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The projection also confines the location of the weld to a central area 
of the wire end. When the weld nugget is confined to a central area, cold 
surrounding metal helps prevent flashing out of hot metal and results 
in stronger welds. To further centralize the weld nugget and to limit 
the projection area in contact with the nickel silver wire, the wire sur­
face is preformed to a large radius at right angles to the weld bead. 

WELDER HEAD OPERATION 

vVelding is 9.one in two stages. Head No. 1 welds the odd numbered 
wires of each pair, after which the comb is advanced and head No. 2 
welds the even number wires. This is necessary because of the small 
distance between the wire centers. The electrodes in each head are spaced 
to match the interval between odd or even numbered wire centers. Fig. 5 
shows an isometric sketch of a welding head. The sequence of operations 
for either head is as follows: 

1. The twin wire comb is advanced to a locating nest and lowered into 
position with the reference holes in the plastic engaged on pilot pins. 

2. As the comb is lowered, the contact wires enter guide slots of a rake 
at a point adjacent to the plastic. 

3. This rake is moved toward the ends of the wires, thereby spacing 
and positioning them as shown in Fig. 5. A plastic spacing member is 
incorporated in the relay for aligning the contacts in the relay assembly. 

4. The palladium contact metal, in tape form, is advanced the proper 
distance to provide a contact of the specified length. These tapes, parallel 
with the wires, extend from guide slots for a distance slightly greater 
than a contact length and project over the wire ends. The tape guide 
slots, incorporated in a split holder, consist of steel inserts embedded in 
phenol fibre so designed that when the upper section is shifted laterally 
with respect to the lower section, the steel inserts clamp or release the 
tapes. Since the rake is located with reference to the tape guide, accurate 
spacing of contacts in the relay assembly is secured regardless of minor 
deviations of position of the wire ends at the welding machine. The 
phenol fibre mounting electrically insulates the tapes from one another 
to prevent part of the weld current from passing through adjacent tapes. 

5. The upper electrodes, on the end of cantilever arms, are brought 
down on the palladium-nickel silver wire assembly. 

6. The capacitors are discharged and the welds are made. 
7. The upper electrodes are pivoted upward out of the way. 
8. The wire guide rake is returned to a position near the plastic. 
9. The upper shear blade is lowered onto the contact ends clamping 

them against the lower electrode. 
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10. The lower shear blade is moved upward, shearing off the tapes. 
11. The upper shear blade is raised and the welded comb is transferred 

either to the second similar welder head or to the next operation. 
The upper electrode tips are pins of special electrode material fixed 

in the ends of the supporting cantilever spring members by tapered 
joints, Fig. 5. Each electrode member is insulated electrically from the 
others and from ground by a coating of Teflon and a slotted phenol 
fibre guide block (not shown in Fig. 5) at the end adjacent to the elec­
trode tips. Teflon furnishes the necessary insulation in a minimum of 
space and is slippery enough to allow free movement of any member. 
The cantilyver construction makes a very light electrode assembly with 
the quick follow through necessary to maintain pressure on the weld 
area as the projection on the palladium tape is melted during the short 
'weld cycle. A deflection of one-sixteenth inch at the tips will produce a 
force of about ten pounds, which is ample for this welding job. The 
working surfaces of the electrode tips are dressed approximately every 
20,000 parts by an abrasive wheel mounted on an arbor and rotated 
back and forth by hand with the electrode tips pressed against the flat 
side of the wheel. In this manner all electrodes are dressed to a uniform 
length and angle simultaneously. After repeated dressings have reduced 
the tip length by approximately one-eighth inch, new tips are inserted. 

MECHANICS OF THE WELDER 

The welder is driven by an electric motor connected to the main cam 
shaft through a suitable reduction gear. This cam shaft is located just 
under the table top and extends the length of the machine. A me­
chanical overload clutch is provided on the output shaft of the reduction 
gear. All cams for the head movements are located on the main shaft. 
A solenoid operated clutch stops the main cam shaft when necessary. 
When no comb is in the weld position the weld control circuit is held 
open and solenoids shift either of the tape feed cams axially out of line 
with their followers to prevent the feeding of tape. This prevents burning 
the electrodes, saves precious metal and avoids loose contact pieces 
which might interfere with succeeding welds. A reciprocating conveyor, 
extending through the machine about four inches above the table top, 
carries the combs through the two weld positions. Excessive load, as 
when a part jams, will trip a microswitch and stop the machine. 

TAPE SUPPLY 

The contact tapes are advanced the amount required to provide the 
exact contact lengths by means of opposing rubber-faced feed rolls in 



CONTACT WELDING IN WIRE SPRING HELA YS 

0.059 

LL 
o 
I 

Gz z-

0.058 

~ ~ 0.057 
w~ 
\!) 
«I-
a::u 
~~ 
« 0 0.056 

u 

0.055 

BEFORE l ...... "'" 

""'''''''' ADJUSTING,' 

IJ/ 1', 
.) '" 

/ r-......... 

J 
y .... ~, 

'" , 1', , 
'"", 

r'. " AFTER >---
' ...... li ADJUSTING 

~ --r----
o 2 4 6 8 10 12 14 16 18 20 22 24 26 

WELD POSITIONS 

905 

Fig". 6 - Contact length before and after adjusting hardness of rubber feed rolls 
and omitting gears between them. 

each head. Fig. 6 shows the results of an early test on feed accuracy. 
Improved accuracy was obtained by providing free running tape reels. 
All portions of the tapes and reels are insulated from each other to 
prevent loss of weld energy. 

ELECTRICAL FUNCTIONS 

Electrically the welder has 24 separate weld circuits. Each circuit, 
shown schematically in Fig. 7, includes a capacitor which is charged 
through its own thyratron to a predetermined high voltage maintained 
by a voltage regulating transformer. The capacitor discharges through 
a thyratron and a transformer to produce the customary low voltage­
high current weld energy. The transformers are located under the table 
near the welding heads. 

The electronic equipment is mounted in cabinets to the right and left 
of the welder proper, as shown in Fig. 3. The capacitors are located in 
low cabinets, on either side, together with their solenoid controlled 
safety short-circuiting system. The cabinet above the welding heads 
contains control switches and relays. Toggle switches are provided for 
cutting off the weld energy for each of the 24 circuits. 

WELD + SWITCH TRANSFORMER 

--~± o~ 0 0 ~_.~._.~~~ ~ WELD 
__ CAPACITOR ~ ELECTRODES 

Fig. 7 - Schematic of weld circuit. 



906 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1954 

36 
a: 

~~ 34 
L!)I 
ZV) 
~ V) 32 
1-0 
(/)z 30 

96 
we.. 28 
3:~ 

26 

24 

" '. BEFORE 
I \ ADJUSTING 

" '\ , , 
." .. 

" 
\ 

,/\ 
l '. 

," \ .,-, ~, ?--

~ >< rr ~ ~ , )\,,/ I 
V'" " I .............. / 

"'I AFTER 
ADJUSTING 

o 2 4 6 8 10 12 14 16 18 20 22 24 26 
WELD POSITIONS 

Fig. 8 - Weld strength versus resistance adjustment. 

The welds occur in rapid succession in each head thereby preventing 
electrical interference between the many circuits involved. When combs 
which require less than a full complement of contacts are to be welded, 
the tapes in the not wanted positions are removed from the feed rolls 
and the toggle switches on the control cabinet are set to direct the weld 
energy in the sequence desired. To aid in obtaining uniform weld strength 
from the 24 circuits, all secondary leads from the transformers to the 
upper welding electrodes are of the same length. To further aid in effect­
ing uniform weld strength, rheostats are provided in the high voltage 
side of the discharge circuit. Fig. 8 shows the result of adjusting these 
rheostats to balance the weld strengths produced by all circuits. A 
longer pulse would give the heat produced more time to be conducted 
away from the weld zone and would tend to heat more of the wire end, 
to the point, perhaps, of melting it completely. The three millisecond 
welding time has proven to be satisfactory for this job. However, the 
shorter the duration of the weld the higher will be the current peak re­
quired to obtain the necessary heat; the higher the current peak, the 
greater will be the likelihood of burning the electrodes and shortening 
electrode life. Adjustment of the pressure on the electrodes can be em­
ployed as a compensating factor. As the pressure is increased the tend­
ency to burn the contacting surfaces is decreased, but the weld pro­
jection on the palladium is flattened correspondingly and the tempera­
ture of the weld, for a given current, is lowered accordingly. These 
variables can be adjusted to maintain optimum balance between uni­
formity of weld strength and electrode life. 

CONCLUSIONS 

More than ten million welds from this automatic machine have offered 
convincing proof of its capabilities. Fig. 9 indicates that good weld 
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strengths are being obtained. These values are shear strengths obtained 
on a dial indicator .type of gage, reading directly in pounds, when the 
contact is sheared from the wire along the wire axis. A minimum test 
requirement of ten pounds has been established. 

PART II - AUTOMATIC PERCUSSION WELDING OF SINGLE WIRE COMBS 

Percussion welding is not new. Early work goes back beyond the be­
ginning of the century, but little application has been made of it and only 
a meager amount of literature is available. However, this method has a 
real field of usefulness as the application described in this paper will 
show. The original Vang process, wherein a capacitor charged to a high 
potential, often several thousand volts, is discharged across the gap be­
tween parts as they approach each other under a propelling force, is a 
good general description of the method used. The arc so produced heats 
the abutting surfaces before they collide so that a very thin layer of 
metal is brought to welding temperature. The propelling force, con­
tinuing to act, brings the parts together percussively and the weld is 
made. Little metal is heated and little heat penetrates the adjoining 
metal; therefore, the heat balance problem is greatly minimized and 
different metals weld together with little trouble. There is, however, 
the problem of protecting personnel from high voltage. Also, the two 
surfaces being welded must be insulated electrically from each other. 
This excludes the use of this process for joining the ends of the same piece 
of metal as in making a ring. 

The project undertaken by Western Electric development engineers in 
the case of the single wire combs was the development of a machine for 

100 1----+----+---+----+---+----1--1---+ 

o~~ __ ~ __ ~~ __ ~~~~ 
o 2 4 6 8 to 12 14 16 18 20 22 24 26 28 30 

WELD STRENGTH IN POUNDS SHEAR 

Fig. 9 - Weld strength distribution. 
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the automatic multiple percussion welding of contact blocks to the ends 
of an array of small wires extending less than a quarter of an inch from 
molded phenolic plastic. This array, fixed in plastic, forms a comb which 
is illustrated in Fig. 10. When completed this comb becomes the station­
ary contact member of the wire spring relay. The small blocksof metal 
on the ends of the wires are cut from a composite tape of which a small 
portion near the top and/or the bottom surface is palladium. There is 
a family of combs to be welded, depending on the number and type of 
contacts required by the code of relays into which each comb is assem­
bled. Unlike the twin wire combs, wires which do not require contacts 
are left in the single wire combs, primarily to facilitate reading terminal 
locations during wiring into equipment. All top palladium contact 
surfaces must be located in the same plane across the 12 wire positions 
of the comb within a tolerance of ±0.002 inch to meet design require­
ments. In addition, other dimensions for locating the precious metal 
must be held to close limits for reasons of precious metal economy. 

The contact blocks for the wire comb are welded to the wire ends by 
the automatic percussion welder, Fig. 11, which is a unit in an automatic 
welding and forming line, Fig. 12, similar to but not identical with the 
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Fig. 10 - Single-wire comb with percussion welded contacts. Also view of wire 
spring relay. 
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line used for twin wire comb manufacture. These lines, by being fully 
automatic in operation, are interesting examples of automation. 

REASONS FOR SELECTION OF PERCUSSION WELDING 

Percussion welding was selected for this process for the following 
reasons: 

l. The electrodes may be placed well away from the weld zone. The 
lesser current required for arc welding as compared to resistance welding 
makes it possible to conduct this current through the wires without heat­
ing them appreciably. The electrodes must be placed away from the wire 
ends so the clamping force will not deflect the wires from their normal 
position, thus causing a misaligrlmeEt of contact surfacEs. 

2. A suitable heat balance in the weld zone can be obtained readily. 
If the slower butt welding method were used this would be more difficult 
because of the unequal size and differing electrical and heat conductivi­
ties of the abutting parts. 

Fig. 11 - Percussion welder for contacts on single-wire combs. 
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Fig. 13 - Experimental percussive welder for welding contacts to a molded 
comb on a "one at a time" basis. 

3. The fast welding time recommends its use in high speed automatic 
welding machines. 

EXPERIMENTAL WORK 

The earliest experimental work was performed on a simple welding 
fixture with a spring loaded sliding jaw for retaining a contact sized 
piece of metal and a clamp for holding the wire. Some welds were pro­
duced but they varied widely in strength. The next fixture built, Fig. 13, 
was designed to weld contacts to a molded comb on a one at a time basis. 
A lightweight spring jawed slider held the contact and guided its travel 
along a fixed path. This slider was propelled by a lever actuated by a 
spring and controlled by a cam. The cam was powered by a variable speed 
drive. An extended study failed to show good weld results except at high 
speeds when the lever was unable to follow the cam surface and moved 
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freely, controlled only by its mass .and the applied spring force. From 
this study the presently used spring actuated welding gun has evolved. 

To determine the operating conditions that would be required, an 
investigation was made in which a group of 48 contacts was welded 
under carefully controlled conditions following which one condition 
was varied and the tests repeated. Many curves were established in this 
way for such variable factors as voltage, capacitance, resistance, spring 
force, and distance traveled; all related to weld strength. vVeld strength 
was measured by a hook-pull gage developed at Bell Telephone Labora­
tories. The "burn-off" i.e., reduction in length of the wire and contact 
as a result of the arc heat, was determined in many of these tests because 
it usually provided a measure of weld strength uniformity. Many other 
conditions were investigated such as the weldability of different metals; 
the effect of cleanliness and of contamination on the joining metals; 
the influence of the physical form of the joining metals, such as pointed, 
rounded, or flat surfaces on wire ends; the effect of atmospheric condi­
tions, of the presence of various gases, or a stream of compressed air, 
and of shields in or near the weld zone. The nature of the weld flash 
deposit was studied. N either streamers of base metal which might 
extend over the edges of the palladium caps nor loosely adhering and 
easily dislodged metallic particles could be tolerated. Charted data from 
some of these tests are shown in Figs. 14, 15, and 16. 

Another phase of the investigation was concerned with obtaining such 
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evidence of what occurred during the welding operation as could be re­
vealed by high speed motion pictures. Fig. 17 shows the kind of informa­
tion obtained from these films; notably the speed of approach, the 
amount of burn-off, and the deflection of the comb wires back of the front 
plastic block upon impact by the welding gun. 

In connection with a study directed toward a better understanding 
of the mechanism of percussion welding undertaken by E. E. Sumner of 
Bell Telephone Laboratories tests were made "\yith an electro-capacitive 
transducer, oscilloscope, and polaroid camera arrangement for the 
purpose of recording variations in the velocity of the welding gun. The 
characteristics of the current discharge during welding was recorded by 
another oscilloscope-camera setup. Burn-off was measured and broken 
weld surfaces on the contacts were examined and photographed. These 
tests pointed to the value of a parallel capacitor discharge circuit as a 
solution to the arc duration variability problem. A commercial trial of 
parallel capacitor circuits at Western Electric demonstrated the merit 
of this type of circuit, which will be described in more detail later. 
Calculations from the transducer traces indicated that the striking 
force of the contact and contact holder upon impact with the comb wire 
is less than seventy-five pounds. The welding gun was operated on a 
reed mounting during Mr. Sumner's study. 

Early experimental work on percussion welding showed that small 
gas pockets in the weld zone were causing weak welds. Nickel silver was 
used at that time. Its component of easily volatilized zinc was sus­
pected of causing the trouble. Then various metals and alloys were tested 
and silicon-copper was chosen for the wires in the comb. This alloy, 
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however, was not suited for use as the base metal of the contact block 
because it was difficult to weld in the roll welding process used for fabri­
cation of the contact tape. A 70-30 per cent cupro-nickel was selected 
for this base metal because it approximated the resistance of the pal­
ladium, a necessary condition for roll welding, and it did not have an 
easily volatile component to weaken the percussion welds. 

Another subject investigated was the speed of approach of the parts 
during the percussion welding operation. The comb and its array of 
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wires is held stationary and the contact block is moved to the wires to 
make the weld. The speed of approach is an important factor in con­
trolling the arc duration and the impact force. Various speeds of the con­
tact block carriage from approximately 1 to 80 inches per second were 
tried. The best welds were obtained by a spring actuated gun which 
attained a velocity at impact of approximately 40 inches pel' second. 

AUTOMATIC WELDER OPERATION 

The automatic percussion welder contains duplicate welder heads 
which are mirror images of each other. Two contacts are welded at a 
time, one on each half of the comb, Fig. 18. After each welding opera­
tion or one cycle, the comb is indexed to the next pair of wire centers. 
Six cycles complete the welding of twelve contacts, ora lesser number if 
required. The guns do not weld at exactly the same time. There is an 
interval of one degree of revolution of the main shaft between the firing 
points to prevent electrical or mechanical interference. The welder was 
designed to select the type of contact, cut it from the tape and weld it 
in one cycle, to avoid the handling problems associated with precutting 
and magazining contact blocks. 

TAPE SUPPLY AND SELECTOR 

One of four contact conditions will apply for each wire; (1) no contact, 
(2) contact with palladium cap up, (3) palladium cap down, or (4) pal­
ladium cap both up and down. This requires three reels of tape on the 
right for one head and three on the left for the other. Adjustable knobs 
on both right and left tape feed cams are set for one of the four tape feed 
conditions for each wire position of the comb. Thus, any combination of 
contact conditions can be set up to make parts for any code of relay. 

