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input will be zero. Manufacturing tolerances which produce dissimilari­
ties in the windings and cores may cause a small output with zero dc 
input. 

When the dc leakage current flows through windings band b' , a bias 
flux is established in each of the cores. This causes the shape of the flux 
versus time curve to be changed as illustrated in Fig. 11 (e). Since the 
ac input will saturate the cores, both half cycles of the wave will be 
flat topped, but the flat portion of one-half cycle will be increased and 
the other decreased. Also the steeper parts of the curve will be brought 
closer together on one-half cycle and further apart on the other. 

As illustrated in Fig. 11 (e) the dc bias will have a different effect 
upon the flux in each of the two cores. In one core the bias aids the 
positive half cycle of the input current, and in the other the negative 
half cycle. The result is that the core reaches saturation more quickly 
and, therefore the flux curve is flatter on the half cycle which is aided by 
the bias. 

This change in the shapes of the flux time curves produces correspond­
ing changes in the shapes of the voltage-time curves of the output 
windings band b/. These are shown in Fig. 11 (f). The peaks of the 
voltage curves occur at the points of maximum rate of change of the 
flux curves, and of course the flat portions of the voltage curves (near 
zero) are lengthened or shortened depending upon the flatness of the 
flux curve tops. This skewing of the two voltage curves prevents the 
output voltage cancellation which was obtained with no dc, and gives 
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TO LINE r-----------, 1 <TRANGES BY TEST '----v---' 
----X-------"', �r�-�-�-�~� '1 CONTROL CIRCUIT TO RELAYS 

I AC I <> 1_ IN TEST 
I INTERFERENCE i <" 1 �C�~�~�~�~�~�T�L� 

I I ! FILTER : <,> I _L-l=::---1-- __________ J----+---.J 

Fig. 10 - Block diagram of line insulation test circuit. 
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a resultant output which contains even harmonics of the input voltage. 
The second harmonic is selected by means of a filter for use as an in­
dicator of the presence of leakage current. 

The second harmonic is amplified by a three stage negative feedback 
vacuum tube amplifier, whose output is applied to the grids of three 
thyratrons. Adjustments are made, as described in the following, so 
that one of the thyratrons conducts when the insulation resistance is 
less than the value selected for the test, an additional thyratron conducts 
if the insulation resistance is one-half of this value or less, and all three 
conduct if the resistance is one-fourth or less of the selected value. Three 
relays, whose windings are connected in the anode circuits of the thyra­
trons, are actuated when the associated thyratrons conduct and cause a 
record of the trouble to be made, or cause the control circuit to select 
another line if the insulation resistance is above the range of interest. 

In order to calibrate the detecting circuit, a test resistor of 160,000 
ohms is connected to the magnettor by operation of a key. The amplifier 
gain is then adjusted so as to just cause conduction of the thyratron 
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Fig. 11- Graphical representation of voltage and flux in the magnettor. 
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Fig. 12 - Front view of line insulation test frame. 



INSULATION TEST EQUIPMENT FOR LOCAL CROSSBAR SYSTEMS 645 

which responds to the lowest insulation resistance value. Test resistors 
of 320,000 ohms and 640,000 ohms are then substituted and the grid 
bias of the other thyratrons adjusted so that they just conduct on the 
proper value of resistance. This procedure calibrates the device for one 
range, using a shunt and series resistor which corresponds to this range. 

Facilities are provided for substituting suitable test resistors for check­
ing the calibration of other ranges, with the shunt and series resistors 
for the range connected to the magnettor. 

EQUIPMENT FEATURES 

The apparatus components of the test control circuit and the line 
insulation test circuit are assembled and wired in an II-foot bay, 23 
inches wide. Fig. 12 is a front view of the test frame. Fig. 13 is an enlarged 
view of the line insulation test circuit equipment and the control panel 
which includes features for checking the accuracy of the test circuit 
and for calibrating it. When the teletype method of recording failures 

MAGNETTOR 

Fig. 13 - Front view of control and test panel (at bottom) and line insula­
tion test unit (center) for No.5 crossbar. 
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is used, the teletype transmitting equipment common to all line insula­
tion test frames in a building is mounted in a separate 23-inch bay and 
occupies about one-third of the vertical space. 

CONCLUSION 

The initial installation of the automatic line insulation test equipment 
in a No.5 crossbar office has been in operation for more than a year and 
the maintenance advantages of remote control of starting and automatic 
testing and recording have been fully demonstrated. It is expected that 
any future developments of line insulation test equipment undertaken 
for other switching systems will follow this same general pattern. 

ACKNOWLEDGEMENT 

The authors gratefully acknowledge the assistance of R. C. Avery, 
F. E. Blount and D. H. MacPherson in the preparation of the technical 
descriptions and analyses presented in this paper. 



Theory of Magnetic Effects on the Noise in 
a Germaniunl Filamellt 

By HARRY SUHL 

(Manuscript received October 10, 1952) 

A magnetic field will influence the current noise in a germanium fila­
ment. This fact bears out the hypothesis that at least part of the noise arises 
from minority carriers emitted in random bursts and recombining at the 
surfaces. A quantitative theory of this effect is given. 

INTRODUCTION 

In a series of fundamental experiments, H. C. Montgomer/ has es­
tablished that minority carriers play an important part in the current­
noise associated with semiconductors. He found that on the one hand, 
the noise voltage is usually proportional to the biasing current, suggest­
ing fluctuations in the conductivity, and hence the carrier concentration. 
On the other hand the spectrum of the noise suggested a rather coarse­
grained time variation, not likely to be caused by fluctuations in the 
normal carrier density. One might conclude, therefore, that the noise 
is caused by a distribution of sources emitting or absorbing minority 
carriers in random bursts. Such carriers would be subject to the same 
laws of motion and of recombination as intentionally injected carriers. 
Montgomery was, in fact, able to verify that the noise along a filament 
showed marked correlation over a distance roughly equal to that through 
which minority carriers could drift in the biasing field before recom­
bination. 

W. Shockley has pointed out another corollary of this theory: A mag­
netic field transverse to the filament should have a pronounced effect 
on the noise. This conclusion, too, Montgomery was able to verify 
experimentally.1 His results are in good qualitative agreement with 
theory. Complete quantitative agreement was perhaps not to be ex­
pected, since technical difficulties prevented attainment of the idealized 
conditions assumed by the theory. This paper gives an account of that 

647 
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theory. On it are based the computed curves in Montgomery's paper 
showing the change in noise power with magnetic field. 

To see how such a change comes about, we imagine the magnetic 
field applied normal to one pair of the long faces of a rectangular fila­
ment. This field, and the longitudinal drift current used to measure the 
noise, yield a sidewise thrust on the carriers, directed at right angles 
to the other pair of long sides. As a result the density distribution over 
the cross section is distorted, the minority carriers tend to accumulate 
near one of those sides, while the neighborhood of the opposite side is 
depleted. But for the usual conditions the recombination of carriers 
occurs mainly near the surface, and is proportional to their density 
there. Hence the magnetic field will change their lifetime.2

• 3 Clearly the 
amount of noise is dependent on the length of time carriers are able to 
contribute to the change in conductivity, that is, dependent on their 
lifetime. Therefore, the magnetic field should change the noise power. 
In simple extreme cases one can even make a semiquantitative argument 
for the maximum variation to be expected on the basis of such 
considerations.1 

FORMULATION OF THE PROBLEM 

In order to make an exact calculation, we require a few preliminaries: 
The conductivity g is supposed to undergo a small time-dependent 
fluctuation /::.g(t) about its mean value. 

The fluctuation arises from certain sources each of which, for macro­
scopic purposes, may be considered to emit a noise-current J(t) of minor­
ity carriers. Thus in a small time-interval dt' near t' the excess charge 
injected is J(t') dt'. This charge decays by recombination. Let ret - t') de­
note the fraction of carriers left over at time t( > t'). Then at time t 
there remains a charge ret - t') J(t') dt' of the original injection. Now 
provided the excess density is small compared with the mean density, 
/::.g(t) is proportional to the excess charge at time t, due to all the previous 
emissions added together. Therefore 

/::.g(t) a: L: ret - t')J(t') dt'. (1) 

In practice we do not literally plot /::.g(t) as a function of t, but rather 
its frequency component /::.g(f) in a narrow range df o£ frequencies near f. 
In other words, we single out for observation the contribution to /::.g 
from that part J(f) of the injected current J(t') which varies as e-21rift 

Suppose now that l/f is large compared with the time over which ret) 
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is appreciably different from zero (that is, let II! be much greater than 
the lifetime). Then, in the integral (i), ret - t') will have gone from 
unity to zero long before J(f)e-27ri

/
t has changed appreciably from its 

value at t' = t. Therefore, for purposes of observation at frequencies 
much smaller than the reciprocal lifetime, we can rewrite (1) as 

jj.g(t) ex: J(t) l: ret - t') dt' 

= J(t) lCfJ ret) dt. 

(2)* 

The integral in (2) can be interpreted as the average lifetime of car­
riers. For, by definition, the rate of recombination at time tis - dr(t)ldt, 
so thai - (dr I dt)dt is the number of carriers recombining between time 
t, t + dt. Hence the average lifetime is 

r = _l
CfJ 

t d~~t) dt = - [tr(t)]~ + foCfJ ret) dt 

= lCfJ ret) dt 

since tr(t) --7 0 as t --7 00. 

If II! is not large compared with r one cannot simplify the integral 
(1) in this way. One then has to consider separately each frequency 
component jj.g(f) e-27r 

i/t due to the current J(f)e-27ri
/

t
• Then 

jj.g(!)e-27ri
/

t = J(!) l: ret - t')e-27ri
/l' dt' 

= J(!)e-27ri
/

t lCfJ r(t')e27ri1
t' dt' 

or 

Ag(f) = J(f)r(f) 

where 

r(j) = foCfJ r(t')i7ri
/

t
' dt'. 

The calculation of r(f) is more complicated than that of T = r(O), and 

* From here on the equality sign will replace the proportionality sign. The 
resulting change of units is of no consequence in the final results which are only 
concerned with ratios of conductivity modulations. 
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at the present time the experimental situation does not call for refine­
ments of this kind. Therefore we shall restrict ourselves to the calcula­
tion of T. 

To evaluate T it is not necessary to consider a time-dependent case 
at all. In our experiment, it is the mean square conductivity fluctuation 
which is actually observed. Hence from (2) 

<~i> = <J2(t» /. 
If the emission processes are stationary in time, <J2(t) > is' time in­
dependent: 

Now T can be written as 

L: ret - i') dt', 

which is simply the total concentration at the present time t due to a 
constant injection from time - 00 to the present. 

Therefore the problem is reduced to finding the total carrier concen­
tration in the filament due to a distribution of sources of constant 
strength vi <J5 > . 

Let w(x, y, Z; Xl , YI , Zl) denote the carrier concentration at X, y, Z 

due to a steady unit source at Xl , YI , Zl . Then the total carrier con­
centration is 

T(XI, YI ,Zl) = J w(x, y, Z; Xl , YI , Zl) dx dy dz. 

The reason for the dependence on Xl , YI , Zl , is that the recombination 
process takes place largely on the surface. Therefore a source near the 
surface will yield a smaller concentration than one well inside the fila­
ment. (Volume recombination will be neglected throughout this paper.) 

The mean square conductivity modulation due to many statistically 
independent sources at Xr , Yr, Zr (r = 1, 2 ... ) is then 

< (6.g)2> = }";/(x r , Yr ,Zr) <J2
(Xr, Yr , Zr) >. 

The behavior of w is governed by the diffusion equation, subject to 
the boundary conditions expressing the recombination process, and sub­
ject to a suitable singularity at Xr , Yr , Zr , expressing the injection of a 
unit current. But in two and three dimensions the solution is not avail­
able in closed form, or at any rate not in terms of the elementary trans­
cendental functions. The infinite series for the solution is not easy to 
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handle computationally. It is therefore desirable to simplify the experi­
mental conditions to a point where the problem becomes almost one­
dimensional. A solution for w can then be found in closed form. 

Consider a very long uniform rectangular filament with one pair of 
sides very much wider than the other pair. Suppose that the y and z 
directions are respectively parallel to the wide sides and to the length 
of the filament (Fig. 1). 

Consider sources located anywhere on a plane x = ~, which is parallel 
to the wide sides of the filament. If the recombination properties of the 
filament are uniform in the y - z directions, the lifetime due to a unit 
source anywhere in that plane is independent of the location of the 
source on that plane, and depends only on ~. Hence the conductivity 
modulation due to sources of strength 

J(~, Yr , Zr) 

in that plane is simply 

T(~) L: J(~, Yr , Zr) 
r 

(r = 1, 2 ... ) 

.~ 
1/11 

(FRONT PLANE) 

Fig. 1 - Geometry of the filament, and disposition of the fields. 
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and is the same as that due to an infinite source of strength 

L J(~, Yr , Zr) 
r 

uniformly distributed over the plane x-~. 
But the density w due to such a source will be a function of x and ~ 

only, and will be the solution of the one-dimensional diffusion equation. 
Hence for a geometry approaching that of figure 1 sufficiently closely, 
the problem is one-dimensional. 

The Evaluation of T 

We now have to write down the one-dimensional diffusion equation 
in the presence of a magnetic field along Oy , which combines with the 
drift velocity of the carriers so as to force them towards one of the 
surfaces x = ± a. If F x is the effective field arising in this manner, and 
D is the diffusion coefficient, the equation is 

d2w dw 
D dx2 -J.LFx dx = 0, (3) 

which expresses the fact that the diffusion current -Dq dw/dx plus the 
drift current qJ.LF xW must be constant since the carrier density cannot 
build up indefinitely. J.L is the mobility of the minority carriers: J.Ln for 
electrons, J.Lp for holes. As is shown elsewhere2 the effective field F x is 
given by 

F x = (On + Op) Ez = OEz , 

where Ez is the biasing field causing the drift current, On , Op are the Hall 
angles for electrons and holes, respectively. If J.Ln , J.Lp are the electronic 
and hole-mobilities, and if the magnetic field is not too large. 

o = On + Op = 10-8(J.Ln + J.Lp)H, 

where H is in oersteds, and the mobilities are in cm2/volt-second, and 0 
is in radians. (Strictly speaking, the diffusion current is not in the direc­
tion of the density gradient when a magnetic field is present.4 As the 
result mixed derivatives 

iiw 
ax ay 

occur in the diffusion equation. But in the reduction to one dimension 
these terms integrate out. All that remains is a small correction to D, 
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negligible for ordinary values of H.) It is convenient to specify a dimen­
sionless parameter in the same notation as H. C. Montgomery. 

<P _ 2a).tFx _ 2a(}Ez 

- J) - D/).t 

By the Einstein Relation D /).t = kT / q this may be written 

2a(}Ez 

- kT/q 

where q is the absolute value of the electronic charge. <P is the ratio of 
the v9ltage corresponding to the transverse field to the thermal voltage 
kT /q. In terms of <P, equation (3) can be rewritten 

d
2
w <P dw _ 0 (4) 

dx2 - 2a dx -

The integral of this equation has the form 

W = Ae 1> (x/2a) + B (5) 

where A and B are two constants. Because of the existence of a singu­
larity at x = xo, say, the constants A, B take on different values for 
x <xo and X>Xo . To see what these values are, we first write the solu­
tion (5) in the form 

Wl = A
l
e1>(x-xo)/2a + Bl 

W2 = A
2
e1>(x-xo)/2a + B2 

At x Xo the density W must be continuous. Hence 

Al + Bl = A2 + B2 

x > Xo, 

(6) 

Further, the discontinuity at Xo must be such that the difference of the 
currents on the two sides is just unity, the strength of the injected 
current. Now the total current is 

-D (dW - ~w) 
dx 2a 

(i.e., the diffusion current plus the drift current), and W is continuous 
at Xo . Hence the difference between the current on the two sides of Xo is 

1 - D L' ((dWl) (dW2)) 
- - h2T dx xo+h - dx xo-h 

(7) 
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So far we have two relations (6) and (7) between the four constants 
AI, A 2 , B 1 , B 2 • To determine these constants, we need two more 
equations. These are supplied by the boundary conditions. We assume 
that the recombination rate is proportional to the density at the bound­
aries (x = ±a). The recombination then has the formal appearance of 
a current through the surface, the factor of proportionality 8 playing 
the part of a "recombination velocity.,,2,3 That current through the 
surface must equal the current arriving at the surface from the interior 
of the filament, under steady-state conditions. The boundary condi­
tions are thus: 

- D (dd
WI 

- 2<1> WI) = 81W( +a), 
x a x=-t-a 

-D (
dW

2 - ~ W2) = -82W( -a), 
dx 2a x~a 

where 81 , 82 are the surface recombination velocities of the faces x 
+a, -a respectively. The minus sign on the right-hand side of the second 
of these equations is due to the fact that the recombination current at 
x = -a is along the -x direction. Defining the recombination param­
eters 

.f. _ 81, 2a 
't'1,2- D 

and substituting the solutions WI, W2 in the last two equations we obtain 

Bl ~ = t/ll(Ale~(1-xo/a)/2 + B 1) 

2 

B2! = t/l2(A2e-~(l+xola)/2 + B2) 
2 

(8) 

Equations (6), (7) and (8) suffice to determine Al , A 2, B 1 , B2 . We 
easily find that 

(9) 
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Fig. 2 - Noise change for a filament with equal surfaces as a function of <I> for 
various 1/1. Surface generation. 

where 

Now we are in a position to calculate TH(XO), the life-time in a magnetic 
fiald H (contained in <1», due to an emission at Xo: 

1
x

o J+a 
TH(XO) = -a W2(X, Xo) dx + xo Wl(X,XO) dx 

2a 
(B l + B2)a + (B2 - B1)xo + ~ (A2 -Al) 

2a [A if! (l-xo/a)/2 A -<I>(Hxo/a) 12] - le - 2e . 
<I> 

Special Cases 
With the help of (9) and (10) we can now examine special cases. 
1. Surface Emission 

10 
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When only the surface x 
and get 

+a is emitting, we set Xo = +a in (10) 

2a' (1 - '" (6' ;- 1)) 
Dt/;l al + a2e 4> 

Similarly, when only -a is emitting, we get 

e-<I> 1 

But in an actua1 experiment, both faces will be emitting, with mean 
square strengths (Ji), (JD say. The quantity that is then measured 

8.----,----.----,r----.----.----.-----.----.----.----, 

4~--_+----+---~----~----+-~~--~1-----r----+--~ 

~ 0~--~----+---_4----~--~~~~----~--~r----+--~ 
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u w 
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I 
u 
W 
Vl 

6 -12~--_+~~+---~~--~----+---_4----~ z 

-16~--_+--~+---~----~----+---_4--~~----~~_+~~ 

-20~ __ _L ____ ~ __ ~ ____ _L ____ ~ __ ~ ____ ~ ____ ~ __ ~--~ 

-20 -16 -12 -8 -4 0 4 8 12 16 
MAGNETIC FIELD PARAMETER, cf> 

Fig. 3 - Contribution to the noise change from a unit source at the plane 
x = +a. 



MAGNE'l'IC EFFEC'l'S ON NOISE IN A GERMANIUM FILAMENT 657 

is the ratio 

NIl = 6.g;/ _ (Ji)r;/(+a) + (Jnr;/( -a) (11) 

6.g;I=O - <JDr~=o (+a) + (Jnr;I=O( -a) . 

