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of Plate A. All voltages were measured by superimposing a transparent
copy of this grid on the CRO pattern. The distances were measured to
#+0.01 inch on a three time enlargement which corresponds to =3 volts
or 1 per cent of full scale. Since there is an error of positioning of about the
same amount the combined error is about =5 volts. Variations less than
this are of no significance. The six degrec rotation of CRO-2 grid is a
mechanical condition. For both CRO’s the coordinate axes are perpen-
dicular within experimental error. Also, the zero voltage line (horiz.)
has a burned spot on the phosphor providing a fiducial point for zero con-
tact voltage.

F. Effects After 2T Time

The two oscilloscopes at first see the same events displaced in time
by the delay interval 7. For times greater than 27, this simple condition
is no longer true and CRO-1 and CRO-2 may give results that are
seemingly quite contradictory. The behavior of the two scopes may be
reconciled and understood, however, in terms of the reflections which
take place both at the end of the line and at the contact gap. The CRO-2
originates no large reflections and gives a fairly true picture of the
behavior of the switch from 0 to 27". The CRO-1 is located next to the
contact but the voltage it measures after 27 ns depends on the state of
the contact gap at the moment the reflected wave returns. If the gap is
closed to zero resistance, the reflected wave is merely recorded and goes
on past both CRO-1 and CRO-2 to be absorbed in the termination at
the end of L; . If the gap is open, or has a discharge (arc or glow) of some
kind, the instantaneous resistance of the gap or discharge is added into
the circuit and the contact gap becomes a discontinuity in the line
causing the first reflected voltage to be partially transmitted through the
switch and partially reflected. The amount and sign of the new voltages
are determined by the ratio of gap resistance to the cable impedance.
Thus from a detailed comparison of the reflected and transmitted voltage
waves as measured by the two CRO tubes one can study the impedance
of the arc and glow discharges still present at 27 time. This is a major
contribution of this dual CRO and coaxial cable technique; however,
application of it to specific cases is very complicated and is not discussed
further.

IV. EXPERIMENTAL RESULTS ON SWITCHES

With the CRO circuit designs as shown in Figs. 7(b) and 9(b) (see
Appendix C for discussion), the study of various switches was under-
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Fig. 9 — Horizontal deflection plate circuits for CRO-2.

taken. Some typical data on a few switches (listed in Table I) are pre-
sented to indicate the power of the measuring system to reveal the fine
structure in typical discharges; and to illustrate a few typical phenomena
associated with the closure transition. All the switches are of the glass
enclosed reed type — differences being ascribed primarily to filling the
tube with different gases. The surface of the contact area of the reeds is
plated with 0.0001” of gold which is diffused into the base metal (either
No. 52 alloy™* or 45 perminvar{) by heat treating in hydrogen for a con-

TasLe I
Switch 4 c K E
Metal..........| Perminvar | 52 Alloy | Perminvar Perminvar
Gas............| 979N Air Helium Hydrogen
3% H.

MBV* Volts. . ... 240 327 210 292
Pressure ATM. . . 1.7 1 1 1
Comment on be- | Very fast, | Slow, ir- | High voltage | High voltage glows,

havior charac- uniform regular glowst fre- metallic  closure

ter of switch quent at low voltage

* The minimum breakdown voltage (MBV). All values of MBV are from Meek
and Crags Electrical Breakdown of Gases.

1 The terms arc and glow are used to refer to discharges with voltage charac-
teristics in the range usually encountered with discharges with similar names but
taking place between fixed clectrodes. The end of the arc can be identified by a
distinet step in voltage.

* Driver Harris alloy of 50 to 51 per cent Ni balance Fe used to seal to Corning
0120 glass. Resistivity 43.2 microhm ¢m M.P. 1425°C. Thermal conductivity —183
watts/cm/°C; TS 70,000 to 15,000 p.s.i. sp.g. 8.247; coefficient of expansion at 20°
to 100°C, 9.3 X 1076,

t Elmen, G. W., Perminvar — Alloy of 45%, Nickel 259, Cobalt 30% Iron,
Ilec. Eng., 54, pp. 1292-9, 1935.
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trolled time and temperature. The reed assemblies are sealed in glass
and the switches filled after only a short exnosure to air.

The switches were tested under th- f-ur battery voltage conditions
given in Table II with the corresponding values of current and peak
power which are dissipated in the contact when it matches the combined
cable impedances = 150 ohms.

Discussion of the Dala

Table IIT shows some typical data obtained for the four different
swiiches with a battery voltage of 278 volts, which condition brings out
the greatest contrast in behavior. Table IV shows the behavior of one
switch at four different battery voltages. In addition to the Tables, the
following discussion is a brief resume of the effects observed for closing
contacts.

(1) At low voltages (48 volts) the data shows extremes of behavior
ranging from closure (to metallic contact) in one ns or less with no trace

TasLe 11
Battery E.M.F., volts Max. contact current, amperes | Max. power (P), dissipated watts
48 ‘ 0.32 3.84
92 0.615 14.0
190 1.26 60.0
278 1.86 129.0

of an arc for the hydrogen switch, to the rather long drawn-out changes in
voltage drop of the air filled switch taking almost 14 microsecond to go
from 48 volts to zero.

(2) Other phenomena encountered were: (a) metallic closures with no
arcing (Plate C, No. 851), (b) closures to the 14 volts “short arc”
followed by metallic closure (Plate B, No. 698), and (¢) metallic closure
first (Plate C, No. 857), followed by arcing at 14 volts.

(3) In general as the battery voltage is increased the frequency of
closures without arcing decreases and the number of arcs and their dura-
tion time increases. There are many rapid closures to the 13- to 14-volt
arc condition which is substantially constant for its duration which may
range from about 10 ns to over several hundred. It should be pointed out
that the voltage across the contact is ultimately removed by the reflected
wave, The initial drop to the 14 volts are (Plate B, No. 698) may take
place in a time less than the resolution of the scope which is about 14 ns.

(4) The initial rapid drop in voltage may not proceed directly to the
14-volt level at the higher battery voltages. The end of the rapid drop
which takes from 1.5 to 2.5 ns may be in the neighborhood of 40 to 60
volts depending on the switch. After this, the voltage tapers off at a rate
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TABLE ITI — CoMPARISON OF SWITCHES AT 278 Vorrs, MaX. CURRENT
1.86 Amps. Errect oF DIFFerRENT GaseEs witH ONE CoNTACT METAL
AT ONE VOLTAGE

Switch A Switch C | Switch K Switch E
Gas. .. ... i 97%N- + 3%H. Air Helium | Hydrogen
Voltage of first glow (volts)... —_ — 220* 242
Current in glow at end (amps) — — 0.39 0.24
Power in glow at end (watts) — — 85 58
Approx. duration of first glow
DS) o vt et — — 250 200
Voltage at end of second glow
(volts) . ...l — — 206 —
Current at end of second glow
(amps) . ... — — 0.48 —
Power at end of second glow
(watts).......... ... — — 99 —
Recovery of voltage to (volts). — — 262 278
Current at recovery (amps)... — — 0.100 0
Power at end of recovery
(watts)..................... — — 26 0
Voltage at beginning of are
(voIts)t. ..o 631 150§ | 137| 1029
Current in arc at start (amps). 1.43 0.85 0.94 1.17
Power in arc at beginning
(watts)..................... 90.5 128 129 120
Voltage at arc at 200 ns (volts) 24 20 120 56
Current in are at 200 ns (amps) 1.70 1.72 1.05 1.47
Power in arc at end of 200 ns
(watts) ... 41 34.5 126 82
Energy expended in 200 ns in
.......................... 13,000 16,200 | 15,500 20,200
Voltage at beginning of alter-
nate are (volts) (B7 BL17).. — 62§ 601 53|
Current at beginning of alter-
nate arc (amps) . ........... — 1.44 1.45 1.50
Power at beginning of alter-
nate arc (watts) . — 89 87 80
Voltage after 200 ns (volts) — 10 20 15
Current after 200 ns (amps) . — 1.72 1.72 1.75
Power after 200 ns (watts).... — 34.5 34.5 26
Energy expended in 200 ns in .
0N N — 12,000 | 12,000 10,600

* Plate D, Nos. 129 and 432 — also compare with the MBV values of Table I.

t These are new results — compare with the usually accepted values of the
order of 14 volts and 0.5 ampere for the short arc.

1 Plate B, No. 594.

§ Plate C, No. 945.

|| Plate D No. 129.

€[ Plate D No. 432.

which is approximately a straight line on the work diagram (CRO-2)
ultimately ending in the 14-volt region before extinction, either by me-
tallic closure, or by the arrival of the reflection from the end of Ly .

(5) The discharge may often persist for a time interval greater than 27'.
In this case the energy represented by the above straight sloping line in
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this time interval may be calculated easily without integration. The
height of the line represents the instantaneous power at this point so the
average power is estimated by calculating the power in watts at the
beginning of the straight line and again at the end of the 200 ns interval
and multiplying the sum by 100. The result is the energy in nanojoules
for the 200 ns time interval. These are the values given in Tables III
and IV, -

(6) Comparison of the photograph (Plate B, No. 594 is typical)
shows the high initial voltage drop to take a time of about 2.5 ns which
is a significant time interval and within the resolution of the scope. The
energy associated with this process is about 270 nj. This represents the
energy requires to initiate the arc process assuming the line gradually
sloping from 60 to 14 volts represents an arc.

(7) At the highest voltage used (278) the greatest difference between
the switches is revealed. The switch filled with hydrogen (Plate D, No.
432), reveals a pre-arc discharge at 242 volts which may be presumed an
“abnormal glow”’. The transition to this voltage takes place at a much
slower rate than the transition to an arc. Once formed it may persist or
dwell for a considerable interval of time; often sufficient that interaction
occurs between the glow and the voltages reflected from the end of the
line. This may produce apparent inconsistencies between the patterns
displayed by CRO-1 and CRO-2 as shown in Plate D, No. 432, and
render interpretation of the patterns complicated.

The helium switch yielded a two stage glow ending at 206 volts Plate
D, No. 129, while the forming gas and air switches proceeded directly
to the “arc” without a glow condition. The glow condition did not take
place every operation but was present for about 14 the number of opera-

TaBLE IV — BenAvIOR oF ONE Gas (FormiNg Gas) anD ONE METAL
AT VARIOUS VOLTAGES

Voltages -
Behavior of One Switch (A)

48 92 (190V)  (278V)
Max. closed cir. current (amps)................. 0.32 | 0.61| 1.26 | 1.86
Voltage at end of sudden drop (volts). 14 14 35 63
Current in arc at same point (amps) . . 0.22 | 0.52| 1.03 | 1.43
Power in arc at same point (watts). .. | 3.2 7.3 | 36 90.5
Voltage at last stage of arc (volts).... |14 14 14 14
Current at last stage of arc (amps). .. 0.22 ) 0.52 | 1.17 | 1.76
Arc voltage at 200 ns (volts).......... = 14 14 24
Are current at 200 ns (amps).................... —_ 0.52 1 1.18| 1.70
Power in arc at 200 ns (watts) .. ................ — 7.3 16.5 | 40.5
Time required for sudden drop (ns)............| — 1 1.5 2.5




Ve = 278 volts — long arc — 20 volts 1.72 amps at 200 ns. Initial voltage 150 cur-
rent initial .86 amperes. Note voltage plateaus at approximately 150, 104, 80 and
70 volts shown on both CRO-1 and CRO-2.

ALz = 5 ns — zero voltage base line superimposed for checking.

Ve = 190 — slow drop to 40V arc 0 — calibration line

8

Ve = 92 — fast drop to zero followed by 13 volt arc and closure. Switch I.

Ve = 92 — straight closure without arcing in 10~? sec.
Plate C — Upper half, data on switch C (Air). Lower half, data on switch E (H.,).
1216
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Ve = 278. Slow glow type drop of 58 volts, dwell, further slow fall of 14 volts,

dwell, slow recovery of 56 volts, dwell, rapid fall of 125 volts slow are fall of 17

\Srolts,heventual arc extinction at about 1000 ns. Typical pattern of this switch.
witch K.

Vs = 2718 — Slow drop to glow at 242 volts — reflection of glow mixed with glow-
dwell — fast drop of 176 volts to long are final extinction. Switch E.

Vg = 278 — Two stage glow 255 and 248 volts — reflection coincident with second
stage glow and reflection and ultra long are with reflections. Switch I.

Plate D — Glow and arc discharges with reflection interference.
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tions for the helium switch and most of the time for the hydrogen. The
remainder of the operations resembled the discharge with forming gas.

(8) The air filled switch gave a fairly smooth and slow transition
Plate C, Nos. 945 and 103, from the open condition to the usual arc
voltages. Often the nature of the discharge changes from the slow type
illustrated in Plate C, Nos. 945 and 103, to the fast type of Plate B,
Nos. 594 and 698. Whether the switch is “activated” or not there is more
than one discharge process.

(9) Another phenomenon of significance revealed by CRO-2 is the
variable flow of charge in the glow discharge, and in the glow to arc
transition. Sometimes the current is interrupted (no horizontal motion of
CRO-2) followed by prebreakdown currents at roughly constant voltage
(horizontal motion only) terminated by an arc. Examples are shown in
Plate D, Nos. 129, 432, and 437. A possible explanation is that the dis-
charge shifts from one surface irregularity to another but must start
the breakdown process afresh.

These examples also illustrate the complication in the CRO patterns
due to the discharges enduring for time intervals longer than 27 ns as
described previously. It must be remembered CRO-1 has only two fixed
references lines — the O line and the R line. The intermediate points
are the resultant of the original and the reflected waves. °

CONCLUSION

This circuit, and its oscilloscopic accessories, is shown to be a powerful
tool for exploring contact phenomena both (1) under the ideal condition
of an essentially resistive circuit where the interest is in study of the
contact unmodified by frequency selective circuit elements and (2) under
circuit conditions with frequency selective elements with reflections and
other transmission phenomena. In the first condition, it is easy to relate
the oscilloscope patterns to fundamental ‘quantities. With the second
condition interpretation of the patterns requires considerable detailed
study. If the contact is not closed at the time the reflected wave arrives,
the contact becomes the source for a new reflection and also may permit
transmission in the forward direction. The study of such data should
yield useful information as to the nature of the discharge process as well
as information of a circuit engineering character.

The minimum of data presented here for illustration of the technique
is the beginning of a collection which must be taken into account in any
theories of contact behavior.

The author acknowledges his indebtedness to many individuals for
help in the course of this development and in particular to S. O. Rice
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and associates for assistance with the mathematical and transmission
aspects of the problem. E. F. Thunder also gave valuable assistance in
operation of the oscilloscope and made numerous improvements in its
design.

APPENDIX A — DESCRIPTION OF OSCILLOSCOPE

Two Dumont K1068 oscilloscope tubes with metallized P11 screens
were used in this work. The tubes are the post deflection acceleration
type, with 4,000 volts (electron gun negative) used for the normal ac-
celeration of the electron beam before entering the (ground Potential)
deflection plate region plus 25,000 volts after leaving it. The deflection
plates of these tubes give about equal beam deflections (Plate A) in either
horizontal or vertical planes and the horizontal and vertical plates are
shielded from each other. The connection to the deflection plates and
shield are brought out directly through short leads to glove fastener ter-
minals fused into the glass walls of the narrow neck of the tube.

The two tubes are mounted side by side about 6 inches between cen-
ters. Fig. 2 shows a schematic diagram of the relation between the tube
face, the camera, and the counter.

The high voltages required by the post accelerator rings are supplied
from a shielded potential divider with short connections to the ter-
minals of the post deflection accelerator rings on the tube. Corona was
suppressed by waxing over the connections from wires to tubes.

A separate shielded insulated grid to cathode battery for each CRO
tube which could be varied in 1}4-volt steps was found essential for
stability.

The over-all design of the system enabled the two scopes to operate
with satisfactory stability at the maximum beam intensity or whatever
value was found desirable for the conditions at hand.

Sequence of Events in Oscilloscope and Relay Control Circuits (Fig. 1)

The closure of the hand operated control switch (or manual start
switch) opens the camera shutters which remain open for a time interval
(2-5 milliseconds) and then automatically close, after which time the
counters step on to the next number. The same manual control contact
operates a truly chatterless contact on a mercury contact relay* which
in turn connects the operating winding of the relay under test to a local
battery. The closure of the mercury contact also causes a flip-flop circuit

* Brown, J. T. L., and Pollard, C. E., Recent Developments in Relays — Mer-
cury Contact Relays, Elec. Eng., pp. 1106-1109, Nov. 17, 1947.
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to start measuring off an appropriate delay interval, (operate delay time
of the test switch is about 1 millisecond) after which a second flip-flop
circuit turns on the beam current of the oscilloscope, then turns it off a
few microseconds later to prevent screen damage. The delay of the delay
flip-flop* is adjustable only in steps so that a continuously variable delay
network is also necessary so that the contact of the test relay may be
adjusted to close during the time interval the cscilloscope beam is on.
This arrangement is used so that no load is placed on the contact other
than the test circuit in which it operates. The CRO beam on period and
the test contact transition interval are thus independent but arranged to
coincide. If the test contact exhibits multiple closures (chatter) the delay
networks can be adjusted so that any one of them can be observed if de-
sired. In this case the first closure only is considered.

APPENDIX B — THE PHOTOGRAPHIC RECORD

The arrangement of tubes and camera and counters is shown schemat-
ically in Fig. 2. The cameras are Kodak 35 bodies fitted with special
lenses and operated by magnetic solenoids. The counters are provided
with a viewing prism and their own illuminating lamps. In photographing
the flying spot on the P-11 screen a 1/1 image/object ratio was used, in
order to obtain a large photographic record. Also, it was found neces-
sary that the image of the fiying spot be in very sharp focus on the film
to avoid gaps in the record of high velocity beams due to the lack of con-
trast between the illuminated region and the adjacent regions.

Two 50-mm f/2 Raptar lenses were mounted front-to-front as shown
in Fig. 2, giving a lens corrected for focusing divergent light (from the
beam spot) instead of parallel light as is usual with camera lenses. The
arrangement also gives an increased ratio of diameter to focal length as
well as sharper focus.

The film was Eastman Kodak Linograph Pan film LP-135, developed
with a special developer D19At which increases the effective speed of the
film in the fast or faint parts of the trace.

The numbers on the film are upside down for mechanical reasons.

APPENDIX C — CIRCUITRY AND SOURCES OF ERROR
Circuit Restrictions and Modifications

For the short time intervals studied here the inductance and capaci-
tances of very short lengths of wire (even one cm) are important. Most of
the inductive reaction of resistances and lead wires can be compensated

* Term used here refers to a one shot multivibrator circuit which is arranged to

turn a current on and then turn it off after a preset time interval.
T Methods of Increasing Film Speed, J. Photographic Soc. Am., 12, pp. 586-610.
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for by making them the central conductor of a coaxial line structure by
providing a coaxial sheath with the proper diameter.

In the oscilloscope itself, however, one has a parasitic circuit compris-
ing the capacitance of the glove fastener connections passing through the
wall of the glass — the inductance of the lead wires inside the glass to the
deflection plates, and the capacitance of the plates themselves. This cir-
cuit isshownin Figure 7(b) and is mechanically and electrically unchange-
able with available CRO tubes. This circuit has very little damping, thus
if a very sharp pulse is applied to the scope plates this circuit tends to
ring and superimpose its own oscillations which interfere with the inter-
pretation of the record. At best they can be used as a reference time scale
once their frequency has been determined. Connecting too high a resist-
ance R outside this circuit only slows down the rate of discharge of the
total capacity of the combination and damages the high frequency re-
sponse of the over-all system.

