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the inductance at the open gap and at the critical load gap. These are 
weighted in proportion to the ampere turns developed at each location. 
The ampere turns necessary to overcome the back tension is one factor, 
and the other is the difference between this first value, and the total 
required for operation at the critical load gap. This weighting yields an 
effective inductance value intermediate between the two extremes for 
each problem, but a new chart does not have to be prepared. An operate 
time using the chart is first determined. This time is then adjusted by 
the ratio of the effective inductance applying and the inductance used 
for making up the chart. This is exact, as the inductance term appears 
only as a direct multiplier. 

A typical nomogram is shown in Fig. 2. It already includes the motion 
time correction, whose determination will be discussed. The dashed line 
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Fig. 2. -- Nomogram for solution of load controlled operate time. 
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shows the successive steps taken in determining the numerical value for 
a specific case. 

The dc circuit resistance is determined by the known circuit voltage 
and specified power. Entering the chart on the left ordinate at this re­
sistance and proceeding horizontally to the right, intersections with 
increasing number of turns lines, sloping downward to the right, are 
found, and the appropriate one is chosen. Dropping vertically to the 
abscissa, the winding time constant tc = L1Gc is determined. 

To this is next numerically added the known effective core eddy cur­
rent and a sleeve (if any) time constant by returning vertically to an 
intersection with the appropri'1te core indicated as "no sleeve," or core 
plus sleeve, curve. Proceeding horizontally to the right hand ordinate 
scale from this intersection, the time constant multiplier of the In term 
in equation (4) is determined. 

The multiplication of these two factors is accomplished by proceeding 
to the left along this same horizontal line, to an intersection with the 
proper q line, sloping downward to the left. Vertically below this last 
intersection is the operate time. 

Initially, tentative q lines are drawn, omitting the motion time cor­
rection. These lines are straight with a positive 45° slope. Then with an 
actual relay whose just operate current has been measured, operate 
time measurements are made, keeping the final current, and hence q, 
fixed at several values in turn. This is done by adjusting an external 
resistance and battery voltage over a· wide range, effectively changing 
N 2/R. These measured data are plotted, following the same steps through 
the nomogram, except the last intersection is with the measured time 
vertical, rather than the known q. This provides several empirically 
determined q lines. These are used as templates, to progressively alter 
the shapes of the tentative straight q lines drawn earlier and shift them 
to the right. This adjustment then introduces the motion time correction. 

It has been found empirically that for large operating times, the motion 
time correction factor has a value of about 0.1 There is no definite 
division between mass and load controlled operation, but as the total 
time decreases, travel time becomes more important. The correction 
factor increases to a value of about 0.5, in the transition range. For 
completely mass controlled operation, there is no q effect, so the q lines 
must all eventually converge. 

As stipulated above, this chart applies to the current, flux and pull 
range where the first approximation magnetic constants of the structure 
are applicable. For this reason, the tests for the motion time corrections 
are made under conditions meeting these restrictions. 

These curves should be corrected for magnetic saturation if there is a 
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Fig. 3 - Correction of computcd operatc time for magnetic saturation. 

large load at the critical load point and the ampere turns needed are in 
the saturation region for the core or armature. In the saturation region 
the current builds up faster than the linear time constants indicate, and, 
therefore, the indicated operate times are too large. Correction factors 
are determined by graphical integration of the integral form of the flux 
rise equation expressed as a ratio to the linear relationship: 

1"'3 dcp 

Saturation Correction Factor = ° NI - Ni (5) 
- Ldn (1 - Nlo/NI) . 

These corrections are plotted as a function of the just operate ampere 
turns Nlo, with the final NI as a parameter for each curve. Actually, 
because the correction factor is only of the order of 20 per cent maximum, 
assuming the final winding ampere turns are well into the saturation 
region, it is found that a single curve for anyone type of relay fits all 
the computed points to an accuracy of a few per cent, and generally 
is used. Such composite curves are shown in Fig. 3 for the three types of 
wire spring relays. 

A method has now been established for determination of the operate 
time of a relay with two restrictions (1) that the final ampere turns 
will operate the relay and (2) that the relay is in the load controlled 
class. An indication of the latter is whether the operate time determined 
is in the time region where the q curves are decreasing in curvature. For 
Fig. 2, 10 milliseconds is taken as the lower bound for load controlled 
relays. 

N ow the determination of an optimum winding for a particular 
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problem can be finished. Starting with the power given and choosing an 
arbitrary number of winding turns, the operate time is determined as 
described above. If it falls into the load controlled class, then a different 
number of turns is next assumed and a second time determined. This 
procedure is repeated until a time curve versus number of turns similar 
to Fig. 1 can be plotted, including a minimum. The best winding i this 
minimum. A different curve and optimum number of turns will apply to 
each contact load assumed. Three computed curves corresponding to 
the measured I-watt curves are shown on Fig. 4. These were deter­
mined using effective inductance values described earlier. 

Finite wire sizes permit only certain number of turns to be physically 
realizable when the resistance has been specified, without splicing two 
gauges of wire. The nearest gauge on the coarser wire size side is chosen, 
resulting in slightly too many turns. Note that the curves rise less steeply 
on the high turn side and the time penalty therefore is less than if too 
few turns were supplied. 
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Maximum Time Given 

For a specified maximum time, the above process is repeated for 
several assumed circuit powers until the specified time is bracketed. 
Then by interpolation of the optimum times indicated, the minimum 
power, maximum resistance and optimum turns are determined. As an 
example, Fig. 4 can be used to demonstrate the method. Assume that the 
three curves were computed for different circuit powers, rather than for 
different contact spring loads. A line is drawn through the minima. The 
intersection of this line with the required operate time determines the 
number of turns. For instance, if 30 millisec were required, the turns 
would be 12,500. The circuit power at this same intersection can be 
interpolated for, using the known circuit powers associated with the 
three curves. 

It is not economical to have a different winding for each spring com­
bination. For this reason, a winding is designed for the maximum spring 
load and then used for smaller loads. The operate time will always be 
less with the smaller loads. 

111 easurements of Time Curves 

Before considering mass controlled operation, the simulation of 
windings will be discussed. In the above description for establishing the q 
curves, it was pointed out that by adjusting an external series resistor 
and the battery voltage to maintain constant final current, the coil 
constant N 2/R was altered without changing q. This can be further 
extended to permit simulation of any winding for test purposes providing 
only that the experimental coil fills the winding volume as much or more 
than the coil to be simulated. For this purpose, a special test winding 

CIRCUIT TO BE SIMULATED SIMULATING CIRCUIT 

N2 
E2 = N,E, R22 = (N2 )2 N, RI1 

R2 =( ~~)~Rl C2 = ( ~~ )2 C, 

Fig. 5 - Simulation of winding circuit for timing tests. 
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always is used which completely fills the winding volume. Hence any 
winding which can be designed also can be simulated. 

The conditions which must be fulfilled for perfect simulation derive 
from Lenz's Law. It is essentially an impedance transformation technique 
keeping the magnetic flux invariant, with the assumption that a winding 
can be considered as a lumped rather than a distributed network. This is 
equivalent to stating that at any instant the current flow is the same in 
every turn and there is no propagation time involved. This is true for 
times involved in electro-magnets. 

Fig. 5 shows a circuit to be simulated, in which all the components 
with subscripts 1 have been given. The simulating circuit has only the 
number of turns N2 , of the test winding, given. The other four elements 
must be determined. After switch closure, the exact differential equa­
tions applying are 

Nl dCPl = El - i1R1 , 
dt 

N dCP2 E . R 
2 dt = 1 2 - ~2 2· 

t = 0; (6) 

N ow for equality of magnetic flux, the two rates of flux change must be 
identical at all times including the first instant. Inserting the initial 
boundary conditions and equating the two rates, we have 

(7) 

At infinite time, the same magneto motive force must apply to both 
circuits for equality of final flux. Equating these, and cancelling the 47r 
factor, 

(8) 

Noting that 

and (9) 

we have, after using (7) and rearranging, 

(10) 
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which states that the coil constants must be equal. After steady state 
has been reached and the switches opened, the two differential equa­
tions are: 

at 

E1 = i 1(Rll + R1) + N1 d~1 + ~1 it 1'1 dt, 

E2. = i 2(R 22 + R2) + N2 d~2 + ~2 it i2 dt, 

t = 0, 
. E1 
~1 = R~' 

(11) 

Multiplying the first equation by N 1C1 and the second by N 2C2 , and 
equating term by term for equality at all times and equal magnetomotive 
forces, two additional equations result: 

(Rll + R l ) C1 = (R22 + R2) C2 , 

N 1
2C1 = N 2

2C2. 
(12) 

The four defining equations, with some further rearrangements using 
(10), are shown in Fig. 5 as the relations applying for equality of mag­
netic flux in the two circuits. As the mechanical behavior of a magnetic 
structure is completely determined by the magnetic flux, it follows that 
the mechanical performances will be identical and timing measurements 
made with the simulating circuit will represent the actual circuit. This 
is true whether the relay is mass or load controlled. It includes eddy 
current effects and whether or not there is motion of the armature. 

Local Circuit 111 ass Controlled Operation 

Typical mass controlled operate time curves are shown in Fig. 6. 
These are for two different armature travels, indicated as short and 
intermediate. The curves are characterized by the circuit power used 
for each, with the coil constant plotted along the abscissa and the 
corresponding· operate time as the ordinate. As mentioned earlier, these 
curves are substantially independ~nt of contact spring load, and are 
plotted for average conditions, including an averaging of the time for the 
first and the last contact to be actuated. 

It will be noted that the best coil constant is not independent of the 
circuit power, decreasing continuously as the power is increased. Also 
by increasing the circuit power from 2.3 to 23 watts, the operate time is 
decreased by a factor of a little less than 3, which is nearer the square 
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Fig. 6 - Mass controlled operate time tests. 

root than the cube root of the power ratio, developed in Part I, for the 
mass controlled case. This is partly attributable to the fact that waiting 
time is included, and partly to the fact that the 2.3 watts case is in the 
transition range between mass and load controlled operation. 

For the operating region where coil constants are larger than the best, 
the time curves are parallel and increasing. Considering anyone vertical 
line representing a particular winding, increasing the power by increasing 
the battery voltage will always decrease the operate time. For curves 
plotted as in Fig. 1, where the battery voltage is kept constant and the 
time curves are plotted with winding turns as the independent variable, 
parallel curves again obtain. Thus an increase in circuit power obtained 
by keeping the voltage constant and reducing the circuit resistance 
always will reduce the operate time. Conversely, adding any series 
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impedance, not including a capacitance, will always increase the operate 
time. This will be made more evident when the operate times of relays 
with their windings in series are considered. 

The curves can be used in either of two ways (1) given the relay 
circuit for which the applied power and coil constant can be computed, 
the average operate time can be found from the chart, or (2) given a 
required average operate time, the necessary circuit power and coil 
constant can be found from the chart. 

These curves can be plotted in this form to exhibit the best winding 
directly because of the independence to contact spring load. For the 
load controlled case, the contact spring load was an essential parameter. 
For the mass controlled case, the armature travel becomes the outstand­
ing parameter to be considered, but there are only two or three of these. 
All the other factors except contact load also enter and need to be evalu­
ated for two reasons, (1) to provide an estimate of the range in operate 
time to be expected and (2) to adjust experimental measured time data 
to average. For any experimental setup, it is seldom possible to provide a 
structure which is average in every respect. For anyone structure, how­
ever, all the factors known to affect its performance can be measured. 
Comparison of these to the manufacturing specifications locates the 
experimental setup in the universe of all relays as regards each of the 
factors. It is thus necessary to develop representations relating each of 
these factors to the operate time, which will suffice for the two uses 
named above. The development of these relationships will be the subject 
of the following sections. 

Waiting Time 

The waiting time, whether an electromagnet is mass or load controlled, 
is given by the same form of equation used for the total operate time of a 
load controlled relay: 

t1 = L 1(Ge + G~) In -1 _1_ . 
- q1 

(13) 

where now' ql is determined by the armature back tension Fl ; Ll applies 
to the open gap; and no sleeve conductance is present. For the present 
purpose, it is 'desirable to rewrite this equation in terms of the funda­
mental parameters of the relay. For the open gap case the magnetic 
material is operated in its linear region and the open pole face gap pro­
vides additional linearity. For these reasons the expression is quite ac­
curate. The sketches of Fig. 7 show the factors to be used. The value of 
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Ll ,4 the inductance for one winding turn is: 

Also 

NI = VGcvV. 
From the network of Fig. 7, 

47rNi 
CPa = . 

CRo + xl/A 

The armature force developed is 

-F 
2 

CPa 
871"A' 

(14) 

(15) 

(16) 

(17) 

When the magnetic pull has reached F1 , the waiting time is over, deter­
mining cpa , which in turn determines N I 0 , and hence q. 

Substituting (14), (15), (16), and (17) in (13) we have 

[ 
1 1 ] ' 

t1 = 471" CR
L 
+ CR

o 
+ xl/A (Gc + GE ) In 

1 (18) 

as the desired expression for the waiting time in terms of the funda­
mental constants. Use will be made of this later when an expression for 
motion time has been developed. 

J1;I atian Time 

The motion time immediately follows the waiting time and is the time 
required for the armature to move from the backstop position Xl , to the 
location of the last contact X3 • From Fig. 1, it is permissible to omit any 
consideration of contact spring load, and consider the motion to be 
controlled entirely by the armature mass and magnetic pull developed 
after the waiting time is over. The determination of motion time is 
simplified because the initial velocity and net force on the armature are 
both zero, the latter following from the definition of the end of t1 . In 
any problem involving motion, there must be established the initial 
velocity, position, and a suitable expression for the ensuing force. With 
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these factors, the differential equation of motion can be solved, and the 
time for a given travel determined. 

Thus there is now needed an expression for the armature force de­
veloped by the pole face gap flux as a function of time. Briefly, the basis 
for the method to be described is the assumption developed in Part I, 
that the winding flux continues to rise during the initial motion interval 
in the same way it would have risen if the armature had not moved. With 
this assumption, an expression for the motion can easily be derived. 
With this expression it then can be shown that the armature does spend 
most of its time in the close vicinity of the backstop, justifying the 
initial assumption. 

The present approach differs from the more general one of Part 1. 
It uses the results there developed regarding the behavior of mass con­
trolled operation, to simplify the initial motion equation and obtain 
an expression for motion time in a form better suited for the present 
purpose. 

Armature Force Rise and the F Concept 

As an introduction to the method which will be used, consider the 
general character of flux build-up in a relay. It will have a shape some­
what similar to an exponential curve. Now with the armature at the 
backstop, from the first approximation magnetic network of Fig. 7, a 
fixed portion of this winding flux will pass through the pole face gap, 
with the result that the pole face gap flux curve will also have the same 
general character. Such a measured curve is shown in Fig. 8, as well as 
the curve when the armature is free to move. 

N ow the armature force developed is proportional to the square of 
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the pole face gap flux as given by (17). Hence, the initial force rise will 
be parabolic, as shown by the lower portion of the curves of Fig. 8. 
After a long enough time however, the flux will have reached its maxi­
mum and the finally developed force will be constant with time. This is 
shown by the force curves approaching horizontal lines to the right in 
the same force diagram. As the force curve is continuous, there also 
must be an inflection point in the curve, and the entire curve has the 
general shape as shown. 

The waiting time tl occurs while the magnetic force builds up to Fl , as 
indicated, amounting to 2 millisec for the example shown. This time 
generally includes all of the parabolic part of the curve. Following the 
waiting time, the initial force build-up necessarily is almost linear be-
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cause of the inflection of the curve. Two other factors, caused by the 
ensuing motion, act to provide even more force than the open gap curve 
indicated by Fig. 8. The first is that a smaller gap takes a larger portion 
of the winding flux than assumed in the diagram, and the second is that 
the winding flux rises more rapidly and to a higher value than the open 
gap curve assumed. The operating force curve shown includes these 
effects. The relay operat"es in about 7 millisec and for 6 of the 7 millisec, 
the two force curves differ very little. 

Hence, for a relatively long interval after the start of the motion time, 
a very simple force relationship holds, namely that the force is directly 
proportional to time, and the proportionality factor is the slope of the 
straight portion of the curve, designated as F. For the example given, 
this amounts to about 48 grams per millisecond. By using Newton's 
Law, an expression for the motion time can be written. 

from which, with the initial velocity zero 

Ft3 

m(xl - x) = (3. 

Rearranging, the expression for motion time becomes: 

t = V6m (Xl - X3) 
2 •• 

F 

The factor F will now be considered. 

Derivation of Expression for F 

(19) 

(20) 

(21) 

Experimental- The factor F can be determined graphically. This 
hrings in the second order effects such as quality of iron, cross section, 
residual magnetism, fit of parts, etc. For this purpose three working 
curves characteristic of the structure, all at the open gap, are first pre­
pared for the particular winding: 

(a) The dynamic flux rise curve,2 
(b) The static flux curve versus ampere turns, and 
(c) The static pull curve versus ampere turns. 

Choosing a time on curve (a), the corresponding instantaneous flux 
transferred to curve (b), determines the equivalent magneto motive force. 
This transferred to curve (c) yields the instantaneous magnetic force. 
Repeating this for other times in the range of interest, an armature force 
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curve like Fig. 8 is established. The waiting time is read directly, cor­
responding to PI. The slope of the ensuing linear force range determines 
PI . This, with equation (21) completes the determination of mass con­
trolled motion time. Of course, the final pull developed has to exceed 
the operated load. This check is made from another pull curve taken at 
the armature gap X3, using the known final ampere turns and the load. 

A nalytical- For our present purposes, an analytical relation, expressed 
in the fundamental constants, similar to that for the waiting time is 
needed. Its derivation follows: 

The solution which will be developed is based on linear circuit theory. 
This necessarily implies exponential flux rise, which is not exactly true. 
However, the relation is dimensionally correct and accurate to better 
than first order. Then the use which will be made is to determine the 
motion time of an electromagnet as the parameters are varied one at a 
time. These are plotted as ratios to one of them, chosen as a reference. 
By this means the ratio curves become accurate to better than second 
order and provide excellent correction factors for actual measured data. 

For a linear circuit, the pole face gap flux will increase, after the wind­
ing circuit is closed to a battery, with the same time constant as the 
winding: 

where T 

_ 41r N I (1 -tIT) cpo - - e , 
x 

CRo + A 

LI (G c + G~) and I = EIR. Then the pull: 

-F = cp~ = _1_ (41rNI)
2 

(1 _ e- tIT )2 

81rA 81rA ( CRo + ~y , 
41r(NI) 

2 

2 [e- tIT (1 _ e- tIT )]. 

AT( CRo + X) 
dF 
dt 

(22) 

(23) 

(24) 

The bracket term is of the form a(1 - a), 0 < a < 1, which has a 
maximum value of 0.25, and from 0.2 <tiT < 1.5 is between 0.15 and 
0.25. This range corresponds to the maximum slope of the armature 
force versus time plot in Fig. 8. Arbitrarily 0.2 is chosen and the expres­
sion for the maximum rate of force rise becomes: 

(25) 
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Substituting for T and rearranging: 

F = (NI) 
2 

• 

5(Go + G~)(ACRo + Xl) (1 + CRo + AX ) 
ffiL CR L 

(26) 

Substituting (26) and (15) into (21), the final expression for motion 
time becomes: 

t2 = s 3~ (Xl - xs) (1 + ~:) (ACRo + Xl) (1 + ~: + AX~L). (27) 

This, with equation (18) for the waiting time, forms the basis for the 
variation effects which now will be determined. Its region of accuracy 
is for windings with turns exceeding the best, as it presupposes the relay 
will always operate. It thus is applicable in the region where the time 
curves are parallel. For studies of lower numbers of turns, the three 
stage approximation of Part I does not have this limitation. 

Operate Time Variations 

For a particular electromagnetic structure the factors in equations 
(18) and (27) can be measured. These measured factors can then be 
compared to the manufacturing specification and estimates made of 
average values for each. With these average values, the waiting time, 
the motion time and then the sum, which is the operate time, can be 
computed. This is the reference condition. 

Each factor is then varied over its appropriate range, one at a time, 
and the computation repeated. The ratio of these variation times to the 
reference condition can then be plotted. Fig. 9 shows the chart for the 
wire spring type relay. For this chart, the range for each factor was 
taken as 3 without regard to the actual range. Similar charts have been 
prepared for other types of electromagnets, including quite a size dif­
ference. These ratio charts all agree remarkably well when plotted in 
this way. For this reason, for early estimates of any structure in the mass 
controlled class, this chart is entirely adequate for estimates of variations. 

The basic assumption made in this method of determination is that 
for small variations, the interactions are negligible and a separated 
solution of products, one for each factor, is applicable. Checks made 
by varying two at a time confirm that essentially the presumption is 
fulfilled. 

The Go curve does not exhibit a minimum, as do the measured curves 
of Fig. 6. This results from the simplifying stipulation made that the 
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Fig. 9 - Mass controlled operate time variations. 

relay always must operate. However, the purpose of these variation 
curves is to adjust measured data. The coil constant is the independent 
variable in any measurement and can always be set exactly. Hence it 
does not require an adjustment. 

The chart shows clearly that the single most important factor is the 
armature travel. Following are power W, and leakage reluctance ffiL . 

The least sensitive is the pole face area A, because it has been optimized 
in the design. Taking the slopes at the (1, 1) point, the operate time, 
expressed in a separated variable form, becomes: 

° .66Fo.24 /O 0.2 0.21G.084G.056Ao 

t ,-...... Xl I uto 1n C E 
o ,-...... • 

W°.45ffiLO.33X3084 
(28) 

The exponents are a measure of sensitivity - the nearer they ap­
proach zero, the less the sensitivity. In designing electromagnets for 
speed, every effort should be made to keep the armature travel to a 
minimum as it is outstanding in its effect on time. 

For our present purpose, the chart is used to adjust measured operate 
time data to the average value. The factors to be corrected are FI , 
m, Xl, X3 , A, ffio , ffi L , i.e., all the pertinent geometric and load factors 
shown in Fig. 7. This completes the description of the method used for 
establishing the average mass controlled operate time curves. 
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Maximum and Al inimum Values 

The next to last part of this phase of the article concerns estimates 
of the range of the mass controlled maximum operate time of a particu­
lar relay code. This involves determining the range of each of the vari­
ables from the manufacturing specifications. Then with the variation 
chart the range in the time, due to each component, is evaluated, as a 
ratio. The actual range of course is not the product of these, as all vari­
ables never will be adverse simultaneously, but it is greater than the 
largest single individual contribution. For general purposes, a root 
sum square addition is used. For the wire spring relay this amounts to a 
range of about ±30 per cent. 

