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through a similar low impedance connection in series with the output
line. A comparison of the received currents, with and without a repeater,
will give an indication of the insertion gain or loss.

The principles involved in making this type of transmission measure-
ment are shown in Fig. 24. The voltage source and the current measuring
detector are assumed to have negligible impedances compared to the
impedances of the lines Z; and Z, .

In the reference condition of Fig. 24, the driving voltage E, and the
current measuring device are in series with the two line impedances Z;
and Zz‘?. The resultant current will be determined by the source voltage
E, divided by the vector sum of impedances Z; and Z, :

N
Zy + 2,

where Z; + Z, indicates a vector addition of the two impedances.

In the “measure’’condition of Fig. 24 the repeater, represented by the
network N, is inserted into the circuit between the voltage source and
the measuring device, and, although the voltage E, is assumed to re-
main constant, the addition of network N into the circuit will change
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Fig. 24 — Principles of insertion measurements.
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Fig. 25 — Test set showing repeaters and test cords.

the current to a new value I; . The ratio of the currents /1, is a direct
measure of insertion gain or loss between Z; and Z, due to inserting the
network. The db change in transmission caused by the insertion of N is
Insertion transmission in db = 20 logso % .
0
When I, is less than I, the addition of N has caused an insertion loss,
and when I, is greater than I, the addition of NV has caused an insertion
gain. In the test set the current indicating device has a db scale so that
the change in transmission can be read directly in db.

TRANSMISSION MEASUREMENTS

In setting up to make repeater tests, the E2 and E3 units are removed
from their shelf positions and plugged into adapters in the test set, as
shown in Fig. 25. A test plug, fashioned to simulate the male connector
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Fig. 26 — Sequence of transmission measurements.
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of the repeater, is inserted into the vacant K2 repeater position for
picking up the connections to the incoming and outgoing lines. A jack
ended cord, connected to the test plug is patched into the test set for
applying the line connections to the repeaters under test.

The first position of the rotary function switch arranges the test set
for the reference condition. The incoming and outgoing E2 repeater
lines provide the terminations, as shown in Fig. 26(a). The low impedance
voltage source is obtained by means of an oscillator working through
a step-down transformer having an impedance ratio of 600:2 ohms. The
low impedance side consists of two equal well balanced windings, one
winding being inserted into each side of the line, to form a balanced-to-
ground voltage source. The received current is measured by means of a
detector working through an identical transformer having one of the
2-ohm windings connected into each side of the line for maintaining
the balanced-to-ground circuit.

Switch position 2 connects the El or K2 repeater into the test cir-
cuit between the sending and receiving impedances as shown in Fig,.
26(b). The change in detector reading will indicate the insertion gain
or loss of the connected repeater.

The third and fourth switch positions change the arrangements of
E1, E2 and E3 repeaters for the insertion measurements of the various
repeater combinations, as shown in Figs. 26(c) and (d). Fig. 26(e) in-
dicates the connections for testing the E3 repeater alone on switch posi-
tion 5.

IMPEDANCE MEASUREMENTS

The second section of the type-E repeater test set has been arranged
to measure the impedance of two-terminal networks and the return
loss between any two impedances or between an unknown impedance
and a specified network. The impedance measuring circuit consists of a
hybrid coil arranged in the form of a balanced bridge for measuring
return loss. The driving voltage and detecting device are connected
across conjugate arms of the bridge and the unknown impedance and a
resistance standard are applied across the opposite conjugate arms of
the bridge circuit.

Simple transmission measurements made across the hybrid coil,
between the oscillator and detector sides of the bridge, are the only
determinations required to find the return loss between any two im-
pedances or the magnitude and phase angle of an unknown impedance.
Such a device has several advantages over other types of impedance
bridges in that no critical balances are required, no calibrations are
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necessary, the critical elements are stable passive networks and changes
in the sensitivity of the measuring device, which includes variations in
oscillator output and sensitivity of the detector circuit, will not affect
the accuracy of measurement.

An impedance reference is established, as shown in Fig. 27(a), when
the transmission through the hybrid network is measured with con-
nection to the resistance standard. A second transmission measurement
is made through the hybrid coil network with the standard impedance
connected instead of the unknown. After replacing the unknown with
the resistance standard, the transmission through the hybrid coil is
adjusted by varying the resistance standard to obtain the same value
of loss, as measured with the unknown impedance. When the two trans-
missions are equal, the resistance in ohms, as read on the resistance
standard, will be the same as the magnitude of the unknown impedance.
With the magnitude of the resistance standard and unknown impedance
the same, the phase angle of the unknown is readily determined by com-
paring the transmission through the hybrid coil for two polings of one
of the hybrid windings. The first poling, Fig. 27(c), which is used as a
reference, provides a measure of the transmission through the hybrid
network when the current in the unknown branch and the current in
the resistance branch are added vectorially in the detector winding. The
reverse poling of one of the coil windings, Fig. 27(d), provides a measure
of the transmission through the hybrid when the currents in the re-
sistance and unknown branches are subtracted vectorially in the de-
tector circuit. In addition to being a method of measuring the phase
angle of an impedance, this comparison of two measurements with
different poling is a return loss measurement of an unknown against a
known impedance of equal magnitude. A curve of phase versus return
loss may be used for convenient interpretation of the return loss measure-
ment in terms of phase angle. After the phase angle has been aseertained
it is necessary to determine the sense of the angle, that is, whether the
unknown impedance contains positive or negative reactance. A reference
condition is established, Fig. 27(e), by shunting a small value of capaci-
tance first across the unknown impedance and then across the resistance
standard and noting the change in transmission through the hybrid
network. An increase in the transmission, in going from the reference
to measure conditions, indicates a positive reactance and a decrease in
transmission indicates a negative phase angle. The reference condition
is established to minimize indicational errors at small phase angles of
the unknown impedance.

Two additional pieces of information are revealed in the return loss
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measurement. When the return loss is positive, the unknown impedance

contains positive resistance and the phase angle must lie between 0 and
490 degrees. For negative return losses the unknown impedance con-
tains negative resistance and the phase angle must lie between 490
degrees and 180 degrees.
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Stress Systems in the Solderless Wrapped

Connection and Their Permanence

By W. P. MASON and O. L. ANDERSON
(Manuseript received December 16, 1953)

The solderless wrapped connection is initially held together by the hoop
stress in the wire which eniers the connection as a result of the lension put
on the wire by the wrapping tool. Measurements made out to a time of 1.5
years at room temperature show that the tension has decreased to 70 per cent
of the one day value (8000 lbs per square inch) in this period. Two methods
of extrapolation are discussed, both of which indicate that at least half of the
inetial one day value will remain at the end of forty years at room tempera-
ture.

Another set of stresses enters the connection as a function of time, namely
the diffusion forces produced by diffusion of the tin plating into the brass
terminal and copper wire. A number of experiments are discussed which
show that the activation energy of diffusion is materially reduced by the
‘shearing stresses in the connection. Measurements at two temperatures,
which allow extrapolation to room temperature, indical: that at the end of
two years the force required to strip the wire from the terminal has increased
by & per cent over the initial value and that at the end of forty years the
increase will be 20 per cent. Support for these conclusions is furnished by
tests on actual connections that have been in ithe field for one year and ten
months, which show an increase of & per cent in the stripping force even
though the relaxed hoop stress is only 68 per cent of the initial value. The
tncrease, which is due to diffusion forces, can be made higher by using zinc,
cadmium or aluminum plating, and the fusion occurs in a shorler time.

INTRODUCTION

As discussed in a series of papers,' the solderless wrapped connection
is an efficient and inexpensive method of connecting a wire to a terminal.
All the tests made so far indicate that it is mechanically sound and
sufficiently free from the effects of corrosion to have a trouble free life
of at least forty years. Photoelastic and stress studies show that the

" 1The Solderless Wrapped Connection, B. S. T. J., 32, May 1953.
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connection is initially held together by the hoop stress in the wire which
enters the joint as a result of the tension put on the wire by the wrap-
ping tool. As time goes on, another system of stresses are generated,
namely, the diffusion stresses caused by the diffusion of one part of the
connection into the other which eventually eliminate the surface between
the wire and the terminal and in effect join the two together.

It is the principal purpose of this paper to describe a number of ex-
periments which show how these stresses develop, how large they are
and how they can be increased by substitution of a different type of
plating between the terminal and the wire. A comparison of the strength
of a joint formed by a tin plated copper wire and a bare copper wire
both wound on nickel silver or brass terminals shows that the diffusion
forces develop more quickly when the wire is tin plated than when it is
bare. Measurements made at different temperatures show that the
activation energy of diffusion is decreased in proportion to the hoop
stress in the wire indicating that the shearing stress at the contact sur-
faces aids diffusion. This activation energy is considerably less for tin
than for copper. The diffusion joint has a strength per unit area equal
to the limiting shearing stress of the tin plating. This is in the order of
3,000 pounds per square inch for tin but is considerably higher for other
types of plating such as zine, aluminum or cadmium. Measurements of
the stripping force of connections made with bare and tinned copper
wire on zinc, aluminum or cadmium plated terminals show that the
stripping force increases by a factor of two as a function of time, and
the time required for the diffusion forces to operate is considerably less
with these types of plating.

The combination of relaxation and diffusion stresses that are discussed
later show that as the mechanical strength due to the hoop stress de-
creases, the strength due to diffusion increases and at the end of forty
years the standard tin plated wire on nickel silver or brass terminals
will be at least 20 per cent stronger than it is initially. The extensive
corrosion tests described in Footnote 1, taken together with the mechan-
ical strength tests described here, show that the standard connection
should not fail in the forty year period under consideration.

RELAXATION OF HOOP STRESS AS A FUNCTION OF TIME

The rate of relaxation of the hoop stress in the wrapping wire is an
important quantity for the stability of the connections. This has been
studied by wrapping 24 gauge wire with a constant tension of three
pounds around a spring steel terminal 0.0124 inches thick and 0.062
inches wide. As shown by Figure 11 of Mallina’s paper,” this causes the
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terminal to twist through an angle of about 25° when 100 turns are
wrapped around the terminal. This twist is the result of a torque which
is caused by the fact that the wire has a hoop stress and the wire does
not come back on itself but advances by the thickness of the wire for
each turn. As shown previously,® the total torque is equal to

: 2ab
T = (W.F. L 1
orque = (W) (22 ) o
where (W.I.) is the wrapping force, 2a and 2b the thickness and width
of the terminal and L the total length of the wrapped section. Hence, by
calibrating the spring constant, the average hoop stress can be evaluated.
In this manner, Mallina® has found that after transient creep (defined
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Fig. 1 — Relaxation of stress in copper solderless wrapped connection at room
temperature.

in this paper as the loss in stress during one day) has occurred, the stress
level for the standard 24 gauge connection is about 8,000 pounds per
square inch.

This same technique can be used to measure the loss in hoop stress as
a function of time for all one has to do is to put a pointer on the spring
and observe the rate the angle decreases. It will be noted that this
system reproduces all of the stress systems and strain hardening that
occur in the wrapped solderless connection, and hence a measurement
of the relaxed angle is the most representative measurement of the
relaxation of the solderless wrapped connection. Fig. 1 shows an average
of the results of four such springs from the time of their intial formation
out to a period of one year and one month. The rate of relaxation is
quite rapid during the first day (transient creep) but at the end of one

2 R. F. Mallina, Solderless Wrapped Connections, Part I — Structure and
Tools, B. S. T. J., pp. 525-555, 32, May 1953.
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year and one month the average hoop stress is 5,900 pounds per square
inch and it is decreasing at the rate of 240 pounds per square inch be-
tween the first and second year. In the previous paper,’ since the tran-
sient creep occurring during the first day is somewhat variable, the angle
of twist reached 24 hours after the connection had been made, was taken
as the initial 100 per cent value and the relaxation has been plotted
with respect to this. Fig. 2 shows this plot with data from Mason and
Osmer and a set of eight relaxing springs measured by Mallina and
McKettrick all plotted on the curve. At the end of 1.5 years, the ob-
served stress is 70 per cent of 8,000 pounds per square inch or 5,600
pounds per square inch on the average.

The measurements out to 1.5 years by this method appear to be the
longest measurements of stress relaxation in annealed copper wire in the
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Fig. 2 — Relaxation of stress in tinned copper wire as a function of time and
temperature.

literature. Since the wrapped solderless connection is expected to last
at least forty years, it is desirable to be able to extrapolate the stress
value out to forty years time. Several methods are possible. According
to theoretical treatment,’ stress relaxation proceeds as follows:

gy — 0 = I—%Illoge (1 4+ t/to) @)

3W. P. Mason and T. F. Osmer, Solderless Wrapped Connection, Part IT —
Necessary Conditions for Obtaining a Permanent Connection, B. S. T. J., 32,
pp. 557-590, May 1953.

4 See Progress in Metal Physics, Volume IV, Pergamon Press, Limited, 1953,
Chapter V, Theory of Dislocations by A. H. Cottrell, pp. 233 and 251 to 260;
Kuhlmann, D. and Z. Physik, 24, p. 43, 1952; and Proc. Phys. Soc., 64, p. 64, 1951;
and A. H. Cottrell and V. J. Ayetekin, Inst. Metals, 77, p. 389, 1952. The last
reference gives data for stress relaxation in zinc which shows that it obeys equa-
tions (2), (3) and (4).
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where oy is the initial stress, o the final stress, & Boltzmann’s constant,
T the absolute temperature, {, a time determined from the equation

_ _kT BAty
gy = F ]Og <—k—T-> (3)
and A and 8 are constants in the fundamental equation

do A HBD) kT )

TR Ae (4)

where H is the activation energy in the absence of any stress.

The result of (2) is that for times large compared to ¢y, the stress dif-
ference o9 — o, plotted on logarithmic paper will be a straight line
relation. Hence, in Fig. 2, for times in the order of forty years, the in-
dicated stress level is 60 per cent of 8,000 pounds per square inch or
4,800 pounds per square inch.

Another method of extrapolation which essentially makes use of (4)
is to measure the rates of relaxation at different temperatures and de-
termine an activation energy for each stress level by comparing the
logarithms of the times for the same stress levels as a function of tem-
perature. The constant 4 in (4) is usually considered to have a tempera-
ture factor 7' in it and is usually written as A’7. With this relation, (4)
can be written

do _ e—(II—ﬁa)/kT

T AT @Bkt — T AT do = di ()
Integrating this equation between the limits o and o, we have
f = ‘32/ HIKT[~@elkT) _ o= @oolkT] _ ﬁiAl QBT _ BEkT]  (g)

Hence, if the quantity

e—'ﬁ (eg—a) kT

is small compared to unity, we have

(# ~ o) = Flog. /1) /| - = -] )

As shown by Fig. 3, the value of 8 is about 6 calories per pound per
square inch and hence if oy — o is at least 800 pounds/square inch (i.e.,
for all values of relaxation of 0.9 or less) this factor will be less than 1
per cent for all temperatures used and hence we can use (7) to evaluate
values of the activation energy H-So.
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Fig. 3 — Activation energy for stress relaxation as a function of hoop stress.