Therefore we also need the lifetimes at zero H (that is, zero <1». But at 
cI> = 0, the r's are indeterminate, and we therefore have to take limits. 
Expansion in powers of cI> shows that 

It TIle -a) 
<1>-0 

(12) 

(Ji) (1 + ~)2 + (J~> (1 + ~)2 
""i ""2 ""~ ""1 

There remains one small difficulty in the way of comparing experiment 
with theory: We do not know (Ji), (J~>. As suggested by H. C. Mont­
gomery, we are able to overcome this difficulty as follows: We first draw 
a number of curves of 

r~(+a) 
r~(+a) , 

Tie -a) 
2 versus cI>, 

To( -a) 

for various sets of parameters (""1, ""2.) (See figures 3, 4). Then we 
contrive to match a linear superposition 

r~( +a) + Ti( -a) 
C1 -2-- C2 -2::---

To(+a) ToC-a) 

where C1 + C2 = 1 to the experimental curve. This will be possible only 
for one particular set of values (""1, ""2). From C1 and C2 = 1 - C1 and 
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Fig. 4 - Contribution to the noise change from a unit source at x = -a. 

from (1/;1 l 1/;2) we can determine the ratio of (Ji) (JD, for, having matched 
the experimental curve, we know that 

(Ji)T1( +a) + (JnT1( -a) 
(Ji)T~( +a) + (JnT~( -a) , 

which is satisfied for all <I> if 

Cl 

T~(+a) = 

(1 - Cl) 

T~( -a) 

<Ji)T~( +a) + (JnT~( -a) , 

(J~> 

These equations are self-consistent and give 
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T~( +a)(Ji) 
T~( -a)(J;) 

Thus the match of theory to experiment actually provides information 
about the relative emissivities of the surfaces. 

When the surfaces are equal, 1/11 = 1/12 = 1/1; (Ji) = (J;) and the 
result 12 simplifies to 

( 1)2 (2 cp)2 1 + -;j + ~ - coth 2" 

( 
cp cp)2 

1 + 21/1 coth 2" 
(13) 

10 log N H for this case is plotted in figure 2. 
It is interesting to see how N H for equal surfaces varies for small 

values of CPo 2/cp - coth cp/2 is regular at cI> = 0 and varies as - cI>/6 
there. Hence the initial variation is as 

<1>2 (1 2 ( 1)) 
= 1 + ( 1 )2 3 -V; 1 + -;j . 

12 1 + -;j 
Hence the curve rises or falls initially according as 

The nOIse therefore increases initially if 

./5 _~>~ 
1112 2 1/1 

and falls initially if 

2. Volume Generation. 

or 1/1 > 6.9 approximately 

1/1 < 6.9. 

At first sight it may seem that if volume generation is considered, so 
should volume recombination (detailed balancing). This is not neces­
sarily so, since we are not dealing with an equilibrium situation here. 
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Therefore the possibility of volume generation and surface recombina­
tion cannot be discarded. 

This case is somewhat more difficult. Assuming all sources to be un­
correlated and uniformly distributed throughout the interval (-a, +a), 
we have to square expression (10) and integrate it from Xo = -a to Xo = 
+a in order to find (Ag;/). (We suppose that all the sources are of equal 
strength (J2»). Substituting the values of the A and B from 9 and 10, 
we get, after some obvious cancellations 

where 

Hence 

(14) 

2aS2 
." 8Sa2 (Sinh ; !l»l + - smh!l> + - -- - cosh - J. 

!l> !l>!l> 2 
2 

Before proceeding with this general case, we first consider the limiting 
case 1/;1 = 1/;2 = 00, when £Xl = -1, £X2 = +1. Then 

and 

<I> T = -a coth -
2 

s=_a_ 
. 1 <I> sm1 2 

l +a 8a5 [1 2 cp coth; 8] 
-a T1(xo) = cp2D2 3 + coth 2 - 6 -cp- + ~2 . 
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To find NIl = <~g;!)/<~g;!=o) we need the limit of f~: T~ as <I> ~ o. 
After some tedious algebra, we find this limit to be 

2 4a5 

TIl=O = 15D2 

so that 

IT;! [ cI> ] __ = 3~ 1 2 cI> _ G coth 2 8~ 

I 2 cI> 3- + coth 2- + 2 . 
TO <P <P 

(15) 

In the general case we can again take the limit of (14) as <I> ~ 0 in 
order to determine NIl, but this would be too tedious. Instead, we 
solve the diffusion equation directly when <P = o. The equation is then 
simply 

d
2

w = 0 
dx2 

and the solution subject to the correct boundary conditions and allowing 
for a steady unit injection at Xo is 

where 

WI = A I (x - xo) + B 

W2 = A 2(X - xo) + B 

A I = -1 ~l [1 + ~, (1 + :0) ] / (h + ~2 + 2~,~,), 

A, = 1 ~2 [1 + ~l (1 - ~)J/ (~l + ~2 + 2~,~,), 

x > Xo 

x < Xo. 

B = 'i [1 + ~l (1 - ~) ] [1 + ~2 (1 + ~) ] / (~, + ~, + 2M,). 

\Ve now have 

From this we can compute 
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Fig. 5 - Noise change in a filament with uniform volume generation and equal 

surface recombination rates. 

but the result is still rather complicated unless 1/;1 = 1/;2 = 1/;. If we there­
fore restrict ourselves to that case we find 

and 

and 

l +
a 2 2a

5 
( 1 (1 1)2) 

-a TH=O(XO) dxO = D2 45 + ~ + 3 . 



MAGNETIC EFFECTS ON NOISE IN A GERMANIUM FILAMENT 663 

(Note that as 1/;---7 00, this quantity tends to 4a5/15D2
, as before in our 

limiting process.) 
When 1/;1 = 1/;2 = 1/;, Sand T also simplify somewhat, and the result is 

(!J.g1) 
No = -'--=-''-

(!J.g!=fJ) 

~ + 2 T2 + 8S (~ _ T) sinh ~ _ 8S cosh ~ + 2S
2 

sinh <I> 
3 <I> <I> 2 <I> 2 <I> 

where now 

1+~ 
S= 1/; 

(
<I> <I> • <I» , 

21/; cosh 2 + smh 2 

<I> <I> 

( 1) 21/; + coth 2 
T= 1+~ <I> <I>' 

1 + 21/; coth 2 

An alternative form is 

4 [ No = 1 1 1 2 1 4 1 2 <I> 
- + (- + -) - + - (1 + -) (- - coth -) 45 3 1/; 3<I>2 <I>3A 1/; <I> 2 

(. 1 + ~)' (( <I> <I»2 2 _ 2 coth ~)] 
+ - + coth - +-

<I>2!J.2 21/; 2 1/; <I> 

(16) 

where 

<I> <I> 
!J. = 1 + 21/; coth 2 ' 

a result which correctly tends to (15) as 1/; ---7 00. 10 log No for various 
1/; is shown in Fig. 5. 
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DC Field Distribution in a "Swept Intrinsic" 
Senliconductor Configuration 

By R. C. PRI:NI 

(Manuscript received January 15, 1953) 

This paper contains an analysis of the dc field intensity distribution in 
an idealized one-dimensional n-intrinsic-p semi-conductor configuration 
biased in reverse. It gives some quantitative insight into the progressive 
penetration of the field into the intrinsic region as the magnitude of the 
bias voltage is increased. 

INTRODUCTION 

Possible applications have been suggested for semi-conductor con­
figurations involving intrinsic regions adjacent simultaneously to n­
and p-type extrinsic regions. The basic idea behind some of these pro­
posals is that a suitably large reverse bias voltage (n-regions positive 
with respect to p- regions) will set up a substantial electric field in the 
interior of the intrinsic region. This field would sweep most of the mobile 
carriers out of the intrinsic material, producing a region of material 
("swept intrinsic") supporting a large field and having a high resistivity. 

This paper contains a dc analysis of an idealized one-dimensional 
swept intrinsic structure with abrupt transitions from strongly n-type 
to highly intrinsic to strongly p-type material. It gives some quantita­
tive insight into the penetration of the electric field into the intrinsic 
region as the bias voltage is progressively increased. 

FORMULATION OF PROBLEM 

A one-dimensional structure will be considered having the distri­
bution of excess of donor conceptration over acceptor concentration 
(Nd-Na) shown in Fig. l. It will be supposed that N/ni and P/ni are» 
1 and that a reverse bias voltage (Fig. 2) is applied between the bodies 
of the n- and p-type regions. (ni denotes the therr~al equilibrium con-

665 
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-p ------------- I 
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Fig. 1 - Assumed distribution of excess of donor concentration over acceptor 
concentration. 

centration of mobile electrons - or of holes - in intrinsic material at 
the given temperature.) 

The set of equations which (together with boundary conditions to be 
specified later) determines the electric field in the intrinsic region 0 < 
y < Lis: 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

where E: electric field intensity, volts/m. 
q : electronic charge magnitude, coulombs. 
K : absolute dielectric constant, farads/m. 
p : hole concentration, m -3. 

n : electron concentration, m -3. 

k : Boltzmann's constant, joules/oIL 
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T : temperature, OK. 
1/; : electric potential, volts. 
i p : hole current density, amps/m2

• 

in : electron current density, amps/m2
• 

Jlp: hole mobility constant, m2/volt-sec. 
Jln: electron mobility constant, m2/volt-sec. 
g : rate of generation of hole-electron pairs, m-3 sec-I. 
r : rate of recombination of hole-electron pairs, m-3 sec-I. 

An order-of-magnitude comparison of the terms in (2) or (3) reveals 
that the currents probably have little influence on the field distribution. 
For example for 

in I"J 5 amps/m2
, 

JlnlcT = 1.44 X 10-21 amp-m2
, 

N = 2 X 1022 m-3
, and L = 10-3m . 

while 

It ~= dy I = n(O) - n(L) ~ N = 2·10" m-3. 

On this basis, the current terms in (2) and (3) can be omitted without 
serious error. No use then has to be made of (5) and (6), so the govern­
ing equations for the intrinsic region become: 

n -TYPE 

t 

dE q 
- = - (p - n), 
dy K 

P -TYPE 

~or---------~----------~c-------~----------~ 

o y-

(1') 

Fig. 2 - Qualitative picture of potential distribution in reverse-biased n-in­
trinsic-p structure. 
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dp =!L pE 
dy kT ' 

(2') 

dn -!L nE 
dy - kT ' 

(3') 

dl/; _ -E. 
dy - (4') 

Equations (2')-(4') will also be used within the n-type extrinsic 
region (y < 0) and the p-type extrinsic region (y > L). However, for 
the n-type region (1') is replaced by 

dE = fj (N + p - n), 
dy K 

(l'a) 

where N denotes the excess concentration of ionized donor over ac­
ceptor centers for y < 0. Similarly, for the p-type region (1') is replaced 
by 

dE q 
-=-(-P+p-n), 
dy K 

(l'b) 

where P denotes the excess concentration of ionized acceptor over 
donor centers for y > L. 

In order to solve the equation set (1')-(4') for the intrinsic region ° < y < L, it will be necessary partially to solve the sets (l'a) (2')­
(4') and (l'b) (2')-(4') governing the two extrinsic regions because only 
in this way can a sufficient number of appropriate boundary conditions 
be imposed. 

Deep inside the extrinsic regions the electric fieJd intensity will be 
negligible and the mobile carrier concentrations will have their equi­
librium values. This leads to the conditions 

E = 0, n - p = N at y = - 00 (7) 

and 

E = 0, p ....:. n = P at y = + 00 • (8) 

It will further be supposed that there is no infinite charge concentration 
at the extrinsic-intrinsic interfaces so that the electric field intensity is 
continuous at the interfaces. The concentration of the (local) majority 
carrier will also be assumed continuous at an interface. In short, 

E and n are continuous at y = ° (9) 
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and 

E and pare continous at y = L. (10) 

Finally, we choose the reference level for the electric potential in the 
intrinsic region so that 

if; = 0 for n = p (11) 

and regard the potentia~ at the interface y = 0 as a prescribed parameter, 

kT 
if; = - . U at y = O. 

q 
(12) 

The two conditions (11) and (12) apply directly to the solutions for 
the intrinsic region. The conditions (7)-(10) indirectly imply the two 
additional restraints necessary to determine a unique solution of (1')­
(4') in 0 < y < L. 

NORMALIZED VARIABLES AND EQUATIONS 

It is convenient to introduce dimensionless normalized variables 
before proceeding further with the mathematical analysis. As reference 
voltage it is natural to adopt the Boltzmann voltage 

if;B == kT, 
q 

(13) 

the voltage equivalent of the mean kinetic energy of an electron at 
temperature T. (At room temperature the Boltzmann voltage is about 
1/40 of a volt.) As reference quantity for carrier concentrations we 
choose the geometric mean of the majority carrier excess concentrations 
for the two extrinsic regions. i.e., 

reference concentration = (NP)1/2. (14) 

The reference voltage and carrier concentration having been so chosen, 
it is natural to select as reference length the mean Debye length 

[ 

kT/ J1

/

2 

£ = q 

2 ~ (NP)1/2 
(15) 

This mean Debye length is related by 

£ =: (£n £p)1/2 (16) 

to the n-region and p-region Debye lengths defined respectively by 
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(17) 

and 

- [kT/qJl

/

2 

£p - --
2'1 P 

K 

(18) 

We now use the reference quantities defined in (13)-(15) to introduce 
the normalized distance 

the normalized thickness of the intrinsic layer 

... L 
L=.-, 

£ 

(19) 

(20) 

the normalized concentrations of positive and negative mobile carriers 

A _ P 
P = (NP)1/2 

the normalized potential 

and 

1/; 
~=. 1/;B' 

and the normalized electric field intensity 

E 
E =. 1/;B/£' 

A n 
n =. (NP)1/2 ' 

(21, 22) 

(23) 

(24) 

In terms of these normalized variables, the governing equations 
[(1')-(4')] for the intrinsic region become: 

dn _ 
df; -

df _ 
dy -

(25) 

(26) 

-nE, (27) 

-E. (28) 
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For the n-type region, (25) should be replaced by 

dE 1 (A + A A) (25 ) dfj = 2" P - n a 

where 

_ (N)1/2 
A = P . (29) 

For the p-type region, (25) should be replaced by 

dE 1( A-I + A A) dfj = 2" - P - n. (25b) 

FORMAL SOLUTION OF EQUATIONS FOR INTRINSIC REGION 

Division of (25)-(27) by (28) yields, after evident rearrangements of 
factors, 

dE
2 

A A 

dJ, = n - p, (30) 

dIn p = -1 
dJ; , (31) 

dlnn = 1 
d~ . 

(32) 

From (31) and (32) follow 

(33) 

and 

(34) 

where A and Al are constants of integration. The condition (11) that 
1f; = 0 for p = n implies that 

Al = A. 

Substitution of (33) and (34) into (30) yields 

dE
2 

= A(e~ - e-$) 
dJ, 

= 2A sinh J,. 

(35) 
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Integration of (35) now leads to 

E = [2A (cosh ~ + B)]1/2 (36) 

where B is another integration constant. Substitution of (36) into (28) 
in the form 

yields after another integration 

i f ds (2A )1/2(C _ if), 
o (cosh s + B)1/2 = (37) 

where C is the fourth integration constant. 
In order to express in terms of tabulated functions the relationship 

between ~ and if defined by (37) we shall consider two cases: - 1 < 
B :::; 1 and B ~ 1. (It is not necessary to consider B < -1 because A 
is essentially positive [see (33)] so that B < -1 would imply an imagi­
nary field strength [see (36)] at the plane in the intrinsic region where 
f= 0.) 

The changes of variable of integration 

s = 2 sinh -1 cot A for -1 < B :::; 1, 

s = 2 sinh-1 tan () for B ~ 1 

permit the carrying out of the integration indicated on the left side of 
(37). This gives 

21/2 (K [e ~ B)",J - F [e ~ B)"', sin-1 sech ~J) (38a) 

= (2A)1/\C - y) 
or 

, l+cn((~)"',K[(~)",J _A1
/
2(C_y)) 

1/; = In )112 [( )1/2J ) 1 - en ( ( 1 ~ B , K 1 ~ B - A 1/2( C _ y) 
(38b) 

for -1 < B :::; 1 

and 

(B : 1)'" F [(~ ~ ~)"', sin-1 tanh ~J = (2A)1/2(C - y) (3Da) 
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or 

'_ l+Sn((~r,(~rAl/2(C-y») 
-.f; - In (( )1/2 1/2 1 - sn ~ ~ ~ , (B ~ 1) A 1/2( C _ y)) 

for B ~ 1. 

Note: 

F[k, cp] == 10'" VI d() 
- k2 sin2 () 

is the Elliptic Integral of First Kind, usually tabu­
lated for 

O~k~l. 

K[k] "" F [Ie, ~J 
is the Complete Elliptic Integral of First Kind. 

sn[k, F] == sin cp 
and 

cn[k, F] == cos cp 

are Jacobian Elliptic Functions associated with 
F[k, cp]. 

(3gb) 

vVhen A, B, and C are prescribed, (38b) or (3gb) gives the normalized 
potential ~ as a function of the normalized distance y. The normalized 
hole concentration p, electron concentration 11" and field intensity E 
are then given as functions of y by (33), (34), and (36). 

In a following section it will be shown that, subject to the reasonable 
assumptions 

Ae-U /
2

, A-1e- U /
2 « 1, 

t » A -1/2, A1/2, 

U < ~ A1/2L ~ A-1/2t 
20 '20 ' 

(40a, b) 

(40c, d) 

(40e, f) 

il, C, and B are given in terms of the normalized potential at y = 0, 
the normalized thickness of the intrinsic region, and the parameter 
A == (N/P)1/2 by 
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A ~ Ae-U
-\ 

C ~ iL + e1/2(Al/2 - A -1/2), 

and 

( )

1/2 

ep(B) ~ ~ ~ Le -U/2 

where 

fK[C ~BrJ for -1 < B < 1 

<p(B) == I; for B = 1 

l(_2 )1/2 [(~)1/2J 
B+l [( B+1 for B > 1. 

(41 ) 

(42) 

(43) 

Thus ~ p, 17" and E can be computed as functions of ~ for any choice 
of U, L, and A consistent with (40). 

DESCRIPTION OF SAMPLE FIELD DISTRIBUTION COMPUTATIONS 

The results of the foregoing analysis were used to compute ~(y) and 
E(y) for A = 1 (symmetric case, N = P) and the combinations of U 
and L indicated by the following table: 

L 
4,000 40,000 400,000 

7 X X X 
20 X X X 

U 200 X X X 
2,000 X X 

20,000 X 

The results of these computations are presented in Figs. 3-5 (pages 
675 to 677) as plots of ~/U versus y/L, and in Figs. 6-8 (pages 678 to 
680) as plots of E/(2U/L) versus V/t. (2U/L is the average reduced 
field strength for the intrinsic region.) Selected curves from the above 
figures are replotted on non-logarithmic axes in Figs. 9 and 10 (pages 
681 and 682). The curves need only be plotted for 0 ~ y/L ~ Y2 because, 
by symmetry for A = 1, E(L - y) = E(y) and ~(L - y) = -~(y). 
The ordinates and abscissas of Figures 3-10 are given in terms of the orig­
inal unnormalized variables by 

and 
E E 

2U/L - 2t/;(0)/L· 

(2t/;(0)/L is the average field intensity for the intrinsic region.) 
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Because of the extreme values of the parameters encountered in these 
computations, it was necessary to make extensive use of the following 
expansions to supplement available tables of elliptic functions: 

for le2 «1 

J([k] ~ ; [1 + 2 (~) + 9 (~)' + .... ] ' 
• le2 

• 
sn[k, v] = sm v - - cos v(v - sm v cos v) + .... 

4 

[ 1. ] e. ( . ) + en 1'lJ, v = cos v + 4 sm v v - sm v cos v 

for le' == (1 - le2)1/2 « 1 

4 (4 ) le'2 K[k] = tn p + tn k' - 1 "4 + .... 

k'2 
sn[k, v] = tanh v + -.;[ sech2 v(sinh v cosh v - v) 

+ .... 
k'2 

cn[k, v] = sech v - 4 tanh v sech v(sinh v cosh v - v) 

+ .... 
Also useful were: 

for ¢ «1 

1+¢ ( 12 ) tn -- = 2¢ 1 + - ¢ + .... 
1 - ¢ 3 

for ¢» 1 

tn 1 + ¢ = tn _2 __ l' - ¢ _ ~ (1 - ¢)2 
1-¢ l-¢ 2 2 2 

In the determination of B from (43) the problem arises of solving 
the transcendental equation 

k'J([(1 - k/ 2
)] = a « 1 

where a is a given positive quantity. This equation must be solved by 
iteration or plotting and a reasonably good estimate of the root saves a 
great deal of labor. Making use of the approximation valid for k' « 1 

K[(l - k'2)1/2] ~ tn4jle' 
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leads to 

k' tn4/k' ~ a. 