Preliminary Estimate of Type of Operation 

Earlier, a rule of thumb expression for an estimate of whether an 
electromagnet is in the mass or load controlled class was given. It is 
easily derived by use of the F concept, and the observation from com­
puting the variation charts, that the waiting time generally is about 
one-half of the motion time when the electromagnet is mass controlled. 

When the motion time begins, the force starts to build up according 
to equation (19). However, multiplying this initial rate by the motion 
time need not result in a force value equal to the load for operation to be 
complete. Four factors act to this end: (1) during the waiting time the 
back tension FI already has been overcome; (2) when the armature gap 
closes, the armature takes a greater portion of the winding flux; (3) as 
the armature moves in the winding flux builds up more rapidly; and (4) 
the kinetic energy can cause the armature to crash through a small 
distance where the load projects through the rising dynamic pull curve. 

Calling tf 11! the longest average motion time which is mass controlled, 
and arbitrarily setting 

• I _ Fa 
FIt M - "2 

in view of the foregoing, an estimation of the limiting average FI is deter­
mined. Substituting this in (20), the maximum average mass controlled 
motion time is: 

which, when multiplied by % to allow for waiting time, and dropping 
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the prime to indicate total time, becomes 

t - • /27m(x3 - Xl) 
M - 11 . F3 . (29) 

This equation was given as equation (1) in the early part of this article. 
For the wire spring relay, this expression has a value of 7.5 millisec. 

Increasing this by 30 per cent for a maximum value, an estimate of 10 
millisec results, agreeing with the earlier lower estimate of maximum 
time for load controlled operation. 

Selection of TV in ding for 111 ass Controlled Operation 

One more group of factors needs consideration before a winding is 
selected. These are (1) the range in dc resistance of the windings, (2) 
the winding temperature as determined by the duty cycle, and (3) the 
range in the battery voltage. The number of turns of the winding is 
ordinarily not considered as a variable once it is chosen because of the 
automatic machine method of winding. An examination of Fig. 6 shows 
that if the turns are too few, a greater time penalty obtains than if 
there are too many. Also, decreasing the circuit power, increases the 
best coil constant. These two considerations indicate that the best coil 
constant should be chosen under worst circuit conditions. For any other 
condition the operate time will be reduced. Further, the range between 
worst circuit and average time will be a minimum. 

The procedure for choosing a winding is to determine the dc resistance 
of a maximum resistance winding at the operating temperature set by 
minimum battery voltage and the maximum duty cycle. This sets the 
worst circuit power, and by use of Fig. 6, the best number of turns. In 
no case is a winding specified with fewer turns than will supply sufficient 
ampere turns to operate the worst relay with the maximum load. In 
some cases of low power, this sets the number of turns. For some cases 
of intermediate power, heating requires the maximum winding surface 
area, also resulting in excess turns. The average resistance with its 
variation, all at a standardized temperature at 68°F, completes the 
design. 

Summary of Single Relay Local Circuit Operation 

An analytical determination of the operate time of a single relay 
cannot be obtained in closed form because it requires the solution of 
two simultaneous, non-linear, non-homogenous, differential equations, 
without adding the complications of representing the magnetic saturation 



IGS 'fHE nELL SYS'fEM 'fECHNICAL JOURNAL, JANUARY 1954 

and eddy current effects in some convenient form. Approximations for 
solutions have been developed which predict with good accuracy the 
order of operate time attainable for a design, but not of sufficient ac­
curacy to exactly determine the best winding for a particular case. 
T'hus once a magnetic structure has been established, the operate time 
data for a single relay necessarily have to be determined empirically by 
measurements using controlled samples. 

Actually this procedure is quicker and easier, and besides it gives the 
correct answer, including all the non-linear effects, such as eddy currents, 
saturation and motion, no matter how complicated. Complete data for 
the range of all relays and windings using the given structure can be 
determined using one such relay with a full winding, through the use of 
impedance transformation techniques and estimation of small variation 
effects, using the approximate solutions. By using the approximate 
solutions only for corrections, the errors become of second or smaller 
order. Thus single relay operate time data can be determined accurately 
and presented in a form permitting either analysis or synthesis of per­
formance. 

The design of a best winding for load controlled operation, is accom­
plished by a variation of the method of successive approximations. 
Appropriate battery voltage, winding temperature and resistance of 
course are considered as part of the solution of the problem. A range of 
windings is chosen and operate time data established for each winding. 
If necessary, the range is extended in the appropriate direction until a 
minimum operate time is included. This minimum determines the best 
winding. 

For mass controlled operation, the contact spring load is immaterial, 
and the data can be presented directly. As part of this type of study, 
the relative importance of the several parameters affecting the operate 
time has been determined. These show at a glance whether (1) a change 
will have a significant effect or (2) what change or changes arc neces­
sary to effect a necessary reduction in operate time. 

OPERATE TIME - SERIES RELAYS 

Series relays are two or more relays whose windings all are connected 
in series, and energized by the same current, controlled by a single con­
tact. The impedance of each one enters into the manner in which the 
common current will increase, after contact closure. If the procedure 
used for single relays were followed, there would be a double infinity of 
combinations to portray, or else experimentally study each combination 
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when proposed. This can be avoided, with no loss in generality, by trans­
forming each relay into an equivalent single relay in a local circuit. Then 
the foregoing methods for single relays can be applied to each in turn. 

This procedure is the common device of breaking up a complicated 
problem into parts, each of which can be solved by familiar methods. 
Two assumptions are made. The first is that each winding is a lumped 
two terminal network. At any instant the same current is in every turn 
of each relay and there is no propagation time involved. This holds for 
the times involved in electromagnets. The second assumption is that, 
when the relays have different operate times, the current reduction 
caused by the motional impedance of the first one to operate does not 
significantly extend the operate times of the later ones. In the following· 
transformations, the winding turns, currents, and hence magnetomotive 
forces, are kept constant. 

Identical Relays 

If the two relays are identical they have some impedance Z(p) which 
is the same for both. Part of this is the dc resistance and the other part 
is the ac effect, proportional to the turns squared. By the extension of 
Ohm's Law to ac circuits, when a potential source is applied to the two 
identical devices in series, exactly one-half the source appears across 
either device at any time after application, forming a virtual constant 
potential point. Thus if a battery of Eo volts is applied, exactly one-half 
the battery appears across each, including the effect of eddy currents. 
N ow if the voltage across a coil is known, then the response is uniquely 
determined, knowing just the relay characteristics and the voltage, 
disregarding the mechanism of how the voltage is applied. For this 
situation the voltage is in a most convenient form, represented by ex­
actly one-half the battery. The operate time can easily be determined 
for either relay with this information, as the effects of eddy currents and 
motion are included in the data. The coil constant is already known and 
the power is one-half the total power. 

General Case 

This procedure can be generalized to include any division of dc re­
sistance, different turns, and different magnetic structures providing, 
for the latter case, that eddy currents can be ignored. The justification 
for this will be considered later. 

The basic problem is: given the battery voltage Eo, relay No.1 of Nl 
turns, a 1 turn inductance Ll , and resistance Rl , in series with relay No. 
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No.2 

170 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1954 

TABLE I - EQUATION 30 

Turns 
N Resistance RE Voltage EE Power WE Coil Constant 

RI+R2 Eo Eo2 NI2 [ L2 (N2)] NI 
1+!::(N2y (RI + Rz) [1 + ~ (Z:YJ 

-- 1+- -
1 +!:: (~y RI +R2 LI NI 

LI NI LI NI 

N2 
RI+R2 Eo Eo2 ~ [1+ 0 (NIYJ 

l+~(Nly 1+ 0 (NIY (RI + R2) [1 + 0 (NIYJ RI +R2 L2 N2 
L2 N2 L2 N2 [.,2 N2 

2 of N2 turns, a 1 'turn inductance L2 and a resistance R2. What are the 
two equivalent relays, each in a local circuit and what are their virtual 
applied voltages? The first step is to reassign the total resistance to 
obtain two equivalent windings having the same time constant N2LdR. 
Then determine the two virtual voltages by division of the total in 
proportion to the impedances. These and their dependent power and 
coil constant relationships for the case of two relays are tabulated in 
Table I. The procedure can be extended to any number of dissimilar 
series structures. 

For the case of all identical magnetic structures, the 1 turn inductances 
Ll , £2 , etc., are all equal and their ratios become unity, simplifying the 
expressions. Note that the coil constants are not equal unless the struc­
tures are the same magnetically, but that the time constants always are 
equal. Further, the total power is constant and equal to that of the origi­
nal circuit. 

After determining the effective powers and coil constants, the operate 
time for each can be read from the applicable single relay charts such 
as Fig. 6. 

Two Like Parallel Relays in Series with a Third Relay, Identical Structures 

The equivalent relay method can be extended to include the case of 
two like parallel relays in series with a third relay, as shown in Fig. 10. 
The first observation to make is that, hecause of symmetry, the current 
flow in the two parallel relays is identical. No winding current change 
would be made if, for instance, aU the dc resistance of the two parallel 
relays were removed and half of either were connected in series with 
the single relay. Thus again, the resistances can be assigned as neces­
sary to result in equal winding constants and total power. The same net 
dc resistance gives a second condition: 

N/ N/ 
RIE - RZE' 

R + R2 _ R + Rz,> 
1 2 - IE 2· 

(31) 
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Solving 

(32) 

Because the equivalent coil constants have the same ratio as the equiva­
lent resistances, the voltage division will be: 

EIE 
RIEEo 

RI + R 2
' (33) 2 

E2E = Eo - E1E . 

With these, the equivalent coil constants and powers can be computed 
and charts such as Fig. G used as before. 

Selection of Optimum Coils, Identical Structures 

Neither lY inding J{ nown, Operate 'Times Given 

In the above discussions it was assumed that the windings were known 
and that the operate time data were sought. The procedure can be re­
versed, starting with a desired operate time" or times, and then choosing 
optimum coils. From time curves such as Fig. G, the watts corresponding 
to the desired times can be obtained provided they are read from the 
same coil constant vertical because the same current flmvs through 
both and hence the effective coil constants necessarily must be equal. 

~----~E2E -----

~----- E'E------ R2E N2 

N, R,E ~ 
~ R2E N2 
~-

Fig. 10 - Transformation of series-parallel relay circuit. 
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The particular vertical N 2
/ R to be used is the one passing through the 

higher of the two given times, which lies at the minimum point on a 
watts curve. Satisfying the smaller wattage relay assures sufficient 
ampere-turns for both windings, and also gives a smaller time loss com­
pared to optimum for the other higher speed relay, as the higher power 
curves are flatter for coil constants above the optimum. Thus the speci­
fied times determine equivalent watts for each coil, and the actual total 
circuit watts are exactly the sum of the equivalent watts. Hence: 

E02 

Wtotll.l = Rl + R2 (34) 

This sets the total resistance CRI + R2). Also, knowing the current is 
the same through the two coils, and that the actual division of the dc 
resistance has no effect on time, the ratio of the two resistances can 
initially be chosen the same as the ratio of the two effective powers: 

WI _ RI 
W

2 
- R

2
' 

(35) 

Finally, knowing that the effective coil constants for the two relays 
are equal, the desired turns are determined using the already selected 
coil constant, Go. Solving these three equations, the individual relays 
are: 

(36) 

The resistance values RI and R2 can be used as shown above or divided 
in any other way as long as the total is unchanged. The numbers of 
turns, however have to be kept fixed. 

A particularly simple relationship exists when it is desired to have 
equal times. In this case the turns on the two coils are equal. 

One Winding Known 

As is often the case in actual use, a winding must be chosen to be 
used in series with another known winding and have best operate times. 
The method described here can be applied to any relay structure, but 
the numerical values in the analysis are applicable to the wire spring 
relays only. The first step is to choose the desired resistance for the coil. 
This is usually set by the heating and power limits, knowing that the 
higher the total power is, the less the operate time. Then the choice of 
turns for the coil depends on which of the two coils needs speed the most. 
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Assume first that we want speed on the coil to be designed, say relay 
No.1, rather than the known relay in the circuit, say relay No.2. Then 
we want the effective power for this relay as high as possible provided 
that the coil constant is not too far from optimum. From Table I it has 
already been noted that the two effective coil constants are always 
equal when the structures are identical. Also the sum of the two effective 
powers is exactly equal to the total power; that is, as the effective power 
to the first relay increases by increasing winding turns, that to the other 
correspondingly decreases. We see that for relay No.1, the effective 
power increases as Nl increases, but also that the effective coil constant 
increases. Thus an optimum turns value can be found, where on one 
side the low effective power slows up the operate time, and on the other 
the high coil constant does. Fig. 11 shows these optimum values. The 
solid curves for relay No. 1 are plots of time versus the turns ratio 
NdNl with total power, E 2/(R1 + R2), and the "series coil constant" of 
relay No.2, N 2

2/(R1 + R2), as parameters. The optimum turns values 
for relay No. 1 show up clearly on this curve, and are seen to vary with 
both parameters. 

This relation of optimum turns to the two parameters is shown on 
Fig. 12, where optimum Nz/Nl values are plotted against total power 
with the relay No.2 series coil constant as the parameter. The added 
series relay always has the most turns when it is designed for least time. 
vVhere speed on relay No. 1 is the only concern, the optimum turns can 
be chosen directly and easily from Fig. 12. Fig. 11, however is of more 
general use since it actually gives the times and also shows the time 
values for the second relay (the dotted curves). Thus the turns can be 
chosen to approach optimum speed on either relay or to choose a com­
promise value. 

Now for relay No.2 with total power E 2/(R1 + R2), and the second 
relay series coil constant N~/ (Rl + R2) as parameters, the effective 
power decreases and the effective G increases when Nl is increased, both 
increasing the time. In other words, the given relay will always be 
slowed down by any added series relay winding. 

The minimum Nl value is limited by sufficient ampere-turns to operate 
the first relay. As shown by the dotted curves of Fig. 11, which are the 
time versus N 2/ Nl curves for relay No.2, the gain in speed is slight as 
Nz/ Nl is increased beyond about 2. Thus, although a compromise must 
always be chosen for speed on relay No.2, the loss in speed for relay 
No. 2 is not necessarily great if N 2/ Nl can be chosen near 2. For the 
case of equal operate times, in every case equality of turns of course 
applies. 
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THE OMISSION OF EDDY CURRENT CORRECTIONS 

The foregoing discussion of series connected relays developed trans­
formation relationships ignoring eddy current effects. The following 
discussion will qualitatively show that ignoring the eddy current effects 
introduces second or smaller order errors. 

For very large coil constants and different magnetic structures, the 
core constants can be ignored. With large coils, the current and flux rise 
are influenced very little by the core constant.2 As the coil constant is 
reduced, the core effect becomes more important, but not significantly 
so until the speed class is reached. Unfortunately, we are generally only 
interested in the speed case. In the following, the most affected high 
speed applications are considered. It is found that the virtual constant 
potential point is only slightly affected by the eddy currents, and that 
equivalent single relays for each of the series relays determined using 
only the winding resistance and turns, with the relay reluctance cor­
rection as described above, are sufficiently accurate. The operate time 
for each relay itself, is affected by the core. This effect of course is in­
cluded in the measured timing data which are used after equivalents 
are determined. The present discussion is directed toward the effect 
of the core eddy currents on the voltage division. 
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The linear equations used for developing the first approximation 
operate time equations also represent the behavior of the three element, 
two terminal network of Fig. 13, shown referred to a one turn admit­
tance form. This exhibits the core eddy current effect as a resistor shunt­
ing an ideal inductance, rather than as an infinite line. vVhatever value 
the shunting resistor may have, it affeets only the transient response of 
the network, the part with which we are now concerned. 

In what follows, it will be assumed that the transformation relations 
have already been applied, and the Gc values applying to Fig. 13 are 
effective values related to the winding turns in accordance with equa­
tions (30). 

For two such networks in series, the voltage division would be in­
dependent of time if the ratios of the shunting to series conductances 
for each structure were equal. The method developed for similar struc­
tures then would apply with no error. 

r t 

N2 

Gc= R 

Lt=L 
NI 

Fig. 13 - Equivalent linear circuit represented by time equation. 

The ratio is: 

This function has a maximum value of lie; that is, the shunting re­
sistor is at least e times larger than the series resistor. An analysis of the 
range of core conductances and speed windings in use, shows that the 
actual resistance ratios are somewhat greater than this and hence the 
ratios are not quite independent of the structure. However, because the 
maximum is broad, it reduces the actual range to about 10 per cent, 
including all windings plus a 2 to 1 GE change. In turn, this signifies 
that for a suddenly applied voltage, the initial linear network voltage 
division would differ from the final by less than 10 per cent. This error 
decreases with time. 

The above discussion applies to linear networks such as Fig. 13. In 
an actual magnetic structure the initial voltage division is not affected 
by eddy currents as they have not had time to build up. The voltage 
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division starts and ends exactly in the ratio of the effective series re­
sistances' by virtue of the method used in determining them. For times 
after circuit closure, a transient voltage error does develop, but it will 
not approach in magnitude the initial transient error of the linear net­
work. The operate time error will be still smaller. The operate time 
varies as the two-thirds power of the voltage (pmver varies as the volt­
age squared). 

These considerations lead to the conclusion that ignoring the eddy 
currents in setting up the equivalent relays, results at the most in errors 
of operate time estimates for series connected relays of the order of a 
few per cent. 

RELEASE TIME 

The relase time of a relay is not as directly affected by the winding: 
as is the operate time. For instance, if it is opened by the controlling 
contact without an RC network, the winding current, ignoring arcing 
at the contacts, abruptly drops to zero. The winding subsequently plays 
no part in the flux decay. If the winding has a shunting resistor or RC 
circuit, then winding current does flow and some effect is present. A 
resistor always increases the release time. A favorable RC choice can 
cause a slight decrease in release time. Because of this minor effect, the 
winding almost always is designed from operate time or sensitivity 
considerations. 

Differing slightly from operate time, the release time is divided into 
two parts, (1) waiting time plus motion time until actuation of the 
nearest contact and (2) stagger time. For simplicity the combination (1) 
above is merely called release waiting time. 

The release time of a relay is a more complicated function than is the 
operate time. The primary cause of this is the closed gap situation, with 
little stabilizing effect from an air gap. For the earlier operate time 
studies the air gap largely contributed to the simple exponential relation­
ships. A second effect in release is that the magnetic material is almost 
always in the non-linear saturated portion of its characteristic. Hence 
an approximately linear relationship between steady state flux and 
current cannot be assumed. Finally, for release without an RC network, 
the only current flows in the core, so it completely controls the flux 
decay. Even with an RC network, only a minor decrease in release time 
is possible. For these reasons, except for rough preliminary estimates 
of release times during preliminary design, all release data are based 
on measurements. 
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Conductance Shunt 

In a companion article,3 a hyperbolic relationship between the flux 
and current is used to represent the portion of the hysteresis loop of 
concern in release. This, with a conducting sleeve or shunted winding, 
gives an excellent representation of the release waiting time. It also 
provides an understanding of the controlling parameters, even with only 
eddy currents controlling the release. The form most useful for release 
consideration is: 

where 

t = (cp" - cpo)(Gs + Gc + GE ) 

Nlo 

" z = cp - CPo 

cp - cpo 

(~ - ~), 
z - 1 z 

(37) 

In these experessions, cp is the flux corresponding to the ampere turns N I 0 

at which the relay just releases, CPo is the residual flux, and cp" is the 
asymptotic saturation flux. The conductance terms are the same as for 
the operate case except Gc now is computed using the dc winding re­
sistance plus any winding shunting resistance. If the winding has no 
shunt then Gc = O. The operated contact spring load enters through cp 
and Nlo. 

The function of z in brackets has a broad maximum in the region of 
relay release. It therefore is appropriate to consider the releasing ampere 
turns as the independent variable and plot the measured release time 
with the total conductance as a parameter covering the range of interest. 
As GE is a characteristic of the structure and not subject to adjustment, 
the curves are actually labelled in terms of just the sleeve, if any, plus 
the shunted winding. For the wire spring relay, Fig. 14 shows data in 
this form. If the function of z were truly constant, the curves would 
all have a slope of -1 in this plot. 

Strictly speaking, the above equation applies only to the time until 
the magnetic pull has decayed to equality with the operated spring 
load. Following this is the motion time, during which the pull decays 
further. For convenience, however, the armature motion time through 
the distance to the nearest contact is included in the chart for release 
time as (a) the contact actuation is the means used to measure the time 
and (b) this much motion always takes place before any contact is 
actuated. 

The further displacement of the armature continues at almost con-
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stant velocity. This is because the decreasing magnetic pull (called drag 
for the release case) p.as become small and the contact spring load is 
dropped by the motion. The further forces acting on the armature then 
are only the back tension and the difference between the rapidly de­
creasing contact spring load and magnetic drag. 

Returning now to equation (37) above, the release time is directly 
proportional to the sum of the conductances, and to the difference be­
tween the saturation and residual fluxes. The conductance variations 
can be determined from temperature, winding data, sleeve dimensions, 
and material. The saturation flux is directly proportional to the core 
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cross-section. The residual flux is directly proportional to the coercive 
force times the length of the magnetic material, and inversely propo­
tional to the closed gap reluctance. The two largest factors affecting 
the closed gap reluctance are magnetic permeability, and fit of the joints, 
including variations in stop pin height. By measuring these factors on 
the test relay and estimating the corresponding values for the desired 
reference condition, the measured data can be corrected to the reference 
condition. Then having the release pull curves after magnetic soak for 
the same reference condition, the release ampere turns for any load 
under consideration and hence its release waiting time can be deter­
mined. These release pull curves are also shown as part of Fig. 14 for 
the wire spring relay. The ordinate scale is marked for both contact 
spring load in grams and releHsing time in milliseconds. The particular 
chart shown is for a constant initial number of ampere turns. For other 
initial values, a correction chart is provided. If not as desired, the time 
can be adjusted either upward or downward by changing to a different 
sleeve, shunting resistor, or both. Of course, in no shunting conductance 
case can the release time be less than the open circuit time. 

RC Shunt 

The above considerations all related to shunting conductances. These 
serve the purpose of increasing the release time. The shunting resistor 
also greatly reduces the transient peak voltage developed when the 
winding circuit contact is opened. For contact protection reasons, RC 
networks are frequently used across the winding or contact for this 
same purpose. Such a network also has no power drain when the relay 
winding is energized. By a suitable choice of capacitance the network 
can reduce the release time to a value less than the open circuit time. 
It does this by developing a heavily damped oscillation of winding cur­
r~nt. The frequency must be of the order of the reciprocal of the un­
protected release time for a release time reduction. This fixes the choice 
of capacitance to a small range i.e., there is a best capacitor, one for 
each winding. Smaller values cause the time to increase toward the 
unshunted case. Larger values also cause an increase but for this case, 
if too large, an increased time beyond the unshunted case can result. 

