





























































































































































































































































































































STABILITY OF NEGATIVE IMPEDANCE ELEMENTS 341

where

_ 1 Z4
M = Tanh 7.

Zo = Characteristic impedance of the physical line

There are two requirements which must be placed upon Z, Tanh
(M -+ ~v¢/2) for it to be positive real. One of them is that in the following
equation, R shall be a positive resistance at all frequencies.

Zo Tanh (M + v£/2) = R + jX (4)

The other requirement will be reserved until (4) has been discussed.
The limit of stability will be approached as R approaches zero. If
(4) is taken to the limit of stability then:

Zo Tanh (M + v£/2) = +jX (5)

where as before

-1 Z4
M = Tanh 57,

If at a single frequency all values of Z /2 which satisfy (5) are plotted
on the Z-plane, their locus will trace a circle because 7X is a straight line
and the relationship is a bilinear transformation.’ Formulas for the
centers and radii of these circles are given in Appendix B. If, as is the
case with telephone cable, the characteristic impedance Z, has a negative
angle, this trace will appear as shown in Fig. 4. The region inside this

+

Fig. 4 — Circle for determining the stability of a loading element in a line.
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circle corresponds to negative values of R in (4). For stability, the nega-
tive impedance Z,/2 must lie outside this circle. However, this is only
a part of the stability criterion.

The other requirement on Z, Tanh (M + ~v£/2) for it to be positive
real is discussed in Appendix A3. In order to apply this second require-
ment it is necessary to expand Z, Tanh (M + £/2) in terms of the cir-
cuit parameters as follows:

Z
?*‘ + Zsc
Zo Tanh (M + v£/2) = Zoo | =——— (6)
N
5 + Zoc
where
Z,gc = Zo Tanh ’Y€/2
— ZD
Zoc = Tanh v£/2

Then from Appendix A3 it can be seen that stability will be obtained
providing the real part of (Z4/2) 4+ Zs¢ is a positive resistance and pro-
viding (4) is satisfied. Thus, the second requirement for stability is that
the magnitude of the real part of Z,/2 at real frequencies shall not ex-
ceed the real part of Zg¢, the short circuit impedance of £/2 of physical
line.

This second requirement while sufficient is not necessary as will be
discussed later. However, in many practical applications it is not unduly
restrictive.

The graphical meaning of the stability requirements can be seen from
Fig. 5. Here a family of stability circles has been drawn for a cable cir-
cuit at three different frequencies. As the attenuation increases with
frequency the circles decrease in size. At each frequency, — Z ¢ is shown.
It falls on the circumference of the corresponding circle. As the fre-
quency increases, —Z s¢ will rotate clockwise and at some frequency will
be on the left edge of the circle. The first requirement for stability means
that at any given frequency Z./2 cannot lie inside the corresponding
circle. The second requirement for stability, means that Z,/2 must lie
to the right of —Zs¢ on Fig. 5 at all frequencies. It also means that the
trace of Z,/2 over the frequency range cannot enclose this family of
circles. The locus on the Z-plane will be similar to that shown on Fig. 5.
This is difficult to show graphically on a single plane because it may
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LS

Fig. 5 — Stability circles for Z,/2.

appear that the trace of Z,/2 does go through the family of circles.
However, where it apparently passes through the family of circles it
does so at a lower frequency. At no given frequency does the trace of
Z 4/2 lie within its stability circle.

The second requirement for stability, namely that the real part of
(Z4/2) + Zsc should be positive, is a sufficient condition but not a
necessary one. A necessary and sufficient condition, when Z,/2 is open
circuit stable, is derived in Appendix A3. With reference to Fig. 5 this
condition requires that the plot of Z,/2 will not enclose any of the stabil-
ity circles.
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3.2. Applications

Two important classes of problems can be solved by applying the
stability considerations of the previous section:

(a) The determination of the lowest value of attenuation possible
with stability for all passive impedance terminations if the image im-
pedance Zy is restricted by over-all system requirements;

(b) The determination of Z, and the allowable variations in it consist-
ent with stability.

The problem of determining the lowest attenuation in a loading section
like that of Fig. 3(a) consistent with stability for all passive impedance
terminations when the impedance Zy is given can be solved by the fol-
lowing method.

It has been shown in Section 3.1 that the first requirement for sta-
bility is that the real part of the short circuit impedance (shown on
Fig. 3 as Zy Tanh P{/2) shall have a positive real part at all real fre-
quencies. By substituting for Tanh P{/2 its value from (2) this require-
ment may be written as

2
Zn _R+jx )
Z oc
where R is a positive resistance at all frequencies.

As R approaches zero from positive values, the limit of stability will

be approached and in the limit
7 :
7. = % JX (8)

Likewise, by substituting values from (2), (8) can be expressed in the
alternate form as

Zoc Tanh2 P€/2 = :E]X (9)

If the phase as well as the magnitude of Zy is to be specified in the
problem, it should be noted that Z, must be specified as a passive im-
pedance. This is necessary because Zy is the square root of the product
of the open and short circuit impedances of the bisected network. Since
these separately must be positive real, Z; must also be positive real.
This means that Z;"/Zoc , which equals the short circuit impedance of
the bisected network, will have no roots in the right half, complex
frequency plane. To check for stability in this case all that is required
is to insure that (7) is satisfied for the length of the physical line selected.
Section length enters into (7) because Zoc¢ is the open circuit impedance
of one half this length of line. If the system proved unstable by this check
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the only recourse would be to solve for a section length which would
prove stable.

If the magnitude only of Z; had been fixed then for each section length
there would be a choice of phase angle for Z, within the limits prescribed
by system requirements. For solution in this case (8) could be inter-
preted to mean that for stability

2
the angle of Z < 90 degrees (10)
Zoc

Eq. (2) can be rearranged as follows:

Tanh P{/2 = Zn (11)
Zoc

From (10) and (11) it may be shown that when the magnitude of Z
is fixed, the closer the loading section is brought to instability by adjust-
ing the angle of Zy , the lower will be the attenuation of the section. Thus
this angle should be adjusted for minimum stability.

When the limit of stability is reached, (8) indicates that Z,%/Zoc
will be a pure reactance but the question arises as to whether the angle
of Zy should be adjusted to make the sign of the reactance positive or
negative. The choice here is based on two observations. First, that if the
angle of Zoc is negative, as it generally is for cable circuits, minimum over-
all attenuation will result when the reactance on the right hand side of
(8) is positive. Second, from (6) it may be shown that if the short circuit
impedance of the bisected network is a positive reactance, Z,/2 will
lie on the circumference of the stability circles of Fig. 5 on the arc to
the right of —Zs¢. In the case of lines such as are under consideration
here, where the top frequency in the pass band is less than one quarter
wave length, the second stability requirement which is discussed in
Section 3.1 thereby will be satisfied within the pass band of frequencies.

Therefore, when the magnitude alone of Zy has been specified the de-
sign procedure is to select an angle for Z, such that the angle of Zx%/Zoc
isjust less than +90 degrees. In (8), Z5"/Zoc then will be nearly equal to
+35X and the magnitude of X will be given by the ratio of the magni-
tude of Z® to the magnitude of Zoc . The magnitude and angle of Z; now
is determined for any chosen frequency in the band and the value
of the negative impedance Z4/2 required to give the desired value of Zy
can be obtained from the equation:

Z()2 - ZH2

ZA = 2ZOC m

(12)

where Z, is the characteristic impedance of the nonloaded line.
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The value found for Z, may turn out to be unrealizable as such. It
will have to be synthesized and a compromise made. The practical
value can be checked for stability by the graphical method explained
in Section 3.1. Here any correction for stability can be made which
might be necessary. With the realizable value of Z, , the final values for
attenuation and also for Zy then will have to be found.

The value of Zx can be obtained from the following equation.

Zy = Zoc (13)
The propagation constant P can be found from
Z
—25 + Zsc
Tanh P¢/2 = (14)
Z4
? + ZOC

The attenuation per section with Z,/2 included can be determined
from the following equation wherein the logarithmic rather than the
hyperbolic form has been used.

Ly 2
Attenuation (db per section) = 20 logy, —%‘ (15)
ZOC
Z}I ZH . . .
and the angle of | 1 + —— / 1 — == [ in degrees is the phase shift of
ZOC ZOC

the loaded line section.

The class of problem represented by (b) at the head of this section
can be solved by the graphical method for determining the stability of
Z4/2 as outlined in Section 3.1. \

3.3. Characteristics

This type of loading has several interesting characteristics. First,
zero attenuation over any frequency band, no matter how narrow, when
Z 4/2 is adjusted to the limit of stability as defined by (5) and (6) is un-
realizable. This can be seen from (14) together with the fact that Zse
and Zoc represent passive impedances and that Z,/2 is. a negative
impedance of the open circuit stable type. All three impedances when
shown on the impedance plane with increasing frequency will rotate
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in the clockwise direction. For stability, the locus of Z./2 must not
enclose either —Zg¢ or —Zoc . At the limit of stability, however, Z,/2
must lie on the circles of stability which are shown on Fig. 5. This means
a changing relationship between these three impedances with frequency
which is incompatible with zero attenuation over any frequency band.
Second, a flat response can be realized over a band of frequencies, in
general, only at the expense of increasing the loss at the lower frequencies
above that required for stability. Third, as the length of the physical
line is increased, it becomes more and more difficult to obtain a low over-
all loss and yet avoid the enclosure of the stability circles of Fig. 5 with
a realizable design of Z./2. The practical limit here appears to be one
quarter wave length of physical line at the highest frequency it is desired
to pass.

4. SHUNT NEGATIVE IMPEDANCE LOADING

This case where Z5 is shunted across the line conductors at the mid-
point of a physical line (Fig. 1(b) where Z , is zero) can be classed as shunt
type negative impedance loading. The negative impedance Z is of the
short circuit stable type such as the impedance produced by the E3 re-
peater. Hence, this case can represent an K3 repeater bridged across the
conductors of an electrically short transmission line.

£/2 /2
Zy PHYICAL Zp PHYSICAL <_ZH
> LINE LINE
(a)
OPEN
Zy
Zy TANh P4/> L/ SHORT 274 L/2 Tanh P£/2
—_— -
Zy 2Z2g+ Z5¢
Lo = TR el

Zy TANh PL/a =Z o¢ b P Ik Zoc[zza T Zoc

(b) (ci

Fig. 6 — Application of bisection theorem to shunt loading. (a) Schematic.
(b) Short circuit impedance of bisected network. (¢) Open circuit impedance of
bisected network.
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4.1. The Stability Lquations

The same method described in detail in Section 3.1 is used here to
determine stability. The short and open circuit impedances of the
bisected network are obtained as shown in Fig. 6.

As seen from TFig. 6(b) the short circuit impedance of the bisected
network is positive real being equal to Zs¢ , the short circuit impedance
of the physical line of length £/2 .

Z][ Tanh P€/2 = Zo Ta,nh 74/2 = Z,gg (16)

The open circuit impedance of the bisected network [Fig. 6(c)] deter-
mines stability. Thus for stability:
Zy
Tanh P{/2
A substitution from (16) for Tanh P{/2 above will yield the following
requirement for stability:

must be a positive real impedance function.

2’

8C

=R +jX (17)

where R must be a positive resistance and Zy a positive real impedance
function.
The limit of stability is reached as R goes to zero. Therefore, the limit
of stability for all passive impedance terminations can be expressed by:
2
Zu _ 4 jx (18)
ZSC
A similar equation can be obtained in terms of Tanh P£/2 rather
than Zj .

ZSC

Tanbe P2 — £9% (19)

4.2. Analysis
From Eq. (18) the sole criterion for stability is that the angle of

2
g—;’c < 90° (20)

provided that Zj is a positive real impedance function.
The value of the propagation constant can be found from (16) to be:
Zsc

Tanh P{/2 = ——= ' (21)
Zy
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and from the short circuit and open circuit impedances, Fig. 6(b) and
Fig. 6(c), the following are found

\ Z56(2Z5 + Zoo)
Tanh P¢/2 = Lsc\asB T Loc) 29
anh P2 = A/ T T Zne) (22)

7 = V LeTos [3—;%?0—] (23)
B oc

and

In order to translate stability into engineering parameters, the open
circuit impedance, Z;/Tanh P{/2, can be expressed in parameters of the

physical line and Z5 .
 Za 2% + Zsc
Tanh P{/2 Zoc |:2ZB + Zoc] @0

By reasoning similar to that used in Appendix A and in Section 3.1
it can be shown that the requirement for stability will be met if

1 1. .-
Re <273 + Z—O—C> is positive (25)
where Z; is a negative impedance of the short circuit stable type and pro-
viding

P [228 + Zsc
% 2Zs + Zoc

=R =+ jX (26)
}

where R is a positive resistance at all frequencies.

The limit of stability will be reached as R approaches zero.

If at any given frequency all values of 2Z3 , which fulfill (26) when R
is zero, are plotted on the Z-plane they will trace out the same circle as
found before in Section 3.1 where Z, was likewise examined (if the fre-
quency and physical line parameters are the same in both cases). Thus
27 3 should not lie inside the stability circle of Fig,. 4.

However, in order to meet the restriction imposed by (25) upon Zjz,
the locus of 275 when plotted over the frequency range from zero to
infinity must enclose this family of cireles as shown in Fig. 7. This can
be established in much the same way as in Section 3.1 where it was
proved that the locus of Z4/2 must not enclose this family of circles.

Here, in the case of shunt loading, as in the case of series loading, zero
attenuation is inconsistent with stability for all passive impedance ter-
minations. Likewise, with shunt loading designed for minimum stability
over the pass band the attenuation will vary with frequency.
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Jx

Fig. 7 — Stability circles for 2Zp .

5. LATTICE LOADING

The general case of Fig. 1(b) is where the combination of an E2 and
an E3 repeater is located in the center of an electrically short line. Al-
though the actual E23 repeater is connected as a bridged T arrangement!
the equivalent lattice form is used herein for simplicity in explanation.
What is said as applied to the lattice structure applies also to the bridged
T.

Fig. 8(a) shows a lattice network of negative impedances connected
at the midpoint of a line of length £. Negative impedance Z 4 is open cir-
cuit stable; Zp is short circuit stable.
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The short circuit impedance Zx Tanh P{/2 is shown in Fig. 8(b). It
is the same as that shown in Fig. 3(b) for the case where Z, is used alone.
Thus a requirement for stability in the limit is that

%t 2
Zoo| 22— | = xjx (27)

where Re [(Z./2) + Zso)] is positive.

Stability can be determined exactly as explained in Section 3.1.

The open circuit impedance Z,/Tanh P{/2 is shown in Fig. 8(c). It
is the same as the case where Z5 is used alone. Thus the limiting require-
ment for stability is that

2Zp + Zsc | _ . :
| Stz = +¥ =

where

Re ( L + —}—> is positive.

2ZB ZOC
ZA/Z
- NN ——— -
L/2
16/[:2 2Zg 2Zg O/F
PHYSICAL PHYSICAL
LINE LINE
-—— A —--
ZA/Z

(@)

SHCRT ‘ OPEN

Zn
Zy TAlh,PL/Z 2/2 Za/2 27 L/2 Tanh P£/2
-

Za/o + Zsc : Zy - __225'+ZSC
(b) ©

Fig. 8 — Application of bisection theorem to lattice loading. (a) Schematic.
(b) Short circuit impedance of bisected network. (e¢) Open circuit impedance of
bisected network.
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Stability can be determined as explained in Section 4.2 for (26).

Thus stability with Z, is determined independently of Zz and the
converse is true also. In regard to stability each negative impedance can
be designed without considering the other. The image impedance, Zy ,
and propagation constant, P¢, of the resulting line [Fig. 8(a)] will de-
pend upon both Z, and Zz , however. )

Equations for the image impedance Zy and the propagation constant
of the repeatered line can be expressed as follows:

/ [Z— + zsc] (225 + Zsc]
Zn = Zoc 2 - (29)
1/ [27 + zoc] [2Zs + Zool

and

1 / | %+ 2ac |92 + 2
P¢/2 = Tanh™ 2 - (30)
4/ [% + Zoc] 225 + Zsc]

From what has been said in the preceding sections it should be evident
that when both Z, and Zp are designed to the limit of stability in a
telephone cable section the image impedance and propagation constant
will be as follows:

Zn = V(X0 (—5X5) (81)

and
X
Tanh Pf/2 = 4/ T4 32
anh Pt/2 = 4/ T (32)
where
+jX: = Zo Tanh (M + 7£/2)
M = Tanh™ Z,/2Z, at limit of stability
—jXs = Z, Tanh (N + v{/2)
N = Tanh™' 2Z,/Z, at limit of stability

From these last two cquations it is apparent that at the limit of sta-
bility Zy is a resistance in the pass band and the attenuation of the re-
peatered section can be zero and the system be stable for all passive
impedance terminations. Furthermore, zero db attenuation can be
realized theoretically over the pass band.
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6. SUMMARY

The stability and transmission characteristics have been outlined
for a single section considering three separate systems of negative im-
pedance loading and a summary is shown in Fig. 9. A general practical
restriction on the use of these systems is that the negative impedance or
impedances shall be located in the center of the section and shall be less
than one quarter wave length from the line terminals at the highest
frequency it is desired to pass. The condition for stability has been
taken that each section must be stable for all passive impedance ter-
minations.

The important features can be outlined as follows.

6.1. Series Negative Impedance Loading

With a series loading element, Z, , stability is determined solely by the
short circuit impedance of the bisected section. The attenuation of the
section must be finite for stability. Where the loading section is:designed
to the limit of stability, the transmission-frequency response will vary
with frequency in the pass band; and the magnitude of the image im-
pedance | Zy | will tend to increase with frequency within this band. A
flat transmission-frequency response is possible only at the expense of
greater loss at the lower frequencies than is required for stability.

6.2. Shunt Negative Impedance Loadz'ng/

With a shunt loading element, Zp, stability is determined solely by
the open circuit impedance of the bisected section. The attenuation of
the section must be finite for stability. Where the loading element is
designed to the limit of stability, the attenuation will vary with frequency
in the pass band and increase at frequencies outside the band. The mag-
nitude of the image impedance | Zx | will tend to decrease in the pass
band as the frequency increases.

A flat transmission-frequency response with shunt loading is possible
only at the expense of greater loss at the higher frequencies than is
required for stability.

6.3. Loading with a Laltice or Equivalent Bridged T N etwork

Loading with a lattice network having series arms of Z,/2 and shunt
arms of 275 both of which are negative impedances, the former open
circuit stable, the latter short circuit stable, will have the following
characteristics.
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Z .
— —_ ZOC M = _J)( ~h P—L- _ Zsc ZZB+ZOC
225 +Z-OC TA| > =
LINE LINE Zoc|2Zst2sc
SHUNT £ Zg £ WHERE *
2 2 : -
1 1 2Zg+2

— — Re(—=—+=—]1s POSITIVE = ZfB T 7S¢

e(aZB Zoc) Zy = ‘\jzsczoc [228+ Zoc
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Fig. 9 — Summary.
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The short circuit impedance of the bisected section will determine
the stability of the negative impedances in the series arms. The open cir-
cuit impedance of the bisected section will determine the stability of the
negative impedances in the shunt arms.

Zero attenuation is theoretically possible as a limit in the pass band of
frequencies consistent with stability for all passive impedance ter-
minations.

The image impedance for zero attenuation will be a positive resistance.
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AppENDIX A

To prove that: A necessary and sufficient condition for a structurally
symmetrical linear four-pole to be stable with any combination of
passive terminating impedances is that the open and short circuit
impedances of the bisected network shall be positive real. These open
and short circuit impedances are the input impedances of either half of
the network when the terminals in the plane of bisection are respectively
open and short circuited.

A.1. Proof of Necessity

Consider the network of Fig. 2(b), in the text, representing a linear
four-pole which is structurally symmetrical in the sense that the right
half of the network is the mirror image of the left half in the plane of
symmetry 4B.

Assuming the network is stable, the necessity of the condition in the
theorem will be established if the open and short circuit impedances of
the bisected network are shown to be positive real. Stability is used here
in the sense that the response to an impressed signal will die out upon re-
moval of the excitation.