N ow set k' _ 4e -r to obtain 

4re-r ~ a 

or 

fer) == r - fnr - tn4/a ~ o. 
A rough approximation to r is obtained by neglecting tnr in comparison 
to r, it is r ~ fn 4/a. This can be used to compute a much better ap­
proximation from Newton's formula: 

rv f(ro) 
r - ro rv - f' (ro) . 

The resulting useful formula is 

[ 
tnfn4/a ] 

r ~ fn4/ a 1 + fn4/ a _ 1 . 

DISCUSSION OF FIELD DISTRIBUTION CURVES 

For the symmetric case (N = P) for which numerical computations 
were made, the electric field is a minimum in the middle of the intrinsic 
region, and rises to symmetrical maxima at the extrinsic-intrinsic inter­
faces. For fixed £ and relatively small U the field is very small except 
quite near the interfaces. That is, practically all the potential drop 
takes place in thin "space charge layers" near the intrinsic boundaries 
at if = 0 and if = £. As U is increased (for given £) the region of ap­
preciable field strength increases in width and the minimum field at 
y = L/2 increases. As U is made very large the minimum field strength 
approaches the average field over the intrinsic region. In this limit the 
potential distribution approaches linearity across the intrinsic region. 

For N ~ P, the qualitative behavior of the field is the same except 
that the minimum field (if; = 0) moves away from if = £/2 and the 
maxima at if = 0 and if = £ are no longer equal. This minimum field 
(see (38b), (3gb)) occurs at 

y = C ~ ! £ + e1
/
2 (A1

/
2 

_ A-1
/
2

) 

Unless the asymmetry is very pronounced, this will not differ appreciably 
from £/2 because of (40 c, d). It will be shown in a following section 
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that the normalized voltage at the p-intrinsic interface is given by 

v == -J;(L) ~ U - 2 In A. (44) 

The average normalized field intensity over the intrinsic region is then 
given by 

l1,v== u 1 V ~2J (1 _1'::rA). 
For A = 1, of course 

~ 2U 
ED-v = ---:::.. 

L 

Unless the degree of asymmetry is great, 

fnA 

U 
will be small compared to unity and Eav will still be almost 

2U 
L· 

(45) 

In order to present a simple quantitiative picture of the penetration 
of the field into the interior of the intrinsic region it is convenient to 
introduce the field penetration parameter 'Y/ defined by 

minimum field intensity 
7] = average field intensity . 

For fixed intrinsic region thickness and small applied voltages, 'Y/ « 1, 
indicating localization of the regions of high field intensity. For large 
applied voltage, 7] ~ 1, implying substantial uniformity of field through­
out the intrinsic region. Subject to the assumptions (40) relations will 
now be derived among the applied voltage, the intrinsic layer thickness, 
the asymmetry parameter A, and the field penetration parameter 7]. 

The minimum field intensity occurs where ~ = O. Therefore, from 
(36) and (45) 

[2A(B + 1)]1/2 
7] ~ ~-l . 

2L (U - fnA) 
(46) 

Eliminating A from (46) by the use of (41) and L by the use of (43) 
leads to 
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or 

u - en A R! HB t If <J>(B). (47) 

Then substitution of (47) into (43) yields 

t R! 2e' /2<J>(B) exp [~ (B t If <J>(B) ] . (48) 

For fixed 'YJ, (47) and (48) are parametric equations of a function U A(L). 
These equations were used to compute the curves of Fig. 11 in which 
U - inA is plotted against L for 'YJ = 0.05, 0.1, 0.5, 0.9 and 0.95. This 
figure gives a quantitative picture of the dependence of the field pene­
tration parameter 'YJ on impressed voltage and intrinsic region thickness. 
[The ordinate U - inA is Yz the total voltage drop across the intrinsic 
layer in (leT / q) units.]. 

The foregoing analysis clarifies the progressive elimination of the low 
field region near the center of the intrinsic material as the applied volt­
age is increased for fixed L. Now the high field regions near y = 0 and 
y = L will be described. Making use of (41), together with 

cosh U ~ !eU 

and 
2AB« A, A-I 

implied by (40), in (36) leads to 

E(O) ~ e-1
/
2A1

/
2 

and to 

(49) 

(50) 

Hence a length characterizing the "space charge layer thickness" at 
y = Ois 

E(O) ~ 2e1/ 2A -1/2. 

_ d~ (0) 
dy 

Similarly, for the p-intrinsic interface at y = L, we have 

E(L) ~ e-1
/ 2A-1

/ 2, 

dE (L) r-..J _.! -IA-l 
A r-..J 2 e , 

dy 

(51) 

(52) 

(53) 
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and 

E(L) ~ 2el/2Al/2. 

_ d~ (L) 
dy 

If it is noted that the n-region and p-region Debye lengths are related 
to the mean Debye length £ and the asymmetry parameter A by 

and 

£p = A1/2
£ 

it is seen that (49)-(54) can be written: 

E(O) ~ .-1/2 [k; per .cn], 

E(L) ~ .-1/2 [k; per.cp], 

dE (0) 1 -1 [kT ] dy ~ - 2 e q per £n per £n , 

dE (L) 1 -1 [kT ] dy ~ - ze q per £p per £p , 

E(O) 2 1/2 
-::-=-- ~ e 
_ dE (0) 

dy 

E(L) rv 2 1/2 
-::-=-- rv e 
_dE (L) 

dy 

[times £n], 

[times £p]. 

(49') 

(52') 

(50') 

(53') 

(51') 

(54') 

Equations (49')-(54') show that the maximum field intensity and the 
"space charge layer thickness" at either extrinsic junction is dependent 
only on the Debye length of the adjacent extrinsic material. 

Similarly, the concentrations of the majority carrier at either inter­
face is found to be substantially independent of U and L, and deter­
mined by the neighboring extrinsic material: 

nCO) -1 
N~e , 

peL) -1 
p~e . 

(55) 

(56) 
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The minority carrier concentration at the interfaces depends too, on 
the neighboring extrinsic material, but is also U dependent: 

p(O) r-..J -1-20 
Nr-..JC C , 

n(L) -1 -2U ----p- ~ C e . 

At the point of minimum field intensity, ~ = 0 and 

(57) 

(58) 

(59) 

The extremely low carrier concentrations given by (57)-(59) are not 
really meaningful, of course, because the analysis has neglected the 
carrier concentrations due to thermally generated hole-electron pairs 
and to saturation currents injected through the biased junctions. While 
these latter concentrations are negligible compared to (55) and (56), 
they are undoubtedly large compared to (57) and (58). Therefore, al­
though they can be neglected in determining the electric field intensity 
distribution, they are of principal importance in determining the small 
residue carrier concentrations in the "swept" region. A computation of 
these concentrations can be made by regarding the fields determined 
in the present analysis as impressed and studying the resulting motion 
of the generated and injected carriers. 

ApPENDIX I 

EVALUATION OF INTEGRATION CONSTANTS A, B, AND C. 

In this section the conditions described in (7)-(12) will be used to 
evaluate the integration constants A, B, and C in terms of the pre­
scribed parameters L, U, and A. 

First a partial integration of the differential equations for the extrinsic 
regions will be performed to obtain from (7)-(10) relations between 
E and n at y = 0 and E and pat y = L. Division of (25a) by (27) gives 
(for the n-region y < 0) 

(GO) 

Addition of n times (2G) to p times (27) yields 

d (A A) 0 dfJ pn = , 
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whence 

• v 
p = Ji' 

where v is a constant. Condition (72) then implies 
2 ni 

v = NP' 

Substituting (61) into (60) and integrating we obtain 

jJJ2 = 17, - A In 17, + ~ + D, 
n 

(61) 

(62) 

where D is a constant of integration. Now by (73), for Y = - 00 E = 0 
and 

Or, since 

Therefore 

giving 

n=A+p=A+~ 
n 

~ == n~ ~ (ni)2 « 1 
AnnN N ' 

17, ~ A for E = o. 

D ~ -A + A In A - ~ A' 

~2 (. V ) A E ~ (17, - A) 1 - -;; + A In -; , 
c An n 

or, for (1 - 17,/ A) positive but not « 1, 

~2 A 
E ~ 17, + A ln--. 

en 
[for y = 0]. 

A directly parallel computation for the p-region (y > L) leads to 

A-I 

E2 ~ P + A-I In -. 
ep 

[for y = L]. 

(63) 

(64) 
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Upon substituting (34) and (36) into (63) and setting if; U (12), 
we obtain 

-U A 
Ae + 2AB = A In AeUH , (65) 

or, because both terms on the left are negligible under the assumptions 
(40)*, 

(66) 

Similarly, substitution of (35) and (36) into (63) and setting of ~ = 

- V yields 
A-I 

Ae-v + 2AB = A-I In AeV+1 , 

or, by virtue of (40), 

Combining (66) and (68) we obtain 

V ~ U - 2ln A. 

(67) 

(68) 

(69) 

This formula gives the normalized potential magnitude at the p-intrinsic 
interface in terms of that (U) at the n-intrinsic interface and the asym­
metry parameter A. 

Now the condition ~ = U for y = 0 requires (from 38a and 39a) that 

[(1 - B)1/2] [(1 - B)1/2 U] 
J( -2- . - F -2- sin(l\ sech 2 = A 1/2C (70a) 

for -1 < B ::; 1, 

or 

(
_2 )1/2 F [(~)1/2 
B+l B+l' 

• -I t h U] AI/2C SIn (1) an 2 = (70b) 

for B ~ 1. 

In addition, the condition y; = - V for y = L requires 

• -I h V] 
SIn(2) sec 2 (71a) 

A1/2(C - L) 

for -1 < B ::; 1, 

* It will be shown later that (40) implies AB « 1. 
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or 

(
_2 )1/2 F [(~)1/2 
B+l B+1' 

• -1 h (-V)] SlU(4) tan 2 = (71b) 

Al/2(C - L) 

for B 2:: 1. 

Fortunately, because of the assumptions (40a, b) the formidable 
relations (70a-71b) can be simplified to 

pCB) ~ A 1/2C + 2e-U
/
2 (72) 

and 

where 

for -1 < B < 1 

ep(B) == ; for B = 1 

(B : S" ]( [(! ~ D"'] for B > 1. 

Subtracting (73) from (72) we obtain 

o = 2Al/2C - Al/2L + 2e-U / 2 _ 2e-V /2, 

whence, substituting (66) and (69), 

C ~ ~L + e1/\Al/2 _ A-1/2). 
2 

Finally, substitution of (66) and (74) into (72) gives 

ep(B) ~ [~Al/2L + e1/2(A + 1)]e-U
/
2
-

1/2, 

or, by virtue of (40c, d), 

(73) 

(74) 

(75) 

Equations (66), (69), (74), and (75) are the desired expressions for 
determining A, B, C, and V when values are assigned to A, L, and U 
(subject to (40)). (If necessary, some or all of the restrictions (40) could 
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be eliminated, but the transcendental equations to be solved for A, B, 
C, and V would become quite formidable.) 

It should be noted that (75) permits an easy determination whether 
the formulae for B < 1 or those for B > 1 should be used in any partic­
ular case. Since <P(1) = n/2, 

(76) 

ApPENDIX II 

CONDITIONS FOR 2AB « A, A-1 

It has been stated without proof in the foregoing analysis that the 
conditions (40) imply 2AB « A, A -1 (and hence also AB « 1). This 
must now be demonstrated. 

For B not» 1, (40a-40d) are sufficient, for (41) shows that A « 1. 
However, for B » 1, the product AB is not necessarily small because of 
A « 1 and additional limitations are required. To establish suitable 
additional conditions we shall consider combinations of U, L, and A 
for which AB is very small and estimate the conditions under which 
this smallness begins to weaken. 

By eliminating U between (41) and (43) we can write 

ep(B) ~ !LA 1/2, 

or 

(77 ) 

Now for k ~ 1, 

4 
K(k) ~ tn VI _ k2 ' 

Therefore, for B » 1 

( 
2 )1/2 [(B - 1)1/2J tn B 

<p(B) == B + 1 K B + 1 ~ (2B)1/2 . (78) 

Substitution of (78) into (77) now yields 

tn B ~ 2-1/2L(AB//2, 

or 

(79 ) 
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From (78) and (79) 

cI>(B) ~ !L(AB)1/2 exp [-2-S/2L(AB)]. (80) 

Now using the expression just obtained for cp(B) in terms of (AB), 
we can'eliminate cp(B) from (43) and solve for U as a function of (AB). 
After some manipulations we obtain 

2y ~ (2AB)1/2 _ 2(1 -: In 2) _ ; In (2AB). (81) 
L L L A 

For 2ABA or 2ABA -1 of the order of 10-2
, (40c, d) insure that the 

right side of (81) will not change in order of magnitude if the two terms 
multiplied by L-1 are dropped. Therefore 2ABA and 2ABA -1 will be of 
order 10-2 or less if 

2U < ~ Al/2 ~ A-1/2 
L 10 ' 10 . 

(82) 

Thus for a given intrinsic layer thickness there is a ceiling on the im­
pressed voltages for which AB is negligibly small. 
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Clogston Type Conductors 
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The transmission properties of ideal laminated conductors of the Clogston 
type are discussed by introducing the concepts of equivalent inductance, 
capacitance and resistance values which are analogous to their corresponding 
counterparts in the treatment of ordinary transmission lines. From these 
constants the attenuation, phase constant, and speed of propagation are 
obtained using conventional transmission line theory, and the results com­
pared with those for ordinary coaxial conductors. 

This paper is divided into two parts. In the first part a general discussion 
is given of Clogston cables and a comparison made with the conventional 
coaxial cable. This is illustrated with a few numerical examples, based on 
formulas which are developed in the second part oj this paper. 

INTRODUCTION 

The discovery that deep penetration of the current can be obtained 
in laminated conductors, when the speed of propagation is made constant 
over the entire cross-section of the cable, is described in an earlier issue 
of this magazine.1 The theoretical study of the problem was based on 
Maxwell's field equations dealing with a stack of parallel plates of 
alternate conducting and insulating layers. When applied to concentric 
laminated tubes, this method results in a set of extremely complex 
equations. S. P. Morgan has given a rigorous solution for the case when 
the laminated layers are of infinitesimal thickness.2 

The present paper uses a different approach which leads to simpler 
approximate formulas. Available theoretical results are combined with 
simplifying approximations and certain somewhat arbitrary assumptions 

1 Clogston, A. M., Reduction of Skin Effect Losses by the use of Laminated 
Conductors. Bell System Tech. J., 30, pp. 491-529, July, 1951. 

2 Morgan, S. P., Mathematical Theory of Laminated Transmission Lines. 
Bell System Tech. J., Part I, 31, pp. 883-949, Sept., 1952, and Part 2, 31, pp. 1121-
1206, Nov., 1952. 

695 
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in such a way that formulas for the counterparts of the usual transmission 
line properties of inductance, capacitance and resistance are obtained. 
The approximate formulas for attenuation, phase constant and ·speed 
of propagation are then derived using conventional transmission line 
theory. 

Some computations of attenuation are presented which illustrate the 
interesting transmission properties of Clogston cables under ideal con­
ditions. Exploratory work on this type of conductor is still in the early 
research stage, with some very difficult problems imposed by the need 
for a large number of thin layers with very close tolerances. 

PART I - GENERAL DISCUSSION OF CLOGS~ON CABLES AND A 

COMPARISON WITH CONVENTIONAL COAXIAL CABLE 

1. SKIN EFFECT 

An alternatjng current transmitted over a solid conductor has the 
tendency to crowd toward the surface of the wire. This phenomenon is 
known as the skin effect and the depth of penetration of the current is : 
usually referred to as the skin depth. The skin depth is defined as the 
distance, measured from the surface toward the center of the wire, where 
the current density is reduced to II e = 0.367. For a copper conductor it is 
given by: 

2.61 

VFme' 
(1) 

where 

o = Skin depth in mils. 

F me = Frequency in megacycles. 

When the skin depth is a fraction of the wire radius, the ac resistance 
of the wire increases about as the square root of the frequency. 

Laminated conductors disclosed by Clogston have the property that 
the ac resistance will remain very nearly equal to the dc resistance over 
a wide band of frequencies, if the conducting and insulating layers can 
be made thin enough and sufficiently uniform. The dc resistance of a 
Clogston conductor will be higher than the dc resistance of a solid con­
ductor of the same over-all dimension by a factor (w + t) Iw, where wand 
t are the thicknesses of the conducting and insulating layers respectively. 
As discovered by Clogston, the depth of penetration in a laminated 
conductor is much greater than in a conductor of solid copper if the 
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speed of propagation is constant over the entire cross-section. A coaxial 
cable having an inner laminated conductor and an outer laminated sheath 
must obey the following relation to obtain the desired effect: 

1'1'1 = I'{l + 'f) , 
where: 

J.l.I = Permeability in space between inner and outer conductor. 
J.l. = Permeability of laminated conductors. 

(2) 

EI 1 = Dielectric constant of insulation between inner and outer con­
ductor. 

E = Dielectric constant of insulating layers in the laminated con­
ductors. 

w ~ Thickness of copper layers. 
= Thickness of insulating layers. 

In (2) the expression E(l + w/t) is of course the mean dielectric con­
stant of the laminated conductor. Since 1/ V J.l.IEI is the speed of propaga­
tion in the main dielectric, equation (2) indicates that the speed of 
propagation is the same over the entire cross section of the cable. Equa­
tion (2) must be satisfied to a high degree of accuracy, otherwise deep 
penetration is not possible. 

2. DEFINITION OF CLOGSTON CABLES 

Two laminated conductors arranged as a coaxial cable are shown 
in Fig. 1. The inner conductor consists of a solid copper wire of diameter 
d l , over which a large number of alternate layers of insulation and 
copper are arranged as concentric thin tubes. The over-all diameter of 
the inner conductor is D I • The outer conductor of the coaxial cable con­
sists of a laminated tube of inner diameter d2 and outer diameter D2• 

The space between D2 and d2 is filled with thin concentric tubes of 
copper and insulation of the same thicknesses as for the inner conductor. 
The outside of the outer conductor is covered with a solid copper sheath 
for protection, shielding and energizing purposes. This type of cable 
has been named Clogston I. 

By adding more layers to the outside of the inner conductor and 
more layers to the inside of the outer conductor, the space between 
them is completely filled when d2 = DI • Such a cable is shown in Fig. 2, 
and has been named Clogston II. 

Clogston I may be thought of as a physical variant of the conventional 
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Fig. 1 - Clogston I cable. 

I --D------
~-----------

Fig. 2 - Clogston II cable. 

\ 

-------~ 
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coaxial cable, in that when one of the conductors carriers a current in 
one direction, the other will carry a current in the opposite direction. 
In Clogston II there is also a reversal of currents somewhere between the 
outermost layers and the innermost. It is therefore a kind of a two 
conductor cable, but the point of division between the conductors is 
determined by the electromagnetic field configuration of the situation. 
This point has been worked out by S. P. Morgan and will be referred to 
in the second part of this paper. 

3. OPTIMUM PROPORTIONING 

The cross-sectional aspect of Clogston II is completely characterized 
by that proportion of the diameter D which is occupied by the lamina­
tions. This proportion is called the Fill Factor and is defined by: 

CPu = (D - d)ID Clogston II. (3) 

The fill factor is also a useful parameter for Clogston I, though it is 
not sufficient to determine its geometry. It is defined by: 

Clogston 1. (4) 

The additional parameters which, with the outer diameter D2, will 
completely determine the geometry, are the ratio of the over-all thick­
ness of the inner laminated conductor to the over-all thickness of the 
outer conductor, and a parameter which locates the inner diameter d1 

of the inner conductor. These parameters are defined by: 

T = (Dl - d l )/(D 2 - d2), 

(5) 

In a conventional coaxial cable, shown in Fig. 3, the optimum value of 
attenuationS is obtained when Did = 3.59. In Clogston cables no such 
optimum values exist. 

