












































































































































































































































































































































458 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1957

microwave signal. This change in power level will have to be consider-
ably larger than kT Ay before it can be detected.’ The physical reason for
this is that the fluctuating fields associated with the noise power com-
bine with the microwave ficlds to produce power fluctuations much
larger than AT Ay. It is more straightforward to compare noise voltages
rather than powers, especially since the power changes are not neces-
sarily a constant of the system. In Fig. 1 for instance, the power change
in arm 4 is

_ ANy
Ry

whereas the power change in arm 2 (for the same voltage change) is

_ @anv)
AP, = —Ro_

It also shows that one wants to maximize the change in output voltage
as was done in Section IV.

The open terminal RMS noise voltage of a system with an internal
impedance R, is given by

Vams = ‘\/4RQICTAV

If we terminate this system with a noiseless resistor R, , the voltage
across it will be A/RokTAv. However, the terminating resistor is also
at temperature 7', so that the total RMS voltage across it will be
V2 V/RoiTAv.

Comparing this RMS noise voltage with the signal voltage obtained
in (16), we get for the reflection cavity*

AP,

AV = V v/2rx"nQ0 = V/2 \/RokTAv (25)
" 1 (ETAV\

o = 26

X Qo ( 2P, ) (26)

As an example let us consider the following typical value for a 3-cm
setup. Qo = 5 X 10°, Ay = 0.1 cps, P, = 107 Watts

y = V. 4 4V
2 3"
Ve 1+ <§> 10 em!

a

For this case

(Xmin”)(Vs) = ~2 X 10_14

* In most cases the behaviour of the transmission and reflection cavity is
similar, so that they will not be treated separately.
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This corresponds for an unsaturated Lorentz line' to a static suscepti-
bility xo = V/3x""(Aw/w), where Aw is the line width between inflection
points. FFor the free radical diphenyl picryl hydrazyl having a 2 oersted
line width this expression at room temperature gives for the min. number
of spins 10'°. A plot of the minimum RF susceptibility and minimum
number of electrons versus microwave power is shown in Fig. 5.

VI. SIGNAL-TO-NOISE IN PRACTICAL SYSTEMS
A. General Considerations
1. Why Freld Modulation?

From a design point of view it is instructive to consider the mini-
mum fractional voltage change corresponding to the above xmin'"'V, of
2 X 107*. This turns out to be, see (16),

AVuin _10
— = 2 X 107,

TFrom this figure one may safely conclude that it is not feasible to use
any system in which the microwave carrier level reflected from the
cavity has to be kept constant to this accuracy. Such systems would
include straight detection, the de¢ being bucked out and amplified or
systems employing amplitude modulation of the carrier. (Although

10-10 |014
MINIMUM NUMBER OF SPINS
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> \ w
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Q =
2
% 2
z
1014 \\\1010 3

10715 109

1077 1076 1075 1074 10-3 102 107!

MICROWAVE POWER FROM KLYSTRON, P, w]

Fig. 5 — Minimum RF susceptibility and number of electrons which should
be observable under thermal noise limitations. The conditions for the minimum
number of ;pms correspond closely to those under which the experimental set-ups
were tested.
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the latter system may be improved by microwave bucking, it still re-
mains very much inferior to the field modulation system to be desecribed
presently.) A system commonly used in which the requirements on the
constancy of the microwave level is less stringent, makes use of a small
external magnetic field modulation of angular frequency wi super-
imposed on the slowly varying dc magnetic field. Thus in the absence of
a resonance line the output is zero except for some small Fourier com-
ponents of the random fluctuations at the frequency w, . If the ampli-
tude of the field modulation AH , is small in comparison to the line
width AH this method will sweep out the derivative of the line, i.e., the
signal will not be proportional to x’’ as previously assumed but to
dx" /dH (AH ). In order to preserve the line shape one should sweep
only over a fraction of the line width. The sensitivity will thereby be
reduced by roughly the same fraction. It should be noted, however, that
even if one overmodulates the line (in order to increase the sensitivity)
the resonance condition (i.e., place of zero signal, corresponding to new
slope in the absorption) will not shift for a symmetrical line and the
correct g-value may be obtained. Also from the knowledge of the ampli-
tude of the modulating field the increase in line width may be corrected
for. For those reasons we will not be concerned with the reduction in sen-
sitivity due to this field modulation scheme.

2. Chotice of Frequency
Referring to (26)

(Vc> 1 1
U L Pt
Xmin Vs QO \/E

and the minimum total number of electrons Npmix.

Vo (Ao 1
Nmin o« Vs ‘-“':> ('—) (27
x0Vs = <Qo > ) VP )
Assuming that we are dealing with the same type of cavity mode at

different frequencies, the same power, and that the line width Aw is

1 1
constant, we have V = Qo = —

1

o N mi — 2
Nmin = o ( 8)
Equation 28 shows that in order to see the smallest number of spins
we want to go to as high as frequency as possible. The upper limit is
given by the availability of components in the millimeter region, by the
difficulty of handling them and by the maximum available power. The

most commonly used setups operate at a wavelength of 1 cm and 3 cm.
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The latter was used in the experimental part of this paper. From (28)
we see that with a 1 cm setup the number of observable electrons should
be approximately 40 times less than with a 3-cm setup. However, in
most practical cases one is not limited by the amount of available
sample, since one usually can increase the sample size at longer
wavelengths. Therefore a better criterion is the minimum number of
electrons per unit volume

Nmin Vc 1 Aw
v, © <V> o <7> 9

Keeping now the filling factor V./V, constant we see that the sensi-
tivity of a 3 em setup as defined in (29) is only /3 worse than of a 1 cm
setup. In addition the power outputs of 3-em klystrons are usually
sufficiently higher than those of 1-ecm klystron to overcome even the
/3 advantage. If RI saturation comes in, the power argument is not
valid, but one has to consider the RF magnetic field H, inside the cavity
which for a given power and @, is prop. to w. Thus at the higher fre-
quencies (1 cm) saturation effects become more pronounced reducing
again the advantage of a 1-cm over a 3-cm setup. In deciding the choice
of the frequency in special cases (e.g., when Aw is a function of the mag-
netic field, or the sample is larger than a skin depth) (29) should be used.

There are, of course, considerations, other than those of max. sensi-
tivity, which have to be taken into account. For example one would
always like to satisfy the condition Aw/w < 1 which favors higher fre-
quencies. On the other hand, for very narrow lines (say less than 0.1
oersteds) fractional field instabilities and inhomogeneities will favor
low magnetic fields, i.e., lower frequencies. One also might encounter
samples which exhibit an excessive loss in a given frequency band which
therefore has to be avoided.

3. Optimum Amount of Sample to be Used

The output voltage AV is proportional to the sample volume and
the unloaded @, of the cavity, see (26). If the sample is lossy an increase
in its size will reduce the @ and therefore reduce the signal. We may
roughly distinguish two limiting cases. In one case the losses are pro-
portional to E? (e.g., high resistivity samples having dielectric losses),
in the other case they are proportional to Hy® (e.g., low resistivity sam-
ples in which the losses are due to surface currents).

a. Losses Proportional to E*

The paramagnetic sample is placed in the region of max. RF magnetic
field for instance at the end plate of a rectangular cavity resonating in
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the TEj mode. The sample extends a distance x into the cavity, = being
assumed to be small in comparison to the wavelength so that H; does
not vary appreciably over the sample. The additional losses due to the
sample will then be proportional to

A f Eq sin® (2—;%) dz ~ C2*
0

whereas the volume of the sample is proportional to z. The observed
voltage change AV is then given by

1
T . (x)
— 4 O

. Qo + o
where @, is the @ of the cavity without sample, and Q' the total @ of
bofch cavity and sample. Maximizing the voltage change AV we get

a(Aav) _ . s _ 1
e 0 s C 50, (30)

Qo' = $Qo

Equation (30) tells us that we should load the cavity with the sample
until the @ is reduced to % of its original value. It should be pointed out
that we optimized the signal and not the more important quantity, the
signal-to-noise ratio. Therefore the analysis is only valid as long as the
noise is not a function of Q,, (see Section VIB) and that we do not
saturate the sample (see Section VIII). If either condition does not
hold the amount of sample to be put in should exceed the above calcu-
lated value.

AV [s9 Q0,V3 <

b. Losses Proportional to Hy’

The losses do not vary along the sample so that we may write

AV « Qo,Vs o« (x)

1

=~ 4+ Cx
@
which clearly has no maximum for 2. One should therefore put as big a
sample into the cavity as possible (compatible with the assumption that
if it be small in comparison to a wavelength), the same result as if one

had no losses at all.

B. Noise Due to Frequency Instabilities

" Before considering the signal-to-noise ratio for specific systems we
will investigate a noise source which is common to all of them. It arises
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from the random frequency variations of the microwave source or from
the random variations of the resonant frequency of the cavity (e.g.,
rising helium bubbles at 4°K or just any microphonics).
From the equivalent circuit of a reflection cavity (see Fig. 2) we can
write for the voltage standing wave ratio
Zin

r - J _1
VSWR Ron? Ron2 +Rn~< L wC>

= o [1 + 7Qo <2A°’>} = g [+ )

where § = Q(2Aw/w) and Aw is the frequency deviation from the
resonant frequency of the cavity. The reflection coefficient I' is then
given by:

2 2
s (1 58) —1 R"n 5 B,
. 0 0
W(1+J5)+1 (r +1> (T+1>

where Ty is the reflection coefficient at the resonant frequency of the
cavity. The other two terms giving the changes in I' for a given fre-
quency deviation Aw. The changes of Aw (or AT) having ac components
near the modulation frequency will thus represent noise terms which
will pass together with the signal through the detection system. The
slide screw tuner (see Fig. 1) which is used to buck out part of the micro-
wave power will introduce an additional reflection coefficient T', 4+ Tz’
Thus the total reflection coefficient will be given by

2 2
Ron 2 Ron

6

a3 12

We are interested only in the magnitude of V (ie., | T [) reaching the
detector. Tuning to the dispersion mode (x’) the slide screw tuner is
adjusted such that I'z’ > I's — T's . Under these conditions the output
noise voltage will be given by

' =Ty —Tr+2 (31)

(), ~2 @j—) @)

Tuning to the absorption (x'’), the condition Ty — TI'z >> TI'x will be
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satisfied and (31) becomes

R0n2 2 R()’IL2 2 2
AVy - )° r 5
<———> ~2 2 (33)
x!

+
v (M + 1>3 (1—‘7‘%2 + 1>4 (T — T')

P

An inspection of (31), (32), and (33) shows that the noise voltage, enters
as a first order effect in 6 when tuned to x’. This is not too surprising
since a frequency effect is expected to affect predominantly the disper-
sion mode. When tuned to x”’ the effect becomes second order as long
as | Ty — Tg | is large. Under those conditions the 2 terms in (33) are of
comparable magnitude. We can easily see the origin of the second term.
It arises from the first order out-of-phase component of the noise volt-
age. Being, however, sensitive only to in-phase components it will be
reduced to a second order effect—as long as | Ty — T'z | is large, i.e., as
long as we have a carrier which makes us insensitive to out-of-phase com-
ponents.* When Ty — T goes to zero (33) ceases to hold and the noise
voltage will be given by (32).

There are two important conclusions to be drawn from (33).

We want to keep Ty — TI'z as large as possible. Therefore in schemes
(like the superheterodyne see section VI E) where this is not feasible,
special care has to be taken to eliminate this noise source.

TFrom (15) we find that the desired signal is proportional to

/()
r r

Comparing this expression with (33) we see that the signal-to-noise
ratio may be improved by increasing Ren’/r, i.e., overcoupling the
cavity until this noise source does not contribute any more. A compari-
son of (15) with (32) shows that overcoupling will not improve the
signal-to-noise ratio when tuned to x’. In this connection it should be
pointed out that only those frequency stabilization schemes can alleviate
the problem of frequency instabilities whose response time is at least of
the order to the inverse modulation frequency since the troublesome noise
components are at this frequency. Some stabilization schemes make use
of the cavity into which the sample is placed as the stabilizing element.
Although this system may be excellent for the observation of x'’ (it is
the only one which can compensate for cavity microphonic), it fails in
the case of x'. The reason is that x” makes itself observable essentially by
a frequency shift which in this scheme would be compensated for.

~ *For a similar reason one cannot avoid an admixture of dispersion to an ab-
sorption signal, when investigating a saturated sample in which x'maz 2> X" maz-
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C. Notse Due to Cavity Vibrations

A noise source which can be very troublesome at high modulation
fields arises from the currents induced in the walls of the cavity from the
modulating field. The interaction of these currents with the de magnetic
field causes mechanical vibrations of the cavity walls. This produces a
signal when tuned to the dispersion, but to first order should give no
signal when one is tuned to the cavity and sensitive to the absorption.
However, any detuning will result in a signal, which, having the right
frequency will pass through the narrow band amplifier and lock-in
detector. Since this signal is proportional to the magnetic field, it will
result in a background signal whose amplitude will vary as the magnetic
field is being swept and thus causing a continuous shift in the base line.
In a rectangular cavity this effect can be greatly reduced by a proper
orientation of the cavity with respect to the de magnetic field. Thisis due
to the fact that by squeezing the broad face of a rectangular cavity
(TEy mode) the frequency decreases, whereas by squeezing the narrow
walls of the cavity the frequency increases. Thus in a proper orientation
the two effects cancel each other out. We found another way of greatly
reducing the effect by using a glass cavity having a silver coating* thick
in comparison to a microwave skin depth but small in comparison to the
modulation frequency skin depth, thereby decreasing the eddy currents
without impairing the mechanical strength of the cavity.

D. Klystron Noise

There is very little data available on presently used klystrons. The
data quoted by Hamilton, et al* are on a 723A klystron. With an IF of
30 me, bandwidth of 2.5-me¢ microwave output of 50 mw they obtained
a noise power of 5 X 107 watts. Expressing their results in terms of a
noise figure N such that the noise power output in the two side bands
Py is given by :

1/P\ P
= A R , = = — ) — =

Pk 2Nk(kT V) N}, 5 <Po> T Ay sPo (34)
Substituting their numerical values one obtains for s

The values for s that we obtained with a 60 me IT are:
Higher mode of V-153 klystron s ~ 1,000 Watt™
Lower mode of V-153 klystron s =~ 3,000 Watt™
Higher mode of X-13 klystron s~ 200 Watt™"
Lower mode of X-13 klystron s~ 400 Watt™

* We are indebted to A. V. Hollenberg and V. J. DeLucca for the making of
the glass cavities and to A. W. Treptow for the excellent silver coatings.

5000 Watt ™.
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The method used to determine the above noise figures is similar to the
one described in Reference 4. The figures are expected to be several times
larger when a 30 me IF is used. (A factor of 2 is quoted by Hamilton,
et al.) It is also worth noting that the relative noise power decreases on
going to higher modes. ‘

E. Signal-to-Noise Ratio for Specific Systems

In this section we will analyze specific systems under varying condi-
tions. The reason why we do not present the analysis of one “The Best”
system is that sometimes a compromise between complexity and sensi-
tivity has to be reached and also because some systems may be superior
at high power whereas others at low powers.

The expression for the noise power Py at the output of the microwave
detector (X-tal or bolometer) is’

PN = (GNK + FAMPL + t — I)UCTAV) (35)
where:

G = conversion gain of the detector (generally smaller than one. A
quantity often used instead of G is the conversion loss L = 1/@).

Nx = noise figure at the input of the detector. Usually due to random
amplitude or frequency fluctuations of the microwave source or the mi-
crowave components (see Section VID).

F amrpr = noise figure of the amplifier
t = noise temperature of the detector

Comparing the equivalent voltage fluctuations of this noise power with

the signal voltage as derived in (26), we get for the minimum detectable

XII

w1 [(GNk + FPave + 1 — l)kTAu]%
Xmin Q(m‘ﬂ' 2GP()

The above relation should apply to all systems. The problem then
reduces to the determination of G, Ny, Fame, and ¢ for the particular
detection scheme. A difficulty arisesfrom the fact that not only are those
quantities a function of the RI power and modulation frequency but
in the case of detectors vary from unit to unit. It is probably for this
reason that the values quoted in the literature are sparse and are not
in agreement with each other. The values used in this analysis for the
X-band barretters (821) and crystals (1N23C) were obtained by us.
Values for K-band crystals can be found in References 6 and 7. It
should also be borne in mind that the values are time dependent and

(36)
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will have to be modified as the “art” of detector manufacturing im-
proves. Also new systems might come into prominence in the near
future. An example would be the use of low noise travelling wave tubes
preceding the detector or even low noise solid state masers.