CONTACT SHEAR AND TRANSFER 

The three tapes enter the shearing die through individual openings. 
However, only that tape selected by the tape selector is fed into the die 
and subsequently sheared by one punch stroke, Fig. 18. The tape is 
punched from such a direction that the base metal is not dragged over 
the boundary line into the palladium zone. This avoids contamination 
of the palladium. As the contact is blanked out, the walls of a notch 
in the punch confine it on the precious metal sides to prevent distortion. 
The punch delivers the contact to a tral1sfer position at the end of the 
shearing stroke. There a transfer finger pushes the contact out of the 
punch notch, through a guide channel and into the waiting gun jaws. 
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WELDING GUNS 

The welding gun is a light reciprocating member that carries two 
opposing steel fingers or jaws to receive the contact block from the 
transfer finger mentioned above. The jaw opening is a few thousandths 
of an inch less than the nominal height of the contact, however, the edges 
are beveled so that when a contact is pressed against them they spring 
open, the contact enters and is held securely in place. After welding the 
jaws are pulled off the contact. At the extreme return travel of the gun 
any contact which might remain in the jaws because it was not properly 
welded is removed by an ejector blade. When in the loading position, a 
portion of the blade stops the travel of the contact through the jaw 
opening so it is held in a uniform position and will be located on the wire 
with precision. 

GUN MASS CONSIDEHATION 

During welding the comb must be supported accurately to meet the 
close contact location requirements. It must be supported securely to 
withstand the impact of the guns, or weak welds may result. The mass of 
the gun is important. Evidence indicates that more uniform and higher 
weld strengths are obtained with lightweight guns. A magnesium gun 
weighing about 60 grams produced better welds than did the original 
steel gun weighing about 130 grams. A newly installed steel gun weighing 
about 30 grams appears to be even more satisfactory. Other guns are 
being designed and tested to further check various features. A striking 
force of approximately 75 pounds tends to loosen the wires in the plastic 
and to produce weak welds. The 60 and 30 gram guns propelled at about 
40 inches per second at impact produce less than half this force. The 
velocity during the arcing period is important to control the amount of 
heating. One-half cycle of vibration of jaw and wire after impact is the 
time available for the weld to freeze before a tension strain is placed on 
it. This time has been measured in the laboratory by the use of a trans­
ducer. Weak welds resulted when the time was less than 1 millisecond. 

ELECTRICAL FUNCTIONS 

Fundamentally, each weld circuit includes a capacitor which is 
charged during a small portion of each cycle and subsequently discharged 
through a resistance in series with the weld. During the charging period, 
which is controlled by a cam and microswitch, the contact and the 
wire end of the comb are separated electrically at the weld point. A mul-
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tiple leaf brush under considerable pressure connects the one side of the 
circuit to the terminal end of the individual wire being welded. The gun, 
and through it the contact block, is connected to the other side of the 
circuit. After a cam frees the gun, the spring propells it toward the wire 
end and an electrical arc is established by the high potential (900 to 

Fig. 19 - Section of a percussion weld. Original amplification 100 X. 

70 
STRENGTH SUITABLE 

60 

II) 
0 
z 50 :J 
0 
a. 

~--PROPORTIONAL--1 MIN ARC 
TO ARC DURATION DURATION 

~ /1 --- • • 
I • I I I ! .a-• 
I : 

. _. . . : I I . - • • I . • 
~ 40 / • • • 

/. • I 
I-
(j 
Z 
w 
a: 
l-
II) 

0 
...J 
W 

~ 

. 
30 

20 

/v 
~. 

/ I 10 

Vi o 
o 20 

1050V -7± POUNDS - 0.150" 
COMBS 21-30, (12-1-52) 

40 60 80 100 120 140 160 180 200 220 240 
ARC DURATION IN MICROSECONDS 

Fig. 20 - Weld strength versus arc duration. 



920 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1954 

1800 volts) just before the parts touch. The arc initiates itself when 
the gap has been reduced to a few thousandths of an inch. A portion of 
the abutting surfaces of both the wire and the contact base metal 
(normally 0.005 inch to 0.010 inch) are melted and expelled in liquid and 
gaseous states before the molten surfaces are forced together. The arc is 
extinguished when it can no longer melt and expel metal to maintain 
a gap. Under good operating conditions it persists from 0.1 to 0.4 milli­
seconds. Nearly all of the heated metal is expelled from the joint during 
the welding operation as illustrated by Fig. 19. This micrograph of a 
typical sectioned percussion weld shows only a 0.001 inch to 0.002 inch 
thick layer which was melted or heated sufficiently to change the struc­
ture. 

A small stream of compressed air is directed into the weld area to 
remove gaseous, possibly ionized, arc products so that they will not 
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interfere with the initiation of the arc during the next weld cycle. 
Limited tests made with nitrogen and helium atmospheres gave no 
indication of improvement in weld quality. 

In the course of the many studies employing different kinds of in­
strumentation, an electronic counter was used to measure successive 
arc durations. Variations from 20 to 230 microseconds were observed 
for the prevailing conditions during early tests. The contacts welded 
were measured for strength of weld and a correlation found between 
short arc durations (up to 65 microseconds) and weak welds, Fig. 20. 

Circuit impedance was found to be important in producing uniform 
weld strength. The assistance provided by the Laboratories in the early 
work led to better control of arc duration. Hawthorne continued this 
study and arrived at the circuit, Fig. 21 which greatly improved the 
uniformity of welds. The improved circuit resulted in less arcing in the 
jaws, thus prolonging their life and precision. Uniformity of burn-off 
and of weld strength both showed marked improvement. Fig. 22 shows 
a typical weld strength distribution for this circuit based on standard 
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shear test data. In a limited number of samples which were tension 
teste~ failure occurred more frequently in the wire than in the weld. 

JAW LIFE 

Jaw life is dependent upon many factors, but one of importance is the 
prevention of accidental conditions which establish an arc directly to the 
jaws. The jaws are adjusted so they will not touch the wire end and 
thereby discharge the capacitors if no contact is in the jaws. However, 
if only a very short length of contact metal is cut off and put in the 
jaws it may start the arc but there may not be sufficient material or the 
material may not be held securely enough to keep the arc from burning 
the jaw surfaces. Another possible trouble condition occurs when the 
end of the wire is misplaced so it touches a jaw. A safety circuit is pro­
vided with microswitches which trigger thyratrons to discharge the 
capacitors when either of these conditions occur. Signal lamps are pro­
vided to indicate at which microswitch the trouble is occurring. A reset 
microswitch is used in the test for shorted contacts so the indication can 
be held to a later time in the cycle. At the end of the stroke this switch 
is reset. Mter the part is nested approximately a quarter of a second is 
available to test for safe welding conditions. A cam-actuated microswitch 
controls the time of test and, if conditions are at fault, the weld energy is 
discharged through a thyratron before the parts are brought together for 
welding. 

SAFETY 

Safety for personnel from high voltage is provided by door switches, 
solenoid released shorting bars and bleeder resistors on the capacitors. 
Safety from mechanical jams is provided by a slip clutch on the main 
drive gear and by a pull out clutch and auto'matic stop switch located 
in the comb transfer drive mechanism. 

CONCLUSIONS 

Mter making millions of welds by automatic percussive welding 
methods, it is found to be a method well suited to this job. Accuracy of 
location and good weld strength are obtained. This welding method is 
especially useful where speed and precision are desired, and where joints 
must be made between dissimilar metals. Metals of high heat con­
ductivity and high electrical conductivity join readily by this method. 



CONTACT WELDING IN WIRE SPRING RELAYS 923 

ACKNOWLEDGMENTS 

It is not possible to give due credit to all engineers who contributed 
to the development of these welding machines and to the preparation 
of this paper. Particular mention, however, will be made of H. Beedy, 
D. R. Brown, R. L. Kessel, G. A. Mitchell, J. M. Roach, J. P. Seider, 
R. Spillar, and the late Dr. B. J. Babbitt who, as Western Electric 
development engineers, engaged in various phases of this investigation. 
In addition to acknowledging the part played by numerous Bell Labora­
tories engineers, I desire especially to express my appreciation to D. C. 
Koehler and J. J. Madden for their able assistance while ioaned to West­
ern Electric during the early stages of the percussion welding study. 





Electronic Relay Tester 

By T. E. DAVIS and A. L. BLAHA 

(Manuscript received September 24, 1953) 

An electronic relay tester has been developed to gauge the contacts of a relay 
while it is pulsing. The device provides a visual presentation of the gauging 
position of up to 16 contacts at one time. The equipment has been developed 
primarily as a means for rapid inspection and concurrent adjustment 
(when needed) in relay manufacture. It may also be used as a laboratory 
instrument for studies of timing, chatter, and other performance charac­
teristics oj relays. 

INTRODUCTION 

Electronic equipment has been developed to gauge up to 16 relay 
contacts simultaneously as the relay operates or releases in pulsing. The 
system provides a visual presentation on an oscilloscope of the gauge 
points where the relay armature opens or closes the contact. The position 
of the armature is shown by the horizontal position of the scope beam. 
Each particular contact is represented on the scope by one of 16 hori­
zontal lines generated by the motion of the armature. A vertical step 
on a line indicates the gauge point at which the contact operates. 

The device consists of three main parts: (1) An electrostatic gauge to 
indicate the position of the relay armature, (2) An electronic scanner 
that continually switches across all the contact pairs, and (3) A bright­
ness control circuit to intensify the beam of the scope when the armature 
is moving. Fig. 1 shows a schematic diagram of this equipment. 

As shown on Fig. 2 the scope, test relay jack and electrostatic gauge 
are mounted on a bench. The scanner, power supplies and control cir­
cuits are mounted underneath the bench. 

ELECTROSTATIC GAUGE 

As the relay armature moves, its position is indicated at all times by 
the horizontal position of the scope beam in response to the output volt­
age of the electrostatic gauge, which is applied to the horizontal plates. 

925 
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This output voltage varies with the position of the armature which serves 
as one plate of an air capacitor controlling the frequency of an oscillator. 
The voltage across a cou'pling impedance in the plate circuit of the os­
cillator is rectified to provide the output voltage of the gauge. 

The gauge which is shown schematically on Fig. 3 may be divided 
functionally into three main parts: (1) An oscillator which operates in 
the region of 100 megacycles; (2) A detector sensitive to the frequency 
of the oscillator and consequently also sensitive to the position of the 
armature; and (3) A "zero set" cathode follower which connects the de­
tector output to the input of a dc amplifier. The de amplifier has suffi-
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Fig. 2 - Photograph showing arrangement of equipment. 

cient gain to provide adequate deflection voltage to the horizontal plates 
of the scope. 

The oscillator comprises a 6AU6 pentode tube and an associated tank 
circuit. The tube is connected as an electron coupled oscillator with the 
energy for the oscillations being supplied by the screen circuit. The plate 
output is a modulated current that passes through the screen and sup­
pressor grids. Considerable isolation of the coupling circuit from the 
oscillator is obtained by this arrangement. 

An antiresonance circuit similar to the tank circuit is used to couple 
the plate of the oscillator tube to the rectifier. Since the electron coupled 
oscillator acts as a high impedance generator or constant current source 
the voltage across the coupling impedance is proportional to the value 
of the impedance. Hence as the oscillator frequency is shifted by a change 
in the position of the armature a corresponding shift occurs in the ac 
voltage across the coupling impedance and rectifier tube (6ALS). The 
output voltage of the rectifier also shifts with the input to the rectifier 
since the changes are slow compared with the time constant of the out­
put circuit of the rectifier. 

In normal operation the output of the rectifier may vary from 6 volts 
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to 10 volts with 10 volts appearing when the armature is operated. 
A typical voltage-displacement curve is shown on Fig. 4. This output is 
applied to the grid of the "zero set" cathode follower and its bias is set 
so the output will be from approximately -2 volts to +2 volts. This 
voltage is applied to the horizontal dc amplifier of the scope. 

Theory oj Operation oj Gauge 

Since the capacitance probe is in the tank circuit the frequency of the 
oscillator changes with variations in the separation of the probe elec­
trodes. Hence a displacement of the moving electrode causes a change 
in the frequency but no change in the amplitude of the alternating 
current through the pent ode plate. The radio frequency voltage that 
appears across the coupling impedance is the product of the plate cur­
rent and the coupling impedance. 

Since the current is constant in amplitude: 

E = IoZ, 

where E = rJ voltage applied to rectifier, 10 = rJ plate current from os­
cillator, and Z = coupling impedance. 

Since a change in E is due to a change in the oscillator frequency 
and the resultant change in Z; 

Let 

and 

J = ~ = oscillator frequency, 
271" 

J2 = W2 = resonance frequency of coupling circuit, 
271" 

Q = w2L 2 

R' 

where L2 = inductance of coupling circuit, and R 
coupling circuit. 

resistance of 

The coupling impedance can be written: 

WL2Q 
Z = VQ2Y2 + 1 (1) 

At resonance Zmax. 
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Since the maximum value of E is obtained when Z is at a maximum: 

E Z 1 
Emnx. = Zmnx = VQ2Y2 + 1 ' 

provided wi W2 is near unity. 

Probe and Grid Circuit oj Oscillator 

(2) 

The oscillator frequency is determined by the resonant frequency 
of the tank circuit. Fig. 3 shows that the tank comprises the capacitance 
of the probe plus a fixed capacitance and an inductance. The probe which 
is assumed to be a parallel plate condenser has a capacitance which is 
inversely proportional to the plate separation. 

Let: d be plate separation of probe, d1 be separation at resonancp. 
(where j = j2), 

d 
x = d

1
' 

Then the variable capacitance of probe is given by: 

and the total capacitance of the tank by: 

Co + Cp = Co + C1 
, 

X 

where Co = fixed capacitance of tank including fixed part of probe 
capacitance. 

Let: 

then 

2 
W 

1 
and 

1 

where wand W2 are radian frequencies of the oscillator at probe separa­
tions d and d1 respectively and Ll is the effective inductance of the tank 
circuit. It follows that: 
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This expression for Y may be substituted in (2) giving: 

E 1 1 

. Emu = VQ'Y' + 1 = /1 + Q' (~ : i)'· 
For x/I{» 1 (4) may be written: 

E 1 

Em" V 1 + l('Q' C : X)'· 
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(3) 

(4) 

(5) 

Equation (5) gives the voltage across the rectifier as a function of 
probe separation and the product KQ. It can be used to determine the 
optimum values of: (1) l{ the ratio of variable to fixed oscillator capaci­
tance, (2) the Q of the coupling impedance, and (3) the range of probe 
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separations over which a prescribed degree of linearity can be obtained. 
It can be shown that the maximum range of linearity is obtained with 
(KQ)2 = 2 and that the center of this range is at x = 72'. Fig. 5 is a graph 
of (5) against x with (KQ)2 set at 2. 

SCANNING C_IRCUIT 

The scanning circuit is a high speed electronic switching and detecting 
device which rapidly selects successive contacts, checks whether the 
contact is opened or closed, and displays this information on the vertical 
plates of the scope. Each contact is assigned a particular vertical refer­
ence level. When gauging, each level appears as a horizontal line with a 
vertical step on the line indicating the armature position for the contact 
operation. 

Electron tubes designated "C" on Fig. 6 serve as switches to connect 
one contact at a time to the vertical plates of the scope. Each contact is 
connected to the grid circuit of a C tube. In order to test a contact its 
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associated C tube is made to conduct by shifting the grid voltage. All 
of the C tube cathodes are connected together to a common cathode 
resistor which couples the voltages from the contacts to the vertical 
amplifier of the scope. The plate current that flows when a C tube is fired 
causes a voltage drop through the common cathode resistor which 
deflects the scope beam to the proper vertical level. The level is set to 
the desired value by adjusting the plate circuit resistance. Since the 
contact under test is connected to the grid circuit, the grid voltage and 
the cathode voltage are shifted a small amount by opening or closing the 
contact. That is, when a C tube is fired the vertical plate voltage jumps 
to one value when the contact is open and it jumps to another slightly 
different value when the contact is closed. The 16 C tubes corresponding 
to the 16 contacts under test are fired one at a time in succession by 16 
associated multivibrator stages. The multivibrators are connected in a 
ring so that each stage is fired by the preceding stage. When a stage is 
fired it holds its C tube in a conducting condition for two microseconds. 

Fig. 6 is a detailed schematic of the single stage multivibrator (tubes 
A and B) with an associated modulator (C) tube. The multivibrators 
are normally in a stable waiting state and go into a temporary unstable 
state only when a transient is applied. Normally the A tube is cut off 
and the B tube is conducting. When a pulse is applied to the A tube grid 
the A tube conducts and the B tube is cut off. After two microseconds 
the A tube reverts back to its waiting state and sends a pulse to the 
next stage. When the B tube is cut off it provides a flat two microsecond 
pulse through the coupling circuit to the associated C tube. 

Each multivibrator stage consisting of the A and B tubes with other 
circuit elements is mounted on a plug-in turret which may easily be 
changed in case of trouble. 

BRIGHTNESS CONTROL CIRCUIT 

When pulsing a relay the armature remains on the operated and re­
leased positions for a relatively long time interval. If the intensity of 
the scope beam is allowed to remain constant the spots at the ends of the 
traces are bright enough to fog the entire scope face. This makes it 
difficult to see the relatively weak lines that are caused by the motion 
of the armature. Therefore a control circuit is provided to brighten 
the scope trace only when the relay armature is in motion. The circuit 
shown on Fig. 8 provides the voltage required to intensify the cathode 
beam of the scope. This voltage is obtained by differentiating the output 
voltage of the electrostatic gauge. As the latter is proportional to the 
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armature position, the differentiated voltage is proportional to the 
armature velocity. After amplification the voltage from the gauge is 
applied to a tube with a transformer in the plate circuit. The voltage 
across the secondary coil of the transformer is the differentiated voltage, 
proportional to the armature velocity. It is applied to a germanium diode 
bridge, which may be connected as a half-wave or full-wave rectifier by 
the selector switch. The rectified voltage is amplified and clipped and 
then applied to the Z axis terminals of the scope. The scope trace is 
brightened during operate, during release, or during both in accordance 
with the setting of the bridge selector switch. 

GAUGING A RELAY 

The relay is plugged into a holding fixture with a jack for the coil and 
contact terminals. The jack conn~cts the relay coil to the circuit which 
provides power for operating the relay. It also connects the relay contact 
terminals to the scanning circuit. 

The electrostatic transducer electrode is mounted on a bracket which 
is attached to the front end of the fixture by means of a hinged bracket. 

After the relay is plugged into the jack, it is clamped and the gauge 
electrode is rotated into position near the armature. Then the "zero set" 
potentiometer on the dc amplifier is used to align the operated armature 
position with the zero marking on the calibrated horizontal scale of the 
scope. 

