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outer region is caused by lack of recrystallization after extrusion. Ex-
amination under polarized light shows preferred orientation and lineage
in this region. The irregularity in recrystallization is even more pro-
nounced in Tig. 24(b). The extrusion temperature range used is very
near to the recrystallization temperature for material of this purity.
The extent of recrystallization is also a function of the amount of plastic
deformation prior to exposure of the material to maximum temperature
as it passes through the die orifice. Since the cross-section may be com-
posed of material from the center and outer portions in different propor-
tions which would undergo considerable variation in deformation before
reaching the point of sheath formation, the structural differences are
not surprising. Structure varies along the length of charges due to the
combined effect of deformation variation and the temperature cycle
usually accompanying an extrusion cycle especially when fast extrusion
rates are used. There are also some indications that the structure of the
charged billets has an effect on the extruded pipe. The photomicrographs
shown are for super purity aluminum. As would be expected, grain size
and degree of recrystallization decreases with decreasing purity for a
given set of extrusion conditions.

Apart from low pressure advantages gained by extrusion at tempera-
tures above 330°C, more uniform grain structure might be obtained.
Low temperature extrusions often result in mixtures of coarse and fine
grained material. The latter may be either imperfectly recrystallized
and filled with much lineage or may have the badly distorted appear-
ance of unrecrystallized material. It is not known if this mixed structure
might have an adverse effect on service life. It is reasonable to suppose,
however, that some benefits might result from uniformity in grain size.

PREPARATION OF BILLETS

The high purity aluminum was received in two different forms; either
direct chill castings, three inches in diameter and approximately four
feet long or pigs which were melted at the Laboratories and cast into
graphite molds. The 99.9 per cent aluminum also was melted and cast.
The 99 per cent aluminum was in the form of extruded rod.

All of the cast surfaces, even those produced by direct chill, showed
some folds and ripples. Those cast in graphite molds had in addition a
certain amount of oxide inclusions and voids. In order to minimize in-
clusions in the final billet, the cast surfaces were removed by shaving.
The ingots were first sawed to suitable lengths, then heated to 400°C.
At this temperature, they were placed in a hydraulic press and a sharp
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edged shaving tube forced over them lengthwise. This removed about
14 to 14 inch of material from the outer surfaces. The resulting billets
were generally smooth and clean after this operation. The surface was
far superior to those observed on billets to be extruded in commercial
plants even though some of their billets had been turned in a lathe.
Before the billets were used, the surfaces were cleaned with trichloro-
ethylene to remove traces of lubricant left from the shaving operation.
Generally, the billets were stored in an oven at 300°C prior to insertion
into the cylinder of the extrusion. In conformance with commercial
practice in handling aluminum billets, no attempts were made .to pre-
vent oxidation during any of the melting or subsequent heating opera-
tions.

The start, middle, and end of a shaving operation is shown in Fig.
25. Fig. 26 shows the shaving tool partly removed from the billet at the
end of an operation. The force required for shaving is about 20 tons.
It seems probable that such a procedure would lend itself to commercial
operation. Chip breaking knives and cutters to form the longitudinal
grooves on the billet would be desirable on a commercial shaving tool.

WEAR ON PRESS PARTS

It was anticipated that the aluminum would cause a certain amount
of erosion on the steel parts of the press. However, during experimental
operation this has not been evident. For example, the clearance between
the piston and the cylinder wall originally was approximately 0.002
inches and through this space a slight back extrusion has always taken
place. During many months of press operation, the amount of this back

Fig. 25 — Start, middle, and end of shaving operation for removing outer
surface of cast aluminum billets.
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TF1a. 26 — Shaving tool partly removed from billet after operation.

extrusion or scarf has not increased visibly, indicating no wear on cylin-
der or piston edge which would have been very noticeable here. Examina-
tion of the core and die surfaces also have shown little, if any, erosion
and there has been no evidence of alloying between aluminum and steel.
Attack and wear by the aluminum is probably prevented by the rela-
tively stationary layer of aluminum which adheres to the steel surfaces
during extrusion. The large proportion of motion takes place by shear
within the aluminum rather than by sliding over the steel surface.

LUBRICATION

The initial experiments showed that application of oil coatings to
successive billets had a favorable effect on decreasing the extrusion pres-
sure. However, this practice invariably resulted in poor welds in the
sheath and was discontinued. Over a period of many months no lubri-
cant of any type was applied to the billets which were used [or recharg-
ing the press. Coatings on the core-tube and die, however, have beneficial
effects on press operation. Among the materials investigated as die and
core-tube lubricants were Teflon coatings baked on at 350°C, various
silicone greases, mixtures of petroleum jelly and mutton tallow, heavy
paraffin-base cylinder oil, copper flashes produced by replacement from
especially prepared copper bearing solutions, and finally a heat polym-
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erized oil coating. This latter coating, which proved to be by far the
most effective, was produced by dipping the parts in high temperature
motor oil and then heating them in air to an estimated 350°C by a ra-
-diant heater. The resulting partly-polymerized, partly-carbonized hydro-
carbon produced a very adherent, hard, black, glossy finish which has
proved of considerable value in reducing adhesion of aluminum to the
extrusion surfaces. While some of the coating is removed as a result of
continued extrusion, the parts so coated are relatively free from massive
aluminum adhesions when removed from the press. The coating did not
prevent the beneficial wetting by aluminum of the land and opposite
core-tube region (Iig. 11).

SIZE FACTOR

Because of the complexity of pressure distribution which causes the
flow through the extrusion passages, it is difficult to calculate the forces
to be expected in different shapes and sizes of extrusion equipment. This
anomalous pressure distribution was demonstrated by the existence of
voids at particular locations in the cylinder residue after considerable
extrusion of lead at room temperature under a pressure of 20,000 psi.
Considerable data8 and theoretical considerations point to a straight line
relationship between the logarithm of extrusion ratio and the extrusion
pressure as shown in Tig. 27. For this reason, if attempts were made to
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extrude 14 inch diameter sheath using a press having a cylinder five
times the area of the experimental laboratory press, it could be estimated
that a pressure increase from 63,000 psi for the laboratory press to 82,000
for the larger press could be expected for 99.99 per cent aluminum. For
99.9 per cent aluminum, the increase which might be expected would be
from 77,000 to 101,000 psi. With 99 per cent aluminum the increase
would be from 85,000 to 111,000 psi. These values are all well below
the 150,000 psi figure commonly used in commercial extrusion. Were
some of the larger sizes of sheath to be produced, the extrusion ratio
would decrease and result in a correspondingly lower extrusion pressure.
~ Up to the present time, sheath of only one size has been extruded on
the Laboratories press. It has, therefore, not been possible to confirm
the extrusion ratio-pressure relationships on the two piston type of
press. It might be emphasized in connection with Fig. 27 that no ac-
count has been taken of the 90° change in direction so that the extrusion
pressure at a 1 to 1 ratio would most certainly be somewhat higher
than zero pressure. An increase at this point in the abscissae would
pivot all curves about the intercepts at 200 and lower the extrapolated
points at higher ratios.

SUMMARY

A survey has been made of the factors involved in extruding aluminum
directly over paper insulated cable core. Since the upper temperature
limit is restricted by the presence of the paper and the force to deform
aluminum is many times greater than that for lead, conventional lead
sheathing equipment cannot be used. An experimental two-opposed pis-
ton arrangement with die and core-tube located on an axis 90° to that
of the pistons and midway between them has been found to operate at
much lower pressures. The shapes of die and core-tubes have been shown
to be critical with respect to pressure required and perfection of the
sheath. Data are presented to show the effect of purity of aluminum on
the interdependence of temperature, pressure and extrusion rate. Special
lubrication coatings for the die and core-tube are discussed. Entrapment
of air between successive charges was prevented by placing longitudinal
grooves on the billets. These were then charged at a temperature some-
what lower than that of the press. Using these techniques, the seam
welds produced were as strong as the rest of the sheath. Tensile proper-
ties of some of the extruded sheath are given. Microstructures of ex-
truded sheath are shown.
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A Tunable, Low-Voltage Reflex Klystron
for Operation in the 50 to 60-kmc Band

By E. D. REED
(Manuscript received January 19, 1955)

Electrical and mechanical techniques are described which have been suc-
cessfully applied to the design of a reflex klystron operating in the 50,000 to
60,000-mc band. Not only have these techniques resulted in a practical tube
operaling at the highest frequency yet achieved with a gridded, low voltage
reflex klystron, but they point the way to fulure work at still higher fre-
quencies.

The M 1805 reflex klystron has a mechanical tuning range of over 10,000
me and at a beam voltage of 600 volts delivers a maximum CW power of 15—
30 milliwalts. Its electron-optical system resulted in a repeller mode exhibit-
ing good symmetry and almost complete absence of electronic hystersis.
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INTRODUCTION

The design of a low-voltage tunable reflex klystron for continuous
operation in the millimeter waveband poses a number of difficult prob-
lems most of which stem either directly or indirectly from the small
physical size of the resonant cavity. In addition, we must contend with
the unpleasant yet inescapable facts that klystron cavities become in-
herently poorer with increasing frequency and that both smoothness and
freedom from stresses in cavity walls assume increasing importance.

563
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Finally, if along-life, oxide coated cathode is desired, that is, one oper-
ating at moderate surface current density, a somewhat delicate gun
design problem must then be faced.

Many techniques, both electrical and mechanical, successfully used in
the centimeter region fail when applied to the design of a millimeter-
wave reflex klystron so that we are forced to look for alternatives, i.e.,
specialized solutions which satisfy the requirements peculiar to this
frequency range. Also, since many of the problems are mechanical in
nature, it is obvious that the electrical design of a tube of this type
cannot proceed without unusually close attention to structural feasi-
bility. Another obstacle to tube development in a relatively new fre-
quency band is the lack of broadband waveguide components normally
available for the determination of important tube parameters.

The M1805* reflex klystron is the outgrowth of development effort
which was aimed at exploring the possibility of millimeter-wave gener-
ation by means of a low voltage tunable reflex klystron. The ease of
operation and general convenience afforded by such a tube not only
were needed for the millimeter wave research in progress at Bell Labora-
tories and in the military establishment but, it was felt, would render
practical and stimulate new investigations held in abeyance because of
the lack of suitable primary signal generators.

As deseribed in a recent paper by S. E. Miller,' the Bell System’s in-
terest in the millimeter wave region has been centered chiefly around the
use of circular waveguide as a low-loss communication medium. This
interest and, equally important, certain military needs led to an in-
tensification of the millimeter klystron effort, an effort which, since the
later part of the war, had been pursued at Bell Laboratories on a com-
paratively small scale and with several interruptions. As early as 1945,
J. R. Pierce’ succeeded in producing several milliwatts of continuous
millimeter wave power. His tube, the 1464XQ, could be thermally tuned
from about 45 to 48 kmc and with a resonator voltage of 400 volts, a
value, which was determined by the power handling ability of the grids,
would deliver some 2-5 milliwatts of RF power. A small number of
these tubes was built but development was stopped short of completion.
The cxpericnce gained in the course of that investigation and in later
work of C. T. Goddard, however, has in no small way contributed to the
success of the M1805.

The present development program, which was culminated in the
highest frequency reflex klystron of the low voltage, gridded type ever

* This tube was developed under Office of Naval Research Contract Nonr
687(00).
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built, started out with two distinct aims. The first was to determine
whether a low-voltage, tunable reflex klystron for CW operation in the
5—6 mm band could be built on a laboratory basis. There was no assur-
ance that this could be done within the limitations imposed by such
requirements as low voltage operation, tunability, moderate emission
density and long life. Moreover, as the performance of Pierce’s 1464XQ
had been marginal, scaling to a still higher frequency appeared a some-
what risky endeavor. The second objective was contingent upon the
success of the first. It called for a tube of reproducible characteristics and
one which would lend itself to quantity production if and when required.

Results obtained to date with representative numbers of M1805’s
indicate that the original design objectives have in most instances been
met and in some, such as power output and tuning range, exceeded. A
typical tube will tune mechanically from 50 to 60 kme, will deliver a
maximum of 15 to 30 milliwatts of RF power* within this band and will
exhibit a clean and symmetrical mode shape, almost free from electronic
hysteresis. Optimum coupling to a matched waveguide has been achieved
over most of the mechanical tuning range and, in general, the tube seems
to be as well behaved and as easy to operate as lower frequency reflex
klystrons of more conventional design.

In its present form, the M1805 reflex klystron combines results ob-
tained in the course of a number of separate studies all of which had to
be essentially completed before the final mechanical design of this tube
could even be started. These studies pertained to the electron-optical
system and, more particularly, to the design of a highly convergent elec-
tron gun; they pertained to the evolution of an eflicient passive circuit
consisting of the tunable resonant cavity and the broad-band output
coupling system. Finally, they were directed at finding methods of
handling the tolerances and the dimensions — some of which resemble
“normal’’ tolerances — dictated by the operating frequency of this tube.

As a result of these studies we found that the minute dimensions and
tight tolerances encountered in a millimeter wave klystron do not pre-
sent undue difficulties if handled with appropriate techniques and we
have, in fact, obtained a degree of reproducibility in such parameters as
gun perveance and transmission efficiency considerably higher than has
been customary with lower frequency tubes. The consistency of the RF
performance has been satisfactory too, although capable of further
improvement.

Of the mechanical techniques responsible for this unusual measure of

d* This spread includes a possible uncertainty in power measurement of about
1 db.
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reproducibility and control in the face of minuteness both in the size of
elements and their spacings, the more important ones are: (1) the ex-
tensive use of precision hubbing, (2) the reliance on optical rather than
self-alignment to obtain the close degree of concentricity required, and
(3) the use of individually sclected ceramic spacers to determine spac-
ings. Equally important, of course, has been an electrical design which
permits the fullest utilization of these techniques.

GENERAL DESIGN CONSIDERATIONS

Suppose we now take a somewhat more detailed look at the major
problems which confront the designer of a millimeter wave reflex klys-
tron. Later in this paper we shall see what solutions were obtained to
these problems and how they were applied to the design of the M1805.

Let us first examine the frequency determining resonant cavity. Its
linear dimensions are directly proportional to wavelength or inversely
proportional to frequency. Hence, a 4,000-mc cavity, for example, having
an outer diameter of about one inch would shrink to one having a diame-
ter of {5 inch or 67 mils* if we wanted to go up in frequency by a fac-
tor of 15, that is, to 60,000 mc. Whereas a dimensional tolerance of
+2 mil might be acceptable in the 4,000-mc cavity, this tolerance now
becomes 245 mil or +0.13 mil for the same relative accuracy in
resonant frequency. IFurthermore, @ is inversely proportional to the
square root of frequency. Hence, the millimeter cavity would have at
best an internal Q lower by a factor of /15 or roughly 4, provided its
surface smoothness was relatively as good as that of the 4,000-mec cavity.
In practice, this means that our millimeter cavity should have mirror
smooth copper surfaces. This in turn, renders drawn and plated parts
or, perhaps, machined cavities, which are perfectly acceptable at 4,000
me, unsuitable for the millimeter band.

Next, consider the method of tuning which, in most internal cavity
type tubes involves changing the grid separation in order to vary the
effective shunt eapacitance of the resonator. In a 4,000-me tube this can
be realized by making the top wall of the resonator a flexible membrane.
Such a diaphragm, having a diameter of about one inch and containing
properly dimensioned concentric corrugations and radial slots will with-
stand many thousands of tuning cycles. For practical reasons, such per-
formance cannot be expected of a tuning diaphragm having a diameter
of some 60 mils. This mechanical difficulty, then, forces us to look at
modifications of the passive circuit which will permit the use of a suffi-
ciently large tuning diaphragm.

* Because of the small dimensions involved, it is convenient to express dimen-
sions in mils, i.e., in thousands of an inch.
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The ratio of megacycles of frequency shift per mil of change in gap
spacing is about 500/30 for a typical 4,000-me reflex klystron such as
the Western Electric 431A. TFor a cavity scaled up in frequency by 15
this factor will become 225 times greater or 3750 me/mil. One mil change
in gap spacing would therefore detune this hypothetical cavity by close
to 4,000 me. This, incidentally, makes the millimeter wave reflex klys-
tron so sensitive an indicator of dimensional changes, that special
measures must be taken to provide a tuner of adequate dispersion be it
of the mechanical or thermal type. Steps must also be taken to prevent
the transmission to the tuning diaphragm of undesired motions which
might easily result in the destruction of the grids. Such motions might be
caused by differential thermal expansion during processing on the pump
and would be difficult to predict.

The electron gun poses another problem which cannot be solved by
simple scaling. Since the total effective beam current should be at least
equal to and preferably greater than that required for lower frequency
tubes of medium power output, scaling down of the cathode surface
would result in prohibitive current densities so far, at least, as oxide
coated cathodes are concerned. This, then, requires an electron gun of
the highest possible convergence. At the same time it is necessary to:
(a) arrange for a mechanical structure capable of the high degree of pre-
cision in spacings and concentricity required for such guns, yet provide
adequate thermal isolation for the cathode, and (b) devise grids which
will withstand bombardment by an electron beam having a current
density many times greater than that encountered in lower frequency
klystrons.

Or, let us examine the problem of heat dissipation. Essentially the
entire beam power which may be of the order of 25 watts is dissipated
on the central cavity post. If this cavity post and the grid contained
therein are to withstand this concentrated electron bombardment, these
elements must be surrounded by a very effective heat sink which, in
turn, must carry the heat to the outside of the tube envelope where
either natural or forced convection and conduction cooling may be
applied.

The performance of a millimeter wave klystron cannot be predicted
on paper with any certainty. Too many are the approximations con-
tained in the small signal theory and too many are the assumptions and
guesses involved in estimating such important tube parameters as effec-
tive beam current, beam coupling coefficient, resonator shunt con-
ductance, ete. At best, theory predicts that the tube should oscillate if
the cavity @ is not degraded to a value greatly below that caused by
frequency scaling and if the reflector space geometry gives rise to effi-
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cient bunching. It may come as somewhat of a disappointment to many
readers that the design of a millimeter wave reflex klystron in many re-
spects is not a quantitative science. The philosophy, then, with which
we approached this task was an essentially simple one. It called for an
attack on the individual problems outlined earlier with a view to fitting
the better solutions into the most promising overall pattern.

THE ELECTRON GUN

The design objectives for the electron gun were:

(a) high perveance,

(b) oxide coated, unipotential cathode,

(c) long life, which with (b) necessitates a highly convergent beam,

and

(d) no accelerating grid.

The considerations leading to these objectives are readily discernible
except, perhaps, (d); apart from mechanical complexity, the use of ac-
celerating grids has, in the past, frequently given rise to instabilities
associated with ion oscillations.

Two basic gun configurations, known to us at the time, seemed capable
of further refinement and thereby of meeting the objectives listed above.
One was the well known Pierce gun and the other one a gun developed
by O. Heil® at Ohio State University.

Small guns of the Pierce type had been investigated during the war
by E. M. Boone in connection with the 1464XQ. The best gun developed
in the course of that study and the one used in the 1464XQ performed
about as follows:

accelerating voltage.................. 400 volts
cathode current. . ................... 20 ma
cathode current density. ............. 425 ma/cm’
PEIVEANCE. . o\ o ee et ee e 2.5 microamps/volt”*
transmission efficiency through a 0.025”

dia. ungridded aperture. ........... 80 per cent
current density multiplication......... 12

The performance of the Heil gun as deseribed in the literature looked
so promising that a thorough study of its suitability for use in the M 1805
seemed imperative. The published value of current density multipli-
cation of 230 was almost 20 times greater than that of the Pierce gun
described above and the perveance of 4.5 pA/V®* almost twice as great.
Accordingly, a number of sealed-off and gettered gun testers were built
containing scaled-down Heil guns. In spite of careful scaling, however,
and for reasons not entirely clear to us, these testers fell short of
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duplicating published performance. Their perveance came fairly close to
the published value but their transmission ranged around the unusably
low value of 50 per cent. These initial results strongly suggested the need
for extensive changes from the Heil gun as published if it was to play its
intended role in the millimeter wave reflex klystron.

The basic outlines of the Heil gun are shown in Fig. 1. Its cathode is
a portion of a spheroid formed by the rotation of an ellipse about its
minor axis. The ratio of the major to minor axis, b/a, equals 1.295 and
the height of the spheroid measured along the minor axis is 0.423 a. If
the missing area of the semi-spheroid is assumed to be cylindrical (which
is a very close approximation) the expression for the cathode area
simplifies to,

Cathode area (in cm®) = 7.85 b° @
where
b = major axis in inches

This equation is plotted in Fig. 1 along with cathode current density for
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Fig. 1 — Design data for the Heil electron gun. The drawing to the left shows
the basic configuration of the Heil gun and the plots on the right show the de-
pendence of cathode area and average current density upon cathode size.
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several values of current. The curves can be used to determine average
current densities for proposed cathode diameters.

Closely adjacent to the cathode and joined to it electrically but iso-
lated thermally is the beam forming clectrode. Its shape as well as that
of the accelerating electrode are also shown in Fig. 1. The angle sub-
tended by the beam electrode and the tangent to the cathode at the
point where it joins the beam electrode is 157.5°. This provides the well
known 67.5° angle between the beam electrode and the trajectory of
edge-electrons.

The program we undertook to explore the Heil gun for use in the
millimeter wave klystron was a purely empirical one. It involved the
systematic variation of the parameters d and f shown in Fig. 3. Dimen-
sion d, the spacing between cathode and focusing anode, controls the
perveance of the gun and dimension f denotes the aperture diameter
which in the final gun closely approximates the minimum beam diameter.