Capacitances also have residual inductance due to the length of lead -
wires ordinarily required to connect them in the circuit. There are, how-
ever, ‘“feed-through” coaxial type condensers which practically eliminate
the effects of lead inductance.

With these facts in mind the oscilloscope plate input transformer cir-
cuit details must be considered. The usual simple diagram, shown in Fig.
7(a), must be replaced by the circuit shown in Fig. 7(b) for the vertical
plates of either CRO-1 or CRO-2. The initial corresponding horizontal
def'ection plate circuit ¢f CRO-2 is shown in Fig. 9(a). Because of the
above considerations, it was modified along the lines indicated in Fig.
9(b), providing the necessary cavity to terminate the line L; in a resist-
ance and capacity only. This reconstruction is not deemed necessary for
the vertical plates as the reactance of (Ry + X.) could be matched to
Co = C; + Cyand the over-all @ of this eircuit made nearly equal to
unity so oscillations are not excessive. On the other hand, the parasitic
reactances of Fig. 9(a) produce definitely reproducible effects like those
shown in Plate B, No. 371, rendering the work diagram uninterpretable.
A typical effect obtained with the reconstructed circuit, Fig. 9(b), are
shown in Plate B, No. 594. It will be seen that the circuit simplification
and compensation has eliminated all the difficulties from parasitics except
those due to the internal structure of the vertical plates of the oscillo-
scope. The resonant frequency (about 400 megacycles) of this parasitic
circuit is determined in terms of ALs.

Sidestepping the Starting Spot Halo

In the balanced condition (L; = L,) a portion of the initial record of
the motion of the CRO-2 beam spot is rendered unobservable by the large
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halo caused by the beam resting at the starting position for a relatively
long time. This undesirable effect may be sidestepped by experimentally
choosing an appropriate and small value of AL: say corresponding to 5
ns (Plate D, No. 594) and leaving it in the circuit. In this case the initial
motion of the beam starts horizontally from the starting dot and comes
out of the halo for a short distance AL, when it proceeds to fall as before.
The corresponding times are measured from this instant up to the time
2T.

Comment on the CRO deflection Plate System — Error from Finite Beam
Velocity

With the 4,000-volt first acceleration voltage, the velocity of the beam
electrons through the deflection plate region is 3.78 X 109 cm/sec giving
a transit time of the electrons between the plates of about 0.4 ns which
is the minimum rise time which can be observed with these tubes.

Errors in Energy Measurement By CRO-2

(1) In the work diagram, it has been assumed that the voltage drop in
the COLS contact traces out an area corresponding to a signifi-
cant amount of energy. In the case of an ideal or instantaneous closing
contact, there would still be some small area traversed even if there were
no energy loss in the COLS. This area is the area under the exponential
decay line drawn through the starting dot and corresponding to the dis-
charge of the vertical plates of CRO-2 alone from the battery voltage
V5/2. The area under this line corresponds to 4 nanojoules (nj)* for a
45 volt V' and about 160 nj for the 280-volt battery. Energies in excess

. of these values measured with this system may be ascribed to the dissipa-
tion of the contact.

(2) For sufficiently large values of R.C: (Fig. 4) with B, = Z, the
charge is accurately measured by the change in voltage of Cy (neglecting
Co). However, for small values of R,C; the change in voltage of C be-
comes an appreciable fraction of and opposing the voltage producing i.

TasLE C-I
n ‘ Qc1/0= } n Qc1/Q=
o 0.976 2 0.633
14 0.885 3 0.518
1 0.786 4 0.382

*100 nj equal 1 erg.
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Hence 7 is decreased and the change in voltage is a measure of the reduced
1. Thus with small capacities the area traced by CRO-2 is always less than
the true area were a large enough capacitor used. In general the correc-
tion factor cannot be calculated. However, for a constant unit contact
voltage step the charge Q¢ is

200R,C1(1 — ¢ U™ 2R201y

(which is restricted to values of time between ¢ = T and ¢t = 3T, and %,
is the initial current). With an infinite capacity the charge is

QC = ) =4t —1T)
The ratio of

- o 2R201 —(I—T)/2R201
(Qe/QC = =) = (a - T)) (- )

If

t=T _
RaCh

then
(Qc1/Qw) = 1% (1 — ™)

Values of the ratio as a function of n are given in Table C-I. The error is
1 — Qxn/Q” and is always in the direction of measuring less charge than
actually passed through the contact.

To obtain high time resolution in the early parts of the discharge a
small value of R.C;should be used. In this data R.C,is 7.8 ns. The energy
dissipated is always at least as great (Qc1)/(@) as that indicated by the
area. For the later and slower parts of the discharge appropriately large
values of R.C are used.

(3) Within the time limits from zero to 27T, where T = 100 ns the reso-
lution is excellent. However, one cannot stretch 7' out to long time inter-
vals (of the order of several microseconds) without attenuation in the
cable rounding off of the corners of the voltage step functions.






Dual Voltage Operation of Relays and

Crossbar Switches

By. A. C. MEHRING and E. L. ERWIN
(Manuseript received June 27, 1955)

The operating speed of a relay or switch varies with the amount of elec-
trical power supplied to it. For a given device, the speed can be increased by
raising the voltage. Since the electrical energy is converled lo heat, the speed
s usually limited by the heat dissipating characteristics of the device.

A means for operating relays and swiitches on high voltage and then
changing the circuit to hold them operated on low voltage is described. The
circuit 1s switched by means of a solid stale junction diode.

Reduction of relay operate times to half their former values, and reduciion
of switch operating times to one-third their former values can be oblained with
commercial circutts. The wire-spring markers of the No. & crossbar system
are equipped with dual voltage circuits for speeding the operation of the
crossbar switches of the switching network.

I. INTRODUCTION

Making a connection from a customer’s telephone to any of the other
fifty million telephones in the United States requires a large and complex
data processing or switching system. The equipment for this switching
system is located in thousands of telephone central offices throughout the
country. The equipment in a modern telephone central office may be
listed within one of two catagories, the equipment which provides the
“talking” or transmission connections through the office, and the control
equipment which selects and controls these connections for the talking
transmission facilities. Telephone switching offices in which the control
equipment has been centralized are labeled “common’’ control switching
offices since the centralized control equipment is available and used “in
common’ by all of the customers of the office.

In these common control switching offices information whichisreceived
from the calling customer is stored in ‘“memory-mechanisms”. Other
memory devices store information about the switching network which is

1225
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needed for routing the call to the called customer. A few common control
circuits interpret the stored information, test for idle connecting paths
and operate the switching mechanisms needed to establish a transmis-
sion interconnection from the calling customer’s telephone to the called
customer’s telephone. Where the called customer is associated with
another telephone central office, a transmission connection to this dis-
tant office is selected and information is transmitted through this trans-
mission connection so that the distant office may complete the connec-
tion to the called customer.

The number of operations required of the common control equipment
is determined by the total number of interconnections for which this
common control equipment must provide the control facilities. There-
fore, the number of common control units which will be required will
increase or decrease as the rate of interconnections is increased or de-
creased. However, the number of common control units required will
depend upon the speed of operation of each of these common control
units. The greater the speed of operation, the smaller the number of
common control units which are necessary. If this common control
equipment can be made to operate fast enough, a single control unit
would be sufficient for an entire switching office. Therefore, there is a
strong economic incentive to develop fast operating control circuits.

One of the most complex and costly control circuits in a modern switch-
ing office, such as the No. 5 crossbar office, is designated a marker. A
typical No. 5 crossbar office would require 6 markers or 20 frames (23
inch) of marker equipment.

Although this marker guides hundreds of separate actions it is fast in
its operation, requiring less than half of a second to serve each customer’s
call. If the marker operation could be made faster, fewer markers would
be required. It has been estimated that if its operation could be speeded
by a factor of 10 then only one marker could handle the traffic for a
large office. Therefore, the cost of a switching office is not only dependent
upon the manufacturing and maintenance costs of relays and crossbar
switches but also upon their operating speed.

To build fast operating markers, the basic building blocks of the
switching office must also be fast operating. In a No. 5 crossbar office two
basic building blocks are the electromagnetic relay and the electromag-
netic crossbar switch which are shown on Figs. 1 and 2. A typical office
would contain about forty thousand relays and a thousand crossbar
switches. Four million relays and a hundred thousand switches are
capable of serving about one million customers using No. 5 crosshar
offices.
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Fi1c. 1 — Modern telephone type relay known as type AJ or AF.

To achieve faster operating relays and crossbar switches a new dual
voltage circuit has recently been developed. With the dual voltage cir-
cuit, a high voltage will be momentarily applied to the magnet of a relay
or crossbar switch, producing a very fast operating device. The high
voltage, which is obtained from a capacitor which has been precharged
to this high voltage, will be applied during the operation of the relay
device. A short time after the crossbar switch or relay operates, a ger-
manium junction diode will automatically switch from the high-voltage
capacitor circuit to the standard voltage (48 volts) for holding operated
the device. Crossbar switch or relay operating circuits with the usual
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Fi1Gg. 2 — Crossbar switches.

constant voltage and with the new dual voltage are shown in Fig. 3.
The additional apparatus required for the dual voltage circuit is a com-
pact unit consisting of a junction diode, a capacitor (of about 4-mf
capacity) and a resistor as shown in Fig. 4.

Without the new dual voltage circuit, the operating time of a typical
crossbar switch hold magnet is 0.055 second or for a typical wire-spring
relay, it is 0.0055 second. With this dual voltage circuit the crossbar
switch hold magnet will operate in 0.018 second, which is about one-third
of its former operate time, and the relay will operate in 0.0029 second,
which is about one-half of its former operating time.

The dual voltage circuit is now in use for fast operation of crossbar
switch hold magnets of No. 5 crossbar offices. Fewer markers are neces-
sary with the faster operating crossbar switches and faster markers. The
dual voltage circuit causes a small increase in the cost of markers but
this is insignificant compared to the saving resulting from fewer markers.
It is expected that the future application of the dual voltage circuit to
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relay circuits and to other types of switching offices will produce addi-
tional savings. Table I shows the gain in speed which can be obtained
with typical telephone relays.

II. FUNDAMENTALS OF SWITCHING RELAY OPERATION

It is a well known fact that the operating time of a crossbar switch or
relay will decrease, as the voltage applied to the magnet winding is in-
creased or as the resistance of the magnet winding is decreased. For en-

-48V -48v S .
I— I DIODE !
X ;
L CONTACT _L 1L f CONTACT !
- 7 CLOSURE TO - I CLOSURE TO I :
/ OPERATE = / OPERATE I\ 1
/ RELAY / RELAY c = |
/ / R i
4

CROSSBAR SWITCH CROSSBAR SWITCH ;
HOLD MAGNET HOLD MAGNET I = 4130V |
OR OR T !
RELAY MAGNET RELAY MAGNET = 1
—_——— ]

(@) CONSTANT VOLTAGE CIRCUIT (b) DUAL VOLTAGE CIRCUIT

F1c. 3 — (a) Constant voltage circuit. (b) Dual voltage circuit.

F1a. 4 — The apparatus of a dual voltage circuit.
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TABLE I — CoMPARISON OF OPERATING SPEED OF TyYpPICAL RELAY

Dzevices
Relay Device Shiiscconds
Poer Ce:xt
erate
Type Magnet with | with | Time
Res?s%a;ce Magnet | Constant Dual Saving
Crossbar switch hold magnet....... 1250 | 14,000 | 55.0 18.0 67
Wire spring relay.................. 16 1,580 3.3 1.7 49
Wire spring relay. ................. 270 2,110 5.5 2.9 47
Wire spring relay . ................. 700 5,050 | 11.0 4.2 62
Wire spring relay. ................. 2500 | 19,400 | 15.0 6.0 60
Flat spring relay................... 400 5,300 | 10.6 4.6 57

gineering purposes a quantitative relationship of relay operating time
and the relay characteristics is desirable.

The time required for operating the relay armature will depend upon
the forces which are applied to the armature, the greater the resultant
force the smaller the operating time. Under dynamic conditions there are
three forces which are acting upon the armature, the operating force due
to the magnetic flux I’y , the restraining spring forces,Frs , and the arma-
ture mass inertia force, I, . The resultant of these forces must be zero,
therefore:

F¢—FRS—FM=0

An expression for each of these forces in terms of the circuit or relay
characteristics may be developed as follows:
(a) For the magnetic flux force, Fy :

F 6 = I(1¢2

where ¢ is the flux of the armature airgap. If it is assumed that the re-
luctance of the iron magnetic circuit and the leakage flux is negligible
then:

KN
=%

where N is the magnet turns; ¢ is the instantaneous magnet current and
X is the instantaneous armature airgap. Therefore:

NiY
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(b) For the restraining spring force, Fgs :
For a typical relay it may be assumed that the restralmng spring
force increases directly- as-armature airgap decreases or:

K
Frs = ’X—‘l + K
(¢) For the armature mass inertia force, Iy, :

X
Fy=M-"—"7—
M ) dt2
where M is the armature mass.
Therefore the equation:

F¢ —_ FRS - F}u = 0
May be written as:
. (N K, 2X =0

This is known as the mechanical differential force equation of a relay.
This equation by itself cannot provide a relationship between the in-
stantaneous armature airgap X and time ¢ since the electrical current ¢
is an unknown factor. Therefore, to define the electrical current 7 it is
necessary to develop an electrical differential equation as follows:

¢R+Niidif—E=0

where R is the circuit resistance and I the continuously applied voltage.

K,N1

Since ¢ = X

(f)
iR-i—KzN”——dtx——-E=O (@)

The dynamics of electromagnetic relays are governed by these two
differential forces (1) and (2) one electrical and one mechanical. These
basic equations are identical with those of other electromechanical trans-
ducers, such as loudspeakers.

An approximate solution of the two differential equations which is
suitable for some engineering purposes for electromagnetic devices has
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been provided by R. L. Peek, Jr.* It defines the operating time as follows:

t (time) = K @i)% + K, <I§>_l (3)

The constants K and K; are determined by the mechanical, magnetic
and electrical structure of the relay device. Relay devices with different
mechanical, magnetic or electrical structure will be defined by equations
with different constants of K¢ and K;. Two relays with identical me-
chanical and magnetic structure, but with different magnet coils, may
be defined by the same constants K¢ and Ky if the coil constant, which
is N*/R, is the same for both relays.

A typical crossbar switch hold magnet which consists of 14,000 turns
with 1,250 ohms resistance operates in 0.055 second with 48 volts applied
and operates in 0.014 second with 178 volts applied from a constant
source. The actual experimental operating times, as a function of E*/R,
are shown in Fig. 5. These experimental data closely approximate the

equation:
EZ —-1/3 EZ)—I
t = 003 (E) -+ 0.05 <F

where ¢ is expressed in seconds. For any type crossbar switch hold magnet
for which the coil constant, N°/R, is 14,000°/1,250, the operating time
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Fi1a. 5 — Crossbar switch hold magnet operating time.

*R. L. Peek, Jr., Estimate and Control of the Operate Time of Relays, B.S.
T.J., 33, Jan., 1954.
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Fic. 6 — Relay operating time.

for any applied voltage and for any coil resistance may be evaluated
from Fig. 5.

A typical relay of the wire-spring type which consists of 2,110 turns
with 270 ohms resistance operates in 0.0055 second with 48 volts applied
and operates in 0.0023 second with 178 volts applied from a constant
source. The actual experimental operating times, as a function of I*/R,
are shown in Fig. 6. These experimental data very closely approximate

the equation:
E2 —~1/3 E2>-—1
t = 001 <1—B-> -+ 0.005 (ﬁ

where ¢ is expressed in seconds.

For any wire-spring type relay (with intermediate travel) for which
the coil constant, N*/R, is 15, the operating time for any applied voltage
and any coil resistance may be evaluated from Fig. 6.

III. THE DUAL VOLTAGE CIRCUIT

The operate time is 0.0055 second for the wire-spring type relay with
a coil resistance of 270 ohms when the usual voltage of 48 volts is ap-
‘plied. If it is desired to reduce this operate time to 0.0029 second, as an
example, the ratio of E°/R must be increased from 8.5 to 55. For a con-
stantly applied voltage the ratio of E*/R has the dimensions of power in
watts. Therefore, to decrease the operating time to 0.0029 second, the
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energy supplied to the magnet must be increased to 55 watts for a
constantly applied voltage. However, a relay magnet of this type is
capable of dissipating only about ten watts. Therefore, for any con-
stantly applied voltage, the energy supplied to the magnet cannot be
materially increased and the operating time cannot be decreased.

As mentioned earlier, the operate time for a type typical crossbar
switch hold magnet with a magnet resistance of 1,250 ohms and with
the usual applied voltage of 48 volts is 0.055 second. To reduce this
operating time to 0.018 second, the ratio of E*/R must be increased from
1.8 to 12. For a constantly applied voltage this would increase the mag-
net energy from 1.8 to 12 watts. This increase in power is not acceptable
since this would require 80,000 watts of power or 1,700 amperes at 48
volts in a typical switching office where an average of 6,800 magnets
would be energized during the busy hour.

To decrease the operating time of a relay or switch it is necessary to
abandon the restrictive concept of circuits with only one voltage. In-
stead, the basic requirements of a fast operating device dictate that two
different or dual voltages be used for energizing it. Several years ago
J. C. Rile suggested that a circuit of this type could be used to improve
the operating times of switches in crossbar systems.

With dual voltage operation a voltage of large magnitude is momen-
tarily applied to the magnet. The magnitude of this momentarily ap-
plied voltage will quickly decay and will be supplanted by a lesser voltage
which will be constantly applied to the magnet to hold the relay or
switch operated until it is to be released. In this way, the operating speed
will be determined by the magnitude of the larger voltage which is mo-
mentarily applied to the magnet. Because this larger voltage is applied
for a very short period of time the magnet heating which it produces
will be negligible. Therefore, the magnitude of this larger voltage is not
limited by magnet heating. The heating power dissipated in the magnet
will be primarily the result of the lesser voltage when constantly applied
to the magnet. This lesser voltage can be small and need be sufficient
only for holding the relay or switch operated. For dual voltage operation,
it would be possible to develop a circuit using relay contacts to switch
from the larger voltage to a lower voltage after the crossbar switch or
relay had operated. However, this circuit would introduce two problems;
first, the switching of a high voltage and current with relay contacts,
and second, the fire hazard from overheating the magnet of the crossbar
switch or relay if the switching contacts failed to promptly remove the
larger voltage. To overcome these problems a dual voltage circuit as
shown in Fig. 3(b) was developed which operates the crossbar switch or
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relay by a momentarily applied voltage obtained from a capacitor which
has been precharged to the larger voltage. Since the capacitor has limited
energy, there is no possibility of overheating the relay. No relay contacts
are required to switch from the initially applied voltage to the lesser
continuously applied voltage since the germanium junction diode per-
forms this switching function.