Measurements of the rate of stress relaxation for tinned copper wire
at 200°C, 175°C, 150°C, and 100°C are shown by Fig. 2, and the activa-
tion energies plotted against average hoop stress are shown by Tig. 3.
Values are given using 150°C to 200°C as the temperature range and
100° to 175° also. Both ranges give the same activation energies within
the experimental errors and show that down to about 0.4 relaxation the
activation energies satisfy an equation of the type

H'=H — B¢ )]

The curvature exhibited by the relaxation versus log ¢ shown for all
temperatures indicates that the activation energy must increase faster
than (8) for low values of relaxation and the dotted line shows a hypo-
thetical curve ending up at the self diffusion activation energy for cop-
per, 57 kilocalories per mole.

To apply this method in general, one has to take account of any trans-
formation such as recrystallization in the temperature range of measure-
ment. For example, Fig. 4, shows similar curves for aluminum wire.
Recrystallization in aluminum is known to occur at temperatures above
150°C and this change is shown in the relaxation measurements by the
lower values of relaxation that occur for long times. If one takes values
of time above and below the recrystallization temperature, the activa-



STRESS SYSTEMS IN THE SOLDERLESS WRAPPED CONNEcCTION 1099

tion energy will appear higher for this range than for a temperature
range below the recrystallization temperature. The agreement of the
activation energy for copper for the two temperature ranges shown by
Fig. 3, shows that no transformation occurs from 25°C to 200°C and
hence we can extrapolate the relaxation to room temperature taken as
25°C, with the result shown by the solid line labelled 25°C. This agrees
well with the measured values and indicates a stress at the end of forty
years equal to 5,200 pounds per square in.

DIFFUSION STRESSES IN SOLDERLESS WRAPPED CONNECTIONS

In addition to the hoop stresses, another set of stresses develops as a
function of time, namely, the diffusion stresses caused by the diffusion
of one part of the connection into the other. The first experiment that
showed the presence of these stresses was the stripping force tests of
Fig. 23 of the previous paper referred to in Footnote 3. These measure-
ments were carried out on connections which had been held at 175°C
for lengths of time up to ten days and it was found that the stripping
forces did not decrease with time. A more careful set with twenty con-
nections for each point have recently been run with the results shown
by TFig. 5, solid line labelled 175°C. From this curve, it is seen that the
stripping force decreases to 88 per cent of its initial value of 15.5 pounds
average for six turns of 24 gauge tinned wire and then increases to 120
per cent of the initial value at the end of ten days. Similar increases are
shown at 100°C over a longer period of time and recent tests of solder-
less wrapped connections that have been in the field for one year and
ten months show that the stripping force is about 5 per cent higher on
the average than it was when the connection was formed.
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Fig. 4 — Relaxation curves for aluminum wire in solderless wrapped connec-
tions.
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Fig. 5 — Ratio of measured stripping force to initial stripping force as a func-
tion of time and temperature for tinned copper wire on nickel silver terminals.

The dashed lines show the corresponding hoop stresses as a fraction
of the initial hoop stress and hence it is evident that as the hoop stresses
go down the stripping forces first decrease and then increase to higher
values than were effective originally. We shall presently show that the
difference between the measured stripping force and the proportionally
relaxed hoop stress is due to a stress caused by diffusion of the tin in the
plating into the wire and terminal of the solderless wrapped connection.

One experiment which shows that the initial stripping force is caused
by the hoop stress in the wire is the experiment shown by FFig. 6. Here a
terminal is made which has a slightly tapered tin plated pin in the middle
and is cut back for some distance beyond the pin. The terminal is wound
with five turns of No. 14 gauge (0.065 inch diameter) tinned copper wire.
The initial stripping force to pull off the winding was determined and
it was found to take 72 pounds force on the average to strip the wire
off the terminal. A similar set of measurements was made on the force
required to pull the pin out of the terminal and this averaged about 50
pounds or 70 per cent of the stripping force for the wire. Since the pin
and terminal had the same coefficient of friction as the wire and ter-
minal, and since the pin is required to support all the compressional
stress in the terminal due to the hoop stress in the wire, it is evident
that at least 70 per cent of the force required to strip the wire off the
terminal is plain frictional force between the wire and the terminal.
Tt is thought that the remainder of the force is due to the gouges cut in
the terminal by the winding process. When the wire is stripped off the
terminal, these cuts gouge out parts of the wire and hence require a
higher force. This effect is equivalent to friction for a rough surface,
which is higher than that for a smooth surface.
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Next the terminal was held at 175°C for various times as shown by
Fig. 6, where the stripping forces and the forces to pull the pins are
plotted. It is seen that the force required to pull the pin decreases with
time while the force required to strip the terminal increases with time.
The pin force duplicates the stress relaxation curve initially but departs
from this curve more and more as time progresses. This gradual depar-
ture appears to be due to some diffusion in the tin which makes partial
contact with the terminal. The amount of diffusion between pin and
terminal is less than that between wire and terminal for two reasons:
(a) the contact area between pin and terminal is not as intimate as the
contact area between wire and terminal due to excessive plastic flow in
the latter but not the former case, and (b) the contact area between
pin and terminal is much greater than between wire and terminal.
Nevertheless, the force required to pull the pin is substantially the same
as the frictional force holding the wire on the terminal due to the hoop
stress in the wire. Hence, we can conclude from this experiment that the
initial stripping force is due to the frictional force resulting from the
hoop stress plus shearing forces required to gouge the wire.

Several experiments have been undertaken to measure the effect of
diffusion separate from friction. The most successful of these was the
arrangement shown by Fig. 7. Here a wire was pressed against a double-
toothed sharp edged block, and a constant pressure was maintained for
various times at various temperatures. An attempt was made to produce
an indentation of the same magnitude as that developed in the wrapped
solderless connection, although, of course, the area of contact increased
slightly with time.

It was found that for aluminum or copper on nickel silver at room
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Fig. 6 — Experiment showing difference between stripping force and frictional
force due to hoop stress — temperature 175°C.
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temperature, no adhesion occurred even when the time of loading was
very long. It was also found that if the load was removed, even mo-
mentarily, before the sample was placed in the oven, no adhesion oe-
curred. For a given temperature there is an induction period before the
wire adheres to the block, and this induction periodincreased, in general,
as the temperature decreased. This induction period was found to be a
time of nucleation. This is shown by the fact that the period increases
as the square of the contact dimensions. Since diffusion is a function of
x/+/Dt where z is the distance, D the diffusion constant and £ the time,
this observation shows that nucleation starts at a given point and pro-
ceeds for a certain fraction of the contacting surface before fusion
strengths are observed. After the induction period, the fusion force
— the force required to pull wire and block apart — increased at a
rapid rate for the cases of copper, tinned copper, and zinc wire on a
nickel silver block.

In order to account for the effect of fusion due to the increase of con-
tact area, the ratio of the fusion force to the contact area was determined,
vielding a shearing stress. The area of contact could be easily measured
with a microscope since a bright surface was produced by the shearing
process. The shearing stress, Fig. 8, for the case of tinned copper wire
on nickel silver is shown to approach a limit of about 3,000 psi which is
approximately the limiting shearing stress for tin. Hence, it appears
that tin diffuses into the copper wire and the nickel silver base. Further-
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Fig. 7 — Diffusion forces for tinned and bare copper and zinc wire on nickel
silver base.
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Fig. 8 — Diffusion shearing strength for tinned copper wire on nickel silver at
175°C as a function of time.

more, it appears that the fused bond will just withstand a shearing stress
equal to the limiting shearing stress of tin. Metallurgical evidence for
this diffusion was presented in Tig. 19 of the paper referred to in Foot-
note 4. In this figure, a tin plate layer between the copper and nickel
silver was diffused in the two metals in a time of about 400 hours at
180°C. The new evidence indicates that this layer of tin has the shear
strength of bulk tin.

The previously described data constitutes mezasurements of fusion
forces separate from the complications of friction in the solderless
wrapped connection. However, the same measurements of the effect
of fusion are obtained if one subtracts from the stripping force the
product of the relaxed force times the initial stripping force (about 15.5
pounds) of the actual wrapped connections. As shown by Fig. 6, the
fusion force so computed divided by the area of contact of a six turn
connection (about 0.0045 sq in) yields the shearing stress, previously
defined. In Fig. 9, the shearing stressis given for a tinned copper wire
on a nickel silver terminal as a function of time for 175°C and 100°C.
By way of comparison, the constant stress diffusion process of Fig. 8,
is shown plotted by the dashed line on this plot. It is evident that there
is a larger induction period in the case of the 14 gauge (0.065 inch wire)
than in the case of the smaller 24 gauge (0.020 inch) wire and the ratio
of the times is proportional to the square of the wire diameter ratio.
This is an indication that we are dealing with a nucleation process.
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The previous results show that the effect of temperature above room
temperature on the solderless wrapped connection is to promote fusion
which brings an additional set of forces into the picture with regard to
the mechanical stability of the connection. In order to determine the
effect of fusion at room temperature, it is necessary to evaluate the
activation energy of diffusion. This is done by calculating the value H
in the simple rate equation

T = 7roexp (H/ET)

so that a given change of temperature corresponds to a given change of
time on the fusion force curve. If we compare the 175°C curve with the
100°C curve of Fig. 9, an activation energy curve as a function of residual
hoop stress is obtained as shown by Fig. 10. The value of stress is deter-
mined by the average time values used in the calculation of the activa-
tion energy. It is shown that the activation energy for diffusion of tinned
copper on nickel silver in the presence of stress is in the order of 20 to 24
kilocalories per mole while that with no stress is in the order of 41 kilo-
calories per mole. It appears that higher stresses lower the activation
energy of diffusion just as they lower the activation energy for creep
and stress relaxation. Very high stresses can reduce the activation energy
to a value approaching zero which is the case of cold welding. The fusion
occurring in the case of the solderless wrapped connection is different
from cold welding in that it takes a finite time to develop any fusion
forces.

From the activation energy values of Fig. 10, it is possible to predict
the rate at which the wrapped wire connection increases its strength at
room temperature. Such a calculation applied to the case of tinned
copper wire on a nickel silver terminal is given in Fig. 5 where it is shown
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Fig. 9 — Shearing strength of copper-tin-nickel silver connections as a function
of time and temperature.
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that the strength stops decreasing at the end of six months and even-
tually increases to 20 per cent over the initial value at the end of forty
years. Measurements on connections made one year and ten months
ago, taken by V. F. Bohman, confirm this calculation.

In all probability, the stress causing the diffusion is the shearing stress
applied to the tin layer by the hoop stress of the wire acting on the fixed
terminal. For a given initial winding stress, this shear stress will decrease
in proportion to the relaxed hoop stress as confirmed by the data of
Fig. 10. If we start with a lower winding stress, a smaller indentation
is made in the wire and the area of contact is smaller about in proportion
to the ratio of the hoop stresses. Hence, although the compressional
force on the corners is smaller in proportion to the hoop stress, it is
supported by a smaller area and hence the stress on the supporting
area is approximately independent of the initial value of the hoop stress.
This compressional stress produces shear stresses on the layer of tin
since the material of the terminal and the wire have to slide with respect
to each other in producing the indentation. Hence, we should expect
that the diffusion forces would start at a time independent of the value
of the initial hoop stress.

This supposition is confirmed by the data of Fig. 11, obtained by
winding tin plated copper wire on a nickel silver terminal with a hoop
force half of the usual winding force of 1,300 grams for a 24 gauge wire.
The initial strip off force was 60 per cent of that for a 1,300-gram winding
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force confirming the data of Fig. 16 of Mallina’s paper, referred to in
Footnote 2, which shows that the hoop stress decreases less rapidly
than the applied tension. Fig. 11 shows the strip off force as a function
of time and temperature. If we subtract the relaxed frictional force from
the stripping force and divide by the area of 0.0027 square inches (60
per cent of the area of the usual connection) the shear strength curves
in pounds per square inch are shown by the lower solid curves. These
start sooner than the values on Fig. 9 but require a somewhat longer
time to reach their final value. The activation encrgy obtained from
these curves is plotted on Fig. 10 (4800 psi) and shows that the activa-
tion encrgy for the lowest stress is about the same as that for the higher
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Tig. 11 — Stripping force and shear strength of copper-tin-nickel silver connec-
tions as a function of time and temperature. Initial stress is 4,800 pounds per
square inch.

stress curve, showing that the shear stress is independent of the wrapping
tension. It takes longer to complete the process and as a result, the strip-
ping force at the end of forty years is equal to the initial value rather
than 20 per cent higher as in the case for Fig. 5. Corrosion tests for these
lower stripping force values’ show, however, that there is no indication
of a loss of electrical contact.

The method for analyzing fusion forces by subtracting relaxation
data from stripping force data is verified by measurements on other
metal connections. Fig. 12 shows the ratio of stripping force to intial
stripping force for aluminum on nickel silver terminals as a function of
time and temperature. Subtracting the relaxed force (the original strip-
ping force multiplied by the relaxed stress ratio of Iig. 4) from the strip-
ping force and dividing this difference by the contact area, the shearing

5R. H. Van Horn, Solderless Wrapped Connections, Part ITT — Iivaluation
and Performance Tests, B. S. T. J., 32, May 1953. See Table II.
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strength is obtained and is shown in Fig. 13. The shearing strength thus
obtained approaches 6000 psi for long times at high temperatures. This
value agrees approximately with the accepted value for bulk aluminum.
Calculating the activation energy of diffusion as previously outlined,
one obtains the curve for aluminum in Fig. 10.

The advantage of a diffusion layer such as tin or aluminum as an
element in the solderless wrapped connection is shown by the data of
TFig. 14 which shows the rate of increase of the stripping force of bare
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Fig. 13 — Shearing strength of aluminum on nickel silver connections as a
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copper wire on nickel silver terminals at 150°C and 100°C. The increase
in strength does not occur as fast as that for tin plated copper, and hence
the standard connection with a tin plated copper wire is better than
one formed from bare copper wire.

PROPERTIES OF SOLDERLESS WRAPPED CONNECTIONS FOR OTHER TYPES
OF PLATING

A study of the factors governing the diffusion strength of the solder-
less wrapped connection suggests methods for increasing the rate of
diffusion and the strength of the diffusing layer. These methods result
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Fig. 14 — Stripping force and shear strength of bare copper on nickel silver
connections as a function of time and temperature.

in greater mechanical strength and a faster fusion of the wire and ter-
minal. Experiments show that there are at least four metals which diffuse
faster than tin, but due to the economic problems and the brittleness of
some of the alloys formed, none of them are being considered for solder-
less wrapped connection.

The reason the diffusion forces in the tin plated solderless wrapped
connection do not cause an increase in strength of more than twenty
per cent during the life of the connection is that the limiting shearing
stress in tin is only 3,000 pounds per square inch. If now we substitute
for tin plating a plating with a larger limiting shear stress, the strength
of the connection should increase by a larger factor. To be of use, how-
ever, it is necessary that the diffusion forces shall develop rapidly.

The data of Fig. 10 show that if we can produce a higher shearing
stress on a layer of aluminum, the activation energy can be lowered and
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be made to approach the cold welding condition. This requires that
aluminum be placed on a stronger material such as brass, nickel silver
or copper in order that the arvea of indentation for a given hoop stress
will decrease and the shear stress will increase. Hence, the connection
should form in a very short time. Furthermore, since the limiting shear
stress for aluminum is near 6,000 pounds per square inch, one should
except that the strength of the connection will nearly double. Since
aluminum is not easily electroplated this suggestion probably is not
practical.