In order to provide for a vacuum environment closely resembling that
typical of actual tubes, all gun testers were housed in sealed-off and get-
tered glass envelopes. Within these envelopes, however, the structures
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Fig. 2 — The demountable electron gun structure shown in this figure was
originally used in an experimental study aimed at adapting the Heil gun for use
in the M1805 millimeter wave reflex klystron. The reproducibility and mechanical
stability, however, proved so satisfactory that this structure was incorporated in
the final tube design essentially without change.
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Tig. 3 — Experimental results obtained by varying the perveance and beam
aperture of a Heil gun having a cathode scaled to 208-mil diameter. Each point
represents the result obtained with a sealed-off and gettered gun tester. Perveance
was changed by varying d. This, in turn, was achieved by the use of ceramic
spacers (see Fig. 2) having different thicknesses thereby moving the cathode and
beam-clectrode as a unit. The diameter of the beam aperture, f, was enlarged in
successive steps by cylindrical reaming.

were completely demountable as shown in Fig. 2. The gun testers con-
sisted of three major elements: the collector assembly comprising the
collector proper and secondary electron shield (not shown in Fig. 2), the
cathode beam-electrode assembly and the anode block to which the first
two assemblies were bolted. To achieve consistent and reproducible per-
formance, it was found that dimensions had to be controlled to a degree
which could not be achieved with self aligning parts. The following tech-
niques were therefore adopted.

The emitting surface of the cathode was produced from a solid nickel
blank with great accuracy by hubbing, a technique which will be de-
scribed in greater detail in connection with the passive circuit. Other,
less critical, cathode contours were machined. Three Nilvar wires,
dimensioned for good thermal insulation consistent with adequate
mechanical rigidity, were welded to both cathode and beam electrode,
thereby yielding an assembly which could be carefully inspected both
for concentricity and spacing. By means of two ceramic spacers and a
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combination of spring and clamping ring, this assembly was electrically
insulated from and properly spaced with respect to the anode block.
The lower ceramic served as insulator only and its dimensions were
therefore quite uncritical. The upper ceramic determined the cathode-
anode spacing and hence had to have a closely controlled thickness and
truly parallel surfaces. Instead, however, of keeping its thickness to a
fixed value we found it preferable to-maintain a stockpile of spacers hav-
ing known and graded thicknesses and to select one which gave the
desired gun perveance thereby overcoming dimensional variations in
other parts. .

The spring and clamping ring combination, in conjunction with the
microscopic alignment procedure to be described, made concentricities
of the order of 14 mil readily achievable. This procedure involved as-
sembling the constituent gun parts as in Fig. 2 but with the clamping
ring tightened just enough to hold them together yet permitting lateral
motion of the cathode assembly with very light pressure. The assembly
was then mounted on a monocular microscope equipped with a reticule
consisting of concentric circles. By alternately focusing on the beam
aperture and the central cathode hole — which, incidentally, was pro-
vided for this purpose only and has no electrical significance — the
cathode assembly could be brought into essentially perfect alignment
and the clamping ring tightened.

There are two simple yet effective means of controlling the transmis-
sion efficiency of an electron gun; variation of the spacing between
cathode and focusing anode — and hence of perveance — and adjust-
ment of the limiting aperture size. In the Heil gun of Fig. 3 this cor-
responds to varying dimensions d and f respectively. As mentioned
earlier, the starting point for this study was a scaled down version of the
original Heil gun, scaled down to a cathode diameter of 208 mils, with a
corresponding beam aperture of 23 mils dia. and housed in the semi-
demountable structure described earlier. The experimental result ob-
tained with this tester after seal-off and under space charge limited
conditions is represented by the point marked “starting point” in Fig. 3.
We see that its perveance equalled about 4.4 pa/V®’* and was therefore
approximately correct but that its transmission efficiency of about 50
per cent was too low to be useful. Keeping the diameter of the beam
aperture fixed at 23 mils and varying the gun perveance by substituting
upper ceramic spacers (see Fig. 2) of different thicknesses, F. P. Drechs-
ler obtained the triangular points of Fig. 3 which define the lowest of
the three straight lines shown. This particular series of experiments
was stopped before the transmission efficiency had increased beyond 85
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per cent since the perveance had then dropped below 2.8 pa/V¥2
Drechsler then enlarged the diameter of the beam aperture (dimension,
f, Fig. 3) by cylindrical reaming and traversed the same range of per-
veances, obtaining the experimental points which define the middle
curve of Fig. 3. Finally, the experiment was repeated with a 31 mil
diameter aperature. This yielded a group of gun testers with a trans-
mission efficiency clustered around 95 per cent and a perveance slightly
greater than 3 uA/V**. As this performance was considered satisfactory,
the configuration giving rise to it was selected as the prototype for the
millimeter tube gun. It merely remained to scale this design down by a
factor of about 24, that is, to a beam aperture of 19 mils, thereby making
it compatible with the dimensions established in the course of the cavity
study to be described later. The significant dimensions of this modified
Heil gun of final size and its performance under various operating con-
ditions are given in Fig. 4. It should be noted that the tabulated values
of cathode current and cathode loading were obtained with a unidirec-
tional electron beam such as is normally produced in gun testers. In an
operating reflex klystron a certain fraction of electrons are returned to
the cathode region and perveance will therefore be somewhat lower.
The mechanical gun structure described earlier was conceived origi-
nally as a convenient yet precise vehicle for gun studies. So favorable,
however, has been our experience with this method of gun mounting,
in ease of assembly, in reproducibility of results and in thermal stability,
that it was incorporated in the M1805 essentially without change.
The cathode currents of more than 90 per cent of the tubes built fell
within 10 per cent of the mean, that is, within 2 ma of 18.7 ma when
operated at 400 volts. About 95 per cent of these same tubes had trans-
mission efficiencies within 5 per cent of the mean value of 56 per cent.
The value of cathode current at a given beam voltage is a sensitive
measure of the spacing between cathode and focusing anode (dimension,
d, in Fig. 3). If we assume that this is the only source of the variation in
perveance, the experimental data indicate that this spacing is being held
to within 1.5 mil for the great majority of tubes. The value of trans-
mission efficiency as such has little significance since secondary electrons
are not controllable in the tube structure. However, the spread in values
of transmission efficiency is closely related to the reproducibility in gun
alignment. To obtain the value of transmission efficiency experimentally,
we must operate the repeller positively and measure the fraction of
cathode current reaching it after having passed through two grids. In a
normal reflex klystron, operation with a positive repeller would soon re-
sult in overheating and the consequent destruction of the tube. To
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overcome this difficulty a directly-reading transmission measuring set
was developed by C. L. Nenninger in which the eclectron beam was
pulsed at a sufficiently low duty cycle. The information was presented as
an oscilloscope display consisting of two pulses with heights proportional
to cathode current and transmitted current respectively as shown in
Fig. 5.
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Fig. 4 — Modified Heil electron gun as used in M1805 millimeter wave reflex
klystron. The performance data tabulated above, only apply to a unidirectional
electron beam as produced in gun testers. Both perveance and cathode loading
will be somewhat lower in an operating reflex klystron due to electrons returned
into cathode region.
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THE PASSIVE CIRCUIT

Of the two most commonly used mechanical means of tuning a klys-
tron cavity, namely, capacitive and inductive tuning, tubes of the
internal cavity type almost exclusively employ capacitive tuning.
Generally, this method of tuning involves changing the separation be-
tween the interaction gap grids; this changes the effective shunt capaci-
tance and hence the resonant frequency of the cavity. For a given fre-
quency change it requires a much smaller physical motion than inductive
tuning and one which is more readily realized mechanically. Capacitive
tuning, therefore, became the obvious choice for the M1805.

How did this decision affect the design of the passive circuit? Lower
frequency reflex klystrons are usually tuned by distorting a metal dia-
phragm which might be the cavity wall containing one of the interaction
gap grids. Such an elementary approach, when applied to a millimeter
wave cavity, would lead to many practical difficulties. Fig. 6(a) shows
the shape and size of the frequency-determining, resonant cavity. Its
upper surface is seen to have a diameter of only 76 mils, clearly too small
to afford the flexibility required of a tuning diaphragm; this problem is
further aggravated by the difficulty of scaling such items as tuning links
or the size of brazing fillets. The solution, here, was to surround the inner,
frequency-determining cavity by a stepped, radial choke section which
presents a good broadband short to the inner cavity. As shown in Fig.
6(b) the diaphragm now extends across both the cavity and choke sec-
tion, the latter having a diameter of 284 mils, almost four times that of

cATHODE %-6

CURRENT 0.4

TRANSMITTED
CURRENT

Fig. 5 — Oscilloscope display obtained with electron-gun-transmission test
set. The special reticule permits the cathode current pulse to be adjusted for unit
height; thus the height of the transmitted current pulse gives transmission effi-
ciency directly.
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Fig. 6 — Resonant cavity of M1805 millimeter wave reflex klystron — (a) the
shape and size of the inner, frequency-determining cavity and (b) the same cavity
surrounded by a stepped, radial choke section. The choke section presents a broad-
band short to cavity proper, yet permits the use of a tuning diaphragm sufficiently
large for flexibility. The resonant frequency of the cavity with the gap spacing as
shown is about 54 kme. This frequency is not appreciably affected by the addition
of the choke section.

the primary cavity. The exact configuration was established experi-
mentally with the aid of machined brass models scaled for operation in
the 4,000-me¢ band, a frequency range in which broadband waveguide
components and adequate measurement techniques were available. The
addition of the radial choke section was found to have a negligible effect
on either the internal @ or the resonant frequency of the inner cavity. It
did, however, complicate the design of a broadband output transformer
which forms the connecting link between the resonator and the output
waveguide.

Tor the operating reflex klystron to deliver maximum power to a
matched waveguide without an external susceptance transformer, the
external load must be coupled to the resonator with sensibly uniform
tighness over the projected mechanical tuning range. In other words, the
output transformer must give rise to an external ), @z , which does not
change appreciably with frequency. In the case of the resonator and
choke system of Fig. 6(b), this must be achieved in the presence of
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variations in height of the inner choke section. These variations of
height and consequently of the characteristic impedance of the radial
transmission line adjacent to the inner cavity are caused by the tuning
motion of the diaphragm.

Some of the output coupling configurations investigated in the process
of evolving a design which would have the required electrical properties
yet be amenable to fabrication are shown in Fig. 7. Shown beside each
configuration is an experimental plot giving the variation in external @,
normalized with respect to the midband value, over the frequency range
of interest. Like the cavity study proper, this work too was performed
in the 4,000-me¢ band using large scale brass models. It is seen, for in-
stance, that the electrically simplest case, namely that of an iris opening
directly into the output waveguide, Fig. 7(a), gives rise to a variation in
external @ greater than 10:1, an obviously undesirable condition. The
steep slope of this curve is primarily due to variations in height of the
inner choke section. Thus, at the high frequency end where the external
@ has its lowest value and the tube is consequently most strongly coupled
to the external load, the inner choke section has its maximum height. As
we tune to lower frequencies by closing the interaction gap, the inner
choke height decreases and along with it the tightness of coupling; @z,
therefore, increases. Proceeding to Fig. 7(b) it is seen that the inter-
position of a linear taper between iris and waveguide has reduced the
variation in external @ from a value exceeding 10:1 to about 6:1. The
use of a quarter-wave transformer as in Fig. 7(c) reduces the variation
to less than 2:1.

It is conceivable that the frequency sensitivity of the quarter-wave
transformer of Fig. 7(c) could have been adjusted to yield an essen-
tially uniform external Q. It was deemed desirable, however, to elim-
inate the thin iris required for this design because of the serious struc-
tural difficulties it would have presented when scaled down by a factor
of about 15. This consideration led to the output transformer of Fig.
7(d) in which the iris has been replaced by a quarter-wave transformer
of full guide width brought right up to the outer choke section. This
configuration not only is the mechanically simplest one and therefpre
well suited for scaling, but gave rise to the best electrical performance.
It became the obvious choice for the final design of the M1805. The elec-
trical performance of this transformer is determined by the length, L,
and the height, H, (see Fig. 7d). Basically, the height controls the tight-
ness of coupling and the length the frequency sensitivity.

The effect of the length, L, of the quarter-wave transformer on the
frequency sensitivity of external @ is shown in the experimental curves
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Fig. 8 — Variation in cavity loading (i.e., external Q) for various lengths, L,
of the output transformer. The curve for L = 0.860” shows the least variation and
was chosen for M1805 design. The above curves were obtained experimentally
using scaled-up, 4,000-me brass models.

of Fig. 8. As shown by the solid curve in this figure it is possible, by a
proper choice of L, to limit the variation in external @ to less than 43
per cent. We further see that not only can L be adjusted for maximum
uniformity in loading but that its value might be chosen to produce
controlled variations in external Q. These, in turn, could compensate for
such variations in internal cavity losses as are shown in the curves of
Fig. 9. The first two of these curves, namely, the ones relating internal
Q and equivalent gap capacitance with frequency, were obtained by
independent experiments using scaled-up brass models of the passive
circuit and the third curve was calculated from the relation, R = Qo/«C.

Fig. 7 — Various output coupling configurations and corresponding variations
in external @ with frequency. The values of external @ have been normalized with
respect to the midband value. The output circuit, (d), shows the least variation in
external @, only == 3 per cent, and is the simplest mechanically. It was chosen for
the final design of the M1805. Dimension ‘‘L’’ controls the frequency sensitivity
of coupling and “H”’ its tightness. This work was performed in the 4,000-me band
using scaled-up brass models.
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Fig. 9 — Variation of internal cavity parameters over the mechanical tuning
range. Using a scaled-up brass model of the cavity shown in Fig. 6 (b), the curves
for internal @, @, , and for the equivalent gap capacitance, C, were determined ex-
perimentally by independent methods and the third curve calculated from the
first two using the relation, R = Qo/wC.

Disregarding the absolute values of shunt resistance because of the un-
certainty of the applicable sealing factor but considering only its relative
variation over the mechanical tuning range, we may well argue that a
constant external @ will not extract the maximum available power at all
frequencies.’ Instead, the curve of external Q should be shaped such that
the tube is more heavily loaded towards the high frequency end. This
argument is further complicated by the fact that the beam coupling
coefficient and consequently the electronic admittance also change as the
grid separation is varied and that this change occurs in a direction tend-
ing to counteract the variation of resonator shunt resistance shown in
Fig. 9. On the whole, then, the requirement of constant external @ seems
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to be a reasonable initial assumption and one that can only be improved
upon by experimental equalization with the aid of operating millimeter
tubes of near final design. At the same time, being able to change the
loading characteristics in a controlled manner appears to be a definite
advantage, although one which has not as yet been exploited in the
M1805. Performance data to be given later indicate that this tube de-
livers maximum, or near maximum, power into a matched waveguide
with an output transformer scaled from the one corresponding to the
solid curve in Fig. 8.

The objective of the model studies just described was a design which
not only would have the desired electrical properties but would make
possible a one-piece, hubbed cavity block. Accordingly, we have arranged
that all the elements constituting the passive circuit extend 7nfo the
cavity block from a common and plane surface and, in addition, we have
eliminated the thin-walled iris which would normally connect the reso-
nator with the output waveguide. This one-piece, hubbed structure has
given rise to excellent reproducibility despite the minute sizes.

The method of fabrication of the cavity block as evolved by L. B.
Luckner, proceeds as indicated in Fig. 10. The starting point is a simple
cylindrical blank as in Fig. 10(a) made of vacuum melted, OFHC copper
and having a polished top surface. A hardened and highly polished steel
die, the inverse in shape of the impression to be hubbed, is forced into
the cold blank by means of a hydraulic press with a thrust of about 16
tons. The resulting impression of the resonant cavity and output circuit
has a very dense and essentially mirror smooth surface. To prevent any
accidental marring or scratching of this surface and to preserve the
finish during subsequent machining operations, the impression is filled
with resin immediately after it has been hubbed as shown in Fig. 10(b).
By means of three reference holes impressed into the blank during the
original hubbing, the cavity block is accurately chucked in the lathe
where the focusing anode and the adjacent contours are machined. All
that remains now is the relatively straight-forward machining of the
common flat surface to give the finished block as shown in Fig. 10(c).

The finished cavity block may be seen more clearly in the cutaway
drawing of Fig. 11. Contained in this single unit are the following essen-
tial tube elements:

1. Inner, frequency determining cavity

2. Stepped radial choke section

3. Broadband output transformer

4. Output waveguide

5. Focusing anode for Heil gun
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Fig. 10 — Principal steps in preparation of cavity block. (a) Starting point is
a cylindrical blank made of vacuum melted, OFHC copper. (b) Copper blank into
which has been hubbed the passive circuit and three reference holes used for pre-

cise chucking in subsequent machining. Resin filler prevents marring of mirror
smooth surfaces. (¢) Finished cavity bloek.
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TFig. 11 — Cutaway view of completed cavity block. Made from a solid copper
blank by the process outlined in Fig. 10, this unit really constitutes the heart of
the tube.

In addition, we have hubbed a recess into the cavity post (see en-
largement in Fig. 11) to serve as a nest for one of the interaction-gap
grids.

By this design of the passive circuit, a number of significant electro-
mechanical advantages have been achieved. These are:

1. All surfaces carrying high frequency currents are produced solely
by hubbing. They require no further machining or handling so that their
mirror like surface finish may be readily retained.

2. The hubbing process and the one-piece construction have elimi-
nated the normal build up tolerances and thereby given rise to excellent
reproducibility.

3. By rounding the contour of the inner frequency-determining cavity
a favorable shape factor has been achieved.

4. The lossy braze joint between diaphragm and cavity is located in
the outer choke section where it does not appreciably degrade the in-
ternal Q.

5. Since the copper block extends to the outside of the tube envelope,
forced air cooling may be applied effectively and a comparatively cool
heat sink presented to the central cavity post and the grid it contains.
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Since at 60,000 mc the skin depth in copper equals about ¥{go mil,
surface layers of low conductivity have a very pronounced effect on
cavity Q. Such lowered conductivity may be due not only to chemical
impurities or surface roughness but may be the result of worked surface
layers.

In a recent British study,’" ® the RF conductivities of hubbed copper
surfaces at 8 mm wavelength were reported to be from 30 to 50 per cent
lower than the de¢ conductivity. The same study also describes a number
of surface treatments which, when applied to 8-mm hubbed cavities,
yielded values of internal @ very close to the theoretical value. In gen-
eral, these processes involved the relief of residual strain by annealing
and the removal or coverage of surface layers by chemical means. Only
the first of these techniques, namely annealing, has been applied to the
M1805 cavity block to date. The application of the chemical surface
treatments suggested in the British report is planned but will have to
wait upon a refinement of Q-measuring techniques in the 5-6 mm range.
Rough @-measurements made on M1805 cavities indicate that the hub-
bing process followed by annealing gives rise to a value of @ close to that
extrapolated from measurements on brass models operating in the
4,000-mc band.

GRIDS

The need for a gridded interaction gap arose as a direct consequence
of our decision to aim at low voltage operation. Apart from considerations
of general convenience, it was felt that a low voltage tube would afford
economies in the cost of power supplies and in the maintenance of future
systems such as to more than outweigh the difficulty of providing grids.
This difficulty was due not only to the exceedingly small size of the
grids, 20- and 30-mil internal diameter for G1* and G2* respectively,
but also to the very intensive electron bombardment to which they
would be subjected. Thus, for an accelerating voltage of 600 and a uni-
directional beam, the current density at the plane of G1 would be about
25 amps/cm’ and the corresponding power density 15 kilowatts/cm®.

Early millimeter wave tubes were equipped with grids of the type
shown in the micro-photographs of Fig. 12. Comparatively simple in
construction, these grids consisted of a number of parallel tungsten wires,
0.8 mil in diameter, embedded and gold brazed into the surrounding
copper. When used as G1, this type of grid was found to withstand con-
tinuous bombardment by a 600-volt beam. When used as G2, however,

* G1 denotes the interaction-gap-grid closer to the cathode and G2 the grid
closer to repeller.



LOW-VOLTAGE REFLEX KLYSTRON 585

the central portion was invariably eroded away. The heating conditions
for G2 are, of course, much more severe than those for G1. The latter
is smaller in diameter, connected to a more effective heat sink, namely
the copper cavity, and, presumably, is bombarded by the outgoing
stream only. G2, on the other hand, has a diameter of 30 mils (as against
20 mils for G1), it is bombarded by both the outgoing and returning
stream and is connected to a relatively poorer heat sink, a rather thin
copper diaphragm. This type of grid, then, limited the maximum beam
voltage for continuous operation to about 400 volts. It was therefore
necessary to operate early tubes having round wire grids under pulsed
conditions if the beam voltage was increased beyond that value.