For an impedance function Z(p) of the complex frequency variable
p = a + 1w to be positive real it is sufficient to show that the following
four conditions are satisfied.’

1. Z(p) has no zeros in the right half p-plane.



356 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1955

2. Zeros of Z(p) on the boundary of the right half p-plane are simple
and at them dZ/dp = a positive real constant.

3. The real part of Z(iw) = 0 for all values of w. ‘

4. The imaginary part of Z(p) = 0 whenever the imaginary part of
p = 0.

The fourth condition is always satisfied by physical networks and will
be assumed true without proof.

To show that condition three is satisfied, consider the determinant A
of the entire network in Fig. 2(b) in terms of its open circuit impedance
parameters and the arbitrary passive terminations Z, and Z;

le + Za Z12
A= (A1)
Zs Zu+ Zy

Since the network is stable by hypothesis, A as a function of the com-
plex variable p can have no zeros in the right half of the p-plane. Since
the definition of stability requires that a response will die out on the
removal of the excitation, zeros of A on the boundary of the right half p-
plane are excluded.

If Z, = Zy = Z, in Eq. (A1), A may be expanded into the product of
two factors as follows

A= Zu+Z — Zu)Zu+ Z+ Zv) (A2)

From what has been said above, neither of the factors in (A2) can have
zeros on the imaginary p axis or in other words at real frequencies.

If Zyy = Ru + jXu orin general if Z,, = R,. + jX,., equation (A2)
may be rewritten in the following form.

A=[Ry— Ro+ R+ jXn— X+ X)]
[Ru + R12 + R + j(Xll + X12 + X)] (A3)

Remembering that Z is an arbitrary passive terminating impedance,
X can always be chosen to nullify either of the imaginary parts in the
above two factors. Moreover, since neither factor has a root at real
frequencies and since R can be given any positive value, it is obviously
necessary that their real parts shall be positive, thus:

Rji - Ri‘Z + R > O le + RlQ + LU > 0 (.LA.L'/.'L)

Since R, the real part of the terminating impedance, is not negative,
the limiting situation in the above conditions will occur when R = 0
and it follows that both B — Ry and Ry + R must be positive. It
can also be concluded from this that Ry is positive, though this is ob-
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vious from the fact Ry is the resistive component of the open circuit
input impedance of a stable network.

The result just established which may be expressed by stating that
Ru > | Re|, is identical to the Gewertz condition for symmetrical
linear networks mentioned by F. B. Llewellyn.’

From standard network theory, the open and short circuit input
impedances of the bisected network of Fig. 2(b) are given by the follow-
ing equations

Zopen = Zu + Zyo Zshors = Zu — Zys (A5)
where
Zopen = Open cireuit input impedance of the bisected network
Zshort = Short circuit input impedance of the bisected network

By applying the Gewertz condition to (A5) it is clear that the open
- and short circuit impedances must have positive real parts which
establishes requirement 3 for a positive real function. To show that
Zopen a0d Zgnore satisfy conditions 1 and 2 for a positive real function,
set Z equal to zero in equation (A2). This reduces A to the product of
Zopen A0 Zgiort . Since A has no roots inside or on the boundary of the
right half p-plane this must also be true of Zopen and Zgpor, . Hence, they
each meet all the requirements for positive real functions which com-
pletes the proof of necessity.

A.2. Proof of Sufficiency

In the proof of sufficiency, Zopen and Zgnors are assumed to be positive
real and it must be shown that the network of Fig. 2(b) is stable when
terminated in arbitrary passive impedances.

The proof depends on Bartlett’s Bisection Theorem.* According to this
theorem, a lattice network with arm impedances Zgpen and Zgners will
have exactly the same external characteristics as the symmetrical net-
work of Fig. 2(b). Since Zopen and Zghors are assumed to be positive real,
the lattice arms can be realized with passive impedances. This means
that the lattice network will be stable with any combination of passive
terminating impedances and it follows that this must likewise be true
of the equivalent circuit of Fig. 2(b).

A.3. Special Applications of the Theorem

In some special applications of the stability theorem it is only neces-
sary to ensure that the open circuit impedance and the short circuit
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impedance of the bisected symmetrical network have positive real
parts. This is more lenient than that these impedances shall be positive
real as stated in the theorem. The other main condition for positive real-
ness which requires that the roots be located in the left half p-plane
(complex frequency-plane) will be guaranteed automatically by placing
special requirements on some of the network elements.

As an cxample of such a situation consider the circuit of Fig. 3(a) con-
sisting of a transmission line of length ¢ with a negative impedance Z,
located at its center.

If Zoe and Z ¢ are respectively the open and short circuit impedances
of the nonloaded line of length £/2 the open and short circuit impedances
of the same length of line with loading may be written down as follows.

ZOpen = ZOC : (Aﬁ)
VA
[-2‘ + Zsc]
Zghort = Zoc 7. (A7)
%]

In this example, the open circuit impedance of the bisected network
Zopen , 18 obviously positive real since it equals the open circuit im-
pedance of a length £/2 of nonloaded line, which is passive.

It will now be shown that a sufficient condition for the short circuit
impedance Zgiort Of the bisected network to be positive real is that its
resistive component shall be positive at all frequencies, providing that
Z 4 is a negative impedance of the open-circuit-stable type having a re-
sistive component which is always less in magnitude than the real part
Of 2Z 8C -

To show this, assume the real part of Zgyor is positive and that all the
impedances being considered are rational. To satisfy the rationality
requirement in the case of transmission line impedances, the line may be
considered as the limit of a lumped element network. Since Z, is open
circuit stable by hypotheses, it can have no poles inside or on the bound-
ary of the right half p-plane. Likewise, since Zo¢ and Zs¢ are passive
impedances they have neither poles nor zeros in the right half p-plane.
With these facts in mind, consider the expression on the right hand side
of equation (A7). The only zeros which this function can have are those
due to (Z4/2) + Zsc¢. As the complex variable p traces a path around
the boundary of the right half complex frequency plane, the impedance
function (Z,/2) + Zs¢ will trace out a closed curve in the Z-plane. Since
it has been assumed that the magnitude of the real part of Z,/2 is always
less than the real part of Zgc the closed curve will lie entirely in the
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right half Z-plane and cannot therefore enclose the origin. It follows
from complex variable theory” and the rational nature of all the im-
pedance functions involved that (Z,/2) + Zs¢ must have an equal
number of zeros and poles in the right half p-plane. Sinee it has no poles
in that area it has no zeros either hence, Z g0, has no zeros in, or on the
boundary of the right half p-plane.

If, in addition, Zgnors has a positive real part as assumed, require-
ments 1, 2 and 3 for a positive real function are met. Taking requirement,
4 as being true without proof, it follows that Zgpert is a positive real fune-
tion.

Thus, if Zgort has a positive real part and Z, has the properties at-
tributed to it above, the network of Fig. 3(a) will be stable with arbitrary
passive terminations.

As mentioned at the beginning of this section, the situation just con-
sidered relates to a sufficient condition for stability when the impedance
Z 4 is open circuit stable.

A necessary condition for stability when Z, is open circuit stable,
may be obtained from an examination of (A7). As pointed out in consider-
ing the sufficient condition for stability, the only roots which Zgpert
can have in the right half p-plane are due to the factor (Z.,/2) + Zsc.
Since this factor has no poles in the right half p-plane it follows from com-
plex variable theory’ that if Z,/2 + Zsc is plotted on the Z plane as a
function of real frequency, the number of times the plot encircles the ori-
gin gives the number of zeros which the function has in the right half
p-plane. Since Zgnort , for stability, can have no zeros in this area, it
follows that the plot of Z,/2 4+ Zs: must not encircle the origin. This
last statement is equivalent to saying that Z,/2 must not encircle —Z g, .

If the necessary condition just established, is combined with the
stability requirement that Z,/2 cannot enter the stability circles dis-
cussed in connection with Fig. 5, it will be seen readily that a necessary
and sufficient condition for stability may be laid down as follows.

If in the circuit of Fig. 3(a), Z4 is open circut stable then a necessary
and sufficient condition for the transmission line with series loading to be
stable is that the plot of Z,/2 as a function of real frequency shall not
encircle any of the stability circles associated with the line of length £/2.
These stability circles are shown in Fig. 5.

ArrENDIX B
EQUATIONS FOR THE STABILITY CIRCLE

At any given frequency the equation for the stability cirele can be ex-
pressed in the following formulas in terms of the rectangular coordinates
(R, X) of the center and the radius (r).
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_(R12 — X)) + (Roc® + Xoo®)

R = 3 Ry (B1)
X:R;

X = B2
R (B2)

r = V B+ X — l:Rlz _ x4 2XOCX1R,J (B3)

ROC
where:
R; = The resistance component of the characterlstle impedance, Zo ,

of the physical line

X = The reactance component of the characteristic impedance, Z, ,

of the physical line

Ro¢ = The resistance component of the open circuit impedance of £/2

of physical line

Xoc = The reactance component of the open circuit impedance of £/2
of physical line
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A Telephone Switching Network and Its
Electronic Controls

By S. T. BREWER and G. HECHT
(Manusecript received November 17, 1954)

A high-speed telephone switching network with electronic controls is de-
scribed. The high speed allows one-at-a-time operation, reducing both the
number and complexity of control circuits. Germanium diodes, transistors,
cold-cathode tubes and fast relays perform the control functions; glass-
sealed relay contacts provide paths for speech. A laboratory model of the
network has performed reliably for over three years.

INTRODUCTION

In considering the value of speed in a telephone switching network,
first let us take the subscriber’s viewpoint. It is obvious that any in-
crease in speed of establishing connections gives the subscriber better
service. The actual improvement in service, however, turns out to be
very modest. For example, if the subscriber saves a half second on each
connection through the switching network, he saves one second over-all
on the originating and terminating connections of a local call. With the
present method of dailing, dialing time tends to obscure any saving in
time due to a faster switching network.

Actually, the chief goal in seeking higher switching and control speeds
is the reduction in the cost and complexity of the controls. This may be
illustrated by citing an example from the present switching art. Consider
a large No. 5 crossbar switching network. To handle the desired traffic,
six markers may be required. Each marker is capable of controlling the
switching network, but due to its low operating speed (and the slow speed
of the network’s crossbar switches), a single marker cannot establish
all of the originating and terminating connections required during a busy
hour. In addition to the duplication of markers, elaborate connectors
are required so that various markers can be associated with different
portions of the switching network. The markers and marker connectors
furthermore require lockout protection so that two markers cannot at-

361
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tempt to control the same portion of the switching network at the same
time.

Now consider a switching network and controls much faster than those
presently used. Such a system could handle a 10,000-line central office
on a “one-at-a-time basis” without requiring duplication of the controls.
Thus, the connector problem is almost eliminated and there is no neces-
sity for lockout among competing controls. The switching network and
controls which we describe in this paper constitute a model of this type
of high-speed system. In addition to reducing the system to one set of
control circuits we have devised circuits which perform terminal selec-
tion and channel control functions in a greatly simplified fashion.

GENERAL OBJECTIVES

In any project such as this, certain general objectives are established
at the outset. These objectives guide the designer in his choice of tools
or devices and act as a framework within which the designer works. In
our particular case, these general objectives were:

(a) Speed of network and controls should permit operation with one
set, of control circuits.

(b) The design should be based on a large central office carrying heavy
traffic, specifically, an office with 10,000 subscribers and 2,000 trunks,
and handling a total of 50,000 originating and terminating calls per busy
hour.

(¢) The control circuits should be active during 70 per cent or less of
a busy hour. (This limit was set to avoid excessive delay in gaining ac-
cess to the control circuits.)

(d) A minimum of maintenance should be required.

(e) Circuits should function reliably throughout a 40-year life.

(f) The switching network should operate with the present type of
subscriber instrument and existing methods of ringing, dialing, and su-
pervision.

(g) The switching network and controls should be incorporated in a
functionally complete but skeletanized high speed telephone system to
provide a practical working test of the system and all of its components.

DEVICES USED IN DESIGN

General objectives (a), (b), and (¢) dictated that we use high-speed
devices as the backbone of our design. From these objectives and the as-
sumption that the controls are used twice on a particular connection
(once to establish and once to release the connection), we calculate that
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Fig. 1 — Typical high-speed devices used in design. From left to right: glass-
sealed reed switeh; mercury contact (3-transfer) relay, point contact germanium
diode, point contact germanium transistor, cold-cathode diode, grid-controlled
cold-cathode tetrode.

the maximum overall time for the connect and release operations is 50
milliseconds. Thus, crossbar switches and relays of conventional design
are too slow to meet our minimum objectives. However, objective (f)
indicated the use of a metallic path through the switching network.
These objectives and objectives (d) and (e) regarding reliability and low
maintenance led to the selection of the dry reed switch for use in the
switching network. In control circuits subject to heavy use and requiring
a metallic path, mercury contact relays were selected. Where circuits
required electron tubes, cold cathode diodes, triodes, and tetrodes were
used. These are simple and rugged and have the big advantage that they
do not consume power or deteriorate during stand-by periods.

Germanium diodes were selected for the circuits performing code
translation because they are simple and fast. Transistors were chosen
for the channel selecting circuit. This choice was made to gain design
and operating experience with a relatively new tool. The basic high
speed devices used in our design are shown in Fig. 1.

GENERAL DESIGN CONSIDERATIONS

A high-speed switching circuit can be designed by one-to-one substitu-
tion of new devices in existing designs. In general, if the new devices are
very much faster or different than the old, this method fails to take full
advantage of the capabilities of the new tools. Hence, we have used the
method of designing “from scratch.” It is beyond the scope of this article
to detail all of the advantages obtained by the second and more complete
approach to design. However, a result which may be considered typical
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is the evolution of a new method of channel control which distinguishes
the system.

THE SERIES MARKING METHOD OF CHANNEL CONTROL

The general philosophy behind the series marking method of channel
control may be understood by comparing it with a present method. As
an example of a present method, let us take that used in a four-stage
No. 5 crossbar switching network. For a channel between a particular
line and trunk to be useful its A, B, and ¢ links must be idle. Leads asso-
ciated with these links are carried through individual contacts on
connector relays to each of the markers in the central office. In one
marker, a channel testing relay performs a busy test on the A, B, and ¢
links comprising each channel. Those channels which are found to be
completely idle compete in a relay lockout circuit which selects one of
the channels for use. This is what we call a parallel method of switching
network control. It can be seen that every marker in the office requires
individual access to each A, B, and ¢ link of the switching network.

In the series marking method of control which we use, marking volt-
ages are applied to the line and trunk. Enabling voltages are applied to
the a4 and ¢ links through high resistance. If a particular A or ¢ link is
associated with a busy path, the holding circuit, being low in impedance,
will determine the link voltage and block the enabling signal. In this
simple manner, busy paths are automatically isolated and excluded from
the path marking operation. The voltage marks then extend fan-wise
over idle paths from the selected line and trunk toward the center of the
switching network. In the center of the switching network, these marks
are passed through a connector relay to the mactors.* There, a simple
coincidence circuit matches the voltage received from the line with that
received from the trunk side of the switching network. If a match is ob-
tained, it indicates that the complete line to trunk path is idle. In this
simple manner, which requires no individual access to the a and c¢ links,
each mactor determines whether its associated line-to-trunk channel is
idle.

FUNCTIONAL RELATIONSHIP OF SWITCHING NETWORK AND CONTROLS

With this preamble of our objective and philosophy, let us now con-
sider the switching network and controls which we evolved to meet our
requirements. To demonstrate the feasibility of the electronic controls

* The mactor is a new type of control circuit which takes its name through
abbreviation of the functionally descriptive term, MAtcher-seleCTor-connectOR.
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and the speed and reliability of the circuits, the switching network and
controls were skeletonized and ‘built as an integral part of an automatic
telephone system known as the DIAD system.* The other parts of the
system have been described earlier; furthermore, one can follow the
operation of the switching network and its controls as separate entities.
For these reasons we will consider the system operation only from the
time the switching network receives an order to establish or release a
connection until the time the controls answer, “Have taken the desired
action,” or “Could not perform the desired action.”

A general idea of the physical relation of the various circuits and the
type of construction used may be obtained from Fig. 2, which is a front
view of the two switching bays. In addition to power supplies, the left
bay contains test and monitor panels and the three line frames. The right
bay contains three power supplies, the two trunk frames, the mactors,
the switching control or sequence circuit and the switching number
groups. A rear view of these two bays is shown in Fig. 3. This view gives
a general picture of the wiring and cabling. Fig. 4 shows a close-up of
line frame 11. On the left of the panel are three 3 X 3 primary switches,
toward the right of the panel are four mactor connector relays. Fig. 5
is a rear close-up of line frame 11. This gives a better conception of the
division of the crosspoint array into switches than the previous view. It
also illustrates the very simple method of wiring the horizontal and verti-
cal multiples within the switches. Having examined the apparatus itself
through photographs, let us now see how these various pieces of equip-
ment function together.

The functional arrangement of the switching network and associated
controls is illustrated in block schematic form on Fig. 6. Although only
4 lines, 4 trunks, and 2 line frames are shown, the functional relations
are unchanged in going to larger networks. The general operation of the
various blocks may be summarized as follows:

(1) The DIAD, through the SWITCHING NUMBER GROUP CONNECTOR,
tells the NUMBER GRoUPS and the SWITCHING SEQUENCE CIRCUIT what
terminal(s) (line and trunk or trunk alone) of the SWITCHING NETWORK
to manipulate, and whether to establish a connection or release a con-
nection.

(2) The SWITCHING SEQUENCE CIRCUIT applies enabling voltages to
the NUMBER GROUP and MACTOR circuits where appropriate, in response
to connect or relase signals from the DIAD,

" % The word “DIAD” derives from “Drum Information Assembler and Dis-
patcher.”” The magnetic drum memory and other aspects of the system were

described by W. A. Malthaner and H. E. Vaughan, An Automatic Telephone Sys-
tem Employing Magnetic Drum Memory, Proc. L.R.E. Oct., 1953.
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Fig. 2 — Switching network and controls — front view.

(3) The LINE NUMBER GROUP CIRCUIT accepts the line information
furnished by the DIAD and converts it into codes, voltages, and impe-
dances which can be applied to control the desired line of the switching
network on connect.

(4) The TRUNK NUMBER GROUP CIRCUIT accepts the trunk information
furnished by the DIAD and converts it into codes, voltages, and imped-
ances which can be applied to the proper trunk of the swircHING NET-
WORK on connect or release.
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Fig. 3 — Switching network and controls — rear view.

(5) The SWITCHING NETWORK passes on voltage marks from the
marked line and trunk to trace idle paths on connect, provides a metallic
talking path between line and trunk during the conversation, and re-
leases the connection upon receipt of a release signal from the trunk
number group.*

* It is interesting to note that after the connection is established, it is sufficient
to furnish only trunk information to perform a release. This is true because the

series holding path from trunk to line constitutes a memory of what line and
what crosspoints are associated with a particular trunk.
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Fig. 4 — Front view of line frame 11.

(6) A pair of MACTOR CONNECTORS, on connect, receive line frame and
trunk frame marks and operate to associate the macrors with the paths
leading between the indicated Line FrRAME and the TRUNK FRAME.

(7) Each mactor, on connect, (through the operated connector)
“matches” the two idle-path marking signals received from LINE FRAME
and TRUNK FRAME to determine whether the mactor’s associated line
to trunk path is idle; if the path is found to be idle, the mactor com-
petes in lockout with other mactors which found idle paths, and the
mactor which is selected by the lockout operates its associated talking
path.

With this description of the principal functions of the switching net-
work and associated control circuits as background, we shall proceed to
examine the various components in greater detail.
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Fig. 5 — Rear view of line frame 11.

THE SWITCHING NETWORK
The Switch Crosspoint

The basic building block of the switching network is the crosspoint.
One crosspoint appears at each intersection of horizontal and vertical
multiples. The packaging design of the crosspoint is such as to achieve
maximum flexibility in the laboratory operation and testing of the net-
work. The crosspoint has two parts, (1) a switch assembly using reed
contacts, and (2) a small cold-cathode diode.