In a typical circuit with a constant voltage, the closure of the control-
ling contact or contacts applied ground potential to the magnet of the
relay device and thus 48 volts are applied. Because of the inductance of
the magnet the current build-up is slow. This slow current build-up re-
sults in a slow operating relay device (as compared with the dual voltage
circuit). With the dual voltage circuit for high speed operation, the relay
device will be operated by a momentarily applied voltage of 178 volts
(130 4 48) instead of the usual 48 volts. After operating, the relay de-
vice will be held operated with 48 volts. The voltage of 178 volts which
is momentarily applied to the relay device is obtained from a capacitor
which is precharged. As shown in the dual voltage cireuit in Fig. 3(b),

Fi1a. 7 — Current in crossbar switch hold magnet. Time division is 0.01 sec.
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F16. 8 — Current in typical relay magnet. Time division is 0.001 sec.

the 4130 volt potential precharges the capacitor to +130 volts before
the relay is to be operated. The closure of the controlling contact or con-
tacts applies this 4130 volts to the magnet winding already connected
to —48V and thus a 178 volt potential is momentarily applied. Because
of the larger voltage which is applied to the magnet winding the current
will build-up rapidly resulting in very fast operation. This rapid build-up
of current for the dual voltage circuit is contrasted with the usual slower
build-up of current as shown in Fig. 7 for the crossbar switch magnet
and in Fig. 8 for the wire-spring type relay magnet. The voltage which
is applied to the magnet winding will have an initial magnitude of 4130
volts but will decay rapidly to ground potential, as shown in Fig. 9 for
the crossbar switch magnet and in Fig. 10 for the relay magnet. While
the capacitor is discharging its energy into the relay, the voltage across
the capacitor will drop from + 130 volts toward a —48 volt potential.
As long as the capacitor voltage is of a positive polarity the diode will
act as an open switch contact and no current will flow through the diode.
However, when the capacitor voltage has decreased to about —0.5 volt
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the diode will act as a closed switch contact and current will flow through
the diode. The current which flows through the diode will hold the relay
or crosshar switch magnet operated.

If the capacitance in the dual voltage circuit is very large, the voltage
applied to the magnet winding would be 178 volts and would decay
very slowly to 48 volts. With this very large capacitance, the operating
time of the crossbar switch or relay would very closely approach the
operating time which is obtained when a continuous voltage of 178 volts
is applied. However, for smaller and more practical values of capacitance
the operating time would be somewhat greater than for the continuously
applied voltage of 178 volts. Fig. 11 shows a graph which correlates for

Fia. 9 — Voltage across crossbar switch magnet with dual voltage circuit. Time
division is 0.01 sec.

F1a. 10 — Voltage across relay magnet with dual voltage circuit. Time divi-
sion 0.001 sec.
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various values of capacitance the corresponding operate time of the cross-
bar switch hold magnet while on Fig. 12 is shown a similar graph for the
wire-spring type relay. In a typical dual voltage circuit design with a
capacitor of 4.0 microfarads, the operate time of the crossbar switch
magnet is 0.018 second while the operate time of the relay is 0.0029
second.
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IV. APPLICATION TO NO. 5 CROSSBAR MARKERS

A typical No. 5 crossbhar office may contain 1,000 crossbar switches
with 20,000 hold magnets. To speed up the operation of these magnets
through the use of the dual voltage circuit, it is not necessary to provide
a capacitor-diode network for each magnet. The network is part of the
marker. The magnets have the —48 volt central office battery connected
to one terminal of their windings. The other winding terminals are wired
to the contacts of connector relays so that these eircuits can be extended
into the markers. When a marker establishes a connection, it operates
the proper connectors, through which it reaches the magnets it wishes to
operate. Without the dual voltage feature, the marker would place
ground on the leads corresponding to magnets to be operated. For dual
voltage operation the marker connects the capacitor-diode network, in-
stead of ground, to the magnet lead. Having the dual voltage network
in the marker permits the network to be successively used for the opera-
tion of many magnets. The time required to recharge the capacitor for
its next use is not a serious problem here. There is adequate time to
recharge the capacitor while the marker is performing other functions.
The charging time is determined by the size of the resistor and capacitor.

The switching network of a No. 5 office (Fig. 13) is a three-stage
arrangement. A connection requires a line link, a junctor and a trunk
link. The combination of these three elements is called a channel. Before
operating any magnets;, a marker tests the elements of the available
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channels and selects the channel to be used. Having made channel selec-
tion and operated the proper select magnets, the marker then operates
all the appropriate hold magnets simultaneously. Three capacitor-diode
circuits are required in each marker to accomplish this simultaneous
operation. The switch crosspoints are closed by the operation of the hold
magnets. Closure of the crosspoints connects all the hold magnets of the
channel together in multiple so they can be held by ground supplied from
the register or trunk circuit after the marker disconnects.
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Digital Memory in Barrier-Grid
Storage Tubes

By M. E. HINES, M. CHRUNEY, and J. A. McCARTHY
(Manuseript received July 2, 1955)

Inbarrier-grid storagetubes, a cathoderay beamis used to deposit electrostatic
charge on a dielectric surface. The same beam is utilized to detect and remove
the charge at a later time. This paper describes the mode of operation of such
tubes when used for storage of binary digital information. The sources of
variation in the output signal are discussed. A basts isgiven for determining
the probability of error due to amplifier noise. The storage capacity and pro-
gram of operation are determined by the requirement of error-free perform-
ance. A discussion is included of data oblained from experimental tubes
capable of stortng 16,000 bits of information with reading or writing times of
about one microsecond. A new type of target-reading circuit which 1s par-
ticularly suited to binary storage is also described.

I. INTRODUCTION

Storage of information in barrier-grid tubes is accomplished by deposit-
ing an electrostatic charge pattern on a dielectric sheet with a cathode-
ray beam and detecting the charge pattern at a later time with the same
beam. This type of tube obtains its name from a fine grid placed immedi-
ately in front of the dielectric sheet. The “barrier-grid” serves to inhibit
the redistribution of secondary electrons emitted from the dielectric
sheet and to shield the drift space from electrostatic disturbances which
would otherwise result from the stored charge pattern and the applica-
tion of writing signals. Use of this type of tube for “image’ storage was
described by Jensen and others.! This paper describes the characteristics
of a barrier-grid storage tube when used as a memory device for binary
digital information.?

1 A. 8. Jensen, J. P. Smith, M. H. Mesner, and L. E. Flory, RCA Review, 9,
pp. 112-135, March, 1948.

2 A similar tube was described by R. B. DeLano, Jr., Convention Record of
the I.R.E., Part 3, pp. 125-130, 1954,

1241
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There is a wide latitude in the manner in which the tube may be
operated. On the other hand, the speed of operation, the number of usable
storage sites and the likelihood of error are interdependent. As the limit-
ing storage capacity is approached, the likelihood of error increases
sharply. The sources of variations in the output signals are described in
this paper and a basis is given for determining the probability of error
due to amplifier noise. Our discussion is concerned mainly with results
obtained from experimental models of storage tubes. They utilize electro-
static beam focusing and deflection in order to permit high speed random
access to any of the storage sites on the target.

A new type of reading and writing circuit was used in these investiga-
tions which is particularly suited to binary storage. The circuit allows
signal detection at the storage target while maintaining good isolation
between the input writing signal and the weak output reading signal.

II. OPERATING PRINCIPLES OF BARRIER-GRID TUBES
1. Experimental Tubes

A schematic drawing of the tube is shown in Fig. 1 and a photograph
of the tube in Fig. 2. The electron gun, focusing system, and deflection

STORAGE
TARGET

\
ANV

v
“~-GUN EINZEL LENS

BARRIER GRID

MICA-

BACKPLATE

Fig. 1 — Schematic cross-section of a barrier-grid tube.
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Fig. 2 — Experimental barrier-grid storage tube.

system are quite conventional and follow standard cathode-ray tube
practice. The gun is a three-element immersion-lens structure of the type
which produces a small crossover immediately in front of the cathode.
The beam spreads outward from this crossover in an expanding cone and
impinges on a limiting aperture at the end of a field-free drift tube. An
Einzel type electron lens converges the trajectories of those central elec-
trons which pass through the limiting aperture. This forms an image at
the target of the first crossover in the gun. The electron beam at the
target is roughly Gaussian in shape with a diameter such that the stand-
ard deviation, o in Equation 1, of the current density distribution is about
0.002 inch. Ninety-five percent of the current will pass through a slit
aperture 0.007 inch in width. The normal beam current is two micro-
amperes and the accelerating potential is 1,000 volts.

An electron collector is placed just beyond the deflection plates to
receive secondary electrons released at the storage target. The beam it-
self passes through a hole in the center of this collector. In one mode of
operation, the signal is detected at this electrode, but in the target-
reading mode, to be described later, the collector as a separate electrode
is not required.

The storage target is a sandwich of three elements. A sheet of mica
0.001 inch thick is held between the barrier-grid and backplate. The grid
is a woven mesh (wire cloth) of stainless steel with 400 wires per inch in
each direction, the wires being 0.001 inch in diameter. These three ele-
ments are assembled to be in contact over the entire surface. The mica
sheet, being a good insulator, will hold an electrostatic charge deposited
on its surface for extended periods of time, thereby performing the stor-
age function of the tube. The backplate is insulated from the grid and its
potential may be varied to control the charge pattern laid down by the
electron beam.
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2. Deposition of the Charge Pattern (Writing)

In binary digital storage, we deposit either zero charge or a finite
amount of charge at a large number of storage sites on the target. The
useful area of a storage zone at each site is determined by the size of the
beam. This is large enough to include, on the average, six small grid ori-
fices. There is no attempt to register the beam with the fine structure of
the barrier-grid and the beam may be allowed to fall on any portion of
the target. In digital use, the deflection voltages must be rather precisely
quantized so that the beam will strike repeatedly only at regularly spaced
storage sites. The various sites may be designated or numbered in any
desired way. Such a number or designation of a particular site is an
“address” at which a digit may be stored.?

The mechanism of charge accumulation requires that the mica surface
have a secondary emission ratio greater than unity, so that on the aver-
age each electron from the beam will release more than one secondary
from the surface. If these secondaries are allowed to escape there will be
a net loss of electrons from the surface which results in the accumulation
of positive charge. If, on the other hand, these secondaries are returned
to the surface, negative charge accumulates. When the potential of the
mica surface is more negative than the grid, the secondaries escape and
the potential of the mica surface rises. Conversely, when the mica has
a potential substantially positive with respect to the grid, the second-

j€ ——BACKPLATE

-
MICA -~

Fig. 3 — Capacitance distribution between the barrier grid, the dielectric sur-
face, and the backplate.

3 In most of our experiments the zones were spaced in a square lattice to obtain
16,384 sites in an area 13§ inches on each side. This number is 2'* which allows us
to designate the sites with a 14 digit binary number. Seven of these digits may
be used to specify the vertical deflection voltage and seven the horizontal.
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Fig. 4 — Charging curve at the mica surface showing the ratio of the charging
current to the beam current as a function of the estimated potential difference
between the dielectric surface and the barrier grid.

aries are returned and the potential drops. In each case the potential
approaches an equilibrium value slightly more positive than the grid.
At this potential the number of secondaries which escape is just equal
to the number of primaries which arrive.

A degree of control over the potential of the mica surface may be ob-
tained by varying the potential of the backplate behind the mica. One
may visualize an equivalent circuit at the mica as indicated in Fig. 3.
Here we picture capacitance distributed between the barrier-grid, the
dielectric surface, and the backplate. Measurements indicate that on the
average, 60 per cent of the backplate voltage change appears at the face
of the mica with the barrier-grid at ground potential.

Fig. 4 shows the charging current as a function of the mica potential.
This curve has a rounded characteristic partly because of the velocity
distribution of the emitted secondary electrons. It is even more broadly
rounded because of such effects as charging and discharging under the
grid wires, redistribution of secondary electrons from the grid, and geo-
metrical factors producing non-uniform electric fields. The curve of Fig.
4 was obtained by an indirect method using a broad, defocused electron
beam sweeping over a large area. '

In storing binary information, the backplate potential is switched be-
tween two voltages, usually 50 volts apart. Suppose that the beam has
previously bombarded a spot until the equilibrium potential has been
reached at the mica surface, and that we then apply a positive step-func-
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tion voltage at the backplate. The front face of the mica rises instanta-
neously to a new value and negative charge begins to accumulate under
the action of the electron beam. This causes the potential at the mica sur-
face to fall rapidly and approach the same equilibrium value that it had
before step-function was applied. We might now wait until the equilib-
rium is re-established and then turn off the beam and return the back-
plate to its previous potential. This will cause a drop in the mica poten-
tial below the equilibrium value. When the beam is again turned on,
positive charge will accumulate, driving the potential up again toward
the equilibrium value. During the time that negative charge is accumu-
lating, the number of secondary electrons which escape from the target is
less than the number when the mica has reached equilibrium. Conversely,
when positive charge is accumulating, there is a temporary excess in sec-
ondary electron current over the equilibrium value. The output signal
is obtained by detecting the secondary current. This output differs from
the equilibrium value only during intervals of positive or negative charg-
ing of the mica. Such charging effects occur under the action of the beam
during a short interval following any change in the backplate potential.

In describing the charging phenomena above, we have assumed a
stationary beam. In actual service, we may wrife information at many
sites by bombarding them successively for fixed time intervals. At each
storage site we choose which of the two allowed backplate potentials to
apply. At a later time, when we wish to read the information, we bombard
the same spots but hold the backplate potential fixed at one of the two
values. The signal types which are generated will be described in the next
subsection.

3. Reading Methods

The reading signal is obtained by detecting the secondary emission
current from the target. This may be accomplished either by measuring
the net target current or by measuring the secondary current alone at
the collector. These methods are called target reading and collector read-
ing, respectively. For digital applications the target reading method offers
several advantages over collector reading but collector reading is more
convenient for image storage applications, which are not considered in
this paper.

For digital operation, the beam is biased to cut-off except while per-
forming either write or read operations at specific storage sites. Output
pulses are generated by the tube whenever the beam is turned on. Either
of two distinct types of pulses may be obtained while reading and addi-
tional types of output signal pulses may be generated during writing.
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It is the function of the reading circuit and its associated amplifier and
pulse diseriminator to identify the stored binary digits.

During writing we bombard a number of spots, determining at each
spot which of the two backplate potentials to apply. During reading, we
return the beam to these spots but leave the backplate potential fixed
at a potential which might be either of the two values used for writing.
For reasons to be explained later, we choose to read at the more negative
of the two values. Quite arbitrarily we designate an operation with the
backplate positive as writing the binary digit one. An operation with the
backplate at its more negative value is either a write zero operation or a
reading operation. There are four possible cases, considering the back-
plate potential both at the time of the operation and at time of the last
previous operation. These are: (a) positive at present, positive previously
(b) negative at present, positive previously; (c) negative at present, nega-
tive previously; and (d) positive at present, negative previously. These
operations are designated by the following names:

(a) wrile one on one

(b) read one (or write zero on one)

(¢) read zero (or write zero on zero)

(d) wrile one on zero
In usual digital applications, an output signal is needed only during the
(b) and (c) operations. The data presented in later sections deal only with
these two types but in this section we will describe qualitatively all four
signal types, which some modes of operation may require.

From previous discussions, it is apparent that operation (a) should
give only the equilibrium secondary current leaving the target, operation
(b) should give an excess secondary current, (c¢) should produce the equi-
librium secondary current and (d) should produce less than the equi-
librium secondary current.

The character of the output signal pulses differ in the collector and
target reading methods. In collector reading, the secondary electrons
arrive at the collector and generate a negative voltage proportional to
the current. In target reading we detect the net current to the target
which is the difference between the beam current and the secondary
current.

Fig. 5 shows the waveforms associated with the collector reading
method for each of the four possible cases. The top curve indicates that
the beam is turned on for a short time to perform each operation, and is
off between operations. In the same time sequence, we show the backplate
potential switched to a positive value for write one and held at zero for
reading. The third curve is an idealization of the collector current pro-



1248 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1955
WRITE ONE WRITE ONE
ON ONE READ ONE READ ZERO ON_ZERO
BEAM CURRENT

pnipnimimis

BACKPLATE POTENTIAL

O =—>+

IDEALIZED COLLECTOR CURRENT
OUTPUT VOLTAGE PULSES

IVan VaVea s

TIME —>

| <= o
]

Fig. 5 — Signals obtained for four cases in binary signal storage, using collec-
tor reading.

duced in each operation. In cases (a) and (c¢) there is no change in the
voltage condition of the surface and the current is constant at the
equilibrium value. In the read one case, (b), the surface charges in the
positive direction so that there is an excess current of secondary electrons
to the collector. Because of rounded nature of the charging curve of Fig.
4, the excess current decreases as the surface charges toward equilibrium,
producing the current pulse shown in Fig. 5. The pulse waveform de-
pends on the amount of stored charge, the capacitance of the surface, and
on the exact shape of the charging curve of the tube being investigated.
In the case of write one on zero, (d), the surface charges in the negative
direction so that less than the equilibrium current reaches the collector.
The current gradually increases to the equilibrium value as the dielec-
tric surface approaches the new equilibrium potential.

Experimental output voltage pulses found in our investigations are
shown in the bottom curve of Fig. 5. The signal voltage is produced
across a load resistor between the collector and ground. The rise and fall
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times are determined primarily by the product of the collector capaci-
tance and the load resistance. A read one output signal has the same
polarity as a read zero signal, so that differentiation between the two
types of output signals requires amplitude discrimination.

In collector reading, we detect only the electron current reaching the
collector from the target structure. Some of the current {from the target
goes to the shield and is not utilized. Since the division of current between
the shield and the collector depends on the position of the spot bom-
barded by the beam, a method which detects the total current leaving
the target is desirable. This current can be detected by measuring the
sum of the currents leaving all of the electrodes in the target structure.
During the write one operation, however, a pulse of the order of 50 volts
is applied to the backplate. Since the output signal is of the order of one
millivolt, the reading circuit must be isolated as completely as possible
from the writing circuit in order to prevent overloading the sensitive
reading amplifier.

A target reading circuit which accomplishes this isolation is illus-
trated in Fig. 6. The basic circuit is a coaxial line which is coiled to form
an inductance. The outer conductor is grounded at one end and is en-
larged at the other end to surround the end of the tube and connect at

OUTPUT SIGNAL

BARRIER GRID—-~-

DIELECTRIC=—=——
BACKPLATE —————
COILED
COAXIAL
LINE

1 BACKPLATE
INPUT

Tig. 6 — Schematic sketch of the circuit used for target readingin the barrier-
grid storage tube. In these experiments, the coaxial line was wound on a ferrite
core to obtain an adequately high inductance.
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several places to the periphery of the barrier-grid. At the tube end, the
outer conductor, which now includes the barrier-grid, completely en-
closes the backplate and shields it from ground. Upon application of a
backplate pulse, current flows along the inner conductor to charge the
barrier-grid to backplate capacitance, and ideally, all of this current
should return through the outer conductor. Under these conditions no
signal voltage should appear between the barrier-grid and ground be-
cause these currents should cancel each other and cause no voltage drop
across the inductance. A net electronic current to the target, however,
may divide between the inner and outer conductors in a parallel sense
and thereby generate a signal whenever a change in this net current oc-
curs. Ordinarily, the circuit is heavily damped with a shunt resistance
from barrier-grid to ground to prevent ringing effects following signal
generation.

Under equilibrium conditions, the effective secondary emission ratio
of the target (including the grid and mica) is slightly less than one.
Consequently, the read zero signal in this case is a small net negative
current to the target within the tube. During intervals of charge ac-
cumulation on the mica, the net current will differ from this value. While
accumulating positive charge (read one), the net current is somewhat
positive and while accumulating negative charge (write one on zero) the
current is more negative than the read zero signal.

Fig. 7 shows the waveforms associated with the target reading method.
The beam current and backplate are switched for the various sequences
as indicated at the top of the figure. The total secondary current which
leaves the target is shown in the third curve. The net target current is
the sum of the secondary current and the beam current. We also show
output signals drawn from typical waveforms found in our investigations.
The target reading circuit does not respond to the de¢ and low frequency
components in the current pulses. The output pulses have an appearance
similar to heavily damped sine waves. In the sketches in Fig. 7, the res-
onant frequency of the inductance and the stray capacitance between the
barrier-grid structure and ground has a period roughly equal to the time
the beam remains on. The output signals were measured with critical
damping. The pulse shapes agree with those calculated from the circuit
constants. The output of the reading amplifier should pass through a
sampling gate which allows transmission only during a short time inter-
val. The final gated response is shown on the bottom line of Fig. 7. The
read one output signal is seen to have a polarity opposite to that of the
read zero signal.