The contact selector switch is used to select the combination of con­
tacts to be scanned such as: all contacts, all breaks, or all makes. For 
convenience in checking relays with 8 contacts or less a switch on the 
scanning circuit is used to connect 8 of the multivibrators in a ring 
instead of 16 so that only 8 lines appear on the scope. These 8 lines 
may be shifted to obtain greater spacing for easier reading. A typical 
gauging pattern on an oscilloscope screen is shown on Fig. 7. 

This also improves the gauging accuracy which depends upon the 
amount of armature motion between successive scanning dots. For 16 
horizontal lines on the screen the time interval between successive dots 
is 32 microseconds. For an armature velocity of 30 inches per second the 
corresponding distance between successive dots on one line is about 1 
mil-inch. If 8 lines are used this distance is about 0.5 mil-inches. The 
gauging error resulting from this dot definition is actually less than 
indicated because successive operations of the armature give a small 
random variation in the dot locations. 
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Fig. 7 - Photograph of the 7 -inch oscilloscope with a typical gauging pattern 
on the screen. 

The brightness control switch is used to compare gauging when the 
relay is operating with the corresponding gauging when it is releasing. 
An apparent difference of 2 to 3 mil-inches is noticed between the operat­
ing gauge point of a contact and the releasing gauge point. This measure­
ment change is ascribed to the tip flexure or follow of the contact wire. 
Contact closure occurs when the contacts first touch, in advance of the 
short follow travel during which the tension of the contact wire is 
transferred from the card to the contact. In dynamic operation, the 
contact opens when it is first struck by the card, before the tension 
would be transferred statically from the contact to the card. Thus the 
dynamic contact closure points agree with the static gauging, and differ 
from the dynamic opening point by the amount of contact follow. Good 
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correlation is obtained between the static and dynamic gauge measure­
ments if make contacts are gauged on operate and break contacts on 
release. 

OTHER RELAY CHARACTERISTICS 

Switches are provided to permit other relay charcateristics to be ob­
served on the scope such as armature motion, contact chatter, and the 
contact operate and release times. The contact gauging is obtained with 
the horizontal plates connected to the electrostatic gauge. With this 
setting, the time for a dot to move across the screen may be less than 
3 milliseconds (depending on the armature transit time) and contact 
chatter may be observed during this time. 

With a time base sweep on the horizontal plates, the armature motion 
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may be put on the vertical plates. The chatter of 16 contacts may also 
be observed at one time to obtain a quick check of the contact per­
formance. Operate and release times of the contacts may be read directly 
from the scope if a pip is put on the vertical axis when the test relay coil 
is energized. The front end of the relay is clamped for all measurements. 

Switches are provided to select different combinations of contacts 
to be checked with either a time base horizontal sweep or with the ar­
mature displacement as the horizontal sweep. 

DISCUSSION 

The electronic relay tester was designed primarily for rapid inspection 
of wire spring relays. It provides a means for observing the position of 
the armature for the operation of all contacts simultaneously while 
the relay is pulsing. This method has several advantages over thickness 
gauges which are frequently used: (1) The contacts are gauged under 
conditions of use, that is, the armature moves as in normal operation 
without touching the gauging device; (2) Inspection is more rapid since 
the go-no-go positions are displayed on the scope face. Relay spring 
combinations requiring a sequence of contact operation are readily 
observed while the relay operates in a normal way; and (3) When relay 
adjustments are made the results of the adjustment are shown im­
mediately so the contact operate points are centered within the desired 
range giving more margin for changes that may occur with use. This 
device is readily changed to measure other relay characteristics that may 
be of interest such as operate or release time, contact chatter and arma­
ture rebound. 
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Topics in Guided Wave Propagation 
Through Gyromagnetic Media 

Part II - Transverse Magnetization and the 
Non-Reciprocal Helix 

By H. SUHL and L. R. WALKER 
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Propagation through a gyromagnetic medium in a direction normal to a 
uniform magnetizing field is considered. Geometrical arrangements which 
make this propagation non-reciprocal are described. A few illustrative 
examples are discussed briefly. The non-reciprocal helix, of importance in 
traveling wave tube work, is treated at length. 

1. INTRODUCTION 

1.1. General Remarks about Non-Reciprocal Propagation 

Part I of this paper began with a brief discussion of some of the micro­
wave properties of two gyromagnetic media; the gas discharge plasma 
and the ferrite. The remainder of Part I was devoted to the analysis of 
the mode spectrum in a cylindrical waveguide filled with one of the 
media and placed in an axial magnetic field. It was demonstrated that 
the natural modes in such a guide are right- and left-circularly polarized 
waves which travel with different phase velocities. Accordingly a plane 
polarized mode, which to some approximation can be regarded as the 
sum of right and left circular modes, will, in traversing a section of the 
guide, undergo Faraday rotation, just like a plane wave in the un­
bounded medium. It is true that the presence of the guide wall has a 
drastic effect on the course of the rotation with magnetizing field, chang­
ing it, sometimes beyond recognition, from that prevailing in the un­
bounded medium. Nevertheless the principle remains the same; confine­
ment of the wave to a guide merely modifies quantitatively the Faraday 
effect for plane waves. In optics, where practically plane waves are 
almost always employed in this connection, the non-reciprocal nature 
of this effect is so familiar that it hardly requires restatement here. 

939 
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By contrast, Part ·11 of this paper deals with devices whose non­
reciprocal operation depends in principle as well as in numerical detail 
on the disposition of the boundary, or, more generally, on geometrical 
configuration. These devices employ magnetizing fields transverse to 
the propagation direction. Some electromagnetic field configurations are 
unaffected by such a dc field, but, whenever the rf magnetic field in the 
case of a ferrite (or the rf electric field for a plasma) has a component 
normal to the dc magnetic field, this is no longer the case. For, now, the 
magnetization (or the charges) will be caused to precess about the dc 
field, giving extra terms in Maxwell's equations and a resultant change 
in the propagation. This change may be simply an alteration in phase 
velocity, the propagation remaining reciprocal. This is the case, for 
example, for the propagation of plane waves in an infinitely extended 
medium [Cotton-Mouton effect]. Here, since every direction of propaga­
tion normal to the dc field is physically equivalent to any other and, in 
particular, to the opposite direction, no non-reciprocity can arise. 

For reciprocity to be preserved in the presence of the dc magnetic 
field is, however, exceptional and requires a certain amount of geo­
metrical symmetry in the system. That non-reciprocity may be expected 
in asymmetrical systems may be foreseen if we consider a system, typical 
of those to be treated in this paper, in which all the rf fields are inde­
pendent of the coordinate along which the dc magnetic field is pointing. 
The relevant conducting boundaries and any interfaces between ferrite 
(plasma) and air are all surfaces parallel to the direction of propagation 
and lying in the dc magnetic field direction. Suppose the system to be 
divided into two parts by another surface of a similar kind and examine 
the surface impedance of one of the parts (which should contain some 
gyromagnetic material). If the propagation direction be reversed it is 
necessary to reverse the magnetic field to retrieve a situation in the 
part considered geometrically equivalent to the original. But, since the 
precession of the magnetization (or charges) about the dc magnetic 
field has a definite sense, the magnetic or electric current associated 
with this precession will be reversed when the dc field is reversed. Thus, 
the properties of the medium are altered and the surface impedance will 
be different for the two directions of propagation. In general, the surface 
impedance of the other part of the system will not compensate for this 
distinction between the two directions and we shall find different propa­
gation constants for opposing directions. An exception will occur if the 
system contains a surface about which it has geometrical symmetry, for, 
then, compensation clearly takes place about this surface and the system 
is reciprocal. 
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An example of a simple non-reciprocal system is indicated in Fig. 1 (a). 
Here a slab of ferrite is inserted into a rectangular waveguide parallel 
to the narrow walls and closer to one of them. Several workers have 
demonstrated that this arrangement and a similar arrangement in a 
circular waveguide are non-reciprocal for what is essentially the dom­
inant mode. I

• 3. * When the slab is centered in the guide we have a plane 
of symmetry and the non-reciprocity vanishes. 

Another configuration of the transverse field type is represented by 
the system shown in Fig. l(b). Here a hollow ferrite cylinder is mag­
netized circumferentially and propagates a TEan-mode. It is clear that 
any arrangement of this sort, which might, in principle, include conduct­
ing sheaths, internally or externally, or might have the ferrite extending 
to an indefinitely large or small radius, cannot have any symmetry 

WAVEGUIDE -_ .... , 

l.------x __ . i I I 
2 ---~ 2Xo ~XI I ( 

FERRITE 
CYLINDER-- .... , 

WINDINGS FOR 
MAGNETIZING-_ 

CURRENT ......... 

CIRCUMFERENTIAL // 
MAGNETIC FIELD 

~ a) 

/ 

(b) 

Fig. 1 - (a) Rectangular waveguide and ferrite slab. (b) Circumferentially 
magnetized ferrite cylinder. 

* It is expected that an article on this subject by S. E. Miller, A. G. Fox and 
M. T. Weiss will appear in a forthcoming issue of the JOURNAL. 
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about a cylinder coaxial with the ferrite. Thus, the internal and external 
impedances of such a system at any coaxial cylinder can only com­
pensate accidentally (perhaps at a single frequency) and non-reciprocity 
is the rule. 

It is frequently asserted without qualification that for non-reciprocity 
a further condition upon the relevant rf field is that its projection upon a 
plane normal to the magnetizing field be elliptically or circularly polar­
ized in the limit of vanishing magnetization. The argument is based on 
the consideration, in itself correct, that the effective material constants 
are different for right- and left-circularly polarized field vectors. Suppose 
that the magnetization direction is y. Then the tensor relating B to H 
is (see Part I, Section 2.1): 

o 
o po o 

o 
For right- and left-circular fields with liz = ±jHx , therefore, the medium 
is isotropic in the plane transverse to the dc field with permeabilities 
J.L + K, J.L - K respectively. Since opposite circular polarizations accom­
pany opposite propagation directions, (see for example, Fig. 2) the per­
meabilities, and hence the propagation constants, are different for oppo­
site propagation directions. It is then argued that the field must already 
be circularly, or at least elliptically polarized to start with, if non­
reciprocal effects are to result from application of the magnetization. 
However, the argument is true only for effects of first order in the mag­
netization. For general values of magnetization, the rf field, even if 
linearly polarized to begin with, will become elliptically polarized, and 

'777/777//777/ /777777//7 /77/77Z7/77 /777777777777/7777777///Z777ZZ7777/ //ZZ7, 

Fig. 2 - Magnetic lines of force parallel to the broad side of a rectangular 
waveguide. 
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non-reciprocity will occur. It is understandable that this double function 
of the magnetization (conversion to elliptic polarization plus creation 
of differences in permeability) leads to higher order effects. Hmvever, 
inasmuch as for the ferrite and plasma the magnetization can produce 
large changes, the requirement of elliptic polarization in zero magnetic 
field cannot be regarded as essential in practice. These considerations are 
demonstrated by a simple example in Section 2.2. 

The devices considered in this paper actually are such that the electric 
or the magnetic field vector in the plane normal to the field is elliptically 
polarized even in the absence of the gyromagnetic medium. For example, 
the magnetic lines of force of the TElO mode in a rectangular waveguide 
form two sets of closed loops in a plane parallel to the wide sides (see 
Fig. 2) and repeating every wavelength. This pattern moves bodily 
down the guide with the phase velocity of the ·mode, so that an observer 
stationary at any point not at the center or at the narrow walls of the 
guide sees a magnetic field rotating at the signal frequency and tracing 
out a generally elliptic path. The sense of the rotation is opposite on 
opposite sides of the center plane, and depends on the propagation direc­
tion. The conditions outlined in the previous paragraph are therefore 
satisfied; introduction of a ferrite slab magnetized as in Fig. lea) will 
yield first order non-reciprocal effects. 

The problems considered here are such that the electromagnetic 
fields do not vary in the direction of magnetization. Under these condi­
tions the field can be split into a TE and Tl\II field satisfying different 
wave equations. In general, the two fields are coupled through the bound­
ary conditions. Most of the paper is devoted to the analysis of the non­
reciprocal helix, a problem that has recently gained importance in 
connection with high power traveling-wave-amplifiers.4 The conventional 
amplifier suffers from a limitation on its maximum useful gain; waves 
reflected from the output end will make the tube "sing" above a certain 
critical gain. Ferrites offer the possibility of preferentially suppressing 
these backward waves and so of increasing the permissible gain by a 
large amount.* In section 2.3 the "flat" helix (one of infinite radius) is 
considered. For the slow waves employed in practice a rather complete 
treatment is possible in this case of planar geometry. In Section 3 the 
cylindrical helix is treated. Inasmuch as the solutions involve functions 
for which no extensive tables exist, the treatment has to be more sketchy. 

* More specifically, in high-pow<'lr traveling-wave tubes the large beam cur­
rent employed may be above the critical value required fo r backward wave os­
cillations due to spatial harmonics of the helix structure. In such cases the larger 
attenuation of backward waves will permit a higher beam current and therefore 
stable amplification to higher power levels. 
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Thus the loss is neglected and only the non-reciprocal phase charac­
teristic is considered. The losses have then to be determined approxi­
mately by differentiation of the phase characteristics. 

A few further problems were considered as illustrations of the general 
prineiples. One case, that of the plasma filling the space above an im­
pedance sheet can actually be solved analytically and provides a par­
ticularly clear demonstration of the non-reciprocity. The case of the 
rectangular waveguide with a ferrite slab has already been considered 
extensively elsewhere, and only the results for a thin slab are given here. 
A problem with cylindrical symmetry is taken up in Section 3.3: a 
cylindrical waveguide fitted with a circumferentially magnetized cylinder 
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Fig. 3 - PH versus (J' for various p. 
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of ferrite. Again the discussion had to be sketchy in view of the scarcity 
of information on the functions that solve the problem. 

2. PLANAR GEOMETRY 

2.1. Fields and Impedances 

In this section we consider planar transverse field problems which are 
characterized by the following conditions. The dc magnetic field is of 
uniform strength Ho within the gyromagnetic medium and points along 
the y-axis. All rf fie1d components are independent of the y coordinate. 
We discuss the ferrite case first, then indicate how the results are to be 
translated for the plasma. 

For the orientation of the dc magnetic field which has been chosen the 
permeability matrix is of the form: 

o 
o J.l.o o 

o 
J.I. and K. are, in general, even and odd functions of Ho; the permeabi1ity 
of unmagnetized ferrite is taken to be J.l.o as in free space. Following the 
procedure of Part I we shall assume specifically for J.I. and K. the formulae 
given by Polder's treatment of the dynamics of the medium. Thus, we 
have the expressions (for the case of no loss): 

J.I. 1 - P(J - (J2 

J.l.o 1 - (J2 

K. 

l~,and -(J 
(1) 

J.l.o 

PH = ~ = P , 
J.I. 1 - P(J - (J2 ' 

where (J is the ratio of the precession frequency, 1
2
: I Ho, to the signal 

frequency and p is the ratio of a frequency, 1
2
:1 Mol J.l.o , associated with 

the saturation magnetization, Mo , to the signal frequency. It should be 
noted that p and (J have always the same sign. The behavior of J.I. and K. 

as functions of (J was shown in Fig. l(a) and (b) of Part 1. PH is shown as 
a function of (J in Fig. 3. The dielectric constant of the ferrite is taken to 
be E. For reasons given in Part I, 1 p 1 is assumed less than unity. 
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When the condition, a/cay) == 0, is put into Maxwell's equations the 
latter are found to be separable into two sets: 

aHy • E - = Jwe 1X az ' (2a) 

aHy • E - = Jwe 1 Z ax ' (2b) 

(2c) 

and 

(3a) 

(3b) 

aHx _ aHz = jweEy. 
az ax (3c) 

It is to be stressed that such a separability is possible only when the rf 
fields do not vary along the dc magnetic field. The sets of equations (2) 
and (3) correspond to the separate equations for Hz and Ez which arise 
from (13) of Part I when (3 is there set equal to zero. The first set de­
scribes a TM field of the familiar type, whose propagation through the 
medium is unaffected by the magnetic field. The second set describes 
a TE field whose components, because of the presence of K, are con­
nected by different relations from those which exist in an unmagnetized 
medium. The separability of the two fields is equivalent to saying that 
they are not coupled by the medium itself, but they may, of course, be 
coupled at the boundaries. 

We may write (3a) and (3b) in the form 

. (2 2) . a E y a E y 
- JW /.L - K Hx = JK- - /.L-ax az ' (4a) 

. (2 2)H aEy + . aEy - JW /.L - K z = /.L- . JK-ax az ' (4b) 

and upon eliminating Hx and Hz, the wave equation for Ey is found to be: 

a2E a2E 2 2 
__ v + _y + w2e ~ Ey = 0, 
ax2 az2 /.L 

(5) 

where Ey (and also the H's) are evidently propagated in the ferrite as 
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though the latter had an effective permeability, (l - i)/J.I. = J.l.eff • This 
permeability may assume any value from + 00 to - 00 as may be seen 
by writing it in terms of (J" and p. From the Polder formulae, in fact, 

( 2 2)/ 1 - (p + (J" )2 
J.l.eff = J.I. - K J.I. = J.l.o 1 2 - P(J" - (J" 

(6) 

As it should be, this is an even function of magnetic field. J.l.eff/ J.l.o decreases 
from 1 - p2 to 0 as I (J" I rises from 0 to 1 - I pi; it decreases from 0 to 
- 00 as I (J" I runs from 1 - I p I to VI + p2/4 - I p 1/2 and finally 
decreases from 00 to 1 as I (J" 1 increases indefinitely above VI + p2/4 
- 1 P 1/2. Its behavior is indicated in Fig. 4. It should be recalled from 
Part I that "(J" = 0" is an abbreviation for the very small magnetic field 
necessary to saturate the ferrite. 

