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Correctioll 
J. L. Merrill, .Jr., A. F. Rose, and J. O. Smethurst, authors of the 

paper, "Negative Impedance Telephone Repeaters", which appeared in 
the September Issue of the B.S.T.J. on pages 1055 to 1092 have brought 
the following correction to the attention of the editors. 

In Fig. 15, page 1074, the value of {31 and {32 were shown as follows: 
c 

{31 = a + b + c 
a 

{32 = a + b + c 
This should be corrected to read: 

a 
{31 = a + b + c 

c 
{32 = a + b + c 
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The Potentials of Infinite Systems of 

Sources and Numerical SOllltiollS of 
Problems in Semiconductor 

Engineering 

By ARTHUR UHLIR, JR. 

(Manuscript received August 30, 1954) 

Tables and charts are given of mathematical functions related to the 
potential of a line of point charges. The use of these functions is illustrated 
by applications to semiconductor resistivity measurement~ and to calculations 
of the base resistance of point-contact transistors. 

INTRODUCTION 

The" method of images" is a simple but elegant technique for the 
solution of problems in potential theory. Formal solutions to problems 
involving plane boundaries and point sources can usually be written 
down immediately from obvious symmetry considerations. The solutions 
thus obtained, however, are often infinite series whose convergence is 
unsatisfactory for numerical calculations. 

Many techniques have been devised for improving upon the con­
vergence of these infinite sums. It has generally been assumed that the 
mathematician or engineer must select one of these techniques and apply 
it to his own special problem. The object of this article is to make such 
special treatment unnecessary in most cases. To this end, the potentials 
of certain simple image systems are tabulated. 

The use of the tabulations is illustrated by numerical solutions of 
some problems in semiconductor engineering. Transistors and varistors 
have become famous because of their non-ohmic properties. But solu­
tions to ohmic flow problems can be useful as first approximations in the 
design of semiconductor devices and can be very accurate approxima­
tions for suitably arranged measurements of the equilibrium resistivity 
of semiconductors.l.2 Plane boundaries occur as the physical boundaries 
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of the semiconductor and as junctions between regions of different con­
ductivities and conductivity types. Point sources are the simplest 
idealizations of point contacts. 

The four-point method to be described for the measurement of semi­
conductor resistivity is used in geophysics for measuring the resistivity 
of the earth. The mathematical content of this article is applicable to 
problems other than ohmic flow. The differential equations for ohmic 
flow are identical with those of electrostatics, heat conduction, and the 
hydrodynamics of an ideal fluid. In one of the examples given below, 
the Coulomb energy of an ionic crystal is calculated. 

SUPERPOSITION OF AN INFINITE NUMBER OF POINT SOURCES 

The strength q of a point source will be defined so that the potential 
due to the source is q/r, where r is the distance from the source. Sources 
of negative strength are often called" sinks", but this special designation 
will not be used in the discussion to follow. All the cases of ohmic flow to 
be considered here involve point sources of current at a plane surface 
and it will be shown that 

Jp 
q =-

27r 
(1) 

where J is the current into the plane surface of material of resistivity p. 

According to the principle of superposition, the potential at a given 
point due to some configuration of fixed sources is the sum of the po­
tentials that would be established at that point by the various sources 
making up the configuration. The computations for many problems 
could be accomplished easily if one could have a table of the potential 
of a line of equally-spaced point sources of equal value q. But a divergent 
expression is obtained when one attempts to calculate the potential of 
such an arrangement of sources by superposing the q/r potentials of 
the sources. One way to avoid this divergence is to abandon the attempt 
(implicit in the choice of q/r as the potential of a source) to make the 
potential at infinity equal to zero. Potentials with respect to some ar­
bitrary point would be finite and could be tabulated. 

However, having the potential at infinity equal to zero simplifies the 
superposition of source systems. All of the problems that could be solved 
with the potential of a line of point sources can be solved with either of 
two related arrangements that permit setting the potential at infinity 
equal to zero. Tabulations of the potentials of these arrangements will 
be given. 
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The first scheme that will be considered consists entirely of point 
sources and is illustrated in Fig. 1. It consists of a line of equally spaced 
point sources of equal strength q, and a parallel line of opposite sources, 
except that one of the positive sources and the corresponding negative 
source have been omitted. The potential at the point P (where the 
omitted positive source would have been placed) is to be considered and 
may be written 

Yep) = ~ M(A) (1) 
a 

where lvI is a dimensionless function of the ratio A = d/ a of the distance 
d between the lines of sources to the spacing a of the charges in the lines. 
It is obvious that llf(A) must vanish at A = O. 

The second scheme is illustrated in Fig. 2. It consists of a line of 
equally spaced point sources embedded in a line source of equal and 
opposite strength per unit length. The potential at the point Q, lying on 
a perpendicular to the line of charges, erected at one of the point sources 

ETC 
+q t -q 

r+ q -q 
I 
I 

a 
I 

t-+q -q 
I 

t t------- d ---------1 
L.p 

+q -q 

+q -q 

+q ~ -q 
ETC 

Fig. 1- Arrangement of sources 
corresponding to the function M. The 
potential at point P is (q/a) M(d/a). 

ETC 

q t 

=-i 

d -------1 
.p 

q 

q ~ 
ETC 

Fig. 2 - Source distribution corre­
sponding to the function N. The po­
tential at point Pis (q/a) N(d/a). 



'" M(tv) tv M (;\,) /I., M(tv) Iv M (:\,) 
0.3 

1.0 0.1 0.01 0.001 
1.2 0.09 

0.9 0.09 0.009 0.0009 

1.1 

0.8 0.08 0.008 0.0008 

1.0 0.08 
0.025 

0.25 
0.7 0.07 0.007 0.0007 

0.9 

0.6 0.06 
0.07 

0.006 0.0006 

?8 

0.5 0.05 0.005 0.0005 

0.02 
0.2 

0.7 

0.06 

0.4 0.04 0.004 0.0004 

0.6 

0.3 0.03 0.05 0.003 0.0003 

0.015 
0.15 

0.5 

0.45 

0.2 0.02 0.002 0.0002 

0.04 

0040 

0.035 

0.35 

0.1 0.01 

0.03 

0.30 
0.1 0.01 0.001 0.0001 

0.09 0.009 

Fig. 3 - The function M(A) 2 ~ (~_ 1 ) 
n-l n ~. 



A- N(~) ~ N(),,) A- N(),,) A, N(:\') A, N(A-) )" N(:\') 

1.0 0.1 0.01 0.001 0.0001 0.00001 

1.2 
0.25 1.9 

0.9 0.09 0.009 0.0009 0.00009 0.000009 

0.8 0.08 0.008 0.0008 0.00008 0.000008 

0.9 
0.7 0.07 0.007 0.0007 0.00007 0.000007 

1.6 

0.3 
0.6 

0.6 
0.06 0.006 0.0006 0.00006 0.000006 

0.5 0.05 0.005 0.0005 0.00005 0.000005 
1.3 2.0 

0.4 0.04 0.004 0.0004 0.00004 0.000004 

1.0 

1.7 

0.3 0.03 0.003 0.0003 0.00003 0.000003 
0.7 

0.4 
2.1 

1.4 

0.2 0.02 0.002 0.0002 0.00002 0.000002 

1.1 
1.8 

0.8 

2.2 
1.5 

0.5 

0.1 0.01 0.001 0.0001 0.00001 0.000001 

Fig. 4 - The function N(X) 
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TABLE I - VALUES OF THE FUNCTIONS M(}") AND N(}..) 

A M(}.) N(}.) A M(}.) N(}.) 

---
0.01 0.000120 90.557677 0.52 0.278275 0.105086 
0.02 0.000481 41.943612 0.53 0.287536 0.097637 
0.03 0.001081 26.087274 0.54 0.296876 0.090740 
0.04 0.001921 18.328465 0.55 0.306292 0.084353 
0.05 0.003000 13.773673 0.56 0.315780 0.078434 
0.06 0.004317 10.803665 0.57 0.325338 0.072947 
0.07 0.005872 8.729459 0.58 0.334961 0.067860 
0.08 0.007662 7.209018 0.59 0.344647 0.063140 
0.09 0.009686 6.053671 0.60 0.354392 0.058761 
0.10 0.011943 5.151023 

0.61 0.364193 0.054696 
0.11 0.014432 4.430064 0.62 0.374047 0.050921 
0.12 0.017150 3.843793 0.63 0.383952 0.047416 
0.13 0.020096 3.359908 0.64 0.393903 0.044159 
0.14 0.023266 2.955502 0.65 0.403900 0.041133 
0.15 0.026660 2.613904 0.66 0.413937 0.038320 
0.16 0.030273 2.322701 0.67 0.424014 0.035705 
0.17 0.034105 2.072472 0.68 0.434127 0.033273 
0.18 0.038151 1.855945 0.69 0.444273 0.031012 
0.19 0.042410 1.667423 0.70 0.454451 0.028907 
0.20 0.046877 1.502384 

0.71 0.464658 0.026949 
0.21 0.051550 1.357196 0.72 0.474890 0.025127 
0.22 0.056426 1.228910 0.73 0.485148 0.023431 
0.23 0.061501 1.115110 0.74 0.495426 0.021852 
0.24 0.066773 1.013798 0.75 0.505725 0.020381 
0.25 0.072237 0.923312 0.76 0.516041 0.019012 
0.26 0.077889 0.842254 0.77 0.526373 0.017736 
0.27 0.083726 0.769448 0.78 0.536718 0.016548 
0.28 0.089746 0.703889 0.79 0.547074 0.015440 
0.29 0.095942 0.644722 0.80 0.557441 0.014409 
0.30 0.102312 0.591213 

0.81 0.567816 0.013447 
0.31 0.108852 0.542726 0.82 0.578196 0.012551 
0.32 0.115557 0.498711 0.83 0.588582 0.011715 
0.33 0.122425 0.458690 0.84 0.598970 0.010936 
0.34 0.129450 0.422244 0.85 0.609360 0.010210 
0.35 0.136629 0.389006 0.86 0.619750 0.009532 
0.36 0.143958 0.358654 0.87 0.630138 0.008900 
0.37 0.151432 0.330903 0.88 0.640523 0.008311 
0.38 0.159048 0.305500 0.89 0.650904 0.007761 
0.39 0.166801 0.282222 0.90 0.661279 0.007248 
0.40 0.174687 0.260868 

0.91 0.671647 0.006770 
0.41 0.182703 0.241262 0.92 0.682007 0.006323 
0.42 0.190844 0.223244 0.93 0.692358 0.005906 
0.43 0.199107 0.206671 0.94 0.702698 0.005518 
0.44 0.207486 0.191417 0.95 0.713027 0.005155 
0.45 0.215979 0.177364 0.96 0.723344 0.004816 
0.46 0.224582 0.164411 0.97 0.733647 0.004499 
0.47 0.233289 0.152462 0.98 0.743935 0.004204 
0.48 0.242098 0.141434 0.99 0.754209 0.003928 
0.49 0.251005 0.131248 1.00 0.764466 0.003671 
0.50 0.260006 0.121836 

1.01 0.774706 0.003431 
0.51 0.269098 0.113135 1.02 0.784928 0.003206 
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TABLE I - VALUES OF THE FUNCTIONS lYI(A) AND N(A) - (Continued) 

A .l[(A) N(A) A .11 (A) N(A) 

---

1.03 0.795132 0.002996 1.54 1.28095:2 0.000100 
1.04 0.805316 0.002801 1.55 1.289715 0.000093 
1.05 0.815480 0.002618 1.56 1.298447 0.000087 
1.06 0.825624 0.002447 1.57 1.307149 0.000082 
1.07 0.835746 0.002287 1.58 1.315821 0.000077 
1.08 0.845847 0.002138 1.59 1.324464 0.000072 
1.09 0.855924 0.001999 1.60 1.333077 0.000067 
1.10 0.865979 0.001869 

1.61 1. 341660 0.000063 
1.11 0.876010 0.001748 1.62 1.350214 0.000059 
1.12 0.886018 0.001634 1.63 1.358739 0.000055 
1.13 0.896000 0.001528 1.64 1.367234 0.000051 
1.14 0.905958 0.001428 1.65 1.375700 0.000048 
1.15 0.915890 0.001336 1.66 1.384137 0.000045 
1.16 0.925797 0.001249 1.67 1.392544 0.000042 
1.17 0.935677 0.001168 1.68 1.400923 0.000040 
1.18 0.945531 0.001092 1.69 1.409273 0.000037 
1.19 0.955358 0.001022 1.70 1.417594 0.000034 
1.20 0.965158 0.000956 

1.71 1.425886 0.000032 

1.21 0.974930 0.000894 1.72 1.434150 0.000030 
1.73 1.442385 0.000028 1.22 0.984675 0.000836 1.74 1.450593 0.000026 1.23 0.994392 0.000782 1. 75 1.458772 0.000025 1.24 1.004080 0.000731 1. 76 1.466923 0.000024 1.25 1.013740 0.000684 1.77 1.475046 0.000022 1.26 1.023371 0.000640 1. 78 1.483141 0.000020 1.27 1.032974 0.000599 1. 79 1.491208 0.000019 1.28 1.042547 0.000560 1.80 1.499248 0.000018 1.29 1.052091 0.000524 

1.30 1.061606 0.000490 1.81 1.507260 0.000017 
1.82 1.515'244 0.000016 

1.31 1.071091 0.000459 1.83 1.523202 0.000015 
1.32 1.080547 0.000429 1.84 1.531132 0.000014 
1.33 1.089973 0.000401 1.85 1.539036 0.000013 
1.34 1.099369 0.000376 1.86 1.546912 0.000012 
1.35 1.108735 0.000351 1.87 1.554762 0.000011 
1.36 1.118072 0.000329 1.88 1.562585 0.000010 
1.37 1.127378 0.000308 1.89 1.570381 0.000010 
1.38 1.136654 0.000288 1.90 1.578151 0.000009 
1.39 1.145900 0.000270 
1.40 1.155115 0.000252 1. 91 1.585895 0.000009 

1.92 1.593612 0.000008 
1.41 1.164300 0.000236 1.93 1.601304 0.000008 
1.42 1.173455 0.000221 1.94 1.608970 0.000007 
1.43 1.182580 0.000207 1.95 1.616609 0.000007 
1.44 1.191674 0.000193 1.96 1.624224 0.000006 
1.45 1.200738 0.000181 1.97 1.631812 0.000006 
1.46 1.209772 0.000169 1.98 1.639376 0.000006 
1.47 1.218775 0.000159 1.99 1.646913 0.000005 
1.48 1.227749 0.000148 2.00 1.654426 0.000005 
1.49 1.236691 0.000139 
1.50 1.245604 0.000130 2.10 1.728200 0.000003 

2.20 1.799596 0.000001 
1.51 1.254486 0.000122 2.30 1.868737 0.000001 
1.52 1.263338 0.000114 2.40 1.935741 0.000000 
1.53 1.272161 0.000106 2.50 2 000718 0.000000 
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may be written 

V(Q) = fJ. N(A) (2) 
a 

if we continue to denote by a the spacing between the point sources and 
now take d to be the distance between the point Q and the line. As A 
becomes infinite, N goes to zero. 

The potential of a line of point sources along a perpendicular to the 
line erected at one of the point sources can be taken at 

V = H~ -M(X)] (3) 

where A = d/ a and d is the distance from the line of sources. 
Numerical values of M and N can be obtained with sufficient accuracy 

for most purposes from the charts in Figs. 3 and 4. More accurate values 
of M and N are given in Table I for various values of A. 

A useful relation exists between the functions M and N. It is 

M(A) + N(A) = ~ + 2]n A - 2ln 2 + 2C, 

where C is Euler's constant, 0.577215665. That is 

M(A) + N(A) = ~ + 2 In A - 0.231863031 

The methods of computing M and N are described in the appendix. 

I ~ 

SEMICONDUCTOR 
I 

I 

Fig. 5 - Linear four-point probe. 

(4) 
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FOUR-POINT RESISTIVITY MEASUREMENTS 

Resistivity measurements are regularly being made on germanium with 
a four-point probe. The basic assumptions are that the resistivity is 
uniform and that the potential distribution can be accurately approxi­
mated by that calculated for ohmic flow. The results of calculations for 
some geometries have been presented by L. B. Valdes, along with a 
discussion of the conditions for the validity of the assumption of ohmic 
flow.1 In brief, it is required that modulation of the conductivity by 
injected minority carriers be kept negligible. It is also necessary that 
the probes used to measure potential difference be sufficiently conducting 
to pass the current drawn by the voltage measuring instrument. Both of 
these requirements can usually be met, in the case of germanium, by 
abrading the surface or by subjecting the contact between probe and 
germanium to an electric discharge, i.e., "forming" the contact. 

The prototype geometry for four-point resistivity measurements is 
given in Fig. 5, which is taken from Reference 1. The potentials at 
probes 2 and 3 are 

(5) 
v - q q 

3 - 81 + S2 - S3 

where q is the strength of a source corresponding to the current I. By 
By considering a hemispherical surface of infinitesimal radius r centered 
on one of the current probes, one sees that 

1 1 2 q 
I = - X area X E = - 27rr -

p p r2 

or 

q = Ip/27r (6) 

where p is the resistivity and E = q/r2 is the magnitude of the electric 
field. 

The potential difference .1 V between probes 2 and 3 is 

.1 V = q (~ + ~ _ 1 _ 1 ) 
S1 S3 S2 + S3 S1 + S2 

It will be assumed in the following examples that 8 1 

in which case 

.1V = q/s 

(7) 

(8) 
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so that 

p = 27rs(/1 V /1). (9) 

When the four-point probe is applied to a solid that is not approxi­
mately semi-infinite, a potential difference will still be observed when a 
current flows, so we will define an "apparent resistivity" po by 

po = 27rs(/1 V / I) (10) 

The true resistivity will be given by 

p = po/C.D. (11) 

where C.D. is the correction divisor for the particular case. 
One of the simplest and most useful departures from the semi-infinite 

geometry is the slab or slice of finite thickness, free of any conducting 
coating on its faces (and resting on a non-conducting support during 
the measurement). Fig. G shows the position of the probes and the 
configuration of sources required for calculating the correction divisor. 
The required configuration can be obtained by superimposing two of the 
arrangements shown in Fig. 1 (one with opposite sign) i.e., upon the 
source and sink used for the semi-infinite geometry. The additional 
potential at one of the probes due to the additional sources is 

2iv [.L11(2s/2w) - M(s/2w)] 

and the additional potential at the other probe is equal and opposite, 
so that the additional potential difference is 

C£ [1l1(2s/2w) - 1l1(s/2w)] 
w 

In comparison to the potential difference for the semi-infinite case, 
we find that /1 V is "too high" by a factor 

C.D. = ~(~ + ~[MG:) - MC~)J) 

= 1+;[M(;)-M(2~)J 
(12) 

This expression is true in general, but is most convenient for slices that 
are thick in comparison to the spacing of the probes, since the correction 
terms are then small and errors in reading 111 from Fig. 3 do not matter 
much. The correction divisor may be given in terms of the function N 
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through use of equation (4). The result, 

(13) 

is most useful for thin slices. In fact, if the slice thickness w is less than 
half the probe spacing s, C.D. ~ (2 In 2) s/w and equations (10) and (11) 
gIve 

p ~ 7rwl::. V /1 In 2 ~ 4. 53 w I::. V /1 (for w « ~~s) (14) 

The correction divisor is given in a table in Fig. G for a number of ratios 
of probe spacing to slice thickness. For larger values of this ratio than are 

OR 

8 

8 
s/w C.D. s/w C.D. s/w C.D. 

--
0.1 1.0009 0.6 1.1512 1.2 1.7329 
0.2 1.0070 0.7 1.2225 1.4 1.9809 
0.3 1.0227 0.8 1.3062 1.6 2.2410 
0.4 1.0511 0.9 1.4008 1.8 2.5083 
0.5 1.0939 1.0 1.5045 2.0 2.7799 

2.5 3.4674 

Fig. 6 - Linear probe on infinite slice with nonconducting faces (or on edge of 
semi-infinite slice). 
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found in the table, equation (14) may be used with sufficient accuracy 
for all practical resistivity measurements. 

In general, a large correction divisor is desirable because it indicates 
that a relatively large potential difference is to be measured. For this 
reason, the use of the four-point probe on thin slices should be and, in 
fact, is found in practice to be quite satisfactory. However, if the slice 
is provided with a conducting coating on one side, as in intermediate 
stages of point-contact transistor fabrication, the measurement is apt 
to be inaccurate. The correction divisor for this case is 

or 

(16) 

Fig. 7 illustrates this configuration and contains a table of the correction 
divisor. It will be noted that the correction divisor is quite small if the 

s/w C.D. s/w C.D. s/w C.D. s/w C.D. 

0.1 .9993 0.5 .9329 1.0 .6833 2.0 .2283 
0.2 .9948 0.8 .7960 1.5 .4159 5.0 .0034 

Fig. 7 - Linear probe on infinite slice with conducting bottom face. 
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0.1 

0.034 
0.03 
0.03 
0.04 
0.04 
0.066 
0.146 

0 

2.000 
2.002 
2.016 
2.188 
3.009 
5.560 

13.863 
27.726 

r---s---I'_ 

.~ 

/ 
-./ 

Correction Divisor for Conducting Case 
Lis 

0.2 0.5 1.0 2.0 5.0 

0.124 0.481 0.811 0.962 0.9971 
0.124 0.48 0.81 0.96 0.997 
0.125 0.48 0.81 0.96 1.002 
0.125 0.49 0.83 

I 

1.01 1.08 
0.142 0.56 1.03 1.34 1.48 
0.22 0.95 1.84 2.46 2.72 
0.55 2.35 4.58 6.12 6.78 

Correction Divisor for Non Conducting Case 
Lis 

0.1 0.2 0.5 1.0 2.0 5.0 

----

1.9661 1.8764 1.5198 1.1890 1.0379 1.0029 
1.97 1.88 1.52 1.19 1.040 1.004 
1.98 1.89 1.53 1.20 1.052 1.014 
2.15 2.06 1.70 1.35 1.176 1.109 
2.97 2.87 2.45 1.98 1.667 1.534 
5.49 5.34 4.61 3.72 3.104 2.838 

13.72 13.32 11.51 9.28 7.744 7.078 
27.43 26.71 23.03 18.56 15.49 14.156 

Fig. 8 - Semi-infinite slice -linear probe parallel to edge. 