1. Barretter (bolometer) detection.

The resistance of a barretter is given by the relation®
R = Ry + kP" (37)

For practical purposes n may be taken as unity. The instantaneous power
input to the barretter for a modulated microwave is given by

R Vo

where V, is the amplitude of the microwaves, AV the change of the am-
plitude due to the absorption given by (16), @ the microwave fre-
quency, « the field modulation frequency, and Vg4 the bias on the
barretter. Expanding (38) and assuming that AV /V, < 1 we get, after
throwing out the high frequency terms,

2
P = I:Vo sin Qt( + —V sin wt) + VdQ:I (38)

R=Ro+Ek <PRF + Pae + V[}?V sin wt) (39)

where Pgr is the power in the unmodulated carrier reaching the bar-
retter. It is of course smaller than P, the microwave power from the
klystron because of the power splitting in the magic 7" and the reflection
from the cavity. Taking a reflection coefficient I' ~ 0.5 (see Section IVA),
Pgr/Py >~ 0.1. The desired voltage fluctuation associated with the re-
sistance change is: 6V = I,AR, where

dR dr[ 1
AR = dPAP——(APm+IoAR) =5 1—_12@ APur
* apP (40)
oV zIok(VO—IT:%) sin wi

Iy is the current bias on the barretter which we want to keep constant
for a maximum voltage change 6V.
The power gain of this device ¢ is given by

¢ - Signal Power from Barretter _ sV* J AV g1 o'k’ Prr
~ Power in the Sidebands 2R/ 4R =~ "R(1 — Igk) (41)
— 4]02 PchRF

R — 17k
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The noise figure of the audio amplifier following the detector is given in
general by:

— Requ + RG
Re

where R, is the generator input resistance in this case the barretter
resistance and Requ is an equivalent noise resistor in series with the
generators. The best input tube that we found was the General Electric
GL 6072 triode* for which we measured an R cq at 100 c.p.s. of ~10° Q.
(This is due to flicker noise of the tube and has a 1/f dependence.) If
we were to connect the barretter, having a resistance of ~200 Q straight
to the grid of the input tube we would get a noise figure of ~500. How-

(42)

FAMP

ever, by using a step-up transformer with a turns ratio n > IEQ“ the
B

noise figure of the amplifier can be reduced to nearly unity. We will as-
sume in the following analysis that this has been done.

The noise temperature of the barretter ¢z was thought to be approxi-
mately 2 since it is merely a platinum wire operating at an elevated
temperature. To our surprise the measured value turned out to vary
for different units between 4 and 40.1 The noise figure was measured
on about 20 different units obtained from 4 different manufacturers
(P.R.D.; F.X.R. Narda, Sperry). The reason for this noise is not en-
tirely clear at present. A possible explanation is the non-uniform heat-
ing of the wire which could set up air currents. They in turn can cool
the wire in a random fashion giving rise to an additional noise com-
ponent. An improvement of the noise figure was noted upon evacuating
the barretter. The noise figure of a unit which was initially 10, dropped
to the expected value of 2 after evacuation. However, it should be
pointed out that this cannot be taken as a definite proof for the “air
current theory” since the characteristics of the barretter changed
markedly after evacuation. The sensitivity of the evacuated barretter
went up from 5Q/mW to 200Q/mW which necessitated a reduction of the
de current from 8 to 1.5 mA. Also the response time went up by a factor
of 20, so that the effectiveness of any noise mechanism with a 1/f spec-
trum would be greatly reduced. This approach however looks definitely
promising in trying to design more sensitive and less noisy barretters.
In the present work commercial unevacuated barretters were used, their
noise temperature being taken as 4 in the following analysis. Under

* We are indebted to R. G. Shulman for bringing this tube to our attention.
t One unit which exhibited an extremely large noise figure of 1,000 was elim-
inated entirely. The solder point of the platinum wire was apparently defective.
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those assumptions (36) becomes:

v 1 (kTavN (4 4+ NG
XMIN = Qﬂnﬂ'< PO > < G ) (43)

a. Straight detection

A block diagram of the microwave part of a simple barretter system
is shown in Fig. 6. The attenuator serves the purpose of preventing power
saturation of the sample or burn out of the bolometer at high powers.
By means of the slide screw tuner and magic T’ arrangement one makes
the system sensitive to either the real or imaginary part of the suscepti-
bility.

The characteristics of a typical barretter (like the Sperry No. 821)
are: B = 250 Q; k = 4.5 Q/mW; Pyax = 32 mW. We take the worst
generator noise figure reported, i.e., N; = 5,000 Py (see Section VID).

The ratio of the minimum susceptibility xmix-oss that can be de-
tected with this system to the minimum theoretical value if one were
limited by thermal noise only becomes with the aid of (41) and (43)

1

3 2 PRFPdo :
" 1 1+ 5 X 10°Pgpk” oo
XMIN-0BS _ <4 + ]VKG)2 _ R2(1 — Ik) (44)
77 -
XMIN-TH G s PrpPac
R*(1 — Igk)
1 suoe
—-SCREW
( TUNER
MAGIC
ATTENUATOR T
¥ Pac.
STABILIZED
KLYSTRON | |7
A —p DETECTOR
ISOLATOR
=] -——-CAVITY

<——— Hy+AH SINwt

-—

Fig. 6 — Essential microwave parts of a simple barretter or crystal set-up.
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Fig. 7 — The ratio of the minimum detectable susceptibility to the minimum
theoretical value versus microwave power for 2 different barretter schemes.
Full lines correspond to the predicted sensitivity and dots indicate experimental
values.

Equation (44) is plotted in Fig. 7. From this plot we see that the system
is extremely poor at low powers (which is due to the low conversion
gain of barretters) and also starts getting worse at high powers (due to
the signal generator noise). The latter point is not of great importance
since one can always buck down the microwave power by means of the
slide screw tuner to the desired level. By using the evacuated barretter
as mentioned earlier, the curve in Fig. 7 would be shifted to the left
corresponding to the increased conversion gain.

b. Balanced mizver detection

An improved barretter scheme is shown in Fig. 8. It eliminates the
poor conversion gain at low powers by employing a balanced mixer
into which a large amount of microwave power P, can be fed from the
same signal generator. Since the barretter noise should not be power
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dependent (unlike in crystals) this procedure improves the conversion
gain without increasing the noise. Since a balanced mixer is used the
noise from the signal generator is also cancelled. A necessary precaution
in this set-up is to include extra isolation between the second magic T
and the mixer in order to prevent any microwave power from leaking
through the balanced mixer into the cavity.

For this arrangement (44) becomes:

XMIN OBS \/2 /‘/;! (45)

XMIN -TH
The factor of /2 arises from the fact that we had to split the power
Py in the first magic 7. Since in this scheme we are at liberty to vary
the input power to the barretter we want to maximize G with respect
to P.. For a fixed total power to the barretter given by its burn-out
ratings (i.e., P; -+ Pa. = constant) (41) is a maximum for Py o Pge o
PMAX

. Taking again the data for the No. 821 barretter we get for Gaax
~ 0.5 and for

1

e (46)
XMIN-TH
Since the value of P» can be held constant irrespective of the power
in the cavity, this ratio will be a constant (see Iig. 7).
It should be pointed out that in this system a wrong phasing of arm
P, will result not only in a reduction of the signal, but also in an ad-
mixture of x’ and x’. Therefore after changing the power by means of a

PHASE BALANCED
ATTENUATOR  SHIFTER MIXER
I
STABILIZED . AN
KLYSTRON

—p,

* SLIDE SCREW

ISOLATOR
T 1> /
ISOLATOR \ ,’
BARRETTERS
DIl = — CAVITY
-

Ho+AH sIN wt

Fig. 8 — Barretter system with balanced mixer,
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variable flap* attenuator (which also introduces a phase shift) or after
changing the slide screw tuner the system has to be rephased again. This
makes saturation measurements less convenient than in the superhetero-
dyne system to be discussed in the next section. The obvious advantage
of the homodyne detection scheme is that it requires only one micro-
wave oscillator.

2. Crystal detection

A simple set-up is shown in Fig. 6. Although its microwave components
are identical to the ones used in the barretter scheme, the analysis of
this set-up is more complicated. The reason is that not only do crystal
characteristics vary greatly from unit to unit but they cannot be de-
scribed by one simple relation over the entire range of incident micro-
wave power. One can roughly divide their characteristics into a square
law region where the rectified current [ is proportional to P, (holds for
Py < 107° Watts) and the linear region where I is proportional to
/P, . (holds for Py > 10~ Watts). The output noise of a crystal can be

represented in general by the relation.” *°
2
Py = <‘}§_0 + 1> ETAv T (47)

where f is the frequency around which the bandwith Av is centered. This
relation reduces for the square law region to:

Py = <BZ;“2 + 1) ETAS (48)
and for the linear region to

Py = ("};’” + 1) kTAv (49)
The average values of 8 we determined experimentally are:

B~5 X 10" Watt™ sec™ and

v ~ 10" Watt " sec™*
The conversion gain G of the crystal can be represented by
G = SPgr (50)
in the square law region and by
G = constant = C (561)
Thei)hase shift associated with the Hewlett-Packard X-382-A attenuator is
quite small.

t Values of o for K-band crystals are quoted in References 6 and 7. They differ
however from each other by approximately 3 orders of magnitude.
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in the linear region. Values of S and C for the 1IN23C were found to be
S ~ 500 Watt™ and C =~ 0.3.

a. Simple straight detection

If one does not make use of the bucking possibilities of the magic T
(i.e., eliminate the slide screw turner in Tig. 6) one has the simplest
possible set-up sensitive to x”’. Under those conditions the microwave
power reaching the crystal will be identical to the reflected power from
the cavity. Equation (36) becomes:

XMIN-OBS _ <GNIc + Faup +t — 1>%

77 (52)
XMIN-TH G
With the aid of (48), (49), (50), and (51), this relation reduces for the
1N23C in the square law region to:
" 95 2\}
xmiv-oss _ (1 4+ 5 X 10°Py"
77 - ( 50 P() > (53)

XMIN-TH

and for the linear region to:
124

XMIN-OBS _, (3 < 107P0)% (54)

12
XMIN-TH

A plot of (63) and (54) is shown in Fig. 9. As before the assumption was
made that Prr/Ps >~ 0.1 (see barretter case). The noise figure of the
amplifier Fayp was taken as unity which again can be closely ap-
proached by means of a step-up transformer. The field modulation
frequency was assumed to be 1,000 c.p.sec., although (47) shows that
from a point of view of noise one would like to go to as high a frequency
as possible. However practical consideration such as power require-
ments for getting a given modulation field, pick-up problems, skin
depth losses in the cavity wall usually set an upper limit. The modula-
tion frequency may be also dictated at times by the relaxation times
of the investigated sample.”

b. Straight detection with optimum microwave bucking

From Fig. 9, we see that the straight crystal detection scheme suffers
at low powers because of the poor conversion gain of the crystal and at
high powers because of excess crystal noise. This situation can be
greatly improved by adding some microwave power to the erystal when
the reflected power from the cavity is low (to be referred to as positive
bucking) or subtracting some of the power in the other case (negative
bucking). In this section we will find the improvement over the unbucked
system and the amount of bucking required to effect it.
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Fig. 9 — The ratio of the minimum observable susceptibility to the minimum
theoretical value versus microwave power for different crystal detection schemes.
Fulll lines correspond to the predicted sensitivity and dots indicate experimental
values.

We define the bucking parameter B by the relation
P z = BP RF (55)

Where Pgr is the microwave power at the crystal before and P, after
the bucking is applied. We further assume that after the bucking is ap-
plied the crystals will operate in the square low region. Combining (49),
(50), and (52) and neglecting the term GN; which is small in compari-
son to the other term we get for the bucking scheme:

BB*Prr"\
14 F —
XMIN-OBS _ ame f (56)
X;VIIIN—TH SBPre

In order to find the optimum bucking parameter, we set

d X;\;[IN-OBS _ : 3
7B <-,,——-> = 0 which results in

XMIN-TH

_ Famef :
<B - BP”z) | (57)
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Putting in the numerical values for the 1N23C as quoted previously
we get that B = 1.4 X 107°/Pry . Equation (56) becomes with the opti-
mum bucking parameter " §

2F AMP
XMIN-OBS =18 <F AMPf >% (58)
X;V,IIN-TH B

For the case under discussion this ratio turns out to be ~50 independent
of Py . IFig. 9 shows a plot of (58). The values in parenthesis indicate the
degree of bucking necessary to accomplish this ratio as determined from
(57). It should be noted that the negative bucking can be easily accom-
plished by means of the slide screw tuner in the magic 7' arm (see Tig. 6)
whereas for large positive buckings a scheme like in Fig. 8 has to be
used. (Some positive bucking can of course be also accomplished by
means of the slide screw tuner).

c. The superheterodyne scheme

The RF bucking system just described bears a certain resemblance
to the balanced mixer barretter scheme. In both cases additional micro-
wave power was added to the detector in order to increase the con-
version gain. However in the crystal scheme this resulted in an increase
in noise power whereas this should not be the case with barretters. The
question arises whether a decent conversion gain in crystals has to be
always accompanied by a large noise power. An inspection of (49)
shows that around frequencies of tens of megacycles* or higher the
noise output of the crystal becomes negligible. As pointed out earlier
such high magnetic field modulation frequencies are not feasible. How-
ever in a superheterodyne system the crystal outputs will be at an
intermediate frequency of 30 or 60 me. This will make the flicker noise
components negligible even at high powers where the conversion gain
is good. The conventional way to obtain the intermediate frequency is
to beat the reflected signal from the cavity with a local oscillator (see
Fig. 10) which is removed from the signal generator by the I.IF. fre-
quency. In order to eliminate the noise from the local oscillator a bal-
anced mixer should be employed. The ratio

" _ 3
<x—ff—1§£B—s> becomes then from equ. 52 <€—”’iGt——l> (59)

XMIN-TH
The expression in the brackets is called in radar work' the overall

* It was shown by G. R. Nicoll? that this equation holds up to this frequency
range.
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noise figure of the receiver F. We found that a noise figure of about
11-14 db is easily attainable with commercial I.F. amplifiers and
balanced mixer. This would give us a ratio of
XEV:IIN-OBS ~5
XMIN-TH

which is plotted together with the other crystal schemes in Fig. 9. Al-
though this system does necessitate 2 stable microwave sources, it is not
difficult to operate once they are set-up. This was not considered as a
major disadvantage at least not at X-band. The phasing problem dis-
cussed in connection with the mixer barretter scheme of comparable
sensitivity is eliminated. An additional small advantage is the rugged-
ness of crystals in comparison to barretters and the availability of good
commercial balanced crystal mixers. There are other double frequency
schemes which do not need 2 separate microwave signal generators.
The other frequency may be obtained by amplitude or phase modulating
one signal generator by an IT frequency. The side bands which are pro-
duced in this way are displaced by just the IF frequency and may be
utilized instead of the second signal generator. Schemes of this sort
look particularly promising for frequencies well above X-band in which
case it might prove difficult to maintain the difference frequency of two
separate microwave generators within the band width of the IF.

F. Experimental Determination of Sensilivity Limits

1. Preparation of samples

In order to get an experimental check on the previous analysis,
samples with a known number of spins had to be prepared. Two sets of
samples were made. One consisted of single CuSO,-5H,0 crystals of
varying sizes hermetically sealed between 2 sheets of polyethylene. The
other set consisted of different amounts of diphenyl picryl hydrazyl*
which were similarly sealed up. D.P.H. samples having less than 10"
spins were prepared by dissolving known amounts of the free radical
in benzene and putting a drop of this solution on the polyethylene.
After the benzene had evaporated, it was sealed up with another sheet
of polyethylene. The g-values of CuSO4-5H,0 and D.P.H. differ enough
so that both samples can be conveniently run simultaneously. This
was done in order to check the self consistency of the two sets of samples.
The measured integrated susceptibility of all the D.P.H. samples

* We are indebted to A. N. Holden for supplying us with this material.
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with more than 10'® spins agreed within a few percent with the calcu-
lated value. The calculated value being based on the known amount
of D.P.H. and the measured value being referred to the known amount
of CuS0;-5H:0. D.P.H. samples with less than 10" spins had all a
smaller number of effective spins than calculated. The discrepancy was
more pronounced the smaller the sample. There was also evidence that
the smaller D.P.H. samples deteriorated with time. As a typical example
we quote a sample which started out as 10" effective spins and was
reduced after 4 weeks to 4 X 10" effective spins and another one which
initially had 10" spins, deteriorated in the same time interval to 10"
spins. Since only the smaller samples were noticeably affected, this
deterioration seems to be associated with a surface reaction. It was also
observed that the line width between inflection points of the D.P.H,
samples with less than 10" spins increased from 1.8 oersteds to 2.7
oersteds. This broadening probably arises from a reduction in the ex-
change narrowing mechanism due to the spreading out of the sample.

