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Fig. 44 - Relative side band amplitudes 81 and 82 for the M1789 as a function 
of power input for two values of helix voltage. 

for the sideband amplitudes 8 1 and 82 at !I + �~�I� and 11 - �~�I� respectively 

S,' = �[�~� + �~�(�1� - e)]' + ['; J = (1 - e/2)' + (';)' (8) 

S,' = �[�~� - �~�(�1� - e)]' + �[�'�~� J = (e/2)' + ('';)' (9) 

Solving for c and kp we obtain 

c = 1 - (812 
- 82

2
) (10) 

kp = {s" - C + �S�~� - S,')T' (11) 

Thus we see that from a measurement of the amplitudes 8 1 and 82 the 
values of c and kp can be determined. 

To check the validity of this approach to intermodulation, we deter­
mined the values of compression and AM-to-PM conversion for an 
M17S9 from an intermodulation measurement and compared them with 
values obtained using the phase bridge set-up described in Section 4.2. 
In the intermodulation measurement the two signals were 100 me apart 
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Fig. 45 - Compression as a function of input level for two values of helix volt­
age. Triangles represent data obtained with the test set of Fig. 24. Circles and 
squares represent data obtained by the two signal intermodulation measurement. 

in frequency and 30 db different in level. From measurements of signal 
strength at the various frequencies involved, the magnitudes of 8 1 and 
8 2 were determined with the results shown in Fig. 44. From these re­
sults the values of c and kp were calculated and then converted to % 
compression and degrees per db in order to compare with the results of 
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Fig. 47 - Life test results. The open bars indicate tubes that have failed; the 

solid bars tubes that were operating as of May 1, 1956. These tubes were operated 
with cathode temperatures between 720° and 760°C. 

Figs. 23(c) and 23(e). The latter curves are repeated as Figs. 45 and 
46 with the experimental points calculated from S1 and S2 shown. It is 
seen that the results of the two types of measurements compare remark­
ably well considering that the calculations of c and kp both require the 
subtraction of nearly equal quantities. Thus we may conclude that our 
method of considering the intermodulation is substantially correct and 
that we can obtain compression and AM-to-PM conversion from an 
intermodulation measurement. 

v. LIFE TESTS 

We feel that sufficient data have been accumulated to indicate that 
tube life in excess of 10,000 hours can be expected. Fig. 47 summarizes 
our life test experience. All tube failures were caused by cathode failure 
and these were evidently the result of exhaustion of coating. End of life 
for these tubes comes comparatively suddenly i.e., in a few hundred 
hours after the cathode current begins to drop. At this time the emission 
becomes non-uniform over the cathode surface with consequent beam 
defocusing and helix interception. This in turn causes gas to be released 
into the tube which then accelerates the cathode failure through cathode 
poisoning. The rf performance remained good over the tube life - the 
gain and output power actually increasing slightly near the end of life 
as the beam started to defocus. 



TRAVELING WAVE TUBE FOR 6,000-MC RADIO RELAY 1343 

VI. ACKNOWLEDGMENTS 

The M1789 TWT is the outcome of an intensive effort which has 
included many individuals in addition to the authors. R. Angle, J. S. 
Gellatly, E. G. Olson, and R. G. Voss all have contributed to the me­
chanical design of the tube and to its reduction to practice. R. W. 
De Vido has materially assisted with the electrical testing. M. G. Bodmer 
and J. F. Riley have been responsible for setting up the life test program 
and J. C. Irwin and J. A. Saloom contributed importantly to the design 
work on the electron gun. P. P. Cioffi and M. S. Glass have been largely 
responsible for the design of the magnetic circuits and P. 1. Sandsmark 
for the helix-to-waveguide transducers. D. O. Melroy studied the 
effects of positive ions and performed the experiments on ion bombard­
ment referred to in Section III. D. R. Jordan contributed to the studies 
on noise. In addition to the above, the authors would like to thank 
E. D. Reed for his very helpful criticism of this manuscript. 

ApPENDIX I - GAIN CALCULATIONS 

The gain calculations for the M1789 follow the procedure outlined 
by Pierce7 with some minor modifications. The steps involved in the 
gain calculations for the loss free region of the helix are as follows: 

(1) The experimental synchronous voltage is used to determine 
'Ya and the dielectric loading factor as defined by Tien.8 

(2) From 'Ya the value of helix impedance K is obtained from Ap­
pendix VI of Pierce.7 

(3) The vallle of J( is corrected using Tien's8 results and C is then 
calculated in the usual manner. 

(4) The number of wavelengths N 1 per inch of helix is obtai~ed using 
the experimentally determined (from synchronous voltage) wave­
length. 

(5) The value of wq/w is determined. In this calculation the curves 
for wp/ Wq from Watkins9 are employed. 

(6) QC is determined from 

QC = (~ Wq)2 
2C W 

(7) From QC, B is determined from Fig. 8.10 of Piercc7 and the gain 
BCN 1 in the loss free region is calculated. 

In calculating the effect of the attenuator section, we have had to 
make some rather gross assumptions. Fortunately, it turns out that the 
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gain in the attenuator is a small fraction of the total gain in the tube so 
that the over-all gain is not particularly sensitive to the means we use 
for treating the attenuator. Essentially what we have done is to con­
sider the high loss part of the attenuator as a severed helix region and 
the low loss part of the attenuator as a lossy helix region. 

Fig. 48 shows the value of the growing wave parameter as a function 
of the loss parameter d for various values of QC as calculated from theory. 
Because of discontinuity losses to the growing wave as it propagates in 
a region of gradually increasing loss, the actual gain will be less than 
that calculated from Fig. 48. Some rather crude probe measurements 
have indicated that the effective x vs. d curve can be approximated by 
a straight line through the d = 0 and d = 1 points - the dotted line in 
Fig. 48. 

Since the helix is effectively severed by the high loss portion of the 
attenuator we must subtract some discontinuity loss from the gain in 
the attenuator region. The effective drift length in the, severed region 
is unknown so this discontinuity loss cannot be accurately calculated 
from the low-level theory. The discussion in chapter nine of Pierce7 

indicates that an average value of about 6 db is reasonable. 
An alternate method of treating the attenuator was also tried. In this 

calculation, the x vs. d curves in Fig. 48 were assumed to be correct to 
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d = 1. The region for which d > 1 was considered as a severed helix 
region with 6-db discontinuity loss. Calculations using this procedure 
gave total gains for the TWT within a couple of db of the first method. 

The remaining steps in calculating the gain of the TWT are therefore: 
(8) The quantity a is determined from the slope of the dotted lines 

in Fig. 48. 
(9) The length of helix, .te in the attenuator for which x > 0 is 

determined by using Fig. 48. 
(10) The total attenuation L, in the section of the attenuator effective 

in producing gain is calculated. 
(11) The initial loss parameter A is obtained from Fig. 94 of Pierce.7 

(12) The gain is calculated from 

Gain = A -6db +aL + BCN! (3.5 + t e) 

where the six db is the discontinuity loss in the attenuator section and the 
3.5 inches is the length of loss free helix. 

GLOSSARY OF SYMBOLS 

a loss factor from Pierce7 

A discontinuity loss parameter at input of helix from Pierce7 

B magnetic flux density or the space charge parameter from Pierce7 

B B Brillouin flux density for a beam entirely filling the helix 
C gain parameter from Pierce7 

a helix radius 
b beam radius 
d loss parameter from Pierce7 

f frequency 
h cathode current 
fa accelerator current 
I h helix current 
Ie collector current 
k 27r/Ao where Ao is the free space wavelength 
Ie length of helix attenuator in which gain is possible 
L loss in the part of the attenuator section which is capable of pro-

ducing gain. 
N number of wavelengths in TWT 
Nl number of wavelengths on the helix per inch 
QC space charge parameter from Pierce7 

ra anode radius of curvature of gun 
rc cathode radius of curvature of gun 
rmin minimum beam radius from Pierce10 
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re cathode radius 
r95 radius at the beam mInImUm through which 95 per cent of the 

current flows 
(J standard deviation of electron trajectory 
Tk cathode temperature 
Va accelerator voltage 
Vh helix voltage 
Ve collector voltage 
x growing wave parameter from Pierce 
W radian frequency 
We carrier radian frequency 
Wm modulating signal radian frequency 
Wp radian plasma frequency 
Wq corrected radian plasma frequency 
c compression factor 
kp AM-to-PM conversion factor 
'Y radial propagation constant 
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Helix Waveguide 

By S. P. MORGAN and J. A. YOUNG 

(Manuscript received July 23, 1956) 

Helix waveguide, composed of closely wound turns of insulated copper 
wire covered with a lossy jacket, shows great promise for use as a communi­
cation medium. The properties of this type of waveguide have been investi­
gated using the sheath helix model. Modes whose wall currents follow the 
highly conducting helix have attenuation constants which are essentially 
the same as for copper pipe. The other modes have very large attenuation 
constants which depend upon the helix pitch angle and the electrical proper­
ties of the jacket. Approximate formulas are given for the propagation con­
stants of the lossy modes. The circular electric mode important for long­
distance communication has low loss for zero-pitch helices. The propagation 
constants of some of the lossy modes in helix waveguide of zero pitch have 
been calculated numerically, as functions of the jacket parameters and the 
guide size, in regions where the approximate formulas are no longer valid. 
Under certain conditions the attenuation constant of a particular mode may 
pass through a maximum as the jacket conductivity is varied. 

GLOSSARY OF SYMBOLS 

a 
h = (3 - ia 
n 
p 
pnm 
Pnm' 
r, (J, z 
a 

Inner radius of waveguide 
Complex phase constant 
Angular mode index 
Denotes pnm or Pnm' according to context 
mth zero of J n(X) 
mth zero of In'(x) 
Right-handed cylindrical coordinates 
Attenuation constant 

{3 Phase constant 
{3o = 211" lAo = w(p,oeo//

2 Free-space phase constant 
eo Permittivity of interior medium 
e Permittivity of exterior medium 
/ e/ eo 
/' a/weo 

1347 
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SI [w\toeo - h2]1/2 

S2 [w\toeo(e' - ie") - h2]1/2 

Ao Free-space wavelength 
Ac = 2rra/p Cutoff wavelength 
Po Permeability of interior and exterior media 
v = Ao/Ac = pAo/2rra Cutoff ratio 

II 

(e' - 1 + v2 
- ie")1/2 

e' - ie" 
Electric Hertz vector 

II* Magnetic Hertz vector 
u Conductivity of exterior medium 
,p Pitch angle of helix 
w Angular frequency 
eiwt Harmonic time dependence assumed throughout 
J n(X) Bessel function of the first kind 
In'(x) dJn(x)/dx 
H n (2) (x) Hankel function of the second kind 
Hn(2)'(X) dHn(2) (x)/dx 

MKS rationalized units are employed throughout. Superscripts i and e 
are used to indicate the interior and exterior regions. 

I. INTRODUCTION AND SUMMARY 

Propagation of the lowest circular electric mode (TEol) in cylindrical 
pipe waveguide holds great promise for low-loss long distance communi­
cation.I

•
2 For example, the TEol mode has a theoretical heat loss of 2 

db/mile in waveguide of diameter 6 inches at a frequency of 5.5 kmc/s, 
and the loss decreases with increasing frequency. Increased transmission 
bandwidth, reduced delay distortion, and reduced waveguide size for a 
given attenuation are factors favoring use of the highest practical fre­
quency of operation. An increased number of freely propagating modes 
and smaller mechanical tolerances are the associated penalties. Any 
deviation of the waveguide from a straight circular cylinder gives rise to 
signal distortions because of mode conversion-reconversion effects. 

One solution to mode conversion-reconversion problems is to obtain a 
waveguide having the desired low attenuation properties of the TEol 
mode in metallic cylindrical waveguide and very large attenuation for 
all other modes, the unwanted modes.I

•
3 The low loss of the circular 

electric modes in ordinary round guide is the result of having only cir-

1 s. E. Miller, B.S.T.J., 33, pp. 1209-1265, 1954. 
2 S. E. Miller and A. C. Beck, Proc. I.R.E., 41, pp. 348-358, 1953. 
3 S. E. Miller, Proc. I.R.E., 40, pp. 1104-1113, 1952. 
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cumferential current flow at the boundary wall. All other modes in round 
guide have a longitudinal current present at the wall. Thus the desired 
attenuation properties can be obtained by providing a highly conducting 
circumferential path and a resistive longitudinal path for the wall cur­
rents. This is done in the spaced-disk line by sandwiching lossy layers 
between coaxially arranged annular copper disks.4 Another possibility 
which has been suggested is a helix having a small pitch. 

Helix waveguide, formed by winding insulated wire on a removable 
mandrel and coating the helix with lossy material, has been made at the 
Holmdel Radio Research Laboratory. Wires of various cross sections 
and sizes have been used to wind helices varying from 1

7
6 to 5 inches in 

diameter, which have been tested at frequencies from 9 to 60 kmc/s. 
Pitch angles of from nearly 0° (wire in a plane perpendicular to the axis 
of propagation) to 90° (wire parallel to the axis of propagation) have 
been used. The helices having the highest attenuation for the unwanted 
modes while maintaining low loss for the TEOl mode are those wound 
with the smallest pitch from insulated wire of diameter 10 to 3 mils 
(American Wire Gauge Nos. 30 to 40). The high attenuation properties 
for unwanted modes also depend markedly on the electrical properties 
of the jacket surrounding the helix. 

In this paper the normal modes of helix waveguide are determined 
using the sheath helix approximation, a mathematical model in which 
the helical winding is replaced by an anisotropic conducting sheath. A 
brief formulation of the boundary value problem leads to an equation 
which determines the propagation constants of modes in the helix guide. 
Since the equation is not easy to solve numerically, approximations are 
presented which show the effects of the pitch angle, the diameter, the 
conductivity and dielectric constant of the jacket, and the wavelength, 
when the conductivity of the jacket is sufficiently high. 

By proper choice of the pitch angle and, in some instances, of the 
polarization, a helix waveguide can be made to propagate any mode of 
ordinary round guide, with an attenuation constant which should be 
essentially the same as in solid copper pipe. The pitch is chosen so that 
the wall currents associated with the desired mode follow the direction 
of the conducting wires. The losses to the other modes are in general 
much higher, and are determined by both the pitch angle and the jacket 
material. 

Special attention is given in the present work to the limiting case of a 
helix of zero pitch, since the attenuation constant of the TEo! mode will 
be smallest when the pitch angle is as small as possible. To explore the 

4 Reference 3, p. 1111. 
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region where the approximate formulas for the propagation constants 
of the lossy modes break down, some numerical results have been ob­
tained for helices of zero pitch using an IBM 650 magnetic drum calcu­
lator. Tables and curves are given showing the propagation constants of 
various modes in such a waveguide, as functions of the electrical proper­
ties of the jacket and for three different ratios of radius/wavelength. In 
many cases it is found that the attenuation constant of a given mode 
passes through a maximum as the jacket conductivity is varied, the 
other parameters remaining fixed. The numerical calculations indicate 
that it is possible to get unwanted mode attenuations several hundred 
to several hundred thousand times greater than the TED! attenuation 
for the size waveguide that looks most promising for low-loss communi­
cation. 
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Fig. 1-Schematic diagrams of the helical sheath and the helical sheath de­
veloped, showing the unit vectors and the periodicity. 
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II. SHEATH HELIX BOUNDARY VALUE PROBLEM 

Ordinary cylindrical waveguide consists of a circular cylinder of radius 
a, infinite length, and zero (or very small) conductivity, imbedded in an 
infinite* homogeneous conducting medium. The sheath helix waveguide 
has the same configuration plus the additional property that at radius a 
dividing the two media, there is an anisotropic conducting sheath which 
conducts perfectly in the helical direction and does not conduct in the 
perpendicular direction. The attenuation and phase constants are deter­
mined by solving Maxwell's equations in cylindrical coordinates and 
matching the electric and magnetic fields at the wall of the guide. 

The helix of radius a and pitch angle 1f/ = tan -1 s/27ra is shown in the 
upper part of Fig. 1. The developed helix as viewed from the inside when 
cut by a plane of constant (j and unrolled is shown in the lower part of 
the illustration. A new set of unit vectors ;11 and e.L parallel and perpen­
dicular respectively to the helix direction is introduced. These are re­
lated to ~r , ~o , and ez by 

~r X ell = ~.L 

~II = ez sin 1f/ + eo cos 1f/ 

e.L = ez cos 1f/ - eo sin 1f/ 

The boundary conditions at r = a are 

Eu i = Ene = 0 

E i = E e 
.L .L 

Hili = Hne 

where the superscript i refers to the interior region, 0 ~ r ~ a, and the 
superscript e refers to the exterior region, a ~ r ~ co. An equivalent set 
of boundary conditions in terms of the original unit vectors is 

E/ tan 1f/ + E/ = 0 

E/ tan 1f/ + E/ = 0 

E/ = E/ 
(1) 

Hz i tan 1f/ + HOi = H/ tan 1f/ + H/ 

We are looking for solutions which are similar to the modes of or-

* The assumption of an infinite external medium is made to simplify the mathe­
matics. The results will be the same as for a finite conducting jacket which is thick 
enough so that the fields at its outer surface are negligible. 
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dinary waveguide, i.e., "fast" modes as contrasted with the well-known 
"slow" modes used in traveling-wave tubes.5

, 6 To solve the problem we 
follow the procedure set up by Stratton 7 for the ordinary cylindrical 
waveguide boundary problem. The fields E and H are derived from an 
electric Hertz vector IT and a magnetic Hertz vector IT* by 

where 

if = V X V X IT - iwJl.V X IT* 
H = (0" + iw€)V X IT + V X V XIT* 

IT = ;zITz 

n* = ;zIT* 

and,a~suming a time dependence exp (iwt) , 

In these expressions 

IT i ~ iJ (r ) -ihz-inO z = L..J an n ~ Ir e 
n=-oo 

00 

IT/ = :E aneH n (2\t2r)e-ihz-inO 
n=-oo 

00 :E bn iJ n(tIr)e -ihz-inO 
n=-oo 

00 

IT:e :E bneH n (2) (t2r)e-ihz-inO 
n=-oo 

W
2Jl.O€O( l - i€") - h2 

€ / €o - iO" / w €o 

(2) 

(3) 

(4) 

where the interior region is assumed to have permittivity €o and perme­
ability Jl.o , while the exterior region has permittivity €, permeability Jl.o , 
and conductivity 0". The superscripts i and e refer to the interior and ex­
terior regions respectively, and the a's and b's are amplitude coefficients. 

5 J. R. Pierce, Proc. LR.E., 35, pp. 111-123, 1947. 
6 S. Sensiper, Electromagnetic Wave Propagation on Helical Conductors, Sc.D. 

thesis, M.LT., 1951. In Appendix B of this reference, Sensiper shows that when 
the interior and exterior media are the same, only slow waves will exist except in 
special cases. Fast guided waves become possible if the conductivity of the exterior 
medium is sufficiently high. 

7 J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941, pp. 
524-527. Note that Stratton uses the time dependence exp (-iwt). 



HELIX W A VEG UIDE 1353 

Attention is restricted to waves traveling in the positive z-direction, 
which are represented by the factor exp (-ihz), where h (= {3 - ia) is 
the complex phase constant. However it is necessary to consider both 
right and left circularly polarized waves; this accounts for the use 6f 
both positive and negative values of n. 

Substitution of (2), (3), and (4) into the boundary conditions (1) 
leads to the following set of equations: 

[.112 tan if; - h:] J.(.lla)a: + iW}10.l1J.'(tla)b: = 0 

[ 
2 .f. hn] H (2)( ) e +. H (2)'( )b e 0 52 tan 'Y - a n 52a an 'l,WJ.l.o52 n 52a n = 

512Jn(51a)ani - 522H n(2) (52a)an
e = 0 (5) 

- iW€ot1J.' (tla )ao' + [t.' tan if; - h: ] J. (tla)b.' 

+ (<T + iw€)t2H. (2)' (t2a )a.' - [t, 2 tan if; - h:] H. (2) (t,a)b: = 0 

If the conductivity of the exterior region is infinite, it is possible to 
satisfy the boundary conditions with only one of the amplitude coeffi­
cients different from zero; for example 

bn
i = an

e = bn
e 

= 0 

ani ~ 0 or bn
i ~ 0 

In'(51a) = 0 

The first case corresponds to TM modes and the second to TE modes 
in a perfectly conducting circular guide. Linearly polarized modes may 
be represented as combinations of terms in ani and a_ni, or bn

i and b_ni• 

If the exterior region is not perfectly conducting, one can still find 
solutions having the fields confined to the interior region by properly 
choosing the angle of the perfectly conducting helical sheath. For exam­
ple, it is easy to verify that equations (5) are satisfied under the follow­
ing conditions: 

ani = an
e = bn

e = 0 

bn
i ~ 0 

hn 
tany;=-

512a 

In'(51a) = 0 
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If n ~ 0, these conditions correspond to circularly polarized TEnm 
waves, in which the wall currents follow the direction of the conducting 
sheath. If n = 0, then if; = 0, and one has TEom modes with circum­
ferential currents only. 

The equations can also be satisfied with 

bn
i 

= an
e 

= bn
e 

= 0 

ani ~ 0 

if; = 90° 

In(tla) = 0 

corresponding to the TMnm modes (either circularly or linearly polarized) 
of a perfectly conducting pipe, which are associated with longitudinal 
wall currents only. 

In the general case when the jacket is not perfectly conducting and 
the helix pitch angle is not restricted to special values, it is necessary to 
solve (5) simultaneously for the field amplitudes. The equations admit a 
nontrivial solution if and only if the determinant of the coefficients of 
the a's and b's vanishes. The transcendental equation which results from 
equating the determinant of the coefficients to zero is 

r [(r t .1. hn)2 J n(~1a) 2 J n' (~la)J 
~2 ~l an'Y - ~la In'(~la) - W J..I.o€o In(rla) (6) 

_ r [(r t .1. _ hn)2 H n (2) (r2a) _ 2 ( I _ ''') H n (2)'(r2a)] 
- ~1 ~2 an 'Y ~ H(2)'( ) W J..I.o€o € 2€ H (2)( ) 

~ 2a n r 2a n r 2a 

The solution of this equation determines the propagation constant ih 
and therefore the attenuation and phase constants a and {3. When ih 
has been obtained, it is a straightforward matter to determine the a and 
b coefficients from equations (5) and the electric and magnetic fields 
from (2), (3), and (4). 

It is well known8 that the only pure TE or TM modes that can exist 
in a circular waveguide with walls of finite conductivity are the circularly 
symmetric TEom and TMom modes. The other modes are all mixed modes 
whose fields are not transverse with respect to either the electric or the 
magnetic vector. In general the modes of helix waveguide are also mixed 
modes, and no entirely satisfactory scheme for labeling them has been 
proposed. In the present paper we shall call the modes TEnm or TMnm 
according to the limits which they approach as the jacket conductivity 
becomes infinite, even though they are no longer transverse and their 

8 Reference 7, p. 526. 
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field patterns may be quite different when the jacket is lossy. This sys­
tem is not completely unambiguous, because as will appear in Section 
IV the mode designations thus obtained are not always unique. However 
it is a satisfactory way to identify the modes so long as the jacket con­
ductivity is high enough for the loss to be treated as a perturbation. 
Approximations derived on this basis are presented in the next section. 

III. APPROXIMATE EXPRESSIONS FOR PROPAGATION CONSTANTS 

If the jacket were perfectly conducting, the helix waveguide modes 
would be the same as in an ideal circular waveguide, with propagation 
constants given by 

ih = i{3nm = i(27r /Ao) (1 _ _///2 

where 

P = Ao/Ac = pAo/27ra 

p = mth zero of In(x) for TMnm mode, or mth zero of In'(x) for TEnm 
mode 

If the jacket conductivity is sufficiently large, approximate solutions 
of (6) may be found by replacing Hn(2)(S2a) and Hn(2)'(S2a) with their 
asymptotic expressions, and expanding In(Sla) or In'(Sla) in a Taylor 
series near a particular zero. This calculation is carried out in the ap­
pendix. The propagation constant may be written in the form 

ih = a + i({3nm + D.(3) 

where to first order the perturbation terms are 

TMnm modes 

a + iD.{3 = ~ + i'1] 1 
a(l - p2)1/2 1 + tan2 l/; 

TEnm modes 

a + iD.{3 = ~ + i'1] p2p2 
a(l - )12)1/2 p2 - n2 

[tan l/; - n(l - p2//2/pp]2 

1 + tan2 l/; 

and 

e' = e/ eo , e" = u/weo 

(7a) 

(7b) 

The approximations made in deriving (7) are discussed in the appen-



1356 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1956 

dix. In practice, the range of validity of these expressions is usually 
limited by the criterion 

( 2)1/2 

a 1 - P I ex + iD.{31 « 1 
P 

(8) 

The numerical calculations described in Section IV indicate that the 
approximations are good so long as the left-hand side of (8) is less than 
about 0.1, and that they break down a little sooner for TE modes than 
for TM modes. 