A brief examination of the propagation of plane waves shows the more' 
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significant features of transmission in this medium. Since no direction 
in the x-z plane can be a preferred one, the plane wave may be assumed 
to travel in the z-direction with variation, e- ifJz

• Then, from eqnations 
(4) and (5) 

and 

j{3K 
Hy = (2 2) Ey, 

W f.1. - K 

Since f.1.eff is negative between I (j I = 1 - I P I and I (j I = viI + p2/4 
- I p 112, the medium is cut off for plane waves in this range of magnetic 
field (at a fixed signal frequency). H is elliptically polarized when the 
medium is magnetized and I Hz III Hx I = I Kill f.1.1 = I PH I. We may 
also put 

. -{3Ey 
H x - JH z = W (f.1. + K) , 

But I Hx + jHz I and I Hx - jHz I are proportional to the amplitudes of 
the left-handed and right-handed circularly polarized components of 
the magnetic field. The medium may thus be considered to exhibit the 
permeability, 

f.1. - K = f.1.o (1 - _P ), 
1 - (j 

for left-handed components and the permeability, 

I' + K = 1'0 (1+ 1 ~ .,.) 
for right-handed components. The effective permeability is essentially 
a parallel combination of these two permeabilities and the medium may 
propagate (f.1.eff > 0) even when f.1. - K is negative, as ,vill happen for 
viI + p2/4 - I p 112 < (j < 1. 

Since the medium itself has no non-reciprocal properties it is clear 
that if the latter are to arise they must do so as a result of interaction 
between the medium and its surroundings. The boundaries of the ferrite 
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at which matching will be necessary are surfaces parallel to the y-axis 
and here we need an expression for Htn.ng/Ey where Htn.ng is a tangential 
magnetic field at the surface. For the moment we will consider the 
admittance looking into the ferrite and take tangential components in 
the counterclockwise sense. From equation (4), then, 

. 1 aEy 1 aEy 
JJ..l,-- K--

Htn.ng = Ey av Ey a(J (7) 
Ey W(J..l,2 - K2) W(J..l,2 -- K2) , 

where a/(av) is a normal derivative (outward) and a/(a(J), a tangential 
derivative. It is possible, although by no means essential, to interpret 
the terms of (7) in the following fashion: the first term is just the admit­
tance of a normal TE mode propagating in the interior of the ferrite 
(which is to have the permeability, J..l,eff); the second term is to be ascribed 
to an independent surface current, 

W(J..l,2 - K2) . 

Using this picture one may see how non-reciprocity arises in a simple 
case. If the ferrite be bounded by the planes x = Xl and X = X2, and the 
z-variation is of the form e -i{3Z, the admittances due to the surface cur­
rents are +jK{3/W(J..l,2 - K2). If {3 reverses its sign the surface currents are 
interchanged. If now the external admittances on the two sides of the 
slab are unequal (and, of course, themselves reciprocal) for given values 
of wand I {3 I, there is no reason why {3 and - {3 should simultaneously 
solve the matching problem. 

Almost all the above considerations may be taken over to the case of 
the plasma. Here the TE fields will be undisturbed by the magnetic field 
(but the dielectric constant is altered by the presence of the charge 
from its free space value). Equations (4) and (5) are now replaced by 

• ( 2 2)E a H y • a H y JW e - 'YJ x = -e - + J'YJ - , 
az ax 

(Sa) 

. (2 2)E . aHy aHy 
JW e - 'YJ z = J'YJ - + e - , 

az ax 
(Sb) 

2H a2H 2 2 a y+ y+ 2 e-'YJH-O 
ax2 az2 W J..l,o --e- Y- (9) 

for the TM fields. Here e and 'YJ are the diagonal and off-diagonal terms 
of the dielectric matrix which is of the same form 
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e o 

o 

-j1'] 

o 
e 

as the permeability matrix of the ferrite. The equations of motion for 
the plasma * lead to the expressions 

el = eo (1 _ q2), 

< = <0 (1 + ~2 ~ 1)' 
2 q(j 

1'] = eo (j2 _ 1 ' 

e2 _ 1'] (1 _ q2)2 _ (j2 
eefT = --- = eo (1 2) 2 ' e - q - 0 

where (j is now the ratio of the cyclotron resonance frequency; 

~~Ho 
27r m ' 

(10) 

in a field Ho , to the applied frequency and q is the ratio of the plasma 
frequency to applied frequency; eeff behaves with magnetic field in much 
the same way as f..LefT . It is a constantly decreasing function of (j and is 
negative between I (j I = 1 - l and I (j I = ~, going to infinity 
at the latter value. The left and right handed dielectric constants, 
e - 1']ande + 1']aregivenbyeo[1 -ll(l - (j)]andeo[l - q2/(l + (j)]. 

2.2. Examples of Non-reciprocal Systems 

We now discuss briefly three examples of non-reciprocal systems as 
iJlustrations of particular points. As an example of a system which can 
be analyzed very easily and completely we consider a plasma occupying 
the region, x > 0 and bounded at x = 0 by a sheet of constant impedance. 
This impedance is to depend upon frequency but not on the propagation 
constant. It will be written as jv f..Lo/eoZ(w) where f..Lo and eo are free space 
values. A practical realization of such a sheet might consist of a very 
large number of similar fins of negligible thickness and separation, 
parallel to the y-axis and attached normally to a conducting plane x = 
constant. The fields between separate fins are uncoupled and Ez is uni­
form between fins. For such an arrangement, Z(w) = tan w~xo , 

* See Section 2.2 of Part I. 
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where Xo is the depth of the fins. If the z-variation of the fields is e-i
{3z 

and the ,vaves are guided, the x-dependence in the plasma must be 
as exp - V {32 - W2,uoEefI X. From equation (8b) 

jw( i - r/)Ez = hB - EV {32 - W2,uoEeff ]Hy . 

Matching at x = 0 gives 

'Y}{3 - ~ V {32 - W
2
,uoEeff = j • / ,uo Z(w). 

JW(E2 - ?J2) V Eo 

This yields 

[fl - ~w I~: Z(w) J 2 + 2110 2Z2( ) W,uOE W - E W 
EO 

or 

(11) 

The non-reciprocity is clearly exhibited, since the two values of {3 are 
not equal and opposite. The solution (ll) is valid only if {32 > W

2
,uOEeff' 

corresponding to guided waves. 
In the second example we assume that the region between conducting 

planes at x = 0 and x = Xo is filled by a plasma. When no magnetic field 
is present Ez is supposed to vanish and Ex is uniform across the gap. 
The unperturbed field is then plane polarized (TEM). The magnetic 
field is now applied parallel to the y axis to that part of the gap between 
x = 0 and x = Xl. Ez in the magnetized plasma is now given by 

Ez = Eo sin V W2,uoEeff - (32 x 

since it must vanish at x = O. The z variation is again exp - j{3z. Hy 
may be found from equation (8b) and is 

jwEo [ . 
H y = 2 {32 'Y}{3 sm V W2,uOEeff - {32 X 

W JloE -

- E V W2,uoEeff - {32 cos V W2,uoEeff - {32 X]. 
The admittance of the magnetized section at x = Xl , is thus, 

E~zy - " jw {32 ['Y}{3 - E V W2,uoEeff - {32 cot V w2,uofeff - {32 Xl], 
, W~,uOE -

and, analogously, that of the unmagnetized part is 

E~zY = 2 jw {32 [ - EI V W2JloEI - {32 cot V W2,uoEI - {32 (xo - Xl)]' 
W,uOEI -
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where EOl = Eo(1 - q2). Suppose now that the applied field is weak, so that 
W

2
J.lOE "-' W

2
J.lOEl "-' ri. Then, the cotangents may be expanded and by 

equating admittances one obtains 

JWEI 

or 

1 + EO - El 

-El + (7]{3 - ;1) (XO - Xl) 
(12) 

Since E - El is of the second order in cr this equation may be solved by 
substituting the unperturbed value of (3, ± wV J.loE] , in the right hand 
side. It is clear that although the system is non-reciprocal, it will be 
so only to third order in cr. This system, therefore, illustrates the fact 
pointed out in Section 1.1 that even when the fields are plane polarized 
in the absence of a dc maglletic field, non-reciprocity may arise, although 
it may be very small in weak fields. 

The third example to be c~nsidered is one which has been referred to 
in Section 1.1, namely that in which a strip of ferrite is placed across 
the short dimension of rectangular wave guide, see Fig. l(a). In view 
of the fact that this problem has been discussed with great thoroughness 
by Lax, Button and Roth, we shall, after deriving the characteristic 
equation, consider only the case of a very thin strip. Let the thickness of 
the strip be 2xo and the distance from its two faces to the nearest guide 
wall be Xl and X2 respectively. The admittances at the two faces are then 

and 

-j cot V {302 - {32 X2 
WJ.lo 

respectively, where {302 = W
2

J.lOEO • Inside the ferrite 

and 

. (2 2) aEy 
-JW J.l - K Hz = J.l - + K{3Ey • ax 
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Thus, immediately within the ferrite, 

1 aEy • (Hz) - - = - JWJ.Leff - - PH{3. 
Ey ax Ey external 

If the two faces of the ferrite are x = -Xo and x = Xo we then have 

( 
1 aEy ) _ J.Leff V 2 - A ---;- - - - cot {3o - {32 Xl - PII{3 - , 

Ey ax X=-Xo J.Lo 

and 

If we write 

1 aE 
--y= 
Ey ax 

and make use of the boundary conditions we obtain 

V{3i - {32 (A - B) 
tan 2 V{3i - {32 Xo = f3i _ {32 _ AB' (13) 

The non-reciprocity is clearly contained in the odd power of {3 in A 
andB. 

For small thickness we replace the tangent by its argument, and, sub­
stituting for A and B on one side of the equation, obtain 

or 

Since the guide is almost empty, we may write 

:V {302 - (32(XI + X2) = 7T' - 0, 

where 0 IS small. Or, 

where 

(14) 
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Writing {3 = {31 in the right hand side 'of equation (14) and noting that if 

then vi {302 - {312 X2 = 7r - (), we have 

o = 2xo ~ sin2 
() [{3/ - {31

2 
- (J.leff cot 0 - PH(31)(J.leff cot () - PH(31)J ' 

P.eff P.o J.lo 

J.lo 2 2 2 . 2 J.leff 2 
[( ) ( )

2 

2Xo J.leff {3J - (1 + PI! ){31 sm () - p;; cos 0 (15) 

+ 2 J.leff PH{31 cos () sin oJ . 
J.lo 

The non-reciprocal part of (3 is thus 47rXO(XI + X2)-2pI! sin 2(). This has 
a maximum value for 0 = 7r/4 or 37r/4 and, hence, Xl = (Xl + x2)/4 or 
3 (Xl + x2)/4. This result may be understood qualitatively by con­
sidering the fields in the guide before the ferrite is inserted. We then have 
Ey = Eo sin (7rx/a) where a = Xl + X2 and consequently, 

.7r 

H 
'(3. 7rX 

x = -- SIn- and 
J a 7rX 

Hz = -cos-. 
wp. a wp. a 

The amplitudes of the left- and right-handed components of circular 
polarization at a point are then proportional to 

. 7rX 7r 7rX 
-{3 sm - - - cos -

a a a 
and 

. 7rX 7r 7rX 
- (3 sm ~ + - cos - . 

a a a 

The difference in the squares of these amplitudes is 2(3(7r/a) sin (7rx/a) 
cos (7rx/a) and this is proportional to the difference between the energy 
stored at X in the left-handed wave and in the right-handed wave. It 
is plausible that this should be a measure of the non-reciprocal effect 
produced by a thin piece of ferrite at x. 

2.3. The Plane Helix 

In dealing with transverse field problems with cylindrical geometry 
we shall consider non-reciprocal propagation along a helix which is 
surrounded by circumferentially magnetized ferrite. The analysis of this 
problem is rather cumbersome and it is advantageous to study first an 
analogous plane problem. The simplicity thus gained allows us to 
examine somewhat more complicated problems. The "plane helix," 
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to be treated here, is a sheet of negligible thickness, lying in the plane 
x = 0, which conducts only in a single direction making an angle l/; 
with the y-axis. In this direction it will be supposed lossless. In addition 
we assume that the regions, x < 0 and 0 < x < Xo are empty, while the 
space xl > Xo is filled with ferrite. As usual the magnetic field is along 
the y-axis and the fields are independent of y. The problem is clearly 
the limit for very large radius of that of an empty, helically-conducting 
cylinder, surrounded by an infinitely thick shell of ferrite, circumferen­
tially magnetized, the whole system carrying fields with no angular 
variation. 

We first consider the boundary conditions for the plane helix, after 
noting that it is evident that both TE and TM fields will be required. 
The tangential electric field on either side of the sheet must necessarily 
be at right angles to the direction of conduction since the conductivity 
is infinite. Further, the tangential electric field must be continuous through 
the sheet. Hence, if the field normal to the direction of conduction is 
Eo (omitting here and elsewhere th~ factor e-i{3Z), we have 

Ez+ = Ez- = Eo cos l/;, 

Ey+ = Ey- = -Eo sin l/;, 

where the symbols + and - refer to x > 0 and x < 0 respectively. 
Again, since current cannot flow normal to the direction of conduction, 
the tangential magnetic field along the latter must be continuous 
through the sheet or 

(Hz+ - H z-) sin l/; + (Hy + - H y-) cos l/; = O. 

The boundary conditions may be combined into a single equation, by 
introducing admittances, in the form 

(
H/ Hz-). 2 (H/ Hy-) 2 
Ey+ - E y- sm tf; = E

z
+ - E

z
- cos l/;. (16) 

The left-hand side refers to the TE fields and the right to TM fields. 
In the empty regions surrounding the sheet 

[::' - (fJ' - ""'01'0)] Ny ~ [::' - (fJ' - fJo') ] Ny ~ 0, 

E = ~ aHy 

Z jWEo ax ' 

and 
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[a:2 - ({32 - (302) ] E y ~ 0, 
-1 aE Hz = --y 

jwJ.l.o ax ' 
with {302 = W

2
€OJ.l.o. If the waves are to be guided, {32 > {302, and, then, for 

x < 0, we have a/ax == V {32 - {302. Thus 

H y- jW€o 

E z- = V{32 - {302' 

and 

Ey - jwJ.l.o 

If the admittances at the surface of the ferrite are H/ /Ez' and Hz'IE/, 
then Hy + IE/ and Hz + /Ey + are given by the impedance transformation: 

and 

H/ 

. V {32. - {302 H / _ tanh V {32 - {302 Xo 
JW€o JW€o E/ 

y{32 - {302· 1 _ y{3~ - {302 H/ . tanh y{32 _ {302 xo' 
JW€O E/ 

jwJ.l.o Hz' 
Y {32 - {302 - Y {32 _ {302 E;i - tanh V {32 - {302 Xo 

jW€O 
1 - [v',- jwJ.l.o Hz'J ·tanh y{32 - {302 Xo 

{32 - {302 E/ 

Within the ferrite the Tl\t{-fields fall off as exp - y {32 - W2€J.l.OX and the 
TE-fields as exp - y {32 - W2€J.l.effX. We then have 

and 

H~ jWJ.l.eff 

E~ V {32 - W2€J.l.eff - {3K/ J.I. 

These results may now be collected and substituted in equatjons (16). 
The equation of condition so obtained is 

2 2 A + 1 
({3 - (3o) A + tanh V {32 - {302xo 

2 2 1 - B 
= {3o cot 1/; 1 _ B tanh V {32 _ {302xo ' (17) 
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where 

A 

and 

J.Leff v'if~ 
--;;; v' {32 - W 2eJ.Lcff - {3 PI!' 

B= e v' {32 - {302 

~ v' {32 - W 2eJ.Lo· 

We shall assume that we are dealing with slow waves ({3 large). This 
is the case of greatest practical interest and is usually ensured by making 
cot 1/; large. Assuming that the waves are slow we simplify the equation 
(12) and find certain values for {3. We may then ascertain in what ranges 
of (J and p the simplifying assumptions and the results are consistent. 

In equation (17), then, we replace all square roots by I {3 I and {32 - {302 
by {32, obtaining 

with 

and 

Q2 = Q 2 t2 .f, A + tanh I {3 I Xo 1 - B 
fJ fJO co 'f" A + 1 . 1 - B tanh I {3 I xo' 

A J.Leffl J.Lo 

1 - PI! sgn {3 
J.L + K sgn {3 

J.Lo 

B = -e/eo 

where sgn {3 = 1 for {3 > 0 and sgn {3 = -1 for {3 < O. Taking first the 
simplest case of no separation (xo = 0), this becomes 

{32 = (302(1 + deo) cot
2 

1/; 

1 + 1 - PH sgn {3 
J.Leffl J.Lo 

(302(1 + el eo) coe 1/; 

1 + J.Lo 
J.L + K sgn {3 

Substituting the expressions (6) and (1) for J.LefflJ.Lo and PH we are led to* 

, /1 , / (J + 1 + P 
{3+ = {3o cot 1/;. V 2 (1 + e/eo) V (J + 1 + p/2' (lSa) 

_ , /1 , / (J - 1 + P 
{3- - -{3o cot 1/;. 11 2 (1 + e/eo) V (J - 1 + p/2 (ISb) 

* Since reversal of the magnetization is equivalent to interchange of the 
propagation directions, we are at liberty to consider (]" and p always positive, and 
to deal with the two cases {3 > 0 and {3 < 0 separately. 
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The 13+ mode propagates for all (J, (J(J ++11: ;;2 declining steadily from 

11++ ;;2 to unity. The {3- mode on the other hand is cut off, with {32 = 0 

at (J = 1 - p and then reappears with {32 = 00 at (J = 1 - p/2. The 
behavior of the two modes is shown in Fig. 5. Self-consistency requires 
that {32 » W

2
EJ10 or W

2
E / J1cff /, whichever is the greater. The condition 

{32 » w
2 

E I f..leff / fails to be met near 

(J = (Jo = vi f + 1 - ¥, 
when 

I (J - (Jo / 2 

~ vir + 1 ± (~ - 1) < (1 + '/'0) cot if, 

The condition {32 » W
2

EJ10 will fail for {3- near (J = 1 - p. The range for 
this to occur is given by 

I-p-(J<1 
2 (1 + E/ EO) cot if; 1 

p/2 

The extension of the Polder formulae to the case of a lossy ferrite 
was given in Part I, (Section 2.1). From the results given there one 

\ . 
may WrIte 

where ex is a damping parameter. Substitution of these expressions in 
the slow wave formula for {32 will give the effect of loss on the propagation 
constant. In Fig. 6 the complex value of {3- is shown for ex = 0.1 and 
several values of p. The imaginary part of {3+ is small and varies only 
slightly with (J. Fig. 7 shows the initial loss ((J = 0) for three values of ex 
and a range of p values. From a knowledge of {3 as a function of (J = WH/ W 

and p = w}'r/w it is possible to calculate the loss, 1m (3-/({3o VI + E/EO 
cot if;), as a function of frequency when the magnetic field and satura­
tion magnetization of the ferrite are held constant. Fig. 8 shows the re­
sults of such calculations. It should be noted that the horizontal scale is 
linear in (J or 1/ wand that the vertical scale implicitly contains the fre­
quency in the form of l/{3o . Both of these distortions of scale tend to 
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Fig. 5 - The non-reciprocal propagation constants of the flat helix. The dotted 
curves represent f3+ , the solid curves {L. (Loss free case). 

produce an appearance of sharpness in the variation of the loss at 
higher frequencies. 