Since grids of the size used in the M1805 are cooled mainly by conduc-
tion, their dissipative capacity can best be raised by increasing the cross
sectional area of the laterals, provided this does not result in increased
electron interception. A grid consisting of fine ribbons or vanes rather
than wires of circular cross section would, therefore, be of great advan-
tage. The electron interception of such a grid would be determined
primarily by the thickness of the ribbons perpendicular to the electron
flow whereas the cross sectional area available for heat conduction would
be proportional also to its depth parallel to the electron flow. A grid of
this type was indeed suggested by R. L. Vance’ of Bell Telephone Labo-

-19 MIL DIA- —— 29 MIL DIA

0.8 MIL DIA TUNGSTEN WIRE GRID 0.8 MIL DIA TUNGSTEN WIRE GRID
BRAZED TO CAVITY POST BRAZED TO DIAPHRAGM

Fig. 12 — Round-wire tungsten grids used in early M1805 millimeter-wave
klystrons. Consisting of several 0.8 mil diameter, gold plated tungsten wires em-
bedded and brazed into the cavity post or diaphragm, these grids limited the beam
voltage for continuous operation to about 400 volts. Higher beam voltages re-
quired pulsed operation.
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ratories several years ago. Its basic configuration is shown in Fig. 13.
Consisting of a number of tungsten vanes brazed individually into an
outer cylindrical rim, this grid not only offers the increased heat dissi-
pation capacity inherent in the use of vanes instead of wires, but the
additional important advantage of well controlled and predictable
thermal motions. These are results both of the cross sectional shape and
the initial curvature which, in the presence of electron bombardment,
will cause the “growing’’ grid laterals to continue in the direction of the
initial curvature, i.e., without appreciably changing the gap spacing.

The special problem which confronted us was that of scaling this rib-
bon grid down to a size where Vance’s suggested method of fabrication
could no longer be used. We were greatly aided in the solution of this
problem by engineers of the Sperry Gyroscope Corporation who very
kindly disclosed to us the basic steps of an ingenious process by which
ribbon grids with the basic configuration of Fig. 13 could be fabricated
in very minute sizes. Important contributions to the detailed processing
of these grids were subsequently made by W. Gronros, D. E. Koontz and
F. P. Drechsler of the Laboratories.

The principal steps in the preparation of the ribbon grid are illustrated
in Fig. 14. Copper plated ribbons of tungsten and iron — the tungsten
0.3-mil thick and the iron 3-mil thick — are wound and brazed into a
tight spiral as shown in Fig. 14(a). Upon removal of the mandrel, the

20 MILS DIA. FOR G,
30 MILS DIA. FOR G,

F16. 13 — Sketch showing basic configuration of grid used in final version of
M1805. The tungsten vanes, which present a thickness of 0.3 mil to the electron
stream but are 3 to 4 mil deep parallel to the electron flow, are butt-brazed into the
outer platinum rim. Their initial curvature serves to define the direction of ex-
pansion during operation at elevated temperatures.
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brazed spiral is face ground on both sides to a thickness of perhaps 10
mil and chromium plated, the chromium serving as a thin barrier layer
against subsequent brazes. The ground and plated spiral is then parted
into several segments as shown in Fig. 14(b). Each segment is edge-
ground to form a small, solid “pill”’ with a diameter corresponding to the
inside diameter of the desired grid as indicated in Fig. 14(c). The grid
pill is inserted and brazed into a short length of tightly fitting, thin
walled platinum tubing which, for ease of handling, has previously been
brazed into an iron disc; this is shown in Fig. 14(d). This entire assembly
is then machine-lapped on both sides as in Fig. 13(e) to a thickness of
3 to 4 mils, i.e., to a thickness equal to the desired depth of the final grid.
It merely remains to remove the iron both from outside and inside the
platinum by etching. In the early stages of development, the etchant
used was hot concentrated hydrochloric acid. Grids made in this manner,
however, were not satisfactory because the acid did not completely re-
move the metallic deposits from the laterals. In addition to excessive
electron interception, there was danger of these etching residues vapor-
izing at the high operating temperature. Deposition on the smooth cavity
walls would cause increased RF losses while deposition on the insulation
would cause electrical leakage. Moreover, hydrochloric acid also tended
to attack the brazing fillets and thereby often gave rise to loose laterals.

A much more elegant process of iron removal was evolved by D. E.
Koontz of the Chemical Department of the Laboratories. This process
has consistently resulted in a high yield of ribbon grids of excellent
quality. Briefly, it operates as follows: if iron is placed in a solution of
aqueous copper chloride, the surface layer of iron goes into solution and
is replaced by metallic copper. Ordinarily this reaction stops when the
surface has been completely covered. The only way of maintaining this
reaction is to continuously remove the deposited copper in order to ex-
pose the underlying metal to further attack. In Koontz’s process, this is
achieved by immersing the specimen of Fig. 14(c) in an ultrasonically
agitated copper-chloride solution to which has been added a quantity of
carborundum powder. The action of the suspended carborundum powder
is twofold. It grinds off the surface layer of copper, as it is being formed,
thereby providing the necessary condition for the complete dissolution
of iron and it is quite effective in freeing the ribbon grid from any burrs
which may have been raised in preceding lapping and grinding opera-
tions.

Since grids of the size used in the M 1805 are cooled primarily by con-
duction, we may wonder whether the substitution of copper for tungsten
would lead to a ribbon grid having adqeuate power handling capacity
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yet with greatly reduced RF losses. The superior heat conductivity of
copper might be thought to more than offset the lower melting point.
This problem as well as others aimed at better understanding the nature
of grid heating in millimeter wave klystrons were investigated in the
course of a theoretical study by R. L. Wigington. He was able to show
that a copper ribbon grid should operate much cooler than the equivalent
tungsten ribbon grid but — for the case of G2 and a 600-volt beam — at
a temperature too close to its own boiling point* to be useful.

Since the boiling point of tungsten is less than its melting temperature
at normal tube pressures, overheating will first result in the erosion rather
than the melting of the grid. Also, for the reasons already stated, the
greatest possibility of burnout occurs at the center of G2. Fig. 15 shows
theoretical plots of the maximum grid temperature, i.e., of the tempera-
ture at the center of the central G2-lateral, as a function of beam power
for three types of grids. The first one of these grids, namely, the round
wire tungsten grid, seems to leave the region of safe operation at about
400 volts and this agrees fairly well with experimental evidence. The
second type of grid shown in Fig. 15, the tungsten ribbon grid, operates
much cooler, staying well within the safe region at a beam voltage of
600 volts. Here, however, experiment indicates theory to be somewhat
optimistic. This disagreement is, perhaps, not too surprising since we
assumed parallel electron flow in calculating temperature distribution;
thus the fractional electron interception depended on the projected grid
area whereas the effective area is probably considerably greater. The
expected performance of a copper ribbon grid is shown in the third plot
of Fig. 15. Its calculated maximum temperature with a 600-volt beam is
seen to come dangerously close to its boiling point. Since, for the reasons
given earlier, the calculated temperatures are believed to be somewhat
optimistic, this grid has not been constructed.

THE REFLECTOR

The last remaining tube element of electrical significance, namely, the
reflector is shown in Fig. 16. Scaled down from an empirically derived
design which had been found satisfactory in a 4,000-me reflex klystron
with a comparable electron-optical system, this repeller is the first and
only one used to date. We are by no means certain that it constitutes an
optimum design although there are indications that this first choice was
a rather fortunate one. Experimental work aimed at optimizing a re-

* The “‘boiling point’’ is taken as the temperature at which the vapor pressure

of the metal equals that of its environment. At normal tube pressure the boiling
of copper will be near 1000°K and that of tungsten about 2500°K.
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for the specific geometry of the M1805. The maximum temperature occurs at the
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peller shape in our own laboratory and by other workers in this field have
so far failed to disclose any sharp optima. There remains the important
task, however, of demonstrating that the M 1805 reflector design at least
finds itself on a broad maximum.

Like the cathode, the electrically significant repeller contour is pro-
duced by hubbing and it too is aligned optically, with the help of a
central aperture provided for this purpose only.

THE ELECTRICALLY SIGNIFICANT TUBE CONTOURS

Having covered all the essential tube components, individually, we
may now proceed to show their interrelationship and their combination
into a single overall pattern. Fig. 17 shows a scale drawing of the elec-
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trically significant contours of the M 1805 millimeter wave reflex klystron.
It is interesting to note the large size of the cathode relative to the
resonator and reflector regions. Note also that the centerline of the tube
passes through four successive apertures, two of which, the cathode and
reflector apertures, have been provided only to facilitate optical align-
ment.

One electrically significant component which has not been described
in detail is the output window; it is a conventional choke-type glass
window scaled into the millimeter band. The insertion loss of this
window, the structure of which is shown in Fig. 19, ranges around 0.7 db
and is fairly uniform over the band of interest.

CONSIDERATIONS IN CHOICE OF TUNER

It was stated earlier that this tube is tuned mechanically by changing
the separation between the interaction gap grids. The total amount of
motion required for tuning the tube from 50 to 60 kme is less than four
mils which corresponds to an average tuning rate of 0.4 micro-inch per
megacycle. Fig. 18 shows the spread in tuning curves for seven tubes.
Shown also (as the dashed curve) is the tuning curve which was pre-
dicted from the results obtained with large scale cavity models. In the

e ¥
AT FTHOHTTT AN N
DIAPHRAGH T t:-l+li] "Gz 4MIL
s

Fig. 16 — M1805, reflector space geometry. The central aperture in the re-
flector facilitates optical alignment.
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face of the scaling factor of 15, such close agreement between model and
actual tubes was rather gratifying.

Since the total tuning motion required in the M1805 is so small, we
may wonder whether it would best be transmitted by mechanical or
thermal means. Mechanical tuning would involve some type of linkage
capable of producing very small motions in a controlled manner. In
thermal tuning, we utilize motions induced by the thermal expansion of
some member of a mechanical linkage, with the heating effect derived
either from electron bombardment or from the passage of comparatively
heavy electric currents. It is probably true that thermal tuning is in-
herently better suited to producing the delicate motions required in a
millimeter wave tube. It must be remembered, however, that thermal
tuning greatly complicates the structure inside the vacuum envelope
and — external to the tube — invariably requires a feedback system to
maintain frequency stability. Fortunately, though, the initial choice of
tuner does not greatly affect the basic electrical design of the tube. For
these reasons, we decided in favor of a mechanical tuner, a somewhat
refined version of the tuner used in the 4,000-mc¢ Western Electric 431A
reflex klystron. The experience with this tuner has, on the whole, been
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—

Fig. 17 — M1805, electrically significant contours. This drawing shows the in-
terrelationship and the combination of the essential tube elements. More detailed
data on these elements were contained in Fig. 4 for the gun, Fig. 6 for the passive
circuit and Fig. 16 for the repeller.
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Fig. 18 — Cold tuning data for seven M1805 cavities. The dashed curve repre-
sents the tuning characteristic predicted for the millimeter wave tube on the basis
of a 4000-me cavity model. The difference in slope is probably the result of the
lack of grids and, hence, the relatively greater gap capacitance of the low fre-
quency model.

satisfactory. Just like the gun mounting structure described earlier it
started out as a temporary expedient but, because of its satisfactory
performance, was selected as our final solution. It is entirely possible,
however, that future system applications may generate the need for a
thermal tuner. Such a substitution could then be effected without the
exploration of new techniques.

THE MECHANICAL STRUCTURE

The mechanical structure of the M1805 millimeter wave reflex klys-
tron for which L. B. Luckner is largely responsible, is shown in the draw-
ing of the completed tube of Fig. 19. In essence, it consists of three
separate units which are combined by high-frequency brazes to form
the finished tube. Proceeding from top to bottom, the first is the top
bulb and tuner assembly. The second contains the entire passive circuit
including the output window, the electron-optical system and —
mounted on the cavity block by three struts — the stem and heater.
The third element is a simple sleeve which slides over the stem and is
brazed to it as well as to the cavity block to complete the vacuum
envelope.

Referring to Fig. 19, we see that the mechanical tuner consists of a
horizontal tuning arm pivoted approximately at its center on a vacuum
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tight diaphragm. Outside the vacuum, the tuning arm is acutated by a
differential screw chosen such that one revolution moves the tuning arm
some 0.3 mil along the center line of the tube.

The tuning arm is not rigidly connected to the tuning link but simply
bears down on an insulated steel pin forming part of the tuning link.
This tuning link is attached to the repeller housing which, in turn, is
brazed to the tuning diaphragm. Hence, any motion of the insulated pin
causes the equivalent motion of the G2-grid. The repeller housing and
tuning link are firmly positioned by an Inconel-X return spring, the
stiffness of which greatly exceeds that of the 4-mil copper tuning dia-
phragm. During pumping, this stiff return spring maintains an inter-
action gap spacing which corresponds to a resonant frequency somewhat
higher than the upper limit of the mechanical tuning range. In the process
of tuning, the tuning arm must simply exert sufficient downward pres-
sure to overcome the restoring force of the return spring.

During bake-out and pumping, a spacing of several mils is maintained
between the tuning arm and the insulated pin so as not to transmit un-
desired motion to the diaphragm. When the tube is ready for test, the
tuning arm is brought down slowly until it contacts the insulated pin.
The instant of econtact is indicated by an external alarm circuit which
may be connected between tube envelope and insulated pin; for this
purpose a connection to the insulated pin is brought out to the base.
From here on, any further motion of the tuning arm produces the cor-
responding motion of the G2-grid.

Another advantage of the external contact indication is that it makes
possible an absolute frequency calibration such as is shown in Fig. 20(d).
The tuning characteristic has been found sufficiently stable with time so
that millimeter tubes can be rough-tuned to the desired frequency with-
out the need for tedious wavemeter-tracking.

Referring to Fig. 19, we see that the cavity block can be reclaimed
simply by unbrazing the upper and lower bulb. Since most of the cost of
the tube is contained in the cavity block, this is an important feature
and one which has demonstrated its usefulness on several occasions.

M1805, ELECTRICAL PERFORMANCE

Typical performance data are given in the experimental plots of Fig.
20. From Fig. 20(a) it is seen that the tube tunes mechanically from
about 48,000 me to 60,000 me, that is, over a 12,000-me band. This tube
delivers a maximum of about 20 milliwatts of millimeter-wave power
when operated with a 600-volt beam. Being approximately optimally
coupled to a matched waveguide, a standing wave introducer is not re-
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quired for the extraction of maximum power. Individual tubes have de-
livered as much as 30 milliwatts of RF power, but the majority have
ranged between 15 and 25 milliwatts. This spread in performance which
includes data from early tubes has in part been traced to slight warpages
in the diaphragm. Figures 20(b) and (c) relate the values of repeller
voltage for maximum power output and the electronic tuning range with
frequency for the 434 and 534 repeller modes.

The M1805 may be operated at beam voltages less than 600 volts, a
typical dependence of power output on beam voltage being plotted in
TFig. 20(e). If the beam voltage is decreased by 100 volts, that is, from
600 to 500 volts, the power output in the 434 mode drops about 8 db
whereas it decreases by only 2 db in the 534 repeller mode.

The performance of the mechanical tuner is indicated by Fig. 20(d)

Fig. 21 — Oscillographs of typical repeller mode shapes obtained with sinusoi-
dal sweep. In (a) and (c) the forward and reverse sweeps are coincident while they
have been separated in (b) so as to facilitate examination of the individual traces.
Oscillograph (¢) shows the 434, 534 and 634 repeller modes.
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Fig. 22 — Variation of cathode current with repeller voltage. The values of
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tive repeller. For the reflector space geometry of the M1805, operation with a
negative repeller returns some electrons into the cathode region thereby causing
a reduction in cathode current.

where the relation has been plotted between frequency and the rotational
position of the tuning screw.

One noteworthy and quite consistent property in the performance of
this tube has been the virtual absence of electronic hysteresis and the
consequently very clean and symmetrical mode shapes. The oscillographs
of Fig. 21 are typical. Oscillograph (a) shows a mode shape obtained
with sinuosoidal repeller sweep and with both forward and reverse sweeps
coincident. In oscillograph (b) the two sweeps are displaced in phase
thereby permitting an examination of the individual traces; oscillograph
(¢) shows three adjacent- repeller modes, again with the forward and
reverse sweeps superimposed. This absence of multiple transit hysteresis
is, perhaps, surprising in view of the reflector space geometry of Fig. 16.
From this figure we might expect a considerable fraction of the returning
electrons to re-enter the cathode region. This has, indeed, been verified
in an experiment (see Fig. 22) in which cathode current was monitored
as the repeller voltage was varied over a wide range. Because of the
limited power handling capacity of the repeller, this experiment was
performed with a pulsed beam. For values of repeller voltage negative
with respeet to the cathode, the cathode current and hence the apparent
perveance was about 25 per cent lower than that corresponding to posi-
tive repeller voltages. The absence of hysteresis must therefore mean
either that few electrons reach the interaction gap for a third transit or
that those which do are no longer bunched.
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Interchannel Interference in FM and PM
Systems Under Noise Loading Conditions
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One of the principal sources of interchannel inlerference in multichannel
FM and PM systems is the dependence of the attenuation and phase shift
of the transmission path on frequency. Here we study the inlerference pro-
duced by a simple kind of such a dependence, namely that due to a single
echo. Besides being important in themselves, the results are of interest be-
cause they may be used to estimate the inierference in other, more complicated
cases.

In this paper expressions are derived for the interchannel inlerference
produced by echoes of relatively small amplitude. Several important special
cases are studied in detail and curves that simplify the computation of the
interference power are presented.
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INTRODUCTION

The systems we shall consider are of the FDM-FM and FDM-PM
types; that is, systems in which the composite signal wave (the “base-
band signal”) from a group of carrier telephone channels in frequency
division multiplex (FDM) is transmitted by frequency modulation (M)
or phase modulation (PM). Such methods are currently being used in
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the Bell System to send large groups of telephone channels by microwave
radio. If the FM signal is accompanied by echoes, which may be due to
reflections in the equipment or in the transmission medium, the wave of
instantaneous frequency versus time is distorted in a nonlinear manner
and interchannel interference occurs. Here we shall be concerned with
this interference.

The distortion has been analyzed in a number of previous publica-
tions'™ for the case in which the base-band signal may be represented
by one or more sine waves. However, when the number of telephone
channels is not small, the sine wave representation becomes unwieldy
because a large number of both low and high order modulation products
must be considered. Here we avoid this difficulty, at the cost of some-
what more complex analysis, by using a band of random noise to repre-
sent the multiplex signal.

It has been found in practice that such a random noise signal of appro-
priate bandwidth and power adequately simulates a composite speech
signal. For studies involving interchannel interference the energy cor-
responding to some particular telephone channel is removed. When such
a wave 1s impressed on the frequency modulator and the resulting FM
wave is transmitted, detected, and finally demodulated, the received
output in the originally clear channel represents interchannel interfer-
ence. Measurements of this type have been discussed by Albersheim
and Schafer.? ~

One of the principal sources of interchannel interference is the vari-
ation of the attenuation and phase shift of the transmission path with
frequency. An echo produces a simple form of such a variation. In fact,
it is often possible to estimate the effect produced by a more complex
type of variation by comparing it with a roughly equivalent echo.

It is the purpose of this paper to develop formulas for the interchannel
interference produced by echoes of relatively small amplitude in FM
and PM systems. General expressions are given in the form of definite
integrals which may be evaluated by numerical integration. Approxima-
tions are obtained in a number of cases of importance and numerical
tables and curves are furnished to facilitate applications to specific prob-
lems.

We wish to express our thanks to Miss Mary Corr and Miss Barbara
Fischer who have performed the rather lengthy computations required
for this investigation.

1. DEVELOPMENT OF GENERAL FORMULAS

Since the tolerable amount of interchannel interference in multiplex
telephony is small, the practically important situations are characterized
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by echoes which are relatively small relative to the main transmitted
wave. It is necessary to consider in detail only the case of one small echo.
Effects of small multiple echoes may then be calculated by superposition
of the effects of single echoes. Our distortion problem then reduces to
the following: An original signal

Ly(t) = B sin [pt + ¢(1)] (L.1)
is received along with an echo
E\@t) = rE sin [p(t = T) + o(t — 1] (1.2)

Here r represents the ratio of echo amplitude to the amplitude of the
principal received component, p is the unmodulated carrier frequency,
T is the delay difference of the paths and ¢(t) is the phase variation
caused by the multichannel signal.

Calculation of the phase of the original signal plus its echo is equivalent
to calculating the value of 8 in the representation

sinx + rsin (x + y) = Vsin (x + 0) (1.3)

with z, y, r, V, and 6 real numbers. V and 8 are determined as functions
of r and y by the two equations obtained from the sin x and cos x por-
tions of (1.3). When r < 1, V approaches unity, and 6 is proportional to
r; direct expansion in powers of 8 shows that to a first order approxima-
tion

6 =rsiny (1.4)
In our case,
x = pt + o(1) (1.5)
y=et—T) — ) — pT (1.6)
Hence the phase error produced by the echo is
0(t) = rsin p@t) — pT], 1.7
v(t) = ot = 1) — o). (1.8)

Our problem is to study the power spectrum of 6(¢) when ¢(f) is a random
noise wave. ‘

The treatment will be restricted to the practically important case in
which the noise source is free from de and discrete sinusoidal components.
A sufficient mathematical condition, which we shall adopt to insure this,
is that the power spectrum of the noise have limited total fluctuation.
We shall assume also that the noise wave is a member of a Gaussian
ensemble and hence that all the statistical properties are derivable from



604 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1955

either its power spectrum or autocorrelation function. Which of the two
quantities we use at any stage of the computations is a matter of relative
expediency. We shall adopt a uniform notation in that an ensemble of
time functions z(¢) will be said to have a power spectrum w.(f) and an
autocorrelation function R,(7), i.e.,

R.(v) = ave [zx{@®)z( + 7)] = fo ) w(f) cos 2w df (1.9)

w,(f) = 4 ‘[" R.(7) cos 2xfr dr (1.10)

The power spectrum is proportional to the mean square of the response
of a filter of bandwidth df centered at f when z(¢) is applied as input.