10.0 

0.9996 
1.0001 
1.0064 
1.090 
1.497 
2.765 
6.894 

10.0 

1.000 
1.0017 

4 

4 
7 

1.009 
1.097 
1.512 
2.795 
6.969 

13.938 

spacing between probe points is much larger than the slice thickness. 
The two-point measurement to be described below seems preferable to 
the four-point measurement in the case of thin slices with a conducting 
coating, because less effort is required to maintain an accurate small 
spacing between two points than between four points. 
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The two cases that have been treated thus far were also given by 
Valdes, but have been mentioned here as simple examples of the use of 
the M and N functions. An example of a more complicated problem 
is that of the linear four-point probe on a semi-infinite slice, parallel 
to the edge of the slice, as shown in Fig. 8. It is useful to note that the 

Correction Divisor for Nonconducting Edge 

Lis 
slw 

0 0.1 0.2 0.5 1.0 2.0 5.0 10.0 00 

-------- -- ---- ----

0.0 1.4500 1.3330 1.2555 1.1333 1.0595 1.0194 1.0028 1.0005 1.0000 
0.1 1.4501 1.3331 1.2556 1.1335 1.0597 1.0198 1.0035 1.0015 1.0009 
0.2 1.4519 1.3352 1.2579 1.1364 1.0637 1.0255 1.0107 1.0084 1.0070 
0.5 1.5285 1.4163 1.3476 1.2307 1.1648 1.1263 1.1029 1.0967 1.0939 
1.0 2.0335 1.9255 1.8526 1.7294 1.6380 1.5690 1.5225 1.5102 1.5045 
2.0 3.7236 3.5660 3.4486 3.2262 3.0470 2.9090 2.8160 2.7913 2.7799 
5.0 9.2815 8.8943 8.6025 8.0472 7.5991 7.2542 7.0216 6.9600 6.9315 

10.0 18.5630 17.7886 17.2050 16.0944 15.1983 14.5083 14.0431 13.9199 13.8629 

Correction Divisor for Conducting Edge 

Lis 
slw 

0 0.1 0.2 0.5 1.0 2.0 5.0 10.0 00 

---------- --------
0.0 0.5500 0.6670 0.7445 0.8667 0.9405 0.9806 0.9972 0.9995 1.0000 
0.1 0.5517 0.6687 0.7462 0.8683 0.9421 0.9820 0.9982 1.0003 1.0009 
0.2 0.5620 0.6788 0.7560 0.8775 0.9502 0.9885 1.0033 1.0056 1.0070 
0.5 0.6593 0.7714 0.8402 0.9571 1.0230 1.0615 1.0849 1.0910 1.0939 
1.0 0.9754 1.0835 1.1563 1.2796 1.3709 1.4399 1.4864 1.4988 1.5045 
2.0 1.8362 1.9938 2.1113 2.3336 2.5129 2.6508 2.7439 2.7685 2.7799 
5.0 4.5815 4.9687 5.2605 5.8158 6.2638 6.6088 6.8413 6.9030 6.9315 

10.0 9.1629 9.9373 10.5209 11.6315 12.5276 13.2176 13.8060 13.8060 13.8629 

Fig. 9 - Semi-infinite slice with probe perpendicular to edge (or quarter­
infinite slice with probe on a nonconducting edge). 
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results from Fig. 6 can be incorporated into the calculations, for we may 
let the correction divisor 

C.D. = C.D. (for nonconducting infinite slices) ± ~C.D., (17) 

where the plus sign is used if the edge is nonconducting and the minus 
sign if the edge is conducting (the faces of the slice are assumed to be 
nonconducting in either case). Then 

1 1 
~C.D. = VrJ2 + 7:1 - VrJ2 + 1 

+ Jl[kI(Jlv0J2+l) - kI(JlVrJ2 + X)] 
or 

where 

8 
Jl=­

W 
and 

L 
8 

(18) 

(20) 

As shown in Fig. 8, L is the distance from the edge to the probe, 8 is 
the spacing of the probes, and w is the slice thickness. A table of values 
of the correction divisor is given in Fig. 8. 

The situation shown in Fig. 9 is similar to that of Fig. 8 in that the 
linear four-point probe is near the edge of a semi-infinite slice. But in 
this case the probe is perpendicular to the edge and L is the distance from 
the edge to the nearest point of the probe. Here again the correction 
divisor can be written in terms of the result for infinite slices, equation 
(17). It is found that 

~C.D. = 2
8 (~ + ! - ~ - ! + )If(-y) + lVI(<5) - kI(o:) - JVI({3») (21) 
Wo: {3 'Y <5 

or 

Ae.D. = 2~ (21n :~ + N(a) + N({3) - N(oy) - N(Il)) 

where 

0: = (L + 7:28)/W 

{3 = (L + ~:28)/W 
'Y = (L + 8)/W 

<5 = (L + 28)/W 

(22) 

(23) 
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Correction divisors can be compounded still further. For example, 
the correction divisor for the quarter-infinite slice with probe on the 
diagonal, shown in Fig. 10, may be written to make use of the results 
for Fig. 9. That is, 

C.D. = C.D. (Semi-infinite slice with probe perpendicular to (24) 
non-conducting edge, see Fig. 9) ±.1C.D. 

Again, the plus sign is taken if both edges are nonconducting, the minus 
sign if both edges are conducting. If a, {3, "'I, and 0 are redefined by 

a = 2~ V L2 + (S + L) 2 

{3 = ;w V(L + 28)2 + (L + 38)2 

"'I = ~ VL2 + (L + 28)2 
2w 

o = ;w VeL + 38)2 + (L + S)2 

(25) 

then .1C.D. can be calculated by inserting equation (25) into equation 
(21) or (22) and doubling the result. One numerical example will be 

' .... -EDGE 

Fig. 10 - Linear probe on quarter-infinite slice. 
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given. If 8 = L = w, C.D. = 2.1097 for nonconducting edges and 1.1665 
for conducting edges. 

I t is evident that tabulation of correction divisors for situations with 
two or more degrees of freedom is rather tedious. Yet the computation 
of a correction divisor for a given set of dimensions may be very simple, 
requiring nothing more than the reading of several values of J.11 or N 
from Fig. 3 or Fig. 4. 

In a four-point resistivity measurement it is not necessary that the' 
points be equally spaced nor that they be colinear. Whatever the chosen 
arrangement, the correction divisor can be calculated from the M and N 
functions for any position of the probe on infinite, semi-infinite, or 
quarter-infinite slices. Numerous less frequently encountered situations 
may also be treated. 

The square arrangement of probe points illustrated in Fig. 11 is useful. 
vVhen used on the surface of a semi-infinite solid, the resistivity is 
given by 

27rb Ll V 
P = Po = 2 - V2 I (26) 

b/w 0.1 0.2 0.5 1.0 2.0 5.0 10.0 

C.D. 1.0005 1.004 1.057 1.344 2.378 5.916 11.832 

Fig. 11 - Square arrangement of points - infinite slice. 
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where b is the length of the side of the square. When the square probe 
is used on infinite slices with nonconducting faces, the resistivity cal­
culated from equation (26) must be corrected by dividing by 

C.D. = 1 + (2 _ ~w [M ( Jzw) - M (2~) ] (27) 

or 

C.D. ~ (2 _ ~2)W [ln2 + N(2~) - N(Jzw)] (28) 
Some values of this correction divisor are given in Fig. 11. For thin slices, 

27l'w~V ~V ( 1) 
p ~ Iln2 = 9.06w I W « 2 b (29) 

BASE RESISTANCE OF A POINT CONTACT TRANSISTOR AND TWO-POINT 

RE'SISTIVITY MEASUREMENTS 

The base resistance r b of a transistor is defined by 

rb = (aVJaIehE (30) 

where VE is the emitter voltage, Ie is the collector current, and IE is 
the emitter current. The main contribution to Tb for a wide-spaced 
point-contact transistor seems to be the ohmic resistivity of the semi­
conductor. In close-spaced point-contact transistors, the widening of 

COLLECTOR 

s/w 0.1 0.2 0.5 1.0 2.0 
---

C.F. 0.931 0.862 0.667 0.401 0.118 

Fig. 12 - Base resistance of a point-contact transistor. 



the colledor space-charge region and the modulation of conductivity by 
carrier injection have important effects on rb ; it is necessary to cal­
culate the ohmic base resistance to evaluate these effects. The ohmic 
base resistance for a transistor made on an infinite slice with a base 
contact on the underside, as shown in Fig. 12, can be calculated from 
the Jlf or N functions. It is found that 

rb = ~ (1 - ~ In2 + !...- [1111 (~) - lVI (~)J) (30) 
27rs W 2w 2w 4w 

or 

rb = --.!!.-- [N (~) - N (~)J 
47rW 4w 2w 

These results can be expressed in terms of a correction factor: 

rb = 2~ X C.F. 
7rS 

(31) 

(32) 

where p/27rs is the ohmic base resistance for a transistor constructed on 
a semi-infinite solid with base contact at infinity. Some values of the 
correction factor are given in Fig. 12. 

In measuring the resistivity of a slice \vhich has been provided with a 
conducting coating on one face, it is better to use two points in the 
geometry shown in Fig. 12 than to use a four-point probe, for the me­
chanical reason mentioned previously. The two-point probe also gives 
better localization of the measurement and reversal of the current 
affords a valuable check on the assumption of ohmic flow. Obviously, 
the correction divisors for correcting such a resistivity measurement 
for slice thickness are equal to the base resistance correction factors 
given in Fig. 12. 

FURTHER APPLICATIONS OF THE TABULATED FUNCTIONS 

In the previous examples, the potential was required only along a 
line perpendicular to a line of point sources and passing through one of 
the sources. The tabulations are of more general usefulness. For example, 
[lvI(A) - 2Jlf(2A)]q/a gives the potential of a line of point sources along 
a perpendicular bisector of the line between adjacent sources (this po­
tential is zero when A = 0; the potential at infinity is - 00 .). 

The potential of a plane grid of equal point sources is easily obtained 
from the tabulations. Suppose that the sources have a regular spacing a 
in one direction and b in the perpendicular direction. There is no loss of 
generality in assuming that b is greater than or equal to a. The potential 
at a point a distance d from the plane of sources and on a perpendicular 
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to the plane erected at one of the sources is 

where A = d/a, k = bfa, and 

Rk(A) = ~ - M(A) - ~M (~) 
A k k 

- 2 :.t [M( VA2 + n 2k2) - M(nk)] 
n=l 

(34) 

(35) 

Equation (4) enables one to transform equation (35) into the following 
rapidly converging expressions: 

R (A) = ~ - M(A) - 2 1 sinh 7rA/k 
k A n 7rA/k 

(36) 

- 2 :t [N(nk) - N( VA2 + n2lc2)] 
n=l 

R.("A) = N("A) - 2 In sin!./~/k 

- 2C - 2 :.t [N(nlc) - N( VA2 + n2lc2)] 

(37) 

n=l 

Fig. 13 - Linear probe on square filament. 
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Equation (36) is best for small values of A, equation (37) for large values. 
In either case, one need consider only n = 1 to get five-place accuracy. 

The potential of a plane grid of sources· may be used to calculate the 
correction divisor for four-point resistivity measurements on filaments. 
The case of square filaments is illustrated in Fig. 13; the correction divisor 
for this case is 

(38) 

For example, when s/w = 7-3, C.D. = 3.10. This value agrees very well 
with some experiments in which the reading of a four-point probe on a 
long germanium filament was compared with the resistivity determined 
from the potential gradient in the filament when current flowed through 
its entire length. 

The usefulness of the tabulations for three-dimensional arrays of point 
sources was tested by calculating the Madelung constant a for the 
Coulomb energy of an ionic crystal of the sodium chloride type. The 
calculation involves summing the potentials of a number of lines of 
sources of alternating sign; these potentials are obtained in the same 
way as for the calculation of the base resistance of a point-contact 
transistor. Nine terms must be considered to make full use of the ac­
curacy of the tables. It is found that 

a = 2 In 2 + 4 [ N m -N (~2) - 2N(1) + 2N ( ~5) 

+ N (~) - 2N (~) + 2N (~) (39) 

- N (~ V2) - 4N(v'5)] 

and a. value 1.74755 is obtained. The correct value is 1.747558.3 

Plane boundaries between media of different but finite resistivities 
(or different dielectric constants or different thermal conductivities) can 
be treated by the method of images.4 When infinite image systems arise 
in this sort of problem, the tabulations given in this article can be 
applied. 

CONCLUSION 

The potential of a line of point sources can be obtained from either 
of the functions J.11 and N, which have been defined and tabulated. In 
addition to the tabulated functions, only elementary functions are re­
quired for this purpose. 
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The functions 111 and N represent the potentials of definite source 
systems. This fact enables one to visualize the construction of solutions 
to potential problems involving lines of point sources. 
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APPENDIX 

From Fig. 1, the superposition principle, and the usual q/r potential 
of a point source, it may be seen that 

111("A) = 2 L -- - _~ /===: 00 (1 1) 
n=l n v n2 + "A2 

(40) 

According to the binomial theorem, 

';n21+ A' ~ n-
1 + ( - D n-'A' + ( - ~)( - D ~! n-

5
A

4 
••• (41) 

so that 

or 

J11("A) = t(3)"A2 
- ~4J(5)"A 4 + (43) 

where 
00 

t(a-) = L n--u (44) 
n=l 

is the Riemann zeta function. Equation (43) indicates a convenient 
approximation to 111("A) for very small "A: 

ll1("A) ~ t(3)"A2 = 1.202"A2 (45) 

The binomial expansion, equation (41), converges more rapidly, the 
higher the value of n. It is, therefore, worthwhile to split up the sum in 
equation (40) into two parts. The first part will be a sum of the terms 
from n = 1 to n = m, calculated with the original expression for the 
summand. The second part will be a summation from n = m + 1 to 
n = 00 of the binomial expansion of the summand. It is expedient to 
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take m = 1 for A < 1. Thus, 

J.ll(A) = 2 - 2(1 + A2)-1/2 + A3A2 - %AsA 4 + ~8'A7A 6 

- 3~£4A9A 8 + 6YI 2sAnA10 - 237-512A13A12 + 
(46) 

where 

00 

ACT = t(a-) - 1 = L n 
-CT (47) 

n=2 

Table II gives numerical values of the coefficients of equation (46).5 
Table I is based mainly on calculations with m = 3. These were done 
at the Laboratories' IBM installation. 

TABLE II - NUMERICAL V ALUES OF COEFFICIENTS IN EQUATION (46) 

M(}.) = 2 - 2(1 + }.2)-1/2 + .2020569032}.2 - .02769 58163}.4 
+ .00521 82984}.6 - .00109 83398}.8 + .0002432335}.10 
- .00005 53648}. 12 + ... 

TABLE III - SOME VALUES OF THE DERIVATIVE M'(A) 

;\ Jfl(;\) ;\ Jfl(;\) 

0.05 0.11982 1.30 0.95001 
0.10 0.23734 1.35 0.93512 
0.15 0.35040 1.40 0.92004 
0.20 0.45709 1.45 0.90489 
0.25 0.55586 1.50 0.88975 

0.30 0.64556 1.55 0.87471 
0.35 0.72545 1.60 0.85982 
0.40 0.79519 1.65 0.84513 
0.45 0.86714 1. 70 0.83068 
0.50 0.90467 1. 75 0.81649 

0.55 0.94528 1.80 0.80259 
0.60 0.97736 1.85 0.78900 
0.65 1.00174 1.90 0.77568 
0.70 1.01926 1.95 0.76270 
0.75 1.03077 2.00 0.75003 

0.80 1.03709 2.05 0.73768 
0.85 1.03900 2.10 0.72564 
0.90 1.03719 2.15 0.71391 
0.95 1.03229 2.20 0.70249 
1.00 1.02487 2.25 0.6913G 

1.05 1.01541 2.30 0.68053 
1.10 1.00431 2.35 0.66999 
1.15 0.99195 2.40 0.65972 
1.20 0.97862 2.45 0.64973 
1.25 0.96457 2.50 0.64000 
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TABLE IV - SOME VALUES OF THE DERIVATIVE N'(A) 

1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.40 
1.45 
1.50 

-N'("A) 

0.02487 
0.01766 
0.01257 
0.00896 
0.00640 
0.00457 
0.00326 
0.00233 
0.00167 
0.00120 
0.00086 

1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

-N'("A) 

0.00063 
0.00046 
0.00033 
0.00024 
0.00019 
0.00012 
0.00009 
0.00006 
0.00004 
0.00003 

Although equation (46) certainly converges for all values of A less 
than 2, it is not efficient for A > 1. For A > 1, it is better to work with 
the function N. According to Madelung,6 

00 

N(A) = 27l" L iHo(1)(i27l"nA) (48) 
n=l 

where iHo(l) (ix) is the Hankel function tabulated in Jahnke & Emde. 7 

The functions M(A) and N(A) are tabulated in Table 1. llf(A) and 
N(A) are connected by equation (4). Because of the overlapping regions 
of A-values for which the expressions for M and N converge with reason­
able rapidity, it is possible to tabulate both llf and N for all values of 
A. However, for satisfactory graphical interpolation, it is necessary to 
use the smaller of the two functions, so that M is given in Fig. 3 for small 
values of A and N is given in Fig. 4 for large values of A. Table III gives 
some values of the derivative, M'(A). The field E of a line of point charges 
can be calculated from llf' in accordance with the equation obtained by 
differentiating equation (3) with respect to d. Thus 

E = !l [~ + M'(A)] a2 A2 (49) 

The derivative N'(A) is tabulated in Table IV. 
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4. W. R. Smythe, Static and Dynamic Electricity, p. 113, McGraw-Hill, 1939. 
5. Values of A .. were obtained from the British Association for the Advancement 

of Science Mathematical Tables, 1, p. xxv. 
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Experiments on the Interface between 
Germanium and an Electrolyte 

By W. H. BRATTAIN and C. G. B. GARRETT 

(Manuscript received August 2, 1954) 

Measurements have been made of the electrode potential of p- and n-type 
germanium in contact with aqueous solutions of KOH, KCl and HCl as a 
function of anodic and cathodic current and of incident light intensity. For 
anodic currents, the measured electrode· potential can be separated into 
three parts: the reversible electrode potential corresponding to the anodic 
reaction, depending only on the solution; an overvoltage of the usual form,· 
and a term (kT/e) In (pdp), where p is the equilibrium hole concentration 
and PI is the concentration just inside the space-charge region of the ger­
manium. The anodic current is determined by flow of holes to the surface, 
so that the current saturates for n-type germanium but not for p-type. The 
saturation current is determined by body and surface generation of holes 
and by creation of excess holes by light. There is a current gain of 1.4 to 
1.8. In addition, there is a small "leakage" current not dependent on hole 
supply. Similar statements may be made for cathodic current, except that 
the electrode potential and current are determined respectively by the con­
centration and supply of electrons instead of holes, the current gain is of 
the order of unity, and the leakage current is larger. Complicating time 
changes were observed for cathodic but not for anodic currents. The measure­
ments may be understood in terms of sintple thermodynamic considerations, 
based on the idea that the anodic reaction is with holes, the cathodic reaction 
with electrons, in the semiconductor; the behavior for very small currents 
depends on a competition between the anodic and cathodic reactions, which 
may be treated by simple rate process considerations. A comparison is made 
with experiments on the germanium-gas interface by Brattain and Bardeen, 
to which similar considerations may apply. 

A. SURVEY OF THE WORK 

1. INTRODUCTION 

This paper reports studies of germanium electrodes in contact with 
aqueous electrolytes. Measurements have been made of electrode po-

129 
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tentials for germanium electrodes in contact with aqueous solutions of 
potassium hydroxide, potassium chloride and hydrochloric acid. Meas­
urements were made as a function of anode or cathode current and also 
of light intensity. In one series of experiments with n-type germanium 
simultaneous measurements were made of changes in the density of 
the minority carriers, i.e., holes. 

The measured half cell potentials may be understood in terms of the 
following conclusions. At a germanium anode, the primary reaction is 
with holes in the semiconductor and not with electrons.1 Because of the 
long lifetime of minority carriers in high purity germanium, one can 
establish a steady (quasi-equilibrium) state in which the density of 
minority carriers may differ by many orders of magnitude in either 
direction from the equilibrium value. One way in which this may be 
done is to illuminate the surface. Illumination of the surface creates 
equal numbers of holes and electrons. The effect upon the density of 
majority carriers is not very large but the relative change in the density 
of minority carriers may bc considerable. It is found that the effect of 
light on the electrode potential for a p-type germanium anode is rather 
small, but that for n-type the effect is large. The electrode potential is 
found to depend upon the concentration of holes in the way which one 
would expect from thermodynamics if the holes are taking part as one 
of the components in the anodic process. From this we conclude that 
the primary reaction at a germanium anode is with holes. Physically 
the primary process in oxidation must be the transfer of the electron 
from the electrolyte into the valence band of the semiconductor. It has 
been found however that the current flowing is larger than the flow of 
holes by a factor of the order of 1.6. This seems to indicate that once 
one electron has been transferred from the electrolyte a further transfer 
of charge, this time into the conduction band, can take place. This gives 
rise to a current multiplication which one may compare with the cur­
rent multiplication occurring at the collector of a point contact transistor. 

At a germanium cathode the situation is complicated by time effects. 
In some solutions these are relatively unimportant or are confined to a 
particular range of electrode potential; in other solutions it is difficult 
to get reproducible results at all. In general it is found, however, that 
the primary reaction occurring on first switching on the current is with 
electrons rather than with holes. The evidence for this is the fact that 
the electrode potential for cathodic current is found initially to depend 
in the same way on electron concentration as does the electrode potential 
for anode current on hole concentration. 

The experiments also give information as to the rapidity with which 
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minority carriers can recombine at the interface. Note that this process 
is quite distinct from the flow of carriers across the surface (See Ap­
pendix ,I). The surface recombination velocity does not seem to vary 
much with the current crossing the surface, and is of the same order of 
magnitude as for a dry germanium surface which has been given an oxi­
dizing etch and left in a neutral gas environment. 

The change-over from anodic to cathodic process takes place near zero 
current and may be studied by observing the change from positive to 
negative surface photo-effect. From these measurements one may make 
tentative conclusions as to the form of the over-voltage and the equi­
librium potential for the anode and cathode reactions. Unfortunately, 
these experiments do not give any insight as to the nature of the anodic 
and cathodic processes other than the part played in them by the car­
riers in the two energy bands in the semiconductor. Likewise no informa­
tion is obtained as to the location of charge in the surface of the semi­
conductor. It is not possible to say how much of this charge resides in 
the comparatively wide space-charge region at the semiconductor surface 
and how much is located in surface states. The reason for this is that the 
quantities measured in the experiment may be related one to another 
by purely thermodynamical considerations. 

2. HISTORY 

It is an almost invariable rule that at any interface between two 
phases there is a separation of charge forming a space-charge double 
layer. This is of particular interest at a semiconductor surface because 
the space charge region extends relatively far (of the order of 10-4 cm.) 
into the semiconductor. The space charge region at the surface of a 
semiconductor is of great importance in semiconductor technology. A 
simple theory for the space charge region at the surface of a semicon­
ductor was proposed some years ago by Mott2 and by Schottky.3 There 
are some features of the space-charge region which are still somewhat of 
a mystery, however. From the simple theory one would predict that the 
application of a strong electric field normal to the surface should change 
the conductivity of the semiconductor. This change in surface conduc­
tivity has been found, but is smaller by about an order of magnitude 
than one would predict.4 This observation can be understood if one sup­
poses that the interior is shielded by" surface states" of the type proposed 
by Bardeen.5 One might suppose that the existence of these surface states 
could be confirmed by the type of experiment in which one measured 
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some sort of "surface potential", viz. a measured potential difference 
between two phases, one of which is the semiconductor. 

