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are required for the charging of the input capacitor of the particular
transfer section associated with the thyractor. The remainder provide
the thyractor guard interval. In the first section the amount of flux
linkages required for the guard interval may be quite small compared to
those needed for the input charging time. However, if the successive
capacitance ratios are such that increasing guard intervals must be em-
ployed in order to operate without bias, the proportion of flux linkages
nceded for successive guard intervals becomes larger and larger. Even-
tually, it will become necessary to increase the saturating flux linkages of
successive thyractors, and hence not pulse shortening but pulse lengthen-
ing will result.

—_ C
th = = (Vh-2h),
h=FV-r) = 4y= 5 (),
— C — C
ij= 'TL(Vk‘Vk) =ilk= —-Tk (Vk-7x),

Fig. 28 — Illustration of current continuity by extension of the average
current relations of equations (82) and (83).

Fig. 20 — Representation of the possible operating regions of successive trans-
fer sections of the transfer chain.
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These conditions occur when the sections have capacitance ratios that
are greater than their loss factors. The only advantage in such operation
would be to obtain the peak voltage amplification which results when
this ratio is increased to a value greater than the reciprocal of the loss
factor. This further increase results in restricting the pulse shortening
to a smaller number of sections if bias free operation is still to be main-
tained. On the other hand, if the capacitance ratios are smaller than the
loss factors, there is no theoretical limit on the number of sections in
which pulse shortening can be realized since guard interval shortening is
possible. However, the required voltage amplification would then have
to be provided by a pulse transformer.

From the average current relationsof (51), (82) and (83), it isobserved
that current continuity through the successive sections does not depend
upon the values of § and \. Fig. 28 illustrates this point. However, since
the peak and quiescent voltages out of a section must equal the peak
and quiescent voltages into the next section, there are restrictions on the
regions in which two adjacent sections may operate. These restrictions
can be seen by inspecting either Table T or Fig. 25. Fig. 29 indicates all
the possible transfer chains in the following manner: any number of
successive sections up to an entire chain that all operate in either region
I or IV are possible. This is indicated by the arrowhead on the circle
inscribing the Roman numerals I and IV in the figure. Beyond these
possibilities, successive sections must be operating in the regions indi-
cated by the arrows. For example, a section operating in region IT must
be followed by one that operates either in region III or IV.

When these voltage restrictions are applied to a modulator consisting
of an input section and a transfer chain of »n sections, the following rela-
tions result:

—Vi— -ai b;_ -.VIT
_|= (96)
Lii_ L C: di_ L V1|
—V1- _ -01 bl- -Vz— (97)
Lvnid Lo difle
v, _ _a,- b; | [V, ] (98)
2 1 Ci de L Vi
_an_ —"n bn IIO
= (99)
L vn LCn dn Vo
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from which follows:

Vi Q1n  bin Vo
= (100)
| V1| L Cin d1,,_ L %o
and
_Vt_ _ain bin_ -VO-
- | = (101)
L 7:1' _cin dnt L Yo
where
A bin a bi|[a by —(lj b; an b,
= .. ... (102)
Cin  din e dille do L ¢, d; Cn dn
and

Qin bin a; bi —aln bln
= (103)
Cin  din ¢ d; | Cin din

Equation (100), which relates the input and output voltages of the trans-
fer chain, can also be used to determine the voltages on any capacitor if
the conditions on any one capacitor are known. This is readily accom-
plished by letting n equal the number of sections that separate the two
capacitors in question. The relation of (101) is of particular interest
since the over-all operation is completely defined by the network parame-
ters alone. If either the input or output conditions are given, the other
is determined.

Equation (101) was derived on the basis that energy is stored in the
capacitors during inactive periods and that the thyractors do not ex-
perience secondary saturations. Experimental evidence has verified that
a modulator whose capacitors are initially discharged can build up to
these stable conditions. But this cannot easily be predicted, hence em-
pirical methods must be used to ascertain that reasonable guard inter-
vals exist during this initial build-up period.

Obviously, the special case that was originally discussed by Melville
and was treated in Part II in which all quiescent voltages are zero will
operate stably. As can readily be seen from Fig. 24, this requires that the
capacitance ratio of each section be equal to the section loss factor.
However, since such conditions do not facilitate pulse shortening when
bias-free operation is desired, smaller capacitance ratios with the result-
ing quiescent voltages should be employed.

Since a number of transformers with any reasonable turns ratio can
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be used, the voltage level in any portion of the modulator is not rigidly
fixed by the input and output requirements. In choosing these levels,
paramount consideration should be given to the operational require-
ments imposed upon the active switching device, such as the peak
inverse voltage, peak current, duty cycle, etec., so that long life may be
realized. Since the size of the capacitors is primarily determined by the
energy per pulse and the size of the thyractors by this, the over-all pulse
shortening and the number of transfer sections, the voltage level affects
these elements very little unless it is increased to a point where the
end margins must be larger than those required for purely mechani-
cal reasons. This may become important when the required output
pulse is greater than 10,000 volts. It should be noted that although a
larger number of sections may radically reduce the total amount of core
material, and hence the losses, the size of the modulator will increase
considerably since additional capacitors are required. These factors make
any general theoretical attempt to ascertain the optimum design of little
value. Present design experience on high-power modulators has indicated
that usually no more than three or four transfer sections are required.

COMPOSITE ANALYSIS OF THE HOMOGENEOUS GEOMETRIC CASE

A homogeneous geometric modulator, that is a modulator composed
of sections that have identical loss factors and capacitance ratios, can be
analyzed with much less difficulty than a completely general modulator
wherein each section is different and distinet. Such an analysis may be
useful as a first approximation to the response of any geometric modu-
lator provided that the loss factor of the homogeneous modulator is
judiciously chosen. Furthermore, it will indicate the best performance
attainable when the loss factor is made unity, and the methods outlined
will serve as a guide for analyzing any modulator.

Consider a homogeneous geometric modulator composed of an input
section and n transfer sections. For such a modulator?

§; =08 =0 = ---68, =208 (104)

and
M=A= A =2\ (105)
Since all transfer sections will now have the same network constants,

9 The value of any capacitor and the sum of all the capacitance in the chain
can be explicitly written in terms of either the input or output capacitor by em-
.ploying the well-known relations derived for a geometric progression.
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abed, (102) can be written in the following form:

Ain bln a b "
= (106)
Cin dln C d
From equations (90) through (93) inclusive, it may be demonstrated

that for this particular modulator:

14+ MNA"—1) AT =1

N EEr T O R v v (107)
_ M= +NAT =1
bln - A7 — Anl (1 _I_ 5)()\n+l — )\n) (108)
R Te ) S
Cin = (1 + 5)()\"+1 — )\n) - AL )\ (109)
& A — 1 U+ N0 = 1) (110)

= )\”‘H — A" - (1 + 5)()\n+1 — A")

It is interesting to note that the determinant of the square matrix com-
posed of the above elements equals 1/\". In addition note that if A is
made equal to 4, ¢;» and di, become zero and unity respectively. This
means from equation (100) that the quiescent voltages on all capacitors
are identical and will all be made zero if capacitor Cy is completely dis-
charged by the output and damping sections. This substantiates what
has previously been deduced in the general discussion of the composite
input section and transfer chain arrangement.

The final matrix multiplication indicated in equation (103) can be
performed with the aid of (61) through (64) yielding:

8 (1 — o™ —1)
“ =T T T =W (1)
8 =)0 =1
bin =1 +o @A F )T —) (112)
cin = Co/T (113)
din = —Co/T (114)

The determinant of the square matrix composed of the above elements
iS —Co/ T.
From (101) and the preceding results the efficiency, 7, of the energy.
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transfer from the de source to the output capacitor is

Lo+ oo |1 7]
7 = = 2 (115)

_()\n+1_1)[1_1_5%]_(}\”_1)':5_!_%]

Tor the special case previously discussed in which all quiescent voltages
were zero, that is, the case which results when » equals zero and X equals
3, the efficiency becomes

n = 348"(6 + 1) (116)

Part IV — CONCLUSIONS

The analyses of the ac- and de-charged modulators in the two pre-
ceding parts, although approximate to some degree, do provide a reason-
able understanding of observed performance. This work has indicated
the manner in which automatic core resetting in both devices can be
achieved in all thyractors but the first of the ac-charged arrangement.
All the regions of operation of a section of the transfer chain have been
explored and have yielded the possibility of obtaining voltage amplifica-
tion. However, such operation limits the pulse shortening that can be
attained in the modulator; consequently, a transformer is still employed
to provide the necessary voltage step-up.

Three practical innovations, in addition to the automatic core re-
setting, have been suggested. First, in order to provide short duration
pulses without undue complication of the pulse transformer, the output
thyractor section has been placed on the load side of this transformer.
Second, a damping thyractor is employed such that the residual energy
stored in the modulator after the generation of the main RF pulse can be
safely dissipated without causing RF after pulsing. Both of these inno-
vations can also be applied to other pulse modulators. And last, a de-
charged arrangement that provides still another means of automatic
core resetting is presented in which the thyratron that may be required
can be operated with its cathode at ground potential.

Several experimental ac- and de-charged magnetic modulators that
embody the automatic resetting feature without pulse amplification in
the transfer chain have been developed. Fig. 30 illustrates an ac-charged
modulator that provides an output pulse length of less than 0.1 micro-
second. This very short pulse length has been achieved by placing the
output thyractor, which has a 14 mil molybdenum permalloy tape core,
on the load side of the pulse transformer. The damping thyractor prin-



992 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1955

Fig. 30 — Experimental ac-charged magnetic modulator for a pulse duration
of less than 0.1 microsecond.

ciple has been successfully employed in line type modulators as well
as in these magnetic modulators. However, the grounded thyratron
arrangement, possible in the dc-charged case has not yet been incor-
porated in any design.

LIST OF SYMBOLS
Quantity*

Section, chain or modulator constant
Area

Section, chain or modulator constant
Flux density

Section, chain or modulator constant
Capacitance

Section, chain or modulator constant
Guard interval

Instantaneous current

S QRQS WS RS
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Average current

Peak or constant current
Inductance

Number of sections in the transfer chain
Number of turns of wire
Resistance

Time

Pulse repetition period
Instantaneous voltage

Peak or constant voltage
Normalized peak or constant voltage
Energy

Thyractor reference designation
Reciprocal of time constant
Constant, v/o? + o2

Loss factor

Efficiency

Capacitance ratio

Quiescent voltage

Normalized quiescent voltage
Time interval

Magnetic flux

Angular frequency

B vI¥ w >3 WO N§l<<€ %“NZS NN S

* All quantities are in rationalized MXKS units.
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CORRECTION

A. Uhlir, Jr., author of the paper T'he Potentials of Infinite Systems of
Sources and Numerical Problems in Semiconductor Engineering,which ap-
peared in the January, 1955, issue of the B.S.T.J., pages 105 to 128, has
brought the following corrections to the attention of the editors.

In the last text sentence on page 107, for @ read P.

On page 124, equation (37) contains the term
sinh wA/k
2In Nk

This term should be
sinh =\/k

- 21n————2ﬂ_/k



Conversion of Maxwell’s Equations into
Generalized Telegraphist’s Equations”

By S. A. SCHELKUNOFF
(Manusecript received May 3, 1955)

In this paper it is explatned how Maxwell’s field equations together with
the appropriate boundary conditions may be converted into equations analo-
gous to those for coupled transmission lines. This makes it possible to use
the well-known techniques of dealing with transmission lines to solve ceriain
field problems in those cases in which etther the method of separating the
variables fails or the boundary conditions are too complicaled for the con-
ventional method. For example, this method may be applied to studying
waveguide to horn junctions, bending of waveguides, propagalion of waves
over an tmperfect earth n the vicinity of the source, elc. Other applications
are suggested in the course of the paper. ‘

On the theoretical side, this conversion of field equations inio transmission
line equations brings together two heretofore independent theories of wave
propagation on wires, namely, Lord Kelvin’s theory based on circuit con-
cepts and Kirchhoff’s laws and Mie’s theory based on field concepts and
Mazwell’s equations.

The “Generalized Telegraphist’s Equations” derived in this paper differ
from Kelvin’s classical Telegraphist’s Equations in two respects. Firstly, for
a pair of conductors Kelvin obtained one pair of differential equations im-
plying the existence of only one mode of propagation. For the same pair of
conduclors we oblain an infinite set of equations implying an infinite number
of modes, from which Kelvin’s equations are obtained by neglecting the

* The substance of this paper was presented at a joint meeting of the Inter-
national Scientific Radio Union (U. 8. A. National Committee), the Institute of
Radio Engineers (Professional Groups on Antennas and Propagation, and Miero-
wave Theory and Techniques), and American Geophysical Union (Section of Ter-
restrial Magnetism and Electricity) on May 4, 1954, Washington, D.C., under the
title “Solution of Field Problems with the Aid of Distributed Circuit Parameter
Concepts.’”’ Subsequently, it was presented at a Conference on Fields held on
January 31, 1955 during the Winter General Meeting of the American Institute of
Electrical Engineers in New York. This paper was also presented at the University
of Bristol, England, on May 25, 1955, and at the Technische Hochschule in Zurich,
Switzerland, on June 13, 1955.
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coupling between the principal mode and the higher order modes. Secondly,
our equations for some transmission structures contain additional “circust
paramelers’” which do not appear tn the classical equations. These parame-
lers are of the same nature as those tn the corresponding equations for wave-
guides of uniform cross-section with perfectly conducting walls and filled
with heterogeneous dielectric medium. In the present case they arise from
the boundaries of conductors rather from lack of homogeneity.

The mathematics of converting Maxwell’s Equations tnto Generalized
Telegraphist’s Equations is straighiforward, although in the most general
cases rather lengthy. The essential point is that a function, which for prac-
tical purposes s sufficiently arbitrary, may be represented tn numerous ways
by a series of orthogonal functions; and that when some such series are non-
differentiable, the required relations between the coefficients of series repre-
senting the various field components may be obtained from Maxwell’s equa-
tions by integration rather than by conventional substitution followed by
differentiation.

CONTENTS
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2. Heuristic discussion of conversion of field equations into generalized
telegraphist’s equations......... ... ... . e 1001
3. The form of generalized telegraphlst sequations . .. .................. 1003
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5. Uniform strip transmission lines — higher order modes................ 1009
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7. Strip transmission line with variable cross-section — higher order modes 1012
8. Bent strip transmission lines — the prineipal mode.................... 1013
9. Bent strip transmission lines — higher order modes ................... 1016
10. Expandlng strip transmission lines in curvilinear coordinates — a. case
in which Maxwell’s equations are not separable....................... 1017
11. Transverse electric modes between parallel planes..................... 1022
12. Waves on infinite conductors. ........... ..o i 1024
13. Waves on semi-infinite conductors. . .. ....... ... .. ... oL 1029
14. Waves over a plane impedance sheet.......... ... ... .. ... .. ... 1029
15. Derivation of approximate telegraphist’s equations for the TE;; mode in
a circular waveguide-to-horn junction. . .............................. 1030
16. Effect of coupling on degenerate or nearly degenerate modes......... 1034
17. Coaxial conductors — circularly symmetric modes. . ... ............... 1034
18, Vane attenuators. ...... ..ot e e 1037
19. Arbitrariness of modal transverse field patterns....................... 1039
20. Coneluding remarks. .. ....vntirt i e e 1040

1. INTRODUCTION

For certain structures Maxwell’s equations together with boundary
conditions can be converted into exact or nearly exact equations similar
to telegraphist’s equations for coupled transmission lines. These strue-
tures include conventional dissipative wire transmission lines, dissipative
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coaxial conductors, dissipative waveguides of either constant or variable
cross-section, bent waveguides, plane and curved earth, ete. The coeffi-
cients in these equations play the role of “distributed circuit parame-
ters;” but they are obtained from Maxwell’s equations and boundary
conditions rather than from consideration of static electric and magnetic
fields. The distributed circuit parameters of some structures may be
interpreted as distributed self and mutual series impedances and shunt
admittances. But, in general, there are other distributed parameters
which may be called “voltage and current transfer coefficients.” The
general equations are thus of the same form as the equations previously
obtained by the author for waveguides of constant cross-section with
perfectly conducting walls and filled with nonhomogeneous dielectric
and magnetic media.

The possibility of converting Maxwell’s equations into generalized
telegraphist’s is important from theoretical and practical points of view.
This possibility removes a nagging feeling that the classical telegraphist’s
equations, useful as they are in practice, are fundamentally inconsistent
with Maxwell’s field theory. We shall find that they are consistent al-
though approximate. We shall find that for conventional transmission
lines, such as coaxial pairs, the generalized telegraphist’s equations re-
duce to classical telegraphist’s equations when the distributed coupling
of the principal mode to the higher order modes is neglected. We also
find that the classical equations can be used at much higher frequencies
than one would expect from their conventional derivation based on the
assumption of quasi-stationary fields. On the practical side, the general-
ized telegraphist’s equations represent a method for solving boundary
value problems using the well-known transmission line concepts and tech-
niques. In a gentle waveguide to horn junction, for instance, we can
obtain in the first approximation the transmission equations for the
dominant mode and then calculate the higher order modes, generated by
the expanding boundaries, as “‘crosstalk” between the dominant and
higher order modes in the same way we calculate the crosstalk between
adjacent conventional transmission lines in a cable. Thus we can look at
three dimensional wave propagation from another angle, from the point
of view of one dimensional propagation. We can also treat problems in
curvilinear coordinates when the variables are not separable.

The conversion of Maxwell’s equations into generalized telegraphist’s
equations brings together two independent theories of wave propagation,
based on quite different concepts, which have merely ‘““coexisted” for
more than three quarters of a century. Lord Kelvin obtained his tele-
graphist’s equations for cables' (transmission lines) ten years before
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Maxwell formulated his field equations. In modern notation the tele-
graphist’s or transmission line equations for two conductors, Fig. 1, are
v’ oI’ oI’ v’

(1)

where R, L, G, C are respectively the resistance, inductance, conductance
and capacitance per unit length along the line. The dependent variables
I', V* are the instantaneous values of the current in one conductor and
the transverse voltage from it to the other conductor. The distributed
circuit parameters R, L, G, C are computed from static considerations.
In computing R it is assumed that direct current is flowing in one con-
ductor and returning via the other. The same assumption is made in
computing the magnetic flux linkage per unit length and hence in com-
puting L. In computing G a constant voltage is assumed to exist be-
1'(z)

e

i

—

*2)

Fig. 1 — Parallel wires.

tween two conductors. The ratio of the resulting transverse direct cur-
rent per unit length to this voltage is G. Finally, in computing the capaci-
tance per unit length, C, it is assumed that G = 0 and that there is a
constant voltage between the conductors. The ratio of the charge to this
voltage is C.

On solving these equations for a sinusoidally varying applied voltage
we find that the current and voltage are propagated with a finite velocity
and that their amplitudes diminish exponentially with the distance
from the generator. But in deriving these equations it has been assumed
that these amplitudes are independent of the distance from the generator.
Hence one would expect the equations to deteriorate steadily as the
frequency increases. One derives the same impression from the point of
view of Maxwell’s theory. And yet experiments have shown that in
many practical situations the errors are too small for detection even at
very high frequencies. Since the “engineering theory,” based on Kelvin’s
equations of Kirchhoff’s type, is much simpler in practical applications
than Maxwell’s theory, it had continued to play the dominant role in
electrical communication until the coming of radio and waveguides. To
appreciate the difference in the “orders of complexity” of these two
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theories one should glance at the forty-nine pages of Mie’s paper on
wave propagation along parallel wires’ and compare them with the
engineering solution of the same problem. In Mie’s paper the reader is
confronted with an elaborate and difficult mathematical analysis while
the engineering solution is just a simple problem of elementary calculus.
Mie’s analysis is good only for an infinitely long pair of parallel metal
cylinders imbedded in a homogeneous medium. On the other hand, the
engineering solution applies to wires of variable cross-section, to twisted
pairs of wires, to wires which are not straight and parallel, to wires
insulated with layers of different media, to wires supported by insulators
on poles — that is, to a wide range of cases in which an analysis based on
Maxwell’s field equations seems hopeless. On the other hand, there are
problems of radiation whose solutions can readily be deduced from field
equations and which apparently are not amenable to treatment with the
aid of classical concepts of distributed circuit parameters.

Thus, the two theories have coexisted side by side but not on “speak-
ing terms with each other.” This situation has been one of continued
challenge to students of electromagnetic theory. John R. Carson,’ for
instance, derived the classical telegraphist’s equations from the Lorentz
solution of Maxwell’s equations in terms of retarded potentials and
stated clearly the approximations he had to make. He then concluded
that the accuracy of telegraphist’s equations decreases with increcasing
frequency. Recently the author had an occasion to discuss the subject
of this paper with A. Clavier. He informed me that many years ago when
he taught electromagnetic theory at Ecolé Superieure d’Electricité, he
became interested in the relation between Kirchhoff’s type of theory of
long lines and Maxwell’s field theory. At that time he found that, in the
case of simple geometry and no loss, the Lorentz solution of Maxwell’s
equations in terms of retarded potentials yielded a set of equations,
identical in form with (1) but with a different meaning ascribed to V*.
The same result may be obtained directly from Maxwell’s equations® ®
if in the case R = 0 we restrict ourselves to TEM waves, in which case
V* has the meaning identical with that ascribed to it by Lord Kelvin.

Tor continuously coupled transmission lines, for several parallel wires
for instance, telegraphist’s equations are

W' _3 <Rmn1:' ¥ Lo i)

i n at o)
ol.' _ ; v’
'Fz— - ; <Gan + Cmn at >

where I,,’ is the instantaneous current in the m-th line and V,,’ the in-
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stantaneous transverse voltage associated with the m-th line. The co-
efficients corresponding to n = m are the distributed circuit, parameters
for the m-th line, and those corresponding to unequal values of m and n
are the distributed coupling parameters for the m-th and n-th lines. For
steady state these equations reduce to a system of ordinary differential
equations. This reduction is accomplished by regarding the instantaneous
voltages and currents, V,,* and I,., as the real parts of complex voltages
and currents, V., exp (jwt) and I, exp (jot). Thus (2) is transformed into

d~V:ll = _Z ZmnIn; d—Iﬂ - _E I7mn-V'n, (3)
dz ™ dz ™

where the distributed complex impedances per unit length, Z,.,, and
complex admittances per unit length, V., , are

Zmn = Rmn + ]wLmn ; I7'mn = Gmn + jwcmn (41)

The usefulness of (1) and (2) is severely restricted because even for
relatively slowly varying currents the resistance R of a conductor is not
independent of time. The voltage drop across a section of a conductor
depends not only on the current but on the second and higher time de-
rivatives of the current. It is for this reason that (1) is properly named
“telegraphist’s” rather than “telephonist’s” equations. However, (3)
may be used even at quite high frequencies provided we use ac re-
sistances R, , which include the skin effect, in place of de resistances.
A similar allowance should be made for the internal inductances of the
conductors.

It has been shown® that for each mode of propagation in a perfectly
conducting waveguide of uniform cross-section it is possible to obtain
equations analogous to telegraphist’s equations. Thus for TM waves the
steady state equations of propagation are

awv _ /. X > a _ .
Ve (it )t Te ety ©
and for TE waves
awv . ar _ . x2>
gz Jopl, 7 (g + Jwe +.;w—# 14 (6)

where the constant x depends on the shape and size of each conductor
and on the field distribution in a typical transverse plane. The “voltage”
¥V and the “current’’ I are related to the magnitudes of the transverse
components of electric and magnetic intensities.

In this paper we shall be concerned primarily with the steady-state
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equations. This entails no loss in generality because the Laplace trans-
form method would enable us to find the more general solutions from
the steady state solutions. It is possible, however, to convert such
equations as above into forms applicable to non-periodic time variations
in the dependent variables. Thus (6) would become

ovi oI ar’ 1 AN 2f‘ .
7 T Tharr a T I hegtex [ [ Ved @
The first equation of the set (5) can be transformed either into
v’ i o aI’ 321" 2ri
= —gu 2L T
9z < ivz TregE T x ®)
or into
vi _ oIt _ 2—1[ —(919) (=)
oy = TR T XE I'(z)e dr 9)

However, the steady state equations combined with Laplaee transforms
are, as a rule, more convenient for dealing with general time varying
phenomena than the nonsteady state equations.

2. HEURISTIC DISCUSSION OF THE PROBLEM OF CONVERTING FIELD EQUA-
TIONS INTO GENERALIZED TELEGRAPHIST’S EQUATIONS

Consider two coaxial conductors. If they are perfectly conducting, the
field between them may be expressed in terms of TEM, TE, and TM
modes. Each of these modes can exist independently of the others,
Suppose now that we have excited a pure TEM mode. Let us then intro-
duce a small resistive spot on one of the cylinders. Some current will
flow across the spot and will give rise to a non-vanishing electric intensity
tangential to the spot. This intensity will act as an impressed longitudinal
intensity and will thus generate a large number of modes traveling in
opposite directions from the spot. Let us introduce another spot, and
then another and another until both cylinders are covered by resistive
films. At each step various modes will be generated and regenerated. The
argument suggests that we should be able to express the field between the
imperfectly conducting cylinders in terms of modes appropriate to per-
fectly conducting cylinders. However, none of the latter modes can now
exist independently of the others. The surface impedance of the cylinders
provides continuous coupling between various modes.

In the case of imperfectly conducting cylinders the longitudinal
electric intensity does not vanish at the surface of either conductor and
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yet the above physical argument leads us to believe that we can express
it in terms of functions which vanish there. Are we facing a contradic-
tion? The answer is, no. The functions representing the longitudinal
intensity over a given cross-section when the cylinders are perfectly
conducting form a complete orthogonal set. This set is sufficient for
representing arbitrary continuous functions, which do not vanish on the
boundary of the cross-section, at all points except on the boundary itself.
The situation is analogous to that existing in Fourier analysis. A function
which is bounded and continuous in the closed interval (0, £) may be
represented by a sine series in an open interval even when the function
does not vanish at the ends of the interval. However, the series will be
non-uniformly convergent and non-differentiable. For this reason such
series cannot be substituted in Maxwell’s equations when differentiation
is required. However, there is a way of overcoming this difficulty which
can best be illustrated by an example. As far as the representation of
the longitudinal electric intensity is concerned, we shall have one
series for points in the interior of the waveguide and another on its
boundary. The latter is obtained from the boundary condition, that is
from the product of the surface impedance and the tangential magnetic
intensity.