Inspection of (7) reveals three cases of particular interest, namely 
if; = 0°, if; = tan-1 n(l - p2)1/2jpp, and if; = 90°. These cases, which were 
mentioned in Section II and are discussed again below, correspond to 
preferential propagation of certain modes, in which the wall currents 
follow the direction of the conducting helix. The preferred modes have 
zero attenuation in the present treatment because the helical sheath is 
assumed to be perfectly conducting. In practical helices wound from 
insulated copper wire the loss should be only slightly greater than in 
round copper pipe of the same diameter. The slight increase (of magni­
tude 10 per cent to 30 per cent) is due to the slightly nonuniform cur­
rent distribution in the wires, an effect that can be kept small by keeping 
the gaps between the wires of the helix small. In general the attenuation 
constants of modes whose wall currents do not follow the helix are orders 
of magnitude larger than the attenuation constants of the preferred 
modes. 

The circular electric (TEom) modes have attenuation constants sub­
stantially the same as in solid copper pipe. The additional TEom loss if 
the pitch angle is not quite zero is proportional to tan2 if;. This added loss 
can be made very small by using fine wire for winding the helix. 

The losses for the unwanted modes can be made large by a proper 
choice of jacket material. When if; = 0, equations (7) yield 

TMnm modes 

(9a) 

TEnm modes 

(1 2)1/2 2 

ex + iD.{3 = - p n (~ + i'fJ) 
a p2 - n2 (9b) 
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It may be of interest to compare the attenuation constants given by 
(9) with the results obtained by calculating the power dissipated in the 
walls of a pipe!) which has different resistances in the circumferential and 
longitudinal directions. If the wall resistance for circumferential currents 
is represented by Ro and for longitudinal currents by Rz , the expressions 
for a are 

TMnm modes 

TEnm modes 

The results for ordinary metallic pipe are obtained by setting 

[f Ro = 0, the expressions above agree with (9), inasmuch as 
~ = R(€O/J.LO)1/2 when the jacket conductivity is large. 

if; = tan-1 n(l - ll)1/2/pV, n ~ 0 

For this value of if; the circularly polarized TEnm mode which varies as 
exp( -in8) has low attenuation. (We assume n ~ 0, since the case 
n = 0 has been treated above.) One of the properties of helix waveguide 
is the difference in propagation between right and left circularly polarized 
TEnm modes. By properly designing the helix angle for the frequency, 
mode, and size of guide, the loss to one of the polarizations can be made 
very low. If the jacket is lossy enough the attenuation of the other 
polarization should be quite high. Thus only one of the circularly polar­
ized modes should be propagated through a long pipe. Such a helix has 
features analogous to the optical properties of levulose and dextrose 
solutions, which distinguish between left and right circularly polarized 
light. 

Let an be the attenuation constant of the mode which varies as 
exp( -inO), and a_n the attenuation constant of the mode which varies 

9 S. A. Schelkunoff, Electromagnetic Waves, van Nostrand, New York, 1943, 
pp. 385-387. 
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as exp (+inO). Then from (7b), for any pitch angle 1f, 

~ p ,} [tan 1f + n(1 - l)I/2/pp]2 
a -n - a p2 _ n2 (1 - p2)1/2 1 + tan21f 

~ p2 p2 [tan 1f - n(1 _ p2//2/pp]2 
an - a p2 _ n2 (1 - p2)1/2 1 + tan2 1f 

a -n - an. = 4 ~ np p tan 1f 
a p2 - n2 1 + tan 2 1f 

The mode which varies as exp( -inO) has lower loss if 1f and n have the 
same sign. 

The TMnm attenuation constants are independent of polarization and 
are given by (7a). 

1f = 90° 

These "helices," with wires parallel to the axis of the waveguide, 
should propagate TMnm modes with losses approximately the same as 
in copper pipe. For the TEnm modes, (7b) gives 

TEnm modes 
2 2 

a + i~{3 = (1 P 2)1/2 2 P 2 (~ + i'f]) a -p p-n 

IV. NUMERICAL SOLUTIONS FOR ZERO-PITCH HELICES 

The main interest in helix waveguide is for small pitch angles where 
the TEol attenuation is very low. The propagation constants of various 
lossy modes in helix guides of zero pitch have been calculated by solving 
the characteristic equation (6) numerically. These calculations will now 
be described. 

Equation (6) is first simplified by setting 1f = 0 and replacing the 
Hankel functions with their asymptotic expressions. The condition for 
validity of the asymptotic expressions, namely 

1 t2a 1 » 1 (4n
2 

- 1)/81 
is well satisfied in all cases to be treated here. Equation (6) may then be 
rearranged in the dimensionless form 

F n(tla) = (t2a)3 [(nha)2 J n2(tla) - ({3oa)\tla)2J n,2(tla)] 

- i(tla)3 [(nha)2 + ({3oa)2(e' - ie")(t2a?]Jn'(tla)Jn(tla) (10) 

=0 

There is no difference between the propagation constants of right and 
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left circularly polarized waves when y; = O. Using the relationships 

~2a = [(~la)2 + ({3oa)2 (e' - ie" - 1)]1/2, Im~2a < 0 

ha = [({3oa)2 - (~la)2]1/2, 1m ha < 0 

it is clear that F n(~la) is an even function of ~la, involving the parame­
ters {3oa (= 27ra/AO), e', /', and n. 

When specific values have been assigned to (3ca, e', and /', roots of 
(10) can. be found numerically by the straightforward procedure of 
evaluating F n(~la) at a regular network of points in the plane of the 
complex variable ~la, plotting the families of curves Re F n = 0 and 
1m Fn = 0, and reading off the values of ~la corresponding to the inter­
sections of curves of the two families. 

The procedure just outlined has been applied to the cases n = 0 and 
n = 1. When n = 0 one can take out of FO(~la) the factor JO'(~la), whose 
roots correspond to the TEom modes; the roots of the other factor are 
the TMom-limit modes. When n = 1 the function Fl(~la) does not factor, 
and its roots correspond to both TElm-limit and TMlm-1imit modes. If 
the jacket conductivity is high it is easy to identify the various limit 
modes, and a given mode can be traced continuously if the conductivity 
is decreased in sufficently small steps. 

The numerical calculations were set up, more or less arbitrarily, to 
cover the region 0 ~ Re ~la ~ 10, -10 ~ 1m ~la ~ 10, for each set 
of parameter values. A few plots of Re Fn and 1m Fn made it apparent 
that for propagating modes the roots in this region are all in the first 
quadrant and usually near the real axis. The entire process of solution 
was the!). programmed by Mrs. F. lVI. Laurent for automatic execution 
on an IBM 650 magnetic drum calculator. The calculator first evaluated 
Fn(~la) at a network of points spaced half a unit apart in both directions, 
then examined the sign changes of Re F n and 1m F n around each ele­
mentary square. If it appeared that a particular square might contain 
a root of F n , the values of F n at the four corner points were fitted by an 
interpolating cubic polynomiapo which was then solved. If the cubic 
had a root inside the given square, this was recorded as an approximate 
root of F n . The normalized propagation constant iha = aa + if3a was 
also recorded for each root. 

The calculated roots ~la and the normalized propagation constants 
are summarized in Tables lea) to l(f), which relate to the following cases: 

Table lea) - f30a = 29.554, e' = 4, /' variable 

Table l(b) - f30a = 29.554, e' = 100, /' variable 

Table ICc) - f30a = 29.554, e' = /', both variable 
---

10 A. N. Lowan and H. E. Salzer, Jour. Math. and Phys., 23, p. 157, 1944. 
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Table I(d) - (3oa == 12.930, E' = 4, E" variable 

Table I(e) - (3oa = 12.930, e' = e", both variable 

Table I(f) - {3oa = 6.465, E' = 4, e" variable 

The three values of {3oa correspond to waveguides of diameter 2 inches, 
i inch, and 176 inch at Ao = 5.4 mm. The jacket materials (mostly carbon­
loaded resins) which have been tested to date show a range of relative 
permittivities roughly from 4 to 100. There is some indication that the 
permittivity of a carbon-loaded resin increases as its conductivity in­
creases; this suggested consideration of the case E' = e". 

The tables cover the range from e" = 1000 down to E" = 1 at small 
enough intervals so that the general course of each mode can be followed. 
It is worth noting that at 5.4 mm a resistivity (1/ u) of 1 ohm cm cor­
responds to E" = 32. Copper at this frequency has an e" of approxi­
mately 2 X 107

• 

In general the tables include the modes derived from FO(rIa) whose 
limits are TMoI , TMo2 , and TMo3 , and the modes derived from FI(rIa) 
whose limits are TEn, TMn , TE12 , TM12 , and TEI3 (except that in 
the 176-inch guide TMo3, TMI2 , and TE13 are cut off). Some results are 
given for the TMl3-limit mode, namely those which satisfy the arbitrary 
criterion Re rIa ~ 10; but these results are incomplete because for large 
E" the corresponding root of FI(rIa) approaches 10.173. Furthermore for 
small values of e" the attenuation constants of a few of the TM-limit 
modes become quite large and the corresponding values of rIa move far 
away from the origin. Since our object was to make a general survey 
rather than to investigate any particular mode exhaustively, we did not 
attempt to pursue these modes outside the region originally proposed 
for study. 

The results of the IBM calculations are recorded in Table I to three 
decimal places. Since the roots rIa were obtained by cubic interpolation 
in a square of side 0.5, the last place is not entirely reliable; but spot 
checks on a few of the roots by successive approximations indicate that 
it is probably not off by more than one or two units. The propagation 
constants of some of the relatively low-loss modes (especially TE12 and 
TE13 , whose wall currents are largely circumferential) were calculated 
from the approximate formulas, * as noted in the tables. The attenuation 

(Text continued on page 1375) 

* The formulas used were (A9) and (AlO) of the appendix, which are slightly 
more accurate than (7) of the text. 



TABLE lea) - 2-INCH GUIDE AT Ao = 5.4 MM ({3oa 
WITH / = 4 AND t/' VARIABLE 

29.554) 

Limit Mode " rIa aa+ i{Ja 

TMOl 00 2.405 29.456i 
1000 2.154 + 0.384i 0.028 + 29.478i 
250 2.094 + 0.974i 0.069 + 29.496i 
100 2.408 + 1.679i 0.137 + 29.504i 
90 2.482 + 1. 772i 0.149 + 29.503i 
80 2.579 + 1.878i 0.164 + 29.502i 
64 2.804 + 2.083i 0.198 + 29.495i 
40 3.519 + 2.547i 0.304 + 29.456i 
25 4.604 + 3.165i 0.496 + 29.369i 
16 5.870 + 3.763i 0.756 + 29.219i 
10 7.564 + 4.131i 1.082 + 28.887i 
8 8.464 + 4.158i 1.229 + 28.646i 

TMo2 00 5.520 29.034i 
1000 5.399 + 0.127i 0.024 + 29.057i 
250 5.274 + 0.268i 0.049 + 29.081i 
100 5.109 + 0.445i 0.078 + 29.113i 
90 5.081 + 0.472i 0.082 + 29.118i 
80 5.047 + 0.504i 0.087 + 29.125i 
64 4.968 + 0.569i 0.097 + 29.139i 
40 4.716 + 0.701i 0.113 + 29.184i 
25 4.375 + 0.677i 0.101 + 29.237i 
16 4.172 + 0.551i 0.079 + 29.264i 
10 4.047 + 0.448i 0.062 + 29.279i 
8 4.004 + 0.412i 0.056 + 29.285i 
4 3.905 + 0.344i 0.046 + 29.297i 
1 3.820 + 0.31Oi 0.040 + 29.308i 

TMo3 00 8.654 28.259i 
1000 8.577 + 0.078i 0.024 + 28.282i 
250 8.500 + 0.160i 0.048 + 28.306i 
100 8.408 + 0.260i 0.077 + 28.334i 
90 8.395 + 0.275i 0.081 + 28.338i 
80 8.378 + 0.293i 0.086 + 28.343i 
64 8.344 + 0.330i 0.097 + 28.354i 
40 8.253 + 0.424i 0.123 + 28.382i 
25 8.125 + 0.545i 0.156 + 28.421i 
16 7.943 + 0.678i 0.189 + 28.475i 
10 7.658 + 0.779i 0.209 + 28.556i 
8 7.511 + 0.780i 0.205 + 28.595i 
4 7.200 + 0.693i 0.174 + 28.673i 
1 6.986 + 0.612i 0.149 + 28.724i 

TEll 00. 1.841 29.497i 
1000 1.703 + 0.234i 0.014 + 29.506i 
250 1.764 + 0.630i 0.038 + 29.508i 
100 2.465 + 0.963i 0.081 + 29.467i 
90 2 . 660 + 0.7 48i 0.068 + 29.444i 
80 2.633 + 0.604i 0.054 + 29.443i 
64 2.594 + 0.464i 0.041 + 29.444i 
40 2.546 + 0.312i 0.027 + 29.446i 
25 2.508 + 0.226i 0.019 + 29.448i 
16 2.481 + 0.176i 0.015 + 29.450i 
10 2.455 + 0.140i 0.012 + 29.452i 
8 2.445 + 0.129i 0.011 + 29.453i 
4 2.418 + 0.106i 0.009 + 29.455i 
1 2.394 + 0.095i 0.008 + 29.457i 
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TABLE lea) - Continued 

Limit Mode " rla aa+i{Ja 

™u 00 3.832 29.305i 
1000 3.652 + 0.197i 0.024 + 29.328i 
250 3.457 + 0.440i 0.052 + 29.355i 
100 2.978 + 0.88Oi 0.OS9 + 29.417i 
90 2.821 + 1.215i 0.116 + 29.445i 
80 2.945 + 1.476i 0.148 + 29.444i 
64 3.146 + 1.868i 0.200 + 29.446i 
40 3 . 728 + 2. 564i 0.325 + 29.432i 
25 4.659 + 3.175i 0.504 + 29.361i 
16 5.921 + 3. 727i 0.756 + 29.204i 
10 7.613 + 4.135i 1.090 + 28.875i 
8 8.487 + 4.153i 1.231 + 28.639i 

TE12 00 5.331 29.069i 
1000 0.0008 + 29.070i* 
250 0.0016 + 29.071i* 
100 0.0026 + 29.072i* 
64 0.0033 + 29.072i* 
40 0.0042 + 29.073i* 
25 0.0055 + 29.074i* 
10 0.0092 + 29.075i* 
4 5.297 + 0.072i 0.013 + 29.076i 
1 5.322 + 0.096i 0.018 + 29.071i 

TM12 00 7.016 28.710i 
1000 6.918 + 0.099i 0.024 + 28.733i 
250 6.821 + 0.203i 0.048 + 28.757i 
100 6.701 + 0.330i 0.077 + 28.786i 
90 6.683 + 0.349i 0.081 + 28.791i 
80 6.660 + 0.372i 0.086 + 28.796i 
64 6.612 + 0.419i 0.096 + 28.808i 
40 6.475 + 0.535i 0.120 + 28.841i 
25 6.253 + 0.655i 0.142 + 28.893i 
16 5.965 + 0.682i 0.141 + 28.954i 
10 5.719 + 0.590i 0.116 + 29.002i 
8 5.641 + 0.541i 0.105 + 29.016i 
4 5.471 + 0.419i 0.079 + 29.047i 
1 5.317 + 0.347i 0.063 + 29.074i 

TEl3 00 8.536 28.295i 
1000 0.0003 + 28.295i* 
250 0.0006 + 28.295i* 
100 0.0010 + 28.296i* 
64 0.0012 + 28.296i* 
40 0.0016 + 28.296i* 
25 0.0020 + 28.296i* 
10 0.0034 + 28.297i* 
4 0.0050 + 28.296i* 
1 0.0058 + 28.295i* 

TM13 00 10.173 27.748i 
100 9.963 + 0.219i 0.078 + 27.825i 
90 9.952 + 0.23li 0.083 + 27.829i 
80 9.938 + 0.246i 0.088 + 27.834i 
64 9.911 + 0.277i 0.098 + 27.845i 
40 9.840 + 0.356i 0.126 + 27.870i 
25 9.746 + 0.460i 0.161 + 27.905i 
16 9.625 + 0.591i 0.204 + 27.950i 
10 9.433 + 0.757i 0.255 + 28.020i 
8 9.305 + 0.837i 0.278 + 28.065i 
4 8.836 + 0.898i 0.281 + 28.218i 
1 8.485 + 0.78li 0.234 + 28.322i 

. * Approximate formula. 
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TABLE l(b) - 2-INCH GUIDE AT AO = 5.4 MM ((3oa 
WITH / = 100 AND E" VARIABLE 

29.554) 

Limit Mode E" rw aa + i{3a 

TMel 00 2.405 29.456i 
1000 2.178 + 0.391i 0.029 + 29.476i 
250 2.291 + 0.885i 0.069 + 29.479i 
100 2.677 + 1.062i 0.097 + 29.452i 
80 2.764 + 1.047i 0.098 + 29.443i 
64 2.834 + 1.019i 0.098 + 29.436i 
40 2.928 + 0.950i 0.094 + 29.424i 
25 2.973 + 0.893i 0.090 + 29.418i 
10 3.004 + 0.831i 0.085 + 29.413i 
4 3.013 + 0.806i 0.083 + 29.411i 
1 3.016 + 0.793i 0.081 + 29.411i 

TM o2 00 5.520 29.034i 
1000 5.406 + 0.133i 0.025 + 29.056i 
250 5.339 + 0.298i 0.055 + 29.069i 
100 5.372 + 0.473i 0.087 + 29.066i 
80 5.398 + 0.508i 0.094 + 29.062i 
64 5.429 + 0.535i 0.100 + 29.056i 
40 5.492 + 0.566i 0.107 + 29.045i 
25 5.540 + 0.573i 0.109 + 29.036i 
10 5.589 + 0.569i 0.109 + 29.027i 
4 5.608 + 0.563i 0.109 + 29.023i 
1 5.617 + 0.560i 0.108 + 29.021i 

TM o3 00 8.654 28.259i 
1000 8.581 + 0.082i 0.025 + 28.281i 
250 8.537 + O. 179i 0.054 + 28.295i 
100 8.548 + 0.279i 0.084 + 28.292i 
80 8.561 + 0.300i 0.091 + 28.289i 
64 8.575 + 0.317i 0.096 + 28.285i 
40 8.606 + 0.339i 0.103 + 28.276i 
25 8.630 + 0.348i 0.106 + 28.268i 
10 8.658 + 0.352i 0.108 + 28.26Oi 
4 8.669 + 0.352i 0.108 + 28.257i 
1 8.675 + 0.351i 0.108 + 28.255i 

TEll 00 1.841 29.497i 
1000 1.719 + 0.236i 0.014 + 29.505i 
250 1.871 + 0.504i 0.032 + 29.499i 
100 2.132 + 0.484i 0.035 + 29.48li 
80 2.161 + 0.451i 0.033 + 29.479i 
64 2.178 + 0.420i 0.031 + 29.477i 
40 2.191 + 0.372i 0.028 + 29.475i 
25 2.192 + 0.343i 0.026 + 29.475i 
10 2.190 + 0.316i 0.023 + 29.475i 
4 2.188 + 0.306i 0.023 + 29.475i 
1 2.187 + 0.30li 0.022 + 29.475i 
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TABLE I(b) - Continued 

Limit Mode ." rw aa + i{Ja 

TMll 00 3.832 29.305i 
1000 3.663 + 0.204i 0.026 + 29.327i 
250 3.579 + 0.485i 0.059 + 29.341i 
100 3.715 + 0.788i 0.100 + 29.331i 
80 3.787 + 0.826i 0.107 + 29.322i 
64 3.856 + 0.843i 0.111 + 29.314i 
40 3.969 + 0.836i 0.113 + 29.299i 
25 4.043 + 0.817i 0.113 + 29.288i 
10 4.100 + O. 777i 0.109 + 29.279i 
4 4 .119 + 0.7 59i 0.107 + 29.276i 
1 4.128 + 0.749i 0.106 + 29.274i 

TEl2 00 5.331 29.069i 
1000 0.0008 + 29.070i* 
250 0.0018 + 29.071i* 
100 0.0028 + 29.071i* 
64 0.0032 + 29.070i* 
40 0.0034 + 29.070i* 
25 0.0035 + 29.070i* 
10 0.0036 + 29.070i* 
4 0.0036 + 29.070i* 
1 0.0036 + 29.069i* 

-----------------------------------
TM12 00 7.016 28.710i 

1000 6.923 + 0.103i 0.025 + 28.732i 
250 6.868 + 0.226i 0.054 + 28.746i 
100 6.885 + 0.355i 0.085 + 28.743i 
80 6.902 + 0.381i 0.092 + 28.740i 
64 6.922 + 0.403i 0.097 + 28.735i 
40 6.965 + 0.429i 0.104 + 28.725i 
25 7.000 + 0.440i 0.107 + 28.717i 
10 7.037 + 0.443i 0.109 + 28.708i 
4 7.051+0.441i 0.108 + 28.704i 
1 7.058 + 0.440i 0.108 + 28.703i 

TEla 00 8.536 28.295i 
1000 0.0003 + 28.295i* 
250 0.0007 + 28.295i* 
100 0.0010 + 28.295i* 
64 0.0012 + 28.295i* 
40 0.0013 + 28.295i* 
25 0.0013 + 28.295i* 
10 0.0013 + 28.295i* 
4 0.0013 + 28.295i* 
1 0.0013 + 28.295i* 

* Approximate formula. 