One such study has been made by Brattain and Bardeen. 6 In these 
experiments the authors measured the contact potential and surface 
photo-effect for a germanium surface exposed to various gases. Now 
any such germanium surface must be covered by a layer of charged 
particles viz., ions, and such a layer of charged particles is accompanied 
by a field normal to the surface. One would therefore expect that by 
changing the gas environment, and therefore the magnitude and possibly 
the sign of the adsorbed ionic charge, one could alter the contact poten­
tial and the magnitude and sign of the surface photo-effect. These meas­
urements show such changes and were interpreted in terms of a particular 
model of surface states. Other interpretations are however possible. 7 

In view of the rather considerable complexity of the Brattain-Bardeen 
surface states model, one would like to have independent evidence as to 
its validity. Specifically, it would be advantageous to proceed further 
into the extremes of surface potential in order to determine the exact 
location in energy of the postulated surface states. The experiments to 
be reported in this paper were originally undertaken with this aim in 
view. 

There is another way in which one may change the sign and magnitude 
of an ionic surface charge on the surface of a semiconductor. This is to 
make the semiconductor one electrode of an electrolytic cell. By changing 
the magnitude and sign of the cell current, one should be able to change 
the nature of the ion layer near the germanium surface. Some qualitative 
experiments of this type were reported by one of us (WHB) some years 
ago.s The experiments were carried out with silicon. The surface photo 
effect, first found with a silver chloride electrode by Becquerel,9 was 
measured, and was found to depend very sharply on the current flowing. 
The reason for the existence of a surface photo-effect may be thought 
of as follows. Suppose that no net current is crossing the surface. In the 
dark the rates of flow of electrons and of holes to and from the surface 
will all be the same. When the surface is illuminated this balance is 
upset; the surface potential must then re-adjust itself in such a way 
that the net flow of electrons to the surface is equal to the net flow of 
holes to the surface. For a given intensity of illumination, these two 
rates will be the higher, the higher the surface recombination velocity. 
It therefore follows that a high surface recombination velocity would 
give rise to a low surface photo-effect and vice versa. At the time these 
experiments were done, a qualitative interpretation was given in terms 
of an analogy with a rectifier. The object of the present work was more 
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completely to understand the semiconductor-electrolyte system, and, 
if possible, to extend the experiments done on the germanium-gas sys­
tem to the condition in which the change in surface potential is so large 
that the exact location of the surface states may be determined. As has 
been stated above, the latter hope has not been fulfilled. 

3. PLAN OF THE PAPER 

In the next paragraph an outline of the experiments is ·given. Most 
of the experiments have been carried out with blocks of germanium so 
large that every dimension is great in comparison with the minority 
carrier diffusion length. These are reported in Section B. Experiments 
designed to study the changes in minority carrier density are described 
in Section C. The conclusions to the experiments described in this paper 
are given in Sections D and E. 

4. OUTLINE OF THE EXPERIMENT 

Standard electro-chemical methodslO have been used to measure elec­
trode potential with light as an additional variable. The electrode po­
tential for p-type and n-type germanium in contact with various solu­
tions has been measured in light of a series of known intensities. 

The surface photo effect is defined by the quantity (dVE /dL)IE, 
where L is defined as the number of hole-electron pairs created per 
second per unit area, multiplied bye, the electronic charge. This is the 
maximum photo-current which would pass if every minority carrier 
were collected (See Appendix 1). This quantity may be derived from the 
dc measurements; it is however convenient to make an independent 
measure of it on an ac basis. This measurement will be reliable provided 
that there is no dispersion between zero frequency and the frequency 
used for the ac experiment. 

It soon became apparent that p-type and n-type germanium behave 
very differently; n-type germanium shows a large positive surface photo­
voltage for anodic current and a small negative photo-voltage when the 
current is cathodic; for p-type germanium the sign of the photo-voltage 
is correlated with the sense or" the current in the same way, but the 
relative magnitudes are reversed. The measurements on n-type ger­
manium showed a sharp saturation of anodic current, the value at which 
saturation occurred depending on the intensity of illumination of the 
surface. A similar saturation was found in cathodic current for p-type 
germanium, although in this case the saturation was less sharp. It was 
suspected that these effects might be due to the exhaustion of minority 
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carriers. It therefore became important to have some independent 
means for following changes in the minority carrier density just inside 
the space charge region. 

Fortunately, the minority carrier diffusion length in germanium is 
quite long. It is therefore possible to make electrochemical measure­
ments on one side of a thin slice of germanium alld measurements of 
minority carrier density on the other. Experiments of this type have 
been carried out with n-type slices of the order of 10-2 cm. in thickness 
- a distance large in comparison with the thickness of the space charge 
region but still small in comparison with a minority carrier diffusion 
length. The back surface is covered with a large-area rectifying junction. 
From measurements of the floating potential across this junction one 
calculates the hole density near the back surface. The value of the hole 
density near the electrolyte surface may then be deduced. Since the 
slice is thin in comparison with a diffusion length, these two densities 
will not usually be very different. 

The rectifying junction at the back of the thin slice has another use. 
As an alternative to creating surplus holes by shining light on the elec­
trolyte surface, it is also possible to inject them by passing a positive 
current from the alloyed region into the semiconductor. This gives us 
a way of calibrating the intensity of the light. Thus one can measure the 
floating potential at the rectifying contact, the electrode potential and 
the ac surface photo effect as functions of electrolyte current, current 
across the rectifying barrier and light intensity. These experiments 
have shown that, at anode current IE, the electrode potential VE is 
given by the following equation:* 

* The sign convention used in this paper for electrode current and electrode 
potential is explained in the table given below: 

Voltage Current 

Plus 
Less noble 

Minus 
More noble 

Plus 
Cathodic 

Minus 
Anodic 

The convention for currents agrees with that common in semiconductor physics 
(conventional current into the semiconductor positive); the convention for volt­
ages agrees with that of the American Chemical Society, but disagrees with that 
of the American Electrobhemical Society and of European electrochemists. Elec­
trode voltages are given with respect to the particular standard electrode used by 
us (silver-silver oxide in N /10 KOH); to convert to the normal hydrogen elec­
trode, subtract 0.41 volts. 

The words "cathodic" and "anodic" also require explanation. That sense of 
current is called anodic which tends to promote an oxidative reaction at the 
electrode surface; the other sense is cathodic. At and near zero current, however, 
both oxidative and reductive processes will be going on at the time; thus, if we 
use the terms anodic and cathodic to distinguish oxidative and reductive reactions 
as well as to describe the two senses of external current, we have the paradox that 
both anodic and cathodic processes are occurring at all times, whether the ex­
ternal current is anodic or cathodic - though one process wiII greatly predom­
inate whenever the net current is at all large. (See Section D.) 
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vE = V E _ I(A C (1 + IIEI) + ~ C ~ + IE R (1) OA {3 n IOAE {3 n P spr. 

where {3 = kT Ie = 39 volts-I. 
In this equation the first term is an equilibrium potential V OA E for 

the anode, the second term is the ordinary Tafelll over-voltage; the third 
term shows how the electrode potential depends upon the concentration 
of the minority carriers and the fourth term represents the IR drop 
through any series resistance, such as the ohmic resistance of the ger­
manium slice. The term which is of interest to us is the third. This may 
be regarded as part of the equilibrium * electrode potential, and shows 
that holes are one of the components in the primary anodic reaction. 

If this is so, one would expect the anode current to depend upon the 
flow of holes up to the semiconductor surface. Let Is be the saturation 
current for minority carriers, that is, the maximum rate at which they 
may come up to the surface from generation within the body or at the 
surface itself. The flow of holes up to the surface may then be related12 

to the concentration of holes just within the space charge region and the 
intensity of illumination by the following equation: 

Ip = I, (~' - 1) - L (2) 

which is analogous to a similar expression for a p-n junction. The ex­
periments show that IE and Ip can be related by writing: 

(3) 

where a, the current gain for the surface is a constant and Ll is a small 
"leakage" current/3 a function only of V E

• 

One may check equations (1), (2) and (3) from the measurements of 
surface photo-effect. From these equations one finds 

( aL ) = {3Is (PI) + ~ ~ 
aVE IE p a dYE 

(4) 

SO that, for constant electrolyte current one should have, neglecting 
the second term of equation (4), 

V E = ~ en ( aL ) + const. 
{3 aVE IE 

(5) 

* By imagining the rates of the various recombination processes to be vanish­
ingly small, one may consider the disturbed (e.g., illuminated) condition of the 
germanium as a quasi-equilibrium state. 
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These measurements also enable one to find the quantity Is , by deter­
mining the value of (aLjaVE)IE for which PI = p. There are various 
ways in which this may be done. 

For p-type material, measurements have not yet been made with the 
thin slice technique. The information obtained from the experiments 
on the n-type slices, however, enables one to understand the experi­
ments made on large blocks of either type. In this way, one may check 
equation (5) on p-type material in the cathode direction and so show 
that, by analogy with equation (1), the initial electrode potential for 
p-type material in the cathode direction is given by the equation: 

(6) 

Further, the current flowing is related to the light current L and the 
electron density ni just inside the space-charge region by the equations 

(7) 

which are analogous to equations (2) and (3). The current gain a is 
different in the anode and cathode directions; the same is true for the 
dependence of the leakage current A on VE. Otherwise the anodic prop­
erties of n-type germanium and the initial cathodic properties of p-type 
germanium are identical. 

These considerations account for the behavior when the current is 
of that sense which gives a large photo-voltage. We shall show further 
that equations (1) and (6) describe also the small positive photo-volt­
age found for p-type germanium in the anode direction and for the small 
negative photo-voltage in the cathode direction on n-type. Holes are 
required for the anode process; it is more difficult to change the con­
centration of holes in p-type material than in n-type material, and 
therefore the measured electrode potential is less sensitive to light. A 
similar argument applies for electrons in n-type material. The change 
in phase of surface photo-voltage thus corresponds, qualitatively, to 
the changeover from anodic to cathodic processes. We shall return to 
this question in Section D. For the moment we are chiefly interested 
in the surface photo-effect as a means for determining minority carrier 
density for n-type material in the anode direction and for p-type ma­
terial in the cathode direction. 
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B. EXPERIMENTS ON LARGE BLOCKS 

1. PREPARATION OF SAMPLES 

The samples were cut from single crystals of germanium grown in 
such a manner as to have reasonably uniform resistivity and long lifetime. 
The resistivity in each case was determined by making measurements 
on a bar cut from an adjacent part of the crystal. The body lifetime is 
estimated as follows. All of the surface of the sample is sand-blasted 
except for one small area. On this area a phosphor bronze point is set 
and formed. The sample surface is ~lluminated with a narrow slit of 
light a known distance away from the point; the rate of collection of 
minority carriers by the point is then determined as a function of the 
distance between the point and the line of the light. The body lifetime 
may then be estimated by standard theor/4 assuming that the surface 
recorribination velocity is large. The samples were about 1" square and 
72" thick. 

In order to make good ohmic contact to the sample, one face was 
plated with rhodium. The opposite face was then lapped or sand-blasted 
and given a two minute etch in CP4. The sides of the samples were 
covered with an insulating layer of Dcilon lacquer. 

2. APPARATUS 

The apparatus used for the electrochemical measurements is shown 
in Fig. 1. The left-hand glass vessel contains the solution to be used. 
Into this is set the germanium sample, with the etched surface exposed 
to the electrolyte. The glass vessel also contains a loop of platinum wire 
for passing current. The germanium sample is held in position by setting 
it against a copper tube connected to ~ vacuum line: the copper tube 
also serves as a good electrical contact to the rhodium plating. The 
liquid in the germanium half-cell was stirred by means of a paddle. 
Electrical connection to the reference half-cell in the right-hand glass 
vessel is made through a salt-bridge. The reference half-cell used through­
out the measurements consisted of silver-(silver oxide) in deci-normal 
potassium hydroxide solution. This half-cell has a potential of -0.41 
volts against the standard hydrogen electrode where the symbol "-" 
means "more noble". 

Arrangements were made, as shown in Fig. 1, to illuminate the ger­
manium surface. Two-sources of light were used. One, for steady illumi­
nation, consisted of an American Optical Company microscope illumi­
nator. The intensity of the light from this source could be altered by 
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setting the iris diaphragm. For determining the surface photo effect on 
an ac basis, a second source, the light from which could be chopped at a 
convenient low frequency (about 40 eye/sec), was used. The intensity 
of the chopped light could be controlled by choosing one of a series of 
fixed diaphragms. 

The electrical circuit for the measurements is shown in Fig. 2. Dc 
measurements of electrode potential were made on a vacuum tube 
voltmeter. Measurements of the ac surface photo-voltage were made 
on a wave analyzer tuned to the fundamental of the chopper frequency. 
Each of these instruments had an input imped~nce of about 2 megohms, 
so that measurements were effectively made on open circuit. Anodic or 
cathodic current cOould be passed across the germanium half-cell by ad­
justing the setting of the current source, the internal impedance of which 
was also of the order of megohms. Arrangements ·were made so that the 
current could be switched in suddenly and switched out again after a 
short time. In order to avoid the accumulation of the product of electro­
chemical reaction at the germanium surface, measurements were taken 
by switching the current alternately in the anode and cathode direction. 
Such measurements were found to be sufficiently reproducible. Readings 
could be taken in a time of the order of half a second after switching on 
the bias current. In cases where there were changes with time, the 
values obtained immediately after switching on the current were adopted. 

CHOPPER 
LIGHT 

OHMIC _ 
CONTACT "-"-.. , 
RHODIUM \ 
PLATING - .... ,..... \ 

GERMANIUM ..... , 
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SOLUTION 

' ..... ----'-
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Fig. 1 - Experimental arrangement of apparatus. 
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Fig. 2 - Electrical circuit for measurements of (av /aaL)r and VE as functions 
of IE and L. 

3. PROCEDURE 

3.1. Light Calibration 

The relative light intensities corresponding to the different diaphragms 
in the light chopper were determined by measurements made with the 
thin slice technique (Section C). The absolute values of the light in­
tensities may be estimated by taking these measurements and multiply­
ing by the ratio of areas. there is some uncertainty involved in the 
latter process because, although attempts were made to insure that the 
intensity or illumination on the germanium surface was as uniform as 
possible, some non-uniformity remains. It may be assumed that the 
relative light intensities were known to about 5 per cent and the absolute 
magnitude to perhaps 25 per cent. 

3.2. 111 easurements of Electrode Potential and Surface Photo Voltage 

These could be started as soon as the freshly etched germanium sample 
was set into the electrolyte. It was however found that, during the first 
few minutes, there was a small but significant drift in these measure­
ments. Sufficient time was therefore allowed to bring the surface into a 
steady-state condition. This process could be accelerated by switching 
a current of about 1 mA alternately in the anode and cathode sense 
several times. 

Measurements were made as follows. The current desired could be 
set on the current source and switched into the germanium half-cell 
for a time sufficient to make the measurement of electrode potential 
and surface photo voltage. At each current, the chopper diaphragm was 
chosen in such a way that the surface photo voltage was about 5 mil­
livolts, that is, small in comparison with kT / c, but large enough to be 
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measured accurately. Measurements were made in this way at a series 
of values of anode and cathode current. 

The steady light was now switched on. The intensity of the steady 
light could be set equal to that produced by a standard chopper dia­
phragm in the following manner. The chopper was stopped and a stand­
ard diaphragm inserted. A suitable current was now passed through the 
electrolyte to bring the surface into a condition in which the measured 
electrode potential was extremely sensitive to light intensity. The iris 
diaphragm of the steady light was then adjusted until the steady light 
gave the same electrode potential as did the light from the standard 
chopper diaphragm. With the surface now maintained in this steady 
illumination, the set of measurements of electrode potential and ac 
surface photo voltage was repeated exactly as before. After completion 
of this set of measurements the iris diaphragm on the steady light was 
readjusted to such a setting that the new intensity of the steady light 
was equal to the sum of the previous steady light intensity and that 
given by the standard chopper diaphragm, i.e., twice that given by the 
standard chopper diaphragm. The measurements of electrode potential 
and surface photo-voltage as a function of anode and cathode current 
were then repeated. In this way a series of such measurements were 
made at light intensities equal to integral multiples of that given by the 
standard chopper diaphragm. 

3.3. To Verify Equation (5) Directly 

At each value of the electrolyte current, a series of readings of elec­
trode potential and surface photo voltage was made, varying the setting 
of the steady light iris diaphragm. No attempt was made to estimate 
the intensity of the steady light at each point. The experiments were 
repeated at a series of anode currents for n-type material and at a series 
of cathode currents for p-type material. 

3.4. Direct Determination of the Over-Voltage Curve at Constant Minority 
Carrier Density 

As each value of electrolyte current, the steady light was adjusted to 
give some standard photo voltage. The electrode potential was then 
read and the process repeated at some other electrolyte current. Measure­
ments made on n-type material in the anode direction in this way may 
then be compared with the p-type anode over voltage, and measure­
ments made on p-type material in the cathode direction in this way 
with the n-type cathode over voltage. 
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4. RESULTS 

4.1. n-Type in Decinormal Potassium Hydroxide 

p = 15 ohm cm. T > 4000 j.Lsec. area = 5.4 cm2 

Fig. 3 shows the observed relation between electrode potential and 
current in various steady lights. The lights used were multiples of the 
intensity A obtained with the 172/1 diaphragm in the light chopper. It 
will be seen that in each case the current saturates very abruptly at 
some particular value in the anode direction. The saturation is not per­
fect, however. This is shown in Fig. 4, which shows measurements made 
in the dark extended to greater anode potentials. This graph shows that 
at sufficiently high anode potential extra current will pass even though 
the supply of minority carriers has been used up. 

From Fig. 3 we may plot the anodic current flowing at some fixed 
potential, say VE = 0, as a function of light intensity (Fig. 5). From 
equations (2) and (3) it follows that the slope of the curve should be 
aL. The value of aL for the standard light intensity is therefore found 
to be 

aA = 1.13 X 10-3 amp/cm2 

Postponing for the moment the question of the value of a, we now 
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large negative values of VE. 

know the value of aL for each diaphragm of the light chopper. From 
each reading of photo voltage therefore, it is possible to evaluate the 
quantity (aVE /aaL)IE. Fig. G shows this quantity plotted semi-logarith­
mically against electrode potential. The left-hand branch of the curve 
corresponds to a positive photo voltage; that is to say, the electrode 
potential increases on shining light on the surface. At the zero in photo 
voltage the sign of the photo voltage changes, the right-hand branch 
corresponding to a negative photo voltage. In zero light, the shoulder 
near VE = 0.8 volts is rather indeterminate and depends on the exact 
condition of the surface. The dashed curve in Fig. 6 represents a second 
set of measurements taken on a subsequent day. This graph should be 
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compared with the curves showing surface photo effect as a function 
of contact potential, as found by Brattain and Bardeen in the ger­
manium-gas experiments. The qualitative similarity is quite striking. 
The fact that the surface photo voltage in the left-hand branch even­
tually becomes very much larger than was found in the germanium-gas 
experiments is due to the depletion of holes caused by passing anode 
current across the germanium surface (Section A). If there were perfect 
saturation in the anode direction, one would expect that eventually 
the surface photo effect should become infinitely large. It will be seen 
that this is not so. The eventual limiting value, which is due to the second 
term in the right-hand side of equation (4), may be checked with the 
slope of Fig. 4. 

The remainder of this section will be confined to a discussion of the 
surface photo voltage in the left-hand branch of the curve, where one 
is reasonably certain that equation (4) is satisfied. The cathode direction 
and the region of change in sign in surface photo voltage will be discussed 
in Section D. From equation (2), (3) and (4) one would predict that on 
plotting {3-1 (aaLjaVEhE against IE one should obtain straight lines of 
slope unity. This is shown in Fig. 7, in which the experimental points 
are compared with straight lines drawn with this slope. 

Fig. 8 shows [(aVE jaaL)IE] plotted logarithmically against VE at a 
series of anode currents. From equation (5) the slope of these curves 
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should be {J; the lines drawn have a slope of 37 volts -t, which is slightly 
less than the theoretical value of 39 volts -1. 

The horizontal displacement of the straight lines in Fig. 8, and the 
relation between VE and IE found for p-type material for anodic currents 
(see below), determine the Tafel over-voltage term in equation (1). 
Fig. 9 shows IE plotted semilogarithmically against (i) VE for p-type 
material; and (ii) the values of V E at the intercepts in Fig. 8 of the con-
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stant-current lines with the abscissa that gives the best fit with the p-type 
data, after allowing for IR drop in both cases. From equation (1), this 
abscissa must correspond with (Pl/P) = 1. Using this deduction, we may 
translate the vertical scale of Fig. 8 into a measure of (pr/p), see equation 
(4), as has been indicated on the right-hand side of that diagram. From 
the slope of Fig. 9, we have I(A = 1.6. 

Now knowing the value of (aaL/aVEh corresponding to (pr/p) = 1, 
we may deduce from equation (4) the quantity aIs , which is found to 
be 5.2 X 10-4 amps/cm2

• Another estimate is obtained from Fig. 7, 
from the intercept on the vertical axis corresponding to IE = L = O. 

5.5 

5.0 

0: 
W 
I- 4.5 w 
~ 
j:::: 
z 
w 4.0 U 

W 
0: 
<l: 
:J 3.5 a 
tfl 

0: 
W 
a. 3.0 
tfl 
W 
0: 
W 
a. 2.5 
~ 
<l: 

~ 
A/V 

/V 

/' 
V V 

/ 
V _v 

L=4A/ 
V V / 

/ 
~ 

..... 2.0 / ~ / 
V V' f COCO 1.5 

-..."....... 

-ltQ 
1.0 

0.5 

/~ 7 / 
/v 1/ /rJ / 

V 

V 1/ /v / 
~ • 

/' ~ 
V I7 LV" ~ o 

-4.5 -4.0 -3.5 -3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0 

x 10-3 IE IN AMPERES PER SQUARE CENTIMETER 

Fig. 7 - Plot of {3-1 (aaLjaVh against IE for n-type, at various values of light 
intensity. 