A waveguide with continuously varying cross-section may be regarded
as the limit of a waveguide made up of a large number of very short wave-
guides with constant but different cross-sections. Consider only one
sudden change in the cross-section. The effect of this discontinuity on a
wave in one mode is to produce waves in many other modes traveling in
opposite directions from the discontinuity. Hence, the discontinuity
couples various modes and an expanding boundary represents continuous
coupling. Bending also represents continuous coupling.

In some structures the modes of propagation will be spherical or sys-
tems of spherical and plane modes. Take for instance a perfectly con-
ducting cone. There will be two systems of spherical modes of propaga-
tion, internal and external, completely independent of each other. If
the perfectly conducting cone is replaced by a sheet of finite thickness
and conductivity, there will exist a linear relation between electric
and magnetic intensities tangential to the internal and external surfaces
of the sheet; thus

Bin® = ZeoHn® + ZoiH tan' (10)
Etnni = Zithane + Zithan'.

where the Z’s are the surface and transfer impedances of the sheet. This
equation expresses the coupling between external and internal waves. If



GENERALIZED TELEGRAPHIST’S EQUATIONS 1003

the conical conductor is deformed, further coupling arises from the de-
formation. The cone may be deformed into a cylinder, in which case
the external waves will still be spherical while the internal waves will
become plane.

We can make our calculations of fields step by step as suggested by
the heuristic argument. For example, we can calculate the scattering from
a typical resistive spot and integrate the scattered field over a continuous
distribution of spots. Since we would be neglecting the second order
scattering, our result would be approximately true only for a sufficiently
small perturbation of the original field. This is the method used by S. P.
Morgan® to obtain mode conversion losses in transmission of circular
electric waves through slightly non-cylindrical guides. If the first order
perturbation is not good enough, one presumably could calculate higher
order perturbations. However, this direct method, although very useful
in some situations, has its limitations. For instance, no matter how small
is the dissipation, the amplitude of the wave will be attenuated with
the increasing distance from the source while the amplitude of the wave
“unperturbed” by the resistance would have remained constant.

In the next section we shall state the generalized telegraphist’s equa-
tions. The remainder of the paper will be devoted to the mathematical
technique of obtaining them from Maxwell’s equations. This technique
is simple in principle but in general cases requires rather lengthy mathe-
matical manipulation which might obscur the main ideas. For this rea-
son the technique will be illustrated by a series of simple examples.

3. THE FORM OF GENERALIZED TELEGRAPHIST’S EQUATIONS

In a previous paper’ we obtained from Maxwell’s equations the follow-
ing equations for waveguides of uniform cross-section, bounded by per-
fectly conducting walls, and filled with nonhomogeneous dielectric and
magnetic media

%n = —E ZmnIn - Z VTmnVn
n n (11)
% = _Z YmnVn - Z !TmnIn

The equations which we shall obtain in this paper are of the same form.
They are more general than the classical telegraphist’s equations, given
in (3), for conventional transmission lines since, in addition to distributed
series impedances Z,,, and shunt admittances Y,., , (11) contains “volt-
age transfer coefficients” "7,,, and “current transfer coefficients” '7',, .
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Fig. 2 — Two parallel planes, perfectly conducting to the left of the junction
AB and imperfectly conducting to the right of it.

The voltages, V,., and currents, I,,, are related to the amplitudes
of electric and magnetic intensities associated with each particular mode.
To each pair, V,, and I, , there corresponds a certain field pattern in the
transverse plane. The choice of these field patterns is essentially arbi-
trary.* Often the most convenient choice is the one for which the mutual
coefficients are as small as possible so that the corresponding modes
are as independent as possible. But this is not always the case. For
example, take a junction between a pair of perfectly conducting parallel
planes and a pair of imperfectly condueting planes, Fig. 2. Consider what
happens near the junction AB when the TEM mode is traveling from
the left toward the junction. In this mode E is constant in the vertical
direction. Between the imperfectly conducting planes we can represent
the entire field in terms of certain independent modes by solving the
appropriate boundary value problem.? If the distance between the planes
is sufficiently large in comparison with wavelength, there is no mode in
which E is either constant in the vertical direction or nearly constant.
No matter how small is the surface resistance of the planes (as long as
it is different from zero), by spreading the planes we can reach a condition
in which the vertical electric intensity is distributed almost sinusoidally
with height, the maximum occurs half way between the planes, and the
minima near the planes. It is quite evident that these modes are not the
best for representing the field near the junction. From physical con-
siderations we expect that after the TEM wave enters the space between
the imperfectly conducting planes, it is still the same wave for consider-
able distance except near the planes. If we expand the field to the right
of AB in terms of modes appropriate to perfectly conducting planes, we
will have a mode with constant vertical electric intensity. This mode will
be feebly coupled to higher order modes. On account of this feeble
coupling the field near the junction is not much different from that
which would exist between perfectly conducting planes. However, under
the postulated conditions there are many higher order modes which
travel with almost the same velocity as the principal mode. For this
reason the conversion from the principal mode to these higher order

* Just as arbitrary as the choice of “meshes’ in writing Kirchhoff’s equations.
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modes will be cumulative and eventually the transverse field pattern will
become totally unlike that near the junction. This final pattern is best
obtained by solving the conventional boundary value problem; but
there is a large region near the junction where the representation in
terms of modes appropriate to perfectly conducting planes is much more
practical.

In some instances, particularly when the mutual impedances and ad-
mittances are small and transfer coefficients vanish, it is possible to cal-
culate the mutual coefficients from the power flow along the guide and
the power absorbed by its wall. In the middle thirties this author ob-
tained in this way the coupling between TM and TE waves in dissipative
cylindrical waveguides. The result agreed with that obtained from the
appropriate characteristic equation for hybrid waves (unpublished work).
Much more important was the application of this idea by W. J. Alber-
sheim® to the propagation of circular electric waves round a bend. It
is equally possible to obtain small coupling coefficients due to small ir-
regularities in the dielectric medium from the unperturbed field which
would exist if these irregularities were removed by calculating the
response to the relative polarization currents.

In general, (11) is simpler to work with than the original Maxwell’s
equations. In particular, when the mutual coefficients (those correspond-
ing to the unequal subscripts) are small, we can solve the equations by
successive approximations as in problems of cross-talk between con-
ventional transmission lines in a cable. That is, we first neglect the
coupling between various modes and obtain the first approximate solu-
tion. Then we calculate the voltages and currents induced from each
mode into every other mode in a typical element of length dz (that is,
Z D n® A2, Vo Va® dz, ete. where 1, and V,” represent the first ap-
proximations). These induced voltages and currents we regard as im-
pressed voltages and currents exciting waves in the corresponding modes.
The effects of these impressed voltages and currents are then obtained
by integration. This process can be repeated indefinitely. But usually
the second approximation is sufficient for practical purposes.

However, if two or more modes have the same propagation con-
stant, we have a situation analogous to that existing in directional
couplers. No matter how small is the coupling, all power may pass from
one mode to the other. In this case, on account of the coupling the
common propagation constant will be split into several nearly equal
propagation constants.

In concluding this section we would like to call the reader’s attention
to a rather curious situation which existed before the present derivation
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of generalized telegraphist’s equations from Maxwell’s field equations.
The conventional derivation of classical telegraphist’s equations (3) led
one to expect that in general the mutual distributed parameters will
differ from zero. The independent modes of propagation are obtained
after these equations have been solved. On the other hand, in each case
in which telegraphist’s equations, such as (5) and (6), were obtained from
Maxwell’s equations, the modes were invariably independent. Obviously,
this independence of modes was due to the fact that selected situations
were rather trivial: Maxwell’s equations were separable in the chosen
coordinates and the boundary conditions were particularly simple. The
independence was purely accidental, inherent in the popular method of
solving Maxwell’s equations, and limited to the problems which could
be handled by that method.

4. UNIFORM STRIP TRANSMISSION LINES — THE PRINCIPAL MODE

The simplest mode of propagation between perfectly conducting
parallel plane sheets is the TEM mode in which the electric lines of force
are normal to the planes and the magnetic lines are parallel to them. Let
us assume that the z and y axes are parallel respectively to electric and
magnetic lines. The field of this mode will then be independent of the y
coordinate, and Maxwell’s equations reduce to

0B, _ . oL, o, .

az JouH, + Frk 9z (g +J¢O€)Ez (12)
L o,
T g+ Jwe Oz (13)

For the mode under consideration E, vanishes identically and therefore
H, and E, are independent of the z coordinate as well. Essentially the
same situation will exist if we cut the planes as shown in Fig. 3 to form
a strip transmission line with “guards” to keep the field from spreading
into the outer space.

If the sheets are not perfectly conducting, E. does not vanish on their
surface but is proportional to thelinear current densities, that is, to the
tangential magnetic intensities

EZ(O) Z) = ZlHy(07 Z), Ez(a) Z) = —ZﬁHu(a; Z) (14)

The coefficients Z; and Z, are the surface impedances of the sheets.
Hence, E, will not vanish between the sheets. From the heuristic argu-
ment expounded in Section 2 we attribute this cffect of finite conduc-
tivity to the production of higher modes of propagation. For good
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Fig. 3 — Uniform strip transmission line,

conductors Z; and Z, are extremely small so that while E, cannot vanish,
it can be very small. This “almost TEM” mode is often called the princi-
pal mode.

The transverse components of the field between and on the impedance
strips will now be expressed in the following form

E, = VO(z) + 2 N.7Walz) cos —a—

Io(z) =

nwe

H, = + Z N.7'I.(2) cos -

where the summation index assumes all integral values from 1 to «.
The normalization factors

a b .
_ 2 NTL _ l
= fo fo cos” — dz dy = 5 ab (16)

are chosen to make the expression for the power flow identical with that
for a multiple-conductor conventional transmission line, that is,

a b

When the strips are perfectly conducting the voltages and currents,
V.(2) and I,.(2), are independent of each other; otherwise, they are not.
From the purely mathematical point of view we can regard expressions
(15) as representations of the solutions between the impedance strips
by cosine series. Such representations exist because E, and H, are con-
tinuous functions of x in the closed interval (0, a).
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Similarly, we represent the longitudinal electric intensity by a sine
series

E =3 eal2) sin"_;”:', n=123, .- (18)

When the boundaries are not perfectly conducting, such a representation
is possible only in the open interval 0 < x < a since the sine terms
vanish at the ends of the interval while I, does not. On the boundaries
we use (14) and (15),

il

£.(0,2) %‘ L) + 3 ZN.LLG)

(19)
(9 = 2 16 + X ()N Le

In the closed interval the series (18) represents a discontinuous func-
tion and therefore does not converge uniformly. Moreover, its coefficients
diminish so slowly that after term by term differentiation, the series
will diverge. Hence, we may not substitute this series in the first equation
of the set (12) in order to obtain the relations between V.(2), I.(2), and
en(2) in the usual way. There is another way, however.

To obtain the equations for the principal mode we merely integrate
(12) with respect to « from 0 to a and note that

[ Bedz = v, [ Ha= 1 (20)
0 0 b
Thus we find
WD) J80 1) 4 Bifa,2) — B0, )
dIy(z) @
a o\e) _ .
b Td (g + jwe) Vo(2)
We now substitute from (19) into (21),
dVo(z) _ (jusa | Zi + zg> s Zi+ (=)"Ze
dz (T A RECRD Vi e R0
. (22)
dlo(z) (g + jwe)d
d = - VO(z))
2 a
where the summation extends over the sequence n = 1,2,3, --- . The

classical form of telegraphist’s equations is obtained if we neglect the
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summation, that is, the coupling of the principal mode to the higher
order modes.

It is worth noting that (18) for the longitudinal electric intensity has
not been used.

5. UNIFORM STRIP TRANSMISSION LINES — HIGHER ORDER MODES

Telegraphist’s equations for the typical higher order mode will be ob-
tained if we multiply equations (12) by N, ' cos (mmz/a) dedy and in-
tegrate over the cross-section of the strip line. Thus, we have

“ OB, .. mrx . mrx
f N, ~cos — dedy = —jwuf f H,N, cos——
b Jo 0z a

a b
dz dy + f f N, cos T aEz dz dy
0 (1] a

(23)

In the first and second terms of this equation we substitute from (15).
The last term we integrate by parts. Thus we find .

dV .(2)
dz

= —jopln(2) — DN, [E.(0, 2) 4+ (=)""E.(a, 2)]

f f mw sin m;rx dz dy

To evaluate the last term we substitute from (13), integrate once more
by parts, and substitute from (15),

a b
mm
ff - B, sin = dedy = mfo A

(24)

sin 7"7” dedy = GTZZZ)W [bH (z, 2) sin _;E @
- _ff H, cos ™ dxdy] ﬁ:}Tazlm(z)

Tn view of this and (19), (24) becomes

T = [+ e+ 10
p AT by g sl CITE g, 9

m=1,23, -
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where the prime after the summation sign indicates that the summation

is to be extended over the sequence n = 1,2,3, --- except n = m.
Similarly, we obtain from the second equation of the set (12)
dI(;nZ’(Z) = —(g + jwe)VM(Z)7 m = 17 23 37 e (27)

Again it should be noted that in the above derivation we have not used
the non-uniformly convergent series (18) for the longitudinal electric
intensity. We could have used it. In that case, however, we would have
been faced with the necessity of justifying certain steps. There is a
theorem'” to the effect that a uniformly convergent series may be in-
tegrated term by term. But the series (18) is not uniformly convergent.
Hence, if we substitute from (18) in the last term of (24), we would
have to prove that in this special instance the term by term integration
is permissible. Actually the non-uniform convergence is only sufficient
condition for term by term integration and not a mecessary condition.
Even the examplesgiven in Reference12 to show that some non-uniformly
convergent series may not be integrated term by term in certain closed
intervals are somewhat misleading without an explicit qualification; for
it so happens that these series may be integrated term by term in slightly
smaller intervals and correct results then obtained by passing to the
limit. Nevertheless in the present case there is no reason why we should
have complicated our derivation by using steps requiring special justi-
fication.

To obtain the longitudinal electric intensity we substitute from (15)
and (18) in (13) and differentiate term by term. This differentiation is
permissible if the series of derivatives is uniformly convergent. In the
present case this means that the differentiation should be restricted to an
open interval 0 < z < a@. Thus

’cn(z) = i

= G T jedal, 28)
and
ni . nux
Ez = — Z m In(Z) s T (29)

Tor x = 0, a E. may be obtained from (19). Very near the boundaries
the series (29) converges very slowly. However, we know that I, is very
small there and normally we would not be interested in it. If we are, the
best way to find it is by interpolation from the boundary values (19) and
the interior values sufficiently far from the boundaries where the con-
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vergence of (29) is more satisfactory. The slow convergence of (29)
near the boundaries does not affect, of course, the validity of our teleg-
raphist’s equations.

6. STRIP TRANSMISSION LINE WITH VARIABLE CROSS-SECTION — THE
PRINCIPAL MODE

In this section we shall consider strip transmission lines with variable
cross-section, Fig. 4, which exemplify horns and waveguide to horn
junctions. Here we can use either cartesian coordinates or curvilinear
while in the parallel plane case the former seemed obviously the most

Fig. 4 — Strip transmission line with variable cross-section.

appropriate. It appears that cartesian coordinates are still the most con-
venient when the shape of the boundaries is arbitrary; in a subsequent
section, however, we shall consider an example of curvilinear coordi-
nates.

For the sake of simplicity we shall confine ourselves to the symmetric
transmission line, both in geometry and in the impedance of the strips
(that is, we shall assume Z, = Zi). In the case of symmetric mode we
can then insert a perfectly conducting plane 0z in the middle of the
strip transmission line without disturbing the field.* Hence the boundary
conditions will be

E=(07 Z) = 07 . Et(a’: Z) = _ZHy(a3 Z) (30)

where Z is the surface impedance of the upper strip and E, is the com-

* In the case of antisymmetric modes we can introduce an infinite impedance
sheet.
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ponent of electric‘intensity tangential to the strip. Since
E,=FE,cos 9 + E,sin & (31)

where #(z) is the angle between the axial plane and the plane tangent to
the strip, the second boundary condition becomes

E.(a,2) = —E;tan ¢ — Z sec 9H,(a, 2) (32)

In line with the heuristic argument propounded in Section 2, we shall
express the field in the present strip line with variable distance a(z)
between the strips in terms of modes appropriate to the case of constant a
and perfectly conducting boundaries. F'rom the mathematical point of
view this amounts to expanding the field intensities in a typical trans-
verse plane in Fourier series in x. The coefficients of the series are to be
determined from Maxwell’s equations and boundary conditions. Thus
we shall express £, and H, by series (15) and E, by (18). The latter ex-
pression will hold only forz < a. When & = q, wefind from (15) and (32)

tan ¢
a

E.(a,2) = — Vo(z) =2 (=)"N," tan ¢ V,(2)

(33)
_ Z sec &

b

To obtain the equations for principal waves we proceed as in Section 4
and integrate (12) with respect to z, taking into consideration (15). Thus
we obtain (21). Then we substitute from (33) into (21),

dVo(2) _ _<Jw_uc_z 7 sec 0) () — tan & Vi@
dz b b a

Io(2) =2 (=)"N,7' Z sec & I,(2)

> (=)"N.T" Z sec ® I(2) —2 (—)"N, " tan o Va(2)  (34)

dh(z) _ _ (g + jegd Vol2)
dz a

Note the appearance of voltage transfer coefficients in addition to the
mutual series impedances.

7. STRIP TRANSMISSION LINE WITH VARIABLE CROSS-SECTION — HIGHER
ORDER MODES

The telegraphist’s equations for higher order modes are obtained in
much the same way as in Section 5. We must only remember that a is
a function of z. The variation of a with z will introduce extra terms in our



GENERALIZED TELEGRAPHIST'S EQUATIONS 1013

final equations. Thus if we multiply the first equation of the set (12) by
N,™' cos nmx/a and integrate over the cross-section of the line, we
find first

a pb
f L. L cos T g dy
0Jo dz a

2 (35)
I,.(2 b(=)"N,. 'E.(a,
= = Lo + (s | T8 + D)W Bl
Differentiating the series for E, as given by (15), we obtain
2 a dz
AV -1 nrx N, (z) nra
+Z["ZEN" cos == = S Va cos (36)
nrza (2) . nwx
- + N o V. sin —]
Substituting from (36) in (35) and using (33), we have
(%Kz“ = meI Z,Zmnl'n - Z VTmnVn (37)
where the prime denotes that the summation is extended over the se-
quence n = 1,2,3, - -+ except n = m, and
m21r2 | 2
n =] ————— m 4
Zm Jou + S 4+ ON sec &
T = (—=)""" NN, 0Z sec @ i mo# nym = 0,n # 0
" = (=)""N, 'N,”'b tan ¢
nwra (z) f f
z cos T sin M qx dy Y
" NuN,a? (38)
m#=n m#z0 n#o,
!
\4 . -2 ’ -1 _ mma (Z)b “ . 2mmx
Twmn = Nuw btan & 4+ N N Woxsm P dx

Zmo = (—)"ZN, " sec 9, m #= 0

(—=)"b tan ¢

V —_—
TmO = Nm a
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Similarly we find

dl., .

%- = —(g + Jwe)Vm - Z !TmnIn (39)
where
Ip o= — E\?(NZ) ff xcosrﬁr—xsmn—dxdu

ms#Zn, m#Z0, nx%0

= NN, — Q) fafbxsin 2L 1 d

(40)

Ty =0

8. BENT STRIP TRANSMISSION LINE

Let us now suppose that the strip transmission line (with the guard
strips) shown in Fig. 3 is bent uniformly in the xz plane. After bending,
the « lines will be radii emerging from the axis of bending, the y lines
will be straight and parallel to the axis, and the z lines will be circular
arcs coaxial with the axis. The section of this structure by the plane
y = 01is shown in Fig. 5. The curved z axis of the bent coordinate system

Fig. 5 — Uniformly bent strip transmission line.
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will be chosen half way between the strips. The “distance’ z between the
radial xz planes will be measured along this curved z axis. The coordinate
z is the shortest distance between the given point and the y0z coordinate
surface. The differential distance between two points will then be

2
ds* = da* + Ay + < 1+ %) 42 (41)

where I is the radius of curvature of the z axis and is, in general, a func-
tion of z. The last term is obtained from the fact that the distances along
the z lines between radial planes are proportional to the radii of curva-
ture. Hence, if ds, is the differential distance along a typical z line, the
ratio ds./dz should equal the ratio (R + z)/R, or ds. = (R + z) dz/R.

In this bent cartesian coordinate system Maxwell’s equations take the
following form

oE, . x 9 x
9, T Jew <1 + R>Hy +6_x[<1 +E> Ez:l

oty _ _, e 2f( £> ]

oE, _ . x 4 x
W = Jwi <1 + R) H, + @[(1 + Z—?,> Hz—J (42)
of. _ .. x d x
W—J“€(1+R>Ey+£[(1+l—e>ﬂz:l

_ 1 (9H, oH. _ 1 a_Ey_aEz>
pen(w %) (@R

There is no loss of generality in the apparent assumption that ¢ = 0
since the general results may be obtained if we replace e by e + (g/jw).
‘When the field is independent of the 3 coordinate, the equations become

oL, . x 3 x
9z Jop (1 +R>Hy +£|:<1 +R>Ezi]

o0H, . x _ 1 9H,
w jwe(l—k—R)Ez, E, = —

Jwe Oz

(43)

We shall now express the field in terms of modes appropriate to per-
fectly conducting plane strips. To do this we can use (15) provided we
replace z by z -+ (a/2), the transformation being needed because x is
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now measured from a different reference surface. Thus we obtain

VO(Z)

H,
z

+ZN_1V(Z)COQ—<QJ+ ) n=123.-.
(44)

Hu—I°(z)+EN I(Z)COS—<x+ >

where the normalization factors are still given by (16). The boundary
conditions are

B(=402) = 216 + T 4N L0
(45)
a Z2 n -1
5(5.2) = =216 = E 2N

Telegraphist’s equations for the principal mode are obtained once

more merely by integrating the first two equations of the set (43) with

respect to « and using (44) and the boundary conditions (45). Thus we
find

dVo(2) _ _I:jwua Ltz @ o Zl)“] Io(2) — 2= Zoala(2)

dz b b

dl b (46)
& - 8 yy6) — T voul(a

where

_ (—")"Z2 + 7 [(—)nZ2 - Zl]a
Zon = N, + 2RN,

jou [
+ i f_aﬂ x cos X <:c + )dx 47)

- [ ey (a4 %)

YOn = W, Lo X COS a x

These equations are valid even if the strips are bent non-uniformly so
that R is a function of 2.
9. BENT STRIP TRANSMISSION LINES — HIGHER ORDER MODES

To obtain telegraphist’s equations for the higher order modes we mul-
tiply the first two equations of the set (43) by

Nno L cos T <x + 9)
a 2
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and integrate over the cross-section of the strip line. As in previous
examples the last term in the first equation should be integrated by parts.
Then we should substitute for I, under the integral sign the third equa-
tion of the set (43) and once more integrate by parts. Finally, we should
substitute for H, its series representation. Thus we shall find

de _ . 7’)?,2’7?2 2(Z1 + ZQ) Z2 — Zl] ’
dz —-[jwp, +jwea2 T a + R I = Z Znndn

I —
'd—z = JOJGVm Z YmnVn

where the summations are extended over the sequence n = 0,1,2, ---
excepting n = m and

2[Z, + ( V"7 + (— )m+n s — 7y
1 x 1

+ Toa \J < Jwea2> " x cos [(m — ) <§ + §>] dx

+ Rl <j wp — n:i;) [ Z €OoS |:(m + n)w (g + %):I dx

2jwe [ mm
Ymn = mf_m cos7<t+ )COS—(’(:+ )

for n 5 0, m. For n = 0 the mutual parameters are given by (47).

In the open interval —a/2 < x < a/2 the series for H, may be dif-
ferentiated term by term. Hence, the longitudinal electric intensity may
be obtained from the last equation of the set (43). Thus, between the
boundaries we have

E.(x,2) = —2_ (nw/a)N, ' I,(2) sin ng (w + g) ,

—a/2 <z < a/2

(48)

i

Zmn =

mnw

(49)

(50)

On the boundaries we have (45).
The above equations are still valid when R is a function of z; but a and
b must be constants.

10. EXPANDING STRIP TRANSMISSION LINES IN CURVILINEAR COORDI-
NATES — A CASE IN WHICH MAXWELL’S EQUATIONS ARE NOT SEPA-
RABLE

The separate sets of terms in the series representing various field
components in all preceding problems satisfied Maxwell’s equations. The
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entire series were required to satisfy the boundary conditions. In the
present section we shall express the field in terms of sets of functions
which individually do not satisfy Maxwell’s equations and which may
or may not satisfy the boundary conditions. The example we are about
to consider will illustrate a method for solving Maxwell’s equations,
when the variables are not separable, by reducing them to generalized
telegraphist’s equations.

Let us assume that the boundaries of the expanding portion of the
strip transmission line in TFig. 4 are circular cylinders tangential to the
plane boundaries to the left of the 20y plane. This is, of course, a special
case of the problem treated in Sections 6 and 7. In the present section,
however, we shall use curvilinear coordinates. In such coordinates Max-
well’s equations are

9 (glf") = —jouleser/e) (e:H,) + a(?f g
3(225”_) = —jwe(ees/er)(erl) + (% (esH )
6(:;2E7,) —_ jw}.l(@es/el) (elHu) + ﬁ (Gsz)
“ow v
' (61)
%%lw_”) = jwe(eser/es) (eaE,) + % (esH w)

1 [a@gm) _ a<elHu>]

Y jweeres | ou B

1 [a(elEu) B a(eQEv)}

H, =
dv Ju

w — .
. Jwueres

These equations have been arranged in a form convenient for problems
in which wave propagation takes place along the w lines. In some cases
it is convenient to treat the products e.F,, , e.E, , e1H., , esH, rather than
the field components themselves as dependent variables and the paren-
theses around these products in the preceding equations are intended to
call attention to this fact.