2. Comparison of experimental results with theory

In checking the sensitivity of the equipment D.P.H. samples were
used and the signal to noise was estimated from the recorded output.
The experimental points thus obtained are shown in Fig. 7 and Fig. 9.
We believe that the results are significant to within a factor of 2, the
main error arising from the estimate of the RMS noise. The band width
of the lock-in detector was Av = 0.03 sec™, @, = 4,000, and the field
modulation used was 3 oersteds p.t.p., 100 c.p.sec. for the barretter
schemes and 1,000 c.p.sec. for the crystal schemes. This large modula-
tion field somewhat distorts the line, but, as mentioned earlier was done
in order to get the full signal. The D.P.H. samples were calibrated
against CuSO4-5H,0 before each run. Even so it was not felt safe to
use samples which had less than 10" spins.

Referring to Fig. 8 we see that for the straight barretter detector the
experimental points agree fairly well with the predicted value, but in the
balanced mixer scheme fall short by about a factor of 4. A possible ex-
planation of this discrepancy is that the barretters were not completely
matched in which case the noise from the local oscillator would not be
compensated for.

Fig. 9 shows the experimental points for the crystal schemes. Tor
powers between 107" W and 107 W the system used fell between the
simple straight detection scheme and the one utilizing optimum RI
bucking. The reason is that it was very easy to obtain a certain amount
of positive bucking (49 db) by merely adjusting one arm of the magic 7'.
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It would however have been a great deal more difficult to obtain the
entire bucking of +22 db at 107" W since a set-up like in Fig. 8 would
have to be used. Thus for the sake of simplicity the extra factor in signal
to noise of 2 or 3 was abandoned. The amount of negative bucking at
the higher powers will be limited by the stability of the bridge. A prac-
tical limit of (40-50) db was characteristic of our set-up. We see from
Fig. 9 that the agreement between the experimentally determined sensi-
tivity and the theoretically predicted sensitivity is satisfactory.

The experimental results on the superheterodyne scheme agrees
again very well with the predicted values up to a power level of 10~ W,
(This corresponds to less than 10 spins in D.P.H.) Above this level T,
(see fig. 10) has to be balanced to better than 40 db to keep the IF carrier
amplitude within the required value. Instabilities in the bridge due to
mechanical vibrations and thermal drifts start to contribute to the
noise. Thus at high power levels the superhet scheme starts to loose
some of its advantages unless special precautions are being taken to
eliminate the above mentioned noise factors. A great deal in this direc-
tion could probably be accomplished by shock-mounting the micro-
wave components and better temperature stability for slow drifts.
Since we were mainly interested in powers below 1 mW, our efforts were
limited to controlling the temperature of the room to +1°C.

Since the superhet scheme was found to be the most sensitive one,
it might be worthwhile to discuss it in more detail. A block diagram of the
set up is shown in Fig. 10.

The signal generator feeds into the magic 7', where its power is split
between arm 2 and 3. Arm 2 has the reflection cavity with the sample,
the reflected voltage being bucked out with the aid of arm 3. For this
purpose arm 3 has a phase shifter and attenuator, an arrangement
which was found to be more satisfactory than a slide screw tuner as far
as stability and ease of operation goes. The desired signal appears then
in arm 4. It is fed into a balanced mixer which receives the local oscil-
lator power from the stabilized klystron II. The output of the balanced
mixer is then fed through the IT' amplifier, detector, audio amplifier and
lock-in detector. The circuits of each of those components is fairly
standard and will not be dwelled upon further. The microwave power is
measured in arm 2 of the magic 7. The power reflected from the cavity
is also monitored in arm 2. This is of great help in finding the cavity
when klystron I is swept in frequency by means of a sawtooth voltage on
its reflector. Since the klystron mode itself might have some dips in it,
(which might be mistaken for the cavity), it proved helpful to display on
the scope the klystron mode simultaneously with the reflected power



480 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1957

from the cavity. This also provides a convenient way to measure the @,
of the cavity.”” The frequency is measured roughly by means of a cavity
frequency meter and more precisely by means of a transfer oscillator and
high speed counter. The magnetic field is measured by means of a nuclear
magnetic resonance set-up, its frequency being measured on the same
counter as the microwave frequency. The nuclear resonance signal is
recorded on the same trace as the electron resonance signal. Thus if the
magnetic field is homogeneous enough, the nuclear sample will see the
same-field as the electronic sample and g-values can be conveniently
determined to the accuracy of the nuclear moment (this also assumes
that the signal is large enough, so that no additional error is introduced
in determining the exact location of the resonance.) The field modula-
tion coils are mounted on the pole faces and are energized by a 50-watt
power amplifier. A field of 50 oersteds p.t.p. is available at 1,000 cps and
a slightly higher field at 100 cps.

The magnet is a Verian 12” modified so that it can rotate around an
axis perpendicular to H,. This was done mainly in order to make
anistropy measurements more convenient. This enables one to make
quick saturation measurements in isotropic materials without having to
change the incident RT power. This is accomplished by rotating the
magnetic ficld and measuring the signal strength versus angle. Since only
the RT field perpendicular to the dc field causes transitions, the signal
in an unsaturated isotropic sample should go as cos? 6; where 6 is the
angle between H; and Hy . From the deviation from this dependence, the
saturation parameter can be found. This could also be done by rotating
the cavity, but at microwaves is not as easy as rotating the field.

VII. A NOTE ON THE EFFECTIVE BANDWIDTH

There seems to be some confusion as to how narrow one should make
an audio amplifier preceding a phase sensitive detector (lock-in) or why
the band width of the IT amplifier doesn’t enter in a superhet scheme.
Those and similar questions have to do with the effective band width
of the system Ar which appears in (26). Since similar questions have
been rigorously analyzed by other authors,’®: 4 the present discussion
will try to stress some of the physical ideas underlying the different
detection schemes.

We consider first the simple scheme illustrated in Fig. 11. It consists
of an amplifier with band width Aw; centered around » followed by a
phase sensitive detector with a reference voltage at V;. The output of
the phase sensitive detector has an RC filter of band width Av,. One
can see that in such a system the only noise components centered around
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v (this being also the reference frequency) in a band width Av, will con-
tribute to the output noise. This is because the beat between 2 noise
components like », and v., (see Fig. 11) is too far removed from »; to
produce an output voltage. (This statement implies the condition that
Av; < v, otherwise the beat between 2v; and »; could come through.)
Thus in this system the band width of the amplifier is immaterial as long
as the noise voltages are not so large as to saturate it.

A more serious situation may arise in the absence of a reference volt-
age. In this case the noise components within the band width Ay can
beat with each other and produce a noise output which would increase
with the band width. This could become especially detrimental in a
superheterodyne scheme in which the IF band width can be a million
times larger than the output band width. It can be shown, however, that
if the carrier voltage V. at the output of the IF is large enough the IF
bandwidth AFr does not enter into the noise consideration™ the cri-
terion essentially is that

Ve > G2kTZAF s (60)

where G is the IF amplifier gain, and Z the input impedance. Condition
(60) means that we want the noise which beats with the carrier to be
greater than the beat between 2 noise terms. Since the former is propor-
tional to the carrier, its predominance can be easily ascertained experi-
mentally by increasing the IF carrier and noting whether the noise
output increases proportionally. If it does, (60) is fulfilled.

v, | AMPUFIER | PHASE v RC F”'ATER v
—wl{TuNED TOX Y2 | SENSITIVE 2 LAM Vo | V4
DETECTOR an
An LOCK -IN T
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L
%
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Fig. 11 — Effective band width of a phase sensitive detector Avesr = Ays.
Note that the band width of the amplifier does not enter as long as Av; < vy .
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In order to see what maximum gain G' (60) imposes on a typical sys-
tem we assume AFyy = 5 X 10° c.p.sec. Z = 10°Q; V, ~ 1V. Under
those conditions we get from (60) that G has to be smaller than approxi-
mately 10°. If on the other hand @ is very small the signal level at the
audio amplifier input is so low that the flicker noise of the detector can
still come in. A good practical figure for the IF amplifier gain is around
60 db.

VIII. SATURATION EFFECTS

In all the previous considerations RF power saturation effects were
neglected, i.e., we have assumed that the power absorbed is proportional
to Hy®, where H, is the RF magnetic field. When this assumption is no
longer satisfied, the question of sensitivity has to be re-examined for
different degrees of saturation. However it is difficult from an experi-
mental point of view to change the conditions of the experiment for each
degree of saturation and therefore an elaborate analysis of this case
does not seem to be warranted. However it might be of interest to see
the effect on the in phase component of the signal at complete or nearly
complete saturation

The change in output voltage for a reflection cavity is (15)

| AV = Vrva“ﬁ+”2
and from (4)
AT—T = %—? = 4myQox”

The RF magnetic field in the cavity is given by
= CQo(1 — TP, (71)

where C is a constant dependent on the geometry of the cavity the re-
flection coefficient. Assuming a simple homogeneous saturation be-
haviour we substitute for x'/ the saturated value of x."".

144

X " — Xu - Xu" (72)
: 14+ ’)/12H12T1T2 1 + 712T1T20Q0(1 - I‘z)Pin

where x.”’ is the unsaturated value of the susceptibility and P, the

power from the microwave source.

4

AT = 4@ Xu
T 2 TiT.Q0(1 — T9) P

(73)

and- the output voltage AV.
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_ Ron® xu )
AV = Vors———rd i
\V = /2 B & )27* anol v 8 o N Y (74)
Tor a high degree of saturation
V' T TCQo(1 — TPy > 1
and substituting for .
2
F = ——— -
R0n2
r +_1
we get:

Pm’)’l Tl T2C

The above relation shows that under saturated conditions the @ of the
cavity does not enter and one might as well not use one or use a very
much overcoupled cavity. This is one of the reasons why in microwave
gas spectroscopy,* where lines are easier saturated a cavity is not used.
(The more important reason is that in most cases one sweeps the fre-
quency of the source, so that a cavity is difficult to use.)

Equation (75) also shows that the signal and also signal to noise goes
down with increasing RI' power. The above argument does not hold for
the out-of-phase (dispersion) signal, in particular it breaks down com-
pletely for signals observed under fast adiabatic passage conditions.'
For the latter case one wants as high an RF field as possible.
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The Determination of Pressure Coefficients
of Capacitance for Certain Geometries

By D. W. McCALL
(Manuseript received February 15, 1955)

Lzpressions are dertved for the pressure coefficients of capacitance of
parallel plate capacitors subjected to one-dimensional and hydrostatic
pressures and of cylindrical capacitors subjected to radial compression. The
derivations apply to systems in which the dielecirics are isotropic, elastic
solids.

I. INTRODUCTION

The electrical capacitance between two conductors separated by a
dielectric is a quantity which can be calculated with ease only in certain
geometrical arrangements of high symmetry. Even the classic example
of parallel plates presents major difficulties as one may only perform the
calculation exactly for the case of plates of infinite area or vanishing
separation. The approximation becomes poor when (area)?/ (separation)
becomes small and the theoretical treatment of edge effects is sufficiently
difficult that it has not been solved though the solution would greatly
facilitate dielectric constant measurement.

When pressure enters into the situation as a variable the difficulties
are enhanced as one must be able to describe the geometry effects as
well as the change in dielectric constant.

The engineers responsible for designing submarine cables are con-
fronted with the necessity of knowing the manner in which capacitance
depends upon pressure as may be illustrated in the following way. A
submarine telephone cable is composed of a central copper conductor
surrounded by a sheath of dielectric material. Due to the extreme
length repeaters must be placed at intervals, the separation being deter-
mined by the attenuation of the cable. The attenuation, «, of a coaxial
telephone cable may be written

a = (G/2)(L/C) + (R/2)(C/L)!
where @ is the conductance of the dielectric per unit length, C' the
485
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capacitance, I the inductance, and R the conductor resistance per unit
length. The second term contributes about 99% of the attenuation.
Considering only this term we deduce

(1/)(3/0P) = (1/R)(OR/IP) + (1/2C)(8C/aP) — (1/2L)(3L/oP)

Accurate knowledge of the coefficient (1/C)(dC/dP) is thus essential
in designing very long cables which are to be exposed to high pressures.

In evaluating dielectric materials for use in cables it is often desirable
to make measurements on sheet specimens rather than cable. It thus be-
comes necessary to be able to translate sheet data into cable data. It
is the purpose of this paper to analyze the problem of calculating pres-
sure coefficients of capacitance for certain simple geometries and to
consider the methods of measurement which have been used. It will be
shown that results of theory and experiment are in as good agreement,
as can be expected but more accurate measurements of electric and
elastic properties are needed.

The equations which will be derived are also necessary if one wishes
to determine the dependence of dielectric constant on pressure using
any of the geometries described herein.

The problems treated in this paper are particularly simple and amen-
able to mathematical treatment but many problems encountered in sub-
marine cable design are at present subject to solution only by empirical
means. - F'undamental investigations of the effects of pressure on dielectric
materials are needed.

1I. THEORETICAL TREATMENT

In the following treatment we consider that the dielectric substance
is an elastic solid which obeys Hooke’s law. We denote the relative per-
mittivity or dielectric constant by e, the permittivity of free space by
& ,* the principal stresses and strains by 7. and e;;, the density by p,
the compressibility by &, and Poisson’s ratio by o.

?E_
aP
One of the quantities which will be needed in the evaluation of

19C o Loe
C aP £ oP

As ¢ is not dependent on the geometric configuration it can be calculated

A. Calculation of %

* ¢ = 8.86 X 10712 farads/meter.
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in general and the result applied to each of the special cases to follow.
A relation between dielectric constant and density is required and
usually, when dealing with non-polar dielectrics, one assumes that the
Clausius-Mosotti relation gives the proper dependence. That is

e —1
T35 = (constant) p (1)

This formula may be differentiated to give
1ae _(e—=1D(+2)13

e oP 3¢ p OP @)

In the theory presented herein, (1) will be used though it is at best an
approximation. Corrections to the Clausius-Mosotti formula' which
have been given do not seem applicable to polymer dielectrics and in-
troduce parameters which must be fitted.

B. The effect of a One-Dimensional Pressure Acting on a Disc

Consider a one-dimensional pressure, — P, acting along the axis of a
circular dise of dielectric material with electrodes affixed to opposite
faces. Assume the disc is constrained such that no lateral displacement
can oceur. Let ¢ be the thickness and A the area of the disc.