If the slow wave assumption be made again it is possible to obtain 
solutions for the case in which the ferrite does not touch the helix and 
the latter is lossless. With the slow wave approximation, (I7) becomes 

1 + ~ tanh I f3 I Xo 
EO 

J.I. + K sgn f3 + tanh I f3 I Xo 
J.l.o 

J.I. + K sgn f3 + 1 
J.l.o 

If we write I B I Xo = U, then the above equation expresses f3± in terms 
of u. At the same time Xo = u/I f3±(u) I and we evidently have a para­
metric representation of f3± and Xo. The results of such computations 
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Fig. 6 - Real and imaginary parts of the reverse propagation constant {L 
of a flat helix versus u for various p and for a = 0.1 (the parameter u is marked 
along the curves). The forward propagation constant has a very small imaginary 
part which hardly varies with u. 

are shown in Figs. 9(a), (b) and (c), where (3 is plotted against Xo for 
various fixed CT for two values of p. It is to be noted that the introduction 
of any characteristic length or scale into the problem, such as is provided 
here by the distance Xo immediately produces a great complication in the 
mode spectrum. The plane helix wjth the ferrite in contact may be 
thought of as a highly degenerate problem. 

To carry out loss calculations using the appropriate expressions for 
J.L + K sgn (3 would be very tedious in the separated case. However, it 
was pointed out in Part 1 that to order a the expressions for J.L and K 

are given correctly if we put CT + .fa in place of CT in the lossless formulae 
and that, in consequence, for small a, the imaginary part of the propa­
gation constant is approximately given by 

a(3 
a­

aCT 

In Figs. 10(a) and 10(b) the loss calculated in this way for the cases 
considered in Figs. 9 is shown. 
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3. CYLINDRICAL GEOMETRY 

3.1. Impedances 

In this section we consider systems with cylindrical symmetry about 
the propagation direction. All boundaries, those of the circuit as those 
of the medium, are coaxial circular cylinders, and the medium is as­
sumed to be magnetized circumferentially. The practical means for 
bringing about such a magnetization - for example, thin wires threaded 
through a cylinder of ferrite and carrying a dc current, Fig. 1 (b) - are 
assumed to effect the electromagnetic field to a negligible extent. As 
in the case of planar geometry, we restrict ourselves to fields which have 
no variation along the magnetizing field; that is, in the azimuthal direc­
tion. Only the ferrite is considered here; the results for a plasma are 
obvious corollaries. The magnetizing field and the dc magnetization 
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are supposed to be independent of radial distance from the cylinder axis. 
For the geometries employed in practice, this will be a reasonably good 
assumption. Thus it is possible to relate the components of Band H 
in cylindrical coordinates (r, 'P, z) through the tensor 

}J. 0 -jK 
O}J.o 0 
jK 0 }J. 

where p, and K are given by the Polder relations (1) and are independent 
of position. 

Written in cylindrical coordinates, Maxwell's equations in the ferrite 
are therefore 
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As in the case of planar geometry, the field-components can be grouped 
into TE and TM parts; only the TE part will depend explicitly on the 
gyromagnetic properties of the medium. Equations (20a, 20c) and (20e) 
determine the TM field. Er and H", can be eliminated from them, yield­
ing the familiar wave equation 

O' , (21) 
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whose solutions are zero order Bessel functions (or linear combinations 
thereof) of a kind depending on the region under consideration. Thus 
if {3 > {31 , and the region occupied by the medium includes the cylinder 
axis, the modified Bessel function 10 (ry (32 - (312) has to be chosen if 
the field is to be finite at r = 0; if the medium extends from a finite r 
to infinity, the function Ko (ry (32 - (312) , regular at infinity, is se­
lected. Correspondingly, if {3 < {31, the Bessel and Hankel function 
J o (ry (31 2 - (32) and HoI. 2 (r y~12 - (32) replace 10 and Ko respectively. 

In terms of the appropriate solution of (21), the remaining field com­
ponents are 

Er = - j {3 aEz • H = JW€l aEz 

{312 - {32 ar ' <P {312 - {32 ar 
The tangential admittance for the TM field is thus 

H jW€l a 
Y TM = ~ = 2 2 - log Ez . (22) 

Ez {31 - {3 ar 
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Fig. 10 - Hatios of reverse attenuation for a flat helix separated from the 

ferrite by a distance Xo to the reverse attenuation at Xo = O. Computations made 
from the approximate slope-formula for the loss, where applicable. (a) p = 0.2. 
(b) p = 0.8. In (a) all applicable (J values lie in the shaded region. 

For example, if (3 > (31 , and the medium occupies all space from a finite 
r to infinity 

1"T _ jW€l [{'OCalr) 
.lTM- -

al [{o(alr) 

where al V f32 - f312• 

- jW€l[{ 1 C aIr) 
al[{o(alr) 

(23) 

The field components of the TE field are determined by equations 
(20b), (20d) and (20f). Elimination of E", and Hr from these gives 

~ ~ r aHz + ((3/ - (32 - PH(3) Hz = 0, 
r ar ar r 

(24) 

where (3/ = W
2
Jl€1 C1 - PH

2
). The term (3/ - (32 in the bracket is already 
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familiar from the planar case; it depends on the magnetic field and on 
the propagation direction in a purely reciprocal way. The term PIl(3/r, 
however, reverses sign when either magnetizing field or propagation 
constant changes sign. The solutions of equation (24) are therefore 
different for opposite propagation directions (or opposite magnetiza­
tions). Thus, in contrast to the planar case, where non-reciprocity arose 
only through the boundary conditions, the cylindrical case is inherently 
non -reciprocal. 

In the absence of the last term in the bracket, equation (24) would 
be solved by zero order Bessel functions, just like equation (21). In the 
presence of this term, the solutions become confluent hypergeometric 
functions. Different changes of variable bring these functions into forms 
known by different names and notations. One such change leads to 
Laguerre functions, another to Whittaker functions. We shall choose 
the latter representation, since it is closely related to Bessel functions, 
and numerical tables seem about equally scarce for all representations. 
In equation (24), let {32 - (3/ = CX22, and let CX2r = y. Then it becomes 

~ !i y dHz _ (1 - 2X) Hz = 0, (25) 
y dy dy y 

where X = -(3PIl/2cx2. Further, let y = x/2, and Hz(Y) 
then equation (25) becomes 

d
2
h (1 X 1) 

dx2 + 4X2 + X - '4 h = 0, 

h(x)/vx; 

(26) 

which is the standard form of the equation for zero order Whittaker 
functions. It is a special case of the equation for J.L

th order Whittaker 
functions: 

d
2

h + (~ - P, 

2 

+ J<: _ !) h = ° 
dx2 X2 X 4 ' 

(27) 

The solution of equation (27) which is regular near zero is denoted in 
the literature by Mx.!l(x); it is proportional, in the limit X = 0, to the 
Bessel function I!l(x/2). The solution of equation (27) regular at infinity 
is denoted by Wx.!l(x), and in the limit X = 0, is proportional to K!l(x/2). 
The factors of proportionality are found in Appendix 1. 

In this notation, the solutions for Hz are thus 

Mx,O(2cx2r) W x,O(2cx2r) * 
~' ~ 

* If {3 < {32 , both argument and suffix x are imaginary. These functions are 
then related to J 0 and H 0 respectively. 
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Once the appropriate Hz is determined, Hr and Ecp are given by 

Hr = {32 j 2 ({3 aa
Hz 

- w2jJ.€IPHHz) , 
- W jJ.€1 r 

(28) 

E = - jwjJ. (aHz - PH{3Hz). 
cp {32 - W2jJ.€1 ar 

The tangential impedance for TE-fields is thus 

Ecp WjJ. (a ) 
ZTE = H = '({32 2) -a log Hz - PH{3 . (29) 

z J - W jJ.€1 r 

The reader will recall that for isotropic media (PH = 0) the numerator 
of the right hand side of equation (29) can always be expressed as the 
ratio of first order to zero order Bessel functions by virtue of relations 
like Ko' (x) = -KI(x), Io'(x) = II(x) and so on. Analogous results 
hold true in the present case. Suppose, for example, that we are dealing 
with a geometry such that the correct Hz is 

W x,O(2a2r) 
Hz = _ ~ = Rxo(2a2r), say 

v.::.a2r 

Then 

and 

Z - 2a2wjJ. R~o + xRxo 
TE -

i({32 - W2jJ.€I) Rxo 

It is shown in Appendix I that 

Therefore 

Rxo' + xRxo = (x - !) Rxl • 

Z - wjJ.a2(2x - 1) Rxl (2a 2f) 
TE - j({32 - W2jJ.€I) Rxo(2a2r) ' 

_ wjJ.a2(2x - 1) Wx,l(2a2r) 
- j({32 - W2jJ.€I) W x,O(2a2r) . 

A similar difference relation shows that if the region is such that 

Hz = ~lx,o(2a2r)/~, 

(30) 
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then 

z - w,uad.>4: - x2)1l1x,I(2a2r) 
TE - j({32 - W2,u€I).L11 x,O(2a2r) . 

In the unmagnetized case equations (30) and (31) reduce to 

and to 

w,uOal J{l(alr) _ w,uoKI(alr) 
j({32 - W2,uO€I) Ko(alr) - - jad{o(alr) , 

w,uo II(alr) 
jal lo(alr) . 

(31)* 

(32) 

(33) 

One might be led to believe that the search for solutions of Maxwell's 
equations with angular dependence e

incp will lead to nth order vVhittaker 
functions (just as in the isotropic case this dependence leads to nth 

order Bessel functions). Such is not the case, however. Unless n = 0, 
one is led to two simultaneous second order equations for Ez and Hz , 
and the character of the problem is changed completely. 

3.2. The Cylindrical Helix 

We are now in a position to derive the characteristic equation for a 
close wound cylindrical helix and approximated by a helically conducting 
sheet surrounded by ferrite. We confine the discussion to the case in 
which the ferrite is in actual contact with the helix, Fig. 11; the case of 
finite separation discussed for the planar helix (Section 2.3) would be 
too cumbersome here. Losses are neglected. If they are not excessive, they 
can be deduced from the curves for the propagation constant in the loss 
free sample by differentiation, as outlined in Sections 2.1 and 4.15, 
Part I. 

The boundary conditions are just the same as in the planar case. In 
Section 2.3 they were stated in terms of admittances, and it is only 
necessary to substitute for these the admittances just derived for cy­
lindrical geometry. Thus for Hy/Ez we substitute YTM , and for Hz/Erp 
we write YTE = l/ZTE • 

If superfixes i and e refer to the inside and outside of the helix (in 
Section 2.3 on the plane helix i and e were denoted by "-", and "+"), 
the characteristic equation is 

{
V (i) v (e)} t2.f, 
.1 TM -.1 TM T=TO CO 't' = (

V (i) v (e») 
.1 TE -.1 TE T=TO , (34) 

where ro is the radius of the helix. 

* The appearance of different factors (2x - 1) and (~4 - x 2) is simply due to 
the way the functions W, M are normalized in the literature. 
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For waves bound to the helix, Y TE (e) is to be derived from that solu­
tion of (24) which tends to zero ar r ~ 00. This solution is Wx,O(2a2r)/ 
~,and so yTE(e) is given by equation (30) 

Similarly, from equation (23), we have, for bound waves, with Ez r-..J Ko , 

FERRITE , 
\ 

Fig. 11 - (a) Cylindrical helix surrounded by ferrite, (b) Magnetic field lines 
projected onto a plane containing the axis of the helix. 
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y
TM

(e) = _jwel ](l(alr) . 
al l(o(alr) 

Inside the helix, we require the solution for an isotropic region which 
remains regular as r -? o. Accordingly 

and 

Y (i) • wen Il(aoro) 
TM =J----, 

ao Io(aoro) 

where eo, J..Lo are the dielectric constant, and permeability of vacuum. 
Combining these expressions in (34), we obtain after slight rearrange­
ment 

(35) 

Il(aOrO) + ao ~ Kl(alrO) = [a02 Io(aoro) _ J..Loao (32 - W
2

J.Lel W x.o(2a2r)] tan21f; 
10 (aoTo) al eo l(o(alTo) 11 (aoTo) J.La2 (2X - 1) Wx.l(2a2r) 

which determines (3. 
A complete solution of equation (35) is out of the question. However, 

as in the planar case, for the slow waves used in traveling wave tube 
work, the equation may be simplified so that solutions may be com­
puted rather easHy. For electron velocities usually employed the result­
ant {3 must be about 10(30 . Therefore in equation (35) it will be permis­
sible to neglect all the quantities (302, (312, (322, W2J..Lel , in comparison with 
Ii, except in the narrow ranges of magnetic field such that J..L or 
J..L(1 - PH2) becomes very large. This will occur near ±o-o where 0-0 = 
-p/2 + vi p2/4 + 1, and near 0- = 1. A solution obtained by as­
suming a large (3 must be self-consistent; that is, it can be credited only 
in regions where it does, in fact, predict large (3. However, in Section 
2.3 it was shown for the plane helix that in any practical case the ranges 
of magnetic fields so excluded are very narrow, even in the loss-free 
case, and one may suppose that this is true also in the cylindrical case. 

For slow waves, each of the a's reduces to 1 (31 ; the absolute value 
sign derives from the fact that the positive square root is implied in the 
definition of the a's. Therefore 

-PH{3 PH 
X -? 2T73l = -"2 sgn {3. (36) 

N ow the suffix X of the Whittaker functions no longer depends on the 
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magnitude of {3, and it is chiefly for this reason that further progress is 
possible. For large {3, equation (35) can be written 

11(\ (3 I ro) + ~ 1(1(1 (3 I ro) 
{3 2 e 1f; 10(1 (3 I ro) Eo 1(0(1 (3 I ro) 

o co 10(1 (3 I ro) 1 Wx.o(21 (31 ro) • 
(32 = 

(37) 

11(1 (3 I ro) - ~ (2x _ 1) W x.o(2 I (3 I ro) 
f..Lo 

where X is now given by equation (36). Equation (37) is now solved by 
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Fig. 12 - Reduced forward and reverse propagation constants versus reduced 

radius of a cylindrical helix (loss-free case) for various (1 and p. The range (11 

< (1 < (10 where 

_I p2 p p 
(11 - 1 + "4 - "3 - "2 and 

contains an infinity of shape resonances and is not shown here. (a), above, p = 0.2. 
(b) p = 0.6. (c) p = 1.0. 
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Fig. 12(b) - See Fig. 12. 

the following procedure: Introduce the parameter 

u 
2 = I (3 I ro. (38) 

For a given PH and u (or (j and p), and a given sign of (3, each value of 
u determines (3 through equation (37), and then ro through equation (38). 
Thusf3 can be plotted versus ro. The procedure is repeated for the op­
posite sign of f3 (and therefore the opposite sign of x). A different curve 
of f3 versus ro is then obtained. Thus for a given value of ro , the "forward" 
and "backward" propagation constants are different in magnitude. 
The results (computed for a typical ratio Ed EO = 10) are conveniently 
stated in terms of {3 = f3/(f30 cot 1/;) and fo = rof3o cot 1/; and are shown 
in Fig. 12(a) to (c), and again, for fixed fo, in Fig. 13(a) to (e). We note 
that for fo in excess of about 1.5, the results are almost the same as those 
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Fig. 13 - Reduced forward and reverse propagation constants versus 0" for 
various reduced radii of a cylindrical helix. (Loss free case). The region 
1 - p < 0" < 0"0 is omitted. (a), above, p = 0.2. (b) p = 0.4. (c) p = 0.6. (d) p 
= O.S. (e) p = 1.0. 
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for a flat helix. This is due to the fact that the large dielectric constant 
reduces the circuit wavelength so much that the radius appears infinite 
by comparison once it exceeds 1.5. In traveling-wave tube practice, 
however, fo is generally below 1.5. 

The behavior of the ~ - fo curves can be understood from the be­
havior of the ratio 

Wx.o(u) = Zx(u) 
W x•1(u) 

and of the coefficient 1/[J.L/ J.Lo C2x - 1)]. Suppose first that X is positive. 
When X exceeds zero only slightly, ZxCu) behaves essentially like 
K o(u/2)/K1(u/2). This function is always positive; it begins at 0 when 
u = 0 with a vertical tangent and steadily increases to unity as u ~ 00. 

ZxCu) varies in the same way, see Figs. 14 and 15, in the range 0 < X < 
7-2. For ~-2 > X ~ 7~, TYx,o, and therefore Zx , has a zero which increases 
from u = 0 at X = 7-2 to u = 1 at X = ~-2' Accordingly ZAu) in ~-2 > 

t 

1 2<x<~ 2 2 
I 

!I 

II 
11 

I ,/ 
I ,I 
II 
If 
II 

u~ 

Fig. 14 - Schematic behavior of the function Zx(u) 
various ranges of x. 

