 = VIV2/(V! X V~)1/2 
t (1 - e-LII )2 

- 2L 1 - £ (1 - e-LII) 
L 

which is the desired relation, from which the solid curves of Figs. 14-16 
were calculated. 
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Important Design Factors Influencing 
Reliability of Relays 

ByJ. R. FRY 
(Manuscript received June 13, 1952) 

Relays are produced by a large number of manufacturers in this country. 
When we survey their product, we find that there are many kinds and vari­
eties. They differ widely as to their size, shapes and configurations. Many 
of these differences are dictated by the reauirements of the task they must 
perform and by the environments under which they must work. Other differ­
ences are brought about from considerations of cost and by the design and 
fabrication techniques the particular manufacturer employs. However, all 
relays have a common objective. For whatever use they are employed, it is 
highly desirable that they be reliable. They are expected to function each time 
theb are called upon without failure and over the expected life of the equip­
ments in which they are used. This paper deals with the more important 
design factors which all relays have in common that greatly influence their 
reliability of performance. Contact spring pile-up stability and the impor­
tance of strength of screws, insulating materials with low cold flow and mois­
ture absorption, and. manufacturing procedures and controls to achieve this 
end are discussed. Coil construction so as to minimize the occurrence of open 
windings due to corrosion of the wire and breakage of the lead-out wires is 
dwelt upon. Contact reliability and how it is affected by the material used, 
its size and shape, the method of actuation, the presence of contaminating 
vapors, and single versus twin contacts are discussed. The degree by which 
magnetic materials change their magnetic properties with age and treatments 
for alleviating this effect are described. The importance of adequate structural 
design so that the relay will be rugged and remain stable so that its perform­
ance is substantially unaffected by wear, shock and vibration is stressed. 
Methods of test to determine how well the relay meets these objectives are 
described. 

Although a relay is conceptually a simple device, the wide range of 
conditions under which relays are required to operate, the many different 
characteristics they must have, and the complete dependence placed 
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upon them in many circuit applications, make them a subject of continu­
ous study. 

In the telephone industry, for example, the completion of a single call 
may bring into play a thousand or more relays. While their principal 
function is to close electrical contacts, there are many facets to the prob­
lem of doing this satisfactorily. Relays are produced by many manufac­
turers in this country. When we survey their product we find that there 
are many kinds and varieties. Shapes, sizes and configurations of relays 
may differ in accordance with the requirements of the tasks they must 
perform, and the environments under which they may work; other differ­
ences may be brought about by cost considerations and by design and 
fabrication techniques of the manufacturer. 

All relays, however they may be used, have one common objective -
they must be reliable. They are expected to function each time they are 
called upon, should do this without failure, and should continue to do so 
over the expected life of the equipment in which they are used. It is the 
purpose of this paper to discuss the more important factors that are 
common to all relays and which have considerable influence on their 
reliability of performance. The design considerations discussed in this 
paper are presented in the following order. 

(1) Contact Pile-up Stability, 
(2) Coil Construction, 
(3) Contact Reliability, 
(4) Magnetic Stability, and 
(5) Structural Stability. 

CONTACT SPRING PILEUP STABILITY 

Stability of the contact spring pile-up contributes in a large degree to 
the reliability in performance of the relay. Since contact springs may be 
assembled into pile-ups of from two springs to a dozen or more, they 
must be secured so that they will not shift position during the life of 
the relay, even when it is subjected to relatively large changes in tem­
perature and humidity, and to vibration and shock during shipment, 
installation, wiring, and under operating conditions. It is also important 
that the dimensional relations between the contact ends of the springs 
and the actuating members of the relay do pot change appreciably; 
otherwise, changes in contact separation, contact follow, contact pres­
sure, and operating and releasing current values may cause faulty opera­
tion of the relay. 

Insulators for securing the springs should be made of materials having 
low cold flow and moisture absorption characteristics; in telephone relays, 
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the better grades of phenol fibre have been found adequate. They should 
have generous clamping surfaces, so that when the spring pile-up is 
clamped under force, high pressures on the insulators are avoided - thus 
minimizing cold flow and keeping well below the crushing strength of 
the material. 

Pile-up screws, clamping plates, and screw threads should be porpor­
tioned such that permanent deformation under any condition docs not 
take place, i.e., the maximum stress does not exceed the elastic limit 
of the metal. It has been found advantageous to use high tensile strength 
steel for these parts - a tensile strength of 100,000 lbs per square inch 
or higher. 

In the manufacture of relays, the desired pile-up tightness requires 
certain procedures and controls. Insulators are baked in an oven at a 
temperature of about 150°F for a minimum of 24 hours and assembled 
in the relay while in the qry condition. During assembly, prior to tight­
ening the screws, the pile-up is pressure clamped under a hydraulic or 
air powered fixture to a controlled force of 1,300 lbs to 3,200 lbs, depend­
ing upon the size of the relay; while under this pressure, the screws are 
tightened using a controlled torque. To assure that the processes and 
materials are under control, the relay is then tested on a "no-go" basis 
in a fixture that applies a definite force on the contact springs in a direc­
tion to rotate them in the pile-up. 
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Fig. 1-Compression cycle of a relay contact spring pile-up assembly. 



DESIGN FACTORS INFLUENCING RELIABILITY OF RELAYS 979 

Pressure clamping during manufacture enables the spring pile-up to 
better maintain its adjustment through cycles of humidity and drying, 
and to prevent displacement during installation and wiring. The action 
of a pile-up under this compression is illustrated in Fig. 1. Curve AB rep­
resents the application of a 1,700-lb force to the pile-up by a power driven 
fixture prior to tightening of the pile-up screws. At the start, the relation­
ship is not linear due to "nesting" of the parts, but a linear slope is soon 
reached, representing the stiffness of the pile-up without the screws. At 
the point B the two screws are tightened with a controlled torque; fur­
ther compression takes place, indicated by the jagged line BC. An esti­
mate of the tension put into the screws by this tightening operation can 
be made by extrapolating the curve AB to the point Bl, vertically above 
the point C. When the pressure fixture is released, the pile-up tends to 
expand and follows the line CD. The slope of this line represents the 
combined stiffness of pile-up parts and screws, which makes it stiffer than 
the original compression slope. When the pile-up is released, an equilib­
rium point is reached where the tension in the screws equals the force 
with which the pile-up tends to expand. 

A series of measurements on a typical relay pile-up screw and clamp 
plate assembly is shown in Fig. 2 to illustrate the stress-strain relation­
ship when a force is applied axially to put the screws under tension. As 
force is applied, Hooke's law is followed up to the point A; strain is pro­
portional to the stress and no permanent deformation takes place. Be­
yond point A the elastic limit of the metal is exceeded and permanent 
deformation begins. When a point B is reached, somewhere below the 
breaking point of the screw, and the force is released, a permanent de­
formation results. Note that, in Fig. 2, the high strength screw will 
permit a higher screw tension without deformation - and its resultant 
looseness of the pile-up - than will the lower strength screw. 

Analytical methods are available for estimating the range of screw 
tensions that exist during the life of the relay. By taking into account 
the known cold flow characteristics of the insulators with the relay in 
the dry state, a minimum value can be estimated. It should be of suffi­
cient value to hold the springs securely in place. By considering the con­
ditions that obtain in the humid state, maximum value of tension can 
be predicted, which should not exceed the strength characteristics of the 
materials used. 

To determine how well the design objectives for stability are being 
realized, accelerated laboratory tests are made upon the relay, and from 
these results predictions can be made as to its performance during its 
life. In the telephone system, relays are generally subjected to repeated 
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cycles of alternate humid and dry environments over the years. Humid 
conditions exist during the summer season, followed by a dry exposure 
during the winter months when the central offices are heated. Experience 
has shown that a relay exposed for six days to 90 per cent relative hu­
midity at 85°F will be comparable to those observed in service in humid 
localities. Although the six day exposure is admittedly an accelerated 
test, the dimensional changes produced are approximately the same as 
those caused by the accumulating effect of fluctuating humidity during 
the entire season. Similarly, a period of six days exposure to 120°F pro­
duces the same effect of drying as that which occurs during the heating 
season. 

By making careful measurements on an adjusted relay of such impor­
tant parameters as operate current, releasing current, contact separation, 
contact spring tension, armature back tension, stud gaps, etc., and then 
subjecting the relay to repeated cycles of humid and dry conditions, 
repeating the measurements after each exposure and noting the changes, 
a good appraisal of the relay can be made. A repetition of the test will 
reproduce the same pattern of results as the first cycle unless permanent 
deformation of the materials in the relay has taken place. 
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COIL CONSTRUCTION 

If, for any reason, the winding of a relay should become open during 
its life, usefulness of the relay ceases. One of the most prevalent causes 
for failure of this kind can be due to so-called corrosion of the wire. This 
is not corrosion in the ordinary sense of the word, but is caused by an 
electrolytic action within the coil when an electrical potential is applied 
to the winding. This action can take place only in the presence of mois­
ture. If there are any active impurities in the insulating materials in­
timately associated with the copper wire, an electrolyte is formed and 
disintegration of the wire proceeds to the point where failure may occur. 
This trouble is accentuated with coils using small diameter wires, be­
cause with the smaller cross-section of copper, failure of the section will 
occur in a shorter period of time. 