The crosspoint is shown on Fig. 7. It consists of four reed contacts
or switches in an actuating coil with appropiate mounting and connect-
ing parts. Each reed contact consists of two 52 alloy* rods sealed in
opposite ends of a piece of glass tubing containing helium gas. The
contacting ends of the 52 alloy* rods are rhodium plated. The soft

* This is an iron-nickel alloy containing approximately 52 per cent nickel.
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steel cylinder housing the switch assembly (1) serves as a mechanical
housing and a support for the plug and socket; (2) acts as a magnetic
shield between adjacent crosspoints; and (3) acts as a partial return path’
for the magnetic circuit of the reed contacts. The plug on one end’of the
switch assembly serves to connect the crosspoint assembly to the external
circuit, while the socket on the other end receives the cold-cathodé diode.
(Where the switch assembly is used as a simple relay, a short-circuiting
plug replaces the cold-cathode diode.)

The operating margins of the switching network are to a large extent
a function of the variation in diode breakdown and sustain voltages with
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age, temperature and also the variation from unit to unit. To assure
satisfactory operation, electrical and life requirements were specified on
the basis of the switching network needs and the A-1676 diode was de-
signed to meet these requirements. In designing the switching network,
arrangements which would lead to overly severe requirements on the
diode were avoided. The A-1676 diode is a simple, rugged structure which
meets or exceeds the requirements in every regard.

Single Path Circuit

A single path through the switching network is shown on Fig. 8. In
each of the four crosspoints, the general operation is the same. The cold-
cathode diode in series with the coil in the control lead is used (1)
to pass tracing voltages through idle paths while remaining an open
circuit for busy paths and (2) to break up parasitic paths in parallel
with operated crosspoints, and thus to avoid marginal release require-
ments on the crosspoint relays. The reed contact in the sleeve lead, s,
1s used to establish a series path through the switching network for the
purpose of holding the crosspoint relays of the selected path operated
during the conversation. The reed contacts in the tip, T, and ring, r
paths are used to establish a series metallic path for signaling and talking
between subscriber and trunk. Within the switching network the route
of the tip and ring leads parallels that of the sleeve lead, and hence, tip
and ring leads will not be shown or described in detail in the sections
to follow. The fourth reed contact is used for display purposes only and
has not been shown on Fig. 8.

In the following description of Fig. 8, a complete switching network is
assumed, although for simplicity, branching paths have been indicated
by “multiple whiskers”. Starting from the idle condition, a path through
the switching network is established as follows:

(1) Line frame and trunk frame identifying signals (marks of +130’
v and -85 v, respectively) are applied to operate the proper connector
relays to associate the mactors with the paths which go between the
desired LINE FRAME and the desired TRUNK FRAME.

(2) A switch enabling mark (-s85v) is applied to the idle A links lead-
ing out of all line primary switches having the same switch number as
the desired line.

(3) A vertical identifying mark (+130v) is applied to all lines having
the same vertical number as the desired line.

(4) All diodes appearing between verticals marked in (3) and A links
enabled in (2) break down and, in doing so, produce voltage shifts on the
associated A links leading into the line secondary switches.
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(5) The left contact on the line side MACTOR CONNECTOR RELAY during
step (1) has applied an enabling bias of — 155v to the control leads which
lead out of the desired line frame to the mactors.

(6) The voltage shifts on the marked A links, in conjunction with the
enabling biases of step (5), cause breakdown of idle line secondary diodes
connecting between marked A links and the enabled B link control leads.

(7) Breakdown of the secondary diodes produces voltage shifts or
marks which are fed on the control leads into the 1, terminals of the
mactors, each mark representing an idle path between the desired line
and the mactor in question.

(8) On the trunk side, an enabling mark (+37v) is applied to all idle
C links.

(9) A trunk mark (-178v) is applied to the individual trunk to which
connection is desired.

(10) As a result of (8) and (9), the trunk primary diodes representing
connections between idle ¢ links and the desired trunk are broken down,
producing voltage shifts on these links.

(11) Each mactor, through an idle-test circuit, samples the voltage
on its 1y lead, and, if this voltage indicates an idle B link, the mactor
connects an enabling bias of +107v to its Ty and T, leads.

(12) The voltage shifts on the marked ¢ links, combined with the
enabling biases applied by the mactors’ idle-test circuits, cause break-
down of all of the trunk secondary diodes representing idle paths usable
for the trunk half of the desired connection.

(13) The breakdown of the trunk secondary diodes puts voltage shifts
or marks on the 1, leads going to the mactors, each mark representing
an idle path between the desired trunk and the mactor in question.

(14) Mactors which receive marks from both line and trunk sides in-
dicate through a matching or coincidence circuit that their associated
paths through the switching network between the desired line and the
desired trunk are idle and available for use.

(15) The mactors which indicate a match energize their respective
. transistors, which compete in a common lockout circuit.

(16) The transistor which wins the lockout competition (i.e., achieves
the fully conducting state) thereby selects the corresponding switching
path for use.

(17) In response to the lockout operation, the selected mactor raises
the current in both line and trunk halves of the selected path and operates
the crosspoint relays associated with this path. '

(18) During the conversation the selected path is held operated or
“locked up” over the series sleeve lead path between ground on the line
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end of the connection and the —48v battery on the trunk end of the con-
nection.

(19) The mactors are retired and the paths which were marked but
not used are restored to normal by the removal of the line and trunk
marks and the removal by the switching sequence circuit of various
enabling voltages.

(20) At the completion of the conversation the connection is released
by the temporary application of ground to the sleeve lead at the trunk,
thereby bringing both ends of the holding circuit to the same potential
and causing release of the crosspoint relays involved in the connection.

Regarding the holding circuit, it will be noticed that there is a 750-ohm
resistor in series with the sleeve lead at the line end of the connection.
This resistor simulates the winding of a cut-off relay. Hence, if a cut-off
relay were required, it would be a simple matter to substitute the operate
winding of a relay for the 750-ohm resistor.

A more detailed description of the control of the switching network is
provided in Appendix I.

CHANNEL SELECTORS OR MACTORS

Functional Description of Mactors

As the description of the switching network has indicated, the mactors
perform the functions of (1) matching of line and trunk idle-path trac-
ing marks, and (2) selecting and connecting for use one of the idle paths
revealed by the matching operation. To these general functions, in the
present system, we have added the function of performing an idle-test
on the B links of the switching network. The idle-test precedes the other
portion of the mactor operation; hence, a mactor is enabled to continue
its functions only if its associated B link is idle. Each mactor contains, as
its principal elements, 4 cold-cathode gas tubes and a reed relay associ-
ated with each, and a transistor. One gas tube and relay combination
performs the idle-test; another combination receives the path tracing
voltage from the line side of the switching network; the third such com-
bination receives the path tracing voltage from the trunk side of the
network; the transistor (in conjunction with those in other mactors)
functions to select one of the idle paths for use, while locking out all
others; and finally, the fourth gas tube and relay combination receives
a triggering signal from the transistor and functions to establish a con-
nection over the selected path. For a detailed description of how these
functions are performed, we refer the reader to Appendix II.
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Mactor Design Features

In general, the design of the mactor in the present system was based
on maximizing the operating margins of switching network, rather than
minimizing the amount of apparatus in the mactor. However, it should
be noted that there are only as many mactors as there are alternate paths
or channels in the switching network (3 in our scaled-down model, per-
haps 10 in a full-sized office) and this means that the amount of apparatus
in the mactors is a very small proportion of the total office equipment.
The use of a separate idle-test, and the detection of line and trunk path
tracing marks on different gas tubes lead to increased margins. The idle--
test circuit used in the mactor is of particular interest because it uses a
new grid-controlled cold-cathode tube, type M-1652. This tube, vi of
Fig. 15, has control characteristics similar to those of a hot-cathode gas
tube, while possessing all of the long life advantages of a cold-cathode
tube in applications involving a low duty ratio. The main cathode, Mc
of v1 also functions as a keep-alive anode, while kc is a keep-alive cath-
ode. Discharge is initiated in this keep-alive gap by the application of
—178 volts to terminal cE 1 a few milliseconds before the tube is required
to respond to the control signal. At the same time the keep-alive gap is
energized, the main anode, ma, is enabled by the application of +130
volts to terminal AE 1. The tube is now ready to respond to a signal on
its control grid. A negative potential of 20 volts or more on the control
grid prevents transfer of discharge to the main gap while ground potential
assures that transfer to the main gap will take place. In addition to the
advantages of this tube from the standpoint of life, the fact that it will
trigger on relatively small voltage shifts in high impedance circuits is
utilized in the present circuit design.

The advantage from a margin standpoint of receiving line and trunk
path-tracing marks on separate tubes may be understood if we consider
what happens when these marks are received across the start gap of a
single tube. It is evident in such a case that the variations of line and
trunk path tracing marks must be summed in determining the least
favorable circuit operating conditions. However, when the two marks
are received on individual tubes, the marks are quantized before combin-
ing or matching takes place, so that variations in the two marks are
never added together.

Perhaps the most interesting design feature of the mactor is the nega-
tive resistance lockout circuit using the switching transistor, type A-1698.
In the usual operating routine, the lockout in this circuit is decided on a
time basis; i.e., due to statistical time variations one transistor is operated
and fully conducting before other transistors are energized. In the oc-
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casional “‘dead heat”, a plurality of transistors can reach the high current
condition together. In this case, it is significant to note that the transistor
in each mactor has a high (29,800-ohm) base load resistance which gives
it a negative emitter-to-ground impedance throughout the operating
region. The emitter-to-ground impedances of the various mactors’
transistors are connected in parallel, and this parallel combination is
connected in series with a common lockout resistor (29,800-ohms). It
can be shown that this circuit is unstable if more than one transistor is
conducting in the operating region. Thus, even though two or more
transistors should reach the operating region, one of them quickly as-
sumes most of the circuit current and drives the other(s) into the quies-
cent region of positive emitter-to-ground impedance and virtually zero
emitter current. The maximum time required for one transistor to reach
the high current state and drive the other(s) to the quiescent state is
the “severance time”. For the lockout circuit employed in the mactor,
there is a severance time of approximately 0.5 microsecond. It is essential,
of course, to avoid producing an output before the lockout has been re-
solved. This requires that the circuit responding to the transistor have a
minimum response time considerably exceeding the severance time. In
the mactor circuit this is assured by the fact that the minimum triggering
time of the cold-cathode tube, v3, is approximately ten microseconds.
In addition, it will be noticed that there is a delay in response caused by
feeding the transistor output. which occurs across the base load imped-
ance, through an rc filter before placing it on the start cathode, sc, of
v3. This re filter was designed to have a delay great enough to take care,
not only of the severance time, but also of possible temporary ambiguities
caused by contact chatter in the 14 relays. These provisions result in a
lockout circuit which is “a priori failure-proof”.

FUNCTIONAL DESCRIPTION OF SWITCHING SEQUENCE CIRCUIT

The switching sequence circuit, see Fig. 16, is the common control
circuit which functions whenever a connection through the switching
network is established or released.

In the first case, when the switching sequence circuit receives an (s)
establish signal from the switching information dispatcher, (1) it pre-
pares the line number group circuit and trunk number group circuit to
handle the coded signals on the line and trunk information leads (signals
which correspond to the line and trunk to be connected together) (2)
it applies operating voltage to the mactors, (3) it applies the connect
trunk marking voltage to all the trunk frames of the switching network,
and (4) it applies enabling bias to the ¢ links of the switching network.
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After one of the idle paths between the line and trunk in question has
been selected and the path established, the switching sequence circuit
restores the number group circuits, mactors and mactor connectors to
normal and removes the connect voltage mark and c¢ link enabling bias
from the switching network. The switching sequence circuit then trans-
mits an ok signal to indicate to DIAD that the required connection has
been made. Finally, the switching sequence circuit restores itself to
normal.

In the second case, that in which the switching sequence circuit re-
ceives a (ps) disconnect signal from the switching information dispatcher,
the sequence circuit enables the trunk number group (to handle the sig-
nals on the trunk information leads) and applies a release ground to the
trunk number group elements. (As was noted earlier, a connection is
released from the trunk side only of the switching network.) Sufficient
time is allowed for the crosspoint relays in the path to release (about 10
milliseconds). Subsequently, the release ground is removed, and the trunk
number group circuit is restored to normal. Finally, a pulse is sent out on
the ox lead which signifies to DIAD that the path in question has been
released and at the same time the switching sequence circuit restores
itself to normal.

Connect and release cycles for the switching sequence circuit are de-
scribed in detail in Appendix III.

SWITCHING NUMBER GROUP CIRCUIT

The switching number group circuit comprises the following parts:
line vertical number group, line switch number group, trunk number
group, and mactor connectors. All of these circuits have been skeletonized
to conform with the skeletonized switching network. One of them, the
line vertical number group, is shown in detail in Fig. 17, while other por-
tions of the number group appear in block diagram.

The switching number group circuit performs two functions: (a) it
decodes the signals on the line and trunk information leads from “2 out
of 5” to “1 out of 10" and (b) it provides the means for selecting and
connecting to the proper points in the reed-diode switching network and
for applying the several connect and release voltage marks. The number
group circuits were designed on the basis that the signals on the line
and trunk information leads are in the form of the equipment designa-
tions of the line and trunk which are being served; that is, frame, switch
and vertical. Fach digit is indicated by the presence of +150v on two out
of a group of five information leads, the other three leads being at +100v.
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(In the quiescent state, all the information leads would be at +ioov,
which means that no information is being supplied to the switching net-
work.) The switching number group circuit is enabled and released by
the switching sequence circuit. In setting up a connection, the switching
sequence cireuit applies +200v to the main anodes of the line number
group digit tubes via the LNG lead and +200v to the main anodes of the
trunk number group digit tubes via the T~G lead. On the release of a
connection, only the trunk number group is enabled.

The decoding and selection operations of the number group circuit
are described in Appendix IV.

COMPONENT AND CIRCUIT TESTS

Of the five types of cold-cathode gas tubes used in the design, three
are essentially commercial products. These are the WE 376-B, the BTL
A-1703, and the BTL A-1704. The latter two tubes are versions of the
WE 425-A and WE 426-A without the plastic mounting flange and ex-
ternal resistors.

The other two tubes types, the BTL, A-1676 and the BTL M-1652 are
not commercial products. The A-1676 diode which appears in each cross-
point was tested as part of the tube design and development effort. Life
tests on this gas diode gave a life expectancy of 3,000 active hours. Since
the tube is used only momentarily each time a connection is established,
this corresponds to an in-circuit life of 240,000 years. Such figures, of
course, merely mean that a high degree of reliability may be expected in
using this tube. The other non-commercial tube, the M-1652, is of in-
terest because it is a grid-controlled cold-cathode tube which can be
triggered reliably from low voltage, low power signals. The control char-
acteristics of eleven of these tubes were measured in detail. Each tube
was found to be suitable for use in the mactor circuit, where it is used
as the idle-test tube. A typical control characteristic of one of these
tubes is shown on Fig. 9.

Each reed-diode crosspoint was tested individually in four respects:
(1) de coil resistance, (2) insulation resistance, (3) operate and release
current, and (4) operate and release time. The last two tests were made
with positive and negative polarities of operate current and with con-
tacts strapped in series and in parallel. The reversed polarity test estab-
lished that any residual effect due to hysteresis in the magnetic material
was very small. The operate and release tests with contacts in series and
in parallel gave a measure of the total spread from the most sensitive
contact to the least sensitive contact. Control limits were calculated for
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Fig. 9 — Trigger characteristic of grid-controlled cold-cathode tube.

the data on dec resistance, operate and release currents, and operate and
release times in order to reveal any crosspoints which were out of control
in any of these parameters.

The switching number group, switching sequence circuit, mactors,
line frames, and trunk frames were tested individually before being
interconnected. The tests consisted generally of making breadboard
circuits which would apply the proper operating and information signals
to the circuit under test. The test input information was then put
through a variety of conditions calculated to exercise every element in
the circuit. : .

Following the testing of individual circuits, they were assembled on
the two switching bays, interconnected, and tests of the combined appa-
ratus were made. Principally, these combined tests consisted of: (1)
measurement of the timing of all of the important steps in establishing
and releasing a connection, and (2) checking the satisfactory operation
and release of paths involving all possible combinations of line, trunk,
and interconnecting path.

Tvming Measurements

The timing measurements were made by putting the switching net-
work and control circuits through connect-release cycles repetitively -at
about 15 cycles per second, and observing operation on an oscilloscope.
For the measurements which led to the sequence chart of the normal
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connect cycle, Fig. 10, the sweep of the oscilloscope was triggered from
the Es pulse which starts the connect cycle.

Taking the start of the connect cycle as zero on the time scale, and
the times in milliseconds, the following relations are apparent: (1) at

= 4, the major control circuits; (line number group, trunk number
group, and mactors) receive their enabling voltage from the switching
sequence circuit; (2) at ¢ = 6, the line and trunk number groups operate;
(3) at ¢t = 8, the mactor connector relays operate; (4) at ¢ = 10, the
mactors complete their idle-tests, receive voltage marks from line and
trunk sides of the path, and one or more of them returns to the switch-
ing sequence circuit 2 “match’ signal (ms); (5) at { = 12, the mactor
lockout circuit operates to perform the path selection, and the current
is increased in the selected path; (6) at ¢ = 13, the crosspoints in the
selected path operate; (7) at ¢ = 15, the main anode voltage is removed
from vi of the switching sequence circuit; (8) at ¢ = 19, the enabling
voltages are removed from the number groups and mactors; (9) at ¢ =
23, the main anode voltage is re-applied to vi of the switching sequence
circuit; (10) at ¢ = 23, the switching sequence circuit sends an ox signal

oy
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SWITCHING ) 5 RN

SEQUENCE va
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|
LOCKOUT PATH SELECTION

i | ,

_SELECTED PATH OPERATION
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Fig. 10 — Connect cycle when call is completed.
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Fig. 11 — Connect cycle when call is blocked.

through the switching number group connector to the switching infor-
mation dispatcher, indicating that the switching network and controls
are ready for a new connect or disconnect operation. The above cycle
description assumed that an idle path was found.

The time relations which were measured with all usable channels busy
are shown on Fig. 11. In this case, no idle path is found and the cycle
differs from the above beyond (3), as follows: (4) at ¢ = 10, the mactors
complete their operation without finding an idle path, and therefore
without sending a match signal to Switching Sequence Circuit; (5) at
t = 28, the time-out circuit removes main anode voltage from vi1 of the
switching sequence circuit; (7) at ¢ = 34, number groups, mactors, and
mactor connectors release; (8) at ¢ = 36.5, main anode voltage is re-
applied to vi and the switching sequence circuit sends a BLock signal
through the switching number group connector to the switching infor-
mation dispatcher, indicating that the desired connection could not be
obtained, but that the switching network and controls are ready for the
next operation.

The disconnect cycle has only one possible sequence, since there is no
question of blocking forcing the system into an alternate cycle. The dis-
connect cycle is simpler, too, since the connection is released from the
trunk end alone. Thus, the line number group and mactors are not re-
quired to function on a release operation. Time readings on the release
cycle, which are displayed in the form of a sequence chart on Fig. 12,
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were taken with the start of the oscilloscope sweep synchronized with the
ps pulse which is used to initiate the release cycle. Taking the start of
the ps pulse as zero on the time scale, and the time in milliseconds, the
following relations are apparent: (1) at ¢ = 3.5, the trunk number group
receives enabling voltage from the switching sequence circuit; (2) at ¢
= 6, the trunk number group operates, (3) at ¢ = 9, the trunk release
(TR) voltage is applied to the trunk, and main anode voltage is removed
from vz of the switching sequence circuit; (4) at ¢ = 12, the crosspoints
comprising the connection release; (5) at ¢ = 18, the trunk release signal
is removed from the trunk, enabling voltage is removed from the trunk
number group, main anode voltage is re-applied to v2, and an ok signal
is sent through the switching number group connector to the switching
information dispatcher; (6) at { = 19, the trunk number group releases
and all circuits are back to normal.