Of all the other metals examined, the next most promising are silver,
cadmium and zinc. The activation energy for diffusion of zine into copper
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Fig. 16 — Activation energy for a copper-zinc-brass connection as a function
of hoop stress.
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at no stress is given® as 38 kilocalories per mole which is 4 kilocalories
higher than that for aluminum and 3 kilocalories under that for tin.
The activation energy of silver and cadmium into copper also have
low values. Hence, if the effect of stress parallels that for tinned copper,
zinc and cadmium should diffuse into copper and nickel silver faster than
tin. TFurthermore, the limiting shearing 5000 pounds per square inch.
Zinc, silver and cadmium arec readily plated on the terminals or the wire.

Zinc plating has been tested experimentally by constructing a solder-
less wrapped connection of bare copper wire on zinc plated nickel silver
or brass terminals. The stripping force for a bare copper wire wrapped on
a terminal plated with 0.001 inch thickness of zinc has been measured at
175°C and at 100°C as a function of time with the results shown by Fig.
15. The strength increases to 60 per cent over that found initially in a
time of less than two hours at 175°C. At 100°C, the time required is a little
over a day. If we subtract the relaxed force from the stripping force
and divide by the area of the connection, the shear strength of the con-
nection is as shown by Tig. 15, lower curves, for the two temperatures.
Trom these two curves, an activation energy versus hoop stress can be
obtained with the results shown by Fig. 16. These values allow one to
extend the time variation of the shear stress down to room temperature
with the result shown by Fig. 15. Adding these values multiplied by the
area of the connection to the relaxed hoop stress, the indicated stripping
force at room temperature is shown by Fig. 15, room temperature curve.
This force increases at such a fast rate that the strength can be observed
to increase at room temperature and corresponding measurements are
shown by the circles. Since corrosion cannot occur in a region of fusion,
a criterion for the corrodability of a connection is the time required to
complete half of the total fusion at room temperature. On this basis,
the zinc plated connection has the lowest half fusion time of any of the
materials tested.

Although zine diffuses more readily than other materials examined, it
tends to form more brittle alloys and hence its use has not been seriously
considered for solderless wrapped connections.

s R. M. Barrer, Diffusion In and Through Solids, Cambridge University
Press, 1941, Table 67, p. 275.



A New Multicontact Relay for Telephone
Switching Systems

By I. S. RAFUSE
(Manuseript received April 8, 1954)

The trend in new telephone swiiching systems toward faster operation,
longer life and lower cost, indicates a need for faster and more capable control
circuits. This paper describes a new high speed wire spring multicontact
relay designed primarily for these applications. The basic unit contains 30
make-contact pairs. Two variations of the new design provide relays of
60-contact capactty. They are mechanically and electrically interchangeable
with all crossbar system multicontact relays. A

INTRODUCTION

In a modern dial telephone central office, many thousands of mo-
mentary intraoffice control connections are made daily between the
various parts of the switching equipment. For example, in the No.5
crossbar system, seven major types of connectors' are used to associate
markers® with other common control circuits, and with the switching
frames, for brief intervals, to assist in setting up the talking connection.
Connectors are required to simultaneously close a large number of circuit
paths, as many as 240 in the trunk link connector. The earlier flat spring
type multicontact relays® used for this purpose provide large blocks of
contacts per relay and provide an economical means for common or’
multiple wiring.

The trend in new improved switching systems toward longer life,
faster operation, lower cost and reduced maintenance, indicates a need
for faster and more reliable connector circuits. This paper describes
a new multicontact relay, designed primarily for these applications.
It is a wire spring relay incorporating the improved manufacturing
processes and many of the design features of the new general purpose
wire spring relay.* The basic unit, Fig. 1, for use in new equipments, is a
high speed 30-contact pair relay, with wiring terminals arranged for
horizontal multiple connections.

1111
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Fig. 1 — New 30-contact relay with contact cover detached.

This development also includes two modifications of the new wire
spring relay for replacement use and for additions in existing crossbar
equipments. They are 60-contact pair relays, each consisting of two
30-contact units attached to a common mounting bracket. They are
completely interchangeable with existing crossbar system multicontact
relays. When a new improved relay is developed, it is almost invariably
necessary to continue in manufacture and carry in merchandise stock,
small demand codes of the old relays for many years. In this case, how-
ever, manufacture of the old multicontact relays will be discontinued

“and all future needs will be supplied by the new product.

OBJECTIVES AND REQUIREMENTS

At the start of the project, all requirements from the standpoint of
operating performance, circuit design and equipment use, were prepared
in detailed form. The principal design objectives are summarized as
follows:

Electrical and Mechanical

1. Operate and release times as fast as economically possible.
2. Forty year life, or 200 million operations, with no adjustment
necessary during the first 100 million operations.



NEW MULTICONTACT RELAY 1113

3. No contact chatter.

4. No false actuation due to armature rebound.
5. No magnetic or vibrational interference. .
6. 120-ohm and 275-ohm coils, to work with equipment already in use.

Equipment

1. Lower manufacturing costs.

2. Reduced mounting space.

3. Terminal arrangement for multiple wiring same as at present, or
equivalent from a wiring standpoint.

Maintenance

1. Contact failures due to dirt or insulating films should be sub-
stantially equal to and preferably less likely than in the present relay.

2. No contact locking due to contact erosion.

3. Contacts should be replaceable in the field.

4. Coil winding should be replaceable in the field.

5. Field adjustment should be reduced to a minimum.

Replacement Relay

The design objectives also included modification of the new relay, if
possible, to replace multicontact relays in existing crossbar equipments.

Design History

During the early stages of this development, considerable effort was
directed toward improving the present flat spring multicontact relay.
Later, many experimental models were constructed, to investigate other
flat spring, and wire spring designs, and several contact actuating meth-
ods. The most favorable designs of flat and wire spring multicontact re-
lays were compared, and their differences were resolved by an analysis
of manufacturing tolerances and their effect on performance and cost.
Preliminary estimates of initial cost were only slightly in favor of the
wire spring design. However, the wire spring relay offered significant
advantages in (1) higher speed, longer life, less chatter, (2) better manu-
facturing control of tolerances, (3) less maintenance, and (4) possibilities
of future cost reductions as further improvements are made in mech-
anized methods of manufacture.

DESCRIPTION OF THE NEW RELAY

General

Stationary single wire and moving twin wire spring subassemblies
are arranged in alternate layers attached to the core and mounting
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plate, as shown in Fig. 2. The wire spring assemblies form two rows,
each containing 15 make contacts. Each contact pair consists of moving
twin contacts on separate twin wires, associated with a single stationary
contact. The stationary springs are supported close to the contacts by
arms extending from the bracket. A detailed view of all parts and sub-
assemblies for a 30-make contact relay is shown in Fig. 3. Moving con-
tacts are pretensioned by relatively large pre-deflections as shown in
Fig. 4. The method used in flat spring multicontact relays to obtain
contact force is illustrated for comparison. It is apparent that contact
force obtained by the ‘“buckle” method depends on operating stud
length and therefore is subject to change due to wear. The new preten-
sioned wire springs are supported and actuated by a single molded
phenolic card by the “card release” method as illustrated in Fig. 5.
In the unoperated position, the card is held against the core by a re-
storing spring, which also supplies the force to open all contacts. In
the operated position, the armature supplies the force to move the card,
releasing the twin wires and closing all contacts. This method of actua-
tion has some important advantages:

1. Contact force is essentially independent of gauging and wear.

2. The effects of wear at points in the relay which affect gauging are
compensating to some degree, and therefore tend to minimize changes
in gauging.

3. Dimensional variations controlling contact separation and armature
travel are reduced, making possible shorter armature travel, faster



1115

NEW MULTICONTACT RELAY

Fig. 3 — Parts of the new 30-contact relay.
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operate and release times, less contact chatter and increased mechanical
life.

Normally, the armature is held against the card by the lightly pre-
tensioned armature hinge spring. However, when the relay is released,
the armature motion becomes quite complex. Overtravel at the front is
limited by the core plate backstop, and motion at the back, or heel sec-
tions, is limited by the heel stop studs. This freedom of movement is
intentional, its purpose being to dissipate armature energy into the core
plate and core rather than back into the card.

Magnetic Circuil and Armature

Analytical and experimental studies’ show that one per cent silicon
iron, with its higher resistivity, relative freedom from aging, and lower
eddy-current losses compared to ordinary magnetic iron, provides opti-
mum speed in the new fast relay. The contact load, about twelve grams
per twin contact pair, is about one-half the load required in the present
relay, and this together with winding space and heating,® largely deter-
mines the size of the magnet. The magnetic structure is shown in Fig. 6.
The core is a one piece “E’-shaped section. The armature is a flat mem-
ber made of low carbon steel having specific magnetic characteristics.
This material simplifies manufacture, resulting in a cost saving with
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no appreciable penalty in performance. The armature has adequate
sections to carry the flux, optimum poleface area and lowest possible
mass. Two small rectangular holes in the armature locate the base of the
card in the horizontal direction only. The card is located vertically by
the restoring spring as illustrated in Fig. 1. Fast release is obtained by
a nonmaghnetic separator strip, welded to the face of the armature.
This strip also provides a smooth supporting surface for the molded
card. Negligible wear at this eritical point contributes materially to
long life and stable adjustment of this relay.-

A cellulose acetate filled coil’ is assembled to the center leg of the core.
A nonmagnetic core plate, illustrated in Fig. 7, is then forced over the
three core legs to hold them in alignment. The center hole in the core
plate also functions as an armature backstop and permits a certain
amount of overtravel of the armature when the relay is released.

Coil Assemblies

For circuit reasons, 120-ohm and 275-ohm coil resistances used in the
old relays are required in the new relays. Nominal power savings which
ordinarily would result due to an improved magnet and reduced load,
are therefore sacrificed in the new relays in favor of increased speed.
More than half of the new relays are expected to be used in circuits
requiring maximum speed of operation and will, therefore, have 120-ohm
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coils. In normal operation, these relays are not, energized continuously,
but operate only for short intervals while a talking circuit is established.
The design provides for replacement of a coil winding in the field, but
this is not expected to be necessary except in rare cases.

M olded Wire Spring Subassemblies

Wire spring subassemblies for a 30-contact relay are shown in Fig. 8.
The two single wire subassemblies differ only in their terminal arrange-
ment. The twin wire subassemblies are identical. Therefore only three
basic molded parts are required which supply all needs for all new produc-
tion relays. The wire spring sections are molded in continuous ladders’®
as in the general purpose relay. Spring bending, contact welding and
coining’ and terminal forming for solderless wrapped connections,
are performed in automatic tools developed by Western Electric Com-
pany engineers. A comparison of the wire spring parts used in two new
30 make relays and the corresponding parts of a 60-make flat spring
relay, is shown in Fig. 9. This illustrates the reduction in parts and
simplicity of wire springs compared with flat springs. Seven types of
subassemblies are used in the twelve layers required for an equivalent
flat spring relay.

Terminals of the single wire subassemblies are formed for multiple
wiring, and therefore differ in length and configuration. An improved

CORE

ARMATURE —>

!

ARMATURE
HEEL STOP

Fig. 6 — Magnetic structure of the new relays.
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form of open wire multiple strapping has been developed for use with
this terminal arrangement. It consists of bare wires held together in
ladder form by means of phenolic plastic blocks molded successively in
a continuous process. FFig. 10 shows relays with ladder type horizontal
strapping soldered to the single wire terminals. The usual cable with
new solderless wrapped connections is used on the twin wire terminals.
Fig. 10 also illustrates the accessibility of multiple connections provided
by locating them off to one side in the clear area between cable groups.

Contacts

All contacts in the new wire spring relays are palladium having a
volume of contact material suitable for forty years life. This is equivalent
to about 200 million operations for relays in high usage circuits. Con-
tacts are easily visible, readily cleaned and may be insulated for test
purposes.

Contacts may be replaced in the field if necessary using Bell System
field welding equipment.” Suitable tools and electrodes have been de-
veloped to permit use of this equipment on all wire spring relays.

Assembly and Adjustment

The relay pile-up is securely fastened by two high tensile screws and
a spring compliance member. Laboratory tests show that a pile-up of

CORE PLATE

Tig. 7 — Core legs are held in alignment by the core plate, which is forced on
the ends after the coil is assembled.
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Fig. 8 — Molded wire assemblies for a 30-contact relay.

this design will remain tight under widely varying atmospheric con-
ditions.

In the design of the new relay considerable attention was given to
manufacturing control of tolerances, with reduced assembly and ad-
justment costs as an objective. The molding process provides dowels
for aligning the four layers of contact springs, trunnion supports to
locate the single wireg, and control grooves in the single wire subas-
semblies to align the twin wires. These features provide accurate registra-
tion for mating contacts, for the location of wire subassemblies relative
to other relay parts and for the pretensioned restoring spring which in
turn locates the actuating card in relation to the operating contacts.
The card determines contact separation of all twin moving contacts
in relation to their respective single stationary contacts. Due to these
controls, and because the pre-deflected twin wire springs require no
adjustment of contact force, no factory adjustments are anticipated
except on relays which fall outside acceptable limits for back tension
or contact gauging (or follow) as assembled. If necessary, therefore, the
restoring spring may be adjusted to control the armature back tension.
Contact gauging may be controlled if required by independent mass
adjustment of the single wire contact rows. Fig. 11 shows this operation
being performed by bending the bracket arm using a tool designed for
this purpose. The mass adjustment feature is expected to simplify field
maintenance practice.
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I

I

Fig. 9 — A comparison of molded wire assemblies for a 60-contact replacement
relay with the corresponding flat spring relay parts.
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T'ig. 10 — New 30-contact relays showing multiple wiring by the new ladder
type strapping method, and the new solderless wrapped cable connections.

Fig. 11 — New 30-contact relay showing method of mass adjusting stationary
contacts.
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Replacemeni Type Relays

TFuture replacements of flat spring multicontact relays in existing
crossbar equipments for maintenance reasons require a slightly modified
form of the new relay, capable of complete interchangeability. As these
relays are commonly used in connector circuits, operate and release times
must be comparable with older type relays in order to avoid circuit
interference. This was accomplished in the new wire spring relay with
only minor changes in design and in the manufacturing process.

As illustrated by Fig. 12, the interchangeable or replacement relay
consists essentially of two 30-contact units assembled on a common
mounting bracket having the same vertical mounting centers as the 60-
contact flat spring relay. Since horizontal mounting space required by
the new relay has been reduced, the 60-contact wire spring unit may
also be used to replace 30-, 40- and 50-contact flat spring multicontact
relays. The model shown in Fig. 12 has terminals arranged for horizontal
multiple wiring. In ancther variation of the replacement relay all termi-
nals are arranged for cable wiring.

Modifications necessary to slow down the new relays for replacement
use are (1) longer armature travel, requiring a different card; (2) an
armature of larger mass-— although this is a different piece part it
has the same contour as the armature for the fast relay and may be
punched in the same tool setup; (3) a core of low carbon steel in place
of the one per cent silicon iron used in the high speed relay; (4) a leak-
age reluctance shunt element shown in Fig. 13 to by-pass a portion of
the total magnetic flux; and (5) coil windings having resistances of 120
and 275 ohms as required for circuit reasons, but having the number of
turns calculated for slower speed consistent with reliable operating
capability.'