The choice of a particular coordinate system for solving a physical
problem depends on various factors. The cartesian system chosen in
Sections 6 and 7 is good for several reasons: Maxwell’s equations have a
particularly simple form, boundary conditions are easy to express for
almost arbitrary boundaries, the basic transverse field patterns con-
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Fig. 6 — Biaxial coordinates.

form to those in waveguides of uniform cross-section. For this last
reason, the cartesian system is particularly convenient for the analysis of
junction sections between two waveguides of rectangular cross-section.
Biaxial coordinates' are more convenient in some respects for the
analysis of junctions between two-dimensional waveguides and two-
dimensional horns, Fig. 6, although we are not prepared to say that they
are more convenient than cartesian coordinates when all factors are
taken into consideration. Here we shall use biaxial coordinates solely to
illustrate the conversion of Maxwell’s equations in curvilinear coordi-
nates into generalized telegraphist’s equations.

Biaxial coordinate system consists of two orthogonal systems of
circular cylinders perpendicular to a system of parallel planes. A section
by one of these planes is shown in Fig. 6. Circles of one system are non-
intersecting and their centers lie on the horizontal axis. Circles of the
other system intersect at the foci I'; and F,; their centers lie on the
vertical axis. The non-intersecting circles will be called the w-lines (lines
of constant u and varying w), and the intersecting circles the u-lines. The
coordinate u is the shortest distance betweéen the w-circle and the vertical
axis; w is the intercept of the u-circular arc on the vertical axis (each
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u-circle will be split for our purposes into two arcs, one above and the
other below the focal line F1Fs).
The radius of a typical w-cirele is

1 { u
5"(17,‘2)

and the distance between the center and the vertical axis

1,/(4 U
é‘(?ﬁrz)

1 w £
#(ﬂa)

and the distance of its center from the horizontal axis

e
2\ w

Depending on whether this distance is positive or negative, the center

is above or below the horizontal axis. In this coordinate system
1+ (w/¢)? 1 — (u/0)?

EE eeee—e— = 1 3 = 2

i w25 S I e O B

A section of a waveguide to horn junction is characterized by the

following parameters: the length h, the width of the narrow aperture

2a, the width of the wide aperture 2¢, and the horn angle 2y at the wide

aperture. If A/a and ¢ are given, then

¢/a =1+ (h/a) tan Yy,  €/a = [1 + (Ch/asinP)]*  (53)

From the last equation we determine the semi-focal distance £ for the
coordinate system. The coordinate wy of the “wave-front” at the wide
aperture may be obtained from

awo/{" = tan L4y (54)

As in Sections 6 and 7 we shall consider those modes for which the
~ field is independent of v and for which (51) becomes

d(eE, . |
(glw ) = _]wﬂele?Hv + 51; (63Ew)

The radius of a u-circle is

(55)
1 0H,

H, . _
= —jwe(es/er)(e1FEL), E, —jweel o

ow
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We have already examined several cases with imperfectly conducting
boundaries and in the present example we shall assume that the bound-
aries are perfectly conducting. We shall confine ourselves to symmetric
modes for which I, is perpendicular to the vw plane. We shall express
our field in the form analogous to (15); thus

Vo(’w)

all, = + > N W (w) cos %u

o, = I°(“’) + X N o) cos 2T (56)

NS =ab/2, n=123- .-

where b is the width of the strips. Substituting in the last equation of
the set (55) we find

JweerBy = —Z (57)

The boundary conditions are thus satisfied automatically. If we integrate
the first series in the set (56) along a typical u-line, we obtain

[ aBuau = [ B.as, = V) (58)
0 0

Hence, Vo(w) is the transverse voltage from the middle plane of the
strip line to the upper strip, measured along a u-line. It should be noted
that in the narrow aperture w = 0, v = =z, e1 = 1 and series (56) are
identical with (15).

To obtain telegraphist’s equations for the principal mode we integrate
the first two equations of the set (65) along a u-line and substitute from
(56); thus we have

% = _ZOOIO - ZOI—Il - Z02I2 = ot
dw
(59)
dly
T —YoVo — YouVi— YeVo —
w
where
Zoo = .7‘"_#[ €103 du, Yoo = '?w—d-) -e—3d
b 0 a 0 €1
a N b a
Zon = ‘%Lfo eie3 cos — du, Yon ‘7]‘:;"' ; Z—j Osn_m_/,du, (60)
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The integrals for Zop, Yoo, and Yy, may be expressed in terms of ele-
mentary functions, and the integrals for Zy, by power series since

aes = [1+ (/O — /O + (uw/¢)] (61)
= [+ /O — @/ — 2(uw/)* + 3(ww/)" — -]

In practical cases u/{ and ww/(* are relatively small and a few terms of
the series will suffice.

To obtain the corresponding equations for the higher order modes
we should multiply the first two equations of the set (55) by N. ' cos
(mwu/a) and integrate over the cross-section of the strip line by the uw
surface. Thus, we find

. a
wub mmu nTu
Lmn = JOrY €163 COS —— CO0S —— du
NmNn 0 a a
2
mnwb “e; . mwu . nwU
SN E N IET Zgin — sin —du (62)
Jwea? NN, Jo e a
Jjweb  [“es mwru nru
Yn = oo = cos — cos — du
NmNn 0 C1 a a

for all m, n not equal to zero.

11. TRANSVERSE ELECTRIC WAVES BETWEEN PARALLEL PLANES

Let us now see what happens in the case of TE modes. Again we shall
consider the simplest case, the case of parallel planes, Fig. 3, and assume
that the field is independent of the y coordinates. The only non-vanishing
field components are F, , H, and H, , and Maxwell’s equations become

or, . oH. _ . dH,
9z JonHs, 9z (0 + joa Iy + dx
. (©3)
H = — 2 95
: Jou 0x

For perfectly conducting planes the general solution is of the following
form

E, =Y N,”'V.(2)sin(nwx/a), H,= —2 N, 'I(2)sin(nrz/a) (64)

where the normalizing factors are given by (16). We now assume that
between (0 < x < a), the imperfectly conducting planes the general solu-
tion has still the same form. Putting it differently we expand the new
solution in a sine series. Since the sine terms vanish on the boundaries,
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.the series will represent the new solution only between the boundaries.
Since these series represent discontinuous functions, their coefficients
will ultimately vary as 1/n; therefore the derivative series will diverge.
Hence, we cannot obtain H, by substituting from (64) into the third
equation of the set (63). For this reason, we assume an independent series
for H, , ‘

H., = > N, 'i.(2) cos (nwa/a) (65)

On the boundaries the ratios of the tangential electric and magnetic
intensities equal surface impedances of the boundarles with appropriate
signs,

E,0,2) = —ZJ.(0,2) = — 2, Zi\N, 'i.(2)

66
Ea,2) = ZoH.(a,2) = 25 (=)"ZoNy ia(2) 0

The cosine series (65) represents a continuous function and its coeffi-
cients will decrease fast enough to make the derivative series conver-
gent. So we substitute from (64) and (65) in (63), combine the terms
containing similar sine terms, and equate the coefficients of the resulting
sine series to zero. Thus we obtain

dVa(z) _ dl.(2) _
dz = wa"[ n(z)7 dz =
We now multiply the third equation in the set (63) by N, '
(mwz/a) and integrate,

b pa
f f H.N,.™ cos T g dy
0 Jo a

—(g + jue) V.u(2) + "7: in(2)  (67)

ff yN“1 os—dxdj o
 Jun

On the left we substitute from (65), and on the right we integrate by
parts,

im(z) = -

a

b
wulN

cos ﬁ;r—x Ey(x, z)

f f sin mre dx dy
jwp. a

In the first term on the right we substitute from (66). In the second term
we substitute the series for E, . Since this series is not uniformly conver-
gent in the closed interval 0 £ < q, we cannot be sure that we shall

(69)
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get the right answer by integrating the series term by term. What we can
do is to integrate in a slightly smaller interval in which the series con-
verges uniformly, and then pass to the limit. In the present case the
answer turns out to be the same as that obtained when we integrate
term by term in the closed interval. Thus we find

: Zy+ (=)"""Zs
@) = =b L o=t (@) — e Vel (70)

If we solve this set of equations for 7,(z) and substitute in (67), we shall
obtain telegraphist’s equations.
Rearranging the terms in (70), we have

2(Zy + Z 2(Z "7,
I:l + —(—;———2—2)-] im(z) + Z' ! +.7( a) 2 in(z)
(71)
= m( )
1 J a
Neglecting the summation, we obtain an approximate solution
—1
i) = = [1 4 2O B Ty (72
" jena Joua -
and approximate telegraphist’s equations,
4V, = —jwl‘l ny
dz
dI n'r 79)
v . nw
vz [g Tt et T T 2 T Zg)a:l Va

Instead of solving (70) for 7,(z) we can obtain V,(z) from (70) and
substitute it in (67), after replacing n in (73) by m.

12. WAVES ON INFINITE CONDUCTORS

In this section we shall consider waves on two semi-infinite conductors
tapering to a point, Fig. 7(a), and waves outside a certain sphere (S),
Fig. 7(b), which encloses the terminals of conductors which are not
tapered to a point. In the latter case the sphere (S) will enclose a source
of power; in the former case we assume an idealized point source of
power at the origin O. For simplicity we shall assume that the structure
possesses circular symmetry about OA and plane symmetry about the
plane perpendicular to OA at O. In this case there will be waves in which
the magnetic lines are circles coaxial with the axis of the structure. In
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1

N

(a) (b)

Fig. 7 — Infinite conductors excited by a point source (a) and by a source of
. finite size (b).

spherical coordinates the appropriate field equations are

0 . oF, d .
2 ) = —joutett) + 2, 211) = ~(g + jud T

(74)
1 1

(9 + jwe)r? si

Let P be a typical point on the upper half of the structure and ¢ be
the angle between the radius OP and the axis 04. Let ¢ be the angle from
the radius to the tangent plane PQ. Then the boundary conditions are

by =

(—;’— (sin 6 rH,)

E.(r,¢) cos® — Eo(r,¢) sin® = ZH,(r,¢) 75
E(rym —¢)cosd + Ep(r,m — ¢) sind = —ZH,(r,m — ¢) )

where Z is the surface impedance. Thus, at the surface of each conductor
the radial electric intensity may be expressed in terms of the meridian
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electric intensity and the magnetic intensity
E.(r,¢) = Ey(r, ) tan ¢ + Z sec 3H (r, ¥)
E,(rym — ) = —Ei(r, §)

Let us further confine ourselves to the symmetric modes in which the
currents passing through the cross-sections of the upper and the lower
conductors equidistant from 0 are equal and similarly directed. Then we
shall represent the field by the following series

(76)

S Vo(r) 1, OM ,(cos 6)
rky = No(r) sin 0 + 2 Vu(rNT () —
V<01 —¢Y
P (1) 1,y 0M,(cos )
7H\o - 21!' sin 0 + Z In(r)Nn (7’) T ) (77)

.o n{n + 1) .
E" - Z (g + jwe)erm(T) In(T)]‘ln(COS 0); ‘l/ <0< 'l[/

where
M, (cos 8) = 15[P, (cos 8) — P, (—cos )] (78)

and the P-functions are Legendre functions. The summations are ex-
tended over the roots n of the following equation:

M, (cosy¢) =0 (79)

The normalizing factors are

=y
Ny = f d?d¢ =210gcot£
v 2

) T ¢
N, =2« L [&) M .(cos G)] sin 0 do (80)

T—y
2mn(n + 1) f M .(cos ) sin 0 df
v

Each individual term in (77) will satisfy Maxwell’s equations and the
boundary conditions if the conductors happen to be perfectly conducting
cones. Otherwise we need the entire series. The function Vo(r) is the trans-
verse voltage between the conductors along a typical meridian; Io(r)
is the current in the upper conductor associated with the principal
wave. The remaining functions, V,.(r) and I,(r), are proportional to the
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electric and magnetic intensities of various modes. In view of (77) the
boundary conditions become

L., ¢) = ﬂ\’;ar;z? Volr) + E tan ¢ 0]”,,((9(:;5 ¥) V)

A 0 Z & oM ,.( ¥) (81)
sec sec & M ,(cos
T Sersin g 2rr sin ¢ L) + 2 N, N L

Equations for the principal mode are obtained as in previous examples
by integrating the first two field equations (74). Thus, we find

dVo(r) — _dew log cot d Ir) + E,(r, 7 — ¢¥) — E,(r, ¥)
dr T 2
) (82)
dl(r) _ (g + jwe) Vol
dr log cot (y/2) 0

Substituting from (81), we obtain the final result.

To obtain the equations for the higher mode we shall multiply the
field equations by the normalized characteristic functions and integrate.
It is important to remember that ¢, ¢ and therefore n and N, are func-
tions of r. On one occasion we shall have to integrate by parts as follows

fj‘ N aMm(cos 0) sin GE, i dp

oM ,,,(cos 0) s

né

T—y
= 2xN, 'E,(r, 6) + f f N.E.(r, 0)m
¥

a6 (83)
(m 4+ 1)M,.(cos 8) sin 0 df de
m(m + 1) - OMn(cos ) . |7
= - — I, m L(r, ) ————= 6
W+ Joor I.(r) + 2«N,. E.(r, 8) =5 sin .

On another occasion we have to take into consideration the above-
mentioned dependence of n and N, on 7,

f f N, E)M,,,,(cos e) nol [V N0 (')ZV[,,((;;os o)] i do

- 7.0 f f N, aMm(cos 0) :r l: 1) oM, (cos o)]

. "‘\ (84)
sin 6 df de, if n = m,

OV (1) _10M,.(cos ) 9 _1, \ OM,, (cos 6)
= arr+v”‘(r)ffN 30 a—r[’"() ]

sin 8 df de
if n = m.



1028 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1955

In the end we shall obtain (11) with the following values of the trans-
mission line parameters,

_ j_cg& , Z sec ¢
Zy = - log cot (¥/2) + —WZ/Sin 7
, _ wlg + jo) _
Yoo = log cot (¥/2)’ Iz, = 0
Vg tan ¢
% rsin ¢ log cot (y/2)
v 2 tan & M, (cos ¢)
T, = N, 29 , n#0
7 = 27 sec & 0M ,(cos )
"= TN, EM)

Y0n=IT0,,=0, n #0

. m(m + 1) 477 sec & | 0M .(cos ¢)]2 .
Zpm = Jop -+ 0+ joor N2 l: 3y sin y,
m # 0
_ 4nZ sec & M (cos ¢) oM ,(cos ) .
Ly, = NN 59 E siny, n#m,
m# 0 (85)
v _ 4r tan ¢ dMu(cos ¢) dM(cos ) .
Ton = NN, oy ay  Smv
4 all[m(cos 0) 9 N, OM ,(cos ¢) | .
+ffN = ()__r sin @ df de

m #= 0, n # 0;
ZmO = ZOm, Zmn = Zmn,

27 tan ¢ dM ,(cos )
7N log cot (y/2) W

Ymm=g+jw€, Ymn= Ynm=0, n#m

o ff N aMm(cos 8 o |: N0 oM, (cos z[/):l sin 0 d6 de.

mn ar

VTmo= ’ m# 0

m#Z0, n#0
Ip =0

mo
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13. WAVES ON SEMI-INFINITE CONDUCTORS

The telegraphist’s equations for a single conductor, the upper con-
ductor let us say, may be obtained by a few modifications of the equa-
tions in the preceding section. There will be no terms outside the sum-
mation signs in (77). The function M, (cos 8) should be replaced by
P, (—cos 6). The integrals with respect to 8 should be evaluated from
6 = Y to 8§ = = rather than from 8 = ¢ tor — .

14. WAVES OVER A PLANE IMPEDANCE SHELET

Under some conditions a plane earth may be approximated by an im-
pedance sheet. Such a sheet is a cone of angle ¢ = 7/2 and the teleg-
raphist’s equations for it will be obtained if we replace M, (cos 6) by
Py,1 (cos 6) where n = 0,1,2, --- . The integrals should be calculated
over the upper hemisphere. Of course, ¢ = 0, and hence all the voltage
and current transfer coefficients vanish. '

The normalization factor becomes

N, = V2r Vn(n + 1)

86
Vvan 41 (86)

If the distributed self-impedance of a typical mode is expressed as
me = me0 + me, (87)

where Z,.. is the distributed self-impedance for a perfectly conducting
sheet and Z . is due to the finite surface impedance, then

me0 =7 ﬁw
Jow + (g + jwe)r? )
T = (—)™H @em + 1)(1.3.5---m)’Z

m(m + 1)[2.4.6---(m — 1)2r
The distributed mutual impedances are given by
Zmn =V me’Znnl (89)

The distributed admittances are independent of the surface impedance
of the sheet; hence

yvmm =4 + jwf; Ymn =0 if m #Zn (90)

In all these equations m and n are odd integers.
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15. DERIVATION OF APPROXIMATE TELEGRAPHIST’S EQUATIONS FOR THE
TEp MODE IN A CIRCULAR WAVEGUIDE-TO-HORN JUNCTION

It is probably safer not to make approximations sooner than abso-
lutely necessary provided we are willing to tolerate a mass of detail which
later turns out to be unnccessary. Still, if the technique of conversion of
Maxwell’s equations into telegraphist’s equations is thoroughly under-
stood, it may be possible to make ab ¢nitio approximations without undue
risk of omitting something more important than we are willing to neglect.
To illustrate such ab initio approximations we shall obtain telegraphist’s
equations for the dominant mode in a gentle waveguide-to-horn circular
junction. At the start we shall neglect all the coupling coefficients except
those between TEy; and TMy modes. Even these will be retained only
part of the way in order to explain what we should do if we neglect them
from the beginning. In the next section we shall discuss cases in which
we should not neglect all the coupling coefficients.

Tirst of all we shall exhibit azymuthal variation of the field.

E, =« '"E sin ¢

H, = 7 "H, sin ¢

E, = v}, cos ¢

H, = v "*H, cos ¢ o)

—1/2 ‘;7

E.=x . sin ¢
H., = 7r*1/2Hz cos @

The factor 7% has been introduced to normalize the sine and cosine.
If we retain only the first radial TE and TM modes, we have

B, 2 N7V () () " ilxp) + N V() I (ko)

H,2 N7 (xp) " Jalxp) + N7I(2) Ty (Rp) (92)
B, =2 N7V (2)J/ (xp) + N7V (2) (o)™ J1(x0)
H, 2 N7I(2)Jy'(xp) — NI(2)(zp) " J1(3p)

where

xa = 1.841---  %a = 3.83--- (93)
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and

N*= 4{ a (' o) + (xo) 11 (x0))p dp

9

= fo ’ [J:(xp)Tp dp = % a [1 - (1%4)2] [J1(1.84)]* = (0.3450a)
’ (94)

N'= ]: (T &) + (x0) " 1(xp))p dp

- fo Gl dp = YA (BSI)T = (0.285a)".

Maxwell’s transmission equations for transverse field components in
cylindrical coordinates are

oK, . oF,

Fr JopH, + FR

0H, — —jucl, + 0H,

az pde

oF oK (99)
/

¢ —_ g z

Ep JouH, + P

oH, . oH,

5z = Jeelle + 5

In addition we have the following equations for the longitudinal field
components

a oL . 3 oH .
3 (bE,) — 6—" = —JowpH:, o (bH,) — == = jwepll; (96)
I ® @ de
In view of (91), (95) becomes
0B, . . | Ok,
'52_ = Jw”Htp + F)
%‘% = _ijEP - p_lﬁz
ok ®7)
== jwl-‘Hp + P_IEZ
dz
o, . of,
a_z- = ](A’GE‘P + ap
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while from (92) and (96) wc obtain

H. = V() (jouN)"xJ1(xp)
B, = —I(2)(jweN) " %J1(%0)
The expression for £, , even when completed by inclusion of the higher
order radial modes, is valid only in the interior (p < a) of the junction.
On the boundary we have

Ii(a, 2) = —E,(a,2) tan 8(z) (99)

(98)

To obtain the telegraphist’s equations we multiply the first column of
(97) by

N7 (xp) " 1(xp)p dp
and

N7 1(xp)p dp
respectively, add and integrate from p = 0 to p = a. The second column
is similarly treated. The following are auxiliary calculations. In view of
(92)
fo (AN (xp) Jalxp) + H,N T (xp)lpdp = —I(z)  (100)

The terms involving I(z) have disappeared after integration. To obtain

“617, _ o
fo a; N7 (xp) " 1(xp)p dp + fo BNTJ (xe)dp  (101)

we integrate the first term by parts

E.N"'% T xp) T fo BN (xp) dp (102)

The last term of this expression cancels the last term in (101); thus the
total is

B.(a,2)x "N ilxa) = —E,(a,z) tan 9(z)x "N " J1(xa) -

(xN) 20" [J1(xa)T tan 3V (2)
— (xXNN) ' Ji(xa)Jy (a) tan 9V (z)  (103)

I

At this point let us note that if we had decided to neglect the TM;y;
mode at the beginning, we would have set . = 0 in equations (98). But
in obtaining the telegraphist’s equations from (97) it would still have
been necessary to retain K, until after the integration has been per-
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formed and the boundary condition utilized. To obtain
@ -1 —1 -1 61:12 —_1 !
fo —p H.N " xp) " Jilxp) — . N7y (xp) |pdp  (104)
we also integrate by parts. This time expression (104) is found to equal

—f H.N "xpJ\(xp) dp = — 2=V (2) (105)
0 Jou

In the calculation of

fo [ —2 N (xp)"a(x0) + vN—lJl(xp):Ipdp (106)

and a similar integral involving A, and H, we must remember that
a, x, and N are functions of z. Thus, this integral will be equal to

% + V(2 fo ' <(pr)_lJ 1(xp) a—az [GNp) ™ 1(x0)]

N Gx0) 2 VA ool ) o
a (107)
+76) [ (Voo %[N‘IJ{(X/»)]

+ N o) 2 1G] ) o

At this point we should point out another reason why we temporarily
retained V(2). Each equation in a complete set of telegraphist’s equations
contains only one derivative of either a voltage function or a current
function. To derive such a set of equations we must perform a weighted
integration of Maxwell’s equations with appropriate weighting factors
as in (106). When V(2) is retained and wrong weighting factors are used,
the derivative of V(z) with respect to z will not be eliminated and, hence,
we shall be warned of our error. But when we neglect V(2) ab initio, we
lose this self-checking feature. However, after we acquire some experi-
ence with this technique, we should not need the self-checking inherent
in the retention of other modes.

The final equations for the dominant mode in a wave-guide-to-horn
junction are

dv dI

= — v —_— = — -1
e ZI TV, - Yv TI (108)
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where
— . (1.841)°
7w Y—]we+m
p = vip o [J1(xa)] tan 8(2) (109)
r-r, -7

T + 0.837¢7" tan 3(z),
with 7' given by the integral assoicated with V(z) in (107).

16. EFFECT OF COUPLING ON DEGENERATE OR NEARLY DEGENERATE
MODES

Degenerate modes are the modes which have the same velocity of
propagation when the coupling is absent. With such modes the coupling
may be very important even when its magnitude is small. The reason is:
the transfer of wave motion from one such mode to the other will be
cumulative in the direction of propagation. This effect is illustrated by
directional couplers or by beats in two coupled pendulums having the
same resonant frequencies. In such cases the resistance of the waveguide
wall should not be neglected for it may have an important effect aside
from introducing attenuation. Thus, no matter how small is the coupling,
the degencrate modes should be considered as a group even though their
coupling to other modes may be neglected.

The same is true of nearly degenerate modes as in the case of waves
over a plane impedance sheet at large distances from the source, such as
the current element in Fig. 8.

17. COAXIAL CONDUCTORS-CIRCULARLY SYMMETRIC MODES

Heretofore, we have considered waves in waveguides completely
shielded from the external space. A complete shielding implies a coating
of that surface of a waveguide which is exposed to the external space
with a substance which is either a perfect electric conductor or a perfect
magnetic conductor. In practice such a perfect shielding is impossible.
The foregoing equations are thus approximate, even through the effect
of approximations on waves in the guide may be negligible for all prac-
tical purposes. On the other hand, the effect of imperfect shielding on
the “cross-talk” or interference between two waveguides may be im-

|

Fig. 8 — A vertical current element above an impedance sheet.

7.
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portant, especially at relatively low frequencies, even though the mag-
nitude of cross-talk is small. The most practical way to calculate this
cross-talk between two parallel waveguides, let us say, is to solve the
above approximate telegraphist’s equations for one waveguide. Then, we
can obtain the tangential electric intensity on the outer surface of this
waveguide from that on the inner surface. This electric intensity will be
impressed on the “two-wire line” formed by the two waveguides. Re-
sulting currents can be calculated, and from them one can obtain the
tangential electric intensity on the inner surface of the second wave-
guide. Finally, we can obtain the waves in the second waveguide which
are stirred up by the tangential electric intensity. This method is illus-
trated elsewhere."

The same method can be used for a single waveguide in empty space —
an impractical situation — if we wish to calculate the first approxima-
tion to the feeble external field. The rest of this section is of theoretical
interest only. Our object is to show that it is possible to obtain a set of
telegraphist’s equations for a waveguide which includes external waves
as well as internal.