S. P. Morgan, however, has shown that there are useful relative 
optimum relations in Clogston I, which direct the choice of T and U 
for the cables which are illustrated in this paper. For example, for a 
fill factor of one-half, there is a broad optimum of attenuation when 
T = 1.96 and U = 0.0842. Thus the over-all thickness of the inner 
conductor is about twice that of the outer conductor, and the diameter 
d1 of the inner core is about one-twelfth of the outer diameter D2 • With 

3 Green, E. 1., F. A. Leibe and H. E. Curtis, The Proportioning of Shielded 
Circuits for Minimum High-Frequency Attenuation, Bell System Tech. J., 15, 
pp. 248-283, April, 1936. 
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these dimensions the cross sectional area of the outer conductor is nearly 
twice that of the inner conductor, so that the optimum arises from other 
causes than matching the conductivity of the two conductors. 

The problem of determining the relative optimum values of Clogston 
I, in genera], is complicated, but numerical studies indicate that for 
values of the fill factor other than one-half, the values for T and U are 
not greatly different. 

Another factor in Clogston cables which can be optimized is the ratio 
of the layer thicknesses of the conducting and the insulating layers. 
Clogston4 has shown that in the frequency range where the attenuation 
is substantially flat with frequency, this optimum ratio is equal to: 

wit = 2. (0 ) 

For this condition, the dc resistance of the laminated conductor is 
increased by (w + t)lw or 312 over a solid conductor. The dielectric 
constant of the main insulation, according to (2) above must equal 
EI = 3E, which reduces the speed of propagation by v3, assuming 
J..LI = J..L. 

At frequencies where the attenuation begins to increase, other op­
timum values of wit can be obtained, and the ratio will depend upon 
what top frequency is considered. 

In a practical case a fill factor of unity will probably not be used. 
A little space in the center will be made available for a solid conductor for 
energizing or other purposes. 

Fig. 3 - Conventional coaxial cable. 

4 Loc. cit. 
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4. ATTENUATION 

The attenuation of a transmission circuit at high frequenCies, where 
wL » R and we » G, is usually given in the following form: 

(7) 

where R is the total ac resistance of both conductors, L, C and G the 
inductance, capacitance and leakance of the circuit. It will be assumed 
that the insulation consists of polyethylene or some other material 
having a very low leakance. Thus as a first approximation the second 
term in (7) can be neglected. 

In a conventional coaxial cable, in the frequency range considered, R 
will increase in proportion to the square root of frequency, so that 
neglecting leakance, (7) may be written as follows: 

]{l _ f­
a = D V Fmc, (8) 

where ]{l is a constant depending upon the dielectric constant of the 
insulating material and the resistivity of the conductors. D is the 
inside diameter of the sheath, and Fmc the frequency in megacycles. 

In the second part of this paper it is shown that the attenuation of 
Clogston I or II cables can be written in the following form: 

where D = Over-all diameter of laminated cable. 

w = Copper layer thickness. 

(9) 

]{2 and]{3 are constants, different for Clogston I and Clogston II, 
which depend upon the geometry of the cables, the dielectric constant 
of the insulating material and the resistivity of the conducting layers. 

The first term in (9) gives a constant loss independent of frequency. 
The second term contributes little to the attenuation provided w is 
small enough. In fact, the attenuation will remain constant within p % 
of the first term provided: 

< ~ • /pI{2 _1_ 
w = 10 11 I{3 DF~c· (10) 

This equation (10) determines the copper layer thickness, which will 
result in a "flat" attenuation within p per cent up to a frequency F~c . 
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By neglecting the second term in (9) and comparing the result with 
(8) it can be seen that the attenuation of a conventional coaxial cable 
and a Clogston cable are equal at a frequency given by: 

" [ K2 J2 Fmc = Il.ID (11) 

The numerical examples given later in this paper indicate that a 
Clogston cable will have higher attenuation than a conventional coaxial 
cable at frequencies below F::c , and less attenuation at higher frequencies. 
At frequencies sufficiently higher than F::c , the attenuation of a Clogston 
cable will increase rapidly which is evident from the second term in (9). 
It is in the region between F::c and frequencies where the second term 
in (9) becomes important· that Clogston cables can theoretically pro­
vide less attenuation than a conventional coaxial cable. 

5. IMPEDANCE, PHASE CONSTANT AND SPEED OF PROPAGATION 

The equivalent impedances of Clogston I and Clogston II cables are 
developed in the second part of this paper and are equal to: 

Zr= 11 + LinJ viLa Clogston I, 
Lex Cex 

(12) 
Lin 

ZII = 
VLexCex 

Clogston II. 

In these expressions Lin, Lex. and Cex are the internal and external 
inductances and capacitances respectively. For conventional coaxial 
cables they are discussed by S. A. Schelkunoff in "Electromagnetic 
Waves" (Van Nostrand, 1943). For the Clogston analogy, Part II of 
the present paper gives the reasoning adopted in defining them. In a 
Clogston II cable the external inductance goes to zero and the external 
capacitance to infinity, but the product LexC ex nevertheless remains 
constant. 

The impedance of a conventional coaxial cable, in the frequency 
range considered, is given by: 

Z= t1 (13) 

where Land C are the external inductance and capacitance of the con­
ventional coaxial cable. 

The equivalent impedance of a Clogston cable is lower than that of 
conventional coaxial cable of the same outer diameter. Numerical eval-
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uations using the above formulas indicate an impedance of about 23 
ohms for a half-filled Clogston I cable, and about 11~ ohms for a 
completely filled Clogston II cable, assuming polyethylene insulation 
with E equal to 2.3 and copper conducting layers having a thickness 
twice that of the insulating layers (wit = 2). These values compare 
with about 76 ohms for a conventional coaxial cable having air dielectric 
and the same outer diameter and 51 ohms for a corresponding coaxial 
with solid polyethylene dielectric. 

The phase constants of both Clogston cables in the frequency range 
where the attenuation is nearly fiat, are equal and independent of the 
geometry of the cables. They are given by: 

{3I = {3n = wvLexCex~, (14) 

assuming uniform layer thicknesses. 
For a conventional coaxial cable the phase constant, neglecting leak­

ance, is given approximately by: 

(15) 

The computed speed of propagation, which is equal to wl{3, is about 
71,000 mijsec for Clogston cables with polyethylene insulating layers. 
This compares with 123,000 mijsec for a conventional coaxial cable 
with polyethylene insulation and 186,000 mijsec for a coaxial with pure 
air dielectric. 

6. COMPARISON WITH A CONVENTIONAL COAXIAL CABLE 

To illustrate the effect of the various parameters involved in the 
attenuation of a Clogston cable, and to compare the result with a 
convential coaxial cable, a few numerical examples have been evaluated. 

A one-half filled Clogston I and a completely filled Clogston II have 
been selected arbitrarily for comparison purposes. Fig. 4 shows the 
attenuation characteristics of these cables for several values of copper 
layer thicknesses. In each case, polyethylene insulation (e = 2.3) is 
assumed, with wit = 2, i.e., the insulating layers have one-half the thick­
ness of the conducting layers. In the same figure, the attenuation charac­
teristics of two conventional coaxial cables of the same outer diameter, 
one with air dielectric and one with polyethylene insulation, are shown 
also. The regions where Clogston cables have in theory less attenuation 
than conventional coaxial cables of the same outer diameter can be 
seen in this figure. 
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The dotted curve shown on Fig. 4 gives the skin depth in solid copper. 
It will be noted that the copper layer thicknesses become smaller and 
smaller fractions of the skin depth as the frequency increases. This is 
also evident from (1) and (10) above, which show that the copper layer 
thicknesses are inversely proportional to the frequency, while the skin 
depth is inversely proportional to the square root of the frequency. 

The effect of fill is illustrated in Fig. 5 for a 375-mil Clogston I cable, 
for fill factors of one-eighth, one-quarter, and one-half. It will be noted 
that the attenuation increases rapidly with decrease in fill, accompanied 
by an increase in the frequency band over which the attenuation is flat. 
The attenuation of a completely filled Clogston II cable is also shown 
for comparison. 

The above estimates are based on ideal conditions; that is, it is as­
sumed that the laminated structures are perfectly uniform. The effects 
of departures from ideal are not shown by the approximate methods 
used in this paper, but it has been shown by Morgan5 that even small 
departures from ideal conditions will result in increases and irregularities 
in attenuation, and a decrease in the band over which the attenuation is 
approximately uniform. 
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6 Loc. cit. Part II, pages 1161-1201. 
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PART II - DERIVATION AND EVALUATION OF FORMULAS 

In this part of the paper, approximate formulas for the counter­
parts of the usual primary constants used in transmission line computa­
tions are derived for Clogston I and II type cables. From these formulas 
the various constants entering into the expressions for attenuation, im­
pedance and phase as given in Part I are evaluated in terms of the di­
mensions of the cables and the frequency. 

In deriving the formulas, certain simplifying assumptions have been 
made as explained in the test. The effects of these assumptions are 
examined by comparing the results with those obtained by more rigorous 
methods. 

1. RESISTANCE IN GENERAL 

A Clogston I cable consists of a laminated inner conductor and a 
laminated outer conductor as shown in Fig. 1. Each of these may be 
represented by the laminated conductor shown in Fig. 6. At present, we 
have no exact formula for the ac resistance of such conductors over a 
wide range of frequencies. However, S. P. Morgan has shown that for a 
stack of parallel plates, the resistance per unit cross-sectional area is 
equal to: 

w + t [ (n
2 

- 1/5)w
4 

2 ] 
Rae = Rde -w- 1 + 412 Fmc + .... , (16) 

where Rdc is the dc resistance of the stack, when completely filled with 

Fig. 6 - Laminated conductor. 
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copper. The other parameters are: 

w = Thickness of copper layers in mils. 
t = Thickness of insulating layers in mils. 

n = Total number of layers. 
F me = Frequency in megacycles. 

With curvature disregarded, equation (16) also gives the ac resistance 
of the laminated conductor shown in Fig. 6. For only one copper layer, 
n = 1, and t = 0, (16) reduces to: 

Rno = R.{l + w~~;. + 000 oJ ' (17) 

which is exactly the expression ~or a copper tube at frequencies where the 
ac resistance begins to depart from the dc resistance and Y2 (D - d) = w. 
For a single layer, the effect of curvature is very small6 and can be dis­
regarded. It will be assumed that (16) also holds to a fair degree of ac­
curacy for a laminated conductor made up of a large number of layers. 
Since n is large, the small fraction one-fifth can be neglected. For the 
optimum condition (minimum attenuation) Clogston7 has shown that: 

w = 2t. (18) 

The total number of layers can be obtained from the following expression: 

D-d D-d 
n = 2(w + t) = 3W for w = 2t. (19) 

With (18) and (19) substituted in (16) the ac resistance is given by: 

82080 [ w
2
(D. - d)2 F!.e J 

Rae = D2 _ d2 1 + 3710 + ...., (20) 

where the diameters and the copper layer thickness are given in mils 
and the frequency in megacycles. The resistivity of copper is taken to 
be 1.724 X 10-6 ohms/cm3

• 

2. CLOGSTON I CABLE 

2.1 Resistance 

The ac resistances of the inner and outer laminated conductors of 
Clogston I cable, shown in Fig. 1, can be obtained from (20) above by 
substituting Dl and dl for the inner conductor and D2 and d2 for the 

6 Schelkunoff, S. A., The, Electromagnetic Theory of Coaxial Transmission 
Lines and Cylindrical Shields. Bell System Tech. J., 13, pp. 532-579, Oct., 1934. 
BSTJ, October, 1934, by S. A. Schelkunoff. 

7 Loc. cit. 
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outer conductor and adding the result. Thus: 

= 820D80~ Al [1 + BIW2D~F?nc + ] 
Rael + Rac2 3710' . .. ohms/mi, (21) 

where: 

(22) 

(23) 

From (4) and (5) in the first part of this paper, it is possible to ex­
press Al and BI wholly in terms of CPI, T and U. Thus, Al and BI are 
independent of D2 , and it follows that the first term in (21) is inversely 
proportional to D~ , while the second term, when multiplied out, IS m­
dependent of D 2 , assuming fixed values of CPI, T and U. 

2.2 Impedance, Inductance and Capacitance 

In a coaxial cable the flux in the space between the two conductors 
gives the external inductance. The internal inductance is obtained from 
considering the flux within the walls of the conductors themselves but 
not that in the space between them. The effective inductance is then 
the sum of the two. Analogous considerations apply to the external and 
internal capacitance and the effective over-all capacitance is the value 
of the two acting in series. 

Similarly in the frequency range where wL » Rand wC » G, but where 
the ac resistance is nearly equal to the dc resistance, the internal in­
ductance and capacitance of the laminated conductors must be taken 
into account. Since they are in series with the external components they 
tend to increase the total inductance and decrease the total capacitance. 
The impedance of the circuit can therefore be expressed as follows: 

Z, ~ ~ ~ • / ('c:-c:exJ ohms, 

11 Cin + Cex 
(24) 

henries/ em, (25) 

27r€r 

Ccx = () 
tn ;: 

farads/em, 
(26) 
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where: el = e(l + wit) = Dielectric constant of insulation between 
inner and outer conductors. 

At the present time no exact formulas for the internal components 
of either L or G are available. The internal inductance, however, must 
be nearly equal to that of a solid wire for the inner laminated conductor 
and to that of a solid sheath for the outer laminated conductor, and 
will be assumed so in this paper. 

It should be remembered that deep penetration of the currents will be 
obtained when Clogston condition of constant speed of propagation over 
the entire cross section of the cable is satisfied. The speed of propagation 
over the laminated conductors is equal to 1y'LinGin and in the main 
dielectric between the two conductors equal to 1 y' L€x.G ex . Thus to obtain 
the Clogston condition the following relation must hold: 

(27) 

By solving for the unknown quantity Gin and substituting the result 
in (24), the impedance of Clogston I cable is found to be: 

(28) 

Formulas for Lin, Lex and G ex in units convenient for numerical evalu­
ation are given later in the section summarizing the formulas. 

2.3 Attenuation and Phase 

The attenuation of Clogston I cable neglecting leakance is obtained 
from the following expression: 

OlI = 
Rac! + Rac2 

2Z I 

(29) 

The phase constant, at the frequencies considered, and where the 
ac resistance of the conductors does not depart appreciably from the 
dc value; is equal to: 

(30) 

which with (27) above reduces to: 

(31 ) 
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3. CLOGSTON II CABLE 

3.1 Resistance 

A Clogston II cable may be looked upon as having an "inner" and 
"outer" conductor which are separated by an infinitesimal amount in 
which Rac given by (20) above is an expression for the parallel connection 
of Racl and Rac2 ofa Clogston II cable having an outer diameter of D 
and an inner diameter of d. That is: 

Rac = RaclRac2 • 

Racl + Rac2 
(32) 

It will now be assumed that (1) the currents flowing in one direction 
through the "inner" conductor and in the opposite direction in the 
"outer" conductor, will separate in such a way that Racl is equal to 
Rac2 , and (2) that the currents are uniformly distributed over the cross 
sections of the conductors. With these assumptions the respective cross 
sections would then be equal, and the reversal of the cur~ent would 
take place in a completely filled (d = 0) Clogston II cable at a'radius 
equal to: 

D 
r = 2.y2 = 0.3535D. (33) 

By substituting (32) and (33) in (20) it can be shown that: 

328320 [ B2W2D2F!c ] . 
Racl + Rac2 = D2 _ d2 1 + 3710 +. .. ohms/ml, (34) 

where 

B, = 1 + ~2 - [1 + ~ ] I~ [1 + ~2J . (35) 

The above assumptions relating to division and distribution of the 
current are not exact. S. P. Morgan has shown that the current distribu­
tion is not uniform and that the reversal of the current takes place at a 
radius equal to 0.3138D. As shown in a later section of this paper, 
the error resulting from these simplifying assumptions is not large. 

3.2 Impedance, Attenuation and Phase 

In a Clogston II cable, the main dielectric insulation between "inner" 
and "outer" conductor has vanished. Thus the external inductance 
approaches zero and the external capacitance becomes infinitely large. 
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From (25) and (26) above it is evident, however, that the product of 
LexCex remains constant, since it is independent of the diameter ratio 
d2/D l , which in a Clogston II cable approaches unity. With (27) in­
serted in (24) and with Lex = 0 and Cex = 00, the impedance of a 
Clogston II cable may be written: 

Z ! Lin Lin h 
II = C. = _ / 0 ms. 

in V LexCex 
(36) 

The internal inductance of a Clogston II cable is not known, but will 
be taken equal to 0.1609 X 10-3 Henries/mi, which is the internal 
inductance of a pair of wires at low frequency. Thus: 

17.35 
Zn = 0 ohms, (37) 

where € is the dielectric constant of the insulating layers. 
The attenuation is obtained by dividing Racl + Rac2 from (34) by 

2ZII , where leakance is disregarded. 
The phase constant, in the frequency range considered, is equal to 

the phase constant of a Clogston I cable since LexCex is a constant value. 

4. Comparison of Results with Values Obtained from Rigorous Formulas 

S. P. MorganS has developed rigorous formulas for the attenuation of 
Clogston cables, assuming infinitesimal thickness of the layers but re­
taining a fixed ratio of copper to insulating layer thicknesses. A correc­
tion term gives the increase in attenuation with frequency for layers of 
finite thickness. 

The attenuation of a one-half filled Clogston I cable computed by the 
approximate formulas given in the present paper was 1.1 per cent higher 
than the value computed using Morgan's rigorous formulas. Similar 
computations on a completely filled Clogston II cable gave values 8.6 
per cent higher. This decrease in accuracy with increase in fill is in line 
with the expectation that uniform distribution of the current is more 
closely approximated with low percentages of fill. 

5. SUMMARY OF FORMULAS 

The formulas developed in the second part of this paper and those 
for which the derivation has been indicated are summarized below. Con­
ducting layers of copper, and insulating layers with a dielectric constant 

8 Loc. cit. 
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of E and a thickness half that of the conducting layers (w/t = 2) are 
assumed throughout. 

5.1 Clogston I Cable 

R 82080A [1 + BIW2D~F!c + ] h / ·1 
r = D~ 3710· .. 0 ms ml e, 

-3 D~ [ D~ 1 D2 Lin = 0.741 X 10 2 2 2 2 OgIO-
d D2 - d2 D2 - d2 2 

- 0.2172 ] henries/mile, 

Lex. = 0.741 X 10-3 IOgIO ;1 henries/mile, 

C 0.0388 X 10-
6
Er f d / ·1 

ex = d ara s ml e, 

IOglO ~1 

Er = Eel + w/t) , 

Z, = [1 + ~:J It: ohms, 

{3r = wv' LexC ex radians/mile, 

K2 2 2 / • 
ar = D~ + I(3w Fmc nepers mIle, 

where: 

5.2 Clogston II Cable 

R - 328320 [1 + B2W
2
D2F!c + ... ] h / ·1 

II - D2 _ d2 3710 0 ms ml e, 

17.35 
ZII = Ve ohms, 

{3n = wv' LexC ex radians/mile, 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 
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I(~ '2 2 • 
all = D2 + K3W F mo nepers/mIle, (51) 

, 164160 D2 
K2=~D2_d2' (52) 

K' = 44.248 D2 + d2 
- (D + d)V!(D2 + d2) 

3 Z D2 - d2 ' 
II 

(53) 

(54) 

2(DlD2 - dld2)(Dl - dl)(D2 - d2) 

Bl = (Di - di + D~ - dDD~ , 
(55) 

B, = 1 + ~2 - (1 + ~) /~( 1 + ~,). (56) 

The parameters in (38) to (56) are defined as follows: 
D2 = Outside diameter of outer laminated conductor in a Clogston I 

cable, in mils. 
d2 = Inside diameter of outer laminated conductor in a Clogston I 

cable, in mils. 
Dl = Outside diameter of inner laminated conductor in a Clogston I 

cable, in mils. 
d l = Inside diameter of inner laminated conductor in a Clogston I 

cable, in mils. 
D = Outside diameter of a laminated Clogston II cable, in mils. 
d = Inner diameter of a laminated Clogston II cable, in mils. 
W = Thickness of copper layers in mHs. 

F me = Frequency in megacycles. 
Er = Dielectric constant of insulation between inner and outer lami­

nated conductors in a Clogston I cable. 
E = Dielectric constant of insulating layers. 
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The theory of a coupled resonator reflex klystron is developed and its 
reduction to practice described. This tube differs from the conventional 
reflex klystron in that its performance characteristic is derived from the 
interaction between the electronic admittance due to a bunched electron 
stream and the input admittance of two synchronously tuned, coupled 
resonators. As a result: (1) power output can be made to be substantially 
flat over the greater part of the electronic tuning range; (2) the half-power 
electronic tuning range of the coupled resonator reflex klystron is more 
than twice that of a klystron using the same electron optical system but inter­
acting with a single resonator; and (3) modulation linearity may be ob­
tained over a greatly increased frequency swing. 