Relay Performance

Measurements have been made on laboratory-built models carefully
prepared and adjusted to simulate extreme ranges of manufacturing
tolerances, and more recently, on representative samples of pre-produc-
tion relays. Although some of the performance characteristies studied
will be determined accurately only after long-term use in the field, it
has been possible by designed experiments and comparative tests, to
obtain a fair appraisal of relay capability. These tests and measure-
ments indicate that design objectives stated earlier in this paper have
been substantially achieved.
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Fig. 12 — A 60-contact replacement relay with one contact cover detached.
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Load and Pull Characleristics

Load and pull curves are measured under essentially static conditions.
Spring load and armature motion are both observed at the center line
of the card. They are measured and simultaneously recorded in chart
form in a modification of a tensile testing machine.” A typical load and
pull chart is shown in Fig. 14. The abscissa shows armature motion, as
the armature moves the card and the spring load, through a distance
of 0.030 inch to the operated position, and back again. The ordinate
shows spring load on the armature on both operate and release, and
also the magnetic pull which is developed in the armature for various
numbers of ampere turns in the winding.

The load and pull chart provides a comprehensive picture of over-all
relay performance. For example, starting from the released position,
the force or back tension, holding the card against the core is about 140
grams. IFollowing the upper curve, the spring load increases slowly as
the armature moves toward the core, until the first contacts make at a
load of about 200 grams. The load increases rapidly as the remaining
contacts are closed until the last contacts are closed at about 650 grams.
Further travel of the armature to the operated position increases the
spring load to a final value of about 700 grams. As the armature is
allowed to return to the original position, the lower curve is traced.
The area between the two curves is a measure of mechanical hysteresis,
or friction, in the relay. This energy loss is a very small fraction of the
spring load at all values of armature travel.

The pull curves show ampere turns necessary to assure operation of

LEAKAGE
RELUCTANCE
SHUNT

Fig. 13 — Core assembly for replacement type relays showing leakage relue-
tance shunt.
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Fig. 14 — Typical load and pull characteristics of a 30-contact fast relay.

the relay. The maximum ampere turns required are determined by the
“critical load point.” This occurs at 0.010 inch armature travel and
about 650 grams. Under static conditions, therefore, 160 ampere turns
would be required for complete operation. Circuit uses for these relays
do not include nonoperate, hold, or release requirements. This informa-
tion could however be obtained from the pull curves in a similar manner.

Operate and Release Speed

The new high speed multicontact relay operates two to three times as
fast as its predecessor, the flat spring type relay. Operate and release
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Fig. 15 — Comparison of operate and release times of wire spring versus flat
spring multicontact relays.

times are shown in Fig. 15. The improved performance of the new relays
is shown by nominal operate and release values, and also by greatly
reduced spread, or difference between minimum and maximum values,
as compared with corresponding data for flat spring relays.

Minimum operate times of the replacement and existing flat spring
relays are comparable. It will be noted however, that operate and re-
lease time spreads are much less in the new relay. This generally should
improve the operation of existing crossbar circuits as new relays are
used for replacements or additions.

Contact Performance

As speed increases, relays and other switching mechanisms become
more susceptible to false operation of contacts. It is obvious also that
faster operation adds to life requirements and therefore extends the
period or increases the number of operations during which trouble-free
contact performance must be provided. For these reasons, extensive
studies were made of chatter, unprotected erosion, and locked contacts
as applied to the new multicontact relay. Additional longer range tests



1128 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1954

are planned to study protected contact erosion and susceptibility to
open contact failures.

When contacts of the new high speed relay are operated, initial chatter
does not normally exceed 0.1 millisecond. There is no shock chatter
caused by spring vibration due to impact of the armature with the core
or backstop. There is no chatter caused by hesitation of the armature
in its travel at the point where it picks up the contact load. This is due
largely to the low mass of 0.020 inch diameter twin wires, the low mass
and short travel of the actuating mechanism, the type of card operation,
and the rigid mounting of the relay structure.

Electrical erosion of contact material is reduced in the new relay,
because of the reduction in chatter. For this reason, the contact size
provided is expected to be adequate for all normal use for the life of the
relay, and contact maintenance should be greatly reduced.

Locked contacts are substantially eliminated in the new relay by the
single card release method of operation. Static and dynamic forces
associated with the restoring spring and card system are powerful enough
to break loose any random pair of locked contacts.

Contact failures due to dirt or the formation of insulating films on
the contacts are difficult to check in laboratory tests. Long-term ac-
celerated tests are necessary, with a large test sample, under carefully
controlled dust conditions. Many precautions were taken in the design
to minimize failures from this source, as follows: (1) a dust cover, Fig.
16, encloses the contacts, but does not enclose the coil; (2) the cover
partially segregates the contacts in groups of three pairs of contacts,
reducing air movement in the vicinity of the contacts; (3) palladium
contact material is used on all relays; (4) twin contacts are coined —
the rounded surface reduces the area in contact, effectively restricts the
area which may trap lint or other foreign matter, and increases contact
pressure; (5) card release actuation and wire springs with large pre-
deflections insure that no appreciable loss of contact force will occur due
to age or erosion; and (6) twin contacts are attached to completely
independent wires.

Rebound chatter is another form of false operation which occurs in
the form of contact reclosures caused by rebound of the armature after
striking the backstop when the relay is released. Fundamental studies
were made of rebound behavior in relay structures™ and various models
were constructed and measured. As a result there is no rebound chatter
in the new high-speed wire spring relay within the range of normal
adjustment. A comprehensive survey was made to determine the prob-
ability of reclosures due to rebound, in relays having limiting adjust-
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Fig. 16 — Contact cover for the new relays showing compartments in which
contacts are grouped.

ments. The probability of reclosures exceeding one millisecond duration
is estimated as one in 28,000 relays. This grade of performance is due
primarily to: (1) an armature having low travel and the lowest possible
mass; (2) an armature suspension designed to dissipate rebound energy
into the core plate and core rather than into the actuating card; and (3)
a stiff mounting bracket to reduce the natural amplitude of core vibra-
tion due to armature impact on operate and on release.

Life

Less than 5 per cent of the new multicontact relays will be required to
operate more than 100 million times in crossbar systems during an esti-
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mated life term of forty years. Life tests show that no readjustment
should be necessary during the first 100 million operations. The tests
also indicate that not more than a small percentage of relays will re-
quire readjustment prior to an estimated maximum life of 200 million
operations. In extreme cases, still greater life may be obtained if re-
quired, by replacing the molded card. This is an inexpensive part and
replacement is easily accomplished.

Stability

When the new relays are exposed to extreme temperature and hu-
midity cycles, the greatest change in contact separation is, in general,
about 0.004 inch, and only a small percentage of relays are likely to be
used in this manner. Tests indicate that changes of this magnitude leave
adequate margin for 100 million operations before readjustment is
necessary.

For economy, most equipment is shop assembled and wired on a
frame basis, and shipped complete, ready for installation as equipment
units. It is important, therefore, that apparatus units should be capable
of withstanding physical shock far in excess of normal usage. Design
features in the new relay which provide an adequate margin of safety
in this respect are: (1) a rigid mounting bracket; (2) the wire spring
pile-up is attached securely to the bracket with two specially heat
treated steel screws; (3) the cover is held in place by the bending moment
of an embossed section of a spring clip with a force many times greater
than the compressive force of a single spring; and (4) guard surfaces
molded in the cover prevent twin wires from leaving their respective
guide notches in the single wire combs.

Excessive shocks during shipment have, at times, damaged flat spring
relays by bending their brackets. The new relays have been subjected
to shocks of similar magnitude without damage.

Magnetic Interference

Under certain marginal conditions, a relay may be affected by leak-
age flux from adjacent relays entering its magnetic circuit, and changing
its operate and release values. Tests show that interaction is negligible
between the new relays and also between new and old type relays when
they are used in adjacent positions.

CONCLUSIONS

The new 30-contact relays provide faster operate and release times,
longer life, improved contact performance, reduced maintenance, and
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greater adaptability in new circuit and equipment units than previous
multicontact relays. The new relays also require less vertical and hori-
zontal space in new equipments. As a result of these improvements,
substantial savings are expected when these relays are used. The design
includes many features which permit the use of mechanized manufac-
turing processes, which, in turn provide better control of tolerances.
TFor these reasons, lower initial costs are expected as manufacturing
and assembly methods continue to improve.

The new 60-contact relays are completely interchangeable with all
codes of flat spring multicontact relays in existing crossbar equipments,
and in addition, they provide superior performance, longer life and
reduced maintenance. Therefore, manufacture of the flat spring multi-
contact relays will be discontinued as soon as new relay production
becomes adequate for all uses.
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Topics in Guided Wave Propagation
Through Gyromagnetic Media

Part II1 — Perturbation Theory and Miscellaneous Results

By H. SUHL and L. R. WALKER

Some problems, complete discussion of which would be extremely difficult,
are treated approximately by means of perturbation theory. Among these
are the partially filled cylindrical waveguide, and the problem of multiple
internal reflections in a sample of finite length filling the cross section of a
cylindrical guide. Propagation in a ferrite between parallel planes, mag-
netized along the propagation direction vs discussed by the methods described
in Part I. The paper concludes with an addendum to Part I — a numer-
ical study of field patterns of the TE1-limit and TM y1-limit mode for
various dc magnetic fields.

INTRODUCTION

Parts I and IT of this paper were devoted toa number of specific propa-
gation problems, whose solutions, though frequently quite complicated,
could be discussed with a reasonably modest investment of effort. Un-
fortunately, not all of these problems pertain to situations met with in
actual gyromagnetic devices. Actual devices frequently employ struc-
tures whose performance could be predicted only as the result of lengthy
computing programs. For example, the microwave gyrator using Faraday
rotation usually employs a ferrite sample whose cross-section only partly
fills that of the cylindrical waveguide. Although it is easy to formulate
the corresponding equation for the propagation constant, the classifica-
tion and survey, let alone the computation of solutions, would be very
difficult to carry out.

Thus, one must often be content with approximate results, and the
bulk of the present paper is devoted to perturbation methods. These
take as starting point a situation whose propagation problem is essen-
tially solved. The small change in propagation constant due to a slight
change in the original state of the system is then calculated. The small

1133
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change of state may be the weak magnetization of an originally un-
magnetized specimen occupying a substantial part of the structure, or
the introduction of a very small specimen with arbitrarily large mag-
netization into the originally empty structure. Under the heading,
“Small Magnetization — Arbitrary Sample-Size,” we shall discuss the
propagation constant for a pencil of ferrite of any radius, coaxial with a
cylindrical waveguide, the space between guide wall and pencil being
filled with an isotropic medium whose dielectric constant equals that of
the ferrite. This is discussed in preparation for the practically more
important case of a ferrite pencil of any radius in an air-filled guide. Here
the unperturbed state of the system, when the pencil is unmagnetized
and therefore isotropic, is already rather complicated and require some
preliminary calculations. Under the heading ‘‘Small Sample-Size — Ar-
bitrary Magnetization,” we consider the case of a thin pencil of ferrite
in an originally empty guide.

Another topic, not easily treated except by perturbation methods, is
that concerning end effects in samples of finite length. After a prelim-
inary discussion of internal reflections in an extended slab of ferrite (a
problem which can be treated rigorously), two cases are considered: a
ferrite slug of arbitrary length, closely fitting a cylindrical guide, and a
thin disc normal to the guide axis, of arbitrary size. In these cases in-
terest centers around the effect of sample length on TFaraday rotation,
though for the ferrite slug a subsidiary effect, that of mode conversion,
is also mentioned briefly.

It should be emphasized that the perturbation methods employed here
are not in themselves novel. They are standard to most linear eigenvalue
problems of physics, and have been used in connection with electromag-
netic problems by many authors.'

The remainder of the paper is devoted to a discussion of a ferrite-filled
“cable’” in plane parallel form, using the methods of Part I. The treat-
ment is kept in terms of saturation magnetization and magnetizing field,
and is based on Polder’s equations. The paper concludes with an adden-
dum to Part I, which reports some calculations and graphs of field pat-
terns in a cylindrical waveguide completely filled with ferrite.

1. PERTURBATION METHODS
1.1 General Method

A number of authors have made applications of perturbation theory
to the problems of propagation in gyromagnetic media and the exposi-
tion which follows is included mainly for completeness. We shall develop
the subject in the following fashion: it will be supposed that the unper-



GUIDED WAVE PROPAGATION THROUGH GYROMAGNETIC MEDIA. 11 1135

turbed system is a wave guide containing a medium whose permeability
and dielectric tensors are diagonal and isotropic, but may vary over the
cross section of the guide, although not in the 2-direction along the guide.
For this system it will be assumed that a complete set of normal modes
exists for which appropriate orthogonality relations are known. The
perturbation of the system will then consist of changes in the permea-
bility and dielectric tensors of the medium, including the addition of
non-diagonal terms. If these changes are to be genuine perturbations,
they must be of one of two kinds. Either, the variation in the properties
of the medium is confined to a limited region, small in volume in some
appropriate sense, in which case its magnitude may be large, or, we may
have a small fractional change in the material properties extending over
a considerable volume. The fields in the guide may be expanded in the
normal modes and a system of equations is developed for the z-de-
pendence of the amplitudes of these modes. These equations are then
solved approximately, making use of the smallness of the perturbing
terms. The results may then be specialized to the various situations of
interest.

Let us suppose that the unperturbed permeability and dielectric con-
stant are wi(z, ¥) and ez, y) respectively and that the system is now
altered so that it possesses a permeability tensor

w@,y) =i, y) 0
J(@, ) pa(®, ) 0
0 0 w3(@, y)
and a dielectric tensor
e@y) =i, y) 0
In(w, y) ex(, ) 0
0 0 ez, y)

Maxwell’s equations for the perturbed system may be written, using
the notation of Parts I and II,{ in the form:

.
VHH, — ‘ﬂj_;_ — joeE, — onB* = 0,
OB

g
VB dz

—|— jw,qut + wat* = 0, (1)
V -H* — jweH, = 0,
V'Et* + jwngz = 0

t We omit the vector signs from all transverse vectors, which are sufficiently
labelled by the subseript “¢.”’
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These may be rearranged as

Vi, — B e, = jole — e) By + onll = A,
op, OB . )
V Ez — + ]wung = —]w(p,2 band ﬂl)Hg — wKHg = Bt, (2)

V'Ht* - jwelEz = jw(és - el)E’z =
V'Et* + jwﬂle = _'jw(l"3 - ﬂl)Hz = BZy

where A, B, A, and B, are introduced as abbreviations for the terms
on the right hand side of the equations. £, and H, may be eliminated by
substituting in the first two equations the expressions

B = V-H* — A,
* Jjwer
and
H. = _ —=V-E*+ B
: le-tl

The two equations so obtained are

LT
]%v*(v E‘>+‘9H‘ + joalls = —Ai+ o v*

M1 1

and

CIT
.lv*<v H‘)—‘ﬂerwulH,—B,Jr vedi )

]O) €1 €1

We now suppose that E; and H, can be expanded in the form
By = 2 a,(2)Eu(, y)

and

Hg = ; bn(z)HM(x: y)’

where
E —iBnz H —3Bnz
in€ and n€

satisfy the unperturbed form of equations (3) and the boundary condi-
tion that tangential £ vanishes at the guide wall. These equations have
solutions for certain values of 8, only, but, if K., , H;, are solutions for
B, = ¢ > 0, then E, , —H,, are solutions for 8, = —c. We shall assume
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hereafter that E,, and H,, pertain to positive 8, values. For a given
ba(2)
an(2)
of propagation reverses. Substituting these series for E, and H, in equa-
tions (3), one finds

unperturbed mode it follows that reverses sign when the direction

2 [dﬁ + jﬁnan] H,*= —A,+ l v B. (4a)
= | dz Je i
and
= [%g + jﬁnbn:l Bu* = —B, — ~ v+l (4b)
— > Jw €1

The orthogonality relation between functions of different n has been
given by Adler.” It is

f Eo*-HomdS = 0,

where n ¢ m; the tilde denotes the complex conjugate and the integra-
tion goes over the cross section of the guide. We consider the fields to be
un-normalized and write

fEtn*'thdS = An;
Clearly
thn*'Etn dS = '_An . (5)

Multiplying equation (4b) by H..- and equation (4a) by E.- and inte-
grating each expression over the cross section we have

S _ ~ 1 [ = oxB:
_An [% +.7Bnan:| - —"/.At EtndS +ﬁfﬂtn v Ids,

da, | . o . _ 1l s s d
An [E‘*‘]ﬁnbn] - th ﬁtnds ].wam v ;—dS.