In the echo distortion problem, the power spectrum w,(f) is the quan-
tity given and the power spectrum wy(f) is the one desired. The cor-
responding autocorrelation functions R,(7) and Re(7) are calculable from
the corresponding power spectra and vice versa. The power spectrum is
the more convenient choice as a function to compute when we deal with
the noise response of a linear system with known transfer admittance
Y (if), since the power spectrum of the response is merely | Y (if) |* times
that of the input. For example, differentiation is equivalent to transmis-
sion through a transfer admittance ¢2xf and hence multiplies the power
spectrum by 4x’f". The inverse process of integration divides the power
spectrum by 47"f*. When a highly nonlinear operation is performed on the
noise, or when the operation is a linear one more simply described in the
time domain, the autocorrelation function may be simpler to compute.

The first step in the solution of the problem is to evaluate the statis-
tics of the noise wave ensemble,

@} = {ot = 1) — ¢} (1.8)
in terms of the statistics of ¢(¢). This can readily be done in terms of
power spectra by calculating the transfer admittance of a two-path trans-
mission system such as the right-hand member of (1.8) defines, or in
terms of autocorrelation functions by averaging the appropriate time
functions. The latter procedure gives:

R,(7) = ave [u(t) v(t + 7)]
ave {lp(t — T) —eOlle(t — T + 7) —o(t + )}
ave [pt — T) ot — T + 7)] + ave [o(t) o(t + 7)]
—avefp(t — T) ot — T + 7+ T)]
— ave [p(t) ot + r — T)]
= 2R,(1) — Ro(r + T) — Ro(+ — T)

I

(1.11)
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In the averaging process we have made use of the facts that the average
of the sum is equal to the sum of the averages and that ¢(¢) is a stationary
ensemble, allowing us to replace ¢t — 7' by ¢ when averaging. Since the
two-path transmission system is linear and invariable, the v(f) ensemble
remains Gaussian. The corresponding power spectra relations are, from
(1.10),

wo(f) = 4 w,(f) sin® =fT (1.12)

Our next step called for by (1.7) requires the evaluation of the auto-
correlation function of a sine function of a band of noise. The solution
may be obtained* from (3.2 — 7) of Reference 5, which gives a general
theorem for a Gaussian noise ensemble expressible in our notation as

ave {exp [iax(t) + ba(t + )]}
@4 B (1.13)

5 R.(0) — abR.(7)]

=expl—

In this equation a and b are real constants. Multiplying both sides by
the constant exp (i8), 8 real, and equating real parts gives the more
directly applicable result:

ave {cos [az(t) + bzt + 7) + Bl}
(1.14)

2 2
= exp I:— ¢ _;_ b R.(0) — asz(r)] cos 8

Referring now to (1.7) we write
Ry(r) = ave {r sin [v(t) — pT] r sin [v(t + 7) — pT]}
= —;—2 ave {cos [v(t) — vt + D]}
2

- % ave {cos (@) + v(t + 7) — 2pT]} (1.15)

- ;—exp [— R.(0) + R,(7)]

2
- % exp [— R,(0) — R,()] cos 2pT

2
2o _
. ¢ Rv(o)[eRv(") — B oog 2pT]

* This application of the characteristic functions method of attack has been
employed in similar situations by D. Middleton in Reference 6 and M. K. Zinn
in unpublished memoranda.
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Note that since the operation of taking the sine is nonlinear, the 6(t)
ensemble is not Gaussian and neither the power spectrum nor the auto-
correlation is sufficient to give a complete statistical description. Kither
will be sufficient for our purposes however.

The power spectrum of the distortion ensemble 6(¢) is now determin-
able from the Fourier cosine transform of 4 Ry(7) as indicated by (1.10).
The remaining steps are simplified, however, if we perform two pre-
liminary operations on Re(+) before the final Fourier transform is calcu-
lated. :

We first observe that if Re(7) contains a component C which does not
vary with r, the ensemble 6(¢) contains a de component § = /C. The
presence of C complicates the integration and hence we subtract out such
a term before taking the Fourier transform. The value of C is given by

C = hm Ro('r)
2
_ ;_ g R lim [GR”(T) _ e—Ru(T) cos 2PT] (1.16)
7'2
=3 ¢ "1 — cos 2pT)

In calculating the limit we have made use of the fact that, for our as-
sumed noise wave, R,(7) must approach zero as 7 becomes infinite. Our
autocorrelation function of interest is thereby reduced to

2
Ro_a(r) = %e‘“’”(‘” ("0 — 1 — [ — 1] cos 2pT} (1.17)

which is the autocorrelation function of the ensemble 0(f) — 8.

Our second preliminary operation on Ry(7) is suggested by our ulti-
mate goal, namely the calculation of the interchannel interference spec-
trum w.(f) (i.e., w.(f) df is the average power received in an idle channel
of width df when the other channels are carrying signals). We note that
the spreading of the original spectrum into initially vacant frequency
ranges occurs solely because of the nonlinear dependence of Ry_3(7) on
R.(7). The disturbance received in an idle channel is therefore produced
by this nonlinearity. The part of Re_3(r) which varies linearly with
R.(7) may be expected to represent the linear transmission, and the
difference between Ry _3(7) and its linear portion to represent the non-
linear transmission. In other words, subtracting the linear portion from
Rs_3(r) is equivalent to removing the linear transmission from any
channel without disturbing the nonlinear contributions from the re-
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maining channels. These considerations lead us to set the autocorrela-
tion function R.(r) corresponding to w.(f) equal to Rs_3(r) minus its
linear portion. The work of Appendix I shows that this equality is
rigorously true.

In order to perform the subtraction it is convenient to write (1.17) in
the form

Re_3(v) = F[R.(7)] (1s18)

where in our case for a general variable z,
2
F(z) = g—e_k”“’)[ez —1— (7 — 1) cos 2pT] (1.19)

The portion of Ry_3(+) which varies linearly with R.(7) is F'(0) R.(7)
where

F'(z) = ;:e_R”(O)(ez + ¢ cos 2pT) (1.20)
2
F'(0) = %G_R”(O)(l + cos 2pT) (1.21)

According to the foregoing discussion and Appendix I, the autocorrela-
tion funection and the power spectrum of the interchannel interference
are given by

Re(7) = Ry_3(r) — F'(0)R.(7)
2
=5 MO — 1~ Ru() (1.22)
— [ — 1 4+ R,(r)] cos 2pT}
wlf) = 4 [ Ru(x) cos 2afr dr (1.23)
0
The power spectrum of §(f) — # may be simply expressed in terms of
w,(f) without further integration. We find by applying the Fourier trans-
form relationship of (1.9) and (1.10) to (1.22):
wosi(f) = 4 [ [R) + F'OR.() cos 2nfr dr
0

wo(f) + F' (Ow.(f) (1.24)
we(f) + 4F (0w, (f) sin® xfT
we(f) + 2% P + cos 2pT)w,(f) sin® wfT

I
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where we have used (1.12) and (1.21). The power spectrum wy(f) of 0 is
obtained by adding to (1.24) a spire at f = 0 to represent the power in
8, the dc portion of 6.

The results obtained up to this point may be summarized as follows:
Let ¢(t) be the phase variation produced by the impressed multichannel
signal. The echo (1.2) produces a phase error 6(¢) (1.7) in the received
signal. 0(f) has a dc component 8 given by the square root of (1.16).
6(t) — 8 is a function of time which fluctuates about zero and has the
power spectrum wy_3(f) given by (1.24). Now consider the problem of com-
puting the interchannel interference. One procedure would be to consider
the case in which all but one of the channels are loaded. Then the power
spectrum w,(f) of ¢(t) would have a narrow slot in it corresponding to the
zero power in the unloaded channel. The values of w,_5(f) computed from
this w,(f) for values of f within the slot would give the channel inter-
ference spectrum (for phase modulation). However, it turns out that as
the slot width approaches zero, these values of wy_3(f) approach those of
we(f) where w,(f) is computed from (1.23) on the assumption that all
channels are loaded. In other words the w,(f) used in the calculation of
(1.23) has no slot. (Actually the same value of w.(f) is obtained whether
w,(f) has a slot or not. Of course, the slot must be vanishingly narrow).

Almost all of the preceding work pertains to the power spectrum of the
phase error 6(t). For the sake of completeness we shall give the power
spectrum of the complete phase angle, Q(t) = o(t) + 6(t), of the output.
In order to obtain all of the 0(+*) term it is necessary to add another
term to the approximation (1.7):

6(t) = 7 sin [v(®) — pT] — gsin [20(t) — 2pT] + 0¢®) (1.25)

The autocorrelation function for Q(f) may be shown to be
Ro(1) = Ry(7) + Re(r) + ave [p(t) 0(t + 7) + o(t + 7) 6(1)]
= R,(7) + Ro(r) — rR,(r) €@ cos pT (1.26)
+ PRu(7) ¢ cos 2pT + 0(r%)
The average has been evaluated by using
ave {o(t £ 7) sin [p(t — T) — o(t) — pTT}
= [Ry(T &= ) — R,(n)] cos pT exp [R,(T) — R,(0)]

and the corresponding result for 2¢ and 2pT (Reo(7) = 4R,(r)). Equa-
tion (1.27) may be obtained from the result similar to (1.13) which con-

(1.27)
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tains the three variables (), o(¢ = 7), ¢t — T) instead of z(f) and
z(t + 7).

The power spectrum we(f) of @(¢) may be obtained from (1.26) by
replacing the autocorrelation functions in the coefficients by the cor-
responding power spectra. By using (1.24) we may obtain the following
expression for the power spectrum of the fluctuating portion Q(t) —@Q of
Q(t), @ = 6 being the dc portion of Q(t):

wo_g(f) = wo(f) + wo(f) + wo(f)[—7 ¢ =" cos pT
+ 77 O cos® pT + 17 7@ cos 2pT]  (1.28)

The expression (1.12) for w,(f) shows that it is proportional to w,(f).
Hence, assuming w,(f) to have a narrow slot corresponding to an idle
channel, it is seen that (1.28) is in agreement with the fact that only w.(f)
contributes to the interchannel interference spectrum.

We remark that for echoes produced by reflections in wave guides the
angle 2pT in (1.22) and (1.24) usually contains many multiples of 2.
In most cases it would in fact be reasonable to average the effect of the
term cos 2pT by assuming the angle to be uniformly distributed through-
out 27 radians. This gives the result zero for the term since plus and
minus values are symmetrically distributed. We shall, however, carry
the term along in our formulas since it is of importance when the delays
are small, as in multipath radio propagation, and when our results are
used to estimate interchannel interference in general.

2. APPLICATIONS TO FLAT NOISE SIGNAL

In general w,(f) depends on the type of preemphasis used in the chan-
nel multiplex signal. Two representative conditions will be studied: (1)
phase modulation (PM) in which channels at equal level are impressed
on a phase modulator, or the more usual equivalent situation of equal
level channels which are differentiated before being impressed on a fre-
quency modulator, and (2) frequency modulation (FM) in which chan-
nels at equal level are impressed on a frequency modulator. The appro-
priate power spectra are:

PM: w,(f) = Po, fo <f<fo (2.1)
FM: w,(f) = P/4r’f’,  fo <[ < 2.2)
The latter form results because the phase is the time integral of the in-

stantaneous frequency, which has a flat speetrum. In PM, P; is expressed
in (radians)’/cps, but in FM, P, is expressed in (radians/sec.)’/cps. In
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the case of most common practical interest, the band of frequencies be-
tween 0 and f, is relatively narrow compared to the range f, — f.. We
have accordingly assumed that f, approaches zero. In the FM case we
cannot set f, = 0 immediately because the power spectrum would then
become unbounded at the origin, It is found, however, that finite limits
are approached for the actual quantities of interest which we compute.

When the spectrum w,(f) of the signal has the form (2.1) or (2.2),
expression (1.23) for the interchannel interference spectrum may be
written as

we(f) = ¥ ©@rf) (G — H cos 2pT) (2.3)
where w,(f) df is measured in (radians)® and
G = 26 F© f ’ [€®*® — R,(r) — 1] cos au du (24)
0
H = 2¢O f ’ €™ + R,(r) — 1] cos au du (2.5)
0
U = 27fyr U = 2xf, T a = f/f (2.6)

For PM:

2sinu _ sin (w+ U) _ sin (u — U):l 2.7
1

R(s) = Posi| pin (v

where Pof; is the mean square value, in (radians)®, of the PM signal

o(t).
For FM:

Ro(r) = A[—2(1 — cos U)cos u — 2uSi(u)
+ (u+ U)Si(u + U) + (w — U)Si(u — U)] (2.8)
A = (Pofy)/(2xf)"

In (2.8) Pf, is the mean square value (measured in (radians per second)®)
of the FM signal ¢/(t). Consequently, A = (¢/fs)" where ¢ is the rms
frequency deviation, in cycles per second, of the signal. Equations (2.7)
and (2.8) follow from (2.1), (2.2) and (1.11).

When R.(0) is small compared to unity, the same is true of E,(r), and
(2.4) and (2.5) lead to the approximations

G~ H~ f ) R (r) cos au du (2.9)
0

The interchannel interference calculated from (2.9) is that produced by
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the “second order modulation products” and is studied, together with
other approximations, in Sections 3 and 4.

The quantity of interest in practice is the ratio of average interference
power in the idle channel to average signal power in an adjacent channel.
For PM the average interference and signal powers (in a narrow channel
centered on frequency f) are the channel bandwidth times w.(f) and
w,(f), respectively. When the number of channels is large, the power
spectrum does not change appreciably in going from one channel to the
next and we may write

P wl(f) _ r”

Ps  w.(f) 27Pyfp

as the desired interference-to-signal power ratio.

For FM the average interference and signal powers in a narrow channel
are (2xf)® X (channel bandwidth) times w.(f) and w,(f), respectively.
These powers are measured in (radians per second)’. When we take the
ratio P;/Ps , the (2xf)? X (channel bandwidth) cancels out and we have
from (2.2) and (2.3)

(G — H cos 2pT) (2.10)

2 2
% = ;‘_aA (G — H cos 2pT) (2.11)
8 .

3. APPROXIMATIONS FOR G AND H — PHASE MODULATION

Table 3.1 contains various approximate expressions for the quantities
(G and H which enter expression (2.3) for the channel interference spec-
trum w.(f). The notation is explained in Section 2, and the results apply
to the case in which w,(f) has the flat power spectrum (2.1).

Case 1 gives the exact expressions developed in Section 2. Case 2 is
the “second order modulation approximation”, valid when R,(0) < 1.
Evaluation of the integral (2.9) for G with the help of

* sin w sin (u — U)
f_w MOERT) cos au du
rU_lcos<£]>sin<U—£]>, 0=a=2
= 2 2
0, 2= a

leads to the following expression for the quantity J appearing in Table
3.1:
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TABLE 3.1 — PHASE MODULATION

Case |Restrictions on Parameters,

No. U and Pofp G and H Notes
1 | No r?fs)tr(iic%iong,b G defined by (2.4) gofb = ave [¢%(1)]
w, efined by I_. "
(&.1) H defined by (2.5) P. = 57Pf,
R,(+) defined by (2.7) (@ — H cos 2pT),
U = 2,7,
a = fb

sin U
2 [2Pof; (1 -2

)

«1

G = H = 27(Pfy)?J, J defined
by 3.1)

“2nd Order Modu-
lation”’ approx.,

J tabulated in
Table 3.2, 10 logio
J plotted in Fig.
5.1

3 PofiU%/3 « 1,
U1

2
G =~ H =~ 2r(Pofy) 240
-[12 — 30a + 20a* — a]

Special case of Case
2

4 2Pofy < 1,
U>1

G =~ H ~ 2r(Pofy)?
(1 _ _) (1 + cos aU)

Special case of Case
2

G is a rapidly oscil-
lating function of
a

5 PofuU%/3 > 1, G > When U « 1

Ul G = (1o7r/pofbm)”2 Case 3 applics when

exp (—10a2/4PfsU?) Pofy is small
Case 5 applies when

Pofy is large
6 U>1 G = eb[l(by, a) When P,fi « 1,
+ 2[(b1, a) cos alU], Case 6 reduces to
=~ e‘bo[l(—bo , @) Case 4. WhenP,f,
2I(—b:, a) cosaU], >1, @G> H.Asa
by = 2P0fb R by = —P, increases, G oscil-

I(b, a) studied in Appendix III

lates between G*
and G~ given in
Table 3.3. Sece
Table 5.1

sin QU — al)

where U =

cos aU> +

kx/4 (or T =

4U

(3.1)

2 aU aU
- vcos( 2'> sin (U - 7)

Values of J are tabulated in Table 3.2 for various values of a and %

k/(8f,)). J is zero when a exceeds 2.

Cases 3 and 4 in Table 3.1 follow directly from Case 2. In order to
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TABLE 3.2 — VALUES OF J

k a=0 0.25 0.50 0.75 1.00 1.25
0 0 0 0 0 0 0
1 0.018 0.009 0.003 0.001 0.002 0.004
2 0.227 0.115 0.041 0.011 0.023 0.057
3 0.794 0.434 0.161 0.049 0.098 0.231
4 1.500 0.903 0.352 0.123 0.250 0.524
5 1.924 1.284 0.527 0.224 0.458 0.816
6 1.924 1.385 0.585 0.332 0.659 0.936
7 1.712 1.231 0.505 0.427 0.773 0.800
8 1.500 0.994 0.375 0.506 0.750 0.494
9 1.335 0.800 0.325 0.579 0.602 0.228
10 1.245 0.658 0.425 0.657 0.405 0.180
11 1.307 0.544 0.643 0.725 0.262 0.358
12 1.500 0.472 0.883 0.752 0.250 0.601

obtain Case 5 we note that when U « 1, expression (2.7) gives

d® sin u
~ 2
Rv(T) ~ _UPOfbd_'Zﬂ -_— (32)
The corresponding integrals for G and H could, if required, be investi-
gated by the methods used to study Lewin’s integral in Appendix III.
However here we consider only the case where U’Pyf, is so large that (1)
exp R.(7) is the dominant term in the integral (2.4) for @, and (2) most
of the contribution to the value of the integral comes from the region
around u = 0. The results for Case 5 then follow from (2.4) and the fact
that (3.2) becomes
2
~ UPof (L — %
R,(7) = UPofs (3 10)
When U > 1, expression (2.7) shows that R.(7) is small except when
w is near O or near U:

Ro(7) & 2 Pofy, w" sin u, u near 0
Ro(r) & —Pofy(u — U)'sin (u — U), wnear U

These approximations, expression (2.4) for G, and the definition (A3-1)
of I(b, @) give the results stated in Case 6. Just as in Case 4, G is a
rapidly oscillating function of a when U is large. It oscillates betiween
G and G~ where

(3.3)

GE = ¢ "[I(by, a) %= 21(by, a)] (3.4)

Values of G and G~ are given in Table 3.3 for various values of a =
1/fs and Pofs [in (radians)®].
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TABLE 3.3 — VALUES oF GT aND G—. Tui UprEr NUMBER OF AN ENTRY
18 Gt axp THE LowER NUMBER 18 G .

(roabe | @=0 0.25 0.50 0.75 1.00 1.25
0.25 0.384 0.338 0.292 0.245 0.197 0.148
0.160 0.144 0.126 0.107 0.087 0.066
0.50 1.018 0.906 0.789 0.665 0.537 0.406
0.504 0.464 0.415 0.357 0.291 0.222
0.75 1.55 1.39 1.22 1.04 0.845 0.645
0.89 0.83 0.75 0.65 0.533 0.411
1.00 1.90 1.73 1.53 1.32 1.07 0.830
1.22 1.15 1.05 0.92 0.76 0.596
2.00 2.16 2.04 1.88 1.68 1.43 1.17
1.86 1.80 1.68 ) 1.52 1.31 1.07
4.00 1.59 1.56 1.50 1.40 1.28 1.14
1.57 1.54 1.48 1.40 1.28 1.14

4. APPROXIMATIONS FOR G AND H — FREQUENCY MODULATION

The various cases which we shall consider for FM are roughly similar
to those considered in Section 3 for PM, and are listed in Table 4.1. The
power spectrum w,(f) is assumed to be that given by (2.2). As pointed
out in Section 2, the average FM signal power in a narrow channel of
width Af centered on frequency f is assumed to be PyAf (radians/second)’
if 0 < f < f, and zero if fy < f. The average interchannel interference
power is (2xf)" w.(f)Af (radians/second)’. When f > f, this gives all of
the power present in the frequency interval Af.