There are several advantages to the target reading scheme for binary
digital storage. First, since the zero and one responses are of opposite
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Fig. 7 — Currents and signals generated with the target-reading circuit of
Fig. 6 for the four cases of Fig. 5.

polarity, the threshold decision level is near zero. This makes the out-
put less sensitive to changes in beam current, which otherwise would
require changes in the threshold level. Another advantage is that all of
the secondary electron current from the target assembly is used for
signal generation and there is no problem, as in collector reading, of ob-
taining uniform collection of secondaries from the various areas of the
target surface.

4. Regeneration

In some conditions of operation, it is desirable to retain information
in the tube after it is read. It is possible, by the use of external circuitry,
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to rewrite any binary digit before moving on to the next spot. This opera-
tion is called regeneration. Regeneration is required periodically at all
spots if information is to be retained for long periods. Otherwise, the
pattern will deteriorate because of resistive leakage in the dielectric and
because of neutralization by positive ions and scattered clectrons. Simi-
larly, if a random-access program is used, slight overlapping of the
storage elements may result in erasure or false writing at one site if re-
peated operations are performed at adjacent sites. These effects can be
minimized by periodic regeneration of all stored information.

III. SIGNAL VARIATIONS
1. General

With an ideal binary storage device one would expect to obtain only
two types of output reading signal, depending upon whether a zero or a
one is being read. These two types should be clearly distinguishable from
cach other, either by the magnitude or character of the signals. Further-
more, within their separate groups, all one type signals and all zero type
signals should be identical. In a practical device working at its maximum
capacity, the signals will not be ideal in this sense and appreciable varia-
tions will be observed within the zero and one type signal groups. It is a
characteristic of binary systems that such variations can be tolerated
provided that they are not sufficiently great that there is danger of
interpreting a zero as a one or interpreting a one as a zero. In the remainder
of this section we will describe the various types of signal variation and
their causes.

2. Shading

Shading is a gradual variation in output signal over the surface of the
storage target. Usually the signals are strongest at the center and weak-
est at the edge. One cause of shading is the finite angle of primary beam
incidencefor storage sites near the edges of the target. Appreciable charge
accumulates under the grid wires where the escape of secondary electrons
is somewhat inhibited. This effect appears both in target and collector
reading schemes. When collector reading is used, there is additional
shading because the fractional collection of secondary electrons is not uni-
form over the target surface, causing variations in the zero response as
well as the one response.

A third cause of shading arises from defocusing of the electron beam by
electrostatic deflection. This is a serious problem where wide angles of
deflection are used. It is an inherent defect in electrostatic deflection and
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cannot be eliminated by any degree of careful tube design. Pierce?! shows
that a set of deflection plates acts as a cylindrical converging lens whose
focal length f is given approximately by the formula

!
f

where 6 is the angle of deflection and [ is the length of the plates in the
direction of the beam axis. Since the angle of deflection is directly propor-
tional to the deflection voltage the focusing effect varies with the square
of the deflection voltage. A correction voltage can be fed back from the
deflection plates to the Einzel lens to compensate for this additional
focusing. Experiments have been performed which verified that the re-
quired correction is proportional to the square of the deflection voltage.
In the tubes used for these experiments, the maximum storage capacity
can in fact be obtained only by the use of dynamic correction methods
which compensate for this change in the focusing characteristics. .

The shading variation across the target surface for both collector and
target reading methods are shown in Fig. 8. Here we show the zero and
one outputs along a line through the target center. The line is at a 45°
angle to the deflection axes. In obtaining the data for these curves, a
deflection defocusing correction was made. There is less shading with tar-
get reading than there is with the collector reading method.

>

26
I

3. Texture

Small variations in signal occur because the barrier grid is not suf-
ficiently fine in mesh compared with the size of the beam. A slightly
different signal is produced when the beam is centered over a grid hole
than when it is centered at an intersection of grid wires. The beam thus
resolves the mesh to some extent. Spotty variations also occur in the
secondary emission characteristic of the barrier grid. The maximum vari-
ation in output pulse height from both of these effects is 410 per cent.

4. Blemishes

Occasional variations in the storage and secondary emission charac-
teristics are noted at spots on the mica surface. These may be caused by
imperfections in the natural mica or by contamination with foreign mat-
ter. With care in selection of the mica and with additional care in tube

1 J. R. Pierce, Theory and Design of Electron Beams, D. Van Nostrand and
Co., 2nd Ed. 1954, pp. 41-46.
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cleaning and assembly, blemishes are rarely observed which are of
sufficient importance to cause errors in memory.

5. Incomplete Erasure

Whenever the potential at a spot is changed, the charging proceeds
rapidly at first and then approaches the equilibrium condition in a man-
ner similar to an exponential decay. In practice, one cannot wait an in-
definite time to reestablish the equilibrium at each operation. This is
further complicated by the non-uniform current density in the beam
which does not allow the edges of the zones to become charged to equi-
librium in normal operation. If the time of operation is prolonged, charge
can continue to accumulate at the edges long after the center becomes
saturated.

We shall now analyze an over-simplified model in order to obtain a
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Fig. 8 — Shading characteristics for one microsecond reading and writing
times. Data were taken along a diagonal through the center of the useful square
area.
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qualitative understanding of this behavior. We assume that the charging
rate is proportional to the current density alone and that its magnitude
is independent of the voltage difference between the grid and mica. The
charging rate is positive for mica voltages below equilibrium and negative
for voltages above. This is equivalent to assuming that the charging curve
of Fig. 4 is a step-function, positive to the left of zero and negative to the
right. We further assume that the beam has an ideal Gaussian variation
of current density with radius (r) given by

_ i —(r2/202)
J(r)=5—¢ (1)

where J (r) is the current density, I, is the beam current and ¢ is the meas-
ure of beam width.

As an initial condition, we assume that the surface has been brought
to equilibrium with the backplate in its more negative state. We then
raise the backplate to its positive state and perform a write-one operation
at a fixed spot for an indefinite time. We wish to determine the character
of the surface charge distribution which accumulates as a function of
time. We also wish to know how this charge is removed in a subsequent
reading operation. At each infinitesimal portion of the area, the charge
accumulates in proportion to the local current density up to the satura-
tion value. At first we obtain a simple Gaussian distribution growing
linearly with time. After an interval which we designate as ¢, , the center
of the spot becomes saturated and the zone of saturation grows over an
ever increasing area.

Fig. 9 illustrates the effect we are deseribing in this section. This figure
shows several curves of charge density vs radius for various writing and

<“SATURATION

CHARGE DENSITY
—_—

T r— T T T T T -
3 2 1 [ 1 2
NORMALIZED DISTANCE FROM BEAM CENTER

Fig. 9 — Charge density versus radius at a spot at various stages when the writ-
ing time and reading time are each 2 f, . At curve (a) we have written for {, and
at curve (b) we have finished writing at 2 ¢, . At curve (¢) we have read for an
interval ¢y and at (d) we have finished reading after 2 ¢, .
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reading times. For these curves we assume that the charging current at
the mica on reading is equal in magnitude but opposite in sign to that
for writing.

‘When we write for a single time interval {; , the charge distribution will
be as shown by curve a. The center portion is just saturated. A read pe-
riod of duration f, will completely discharge all points (curve d). When
~ we write for an interval 2¢, the idealized charge distribution will be
given by curve b where a large region is saturated near the center of the
beam spot. If we now read for a period & , we will completely discharge
a point at the beam center and leave an annular charged area as indicated
by curve c. A second reading period of time ¢, will be required to com-
pletely discharge the surface. The discharge current during this second
read period may be large enough to be interpreted as a one, producing an
error signal.

We can analyze the situation to determine the seriousness of this effect.
The radius, (r1) of the saturated circular area after writing for an arbi-
trary time ¢, greater than & , can be found by noting that

I maxlo = J(T1)t (2)

where J e = I3/2m0?, the current density at the center of the Gaussian
beam. Substituting for J(r1) from Eq. (1) and solving for r,, we find

= 0V2In (t/t) (3)

The total charge deposited is

Q = Juaxrrito + 1 f 2arJ (r) dr (4)
r1

= Ibto <1 + In ;) (t > to) (5)

Equations 3 and 5 indicate that both the radius of the charged area and
the total charge continues to increase indefinitely in a logarithmic manner
as the charging time is prolonged.

The charge represented by curve ¢ of Fig. 9, which can be calculated
with the aid of equation 5, is found to be 70 per cent of the charge re-
moved during the first ¢, read interval. Thus, if the program allows more
than one write-one operation without intermediate reading operations,
an error could result. A second reading operation, which should indicate
a zero, would give a signal which could be interpreted as a one.

The significance of the preceding discussion is that if we want high
speed operation, we must allow a reading time of sufficient duration to
remove substantially all of the charge deposited in previous write-one
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operations. This suggests that a reading operation should precede each
write-one operation.

The incomplete erasure effect is less significant if reading and writing
times are both made much longer than ¢, . Fig. 10 shows the result of in-
creasing the normal operating times. Here we show actual output signals
obtained from a tube for the first and-subsequent reading operations.
The signal amplitudes are shown for several successive read operations
following one or more wrile-one periods. Two sets of data are shown, one
for one microsecond operating times and the other for two microsecond
times. The spurious output signals found during the second reading pe-
riod are considerably reduced if longer operating times are used. For ex-
ample, the second read signal after four write-one operates is about 60
per cent of the normal read signal when an operating time of one micro-
second is used. When the time is two microseconds it is only 30 per cent
of the normal read signal. However, the improvement obtained by using
two microsecond pulses is expensive in that the speeds are reduced and
interference effects from overlapping distributions are increased, requir-
ing a larger spacing between sites.

Another method which might be used to minimize this effect would be
to use longer times for reading than we do for writing. The same purpose
can be accomplished with equal reading and writing times if the reading
operation is more effective in discharging thé storage surface than is the
writing action in depositing charge. The charging curve of Fig. 4 shows
a greater charging rate in the positive than in the negative direction.
This is one of the reasons why we choose to read at the more negative
backplate voltage condition. Otherwise, we would be required to use a
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longer time for reading than for writing in order to obtain sufficiently
complete erasure.

The previous analysis is greatly oversimplified but qualitatively ex-
plains the necessity of a program which allows sufficiently long reading
times to remove previously deposited charge. In actual practice, the
rounded character of the charging curve of Fig. 4 modifies this picture
considerably, especially in those regions at the edge of the beam where
the charging action is weak. This may cause a very slow drift in the po-
tential of the dielectric surface in this region, depending upon the relative
frequency of reading and writing operations over an appreciable period
of time. Thus the extent of charging in the areas between spots in a spa-
cial array will depend upon the particular storage program.

The output signals on reading are affected to some extent by the pres-
ence of charge in the intermediate regions, so that we can expect a cer-
tain amount of variability in the output depending upon the recent his-
tory of write zero and write one operations. One observed consequence is
that we obtain larger signals from stored ones as the frequency of write
one operations increases in comparison with write zero operations.

If we alternately write one and read at a particular site over a long pe-
riod of time, the read output signal may be as much as 40 per cent larger
than that obtained when the frequency of write one operations is very
low. Thus, we find a significant source of signal variation caused by in-
complete erasure. These effects may be minimized by restricting the pro-
gram so that a reading operation precedes each write one operation or by
allowing an adequately long reading time compared to the writing time.

6. Overlap

Another consequence of the Gaussian distribution of current density
is that there will be a slight overlap of the storage elements, as defined
by the beam. If two spots overlap slightly, repeated reading at one spot
will tend to erase slowly a one signal stored at the other. Similarly, re-
peated writing of ones at a given spot will gradually cause a one to appear
at an adjacent spot which is initially at zero. A measure of the seriousness
of this effect is the “read-around-ratio,” which is defined as the number
of times that reading, writing, erasing, or regenerating operations may
be performed at one spot without destroying information at an adjacent
spot. Read-around-ratio and resolution (i.e., the number of storage sites
per unit area) are interdependent, so that less interaction between spots
can be obtained by reducing the number of storage sites. Conversely, an
increase in the number of storage sites reduces the read-around-ratio.
The relationship between read-around-ratio and distance between storage
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sites was found experimentally in a typical tube and is shown in Fig. 11.
An amplitude degradation of 25 per cent of maximum was used in the
measurements for the read-around criterion. The solid curve represents
the relationship which would be expected on a simple theory based on
the Gaussian distribution of current density. This curve is drawn for a o
of 0.0026” which agrees well with independent measurements of spot
size. The difference between the theoretical values and the data for larger
distances between storage sites may be due to redistribution of secondary
clectrons, to scattering of electrons from the edges of the gun apertures
and to electron optical effects such as lens aberrations and space charge.
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Fig. 11 — Read-around ratio and storage capacity as a function of the distance
between adjacent storage sites.
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7. Noise

Any perturbing noise phenomenon will affect the uniformity of the out-
put signal. The beam current contains the usual fluctuation noise arising
from the random times of emission of electrons at the cathode and from
the velocity distribution of emission. To this must be added some addi-
tional noise because secondary electrons are emitted in groups. There are,
however, about 107 electrons in each signal pulse and the probability of
this number varying significantly because of shot effect is entirely negli-
gible. The random noise generated in the reading amplifier can, however,
be a significant source of error if the amplifier is poorly designed or if the
signal strength is too weak. The effects of amplifier noise will be discussed
later.

Man-made noise and interference pickup of various kinds can also be
a significant source of apparent signal variations. For example, it has
been found necessary to shield the deflection plates from the collector to
reduce interference in collector reading. Inasmuch as the output signal
is of the order of one millivolt, considerable care must be used to eliminate
all sources of interference caused by improper shielding, circulating
ground currents, ete.

IV. OUTPUT SIGNAL CONSIDERATIONS

In any large capacity storage device where the storage sites are dis-
tributed in space we must expect a certain amount of variation in the
output signals from the various sites. The diagram of Fig. 12 might repre-
sent the magnitudes of the two types of signals from each site in a binary
store. Ideally, we would like these two groups of signal amplitudes to be
well separated from each other in magnitude and to have the members
of each group closely bunched together about their respective average
values. In the barrier-grid tube it is possible to obtain such performance
if one is overly conservative in the use of the tube by keeping the spots
large and well separated and by using long operating periods. If the spots
are more closely spaced, higher speeds are used, and random-access pro-
grams applied, the variations in signal become greater and the separation
between the groups becomes less.
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Fig. 12 — A possible set of signals from each site in a binary store, showing a
range of signal variations.
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It has been found convenient to express the signal characteristics and
uniformity by means of a signal separation chart as shown in Fig. 13. On
this chart, the output signal voltage is the abscissa and the ordinate rep-

nts numbers of storage sites. A square-root scale is used for the ordi-
nate to mph e the region of minimum signal separation. We plot two
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large number of times, then return and read the original group. We then
record the amplitudes of the final reading signals and plot the results on
the right side of the signal separation chart. The corresponding pessi-
mistic program for the zero group is to wrife zero on alternate spots, then
write alternate zeros and ones on the remaining spots for a large number
of cycles, then return and read the original group. Plotting the distribu-
tion of the zero type outputs obtained completes the picture on the signal
separation chart. The minimum separation between these curves gives
an indication of the likelihood of error in a random-access type of service.

The signal separation chart is a representation of the total effect of
the signal variations discussed in Section I1I. The effects of amplifier
noise, however, are greatly reduced by our method of performing the
tests, since the signal obtained for each spot is the average of a large num-
ber of repeated operations. The other signal variations either are sys-
tematic (shading, incomplete erasure and overlap) or have definite limits
(texture). The storage sites used to obtain the data presented in Tig. 13
were chosen in such a way that the worst conditions contributing to
systematic signal variations were included. Thus, the signal separation
which was found between the maximum zero signal and the minimum
one signal should be very nearly the same for a much larger number of
storage sites. The minimum signal separation was found to be 0.36 milli-
volts out of a total signal spread of 0.90 millivolts. The data were taken
using the target-reading method.

We will next determine the probability of error caused by amplifier
noise. For this we assume that the input resistor is R ohms, the band-
width is B cycles per second and that the noise factor® of the amplifier is
F. Further we must assume that only random or Gaussian noise is pres-
ent. The apparent rms noise voltage, V, , at the input to the amplifier is
given by®

V. = \V/AFRLT,B , (6)

where T\ is the standard noise temperature, 290°K, and % is Boltzmann’s
constant, 1.38 X 102 jcules per degree.
A basic property of Gaussian fluctuations is that the probability at any
instant of the voltage lying between V and V 4 dV is given by®
1

P == d Ty ™

5 Stanford Goldman, Frequency Analysis, Modulation and Noise, McGraw-
Hill, 1048.
¢ Ibid, p. 206.
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Integrating from V to infinity gives the probability, Psy , that the noise
voltage will be greater than V. This gives

1 _2_ vi\/2v, ot :

The second term inside the parenthesis is the familiar error integral given
in Pierce’s integral tables.” Suppose, now, that V represents the voltage
difference between a given signal and discrimination level (threshold).
The probability of error, due to noise, for that signal is given by equation
(8), substituting for V from equation (6).

It is interesting to assume some reasonable numbers for the amplifier
characteristics and determine the minimum allowed signal voltage V to
obtain an arbitrarily chosen probability of error. We assume a program
such that 108 operations are performed per second. Thus a probability of
error of 4 X 108 corresponds to one mistake per month of continuous
operation. We also choose an amplifier with a bandwidth of two mega-
cycles per second and a noise factor of 2. A typical input resistor has a
value of 2,000 ohms. Under these conditions we calculate from (8) that
a minimum signal of 80 microvolts measured from threshold is allowed.
A separation of 360 microvolts was found on the signal separation chart.
There is, therefore, a negligible probability of error due to amplifier noise
alone. Variations in the voltages applied to the storage tube or drift in
the output circuit can combine with noise to produce errors unless care
is taken to provide stable external circuitry.

V. SUMMARY

The barrier-grid storage tube as a binary digital memory device re-
quires special conditions of operation. The margin of safety with regard
to the likelihood of error depends upon the speed of operation, the type
of program applied, and the spacing of storage sites on the target. The
probability of error depends upon the minimum separation of zero and
one type output signal amplitudes and upon the noise factor of the out-
put amplifier. This probability may be made vanishingly small if the
method of operation is conservatively chosen. Careful investigation of
all these factors indicates that with a laboratory model of a storage tube,
reliable operation is possible with 16,000 bits of stored information per

7 B. O. Pierce, A Short Table of Integrals, Gin and Co., pp. 116-120, 1929, For
large values of the argument we can use the semiconvergent series.

2 f” 2 . v’ L 1 N 3
_— e—* T = — — _— —_ ..
Vg yVr 22 (292
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tube, a read-around-ratio greater than 100, and a characteristic time
of about one microsecond per operation.
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Distortion in Feedback Amplifiers

By R. W. KETCHLEDGE
(Manuseript received May 17, 1955)

Distortion in feedback amplifiers and other non-linear circuits 1s analyzed
for the.case where the magnitude and phase of the feedback varies with fre-
quency. The analysis is limated to cases where the distortion products are
small compared to the fundamenitals and where the non-linear element can be
described by a power series having only a few terms. However, many prac-
tical amplifiers are adequately described by the analysis. Formulae are de-
riwved for a number of third-order products and their dependence upon
various feedbacks at second order frequencies is demonstrated.