146 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1955 

104 

8 \ 
\ \ 

4 

2 

10 3 

8 

6 

4 

N 
:::2: 
u 

\ \ ~ \ 
\ 6\[ \ \ 

o ~ 6\ \\ 1\ 
\ ~ \ \ 
\ 1\ \ ' _\ \ 
\ \ \'~.\ 0 \Ii" 

\~ \~ f~\~~ 
\0 

(/) 

:::2: 
I 
0 

102 

~ 
H 

6 

f ro~ 4 

~ 

10 
e 

-\S \ ~ \~ 1\ l\ \ 
\0 \ \ ., \ \ 
\ ~ \ \ \ '\ 
\\ ~ \ \ 

"' 
\ 

~ \ \\ \ \~ ~ 

~N 1\ \ ~~ \ 
\ \ \ \ '\ \ 
\ \ \ \ \ 

4 

2 

\0 \ ' \ \ 1\ 

\ \ 1\ ~ \ \ 

\ , \ \ ~ 
I 

0.3 0.4 0.5 0.6 0.7 0.8 0.9 

VE IN VOLTS 

--
-

-

-

.-
-

-

-

-

-

-

-
.-
-

-

-

6 

8 
10-2 

2 

4 

e 
10-1 

2 

4 

8 
I 

4 

8 
10 

4 

p, 
P 

1.0 

Fig. 8 - Plot of (aV /aaLh against electrode potential for n-type, at various' 
values of anodic current. The scale on the right-hand side gives corresponding 
values of pI/po 

This again gives als = 5.2 X 10-4 amps/cm2
• Both these estimates de­

pend on the assumption that the second term in equation (4) is neg­
ligible: the evidence for this is that the curves in Fig. 8 are still sub­
stantially straight for some way above the abscissa corresponding to 
(pdp) = 1. A third estimate can be obtained by neglecting the leakage 
current ~ altogether, in which case als is given by the intercept in Fig. 5 
at L = O. This gives 6.2 X 10-4 amps/cm2

• This value, as would be 
expected, is rather larger than the more accurate values obtained above. 

In order to estimate a, one needs to know the magnitude of the stand­
ard light intensity. As mentioned earlier, this is difficult to do very ac-
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curately. A rough calibration, made using a photo-cell similar to the 
assembly used in the work of Section C, gave 

A = 7.3 X 10-4 amps/cm2 

with this value of L, a = 1.6. A better estimate of a for this material, 
obtained in the experiments described in the next· section, is 1.80, III 

reasonable agreement with the above. Using a = 1.80 and aIs = 5.2 X 
10-4 amps/cm2

, we deduce 

Is = 2.9 X 10-4 amps/cm2 

Contributions to Is come from thermal generation of minority carriers 
in the body, at the sides, and at the electrolyte surface itself. From the 
work in Appendix 1 it may be shown that, for a cylindrical block of 
radius ro that is thick in comparison with a diffusion length, the satura­
tion current should be equal to epo V, where 
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v = Vs + [D(l/T + 2v*/ro)]1/2 

where T is the body lifetime, v* is the surface recombination velocity 
at the sides of the cylinder, and Vs is that at the electrolyte surface itself. 
Using the experimental value of Is and the value of po deduced from the 
resistivity measurements, we find V = 330 em/sec. In view of the facts 
that only a lower limit for T is available, and v* is not known at all, we 
ean only make the crudest estimates of the various contributions to V. 
The experimental value would be obtained, for example, by setting 
T = 4 X 10-3 secs. and v* = Vs = 180 cm/sec. 'The main conclusion to 
be drawn is that, even if V were entirely due to surface recombination 
at the electrolyte surface (which is certainly not the case), the surface 
recombination velocity at that surface would not be larger than that 
for a dry etched surface by a very considerable factor. 

4.2. p-Type Germanium in Decinormal Potassium Hydroxide 

p = 7.5 ohm cm T > 1000 j.tsecs. area = 5.6 cm2 

The electrode potential" VE as a function of electrolyte current IE 

and in various light intensities is shown in Fig. 10. (The light unit A 
was not quite the same as in the experiment on the n-type sample.) It 
will be noted that the saturation for p-type material in the cathode di­
rection is less sharp than for n-type in the anode direction. In the cath-
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ode direction there were two distinct regions of stable electrode po­
tential: that for V E < 1.2 volts, and that for V E > 1.8 volts; for inter­
mediate voltages, the readings were not steady, as might be expected 
if, in this region, there was a change-over from one electrode reaction 
to another. We have to consider the two regions separately. In Fig. 
11, we have chosen VE = 2.4 volts as a convenient value of voltage, 
and plotted IE as a function of light intensity. From the slope, one de­
duces aL = 8.5 X 10-4 amps/ cm2 for the unit of light intensity. A direct 
comparison of the a'S for the nand p-type samples, using the same inten­
sity of illumination, gave aA/ ac = 1.93. Thus, if aA = 1.8, ac = 0.93. 
Within the accuracy of the experiment, there is thus no current mul­
tiplication at a p-type cathode. 

Fig. 12 shows (aVE/aaL)I* as a function of V E. It will be seen that 
this diagram is just the converse of Fig. 6: the smaller limiting value 
of the surface photo voltage is nnwin the anode direction, and the larger, 
which is lower than for the n-type sample because of the less perfect 
saturation, is in the cathode direction. (The limiting value may again 
be checked with the slopes of the saturation lines in Fig. 10.) In Fig. 13, 
the quantity {3-1 (aaLjaVE)I is plotted against IE. The straight lines 
are in the predicted positions, using the theoretical value of {3. 

* For the balance of this section, the symbol a means ac: • 
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Fig. 14 is the analogue of Fig. 8: (aVEjaaL)I is plotted logarithmically 
against V E for a selection of cathode currents. The lines are drawn with 
their theoretical slopes. Agreement is again adequate, although not so 
good as in Fig. 8. The poorer saturation is again obvious in this figure, 
in that the experimental curves quickly depart from linearity in the 
section of the figure corresponding to exhaustion of electrons. 

Fig. 15 has been constructed in the same way as Fig. 9, and contains 
points both for p-type and for n-type germanium. From the slope, the 
Tafel coefficient I(c in this region appears to be 4.3, which seems rather 
large. Notice that the Tafel coefficient for the lower cathode region may 
be quite different. (See Section D.) In constructing Fig. 15, we are able 
to deduce, in the same way as for n-type material, the value of (aV jaaL)I 
corresponding to (nI/n) = 1, although in this case the result is much less 
reliable. The resulting translation of the vertical scale of Fig. 15 into 
(nI/n) is shown on the right-hand side of that figure. The corresponding 
value of als is about 5 X 10-4 amps/ cm2

• It is difficult to check this, as 
we did for the n-type measurements. If the values of (aaLjaVEh taken 
in zero steady light are plotted against IE (see Fig. 13), the resulting 
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curve does not even approximate to a straight line: at lower currents, 
the situation is complicated by the changeover to the anode reaction 
(see Section D), and at higher currents, by the imperfect saturation and 
instability of V E

• If, nevertheless, we extrapolate this curve to zero cur­
rent by using the theoretical slope, we get als = 2.7 X 10-4 amps/cm2

• 

Under the circumstances, this does not agree too badly with the value 
obtained by comparing the n-type and p-type Tafel curves. We con­
clude that the electron saturation current for the p-type sample is of the 
same order of magnitude as the hole saturation current for the n-type 
sample. This means that the surface recombination velocities are not 
too different. vVe discuss the ratio of surface recombination velocities 
in the two current directions in Section D. Notice, however, that the 
quantity Is is in any case significant only when (nI/n) is neither 0 nor 
1; for the case of almost complete electron exhaustion, corresponding 
to the higher points in Fig. 10, it is immaterial whether we ascribe the 
extra current flowing to the leakage current Ll or to increasing Is . On 
the grounds of convenience we prefer the former description. 
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4.3. Experiments in Other Electrolytes 

Experiments have also been carried out in solutions of potassium 
chloride and hydrochloric acid. Fig. 16 shows the relation between elec­
trode potential and current in these three electrolytes, the effects of 
depletion of electrons or holes having been removed from the curves. 
Notice that the potassium chloride solution behaves like hydrochloric 
acid in the anode direction and like potassium hydroxide in the cathode 
direction. This may be because in the case of potassium chloride, the 
pH of the solution in the vicinity of the electrode is extremely dependent 
on the progress of the electrode reactions. The extreme difference be-
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tween the potassium hydroxide and hydrochloric acid curves, which 
are roughly parallel, is about 700 millivolts, which is roughly equal to 
the change in the hydrogen electrode potential in going from pHI to 
pH13. Differences between the three solutions were, however, observed. 
Specifically it was found that, whereas in potassium hydroxide cathode 
potentials higher than 1.80 volts were stable, no such stability was 
found in hydrochloric acid. Potassium chloride represented an inter­
mediate case, behaving for the first minute or so like potassium hy­
droxide and then abruptly changing over to the hydrochloric acid be­
havior. For both hydrochloric acid and potassium chloride with p-type 
material it was found that, at the same time as the electrode potential 
was changing, the initially large photo-voltage decreased with time, 
went through zero, and was replaced by a small photo-voltage of the 
opposite sign. This one must understand as follows. The primary cathode 
reaction, occurring in the first few seconds, is with electrons, and, be­
cause the electrode reaction tends to deplete electrons from the p-type 
material, a large barrier can be built up. After this reaction has proceeded 
for some time, its place is taken by another reaction involving holes 
which are plentiful in the p-type material. This results in a change in 
the observed electrode potential and a change in sign of the photo 
voltage. 

c. THIN SLICES 

1. EXPERIMENTS ON THIN SLICES 

As mentioned earlier, it is possible, by making measurements on a 
thin slice of n-type germanium with a rectifying junction on the far side, 
to follow changes in hole density as these occur. The hole density near 
this rectifying junction is in fact determined by measuring the floating 
potential VI. Measurements of this type enable one to demonstrate 
directly that equation (1) is true for anode currents irrespective of the 
validity of equation (2) and (3). Experiments with this geometry also 
enable one to determine the current multiplication factor a directly. 
Extra holes in the n-type region may be created in two ways: by shining 
light on the sample or by passing current across the rectifying junction 
in the forward direction. One may therefore calibrate the light intensity 
directly, by comparing the changes in the electrode properties produced 
by a given light with the changes produced by passing a given current 
across the rectifying junction. 

The further analysis of these experiments however is complicated. 
The geometry is much less nearly one-dimensional, because of recombi-
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nation at the sides, in the body and at one or both surfaces. Not all of 
the minority carriers injected from one side will reach the other. Also, 
the series resistance in this geometry is necessarily much larger than 
with a large block. In allY case, the analysis duplicates to a large extent 
the experiments described ill Section B. vVe therefore confine ourselves 
to describing such experiments as cannot be done with the large block 
technique. 

2. MATERIAL AND GEOMETRY 

'The samples used consisted of lVI-1777 p-n-p power transistors, 'with­
out collectors. The base material consisted of slices of germanium 4 
mils thick and ~ inch square. The ohmic contact consisted of a circle 
of gold wire bonded into the germanium. vVithin this circle and on the 
same side of the germanium a regrown rectifying junction 120 mils in 
diameter, made by the indium alloying technique, was attached. T,yo 
germanium samples were used for the fabrication of these units, having 
resistivities of 4 ohm cm and 15 ohm cm, the latter being from a slice 
cut close to the n-type sample used in the experiments of Section B. 
Contacts were arranged to the gold and to the indium. 

The opposite face of the germanium was masked with a piece of bake­
lite 7~2" thick, having a hole in the middle equal in size to the indium 
rectifying junction (Fig. 17). The bakelite was attached to the germa­
nium surface with Dcilon lacquer. Care was taken to protect the edges 
of the unit with the same lacquer in order to insulate exposed parts of 
the gold spiral from contact with the electrolyte. The unit was set into 
the electrolyte as in Fig. 1, care being taken to see that no bubbles were 
left in the region of the exposed germanium surface. The tip of the salt 
bridge was set directly under the exposed region. With this geometry 
one had to be especially careful to see that current was not left on for 
too long in either direction in order to minimize the accumulation of 

BONDED 
GOLD RING 

Fig. 17 - Diagram of thin-slice unit assembly. 
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gases or other reaction products in the confined space around the ger­
mamum. 

3. PROCEDURE 

3.1. Light Calibration 

For calibration of the chopped light one can conveniently measure cur­
rents collected at the rectifying junction on a short-circuit basis (Fig. 
18). For this purpose the unit may either be set into the electrolyte 
or left directly above it: in the latter case, however, the corrections for 
the change in reflection coefficient and for the removal of one reflecting 
surface are a little uncertain. For calibration of the settings of steady 
light which are used in the experiment, it is convenient to take a series 
of measurements of V R

, the voltage between the alloy junction and the 
base, as a function of fR, the current flowing between the alloy junction 
and the base. By fitting the experimental points, with and without the 
steady light, on to the same rectifier curve, one may deduce· the value 
of the photo current collected by the rectifying junction. 

3.2. Relation between floating potential and electrode potential, and deter­
mination of a by illumination 

The steady light is fixed at some value, determined as above. Measure­
ments are made of electrode potential V E and of the voltage V R between 
the alloyed junction and the base, as functions of the electrolyte current. 
This is then repeated at other values of the steady light. 

3.3. Determination of a by current injection 

The above procedure is repeated, without steady light, at a series of 
values of current fR across the alloyed rectfying junction. 

WAVE 
NALYZER 

Fig. 18 - Electrical circuit for light calibration with thin-slice unit. 
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4. ANALYSIS OF THE EXPERIMENTS - RESULTS 

In writing equation (2), we considered only minority carriers created 
at or very near the surface across which the electrolyte current is pass­
mg. We now wish to modify this equation to include minority carriers 
injected from the far surface, that is, across the rectifying junction. 
Since the floating potential at this junction measures the minority car­
rier density there rather than at the electrolyte surface, we should like 
also to be able to relate these two quantities. It may be shown (see Ap­
pendix 1) that the effect of recombination at the sides, in the body and 
at both surfaces may be described by writing 

1 + 1/ + L+ "/IpR 
18 

1 + "1"(1/ + L) + IpR 
18 

(8) 

(9) 

where "I' and "I" are quantities slightly less than 1, analogous to the for­
ward and reverse a's of a junction transistor. Since the slice of germanium 
is thin in comparison with a body diffusion length, and since the surface 
recombination velocities at the rectifying junction and at the electrolyte 
junction are fairly low, it will be sufficient to suppose that most of the 
generation and recombination takes place by diffusion to the sides. 
Under these conditions it is a sufficient approximation to write "I' 

"I" = ."1. It is sufficient to suppose that 

IpR = IR 

because it is known that almost all of the current crossing an indium 
regrown junction on n-type germanium is hole current, that is, the 
emitter efficiency is very close to 1. 

We are now in a position to analyze experiments described in the 
preceeding paragraph. 

(a) Set 1/ = O. Then, since 

(:'y = IVI 

and 

VA = VI + IR Rspr • 

we have, from equation (9) 

VR = IRR +! t [1 + 'YL + IR] 
apr. f3 n 18 (10) 
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Thus by taking a series of measurements of IR and VR we may deter­
mine the quantity "'(L for each light intensity. 

(b) The difference between (pdp)R and (PI/p)R will be relatively 
unimportant unless one of them is close to zero. Now, if the electrolyte 
current is near its saturation value, (PI/ p)E is effectively zero. But, how­
ever low the hole density at the lower surface may be, the hole density 
close to the rectifying junction can not be lower than is allowed by 
local hole generation. The lowest value of (pdp)R is determined by 
equations (8) and (9) to be 

(:lr = r!v/mi. = 1 - 'Y (11) 

Using equation (11) we may correct for the above effect and determine 
(pdp)E from VI at all values of electrolyte current: 

( )

15 (3 VI (3Vlmin 
PI = e - e 
p 1 + e(3v/min 

(12) 

Using this equation one may take the experimental results and use them 
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to provide a direct verification of equation (1). This is shown for the 15 
ohm cm sample in Fig. 19 in which we have chosen the Tafel over voltage 
parameter I(A in such a way that, by plotting the quantity against 

{3-I en (PI/ p)E 

against 

[VE - V Tafel - IERspr .] 

the curves corresponding to different currents are superimposed on one 
another. It will be seen that the result is a straight line of slope unity. 
This may be regarded as the most direct experimental evidence for equa­
tion (1) available at the present time. The value of I(A used in the con­
struction of this graph was 2.2 'which is in reasonable agreement with 
tha t determined in Section B. 

Two further observations are relevant. vVith the sample in the dark 
and no electrolyte current flowing, it was not possible to detect any 
significant departure of the floating potential from zero. This enables 
one to put an upper limit on the hole current which is flowing when the 
applied external current is zero as· a result of some corrosive process. 
Since the smallest floating potential which could have been detected is 
of the order of 1 millivolt, one concludes that the maximum net hole 
current which could be flowing is 10-3 {3Is , which is about 2,uA/cm2

• 

The other observation concerns the dependence of floating potential 
upon cathode current. After making due allowance for the potential 
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drop across the spreading resistance, one may deduce the rate of in­
jection of holes as a result of the cathodic reaction at the surface. This 
is shown in Fig. 20, in which the hole current as deduced from the meas­
urements and from equation (2) is plotted directly against cathode 
current. It will be seen that the amount of injection is quite small. This 
is in agreement with the general observation that the principal reaction 
in the cathode direction is with electrons. 

(c) From the measurements in various lights one may plot a curve 
showing the limiting electrolyte current, at some suitable value of VE

, 

as a function of the quantity 'YL deduced from the light calibration. 
Assuming as usual that the quantity .1 (see equation 2) is a constant at 
a constant electrode potential, one should have 

IE = - ~ ('YL ) + A - als 
'Y 

(13) 

Fig. 21 shows this curve plotted for a 4-ohm cm sample. From the slope 
of this graph one has a/'Y = 1.77. A similar plot for the IS-ohm cm sample 
gave a/'Y = 1.90. The values of'Y as deduced from the minimum floating 
potential (see above) were 0.83 and 0.95 respectively, thus giving a = 
1.48 on the 4 ohm cm sample and 1.80 on the 15 ohm cm sample. The 
reason for this apparent dependence of a on resistivity is not known. 

If in the same way we take the current-injection data, and plot IE 
against IR at some fixed value of V E

, we should have: 

IE = - a,,/(IR) + .1 - als (14) 

This plot is also shown in Fig. 21 for the 4-ohm cm sample. The slope 
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of this curve should be a')'. The experimental value is 1.30; this gives 
a = 1.56, which checks well enough with the value obtained by illumi­
nation of the surface. It is also possible to deduce the quantity 18 for the 
thin slice geometry. However, as has been explained, the interpretation 
of this quantity is complicated by recombination at the edges of the 
sample and the flow is far from one-dimensional. In addition, the satura­
tion in the thin slice experiment is usually poorer than that found on the 
large blocks. The reason for this is not known. It is possible that the 
sharpness of saturation may depend on the exact state of the surface; 
it is more difficut to prepare the thin slice samples in such a way that the 
surface is in a clean and reproducible condition. It is just possible that 
poorer saturation found with the thin-slice samples could be ascribed 
to leakage across the insulating lacquers. 

D. THE REGION OF CHANGE IN SIGN OF THE PHOTO VOLTAGE 

In the preceding sections we have discussed the experimental results 
obtained for anodic currents with n-type material, and for cathodic 
currents with p-type material. Throughout these regions, the surface 
photo-voltage would have the constant value 1//318 if it were not for 
enhancement or reduction of the density of minority carriers near the 
surface. (Equation (4) and its analogue for p-type material.) Looking 
at Figs. 6 and 12, we may say that, if the experimental values found in 
the upper parts of the higher branch for each sample were corrected by 
multiplying by the appropriate ratio of minority carrier concentrations 
(and of course for imperfect saturation), the corrected photo-voltage 
would be constant throughout the regions mentioned, and would be 
approximately equal to those corresponding to the shoulders seen in 
the" dark" curve in Fig. 6 and in Fig. 12. Figs. 6 and 12 would then 
look very much like the curves of surface photo-voltage against contact 
potential given for the germanium-gas case by Brattain and Bardeen. 
We now turn our attention to the remaining sections of Figs. 6 and 12, 
in which the surface photo-voltage, quite irrespective of variations in 
minority carrier density, is changing with electrode potential. 

We consider the ratio of the limiting anode and cathode values first, 
taking equations (1) and (6) as the basis for our discussion. Equation 
(1) says that the magnitude of anodic current flowing under given con­
ditions is a function of the difference between V E and the imref 'Pps for 
holes just inside the space-charge region, since 'Pps is related to the hole 
concentration at this point by the equation 

'Pps = 'Po + /3-1 tn (pdp). (15) 
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(cpO is the equilibrium hole imref.) If then the electrolyte current is held 
constant, and the hole imref changed (for example by shining light 
onto the sample), the change in electrode potential must be equal to 
the change in hole imref - a quantity which has the same sign for p 
as for n type, but a much smaller magnitude. On this basis we may de­
rive the surface photo-voltage for both nand p type under conditions 
of anodic current (see Appendix 2): 

(
aVE) 1 - = - (n-type) aL I (3IpsA (

aVE) nb 1 - = - - (p-type) aL I P (3InsA (IG) 

for pI/p = 1 (b = ratio of electron to hole mobility.) Here the suffixes 
nand p distinguish electron and hole saturation currents, and A specifies 
the recombination current, and therefore the surface recombination 
velocity, corresponding to anodic conditions. 

Similarly, equation (6) says that the magnitude of cathodic current 
is a function of the difference between V E and the imref cpns for electrons 
just inside the space-charge region. From an argument identical with 
that given above, we deduce the following values for the surface photo­
voltage under cathodic conditions: 

(
aVE) p 1 - = -- - (n-type) aL I nb (3IpsO (

aVE) 1 
aL I = - (3Inso (p-type) (17) 

for nI/n = l. 
Using these relations, we may compare the minority carrier saturation 

currents in the anode and cathode directions for the two samples: 

Ins
G 

InsA 

IpsG __ (aVE /aL) cathj(E.-) = 180 = 18 
IpsA - (aVE/aL) an nb 100 . 

(18) 

Within the accuracy of the experiment, we conclude that the ratio is 
about 2 in each case. Since surface recombination velocity at the elec­
trolyte surface accounts for only part of the total minority carrier re­
combination current, the ratio of the surface recombination velocities 
in the cathode and anode conditions must be somewhat larger than this. 
For the balance of this section, however, we shall ignore the difference 
between the anodic and cathodic values of Is . 

In the intermediate region, the simplest interpretation is that the 
electrode reaction is neither wholly anodic nor wholly cathodic, irrespec­
tive of whether the net electrolyte current is anodic or cathodic. Yve sup-
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pose that the anodic and cathodic processes are still described by equa­
tion (1) and (6), but that the net current is now the sum of the currents 
appearing in those two equations. Dropping the IR terms from equa­
tions (1) and (6), and rewriting in terms of currents instead of voltages, 
we have: 

IAE = 10A[exp [- (,B/KA){VE 
- V OA - (cpps - cpo)}] - 1] 

IcE = lodexp [+ (,B/Ke) {VE 
- Voe - (CPns - cpo)}] - 1] (19) 

IE = IcE - IAE 

vVith CPps = CPns = CPo, equations (19) have the form of two imperfect 
rectifiers in shunt, arranged in the opposite sense one to another; a large 
voltage applied in either direction will cause a large current to flow 
through one, while only the comparatively small" saturation current" 
(loA or loe) flows through the other. (This is why we are able to ignore 
cathodic processes when there is a large current in the anodic sense and 
vice versa.) Using the method given in Appendix 2, we may show for 
n-type semiconductor in the limit pdp = 1 and ndn = 1, which is 
certainly appropriate to the measurements made at small currents and 
with no steady light, 

(
aVE) 1 1 - (X/Xo) 
aL IE - ,Bls 1 + (nb/p) (X/Xo) 

where (20) 

x ~ cxp [11 (L + L) V E J ' and 

X o , which is the value of X for which the surface photo-effect vanishes, 
is given by: 

Xo = bn lOA e{3«voAIKA)+(Voe IK e)) 
p loe 

'The expressions for p-type are analogous. 
This may be tested by plotting the quantity 

Q - cn{[l - (aV/aL) J/[l - (aV/aL) J} 
- (aV /aL)cath (aV /aL) an 

(21) 

against V E (Fig. 22). This gives a straight line for both samples; from the 
slope one deduces l/I{A + l/Ke = 1.0. The value of I{A deduced from 
the measurements at larger anodic currents was about 2; this suggests 
that Ke is about 2 also. (Note that this is not necessarily the same 
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cathodic process as that represented by the Tafel curve in Fig. 15, since 
this is below, the other above, the region of voltage instability.) 