There are two methods of approach to minimize corrosion failure. One 
is to thoroughly dry the coils, and in this condition seal them in a potting 
compound, which prevents the entrance of any moisture into the coil, 
or enclose the coil in a hermetically sealed chamber. For relays this is 
an expensive and cumbersome way to overcome corrosion troubles. The 
second and more practical method is to, use, in the construction of the 
coil, insulating materials that are chemically inert and free from corro­
sion promoting impurities. 

For many years, studies were made with a view towards eliminating 
the occasional corrosion failures of fine wire windings which occurred 
under unfavorable atmospheric and circuit conditions. Although im­
provements were effected by the use of the better grades of phenol fibre 
for spoolheads and waxed varnished papers for core and winding insula­
tion, an entirely satisfactory coil was not achieved until the use of cellu­
lose acetate insulation was adopted. This material, in thin sheet form, 
can be applied to spool-wound coils, where the coils are wound individ­
ually, and the so-called "filled" coils, where a mUltiple number are wound 
simultaneously on automatic winding machines. The coils are wound on 
a mandrel, as many as twelve individual coils per mandrel, with a 
thin sheet of insulation between the layers of wire. The "stick" of 
coils is wound so as to leave a small separation between coils to provide 
insulation at the ends of the coils and to permit cutting the stick into 
individual coils, after which they are assembled to relay cores using 
conveyor assembly methods. This results in not only a more economical 
coil, but in a higher quality coil as well. The thin sheet of insulation 
between the layers of wire, generally not provided on the spool wound 
type of construction, eliminates the occurrence of short-circuited turns. 
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The degree of improvement obtained by the use of cellulose acetate 
over the materials formerly used is shown in Fig. 3.1 This is the result 
of an accelerated corrosion test adopted as a means of obtaining data 
on proposed constructions, using as a basis for comparison, the perform­
ance, in this test, of the earlier spool wound construction. The latter had 
given satisfactory service in the field, only occasional failures occurring 
under the most severe circuit and atmospheric conditions. This test is 
made with double or triple wound coils since these represent the most 
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serious conditions. A group of coils are subjected to 90 per cent relative 
humidity at 85°F with negative potential applied to the inner winding 
and positive potential to the outer winding. No current flows in the wind­
ings. Depending upon the type of apparatus in which the coil is used, 
other parts of the structure may be made positive or negative to simulate 
actual service conditions. When electrolytic action takes place, copper 
is always eaten away from the positive electrode. Consequently in prac­
tice where there is a choice, it is better to keep the winding negative with 
respect to its surroundings. During a 35 to 40 day period, continuity 
checks are made periodically using a Wheatstone Bridge having a battery 
supply of It volts in a series with 10,000 ohms. This method of test does 
not provide high enough voltage nor permit flow of sufficient current 
to establish continuity through a minute length where the wire may be 
corroded through, nor does it cause a reduced section of wire to burn out. 
In other words, this method of test does not restore continuity in a cor­
roded through section nor does it destroy metallic continuity. Thus more 
consistent results are obtained than if higher voltages or currents were 
to be used. The marked superiority of the cellulose acetate insulated 
coil is apparent, and experience with its use in service has shown that 
corrosion failures have been eliminated. 

From time to time the question arises as to how the cellulose acetate 
insulated coil compares with coils vacuum impregnated with a varnish 
and employing other types of insulation for use in equipment for the 
Armed Services where atmospheric conditioils are more severe than those 
ordinarily encountered in the telephone plant. Frequently specifications 
for these applications require impregnation of the windings. Tests have 
shown that impregnation will extend the life of a coil employing inferior 
materials, but that corrosion will take place in a shorter period than 
where cellulose acetate is used throughout without impregnation. 

Results of such tests are shown in Fig. 4 where the various groups of 
coils were kept in a humidity chamber at 95 per cent relative humidity. 
The temperature within the chamber was raised and lowered between 
limits of 85° and 150°F in cycles so as to produce severe condensation 
on the coils. Each cycle, plotted as abscissae represents 24 hours of expo­
sure. The top two curves lIIA"and lIIB show the failure rates of two 
groups of coils constructed exactly alike except that one group was im­
pregnated while the other was not. They were cellulose acetate filled coils, 
but used lead-out wires insulated with commercial grades of braided 
cotton. The two. curves lIA and lIB represent the results on two groups 
of spool wound coils having cellulose acetate core and interwinding insu­
lation, but provided with vincellatate muslin covers and red-rope paper 
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Fig. 4-Corrosion comparison of impregnated and non-impregnated relay 
coils. 

winding washers. Likewise, one group \vas impregnated while the other 
was not. Fifth and sixth groups of coils having cellulose acetate insulation 
throughout with and without impregnation were exposed and there were 
no failures at the end of the test. This shows that the corrosive effects 
of impure materials can be retarded, but not overcome by resorting to 
impregnation. In general, impregnation of relay coils is not desirable 
because of the risk of contaminating the vital working surfaces of the 
relay. 

In the normal operation of a relay when the circuit through its winding 
is opened, a transient voltage, which may reach hundreds of volts is 
generated across the winding terminals by the collapsing flux. If the 
insulation between the lead-out wires or between the lead-out wires and 
the end turns of the winding is not adequate, electrical breakdown causes 
arcing and repeated operation of the relay may cause ultimate disintegra­
tion of the wire and consequent failure of the relay. It is important, there­
fore, to design the coil so that lead-out wires under all conditions are 
properly spaced, and to provide adequate insulation between those por­
tions of the winding where high voltages can exist. A test has been de-
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vised for use during manufacture which will detect an incipient failure 
of this kind. By pulsing the relay in its normal fashion the self-generated 
coil voltage on breaking the circuit can be observed on a cathode ray 
tube; any deviation in this voltage caused by momentary breakdown or 
shorted turns can be detected readily. 

Another source of coil failure is lead breakage, caused principally by 
fatigue of the small copper wires. Copper has a low fatigue strength and 
if it is subjected to repeated bending strains, eventually it will break. 
As the relay operates and releases, impact of the armature against the 
core and backstop causes shock and vibration of the coil; coil construc­
tion therefore needs to be such that strains are not imposed upon the 
fine wire by this motion. 

On spool wound coils, being individually wound, the fine winding 
wires can be reinforced by stranded lead-out wires for connecting to the 
relay terminals. Besides, the coil is generally wound tightly on the relay 
core. These factors, to a large extent, preclude lead breakage. With the 
cellulose acetate filled coil it is desirable to bring the winding wire di­
rectly to terminals on the terminal spoolhead to which the end of the 
coil is later bonded. Since the filled coil must slide loosely over the core 
for assembly reasons, it can have a small lateral motion at the non-ter­
minal end. To eliminate this movement a "motion limiting" washer has 
been provided to fit snugly over the core and which is bonded to this 
end of the coil.2 The washer and the way it is used is illustrated in Fig. 
5. In assembly, the thin cellulose acetate faced phenol fibre washer and 
the non-terminal spoolhead are forced over the knurl on the core and the 
washer is bonded to the end of the coil. The tight fit of the washer on 
the knurl is the feature that prevents lateral movement of the coil. There 
is always some slight shrinkage of the cellulose acetate filled coil in the 

MOTION - LIMITING 
WASHER 

Fig. 5-Relay coil employing a motion limiting washer to prevent lead breakage. 



986 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1952 

longitudinal direction, but the washer can move with the coil, although 
eliminating lateral movement. Use of this washer has practically elimi­
nated fatigue lead breakage. 

CONTACT RELIABILITY 

Since the opening and closing of contacts are the prime objectives of 
a relay, it is extremely important that the contacts themselves are made 
reliable. To realize these objectives, several factors should be taken into 
consideration. First is the contact material. While much could be said 
regarding the behavior of contact metals, space does not permit more 
than a brief treatment. The contact should maintain reasonably low re­
sistance and under the environment in which it is used, be able to with­
stand the erosion. Electrical resistivity of most metals is low enough to 
be satisfactory from the resistance standpoint, but unfortunately, most 
of them develop tarnish or corrosion films when exposed to the atmos­
phere, thus increasing the contact resistance and rendering them unsuit­
able for a contact. These metals are sometimes referred to as "base" 
metals, and inqlude aluminum, brass, bronze, copper, chromium, nickel 
and stainless steel. There is a much smaller group of metals known as 
"noble" or precious metals, such as platinum, palladium, gold and irid­
ium. These are relatively free from the tendency to tarnish and will 
maintain low contact resistance. Alloys of these metals and certain alloys 
in which silver is included are widely used in the telephone plant. Pure 
silver is also used and is attractive because of its low cost; however, it 
has a tendency to form high resistance tarnish films and therefore has 
limitations in its use. It is employed in signaling circuits where the con­
tact makes or breaks current. Its contact resistance remains low because 
the films that form on the silver are broken down or destroyed by the 
arc. It is not employed in circuits carrying voice currents on account of 
its tendency to introduce noise. 