For speed windings, where timing is important, a network is designed 
for each. For the slower higher resistance windings, because time is not 
as important, the closest to the best of the available networks is chosen. 
This results in a time penalty but furthers standardization. l 

To evaluate a network, the transformations developed and shown in 
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Fig. 15 - Release time as a function of N2C. 

Fig. 5 are used. This permits exact simulation for any winding and net­
work from a time standpoint. For presentation of data, an arbitrary 
separated product form for the more important variables is used. The 
particular factors chosen are: 

(1) N 2C, a measure of frequency, with Nlo (RELEASE NI) as a param­
eter. 

(2) RC, a damping term, with N10 as a parameter. 
(3) Soak NI with N 2jR as a parameter. 

Essentially what is assumed is that the release time can be represented 
well enough as a function of the form: 

(38) 

Then by holding two factors fixed and varying the third, each factor in 
turn is evaluated. Generally the accuracy is better than 10 per cent even 
with this elementary approach. For a few cases the error approaches 15 
per cent. Typical charts for these three factors are shown in Figs. 15, 
16 and 17. 

Release Time for Series Relays and an RC Shunt 

'Vith two series relay windings it is usual to provide a single RC net­
work, as shown in Fig. 18. This results in a double infinity of possible 
combinations if handled directly. However, it can be broken into two 
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parts, each of which exactly represents, as individual relays, the two 
series relays. This is done by first assigning the total of the winding 
resistanceEl for equal N 2jR values. The two equivalent relays then form a 
voltage divider, independent of frequency. The RC network next is 
drawn as two series RC networks as shown in Fig. 19. The procedure 
now is to determine the component RC values to have the identical 
voltage divider effect as the relays. Then the two equal voltage points 
can be connected as shown by the dotted line and no circulating current 
will flow. The resultant is a three no.de circuit and each branch can be 
considered independently, using the method of the preceding section. 

There are four unknowns and hence four equations are needed. They 
are 

Rll + R22 = R, 
(39) 

C1C2 _ C 
C1 + C2 - , 

The solutions for the four unknowns are shown on Fig. 19. 
For experimental measurements, each is transformed again by means 

of Fig. 5. Note that the time constants all are equal, as they must be, 
because the same current flows through all elements. However, the initial 
ampere turns NI are different by virtue of Nl~N2' Thus only one circuit 
like Fig. 5 need be set up. Measurements then are made with two dif­
ferent voltages to provide the two different ampere turns and the two 
release times. By choosing the subscript 1 network to represent the 
actual circuit, then no subscript confusion results in arriving at the 
simulating circuit of Fig. 5. 

Release Time for Similar Parallel Relqys and an RC Shunt 

Similar parallel relays are split as shown in Fig. 20. Two equalparallel 
RC networks are first drawn. One is then assigned to each, and then the 
pairs are divided. The release times are each equal to that of one of the 
separated circuits. 

Summary 

The release time of fast electromagnets is influenced much more than 
the operate time by the fit of the magnetic parts. For release, the small 
non-magnetic stop disc introduces a relatively small stabilizing air gap 
compared to the open gap of the operate case. Secondly, the release 
always starts after an applied magnetomotive force which differs as 
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between circuits, whereas operation invariably follows an open circuit. 
Thirdly, with RC protection networks connected, a more complicated 
winding current is present. Finally, the transmission line behavior of 
the magnetic core material is less masked by the winding, and in fact 
controls completely for the open circuit case. For these reasons, the 

~c 

I 

Fig. ·18 - Series relays with one RC network. 

R
22

= 1 + (~~ r 
C1 = c~+(~~r] 

C2 = C [1+( ~J2] 

Fig. 19 - Transformation to series RC networks. 

l 

C/2 2R 

Fig. 20 - Transformation to parallel RC networks. 
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analytical presentation, as noted in Part I, of fast release time data is 
not now as advanced as the operate time data. 

The material presented here describes the present state of the art. 
For slow releasing relays, the performance can be predicted with ac­
curacy. For fast relays, while the general pattern is known, accurate 
means for estimating variations have not been developed. The present 
engineering of releasing relay circuits therefore, depends upon specific 
measured data in chart form, for each condition. 
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Principles of Slow Release Relay Design 

By R. L. PEEK, Jr. 

(Manuscript received September 25, 1953) 

This article presents an analytical treatment of the relations controlling 
the release time of slow release relays, in which field decay is delayed by the 
currents induced in a conducting sleeve or slug. A n hyperbolic relation 
between fluX and magnetomotive force, fitting the decreasing magnetization 
curve, is used for the relation between induced voltage and current in the 
sleeve circuit in determining the rate of field decay. 111ethods are given for 
estimating and measuring the magnetization constants and those appearing 
in the relation between pull and field flux. 

These relations are used as a basis for a discussion of the design of slow 
release relays and of the adjustment procedures employed to meet timing 
requirements. 

1 INTRODUCTION 

Slow release relays are built and adjusted to provide a time delay be­
tween the opening of the coil circuit and the release motion which restores 
the contacts to their unoperated condition. They are used to assure a 
desired sequence of circuit operation, as, for example, in maintaining a 
closed path through the slow release relay's contacts during the pulses 
sent in dialing a digit, and opening this path during the much longer 
interval between digits. Slow release relays constitute a minor but sig­
nificant part of the relay population in an automatic central office: 
about ten per cent of the total. 

For economy in manufacture, installation, and use, slow release relays 
are made as similar to the ordinary or general purpose relays with which 
they are used as their special requirements permit. Each general struc­
tural relay developed for telephone work has had a variant form for 
slow release use. Thus the Y type! relay is the slow release form of the U 
type relal widely used in the Bell System, while the AG relay is the slow 
release variant of the recently developed wire spring3 relay. 

The circuit functions of most slow release relays permit considerable 
variation in release time if the minimum delay specified is assured. This 
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tolerance in the timing requirements permits the use of more economical 
practices in the construction and use of slow release relays than would 
be needed for closer control. As these wide tolerances apply to the great 
majority of applications, over-all economy is attained by developing 
slow release relays with reference to them, using other devices for the 
special applications requiring close timing control. 

The magnitude of time delay desired is fixed by the operate and release 
times of the associated general purpose relays. The latter times lie in the 
range from 5 to 50 milliseconds, with the majority in the lower part of 
the range. The delays required to assure sequences of events each requir­
ing time intervals of this order consequently cover the range from 50 to 
500 milliseconds (one twentieth to one half a second). Delays of less 
than 100 milliseconds can generally be provided by ordinary general 
purpose relays having shorted secondary windings or sleeves (single 
turn conductors) to delay their release. Special slow release relays are 
used for delays in excess of 100 milliseconds. 

Factors Controlling Release Delay 

In terms of circuit operation, release time is the interval from the 
opening of the coil circuit to the completion of contact actuation during 
the return motion of the armature. This time is the sum of (a) the time 
for the magnetic field to decay to the level at which the pull just equals 
the operated spring load and (b) the motion time for contact actuation. 
The motion time is never more than a few milliseconds, and is therefore 
a trivial increment to the long delays of slow release relays. The release 
time of such relays is therefore, for practical purposes, simply the time 
of field decay. 

When the coil circuit is opened, the field decay induces currents in 
any circuit linking the field. These currents tend to maintain the field 
and to delay its decay. A short circuited winding or the single high con­
ductivity turn provided by a copper sleeve gives a high magneto­
motive force for a low induced voltage, resulting in a relatively slow 
decline in field strength. The time for the flux to reach a given level de­
pends upon the conductance of the sleeve, and upon the reluctance of 
the electromagnet: the ratio of magnetomotive force to flux. The flux 
level which determines the end of the delay is that for which the pull 
equals the spring load. The delay is therefore prolonged by a pull char­
acteristic such that the load is held until the flux drops to a minor frac­
tion of its initial value. 

Thus the essential features of a slow release relay are a shorted winding 
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or sleeve, a low reluctance magnetic circuit, and a high level of pull for 
relatively low values of field strength. In the following analysis of slow 
release performance, expressions are developed for the time o~ field 
decay for the decreasing magnetization characteristic, for the reluctance 
of the electromagnet, and for its pull characteristics. These expressions 
permit the estimation of release times, indicate the design conditions to 
be satisfied to attain a desired level of delay, and indicate the effect on 
the release time of variations in the spring load, in the dimensions of the 
electromagnet, and in other design parameters. 

The notation used in this article conforms to the list that is given 
on page 257. 

2 FIELD DECAY RELATIONS 

If a closed circuit of resistance Rand N turns links a magnetic field 
of flux cp, the voltage equation is: 

iR + N dcp = 0 
dt ' 

where i is the circuit current. Multiplying by 47rN and dividing by R 
this equation may be written as: 

where ;Ii is the magnetomotive force of this circuit, and Gi is its value 
of N 2jR, which may be termed the equivalent single turn conductance. 
If there are several such circuits linking the same magnetic field, a 
similar expression applies to each, and these may be added to give the 
equation: 

(1) 

where;I = L:;Ii , and G = L: Gi . In the case of a slow release relay, one 
linking circuit is usually a sleeve, whose conductance may be designated 
Gs . The applications are identical for a short circuited winding, if the 
applicable value of N 2jR is substituted for Gs . In either case, G also 
includes a term GE representing the net effect of the eddy current paths. 
As the eddy currents at different distances from the center of the core 
link different fractions of the total field, this representation by a single 
term is an approximation. As shown in a companion article,4 however, 
the approximation is satisfactory when GE is a minor part of G, as in the 
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slow release case. In this same article it is shown that, under these condi­
tions, the relation between the changing values of g: and cP in (1) is sub­
stanti.ally identical with that given by static magnetization measure­
ments. 

The static magnetization relation between g: and cP may therefore be 
substituted in (1), which may then be integrated to give the relation 
between cp and t. For linear magnetization, or constant reluctance 
CR = g:/cp, integration of (1) gives the equation. 

cp -tlto - = e , 
CPI 

where CPI is the value of cP for t = 0, and to = 47l"G/CR, the time constant 
for this simple exponential decay. For release, however, the magnetiza­
,tion relation is not linear, but has the character shown in Fig. 1. The 
cP versus g: relation is asymptotic to the saturation flux cp", and has an 
intercept CPo at g: = 0, resulting from the remanence of the magnetic 
material. The relation between cp and t in release is given by (1) with the 
relation between cp and g: that of the decreasing magnetization curve 
illustrated in Fig. 1. 

Graphical Determination of Release Time 

Writing 47rNi for g: in (1), the integral form of this equation is: 

i = f~l dcp 
G ~ Ni' 

(2) 

where t is the time for the field to decay from an initial value CPI to a 
final value cpo If experimental data for the decreasing magnetization 
curve are available, the integral of (2) may be evaluated graphically as 
is indicated in Fig. 2. 

For purposes of illustration, the left hand plot shows two decreasing 
magnetization curves, such as might be obtained with two models of 
the same relay. The dashed curve 1 corresponds to a higher value of CPo 

and a lower reluctance than apply to the solid curve 2. To evaluate the 
integral of equation (2), the curves are replotted as at the right to give 
cp versus l/(Ni). Then the integral of equation (2) is given by the area 
between the curve and the axis of cpo For curve 1, for example, the area 
o-d-a' measures the value of t/G for the flux to decay from CPI to the value 
of cp at a. 

If the areas are evaluated for a series of points, such as a and c, the 
resulting values of t/G can be plotted, either against the correspond-
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cp" ----------------

t 

<Po 

ABAMPERE TURNSJ if/47T -

41T 

Fig. 1 - Decreasing magnetization of an electromagnet. 

ing values of cp, as in Fig. 3, or against the corresponding values of 
NI, as in Fig. 4. In comparing two models, corresponding to curves 
1 and 2 in these figures, the curves of t/G versus cp in Fig. 3 indi­
cate the comparative release times for the same spring load, as the pull 
versus cp relation is the same for similar structures. Thus in Fig. 3 the 
times for the pull to drop to a common value for curves 1 and 2 cor­
respond to the points c and b, for example, and are measured by the 
areas o-e-c' and o-e-b' respectively. Hence curve 1 gives longer times in 
this comparison than curve 2, as illustrated in Fig. 3. 

If, on the other hand, the spring loads for the two models are adjusted 
so that they release on the same, value of NI, the release times to be 
compared correspond to decay to the points a and b, for example. The 
corresponding values of t/G are given by the areas o-d-a' and o-e-b'. 
These differ little from each other, and consequently curves 1 and 2 in 
Fig. 4 are similar. It is therefore possible to adjust individual relays to 
give nearly the same release time by adjusting the spring load so that 
they release on the same value of .Ni. Advantage is taken of this fact in 
the adjustment practice8 employed with slow release relays, as discussed 
in a latter section. 

This graphical method for the prediction of release times, which was 
developed by H. N. vVagar, 5 is described here because of its utility in 
demonstrating the relation between the timing relations and the char­
acter of the demagnetization curves. It provides a means for accurately 
predicting the release times in specific cases, but does not afford as 
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explicit a statement of the general relations applying as does the approxi­
mate analytical treatment outlined below. 

Hyperbolic A pproximation to Decreasing 111 agnetization Curve 

The decreasing magnetization curve, as illustrated in Fig. 1, has the 
general character of a rectangular hyperbola, and may therefore be 
represented approximately by the empirical equation: 
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3.5 

for which cp = ° for ;:F + ;:Fe = 0, while cp" is the asymptote approached 
by cp as ;:F is increased. CR" is the initial incremental reluctance, the value 
of d;:F/dcp for cp = 0. If CPo, as in Fig. 1, is the value of cp for ;:F = 0, the 
resulting expression for ;:Fe may be substituted in (3) and this equation 
written in the alternative form: 

cp 
-,-,-- CPo (4) 
cp - cp 

The incremental reluctance CRi, the value of d;:F / dcp at cp = CPo , is given 
by: 

( " )2 cp " CRi =" CR • 
cp - cpo 

(5) 

The expression for ;:F/(41l") given by (4) may be substituted for Ni in 
(2) to give an expression for the release time t. After clearing fractions, 
the resulting equation is: 

t 47r(cp" - CPO)2j'P1 (1 1 ) 
- = " "2 " - --- dcp. G CR cp 'P cp - cpo cp - cpo 
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From (5), the term outside the integral sign is 47r/eRi. On integration, 
the following expression is obtained for the release time t: 

t = 47rG ( ~, - CPl + In CPl - cpo) • 
eR i cP - cpo cP - cpo 

In slow release relays, a "soak" or high ampere turn value is applied 
in operation, and the initial value CPl is close to the saturation value cp". 
It is therefore a satisfactory approximation to take CPl = cp" in the pre­
ceding equation, which then reduces to: 

47rG ( 1) t = - In z - 1 + - , 
eR i Z 

(6) 

where, 

" z = cP - CPo (7) 
cP - cpo 

The time therefore varies as the bracketed term in (6), which is shown 
plotted against z in Fig. 5. As z varies inversely as cP - CPo , the difference 
between the flux and its ultimate value, (6) gives the release time for 
the value of cP at which the pull equals the operated load. 

To obtain an expression for the release time in terms of the ampere 
turn value at which release occurs requires an expression for z in terms 
of g:, or 47rNI. This may be obtained by substituting in (4) the expres­
sion for eR" given by (5). The resulting equation reduces to: 

(cp" - CPO)eRi 
Z - 1 

( " ) cP - CPo . g: = cP - CPo eRi -,-,--
cP - cP 

giving the equation: 

(8) 

If g: is the value of 47rNI at which release occurs, the corresponding 
value of z given by (8) may be substituted in (6) to determine the release 
time. In this way there have been determined the values of teRi/(47rG) 
plotted against g:/(eRi(cp" - cpa)) in Fig. 6. This is a universal curve for 
the relation between release time and the ampere turn value at which 
release occurs. The observed relation for any specific case is given by 
this curve, displaced vertically by the value of 47rG /eRi and horizontally 
by the value of eRi(cp" - cpo) for the case in question. This is illustrated 
in Fig. 7, which shows the observed release time versus release ampere 
turn curves for the Y type relay for two sleeve sizes, corresponding to 
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different values of G. For each sleeve size t\vo curves are shown, cor­
responding to the limits of variation in magnetic characteristics, or in 
(Ri and cp" - CPo . The dotted curve included for comparison is the rela­
tion of Fig. 6. 

An important property of the t versus ;r relation can be demonstrated 
by substituting in (6) the expression for (Ri given by (8). There is thus 
obtained the equation: 

t = 47rG(cp" - CPo) (~ _ ~) . 
;r z - 1 z 

(9) 

A plot of the function of z appearing in brackets in this equation is 
included in Fig. 5. In the vicinity of the maximum at z = 3.09, this func­
tion is nearly a constant, varying little for values of z between 2 and 6. 
In this range t varies inversely with ;r, and the proportionality constant 
depends only upon G, the sleeve conductance, and the term cp" - cpo, 

which is relatively independent of material and dimensional variations, 
as shown later. This confirms the conclusion, previously indicated by 
graphical analysis, that through a considerable range of operation the 
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release time is relatively independent of magnetic variations, provided 
it is adjusted to release at a specified ampere turn value. 

The range in which t is inversely proportional to ;r is that in which the 
logarithmic plot of Fig. 6 has a slope near unity. The point of tangency 
with a line of unit slope coincides with the value of z for which the 
bracketed function of z in (9) is a maximum. By equating the derivative 
of this to zero, it is found that this maximum occurs for z = 3.09, cor­
responding, from (8), to a value of 0.46 for ;r/(CRi('P" - 'Po)). From (6), 
the corresponding value of t.CR/(47rG) is 0.46. Thus by drawing a line of 
unit slope tangent to the observed relation between t and ;r, and reading 
the co-ordinates of the point of tangency, 47rG/CRi and CRi ('P" - 'Po) may 
be evaluated. If G is known, these suffice to determine the values of CRi 
and 'P" - 'Po· 

Thus the release time is given by (6), and may be expressed in terms 
of the flux 'P at which release occurs by means of (7), or in terms of the 
corresponding value of ;r, or 47rNI, by means of (8). To relate the time 
to the spring load determining release, expressions are required relating 
the pull to 'P or to ;r. To relate both time and pull characteristics to the 
design requires means for evaluating the magnetic constants and G in 
terms of the dimensions and materials of the design. The magnetic 
constants and the pull relations are discussed in the two following sec­
tions. 

3 DECREASING MAGNETIZATION RELATIONS 

To determine the decreasing magnetization relation experimentally, 
the magnet is demagnetized, and a measurement made of the flux de­
veloped on applying a full "soak," ,or high ampere turn value. The de­
creasing flux is then measured as the applied current is reduced, and 
finally reversed to determine ;r c , the value required to restore the field 
to zero. The relation between cp and ;r thus determined has the character 
shown in Fig. 1. If this curve conforms to the empirical relation given 
by (3) and (4), it is characterized by three constants: CR", 'P", and either 
;rc, as in (3), or 'Po, as in (4). These may be evaluated from measure­
ments or estimated in preliminary design by the procedures indicated 
below. 

Experimental Determination of J11 agnetic Constants 

Equation (3) may be written in the form: 

;rc + ;r 
'P 

CR" + ;ro + ;r 
1/ • 

'P 
(10) 
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As ~ c may be read directly from the measured curve, as indicated in 
Fig. 1, value~ of (~c + ~)/cp may be computed from corresponding values 
of cP and ~, and plotted against the corresponding value of ~c + ~. One 
such plot for a slow release relay model is shown in Fig. 8. In agreement 
with (10), the plot is approximately linear over the range covered, and 
the slope and intercept may be used to evaluate CR" and cp" as indicated 
in the figure. If co-ordinate paper is used, as in Fig. 8, with radial lines 
spaced to give a convenient scale of cp, the value of cp" is that correspond­
ing to the radial line parallel to the plot. The observed linearity of this 
relation does not extend to much higher values of ~, and the observed 
asymptote <p" is fictitious, as the full curve is concave downwards, 
asymptotic to a lower value of cp than that found in this way. If the ob­
served value of CPo does not agree with that computed from values of the 
other constants, it is preferable to use the observed ~ather thad the com­
puted value of CPo • 

As shown in the preceding section, values of CRi (which is related to CR" 
by (5)) and of cp" - CPo may be independently determined from measure­
ments of release time versus release ampere turns. In cases of disagree­
ment, these values are to be preferred to those determined from the 
decreasing magnetization measurements. The latter are primarily of 
interest in checking design estimates, and in indicating the effects of 
variations in dimensions and material properties. 

Estimation of Al agnetic Constants 

In the "tight" magnetic circuit of a slow release relay, the leakage 
field may be ignored, and the reluctance taken as the sum of the iron 
reluctance and that of the air gaps,_ which may be designated C5h. The 
estimation of CRE is discussed in the following section, in connection with 
the pull relations. The iron reluctance is substantially that of a perma­
nent magnet, supplying flux to the external circuit of reluctance CRE • In 
using (3) to characterize the magnetization relation, the demagnetiza­
tion in the second quadrant is taken as continuous with the decreasing 
magnetization in the first quadrant. Thus the value of ~c is that which 
would apply to a permanent magnet of length t, equal to that of the 
iron path, as given by: 

(11) 

where He is the coercive force of the material. For the soft magnetic 
materials used for slow release relays, He is of the order of 0.5 to 1.0 
oersteds, so if t = 10 cm, ~c lies in the range from 5 to 10 gilberts (4 to 
8 ampere turns). 
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Similarly, the initial iron reluctance corresponds to the slope of the 
demagnetization curve at He, as given by the initial permeability p,". 

Thus the total initial reluctance eR" is given by the equation: 

" 1 '"' .e eR = eRE + " ~ - , 
p, a 

(12) 

where Lela denotes the sum of terms corresponding to the eomponent 
parts of the iron path, each term giving the length of the part divided by 
its cross sectional area. As ,./' is of the order of 20,000 for soft magnetic 
materials, the iron reluctance term is small compared with eRE, which is 
typically of the order of 0.010 cm -1 or less. 

The value of cp" may be estimated as the saturation flux for the core, 
or B" a, where a is the cross sectional area of the core. B" is the satura­
tion density, which may be taken as the value of BM listed in a companion 
article. 6 Estimates of cp" thus obtained are lower than those which best 
fit the decreasing magnetization measurements. No convenient means 
for correcting this disparity has been found, other than an arbitrary 
increase by a factor of 20 per cent, based upon experience. In a particular 
relay design, however, the observed values of cp" vary directly with the 
core cross section. 

4 PULL RELATIONS 

As shown by equation (6), the release time varies inversely as the incre­
mental reluctance CRi . This is proportional to CR", in which the dominant 
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Fig. 8 - Evaluation of magnetic constants from measurements of decreasing 
magnetization. 
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term, from (12), is the total air gap reluctance eRE . To obtain long delays, 
therefore, eRE must be made small, and consequently sensitive to small 
dimensional variations. These may be compensated in an initial adjust­
ment, but subsequent changes must be minimized if constancy of per­
formance is to be attained. 