Equation (21), and its analogue for p-type material, depends on re­
sistivity only through the factor (bn/p). To test this, we make use of the 
difference between the values of VE at which the surface photo-voltage 
vanishes for the n and for the p-type sample. Using the value of (I/I{A + 
I/I{c) deduced above, we may construct the following table: 

Sample n-type p-type 

VE for IE = 0 0.83 volts 0.84 volts 

VE for which CaV/aL) = 0 1.05 0.82 

KAKc 1 ( (aV/aL)cath 
- n 

KA + Kc (j CaV /aL)an 
-0.12 0.12 

Sum of second and third lines 0.93 0.94 

The voltages in the last line of the table are, within the experimental 
error, the same for the two samples, thereby checking (as one would 
expect) that the purely electrochemical features of the electrode processes 
near zero current, as opposed to those which depend on the hole or elec­
tron concentrations, are independent of the type of germanium used. 

It is not possible to deduce the separate values of the quantities VOA , 

Voc , lOA, and Ioc. In principle, the equilibrium potentials could be 
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deduced from thermodynamical reasoning from heats of reaction, but 
we are ignorant as to the exact nature of the reactions taking place. We 
can however draw one rather interesting conclusion from the fact that 
the zero in photo-voltage for a sample having nb/p = 1 occurs at a 
potential about 0.1 volts higher than that corresponding to zero current. 
This one may understand as follows. When the net current through the 
surface is zero, the anodic and cathodic currents I A E and IcE are equal in 
magnitude and opposite in sign. (We know from the work of Section C 
that each is of the order of 1J.LA/cm2 or smaller.) Since in this state the 
surface is on the anodic or p side of the zero in photo voltage, it follows 
that, if a small current is allowed to cross the surface, almost all of it 
will be represented by change in I A E and very little by a change in IcE. 
We may in fact show from equations (19) and (21) that, if oV represents 
the difference between electrode potential corresponding to zero current, 
and that at which the photo-voltage vanishes for a sample havingp/nb = 
1, then the ratio of cathodic (electron) to anodic (hole) current for a 
small displacement from the zero-current condition is given by: 

I{c e{3((1/KA)+(lfKC))(OV) 

I{A 
(22) 

From the experimental values, this ratio is about 0.03. This, of course' 
is true whether the net current into the germanium from the solution 
is positive or negative. If we may identify the anodic process with oxi­
dation of germanium, this result shows that, at sufficiently small cur­
rents, the predominant process is either oxidation of germanium or 
reduction of germanium oxide, depending on the sign of the external 
current, and that it is only at higher cathodic currents that some other 
process, represented by IcE, takes over. Whether or not the alternative 
process is plating out of hydrogen (which should take place somewhere 
near this voltage) we do not know. 

It should be mentioned here that the voltage difference oV does not 
vary much with electrolyte, although the separate voltages may change 
considerably. One reason for this may be that VOA and Voc are shifted 
by equal amounts when the pH of the solution is changed. One may 
tentatively conclude that the surface of a sample of germanium in con­
tact with an aqueous electrolyte, with no net current crossing the sur­
face, is p-type in character whether the measured electrode potential 
is high or low. 

E. CONCLUDING REMARKS 

(1) The primary reaction at a germanium anode is with holes rather 
than with electrons in the semiconductor. The evidence for this is that 
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the measured electrode potential in the anode direction depends on the 
concentration of holes ncar the surface in the way to be expected from 
the purely thermodynamical reasoning given in Appendix 2. 

2. Observed values for the current gain at an anode composed of 
n-type germanium lie between 1.4 and 1.8. One must suppose that a 
product of the primary reaction is itself unstable, and decomposes in 
such a way as to allow electrons to go into the conduction band of the 
semiconductor. We believe that current multiplication of some such sort 
as this plays a very important role in other electrolytic interface systems. 

3. The initial primary reaction at a germanium cathode is with elec­
trons rather than with holes in the semiconductor. Sometimes this state 
of affairs persists; sometimes the reaction seems to be replaced, in a time 
of the order of seconds or minutes, by one involving holes. The current 
gain is of the order of unity. 

4. The surface recombination velocity at the surface of an n-type or 
p-type germanium sample of the resistivities used, in contact with an 
electrolyte, is not greater than a few hundred em/sec.; and it is less when 
the surface is passing anodic current than cathodic. At the same time 
we do not exclude the possibility that, at large cathodic current den­
sities, or after a considerable interval of time, the surface recombination 
velocity, depending on the way in which it is defined, is large. Some 
peculiar effects have been observed by us in a different experiment from 
that described here. An attempt was made to measure minority carrier 
lifetime by exposing a rod of n-type germanium to a cathodic current 
and studying the decay of photo-conductivity (the Haynes-Hornbeck15 

experiment). The decay curve showed a very sharp initial decline, fol­
lowed by a horizontal portion, and then a much slower disappearance of 
remaining carriers. The reason for this is not understood. It is perhaps 
worth noting here that some time was wasted in searching for a reliable 
way to determine the surface recombination velocity while the surface 
was exposed to an electrolyte by such methods as measuring diffusion 
lengths in filaments. In interpreting such experiments, one must not 
forget the extra complications arising from current crossing the surface. 

5. There are some similarities between the properties of semicon­
ductor-electrolyte interfaces and those of semiconductor-metal junctions. 
In both cases it is possible to obtain rectification on both nand p-type 
germanium, with that on n-type being sharper. In both cases there can 
be current gain. The geometry of a point-contact rectifier is very difficult 
to analyze quantitatively. We suggest that the techniques discussed in 
this paper might however prove profitable in understanding the type 
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of plated metal-semiconductor contact recently described by Schwartz 
and WalshI5 and others. I6 

6. The rectifying properties of a semiconductor-electrolyte interface 
may also be described as follows. When n-type germanium is passing 
anodic current, it is of such a sign as to attract negative ions to the sur­
face; in consequence, the sign of the space-charge region in the surface 
of the semiconductor must be positive. One might therefore expect 
that the surface would be p-type. Since the bulk and the surface of the 
semiconductor now form a p-n junction, across which current is passing 
in the reverse direction, the current eventually saturates. This descrip­
tion, however, obscures the main point: the current across a junction 
only saturates when the current from both sides is limited by diffusion, 
and it is again necessary to conclude that electrons cannot easily pass 
from the anions in the solution into the semiconductor. 

7. The relation found experimentally between surface photo-effect 
and electrode potential is strikingly similar to that reported by Brattain 
and Bardeen between surface photo-effect and contact potential in the 
germanium-gas system. Nevertheless, the interpretation we have given 
appears to be quite different. Let us therefore see how the treatment of 
the contact potential experiments might apply to the present experi­
ments. In the theoretical discussion of Brattain and Bardeen, the point 
of departure is that the total surface charge-density due to the space­
charge and surface states associated with the germanium and to ions 
adsorbed on the surface, is zero. When the surface is suddenly illumi­
nated, the last contribution does not have time to change: the surface 
photo-effect may then be calculated on certain assumptions. Now it 
would seem to be perfectly possible to treat the germanium-electrolyte 
system in the same way. Any such model must agree with the thermo­
dynamical treatment in the· extremes of electrode or contact potential: 
it is only in the intermediate region that there can be discrepancies. In 
the paper of Brattain and Bardeen,6 where space-charge is neglected, the 
extent of the intermediate region depends on the number of surface 
states; in a treatment of Garrett and Brattain,7 where surface states 
are neglected, the extent of the intermediate region is fixed. vVe have 
evaded the issue altogether in this paper, by employing semi-empirical 
expressions for the over-voltage, equations (1) and (6). vVe have not 
attempted to describe in detail the problem of the relation between 
"activation" and current crossing the surface, from which the expressions 
for over-voltage can be derived, this being the problem in the electrolyte 
system analogous to that of the relation between the measured contact 
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potential and the surface potential (the electrostatic potential at the 
semiconductor surface) in the germanium-gas case. One curious fact 
may however be pointed out. The theoretical treatment of Garrett and 
Brattain gives the relation between surface photo-effect and surface 
potential in the same form as equation (20) of this paper, except that the 
VE is replaced by W, the difference between the electrostatic potential 
at the surface and in the interior, and the coefficient 

( 1 + 1) 
KA Kc 

is replaced by unity. Now we found the experimental value of 

(~A + L) 
to be 1.0; it is therefore tempting to apply the theory of Garrett and Brat­
tain to the present case. To do this would be to claim that VE and W 
are identical, except for an additive constant, in the region of low current 
density: that is, all the measured changes in electrode potential occur 
across the space-charge region, and effectively none across the space­
charge region in the electrolyte. Whether such a conclusion is justified 
must be left for further experiments to decide. In any case it has to be 
admitted that, since the interpretation of these experiments may be so 
concisely accomplished by thermodynamical arguments, the role of 
surface states remains obscure. However, the main deduction of this 
work - the importance of holes in anodic processes and of electrons in 
cathodic processes - may furnish a clue towards the understanding of 
more complicated effects of chemical treatments upon semiconductor 
surface properties. 
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ApPENDIX 1 

ANALYSIS OF THE THIN SLICE EXPERIMENTS 

'Ye start with some remarks about surface recombination velocity. 
Consider a plane surface bounding n-type germanium; let x be the dis­
tance between a point in the germanium and the surface. Let x = X 
define a plane just sufficiently far into the material that the field E is 
comparatively small, i.e. such that, in any flow of minority carriers, 
diffusion predominates over drift. We shall refer to a point in this plane 
as being "just inside the space-charge region". Experiment shows that 
the recombination current to the surface depends on the concentration 
PIX of minority carriers at X. The surface recombination velocity v is 
defined17 so that 

(AI) 

where P is the equilibrium concentration, and (I pyec. is the hole current 
flowing away from the surface as the net result of surface thermal genera­
tion and surface recombination. 

Suppose next that current is crossing the surface, in such a way as to 
tend to change the minority carrier density in the semiconductor. This 
state of affairs may be described by replacing (AI) by the equation: 

(A2) 

where Ip' may be considered to be "net hole current flowing into the 
semiconductor". Notice that, even if one can measure I p with and 
without current crossing the surface, equation (A2) does not suffice to 
determine Ip' experimentally, since we have said nothing as to whether 
v is or is not also changed by switching on the current. (If, however, we 
assume that I p' is uniquely determined by the current crossing the sur­
face, we may vary PIX and so determine v. This is what is done in the 
preceding paper.) 

'Ye turn now to the problem of illumination of the surface. Visible 
light is absorbed in a thickness comparable with that of the surface 
space-charge region. Let us suppose that the hole current very close to 
x = 0 is still given by equation (A2): what then is the hole current at 
x = X? First notice that X, although large in comparison with atomic 
dimensions, is (in germanium) very small in comparison with a body 
diffusion length. Therefore it is sufficient to assume that there is no 
recombination between 0 and X. Throughout this region, PI may vary 
with distance in a complicated way, and may even be greater than ni 
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near the surface; but the continuity equation:18 

api = ! div I - f(x) at e p 
(A3) 

is always satisfied. Here !(x) stands for the rate of creation of holes per 
unit volume by photo-excitation at x = X. !(x) satisfies the condition 

N ~ fo~ !(x) dx rv lX !(x) dx (A4) 

where N is the rate of pair excitation per unit area of surface. In the 
steady state apI/at = 0, and for our one-dimensional geometry we have 

Ip = e foX !(x) dx + A (A5) 

But we suppose that, at x = 0, Ip is given by equation (A2): therefore 

(Ip)x = eN + Ip' + ev(p - PIX) (A6) 

But X has been chosen in such a way that E is negligible in the flow of 
minority carriers: thus we may write: 

(
dPI) = _ (Ip)x = _ L + Ip' + ~ (PIX _ p) (A7) 
dx X eD eD D 

We now proceed to use this as the appropriate boundary condition 
in the solution of the minority carrier flow problem for the thin slice 
geometry. In this problem we suppose the germanium to be in the 
form of a thin sheet of thickness t, extending indefinitely in all directions. 
The electrolyte and alloyed contacts are in the form of two circular areas, 
of radius ro , opposite one another, one on each side of the sheet. Re­
combination and generation of minority carriers can in principle take 
place (i) in the body; (ii) at the germanium surface lying further than 
ro from the axis; (iii) at the electrolyte interface; and (iv) at the alloyed 
interface. If it were not for (ii) the problem would be one-dimensional, 
and quite easy to solve. The whole problem is of course identical with 
that of a junction alloyed transistor. 

Consider first diffusion to the sides, with a recombination velocity Vo 

for the neighboring germanium. Assume as a rough approximation that 
the hole density is constant across the slice, i.e., is a function only of r, 
the distance from the axis. Elementary reasoning then leads to the equa­
tion: 

(AS) 
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where !J.p = PI - p. The solution of this having the property !J.p ~ 0 as 
r ~ 00 is the Hankel function of order zero: 

(A9) 

Let us define a quantity v*, such that the total flow of minority car­
riers across the cylinder of radius ro is given by: 

(27rrot)ev*(!J.p )ro 

From equation (A9) one finds 

v* ~ f, [ - H/l
) (~,o) / lIo'l) (~,o) ] 

where Ls is the "sideways diffusion length": 

L8 = vi tD j2vo 

(AIO) 

(AlI) 

(AI2) 

In a practical case Ls is rather smaller than ro , and the ratio of the 
Hankel functions in equation (All) is not very different from unity. 
The purpose of the foregoing analysis is to show that, at least in the 
approximation used, recombination at the outlying free germanium sur­
face may be treated by regarding the surface of the cylinder of radius 
ro as the recombining surface, with a recombination velocity given by 
equation (All). 

We now use this concept to apply to the case in which the hole density 
is allowed to vary across the slice, and, as we are now mainly interested 
in condition for r < ro, we suppose that now the radial variation in p 
may be neglected. From the diffusion and continuity equations one has: 

D d
2

!J.p = (2V* + !)!J.P (A13) 
dx2 ro 'T 

The solution of this is 

(AI4) 

where 

(A15) 

A and B are determined by the boundary conditions at* the electro­
lyte surface (x = 0) and at the alloyed surface (x ~ t). Let us suppose 
that the recombination velocities are VE and VA , the latter being, pre-

* I.e., "just inside". 
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sumably, small: and suppose that the hole current across the electro­
lytic surface (in the sense defined above) is IpE, and that across the 
regrown surface 1/: and suppose finally that the electrolyte surface is 
illuminated, with Lie hole-electron pairs created per second. 1/, 1/ 
and L are expressed on a unit-area basis. From the boundary conditions 
(as in equation A7) we have: 

_ eD dPI ) = _ eD (A - B) 
dx ° A 

(IpE + L) - eVE(Plo - p) 
(A16) 

-eD dPI) = _ eD (Ae t1h _ Be- t1h) 
dx t A 

= 1/ + eVA (PIt - p) 

We are interested in PIt and PIO. Expanding the exponentials, and per­
forming a certain amount of algebra, one finds: 

PI ° = 1 + "/1/ + (I pE + L) 
po Is 

PIt 1 + 'Y"(IpE + L) + 1/ 
po Is 

(A17) 

where 

2 ( ) I t * t t 
'Y "" 1 - - - v - + Va -

2Dr ro D 

2 ( ) " t * t t 'Y "" 1 - - - V - + VE -
2Dr ro D 

(A18) 

(
2V*t t ) Is = ep - + - + Va + VE (1 + A) 

ro r 

where A is small of the order of v*tlD or a comparable quantity. Equa­
tions (17) are identical with equations (8) and (9) in the text. 

ApPENDIX 2 

THERMODYNAMICAL DISCUSSION OF A SEMICONDUCTOR ELECTRODE 

. First we show how, when the germanium-electrolyte interface is per­
meable only to holes, the equilibrium electrode potential includes the 
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electrochemical potential for holes. We follow the notation of Guggen­
heim19 and allow J.1. to stand for a chemical potential of an uncharged 
species, and for an electrochemical potential of a charged species, both 
quantities being defined by the equation 

For holes and electrons in germanium 

Ge 
J.1.P 

Ge 

1 p 
= CPp = if; + - tn -

{3 ni 

J.1.n = -cpn = 
1 n 

-if; + -tn-
{3 ni 

(A19) 

For germanium under equilibrium conditions, and for a metal under 
any practically realizable condition, 

J.1.P + J.1.n = 0 (A20) 

N ow consider the cell: 

Metal,' I D;;k I Illu~:lated I Solution I Metal'l Metal," 

Suppose that holes are required for the reaction at the germanium solu­
tion interface; it is immaterial which is required at the (metah I solution) 
interface, since equation (A20) is satisfied in metah. Let us suppose 
tha t the cell reaction is: 

A - PIll Ge = B + n2 (A21) 

where A and B denote any chemical or ionic species. We have written 
the cell reaction in a rather unusual way, to emphasize that, at the same 
time as one gram-equivalent of A is converted into B, one Faraday of 
holes is removed from the germanium surface, and one Faraday of elec­
trons removed from metal2 . Let us contemplate the process of taking one 
electronic charge across the cell, completing the circuit by connecting 
the cell terminals via a battery of e.mJ. equal to that of the cell. Since 
this process may be carried out reversibly, and since we have included 
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electrons and holes as thermodynamic components, 

AG = 0 (A22) 

Let us now write down the available thermodynamic relations between 
the /l's. To avoid conversion factors, we shall suppose them to be specified 
in electron volts. We have: 

/lA - /lB - /lps Ge - /ln2 = 0 

/ln2 = /lnl" 

Ge 
(A23) 

/lpo = /lpl' 

/lpl' = - /lnl' 

where /lpsGe and /lpoGe refer respectively to the surface (illuminated) and 
equilibrium (dark) parts of the germanium. Then the measured voltage 
between the right and left hand sides of the cell is 

v = /lnl' - /lnl" 

(A24) 

Thus, so long as the potentials of the reacting components in the 
solution remain constant, 

v = V O + ~ .en PI 
(3 P 

(A25) 

The same argument may be repeated for the case that the germanium­
electrolyte interface is permeable only to electrons, and gives 

v = Vo' - ~ .en ~ 
(3 n 

(A2G) 

We now evaluate the magnitude of the photo-voltage for these two 
extreme conditions: 

(:~} = a~} (~p, - ~O) 

(:i} = aaT} (~"' - ~O) 

anode 

cathode 

(A27) 

If the material is n-type, and if the mobility of electrons and holes 
were equal, it may be shown 7 that 
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a~)I (';'p, - ';'0) 

a~)I (<pns - <po) 

1 1 _ 1 P 
{3 Is + L + I p - {3Is Pl 

(p) 1 1 
n {3 Is + (pin) (L + Ip) 

pIn 
n {3I.~ nl 

(A28) 

with the notation used in the text. Because the mobilities are not equal, 
there is an additional term,20 too small to affect the upper equation, but 
of the same magnitude as the lower: 

doVi _ +(p) 1 (b - 1) 1 
dL n {3 b Is + ~ btl (L + I p) (A29) 

Allowing for this, and approximating equations (A28) and (A29) for 
the case that Land Ip are small in comparison with Is , 

(av) 1 
aL I = {3Is 

(av) = _~~ 
aL I nb {3Is 

anode 

(A30) 

cathode 

In a similar way, it may be shown for p-type material that 

(av) nb 1 
aL I - P {3Is 

(av) 1 
aL I = -{3Is 

anode 

(A31) 

cathode 

under the same conditions. (Is now means the electron saturation cur­
rent.) Notice from equation (28) that the cathode photo-effect on n­
type (and the anode photo-effect on p-type) is relatively insensitive to 
the magnitude of L and I p'. This is well shown in Fig. 6. 
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Switching Circuits 

By FRANZ E. HOHN and L. ROBERT SCHISSLER 
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The p-terminal generalization of a two-terminal switching function is a 
matrix of switching functions representing the conditions under which 
the terminals are interconnected. The properties of these "switching mat­
rices" are studied, and examples are given to show how they may be em­
ployed effectively in the design of switching circuits. Some basic problems 
are outlined and a bibliography is attached. 
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1. INTRODUCTION 

Matrices over a Boolean algebra, or simply Boolean matrices, are rec­
tangular arrays of elements from a Boolean algebra. These arrays are 
subject to appropriate rules of operation, some of which are analogous 
to the rules of operation for ordinary matrices, whereas others reflect the 

177 
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Boolean character of the elements. The purpose of this paper is to present 
those properties of Boolean matrices which have application to the 
design of combination relay logic circuits, and to develop fundamental 
aspects of this application. 

In this paper, we shall assume a knowledge of the elementary aspects 
of Boolean algebra and of its application to the design of switching cir­
cuits. l

• 2 We shall use the following notations for the Boolean operations: 

+ denotes the Boolean sum or union, 

. denotes the Boolean product or intersection, 

~ denotes inclusion. 

In order to be able to operate most naturally with Boolean matrices, 
we use the system in which the parallel connection of contacts x and y 
is represented by x + y while their series connection is represented by 
x·y or just xy. We use 0 to denote an open circuit or contact and 1 to 
denote a closed circuit or contact. The Boolean algebra from which the 
elements of our Boolean matrices are selected is the set" S" of 2

2n 
Boolean 

or switching functions of n variables Xl , X2 , ••• , Xn • 

2. MATRICES ASSOCIATED WITH COMBINATIONAL CIRCUITS 

We shall be concerned with the analysis and synthesis of combina­
tional relay circuits, that is, circuits which may be represented symboli­
cally as in Fig. 1. Here there are indicated n coils Xl , X2 , ••• ,Xn , which 
determine respectively the conditions Xl , X2 , ••• , Xn of contacts in the 
box. We call Xl , X2, ••• , Xn the inputs or input variables of the circuit. 
The outputs of the circuit are the interconnections between the ter­
minals 1, 2 ... , p, which are established as a result of energization of 
certain of the coils. It is assumed that the contacts of the circuit are all 
in the box and that these contacts are operated solely by the coils 

I 

Xl # 
X2 ~ 2 

II 
I 
I 
I 
I 
I 
I I 

Xn # p 
I 

Fig. 1 
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Xl, X 2 , ••• , X n , which are controlled entirely from outside the box. 
The design of such circuits is discussed in Reference 3, Chapter 6. 