Now we use the identity
[ eovras = — [ FGeas) + [ FV-6+as.

surface boundary surface
This yields
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’fEt,,-v*f—zds =~ Z @+ f%v-ﬁm*d&
1 1

b'dry M1
= jo f B.il.. S,

since B -ds = 0. H,, is the H, field appropriate to the nt* mode. Again,
we have

[Bovee o[ e(fa9 + f‘ifv-ﬁm* ds,
€1 €1

bldry €
= —jo f AB.. dS.

since A, = 0 on the boundary. E., is now the F, field of the 2™ mode.
Making use of these results we obtain the equations for the amplitudes
in the form:

b, o1 FwdS — [ B.E
%_i_ ]Bnan = An l:,/At Em dS fBszn dSi|)

(6)
@—”+jﬁb = i[—f&-ﬁt dS+fArZ dS].
dz nvn An n z zZn
Restoring the full expressions for A, , B;, A, and B,, we have
% + jBna,n = Z’S_wn [f (62 —_ el)Et'Em dS - jfﬂEt*'Egn dS
' (7a)
+ [ s — )M ds],
% + jﬁnbn = JA_“’n[f (#2 - f‘l)Ht'th as — ijHz*'th ds (7b)

_I' f (53 - eI)Einzn ds] .

Equations (7a) and (7b) are, so far, exact, but they involve, on the right
hand side, the functions E,, H,, E, and H, which are still unknown.
‘We are interested in those cases where the integral terms are small,
either as a consequence of the terms (e — e), 7 and so forth being small,
or of their being finite only over a small region. In the first case the fields
E,, H,, I, and H, may be replaced in the integrals by the values which
they would have before the perturbation was made. In the second case
this is not possible since a large change in the material constants of a
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region alters the field substantially within that region. Here, then, we
have a preliminary problem to solve, namely that of determining the field
in the perturbed region in a zero order approximation.

Perturbation problems may be divided into two classes by another
distinetion. The changes in material properties may be independent of
the z-coordinate, so that the new problem is to consider propagation in a
uniform guide differing slightly from the original one. Typical of such
problems is that of a waveguide containing a ferrite rod of infinite length
parallel to the z-axis; the perturbation consisting here of the change in
the properties of the rod when it is magnetized. Clearly, in such cases,
solutionsforwhich all field components vary as exp — 78z are still possible
and the perturbation equations (7) become equations to determine B.
On the other hand, there is a class of problems for which the perturbation
is confined to a limited region in the z-direction, and we are interested,
perhaps, in the reflection and transmission coefficients for a wave inci-
dent upon the obstacle. Here, for example, we might think of the case
of a disc of ferrite across the guide. If we remain in the range for which
perturbation theory is valid the changes in the amplitude of reflected
and transmitted waves will be small, but the changes in phase may not
be, if the perturbed region is sufficiently long. In the latter case, it would
be possible, if the perturbation were uniform in z over the region in which
it exists, to find solutions going as exp jBz, as described above, and to use
these to fit the boundary conditions at the ends. It is also possible if the
perturbed region is long, with slowly varying properties, to obtain suitable
approximate solutions by the WIKB method. Some of these cases will
arise in the examples which we treat below.

1.2. Perturbations Uniform in 2z

We consider first the general case in which the perturbation is uniform
in z. In the absence of the perturbation the m! mode is to be present. For
the fields E; and H,, in the perturbed region we write @n(2)Eimo(x, ¥)
and a,(2) ..oz, ¥), respectively, where a,,(2) is the amplitude function
for the mt mode. If the perturbed region is one in which, for no magneti-
zation, the material properties differ only slightly from their unper-
turbed values, we may justifiably identify E;..o with B, and H .o with
H,, . If the material properties are appreciably changed even in the
absence of a magnetic field, E;n and H..o have to be calculated by
an independent method. For a,, we put A.e¢ %, where 8 = B8, -+ 88
and 88 is small. Similarly for I, and E,, we write b,, Hno and b,, ..o,
with b, = Bne % With such assumptions, the m? set of equations (7)
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gives an equation for @8, while any other set, with n  m, gives the
excitation of the n'™ mode. Substituting in (7) we have

ijAm - JBBW = gﬁi (f [(52 - e1)-E't'm()'Evtm - jﬂEtmO*’Etm
k (8a)
+ (”3 - IJ'I)HnnOHzm] dS) Am = ]LAm
and
jﬁmBm - ]:BAm = %0— <f (I‘? - #I)Hlmo'ﬁtm - jKHtmo*’ﬁtm
" (8b)

+ (53 - el)EZMOEZM] dS) Bm = ]ﬂ[Bm

Ignoring squares and products of small quantities, one then has
8 = 14 (L + M). 9)

The first example to be considered is the effect on the propagation in a
circularly cylindrical waveguide, when a coaxial, magnetized pencil of
ferrite of very small radius is introduced. The guide radius is r, and that
of the pencil is r; . Before the ferrite is introduced, p1 = poand ¢, = ¢,
where uo and ¢ are the free space values. The unperturbed fields are
those of the usual TE and TM modes in round guidé. It is necessary to
calculate first the zero order electric and magnetic fields within the
magnetized pencil; it will be sufficient to work out the magnetic case and
deduce the electric one by analogy. Since the cross-section of the pencil
is very small and transverse propagation effects consequently negligible,
the internal field may be calculated by solving a static problem. The
transverse magnetic field before the pencil is inserted is H,,, and it is
assumed that the pencil is so small that over a circle with a few times
the radius of the latter, H,, is essentially uniform. We must now solve
Laplace’s equation for a cylindrical rod immersed in a magnetic field
which is to be uniform at large distances. Within the rod, B, = uH,
— jkH*, and at its surface the usual boundary conditions prevail.
Hereafter we write u for us .

The fields are derivable from potentials ®,,;, ®;,, which are of the
form

q:'in = (Htmo’;))

cI)out = (Htm;) + %,‘—) y
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where 7 = (, 9), @ is a constant vector and the coordinate system has
its origin at the centre of the rod. Continuity of tangential H at the sur-
face of the rod requires

a
HtmO = Htm + —_
”n*
and then

2
- r -
(bout = Htm'r + ;;‘ (HtmO - Htm)'r~

The normal derivative at the surface of the rod is

1 P 9P
—[5‘”53]

1 - -
;[Htm'r — Himo — Hem) 1l
1

or, externally,

Matching the normal B’s at the surface then gives
wl2 Him — Himol = uHimo — JxH imo*,

or

_ 2#0[(# + #O)H m + jkH i)
(v + no)? — « .

In a similar manner, one would find if the dielectric constant of the rod
were e,

HtmO (103‘)

250Etm
€+ e

The longitudinal fields E,., and H,, are unchanged within the rod.
Turning now to the expression (9) for 63, we have in the present-case,

Limo = (10b)

_ w 260(6 - 60) 2 _ 7 2
39 = =g [ 85 [4F VBnlt + c— ) B

Tl 2 4pe’
+ 2u0 —— e | Hiw | — J ————
#o(u-l-uo)‘—le m | =3 (b + m)? — &
where we have anticipated that A, is real, which we verify below.
Since the integrand is constant the integral may be replaced by mr
times the value of the integrand at » = 0. We consider now a TE-mode

Htm*ﬁtm] )
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with variation ¢”**, n 5 0. We shall have,
Etm = —"jwﬂov*\l,m;
Htm = —]ﬁmv\llm ;

where

U, = Jy (u"m 1) ej""’ J;(unm) =0
To
and

2
nm

7‘02 ’

2 2
Bm = Wepo —

For the fields on the axis, one finds for n = +£1,

. . ﬁmunm 7
I, = —jH, = —jn 2nlom gire
n ] (4 Jn 27‘0
and
nEy = jE, = jwn Unm gine,
27’0

If | n | £ 1 there is no first order perturbation. We now have

56 = —— 7N

2 2 2
2 |:€ € — € w2'u02 Unm + MOBm Unm M + nx — “0]
0 — .
€+ e 7o? T’ u+ 1k 4+ po

But we have

ro _
A = 21 f By Hor dr,
0

Unm 2
= —2T'w#06mﬁ [Jn,(x)2 + J"(x) :| & d"l},

x2

2
= —27wueBm J"(l+’") (g — 1).

and then,

2 2
]- 1 Unm

DB 16 T () 2t — 1)

o+ Nk — wo 2€1 — €p
l:ﬁm#+nK+#o+60€1+€0 ’

(11)
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TFor T'M modes we have
j 2
Etm = _jﬁvam Ez =7 Xm

Htm = jweﬂv*Xm

where
. r ine .
Xm = Jn <.7nm "> e, J"(]ﬂm) =0
To

and

.2

B = wleomg — ]"—"; .
To

Proceeding as before, we find,

_l_.r_12. 1 l—ﬁozl‘_l—n"’—lo‘l)
28n 1 Ju () L B+ ko

A problem which is of some interest, although not of immediate prac-
tical significance, is that of a ferrite pencil of arbitrary radius and infinite
length in a round wave guide, with the remainder of the waveguide filled
with a non-magnetic dielectric, whose dielectric constant, ¢ , is equal to
that of the ferrite. The ferrite is supposed to be only weakly magnetized.
For such a problem, we have,

88 =

+ B’ %J . (12)

% = —2201 fy:)encil [(# - #O)Htm-gtm - jKHlm*'-thm] das.

H,,, is the field of an unperturbed TE or TM mode in the dielectric-filled
guide. u — po and « are supposed small, but 7, , the radius of the pencil
need no longer be small.

For TE modes, we have as before (again excluding the case n = 0),

Etm = —jwuov*\lfm,

Htm = "'ijv\I’m,

7‘ o
Vo = Jo | Unm — ) €
7o
and
2 2
18 2 6026/.1. Unm — B 2 Unm
- 00 T = P11 —
" 1‘02 7‘02
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Hence, assuming the pencil coaxial with the guide.

2Am

ry 2
- 66 = 27"[ (,U' - ﬂ0)6m2 l:um; J’n2 (unm T_>
w- 0 To To
2
+ <unm r—)] rdr
r To
+ 27”(61"2 . 2 Ynm n f :In <unm Z") Jn, <unm T_> d?‘,
To [ To To
Unm (r1/7g)
276" [(y — o) j' [ J0i ) + J'(w)]

wunm (r1/70)
+ 2kn j J"(CL‘)J,,,/(QJ) dx] ’
0

27rﬁ,,.2|:(u - m><xJn<x>Jn'<x> + 217

+ 2= 1Jzn(ac)> + knJ> <u,,m Q)} .
2 T—(r1/7 Q) tnm To

Making use of the value of A, found in the preceeding paragraphs, we
have

_ Bm li _ ’ ”0_2 79
6ﬁ - ('ll/nm2 _ 1)Jn(unm)2 l:<“0 1) <w']ﬂ(x)Jn (x) + 2 Jnx)

2
+£—iﬂm0 +n£ﬁQMﬁﬂ.
2 T=1upm (r1/70) Mo To
For TM modes,

(13)

B, = _jﬁmvxm;
Hiyn = joaV*Y,,

. r ;
Xm = Jn nm eﬁw)
To

2 _ 2 nm 2 Jnm
B = weam ——5 = fi’ —= .
To o

In this case,

2ﬂ B = 271'(0)61) < L — wo) / [ < nm 7‘_>
To
+ ‘7-"12 J? <jnm r_>] rdr 4+ 2n " dm JIn <'nm 1) . (’nm r_> dr) .
To To 0o 7o To 7o
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The value of A, for this case is
j 2
127 »
Am = '_‘27r(.0616m‘ nTm Jn (]nm)‘

The value of §3 now becomes

_ 612 L > ( . ' 172 192
B = ,Bm].nngnz(jnm) [(;0 1 1Jn(x)Jn (CL‘) + g g (x) |
2 —1 K T (1)
+ Ji(d@)) + n=J <jnm —‘)]
2 T=fum (r1/70) Ko 7

We note that for a ferrite filled guide with », = r,, the nonreciprocal part
of 83 vanishes which confirms a result found in Part I of this paper for
weak magnetization.

The very high dielectric constant of the ferrites (about 10) puts rather
severe restrictions on the size of the pencils to which perturbation theory
is applicable, even for weak magnetization. This limitation would be
- substantially relaxed if we possessed exact solutions for rods of high
dielectric constant inserted into round guide, which could be used as the
basis for magnetic perturbation calculations. Unfortunately, the only
extensive published calculations of this kind are for dielectric constants
less than 3. However, at the suggestion of M. T. Weiss, a calculation of
the propagation constant of the lowest mode varying as ¢* in a wave
guide containing a coaxial dielectric rod (e, = 10) has recently been made
in the Mathematics Department, for varying rod diameter, but for a
single value of guide radius equal to 0.4 times the free space wavelength.
With the aid of this information, which was made available to us, the
magnetic perturbation calculation has been carried out.