TV x,o(u)/TV X.l(U) in 
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x > Y2 starts from Oat u = ° wjth a downward-directed vertical tangent, 
achieves a negative mjnimum, then increases, through its zero, to the 
asymptotic value unity as u --* 00. The minimum becomes deeper as 
X approaches ~~. At X = %, TYx,l(U) developes a zero at u = 0, which 
steadily moves to larger u as X increases further towards ~~. At the 
same time the zero of W x,D already discussed moves from 1 to 2 + V2, 
and a new zero arises at u = 0, X = %, which increases to 2 - V2 
as X approaches %, but which lags behind the zero of Wx,l(U). The 
function Zx(u) now has a pole and two zeros, and behaves as shown in 
Fig. 14. This process continues; each time X passes (2n + 1)/2, a 
new zero and a new pole appear. (For a detailed list of poles and zeros 
the reader is referred to Appendix I). To apply these results, we first 
resort to the Polder relations. 

In terms of (j, p, we have, for {3 negative 

and 

1 

!!:... (2x 
fJ.o 

X = 1~ ~--p----: 
7 . 1 _ p(j _ (j2 

1 - (j 
A, 

1) 
say. 



978 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1954 

The characteristic equation is 

I1(u/2) + ~ I{1(u/2) 
"(32 = I oCu/2) Eo K oCu/2) . 

I oCu/2) _ AZ () , 
I 1Cu/2) x u 

I "(3 I ro u/2 (37) 

and can now be discussed in terms of (J at a fixed p. Suppose that p < 1. 
Then A is negative for (J < 1 - p. In the same range, X < 7§, so that 
Z behaves essentially as Ko/K1 • Therefore both numerator and denomi­
nator are positive for all u, and the ratio tends to the planar result 

1 + ~ 
"{32 = __ EO 

I-A 
as u --7 00. AB u --7 0, "{32 tends to zero along the vertical, as can be shown 
by an examination of the various functions near u = O. For (J < 1 - p, 
the course of the "(32 versus u-curves is as shown schematically in Fig. 
16(a), and it is easily seen that the "(3 versus ro curves run in essentially 
the same way, Fig. 12(a) to (c). However, as (J approaches 1 - p, the 
"{32 versus u curves steadily fall, until at (J = 1 - p, "{32 = 0 for all finite 
u, since A = - 00. 

AB (J passes 1 - p, A changes sign and at the same time X passes 7§ 
so that Zx acquires a zero. As (J varies from 1 - p to 1 - p/2, A decreases 
from + 00 to unity. Therefore, while u < U1, the zero of Zx , 1 - AZx 
is positive; however as u increases beyond 1ll, {Io(u/2)/II (1l/2)} -
AZx(u) eventually passes zero, since Zx(u) and I oCu/2)/II (u/2) both 
approach unity. On the other hand the numerator of equation (37) is 

Io(~) 
ZERO OF D = ~(U)-AZx(U) 

112 , D=o D=o 

x<t 

t 
/L 

u-
(8) (b) , (c) 

Fig. 16 - Schematic variation of f3- with u. a) X < ~; b) ~ < x < %; c) % 
< x < %. 
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always positive; therefore Ji approaches infinity at I o(u/2)/11(u/2) -
AZx(u) = 0, and no real values of {3 exist thereafter (see Fig. 16b). 
Since this "cut-off" occurs at a finite value of u, the corresponding value 
of ro is zero. This explains the bulging of the corresponding (3 - To curves 
in Fig. 12(a) to 12(c). 

The next major change in the curves occurs when X exceeds %, (that 
is, u exceeds 

"1 = -~ + /1+ ~2 - n 
For p < 2, Ul is still less than 1 - (p/2), so that, initially at any rate, 
A is still greater than unity. In addition to the infinity of (32 just dis­
cussed, a further infinity arises between u = 0, and the pole of Zx(u), 
as is seen from Fig. 16(c). (32 increases from zero at u = ° to this infinity, 
thereafter it is negative, until the pole of Zx(u) is reached. Thereupon 
it resumes at (32 = ° and approaches infinity at the zero of the denomina­
tor [Io(u/2)/Il(u/2)] - AZx(u) already discussed. Thus there are now 
two branches of the {32 - U curve; their corresponding traces in the 
{3 - To plane are shown schematically in Fig. 17. (The computations on 
which Fig. 12(a) to 12(c) were based were broken off at u = Ul.) 

A further branch is added each time x increases beyond a number of 
the form (2n + 1)/2 (u increases beyond 

__ P J / p2 p) 
Un - 2 + 11 1 + 4"" - 2n + 1 . 

These all resemble the two branches just discussed, until n > 

t 
/3-

ro --... 

Fig. 17 - Schematic variation of f3- with ro for % < X < %. 
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u -.- ro-'-

Fig. 18 - (a) f3- versus u when 1 - (p/2) < U < Uo. (b) f3- versusro under the 
same circumstances. 

Yz (~ - 1). When this occurs, Un > 1 - (p/2), so that there wm be a 
p 

value U between Un-l and Un beyond which the denominator no longer 
decreases through zero as u ~ 00, but approaches a finite positive value, 
Fig. IS(a). Accordingly (32 approaches a finite positive value, and cut-off 
of the extreme right hand branch, Fig. I6(c), no longer occurs. The cor­
responding ~ versus fo branch is as in Fig. I8(b). 

As n ~ 00 (Un ~ Uo = VI + (p2/4) - p/2) the number of branches 
increases to infinity. This situation resembles that in the completely 
filled waveguide (Part I), where we found an infinity of modes ("Shape­
resonances") in the range Uo < U < 1. In the present case, however, 
they are to be found in the range 1 - p < U < <To • 

When U = <To + 0, X is infinite and negative. The function Zx(u) is 
then constant and equal to unity. A is less than unity, and the denomi­
nator of equation (27) has no zeros. The ~ versus fo curve is now "nor­
mal" again, see Fig. I2(a). As U increases further, the curve falls (since 
A decreases steadily to -1 as U ~ 00), and no more qualitative changes 
occur. 

3.3 Cylindrical Waveguides 

As pointed out before, the fact that the propagation problem in the 
cylindrical case can always be integrated in terms of Whittaker functions 
when the fields show no angular variation is an accident, and in view of 
the lack of numerical tables, not a particularly fortunate one. Only in 
special cases (like that of the slow-wave helix) is the text-book informa­
tion on these functions of any great utility. In general, it will be more 
convenient to solve the differential equations numerically. However, 
for completeness, we shall state some of the formal results for a cylin­
drical waveguide containing a cylinder of circumferentially magnetized 
ferrite, and propagating a TEo mode. 
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First we consider a waveguide, radius ro , into which is fitted a hollow 
cylinder of ferrite, outer radius ro , inner radius rl . In that cylinder, the 
magnetic field Hz may be taken to be a superposition ASxo(2a2r) + 
BRxo(2a2r) where, as before, 

sex) 

x = _(3PIl 
2a2 . 

R(x) 
W(x) 

vx' 

a2 may be either real or positive imaginary. [In choosing this combination 
we depart from the usual practice of taking a superposition of J o and 
No in the isotropic case. Were we to follow this practice, it would be 
necessary to define a new function R xp,(2jx)e j (P,7r/2) + Rxp,( -2jx)e- j P,1r 
to correspond to Np,(x). Our choice corresponds to taking a combination 
of Jo(x) and one of the Hankel functions Ho(x) in the isotropic case. 
Since the functions H, J, N are linearly dependent, this will not affect 
the results.] 

In view of the difference relations, equation (39) in Appendix I, 
and of equation (29) we obtain for the impedance in the ferrite 

jWJ.l.a2 [A(~ - x2)Sxl(2a2r) + B(2x - 1)Rxl(2a2r)] 
((32 - W2J.1.El) [ASxo(2a2r) + BRxo(2a2r)] 

A and B must be adjusted so that this quantity vanishes at ro, the guide 
wall. This gives 

E", - _ (2x - 1)(>:4: - x2) (32 JWJ.l.a: 
Hz - - W J.l.El 

(2X-l)WX.l(2a2rO)1l1x.o(2a2r) - (~- x2)111x.l(2axro)Wx.o(2a2r) . 

In the vacuum, between r = 0 and r = rl, Hz is Io(aor) and the im­
pedance is Ecp/Hz = -j(wJ.l.o/ao)Il(aor)/Io(aor) where 0'0

2 = (32 - W2J.1.EO. 
At r = rl, the ferrite-vacuum interface, the two impedances must be 
equal. Thus we obtain the characteristic equation 

J.l.o I1(aOrl) _ (2 _ 1)(1/' _ 2) a2J.1. 
----- X 74 X 
ao Io(aorl) (32_W2J.1.El 

Wx.l(2a2rO)M x.l(2a2rl) - 111 x.l(2a2ro) W x.l(2a2rl) 

(It is understood that for "normal" waveguide propagation ao will be 
imaginary, and the I will be replaced by J). As a simple illustration we 
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consider the case in which the ferrite cylinder fills the waveguide com­
pletely. E", is then proportional to M Xl (2azr) , and so {3 is determined from 
the condition 

M xl (2azro) = o. 
When "normal" propagation prevails ({3 less than the natural propaga­
tion constant of the medium wVEI/L(l - PH2)) both a2 and X are imagi­
nary, equal to ja2' andjx', say. Under these circumstances little is known 
about the zeros of M. However, it is possible to say something about 
the solution for large radial mode numbers. It follows from Erdelyi 
et al.z 1, p. 278, formula (2), that for large argument 

Mix"l(2jalro) = const·sin[a2'ro + x'log az'ro + x'log 2 + cI> (x') - 7r/4]. 

where q,(x') = arg r(% + jx'). The zeros of this expression are at 

, , , 5n7r' ( ') a2 ro + X log az ro = T - x log 2 - cI> x . n = a large integer 

This equation may be solved graphically by setting az'ro = u, assigning 
values to {3, PH, U (and hence to x', az'). From a solution u one then 
finds 

ro = u/a2'. 

M also has zeros for real a2, x, if x is large enough. Thus the wave­
guide will support waves with a (3z greater than w2/LEI(1 - PH

2
). It is 

shown in Reference 2 (1, p. 289) that when X is between 7~ and %, lJI 
has one zero, when X is between % and %, M has two zeros and so on. 
Suppose that PH is negative, = - I PH I . Then 

{3 I PH I x = y{32 - {3z2' 

For real positive {3, this equation has a solution for {3 if I PH I < x: 

(3 = x{3z 
YXz - PHZ ' 

If % < x < %, M will have a zero u(x) depending on the value of x. 
Thus the equations 

solve the propagation problem parametrically. Similarly when X is 
between % and %, there are two zeros of M given by two functions 
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U1 (x) and 'U2(X). There are now two possjble modes, with the same 
restrictions on PH . An additional mode arises each time X is allowed to 
pass a number of the form (2n + 1)/2. It is to be noted that these 
modes are not confined to the resonance range. For {3 positive, they can 
exist in the range 00 > (J' > (J'o and in the range - (J'o < (J' < o. 

ApPENDIX 1. SOME PnOPEHTIES OF VVHITTAKER FUNCTIONS USED IN 

THIS PAPER 

I. HELATION TO BESSEL FUNCTIONS 

II. DIFFERENCE RELATIONS 

The following results can be obtained either by reference to ErdelyV, 1 
pp. 258, 254, by differentiation and subsequent integration by parts 
of integrals such as 

1'+1/2 -x/2 100 

W x.l'(x) = x e e-XTrl'-x.-l/2(H(1 + r)i'+x.-1/ 2 dr 
r().L + 7~ - x) 0 

or by observing that combinations of the form 

_ /- d Wx,o(X) 
v x dx vx + xWx,o(x) 

satisfy vVhittaker's equation with).L = 1. In the last mentioned method, 
the required constant multiplying the first order vVhittaker function 
can be obtained by reference to the limiting behavior for small x. If 
Rxl' = lYx.l'(x)/Vx and SXI' = Mx.ix)/Vx the results are 

Rxo' + xRxo = (x - ~)Rxl , 
(39) 
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III. ZEROS 

When X = (2n + 1)/2, n = 1, 2 .... , W X.,"/XIl
-

I
/
2 reduces to a 

polynomial times a function of x. This may be inferred from the asymp­
totic expansion, 

W -(x/2) x 
x.1l = e x 

which terminates if J.L = 1 and X = n + Y2 (n = 1,2 ... ), or from the 
fact that for these values of the suffixes, TV reduces to the generalized 
Laguerre polynomial 

L~2J..(3/2) (x). 

Similarly when X = (2n + 1)/2, n = 0, 1,2 .... , W x.o reduces to the 
Laguerre polynomial 

LX-(I/2) (x). 

The zeros at the critical values of X are given in the following table 

x Zeros of IV x. o 

o 
o· 1 
0; 0.586; 3.414 
0; 0.416; 2.294; 6.290 
0; 0.323; 1.746; 4.537; 9.395 
0; 0.26356; 1.413; 3.596; 7.086; 12.641 

Zeros of IV x. I 

None 
o 
0·3 
0~6'2 
0; 1:517; 4.312; 9.171 
0; 1.227; 3.413; 6.903; 12.458 

Between n + Y2 and n + ~~, W x.o has n + 1 zeros (n = 0, 1, 2 ... ) 
and Wx,l has n zeros (n = 1, 2 .... ). 

The zeros of M x.I coincide with those of W x.I when X = n + Y2, and 
at those values of X only. The functions M X•1 and lVx,l then are propor­
tional to each other.* 

IV. THE RICCATI-EQUATION FOR THE IMPEDANCE FUNCTION W x•O/Wx.1• 

The computations concerning the cylindrical helix required a study 
of the function 

Z(u) = Wx,o(u) . 
W x •1(u) 

* At these critical values of x, the solution to the problem of the hollow cyl­
inder of ferrite in the waveguide breaks down, since M and Ware then not in­
dependent. A further independent solution must then be constructed. 
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We will show that Zx(u) satisfies a non-linear first order differential 
equation of Riccati-type. From the difference relations, equation (36), 
we have 

( 
_ 1£) W x.1(u) _ Wx.o'(u) _ 1 + 

X 72 - - X 
Wx.o(u) Wx.o(u) 2u 

1 
g 

say 

and from vVhittaker's equation 

Therefore 

or 

Finally, let 

Then 

~ (Wx.o') + (WX.O')2 + (~ + ~ _ ~) = O. 
du W x •o W x •o 4u2 U 4 

d 1 1 1 (1 ) 2 - - + - + - - - 2x + (X -~) = 0, 
du g g2 g U 

dZ 
du 

dg 
du 

1 + (~ - 2X) g + <x' - X) g'. 

Z = (x - Y2) g(u) 
Wx.o(u) 
Wx .1(u) . 

(x - Yz) + (~ - 2X)Z + (x + Yz) Z'. 
Since this equation is satisfied by .ilfx•o(u)/J.11x •1(u)) as well as by 

W x.o(u)/Wx.1(u), a selection has to be made from all the possible solu­
tions of this equation. We require the one which for large u approaches 
unity. But for large u the equation is 

dZ 
du = (1 - Z) [x - 7~ - (x + Y2) Z], 

whose integral is 

Z = (x - Y2)Ae
U 

- 1 
(x + Y2)Aeu - 1 

For large u, therefore, the solution is either unity, when A = 0, or else 
(x - Y2)/(x + 72'), A :::f: O. The solution with A :::f: 0 corresponds to the 
M functions; that with A = 0 to the W-functions. 
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The case A = 0 was integrated on an analogue-computer, and the 
results are shown in Fig. 14(b). The computation was restricted to the 
range I X I < %. Beyond these values, the helix-problem was discussed 
only qualitatively. 
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Part I of this paper dealt with various idealized transmission characteris­
tics and with methods of evaluating pulse distortion resulting from various 
system imperfections. In Part II the resultant transmission impairments or 
limitations on pulse transmission rates are discussed for systems with low­
pass, symmetrical band-pass and asymmetrical band-pass characteristics, 
and a comparison made of the transmission performance of double and 
vestigial sideband systems. The limitation on channel capacity imposed by 
random imperfections in the transmission1requency characteristic, as com­
pared to random noise, is also discussed. 

12. IMPULSE CHARACTERISTICS AND PULSE TRAIN ENVELOPES 

In pulse modulation systems pulses are transmitted in various com­
binations to form pulse trains, and at the receiving end the envelope of 
the pulse train is sampled at regular intervals to determine the ampli­
tudes of the transmitted pulses. As a result of pulse overlaps there may 
be appreciable distortion of the pulse train envelope, which may cause 
errors in reception or noise, depending on the type of system. To evalu­
ate transmission impairments, or limitations imposed on transmission 
capacity to avoid excessive transmission impairments from pulse dis­
tortion, it is necessary to establish basic relations between the impulse 
characteristic of the system and the envelope of the received pulse train. 

In Fig. 42 are shown three transmitted pulses of different peak ampli­
tudes, A-I, Ao and Al , transmitted at intervals T with the first and third 

987 
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pulse overlapping into the middle pulse. The instantaneous amplitude 
of the received train at a time to referred to the peak amplitude of the 
middle pulse is 

W(to) = A_1PCto - r) + AoP(to) + A1P(to + r), 
1 

= 2: AnP(to + nr). 
(12.01) 

n=-l 

When the sequence of pulses transmitted at uniform intervals r extends 
between n = - 00 and 00, the instantaneous amplitude of the pulse 
train at time to is 

co 

W(lo) = 2: AnP(to + nr). (12.02) 
n~co 

The above equation gives the instantaneous value W(to) for any se­
lected combination of transmitted pulses. The transmitted pulses may 
have any value within certain limits, as when they represent signal 
samples in a pulse amplitude modulation system, or may assume two or 

AMPLITUDES OF TRANSMITTED PULSES 

-T o T 

W(t)=A_,P(t+r) +AoP(t)+A1P(t-T) 

Fig. 42 - Formulation of expression for pulse train envelope in terms of im­
pulse characteristic and amplitudes of transmitted pulses. 



THEORETICAL FUNDAMENTALS OF PULSE TRANSMISSION 989 

more discrete values as in pulse code modulation systems. In pulse posi­
tion modulation, An = 0 except at the instants pulses of a given ampli­
tude are transmitted, and n may not necessarily be an integer. In pulse 
duration modulation, An = lover the intervals nr of varying duration 
in which pulses are transmitted, and zero otherwise. Equation (12.02) 
is thus a general formulation of the wave shape of a received pulse train, 
applicable to various pulse modulation methods. 