Enough metal must be provided to give satisfactory life. Each time a 
contact makes and breaks an electrical circuit, a small part of the metal 
may be lost, so that life may be considered roughly proportional to the 
volume of metal available for erosion. The pair of contacts must have 
sufficient height to provide enough contact spring clearance to allow for 
spring adjustment and to insure that the springs will not touch during 
the normal operation of the relay. At least one contact of a pair must 
be large enough, that is, present a sufficiently large target area, to insure 
full registration of the contacts with normal manufacturing variations 
of the position of the contacts on the springs and with the variations in 
alignment of the springs during assembly.3 
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In the early days of relay design, contacts were attached to the springs 
by riveting. In fact, many of the relays manufactured abroad today are 
made in this manner. In this country, during the past 30 years or more, 
spot welding has largely replaced the riveted construction. This was done 
for economy reasons. Spot welded contacts, unless carefully controlled 
during manufacture, may not be so reliably attached as the riveted con­
tacts and the likelihood of the contacts dropping off during the life of 
the relay may be greater. It has been found in welding the millions of 
contacts required in the telephone system that close control is required 
in several factors affecting the quality of welds obtained with any given 
material. Important factors are cleanliness of the welding surfaces, pres­
sure between electrodes, welding current and the time during which the 
current is applied. In order to insure that these factors are at all times 
under control, and since the consequences are rather grave when poor 
quality welds are produced, it has been found desirable to institute fre­
quent inspectons of the quality of welds at each welding machine on a 

. sampling basis. Periodically a small number of contacts are subjected 
to a destructive test in which the force required to shear off the contact 
is measured. In this manner, any deterioration in the quality of welds 
can be detected early, and corrective measures can be applied. 

One type of failure sometimes experienced with relays is contact lock­
ing. 4 When a contact is closed by the operation of the relay it may become 
mechanically locked to the contact member with which it is engaged and 
fail to open when the relay is released. As a result of arcing as the contact 
closes and opens an electrical circuit there is a transfer of metal from one 

. contact to the other. This building up and wearing away leaves both 
contacts roughened. If the opening and closing motion were along a per­
pendicular to the face of the contacts, this roughening would ordinarily 
have little effect. But with a slight sliding or rocking motion at the con­
tacts after they come into engagement, small projections on one contact 
may lock mechanically in a cavity on the other and thus prevent the 
contacts from opening when they should. When contacts have locked, 
measurements have shown that forces in excess of 100 grams may be 
required to separate them. 

This kind of failure can be avoided by employing an improved method 
of spring actuation. 5 This is illustrated in Fig. 6. At the top of the figure 
is a stud actuated contact spring assembly. The spring carrying the 
moving contact is tensioned away from the fixed contact member and 
exerts a force to hold the armature against the backstop when the relay 
is unoperated. A stud, moved by the armature, presses against the mov­
ing contact spring a short distance back of the contact to close the contact 
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when the relay is operated. As will be noticed, the further deflection of 
the contact spring necessary to obtain the required contact force after 
closure, causes the moving contact to slide and rock slightly on the fixed 
contact. For the reasons previously mentioned such a contact is prone 
to lock when the conditions are favorable. 

N ow, the bottom of the figure shows a card actuated contact spring 
arrangement. Here a phenol fibre card is employed to operate the contact 
instead of a stud. The moving contact spring itself is pretensioned against 
the fixed contact to give the desired contact force. The card is held by 
two card springs that are tensioned away from the fixed contact in a 
slightly greater amount than the moving contact spring is tensioned 
toward it. As a result, when the relay is unoperated, the card holds the 
make contact away from the fixed contact. When the relay operates, the 
armature pressing against the top of the card pushes it toward the fixed 
contact and allows the contact to close. It is quite apparent that with 
this actuation the moving contact engages the fixed contact without 
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Fig. 6-Two methods of contact spring actuation and their influence on contact 
locking. 
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sliding or rocking on it and the tendency to lock is thus largely avoided. 
The likelihood of locking is further decreased because the restoring force 
is greater and is applied closer to the contact, and because of the impact 
of the card on the spring when the relay releases. With the contact closed 
there is clearance between the contact spring and the bottom of the slot 
in the card, and thus when the card hits the spring in opening, it is al­
ready moving and has acquired kinetic energy. This energy is available 
on impact to overcome any locks which may have occurred. 

Recent studies have shown that erosion of electrical contacts on clo­
sure is due almost entirely to an arc occurring, in most cases, before the 
contacts touch.6 When there is no arc there is no erosion. It has also 
been observed that the occurrence of an arc between the approaching 
contacts is influenced by operation in the presence of various organic 
vapors; for example, benzene derivatives.7 The effect of such operation 
is to permit arcing on lower currents than is the case with clean contacts 
and results in increased erosion rates. This is true for noble metal con­
tacts, and when so exposed they are said to have become "activated". 
A metal surface which has been activated by organic vapor remains 
active indefinitely if there is no arcing at the surfaces. With continued 
operation and accompanying arcing, the activating material is burned 
away, and the surface returns to the inactive condition, provided no 
contaminating vapor is present. 

Some materials used in relays may give off organic vapors which can 
aggravate the arcing at the contacts. A series of experiments has been 
made by placing various materials under test in a small glass enclosure 
and proceeding to find if, and at what elevated temperature, vapor from 
the materials will give rise to arcing on "make", with contacts that are 
operating within the enclosure. The materials tested varied -\videly in 
their effects upon arcing at the relay contacts. In the solid organic group, 
they ranged from polystyrene, which produced arcing at room tempera­
ture, to teflon, which did not cause arcing until heated above 200°C. 

The precise correlation between the results of these tests and the 
changes in erosion rates, which occur when these materials are used in 
the relay construction, has not yet been established. However, they may 
be used as an aid in the choice of such materials. Cases have come to our 
attention both in the laboratory and the field where the erosion rates of 
relay contacts operating in confined chambers were many fold those 
which occurred when the relays were operated in the open. This was at 
least partially ascribed to the presence of contaminating materials known 
to be present. 

Another type of failure that is quite generally experienced in relay 
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operation is "open" contacts due to small insulating particles present 
in the atmosphere becoming trapped between the contacts. This causes 
high resistance or open circuit and consequent circuit failure. Many at­
tempts have been and are being made to reduce "open" contact troubles. 
Examples are filtering the air supply to the central office, enclosing the 
relay equipments in closed cabinets, pressurizing the enclosing cabinets, 
covering smaller groups of contacts by independent covers, employing 
twin contacts rather than single contacts, and enclosing the relay or its 
contacts in a hermetically sealed chamber. Even going to the extreme 
of completely isolating the relay from its surroundings is not a complete 
answer. There is always the possibility of failure by wear particles gen­
erated within the enclosure by the relay actuation. 

The most widely employed method to reduce dust failures in the tele­
phone plant is the use of twin contacts in combination with some of the 
above mentioned types of enclosures. If the incidence of dust failures fol­
lowed the laws of probability, then elementary considerations would lead 
us to predict that if single contacts failed at the rate of once in 1,000 oper­
ations, the simultaneous failure of the two such contacts comprising the 
twin would be once in 1,000,000 operations. This is the so-called "square" 
law .. However there are a number of reasons why this is not realized 
in practice and why the figure of merit for the twin contact is very much 
less than that indicated by the "square" law. In the first place, when 
foreign matter becomes lodged on a contact, it seldom falls out on the 
first subsequent operation, but will require a number of operations before 
it cleans itself; in fact, it may remain inoperative indefinitely. When this 
happens to one of the twin contacts, during this period of time, the twin 
contact is no better than the single contact. In practice, twin contacts 
are generally used with the same total force as the single contact, being 
nominally divided equally between the two contacts. This reduction in 
force per contact on the twin contacts is of considerable importance in 
reducing its effectiveness. Relay designs employing twin contacts that 
have been used in the past do not have complete mechanical inde­
pendence of the two members to which the contacts are attached. 
Foreign material or protrusions under one contact can adversely influence 
the performance of its mate. In a new design of relay which is about to go 
into production, the design criterion that twin contacts to be most 
effective should be completely and mutually independent has been met. 
Laboratory tests and field experience obtained to date show a marked 
improvement over the former designs in regard to the incidence of open 
contact failures: 

Tests have been made repeatedly in the laboratory for comparing the 
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performance of twin contacts with single contacts, and arriving at a 
figure of merit. Data have also been collected from relays in service in 
the telephone plant on the. basis of numbers of found open troubles on 
both types of contacts. As might be expected the results varied widely, 
with the twin contact being superior by a factor of anywhere from 3 to 
100 with perhaps 10 as a reasonable figure. 

MAGNETIC STABILITY 

Magnetic materials in relays have been found to change in their 
magnetic characteristics with time and temperatures to which they are 
subjected in their normal usage. This effect is known as aging. The direc­
tion of the change is such as to decrease the permeability and increase 
the coercive force of the material. The degree of change in certain ap­
plications, such as relays in marginal and time delay circuits, may be so 
large as to be of serious concern. 