In a combinational circuit, after a brief operate-time, the state iii of the 
connection between the terminals i and j depends only on the combina­
tion of values assumed by the input variables Xl, X2 , ••• , Xn , and hence 
may be represented as a Boolean function of these variables: 

iii = iii(XI , X2, ... , xn). 

(Since a terminal i is always connected to itself, we define iii = 1 for 
each i.) The p2 functions so obtained may be used as the elements of a 
p X p symmetric Boolean matrix which we call the output matrix" F" 
of the circuit: 

F = [fiil. 

Thus, for example, the output matrix of a simple, three-terminal circuit 
is illustrated in Fig. 2. (In Fig. 2 and in succeeding figures, small rings 
are used to denote the p terminals of a network, and black dots are used 
to denote non-terminal nodes which simply serve as connecting points.) 

Two p-terminal combinational circuits with the same output matrix 
are called equivalent. Equivalence is denoted by the symbol "rv" in 
this paper. 

With a given circuit, we can associate a second type of Boolean matrix 
in the following manner. First we select and number certain nodes in the 
circuit, using the numbers p + 1, p + 2, ... ,p + k. These we call non­
terminal nodes to distinguish them from the terminal nodes 1, 2, ... ,p of 
the circuit. The non-terminal nodes are so chosen that between any two 
of the p + k nodes of the circuit there appears at most a single contact or 
a group of single contacts in parallel. Moreover, we assume that every 

x+yu xuz +YZ] 
xyz +uz 

1 xyz+uz 

z 

1 
3 

Fig. 2 
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contact of the network is included in the connection between some pair 
of nodes. 

Let Pij represent the" connection" between nodes i and j. This sym­
bol has the value 0 if there is no connection at all and 1 if there is a short 
circuit, but otherwise it is the symbol denoting a single contact or is a 
sum of such symbols. The matrix" P" of order P + k: 

is then called a primitive connection matrix of the circuit. For example, if 
in Fig. 2 we select a single non-terminal node in the obvious way and 
number it "4", we obtain the primitive connection matrix 

P= 

1 

x 

o 
y 

x 

1 

o 
u 

o 
o 
1 

z 

y 

u 

z 

1 

A third type of matrix which we often associate with a circuit falls, in 
a sense, between the primitive connection matrix and the output matrix. 
We call it just a connection matrix, "e". (This term was originated by 
Warren Semon at the Harvard Computation Laboratory.) In such a 
matrix, the entries are switching functions of two-terminal circuits 
connecting the nodes, both terminal and non-terminal, of the circuit, 
but the number of non-terminal nodes selected need not be large enough 
to lead to a primitive connection matrix. However, it is assumed that 
enough non-terminal nodes are selected so that all the contacts of the 
network are accounted for in the resulting two-terminal circuits. The 
situation is illustrated in Fig. 3. For certain purposes, a connection matrix 
such as this is as useful as a primitive one, or more so. 

The output matrix of a circuit may also be regarded as a connection 
matrix if that appears desirable, but its primary importance lies in the 
fact that it is the generalization of the switching function of a two-terminal 
circuit. (Note that the output matrix of a two-terminal circuit is simply 

F = [~ ~J 
where f is the switching function of the circuit, and thus tells us nothing 
more nor less than the switching function f itself.) 

The fundamental problem of the analysis of a combinational circuit 
involves writing a connection matrix corresponding to the circuit, there-
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after deducing the corresponding output matrix or other relevant infor­
mation. This presents relatively few difficulties. The problem of synthesis, 
on the other hand, is much more difficult, for it involves translating given 
operate-requirements into the form of an output or connection matrix 
and deducing therefrom a primitive or a near-primitive connection ma­
trix corresponding to an optimal or at least to an economical realization 
of the requirements. We shall discuss these problems in the order stated, 
but first we need to indicate some properties of the type of Boolean ma­
trix we use in studying switching circuits. 

3. THE ALGEBRA OF SWITCHING MATRICES 

3.1. Basic Definitions and Properties 

The Boolean matrices which are useful in switching theory have alII's 
on the main diagonal. Any Boolean matrix of this kind, with its remain­
ing elements chosen from a switching algebra S, will be called a switching 
matrix. vVhen, as in later sections of this paper, only relay contacts are 
used as switching elements, the resulting switching matrices are all 
symmetric. Throughout this section, we discuss the more general case, 
however, by way of laying the groundwork for a later extension of these 
methods to electronic circuits. 

Consider now the set" M" of all switching matrices of order m with 
elements from S. -VVe make the following definitions, where A = [aij], 
B = [b ij], ... , are matrices of M: 

(1) Equality: A = B if and only if aij = bij for all i and j. 
(2) Sum: A + B = [aij + biiJ, that is, the sum is formed by adding 

corresponding elements. The sum of two switching matrices is again a 

c= [x(Y~z) 
uy 
w 

Fig. 3 

X(y +z) 

x+z 

z 

uy 
x+z ~l 
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switching matrix. It corresponds to connecting the elements aij and bij 
in parallel between nodes i and j throughout the circuit. 

(3) Logical Product: A * B = [air bij], that is, the logical product 
is found by multiplying corresponding elements throughout. 'The logical 
product of two switching matrices is again a switching matrix. It cor­
responds to connecting the elements aij and bij in series between i and j. 

(4) Complement: A' = [aij] where aij = ad if i ~ j, but aii = 1 for 
all i. This operation corresponds to replacing all the two-terminal cir­
cuits corresponding to the aij (i ~ J) by their complements, recognizing 
the fact that the connection of a terminal to itself is invariable. 

(5) Inclusion: A ~ B ("A is included in B" or" A is contained in B") 
if and only if aij ~ bij for all i and j. Also, B ~ A is equivalent to A ~ B. 
If A ~ B, then any combination of values of the input variables which 
results in a path from i to j in the circuit corresponding to A, also results 
in such a path in the circuit corresponding to B. 

(6) Zero ~1 atrix: The zero matrix Z has aij = 0 for i ~ j but aii = 1 
for all i. This corresponds to open circuits between all pairs of terminals. 

(7) Universal Jl1 atrix: The universal matrix U has aij = 1 for all i and 
j. It corresponds to short circuits between all pairs of terminals. 

(8) Matrix Product: 

The rule here is the same as for ordinary matrices. A P means AA ... A 
to p factors. The matrix product of two switching matrices is again a 
switching matrix, but since the product of symmetric matrices is not nec­
essarily symmetric, this product does not always have meaning in the 
case of relay switching circuits. 

(9) Multiplication by a Scalar: aA = Aa = [{Jij] where a belongs to 
Sand {Jij = aaij if i ~ j, but {Jii = 1 for all i. Thus aA is again a switch­
ing matrix. 

(10) Transpose: AT = [ad where aij = aji. 
Using these definitions, it is not difficult to prove the following fact: 
Theorem 3.1.1: With respect to the meanings of = and ~, and the 

operations +, *, and I as here defined, the switching matrices of order mover 
a switching algebra S constitute a Boolean algebra. 

This result is due to Lunts.5 As a consequence of this theorem, we may 
employ all the rules of Boolean algebra in operating with switching matrices. 

When the matrix product, the transpose, and multiplication by scalars 
are also taken into account, many of the familiar rules of ordinary matrix 
algebra are seen to persist. Some additional rules result from the combina-
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tion of these operations with the Boolean ones, but most of them will 
not be used in this paper. A list of the more fundamental properties is 
given in the appendix. Properties of the class of all Boolean matrices are 
discussed in Reference 6. 

3.2. A U seJul Theorem 

The f~llowing result is useful in establishing several basic theorems 
concerning the analysis of circuits. The theorem was first stated by 
Lunts.5 

Theorem 3.2.1: If A is any switching matrix of order 111" then there exists 
a positive integer q ~ m - 1 such that 

A ~ A 2 ~ ••• ~ A q = A q+1 = ... . 

First ,ve note that if A h = [aik] then, since ajj = 1, 

A h+1 = [2: aikaM] = [aij + ~ aikaki] • 
k· kF1 . 

Thus the ij-entry of A HI contains aij so that A h ~ A h+1 for all positive 
integers h. 

To complete the proof, it will suffice to show that A m-I = A m. Hence 
consider any off-diagonal entry of A m. (The diagonal entries are all 1.) 
I t may be written in the form 

There are m + 1 subscripts here, so that not all can be distinct. Consider 
now any term of this sum. If j = ks for some s, the term takes the form 

which is contained in the term 

of the ij-entry of AS and hence in the ij-entry of A m-\ by what has al­
ready been proved. A similar conclusion holds if i = ks . If neither i nor 
j is equal to any k, then ks = kT for some sand r and the term takes the 
form 

which is contained in the term 
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But this too is contained in the ij-entryof Am-I. Thus we may conclude 
that A m-l ;;;; Am. But we have already shown that A m-l ~ Am. Hence 
A m-l = Am, and the theorem follows. 

In the generic case, q = m - 1. However, because of special behavior 
of the elements of A, we may have q < m - 1, as is frequently the case 
when switching circuits are under consideration. 

4. THE ANALYSIS OF COMBINATIONAL CIRCUITS 

4.1 The Star-Mesh Transformation and the Reduced Connection Matrix 

The basic problem of analysis is, as stated earlier, the determination 
of the relation between any given connection matrix and the correspond­
ing output matrix. To accomplish this, we show first how to obtain from 
a given circuit an equivalent circuit using one less non-terminal node 
in the formation of the connection matrix. This operation may then be 
repeated until there are no non-terminal nodes in the accounting. The 
method is to formalize the Y-A or star-mesh transformation (Reference 
3, page 94). 

Consider a non-terminal node r in a combinational network with p 
terminal nodes and k non-terminal nodes, and with a corresponding con­
nection matrix C, not necessarily primitive. Connections Cir and Cri 

provide a path from node i to node j if and only if CirCri = 1. Let us now 
replace the connections of the given circuit by others such that between 
each pair of nodes i and j (neither of which is r) there appears circuitry 
corresponding to the function Cii + CirCrj and remove all connections Cir 

between node r and other nodes of the circuit. Thus node r is effectively 
removed from the circuit, but the output of the circuit on the remaining 
nodes will be the same as before. 

Matrixwise, this operation proceeds as follows. To remove a non­
terminal node r, we add to each entry Cii of C the product of the entry 

Fig. 4 
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Cir in row i and column r of C by the entry Crj in column j and row r, 
thereafter deleting row r and column r from C. 

This operation of removing a node may be repeated until, after Ie 
steps, no non-terminal nodes remain. The resulting p X p connection 
matrix will be called a reduced connection matrix of the original circuit 
and will be denoted by the symbol Co . The process is illustrated for the 
circuit of Fig. 4. The matrix obtained from C by the removal of node j 
is denoted by Cu , etc. 

1 0 
I 

0 X X 
I 

x 1 0 0 Y 
I P 0 0 1 y X 

I 
x 0 y 1 y 

I I 
0 Y x Y 1 

Co 

I~ 
x 

1 
C(5 

l:, I I xy 

0 

C(,(, = [ ~ 
xy 

0 
I I xy 

1 

Y 

x 

1 
I I xy 

I 
X 

o 
y 

1 

x'y 1 x;' . 
The given circuit is needlessly complicated, considering its output. It 
will be simplified presently. 

The process of removing a node may of course be reversed in certain 
cases. This reversal is a simple matter when the entries of the output or 
connection matrix contain the proper terms. Thus, for e~ample, we have 

a + a~ 
1 

c + ~o 

a 

1 

c 

b 

c 

1 

o 

~ 

o 

1 

Again, starting with the matrix Co associated with Fig. 4, we observe 
that because of the common factor x', the entries x'y and X'y' could have 
arisen from the removal of a node. In fact, it is readily checked that 

[x~Y , 1 
1 x 0 y 

x xy 
I 

I I 
X 1 0 Y 

1 x; ~ I 

I I 
0 0 1 x 

xy 
I I 

1 y y x 
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The circuit corresponding to the second of these matrices is shown in 
Fig. 5. It has one less contact than the circuit with which we began, the 
node insertion having replaced the two contacts x' by one. As this ex­
ample suggests, the" insertion of nodes" will appear to be an important 
tool in the synthesis of circuits. 

4.2. The Fundamental Theorem 

The relationship between connection and output matrices may now 
be established. (A less general form of the following theorem was first 
stated by Lunts.5

) 

Theorem 4.2.1: If C is any connection matrix of a p-terminal circuit, 
if Co is the corresponding reduced connection matrix, and if F is the output 
matrix of the circuit, then there exists an integer k, 1 ~ k < p, such that 
ct-k = F. 

In the case of the matrix Co obtained in the preceding section, we have, 
for example, Co

2 = Co so that Co is itself the output matrix of the circuit. 
From Theorem 3.2.1 it follows that there exists an integer k, 1 ~ k < p, 

such that Co
p

-
k = Cl-k +1 = '" . It only remains to show that Co

P
-

k 

= F. For this purpose it is sufficient to show that Cl-1 = F. 
Let us denote the elements of Co by Cij. Then the ij-entry of C0

2 is 
the function 

Since multiplication means" and" and addition means" or", this func­
tion is 1 for i ~ j when and only when the input variables are such 
that there is a path from i to j, either directly (because of the term 
CijCjj = Cij) or via some intermediate node r. Similarly, the ij-entry of 

Fig. 5 
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C0
3 is a function which is 1 when and only when the input variables are 

such that there is a path from i to j, proceeding directly, or via one inter­
mediate node, or via two intermediate nodes. Continuing thus, since no 
path requires more than p - 2 intermediate nodes, we see that the ij­
entry of C0

11
-

1 is a function which is 1 when and only when the circuit 
variables are such as to intercollnect i and j. That is, CO

P
-

1 = F. 
The following two corollaries are immediate: 
Corollary 4.2.2: The reduced circuit matrix of a two-terminal circuit is 

the output matrix of the circuit. 
Corollary 4.2.3: The ij-entry of F may be found by considering the cir­

cuit as a two-terminal circuit connecting i and j and removing all the other 
nodes. 

4.3. Characterization of an Output Matrix 

Certainly any symmetric switching matrix may be interpreted as a 
connection matrix of a combinational relay circuit. However, a natural 
question to ask at this point is, "When is a given symmetric switching 
matrix also an output matrix?" The answer is given in 

Theorem 4.3.1: The necessary and sufficient condition that a symmetric 
switching matrix C be an output matrix is that C2 = C. 

Suppose first C2 = C. Multiplying both sides repeatedly by C, we 
conclude Cp

-
1 = C, where p is the order of C. That is, C is its own out­

put matrix. 
Conversely, suppose C is an output matrix. Denote any reduced con­

nection matrix of the circuit by Co. Then, using Theorems 4.2.1 and 
3.2.1, we have C = CO

p
-

1 = C0
2P

-
2 = C2

, and the theorem is proved. 

4.4 Redundant Elements 

In the synthesis of a circuit it is often helpful to detect and remove, 
or to insert, what we call redundant elements. These are elements whose 
replacement by open circuits (in the parallel case) or by short circuits 
(in the series case) will not alter the output of the circuit. 

To illustrate these notions, we consider first the following connection 
matrix in which redundant terms are bracketed: 

1 

x + [y] 

y 

z + [xu] 

x + [y] 

1 

y 

u 

y 

y 

1 

[yuz] 

z + [xu] 

u 

[yuz] 

1 
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The term y in the 1, 2-entry is redundant since there is a path from 
1 to 3 and another from 3 to 2, hence one from 1 to 2, if y = 1. Thus 
the term y in the 1, 2-position (and of course also the term y in the 2,1-
position) may be dropped, that is, may be replaced by zero, and the 
output matrix of the circuit will not be altered. We could have reasoned 
in the same way that the y in the 1 ,3-entry or the 2 ,3-entry is redundant, 
but only one of these three y's may be removed. (The reader should 
note that the key to this situation is the appearance of two identical 
elements in the same row, along with a third identical element in the 
same column as one of them.) 

Similarly, after the y in the 1 ,2-position has been removed, the term 
xu in the 1 ,4-entry may be seen to be redundant since there is a path 
from 1 to 2 if x = 1 and from 2 to 4 if u = 1. (The key here is the fact 
that the factors x and u of xu appear as terms of other entries in row 1 
and column 4.) Finally, the entry yuz in the 3,4-position is redundant. 
In fact, there is a path from 3 to 2 if y = 1 and from 2 to 4 if u = 1, 
so that there is a path from 3 to 4 when yu = 1, regardless of the value 
of z. The successive deletion of these redundant terms, in brackets, 
evidently yields a primitive conneption matrix which is equivalent to 
the original matrix in the sense that both lead to the same output matrix. 

To illustrate the removal of redundant factors, we consider the con­
nection matrix 

x 

1 

x 

Here the factor x' in the 1, 3-entry is redundant since there is a path 
from 1 to 3 when y is 1, regardless of the condition of x, as a figure will 
readily show. This factor may therefore be dropped (replaced by 1) 
without altering the output matrix. This amounts to adding a redundant 
term x to the 1, 3-entry because of the x's in the 1,2 and 2,3 positions. 
Then the rule x + x'y = X + Y accounts for the removal of x'. 

The importance of these ideas is that we can reverse both processes 
whenever this is of avail in the synthesis of a circuit, as will appear later. 

It should not be overlooked that the removal (or insertion) of redun­
dant elements must either proceed in successive steps or be capable of 
being so arranged, since such an operation alters the corresponding cir­
cuit, and hence may alter the conditions for redundancy of other terms. 
Sometimes the insertion of redundant terms renders other terms redun-
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dant so that they in turn may be removed. Later, we shall employ this 
fact to good advantage. 

It may of course be possible to replace elements of a connection matrix 
by other functions than 0 and 1, but we do not employ such substitutions 
in this paper. These substitutions have been characterized completely 
by Semon.4 

5. THE SYNTHESIS OF COMBINATIONAL CIRCUITS 

5.1. The Truth-Table 11fethod 01 Synthesis 

The "truth-table" approach may be employed in synthesis in the 
same way that it is in the two-terminal case. For example, the output 
of a four-terminal circuit is specified by Table 1, where x and yare in­
put variables. 

The necessary and sufficient condition that given output require­
ments be consistent is clearly that whenever lij = Ijk = 1, then lik = 1 
also. It is readily checked that this condition is satisfied in the case of 
this example. 

We have, from the 112-column,!I2 = x'y' + x'y = x'. Similarly,!I3 = 
x'y + xy = y,l14 = 0,123 = x'y,124 = xy',134 = x'y'. Thus we have 

1 
, 

0 x y 
, 

1 
, , 

x xy xy 
F , , , 

y xy 1 xy 

0 
, , , 

1 xy xy 

Let us consider this output matrix as a connection matrix of the 
desired circuit. Then, since we have a path from 2 to 1 if x' = 1 and 
from 1 to 3 if y = 1, the 23-entry x'y is redundant and may be replaced 
by zero. (The resulting matrix is no longer an output matrix, of course.) 
N ow we insert a node" 5" to separate the products xy' and x'y' in the 

TABLE I 

x y ft2 113 114 123 124 134 Non-Vanishing Product 

0 0 1 0 0 0 0 1 x'y' 
0 1 1 1 0 1 0 0 x'y 
1 0 0 0 0 0 1 0 xy' 
1 1 0 1 0 0 0 0 xy 
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last column: 

1 x' y 0 0 

x' 1 0 0 x 

y 0 1 0 x' 

0 0 0 1 y' 

0 x x' y' 1 

The reader should check this by removing the additional node, and 
should observe how this insertion replaced two y' contacts by one. The 
circuit corresponding to this primitive connection matrix is shown in 
Fig. 6. 

In many cases, the output matrix or a suitable connection matrix 
may be written by inspection. Any techniques useful in simplifying 
switching functions may of course be applied in computing the fij. 
However, the "simplest" forms of these functions are not necessarily 
the most useful, when it comes to matrix methods of synthesis. These 
points will be illustrated by later examples. 

5.2. Matrix Synthesis of Two-Terminal Circuits 

In the previous section, we gave an example of how one may deduce 
from an output matrix a primitive connection matrix of an economical 
realization of the circuit. In this section we illustrate the procedure 
further by applying it to some simple two-terminal circuits. 

Geometrically, synthesis of a two-terminal circuit amounts to the 
selection of an appropriate set of nodes and connecting links joining the 

Fig. 6 
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two terminals. Algebraically, this is accomplished by beginning with 
the output matrix 

of the two-terminal circuit and reducing the complexity of its entries 
by successive node insertions until a primitive connection matrix is 
finally obtained. Operations with redundant elements are ordinarily 
an essential part of the process, as the following examples show. 

Example A. f = ABC + AD + BD + CD. 
First we factor f in some convenient way, say into the form f 

A(BC + D) + BD + CD, and by the insertion of a node remove the 
first term, that is, render it redundant so that it may be replaced by 
zero: 

[ACRC + D) ~ RD + CD 

ACRC + D) : RD + CD] 

BD + CD 

1 

BC+ D 

Suppose now that we decide to remove the term CD from the 1, 2-entry. 
We note first that there is a path from 1 to 2 if BD = 1 and from 2 
to 3 if D = 1, i.e., from 1 to 3 if BD = 1. Hence we may add the redun­
dant term BD to the 1,3-entry: 

[ 

1 

BD+ CD 

A + [BD] 

BD + CD 

1 

BC+ D 

A + [BD]] 
BC+D . 

1 

(Brackets around a term denote that it is redundant.) Now we can insert 
a fourth node which removes the terms CD, BD, BC from the 1,2-, 
1,3-, and 2, 3-entries respectively. This yields the matrix 

1 

[BD] 

A 

D 

[BD] 

1 

D 

C 

A 

D 

1 

B 

D 

C 

B 

1 
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Here the entry BD is redundant, for we have a path from 1 to 4 if D = 
1, from 4 to 3 if B = 1, from 3 to 2 if D = 1, hence from 1 to 2 if BD = 
1. Dropping the two BD's we obtain the primitive connection matrix, 

1 

o 
A 

D 

o 
1 

D 

C 

A 

D 

1 

B 

D 

C 

B 

1 

which is a wiring diagram for the bridge circuit shown in Fig. 7. 
This work can all be performed without recopying. Thus, the matrix 

1 [A(BC + D)] + [BD] + [CD]] A + [BD]] D 

[A(BC + D)] + [BD] + [CD] 1 [BC] + D C 

A + [BD] [BC] + D 1 B 

D C B 

gives the desired result. Brackets are drawn around all terms, whether 
originally present or inserted, which are ultimately removed because of 
redundancy. 

Example B. f = A'B + AB' + AC. 
One possible procedure is indicated by the following matrix: 

1 [A'B] + [AlB'] + [AC]] 

~] 
A 

~'l [A'B] + [AB'] + [AC] B' 

A C 0 o \. 
A B' 0 1 ~J A' B 0 0 

Here the three terms of f were removed one at a time, proceeding from 
right to left, by inserting three additional nodes. The corresponding 
circuit, shown in Fig. 8, contains an unnecessary A-contact, even though 
we have arrived at a primitive connection matrix. 