Inserting (2.09) in (12.02) with R_ + R+ = Rand Q_ - Q+ = Q 
and taking Y;r = 0 without loss of generality 

W(to) 

co 

L An[cos wr(to + nr)R(to + nr) + sin wr(to + nr)Q(to + nr)], 
n=-oo 

00 

cos wrto L An[cos wrnrR(to + nr) + sin wrnrQ(to + nr)] 

00 

+ sin wrto L An[cos wrnrQ(to + nr) - sin wrnrR(to + nr)]. 

The envelope of the wave at the sampling instant to = 0 is 

W(O) = (R2 + (/)1/2, 

00 

R = L An[cos wrnrR(nr) + sin wrnrQ(nr)], 
-00 

00 

Q = L: An[cos wrnrQ(nr) - sin wrnrR(nr)]. 

For the particular case of a low-pass system 

Q = 0, and Wr = 0, 

so that 
00 

W(O) = L: AnP(nr). 
n=-oo 

(12.03) 

(12.04) 

(12.05) 

(12.06) 

A band-pass characteristic can be obtained with the aid of band-pass 
filters at the transmitting or receiving ends, or at both ends of a system, 
and the equations developed previously for the impulse characteristic 
tacitly assumed such an arrangement. Equivalent performance can, 
however, also be secured by methods which are usually employed in 
practice, and to which the equations ·also apply. Impulses can thus be 
applied to a low-pass pulse shaping network or filter, and the output used 
to modulate a carrier. There will then be a symmetrical distribution of 
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sidebands with respect to the carrier, equivalent to a band-pass charac­
teristic, with the spectrum of the sideband frequencies determined by 
the characteristic of the low-pass filter. The equivalent of an asymmetrical 
band-pass characteristic can be obtained by suppressing part of the upper 
or lower sideband with the aid of filters. 

Although the mathematical formulation with both methods is es­
sentially the same when Wr is identified with the carrier frequency We, 
with impulse excitation the phase of Wr is fixed in relation to the envelope 
but is independent of it with carrier modulation. By proper choice of 
the pulse interval T in (12.03), such that cos Wr (to + nT) = cos wrto or 
WrT = 27rm, m = 0, 1, 2 ... it is possible with impulse excitation to 
obtain the same relation between the reference or carrier frequency as 
when the output of a low-pass filter is used to modulate a carrier. In the 
above case the pulses are transmitted at intervals r = mlfr = mlfe, 
corresponding to multiples of the duration of a carrier cycle. Since the 
duration of a carrier cycle is ordinarily small in relation to the pulse 
interval, there is essentially no important difference in the rate at which 
pulses can be transmitted with the above two methods. However, with 
band-pass filters the exact relationship of pulse intervals to the carrier 
frequency may be difficult to maintain with simple instrumentation, 
while this is no problem with carrier modulation. For this reason, and 
since the performance is otherwise equivalent, only the basic relation­
ships with carrier modulation will be discussed further. 

Assuming that cos wr(to + nr) = cos wrto, as discussed above, equa­
tion (12.03) becomes 

W(to) 

~ ~ 

= cos wrto L AnR(to + nr) + sin wrto L AnQ(to + nr). (12.07) 
-~ -00 

The envelope at the sampling point is accordingly 

([ ~ J2 [ 00 J2)1/2 
W(O) = ~ AnR(nr) + ~ AnQ(nr) . (12.08) 

In ideal transmission systems there would be no pulse overlaps or 
intersymbol interference, and the amplitude of the pulse train at the 
sampling instant would be 

(12.09) 

This condition could be realized with sufficient pulse spacing. However, 
the objective in the design of efficient pulse systems is to determine the 
minimum pulse spacing consistent with tolerable intersymbol inter-

'-. 
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ference and thus the maximum transmission capacity or optimum per­
formance in other respects for a given bandwidth. In the following sec­
tions this problem is discussed further. 

13. TRANSMISSION LIMITATIONS IN SYMMETRICAL SYSTEMS 

In a symmetrical system the amplitude characteristic has even sym­
metry and the phase characteristic odd symmetry with respect to a 
properly chosen frequency. A low-pass transmission system is thus 
symmetrical with respect to zero frequency, when the negative fre­
quency range is included. A double sideband system is symmetrical if 
the amplitude characteristic has even and the phase characteristic odd 
symmetry with respect to the mid-band frequency. 

Equation (12.06) applying to a low-pass system or baseband trans­
mission may be written 

00 

W(O) = AoP(O) + L [AnP(nT) + A_nP( -nT)]. 
n=l ' 

(13.01) 

Let it be assumed that pulses of varying but, discrete amplitudes are 
transmitted, with a maximum peak amplitude equal to Amax: and a 
minimum peak amplitude Amin . If q pulse amplitudes are employed, 
the difference between peak amplitudes is then (Amax: - Amin)/(q - 1). 
Let p+ designate positive values of penT) and P- the absolute value of 
negative amplitudes. 

The maximum value of vV(O) when a pulse of amplitude Ao is trans­
mitted at the sampling point n = 0 is then 

00 

lVmax = AoP(O) + L Amax[P+(nT) + p+( -nT)] 
n=l 

00 
(13.02) 

- L Amin[P-(nT) + P-( -nT)] 
n=l 

The minimum amplitude of W(O) when a pulse of the next higher am­
plitude Ao + (Amax - Amin)/(q - 1) is transmitted becomes 

Wmin = (Ao + Amax - Amin) P(O) 
q - 1 

00 

L Amax [P-(nT) + P-( -nT)] (13.03) 
n=l 

00 

+ 2: Aroin [p+ (nT) + p+( -nT)]. 
n=l 

To permit distinction between the two pulse peaks it is necessary that 
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rv min be greater than W max:. The difference AI = W min - TV max: , 
which represents the margin for distinction between pulse amplitudes, 
becomes . 

}JII = Amax - Amin P(O) - (Amax: - Amin) ± [P+(nT) 
q - 1 n=! (13.04) 

or: 

111 = (Am~ - Amin) [:~0)1 - t, I penT) I + I P(-nr) I], (13.05) 

where I P(± nT) I designates the absolute values of the impulse charac­
teristic. 

Equation (13.05) shows that for a given value of q the margin depends 
on the maximum pulse excursion Amax: - Amin and is thus the same with 
Amax = 1 and Amin = 0 as with Amax: = 0.5 and Amin = -0.5. As an 
example, equation (13.05) shows that with two pulse amplitudes, q = 2, 
it is possible to distinguish between pulses and spaces, or between posi­
tive and negative pulses, if the sum of the absolute values of the impulse 
characteristic at all the sampling points, excluding 0, is less than the 
amplitude P(O) of the impulse at sampling point O. 

The maximum margin against errors is obtained without pulse over­
laps, i.e. when the summation term in (13.05) is zero, and is 

P(O) 
Mmax. = (Amax. - Amin) --1. 

q-
(13.06) 

The ratio of the margin M as given by (13.05) to the maximum margin 
becomes: 

q - 1 ~ 
MIMmax = 1 - P(O) ~! I penT) 1+ IP( -nT) /. (13.07) 

This equation may be employed to determine the maximum possible 
pulsing rate for a given impulse characteristic and number of pulse 
amplitudes, obtained when MIJJlmax: = 0, or to determine the margin 
for a given pulse transmission rate. An example of the latter application 
is illustrated in Fig. 43, which shows the margin M I M max: in per cent, 
obtained when (13.07) with q = 2 is applied to the curves shown in 
Fig. 23 for various degrees of delay distortion. The pulse interval is 
taken as T = 1/2!! = 1/!max, where!! is the frequency at the 6 db down 
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point on the amplitude characteristic and fmax = 2f1. Under this con­
dition there is no intersymbol interference in the absence of phase dis­
tortion. 

The above equations apply to peak intersymbol interference, obtained 
by taking the maximum positive and negative values of the summation 
term in (13.01). As discussed in previous sections, certain types of trans­
mission system imperfections give rise to pulse distortion extending over 
long time intervals, such as fine structure deviations over the transmis­
sion band, a low-frequency cut-off and pronounced band-edge phase 
deviations. Evaluation of peak intersymbol interference is then rather 
difficult, and a more convenient approximate method is to evaluate 
rms intersymbol interference, which can be related to rms deviation in 
the transmission frequency characteristic by methods discussed previ­
ously. Peak intersymbol interference may then be estimated by applying 
a peak factor between 3 and 4, depending on the type of transmission 
distortion. 

If Po(nr) designates an ideal impulse characteristic, which is zero for 
n = ±1, ±2 etc., the deviation from the ideal envelope of a pulse 
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Fig. 43 - Margin against excessive peak interference in systems employing 
two pulse amplitudes with intervals between pulses 7 = 71 = 1/2fl = l/fmax. for 
impulse transmission characteristic as shown in Fig. 23. 
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train may be written 
00 

AW(O) = lV(O) - Wo(O) = L An[P(nT) - PO(nT)]. (13.08) 
n=-oo 

The rms deviation becomes, with AP(nT) = PenT) - PO(nT) 

~W(o) = 4 (~ [t.P(m)]2f, 

~ 4 G 1: [M'(t)]2 dtf, 
= AP(O) Q. 

(13.09) 

(13.10) 

(13.11) 

A is the rms amplitude of the transmitted pulses and rz the rms inter­
symbol interference referred to unit amplitude of the received pulses. 
Expressions for 7J applying to fine structure imperfections in the trans­
mission frequency characteristic ,vere given in Section 8, for a low-fre­
quency cut:-off in Section 9 and for band-edge phase deviations in Sec­
tion 10. 

For balanced pulse systems employing positive and negative pulses, 
rms intersymbol interference in the positive and negative directions will 
be equal. For such systems the maximum value of the summation in 
(13.02) becomes k1f(O) and in (13.03) -k1f(O), where k is the peak 
factor. Equation (13.04) is then replaced by 

M = Amax - tmin P(O) - 2kAP(0)!I, 
q-

= 2Am =P(O) [q ~ 1 - k!!(41Am=)], 
when Amin = - Amax . 

(13.12) 

In a balanced pulse system employing q pulse amplitudes, i.e., q/2 
positive and q/2 negative amplitudes, with equal steps 2Amax/(q - 1) 
between pulse amplitudes, the following relation applies if all ampli­
tudes have equal probability. 

[ 
q + 1 J1

/
2 

AIAmax = 3(q - 1) . (13.13) 

Hence, 

M = 2A
q
m:PiO) [1 - k (q' ; 1 f !! J . (13.14) 

As mentioned before, the factor k may be as high as 4, in which case the 
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maximum tolerable rms intersymbol interference Tj referred to unit peak 
amplitude of the received pulses becomes for 1v1 = 0: 

q ~ 

fj = 0.25 

4 

0.112 

~ 

0.054 

In (13.14) and in the above table, g is the maximum tolerable rms 
intersymbol interference from all sources, such as fine structure imper­
fections over the transmission band, band-edge phase distortion and a 
low-frequency cut-off. Interference from these various sources may be 
combined on a root-sum-square basis. 

In the above evaluation of rms intersymbol interference a balanced 
pulse system was assumed. An unbalanced system can be obtained by 
superposing on a balanced system an infinite sequence of pulses of equal 
amplitude and polarity at uniform intervals as indicated in Fig. 44. This 
superposed system will give rise to a fixed intersymbol interference or 
displacement of the received pulse train, which does not alter the margin 
for distinction between pulse amplitudes and 'which can be corrected by 
a fixed bias at the receiving end if necessary. For this reaSOIl, in the case 

D D n D D n D 

(a) 
BALANCED PULSE TRAIN WITH 

EQUAL MAXIMUM AMPLITUDES OF 
POSITIVE AND NEGATIVE PULSES 

(b) 
SUPERPOSED INFINITE PULSE TRAIN 

(e) 
UNBALANCED PULSE TRAIN 

(a) + (b) 

Fig. 44 Derivation of an unbalanced from a balanced pulse train by super­
position of an infinite train of pulses of equal amplitude. 
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of an unbalanced system, only the balanced component need to be con­
sidered in evaluating rms intersymbol interference, which will thus be 
the same whether or not the system is balanced. As shown previously, 
peak intersymbol intcrference, or the margin for distinction between 
pulse amplitudes, depends only on the peak to peak pulse excursion and 
is thus the same for unbalanced as for balanced systems. It may be 
noted here that for a balanced systcm the transmitted power is a mini­
mum for a given margin in pulse reception, as is the interference in other 
systems that may be caused by the transmitted pulses. 

For a symmetrical band-pass system, rather than a low-pass system 
as discussed above, Q(nT) = 0 in (12.08). The envelope of the pulse 
train then becomes 

00 

W(O) = L AnR(nT), (13.15) 
n=-oo 

where R(nT) = R_(nT) + R+(nT) = 2R+(nT), with R_ and R+ given by 
(2.10). 

Since (13.15) is of the same form as (13.01), the relationships estab­
lished above for low-pass systems also apply to symmetrical band-pass 
systems, with R(nT) replacing PenT). R(nT) will have the same shape as 
PenT), but will be greater by a factor 2, which will appear as a multiplier 
in the various expressions and hence not alter the requirements on toler­
able pulse distortion or intersymbol interference. 

14. TRANSMISSION LIMITATIONS IN ASYMMETRICAL SIDEBAND SYSTEMS 

The formulation of transmission limitations imposed by pulse distor­
tion in asymmetrical sideband systems is complicated by the presence 
of the quadrature component in the impulse transmission characteristic. 
Of particular interest are the transmission limitations with vestigial 
sideband as compared with double sideband transmission, assuming the 
same bandpass characteristic in both cases, a question which has been 
dealt with in literature for systems with a linear phase characteristic4

: 11 

Relationships (2.18) and (2.19) facilitate a comparison also for systems 
with phase distortion, as shown in the following. 

If the envelope of the impulse characteristic with double sideband 
transmission is P(t), the in-phase and quadrature components with 
vestigial sideband transmission are given by (2.19), with Wy Ws or 

R = R_ + R+ = cos (wst - 1/;s) P(t), 

Q = Q- - Q+ = sin (wst - 1/;s) pet). 
(14.01) 
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If t is so chosen that wst - 1/;s = 0, and the time with respect to this 
value of t is designated to , then 

RCto) = cos wstoPCto), 
C14.02) 

QUo) = sin wstopCto). 

An application of this method to the impulse characteristic shown in 
Fig. 23 for b = 15 radians is illustrated in Fig. 45. 

In order to compare vestigial with double sideband transmission, it 
suffices to evaluate the in-phase and quadrature components at the 
sampling instants. vVith 7" = 7r/2ws =1/4J.~, thein-phase and quadrature 
components at times m7", for m = ° ±1, ±2, etc., will be as illustrated 
in Fig. 46. 
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Fig. 45 - Determination of in-phase and quadrature components of impulse 

characteristic for vestigial side-band transmission. 
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With double sideband transmission, pulses would be transmitted at 
the points rn = 0, ±2, ±4, etc. At these· points the quadrature com­
ponents vanish, as indicated in the above figure, and the in-phase com­
ponents are the same in amplitude as with double sideband transmission. 
Thus, if pulses were transmitted at the same rate as with double side­
band transmission, the sum of the absolute values of the in-phase com­
ponents at the sampling points would be identical with the sum of the 
absolute values of the envelope with double sideband transmission. It 
follows from the criteria established in Section 13 that for this particular 
pulse transmission rate the effect of pulse distortion would be the same 
with both transmission methods. With an ideal transmission frequency 

TRANSMISSION 
FREQUENCY 
CHARACTE R I STiC 

pet) = ENVELOPE OF IMPULSE CHARACTERISTIC 

R = IN-PHASE COMPONENTS AT SAMPLING INSTANTS 

Q = QUADRATURE COMPONENTS AT SAMPLING INSTANTS 

T = 1jws = PULSE INTERVALS WITH DOUBLE SIDE BAND TRANSMISSION 

Fig. 46 - In-phase and quadrature components of impulse characteristic with 
vestigial side-band transmission. 
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characteristic having a linear phase shift, there would be no intersymbol 
interference with either method for the above rate of pulse transmission. 

Assume next that the pulse transmission rate is doubled and that the 
quadrature component is eliminated. This is possible if the carrier fre­
quency is transmitted and is derived at the receiving end with the aid 
of filters and applied in proper phase to a product demodulator, a method 
known as homodyne detection. At the points m = 1, 3, 5, etc., there 
would then be no quadrature components and no in-phase components. 
The sum of the absolute values of the in-phase components at the other 
sampling points, m = 2, 4, etc., would be the same as with double side­
band transmission. It follows that the transmission capacity (pulsing 
rate) can bc doubled by vestigial sideband transmission if the quadrature 
component is eliminated by homodyne detection, for the same margin 
against excessive intersymbol interference as with double sideband 
transmission. 

An increase in transmission capacity can be realized with vestigial 
sideband transmission without elimination of the quadrature component 
by homodyne detection, although a two-fold increase is then possible 
only if the phase characteristic is linear, as discussed below. Vestigial 
sideband transmission can be employed without transmission of the 
carrier, or with a fixed level of carrier in the absence of pulses and a 
higher level in the presence of pulses. The latter method is equivalent 
to the transmission of two or more pulse amplitudes, with the minimum 
amplitude greater than zero. With this method the effect of the quadra­
ture component on the envelope of a pulse train can be reduced, and 
even eliminated provided the phase characteristic is linear. In the follow­
ing, vestigial sideband transmission with two pulse amplitudes at twice 
the double sideband pulsing rate is discussed, for the case in which the 
minimum pulse amplitude is finite rather than zero. 

With pulses transmitted at twice the double sideband rate, i.e., with 
the interval between pulses equal to r = 7r/2ws , equation (12.08) for 
the envelope becomes in view of (14.02) 

W(O) 

([ 

00 J2 [ 00 J2)1/2 
= ~ An cos wsnrP(nr) + ~ An sin wsnrP(nr) . (14.03) 

At the even sampling points, i.e., n = 0, 2, 4 ... , cos wsnr = ± 1 and 
the in-phase components may be written 

R(±2mr) = ±P(±2mr), m = 0,1,2 ... 