TABLE ICc) - 2-INCH GUIDE AT AO = 5.4 MM ({3oa 21554) 
I " WITH E = E 

Limit Mode E' and E" rw aa + i{3a 

TMOl 00 2.405 29.456i 
1000 2.338 + 0.341i 0.027 + 29.464i 
250 2.418 + 0.707i 0.058 + 29.464i 
100 2.677 + 1.062i 0.097 + 29.452i 
64 2.925 + 1.226i 0.122 + 29.435i 
40 3 . 309 + 1. 324i 0.149 + 29.399i 
32 3.540 + 1.299i 0.156 + 29.371i 
25 3.787 + 1.162i 0.150 + 29.334i 
16 3.946 + 0.800i 0.108 + 29.301i 
12 3.950 + 0.647i 0.087 + 29.296i 
10 3.946 + 0.573i 0.077 + 29.295i 
4 3.905 + 0.344i 0.046 + 29.297i 
2 3.869 + 0.252i 0.033 + 29.301i 
1 3.820 + 0.185i 0.024 + 29.307i 

----------

TMo2 00 5.520 29.034i 
1000 5.469 + 0.136i 0.026 + 29.044i 
250 5.423 + 0.282i 0.053 + 29.054i 
100 5.372 + 0.473i 0.087 + 29.066i 
64 5.337 + 0.624i 0.115 + 29.075i 
40 5.294 + 0.874i 0.159 + 29.090i 
32 5.279 + 1.061i 0.193 + 29.099i 
25 5.319 + 1.367i 0.250 + 29.105i 
16 5 . 852 + 1. 969i 0.397 + 29.039i 
12 6.472 + 2.178i 0.487 + 28.923i 
10 7.026 + 2.198i 0.536 + 28.796i 

---
TMo3 00 8.654 28.259i 

1000 8.620 + 0.085i 0.026 + 28.269i 
250 8.587 + 0.173i 0.052 + 28.280i 
100 8.548 + 0.279i 0.084 + 28.292i 
64 8.521 + 0.355i 0.107 + 28.302i 
40 8.483 + 0.461i 0.138 + 28.315i 
32 8.458 + 0.526i 0.157 + 28.323i 
25 8.425 + 0.61li 0.182 + 28.335i 
16 8.330 + 0.824i 0.242 + 28.369i 
12 8.206 + 1.037i 0.300 + 28.413i 
10 8.034 + 1.240i 0.350 + 28.471i 
4 7.200 + 0.693i 0.174 + 28.673i 
2 7.098 + 0.483i 0.120 + 28.694i 
1 6.998 + 0.349i 0.085 + 28.716i 

TEll 00 1.841 29.497i 
1000 1.810 + 0.190i 0.012 + 29.499i 
250 1.911 + 0.384i 0.025 + 29.495i 
100 2.132 + 0.484i 0.035 + 29.48li 
64 2.270 + 0.453i 0.035 + 29.470i 
40 2.365 + 0.366i 0.029 + 29.462i 
32 2.389 + 0.324i 0.026 + 29.459i 
25 2.406 + 0.281i 0.023 + 29.457i 
16 2.420 + 0.219i 0.018 + 29.456i 
12 2.424 + 0.187i 0.015 + 29.455i 
10 2.424 + 0.169i 0.014 + 29.455i 
4 2.418 + 0.106i 0.009 + 29.455i 
2 2.409 + 0.078i 0.006 + 29.456i 
1 2.394 + 0.056i 0.005 + 29.457i 
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TABLE I(c)-Continued 

Limit Mode E' and E" ria aa + i{3a 

TMll 00 3.832 29.305i 
1000 3.759 + 0.203i 0.026 + 29.315i 
250 3.714 + 0.439i 0.056 + 29.323i 
100 3.715 + 0.788i 0.100 + 29.331i 
64 3.797 + 1. 070i 0.139 + 29.329i 
40 4.080 + 1.400i 0.195 + 29.305i 
32 4.276 + 1.550i 0.226 + 29.285i 
25 4.586 + 1.661i 0.260 + 29.245i 
16 5.359 + 1.579i 0.291 + 29.109i 
12 5.587 + 1.043i 0.201 + 29.041i 
10 5.560 + 0.859i 0.164 + 29.040i 
4 5.471 + 0.419i 0.079 + 29.047i 
2 5.438 + 0.249i 0.047 + 29.051i 
1 5.444 + 0.131i 0.025 + 29.049i 

----
TE12 00 5.331 29.069i 

1000 0.0009 + 29.070i* 
250 0.0018 + 29.070i* 
100 0.0028 + 29.071i* 
64 0.0035 + 29.071i* 
40 0.0044 + 29.071i* 
25 0.0055 + 29.072i* 
10 0.0087 + 29.073i* 
4 5.297 + 0.072i 0.013 + 29.076i 
2 5.272 + 0.108i 0.020 + 29.080i 
1 5.198 + 0 .132i 0.023 + 29.094i 

-------
TM12 00 7.016 28.710i 

1000 6.971 + 0.107i 0.026 + 28.721i 
250 6.931 + 0.217i 0.052 + 28.731i 
100 6.885 + 0.355i 0.085 + 2S.743i 
64 6.852 + 0.457i 0.109 + 2S.753i 
40 6.801 + 0.61Oi 0.144 + 28.76Si 
32 6.76S + 0.70Si 0.167 + 2S.778i 
25 6.720 + 0.S50i 0.198 + 2S.793i 
16 6.562 + 1.359i 0.309 + 2S.S50i 
12 6.869 + 2.095i 0.499 + 28.825i 
10 7.322 + 2.374i 0.605 + 2S.737i 

TEl3 00 8.536 2S.295i 
1000 0.0003 + 28.295i* 
250 0.0007 + 2S.295i* 
100 0.0010 + 2S.295i* 

64 0.0013 + 2S.295i* 
40 0.0016 + 28.295i* 
25 0.0021 + 28.295i* 
10 0.0032 + 28.296i* 
4 0.0050 + 2S.296i* 
1 0.0094 + 2S.295i* 

TM13 00 10.173 27.748i 
25 9.981 + 0.497i 0.178 + 27.823i 
16 9.910 + 0.652i 0.232 + 27.852i 
12 9.841 + 0.785i 0.277 + 27.880i 
10 9.776 + 0.893i 0.313 + 27.907i 
4 S.836 + 0.S9Si 0.281 + 2S.218i 
2 8.656 + 0.596i 0.183 + 2S.265i 
1 8.523 + 0.409i 0.123 + 28.302i 

* Approximate formula. 
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TABLE I(d)-i-INCH GUIDE AT AO = 5.4 MM ({3oa 
WITH e' = 4 AND elf VARIABLE 

Limit Mode E" tJa 

TMOl co 2.405 
1000 2.286 + 0.140i 0.025 
250 2.183 + 0.324i 0.056 
100 2.113 + 0.595i 0.098 
64 2.114 + 0.800i 0.132 
40 2.185 + 1.072i 0.183 
25 2.377 + 1.369i 0.255 
10 3.212 + 1.699i 0.431 
6.4 3 . 694 + 1.440i 0.426 
4.0 3.765 + 1.029i 0.312 
2.5 3.700 + O. 853i 0.254 
1.0 3.624 + O. 733i 0.214 

---
TMo2 co 5.520 

1000 5.468 + 0.054i 0.025 
250 5.416 + 0.111i 0.051 
100 5.356 + 0.183i 0.083 
64 5.317 + 0.235i 0.106 
40 5.266 + 0.308i 0.137 
25 5.206 + 0.410i 0.180 
10 5.073 + 0.772i 0.328 
6.4 5.095 + 1.137i 0.485 
4.0 5.486 + 1. 429i 0.664 
2.5 5.818 + 1.379i 0.689 
1.0 6.041 + 1.188i 0.624 

TM o3 co 8.654 
1000 8.620 + 0.034i 0.030 
250 8.587 + 0.069i 0.061 
100 8.550 + O.l11i 0.098 
64 8.525 + 0.14li 0.124 
40 8.494 + 0.183i 0.160 
25 8.459 + 0.239i 0.207 
10 8.393 + O.411i 0.350 
6.4 8.386 + 0.532i 0.452 
4.0 8.426 + 0.668i 0.571 
2.5 8.515 + 0.769i 0.669 
1.0 8.676 + 0.824i 0.741 

TEn co 1.841 
1000 1.767 + 0.074i 0.010 
250 1.717 + 0.191i 0.026 
100 1. 706 + 0.368i 0.049 
64 1. 734 + 0.500i 0.068 
40 1.857 + 0.656i 0.095 
25 2.126 + 0.773i 0.129 
10 2.436 + O.411i 0.079 
6.4 2.413 + 0.316i 0.060 
4.0 2.386 + 0.262i 0.049 
2.5 2.364 + 0.234i 0.043 
1.0 2.341 + 0.212i 0.039 
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12.930) 

aa + i(3a 

12.704i 
+ 12.727i 
+ 12.749i 
+ 12.771i + 12.782i 
+ 12.790i 
+ 12.786i 
+ 12.647i 
+ 12.482i 
+ 12.416i 
+ 12.421i 
+ 12.435i 

11.692i 
+ 11.717i + 11.742i 
+ 11. 770i 
+ 11. 789i 
+ 11.814i 
+ 11.844i 
+ 11.923i 
+ 1l.948i 
+ 11.814i 
+ 1l.650i 
+ 11.511i 

9.607i 
+ 9.637i 
+ 9.667i 
+ 9.701i 
+ 9.723i 
+ 9.752i 
+ 9.785i 
+ 9.851i 
+ 9.866i 
+ 9.847i 
+ 9.784i 
+ 9.651i 

12.798i 
+ 12.809i 
+ 12.817i 
+ 12.822i 
+ 12.823i 
+ 12.813i 
+ 12.778i 
+ 12.706i 
+ 12.707i 
+ 12.711i 
+ 12.714i 
+ 12.718i 
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TABLE I (d) - Continued 

Limit Mode E" tla aa+ ifJa 

TMn 00 3.832 12.349i 
1000 3.750 + 0.081i 0.025 + 12.375i 
250 3.676 + O.l71i 0.051 + 12.398i 
100 3.588 + 0.290i 0.084 + 12.426i 
64 3.530 + 0.382i 0.108 + 12.445i 
40 3.447 + 0.516i 0.143 + 12.474i 
25 3.329 + 0.757i 0.201 + 12.519i 
10 3.749 + 1.664i 0.499 + 12.496i 
6.4 4.275 + 1. 750i 0.606 + 12.343i 
4.0 4.701 + 1.553i 0.600 + 12.160i 
2.5 4.843 + 1.274i 0.511 + 12.067i 
1.0 4.844 + 1.031i 0.415 + 12.040i 

TEl2 00 5.331 11.780i 
1000 0.0007 + 11.780i* 

250 0.0015 + 11.781i* 
100 0.0024 + 11.782i* 
64 0.0030 + 11.782i* 
40 0.0039 + 11.783i* 
25 0.0051 + 11.784i* 
10 0.0085 + 11.785i* 
4 0.0125 + 11.784i* 
1 0.0146 + 11.781i* 

TM12 00 7.016 1O.861i 
1000 6.972 + 0.043i 0.027 + 1O.889i 
250 6.930 + 0.087i 0.055 + 1O.917i 
100 6.883 + 0.141i 0.088 + 1O.947i 
64 6.853 + 0.179i 0.112 + 10.967i 
40 6.814 + 0.233i 0.144 + 10.992i 
25 6.769 + 0.305i 0.187 + 11.023i 
10 6.679 + 0.54li 0.326 + 11.090i 
6.4 6.670 + 0.718i 0.431 + 11.109i 
4.0 6.755 + O. 935i 0.570 + 11.080i 
2.5 6.942 + 1.061i 0.671 + 1O.981i 
1.0 7.193 + 1. 054i 0.700 + 10.819i 

TE l3 00 8.536 9.712i 
1000 0.0002 + 9.712i* 
250 0.0005 + 9.712i* 
100 0.0008 + 9.712i* 
64 0.0010 + 9.713i* 
40 0.0012 + 9.713i* 
25 0.0016 + 9.713i* 
10 0.0027 + 9.713i* 
4 0.0040 + 9.713i* 
1 0.0048 + 9.712i* 

TM13 00 10.173 7.980i 
10 9 . 949 + O. 340i 0.409 + 8.276i 
6.4 9.943 + 0.436i 0.523 + 8.293i 
4.0 9.970 + 0.543i 0.655 + 8.277i 

* Approximate formula. 
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TABLE I(e) - i-INCH GUIDE AT Ao = 5.4 MM ({3oa = 12.930) WITH 

e' = e" 

Limit Mode E' and E" ria aa+ i{1a 

TMol 00 2.405 12.704i 
1000 2.360 + 0.141i 0.026 + 12.714i 
250 2.339 + 0.295i 0.054 + 12.720i 
100 2.351 + 0.482i 0.089 + 12.724i 
64 2.382 + 0.608i 0.114 + 12.724i 
40 2.450 + 0.766i 0.148 + 12.720i 
25 2.573 + 0.942i 0.191 + 12.708i 
10 3.052 + 1.244i 0.301 + 12.630i 
4 3.765 + 1.029i 0.312 + 12.416i 
2 3.841 + 0.653i 0.203 + 12.366i 
1 3.768 + 0.438i 0.133 + 12.378i 

T M o2 00 5.520 11.692i 
1000 5.497 + 0.058i 0.027 + 11.704i 
250 5.475 + 0.118i 0.055 + 11.715i 
100 5.451 + 0.190i 0.088 + 11. 727i 
64 5.435 + 0.241i 0.111 + 11.735i 
40 5.416 + 0.31Oi 0.143 + 11. 746i 
25 5.393 + 0.402i 0.184 + 11.760i 
10 5.338 + 0.701i 0.317 + 11.802i 
4 5.486 + 1. 429i 0.664 + l1.814i 
2 6.389 + 1.780i 0.996 + 1l.425i 
1 6.901 + 1.04Oi 0.652 + 11.003i 

TMo3 00 8.654 9.607i 
1000 8.639 + 0.037i 0.033 + 9.621i 
250 8.624 + 0.074i 0.067 + 9.635i 
100 8.607 + 0.118i 0.105 + 9.650i 
64 8.596 + 0.148i 0.132 + 9.661i 
40 8.581 + 0.189i 0.168 + 9.675i 
25 8.563 + 0.24li 0.213 + 9.694i 
10 8.512 + 0.393i 0.344 + 9.747i 
4 8.426 + 0.668i 0.571 + 9.847i 
2 8.320 + 1.094i 0.910 + 9.999i 
1 8.812 + 1.915i 1.721 + 9.806i 

---
TEll 00 1.841 12.798i 

1000 1.810 + 0.072i 0.010 + 12.803i 
250 1.807 + 0.161i 0.023 + 12.804i 
100 1.833 + 0.265i 0.038 + 12.802i 
64 1.870 + 0.330i 0.048 + 12.799i 
40 1.939 + 0.401i 0.061 + 12.790i 
25 2.047 + 0.459i 0.074 + 12.776i 
10 2.295 + 0.414i 0.075 + 12.732i 
4 2.386 + 0.262i 0.049 + 12.711i 
2 2.389 + 0.186i 0.035 + 12.709i 
1 2.369 + 0.129i 0.024 + 12.712i 
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TABLE ICe) - Continued 

Limit Mode E' and E" na aa+ ifja 

TMll 00 3.832 12.349i 
1000 3.794 + 0.086i 0.026 + 12.361i 

250 3.766 + 0.176i 0.054 + 12.371i 
100 3.739 + O. 288i 0.087 + 12.381i 
64 3.725 + O. 369i 0.111 + 12.388i 
40 3.711 + 0.485i 0.145 + 12.396i 
25 3.708 + 0.651i 0.195 + 12.406i 
10 3.893 + 1.161i 0.365 + 12.390i 
4 4.701 + 1.553i 0.600 + 12.160i 
2 5.319 + 1.062i 0.477 + 11.843i 
1 5.241 + 0.614i 0.272 + 1l.840i 

-------
TE12 00 5.331 11.780i 

1000 0.0008 + 11.780i* 
250 0.0016 + 11.780i* 
100 0.0026 + 11.781i* 
64 0.0032 + 11.781i* 
40 0.0041 + 11.781i* 
25 0.0051 + 11.782i* 
10 0.0081 + 11.783i* 
4 0.0125 + 11.784i* 
1 0.0236 + 11.782i* 

TM12 00 7.016 10.861i 
1000 6.996 + 0.047i 0.030 + 1O.874i 
250 6.976 + 0.094i 0.060 + 1O.887i 
100 6.955 + 0.149i 0.095 + 1O.902i 
64 6.942 + 0.187i 0.119 + 1O.911i 
40 6.924 + 0.238i 0.151 + 10.923i 
25 6.903 + 0.305i 0.192 + 10.939i 
10 6.841 + 0.509i 0.317 + 10.988i 
4 6.755 + 0.935i 0.570 + 11.080i 
2 7.053 + 1. 730i 1.106 + 11.030i 
1 8.138 + 1.672i 1.325 + 1O.272i 

TEn 00 8.536 9.712i 
1000 0.0003 + 9.712i* 
250 0.0005 + 9.712i* 
100 0.0008 + 9.712i* 
64 0.0010 + 9.712i* 
40 0.0013 + 9.712i* 
25 0.0016 + 9.712i* 
10 0.0025 + 9.713i* 
4 0.0040 + 9.713i* 
1 0.0076 + 9.713i* 

--------
TM13 00 10.173 7.980i 

4 9.970 + 0.543i 0.655 + 8.277i 
2 9.863 + 0.826i 0.963 + 8.457i 
1 9.698 + 1.418i 1.561 + 8.808i 

* Approximate formula. 
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TABLE I(f)-176-INCH GUIDE AT AO = 5.4 MM ({3oa = 6.465) WITH 

e' = 4 AND e' , VARIABLE 

Limit Mode E" rta aa + ipa 

TMol 00 2.405 6.001i 
1000 0.024 + 6.025i* 
250 2.287 + 0.14li 0.053 + 6.049i 
100 2.228 + 0.244i 0.090 + 6.074i 
64 2.197 + 0.324i 0.117 + 6.090i 
40 2.170 + 0.439i 0.156 + 6.107i 
25 2.169 + 0.594i 0.210 + 6.123i 
10 2.355 + 0.943i 0.364 + 6.105i 
4 2.740 + 1.040i 0.478 + 5.966i 
1 2.961 + 0.878i 0.446 + 5.830i 

------
TMo2 00 5.520 3.365i 

1000 0.043 + 3.408i* 
250 5.468 + 0.054i 0.086 + 3.450i 
100 5.439 + 0.088i 0.137 + 3.499i 
64 5.420 + 0.112i 0.172 + 3.530i 
40 5.396 + 0.146i 0.221 + 3.570i 
25 5.370 + 0.191i 0.284 + 3.616i 
10 5.327 + 0.328i 0.471 + 3.707i 
4 5.369 + 0.512i 0.740 + 3.712i 
1 5.539 + 0.614i 0.965 + 3.524i 

TEu 00 1.841 6.197i 
1000 0.009 + 6.206i* 
250 1. 772 + 0.069i 0.020 + 6.218i 
100 1. 744 + 0 .129i 0.036 + 6.227i 
64 1. 731 + 0.176i 0.049 + 6.231i 
40 1. 726 + 0.244i 0.068 + 6.235i 
25 1. 744 + 0.334i 0.093 + 6.235i 
10 1. 925 + 0.493i 0.153 + 6.193i 
4 2.121 + 0.425i 0.147 + 6.123i 
1 2.152 + 0.319i 0.112 + 6.106i 

TMu 00 3.832 5.207i 
1000 0.028 + 5.235i* 
250 3.751 + 0.082i 0.058 + 5.266i 
100 3.710 + 0.134i 0.094 + 5.297i 
64 3.683 + 0.173i 0.119 + 5.317i 
40 3.650 + 0.227i 0.155 + 5.343i 
25 3.615 + 0.303i 0.204 + 5.372i 
10 3.581 + 0.546i 0.360 + 5.422i 
4 3.763 + 0.8IOi 0.570 + 5.350i 
1 4.038 + 0.816i 0.639 + 5.154i 

TEl2 00 5.331 3.657i 
1000 0.0005 + 3.657i* 
250 0.0009 + 3.658i* 
100 0.0015 + 3.658i* 

64 0.0019 + 3.659i* 
40 0.0024 + 3.659i* 
25 0.0031 + 3.659i* 
10 0.0052 + 3.660i* 
4 0.0079 + 3.660i* 
1 0.0097 + 3.658i* 

* Approximate formula. 
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Fig. 2(a) and (b) 
Fig. 2 - Plots of phase constant versus attenuation constant for modes in 

various helix waveguides. Representative values of f" are shown on the curves. 
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constants calculated from the approximate formulas are given to four 
decimal places, i.e., usually two significant figures. 

The contents of Table I are displayed graphically in Figs. 2(a) through 
(f), which show plots of [3a vs aa for all modes except TMI3 . Repre­
sentative values of e" are indicated on the curves. Note that the scales 
are different for the different guide sizes, and that the [3a-scale is com­
pressed in all cases. If aa and [3a were plotted on the same scale, the 
curves would make an initial angle of 45° with the aa-axis when e' 

constant, or 22.5° when e' = e". 
Figs. 3(a) to (f) show the normalized attenuation constants aa of 

various modes plotted against e" on a log-log scale. In Fig. 3(b) the 
curves for all TlVI modes would be similar to the two shown, and in 
Fig. 3(d) the TMo3 curve is like TMI2 . Although for some modes the 
attenuation constant increases steadily as the conductivity decreases 
over the range of our calculations, in many cases the attenuation passes 
through a maximum and then decreases as the conductivity is further 
decreased. This phenomenon will be discussed in Section V. 

It may be noticed that in some instances the limit modes are not 
unique. For example, Tables I(a), with e' = 4, and I(c), with e' = e", 
for the large guide have in common the case e' = 4, e" = 4. For this 
case consider the circular magnetic mode corresponding to rIa = . 

3.905 + 0.344i. If e' is constant (= 4) while e" tends to infinity, this 
mode approaches the TMo2 mode in a perfectly conducting guide; but 
if e' and e" tend to infinity while remaining equal to each other, the same 
mode approaches TMoi in a perfectly conducting guide. Presumably the 
TMol-limit mode in the former case coincides with the TMo2-limit mode 
in the latter case; but the value of rIa for this mode is outside the range 
of our calculations at e' = e" = 4. A similar interchange oC9urs between 
the TMn-limit and TM12-limit modes in the large guide, depending on 
whether e' is constant or e' tends to infinity with e". There is no evidence 
of any such phenomenon in the smaller guide of Tables I(d) and I(e); 
but the fact that it can occur means that the limit-mode designations of 
modes in a lossy waveguide are not entirely unambiguous. The phen­
omenon is not due to the presence of the helix, since a helix of zero pitch 
has no effect on circular magnetic modes. 

Finally it is of interest to compare the propagation constants given 
by the approximate formula with those obtained by numerical solution 
of the characteristic equation. A reasonably typical case is provided by 
the TMo2-limit mode in a 2-inch guide at ~o = 5.4 mm with e' = 4, as 
in Table I(a). Exact and approximate results for [3a vs aa and aa vs /' 
are plotted in Fig. 4. As the conductivity decreases, the attenuation con-
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Fig. 4 - Comparison of exact and approximate formulas for the propagation 
constant of a typical mode (TMo2-limit in a guide with J30a = 29.554 and E' = 4). 

stant first becomes larger, in all cases, than predicted by the approximate 
formula. For still lower conductivities the attenuation constant may pass 
through a maximum, as in the present example, and decrease again. The 
existence of a maximum in the attenuation vs conductivity curve is not 
indicated by the approximate formula. 
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V. DISCUSSION OF RESULTS 

The dimensionless results of Section IV may easily be scaled to any 
desired operating wavelength, and the attenuation constants and guide 
wavelengths expressed in conventional units. If Ao is the free-space wave­
length in centimeters, then the guide diameter d in inches, the attenua­
tion constant a in db/meter, and the guide wavelength Ao in centimeters 
are given by the following formulas: 

din = 0.12532 ((3oa)(AO)cm 

5457.5 (aa) 
adb/m = ((3oa) (AO)cm 

(A ) = ((30a)(AO)cm 
o cm ((3a) 

Table II lists the guide diameters and the conversion factors for a and 
Ao for the three values of (3oa used in Section IV, at frequencies corre­
sponding to free-space wavelengths of 3.33 and 0.54 cm. The table also 
lists the number of propagating modes in a perfectly conducting guide 
as a function of (3oa (different polarizations are not counted separately). 

When helix waveguide is used to reduce mode conversions, an im­
portant parameter is the ratio of the attenuation constant of any given 
unwanted mode to the attenuation constant of the TEal mode. The 
theoretical attenuation constants of the TEo1 mode at AO = 5.4 mm in 
copper guides of various sizes are listed below: 

Diameter aa adb/m 

2" 2.77 X 10-6 9.47 X 10-4 

7" 1.50 X 10-5 1.17 X 10-2 
8" 

7 " 7.11 X 10-5 1.11 X 10-1 
16 

TABLE II - CONVERSION FACTORS FOR ATTENUATION CONSTANTS AND 

GUIDE WAVELENGTHS IN VARIOUS WAVEGUIDES 

).0 = 3.33 cm M = 0.54 cm 
Propa-

f30a gating 
modes Diameter a db/meter ).gcm 

Diameter a db/meter ).g cm (inches) (inches) 

29.554 227 12.33 55.5 aa 98.41/~a 2.000 342 aa 15.959/~a 
12.930 44 5.40 127 aa 43.06/~a 0.875 782 aa 6.982/~a 
6.465 12 2.70 253 aa 21.53/~a 0.4375 1563 aa 3.491/~a 
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Referring to the values of aa listed in Table I, we see that the un­
wanted mode attenuations can be made to exceed the TEol attenuation 
by factors of from several hundred to several hundred thousand in the 
large helix guide. The attenuation ratios are somewhat smaller in the 
smaller guide sizes. 

The attenuation versus conductivity plots of Fig. 3 show that for 
many of the modes there is a value of jacket conductivity, depending on 
the mode, the value of {3oa, and the jacket permittivity, which maximizes 
the attenuation constant. Since one is accustomed to think of the at­
tenuation constant of a waveguide as an increasing function of frequency 
for all sufficiently high frequencies (except for circular electric waves), 
or as an increasing function of wall resistance, it is worth while to see 
why one should really expect the attenuation constant to pass through 
a maximum as the frequency is increased indefinitely in an ordinary 
metallic guide, or as the wall resistance is increased at a fixed frequency. 
The argument runs as follows: 

Guided waves inside a cylindrical pipe may be expressed as bundles of 
plane waves repeatedly reflected from the cylindrical boundary.ll The 
angle which the wave normals make with the guide axis decreases as the 
frequency increases farther above cutoff; and the complementary angle, 
which is the angle of incidence of the waves upon the boundary, ap­
proaches 90°. If the walls are imperfectly conducting, the guided wave is 
attenuated because the reflection coefficient of the component waves at 
the boundary is less than unity. The theory of reflection at an imper­
fectly conducting surface shows that the reflection coefficient of a plane 
wave polarized with its electric vector in the plane of incidence first 
decreases with increasing angle of incidence, then passes through a deep 
minimum, and finally increases to unity at strictly grazing incidence.12 

For a metallic reflector, the angle of incidence corresponding to minimum 
reflection is very near 90°. Inasmuch as all modes in circular guide except 
for the circular electric family have a component of E in the plane of 
incidence (the plane (j = constant), one would expect the attenuation 
constant of each mode to pass through a maximum at a sufficiently high 
frequency. For example, the TMol mode in a 2-inch copper guide should 
have maximum attenuation at a free-space wavelength in the neighbor­
hood of 0.1 mm (100 microns), assuming the dc value for the conductivity 
of copper. To find the actual maximum, of course, would require the 
solution of a transcendental equation as in Section IV. 

The circular electric waves all have E normal to the plane of incidence. 

11 Reference 9, pp. 411-412. 
12 Reference 7, pp. 507-509. 
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For this polarization the reflection coefficient increases steadily from its 
value at normal incidence to unity at grazing incidence. Thus one has an 
optical interpretation of the anomalous attenuation-frequency behavior 
of circular electric waves. 