As a concrete example we shall take a pair of coaxial cylinders and
consider circularly symmetric modes. First, we shall derive the equations
for the internal waves only — as we did in the preceding sections — and
then point out the modifications which must be introduced in order to
include the external waves. As usual we start with Maxwell’s equations

oF . oL, 0H .
a—p = —jopH, + 5 —f = —(g +.7‘°€)Ep
2 9 9z (110)
E = 1 a(PHv)

(g + jwep
and the boundary conditions

Ez(a7 Z) = ZIH‘P(G) 2)7 Ez(b: Z) = _ZQHsd(by Z) (111)

It is the boundary conditions that we shall have to modify when we wish
to include the external modes. The rest of the derivation follows along
the lines already discussed. We have the expansions for the transverse
field components in terms of modes appropriate to perfectly conducting
coaxial cylinders

n Vo(2) -1 ’ »
Ep = pTg(?)—/-aj + Z Nm Vm(z)Rm (P)

1207(3 + 3 N L@ R (o)

(112)

H, =
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The radial functions are defined by

p d;fi'" + ‘{%” + Xn'pBm = 0,  Rnla) = Rn(b) =0 (113)
Hence,
Rou(p) = Jo(xmp)No(xmb) — No(xmp)Jo(xmb) (114)
where x., 18 a root of
Jo(xm@)No(xmb) — No(xma)Jo(xnb) = 0 (115)

The normalizing factors are obtained from
b b
Nt =2 [ R (o dp = 2mxa? [ [Bo(@odp  (116)

The longitudinal electric intensity may be obtained (in the present in-
stance) from the third equation of the set (110) and from (112),

2

7 - — Xm
= =L o o n@Rale), 0S5 <a (117)

However, we should remind the reader that the telegraphist’s equations
may be obtained without this equation since we can eliminate E, from
(110) before embarking on their derivation.

Multiplying the first equation of the set (110) by N, 'R, (p)p dp do
and integrating, we find

m baEz —1p ! » —1p ! i
fo f —a—p—Np R, (p)p dp dp = 27E.(p, 2)N, R, (p)p

27 pb X d ,
= [ [ 5 LR o d o
= 2rB,(b,2)N,” bR, (b) — 27E.(a,2)N, 'aR, (a) (118)

+ 2N - erfb E R
Xo Np .R,(p)p dp do
0 a

2

=2xE,(b,2)N, bR, (b) — 2rE.(a,2) N, "aR,’(a) — - f’jwe I,()

Using the boundary conditions (111) and treating the second equation
of the set (110) in the already familiar manner we obtain the distributed
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parameters for the internal modes

2

Zop = Jap + e+ 20N, (ZualRy (@)F + ZoE, (D), p 7 0
Zipo = Np_l[ZlRp (&) + Z2Rpl(b)]) p#0
2m(g + jwe) o
_Jw” _ 27(g + Jwe
Zy = 5~ log (b/a) + + Yo = 0 t/a)
Yom = ¢ + jwe.

To include the external modes we shall pick a center for their origin.
For a semi-infinite coaxial pair this center may be chosen on the axis
near the end of the pair. For coaxial cylinders extending to infinity in
both directions the center may be chosen arbitrarily on the axis but
preferably near the source of internal waves. The external modes are
then defined as in Sections 12 and 13 and the coupling between the ex-
ternal and internal modes is given by

B = —(n coth o.h)H,’ + (4. csch oh)H,*

‘ (120)
E = — (9. esch o 0)H," + (9. coth o.h)H,’

where E’zi and H, ‘,," are taken at the inner surface of the outer cylinder
and E,” and H,’ at the outer surface. In these equations %, and o, are
respectively the intrinsic impedance and propagation constant of the
substance from which the outer cylinder is made. The thickness & of
this outer cylinder is assumed to be small compared with its radius.
Otherwise, the self and mutual impedances in (120) should be expressed
in terms of the modified Bessel functions. Another assumption is that
o. 1s very large compared with the propagation constants of various
modes under consideration. For metal walls this assumption is highly
satisfactory for all modes except those of exceedingly high order. In
(118) we must substitute E.° for E.(b,z). In a corresponding equation
for external mode we should use E.° as given by (120).

18. VANE ATTENUATORS

Our last example will be the “vane attenuator” in a rectangular wave-
guide, Fig. 9. The dotted line passing through AB represents a thin
resistive sheet, so thin that the vertical current under the influence of a
vertical field is distributed uniformly through the thickness of the sheet.
Hence, the vertical electric intensity is continuous across the sheet. It is
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Fig. 9 — A rectangular waveguide with a thin resistive sheet.

not difficult to solve an appropriate boundary value problem. If we
assume for simplicity that the guide walls are perfectly conducting and
confine our attention to waves whose intensities are independent of the
y-coordinate, Maxwell’s equations separate in two sets, one involving
E,, H,,and H, and the other H,, I/, , and E,. We shall consider the
first set [see (63)]. The resistive sheet implies a discontinuity in H, ,

H(d —0,2) — H,(d + 0,2) = YE,(d, 2) (121)

where Y is the admittance of a unit area of the sheet. This will include
not only the conductance of a thin metallic film but also the capacitance
of a thin plastic film on which the metal may be deposited. The usual
solution of the boundary problem will be obtained by assuming two
separate fields, one for the region to the left of the sheet and one for the
region to the right of it. Taking into consideration the continuity of I,
and the discontinuity in H, , we shall find a transcendental equation for
the propagation constants of the various modes appropriate to the wave-
guide with a thin resistive sheet.

Here, however, we shall express the field in the waveguide with the
sheet in terms of modes appropriate to the same waveguide without the
sheet. Thus we assume expansions (64) for £, and H, and (65) for H, .
Since E, and H, are continuous functions, their sine series are uniformly
convergent as well as differentiable. On the other hand, H, is discontinu-
ous and neither differentiable nor uniformly convergent. This non-
differentiability affects the calculation of the following integral

b aaHz -1 . Mmmx
P, = fofo F Now sin ——= dz dy (122)

needed in the conversion of Maxwell’s equations into telegraphist’s
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equations. First we have to split it into two integrals

- [0+ 123

Then we have to integrate it by parts,

d—0 a
—1 mmx -1 . Mmx
P,, = bH,N, = sin — + bH.N, =~ sin —

0 d+0

—ff " osmwadxdy

And finally we have to substitute H, from the third equation of the set
(63) into the integrand of (124) and integrate by parts once more before
substituting the series for £, from (64). In this way we find

(124)

0,2) — mrd

P, =N, '[H.(d— H.(d + 0,2)] sin — + 22 Valz) (125)

The bracketed term may be expressed in terms of V.,.’s if we use (64) and
(121). In this way, we obtain the following telegraphist’s equations

v,
a4z Jouln

2 2
Do o (g o+ 1r 4 DYy, (126)

7 d . mrd
Z——sn sin——V,
a a

where the prime after the summation signs signifies the omission of the
term corresponding to n = m.

19. ARBITRARINESS OF MODAL TRANSVERSE FIELD PATTERNS

In almost all examples considered by us the variations of transverse
field components in transverse planes were expressed in terms of func-
tions associated with orthogonal modes in waveguides of uniform cross-
section and with perfectly conducting walls. An exception was made in
Section 10 where we used curvilinear coordinates. The guiding principle
in selecting the basic set of transverse field patterns for general field rep-
resentation should be in most cases, but not in all cases, the minimization
of coupling coefficients. That there are exceptions was made clear in
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connection with the junction between two waveguides, one with per-
fectly conducting and the other imperfectly conducting walls, Fig. 2 (see
remarks toward the end of Section 3). Aside from convenience the choice
of transverse modal patterns is rather arbitrary. A set must be complete,
that is, adequate for representing any field which can exist inside the
guide. It should be an orthogonal set; this will enable us to obtain a set
of telegraphist’s equations in which each equation contains only one
derivative with respect to the direction of propagation. But, as we have
already seen, the sets of terms representing the individual “modes” do
not have to satisfy either Maxwell’s equations or the boundary condi-
tions. The situation is similar to that which confronts us when we choose
a set of meshes in a network in order to write Kirchhoft’s equations in
terms of mesh currents.

In the case of circular waveguides, for instance, we can express I7, and
H, in terms of the “sawtooth’” functions in which case E, will be ex-
pressed in terms of ‘“‘square sine” functions. It is not a convenient set;
but, certainly, it is a permissible set.

20. CONCLUDING REMARKS

In the preceding sections we have illustrated the technique of conver-
sion of Maxwell’s equations into generalized telegraphist’s equations by
several typical examples. In many instances this technique is a practical
method for solving field problems. This method may be valuable even
when the more conventional methods can be used. Con.ider a slightly
deformed rectangular waveguide in which two faces are arcs of coaxial
cylinders and the other two faces are radial planes, Fig. 10. If we use
cylindrical coordinates, we can separate the variables and obtain a set
of orthogonal modes in which fields are expressed in terms of Bessel
functions. As the curvature decreases these modes become more and more
like the corresponding modes in a strictly rectangular waveguide. Never-
theless the mathematical machinery remains different. No matter how

Fig. 10 — A deformed rectangular waveguide.
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small is the curvature we still have to deal with Bessel functions rather
than with sines and cosines. We can and will, of course, replace Bessel
functions by their asymptotic expansions. This will simplify mathe-
matics. But we still would be left with a ‘“‘discontinuity in thinking”
about the zero and non-zero curvature cases. At any rate it seems that
we can gain something in understanding the effect of the gradual defor-
mation on the field, particularly if this deformation is varying along the
guide, by formulating the problem in terms of “deformed cartesian”
coordinates. Then the effect of deformation will be thought of as coupling
between various modes in a strictly rectangular waveguide. The coupling
coefficients can be evaluated and numerical results thus obtained for
more general conditions than is possible by the conventional method.
In other cases, numerical calculations, although possible in theory,
would perhaps be prohibitive in practice. Even then this technique may
contribute toward the qualitative understanding of physical phenomena.
Consider two wires diverging from the terminals A, B of a generator,
Fig. 11. Let us imagine a family of spheres concentric with the midpoint
of the segment AB. Let us consider the sections of wires intercepted by a
typical sphere as sections of two cones with their apices at the center of
the spheres. For such cones we can obtain a set of orthogonal modes.
The transverse field distributions associated with these modes we now
take for representing the field distribution in the actual case, just as we
did in previous examples. One of the infinite system of such modes will
be the principal mode which at sufficiently large distances from A,B will
be the usual “transmission line’” mode for two parallel wires (that is,
when the wires actually do become parallel). It would not be difficult
as a matter of fact to obtain telegraphist’s equations for this mode to-
gether with coupling coefficients to the higher order modes. For perfectly
conducting wires these coupling coefficients become progressively smaller

Fig. 11 — Wires diverging from the terminals of a generator.
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v =
- A - - w —
(a) (b)

Fig. 12 — Parallel wires with a generator at A.

as the distance from the generator increases. Thus the higher order modes
will be generated largely in the vicinity of the generator if we define the
“vicinity” as the interior of a sphere whose radius is a reasonably large
multiple of the final distance between the wires. These are the modes
which will carry off to infinity what we usually call the “radiated energy.”
There will be very little radiation if the distance between the wires never
exceeds a small fraction of the quarter-wavelength. This is because the
higher order modes are substantially non-propagating at distances close
to the center of their origin.

Tor thin wires the calculation of transverse patterns needed for teleg-
raphist’s equations requires the solution of a transcendental equation.”
To use this equation in the present case we should replace the oval
traces of the wires on a typical ‘““wavefront”” sphere by equivalent circles,
that is, circles giving the same shunt capacitance in the principal mode.
A more accurate analysis would be possible but hardly worth the effort.

e 5N\ -

Fig. 13 — Parallel wires and a succession of primary and secondary waves.
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An analysis of waves on two parallel wires, such as Mie’s,” is not realis-
tic since he assumed that his generator is at infinity. Sometimes such an
assumption is not objectionable; but at other times one is better off
without it. If two parallel wires are infinite in both directions and a
generator is connected to one wire, Iig. 12(a), and if the distance between
the wires is small, one can conveniently replace the impressed voltage by
the sum of push-push and push-pull voltages, Fig. 12(b), to take ad-
vantage of the symmetry. Then outside some sphere concentric with the
mid-point 0, we have four wires “diverging” from 0 and the analysis may
proceed along the lines suggested for two wires. If, however, the distance
between the wires is large, we shall find it more expedient to consider
waves on a single wire generated at point A, Fig. 13, which in their turn
generate waves on the second wire at points where the spherical wave-
fronts intersect it. Those waves impinge on the first wire and generate
tertiary waves.

Many other examples will occur to the reader in which the telegra-
phist’s equations will be useful to a greater or lesser extent.
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The theoretical basts of sequential circuit synthesis is developed, with

particular reference to the work of D. A. Huffman and E. F. Moore. A new
method of synthesis vs developed which emphasizes formal procedures rather
than the more familiar intuitive ones. Famaliarity is assumed with the use
of switching algebra in the synthesis of combinational circuits.
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Foreword

The designer of a sequential switching circuit — a circuit with storage

or “memory”’ — faces a far more difficult problem than is faced by the
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designer of, say, a simple translating circuit. In the latter case, compara-
tively simple and straightforward methods of synthesis are known.'
In the former case, the designer frequently does not even know how to
begin to solve the problem. Only recently did D. A. Huffman develop
a method which, at an early point in the design, gives rather explicit
procedures for carrying the design through to completion.” The method
relies for its success on a tabular method of presenting the circuit re-
quirements. This table, called a flow chart, may be subjected to simple
manipulations which remove redundancies in the verbal statement of
the circuit requirements. When supplemented by somewhat more com-
plicated procedures, the flow chart is reduced to a form which leads
directly to a circuit having a minimal number of storage elements. This
process will be called reduction in this paper, and direct manipulation
of the flow chart will be called merging.

Independently, E. F. Moore investigated the abstract properties of
sequential circuits.® In particular, Moore asked what can be said about
a circuit when one knows nothing about it except what may be inferred
by performing experiments involving only the input and output ter-
minals of the circuit. A by-product of Moore’s theory was a general
method for reducing (if necessary) a circuit whose description is com-
pletely known.* This method is essentially the same as Huffman’s
methods, sans flow chart manipulation.

The situation, then, is the following: Once a flow chart, or some
equivalent statement of circuit requirements, has been obtained, one
may use Moore’s procedure for reducing the circuit. Once the circuit
has been completely reduced, the remainder of the synthesis procedure
is fairly uncomplicated. On the other hand, one may use the merging
process of Huffman on the flow table. Very often this will result in com-
plete reduction; less often it will be necessary to use additional procedures
equivalent to the Moore process. Merging, when it is possible, is easier
to use than is the Moore procedure, hence one would like to find a method
which is as simple as merging and at the same time results in complete
reduction more often than does merging.

Huffman’s method was originally developed in connection with relay
circuits, although it is applicable in other instances. It does not, how-
ever, always work in its unmodified form when applied to switching
circuitry of the type that is commonly used in the design of digital
computers. * One then asks, how can Huffman’s method be extended
to cover such instances? '

* We shall use the word ““circuit’ to refer both to physical circuits and to

abstract representations of eircuit requirements (such as flow charts). The latter
of course, may correspond to many physical circuits.
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This paper offers one possible solution to both questions. After de-
scribing an abstract model for sequential circuits, we develop Moore’s
method for reduction, as it applies to our model. We then develop a new
method applicable to synchronous circuitry, which is commonly used
in computer design. Finally, the method is extended to relay circuitry
as an example of asynchronous circuitry. The relationship between our
method and Huffman’s method, as they are applied to this class of
circuits, is then explained.

1.2 Introductory Remarks

It is very tempting at the outset to make the flat statement: There
is no such thing as a synchronous circuit. This would be strictly true
if we defined a synchronous circuit as one with the properties:

(S1) Any lead or device within the circuit may assume, at any tnstant
of time, only one of two conditions, such as high or low voltage, pulse or no
pulse.

(S2). The behavior of the circuit may be completely described by the
consideration of conditions in the circuit at equally-spaced instants in time.*
Because it is quite clear that no physical circuit satisfies (S1) and (S2),
such a blanket statement would be a quibble, for the engineer does recog-
nize a certain class of circuits which he calls synchronous. The unfor-
tunate fact is that the distinction between a synchronous and an asyn-
chronous circuit is very hazy in many cases of actual engineering interest.
Roughly, we may say that the more nearly a circuit satisfies (S1) and
(S2), the more likely will an engineer be to identify it as a synchronous
cireuit.

As intuitive guides to the usual properties of a synchronous circuit,
these characteristics are offered:

(1). There is a so-called clock which supplies timing pulses to the cir-
cuit. .

(2). Inputs and outputs are in the form of voltage or current pulses
which oceur synchronously with pulses from the clock.

(3). The repetition rate of the clock pulses may be varied, within
limits, without affecting the correct operation of the circuit, so long as
input pulses remain synchronized with the clock.

Another assumption that is commonly made, although it does not
bear on the distinction between synchronous and asynchronous circuits,
should nevertheless be mentioned. If this assumption is made, then we
may distinguish between combinational and sequential circuits.

* Actually, these need not be equally-spaced. However, the instants con-

sidered must not depend on any property of any sequence of inputs presented to
the circuit, such as the duration of a pulse.
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B AB...C AND GATE
C
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? A+B+...+C OR GATE
c

AB' AND GATE WITH
INHIBITING INPUT

Q %

A ’ ONE UNIT OF DELAY

TFig. 1

(D). Certain circuits contain no teme delay — their input combinations
in every case completely determine their output combinations.

We will be concerned mainly with a technology in which these as-
sumptions are nearly satisfied — that of the type employed in Leiner
et al.* ® In this technology, one uses AND gates (with or without in-
hibiting inputs), OR gates, delay lines, and amplifiers. For our purposes,
we may ignore the need for amplifiers. The other basic circuits are as
shown in Fig. 1. The properties of these circuit blocks are defined by the
algebraic expressions in the illustration.*

The familiar switching (or Boolean) algebra is used, where 0 stands
for no pulse, 1 for pulse, + for OR, - for AND and ( )’ for NOT. It is
assumed that the reader is familiar with switching algebra and its use in
practical design problems. We recall from switching algebra:

(1) A switching function is any (finite) expression in switching algebra.

(2) A mintmal polynomial of n variables is any product of the form:
ay

ag an

X1 X2 R
where
7
z a; =0
ag
XTi =
T a; = 1
(3) We define
Pj = 2,2, - - 2,

* The unit of delay is the interval between the start of two successive clock
pulses. The notation ““4”’, used in Fig. 1, will be explained in Section 2.1.
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where j is the decimal form of a;a; -« - @, , considered as a binary number.
For example, if n = 3, Py = a/x'zy, P = x/x2'x; , ete.
(4) Every switching function of n variables may be brought into a

unique canonical form:
2n—1

f(xly LRI )xﬂ) = Z=:0 fiPl'
where
fi =f(a1:a2’ ’an)

(5) Corresponding to each function is a {ruth-table which displays
the value of the function for each set of arguments. For n = 2, the truth-
table corresponding to the canonical form is found in Table I. The
correspondence between the truth-table and canonical form is one-to-one.

For further information about switching algebra see, for instance,
Reference 9.

As an example, consider the function

f,y) = 2"+

Its truth-table is Table II, and, therefore, fo = fi = f» = 1 and f; = 0.
The canonical form is

flx,y) =2’y + 2’y + xy'
2. A MODEL FOR SEQUENTIAL CIRCUITS

21 The Model

We begin by giving an abstract definition of a switching circust:
A switching circuil s a circust with a finile number of inputs, outputs.

TasLE I
X Lo f@, 22)
0 0 fo
0 1 f1
1 0 IR
1 1 fs
TasLe II
x y f(x) y)
0 0 1
0 1 1
1 0 1
1 1 0
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and (internal) states. Its present output combination and mext state are
determined uniquely by the present input combinalion and the present state.
If the circuit has one internal state, we call it a combinational circuit;
otherwise, we call it a sequential circuit.

We have now to explain what we mean by this definition when we
apply it to the technology introduced in Section 1. First, we assume a
circuit has n binary-valued ¢nput variables, ®,, x2, + -+ , s ; m binary-
valued output variables, y1, ys, -+, Ym ; s binary-valued excitation
variables, §1, @2, +++, @ ; and s binary-valued stale variables, ¢, q-,

-, @s, corresponding one-to-one with the excitation variables. In
order to facilitate discussion, we note that a set of minimal polynomials
may be associated with each set of variables. Specifically, corresponding
to the input variables, we have the input combinations, X; ; associated
with the output variables are the outpul combinations, Y, ; correspond-
ing to the excitation variables are the next states, Q). ; and with the
state variables, we associate the present states, ;. For example, if
n =m = s = 3, we have:

Xy = mad'zy
Yo = y/yeys’
Q1 = #'E
Qr = Q2

We will use this notation and terminology for convenience. Rather
than stating that, at some time, 2, = 1, 2. = 0, and 23 = 0, we will say
that input combination X, (or its equivalent — input combination 100)
is present. That is, X, = 1 and thus the inputs are, respectively, 1, 0,
and 0.

Now, according to the definition given above, to each circuit we must
be able to assign some set of equations relating the §; and y; to the x,
and g; . These equations will have the general form:

Q: = QQ:, X))
Ye=Y(@Q:, X))

That is, k£ and . £ must be uniquely determined by 7 and j. Each circuit
is associated with a truth-table with its columns headed (in order):

qu, "5 Gs,y T, "7, T iy, "y Qs Y, =5 Ym .

The number of circuits having n input, m output, and s internal vari-
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ables is equal to

2(7n+8)2("+‘)

since the truth table has 2 rows and m + s columns which must be
filled in with 0’s and 1’s.

The interpretation of this model is now fairly straightforward. We

* have assumed (S1), (S2), and (D) and know that, physically, the delay

unit provides storage. We assign the ¢, , the excitation variables, to the
inputs of delay lines, and we assign the ¢, , the state variables, to delay
line outputs. The present state of the circuit is the combination of con-
ditions on the delay line outputs. The next state is the combination of
conditions on the delay line inputs, since one time unit later this com-
bination will be present on the outputs.

To make the discussion concrete, consider Fig. 2. The circuit equations
are:

= q'e + 2'¢
Gx = Q1Q2' + zq:
y=aq'e

From these equations, we write Table ITI.

2.2 State Diagrams

It is usually not clear from an examination of the circuit diagram
or circuit equations just what a sequential circuit does. The truth-table

‘—C}—'—b\ S

| >_ﬁ¥
Lm_—l_:\ A, q,
== :

Fig. 2

a4,
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Tasre 111
@ qz z q1 a2 ¥
0 0 0 1 0 1
0 0 1 1 0 1
0 1 0 0 0 0
0 1 1 0 0 0
1 0 0 1 1 0
1 0 1 0 1 0
1 1 0 0 0 0
1 1 1 0 1 0

is more helpful and tells the whole story if we put it in a different form,
called a state diagram. In this diagram, circles will represent states. Each
line of the truth-table will be represented by an arrow going from the
present to the next state. A label on the arrow will give the correspond-
ing input and output combination. The state diagram for the circuit
discussed in Section 2.1 is given in Fig. 3.

The arrows in the state diagram correspond to changes of state of the
associated circuit, and both the arrows and the changes of state are
called transitions. A transition begins at a present state and ends at the
next state. The transition is labeled X/Y. X isaninput combination and
Y is the corresponding output combination.

As an example, consider Table IV, which gives the sequences of states
and outputs which correspond to each initial state of the circuit and the
input sequence 100. Depending upon what state the circuit is started in,
the input sequence 100 produces three different output sequences. It is
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TasLE IV
x 0 0 1 -1 0 0 1 00 1 00
Q1 001 1 00 1 00 011
a 100 110 010 00 1
0 011 001 0 01 110
q: 0 01 1 00 1 00 010
Y 010 0 01 001 1 00

difficult and probably of little value to put into words exactly what this
particular circuit does. However, given any initial state and any sequence
of inputs, we can immediately tell what happens from the state diagram.
(The truth table may be used for the same purpose, but less easily. It is
far more difficult to determine circuit behavior by chasing signals around
the circuit diagram.) The problem of circuit analysis is now completely
solved. Given any circuit, we may immediately write its circuit equa-
tions. A truth-table is easily obtained from the equations. Given the
truth-table or given the associated state diagram, we may determine
exactly how the circuit behaves for any initial state and input sequence.

Conversely, once a state diagram or truth-table is found for a proposed
circuit, the above steps may be traced backwards in order to arrive at a
circuit diagram. The only problem here is designing combinational cir-
cuits economically. The really significant problem in sequential circuit
synthesis is finding a suitable state diagram or truth-table. This problem,
in turn, may be subdivided into two problems:

(1) finding any state diagram or its equivalent which fulfills the cir-
cuit requirements and

(2) reducing this to the state diagram which is to be used for the final
part of the design process.

The next section of this paper develops Moore’s method of reduction
and is basic in justifying the methods developed in the succeeding sec-
tions.

3. CIRCUIT EQUIVALENCE
3.1 Moore’s Theory

The key to the synthesis of sequential circuits is the concept of circuit
equivalence which was discovered independently by Huffman® and
Moore.” We are concerned mainly with the portions of Moore’s theory
which have direct application to synthesis; certain differences in treat-
ment are necessary since Moore’s model for sequential machines is differ-
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ent from ours. All of Moore’s arguments carry over with only slight
changes.

Roughly speaking, we call two circuits équivalent if we cannot tell
them apart by performing experiments involving only their inputs and
outputs. Once we have solved the first problem of synthesis by finding
any state diagram which fulfills the circuit requirements it will usually
be found that the state diagram has more states than are necessary to
perform the assigned task. In such a case, we usually wish to simplify
the circuit by removing redundant states in such a way that the final
circuit is equivalent to the original one.

We must now make the concept of equivalence more precise. We
define: g
(1) Twostates, Q; in circuit S and Q; in circuit T, are called equivalent
if, gwen S inatially in state Q; and T initially in staic Q;, there is no
sequence of nput combinations which, when presented to both S and T,
will cause S and T to produce different sequences of output combinations.

(2) Two circuits, S and T, are called equivalent, if, corresponding to
each state Q; of S, there is at least one state Q; of T such that Q; s equivalent
to Q; ; and corresponding to each state Q; of T there is at least one state Qy
of S such that Q; is equivalent to Q. .

In (1), it should be noted that 7" may be a copy of S. Hence (1) is also
a definition for equivalence between states in the same machine. Moore
has shown that even if no two states in a given machine are equivalent,
it is not always possible to find out what state the machine started in by
some experiment. That is, there is not always a sequence of input com-
binations which will result in a different sequence of output combina-
tions for each possible initial state of the circuit. The state diagram of
Fig. 3 is the example used by Moore to prove this; state 11 may not be
distinguished from state 10 by any experiment which beginswith a 1, and
state 01 may not be distinguished from state 11 by any experiment which
begins with a 0.