A high grade of magnetic iron which has been extensively used in the 
telephone system has been found to age considerably under conditions 
simulating operation in the plant. Aging of iron is attributed to the pre­
cipitation of impurities such as carbon, nitrogen, and oxygen. The solu­
bility of these elements decreases with decreasing temperature. When 
iron is cooled from a high temperature, impurities, such as carbides and 
nitrides, do not have sufficient time to precipitate completely, so a super­
saturated solid solution is produced. Consequently the impurities tend 
to continue to precipitate slowly at low temperatures where the diffusion 
rate is extremely slow, and internal strains are produced which affect 
the magnetic properties.8 

It has been found that if these parts are annealed in atmospheres of 
dry hydrogen instead of the ordinary "pot" anneal, this aging effect is 
greatly reduced. Not only is the aging effect reduced to where it is of 
no great engineering importance, but the magnetic properties of the 
material are improved. The maximum permeability is increased and the 
coercive force is decreased both by a factor of about two. The use of 
relays in critical applications is thus greatly enhanced. 

The degree. by which magnetic materials change by aging may be 
determined readily by laboratory tests. Long time aging effects can be 
simulated by baking ring samples of the material or the relays at 100°C 
for several hundred hours and measuring the magnetic properties of the 
ring specimens or the operating characteristics of the relays before and 
after aging. For "pot" annealed magnetic iron the effect of such aging 
is to decrease the maximum permeability by about 50 per cent and to 
approximately double the coercive force. When the iron is hydrogen 
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annealed, the corresponding changes caused by aging will be about a 
15 per cent decrease in maximum permeability and 15 to 20 per cent 
increase in coercive force. 

The improvement in aging effect on relay performance obtained by 
the hydrogen treatment is illustrated in Fig. 7.2 This was obtained on a 
design of relay having a closely coupled magnetic circuit for use in time 
delay circuits. The ordinates show the change in residual grams; hours 
of aging are plotted as abscissae. Residual grams represent the force with 
which the armature is held attracted to the core by the residual flux 
remaining in the magnetic circuit after the electrical circuit through its 
winding is opened. This force is a measure of the coercive force of the 
magnetic material. As was noted, the effect of aging is to increase the 
coercive force and hence the residual grams. For this relay, a change in 
residual grams will cause a change in the delay time of the relay under 
a given adjustment and is therefore important. 

How hydrogen annealing improves the pull characteristics of a relay 
is shown in Fig. 8. This was taken on a relay designed for sensitive and 
marginal circuit applications. The curves show the grams pull, plotted 
as ordinates, produced on the relay armature at a given air gap by various 
values of ampere turns on the relay plotted as abscissae. The ability 
of the hydrogen treated relay to operate given loads on considerably 
smaller currents is obvious. This improvement is due to the higher 
permeabilities obtained by the hydrogen anneal. -

There are other magnetic materials available for use in relays and in 
which the aging effect is practically non-existent or is considerably 
smaller than that just described. Several kinds of nickel-iron alloys 
known as permalloy are widely used in the telephone system where their 
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excellent magnetic properties are needed in difficult applications. They 
are substantially non-aging. Low silicon-iron alloys are being more widely 
employed. They have good magnetic properties and the aging effect is 
small. Where the intrinsically inferior magnetic properties of low carbon 
steel alloys, such as SAE 1010, can be tolerated they are used. While 
initially they have poorer magnetic characteristics than magnetic iron, 
their aging effect is considerably smaller. 

360 

320 

280 

~ 240 
<1: 

~ 200 

Z 

~ 160 
<1: 
g 120 

80 

40 

o 

I , 
/,V 

HYDROGEN ANNEAL "" .... 
1--"'- .--~ 

-' ..-/ 
~,. V ~ ./ ~ 

~ 1/ STANDARD "POT" 
~ ANNEAL 

/ 
I 1/ 

" / I 

I /v I 
I 

V 
/ 

20 40 60 80 100 120 140 160 180 200 220 240 260 
OPERATE AMPERE TURNS 

Fig. 8-Improvement in relay performance by hydrogen anneal. 

STRUCTURAL STABILITY 

Response of a relay depends upon the value of the magnetic force 
of attraction produced between the armature and core when the coil 
is energized, and upon the magnitude of the mechanical forces acting 
upon the armature. To keep the response constant during the life of 
the relay, it is essential that the relationships between these two forces 
be not changed. The force of attraction varies approximately inversely 
with the square of the length of the air-gap between the armature and 
core. Since this distance is usually small, any small change will have a 
relatively large effect on the pull. The core and armature, together with 
their associated members, should be of stable design and secured in 
such fashion that their dimensional relationships remain unchanged 
when the relay is subjected to shock, vibrations, and stresses incident 
to attaching the relay to its mounting. The design of the structure and 
the thermal coefficients of expansion of the materials used should be 
such that deformation does not take place when the temperature is 
varied throughout the operating range. 
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Moving parts, such as the armature and its suspension, together 
with the associated actuating members and springs, should move freely 
under all conditions without binding or friction. Since friction is in­
herently a variable quantity and difficult to control, it should be kept as 
small as possible, otherwise it will be a cause for instability. If the 
friction component is an appreciable part of the total load, the relay 
will be unsatisfactory, particularly for marginal operation. The friction 
part of the load on the moving system of a relay can be determined 
readily by an improved measuring technique which automatically plots 
the force required to move the armature, and its displacement, as it 
moves from its unoperated to its operated position. This is illustrated 
in Fig. 9. The top curve is the force required to move the armature and 
operate its associated contact springs as it moves from its back-stop 
to its fully operated position. The lower curve is the force acting on the 
armature that allows it to restore to its unoperated position. The vertical 
displacement between the two curves represents double the friction. 
Since friction always opposes motion, it adds to the force required to 
operate the relay and detracts from the force releasing the relay. If the 
ideal of no friction were obtained the two curves would coincide. When 
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the displacement and hence the friction is large, aside from the fact 
that it is indicative of a rapid rate of wear, the relay would be unstable. 

While the wear of the relay parts can be minimized by good design, 
it cannot be eliminated entirely, especially for relays required to operate 
a very large number of times during their life. For telephone relays the 
design objective is for a 40-year life. The effects of wear on performance 
to a great extent can ofttimes be counteracted by ingenious design. 
Fig. 10 is an illustration of such a case.5 The diagram on the left shows 
a moving system of a relay in which the contact springs are stud ac­
tuated. The moving springs are tensioned toward the armature and exert 
a force tending to open the contacts. When the armature operates, the 
stud presses the moving springs into engagement with the stationary 
springs. There is no contact force when engagement is first made and 
further flexing of the spring is necessary to build up the contact force 
to the desired value when the armature reaches its fully operated posi­
tion. As the contacts and studs wear, it is apparent that the contact 
force and consequently the load on the armature decreases rapidly. The 
stud wear becomes cumulative in its effect on the outside pair of springs 
as more springs are added to the pile-up. 

The diagram to the right shows a moving system of a relay using 
what is called "lift-off" card actuation. The moving springs are ten-
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Fig. lO-Two moving systems of relays in relation to the effects of wear on 
their performance. 
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sioned, before assembly, toward the stationary spring by an amount 
necessary to give the desired contact force. Two supplementary springs 
are provided to support the card and tensioned to restore the armature 
and contact springs to their unoperated position. Upon operation, the 
motion of the card permits the contacts to close, and when engagement 
of the contacts occurs, the contact force reaches its predetermined value 
very rapidly. Further motion of the card, provided for by the width 
of the slot in the card, allows for wear of the contact and card without 
appreciably affecting the contact force or the load on the armature. 

The effect of this wear on the contact force is shown in Fig. 11 for 
both types of actuation. For the stud actuated relay, as the contact and 
stud wear continues, the contact force decreases very rapidly. After 
0.010 ineh wear only about 6 grams remains out of an original 26 grams. 
This is accounted for by the fact that the combined stiffness of the 
moving spring in engagement with the stationary spring is 2 grams per 
0.001 inch deflection. This requires 0.013 inch contact follow to establish 
a contact force of 26 grams when the relay is adjusted initially. For the 
card "lift-off" actuated relay where the moving spring had· been pre­
tensioned to give a contact force of 25 grams initially, after 0.010 inch 
wear of the contacts, the contact force will have decreased about 1 gram. 
This is because the stiffness of the moving spring is about 0.1 gram per 
0.001 inch deflection. Card wear does not affect the contact force so long 
as it is provided for by the width of the slot in the card. 

26 

24 CARD LIFT-OFF ACTUATION 0.012 

I/) 22 
31/) ::2: 

~ 20 0.010 j~ 
l!) ou 
~ 18 u.~ 

~ 16 
I-z 

0.008 ~-
a:: I-Z 
0 zo 
u. 14 

8~ I-
~ 12 0.006 l!)2 
I- zU 

8 10 
-« 
00 
z::) 

UJ OI-
l!) 8 0.004 ~I/) 
« WI 
a:: 6 ~!:: UJ 
> 0 3 
« 4 0.002 U 

2 

0 0 
0 0.002 0.004 0.006 0.008 0.010 0.012 

STUD AND CONTACT WEAR IN INCHES 

Fig. ll-Comparison of effects of wear on contact pressure of a relay. 