If instead of varying the frequency one imagines the wall resistance 
varied at a fixed frequency, he can easily convince himself that there 
usually exists a finite value of resistance which maximizes the attenua­
tion constant of a given mode. An idealized illustrative example has been 
worked out by Schelkunoff.13 He considers the propagation of transverse 
magnetic waves between parallel resistance sheets, and shows that if the 
sheets are far enough apart the attenuation constant increases from zero 
to a maximum and then falls again to zero, as the wall resistance is made 
to increase from zero to infinity. It may be instructive to consider that 
maximum power is dissipated in the lossy walls when their impedance is 
matched as well as possible to the wave impedance, looking normal to 
the walls, of the fields inside the guide. 

In conclusion we mention a couple of theoretical questions which are 
suggested by the numerical results of Section IV. 

(1) Limit modes. It has been seen that the limit which a given lossy 
mode approaches as the jacket conductivity becomes infinite may not 
be unique. Can rules be given for determining limit modes when the 
manner in which I e' - ie" I approaches infinity is specified? 

(2) Behavior of modes as cr ~ O. It is known14 that the number of true 
guided waves (i.e., exponentially propagating waves whose fields vanish 
at large radial distances from the guide axis) possible in a cylindrical 
waveguide is finite if the conductivity of the exterior medium is finite. 
The number is enormously large if the exterior medium is a metal; but 
the modes presumably disappear one by one as the conductivity is de­
creased. If the conductivity of the exterior medium is low enough and if 
its permittivity is not less than the permittivity of the interior medium, 
no true guided waves can exist. At what values of conductivity do the 
first few modes appear in a guide of given size, and how do their propa­
gation constants behave at very low conductivities? 

The complete theory of lossy-wall waveguide would appear to present 
quite a challenge to the applied mathematician. Fortunately the en­
gineering usefulness of helix waveguide does not depend upon getting 
immediate answers to such difficult analytical questions. 

13 Reference 9, pp. 484-489. 
14 G. M. Roc, The Theory of Acoustic and Electromagnetic Wave Guides and 

Cavity Resonators, Ph.D. thesis, U. of Minn., 1947, Section 2. 
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APPENDIX 

APPROXIMATE SOLUTION OF THE CHARACTERISTIC EQUATION 

The characteristic equation (6) of the helix guide may be written in 
the dimensionless form 

If I e' - e" I is sufficiently large, the right side of the equation is large 
and either In(tla) or In'(tla) is near zero. Let p denote a particular root 
of J n or J n'; then to zero order, 

tla = p 

ha = f3nma = f3oa(1 - J,2/12 (A2) 

t2a = f3oa( e' - ie" - 1 - p2)1/2 

where 

v = p/f3oa 

Henceforth assume that 

(A3a) 

and 

(A3b) 

It is convenient to postulate both inequalities, even though the first is 
more restrictive than the second unless I n I = 1 or I n I = 2. 

If (A3a) is satisfied, the Hankel functions may be replaced by the 
first terms of their asymptotic expressions, and 

H n(2)'(t2a) . 
-==---:-:c:--:-----:- = -1, 
H n(2) (t2a) 
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It follows from (A3b), using the zero-order approximations (A2), that 

I nha/r2a I « I f3oa( e' - ie"//2 I 
so the characteristic equation finally takes the approximate form 

(
rIa tan tf; _ nha)2 J n(rla) _ ({3oa)2 J n' (rIa) 

rIa In'(rla) In(rla) 

Now let 

I x 1« 1 

(A4) 

where x is a small complex number. The normalized propagation con­
stant becomes, to first order, 

iha = [(rla)2 - (f3oa)2]1/2 

= i{3oa(l - ~,2)1/2 - ipx(l _ l)-1/2 

= aa + i({3nma + A{3a) 

where {3nm is the phase constant of the mode in a perfectly conducting 
guide, and the perturbation terms are 

. ipx 
aa+ ~A{3a = - (1 _ p2)1/2 (A5) 

For the TMnm mode, let p be the mth root of J n ; then from Taylor's 
series, to first order in x, 

(A6) 

Substituting (A6) into (A4), neglecting the first term on the left side of 
(A4), and replacing everything on the right side by its zero approxima­
tion according to (A2), one obtains 

_ ({3oa)2 = ip{3oa[(e' - ie" - 1 + p2) tan2 tf; + (e' - ie")] 
x (e' - ie" - 1 + p2)1/2 

or 

(A7) 
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where 

[ 
_ 1 - l J1

/
2 

1 , . " (A8) . e - 2e 
~ + 27] = (e' _ ie")1/2 

It follows from (A5) and (A7) that for TM modes, 

+ ./).{3 - ~ + i7] 
a 2 - 2 1/2 [ { 1 - .,i} 2 J (A9) 

a(l - 11 ) 1 + 1 - e' -ie" tan y; 

where ~ + i7] is given by (A8). 
For the TEnm mode, let p be the mth root of J n'; then 

J '( ) J '( ) (n
2 

- p2)X J ( ) 
n rIa = n p + x = 2 n P . p 

Equation (A4) yields 

. 2 [tan y; - n(l - 1I
2
)1/

2
J2 (~ + i7]) 

_ 2p 11 p1l 

X - (p' - n') [1+ {I - .; -=- ;.:,} tan' if! ] 

and, using (A5), we have for TE modes, 

a + i~{3 
2 [tan y; - n(l - 1I

2
)1/

2
J2 (~ + i7]) 

p p --~--~p-p--~~---=-
(p2 - n2) a(l - p2)1/2 [ { 1 - 112 } 2 J 

1 + 1 -, . " tan y; 
e - 2e 

where ~ + i7] is given by (A8). 
In view of (A5), the condition that I x I « 1 is equivalent to 

( 2)1/2 
1 - 11 I aa + i~{3a I « 1 

11 

(AlO) 

(All) 

In all the numerical cases treated in the present paper, the approximate 
formulas agree well with the exact ones provided that the left side of 
(All) is not greater than about O.I. 

A condition which is usually satisfied in practice, although not strictly 
a consequence of the assumptions (A3) or (All), is 

1

1 - 1121 
' . " «1 e - 2E 
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This final approximation leads to the simple equations (7a) and (7b) of 
Section III, namely: 

TMnm modes 

TEnm modes 

a + ifl(3 = (~+ irJ) lp2 [tan 1/1 - n(l - .,})1/
2/ pV]2 

a(l - V2)1/2 (p2 - n2) [1 + tan21/1] 

where 



W afer-Type Millimeter Wave Rectifiers* 

By w. M. SHARPLESS 

(Manuscript received June 18, 1956) 

A wafer-type silicon point-contact rectifier and holder designed pri­
marily jor use as the first detector in millimeter wave receivers are described. 
~1 easurements made on a pilot production group of one hundred wafer 
rectifier units yielded the following average performance data at a wave­
length of 5.4 millimeters: conversion loss, 7.2 db; noise ratio, 2.2; interme­
diate frequency output impedance 340 ohms. Methods of estimating the 
values of the circuit parameters of a point-contact rectifier are given in an 
Appendix. 

INTRODUCTION 

Point-contact rectifiers for millimeter waves have been in experi­
mental use for several years. These units, for the most part, have been 
coaxial cartridges which were inserted in a fixed position, usually cen­
tered, in the waveguide. Impedance matching was accomplished by 
means of a series of matching screws preceding the rectifier and an adjust­
able waveguide piston following the rectifier. Tuning screws are gener­
ally undesirable because of the possibility of losses, narrow bandwidths 
and instability. 

It is the purpose of this paper to describe a new type millimeter-wave 
rectifier and holder which were designed to eliminate the need for tuning 
screws and to provide a readily interchangeable rectifier of the flat wafer 
type. This wafer contains a short section of waveguide across which the 
point contact rectifier is mounted. The necessary low frequency output 
terminal (and the rectified current connection) together with the high­
frequency bypass capacitor, are also contained within each wafer. The 
basic idea of the wafer-type rectifier is that the unit can be inserted in its 
holder and moved transversely to the waveguide to obtain a resistive 
match to the guide; the reactive component of the rectifier impedance is 
then tuned out by an adjustable waveguide plunger behind the rectifier. 

* This work was supported in part by Contract N onr-687 (00) wi tli the Office 
of Naval Research, Department of the Navy. 
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The wafer unit and holder were developed primarily for use as the 
first converter in double detection receivers operating in the 4- to 7-mil­
limeter wavelength range. In order to check the practicability of the 
design and to supply rectifiers for laboratory use, a pilot production 
group of one hundred units was processed and measured. Performance 
data obtained with this group are presented. A balanced converter using 
wafer rectifiers is also described. 

Methods of estimating the values of the various circuit parameters of a 
point-contact rectifier are outlined in an appendix. These calculations 
proved useful in the design of the wafer unit and in predicting the broad­
band performance of the converter. 

DESCRIPTION OF WAFER UNIT AND HOLDER 

Fig. 1 is a drawing of the wafer type rectifier. The unit is made from 
stock steel T\--inch thick and is gold plated after the milling, drilling and 
soldering operations are completed. To allow for the transverse impe­
dance matching adjustment, the section of waveguide contained in the 
wafer is made wider than the RG98U input guide to the holder. By 
making the wafer thin (ft inch), the short sections of unused guide on 
either side will remain" cut-off" over the operating range of the recti­
fiers. The silicon end of the rectifier consists of a copper pin on which the 
silicon is press mounted, the assembly held in place with Araldite ce­
ment which also serves as the insulating material for a quarter-wave­
length long high frequency bypass capacitor. The pin serving as the inter­
mediate frequency and direct current output lead is also cemented in 
place with Araldite cement. A soft solder connection is made between this 
pin and the pin holding the silicon wafer. A nickel pin with a conical end 
on which a pointed tungsten contact spring is welded is pressed into 
place from the opposite side of the guide at the time of final assembly. 

DC AND IF -----= 
OUTPUT 
~ 

I 
BORON-DOPED./ 

SILICON '--CONTACT SPRING 

Fig. 1 - Millimeter-wave wafer unit. 
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NICKEL ROD 
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WAVEGUIDE 
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32 

Fig. 2 - Millimeter-wave point-contact assembly. 

The region of the wafer unit containing the silicon and point contact is 
shown in Fig. 2. The methods used in preparing the silicon wafer and 
the spring contact point are similar in many respects to the standard 
techniques used in the manufacture of rectifiers for longer wavelengths. 
Some modifications and refinements in technique are called for by a 
decrease in size and the increased frequency of operation. 

A single-crystal ingot, grown from high purity DuPont silicon doped 
with 0.02 per cent boron, furnishes the material for the silicon squares 
used in the wafer unit. Slices cut from the ingot are polished and heat 
treated. Gold is evaporated on the back surface and the slices are diced 
into squares approximately 0.014-inch square and 0.0065-inch thick. 
These squares are pressed into indentations formed in the ends of the 
0.030-inch copper pins which have previously been tin-plated. The rods 
are then cemented in place in the wafer. The spring contact points are 
made of pure tungsten wire that has been sized to 0.9 mil in diameter by 
an electrolytic etching process. A short length of this wire is spot welded 
on the conical end of the 0.031-inch nickel rod. The wire is then bent into 
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Fig. 3 - Micro-photograph showing successive stages in the formation of the 
contact spring. The posts are :12 inch in diameter. 

(a) (b) 

Fig. 4 - Cathode-ray oscilloscope display of wafer unit static characteristic: 
(a) before and (b) after tapping. 

the" S" configuration in a forming jig. By an electrolytic process the 
spring is then cut to the proper length and pointed. The micro-photo­
graphs in Fig. 3 show successive stages in the formation of the contact 
spring. 

In the final assembly of the unit the nickel rod with the contact spring 
is pressed into place until contact is made with the silicon. It is then 
advanced a half mil to obtain the proper contact pressure. The voltage­
current characteristics as viewed at 60 cycles on a cathode-ray oscillo­
scope will then appear as shown in Fig. 4(a). The unit is "tapped" into 
final adjustment. This is done by clamping the unit in a holder and 
rapping it sharply on the top of a hard wood bench. This procedure re­
quires experience as excessive "tapping" will impair the performance 
of the unit. Usually one vigorous "tap" is sufficient to produce the 
desired effect and the voltage-current characteristic will appear as 
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shown in Fig. 4(b). The static characteristic of a typical unit is shown'in 
Fig. 5. 

The conversion loss of each unit is measured before the end of the 
nickel rod carrying the contact point is cut off flush with the wafer. In 
the event that this initial measurement shows that the conversion loss 
exceeds an arbitrarily chosen upper limit (8.5 db), it is possible at this 
stage to withdraw the point and replace it with a new one. This pro­
cedure, which was necessary on only a few of the units processed, always 
resulted in an acceptable unit. The final operation is to cut off the pro­
truding end of the nickel rod flush with the wafer. 

A holder designed to use the wafer units is shown in Figs. 6 and 7. At 
the input end of the converter block is a short waveguide taper section 
to match from standard RG98U waveguide to the iz-inch high wave­
guide used in the wafer unit. As the wafer unit is moved in and out to 
match the conductance of the crystal to the waveguide, the output pin 
of the wafer unit slides in a chuck on the inner conductor of the coaxial 

6.0 

5.5 
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U) 4.0 
w 
a: 
w 
~ 3.5 
4: 
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..J 3.0 
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J 

/ 
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/ 
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1/ 

J 

/ 
V 

0.4 0.6 

Fig. 5 - Static characteristic of typical millimeter-wave wafer unit. 
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output jack. The unit may be clamped in position after matching adjust­
ments are made by tightening the knurled thumb screw which pushes a 
cylindrical slug containing an adjustable piston against the wafer unit. 
The piston is a short septum which slides in shallow grooves in the top 
and bottom of the 3\-inch high waveguide, thus dividing the waveguide 
into two guides which are beyond cut-off. This septum is made of two 
pieces of thin beryllium copper bowed in opposite directions so that good 
contact is made to the sides of the grooves in the top and bottom of the 
waveguide. Since the piston with its connecting rod is very light in weight 
and is held firmly in place by the spring action of the bowed septum, no 
additional locking mechanism need be provided. Since the rectifier is 
essentially broadband by design, the adjustment of the piston is not 
critical and is readily made by hand. The piston rod is protected by a 
cap which is snapped in place over the thumb screw when all tuning 

. adjustments are completed. 

A 

L ,---------'---=0 

__ A 

J 

B.-J SECTION B-B 

SECTION A-A 

Fig. 6 - Assembly drawing of millimeter-wave converter. 
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\ 

Fig. 7 - Explosed view of millimeter-wave converter. 

With the converter fixed-tuned at 5.4 millimeters, a shift in wave­
length to 6.3 millimeters (17 per cent change) produces a mismatch loss 
of from 1.6 to 4.0 db depending on the rectifier used. 

PERFORMANCE DATA FOR WAFER-TYPE RECTIFIER UNIT 

A pilot group of one hundred wafer units was processed and measured. 
Figs. 8, 9 and 10 are bar graphs of the distribution of the conversion loss 
L, and noise ratio NR*' and the 60 megacycle intermediate frequency 
output impedance ZIF, for the hundred rectifiers measured in the 

* N n is the ratio of the noise power available from the rectifier to the noise 
power available from an equivalent resistor at room temperature. 
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mixer of Fig., 7 at a wavelength of 5.4 millimeters. In order that the 
measurements might be more readily compared with those made on 
commercially available rectifiers used at longer wavelengths, the avail­
able beating oscillator power was maintained at a level of one milliwatt 
for all measurements.* Further, in the case of the conversion loss, a 
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Fig. 8 - Conversion loss (L) of 100 wafer units at a wavelength of 5.4 milli­
meters with one-milliwatt beating oscillator drive (average 7.2 db). 
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Fig. 9 - Noise Ratio (NR) for 100 wafer units at a wavelength of 5.4 milli­
meters with a one-milliwatt beating oscillator drive (average 2.21 times). 

* Power levels were determined by the use of a calorimeter. See, A Calorimeter 
for Power Measurements at Millimeter Wavelengths, I. R. E. Trans., MTT-2, 
Pi>. 45'-47, Sept., 19?4. 
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Fig. 10 - Sixty-megacycle intermediate-frequency output impedance (ZIF) 
for 100 wafer units with one milliwatt beating oscillator drive (average 338 ohms) 

limit of 8.5 db was arbitrarily adopted. This required the readju'stment 
of eleven units, with a new point inserted.in each case. No units were 
rejected because of high noise and none of the hundred units processed 
was lost. 

From the bar graphs it may be seen that the wafer units have the 
average characteristics shown in the accompanying table at a wave­
length of 5.4 millimeters. * 

Conversion Loss L . .......................................... 7.2 db 
(5.3 times) 

Noise Ratio N R . ............••.....................•......... 2.2 times 
IF Impedance (60 mc)ZIF ................................... 338 ohms 

Knowing the noise figure, N IF , of the IF amplifier intended for use 
with the rectifiers, the overall receiver noise figure, N REC , may be cal­
culated by the following formula (using numerical ratios): 

N REC = L(NR - 1 + N IF ) 

Assuming an IF amplifier noise figure of 4.0 db (2! times) and the 
average values of "L" and "N R" given above for the millimeter wafer 
units, we have for the case of a noiseless beating oscillator; 

N REC = 5.3 (2.2 - 1 + 2.5) ~ 20 (13 db) 

* A few wafer units have also been measured at a wavelength of 4.16 millimeters. 
The conversion losses averaged about 1.6 db greater than those measured at a 
wavelength of 5.4 millimeters. 



1394 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1956 

TABLE I - COMPARISON OF LOW-POWER CHARACTERISTICS OF 
CARTRIDGE-TYPE AND .. WAFER-TYPE RECTIFIERS 

JAN Specifications for Cartridge-Type 
Rectifiers Performance of 

Test Conditions Wafer-Type 
Rectifiers 

, IN26 IN53 

Frequency .................. 23984 mc 34860 mc 55500 mc 
Beating oscillator power 

level ...................... 1.0 milliwatts 1.0 milliwatts 1.0 milliwatts 
Noise reference resistor ..... 300 ohms 300 ohms 300 ohms 
Conversion loss ............. 8.5 db (max) 8.5 db (max) 8.5 db (max)* 
Noise ratio .................. 2.5 (max) 2.5 (max) 2.2 (average)t 
Nominal IF impedance 

range ..................... 300 to 600 ohms 400 to 800 ohms 250 to 500 ohms 

* Limit arbitrarily set on basis of 100 per cent yield as explained in the text. 
t Limit not set. Actually in more recent production N R has averaged 1.7 times. 

In practice, the beating oscillator noise sidebands can be eliminated 
by the use of a matched pair of rectifiers in a balanced converter ar­
rangement described later. The resulting overall noise figure of 13 db 
on an average compares quite favorably with the figures obtained at 
longer wavelengths. 

In Table I it is seen that a high percentage of the group of one hundred 
units would be able to pass low-power JAN specifications similar to those 
set down for the commercially available IN26 and IN53 rectifiers used 
at longer wavelengths. 

EFFECT OF VARYING THE BEATING OSCILLATOR POWER 

When the optimum over-all receiver noise figure is desired, it may 
well turn out that a beating oscillator drive of one milliwatt (correspond­
ing to a dc rectified current for different wafers of from 1'0 to It milli­
amperes) is too large. Fig. 11 shows the effect on the performance of a 
typical unit as the beating oscillator drive is varied above and below the 
one milliwatt level as indicated by the change in the dc rectified current. 
It is seen that the value of NR tends to increase rapidly for a beating 
oscillator drive much in excess of one milliwatt; with reduced drive, the 
over-all noise figure of the receiver, N REC for the example taken, im­
proves, reaching a minimum value near a rectified current of about -t'O 
milliampere corresponding to a drive of about i of a milliwatt. 

A BALANCED CONVERTER FOR WAFER UNITS 

A broad-band balanced first converter has been developed which makes 
use of a pair of wafer-type millimeter-wave rectifiers. This converter 
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was designed to operate over the 4- to 7-millimeter band and is pic­
tured in Fig. 12. A compact arrangement has been achieved which 
makes use of a waveguide finline-to-coaxial input circuit for the beating 
oscillator while the signal is introduced through a separate impedance­
matched waveguide "Tee" section. Return loss measurements show that 
with a matched pair of wafer units, fixed-tuned in the center of the 5- to 
6-millimeter band, an excess loss of about 1 db may be expected at the 
edges of a 15 per cent band. At midband, an improvement of 5 db in 
over-all receiver noise figure was obtained by substituting the balanced 
converter for an unbalanced one in a test receiver using an M1805 milli-
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Fig. 12 - Balanced converter with wafer-type rectifiers. 

meter-wave reflex klystron* as the beating oscillator and a 60-mc 
intermediate frequency amplifier with a 5-db noise figure. 

REVERSED POLARITY WAFER UNIT 

When using crystal rectifiers in a balanced converter arrangement, 
there is a distinct advantage, circuit-wise, in using two units of opposite 
polarity. For this reason, a reversed-polarity wafer type rectifier has 
also been developed. This was done by interchanging the silicon and the 

* E. D. Reed, A Tunable, Low-Voltage Reflex Klystron for Operation in the 
50 to 60 kmc Band, B. S. T. J., 34, pp. 563-599, May, 1955. 
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point contact spring in a standard unit. The standard and reverse­
polarity wafer have the same outer physical dimensions and thus they 
may be used interchangeably in the holders as dictated by the specific 
problems at hand. 

CONCLUDING REMARKS 

Aside from their intended use as first detectors in double detection 
receivers, wafer units have been used for single detection measurement~ 
Ht freauencies as high as 107 kme. 

It is felt that the pilot production group of one hundred units is a 
sample of sufficient size to yield representative data and to demonstrate 
the practicability of the design. It should be pointed out that the units 
have not been filled with protective waxes and have not been subjected 
to temperature-humidity cycling tests. However, a few reference units 
have been in use in the laboratory for over a year and have shown no 
measurable deterioration. No attempt has been made to establish a 
burn-out rating for the rectifier, but units have withstood available cw 
input powers of the order of 15 milliwatts and narrow pulse discharges 
of the order of lo erg without causing noticeable changes in the con­
version loss or noise ratio. 
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APPENDIX 

This section describes some calculations that were made for the pur­
pose of estimating the values of the various parameters involved in the 
design of a high frequency point contact rectifier. These parameters are 
the barrier resistance, the spreading resistance, the capaoitance of the 
barrier layer and the inductance of the contact spring. Knowing the ap­
proximate values of these parameters one can, by an equivalent circuit 
analysis, arrive at a simple parallel circuit for the rectifier which may 
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be used in designing an appropriate holder. Also, using this equivalent 
circuit, one may calculate the bandwidth expected for the converter. 

Fig. 13 shows the point contact rectifiers under consideration and an 
enlarged view of the point contact region. On the right of the figure are 
shown equivalent circuits of the rectifier. Circuit I is the generally ac­
cepted circuit of a point contact rectifier. The true circuit for a rectifier 
operating at millimeter wavelengths is probably more complicated than 
that shown in the figure but, for an approximate analysis, the simplified 
circuit has been found to yield useful results. In the following para­
graphs, values are derived for the parameters of this equivalent circuit. 
MKS units are used and values appropriate to the millimeter wave 
wafer unit are used as examples. 

Spreading Resistance 

The spreading resistance, Rs , may be calculated if we know the re­
sistivity of the silicon used for the rectifier and the radius of the contact 
area formed when the units are assembled. For DuPont high-purity 
silicon, doped with 0.02 per cent boron by weight, W. Shockley* gives 
the resistivity, p, as 0.90 X 10-4 ohm meters. From numerous measure­
ments on millimeter wave contact areas, R. S. Ohl finds the contact 
radius, rl , to be about 1.25 X 10-6 meters. The spreading resistance, 
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* W. Shockley, Electrons and Holes in Semiconductors, New York: D. Van 
Nostrand Co., Inc., 1950, p. 284. 
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Rs , assuming a circular contact area, may be calculated from the for­
mula, Rs = p/4rl . * For the above example, Rs = 18 ohms. 

Barrier Resistance 

The approximate operating value of the barrier resistance, R, may be 
determined from a knowledge of the intermediate frequency impedance 
of a typical rectifier. A. B. Crawford has shown that the optimum inter­
mediate frequency output impedance of a crystal mixer rectifier is a 
function of the exponent of the static characteristic of the rectifier and 
the impedance presented to the rectifier at the image and signal fre­
quencies. This information is presented in Fig. 12.3-6 in G. C. South­
worth's book. t In the millimeter wave case it is a good assumption that 
the impedances for the signal and image frequencies are equal; for this 
case and for matched conditions, the magnitude of the high frequency 
impedance is seen to be a simple multiple of the intermediate frequency 
impedance RIF • 

From numerous measurements on mixer rectifiers operating at differ­
ent frequencies it is known that the intermediate frequency impedance 
of an average rectifier is very nearly 400 ohms. We also know from the 
DC static characteristics of our millimeter wave type rectifiers that the 
average exponent is about four. With this information, and the curves 
in Southworth's book, it is found that R ~ R1F/1.5. Thus, the barrier 
resistance R is about 250 ohms.t 

Capacitance of Barrier Layer 

From a knowledge of the point contact area, the barrier layer thick­
ness, and the dielectric constant of the silicon, the capacitance of the 
point contact may be calculated. The radius of the contact point area is 
the same as that used for the calculation of the spreading resistance. The 
barrier layer thickness, h, for the heat treated silicon used for millimeter 
waves has been measured by R. S. Ohl to be about 10-8 meters. The 
dielectric constant of silicon is Cr = 13. The capacitance is given by the 
following formula 

2 

C rl Cr f d 
= 3.6h X 1010 ara s (1) 

* J. H. Jeans, Mathematical Theory of Electricity and Magnetism, 5th Ed., 
Cambridge University Press, 1925. 

t G. C. Southworth, Principles and Applications of Waveguide Transmission, 
New York: D. Van Nostrand Co., Inc., 1950. 

t This resistance cannot be readily measured directly at millimeter waves. 
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For the above case C = 5.7 X 10-14 farads or l/wC at 5.4 millimeters 
is about 50 ohms. 