An alternative procedure is indicated in the matrix: 

1 [A'B] + [A(B' + C)] A' A 

[A'B] + [A(B' + C)] 

A' 

A 

1 

B 

B' + C 

B 

1 

o 

B'+C 

o 
1 

1 
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in which the A I B term was removed first. The corresponding, more 
economical circuit is given in Fig. 9. 

These examples illustrate the important facts that (1) the matrix 
representation is not prejudiced in favor of series-parallel circuitry and 
(2) the circuit finally obtained depends on the steps used in obtaining a 
primitive connection matrix. 

5.3. Further Examples With More Than Two Terminals 

The examples of the preceding section were introduced primarily for 
illustrative purposes. We now introduce two examples designed to in­
dicate the power of the method. 

First we construct a circuit simultaneously realizing all sixteen switch­
ing functions of two variables. (This circuit was first obtained by a 

4 

Fig. 7 

Fig. 8 
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student in the switching course at M.LT. and was later proved by Shan­
non, in an unpublished memorandum, to be minimal.) 

A connection matrix of order 17 (sixteen terminals and ground) may 
be written at once. It has the 16 functions in the G row and column, 
and all other off-diagonal entries are zero. For convenience, we omit 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 G 
1 I I I I 0 

I I I I 
: : V' V---:-----:·----------x 
! ! I I V 
, I I , 

I V V--------I-----I---------- X 

I I I V' 
, 1 I I [ '] , 

1 X --.1------------ !---x + y------ x + V 
I . , [ ,] 1 ! x + V ----------- x + y 

1 
1 

1 
1 

1 x-------------------------[x] + V' 
1 [x] + V 

1 [x'y'] 
1 [x'y] 

1 [xy'] 
1 [xy] 

1 [(x' + y)(x + V')] 
1 [(x' + V')(x + y)] 

1 1 
1 

all entries below the diagonal. Entries which are zero throughout are 
omitted entirely. (Off-diagonal entries which are not in the G-column 
are inserted redundant terms whose presence will be explained.) 

Fig. 9 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
G 
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First we note that since terminals 4, 10, and 11 are grounded when 
and only when x' = 1, X'y' = 1, and x'y = 1 respectively, redundant 
entries y' and y may be inserted in the 4,10- and 4, II-positions re­
spectively. Then, however, the 10,G- and 11 ,G-entries become redun­
dant and may be replaced by zeros. (The terms y and y' which we in­
serted then lose their redundancy, of course.) In the same way, we may 
put redundant terms y' and y in the 2,12- and 2, 13-entries respectively, 
thereafter replacing the now redundant 12, G- and 13, G-entries by 
zeros. 

With the entries X'y' + xy and x'y + xy' in the 14,G- and 15,G­
positions factored as indicated in the matrix, we see next that the same 
type of operation permits insertion of redundant entires x + y' and x + 
y in the 7,14- and G, 15-positions respectively, after which the 14,G­
and 15,G-entries become redundant and may be removed. 

Finally, we note that the common term x' in the 6 ,G- and 7,G-entries 
permits the insertion of a redundant x' in the 6,7 -position. This in turn 
renders the x"s in the G, G- and 7, G-entries redundant, so that they 
may be replaced by zeros. Finally, in the same way, we insert a redun­
dant x in the 8, 9-position, after which the x's in the 8, G- and 9, G-entries 
may be replaced by zeros. 

The resulting primitive connection matrix corresponds to the circuit 
shown in Fig. 10. 

G 
(0) 1 0 Y'i 8 (x+y') 

(xy') x 
12 y y---! 

y' 
9 (x+y) 

(X) 2 {--x ~ 
Y X Y 

(xy) 13 ! Y'~ 

15 (x'y +xy') 

6 (X'+y') 

x' 
(X'y') 10 l' YTJ y' 

(X') 4 ~x' U' Y 

(x'y) 11 ! 

7 (X' + y) 

14 (xy +X'y') 

(y) 3 c-y 16 (1) 

(Y') 5 c-y' 

Fig. 10 
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Relays Operated 

v, w 
v, x 
w, x 
v, y 
w, y 
x,Y 
v, z 
w, z 
x, z 
y, z 
None 

TABLE II 

Leads Grounded 

1 
2 
1,2 
3 
1,3 
2, 3 
1,2,3 
4 
1,4 
2,4 
None 

As a second example, consider a circuit (Reference 3, page 124) with 
five relays, v, w, x, y, z and leads 1, 2, 3, 4, whose operate conditions are 
given in Table II. 

No other combinations of relays operated occur, so that we "don't 
care" what happens in the circuit for such combinations. Nor do we 
care if ungrounded terminals are interconnected. Taking account of 
these assumptions, it may now be seen that switching functions ex­
pressing the conditions under which the various leads are grounded are 
as shown in Table III. 

These functions allow us to write a connection matrix for the desired 
circuit: 

(1) (2) (3) (4) (G) 

r 1 0 0 0 ' "l wz + w zy 

0 1 0 0 xz' + x'zw' 

I 0 0 1 0 vz + yz 
, 

I l 0 
0 0 1 

, 

J 
zv 

, " xz' + x'zw' vz + yz 
, , 

1 wz + w zy zv 

The insertion of a node" 5" to remove the terms in column" G" which 
contain the factor z immediately suggests itself since 4 z-contacts might 
thus be replaced by a single z-contact. This would require, however, 
preliminary insertion of suitable redundant terms in place of certain 
zero-entries of this matrix. The additional column and row for node" 5" 
and the requisite terms whose redundancy must be investigated in the 
light of the don't-care conditions are shown in the next matrix. 
(Proposed redundant terms are listed above the diagonal only.) 
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TABLE III 

Lead Function 

(1) wz' + w'zy' 
(2) xz' + x'zw' 
(3) vz + yz' 
(4) zv' 

In the 1,2-position, the product x'w'y' would have to be inserted, 
as shown. But when x'w'y' = 1, vz may be 1 also. May 1 and 2 be con-

1 (x'w'y') (vw'y') (v' w' y') , "l ' , wz + w zy wy 

0 1 (vw' x') (V'W'X') 
xz' + x'z~' j I I 

WX 

0 0 1 0 vz + yz v 

0 0 0 1 
, I zv V 

wz' + w'zy' Xz' + x'zw' vz + yz 
I I 

1 zv Z 

I , , I I 
1 wy wx v v z 

\ 

nected when vz 1? A check of the table of operate-conditions shows 
that 1 and 2 are both to be grounded when vz = 1, so that the insertion 
of this term is harmless. 

Next, in the 1,3-position, the entry VW'y' would have to be inserted. 
When this factor is 1, we may also have xz = 1, but v and x and z are 
never all simultaneously operated, so this causes no trouble. However, 
we may alternatively have xz' = 1 or x'z = 1. May 1 and 3 be connected 
when v and x or v and z are both operated? The table shows that, in 
either case, 1 and 3 may be connected since neither is grounded in the 
first case, but both are grounded in the second. Thus the term VW'y' 

\ 

may be safely inserted. 
The term vw'x' in the 2 ,3-position brings trouble, however, for when 

vy = 1, only 3 is to be grounded, whereas 2 and 3 could be connected 
in this case. If we abandon the attempt to remove the term vz from the 
3, G-entry at this step, the difficulty is eliminated, for the required 
redundant terms then violate none of the operate conditions of the cir­
cuit. 

The terms containing z' may also be removed from column G by the 
insertion of a node "6". This replaces three z-contacts by just one. The 
insertion of both nodes 5 and 6 is indicated in the following matrix. It 
is left to the reader to complete the checking of the redundant terms. 
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The redundant terms we inserted were of course absorbed again by 
the node-insertion process. 'Ve now have a connection matrix which 

(1) (G) (5) (G) 

r ~ 
I a 

(2) 

o 
1 

o 
o 

(3) 

o 
o 
1 

o 

(4) 

o 
o 
o 
1 

[Wz'] + [W' ZY']l 
[xz'] + [x' ZW'] 

W'Y'l w , , 
wx x 

vz + [yz'] I 
[zv'] I 0 

l[wz'] + [w' zy'] 

o I Y 

f j ~J L 
L 

, , 
wy 

w 

[xz'] + [x' zw'] vz + [yi] [zv'] 
, , 

wx 

x 

o 
y 

, 
v 

o 

1 J 
z 
, 

z 

is not primitive but which cannot be further simplified by node insertion 
because of the absence of appropriate common factors. The corresponding 
circuit is shown in Fig. 11. 

The reader may check that the requirements are satisfied and that 
no leads are improperly grounded. Although there are 12 contacts in 
this realization, only 21 springs are required because of the three pos­
sible transfers. Leads 1, 2, and 4 are connected when none of the relays 
are operated, but otherwise no ungrounded leads are connected. 

5.4. Other Transformations of a Connection Matrix 

We have seen how the removal and insertion of nodes by the y-~ 
transformation may be used in the analysis and synthesis of networks. 

r----V' 04 

Z ____ 5~-y, __ W'~ 
, 1 

r---i-----W 

G.---+ __ z' 6 

z---------~~ 3 

Fig. 11 
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There are, of course, other methods of transforming a connection matrix 
without altering the output. One of these is the ~-y transformation, 
which is simply the dual of the one just mentioned, and which we now 
explain. 

Consider three nodes i, j, k of a network, as indicated in Fig. 12(a). 
This part of the network may be replaced by the network of Figure 12(b). 
This replacement is what is known as the" ~-y transformation" (Refer­
ence 3, page 93). 

Matrixwise, this transformation is simple to execute. We first mark 
the ij and ji, jk and kj, ki and ik entries of the connection matrix, say 
by bracketing them. Then, in a new column, we enter in rows i, j, k the 
sums of the marked entries in those rows. The rest of the column is 
filled out with zeros except for the diagonal entry, which - as always 
- is 1. The bracketed elements are then replaced by zeros and the 
matrix is completed in symmetric fashion. The reduced connection 
matrix appearing in Section 4.1 is used to provide an example: 

[x] 
1 

[x'y'] 

0 

1 

0 

x + y' 

0 

0 

1 
, 

x 

x+ 

11 'l x+ y 
, 

J x 

1 

The result is a primitive connection matrix, but not as simple a one as 
we had before. However, a redundant x may be inserted in the 1,2-

(a) (b) 

Fig. 12 
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position after which the x's in the 1,4- and 2 ,4-positions become redun­
dant. When these are removed, the matrix is again that of the circuit 
in Fig. 5. 

This transformation is clearly indicated for consideration when the 
addition of two entries in the same row results in a considerable simpli­
fication. It is probable that still other transformations - useful, like 
this one, under special conditions - could be developed. However, 
because of its simple geometric and algebraic significance, the node­
insertion operation seems likely to remain most useful of all. 

6. CONCLUSION 

In this paper we have outlined the basic properties of switching matri­
ces and have applied them to both the analysis and the synthesis of 
combinational relay circuits. It is clear that we have not reduced cir­
cuit design to a "cook-book" procedure, but our experience with a 
variety of design problems (not all of which are reported here) leads us 
to believe that the method shows considerable promise of becoming a 
"practical" tool, and that further study is justified along the following 
lines: 

(a) The work done in References 4 and 7 on circuits with unilateral 
elements should be extended in the hope of devising a tool comparable 
to node-insertion for synthesis. 

(b) The class of all transformations of a connection matrix which 
leave the associated output matrix invariant should be characterized 
and their application in synthesis should be studied. (From an algebraic 
point of view, the interesting thing here is that allowable transformations 
of a connection matrix need not leave its order invariant.) 

(c) The manner in which "don't-care" conditions enter into synthesis 
should be more extensively studied. In the presence of such conditions, 
the class of connection matrices giving rise to an acceptable output 
matrix is of course considerably more extensive than it would be other­
WIse. 

(d) The possibility of characterizing a primitive connection matrix 
of a minimal network should be investigated. This may be related to 
synthesis by a minimum number of nodes and complete absence of redun­
dant elements. 

Other problems have, of course, suggested themselves. We have listed 
what seem to be the more important ones; the reader will undoubtedly 
formulate others for himself. 
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7. APPENDIX 

The Basic Properties of Switching Matrices 

If A, B, C are any switching matrices of order m'over a switching 
algebra with n variables, then with respect to the definitions given in 
Section 3, we have the following Boolean rules of operation: 

A+A=A 
A*A = A 

A+B=B+A 
A*B=B*A 

A + (B + C) = (A + B) + C 
A * (B * C) = (A * B) * C 
A + B * C = (A + B) * (A + C) 

A * (B + C) = A * B + A * C 
Z+A=A 
Z*A = Z 

A *A' = Z 
U+A=U 
U*A = A 

A + A' = U 
(A * B)' = A I + B' 

(A + B)' = A I * B' 
(A')' = A 

A+A*B=A 
A + A'*B = A + B 

A~A 
A ~ Band B ~ A if and only if A = B 
A ~ Band B ~ C imply A ~ C 
A ~ B if and only if A * B = A 
A ~ B if and only if A + B = B 
Z ~ A ~ U for all A. 

Every Boolean matrix C has a canonical expansion 

2n-l 

C = L CkPk 
k=O 

and a dual canonical expansion 

2n-l 

C = II (rk + Sk U) 
* lc=O 

where Pk are the fundamental products formed from Xl, X2, ••• , Xn 

and the Sk are the fundamental sums. The ij-entries of Ck and r k are 
the values associated with Pk and Sk respectively in the ordinary canonical 
expansions of the entry Cij of C. 

When the not-characteristically-Boolean operations of forming the 
transpose and the matrix product are introduced, we find that the 
following properties hold, among others. Many are familiar, others are 
not. 
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AB ~ BA ordinarily 
A(B + G) = AB + AC 
(A + B)C = AG + BG 

AZ = ZA = A 
(AT)T = A 
(AT), = (A')T 

(A+B)T=AT+BT 

(A * B)T = AT * BT 
(AB)T = BTAT 

UP = U 
ZP = Z 

(AP)q = Apq 
APAq = A p+q 

AU = UA = U 
(AB)G = A(BG) 

A (B * C) ~ AB * AC 
(A * B)C ~ AC * BC 

A ~ B implies AC ~ BC and GA ~ GB, but not conversely. 
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Arcing of Electrical Contacts in Telephone 
Switching Systems 

Part IV - Mechanism of the Initiation 
of the Short Arc 

By M. M. ATALLA 

(Manuscript received August 2, 1954) 

A mechanism is presented for the initiation of the short arc. Brealcdown 
in short gaps, occurring at measured fields of 30 X 106 (+ 0 per cent, - 15 
per cent) volts/ cm for clean palladium and 28 X 106 (+ 0 per cent, - 15 per 
cent) volts/ cm for clean gold, are generally preceded by field emission cur­
rents from the cathode sufficient to cause heating and evaporation of the 
anode. This is followed by ionization of the metal vapor, enhancement of 
the cathode elnission, etc. 

(1) It is shown that to evaporate the anode by electron bombardment one 
must satisfy the requirement j_ Valle = (~T)b. By combin1:ng this re­
quirement with the field emission equation one may calculate the relation 
between arc initiation voltage and contact separation from the phys~'cal 

properties of the contact metal. These calculations are in agreement with 
the measurements. 

(2) A breakdown is obtained only when a minimum power IV = 
7rak (~T) b is dissipated at the anode by electron bombardment. Jlf easure­
ments with clean palladium contacts have given IV = 1 watt in agreement 
with the above relation. This concept of minimum power for arc initiation 
should replace that of minimum current for arc initiation. It is possible at 
100 volts to initiate a breakdown between palladium contacts at 0.01 ampere 
which is 100 times smaller than the miniJrLUm current required for maintain­
ing the arc. 

(3) A breakdown will lead to an established arc only if the circuit can 
furnish enough current to maintain the arc plasma by sufficient metal 
evaporation; otherwise, transient unstable breakdowns are obtained. 

(4) Breakdown time lags have been observed. They correspond approxi­
mately to the heating time of the anode by electron bombardment until 

203 
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evaporation occurs. It was shown that this time lag is theoretically inversely 
proportional to the square of the over-voltage. 

(5) By limiting the circuit currents, it was possible to exceed the usual 
arc initiation field without breakdown. For palladium the field could be in­
creased to 36 X 106 voltS/ cm when a metal bridge formed electrostatically 
across the gap. The significance of electrostatic bridging in enhancing break­
downs, particularly in the presence of emission currents and their heating 
effects, is discussed. 

INTRODUCTION 

It has been shown! that an arc may be initiated between contacts at 
close separations at voltages well below the spark breakdown potential 
of the surrounding atmosphere. These arcs were found2 to be initiated 
at approximately a constant field of the order of millions of volts/cm. 
The magnitude of the field is dependent primarily on the contact surface 
conditions. Essentially the same results were obtained in vacuum at small 
separations.3 In this paper, arc initiation measurements were extended to 
a lower range of separation between 200 and 2000A for palladium and 
gold contacts in air. Approximately constant field lines were still ob­
tained for arc initiation with fields as high as 30 X 106 volts/cm. These 
are the highest observed fields for arc initiation. The corresponding 
emission currents are appreciable and are shown to be responsible 
for setting off the chain of events leading to establishment of the arc. 

NOTATION 

a Effective radius of electron field emission beam from cathode 
from a point on cathode surface 

d Separation between the contacts 
J- Electron current density 
k Thermal conductivity 
t Height of surface irregularity on cathode surface 
m Mass of metal atom 
r Radius of curvature of a point on the cathode surface 
s Electrostatic stress 

Time 
u Dimensionless parameter in heat conduction equations 

u = a/2(at)!/2 
fey) Nordheim elliptic function 
z Distance from the surface of the anode in the metal 
F True field strength 
I Electron current 
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Tb 
To 
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(~T)b 

(~T)c 

V 
V ai 

Veb 
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Vc 

cp 
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OUTLINE 

Minimum electron current to initiate a breakdown 
Circuit resistance 
Temperature 
Boiling temperature 
Ambient temperature 
Temperature rise 
Temperature rise to boiling 
Critical temperature rise leading to a breakdown 
Voltage 
Arc initiation voltage 
Electrostatic bridging voltage 
Initial voltage 
Voltage across the contact 
Thermal diffusivity 
Work function 
Field intensification 
Electric resistivity 

Consider a pair of contacts at a certain fixed separation. The separa­
tion here is defined as the minimum distance one contact has to move 
before physical contact first takes place. Due to surface irregularities 
one must consider this contact separation to be between two points one 
on each contact. Fig. 1 (a) shows a point on the cathode with a radius 
of curvature r and another on the anode with a much larger radius of 
curvature. By applying a voltage across the contacts a field distribution 
is obtained on the cathode point, Fig. 1 (b). This distribution is pri­
marily dependent on the geometry involved and, in general, the maxi­
mum field is obtained at the tip of the point. If the fields obtained are 
high enough, perceptible field emission currents will be obtained at the 
cathode surface. Due to the extreme sensitivity of field emission to rela­
tively small changes in the field, the corresponding distribution of cur­
rent density on the cathode point approaches a rectangular distribution, 
Fig. 1 (c). Electrons emitted from the cathode are accelerated by the 
field in the gap and will bombard an area on the anode causing local 
heating, Fig. 1 (d). The maximum temperature obtained is a function of 
the thermal conductivity of the anode material and the size and energy 
of the field emission electron beam. Should this maximum temperature 
reach the boiling temperature* of the anode material, evaporation will 

* It will be shown that heating to the softening temperature of the metal may 
be sufficient. Intensification of the field is then produced by electrostatic pulling 
of the anode metal. 
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Fig. 1 - Schematic representations of contact geometry, electrostatic field, 
field emission current and anode heating by electron bombardment. 

take place. This is the first step leading to the build-up of the arc plasma 
in the gap. If the potential drop is above the minimum ionization poten­
tial of the metal vapor, positive ions will be produced by electron-metal 
atom collision. The first ion front produced will travel towards the 
cathode with a cross-section greater than that of the initiating electron 
beam. This is due to the initial velocity of the metal atoms corresponding 
to the boiling temperature of the anode metal. The ion front streaming 
towards the cathode will increaRe the field at the cathode. This will multi­
ply the original electron emission by both increasing the emission from 
areas already emitting and by introducing new emitting areas. This 
process will repeat and if the associated circuit conditions satisfy certain 
requirements the plasma is fully developed and the arc is established. 
Otherwise, a transient unstable breakdown takes place. 
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ARC INITIATION VOLTAGE VERSUS SEPARATION 

In Reference 2 measurements of arc initiation voltage versus contact 
separation were given. It was concluded that breakdown fields of only a 
few million volts/cm were due to surface contamination. In the same 
reference it was indicated that when the contacts were cleaned by heavy 
arcing, fields as high as 20 X 106 volts/cm failed to initiate the arc. With 
the range of contact separation then available it was not possible to 
further increase the field without obtaining spark breakdowns along 
longer paths. This result was obtained for the metals Ag, Ni, Pd, Pt 
and W. 

To avoid the above difficulty a similar cantilever bar set-up was built 
with a contact separation resolution as low as 200A. The accuracy of the 
separation setting is determined by the reproducibility of the zero point, 
i.e., the point at which physical contact first takes place. Best results 
were obtained by eliminating the use of direct current as a detector. In­
stead, the contacts were shunted by a pair of wires a few feet long which 
were directly connected to an oscilloscope through a high gain amplifier. 
The electromagnetic pickup of the wires is detected on the oscilloscope 
when the contacts are open and vanishes when the contacts are touching. 
When the contacts are clean it is possible to reproduce the same zero 
point to within less than half a division on the vernier of the micrometer. 
The accuracy of this setup was estimated at better than ±60A. 

The contacts were cleaned by heavy arcing as described in Reference 2. 
The gap was set at a certain value and the voltage gradually increased. 
Breakdowns were detected on an oscilloscope. It was observed that in 
some cases rapid transient breakdowns might occur without being de­
tected. These breakdowns were found to change the separation and the 
subsequent breakdown voltage obtained did not correspond to the origi­
nal separation setting. This difficulty was overcome by using a different 
procedure demonstrated in Table 1. In this case the desired separation 

TABLE I - PROCEDURE FOR DETERMINING ARC INITIATION VOLTAGE 

AT A FIXED SEPARATION 

Separa tion d = 500A 

Voltage level approached ....... 110 120 135 150 

Separation measured 
after reaching aboveo 
voltage level d in 100 A 5 5 5 5 5 5 5 5 5 5 12* 20* 5 5 5 

Arc initiation voltage ... 150 140 140 130 

* Change in separation due to an undetected breakdown. 
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Fig. 2 - Arc initiation data for clean palladium contacts in air at low separa­
tions. 

was 500A. The voltage was gradually increased to a specific voltage level 
of 110 volts. If reached without an observed breakdown the separation 
was remeasured. The table shows that after applying this voltage no 
change of separation occurred. This indicated that the arc initiation was 
above 110 volts. Repeating at 120 volts the results indicated that the 
arc initiation voltage still was not exceeded. 