OPERATIONAL TESTS

In addition to the tests described earlier, it was decided to check both
conductors of every path which could be set up, using the switching
network’s controls to connect and disconnect. Since there are 27 lines,
12 trunks, and three possible paths between each line and trunk, and
two conductors for each path, a total of 1944 connections were tested.
In testing all possible combinations as described here, any single portion
of the circuit is involved in a number of tests, giving a certain degree of

DISCONNECT
PULSE (DS)
ENABLE VOLTAGE (TNG)
SWITCHING | I I
SEQUENCE TRUNK RELEASE (TR)
CIRCUIT |
MAIN ANODE OF V2
OK SIGNAL =
TRUNK TRUNK MBER GROUP
NUMBER ik NY Y {
GROUP
SWITCHING Ki A
NETWORK TALKING PATH
PATH

0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
TIME IN MILLISECONDS

Fig. 12 — Release cycle.
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redundancy. Nevertheless, a full testing schedule was considered desir-
able in the present instance for two reasons: (1) the operate and hold
characteristics of crosspoints in a marginal case can be a function of how
they are combined (i.e., crosspoints @ and y could operate satisfactorily
in different paths, but fail to operate in a path which involved both of
them); and (2) a full test increased the likelihood of discovering any
incipient troubles. In testing a larger switching system by this method,
the total number of operations required and the degree of redundancy
associated with a full test would be excessive. In such a case the ideal test
would operate on a fully automatic basis and would follow an abbreviated
schedule which would test each element of the switching system the
desired number of operations only.

PERFORMANCE OF NETWORK AND CONTROLS

For forty-two months the switching network and controls were oper-
ated to gain information on reliability. The results of this operation are
summarized briefly on Fig. 13. The left column lists the major circuits
which required adjustment or replacement of elements. The second
and third columns, give, respectively, element replacements made as a
result of preventive maintenance and those made as a result of equip-
ment failures. Most of the germanium diodes which were replaced were
used as relay contact protection. Diodes used as logical combining ele-
ments have functioned reliably with no failures. Three means of im-
proving the situation regarding diodes used as contact protection are:
(1) install all diodes on plug-in mounts so preventive maintenance can
catch incipient troubles, (2) use a diode with a higher inverse voltage
rating, or (3) use resistance-capacitance contact protection. The ger-
manium diode failure rate diminished with time, indicating that we were
weeding out the weaker diodes. Early in the tests the diodes were trans-
ferred to plug-in mounts; therefore, most later diode replacements were
made as a result of routine maintenance tests without incurring circuit
failures.

Twenty-eight vacuum tubes were replaced during the tests. Ten were
replaced as a result of circuit failure while eighteen were replaced as a
result of routine tests. All of these vacuum tubes were used in the regu-
lated power supplies. To catch weak tubes before they produced failures,
the following monthly power supply regulation check was applied. With
80 per cent of the maximum rated load applied, the power supply out-
put voltage should not sag more than 3 per cent. If a power supply
passed this test, no further check was made. If it failed, tubes were
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Fig. 13 — Maintenance summary.

checked individually and replacements made as needed. Vacuum tube -
failures were the chief source of trouble requiring further design effort.

The higher degree of power reliability which would be necessary in a

commercial system could be achieved by (1) duplicate power supplies

with automatic switching to the spares, and (2) by designing individual

supplies to a higher order of reliability.

Early in the tests, we discovered that gas tube breakdown times were
longer and more erratic than desired. We know that all cold-cathode
tubes for their operation depend on a small residual ionization. In the
tubes we used, this ionization was provided by a small smear of radium
bromide in each tube. The ionization from this source alone proved in-
sufficient to assure stable sensitivities and breakdown times. Therefore,
we installed three line-type incandescent light sources of 60 watts each
behind the dividing strips of the bays. The resulting photo-ionization
produced very consistent tube performance.

Despite the troubles mentioned above, the overall reliability of the
switching network and controls has been very satisfactory. Examination
of our maintenance log reveals only 23 circuit failures in 42 months,
most of the failures occurring early in the test. In particular, the re-
liability of the cold cathode gas tubes, mercury relays and reed relays
has been outstanding. Where germanium diodes function in logic circuits,
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we have encountered no failures. The transistor lockout circuit which
performs the channel selection has operated throughout the period of
test without any transistor replacements.

CONCLUSION

The construction and testing of a 27-line, 12-trunk model of a telephone
switching network and its associated electronic control circuits and their
operation in the laboratory for over three years have demonstrated the
technical feasibility and the reliability of the basic design. On the basis
of 50,000 calls per busy hour and 57 per cent active time of the control
circuits, this network and its controls are fast enough to permit one-at-a-
time operation in a busy 10,000 line telephone exchange. In the design
of this skeletonized model, one of the objectives achieved was the use
of relatively simple components having practical tolerances. Although
the network and its controls were designed specifically for the DIAD
telephone system, these circuits are sufficiently flexible that they could
be adapted to other information handling systems such as digital com-
puters.
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AppPENDIX I
THE SWITCHING NETWORK AND ITS CONTROL

The switching network and mactors are shown on Fig. 14. The net-
work is laid out in standard 4-stage fashion except that the entire circuit
is skeletonized. Thus, a network which might contain 10,000 lines and
2,000 trunks in a large office is scaled down to contain 27 lines and 12
trunks. In Fig. 14 only one line frame and one trunk frame have been
shown. The other line frames and trunk frames would be similar to
those shown. The numbering of lines, switches and frames is such as to
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indicate the full-sized office on which the skeletonized model is based.
In the body of this article we described the operation in terms of a single
path through the switching network. Now we will see how this descrip-
tion applies when we consider the complete switching network.

As a specific example, let us assume a connection is desired between
the line appearing at VERTICAL 56 on SWITCH NO. 8 of LINE FRAME 13 and
the trunk appearing at VERTICAL 4 on SWITCH 15 of TRUNK FRAME 7. This
line and trunk appear near the top of Fig. 14. Leads involved in estab-
lishing and releasing a connection between this line and trunk have been
shown by heavy lines on Fig. 14.

At the bottom center of Fig. 14 there are leads which carry line
frame and trunk frame information on the basis of which the proper
mactor connector relays may be operated. In the example we are con-
sidering, the LF13 and TF7 leads would be energized, thus operating the
two mactor connector relays which are shown on Fig. 14. Their operation
associates the mactors with the B links extending between LINE FRAME
13 and TRUNK FRAME 7. Now let us examine the line frames and see how
the proper line terminal is marked. This is done by first applying en-
abling voltage to the idle A links of the desired switch and all other
switches having the same switch number, and then applying marking
voltage to the proper vertical number on all line primary switches. Since
both of these voltages are required to produce breakdown in the line
primary diodes, only diodes associated with the desired line or with
similar numbered lines on other line frames are broken down. Referring
again to Fig. 14, at the bottom center of the line frame are line switch
leads designated Ls 0, Ls 5, L8 8. In this case, the Ls 8 lead is energized,
resulting in the application of an enabling bias to the idle A links leading
out of line primary switches numbered 8 on all line frames. At the
bottom left of Fig. 14 are terminals designated Lv 56, Lv 09, and Lv 00. In
our present example, LV 56 has a marking voltage which is applied to
VERTICAL 56 on every line primary switch. However, since only the line
switches numbered 8 have enabling marks on their links, the vertical
mark is effective in breaking down only the crosspoint diodes associated
with VERTICAL 56 on LINE PRIMARY SWITCHES 8 of each line frame. At this
point, it should be noted that if any of the A links had been busy, the
voltage on the links would be determined primarily by the holding circuit
of the busy path (which has a low impedance) rather than the link
enabling voltage, which passes through a 100K link resistor. This link
voltage for busy paths is arranged to act as a bias which prevents the
breakdown of primary diodes. This same method of marking links busy
applies to the ¢ links.
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The foregoing paragraphs have described the process of marking the
idle line links. In the ensuing description, let us assume that all of these
links were found idle, and therefore were marked. The marks or voltage
shifts are passed on to the appropriate inlets of the various line secondary
switches of the line frames, here represented by Ls 1, Ls 4, and 1S 9
on LINE FRAME 13. '

It will be noted that the line side relay of the mactor connector pair,
when it operated, applied an enabling mark of —155v to the control
leads of the B links leading out of LINE FRAME 13 toward TRUNK LEAD 7.
Inter-frame links which go to other trunk frames or which come from
other line frames receive no enabling marks and hence cannot be marked
in the next step of the path tracing operation.

As a result of the marks appearing at the inlets of the line secondary
switches, plus the enabling marks applied by the mactor connector relay,
the secondary diodes which could be used in establishing the desired
line-to-trunk path are broken down. (Note that secondary diodes on
frames other than LINE FRAME 13 are not broken down because of the
absence of the —155v B link enabling signal.) The breakdown of second-
ary diodes on LINE FRAME 13 places path tracing marks on the corre-
sponding control leads which pass through the contacts of the left mactor
connector relay. These marks then proceed to the L terminals of the
various mactors. In this case, the marks from s 1, LS 4 and 1s 9 go,
respectively, to MACTORS 1, 4 and 9. This completes the path tracing and
marking operation for the line half of the connection.

The marking of the trunk half of the connection (again see Fig. 14)
is similar to the marking of the line half of the connection in general
prineiple but varies somewhat as to specific detail. First, all of the idle
¢ links are enabled by the application of +37v to the terminals marked
TSE on the TRUNK FRAMES. (Those ¢ links which are busy remain at a
voltage which is determined by the division of the -48v holding battery
in the busy paths.) Then a -85v trunk frame and vertical identifying
signal is applied to the terminal TFv 74 while a trunk switch identifying
signal of +130v is applied to terminal TS 15. As a result of these two sig-
nals, a trunk number group element shown at the top right of Fig. 14 is
selected and operated. The other elements have either no signals applied,
or a signal on one side only, and hence do not operate. The swiTcHING

SEQUENCE CIRCUIT then applies a “trunk connect” voltage of -178v to
~terminal Tc. This voltage is passed up the number group multiple,
through the connect contact of the operated number group relay, and
placed on the control lead of VERTICAL 4 of TRUNK PRIMARY SWITCH 15
onh TRUNK FRAME 7. The trunk connect voltage, in connection with the
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enabling voltage on idle ¢ links, results in the breakdown of all primary
switch diodes connecting between the marked trunk and the enabled
links. The breakdown of these diodes places a voltage shift, or mark, on
the idle links connecting TRUNK PRIMARY SWITCH 15 to the various trunk
secondary switches of TRUNK ¥RAME 7. For purposes of further descrip-
tion, we will assume that all of the ¢ links extending from TRUNK PRIMARY
swrrcH 15 to trunk secondary switches of TRUNK FRAME 7 were idle and
hence received path tracing marks.

We will leave the path tracing marks for the time being and consider
what is happening on the trunk side of the mactors and mactor con-
nectors. It will be recalled that a pair of mactor connector relays has
operated. The contacts on the trunk side mactor connector relay extend
control leads from the trunk secondary switches of TRUNK FRAME 7 to
the mactors. The control leads which are thus extended are those asso-
ciated with the B links going from TRUNK FRAME 7 {0 LINE FRAME 13, the
frames on which the desired trunk and line appear. The control leads
are carried to the T, and T, terminals of the various mactors. In this par-
ticular case, the control leads from TRUNK SECONDARY SWITCHES 1, 4 and
9 are associated with MAcTORS 1, 4 and 9 respectively. By means of an
idle-test circuit which is a part of each mactor, the mactors examine
the voltages on their T: terminals. Voltages of approximately —24 volts
at these points represent busy B links and prevent the idle-test circuits
from funetioning, while ground voltages represent idle paths and trigger
the idle-test circuits. Assuming that each of the B links under test was
found to be idle, each mactor idle-test circuit applies an enabling mark
of +107v to its T and T» terminals. These enabling marks travel back
over the mactor connector multiple and through the contacts on the
mactor connector relay to reach the control terminals of the appropriate
links leading from TRUNK SECONDARY SWITCHES 1, 4 and 9. These en-
abling marks, in connection with the path tracing marks which earlier
were placed on the c¢ links, cause breakdown of the trunk secondary
diodes of the crosspoints which receive both of these signals. The break-
down of these trunk secondary diodes extends the idle-path tracing
marks to the 1, terminals of the mactors. In the case we are considering,
the marks from T8 1, TS 4, and TS 9 are received on the T, terminals of
MACTORS 1, 4 and 9, respectively.

The maclors at this point have idle-path tracing marks on their 1,
terminals and also on their 1, terminals. Each mactor performs a match
of these two marking voltages and thereby indicates the idle or busy
status of the corresponding path between the desired line and trunk.
Assuming that the match indicates the path to be idle, each mactor
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energizes its portion of the common transistor lockout circuit. The
lockout circuit is designed so that only one transistor can remain in the
conducting state. In this case, we will assume that it is the transistor in
MACTOR 9 which conducts and selects the path, and that Macrors 4 and
1 are locked out. macTOR 9 then shorts out resistance in series with its
1; and Ty terminals, thereby operating the 4 reed-diode crosspoints in its
associated line to trunk path. The operated path is the one running
across the top of Fig. 14 whose central link extends between LINE SEC-
ONDARY SWITCH 9 and TRUNK SECONDARY swITcH 9. The operation of the
various crosspoint relays comprising this path establishes a metallic
holding path between ground on the line end of the connection and
—48v on the trunk end of the connection. The various enabling and
marking voltages which were applied to the switching network by the
switching sequence and number group circuits are now removed.
Removal of these voltages causes the various gas tubes shown on Fig,.
14 to de-ionize and restore to normal, while the newly operated path
remains locked up to the —4sv battery.

When it is desired to release the connection after the conversation is
completed, the trunk number group is operated. Referring to Fig. 14,
the trunk to be released is selected by the application of —85v to terminal
TFV 74 and +130v to terminal 7s 15. These two voltages opcrate a trunk
number group element shown at the top right of Fig. 14. Then the
switching sequence circuit grounds the Tr lead and this ground is passed
up the number group multiple, through a contact on the operated
number group element, and onto the sleeve lead of the trunk. Ground
appearing on the sleeve lead reduces the holding voltage to zero, and the
crosspoint relays comprising the path release, freeing the crosspoints
and links involved for subsequent use. Ground is now removed from the
TR terminal, and the —-85v and +130v signals are removed from terminals
TFV 74 and TS 15, respectively. The previously operated trunk number
group element releases, and at this point the entire switching network
and controls are back in the original state.

AprpPENDIX IT
Mactor Operating Cycle |

The mactor operating cycle may be followed by referring to Fig. 15.
The sequence is as follows:

(1) Anode and cathode enabling voltages of +130v, ground, and -178v
are applied by the switching sequence circuit to terminals AE 1, AE 2, and
CE 1, respectively.
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(2) Through the operation of the appropriate mactor connector the
L1 terminal, and the T, and T, terminals are associated with control leads
from the line frame and trunk frame, respectively, of one of the B links
which could be used for the desired connection.

(3) If a particular B link is busy, a potential of about —24v appears
on T¢, and hence on the control grid (ca) of vi, preventing transfer of
the discharge to the main cathode-anode gap (Mc-mA); however, assum-
ing the B link to be idle, ground potential appears on cg via T; , causing
the transfer of discharge in v1 to the Mc-maA gap and causing the operation
of relay 11.

(4) Operation of relay v1 applies +107v to terminals Ty and T» to enable
the control leads associated with the trunk side of the B link and also
extends the connection from terminal r; down to the start anode, sa, of
ve.
(5) Assuming the line half of the path through the switching network
to be idle, a path tracing mark of 0 volts (nominal) appears at the
normally negative start anode, sa, of v2, initiating a discharge from
this electrode to the main cathode, mc.

(6) Discharge in v2 shifts to the main gap (mc-maA), thus operating
relay Le.

(7) Operation of relay 12 applies —36v to the main cathode of v4 and
also extends the control terminal, Ty, to the start cathode, sc, of v4.

(8) Assuming the trunk half of the path through the swiTcHING NET-
woRK to be idle, a path tracing mark of —48v (nominal) appears at
terminal, T, , whence it is connected to the start cathode, sc, of v4.

(9) The appearance of —48v on the start cathode, sc, in conjunction
with the +130v on the start anode, sa, causes the start gap of va to
break down.

(10) With the start gap broken down, the discharge in v4 transfers to
the main cathode-to-anode gap (Mc-mA), operating relay 14,

(11) Operation of relay 14 sends the switching sequence circuit a
“match” signal of +107v via the terminal labeled ms, to indicate that the
mactor has found its complete line-to-trunk path idle; operation of 14
also places the mactor’s transistor in lockout competition with those in
other Mactors by energizing the collector of the transistor with —67v.

(12) Assuming that this transistor wins the lockout competition, it
will go to the high current condition, and, in doing so, will produce in
the common lockout resistor a voltage drop which will prevent transis-
tors in other mactors from reaching the high current condition.

(13) The high current condition produces a negative voltage at the
base, b, of the transistor, which negative voltage is passed to the start
cathode, sc, of v3, initiating discharge in its start gap (sc-sa).
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(14) Discharge in v3 transfers to the main gap (mc-m4a), operating
relay 13.

(15) Operation of L3 increases the current and causes the crosspoint
relays to operate in the line and trunk halves of the selected path through
the switching network. .

(16) Previously applied enabling voltages appearing at terminals
AE 1, AE 2, and cE 1 are removed from the mactor by the switching
sequence circuit, interrupting discharges in tubes vi, v2, and v3 and re-
leasing relays 11, 1.2 and 13.

(17) Release of 12 interrupts discharge in v4 by removing voltage from
its main cathode, mc, while simultaneously causing relay 14 to release.

(18) During the release of the various relays, the nE-2 cold-cathode
diodes absorb some of the inductively stored energy, thus limiting the
magnitude of voltage transients.

(19) After a deionization time of a few milliseconds, the entire mactor
is again in its normal state and ready to function on a new call.

(20) Because the connection which was just established remains held
up over the sleeve lead’s series metallic path, it requires no further
servicing from the mactor.

AprpENnDIX III
DETAILED DESCRIPTION OF SWITCHING SEQUENCE CIRCUIT

Connect Cycle

Refer to Fig. 16, which shows the SWITCHING SEQUENCE CIRCUIT.
On “connect” the voltage on the Es lead rises abruptly from approxi-
mately +100v to +150v. This causes the control anode of tube v1 to rise
momentarily from ground to +50v. Thereupon, vi1 fires, conduction trans-
fers to its main gap, and the two mercury contact relays L1 and 12 operate.
However, before 11 and 1.2 operate, the switching number group con-
nector operates and applies the appropriate signals to the information
leads of the number group. The operation of L1: (a) enables all the trunk
primary switches by applying +37v to the idle ¢ links over the TsE lead,
and (b) enables the line and trunk number group decoding tubes of the
switching number group circuit by applying +200v to their main anodes
over the LNG and T~G leads. Relay 12 applies —178v, +130v and ground
to the mactors, +130v to the time-out tube (v3) and +130v to the match
tube (v4) and —178v connect mark (rc) to the trunk frames.

If there is at least one idle path available, the mactor or mactors so
indicate by applying +107v to the ms lead of the switching sequence
circuit. This voltage fires the match tube, v4, which operates relay 14.
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When relay 14 operates, it removes the +200v from the main anode of
vt and at the same time starts the charging of condenser c¢ through
resistance r15. Tube v1 stops conducting and relays r1 and 1.2 release. In
releasing, these relays remove the +37v and -178v connect marks from
the trunk frames, remove +200v from the switching number group
circuit, remove -178v, ground and +130v from the mactors and remove
+130v from tubes v3 and v4. During the approximately 7 milliseconds
required to operate relay 14 and release relays L1 and 12, the crosspoint
relays of the talking path are being operated.