A reduction in power output of about 3db occurs for a secondary resonator 
Q and coupling coefficient adjustment designed to yield a maximum flat 
band or maximum electronic tuning while a much smaller reduction in 
output power will provide a substantial improvement in modulation linearity. 
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. 1.0 . INTRODUCTION 

The conventional reflex klystron derives its performance characteris­
tics from the interaction between the electronic admittance due to a 
bunched electron stream and the input admittance of a resonant cavity. 
As is well known, this interaction results in mode shapes which are 
closely related to certain input properties of the passive resonant circuit. 
Thus, the dependence of power output upon frquency, which results 
from variations in repeller voltage about its mid-mode value, bears 
close resemblance to the input-impedance-verslls-frequency plot of a 
parallel resonant circuit. Similarly, the curve relating frequency to 
repeller v01tage has the same general shape as that relating frequency 
to the input phase angle of the resonator. Recognition of these relation­
ships has resulted in the consideration of different and, perhaps, more 
useful mode shapes which might be obtained if the electronic admittance 
were made to interact with impedance or admittance functions of passive 
circuits other than that due to a single resonator. 

What do we mean by "more useful" mode shapes? The answer, of 
course, depends on the application, although an "ideal" mode shape could 
probably be defined as one having a flat top, i.e., power output inde-
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pendent of repeller voltage, with frequency linearly related to the latter. 
Moreover, these conditions should preferably obtain over the widest 
possible frequency range. A tube possessing such characteristics would 
prove exceedingly useful in a large number of applications. To list a 
few: 

(a) Electronically swept signal generator, 
(b) FM deviator, 
(c) Transmitting oscillator in radio relay systems employing fre­

quency modulation, and 
(d) Local oscillator in microwave receivers with wide range AFC 

applied to the repeller. 
Inability to realize this ideal mode shape in a practical tube might 

make a compromise solution appear acceptable, one consisting of a reflex 
klystron having a variable mode shape, i.e., a characteristic which 
could be adjusted to fit a particular need. Thus, application (a) requires 
constant power output with minor emphasis on frequency-rep eller-volt­
age linearity, whereas applications (b) and (c) demand a high degree 
of modulation linearity with constancy of power output of no great im­
portance. In application (d) the emphasis is on wide electronic tuning 
with both variation in power output and non-linearity in the frequency 
characteristic permissible. 

A method to obtain this variable mode shape was achieved by the use' 
of coupled cavities. Instead of having the bunched electron stream inter~ 
act with the electric field of a single resonator, as is done in the conven­
tional reflex klystron, we can present to it the input admittance of two 
coupled cavities. The resultant mode shape may then be expected to 
resemble the input impedance of two coupled resonant circuits just as 
the conventional klystron mode resembles that of a single resonator. 
Moreover, the input impedance of two coupled cavities can assume a 
large variety of contours depending on the ratio of Q's of the primary 
and secondary resonators and on the tightness of coupling between the 
two. If we were now to construct such a double cavity reflex klystron 
with provision to vary the secondary Q as well as the coupling coefficient 
continuously, we would have the means of producing a large variety of 
mode shapes within a single tube. Depending on the application, the 
characteristics could then be adjusted to give either a range of flat 
power output or optimum modulation linearity or wide electronic tuning. 

As might be expected at this point, a price must be paid for the ad­
vantages gained in the coupled cavity approach. It, consists of the 
power expended in supplying the losses due to the secondary resonator. 
This power subtracts directly from the available useful power and, there-
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fore, though resulting in broadband operation, greatly improved modula­
tion linearity and a number of other useful properties, leads to a definite 
reduction in output level. Whether this can be tolerated will again de­
pend on the application. In many practical cases the performance flexi­
bility inherent in the coupled resonator reflex klystron will more than 
outweigh this advantage. 

It is the purpose of this paper to present the theory underlying the 
operation of the coupled resonator reflex klystron, as well as its experi­
mental verification. For the sake of completeness, but also in order to 
emphasize methods of analysis to be used in later sections and not 
readily found in the literature, a review of reflex klystron theory will 
precede the exposition of the coupled resonator problem. In both the 
single and coupled resonator case, performance analysis will be based 
on a separate and independent study of the electronic and passive circuit 
admittance developed across the interaction gap and upon the graphical 
combination of the two in the complex admittance plane. As a by-product 
of this investigation, a number of driving point properties of two coupled 
resonant circuits will be developed which may be found of general net­
works interest. Following the theory of the coupled resonator reflex 
klystron, an experimental tube of this type will be described and a 
qualitative as well as quantitative verification of the theory given. 
Oscillograms will be presented showing the advantages of this device 
when used as a sweep generator, both in the microwave band and at 
lower frequencies. Additional applications will be indicated in the hope 
that others may try them. 

2.0 SMALL SIGNAL REFLEX KLYSTRON THEORY 

This section will be devoted to a brief review of the small signal 
reflex klystron theory. Emphasis will be on concepts leading to the 
equivalent circuit representation and to the graphical admittance-plane 
analysis. Both of these and particularly the graphical approach will 
later be used in the investigation of coupled cavity behavior. 

As stated before, the operation of the reflex klystron is the result of 
the interaction between a bunched electron stream and the varying 
electric field existing inside a resonant cavity. In circuit language, this 
amounts to an interaction between an active and a passive element. 
The active one due to the electron stream is termed electronic admit­
tance, and the passive one is the input admittance of the resonator. 
Derivations for the expression describing the electronic admittance may 
be readily found in the literature.! It will not be repeated here. The re-
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sult of these derivations, however, and its physical significance will be 
discussed at some length. 

2.1 Electronic Admittance 

Consider an arrangement of four plane and parallel elements consist­
ing of a cathode, two ideal grids and a reflector. Assume these electrodes 
to be of infinite extent so that all electrons will move in straight paths 
perpendicular to the planes of the electrodes. Let the current densities 
encountered be low enough so that space charge effects can be neglected. 
Both grids are operated at the same dc potential, Vo , positive with respect 
to the cathode. As shown in Fig. 1, this might be achieved by connecting 
them to the secondary winding of an ideal transformer having a 1: 1 
turns ratio. The reflector is operated at a dc potential, V R, negative with 
respect to the cathode. Next, an RF voltage of amplitude V is applied 
to the transformer and, hence, appears across the grids. Electrons emitted 
from the cathode are accelerated toward the first grid and arrive at it 
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Fig. 1 - Electrode arrangement and dc potential profile giving rise to elec­
tronic admittance, Y., described by equation (2.1). 
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with a velocity corresponding to Vo volts. During their traversal of 
the interaction gap, i.e., the space bounded by the two grids, this 
velocity is changed by an amount depending on the instantaneous direc­
tion and intensity of the electric field and on the fraction of a cycle spent 
in traversing the gap. They then enter the retarding dc field of the re­
peller drift space. Here, they are slowed down, brought to a standstill 
and returned to the interaction gap for a second transit. During this 
process, the velocity modulation acquired during the first transit is 
converted to intensity modulation such that the convection current 
returning through the gap does so in the form of sharp and well defined 
pulses with a repetition rate equal to the frequency of the applied RF 
voltage. This pulsed current may now be harmonically analyzed and 
its fundamental component evaluated. The ratio of this fundamental 
component of current to the applied RF voltage is termed electronic 
admittance, Ye • Providing the amplitude, V, of the applied RF voltage 
is small compared to the dc accelerating voltage, V o , the value of Y e 

is given by: 

(2.1) 

where 10 = dc beam current. 
{3 = beam coupling coefficient. * 
8 = round trip transit time in repeller drift space, in radians. 

Vo = dc beam voltage. 
V = amplitude of RF gap voltage. 
J 1 = Bessel function operator. 

Of all these parameters affecting Y e we shall focus our attention on 
two, namely V and 8. The other parameters depend on such factors as 
tube geometry, electron gun perveance etc. and, within the scope of this 
investigation, will be considered constant. 

Referring to equation (2.1), it is seen that the phase angle associated 
with Y e is a function of 8 only, whereas the amplitude of Y e depends on 
both 8 and the RF gap voltage, V. Suppose now 8 is held constant while 

* {3, also referred to as modulation coefficient, is given by 

• Of} 
sm,2 

{3 = 0;;-
2" 

where Og, the transit angle in the interaction gap, is expressed in radians. 
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V is increased from zero to some finite value, a process actually occurring 
in a reflex klystron during the build-up of oscillations. 'The amplitude 
of Y e will then be of the form 2J1(x)/x and will decrease according to the 
Bessel function plot of Fig. 2. 

For an infinitesimal or zero RF gap voltage the electronic admittance, 
now referred to as "small-signal" electronic admittance, Yes, may be 
derived from equation (2.1) as, 

10.(32 e j[(11"/2)-0] 

2Vo e . (2.2) 

When presented in the complex admittance (i.e., g-b) plane, expression 
(2.2) assumes the form of a geometric spiral as shown in Fig. 4. 'Each 
point on the spiral corresponds to a particular value of e and, since e 
is a function of the repeller voltage only, to a particular value of V R • 

We also note that for some values of e the conductance component of 
Yes is negative while for others it is positive. Thus, there is the possi­
bility of generation of RF energy for values of Yes adjusted by means of 
the repeller voltage to fall on the left-hand half of the admittance spiral 
while energy is absorbed for values of Yes having a positive conductance 
component. As the RF gap voltage, V, builds up from zero to its final 
value the magnitude of the electronic admittance shrinks along a radius 
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Fig. 2. Bessel function plot showing the relative variation of the amplitude 
of the electronic admittance (ordinate) as a function of RF gap voltage (abscissa) 
with repeller drift angle held constant. 
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vector from Yes to Y e according to the Bessel function plot of Fig. 2. 
For (J = 27r(N + ~4) radians where N = 0, 1, 2, 3 ... the electronic 
admittance becomes a pure negative conductance as may be seen by 
putting this relation into equations (2.1) or (2.2). 

Summarizing, we have seen that the presence of an electron stream 
bunched in accordance with the arrangement of Fig. 1 gives rise to an 
admittance appearing across the grids bounding the interaction space. 
The phase angle of this admittance is a function only of the repeller drift 
angle, (J, while its magnitude depends on both (J and the RF gap voltage, 
V. For values of (J in the vicinity of 27r(N + %) radians the conductance 
component is negative, a necessary condition for the production of sus­
tained oscillations. 

2.2 Passive Circuit Admittance of Single Resonator 

Any resonant cavity may be represented by a simple parallel G-C-L­
combination provided the desired resonance is sufficiently far removed 
from adjacent ones. In some cases such as in cylindrical or waveguide 
cavities, to name two, it is difficult to ascribe physical significance to 
the lumped elements appearing in the equivalent circuit representation. 
This is not so in the case of a conventional reflex klystron cavity. Since 
the latter always consists of a re-entrant type resonator, most of the 
electric field is concentrated in the interaction gap, i.e., the narrow region 
traversed by the outgoing and returning electrons and bounded by two 
parallel grids, while the major portion of the magnetic flux resides in 
the outer cylindrical section. Thus, the effective shunt capacitance ap­
pearing in the equivalent circuit is associated primarily with the above 
grid planes, a minor contribution originating in the fringing field close 
to the re-entrant post and the residual electric field in the outer cylindri­
cal part of the cavity. 

The input admittance, Y, of a high Q resonator when represented by 
C, L, and G connected in parallel is given by, 

Y = G(l + j2Qo) 

= G + j2Cf).w, 

(2.3) 

(2.4) 

where Q = woC /G and 0 = f).w/ Wo = f).f Ifo = (f - fo) Ifo , and G represents 
all internal resonator losses plus the external load referred to the gap. 
Plotted in the complex admittance plane, the locus of the admittance 
vector with varying frequency is a straight line parallel to the imaginary 
axis and spaced a distance corresponding to G to its right. The var­
iation in susceptance is directly proportional to the frequency deviation 
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from resonance. Also, the frequency deviation required to bring about 
a given change in susceptance is inversely proportional to both C and Q. 

2.3 Equivalent Circuit of Single Resonator Reflex Klystron 

We saw that the presence of a bunched electron stream between two 
closely spaced grid planes gives rise to an electronic admittance the 
properties of which were discussed earlier. Suppose we now let these 
grids become part of a re-entrant cavity so that they form the boundaries 
of the interaction space. This will make them elements of significance and 
common to both the electron stream and the passive circuit admittance. 
As far as the electron stream is concerned the grids become the terminals 
across which the electronic admittance, Y e , is developed and in relation 
to the resonant circuit they constitute the major portion of the effective 
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Fig. 3. - Equivalent circuit of single resonator reflex klystron. 

shunt capacitance. Based on these remarks, it should be apparent that 
a single-resonator reflex klystron may be represented by an equivalent 
circuit consisting of a parallel combination of Y e , C, G, and L as shown 
in Fig. 3. Furthermore, the expressions for Y e and Y as given by equa­
tions 2.1 and 2.4, respectively, show that these two quantities are inde­
pendent of each other. The electronic admittance, Y e , is a function of 
the electron optics of the tube, while the passive circuit admittance, Y, 
is a function purely of cavity parameters, including the tightness of 
coupling to the external load. 

2.4 Performance Analysis Based on Complex Admittance Plane Rep­
resentation 

The condition for oscillation applying to the equivalent reflex klystron 
circuit requires the total admittance across nodes 1 and 2 of Fig. 3 to 
equal zero, i.e., 

Ye + Y = 0, 2.5a 
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or 
Ye = -Yo 2.5b 

Attainment of this condition is preceded by a period during which 
the RF gap voltage increases from its initial, near-zero value to its 
final steady state amplitude. Concurrently, the net conductance across 
nodes 1 and 2 changes from its maximum negative value to zero and 
the electronic admittance vector shrinks from Yes to Ye. 

This process of build-up of oscillations and the final steady state may 
be conveniently studied by the graphical representation of Fig. 4. Here, 
the negative of the passive circuit admittance, Y, has been superimposed 
on the small-signal electronic-admittance spiral. Since the net con­
ductance across the interaction gap (nodes 1 and 2 in Fig. 3) must be 
negative in order for oscillations to build up, we see at once that the 
( - Y) plot, sometimes also referred to as "load line," divides the com­
plex admittance plane into two regions: the one to its left, in which the 

9=(1 + 3,4) 2 IT-_ 
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Fig. 4 - Complex admittance plane representation showing the superposition 
of the negative of the circuit input admittance upon the small signal electronic 
admittance spiral. Each point on spiral corresponds to a particular value of re­
peller transit angle, 0, and hence repeller voltage, Vn, and each division on the 
(- Y) locus to an equal frequency increment. 
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negative electronic conductance exceeds the circuit conductance and 
where the build-up of oscillations is possible, and the region to its right 
where the condition for the build-up of oscillations is not met. Thus, 
for the load line in the position in<;licated, the tube will not oscillate in 
the N = 0 mode, but will do so in the N = 1, 2, 3 and higher order 
modes. 

Still referring to Fig. 4, suppose 0 has been adjusted by means of the 
repeller voltage to 01 = (3 + ~4)27r radians, i.e., the center of the 3 + 
% mode. The small signal-electronic-admittance vector will then be a 
pure negative conductance terminating on the spiral at point A and 
together with the passive circuit conductance yielding a net negative 
conductance across the grids of value (OA -OB). Oscillations, therefore, 
will build up until the equilibrium condition, Ye = - Y, has been satis­
fied. In terms of the admittance plane representation, the electronic­
admittance vector will shrink without change in its phase until it termi­
nates on the load line at point B. Since the electronic admittance for 
the particular value of 0 chosen is a pure conductance, oscillations will 
occur at the resonant frequency of the cavity, fo , which is also the fre­
quency corresponding to the intersection of the electronic-admittance 
vector and the load line. 

From equation 2.1 we see that, 

2J C3V101
) 1 2Vo 

OB 
(/3V101) 2J (flVIOl) 

2Vo 1 2Vo 
(2.6a) ---

OA [2J (flVO)] (/3V101) 
1 2Vo 2Vo 

(~i:) v=o 

where VI is the steady state RF gap voltage corresponding to drift 
angle, 01. Entering the graph of Fig. 2 with OB/OA as the ordinate, we 
can read off the corresponding value of (/3/2 V 0) VIOl . For a particular 
tube structure and operating conditions, /3/2Vo will be a fixed constant 
so that, in effect, we have determined the value of a quantity propor­
tional to the product of VIOl. 

N ext, consider the case where 0 has been changed from 01 = 

(3 + %)27r to O2 = K(3 + ~~)27r radians. The electronic admittance 
vector for V = 0 will now terminate on the Yes-plot at C. Again a 
build-up of oscillations will ensue and upon attainment of the steady 
state condition the vector will have shrunk to the value OD, with the 
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frequency of oscillation determined by the location of point D on the 
load line. By an argument similar to the one used before, we have 

- = 
2J (f3V2(J2) 

1 2Vo 

(
f3V 2(J2) 
2Vo 

(2.6b) 
OD 

OC 

and once more, the plot of Fig. 2 will yield the value of 

(2~o) V,o, or 

It is apparent that f3/2Vo is a factor common to all these determinations 
and may be neglected if we are only interested in the mode shape, i.e. 
the relative variation of gap voltage or output power with the repeller 
drift angle, (J. For modes higher than N = 2, the electronic admittance 
spiral approximates a number of semi-circles with their centers close to 
the origin. Hence 

Figure 2, then indicates that 

VI(JI > V2(J2 

and 

or 

OD > OB. 
OC OA 

and since K does not vary greatly from unity VI > V2. This is as it 
should be since we know that a change in repeller voltage from its mid­
mode value causes a decrease in power output and, hence, in gap volt­
age. The latter will decrease to zero when (J has been adjusted to a 
value such that the Yes vector terminates at the intersections of the 
electronic admittance spiral and the load line. 

Another result which becomes apparent from an inspection of Fig. 4 
is this. For the condition of stable oscillation the phase angle of the 
electronic admittance equals that of the passive circuit except for an 
additive constant of 180 degrees which, however, may be disregarded 
in this argument. The frequency of oscillation may be determined from 
the input-phase-angle vs. frequency plot of the passive circuit by looking 
up the frequency corresponding to the particular value of phase angle 
to which the electronic admittance has been adjusted (by means of 
repeller voltage). Thus, the curve relating repeller-drift-angle to fre­
quency is identical with the plot of input-phase-angle vs. frequency 
for the passive circuit. Moreover, if repeller voltage is linearly related 
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to the repeller-drift-angle, a condition which in most practical cases 
holds over a restricted repeller voltage swing about its midmode value, 
then the repeller voltage-frequency plot will have the same shape as 
the input phase angle-frequency curve of the passive circuit, differing 
from the latter only by a constant multiplying factor. We therefore 
conclude that the modulation performance of the reflex klystron, at 
least over the central portion of the mode, may be predicted from an 
examination of the driving point properties of the passive circuit. 

The above method of graphical analysis is quite useful in the case of 
conventional reflex klystrons, although the same results may be ob­
tained analytically by making use of the equation for electronic admit­
tance in conjunction with that of the input admittance of a single 
resonator. In the case of coupled resonators the expression for input 
admittance becomes much more involved, as we shall see later, with 
the result that the graphical approach outlined above was found by 
far the quicker and more practical method of solution. 