The accuracy of this capacitance calculation can be verified later 
when a completed rectifier is measured for its high frequency conversion 
loss. This is possible because we know:the calculated low frequency 
conversion loss of the rectifier, for the case of zero spreading resistance 
from Southworth's book, Fig. 12.3-7. For an exponent of four this loss 
is given as 4.4 db. The additional loss at high frequency due to the 
capacitance, C, may be calculated (see Equivalent Circuit II) by the 
formula: 

Additional Loss = 10 10glO Rl ~ Rs db (2) 

From the text (Fig. 8), it is seen that the average wafer rectifier unit 
has a conversion loss at 5.4 millimeters of 7.2 db; thus, the difference 
between the low and high frequency conversion losses is very nearly 3 db. 
This means that about one-half the signal power is lost in the spreading 
resistance; hence Rl and Rs are about equal. By transferring back to 
Equivalent Circuit I, the average value of the capacitance is found to be 
4.1 X 10-14 farads, which is a reasonable check with the calculated value 
given by (1). 

Inductance of the Contact Spring 

The remaining parameter of the equivalent circuit to be determined 
is the inductance of the contact spring. The value of the equivalent 
parallel resistance, R2 , depends on the inductance L (the other param­
eters being fixed), or conversely, for a given value of R2 , the appropriate 
value for L may be calculated from the formula for Equivalent Circuit 
III. For an off-center match of the rectifier to the waveguide, R2 must 
equal the guide impedance, Zd, at the rectifier location. Also, for a 
match, the distance, t, from the rectifier to the waveguide piston must 

A A 

r n~: 
L~::ZZ::Z:$Y~:Z;ZZ2222Z2~ 

k--d-JB I 
~--------a-------~ 

Fig. 14 - Matching circuit for rectifier offset in waveguide. 
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satisfy the relation, Zd tan 21d/Ao = -wL2 • (See Fig. 14.) The imped­
ance of the guide as a function of d/ a is given by, 

b 1 . 27rd 

Zd = 240 .. a V 1 _ GaY sm ----;; 
(3) 

As a compromise between electrical and mechanical requirements, a 
waveguide height, b, of i2 inch was chosen for the wafer unit; the width 
of the guide was taken to be the same as RG98U. For b = 7.88 X 10-\ 
a = 3.76 X 10-3

, d/a = ! and A = 5.4 X 10-3
, (3) gives a value of 113 

ohms for Zd (and R2)' The appropriate value for L then becomes 3.38 X 
10-10 henries. 

An estimate of the size of a contact spring having the inductance 
given above can be made from the formula below which gives the in­
ductance of a straight thin wire of length 8 as a function of its sidewise 
position in the waveguide. * (See Fig. 15.) 

2 
. 7rd 

asm-
L = 28 loge a X 10-7 henries 

71"T2 

r2« d 

(4) 

For d/ a = ! and 2r2 = 2.28 X 10-5 (0.9 X 10-3 inches), the length, 8, 
is found to be about 3.38 X 10-4 meters or about 0.013 inches. 

Since the spring must be so very small, the circuit from the base of 
the spring to the waveguide wall is completed with a large low induc­
tance conical post as shown in Fig. 2 of the text. 

Bandwidth Calculation 

Having assigned values to all the parameters of the equivalent cir­
cuit, it is now possible to calculate the mismatch loss of a fixed-tune 

r-------- a -------, 
:0./' 

___ L(STRAIGHT) 
~ WIRE 

Fig. 15 - Thin wire in waveguide. 

* Private communication from S. A. Schelkunoff. 
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converter for a given change in operating wavelength. This loss is given 
by the following formula: 

Mismatch loss 

= 10 10glO R2 [(1 + Zd)2 + (Zd + 1 )2J db 
R2 wL2 tan 211"f/Ao 

(5) 

For the wafer unit, calculation shows that the rectifier is matched to the 
waveguide at a wavelength of 5.4 X 10-3 meters for d/a = t and f = 

3.14 X 10-3
• If now the wavelength is changed to 6.3 X 10-3 meters, 

without retuning (17 per cent change) the mismatch loss calculated by 
(5) is 1.6 db. It was stated in the text that a number of wafer units gave 
measured mismatch losses of from 1.6 to 4.0 db for a 17 per cent change 
in wavelength without retuning. This is considered to be a reasonable 
correlation between calculations and measurements. 



Frequency Conversion by Means of a 
Nonlinear Admittance 

c. F. EDWARDS 

(Manuscript received June 20, 1956) 

This paper gives a mathematical analysis of a heterodyne conversion 
transducer in which the nonlinear element is made up of a nonlinear re­
sistor and a nonlinear capacitor in parallel. Curves are given showing the 
change in admittance and gain as the characteristics of the nonlinear ele­
ments are varied. The case where a conjugate match exists at the terminals is 
treated. 

It is shown that when the output frequency is greater than the input fre­
quency, modulators having substantial gain and bandwidth are possible, 
but when the output frequency is less than the in put frequency, the con­
verter loss is greater than unity and is little affected by the nonlinear ca­
pacitor. The conditions under which a conjugate match is possible are 
specified and it is concluded that a nonlinear capacitor alone is the pre­
ferred element for modulators and that a nonlinear resistor alone gives the 
best performance in converters. 

INTRODUCTION 

Point contact rectifiers using either silicon or germanium are used as 
the nonlinear element in microwave modulators to change an inter­
mediate frequency signal to an outgoing microwave signal and in re­
ceiving converters to change an incoming microwave signal to a lower 
intermediate frequency. Most point contact rectifiers now in use behave 
as pure nonlinear resistors as evidenced by the fact that in either of the 
above uses the conversion loss is the same. In recent experiments with 
heterodyne conversion transducers* using point contact rectifiers made 
with ion bombarded silicon this was found to be no longer true. The 
conversion loss of the modulator was found to be unusually low and 

* This term is defined in American Standard Definitions of Electrical Terms 
- ASA C42 - as "a conversion transducer in which the useful output frequency 
is the sum or difference of the input frequency and an integral multiple of the 
frequency of another wave". 

1403 
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that of the converter was several decibels greater. In one instance the 
loss in a modulator used to convert a 70 mc signal to one at 11,130 mc 
was found to be only 2.3 db but when the direction of transmission 
through it was reversed and it was used as a converter, the loss was 7.8 
decibels. 
h Similar effects were observed several years ago in conversion trans­
ducers using welded contact germanium rectifiers. l In these early experi­
ments substantial converter gain and negative conductance at the inter­
mediate frequency terminals were also. observed. These results were 
accounted for by assuming the presence of a nonlinear capacitance at the 
point contact in parallel with the nonlinear resistance. At that time at­
tention was devoted mainly to the behavior of converters where noise 
is a vital factor. It was found that although the conversion loss could 
be reduced, the noise temperature increased and no improvement in 
noise figure resulted. However, the noise temperature requirements in 
modulators are much less severe and the nonlinear capacitance effect is 
useful and can substantially improve the performance. 

THEORY 

The mathematical analysis given here was undertaken in order to 
clarify the effect of the nonlinear capacitance in the frequency conversion 
process and to obtain an estimate of the usefulness of modulators ex­
hibiting gain. The analysis is restricted to the simplest case in which 
signal voltages are allowed to develop across the nonlinear elements at 
the input and output frequencies only. This is not an unrealistic restric­
tion since the conversion transducers used in microwave relay systems 
have filters associated with them which suppress the modulation products 
outside the signal band. The final results will be given only for those con­
ditions which permit a conjugate match at the input and output of the 
transducer. 

The procedure used to obtain expressions for the admittance and 
gain of conversion transducers utilizing a nonlinear element made up 
of a nonlinear resistance and a nonlinear capacitance in parallel follows 
the commonly used method of treating the nonlinear elements as local 
oscillator controlled linear time varying elements.2 The current through 
the nonlinear resistor is a function of the applied voltage. The derivative 
of this function is the conductance as a function of the applied voltage. 
Thus when the local oscillator is applied, the conductance varies at the 
local oscillator frequency and the conductance as a function of time 
may be obtained. This is periodic and may be expressed as a Fourier 
series. The conductance is real and if we make the usual assumption that 
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it may be expressed as an even function of time, we may write 

')' = ... + G2e-i2wot + G1e-iwot + Go + G1eiwot + G2ei2wot + . . . (1) 

where CJ)0/27r is the local oscillator frequency fo and the Fourier coeffi­
cients Gn are real. Similarly the charge on the nonlinear capacitor is a' 
function of the applied voltage. The derivative of this function is the 
capacitance as a function of the applied voltage. The application of the 
local oscillator thus causes the capacitance to vary at the local oscillator 
frequency so that it also may be expressed as a Fourier series. The ca­
pacitance K is real, and assuming it may be expressed as an even function 
of time, we have 

K = ... + C2e-i2wot + C1e-iwot + Co + C1eiwot + C 2e3'2w ot + . .. (2) 

It is assumed that the current and charge functions are single valued and 
that their derivatives are always positive. 

When a small signal voltage v is applied to the nonlinear resistor, the 
signal current through the resistor is given by ')'v. When it is applied to 
the nonlinear capacitor the charge on the capacitor is KV. The total cur­
rent i which flows through the two nonlinear elements connected in 
parallel thus becomes 

(3) 

v of course must be small and not affect the value of ')' and K. 

Fig. 1 shows a heterodyne conversion transducer made up of a non­
linear resistor and a nonlinear capacitor in parallel driven by an internal 
local oscillator. f1 is the signal frequency at the terminals 1-2, and Y1 is 
the external admittance connected to these terminals. The signal fre­
quency at the terminals 3-4 is h, and Y2 is the external admittance. 

Fig. 1 - Heterodyne conversion transducer. 
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A, Band C are ideal frequency selective networks whose admittances 
are zero at !I , f2 and fo respectively, and infinite at all other frequencies. 
This circuit permits the application of the local oscillator voltage to the 
nonlinear elements but permits signal voltages to develop across them 
'at fl and f2 only. Similarly, signal currents at frequencies other than !I 
and f2 encounter no external impedance, so they cannot alter the signal 
voltage or contribute to the external power. This, of course, assumes that 
if the nonlinear element is a point contact rectifier the spreading resist­
ance normally present is negligible. 

If !I is a frequency less than half the local oscillator frequency fo (it is 
generally very much less), the network B can be selected to make f2 
either fo + !I , or fo - !I . To distinguish between the two cases, we will 
call the former a noninverting conversion transducer since an increase 
in one signal frequency causes an increase in the other. The latter will 
be called an inverting conversion transducer since an increase in one 
signal frequency results in a decrease in the other. When Yl contains 
the generator and Y2 the load, the device becomes a modulator. When Y2 
contains the generator and Yl the load, it is a converter. 

The real part of the signal voltage may be written 
v = Vleiwlt + Vl*e-iwlt + V2eiw2t + V2*e-iw2t (4) 

where V* is the complex conjugate of V and w = 27rf. Similarly, the real 
part of the signal current may be written 

(5) 

If we multiply equations (1) and (4) and retain only those terms con­
taining!I and f2 we obtain, in the case of the non-inverting conversion 
transducer where f2 = fo + fl , 
"(v = [Go V 1 + G1 V 2]eiw1 t + [G 1 V 1 + Go V2]eiw2 t 

(6) + [GOVl* + GIV2*]e-iwlt + [G 1V 1* + GOV2*]e-iw2t 

Similarly, if we multiply (2) and (4) we get an expression like (6) with 
the G's replaced by C's. If we differentiate this expression we get 

(7) 

. [C V * + C V *] - iWl t • [C V * + C V *] - iW
2 t - JWl 0 1 1 2 e - J W 2 1 1 0 2 e 

When we perform the addition indicated by (3) and compare the result 
with (5) we obtain 

II = [Go + jw lCO] V 1 + [G1 + jW 1C1]V2 
(8) 
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Going through the same steps for the inverting conversion transducer 
where f2 = fo - f 1 we obtain 

11 = [Go + jw 1CO]V 1 + [G 1 + j W ICr]V2* 
12* = [G 1 - jW2C1]V1 + [Go - j W2CO]V2* 

Equations (8) and (9) are in the form 

11 = Y 11V 1 + Y 12V 2 

12 = Y 21V 1 + Y 22V 2 

(9) 

(10) 

A heterodyne conversion transducer may thus be represented by a 
linear 4-pole, and the admittance and gain of the 4-pole may be expressed 
in terms of the admittance coefficients. In Fig. 1 we see that the admit­
tance of the 4-pole Yl' at the terminals 1-2 is equal to I dV 1 and the 
admittance Y2 connected to terminals 3-4 is -ldV2 . Putting these in 
(10) we find 

'Y Y 12Y 21 
Yl = 11 - ==---

Y 22 + Y2 
(11) 

Similarly the admittance of the 4-pole yl at the terminals 3-4 is IdV2 
and the admittance Yl connected to terminals 1-2 is - I r/V 1 • Putting 
these in (10) gives 

Y Y12Y21 yl = 22 - ==---
Y11 + Yl 

(12) 

To compute the gain of the 4-pole when Yl contains the generator and 
Y2 the load, it is convenient to assume a current source connected across 
Yl. If the current from this source is 10 we have 11 = 10 - y 1V 1 • 12 
equals -Y2 V2 as before. Putting these in (10) gives 

10 = Y 12 _ (Y ll + Yl)(Y22 + Y2) (13) 
V2 Y 21 

If we let Yl = gl + jb1 and Y2 = g2 + jb2 , the power in the load is V2
2g2 

and the power available from the generator is 10
2/4g 1 • Therefore the 

transducer gain r 12 defined as the ratio of the power in Y2 to that avail­
able from Yl becomes 

V2
2 

1 Y 21 12 r 12 =4g1g2 12 = 4g1g2 Y Y (Y + )(Y + ) o 12 21 - 11 Yl 22 Y2 
(14) 

When Y2 contains the generator and Yl the load, we may proceed in the 
same way (letting 10 flow in terminal 4) and obtain 

r 21 = 4g1g2 I 
Y12 12 

Y 12Y 21 - (Y11 + Yl)(Y22 + Y2) 
(15) 
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We may now obtain expressions for the admittance and gain of the 
4-pole when the nonlinear element consists of a nonlinear resistor and 
a nonlinear capacitor in parallel. We shall do this for the case where a 
conjugate match exists at the terminals by letting Y1' = Y1* and Y2' = 
Y2*. Equations (11) and (12) may thus be written 

(Y 11 - Y1 *) (Y22 + Y2) = (Y 11 + Y1) (Y22 - Y2*) = Y 12Y21 (16) 

When this is multiplied out, letting Y mn = Gmn + jBmn, and the real 
and imaginary parts set equal as indicated by the first equality we ob­
tain G11g2 = G22g1 and g2(B n + b1) = gl(B22 + b2). In (8) and (9) it is 
seen that Gn = G22 = Go and that B22 is positive in equations (8) and 
negative in equations (9) . We thus obtain 

(17) 

where the upper symbol of the ± sign is used in the noninverting case 
and the lower symbol in the inverting case. When the real and imaginary 
parts are set equal as indicated by the second equality in (16) we obtain, 
using the results in (17), 

(18) 

where 

(19) 

and 

B = b1 + wl CO = b2 ± w2CO = ± 2~o (W2 ± W1)C 1 (20) 

These results may be put in (14) to obtain the modulator gain. Since a 
conjugate match exists at the terminals of the 4-pole, this is the maxi­
mum available gain. The result is 

G1
2 + (W2C1)2 

MAG 12 = (Go + g)2 + B2 (21) 

For the converter, using equation (15) we obtain 

MAG = G1
2 + (W 1C1)2 

21 (Go + g)2 + B2 
(22) 

These results are valid only when a conjugate match exists at the ter­
minals. For this to be possible, the right side of (18) must be positive. 
If it is negative no combination of values of gl and g2 will result in a 
match. 
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It may be shown that if the slope of the voltage-current characteristic 
of the nonlinear resistor is always positive, then GI/Go can never be 
greater than unity. (Reference 1, p. 410.) It is therefore convenient to 
normalize the above results with respect to Go . If we let 

G1 

Go = y, Co = z (23) 
C1 

equations (18) through (22) become 

(JJ = 1 - y' ± px' - [(1 ± p) xi J (24) 

b1 ( ) xy 
G 

- ± 1 ± P -2 - pxz~ '!3. = ± (1 ± p) xy ± xz (25) 
go 2 o 

M AG12 
= ( )2 [ J2 

1 + ~o + (1 ± p) xi (26) 

( 1 + ~J + [(1 ± p) xi J (27) 

In these equations, p is less than i in the noninverting case and less than 1 
in the inverting case. Ordinarily it will be very much less than 1. The 
value of z will be determined by the shape of the nonlinear capacitor 
characteristic. However z appears only in (25) where it influences the 
values of the matching susceptances so that it does not affect the con­
ductance or gain. While we can be certain that y will have values be­
tween 0 and 1, limitations on the value of x will depend on the particular 
device used. We will therefore assume that x may have any value. 

EFFECT OF NONLINEAR CAPACITOR 

We may now examine, in a general way, the manner in which the non­
linear capacitor influences the behavior of the 4-pole. Consider first the 
case where the nonlinear capacitor is absent. It is well known, and can 
be seen in the above equations by letting Co = C1 = 0, that the non­
inverting and inverting cases are alike, that the 4-pole can always be 
matched and that the gain is the same in both directions and can never 
be greater than unity. In addition, the matching susceptances are zero 
and the gain is independent of frequency so that there is no limitation 
to the bandwidth. When the nonlinear capacitor is added, all but one of 
these conditions are changed. Equations (8) and (9) show that the non-
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inverting and inverting cases are different, (24) may become negative 
so that the 4-pole cannot always be matched and (26) and (27) are dif­
ferent so that the gains through the 4-pole are not the same in the two 
directions. Furthermore, (26) can be greater than unity so that modula­
tors may have gain. However, as will be shown, the converter gain 
given by (27) is still restricted to values less than unity. It is also seen 
that the matching susceptances are no longer zero and that the gain 
varies with frequency so that the bandwidth is limited. 

If we remove the restriction that a conjugate match exists and operate 
the 4-pole between arbitrary admittances, it may be shown in (11) and 
(12) that the conductance of the 4-pole may become negative, and in (14) 
and (15) that the gain may have any value, however large. This is true 
for both noninverting and inverting modulators and converters. How­
ever, we see in (14) and (15) that the ratio of the modulator gain to the 
converter gain is I Y21/Y12 12. This is greater than unity, so that for the 
same operating conditions the modulator gain will be greater than the 
converter gain. Although increased gain is possible, it is obtained at the 
expense of reduced bandwidth and increased sensitivity to changes in the 
terminating admittances, particularly in the case of converters. The 
present analysis will therefore be restricted to the case where a conjugate 
match exists. 
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Fig. 2 - Conductance contours of noninverting transducer. 
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Fig. 3 - Conductance contours for inverting transducer. 

CONDUCTANCE AND GAIN VERSUS X AND Y 

By assigning a value to p, curves may be plotted showing how the 
conductance and gain of the 4-pole change as the characteristics of the 
nonlinear resistor and nonlinear capacitor are varied. The particular case 
when f2 is about 160 times /I will be treated. This corresponds, for ex­
ample, to an"intermediate frequency of 70 me and a local oscillator fre­
quencyof 11,200 me. 

Figs. 2 and 3 show the normalized conductance contours as functions 
of x and y as given by (24) for the noninverting and inverting cases re­
spectively. It will be seen that in most instances, increasing the value of 
x causes g/Go to decrease. An exception occurs in the noninverting case 
(Fig. 2) when y is less than 2Vp/(p + 1) or 0.157 where it is seen that 
increasing x causes g/Go to increase. When x and y have values corre­
sponding to points above the g/Go = 0 curve, the 4-pole cannot be 
matched and (23) through (27) are not applicable. However, it will 
be noted that connecting a resistor across either the nonlinear elements 
or across the input and output terminals has the effect of increasing Go . 
By this means the 4-pole can always be reduced to the condition where 
it can be matched. 

Figs. 4 and 5 show the modulator gain contours as functions of x and y 
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as given by (26). Here it is seen that increasing the value of x causes the 
gain to increase. For values of x less than about 3, the gains in the non­
inverting and inverting cases are the same. In the noninverting case, x 
may increase indefinitely, provided y is less than 0.157, and a gain equal 
to the ratio of the output frequency to the input frequency eventually 
reached, 22.1 db in this case. In the inverting case, the maximum gain 
obtainable is 19.3 db, and it occurs when y is zero. 

Fig. 6 shows the converter gain contours as given by equation (27). 
Here we see that increasing x causes a decrease in the loss, but the de­
crease is small and in no case can the gain be greater than 0 db. This oc­
curs when x is zero. The nonlinear capacitor is thus of small benefit in 
the converter case. About the most benefit that can be obtained is a de­
crease in loss of perhaps 1 db. For example, if the nonlinear resistor alone 
has a loss of 6 db (y = 0.8), this could be reduced to 5 db by adding a 
nonlinear capacitor of such value as to make x = 1.3. 

BANDWIDTH 

Since both the admittance and gain of the 4-pole vary with frequency, 
the bandwidth over which it can be used is limited. Figs. 7 and 8 show 
the modulator gain as a function of x for input frequencies of 50, 70 and 
90 mc, and a local oscillator frequency of 11,200 mc. These curves were 
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Fig. 7 - Gain of noninverting modulator, glGo = 0.3. 

computed using values of y which make g/Go = 0.3 at midband. They 
are thus near the largest gains obtainable for a given value of x. The 
matching susceptances were assumed to be a single inductance or capaci­
tance connected across the terminating resistors. Co/C! was arbitrarily 
assumed to have a value of 2. The procedure used was to compute y, 
bi/Go , bdGo and the maximum available gain at midband using (24), 
(25) and (26); bI/Go and bi/Go were then multiplied by the appropriate 
frequency ratio to obtain the terminating susceptances at 50 and 90 me 
and the gain at these frequencies was then computed using (14). 

Figs. 7 and 8 show that with the simple matching susceptances used, 
the gain variation across the band increases as the gain increases. For 
the same midband gain, the variation in the inverting case is somewhat 
greater than in the noninverting case. The gain is thus limited by the 
bandwidth requirements. 

When the gain at 50, 70 and 90 mc is calculated using larger values 
of g/Go it isdound that as g/Go increases the gain variation across the 
band decreases. In the limit the least variation is obtained when y is 



FREQUENCY CONVERSION BY A NONLINEAR ADMITTANCE 1415 

24 

22 

20 

18 

16 

14 
</) 
..J 

~12 
U 
w 
0 10 

~ 

Z 8 
:;{ 

" 6 

4 

2 

o 

-2 
V 

-4 
o 

) 

/ 
V ~ .... ",'" 

" " ,/'1' V '/ ",' 

~' '" / ~. 

,/",'" 
j?/ 1/ 
/1 

A 
~/' 

1// 
(I' 

2 3 4 5 6 
X 

.L 
/ 

/ 

L 

gOMe 
/' 

V ,. 
L 

,/ 
// 

'" Ao ,," 
,," y ,," 

,," ~50 ","'/ " V 
" 
,," 

,,'" 

8 9 10 11 12 

Fig. 8 - Gain of inverting modulator, glGo = 0.3. 

zero. When the midband gain is 15 db, Figs. 7 and 8 show that the gain 
variation is 2.0 db in the noninverting case and 2.7 db in the inverting 
case. When y is zero these variations are reduced to 0.8 db and 1.0 db 
respectively for the same midband gain. The nonlinear resistor therefore 
degrades the performance and, assuming complete freedom in the choice 
of x, a greater bandwidth can be obtained if it is absent. 