Two expedients have been used to provide a small and stable gap 
reluctance. The older one is the use of a "residual screw," an adjustable 
non-magnetic member which serves as an armature stop and assures a 
small air gap at the pole face. vVith this scheme, the residual screw is 
used to adjust the relay. The alternative scheme, used in the flat type 
relays of the Bell System, is to employ a domed pole face on the arma­
ture, providing a spherical surface in contact with a mating plane surface 
on the core. The only effective air gap at the point of contact is that of 
the chrome finish on the parts. With this scheme, the relay is adjusted by 
varying the spring tension, and thus the operated load. 

General expressions for the pull of electromagnets are discussed in a 
companion article,6 where it is shown that the pull F provided by a gap 
flux cp is given by the equation: 

F = cp2 deRa 
871" dx' (13) 

where x is the dimension in the direction of the pull, and eRa is the gap 
reluctance. In the usual case, eRa varies linearly with x, and deRa/ dx has 
the constant value 1/ A, where A is the effective pole face area. This is 
applicable to any case of plane mating surfaces having an appreciable 
separation, including the configuration usually employed with a residual 
screw as separator. 

Pull for a Domed Pole Face 

In the case of a domed pole face there is a concentration of the field 
near the point of contact, which varies with the effective air gap at this 
point. An expression for the reluctance can be developed for the idealized 
configuration shown in Fig. 9. In this, R is the radius of a spherical 
surface mating with a plane over the projected area A bounded by the 
radius aR. The separation x is that measured at the center of A. As 
indicated in the figure, an expression can be obtained for the gap re­
luctance eRa in terms of its reciprocal, or permeance. The latter is given 
by the integration of the permeances of the differential rings within the 
projected area. eRa is conveniently expressed in terms of the ratio eRa,jCRa 
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given by the equation: 

CRoo = 27l"RCRoo In (1 + -2 R1 ), 
CR G 7l" CRoo 

(14) 

in which CRoo = xl A, the value of CRG which would apply if the spherical 
radius were infinite, and both mating areas plane. On substituting this 
expression for CRG in (13), there is obtained the following equation for 
the pull at a domed pole face: 

F = ~ CRG 27l" CRoo 2 ()2 R 
87l" A CRoo 1 + 27l" RCRoo • 

(15) 

The right hand side of (14), and the expression given by (15) for the 
ratio of F to ,/1(87l"A) are both functions of a single dimensionless 
parameter: RCRoo • These two ratios are plotted against this parameter in 
Fig. 10. These curves show how the reluctance and pull values compare 
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Fig. 9 - Reluctance and pull of a domed pole face. 
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with those for a gap of the same separation and projected area, but with 
plane pole faces (a dome of infinite radius). 

Ampere Turn Sensitivity 

The effect of the relation between F and cp on the release time cannot 
be conveniently deduced from (6), which involves both the term in z, 
which varies with cp, and the reluctance CRi, which also enters the pull 
relation. If the pull is expressed in terms of ;}, however, (9) shows that 
the time varies inversely with ;}, and is substantially independent of the 
reluctance, provided z is in the usual range from 2 to 6. It follows that 
maximum release time can be obtained for a given load if the value of ;} 
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required to operate this load is minimized. Thus maximum release time 
is attained by providing maximum ampere turn sensitivity . 

.1\.. general expression for the relation between F and fr" may be ob­
tained by substituting in (13) the expression for (fr"e + fr")/cp given by 
(10). A much simpler relation is given by the linear approximation to 
the decreasing magnetization curve in which (fr"e + fr")/cp is taken as 
equal to CRi. This approximation has the same slope at CPo as the curve 
given by (3) or (10). The release pull usually corresponds to values of cp 
much nearer CPo than cp", and the approximation is satisfactory in this 
range if cpo/cp" is small. Writing (fr"e + fr")/CRdor cp in (13), there is obtained 
the equation: 

F = 27r(NI + (NI)e)2 dCRo 

CRj dx ' 
(16) 

in which (NI)e is written for fr"e/(47r). This approximation is used for 
convenience and simplicity. The general expression, which is required 
for higher values of fr", is obtained by substituting the right hand side of 
(10) for CRi in (16) and in the expressions derived from it. 

By comparison with (12), CRi may be taken as equal to the gap and 
joint reluctance CRE plus a modified and minor term for the iron reluc­
tance. For the present purpose, it is convenient to take CRi as the sum of 
the main gap reluctance CRG , which varies with x, and CRF , which includes 
the iron reluctance and the constant reluctances of the heel gap and of 
any joints in the magnetic structure. For a plane pole face, CRG is given 
by x/A, where A is the effective pole face area, and (16) reduces to the 
equation: 

F 
27r(NI + (NI) e)2 

A ()\d ~)' . 
As shown in one of the companion articles,6 the pull F at travel x for 

a given value of NI is a maximum when the gap reluctance x/A is equal 
to the reluctance CR F external to the gap. A similar relation applies for a 
domed pole face gap, as can be shown from the expressions given above. 
Taking the linear approximation to apply, (fr"e + fr")/(CR F + CRG) may 
be substituted for cp in (15). Writing x/CRoo for A in the resulting equa­
tion, this may be written in the form: 

F = 27r(NI + (NI)e)2 Q 
xCR p , 



204 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1954 

0.16 

0.14 

0.12 

0.10 

J1 
0.08 

0.06 

0.04 

/ 
1/ 

IV/, 
V 

/ 

V 
I 

t.--
/' 

/ -

/ ---
.,... 

...-

I 
r----~~ ------
r-----~ ------

0.03 

0.02 -

0.01 

PULL F = 
21T [NI +(NI)C] 2 

• .(1 ~ f-
xffi F 

ffiF : EXTERNAL RELUCTANCE 0.02 

o 
o 0.2 

r---.r-o. 
X 

I 

0.4 0.6 0.8 1.0 

ffiF 

(ROO: GAP RELUCTANCE FOR *- = 0 

I I I I 

1.2 1.4 1.6 1.8 2.0 

Fig. 11 - Ampere turn sensitivity of a domed pole face electromagnet. 

where: (17) 

n = CR~CRp 2'nRCRoo 
CRoo(CRa + CRp)2 1 + 2'nRCRoo 

The ratio n is a function of CRp/CRoo and of RCRoo, which determines 
CRa/CRoo , as shown by (14). Alternatively, n may be taken as a function 
of the ratios CRp/CRoo and RCRp , and n may be represented, as in Fig. 11, 
by a family of curves giving n versus CRp/CRoo for various values of RCRp • 

From (17), maximum ampere turn sensitivity is attained by mini­
mizing the separation x and the reluctance CRp external to the gap. 
Assuming these to be made as small as engineering considerations per­
mit, the pull for a given value of NI varies as n. With x and CRp fixed, 
n now depends only on the dome radius R, to which RCRF is now pro­
portional, and on the projected area A, to which CRF/CRoo is now propor­
tional. From the curves of Fig. 11 it is apparent that maximum ampere 
turn sensitivity is attained by using as large a value of dome radius as 
possible. For a given dome radius, there is an optimum value of CRF/CRoo , 
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and hence an optimum value of A, corresponding to the maximum 
shown by each curve in Fig. 11. 

A G Relay P'ull 

The AG relal is a slow release relay with a domed pole face, to which 
the relations given above apply approximately. 1\1. A. Logan and o. c. 
'Vorley developed a more exact expression for the pull in this case, in 
which an increment to the pull is given by the secondary pole faces on 
the side legs of the armature, which mate with the side legs of the E 
shaped core member. A further increment to the pull is given by the 
area at the main gap which lies outside the dome proper. Their analysis 
may be summarized in the notation used here by writing: 

<HGCRp 
CR, - CRr = CRs + CR

G 
+ CRp , 

where Rr is the iron reluctance, CRs is the side gap reluctance, and the 
main gap reluctance is that of the domed gap CRG in parallel with that of 
the remaining area, CRp • Substituting Ri - CRr for CRG in (16), there is 
obtained the following expression for the pull: 

F = 27r(NI + (NI)C)2 (dCRs + ( CRG )2 dCRp 
CR7 dx CRG + CRp dx 

+ ( CRp )2 dCRG) 
CR G + CRp dx·· 

(18) 

An expression for dCRG/dx is given in Fig. 9, while dCRs/dx and dCRp/dx 
are given by 1/ As and 1/ A p , where As and Ap are the effective pole 
face areas for these two gaps. For the dimensions applying to the AG 
relay, these additional terms introduce minor but significant corrections 
to the values of F computed from (17). 

Engineering Pull Data 

In determining the requirements for slow release relays, the estima­
tion of the range of variation in pull is a major problem. A procedure for 
such estimation developed by M. A. Logan makes effective use of the 
relation between F and (NI + (NI)c) in (16). This relation gives a 
linear plot of slope two when F is plotted against (NI + (NI)c) on 
logarithmic paper. A basic plot of this nature may be experimentally 
determined for a model having nominal values of coercive force H c, to 
which (NI)c is proportional, and of finish thickness and side gap separa-
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tion. The effect of known changes in these two latter factors may be 
determined by the observed vertical shift in this logarithmic plot, 
corresponding to changes in CRi and dCRa/ dx. The effect of a change in 
He is a change in the value of (NI)e to be subtracted from (NI + (NI)e) 
in determining NI. From these results there could be prepared curves 
giving the relation between F and NI for different combinations of the 
several variables for which allowance should be made. 

5 EVALUATION OF CONDUCTANCE 

The preceding sections have described procedures for estimating and 
measuring all the terms entering the expressions for the release time 
except the conductance G. This quantity is the sum of the sleeve con­
ductance Gs and the eddy current conductance GE • In some cases a 
short circuited winding may be used instead of a sleeve: in such cases G 
is the sum of GE and the coil constant of the winding, Ge or N 2/R. 

Sleeve Conductance 

The conductance of a cylindrical sleeve is the sum of the conductances 
of the differential shells of length t, radius r and thickness or, as indi-

(b) 
Fig. 12 - Sleeve conductance relations. 
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cated in Fig. 12(a). Thus the total conductance Gs is given by: 

l T2 tdr 
Gs = --

Tt 27Tpr' 

where p is the resistivity of the material. On integration, there is ob­
tained: 

(19) 

The value of p for copper is 1.73 X 10-6 ohm-cm. If r2 is twice rl, for 
example, and t = 5 cm, the value of Gs given by (19) for a copper sleeve 
is 320,000 mhos. 

In the case of a sleeve of rectangular section, as shown in Fig. 12(b), 
an approximation may be obtained by taking the sleeve as made up of 
shells with straight sides parallel to the center hole, connected by quarter 
circles. Then the perimeter of the shell at a distance r from the center 
hole is 2(b + d + 7rr). The total sleeve conductance is therefore given 
by: 

l T2 t dr 
Gs = 0 2 (b + d + 7rr) p . 

in which r2 is the wall thickness. On integration, there is obtained the 
equation: 

G = ~ I (b + d + 7rr2) 
s 27rp n b + d . (20) 

This expression is identical with that for' the cylindrical sleeve, as 
given by (19), when the ratio r2/rl of the radii is equal to the ratio of 
(b + d + 7rf2) to (b + d). 

Coil Conductance 

For a cylindrical coil, the number of turns N is determined by the 
area of the coil section cut by a plane through the axis, or t(r2 - rl), 
where t is the length of the coil and rl and r2 are its inner and outer 
radii. If a is the cross sectional area of the wire, and e the fraction of the 
coil space occupied by the conductor, 

Na = et(r2 - rl) . 

The mean length of turn is 7r(r2 + rl), and the total length of conductor 
is N times this. Hence the resistance R is given by: 

R = pN7r(r2 + rl) . 
a 
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The expression for N /R given by these equations gives the following 
expression for the coil constant N2/R, or Gc : 

(21) 

For unit length of coil, values of Gc are shown in Fig. 13, plotted 
against r2/rl for various values of c, together with the corresponding rela­
tion for Gs , as given by (19). This shows that the sleeve provides the 
maximum value of conductance for the space occupied. It also shows 
that the space used for a given value of sleeve conductance reduces the 
value of Gc that can be provided. When the full depth of the winding 
space is used by both coil and sleeve, called a slug in this case, each oc­
cupying part of the length, the value of Gc attainable is reduced in pro­
portion to the length used by the slug. When the coil is outside the sleeve, 
the outer radius of the sleeve is the inner radius of the coil, and the value 
of Gc is reduced in proportion to the value of Gs . For a given value of c 
(given wire size and insulation) the value of Gc is fixed by the winding 
space and the value of Gs . 
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Fig. 14 - Experimental evaluation of eddy current conductance for release of 
relay. 

Eddy Current Conductance 

In one of the companion articles4 it is shown that when the eddy cur­
rent conductance GE is a minor term in G, as with slow release relays, it 
is given by the equation: 

t 
GE = -

87rp' 
(22) 

where p is the resistivity of the material, and t is the length of the mag­
netic path. For iron, p = 11 X 10-6 ohm-cm, so for t = 5 cm, the value 
of GE given by (21) is 17 X 103 mhos. The equation applies to a path of 
uniform circular cross section, so that the effective value of t for most 
relay structures is intermediate between that of the core and that for 
the complete path. 

The eddy current conductance of a specific model may be experi­
mentally determined by measuring the release time with a winding 
shorted through an external resistance. A series of measurements are 
made in which this resistance is varied, while the initial current, which 
determines the "soak NI" value, is kept constant. The different values 
of the resistance correspond to different values of the coil constant Go 
or N 2jR. From (6), the time t in this series of measurements varies 
directly as G, or Go + GE • Then a plot of t versus Go, as illustrated in 
Fig. 14, is linear, and has a negative intercept giving the value of GE • 
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Values of GE thus determined agree with those estimated from (22) 
within the level of uncertainty as to the applicable value of C in this 
equation. 

G DESIGN OF SLOW RELEASE RELAYS 

The following discussion is confined to the bearing on design decisions 
of the performance relations developed in the preceding sections, and 
does not cover the manufacturing considerations involved. The develop­
ment of a specific design depends on the initial choice between certain 
alternative features which require description. 

Design Alternatives 

The features considered here are: (1) the adjustment means, (2) the 
form of sleeve, (3) the criterion of adjustment. 

The two methods of adjustment that have been used are (a) residual 
screw adjustment, (b) spring load adjustment. The former affects the 
release time by changing the reluctance and the residual, flux, the latter 
by changing the flux or ampere turn value at which rele~se occurs. The 
differences in the two methods relate more to the stability of the adjust­
ment than to its ease or initial accuracy. Spring adjustment permits the 
use of the domed pole face, which is inherently stable except as the finish 
thickness may be affected by wear. 

The two forms of sleeve are the interior sleeve, which uses the full 
length of the winding space, but only part of the depth, and the slug, 
which uses the full depth, but only part of the length. As shown in Sec­
tion 5, the values of Gs and Gc , or coil constant N2/R, attainable with a 
given winding space are independent of which arrangement is used. The 
slug provides some flexibility as to operate time, on which its retarding 
effect is a maximum when it is near the gap, and a minimum when it is 
away from it. It is subject to smaller temperature changes, with conse­
quent changes in conductance, than the sleeve. The other differences 
between the two arrangements relate to manufacture, and to the costs 
of both coil and sleeve. The interior sleeve is used with the flat type 
relays of the Bell System. 

The two different criteria of adjustment used are the release current, 
and the release time. The former is an indirect control, using a measure­
ment of release ampere turns to determine the time that will result for 
the sleeve conductance used: the other is a direct measurement of the 
quantity to be controlled. In principle, the latter method would appear 
preferable, but its use is attended with several disadvantages. 
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The most important of these is the uncertainty as to the sleeve tem­
perature that applies to any measurement made in central office main­
tenance, unless the relay to be tested is cut out of service for an hour or 
more before measurement. The conductivity of copper varies approxi­
mately as its absolute temperature, or, for engineering estimates, as 
390 + T F , where rTF is the temperature in degrees Fahrenheit. Coil 
temperatures of 225°F are permitted in normal relay operation. As the 
time varies as the sleeve conductance, a relay with its sleeve at this 
temperature would have a release time in the ratio 470/615 or 76/100 to 
the rated release time for 80°F. Allowance for variation in this range is 
made in circuit design, but a corresponding uncertainty as to the condi­
tion applying in adjustment would effedively double this variation. 
Current flow adjustment is free of this difficulty, and the variations in 
the correlation of release time with release ampere turns are less than 
those resulting from the temperature uncertainty in any convenient pro­
cedure for timing measurements. Current flow adjustment has the further 
advantage of using equipment that is employed for other relays in central 
office maintenance. It is the more commonly used criterion of adjust­
ment for Bell System relays. 

Operate Considerations 

A slow release relay must not only provide the desired release per­
formance: it must also operate its load. The operate pull characteristics 
are similar to those of other relays of the same general type, as the domed 
pole face, in particular, gives nearly the same pull at an open gap as a 
plane pole face of the same total area. Thus the pull characteristics of 
the AG relay are similar to those of the AJ relal for the same travel. 
The sleeve retards the flux development, and makes operation slower 
than that for the same coil input without the sleeve. In most applications 
of slow release relays, this has little or no effect on circuit operation. 
Faster operation can be obtained by increasing the steady state power 
applied, but this is limited by heating considerations. The large part of 
the winding space used for the sleeve limits the operate sensitivity of slow 
release relays, and increases the power required for a given load. The 
load for a given relay design determines a minimum ampere turn value 
for operation, and this is related to the steady state power by the iden­
tity: (NI)2 = J2R N2/R. As the coil constant N2/R, or Gc , is determined 
by the available winding space available for the coil, the power require­
ments of slow release relays are higher than those of similar relays having 
the full winding space available for the coil. 
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Optimum Design Conditions 

In considering the design features that are favorable to slow release 
operation it is convenient to refer again to the expression for the release 
time given by equation (9): 

t = 47rG(cP" - CPo) f( ) 
47rNI z , (9) 

where fez) is the function shown in Fig. 5 to be nearly a constant in the 
range of interest. It is also convenient to refer to the expression for the 
pull given by the equation (16): 

F = 27r(NI + (NI)c)2 dena 
CR7 dx . 

Together with reference to the operate requirements, these two equa­
tions indicate the characteristics that are important for slow release 
operation. 

The winding space determines the value of G attainable, as shown by 
the relations of Section 5. It limits the combined values of Gs and Gc , 

of which the latter controls the operate power sensitivity, while the 
former, from (9), determines the release time. Thus both the operate 
sensitivity and the release time attainable vary directly with the "winding 
space and hence with the over-all size of the relay. 

From (9), the attainable release time is nearly proportional to cp", and 
hence to the cross section of the core, assuming cpo/ cp" to be small. The 
external core dimension is the internal dimension of the sleeve, so that 
increases in cp" are offset by decreases in G if this dimension alone is 
varied. In any case, sufficient section must be provided for cp" to have a 
margin over the field required to operate the maximum load. 

In telephone use, the slow release relays are a minority group in a 
relay population which must, for maximum economy in manufacture and 
use, have common overall dimensions and as few differences as are con­
sistent with the requirements of specific uses. Thus the core section, 
winding space, and over-all dimensions reflect an optimum choice for 
the whole relay population, and not for the slow release relays alone. 
The latter are distinguished by as few special features as are essential 
to their special function. In the AG relay these are: the armature, the 
heat treatment of the magnetic parts, the sleeve and coil, and a buffer 
spring for load adjustment. 

The material and its heat treatment determine the iron reluctance and 
the coercive mmf, 47r(NI)c, of which the latter is the more important 
quantity. It enters the timing relation indirectly in the minor term cpo , 
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which varies directly with (NI)c, and enters the pull relation (16) 
directly as a major term. If high coercive material were used to increase 
(iVI)c and thus reduce the release ampere turns NI, the effect of the 
latter on the time would be offset by the increase in CPo • The latter varies 
also with the reluctance (Ri , and if cpol cpl! is not small, the time for a given 
value of J.V I is no longer independent of the reluctance variation, and the 
release ampere turn value is unsatisfactory as a criterion of adjustment. 
Thus a small stable value of (iVI)c , as given by low coercive material, 
is preferable when the release current is used as the criterion of adjust­
ment. 

The pole face dimensions are determined by the need for a low stable 
value of gap reluctance. As shown in Section 4, maximum release sensi­
tivity is obtained by using as large a dome radius as will assure a con­
sistent configuration, together with a projected area optimum with 
respect to the reluctance in series with the gap. Fig. 11 shows this op­
timum to be broad, allowing considerable latitude in the choice of the 
projected area with reference to other design considerations. 

The finish applied to the magnetic parts at the pole face is critical with 
respect to wear and stability, as well as to the danger of mechanical ad­
hesion which would affect the release load. A nickel chrome finish is 
used in the Y and AG relays. The effective air gap thus introduced is 
the dimension x of Figs. 9 and 10. As these figures show, this has a rela­
tively large effect on the pull relation, and any change in this dimension 
as a result of wear tends to increase the pull and the release time. The 
analysis of Section 4 shows that maximum sensitivity is attained with as 
small a finish separation as can be provided, which is fortunately in 
agreement with the manufacturing considerations for the finish. 

The adjustment means used with a fixed pole face, e.g., the dome type, 
is some form of spring adjustment for controlling the operated load. The 
normal operated load of a relay is the product of the contact force and 
the number of contacts, plus the back tension and the force required for 
spring flexure. Adjustment of the back tension is used, but is limited by 
the requirements for operation. Hence a buffer spring is employed in 
A G relays, which is picked up in the last few mils of armature travel and 
affords control of the operated load. This spring is adjusted by bending, 
and a tolerance range of 50 gm wt is allowed in this adjustment. 

Performance Variations 

Performance variations fall into two categories: the initial differences 
among individual relays that are nominally identical, and the further 
differences that develop in service as a result of wear and other changes. 
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In the latter category, the changes may be magnetic or mechanical. 
The mechanical changes appear in the value of the operated load, and 
are practically negligible in relays of the AG type, because of the lift-ofT 
actuation used.3 In this they compare favorably with Y-type relays, 
which are liable to load changes through stud and contact wear. The 
magnetic changes include "ageing" of the magnetic material, a gradual 
change in permeability and coercive force which occurs with magnetic 
iron. Hydrogen annealed silicon steel, used in the A G relay, is free from 
this defect. The other magnetic changes are those appearing in the pole 
face configuration and finish thickness as a result of wear. No significant 
changes of this type have been observed in the AG relay, which is there­
fore highly stable in maintaining the performance of its initial adjust­
ment. 

In use, the release time varies inversely with the sleeve or slug tem­
perature. As shown above, the 140°F temperature rise allowed for coils 
in normal operation will, if experienced by the sleeve, reduce the release 
time by about 25 per cent. Allowance for variation in this range must be 
made in planning the applications of slow release relays. Relays fitted 
with slugs are less affected by coil temperatures than are those using 
interior sleeves. The slug arrangement, with an insulating air gap be­
tween slug and coil, would be essential to a slow release relay designed for 
closely controlled release time. 