3.0 THEORY OF COUPLED RESONATOR REFLEX KLYSTRON 

It has been shown that the performance of a reflex k1ystron can be 
analyzed by considering the electronic and passive circuit admittances 
separately and then combining the two graphically in the complex 
admittance plane. The same procedure can be adopted in the deter­
mination of mode shapes resulting from the interaction of the electronic 
admittance with any arbitrary circuit admittance which can be realized 
across the gap. Conversely, we can determine the admittance or im­
pedance function required to produce a particular desired mode shape. 
In other words: given an admittance function, we can determine the 
resulting mode shape, and given a desired mode shape, we can predict 
the required admittance function. As an example, consider a mode 
having a flat top and vertical sides as shown in Fig. 5(a). This would be 
the ideal shape for a reflex oscillator to be used as an electronically swept 
signal source. To achieve this mode shape, we must realize an admit­
tance function across the bunching grids yielding a constant excess of 
negative electronic admittance over a range of repeller voltages. Such 
a function is shown in the complex admittance plane along with the 
plot of Yes in Fig. 5(b) and the corresponding input impedance in 5(c). 
It will result in a frequency range of constant RF gap voltage which in 
turn will give rise to a range of flat power provided it is developed across 
a constant, frequency-invariant conductance. In order to clarify this 
rather important consideration, let us write the admittance appearing 
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across the interaction gap as, 

Y == GT(f) + JBTC!), 

where GT(f) and BT(f) denote the total conductance and total suscep­
tance both of which are functions of frequency. Over the region of 
constant RF gap voltage we require I Y I or 

vi G;'(j) + B;'(j) 

to be constant. This, however, means that the power generated (as 
distinct from the power delivered to the load) is not constant since it 
is given by, 

Generated Power = Y2(RF gap voltage)2 (Total Conductance) 

= ~~V2GTCf) 

and GT varies with frequency. Now, the term GT(f) is the sum of a 
number of conductances, all but one of which do not change with fre­
quency. The frequency-invariant conductances represent the different 
power losses in the primary resonator plus the external load referred to 
the gap while the remaining frequency-sensitive conductance is due to 
the coupled circuit used in shaping the admittance locus. Hence the 
useful power output is proportional to V 2 and therefore constant if V2 
is constant, whereas the variation with frequency of the total conduct­
ance must be taken into account in evaluating generated power. 

The foregoing discussion together with the illustrations of Fig. 5 
should make it clear that in order to maintain a constant RF power 
output level, over a specified frequency range, we must have the elec­
tronic admittance interact with a circuit the input impedance of which, 
when referred to the gap, is also constant over the same frequency range. 
A circuit having such characteristics can be obtained by the use of 
coupled resonators as will be shown later. 

Suppose the emphasis is on modulation linearity rather than flatness 
of power output. Attention, then, must be focused on the relation be­
tween input phase angle and frequency of the passive circuit. Here, 
again, we shall see that the application of coupled resonators offers 
advantages beyond what is possible with a single cavity. 

3.1 Driving Point Properties of Two Coupled Resonators Having Equal 
Q's 

Using the equivalent shunt representation as shown in Fig. 6, the 
exact expression for the input admittance, Y, of two coupled resonators 
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having equal Q's and equal resonant frequencies is given by, 

where 

b = Q(f.im -
nm 

Y = G(g + ib), 

G = shunt conductance of primary and secondary resonators. 

(3.1) 

g, b = total input conductance and susceptance respectively normalized 
wi th respect to G, 

n = normalized frequency = fifo. 

fo = resonant frequency of both primary and secondary resonators. 

k = coefficient of coupling. 

m = 1 - k2
• 

This expression for input admittance, though accurate, is rather un­
wieldy because of the many variables involved. A few obvious approxi­
mations, however, will change equation (3.1) into a much simpler and 
more meaningful expression, yet sufficiently accurate for the range of 
Q's and bandwidths of interest here. Let, 

n = L = fo + ~f = 1 + ~f = 1 + 0 
fo fo fo ' 

where 0 denotes the normalized frequency deviation from resonance, 
~f Ifo . If we further assume that k2 « 1 and the range of Q's is such 
that (Qk)2 may vary from zero to about five and that the maximum 
value of 0 is small enough so that its higher powers may be neglected, 
then equation (3.1) may be simplified to, 

Y _ [ ( Q k) 2 ] .') [_ ( Qk) 2 ] 

G - 1 + 1 + (2Qo)2 + J ... Qo 1 1 + (2QO)2 . (3.2) 
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The above equation * essentially contains three variables: 
(a) The dependent variable, Y IG, i.e. input admittance normalized 

with respect to the shunt conductance, 
(b) the independent variable, (2Qo), which is a factor proportional 

to the frequency deviation from resonance, and 
(c) parameter, (Qk), a measure of the tightness of coupling between 

the two cavities. 
Compared with the input admittance for a single resonator which 

was given earlier, [equation (2.3),] as, Y IG = 1 + j2Qo, it is seen that 
the conductance component has been changed by a factor 

[ 
(Qk)2 ] 

1 + 1 + (2QO)2 

and the susceptance by 

[ 
(Qk)2 ] 

1 - 1 + (2QO)2 • 

Also, by setting k = 0, i.e., completely decoupling the secondary' resona­
tor, equation (3.2) reduces to equation (2.3) as, indeed, it should. 

The information contained in equation (3.2) may be presented graph­
ically in a number of ways. We can plot the magnitude of the normalized 
input impedance, GI Z I, as a function of 2Qo with (Qk)2 as parameter 
as shown in Fig. 6(a). t Or we can plot the input admittance given by 
equation (3.2) directly in the g-b plane as in Fig. 7. Finally, we may show 
the variation of input phase angle with normalized frequency for differ­
ent degrees of coupling as in Fig. 6(b). Each of these graphical represen­
tations has an important bearing on the performance of the coupled 
resonator klystron. Thus, the curves of Fig. 6(a) will have the same 
general shape as the RF power output vs. frequency plot of the reflex 
oscillator, the family of curves of Fig. 7, when superimposed on the 
electronic admittance spiral, can be used for a detailed analysis of mode 
shapes, and Fig. 6(b) determines the modulation characteristics obtain­
able with coupled resonators. 

Having briefly touched upon the significance of the families of curves 
given in Figs. 6(a), 7, and 6(b), we can now proceed to discuss them in 
greater detail and to establish further valuable results. 

* To check the accuracy of this equation, the curve for (Qk)2 = 1 in Fig. 6(a) 
was replotted using the full expression given by equation 3.1 and assuming Q 
= 100. The agreement was found to be essentially perfect as far as its use in this 
investigation is concerned. 

t For a similar presentation of the transfer characteristics of coupled tuned 
circuits see reference (6). 
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3.1.1 Variation of Input Impedance with Frequency, Fig. 6(a). Equation 
3.2 may be written as ' 

where 

and 

Hence 

and 

Y 'b G =g+J, 

[ 
(Qk)2 ] 

g = 1 + 1 + (2QO)2 

[ 
(Qk)2 ] 

b = 2Qo 1 - 1 + (2QO)2 • 

~ = y g2 + b2 

G 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

It is seen that g2 and b2 involve even powers of (2Qo) only, so that GI Z I 
is an even function, i.e., symmetrical about the vertical axis. For this 
reason, one-half the normalized impedance plot only has been given in 
Fig. 6(a). Inspection of this figure reveals that the effect of coupling to a 
secondary resonator is to broaden the frequency range over which a 
high impedance level can be maintained across the interaction gap. 
Comparing the variation of input impedance with frequency for 
(Qk)2 = 0 (i.e., single cavity) with that for (Qk)2 = 0.3, we see that for 
a frequency deviation of 2Qo = ±0.6 the former shows a drop of 14 per 
cent while the latter only varies by ±0.58 per cent. In terms of two cou­
pled resonators having Q = 100 and operating at 4000 mc this means 
a variation in impedance of only ±0.58 per cent or ± .052 db over a 
frequency range of 24 mc. 

Another result clearly brought out by the family of curves of Fig. 
6(a) is that the process of broadbanding by coupling to a second resona­
tor results in a reduction in absolute impedance level. This reduction 
in impedance level at midband is related to the tightness of coupling, 
(Qk)2, by the expression, 

1 
[GI z 110=0 = 1 + (Qk)2 , (3.7) 
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which may be readily derived from eq. 3.6. Note that for (Qk)2 = 1, 
the impedance level at midband has dropped to half the value obtained 
with a single resonator or (Qk)2 = o. The degree of coupling corre­
sponding to (Qk)2 = 1 is noteworthy for reasons other than the one just 
mentioned. They will be discussed in the following section. 

3.1.2 Input Admittance Plot in g-b Plane, Fig. 7. The graphical repre­
sentation of input admittance in the complex admittance plane is of 
particular usefulness in the analysis of the coupled resonator reflex 
klystron. For the moment, however, we shall restrict the discussion te 
a consideration of the passive circuit only. 

Each solid line in Fig. 7 is the locus of the admittance vector for a 
particular tightness of coupling. For (Qk)2 = 0 the locus is a straight 
line parallel to the susceptance axis as described earlier for the case of a 
single resonator. For (Qkl = 0.3 the shape of the locus approximates 
a circle with its center at the origin; this, of course, being true only over 
a restricted frequency range. As the coupling to the secondary resonator 
is progressively tightened, the locus is seen to bulge out in the direction 
of increasing conductance until, for (Qk)2 = 1, it forms a cusp. This 
condition will henceforth be referred to as "critical coupling."* Coup­
ling even tighter causes the formation of loops of increasing size. 

For the overcoupled case, (Qk)2 > 1, the admittance-vector locus 
crosses the conductance axis three times, with the first and third crossings 
coincident and independent of (Qk)2 and the second crossover a function 
of (Qk)2. The location of these intersections with the g-axis may be 
determined by equating the susceptance to zero, i.e., from equation 
(3.5), 

r (Qk)2 ] 
2Qo II - 1+ (2Qo)2 = O. 

Hence the crossing to the extreme right occurs for 2Qo 
first and third interesections correspond to 

2Qo = ±v (Qk)2 - 1-

o while the 

To determine the size of the loop we substitute 2Qo = 0 into the expres­
sion for the conductance, i.e., equation (3.4) and obtain, 

* It should be noted that the term "critical coupling" as applied to the transfer 
characteristics of coupled tuned circuits, though also occuring for (Qk)2 = 1, 
assumes a different significance in that it describes the condition of maximum 
flatness in response and optimum phase linearity. (See reference 6.) In the case of 
the coupled resonator reflex klystron, "critical coupling" forms the transition 
between stable performance and load hysteresis as will be shown later. 
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showing that the size of the loop is a sensitive function of the degree of 
coupling. The conductance value for the first and third crossover points 
is obtained by substituting 

2Qo = ±VCQk)2 - 1 

into equation (3.4) and results in g = 2, i.e., a value of g independent of 
the coupling coefficient. 

The dashed lines shown in Fig. 7 connect points of equal frequencies. 
It is of interest to note that these loci are straight lines crossing the 
conductance axis at g = 2. To prove this, eliminate (Qk)2 between equa­
tions (3.4) and (3.5). This yields, 

whence 

g - 1 = 1 
b 

2Qo' 

b = (-2Qo)(g - 2). (3.8) 

For a particular and constant value of 2Qo, equation (3.8) describes a 
straight line of slope equal to (-2Qo) intersecting the g-axis at g = 2. 

3.1.3 Variation of Input Phase Angle with Frequency, Fig. 6(b). The 
last driving point property of interest to this study is the dependence 
upon frequency of the input phase angle, cpo Referring to equation (3.2), 
this quantity is obtained as, 

_ -1 [ . 0 1 + (2QO)2 - (Qk)2] 
¢ - tan 2Q 1 + (2QO)2 + (Qk)2 . (3.9) 

The graphical representation of this function is given in Fig. 6(b). It 
shows the gradual transition from a simple S-shaped curve for (Qk)2 ~ 0, 
having its only point of inflection at the origin, to the type of curve 
corresponding to (Qkl > 1 which intersects the frequency axis three 
times. The special case of (Qk)2 = 1, considered earlier and found to 
result in the formation of a cusp in the complex admittance plane, now 
gives rise to a plot of input phase which is tangent to the horizontal 
axis at the origin. 

To investigate the condition for greatest linearity between phase 
angle and frequency, which, when applied to the coupled resonator 
reflex klystron, would be the condition for optimum modulation linearity, 
one could simply apply a straight edge to the curves of Fig. 6(b) and 
pick the best value of (Qk)2 in this manner. A much more sensitive 
criterion of linearity, however, is the variation with frequency of the 
slope of these curves. An analytical expression for this slope has been 
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derived from equation (3.9) as, 

d4> _ [1 - (Qk)4] + (2QO)2[2 + 4(Qk)2] + (2QO)4 
d(2Qo) - [1 + (Qk)2]2 + (2QO)2[3 + (Qk)4] + (2QO)4[3 - 2(Qk)2] + (2QO)6' 

(3.10) 

The above expression, involving even powers of 2Qo only, results in a 
family of curves symmetrical about the vertical axis, the positive half 
of which is shown in Fig. 6(c). From it the value of (Qk)2 for greatest 
linearity or most constant slope is seen to lie somewhere between 0.1 
and 0.2. This is further borne out by Fig. 8, in which this region has 
been more fully explored. Fig. 8 constitutes a plot quite similar to that 
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of Fig. 6(c) except that the ordinate now represents the instantaneous 
slope normalized with respect to its midmode value. The curves shown 
are for values of (QII/ ranging from zero to (Qk)2 = 0.18. Let us, for 
example, examine the curve corresponding to (Qk)2 = 0.12; the slope 
is seen to stay absolutely constant up to a frequency deviation of 2Qo = 
±0.3, while the plot for the single resonator, i.e., (Qk)2 = 0, included in 
this figure for comparison, changes by 8.4 per cent over the same fre­
quency range. 

Putting this in another way, suppose the maximum allowable devia­
tion in slope from its mid-band value is one per cent. Fig. 8 then in­
dicates that the permissible frequency deviation for coupled resonators 
having a value of (QlI/ = 0.135 is given by 2Qo = ±0.5, whereas it 
must be restricted to one-fifth this value, i.e., 2Qo = ±0.1, for the 
single resonator case. In terms of a midband frequency of 4000 mc and 
Q = 100, the permissible frequency excursions would be ± 10 mc and 
±2mc, respectively. 

It is to be noted that the value of coupling coefficient resulting in 
greatest modulation linearity is considerably smaller than the value of 
coupling coefficient found to yield a constant impedance level. 

3.2 .L1;[ ode Shapes Resulting from the Interaction Between Electronic 
Admittance and Input Admittance of Two Coupled Resonators of Equal 
Q's 

Having determined all relevant properties of the passive circuit as 
they appear across the grids of the bunching gap, we may now proceed 
to investigate the results arising from their interaction with the electronic 
admittance. The approach to be adopted is essentialJy the same as the 
one outlined earlier for the case of the conventional single-cavity reflex 
klystron. It involves a graphical superposition of the negative of the 
passive circuit admittance upon the small-signal-electronic-admittance 
spiral in the g-b plane, such as shown in Fig. 9(a). The location of the 
load lines with respect to the spiral has been chosen, somewhat arbi­
trarily, such that the ratio between the length of the Ye8-vector cor­
responding to (J = (2 + %) cycles and that of the input admittance 
vector for (Qk)2 = 0 and 0 = 0 equals two. Load lines have been drawn 
for five values of (Qk)2 ranging from zero to unity. 

The determination of mode shapes from Fig. 9(a) proceeds as illus­
trated in Table 1. Taking the repeller drift angle as the independent 
variable we can obtain corresponding values of generated power (in 
arbitrary units) and frequency (in terms of Qo) by going through the 
steps indicated. 
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drift angle. (d) Power output versus frequency. (e) Power output, normalized 
with respect to its maximum value within the mode, shown as a function of fre­
quency. 
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TABLE 1- DETERMINA'l'ION OF MODE SHAPES FROM COMPLEX 

ADMITTANCE PLANE PLOT OF FIGURE 9(a) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) 
~~ -~~ ~- --~ ---------

Small "" Signal Passive , 
K, Elec- Circuit ~ (KVOo) (VOo)2, KOo, Ratio of tronic Admit- from Quantity Repeller Drift Admit- tance .~ Bessel- VOo, Propor-Drift Angle Angle tance function (6)/(2) tiona I to Qo 

(00 = Midmode to its 

~I~ plot Power Value) Midmode 
:Measured off Fig. of Fig. 2 Output Value 

I 
~~ 

9(a) in Arbitary '-;:~ 
Units of Length ~'-' 

(Qk)2 = 0.4, 2%-mode, i.e., eo = (2 + %)27r radians = 5.57r radians 

5.207r 0.947 9. 45 1 9.45 11.000 0.00 0.000 0.00 +0.85 
5.257r 0.955 9.54 8.10 I 0.849 1.13 1.182 1.40 +0.67 
5.307r 0.967 9.63 7.35 0.764 1.44 1.493 2.23 +0.53 
5.357r 0.974 9.72 6.95 0.715 1.60 1.645 2.70 +0.42 
5.407r 0.983 9.82 6.80 0.693 1.67 1.700 2.89 +0.30 
5.457r 0.992 9.91 6.80 0.686 1.69 1.703 2.90 +0.17 

eo = 5.507r 1.000 10.00 7.00 0.700 1.65 1.645 2.71 0.00 
5.557r 1.010 10.10 6.80 0.673 1.73 1.713 2.94 -0.17 
5.607r 1.020 10.20 6.80 0.667 1.75 1.715 2.95 -0.30 
5.657r 1.029 10.29 6.95 0.676 1. 72 1.673 2.80 -0.42 
5.707r 1.038110.38 7.35 0.709 1.62 1.560 2.44 -0.53 
5.757r 1.046 10.46 8.10 0.775 1.40 1.340 1.80 -0.67 
5.807r 1.055 10.55 9.45 0.895 0.95 0.900 I 0.81 -0.85 

The results of this analysis are shownin Fig. 9. This illustration, in 
addition to giving detailed performance characteristics for the 3 + ~i 
mode, also indicates clearly the wealth of information which may be 
obtained from the complex admittance plane representation. Although 
the curves shown are self-explanatory, a few comments regarding their 
significance would seem to be in order. It is seen, for instance, that a 
coupling coefficient so adjusted that (Qk)2 lies between 0.2 and 0.4 
will produce a frequency range of essentially constant power. In par­
ticular, if we pick the curve for (Qk)2 = 0.4 from the family of curves 
of Fig. 9(d), it will be seen that the variation in power over a bandwidth 
of Qo = ±0.4 is ±2 per cent, while the corresponding value for the 
single resonator case, i.e., (Qk)2 = 0, is minus 23 per cent. As the value 
of (Qk)2 is increased beyond 0.4, the depression in the center of the mode 
becomes increasingly pronounced until it turns into a cusp for (Qk)2 = 1. 
Mode shapes for (Qk)2 > 1, though of no direct interest to this in­
vestigation, are indicated in Fig. 10 since they may be encountered in 
practice in cases of excessively tight coupling and could then be recog­
nized as such. If the mode is traversed in the direction of increasing 
I Vn I (or increasing frequency) , such that the intersection of the electronic 
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admittance vector with the load line moves down along the latter as 
indicated by the arrows in Fig. 10(a), power changes smoothly until 
the Ye-vector becomes tangent with the loop at 4. At this point there 
occurs a discontinuous jump in both power and frequency caused by 
the sudden shortening of the Ye-vector from 4 to 7. From here on, power 
and frequency again become single valued functions of V R • The mode 
shape corresponding to this uni-directional sweep is shown in Fig. 10(b). 
If the mode is traversed in the opposite sense we again encounter this 
discontinuity although it will now occur on the opposite side of the 
loop and, therefore, at a different repeller voltage and frequency. Fig. 

8 8 

(b) (c) 

(a) 

Fig. 10 - Production of load hysteresis by overcoupled cavities. (a) Load line 
for overcoupled cavities. (b) Oscillographic mode representation for unidirectional 
(sawtooth) repeller sweep. (c) Oscillographic mode representation for sinusoidal 
repeller sweep. 

10(c) shows the load hysteresis effect as one might expect to observe it 
on the oscilloscope screen with a sinusoidal sweep applied to the repeller. 