PREFERRED NONLINEAR ELEMENTS 

Thus we see that, under the requirement that a c~njugate match exist 
at the terminals of the 4-pole, the nonlinear resistor contributes little 
to the gain of a nonlinear capacitor modulator while the nonlinear capaci­
tor is of little benefit in a nonlinear resistor converter. In a modulator 
having appreciable gain, the degree of nonlinearity permissible in the 
nonlinear resistor is quite small. For gains exceeding 15 db, y must be 
less than 0.2. Such a nonlinear resistor used alone would have a con-
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version loss exceeding 20 db. We thus find that, for the greatest band­
width, the preferred nonlinear element for modulators is a nonlinear 
capacitor while the preferred nonlinear element for converters is a non­
linear resistor. In modulators, the nonlinear capacitor device should 
have as little resistance as possible, so that an external resistor could 
be used to control the value of x. It could be connected across the non­
linear capacitor or across the input and output terminals. 

CONCLUSIONS 

The results given above show that the preferred nonlinear element 
for use in modulators is a pure nonlinear capacitor while the preferred 
nonlinear element for use in converters is a pure nonlinear resistor. By 
shunting the nonlinear capacitor or the terminals of a nonlinear capacitor 
modulator with an appropriate resistance, an impedance match, ade­
quate bandwidth, and a performance superior to that of a nonlinear 
resistor modulator can be obtained. Nonlinear capacitance effects are 
not useful in converters because of stability and bandwidth limitations 
and also because there is no evidence that an improved noise figure would 
result from a reduction in conversion loss. 
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Minimization of Boolean Functions* 

E. J. McCLUSKEY, Jr. 

(Manuscript received June 26, 1956) 

A systematic procedure is presented for writing a Boolean function as 
a minimum sum of products. This procedure is a simplification and exten­
sion. of the method presented by W. V. Quine. Specific attention is given to 
terms which can be included in the function solely for the designer's con­
venience. 

1 INTRODUCTION 

In designing switching circuits such as digital computers, telephone 
central offices, and digital machine tool controls, it is common practice 
to make use of Boolean algebra notation.I , 2, 3, 4 The performance of a 
single-output circuit is specified by means of a Boolean function of the 
input variables. This function, which is called the circuit transmission, 
is equal to 1 when an output is present and equals 0 when there is no 
output. A convenient means of specifying a transmission is a table of 
combinations such as that given in Table 1. This table lists, in the column 
under T, the output condition for each combination of input conditions. 
If there are some combinations of input conditions for which the output 
is not specified (perhaps because these combinations can never occur), 
d-entries are placed in the T -column of the corresponding rows of the 
table of combinations. The actual values (0 or 1) assigned to these rows 
are usually chosen so as to simplify the circuit which is designed to 
satisfy the requirements specified in the table of combinations. 

For each row of the table of combinations a transmission can be written 
which equals "one" only when the variables have the values listed in 
that row of the table. These transmissions will be called elementary 
product terms (or more simply, p-terms) since any transmission can 
always be written as a sum of these p-terms. Table I (b) lists the p-terms 
for Table lea). Note that every variable appears in each p-term. The 

* This paper is derived from a thesis submitted to the Massachusetts Institute 
of Technology in partial fulfillment of the requirements for the degree of Doctor 
of Science on April 30, 1956. 
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TABLE I - CIRCUIT SPECIFICATIONS 

(a) Table of Combinations (b) p-terms 
Xl X2 Xa T 

0 0 0 0 0 Xl' X2' Xa' 
1 0 0 1 1 xl' X2' Xa 
2 0 1 0 1 Xl' X2 xa' 
3 0 1 1 1 Xl' X2 Xa 
4 1 0 0 1 Xl X2' Xa' 
5 1 0 1 1 Xl X2' Xa 
6 1 1 0 1 Xl X2 X3' 

7 1 1 1 0 Xl X2 Xa 

(c) Canonical Expansion 
T = XI'X2'X3 + XI'X2Xa' + Xl'X2Xa + XIX2'X3' + XIX2'Xa + XIX2Xa' 

p-term corresponding to a given row of a table of combinations is formed 
by priming any variables which have a "zero" entry in that row of the 
table and by leaving unprimed those variables which have "one" entries. 
It is possible to write an algebraic expression for the over-all circuit 
transmission directly from the table of combinations. This over-all 
transmission, T, is the sum of the p-terms corresponding to those rows 
of the table of combinations for which T is to have the value "one." 
See Table I(c). Any transmission which is a sum of p-terms is called a 
canonical expansio~. 

The decimal numbers in the first column of Table I(a) are the decimal 
equivalents of the binary numbers formed by the entries of the table 
of combinations. A concise method for specifying a transmission function 
is to list the decimal numbers of those rows of the table of combinations 
for which the function is to have the value one. Thus the function of 
Table I can be specified as L(I, 2, 3, 4, 5, 6). 

One of the most basic problems of switching circuit theory is that of 
writing a Boolean function in a simpler form than the canonical expan­
sion. It is frequently possible to realize savings in equipment by writing 
a circuit transmission in simplified form. Methods for expressing a 
Boolean function in the "simplest" sum of products form were published 
by Karnaugh,1 Aiken, 5 and Quine. 6 These methods have the common 
property that they all fail when the function to be simplified is reason­
ably complex. The following sections present a method for simplifying 
functions which can be applied to more complex functions than previous 
methods, is systematic, and can be easily programmed on a digital com­
puter. 

2 THE MINIMUM SUM 

By use of the Boolean algebra theorem XIX2 + Xl' X2 := X2 it is possible 
to obtain from the canonical expansion other equivalent sum functions: 
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that is, other sum functions which correspond to the same table of com­
binations. These functions are still sums of products of variables but 
not all of the variables appear in each term. For example, the transmis­
sion of Table I, T = XI

/
X2'XS + X/X2X/ + XI'X2Xa + XIX2'XS' + xlxlx3 + 

XIX2Xa' = (XI'X2'XS + X/X2Xa) + (X/X2Xa' + XIX2X/) + (XIX2'Xa' + XIX2'Xa) = 
(JJI' X2' Xs + XIX2' xs) + (x/ X2X/ + Xl' X2Xa) + (XIX2' Xa' + XIX2Xa') can be 
written as either T = x/xs + X2X/ + XIX/ or T = X2'XS + X/X2 + XIXS'. 

A literal is defined as a variable with or without the associated prime 
(Xl, X/ are literals). The sum functions which have the fewest terms of 
all equivalent sum functions will be called minimum sums unless these 
functions having fewest terms do not all involve the same number of 
literals. In such cases, only those functions which involve the fewest 
literals will be called minimum sums. For example, the function 

T = L(7, 9, 10, 12, 13, 14, 15) 

can be written as either 

or as 

T = X4X2X!' + XaX2XI + X4X2'XI + X4XS 

Only the second expression is a minimum sum since it involves 11 literals 
while the first expression involves 12 literals. 

The minimum sum defined here is not necessarily the expression con­
taining the fewest total literals, or the expression leading to the most 
economical two-stage diode logic circuit, I even though these three ex­
pressions are identical for many transmissions. The definition adopted 
here lends itself well to computation and results in a form which is useful 
in the design of contact networks. A method is presented in Section 9 
for obtaining directly the expressions corresponding to the optimum 
two-stage diode logic circuit or the expressions containing fewest literals. 

In principle it is possible to obtain a minimum sum for any given 
transmission by enumerating all possible equivalent sum functions then 
selecting those functions which have the fewest terms, and finally select­
ing from these the functions which contain fewest literals. Since the 
number of equivalent sum functions may be quite large, this procedure 
is not generally practical. The following sections present a practical 
method for obtaining a minimum sum without resorting to an enumera­
tion of all equivalent sum functions. 

3 PRIME IMPLICANTS 

When the theorem XIX2 + XIX2' = Xl is used to replace by a single 
term, two p-terms, which correspond to rows i and} of a table of combi-
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nations, the resulting term will equal "one" when the variables have 
values corresponding to either row i or row f of the table. Similarly, 
when this theorem is used to replace, by a single term, a term which 
equals "one" for rows i and j and a term which equals "one" for rows 
k and m, the resulting term will equal "one" for rows i, f, k and m of the 
table of combinations. A method for obtaining a minimum sum by re­
peated application of this theorem (XIX2' + XIX2 = Xl) was first pre­
sented by Quine. 6 In this method, the theorem is applied to all possible 
pairs of p-terms, then to all possible pairs of the terms obtained from 
the p-terms, and so on, until no further applications of the theorem are 
possible. It may be necessary to pair one term with several other terms 
in applying this theorem. In Example 3.2 the theorem 1S applied to the 
terms labeled 5 and 7 and also to the terms labeled 5 and 13. All terms 
paired with other terms in applying the theorem are then discarded. The 
remaining terms are called prime implicants. 6 Finally a minimum sum is 
formed as the sum of the fewest prime implicants which when taken to­
gether will equal "one" for all required rows of the table of combinations. 
The terms in the minimum sum will be called minimum sum terms or 
ms-terms. 

Example 3.1 

T = 2:)3, 7, 8, 9, 12, 13) 

Canonical Expansion: 

T = x/ X2' X3X4 + x/ X2X3X4 + XIX2' X3' X4' + XIX2' X3' X4 

[° °3 1 1] [° \ 1 1] [1 ° 8° OJ [1 ° gO 1] 
+ XIX2X3' X4' + XIX2X/ X4 

[111~ OJ [111~ 1J 
The bracketed binary and decimal numbers below the sum terms indi­
cate the rows of the table of combinations for which the corresponding 
term will equal "one." A binary character in which a dash appears 
represents the two binary numbers which are formed by replacing the 
dash by a "0" and then by a "1." Similarly a binary character in which 
two dashes appear represents the four binary numbers formed by re­
placing the dashes by "0" and "1" entries, etc. 

x/ X2' X3X4 + x/ X2X3X4 = x/ X3X4 

[00311J [0 ~l1J [O;YJ 
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, , 
XIX2 Xa 

[
10 0 -J 

8,9 

+ XIX2Xa' 

[
11 0 -J 
12,13 

, 
Xl Xa 

[
1-0 - J 

8,9,12,13 

Prime Implicants: 
, , 

Xl Xa, Xl XaX4 

[ 1 -0 - J [0 -1 IJ 
8,9,12, 13 3 ,7 

Minimum Sum: 

Example 3.2 

T = L(5, 7, 12, 13) 

Canonical Expansion: 

T = xt' X2Xa' X4 + xt' X2XaX4 + XIX2Xa' x/ + XIX2Xa' X4 

[0 150 IJ [0 l/lJ [1 \~ OJ [1 \~ IJ 

Prime Implicants: 

Xt' X2Xa' X4 + XIX2Xa' X4 = X2Xa' X4 

[ 0 1 0 IJ [11 0 IJ [- 1 0 IJ 
5 13 5,13 

, 
X2Xa X4, 

[0 I-IJ 
5,7 [

-10 IJ 
5,13 [

11 0 -J 
12,13 

1421 
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Minimum Sum: 

Quine's method, as illustrated in Examples 3.1 and 3.2, becomes 
unwieldly for transmissions involving either many variables or many 
p-terms. This difficulty is overcome by simplifying the notation and 
making the procedure more systematic. The notation is simplified by 
discarding the expressions involving literals and using only the binary 
characters. This is permissible because the expressions in terms of literals 
can always be regained from the binary characters. The theorem being 
used to combine terms can be stated in terms of the binary characters 
as follows: If two binary characters are identical in all positions except 
one, and if neither character has a dash in the position in which they 
differ, then the two characters can be replaced by a single character 
which has a dash in the position in which the original characters differ 
and which is identical with the original characters in all other positions. 

TABLE II - DETERMINATION OF PRIME IMPLICANTS FOR TRANSMISSION 

T = L:(0,2,4,6,7,8, 10, 11, 12, 13, 14, 16, 18, 19,29,30) 

0 

2 
4 
8 

16 

6 
10 
12 
18 

7 
11 
13 
14 
19 

29 
30 

(a) I (b) II (6) III 
XSX4 X3X2Xl 

00000v' 

00010v' 
00100v' 
01000v' 
10000v' 

00110v' 
01010v' 
01100v' 
10010v' 

001 1 1 v' 
01011v' 
o 1 1 0 1 v' 
o 1 1 1 0 v' 
10011v' 

1 1 1 0 1 v' 
1 1 1 1 0 v' 

XSX4 X3X2Xl 

0 2 OOO-Ov' 
o 4 00-00v' 
o 8 0-000v' 
o 16 -0000v' 

2 6 00-10v' 
2 10 0-010v' 
2 18 -0010v' 
4 6 001-0v' 
4 12 0-100v' 
8 10 010-0v' 
8 12 01-00v' 

16 18 100-0v' 

6 7 0011-
6 14 0-110v' 

1011 0101-
10 14 01-10v' 
12 13 o 1 10-
12 14 011-0v' 
18 19 1001-

13 29 - 1 101 
14 30 - 1 1 1 0 

(d) IV 

o 2 4 6 8 10 12 14 

o 2 4 6 
o 2 8 10 
o 2 16 18 
o 4 8 12 

2 6 10 14 
4 6 12 14 
8 10 12 14 

0---0 

OO--Ov' 
O-O-Ov' 
-00-0 
0--00v' 

0--10v' 
0-1-0v' 
01--0v' 
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The first step in the revised m~thod for determining prime implicants 
is to list in a column, such as that shown in Table II (a):, the binary 
equivalents of the decimal numbers which specify the function. It is 
expedient to order these binary numbers so that any numbers which 
contain no l's come first, followed by any numbers containing a single 
1, etc. Lines should be drawn to divide the column into groups of binary 
numbers which contain a given number of l's. The theorem stated above 
is applied to these binary numbers by comparing each number with all 
the numbers of the next lower group. Other pairs of numbers need not 
be considered since any two numbers which are not from adjacent groups 
must differ in more than one binary digit. For each number which has 
l's wherever the number (from the next upper group) with which it is 
being compared has 1 's, a new character is formed according to the 
theorem. A check mark is placed next to each number which is used in 
forming a new character. The new characters are placed in a separate 
column, such as Table II(b), which is again divided into groups of char­
acters which have the same number of l's. The characters in this new 
column will each contain one dash. 

After each number in the first column has been considered, a similar 
process is carried out for the characters of column two. Two characters 
from adjacent groups can be combined if they both have their dashes 
in the same position and if the character from the lower group has l's 
wherever the upper character has l's. If any combinations are possible 
the resulting characters are placed in a third column such as Table II(c), 
and the Column II characters from which the new characters are formed 
are checked. All the characters in this third column will have two dashes. 
This procedure is repeated and new columns are formed, Table II(d), 
until no further combinations are possible. The unchecked characters, 
which have not entered into any combinations, represent the prime 
implicants. 

Each binary character is labeled with the decimal equivalents of the 
binary numbers which it represents (see note in Example 3.1). These 
decimal numbers are arranged in increasing arithmetic order. For a 
character having one dash this corresponds to the order of its formation: 
When two binary numbers combine, the second number always contains 
all the l's of the first number and one additional 1 so that the second 
number is always greater than the first. Characters having two dashes 
can be formed in two ways. For example, the character (0, 2, 4, 6) can 
be formed either by combining (0, 2) and (4, 6) or by combining (0, 4) 
and (2, 6) as given in Table III. Similarly, there are three ways in which 
a character having three dashes can be formed (in Table II the 0, 2, 4, 
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TABLE III - EXAMPLE OF THE Two WAYS OF FORMING 

A CHARACTER HAVING Two DASHES 

o 0000 02 00-0 0246 0--0 

20010 
4 0 100 

60110 

o 4 0 - 0 0 (0 4 2 6 0 - - 0) 

26 0-10 
46 01-0 

6,8,10,12,14 character can be formed from the 0, 2,4,6, and 8,10,12, 
14 characters or the 0, 2, 8, 10, and 4, 6, 12, 14 characters or the 0, 4, 8, 
12 and 2, 6, 10, 14 characters), four ways in which a character having 
four dashes can be formed, etc. 

In general, any character can be formed by combining two characters 
whose labels form an increasing sequence of decimal numbers when 
placed together. It is possible to shorten the process of determining 
prime implicants by not considering the combination of any characters 
whose labels do not satisfy this requirement. For example, in Table 
II(b) the possibility of combining the (0, 4) character with either the 
(2, 6), (2, 10) or the (2, 18) character need not be considered. If the 
process is so shortened, it is not sufficient to place check marks next to 
the two characters from which a new character is formed; each member 
of all pairs of characters which would produce the same new character 
when combined must also receive check marks. More simply, when a 
new character is formed a check mark is placed next to all characters 
whose labels contain only decimal numbers which occur in the label of 
the new character. In Table II, when the (0, 2, 4, 6) character is formed 
by combining the (0, 2) and (4, 6) characters, check marks must be 
placed next to the (0, 4) and (2, 6) characters as well as the (0, 2) and 
(4, 6) characters. If the process is not shortened as just described, the 
fact that a character can be formed in several ways can serve as a check 
on the accuracy of the process. 

It is possible to carry out the entire process of determining the prime 
implicants solely in terms of the decimal labels without actually writing 
"the binary characters. If two binary characters can be combined as de­
scribed in this section, then the decimal label of one can be obtained 
from the decimal label of the other character by adding some power of 
two (corresponding to the position in which the two characters differ) 
to each number in the character's label. For example, in Table lIb the 
label of the (4,6) (0 ° 1 - 0) character can be obtained by adding 4 = (22) 
to the numbers of the label of the (0,2) (0 ° 0-0) character. By searching 
for decimal labels which differ by a power of two, instead of binary char­
acters which differ in only one position, the prime implicants can be 
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determined as described above without ever actually writing the binary 
characters. 

4 PRIME IMPLICANT TABI,ES 

The minimum sum is formed by picking the fewest prime implicants 
whose sum will equal one for all rows of the table of combinations for 
which the transmission is to equal one. In terms of the characters used 
in Section 3 this means that each number in the decimal specification 
of the function must appear in the label of at least one character which 
corresponds to a ms-term (term of the minimum sum). 

The ms-terms are selected from the prime implicants by means of a 
prime implicant table, * Table IV. Each column of the prime implicant 
table corresponds to a row of the table of combinations for which the 
transmission is to have the value one. The decimal number at the top of 
each column specifies the corresponding row of the table of combinations. 
Thus the numbers which appear at the tops of the columns are the same 
as those which specify the transmission. Each row of the prime implicant 
table represents a prime implicant. If a prime implicant equals "one" for 
a given row of the table of combinations, a cross is placed at the inter­
section of the corresponding row and column of the prime implicant 
table. All other positions are left blank. The table can be written directly 
from the characters obtained in Section 3 by identifying each row of the 
table with a character and then placing a cross in each column whose 
number appears in the label of the character. 

It is convenient to arrange the rows in the order of the number of 
crosses they contain, with those rows containing the most crosses at the 
top of the table. Also, horizontal lines should be drawn partitioning the 
table into groups of rows which contain the same number of crosses, 
Table IV. If, in selecting the rows which are to correspond to ms-terms, 
a choice between two equally appropriate rows is required, the row hav­
ing more crosses should be selected. The row with more crosses has 
fewer literals in the corresponding prime implicant. This choice is more 
obvious when the table is partitioned as suggested above. 

A minimum sum is determined from the prime implicant table by 
selecting the fewest rows such that each column has a cross in at least 
one selected row. The selected rows are called basis rows, and the prime 
implicants corresponding to the basis rows are the ms-terms. If any 
column has only one entry, the row in which this entry occurs must be a 
basis row. Therefore the first step in selecting the basis rows is to place 

* This table was first discussed by Quine. 6 However, no systematic procedure 
for obtaining a minimum sum from the prime implicant table was presented. 
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A 

B 

C 
D 
E 
F 
G 
H 

TABLE IV - PRIME IMPLICANT TABLE FOR THE 

TRANSMISSION OF TABLE II 
o 2 4 8 16 6 10 12 18 7 11 13 14 19 29 30 

x x x x x x x x 

x x x x 

x x 
x x 

x x 
x x 

x x 
x x 

* 

* 

* 
* 
* 

* 
* 

an asterisk next to each row which contains the sole entry of any column 
(rows A, B, C, D, E, G, H, in Table IV). A line is then drawn through all 
rows marked with an asterisk and through all columns in which these 
rows have entries. This is done because the requirement that these col­
umns have entries in at least one basis row is satisfied by selecting the 
rows marked with an asterisk as basis rows. When this is done for 
Table IV, all columns are lined out and therefore the rows marked with 
asterisks are the basis rows for this table. Since no alternative choice of 
basis rows is possible, there is only one minimum sum for the transmis­
sion described in this table. 

5 ROW COVERING 

In general, after the approprIate rows have been marked with asterisks 
and the corresponding columns have been lined out, there may remain 
some columns which are not lined out; for example, column 7 in 
Table V(b). When this happens, additional rows must be selected and 
the columns in which these rows have entries must be lined out until 
all columns of the table are lined out. For Table V(b), the selection of 
either row B or row F as a basis row will cause column 7 to be lined out. 
However, row B is the correct choice since it has more crosses than row 
F. This is an example of the situation which was described earlier in 
connection with the partitioning of prime implicant tables. Row B is 
marked with two asterisks to indicate that it is a basis row even though 
it does not contain the sole entry of any column. 

The choice of basis rows to supplement the single asterisk rows be­
comes more complicated when several columns (such as columns 2, 3, 
and 6 in Table VI(a» remain to be lined out. The first step in choosing 
these supplementary basis rows is to determine whether any pairs of 
rows exist such that one row has crosses only in columns in which the 



0 

1 
2 

3 

7 
14 
22 

15 
23 
29 

31 

A 
B 

C 
D 
E 
F 

MINIMIZATION OF BOOLEAN FUNCTIONS 

TABLE V - DETERMINATION OF THE MINIMUM SUM FOR 

T = ~ (0, 1, 2, 3, 7, 14, 15, 22, 23, 29, 31) 
(a) Determination of Prime Implicants 

1427 

XliX.X3 X 2Xl XSX4 X 3X2Xl XliX4X3X2XI 

OOOOOy 0 1 OOOO-y 0 1 2 3 000 - -
0 2 OOO-Oy 7 15 23 31 - - 1 1 1 

0OOO1y 
0OO10y I 3 OOO-ly 

2 3 0OOI-y 
OOOlly 

3 7 00- I 1 
00111y 
Ol110y 7 15 0-llly 
10110y 7 23 -Ollly 

14 15 o 1 I I -
o I 1 I I Y 22 23 1011-
101 1 1 y 
1 I 101 y 15 31 -lIlly 

23 31 I-Illy 
l.llily 29 31 1 1 1 - 1 

(b) First Step in Selection of Basis Rows 

o 1 2 3 7 14 22 15 23 29 31 

r-~-*-~ I 
x ~ ~ * 

* * I 

I x-
I 

c- * 
* 
* 

x ~ X I ~ 
x I r 

(c) Minimum Sum 
T = ~ [(0, 1, 2, 3), (7, 15, 23, 31), (29,31), (22,23), (14, 15)] 

T = X6'X/X3' + X3X2Xl + XliX.XaXl + xa/XaX2 + Xj\'X4X3X2 

other member of the pair has crosses. Crosses in lined-out columns are 
not considered. In Table VI(a), rows A and B and rows Band Care 
such pairs of rows since row B has crosses in columns 2,3, and 6 and row 
A has a cross in column 6 and row C has crosses in columns 2 and 3. A 
convenient way to describe this situation is to say that row B covers 
rows A and C, and to write B => A, B => C. If row i is selected as a sup­
plementary basis row and row i is covered by row j, which has the same 
total number of crosses as row i, then it is possible to choose row j as a 
basis row instead of row i since row j has a cross in each column in which 
row i has a cross. 

The next step is to line out any rows which are covered by other rows 
in the same partition of the table, rows A and C in Table VI(a). If any 
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A 
B 
C 

D 
E 
F 
G 
H 
I 

A 
B 
C 

D 
E 
F 
G 
H 
I 

TABLE VI - PRIME IMPLICANT TABLES FOR 

T = ~(O, 1,2,3,6,7,14,22,30,33,62,64,71,78,86) 
(a) Prime Implicant Table with Single Asterisk Rows and 

Corresponding Columns Lined Out 
o 1 2 64 3 6 33 7 14 22 30 71 78 86 62 

1 ! x J k k k 
x x x x 

I x x 

~ x-
x x-t--

X x 

f x 
f--~ f 

I 

~ 4 
(b) Prime Implicant Table with Rows which are Covered 

by Other Rows Lined Out 

o 1 2 64 3 6 33 7 14 22 30 -71 78 86 62 

x ~-k 
I I x x x X 

f-X-X-X--x 

X x-
x x- -

x x 
x x 

- -x X I I 

-x I X I 

J I 

* 
* 
* 
* 
* 
* 

** 

* 
* 
* 
* 
* 
* 

column now contains only one cross which is not lined out, columns 2 
3, and 6 in Table VI(b), two asterisks are placed next to the row 
in which this cross occurs, row B in Table VI(b), and this row and all 
columns in which this row has crosses are lined out. The process of draw­
ing a line through any row which is covered by another row and selecting 
each row which contains the only cross in a column is continued until it 
terminates. Either all columns will be lined out, in which case the rows 
marked with one or two asterisks are the basis rows, or each column will 
contain more than one cross and no row will cover another row. The 
latter situation is discussed in the following section. 