The initial differences from nominal performance may be sub-divided 
into those arising from the adjustment tolerance, and those resulting 
from using release current as the adjustment criterion. Only the former 
would apply if the direct timing criterion were used, provided a procedure 
was employed in which the sleeve temperature was fixed in measure­
ment. A tolerance range of 50 gm wt is a 25 per cent variation for a 
representative load of 200 gm wt, and corresponds, from (16) to about a 
12 per cent variation in NI + (NI)e. If (NI)e is about equal to NI, 
the variation in the latter is about 25 per cent, which results, from (9) 
in a similar variation in the release time. A smaller tolerance range could 
be attained by more expensive adjustment means than the buffer spring 
of the AG relay, with a corresponding reduction in the range of time 
variation. 

With release current as the criterion, the value of NI in (9) is subject 
to the adjustment variation, of the order of 25 per cent for the case 
cited above. In addition, the release time is subject to variations in G, 
<p" - <Po, and fez). In the optimum range of operation where fez) is 
nearly constant, variations in this term are minor. <Po is subject to the 
relatively large percentage variations in (NI)e and CRi, but the net effect 
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of these is small if CPo/(p" is as small as 10 per cent, as in the AG relay. 
Hence the principle variations in the release time are those associated 
with the variations in the sleeve dimensions and the core cross section, 
which determine the values of G and cp" respectively. They cause varia­
tions in the A G relay of from 20 to 30 per cent. Combined with the varia­
tion in NI resulting from the adjustment tolerance, they result in release 
time variations of 40 or 50 per cent. 

For the great majority of slow release relay applications, much larger 
variations have no effect on circuit performance, and for only a small 
minority is it desirable to employ requirements assuring this measure of 
control. It is apparent from the preceding discussion that changes in 
construction and adjustment procedure might be made which would 
result in closer time control: as they would add to the costs of both 
manufacture and use, they are not economically justified. 

Engineering Data 

A specific relay design is termed a code: all relays of the same code 
are nominally identical. A code is distinguished from other codes of the 
same relay type by the contacts and coil provided, and by the sleeve or 
other special features used. To design slow release relay codes, and to 
specify their adjustment requirements and the performance provided, 
requires means for determining from the general pull and timing char­
acteristics the values applying to specific cases. For this purpose the pull 
and timing data are prepared in the form illustrated in Fig. 15. 

The pull information appears in this chart in the form of the two 
curves marked "hold pull" and "release pull." These show the relation 
between operated load and release ampere turns for the two limiting 
cases of minimum and maximum pull, and reflect the variations in the 
terms of (16). No individual relay releases on ampere turns above the 
hold values, all relays release on ampere turns below the release values. 

The timing information appears in the form of a pair of curves for 
each sleeve size that is used: one giving the minimum time, and one the 
maximum. Only one such pair is included in Fig. 15. The difference be­
tween the two curves represents the 20 to 30 per cent variation associated 
with the variations in G and cp" - CPo • 

The information on a chart of this type is used in conjunction with 
engineering data for the operated loads of the various spring combina­
tions, and the changes in these loads that can be provided by back ten­
sion and buffer spring adjustment. 

For each spring combination, there is a lower limit to the adjusted 
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Fig. 15 - Engineering data for release time estimation. 

load attainable in all cases. This corresponds to the case in which the 
contact force, which is not subject to adjustment, has its maximum 
value. The NI value read from the hold curve for this load is the lowest 
that can be specified as a "hold" requirement. Each individual relay has 
a release F versus NI characteristic intermediate between the release 
and hold capability curves. To meet the hold requirement its load must 
be adjusted, and this adjustment is subject to the tolerance cited above. 
The minimum load is set by the hold requirement, and the maximum 
load is set by a release requirement of a lower NI value, the difference 
between the two N I requirements corresponding to the tolerance range 
in load adjustment. 

Thus adjustment values are determined in the form of limits to the 
ampere turn value at which release occurs: the lower limit is the release 
value, the upper the hold. The release time limits can then be read from 
the timing curves. The maximum time is read from the maximum curve 
at the release ampere turn value. The minimum time is read from the 
minimum curve at the hold ampere turn value. This minimum time, 
when determined for the largest sleeve, is the longest time that can be 
guaranteed for the load in question, and is subject to reduction in service 
by the temperature variation previously discussed. When a shorter re­
lease time is desired, a smaller sleeve may be used, or a higher hold 
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value specified, subject to the capacity of the adjustment springs to 
supply the necessary increase in load. 

In the common case for which only the minimum time is of circuit 
importance, the release value is chosen without reference to the hold 
value, solely for the purpose of assuring that the relay will not lock up 
indefinitely. 'This procedure takes advantage of the simpler requirements 
of this case by widening the adjustment tolerance and reducing adjust­
ment effort. 

7 CONCLUSIONS 

The relation between the release time of slow release relays and the 
design parameters can be more accurately expressed in analytical form 
than the other time characteristics of relays. These analytical relations, 
as presented in this article, can be used for the estimation of release time, 
and particularly for the determination of the effect on this time of varia­
tions in the design parameters. The need for a low reluctance magnetic 
circuit makes the performance of slow release relays highly sensitive to 
dimensional and material variations, and adjustment is required to 
assure the timing limits required in their use. Such use usually permits a 
wide spread in release time, provided a minimum value is assured. 
Advantage is taken of this in providing slow release relays which perform 
their function at a minimum cost in manufacture and use, materially 
lower than that for the construction and adjustment practices which 
would be required for closer timing control. 
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Economics of Telephone Relay 
Applications 

By H. N. WAGAR 

(Manuscript received July 0, HJ53) 

Today's telephone central office is largely built around the telephone 
relay. As each office may use some 60,000 of them, their performance 
characteristics, as well as their first cost, have a very important influence 
on the cost of the office. By properly balancing such factors economically, 
the lowest cost office can be planned. 

This paper shows .how performance features and design factors may all 
be expressed as "equivalent first cost," and so be related to manufacturing 
cost itself. The influence of lot-size on manufacturing cost is considered 
including a determination of optim1lm lot-sizes, to aid the relay des'£gner 
in deciding on standardized models. 

With a basic performance language formulated - equivalent first cost­
optimum relations among the variables may be established. Such results 
are given for (a) optimum coil-plus-power costs, (b) optimum power-plus­
speed costs, (c) optimum number of relay codes, and other related problems. 
ill ethods are also given to evaluate how serious the effect may be when opti­
mum conditions are not satisfied. 

lVere it not for the application of these methods, central office costs would 
be much higher. 

INTRODUCTION 

The telephone central office of today is in part an enormous computing 
machine which, upon instructions from the customer, given by his dial, 
calculates how to find the called party; then the remaining mechanism 
completes the call. This machine is composed largely of interconnected 
relays, used in enormous quantities. Every dial call in a large city in­
volves around 1000 relays. A typical large office contains more than 
60,000 of them; in fact, they are used so extensively that the Western 
Electric Company manufactures about ten of them for every new sub­
scriber, and their output is figured in tens of millions per year. It is not 
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surprising that relay use has an enormous influence on the cost of the 
central office - not just because of relay purchase cost but also the 
relay's influence on other office factors. For example, the size of the 
power plant and the total number of equipments for common control, 
which depend on the functioning time of the relays, are decided by the 
relay characteristics. In the application of relays, then, it may well 
prove that the largest economies can be realized by spending a little 
more for each relay in the beginning in order to save still more in the 
cost of the power plant, common control equipment, size of the building, 
and so forth. It has been found that attention to ways of optimizing the 
application costs for relays can lead to an appreciably lower cost central 
office, and this paper will illustrate a few cases of how such a problem is 
approached. Because the telephone system is so large, the influence of 
each relay, taken in total, is also large. Fortunately, at Bell Telephone 
Laboratories, it has been possible to take the over-all view of the subject 
through familiarity with all phases of the relay application problem; 
and large economies which will eventually benefit the customer are 
resulting. 

The basic problem to be discussed is how best to realize maximum 
economy of the central office so far as relays and their uses are concerned. 
As in most engineering problems, it is necessary to evaluate and com­
promise between oppositely varying cost effects of such things as effi­
ciency, manufacturing cost, amount of equipment, ease of mounting 
and wiring, maintenance in all its aspects, and the like. The end result 
of each of these variables is its economic effect on the office as a whole, 
and they can only be compared if their values can be stated on a com­
parable basis. It has been found that each such effect may be considered 
as an incremental cost over and above a reference cost for its particular 
ideal condition. If properly chosen so as to be independent, then all such 
incremental costs may be added. They then represent the net "cost 
penalty," compared to the design with all ideal conditions taken to­
gether, and describe the merit of the design. They can also be used to 
find the optimum design. The methods apply generally to many other 
similar problems. 

BREAKDOWN OF THE PROBLEM 

Consider first how relays are applied in the telephone switching sys­
tem. To the greatest extent possible a basic relay structure is chosen, 
carefully planned for low maintenance effort, all of whose basic parts 
can be made by mass production methods. On this basic framework one 
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may apply (a) suitable windings to satisfy the various conditions im­
posed by a need for sensitivity, speed, lowest possible first cost, or some 
other of the many specialized requirements to be encountered; and (b) 
particular arrangements of contact springs which will provide for the 
desired functions in the circuit ranging from a single "make" up to 
complicated sequences such as 12 sets of "transfers." Every different 
combination of the basic parts is termed a "code," meaning another kind 
of relay built up from the parts common to the basic type in question. 
If an increasingly large number of such codes is encouraged, each tailored 
to some special circuit function, then the advantages of mass production 
begin to be lost as the total demand is split into more and more sub­
divisions, each with comparatively low demand. Each additional kind 
of relay is a problem in "coding economics," and can lead to excessive 
telephone office costs unless it is properly considered. 

Satisfactory solutions to this coding problem in turn depend on a 
detailed knowledge of all the factors governing either the first cost of 
the relays, or the first cost of other features of the system, as controlled 
by the relays. When all such effects are properly stated, they can be 
compared and brought into economic balance. Though such studies 
soon branch out into many fields, the enormous dollar savings are strong 
incentives to do whatever work is needed. 

Best economic balance in the system is formed through a series of 
optimizing steps, generally illustrated by Fig. 1. Graph (a) shows how 
the total cost of an office may vary with number of codes. The perform­
ance part of the cost diminishes with increasing codes because each code 
will more nearly satisfy the precise circuit needs. But the manufacturing 
costs of the relays will rise with increasing codes because the lot-sizes 
grow ever smaller and hence more costly. The lowest point on the sum­
mation curve represents a desirable goal. The two base curves of (a) in 
turn are built from detailed facts about parts costs, coil costs, power 
plant and equipment costs, and many other similar data. The curve of 
manufacturing cost, for instance, is built from graphs like (b) and (c) 
which tell how factory costs will vary. The curve of performance cost is 
built from graphs like (d) and (e) which tell how office costs will vary for 
things like power and speed. In each such case, important individual 
economies result by following similar optimizing steps. Procedures for 
the practical application of these ideas have been of particular help in 
recent redesigns of the No.5 crossbar system to use the newly developed 
wire spring relay family.} 

1 A. C. Keller, A New General Purpose Relay for Telephone Switching Sys­
tems, B. S. T. J., 31, pp. 1023-1067, Nov., 1952. 
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In carrying out an actual study, a point of reference is needed first. 
This involves (a) fixing a standard against which all costs will be com­
pared, and (b) expressing the value of all features in a common lan­
guage. Once this has been done, every factor may be evaluated as an 
incremental "cost penalty," over and above the reference standard. 
Finally, in making comparisons, the reference standard will always 
subtract out, so that one needs only to add all incremental cost penalties 
to get the total cost of the design changes in mind. 

The evaluation of all variables on a common basis is covered in Part I, 
which considers various manufacturing costs, power costs, and the cost 
of functioning time. 

The remaining parts of this paper then develop relations for maximum 
economy in the switching system, for some important cases that arise 
in practice: 

Coil design for maximum power economy. 
Economical number of occasionally unused extra parts. 
Economical adjustment for speed relay. 
Coil design for maximum combined power and speed economy. 
So far as possible, results are given in general form, permitting one to 

work from charts when considering specific application problems. Of 
further benefit are charts which permit the designer to decide the eco­
nomic disadvantage of a design which may depart from optimum. 

Design for systems economy through relay design includes many other 
important topics not considered here, as for example: how to make best 
use of molding, welding and other manufacturing processes; or how to 
design for long life, reliability, and other maintenance concerns. This 
article covers only some typical problems for which optimizing methods 
are readily applied. 

PART I - EXPRESSING SYSTEMS PERFORMANCE AND :vIANUFACTURING 

VARIABLES IN A COMMON LANGUAGE 

In the over-all switching system, one must evaluate various effects 
whose costs seem quite different, and a decision must be made as to 
what design course to follow, no matter how varied the conditions may 
be. Many of the most important such cases can be handled quite easily 
by a process of converting actual cost in the telephone plant back to an 
equivalent cost in terms of the factory production cost of each indi­
vidual relay. Once all such costs are so stated, it is possible to examine 
the incremental effect of each change, and confidently draw conclusions. 
For example, if it can be stated that a change in a relay coil will save an 
amount of power that is worth 50 cents per relay equivalent first cost, 
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then there is no doubt about designing such a new coil if its manufactur­
ing cost will increase by only 20 cents. So the relay designer needs to 
understand how various factors, from original manufacture to final 
application, may be stated on a cost basis that is comparable throughout. 
Among the most important special cases are the following: 

1. Manufacturing cost of winding a coil, 
2. Manufacturing cost as a function of annual demand, 
3. Equivalent manufacturing cost of power consumed by relays, 
4. Equivalent manufacturing cost of functioning time of a relay. 

The method of evaluating each on the same basis will now be briefly 
outlined. In each case, it should be noted that since only comparisons be­
tween variable portions of the system are considered, only incremental 
values need be considered. 

1.1 THE COST OF A WINDING 

In comparisons between coils, certain common operations, such as 
soldering the leads, using and cementing spoolheads, etc., will always 
subtract out, leaving only the difference due to varying amount of 
copper, which is paid for by the pound, (or per ohm), and the number of 
turns, which depends on the speed of the winding machine and number 
of coils wound at one time. Thus, winding costs, which depend only on 
the electrical design, ,nay be considered as varying only with the cost 
per ohm and cost per turn, as given in equation (1): 

(1) 

where Cw = total cost of the variable part of the winding, 
CR cost per ohm, which may be tabulated by wire size, 
CN cost per turn of winding, also given in tables by wire size, 
R = resistance of coil, ohms, 
lV = number of turns in winding. 

Typical values of CR and CN for a particular kind of wire and coil are 
shown in Fig. 2. 

1.2 COST AS A FUNCTION OF ANNUAL DEMAND 

Various components of relays, as well as their assembly routines, 
occur in several variants of a general basic pattern. In the course of their 
manufacture it is necessary to stop the manufacture of one unit, reset 
the machine, and proceed with manufacture of another. ~Nhenever this 
happens, production stops; and work must be done to reset the machine, 
all of which may be evaluated as a set-up cost (designated S). As more 
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and more variants are required in the over-all general structure, the 
number of set-ups will increase to the point where the economical manu­
facture of the part is seriously penalized. Thus a point will be reached 
where it is advantageous to make more parts than are immediately 
needed, and store the remainder, so as to avoid excessive cost of shut­
downs. When the variable effects of (a) set-up costs and (b) inventory 
costs are fully considered, the ideal quantity to manufacture in one lot 
may then be found by comparing the results of (a) and (b), as will now 
be shown. The. costs which correspond to these ideal quantities will 
immediately follow. 

1.21 Lot-Size Costs 

In manufacturing practice there are two outstanding expenses which 
may affect the cost of any particular item which is classed as a code, or 
kind, of the basic family of articles. These are the administration costs, 
and the set-up costs. 

1.211 Administration Costs 

For certain kinds of operations there is a considerable amount of 
paper-work, drafting, checking, etc. to maintain in normal up-to-date 
condition. Occasionally, this cost is enough to influence the cost of the 
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item. The resulting individual effect may then be stated as 

A 
CA = n' (2) 

where CA 

A 
cost penalty per unit due to administration, 

= annual administration cost for naintaining 
good standing, 

one code in 

n = annual demand for a given code. 

1.212 Set-up Costs 

If only one kind of part or assembly were needed, it could be con­
tinuously built in the same way, with no time lost for changeover to 
other parts, no particular bookkeeping necessary to control the proper 
flow of differing parts, and with more mechanized action. Usually this 
condition is far from realized in practice; nevertheless it represents the 
peak of manufacturing economy, and may be taken as a standard of 
reference for comparing all other less favorable conditions. The cost 
incurred, per item, due to its lot size, as against its cost if there were 
always but one lot, will be called the "lot-size cost penalty." The manu­
facturing lot-size cost penalty per part for any particular process, then, 
may be stated as follows: 

where C L = lot size cost per item, 
S = cost of one "set-up", 

n 

L = size of lot for which one set-up is made, 
= nit, 

n = annual demand for a given code, 
t = number of lots per year, or lot-frequency. 

(3) 

(4) 

Equation (4) gives the cost over and above single-kind manufacture, so 
far as lot-size is concerned. Hence, when values for each of these variables 
can be established, the lot-size cost penalty for any particular process 
can be determined. 

1.213 Over-all Lot-Size Costs, Related to Annual Demand 

Combining the results of equations (2) and (4), the total cost penalty 
per part due to lot-size is 

A St 
CL = - +-. 

n n 
(5) 
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1.22 Inventory Costs 

When more parts are made than are immediately needed, it becomes 
necessary to store them until they are all used, when the process will 
be repeated. The resulting cost penalty, compared to no storage at all, 
may be stated analytically with the help of Fig. 3, which is a plot of 
production as a function of time. Line A represents the number of parts 
made in a lot as a function of time, while line B represents the parts used 
in the next manufacturing stage, as a function of time. The difference 
between the two lines at any time represents the number in storage, from 
which their value and hence the interest charges may be found. 

C 

The cost penalty per part due to storage is: 

Annual interest factor X value of one part X 
avo no. of parts in storage (6) 

Annual production of this part 

The following steps can be taken to supply values for this equation. 
From the figure, the maximum quantity of parts stored equals 

Ln 
L - N' 

or 

~ (1 - ~) 
f N' 
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The average number of parts stored is one-half this, or 

(7) 

where N = rate of output of machine per year. 
The penalty per part due to lot-size and administration was given in 
(5), and when added to its base cost C1 gives the total value of one part as 

(8) 

The penalty per part, due to storage, equation (6), is then the product 
of kin times (7) times (8), where Ii: = interest charges on stored parts 
expressed as a ratio. Then the storage cost penalty, Cs , is 

k ( St A) n ( n) Cs = - C1 + - + - - 1 - - . 
n n . n 21, N 

(9) 

1.23 Total Cost Penalty 

The entire penalty resulting from lot size charges and inventory 
charges may now be stated as a function of annual demand by summing 
equations (5) and (9). vVriting q for (1 - n/N), and rearranging terms, 
the total cost penalty in terms of annual demand is 

Cp = kq (Cl + ~) + kqS + ~ (St + A). . (10) 
21, n 2n n 

Equation (10) is the basic relation between costs and annual demand, 
and is of the general shape shown in graph (b) of Fig. 1. 

It is of greatest interest to determine conditions where this curve has 
its lowest value, which occurs when dC/dt = O. The result is 

to ~ I~:; ( c, + ~ ) . (11) 

which gives the lot-frequency, to, for which total cost penalty is a 
minimum. \Vhen to is substituted for t in equation (10), the resulting 
optimum cost, as a function of annual demand, Co, is given: 

Co = ,/2kqS(C] + A/n) + kqS + ~ . 
11 n 2n n 

(12) 

Equations (11) and (12) furnish the means for deciding how to plan 
manufacture under differing conditions of annual demand, and how 
much the product is penalized even after planning is carried out as 



228 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1954 

efficiently as possible. Two illustrations will be given: for a comparatively 
low-cost part involving expensive set-up charges and no administrative 
charges, and for a more costly operation with comparatively inexpensive 
set-up costs but high administrative costs. For Case I assume a part 
for which the following constants apply: 

Ie = 0.15 
N = 2,000,000 
S = $10.00 

In Cast II assume that 

k = 0.15 
N = 2,000,000 
S = $2.00 

C1 = $0.10 

A = ° 

C1 = $1.00 
A = $100 

The results for these two cases are given in Fig. 4. 
Results such as these are of the utmost value both in manufacturing 

planning for lowest cost, and in applications planning to show when 
the lot-size penalties can be tolerated. However, no case is to be expected 
in practice where optimum conditions can be met more than a part of 
the time. What with unexpected rush orders, fluctuation of annual de­
mands, rescheduling, possible moves, or breakdown of machinery, 
it is usually impossible to plan production to remain at all times at the 
optimum value. The variation from optimum cost that results from a 
departure from optimum lot size is thus of interest; it is readily stated 
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by rewriting equation (10) in terms of the values of to and Co just found 
in equations (11) and (12). The result is 

where 

c/e = to/t + t/to + D/to (13) 
o 2 + D/to ' 

D = kq +:! 
2 S· 

This relationship is seen to depend on annual demands, and also ad­
ministrative and set-up costs, which will be peculiar to each case. There­
fore, it will be necessary to use the equation with appropriate values of 
these constants for each case that arises. Typical values for the two 
previous illustrations are shown in Fig. 5. Inspection of these curves 
shows that the cost penalty of departing from optimum lot-frequency is 
somewhat variable depending on the ideal lot-frequency for the particular 
case. However, the higher values of lot-frequency, which produce the 
highest penalties, are those most easily under control of the factory, 
and variations averaging in excess of 2 or 3 to one from ideal are not at 
all likely. vVhen the ideal lot-frequency is low, manufacturing control 
is not so easy, but the cost penalty ratio of departing from the ideal is 
far less. From inspection of these curves, then, the value of C/Co must 
be judged by the conditions of each problem; a value of cost penalty 
amounting to about 1.25 Co is often found to be a quite satisfactory 
value to assume. 

Thus, (a) a method is available to the manufacturing engineer to 
help plan optimum lot size, and (b) a method is available to the relay 
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and circuit designer for deciding how much his designs may be penalized 
by varying the quantities used. It consists of using the costs determined 
from equation (12), and modified by an amount indicated by (13), or 
in ordinary cases by arbitrarily increasing (12) by the factor 1.25. 