After the switching number group and mactors are disabled and all
the “connect” voltages are removed from the switching network, the
connection is held up between —48v and ground via the sleeve lead.
After relay L2 releases, relay 14 releases, thereby restoring +200v to the
main anode of vi. At the same time condenser c¢6, which had become
charged between +150v and —-85v (to a total EmF of 235 volts), is dis-
charged through gas diode v7. This discharge current develops a negative
voltage pulse across resistance r17 about 60 volts in peak amplitude and
approximately 0.3 millisecond in duration. Thus, the voltage on the ox
lead drops momentarily from +150v to 490v, and this voltage shift is
transmitted via the switching number group connector to the DIAD
circuits, indicating that the connection called for has been made and
that the switching sequence circuit is back to normal and ready to handle
another connect or release.

It is recognized that the match (ms) signal does not furnish a positive
check that the path has been closed through from line to trunk. How-
ever, since this can be verified later as a part of supervision, it was felt
the extra time and increased circuit complexity required to make a
positive determination that tip and ring are connected through the
switching network was not justified.

In connection with the circuit for generating the match signal, it
should be noted that one of the purposes of resistance ri6 is to prevent
tube v7 from firing when the contacts of mercury relay 14 are “bunched”
on operate. (The voltage, being divided between resistances ri5 and
RI16, is not high enough across ri6 to break down v7, which has a nominal
breakdown of 18ov.) Also, ri6 completes the discharge of c6 after its
potential has dropped below the sustain voltage of v7.

If no complete idle path is available between the line and trunk in
question, none of the mactors will be fully operated; that is, none of the
L4 relays in the mactors will be operated. Thus, no match signal will be
sent out by the mactors and condenser c2 in the switching sequence
circuit will continue to charge toward +130v through the series-parallel



396 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1955

combination of r5, &6, z2, and 23 until the potential across c2 reaches the
breakdown voltage of the control gap of vs. This occurs about 25 milli-
seconds after the appearance of the &s signal. v3 fires, conducts in its
main gap and relay 15 operates to perform in the same way as did relay
14 to restore the number group circuit, mactors, and switching network
to normal and release relays r1 and 12. Relay 15 also initiates the charg-
ing of condenser ¢3 through resistance rs. Relay 12 in releasing removes
voltage from v3, allowing it to de-ionize and relay 15 to release. When
15 releases, condenser ¢3 discharges through gas diode vs and a 6ov (nega-
tive) pulse similar to the ox signal appears on the BLock lead to indicate
that the connection called for was not made. At the same time, voltage
is restored to the main anode of tube vi and the switching sequence
circuit is thus ready to accept another connect or release signal. While
relay 15 is releasing, condenser c2 is discharged through resistance r4
and the series-parallel combination of rs, r6, z2 and z3.

When the Es signal is removed, that is, the voltage on the Es lead
drops abruptly from +150v to +100v, condenser c1 is discharged rapidly
due to the low forward conducting resistance of the germanium varistor
z1 in parallel with resistance ri.

The two small gas diodes vs and vo which are connected in series
across relays n1 and 12 have a nominal breakdown of 9ov and are em-
ployed to limit the inductive voltage developed by the windings of these
relays on release, without substantially increasing the relay operate or
release time.

Release Cycle

The indication that a connection through the switching network is to
be released is an abrupt rise in voltage on the ps lead from its normal
potential of +100v to +150v. This abrupt rise fires gas tube v2 which
operates relay 3. Relay 13 (a) applics +200v to the trunk number group
and (b) operates relay L6. Before the contacts of relay 16 close, however,
the trunk number group functions and the number group element cor-
responding to the trunk in question is operated. Then relay 16 applies re-
lease ground (via a contact on the trunk number group element) to the
trunk sleeve terminal. This reduces the holding voltage on the control
path of the connection through the switching network to zero, causing
the crosspoint relays to release.

The operation of relay 16 also starts the charging of condenser cs
through resistance r23, and interrupts operating current to tube v2 and
relay 13. When 13 releases it de-energizes 16 and removes a connection of
+200v from the trunk number group. (However, the trunk number
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group is still receiving +200v through 16.) Relay 16 in releasing: (a) re-
moves release ground from the trunk control terminal, (b) removes
+200v from the trunk number group, (¢) restores main anode voltage to
tube vz (which meanwhile has become de-ionized) and (d) allows con-
denser ¢5 to discharge through gas diode vé and produce a 60v negative
pulse on the ok lead in the same way that the ‘“connect” ox pulse is
generated. About a millisecond following the ox pulse, the trunk number
group releases. However, the switching sequence circuit is ready to
handle another connect or release just as soon as the ox pulse appears,
since the trunk number group is restored to normal before any of the
relays L1, 12 or 13 could be re-operated on a subsequent Es or ps signal.

The sequence of operation in applying and removing the release
ground is designed so that the relatively heavy release current (100 ma)
is established and interrupted with mercury contacts instead of reed
contacts of the trunk number group element. The release ground is held
on the trunk for sufficient time to insure the release of the switching path
crosspoint relays.

As in the case of a connect, no positive check of the release of the path
is made and for much the same reasons.

The gas diode vio (nominal breakdown gov) limits the inductive
voltage surge from the winding of relay 16 without substantially in-
creasing either its operate or release time.

ArpEnDIX 1V

DETAILED DESCRIPTION OF SWITCHING
NUMBER GROUP CIRCUIT

Decoding »

The decoding is accomplished by means of varistor-resistor networks
and sensitive cold-cathode gas triodes. For an example, let us look at the
Fig. 17, where the line vertical units digit of our skeletonized version is
represented by the 1.ve, Lva and Lv7 leads (5 would be required for a full
digit Lvo, Lv1, Lv2, Lv4, and Lv7). Let us assume that the Lvz and Lv4
leads are at +150v, while the nv7 lead is at +100v. Furthermore, let us
note the following circuit conditions: (a) the backward resistance of the
varistors z3, z4, ete. is greater than 100,000 ohms, (b) the forward resist-
ance of the varistors is less than 1,000 ohms, (c¢) the resistance of the
resistors B3, R4, ete., is 0.5 megohm == 5 per cent, (d) the breakdown
voltage of the control gap of the gas triodes Lvo, Lv6, and Lvo varies from
62 to 89 volts, (e) the impedance of each source supplying voltage to the
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information leads is approximately 5,000 ohms, and (f) the bias voltage
on the gas triodes is +50v = 3 per cent. Under the foregoing conditions,
the control anode of tube Lve will rise to a potential sufficient to fire the
control gap of Lve, while the control anodes of Lvo and Lvo will remain
below the potential required to fire their control gaps. While we have
supplied only three input leads and three output digits in our skeletonized
number group, the circuit operating margins are very satisfactory with a
fully equipped digit, i.e., one with five input leads and ten outputs.

It will be noted in Fig. 17 that not all of the information was coded; as
for example, the line vertical tens 0 and 5 (LvTo and LvTs). Since only two
numbers out of the possible ten of a digit were actually provided, it was
more convenient to fire the number group tens digit tubes (such as LvTo
and Lvts) directly from the +150v on one of the two information leads
and omit the decoding network. This arrangement does not detract from
the test value of the overall cireuit, since the decoding network is being
tested adequately in places where three numbers out of a possible ten
are used.

Selection

As we have stated before, one of the functions of the number group
circuits is to provide a means for selecting and marking the various points
in the switching network. These selection circuits: line vertical, line
switch, trunk, and mactor connector, are, in effect, digit combining cir-
cuits. The line vertical number group, for example, combines tens and
units digit information to select one out of a possible 70 line primary ver-
ticals which might be provided in a full-sized office. Referring again to
Fig. 17, let us assume that the signals on the information leads correspond
to Lvo9. This means that leads LvTo, Lv2, and Lv7 will carry +150v, and
leads Lvrs and Lva will carry +100v. These voltages fire the start gaps of
tubes Lvro and Lve. When -+200v is applied to the LxaG lead by the switch-
ing sequence circuit, these tubes will transfer, conduct in their main gaps,
and operate the reed-contact relays in their respective cathode circuits.
Observe that the anode transfer current for digit tube r.v9 is conducted
through resistors r3 and r4 and varistors z3 and z4 effectively in parallel,
with the varistors conducting in the backward direction. The circuit has
been designed so that each start gap, when fired, receives sufficient cur-
rent to insure anode transfer, even if the reverse resistance of the varis-
tors is infinite. Relay Lve applies +130v to the positive side of the Lvog
vertical number group element which consists of a diode and reed relay
in series. This diode and relay are identical with those used as crosspoint
elements in the switching network. Relay Lvro applies —85v to the nega-



A TELEPHONE SWITCHING NETWORK AND ITS ELECTRONIC CONTROLS 399

tive side of both the voo and voe vertical number group elements. The
breakdown potential of the diodes is 180v -t 20v; hence, the only tube
which receives sufficient voltage to fire is Lvos. When Lvoy’s associated
reed relay operates, it applies the +130v connect mark on all the line
primary switches in the switching network.

The line switch number group operates in the same manner as the line
vertical number group. It selects a line primary switch and applies a
-85v mark to the control leads of all the outlets of that switch. Instead
of marking only one switch on one frame, however, it marks the same
numbered switch on all of the line frames. For instance, if the informa-
tion leads say that the switch in question is Lp8 of LINE FRAME 13, the
mark is applied to the idle A links of n.ps switches on all of the line frames.

The trunk number group is a four digit selection circuit in which the
two digits, trunk-switch tens and trunk-switch units, are combined to
select one out of a group of 20 tubes (one out of three in our skeleton
version), each of which corresponds to a particular trunk switch. Also the
two digits, trunk frame and trunk vertical, are combined to select one
out of a group of 100 tubes (one out of 4 in the skeletonized circuit), each
of which corresponds to a particular vertical on a particular trunk frame.
Then these two primary selection groups of 20 and 100 are combined to
select one out of 2,000 trunk number group elements (one of 12 in the
laboratory model). Each trunk number group element corresponds to a
particular vertical on a particular switch on a particular trunk frame. On
a connect, this trunk number group element puts a -178v mark on the
control lead of the particular trunk appearance. On a release, a ground
release mark is applied to the control lead of the trunk appearance, as
described in the operation of the switching network.

In the setting up of a connection, a mactor connector is used to connect
the mactors to the line and trunk control leads of the unique group of
channels or alternate paths between the line frame and the trunk frame
on which the line and trunk in question appear. There is a mactor con-
nector for the group of paths from each line frame to each trunk frame.
Tor instance, in a large system having 20 line frames and 10 trunk frames,
there would be 200 such mactor connectors, while in the laboratory ver-
sion, there are 3 X 2 or 6. The relays and the diode comprising one con-
nector are in series. One relay and the diode are mounted on the trunk
frame, while the other relay is mounted on the line frame.

As indicated in Fig. 17, the proper mactor connector isselected by com-
bining line frame and trunk frame information in a manner similar to that
employed in the other selecting circuits in the number group. Suppose
we desire to connect a line on LINE FRAME 13 to a trunk on TRUNK FRAME
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2. We see that relay Lri3 applies +130v to a mactor connector appearance
on TRUNK FRAME 2 and to a connector appearance on TRUNK FRAME 7,
while relay Tr2 applies -85v to a mactor connector on each of the three
line frames. The connectors and their diodes function as a combining
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matrix; only one connector receives both voltages which are required to
fire its gas diode and operate its relays.

When the +200v is removed from the LG and TG terminals by the
switching sequence circuit, the main gaps of the conducting tubes in the
number group circuit are extinguished and the relays which had been
operated are released. The only portions of the circuit remaining “on”
are the control gaps of those digital tubes which had been originally
ionized directly from the signals on the information leads. When the
information signals are removed (the potential on all the information
leads is returned to +100v), the control gaps of the digital tubes are ex-
tinguished and the switching number group circuit is restored to normal.

It will be noted that all of the selections, whether they are 2, 3 or 4
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digit, are made with nothing more complicated than gas diodes and
triodes and reed-contact relays. In general, a selection of one out of any
number can be made in this same fashion with the same simple elements,
by breaking up the number into groups of digits and combining them
in one or more stages as illustrated in the foregoing paragraphs. The gas
diodes, triodes, and reed relays which perform the selection can have
wide tolerances on their characteristics which means that inexpensive
elements can be employed.

AprpENDIX V
POWER SUPPLIES

The power voltages used in the switching network, number group and
switching sequence circuits are: —178, —155, —85, —67, —48, —36,
—24, —12, 437, +50, +107, 4130, 4150, and +200. Of these, the
—67 volts is obtained by a tap on the —85-volt supply, the —36, —24,
and —12 by taps on the —48-volt supply, and the +37 by a tap on the
+50-volt supply. These taps consist simply of resistance divider circuits
with an adequate capacitive by-pass to ground. The -+-150-volt supply
is associated only with the generation of an ox or Brock pulse for trans-
mission from the switching sequence circuit to the switching information
section of the DIAD. Since the switching information section of the
DIAD uses +150 volts also, no separate source is provided on the
switching bays. This leaves eight separate power supplies to consider.
One of these, the —48-volt supply, is a heavy-duty, regulated rectifier
in our laboratory model; however, all of the circuit design has been
based on the use of standard —48-volt office battery with limits of 44
to 50 volts. The other seven supplies are small-capacity regulated
rectifiers. These supplies are assumed to have a variation in output
voltage due to all causes of £3 per cent. Because of the one-at-a-time
nature of the control, the peak load on the power supplies does not in-
crease as the size of the office increases, so that the present supplies have
sufficient capacity to handle the largest presently used switching net-
works. The one exception to this statement occurs in the case of the
—48-volt supply which is used for holding the path operated and to
supply talking battery. The loads due to these two functions have peaks
which are directly proportional to the number of simultaneous con-
versations. It should be mentioned, however, that the holding power for
the reed-diode switching network is only one-half watt per path for the
four stages.



Signal-Detection Studies, with
Applications

By E. L. KAPLAN
(Manuscript received October 10, 1954)

Curves are given relating the probability 8 of detection of a signal in noise
to the signal-to-noise power-ratio S/N, to the proportion a of false detections
that can be tolerated, and to the time available (more specifically, to the
number m of independent squared samples of the envelope of the filter output
that are averaged in making a single attempt at detection). For the curves,
three types of sinusoidal signals are assumed, according as the amplitude is
constant, varies at random very slowly (fading), or varies as rapidly as the
Jiltered novse itself. The second case is of course very unfavorable for reliable
detection, and the third is also if one s limited to one or two sample points.
The curves are applied to problems of optimizing radar parameters such as
pulse energy, scan rale, averaging time, efc.

The Appendix gives the mathematical background for the foregoing and
then proceeds to consider additional types of signal (dc and arbilrary
Gaussian) and methods of detection (failure to rectify or take the envelope,
counting of samples above a threshold, and averaging by continuous integra-
tion).

1. INTRODUCTION

The word detection suggests a decision between just two alternatives:
either a signal was transmitted, or it was not. Typically, however, such
decisions are made repeatedly at short intervals of time, with the effect
that a multiplicity of possibilities are involved, namely the time intervals
in which signals are received, and perhaps also the carrier frequencies at
which they are transmitted. In radar and sonar systems, rotating direc-
tional receivers map one, two, or three dimensions of space upon the
time axis, so that the observation of time is translatable into an observa-
tion of position. In these applications, of course, the received signal is a
reflection of one transmitted by the observer, and the aircraft or other
object to be detected is not attempting to communicate with the ob-
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server. Telegraphy and PCM are applications in which the signals do
represent attempts to communicate. In all cases, random noise is present,
and will hide signals whose intensity is sufficiently low.

If the bandwidth of the noise accompanying the signal is considerably
larger than that of the signal, the best practical procedure is well known
to be to pass the signal-plus-noise through a bandpass filter whose band-
width approximates the larger of the following: (a) The bandwidth of
the signal. (b) The reciprocal of the time available for detecting the
signal.! If the frequency of the signal is not known in advance, one of
course moves the pass-band of the filter up and down the frequency scale
and thus searches for the signal in frequency as well as in time; the pres-
ent discussion applies equally well to this case.

In this way much of the noise may be eliminated, but that is not the
end of the problem. Some noise still gets through. However, the presence
of a signal may be expected to produce an increase in the magnitude of
the rectified output. The purpose of this discussion is to indicate how
great this increase should be required to be before one decides a signal is
present, to draw conclusions therefrom regarding optimum procedures,
and to illustrate the great importance of the nature of the signal and the
method of detection. For simplicity, square-law rectification is assumed;
it is known that linear rectification does not give very different results.?
The noise, and in some cases the signal also, is assumed to be Gaussian.

We assume the following detection procedure, which may apply liter-
ally or else be approximately equivalent to that used in a physical system
(e.g., averaging by continuous integration, as in Section 15; or by a
human observer, or a phosphor). The rectified output is sampled at m
different instants of time,® which are far enough apart so that the values
of the noise are effectively independent (uncorrelated). If the average
output at these m instants exceeds the average noise level N by an
amount kN or more, we decide that a signal is present; if not, we decide
no signal is present. For simplicity, the value of N is assumed to be
known as the result of past observation; since this is only approximately
true in practice, the results will somewhat exaggerate the effectiveness
of the detection procedure, especially for large values of m and low signal
strengths. Another assumption made in calculating the curves is that if

1 Alternative (b) is superfluous if, in determining the bandwidth, the signal is
defined to be zero outside the time interval within which it is available for analy-
o M. Schwartz in his Harvard (1951) dissertation, ‘“A Statistical Approach to
the Automatic Search Problem,”’ finds agreement to within 0.2 db.

3 This assumes a narrow-band output whose envelope is sampled; if no en-

velope is obtained, the number of samples is denoted by 2m. The point will be dis-
cussed below.
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a signal is present at all, it is present at each of the m instants sampled;
the methods for removing this assumption are discussed later.

It is well known (and shown in Section 5) that the averaging after rec-
tification described above does not fully compensate for a filter whose
passband is too wide; but when the filter has been made as selective as it
can or should be, the post-rectification averaging, when it is possible,
gives a further increase in sensitivity.

In practice many of these averages must be formed, and many deci-
sions made, corresponding to the search for the signal in time and
possibly also in frequency and in geometrical position (e.g., radar detec-
tion of an airplane). The probability (for any one average or any one
decision) of deciding that a signal is present is denoted by B or « accord-
ing as the signal is actually present or not. Thus « is the proportion of
false alarms among the total number of averages containing no signal,
while 8 is the proportion of valid detections among all those averages
that do contain the signal. A detection is considered valid only if it is
associated with the average, or one of the averages, in which the signal
actually occurs. The average time between decisions divided by « gives
the average time between false alarms (in case the signal is usually
absent).

The problem could now be formulated thus: to calculate the values of
I and B corresponding to given values of m, «, and the signal-to-noise
power-ratio S/N. Actually it has been convenient to regard m and S/N
as the principal variables, and so to plot their relationship for a few
different values of 8 and a. The number k depends only on m and «, and
is numerically equal to the S/N values (rnot measured in db) given by the
curves for 8 = 0.50 in Fig. 1. (These curves should be rigorously correct
for k, whereas their use for S/N involves an approximation as discussed
below.)

2. THE THREE TYPES OF SIGNAL AND EXPLANATION OF THE GRAPHS

Three kinds of signal are considered: (1) Steady sinusoid. (2) Fading
sinusoid. (3) Noise-like signal. All of these are in a sense special cases,
but other signals will generally be of some type intermediate to these.

Cases 1 and 2 are alike in that for both it is assumed that the m signal
amplitudes occurring in an average are identical, whereas in Case 3 these
m amplitudes are assumed to be independent random variables, just as
the corresponding noise values are.

Cases 1 and 2 differ in that in Case 1 the signal-to-noise ratio S/N
refers to the instantaneous signal power received, while in Case 2, S/N
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Fig. 1 — Signal-to-noise ratio required for detection of steady sinusoidal sig-
nal.

refers to a long-term average of the signal power, which may be either
greater or less than the instantaneous power. Thus the signal amplitude
in Case 2 is a random variable, but one that does not change much during
the period of time that is averaged over. The Rayleigh or circular Gaus-
sian distribution has been assumed for the signal amplitude, correspond-
ing to a Gaussian signal. For the signal power, this becomes the exponen-
tial distribution.