If there are two states in a circuit which are equivalent, it should be
possible to eliminate one of them. This will result in a circuit equivalent
to the original circuit. This is indeed possible, and the process of reduc-
tion may be carried out in an essentially unique manner, as is stated by

Theorem 1 (Moore). Corresponding to each circuit, S, is a circuit T
which has the properties: (1) T s equivalent to S, (2) T has a minimal
number of states, (3) no two states in T are equivalent, and (4) T is unique,
except for circuits that result from T by relabeling its states. T is called the
reduced form of S.

We shall state the procedure to be followed in deriving T from S,
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referring the reader to Reference 3 for a complete proof of Theorem 1.
First, divide the states of S into sets such that (1) all states in a given set
are equivalent, (2) if a state 1s in a given set then all states equivalent to
that state are also in the same set, and (3) no state is in two different
sets. These sets are called equivalence sets or classes. Now, assign a
state of 7' to each equivalence set of states. If there is a transition,
bearing the symbol X/V, from a state in one equivalence set of S to a
state in a different equivalence set of S, insert a transition bearing the
same symbol X/Y between the corresponding states in 7'. If there is a
transition between two states in the same equivalence set of S, insert a
transition in 7' which begins and ends at the corresponding state of 7.
Do this for all transitions in S.

We have not given as yet an effective procedure for determining the
equivalence sets. This procedure will be provided by the method of proof
of the next theorem. Before stating the theorem, we state a precise defi-
nition of what we mean by “experiment.” By an experiment of length k,
we mean the process of presenting a circuit which is in some specified
initial state with a sequence of k successive input combinations. By the
resull of an experiment, we mean the sequence of output combinations
produced by the experiment. We say that two states are indistinguish-
able by any experiment of length k if for all experiments of length k the
result does not depend on which was the initial state. We may now state

Theorem 2 (Moore). Given a circuit S whose reduced form has a total
of p states, then for any two states, Q; and Q; , in S, Q; is equiralent to Q; if
and only if Q; vs not distinguishable from Q; by any experiment of length
(p— 1).* :

Proof: Consider all experiments of length k. All states may be divided
into equivalence sets by the rule: put two states in the same equivalence
set, if and only if they are indistinguishable by any experiment of length
k. For each k, there is now defined a set of equivalence sets which we will
call Py .

Consider two states, ¢ and b, that are not equivalent but are indis-
tinguishable by any experiment of length k. Since ¢ and b are not equiva-
lent, there is an experiment of some minimum length, say n, that will
distinguish a from b. Consider the two states, @ and b, that a and b are
taken into by the first (n — £k — 1) input combinations of the experi-
ment. @ and b are then distinguishable by an experiment of length
(k + 1) but by no shorter experiment.

We have now proved that P, is not already the set of equivalence sets

* This theorem is a trivial extension of Moore’s result.
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needed for the procedure of Thecrem 1 if and only if P..; contains at
least one more equivalence set than P contains.

P, has at least two sets, for otherwise no pairs of states would be dis-
tinguishable, unless p = 1. If k < p — 1, then P, has at least & + 1
sets, by induction using the preceding argument as the induction hy-
pothesis. Therefore, P,_; has p sets and is the set of equivalence classes
we need for construction of the reduced machine.

If @; and @Q; are not distinguishable by any experiment of length
(p — 1), they are in the same set of P,_; and hence are equivalent. If
Q; and @; are not equivalent, there is some experiment of length (p — 1),
at most, which will distinguish them.

3.2 FIRST REDUCTION PROCESS

The above remarks give the complete story, as far as reduction is
concerned. The first method of reduction is stated more explicitly by

Rule I: Scparate the states into sets such that two states are in the
same set if and only if no matter what input combination is given, both
states produce the same output combination. Call these sets “P;.” Given
the set of sets Py, find if possible two states in the same set of Pj such
that some input combination takes the two states into states which
are in two distinct sets of P, . Put one of the former states, together
with all states in the original set which go into the same set in Py , into
a new set in Pyy; leaving the other sets in P; fixed. If this is not possible,
the process terminates. Now apply the process described following The-
orem 1.*

As an example, consider the state diagram of Fig. 3. P; is

(00) (01, 10, 11)

To get P, consider the input 0. 01 and 11 go into 00 and 10 goes into
11. Therefore, we may let P, be

(00) (10) (01, 11)

Finally, consider the input 1. 01 goes into 00 and 11 into 01. Therefore
P 3 is

(00) (01) (10) (11)

* This process is due to Moore,® except for slight details which concern the
choice of model we have made.
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Schematically, we may represent this process as:

P, : (00) (01, 10, 11)
e
P, : (00) (01, 11) (10)

Py 1 (00) (01) (11) (10)

This shows that the circuit is already in reduced form.

Note that the P;’s developed here are not the P;’s of the proof of The-
orem 2. Actually, any two states of this circuit may be distinguished by
an experiment of length 2 — the P,’s are:

Py : (00) (01, 10, 11)
P : (00) (01) (10) (11)

The process of Rule I allows us to construct the equivalence sets one
step at a time, and the order in which the states are considered does not
matter. The result will be unique and must terminate after at most (p —
1) steps. '

A restatement of Rule I will be given in Section 4.2 which will apply
to truth-tables rather than to state diagrams.

0/0
o/ R
A 1/1 B 1/0 c

0/0
{/0
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TABLE V
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As a more complete example, including the construction of a reduced
machine, consider Fig. 4(a). Applying Rule I, we get:

P, : (TO) (1,2,3,4)

Py:(0) 2 4) (1, 3)

To construct the reduced circuit, assign state A in the new circuit to (0),
B to (1, 3), and C to (2, 4). The resulting circuit is shown as Fig. 4(b).
In order to develop a physical circuit, it is necessary to assign a binary
code to the states. The assignment is more or less arbitrary for syn-
chronous circuits, but will in general affect the number of circuit ele-
ments used. In this instance, we choose to make the assignment:

A —01
B — 00
C—10

Rewriting the state diagram as a truth-table, we get Table V. Two rows
in the right half of the truth-table are blank, since state 11 does not
appear in the state diagram. It is legitimate to fill these rows in in any
way, and it is preferable to fill them in in a manner that results in sim-
plification of the final circuit. Taking advantage of this fact, we may set:

= q'g'x
G = q
Yy = Qq

The final circuit is shown in Fig. 5. Fig. 6 shows the state diagram for
the completed circuit. As it happens, state 11 is not equivalent to any
other state.
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qs Q4 da
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Fig. 6

This concludes the material on circuit equivalence. In the following
section, we develop the method for synchronous circuits. As will be seen,
an essential feature of the method is the use of truth-tables rather than
state diagrams (which become unmanageable for circuits with more than
a few variables) and a very much simplified form of Rule I which may be
applied directly to truth-tables. Our program will be (1) to describe the
kind of argument used in going from verbal circuit requirements to a
truth-table; (2) to restate Rule I in a form (Rule II) which is adapted to
synthesis and applies to truth-tables; (3) to develop Rule III, a gen-
eralized form of Huffman’s merging process; (4) to discuss “don’t care”
situations, familiar to the reader from the study of combinational cir-
cuits; and (5) to give a summary of the method. A complete design ex-
ample will be given in Section 5.5, following application of the method to
asynchronous circuits.

4. DEVELOPMENT OF THE METHOD FOR SYNCHRONOUS CIRCUITS
41 Introductory Remarks

As seen in the last section, the first problem in synthesis is finding some
state diagram that will behave according to the circuit requirements. The
state diagram need not be very efficient in the sense that it may have far
more states than are actually needed, for the procedures developed in
the last section give a straightforward procedure for removing redundant
states. Unfortunately, the initial step in the process relies heavily on
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the designer’s ingenuity. However, we can outline procedures that are of
some assistance in finding an initial state diagram.

The simplest case, and indeed the only wholly straightforward case, is
that in which the circuit must always return to its initial state after it
has received some fixed number of input combinations. Essentially, this
case is simple because we may consider all possible input sequences. We
assign a new state any time anything happens, up to the last input. The
last input then takes us back to the initial state. IFor instance, suppose
that we want a circuit which receives sets of three binary digits in serial
form and puts a pulse out on one of eight leads during the third digit to
indicate the number that was received. The state diagram may immedi-
ately be written down, as shown in Fig. 7. Rather than write sets of 8
binary digits for the output symbols, we have designated the lead that
should be energized, if any, and otherwise have written “0”.

It is immediately clear that this is even a reduced machine — no two
states are equivalent. This is an extreme case; usually there will be cer-
tain sequences of inputs which will never occur and/or certain sequences
of inputs for which (in Huffman’s words) we do not care to specify the
circuit action. More often, however, there will be patterns of successive
input combinations that will produce the same circuit action. For in-
stance, suppose that in a sequence of 4 inputs we wish to have a final
output only if the input sequence is 1010 or 0101. Then we can draw a
state diagram showing all sequences which is shown as Fig. 8(a). How-

47
o/Je
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ever, with a modest amount of ingenuity, we might have drawn Fig.
8(b) as our first attempt. In fact, it is clear that Fig. 8(b) shows the re-
duced form of the diagram in Fig. 8(a).

On the other hand, if there is no state which is entered cyclically, as
above, no really explicit directions may be given for drawing an initial
state diagram. In practice, one starts to draw a branching diagram such
as the above. To terminate each branch, it is necessary to recognize that
each transition from the state at the end of the branch may terminate in
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TasLe VI
Input combination. . .. 0 1 0 1
Present State Next State Output Combination

1 2 3 0 0

2 4 5 0 0

3 6 7 0 0

4 8 9 0 0

5 10 11 0 0

6 12 13 0 0

7 14 15 0 0

8 1 1 0 0

9 1 1 0 0

10 1 1 0 1

11 1 1 0 0

12 1 1 0 0

13 1 1 1 0

14 1 1 0 0

15 1 1 0 0

some state which is already in the diagram. To the author’s knowledge,
no more specific directions for this are possible.

In practice, large state diagrams become very messy to draw. Where
this is the case, it is better to revert to the truth-table, recast in a matrix
form with states corresponding to rows and input combinations cor-
responding to columns. One of the most valuable features of this mode of
presentation is that the truth table may be used directly to perform a
large part of the reduction process. To illustrate the truth-table in a
simple case consider Table VI which is the truth-table corresponding to
the state diagram of Fig. 8(a). Of the two portions of the table, the left
hand one represents the next states and the right hand one gives the out-
put combinations.

4.2 Modification of First Reduction Process

At this point, we give an extension of Rule I which applies to truth-
tables. It was noted above that Moore’s theory assumes that each ma-
chine is completely specified, although the specification is not known to
the experimenter. In our restatement of Rule I, we must allow for the
possibility of blank entries in the truth-table. This provision amounts to
calling two circuits equivalent if there is no evidence for believing that
they are not equivalent.*

* This procedure is essentially that stated in Reference 2, pp. 183-185.
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Rule I11: Separate the rows of the truth-table into sets such that two
rows are in the same set if and only if no corresponding entries in the
right-hand portion of the rows are contradictory. (A blank entry is not
considered to contradict any entry.) Call these sets “P;.” Given the set
of sets Py, find if possible two rows in the same set of P, such that for
some Input combination the two rows have row designations (next
states) which are not blank and correspond to rows in different sets of
Py . Put one of these rows into a new set in Py1 together with all rows
in the original set of P, which go into the same set in P; for the given
row and input combination. Leave the other sets in P, fixed in Py .
If this is not possible, the process terminates. Now apply the truth-table
analog of the process described following Theorem 1.

Except for the stipulations concerning blank entries, Rule II is merely
a reworded form of Rule I.

43  Second Reduction Process

Rule I, given above, seems rather complicated. Although this com-
plication is more apparent than real, one still wishes to find a reduction
rule that has both the effect and the appearance of simplicity. Presum-
ably, one must pay for this in one way or another — the surprising thing
is that one is not required to pay too heavily. In point of fact the re-
duction rule given below, when applied to asynchronous circuits, is
somewhat more powerful than Huffman’s rule for merging.

We ask, then, what are the simplest circumstances in which a state
may be eliminated by using Rule II? Is it possible to consider only pairs
of states instead of considering larger sets of states? To answer these
questions, consider any pair of rows that are in the same set of P; . That
is, no corresponding entries in the right-hand portion of the rows may be
contradictory. Now if in addition no corresponding entries in the left-
hand portion of the rows are contradictory, then the two states have the
same output combination for a given input combination and the next
state is the same, or may be made to be the same by filling in a “don’t
care” entry, for any given input combination.* Therefore, the two states
_ are equivalent. This means that we may eliminate one and keep the
other. If we eliminate state A in favor of state B, then any appearance
in the table of “A” must be changed to read “B”.

We restate the above more formally as Rule III. This process is called
merging, after Huffman, since we will see that it is a general form of his
merging process.

* Or the present state is also the next state in both cases.
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TasLe VII
Input combination. . .. 0 1 0 1
Present State Next State Output Combination
1 2 3 0 0
2 7 5 0 0
3 6 7 0 0
5 10 15 0 0
6 15 13 0 0
7 15 15 0 0
10 1 1 0 1
13 1 1 1 0
15 1 1 0 0
Tapre VIII
Input combination. ... 0 1 0 1
Present State Next State Output Combination
1 1 2 0 0
2 3 1 0 1
3 2 4 0 1
4 4 3 0 0

Rule III: To merge state A with stage B, change all appearances of
“A” in the table to read “B” and copy the entries of row A into row B.
Eliminate row A.

Rule III may be used whenever, after the “A’s” have been changed
to “B’s”, to each entry in row A corresponds either the same entry in
row B or a blank in row B.

As an example, consider Table VI. We see that states 8, 9, 11, 12, and
14 may be merged with state 15. Then state 4 may be merged with state
7. The resulting table, Table VII, now corresponds to the state diagram
of Fig. 8(b).*

Note that Rule III may not always give complete reduction. An
example is Table VIII, to which Rule III may not be applied. However,
Rule II leads to the conclusion that states 2 and 3 are equivalent, as are
states 1 and 4.

* The reader is urged to write out the intermediate truth-tables derived by
carrying out the mergers step by step.
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44 Blank Entries; Uniqueness of Reduction

The provision for blank entries in Rules II and III corresponds to
“don’t care” situations, which usually result from restrictions on the
input sequences. The result of merging rows in different orders is not
always unique. The reason for this is simple — when truth-tables have
blanks, they may usually be filled in in different ways so as to result in
circuits which are not equivalent. Since merging usually results in filling
in blanks, different orders of merging may result in blanks being filled
in differently. This situation is not in contradiction with Moore’s theory;
there it is assumed that the state diagram is completely specified at the
outset.

As an example, consider Table IX(a). Here, there are four output leads.
The designation of which lead is to be energized is given in the right
portion of the table — a dash indicates that no lead is to be energized.
Clearly, we may merge 8 and 9 with 7; 4 and 5 with 3; and 6 with 1. The
result is shown in Table IX(b). A final merging of 7 with 3 and 2 with 1
leaves the table of Table IX(c). On the other hand, if we merge 2 with 1;
4 with 3; 6 with 5; and 8 and 9 with 7 we get Table IX(d) instead, and
Rule IT tells us that this is a completely reduced circuit. y

We have, incidentally, demonstrated that reduction is not necessarily
unique even if only Rule 1T is used, since Rule ITI is a restricted form of
Rule II. Therefore, Theorem 1 is not necessarily valid unless the initial
truth-table has no blank entries. Again, this does not mean that the
theorem as originally stated is false — it means only that we are applying
it under conditions which are somewhat more general than those ob-
taining in Moore’s theory. Actually, we are really considering sets of
circuits in synthesis. Each circuit is deseribed only partly by the initial
truth table and the truth table is, in a mathematical sense, a kind of
domain of definition for the circuits in the set considered. Within this
domain all circuits in the set are identical while outside this domain the
circuits are specified only by “don’t cares” and therefore may differ.
Moore’s theory applies to each individual circuit. We, on the other hand,
are applying it to sets of circuits and must therefore be prepared to find
some differences in detail.

45 Summary of Method

In general we start synthesis by writing either (1) a state diagram or
(2) a truth-table, as outlined in Section 4.1. Following this step, we use
Rule I supplemented by stipulations concerning ‘“‘don’t cares” or Rule
IIT followed by Rule II to achieve reduction. In case (1), the state dia-



TasLe IX(a)

Input
Combination. ... 00 01 11 10 00 01 11 10
Present State Next State Output Combination
1 1 6 2 — AA AB
2 3 2 — AB
3 4 3 5 DB — DA
4 1 4 — DB
5 1 5 — DA
6 6 7 AA —
7 9 7 8 DB — DA
8 1 8 — DA
9 1 9 — DB
TasLe IX(b)
Input
Combination. ... 00 01 11 10 00 01 11 10
Present State Next State Output Combination
1 o 1 1 7 2 — AA — AB
2 3 2 — AB
3 1 3 3 3 — DB — DA
7 1 7 7 7 — DB — DA
TasLe IX(c)
Input
Combination. ... 00 01 11 10 00 01 11 10
Present State Next State Output Combination
1 1 1 3 1 — AA — AB
3 1 3 3 3 — DB — DA
Tasre IX(d)
Input
Combination. . .. 00 01 11 10 00 01 11 10
Present State Next State Output Combination
1 1 5 3 1 — AA — AB
3 1 3 3 5 — DB — DA
5 1 5 7 5 — AA — DA
7 1 7 7 7 — DB — DA

1066
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gram must now be translated into a truth-table. At this point in the
process binary coding must be assigned to the states in order to complete
synthesis with two-valued storage elements. Two remarks are in order
here:

(1) The simplicity of the final circuit will be affected by the exact
coding assigned as well as by the truth-table finally chosen, if reduction
is not unique.

(2) Using a minimum number of storage elements is not always wise.
In practical situations, the choice of components dictates one’s criterion
for minimality, and this criterion must ultimately be based on considera-
tions of economy and reliability. For instance, the present writer has
seen an example in which 1t was much more economical to use seven,
rather than three, storage elements in order to achieve eight states. In
fact one has doubts that complete reduction, itself, is always desirable.

5. THE METHOD APPLIED TO ASYNCHRONOUS CIRCUITS

5.1 Introductory Remarks

In this section we carry out the transition from synchronous to asyn-
chronous circuitry. A more exhaustive treatment of the subject of asyn-
chronous circuitry is contained in Huffman.’

We agree (1) that no clock will be used and (2) that “1” in switching
algebra will correspond to a high voltage or current, an energized relay
coil, or operated relay contacts. We must now pay careful attention to
circuit conditions at every instant of time. One very real difficulty arises
since time delays inherent in the “combinational” circuit elements may
frequently be of the same order of magnitude as the time required to
change the state of a storage element. This may mean that spurious in-
puts to flip-flops may be produced by changes of input combination
solely because of nonuniform delays in portions of the ‘“combinational”
circuitry. These difficulties will not be considered further since little can
be said about them over and above noting their existence. Another prob-
lem — that of race conditions (a definition of this term will be given
below) — can be resolved by logical methods; we shall treat this problem
in moderate detail.

5.2 Interpretation of the Model

For the purpose of illustrating the pertinent facts and methods which
relate to asynchronous circuits, we use relay circuitry as being typical of
asynchronous circuitry. Fig. 9 illustrates our conventions and notations.
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Our interpretation of the abstract model for sequential circuits given
in Section 2 must be changed somewhat. To be conecrete, consider the
circuit of Fig. 10. We think of this circuit as having two types of relays
— to primary relays correspond input variables and to secondary relays
correspond excitation and state variables. The general situation is shown
in Fig. 11. The primary relays are controlled directly by the inputs; we
shall use “z;”’” to denote both the 7t input and the contacts on relay
(2:) . The secondary relays are controlled by contacts on any or all
relays; they furnish the storage in the circuit. Considering relay (g;), we
shall say that §; = 1 whenever the coil of (¢;) is energized and that ¢; = 1

RS
K== d)( ) X q! g

.}:}—l ) @
!

]

(92)

I S

Fig. 10
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whenever (g;) is fully operated. Note carefully the distinction between
these two statements!

5.3 Race Conditions; Coding of States

The meaning of “present state’” is clear enough — it is determined by
which secondary relays are operated. We shall say that the “next” state
is determined by which secondary relays are energized. However, the
“next’” state may never be realized as a present state! We shall now
reconsider the circuit of Fig. 10. On the basis of our previous agreement,
we may draw a truth-table and state diagram. The truth-table is that
given by Table X, and the state diagram is shown in Fig. 12.

In order to study the action of asynchronous circuits, it is often con-
venient to make use of sequence diagrams.’ These are essentially pic-
tures of what happens in a circuit as a function of time;* a line opposite
a relay or lead designation represents an operated relay or a grounded
lead. For instance, assume that both relays in Fig. 10 are released, a
ground is applied and then released later on, and moreover that (q,) is
faster in operating than (g.). The corresponding sequence diagram is
shown in Fig. 13(a). Clearly, in this case, the circuit does almost what
one would expect from consideration of the state diagram, except that
the circuit goes from state 00 to state 11 by way of state 10! The situa-
tion is quite different if (g») is faster in operating than (¢1), as shown by
Fig. 13(b). In this case, although state 11 is the ‘“next state,” it is never
reached, since (¢2) in operating breaks the operating path of (g1). A situ-
ation such as this is called a race condition. Whether it is harmful or not
depends on the circuit requirements.

* The time scale is usually distorted, sequence of events being more important
than their duration.
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TasLe X
a1 qs z a1 72 ]
0 0 0 0 0 0
0 0 1 1 1 1
0 1 0 0 0 0
0 1 1 0 1 0
1 0 0 0 0 0
1 0 1 1 1 1
1 1 0 0 1 0
1 1 1 1 1 1

We say that a race conditfon exists in a circuit for input combination
X, and present state Q; if the next state @y is such that the binary forms
of j and k disagree by more than one binary digit. For, if they do, more
than one relay is attempting to change its state of operation, and differ-
ences in operate and/or release times may lead to differences in circuit
behavior.

In order to avoid races, it is necessary and sufficient that any distinet
states directly connected by a transition disagree in exactly one binary
digit. We can always avoid races if we add enough extra states. On the
other hand, if a race condition is not harmful, removing the race condi-
tion generally decreases circuit operating speed.

One further remark must be made: it is often very helpful to assume
that only one input variable may change its value at any given in-
stant and to arrange connecting circuits in a system so that this condi-
tion is satisfied. To appreciate why this might be the case, consider a
system containing two interconnecting circuits. These circuits may be
viewed together as a single, larger circuit. If the above condition on the
interconnecting leads is not fulfilled, then race conditions may be present
in the over-all circuit even though they are not present in either circuit
considered by itself.

1/0

o/o

Fig. 12
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The usual state of affairs in an asynehronous circuit is this: upon a
change of input combination, if the “next’” state of the circuit is different
from its present state, the states of the individual storage elements will
change until a final state of the circuit is reached in which no further
change of state is possible. Two remarks are in order here. First, we have
~already seen that in the presence of race conditions the final state, if
any, may depend on operate and release times as well as on the truth-
table for the circuit. Second, there may be no final state — this is the
case for certain pulse-generating circuits.* Usually however, if the new
input combination is maintained for a sufficiently long interval, a final
state will be reached. Since in most cases of practical interest the time
required to reach the final state is much less than the interval during
which any given input combination is held, design effort is fixed on the
final states, rather than any possible intermediate states.

For the above reasons, the formal part of synthesis — that part of
synthesis which ends with writing out circuit equations —is both
different and more difficult in the case of asynchronous circuitry. Al-
though it is true that we need not consider the possibility of race condi-
tions until that point in synthesis in which we assign binary coding to
the states, 1t is not true that the same truth table may always be used
for both a synchronous and an asynchronous realization of a given
circuit. (That this is possible for the circuit of Table IX is only ac-
cidental). The reason for this is tied in very closely with the fact that
we speak of presence or absence of pulses in synchronous circuits but of

* See Reference 6, Chapter 18, for examples.
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quasi-steady-state conditions on leads in asynchronous circuits. A pulse
on lead z;, for instance, might be represented by X: in a synchronous
circuit but as X, followed by X, followed by X, in an asynchronous cir-
cuit.

5.4 Huffman’s Method

The purpose of this section is not to outline Huffman’s method of
synthesis? but, rather, to support our claim made above that Rule III
represents a slight generalization of Huffman’s merging process. We
shall assume familiarity with the contents of Reference 2.

The justification for this claim is immediate, if not already self-evident,
to the reader. Namely, suppose that an initial flow table is written down.
By going immediately to the associated truth table, Huffman’s rule for
merging becomes the same as Rule III, except that Rule III allows
somewhat more latitude for merging in that it is permissible to change
the symbols corresponding to certain next states. In Huffman’s method,
it would be necessary to resort to equivalence arguments in such in-
stances. We are considering here that the use of equivalence arguments
is separate from the purely mechanical merging process, although there
is evidence in Reference 2 that Huffman considers the use of such argu-
ments to be a part of merging. Our point is that such arguments may be
avoided in many cases if we work directly with the truth table and -
Rule III.

5.5 Summary of Method

We have now disposed of the basic principles of our method as ap-
plied to asynchronous circuits. The synthesis steps are:

(1) Write a truth-table which satisfies the circuit requirements.

(2) Use Rules IT and III in reverse order, as applicable, to obtain a
reduced truth-table.

(3) Code the states in a binary code. If possible, assign the code so
that no harmful race conditions are present. Otherwise, add states in
such a way as to make eliminate harmful races.” °

(4) Write the circuit equations.

(5) Synthesize the combinational networks.

As our final example, we consider the following problem, taken from
Reference 6 (Problem 8-9):

A rotating shaft carries a single grounded brush which makes contact
with three stationary commutator segments arranged symmetrically
around the shaft. A relay circuit is required which will indicate the direc-
tion of shaft rotation by lighting a lamp when the shaft is rotating in the
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clockwise direction. The shaft may reverse its direction at any time.
Assume that the shaft is driven so that a brush contact closure is 0.25
second and that the open time between the brush leaving one segment
and reaching another is 0.25 second. When the shaft changes direction,
the output indication must change as quickly as possible, at most within
2 seconds.