As before, the radius of the guide is ry and that of the rod is r; . The
dielectric constant of the rod is & . We consider first the propagation in
the unmagnetized case. Since we are considering only one mode, namely,
that with an angular variation, ¢”, and of the lowest order radially, we
need not identify the I£’s and H’s by a label. We use a subseript “1”” for
fields in the dielectric and “0” for fields in the empty part of the guide.
In general, we have

&'E, = —jlonV*H, + BVE],
’H, = —jIVH, — weV*E),
where
o = wen — 62,
V'H., = —d’H.,
V’E, = —d’E,.
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and ¢, p refer, for the time being, to the dielectric constant and perme-
ability of the region considered. It will be convenient to put

€ 7
Hz,t = '_Hz.t;

o € 0
B 3 a _
— _ 3 -5
0V € ’ wV €t ’

. 1 .
and to measure lengths in terms of — . We shall continue to use
“’\/Hoéo

¥V and V* with the understanding that they refer to the scaled units.
We now have

jaZEt = ﬁv*ﬁz + Bsz;
jC-(QH; = BVﬁE - EV*EZ,
=2 - =2
& =& —
VH. = —&H.,
V’E, = —-&'E,.
At the surface of therod E, , H, , E, and H, are continuous. We must
have
im0 = ()] - e F e - (57)
@? | 1o ar /o o’ ln or /1
and

L8 + P o | = L (%) + B .
[ or 0 1 (27} ar 1 1

where
- =2 -2 - =2
a=-, ar =1—p8 and a =& — .

i@ = 1, everywhere, if the unmagnetized ferrite has the permeability of
free space. o
These equations may be rearranged in the form:

S R
1

(15)
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Within the dielectric, since all fields are bounded at » == 0, both E, and
1. are proportional to Jy(ay) and, evidently,

_ 1 <‘2§z) — 1 <%) _ a17'1J1/(0117‘1) _ F(a?”)
Ho\or i = B(r) \or 1~ Ji(awry)

in the notation of Part 1. (I.), and (I1,),, similarly, will be those two
linear combinations of Ji(aw) and Yi(agr), which, respectively, vanish
and have zero normal derivative at » = ry, in order to ensure the van-
ishing of the tangential fields there. The functions

r 0 (Hz)o 7 3(E5)0
(HZ)O ar an (Ez)o ar

will be called H(ar) and G(ar) respectively.
Eliminating E,(r;) and H,(r,) from equations (15) we obtain the char-
acteristic equation of the problem in the form

Bg< 11 >2 _ (F(am) _ H(c‘zorl)XEl Flary) G(_6z0r1)> .

a02 a12 &12 &02 al2 a02

The perturbation in the present problem is that due to a mild mag-
netization of the rod and referring again to equation (9) we have (in
unscaled units)

B = — ad [(u- - l-lO)Ht'Ht - jKHt*’ﬁt] dS,
2An rod

with

An = Ez*'Ht dS

guide

Thus, in the scaled system,

Ty —~
f l:(li— 1>lﬁg ]2—j£(ﬁt*'tﬁ)j|7‘dr
2_ _1Jo o Ho
5 .

o8 . (16)
f Eg*'ﬁt r dr
0

The evaluation of the normalizing integral in the denominator is an ex-
ceedingly tedious business and it seems advisable to avoid it. This may
be done in the following manner. The characteristic equation has been
solved for numerous values of 7, and 8 may be considered to be a reliably

known function of r; . In particular the slope b is known. But we may
1
d

g’ by a perturbation calculation in which we start with a
1

also deduce
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rod of radius r; and increase the latter to r, + dr; by changing ¢ to ¢
in the shell 7, < r < 7 + dry. For such a perturbation, since £, and E,
are continuous at the boundary, they suffer no change when the boundary

. N . €1
moves; I, however is discontinuous and (#,), = —=(¥,); where (I,), and
€

(E,); are the normal fields just outside and just inside the rod. The per-

turbation formula (unscaled), thus gives
o8 = §—A_ (a6 — eo)<|F P4+ |E, | + |(Iy,) |> 27101y

or, scaled, with r and r; representing scaled radii,

5= L@ = DB+ B+ al (B

2 f E*Hordr

The formula (16) for the magnetic perturbation may now be written

P! r1 4 ~
71 dry Vo Ko Mo

TR Hz(rl) o
He=fgy =ik
and then
jai'H, = jcB k. _ al I,
ar r
jatd, = il B + & 2.
r ar

The integrals are readily carried out and are as follows:

. 1
f | H, [*r dr
0

ry ~
f (Hz*‘Ht)T dr
0

F (Oll’/']) -|—

a— 1 [B@P+ B P +al@p -

2
(X17’1 —_ 1

_ B (r) [( & + B — 2ceB <F<a17"1) +
oq 2

2(7”1) [( o + '8 )(F(Ollrl) + F (am) + 2 = 1) - 208@1:"

)}
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The term in the denominator may be evaluated by using

j5£12E, = B aE

j&12E¢ —f— ‘76 L.

We obtain
|E.(r) |” + | Bo(r) ' + & | (B0 [*
— B [[ — cF(ar)]® + el[c —~ ﬁF(alrl)]:l

12
The perturbation may now be written:

Tlgg-
8B = - ‘1

€ —

(17)
(’;— — 1>[A(ef + ') — 2cBel + ; & + ¢’B® — 24cep]
. 0

rlat + [B — cF(aur)]? + &lc — BF(awm)]? ’

where

F (0117‘1)

4 = +F( 17”1)'1‘0[17.1

and ¢ may be obtained from equation 15, and the definition of ¢

G(&oﬁ) . F(&17‘1)

g ! &y _ 5412G(6"¥o7'1) — qa'F (aury)
(L _1 B& — 1)
ﬁ aoz &12

Ny(agro)J1 (@ory) — J1(@gro) N1' (o)
Ni(aoro)J1(ar) — Ji(@ro)Ni(awrr)

Fig. 1 shows the propagation constant as a function of the relative
diameter, ri/ro, of the dielectric rod 1n the unmagnetized case, with

CcC =

with

G(aorl) = a1

= 10. Fig. 2 shows the derivative -, —— atr / ) as a function of ri/ry. The
r1/To

guide radius is 0.4 times the free space wavelength. From equation (17)
58 may be written as

3B = P(p — mo) + Q.
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Tig. 1 — Propagation constant of a cireular guide containing an unmagnetized

coaxial, dielectric rod (e/eo = 10). 7, is the radius of the rod and ro the radius of
the guide. 7o = 0.4\o , where \¢ is the free space wavelength.

The computed values of Q and P — @ are shown in Fig. 3 as a function
of relative rod radius. P — @ is plotted since P and @ are very nearly
equal.*

1.3 Perturbations Non-Uniform in z

So far we have been concerned only with structures indefinitely ex-
tended in the direction of wave propagation. In practice the non-recipro-
cal element is, of course, finite, but end effects can frequently be ne-
glected, since the element is matched at its ends (by tapering of the finite

* H. Seidel and Miss M. J. Brannon, at the suggestion of M. T. Weiss, have re-
cently calculated the diclectric loss for the guides containing a dielectric rod de-
scribed above. By combining such information with that obtained here it is possi-
ble to discuss figures of merit (degrees of rotation loss in db) for various pencil
radii. Such an analysis is being made by M. T. Weiss and will appear in an ar-
ticle, by S. E. Miller, A. G. Fox and M. T. Weiss, in a forthcoming issue of the
JOURNAL.
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sample, for instance). The matching could be accomplished in such a
way that the transition region, whose characteristics would be very diffi-
cult to compute, should contribute little to the overall non-reciprocal
behavior. Therefore, in many cases, the theory for the indefinitely ex-
tended sample is adequate. For some special purposes, however, it is
desirable to mismatch the sample deliberately. For instance, Rowen®
has suggested that the change in Faraday rotation, due to internal re-
flections in an unmatched specimen, can offset to some extent the fre-
quency dependence of the rotation which is implied by the Polder rela-
tions, broadening thereby the useful bandwidth of the device.
Consider an infinite slab of ferrite, magnetized in a direction normal
to its two parallel plane bounding surfaces. A circularly polarized wave,
normally incident on the slab, will be partially transmitted, and, since
for such a wave, the medium behaves as though it had an ordinary scalar
permeability, the phase and amplitude of the transmitted portion are
readily calculated. It is clear that, as the result of multiple internal re-
flections, the phase of the emerging wave will differ from the value ap-
propriate to a single trip through the slab (such as would be obtained
were the slab perfectly matched). Both amplitude and phase of the
transmitted wave will depend on the electrical thickness of the slab and
its dielectric constant, and on the effective permeability. The latter

2 \\
\\\
0
0 0.1 02 03 04 05 06 07 08 09 1.0
c=n/r

F16. 2 —

g

, versus .
()

To
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Fig. 3 — Q@ and P — @ versus r1/ro .

differs for right and left circular waves, so that a plane polarized signal
(which is the sum of equal right and left circular components) will
emerge, in general, elliptically polarized, with the major axis of the
ellipse tilted from the polarization at incidence by an angle which differs
from the single trip value as the result of internal reflections. It is clear
that this change in rotation can be calculated in a very elementary way.

When the sample is confined to a waveguide a similar effect occurs,
but its calculation becomes extremely involved, at least for arbitrarily
large magnetizations. The reason, which should be clear from Part I of
this paper, is that the circularly polarized modes no longer have the same
field configurations inside and outside the sample.* Therefore any inci-
dent mode excites all of the normal modes of the ferrite; these, in turn,
give rise to all the mode patterns of the air-filled portion of the guide.
Even if all but one of these are cut off, the excitation modifies the phase
and amplitude of the reflected and transmitted portions of the propagat-
ing mode.

* This is due to the fact that there is now no ordinary effective scalar perme-
ability as for infinite geometry.
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Thus all modes have to be included in the problem, which conse-
quently takes the form of an infinite system of linear equations for the
mode amplitudes. This can be solved only to some approximation whose
general validity it would be hard to establish. The problem could also
be stated as an integral equation involving a complicated Green’s fune-
tion, with no greater chance of complete solution.

We are therefore forced to restrict the problem to the ranges of mag-
netization, or of sample size, in which perturbation theory is applicable.
However, we begin with a discussion of the infinite, plane, loss-free slab,
a problem which can be solved completely, and which has some bearing
on the perturbation problem for a slug of ferrite whose cross section
completely fills the waveguide.

Let the plane boundaries of the slab be normal to the z-axis, which is
also the direction of magnetization and the propagation direction of a
circularly polarized wave incident on the boundary z = 0 (see Fig. 4).
In terms of the parameters p and o of Section 2.1, Part I, the effective
permeability for a circularly polarized wave is

- ., = p
wk=u #0<1:,:1icr>’

the upper sign referring to right circular polarization. The correspond-
ing propagation constants in the slab are then

ﬁi=w’\/€_p.g/‘/1:izi

140

—
INCIDENT

DC
FIELD FIELD

Fig. 4 — Normally magnetized ferrite slab.
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where ¢1s the dielectric constant of the ferrite. If d is the thickness of the
slab, the electrical thickness is

_ _2wd _ D
ei—ﬁid—T;_BO/‘/ld:lio"

where 6, = w\/uee d is the electrical thickness of the unmagnetized
sample. Let us now confine the discussion to the right circular wave. If
the incident electric field is taken to be ¢~ where B is the free space
propagation constant, @ \/uee; , the incident magnetic field will be

— E"_ e—iﬁa"
Wi

and if the reflected electric field is pe™**, the reflected magnetic field will
be

_BB_ peiﬁ 0®

Who
since S reverses sign. Inside the slab, the electric field consists of forward
and backward travelling parts 7¢~%+* and 7.¢*+*, and the corresponding
magnetic fields are

—_ _6_+. 1lg—jﬂ +#

W

and

B+ Tge’ﬁ"’ .

Wy
Finally the transmitted electric and magnetic fields will be denoted by

- e—:ﬁo(z—d)

and

—_— EU_ Tse—"ﬂo(z.d)
© WHo

respectively. In general p, as well as the 7’s, will be complex. To obtain
73, we write down the equations of continuity of all tangential fields
across the boundaries z = 0 and z = d. Since the fields are confined to a
plane normal to the z-direction, these equations are:

1+P=71+72,

—6—0(1 —p) = &-—(71—72)
WHo wio
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and
—ifd —iByd
T3 = T1€ B -I— T2 B ,

_&)— T3 = _B_+. (Tle—ﬁ+d

wo WHo

— Te€ J3+d) .

These four equations in four unknowns are easily solved for r; . Writing

— 4
l+—/‘/1+1+6
& g_0=/‘/g/x+’
M+ Mo €

a

and noting that

= :'v: 3 say,
where
€ ’
one finds the solution to be
1
Ty = 0 b
cos oz + ‘% (?ca:. -+ %—') sin G4

= I 73 ,+e—j’1>+’
where

tan &, = % (5?— + %ﬁ) tan 6oz (18)

+ .

and

‘ 2 —1/2
73]y = [0052 by + i(x%. + %") sin’ ng_,.] . (19)
Similar results apply to a left circular wave; it is necessary only to reverse
the signs of o, p in the expression for z, . Equations (18) and (19) show
that equal right and left circular incident waves emerge with different
amplitudes and phases; hence an incident plane polarized wave emerges
elliptically polarized with its major axis inclined to the polarization direc-
tion at incidence. The inclination and the ratio of minor to major axis
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are determined as follows: The right and left circular fields, upon emer-
gence, may be written in terms of rectangular components (with the
polarization of the total incident field along the x-axis)

E.S — B, = 7.6,
B+ jE = 6™,
from which the resultant field in the z-direction is seen to be

Ber = B+ E~ = | 7y|cos (et —®y) + | 7_ | cos (wt — &)

and in the y direction (20)
Eyp = ES+ B~ = |7_|sin (ot — &) — | 74| sin (ot — ®).

The amplitude at time ¢, (B.r® + E,r°)"?, is thus given by
E,TZ + E:ITZ = | T+ lz + i T—|2
4+ 2| 74 || 7= | cos 2wt — (@_ + ®,)] (21)

The major axis of the ellipse is the maximum of (E,,° 4+ E,r»)"* with
respect to wt. It equals | 7, | + | 7— | and is attained at

wt = 15(®_ + @4).

Similarly the minor axis is the minimum and equals | 74| — | 7_].
The ratio of minor to major axis is therefore

|re | = |

rel + 171"

The angle between the z-axis (the incident polarization direction)
and the major axis is found by substituting ot = 14(®- + ®,) in (20).
This gives

Fer = (ri | + |7 ]) cos 05,

. by — P
Byr = (|74 |+ 7= Slan—,
which shows that the angle is

(I>+ - (I)_
———2 .

| 7| and @ are plotted versus « in Fig. 5. 7, &, and 7, ®_ at given



GUIDED WAVE PROPAGATION THROUGH GYROMAGNETIC MEDIA. IIT 1157

" _.J\ NEAR X2 = £y THE FLUCTUATIONS IN
L2 i é AND |73] SUBSIDE, SINCE THE SLAB
L~ ‘\‘ IS THEN MATCHED. BEYOND X2 = £,
/ \ THE FLUCTUATIONS RISE AGAIN
0.8 // \l_‘
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Fig. 5 — Phase and amplitude of transmitted circularly polarized wave as a

function of z = 1+ 1—_1:_— , with £ =10 (a), top, ® for 8, = = and 3; (b),
o €0
bottom, ® for 8y = 7r; (¢), | 73 | for 8o = = and 3x; and (d), | 3 | for 8 = 7x.

| o], | p| are found by choosing positive and negative signs for ¢ and p

n
— 4
x—/‘/l—{—l e

Note that 2 can be imaginary corresponding to cut-off in the range
-1 << —-1—19p(<O0).
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Fig. 5(c), top and (d), bottom — See Fig. 5.