DESIGN FACTORS INFLUENCING RELIABILITY OF RELAYS 997 

Fig. 12-Magnetic circuit of a relay having embossed pole faces. 

Another instance where the effects of mechanical variations upon 
its performance have been largely nullified by design, is in the design of 
slow release copper sleeve relays. To make most effective use of the 
copper sleeve, which causes the delayed action, it is desirable to provide 
as low a reluctance as possible of the magnetic circuit when the relay 
is in the operated position. Instead of providing small non-magnetic 
separators in the air-gap between armature and the core as is usually 
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done with the ordinary quick-to-release relays, for slow release relays 
the armature is allowed to contact the core, finish to finish. When plane 
flat pole face surfaces are provided, it is expensive and difficult to insure 
in commercial practice that precise and uniform alignment of the pole 
face surfaces will obtain. Variations in the alignment of these two sur­
faces will cause variations in the closed magnetic circuit reluctance and 
consequently on the release time of the relay. 

In Fig. 12 is shown a design where the necessity for holding the align­
ment of core and armature so precisely is not so great.9 A spherical surface 
of rather large radius is embossed on the front end of the armature, so 
that with commercial variations in alignment, the armature always pre­
sents apoint on the surface of a sphere for contacting the flat surface of 
the core. Similarly, the legs of the armature where they pivot on the 
front ends of the hinge bracket are likewise embossed. The results of 
the effects of these structural differences on the closed circuit re­
luctance are shown in Fig. 13 for a design with flat surfaces and one 
with embossed surfaces. While it is true that with perfect alignment the 
relay with flat surfaces will give longer release times, it is apparent that 
as variations in alignment occur from time to time and from relay to 
relay, it will have larger variations in performance than the relay with 
the embossed surfaces. This is a feature which has proven of great value 
in the manufacture of slow release relays of reasonable time precision. 
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Impedance Bridges for the 
Megacycle Range 

By H. T. WILHELM 

(Manuscript received August 19, 1952) 

This paper reviews ac bridges developed for use in the Bell System for the 
measurement of impedance parameters, particularly at frequencies in the 
megacycle range. Three recent bridges designed for measuring networks 
and components for coaxial systems are described. 

INTRODUCTION 

The need during recent years for increased accuracy of impedance 
measurement in the megacycle range has led to advances in the art of 
bridge measurement. A particular stimulus has been the development 
of a new coaxial system, designated L-3, for transmitting over distances 
up to several thousand miles a continuous frequency band extending 
roughly from 0.3 to 8 megacycles per second. Such a system will be 
capable of providing on a single coaxial unit the combination of a single 
television channel and as many as 600 one-way telephone channels. 
The large loss inherent in transmitting this wide frequency band over 
the cable makes it necessary to provide an amplifier about every four 
miles, and these amplifiers and associated networks have created diffi­
cult measurement problems. 

MEASUREMENT PROBLEMS 

The measurement problems arise partly from the wide frequency 
band, approximately thirty times the minimum frequency. This makes 
equalization of the system for satisfactory transmission very difficult, 
particularly in transmitting a television signal which covers a frequency 
band equivalent to about a thousand telephone channels and which 
must be equalized for phase as well as loss. 

Even more important, however, are the problems arising from the 
close spacing of the amplifiers, with the result that a transcontinental 
circuit requires up to a thousand amplifiers in its path. Departures in 

999 
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individual transmission characteristics will produce cumulative errors, 
making it necessary to maintain close control over the manufacture 
and adjustment of all of these amplifiers and associated networks. This 
calls for networks of highly refined design and requires ancillary meas-:­
urement facilities of greater precision than heretofore available at these 
higher frequencies. 

The design of transmission networks to meet exacting requirements 
is a subtle art, embracing on the one hand the use of complex mathe­
matical manipulation to produce theoretical networks having the de­
sired loss and phase characteristics, and requiring, on the other hand, a 
down-to-earth knowledge of the properties of the actual components 
used including parasitic effects and interaction of the various elements 
when assembled into a network. To furnish this knowledge, to measure 
the component resistors, capacitors, inductors and transformers which 
are the building blocks of the networks, to evaluate the ever-present 
parasitic effects, to determine simplified circuit equivalents of the more 
complex components such as transformers, and to answer other ques­
tions too numerous to mention, measurements of impedance parameters 
- precise measurements - are required. 

EXISTING BRIDGE TECHNIQUE 

For measuring impedance and admittance parameters, that is R" L, 
C and G, suitable ac bridges, ordinarily simply designated' as impedance 
bridges, have long held a high place in the Bell System because of their 
inherent reliability and precision, and their ability to cover a wide 
range of values. The development of many of the original bridges!' 2,3,4 

for frequencies above the audio range stemmed from the needs of the 
earlier carrier systems. With this development came also analysis of 
shielding technique,5 standardization of capacitance,6, 7 and a syste­
matic classification of bridge methods8 by J. G. Ferguson in 1933, in 
which bridges were grouped into two major types designated as ratio­
arm and product-arm, respectively. Following this classification, com­
bined impedance and admittance bridges were developed,9. 10 utiliz­
ing a single set of bridge standards for both kinds of parameters by 
changing the configuration of the bridge network. There have also 
been special purpose bridgesll

• 12. 13, 14 for use at audio and the lower 
carrier frequencies. More recently, coaxial impedance standards19 having 
values calculable from physical dimensions have been developed. 

Bridges for frequencies above one-half megacycle were used in the 
Bell System as early as 1919/5 but relatively few bridges were built 
until the mid 1930's when new carrier systems required bridges in the 
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megacycle range. A ratio-arm bridge16 using external standards was 
developed for precise measurements up to three megacycles. Intercon­
nection of bridge and standards using coaxial cords provided flexibility 
of configuration resulting in an admittance bridge for high impedances 
and a series-reactance bridge for medium impedances. These two bridge 
circuits are shown schematically in (a) and (b) of Fig. 1. A separate, 
self-contained Maxwell product-arm inductance bridge, shown sche­
matically in Fig. 1c and illustrated in Fig. 2, was designed primarily 
for measuring low-impedance parameters up to one megacycle/sec. 
Inductance was measured using calibrated air capacitors, and resistance 
was measured by means of conductance decades employing wire-wound 
resistors. The bridge included a double-shielded coupling transformer 
and complete shielding not shown in the simplified schematic. 

To show clearly the scope and inter-relation of these three 
bridge methods, it is helpful to plot their ranges on a Slonczewski 
reactance/frequency chare7 shown in Fig. 3. In this chart, the top 
frequency shown for the ratio-arm bridge is three megacycles, and for 
the Maxwell bridge is one megacycle, as these are considered boundaries 

Yx = Gx+ jwCx 

Gx =l/R p 

Cx = C p 

R, = Rz 

, 
Zx=Rx+~C 

JW x 
Rx = Rs 
Cx = Cs 

R, = Rz 

(a) ADMITTANCE BRIDGE (b) SERIES REACTANCE BRIDGE 

Zx = Rx+ jwLx 

Rx = KG p 

Lx = KC p 

K = R,R z 

(c) MAXWELL INDUCTANCE BRIDGE 

Fig. I-Simplified schematics showing the basic circuits of three existing 
bridges for use at frequencies up to about three megacycles. 
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for their best performance, even though both bridges are useable at 
higher frequencies. It will be observed that while there is some over­
lapping of the three ranges, all three methods are neces~ary to obtain 
the impedance coverage shown. It should be emphasized that all the 
ranges shown cover both capacitive and inductive reactances. In the 
case of the admittance and series-reactance bridges, inductive imped­
ances are measured by using a resonating capacitor, in parallel or 
series, respectively, with the apparatus being measured. In the Maxwell 
inductance bridge, capacitive impedances are measured by using a 
fixed resonating inductor in series wIth the impedance under test. A 
complete accuracy statement for these bridges is necessarily complex, 
but in general accuracies of ±O.25 per cent for the major component 

Fig. 2-0ne-megacycle Maxwell inductance bridge, shown schematically in 
Fig. Ic, designed for relay-rack mounting. 
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was obtained over most of the range plotted on the reactance chart. 
These bridges have been very successful for the purpose for which they 
were designed, but they are not useable up to the eight megacycles 
or higher required by the L3 system. 

REQUIREMENTS OF BRIDGES FOR L3 SYSTEM 

When the L3 system was contemplated, it was evident that new bridges 
would be needed. It was required to be able to measure virtually any 
impedance value at frequencies up to and beyond the second harmonic 
of the 8.4 megacycle upper limit of the system. Accordingly, a top 
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Fig. 3-l{eactancejfrequency chart showing the measurement range of the 
bridges shown in Fig. 1. 
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frequency of twenty megacycles was decided upon as a design objective 
with a basic accuracy of ±0.5 per cent for the major component. The 
immediate need was for a general-purpose bridge, but it was expected 
that special-purpose bridges having better accuracy would be required 
later. 