Let the brush be grounded and the three segments be labdlled “z;,”
“x.” and ““xs” respectively. For the output indication, let ¥y = 1 when
the shaft is rotating in the clockwise sense. Now, in order to write the
initial truth-table, we may first consider what the circuit must do to
keep track of the brush while it is rotating in only one direction. This
situation is clearly taken care of by Table XI(a). All that remains is to
enlarge the table to enable (say) the circuit to go from states 1-6 to
states 7-12 when the direction is changed from clockwise to counterclock-
wise. A usable strategy is this: as one segment, say a: , is passed the cir-
cuit expects x2 to come up next. If z; comes up before z», we can cause
the circuit to go to the counterclockwise state in which z; has occurred
and =z, is expected next. This has been done in Table XI(b).

With regard to the output note that it is sufficient to assign y = 0
to states 7 — 12 and y = 1 to states 1 — 6, regardless of input com-
bination.

The possibilities for merging, (using Rule IIT), are obvious: merge 2
with 3, 4 with 5, 6 with 1, 8 with 9, 10 with 11, and 12 with 7. The
result is Table XI(c). Now use Rule II to determine whether reduction
is complete. Actually, literal use of Rule II is a waste of time, for we may
use this argument:

P.:(1,3,5) (7,9, 11)

By examining input combination 100, we split off both 5 and 9 from the
- sets above, arriving at:

By examining input combination 010, we see that 1 and 3 (7 and 11)
are distinguishable. Hence, the circuit is completely reduced.

We now have to code the states. To assist in this process, we draw the
state diagram shown in Fig. 14(a). Since there are two triangles in the
diagram, we cannot assign codes to avoid races, and therefore extra
states must be added. One way to do this is to insert new states between
5 and 1 and between 11 and 7 in such a way that the circuit will treat the
new states as transient states. This has been done and coding has been
assigned in Fig. 14(b). The corresponding truth-table is shown as Table
X1I. ‘



TasLe XI(a)

Input
Combination. ... 000 100 010 001 (A1)
Output
Present State Next State . Combination
1 1 2 1
2 3 2 1
3 3 4 1
4 5 4 1
5 5 6 1
6 1 6 1
7 7 8 0
8 9 8 0
9 9 10 0
10 11 10 0
11 11 12 0
12 7 12 0
TasLe XI(b)
Input
Combination. ... 000 100 010 001 (All)
Output
Present State Next State Combination
1 1 2 10 1
2 3 2 1
3 3 4 8 1
4 5 4 1
5 5 12 6 1
6 1 6 1
7 7 4 8 0
8 9 8 0
9 9 2 10 0
10 11 10 0
11 11 12 6 0
12 7 12 0
TasLe XI(c)
Input
Combination. ... 000 100 010 001 (A1)
Output
Present State Next State Combination
1 1 3 11 1 1
3 3 3 5 9 1
5 5 7 5 1 1
7 7 7 5 9 0
9 9 3 11 9 0
11 11 7 11 1 0
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Fig. 14(a)
000/1 000/1 000/1
001/1 100/1 010/1
/MN woon BN oros (8) 001/1 Am 001/1
000 001 o1 010
001/0 010/1 100/0 001/1 010/0 100/1
100/0 [ (M 010/0 9 001/0 m 100/0

100 101 i 110
000/0 000/0 000/0
010/0 001/0 100/0

Fig. 14(b)
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The circuit equations may be written-as:

0 = (g5 + qoes + @ @5 + @) - (@' @' w5+ @ s 4 Qugan)’
7 (g2 + gz’ + q2) - (g5'xs 4+ qi's)’
(:73 (01’(12'131 -+ J1Q221 + Q3)- (471'(]2.133 + qlqz'aa)’

In this particular case, if shunt-down operation® is not objectionable, it
is even possible to dispense with primary relays.* A circuit that satisfies
the stated conditions is given in Fig. 15. (The author does not guarantee
that the circuit is minimal!)

6. DISCUSSION

Like any ‘‘systematic’” method for synthesizing certain classes of
switching eircuits, our method leaves much to be desired. First, the
problem of synthesizing really large circuits has not been touched — one
wonders whether it is really possible to do this with any method that

TasLe XII
Input
Combination. ...| 000 100 010 001 (AlD)
Qutput
Present State Next State Combination

000 000 001 100 000 1
001 001 001 011 101 1
011 011 111 011 010 1
010 d d d 000 1
100 100 110 100 000 0
101 101 001 100 101 0
111 111 111 011 101 0
110 d 111 d d 0

relies on the use of a truth-table without making use of automatic design
aids inasmuch as large truth-tables become unmanageable. Second, the
first step of the process, as described in Section 4, has in no sense been
eliminated — this is probably the step that asks the most of the de-
signer’s ingenuity and skill. Third, the process of coding the states may
have a great effect on the final cost of the circuit — despite this, there
are at present no rules for carrying out the coding in an optimal manner.
To compare our method with that of Huffman,? several pertinent com-
ments may be made. First, our method applies equally well to synchron--

* This was pointed out to the writer by A. H. Budlong.
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ous and asynchronous circuit synthesis whereas Huffman’s method was
formulated specifically for asynchronous circuit synthesis. We hasten to
add, however, that the basic concepts of Huffman’s paper are valid in
both cases. Such changes in detail as are required to adapt his method
to synchronous circuit synthesis would almost certainly result in a
method identical with the method of this paper. Second, for asynchron-
ous circuits, the initial truth table we write down is different only in
appearance from the initial flow table that we might have written —
neither method offers any advantage in this respect. Third, the ease of
using Huffman’s merging rule as opposed to the use of Rule IIT must be
weighed against the necessity of translating the final flow table into a
truth table in order to develop circuit equations. Finally, the present

= Xy Xz X3
qa qa
7 . I'—I 7 (qi)
— 3 —t—¢—— D
_| q
Qs _L -
e I
43 2 =
%J J
qa {, qz
q/ q l‘ q/ (qz)
374 271
Jq—z ’\/\/\/—-L_
q _ j_:
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method is more often successful (in principle, at least) in achieving
complete reduction without the use of auxiliary equivalence arguments.
Nevertheless, it is always advisable to use Rule IT in order to test for
complete reduction.

Finally, it should be pointed out that there are many cases where
other, more intuitive, methods are more useful. Such methods for asyn-
chronous circuit design are given in Reference 6.

In fact, the place of formal methods, such as that outlined in this
paper, in the every day practice of synthesis is much smaller than might
appear at first glance. It is probably fair to say that the theory furnishes,
at present at least, only generalized methods of attack on synthesis to-
gether with a small handful of particularized tools for design. It is the
author’s belief that these methods are genuinely useful insofar as they
aid in understanding the nature of sequential circuits and furnish a uni-
fied way of thinking about circuits during their design. It would be a
mistake, however, to believe that they provide detailed design methods
in the same sense in which such methods are available for electrical
network synthesis. The engineer must make a judicious selection of his
design tools and, most likely, must invent methods and diagrammatic
devices which fit the particular problem at hand.

A few words should be said about the comparative originality of the
author’s treatment of this subject. The model proposed in Section 2 was
suggested to the writer by the content of E. F. Moore, Reference 7, and,
in the case of synchronous circuits, is almost identical with the discrete
transducer of information theory.® Independently, S. H. Washburn
proposed essentially the same model in an unpublished memorandum.

Our interpretation of the model for asynchronous circuits and conse-
quences of that interpretation with relation to race conditions were inde-
pendently treated by Huffman.” Our use of Rule III in the method owes
much to Huffman’s work.
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Arcing of Electrical Contacts in Telephone
Switching Circuits
Part V— Mechanisms of the Short Arc

and Erosion of Contacts

By M. M. ATALLA
(Manusecript received March 4, 1955)

This is a presentation of a study of the mechanisms of the short arc be-
tween closely spaced contacts and its erosion effects. The study is based on
optical measurements of the erosion oblained on contacts after repeated arcing
on closure or opening. Most experiments reported here are essentially of the
probing type designed to test specific postulates and assumptions. For short
arcs titiated at 250 volis, clean palladium, tron and nickel contacts have
shown a reversal, with arc duration, in the direction of net transfer. Net anode
losses were obtained with short duration arcs and net cathode losses with
longer duration arcs. This reversal, however, did not occur with silver, gold
or copper. For longer arcs initiated as air breakdowns from 500 volts, all the
above metals indicated a net loss from the cathode. For arcs initiated at 250
volts between fully activated contacls, shallow cathode losses were generally
observed with little or no buzldups on the anode.

The first section of this paper is a summary of the experimental work
done and the results obtained. In the second section, the data are analyzed
and a tentative working model is proposed for the short arc and its erosion
effects.

INTRODUCTION

The problem of contact erosion due to arcing has been the subject of
a large number of investigations. The literature includes a considerable
accumulation of data on the erosion characteristics of many contact
materials. Due, however, to the vast variations in testing conditions
adopted, there are considerable disagreements and discrepancies among
results from different investigations. Inconsistencies even within one
investigation are not uncommon.

1081
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In general, the erosion behavior of contacts depends, to varying
degrees, on the following main parameters: the physical properties of
the contact material, surface conditions, contact geometry and separa-
‘tion, arc duration, arc current and the surrounding atmosphere. In our
study, most of these parameters were considered separately, whenever
possible, with the primary objective of clarifying the mechanisms in-
volved. Most experiments reported here are, in effect, of the probing
type designed to test specific postulates and assumptions. The first sec-
tion of this paper is a summary of the experimental work done and the
results obtained. In the second section, the data are analyzed and a
tentative working model is proposed for the short arc and its erosion
effects. Because of the rather extreme complexity of the phenomena and
the lack of basic data on the conduction properties of metal vapors, this
model is at best a simplified one and is probably incomplete in some re-
spects.

NOTATION

F Field strength

I Total current

M  Mass of an atom

N Gas concentration

T Temperature

To  Ambient temperature

T, Boiling temperature

ATb Tb - TO

¥V  Voltage

V: Minimum ionization potential of a metal atom
V. Voltage drop in cathode fall
Q: Ionization cross-section

Q. Excitation cross-section

W Atomic weight

a Radius of arc spot

d Contact separation

e Electron charge

J Total current density at cathode
j—  Electron current density at cathode
Ja Ton current density at cathode

k Boltzmann’s constant

D Gas pressure

¢ Time
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Arc voltage

z Distance from anode surface

0 Angular location of a point between contacts with respect to the
center of the anode arc spot

A Thermal conductivity

MEASUREMENTS

Contacts tested were made of crossed cylinders 0.050 or 0.125 c¢cm
diameter. Their surfaces were prepared by fine polishing followed by
washing with alcohol and distilled water. They were mounted on a
sound-head* and operated at 60 cycles/sec. Care was taken to avoid
additional arcing by eliminating chatter of the contacts on closure. In
the low-voltage experiments this was done satisfactorily by mechanical
adjustment of the contact separation and by choosing a proper charging
resistor to avoid excessive recharging during chatter opening. For the
high-voltage experiments, however, it was necessary to adopt a me-
chanical switching scheme which prevents recharging until the contacts
were fully open. The behavior of the contacts was regularly observed on
an oscilloscope.

In most experiments, the circuit consisted of a coaxial cable with a
characteristic impedance of 75 ohms and a period of 3.5 X 107 sec per
foot. The cable was charged, during contact opening, to any desired
voltage through a proper resistor. All lines were matched with a 75-ohm
resistor at the contact end, thus allowing only one discharge per closure
without spurious reflections. In all cases, therefore, constant arc current
pulses were obtained. Their amplitudes were controlled by varying the
charging voltage. Their periods were controlled by varying the cable
length.t The use of this constant current pulse scheme makes the inter-
pretation of the data far simpler and more direct. In each experiment,
the contacts were subjected to 20,000 to one million operations, depend-
g on the arc energy.

Since the main interest was in the contribution of each electrode to
the maintenance of the arc, conventional weight measurements would
have been of little significance. An optical measurement scheme was
therefore adopted. It allowed a discrimination between losses and gains

* To avoid contact activation by organic vapors, the construction of these units
was free of organic materials except for varnish insulation on the winding. From
observations of the eroded surfaces and oscilloscope traces, as discussed in a
following section on activated contacts, these contacts were free of activation.

+ The velocity of closure of the contacts is estimated at about 5 cms/see. During

the longest duration arc. of 10~¢ sec used in these experiments, the contact motion
is only 500 A compared to an initial separation of about 25,000 A.
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as indicated by craters and build-ups. It also permitted examination of
the geometries involved. This was particularly important in cases where
each electrode indicated both loss and gain and the detection of matched
patterns for one pair of contacts was quite significant in determining the
most probable directions of transfer. A microscope was used, with mag-
nifications as high as 740, and a quantitative measure of metal loss was
made. The losses measured were of the order of 107 ¢c and the accuracy
is better than -=50 per cent.

1. EXPERIMENTS WITH VARYING ARC DURATION ON CLOSURE

Test contacts were operated in laboratory atmosphere, using matched
cables in lengths ranging between 5 feet and 260 feet. In all cases they
were charged to a fixed voltage of 250 volts and allowed to discharge on
closure. The arc durations for these cables varied between 17.5 X 107°
and 910 X 107 sec. For control of the current, separately matched mul-
tiple cables were used in parallel. In most cases, at least three runs were
made for each cable length. The volume of metal loss, appearing as a

TaBLE I — ErosioNn or Parprapium CoNrtacTs oN CLOSURE BY SHORT
Arcs INtTIATED AT 250 voLTs, 3.2 AMPS

A No. of Erosion: (loss, gain) 1077 cc Loss/total loss | Rate of loss 1071 cc/erg
rc :
Duration| 9Pera-
10~¢ sec | tions Cath-
10 Anode Cathode Anode Anode Cathode

ode

(1) @) ®3) (€ ®) () @) (®)
1) | 17.5| 540 | 0.72, n* n, build- 1.0 {0.0 {1.7

upt
@ | 35 | 430 |2.01,n 0.08, 0.96 | 0.04 | 2.9
buildup
3) | 52.5| 320 {1.9,n n, buildup | 1.0 | 0.0 | 2.5
@) | 70 430 | 2.02, 0.85, 0.7 103 |1.8 0.75
buildup buildup
(5) | 87.5| 108 | 0.21, 0.21, 0.5 |05 |0.5 0.5
buildup buildup
6) | 105 108 | 0.43, 0.57, 0.43 | 0.57 | 0.83 1.1
buildup buildup
(7) | 140 108 | n, buildup | 1.79, n 0.0 | 1.0 2.7
(8) | 280 108 | 0.6, 2.67, n 0.18 | 0.82 | 0.69 3.2
buildup
9) | 385 18 | n, buildup | 0.54, n 0.0 1.0 2.7
(10) | 912 36 | n, buildup | loss, n 0.0 | 1.0 not gﬂeas—
ure

* ¢n”? denotes no loss or no gain or those that are too small to measure.

1 Volume of buildups were not measured. In general, they match the geometry
of a hole on the opposite electrode. This includes observations on lines 4 to 6
where each electrode showed both gain and loss.
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TasLE 1I — ErosioN oF ParnrapruMm ContTacTs ON CLOSURE BY SHORT
Arcs INITIATED AT 250 voLuts, 1.6 Anmps

Erosion: (loss, gain) Loss/total Rate of loss
Arc No. of 077 cc 0ss 10-4 cc/erg
Duration |operations
1079 sec 103
Anode Cathode Anode | Cathode | Anode | Cathode
1 2) (3) “4) (5) (6) (1) 8)
1) 35 650 1.8, n* n, buildup*| 1.0 0.0 3.5
(2) | 105 108 |0.97,n n, buildup | 1.0 | 0.0 | 3.8
3) 140 360 1.84, 0.51, 0.78 0.22 1.6 0.45
buildup buildup
) 280 540 1.86, 4,17, 0.31 0.69 0.55 1.23
buildup buildup
5) 385 51 n, buildup | 1.6, n 0.0 1.0 3.7

* See footnotes below Table 1.

depression or crater on an electrode surface, was measured and the
geometry sketched.

Tables I and IT show the results obtained for palladium contacts with
currents of 3.2 and 1.6 amperes. In both cases, a characteristic change in
the direction of transfer is observed. In Table I, for instance, for arc
durations 52.5 X 107" sec and less, lines 1 to 3, the losses were pre-
dominantly from the anode. The geometries observed generally con-
sisted of a rather irregular yet definite buildup on the cathode and a
corresponding hole on the anode. The geometrical resemblance between
the anode hole and the cathode buildup was in many cases rather striking.
This and the absence of buildups surrounding the cathode hole, strongly
suggest that the arc was mainly maintained through vapor from the
anode. This, however, does not necessarily exclude the possibility of some
evaporation from the cathode. These arcs are called anode arcs. For ares
of longer duration, 70 X 107° to 105 X 107" sec in the case of Table I,
lines 4 to 6, the observed erosion was distinctly different. It was charac-
terized by the appearance of both a hole and a buildup on each electrode.
The geometrical resemblance between a hole on one electrode and a
buildup on the opposite electrode is a strong indication that both elec-
trodes were contributing more or less equally to the maintenance of the
arc. This stage of the arc is called the mixed arc stage. Further increase
in the arc duration, above 140 X 107° sec in the case of Table I, lines 7
to 10, the erosion character changed once more. Holes were obtained on
the cathodes and matching buildups on the anode. These arcs are called
cathode arcs. They probably still involve some evaporation from the
anode. Table II shows similar data for palladium contacts at 1.6 amp
where a reversal in transfer is also indicated. Fig. 1 is a plot of columns
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Fig. 1 — Reversal of transfer between Pd contacts on closure. Short arcs
initiated at 250 volts. '

5 and 6 from Tables I and II. It is shown that the reversal of transfer
occurred later for the smaller current. It is believed, however, that due
to the difficulty of premature closure, discussed below, not much empha-
sis should be given to the exact relative locations of the transition points
for the different currents.

It should be pointed out that, while this observation of reversal in the
arc transfer is unmistakable, its exact location is rather difficult to ob-
tain with great consistency. This is because of the extreme proximity of
the contacts when an arc strikes and the tendency of occurrence of pre-
mature closures. These are caused by the formation by the arc'? of
mounds which decrease the separation and the closure time. This diffi-
culty was particularly noticeable with the longer cables. However, by
proper adjustments such as the use of various retardation schemes for
the moving contact, it was possible to satisfactorily decrease the fre-
quency of premature closures. It is evident that the effect of premature
closures is to allow only short duration arcs irrespective of the desired
duration as sct by the cable length. In extreme cases, where premature
closures predominate, the phenomenon of reversal of transfer can be
completely missed. The use of higher voltage presents additional means
for decreasing the frequency of premature closures by initiating the arcs
at wider separations. For experiments in air, however, one is limited by
the minimum sparking potential of air.

Columns 7 and 8, Tables I and II, give the measured rate of metal
loss from each electrode. This is defined as the volume of metal loss per
unit arc energy. For instance at 3.2 amp, Table I, the rate of loss for

1L. H. Germer and F. E. Haworth, J. Appl. Phys., 20, p. 1085, 1949.
2 M. M. Atalla, B.S.T.J., 32, p. 1503, 1953.
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TaprLe III — Erosion oF SiLveR AND GorLb Contacts UNDER
ConpiTiONs BEYOND THE REVERSAL POINT OF PALLADIUM,
IntT1AL VoOLTAGE 250

Current Arc No. of Erosionl: Q"CSCS' gain) Loss/total loss 1}(?}3 gi/l:rs;
K" Durtion | nces
Anode Cathode Anode Cathode Anode Cathode
) @) 3) (€3] ) (6) Q)] 8)
Ag, 16 | 385 430 | 4.3, n* | n, buildup*| 1.0 0.0 1.15
Ag, 32 | 385 270 | 5.8, n | n, buildup 1.0 0.0 1.25
Ag, 6.4 | 140 79 8.5, n | n, buildup 1.0 0.0 3.5
Au, 3.2 | 140 90 |1.7, n | n, buildup 1.0 0.0 3.0

* See footnotes below Table I.

both the anode and cathode arc stages is between 1.7 X 10~ and 3.0 X
107" cc/erg. For the mixed arc stage, lines 4 to 6 of Table I and lines
3 and 4 of Table II, the rate of loss is consistently lower. This is an
indication of considerable exchange of metal between the two electrodes
during this arc stage.

The aforementioned erosion behavior of palladium, as characterized
by the reversal of transfer with arc duration, was also obtained for iron
and nickel contacts. These tests were performed at 250 volts and 3.2 amp
for two cable lengths of 10 and 110 feet. For silver, gold and copper, on
the other hand, no reversal in transfer was observed at 250 volts for var-
ious currents. Table III shows some quantitative data for silver and gold
obtained under conditions which would normally cause cathode erosion
for palladium contacts. As indicated, the losses for both silver and gold
were from the anode. By raising the arc current to 6.4 amps, silver still
failed to indicate a reversal. A tentative explanation of this behavior
is proposed in a later section.

2. EXPERIMENTS WITH LONGER AIR BREAKDOWN ARCS ON CLOSURE

To study the effects on erosion character of a gas present between
the contacts in the arc channel, the following experiment was performed.
Instead of the 250 volts used in the aforementioned experiment, cor-
responding to a separation of about 25,000 A, a voltage of 500 was used.
Arcs obtained were therefore initiated as air breakdowns. The cor-
responding separation at which an arc is initiated in air is about 3 X 107°
cm which is of the order of 60 mean free paths of an electron in atmos-
pheric air. In these experiments this large separation eliminated the
previous difficulty of premature closure. Table IV presents erosion data
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TaBLE IV — ErosioN Data ForR Parpaprum CoNTacrs oN CLOSURE
BY Arcs INITIATED AT 500 voLrs As AR BrEAKDOWNS™®

Arc No. of Erosion: (loss, gain) 1077 cc Loss/total loss %)a},f gé/l::;
C‘:\"em Duration | opera-
MP 11079 sec | tions 103
Anode Cathode Anode Cathode Anode Cathode
(6] 2) ) @) ) (6) )] ®)
3.2 | 35 184 | n, buildupt| 0.72, nt | 0.0 1.0 2.5
3.2 | 280 36 | n, buildup | 1.85, n 0.0 1.0 4.0
3.2 | 385 18 | » buildup | 1.2, 0.0 1.0 3.8
6.4 | 17.5| 216 | n, buildup | 0.55, n 0.0 1.0 1.6
6.4 35 108 | n, buildup | 0.82, n 0.0 1.0 2.4
6.4 | 70 54 | n, buildup | 1.6, n 0.0 1.0 4.7

* In the course of these experiments, some metal loss from the anode was oc-
casionally observed. This was believed to be due to the statistical time lags of air
breakdown which would cause a decrease in the contact separation at which the
arc was initiated. By illuminating the contacts with ultraviolet this difficulty was
eliminated.

t See footnotes below Table 1.

for palladium contacts obtained at 3.2 and 6.4 amp. The direction of
transfer was independent of are duration and consistently from cathode
to anode. Each anode generally showed a well defined buildup closely
matching a hole on the cathode. In contrast to the buildups obtained
with short ares, which were usually irregular and sometimes had more
than one peak, these were more regular and usually had a single peak.
This difference may be attributed to differences between the initiation
mechanisms of short arcs and air breakdowns. Short arcs are initiated
by field emission and a sharp point on the cathode surface determines
the location of the are. This point does not necessarily correspond to
the smallest separation and on successive closures the arc channel is
more or less randomly located. For air breakdowns, on the other hand,
surface irregularities are not as significant and the location of the break-
down channel is mainly at the cathode point nearest to the anode.

The rate of cathode erosion for palladium contacts by 500-volt air
breakdowns, Table IV, Column 8, is between 1.6 X'107** and 4.7 X 107
cc/erg depending on current and arc duration.

For silver and gold contacts, the same erosion behavior was obtained.
For the 500-volt air breakdowns, holes were obtained on the cathode
and buildups on the anode. Table V shows typical data obtained from
two test runs with silver and gold contacts. It is of interest to note that
their rate of erosion is 4 to 5 times less than for palladium at similar
conditions.
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TaBLE V — ErosioN or SILVER AND GoLp CoNracts oN CLOSURE BY
500-voLT AIR BREAKDOWNS

Arc No. of Erosion: (loss, gain) 1077 cc Loss/total loss l}é"_tﬁ lc)é/lgfz
Current Duration | Opera-
mp 1079 sec | tions 103
Anode Cathode Anode Cathode Anode Cathode
Ag, 3.2 385 230 | n*, build- (3.4, n 0.0 1.0 0.85
up* .
Au, 3.2 | 140 90 | n, buildup [0.64,n| 0.0 1.0 1.1

* See footnote below Table I.

3. EXPERIMENTS WITH SHORT ARCS BETWEEN ACTIVATED CONTACTS ON
CLOSURE

Contacts activated by organic vapors® have been shown to arc more
readily than clean contacts. They are initiated at appreciably lower
fields* and maintained at appreciably lower currents.” The following
experiments were carried out to study the erosion behavior of activated
contacts. For such contacts an arc is initiated at fields as low as 10°
volts/cm. For an initial voltage of 250 this corresponds to a separation
of 2.5 X 107° or about 50 mean free paths of an electron in atmospheric
air. This indicates that activation experiments performed in atmos-
pheric air at such a voltage would give erosion results that may be in-
fluenced by the presence of air-in the arc channel as discussed in the
previous section. This difficulty was eliminated by operating the con-
tacts in a vacuum of 10 microns. Organic materials left in the construc-
tion of the sound head used for operating the contacts provided sufficient
organic vapors for rapid activation of the contacts. The voltage transient
across the contacts during closure was observed on an oscilloscope. At
the beginning of the test, when the contacts were clean, a certain fre-
quency of premature or early closures was observed. As the contacts
became more active the frequency of premature closures decreased and
finally disappeared. This was an indication that gradual activation
initiated the ares at progressively increasing separation. The period of
activation was usually between 2 and 5 minutes, at 60 operations/sec,
with the test continued for about one hour thereafter. Further evidence
of contact activation was the formation of considerable quantities of
black sooty deposits which were not metallic as indicated by fuming
solubility tests.