The pulses of carrier used in communication, and possibly the radar
return from a fixed object, can be considered as steady sinusoids (Case 1).
The radar return from an airplane belongs to Cases 2 or 3 or intermediate
cases, since the phase relations of the returns from different parts of the
airplane change by different amounts as the aspect of the airplane
changes. Case 2 may arise in at least three ways:

(a) The signal as generated may be Gaussian and have a very narrow
but non-zero bandwidth; i.e., its Nyquist interval may be as large as, or
larger than, the averaging time employed.

(b) The signal may consist of several sinusoids of slightly different
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frequencies beating against one another. If there are reflecting surfaces
involved and the source of the signal, the observer, and the reflecting
surfaces have any relative motion, the same phenomenon of beats occurs
even with a single sinusoid, whenever multiple paths for its transmission
exist. Interference between radar reflections from an airplane and from
its image in the sea surface is a familiar example.

(¢) Even if the signal in each instance is a steady sinusoid, one may
still have to regard the collection of amplitudes encountered on different
occasions as values of a random variable. Thus, since various airplanes
have different speeds and radar cross-sections and are detected at differ-
ent ranges, the strengths of their radar returns will differ accordingly.
Another example is provided by the interference between direct and
reflected signals in the absence of any relative motion among the signal
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source, the observer, and the reflecting surface. Then the signal strength
may be constant with time, but it will still be a random variable depend-
ing on the positions that the source and the observer happen to occupy.

The exponential distribution of signal power assumed in the present
treatment of Case 2 is theoretically exact for situation (a) above, and
possibly as good as one can do for situation (b). In situation (c¢) the proper
distribution may be quite different, though its effect should be qualita-
tively similar.

In all cases the S/N value is defined as if the signal were continuously
present; i.e., it does not depend on the duration of the signal. In Case 1,
S is the peak signal power, while in Case 2 it is the average of the various
possible peak signal powers. In Case 3, S might be described as the peak
value of the statistical expectation of the power.

Curves of S/N versus m are given for the three cases in Tigs. 1 to 3
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respectively, for @« = 107° (dotted lines) and 107° (solid lines) and three
values of 8. In Fig. 4 one curve from each of the other figures is repro-
duced for comparison, and also one new curve (the broken line) to be
discussed in Section 6. Curves for 8 = 90 per cent may be interpolated
in Figure 1 (and in Fig. 3 when m = 10) at about 0.58 of the distance
from the curve for 8 = 50 per cent toward the curve for 8 = 99 per cent.
This may be done by eye, or namerically with S/N expressed in decibels.
The curves for 8 = 1 per cent on Figure 1 are probably of low accuracy.

These same three cases are also considered (for somewhat different
values of the parameters) by M. Schwartz in his dissertation cited previ-
ously, and by J. I. Marcum and P. Swerling in their work at the Rand
Corporation.

The curve in the lower left corner of Fig. 1 shows the relation

S/N =24™ — 1
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that would exist between S/N and m if the maximum information-carry-
ing capacity of the system were utilized. The maximum capacity is
(1/2m) bit per Nyquist interval (1/2W; see next Section), achieved by
having the signal present with an independent probability of 1/2 in each
average of m samples. According to C. E. Shannon’s theorem,’ the maxi-
mum capacity in terms of S/N islogs(1 4 S/N)"* bits per Nyquist inter-
val. When m is large (or equivalently, S/N small), the relation is S/N
= (log:2)/m.

3. DETAILS: DC SIGNALS, ENVELOPES, ETC.

This section discusses various other cases of less importance than the
three defined in the preceding section; namely, dc signals, low-pass and
broadband filters, the relations between instantaneous values and the
envelope, and the distinetion between narrow-band noise and a noise-
modulated carrier. The first three topics are intimately connected; just
as sinusoidal (ac) signals, narrow-band filters, and envelopes naturally
go together (Sections 1 and 2), so are dc signals, low-pass filters, and
instantaneous samples usually associated.

The optimum detection of a de signal, given independent samples, is
trivially easy. No filter is needed, and rectification is undesirable, as
shown by the two lowest curves on Fig. 4. The lowest curve, labelled
‘“steady de,” is obtained by the optimum procedure of taking the simple
average of the unrectified sample values, some of which may be negative.
If the squared values are averaged, the curve will coincide with the next
higher curve, labelled “steady sinusoid,” as shown later in connection
with equations (13b) and (13¢). The “fading d¢’’ signal is one which is
constant during each detection but has a Gaussian distribution of mean
zero from detection to detection. Although it is the worst curve on the
figure, quadratic averaging would make it still poorer. [On the other
hand, (12¢) shows that rectification is as indispensable for the detection
of a lowpass noise-like signal as for any other rapidly oscillating signal.]
Both of the de curves are straight lines of 45° inclination, and for them
the number of samples is not m but 2m. This adjustment keeps the total
time the same, and in the case of quadratic averaging produces complete
equivalence between the de and the sinusoidal signal, as shown in Section
13. The simple formulas applying to the averaging of unrectified dc
signals are given later as equations (12a) to (12¢).

If a filter is used in detecting a dec signal, it must be of the low-pass

4+ B.S.T.J., 27, pp. 379-423, 623-656, 1948. Proc. Inst. Radio Eng. 37, pp. 10~

21, 1949. Mathematical Theory of Communication (with Warren Weaver).
Univ. Illinois Press, 1949.
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type,’ and its effect is not essentially different from that of the assumed
averaging of m sample values. In detecting an ac signal, a narrow-band
filter is decidedly preferable to a low pass because it eliminates more
noise; but it also has the effect of permitting the (squared) envelope of
the filter output to be obtained, provided the frequencies contained in
this output are confined to a range of less than 3 to 1. In this case the
output of the square-law rectifier will. contain two separate bands of
frequencies of equal widths which (given a reasonable separation between
them) can be separated by another filtration. The lower frequency-band
is usually the only one that is wanted, and it gives half the square of the
envelope of the output of the first filter. If the frequency range of the
first filter output is 3 to 1 or more, the envelope is still susceptible of a
theoretical definition but it cannot be isolated so easily and is then a
somewhat artificial concept.

The general effect of a second filtration after rectification of an ac sig-
nal, whether or not the envelope is actually obtained, is to increase the
reliability of a singleé sample, without necessarily having a marked effect
on an average over a long (fixed) period of time. The elimination of the
sinusoidal component resulting from the signal, and having double its
original frequency, is perhaps the main object. If this is not done, it will
be necessary to do considerable averaging to eliminate the possibility of
missing the signal because of sampling it at its troughs. In this respect
instantaneous sampling of a sinusoidal signal is qualitatively similar to
the various cases of the sampling of the noise-like signal.

The properties of the envelope will now be considered. Let n(t) and
ny(t) be Gaussian noises containing no radian frequency above «/2.
Then the spectrum of

n(t) = ni(t) cos Q + no(t) sin Qf (3a)

is limited to the interval @ — w/2, @ -+ /2. Conversely, consideration
of the Fourier transform of n(t) shows® that any (stationary) noise whose
spectrum is limited to @ & w/2 can be expressed in the form (3a). It is
found furthermore that

Eny()ni(w) = Eny(t)ng(u) = j:o P(\) cos (A — @t —w)dh (3b)

Eni()n.(u) = —Eni(w)ns(t) = fo ) P(\) sin (A — Q¢ — u) dA

5 This may not be true in a rigorous sense. If indefinitely prolonged dec signals
are not encountered, a cut-off at a sufficiently low frequency is permissible.
6 For example, see S. O. Rice, B.S.T.J., 24, pp. 46-156, 1945, Section 3.7.
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where P()\) is the power per radian/sec. for frequencies in n(f) whose
absolute values are in the neighborhood of A radians/sec. Let ¢o(f — u)
and y;(t — w) represent the two distinct covariances of (8b), the sub-
scripts 0 and 1 reflecting the even and the odd characters of the two func-
tions. Then

En(®)n(u) = volt — u) cos Q — u) — ya(t — ) sin Q¢ — w) (3¢)
Replacing @ in (3a) by @ + & gives
n(t) = [m(t) cos Ut + na(t) sin ] cos Qt
4+ [—m() sin Yt + na(f) cos Q] sin Qt
so that the same envelope
Vi) + n3@)

is obtained regardless of the value adopted for the “carrier” frequency.
However, the highest frequency occurring in 7,(¢) and n,(¢) will be mini-
mized by taking Q in the center of band; and (3b) shows that if the power
spectrum of n(¢) has a center of symmetry which is taken as @, then

The noise-like signal used in this study, like the filtered noise itself,
has the form (3a). The curves do not apply quantitatively to a single
term n,(¢) cos Qf obtained by modulating the carrier cos Qf with a low-
frequency Gaussian noise-like signal 7,(f), though the necessary tools
are given in equations (13g) and (13h) and the remarks following there-
after.

The most obvious difference between the two signals resides in their
envelopes, which are

Vni(t) + n3(0)

(with a Rayleigh distribution) and |n:.() | (the absolute value of a
Gaussian variable) respectively, but other differences may be discovered.
The former can be, and is assumed to be, stationary, Gaussian, and
ergodic. The latter is stationary only if the phase ¢ of the carrier cos
(Qt + o) is taken to be random, but the relative phases of the sinusoidal
components of n,(f) cos (U + ¢) are still not completely random, and
the signal is neither Gaussian nor ergodic. [The Gaussian variable n,(z)
is multipled by cos (Q + ¢), which has the distribution dz/7v/1 — 22]
Where detection is concerned, the two cases are qualitatively similar,
but the single term m,(t) cos @ has a greater amount of fluctuation for
the same amount of power, and is therefore a little harder to detect than
the sum of the two terms.
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The results of this study have been phrased in terms of the narrow-
band two-term form n,(t) cos Q + n.(t) sin Q for the noise and the noise-
like signal. However, the curves apply also to the less important case of
the detection of a dec signal by rectification (which is not the optimal
procedure, as shown above). The word “sinusoid” is to be replaced by
‘“de signal,” and two independent samples of the rectifier output are to
be taken for every one that is prescribed in the narrow-band case. From
a noise or signal that (at the input to the square-law rectifier) has a flat
spectrum of width W cps, independent samples are obtainable at inter-
val 1/W seconds in the narrow-band case, and at interval 1/2W in the
lowpass (de) case,” so that for large m the averaging time is m/W seconds
in both cases. The amplitude of the “fading” signal of Case 2 with its
Rayleigh distribution is equivalent in the lowpass case to the RM S
value formed from two independent samples of a Gaussian noise-like
signal. The case of only one sample could be calculated but would give
even less satisfactory detection.

4. NUMERICAL EXAMPLES (RADAR)

The following hypothetical example illustrates the concepts involved.
Suppose one has a radar that searches in range and azimuth with a beam
3° wide, a pulse rate of 5,000 per second, a pulse length of 1 microsecond,
and a scan rate of 10 per minute. On the average one false detection in
15 minutes can be tolerated. Pulses returned by a target during a single
scan are averaged (after rectification). What signal-to-noise ratio is
required to give a probability of 90 per cent of detection in one scan?

This is the narrow-band case. The pulse length is usually about equal
to the reciprocal of the bandwidth and so can be taken as the sampling
interval. 200 samples of the radar return could then be taken in the 0.0002
sec. elapsing between consecutive transmitted pulses. Suppose that 150
of these are relevant, giving 150 values of range that can be distinguished.
Similarly the azimuth scan of 360° is covered by 120 beam-widths (this
does not assume that the azimuth accuracy is no better than 3°). If a
factor of 2 is allowed for overlap (in range or azimuth or both) among the
averages, the number of decisions per scan is 2 X 120 X 150 = 36,000,
or 5,400,000 in a period of 15 minutes. So « = 1/5, 400,000 = 2 X 107"
In each scan the beam is on a target for 0.05 sec., the time required to
turn 3°. In this time 250 pulses are transmitted; this is the value of m,

7 The latter interval is well-known; the former is twice as long because the
smoothing accompanying rectification in the narrow-band case makes the sam-

pling equivalent to the sampling of n((t) and n.(¢), and their bandwidth is not W
but only W/2.
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since returns from different ranges and/or azimuths are averaged
separately (e.g., by a PPI scope). The 250 samples in an average are
thus not consecutive in time in this case.

The values of S/N can be read just above the curves for « = 107°
(which are the solid curves). FFor a non-fading return, I'ig. 3 then gives
S/N equal to —4.2 db for 8 = 50 per cent and —2.2 db for 8 = 99 per
cent; by interpolation, S/N is about —3 db for 8 = 90 per cent. It should
be remembered that S is the peak (not the average) signal power. For a
fading return, Fig. 2 gives S/N equal to 5.5 db. Use of the latter figure
would imply that the returned pulses had virtually the same amplitude -
during the time of 0.05 sec. during each scan when the beam was on the
target (but still had a random amplitude when viewed for a sufficiently
longer period). On the other hand, use of S/N equal to —3 db would
imply that the values of the signal at interval 0.0002 sec. were virtually
independent samples. These conditions may also be expressed in terms
of the width of the lines or narrow bands, if any, in the spectrum of the
signal (the spacing between the lines is the pulse repetition rate of 5000
¢ps, which is irrelevant here). If the width is 5000 cps or more (i.e., the
spectrum continuous), one has S/N equal to —3 db; if the width is 20
cps or less, one has S/N equal to 5.5 db. The intermediate region is
rather extensive, corresponding to a factor of m = 250. It might be
explored in an approximate manner by the formulas (13g) and (13k).

If the line-width is not much more than 20 cps, but not less than say
1 eps, then conclusion (A) of Section 8 shows that the probability of
detecting the airplane within 6 seconds (=1 scan, as first stated) is
increased by increasing the scan rate to as much as 1 per second, so that
a number of scans are completed within the 6 seconds.

Suppose now that one has a radar receiver with an antenna pattern 3°
wide scanning in azimuth at 10 rps as before, whose object is to detect a
distant radar C-W transmitter whose frequency is only known to lie
within a band 150-mc wide. The detection is accomplished by passing
the signal through a filtering device that passes 150 different frequency
bands of 1 me each in succession (one at a time). The problem is then
numerically the same as before, the search in frequency having replaced
the search in range. There is the difference that here the samples in any
average are presumably all consecutive in time, while previously they
were taken at intervals of 0.0002 sec., the time between transmitted
pulses. The search in frequency also occurs in the determination of the
velocity of an airplane by its Doppler frequency, but the bandwidth of
the frequency-analyzer is then much less than 1 megacycle, and not
nearly so many independent samples can be obtained.
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If the signal is applied simultaneously to a bank of filters (e.g., vibrat-
ing reeds), the number of decisions is the same as before, but the saving
of time would permit a corresponding increase in the number m of sam-
ples in an average.

B. McMillan has pointed out that with long-range search radars whose
resolution is much better in range than in the other coordinates, some of
the range resolution might profitably be sacrificed in order to increase
the pulse length. Although the longer pulse length could be used to in-
crease the value of m, it would be preferable to decrease the receiver
bandwidth instead, and thus decrease the noise power N in the same
ratio.

CONCLUSIONS
5. THREE MAJOR EFFECTS

The curves show that the steady sinusoid is the easiest signal to
detect, as one would expect, while the fading sinusoid is the most difficult
to detect reliably. It is therefore very desirable to avoid the latter situa-
tion if reliable detection is wanted, either by reducing the severity of
the fading and so moving toward Case 1, or by sampling the output over
a period of time long enough to average out some of the fluctuation in the
signal amplitude, and so moving toward Case 3 (noise-like signal). The
latter is of intermediate difficulty of detection, and coincides with Case
2 when m = 1 and approaches coincidence with Case 1 as m — % . The
difficulty with the fading sinusoid is this: If the average signal power
is equal to that which gives good detection in Case 1, little reliability is
left to be gained in those detections where additional signal power hap-
pens to be available, but much may be lost when the signal power hap-
pens to be lower than the average.

A second major conclusion results from the steepness of the left-hand
portion of the eurves for 3 = 99 per cent in Fig. 3: If reliable detection
of a noise-like signal is required, it is highly desirable that at least 4 or 5
independent saraples of the signal be available and made use of. In fact,
if a 99 per cent chance of detection is desired, 4 samples require only
140 of the signal power, or 1{5 of the energy required by one sample.
The principle is well-known in connection with search radars, which are
designed to return about four pulses from a target.

When m is significantly greater than unity, and the samples being
averaged are adjacent to one another in time, one has the option of using
a more selective filter and thus doing the averaging linearly (with preser-
vation of signs) before rectification rather than after. The former is well-



416 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1955

known to be the more effective in Cases 1 and 2. (Case 3, on the con-
trary, represents the situation that results when the selectivity of the
filter has already been made as great as it can profitably be.) Let the time
available for the detection be fixed. Then m, the number of independent
noise samples available, is proportional to the filter bandwidth; the latter
is inversely proportional to S/N, provided the noise spectrum can be
regarded as flat in the region considered, and the filter does not reject
any of the signal frequencies. Thus m and S/N are inversely proportional,
and one is operating along a 45° line in Figures 1 and 2 (both m and S/N
being plotted logarithmically). Evidently 8 is maximized by keeping m
(and hence the bandwidth) small.

6. MATCHING THE DURATIONS OF SAMPLE AND SIGNAL

It is fairly obvious intuitively that the chance of detection would be
greatest if some one average coincided exactly with the period during
which the signal was present. (The signal may be intermittent, as with
the first radar of Section 4; if so, the sampling also should be intermittent
in the same pattern.) There is no way to insure this if the duration of the
signal is not known in advance, but if it is known, the desired coincidence
could be approximated to some extent by having the averages overlap;
¢.g., run from 0 to 1 time unit, 14 to 114, 1 to 2, 114 to 214, ete. This
increase in n necessitates use of a smaller value of a and hence requires
an increase in signal strength, but the latter increase is insignificant:
When 8 = 0.50, the curves show that it is 0.3 db or less for a factor of
2 in «. Similarly, the passbands may overlap when one searches in fre-
quency, and the radar antenna patterns may overlap when one searches
in direction.

If the averages include fewer samples (though all the samples in some
average contain the signal), the effect in any of the Figs. 1 to 4 is to move
to the left along a horizontal line. The deteetion probability 8 is decreased
because there is no increase in the concentration of the signal energy,
while the fluctuation of the noise is averaged out less effectively.

If the averages include too many samples, then some of these samples
will always consist of pure noise, even when a signal is present, and the
concentration of the signal energy is reduced relative to that of the noise.
If a number m’ of samples containing the signal are increased to m by
adding m—m’ samples of pure noise, the effect in Figs. 1 and 2 is to move
down and to the right along a 45° line, since the signal-to-noise ratio is
effectively reduced by the same factor m/m’ by which the number of -
samples is increased. Evidently this decreases 3.
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For the noise-like signal of Fig. 3, new calculations are required when
m’ < m, and the broken line in Fig. 4 shows some results obtained by the
chi-square approximation of equation (13g), with m” = m'. This curve
is plotted against m (assumed for this example to be twice m’) and so
shows the effect of halving the duration of the signal. To show the effect
of adding an equal number of pure noise samples (the duration of the
signal being kept fixed), the curve should be plotted against m’, which is
equivalent to moving the curve to the left a distance corresponding to a
factor of 2. The resulting curve still lies above the solid curve (for which
m = m’) for a noise-like signal, but only by about 1 db, which is about
the same loss that one finds in Figs. 1 and 2.

It is natural to ask which one should guard against the more, taking
too many samples or too few? The penalty for the former increasesrather
slowly as we have just seen. The latter is a more serious mistake (espe-
cially for the noise-like signal of Fig. 3) if one remains limited to a single
opportunity to detect the signal. However, if the signal samples missed
by one average are included in another and so give another opportunity
for detection, the loss is reduced but not eliminated, as shown below in
connection with repeated searches.