INTRODUCTION

Distortion in feedback amplifiers has previously been studied for the
case where the feedback is independent of frequency.’ However, in many
practical cases, the variation of feedback with frequency produces sig-
nificant deviations from this simple theory.” The present analysis takes
into account the magnitude and phase of the feedback at all frequencies
in determining the amount of any particular modulation product. This
analysis has proved useful in the design of amplifiers for the L3 coaxial
carrier system®' * as well as in the analysis of a number of non-linear cir-
cuits. The method is most useful in cases where the distortion products
are small compared to the fundamental signals and where the non-linear
element can be described by a power series having only a few terms.
More complex cases can be treated but the labor involved is appreciably
greater. However, many practical feedback amplifiers are adequately
described by the analysis and, in addition, some understanding is ob-
tained as to the mechanisms involved. In particular, the' dependence of
third order distortions on the feedbacks at second order frequencies is
demonstrated and formulae are obtained.

THE PROBLEM

When a signal is sent through a non-linear element, such as a vacuum
tube, the output can usually be described as a power series of the input

1265
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signal. This is especially true in wideband amplifiers where plate load
impedances are low and plate current is determined largely by grid-cath-
ode voltage. Often the non-linear element is contained within a feedback
loop such that a portion of the output is returned to the input. In this
situation the total input contains a power series of the original input
and the situation is considerably complicated. It is well-known,'" * for
example, that third harmonics can be produced not only by the cube
term of the power series but, with feedback, by the square term. The
square term produces second harmonic output which, after being fed
back, mixes again with the fundamental to form (via the square again)
third harmonies. Thus, the third harmonic output becomes dependent to
some degree on the feedback at the second harmonic. This relationship
becomes somewhat more complex when several fundamental inputs are
present simultaneously but, in general, the output of a particular third
order product depends on the feedback at, at least, some of the second
order product frequencies. Within the limitations of the simplifying
assumptions used, the present analysis evaluates these relationships.

THE METHOD AND THE ASSUMPTIONS

It is assumed that the non-linear element can be described by a power
series of the form

i = aie + s + age® + aet + -+ . 1)
In a circuit such as shown on Fig. 1, e represents incremental grid-cathode

voltage and ¢, incremental plate current of a vacuum tube. If, as shown
on Fig. 1, a fraction of the output is returned to the input, then the grid-

Fig. 1 — Feedback Amplifier Equivalent Circuit.
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cathode voltage becomes the difference between the applied and fed back
signals or,

€ = €in — iZ (2)

While Z has the dimension of impedance, it is not limited to the 4=90
degrees of an ordinary two terminal impedance. In practice, a,Z usually
represents the loop gain, (uB), of the feedback amplifier. Thus, Fig. 1 is
used to represent the voltage and current relationships of any feedback
amplifier.

Having expressed the output current as a power series of the grid-cath-
ode voltage (1) and having expressed the grid cathode voltage as the sum
of the input and fedback voltages, (2), the next step is to combine these
expressions. The method consists of first expressing the input voltage,
ein , in terms of its cosinusoidal components. The grid-cathode voltage is
expressed as a Fourier series of cosines having complex coefficients. The
frequencies in the series represent all combinations and harmonies of the
frequencies present in the input signal itself. The coefficients of the power
series for the current, a; , a2, as, ete., are known from the tube charac-
teristics. The problem concerns itself initially with finding the unknown
coeflicients for the Fourier series representation of the grid-cathode
voltage.

The method is to first insert the Fourier series for ¢ in the power series
to find a Fourier series for ¢ in terms of the coefficients for e. Then,
equating the two sides of the equation, frequency by frequency, one ob-
tains a set of simultaneous equations which can be solved for the coeffi-
cients of ¢ and in turn for the coefficients of 7. It so happens that with
the assumptions used here the equations can be solved individually.

The chief difficulty of the method resides in the fact that both the
power series and Fourier series are infinite and therefore a rigorous solu-
tion is impractical. Fortunately, simplifying assumptions permit limiting
the series in many practical cases without seriously degrading the ac-
curacy. The assumptions used here are as follows:

1. All distortion products are small compared to the fundamentals.

2. Third order distortion products are small compared to second order
products.

3. The device non-linearity is adequately described by a simple three
term power series. Fourth order and higher powers are neglected.

4. Frequency components representing fourth order and higher inter-
actions are neglected.
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“SINGLE-FREQUENCY INPUT’’

In the single-frequency case the input signal, ein , is given simply by
ein = A cos ot @)

Since the input is a single frequency, the Fourier series representation of
the grid-cathode voltage, e, is known to contain merely the harmonics
of the input frequency. Thus,

n=co

e = 2 kncos nal 4)
n=>0
or
e = ko + ki cos at + ke cos 2at + k3 cos 3at - - - (5)

The next step is to insert (5) in (1) limiting (1) to the first three terms as
follows:

. 1= ae + a® + as (6)

In doing this it must be remembered that k, is complex and represents a
complex voltage. Therefore, the products are not the ordinary result of
the product of two complex numbers where the magnitudes multiply and
and the angles add. Rather, these products, representing complex num-
bers pertaining to impedance, voltages or currents of different, or the
same, frequencies are formed by using the conjugate of any coefficient
whose frequency subtracts in the formation of the product frequency.
For example,

koky cos A cos B = 14 k.ky cos (A + B) + 14 k. cos (A — B) o
(7) = conjugate, A>B

If this rule were not followed at least the phases of the products would
be incorrect.

Performing the operation for ¢* and combining terms of the same fre-
quency yields,

kiky + koks + kaks
2

+ (Qhkoks + V4ki® + Eskr) cos 2at 4 (2hkeoks + Fyks) cos 3ot ®)
+ (ks + 18ks") cos dat + koks cos bat + 14ks' cos 6at

¢ =k + + (42koky + Fike + Foks) cos at
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A similar operation for ¢* yields

= kog + %[7007011_01 + kok:zﬁz + 760’0370-3] -+ %Re[ZkO(kl2 -+ k22 + 7932)
+ Fiks <E1 + kl) + Vks(kaks + kuks + Eiko)]

+ ((4+3k’kr + Bkokiks + Skokoks + 34k’Fr + 34K ks + 34kikoks
+ 34kiksks + 34k Ks)) cos ot
+ ((4-3ko'ky + 38koks” + Bkokerks + 34kiFiks + 34kikaks
+ 34ksk + 34kokoks)) cos 2at 9)
+ (Bkd'ks + Bkokiks + L4k + 3skikiks + 34Fiks
+ 3gkokoks + 34Ksks")) cos at
4 ((3%koks” + Skokskes -+ 34ki’ks + 34kikoks + 34kaks’)) cos 4ot
+ (Bkokaks + 34kiks + 34kiks’ + 34kiks%)) cos Sat
+ ((34koks® + 34kikoks + L4k2")) cos 6ot
+ (34kiks 4+ 34ks’ks) cos Tat + 34koks” cos 8at + 14ks' cos Qat
We now introduce the assumptions. Specifically,
Ty k> ks, k> ko> ks (10)

and we neglect k4, ks, ete. The reduction in labor is apparent from in-
spection of equations 8 and 9. This simplifies equations (5), (8) and (9)
as follows:

e = ko + ki cos at + ks cos 2at + ks cos 3at (11)
¢ = Lgluky + (2koks + Fiko) cos at 4 L5ki* cos 2at + kiks cos 3at (12)

& = 1okokiky + Re l:lcok12 + L3kik, <Ic1 + IE)] + ikl 1 cos al

(13)
+ (34koky® + 34kikiks) cos 2at + L4k cos 3at
From (2) and (6) we know
e = A cos at — Zlae + d262 + asd’] (14)
which may be written as
Acosat = (1 + Zae + Zasxe® + Zasd® (15)

Using the values for ¢, ¢, ¢’, given by (11), (12) and (13), in (15) and
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solving, frequency by frequency, yields for de
0 = (1 4 Zoamko + Zoaslskkx

+ Zoa:; <%7\30—E1701 + Re I:ko]{hz + %klkz <701 + 120—1>:|)
For «
A= (1 -+ Z1a1)701 - Z1a2(2k0k1 + EJCz) -+ §iZ1037{312E1
For 2«

0 = (1 + Zoa)ks + Y6 Zoaoks’ + Zoas(36koks” + 34kiTerks)
For 3a
0 = (1 4 Zsaks + Zsaskike + Y4 Zsask’
In order for assumptions 1 and 2 to be met, namely,
ks> ko, ko > ks, ky > ke, ko> ks,

it is necessary that

me > ae’ > age’
or

a1 > ae > age.
Therefore, since

aski® >> aghi’ko or ask:’ks

Equation 18 can be solved directly for k. yielding

1 (12Z2 2
fy = —o_ S22
2 21 + a1Z2 kl
and likewise
Y/ -
kg = — 2240
0 TT aZ, Frke

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

This procedure avoids a simultaneous solution of (16) to (19). Since, for

small distortion.

_4
1 —l— (1121

kh~

(26)
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and having %, and k. , one obtains

_ Zy A A 0
ko = 2 <1 + a1Z0><1 + a1Z1><1 + 01Z1> (@)
T S |:§a_3 @Zy  asZs :!

! 1 + 111Z1 ! 4 1 + a1Z0 2(1 + a1Z2) (28)
(van) (am)
1 + a1Z1 1 + CL]Zl

a Z, A Y '
k2 B 5 (1 + a122> <1 + a1Z1> (29)
. Z3 as _ 022Z2 ] A )3
ko = 1 + aiZ; [Z 2(1 + aiZs) (1 A (30)
The corresponding values for the output currents are readily obtained as,
o g A A
T 90 T aiZo) <1 + a1Z1><1 F a1Z1> 31)
Q= l: alA + (3_&13 _ (l22Z0 _ (122Z2 )

! 1 + a1Z1 4 1 + a1Z0 2(1 + (11Z2) (32)
. < A >»< 4 >:| cos ot
T+ azi)\1 F et “
. ag A 2
1y = 50T aZe) (1 T a1Z1> cos 2at (33)
o 1 asz _ [l22Z2 :I A >3
b= 1 + (11Z3 I:Z 2(1 + 111Z2) (1 + (11Z1 cos 3o (34)

The expression for the fundamental output current includes the third
order distortion of fundamental frequency. This is often viewed as a
gain change and, in order to keep the polarity positive, will be expressed
as expansion or increase in gain. The expansion is defined here as the
ratio of the gain to the gain at small signal levels. The gain at small
signal levels is obviously found by

. alA
A — O, 71 —> I-*——(hz_l cos at (35)
and therefore,
. u
Expansion = —ad (36)

—— CO0S al

1 + a;Z;
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Thus,

3_(1§ _ a22Z0 _ 022Z2 :I
4(11 a1(1 + a1Z0) 201(1 + G,IZ2)

(FawlFaz)
14+ aiZi/\1 + a1z

It should be pointed out that both this solution and the others to follow
can be applied to other non-linear circuits besides feedback amplifiers
so long as the assumptions used are adequately satisfied in practice.’
Fig. 2 shows a simple non-linear circuit consisting of the series combina-
tion of a generator, impedance, Z, and a non-linear element. If the
non-linear element can be adequately described by the power series of
(6), then the solution is the same as given above. Equation 2 is obviously
the same and therefore, so long as the assumptions of (10), etc., are satis-
fied, (31), (32), (33) and (34) represent accurate expressions of the
currents.

Expansion = 1 + [
(37)

BALANCED PUSH-PULL AMPLIFIER

A balanced push-pull amplifier is not often thought of as a feedback
structure. However, Fig. 3 shows such a circuit having a cathode feed-
back impedance Z, common to both sides. The cathode impedance is
usually used for bias and sometimes to assist in balancing. This circuit
has been analyzed to determine the effect of second order distortions
which are fed back via the cathode impedance, Z, even though they do not
appear in the load. Note that for the perfectly balanced case odd order
components cancel and even orders add across the cathode impedance.
Thus, one might think of this as a structure with feedback only at even
order distortion components.

Proceeding in the same fashion as for the previous example and as-
suming perfect balance we write the power series for the plate currents

z

MV

T
L

ol @) 21

Fig. 2 — Non-linear circuit.
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in terms of the grid-cathode voltages as
fa = @iea + ases + azes’ (38a)
’L.b = A16p -l" a2€b2 + 0361,3 (38}3)

The input loops have the voltage relationships

ea = A cos at — Z(ig + ) (39a)

ey = —A cos at — Z(1a + ) (39b)

Finally, the grid-cathode voltages are expressed in Fourier series form.
e, = Zk, cos nat (40a)

e = ZJ, cos nat (40b)

Noting that the desired output is given by

output current = i, — % (41)

and observing that
ha A (42a)
h~ —A (42b)

it can be shown that the de output is
ia‘dc - ":bldc = O, (43)

the fundamental is

. . = | 3az A
alaa T a = 2 ? - T T a7
Ta %) < a1A+2AA|:4 1T 30z,
. (44)
— %]) cos at
1+ 2a:17,
the second harmonic output current is
ial?m - Z‘b|2a =0 (45)
and the third harmonic output current is
. . _ 3| a3 . 2a22Z2
Tafsa — Bfsa = A |:2 T+ 2a1Z2:| cos 3at (46)

The pattern here is the same as in the previous example, seconds are
fed back to form thirds. Thus, while the balance removes second order
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products from the output, nevertheless, the level of third order distortion
can be materially increased. Even if the cathode impedance, Z, is by-
passed, the dc¢ component can produce gain changes. This is equally
true of the ordinary single-sided cathode-biased amplifier, another
“non-feedback’ amplifier.

APPLICATIONS OF THE THEORY

During the development of the L3 coaxial system some work was done
on a non-linear circuit to generate modulation products. The experi-
mental results failed to check with existing theory by large factors
and the theory described here was developed to explain the difference.

I
ol Tl ,

[0

<

Fig. 3 — Balanced push-pull amplifier.

The deviations were then easily understood as, for example, a lack of
feedback of direct current, a second-order product, yielding an expansion
to third harmonic ratio appreciably different from three to one. With
multiple frequency inputs the relative levels of other third order products
were similarly affected. Application of the new theory which takes into
account the magnitude and phase of the feedback yielded entirely satis-
factory agreement.

The theory was later applied to various modulation characteristics of
the L3 coaxial-system line amplifier.’ In one case an effect was predicted
by the theory which had not, at that time, been observed experimentally.
In the L3 line amplifier the vacuum tubes are operated with local de
feedback from large cathode bias resistors suitably bypassed. The nor-
mal feedback loop does not extend to de. The theory predicted that
the compression would be reduced if this cathode dec feedback were
removed. Typical values for the power series coefficients of the output
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stage (437A tubes) are

ay = 0.045
az = 0.014
a; = —0.0057

Using equation 37 and the approximation of large second order feedback,
(arZo >> 1, %> >> 1), the expansion is found to be

. _ . A /——T
expansion = 1 — 0.240 <1 I a1Z1> (1 + a1Z1>

When the de feedback is removed leaving the second harmonic value un-
changed, one calculates

o A 4
expansion = 1 — 0.1433 (1 T a1Z1> (1 + a1Z1>

The ratio of the calculated compression (negative expansion) increment is

% = 1.673 = 4.4 db calculated
Thus the calculation indicates that removal of the dc¢ feedback would
reduce the compression produced by the amplifier by 4.4 db.

The incremental loss in gain of the amplifier was measured with both
normal operation and with the‘local de feedback removed. The removal
of the de feedback reduced the measured compression increment by the
ratio.

0.0945 _
0.058

Thus the predicted effect was verified and the amount confirmed. It
might be noted that the d¢ feedback was retained in the design in
spite of the somewhat greater compression because of its great value in
stabilizing the current and transconductance of the tubes against aging
effects.

A third application of the theory has been in the design of the ambient
temperature compensation oscillator used in the pilot regulators of the
L3 coaxial system.' Here it was necessary to obtain compression in an
amplifier whose tube had a positive a; and tended to expand. Gain could
not be expended on signal frequency feedback but, by the use of 20 db
of de feedback, compression from second order de feedback was made
greater than the expansion effect. Thus the amplifier compressed (lost

1.63 = 4.2 db measured
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gain) as the signal increased. This effect, while small, nevertheless solved
a serious motorboating problem. It also points up a technique by which
gain changes with level can be balanced out. If a tube having a positive
as is provided with an appropriate amount of second order feedback
(which always produces compression), then the two effects can be can-
celled. This yields a gain which, to a good approximation, is independent
of signal level. This is quite different from the technique of using a 90°
feedback to convert “u” gain changes into phase changes. Here there
need be no gain or phase changes produced and feedback at the signal
frequencies is unnecessary. However, the balance must be adjusted for
the particular tube’s modulation coefficients.

CONCLUSIONS

The analysis of cases with more than one input frequency are treated
in the Appendix. Formulas are derived for second and third order
products for up to three input frequencies. Certain of these results have
also been expressed in terms of modulated tones to determine gain
changes of sidebands relative.to the carrier, etc. Comments on these
results are included below.

Examining (31) to (34) pertaining to the output current for a single
input frequency, it is interesting to note that, within the approximations,
second order output is not affected by the feedback at other product fre-
quencies. Of course, if the second order distortion, (31 and 33), were not
large compared to the thirds this would no longer be the case. Third
order outputs, (32), (34), show that the relative contributions of various
seconds in forming thirds is not equal. For expansion the dc effect is nor-
mally “twice the second harmonic effect while for third harmonic only
the second harmonic contributes. Thus, the ratio of third harmonic to
expansion, normally thought of as 24, can vary widely depending on the
relative feedbacks at de and the second harmonic.

In general, it can be stated that the level of a given third order product
is not an accurate indication of other third order products nor is it always
a good indication of the same product at another set of frequencies.

In carrier systems products such as 2« — 8 anda + 8 — ytend to add by
voltage when the fundamentals (and their products) are closely spaced
because insufficient phase distortion occurs to break up the in-phase
addition among amplifiers. Thus, products of this type often tend to
dominate the linearity problem. These products involve frequency dif-
ferences « — 8 and 8 — v for example, which fall at low frequencies where the
second order feedback effects should be subject to control. Thus, by ap-
propriate use of phase shifts or small feedback or even small positive feed-
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back at these low (outside the band) frequencies it may, in some cases,
be possible to either reduce the level of these products or break up their
tendency to add by voltage.

In line with the above comment it should be noted that any tendency
towards instability of the feedback loop can lead to abnormally high dis-
tortion levels. A second order interaction frequency may suffer from a
Z/(1 + aZ) factor in excess of 1/a;,. Typically Z has an angle of 150
degrees or so in the cutoff region of a feedback loop. For large Z the factor
is 1/a; and independent of Z. However, where a;Z drops to, say, 2//3
the magnitude of Z/(1 + aiZ) becomes 2/a; at an angle of 60 degrees.
Whether this doubles the interaction effect depends, of course, on the
phase of the other terms but, in many cases, the effect will be appreciable.
This example was for a feedback loop of conservative design. Where
1 + a1Z approaches zero more closely the effect will be larger. Thus, an
amplifier having poor stability margins may exhibit unusual modulation
behavior for third order products involving second order differences
falling in the frequency range of the poor stability margin.