The capacitance of such a capacitor is given by the equation

C = eg »4
t
so the desired pressure coefficient is

——————— ®)

where use has been made of the condition that the area is constant (i.e.,
no lateral displacement). Hooke’s law states

k

Czz = m [T:cx -0 (Tyy + Tzz)] (4)
k

Cyy = m [7'111/ - O'(Txx + Tzz)] (5)

€2z = g(lf—zg) [7'22 - O'(Ta:x + Tyy)] (6)

1 C. J. F. Bottcher, Theory of Electric Polarisation, Elsevier Publishing Co.,
Amsterdam, 1952, p. 199 et. seq.
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We assume the z-axis lies along the disc axis so 7,, = —P and by sym-

metry 7., = 74. The condition of no lateral strain states e,, = ¢, = 0
which when combined with (4) gives

Tez = Tyy
l1—o¢

Using the last result with (6) we obtain

om T (12)
= 3 \1—o¢o

and
w18 1o (1) o
P toP  poP 3\l —o¢
Combination of (2), (3), and (7) results in
1oC [ —DE+2 ]lc<1+a>
55_15_[ 3e tlz\i== ®)

C. The Effect of a Hydrostatic Pressure Acting on a Disc

Assume that conditions are similar to those considered in section B
except that e,, = e, = 0 is now replaced by

Tor = Tyy = Tzz = —P.
The area is no longer independent of pressure so

19C _1d9e 19t , 194

Cop~sop 1P TAwp ©)

- Hooke’s law, (4), (5), (6), now becomes

—kP ,.
ey = 30 (’L=x,y,z)
Thus

laP . _(ea:z;"l"eyy"l"ezz) _

) Al =k (10)
194 _ (ex:c+eml) _ __2k

AdP P 3 (1
1o e _ K (12)
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Combination of (2), (9), (10), (11), and (12) results in

18C _ (8—1)(£+2)_1
Cap [*“—“38 é]k (13)

D. The Effect of a Radial Pressure Acting on a Cylindrical Annulus

Consider a radial pressure acting normally to the axis of a cylindrical
annulus to which electrodes are affixed to the inner and outer surfaces.
Let the inner and outer radii be a and b respectively and assume the
cylinder is filled with an incompressible substance so that the inner
radius is not pressure dependent. The capacitance per unit length is
given by

C¢=27r££°
b
In -
a
SO
19C 1o 1 10
CoP 9P lngbaP (14)
a

We employ cylindrical coordinates (r, 6, z) where the z-axis is taken along
the cylinder axis. Hooke’s law becomes

k

Crp = :’3(1—__27) [Trr - 0'("'00 + Tzz)] (15)
e = __F [roe — (0 + 720)] (16)
3(1 — 20) "
€z = ——Zc_“' [Tzz - O'(T + 780)] (17)
* 31 — 20) ”
Equilibrium of an arbitrary volume element demands®
Trr = A +'B;‘ (18)
7
and
B
Tog = A b 7-“2 (19)

where A and B are constants with respect to spatial coordinates. (4
2 J. Prescott, Applied Elasticity, Dover Publications, New York, 1946, p. 330.
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should not be confused with the electrode area used in previous sec-
tions.) We assume '

e, = 0 for all (r, 0, 2) (20)
e = 0forr =a (21)
and T —Pforr =10 (22)

Manipulation of (15) through (22) allows the evaluation of the con-
stants A and B as

2
PR S
a? b?
p + (1 = 20)
and
g Y —20P
b2
2T 0 - 20)
Thus
lap _err+69€+ezz .
SP- P yields
1op _2(1 + o)k’ 1
- 72 b2
pdP 3 a % + (- 20 (23)
Also
13b _ ems _ k(L + o) [1 b2:| 1
hap - T | pe
baP P 3 a %-I— (1 — 20) (24)
Combining (2), (14), (23), and (24) we obtain
b2 a2
1eC 2 (1+U)E2 (e — e+ 2) 1_6_2’
car " 3| e

E. The Case ¢ = %

The equations derived above reduce to the expressions one would
obtain if the dielectric were considered to be a compressible fluid when
o is set equal to 1.
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Equation (8) for the parallel plate arrangement becomes
1aC _ [(e — 1)(e + 2)
CoP 3¢
while (13) is unaltered. The difference between the two cases arises

from the fact that in (13) the area was allowed to vary while in the former
case it was not. The deviation of

+ 1] k (26)

100
C 9P
from (26) when o # 0.5 is given by the factor

1<1+a'>
3\l — ¢

The capacitance-pressure coefficient for the cylindrical configura-
tion, (25), becomes

2

a
1 -2
1aC | (e =D+ 2) b2
) Tl @7
2111&

The deviation of
1aC
C 9P
from the value given in (27) when ¢ 5 0.5 is thus given by the factor
]
9 (1 + 0) 32
3 b2
P + (1 —20)

III. APPARATUS

The experimental arrangement employed to investigate the validity
of (8) is shown in Fig. 1.* Pressure was applied by means of a Baldwin
tensile testing machine. The cell makes use of a “sandwich’ arrangement
wherein two disec samples (2”7 in diameter, 0.050” thick) of dielectric are
pressed between three brass electrodes, the outer electrodes being
grounded. The capacitance thus formed is well shielded and stray capaci-

* This cell was designed by C. A. Bieling.
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tances are minimized. Lateral displacements are kept small by an annular
ring of steatite ceramic which is in turn surrounded by a ring of Ketos
steel. Pressures of 23,000 Ib on the two-inch sample discs have been
applied without damaging the cell.

Although measurements could be made with ease in this cell it is not
without disadvantages. The steatite ring has a rather high dielectric
constant which tends to increase fringing effects. These effects are fur-
thermore pressure dependent since the electrode separation varies as
pressure is applied. Also loss measurements could not be obtained as
leakage along the steatite surface was larger than the leakage through
the samples of the polyethylene-butyl rubber compound investigated.

An attempt was made to eliminate fringing effects by making meas-
urements on samples of varying thickness and extrapolating to zero
thickness but results were too uncertain to be of quantitative value.
The uncertainty resulted from the inability to cast the sample dises
with uniform thickness an effect which becomes pronounced with very
thin samples. It was possible, however, to estimate the total stray
capacitance in this manner and it was found to be about 10 per cent of
the sample capacitance and only slightly dependent upon pressure.

PRESS PLATEN

HOT
LEAD b7

Low Loss/
STEATITE >
CERAMIC  [|l} ™SSme—e oo \=
\ \
\ KETOS
PRESS PLATEN \ STEEL

1
\
A
i}
\

A
Y

4 BRASS
~~ELECTRODES

Fig. 1 —“‘Cell employed to measure (1/C)(9C/aP) with sheet specimens under
one dimensional pressure.
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Also, due to non-uniformity of the thickness of the specimens, it was
found that the capacitance-pressure coefficient was larger at low pressures
than at high pressures. This was apparently due to the initial squeezing
out of voids between the electrodes and samples and the difficulty was
removed by applying silver paint electrodes to the sample discs.

A Western Electric capacitance bridge was used to make capacitance
measurements with this cell. The temperature was kept at 25°C and
the humidity of the room was maintained at 50 per cent. The frequency
used was 10 ke.

It is believed that the fact that the steatite is much more rigid than
the specimens makes this experimental arrangement closely approximate
the assumptions made in deriving (8) (i.e. lateral strains are negligible).
It is important, however, that the specimens be cut to fit the steatite
ring very closely.

Experiments which correspond to the cyhndrlcal capacitor under
biaxial stress have been performed as follows.* The specimens in this
case were lengths of cable which consisted of a copper wire central
conductor surrounded by the polyethylene-5 per cent butyl rubber
compound. b/a was 3.87 in most of the measurements but some data
were obtained for b/a = 4.68 (actual dimensions 0.620”7/0.160” and
0.750”/0.160”). Twenty foot lengths of cable were placed in a long tank
provided with a seal at one end. The end of the cable inside the tank
was closed such that the center conductor was isolated. The tank was
then filled with water which served as the outer conductor, tap water
having sufficiently high conductivity. Pressure was applied by the
water.

A Leeds and Northrup capacitance bridge was used and the measure-
ments reported were made at 10 ke.

IV. RESULTS

It is experimentally observed in all the cases considered that plots of
C versus P are nearly linear for polyethylene-5% butyl rubber. This
may be shown to be in agreement with the foregoing theories as follows.
Equation (8) may be written

fC(P)dlnC=f0P[w+l] [1+U]dP (28)

C(0) 3¢

* The investigation of radial compression on ¢ylindrical (cable) specimens was
carried out by A. W. Lebert and O. D. Grismore of Bell Telephone Lahoratories.
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The integrand is approximately constant so

CP) |-+ 2) E[1+4 o
lnow)=[ 3¢ +1]§[1—a]P

and

C(P) = C(0) exp {[w + 1] g I:i—;;] P}

kP =2 107" for the highest pressures used in the present expefiments and

[emtes ]

is of the order of unity so the exponential may be expanded as

C(P) = C(0) {1 + [(-5:—1—;,?—@—) + 1]2[1 : Z] P}

This treatment applies only to dielectries for which ¢, k, and ¢ are in-
sensitive to pressure. Equations (13) and (25) may be treated similarly.

Values obtained experimentally and theoretically for polyethylene-
5% butyl rubber are compared in Table I. The experimental values
represent averages of many measurements. Agreement is considered
adequatebut more careful experiments are needed. The necessary param-
eters assumed in making these comparisons are:

e = 228
k= 2.14 X 10~%/psi
o = 0.50

TABLE I — EXPERIMENTAL AND THEORETICAL VALUES FOR PoLy-
ETHYLENE-5 PErR CENT BuTrYyrL RUBBER

£ 22 (/10 psi)
Sample Pressure
Experimental Theoretical
Sheet . .b./ ...... Gy one-dimen?ional 3.3* 3.7%
a=387............. radia 2.4 2.2
Cable {b/a =468 radial 2.2 2.22

* This value has not been corrected for stray capacitance. Such a correction
would tend to make the agreement between experimental and theoretical results
better.
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V. SUMMARY

Equations relating electrical capacitance and pressure have been
derived for plane capacitors under one dimensional and hydrostatic
pressures and cylindrical capacitors under radial pressure. The dielectric
material has been assumed to be an elastic solid but the relationships
also apply to fluid dielectrics when Poisson’s ratio is set equal to 3.
Experiments corresponding to the assumptions have been described
briefly and experimental results are found to be in agreement with the
theoretical predictions.

The results are of practical value in making estimates of the de-
pendence of attenuation of submarine cables on pressure. The equations
may also be put in forms useful for determining the dependence of the
dielectric constant on pressure from capacitance measurements.
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ERRATA

The Effects of Surface Treatments on Point Contact Transistor
Characteristics by J. H. Forster and L. E. Miller, B.S.T.J., 35, pp.
767-811, July, 1956. Figs. 3, page 776, and 10, page 787, were inad-
vertently interchanged.

Cable Design and Manufacture for the Transatlantic Submarine
Cable System by A. W. Lebert, H. B. Fisher and M. C. Biskeborn,
B.S.T.J, 36, pp. 189-216. Table I, page 3, the material for type B
armor wire should be medium steel instead of mild steel. Page 207,
the equation for Zg should read

b
Zy = 7; log —]g— ohms
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Reading Rates and the Information Rate of
a Human Channel

By J. R. PIERCE and J. E. KARLIN
(Manuscript received August 31, 1956)

The limitation on the rate at which information can be transmitted over an
ordinary telephone channel is a human one. In this study people read words
as fast as they were able to; from these results some deductions are made about
the capactty of a human being as an tnformation channel. The discrepancy
between human channel capacity measured thus (40-50 bits/sec) and tele-
phone and television channel capacity (about 50,000 bits/sec and 50,000,000
bits/sec respectively) is provocative.

INTRODUCTION

In communication over an ordinary telephone channel, the limitation
on the rate at which information can be transmitted appears to be a
human one. For instance, by use of a vocoder, the required channel
capacity can be reduced greatly with only a moderate reduction in the
quality of the reproduced speech.!

It would be of great interest to measure the information rate necessary
to provide a satisfactory sensory input to a human being. It is not clear
how this could be done. Something which may be related and for which
a lower bound can be measured is the capacity of a human being as an
information channel.

An evaluation of and understanding of the limitations on the informa-
tion rate of the human channel might ultimately be of practical im-
portance for two reasons, First, it might help to tell us what sort of task
to set a human being when he is necessarily a part of a system involving
information transmission. Thus, a man can transmit information faster
by reading than by tracking. Secondly, the understanding might some-
what illuminate the problem of the channel capacity necessary to provide
a satisfactory sensory input, and so might help to reduce the channel
capacity required in electrical communication between human beings.

Previous investigations indicate?  ® that reading aloud attains the
fastest rate at which a human being can be demonstrated to transmit

497
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information, as contrasted with, for example, typing, playing the piano,
or tracking.*

The work presented here, while undertaken independently, is in
general similar to and in agreement with that reported for reading rate
experiments by Licklider, Stevens and Hayes,2 and by Quastler and
Wulff.? However, we have considered some factors in more detail than
these workers, and also, contrary to the former group, we find that,
under optimal conditions, reading with tracking has a lower information
rate than reading alone.

The chief problem investigated was:

(1) Taking people as they are, with no additional training, how fast,
in bits per second, can they transmit information by reading?

(2) What principal factors control this limiting rate?

The experimental procedure consisted simply of people reading aloud
as rapidly as they could typed lists of words. Each list was composed of
a single vertical row of 12 groups of 5 words, giving a total of 60 words
per page. In each instance, the words were chosen at random from a
given vocabulary of words. If » is the number of words in the vocabulary
and if the words are chosen with equal probabilities, and if all words are
read correctly,t the amount of information which is conveyed or trans-
mitted through the human being measured in bits is*

logs m bits/word

When the vocabulary for a particular experiment has much fewer
than 60 words, certain words must necessarily be repeated several times
within a list. When the vocabulary is much greater than 60 words, repe-
titions are necessarily few and differences in reading rate among different
vocabularies would be expected only if the vocabularies differed in
nature, as in syllable length or familiarity of words.

Unless otherwise specified, each result quoted below is the average
reading speed for two lists for each of three readers, chosen as repre-
senting fast, medium and slow readers for people with at least a high
school education. The results on these three readers are substantially
similar to those on ten similar readers used in preliminary experiments.
The chief experiments performed, and some interpretations of them,
follow under numbered headings. Some supplementary experiments are
then"described briefly and the over-all results are commented on.

* Here tracking means succeséively pointing to a series of marks.

t In preliminary experiments the reader’s voice was recorded, and it was found
that errors in reading aloud occur very scldom if ever.
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PRINCIPAL EXPERIMENTS
Lxperiment 1: Effect of Vocabulary Size

The larger the vocabulary size the higher the information rate con-
veyed by a given word reading rate. However, one might think that it
would be possible to read randomized lists of, say, 4 words substantially
faster than lists of 8, or 16 or more words.* How is the word rate affected
as the vocabulary size increases? ‘

To investigate vocabulary size as such, it is necessary as far as possible
to avoid the influence of differences in word length or familiarity. To
this end, words in each vocabulary were chosen at random from the 500
most common words in the language;® a few words were then changed so
as to keep an average of 1.5 syllables/word for each vocabulary. Figs.
1(a) and 1(b) show parts of typical lists for vocabulary sizes of 2 and
256 words respectively. The order of reading the different size vocabu-
laries was randomized.

Tig. 2 shows that reading rate is essentially independent of vocabulary
stzes from 4 to 266 words when familiarity and word length are kept fairly
constant. The reading rates for the three readers for the 256-word vo-
cabulary are 3.8, 3.7 and 3.0 words/sec, giving information rates of 30,
30 and 24 bits/sec respectively.

The word rate for a 2-word vocabulary is systematically a little greater
than for larger vocabularies. This effect, which is statistically significant,
is best seen in Fig. 2 in the average curve (dashed). The writers feel on
the basis of subjective impressions that this may result from a tendency
to group words in pairs in recognizing and speaking them. Among 2
words there are only 4 ordered pairs. It is apparent from the data that
no such effect is noted among the 16 ordered pairs occurring with the
4-word vocabulary.

The last point on the curves in Fig. 2 illustrates the importance of
familiarity and word length. When words are taken at random from a
5,000-word dictionary (12.3 bits/word), the reading rates drop to 2.8,
2.7 and 2.1 words/sec, yielding information rates of 34, 33 and 26 bits/sec
respectively, which are very close to the rates 30, 30, 24 for the 256-word
vocabulary.

However, these dictionary lists involve some unfamiliar words and
average 2.2 syllables/word.

* When the light is very dim, the reading rate is slowed, and is faster for small
vocabularies than for large vocabularies. Reading tests were done at normal light

levels, which are very much brighter than those at which a slowing due to inade-
quate illumination is observed.
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Experiment 2: Effect of Word Length and Familiarity

It was not clear from Experiment 1 how much of the drop in word
rate for the dictionary list was affected by decreased familiarity and how
much by increased word length.

These two variables were then untangled in a separate experiment.
Word lists were prepared which kept both length and familiarity rela-
tively constant for a given list. The words were chosen from a list of the
20,000 most frequently encountered words in the language.® Reading
rates were measured for the thousand most familiar words, for the ninth
to tenth thousand most familiar, and for the nineteenth to twentieth
thousand most familiar words.

The results are shown in Figs. 3(a), (b), and (¢). There is considerable
consistency among readers as to the relative effect of length and famili-
arity. The most familiar trisyllable words, for example, are read about
as rapidly as the least familiar monosyllables.

A confirmatory demonstration of the effect of familiarity upon reading
rate is shown in Fig. 4. This shows reading rates for randomized lists of
eight nonsense words averaging 1.5 syllables/word (e.g., jevhin, tosp)
which are necessarily totally unfamiliar when the reader first encounters
them. As the reader becomes more familiar with the words on successive
readings, his word rate increases until he approaches the rates of familiar
words in Fig. 2.

Experiment 3: Preferred Vocabulary for Increasing Transmission Rate

The transmission rate is the product of the reading rate and the
logarithm to-the base 2 of the vocabulary size. To maximize the rate we

Fig. 1 — Parts of typical lists for vocabulary sizes.

grew foot
action tomorrow
grew count
grew issue
action rain
action month
grew earth
grew cook
action build
action corner
grew yard
action : history
grew forest
action pleasant
grew wrong

(a) (b)
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Fig. 2 — Reading rate is essentially independent of vocabulary sizes under
certain conditions.

must make each of these factors large. As Fig. 3 indicates, reading speed
tends to decrease as vocabulary size increases. From the data in Fig. 3,
a rationale (shown in Appendix I) was developed for use in searching
for an improved vocabulary which would maximize transmission rate.
This indicated that the 2,500 most familiar monosyllables chosen with
equal probability should form a very good vocabulary and one which is
simple to construct and use. For a 2,500-word list we have 11.3 bits/
word.