GENERAL PURPOSE 20-MEGACYCLE BRIDGE 

It was decided first to develop a single bridge unit which would em­
brace both admittance and series impedance methods, and thereby cover 
a reactance range from a few ohms up to nearly a megohm, as shown in 
Fig. 4. Such a bridge would combine the features of (a) and (b) of Fig. 1. 
There were numerous departures from the earlier designs, however, in­
cluding the use of a series range capacitor to reduce the size of the series 
capacitance standard, the use of deposited carbon resistors/8 the form 
and construction of both conductance and resistance standards, and 
especially the use of transformer-coupled inductive ratio arms. 
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Fig. 4-Reactance/frequency chart applying to the general-purpose bridge 
shown in Fig. 5. 
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The successful use of a center-tapped transformer for ratio arms in a 
465-KC direct capacitance bridge13 indicated that the resistance ratio 
arms RI, R2 of Fig. 1 might be omitted if a suitable transformer could be 
developed for higher frequencies. The transformer group of the Labora­
tories succeeded in producing a transformer with a deviation from unity 
ratio of less than 0.1 per cent over a frequency range from 0.5 to 20 
megacycles. This was made possible by precise location of the windings 
in fine milled grooves in the form of reversed helices, cut on a lo:qgitudin­
ally-split brass cylinder for the inner winding, and on a surrounding phenol 

OSCILLATOR ,.------------, 

~~LLn ~=-----:1-----------,i-----rtooo::~o 1 

"A" 

11'-

Fig. 5-Schematic of the 20-megacycle general-purpose bridge showing both 
the series (impedance) and parallel (admittance) bridge circuits combined in a 
single unit. 

fibre cylinder for the bifilar outer winding which serves as the bridge 
ratio arms. Electrostatic shielding limits the direct capacitance be­
tween primary and secondary to less than 0.01 J.LJ.Lf. The core material is 
compressed powdered molybdenum permalloy. This transformer was 
the nucleus around which the general purpose bridge was built, and the 
resulting bridge is shown schematically in Fig. 5. 

In Fig. 5, the letters A, B, C and D designate the four bridge corners, 
and T is the ratio-arm transformer already described. Apparatus to be 
measured by the admittance method is connected to terminals C and D, 

and is balanced by the calibrated capacitor CP and conductance standard 
GP. To use the series reactance method, CP and GP are set at minimum 
settings, apparatus to be measured is connected to terminals xl and x2, 
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and is balanced by the calibrated capacitor cs and resistance standard RS. 

The range capacitor CR consists of several mica capacitors for extending 
the range of CS, as will be described below; and zs is merely a compensat­
ing impedance, essentially' an inductive two-ohm resistor. The circuit 
is thus basically quite simple and avoids the use of switches or other 
complications which would impair performance at these high frequencies. 

Capacitors CP and cs are worm-driven air capacitors with a range of 
about 22.0 J.LJ.Lj, and were specially designed for this bridge. In the case of 
CS, any direct conductance between rotor and stator would result in an 
effective series resistance which would vary both with frequency and 
capacitor setting, arid therefore require laborious correction. This was 
avoided by arranging the construction so that the rotor and stator are 
mounted on independent insulating supports to the ground panel, thereby 
completely eliminating direct conductance from rotor to stator. While 
this results in some conductance from test terminal xl to ground, the 
amount is small and its effect is negligible because of the relatively low 
·impedance values measured. In the case of CP, on the other hand, it is 
important to minimize series resistance and inductance to avoid con­
ductance and capacitance corrections which would change both with 
frequency and capacitor setting. This was accomplished by careful design 
of the rotor brush using silver contact surfaces and center-fed connections 
to both rotor and stator. 

The conductance standard, GP, and resistance standard, RS, were de­
signed to emphasize high-frequency performance. Deposited carbon resis­
tors18 on ceramic rods l" in diameter and i" long mounted on small 
decade rotors were used, so arranged that only one resistor on a rotor is 
in the circuit at any time, and that adjacent resistors are short-circuited 
by means of auxiliary shorting brushes to eliminate shunting admittance 
which might vary with frequency. For GP the resistance values are such 
that the two lower decades and the slide-wire rheostat each have a 
residual conductance of 333 micromhos, thereby avoiding the use of 
resistors exceeding 3,000 ohms in value which would be more likely to . 
vary with frequency. The structure is designed to minimize series in­
ductance and to maintain constant capacitance for all settings. For RS, 

on the other hand, it is necessary to maintain constant inductance for 
all settings. This was accomplished by adding small wire-loop compen­
sating inductors in series with individual resistors in the la-ohm and 
lOa-ohm decades when necessary. To minimize the over-all inductance, 
the resistor rotors are placed very close together and are driven by gear­
ing from the corresponding dials. 

The range capacitor, CR, has already been mentioned. It consists of a 
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rotor switch on which are mounted five uncalibrated mica capacitor~ 
which enable cs to measure both positive and negative reactance values 
up to 10,000 jJ,jJ,f without additional switching. The 20 fJ.fJ.f CR capacitor 
covers capacitance measurements up to 60 fJ.fJ.f; the 40 fJ.fJ.f capacitor 
covers up to 150 fJ.fJ.f; the 80 fJ.fJ.f up to 600 fJ.fJ.f; the 140 fJ.fJ.f up to 10,000 
fJ.jJ,f; and the 200 fJ.fJ.f capacitor covers all the positive series reactance 
measurements. Since the CR capacitor permits the bridge to be balanced 
with the test leads short-circuited, the value of the effective resistance 
under test is simply equal to the difference between RS readings for the 
measurement balance and the short-circuit balance, and the reactance 
under test is determined from a computation of the two readings of cs. 

A front view of the general purpose bridge is shown in Fig. 6. The four 
lower dials are for GP; above them are the four RS dials; and above them 
is the CR dial. The capacitors cs and CP are located adjacent to the test 
terminals, but are operated remotely by the dial knobs at the extreme 
right end of the bridge. This was done to remove the operator's hands as 
far as possible from the test terminals. Near the test terminals is a coaxial 
connector engraved A. This allows plug-in capacitors (cu in Fig. 5) to 
be added in parallel with CP for extending the capacitance range. Com­
pact silvered mica capacitors in steps of 200 fJ.fJ.f are used. Fig. 7 shows 
the interior of the same bridge with CP and cs in the lower foreground, 
GP at the left and RS in the upper right. 

Fig. 6-Frorit view of the general-purpose bridge shown in Fig. 5. The bridge 
is approximately lO! inches high and 19 inches wide. 
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Fig. 7-Interior view of the general-purpose bridge. The panel edge shown in 
the foreground is the left edge of the bridge shown in Fig. 6. 

FIVE-MEGACYCLE MAXWELL INDUCTANCE BRIDGE 

To facilitate the measurement of low-valued inductors, there was need 
for a direct-reading inductance bridge inasmuch as such measurements 
entail considerable computation effort when using the general-purpose 
bridge. Accordingly, it was decided to build a five-megacycle Maxwell 
inductance bridge to cover a range from 0.001 microhenry up to 10 micro­
henries, and effective resistance values up to 11 ohms. The basic circuit 
is the same as the Maxwell bridge in Fig. 1, but the design embraces 
such refinements as glass-sealed deposited-carbon resistors for the con­
ductance standard, and a worm-driven center-fed variable air capacitor. 
Special woven-wire resistors on spools of Teflon are used for the two fixed 
arms, and are compensated to give a constant product of practically zero 
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Fig. 8-The five-megacycle Maxwell inductance bridge is approximately l2i 
inches high and 19 inches wide. Test terminals are at upper left, and the three 
knobs at lower right are zero-balance adjusters. 

Fig. 9-Interior of bridge of Fig. 8 showing the shielding for test terminal Xl 
in foreground; at the left is the calibrated air capacitor; at the right are the con­
ductance decades using glass-sealed deposited-carbon resistors. 
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phase angle over the entire frequency range. The result is a direct-reading 
bridge shown in Figs. 8 and 9 which has greatly facilitated the develop­
ment of inductors in the megacycle range. The accuracy for major 
component varies from ±0.25 per cent at one megacycle up to ±l 
per cent at five megacycles. 

TEN-MEGACYCLE ADMITTANCE BRIDGE 

Development of capacitors for the L3 coaxial system has required a 
new ten-megacycle admittance bridge. Intended especially for determin­
ing temperature coefficient and frequency characteristics of small capa­
citors, the bridge is capable of measuring capacitance values up to 200 
J..LJ..Lj with a precision of ±0.01 J..LJ..Lj, and a wide range of conductance values. 
Unlike the other two bridges described which make grounded measure­
ments only, this bridge is arranged for direct and balanced-to-ground 
measurements as well. This is accomplished by using the ratio-arm trans­
former already described in combination with a simple grounding circuit 
using a three-position key, as shown in the bridge schematic of Fig. 10. 