Near x = 1 (corresponding either to small p or to sufficiently large o),

® differs from its value &, for the isotropic case by a small amount 6.
The rotation, to first order, is then just one half the difference between

the §® for positive and negative p, o. Writing
p
lxo

DO =

Ty =14 0z = 1%
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and expanding equation (18), we obtain

cosh ¥ sec® 6, — tag % sinh ¥

6Py = 0pd 0 ,
* 000 1 - cosh? ¥ tan? 6,

€ v
a = — =€ .
€

[This result holds even near 6y = (n + 14)7 where tan 6p = «, as can
be seen by expanding the reciprocal of equation (18).] The quantity
186,(6x,. — dx_) is the rotation corresponding to a single trip through
the sample. The actual rotation is 14(6®, — 6%_). Hence we may define
a rotation gain as the ratio

where ¥ is defined by

350, — 53.)

6, a 1n 7om e N
g( 0 ) %00(6x+ i 5:1}__)

tan 0y 22)

cosh ¥ sec® p — sinh ¥

0

1 + cosh? ¥ tan2 6,

In many cases, 6 > 1, that is, the thickness of the sample is much
greater than a reduced wavelength in the specimen. Then the second term
in the numerator of g is always negligible compared with the first. g then
simplifies to

_ cosh ¥
cos® 8y + cosh? ¥ sin2 6,

g1

This expression is plotted in Fig. 6 as a function of 8 for various a = e".
. . . . 1 1

For given ¥ it has minima equal to oh T at 6y = <n + §> 7, and max-

ima equal tocosh T at 6y = na(n = 0,1,2, -+-). Whena > 1 (a ~ 3

for many ferrites), cosh ¥ is replaced by L4e” = 14a, and then

DO} =

Jimax = =

Jlmin =

Qi

It is to be noted that when 6 = nr, the condition for maximum g ,
the unperturbed reflected amplitude is zero, and the ellipticity vanishes
to first order in éz.
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Fig. 6 — Rotation gain, g1(f,), versus electrical thickness, 6o , for small mag-
netization.

Perturbation theory enables us to solve approximately, for weak mag-
netization, the problem just considered for the case in which a right
circular cylinder of ferrite snugly fits a cylindrical waveguide. We will
show that, with a suitable reinterpretation of the constants, equation
(22) for the rotation gain of the extended slab continues to apply here.

Before magnetization, a particular right circularly polarized mode,
say the m™, is present in the sample. The small magnetization distorts
the pattern of this mode and changes the propagation constant slightly.
The distorted pattern can be expanded in the series of normal modes of
the unperturbed material. In these expansions only the coefficient of the
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originally present m™ mode will be large; all others will at most be of the
order of the perturbation. Denoting perturbed quantities by the superfix
+, we have for the distorted fields

+ _ —iBntz

Etm =€ " Z::l pmnEtn )
+ —iBm*z

HY, =¢ " =t qantn y

where pmm and qmm are large compared with the other coefficients. 8,
and the p’s and ¢’s are determined from equations (7a) and (7b). a, in
these equations is identified with e 3tz Dmn , by With ¢ it Gmn - Since
all perturbation integrals involving E; and H,, E. vanish in the present
case, we obtain

ﬁnq”m - 6:pmn = A'g‘ [[(M - #O)Hi-mﬁtn s — ,7 f KHJ{,:ﬁm ds:|

and
6npmn - .B-W‘-Lan = 0.

In the first of these equations, H7,, , the perturbed magnetic field, con-
sists of @mmH i , plus an admixture of other modes with coefficients them-
selves of order 4 — wo, x. Therefore, to first order, it suffices to write

HTm = QmmH tm
in the integrand, with the result:
ﬁnq"m - ,szmn = I;uQmm 5
13+
pmn ﬁn an 3y

where
It = 2 [ @ = ol — et s

Elimination of p,.. gives
(8% = B2)gmn = Bulbngmn -
The case n = m determines B :
= Bl — IiwB,). (23)
All other cases give, to first order,

Buln ,
Gnm =62 a2 Qmm
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which, again to first order, equals

Bulomn

mm
8L — Bn

One of the quantities Pmm , @mm , is still arbitrary. If it is required that
the perturbed field is, to zero order in I, , normalized to the same value
as the unperturbed field, it is readily found that one can take

= B
=5

We are now in a position to consider the problem of a right circular
mode, say the ™ incident upon the end plane, z = 0, of the ferrite cylin-
der extending to z = d. One simplifying feature of this problem is that
the unperturbed modes inside, and the modes outside, the sample have
the same dependence on radius since the sample fills the whole guide-
cross-scction. However the modes inside and outside may have different
numerical coefficients. Thus, if we distinguish quantities outside the
sample by primes, the TE,, mode can be represented outside and inside
the sample by

(24)

pmm = 17 qmm

Here sgn 8 means: sign of the propagation direction, 41 and —1 for
forward and reverse respectively. The function ¥, is given by

r .
ﬂl/sr = Js Upr — e]sp,
To

where ¢ is the azimuthal angle, ro the guide radius, and w, the ™ zero of
J/(z). Tor TM modes we have similarly

Elts, = Ets,. = v¢sr;

,, = —‘;'i? (A*Ysr) sgn Br s
H,, = _c;_ex (V*er) sgn Br,
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where in the definition of the ¥, u, is replaced by 7, , the ' zero of J,(x).
Since the perturbations considered here do not couple modes with dif-
ferent azimuthal number, s will be considered fixed hereafter, and only
the suffix r will be retained.

The field at z = —0 (just outside the ferrite) will consist, not only of
the incident field and its reflection p,, but also of other modes excited
by the perturbation. Taking the incident Z,” to have unit amplitude, we
have, from the continuity of tangential electric fields,

(]- + pr)E,tr + Z PnE/tn = E (Tnl + Tn2) ; pnlEtl,
ngr n

(25)
= Z, (Tnl + Tnz)pan'n y

where the 7.1, 7.2 are respectively the forward and backward traveling
amplitudes of the n™® perturbed mode. In the same way, we have for the
tangential magnetic field:

(1 - Pr)H,tr - ; an/M = Z‘: (‘Tnl - Tn2)qantt . (26)

The changes in sign of the coefficients of the backward waves have al-
ready been explained in Section 1.1. Let us now suppose that the incident
mode is the TE, mode. Multiplying both sides of (25) by V*¢¥, and both
sides of (26) by V¥, , and integrating over the cross-section we have,
from the orthogonality relations of these functions,

1 + pr = Z (Tnl + TnZ)pm‘ ’

Bi"(l - Pr) = ;67(7711 - Tn2)Qm' .

But in these series, all = except 7, will be small, as will be all p, ¢ except
Drr, rr . Hence all terms, except those for which n = r, will be small of
second order, and can be neglected. Further,

Drr = 1, Qrr = BBT—:_O

Thus we obtain finally,
1+ pr = Trl"l" Tr2

62

:Brlﬂr-'- ’

In view of equation (23) for 8,F, these equations can be written, to

‘ 1 - pr = (Trl - Tr2)
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first order in I, ,

1+ pr = Trl'l" Tr2
B o @7)

1—0p = (tn — )
’ Br/IJvr-F ’ "

I
Mry = “0<1 - E‘).

Similarly at the output plane, z = d, the transmitted amplitude 7,
satisfies

where

I

—30 70
716 + Tr28

+

T3 = B,r i (Trle_jo - Trzeja): (28)
ﬁr.‘-‘r+
where 0 = 8,7 d. Comparison of equations (27) and (28) with the cor-
responding equations for the infinite slab shows that they have the
same form; however, equations (27) and (28) hold only for small mag-
netization. Hence only those results for the slab that relate to small
magnetization can be generalized 1o the present case. One such result is

that for the rotation gain. If we re-identify variables by

Tr3

+ +_ LI 11,

-——)Br R

o v 2 B 26’
00— 6, = B, d,

4 —a = Br/ﬁz,

we obtain, for the rotation gain,

tan 0, .
0 sinh ¢, (29)

1 <4 cosh? ¢, tan? 6, !

2
cosh ¢, sec” 6, —

where
!
e‘h = Qr = :Gr/ﬂr .

The formulae and conditions for maximum and minimum rotation gain
derived in the previous section, apply here also, in terms of the re-defined
variables.

The conversion of part of the incident mode to the s™ mode in the
transmitted wave can be examined by multiplying the matching equa-
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tions by V*J; or V¢, and integrating over the cross-section. It is then
found that the transmitted amplitude of the »** mode is

(Z. + Z,)(cos 0, — cos 8,) + j(1 + Z.Z,)(sin 8, — sin 6,)

s = Hndin (2Z4 c08 0, + j(Z% + 1) sin6,) (2Z, cos 6, + j(Z; + 1) sin ;) ’
where
0, = B d; Z"'" = %
and
Balsn

Yrn = M .

The perturbation theory just outlined assumed a guide closely fitted
with a slug of ferrite of finite length, and slightly magnetized. The per-
turbation consisted in the small changes in permeability. Here we treat
another kind of perturbation in which the ferrite does not fill the guide
completely, and in Whichj:the magnetization can be arbitrarily large,
but the sample is a thin lamina, mounted normally to the guide axis
which only slightly perturbes the field pattern. Its shape can then be
considered arbitrary; its thickness will be assumed]uniform and very
much smaller than a wavelength in the material. b

Under these conditions, the equations for the perturbed amplitudes
of the right-circularly polarized n** radial mode are

da, . . ~ . ~
a_aZ +]6nbn =]‘A£,;|:f (,U - NO)Hle dS _JfKHt*thdS
"l' f (G - €0)-E'z'Evm d‘S:I ) (30)

aa‘%ri + jﬁnan = .7 f; [f (6 - 50)Et'Etn dS:I 3

in the usual notation. The terms on the right are assumed different from
zero only in the range 2, z + 8z occupied by the sample, and the integrals
are extended over the cross section of the sample only. E,, , H,, are the
mode functions for the empty guide. The fields H, , I, , E, are the actual
fields inside the sample. For the first-order calculation E; and H; are
identical with the incident field and E, (by continuity of the normal

component of D,) is ? times the incident E, . Now the incident fields may
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be taken simply as
anOEtn 3 anOth ) anOEzn

(since, in vacuo, by = @nosgn B, and sgn B, = -1 for the incident field),
and the amplitude @, may be taken to be unity. Therefore equation (30)
may be written

Yo =G 2| [ o S — j [ it a8

dz
+ f(l - ?) GOEanzn dS} — jﬂnbn ’

ab,,

_&_ = ji‘)—"f (E —_ Eo)EtnEm dS - jBnan .

We solve these equations by integrating through the small thickness of
the sample. Since we are interested only in results of first order in 6z,
a, and b, on the right hand side of these equations may be replaced by
Gno , bno ; that is by 1, 1. Writing

IA = 'Tw" I-f(“ - ﬂO)Hmth ds _J [Kth*thdS
VANY LJ J

+ [ <1 - -Z-°> allsuEn dSiI,
I =2 [ €~ @BuBunas,
we have, upon integration from the incidence plane (1) to the exit plane
@),
@z — @ = (T4 — Br)02,
by — b = jIz — Br)dz.

an1 , the amplitude at the entrance plane consists of a0 = 1, the incident
amplitude, plus a small reflected amplitude p. Thus @, = 1 + p. Simi-
larly b, consists of @, sgn 8, = 1, and the small reflected amplitude
psgn B, = —p (correspondingito a backward wave). .o is equal to .
(since the transmitted wave is a forward wave). Hence we have

Ano — (1 + P) = j([A - ﬁ") 62,
Ara — (1 - P) = ](IB - Bn) 63:
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whose solutions for the transmitted and reflected amplitude are
e = 1 _j<5n — z‘%_j_”>az

and

_il— L
p=J— .

Thus, to first order, the transmitted wave only undergoes a phase change,
of amount

I -g IB) oz.

A similar result applies to a left circular wave; the only difference arises
in the contribution

Spy = <l6n -

y .
e f kH o+ H,, dS

to I—; which will merely change sign. The remainder of I, , and also Ip

are unchanged. Thus the Faraday rotation of a plane polarized wave,
which is one half the difference of the phase change for right and left
circular waves, is equal to

6¢+ 2 6¢— = _221;‘7. v/sirea of disc KHM*ET‘” dsaz.

The integral on the right is real, and, when the disc is circular of radius
71, is of exactly the type that has already been encountered in the case
of the ferrite embedded in a material with the same dielectric constant
(Section 1.2). Here, however, x need not be small, so long as 8z is suffi-
ciently small. In using the results of Section 1.2 it must be remembered
that the mode functions there related to a dielectric, while here they
relate to air-filled guide. When this is taken into account, one obtains
for the specific rotation of a TE-mode:

6‘P Bm NnK L2 r1
P - n nm " ] 1
a TM-mode:
dp wéﬂoeo [nx 2 < r1>]
= = = [ = JalJm = ) |, 31b
oz Bm]ﬂm2J:;2(.7nm) Mo J 7o ( )
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results which show that the rotation in a thin disc is independent of the
dielectric constant of the disc.

2. THE PARALLEL PLANE CABLE

Measurements on ferrites are sometimes made by a coaxial cable tech-
nique. The ferrite fills a section of the cable, and is magnetized axially.
In this section we consider a simplified problem of the same kind: that of
wave motion between parallel conducting planes bounding a ferrite slab
magnetized in the propagation direction. The characteristic equation for
the propagation constant has been established by a number of authors,
particularly Van Trier," but as in the case of the eylindrical waveguide,
no analysis of the equation in terms of the laboratory variables appears
to have been made. We shall make such an analysis by means of the
methods already used in Part I for the cylindrical waveguide. The dis-
cussion will be limited to the dominant (TEM-limit) mode, and to the
principal features of the incipient modes (shape resonances).

The distance between the two conducting boundaries will be denoted
by 2a. The system of axes is as in Tig. 7; the y-axis is perpendicular
to the walls (located at y = =a), the z-axis is the magnetization and
propagation direction. The microwave fields are assumed not to vary
along the z-axis.

The solution of Maxwell’s equation proceeds just as in the case of the
cylindrical waveguide (Part I, Section 3), with the simplifying feature
that one of the coordinates (x) drops out of the problem. We shall use
the reduced notation of Part I. 8, the propagation constant will be meas-
ured in units of wv/pee, the propagation constant of the unmagnetized,
unbounded medium. @ will denote aw+/pee, the half-spacing measured

A
in terms of the reduced wavelength o of the unmagnetized, extended

medium.