Case 1, Table 4.1, gives the exact expressions for G and H, and Case 2
corresponds to the “second order modulation” approximation which
holds when R,(0) < 1, R,(0) being computed from (2.8). K is a function
of @ = f/fy and U = 2xf,T which may be obtained by writing the in-
tegral (2.9) as

G~ Wfbf R dr = 4_11l'fbf wy(@)w,(f — 2) de  (4.1)
where R.(7) and w,(f) are taken to be even functions. From the defini-
tions (1.12) and (2.2) for w.(f) and w,(f) we have

Py(xf )™ sin® xfT, |fl <fo

w.(f) = { (4.2)
07 ‘fl > fb
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TABLE 4.1 — FrREQUENCY MODULATION

Case

Restrictions on

) Parameters U and 4 Gand I Notes
1 | No r?s)trcilcif;iion(i b G defined by (2.4) A = (o/fs)?,
w,(f) defined by g = Im
(24’.2) H defined by (2.5) [dga(t)/dt]/21r,
R,(r) defined by (2.8) o = rms frequency
deviation of
signal meas-
ured in cy-
cles/sec.
1/Pg
= [r?a?/(2rA)]
-[G — H cos 2pT]
2 24[US:(U) — 1 G ~ H =~ 2rA2a2UK “2nd Order Modu-
4+ cos Ulx 1 K deﬁned by (4.5) and (4.6) lation’’ approx.
K tabulated in
Table 4.2. See
Fig. 5.2
3 AUz « 1, G = H =~ 7#A2U*2 — a)/4, Special case of Case
Ukl 0£a=2 2
UK =~ a?U*2 — a)/8
4 AUr « 1, 2724 Va2, 0 < a < 1| Special case of Case
Ux>1 G = H = {r242U, a=1 2
0, a>1
5 | U1, Lewin’s case G = etI(b, a) Case 5 agrees with
H =~ ¢?[(—D, a) Case 3 when b
b= AU? <« 1. @ > H for
b> 1. 1(b, a) de-
fined and tabu-
lated in Appen-
dix III. See Fig.
54.
6 441, ~ [ry:/(4 sinh y)]' G>H
U>1 oxp [—24 (cosh y; — 1)]| Value of G is in-
s deined by depepdent o U
15
a sinh v
2—71' = fo -——v dv
7 B>1, =~ [x/B]'* exp [—a?/(4B)] G>H
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where the lower limit f; of the frequency band is taken to be very close
to zero. When f > 2f, the value of (4.1) is zero. When we take 0 < f <
2f, the limits of integration in (4.1) are x = f — f, and # = f;, . Changing
the variable of integration in (4.1) from x to y = 2mzT converts (4.1)
into

47 A*U? f ¥ (e — )% sin® g sin® <"—‘-—2_y) dy (4.3)

where o = 2nfT = aU. By partial fractions
Y Ha— )=y "+ 2y F (@ — )+ 20— y)T (44)

Considerations of symmetry show that the o — y terms on the rlght
contribute the same amount to (4.3) ‘as do the y terms. When the y~
term is converted into 4 by an integration by parts, (4.3) may be ex-
pressed in terms of Si(z) and Ci(z) functions. In this way it may be
shown that the approximation (4.3) for G and H has the value

2rA’U’K /o’ = 2n AU K/d*
\vhe>re
= (=U" 4 A — cos U)(1 — cos B)
4+ (8i U — 8iB)(1 + cos @ — 2a " sin «)
4 (8i2U — 8i28)(— cos a + o " sin ) (4.5)
P+ (Ci2U — Ci2|B| — CiU+ Ci|B])(sina + o cos a)
+ o2 + cos a)llog. (U/|B]) — Ci U + Ci |B8]]

Herea = eUand B =a — U = (a — 1)U. Whenf—2f,,,ahasthe
value 2 and K is zero, as it should be. When f = f,, i.e., whena = 1
and ¢ = U,

K= (0+cosU—2U"sinU) & U
+ (= cos U + U'sin U) 82U
+ (Ci2U — Ci U — log. 2)(sin U + U™ cos U)
+ U™ (2 + cos U)(log, U + .577.. — Ci U)

(4.6)

Values of K are tabulated in Table 4.2 for various frequencies and de-
lays (@ = f/fy and k = 4U/7x = 8f,T). Cases 3 and 4 in Table 4.1 show
that when U is very small K &~ ¢’U%2 — a)/8 and when U is very large
K ~ m, /2, or 0 according to whethera < 1,a = 1, ora > 1.

Case 3 in Table 4.1 is a special case of Case 2 which may be obtained
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TABLE 4.2 — VALUES oF K

k a=0 0.25 0.50 0.75 1.00 1.25

0 0 0.0 0.0 0.0 0.0 0.0

1 0 0.006 0.022 0.041 0.058 0.068
2 0 0.048 0.164 0.30 0.422 0.473
3 0 0.141 0.490 0.890 1.20 1.26

4 0 0.286 0.961 1.74 2.19 1.45
5 0 0.453 1.57 2.64 3.05 2.62

6 0 0.673 2.16 3.36 3.41 2.45
7 0 0.897 2.69 3.68 3.13 1.73
8 0 1.14 3.13 3.65 2.40 0.883
9 0 7 1.39 3.45 3.34 1.62 0.370
10 0 - 1.66 3.68 2.95 1.20 0.378
11 0 1.93 3.79 2.64 1.32 0.741
12 0 2.20 3.79 2.51 1.89 1.10

by letting U become very small in (4.3). The value of P;/Ps correspond-
ing to Case 3 has been given by Albersheim and Schafer.’ Case 4 may be
obtained by letting U become large in (4.5) and (4.6).

When U is very small, expression (2.8) for R.(r) becomes

Ro(7) =~ AU sin u 4.7)

Assuming A U* < 1 and substituting (4.7) in the “second order modula-
tion” approximation (2.9) for G and H gives us another derivation of
Case 3 (see (A3-2)). However, if the rms frequency deviation of the signal
is so large that AU? is not small, even though U <« 1, we have Case 5,
the case investigated by Lewin.” The formulas given in Table 4.1 are ob-
tained when (4.7) is set in the integrals (2.4) and (2.5) for G' and H, and
the results compared with the definition (A3-1) of 1(b, a).
When U is very large, expression (2.8) for R.(r) becomes

AlxU — 2 cos u — 2uSi(u)], 0<u<U
R,(r) ~ (4.8)
07 U <u

Substituting (4.8) in (2.9) and integrating by parts twice leads to another
derivation of Case 4. The expression for G given in Case 6 is obtained
from (4.8) and (2.4) by the method outlined in Appendix II. AxU is
assumed to be so large that most of the contribution to the value of the
integral (2.4) for G comes from the region around u = 0. It is also as-
sumed that R.(7) + 1 is negligible in comparison with exp R,(7) in this
region. This leads to the approximation

[*]
G2 / P meosumuSiGIl oo 1y du (4.9)
0

which holds when U >> 1 and A=U > 1.
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The expression for @ in Case 6 is merely the leading term in the asymp-
totic expansion arising from the saddle point at u = 4y, . When further
terms in this expansion are obtained (using, for example, equation
(10.4) of Reference 7) it is found that the expression for Case 6 should be
multiplied by

[des — 5y + Syt — 2]
14 — F o (4.10)

where ¢ and s denote cosh y; and sinh ¥, , respectively. The next term
consists of 1/A* times a function of y:, and so on. When ¢; becomes
small, as it does when A becomes large or a becomes small, (4.10) becomes

PRI

184 T T

However, comparison of Tables 4.3 and 4.4 shows that the formula of
Case 6 gives fairly reliable values of G when A4 isassmall as 0.5 (U must
be large, of course).

When (1 — a) is small and A < 1, but U still large enough to make
AxU > 1, (4.9) gives

(1—a)
Ax

G~ Aa”? |:7r + 2 arc tan :| + 0(4%/d") (4.11)
This may be obtained by letting A become small in
G ~ 4(A/a) f *'Si(w)F du (4.12)
0

y =1 — cosu — uSi(u)

F = —2cos auSi(u) + Si[(1 — a)u] + S{1 + a)u]

which may be obtained from (4.9) by integrating by parts twice.

The formula for & given in Case 7, Table 4.1, is obtained when U is
taken to be of order unity and A is assumed to be so large that only the
exponential term in the integrand of (2.4) is of importance. Most of the
contribution comes from around w = 0 where

Ru(r) = R(0) — wA(1 — U™ sin U) + -+~ .
When U >> 1, and 4 > 1, Cases 6 and 7 both give
G =~ (x/A4)"* exp [—d*/(44)]

which leads to an expression for P;/Ps similar to one given by Alber-
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TABLE 4.3 — VALUES OF G AND H OBTAINED BY NUMERICAL

INTEGRATION
a=0 0.25 0.50 0.75 1.00 1.25
GforU =3
A =0.125 0.690 0.651 0.599 0.466 0.326 0.224
0.25 1.53 1.46 1.29 1.06 0.808 0.561
0.50 2.17 2.09 1.97 1.63 1.38 0.993
HforU =3
A =0.125 0.424 0.393 0.335 0.260 0.182 0.111
0.25 0.574 0.528 0.447 0.339 0.233 0.136
0.50 0.283 0.255 0.211 0.156 0.104 0.039
GforU =6
A = 0.125 2.62 2.42 1.85 1.18 0.631 0.257
0.25 3.26 3.05 2.50 1.81 1.17 0.695
0.50 2.55 2.46 2.21 1.86 1.47 1.10
HforU =6
A =0.125 0.802 0.705 0.465 0.227 0.067 0.0031
0.25 0.266 0.231 0.148 0.064 0.0126 0.0035
0.50 0.0092 0.0079 0.0048 0.0018 0.00017 0.00019
A4 = 00625 0.125 0.25 0.50
Gfora =1
U=1.5 0.0126 0.045 0.155 0.446
3 0.111 0.326 0.808 1.38
6 0.245 0.631 1.17 1.47
12 0.300 0.657 1.16 1.47

sheim and Schafer® for long delay. When U < 1 and AU* >> 1, Cases 5
and 7 both give

G~ (6rA7 U exp [—3d> A7 U?/2]

Before the approximations listed in Table 4.1 were developed, a number
of values of G and H were obtained from (2.4) and (2.5) by numerical
integration. These values, given in Table 4.3, are the best we have and
may be used to check the various approximations.

As an example of the values given by our approximations we take
the case U = 6. In Table 4.4, “G — Case 6” has been computed from
the formula given in Case 6, Table 4.1 (which assumes U — «). When
these values are compared with the corresponding ones in Table 4.3, it
is seen that the agreement is not good for A = 0.125. Better agreement
is shown by “G — Improved Case 6 in which the values are computed
from (2.4) and (4.8) by the method of Appendix II. It differs from “Case
6” in that F(u) of (A2-1) isexp [R.(7)] — R.(7) — 1 instead of merely
exp [R+«(7)].



620 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1955

TABLE 4.4 — APPROXIMATE VALUES oF G For U = 6

a=0 0.25 0.50 0.75 1.00 1.25
G—Case 6

A =0.125 5.01 4.13 2.54 1.32 0.63 0.28
0.25 3.54 3.26 2.58 1.80 1.14 0.66
0.50 2.51 2.42 2.17 1.82 1.43 1.06

G—Improved Case 6
A =0.125 2.62 2.37 1.74 1.06 0.56 0.26
0.25 3.17 2.94 2.39 1.72 1.10 0.66
0.50 2.50 2.41 2.17 1.82 1.42 1.06

5. INTERCHANNEL INTERFERENCE POWER

The values of P;/Ps , the ratio of the interchannel interference power
to the signal power, may be computed from the formulas (2.10) and (2.11)
when G and H are known. One would like to have curves giving P;/Ps
for representative combinations of echo delay, signal power, and channel
position which are likely to occur in practice. However, the large number
of such combinations coupled with the difficulty of computing G and H
leads us to restrict ourselves mostly to curves for Cases 2 and 6 in Tables
3.1 and 4.1. In all cases the signal power Ps (per cps) is taken to be equal
to the constant value P, (mecasured in (radians)’/cps for PM and in
(radians/sec)’/cps for FM) over the signal band (0, f,), and is zero out-
side this band.

Case 2 is the “second order modulation’ approximation which, roughly
speaking, applies when the echo delay is very short or when the rms devi-
ation of the phase angle (for PM) or of the frequency (for FM) is small.
Case 6 applies when the echo delay is very long.

(a) “Second order modulation” approximation for PM — Table 3.1,
Case 2. Since G =~ H, equation (2.10) may be written as

10 logi (P1/Ps) = p + D1 + D2 + Ds
p = 10 logyo "
D; = 10 logy, (1 — cos 2pT) (5.1
Ds = 10 logio (Pofs)
D; = 10 logy J

where p is the reflection coefficient expressed in decibels, D; is a quantity
which varies rapidly with 7' and whose representative value is zero. J is
the function of @ and U defined by equation (3.1). The quantities P ,
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o, a, U are defined by equation (2.1) and Case 1 of Table 3.1. Pyf; is
the average signal power in (radians)’, @ = f/f, gives the channel posi-
tion and U = 2#f,T measures the echo delay.

The approximation (5.1) holds when 2Pyf,(1 — U sin U) is small in
comparison with unity.

Fig. 5.1 shows Dj; plotted as a function of f,T' for various values of a.
The values of J which were used were taken from Table 3.2. Values of J
for U < 1 may be obtained from the expression given for G in Case 3,
Table 3.1. Case 4 gives another special case.

(b) Large delay, U > 1 for PM — Table 3.1, Case 6. When U is very
large, G is a rapidly oscillating function of a. When in addition Pyf, is
small, Case 4 shows that J fluctuates between (1 — a/2)/2 and
3(1 — a/2)/2. The corresponding fluctuations in D; are noticeable in
Fig. 5.1 for the larger values of f,T. If 2P,f, is large compared to unity
(and the delay is large), equation (5.1) no longer holds. In this case G >
H and we may write (2.10) as '

10 IOglo (P[/Ps) ~p+ Dy

p 10 IOgm 7'2
Dy = 10 logy 2wPofs) '@ (5.2)
G~ e "[I(by, a) + 2I(by, a) cos al]

where by and b, are defined in Case 6, Table 3.1. It is seen that as @ in-
creases from 0 to 1, D oscillates rapidly between limits Ds™ and D4~ cor-
responding to @ and G~ which are defined by equation (3.4) and tabu-
lated in Table 3.3. Table 5.1 gives values of D, and D,~ computed from
Table 3.3.

The entries corresponding to the values 0.25 and 0.50 for P.f, must
be used with caution in equation (5.2) since they do not satisfy 2Pqf, > 1
and H is not negligible in comparison with G.

(¢) “Second order modulation” approximation for FM — Table 4.1,
Case 2. By making use of the expressions for G' and H given in Case 2 we
may write equation (2.11) as

10 IOglo(PI/PS) ~ P + Dl + DZI + D3,
Dzl = 10 ].Oglo A (53)
D3 = 10 logie UK

where p and D, are defined by (5.1) and A by (2.8). K is the function of
a and U defined by (4.5). 4 is proportional to the signal power: 4 =

I
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Fig. 5.1 — For ‘““Second Order Modulation’’ the ratio P;/Pg for PM depends
upon D; as shown by equation (5.1).

TABLE 5.1 — VALUES oF D;t axp D; . Tur UrrER NUMBER OF AN
ExtrY 18 Di7 AND THE LowEeEr ONE 18 D4f”

a=0 0.25 0.50 0.75 1.00—
Pﬁfb (radians)2

0.25 —6.12 —6.68 —7.31 —8.07 —9.01
—9.92 —10.37 —10.96 —-11.67 —12.56
0.50 —4.89 —5.40 —6.00 —6.75 —7.67
—7.94 —8.31 —8.79 —9.45 —10.34
0.75 —4.83 —5.31 —5.87 —6.57 —7.47
—7.24 —7.56 —8.01 —8.63 —9.46
1.00 —5.20 —5.61 —6.13 —6.78 —7.67
—7.12 —7.38 —7.77 —8.33 —-9.17
2.00 —7.65 —7.89 —8.25 —8.74 —-9.44
—8.30 —8.44 —8.74 —9.17 —9.82
4.00 —11.99 —12.08 —-12.25 —12.55 —12.94
—12.05 —12.13 —12.31 —12.55 —12.94
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(o/f»)" where ¢ is the rms frequency deviation of the signal in cycles per
second. Dy’ and D; play similar roles in (5.3) and (5.1).

The approximation (5.3) holds when 2A[USi(U) — 1 - cos U] is
small in comparison with unity.

The values of K given in Table 4.2 lead to the curves for Dy shown in
Fig. 5.2. When U « 1, Case 3 shows that Dy & 10 logy, [’U*©2 — a)/8],
and Case 4 shows that when U >> 1 (provided a < 1 and AxU < 1)
Dg' ~ 10 IOglo (WU) = 12.95 4+ 10 10g10 be

(d) Large delay, U >> 1 for FM — Table 4.1, Case 6. Tt has just been
pointed out that when U becomes very large, P;/Ps depends upon the
delay only through the term D3 = 10 log,, #U (neglecting the rapidly
varying term D) if AUr < 1. If AUx > 1, P;/Ps becomes independent
of U as U — . This follows from the fact that the formulas of Case 6
allow us to write (2.11) as

10 10g10 (PI/PS) =p + D4’

D{ ~ 10 logy [Ga*(2rA) ™Y (64)

12 - pZd A
e y ap

4 Ve
psdn
A
b"’_s //7// | //

// // /

/4

foT

Fig. 5.2 — For “‘Second Order Modulation” the ratio P;/Pg for FM depends
on D3’ as shown by equation (5.3).
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where p is defined by (5.1) and G depends only on a and A through
G = [ry1/A sinh yi]"* exp [—24 (cosh y — 1)] A

a Y1 ginh » (5.5)
24 fo v dv

Fig. 5.3 shows D4 plotted as a function of A for various values of a.
It is assumed that AzU > 1.

(e) Small delay and large rms frequency deviation for FM — Table
4.1, Cases & and 7. It turns out that Case 5 (Lewin’s, case, U < 1) and
Case 7 (A > 1 and U of order unity) may be combined into a single case
by taking the quantity b in the formulas of Case 5 to be 64(1 — U™*
sin U) instead of AU®. When U < 1, Case 5 is obtained. When 4 > 1
the asymptotic expansion for I(b, a) leads to Case 7 if U is 0(1).

In order to put this combined case in a form suited to calculation we
write (2.11) as E

P, _FdQ H )
P, = A <1 el cos 2pT

) o2 (5.6)
_r6(l — U sin U)a’e "I(b, a) 1 — Ecos2 T
~ 27b e P
10 logiw (P1/Ps) = p + Dy + D¢ + D¢
where p is given by (5.1) and
Dy = 10 logyw (1 — (H/G) cos 2pT)
D¢ = 10 logp (1 — U sin U)
s 10 5.7)

D¢ = 10 logy 6d° ¢ I(b, a)/(2mb)
b =6A(1 — U ' sin U)

Fig. 5.4 shows values of Dy, computed from the values of 7(b, a) given
in Appendix III, plotted as a function of b for various values of a. The
maximum value of 3 db for Dy’ occurs when AU® < 1 and cos 2pT =
—1. When AU” is large Dy’ is approximately zero.

Fig. 5.5 and 5.6 show, in a rough way, the regions in which the various
approximations apply. For PM, the delay and the rms phase deviation
(measured by U = 27, and (Pof;,)"?, respectively) are the parameters
which determine the type of approximation to be used. The regions in
the [(Pof),"”* Ul plane shown in Fig. 5.5 are marked with the numbers
2a, 3, 4,5, 6b where the integer indicates the case number in Table 3.1 and
the letters a and b refer to Cases (a) and (b) in this section. Fig. 5.6 is
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Fig. 5.3 — For long delayed echoes the ratio P;/Pg for FM depends upon
D, as shown by equation (5.4).

the corresponding figure for FM. The coordinates are U and A'?, where
A" (=0¢/f,) measures the rms frequency deviation. The region numbers
are 2¢, 3, 4, 5, 6d, 7e where the integers indicate the case number in Table
4.1. It will be noted that there are regions where no approximation is
available. However, an answer may always be obtained by numerical
integration of equations (2.4) and (2.5) for G and H.

Fig. 5.7 shows values of P;/Ps for the top channel (¢ = 1) where the
interference is often at a maximum in an FM system. The coordinates
(A2, f,T) are essentially the same as those of Fig. 5.6. In order to
simplify the plotting, the phase angle 2pT is assumed to be such that
cos 2pT is zero so that the contours are given by

P; G
Constant = 10 logm <m> = 10 logo (ﬂ)

The contours have been obtained in part from the various approxima-
tions where applicable and in part from values obtained by numerical
computation from the exact expression. While there are, of necessity,
some areas of uncertainty in Fig. 5.7, it should be adequate for most
engineering purposes. No corresponding curves have been computed for
the case of phase modulation.
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Fig. 5.5 — Regions of validity for the various approximations for PM. The
integers refer to case numbers in Table 3.1 and the letters to cases discussed in
Section 5. This figure and Fig. 5.6 are intended to give only an idea of the relative
positions of the regions. -
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Fig. 5.6 — Regions of validity for the various approximations for FM. The
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Fig. 5.7 — Contours of constant interference in the top channel of a multi-
channel FM system.
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It should be noticed that Fig. 5.7 is plotted for the case a = f/f, = 1
If Tig. 5.7 were plotted for values of a slightly less than unity there would
not be much change except in the upper left hand corner (4 small and
1T large), where the interference would tend to be 3 db stronger. This
discontinuous behavior as a passes through unity is shown by Case 4,
Table 4.1 where U > 1 and A7xU < 1. When U > 1 and AxU > 1, as
occurs when f,7' — « (with A held fixed), equation (4.11) gives

P 1,1 1—a
10 logso ap, 10 logio |:§ + - arc tan < P )]
when A « 1. This shows that at ;T = «, the discontinuity arises for
values of A near (1 — a)/x. When 4 > 1 and U > 1, we have

Pr _ 2r'”®  434d°
10 loglo 77P—S ~ ‘—15 loglﬂ A _ ].0 logl[) —a—2— - —42-—

which changes only slowly as ¢ — 1.