---------------------~ 
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Fig. lO-Ten-megacycle admittance bridge with three-position key for shift­
ing ground to B for measuring direct admittance, to junction of Cl and C2 for 
balanced admittance, and to D for grounded admittance. Unknowns may be 
connected from A to D or C to D. 
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The direct-capacitance measurements are useful in the development of 
low valued capacitors, and the balanced-to-ground measurements are 
helpful in evaluating low-admittance off-ground networks. 

CONCLUSION 

Bridges have been developed for the measurement of impedance and 
admittance parameters at megacycle frequencies with accuracies hereto­
fore possible only at much lower frequencies. Several of the twenty­
megacycle general-purpose bridges have been built and are furnishing 
useful measurements of networks and components. Experience with these 
bridges has indicated ranges for which supplementary special-purpose 
bridges wouid be desirable, and two such bridges have been built: a 
Maxwell bridge for low-valued inductors, and an admittance bridge for 
low-valued capacitors. One feature of all of these bridges not generally 
available in commercial measuring instruments for megacycle frequen­
cies is the provision of standards having a range of several decades. These 
allow balances to be made with greater precision over a wider range of 
phase angles in the apparatus under test, and assure that the absolute 
accuracy will not be limited by readability. This added precision is very 
useful in comparing similar components or in measuring characteristics 
such as temperature coefficient. 
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Diffusion of Donor and Acceptor Elements Into Germanium. C. S. 
FULLER!. Phys. Rev., 86, pp. 136-137, April 1, 1952. 

* Certain of these papers are available as Bell System Monographs and may be 
obtained on request to the Publication Department, Bell Telephone Laboratories, 
Inc., 463 West Street, New York 14, N. Y. For papers available in this form, the 
monograph number is given in parentheses following the date of publication, and 
this number should be given in all requests. 
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A Submarine Telephone Cable with Submerged Repeaters. J. J. GILBERTI, 

Trans. A.l.E.E., 70, Part 1, pp. 564-572, 1951. (Monograph 1815). 

Physical Structure and Magnetic Anisotropy of Alnico 5. Part I. R. D. 
HEIDENREICH! and E. A. NESBITTI. Jl. Appl. Phys., 23, pp. 352-371, 
March, 1952. (Monograph 1976). 

It is concluded from electron metallographic results that the high coercive 
force and anisotropy of Alnico 5 are caused by a very finely divided precipitate 
produced by the permanent magnet heat treatment. This precipitate is a transi­
tion structure rich in cobalt and is face-centered cubic with ao = lOA and ap­
pears as rods growing along the [100] directions of the matrix crystal when no 
magnetic field is applied during heat treatment. The size of the precipitate rods 
at optimum properties is approximately 75-100A by 400A long. The spacing 
between rows of rods is about 200A. The rods are not distinctly resolved in the 
electron images unless they are grown by aging at 8000 e. Their orientation and 
structure is clearly evident in the electron diffraction patterns at all stages of 
growth. The precipitate responds to a magnetic field applied during heat-treat­
ment both by suppression of nuclei making an angle greater than about 70° with 
the field and by the forcing of the rods off the [100] direction into that of the 
field. The precipitate rods tend to scatter in direction about the field vector when 
the field is off the [100] but are aligned accurately when the field is along [100]. 

Energy of a Bloch Wall on the Band Picture. I. Spiral Approach. C. 
HERRING

1
. Phys. Rev., 85, pp. 1003-1011, March 15, 1952. 

It is shown that the band or itinerant electron model of a solid is capable of 
accounting for the "exchange stiffness" which determines the properties of the 
transition region, known as tlie Bloch wall, which separates adjacent ferromag­
netic domains with different directions of magnetization. In this treatment the 
constant spin function usually assigned to each running electron wave is replaced 
by a variable spin function. At each point of space the spin of a moving electron 
is inclined at a small velocity-dependent angle to the mean spin direction of the 
other electrons, and this gives rise to an exchange torque which makes the spin 
direction of the given electron precess as it moves through the transition region, 
the precession rate being just sufficient to keep it in approximate alignment with 
the macroscopic magnetization. Physical insight into the mechanisms involved 
is provided by a rigorous solution of the wall problem for a ferromagnetic free 
electron gas in the Slater-Fock approximation, although it is known that the 
free electron gas is not likely to be ferromagnetic in higher approximations. 
Rough upper limits to the exchange stiffness constants for actual ferromagnetic 
metals can be calculated without using any empirical constants other than the 
saturation moment and the lattice constant. The results are only a few times 
larger than the observed values. 

Elastic and Plastic Properties of Very Small Metal Specimens. C. 
HERRING! and J. K. GALTI. Phys. Rev., 85, pp. 1060-1061, March 15, 
1952. (Monograph 1977). 
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A Scanner for Rapid Jl1 easurement of Envelope Delay Distortion. L. E. 
HUNT

l 
and 'tV. J. ALBERSHEIMl. Proc. I.R.E., 40, pp. 454-459, April, 

1952. (Monograph 1967). 
A measuring device is described which instantaneously displays the envelope 

delay-frequency characteristic on a cathode-ray screen. Loop and one-way 
measurements of long-distance radio networks can be carried out. The frequency 
range extends from 60 to 80 megacycles; the limits of accuracy are 1 millimicro­
second or 2 per cent of the measured delay range. Comparison of two charac­
teristics can be carried out by superposition of alternate scanning traces. 

The device has been found useful in measuring the delay distortion of the TD-2 
radio-relay system and in designing and adjusting the delay equalizers needed 
to correct it. 

Numerical Integration Near a Singularity. E. L. KAPLANl. J. J11ath. 
Phys., 31, pp. 1-28, April, 1952. (Monograph 1980). 

Measurement of Diffusion in Semiconductors by a Capacitance J.11 ethod. 
K. B. McAFEE\ W. SHOCKLEyl and M. SPARKSl. Phys. Rev., 86, pp. 
137-138, April, 1952. 

Probing the Space Charge Layer in a p-n Junction. G. L. PEARSON\ 
'tV. T. READl and W. SHOCKLEyl. Phys. Rev., 85, pp. 1055-1057, March 
15, 1952. 

Control J.11ethods Used in a Study of the Vowels. G. E. PETERSONl and 
H. L. BARNEyl. J. Acoust. Soc. Am., 24, pp. 175-184, March, 1952. 
(Monograph 1982) 

Relationships between a listener's identification of a spoken vowel and its 
properties as revealed from acoustic measurement of its sound wave have been 
a subject of study by many investigators. Both the utterance and the identifica­
tion of a vowel depend upon the language and dialectal backgrounds and the 
vocal and auditory characteristics of the individuals concerned. The purpose of 
this paper is to discuss some of the control methods that have been used in the 
evaluation of these effects in a vowel study program at Bell Telephone Labora­
tories. The plan of the study, calibration of recording and measuring equipment, 
and methods for checking the performance of both speakers and listeners are 
described. The methods are illustrated from results of tests involving some 76 
speakers and 70 listeners. 

Current J11ultiplication in the Type-A Transistor. W. R. SITTNERl. 
Proc. I.R.E., 40, pp. 448-454, April, 1952. (Monograph 1969). 

One of the basic phenomena exhibited by transistors is current multiplication. 
In transistors of the point-contact type (one of these has been called the Type-A), 
the mechanism giving rise to this effect has been somewhat uncertain. Four 
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possible mechanisms of the current multiplication process in the Type-A transistor 
are discussed. One of the mechanisms is based on trapping holes in the collector 
barrier of the semiconductor. By means of this trapping model, the effect of 
emitter current and temperature on the current multiplication is predicted. It 
is shown that these predictions are in reasonable accord with experiment. 
Furthermore, assuming this model to hold, the trap density and activation energy 
(produced by forming) may be evaluated. 

Faraday Rotation of Guided Waves. H. SUHL! and L. R. WALKERI. 
Phys. Rev., 86, pp. 122-123, April 1, 1952. 

Transistor Forming Effects in n-Type Germanium. L. B. VALDES!. 
Proc. I.R.E., 40, pp. 445-448, April, 1952. (Monograph 1969). 

Some of the effects of electrical forming of the collector of an n-type germanium 
transistor are discussed. Evidence is presented for the existence of a region of 
p-type germanium underneath the formed electrode, together with some indica­
tion of the size of the formed region. These experiments lend support to the p-n 
hook mechanism in that they explain the observed high values of alpha in tran­
sistors. This relation is discussed. 

Domain Structure of Perminvar Having a Rectangular Hysteresis Loop. 
H. J. WILLIAMS! and M. GOERTZI. Jl. Appl. Phys., 23, pp. 316-323, 
March, 1952. (Monograph 1985). 