7. DISTRIBUTION OF A FIXED AMOUNT OF SIGNAL ENERGY

The preceding discussion is closely related to the question of the op-
timum utilization of a fixed amount of signal energy; assuming that
m = m', is it better to have a big pulse of signal occurring in only one
sample point, or a lower signal power occurring in a proportionately
greater number of samples? Here the product of S/N and m is held con-
stant, and one moves along a 45° line in all cases, including Case 3.
Reference to the curves shows that with a sinusoidal signal one should
take m = 1, or at least concentrate the signal energy enough to make the
power ratio S/N very much above unity. With a noise-like signal, the
same conelusion (m = 1) holds under conditions such that 8 < 50 per
cent, but when better detection is possible a larger value of m may be
preferable. For example, take the solid curves (« = 107°) in Fig. 3 and
suppose that a one-pulse signal makes S/N = 18 db. The corresponding
45° line is tangent to the curve 8 = 99 per cent at about m = 15. Thus
the maximum detection probability is 99 per cent and is attained by
taking S/N = 6.5 db, and so distributing the signal energy among 15
independent samples. Detection with 99 per cent probability by means
of a single sample would require 20 times as much energy.
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8. REPEATED SEARCHES

Repeated searches have two important characteristics: (a) There is no
carry-over of data from one search to the next. This is not desirable, as
we shall see, and would expect on theoretical grounds; but it may be un-
avoidable. (b) They involve repeated opportunities to detect the signal
(or its source).

Repeated searches arise non-trivially when the signal recurs peri-
odically, or can be made to do so by the detecting agency. This assumes
that it is sufficient to detect the signal at one of its appearances, so that
it is not necessary to regard each appearance as a separate signal. Exam-
ples are a signal of long duration but unknown frequency, and the radar
return to a search radar from an airplane whose position in space is
unknown. Then if one search of frequency or of space does not detect
the signal, it may be possible to repeat the search one or more times
before the source of the signal disappears.

An equivalent of repeated searches arises when the averaging time is
short enough so that two or more averages fall within the duration of the
signal. The results below apply to this case and show that a longer aver-
age (i.e., carry-over of data from one search to the next) is somewhat
preferable. These results do not apply to the case where over-lapping
averages give several opportunities to detect the signal, because such
averages have some data in common; but it has already been shown that
such overlapping is desirable, other things being equal.

Suppose now that the signal power is constant and the time consumed
is proportional to the product of m and the number A of searches. How
can one find the signal most quickly? If the probability 8 of detection in
one search is 1/2, the probability that exactly A searches are required for
detection is 1/2", and this also happens to be the probability that the
signal remains undetected after A searches. Thus one would need to make
nearly 7 searches before one could conclude with 99 per cent assurance
that no signal was present. However, if the signal is in fact present, the
average number of searches required to detect the signal with 99 per
cent, assurance is

1/2 + 2/2° + 3/2° + 4/2* + 5/2° + 6/2° + 7/2° = 2
searches if the superfluous part of the successful search is included, or
(1/2)-(1/2) + (3/2)-(1/2°) + ---

+ (11/2)(1/2°) + (13/2)(1/2°) = 3/2

searches if the search is terminated the moment the signal is detected.
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The latter result is the less favorable for repeated searching, since it is
3 times the result (4) obtained with 99 per cent detection in a single
search (which on the average could perhaps be terminated, due to detec-
tion of the signal, when it was half completed). l "

The alternative way of increasing 8 from 50 per cent to 99 per cent is
to increase the value of m by a factor lying between 2.3 and 5 for Figs.
1 and 3, while the fading sinusoid of Figure 2 requires a factor of the
order of 1,000. Comparing these with the factors 2 (or 3) and 7 obtained
previously gives the following conclusions, which have been confirmed
by considering some other values of 3:

A. With a fading sinusoidal signal, repeated searching is extremely
advantageous, provided it is true as assumed that independent samples
of the signal are obtainable from search to search but not within a search.

B. Repeated searching may have a small advantage in Cases 1 and 3
(the steady sinusoid and the noise-like signal) provided (1) each search
has 8 = 50 per cent, and (2) the criterion is the average time required to
detect the signal when a signal is present, and one is not concerned with
the (increased) time required to conclude that no signal is present (which
. of course isalso the time required for the detection of some of the signals).

C. Repeated searching is somewhat disadvantageous in other cases,
as one would expect; e.g., in Cases 1 and 3, if a fixed amount of time is
available, the greatest probability of detection is achieved by using all
of the time for a single search, rather than dividing it among several less
sensitive searches.

MATHEMATICAL APPENDIX

9. PURE NOISE (AND NOISE-LIKE SIGNAL = CASE 3)

If narrow-band Gaussian noise is applied to a square-law rectifier, the
value of the output at any instant has a Rayleigh or exponential distribu-
tion, as is well known. The average of m such values, taken far enough
apart to be virtually independent has a chi-square (x*) distribution with
2m degrees of freedom. The standard form of the distribution used in
tables chooses the units so that the mean of the distribution is 2m,
whereas we want the mean to equal the noise power N. The exact value
of k can therefore be found by means of the relation

Pr(Nxsm/2m > (k + 1)N) = a (9a)
or

Pr(xam > 2mk + 1)) = a
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where « is the expected ratio of false detections to total number of deci-
sions, when no signal is actually present.

The usual short tables of x° (e.g., that in Tisher and Yates’ Statistical
Tables or that of Hartley and Pearson in Biometrika 37, p. 313) are useful
but not entirely adequate for the needs of the problem. The most ex-
tensive table is that of K. Pearson,?® which goes to m = 50. In terms of
the function I tabulated by Pearson,

Prxim > A) = 1 — I(4/2/m, m — 1) (9b)
For m > 50 it is sufficient to use the expansion’
xom = 2m + 2um'?® + 240 — 1) + Yg(® — Tuym™* — .. (9¢)

Here u is the standard normal® deviate. Thus if u, is defined by
a=Pr(u>u) = f e du/N 2r

one has
k= wue/Nm+ (ui — 1)/3m + - - (9d)

If a noise-like signal is present, this is mathematically the same as an
increase in the average noise power from N to N + S, the critical power
level remaining at (& + 1) N. The probability of exceeding the critical
level is now the probability 8 of a true detection. Thus

B = Pr[(N + S)xim/2m > (k + 1)N]
= Prixsm > 2m(k + 1)/ + S/N)]

Writing x3..(8) for the number that is exceeded by the variable x5, with
probability 8, one gets from (9a) and (9e)

1 4 8/N = xin(@)/x5n(B) (91)

For large m (and only in that case), (9¢) then gives

Ue — 2Ug
3m

I

(9e)

S/N = (e — up) [\}% + (9g)

8 K. Pearson, Tables of the Incomplete Gamma-Function, Biometrika Office,
London, 1934.

¢ The author first discovered this formula in T. Lewis, Biometrika 40, p. 424,
1953; but S. O. Rice has pointed out that G. A. Campbell published it as early as
1923 in the B.S.T.J., 2, page 95, in connection with Poisson distribution. Other
references and inversion formulas are given by John Riordan. Ann. Math. Stat.,
20, p. 417, 1949.

10 ““Normal’’ is a synonym for “Gaussian.” However a new application of the
distribution is involved here, and so there is no disadvantage in making the con-
ventional change in terminology.
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where the standard normal deviate ug is defined by 8 = Pr(u > up).
It is negative when 8 > 50 per cent.

Wherever it occurs in equations, S/N naturally means the ratio of
S to N, and not the value in db, which is 10 log, S/N.

10. NOISE PLUS STEADY SINUSOID (CASE 1)

When a pure sinusoidal signal of constant amplitude is added te the
noise, the distribution of the rectifier output has what is called a non-
central chi-square distribution, which has been little tabulated. For-
tunately the normal distribution gives a fair approximation in this case
(with the probable exception of small values of 8, which are of little
interest anyway). More accuracy could be obtained at the cost of addi-
tional labor."

Before rectification, the signal plus noise can be represented, as re-
marked in Section 3, by the expression

V28 cos (@ + @) 4+ ny(t) cos (Q + @) + nat) sin (U + o) (10a)

where the two Gaussian noise variables ni(t) and n.(¢) are independent
and have zero means and a common variance N. After rectification and
smoothing, half the square of the envelope is obtained, namely

(V28 + m®)” + na(8)’)/2

Its mean value is N + S, and its variance is the sum of the variances
of the terms in the expanded form, namely 0 + 2NS + N?/2 + N*/2
or 2NS 4+ N®. The average of m such independent variables has the
same mean N + S but the variance N(N + 28)/m.

The critical value (k + 1)N of the rectifier output is reduced to stand-
ard units by subtracting the mean output N 4+ S and dividing by the
square root of the variance, giving

uﬁz(k—S/N)/‘/l_——}——ng/N

After ug is found from

B = Pr(u > up) = f ¢ du/A/27
up

by using a table of the normal distribution, one can solve the preceding

1 P, B. Patnaik, Biometrika 36, p. 202, 1949.
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equation for S/N, giving

S 7 o ust
N_k+m_\/ﬁ[l+2k+m (10b)

This is then the signal-to-noise ratio giving the probability 8 of detec-
tion.

By using (9d) and taking 1 + w./~/m as an approximate value of the
radical, one obtains from (10b)

S | Ua— ug ug(ug — o) + (ua? — 1)/3

This result differs most (a little over 1 db) from the curves of Figure 1

when m = 1 and 8 = 0.01, but (10b) itself is not very accurate in that
case.

11. NOISE PLUS FADING SINUSOID (CASE 2)
In this case the signal plus noise has the form
[s + n(t)] cos @t + [s' + n/'(f)] sin U (11a)

where n/(t) is not a derivative, and the components s and s’ of the signal
amplitude are essentially constant during the period that is averaged
over, although like n and n’ they are Gaussian variables of mean zero.
Detection is accomplished by means of the expression

R = on [ 6t nt+ 36+ ] (11b)
m 1 1
where the n; and n; are (independent) values of n(¢) and »’(¢) at succes-

sive sampling points.
Now (11b) can be written

1< Y r & LAY
2R = — i — i
R <s+m;n>+<s+m;n>
2 2
+ iz (L) + L — (L)
m m m m
as in the analysis of variance in statistics. The sum of two squares in the
first line of (11c) is then distributed as (S 4+ N/m)xs ; the second line is

distributed as xsn._»-N/m; and these portions are independent of one
another, because they correspond to the mean and the variance respec-

(11c)
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tively of the sample of n; (or n:), and the sample mean and variance are
known to be independent in the Gaussian case. Here the signal power S
is the variance of each of s and s’, and N is the variance of each of the
n; and n; .
For detection B must exceed N(1 + k). Hence if S/N is denoted by r,
one has
B = Pr((1 + mr)xz + xim— > 2m(l + k)] (11d)

Sinee (1 4 mr)xs has the e.d.f. 1 — ¢ "™ and x3.._. has the density
funection

27 e (m — 1),

B is obtained by convolution as

B=1-— f [1 — ¢ CmORmI =2 gy /o™ P (m — 1)
0 .

1—m
=Pmaﬂ>a+aﬂ“w< mr ) mbaq<u@

1+ mr
mrz
< 1+ mr]
where z = 2m(1 + k).

An excellent approximation is obtained by replacing the variable
Xam—2 by its mean value 2m — 2; this is reasonable, since the ratio of the
variances of x3,_s and (1 + mr)xs is m — 1)/(1 + m S/N)?, which is
very small throughout the interesting area (8 = 50 per cent). (11d) then
gives

g =exp[—1 4+ km)/(1 + m S/N)] (11f)
This result will be generalized in (13k) below. Using (9d) then gives

s L Ua (ua + 2)/3 — n (1/B)

(11g)

to a little lower order of accuracy when m is small, and still with 8 =
50 per cent.

Before the foregoing results were obtained, the curves of Fig. 2 had
already been calculated” on IBM equipment by the rather tedious proc-
ess of integrating the results for Case 1 with respect to the random signal

12 By Mrs. L. R. Lee, at the request of the author.
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strength. This gives
B = ]om ®[(@S/N — k) vV'm/(A + 22S/N)lp(x) dz (11h)

for Case 2, where
p(x) =¢*
and

B(u) = [u A/ 2

If the fading is due to interference between two sinusoidal signals of
powers S; and So(S1 + S: = S) and very slightly different frequencies,
it can be shown that the appropriate form for p(z) is 1/7v/A? — (1 — z)?
forl — A < 2 <1+ A, and zero elsewhere, where 4 = 2+/8,S,/
(81 4+ S:). Here x can approach zero only in the special case S; = Ss .
Since one or both of S; and S;, and hence 4, is likely to be a random
variable, one apparently cannot say a priori that any particular dis-
tribution p(x) is the appropriate one in this case.

12, COMPARISON OF 12 CASES

The three principal cases defined in Section 2 and analyzed in the last
three sections may be expanded to 12 by considering dec signals as well
as ac, and considering also a second method of detection. The original 3
cases will be labeled “ac envelope.” (More precisely, half of its square is
the quantity averaged.) If the envelope is not isolated but instantaneous
squared values are sampled, the situation is “ac instantaneous.” A pre-
cise analysis of these latter cases would apparently be difficult. As indi-
cated, quadratic rectification is assumed for all 6 of the ac cases. On the
other hand, for the 6 dc cases, distinguished as rectified and unrectified,
it is the instantaneous sampling that is assumed throughout.

The reduction of the rectified dc cases to the standard ac envelope
cases has been indicated at the end of Section 3, and will be demonstrated
at the beginning of the following section. The unrectified dec cases, which
represent the better way to detect a steady or fading de signal, involve
nothing but the simple Gaussian distributions specified in Table 1. If the
number of samples averaged is denoted by 2m, one easily finds the the-
oretically exact relations

S/N = (ua — ug)’/2m (12a)
S/N = (ui/z/u;m - 1)/2771 (12b)
S/N = ubp/ugs — 1 (12¢)
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TABLE I — VARIABLES TO BE AVERAGED

DC Unrectified DC Rectified
Steqdy ...................... V8 + n S—i—2n\/§-ﬁ—n2
E%?;gﬁike} ................. s+ n s?2 + 2ns + n?

AC Envelope
Steady. . ... S+ n V28 + (n2 + n'2)/2
g%?;gﬁlke} .................. [(3 —|— n>2 -|- (s’ + n/)2]/2
AC Instantaneous

Steady. . ... (V28 + n) cos ¢ + n' sin o]
Fading...................... [(s + n) cos ¢ + (8" + n') sin ¢]?
Noise-like................... Ditto or s + 2ns + n?

for the steady, fading, and noise-like unrectified de¢ (or low-pass) signals.
As usual, u, is defined by

f ¢ At/ 2 = p

up

In (12a) it is assumed that the steady dec signal of magnitude /S is
of known sign. Otherwise it would be necessary, as with fading and
noise-like signals, to be prepared to detect both positive and negative
de signals, and quantities like w2 enter in place of u, via the relation

0 —Ua/2
f + f = a.
Ual2 —

As B8 approaches unity, ug;» approaches zero and S/N rapidly approaches
infinity for the fading and the noise-like signal. In the latter case (12¢),
averaging has no effect (m does not appear), because the unrectified signal
averages to zero as fast as the noise does. In fact, with instantaneous
sampling of a noise-like signal, there is no essential difference between
the lowpass (“de¢’”) and narrpw-band (ac) cases.

If n, n/, s, s’ are independent Gaussian variables with zero means and
variances N, N, S, S respectively, and ¢ is uniformly distributed between
0 and 2x, the variables that are averaged in the detection process have
the forms given in Table T in the various cases, when a signal is present
(if not, put s, 8’, and S equal to zero).

Table 11 gives the variances of the variables of Table I for the cases
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TaBLE II — VARIANCES

DC Unrectified DC Rectified
Steady................... ... N 2N? 4+ 4NS
Noise-like. .................. N+ 8 2N? 4+ 4NS + 282

AC Envelope AC Instantaneous
Steady. . ............. e N2 + 2N S 2N? + 4NS + 1482
Noise-like................... N2 4 2NS + 82 2N? 4 4NS 4 282

of a steady or a noise-like signal. The means are /S and zero, respec-
tively, for the dc unrectified variables, while all the others have the
power N + S as their mean.

Table III gives the data for the fading signal. The reducible variance
and the mean are calculated under the condition that s and s” are fixed;
the irreducible variance is then the variance of the resulting mean when
s and s’ do vary. The distinction between the two variances is that by
averaging, the first is reduced in the usual way (divided by the number
of samples), while the second retains its full value. The variance already
given for the steady signal can be derived from the reducible variances
above by replacing s? and s’2 by S. The variances already given for the
noise-like signal are equal to the irreducible variance plus the expected
value of the reducible variance.

The steady ac instantaneous case will serve to illustrate the calculation
of the variance. If the rectifier output is written in the form

S 4+ nv28 + 0 + n?)/2 + W'A/28 + nn') sin 20
+ [S + nv28 + (* — n'®)/2] cos 20

it may be verified that the various terms are uncorrelated with one
another, so that their individual variances may be added. Also F sin
20 = E cos 20 = 0, E sin” 20 = E cos® 20 = 14, En* = En'* = 3N?,

TaBLE III —FADING SIGNALS

Reducible Variance Mean Irreducible

Variance
DC unrectified......| N s S
DC rectified. .......| 2N2 4 4Ns? N + s? 282
AC envelope.......| N2 + N(s? 4 s'2) N + (s* 4 ¢'2)/2 S?
AC instantaneous...| 2N2 4+ 2N (s? 4 s§’2) + N 4+ (s2 + s'2)/2 S

(s? + 5'%)%/8
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var n’ = var n”* = 2N”. These last relations are not obvious, but are a
special case (i = wu) of the relation cited below just prior to (15¢). The
variance 1s now obtained as

0 + 2NS + 4N*/4 4+ WE©2Sn”* + n*n')
+ LSE[S* 4 280" + (' — 2n'n* + n')/4]
= 2N* + 4NS + §%/2

The variances tabulated indicate the relative merit of the various cases.
If m is significantly greater than unity, the anomalous case of an unrecti-
fied noise-like signal represented by (12¢) gives the poorest detection;
next come the fading signals with their irreducible variances. The steady
de unrectified signal with S/N proportional to m™ (by 12a) is the easiest
to detect. The steady signals are in all cases more easily detected than
the noise-like at the higher signal strengths. However, instantaneous
sampling of a steady ac signal loses some of this advantage; a term
S*/2 appears, in addition to the expected doubling of the variance of a
single sample.

13. DETECTION OF AN ARBITRARY GAUSSIAN SIGNAL

General formulas will now be derived which include Cases 1, 2, and 3
and also give approximations to intermediate cases. It will be more con-
venient to deal with the Gaussian sample values s; + n; of the signal
plus noise in the de or lowpass case, and 2m of them will be taken so that
the results obtained will have the same form as those already given for
the ac or narrow-band case. Detection is then accomplished by means of
the variable

2m

2m
R = Z (si + n)*/2m = > (s 4 2smi + n’)/2m  (13a)
1 1

It is assumed that the n; are independent of one another and of the s;,
while the s; may be constant or mutually correlated. Also Zn; = 0 and
Eni = N, a constant.

An orthogonal transformation (rotation in 2m-dimensional space) can
be used to show that (13a) has the same distribution as

22m‘, (h 4+ n)?/2m (13b)
or

I:i (h V2 + n") + 22”‘ ni”]/Qm (13¢)

m+1
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where ¥ = D 1" s/2m, and the n/ or n;” are new noise variables with
exactly the same properties as the original n; . Evidently A” is so defined
as to leave unchanged the terms independent of the noise variables, while
the orthogonal transformation by definition makes Y n2 = > n/* =
Z n;”%. Thus it is only necessary to choose the transformation so that
the original linear terms Y_i" s;mi/m go into h 21" n//m or \/2h v
n”/m. This is always possible since all three expressions have the same
norm (square root of sum of squares of coefficients), namely h /2/m.
The forms (13b) and (13¢) are appropriate to the instantaneous sam-
pling of the square of a de signal plus noise, and the sampling of the
square of the envelope of an ac signal plus narrow-band noise, respec-
tively, the latter being the standard case. Thus the equivalence «f the
two cases is established. It is only necessary to observe that the number
of samples taken is 2m in (13b) but only m in (13c¢). The noise powers
are En;® and

E(n; cos ¢ + Ny Sin <p)2 = E'(n,-2 + n,?,+i)/2 = Enl.