1.3 TIlE EQUIVALENT MANUFACTURING COST OF POWER CONSUl\IED BY A 

RELAY 

The largest part of the power plant used in telephone central offices 
is the 50-volt equipment needed for the switching apparatus. Because 
of its special voltage range and the requirements on its stability and 
reliability, it must be provided as a part of every central office to convert 
the normal power company voltages into the desired telephone values. 
This equipment involves generators, banks of storage batteries, and 
switchboard, bus-bar and control equipment; it is an expensive portion 
of every central office which, of course, it is desirable to minimize as far 
as possible. For every relay required in the central office, one must 
associate a small "chunk" of this power plant; so that each relay needed 
implies an associated investment in the power plant. In a later section 
the means for minimizing the power and relay costs are described, and 
since they will involve comparisons on the same basis, it is first necessary 
to state the value of the power plant in terms related to the amount of 
power consumed by any individual unit. The method of evaluating the 
power plant is given in this section. 

The problem may be broken into two parts: (a) the equivalent first 
costs assignable to the power plant equipment, and (b) the equivalent 
first costs of the charges per kilowatt-hour paid to the power company. 
Then the figures are combined. 

1.31 The Power Plant 

Power plants furnished for central offices vary over a wide range of 
size and cost, depending on the size of the office and its estimated ac­
tivity. This plant must of course be planned so as to carry the load during 
the period of peak activity, even though this occurs for only a small 
part of the time, so that in the long run the cost of the power plant is 
decided by the share of busy-hour power taken by each relay. To get 
such costs one must first find the cost of the plant as a function of total 
power requirements. 

Present practice in power plant planning results in the purchase of 
basic power units which may be combined to cover certain ranges of 
power supplied over roughly a two-to-one range. Within this range, by 
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adding generators and batteries in parallel the needed capacity can be 
attained. Beyond the range, basically heavier machines are needed. The 
resulting installed price of such power plants has the character shown in 
Fig. G. Since prices and illstallation charges change from year to year, 
the values shown here are given in qualitative form as illustrations­
they must of course be evaluated as concisely as possible when consider­
ing new central offiee designs. As seen in the figure, the power plant price 
varies in two ways: in fairly big jumps as basic plant size is changed, and 
in smaller but rather uniform manner as the basic size varies within its 
lmver and upper limits. 

From Fig. G it is seen that for each basic size of plant the rate of in­
crease in price ,,,ith small increases in capacity is about the same for all 
plants. The average rate for this incremental power capacity, correspond­
ing to the expense if relatively small power changes are made in anyone 
basic type of power plant will be called a. As the power requirements 
of the office change beyond a certain point, it is necessary to install 
basically larger or smaller equipment with correspondingly different base 
prices. At the points of maximum capacity, there is an abrupt change in 
the basic price of the plant, amounting often to many thousands of 
dollars. These abrupt increments, designated A, represent a lump sum 
of money that can be saved whenever the power plant size can be re-
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Fig. 6 - Installed value of power plants. 
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duced to the next lower-range unit. Such a saving can be realized only 
part of the time, but it is desirable to attempt to weight its value so 
that over the telephone system as a whole there is adequate encourage­
ment to strive for power savings. 

The method of weighting is complicated by such factors as the fraction 
of power that may be saved in an office, by the likelihood of certain size 
offices being representative, and by the extent to which offices are de­
signed with safety factors for growth and overload. Nevertheless a 
reasonable estimate can be made by assuming differing amounts of the 
office power can be saved, and by assuming that all sizes of office are 
equally likely. This gives the result that the over-all incremental value 
of power is 

(dollars per kw), (14) 

the average value of power plant per kilowatt saved over the range 
between lVo and W2 , taking into account the proportionate number of 
plants that can be converted to the next cheaper size, where 

C = total price saving, 
W = total power saving, 
p = fraction of power saved, not to exceed about .5, (above which 

point two steps of base price saving might be realized), 
Wo = lower limit of range, 
W2 = upper limit of range, 
a = incremental price of one size power plant, assumed to be about 

constant for all plants, 
A = difference in base price to next lower plant, as may be tabulated 

for any particular case. 

By these methods, incremental values of installed power plant may be 
found; it is even possible in many cases to assume an average slope for 
the family of curves in Fig. 6, without greatly changing the results in 
practice. 

It is now desired to convert these figures of installed expense to figures 
comparable to manufacturing cost, in the factory, of the relays which 
will consume this power. This may be done through standard economic­
study practice by which first cost is converted to annual charges through 
a knowledge of charges for interest, taxes, depreciation, etc. As these 
factors are not necessarily alike for power equipment and relays, the 
factors used will differ to suit the problem. For the present study, with 
recognition of the accounting practices then in effect, it was found that 
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on a basis comparable to relay manufacturing cost, savable power was 
worth between $500 and $2,500 per kilowatt, depending on size, savable 
power, etc. 

N ow these figures must be associated with the power needed by any 
particular relay. The total switching power during the busy part of the 
day, which is the period determining the size of the power plant, is the 
sum of all the individual relay power drains at any particular moment. 
This in turn may be taken as the sum of the power required by each 
relay times the probability that it will be energized at any particular 
time, which is taken as the fraction of the busy hour that the relay is 
expected to be energized. For every relay, this ratio can be determined 
with some certainty, by consultation with the circuit designers. 

Summarizing, the switching power capacity required by the office may 
be stated as the sum, for all relays, of power w for each relay, times m, 
the fraction of the busy hour that it is energized (i.e., hrs. per busy hr.). 
The cost of the power plant capacity required for each relay is then 

C = kmw dollars, (15) 

where k is the equivalent value of power. 
Very often it is desirable to state this cost on the basis of the annual 

power drain. In this way, the plant investment can be easily correlated 
with the costs paid to the power companies. In telephone offices, the 
annual power has been found to correspond to 3,000 times the power 
consumed in a busy hour, and as a matter of convenience power drain in 
the central office is often stated in terms of the energy per year based on 
a 3,000-busy-hour year. Then the ratio of use during the busy hour may 
also be stated as 

h 
m = 3000' 

where h = hours per year energized. 
vVriting E 2jl000R for the power in kilowatts drawn by any relay, the 

equivalent first cost of the power plant assignable to the relay is then 

E2 kh 
Cpowar plant = 1000R X 3000 ' 

(16) 

For this case, in other words, the equivalent first cost of power plant 
has a value CPl dollars for each watt-hour-per-year of switching power 
required. 
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1.32 Cost of Power Purchased from Power Companies 

The power used by the switching apparatus corresponds to a larger 
amount of power furnished by the power company, since the power 
machines are not 100 per cent efficient. Its cost may be stated as 

Co 
Cp = -, 

e 

where Co average marginal cost of power furnished, 
e = conversion efficiency. 

The annual power bill will then be 

Co E 2h e 1000R dollars. 

Converting from annual charges to first cost, through the same steps as 
above, gives 

(17) 

or cPz dollars per watt-hour-per-year. 

1.33 Total Power Cost 

With both power plant costs and purchased power costs now stated 
on the same basis, they may be combined to give the total power cost, 
Cp : 

(18) 

where Cp represents the dollars per watt-hour-per-year for power con­
sumed by a particular relay, and is the equivalent first-cost value of 
power. 

Thus a method is available to find the value of the power that magnet 
coils may need - to be balanced against the first cost of the coils (Section 
1.1). Procedures for best results are given later. 

1.4 THE EQUIVALENT MANUFACTURING COST OF THE FUNCTIONING TIME 

OF A RELAY 

Another large part of the investment in every crossbar-type central 
office is the common-control equipment, most important of which is the 
"marker." This equipment has the sole duty of selecting the proper 
path for each call, and sending it on its way. After each such function, 
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the equipment restores to normal, ready to serve the next call. It takes 
a marker about a half-second to do its job; nevertheless many markers 
may be needed to handle the traffic during each day's heaviest calling 
period. Since the cost of each marker is measured in the tens of thousands 
of dollars, it becomes a matter of great importance to shorten the marker 
work time - in other words, to shorten the time of each relay in the 
chain of marker events. Since faster relays are usually more expensive 
it is important to find the dollar value of speed so as to guide an intelli­
gent design of each speed relay. 

As in the case of power, it has been found possible to state the value 
of speed in terms equivalent to the manufacturing costs of relays. This 
may be done through a knowledge of the number of markers and asso­
ciated equipment needed in relation to their work time, and their cost. 
Such relationships are shown in Fig. 7, which gives a typical curve for 
the markers per line needed to handle the traffic. Then, when the value 
of the marker is known, the value per line per millisecond, Ct, follows. 
Corresponding to this, a value per millisecond per marker, CM , can then 
be found, which varies inversely as the number of markers needed: 

Ct 
eM = p' 

where p = number of markers per line that are needed. This figure is 
the value of a millisecond for any complete event or series of events 
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within the marker which directly affects its working time, referred to as 
a "maj or event." 

1.41 'The V al'Lte of Speed per Event 

Within each major event there may be a whole cycle of operations 
happening partly in parallel and partly in sequence. Each separate ac­
tion is called an "event." In the case of events happening in parallel, 
the circuit designer will usually know whenever one path is in outstand­
ing control of the work time as a whole. Whenever such is the case, it is 
a "major event," and the other paths may be ignored. Often, however, 
the times for each of several paths will be about the same, and special 
consideration is needed to determine their value. In breaking down these 
operations so as to arrive at the cost per relay, one must evaluate the 
events within any major event as in the region marked in Fig. 8. Suppos­
ing that the number of subevents within a major event are labelled a, b, c, 
etc. for each of the several parallel paths, then the total number of 
sub events is a + b + c + d + .... The total time for the maj or event 
is t, which has the dollar value, Ct/p, per millisecond, a!3 just previously 
given. 

Along any path, A, of events, the total time for the events is the time 
taken by the group as a whole. If this total time is t, then the effective 
time per event along any path is 

tA = t/a for path A (seconds), 
tB = t/b for path B (seconds), 

= etc. 

PATH A: a EVENTS 

~--~--~--~ 

PATH B: b EVENTS 
t----~ ~~---I ~-~-} 

:x:--

~--~ 

PATH D: d EVENTS 
?(--~--:x-

Fig. 8 - Typical chain of events in controller operation. 
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The worth of the time taken for the group as a whole is then 

au = ctt/p = CtatA/P = CtbtB/P = etc., dollars. 

The value per event is usually of principal interest. Since there are 
(a + b + C + ... ) events in anyone "major event," then the total 
value per event aE is 

aE = au ... ) dollars per event, 
(a + b + c + 

a 
--:-----::-------,--- CttA , 
(a + b + c + .. . )p 

for path A, 

b 
.,...-------- cttB, 
(a + b + C + ... )p 

for path B, 

= etc. 

Then the value of an event, per millisecond, is 

CE = qACt/P = qBCt/P = etc., dollars per event per millisecond. 

a b 
where qA = ---=-b----­a+ +c+ qB = a + b + C + 

In general, then, the value of an event is 

where tE = the duration of the event, 

CK = (~) c, dollars per millisecond. 

etc. 

(19) 

The quantity q will be called the "path factor." It is seen to simplify to 
a value of unity when a major event is involved, (q = a/a), and in all 
other cases to have a value less than this. 

1.42 The Value of Speed, per Relay Operation 

Each event may consist of the action of one relay out of several possi­
ble alternates. This means that several relays must be purchased for 
each such event, though only one determines the time. Calling w the 
number of relays provided per marker to perform one function, each 
function being designated by subscript corresponding to path and se-
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quence, then the value per relay of one millisecond is 

qACt 
Cr = --, 

WAlP 

= qCt 

WP 

etc., for path A, 

etc., for path B, 

in general, (dollars per millisecond). 

(20) 

These equations give the general expression for the value of functioning 
time in terms of cost. They permit the direct comparison with cost of a 
relay design, including its coding cost, manufacturing cost, or power 
drain cost, in deciding on how much investment is warranted in switch­
ing apparatus in order to shorten the marker work time. 

1.43 Simple Examples of Relay Design for Speed 

The above relations make it possible to rapidly evaluate design changes 
for speeding up relays, or to state the value of seeking a design change 
that will make speed possible. Several examples will be given. 

(a) Relay Involved in a 111 ajor Event 

Suppose the following typical conditions are given: 

No. of markers per line = p 
Path factor = q 

Relays per marker function = W 

Value per millisecond per line = Ct 

Then value per millisecond per relay is 

0.04 X 1 
C, = 0.0006 X 1 = $67. 

0.0006. 
1. 
1. 
$0.04. 

In this case a very large investment per relay could be justified in order 
to gain small savings in time. 

(b) Relay Involved in a Subevent 

Suppose the following typical conditions are given: 

No. of markers per line = p = 0.0006. 

Path factor = q = 7'8 = 0.25. 
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Relays per marker function = w = 2, 

Ct = 0.04. 

Then value per millisecond per relay is 

Cr = 0.04 X 0.25 = $8.33. 
0.0006 X 2 

In this case, too, it is worth a considerable manufacturing cost penalty 
to shorten the functioning time of the relay. 

(C) Relay Involved in a Subevent - Release 

A particularly common form of sub event is the release of numerous 
relays at the end of one phase of marker action. In this case, assume 
values of the constants are: 

No. of markers per line = p = 0.0006. 
Path factor = q = 0.02. 

Relays per marker function = w = 5. 
Ct = $0.04. 

Then value per millisecond per relay is 

= 0.04 X 0.02 = $0 266 
C

r 0.0006 X 5 . 

Thus even in this case, an appreciable first cost value is associated with 
the releasing speed of each relay. 

1.5 REVIEW OF EQUIVALENT FIRST COST EXPRESSIONS 

The previous sections have shown how some of the variable portions 
of the relay design that affect its performance may be stated in terms of 
first cost. Likewise methods are given for evaluating sensitivity and 
speed performance in the same terms. These may be summarized as 

Cost of a coil: 

(1) 

Cost of an item as a function of demand: 

Co = • /2kqS(C l + A/n) + leqS + ~. 
11 n 2n n 

(12) 
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Cost of power: 

(18) 

Cost of functioning time: 

C
r 

= qCt • 

wp 
(20) 

Examination of these equations will show that, in nearly every case, a 
cheapening of the cost of the structure leads to more expensive (i.e., 
poorer) performance, and vice versa. However, the availability of these 
relations, together with accurate values for the constants, gives the in­
formation needed to vary the relay design to the point where maximum 
over-all economy (i.e., the cheapest central office) can be realized. 

In the following sections, some examples of methods for finding this 
optimum point, and how much it is worth to find it, will be given. 

PART II - DESIGN FOR MAXIMUM POWER-PLUS-COIL ECONOMY 

Among the more common problems facing the designer of switching 
circuits is the selection of the relay magnet which gives best economy in 
use. On the one hand, equation (1) has shown that the relay coil cost 
will be less if the resistance is less (but power consumed is more). On the 
other hand, equation (18) shows that the equivalent first cost of that 
part of the power plant furnished to operate the relay increases as the 
resistance is reduced (but coil is more expensive). These opposite ef­
fects are indicated in Fig. 9 where the curve labelled Cw shows how wind-

(/) 
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Fig. 9 - Power and winding costs. 
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ing cost for a certain wire gauge varies while the curve labelled Cp shows 
how power plant cost is changing. The desirable end result is a coil with 
resistance value to permit the sum of these to be as low as possible, as 
in the curve marked CT' The following methods will give such a design. 

The value of CT , made up of power cost, Cp , and winding cost, Cw , 

represents the cost of all the parts of the central office which are influ­
enced by a change in resistance of the coil. Thus we wish to minimize 
this equation: 

CT = Cp + Cw , 

where, from the previous relations, 

Cp = 1(1 
R' 

Cw = 1(2R, 

1(1 = Cp hE2
, 

( 
CN N) 

1(2 = CR 1 + CR R . 

The resulting expression for this total cost is 

CT = ~1 + 1(~. (21) 

In this equation 1(1 is a constant, but 1(2 varies both with resistance 
and wire size, as the latter affects the values of CN , CR , and the quantity 
N / R, which is determined by the coil design equation 

R = AN (h + d), 

in which, using the special notation common to coil design problems: 

N = turns in winding = ht/1(, 

R = coil circuit resistance, 

A = 7r times the resistivity of wire in ohms per inch length, given in 
tables for each size of wire, 

h = depth of coil space occupied by wire, 

t = length of winding space, 

d = inside diameter of coil, 

1( = effective cross-sectional area required by one turn of wire, given in 
tables for each size. 
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For a given relay, the dimensions f and d are fixed, and only the wire 
size and the coil depth h can be varied. For a given wire size, therefore, 
the values of hand N are fixed by the resistance. As C Nand C R are known 
quantities, the values of ](2 can be determined and plotted against R for 
each wire size, as illustrated in Fig. 10. Such a chart applies to a particu­
lar relay, as the curves depend on the fixed values of f and d applying. 
Here it can be seen that for a given resistance the finest gauge 'wire is 
the cheapest. Because of this, and since power costs are minimized with 
the highest resistance, the finest gauge wire would always give the 
cheapest coil. However, this becomes a theoretical case. As finer and 
finer wires are used, A = 7reJ becomes larger, and thus N IR or NIlE 
becomes smaller. In all relay design, an ampere-turns requirement must 
be met. Thus a practical solution to this problem of optimum costs is to 
choose the finest gauge wire which will meet the ampere-turns require­
ment. 

If the same relay is assumed as for Fig. 10, the variations of ampere 
turns with resistance are as shown in Fig. 11. Starting with the NI re­
quired, the wire size can be determined from a plot like Figure 11. Then 
](2 is determined from a plot like Fig. 10. 

N ow, with the gauge of wire chosen, ](2 is almost a constant and can 
be considered independent of R. Thus, upon differentiating (21), CT will 
be found to be a minimum when R has a value designated by 

Ro = V](I/I(2. (22) 

The most economical coil, resulting from use of a resistance Ro , will have 
a system cost of 

Co = 2V](d(2. (23) 

As can be seen by the slopes of the curves on Fig. 11, if the optimum 
resistance, Ro , is larger than the resistance value at the desired ampere 
turns, the NI requirement will not be met. Then either the selection of 
Ro must be made for the next coarser wire, or the resistance value chosen 
at just the required NI, whichever is cheaper. Conversely, if there is a 
very large NI margin, a finer gauge wire could be tried. In all, two trials 
should give the optimum values. 

A procedure has now been outlined for choosing the coil design for 
optimum power-pIus-winding cost. Curves similar to Figs. 10 and 11 
should be drawn for the applicable relay parameters. Then the 1(2 value 
is obtained for the finest gauge meeting the ampere-turns requirement, 
and Ro and Cofound. Then, the N I value applying for Ro must be checked 
and adjustments made as above, if necessary. 



ECONOMICS OF TELEPHONE RELAY APPLICATIONS 243 

(f) 

0:: 

:3 4 
..J 
o 
o 
z 

~ 

zlo:: 10-4 

Jlj= 
+ 
~ 

a: 
u 
II 
CIJ 
~ 

Z 
(f)-

Z 
a: 
~ 
I-

W 
0:: 
W 
n. 
:2 
<t 

4 

2 

1200 

1000 

800 

600 

400 

200 

0 

10 
2 

I 1 

I I I I 
WIRE GAUGE NO. -

r-34 I I 
35 - 36 

37 
38 

- - 39 _ 
1- r-- 4O -..;:: --- -~r-41 

-42 

1,1'" 

'" " '" ~ WIRE GAUGE NO. 

............ 
'34 II 

~ ........ ['.11 

'" 
35 

~ t"-r--., 

........ I' '36 r--., r-.. r--~~37 .... r--
............ 
~ i-t----t::--~ 39 1-- r---::t:::::--r 

~'~ ~ 

4 6 8102 2 4 6 8103 2 4 6 8104" 

COIL RESISTANCE, R, IN OHMS 

Figs. 10 and 11 - K2 and NI values versus resistance for various wire gauges 
for.a typical relay. 

COST WHEN OPTIl\:lU.l\:1 RESISTANCE CONDITION IS NOT SATISFIED 

There will, of course, be cases in practice "where the optimum re­
sistance is not used, for such reasons as standardizing of certain coil 
sizes, need for speed, or insufficient winding space. The penalty in cost 
from departing from the ideal winding size may be found by comparing 
the cost for any value .of resistance, (equation 21), "with the cost if re­
sistance were optimum, (equation 23): 

C KdR + !{2R 
Co 2V!{lK2 

~(!i~+R) 
2 R Ro' 

(24) 
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Thus, the fractional change in cost caused by any departure from the 
best resistance is readily estimated, expressed in ratio form as R/Ro• 
This relation is shown in Fig. 12. 

SUMMARY 

In summary of Part II, methods have been given for deciding on the 
magnet coil design which will provide the cheapest net cost in the switch­
ing system. When the conditions of use are known, a series of charts 
may be prepared such as the one shown, from which the applications 
engineer may decide the proper coil design, and how much it may be 
worth to the system. As experience will show, the cost of departing from 
an optimum design may run well over $1.00 per individual relay, with 
the result that aggregate savings in the whole central office may run to 
thousands of dollars compared to the cost when this problem is ignored. 

New relay development may be guided by the use of these same rela­
tions, since through a process of considering various hypothetical de­
signs of various sizes, work outputs and magnetic qualities, the potential 
optimum costs may be found. Design of the recently adopted wire spring 
relay was very materially guided by considerations of this sort. 

PART III-CHOICE OF CONTACT SETS FOR MAXIMUM ECONOMY 

One of the many problems involving lot-size costs of relays is the num­
ber of standardized sets of contacts that should be provided: i.e., how 
many kinds of contact arrangements give maximum economy for the 
product as a whole? By providing only a few choices of kinds of contacts, 
for example, the annual output is less divided and there are fewer setup 
charges, with the result that the initial manufacturing economy is large. 
However, because of the small selection of kinds of contact sets, there 
will result many cases where extra contacts are provided at greater than 
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needed cost. The problem is how best to combine these opposing fac­
tors. 

In illustration, consider a relay which is to be equipped with molded 
spring arrangements, capable of providing any number of "transfers" 
from 1 to 12, each of which is used in approximately equal numbers in 
the system. At the one extreme, only one molding might be provided, 
always equipped with 12 transfers. At the other extreme 12 different 
moldings might be provided, covering each individually needed quantity 
of "transfers." In the case of the single molding there is no lot-size 
penalty at all, but on the average a large penalty in surplus contacts; 
while for the twelve kinds of moldings, lot-size penalties corresponding 
to one-twelfth of the possible annual output are incurred, but no spare 
parts at all will be needed. Such a problem may be treated as given 
below. 

Let the number of kinds of spring sets chosen be designated by v. 
Then the annual output of each kind is the total output N divided by 
v, or 

N 
n =-. 

v 
(25) 

Now it was shown in Section 1.2 that the cost penalty for making things 
in lots is given by equation (12). For the present problem, this may be 
expressed in terms of v, by substituting equation (25) into equation (12). 
The resulting lot-size cost penalty is then 

The penalty due to providing unneeded springs is the dollar value of 
the average number of spare springs. The average number of spares is 
approximately 

12 - v 
E=~. 