6 PRIME IMPLICANT TABLES IN CYCLIC FORM 

If the rows and columns of a table which are not lined out are such that 
every column has more than one cross and no row covers another row, as 
in Table VII(b), the table will be said to be in cyclic form, or, in short, 
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TABLE VII - DETERMINATION OF BASIS Rows FOR A 

CYCLIC PRIME IMPLICANT TABLE 

1429 

(a) Selection of Single Asterisk Rows (b) Selection of Double Asterisk Rows 
o 416 12 24 19 28 27 29 31 0 416 12 24 19 28 27 29 31 

A 
B 
C 
D 
E 
F 
G 
H 
I 
J 

xx 
x 

x 
x 

x 
x 

x 
x 

x 
x 
x 

x--x * x I x 

i x 
x x 

(c) Selection of Row 1 as a Trial Basis 
Row (Column 0) 

A 
B 
C 
D 
E 
F 
G 
H 
I 
J 

o 4 16 12 24 19 28 27 29 31 

H~-* 
f-*+k J. 
f-,-x4-x 
f---x-f--* 

x _I_ x 
I 

X x 
x+x 
~=tx-~ 

-1+::'-
f-f-

*** 

** 
** 

* 

** 

A 
B 
C 
D 
E 
F 
G 
H 
I 
J 

xx 
x 

x 
x 

x 
x 

x 
x 

x 
x x 

x--x * 
x+-x-~ 

~--+-f-
f-f- ** 

(d) Selection of Row 2 as a Trial Basis 
Row (Column 0) 

A 
B 
C 
D 
E 
F 
G 
H 
I 
J 

o 416 12 24 19 28 27 29 31 
I I 

f-X-X 

f-x+k 
f--x+-k 
f---x-1-x 

x I x 
x-f-k 

x±x 
'i±x-~ 

-i-x-
-I f-f-

*** 
** 

** 
* 

** 

to be cyclic. If any column has crosses in only two rows, at least one of 
these rows must be included in any set of basis rows. Therefore, the 
basis rows for a cyclic table can be discovered by first determining 
whether any column contains only two crosses, and if such a column 
exists, by then selecting as a trial basis row one of the rows in which the 
crosses of this column occur. If no column contains only two crosses, 
then a column which contains three crosses is selected, etc. All columns 
in which the trial basis row has crosses are lined out and the process of 
lining out rows which are covered by other rows and selecting each row 
which contains the only cross of some column is carried out as described 
above. Either all columns will be lined out or another cyclic table will 
result. Whenever a cyclic table occurs, another trial row must be se­
lected. Eventually all columns will be lined out. However, there is no 
guarantee that the selected rows are actually basie rows. The possibility 
exists that a different choice of trial rows would have resulted in fewer 
selected rows. In general, it is necessary to carry out the procedure of 
selecting rows several times, choosing different trial rows each time, so 
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that all possible combinations of trial rows are considered. The set of 
fe"west selected rows is the actual set of basis rows. 

Table VII illustrates the process of determining basis rows for a 
cyclic prime implicant table. After rows G and J have been selected a 
cyclic table results, Table VII(b). Rows A and B are then chosen as a 
pair of trial basis rows since column 0 has crosses in only these two rows. 
The selection of row A leads to the selection of rows D and E as given in 
Table VII(c). Row A is marked with three asterisks to indicate that it 
is a trial basis row. Table VII(d) illustrates the fact that the selection 
of rows C and F is brought about by the selection of row B. Since both 
sets of selected rows have the same number of rows (5) they are both 
sets of basis rows. Each set of basis rows corresponds to a different min­
imum sum so that there are two minimum sums for this function. 

Sometimes it is not necessary to determine all minimum sums 
for the transmission being considered. In such cases, it may be possible 
to shorten the process of determining basis rows. Since each column 
must have a cross in some basis row, the total number of crosses in all 
of the basis rows is equal to or greater than the number of columns. 
Therefore, the number of columns divided by the greatest number of 
crosses in any row (or the next highest integer if this ratio is not an 
integer) is equal to the fewest possible basis rows. For example, in Table 
VII there are ten columns and two crosses in each row. Therefore, 
there must be at least 10 divided by 2 or 5 rows in any set of basis rows. 
The fact that there are only five rows selected in Table VII(c) guaran­
tees that the selected rows are basis rows and therefore Table VII(d) is 
unnecessary if only one minimum sum is required. In general, the process 
of trying different combinations of trial rows can be stopped as soon as 
a set of selected rows which contains the fewest possible number of basis 
rows has been found (providing that it is not necessary to discover all 
minimum sums). It should be pointed out that more than the minimum 
number of basis rows may be required in some cases and in these 
cases aU combinations of trial rows must be considered. A more accurate 
lower bound on the number of basis rows can be obtained by considering 
the number of rows which have the most crosses. For example, in Table 
VI there are 15 columns and 4 crosses, at most, in any row. A lower 
bound of 4 (\5 = 3-!) is a little too optimistic since there are only three 
rows which contain four crosses. A more realistic lower bound of 5 is 
obtained by noting that the rows which have 4 crosses can provide crosses 
in at most 12 columns and that at least two additional rows containing 
two crosses are necessary to provide crosses in the three remaining col- " 
umns. 
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7 CYCLIC PRIME IMPLICANT TABLES AND GROUP INV ARIANCE 

It is not always necessary to resort to enumeration in order to deter­
mine all minimum sums for a cyclic prime implicant table. Often 
there is a simple relation among the various minimum sums for a trans­
mission so that they can all be determined directly from any single 
minimum sum by simple interchanges of variables. The process of select­
ing basis rows for a cyclic table can be shortened by detecting before­
hand that the minimum sums are so related. 

An example of a transmission for which this is true is given in Table 
VIII. If the variables Xl and X2 are interchanged, one of the minimum 
sums is changed into the other. In the prime implicant table the inter­
change of Xl and x2leads to the interchange of columns 1 and 2,5 and 6, 
9 and 10,13 and 14, and rows A and B, C and D, E and F, G and H. 
The transmission itself remains the same after the interchange. 

In determining the basis rows for the prime implicant table, Table 
VIII(d), either row G or row H can be chosen as a trial basis row. If row 
G is selected the i-set of basis rows will result and if row H is selected 
the ii-set of basis rows will result. It is unnecessary to carry out the 
procedure of determining both sets of basis rows. Once the i-set of basis 
rows is known, the ii-set can be determined directly by interchanging 
the Xl and X2 variables in the i-set. Thus no enumeration is necessary in 
order to determine all minimum sums. 

In general, the procedure for a cpmplex prime implicant table is to 
determine whether there are any pairs of variables which can be inter­
changed without effecting the transmission. If such pairs of variables 
exist, the corresponding interchanges of pairs of rows are determined. 
A trial basis row is then selected from a pair of rows which contain the 
only two crosses of a column and which are interchanged when the varia­
bles are permuted. After the set of basis r.ows has been determined, the 
other set of basis rows can be obtained by replacing each basis row by 
the row with which it is interchanged when variables are permuted. If 
any step of this procedure is not possible, it is necessary to resort to 
enumeration. 

In the preceding discussion only simple interchanges of variables have 
been mentioned. Actually all possible permutations of the contact varia­
bles should be considered. It is also possible that priming variables or 
both priming and permuting them will leave the transmission unchanged. 
For example, if T = X4 xl X2 Xl' + X4' X3 X2' Xl , priming all the variables 
leaves the function unchanged. Also, priming X4 and X3 and then inter­
changing X4 and X3 does not change the transmission. The general name 
for this property is group invariance. This was discussed by Shannon.4 
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A method for determining the group invariance for a specified trans­
mission is presented in "Detection of Group Invariance or Total Sym­
metry of a Boolean Function." * 

8 AN APPROXIMATE SOLUTION FOR CYCLIC PRIME IMPLICANT TABLES 

It has not been possible to prove in general that the procedure pre­
sented in this section will always result in a minimum sum. However, 
this procedure should be useful when a reasonable approximation to a 
minimum sum is sufficient, or when it is possible to devise a proof to 
show that the procedure does lead to a minimum sum for a specific trans­
mission (such proofs were discussed in Section 6). Since this procedure 
is much simpler than enumeration, it should generally be tested before 
resorting to enumeration. 

The first step of the procedure is to select from the prime implicant 
table a set of rows such that (1) in each column of the table there is a 
cross from at least one of the selected rows and (2) none of the selected 
rows can be discarded without destroying property (1). Any set of rows 
having these properties will be called a consistent row set. Each consistent 
row set corresponds to a sum of products expression from which no 
product term can be eliminated directly by any of the theorems of 
Boolean Algebra. In particular, the consistent row sets having the fewest 
members correspond to minimum sums. The first step of the procedure 
to be described here is to select a consistent row-set. This is done by 
choosing one of the columns, counting the total number of crosses in each 
row which has a cross in this column, and then selecting the row with 
the most crosses. If there is more than one such row, the topmost row is 
arbitrarily selected. The selected row is marked with a check. In Table 
IX, column 30 was chosen and then row: A was selected since rows A and 
Z each have a cross in column 30, but row A has 4 crosses while row Z 
has only 2 crosses. The selected row and each column in which it has a 
cross is then lined out. The process just described is repeated by selecting 
another column (which is not lined out). Crosses in lined-out columns 
are not counted in determining the total number of crosses in a row. The 
procedure is repeated until all columns are lined out. 

The table is now rearranged so that all of the selected rows are at the 
top, and a line is drawn to separate the selected rows from the rest. 
Table X results from always choosing the rightmost column in Table 
IX. If any column contains only one cross from a selected row, the single 
selected-row cross is circled. Any selected row which does not have any 

* See page 1445 of this issue. 
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TABLE VIII - DETERMINATION OF THE MINIMUM SUMS FOR 

T = L (0, 1, 2, 5, 6, 7, 9, 10, 11, 13, 14, 15) 

0 

1 
2 

5 
6 
9 

10 

7 
11 
13 
14 

15 

0, 1 
0, 2 

1, 5 
1, 9 
2, 6 
2, 10 
5, 7 
5, 13 
6, 7 
6, 14 
9, 11 
9, 13 

10, 11 
10, 14 

7, 15 
11, 15 
13, 15 
14, 15 

(a) (c) 

X4 X 3X2XI 

0000 V 

000 1 V 
0010y' 

010 1 V 
o 11 0 V 
1001y' 
1010y' 

0111y' 
lOlly' 
1101y' 
1110y' 

111 1 V 

(b) 
X4X3X2XI 

000-
o 0 - 0 

0-01y' 
- 00 1 V 
0-10y' 
-010y' 
01-1y' 
-101y' 
011-y' 
-110y' 
10 - 1 V 
1-01y' 
101-y' 
I-lOy' 

- 1 1 1 V 
1-11y' 
11-1y' 
111-y' 

0 1 

A x 
B 
C 
D 
E 
F 

G x x 
H x 

1 5 9 13 
2 6 10 14 

5 7 13 15 
6 7 14 15 
9 11 13 15 

10 11 14 15 

2 5 6 9 

x x 
x x 

x 
x 

x 

x 

(d) 

10 

x 

x 

- - 0 1 
--10 

- 1 - 1 
- 1 1 -
1 - - 1 
1 - 1 -

7 11 

x 
x 

x 
x 

(e) 

13 14 15 

x 
x 

x x 
x x 

x x 
x x 

(i) (0,1) + (2,6,10,14) + (5,7,13,15) + ( 9, 11, 13, 15) 
(ii) (0,2) + (1,5, 9,13) + (6,7,14, 15) + (10, 11, 14, 15) 

Ti = X/X3'X2' + X2XI' + X3XI + X4XI 

Tii = X/X/Xl' + XIX2' + X3X2 + X4X2 

of its crosses circled can be discarded without violating the requirement 
that each column should have at least one cross from a selected row. 
Rows with no circled entries are discarded (one by one, since removal of 
one row may require more crosses to be circled) until each selected row 
contains at least one circled cross. This completes the first step. The se­
lected rows now correspond to a first approximation to a minimum sum. 
A check should be made to determine whether the number of selected 
rows is equal to the minimum number of basis rows. In Table X there 
are at most 4 crosses per row and 26 columns so that the minimum num-
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A 
B 
C 
D 
E 
F 
G 
H 
I 
J 
K 
L 
M 
N 
o 
P 

~ 
S 
T 
U 
V 
W 
X 
y 
Z 

TABLE IX - TABLE OF PRIME IMPLICANTS FOR TRANSMISSION 

T = L (0, 1,2,4, 5, 6, 7, 8, 9, 11, 13, 14, 15, 16, 18, 19, 20, 
21,23,24,25,26,27,28,29,30) 

The selection of row A is shown 
o 1 2 4 8 16 5 6 9 18 20 24 7 11 13 14 19 21 25 26 28 15 23 27 29 30 

* 
~-~ ~ 

I 

~ 
I 

X X X X 

* x I x 
x x I x x 

x x x x 
x x x x 
x x x x 
x x .x x 

x x x x 
x x x x 
x x x x 
x x x x 

x x x X 
I 

X X X X 

X X X x 
x x x 

I 
x 

x xx x 
x x x x 

x xx x 
x x x x 
x x x x 
x xx x 
xx x x 
xx x x 

x x 
x f 

4 

2 

ber of basis rows is [24
6

] + 1 = 7. Since the number of selected rows is 
9 there is no guarantee that they correspond to a minimum sum. 

If such an approximation to a minimum sum is not acceptable, then 
further work is necessary in order to reduce the number of selected rows. 
For each of the selected rows, a check is made of whether any of the rows 
in the lower part of the table (non-selected rows) have crosses in all 
columns in which the selected row has circled crosses. In Table X row 
E has a circled cross only in column 19; since row Y also has a cross in 
column 19 rows E and Yare labeled "a". Other pairs of rows which have 
the same relation are labeled with lower case letters, b, c, d, e in Table X. 
I t is possible to interchange pairs of rows which are labeled with the same 
lower case letter without violating the requirement that each column 
must contain a cross from at least one selected row. If a non-selected row 
is labeled with two lower case letters then it may be possible to replace 
two selected rows by this one non-selected row and thereby reduce the 



TABLE X - TABLE IX AFTER PARTITIONING 

0 1 2 4 8 16 5 6 9 18 20 24 7 11 13 14 19 21 25 26 28 15 23 27 29 30 

A 0 0 
x 0 0 E x x x (a) ~ 

F 0 0 (b) 
H x x z 

G x o 0 x (c) H 
X ~ I 

0 0 x 0 H 

K 0 N 
X 0 ~ 

T 0 ® (d) 8 x x H 

U 
0° 0 

x (e) 0 x x 
Z W x x 

B x x x x 0 
"-"j 

C x x x X 
to D x x x x 0 

H x x x x (c) 0 
J x x x x (b) ~ 

t;j 

L x x x x ;;... 
M x x x x z 
N x x x x "-"j 

0 x x x x d 
Z P x x x x (d) (') 

Q x x x X 8 
H 

R x x x x 0 

S x x x x Z 
w. 

V x x x x (e) 
X x x x x 
y x x (a) 
Z x x 

~ 
;+:0. 
C>.:l 
Con 



--.. 
ft:o. 
C/.j 
0) 

TABLE XI -TABLE X WITH ROWS E, F, AND K, REPLACED BY ROWS Y AND J ~ 
P:: 

0 1 2 4 8 16 5 6 9 18 20 24 7 11 13 14 19 21 25 26 28 15 23 27 29 30 t".J 

t:::i 

A @ 00 
0° 

t".J 

0 0 0° 
t'i 

J t'i 

Y 
x @ °0 

Ul 

G x 0° ~ 

0 o x Ul 
I 0 ~ 

T x 0 x 0° t.'%'j 

u 
x@0 0. x ~ 

w ~ x x x X t".J 
E x x x x a 

P:: F x x x x z 
K x x x x ..... 

a 
B x x x x > 
C x x x X 

t'i 

D x x x x ~ 
0 

H x x x x 0 
L x x x x ~ 

M x x Z x x > 
N x x x X ~t'i 
0 X X X X Z P x x x x 0 

~ x x x x <: 
x x x x t.'%'j 

~ S x x x X t:::i 
V X X X X t".J 

X X X X 
~ 

X 
Z x x ...... 

<:0 
t:Jl 
0) 
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total number of selected rows (a check must be made that the two 
selected rows being removed do not contain the only two selected-row 
crosses in a column). In Table X no such interchange is possible. 

N ext a check should be made as to whether two of the labeled non­
selected rows can be used to replace three selected rows, etc. In Table 
X rows Yea) and J(b) can replace rows E(a), F(b) and K or rows yea) 
and P(d) can replace rows E(a), T(d) and K. The table which results 
from replacing rows E, F and K by rows Y and J is given in Table XI. 
The number of selected rows is now 8 which is still greater than 7, the 
minimum number possible. This table actually represents the minimum 
sum for this transmission even though this cannot be proved rigorously 
by the procedure being described. 

If it is assumed that a minimum sum can always be obtained by ex­
changing pairs of selected and nonselected rows until it finally becomes 
possible to replace two or more selected rows by a single selected row, 
then it is possible to show directly that the Table XI does represent a 
minimum sum. The only interchange possible in Table XI is that of 
rows T and P. If this replacement is made then a table results in which 
only rows J and F can be interchanged. Interchanging rows J and F 
does not lead to the possibility of interchanging any new pairs of rows 
so that this process cannot be carried any further. 

On the basis of experience with this method it seems that it is not 
necessary to consider interchanges involving more than one non-selected 
row. Such interchanges have only been necessary in order to obtain al­
ternate minimum sums; however, no proof for the fact that they are 
never required in order to obtain a minimum sum has yet been dis­
covered. 

9 AN ALTERNATE EXACT PROCEDURE 

It is possible to represent the prime implicant table in an alternative 
form such as that given in Table XII(b). From this form not only the 
minimum sums but also all possible sum of products forms for the trans­
mission which correspond to consistent row sets can be obtained sys­
tematically. For concreteness, this representation will be explained in 
terms of Table XII. Since column 0 has crosses only in rows Band C, 
any consistent row set must contain either row B or row C (or both). 
Similarly, column 3 requires that any consistent row set must contain 
either row D or row E (or both). When both columns 0 and 3 are con­
sidered they require that any consistent row set must contain either 
row B or row C (or both) and either row D or row E (or both). This 
requirement can be expressed symbolically as (B + C) (D + E) where 
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TABLE XII - DERIVATION OF THE MINIMUM SUMS 

FOR THE TRANSMISSION 

X/Xl A 
X4'X2'XI' B 
X3'X2'XI' ° X/X2XI D 
X3'X2XI E 
X4X3'X2 F 

T = 2: (0, 3, 4, 5, 6, 7, 8, 10, 11) 

(a) Table of Prime Implicants 
0 3 4 5 6 7 8 

x x x X 
x X 
X X 

x X 

X 

(b) Boolean Representation of Table 

10 

x 

11 

x 
x 

(B + O)(D + E)(A + B)(A)(A)(A + D)(O)(F)(E + F) 

(c) Consistent Row Sets 

(A, 0, F, D), (A, 0, F, E) 

T = X/X3 + X3'X2'Xt' + X4X3'X2 + X/X2XI 

T = X/X3 + X3'X2'Xt' + X4X3'X2 + X3'X2XI 

addition stands for "or" (non-exclusive) and mUltiplication signi.fies 
"and." This expression can be interpreted as a Boolean Algebra expres­
sion and the Boolean Algebra theorems used to simplify it. In particular 
it can be "multiplied out": 

(B + C) (D + E) = BD + BE + CD + CE 

This form is equivalent to the statement that columns ° and 3 require 
that any consistent row set must contain either rows Band D, or rows 
Band E, or rows C and D, or rows C and E. 

The complete requirements for a consistent row set can be obtained 
directly by providing a factor for each column of the table. Thus for 
Table XII the requirements for a consistent row set can be written as: 

(B + C)(D + E)(A + B)(A)(A)(A + D)(C)(F)(E + F) 

By using the theorems that A· (A + D) = A and A·A = A, this can 
be simplified to ACF(D + E). Thus the two consistent row sets for this 
table are A, C, F, D and A, C, F, E and since they both contain the 
same number of rows, they both represent minimum sums. This is true 
only because rows D and E contain the same number of crosses. In 
general, each row should be assigned a weight w = n - log2k, where 
n is the number of variables in the transmission being considered and 
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TABLE XIII - DETERMINATION OF THE MINIMUM SUMS FOR THE 
PRIME IMPLICANT TABLE OF TABLE VII BY MEANS OF 

THE BOOLEAN REPRESENTATION 
(a) Boolean representation of the Prime Implicant Table of Table VI 
(A+B) (A+C) (B+D) (C+E) (D+F) (G) (E+F+H) (G+I) (H+J) (I+J) 

(b) The expression of (a) after multiplying out. (The terms in italic 
correspond to minimum sums) 

ADEJG + ACDFJG + ACDHJG + ADEHIG + ACDH1G + ABEFJG 
+ ABEFH1G + BCDEJG + BCDHJG + BCDH1G + BOF JG + BCFH1G 

--G--
1 
i 

- --- A ----

(c) Tree circuit equivalent of (b) 

,----J------------- 5 
-----B----E---F-----

----H------I------ 6 

I

----F------J------ 5 

----C----- --1------ 5 
----H----I 

----D---- --J------ 5 

____ E _____ I----H------I--- --- 5 

----J------------- 4 V 

: ____ D- ____ 1- - --E - - - -I~ ~ ~ ~ ~ ~ ~ ~ ~ : 
I ----H----
----B---------C---- --J------ 5 

I
----H- -----1------ 5 

----F-----
----J--------.----- 4 V 

k is the number of crosses in the row.* To select the minimum sums, the 
sum of the weights of the rows should be calculated for each row set 
containing the fewest rows. The row sets having the smallest total weight 
correspond to minimum sums. If, instead of the minimum sum, the form 
leading to the two-stage diode-logic circuit requiring fewest diodes is 
desired, a slightly different procedure is appropriate. ~o each row set 
is assigned a total weight equal to the sum of the weights of the rows 
plus the number of rows in the set. The desired form then corresponds to 
the row set having the smallest total weight. 

The procedure for an arbitrary table is analogous. A more. compli­
cated example is given in Table XIII. In this example the additional 

* n-Iog2 k is the number of literals in the prime implicant corresponding to 
a row containing k crosses. 
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theorem (A + B)(A + C) = (A + BC) is useful. This example shows 
that for a general table the expressions described in this Section and 
the multiplication process can become very lengthy. However, this pro­
cedure is entirely systematic and may be suitable for mechanization. 

Since the product of factors representation of a prime implicant 
table is a Boolean expression, it can be interpreted as the transmission 
of a contact network. Each consistent row set then corresponds to a 
path through this equivalent network. By sketching the network directly 
from the product of factors expression, it is possible to avoid the multi­
plication process. In particular the network should be sketched in the 
form of a tree, as in Table XIII(c) and the Boolean Algebra theorems 
used to simplify it as it is being drawn. For hand calculations, this 
method is sometimes easier than direct multiplication. 

10 d-TERMS 

In Section 1 the possibility of having d-entries in a table of combina­
tions was mentioned. Whenever there are combinations of the relay 
conditions for which the transmission is not specified, d-entries are placed 
in the T-column of the corresponding rows of the table of combinations. 

TABLE XIV - DE'rERMINATION OF THE lVIINIMUM 

SUM FOR THE TRANSMISSION 

T 2:(5, 6, 13) + d(9, 14) WHERE 9 AND 14 ARE THE d-TERMS 

5 
6 

(d) 9 

13 
(d) 14 

(a) Determination of Pri!lle Implicants 

(c) 

X4 X 3 X 2Xl 

o 1 0 1 V 513 
o 1 1 0 V 6 14 
100 1 V 9 13 

1 1 0 1 V 
1 1 1 0 V 

(b) Prime Implicant Table 
5 6 13 

*'Dx * x 
x 

X4 X 3 X 2 X l 

- 1 0 1 
- 1 1 0 
1 - 0 1 

Cd) 
Basis rows: (5, 13), (6, 14) T = X3X2'Xl + XaX2Xl' 
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The actual values (0 or 1) of these d-entries are chosen so as to simplify 
the form of the transmission. This section will describe how to modify 
the method for obtaining a minimum sum when the table of combina­
tions contains d-entries. 

The p-terms which correspond to d-entries in the table of combinations 
will be called d-terms. These d-terms should be included in the list of 
p-terms which are used to form the prime implicants. See Table XIV. 
However, in forming the prime implicant table, columns corresponding 
to the d-terms should not be included, Table XIV (b). The d-terms are 
used in forming the prime implicants in order to obtain prime impli­
cants containing the fewest possible literals. If columns corresponding 
to the d-terms were included in forming the prime implicant table this 
would correspond to setting all the d-entries in the table of combina­
tions equal to 1. This does not necessarily lead to the simplest minimum 
sum. In the procedure just described, the d-entries will automatically be 
set equal to either 0 or 1 so as to produce the simplest minimum sum. 
For the transmission of Table XIV the 14 d-entry has been set equal to 
1 and the 9 d-entry has been set equal to O. 