6. USE OF EQUIVALENT ECHO TO ESTIMATE INTERCHANNEL INTERFER-
ENCE

When a steady sinusoid exp (iwt) is applied to a transmission medium
of the sort we have under consideration, the output is exp (fwt — a —
i8) where o and p are the attenuation and phase shift, respectively.
Distortionless transmission occurs when « is constant and 8 has a con-
stant slope over the essential range of frequencies. Departures from these
ideal conditions cause interchannel interference in multichannel FM and
PM systems. Our evaluation of the interference caused by a small echo
may equally well be regarded as an evaluation of interference for a par-
ticular kind of amplitude and phase distortion, namely that given by

o~ —rcos ol B = rsin wT. (6.1)

These expressions are obtained by writing exp (iwf) + r exp [tw(t — T)]
in the form exp (iwt — o — 48) when |r | K< 1.

The analysis given by E. D. Sunde in Section 1 of Reference 8 shows
that a minimum phase system in which 8 = 7 sin T also has a =
—r cos «T' as in (6.1). This suggests a procedure for calculating inter-
channel interference from phase data alone when (1) the distortion is
known to be of the minimum phase type and (2) the variation of phase
with frequency can be approximated by a sine function. In such cases
we can apply our echo analysis directly by identifying r as the amplitude
of the phase oscillation and T as the reciprocal of the period.



INTERCHANNEL INTERFERENCE IN FM AND PM SYSTEMS 629

In carrier multiplex systems the sinusoidal approximation need hold
only in the region around the carrier frequency f, where 2xfy = p and p
is the radian frequency appearing in equation (1.1). For FM we shall,
in this section, arbitrarily take the region to extend from fy — 4o to fo +
40 where ¢ is the rms frequency deviation of the signal. For PM and the
signal power spectrum given by equation (2.1) we may take the region
to be fo = 4f,(Pofy/3)"".

A special case occurs when the nonlinear portion of 8 may be repre-
sented as a2(f — f0)2/2 in the region of interest. We can think of » sin w7’
as going through several oscillations between f = 0 and f = fo, and
that a maximum, if a; < 0, (or a minimum, if a; > 0) of 7 sin w7 occurs
at f = fy, ie. at « = p. The band of interest is taken to be narrow
enough to lie in the immediate vicinity of the maximum. This sort of
curve fitting is permissible since equation (2.3) shows that the inter-
channel interference depends on the carrier frequency only through the
term cos 2p7'. Furthermore, constant terms and terms linear in frequency
in the expression for 8 do not affect the amount of interchannel inter-
ference.

At the maximum mentioned in the preceding paragraph « = p,
sin pT = 1 and cos 2pT" = —1. Near this maximum 7 sin w7 is

rcos 2r(f — fo)T = r — rdn’(f — fo)'T%/2 (6.2)

In order that this approximation may hold over the region fy, &= 4o (for
FM), we require

27(4e)T = 1
We take T' to be as large as possible, namely
T = 1/87¢ 6.3)

in order to make r as small as possible, since our work assumes r < 1.
Comparison of as(f — fo)’/2 with (6.2) gives

r = —ay2xT)" = — 160" (6.4)

which must be small compared to unity if our results are to be used. This
result holds for a; < 0. When a; > 0 expression (6.3) still holds for T
but now r = 16as0”. Similar expressions hold for PM. These values of »
and 7' may now be inserted in our formulas to determine the interchannel
interference.

From the definitions of 4 and U it may be shown that (6.3) is equiva-
lent to AU® = 1{¢. Therefore the “second order modulation’ approxima-
tion given by Case 2 in Table 4.1 may be used. Also G — H cos 2pT is
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approximately equal to 2G because cos 2pT = —1. It turns out that the
second order modulation approximation may also be used in the PM case.

When a, is sufficiently small, considerations such as those above show
that the ratio of the interference power for 8 = ay(f — f)*/2 (radians)
to the received signal power at the frequency f is

P:/Ps = (axfy/2)* a*(2 — a) for FM 65
P1/Ps = (a2 /2/2)*(Pofs) (12 — 30a + 20a* — a%)/30 for PM )

Here a = f/f, where (0, f;) is the frequency band of the signal. The rms
frequency deviation of the signal for FM is ¢ eps, and the rms phase
deviation of the signal for PM is (P,f;)!/? radians. The first equation in
(6.5) comes from a special case of Case 2, namely, Case 3 of Table 4.1,
and requires the additional assumption f,/4¢ << 1 (corresponding to
U « 1). The second equation requires a similar additional assumption.

i

ArrENDIX I

DERIVATION OF A GENERAL THEOREM ON THE INTERCHANNEL INTERFER-
ENCE SPECTRUM

Let w.(f) be a finite power spectrum having limited total fluctuation
for 0 < f = . Let the total power be finite so that the integral of w,(f)
from f = 0 tof = « converges absolutely. We define two auxiliary spec-
tra '

fwe(f) — wa(f), |f - fol <e
0: If - fol > e
we = we(f) — we(f) (Al-1)

and note that the autocorrelations corresponding to these spectra must
satisfy

Ry(r) = Ro(7) — R.(7) (A1-2)

We consider the problem of transmitting the ensemble having the spec-
trum w,(f) through a system in which the input and output autocorrela-
tion functions, ¥;(r) and ¥.(7), respectively, are related by

Uo(r) = F[¥(7)]

Here F(z) and its derivatives F'(z) and F”(2) are assumed to be finite
continuous functions which exist over the range of z of interest.

Let the output spectrum corresponding to the input spectrum ws(f)
be wp(f). We shall show that as e— O the value of ws(f) in the range
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| f — fo] < e approaches
4[ FIR()] — F/(0)Ra(r)} cos 2nfr dr (A1-3)

When we multiply this expression by 2¢ and set f = f;, we obtain the
power appearing at the output of the system in an unloaded channel of
width 2¢ centered on f, . Here we are not interested in values of wxs(f)
outside the range | f — fo | < e

First we note several properties of autocorrelation functions. From

R(r) = fow w(f) cos 2xfr df

it follows that | R(7) | < R(0). Also, if w(f) has limited total fluctuation
in the interval (0, « ), the Riemann-Lesbhesgue lemmas* and the absolute
convergence of the integral for R(0) show that R(7) = 0(1/7) as 7 — .
Thus we may find positive numbers 4, B, C such that for 0 < 7 and
any e less than some fixed value

]Ra(r) | < A/7

fote
|R() | = R@—lﬂmmﬁ<& (Al-4)
|R(D) | < C/r '

By the extended theorem of the mean the autocorrelation function
corresponding to wz(f) is

Rp(r) = FRy(7)] = FIRu(7) — R(7)]
= F[Ro(7)] — F'[Ro(7)]Re(7) + 7 (Al1-5)
|r| = 27'R2(r) | F”[Ra(r) — 8R(7)]| < RI(7)D
where 0 < 6 < 1and D is a positive number such that | F”(z) | < D.
Then

wp(f) = 4[: Ry(7) cos 2afrdr =1, — I, + I,

I

4 jw FIR.(7)] cos 2ufr dr
' (A1-6)
I,

4 f: F’[Ra(‘r)]Re(‘r) cos 2nfr dr

I, = 4 f r cos 2nfr dr
(i}

* See, for example, Whittaker and Watson, Modern Analysis, 4th edition, p. 172.
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Since F'[Rq(7)] = F'(0) + s, where by the mean value theorem
| s| = | Ra(r) F"[6Ra(7)]| < | Ra(7) | D
0s06=1

I, may be written as the sum of two integrals, the second of which has an
absolute value not greater than

4 [" | RIDR) 147 = 4D [ | RR) | dr
+ 4D fT | Ra()Ru() | dr < 4DRo(0)BeT

+ 4D f " ACr dr = AD[R.(0)BeT + AC/T]

where T is an arbitrary number and we have used the inequalities
(A1-4). Choosing T = €¢** shows that the last expression is 0(¢%).
Hence

I, = 4F'(0) fo ® Re(r) cos 2nfr dr + 0(&7)

wa(f), |f—Jo| <e
0, [f—Jol > e

Therefore in the range |f — fo| < ¢ which comprises the only fre-
quencies of interest in the channel interference spectrum,

= 0(?) + F'(0) {

I, = 4F,(0) f R.(7) cos 2xfr dr + 0(6”2)
0
By use of the inequalities for | r | and | R.(7) | we see that
© T 0
| I;| < 4 f RX()Ddr < 4D f Bdr 4 4D f C* %
0 0 T

= 4D(B*¢T + C*/T)

If we choose T' = 1/e this expression is 0(e).

When we collect our results and let ¢ become vanishingly small, we
see that expression (A1-6) for ws(f) approaches (Al1-3) for frequencies
in the range | f — fo| < e Thus in the limit as e — 0 we may use the
autocorrelation function

F[Ra(7)] — F'(0)Ra(7)



INTERCHANNEL INTERFERENCE IN FM AND PM SYSTEMS 633

to compute the interchannel interference spectrum. This is the result
used in (1.22).

AppENDIX II
APPROXIMATE EVALUATION OF INTEGRALS OF A CERTAIN TYPE

The problem of evaluating the integral @ defined by (2.4) is quite a
difficult one. Here we shall outline a method which often may be used to
obtain an idea of the order of the magnitude of such an integral.

Let F(u) be an even analytic function of u such that the major con-
tribution to the value of

I(a) = 2 fow F(u) cos au du = f

F(uwe™ du (A2-1)

comes from a saddle point on the positive imaginary u axis. Then the
“method of steepest descents’” suggests that an approximate value of
I(a) may be obtained by the following procedure.

1. Set f(y) = F(iy) and plot z = dlog f(y)]/dy = f'(¥)/f(y) as a func-
tion of y. ,

2. Draw the horizontal line z = a. Suppose its first intersection with
the curve obtained in step 1 is at ¥y = 71, and let the slope of the curve,
determined either graphically or by differentiation, be (dz/dy)y, at ;.

3. Then I(a) = [2x/(dz/dy)y,]"*f(yr)e (A2-2)

It should be noted that (A2-2) cannot be used indiscriminately. Thus,
it does not work well for F(u) = 1/(1 - u') because there is no saddle
point on the imaginary u-axis. However, when it is applied to integrals
of the type encountered in our study it appears to do fairly well, as
Table 4.4 shows.

ArpENDIX IIT

LEWIN’S INTEGRAL

Here we study the integral
I, a) = f [ — 1 — b sin u) cos au du (A3-1)

which occurs in several limiting cases in our work and which has been
studied by Lewin® fora = 0O and @ = 1.

When the exponential term is expressed as a power series in (b sin u)/u
and the result integrated termwise, we obtain



634 - .- THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1955

I(b,a) = Z=j2 Ab"/n) (A3-2)
4, = fw <sin u) cos au du
. U
' 2

AT ﬂ; (=)"Cw"(n — 2m + @)™

A, ~ (6m/n)" exp [—3d"/(2n)]

where C,," = n!/m!(n-m)! and the last term in the summation for 4,
is the last one for which n — 2m 4+ a is positive (assuming a > integer)
and for which m < n. When n = 2, A, is a continuous function of a.
Tables ITI A and IIT B were computed from (A3-2).

When b is small, the first term in (A3-2) gives, for 0 = a = 2,

I(b, a) = b'r(2 — a)/4 (A3-3)

and when b is a large positive number the contribution of the exponential
term in the region around u = 0 gives

2
I(b, a) & (6x/b)" exp (b - %‘%) (A3-4)
Lewin has given more careful approximations for the @ = 0 and a = 1
cases.
When b is large and negative most of the contribution comes from
around u = =37/2 where exp [(b sin u)/u] attains its largest values.
It is found that

I(—B, a).= 10.76 7% cos (4.49a)® %™ L R (A3-5)

where 8 = —b isa largepositive number and R is a remainder term. The
numbers in (A3-5) are related to the valueu, = 4.493 . . . where (sin u) /u
has a minimum.

Computation shows that the value 8 = 8 is not large enough to make
the leading term in (A3-5) a good approximation for I(—g, a). In order
to obtain a better approximation we write

Y
I(-B,a) =2 f exp [— Bu~" sin u] cos au du
o
Y
+ 2 f [— 14+ Bu* sin ] cos au du (A3-6)
0

+ / (Bu " sin w)? cos au du
v
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TaBLE IIT A —¢°I(b, @) ForR b > 0

b i a=0 0.25 0.50 0.75 1.00 1.25
0 1 0.0 0.0 0.0 0.0 0.0 0.0
0.5 1.649 0.272 | 0.241 0.209 0.176 0.142 0.107
1.0 2.718 0.761 | 0.685 0.602 0.511 0.414 0.314
2.0 7.389 1.560 1.440 1.291 1.117 0.919 0.713
3.0 20.08 1.913 1.801 1.645 1.448 1.215 0.968
4.0 54.60 1.974 1.888 1.751 1.566 1.341 1.098
5.0 148.4 1.905 1.844 1.731 1.571 1.372 1.153
6.0 403 .4 1.794 1.751 1.660 1.525 1.356 1.166
7.0 1007. 1.680 1.649 1.575 1.463 1.320 1.157
8.0 2081. 1.576 1.552 1.492 1.398 1.277 1.138

TaBLE III B—I(b, a) For b < 0

b a=0 25 50 5 1.0 1.25
0 0.0 0.0 0.0 0.0 0.0 0.0
—0.5 0.349 0.300 0.254 0.210 0.167 0.125
-1.0 1.25 1.06 0.885 0.723 0.576 0.432
—2.0 4.16 3.41 2.76 2.20 1.76 1.34
—3.0 8.03 6.37 4.97 3.88 3.14 2.46
—4.0 12.6 9.66 7.23 5.49 4.55 3.74
-5.0 17.8 13.2 9.40 6.89 5.93 5.19
—6.0 23.6 16.8 11.4 8.00 7.25 6.85
—7.0 30.0 20.7 13.1 8.71 8.48 8.78
—8.0 37.2 24.8 14.5 8.93 9.59 11.0

where y is such that the quantity within the brackets in (A3-1), with
b = —B, is approximately (8u ' sin u)*/2 when u > y. For rough work we
may take y = B. The leading term in (A3-5) arises from the contribution
of the region around v = 37/2 to the value of the first integral in (A3-6).
The contributions from the regions around v = 7#/2, 11x/2,... (if
y is large enough) add to the value of R but they are generally small in
comparison with the leading term in (A3-5).

Thus we are led to approximate E in (A3-5) by the sum of the second
and third integrals (expressed in terms of integral sines and cosines) in
(A3-6) with y = 8. When R is replaced by this sum, expression (A3-5)
gives values for b = —8 which agree fairly well with those in the table.
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Optimum Design of Directive Antenna

Arrays Subject to Random Variations

By E. N. GILBERT and S. P. MORGAN
(Manuscript received January 18, 1955)

This paper discusses the optimum design of discrete, directive antenna
arrays of arbitrary geomelrical configuration in space, when the excitations
and spatial positions of the elements vary in a random fashion about their
nominal values. Under certain assumptions the expected power pattern of an
array turns out to be the power pattern of the nominal array, plus a “back-
ground” power level which has the same dependence on direction as the pat-
tern of a single element. A set of excitations which maximizes the theoretical
directivity of an array may correspond to a superdirective design, in which
the background power level will completely swamp the desired pattern unless
the excitations and positions of the elements are controlled with extraordi-
nary precision. A method is given for mazimizing the gain of the array while
holding the expected background power level constant, when the precision
with which the excitations and positions can be controlled is known. The
method s tllustrated with numerical examples.

1. INTRODUCTION

The effects of random variations on antenna patterns have recently
been discussed in a number of papers which treat more or less special
cases. Several authors™ * * are concerned with linear Chebyshev-designed
broadside arrays, and in particular with the effects of manufacturing
variations on the patterns of slotted waveguide arrays. Ruze® has de-
rived the expected pattern of a plane, rectangular array in which the
positions of the radiators are rigidly fixed, while only their amplitudes
and phases are variable. Less attention seems to have been given to the
possibility that the positions of the elements may also vary in a random
fashion, even though this latter situation can arise in any electromag-
netic or acoustic array whose elements are not rigidly supported.

1 L. L. Bailin and M. J. Ehrlich, I.R.E. Trans., PGAP-1, pp. 85-106, Feb., 1952.

2 D. Ashmead, I.R.E. Trans., PGAP-4, pp. 81-92, Dec., 1952.

3 H. F. O’Neill and L. L. Bailin, I.R.E. Trans., PGAP-4, pp. 93-102, Dec., 1952.
4 J. Ruze, Nuovo Cimento, 9, Supp. 3, pp. 364-380, 1952.
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This paper derives a relatively simple statistical expression for the
expected power pattern of an array when the excitations and positions
of its elements are subject to independent random variations. The re-
sult is not restricted to linear or even to plane arrays, but is valid for
arrays of arbitrary geometrical configuration in space. In the special
case when the excitations are variable and the positions of the elements
are either fixed or subject to random displacements with a spherically
symmetric distribution, the expected power pattern is the pattern of the
nominal array, plus a “background’” power level which has the same
dependence on direction as the pattern of a single element. The expected
background power level is proportional, for small errors, to the sum of
the mean-square errors in excitation and position.

We consider in particular the application of our results to the prob-
lem of designing superdirective arrays. A superdirective array is one
having a beamwidth in radians much less than the reciprocal of the
largest dimension of the array in wavelengths. It is well known that such
narrow beams can be designed on paper, but only by employing heavy
cancellation between adjacent elements. If the excitations and positions
of the elements of a superdirective array are not controlled with great
accuracy, the background power level due to random errors will com-
pletely swamp the desired pattern. This corresponds to the familiar fact
that a really superdirective array has to be constructed with extraordin-
arily high precision in order to give anything like its calculated perform-
ance.

A method is given for computing the excitations which maximize the
gain of an array of any specified geometrical configuration, while hold-
ing the expected background power level due to random variations
constant. It is assumed that the excitation coefficients can all be con-
trolled to the same per cent accuracy, and that the element displace-
ments, if any, are distributed with spherical symmetry. If the random
variations are taken to be zero, or if no restrictions are placed on the
background power level, the present procedure becomes equivalent to
the methods which have been described in recent papers® ° on the max-
imum gain of an arbitrary array.

An.interesting result of the analysis relates to arrays in which the
elements are all excited with equal amplitudes, and with phases such
that their fields add in phase in a specified direction in space. This ar-
rangement may justifiably be called the normal excitation, since it is

5 A. I. Uzkov, Dokl. Akad. Nauk SSSR, 53, pp. 35-38, 1946,
¢ A, Bloch, R. G. Medhurst, and S. D. Pool, Proc. Inst. Elect. Engrs., 100, Pt.
111, pp. 303-314, 1953.
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often adopted in practice as a means of obtaining a beam in the desired
direction. It is proved that, of all possible excitations of the array which
produce a main lobe in the given direction, the normal excitation leads
to a pattern which is most insensitive to the effects of random errors.
Furthermore, if all the elements have the same ohmic resistance, the
normal excitation produces the highest power flow in the direction of
the main beam for a given rate of heating the elements.

It is not invariably true that maximum gain is incompatible with
minimum sensitivity of the pattern to random errors. The normal ex-
citation maximizes the gain of any array of isotropic elements in which
the distance from every element to every other element is an integral
number of half wavelengths. However, for most arrays the gain can be
increased above that obtainable with the normal excitation, at the ex-
pense of a (possibly enormous) increase in the sensitivity of the pattern
to random errors; and some sort of compromise will have to be struck.

Several types of symmetry are commonly found in antenna arrays,
and some of these symmetries force very simple relationships to hold
among certain of the optimum excitation coefficients. We discuss the use
of symmetry to reduce the amount of computation necessary in design-
ing an optimum array. As an example, these considerations are applied
to the design of an array of four elements located at the corners of a
tetrahedron, and also to a four-element end-fire array. Curves are ob-
tained which illustrate the relationship of gain to pattern sensitivity for
several such arrays of different dimensions in wavelengths.

It is shown that if an arbitrary array of isotropic elements is excited
successively to have maximum directivity in different directions, the
average value of the maximum directivity over all directions in space is
equal to the number of elements in the array. The excitation required
to produce maximum directivity will naturally depend on direction, and
considerations of pattern sensitivity are ignored. The significance of
this result is that if an array configuration permits an abnormally high
gain in a certain direction, as is theoretically possible, for example, with
a very short end-fire array, then there exist other directions in which
the maximum gain of the same array is abnormally low.

2. STATISTICAL FORMULATION

Consider an antenna array of n elements. We shall call the elements
radiators, though they may equally well be thought of as receivers. We
assume that each element has the same directivity pattern s(u) with
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respect to a fixed set of axes,* where u is a unit vector representing a di-
rection in space, and s(u) is a complex-valued vector function giving the
amplitude, phase, and polarization of the radiation field over a large
sphere centered at the element. For acoustic fields, s(u) is a scalar
function. The average density of power flow in the direction u is propor-
tional to

') = s(u)-s*(u) (1)

where an asterisk denotes the complex conjugate quantity.

Let the excitation of the kth element be 4, . The complex numbers
Ay, Ay, -+, A, will be called the excitation coefficients of the array.
Let the position vector of the kth element relative to an arbitrary origin
be Ry . The field strength produced by the array at the point at the end
of the vector Ru from the origin will, for large R, be proportional to

s(wf(uw)/E )

and the average density of power flow at the same point will be propor-
tional to

®(u)/R* 3)
where the power directivity pattern ®(u) is
B(u) = ') | f(u) 4)
and the array factor f(u) is
Jw) = 3 4y exp (ifRe-v) (5)

As usual, 8 denotes 27 divided by the wavelength \.