Reading speeds for such preferred lists were 3.7, 3.4 and 3.0 words/sec,
giving information transmission rates of 42, 39 and 34 bits/sec. Some
data on the distribution of this rate found among Bell Telephone Lab-
oratories employees is given in Fig. 5.

Experiment 4: Prose and Scrambled. Prose

The experiments above were all with discrete words. Reading rates
for non-technical prose* are appreciably higher — 4.8, 4.7 and 3.9
words/sec for the three readers. However, such prose has a good deal
of redundancy. Shannon? arrives at a figure of around 1 bit/letter for a

* Extracts were taken from New York Herald Tribune, the novel “East River”’
by Sholem Asch, “Vermont Tradition’”’ by Dorothy Canfield Fisher and the
Scientific American. Such material was chosen as being of the same sort of prose

as was used by Dewey? in his word counts from which Shannon’ made his estimate
of information content of printed English.
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27-word alphabet including the space, or 5.5 bits/word for the average
of 4.5 letters/word plus one space following a word. Newman and
Gerstman?® give a figure of 2 bits/letter. It is quite uncertain, however,
what the true value may be. Table I compares the information rate for
the preferred list with that for prose assuming 5 and 10 bits/word.

‘When words were taken at random from the same prose sources, the
reading rates dropped to 3.7, 3.3 and 2.7 words/sec. These rates are
about the same as for the preferred list.

The information content of scrambled prose can be estimated much
more accurately than that for prose, since the correlations associated

5.0
(@) READER A
4.5
\ FAMILIARITY
4.0 o 1-1000
4 10,000-11,000
3.5 o 19,000-20,000

7”?

<Y
2:0 N
i —

(b) READER B

o

N
W b
15 (=]

w
o

n
.
W

WORDS PER SECOND

g
o

o

(C) READER C

W »
[ o

3.0

2.5

1 2 3 4 5
SYLLABLES PER WORD

Fig. 3 — Effect of word length and familiarity.
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Fig. 4 — Confirmatory demonstration of the effect of familiarity upon reading
rate.

with word order have been removed and the bits/word depend only on
the frequency of occurrence of words in prose, which is known. Thus,
Shannon’ gives a figure of 11.82 bits/word which applies to scrambled
prose, provided the prose has the same word frequencies as that from
which the statistics were derived. The information rates for words from
a 5,000-word dictionary (Experiment 1) for the preferred lists, and for
scrambled prose are given in Table II.

The information rate for scrambled prose is less reliable than the
others, because we are not sure that the word frequencies used by
Shannon apply to the prose used by us, but we used the type of material
cited by the reference he quotes. It is clear that the information rate
for secrambled prose is high as compared with most other lists.

Table IT shows the gain which may be made by fitting the task to the
human being — in this case, by choosing a suitable word list. We may
note that the gain appears greater in the case of reader A than in the
case of reader B. This need not be experimental error. One would sup-
pose that there are optimal lists for individuals. Indeed, if we compare
Tigs. 3(a) and 3(b) we see that for reader A the word rate for mono-
syllables drops by a factor 0.72 in going from the first thousand to the
tenth thousand, while for reader B the drop is only a factor 0.88. This
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F1g. 5 — Distribution of reading rates for preferred vocabulary.

indicates that the optimal list would be somewhat different for reader A
than for reader B. More extensive data would, however, be required to
confirm this hypothesis.

Experiments not described here in detail showed that reading rates
for digrams (successive pairs of words related as in English text) are
intermediate between those for prose and discrete words.

Experiment 5: Effect of Multiple Channels

Licklider! has found that when the reader attempts simultaneously to
perform a tracking operation while he is reading, his reading rate re-
mains almost unimpaired, and the tracking information is added to
that of reading alone. This two-channel transmission gave him his
highest rate of transmission. We obtained the reverse finding. Reading
the preferred list gave us our highest transmission rate. Simultaneous

TaBLE I
Information Rate (bits/sec)
Material
A B C
Preferred list. . ..., 42 39 34
Prose (5 bits/word).................... 24 23 19
Prose (10 bits/word).:................. 48 47 39
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TaBLE II
Information Rate (bits/sec)
Material
A B C
5,000-word dictionary................... 33 33 26
Preferred list. .......................... 42 39 34
Scrambled prose. .................. L. 43 39 32

reading and tracking gave a lower total transmission rate. However,
Licklider and we agree on the magnitude of this maximum — between
40 and 45 bits/sec for facile test subjects.

Measurements on combined reading and tracking rates were made in
Experiment 5 using words from the preferred lists. Whereas Licklider’s
readers made a dot within a box next to the word read, our readers
placed a dot as close as possible to a vertical line next to the word read
(e.g. dog |-). The computation of transmission rate is shown in Ap-
pendix II. The reading-while-tracking rates were 2.4, 2.0 and 1.4 words/
sec. The computed information rates are given in Table III.

It may be seen that the reading rate during tracking dropped so much
that the two channels together give a total information rate less than
those for reading the preferred list alone. Licklider’s reading lists were
words chosen randomly from a dictionary and are presumably not chosen
optimally for maximum information rate — his information rates for
reading alone were 30-35 bits/sec, as compared with the 32-43 bits/sec
found here for the scrambled prose and preferred lists. However, if we
assume that our reading-while-tracking rate, which is much slower than
the reading rate for secrambled prose or for the preferred lists, is limited
largely by tracking, we might have obtained a slightly higher informa-
tion rate in reading-while-tracking by using a larger list of words. This
is suggested by the fact that Licklider’s and our experiments obtain
about the same reading-while-tracking speeds.

Tasre III
Information Rate (bits/sec)
A B c

Reading (while tracking)................ 26.6 22.1 15.4
Tracking (while reading)................ 10.7 11.0 11.7
Reading and Tracking. . . 37.3 33.1 27.1
(Rates for same word list from Experx-

ment 3 —reading only) .. ... ......... (42) (39) (34)
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Experiment 6: Lffect of Physiological Utterance Limitations

One of our best indications that the maximum reading rate of a
subject is determined by mental rather than by physical limitations is
that discrete word lists were read no faster silently than aloud. This
may appear contrary to very high silent reading rates widely quoted.
This can be explained by the fact that in reading much prose we do not
and need not recognize every word in order to get the sense. Presumably,
if an author made every word say something, his prose could not be
read with understanding at such high rates.

We can also show in another way that the mere uttering of the words
does not determine the reading speeds observed. A memorized prose
phrase (“This is the time for all good men to come to the aid of their
country’’) was repeated several times at rates of 7.5, 9.1 and 8.4 words/
sec for the three readers.

Fig. 6 compares word rates for repeating a phrase with the word rates
previously discussed. The radically faster rate for repeating a phrase is
not the only feature to be observed in this figure; the three readers are
not in the same order of speed as is preserved through the reading
experiments. This would suggest that it is word recognition rather than
speaking speed which accounts for differences among the reading rates
of different people.

.| REPETITIVE
| PHRASE

o
5
o 6
@
PROSE
)
w SCRAMBLED
0 PROSE  "PREFERRED"
g 4 LIST
o READING
e

__ WHILE __|
1 TRACKING

READER A Bé A [od A BC A BC A BC

Fig. 6 — Effect of physiological utterance limitations,
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DISCUSSION AND SUPPLEMENTARY EXPERIMENTS

Conclustons from Principal Experiments

The conclusions which can be reached with reasonable assurance from
these experiments are rather narrow. They might be stated:

1. Information is best transmitted through a human channel by
means of well-chosen acts (reading well chosen words in this case) in-
volving many bits per act, that is, much choice per act. Cutting down
drastically the bits per act does not substantially increase the speed at
which the individual act is accomplished.

2. The lower bound of information transmission through the human
channel of rapid readers seems to be about 43 bits/sec. This estimate is
a little higher than that found by Licklider,? and may be close to a
limiting rate.

3. This limiting rate can be achieved by the simple act of reading
either randomized lists from suitably selected words or scrambled prose.

4. Both familiarity and length of words are important in determining
reading speed. The relative effect of these two variables on reading speed
is rather complex.

Beyond these narrow conclusions, there is much understanding yet to
be achieved in the general field of the speed of human mental and
physical responses and operations. Thus, it seems worth while to men-
tion other experiments which were done in the course of the present
investigation and experiments carried out by other workers, and to
speculate somewhat concerning the whole of this experimental work.

Multiple Tasks

The reading-while-tracking experiments touch on an important prob-
lem. We have all heard of wireless operators who can receive and sub-
sequently type out a message while carrying on a conversation or playing
chess. There is nothing in this feat to indicate an information rate greater
than that we have found. Actually, the rate of receiving prose by Inter-
national Morse Code by ear is around 0.58 word/sec;? this is slow com-
pared with the rates we have considered.

Our experiments with tracking followed experiments in which words
in the lists were randomly printed in red or black, and in which the
subject spoke red words in a louder tone of voice than black words, or
pressed one key for red words and another for black words. In these
cases, the added information, one bit per word, was so small as to make
no clearly discernible difference in information rate for the large vo-
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cabularies. The speed for reading loud and soft was less than for reading-
while-keying. This may imply something about the relative efficiency of
human beings performing two tasks by using two sets of muscles as
against using one set in two different ways.

It is common experience that we can walk about and carry out other
simple tasks while talking or thinking, It is possible though not obvious
that some sort of automatic, almost purely reflexive response — as,
moving the left hand when the right hand is touched — could with
practice be carried out quite independently of a task such as reading.
The information rate for such responses would be small, the experimental
error would make it difficult to settle the question, and the interpretation
of such an experiment would not be entirely clear.

The Patterns Which Govern Reading Time

Early in the experiments the question was raised whether readers may
not read letter by letter or syllable by syllable. Several findings bear on
this.

Fig. 3 shows clearly that the reading time for a two-syllable word is
much less than twice the reading time for a one-syllable word.

One of us knows a negligible amount of German. German syllables are,
however, reasonably familiar. It was found that in reading German
aloud he had the same reading rate in syllables per second as a man
whose native language was German had in words per second. The two
readers had substantially the same reading speed in English. Presumably
in reading German one man recognized syllables and the other recog-
nized words. This also reinforces the conclusion that reading rate is not
limited by the time taken to utter words.

Some experiments were done using lists of common Chinese characters
and lists of the corresponding English words. Average word rates over
three lists for two readers who could read both languages are given in
Table IV. The slightly lower rate for English is plausibly explained by
the fact that Chinese was the reader’s native language. All words were

TaBLE IV

Words/sec
Reader

Chinese Words English Words

==

2.3
. 3.2

2.7
3.3
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Fig. 7 — Patterns governing reading time."

necessarily monosyllables in Chinese and happened to be monosylla-
bles in English.

In one case a word is made up of a sequence of letters, each standing
for a sound, and in the other it is made up of a number of strokes which
are meaningless individually, yet in each case a word is taken as a unit
or pattern requiring nearly the same time for reading. ,

We found that the rate for reading arabic numerals is substantially
the same as for reading familiar words. Each numeral is an individual
pattern to be recognized.

In a first effort to find the effect of syllable length on reading rate,
a subject read several lists made up respectively from vocabularies of
16 single-syllable, 16 two-syllable, 16 three-syllable, and 16 four-syllable
words. None of the words was very unfamiliar to start with, and all were
presumably very familiar after the subject had read several randomized
lists composed of the same words.

The outcome of the experiment is shown in Fig. 7. For comparison,
the points associated with the lower straight line are #ime for 60 words
for repeating, as rapidly as possible, a one-, a two-, a three- and a four-
syllable word. The points on the upper curve are reading time for 60
words for the randomized lists of the familiar one-, two-, three- and four-
syllable words.

In dealing with such groups of highly and uniformly familiar words,
it appears that, roughly, a certain time is required to recognize the word
regardless of length, and this time governs the reading rate up to the
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TasLe V
Words/sec
Reader
Scrambled Prose ’ Scrambled Paragraph Prose
A 3.7 4.0 4.8
B 3.3 3.7 4.7
C 2.7 2.9 3.9

point at which the reader is uttering words continuously as fast as he
can. This is consistent with a strong subjective feeling that what limits
the rate is the difficulty of ‘“recognizing’ the word as one looks at it,
and that once the word is recognized one can utter it while recognizing
the next word.

It would of course be wrong to conclude from this experiment that
multisyllable words are in general recognized as quickly as single syllable
words, for it would be possible to recognize one among a known group
of 16 multisyllable words without looking at the whole word. Indeed,
Fig. 3 indicates a substantial difference of reading rate between one- and
two-syllable words of like frequency of occurrence. This was not ob-
served in reading the specially familiar lists of one- and two-syllable
words.

Why is prose read faster than scrambled prose? It might be that some
short phrases are recognized as individual patterns. However, there is
another factor at work. A scrambled paragraph of prose is read slower
than the same paragraph in its natural word order but faster than
scrambled prose from a book or a long stretch of prose, as can be seen
from Table V.

It should be noted that reading speed differs for different prose, and
that when comparisons among prose, scrambled paragraphs and scram-
bled prose are made, similar material should be used.

The fact that a scrambled paragraph is read faster than scrambled
prose might be explained by saying that we expect, we are more ready
to recognize, words which are repetitions of earlier words or words which
are closely related in sense to earlier words than we are unrelated words.
Thus, the greater reading speed for prose than for scrambled prose seems
to be due only in part if at all to the recognition of phrases rather than
words as individual patterns.

Rate of Mental Processes

The rate at which information passes through a human channel in
reading experiments is indisputable. Quastler® has attempted to go
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beyond this and estimate information processing rates in the brain from
the performance of lightning calculators, by dividing the performance
of the calculation into a sequence of tasks equivalent to consulting
memorized multiplication tables and performing additions. It is hard to
interpret such a study clearly, for it is quite possible that there are many
sorts of mental acts which take different times to perform, just as multi-
plication and addition take different times in an electronic computer.
A tentative experiment we performed indicated something of the sort.

Randomized lists were made up from vocabularies (a) of names of
common animals and vegetables in equal numbers, and (b) of common
men’s and women’s names in equal numbers. In reading these, a subject
was asked, not to read the word aloud, but merely to press one key with
his right and another key with his left hand; in (a) left-animal, right-
vegetable; in (b) left-man, right-woman. The same subject later read the
lists aloud. Pressing keys took 40 per cent longer than reading aloud.
(The additional time is not related to the keying operation itself; for a
2 word list, for example, keying speed is much faster than reading speed.)
Presumably an additional mental operation was involved, but it was not
one for which the time was equal to that for reading. This experiment
was not pursued further, partly because no clear conclusion could be
drawn from it. Had it been pursued and randomized lists of the same
words used repeatedly, the rate might have gone up. Conceivably, cow
and horse could become for a subject merely different ways of spelling
left, and lettuce and carrot variant spellings of right. In this case we
would end with a two-word reading experiment.

Reading Rate as a Psychometric Datum

It is interesting to speculate on the possible relationship of reading
rate to general intelligence or some other aptitude. Certainly, Fig. 5
indicates some such relationship. We might also ask in connection with
Fig. 3, does a rate which falls less rapidly with frequency of occurrence
indicate a larger vocabulary, and can we measure vocabulary by reading
speed tests? Certainly, measuring the speed of reading aloud is very
simple, and such tests might have some psychometric utility.

The Channel Capacity Required for Satisfactory Communication

In conclusion, we cannot help but wonder that the highest information
rate noted — 43 bits/second —is so much lower than the channel
capacity™ of a telephone or a television circuit (around 50 thousand

* This is the limiting channel capacity given by (2.1) of Appendix IL. The prac-

tical rate at which binary digits can be sent over a telephone circuit with simple
equipment is less than 1000 bits/second.
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bits/second for telephone and 50 million bits/second for TV). This
would not be surprising if the limitation we observe had been one of the
speeds at which words can be uttered, but it appears rather to be a
mental one, one of recognizing what is before the eyes. To the authors,
it seems reasonable that this mental limitation may apply to a human
being’s ability to absorb information, that is, to the information rate
needed to present a satisfactory sensory input to a human being. If it
does, then why do we need so much channel capacity to convey to him
an acceptable sound or picture?

This can be explained in part by the inefficiency of our present com-
munication methods. Despite its present imperfections, the vocoder
makes it clear that clearly understandable speech can be transmitted
using far less channel capacity than that required in ordinary telephony.!