11 NON-CANONICAL SPECIFICATIONS 

A transmission is sometimes specified not by a table of combinations 
or a canonical expansion, but as a sum of product terms (not necessarily 
prime implicants). The method described in Section 3 is applicable to 
such a transmission if the appropriate table of combinations (decimal 
specification) is first obtained. However, it is possible to modify the 
procedure to make use of the fact that the transmission is already partly 
reduced. The first step is to express the transmission in a table of binary 
characters such as Table XVa. Then each pair of characters is examined 
to determine whether any different character could have been formed 
from the characters used in forming the characters of the pair. For 
example, in Table XV(a) a (1)(0000 1) was used in forming the 
(0,1)(0000-) character and a (3)(00011) was used in forming the 
(3, 7)(00 - 11) character. These can be combined to form a new char­
acter (1, 3)(000 -1). The new characters formed by this process are 
listed in another column such as Table XV(b). This process is continued 
until no new characters are formed. 

In examining a pair of characters, it is sufficient to determine whether 
there is only one position where one character has a one and the other 
character has a zero. If this is true a new character is formed which has 
a dash in this position and any other position in which both characters 
have dashes, and has a zero (one) in any position in which either charac-
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TABLE XV - DETERMINATION OF THE PRIME IMPLICANTS FOR THE 

TRANSMISSION OF TABLE XV SPECIFIED AS A 

SUM OF PRODUCT TERMS 

(a) Specification 

o 1 
o 2 
3 7 

14 15 
22 23 
29 31 

Xs X4 X3X2 Xl 

OOOO-V 
OOO-OV 
00- 1 1 
o 1 1 1 -
1 0 1 1 -
1 1 1 - 1 

(b) Characters Derived from (a) 

1 3 
2 3 
7 15 
7 23 

15 31 
23 31 

Xs X4X3 X2 Xl 

000-IV 
000I-V 
0-1 1 1 V 
- 0 1 1 1 V 
-IIIIV 
1 - 1 1 1 V 

(c) Characters Derived from (a) and (b) 

o 1 2 3 
7 15 23 31 

XSX4X3X2 X t 

o 0 0 - -
- - 1 1 1 

ter has a zero (one). In Table XVa the (0, 1) character has a zero in the 
x2-position while the (3, 7) character has a one in the x2-position. A new 
character is formed (1, 3) which has a dash in the x2-position. 

This rule for constructing new characters is actually a generalization 
of the rule used in Section 3 and corresponds to the theorem. 

Repeated application of this rule will lead to the complete set of prime 
implicants. As described in Section 3, any character which has all of the 
numbers of its decimal label appearing in the label of another character 
should be checked. The unchecked characters then represent the prime 
implicants. The process described in this section was discussed from a 
slightly different point of view by Quine.7 

12 SUMMARY AND CONCLUSIONS 

In this paper a method has been presented for writing any transmis­
sion as a minimum sum. This method is similar to that of Quine; how­
ever, several significant improvements have been made. The notation 
has been simplified by using the symbols 0, 1 and - instead of primed 
and unprimed variables. While it is not completely new in itself, this 
notation is especially appropriate for the arrangement of terms used in 
determining the prime implicants. Listing the terms in a column which 
is partitioned so as to place terms containing the same number of 1 's in 
the same partition reduces materially the labor involved in determining 
the prime implicants. Such a list retains some of the advantage of the 
arrangement of squares in the Karnaugh Chart without requiring a 
geometrical representation of an n-dimensional hypercube. Since the 
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procedure for determining the prime implicants is completely systematic 
it is capable of being programmed on a digital computer. The arrange­
ment of terms introduced here then results in a considerable saving in 
both time and storage space over previous methods, making it possible 
to solve larger problems on a given computer. It should be pointed out 
that this procedure can be programmed on a decimal machine by using 
the decimal labels instead of the binary characters introduced. 

A method was presented for choosing the minimum sum terms from 
the list of prime implicants by means of a table of prime implicants. 
This is again similar to a method presented by Quine. However, Quine 
did not give any systematic procedure for handling cyclic prime impli­
cant tables; that is, tables with more than one cross in each column. In 
this paper a procedure is given for obtaining a minimum sum from a 
cyclic prime implicant table. In general, this procedure requires enumera­
tion of several possible minimum sums. If a transmission has any non­
trivial group invariances it may be possible to avoid enumeration or to 
reduce considerably the amount of enumeration necessary. A method 
for doing this is given. 

The process of enumeration used for selecting the terms of the mini­
mum sum from a cyclic prime implicant table is not completely satis­
factory since it can be quite lengthy. In seeking a procedure which does 
not require enumeration, the method involving the group invariances of 
a transmission was discovered. This method is an improvement over 
complete enumeration, but still has two shortcomings. There are trans­
missions which have no nontrivial group invariances but which give 
rise to cyclic prime implicant tables. For such transmissions it is still 
necessary to resort to enumeration. Other transmissions which do possess 
nontrivial group invariances still require enumeration after the in­
variances have been used to simplify the process of selecting minimum 
sum terms. More research is necessary to determine some procedure 
which will not require any enumeration for cyclic prime implicant 
tables. Perhaps the concept of group invariance can be generalized so 
as to apply to all transmissions which result in cyclic prime implicant 
tables. 
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Detection of Group Invariance or Total 
Symmetry of a Boolean Function* 

By E. J. McCLUSKEY, Jr. 

(Manuscript received June 26, 1956) 

A method is presented for determining whether a Boolean function pos­
sesses any group invariance; that is, whether there are any permutations or 
primings of the independent variables which leave the function unchanged. 
This method is then extended to the detection of functions which are totally 
symmetric. 

1 GROUP INVARIANCE 

For some Boolean transmission functions (transmissions, for short) it 
is possible to permute the variables, or prime some of the variables, or 
both permute and prime variables without changing the transmission. 
The following material presents a method for determining, for any given 
transmission, which of these operations (if any) can be carried out with­
out changing the transmission. 

The permutation operations will be represented symbolically as fol­
lows: 

8 123 ... nT will represent the transmission T with no variables permuted 
8213 ... nT will represent the transmission T with the Xl and X2 variables 

interchanged, etc. 
Thus 81432T(XI : X2 , X3 , X4) = T(Xl, X4 , Xa , X2) 
The symbolic notation for the priming operation will be as follows: 
N oooo ... oT will represent the transmission T with no variables primed 
N ono •.. oT will represent the transmission T with the X2 and X3 variables 

primed, etc. 
Thus NlOlOT(XI , X2, X3 , X4) = T(xl', X2, xa', X4). 

The notation for the priming operator can be shortened by replacing 
the binary subscript on N by its decimal equivalent. Thus N9T is equiv-

* This paper is derived from a thesis submitted to the Massachusetts Institute 
of Technology in partial fulfillment of the requirements for the degree of Doctor 
of Science on April 30, 1956. 
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TABLE I - TRANSMISSION MATRICES SHOWING EFFECT OF 

INTERCHANGING OR PRIMING VARIABLES 

( a) Transmission Matrix (b) Transmission Matrix 
with X3 and X4 columns 

interchanged 

Xl X2 Xa X4 
o 0 0 0 0 
1 000 1 
20010 
9 100 1 

10 1 0 1 0 
11 1 0 1 1 

Xl X2 X4 Xa 
o 0 0 0 0 
20010 
1 000 1 

10 1 0 1 0 
9 100 1 

11 1 0 1 1 

(c) Transmission Ma­
trix with entries of the 

X3 and X4 columns 
primed 

Xl X2 Xa' x/ 
30011 
20010 
1 000 1 

10 1 0 1 0 
9 100 1 
8 1 000 

alent to NI001T. The permutation and priming operators can be combined. 
For example, 

S2134NaT(xI, X2 , Xs , X4) = T(X2, Xl , Xs', X4') 

The symbols SiN j form a mathematical group, I hence the term group 
invariance. 

The problem considered here is that of determining which Ni and Sj 
satisfy the relation NiSjT = T for a given transmission T. Since there 
are only a finite number of different Ni and Sj operators it is possible in 
principle to compute NiSjT for all possible NiS j and then select those 
NiS j for which NiSjT = T. If T is a function of n variables, there are 
n! possible Sj operators and 2n Ni operators so that there are n!2n pos­
sible combinations of NiS j . Actually, if NiSjT = T then NiT must 
equal SjT(2) so that it is only necessary to compute all NiT and all SjT. 
For n = 4, n! = 24 and 2 n = 16 so that the number of possibilities to 
be considered is quite large even for functions of only four variables. It 
is possible to avoid enumerating all NiT and SjT by taking into account 
certain characteristics of the transmission being considered. 

The first step in determining the group invariances of a transmission 
is the same as that fOl finding the prime implicants. * The binaryequiva­
lents of the decimal numbers which specify the transmission are listed 
as in Table I (a). This list of binary numbers will be called the transmis­
sion matrix. When two variables are interchanged, the corresponding 
columns of the transmission matrix are also interchanged, Table l(b). 
When a variable is primed, the entries in the corresponding column of 
the transmission matrix are also primed, 0 replaced by 1 and 1 replaced 
by 0, Table I(c). 

If an NiS j operation leaves a transmission unchanged then the cor-

* Minimization of Boolean Functions, see page 1417 of this issue. 
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responding matrix operations will not change the transmission matrix 
aside from possibly reordering the rows. In other words, it should be 
possible to reorder the rows of the modified transmission matrix to re­
gain the original transmission matrix. The matrices of Table lea) and 
(b) are identical except for the interchange of the 1 and 2 and the 9 
and 10 rows. It is not possible to make the matrix of Table ICc) identical 
with that of Table lea) by reordering rows; therefore the operation of 
priming the X3 and X4 variables does not leave the transmission T = 
2: (0, 1, 2, 9, 10, 11) unchanged. 

If interchanging two columns of a matrix does not change the matrix 
aside from rearranging the rows, then the columns which were inter­
changed must both contain the same number of l's (and o's). This must 

TABLE II - PARTITIONING OF THE STANDARD MATRIX FOR 

T = 2: (4, 5, 7, 8, 9, 11, 30, 33, 49) 

(a) Transmission Matrix (b) Standard Matrix for (a) :Matrix 

Xl X2 Xa X4 Xs X6 Xl X2 Xa X4 Xs X6' Weight 
4 0 0 0 1 0 0 4 0 0 0 1 0 0 1 
8 0 0 1 0 0 0 8 0 0 1 0 0 0 1 

32 1 0 o. 0 0 0 1 
5 0 0 0 1 0 1 ------
9 0 0 1 0 0 1 5 0 0 0 1 0 1 2 

33 1 0 0 0 0 1 6 0 0 0 1 1 0 2 
9 0 0 1 0 0 1 2 

7 0 0 0 1 1 1 10 0 0 1 0 1 0 2 
11 0 0 1 0 1 1 48 1 1 0 0 0 0 2 
49 1 1 0 0 0 1 ---- --

31 0 1 1 1 1 1 5 
30 0 1 1 1 1 0 

N umber of O's 7 7 5 5 6 3 7 7 5 5 6 6 
Number of l's 2 2 4 4 3 6 2 2 4 4 3 3 

(c) Second Partitioning of (d) Final Partitioning 
rows for (b) matrix for (b) matrix 

Xl X2 Xa X4 Xs Xs' Xl X2 Xa X4 Xs X6' 

0 0 0 1 0 0 0 0 0 1 0 0 
0 0 1 0 0 0 0 0 1 0 0 0 
------ - - ----
I 0 0 0 0 0 0 0 0 0 0 
------ - - ----
0 0 0 1 0 1 0 0 0 1 0 1 
0 0 0 1 1 0 0 0 0 1 1 0 
0 0 1 0 0 1 0 0 1 0 0 1 
0 0 1 0 1 0 0 0 1 0 1 0 
---- -- - - -- --
I 1 0 0 0 0 1 1 0 0 0 0 
------ - - ----

0 1 1 1 1 1 0 1 1 1 1 1 
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be true since rearranging the rows of a matrix does not change the total 
number of l's in each column. Similarly, if priming some columns of a 
matrix leaves the rows unchanged, either each column must have an 
equal number of l's and O's or else for each primed column which has an 
unequal number of O's and l's there must be a second primed column 
which has as many l's as the first primed column has O's and vice versa. 
Such pairs of columns must also be interchanged to keep the total num­
ber of l's in each column invariant. For the matrix of Table n(a) the 
only operations that need be considered are either interchanging Xl and 
X2 or X3 and X4 or priming and interchanging Xs and X6 • 

For the present it will be assumed that no columns of the matrix have 
an equal number of O's and 1 'So It is possible to determine all permuting 
and priming operations which leave such a matrix unchanged by con­
sidering only permutation operations on a related matrix. This related 
matrix, called the standard matrix, is formed by priming all the columns 
of the original matrix which have more l's than O's, the X6 column in the 
matrix of Table Il(a). Each column of a standard matrix must contain 
more O's than l's, Table neb). The NiS j operations which leave the 
original matrix unchanged can be determined directly from the oper­
ations that leave the corresponding standard matrix unchanged. It is 
therefore only necessary to consider standard matrices. 

Since no columns of a standard matrix have an equal number of l's 
and O's and no columns have more l's than O's it is only necessary to 
consider permuting operations. The number of l's in a column (or row) 
will be called the weight of the column (or row). Only columns or rows 
which have the same weights can be interchanged. The matrix should 
be partitioned so that all columns (or rows) in the same partition have 
the same weight, Table nCb). It is now possible to interchange columns 
in the same column partition and check whether pairs of rows from the 
same row partition can then be interchanged to regain the original 
matrix. This can usually be done by inspection. For example, in Table 
nCb) if columns X4 and X3 are interchanged, then interchanging rows 4 
and 8, 5 and 9, and 6 and 10 will regain the original matrix. 

The process of inspection can be simplified by carrying the partition­
ing further. In the matrix of Table nCb), row 32 cannot be interchanged 
with either row 8 or row 4. This is because it is not possible to make 
row 32 identical with either row 8 or row 4 by interchanging columns Xl 

and X2 • Row 32 has weight 1 in these columns while rows 8 and 14 both 
have weight O. In general, only rows which have the same weight in each 
submatrix can be interchanged. Permuting columns of the same partition 
does not change the weight of the rows in the corresponding submatrices. 
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The matrix can therefore be further partitioned by separating the rows 
into groups of rows which have the same weight in every column parti­
tion, Table lI(c). Similar remarks hold for the columns so that it may 
then- be necessary to partition the columns again so that each column in 
a partition has the same weight in each sub matrix, Table II(d). Par­
titioning the columns may make it necessary to again partition the 
rows, ,vhich in turn may make more column partitioning necessary. This 
process should be carried out until a matrix results in which each row 
(column) of each submatrix has the same weight. Inspection is then 
used to determine ,vhich row and column permutations will leave the 
matrix unchanged. Only permutations among rows or columns in the 
same partition need be considered. 

From the matrix of Table II(d) it can be seen that permuting either 
columns Xa and X4 or columns X5 and X6' will not change the matrix aside 
from reordering certain rows. This means that interchanging X3 and X4 

or priming and interchanging X5 and X6 in the original transmission will 
leave the transmission unchanged. Interchanging X6' and X5 means re­
placing X5 by xs' and X6 by X5' which is the same as interchanging Xs and 
X6 and then priming both X5 and Xs • Thus for the transmission of Table 
II S124356T = T and NOOOOllS123465T = NaS123465T = T. 

A procedure has been presented for determining the group invariance 
of any transmission matrix which does not have an equal number of l's 
and O's in any column. This must now be extended to matrices which do 
have equal numbers of O's and l's in some columns, Table III(a). For 
such matrices the procedure is to prime appropriate columns so that 
there are either more O's than l's or the same number of O's and l's in 
each column, Table III(a). This matrix is then partitioned as described 
above and the permutations which leave the matrix unchanged are de­
termined. The matrix of Table III(a) is so partitioned. Interchanging 

TABLE III - TRANSMISSION MATRICES FOR T = L (0, 6,9, 12) 

(a) Transmission Matrix 

Xl X2 X3 X4 
0 0 0 0 0 

----
6 0 1 1 0 
9 1 0 0 1 

---~ 
12 1 1 0 0 

Number of O's 2 2 3 3 
Number of l's 2 2 1 1 

(b) Transmission lVIatrix 
with Xl and X2 primed 

Xl' X2' Xa X4 

0 0 0 0 0 
---~ 

10 1 0 1 0 
5 0 1 0 1 

----
12 1 1 0 0 

2 2 3 3 
2 2 1 1 
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both Xl and X2, and Xa and X4 leave this matrix unchanged so that 
S214aT = T. The possibility of priming different combinations of the 
columns which have an equal number of O's and 1's must now be con­
sidered. Certain of the possible combinations can be excluded before­
hand. In Table III(a) the only possibility which must be considered is 
that of priming both Xl and X2 • If only Xl or X2 is primed, there will be 
no row which has all zeros. No permutation of the columns of this 
matrix (with Xl or X2 primed) can produce a row with all zeros. Therefore 
this matrix cannot possibly be made equal to the original matrix by re­
arranging rows and columns. Priming both Xl and X2 must be considered 
since the 12-row will be converted into a row with all zeros. The opera­
tion of priming Xl and X2 is written symbolically as N noo = N 12 • In 
general, if the matrix has a row consisting of all zeros, only those Ni 
operations for which i is the number of some row in the Inatrix, need be 
considered. If the row does not have an all-zero row, only those Ni for 
which i is not the number of some row need be considered. Similarly, if 
the matrix has a row consisting of all 1's, only those Ni for which there 
is some row of the matrix which will be converted into an all-one row, 
need be considered. This is equivalent to considering only those N i for 
which some row has a number k = 2n 

- 1 - i* where n is the number 
of columns. If the matrix does not have an all-one row, only those Ni for 
which no row has a number k = 2 n 

- 1 - i should be considered. 
Each priming operation which is not excluded by these rules is applied 

to the transmission matrix. The matrices so formed are then partitioned 
as described previously. Any of these matrices that have the same par­
titioning as the original matrix are then inspected to see if any row and 
column permutations will convert them to the original matrix. For the 
matrix of Table III(a) the operation of priming both Xl and X2 was not 
excluded. The matrix which results when these columns are primed is 
shown in Table III(b). Inspection of this figure shows that interchange 
of either Xa and X4 or Xl' and X2' will convert the matrix back to the 
matrix of Table III(a). Therefore, for the transmission of this table 
S1243NnooT = T and S2134NnooT = T. 

2 TOTAL SYMMETRY 

There are certain transmissions whose value depends not on which 
relays are operated but only on how many relays are operated. For 

* The number of the row which has all ones is 2n 
- 1. If N. operating on some 

row, k, is to produce the all-one row, i must have l's wherever k has O's and vice 
versa. This means that 

i + k = 2n 
- 1 or k = 2n 

- 1 - i. 
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TABLE IV - TRANSMISSION MATRIX FOR 

T = L (3, 5, 6, 7) = S2,3(XI, X2 , X3) 

Xa X2 Xl 
3 011 
5 101 
6 110 
7 111 
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example, the transmission of Table IV equals 1 whenever two or 
three relays are operated. For such transmissions any permutation of 
the variables leaves the transmission unchanged. These transmissions 
are called totally symmetric.3 They are usually written in the form, 
T = Sal' a2" .am(XI, X2, ••• x n), where the transmission is to equal 
1 only when exactly al or a2 or ... or am of the variables Xl , X2 .•• Xn 

are equal to one. The transmission of Table IV can be written as 
S2,a(XI, X2, xa). This definition of symmetric transmissions can be gen­
eralized by allowing some of the variables (Xl, X2, •.• Xn) to be primed. 
Thus the transmission S3(XI , X2', xa) will equal 1 only when Xl = xl = 
Xa = 1 or Xl = X3 = 1 and X2 = O. It is useful to know when a trans­
mission is totally symmetric since special design techniques exist for 
such functions.4 

It is possible to determine whether a transmission is totally symmetric 
from its matrix. Unless al1 columns of the standard matrix derived from 
the transmission matrix have the same weight, the transmission cannot 
possibly be totally symmetric. If all columns do have equal weights, the 
rows should be partitioned into groups of rows which all have the same 
weight. Whether the transmission is totally symmetric can now be de­
termined by inspection. If there is a row of weight k; that is, a row which 
contains k l's, then every possible row of weight k must also be included 
in the matrix. This means that there must be nCk rows of weight k where 
n is the number of columns (variables).* If any possible row of weight k 
was not included then the corresponding k literals could be set equal to 
1 without the transmission being equal to 1. This contradicts the defi­
nition of a totally symmetric transmission. In Table V (b) there are 4 
rows of weight 1 and 1 row of weight 4. Since 4C1 = 4 and 4C4 = 1 this 
transmission is totally symmetric and can be written as S1,4(X1 , X2', Xa, 

X4'). The number of rows of weight 1 in Table V(d) is 2 and since 4C1 = 4 
this transmission is not totally symmetric. 

A difficulty arises if all columns of a transmission matrix contain equal 

* nCk is the binomial coefficient (n _n~) !kl 



1452 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1956 

TABLE V - DETERMINATION OF TOTALLY SYMMETRIC TRANSMISSION 

(a) Transmission Matrix for (b) Standard Matrix for 
T = I: (1,4, 7, 10, 13) T = I: (1, 4, 7, 10, 13) 

showing that 
T = Sl,4 (Xl, xl , X3 , xl) 

Xl X2 X3 X4 Xl X2' XaX 4' 
1 0 0 0 1 1 0 0 0 1 
4 0 1 0 0 2 0 0 1 0 

4 0 1 0 0 
10 1 0 1 0 8 1 0 0 0 

7 0 1 1 1 15 1 1 1 1 
13 1 1 0 1 

Number of O's 3 2 3 2 3 3 3 3 
N umber of 1 's 2 3 2 3 2 2 2 2 

(c) Transmission Matrix for 
T = I: (3, 5, 10, 12, 13) 

(d) Standard Matrix for 
T = I: (3, 5, 10, 12, 13) 

showing that it is not 
totally symmetric 

Xl X2 X3 X4 Xl' X2' X3 x/ 
3 0 0 1 1 0 0 0 0 0 
5 0 1 0 1 

10 1 0 1 0 1 0 0 0 1 
12 1 1 0 0 8 1 0 0 0 

13 1 1 0 1 7 0 1 1 1 
14 1 1 1 0 

N umber of O's 2 2 3 2 3 3 3 3 
Number of l's 3 3 2 3 2 2 2 2 

TABLE VI - DETERMINATION OF TOTAL SYMMETRY FOR 

T = I: (0, 3, 5, 10, 12, 15) 

(a) Transmission Matrix 
for T(xl , X2 , X3 , X4) 

(b) Standard Matrix 
for T(l, X2 , X3 , X4) 

Xl X2 X3 X4 
o 0 0 0 0 
30011 
5 010 1 

10 1 0 1 0 

X2' X3' X4 
100 
010 
001 

12 1 1 0 0 Number of O's 2 2 2 
15 1 1 1 1 Number of l's 1 1 1 

Number of O's 
Number of l's 

3 3 3 3 
3 3 3 3 

(c) Standard Matrix for T(O, X2 , Xs , X4) 
X2 X3 x/ 
001 
010 
100 

Number of O's 2 2 2 
Number of l's 1 1 1 

T(O, X2 , X3 , X4) = Sl(X2 , Xa ,x.') = S2(xl, xa', x .. ) 
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numbers of zeros and ones as in Table VI(a). For such a matrix it is not 
clear which variables should be primed. It is possible to avoid considering 
all possible primings by "expanding" the transmission about one of the 
variables by means of the theorem 

T(xl , X2, ... xn) = xIT(l, X2 , " . Xn) + x/TeO, X2, ... Xn)2,3 

and then making use of the relation: 

= X1Sal _ l , a2-1 , a2-1 , ••• am-l(X2, ... xm) 

+ X/Sal' a2 , ... am (X2, ... Xn)5 

This technique is illustrated in Table VI. The standard matrix for 
T(l, X2, X3 , X4) has three rows each containing a single one so that 

T(l, X2 , X3 ,X4) = Sl(X/, xl, X4) 

The transmission T(O, X2, X3 , X4) has an identical standard matrix so 
that 

T(O, X2, X3 ,X4) = Sl(X2, X3 1 xl) 

This can be written in terms of X/, x/, and X4 : 

Sl(X2, X3 ,X4') = S2(X2', x/, X4)5. 

Finally 

T(Xl, X2, X3, X4) = xIT(l, X2, Xii, X4) + x/TeO, X2 , X3 , X4) 

= X1Sl(X/, x/, X4) + X/S2(X/, xl, X4) = S2(Xl , X2', xl, X4). * 
The method just presented for detecting total symmetry is more sys­

tematic than the only other available method5 and applies for transmis­
sions of any number of variables. 
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