3.3 Driving Point Properties of Two Coupled Resonators Having Un­
equal Q's 

The presentation of the theory of the coupled resonator reflex klystron 
will now be concluded by a discussion of the more general and, as we 
shall see, more useful case of two coupled cavities of unequal Q's. Specifi­
cally, we are considering the equivalent circuit shown in Fig. 11. By 
making approximations similar to those which led to equation 3.2, the 
input admittance for the case of unequal Q's may be derived as,2, 4, 5 

(3.11) 
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or in more convenient form as, 

y [ p(Qk)2 ] . [ p2(Qk)2 ] 
G - 1 + 1 + p2(2Qo)2 + J(2Qo) 1 - 1 + p2(2Qo)2 , (3.12) 

where 

Qs 
P = Q' 

The above expression contains four variables, namely Y IG, (Qk), (2Qo) 
and p, so that the complex admittance plane representation will now 
have to be restricted to particular values of p. One such plot, for p = 
~~, appears in Fig. 11. It is similar to that of Fig. 7 except that only the 
positive half has been shown since equation (3.12) is symmetrical about 
the conductance axis; in addition, the parameter, (Qk)2, has been carried 
to the point of critical coupling onlv. i.p. .. thp. formation of a cusp, and 
not beyond. The frequency contours are again seen to be straight lines 
crossing the horizontal axis at a value of conductance equal to the in­
put conductance for the condition of critical coupling and 2Qo = O. 

Equation (3.12) shows that the susceptance term will be zero for 

(a) 2Qo = 0, 

or for 

(b) (3.13) 

The value of conductance corresponding to condition (a) is given by 
g = 1 + p(Qk)2 and the value corresponding to condition (b) by g = 
1 + lip. It is interesting to note that this latter value which determines 
the point of intersection of the frequency contours, as well as of the 
. admittance plot for critical coupling, with the conductance axis, is 
independent of the actual values of Q and· the degree of coupling and 
only dependent upon p, the ratio of Q's. Thus in Fig. 11, which con­
stitutes a plot for p = 0.5, the value of conductance at which all the 
above named contours meet is given by g = 1 + 1/0.5 = 3. 

From what has been said before we know that at critical coupling the 
admittance locus forms a cusp intersecting the conductance axis at 
g = 1 + lip at the frequency, 2Qo = O. Substituting this value of 
2Qo into the conductance term of equation 3.12 and equating to 1 + lip 
yields 

1 + p(Qk)2 = 1 + ! . 
p 
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Hence 

pQk = Qsk = 1 (for critical coupling). (3.14) 

The effect of reducing the secondary resonator Q is to broaden the 
frequency range over which a high input impedance or low admittance 
may be maintained. This is clearly illustrated in Fig. 12 where curves 
having the same value of conductance at resonance have been selected 
from Figs. 7 and 11 and superimposed to facilitate comparison. 
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with the case in which the secondary Q equals half the primary Q. 
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3.4 Mode Shapes Obtainable with Two Coupled Resonators of Unequal 
Q's 

The complex admittance plane representation for the case of the 
secondary Q equal to half the primary Q is shown in Fig. 13(a) and the 
resulting mode shapes for the 3 + ~:4: repeller mode in Figs. 13(b), (c), 
(d), and (e). Again we notice that the coupling coefficient required for 
best modulation linearity is considerably smaller than that which re­
sults in a flat topped power curve. From Fig. 13(c) the most linear 
frequency-repeller voltage curve is associated with (Qk)2 rv 0.8 while 
from Fig. 13(d) a flat power mode may be obtained with a value of 
(Qkl somewhat less than 1.6. In cases where neither modulation linearity 
nor constant power output are of importance but where the application 
requires a wide electronic tuning range, Fig. 13(e) shows the advantage 
to be gained from coupled cavities. Here, power output ha~ been nor­
malized with respect to its peak value within the particular mode under 
consideration and plotted against Qo. The ratio of half-power band­
widths for the curve corresponding to (Qk)2 = 2.4 to the single resonator 
case, i.e., (Qk)2 = 0, is seen to equal 1.73. 

A phenomenon which may be encountered in the operation of the 
coupled resonator reflex klystron is illustrated by the (Qk)2 = 4.0 curve 
of Fig. 13(b). Here we are dealing with a split mode in which the power, 
though everywhere ·a single valued function of repeller voltage, drops 
to zero over a range of repeller voltages centered about the middle of 
the mode. The reason for this behavior may be readily understood from 
an inspection of the complex admittance plane representation of Fig. 
13(a). It is caused by the Yes-locus for the 3 + % repeller mode crossing 
the appropriate load line and thereby resulting in a frequency band over 
which the condition for oscillation cannot be met. 

4.0 AN EXPERIMENTAL COUPLED-RESONATOR REFLEX KLYSTRON 

. The reduction to practice of the theoretical results obtained in the 
above study raises these requirements: 

(1) An arrangement must be found which allows the coupling between 
primary and secondary cavities as well as between primary cavity and 
waveguide output line to be varied continuously and independently. 

(2) Either primary or secondary resonators (or both) must be tunable 
to allow frequency adjustments for synchronous operation. 

(3) Secondary resonator Q should be continuously variable. 
(4) The secondary resonator should be detachable for independent 

determination of Q. 
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DETERMINATION OF THEORETICAL MODE SHAPES 
FOR 33/4 REPELLER MODE AND SECONDARY Q 
EQUAL TO PRIMARY Q 
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Fig. 13 -- Graphical determination of mode shapes for a coupled resonator 
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effect of lowering the secondary Q may be studied by comparing the above curves 
with the corresponding ones shown in Fig. 9. 
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(5) Frequency at which these experiments are to be performed should 
be in a microwave band where good waveguide components and measure­
ment techniques are available. 

These considerations have led to the adoption of an external cavity 
type reflex klystron, the Sylvania 6BL6, as a vehicle for the experimental 
studies to be described, and operation in the 3700-4200 mc band. 

4.1 Constructional Features of Experimental Tube and Circuit 

The 6BL6 is one of a group of Sylvania low-voltage reflex klystrons10 

designed for use with external cavity resonators. Electrical connection 
to the interaction-gap grids is made through gold plated contact rings, 
formed from the disc seals which pass through the glass. The top ring 
is slight1y smaller in diameter than the bottom ring, thereby permitting 
the insertion of the tube without disturbance to the associated cavity. 
Fig. 14 shows the external appearance of this tube and also contains a 
view of the major components of the passive circuit with cutouts to 
indicate the internal construction. 

SECONDARY 
. CAVITY 

RESISTANCE VANE 

COUPLING ADJUSTMENT 
BETWEEN PRIMARY AND 

SECONDARY CAVITY 

SHUTTER TO VARY 
OUTPUT COUPLING 

Fig. 14 - An experimental coupled resonator reflex klystron having a fixed 
frequency primary cavity. 
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Operation in the 4000-mc band was found to require a closely fitting 
primary cavity resonating in its principal mode. This unit, made of 
gold plated brass, is coupled to the output waveguide and secondary 
cavity respectively through two rectangular irises the sizes of which are 
independently variable by means of shutters. Toroidal contact springs 
located in circular grooves grip the inserted tube and complete the 
external circuit. The secondary cavity consists of a length of rectangular 
waveguide and uses a movable contacting plunger for tuning. A micro­
meter driven resistance vane may be inserted into this cavity through a 
longitudinal slot in its top surface thereby obtaining a wide range of 
continuously variable Q's. The entire unit is attached to the output 
waveguide by means of the adapter plate shown to the right of the 
primary cavity in Fig. 14. 

A coupled resonator circuit having a tunable primary cavity is shown 
in the photograph of Fig. 15. The secondary cavity of this unit is identical 
to the one shown in the Fig. 14 but the primary resonator has been 

6 BL 6 

TUNING 
PLUNGER 

SECONDARY 
CAVITY 

SECONDARY Q 
ADJUSTMENT 

TUNING 
ADJUSTMENT 

Fig. 15 - An experimental coupled resonator reflex klystron with a tunable 
primary cavity. The mechanical tuning range of this tube extends from 370D-4200 
mc. 
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modified to take two non-contacting tuning plungers so dimensioned 
that they can be moved in very close to the glass wall of the 6BL6. In 
this wayan operating frequency range from 3700-4200 mc was obtained. 

4.2 Qualitative Verification of Theory 

The results of a qualitative verification of the coupled-resonator 
reflex klystron theory are given in the form of oscillographic displays in 
Fig. 16. Photograph (a) shows the (3 + %)-repeller mode of the 6BL6 
with the secondary cavity completely decoupled. In photograph (b) 
the coupling iris and secondary Q have been adjusted for a flat topped 
output curve. The bandwidth of this curve for a variation in power 
output of ±0.1 db was found to be 58 mc, i.e., considerably greater than 
the half-power bandwidth of the single resonator case above. Increasing 
Qak beyond this point by either enlarging the coupling iris or withdraw­
ing the resistance vane from the secondary resonator or a combination 
of both brings about the condition of critical coupling, illustrated by 
photograph (c). As explained earlier, this mode-shape results from the 
admittance plot of the passive circuit forming a cusp in the g-b plane. 
Comparison between this photograph and the theoretical mode of Fig. 
9(b) for (Qk)2 = 1 indicates good qualitative agreement. Coupling the 
secondary cavity still tighter, i.e., making the value of QJc greater than 
unity, causes the formation of a loop in the circuit admittance plot and 
the consequent load hysteresis shown in photograph (d). Whereas all 
oscillograms discussed to this point have been obtained with a 60-cycle 
sinusoidal sweep applied to the repeller, the last one in this group, (e), 
results from a unidirectional (sawtooth) repeller sweep. The nature of 
this hysteresis effect has been explained earlier, and oscillograms one 
might expect to observe with overcoupled resonators for both sinusoidal 
and unidirectional sweeps were shown in Fig. 10. Again we note good 
qualitative agreement. 

4.3 Quantitative Verification of Theory 

As further strengthening of the theory underlying the operation of 
the coupled resonator reflex klystron a quantitative, experimental veri­
fication was undertaken. The methods used in connection with this 
work and the results obtained will form the subject of the sections to 
follow. To anticipate some of the conclusions which will be presented 
in the course of this description, let it be said here that the quantitative 
agreement between theory and experiment was found to be of an order 
high enough to justify amply the approximations involved in the ex-



A COUPLED RESONATOR REFLEX KLYSTRON 751 

pressions for both electronic admittance and passive circuit admittance, 
and to establish confidence in the method of analysi.s proposed to predict 
tube performance under a variety of conditions. 

Since theoretical results had been worked out for the cases of the 
secondary Q equal to the primary Q and for the secondary Q equal to 

t 
a: 
w 
~ 
o 
IJ.. 

!VRI AND f INCREASING -

(a) 
SECONDARY RESONATOR COM­
pLETELy DECOU PLED. HALF POWER 
ELECTRONIC TUNING RANGE EQUAL 
TO 49 MC. 
(PEAK POWER = 100 MW) 

(b) (e) 
SECONDARY RESONATOR COUPLING MODE SHAPE FOR CONDITION OF 
AND Q ADJUSTED FOR FLAT TOPPED CRITICAL COUPLING, L.e.,QsK= I 
MODE SHAPE. BANDWIDTH FOR 
POWER VARIATION OF ± 0.1 DB IS 
59 MC. 

(d) (e) 
LOAD HYSTERESIS DUE TO OVER- SAME AS (d) EXCEPT FOR 
COUPLING, L.e., QsK > 1 UNIDIRECTIONAL (SAWTOOTH) 

REPELLER SWEEP 

Fig. 16 - Qualitative verification of theory. These oscillograms were obtained 
with a 6BL6 in the circuit of Fig. 14 and the following operating conditions: V 0 = 
325V, Ik = 28 rna, fo = 3800 mc, 3 + % cycle repeller mode. 
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half the primary one, (see Figs. 7 and 11, respectively) it was decided to 
establish the same conditions in the experimental tube and to compare 
the results thus obtained with those predicted by theory. 

Prerequisites for the execution of these experiments were: 
(a) Knowledge of the primary Q. 
(b) Complete calibration of the secondary cavity with respect to 

both the variation of Q8 with penetration of resistance vane and varia­
tion of coupling coefficient with size of coupling iris. 

(c) Knowledge of the location of the load lines with respect to the 
small signal electronic admittance plot in the complex admittance 
plane. 

4.3.1 Determination of Primary Q. The above parameter is under­
stood to denote the "operating" or loaded Q of the tube with the output 
iris adjusted to its final and permanent size and the secondary cavity 
completely decoupled. For the case of an inductively tuned (fixed gap) 
reflex klystron, it may be determined experimentally using the expres-

• 7 slOn, 

,I d~.1 
Q = 7rfo -I df 1 

dV R h=N'+3/4 

- 7r(N + !), (4.1) 

where T denotes the repeller space transit time. Both dT / dV Rand df / dV R 

are to be evaluated at the center of the mode. 
The functional relationship between T and V R was obtained by placing 

the 6BL6 in the tunable primary cavity of Fig. 15 and determining the 
repeller voltage for maximum power output over the mechanical tuning 
range of the cavity. Since the same repeller mode was used throughout 
this test, T must also have been the same at each of these frequencies, 
namely equal to (N + %)/f seconds. The experimentally determined 
plot of repeller voltage vs. frequency is given in Fig. 17. It is seen to be 
a straight line described by the equation, 

f = (13.5VR + 2495) mc 

and since, for the 3 + %-repeller mode, 

3.75 10-6 
T = f-- sec., 

(me) 

(4.2) 

(4.3) 

the desired relation between T and V R is obtained from the above two 
equations as 

T = (3.6VH + 665)-1 sec., (4.4) 
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whence the numerator of equation 4.1 follows as 

I 
dr I 3.6 10-6 

/ I 
dV R = (3.6V R + 665)2 sec vo t. (4.5) 

I t remained only to replace the 6BL6 in the fixed tuned primary 
cavity, in which all subsequent tests were performed, and to determine 
the midmode repeller voltage and frequency. These values were found 
to be 96 volts and 3800 me respectively, thus yielding by substitution 
into equation (4.5), 

I 
dr I 3.6 X. 10-

6 

~ - = 3.52 X 10-12 sec/volt. 
dV R - (3.6 X 96 + 665)2 

The demoninator of equation (4.1) simply denotes the "modulation 
sensitivity" at the center of the mode. A simple measurement estab-
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Fig. 17 - Experimental determination of the relation between frequency and 
repeller voltage. Points shown were obtained with a 6BL6 in tunable primary 
cavity of Fig. 14 with secondary cavity completely decoupled and operation in the 
3 + % repeller mode at a beam voltage, Vo = 325V. Frequency was varied by 
means of tuning plungers and repeller voltage recorded for maximum power out­
put. Relation is given by, f = (13.5VR + 2495) mc. 



754 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1953 

lished its value as, 

I d~R I = 1.12 mc/volt. 

Substitution into equation (4.2) then gave the value of primary Q as, 

Q () 2 18 (3.52) 10-12 
( ) 

= 7f 3.8 10 (1.12)106 - 7f 3.75 = 130. 

The entire Q-determination, incidentally, as outlined above, was re­
peated for the 2 + % mode and resulted in Q = 128.8 thus affording an 
excellent and independent double check. 

4.3.2 Calibration of Secondary Resonator. To facilitate the establish­
ment of controlled and reproducible conditions of secondary Q and 
coupling coefficient, two calibration curves had to be obtained. One, 
relating the values of secondary Q with the readings of the micrometer 
controlling the depth of insertion of the resistance vane and the other, 
relating the coefficient of coupling, k, with the coupling iris width. The 
latter could be varied by means of gold plated spring shutters as shown 
in Figs. 14 and 15. 

This calibration of the secondary cavity was carried out in three 
distinct phases. The first phase involved the determination of the varia­
tion of Qs with micrometer setting for values of Qs ranging from 500 to 
2000. The second phase, which was based on the results obtained in 
phase one, yielded the complete calibration of the coupling iris and the 
third and last phase, in turn dependent on results of phase two, yielded 
values of Qs down to 65. The reasons for this particular sequence of 
measurements will become apparent in the following more detailed 
description. 

By means of a Q-measurement technique8 based on an oscillographic 
display of reflected power, points on the calibration curve were obtained 
as indicated by the circles in Fig. 18. It is seen that the lowest value of 
Qs which could be determined by this method was 550. For lower values 
of Q, the sweep range of the signal generator became insufficient to 
display the required fraction of the resonance curve; in addition, the 
cavity proved excessively undercoupled to permit reliable measurements 
of bandwidths. 

Using the values of Qs thus determined and a particular property of 
coupled resonators covered earlier in this text and further elaborated 
below, the relation between coupling coefficient and iris width was 
established. It was shown earlier that an overcoupled secondary cavity 
gives rise to load hysteresis manifesting itself in mode shapes as sketched 
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Fig. 18 - Calibration of secondary cavity. Variation of secondary Q with 
reading of micrometer controlling depth of insertion of resistance vane. 

in Fig. 10 and shown in the form of an oscilloscope pattern in Fig. 
16(d). Conditions pertaining at the crossover point were described by 
equation (3.13), which stated: 

p2(Qk)2 = 1 + p2(2Qo)2, 

or, since pQ Qs 

Hence the two frequencies corresponding to the crossover point are 
given by 

0',2 = ± ~ Ie - (~;)' (4.6) 

and their difference, £10, by 

(4.7) 

Equation (4.7)4. 5 provides an experimental method of determining k 
~ince Ao can be ~ccurately measured and Qs is known from previous tests. 
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The actual procedure adopted in calibrating the coupling iris was this: 
The secondary cavity was set to a fairly high and known value of Qs , say 
1500, and the coupling iris adjusted to the smallest width which still 
resulted in overcoupling, i.e. in Qiv > 1, and thus displayed the de­
sired load hysteresis on the oscilloscope screen. By means of a high-Q 
absorption wavemeter the crossover frequencies were determined and, 
along with the known value of Q, substituted into equation (4.7) which 
then yielded the value of k. As a double check the above procedure was 
repeated for several values of Qs and in accordance with theory the 
coupling coefficient, k, found to be a function only of the iris coupling 
width. A typical set of readings is given in Table II. They show that 
though Qs was varied by a ratio of nearly 3: 1, the resulting values of k 
only differed by about one-half per cent. Measurements as shown in 
the table were repeated for various iris widths. They resulted in the 
curve of Fig. 19. 

To complete the calibration of the secondary cavity it was necessary 
to extend the relation between Qs and micrometer readings to values 
lower than could be obtained by the reflected power technique. This 
was carried out with the aid of Fig. 19 in the following manner: 
With the coupling iris adjusted to its maximum width of 0.5", the 
secondary Q was varied until the condition of critical coupling, as ob­
served by the formation of a cusp on the oscilloscopc pattcrn (see Fig. 
16(c)), was reached. Since this condition is characterized by Qsk = 1 
and since the value of k corresponding to the iris opening could be read 
off the curve of Fig. 19, the value of Qs then followed simply as the 
reciprocal of k. This measurement was repeated for successively smaller 
iris openings and the points shown as triangles in Fig. 18 were obtained. 
Inspection of this figure also reveals that these values of Q s , ranging 
from 65 to 1100, overlap and coincide with values of Qs determined 

TABLE II 

Coupling Secondary Crossover Ilj = Illl = From Equa tion 
Iris Cavity Q, Frequencies (fl - h) 21lj (4.7), 

Width !I andh k = 
(inches) Q. (me) (me) !I + 12 y'(1l1l)2 + (1/Q.)2 

0.500 1430 3749.9 55.5 14.92 X W-a 14.93 X 10-3 

3694.4 

0.500 975 3748.4 55.3 14.90 X 10-3 14.90 X 10-3 

3693.1 

0.500 573 3745.2 54.8 14.74 X 10-3 14.85 X 10-3 

3690.4 
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Fig. 19 - Calibration of coupling iris. Variation of coupling coefficient with 
width of coupling iris. 

independently by the reflected power method. The significance of this 
experimental agreement is twofold. It serves to prove the correctness 
of the calibration curves of Figs. 18 and 19 and beyond that may be 
regarded as verifying much of the theory of the coupled resonator re­
flex klystron. 

4.3.3 Comparison of Experimental and Theoretical Mode Shape:). 
Knowing the primary (operating) Q and the calibration of the sec­
ondary resonator, controlled operating conditions were established and 
the experimental mode shapes shown in the left hand column of Fig. 20 
obtained. The first three families of curves in this column are the results 
of point by point measurements in which repeller voltage, taken as the 
independent variable, was varied by known amounts about its midmode 
value and the corresponding values of RF power output and frequency 
were determined by a thermistor-bridge-wattmeter and high-Q wave­
meter respectively. The last family of curves in this group, (d), is derived 
from (c); in it power has been normalized with respect to its maximum 
value within the mode thus permitting the convenient determination of 
midmode percentage reduction of power and electronic tuning range 
to any desired power level for various values of (Qk)2. 