Let us assume now that the excitation coefficients and the positions
of the elements actually have some random scatter about their mean or
expected values. We shall calculate the expected values of the field and
power patterns. These expected values may be regarded as averages
taken over a large number of different arrays, or they may be thought of
as long-term time averages for a single array whose parameters vary
with time in a random fashion. We can adopt the latter point of view
when dealing with an array whose elements are not rigidly intercon-

* No difficulties would result in the statistical analysis from assuming a differ-
ent pattern for each element, but the added generality would complicate some of
the following work, and it is unnecessary for the great majority of practical arrays.
We also ignore the possibility that the orientations of the elements might be
subject to random variations.
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nected, but are subject to displacements relative to one another in the
course of time.

To make matters precise, assume that the excitation coefficients are
given by

Ak = qy + (243 (6)

where ay, is the expected value of A; and the «;’s are independent random
complex variables with mean zero. Also let

R; = 1, - Or . (7)

where r;, is the expected value of the position vector Ry and the g.’s
are independent random vectors with mean (0, 0, 0), all having the same
statistical distribution.

We can now write down the expected values of the field and power
patterns. Denoting expected values by angular brackets, we find for the
field strength,

(s(w)f(u))

s(u) kZ:; (Ar){exp (16Ry-u))
(8)

s(u) kZ:; a; exp (18- u) (exp (iBpx-u) )

= (exp (iBe-u)) s(u)fo(u)

where g is a random vector having the same distribution as the g’s,
and fy(u) is the nominal array factor

filw) = 3 o exp (i8r-v) ©)

which results when the excitation coefficients and positions all have
their expected values.
The norm of the general array factor may be written

|7 P = 3 4y oxp (i6Re-u) ; A5* exp (— i8R;w)

= 3 3 (aet ) (a* -+ a5*) expli8(r, — 1) -ulexp [8(e: — o) -] (10)

i=1 =1
+ 1; (o + o) (o™ + ™)

where the primed summation sign indicates that the term for which
j = k is to be omitted. Taking expected values and recalling that the
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random variables are independent, we obtain

() [*)

n
’

= axa;* exp [iB(rr — 1;)-u] {exp (iBpr-u) ) {exp (—1iBg; 1))

+k‘;1ak P+kZ; Qo)
= | (exp iBo-w)) [ Liew) F o+ 25 (e )

11— | (e Gorw) [1 2 |

where the last step follows by adding and subtracting the terms with
i = k which were omitted from the double sum.

Multiplying through by the power pattern s*(u) of a single element
gives the expression for the expected power pattern of the array, namely

@) = | (oxp (Bo-w)) [oule) + £w) 35 ( ew )

. (12)
+ 11— | {exp (o) [Is°(w) X | @ [
where the power pattern of the nominal array is
(130(11) = 82(11) Ifo(u) l2 (13)

3. SPECIAL CASES

If the positions of the elements of the array are supposed to be exactly
known and rigidly fixed, then the displacement vectors gy, are identically
zero, and the general result derived above reduces to

@W) = B + 5@ 2 (a ) (19

Equation (14) has a simple physical interpretation. It asserts that
the expected power pattern is the power pattern of the nominal array,
plus a “background” power level which has the same dependence on
direction as the pattern of an individual radiator, and is proportional to
the sum of the mean-square errors of the excitation coefficients. Of course
for any particular array the background power will not have exactly the
directional dependence s*(u), but will exhibit fluctuations depending on
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the particular set of errors in the excitations.” However, in order to have
the over-all pattern be a good approximation to the nominal pattern
&,(u), it 1s necessary to hold the expected value of the background
power well below the maximum value of ®g(u). We shall discuss the im-
plications of this requirement presently.

If the displacements of the elements are not identically zero, then
we denote the cartesian components of the vector g by £, 7, ¢, and their
joint probability distribution by P(&, 9, ). P(& 9, {) df dy d¢ represents
the probability that the end of the vector o, drawn from the origin, will
lie in the volume element d¢ dy di centered at (¢, #, {). Then the ex-
pected value of exp (¢#8p-u) is given by

(exp (iBe-u))

N (15)
- f_ f_ f exp [iB(ku, + nuy + tu)] P(&, m, ¢) dE dn di

where u, , u, , 4, are the components of the unit vector u.

In order to evaluate the integral (15) for any particular array, one
should choose the most plausible joint distribution function P(g, #, {)
that his physical insight permits. In general {exp (i8e-u)) will depend
upon the direction of u; but if the distribution of ¢ is spherically sym-
metric,* the expected value will be independent of direction. In this case
P(g, n, ¢) is a function only of the magnitude p of the displacement
vector. To evaluate the integral (15), take the {-axis parallel to u, and
let p(p) dp be the probability that the length of the displacement vector
lies between p and p 4+ dp. Then

27 T ©
{exp (iBp-u)) = ;—W'/; j; '/; exp (i8p cos 6)p(p) sin 0 dp d de
(16)

-/ " [(sin Bp)/80] p(p) dp = {(sin Bo)/Bp)

If the cartesian components of p are assumed to be normally and
independently distributed with mean zero and equal variances o°/3,
so that the root-mean-square value of p is ¢, one has

plp) = 3(6/m)"*(0°/s") exp (—3p"/20") 17)
and
(exp (ifo-u)) = exp (—F¢"/6) (18)

7 The statistical distribution of these fluctuations has been discussed by Ruze
in Reference 4.

* Under some circumstances the displacement vectors may be constrained to
lie in a plane. If their distribution is circularly symmetrie, and if we confine our
attention to directions u lying in the plane of the displacements, the results will
be formally similar to those obtained for the spherically symmetric case.
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For any spherically symmetric distribution of p we may define a
parameter 5" by

& = | (exp (ifo-u)) | — 1 (19)

If o, the root-mean-square value of p, is small compared to the wave-
length, then

8 ~ B%°/3 (20)

for the normal distribution (17), and-also for other distributions which
taper off for large p with comparable or greater rapidity.

From equations (12) and (19) we obtain the normalized expected
power pattern for a spherically symmetric distribution of displacements,
namely

(1 476" (@(u))

= do(u) + s'(w) [(1 + O 22 el + 8 2 12] ey
Again the expected pattern turns out to be the nominal pattern plus a
background level with the same distribution as the pattern of a single
element.

In what follows we shall idealize the problem somewhat by assuming
that the excitation coefficients A can all be controlled to the same rela-
tive accuracy.® Precisely we suppose there is a small number e such that

<lak|2>=€2|ak|27 k=172:'”,n (22)
Thus (21) becomes
(1 + &) (@) = Bo(u) + A’ (w) ; | a * (23)
where
ANN=(0+NNEéF+~s"+ € (24)

and the last approximation is valid if 6 is small compared to unity.

8 Ruze’s assumptions in Reference 4 amount to taking | Ax | and arg A; as
independent random variables with means I, 9% , where the coefficients of the
desired pattern are I exp (¢9x). All the phases are assumed to be normally dis-
tributed with the same variance, and the variance of the amplitude | A | is taken
proportional to | I; |2. From these assumptions equation (22) follows. Ruze’s result
looks more complicated than equation (14) mainly because the expected value of
Ay differs from I exp (¢9x) by a constant factor.
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4. CRITERIA FOR GOOD PATTERNS

The preceding statistical analysis is equally valid whether the nominal
pattern ®y(u) is to have some specified beam shape for a particular appli-
cation, or merely to provide as narrow a beam as possible. However the
latter case is of greater practical interest, and so we shall consider hence-
forth only the design of highly directive or pencil beam arrays.

We suppose that the number and configuration of the radiators are
fixed in advance, and we have to choose the excitation coefficients to ob-
tain the desired pattern of the nominal array. We shall denote the set
of n complex numbers (a;, a», -+ , a,) by the single symbol a. Our
problem is to find a way of exciting the array so as to produce a narrow
beam in some direction uy , i.e., we must choose a in such a way as to make
®o(u,) small for all directions u not near u, . When we try to formulate
the problem more precisely than this we find a large number of alterna-
tives.

As a mathematically tractable criterion for a good pattern, we shall
stipulate that a is to be chosen so as to minimize the generalized gain
function

(130(110)
%T fs Fo(w)w(u) dQ

Gla) = (25)

where w(u) is a non-negative weight function which may be chosen at
pleasure, dQ is an element of solid angle, and S is the surface of the unit
sphere. Since ®4(u) is proportional to the density of power flow in the
direction u, G(a) represents the ratio of power flow in the direction u,
to a weighted average of power flow in all directions over a sphere. If
one were interested in the radiation pattern only in some plane contain-
ing U, the weighted average could be taken in all directions around a
circle with only minor changes in the formal analysis.

A few comments may clarify the significance of the function w(u). If
w(u) is taken to be identically unity, then G(a) is just the conventional
gain of an array with the set of excitations a. However, it is well known
that merely maximizing the gain does not always produce a pattern
with low side lobes. If it is important to prevent large fields from being
radiated in specified directions, one may choose w(u) to be unity over
the set of unwanted directions and zero elsewhere; and in principle even
more complicated choices of w(u) could be made to discourage side
lobes. For receiving arrays, w(u) may similarly be chosen to discriminate
against the reception of spurious signals from particular directions.
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In terms of the excitation coefficients, the function G(a) has a simple
formal expression, namely

> a exp (2811, -uo)

Gla) = s'(u)) =2 (26)
2. 2 hpma*
k=1 j=1
where
1 . 2
hi = o f exp [18(rx — r7)-uls (Ww(u) dQ (27
m™Js
and obviously
hij = hj* (28)

The coefficients & depend only on the weight function, the pattern of a
single element, and the positions of the elements (in terms of wave-
length). When the elements are isotropic and the weight function is iden-
tically unity, we have

sin Brjy,
Brx

where 7, is the distance from radiator j to radiator k. In any case G(a)
is the quotient of two Hermitian forms in the excitation coefficients, and
can therefore be maximized by standard mathematical techniques.

It may be noted that the use of an integrated criterion such as (25)
for keeping the fields small away from the main beam does not absolutely
guarantee the absence of undesirably high side lobes in particular direc-
tions for any given array. To be sure of keeping all side lobes below a
certain level, we should choose a to maximize some such expression as

Po(u)
max ®o(u)

(29)

hjk =

T(a) = (30)

where the denominator is the maximum value of (u) over a chosen set
of directions € not containing u, . For equispaced linear arrays the cri-
terion (30) leads to the Chebyshev design procedure first described by
Dolph. However in general it is a much harder mathematical problem to
maximize 7'(a) than to maximize G(a), and for that reason we shall not
employ T'(a) here.

5. RESTRICTIONS ON SUPERDIRECTIVE ARRAYS

Even when a set of excitation coefficients maximizing the gain function
G'(a) has been found, there is no assurance that this set will be a satis-
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factory one on which to base the construction of a physical array. There

is a further restriction on the solution: the array must be excited in such a

way that when it is constructed it is likely to have a pattern ®(u) which

differs from the nominal pattern ®,(u) by an acceptably small amount.
From Section 3 the expected power pattern is of the form

B + A5 2 | o f 31)

where A’ includes the effects of both excitation and position errors. The
background power level relative to the main lobe of the nominal pattern
is then just

A2S2(u) k;nl [ ay l2 A2s2(u)
Bo(uo) T S (w)

K(a) (32)

where

ilaklz

K(a) = — = (33)

2

kX_; ay, exXp (z‘Brk~uo)

K(a) is a function measuring the susceptibility of the pattern to random
errors in the excitations and positions of the elements. Since in practice
A? is never zero, an array with too large a value of K(a) will be unac-
ceptable.

Although the function K(a) has been introduced as a result of statisti-
cal considerations, it can also be interpreted in terms of the efficiency of
the array as an energy radiator. If we imagine the elements to have a
certain ohmic resistance, and the excitation coefficients to correspond
to the element currents, then = | a, |* is a measure of the power which is
lost in the form of heat, and K(a) is proportional to the ratio of dis-
sipated power to power density in the direction up . Thus a large value
of K (a) corresponds to large circulating currents in the array, and to high
ohmic losses for a given rate of radiation of power in the direction of the
main beam.

As a simple example of arrays which can have arbitrarily high gain at
the expense of large values of K(a), let us consider an end-fire array of
length I pointing in the direction u, (say the direction of the z-axis).
The array will have n + 1 elements situated at z = 0, L/n, 2L/n, - - - | L.
Let the expected excitation coefficient of the radiator at z = kL/n be

ar = (=)*C,x exp (tkBL/n) (34)
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where the C,;’s are binomial coefficients. Then from (9) the norm of
the nominal array factor is

[ fow) ' = |1 — exp [i(w-u + 1)BL/n] "
2" sin®™ [(1 4 cos 0)8L/2n] (35)
= 2" sin®" [(BL cos’ 146)/n]

where ¢ is the angle between the direction u and the direction of the
array. If L is fixed and n is large, then approximately

| fotw) | = (28L/n)*" cos™ 154. , (36)

Taking n large enough, one obtains an arbitrarily sharp beam and an ar-
bitrarily high gain. On the other hand,

Zn:la|2=i0 2 @m)! 2 (37)
= = )z " (w2
the last approximation being valid for large n. Hence for L fixed and n
large, we have from (33),

K(a) ~ (n/SL)"(nz)™"* (38)

If Ais a typical figure like 0.01, it is clear that this end-fire array is totally
useless, in spite of its high theoretical gain, if the spacing L/n is much
less than 1/8 = \/2r.

The array just considered exhibits a characteristic feature of super-
directive arrays. All such arrays depend for their narrow beamwidths on
heavy cancellation between the fields of closely spaced radiators. In prac-
tice the radiators can be adjusted with only finite precision, and the
random errors which contribute to the background power level will not
cancel out, on the average, as do the fields of the nominal elements in all
directions except that of the main beam. Hence the background power
level will completely swamp the main beam unless the array is designed
with extraordinarily high precision.

It turns out that merely maximizing the gain function G(a) of an array
with interelement spacings of less than about a quarter wavelength is
likely to lead to a superdirective design with an unacceptably large
value of K(a). To get useful results, therefore, we should maximize G(a)
subject to the auxiliary condition that K(a) is not to exceed a preas-
signed value. A method for doing this is given in the next section.

We note that it would appear possible on paper to design an array in a
limited volume with high G(a) and low K(a) by using a large number
of closely packed elements. For example, suppose we have an array with
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a high value of G(a). Now suppose each element to be divided into m
very nearby elements, each with 1/m times the original excitation. The
nominal field pattern, which determines the theoretical gain, is essentially
unchanged, while K (a) is divided by m. The catch is that a really super-
directive array with a reasonable value of A’ would require a colossal
number of elements to reduce K(a) to an acceptable value. Furthermore
our statistical arguments have been based on the assumption that the
excitation coefficients may be regarded as independent random variables
when the antenna is built. If the elements are packed close together it
seems unlikely that the excitations remain independent; then the use of
K(a) to determine the precision which must be maintained is no longer
justified.

In dealing with superdirective arrays it should always be remembered
that a superdirective antenna is a high-@, small-bandwidth device, inas-
much as the amount of reactive energy in the near field of the antenna
is very large compared to the energy radiated per cycle. The resulting
stringent physical limitations on superdirectivity have been exhibited
by Chu.® We shall not, however, discuss questions of bandwidth here.

6. OPTIMUM DESIGNS TAKING ACCOUNT OF FINITE PRECISION

The procedure for maximizing the gain function G(a) of a definite
array, while requiring K (a) not to exceed a specified value, depends upon
certain theorems which will now be stated. The proofs are given in the
appendix.

Theorem I. Let u = 0 and let a[u] denote the set of excitation coefficients
satisfying the system of linear equalions

Zl hiiailu] + polu] = exp (—7Bre-uo) (39)
-
k=1,2, .-, n.0f all possible choices of a salisfying

K(a) = K(alu]) (40)

the mazimum value of G(a) 1is obtained when o = alu].

The parameter u is essentially a Lagrangian undetermined multiplier,
such as is commonly used in the calculus of variations and in the deter-
mination of maxima or minima subject to a constraint. When designing
a directive array we may select a reasonable value of K(a), say Ko,
with an eye to the precision with which we expect to construct the array.

9 L.J. Chu, J. App. Phys., 19, pp. 1163-1175, 1948,
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What we should then like to do is choose the value of u for which
K(alu]) = Ko (41)

and solve (39) with this value of u. Unfortunately we cannot determine g
simply or directly from the condition (41), so we may have to make sev-
eral trials with different values of u. If our first guess does not yield a
value of K sufficiently close to K, , the direction to proceed is indicated
by

Theorem II. Both K(a[p])) and G(a[u]) are monotone monincreasing
Sfunctions of p; that is, dK (a[u])/dp = 0 and dG(alu])/du = 0.

Fairly simple expressions may be obtained (see equations (A4), (A5),
and (A20) through (A24) of the appendix) for alu], K (alu]), and G(a[u])
in terms of the eigenvalues and eigenvectors of the Hermitian matrix
(hjr), and the parameter p. To make a thorough study of any particular
array configuration, one might well start by computing the eigenvalues
and eigenvectors. Then it would be easy to plot K and G against u over
any desired range.

A restriction on the possible values of K(a) is given by

Theorem III. For any array with n elements,

K(a) = 1/n (42)
and the coefficients which yield the value 1/n are
ar = exp (—r-ug), k=1,2, ---,n (43)

up lo a constant proportionality factor.

The choice of coefficients (43) means that all elements have equal
amplitudes and the phases are chosen to make their contributions add in
phase in the direction u, . This may be called the normal excitation; it is
often adopted in practice as a means of obtaining a beam in the direction
uo . The patterns so obtained are most insensitive to random errors in
the excitation coefficients, although frequently at the expense of rather
disagreeable side lobes. Since, as pointed out in Section 5, K(a) also
measures the efficiency of the array as an energy radiator, Theorem I1I
shows that the normal excitation produces the highest power flow in the
direction u, for a given rate of heating the elements.

If no auxiliary condition is imposed on the value of K(a), we have

Theorem IV. The coefficients which maximize the gain function G(a)
absolutely are obtained by pulting u = 0 in equations (39), so that a = al0],
where

Z{ hija;[0] = exp (—Br- 1) (44)
P
k=12 - n
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Equations (44) are equivalent to those given by Bloch, Medhurst, and
Pool" as a result of a differently phrased argument. They could also be
obtained by following up Uzkov’s remark" that the problem of max-
imizing the directivity of an arbitrary array amounts to the problem of
choosing an orthogonal basis for a complex linear vector space generated
by the patterns of the individual radiators. In principle both these papers
show how to determine the maximum gain in the general case when each
element of the array has a different directivity pattern; but they say
nothing about precision requirements.

It is not invariably true that maximum gain is incompatible with
minimum sensitivity to random errors. For example, the normal excita-
tion of Theorem III, which minimizes K(a), simultaneously maximizes
the conventional gain of any array of isotropic elements in which the
distance from every element to every other element is an integral number
of half wavelengths. Under this condition (29) shows that hy = 4§ ;
and the values of G and K obtained from the solution of (39) are inde-
pendent of u. An example is a linear array with half-wavelength spacing
between adjacent elements; another is the three-dimensional configura-
tion of four elements at the vertices of a tetrahedron of edge A/2. If the
elements of these arrays are not isotropic, then the normal excitation
does not give quite the maximum gain; but the difference will be small if
the beamwidth of the array factor is narrow compared to the beamwidth
of the element pattern. For a general array with interelement spacings
much less than a half wavelength, however, there may be a great deal of
difference between the excitation and pattern for minimum sensitivity
(u = ) and the excitation and pattern for maximum gain (u = 0).
Tllustrative examples are worked out in Section 8.

7. SYMMETRIC ARRAYS

To find optimum excitation coefficients for an n-element array by the
method of the preceding section requires the solution of a system of n
simultaneous linear equations, and this can be laborious if n is large.
Fortunately several types of symmetry are commonly found in antenna
arrays. Some of these symmetries force very simple relationships to hold
among certain of the optimum excitation coefficients, and can therefore
be used to obtain an immediate reduction of the order of the system of
equations (39).

By a symmetry S of an antenna configuration we shall mean any com-
bination of translations, rotations, and reflections which leaves the con-

10 Reference 6, p. 304, equation (6b).
11 Reference 5, p. 37.
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figuration invariant. Let Sk denote the number of the element of the
array into which the kth element is carried by the symmetry S. Some
simple symmetries and the corresponding relationships which can exist
between a; and as;, are listed in Table I. These relationships hold for the
solutions ax[u] of equations (39) if the origin of the coordinate system is
symmetrically placed,* i.e., if the origin is invariant under the symmetry
operation S. In the last four entries of the table we assume that the pat-
tern s*(u) of a single element and the weight function w(u) appearing in
the definition of the generalized gain depend only on the angle between
uand u,.

To illustrate the method of proving these relationships consider the
second one. Reflection in a plane normal to u, carries a point r into

Sr =1 — 2(r-u)u (45)
and for any points x and y
Up-Sx = —up-x (46)
Sx-8y = x-y 47
From (46) it follows that
S(—Su)w(—Su) = s’ (u)w(u) (48)

since by assumption s°(u) and w(u) depend only on the angle between
u and u, , that is, on cos™ (u-uo). From the last three equations and (27)
we conclude that

hsr,si = if exp [—iB8(rs; — rs) - Suls’(—Sww(—Su) dQ
47[' S

= %r f; exp [—8(r; —1;)-uls’(Ww(u) d (49)
= Iu*
We also have
exp (—ifrs;-t) = [exp (—1fre-m)]* (50)
The system of equations (39) can be written in the form
g Rsk.sitsi + pasy = exp (—1Brsk: o) (51)

* If the origin is not symmetrically placed it may be necessary to multiply
alu] by a suitably chosen complex constant in order to get a set of excitation
coefficients which satisfy the relationships of Table I.
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or, using (49) and (50),
g‘; huifas; + pose = [exp (—iBre-ug)]* (52)
or finally, taking complex conjugates,
jE; hijasi® + pas* = exp (—ipri-uo) (53)

Comparing (39) and (53) we see that a; and as,* are solutions of the same
system of linear equations. The determinant of the system is not zero,
by equation (A7) of the appendix, and hence

ap = a,gk* (54:)

Proofs for the other cases in Table I are similar.