Even in cases where the amplifier is not considered as having feedback,
second order products may be returned to the input at frequencies out-
side the useful range to affect in-band products. This effect is perhaps
most obvious in the dc¢ case where expansion or compression is most
likely to be affected. Such a dc feedback can, for example, cause the am-
plification of a short pulse to differ from that of a steady tone. Alterna-
tively, a suddenly applied tone may, at first, produce one output level
and then, following a transient dependent upon the cutoff of the de
feedback, settle down at a different level. Such effects are difficult to
predict rigorously since they involve essentially a large number of
input frequencies. However, the mechanisms involved are easily under-
stood.

In the case of the balanced push-pull amplifier and similar circuits,
second order distortion products can be fed back via stray paths without
feedback of fundamentals. This can produce significant increases in third
order distortion compared to a single-sided amplifier. This is analogous
to the well-known fact that putting feedback around an amplifier rarely
reduces third order products by the amount of the feedback. The reason
is the same, the circuit change allows seconds to feed back and make
thirds.
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APPENDIX

THREE FREQUENCY INPUT

In the case of three input frequencies the derivation of particular prod-
ucts is somewhat more complicated than in the case of a single frequency
input and the number of products of interest tends to be greater. How-
ever, the methods and the assumptions are essentially the same.

The input signal is assumed to be of the form

ein = A cos ot + B cos 8t 4 C cos vt a>pB >y (A1)
and the power series for the tube is still
1= aie + axd® + aé (A2)
The loop equation (Ifig. 1) is unchanged,
e = e — 17 (A3)
The Fourier series for the grid-cathode voltage is taken as

¢ =2 knpqocos(na+p8+qv), a>B>y (A4)

npq

which may be written as
e = ko0 + K100 cOS ot + ko,1,0 cos Bt + ko0, cos yi
+ ks0,0 cos 2af + ko,00 cos 28t + kop,2 cos 2vi
+ k1_10c08 (@ — B)t + kip,_1c08 (0 — y)t+ ko1, 1cos (8 — )t  (AD)
+ k10 cos (@ + B)t + ko1 cos (@ + v)t + ko cos (8 + v)t
+ k30,0 cos 3at + ko3, cos 38t + ko3 cos 3vi
4+ kiai1cos (@4 8+ )t + k11,1 cos (@ + 8 — y)t + ete., ete., ete.

In the above TFourier series for e, the de through third order products
total 32 terms. Consequently, the formation of e* involves 32° or approxi-
mately 1,000 multiplications. To form ¢* requires 32° or approximately
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30,000 multiplications. Since the labor involved is obviously excessive
the technique used is to select only the dominant terms in forming the
desired products. In particular, the assumption that fundamentals are
large compared to second order products and that these, in turn, are large
compared to third order products is used repeatedly.

A typical third order product for a three frequency input is the one
having the frequency @ + 8 — . In order to find the amplitude of this
product the dominant terms in both ¢* and ¢* are selected by inspection.
In ¢ the frequency, « + 8 — 7, can be formed by a large variety of
combinations. Some of these are

v and o+ B a+v and 2o+ 8
a4+ 8 and v de and a4+ 8 — ¥y
B—v and « a+ B8 —+v and dec

a and B8 — v 20 —y and a — 8

8 and‘ oa— a— B and 2a — vy
a—v and B ete.

20+ B8 and o+ v

Recognizing that the dominant products are fundamentals X seconds
we can write the ¢’ terms of frequency a 4+ 8 — v as follows:

¢ |aspy = 2k1,1,0k0,0,1 cos (e + B)t cos vt
+ 2700,1.-1’61,0,0 CcOos (ﬁ — 'y)zf cos at (AG)
- 2F1,0,—1k0,1,0 cos (@ — )t cos Bt

When the indicated multiplications are carried out (A6) simplifies
to the form given below. Note that the conjugate is used whenever its
corresponding frequency subtracts in the formation of the desired
product.

€ |assy = k1100001 + Ko.t—1k1.00 + K1,0,-1k0,1.0] cos (@ + B — )t (A7)

In like manner the ¢® terms of frequency a 4- 8 — «y are observed to be
dominated by fundamentals X fundamentals X fundamentals. Namely,

a B 7

<R°R ™ W™W R
R R R R
R ™ R R ™



1280 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1955

Thus,
€ lassy = 84k1,00k0,10%0.01 oS (@ + B — ¥)¢ (A8)

The coefficients for the fundamentals themselves are easily approxi-
mated in the same manner as was used to arrive at (26). However, it is
still necessary to find the second order coefficients of ¢ used in forming
¢’ in (A7). These sccond order products are dominated by fundamentals
x fundamentals and can therefore easily be shown to be

—aoZ
k = 08 7
1,1,0 T+ a]Z‘HB 701,0,0 ©0,1,0 (A9)
—asZg_y R
ko143 =-— """k
£0,1,—1 1 + Lth._-y 0,1,0]€0,0,1 (AlO)
— — 20—y A I
ko1 = TF e, k1,0,0k0,0,1 (A11)

Since there is no original input signal of frequency o + 8 — v, (A3)
can be written as

¢ = —Zargolaie + ae® + a3e]ars_y (A12)

The subseript on both the impedance and the power series should be
interpreted respectively as the value at this particular frequency and the
content of this particular frequency. Inserting the appropriate values
for e, ¢ and ¢ of frequency « + 8 — v in (A12) one obtains,

2
ka4 6Zas) = —Zarps [ﬁfz—ﬂs Fnolos dns
a: ; — a22
"% kevokogik Tz’ ’ .
n S ko,1,0k0,0.1K1,0,0 4+ T aZos 1 0,0k0,0,1%0,1,0 (A13)
+ asg ]gl,o,gko,hoko,o,l:'
Note that
. ) —ki1,
o 1 (A14)
-y Za-l-ﬂ—')‘
Thus,
. _ 1 [% ey 07
Tat-B—y 1+ a1Za-i-ﬁ—7 2 1 + 0»1Za+ﬂ 1 + (hZﬁ—'Y

(A15)

2
a2 La—y P
“Trazo )" Ko,1,0 COS —

1+ alza_y] 1,0,0k0,0,1K0,1,0 (a+8 —7)
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Approximating the fundamentals by

A

k1,o.o it m (AIG)
B

]Co,l,o = m (A17)
C

ko.o.l = m (AIS)

We obtain for the desired product

: _ 1 [3_03 _ a5 Zars . a5 Zg_y
T Y Zapy | 2 1 F aiZars 1+ ar1Zs,

- () FalTm) O
1 + alZa_., 1 + aIZa 1 + a1Z,g 1 + 0,1Z-y

cos (e + B — 1)t

A similar derivation for the & + 8 + v product yields the same expres-
sion except that the conjugate is removed and -+ replaces —y on the
impedance and frequency subscripts wherever —v appears above. Thus,

; _ 1 [% _ @Zas 0 Zpy
oty 1 + 01Za+ﬂ+7 2 1 -I- a1Za+,3 1 + 01Z3+7

0570y ]( A >< B )( c ) (A20)
1 + (11Za+1 1 + a1Za 1 + (1,1Zﬁ 1 + a1Z7

cos (a -+ B + 1)t

Another product of interest for three frequency inputs is expansion.
As a typical case, the expansion of 8 in the presence of , 8, and v is de-
rived below. The method used relies on the same assumptions. Since the
distortion product has the frequency 8, in ¢, the following fundamentals
z seconds terms dominate.

a and a — B de and 8
a—8 and « v and B — v
a+ 8 and « B8 —v and v

28 and B8 v and B+ v
and 28 B+~ and ¥

8 and de¢
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This simplifies to
¢ ls = [2ko,0,0k0,1.0 + Ko.2,0k0.1,0 + F11.0k1.00 + K10,0k1 1,0
- (A21)
+ ko, —1hko,0,1 + Ko1ko 4] cos BE

In ¢ fundamentals X fundamentals X fundamentals dominate as
follows,

a B a 3terms
¥y B v 3terms
8 B B8 1term
This yields
@ lg = 38krookiookoro + 3skootkooakore + 34ke10kore  (A22)

To proceed further again requires the determination of a number of
second order products appearing in ¢”. Note that these are the products
which when fed back will beat with fundamentals to form the desired
third order product. Since these second order products are dominated
again by fundamentals X fundamentals they are easily shown to be

—asZ — — —_—
ko,0,0 = RH(—I——ZIOZO—) (701,0,0761,0,0 + 790,1,0700,1,0 + koc 1760,0,1) (A23)
—(12Z23 2
k = (k A24
0,2,0 30 F anZag) (ko 1,0) ( )
—2Ziasp
A — _ —%2laip i/
k11,0 0 F 0Zars) F1,0,0%0,1,0 (A25)
ki, 0= ———azéi ke, 0,0k (A26)
1,-1, T aday 0 01,0
koa,—1 = P:L}Z—ﬁi ko,1,0k0,0.1 (A27)
o 14+ aZsg—, 7 )
ko1 = __—‘_(hg@Jr_-/_ ko, 1,0k0,0,1 (A28)
I B Y T
The next step is to rewrite (A3) as
 koro = B — Zglatkoro + ax’ |s + ase’ |g) (A29)
which reduces to
_ B Zg 2 3
ko0 = TF ads  1F aiZs (ase” | + ase” |g) (A30)



DISTORTION IN FEEDBACK AMPLIFIERS 1283

Substituting the terms of ¢* and ¢’ of frequency 8 we obtain,

B Zg - —
kO,l,O = [(a“’m 1, o) <izo* (1\31,0,0]91.0,0

1+ alZ,g 1 4 a1 1 + a1z
+ Fo1,ok0.1.0 + Kooikoor) — ﬁ% ko,1,060.1.0
— %kl,o,dem,o — 1_?_23—:2:3 k1,0,0k1.0.0 (A31)

-+ (13]00.1,0(%100,1.0160,1,0 + 36k10.0k1 00 + 96160,0,1700,0‘1)]

Making use of values of the fundamentals as given in (16) (17), (18) and
the relationship

]Co,l_o — B
Zg

we find for the output current of frequency g

i=mB[1+ 1 <B><B>§g_s
A 1—!—CL1Z,3 l—f—alZ,g 1+a1Z5 1+01Zg 4a1

_ 22 Zo . as ZQﬂ > + 1 < A >
a1(1 + CllZo) 2(11(]. + a1Z2§) 1 —l" (llz,g 1 + a1Za

( : ><§a_3 - s - e (A33)
1 + (11Za 2&1 a1(1 + 01Z0) a1(1 -|— a1Za+,3)

) el
al(l + (llza_g) 1 + (llZﬂ 1 + a1Z7 1 + a1Z7

<303 as’Z, _ 02" Zs_y _ a2 Ty >:| cos B
201 a1(1 + (11Z0) (11(1 + a1Zp_~,) (ll(l + (11Zﬁ+~,)

Z}; = - (A32)

The gain expansion is readily obtained from the above using the rela-
tionship
ain expansion = s
BaI OXD B o (A34)
TF aiZs €08

It is interesting to note that the influences of the other two funda-
mentals involve feedbacks at sum and difference frequencies relative to
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B whereas the corresponding term for 8 involves the second harmonic and
dc feedback. The latter also appears with the other fundamentals.

MODULATED CARRIER EXPANSION

The preceding analysis of three frequency inputs can also be applied
to the situation where the signal consists of an ordinary amplitude modu-
lated carrier. Such a modulated carrier consists of a carrier frequency
with two sideband frequencies, one above and one below the carrier. To
simplify the results given below it is assumed that the feedback is the
same for the sidebands as it is for the carrier. The index of modulation is
expressed as m and the modulating frequency is expressed as A. Thus,
in the notation of the preceding scction one has the relationships

A=C-= ng (435)
a=p+A (A36)
=8—-A (A37)

Zpra = Zg = Zp_a

It is further assumed that the feedback is unchanged between the sec-
ond harmonics of the sidebands and carrier so that

Zogray = Zsg = Zag-ny (A38)

Taking (A33) and equivalent expressions for ¢ and 7, it may be shown
that

gain expansion of the carrier = 1

1 B B 3(13
T 14+ a1Zg <1 -+ aIZg> (1 + 01Z6>|: (1 +m)

_ as 7o (1 + 1.”.?) — as'Zng <1 + m> (A39)
a1(1 + a1Zy) 2 ar(1 4+ a1Z4p)

)
T el F aiZa) \ 2
gain expansion of either sideband =

1 B B 3a; 3
+ 14 a:1Zg (1 + 01Zﬁ> (1 + 01Za> [201 <1 + 8 m)

L () e (4 o) (0
a1(1 -|- a1Zo) 2 a1(1 + (7,1Z25) 8

_ (122ZA (1) _ as ZzA (’Hj)]
a1(1 + (Z1ZA) a1(1 + (11Z2A) 4

CO
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and the expansion of the modulation index is .

gain expansion of sideband relative to carrier = 1

e ) -
14+ aiZs\1 + aiZs/ \1 + a1/ | 4a, 4 -
as Zog <l _ 111_2> _ RN (1 _ ﬂz> (Ad1)
(11(1 + (11Z2ﬁ) 2 8 a1(1 + ale) .2

et ez (%))
ay(1 4+ a1Zs) \ 4

Note that the de¢ term drops out of the expansion of the sidebands rela-
tive to the carrier because the de term affects them equally.

TwWO FREQUENCY INPUT

The third order products, 2« 4 83, are often of importance in carrier
systems. They cannot be found simply by substitution of variables in
(A19) or (A20) since, for example, «, 8, v, can be formed in six ways and
a, a, 3, in only three. Thus, the a; term has a coefficient of 34 instead of
64. This is intended to sound a note of caution in merely changing
variables to find other products.

Carrying through the complete calculations for 2a 2= 8 one obtains,

P 1 A )( B >
2 T T F @Zsas \I + aiZa! \1 + aiZs

3 'z 2y (A42)
_g} — QA2 Lise _ arLia—g B

[ 4 2(1 4+ a1754) 1+ aIZa_B:| cos (2a — B)t

and

o et ()

T el L+ aZe) \T+ aiZ; (A43)

|:3a3 1 1122Z 2a 022Z atB
2

420+ mZw) 1+ al,Za+/3:| cos (2a + B)t
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Using a stmplified model, an analysis of switching networks is presented.
Methods for finding characteristics of a network such asblocking probability,
retrial and connection-time distributions are given. The problem of equiv-
alent crosspoint minimization 1s also considered.

1. INTRODUCTION

The application of probability theory to telephone traffic problems
owes its origin to the pioneering work of A. K. Erlang, T. C. Fry, E. C.
Molina and others.'* * ® Since then much has been written on these and
other related problems. On the other hand, except for several recent
papers on the subject,” ** ** 7 the literature on the application of proba-
bility theory to large size switching systems has been comparatively
meager, mainly because the sheer size and complexity of these systems
tend to render exact analysis unmanageable.

To fix ideas, let us peer into a telephone central office and point our
attention at a single link (or crosspoint) in the system. As time progresses
the link becomes busy and idle in some fashion and gives rise to a se-
quence of pairs of observations:

(to , busy), (t: , change to idle), (t2 , change to busy), - - -

Let x; be a function such that x; is 1 if the link is idle and is 0 if the link
is busy, then the sequence of pairs of observations corresponds to the
behavior of z; as ¢ changes. A plot of the values of z; versus ¢ would look
perhaps as shown in Fig. 1.1. The function x; (or the seéquence of pairs
of observations) is one of a large family of possible functions for the link.
Since there are in general several thousand such links in a telephone
central office, a complete description would involve several thousand
families of functions x, . We may add that the situation is made some-
what worse by the fact that these links are not independent of each
other, for example, the establishment of a telephone conversation in-
volves in general not one but several links in series.

1287
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In order to derive useful results, we shall consider a simplified model
in which the links are assumed to be independent and we shall further
restrict the families of functions x; to only those which obey certain
rules. The mathematical model used for a switching network is a prob-
ability linear-graph introduced in this paper. The basic steps we follow
in the analysis of switching networks consist of (1) representing a switch-
ing network by a probability linear-graph and (2) using the graph as a
probability model to calculate all characteristics of interest of the switch-
ing network. Once step (1) is effected, step (2) falls into the domain of
probability theory in which standard techniques are available.

In Section 2 of this paper, the more basic aspects of switching network
analysis are considered and properties of probability linear-graphs are
discussed. Those who are mainly interested in numerical results may
begin directly with Section 3 where representation of switching networks
by graphs, probability of blocking of various networks and the problem
of equivalent crosspoint minimization are presented. Using the graph
model, methods for calculating average retrial time for blocked calls
and network blocking due to excessive time required in the breakdown
of crosspoints in a gas tube network are then given in Section 4.

2. PROBABILITY LINEAR-GRAPHS

It would be appropriate for us to associate with each link a class of
binary-valued functions w such that w(f) = 0 or 1 (i.e. the link is either
busy or idle) at any given time {. It is more convenient, however, for us
to associate with each link a random variable z; (Reference 8, Chapter
17) such that at any given time ¢, x; = 0 or 1. Furthermore, we assume
that the random variable x; has a stationary probability distribution.*

Definition 2.1. A (two-terminal) probability linear-graph G (or simply
a graph if no confusion arises) is a finite, oriented, connected, cycle-free

* More strictly, we let @ be the space of all binary-valued functions w such
that w(f) = 0orl, —o <t < «». Let

{275 , —w < 1< °°}
be a stochastic process with discrete probability distributions
ftl. 2, " tn(al ) b2 y ° ;Bn) = PT[ZE“’ = 0; ) 7 = 11 2) e yn]
8;=0o0rl,i=1,2 -+ ,n
where z, is the st coordinate function of Q; that is 2,(w) = w(s). Furthermore,
we assume that this process is strictly stationary; that is
ftl st2,00 0, tn(a‘l ) 52_, Tty o) = ft1+hvt2j-h, yln+h(51 ) 5% ] 57.)

For each fixed w € Q, :is a binary-valued function whose domainis —w <t < «.
We then follow Reference 9 and call z; a random variable indexed by ¢ with a sta-

tionary probability distribution. For the existence and consistency of these
stochastic processes, see Reference 9, Chapter I.
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linear-graph* with at least two nodes such that (i) there exists a pair of
nodes, called respectively an originating and terminating node, of @;
this assignment being determined initially, (ii) with each link{ of G is
associated a random variable z,”, the index 4 running over all links of @
such that z,'” are mutually independent and have stationary probability
distributions

fer g, o, tn(i)(61)52) sy 0) = Pr[x‘j(i) =06;,=1,2, - ,n]
6; =0orl, j=12 -+, n

In what follows, by a directed path of G is meant a directed path be-
tween the originating and terminating nodes of G. Moreover, whenever
there is no confusion, the letter x will be used to denote the vector

@®, 22, )
Given a probability linear-graph, the usual problem is to find the

Xt

t
===

to t, ta ta ts
Fig. 1.1 — Observations of idle and busy conditions of a link.

probability distribution of some binary-valued function ¢ of inde-
pendent random variables z,'”. We begin this section by looking first
at the simplest cases.