At 135 volts the first two measurements showed an increase in separa­
tion from an initial setting of 500A to 1,200A and 2,000A. The subse­
quent measurements gave no change. From this one concludes that the 
arc initiation voltage is in the neighborhood of 135 volts. Smaller voltage 
steps were then used. For illustration, the 150-volt level is shown where 
breakdowns were consistently obtained at or below 150 volts. By this 
process the boundaries of the arc initiation voltage are obtained and the 
average and spread are determined. 

The results obtained for Pd contacts in air are shown in Fig. 2. For 
separations below 1,000A the arcs were initiated at a value of V /d, the 
apparent or gross field, of 30 X 106 volts/em. At higher separations 
breakdowns occurred along longer paths at the minimum sparking poten­
tial of air. Similar measurements were made for clean gold contacts. The 
value of V /d obtained was about 28 X 106 volts/cm. These results are 
in accordance with the data of Reference 2 where it was shown that for 
all the metals tried the value of V /d at breakdown should be greater 
than 20 X 106 volts/ cm. These fields are appreciably higher than has 
been reported for these short gaps. * 

* P. IGsliuk3 has recently reported similar high fields in vacuum. 
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In an attempt to explore the subsequent process in the arc initiation 
mechanism, it was necessary to investigate the effects of the associated 
electrostatic stresses particularly at the high fields reported above. 

ELECTROSTATIC PULLING OF METAL BRIDGES AT SMALL CONTACT SEP­

ARATIONS 

In this section an attempt is made to (1) establitoh that a breakdown 
cannot be produced without sufficient emission currents, and (2) deter­
mine the possible effects of the electrostatic stresses associated with the 
high fields leading to the breakdown. 

For the measurements presented above, the circuits used were essen­
tially low resistance circuits with little limitation on the currents they 
supplied. At the high fields obtained the field emission currents were 
appreciable. As will be shown later, these currents can cause heating of 
the anode or cathode leading to the subsequent steps of arc initiation. An 
experiment was then performed to investigate the effect on breakdown 
of limiting the circuit current by a high circuit resistance. A resistance 
of 1.1 X 107 ohms was placed in the circuit. Emission of discharge cur­
rents during the application of voltage were observed by a microammeter 
in the contact circuit. 

The same procedure uscd for the determination of the arc initiation 
voltage was applied. At a fixed separation a critical voltage was reached 
at which a rapid closure of the contact gap was observed. This voltage 
was found to be quite sensitive to the surface conditions of the contacts. 
Loose particles on the surface always produced closures at appreciably 
lower voltages. * The results for carefully and frequently cleaned con­
tacts were fairly consistent and reproducible. The results for Pd contacts 
are given in Fig. 3. For voltages below 300, emission currents were ob­
served but were less than 2 X 10-8 ampere and the correction for the 
voltage drop across the circuit resistance was negligible. For larger 
separations higher fields could not be applied across the contact due to 
the establishment of glow discharge along a longer path. The voltage 
drop across the resistor was such that the voltage across the contacts 
was consistently maintained at about 320 volts. 

The above data indicates that with the high resistance in the circuit 
the usual breakdown voltage, at a given separation, could be exceeded 
without breakdown up to a higher value at which sudden closure was 
obtained. This occurred at approximately a constant value of V fd of 

* In extreme cases closures were observed at voltages below 10 volts for badly 
contaminated contact surfaces. 



210 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1955 

w 
19 « 

400 

350 

300 

~ 250 
o 
> 
19 200 
z 
i:9 
o 150 a: 
CD 

100 

TENSILE __ 
STRENGTH 

// 

/ 
.Y~ ~ 50 
~ ......... ~ o 

o 200 

CONTACT VOLTAGE COULD 
,-NOT BE INCREASED: GLOW 

/:. 
_1: __ ~~C!1~!!~~~s.I~~.!..s.tI§e. __ 

/ ~ 
"1/ / 

~< OBSERVED BRIDGING 
V/d = 36 xl0 6 V PER CM 

/ 
V 

~ ./; V 

~ ELASTIC r- LIMIT 

400 600 800 1000 1200 1400 1600 
CONTACT SEPARATION, d I IN ANGSTROMS 

Fig. 3 - Electrostatic bridging of clean palladium contacts at small separa­
tions. Bridging voltages are corrected for potential drop across circuit resistor. 

36 X 106 volts/cm.* This field could not have possibly been maintained 
at the contacts since the corresponding emission currents, calculated 
from equation (2), could not be furnished by the circuit due to the high 
resistance used. One, therefore, suspects that the local contact circuit, 
involving the contacts and a few millimeters of lead wire, were contin­
uously discharging by field emission and recharging through the high 
circuit resistance as evidenced by fluctuations in the circuit current. By 
measurement, the current supplied by the circuit during this period 
was less than 2 X 10-8 ampere. The corresponding average power of 
these discharges was less than 300 X 2 X 10-8 = 6 X 10-6 watts since 
the voltages applied were below 300 volts. This power dissipation, as 
shown in a later section, is not sufficient to cause any significant change 
in the anode temperature that can account for the closures observed. This 
led to the following consideration of the effect of electrostatic pulling 
at the high fields reported. 

The surface electrostatic stress due to a field V / d may be calculated 
from the following equation for parallel plates with a dielectric constant 
1.0: 

(1) 

where s is in dynes/cm2 and V /d is in volts/cm. At the observed field 
V /d of 36 X 106 volts/cm, the surface stress is 5.7 X 108 dynes/cm2

• 

Unfortunately, one cannot specify with certainty the yield strength of 

* Pearson4 has previously obtained a constant field for gold contacts. In 
his work, however, the circuit currents were not limited and his measurements 
probably correspond to our data on arc initiation. 
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the metal that corresponds to these stressing conditions and dimensions. 
For bulle palladium5 the elastic limit is about 3.2 X 108 dynes/cm2 and 
the tensile strength is about 21 X lOs dynes/cm2

• The corresponding 
fields, calculated from equation (1), are 26 X 106 and 69 X 106 volts per 
cm respectively, Fig. 3. This agreement would tend to substantiate the 
postulate that the observed closures were due to electrostatic pulling. 
This, however, is only true if the elastic and plastic behavior of the 
contact metal is similar to that of bulk metals. For these, the range of 
elastic strain is relatively small and this behavior is usually explained 
in terms of motions of imperfections, especially dislocations. On the other 
hand, for specimens that are small enough to be free of dislocations or 
have only a few, the elastic range may be much larger. 6, 7 

The significance of electrostatic pulling in the initiation of the short 
arc may be summarized as follows. For the very soft or liquid metals, 
electrostatic pulling will precede the occurrence of high emission cur­
rents. This will cause an increase in the emission currents by intensifying 
the local fields. The arcing for these metals is essentially triggered by 
electrostatic pulling. For metals like palladium, on the other hand, field 
emission currents start the breakdown. In these cases, however, one 
should not preclude the significance of electrostatic pulling. It will be 
shown later, that due to the heating effects of the emission currents one 
may obtain at least partial bridging of the contact separation at lower 
fields than needed for the cold metal. This can cause an appreciable in­
tensification of the local fields, the emission currents, etc. These effects 
are discussed in more detail in the following section. 

DERIVATION OF RELATION BETWEEN ARC INITIATION VOLTAGE AND 

CONTACT SEPARATION 

Consider the contact arrangement of Fig. 1 (d). When a potential V 
is suddenly applied, a field distribution on the cathode surface is ob­
tained, F = ~V Id, with a maximum value at the tip of the cathode point, 
where ~ is a field intensification factor which depends on the geometry 
and separation involved. 

For illustration purposes only, Fig. 4 shows the calculated distribution 
of ~ over a two-dimensional surface. The corresponding distribution of 
current densities is also shown. This was obtained from the field emission 
equation:8 

j- ~ 1.54 X 10-6 
:' exp [ - 6.83 X 10' 1"'/2J(Y)IFJ (2) 

where fey) is the Nordheim elliptic function 9 of the variable y 3.79 
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X 10-4F 1
/
2/cp. A convenient tabulation of equation (2) is given in Refer­

ence 10. Due to the sensitivity of the emission to changes in the field, 
the current density distribution is generally much sharper than the 
field distribution. In the following analysis, the emission from the 
cathode point is approximated by a rectangular distribution over a 
15-20 degrees circular area. The radius of this area is denoted by "a". 
For small separations, the electrostatic dispersion of the emitted electron 
beam may be neglected and an equal area of radius" a" at the anode is 
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Fig. 4 - Illustration of field and current density distributions for a two­
dimensional ease: V /d = 30 X 106 volts/em, I{J = 4.0 e.volts and d = r/2. 

bombarded. A solution was worked out for the resulting temperature 
rise for points in the anode metal along the axis of the bombarded area: 

(L'!. T),., ~ j - : a [~( ~ )"2 (e -(,2/4.0 _ e -(.2+'2/4.,,) 

z .'Z 1 2 2 1/2 (a2 + Z2)1/2] 
- - erfc (4 )lL + - (a +z) erfc -4-

a at 72 a at 

(3) 

At the anode surface, the temperature rise at the center of the bombarded 
disc is 

(~T)Z=O = j_:a [(1 - e- U2 )/7r1
/
2u - erf (u) + 1] (3') 

where u = a/ (4at// 2 and the asymptotic value is: 

(3") 
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Numerically, at j_ = 105 amp/cm2
, V = 100 volts, a = 10-4 cm and 

Ie = 0.5 watt/cm °C, the temperature rise is 2,000°C. Equation (3") may 
be rewritten in terms of the field F = ~V /d: 

(4) 

By combining this equation with the emission equation (2), j_ is elimi­
nated and for any separation d and cathode work function cp the tempera­
ture rise is calculated as a function of the applied field. 

In studies of vacuum breakdowns initiated by field emission, it has 
been repeatedly observed that a sudden increase in emission is ob­
tained by positive ion formation following an evaporation process.6

, 11 to 15 

In studies with point cathode and large cathode-anode separations, 
evaporation has been attributed to the joule heating of the cathode. 
Also the rupturing of a point on the cathode due to joule heating and 
electrostatic pulling has been suggested. In these cases, one may assume 
that vaporization is generally due to a heated cathode rather than heating 
of the anode. The temperature rise of the latter is usually comparatively 
small due to the electrostatic dispersion of the electron beam. * At small 
separations, however, where the dispersion of the electron beam is small, 
and for the same material for anode and cathode, the anode heating be­
comes more significant and the anode may evaporate before the cathode. 
This has been previously observed and reported. For instance,16 using 
a rotating mirror camera studies of contacts separated at about a mil­
limeter have rather consistently indicated anode evaporation to precede 
that of the cathode. It will be shown here, by a simple calculation that 
for small separations, one may generally assume the anode to evaporate 
before the cathode. For this we will consider an extreme case, where the 
contact geometry is so chosen that the temperature rise at the cathode 
is maximum and at the anode is minimum. The cathode emitting point 
is assumed to be a cylinder of radius a and height f, with its base main­
tained at temperature To. The anode is assumed to be a semi-infinite 
body with a plane disc of the same radius a heated by electron bombard­
ment. The temperature rise at the cathode due to joule heating is 
given by: 

(~T)_ = 12pe2/8.367r2ka4 

The temperature rise at the anode is obtained from equation (3") 

(~T)+ = IV/7rak 

* At longer gaps where high voltages arc required for breakdown, it has been 
suggested17 that the high energy electrons bombarding the anode may cause the 
emission of positive ions and photons which in turn will cause further emission 
from the cathode. 
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where I = j7ra2
• The ratio of the two is given by: 

(~T)+/(~T)_ = 20a(a/flV/lp 

Numerically, for a = 10-4 cm, V = 100 volts, I = 10-3 ampere and 
p = 10-5 ohm cm, the ratio of anode to cathode temperatures is 2.0 
X 107 (alef For the usual values of ale commonly obtained on contact 
surfaces one concludes that the anode heating is more efficient and the 
anode is the source of vapor for the ion formation necessary for produc­
ing a breakdown. 

If the mechanism of the breakdown simply involves cathode field emis­
sion followed by anode evaporation, one may substitute T max. = T b , 

the boiling temperature of the anode, and calculate the relation between 

TABLE II - ARC INITIATION FIELDS FOR d = 800A, k = 0.7 watt/cm. 
°C, a = 10-4 

- 10-3 cm, and T max = 2,5000K (boiling) 
and 1,0000K (softening). 

(1) (2) (3) (4) (5) 

(1) if' 3.0 3.5 4.0 4.5 5.0 
e. volts 

(2) F calculated:107Vlcm 24-21 30-26 36-32 43-38 50-45 
T max. = 2500 0 k 

(3) F calculated: 107 V Icm 
T max = lOOOok 

22-19 27-23 33-29 39-35 45-41 

(4) F measured:107Vjcm 30 
(Commercial Palladium) 

contact separation and arc initiation voltage. Table II, line 2, gives cal­
culated values of the arc initiation field for: d/~ = 800A,* a range of 
cp = 3 to 5 e.volts and a = 10-4 and 10-3 cms. t In these calculations the 
effects of electrostatic pulling have not been considered. While the arc 
initiation field has been found to be below the field necessary for electro­
static pulling of the cold metal one should consider the effect of anode 
heating and the possible lowering of its tensile strength. For most 
metals the tensile strength decreases with temperature rise. For instance, 
for Pd5 the tensile strength decreases by a factor of 10 when heated from 
normal temperature to about 1,100°C. Furthermore, most metals have a 
so-called" softening temperature" which is about 7~ to 75 the melting 
temperature.19 One may, therefore, expect that heating of the anode 
only to the softening temperature by electron bombardment should be 

* For the small separations used in this study, ~ is estimated at 1.0 to 1.1. 
t These values of a correspond to the sizes of surfaces irregularities measured 

from cross-sectional photomicrographs of the contacts used in our experiment. 
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sufficient to pull a point electrostatically and increase the field by de­
creasing the separation d. This corresponds to an increase in the intensi­
fication factor ~ of the apparent field V / d. In Table II, line 3, calculations 
are given of the arc initiation field for T max. = softening temperature 
instead of the boiling temperature. 

It is of interest to show from the above analysis, that the constant 
field criterion obtained experimentally for arc initiation is only approxi­
mately true and the field for arc initiation should decrease with in­
creasing separation .. Equation (4) shows that j_Fed/d. The emission 
equation (2) may be approximated by: j_aFn where n is between 10 
and 30 for cp = 3-5 e.volts and for fields of the order of 107 volts/cm. 
By eliminating j_ one obtains F n+1a1/d and Vaia(d)l-Wn+l) or 
V

ai
ado.9-0.97. 

LIMITING CONDITIONS FOR ARC INITIATION - CONCEPTS OF LIMITING 

POWER AND ARC INITIATION CURRENT 

Replacing j_ in equation (3/1) by the total current I 
obtains: 

2· 
7raJ- one 

(5) 

To produce a breakdown the temperature should rise to the boiling tem­
perature of the metal with or without the effect of electrostatic pulling. 
Consider the circuit of Fig. 5 (a) consisting of an adjustable voltage 
source, a contact and a fixed resistance R. Let the applied voltage be Vo 
and the contact separation -is gradually decreased. For each value of field 
there will be a field emission current I such that the voltage drop across 
the contact is given by Vc = Vo - IR. This relation is shown in Fig. 
5 (b) as Va versus I. For each contact separation there is an emission 
line as shown schematically in Fig. 5 (b). The point of intersection P 
of the circuit line and the emission line determines the only possible 
operating point. If the corresponding power IV is not sufficient to allow 
a temperature rise (D.T) b, equation (5), no breakdown will occur. One 
can then decrease the contact separation further and the point P will 
slide along the circuit characteristic. The value of the power IV will 
increase to a maximum at Va = VoI2. This maximum power is V o

2/4R. 
If this is still not sufficient to produce the temperature rise (D.Th no 
breakdown can occur and closure without breakdown is obtained. The 
condition for obtaining a breakdown is, therefore, given by: 

(6) 
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To verify this rather simple relation, the circuit in Fig. 5 (a) was used. 
The resistor R is a carbon resistor with the contact metal mounted di­
rectly at its end to reduce the effects of local capacities. For each value of 
R a limiting value of applied voltage Vo was observed below \vhich con­
tact closure occurred without breakdown. The results are plotted in 
Fig. 6 for Pd contacts. The results are fitted by the parabola 

(Vo
2
/R)crit. = 4.2 watts 

Using (t1Th = 2,200°C, Ie = 0.7 watt/cmoC, one obtains the value of 
a from equation (5): a = 4.2/47rk(t1T) b = 2.2 X 10-4 cm which is 
within the range of sizes of surface irregularities measured from cross­
sectional photomicrographs of the contacts used. From this one con­
cludes: To initiate a breakdown there is a minimum circuit power Vo2/R 
below which no breakdown will occur on closure. It is determined from the 
physical properties oj the metal and the geometry of the contact surfaces. 
The corresponding critical power at the contact (IV)cont. is, as given by 

t Vo 

~ 
w"' 
l.? « 
~ Vo 
> -

t> 
~ z 
o 
u 

z 

CONTACT 

r l 
OSCILLOSCOPE POWER 
PLATES rUPPLY 

(c) 

CURRENT, I ~ 

(b) 

Fig. 5 - (a) Circuit for study of limiting conditions for initiation of a break­
down. (b) Circuit and field emission characteristics. (c) Circuit for observation 
of unstable breakdowns. 



A RCING OF ELECTRICAL CONTACTS IN TELEPHONE SWITCHING CIRCUITS 217 

120 

100 

>:80 
w 
~ 

~ 
~ 60 

~ 
z 
f= 
~ 40 
...J 

V 
/ 

7 20 

if 
o 

o 500 

.,./ 
?/ 

/ 
V 

./ 
/iVl) - 42 R CRIT.- • 

1000 1500 2000 2500 3000 3500 
RESISTANCE, R) IN OHMS 

Fig. 6 - Limiting voltages for occurrence of breakdown as a function of circuit 
resistance for palladium contacts. 

equation (5), equal to V o
2/4R or 7rak(llrP)b. From this one obtains an ex­

pression for the breakdown initiation current: 

(7) 

This current is a function of the physical properties of the contact metal, 
the surface geometry and is inversely proportional to the applied contact 
voltage. For the Pd contacts experimented with, (I)i I'-' l/V and for 
V = 100 volts (Ii) = 0.01 amp. This is about two orders of magnitude 
below the minimum arcing current or arc termination current.2 In other 
words, the initiation of a breakdown will not necessarily lead to the establish­
ment of an arc. The latter is only obtained if the circuit is capable of furnish-
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Fig. 7 - Typical transient on closure showing unstable breakdowns obtained 
with circuit in Fig. 6. Vo = 40 volts, R = 1000 ohms and c = 5 X 10-12 farad. 
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ing a current at least equal to the minimum arcing current. Otherwise, only 
transient and unstable breakdowns are obtained. These unstable break­
downs have been observed by using the circuit in Fig. 5 (c). The oscil­
loscope plates were used as the circuit capacitance and the resistance R 
was so chosen that the circuit could not furnish the minimum arcing 
current. By slowly closing the contacts transient breakdowns were 
observed and recorded. Fig. 7 is a typical recording of tl~ese breakdowns, 
followed by a closure. * 
TIME LAG IN ARC INITIATION 

As discussed above, a breakdown only occurs when the anode tem­
perature is raised by a certain amount (f1T)c . The corresponding heating 
time is called the arc initiation time lag. In this section a relation is 
derived between time lag and overvoltage and actual observations of 
time lags are reported. Consider a pair of contacts with a separation d 
and a constant voltage pulse V is suddenly applied. The temperature 
rise is given by Equation (3') as a function of time. Let (Vait, be the volt­
age which gives a temperature rise just equal to the critical value (f1T)c 
at t = 00. This is the minimum arc initiation voltage which corresponds 
to an infinite time lag and (f1T)c = (jJ')ooda/~k. Now let a higher voltage 
V = A V 00 be applied where A is slightly greater than 1. This will cause 
an increase of F 00 to AF 00 and of (;j_F)oo to B(;jJ')oo where B may be ob­
tained from the emission equation (2). Substituting in equation (3'), 
the temperature rise due to the new voltage is obtained: 

f1T = (f1T)c B feu) 

where feu) is the function of u given in equation (3'). The breakdown 
is obtained when (f1T) = (f1T)c or feu) = l/B. Our interest is in values 
of B very close to 1.0 and u « 1.0. By expanding feu) and neglecting 
higher orders of u: 

l/B = 1 - u/(rr//2 

and the time lag is given by: 

(t)lag = a2/4rra(1 - 1/B)2 = a2/4rra(B - 1)2 

for B-1 « 1.0. 

By definitions 

B(jF) = (jF) + d(jF) f1F or B-1 = d(jF) ~F 
dF dF JF 

(8) 

By multiplying equation (2) by F and differentiating with respect to 

* Similar transients have been previously reported by Germer. IS 
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F, one obtains: 

B-1 = 11: [3 + 6.83 X 107
rp

3
/

2f(y)/Fl* 

Substituting in equation (8) the time lag is obtained as a function of 
the overvoltage 11 V /V (= I1F / F): 

( t/ 2) _ 1 (11 V)-2 (3 + 6.83 X 10
7 

3/2f( ))-2 
a a 1 ag - 47r V F rp y (9) 

i.e., the time lag is inversely proportional to the square of the overvoltage. 
Numerically for F = 3 X 107 volts/cm, rp = 4 e.volts, a = 5 X 10-
cm and a = 0.1 cm2/sec: 

(t)lag = 0.65 X 10-9 (11 V /V)-2 and for 11 V /V = 0.01, (t)lag 

= 6.5 X 10-6 sec. 

These time lags have been observed for palladium and gold contacts.t 
These were obtained by applying a constant voltage pulse, rise time less 
than 10-7 second, across the contacts and recording the voltage at the 
contacts from a cathode ray oscilloscope. Fig. 8 shows a typical record 
showing a few voltage pulses applied in succession starting with the 
low voltage pulse. In this case the time lag was about 15 X 10-6 second. 
The time lags observed ranged between 20 X 10-6 second and less than 
10-7 with the majority in the lower end of this range. Similar time lags 
were also observed by recording the current flow through the contact 
gap. Fig. 9 is a typical recording of the field emission currents preceding 
arc initiation. The rise and drop at the left end of the trace are due to 
the charging and discharging of the oscilloscope circuit following the 
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Fig. 8 - Typical recording of the time lag preceding the initiation of the short 
arc. 

* In differentiating, the Nordheim elliptic function fey) was assumed constant. 
t Due to the spread of our data on arc initiation voltage no attempt was made 

to correlate observed time lags with over-voltage to check Equation 9. 
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Fig. 9 - Field emission currents preceding arc initiation. Only the top line 
leads to an arc. 

application of the pulse. The lower lines show field emission currents 
without arc initiation. * The top line shows a transition into an arc. 
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