Thus for only one kind furnished, always 12 transfers, the number of 
spares can vary between 0 and 11, an average of 5.5, as given by the 
equation. If there were eight kinds, consisting possibly of moldings of 
1, 3, 5, 6, 7, 8, 10 and 12 sets of transfers, the average number of extras 
would be 0.25. The dollar penalty compared to no extras ever needed is 

(
12 - v) 

CE=C1 ~ • (27) 
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and the sum of this equation and that for lot size represents the system 
cost for anyone condition. 

Fig. 13 shows this variation for an assumed case for which 

lV 500,000 parts per year. 

k 0.15. 

S $100. 

f 0.20 for spring set cost. 
el = '\.0.005 for spare spring cost. 

A = O. 

Here it is found that the greatest benefit comes from using in the neigh­
borhood of six kinds of spring sets. It is further clearly seen that the sys­
tem as a whole will not be particularly penalized if the number of sets 
chosen is a few different from this quantity - but a penalty of almost 
two cents per relay, or about two thousand dolllars per year would be 
incurred by erring too far toward the extreme. 

PART IV - CHOICE OF SPECIAL ADJUSTMENT FOR MAXIMUM 

SPEED ECONOMY 

Speed can be an exceedingly valuable property of a relay, as shown 
in Section 1.4. There are cases for example where every saving of 1 
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millisecond in working time will reduce the average quantity of equip­
ment needed by an amount equivalent to $35, or even more. For such 
cases a considerable sum of money can be spent on each relay in order 
to make it faster. The following approach helps guide the circuit and re­
lay designer in the choice of relay they should make in order to gain the 
greatest over-all advantage. 

It is well known to relay designers that one of the most important 
design parameters controlling operating time of a relay is the spacing 
between the contacts when they are at rest. This space cannot be less 
than a certain small distance of about 0.005" to avoid contact failures 
due to vibration, buildups, sparkover, etc. However, because it is costly 
to hold adjustments accurately to a few thousandths of an inch, the 
maximum spacing is often quite large, sometimes as much as 0.050". 
The spread in this distance is primarily a matter of economics; if it were 
clear that more money could be spent on the relay to narrow down this 
spacing while gaining material reductions in operating time as a result, 
then some closer adjustment would be specified. Such a problem is read­
ily treated by summing (a) the cost penalties for differing values of this 
spacing and (b) the cost penalties of the corresponding functioning time, 
and finding the optimum condition that results. One such case is shown 
below. 

The cost penalty due to changing spacing may be estimated by con­
sidering various actual values, and determining what procedures would 
be used in the factory in each case. Such a cost study can be made in the 
factory. In illustration, assume a particular relay type deemed to suffer 
no cost penalty if its armature stroke is allowed to take on any value up 
to 0.050", but which cannot be less than 0.010" without impairing per­
formance. The actual cost per unit of various kinds of manufacturing 
procedures might be found according to the hypothetical conditions given 
in Table r. Thus a curve can be plotted of the cost penalties for each 
setting of gap. 

The design may also be studie~ for the influence of the gap settings 
on speed. The operating time of the magnet as a function of spacing is 
readily determined by experiment, and may also be checked against 
known operating principles, to be sure the figures are reasonable. For a 
typical case, operating times corresponding to various spacings might be 

. as given in Table II. At the same time, the value of this functioning time 
is given by equation (20) to be 
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TABLE I - COST PER UNIT OF VARIOUS KINDS OF MANUFACTURING 

PROCEDURES 

Assumed Max. 
Stroke 

0.050" 

0.045" 
0.040" 
0.034" 
0.025" 
0.020" 
0.015" 

0.010" 

Manufacturing Procedure 

Acceptance of wide dimensional tolerances on all 
parts, and no adjustment permitted 

As above, but crude adjustments added 
Closer dimensional tolerances, no adjustment 
As just above, with rough adjustment 
Very close tolerances on all parts, no adjustment 
As just above, with touch-up permitted 
Screw adjustment added, (more expensive parts, 

but simpler adjustment) 
Precision setting of all parts 

Cost 

$0 

0.05 
0.07 
0.10 
0.15 
0.20 
0.35 

0.65 

Assuming for this hypothetical case that the values applying are 

Ct $0.05, 

w 100, 

q 0.2, and 

p 0.0006, 

then the cost of the resulting time is found in the last column of Table II. 
A summation of these two sets of cost penalties is given in Fig. 14, 

which clearly shows that the ideal value of stroke is about 0.020", and 
that that it may be permitted to vary between the limits 0.015" and 
0.025" without a serious economic penalty. 

In summary, a method has been indicated for deciding how important 
it may be to build in, or omit, expensive design features which have an 
effect on functioning time. An illustration has been given for an assumed 
common control cirucit and an assumed change in a design feature of the 
relay that importantly affects the time. The method, however, is equally 

TABLE II - OPERATING TIMES CORRESPONDING TO VARIOUS SPACINGS 

Assumed Max. Stroke 

0.050 
0.045 
0.040 
0.035 
0.025 
0.020 
0.015 
0.010 

Functioning Time (Milliseconds) 

6.1 
5.6 
5.2 
4.75 
3.75 
3.2 
2.55 
1.9 

Equivalent First Cost Value 
of Time 

$1.02 
0.933 
0.867 
0.792 
0.625 
0.533 
0.425 
0.317 
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applicable to other speed problems, once the value of speed is known, 
and once the influence of the design change and its cost are known. 

PART V - CHOICE OF VVINDING FOR MAXIl\IUM COMBINED ECONOMY 

OF SPEED AND POWER 

In the selection of magnet designs for use in circuits where speed is 
important, much can be gained by modifying the mass, the stroke, the 
force against the stop, etc., but when all these devices have been ex­
hausted there remains the possibility of supplying more power to the 
magnet coil. If this is done in enough cases, an over-all penalty in central 
office cost is incurred through the added over-all power plant capacity 
that may be needed. As already seen in Section 1.3, this cost penalty is 
proportional to the base value of one watt-hour-per-year, the voltage 
squared, and the hours per year energized, but is inversely proportional 
to the resistance. In telephone usage, the voltage is usually fixed at 50 
volts, and equation (18) may be rewritten as 

where 
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The above expression gives the equivalent first cost of the power taken 
by one relay. For each relay operation, or event, ho,,"ever, there may be 
several relays energized. Then the total eost penalty per event, due to 
power, is 

(29) 

where g = number of relays energized, per marker, for the particular 
function in question even though only one appears in the time sequence. 
For the power cost to be compared with the cost due to speed, this cost 
must be spread over the number of relays, w, involved in the function. 
Then 

(30) 

This is the equivalent first cost penalty incurred against each relay, due 
to its power consumption. As R increases, it is seen to decrease. 

However, as R increases, the operate time increases. For speed relays, 
the time t has been found to be a complicated function of the resistance, 
varying approximately as Rl/3. Thus when R increases, time increases, 
and the equivalent first cost of this action time increases, as already seen 
in Section 1.4. 

As power is changed, then, there results two oppositely varying 
costs - one due to power, and one due to speed. The problem is graphic­
ally shown in Fig. 15, where Curve A shows the typical cost variation 
due to power drain and Curve B shows the variation in cost due to speed. 
The point where the sum of the two is a minimum is the ideal point to 
operate, assuming that the coil costs are about equal in each case. 
Curve C shows how the total cost will vary. Actually, it may be necessary 
to add the effects of a third variable: the cost of the coil itself as it is· 
redesigned for different power consumption. This can be easily done by 
the methods shown above, but is ignored in the present treatment for 
the sake of simplicity. In many actual cases, coil cost has been found to 
be a much smaller factor than the other variables. 

CHOICE OF OPTIMUM COIL 

In practice the above result may be obtained by a knowledge of how 
a specific magnet design will vary in operate time as its coil resistance is 
changed. The values may be substituted in the following equation for 
total cost: 
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c _ qcd + kphg 
- Wp wR' 

= fL (qCtt + kph) . 
w pg R 
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(31) 

The expression may be evaluated when a relation between t and circuit 
resistance R is established, usually a. matter for experiment in any given 
case. 

Illustration 

For a particular case let us assume that p = 0.0006, so that equation 
(31) is 

c = !L (1670 :£ cd + kph) . 
w g R 

(32) 

Typical values of operate time, t, for a speed relay in 50-volt telephone 
applications are given in Table III. From this information, one may 
readily evaluate equation (32) to cover the practical range of conditions 
that are met'in service. This has been done, in Fig. 16, to give the total 
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TABLE III - TYPICAL VALUES OF OPERATE TIME 

Coil Resistance (Ohms) 

100 
200 
400 
600 
800 

1000 

Optimum Time (Milliseconds) 

2.45 
3.1 
4.15 
5.0 
5.8 
6.7 

cost penalty for the case of very short holding time (h = 100 hr. per 
year) and for long holding time (h = 2000 hr. per year). The optimum 
coil resistances for these cases are seen to lie between 200 and 400 ohms 
for the long holding time condition, and to be as low as possible for the 
case of short holding time. As a result we see an appreciable economic 
incentive to plan relay designs which are capable of operating on low 
resistances. Further study of heat dissipation, operation with holding 
windings, contacts to withstand heavy currents, and other devices to 
gain fast action, therefore take on added importance to the relay de­
signer. 

PART VI - CHOICE OF THE ACTUAL CODE 

With the background of the previous sections, the systems designer 
can now decide what codes he needs to use in his circuits so as to be 
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most economical, over-all. The problem will first be discussed in a gen­
eralized form, and the means for getting the economy will then be re­
viewed. 

G.1 GENERAL DISCUSSION OF CODING 

If enough information were available to the circuit designer, he should 
be able to choose a relay for any particular application by considering 

(a) The penalties in performance (expressed in terms of first cost) re­
sulting from having only a certain limited number of available combina­
tions of relays, as against complete flexibility, i.e., the penalties due to 
standardizing, and 

(b) The penalties in first cost resulting from many variations of a 
basic type, as compared with one single standard type, i.e., the penalties 
due to not standardizing. 
By weighing both the penalties and the advantages of standardization 
in each case, they may be maintained in approximate balance, and give 
the economical number of codes. 

In the development of an entire new switching system using relays, 
there will be approximate ideas on the number of relays needed in the 
system, and on the number of kinds of relays required to fairly well 
satisfy the circuit functions. Based on past experience, the statistical 
distribution of kinds of relays for the various uses in relation to annual 
demand may also be approximated. The number of codes provided will 
determine the number of cells into which the statistical distribution is 
divided, and also the relative annual demand for each. In the extreme, 
only one code might be provided. It would have the advantage of very 
large lot-size, but also it would have to do the hardest as well as the 
easiest function. Such a requirement could lead to such absurdities as 
requiring that all relays have three windings, twelve transfers, best grade 
of contact metal, and the like; or to a greatly increased number of simpler 
relays. In addition, with but little flexibility in the design, there would 
be the added performance disadvantages due to imperfectly matching 
certain needs for power economy, speed, and the like. Hence, there is a 
large performance disadvantage, if but one kind of relay were provided. 

At the other extreme would be cell divisions of kinds of relays to give 
the perfect match for every circuit use. Then, with no spare contacts, 
the best possible power economy, and every other condition at its ideal 
value, no performance penalty at all would be entailed. But every code 
increase would further subdivide the manufacture, till the lot-size penal­
ties grew excessive. 

These variations are shown by the curves in Fig. 1, and it is their sum, 
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as seen in the curve marked c, that should decide where best to work. 
In planning a whole new central office which may use from 40,000 to 
80,000 relays, and a new design of relay whose manufacturing costs are 
not yet well established, the data to give numerical values for Fig. 1 
can only be quite tentative, and the results can only serve as guides. 
Yet such work has been most useful in recent effort on a redesigned No. 
5 crossbar system to use the wire spring relay. Calculations could be 
made with enough assurance to determine the general shape of the total 
penalty curve (Curve c), and showed an optimum value for kinds of re­
lays of about 200. Even more important was the indication that the 
curve was extremely flat in its optimum region, giving but a small 
change in the total penalty if an error, even as great as 2 to 1, were 
made in the number of codes to be used. 

6.2 THE DETAILED PROCEDURES OF CODE SELECTION 

Background information as gained above helps in guiding the early 
steps in picking codes of relays for the job, but there is a better method 
of picking codes when the circuit designer is actually down to cases. 
By following the steps below, the optimum number of codes will auto­
matically result. 

The first step in the coding program is to pick a list of basic codes. 
This can be done quite arbitrarily, initially, and should be based on 
general knowledge of types of circuit functions, together with specific 
knowledge of certain uses with very large demands. For example, certain 
coils will be needed to cover the range from very fast operation with no 
concern for current drain, to slow release and emphasis on economy of 
power; there will be single and multiple windings as dictated by circuit 
functions. Also, certain arrangements of contacts may be assumed to 
span the range of needs from a single make up to the capacity of the 
design - twelve transfers or twenty-four makes in the case of the new 
wire spring relay. Further, certain combinations of springs and coils will 
be evident at once as ideally suited to particular large-demand uses, and 
these should be on the original list. Soon the likely minimum demand 
for each will be quite evident. Such a list of tentative codes and dema~ds 
is the first step in the coding scheme. 

Now, as each circuit application arises, this basic list may be consulted. 
For some cases, an available code will be ideal, but for many others a new 
arrangement may be desired. In each such case a simple calculation will 
show the economical choice between a new code or the old code with 
more features than are really needed. Steps in the calculations are given 
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below, where the extension of the old code is identified as Plan A, and 
the use of a new code as Plan B. 

For Plan A, there ~\Vill be a new demand, (X + Y), which is greater 
than its previous demand by Y, the quantity of the new application. 
The demand cost penalty can then be read from charts such as Fig. 4. 
Performance penalties for pertinent features such as speed, power, extra 
contacts, etc. may be read from charts of the kind described in the earlier 
sections above. The sum of these values, multiplied by Y, is the cost 
penalty for the new application of an existing code. 

For Plan B, there will be a lot-size cost penalty due to its demand. But 
there will also be a penalty imposed on the original code, (whose demand 
was X), because its demand was not enlarged to value X + Y. Thus 
the total lot-size cost penalty is made up of two parts: 

(a) Penalty due to demand Y, multiplied by Y. 
(b) [Penalty due to demand X - Penalty due to demand (X + Y)] 

multiplied by X. 
The unit lot-size cost penalty for Plan B is the sum of these two fac­
tors, divided by the quantity Y. The design of relay for Plan B may be 
chosen by the methods previously outlined to be as nearly optimum as 
is feasible, and then performance penalties itemized as in Plan A above. 
The sum of these penalties, added to the lot-size penalties just men­
tioned, give a number for comparison "\yjth Plan A. 

After the penalties due to either plan are compared, the least costly 
should be chosen. In cases where the costs are approximately equal, 
preference should probably be given to Plan A, as encouraging stand­
ardization. 

In summary, the ideal number of codes in a newly designed system 

TABLE IV - CHECK LIST FOR RELAY CODE SELECTION 

AMOUNT OF EQUIVALENT COST PENALTY 

Kind of Penalty Plan A 

Lot-size (a) . . . . . . . . . . . . . .. Note (1) Note (2) 
X [(2) - (1)] X - = (b)............................... y 

Power 
Speed 
Extra parts 
Other 

Total 

Note (1) Fill in for demand X + Y. 
Note (2) Fill in for demand X. 
Note (3) Fill in for demand Y. 

Plan B 
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may be approximated by choosing the more economical alternative re­
sulting from filling in the check list given in Table IV. 

PART VII -SUMMARY 

In the telephone central office some 60,000 relays are needed to carry 
out the automatic switching functions. Since the entire office is built 
around them, they determine the cost of the office, not only by their 
first cost, and maintenance cost, but at least equally importantly by 
their influence on the power plant, and the amount of common control 
equipment that is needed. There is opportunity for great economy, over­
all, when manufacturing cost is put in proper balance with the cost of 
power, cost of functioning time, and similar performance variables. 

The preceding pages have shown how each factor in the total system 
cost may be stated in a common language - the equivalent first cost 
value. When each variable, expressed as an incremental figure denoting 
the cost compared to an ideal standard, is so stated, all relay factors in 
the switching system may be cross-compared. This permits a large num­
ber of optimizing procedures to be carried out. 

Optimizing methods for several important cases have been illustrated, 
and relations or procedures of value to the relay designer are presented. 
Particularly outstanding cases are the means for realizing (a) power­
plus-coil economy and (b) power-plus-speed economy. 

On the side of manufacturing cost, relay designers need some guidance 
as to how their applications problems will be influenced by the lot-size, 
or annual demand. Optimizing procedures are also given for this prob­
lem, to yield approximate values for optimum lot-sizes under various 
manufacturing conditions, and the corresponding cost penalty as a func­
tion of annual demand. 

The steps to be taken in order to strike the best balance between 
standardizing for maximum manufacturing economy and diversifying 
for maximum performance economy are also given. 

The problem as a whole is a striking example of how design for service 
can be applied on a very large scale. The economies realized by the ap­
proach used here have avoided the expenditure of many additional 
thousands of dollars yearly to the telephone companies, with corre­
sponding economy to the customer. 
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Symbols 

(Manuscript received October 20, 1953) 

The following list gives the symbols used through the several articles 
appearing in this issue of the JOURNAL. The list does not include all the 
variant forms of the different symbols distinguished by subscripts, as 
these distinctions are indicated in the context where they are used. 

MECHANICAL: 

a Cross sectional area 
f, Length 
m Effective armature mass 
T Kinetic energy 
V Work done to overcome static load 
x Armature displacement 

ELECTRICAL: 

e Copper efficiency or fraction of the copper volume occupied by 
conductor 

E Applied battery voltage 
G Total equivalent single turn conductance 
Gc Equivalent single turn conductance of coil; N 2jR 
GE Equivalent single turn eddy current conductance 
G~ Effective single turn eddy current conductance; GEe-GE/(Gc+Gs) 

Gs Equivalent single turn conductance of sleeve 
i Instantaneous current 
I Steady state current 
m Mean length of turn in winding 
N N umber of turns in winding 

47r 
L1 Single turn inductance; (R' (x) 

NI Ampere turns 
Nlo Just operate or just release ampere turn value 

q Ratio of just operate to final ampere turns; ~; 
257 
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p Resistivity of material 
R Resistance 
S Coil volume 
v Ratio of flux attained at time t to steady state flux 
W Power; 12R 

MAGNETIC: 

Equivalent pole face area 
Effective pole face area (design value) 
Induction (flux density) 
Value of B for maximum permeability 
Saturation density 
Density at J1. = 1000 
Remanence (density at H = 0) 
CRo + CRL 

CRo 
Magnetic pull 
Magnetomotive force; 47rNI 
Coercive magnetomotive force 
Field intensity 
Coercive force 
Inductance 
Permeability 
Permeability of air 
Maximum value of permeability 
Reluctance 

CRe Reluctance of the core 
CR~ Minimum value of core reluctance 
CRI CR(x) for x = Xl 

CR i Initial incremental reluctance 
CRo Equivalent closed gap reluctance 
CR L Equivalent leakage reluctance 
CR L 2 Effective leakage reluctance (design value) 
CR 02 Effective closed gap reluctance (design value) 

CRL ( CRo + 1) 
CR(x) Equivalent relay reluctance ----'---­

X 
CRo + CR L + A 

cp flux 
cI> Steady state flux 



NOTATIONS 

CP1 Initial equilibrium flux 
cp' Flux for maximum permeability or minimum reluctance 
cp" Flux at saturation 
CPo Residual flux 
cpa Gap flux 
U Field energy 
u x/ ACRo or x/xo 
VV Mechanical work done by magnet 
Xo ACRo 

TIME: 

Time 
to Opera te or release time 
t1 Waiting time 
t2 Motion time 
ts Stagger time 
tE Eddy current time constant; L 1G' E 

tc Winding time constant; L 1GC 

t s Sleeve time constant; L1G s 
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A positive charge on the surface of a p-type germanium crystal induces a 
net negative space charge within the crystal adjacent to the surface. This 
space charge is composed of ionized acceptor atoms and also of electrons 
under certain conditions. When electrons occur they provide a layer of 
n-type conductivity immediately under the p-type germanium smface. 
Such a layer has been found on the p-type region of some n-p-n-transistors. 
In the n-p-n structure the layer of electrons appears as an extra conducting 
path-"a channel"-across the p-type material between the two n-type 
ends. The conductance of a channel and the capacity between the channel 
and the p-type material have been measured and compared with the the­
oretical predictions based on a simple model. 
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CRANE, G. R.4, F. HAUSER4 AND H. A. MANLEy4 

Westrex Film Editor, J.S.M.P.T.E., 61, Part 1, pp. 316-323, Sept., 
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This paper describes a film-editing machine which employs continuous pro­
jection resulting in quiet operation. It accommodates standaId-picture and 
photographic or magnetic sound film as well as composite sound-picture 
film. Differential synchronizing of sound and picture while running, auto­
matic fast stop and simplified threading features in the film gates with 
finger-tip release materially increase operating efficiency. 
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as to yield a negative resistance at the input terminals. The characteristics 
of several units are presented and analyzed. It is shown that these character­
istics are in substantial agreement with the extended theory. Finally a specu­
lative evaluation of the possible future applications of field effect transistors 
is made. 
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The L3 coaxial system is a new broad-band facility for use with existing 
and new coaxial cables. It makes possible the transmission of 1,860 telephone 
channels or 600 telephone channels and a television channel in each direction 
on a pair of coaxial tubes. The principal system design problems and the 
methods used in their solution are described in terms of its components and 
their location in the system. 
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Phys., 21, P. 1427, Aug., 1953. 

FRAYNE, J. G.4 AND E. VV. TEMPLIN4 

Stereophonic Recording and Reproducing Equipment, J.S.M.P.T.E., 
61, Part 2, pp. 395-407, Sept., 1953. 

This paper describes new stereophonic recording channel equipment includ­
ing a six-position mixer and portable three-channel recorder. For re-record­
ing, the previously described triple-track recorder-reproducer is available. 
For review-room and theater reproduction, a theater-type dummy equipped 
for three-channel stereophonic reproduction is described. 
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91, pp. 543-551, Aug. 1, 1953 (Monograph 2148). 