However, it is quite likely that even with the most efficient of en-
coding means we will have to use far more than 43 bits/second for a
picture transmission channel. While only a portion of the image of the
transmitted picture falls on the fovea at any instant, we can cast our
eyes on any portion of the received picture. If the pick-up camera device
and the received picture followed eye movements, a much less detailed
picture would serve. Even with our eyes fixed, we can concentrate our
attention on a particular part of our field of vision, and this is something
that the pick-up camera cannot track. There may be similar effects in
our apprehension of sounds.

In the light of present knowledge it is impossible to estimate the
minimum channel capacity required to transmit sound and pictures in a
satisfactory manner. It will take work far beyond the measurement of
reading rates to enable us to make such an estimate.
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AppPENDIX I
ON OBTAINING GOOD VOCABULARIES

The experiments in the body of the paper indicate that the choice of a
good vocabulary is important in attaining a high information rate in
reading lists of words.
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In these experiments the randomized lists may be regarded as an in-
formation source consisting of a sequence of code elements or symbols
(words) in which there is no correlation between successive symbols. If
in making up the lists the sth word of the vocabulary is used with a
normalized probability p, , the entropy in H in bits per word, and hence
the amount of information per word, is

H = = p, log; p, bits (1.1)

If all words appear with an equal probability 1/m where m is the number
of words in the vocabulary, as in the case of experiments 1-3, p; is 1/m
for each of the m words and in this special case

H = log.m (1.2)

In the case of scrambled prose, for instance, the probabilities are
different for different words. This will be true also if in making up word
lists we choose words randomly from a box containing different numbers
of different words.

Let ¢, be the time taken to read the sth word of the vocabulary. Let
us assume that ts is the same for the sth word no matter what context that
word appears in in the randomized list. If this is so, the average reading
time per word, ¢, will be

=2 ps (1.3)
the word rate will be 1/¢, and the information rate R will be

H Z Ds 1Og2 Y
R=eZ=2r (1.4)
t Z Dsts

Suppose we have available a vocabulary of words and know the
reading time ¢, for each word. The problem is to choose p, in terms of ¢,
as to maximize K. This is easily done; however the result can also be
obtained as a special case of the problem treated in Appendix 4 of “The
Mathematical Theory of Communication.”* In Shannon’s £;;*?, the sub-
scripts %, j refer to passing from state ¢ to state j. In our case there is
only one state, and £;;” should be identified with ¢, for all ¢ and j.
Similarly, we identify p.;” with p,. €' is the maximum rate, so log,
W = C. Shannon’s equation
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becomes
ps = 27T (1.5)

since there is only one B.
Shannon’s determinantal equation

| 2w — 8y =0

becomes
> o7 =1 (1.6)

In (1.5) and (1.6) we have a means of evaluating p, in order to attain
the maximum information rate K.

The data we actually have concerning words is that for some class s
of words, say, the monosyllables in the 8,000-9,000 words in order of
familiarity, the reading time has some value {¢,, presumed to be the
same for all words in the class, and that there are N, words in this class.
In this case we must assign to each word in the sth class the same prob-
ability p, given by

p, = 2% 1.7
and we must have

S Ngps = 2, N27% =1 (1.8)

Using the same amount of data given in IFig. 3, for the 20,000 most
common words, but for a different reader, estimates werc made of N,
and ¢; for all the classes consisting of words of each number of syllables
in each range of occurrence of 1,000 words. Then the optimum values of
p; for words in each class and the maximum rate R were computed.

Using (1.4), rates were also computed for choosing words with equal
probability from among the first m thousand words and from among
the first m thousand monosyllables, as functions of m. These rates had

TasLe VI -
Nature Comﬁil;./e;le%{ate,
Maximum Rate‘ .............................................. 33.5
Maximum for equi-probability monosyllables (from first 8,000
WOTAS) + v v v ettt et et e e e e e 32.4
Maximum for equi-probability among words of all lengths
(first 5,000 WOrds) ... ..ottt s 30.2
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maxima for vocabularies of optimal sizes. Table VI compares the various
rates computed.

As it is much easier to make up lists from the 2,500 monosyllables
among the first 8,000 words with equal probabilities than it is to make
up lists from among all words with a different probability for each class,
and as the information rates computed were close together, the former
alternative was chosen.

The use of scrambled prose provided an easy way to make up good
lists.

ApprENDIX II
TRACKING EXPERIMENT

A well-known formula for channel capacity R in bits/sec is*
P,
R = Blog; <1 + 1—3—> (2.1)

This gives the limiting rate at which information can be transmitted
over a channel with a bandwidth B by a signal of power P, , in the pres-
ence of a gaussian noise of power P, , with an error rate smaller than any
assignable number.

In most cases, the actual rate is much smaller than this limiting rate.
In general, the rate is the entropy of the received signal minus the
entropy of the noise. In the particular case of a gaussian signal source as
well as a gaussian noise, each represented by 2B samples a second, the
calculation based on entropies gives exactly (2.1). Let us then apply
(2.1) to the tracking experiment.

Suppose that a large number N of samples do have a gaussian dis-
tribution of mean square amplitude z2. Suppose that we make an error
d, in reproducing the nth sample, that these errors are gaussian, and
that the mean square error is d?

F=r Xl

We see from (2.1) that ideally we can use these reproduced samples
to transmit M bits of information where

N 22
M = log: <1 + §> (2.2)

In the reading and tracking experiments, randomized words from the
2,500 commonest monosyllables were arranged with equal vertical
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spacings but with various horizontal positions. To the right of each word
was a short vertical line. The distances x, of these lines from the vertical
centerline of the paper were obtained from a list of random numbers
with a gaussian distribution such that for the list 22 = 1 inch. Of course,
22 for each list would depart from this value. As the words were read, the
reader used a pencil to make a dot as near as possible to the correspond-
ing vertical line. I'or cach sheet, the departures d, from the vertical
lines in inches were measured and g2 was computed. The number of bits
M for pointing for that sheet were then taken as

N 1
M = 3 log, (1 + c?) (2.3)
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Binary Block Coding

By S. P. LLOYD
(Manusecript received March 16, 1956)

From the work of Shannon one knows that it is possible to signal over an
error-making binary channel with arbitrarily small probability of error in
the delivered information. The effects of errors produced in the channel are
to be eliminated, according to Shannon, by using an error correcting code.
Shannon’s proof that such codes exist does not provide a practical scheme
for constructing them, however, and the explicit construction and study of
such codes is of considerable interest.

Particularly simple codes in concept are the ones called here close packed
strictly e-error-correcting (the terminology is explained later). It is shown
that for such a code to exist, not only must a condition due to Hamming be
satisfied, but also another condition. The main result may be put as follows:
a close-packed strictly e-error-correcting code on n, n > e, places cannot
exist unless e of the coefficient vanish in (1 + x)¢(1 — x)* ¢ when this is
expanded as a polynomial in z.

I. INTRODUCTION

In this paper we investigate a certain problem in combinatorial
analysis which arises in the theory of error correcting coding. A develop-
ment of coding theory is to be found in the papers of Hamming' and
Shannon?; this section is intended primarily as a presentation of the
terminology used in subsequent sections.

We take (0, 1) as the range of binary variables. By an n-word we mean
a sequence of n symbols, each of which is 0 or 1. We call the individual
symbols of an n-word the letters of the n-word. We denote by B, the
set consisting of all the 2" possible distinct n-words. The set B, may be
mapped onto the vertices of an n-dimensional cube, in the usual way,
by regarding an n-word as an n-dimensional Cartesian coordinate ex-
pression. The distance d(u, v) between n-words w and » is defined to be
the number of places in which the letters of v and » differ; on the n-cube,
this is seen to be the smallest number of edges in paths along edges be-
tween the vertices corresponding to « and v. The weight of an n-word u

517
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is the number of 1’s in the sequence u; it is the distance between u and
the n-word 00- - -0, all of whose letters are 0.*

A binary block code of size K on n places is a class of K nonempty dis-
joint subsets of B, where in each of the K sets a single n-word is chosen
as the code word of the set.t Each such set is the defection region of the
code word it contains, and we shall say that any n-word which falls in a
detection region belongs to the code word of the detection region. The
set consisting of those n-words which do not lie in any detection region
we call limbo.f A close packed code is one for which limbo is an empty
set; i.e., a code in which the detection regions constitute a partition
(disjoint covering) of B, .

A sphere of radius r centered at n-word u is the set [v:d(u, v) < 7] of
n-words v which differ from u in » or fewer places. A binary block code is
e-error-correcting if each detection region includes the sphere of radius e
centered at the code word of the detection region. We say that a binary
block code is strictly e-error-correcting if each detection region is exactly
the sphere of radius e centered at the code word of the detection region.

This paper is devoted to the consideration of close packed strictly
e-error-correcting binary block codes. We shall refer to such a code as
an e-code, for brevity. Hamming' observes that a necessary condition
for the existence of an e-code on 7 places is that

1+n—l—%n(n—1)+---+<n> (1)

€

be a divisor of 2". In this paper we derive an additional necessary condi-
tion. Our condition includes as a special case a condition of Golay® for
the existence of e-codes of group type, and applies to all e-codes, whether
or not they are equivalent to group codes.§

* If B, is regarded as a subset of the real linear vector space consisting of all
sequences e = (a1 , @2, -+ - , an) Of n real numbers, then the ‘“weight’’ of an n-word

is simply the £; norm (defined as || a |1 = ZI” | en |), and our ““distance’” is the

metric derived from this norm.

T The term ‘““block code’, due to P. Elias, serves to distinguish the codes of
fixed length considered here from the codes of unbounded delay introduced by
Elias, Reference 3.

1 In a communications system? using such a code, the transmitter sends only
code words. If, due to errors in handling binary symbols, the receiver delivers
itself of an n-word other than a code word then: (a) if the n-word lies in a detec-
tion region, one assumes that the code word of the detection region was intended;
(b) if the n-word lies in limbo, one makes a note to the effect that errors have
occurred in handling the word but that one is not attempting to guess what they
were.

§ The terms ‘“‘group alphabet’ (Slepian®), ‘“systematic code’” (Hamming!?),
“symbol code” (Golay?), “check symbol code” (Elias?), “‘parity check code’, are
roughly synonymous. More precisely, a group code is a parity check code in which
all of the parity check forms are homogeneous (“‘even’’), so that 00 --- 0 is one
of the code words; see Reference 5.
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II, DISTRIBUTION OF CODE WORDS

Suppose an ¢-code on n places is given. Let us inquire as to the dis-
tribution of weights of code words. We denote by », the number of code
words of weight s, 0 £ s £ n, and by

Gl) = ;0 e @)

the generating function for these numbers, with « a complex but other-
wise free variable. We show in this section that G(z) satisfies a certain
inhomogeneous linear differential equation of order e.

If there exists an e-code on n places then this differential equation will
have G(x) as a polynomial solution; the necessary condition for the
existence of an e-code on 7 places given in Section 4 is essentially a
restatement of this fact.* Tfirst, however, we must derive the differential
equation and obtain its solutions.

If w, is a code word of the given e-code (1 £ a = K), define the set
of j-netghbors of we as the set of n-words which lie at distance exactly 7
from w, ; designate this set by S;(we.). (So(w.) is the set whose only
element is w, itself.) Our derivation is based on the observation that, in
an e-code on n places,

K e
Uuu Sj(wa) = B, T (3)
a=1 j=0

is a partition of B, . For, the detection regions:

Y

S,'(wa), 1 é o é If
0

7
are disjoint, and in each such sum representing a detection region the
summands are disjoint (the distance function being single valued).
Furthermore, each n-word of B, lies in some detection region (close
packed property) and hence appears in one of the sets S;(w,) for some
a and for some j satisfying 0 < 7 < e.

The set

!l Sj (wa)

* The author is not yet able to demonstrate the converse. That is, suppose one
obtains a polynomial solution G(z) of (11), below, satisfying appropriate boundary
conditions, and from it some coefficients »; , 0 < s < n. It does not follow from
the methods of this article that there is actually some e-code on = places for
which these », represent the number of code words of weight s.

T U = set union,
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consists of the n-words which are j-neighbors of some (not specified)
code word; let us refer to these n-words simply as j-neighbors. Denote by
v;,. the number of j-neighbors which are of weight s (with »,, = »,, as
above). Applying (3) to the n-words of weight s, we see that

vs+u,,s+~--+ve,,=<">, 0<s=n (4)

S

is the total number of n-words of weight s. If we multiply (4) by <’ and
sum on s, we have

G@) + Gi@) + - + Gz) = 1 + )" (5)
where’
Gl(x) = ; Vi,sxs (6)

is the generating function (with respect to s) for the numbers »;,; .

We now express G;(z), 0 < j < e, in terms of G(x). Suppose code
word w is of weight s; that is, w consists of s ones and n — s zeros in
some order. A j-neighbor of w is obtained by choosing j places out of n
and changing the letters of w in these places, 0’s to 1’s and 1’s to 0’s. If,
in this procedure, q of the 1’s of w are changed to 0’s, so that j — ¢ of
the 0’s are changed to 1’s, then the resulting j-neighbor of w is of weight

s — q + (7 — g). Now, there are <Z> ways of choosing ¢ places among

the s where the letters of w are 1, and there are independently <;L ___ Z>

ways of choosing 7 — ¢ places among the n — s where the letters of w
are 0. Thus, of the (?) different j-neighbors of w, the number (Z)

J , v
tributing 1-2°¥7?? to the generating function G;(z) of (6) (provided
0 < j = e, so that there is no overlap); hence, summing over all j-neigh-
bors of a code word and then over all code words,

GAx)—Zwi()("_s)x”"“’q 0=jse* (O

q= J— 4q

(n : ;) are of weight s + 7 — 2¢. We may regard each of these as con-

From the easily verified polynomial identity
(x + 9°A + 2"~ Z y ZO< >(n B ;) gt
£

* The limits (0, ») on the ¢ summation are merely for convenience; the bi-
nomial coefficients vanish outside the proper range, under the usual convention.
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(n, s integers, 0 £ s = n) it follows that
~(s\(n — 8\ s+i-2 _ 1 (9«' + v’ (1 + 9«‘?/)”_a
B0)G 20 - am [H

where contour C is, say, a small circle around the origin, taken posi-
tively. Thus

G,(ZIP) Z (:B + J) (1 -+ @y )n—s y

=0 2w yitt
1 (1 + ay)” <vs+y> (8)
Imide yitt G\g + 2y %y

where the operator L; is thus defined. Change of integration variable
gives
1 — 2HH G(2) dz

2 ox (1 — z2)r#(z — )it
e S .0

J! 921 (1 — gz)n—itl |,

_ 5’: (n — p) 2P — 2P dPG(x)
Jj—p p! dz?

(with C a small circle enclosing = but not 2, 2* 5 1). Thus L; may be

regarded as a linear differential operator of order j, (L, = 1).
Using this result, (5) may be given the form

A+ 2" =[Lo+ Ly + --- + LJG(=)

LjG (x) =

9)

1y n x—l—y)
=5 c—l—-(1+xy)G< Ty dy  (10)
= MG(x)

this last expression as a definition of operator /. Written as a differential
equation, (10) is
. pe—p _ D
> -z) x) 2, (" p) PO g
p=0 =0 r dz? )

It is stralghtforward that the only singularities of this equation are
regular singularities® at @ = =1, «.

III. THE DIFFERENTIAL EQUATION

In this section we discuss (11) without reference to the fact that G(x)
is supposed to be a generating function. That is to say, with n and e
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fixed but arbitrary non-negative integers, we denote by
Gl@) = Y va' (12)
=0

any solution of (11) regular in the unit circle.
It proves convenient to introduce certain functions f,:(z) defined by

fut@) = (1 4 )51 — 2)"F
= g,) es(n, £)z°

where the coefficients ¢,(n, £) are given by

=3 ("7 E) (14

(13

=0 S —7r

Here, £ is to be regarded as a free complex variable. By (1 + 2)*(1 — a)"*

we mean exp (£ log (1 + 2) + (n — £) log (1 — x)), each logarithm

vanishing at * = 0. As a function of z this function is single valued in,

say, the z-plane cut on (—«, —1] and [1, =), and the series (13) con-

verges to it in: |2 ] < 1. '
Binomial coefficients are defined by

()= st

=1 —s+1)

o s> 0

when ¢ is not an integer, and ¢,(n, £) is seen to be a polynomial in ¢ of
degree s:

R (Z) (15)
The recurrence relation
eo(n, &) + e1(n, &) + -+ + @s(n, §) = @e(n — 1, §) (16)
obtained by expanding the various factors [ ] in the identity
[+ 2))1 — 2)" 811 — 27 = [ + 20 — )"

is an important one. We note also for reference that

900("7 E) =1
es(n, m — § = (_l)sﬂoc(n: 5)
et = (7) (a7

ot s )



BINARY BLOCK CODING 523

valid for all n, £ and non-negative integers s. We see, by the way, that
e(n — 1, n) is simply the Hamming expression (1).
The function f, :(z) has the property that

. 4y _ far@)fas(y)
Tnt (1 + my) I ENENE (18)

at least if, say, given z, | | is small enough. From this and (8) for the
operator L; it is apparent that

Lifni(@) = 0i(n, E)fni(x) (19)
Similarly, using (19) and (16), or directly from (10) for the operator M,
Mfne(x) = [Lo + Ly + -+ + Lelfu (@)
= @o(n — 1, E)fap(x)

If £ is one of the roots of the polynomial ¢.(n — 1, £) then (20) be-
comes

(20)

M@A + 2)%1 — 2)" % =0

If we assume for the moment for simplicity that ¢.(n — 1, £) has e
distinct roots £, 1 £ B = e, then (11) has as complementary function

ﬁi A1 + DB — 2)"
=1

where the 4z are e arbitrary constants.