Additional details of the test conditions which gave rise to the ex-
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Fig. 20 -- Quantitative verification of coupled resonator reflex klystron theory. 
Curves (a) and (b) were obtained experimentally by changing the repeller voltage 
about its midmode value and noting the corresponding values of power and 
frequency. Curves (c) and (d) were deduced from (a) and (b). The theoretical 
curves were obtained graphically from a complex admittance plane plot similar 
to those of Figs. 9 and 13. 
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perimental curves shown are as follows: 
6BL6 repeller mode = 3 + % cycles 

Resonator voltage, Vo = 325 volts 
Cathode current, Ik = 28 rna 

Midmode repeller voltage, V R = - 96 volts 
Midmode frequency, fo = 3800 me 

Secondary Q, Qs = Yz primary Q = 65, obtained by mi­
crometer reading of 0.234 (see Fig. 
18) 

The parameter, (Qk)2, was varied by adjusting the iris width, and hence 
k, according to Table III. 

A few words, next, about the method by which the theoretical curves 
of Fig. 20 were derived. Input admittance plots for two coupled resona­
tors having Qs = YzQ were given earlier in this report (see Fig. 11). 

(Qk)2 

0.0 
0.8 
1.6 
2.4 

TABLE III 

k (for Q = 130) 

0.00 
6.88 X 10-3 

9.73 X 10-3 

11.90 X 10-3 

Iris width from Fig. 19 in inches 

0.000 
0.285 
0.350 
0.405 

These included graphs for the values of (Qk)2 listed in Table III and 
thus of direct use in a graphical admittance plane analysis such as 
described in Section 3.2. To establish correlation, however, between 
theory and experiment, it was necessary to determine the location of the 
load lines in relation to the small-signal electronic admittance plot for 
the 3 + % repeller mode. This was performed graphically by trial and 
error as follows: a number of electronic admittance loci were drawn and 
their interactions with the load line for (Qkl = 2.4 studied. In particu­
lar, the ratio of minimum to maximum power was calculated for each 
trial until one was found agreeing well with the experimental value of 
0.845 (see Fig. 20d). This latter trial, then, was taken as representing 
the proper relation between electronic and circuit admittance. Mode 
plots for other values of (Qk)2 were determined without further reference 
to the experimental results and allowed to fall where they may. 

In comparing the theoretical and experimental curves, then, the fol­
lowing points should be kept in mind: the frequency scales of the the­
oretical curves are normally expressed in terms of Qo. This was converted 
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to megacycles in Fig. 20 by using the relation, 

Af = (Qo) B mc, 

where Q was found to equal 130 by the independent measurement de­
scribed in section 4.3.1 and fa taken as 3800 mc. The vertical power 
scales of the theoretical curves are not entirely independent of the 
experimental plots in as much as one of the latter, namely the plot for 
(Qk)2 = 2.4, was used in determining the location of the load lines within 
the spiral diagram. 

The curves presented in Fig. 20 are largely self-explaining. They in­
dicate good agreement between theory and experiment. What disagree­
ment there is, may be traced primarily to the assumptions involved in 
the small signal klystron theory not being fully met in practice. Thus; 
the slight discrepancy between Figs. 20(a) and (aa) may be due to the 
drift angle not being linearly related to repeller voltage or possibly due 
to the phase angle of the electronic admittance being affected by the 
magnitude of the gap voltage. l1 These factors, however, are eliminated 
in the mode plots (c) and (d), which for this reason exhibit better mode 
symmetry and very close agreement with theory. 

4.4 Performance Data 

The experimental curves of Fig. 20 were obtained with particular 
values of (Qk)2 and Qs/Q for which the input admittance of two coupled 
resonators had been computed and plotted earlier. As pointed out before, 
these values were chosen merely because they facilitated comparison 
between theory and experiment; they were not to be regarded, however, 
as representing optimum conditions. Whereas these curves had been 
obtained for a fixed secondary Q (namely equal to half the primary one), 
with changes in coupling-iris width producing the desired variations in 
(Qk)2, the demonstration of optimum performance which follows was 
pursued along different lines. Here, the coupling iris was opened to its 
maximum width (0.500") and the secondary Q adjusted until the con­
ditions shown by the oscillograms of Fig. 21 were obtained. * These oscil­
lograms indicate a number of mode shapes useful in applications re­
quiring power output to be essentially independent of frequency. It is 

* In adjusting the circuit parameters for a fiat topped mode it should be borne 
in mind that the variation in power with frequency is a function of Q sk whereas 
the actual bandwidth varies inversely with Qs . For a maximum fiat band, there­
fore, Q. should be chosen as small as possible consistent with a value of CQ.k)2 
of about 0.35. In practice the lowest value of Qs which can be used will be deter­
mined by the highest value of k obtainable with a given coupling iris. 



A COUPLED RESONATOR REFLEX KLYSTRON 761 

seen that the useable bandwidth depends on the degree of flatness. Thus, 
if the application requires power to be absolutely constant, the useable 
bandwidth equals 39 mc; it increases to about 70 mc for a fluctuation 
in power of ±0.2 db. Fig. 21 also lists the values of half power electronic 
tuning for the oscillograms shown. They are seen to range between 107 
and 113 mc. 

By way of comparison, the mode shape for the case of a completely 
decoupled secondary resonator was shown in Fig. 16(a). Its peak power 
was found to equal about 100 mw, or about twice the power of the flat 
topped modes of Fig. 21, and its half power electronic range equaled 50 

SINUSOIDAL REPELLER 
SWEEP BEYOND 

EXTINCTION 

VR-

SWEEP REDUCED AND HOR-
1zoNTAL GAIN INCREASED TO 
ENLARGE FLAT POWER BAND 

VR-

fl = 3935MC 

f2 = 3974 MC 

L\ f = 39 MC 
POWER CONSTANT 
OVER ABOVE BAND 

L\fY2= 107 MC 

f, = 3928MC 

f2 = 3978 MC 

L\f = 50 MC 
POWER FLAT WITHIN 
±O.05 db (APPROX) 
.6.fY2= 110 MC 

f, = 3922 MC 

f2 = 3981.4 MC 

L\ f = 59.4 MC 
POWER FLAT WITHIN 
±O.1 db (APPROX) 

L\fY2 = 112 MC 

f, = 3917 MC 

f2 = 3986.6 MC 

L\f= 69.6 MC 
POWER FLAT WITHIN 
±0.2 db (APPROX) 

L\fV2 = 113.3 MC 

Fig. 21 - Oscillograms showing flat power bands obtainable with coupled 
resonator reflex klystron. 6BL6 operating in 3 + % mode, Vo = 325 V, h = 28 ma, 
zero DB power level corresponds to 50 milliwatts. 
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me. The price, then, we must pay for a better than two fold increase 
in electronic tuning and for a frequency range of constant power is a 3 
db loss in the available power output. 

Using the tunable primary cavity shown in Fig. 15, the mode per­
formance just described could be obtained about any center frequency 
between 3700 and 4200 me. 

5.0 APPLICATIONS OF THE COUPLED-RESONATOR REFLEX KLYSTRON 

A numer of applications making use of the variety of mode shapes 
which may be obtained with the coupled resonator reflex klystron were 
indicated in the introductory section of thjs paper. Some of these ap­
plications were tried experimentally and are described below, others, 

(b) 

(a) 
USE OF COUPLED-RESONATOR REFLEX 
KLYSTRON IN GAIN COMPARATOR TO DISPLAY 
BANDPASS CHARACTERISTIC OF MICROWAVE 
CHANNEL FILTER. TOP TRACE REPRESENTS 
INCIDENT POWER, LOWER TRACE TRANS­
MITTED POWER. 

CENTER FREQUENCY OF FILTER = 3810MC 
PASS BAND = 28 MC 

(c) 
USE OF COUPLED-RESONATOR REFLEX 
KLYSTRON AS SWEPT FREQUENCY SOURCE 
IN DETERMINATION OF Q OF UNKNOWN 
RESONATOR BY REFLECTED POWER METHOD. 
TOP TRACE REPRESENTS POWER INCIDENT 
UPON CAVITY UNDER TEST, MIDDLE TRACE 
REFLECTED POWER AND LOWER TRACE 

OSCILLOSCOPE DISPLAY FOR SAME 
RESONATOR RESULTING FROM USE OF 
CONVENTIONAL KLYSTRON AS SWEPT 
FREQUENCY SOURCE 

ZERO POWER LEVEL. (NOTE FLATNESS 
OF INCIDENT POWER TRACE) 

Fig. 22 - Examples of application 
microwave sweeper. 

of coupled resonator reflex klystron as 
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and in particular those making use of the improved modulation linearity 
resulting from the use of two resonators, could not be tried since the 
required test apparatus9 was unavailable. The close correlation between 
theory and experiment, however, as demonstrated in Section 4.3.3 leaves 
little doubt as to the feasibility of such applications. 

Two examples of the use of the coupled resonator reflex klystron as a 
microwave sweeper are given in Fig. 22. The first example shows the 
band pass characteristic of a channel filter, 28 mc wide. The second 
example demonstrates the use of this tube in a Q-measurement scheme8 

(a) 
SUCCESSIVE PHOTOGRAPHS OF OSCILLOSCOPE DISPLAY 
SHOWING IF-POWER AS A FUNCTION OF FREQUENCY WITH 
SIGNAL GENERATOR TUNED TO DIFFERENT F~EQUENCIES 

(b) 
GAIN-FREQUENCY CHARACTERISTIC OF 
IF AMPLIFIER USING COUPLED-RESONATOR 
REFLEX KLYSTRON AS SWEEP SOURCE 

(c) 
GAIN-FREQUENCY CHARACTERISTIC OF 
SAME IF AMPLIFIER AS OBTAINED BY 
CONVENTIONAL (SINGLE RESONATOR) 

CENTER FREQUENCY OF IF-AMPL=70MC REFLEX KLYSTRON. DISTORTION IN GAIN 
FLAT BANDWIDTH OF IF-AMPL = 22 MC ~~:~i~6~. DUE TO MODE SHAPE OF 

Fig. 23 - Example of application of coupled resonator reflex klystron as inter­
mediate frequency sweeper. 



764 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1953 

based on the oscillographic display of reflected power. The advantage of 
a flat-topped mode shape for this measurement may be seen by com­
parison with the oscillogram of Fig. 22(c) which was obtained for the 
same resonator under test using a conventional reflex klystron as swept 
frequency source. 

The center frequency of the flat power band obtainable with the 
coupled resonator reflex klystron may be shifted into the intermediate 
frequency range by mixing its output with a suitable local oscillator. 
This is shown in Fig. 23 where the first three oscillograms represent a 
power band flat to within ±0.1 db and 60 mc wide centered around an 
IF frequency of 70 me. The frequency markers are obtained from a 
signal generator tuned to the frequencies indicated and coupled lightly 
to the output of the mixer. Fig. 23(b) shows the gain-frequency char­
acteristic of a 70 mc-IF strip having a useful bandwidth of 22 mc. The 
last oscillogram shows the gain-frequency characteristic of the same IF 
amplifier with the coupled resonator reflex klystron replaced by one of 
conventional design. Due to the inadequate electronic tuning range of 
this klystron and due to the asymmetry of its mode shape, the gain 
envelope of the IF amplifier appears distorted. 

6.0 CONCLUSIONS 

The theory and reduction to practice of a coupled resonator reflex 
klystron have been presented. This device differs from the conventional 
reflex klystron in that the electronic admittance interacts with the input 
admittance of two coupled resonators. Significant and advantageous 
changes in performanqe resulting therefrom are: 

(1) Power output can be made to be substantially flat over part of 
the electronic tuning range. The frequency range of flat power is greater 
than the half power electronic tuning range of a klystron having the 
same electron-optical system but interacting with a single resonator. 

(2) The half-power electronic tuning range of the coupled resonator 
klystron is more than twice that of the equivalent single resonator 
klystron. 

(3) Modulation linearity may be obtained over a greatly increased 
frequency swing. 

A reduction in power output of about 3 db occurs for a secondary 
resonator Q and coupling coefficient adjustment designed to yield a 
maximum flat band or maximum electronic tuning, a much smaller 
reduction in output power, perhaps 10 per cent, will provide a substantial 
improvement in modulation linearity. 
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Qualitative and quantitative experimental verifications of the theory 
were undertaken and good agreement obtained. Oscillograms of mode 
shapes having a range of constant power output and wide half-power 
electronic tuning were presented together with a number of applications 
of the coupled resonator reflex klystron both as a microwave and as an 
intermediate frequency sweep source. Other applications were indicated 
and additional ones may suggest themselves to the reader. 

It is believed that the addition of the second resonator makes the 
reflex klystron a more useful device in many of its more important 
applications. 
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lem of the reduction of channel capacity in communications systems. Signifi­
cance has been observed in formant positions and movements as regard the 
identification of speech sound. The basic problems in the derivation of pho­
nemes from the formant patterns are reviewed. 

LANDER, J. J./ H. E. KERNl AND A. L. BEACH l 

Solubility and Diffusion Coefficient of Carbon in Nickel: Reaction 
Rates of Nickel-Carbon Alloys with Barium Oxide, J. Appl. Phys., 
23, pp. 1305-1309, Dec., 1952. 
Experimental values for the solubility of carbon in nickel in the range 700°0 
to 1300°0 yield the equation In S = 2.480 - 4,880/T, where S is the solu­
bility in grams of carbon per 100 grams of nickel. Values obtained for the 
diffusion coefficient in the same range fit the equation In D = 0.909 -
20,200/T, where D is in cm2 per second. These results are of some interest 
in the problem of the activation of thermionic oxide coated cathodes, and 
the experimental method used to measure the diffusion coefficients is related 
to phenomena occurring in vacuum tubes. To extend the usefulness of the 
results in this direction, rates of reaction between diffused carbon and barium 
oxide coatings on nickel have been measured. It was found that the rates are 
diffusion limited over a wide range of conditions of interest. 

LEWIS, H. W. l 

Multiple Meson Production in Nucleon-Nucleon Collisions. Revs. 
Modern Phys. 24, pp. 241-248, Oct. 1952 (Monograph 2049). 

LrVADARY, J. P., see J. G. Frayne 

1 Bell Telephone Laboratories, Inc. 
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LUKE, C. L.l 
Photometric Determination of Silicon in Ferrous, Ferromagnetic, 
Nickel, and Copper AJIoys - A Molybdenum Blue Method, Anal. 
Chern., 25, pp. 1-18-151, Jan., 1952. 
A simple, rapid photometric method for the determination of silicon in fer­
rous, ferromagnetic, nickel, and copper alloys has been developed. vVide 
applicability is its most unique and important feature. Interfering elements are 
removed by a carbamate-chloroform extraction and silicon is then deter­
mined by the photometric molybdenum blue method. Confirmatory data on 
a wide variety of samples of known silicon content are presented. 

LUMSDEN, G. Q.l 
A Quarter Century of Evaluating Pole Preservatives. Amer. Wood 
Preservers' Assoc., Proc., 48, pp. 27-47, 1952 (Monograph 1999). 

MACWILLIAMS, W. H., JR.! 
Computers - Pa~t, Present, and Future, Elec. Eng., 72, pp. 116-121, 
Feb., 1953. 
This article deals with the historical development of computers. It also dis­
cusses current problems and indicates future structural and functional com­
puter trends which will help to free man from burdensome calculations and 
increase his material wealth while permitting him more time for pursuits 
not directly concerned with earning a living. 

MILLER, R. L., see W. E. Koch. 

MUMFORD, W. W.1 

Optimum Piston Position for Wide-Band Coaxial-to-Waveguide 
Transducers2 LR.E., Proc., 41, pp. 256-261, Feb., 1953. 
A coaxial line can be matched to a waveguide by means of a probe antenna 
located ahead of a short-circuiting plunger. An impedance match can usually 
be achieved by varying any two of the following three dimensions: (a) the 
off-center position of the probe, (b) the probe length, (c) the piston position. 
This paper points out that there is, theoretically, an optimum piston position 
for greatest bandwidth, and presents some evidence corroborating this theory. 
Bandwidths greater than ±10 per cent to the 1 db swr points have been 
realized by fixing the piston at its optimum position and varying Ca) and (b) 
above to obtain a match. 

NELSO~, R. A./ AND W. BAND4 
Vapor Pressure of He3 = He4 Mixtures, Letter to the Editor, Phys. 
Rev., 88~ p. 1431, Dec. 15, 1952. 

1 Bell Telephone Laboratories, Inc. 
2 American Telephone and Telegraph Company. 
4 State College of Washington. 
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OSBORNE, H. S.2 
A Rose by Any Other Name, Report on Work of the Anglo-American 
Committee on Technical Terminology, Standardization, 24, pp. 19-
20, Jan., 1953. 

PECK, D. S.l 
Ten-Stage Cold-Cathode Stepping Tube, Elec. Eng., 71, pp. 1136-
1139, Dec., 1952 (Monograph 2054). 
Developments in the art of transferring a gas discharge from one point to 
another in a multi-electrode tube have led to the design of a 10-stage counting 
tube operating up to about 2,000 pulses per second. Such a tube can be used 
for pulse counting, frequency division, time measurements, and similar 
functions. 

PETERSON, G. E.1 
Information-Bearing Elements of Speech, J. Acoust. Soc. Am., 24, 
pp. 629-637, Nov., 1952. 
This study deals with those aspects of speech which are phonetically signifi­
cant. A technique has been developed with which phonetically equivalent 
speech samples may be obtained in different phonetic contexts and from 
different speakers. Data on two front vowels by different types of speakers 
are presented. The technique has also been applied to the evaluation of words 
containing these two vowels. 

PIERCE, J. R.1 
New Method of Calculating Microwave Noise in Electron Streams, 
I.R.E., Proc., 40, pp. 1675-1680, Dec., 1952. 
The noise in a temperature-limited electron beam in a drift space is calculated 
by a new means. Noise maxima and minima are found. The results agree 
with calculations made by the Rack-Llewellyn-Peterson method. 

RICE, S. 0. 1 

Statistical Fluctuations of Radio Field Strength Far Beyond the 
Horizon, I.R.E., Proc., 41, pp. 274-281, Feb., 1953. 
·When a sinusoidal radio wave of extremely high frequency is sent out by a 
transmitter, the wave received far beyond the horizon is often observed to 
fluctuate. Here some of the statistical properties of this fluctuation are derived 
on the Booker-Gordon assumption; namely, that the received wave is the 
sum of many little waves produced when the transmitter beam strikes "scat­
terers" distributed in the troposphere. ExprQssions are obtained for the 
periods of the fluctuations in time, in space, and in frequency. These expres­
sions extend closely related results obtained by Booker, Ratcliffe and others. 

SCHIMPF, L. G., see R. L. Wallace, Jr. 

1 Bell Telephone Laboratories, Inc. 
2 American Telephone and Telegraph Company. 
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SMITH, K. D.I 

Properties of Junction Transistors, Tele-Tech, 12, pp. 76-78, Jan., 
1953. 

TOWNSEND, J. R.5 

What We Have Learned in 1952, Standardization, 24, pp. 16-18, 
Jan., 1953. 

TOWNSEND, J. R.5 

What We Have Learned in 1952, A Report to the Joint Meeting of 
Standards Council and Board of Directors of ASA, A.S.T.M. Bull., 
No. 187, pp. 22-23, Jan., 1953. 

VAN ROOSBROECK, W.
I 

Large Current Amplifications in Filamentary Transistors, Letter to 
the Editor, J. Appl. Phys., 23, pp. 1411-1412, Dec., 1952. 

WALLACE, R. L., JR./ L. G. SCHIMPF
I 

AND E. DICKTEN
I 

High-Frequency Transistor Tetrode, Electronics, 26, pp. 112-113, 
Jan., 1953. 
Sine-wave oscillators at frequencies up to 130 mc and tuned amplifiers with 
substantial gain at frequencies of 50 mc or higher are obtained by using 
junction transistors with an added connection to the base electrode biased 
negative at six volts. 

1 Bell Telephone Laboratories, Inc. 
S Sandia Corporation. 
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