The signal powers are h* and I -2h* cos’s = h’. Another consequence of
(13b) or (13c) is that when the distribution of A has a known form, the
distribution of R could be obtained from the results for Case 1 by inte-
grating over h, as stated at the end of Section 11.

The mean and the variance of the general form (13a) will now be cal-
culated. It is assumed that Es; = 0 and Es® = S for the first 2m’ values
of ¢(m’ £ m), while s; = 0 for the other 2(m — m’) values of 7. Then one
has ER = N + m/S/m. If i and j are any two distinct integers, the five
variables s, smi, s;n;, ni,n;* are all uncorrelated (though not all inde-
pendent), and so one has

4m® var R = var (O_ s°) + 4 2 var (sm:) + 2m var n/
Since var (s;n;) = NS or 0 and var n” = 2N°, this gives
var R = var h* + 2m’'NS/m*> + N*/m (13d)

with ¥ = D1 s#/2m. In Cases 1, 2, and 3, var k> = 0, (m’S/m)*, and
m'S%/m’ respectively. (In Case 2, m’ of the s; have one identical value
and m’ have another identical value, independent of the first.) In general

2m'—1
varh® = 2. (@m' — |i)’(6)/2m’ (13e)

—2m 41
where ¥(¢) = Es;s;y; for all j for which s;s;,; # 0. This is the discrete
analogue of the integral appearing in (15k) below. It is convenient to
define a number m” (which need not be an integer) such that var h* =
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(m'S/m)’/m”. Then putting S’ = m’S/m gives
ER =N+ 8, varR = 8%/m” + NS’ + N»/m. (13f)

The mean and variance of R are identical with those of [S*/m” +
(2NS’ + N*/m]/2(N + §') times a chi-square variable with

2m = 2(N + 8)Y/[8%/m” + (NS + N*)/m]
degrees of freedom. So one has approximately
B = Pr(R > (k+ 1)N)
= Prix"m > 2(10 + DNV + 8)/[8?/m” + (2N S’ + N*)/m]} (13g)
= Pr{u> (kN — 8)/A/8%/m” + @NS + N?)/m}

The last line can be used to verify that for fixed m, the optimum value
of m’ is m, and for fixed m’, the optimum value of m is m’. Defining ug
by Pr(u > us) = 8 and solving for S/N = mS’/m’N gives

S/N

_ mk + ug' — us N @k + Om + IPm2/m” — ug(m/m” — 1) (13h)
m' (1 — ug?/m”)

The approximation breaks down if ug" = m”.

It can be shown that by replacing the symbols m’, m”, and S in the
above formulas by m’/2, m”/2, and 28, one obtains the results for the
narrow-band case in which the signal is a noise-modulated carrier s(t)
cos O, while the noise as usual has the form n(t) cos Qt 4+ »'(¢) sin Qt.

In Cases 1, 2, and 3, m” = %, 1, and m’ respectively; also, m’ has
been assumed equal to m. In the de or lowpass case, m” could be as small
as 14. One has m = m’ always, and m’ = m” when the signal is Gaussian
(i.e., contains no steady sinusoidal or steady dc¢ component).

When m” is very small, (13g) and (13h) are of low accuracy, and it is
much better to use (11e) or (11f), or the following generalization of
them. The derivation proceeds as if m’/m” were an integer, although this
is probably not a necessary condition for the usefulness of the results.
The averaged rectifier output is represented by

2m’ m’Imt 2m—2m’

omR = >, > (si+np)+ > nd (131)

i=1 =1 1
where the n;; are 2m’ independent Gaussian noise variables accompany-
ing the signal variables s; (which have only 2m” independent values),
and the n; are 2m — 2m’ additional noise variables that are not accom-
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panied by a signal. Of course, the signal variables would not in reality
fall into independent sets of identical values, so that an approximation
enters here even if m’/m” is an integer.

(137) may be written as

2m' m'Imr

2m'?
2mR = (m'/m") ; (s: + 7)) + Zl Z—; (nij — i)’

(13)

2m—2m’

+ ; nd = (N + m'S/m")xim + NXim—tmr

where

, mrimrr
- ”
Mg = (m”/m") 2 ny
=1
S = var s;
N = var ny; = varn;

and the two x° variables are independent. If the ratio m”(m — m”)/
(m” + m’S/N)’ of the variances of the latter (including their multipliers)
is small, one may replace X3m 2. by its mean value 2m — 2m” and ob-
tain

PriR > (1 + k)N]
Pr[xgm" > 2(m” + mk)/(l + m/s/m//N)]

™
f

(13k)

Il

14. COUNTING SAMPLES ABOVE A THRESHOLD

It is sometimes suggested that instead of averaging the m samples, the
number of such samples exceeding some threshold might be counted and
used as the detection criterion. This is equivalent to replacing the
average of the m samples by one of their order statistics, such as the
median.

It is of interest to ask which order statistic is best to use, and how it
compares in efficiency with the average. M. Schwartz (in the dissertation
cited previously) made numerical calculations for the case of a steady
sinusoid and m £ 49, and concluded that the method of coincidences, as
he called it, required S/N to be about 1.4 db above that which sufficed
for equal performance using averages. For the larger values of m there
appeared to be a small advantage in requiring less than half the samples
to exceed the (suitably chosen) threshold. These results are confirmed
by the following asymptotic analysis.

In the absence of a signal, a single sample of half the square of the
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envelope has an exponential distribution ¢V dz/N. The same (with
increased power N) is true in the presence of a noise-like signal, and ap-
proximately so for a sinusoidal signal of low intensity. Since m is assumed
to be fairly large, low-intensity signals are the interesting ones. In both
of these cases detection can be based on an estimate of N, denoted by N.

In the present method N is determined from p = ¢ %/¥ where P is
the proportion of samples observed to excced the threshold K. The
standard deviation o, of p is well-known to be \/p(1 — p)/m, where
p = ¢ " = the “true” or expected value of . For lal e m the sampling
fluctuations are small and the standard deviation oy of N is approxi-
mately equal to o, times dN/dp or o, + ¢ /Y- K/N* or

ov = N(L — p)'"*/(mp)"* tn (1/p) (14a)
for counting samples as compared with

oy = N/vm

when the average is used. So the efficiency of the counting procedure (ex-
pressed in terms of the (inverse) number of samples required for equiva-
lent reliability) is

ox'/ox = (n 1/p)'p/(1 — p) (14b)

This expression has its maximum value of 64.7% when p = ¢ ** 7

= (.203. The median (p = 13) has an efficiency of only 48.0 %. For large
m, the required S/N varies as m™* and so the minimum loss due to
counting is 10 logy 0.6477* = 1.0 db.

In the case of the steady unrectified de signal, the detection problem is
equivalent to estimating the mean u of a Gaussian distribution

ol(z—u) /o) do = eI dz/oN/ 2.

The estimate & of  1s determined from

pe 18 (K B) o [Tz
K

g

and the same relation holds between the true values p and u. Then
dp/dp = o[(K — p)/o]/c and

= aVoe®[ — 2@®)1/e(©)V2m (14c)

where ¢ = (K — u)/o and 2m is the number of samples. The variance
o, of the mean is ¢/A/2m, so the efficiency of the countng procedure is

o/ = @ (E) /B[ — (8)] (14d)
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The following are some values of this expression:

£ 0 0.5 1 2
Efficiency 63.7%  580%  439%  13.1%

Thus the highest efficiency of 63.7% is attained when § = 0 or the
threshold K equals the mean u. This corresponds to using the median
as the statistic on which detection is based. This maximum efficiency is
very nearly the same as that obtained in the preceding case. However,
in the present case S/N varies as m" by (12a), so that the equivalent
loss in signal strength is not 1.0 but 10 log;, 1/0.637 = 2.0 db.

15. AVERAGING BY CONTINUOUS INTEGRATION

In practice, in place of the discrete sums of squares such as (11b) and
(13a) one may have integrals such as

Ry = fOT Z(t) dt/T and (15a)

0
Rs = f Z(0)e'" )T (15b)
where Z(t) is the variable to be averaged (usually a rectifier output),
and the subscripts U and E refer to uniform and exponential weighting
respectively. The purpose of this section is to calculate the mean u and
variance " of each of these expressions for various cases. It will then
be shown that for a flat spectrum and 7' — e, u and ¢* are the same as
those already given for the discrete averages of samples. The results
are closely related to those given by Rice."

It will suffice to consider steady signals. If the signal is absent, put
S = 0. If the signal is fading, S is a random variable. If the signal is
noise-like (with the same spectrum as the noise), put S = 0 and replace
N by N + 8. The four combinations of ac and dc signals with two
methods of detection (see Section 12) will be considered separately.

The exceptional case of an unrectified de signal may be disposed of
first. Then Z(t) = v/S + n(t) and Ry and Rz both have Gaussian dis-
tributions with mean ~/S. The variance of Ry is

bo ( fo ") dt/T>2

Writing the square as a double integral and taking the expectation under

138, 0. Rice, B.S.T.J., 24, pp. 46-156, 1945, Eqns. 3.9-8 and 3.9-28. Also J.
Acous. Soc. of Amer., 14, pp. 216-227, 1943.
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the integral sign gives

T T
var Ry = E/ f n(t)n(u) dt du/T*
0 0

P r (15¢)
= [ [ vt —w atawr =2 [ (@ - 0y a1
0 0 0
where ¢(v) = En(t)n(t + v), and ¢(0) = N. Similarly
— *re —(t+u)/T . 42
var Rg = fo [0 Iyt — w) dt du/T
(15d)

_ f T dv) T

In the remaining three cases, Ry and Rz always have the power
N -+ S as their mean. Their distributions are not known exactly but they
might be assumed to be distributed approximately like (o°/2u)x%,2/.2
where u is the mean N + S and ¢ is the appropriate variance given
below. A probably more convenient procedure is to use the u = N and
o* = oy (see 15k and £) for the noise alone to determine an equivalent
value N*/ay for m, and then use Figs. 1-3.

Consider next the rectified de signal, so that

Z(t) = S + 24/8n(t) + n’(2)
The variance of Ry is B[Ry — S — NJ* or
E <fT [n*(t) — N1dt/T + 2+/8S fT n(t) dt/T>2.

The cross-product has zero expectation. Expressing the squares as
double integrals gives

E fOTfOT ([n2<t) — Nlln*(w) — N1+ 4Sn(t)n(w)) dt du/T"

We now take the expectation under the integral sign. For
En(tn*(u) = ¢'(0) + 2°(t — )

see M. G. Kendall, The Advanced Theory of Statistics, Volume I, Sec-
tion 3.28, equation

Moz = (1 + 2P2)1712(722
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This gives

var Ry = f f 2¢°(t — w) + 48yt — w)] dt du/T*
0 0

, (15e)
=4 [ (@ = W + 250 do/ T
A similar treatment of Ry gives
var Rg = 2 fow T ) 4 28y()] dv/T. (15f)

The third case is that of a sinusoidal signal with instantaneous sam-
pling, for which

Z(t) = 28 cos’ (Q + o) + 24/28n(t) cos (@ + @) + n(1)

where ¢ is uniformly distributed in (0, 27). The variance of R, is now
given by

E (fOT [n*(t) — Nldi/T + 2 foT V28 cos (@ + )n(t) dt/T
+ fo " SI2 cos® (@ + 0) — 1] dt/’1’>2
) fo ' fo ") — Nlint(e) — N db du/T?
R fo ' fo " cos (2 + ¢) cos (Qu + Pn(On(u) dt du)T*

T pT
+ E-Szf f cos (20 4 2¢) cos (29u + 2¢) dt du/T*
0 0
To find £ cos (Qf + ¢) cos (Qu + o), expand the cosines, note that

E cos’p = E sin®p = 14 and F cos ¢ sin ¢ = 0, and combine the re-
sulting terms. This gives

var Ry = fo fo (27t — w) + 4SSyt — w) cos Q@ — )
+ 148% cos 2Q(t — w)) dt du/T* _ (15g)

= 4 fT (T — 0)P*@) + 28¢@) cos Q] dv/T* 4+ (S*/27°Q%) sin® Q7.
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A similar treatment of Rz gives

var Rg =

e —v/ T2 2 2 9 (15h)
2f0 e "y () + 28¢®) cos Wl dv/T 4 S7/2(1 4+ 4T°Q°)

of which the last term is.the evaluation of
2 w0 pwo
% f f ¢ T 6o 208 — w) dt du/T"
0 0

It remains to consider the narrow-band case, with filtering after
rectification to give half the square of the envelope. As in Sections 3 and
10, the final output has the form

Z(t) = S+ V28m(t) + ') + na'(01/2
The variance of Ry is then

E(% fo ’ ni(t) + n3() — 2N] dt/T + /28 fo Tnl(t) dt/T>2

The usual method of evaluation gives

var Ry = 2 fo (T — D) + i) + ésm)l dv/T* (151

var Ry = fo T ITRW) 4+ E0) 4 28we()] do/T (15)
where ‘
o) = Eni(t)m(t + v) = Ena(t)na(t 4 v)
and

i) = En(Ona(t + v) = — Eni(t 4 v)na(t).

Then T — %, the ratio of the variances of Rz and Ry approaches
one-half in all cases, so it will suffice to consider the latter. The spec-
trum of the noise will be assumed to be flat, of width w radians per sec-
ond. Then in (15¢) and (15¢) one has ¥ (v) = N sin wv/wp, and so the
variance of Ry is asymptotically equal to

2 f * N sin wv
T . p dv

(&)

and

4i f‘” [N2 sin® wv . 2NS sin wv] d
T Jo (wv)? wv

respectively.
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Putting y(v) = (2N /wp) sin (w/2) cos Q in (15g) gives
4 f°° |:N2 sin® wv/2 " 2NS sin wv/2
T Jo (wv/2)2 wv/2

] cos® Qv dv

Putting
Yi(v) = 0, Yo(v) = (2N /wp) sin (wv/2)
in (151) gives

2 f“’ [N2 sin® wv/2 | 2NS sin wv/2j| dv
T Jo (wv/2)? wv/2

The first integral has the value #N/wT and the last three all have the
value (2x/wT)(N* 4+ 2NS). Comparing these with the variances of
single samples given for steady signals in Table IT (Section 12), and writ-
ing w/2w = W cps we see that Ry is asymptotically equivalent to 2W T
independent samples in the two de cases, and WT in the ac envelope
case. The number is something above 2WT for instantaneous samples
of ac. These results agree with those arrived at in Section 3 and 13.
With the exception of the unrectified de signal, the differences are seen
to lie in the efficacy of an isolated sample, rather than in the long-term
rate of transport of information.

When the signal is absent, (15¢) to (15h) reduce to the results of Rice
cited above:

var Ry

4 fo ’ (T — o)) dv/T" (15Kk)

and

var Ry = 2 f VT 0) do)T (15¢)
0

The same is nearly true for (151) and (15j) also, since by (3c), ¥s(v) +

Yi(v) is the square of the envelope of ¥*(v) in the narrow-band (ac)

case.

16. OPTIMUM PROCEDURES AND THE BASIC ASSUMPTIONS

The rigorous determination of the optimum detection procedure is a
deep problem with more or less complicated answers depending on the
spectra and probably involving both diserete sampling and continuous
integration, or even differentiation.'"* However, the solution of the prob-

14 U. Grenander, Stochastic Processes and Statistical Inference, Arkiv for
Matematik, 1, p. 195, 1950, Sections 4.11 and 5.4.

15 |, Reich and P. Swerling, The Detection of a Sine Wave in Gaussian Noise.
J. Appl. Phys., 24, p. 289, 1953.

16 . Slepian, Estimation of Signal Parameters in the Presence of Noise. Trans.
ILR.E., Professional Group on Information Theory, p. 68, March, 1954.
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lem is known as soon as one restricts oneself to independent samples
of the signal-plus-noise. Then square-law detection and averaging is
the rigorously optimal procedure for detecting a noise-like signal, and it
is virtually optimal for a steady sinusoid. The rigorous optimum in the
latter case is well-known and depends on the assumed signal power S;
if v is the amplitude of the envelope (output of a linear rectifier), then
a non-linear rectifier or other device is to be used to convert » to
log Io(vA/28/N), and the values of the latter are averaged. Iy(x) is
the Bessel function Jo(x +/—1). This corresponds very nearly to
square-law rectification when S/N is small, and linear rectification
when S/N is large. Since square-law is little different from linear rectifi-
cation, as noted in Section 1, it is also little different from the optimal.
For a steady dc signal, the optimal procedure uses the average of the
algebraic values of the samples (without any rectification); the per-
formance is given by (12a).
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Motion of Individual Domain Walls
In a Nickel-Iron Ferrite

Erratum

By J. K. GALT
(Manuseript revised January 20, 1955)

In footnote (20) to a paper! of the above title it was asserted that the
theory of magnetic after-effect™ given by L. Néel? leads to zero loss for
large motions of a 180° domain wall. It has since become clear that this
assertion is based on a misinterpretation of Section 10 of Néel’s paper,
and is therefore not correct. In fact, Professor Néel has pointed out in a
private communication that if the general analysis in his paper is used
to calculate the viscous drag on a 180° domain wall, a result substantially
the same as that given by equation (38) in Reference 1 is obtained.
Néel’s theory therefore does not lead to a result inconsistent with the
domain wall data given in Reference 1; it appears to be possible to
account for this set of data with either his theory or the analysis pre-
sented in Reference 1.

The following is a derivation, which is due to Néel, of the result which
is to be compared with equation (38) in Reference 1. We start from
equation (26) of Reference 2, and use Néel’s notation:

P=—-W, ‘/;tf(U)g(t —7)dr 1

Here P is the pressure due to magnetic drag, W, is a constant which
determines the magnitude of the energy to be gained by rearranging
carbon atoms (valence electrons in the case of the ferrite) and g(t — 7)
is a weighting factor which takes the form

1 (r—1)

5‘ exp 9

if only one relaxation time, 6, is involved. U is the distance between the
* Trainage.
1J. K. Galt, B.S.T.J., 33, p. 1023, Sept., 1954.
2 L. Néel, J. Phys. et Radium, 13, p. 249, 1952.

439
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positions of the wall at time 7 and at time ¢; f(U) is defined thus:

‘ _9F(U)
J) = Y (2
where .
FU) = —5 [ B d @

The function F(U) is an integral, over a cylinder of unit cross-section
normal to the wall, of the angular dependence of the energy E; to be
gained by rearranging carbon atoms (valence electrons in the case of the
ferrite). Further details will be found in Reference 2.

In the case of a domain wall moving with constant velocity v,

U — vr — v,

and we assume that only one relaxation time is important in the loss
mechanism. In this case Equation (1) becomes
0
p=-" 1" juyerau @)
B 1)0 —vt
If we note that f(U) is an odd function (Section 8 in Reference 2) and
rearrange the limits of integration, this becomes:

P = %’ fo () du. )

Now because of the factor ¢ 7'*’, we only get contributions to the -

integral in Equation (5) from the region where U is comparable to or
less than v6. If d is the thickness of the domain wall, and if the velocity
of the domain wall is slow enough so that d > v8, U < d in the region of
importance. We may therefore use the first term of the series for f(U)
discussed in Section 8 of Reference 2. From this we find

_ 4,
3vbd

_ 4W01)0
3d

f U@—U/vt‘) dU
0

(6)

If we set this pressure, due to viscous drag, equal to the pressure from
the applied steady field on the domain wall, 2 M.H, , we find

_13Md

=3 27, 2o @

v
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This relation is to be compared with Equation 38 in Reference 1. They
are of the same form, and in particular they both lead to the same de-
pendence of » on applied field and temperature (note that the relaxation
time 6 depends exponentially on the temperature). They both can there-
fore be used to fit the experimental data in Reference 1, and compari-

sons with other data will be necessary to distinguish between the two
approaches.
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