3 L. H. Germer, J. Appl. Phys., 22, p. 955, 1951.
4 M. M. Atalla, B.S.T.J., 32, p. 1493, 1953.
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Tests were performed on the more or less noble metals palladium, silver
and gold and on the base metals copper, nickel, tungsten, iron and
aluminum. Not only did the noble metals become active but also the
base metals copper, nickel and tungsten. The sooty deposit which is
typical for activated contacts was observed on all these metals. Contacts
of iron and aluminum, however, failed to show any sign of activation
even after as many as 6 X 10° operations.

The metals that were activated have shown one common erosion be-
havior. Metal loss was almost entirely from the cathode in the form of a
shallow depression spread over a considerably larger area than obtained
with clean metals. The anode showed little or no metallic deposits in
contrast to the sizable buildups obtained with clean metals. For ac-
tivated palladium the rate of erosion was measured at about 1.0 X 10~
ce/erg which is about one-half to one-fourth the rate of erosion for
clean palladium. ‘

Additional experiments were performed on activated palladium and
silver contacts in the presence of air at 50 volts. The degree of activation
of the contacts was controlled by varying the concentration of d-limonene
vapor in air. Only one result of these experiments is reported here con-
cerning a characteristic difference between the erosion of activated palla-
dium and silver contacts. Palladium contacts showed loss from the
cathode even for concentrations of d-limonene vapor as low as 4 per cent
of the saturation concentration. Silver, on the other hand, did not show
erosion from the cathode until appreciably higher concentrations, 10 to
20 times that for palladium, were introduced.

4 EXPERIMENTS ON BREAK

The objects of these experiments was to compare the erosion of con-
tacts by ares obtained on opening with the erosion of similar ares ob-
tained on closure. This was done by allowing a cable to discharge from -
approximately the same voltage of 250 through two pairs of contacts,
one during closure and the other during opening.* Palladium contacts
were used with arc durations of 35 X 107 and 380 X 107’ sec at 3.2 amp.
The erosion behavior was almost identical for both pairs of contacts.
For the short arc duration both contacts exhibited anode loss whereas
for the long arc duration cathode loss occurred in both cases.

Measurements on Pd were also made with air breakdown arcs initiated
during contact opening at 500 volts. Cathode loss, observed in similar

* The discharge on opening was obtained during the charging of the cable

following first separation of the contacts. By adjusting the charging resistor it
was possible to control the breakdown voltage.
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Fig. 2 — Erosion of Pd contacts on break of inductive circuit; 7 = 0.1 amp,
V = 6 volts.

arcs on contact closure, was duplicated here. From these data one
concludes that there is no basic difference between the arcs and erosion
effects occurring during the closure or opening of contacts, provided that
the initialion conditions are the same.

Another experiment was carried out on contact erosion due to arcing
on break. While the results of this experiment did not yield additional
basic information, beyond confirming the above findings, they are of
some practical interest. A contact was made to open a 6-volt circuit con-
taining a 60-ohm resistance and a variable inductance. Arcing on opening
occurred in the form of a succession of short breakdowns whose duration
varied with the circuit inductance. Three inductances, 200, 500, and 1000
microhenries, were tried with palladium contacts. The metal loss results
are shown in Fig. 2. At 200 microhenries most of the arcing occurred at
small contact separations thereby producing anode loss. At 500 micro-
henries, arcing was a mixture of short arc breakdowns and longer air
breakdowns which caused loss from both electrodes. At 1,000 micro-
henries, arcing was predominantly due to air breakdowns at wider sepa-
rations which gave loss mainly from the cathode. The results of this
experiment should be useful in indicating the role of arcing in distorting
results in low voltage experiments designed to study bridge transfer
during contact opening.

In the following section an analysis of the data is presented, and a ten-
tative mechanism of the short arc and contact erosion is proposed.

5. DISCUSSION — TENTATIVE MECHANISM OF THE SHORT ARC AND CONTACT
EROSION

Germer and Smith® have attempted to record the voltage transient
across a pair of contacts during the initiation of a short arc on a high

5 L. H. Germer and J. L. Smith, J. Appl. Phys., 23, p. 553, 1952.
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speed oscilloscope. Their results have shown a rapid drop to the final
arc voltage in a time less than the time resolution of the scope (about
2 X 107’ sec). It was concluded that the arc initiation time was probably
less than 107? sec. This indicates that in our experiments, all the dis-
charges at small separations must have been maintained at the arc
voltage for almost their entire duration, the shortest duration being
17.5 X 107° sec.

It has also been shown that short arcs in air® or in vacuum’ are initiated
by field emission electrons. Furthermore, from the size of are pits ob-
tained by Germer and Haworth, Kisliuk® has concluded that in the
short arc, the electrons are emitted from the cathode primarily by field
emission and the arc is maintained by ionization of the metal vapor from
the electrodes by electron collision. For a metal with work function ¢
and minimum ionization potential V;, the observed arc voltage usually
exceeds the sum V; -+ ¢ by a volt-or less. One may, therefore, postulate
the existence of a cathode dark space, where electrons acquire enough
energy to produce ionizing collisions, followed by an are column where a
plasma is maintained.

If V. is the voltage drop through the cathode dark space, j— the
electron current density emitted from the cathode and j, the ion current
density at the cathode edge of the plasma, the field strength F on an
infinite plane cathode, is given by Mackeown’s’ equation:

F* = 757 X 10°(V)"%_ [gi (1845W)* — 1] (1)

where W is the atomic weight of the ions, F is in volts per em, V. in
volts and j_ is in amp/cm’. Tor the short arc, where the separations are
very small, the observed current densities indicate that the width of the
arc is usually considerably larger than the contact separation or arc
length. It is not too unreasonable, therefore, to neglect the edge effect
and apply the above equation. Furthermore, this steady state equation
should still be applicable to a changing are, as will be shown to be the
case for the short are, provided that the changes occurring within an
ion transit time are very small.

The cathode electron current density j_ , for an arc maintained by field
emission, is further related to the field F at the cathode by the Fowler-

8 M. M. Atalla, B.S.T.J., 34, p. 203, 1955.

7W. 8. Boyle, P. Kisliuk, and L. H. Germer, J. Appl. Phys., 26, p. 571, 1955.
8 P, Kisliuk, J. Appl. Phys., 25, p. 897, 1954.

9 S. S. Mackeown, Phys. Rev., 34, p. 611, 1929.
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TaBLE VI — RerATioN BETWEEN j, AND ji/j_ AT AN INFINITE PLANE
Cataopg; V., = 10 vouts, W = 100 AND ¢ = 5, 4.5 AND 3 e.

VOLTS.
/i~ 0.05 0.1 0.2 0.4 0.6 1.0
e=5 | 10.5 8.40 7.07 | 6.04 5.53 5.00
s e=45| 6.93 | 5.64 4.85 | 4.15 3.77 3.45
106 amp/cm? ¢ = 3 1.43 1.22 1.04 | 0.905 | 0.844 | 0.780

Nordheim equation:®
j. =154 X 10‘6%exp[—6.83 X 10°0"*(y)/F] 2

where f(y) is the Nordheim elliptic function' of the variable y = 3.79
X 107" F'*/4 and ¢ is the work function of the cathode metal.

Physically, (1) and (2) must be satisfied simultaneously at the cathode.
By combining the two equations one may eliminate the field term F
and obtain a unique relation between 7, and j,/j_ for a fixed value of
@.* Table VI presents calculations made at ¢ = 5, 4.5 and 3 e. volts. This
is essentially the same procedure previously followed by Wasserab.”
One observes from Table VI that for a wide range of 7. /j_ (at constant
¢) the change in the ion current density is relatively small. For instance,
a 2-fold decrease in j, corresponds to a 20-fold increase in 7,./j_ . Short
arcs, therefore, and more generally all field emission arcs, are maintained at
approximalely a constant ton current density at the cathode. For most con-
tact metals this density is of the order of 10° amp/em®.

It has been shown®’ that the short arc is initiated when the power
density of the field emission electrons bombarding an anode spot becomes
sufficiently high to cause anode evaporation. From this, one may con-

10 A Sommerfeld and H. Bethe, Handbuch der Physik (Verlag. Julius Springer,
Berlin) 24, p. 441, 1933.

1 T,. W. Nordheim, Proc. Roy. Soc., A121, p. 626, 1928.

* A third equation may be introduced relating j,/j_ to the collision cross-see-

tions and the gas density distribution in the gap. For the one-dimensional case,
neglecting recombination, the equation is given by:

Jr_ @ _ (. ¢
Yot [1 exp( (Q.+Q8)f0 Ndx)]

where Q; and Q. are the ionization and excitation cross-sections of the metal
vapor. Due to lack of data on atomic cross-sections and the physical complexity
of the pressure distribution between the contacts, no attempt has been made to
calculate ionization rates in the gap. Instead, the analysis was carried out by
leaving 7. /7~ as an adjustable variable.

2 T, Wasserab, Z. Physik, 130, p. 311, 1951,
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clude that in its earliest stages, an established arc runs primarily in
anode metal vapor. The evaporating spot on the anode is then minimum
in size. For a constant current arc, which also operates at constant
power, the corresponding rate of anode evaporation must, therefore, be
a maximum since the maximum rate of heat conduction into the anode
is proportional to the size of the anode spot, its boiling temperature and
thermal conductivity. Fig. 3 is a diagrammatic representation of the
conditions between a pair of contacts at an early stage of the arc. For
radius a of the boiling anode spot, an approximately equal area on the
cathode must constitute the electron emitting area, since the cathode
field is maintained by the approaching positive ions which have been
formed by electron collisions with the anode vapor. For a plane at a dis-
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Fig. 3 — Vapor density distribution due to a small evaporating spot.

tance z from the anode, the density of vapor, originating at a small
anode spot of radius a, is roughly inversely proportional to both z* and
(cos 6)°. From this, one should expect the electrons approaching the
anode to have a strong tendency to scatter to the periphery. The re-
sultant redistribution of the energy of the bombarding electrons over a
larger area causes-the boiling area to expand in size. On the average,
therefore, the effective length of an electron path before reaching the
anode will increase. The number of collisions, including ionizing colli-
sions, will increase. Hence the ratio j,./j_ increases with the size of the
anode spot. This growth of the anode spot with time has been observed™
by examination of the sizes of anode pits produced by single arcs of dif-
ferent durations.

According to Table VI, an increase in j;/j_, where both j;. and j_
are measured at the cathode, corresponds to a proportionate decrease in

13 W. S. Boyle and L. H. Germer, J. Appl. Phys., 26, p. 571, 1955.
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j-, since the decrease in 7, is relatively small. The rate of evaporation of
the anode will decrease for three reasons: (1) the rate of energy dissipa-
tion by conduction increases with increase in anode spot size, (2) the
electron current density is decreasing, and (3) the average energy of an
electron reaching the anode is decreasing due to the increase in inelastic
collisions. The cathode spot on the other hand, being approximately
equal in size to the anode spot, is bombarded by ions of practically con-
stant current density. Furthermore, each ion reaching the cathode
will have the same high energy corresponding to the potential drop in
the cathode fall. All prevailing conditions, therefore, will tend to decrease
the rate of energy dissipation at the anode while increasing it at the cathode.
If the Ton current becomes sufficiently high, cathode evaporation occurs. This
corresponds to a critical ratio 7, /j— which is calculated in the following
section.

For a plane cathode spot of radius a, the boiling temperature is
reached at its center when

J+(Ve + Vi — )a/ATy = 1, @)

and evaporation takes place when it exceeds 1. The term in brackets
is the energy of condensation of an ion on the cathode surface,™ X is an
appropriate average thermal conductivity of the cathode metal for the
temperature range between ambient and boiling, and AT} is the tem-
perature rise of the cathode to boiling. The total are current 7, in terms
of j; and j_ at the cathode, is given by:

I = Waz(j+ +7-) 4)

Combining Equations (3) and (4) to eliminate a, the critical condition
for maintenance of the cathode spot at boiling becomes:

G0 _m (AT
PO TITF T =) ()

In a previous section it has been shown that a combination of the
emission and space charge equations, (1) and (2), gives a relation of the
form 7. = f(ji+/j—, ¢); See Table VI. This can be combined with (5) to
eliminate j; , thereby expressing 7,/7_ in terms of the cathode physical
constants. This is the critical ratio of j./j— which must be exceeded to
cause evaporation of the cathode spot. Unfortunately, however, data on
thermal conductivity above the melting point, are only available for the
low melting point metals. For the majority of these, the change in the

UK. G. Compton, Phys. Rev., 37, p. 1077, 1931.
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thermal conduetivity with temperature is rather small except at melting
where a sudden substantial decrease in conductivity occurs. In Table
VII values of A¢, Ny and Ao/Ay are given for various metals as obtained
from the references indicated. For copper and silver, thermal conduetivi-
ties were calculated from electric resistivity data using the Franz-Wiede-
mann®® relation with the theoretical constant 2.45 X 10™° (volt/°C)".
For metals whose thermal conductivities at high temperatures are not
available, N, was taken as 0.5\ as suggested by the last column in Table
VII. Table VIII is a summary of calculations of the critical ratio j,/j_
- for a number of metals. In these calculations, V, was replaced by V; 4+ ¢
and the term V. + V; — ¢ in (5) by 2V . The error involved is only a

TaBLE VII — TERMAL CONDUCTIVITIES OF SOME METALS

Metal Ao? b Ab/No
watt/cm°C
0.933 0.451b 0.45
0.352 0.209b 0.59
0.657 0.324b 0.49
1.13 0.602b 0.53
2.03 0.84b 0.41
4.19 2.1 0.50
3.88 1.9e 0.49

= Reference 16. P Reference 17. ¢ Calculated from electric resistivity data for
Ag (Reference 18) and Cu (Reference 19).

fraction of a volt® and, furthermore, one can carry out the calculations
for metals for which the arc voltage is not certain. The thermal con-
ductivity X is taken as the arithmetic mean of o and ), .

Column 6 gives the minimum values of j.(j;/7—) which satisfy both
the cathode emission and space charge equations, (1) and (2). This mini-
mum value is a funetion of the work function and atomic weight of the
cathode metal. Column 7 gives the values of 7 (j./j-) required for
cathode evaporation as determined by the thermal conduction equation,
(5). For a given current, these values are a function of the boiling tem-
perature, the thermal conductivity and the minimum ionization potential
of the metal. Column 8 gives values of j,/j_ obtained from (1) and (2)
at the given values of 7, (j;+/7-) of Column 7. These values of j;/j_ must
be exceeded in an arc discharge before cathode evaporation can occur.

15 A, Sommerfeld and H. Bethe, Elektronentheorie der Metalle. Handbuch
der Physik von Geiger und Scheel, Aufl. 24/2 (Berlin, Julius Springer, 1933).

16 Tnternational Critical Tables.

17, J. Smithells, Metals Reference Book, Interscience Publ. Inc., p. 576, 1949,

18 Handbook of Metals.
19 Handbook of Physics and Chemistry, p. 2247, 1953-1954.
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TaBLE VIII — CriticaL Ratio j,/7- WaicE MusT BE EXCEEDED TO
CauseE Carnope EvaroraTioN. ToraL CurrenNT I = 1.0 AmP.
TerM “INST” SioNIFIES INSTANTANEOUS CATHODE
EvaroraTiON FrROM BEGINNING OF ARc.

5 J+(+/i-) e (i fi i
Met‘%ié,zc e | ATy °C wa.tz\}’cm watt/ Zvlg,ié. mm.(il)l a(rzc) Eq. e{/;;s{-*ﬁ‘:/j, ()5) e(\z:p/]E()q
C cm °C amé/cmf amp/cm? (1), (2), (5)
(6] 2) 3) (C)] (5) 6) ) 8)
(1) | Pd, 4.8 2200 | 0.34 | 0.51 | 16.66| 1.9 X 10% |1.42 X 10¢ INST
(2) | Ni, 4.84 | 2900 | 0.29 | 0.435! 15.27| 3.6 X 10% |2.13 X 10* INST
3) | Fe, 4.36 | 3000 | 0.31 | 0.465| 15.79| 2.5 X 10% |2.45 X 10¢ INST
(4) | Pt, 5.29 | 4300 | 0.35 | 0.525| 17.92| 1.6 X 10% [4.97 X 10* INST
5) | Ag, 4.3 1950 | 2.1 3.15 1 15.19] 1.2 X 10% [5.12 X 10°% 0.11
(6) | Au, 4.58 | 2600 | 1.5 | 2.25 | 18.45 9 X 10* |3.15 X 10% 0.072
(7) | Cu, 4.47 | 2300 | 1.9 2.85 | 15.45| 2.5 X 105 [5.62 X 10° 0.065

It is evident that for any metal #f the entry in Column 7 is less than that
in Column 6, some cathode evaporation will take place even during the
earliest stages of the arc. As shown in Column 8, this is the case for Pd,
Ni, Fe and Pt. For Ag, Au and Cu, on the other hand, the arc may be
initiated as a true anode arc and only when relatively high ralios ji/j— are
obtained in the discharge will evaporation from the cathode take place.
This ratio is highest for silver, 0.11, followed by gold, 0.072 and then
copper, 0.065. Unfortunately, the present analysis cannot be carried
further to determine whether such ionization rates can or cannot be ob-
tained in a discharge, due to. the lack of data on collision cross-sections
for vapors of these metals. The analysis as such, however, establishes
some basic differences among metals in their erosion behavior, by show-
ing some to have stronger tendencies than others for cathode evapora-
tion.* Qur observations are in accordance with this conclusion where
with Pd,T Fe and Ni it was possible to have enough cathode evaporation

20 H, B. Michaelson, J. Appl. Phys., 21, p. 456, 1950.

* It is of interest to point out that Froome?! has observed similar differences
for arcs at low gas pressures on Hg and Cu cathodes. For 1077 sec. arcs on Hg,
multiple non-stationary cathode spots were observed while with Cu the spots were
not visible and often non-existent. From heat conduction calculations, similar to
the above, Froome concluded that while Hg could be easily vaporized, Cu would
not even be heated to red heat. For 30 X 1076 sec arcs, however, cathode spots on
Cu were observed.

t For Pd, the observed time for the reversal of the transfer is of the order of
1077 sec, Fig. 1. This time is appreciable in terms of the electron and ion transit
times and is attributed to thermal relaxation of the contact metal. It is of the
same order as the observed time lags preceding the initiation of the short are
which were shown® to correspond to the heating time of the anode spot.

21 K. D. ¥roome, Proc. Phys. Soc., (London) 60, p. 431, 1948,
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to exceed that of the anode while for Ag, Au and Cu this reversal was
not, obtained.*

When evaporation from a cathode spot occurs, it modifies the gas
density distribution between the contacts by introducing a high density
region near the cathode. This causes additional scattering of the emitted
electrons which enhances the spread of the bombarded anode spot and
decreases its rate of evaporation. It is, therefore, conceivable that a con-
dition could be reached where the anode spot, radius a; , becomes large
enough compared to the cathode spot, radius a_ , that the rate of evapo-
ration of the cathode exceeds that of the anode. The conditions under
which this may occur will now be derived. The power dissipated at the
cathode is j.(ra_?)(2V:), and the power dissipated at the anode is
(j+ + j-)ma_’e, where both 7, and j_ are measured at the cathode. The
specified anode power is actually a lower limit since all the electrons are
assumed to reach the anode with zero kinetic energy. This rate of evapo-
ration is assumed to correspond to the difference between the power
delivered by electrons or ions and the power dissipated by conduction
through the corresponding electrode. The heat dissipated by metal
melting is neglected.f For two hemispherical spots, one on each elec-
trode, maintained at boiling temperature, the rate of cathode evapora-
tion exceeds that of the anode if:

Jema 2V — ¢) — 2man-AT, >
(s + joma’e — 2wa\- AT, (6)

Combining with (4) and assuming that j_/j, >> 1.0, one gets

o [ (2 ][]
a_>1+27\.m[1 j_<¢ MR @

If ionization is due mainly to ionizing collisions between electrons and
metal atoms, it can be shown that (for electron energies slightly above
V), the maximum ion to electron ratio obtainable is Q:/(Q: + Q.),
where @; and @, are the ionization and excitation cross-sections. No data
is available to permit a calculation of this ratio for any of the metals in
this investigation. For mercury, however, this ratio is about 14, for elec-
trons at 0.2 volt above the minimum ionization potential of mercury.

* This statement is not meant to exclude the possibility of some cathode evapo-
ration for these metals since our testing method is not capable of detecting cathode
evaporation if it is much less than that of the anode.

. T This is metal leaving the cathode surface. The error involved is discussed
ater.
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This was obtained from ionization data® and excitation data.”® A tenta-
tive calculation was, therefore, carried out for Pd at the two values of
0.1 and 0.2 for j,/j_ . The corresponding values of j, are 7 X 10° and
6 X 10° amp/cm® respectively. At j./j— = 0.1, the calculated ratio
ay/a_ is between 6 and 12, the lower value based on A\ and the higher
value at Ny . At j,/j— = 0.2, a;,/a_ is between 3.5 and 6.*

For metals such as Pd which exhibit a reversal to the cathode arc
by showing cathode loss, one can make another estimate of the probable
ratio j,/j_ for such arcs from the measurement of the rate of erosion. If
a_ is the radius of the cathode spot, the power used in evaporation is
taken as the difference between the power dissipated at the cathode and
the power dissipated by conduction to maintain the cathode spot at the
boiling temperature. This neglects the energy carried away by molten
metal which may escape the cathode spot and deposit elsewhere. Obser-
vations on single arc anode pits, however, have shown' that each pit
was surrounded by a rim which contains most of the metal from the pit.
For Pt the volume of this metal was less by a factor of three than the
amount which can be melted by the arc energy. To correct for this
melting effect in calculating the rate of metal evaporation, one must not
assume that the melting energy of the displaced metal is lost since this
metal still remains on a rather narrow rim surrounding the pit.t From
the photograph in reference 1, it appears that the average width of the
rim is 10 to 15 per cent, the diameter of the pit. The effect of displacing
this molten metal, therefore, is a redistribution of the initial arc energy
where 70 per cent of the energyis dissipated in the pit area and 30 per cent
dissipated on a surrounding rim 10 to 15 per cent the diameter of the pit.
For the degree of accuracy desired in our calculations, it appears justi-
fiable to neglect this effect.

22 W, B. Nottingham, Phys. Rev., 55, p. 203, 1939.

23 H. Massey and . Burhop, Electronic and Tonic Phenomena, p. 62. (Oxford,
Clarendon Press, 1952).

* Single arc pit measurements were also made for Pd contacts at 3.2 amp arc
of 0.39 X 10~¢sec duration initiated at 250 volts. The single anode pit observed had
an average diameter of 16 X 10~ ¢cm corresponding to a current density of only
1.5 X 10¢ amp/cm?. Comparing with Table VI, one finds that unless the cathode
emitting spot is considerably smaller than the observed anode spot, this low
density may be obtained only if high ratios of j,/j— , higher than 1.0, are attain-
able. This is unlikely for the low energy electrons in the short arc. Actually
cathode observations, with 1,700 magnification, have shown a number of smaller
individual pits, probably an indication of a non-stationary cathode spot in ae-
cordance with previous cathode observations,?* of an average diameter of 2.4
X 10~% em. If only one of these pits carried the total current at any one time, the
current density would be 70 X 10® amp/cm? corresponding to a 7./j— of about 0.1,
Table VI. The measured ratio a,/a- is 6.7.

2¢ J, D. Cobine, Gaseous Conduction, McGraw-Hill, 1941.

t It is evident that no correction is needed if the molten metal is not displaced.



1100 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1955

No correction is needed for the heat of condensation of the metal de-
posited on the cathode spot in the form of neutral atoms, since these
will be reflected, with or without loss of identity, from the cathode spot
which is already at the boiling temperature.

The ratio of the evaporation power to the input power I» is given by:

Evaporation power _ 1

: 2
=7, a.(2V:) — 2ma_\-A
Input power Iv [73ma(2V) ma_\-ATs]

Eliminating a_, through the introduction of the total current I, and
setting * = j./7+ + j—, one gets:
Evaporation power _  2Vi _ 2\-AT, <1x_ >1/ :
B I

Input power T v (8)
For any value of j,/j_, or of z, 7, is determined from Table VI for palla-
dium and the power ratio in (8) may be obtained. From the physical
properties of Pd* the volume evaporated per unit energy is about
1.8 X 107 ¢cc/erg. If it is assumed that 50 per cent of the evaporated
metal from the cathode is redeposited on the cathode, one can calculate
the cathode loss per unit input energy from (8), for each value of 7, /j_..
Results of such calculations for Pd are given in Table IX. The erosion
rate of the cathode of Pd contacts was measured at about 3.5 X 107"
cc/erg, Tables I and II. These were obtained from measurements with
arcs of durations sufficient to allow erosion reversal. During the first
portion of each of these arcs, as much as 50 per cent of the total arc
duration, metal was transferred from the anode to the cathode at an
average rate of about 3 X 107" c¢/erg. The rate of cathode losst is prob-
ably as high as

(85 X 107 + 3 X 107™) = 6.5 X 107 cc/erg.

From Table IX, one may therefore conclude that for the latter stage or
cathode stage of the short arc in Pd, an upper limit of 10 per cent of the
total current is carried by positive tons.

In the section on measurements, it was noted that for the longer arcs,
initiated as air breakdowns, the erosion was consistently from the
cathode for all the metals which were investigated. These experiments
were performed in laboratory air at 500 volts and the corresponding
contact separation was about 3 X 10~° em. At the high value of pd or
Nd prevailing in the gap, the anode is, from the beginning, sufficiently
" * Reference 17, p. 419.

1 It is possible that this observed loss is not all due to surface evaporation but

may be partly due to some metal leaving the surface in the molten stage. The
calculated ratio j,/j_ is only, therefore, an upper limit.
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TasrLE IX — Rartio or EvaroraTioN Power To INnpuT POWER, AND
Rate or Pp Meran Loss ror A CaTnopE Arc AT DIFFERENT
VALurs oF ji/j— . CALCULATIONS ARE FOR I = 1.0 AmP.