:lVIeasurements of total yield hi) and kinetic energy distribution are re­
ported for electrons ejected from tantalum by the ions, He+, He++ and He2+ 
in the kinetic energy range 10 to 1000 ev. The evidence presented indicates 
that the electrons are released by a collision of the second kind of the ion 
with the metal surface (potential ejection). One internal secondary electron 
is produced per incident ion. The probability of this electron escaping is 
reduced by the possibility of internal reflection at the image barrier at the 
metal surface. 'Yi for the slowest ions is observed to be 0.14, 0.52, and 0.10 for 
He+, He++, and He2+, respectively. The data presented must be considered 
representative of gas-covered tantalum, since no gas was observed to desorb 
from the target on heating to 175°K. 'Yi was found not to vary with time 
after cooling the target indicating rapid re-establishment of the equilibrium 
gas layer on the surface from within the metal. The ,York function of the 
covered Tn. surface is found to be ca 4.9 ev, some 0.8 ev higher than that 
of atomically clean Ta. Considerations based on a theory which includes 
variation of energy levels near the metal surface show resonance neutraliza­
tion of He+ at the covered Ta surface not to be possible. Thus only the so­
called direct process of potential ejection occurs, with which conclusion the 
measured energy limits of ejected electrons are in agreement. 

HAUSER, F., see G. R. CRANE 

HAWKINS, vV. L., see B. S. BIGGS. 

HEFFNER, H.1 

Backward-Wave Tube, Electronics, 26, pp. 135-137, Oct., 1953· 

Electron-stream amplifier utilizing backward-wave mode forms microwave 
oscillator continuously tunable over a three-to-one bandwidth by a single 
voltage control. Tubes have been built for frequency centering about 6,000, 
10,000 and 50,000 me. 
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Company to use a magnetic amplifier to give continuous control of the out­
put of a copper-oxide rectifier used for cathodic protection of underground 
lead covered cables. The controlled rectifier was designed for use at a loca­
tion where stray current "end effects" were damaging underground tele­
phone cables and municipal light cables and were threatening high-pressure 
water mains. When properly adjusted, the output of the rectifier will in­
crease or decrease automatically so that at each instant the amount of 
forced drainage will be adequate to protect the underground telephone cable 
sheath but will not be in excess of the value at which neighboring under­
ground metallic structures would become anodic and would thus become 
subject to corrosion. For satisfactory operation the amplifier had to be 
designed to give a large gain so that a change in the control voltage of only 
0.2 volt (+0.1 to -0.1 volt) would be sufficient to vary the output of the 
rectifier from practically zero current to full rating. In the installation de­
scribed in this paper the gain of the magnetic amplifier is in the order of 
12,000. The magnetic amplifier type of control is well suited to outdoor in­
stallations subject to wide changes in temperature and at remote locations 
where frequent maintenance inspections are not feasible. The magnetic am­
plifier has advantages over other available control devices which accomplish 
this same purpose in that it has no moving parts, no vacuum tubes, bat­
teries, motors, relays or contactors. The magnetic amplifier gives a continuous 
output control which is superior to the stepped increment changes that 
result from relay or contactor operation. 

JERONE, M. G., see E. P. SMITH. 

JOHNSON, J. B.l AND K. G. McKAyl 

Secondary Electron Emission of Crystalline MgO, Phys. Rev., 91 t 

pp. 582-587, Aug. 1, 1953 (Monograph 2163). 

Secondary emission is measured from single crystals of MgO cleaved along 
the (100) plane. The maximum ratio of secondary to primary current, Omax , 

is about 7 at about 1,000 volts and room temperatures. The cross-overs 
are at 33 volts and far above 5,000 volts. Most probable energy of emission 
is 1 ev or less. A definite effect of temperature is established, decreasing with 
increasing temperature, in accord with expectations for an insulator. 

JONES, T. A.I AND W. A. PHELPSl 

Level Compensator for Telephotograph Systems, Elec. Eng., 72 t 

pp. 787-791, Sept., 1953. 

To eliminate interference in telephoto graph transmission through broad­
band carrier equipment, it was decided to cancel it from the signal delivered 
by the carrier facility instead of modifying the carrier equipment. Conse-

1 Bell Telephone Laboratories. 
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quently, a recently developed telephotograph level compensator, consisting 
of a pilot channel arrangement designed for insertion in the telephotograph 
connecting circuits, is utilized. 

KISTLER, R. E. 6 

Radio Links U.S. and Canada, Telephony, 145, pp. 16-17, 33, Sept. 
5, 1953. 

KLIE, R. H., see C. H. ELMENDORF. 

KOHMAN, G. T., see D. EDELSON. 

KRUSE, P. F., Jr.7 and W. B. WALLACE7 

Identification of Polymeric Materials, Anal. Chern., 25, p. 1156, 
Aug., 1953. 

KUH, E. S.l 

Potential Analog-Network Synthesis for Arbitrary Loss Functions, 
J. App. Phys., 24, pp. 897-902, July 1953. 

A general method is developed for designing networks with arbitrary loss 
functions based on the potential analogy. An appropriate potential prob­
lem is formed on the basis of the given loss function by introducing con­
tinuous charge distribution on the complex frequency plane. After the po­
tential problem is solved, the technique of quantization of charge is used 
to find the natural modes of the network function. 

LANGE, R. W.1 

40- to 4,000-Microwatt Power Meter, A.I.E.E. Trans., Cornrnun. & 
Electronics, 8, pp. 492-494, Sept., 1953. 

LEWIS W. D.l 

Electronic Computers and Telephone Switching, I.R.E., Proc., 41, 
pp. 1242-1244, Oct., 1953. 

Automatic telephone switching and digital computation have much in 
common. Both rely upon discrete rather than continuous devices. Develop­
ment of recent switching systems with a close functional resemblance to 
large digital computers has increased this overlap. The next big step in 

1 Bell Telephone Laboratories. 
6 Pacific Telephone and Telegraph Company. 
7 Sandia Corporation. 
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telephone switching should be towards electronics. In making this step, 
switching scientists and engineers can be much helped by modern electronic 
computer technology. To be successful, they must also contribute to this 
technology. 

LINDHOM, P.3 

"Feedback" - Heart of Automatic Process Control, Factory, 111, 
pp. 106-109, Oct., 1953. 

LOGAN, R. A.l 

Thermally Induced Acceptors in Single Crystal Germanium, Letter 
to the Editor, Phys. Rev., 91, pp. 757-758, Aug. 1, 1953. 

MAlTA, J. P., see M. TANENBAUM. 

MALLERY, P.l 

Transistors and Their Circuits in the 4A Toll Crossbar Switching 
System, A.I.E.E. Trans., Commun. & Electronics, 8, pp. 388-392, 
Sept., 1953. 

MALTIIANER, W. A.1 AND H. E. V AUGHAN1 

Automatic Telephone System Employing Magnetic Drum Memory, 
I.R.E., Proc., 41, pp. 1341-1347, Oct., 1953 (Monograph 2151). 

The use'of magnetic drum memory in an automatic telephone switching 
office is described. A capacitive scanner acts as a time-division connector 
through which information generated by subscribers' telephone sets is con­
veyed to storage on magnetic drums. Information thus accumulated is com­
bined with "permanent" information on the magnetic drums, processed in 
accordance with built-in programs and dispatched to control call switching 
circuits. Technical feasibility of this system has been demonstrated by the 
construction and successful operation of a large-scale laboratory model. 

lVIANLEY, H. A., see G. R. CRANE. 

MATTHIAS, B. T.l 

Superconducting Compounds, Letter to the Editor, Phys. Rev., 91, 
p. 413, July 15, 1953. 

lVlcAFEE, K. B., see K. G. McKAY. 

1 Bell Telephone Laboratories. 
3 Western Electric Company. 
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MCCARTHY, R. H.3 

Organization for Production Engineering, Mech. Eng., 75, pp. 785-
788, 793, Oct., 1953. 

MCGUIGAN, J. H.I 

Combined Reading and Writing on a Magnetic Drum, I.R.E., Proc., 
41, pp. 1438-1444, Oct., 1953 (Monograph 2152). 

This paper points out that the characteristics of magnetic recording make it 
possible to combine reading and writing in the same cell as it passes just 
once under the head. Amplifier requirements for this method of operation 
are discussed and a suitable design presented. A single head is used for both 
reading and writing. The process can be repeated in every successive cell at 
a cell rate of 60 kc. The techniques described, which are applicable to either 
parallel or serial systems, extend the utility of magnetic drums by allowing 
date processing as well as data storage. 

McKAY, K, G., see J. B. JOHNSON. 

l\1cKAY, K. G.I AND K, B. McAFEEI 

Electron Multiplication in Silicon and Germanium, Phys. Rev., 91, 
pp. 1079-1084, Sept. 1, 1953 (Monograph 2162). 

Electron multiplication in silicon and germanium has been studied in the 
high fields of wide p-n junctions for voltages in the pre-breakdown region. 
Multiplication factors as high as eighteen have been observed at room 
temperature. Carriers injected by light, alpha particles, or thermal-genera­
tion are multiplied in the same manner. The time required for the multi­
plication process is less than 2 X 10-8 second. Approximately equal multi­
plication factors are obtained for injected electrons and injected holes. The 
multiplication increases rapidly as "breakdown voltage" is approached. The 
data are well represented by ionization rates computed by conventional 
avalanche theory. In very narrow junctions, no observable multiplication 
occurs before Zener emission sets in, as previously reported. It is incidentally 
determined that the efficiency of ionization by alpha particles bombarding 
silicon is 3.6 ± 0.3 electron volts per electron-hole pair produced. 

MCSKIl\IIN,H. J.I 

Measurement of Elastic Constants at Low Temperatures by Means 
of Ultrasonic Waves - Data for Silicon and Germanium Single 
Crystals and for Fused Silica, J. App. Phys., 24, pp. 988-997, Aug., 
1953 (lVlonograph 2171). 

1 Bell Telephone Laboratories. 
3 Western Electric Company. 
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Ultrasonic waves (shear on longitudinal) in the 10-30 mc range are trans­
mitted down a fused silica rod, through a polystyrene or silicone one-quarter 
wavelength seal, and into the solid specimen. Measurement of reflections 
within the specimen yields values for velocities of propagation and elastic 
constants. Data obtained over a temperature range of 78° to 3000 K for 
silicon and germanium single crystals, and 1.6° to 3000 K for fused silica are 
listed. For the latter, a high loss is noted, with an indicated maximum near 
300 K. 

MERZ, W. J.l 

Double Hysteresis Loop of BaTi03 at the Curie Point, Phys. Rev., 
91, pp. 513-517, Aug. 1, 1953 (Monograph 2166). 

It is known that the Curie point of the ferroelectric BaTi03 shifts to higher 
temperatures when a dc bias field is applied. If the crystal shows a sharp 
transition, we expect by applying an ac field at the Curie temperature that 
the crystal would become alternately ferroelectric and nonferroelectric in 
the cycle of the ac field. This can be seen in the shape of the hysteresis loop 
at temperatures slightly above o. In the center of the polarization P versus 
field E plot, we observe a linear behavior corresponding to the paraelectric 
state of BaTi03 above o. At both high voltage ends, however, we observe a 
hysteresis loop corresponding to the ferroelectric state. A change in tempera­
ture causes a change in size and shape of the double hysteresis loops, ranging 
from a line with curves at the ends (higher temperature) to two overlapping 
loops (lower temperature). The results obtained allow us to calculate the 
different constants in the free-energy expression of Devonshire and Slater. 
One of the results shows that the transition is of the first order since the p4 
term turns out to be negative. The properties of the hysteresis loops are 
discussed, especially the large spontaneous electrical polarization and the 
low coercive field strength. 

MOORE, E. F., see C. E. SHA.NNON. 

MORRISON, J.1 

Leak Control Tube., Rev. Sci. lnstr, 24, pp. 564-547, .July, 1953. 

PHELPS, W. A., see T. A. JONES. 

PRINCE, M. B.l 

Experimental Confirmation of Relation Between Pulse Drift Mobility 
and Charge Carrier Drift Mobility in Germanium, Phys. Rev., 91, 
pp. 271-272, July 15, 1953 (Monograph 2168). 

Experimental data of drift mobilities of minority carriers in germanium are 

1 Bell Telephone Laboratories. 
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brought into agreement with theoretical predictions by distinguishing be­
tween group velocity and particle velocity of a pulse of minority carriers. 
Corrected high temperature measurements of electron drift mobility are 
consistent with the theoretical prediction J.I. = AT-3/2. The experimentally 
determined value of A is 2.0 X 107 cm2 deg3/ 2/voIt-sec. 

REISS, H.I 

Chemical Effects Due to the Ionization of Impurities in Semicon­
ductors, J. Chern. Phys., 21, p. 1209, July, 1953 (Monograph 2172). 

This paper contains a theoretical account of the possible effects which the 
ionization of donor and acceptor impurities can induce in the thermody­
namic phase relations involving their solutions with semiconductors. These 
effects reflect the energy band structure of the semiconductor. Furthermore, 
the phenomenon has an interest of its own, for within a certain range of 
experimental conditions the effects can be attributed to a chemical-like, 
mass action behavior of the electrons which play the roles of negative ions. 
Section V is a brief discussion of a fine point concerning the Fermi level. It 
is shown that although the Fermi level is certainly the electronic electro­
chemical potential, it is not the Gibbs free energy per electron unless the 
density of electron energy levels is linear in the volume of the system. 

ROBBINS, R. L.I 

Measurement of Path Loss Between Miami and Key West at 3675 
mc., 1.R.E., Trans., P.G.A.P. 1, pp. 5-8, July, 1953. 

Radio transmission measurements have been made at 3,675 megacycles on 
the 130-mile path between Miami and Key West, Florida, which is largely 
over watery wastes of the Everglades and shallow sea waters of the Florida 
Keys. Path loss and fading characteristics for this terrain were not found 
to differ materially from the characteristics of hilly or mountainous paths 
in the northeastern section of the country. 

Ross, 1. M., see G. C. DACEY. 

SHANNON, C. E. 

Turing's Formulation of Computing Machines and Von Neumann's 
Models of Self-reproducing Machines., 1.R.E., Proc., 41, pp. 1235-
1241, Oct., 1953 (Monograph 2150). 

This paper reviews briefly some of the recent developments in the field of 
automata and non-numerical computation. A number of typical machines 
are described, including logic machines, game-playing machines and learn­
ing machines. Some theoretical questions and developments are discussed, 
such as a comparison of computers and the brain. 

1 Bell Telephone Laboratories. 
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SHANNON, C. E.I AND E. F. MOOREI 

Machine Aid for Switching Circuit Design, I.R.E., Proc., 41, pp. 1348-
1351, Oct., 1953 (Monograph 2153). 

Design of circuits composed of logical elements may be facilitated by auxili­
ary machines. This paper describes one such machine, made of relays, se­
lector switches, gas diodes, and germanium diodes. This machine (called 
the relay circuit analyzer) has as inputs both a relay contact circuit and the 
specifications the circuit is expected to satisfy. The analyzer (1) verifies 
whether the circuit satisfies the specifications, (2) makes systematic at­
tempts to simplify the circuit by removing redundant contacts, and also (3) 
obtains mathematically rigorous lower bounds for the numbers and types 
of contacts needed to satisfy the specifications. A special feature of the 
analyzer is its ability to take advantage of circuit specifications which are 
incompletely stated. The auxiliary machine method of doing these and 
similar operations is compared with the method of coding them on a general­
purpose digital computer. 

SMI'.rH, E. P.6, L. P. CORNELL6 AND M. G. JEROME6 

Co-ordinating Ml and Nl Telephone Carrier Systems, Elec. Eng., 
72, p. 780, Sept., 1953. 

TANENBAUM, M.I AND J. P. MAITAI 

Hall Effect and Conductivity of InSb Single Crystals, Letter to the 
Editor, Phys. Rev., 91, pp. 1009-1010, Aug. 15, 1953. 

TEMPLIN, E. W., see J. G. FRAYNE. 

TOWSLEY, L. M., see E. A. WOOD. 

TUCKER, C. J., JR. 8 

Emergency Reporting System Installed by Southern Bell, Telephony, 
145, pp. 26, 38, Aug. 29, 1953. 

New fire and emergency reporting system utilizing telephone facilities for 
the general public to make verbal reports of fires and other emergencies---':' 
the first of its kind in the nation - was put into service in l\'1iami, Fla., on 
Aug. 1, by Southern Bell Telephone & Telegraph Co. . 

VAN ROOSBROECK, W.I 

1 Bell Telephone Laboratories. 
6 Pacific Telephone and Telegraph Company. 
8 Southern Bell Telephone Company. 
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Transport of Added Current Carriers in a Homogeneous Semicon­
ductor, Phys. Rev., 91, pp. 282-289, July 15, 1953 (Monograph 2165). 

Taking into account the thermal equilibrium minority carrier concentration 
and employing the formulation which includes, as one of two fundamental 
equations, the continuity equation for added carrier concentration tlp, this 
equation is derived in a form which exhibits the ambipolar nature of the 
diffusion, drift, and recombination mechanisms under electrical neutrality. 
The general concentration-dependent diffusivity is given. The local drift 
velocity of tlp has the direction of total current density in an n-type semi­
conductor and the reverse in a p-type semiconductor, differing in general in 
both magnitude and direction from the minority-carrier drift velocity. 
Specifying a model for recombination fixes the dependence of a lifetime 
function for tlp on tlp and the electron and hole mean lifetimes. Negative 
tlp, or carrier depletion with electrical neutrality, may occur. For known 
total current density, the continuity equation alone suffices, as for the case 
of I tlp I small, for which the equation is linear. A condition for this com­
paratively important case is derived, and theoretical relationships are given 
with the aid of a parameter specifying the Fermi level, which determine for 
germanium the minority carrier-tlp drift velocity ratio as well as the ambi­
polar diffusivity and group mobility in terms of resistivity and temperature. 

VAUGHAN, H. E., see VV. A. MALTHANER. 

VOGELSONG, J. H.l 

Transistor Pulse Amplifier Using External Regeneration, I.R.E., 
Proc., 41, pp. 1444-1450, Oct., 1953. 

Pulse-regenerative amplifier using a point-contact transistor has been op­
erated at a basic frequency of 3 megacycles. To produce regenerated pulses 
with waveshapes which are practically independent of the waveshapes of 
the input pulses, a germanium diode circuit has been used in conjunction 
with an external feed-back path. This arrangement also provides for the 
synchronization of the output pulses with a master clock. Transformer 
coupling has been incorporated into the circuit to provide dc restoration. 

WALKER, A. C.l 

Hydrothermal Synthesis of Quartz Crystals, Am. Ceramic Soc., J., 
36, pp. 250-256, Aug., 1953 (Monograph 2146). 

Research at the Bell Telephone Laboratories on the problem of growing 
large single crystals of quartz has now progressed to a point where it is 
possible to grow crystals weighing more than 1 lb. each in a period of 60 
days or less. Equipment now in use includes autoclaves 4 inches in inside 
diameter and 4 ft. long, weighing about 1,150 lb. each. In developing the 

1 Bell Telephone Laboratories. 
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hydrothermal process used to grow these quartz crystals it has been neces­
sary to solve many problems in the little-known field of high pressure. The 
results point to the possibility of growing other types of crystals, and the 
field of usefulness of this process now appears to be much more extensive 
than was the case at the beginning of the investigation in 1946. Of prime 
importance is the fact that crystals grown from solution are likely to be 
better formed and of more perfect quality than those grown from the melt 
or by other methods. l\1any of the difficulties inherent in this work have 
been due to corrosion of steel in alkaline solution. This was a rather unex­
pected problem, since in high pressure steam boilers alkali is added in small 
amounts to prevent corrosion of the boiler tubes. Such corrosion has been 
shown to be responsible for the appearance of electrical twinning on the 
growing faces ot the quartz crystals. Other causes of such twinning have 
also been found in the course of this work. 

WALKER, L. R.I 

Starting Currents in the Backward-Wave Oscillator, J. App. Phys., 
24, pp. 854-859, July, 1953. 

The starting current of a simple model of the backward-wave oscillator 
described by Kompfner and Williams has been calculated. The effect of 
space charge is included. The starting current 10 may be written in the form 

4 Vo[ao( 4QC)]3 
ZO 2 N 

where Vo is the beam voltage, Zo is the impedance of the circuit, N is the 
len~th of the oscillator in wavelengths measured on the circuit and ao( 4QC) 
is a dimensionless quantity which has been evaluated as a function of the 
space-charge parameter 4QC. 

WALLACE, W. B., see P. F. KRUSE, JR. 

WASHBURN, S. H.I 

Application of Boolean Algebra to the Design of Electronic Switching 
Circuits, A.I.E.E. Trans., Commun. & Electronics, 8, pp. 380-388, 
Sept., 1953. 

WERNER, D. R.2 

Effects of Polarization on Telephone Cable Buried Through a Salt 
Bed, Corrosion, 9, pp. 232-236, July, 1953. 

Cathodic protection has been applied to a copper jacketed cable in a salt lake 
bed about one mile wide in which the earth resistivity was apparently uni-

1 Bell Telephone Laboratories. 
2 American Telephone and Telegraph Company. 
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form at about 20 ohm-centimeters. Current of about one ampere flowed 
on the copper jacket into the low resistivity areas on either side and was 
found to be sustained by polarization effects when the cathodic protection 
current was removed. The current loss on the copper jacket was found to 
be concentrated in an area about 720 feet wide, 360 feet each side of the 
point where the cathodic protection current had been drained from the 
copper jacket. The copper jacket to soil potential tested most negative to a 
copper sulfate half cell in the 720-foot area where the current loss was con­
centrated and was of the order of -1.0 to -1.1 volts. Permanent remedial 
measures will consist of installations of magnesium anodes distributed 
throughout the low earth resistivity area and insulating joints in the copper 
jacket at locations where large changes in the earth resistivity occur. 

VVILLL\.l\IS, H. J.l, R. lVl. BOZORTHI AND 1\'1. GOERTZ I 

Mechanism of Transition in Magnetite at Low Temperatures, Phys. 
Rev., 91, pp. 1107-1115, Sept. 1, 1953 (Monograph 2149). 

\Vhen magnetite is cooled through -160°0 it is known to undergo a transi­
tion (cubic to orthorhombic) that is influenced by the presence of a mag­
netic field. Our experiments are in agreement with the following mechanism 
of the transition: The orthorhombic c axis is parallel to one of the original 
cubic axes and is the axis of easiest magnetization. Generally, different 
regions of the original crystal will transform with their c axes lying along 
different cubic axes, and when no field is applied there are 6 different orien­
tations which different regions assume. \Vhen a field is applied during a 
cooling a c axis tends to lie along the original cubic axis that is nearest to the 
applied field, the a and b axis having less but different tendencies to lie 
parallel to the field. Six magnetic crystal anisotropy constants are derived 
from torque curves measured in the (100) and (110) planes. From them 
magnetization CUlTes are calculated for the 100 and 110 directions, and 
these are in agreement with experiment. 

WOOD, E. A.I AND L. -:\1. TOWSLEyl 

Manganese Film-Shield for FeK X-Rays, Rev. Sci. Instr., 24, p. 5.J:7, 
July, 1953. 

1 Bell Telephone Laboratories. 
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