Fortunately, the function (1 + z)" = f,,.(z) is also a member of the
family (13); hence

M1+ 2)" = en — 1,n)(1 + 2)"
and the function
(1 + =)"
_ oe(n — 1,n)

is a particular integral of (11). [We see from (17) that ¢.(n — 1, n) does
not vanish in cases of interest.] Finally, when the roots of ¢.(n — 1, £)
are distinct, the general solution of (11) must be of the form

I CIE S L -
G(z) = m + ‘;1 Aﬁ(l + x)gﬂ(l — ) e (21)

If o.(n — 1, £) has multiple roots then the general solution will con-
tain additional terms

(const.) (1 + z)8(Q — z)" % [log 1+ x]“ (22)

1—2z
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i.e., the u™ derivative of f,.:(x) with respect to & with u any positive
integer less than the multiplicity of root & .

Before applying these results to e-codes in detail, let us derive a cer-
tain modification of (21). First, we see from (17) that if » is a positive
integer, then n is not one of the roots of g.(n — 1, £). If the roots &
of p.(n — 1, ) are distinct and if 45, 1 < 8 = ¢, are any e numbers
then a polynomial 6(¢) of formal degree ¢ is uniquely determined by the
e + 1 conditions:

0(£B) = (Eﬂ - nkpe,(n - 1’ Sﬂ)Aﬁ ’ 1= B = 67* (23)
o(n) =

using, e.g., the Lagrange interpolation formula. It is obvious that G(z),
(21), may be expressed in terms of this polynomial as

1[0+ = )
2m Jr (& — n)e.(n — 1,8)

where T is any simple closed contour surrounding the roots: n, &, &,

-, & of the denominator of the integrand; (the numerator is an entire
function of ¢ provided 2* # 1).

Analysis a little more detailed shows that even if ¢.(n — 1, £) has
multiple roots the general solution of (11) can be represented in the
form (24), again with 6(¢) any polynomial of formal degree ¢ such that
6(n) = 1. The ¢ constants of integration appear as the ¢ -+ 1 parameters
of 0(¢) restricted by 8(n) = 1.t

Expansion of the integrand in (24) according to (13) yields the form

1 es(n, £)0(£)
2ri Jr (f — n)e.(n — 1, 8)

for the coeflicients of G(x), (12).
If we denote by

G(z) = d¢ (24)

dt §s=0,1,2, .- (25)

Vs =

L@ = Ga) = 3 s’ . (26)

the result of applying the operator L; to any solution (24) of (11), then
it is straightforward that

(1 4+ 2)'1 — 2)"*pi(n, £)0(2)
Gi(e) = W r (¢ — n)e(n — 1,8 @ @

* The prime denotes differentiation with respect to &.

1 If G(z) of (24) is to satisfy (11) it is sufficient that 6(¢) be any functmn regular
within (and on) I and that 6(n) = 1, as may be easily verified, Since G(z) depends
on 8(¢) only by way of the values of 0(£) at. the zeros of the denominator in (24),
the condition that () be a polynomial of formal degree e serves merely to deter-
mine (£) uniquely for a given solution G(z).
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and that

o 1 Sos(n’ S)ﬁpi(n: 5)5(5) — N
Vie = 2_71'7/ r (& — n)SDe(n -1, 2) df’ s=014 (28)

(An interesting reciprocity v;,. = vs,; is apparent from (28). In an e-code
one has (number of j-neighbors of weight s) = (number of s-neighbors
of weight 7) only for 0 = s, 7 < ¢, since L,G(x) is the generating func-
tion for j-neighbors only if 0 < 7 < e.)

IV. BOUNDARY CONDITIONS
The coeflicients v, , (25), of any solution of (11) satisfy the relation:

me e = [ g g (29)

27t JrE — n

by virtue of (16) and the normalizing condition 6(n) = 1.
With v an integer such that 0 = v = ¢, denote by

G (z) = > AL (30)

§=0

a solution of (11) which satisfies the ¢ boundary conditions

Vo(‘y) — yl(‘/) — . — V1—1(7) =0

1

V7+1(7) — y7+2(7) — . — Ve(v) =0 (3 )

We must have »,{” = 1 in such a solution, from (29). Thus the condi-

tions (31) are equivalent to specifying the values of G (2) and its first

e — 1 derivatives at the ordinary point 2 = 0 of (11), so that such a
solution G (z) exists and is uniquely determined.®

Given an e-code on n places, each n-word of B, lies at distance e or
less from exactly one code word; namely, the code word to which it
belongs. In particular, the n-word 00- - -0 must lie at distance e or less
from a single code word. That is to say, there is exactly one code word
in the sphere of radius e centered at 00---0. If this code word is of
weight v, then the generating function for the given e-code can be none
other than the solution G*”(z) of (11) defined in the preceding para-
graph.

If there exists an e-code on 7 places in which the code word of least
weight is of weight v, then there can be derived from it an e-code on n
places in which the code word of least weight is of weight ¥’, where v/
is any integer satisfying 0 < +’ < e. The transformation is that of choos-
ing certain places among n and then changing the letters of each n-word
of B, in these places, 0’s to 1’s and 1’s to 0’s. (Such a transformation
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corresponds to one of the operations of the orthogonal group which
leaves invariant the n-cube representing B, .) Metric properties in B,
are invariant under such a transformation, clearly, and an e-code is
transformed into an ¢-code. Thus if there exists any e-code on n places
then (11) must have ¢ 4+ 1 distinct polynomial solutions G*”(x), satis-
fying boundary conditions (31) for each case v = 0, 1, - -+ , e.

In (25) for the coefficients v, , move contour I' out to a circle sufficiently
large that the expansion

1 _ el n (const.)
(¢ —n)e(n — 1,8)  2%H gt

converges on I'. Suppose that the polynomial 6(£), of formal degree e, is
of actual degree f: 6(¢) = ¢’ + 0 ™), ¢ # 0, where 0 < f < e. Then
the numerator of the integrand in (25) is of the form: (2°ct**//s!) +
0(£*™™), and it is clear that

=0 O0=s=e—f—1

+ .-

elc
S TR

Hence, if 6 (&) denotes the polynomial which gives G‘”(z) in the repre-
sentation (24), then 6" (£) must be of actual degree ¢ — .

A particularly simple case is the one y = e; the polynomial §‘(¢)
must be of degree zero, and is determined by the normalization as
9”(¢) = 1. Thus

© 1 a4+ 2a -2
R N T Wk (#2)
From this we have immediately the following

Theorem: If there exists an e-code on n places then the equation
@e(n — 1, £) = 0 in £ has e distinct integer roots.

Proof: If there exists an e-code on n places, then there exists an e-code
on 7 places in which the code word of least weight is of weight e¢. The
solution (32) of (11) must be the generating function for this e-code;
hence (32) must reduce to a polynomial of formal degree n. If p.(n — 1, £)
had multiple roots then noncancelling logarithmic terms (22) would
appear in the () of (32). Thus ¢.(n — 1, £) must have e distinct
roots £, 1 < B = e. Each solution (1 + 2)*(1 — 2)"* of the homo-
geneous equation appears in G*”(z) with nonvanishing coefficient:

1
(& = med(n — 1, &)

Ag
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Since G?(z) must be a polynomial in «, it must be expressible as a
polynomial in 1 + x; hence each root £3 must be an integer.* (It is not
necessary to require further that 0 < & = n, since it follows easily from
(14) that any real root of g.(n — 1, £) satisfies 0 = £ =< n — 1 provided
n and e are integers such that 0 < ¢ = n.)

As a corollary we have that if e is odd then » must be odd. This follows
from the theorem and the fact that 2(n — 1) is a root of p.(n — 1, &)
when e is odd, from (17).

We consider next the casey = 0. If 00---0 is a code word, then its
e-neighbors are the n-words of weight e. Furthermore, the n-words of
weight less than ¢ belong to the code word 00- - -0, and can be e-neigh-
bors neither of 00---0 nor of any other code word. Hence it must be
true that

GO0 — (jj) o + 0@ (33)

With G.© () represented in the form (27), divide the factor ¢.(n, £)6¥ (%)
in the numerator by the denominator; the result will be

eun, 0V E) = [(£ — nen — 1, Hlg®) + 7(®) (34)

with quotient ¢(£) a polynomial of degree ¢ — 1 and remainder 7(£) a
polynomial of formal degree e¢. The term involving (&) obviously con-
tributes nothing to G, ®(x) in (27), so that from (33) and arguments
similar to those giving G (z), above, r(£) must be the constant

r(§) = <z> = @(n, n)

From (34) we then obtain the values of 6©(£) at the poles of the inte-
grand in (24), and thus

GO = Lt >~ pe(n, n)(1 + 2)*(1 — 2)"*
‘Pe(n - 1) n) B=1 ‘Pe(ny gﬂ) (gﬁ - n)‘Pel(n - 17 Eﬂ)

Before obtaining G*”(z) explicitly for intermediate values of v, we
must first discuss a certain set of recursion relations holding between the
coefficients v, of any solution of (11). These relations are

etp
Z (—1)e+8k,,,sv3 =0, p= 1,2, ... , (36)

s=e—p+1

(35)

* The condition of Golay for the existence of group codes, obtained by different
means, is essentially that ¢.(n — 1, #) have at least one root an integer. Cf.: (4)
of Reference 4, in view of (16), above.
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where we define v, = 0 for s < 0 and where the coeflicients k,,, are

R (A (S [ S @

(The derivation of (36) is given in Appendix A.) Equations (36), written
out, are of the form

kl, eVe — kl. et+1Vet1 = 0

702. e—1Ve—1 — K2, 6 ve + k2, e41Vet1 — kz. e2Vet2 = 0

from which we see that (36) may be used to determine

Vel y Veg2, *°°
recursively in terms of

Vey Ve—l1, *** , V0
We see also that if

Ve = Vel = *°* = Vo3 =0

(with v such that 0 = v < ¢ — 1) then

Vetl = Veg2 = *°° = Vogy = 0.

This has the following interpretation in terms of e-codes. It is well known
(and obvious) that two different code words in an e-code must be sepa-
rated by distance at least 2¢ 4 1. Hence if the code word of least weight
in an e-code is of weight v then all other code words are of weight not
less than 2¢ 4+ 1 — «. In the generating function for such a code it must
be the case that not only

G"() = ¥ + 0™
but in fact
G(z) = 27 4+ 0™ ™) (38)
Equations (36) insure that this condition is satisfied automatically.*
As a particular case of (38), we have
GO@) = 1+ 0@*™).
We see that if we apply the operator L, to G (z) there will result

L,GO() = oy(n, n)a” + 0@**7) (39)
* It is also necessary for the existence of an e-code that (36) determine v, ,
Ver2 , +++ as non-negative integers when », , »,_1, --- , v are those of (31). This

condition is discussed a little further in Appendix A.
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using the differential operator form for L,, (9). On the other hand, the
function

LG%@) 1 1+ 28 — 2" [89@) e, (n, £)
py(n, M) T 2niJr (£ — n)een — 1,8) I: PRCRD) ]df (40)

is a solution of differential equation (11), in view of the discussion fol-
lowing (24). From (39) we see that this function can be none other
than G”(z). Finally, applying L, to G®(z) in the form (35), we have
explicitly

ey _ A4 a2)" ee(n, n) <
@) = ee(n — 1,n) + ey(n, n) 451
oy(n, £)(L + 2)%¥(1 — )" %
oo(n, £5) (Es — ).’ (n — 1, &)

(41)

0<y<e

V. EXAMPLES

The known cases where the condition of Hamming is satisfied are the
following:

Case I: e = 0,n = 1

The Hamming expression (1) reduces to unity. In fact,

$00(n - 1) E) = 1)

and the condition that all roots be integers is vacuous. The generating
function for code words is (uniquely):

0] _ (1 +x)n . n
G()(x) —m = (1 4+ 2)

Each n-word of B, is a detection region and thus a code word. There is
no error correction.

Case [I: e = 1,n = ¢

The Hamming expression becomes the sum of all the terms in the bi-
nomial expansion of (1 4+ 1)". The “codes’ in this class consist of a single
code word surrounded by its detection region consisting of the sphere
B, of radius n. No signalling is possible, of course, but our methods still
apply.

From the representation

81 — 2k
ﬁps('ny E) = 2-:_‘% c (1 + x)x(s-lH x) dx

1 QA + 20)¢ )

“omle pH(1 - p)r—etl
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(valid for all n, £) we have immediately

n

son(n—l,s) =2"<£’> =721—"!g(g—1) e (E—n41)

and the roots are 0, 1, --+, n — 1. The generating function G(z) of
(32) becomes*

ﬁ! 1 1+ 2)fa — o)™

(ﬂ) =R
G (x) = on 9mi Jp (E)M—l ds
= ’I'L‘ 3 ﬂi 13 . n—¢
—2"e=}:6£!(n—g)1(1+x) (1 -2
1

=§;[(1+.’c) —1-a"=2"

as one might expect. The explicit form for ¢.(n, £) is somewhat com-
plicated, but for £ an integer it follows immediately from definition (13)
that

§0n(ny 5) = (_1)"—E £=0,1,---,n
Trom (35), then,

GW@=iZ@>u+wa—@H

n
2" {25

=+ +a-2r=1

which, again, is not surprising. The details for other values of v seem to
be more tedious, although one expects (41) to yield @™ (z) = z”.
CaseIIl: e =2 1,n = 2¢ 4+ 1
The Hamming expression in this case:

1+(2e-1-]-1>+”.+<26:—1>=22e

consists of the first half of the terms in the binomial expansion of
(1 + 1)**". The code words in a code of this class are any two n-words
separated by distance n (i.e., two vertices at opposite corners of the
n-cube). The group codes in this class are the “majority rule” codes.}
Trom (42) we have (using the substitution y = 40 + 4°)

*()s=s! (g) denotes the descending factorial.

T The two code words in such a code are 00 --- 0 and 11 --- 1. An n-word be-
longs to 00 - -« 0 if it contains more 0’s than 1’s, and to 11 --. 1 if it contains more
1’s than 0’s.
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_z 1+ )" dy
o) = o g e T T @

and, without difficulty,

eel2e, §) = 2° (%(E . 1)> “Z - DE =9 G2+ 1)

e!

* The roots are 1, 3, -+, 2¢ — 1, and from (32):

G9) = el 1 (A 4 )1 — 2)* gt
2 i Jr(F—2 — 1) — D)(E—3) --- (¢ — 2 + 1)

=271+ 2)QA + 2" - 1 — )Y =2+ 27

In the case vy = 0 we need the result

e o= 2o ) - (4]

from (43). It is then tedious but straightforward to obtain from (85)

G(O)(x) — 1 i <23 + 1) (1 4 x)2r+1(1 - x)Ze—Zr

92 =6 \2r + 1
=271 — 2) + (1 + )T = [(1 — 2) — (1 + )M
=1 + x2e+1

One expects to get
G('y)(x) = g7 + x2e+1—7

from (41), but verification appears to be complicated.