An investigation has been made of the magnetic domain structure of Permin­
val' (43 per cent Ni, 34 per cent Fe, 23 per cent Co) ring specimens having rec­
tangular hysteresis loops after heat-treatment in a magnetic field. Domain 
patterns obtained with colloidal magnetite showed curved domain boundaries 
extending completely around the rings, forming circles concentric with them. 
Changes in magnetization occur when an applied field causes the circular bound­
aries either to expand or contract so that there is a change in the relative values 
of clockwise and counter-clockwise flux. A nucleus of reversed magnetization 
was formed by making a small notch in a specimen, and this decreased the co­
ercive force and hysteresis loss by a factor of two. It was found that in a 1800 

domain boundary it was possible to make the change in spin orientations, which 
occurs in going from one side of the boundary to the other, have either a right­
or left-hand screw relation, by the application of a field of appropriate sign per­
pendicular to the surface. The effect of superposing an applied alternating field 
was also investigated, and an effective permeability of 4,000,000 was obtained. 

Measuring Techniaues for Broad-Band. Long-Distance Radio Relay 
Systems. W. J. ALBERSHEIMI. Proc. I.R.E., 40, pp. 548-551, May, 1952. 
(Monograph 1971). 

Line-up and maintenance of radio relay systems require sensitive yet rapid 
measurements. These are obtained by scanning the systems response as func­
tions of time, frequency, and amplitude. Parameters thus scanned include the 
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transient response to step functions; frequency characteristics of gain, phase, 
impedance and their frequency derivatives; and amplitude characteristics of 
output nonlinearity and of intermodulation products. 

Aluminum Die Castings-The Effect of Process Variables on Their 
Properties. W. BABINGTONl and D. H. I(LEPPINGER4• Proc. A.S. T.M., 
51, pp. 169-197, 1951. 

Diffusion in Alloys and the Kirkendall Effect. J. BARDEENl and C. 
HERRING!. pp. 261-288 of Imperfections in Nearly Perfect Crystals, Wiley 
N. Y., 1952, 490 p. Edited by W. Shockley, J. H., Hollomon, R. Maurer 
and F. Seitz. Symposium held at Pocono Manor, Oct. 12-14, 1950, by 
Committee on Solids, National Research Council. 

Lightning Protection for Fixed Radio Stations. D. W. BODLEl. Tele­
Tech, 11, pp. 58-60, 126+, June, 1952. 

Common grounds, parallel conducting paths, and discharge gaps provide 
three important means for avoiding equipment damage from high current surges. 
Protection of connecting facilities must also be considered to preserve service. 

Compression Tests on Lead Alloys at Extrusion Temperatures. G. M. 
BOUTONl and G. S. PHIPPSl. Proc. A.S.T.M., v. 51, pp. 761-770, 1951. 

Load-deflection measurements made during compression tests on lead and 
lead-alloy cylinders at various temperatures show the effects of alloying in­
gredients on the force required to produce deformation. The curves also furnish 
clues as to changes taking place in the materials during the course of the test. 
The load, P, to produce definite small deformation in pure lead at various tem­
peratures, T, are shown to follow the relationship P = Ae-BT

, where A and B 
are constants for the material. This is the same relationship found by others in 
extrusion studies. The elements added to lead were those most commonly used 
in the manufacture of cable sheath, namely, antimony, arsenic, bismuth, silver, 
tellurium, and tin. The results show that the stronger alloys now used for cable 
sheathing deform less readily at extrusion temperatures than pure lead or the 
weaker alloys. 

RF Phase Control in Pulsed Magnetrons. E. E. DAVID, JRl. Proc. 
I.R.E., 40, pp. 669-685, June, 1952. 

This paper describes the behavior of a magnetron oscillator started in the 
presence of an externally applied rf exciting signal whose frequency is not greatly 
different from the unperturbed steady-state frequency of the magnetron. 

Effect of Prior Strain at Low Temperatures on the Properties of Some 
Close-Packed Metals at Room Temperature. W. C. ELLISl and E. S. 
GREINERl. J. Metals, 4, pp. 648-651, June, 1952. (Monograph 1966). 
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The Fatigue Test as Applied to Lead Cable Sheath. G. R. GOHNI and 
w. C. ELLISI. Proc. A.S.T.M., 51, pp. 721-740, 1951. 

This paper discusses the more important factors affecting the design of labora­
tory test methods suitable for obtaining significant fatigue data from reversed 
bending tests on cantilever-beam specimens of lead cable sheathing alloys. 
Data are presented to show the effect of cycling rate, temperature, shape of 
specimen, alloy additions, and aging on fatigue life. The close correlation be­
tween bending fatigue tests on strip specimens and full size sections of cable is 
demonstrated. The fatigue data are analyzed in terms of (1) cycle life versus 
deflection, (2) cycle life versus strain, and (3) cycle life versus stress. Photo­
micrographs illustrating representative laboratory and field failures are included. 

Thermal Conductivity of Germanium. A. GRIECOI and H. C. MONT­
GOMERY!. Phys. Rev., 86, p. 570, May 15, 1952. 

Bell System Cable Sheath Problems and Designs. F. W. HORNI and R. B. 
RAMSEY!. Trans. A.I.E.E., 70, Part 2, pp. 1811-1816, 1951. (Monograph 
1917). 

Powdered Standards for Spectrochemical Analysis. E. K. JAYCOXI. 
Applied Spectroscopy, 6, pp. 17-19, May, 1952. (Monograph 1978). 

Engineering for Low Product Cost and High Product Quality at the 
lVestern Electric Company. A. C. JONES3. Ind. Quality Control, 8, pp. 
53-59, May, 1952. 

The Approximation with Rational Functions of Prescribed Magnitude 
and Phase Characteristics. J. G. LINVILLI. References. Proc. I.R.E., 
40, pp. 711-721, June, 1952. 

A successive-approximations method is applied to the selection of network 
functions having desired magnitude and phase variation with frequency. The 
first approximation, the first set of pole and zero locations, can be selected on 
the basis of known solutions to similar problems or through use of a set of curves. 
In succeeding approximations the pole and zero locations are adjusted to decrease 
the deviation of the earlier approximations from the desired characteristics. The 
process adjusts the magnitude and phase characteristics simultaneously. Its 
flexibility permits accommodation of practical constraints not possible with 
other methods. 

The ll1agnetic Structure of Alnico 5. E. A. NESBl'l'TI and R. D. HEIDEN­
REICHl. Elec. Eng., 71, pp. 530-534, June, 1952. (Monograph 1981). 

In the investigation of Alnico 5, t,~o problems arose. What is the mechanism 
which enables the alloy to respond to heat treatment in a magnetic field? \Vhat 
causes the alloy to have a high coercive force of 600 oersteds? The first problem 
has been solved and progress has been made toward solving the second. 
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Single-Frequency Signaling System for Supervision and Dialing Over 
Long-Distance Telephone Trunks. N. A. NEWELLl and A. WEAVERl. 
Trans. A.I.E.E., 70, Part 1, pp. 489-494, 1951. (Monograph 1841). 

The single-frequency signaling system for long-distance telephone trunks 
frees dial calls from the range and other limitations imposed by dc signaling 
methods. It uses alternating currents in the voice range as the signaling medium 
and so can be used with any trunk of any length or type of line facility which 
meets voice-transmission requirements. The signaling requirements, design 
problems, main features of the circuit and equipment arrangements, and the 
operation of this system are outlined in this paper. The system described is the 
first practical arrangement of its type satisfactorily to meet all the conditions of 
telephone service in the Bell Telephone System. 

Experimental Information on Slip Lines. W. T. READ, JRl. pp. 129-
11)1 of Imperfections in Nearly Perfect Crystals, Wiley, N. Y., 1952, 
490 p. Edited by W. Shockley, J. H. Hollomon, R. Maurer and F. Seitz. 
Symposium held at Pocono Manor, Oct. 12-14, 1950, by Committee 
on Solids, National Research Council. 

On the Geometry of Dislocations. W. T. READ, JR.l and W. SHOCKLEyl. 
pp. 77-94 of Imperfections in Nearly Perfect Crystals, Wiley, N. Y., 
1952, 490 p. Edited by W. Shockley, J. H. Hollomon, R. Maurer and 
F. Seitz. Symposium held at Pocono Manor, Oct. 12-14, 1950, by Com­
mittee on Solids, National Research Council. 

A Servo System for Heterodyne Oscillators. T. SLONCZEWSKIl. Trans. 
A.I.E.E., 70, Part 1, pp. 1070-1072, 1951. (Monograph 1883). 

A constant rate of progression of frequency of a motor-driven heterodyne 
oscillator is obtained by comparing its output with a frequency standard. The 
result is fed into a servo loop which drives the motor at the proper speed. When 
used in connection with a level recorder a linear frequency scale is obtained which 
is more accurate than the static calibration of the oscillator. 

Metallic Rectifiers in Telephone Power Plants. D. E. TRUCKSESSl. 
Trans. A.I.E.E., 70, Part 2, pp 1464-1467, 1951. (Monograph 1987). 

Metallic rectifiers are a comparatively new means of converting power from 
alternating current to direct current. Most of the component apparatus used 
in the Telephone Systems operates with direct current while the normal power 
source is alternating current. Therefore a static device without expendable parts 
which is obtainable in small and large current capacity lends itself as a means for 

power conversion in telephone power plants. 
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