/7 I
CONDUCTING :
BOUNDARIES o4

\

\,
\
N

|
[
|
LY FERRITE

. Fig. 7 — Parallel plane cable filled with ferrite magnetized along propagation
direction.
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It is found that (see Part I, Section 3) the longitudinal electric and
magnetic fields are then given by

Al — Ands R 2
12 = __——; Hz =
A — A A&
where ¥1,2(y) are solutions of
a
Y12 4 iaes = 0, (32)
9y

where A, are the roots of the quadratic (16), Part I, and where, finally,
the x’s are defined in terms of the A by equations (17a) and (17b), Part 1.
The 2-component of E is given by [see equation (22a), Part 1]

2
(Al - Az)QEx = [,BAIPH - PfIVH + 44 <1 - p—)] '6—% )
Vy 6y

or the same expression with suffixes 1, 2 interchanged. <N0te that the

x component of Vy is now zero, that of V*y is g-";) If the boundary con-
ditions are to be satisfied at both y = 4a and y = —a, the solutions of
equation (32) must be either even or odd functions of y. Since E, must
vanish at ¥ = =a, we have for the symmetric (or even) case

€OS X1l COS Xel
¢13 — Al XIJ’ ‘p2s — A2 2l ,
COS x10 COS X200
and for the antisymmetric (odd) case
sin xi sin xa?
U = A= XIJ; Yo' = Ay = XU.
sSin x14 Sin xoa

The characteristic equation for these two sets now follows from the
fact that £, = 0 at y = d-a. Expressing the A’s in terms of the x’s by
means of equation (17b), Part I, and writing SAs,1 = Ag, 2, We obtain

1 x1@ tan x1a@ 1 X20 tan x4
— 1 14 = —— X2 2
Ax1? )\2>(22

for the symmetric case, and

2 tan x1@ o tan x.a
—_— = )\2X2 - =

xX1a Xo

A

for the antisymmetric case. To bring these equations into a form suit-
able for graphical discussion, we express the x in terms of A\, ¢ by means
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of the quadratic for A\, and by means of the relations between the tensor
components of the permeability (see beginning of Section 4.11, Part T).
“We then obtain

1 T=on, .. /T =2

—1/———’0 1/

WV 10 %Y 1=
1

for the symmetric modes, and

T N2, .. /T=2 12,
¢ 1/ - t
MAS TN e T T MY T, e

for the antisymmetric modes. When A;, A, pairs satisfying one of these
equations, and the Polder relation

—
bt |t I
|1 S
sz @
NI\')
~~
[V)
~
p—a

)\1 + }\2 —_— O’)\l)\z =0 + Y4 (35)
have been found, 8° is given by
62 = —)\1>\2 .

Appearances to the contrary, equations (33) and (34) describe the
ordinary TE and TM modes when p = 0, regardless of ¢ (see the dis-
cussion oppos21te Fig. 3. of I;art I). When ¢ = 0, the Polder relation trans-
1= % into - M , 80 that either of equations (33) and (34)
1 — ok 1 — oM\
can be satisfied only by

L—N _1=N _ a7 < 1>27r2
1—0’)\1_1—0?\2—”@ or n_l—— '(;

and the two alternatives respectively give

forms

2 2T
— = = 1 — - —
Mg ,3 n 7

1\ 7

Since both equations (33) and (34) are satisfied by either the n-, or the
(n + 14)- dependence, a problem of classification arises: “Which mode,
TE or TM, is described, as p ~ 0, by the solutions of (33) and (34)?”
Leaving aside the question of the TEM mode we note that the following
degeneracy exists in the isotropic case:

or
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A TE mode with antisymmetric H, and a T'M mode with symmetric
I, have the same propagation constant

9

-

2 71'2 12
B=1—52 n+ = (n=01,2--:).

A TE mode with symmetric H, and a TM mode with antisymmetric
E, have the same propagation constant
2 2
gF=1-"2" (n=1,2 ).
&
Since application of a very small magnetization will not destroy the
symmetry properties, it follows that the solution of equation (34), and

the solution of equation (33), which in the limit p = 0 reduce to

2 71'2 1 2
correspond to a TE-limit and a TM-limit mode respectively. Likewise,
the solutions of equation (33) and the solution of equation (34) which
in the limit p = 0 reduce to

2
2 2 T

correspond to a TE-limit and a TM-limit mode respectively. When
p # 0, the new g are thus given by different equations, so that the
magnetization is seen to have removed the degeneracy of the isotropic
case.

In the special case of the TEM limit mode (8° = 1 when p = 0) only
one of equations (33) and (34) has real roots. For, when p = O, the
Polder relation gives

1 =27 _1- A
1 — o\ 1— 0)\2’ (36)
=0,

if 8% is to equal unity. But equation (36) satisfies equation (34) only
[equation (33) would demand A\, = A, which is impossible for real gl.
Thus the TEM mode exists as the limit of an antisymmetric mode only.

In fact it is easily shown that for a value of @ too small (less than z2r) to

admit any except the TEM mode in the isotropic medium, the only solu-
tions of equation (33) for general o, p describe incipient modes.
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Thus for @ < 7%the analysis may be confined to equation (34) which

will give the course of the TEM limit mode. The graphical analysis
follows closely that of the cylindrical waveguide (Part I, Section 4.1);
the part played by the G-function there is now played by the function

1 -\ . /1 — A2
L—)\,‘/l_a)\ltana '1—:—)\.

A contour map is drawn of the function L in the upper half of the A\-¢
plane. Only the upper half plane need be considered since the L-equation
(34) is unchanged by reflection in the origin. This, incidentally, means
that the present situation is reciprocal, so that o, p hereafter can be
considered positive. Pairs of values M(>0) and N\(<0) satisfying the
L-equation can then immediately be read off, but while they will give
8" = M)z, they do not necessarily, for given o, p, satisfy the Polder re-
lation, equation (35). To ensure this, the quadrant, X < 0, ¢ > 0,
and the L-contours therein are transformed on to X > 0, ¢ > 0 by the
Polder relation for fixed p:

_otp—M_
A = T T(M\).
The surfaces Iy = L(A1, o) and Ly = L(T(\y), o) will intersect in a
number of curves, along whose base curves in the N-¢ plane both the
Polder equation and the L equation are satisfied, and along which g° =
—X\i\z is known as a function of o, p. The zero and infinity curves of
L(\, o) are denoted by 0, I when A > 0, and by 0/, I’ whenA < 0. The
transforms of 0’, I’ onto A > 0 are denoted by (0")r, (I')r . The suffix
n denotes the infinity (zero) curves corresponding to

1 —\ 1\ 7 L=\ L) .
= n+§ 5 =" = n integral.

The lines N = 0, 41, —1, are all zero curves denoted by 04, 0z, 05,
respectively. The line Ao = 1 is a conditional infinity curve, called I .
It is an I curve when viewed from ox > 1 for A < 1, and when viewed
from oA < 1for A > 1. Otherwise (for oA < 1, A <landoX > 1,XA > 1)
it is a limit curve of all possible curves I, = const., where the constant
‘takes on any value indefinitely many times. (See Part I, Section 4,
where the curve o = 1 is a conditional zero curve, 0,.) Fig. 8 drawn
for @ ~ 1, p ~ 0.5, shows the part of the first quadrant allowed by the
Polder relation divided into regions of like and unlike sign of LA, o)
and L(T(\1, o)) by the various 0, I and (0")r, (I’)r curves. The un-
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shaded regions are regions of like sign, and all these carry solution
curves (dotted lines), by the same reasoning as was employed in Part I,
Section 4.11. Two branches of the TEM limit mode exist; in the area
bounded by (04)r, 0z, (05') r and in the area Oz, I;, (05') r . The branch
in the first region begins at ¢ = 0 with A\, given by

MV — A2 tan V1 — A2 = AVl — A2 tan a1 — A2,
Mt A = p

and ends at the intersection of (04)r, Op with ¢ = 1 — p and g =
(since A2 = 0 on (04) 7). The branch in the region OB , I, (08) 7 begms
with 8, = ©, ¢ = 1 and proceeds towards ¢ = «, 8" = 1.

The reglon bounded by I, (04)r, I. contains an infinity of solution
curves, the incipient modes. The n*® of these begins at ¢ = 1, \; = 1,

the intersection of I,, and I, (the line I, is also the transform of As = — =,
O On, 1,\‘ V/IC Og, (9%8);
2.0
+ -
V2
1.0
- [} 7z
(©a)r ©%B);
-1 [0} 1 2

<—A, Aj—>

Fig. 8 — Zero and infinity contours of L(A;, o) and L(1'(\1), ¢) in the first
quadrant of the X - ¢ plane. Cross-hatched regions arc excluded by the Polder
relation; shaded areas are regions of unlike sign of the two functions. Dotted
curves are solution curves.
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along which Ly = ); crosses from one allowed region to the next
through the intersection of 0, with (05"), and proceeds to its cut-off
point (0, — (04) 7).

Formulae giving 8° in the neighborhood of special points on the solu-
tion curves, or for special values of the parameters, are obtained exactly
as in Part I, by expansion of the L-equation. The results are tabulated
below. They relate to antisymmetric modes only.

Cut-off of the TEM-limit mode (¢ = 1 — p, 8* = 0)
Near cut-off
dg? 1
do tan a (37)
p (115

Tor p > 1, the TEM mode has no lower branch,

Behavior near resonance (o = 1):
2

™
TEM mode: 8° = i 8a* D,
— ag
(EHE 2
thos . s L@t 2 _ D
n"" incipient mode: 8 555 1 ="

(n = 1) 27 . .)
Cut-off of the n** incipient mode (parametric representation):
.2 2
8. _ -0 a a (]
)\1——6, o =€ <1—1ﬁ>+1ﬁ2e

p=c—»XN; B =0 (39)

2 2 2 2 2 2 2 -
‘_iﬂ_—.m_—_”<m_—ﬂ-—l cothe/ 1—71_—71--—1 e’a+2t%nae"a—ea .
do a2 a2 a2 a

(The reader may note the similarities of these formulas to those
for the cylindrical waveguide).

Spot-point for the '™ incipient mode:

"=[< n? 2>/ﬁ] =t (40)‘}

p="{-1+aoE -1



GUIDED WAVE PROPAGATION THROUGH GYROMAGNETIC MEDIA. 111 1175

Approximate formulae for all antisymmetric modes at small p,

o= 1:
TM modes: * = fa.° T U_p iy (41)
TE modes: 85 = B2 {1 — I i_pg:»)-' (42)
where
n'r
an:l_? n =172
and
2
2 1 <n + %> 71-2 e 1
Bre = '_"—dz— n=2012--
TEM mode:
BQ=1—1Up 2° (43)
5
TEM mode for large o:
1
g2.=1+§+0<?). (44)

TEM mode for very small a:

for sufficiently small @, the 8° for the TEM mode is independent
of a. For general o, p, except ¢ = 1,

(45)

Reference to the expression for u and « in terms of ¢, p will show that
the wave progresses as though the medium had a scalar permeability

Lot glven by
1 1 1 1
Metf —2<,u-|- K+# - '<>.

3. FIELD PATTERNS IN THE FILLED CIRCULAR GUIDE

In Part I we discussed propagation in a circular guide flled with
ferrite and longitudinally magnetized. Formulae or the field com-
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ponents were given there, and it is of some interest to examine numeri-
cally or graphically the distribution of IZ and H. Since all field compo-
nents vary (in complex notation) as ¢*™**? with n = 1 in the present
case, it is clear that the field patterns are stationary in a system rotating
with angular velocity, —w. Writing & for the angular variable, 6 + «f,
in this system, one finds the following formulas:

E, = —E_sin 29, E, = (B, — E_.) sin @,

L, =FE_cos2d + I, Ey = (Ey + E_) cos @,

E, = E,cos &, (46)
H,=H_cos20+H,, H,= H;+ H_)cos®,

H, = H_ sin 29, Hy = (H_ — H,.) sin &,

H, = Hysin &,

where

ﬁ(i—l + 1)
E_(T) - 2x1J 1(X17"0) J2(X1r) B N

1 — -
-,
E—l—(r) = 2X1J1(X1r0) JO(XIT) - i X b)

2 - -

M
=M g -
2x1J1(xaro) #0ar) 2’ (47)

. —
__1+1__X_1

=Xt —
H+ (7‘) 2x1J1 (Xlro) JO(XIT) ,

5o =75 - ],

o) = L2 [ ]

The terms in square brackets are in each case the same as the cor-
responding unbracketed terms, \; and x. replacing A; and x; . The quan-
tities £, and E_ are the amplitudes of the left-handed and right-handed
components of circular polarization into which the transverse E-field
may be resolved at each point. H, and H_ have a similar significance

S

=

N
1
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for the transverse H-field. This may be readily verified by examining
the vectors (I, + jBE,)e " and (H, + jH,)e ™', which represent the
transverse field vectors in the laboratory system. The transverse fields
are elliptically polarized at any point and the ratio of minor to major
axes of the ellipses are

B | — | E_|] 4 LHo = |H |
B FTECL ™ [TH A+ H-_[|

The fields so far are normalized only by the choice of a simple form for
the function, Ey(r); all components may, of course, be multiplied by the
same arbitrary constant. There is some virtue to a normalization based
upon power flow. The power flow is given in unreduced units by

f (B X H), dS.
guide

Using the scaled units of part I with

r

Tactual =
B W\ Uo€

and H replaced by A4/ H to give it the same dimensions as E (e is
€

the dielectric constant of the ferrite), the power flow becomes in the
present variables

pP=—4/c_T f(E+H++ E_H_) r dr,

Lo witoe

€ ™
=_/‘/: — I
o 6uge

We shall normalize the £ and H fields by dividing the values given by
equations (47) by [ Y2 This makes the power per (isotropic wavelength
in the ferrite)’ a constant. In Fig. 9 we show the normalized fields for
the TE;-limit and TM-limit modes as a function of r for the case
ro = 5.75, | p| = 0.6 and several values of . The behavior of the modes
as a function of ¢ and p for this radius is shown in Fig. 14 of Part I.
We also show the amplitudes for the isotropic cases, ¢ = p = 0. It may
be recalled from the discussion of cut-off points in Part I that, for the
TM mode at this radius, when cut-off is reached at ¢ = —0.4, the am-
plitude of the H™ field is overwhelmingly greater than that of the others.
Even when normalized to the same power flow, the field amplitudes
for a given ¢ are undetermined to a factor of #41. This factor has been
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chosen for each pattern according to the following considerations. For
large | o | the amplitudes should tend to those of the isotropic case; for
| o | < o9 the amplitudes should develop with increasing | o | away from
the isotropic amplitudes. Thus, if the phase of the isotropic amplitudes
is first fixed, that of all the others may be fixed by the conditions that
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Tig. 10 — Transverse field patterns in a rotating system for four particular
cases of Fig. 9. For any pair of E and H patterns the length of the arrowsis propor-
tional to field strength, but the patterns for different s-values have not been
given a common normalization. (a), top, TEj;-limit mode, « = 0.6, p = 0.6; (b),
bottom, TE;;-limit mode, ¢ = —0.6, p = —0.6; (¢), TM;;-limit mode, « = 0.6,
p =0.6;and (d), e = —0.3,p = —0.6.
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they shall fall into an orderly sequence. In Fig. (10) the actual transverse
E- and H- field patterns are shown for some representative cases.

It will be noted from Tig. 9 that for both TE- and TM-limit modes,
the amplitude patterns for 0 < o < ¢ resemble those for ¢ < —1,
while those for —oy < ¢ < 0 resemble those for 1 < o. Further, the
patterns in the first two ranges of ¢ are quite similar to the isotropic
patterns; those of the latter ranges depart markedly from the isotropic.
All of these similarities are more clearly seen for the TE modes than for
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the TM modes. In Part T where the propagation in guides of very large
radius was briefly examined, it may be recalled that in both of the ranges
0 < o < goand ¢ < —1 the field patterns approached those of a plane
wave rotating in the same sense as the pattern as a whole. Again, it was
found that for —o¢ < ¢ < 0 or ¢ > 1, the field at most points in the
guide was locally rotating in the opposite direction to that of the whole
pattern. The points of similarity to the present case are clear and it is
also evident that the TE mode more nearly approaches the large guide
situation because 7o = 5.75 is much further above the cut-off radius for
this mode than it is beyond the cut-off for the TM-mode.
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