2.1 Series-Parallel Graphs.

Consider the series graph shown in Figure 2.1 with N 4 1 nodes
and N links. Let ¢, be the function given by

N
() = Ilet(z)
Physically, if we interpret 2> = 1 as the event of link ¢ being idle at
time ¢, then ¢,(x) = 1 corresponds to the event that there is at least one
directed path of G (in this case exactly one) idle at time ¢. In view of
this interpretation, ¢, is called the connection function of G. The prob-
* A linear-graph is finite if both the sets of nodes and branches are non-empty
and finite; it 1s connected if there exists at least one path (chain of branches)
between each pair of nodes; it is oriented if the branches are all directed; it is

cycle-free if there exists no directed path between any node and itself.
t Here, directed branches are called links,
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abilities

P.(1) = Prle.(x) = 1] and P,(0) = Prie.(z) =0l =1— P,(1) (2.1)

are called respectively the linking and blocking probabilities of G. Clearly,
P.(1) = Prlg.(z) = 1] = Prlz," = 1,4 = 1,2, --- , N]

= INII Priz.” = 1] = fIlff“)(l) 22
Next, let
Py (81, 8) = Prie.(x) = 61, ¢rs(x) = & (2.3)
then
Po.(1,1) = Prlz,? = 1,2, = 1;4=1,2, .-+, N]
(2.4)

= iI=Ilff,r+t(1y 1)

Since z,'” have stationary distributions, P,(8), f.”(8) and P, ,4.(81, 62)

[0 @) (N}
Xy Xy X1
Ie' pa—— e a—— )
— — ——

TF1g. 2.1 — A series graph with N links.

are all independent of  so that they may be written respectively P (),
7(5) and P(; , 62). Moreover,

P(1) = P,0,1) + P,(1,1) = P,(1,0) + Py1, 1)

so that
P;(O, 1) = Pt(17 0) = P(l) - Pt(ly 1)
N ] N ) (2_5)
= 1177 - I1770, 1)
Tinally , let the means of z," and ¢, be denoted by
¢? = B@®), Q= El) (2.6)
Then, for a series graph, the following relations obtain:
Q=1I¢ @7
P, 1) = 1590, 1) (2.8)
P0, 1) = P(1,0) = JI ¢ - I17°0, 1) (2.9)

PO,0) =1 —2[1¢° + 1[0, 1)  (@10)
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In the case of a parallel graph of N links (Figure 2.2), the connection
function ¢; is given by*

¢g($) =1- H (1 — xt(i)).
Using the same notations as before, we obtain, for the parallel graph

Q=1-I1a-4¢" (2.11)

T

P0,0) = 150, 0) (2.12)
Py0,1) = Py1,0) = [T @ — ¢*) = I[70,0) (213)

P, 1) =1-2[T1 - ¢ + I1£“0,0) (2.14)

2.2 General Probability Linear-Graphs

Let us first make the notion of a connection function of a graph more
precise.

Let @ be a probability linear-graph with N links. Let B be the set of
all directed paths of G. Then each B; ¢ B is composed of series links of @
with associated link random variables z,"*?, z,"®, - . To each 8; ¢ B,
assign a new random variable y/” as afunction of z,°?, 2,2, - - - such
th(zy)t y? =1 ifandonly if 2, = 1,k = 1,2, --- and otherwise
Y VY = 0.

Definition 2.2. The graph G* composed of all parallel links 8, 8 ¢ B
with link random variables 3., ., - - - is said to be the canonical form
of G.

Definition 2.8. A binary-valued function ¢, (itself a random variable)
of the vector y = (4., 4., --+) such that ¢,(y) = 0 if and only if

»~ XY
P! o)
N)
p—— x(t.

F16. 2.2 — A parallel graph with N links.

* Note that by the change of variables /(¥ = 1 — z{d and ¢/ = 1 — ¢, the
situation here becomes identical with that for the series graphs.
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y = 0 and ¢.(y) = 1 otherwise is said to be the connection function
of G. The probabilities Prle,(y) = 1] and Prle.(y) = 0] are called re-
spectively the linking and blocking probabilities of G. The conditional
probability Prle..(y) = 0]e-(y) = 0] is called the retrial distribution
of G.

We note that the physical interpretation of ¢, is as it should be;
o-(y) = 1 if there is at least one idle path through G and ¢,(y) = 0 if
otherwise. The physical interpretations of linking and blocking prob-
abilities and retrial distribution are self-evident.

We now let = denote the vector (x,(l), xt(2), cee x,(m) and let z/*
denote the values of z at time ¢. At a given time ¢, let J(8), 6 = O or 1,
be the set of values of x which makes ¢,(x) = 6. Since z, as a vector, has
a stationary distribution, it follows that

PT[¢¢1+h(x) =01, " ,¢z,.+h(17) = 8n)
. = Prlze1* € J(81), -+, Te,n™ € J(&,,)]
= Prlzy,* e J(81), -+, x¢,* € J(8,)]

= Pr[ﬁoh(x) =01, v, ¢tn(x) = 8.}

Thus, we have the elementary but important fact that
I")Theorem 2.1. The connection function ¢, for a probability linear-graph
@ has a stationary distribution.

An immediate consequence of Theorem 2.1 is that the linking (or
blocking) probability of G is independent of the time ¢ and is expressible
as a polynomial with integral coefficients in terms of the linking prob-
abilities ¢ of the links of G. To put if differently, Theorem 2.1 asserts
that in order to compute the linking (or blocking) probability of G, it
suffices for us to consider the process as one consisting of repeated simul-
taneous tossing of N skewed coins, a process in which time does not
enter. It should be remarked that this fact has long been known to tele-
phone traffic engineers.

Another remark is in order here although a precise statement would be
needlessly long. In many cases, a graph G' may contain several com-
ponents G;. If these components are well-defined, it is always possible
to replace them by single links whose associated random variables are
0? where ¢, is the connection function of G;. Actual computations
may be greatly simplified by a repeated application of this procedure.

2.3 An Example of a Non-Stationary Process

In Section 2.1 we had stipulated that the link random variables of a
graph have stationary probability distributions. Let us now consider a
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(somewhat arbitrary) example in which the stationary property is
dropped.

Let 4 be a single link and let © be the family of functions w associated
with this link such that for the internal 0 < N < T,

wt) =0; t<\ (=T
w(t) = 1; T>t=Xx

Thus, we may index functions of @ by . A subset @ of Q is said to be
measurable if the corresponding indexing set A; is Borel measurable on
the interval [0, T') and in such cases, we identify the measure of ; with
the Borel measure of A; .

Let 2, be the s™ coordinate function of Q; that is, z,(w) = w(s). Then,

¢

Pr[x;=1]=—T, Ost<T

and
Prlz, = 1] = 0 otherwise.

Hence the probability of blocking P; for ¢; is zero for t < 0,¢ = T and
is t/T for 0 < ¢t < T. That is, the blocking probability is itself a func-
tion of ¢.

If we restrict our attention to the time interval [0, T'), we may define
the mean blocking P; as the time average of P on [0, T).

Then ‘

T
P=t [ La=1s

Suppose we now have two such links 4 , £ , independent of each other,
in parallel. Then the blocking probability of the parallel graph is

p=p2=(i>2
! T

The mean blocking for the parallel graph is

1 r t 2
P=_ —)dt=1
T Jo (T) ¥
Thus, it is erroneous here to say that the mean blocking of the parallel
graph is the square of the mean blocking of each path.
Strictly speaking, the assumption of stationary distributions for link
random variables is invalid in practice, since obviously a telephone cen-
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tral office handles more calls at noon than at midnight. However, it is
the busy-hour-traffic which concerns the telephone traffic engineers, so
that the assumption is in general a reasonable one.

24 Linking Probability

In this section, only linking (and blocking) probabilities of a prob-
ability linear-graph will be considered. Other characteristics of a graph
(retrial distribution, connection-time distribution etc.) will be studied
in a later section.

Let G be a probability linear-graph and let the random variables asso-
ciated with the links of G be ¥, 2®, - - - where these random variables
are no longer functions of time. Let us view our probability process as
one consisting of repeated trials (or, say, tosses of batches of coins) in
which, for each trial, the probabilities* of success and failure for the
links are respectively

¢ = Pr[z® = 1], P = Prla® = 0] =1 — ¢?, (2.15)
1=1,2, -
Let ¢ be the connection function for G and denote by @ and P

Q=Prlelx) =1, P=1-Q = Prlp(x) =0 (2.16)

where z is the vector (z, ®, --+). Then Q and P are respectively the

linking and blocking probabilities of G.
In the case G is a series graph of N links, we have, from Section 2.1,

N
=11¢° P=1-¢ (2.17)
=1
Similarly, when @ is a parallel graph of N links,
N
Q=1-JT 0 —-4¢?), P=1-0q. (2.18)
=1

Thus for any series-parallel graph G, a combination of (2.17) and (2.18)
will yield the linking and blocking probabilities of G.

Ezample 2.1. Consider the. series-parallel graph G shown in Fig. 2.3
where the link random variables are denoted by

[¢)) 2) a0, [6%] (2) (10)
X1, 1, 0, X1 5 2y , Lo "y o, X

* p(d is usually called the occupancy of link 7.
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and

) (2) (10)
X3, X3 S, 0, T3 .

For any series path with random variables
xl(l): x2(l)7 .’E3(1), 1= 1; 2, Y 101

the linking and blocking probabilities for this path are respectively
0?02 and 1 — ¢:¢," where ,? = Pr[,*” = 1] and similarly

for qQ(i) and qs(i). Thus, for G,

10
P=JI10—-q¢?¢¢”), @Q=1-P

=1

Numerically, suppose ¢:? = ¢ = ¢ = 24 for all 4, then

2 310 19)10
p= [ =T = (2 = ooms

This example illustrates the fact that linking and blocking probabili-
ties of a series-parallel graph can be found in a routine manner. Although
the same can be said for nonseries-parallel graphs, the computational
difficulties involved are of a different nature.

Let @ be a probability linear-graph and let G* be its canonical form.
Denote the link random variables of G* by y®, y®, -+ - and let ¥° be
the event 4> = 1. Then clearly, the linking probability Q of G is the
probability of the union of events Y or

Q= PrlUr®] (2.19)

This last probability can be found in a standard manner (cf. Reference 8,
Chapter 4) since the joint probabilities Pr[;Y“?] are readily obtained
from the linking probabilities of the links of G.

1)
x4
—

—

—_—
0]
x4

Fra. 2.3 — A series-parallel graph.
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A real computational difficulty arises at this point. If the number of
directed paths of G (or G*) is not small, then the expansion of @ in
terms of the aforementioned joint probabilities becomes formidable.

Example 2.2. In Figs. 2.4 and 2.5 are a non-series-parallel graph G
and its canonical form G*, respectively. In this case,

3
Q="PriY? v Y? v Y®] = 3 Pr[Y"?]

i=1

(2.20)

3 3

Z Pr[y(i) n Y(ﬁ] + Z Pr[y(i) n Y(j) n Y(k)]
iz i

Since PriY® n ¥ -] can be found directly from G (e.g. PriY® q

YOl = ¢94%9¢®), we get

Q (q(l) 2) + q(Z) (3) (5) + q(S)q(4))

(1) (2) (€)) (5) (l) (2) (3) (4) (2) (3) (4) (5)
—(¢7q +q +a¢7¢7¢ ¢")

+ (q(l)q(2)q(3)q(4)q(5)) (221)

In particular, if ¢ = ¢® = ¢® = ¢ = ¢® = ¢, then

Q=2¢+¢—-3"+¢ (2.22)
2.5 Generating Functions for Linking Probabilities.

Let @ be a graph with N links and let the links be designated by
X® x® ... X"™ Let B be the set of all directed paths of G. Then
each 8; ¢ B is composed of links X0 X9 ... , X9 in series. Let us
agree to denote the directed path 8; by the formal product

X(Jl) '.X(jz) e X(j"j).

F1G. 2.4 — A nonseries-parallel graph.
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In this formal product, the X’s are considered as undefined real numbers
and are manipulated as such except for the reduction rule
XX = X9 if j=F (2.23)
Otherwise, the operation - is ordinary multiplication.
Definition 2.4. A function 2 is said to be the generating function of G if
As) =1 —H (1 — XW.xW ... xUnidg) (2.24)

where IT* denotes formal product under - such that the reduction rule
(2.238) is always carried out.

Example 2.3. Let us go back to Fig. 2.4. In this case, there are three
directed paths X®-X®, X®-Xx®-X® and X®-X“ 50 that

Q(S) _ (X(l),XQ) + X(3),X(4) + X(2)‘X(3)'X(5))8
- X©x9xOx® 4 x0-x®x0-x® (2.25)
+ X(?),X(3).X(4),X(5))S2 + (X(l)_X".(2)_X(3).X(4).X(5))s3

Note that if, in (2.25), each X*” is replaced by the real number ¢*” and
s is set equal to 1, the resulting value of the generating function 2[de-
noted by 2*(1)] is

Q*(l) (q(l) 2) + q(Z) (3) (5) + q(3)q(4))
_ (q(l) (2) (3) (5) 4 q(l) (2) (3) (4) + q(2)q(3)q(4)q(5)) (226)
+ (q(l)q(Z)q(8) q(4)q(5))

which is precisely the linking probability @ for the graph found previ-
ously (Example 2.2). In fact, this relation holds true in general.

Fi1g. 2.5 — Canonical form of graph shown in Figure 2.4.
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Theorem 2.2. Let G be a probability linear-graph and Q its generating
function. Then 2*(1) is the linking probability @ of G.

Proof. Let B be the set of all directed paths of G and let y*” be the
random variables associated with these directed paths. Let Y be the
event ' = 1. Then the coefficient of s” in 2*(s) is

> PriY ay®na . .. nY")

. il,‘ig ..... i.-'
11<12< < 2y

except for a possible change in sign. Thus

Q*(1),= 2 Pr(Y?) = 22 Pr(Y™ aY") 4+ ...
51112?2
. . . (2.27)
+ 2 PP av@a...aY™) =q

1080 -eerin

11<ia<. .. < i

This completes the proof. |

- F1a. 2.6 — A general four-stage graph.

Q1,1
x4
-3

Fic. 2.7—"Afsimpleffour-stage graph.
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2.6 Some 4-Stage Graphs

By a four-stage graph is meant a graph of the form shown in Fig. 2.6
where the graph has four stages of nodes with a1 = 1, a2, ez and ey = 1
nodes in each stage. It is clear from Fig. 2.6 that there are a left links,
aqa; middle links and ey right links. ‘

The linking probability of a four-stage graph can theoretically be found
by a direct application of Theorem 2.2. The computation is simplified,
however, if additional information is given. For instance, consider

Example 2.4. Let G be the four-stage graph shown in Fig. 2.7 with
as = a3 = 2 where

a® = ¢® = ¢

S0 = gD B0 = ¢®? = g (2.28)
® = ¢® = ¢

Then we may write

SZ(S) =1 - (]. - X1(1)'X3(1)'QQS)'(1 - Xl(l)'X3(2)'q28)

.(1 — X1(2)'X3(1)'Q28)‘ (1 _ X1(2)'X3(2)'Q28)

g

(2.29)

so that
Q = 2%(1) = 4qgegs — 2010°0s(n + @z + @) + 40’’’ — @'y

The same procedure can be applied to all such 4-stage graphs.

Ezample 2.5. In the special cases where the occupancies of the left,
middle and right links are equal respectively to p1, p» and p; (Example
2.4 is one of these), the following expression* has been obtained by D. H.
Evans for the blocking probability P of a 4-stage graph:

a2 ’
P= 3 (%) 0 = ppN0 = g + i

This formula is of considerable value in a study of blocking in six-stage
switching networks by the author and D. H. Evans (unpublished).

In general, if the number of nodes of a four-stage graph is not small,
it would be unrealistic timewise to expand 2(s) to yield the linking prob-
ability @ of the graph. In such cases no good theoretical method has been
found which will conveniently yield the values of Q. It is possible, how-
ever, with the aid of Theorem 2.1, to devise an experiment which will
yield good approximations to @ without undue labor. In fact, this remark
applies to all probability linear-graphs.

* This expression is derived from a counting procedure different from the ap-

proach outlined here. Using still another approach, an extension of this result to a
more general class of 4-stage networks has been obtained by M. Goldman.
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‘We shall now proceed to describe switching networks as probability
linear-graphs.

3. SWITCHING NETWORKS AS PROBABILITY LINEAR-GRAPHS
3.1 Probability of Blocking.

By a switching network is meant a crosspoint network in which each
input of the network can be connected to any output of the network by
the operation of appropriate sequences of crosspoints. A block diagram
representation of such networks is shown in Fig. 3.1. The first stage of
crosspoint switches has L, inputs and L, outputs which are inputs to the
second stage of switches. Thus these L, leads link stages 1 and 2 and are
therefore called L;-links. Similarly, the L;-links 0 < 7 < s link stages L;
and Ly and the L, links are the outputs of the network which has s
stages.

Let L be a switching network with inputs and outputs indexed by
tand j;1=1,2, -+, Lg,j =1, 2, -+, Ly. Denote by P(¢, j) the
probability of all paths from input ¢ to output j busy. Then the blocking
probability P of L is defined here as*

Lo La

> Z P(%, ) (3.1)

LOLs 1=l jel
Slmllarly the linking probability @ of L is
Q=1-P (3.2)

For each pair (7, j), P(¢, j) is found as the blocking probability of a
corresponding probability linear-graph.

In this section, we assume P(%, 7) to be independent of ¢ and j and
each crosspoint switch (switch with arrays of crosspoints) in the network
to be of nonblocking type.t There is no essential loss of generality in
the first condition; although without it, the evaluation of P would be-
come more tedious.

It remains for us to present the correspondence between a switching
network L and a probability linear-graph G. This description is best
given by examples. Choose an input 7 and an output 7 of L. Then the
paths from 7 to j would involve crosspoint switches and links between
+ .»* This is one of several possible definitions of blocking probability of a network.

1 Here we restrict our attention to networks consisting of switches of non-
blocking type (e.g., square switches or switches with more outputs than inputs).

Thus, “concentratlon” switches are excluded. The analysis of networks with
concentrating stages involves deeper insight and will not be considered in this

paper.
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pairs of these switches. Represent the switches by nodes and the links by
directed branches. The resulting graph @ is the graph corresponding to
L.

We consider G to be the model of L from which pertinent characteris-
tics of L can be extracted. Thus, we are identifying such quantities as
blocking probability, mean retrial time etc., of L with those of G-

Ezample 3.1. The 4-stage switching distribution network L shown in
Fig. 3.2 is common (with modifications) in telephone central offices.
Its corresponding probability linear-graph is shown in Fig. 3.3, with all
link occupancies p. The blocking probability P of L is therefore (sec
Example 2.1).

P=[1—-(@1-pI° (3.3)

Equation (3.3) is the simplest one of several formulas sometimes known
as Kittredge-Molina formulas for crosspoint networks.

STAGE STAGE STAGE
1 2 S

Lo L, Ls

Fig. 3.1 — Block diagram of a switching network.

Lo=1000 L4 =1000

F1a. 3.2 — A four-stage switching network.
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Ezxample 3.2. Consider the partially-equipped, four-stage distribution
network, first suggested by C. A. Lovell, (Fig. 3.4) which would grow
with relative ease into the full distribution network of Example 3.1.
In this example, we prefer to overlook the fact that the third stage
switches are not of the non-blocking type. The corresponding graph is
shown in Fig. 3.5 and the blocking probability is

Pr=[1-(1-p)Q — p)I° (3.4)
To calculate the link occupancies, let A be the offered traffic (in er-

langs) in Example 3.1 and for the purpose of comparison, let 0.4A be
the offered traffic in Example 3.2. Then

A1 - P) 0440 — Py 0440 — Py)
= TTo0 > PT T 40 0 T 100 &P
where in (3.5), the link occupancies depend themselves on the blocking

|_°=40Q |_4 = 400

F1a. 3.4 — A partially equipped four-stage network.
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probabilities. As a first approximation, the factors (1 — P) and (1 — Py)
may be neglected. A comparison of (3.3) and (3.4) shows then that the
blocking of a partially equipped network is less than that of a fully
equipped network.