In cases 3 and 5 of Table I the relationship as;, = ai reduces the system
of equations (39) to a system of order equal to the number of different
classes of symmetric points in the array. In cases 1, 2, and 4 the relation-
ship as; = a;* is more difficult to exploit. If hj is a real matrix, which
will be true whenever

S(—ww(—u) = s"(wwu) (55)

the system (39) may be rewritten as the following pair of real systems:

n

> hiiRea; + pReap = cos (Br-ug)

=1

n (56)
> hii Im a; + pIm a, = —sin (Br-1o)
=1
Now using
Re as; = Re a;, Im ag; = —Im a; (57)
the order of these systems reduces to about n/2 each.
TaBLE I — RELATIONSHIPS AMONG OPTIMUM EXCITATION
COEFFICIENTS IN SYMMETRIC ANTENNA ARRAYS.
Case Symmetry S Relationship
1 | Reflection in a point agr = ap*
2 Reflection in a plane normal to u, asr = ap*
3 Reflection in a plane parallel to u, . asy = ax
4 180° rotation about an axis perpendicular to u, asy = ar*
5 Rotation about an axis parallel to u, asr = ax
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It may be noted that the relationships listed in Table I still apply if
instead of G(a) the function to be maximized is the main-beam to side-
lobe ratio mentioned at the end of Section 4, namely

Po(u1e)

(@) = max ®y(u)

(58)

subject to the auxiliary condition on K(a). In this case we assume that
the set @ of directions in which radiation is to be kept small has rota-
tional symmetry about the direction u,, that is, if u; is in @ any other
u for which u-uy = u;-u, is also in Q.

8. NUMERICAL EXAMPLES

We shall apply the preceding theory to two array configurations which
illustrate some points of interest without requiring unnecessarily heavy
computation. For simplicity throughout this section we consider only
isotropic elements and adopt the conventional definition of gain, so that
the matrix elements h;; are of the form given by equation (29), namely
(sin Brje)/Br e -

The first example consists of four elements situated at the vertices of a
tetrahedron of edge length I (Iig. 1). The unit vector u, is taken to be
along the altitude of the tetrahedron which passes through the element
as and is perpendicular to the plane containing a; , a» , and a; . This array
is invariant under rotations of 120° about an axis containing u,, and so
by Case 5 of Table I we have

a; = Qg = a3 (59)

It is easily shown that the system of equations (39) for the optimum
coefficients reduces to the two equations:

I:l + u+ 2 s;l; ﬁl] a1 + SIEZBZ as =1

(60)
3 sin Bl

Bl

After solving (60), the functions G(a) and K(a) may be computed from
their definitions (26) and (33).

The optimum gain @ is plotted against the sensitivity function K in
Fig. 1 for I = N/2, A\/4, /8, and A/16. As a matter of interest a few
values of the parameter y are shown on the curves. The curve for I = \/2
consists of the single point K = 14, G = 4. This is an array with half-

o+ (1 + pas = exp [—i(24)"6]]
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Fig. 1 — Gain @ versus sensitivity K for optimum tetrahedral arrays of various
edge lengths I. Some values of the parameter u are shown on the curves.

wavelength interelement spacing, for which, as noted at the end of Sec-
tion 6, minimum sensitivity and maximum gain are obtained simul-
taneously. The lower ends of the curves (u = o) all represent normal
excitation and minimum sensitivity; in accord with Theorem IIT the
limiting value of K is 14. The corresponding gain decreases as the size of
the array decreases. As the condition on K is relaxed by decreasing the
parameter u, the gain increases to a value very near 4 in all cases, and
the sensitivity increases to larger and larger values for the smaller arrays.
The maximum values of @, which occur for x = 0, and the corresponding
values of K are listed in Table I1.

As a second example we consider a four-element equispaced linear
end-fire array with interelement spacing I (Fig. 2). This array is sym-
metric with respeet to its center point, and so by Case 1 of Table I,

as = al*

(61)

az = (lg*

Equations (39) break up into two pairs of real equations of the form
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TaBLE II — Maximum GAIN G AND CORRESPONDING SENSITIVITY K
FOR FOoUR-ELEMENT TETRAHEDRAL AND LINEAR ARRAYS WITH
INTERELEMENT SPACINGS I[/A WAVELENGTHS.

Tetrahedral Linear

1228

G K G K
1 4.000 0.2500 4.000 0.2500
14 3.960 0.5405 12.77 2.065
1% 3.990 1.901 15.21 1.07 X 102
146 3.997 7.371 15.80 6.6 X 10°
3 = — 15.95 42 X 108
0 4.000 0 16.00 0

(56), namely:
I: R sin 3,35] Re a; 4 |:sin Bl 1 sin 2131:' Re @, = cos 381/2

361 Bl 281
(62)
I:sm Bl | sin QBl] Re ay + |:1 T sin Bl] Re as = cos fl/2
_ 281 Bl
and )
__sin 3l sin Bl sin 28l .
[1 + u 351 ] I: 5 551 ]Im a; = —sin 361/2 .

I:S]I;lﬁl SII;BZZBZ] Im a; + [1 +u— Suglﬁl] Im a, = —sin Bl/2

Plots of G against K, as computed from the above equations, are
shown in Fig. 2 for arrays with I = \/4, A/8, A/16, and A\/32. Note that
the scale of Fig. 2 is different from the scale of Fig. 1. The point for

= A\/2, which again falls at K = 14, G = 4, is not shown because it
happens to coincide with the lower end of the curve for [ = A\/4. For
spacings less than A\/2 the curves rise to values of gain greater than 4,
the limiting value of gain for infinitesimal spacing being 16. However,
for spacings less than A/4 the sensitivity becomes very large for the
higher gains, so that the upper ends of the curves are far off the hori-
zontal scale in Fig. 2. The theoretical maximum gains and corresponding
sensitivities are listed in Table II.

A considerable difference is evident in the behavior of small tetrahedral
and small linear arrays, where by ‘“small” we mean interelement spacings
appreciably less than a half wavelength.* Sensitivity considerations

* It is probably not meaningful tomake a direct comparisonbetween tetrahedral
and linear arrays of the same spacing [, on account of their very different propor-
tions. For example, the tetrahedral array will fit into a sphere of diameter 1.2251,
while the linear array requires a sphere of diameter 31.
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Fig. 2 — Gain G versus sensitivity K for optimum four-element linear end-fire
arrays with various interelement spacings . Some values of the parameter p are
shown on the curves.

being ignored for the moment, the small linear array can have much
higher gains in the end-fire direction than the tetrahedral array can have
in any direction. On the other hand, by a suitable choice of excitation the
tetrahedral array can exhibit very nearly the same gain in an arbitrary
direction, while in directions different from end-fire the small linear array
cannot produce nearly so high a gain. These observations serve to intro-
duce a more general result, as follows:

Let T'(u) be the maximum (conventional) gain which can be achieved
in the direction u with an array of n isotropic elements, located at ar-
bitrary preassigned positions in space. The value of I'(u) and the excita-
tion necessary to obtain it will of course depend upon u. The following
theorem is proved in the appendix:

Theorem V. The average value over all directions in space of the maxi-
mum gain T'(U) of an array of isotropic elements vs equal to the number of
elements in the array; that s,

= / (1) d2 = n (64)
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From this theorem it is obvious that the tetrahedral array, which
comes as close to spherical symmetry as is possible with four elements,
will have a maximum gain of approximately 4 in every direction, while
the small linear array, which has a maximum gain of nearly 16 in the
end-fire direction, must have a maximum gain much smaller than 4 in
most other directions. In the limiting case of an infinitesimally short
linear array of n elements, it may be shown by a simple extension of
Uzkov’s derivation™ that the maximum gain which can be obtained in
the direction u is

n—1

T'(u) = Ig 2k + 1)P; (cos 6) (65)

where P;(cos 0) is a Legendre polynomial and 6 is the angle between u
and the direction of the array. I'(u) is equal to »° when 6 = 0, but its
value decreases rapidly as 6 varies away from zero. It is easy to verify
Theorem V in this special case, since we have

n—1

41_71-/5 T(u) d2 = % 2 @2k + 1) j; P;? (cos 6) sin 0 do

k=0

(66)

I

%,; 2k + DI2/@k+ D] = n

An infinitesimal array is not in itself of practical importance, since for
gains greater than unity the excitation coefficients and the sensitivity
are infinite; but the above example does illustrate that if an array can
have an abnormally high gain in certain directions, there must be other
directions in which its maximum gain is abnormally low. This fact may
have applications to the design of arrays whose physical orientation is
fixed, while the main beam is caused to scan by electrically varying the
excitations of the various elements.

In conclusion we should like to point out that the design procedure
given in this paper applies to any array in which the number of elements
and their configuration are specified in advance. In many practical cases
the array to be used will be so specified, and our method then yields the
optimum design. One could, of course, ask a more general question:
Given n elements and a sphere of fixed diameter, how should the ele-
ments be placed inside the sphere and how should they be excited to
maximize the gain in a specified direction, while holding the function
K (a), which measures the sensitivity of the pattern to random varia-
tions, below a preassigned value? The restriction to a definite number of

2 Reference 5, pp. 37-38.
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elements is essential, since as pointed out in Section V we could produce
on paper an arbitrarily high gain with an arbitrarily small K(a) by pack-
ing colossal numbers of elements into the sphere. It may well be true
(though a proof seems to be lacking) that if there is no restriction on
pattern sensitivity, the maximum gain possible with n elements is ob-
tained by arranging them in an end-fire array of infinitesimal length;
but the excitation coefficients and K(a) are then infinite. It is not self-
evident that the end-fire arrangement will be optimum if K (a) is required
to have a reasonable, finite value. The very interesting problem of deter-
mining optimum array configurations for finite values of K(a) appears,
however, to be considerably more difficult than the problem of determin-
ing optimum excitations for arrays of fixed configuration.

APPENDIX

PROOFS OF OPTIMIZATION THEOREMS

Let H denote the Hermitian matrix (h;i), @ the n-vector whose com-
ponents are the excitation coefficients, and ¢ the n-vector whose com-
ponents are

e, = exp (—ifry-up), Ek=1,2,---,n (A1)

The product Ha of the matrix H and the vector a is the vector whose
jth component is

(Ha); = ghjkak, j=1,2-n (A2
and the inner product (z, y) of two vectors is defined as
(@, y) = ’; Ty (A3)

The functions G(a) and K(a) defined by (26) and (33) may accordingly
be written

_ (e

Gla) = (Ha, a) (A4)
_ (a,a) ‘

KO = o 4

Theorem I. Consider the system of equations

Ha + pa = e, (A6)
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where p is a scalar parameter. If p = 0, then for any nonzero ¢ whatever,
1
(Ho,0) + n(a, @) = - fs | folw) [P (Ww(u) d2 + p(a, @) >0 (A7)

so that the Hermitian form (A7) is positive definite and
det (hkj + ,uak,-) #= 0

Then the system of equations (A6) does have a solution a[g].
From the complex conjugates of (AG) and (A7) we find that

(alu], ¢) # 0 (A8)

so that afu] is not orthogonal to e. Hence an arbitrary vector a may be
written in the form

a=aalu] +b (A9)
where « is a complex scalar and b is a vector orthogonal to ¢, so that
(bye) =0 (A10)
Note that if  were zero, we should have
Jo(w) = (b, ¢) = 0 (Al1)

corresponding to no radiation in the direction u, ; so we may assume
a # 0. Since G(a) and K(a) are quotients of Hermitian forms in the
components of a, their values do not change when « is multiplied by a
constant. Hence it suffices to consider excitations of the form

o =afu] +0 (A12)

where b satisfies (A10). Such excitations leave (e, e) constant, so we need
only study the behavior of (a, a) and (Ha, a) as functions of b.
To satisfy the condition

K(a) = K(alu]) (A13)
it is necessary that
(alul, b) + (b, alul) + (b, b) < 0 (Al4)
Then we have
(Ha, a) = (Halu], alp]) + (Halu], b) + (Hb, alu]) + (Hb, b)
= (Halu], alu]) + (Halul, b) + (b, Halu]) + (Hb, b)
= (Halp), alu]) + (¢, b) — p(alu], b)
+ (b, €) — u(d, alu]) + (Hb, b)
= (Halu], alu]) + w(d, b) + (Hb, b)
= (Halul, alp])

(Al5)
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where the second step follows because H is Hermitian, the third step on
account of (A6), and the fourth step on account of (A10) and (A14). The
equality signs in the last two steps hold if and only if b = 0. Hence the
only possible solution to the problem of maximizing G(a) under the con-
dition K(a) < K(a[u]) is given by a = aalu], where « is a complex scalar.
This proves Theorem I.

Theorem II. Since H is a positive definite Hermitian matrix, it has n
positive real eigenvalues Ay, A2, -++, A, and n linearly independent

1 2 . .
eigenvectors »®, »®, ... 4™ which satisfy

H” =2\, r=1,2:,n (Al6)

The eigenvectors may be taken as orthonormal, so that
@7, 09 = b, (A17)
We may expand the right-hand side of equations (A6) in terms of the

vectors v”; thus

e =2 Ep" (A18)
r=1
where
B = (e,07), r=12"--,n (Al9)
Assuming a similar expansion of the solution of (A6), write

alu] = Xn) e (A20)

r=1

Substituting (A18) and (A20) into (A6) and using (A16) and (A17), we
find without difficulty,

¢ = E/(\ + 1) (A21)

‘We can now write down expressions for the Hermitian forms occurring
in G(a) and K(a). Using (A18), (A20), and (A21) and the orthogonality
condition (A17), we obtain

(@b, ) = 217 F/0n+ 1) (a22)
(ol abid) = 21 2, P/ + ) (A23)

(Halul, alu]) = g A | Br /O + w)? (A24)
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Note that all three expressions are positive real-valued, and that

d(alu], e)/du = — (alu], alu]) (A25)

From the preceding expressions and the definition (A5) of K(a), we
have
dK(alu)) _ 1 |: d(alul, alul) z:l
T = | Gl o SR oGl o) | (A20
The first factor on the right is positive, and the terms in square brackets
become ‘

_ n IEr|2 n [Esl2 I:n |Er|2 ]2< A
2§(kr+#);(?\s+#)3+2 ;(N—Fu)z =0 (A7)

by Schwarz’s inequality. Hence K (a[u]) is a nonincreasing function of p.
Now let up > m and let K;, K,, G1, G: denote K(alu]), K(a[us)),
G(alm]), G(alue)). By Theorem I

Gg = IMAXK@) <K, G(a) é maxK(@éKl G(a) = G1 (A28)

since we have just proved K, £ K; . This completes the proof of Theorem
II.
Theorem I1I. To find the minimum possible value of K(a), let
a=¢e¢+D (A29)
where
(bye) =0 (A30)

The coefficient of ¢ may be taken as unity, since if it were zero, K(a)
would be infinite. When « is given by (A29), (a, ¢) has the constant
value

(a,e) =n (A31)
and making use of (A30),
(a7 a) =n—+ (b) b) Zn (A32)

Referring back to (A5), we see that K(a) achieves the minimum value
1/n when a = e¢; this is Theorem III.

Theorem IV. To maximize G(a) when there is no restriction on K(a),
set 4 = 0 in the system of equations (A6). We do not require (A13) or
(A14), but from (A15) we still get

(Ha, a) = (Hal0], a[0]) + (¢, b) + (b, ¢) + (Hb, )
= (Hal0], a[0]) + (HD, b) (A33)
= (Hal0], a[0])
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which shows that (/(a) is maximum when a = a[0], and thus proves
Theorem IV.

Theorem V. Setting 1 = 0 in (A23) and (A24) and using (A19), we
obtain from (A4) an expression for the maximum gain in any direction
u, namely

3

Tw) = 2N E|F=2 Z Z A e Ve, (A34)
r=1 .

r=1 s=1 t=1

The dependence on u appears in the components of ¢, where

er = exp (—ifr,-u), k=12 ---,n (A35)

Averaging over all directions in space gives
- [ eerdo = S Br _ (A36)

47!' 6rst

the identification with the matrix element h,, being made from equation
(29) on the assumption that the elements of the array are isotropic and
the conventional definition of gain is used. It follows now from (A16)
and (A17) that

R f T da = 3 3 3 A0
4 Jg

r=1 s=1 t=1

=22 N8N =n

r=1 s=1

(A37)

which proves Theorem V.
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operated equipment, such as the transatlantic radio terminal and echo
suppressors. During World War II he worked on an underwater sound
detection system for submarine mines and on the development of the
Mark 8 computer for antiaircraft fire control. He was a member of the
National Defense Research Committee and the recipient of a Certificate
of Exceptional Service to Naval Ordnance Development. From 1945 to
1946 he worked on indicators for naval fire control radar. He is presently
in charge of groups working on military systems switching research.
Senior Member of the Institute of Radio Engineers, member of the
American Physical Society, American Institute of Physics, Association
for Computing Machinery.

H. R. Hu~ntLEY, B.S. in E.E., University of Wisconsin, 1921; Wis-
consin Telephone Company, 1917-1930, except for a leave of absence to
complete education begun earlier at Leland Stanford University and
continued at the University of Wisconsin. Leaving the Wisconsin Tele-
phone Company where he was Transmission Engineer, Mr. Huntley came
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to the Foreign Wire Relations Section of the Operating and Engineering
Department of American Telephone and Telegraph Company in 1930.
In 1942 he transferred to the Transmission Section and has been Trans-
mission Engineer since 1951.

SamMueL P. Moraaw, B.S., California Institute of Technology, 1943;
M.8S., California Institute of Technology, 1944; Ph.D., California Insti-
tute of Technology, 1947; Bell Telephone Laboratories, 1947—. A re-
search mathematician, Dr. Morgan specializes in electromagnetic theory.
He has been particularly concerned with problems of waveguide and
coaxial cable transmission and microwave antenna theory. Member of
the American Physical Society, the Institute of Radio Engineers, Tau
Beta Pi, and Sigma Xi.

GEORGE, S. PHrrps, B.S. in Electrochemical Engineering, Pennsyl-
vania State College, 1930; M.S. in Metallurgy, Columbia University,
1939. Mr. Phipps joined the technical staff of Bell Telephone Labora-
tories in 1930 on graduation from college. Throughout his telephone
career he was chiefly engaged in metallurgical research on low melting
alloys, solders and related material. He was responsible for the selection
or development of many of the solders now used in the Bell System. He
was a member of the American Society for Metals. Mr. Phipps died
February 16, 1955, after a brief illness.

G. A. Puruis, Western Electric Company, 1920-1924; Bell Telephone
Laboratories 1925—-. Mr. Pullis joined the Laboratories in 1920 and his
early work involved the testing and development of transmission instru-
ments. Since 1928 he has been concerned with the design and develop-
ment of toll signaling arrangements. He has also worked on the design
of remote control, alarm and order wire arrangements for the TD-2
microwave radio relay system. He is presently in charge of a group work-
ing on toll signaling and television program switching.

Eucene D. REED, B.Sc., University of London, 1941; M.S. and Ph.D.
in E.E., Columbia University, 1947 and 1953. U. S. Army, 1944-46;
Bell Telephone Laboratories, 1947—. Dr. Reed is engaged in the develop-
ment and design of microwave oscillators. Member of the Institute of
Radio Engineers and Sigma Xi.

StepneN O. Rick, B.S., Oregon State College, 1929; California Insti-
tute of Technology, Graduate Studies, 1929-30 and 1934-35; Bell Tele-
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phone Laboratories, 1930-. In his first years at the Laboratories, Mr.
Rice was concerned with non-linear circuit theory, with special emphasis
on methods of computing modulation products. Since 1935 he has served
as a consultant on mathematical problems and in investigations of
telephone transmission theory, including noise theory, and applications
of electromagnetic theory. Fellow, I.R.E.

H. EarLe Vaueuan, B.S. in C.E., Cooper Union, 1933. Bell Telephone
Laboratories, 1928—. In his early years with the Laboratories, Mr.
Vaughan worked on voice-operated devices. In 1937 he turned to studies
of the effect of speech and noise on voice-frequency signaling systems
and continued in this type of work until World War IT when he concen-
trated on the development of anti-aircraft computers, fire-control radar
and other military projects. Since the war he has been engaged in re-
search on switching systems and high speed signaling devices. He is
presently in charge of groups specializing in research on electronic
switching systems. He is a Senior Member of the I.R.E.

Irwin WEeLBER, B.S. in E.E., Union College, 1948; M.E.E., Rens-
selaer Polytechnic Institute, 1950; R.P.I. instructor in electrical engineer-
ing, 1948-1950; Bell Telephone Laboratories, 1950—. After he completed
studies with the Laboratories’ Communications Development Training
Program, Mr. Welber was assigned to a group working on TD-2 auto-
matic switching. He is currently concerned with TD-2 equalization.
Associate Member I.R.E., A.I.E.E., Associate Member Sigma Xi.