At the odd sampling points, i.e., n = 1, 3, 5 ... ~ sin wsnr = ± 1 and 
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the quadrature components may be written 

Q[±(2m - 1)7] = ±P[±(2m - l)T], m = 1,2,3 
Let 

00 

LR+ = L [R+(2mT) + R+( -2m7)], 
m=l 

00 

LR- = L [R-(2mT) + R-( -2mT)], 
m=l 

(14.04) 
co 

LQ+ = L Q+[(2m - 1h] + Q+[ - (2m - 1)7], 
m=l 

00 

LQ- = L Q-[(2m - 1h] + Q-[ - (2m - 1h], 
m=l 

where R+, Q+ designate positive values and R-, Q- the absolute values 
of negative amplitudes of the in-phase and quadrature components. 

Let it be assumed that two pulse amplitudes are employed, Amin and 
Amax; . vVhen the minimum amplitude is transmitted, the maximum value 
of the envelope is obtained by considering the maximum positive over­
laps of the in-phase components in conjunction with the maximum value 
of the quadrature component. The value thus obtained is 

W max; = [(Amin R(O) + Amax LR+)2 
(14.05) + (Amax; LQ- - Amin LQ+)2]1/2 

It is assumed that LQ- > LQ+, otherwise Q- and Q+ would be inter­
changed in the last term. 

When the maximum amplitude is transmitted, the minimum value of 
the envelope is obtained by considering the maximum negative overlaps 
of the in-phase components, in conjunction with the minimum value of 
the quadrature component, which gives 

The margin for distinction between Amin and AmaJ(. is M = W min -

W max and becomes 

M = Amax [(R(O) - LR-)2 + J.t2(LQ+ - LQ-)2r/2 

- Amax [(J.tR(O) + LR+)2 + CLQ- - J.tLQ+)2] 1/2, 
(14.07) 

where 
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The margin for a unit difference Amax - Amin , i.e. lv1l = lv1/(Amax 

- Amin) becomes: 

1v1l = _1_ ([(R(O) - LR-)2 + IL2(LQ- _ LQ+)2]1/2 
1 - IL (14.08) 

- [(ILR(O) + LR+)2 + (LQ- - ILLQ+)2]1/2). 

The special case of an ideal transmission characteristic as shown in 
Fig. 47 will be considered first. In this case 

R(O) = 1 

so that: 

R(2r) = 0 

R(4r) = 0 

Q(r) = 0.5 

Q(3r) = 0 

R(-2r) = 0 

R(-4r) = 0 

Q(-r) = -0.5 

Q( -3r) = 0 

Equation (14.08) in this case simplifies to 

1 ( [2 1 2J1/
2
) 1111 = 1 _ IL 1 - IL + 4; (1 - IL) . (14.09) 

For various values of IL = Amin/ Amax the margin for unit difference in 

1.0 

p(o) = 1.0 

P{r) = 0.5 

P(2r) = 0 
P(3r) == 0 

Fig. 47 - Envelope of idealized impulse characteristic. 
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pulse amplitudes becomes: 

p. ..................... 0 0.2 0.3 0.5 0.8 0.9 1.0 
Af1 .................... 0.50 0.69 0.77 0.87 0.96 0.998 1.0 

Thus, for an ideal impulse characteristic as assumed above, the 
quadrature component gives rise to 50 per cent maximum intersymbol 
with p. = 0, and to negligible intersymbol interference when p. \./"\ 0.8 or 
greater. By way of comparison, the margin would be zero with double 
sideband transmission at the rate assumed above, i.e., twice the normal 
double sideband rate. This follows from (13.07) ,yhen it is considered 
that P(±r) = Yz P(O), P(±2r) = 0, so that the sum of the absolute 
values of the impUlse characteristic at the sampling points is equal to 
P(O) and thus 111/Afmax = O. 

Elimination of the effect of the quadrature component by the above 
method is contingent on a symmetrical impulse characteristic, i.e., 
P(nr) = P( -nr), a condition which can be realized only with a linear 
phase shift. Furthermore, the in-phase components must vanish at the 
sampling points, which entails an ideal amplitude characteristic. In the 
presence of phase distortion the effect of the quadrature component 
cannot be eliminated but may be reduced by proper choice of the ratio 
p., as discussed below for a transmission characteristic with moderate 
phase distortion. 

As an example consider an impulse characteristic as shown in Fig. 23 
for b = 5 radians. The in-phase and quadrature components at the 
various sampling points are in this case 

R(O) = 0.97 

Hence 

R( -2r) = -0.09 

R( -4r) \./"\ 0 

Q(-r) = -0.54 

Q( -3r) \./"\ 0 

Q( -5r) \./"\ 0 

Equation (14.08) in this case becomes 

R(2r) = 0.13 

R(4r) \./"\ 0 

Q(r) = 0.44 

Q(3r) = -0.03 

Q(5r) \./"\ 0 

Af1 = _1_ ((0.882 + 0.132p.2)1/2 - [(0.97p. + 0.13)2 
1 - p. 
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For various values of p. = Amin/ Amax the margin for unit difference in 
pulse amplitudes becomes 

p. ............• 0 0.2 0.3 0.4 0.5 0.6 0.7 0.75 
kl1 ....... ...•• 0.30 0.375 0.40 0.375 0.34 0.25. 0.13 0 

'The optimum condition is thus in the above particular case obtained 
with p. \/\ 0.3, with a comparatively small variation in transmission per­
formance for any value of p. between 0 and 0.5. 

In the above discussion of vestigial sideband transmission, modulation 
of a carrier was assumed, with elimination of one sideband except for the 
wanted vestige. The equivalent performance can be secured by applica­
tion of impulses to a band-pass transmission characteristic with the 
proper interval between pulses in relation to the midband frequency, as 
discussed below: 

When equation (12.03) is ,vritten with respect to the midband fre­
quency, Wr = Wm , and a symmetrical amplitude characteristic is assumed 
so that Q = 0, the following relation obtained. 

00 

vV(to) = cos wmtO L An cos wmnrR(to + nr) 

00 
(14.10) 

- sin wmtO L An sin wmnrR(to + nr), 
n=-oo 

in which R may be replaced by P, the envelope or the impulse charac­
teristic. 

Let it be assumed that r is so chosen that cos Wmnr = cos n7r/2 in 
which case sin Wnnr = sin n7r/2. The above equation then becomes 

00 

W(lo) = cos wmlo L AnP(to + nr) cos n7r/2 
n=-oo 

00 
(14.11) 

- sin wmto L AnP(to + nr) sin n7r/2. 
n=-oo 

The in-phase and quadrature components of the envelope at the sampling 
instant to = 0 are accordingly 

00 

R(O) L AnP(nr) cos n7r/2, 

00 
(14.12) 

Q(O) = L AnP(nr) sin n7r/2. 
n::::::l-oo 

Pulses in even positions, i.e., A o, A 2 , A4 , etc., will thus contribute an 
in-phase but no quadrature component ,,,,hile pulses in odd positions 
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AI, A 3 , A 5 , etc., will contribute a quadrature but no in-phase com­
ponent. It will be recognized from Fig. 42 that this is the same condition 
as encountered in vestigial sideband transmission with pulses in the 
latter case transmitted at intervals r = 7r /2ws = 1/4 fs . 

To realize the above condition with pulses applied to a band-pass filter, 
it is necessary that in (14.10) . 

Wmnr = n7rO,~ + N), 

where N is an integer, or that 

7r(1 + 2N) 
r= 

1 + 2N 
4fm 

(14.13) 

(14.14) 

The interval between pulses must thus be an integral number of half­
cycles plus one quarter cycle of the midband frequency f m , as illustrated 
for a particular case in Fig. 48. When.f m is large in relation to the side­
band frequency this condition can be achieved with substantially the 
same pulse spacing as with vestigial sideband transmission. To secure 
exactly the same rate of pulse transmission it is necessary that 

r = 1/4f8, 

which, in conjunction with (14.14), gives 

N = ! (fm/f8 - 1). (14.15) 

Thus, if f m = 5f8 , N = 2 and the interval r between pulses as obtained 
from (14.14) is 1.25 cycles of fm . If fm = 10fs, N = 4.5 and it is not 
possible to have exactly the same pulsing rate as with vestigial sideband 
transmission, since N must be an integer. It is then necessary to take 
N = 4 or 5. With N = 4 equation (14.14) gives r = 9/40fs and with 
N = 5, r = 11/40fs. This compares with r = 1/4fs = 10/40fs with 
vestigial sideband transmission, so that there is a minor difference in 
pulse intervals with the two methods. 

15. DOUBLE VERSUS VESTIGIAL SIDEBAND SYSTEMS 

From the preceding discussion it follows that, for the Eame bandwidth 
and margin against interference from characteristic distortion, a two­
fold increase in transmission capacity can be approached with vestigial 
over double sideband transmission. This assumes that the carrier is 
transmitted at the proper level and that the phase characteristic is 
linear, or that otherwise homodyne detection is used to cancel the effect 
of the quadrature component. 
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For the same bandwidth, the same transmission capacity can be 
realized with a double sideband system employing four pulse amplitudes 
as with a vestigial sideband system with two pulse amplitudes. However, 
the latter type of system 'will have a greater tolerance to interference 
from characteristic distortion than the former. This follows when it is 
considered that in a quaternary system the maximum tolerable inter­
ference is !i the maximum pulse amplitude, as compared to ~ the maxi­
mum pulse amplitude in a binary system. With f.L = Amini Am l1.x = 0, 
the quadrature component reduces the margin by a factor of 0.5, so that 
the maximum tolerable interference in relation to the maximum pulse 

-- PULSE TRANSMITTED IN POSITION n = -1 
---- PULSE TRANSMITTED IN POSITION n = 1 
--- RESULTANT ENVELOPE 

Fig. ~8 - II?pulse exitatio.n .of b.and-pass system with pulse spacing selected 
to prOVIde eqmvalent of vestIgIal SIde-band transmission. 
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amplitude is !i as compared to ~ for a quaternary system. If the phase 
characteristic is linear and the carrier is transmitted at the optimum 
level, or if homodyne detection is used, the effect of the quadrature com­
ponent is cancelled. The maximum tolerable interference is then 1/:2 as 
compared with ~i for a quarternary double sideband system. 

In the presence of phase distortion, a substantial advantage can also 
be realized with a binary vestigial system, which can be illustrated by 
considering the example in Section 14. For the optimum condition J.l = 
0.4, the margin is reduced by a factor 0.4 and is thus 0.2. For a quater­
nary double sideband system the factor by which the margin is reduced 
is given by (13.07), with q = 4 and with 

P~O) t,/ penT) / + / P( -nT) / = R~O) [L R+ + L R-], 

where R(O) = 0.97, LR+ = 0.13 and LR- = 0.09, as in the example 
in Section 14. The reduction in margin thus obtained is 111/ M max. = 

0.32. Hence the maximum tolerable interference for a quarternary double 
sideband system is 0.32/6 = 0.053 as compared with 0.20 for a binary 
vestigial sideband system under the optimum condition J.l = 0.4. 

For the same transmission capacity and same number of pulse ampli­
tudes, a substantial transmission advantage may be realized with ves­
tigial over double sideband transmission in circuits with pronounced 
phase distortion, owing to the circumstance that a two-fold reduction 
in bandwidth with vestigial sideband transmission may afford a sub-
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Fig. 49 - Comparison of double and vestigial side-band transmission in the 
presence of delay distortion. 
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stantial reduction in delay distortion over the transmission band. This 
is illustrated in Fig. 49, where a cosine variation in transmission delay 
is assumed. vVith a two-fold reduction in bandwidth, the product 
d' max!' rna" for vestigial sideband transmission is about 15 per cent of the 
product dmaxfrnax for double sideband transmission. Thus, with drnaxfrnax 
= 8.3, d'maxf'rna" = 1.25, corresponding to b = 5 radians, as assumed in 
the example in Section 14. Vestigial sideband transmission is in this case 
feasible with an adequate margin, about 40 per cent of the maximum 
margin in the absence of phase distortion. Double sideband transmission 
would not be possible, as is evident from Fig. 43, since it "would be neces­
sary to have dmaxima" less than 4, as compared with 8.3 in the above case. 

The above discussion of vestigial vs double sideband transmission 
pertains to the effects of characteristic distortion rather than noise, and 
the relative complexity of terminal equipment was disregarded. Because 
of the simpler terminal equipment with double sideband transmission, 
this method is ordinarily used where bandwidth is not a primary con­
sideration, as for example in providing a number of telegraph i channels 
over a voice frequency circuit. . 

16. LIMITATION ON CHANNEL CAPACITY BY CHARACTERISTIC DISTORTION 

For an idealized channel of bandwidthfr with a transmission-frequency 
characteristic as shown in Fig. 7, the transmission capacity in bits per 
second for a signal of average power P in the presence of random noise 
of average power N can with sufficiently complicated encoding methods 
approach the limiting value given by Shannon:12 

C = fr log2 (1 + PIN). (16.01) 

The above expression also applies to certain other idealized channels 
with a linear phase characteristic, when fr is defined as in Fig. 10. In all 
of these cases the integral of the area under the amplitude characteristic, 
or the equivalent bandwidth, is 11 . 

By way of comparison, for pulse code modulation systems the channel 
capacity is of the same basic form as (16.01), namely13: 

C = /. log, (1 + I{N) , (16.02) 

where I( \/\ 8. Thus about an 8-fold increase in signal power is required 
to attain the same channel capacity as with the idealized but imprac­
ticable encoding system underlying (16.01). 

The above expressions give the limitation on channel capacity imposed 
by random noise. From the discussion in Sections 13 and 14 it follows 
that a limitation is placed on channel capacity by characteristic distor-
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tion, in the absence of noise. In idealized communication theory, charac­
teristic distortion has been disregarded in determining channel capacity 
on the premise that unlike random noise it is predictable and can there­
fore be corrected, at least in principle. In actual systems, however, com­
plete elimination though possible in principle cannot be accomplished in 
practice. The resultant limitation on transmission capacity may be as 
important as that imposed by the maximum signal power that can 
actually be provided to override noise. 

In the following it will be assumed that correction of amplitude and 
phase deviations is made by equalization, so that the amplitude and 
phase characteristics are as assumed for an ideal channel, except for 
small fine structure residual deviations as illustrated in Fig. 30. These 
small fine structure deviations may be regarded as of random nature in 
the sense that they differ among channels and cannot be predicted, 
although for a given system they would remain fixed in the absence of 
temperature variations or changes in amplifiers with age. 

From equation (13.12) it follows that the maximum number of pulse 
amplitudes or quantizing levels as limited by characteristic distortion is 
obtained from the relation 

1 
q - 1 lefJ£1/Amax' (16.03) 

or 

(16.04) 

In the absence of characteristic distortion, the maximum number of 
pulse amplitudes as limited by an rms noise amplitude An or a peak 
noise amplitude leAn is obtained from the following relation for a bal­
anced pulse system. 

kAn, (16.05) 

or 

A 
q = 1 + -=- Amax/A. 

kAn -
(16.06) 

Comparison of (16.04) and (16.06) shows the following equivalence 
between intersymbol interference and noise from the standpoint of 
limitation on the permissible number of pulse amplitudes 

(16.07) 
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or 

rl = D = NIP. (16.08) 

This means that random characteristic distortion has the same effect 
as a random noise power N = DP, where D is a distortion factor. 

In view of the above equivalence, the channel capacity of a PCM 
system in the presence of random characteristic distortion, but without 
noise, as obtained by substitution of (16.08) in (16.02) becomes 

C = f, log, (1 + K~). (16.09) 

With random interference from both characteristic distortion and noise, 
the interfering powers add directly, so that for a PCM system 

C = f.log, (1 + K(D ~ NIP))· (16.10) 

The equivalence (16.08) was established above on the basis of discrete 
pulse amplitudes, but it is independent of q and would thus apply also 
for continuous signals. On this basis it would apply for any method of 
modulation or of encoding signals and the maximum channel capacity 
as given by (16.01) would be modified to 

C = fdog, (1 + D /NIP)' (16.11) 

It follows from the above that for any modulation method the toler­
able distortion factor is directly related to the average signal-to-noise 
ratio. Thus two modulation methods which are equivalent from the 
standpoint of signal-to-noise ratio are also equivalent from the standpoint 
of tolerable rms distortion, provided faithful reproduction of the trans­
mitted signal is required, as assumed here. 

From (8.14) the following relation is obtained between the distortion 
factor D = rl and small rms deviations ~ (nepers) and Q (radians) in the 
amplitude and phase charactedstics 

D = '3:.
2 + ~2. (16.12) 

In order that characteristic distortion may be disregarded in compari­
son with noise, it is necessary that D « NIP or 

'3:.
2 + ~2 « NIP. (16.13) 

For example, in communication systems employing the same band­
width as the original signal, such as a pulse amplitude modulation sys­
tem, a representative signal-to-noise ratio would be about 40 db, or 
NIP = 10-4

• In order that characteristic distortion may be disregarded 
in this case, it would be necessary for both '3:. and ~ to be substantially 
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less than 10-2 nepers and radians respectively. This would correspond to 
an rms gain deviation over the transmission band well below 0.08 db 
and an rms deviation from a linear phase characteristic well below 0.6 
degrees. Since these tolerances are difficult to realize in actual systems, 
at least for wire circuits, characteristic distortion rather than noise may 
impose a limitation on channel capacity of systems employing about the 
same bandwidth as the original signal. 

In accordance with (16.01), the bandwidth can in principle be halved 
without change in channel capacity if the signal-to-noise ratio is squared, 
i.e., if NIP = 10-8 rather than 10-4 in the previous example. The toler­
able rms amplitude and phase deviations would then be 

~2 + ~2 « 10-8. 

Thus both a and b ,,,ould have to be substantially smaller than about 
10-\ ,vhich would preclude a substantial bandwidth saving in practical 
systems from the standpoint of characteristic distortion, even if it were 
feasible from the standpoint of signal power required to override noise. 

The ab(;)Ve considerations apply when faithful reproduction of the 
transmitted signal is required, as for example in data transmission. In 
speech transmission considerable distortion can be tolerated, a circum­
stance which permits appreciable phase distortion in the usual frequency 
division system without noticeable impairment of intelligibility, but 
which cannot be taken advantage of in tjme division pulse systems be­
cause of the resultant intersymbol interference. The characteristics of 
speech sounds also permit a reduction in the bandwidth of the original,· 
transmitted signal, by such devices as vocoders or frequency compandors, 
without excessive impairment of intelligibility. 
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