Ezxample 3.3. The switching network shown in Fig. 3.6 is a particular
case of a class of non-blocking networks discovered by C. Clos.t? Its
corresponding graph is shown in Tig. 3.7 with blocking probability

P=01-Q-p% (3.6)

Since it is known a priori that the actual blocking probability for the
network is identically zero, it is interesting to compare P given by (3.6)
with zero. We arrive at the following table:

¥4 P

o

SOOI

b e

-_—

F16. 3.6 — A three-stage non-blocking network.
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This example illustrates the effect of neglecting link dependence;
Equation (3.6) gives very high blocking for large p. In practice, however,
a value of p greater than 0.5 is rarely encountered so that even in this
case the approximation is not unreasonable. It should be remarked that
more suitable formulas for computing blocking in three-stage networks
have been developed by M. Karnaugh.

3.2 Applications to Equivalent Crosspoint Minimization.

As an application of the concepts developed here, we shall consider
the problem of equivalent crosspoint minimization for switching net-
works.

The case in mind is a four-stage network in which we assume:

A-1. The network is symmetrical with respect to its inputs and out-
puts; (i.e., the network configuration remains fixed when the inputs and
outputs of the network are interchanged).

A-2. Switches within each stage of the network are of identical size.

A-3. Stages 1 and 2 are combined into 8 identical frames (called pri-
mary frames) no two of which are interconnected.

A-4. The number of outputs in a switch in the first stage is equal to
the number of switches in each frame in the second stage, with each out-
put connected to a distinct switch in that frame.

A-5. The number of outputs in a switch in the second stage is 8, with
each output connected to a distinct (secondary) frame and with outputs
on distinct switches in the same primary frame connected to distinct
switches in the same (secondary) frame.

Under these assumptions, the network has the configuration shown in
Fig. 3.8. The problem is, given the offered traffic, the maximum allow-
able blocking P’ and the number of inputs L, , determine z, y, « and B8
so that the number of equivalent crosspoints Cj is a minimum where Cj
is given by

Co = C 4+ kLo + 2k1Ly + 2koL, 3.7

F16. 3.7 — Graph of the three-stage non-blocking network.
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F1a. 3.9 — Graph of the general four-stage switching network.

in which ko, k1 and %, are given constants which evaluate relative net-
work cost effects and C is the number of crosspoints in the network.

The corresponding graph shown in Fig. 3.9 consists of y parallel paths
so that the blocking probability for the network is

P=(1— ¢'p)t (3.8)
As a first approximation, we have

A4’ A’

n=l-f,  e=1-% (3.9)

8%
where

A" = AL — P) < (3.10)
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and A is the offered erlangs. It then follows that

n3/2 A7 - AL
2(A") 2k A + 2k.A (3.11)

Q—-—gq)d =@ 1—-—qg 1—g

Our problem is to find g1, ¢ and y which will minimize C, under the

condition

Co = Lo(ko + 21/) +

1 — g’ — (PH" =0 (3.12)

Using the Lagrangian multiplier method, we arrive at the following sys-
tem of four equations

(A/)3/2 klA’

(= or( = @y ? T (T =gy~ 0 (3.13)
(4" wd'
= 3.14
T ) — @y T — gy~ M (319)
(AI)3/2 B (PI)1/y€nP, _
(1 — g)(1 — go)V%p2 " = 2L (3.15)
1- (11292 — (P')”” =0 (3.16)

in which the unknowns to be solved for are ¢1, ¢2 , ¥ and X. These can be
found numerically in specific problems.

It should be noted that in using the graph representation to find the
blocking probability of a switching network, we had tacitly assumed
that the switches should be of non-blocking type. But solutions to (3.13)—
(3.16) do not guarantee that this will be the case. Thus, the values of
x, 9, « and 8 obtained from this minimization process should be regarded
as approximations.

We now consider the following special case which is of independent
interest. In equation (3.7), let ky = k1 = k; = 0. This situation cor-
responds physically to the interpretation that the link costs are negli-
gible as compared to the crosspoint costs. Equations (3.13)—(3.16) then
become

(49" B
(1 — (1 = g Pyt — A1ge (3.17)
(A" Ny
(1= g1 — @y Agy (3.18)
(A/)3/2 (P,)llyfnP,
2L = (1 — q)(1 — go)V232 ——y2—‘ =0 (3.19)

1 — gl — (P = 0. (3.20)
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From (3.17) and (3.18) it turns out that
= q:=q (3.21)

so that the problem of solving four equations is now reduced to that of
solving a single equation

(A’)3/2 B (1 _ q3) in (1 _ q3) B
(1 — qprpr [1 - ] = 2L,. (3.22)

It is interesting to note that in this case, as an immediate consequence
of the minimization process, the second and third stage switches turn out
to be square switches and hence are of non-blocking type. We remark
also that a similar minimization process may be applied to three-stage
networks.

Ezample 3.4. Suppose it is desired to design a minimum crosspoint,
four-stage network with A = 400 erlangs, Ly, = 800 input lines and
P’ = 0.01. Solving Equation (3.22), we find

y =15 g = 0.642
Therefore, from Equations (3.9) and (3.10), we get
a=8=2865==9, x = 10.

Tor these values of «, 8, x and y, we find

C = 46,200 crosspoints.

4. RETRIAL AND CONNECTION-TIME DISTRIBUTIONS
4.1 Retrial Distribution.

Given a switching network, it is of interest to know whether a path
which is blocked at some given time can be established some time
later and with what degree of success. More precisely, let L be a switch-
ing network and G its corresponding graph. By the retrial distribution
(denoted by Pgo(t)) of @ is meant the conditional probability™

Py(t) = Prlprs = 0] ¢, = 0]

where ¢, is the connection function of G.

In order to find Py(t), we consider the following processt for the link
random variables:

1. The link random variables are mutually independent with common
probability distributions.
—_*al_(;notation Ps.5:(t) is used for conditional probabilities whereas the nota-

tion Pi(s1, 82) is used for joint probabilities. .
1 This is a special case of stochastic processes discussed in Reference 1.
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2. If X is a link random variable, the conditional probability of a
change from z = 1 to x = 0 during (¢, ¢ + k) is M - O(h), from 2 = 0
to x = 1 during (1, ¢t + h) is ph + O0(h). The conditional probability of
more than one change in (¢, ¢ + h) is 0(h); (i.e. the link holding and idle
time lengths are exponentially distributed with parameters p and X\;
cf. Reference 8, Chapter 17).

We then obtain the following system of four differential equations for
each link random variable.

Py'(f) = —pPoo(t) + MNPu(?)-
Py'(t) = —NPu(t) + pPo()- (4.1)
Py’ (t) = —uPu(t) + NPu(h)-
Py'() = —NPu(t) + pPu(t)-
with initial conditions
Py(0) = Pu(0) = 1,  Pyp(0) = Pu(0) =0

The solution to this system of equations is (cf. Reference 1)

A+ pe O — ot )
P = — =
0o(?) N n P+ ge
Ot
Pu(t) = K—pe q— qe—()\+#)t
A+ ou
A — Ao Ot N [ (4.2)
Pu(t) = T =p—- pe“ )t
At _
P Y s _ Okt
u(?) el + pe
where p is the occupancy of the link and ¢ = 1 — p. Since
P,(1,1) = 1 — 2P(0) + P40, 0) 1
P,0,0) = 2P(0) + P,(1,1) — 1 4.3)
Py(1,0) = P40, 1) = P(0) — P«(0,0) = P(1) — P.(1, I)J

retrial distributions for series-parallel graphs can be found directly from
(4.3) or (2.7)-(2.10) and (2.11)-(2.14).

Example 4.1. Consider the switching network shown in Fig. 3.2 the
corresponding graph of which was shown in Fig. 3.3. For this graph we
find, for each path, [say path (i)]

PP, 1) = PPMPLYW) = ¢*(g + pe ™Y (4.4)



-
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Hence, for the entire graph, from (4.3) and (3.3)
Py0,0) = 2A — ¢) + ¢’(g + pe ™ — 1]° (4.5)
= (1 = 2¢" + lg(g + p ™))"
To fix ideas, let the “average holding time” 1/p = 200 sec., and link

occupancy p = 14. Then, since
/

Ag = up, (4.6)
we get
1 2
N=g0" %3 (4.7)
For these values of u and p, we get
|1 8 (2 1 3400y e
Pt(O: 0) = [57 + o7 (g g € (4-8)

4.2, Mean Retrial Time

Let us now consider the following problem. We begin with the hypothe-
sis that all paths from a given input to a given output of a switching net-
work are busy initially. If a retrial is made every a2 seconds until one
path is found free, what is the expected number of seconds i, for the
establishment of a path?

To solve this problem, let G be the graph corresponding to the switch-
ing network with connection function ¢, with probability distributions
P, Q, P,(0, 0), P,(0, 1), P,(1, 0) and P,(1, 1). We use the notation
Ps.5,(t) to mean the transition probability of ¢, = 6; at time ¢ given
¢, = & initially. Let m.(n) be the probability of success at the n'™ trial,
given that all paths are busy initially. Then

L= 3 hema(k) (4.9)
=1
Since
ma(k) = (Poo(2)) " Py(z); E=1,2, - (4.10)
we find

z zP

= Pu@ ~ P=rao,0) *V

7 = kZ:; Kz (Poo ()" Pon(z) =

where P is the blocking probability of the network.
We shall call , the mean retrial time (in interval of x seconds). In
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particular, if retrials are made in arbitrarily small time interval, the
limit lim,.f, , when existent, is called the limiting retrial time i. Physi-
cally,  is the expected number of seconds the first path becomes free
given that all paths are busy initially. From (4.11), we find

felm-_ % ___ P
o P =P, 0) p (4.12)
2 p,(0,0)
dz =0

Exzample 4.2. Going back to Example 4.1, P,(0, 0), which is the joint
probability of the network blocked initially and also blocked x seconds
later, was given by (4.8):

_ _1_1 8 g l—(a/mo)z)z]m
H@m”[m+ﬁﬂﬁhe

Differentiating P,(0, 0) with respect to « and setting x = 0, we find the
limiting retrial time as given by (4.12) is 31.67 seconds. On the other
hand, if a retrial is made once every second (that is, x = 1), the mean
retrial time as given by (4.11) is 32.26 seconds.

We remark that together with the method of Section 2, the same
procedure can be applied to non-series-parallel graphs such as those shown
in Figures 2.4 and 2.7.

4.3 Connection-Time Distributions

Up to now we have not paid attention to the physical structure of the
crosspoints in a switching network. If the crosspoints are made up of
active elements such as gas diodes, the following problem then presents
itself. It is known that it takes a certain time for a gas tube to break
down after a voltage higher than the breakdown voltage is applied. In a
switching network, the establishment of a path in general involves the
breakdown of several such crosspoints in series and it is important that
the breakdown time of a path must be reasonably short lest the system
bogs down from this inherent delay.

There is experimental evidence that the breakdown time of a gas tube
has roughly an exponential distribution. Thus, if X is a random variable
representing the breakdown time of a tube (for a fixed applied voltage),
then we postulate

PriIX £z)=1— ¢ ™ (4.13)

where

E(X) = (4.14)

QI
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We shall assume that the tubes behave independently and have identical
breakdown time characteristics and that the voltage across each tube
before breakdown remains a fixed constant regardless of the behavior of
the other tubes. The reason for imposing the latter condition is clear
since the mean breakdown time 1/« depends upon the voltage applied.

Let L be a gas tube switching network and @ its corresponding graph
with connection function ¢,. Let ¢ be a random variable representing
the breakdown time of G. We define the conneclion-time distribution ®
of L to mean the joint probability.

® = Prlp; = 1landy = ¢ (4.15)

i.e., the joint probability of finding at least one idle path and the break-
down time of some idle path less than or equal to ¢. It is also desirable
to denote by ¥ the probability

¥T=1—&=Prlpg;,=00r (¢, = 1and ¢ = ©)] (4.16)

In a graph G, the tubes are represented by nodes of G. The number of
nodes in a path in @ then represents the number of tubes in series in the
path.

To be concrete, let us now consider the network shown in Fig. 3.2
with its associated graph shown in Fig. 3.3. We shall study two methods
of establishing paths through the network.

1. End-Malching. A voltage is applied to both ends of the network
simultaneously (across a single input and a single output). We wish to
find ® (or ¥) of the network.

First, let us digress to state a useful lemma the proof of which can be
found in probability texts.

Lemma 4.1. Let X1, X;, ---, X, be mutually independent random
variables with common distribution

PriX;2z]=1— ¢ z=0 (4.17)
then the distribution of the sum X; + Xo + --- + X, is

n—1 Fi
Pt Xod oo+ X S0 =1 =S ‘;if)- 4.18)
=0

Reproducing the graph, Fig. 3.3, we have, for a single path
Prl[(path busy) or (path idle and breakdown time = ¢)]
= Pr[path busy] + Pr[path idle and breakdown time = ¢] (4.19)

Now a path is idle only if all three links making up the path are idle so
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that, from Lemma 4.1,*

Pr[path idle and breakdown time = t] = Pr{path idle]
3pat f_: (at)j (4.20)

- Prgiven patniare [breakdown time = ] = ¢ -
=0 g!

Hence, (4.19) is given by the expression
3 i
A=)+ g™ Z% —(‘;,? (4.21)
7= H
For ten independent paths in parallel, it is clear

¥ = Prlpg, =0or (¢, = 1 and ¢ = 1)]

= {Pr{(one path busy) or (one path idle and breakdown time
z )" (4.22)

I

[0 = )4 g 5 0]

and

P=1—-V¥=1— [(1 — @) + ;0 (‘;‘.‘!)]-:I (4.23)

We shall defer numerical examples in order to arrive at a comparison
with the next case.

2. Center-Matching. In this method, the marks propagate in both direc-
tions and are matched in the center links (see Fig. 4.1).

In this case, we need to consider the left side and right side breakdown
times individually and then combine them. For a single path, we may
write

Pr[path idle and breakdown time < ¢] = I-II (4.24)

where

I

I = Prlpath idle] (4.25)
II = Prgiven path iate [breakdown time < {] '

The conditional probability II can be written as a product

II = {Prgiven patn iate [breakdown time of left side < 1]} (4.26)
- { Pryiven path idie [Dreakdown time of right side < ]}, '

* We shall use the notations Pr{B| A] and Prgivenevent 4 [€vent B] inter-
changeably.
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so that, from Lemma 1,

T = ( — Z (a)’\ (4.27)
T ‘

Combining as before, we obtain

-]

i=0
d=1=1 " (4.29)

We shall consider the following numerical example. For a 10,000-line
telephone central office, it is reasonable to assume, from the point of view
of control circuits, that the connection time of a call should not exceed
5 milliseconds. Using this value for ¢ and letting ¢ = 0.7, we find for
several values of mean tube breakdown time (0.5, 1, 5 and 10 milli-
seconds) the probabilities ¥ shown in Table 4.1.

This table shows that for the network in question, in order to meet the
5 millisecond time requirement, the tubes must have a mean breakdown
time of much less than 1 millisecond to insure reasonable blocking.

44 Remarks and Conclusions.

From the discussion of the last section it is clear that, for a gas tube
switching network, blocking probability alone is insufficient as a design

MATCHING
CIRCUITS

—

F16. 4.1 — Graph of foﬁr-stage gas tube network with center matching.

TABLE 4.1
Mean Tube . . Blocki
Bgeﬁ]l(lgs%?:ng;nll/e am at End-Matching ¥ | Center-Matching ¥ Pr ob(;cbill?gr p
0.5 10 0.0158 0.0153 0.015
1 5 0.0548 0.0225 0.015
5 1 0.937 0.785 0.015
10 0.5 0.99 0.97 0.015
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criterion, since it neglects completely the control circuit requirements.
It is more natural to use the joint probability ¥ (which is the probability
of either no path available or, when there are paths available, the break-
down time exceeds t) as the generalized blocking for design considera-
tions. Table 4.1 shows how radically different ¥ can be from the block-
ing probability P.

We may consider the converse situation. Suppose, for the 10,000-line
office considered before, in addition to restricting the connection time to
not over 5 milliseconds, we further demand that the generalized blocking
¥ must not be higher than some fixed value (say 0.02). Then, from the
discussion given here, it is possible to determine the maximum gas tube
breakdown time allowable. Thus, gencralized blocking can be used as a
criterion in determining the choice of the type of gas tubes suitable for
the switching network in question.

The fact that it takes time to establish a path in a gas tube network
has a definite bearing on the retrial distribution discussed in Section 4.1.
Because of it, the mean retrial time on blocked calls will be modified;
that is, the retrial distribution of a network depends in part on the
characteristics of the gas tubes used in the network.

In this paper we have attempted to study switching networks in terms
of a simplified model. Because of the elementary character of the model
chosen, many problems are left unsettled. For example, from the point
of view of applicability, one would want to know how our results would
alter if the assumption of independence among links is dropped. To go a
step further, except for Section 4.3, switching networks in this paper have
been considered as isolated entities by themselves. A more realistic study
should consist of viewing a switching network together with its asso-
ciated control circuits which entails great difficulties at this time. Any
progress in this direction is, of course, highly desirable.
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to 1940 he studied capacitor and other dielectric problems and was
associated with the development of the dielectric used in the present
central office and customer set capacitors. He was in charge of early
work on the metallized paper capacitor. Dr. Kohman headed one of the
groups in the wartime Manhattan Project. Since then he has worked on
growth of piezoelectric crystals, development of ceramic materials, base
metal contacts, dielectrics and semiconductors. At present he is in
charge of the Physical Chemical Research and Development Group.
Member American Chemical Society, American Ceramic Society, Pro-
fessional Chapter of Alpha Chi Sigma, Tau Beta Pi, Sigma Xi, Gamma
Alpha and Sigma Tau.

C. Y. Leg, B.E.E., Cornell University, 1947; M.S.E.E., 1949, and
Ph.D. in Mathematics, 1954, University of Washington. John MecMullen
Regional Scholar, Cornell University, 1944-1947. Instructor in the
Electrical Engineering Department at the University of Washington
from 1948 to 1951. He joined Bell Telephone Laboratories in 1952, as a
mathematician with the Switching Development Department. Mem-
ber of the I.R.E., American Mathematical Society, Sigma Xi, Eta Kappa
Nu and Pi Mu Epsilon.

Joun A. McCarray, B.S., Union College, 1947; M.A., Columbia Uni-
versity, 1949; Ph.D., University of Rochester, 1952, He joined Bell
Telephone Laboratories in 1954, after four years of nuclear physics re-
search for the A.E.C. at Massachusetts Institute of Technology and the
University of Rochester. He has since been concerned with design and
evaluation of storage tubes. Author of two articles on radioactivity for
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the Physical Review. He is a member of the American Physical Society,
Sigma Xi and Phi Beta Kappa.

ArtaUR C. MEHRING, B.S.E.E., University of Maryland, 1941; M.S.,
Stevens Institute of Technology, 1955. A design engineer of power pro-
tective devices for Westinghouse Electric Corporation for four years, he
then joined the Technical Staff of Bell Telephone Laboratories in 1945
as a member of the Switching Systems Development Department. He
has been engaged principally in developing and analyzing switching cir-
cuits for the No. 5 crossbar system. For the past year he has been with
the Switching Systems Engineering Department. At present he is work-
ing on the system phases of the electronic line concentrator development.
Member of I. R. E., Tau Beta Pi and Phi Kappa Phi.

Iaxn Munro Ross, B.A., Gonville and Caius College, Cambridge Uni-
versity, 1948; M.A. and Ph.D., Cambridge University, 1952. Dr. Ross
joined Bell Telephone Laboratories in 1952, working first in transistor-
physics and then in solid state device development. He is primarily con-
cerned with the design of transistors for switching apparatus. Graduate
member of the Institution of Electrical Engineers (England).