A= Qo + N)/2 = 0.51 warr/cmn°C

Jl‘+/j__ . 0.04 0.06 0.08 0.10 0.20
== ’+]TF I= 2 17.7 13.5 11 6
+
]ﬁ = amp/cm? 9.5 X 109 8.3 X 10 7.6 X 108 7 X 108 | 6 X 10¢
I_VEILILW 0.028 0.044 0.060 0.076 0.15
nput power
Cathode loss, rate, 10~ | 2.4 3.9 5.4 6.8 13

cc/erg (based on 50 per
cent of total evap. rate)

shielded while the cathode is being continuously bombarded over a rela-
tively small area by high energy ions dropping through the cathode fall.
If np is a number of electrons leaving the cathode and @ is the total
collision cross-section, then the number of electrons n,; reaching the anode
without any collisions is given by:

na/no = exp (—NQ d) 9)

At 10 volts, Q for both O, and N is about 107 ¢m®® For atmospheric
air at 300°K and d = 3 X 10™° cm, (9) shows that practically no electron
will reach the anode without an elastic or inelastic collision. Those having
only elastic collisions will undergo little change in energy but will be
scattered to an anode spot larger than the cathode emitting spot. If one
assumes the inelastic collision cross-section to be 15-20 times less than
the total collision cross-section, less than 1-3 per cent of the electrons
will reach the anode with full energy. One concludes, therefore, that for
arcs initiated as gas breakdowns at small separations, erosion is generally
confined to the cathode, provided that the product Nd is high enough lo
provide sufficient anode shielding. These arcs initially run primarily in
the gas between the contacts until cathode evaporation occurs when
cathode vapor will contribute to the maintenance of the arc. The erosion
data for palladium in air given in Table IV do substantiate this by
showing an increase in the rate of cathode evaporation with increasing
arc duration. At 3.2 amps, the rate of erosion increases from 2.5 X 107"
ce/erg. for 35 X 107° sec ares, to 4.0 X 107 ce/erg. for 280 X 107° sec.
At 6.4 amp, it increases from 1.6 X 107" cc/erg. at 17.5 X 107° sec to
4.7 X 107" ce/erg. at 70 X 10~ sec..

For fully activated contacts of Pd and Ag, erosion was also obtained

25 R. B. Brode, Revs. Modern Phys., 5, p. 257, 1933.
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from the cathode. Since these experiments were performed at a vacuum
of 10 microns, anode shielding must have been provided by means other
than air between the contacts. Activated contacts are characterized by
the sooty products deposited on the contact surfaces, the lower fields
for arc initiation and the lower currents at which the arc can be main-
tained.®* The activation deposits are organic and have poor conduction
properties and probably low boiling temperatures. When the arc is
initiated, the anode surface will present, at least temporarily, the physical
properties of the deposit rather than those of the substrate. The anode
arc stage, discussed above, will therefore be maintained in vapor from
the anode deposit. Due to the low conductivity, boiling point and heat
evaporation of the deposit, the evaporation rate and the rate of growth
of the anode spot must be appreciably higher than for the clean metal.*
Furthermore, according to (5), the cathode deposit will boil more readily
and the transition to the cathode arc stage will occur sooner. Shielding
of the anode metal is provided, therefore, first by vapor from the anode
deposit and then by vapor from the cathode deposit which may finally be
mized with cathode metal vapor. Arc voltage transients across activated
contacts, reported by Germer and Smith,’ do substantiate this by show-
ing a gradual transition, within one are, from the higher arc voltage of
the activating substance,’ to the lower arc voltage of the contact metal.
Finally, the lower cathode erosion rates observed for activated contacts
are readily explainable as due to the arc energy expended in decomposing
and evaporating the organic deposits.

* This is substantiated by the observation that arcs between active contacts
can be maintained at much lower currents than for clean contacts. This indicates
that at these lower currents, corresponding to lower dissipated power, enough

vapor pressure was maintained between the contacts to provide the necessary
ionization.



Bell System Technical Papers Not
Published in This Journal

Acnensach, C. H.' (Retired)
Power Equipment for Telephone Central Offices, Telephony, 148,
Apr., 1955.

ANDERSON, P. W., see Weiss, M. T.

BagnaLn, V. B?
Operation Dew Line, J. Franklin Inst., 259, pp. 481490, June, 1955.

Baker, W. O., see Winslow, F. H.

Beck, A. C
Measurement Techniques for Multimode Waveguides, Proc. I.R.E.,
MTT-3, pp. 35-41, Apr., 1955.

Bewmskr, G.,' Nierensera, W. A.,° and Sruseg, H. B.°
Cosine Interaction in CsF and RbF, Phys. Rev., 98, pp. 470-473,
Apr., 1955.

Benes, V. E!
On the Consistency of an Axiom of Enumerability, J. Symbolic Logic,
20, p. 29, Mar., 1955.

Best, F. S., see Harrower, G. A.
Brrrrich, G., see Compton K. G.

BogGErr, B. P1
Sterophonic Sound Reproduction Enhancement Utilizing the Haas
Effect, S.M.P.T.E., 64, pp. 308-309, June, 1955.

BoorsEg, H. A., see Smith, B.

BoyLe, W. 8.
Self- Propagatmg Intermittent Discharge, J. Appl. Phys., 26, pp.
584-586, May, 1955.
1 Bell Telephone Laboratories, Inc.

3 Western Electric Company, Inc.
¢ University of California.

1103



1104 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1953

Boyie, W. 8.! and Germer, L. H.!
Arcing at Electrical Contacts on Closure. Part VI— The Anode
Mechanism of Extremely Short Arcs, J. Appl. Phys., 26, pp. 571-574,
May, 1955.

Bovie, W. 8., Kisuiuk, P.,' and GerMer, L. H.!
Electrical Breakdown in High Vacuum, J. Appl. Phys., 26, pp. 720—
725, June, 1955.

Brown, S. C., See Rose, D. J.
BueHLER, E., see Tanenbaum, M.
Burns, F. P.)' and QuiMay, S. L.}

Ordering Processes in CuzAu, Phys. Rev., 97, pp. 1567-1575, Mar.
15, 1955.

CetTLIN, B. B., see Geller, S.

Comrron, K. G.,' Enruaror, R. A.' and Brrrricn, G.!
Brass Plating, J. Am. Electroplaters Soc., 41, pp. 1431-1439, Dec.,
1954.

DARLINGTON, S.'
An Introduction to Time-Variable Networks, Proc. of Symposium on
Circuit Analysis, pp. 5-1 to 5-25, May, 1955.

Enruaror, R. A., see Compton, K. G.

FeHer, G.,' and Kip, A. F.°
Electron Spin Resonance Absorption in Metals. Part 1-— Experi-
mental, Phys. Rev., 98, pp. 337-348, Apr. 15, 1955.

Fercn, E. P! and Israern, J. O
A Simple Circuit for Frequency Standards Employing Overtone
Crystals, Proc. 1.R.E., 43, pp. 596602, May, 1955.

Trsuer, J. R.,' and Porrer, J. F.!
Significant Factors Affecting the Physical Structure of Dry Pressed
Steatite, Am. Ceramic Soc. Bull., 34, pp. 177-181, June, 1955.

Frost, H. B!
Cathode Interference Impedance Desimplified, Trans. P.G.R.Q.C.
5, pp. 27-33, Apr., 1955.

1 Bell Telephone Laboratories, Inc.
6 University of California.



TECHNICAL PAPERS 1105

Gesartg, T. H.,' and HuLr, G. W.!
The Seebeck Effect in Silicon, Phys. Rev., 98, pp. 940-947, May 15,
1955.

GELLER, S.,' and Ceruiy, B. B.!
The Crystal Structure of HhSe,, Acta Crys., 8, pp. 272-274, May,
1955.

GELLER, S.," and Scuawrow, A. L.!
Crystal Structure and Quadrupole Coupling of Cyanogen Bromide,
BrCN, J. Chem. Phys., 23, pp. 779-783, May, 1955.

GELLER, S.!
Crystal Structure of RhTe and RhTe;, Am. Chem. Soc. J., 77, pp.
26412644, May 5, 1955.

GERMER, L. H., see Boyle, W. C.
Hannay, N. B., see Tanenbaum, M.

HarrOWER, G. A.,' Best, F. S.)' and Macuarerr, A, A
Coaxial Electrical Connection Into Vacuum, Rev. Sci. Instr., 26, p.
404, Apr., 1955.

HuexreicH, R. D.
Thermionic Emission Microscopy of Metals. Part I— General,
J. Appl. Phys., 26, pp. 757-765, June, 1955.

HocHGRAF, LESTER,' and WarLiNg, R. G.*
Telephone Lines for Rural Subscriber, A LE.E. Commun. and Elec-
tronics, 18, pp. 171-176, May, 1955.

Honn, F.!
First Conference on Training Personnel for the Computing Machine
Field, Am. Math. Monthly, 62, pp. 8-15, Jan., 1955.

Houpen, A. N.,' MarThias, B. T.,;) Merz, W. J.,' and ReMEIKA, J. P}
New Class of Ferroelectrics, Phys. Rev., Letter to the Editor, 98,
p. 546, Apr. 15, 1955. ‘

Hootox, J. A.,' and Mgrz, W. J.!
Etch Patterns and Ferroelectric Domains in BaTiO; Single Crystals,
Phys. Rev., 98, pp. 409-413, Apr. 15, 1955.

t Bell Telephone Laboratories, Inec.



1106 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1955

Huir, G. W, see Geballe, T. H.

Hurson, A. R
Velocity Analysis of Thermionic Emission from Single-Crystal Tungs-
ten, Phys. Rev., 98, pp. 889-901, May 15, 1955.

IsrAEL, J. O., see Felch, E. P.

KarNavea, M.
Pulse-Switching Circuits Using Magnetic Cores, Proc. I.R.E., 43,
570-583, May, 1955.

KeyweLy, F.!
Measurements and Collision — Radiation Damage Theory of High-
Vacuum Sputtering, Phys. Rev., 97, pp. 1611-1619, Mar. 15, 1955.

Krp, A. F., see Feher, G.
Kisuiuk, P., see Boyle, W. S.

Konn, W.,” and LurTiNGER, J. M.°
Theory of Donor Levels in Silicon, Phys. Rev., Letter to the Editor,
97, p. 1721, Mar. 15, 1955.

Konn, W.,” and LuTTiNGER, J. M.°
Theory of Donor States in Silicon, Phys. Rev., 98, pp. 915-922, May
15, 1955.

LurTINGER, J. M., see Kohn, W.
MAcCHALETT, A. A., see Harrower, G. A.

MavTHANER, W. A.," and Vavenan, H. B
Control Features of Magnetic-Drum Telephone Office, I.R.E. Trans.
P.G.E.C., 4, 21-26, Mar., 1955.

Mason, W. P.!
Dislocation Relaxations at Low Temperatures and the Determination
of the Limiting Shearing Stress of a Metal, Letter to the Editor, Phys.
Rev., 98, pp. 1136-1138, May 15, 1955.

1 Bell Telephone Laboratories, Inc.
7 Carnegie Institute of Technology.
8 Univesity of Michigan.



TECHNICAL PAPERS 1107

MaTreYEK, W., see Winslow, I, H.
Parg, N. R., see Winslow, I, H.
MartaIAS, B. T.) see Holden, A. N.

McSkmvn, H. J.!
Measurement of the Elastic Constants of Single Crystal Cobalt, J.
Appl. Phys., 26, pp. 406409, Apr., 1955.

Mgrz, W. J., see Holden, A. N.
Megrz, W. J.,, see Hooton, J. A.

Morrison, J.,' and ZrrrerstroM, R. B.'
Barium Getters in Carbon Monoxide, J. Appl. Phys., 26, pp. 437-442,
Apr., 1955.

Newnousg, R. C.!
Feedback Relations in Military Weapon Systems, I.R.E. Trans.
P.G.ANN.E.-1, 3, pp. 2427, Sept., 1954.

NiereNBERG, W. A., see Bemski, G.

Prann, W. G.!
Continuous Multistage Separation by Zone-Melting, J. Metals, 7,
pp. 297-303 (Part 2), Feb., 1955.

Pierce, J. R.!
Interaction of Moving Charges with Wave Circuits, J. Appl. Phys.,
26, pp. 627-638, May, 1955.

Porrer, J. ., see Fisher, J. R.
Prixcg, M. B.!
Silicon Solar Energy Cells, J. Appl. Phys., 26, pp. 534-540, May, 1955.
QuimBy, S. L., see Burns, F. P.
REMEIKA, J. P.,. see Holden, A. N.

RoserTSON, S. D.!
The Ultra-Bandwidth Finline Coupler, Proc. I.R.E., 43, pp. 739-741,
June, 1955.

1 Bell Telephone Laboratories, Inc.



1108 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1955

Rose, D. J.,' and Brown, S. C.*
High-Frequency Gas Discharge Plasma in Hydrogen, Phys. Rev., 98,
pp. 310-316, Apr. 15, 1955.

Scaawrow, A. L., see Geller, S.
S1LsBEE, H. B., see Bemski, G.
Smrtw, B.,' and Boorsg, H. A.°

Helium II Film Transport. Part I — The Role of Substrate, Phys.
Rev., 98, pp. 328-336, Apr. 15, 1955.

TanenBaum, M.,' Varpes, L. B.,' BuenLer, E.,' and Haxnay, N. B!
Silicon n-p-n Grown Junction Transistors, J. Appl. Phys., 26, pp.
686-692, June, 1955.

Tuxey, J. W.!
Unsolved Problems of Experimental Statistics, Am. Stat. Assoc. J.,
49, pp. 706-731, Dec., 1954.

TurNER, E. C.° (Retired)
Rural Telephone Growth Forecasting, Telephony, 148, Apr., 1955.

Vaupes, L. B., see Tanenbaum, M.

Van RoosBrorck, W.!
Injected Current Carrier Transport in a Semi-Infinite Semiconductor
and the Determination of Lifetimes and Surface Recombination
Velocities, J. Appl. Phys., 26, pp. 380-391, Apr., 1955.

Vavcuan, H. E., see Malthaner, W. A.
WatLing, R. G., see Hochgraf, Lester

Weiss, M. T.,' and AnpErson, P. W.!
Ferromagnetic Resonance in Ferroxdure, Phys. Rev., 98, pp. 925-
926, May 15, 1955.

Winsrow, F. H.)' Baker, W. O.,' Parg, N. R.,' and MATREYEK, W.!
Formation and Properties of Polymer Carbon, J. Poly. Sci., 16, pp.
101-120, Apr., 1955.

ZerreErsTroM, R. B., see Morrison, J.

1 Bell Telephone Laboratories, Inc.

4 Massachusetts Institute of Technology.
5 Barnard College, Columbia University.
* New York Telephone Company.



Recent Monographs of Bell System Technical
Papers Not Published in This Journal®

ANDERSON, R. E. D.

Magnetically Regulated Battery Charger, Monograph 2360.
Baxker, W. O, see Winslow, F. H.
BexneTT, W. R. A

Transmission Through Periodically Operated Switches, Monograph
2402.

Briaas, H. B., and FrLercuER, R. C.
Absorption of Infrared Light by Free Carrier in Germanium, Mono-
graph 2308.

Burron, J. A.
Impurity Centers in Ge and Si, Monograph 2449,

CuTLER, C. C.
The Regenerative Pulse Generator, Monograph 2385.

DewaLp, J. F.
The Kinetics of Formation of Anode Films, Monograph 2361.

Fing, M. E., and Kexney, N. T.
Low Temperature Acoustic Relaxation in Ni-Fe Ferrites, Monograph
2356.

FrLeTcHER, R. C., see Briggs, H. B.

GELLER, S., MarTHIAS, B. T., and GoLpsTEIN, R.
Some New Intermetallic Compounds with the “38-Wolfram” Structure,
Monograph 2377.

Girman, G. W., see Kelly, M. J.

GoLpsTEIN, R., see Geller, S.

GREINER, E. S.
Plastic Deformation of Germanium and Silicon by Torsion, Mono-
graph 2362.

* Copies of these monographs may be obtained on request to the Publication
Department, Bell Telephone Laboratories, Inc., 463 West Street, New York 14,
N. Y. The numbers of the monographs should be given in all requests.

1109



1110 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1955

Hausey, R. J., see Kelly, M. J.

Hamivton, B. H.
Semiconductor Devices in Regulated Metallic Rectifiers, Monograph
2359,

HemeNreicH, ROBERT
Transition Structure, Monograph 2374,
Herring, C., see Pearson, G. L.
Inskip, L. S., and Warson, H. W.
Grounding of Portable Electric Equipment, Monograph 2396.

Karnavei, M.
Pulse-Switching Circuits Using Magnetic Cores, Monograph 2407.

KeLLy, M. J., RapLey, Sir Gorpon, Gruman, G. W, and Hausey, R. J.
A Translantic Telephone Cable, Monograph 2434.
Kenney, N. T, see Fine, M. E.
Konn, W., and Lurringer, J. M.
Hyperfine Splitting of Donor States in Silicon, Monograph 2399.
Kounn, W., see Luttinger, J. M.
Loursery, W. H., and Pierce, J. R.
Power Flow in Electron Beam Devices, Monograph 2422,

Lurringer, J. M., and Koun, W.
Motion of Electrons and Holes in Perturbed Periodic Fields, Mono-
graph 2400.

LurTINGER, J. M., see Kohn, W.

MacnEeg, A. B., see Talpey, T. E.

MarTaANER, W. A., and VaucHAN, H. E.
Control Features of a Magnetic-Drum Telephone Office, Monograph
2423.

Mason, W. P.
Aging of Properties of Ferroelectric Ceramics, Monograph 2367.
MartreYEK, W., see Winslow, F. H.

MarrHIAS, B. T.
Superconductivity and Valence Electrons Per Atom, Monograph 2358.



MONOGRAPHS 1111

Marrnras, B, T., see Geller, S.

McSkman, H. J.
Transducer Design for Ultrasonic Delay Lines, Monograph 2397.

Parg, N. R., see Winslow, . H.

Prarson, G. L., and Herring, C.
Magneto-Resistance Effect and Band Structure of Silicon, Mono-
graph 2415.

Prann, W. G.
Continuous Multistage Separation by Zone-Melting, Monograph
2388.

PiercE, J. R.
General Sources of Noise in Vacuum Tubes, Monograph 2380.

Prercg, J. R., see Louisell, W. H.
RapLEY, SIR GORDON, see Kelly, M. J.

Reap, W. T, Jr.
Theory of Dislocations in Semiconductors, Monograph 2435.

SmrtH, D. H.
Silicon Alloy Junction Diode as a Reference Standard, Monograph
2364,

Tavrey, T. E., and MacnEE, A. B.
Uncorrelated Component of Induced Grid Noise, Monograph 2436.

VAN RoosBROECK, W.
Injected Current Carriers in a Semiconductor, Monograph 2411.
VaugHaN, H. E., see Malthaner, W. A.

Vonx Oursen, L. H.
Small Signal Performance of the 416B Planar Triode, Monograph
2381.

Warson, H. W, see Inskip, L. S.

Winsrow, F. H., Baker, W. O., Parg, N. R., and MATREYEK, W.
Formation and Properties of Polymer Carbon, Monograph 2403.



Contributors to This Issue

M. M. Ararwa, B.S., Cairo University, 1945; M.S., Purdue Univer-
sity, 1947; Ph.D., Purdue University, 1949; Studies at Purdue under-
taken as the result of a scholarship from Cairo University for four years
of graduate work. Bell Telephone Laboratories, 1950-. For the past
three years he has been a member of the Switching Apparatus Develop-
ment Department, in which he is supervising a group doing fundamental
research work on contact physics and engineering. Current projects in-
clude fundamental studies of gas discharge phenomena between con-
tacts, their mechanisms, and their physical effects on contact behavior;
also fundamental studies of contact opens and resistance. He is a member
of Sigma Xi, Sigma Pi Sigma, Pi Tau Sigma, the American Physical
Society, and an associate member of the A.S.M.E.

KennerH JosEPH Busch, B.S. in electrical engineering, Lehigh Uni-
versity, 1951. He joined Bell Telephone Laboratories as a member of
technical staff the same year. He has worked in the transmission trans-
former group, principally on high voltage pulse transformers and mag-
netic pulse modulators. Mr. Busch is a member of the Institute of Radio
Engineers, Tau Beta Pi and Eta Xappa Nu.

J. JamEs EBERs, B.S., Antioch College, 1946; M.S., Ph.D., Ohio State
University, 1947, 1950. Bell Telephone Laboratories, 1951—. Prior to
joining the Laboratories, Dr. Ebers served as an Instructor in Electrical
Engineering at Ohio State University from 1947 to 1950, and as As-
sistant Professor from 1950 to 1951. He worked as a Research Foundation
Assistant and Associate at Ohio State University from 1946 to 1951. His
early work at the Laboratories was concerned with the development of
transistors for switching applications, and for the past 214 years he has
been concerned with the development of the alloyed junction transistor.
Member of the American Physical Society, Eta Kappa Nu, and Sigma
Xi. Member of the I.R.E. and past chairman of its task force to stand-
ardize methods of tests for transistors in switching applications.

AnprEw D. Haswuey, B.S. in E.E., University of Michigan, 1930; Bell
Telephone Laboratories, 1930—. His early work was concerned with the

1112



CONTRIBUTORS TO THIS ISSUE 1113

design and development of transformers for use in telephone carrier
systems. During World War II, he was engaged in the design and
development of high-voltage pulse transformers for radar systems. Since
January, 1945, he has been a supervisor of the pulse transformer group.
Member of Tau Beta Pi and the Special Quality Transformer and
Reactor Committee of the Radio Electronics and Television Manu-
facturers Association, 1950 to present. Senior member of the I.R.E.

WarreN P. Mason, B.S. in E.E., University of Kansas, 1921; M.A.
and Ph.D. in Physies, Columbia University, 1925 and 1928. He joined
the Engineering Department of Western Electric in 1921 before it was
succeeded by Bell Telephone Laboratories. His first four years of work
were spent in investigations of carrier-transmission systems. Since then
he has been involved in investigation of wave transmission networks,
both electrical and mechanical, in piezo-electric crystal research, and in
the study of the mechanical properties of liquids and solids. At present
he heads a subdepartment in the Mathematical Research Department
concerned with Mechanics Research. President Acoustical Society of
America. Fellow of the Institute of Radio Engineers and the American
Physical Society.

GroragE H. MraLy, A.B., Harvard College, 1951. Mr. Mealy joined
Bell Telephone Laboratories in 1951. A member of the Switching
Development Department, Mr. Mealy at present heads a group con-
cerned with Fundamental Design Techniques. From 1946 to 1948 he was
an electronics technician in the Navy. In 1954, Mr. Mealy taught courses
in switching theory and digital computers at the College of the City of
New York. Member of the Association for Computing Machinery and
the Association for Symbolic Logic, and associate member of the In-
stitute of Radio Engineers.

S. L. M1LLER, B.S., Webb Institute of Naval Architecture, 1944; ML.A.
in Physics, Columbia University, 1949; Ph.D. in Physics, Columbia
University, 1952; taught at City College of New York, 1948-1950;
Bell Telephone Laboratories, 1952—. Since he has been at the Labora-
tories Dr. Miller has been engaged in exploratory development work on
transistors. He is a member of the American Physical Society and
Sigma Xi.

Dr. Carn Nurrzerr received his B.S. in E.E. in 1928 and his M.A.
in Mathematics in 1929 from the University of Missouri. His Se.D. in
E.E. was obtained from the Massachusetts Institute of Technology in



1114 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1955

1936 and an honorary degree of Master of Engineering from the Stevens
Institute in the Fall of 1954. He was a teaching assistant, research
assistant and instructor at M.I.T. during the period 1929 to 1940 and
Assistant Professor, Associate Professor and Professor at Stevens from
1940 to 1955. While at Stevens he did electronic consulting work for
the New Jersey State Police (1941 and 1942) and General Time Cor-
poration Research Laboratory (1945 to 1955). Since June, 1955, he has
been a full-time research engineer at the General Time Corporation
Research Laboratory. He has published two papers, The Measurement
of Small Alternating Voltages at Audio Frequencies (Co-author with
E. A. Johnson) R.S.1., Vol. 5, May, 1934, and Thermal Agitation Voltages
in Resistors, Physics, Vol. 5, October, 1934. His doctor’s thesis was
entitled, The Synthesis of a Two-Terminal, Non-Dissipative Network for
a Finite Band of Frequencies. Dr. Neitzert is a member of the I.LR.E.
Symbols Committee (1946 to date), and was a member of the I.R.E.
Circuits Committee (1945 to 1947). In addition to his membership in
I.R.E., he is a member of A.I.E.E., Sigma Xi, Tau Beta Pi, Eta Kappa
Nu and Pi Mu Epsilon. o

S. A. ScuerkuNorr, B.A. and M.A., State College of Washington,
1923; Ph.D., Columbia University, 1928. Western Electric Company,
1923-25; Bell Telephone Laboratories, 1925-26. The State College of
Washington faculty, 1926-29. Bell Telephone Laboratories, 1929-. In
the early thirties, Mr. Schelkunoff embarked on a continuing study of
electromagnetic theory. This included early research in the transmission
properties of coaxial lines. For many years he has worked on the theory
of wave guides for transmitting microwaves and on theories of various
antennas for radio communication. During World War II Mr. Schel-
kunoff served as a consultant on wave propagation to the National
Defense Research Committee and the Navy. Other problems which have
engaged Mr. Schelkunoff’s attention have concerned resonators, atten-
uators, radiating horns, artificial grounds and similar aspects of electro-
magnetic theory. He holds a number of patents on wave guides,' antennas
and resonators. He is the author of three books, co-author of a fourth
and the author of numerous technical papers and articles. Awarded the
Morris Liebmann Memorial Prize by the Institute of Radio Engineers
in 1942 and the Stuart Ballantine Medal by the Franklin Institute in
1949. Fellow of the Institute of Radio Engineers, Fellow of the American
Institute of Electrical Engineers, Fellow of The Association for the Ad-
vancement of Science. Also member of the American Mathematical So-
ciety, and the Mathematical Association of America.