CaseIV:e=1,n=2t—1(=3,4,---)

The single error correcting codes of Hamming' are included here.
(The examples for ¢ = 1, resp. ¢ = 2, appear under Case II, resp. Case
III, above.) Since n is always odd the condition that ¢1(n — 1, &) =
2¢ — n + 1 have an integer root is automatically satisfied. Fory = 1
the generating function is

6@ = & | (1 — 2 - 2"
2rtJr (8 — n)(28 — n 4+ 1)

_ Q+2)" =0+ x)%(n—l)(l _ x)%(n+l)
- 1+ n

n> — (=¥ @in B 1)>} s even

dg

from which we have

|
—
4=
3
—
[}
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=) o () e

Fory = 0, Eq. (35) works out as
GO%) = (1 + 2)" + n(i + )"V — )it

14+n
s0 that

5, @ —l%a {(Z) + n(-ﬂﬁs @in B 1)>} s even

el o () o

Case V:e=2,n=90
The double error correcting codes for n = 2, 5 are covered by Cases
II, 111, respectively. The discovery that

1 4+ 90 + £(90)(89) = 2"

is due to Golay.” We have
20(n — L) = 26 —n+ 1) = (n—1)
with roots
n — 1% (n— 1)}

Since these roots are not integers when n = 90, there can be no 2-code
for n = 90.* H. S. Shapiro has shown (in unpublished work) that the
Hamming condition for e = 2 is satisfied only in the cases n = 2, 5, 90,
so that the only nontrivial 2-codes are those equivalent to the majority
rule code on 5 places.

Case VI: e = 3, n = 23

Golay” finds:

1+ 23 4+ 1(23)(22) + (23)(22)(21)/6 = 2"
and gives explicitly a 3-code on 23 places of group type. We have
Ops(n — 1,8) = (26 — n + DIEE —n + 1) — Bn — 5)]

and when n = 23 we verify that the roots are the integers 7, 11, 15.
Computations by the author show that for n < 10" the Hamming con-
dition for ¢ = 3 holds only when n = 3, 7, 23.

* This settles a question raised by Golay, who shows that there is no code of
group type in this case, but not that there is no code at all.
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Tor ¢ = 4 we have ‘
2ey(n — 1,8 = [(26 — n + 1)) — Bn — 7 — (60 — 300 + 40)

For n = 4, 9 this reduces to the forms given under Cases II, ITI. Pre-
liminary calculations by the author shows that any other solutions of
the Hamming condition for ¢ = 4 must be such that n > 10", so that
the question of the existence of 4-codes (other than the majority rule
code) is somewhat academic.

Computations of Mrs. G. Rowe of the Mathematical Research De-
partment show that Cases I-VI cover all cases of the Hamming condition
being satisfied in the range

0=e=n, 1=n=150

APPENDIX A

From (13) we have

1 —2\"¢
(1 -+ x) T qQa + ) & Z%(n % (A1)

Applying the operator D = —(1 + z)’d/dz to both sides of (Al) p
times, there results

o N\ntp
wm—a(}ﬁ@ = Sl DA+ 07 (4

The substitution » = (l + 2)7" reduces D to d/dv, so that

Dia*(1 4 2)™" = (1 — )"

I
M- &l

,%CM—W@A-mHm_@waﬂ

ol ;0 (—1)° @(Z - ,f) £ 4 5

using Leibnitz’s rule. We substitute this into Eq. (A2), multiply both
sides of the result by

Il

(1421 — 2)"/p!

(with = arbitrary), and then equate coefficients of x* on both sides;
there obtains

_ t+p
2%HE%M—nQ=ZPﬂdemMWQ(M)
p =t
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valid for all n, £ 7 and all non-negative integers p, ¢, where

wnro =520 2T0) @

The coefficients x,,;(n, 7; ¢) vanish unless s < ¢ 4 p;if nand p — =
are non-negative integers then the coefficients «,.(n, 7; t) are positive
integers provided ¢ — p + 7 =< s and vanish otherwise. In particular,

(setting 7 = 1, ¢t = ),

etp
2° <n o g) ?’e(n - 1:5) = 8=§+1 (_1)e+skm8¢8(’n; E);p = 1:2: R (A5)
where we define ¢,(n, £) = 0 for s < 0; the k,, = x,.(n, 1; ¢) are
those of (37) of the text. If we multiply » of (25) by (—1)*"k,,
and sum on s there results (36), since the left hand member of (A5) is
a polynomial multiple of the denominator of the integrand in (25).

If the code word of least weight in an e-code is of weight v, then the
first nontrivial one of the (37) is the one for p = ¢ + 1 — v, and it
gives (since v,\” = 1)

V§7-|).1 _ kei—y,y
etl—y — T
ke+1—-‘y 12e+1—y

_ =y —-—y—1)-.--(n—e
(2¢ +1—7)2¢ —v) -+ (e+ 1)

A necessary condition for the existence of an e-code on 7 places is that
this expression be a non-negative integer in each casey = 0, 1, --- , e.
It is not clear, however, that this condition is independent of the one
set forth in the theorem of Section IV.

AprrPENDIX B

We give here a relation due to K. M. Case® which shows that the
statement of our main result as it appears in the Abstract heading this
article agrees with the theorem proved in Section IV,

In the defining relation

A+ 2Q—-2)"" = ; o5, 1) (B1)

for the coefficients ¢,(n, r) assume that n and r are integers, multiply

both sides by (—1)" <Z vy, and sum on r, 0 £ r £ n. The result is

(@ =) =g+ 2 = 3 3 -1 () vwetn,n (B2

r=0 s=0



BINARY BLOCK CODING 535

Rearrange the left hand member and re-expand it, to get
A —2) —yA + )" =[01 —9) —2+ "

= Z:;, (—1) <Z'> (14 )'A - ™ (B3)

= zn: (=1) (?) Yo, (n, s)

§=0 r=0

Comparing coefficients of z°y" in (B2) and (B3), we have, finally,
(=1 <f> esn, 1) = (=1)° <?> e.(n,s) (n,r sintegers), (B4)

or, changing notation slightly,

(3
eln — 1,0 = (~DF 25 Lo~ 1,9 (B5)

(")
(with n, e, £ integersand 0 < ¢, £ = n — 1). Thusif g.(n — 1, £) vanishes
for e different integers & then so must ¢:(n — 1, ¢), at least when ¢ < n.

But ¢x(n — 1, ¢) is the coefficient of z* in (1 + z)°(1 — )"~ when this
is written out as a polynomial in z, by definition.
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Selecting the Best One of Several
Binomial Populations

By MILTON SOBEL and MARILYN J. HUYETT
(Manuscript received July 17, 1956)

Tables have been prepared for use in any experiment designed to selec
that particular one of k binomial processes or populations with the highest
(long time) yield or the highest probability of success. Before experimenta-
tion the experimenter chooses two constants d* and P* (0 < d* £ 1; 0 =
P* < 1) and specifies that he would like to guarantee a probability of at
least P* of a correct selection whenever the true difference between the long-
ttme yields associated with the best and the second best processes is at least
d*. The tables show the smallest number of units required per process to be
put on test to satisfy this specification. Separate tables are given for k = 2,
3, 4 and 10. Fach table gives the result for d* = 0.05 (0.05) 0.50 and for
P* = 0.50, 0.60, 0.70, 0.75, 0.80, 0.85, 0.90, 0.95, and 0.99. For values of
d* and P* not considered in the tables, graphs are given on which inter-
polation can be carried out. Graphs have also been constructed to make
possible an interpolation or extrapolation for other values of k. An alterna-
tive specification is given for use when the experimenter has some a prior:
knowledge of the processes and their probabilities of success. This specifica-
tion s then compared with the original specification. Applications of these
tables to different types of problems are considered.

INTRODUCTION AND SUMMARY

A frequently encountered problem is that of selecting the “best”
one of k (k = 2) processes or populations on the basis of the same num-
ber n of observations from each process. We shall assume that the given
processes are all binomial or “go —mno go” processes and that the best
process is the one with the highest probability of obtaining a ‘“success”
on a single observation. We shall consider a single sample or nonse-
quential procedure which means that the common number n of observa-
tions from each process is to be determined before experimentation
starts. The corresponding sequential problem is being investigated.'

537
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Briefly, the technique employed here is to let the experimenter decide
how “close” the best and second best processes can be before he is willing
to relax his control on the probability of a correet selection. The selection
of a best process will, of course, be made on the basis of the largest
observed frequency of ‘“‘success”; the only remaining problem is to
determine the value of n. Tables and graphs which cover almost all
practical problems in this framework are given for determining the re-
quired value of n. In particular, tables and graphs are given for &k = 2,
3, 4 and 10. Graphs are also given to approximate the result for any value
of k up to 100.

This problem arises in many widely different fields of endeavor; we
shall briefly consider two industrial applications. One application of the
binomial problem is to comparative yield studies. Here success corre-
sponds to the making of a good unit, and the goal is to select the process
with the highest (long-time) yield. Another application of the binomial
problem is to comparative life testing studies. In this case the experi-
menter selects a fixed time 7' and defines the best process as the one for
which the probability of any one unit surviving this time 7' is highest.
Then, of course, a successful unit is one which survives the time 7. In
treating this as a binomial we are discarding the information contained
in the exact times of failure. In many cases the times of failure are either
unknown or very inexact; in other cases it is not known how to utilize
the knowledge of the exact times of failure. Hence, it would be valuable
to know the results for the more basic binomial problem. The time 7 is
considered fixed throughout; its value is determined by non-statistical
considerations. The specification and the final decision of the experi-
menter all refer to this predetermined time 7. It should be noted that
the experimenter cannot use information obtained from the continuation
of the test beyond time 7' since the best process for T' is net necessarily
the best process for a longer time, say 107'. This binomial type of analysis
has the advantage that it does not assume any particular form of the
life distribution. In particular, the assumption of exponential life is
avoided.

The presence of & priori information changes the number of observa-
tions required. An alternative specification is given which is justified by
certain & priori information based on past experimentation. The amount
of saving is briefly examined. This area of utilizing & priori information
to reduce the number of observations required should be investigated
further.

The treatment of the problem in this paper is based on the assump-
tion that, after experimentation is carried out, the experimenter must
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choose one of the &k processes and assert that it is best. If he allows him-
self the possibility of hedging and asserting that he needs further ex-
perimentation, then the problem changes and the tables of this paper are
not appropriate.

The following additional assumptions will be made:

1. Observations from the same or different processes are independent.

2. Observations from the same process have a common fixed proba-
bility of “success”.

3. There is no chance of error in determining whether a success or a
failure has occurred.

The assumption of a common probability fixed once and for all for
each process is one that should be checked carefully in any practical
application of the results in this paper. Roughly speaking, this assump-
tion states that each of the processes is in a state of statistical control
as far as the probability of success is concerned.

We shall consider only the case in which the same number » of obser-
vations are taken from each process. This is certainly reasonable for a
single sample procedure if no & priori information is assumed.

STATISTICAL FORMULATION OF THE PROBLEM

Each of & given binomial populations II; is associated with a fixed
probability of success p; where 0 < p; =1 (¢ =1, 2, ---, k). For ex-
ample, in the yield problem p; is the long-time yield for process II; or
the probability that any one unit from II; is a good one. Let the ordered
values of the p; be denoted by

Pm Z P = 0 2 P n
No & priori information is assumed about the values of the p; or about
the correspondence between the ordered pp;; and the % identifiable popu-
lations II;. In particular, we have no idea before experimentation
starts whether p(y is associated with II; , I, - -+, or I, .

The problem is to select the population associated with pp; on the
basis of n observations from each population. If there are ¢ ties for first
place, say ’

Pul = P = 0 = Pra > Pua t<k) (2
then we shall certainly be content with the selection of any one of the
associated ¢ populations as the best one.

As an index of the true difference (or distance) between the best and
second best populations we introduce the symbol

d = pm — P 3)
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It is assumed that if the difference d between the best and second best
populations is small enough, then the error involved in wrongly select-
ing the second best process as the best one is an error of little or no con-
sequence. The experimenter is therefore asked to specify two quantities
which will determine the number n of observations he is required to
take from each process.

Specification: He specifies the smallest value d*

(0 < d* = 1) of d for which it would be economically
desirable to make the correct selection. He also specifies 4)
a probability P* (0 £ P* < 1) of making a correct
selection that he would like to guarantee whenever the

true difference d = d*.

Letting P¢s = Pes (pry, -+, Pwy) denote the probability of a correct
selection we can now rewrite the specification that the experimenter
wants to satisfy in the simple form

Pes = P* for d = d* 5)

[The word “‘specification” will be used below to denote the specified
pair of constants (d*, P*) as well as the condition (5); it will be clear
from the text which is meant.] Since the final selection is to be made on
the basis of the observed frequency of success, the essential problem is
to find the number 7 of observations required per process to satisfy the
specification (5).

The possibility that d may be less than d* is not being overlooked.
The region d < d* is being regarded as a zone of indifference in the
sense that if d < d*, then we do not care which process is selected as best
so long as its p-value is within d* of the highest p-value py; . For values
of P* £ 1/k no tables are needed since a probability of 1/k can be at-
tained by chance alone.

Some comments on the above approach and on a possible modifica-
tion have been placed in Appendix I in order to preserve the conti-
nuity of the paper.

CONFIDENCE STATEMENT

After the experiment is completed and the selection of a best process
is made, the experimenter can make a confidence statement with confi-
dence level P*. Let p, denote the true p-value of the selected population
and let p, denote the maximum true p-value over all unselected popula-
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tions. Then the confidence statement, consisting of two sets of inequali-
ties

pm — d* £ p, £ pn 0= py—ps =d*

A

P2y £ Pu £ proy + d* 0= p,— po =d*

has confidence level P*. It should be noted that the above confidence
statement is not a statement about the value of any p but is a statement
about the correctness of the selection made.

LEAST FAVORABLE CONFIGURATION

The main idea used in the construction of the tables was that of a
least favorable configuration. Before defining this concept we shall
define the set of configurations

Pl — d =P = Py = 0 = P (6)

obtained by letting d in (6) vary over the closed interval (d*, 1) as the
Less-Favorable set of configurations. It is intuitively clear and will be
rigorously shown in Appendix IT that if our procedure satisfies the
specification for any true configuration (6) with d = d° and pyyy = P,
then it will also satisfy the specification when

Py —d Z P Z P = 2 P, (M

Of course, we shall be interested particularly in the case in which d
equals the specified value d*. If d = d* is fixed in (6), then (6) specifies
the differences between the p-values, but the “location” of the set is still
not specified. We shall use pp;; to locate the set of p-values. The proba-
bility P¢s of a correct selection for configurations like (6) with d = d*
depends not only on d*, n and % but also on the location py; of the
largest p-value (except for the special case & = 2 and n = 1). [In the
corresponding problem for selecting the largest population mean of &
independent Normal distributions with unit variance,” this probability
P s depends only on the differences and, hence, only on d in the configura-
tion corresponding to (6)].

When (6) holds with any fized value of d, the probability P¢s (for any
fixed n) may be regarded as a function of py; where d < pyy = 1). This
function is continuous and bounded over a closed interval and therefore
assumes its minimum value at some point py; (d) = pu (d;n) in the
closed interval (d,1). Fig. 1(b) gives the value of py; (d) as a function
of d for k = 3 and forn = 1, 2, 4, 10 and «. For any particular value



542 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1957

of n and for d = d* we shall be particularly interested in the value pfy; =
puy (d*m) since this (as shown in Appendix II) gives the smallest
probability P¢s of a correct selection for all the configurattons included
in the statement of the experimenter’s specification. This particular con-
figuration (6) with d = d* and puy = p{iy (which depends on 2) is
called the Least-Favorable Configuration.

Although the least favorable configuration depends on =, it has been
empirically found that for n = 10 (and in some cases for n = 4) the least
favorable configuration is approximately given by p{y = % (1 + d*)
in which the two values, p(i; and p(y = p{y — d* are symmetric about .
This symmetric configuration clearly does not depend on n. Fig. 1(b)
shows that as n — « the least favorable configuration approaches this
symmetric configuration (i.e., the straight line marked n = ) quite
rapidly for any value of d. In Appendix III it is proved that the sym-
metric configuration is least favorable as n — . Fig. 1(a) shows for
k = 3,n = 10, and any value of d the error in P¢g which arises as a result
of using the symmetric configuration instead of the true least favorable
configuration.

0.0002

(a)

ERROR

0.0001 =
‘\\\\

/

(b) . /

g —
B 0.7 /J///
= a//' =
o 2 | EXACT FORMULA FOR N=2
\K'/ // (@)= 139 +12-V2542 +244
0.6 N = Pyyid)= 18
A ]
Nn=00
>3 X 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
d (or d¥)

Fig. 1 — (a) Error in P¢g as a result of using the symmetric configuration in-
stead of the least favorable configuration for k¥ = 3, n = 10, and any common true
difference d. (b) Least favorable value ppy; (d) of p1; as a function of the common
true difference d = p(;) — proy, ¢ = 2, for k¥ = 3 and selected values of n. (for

d=d*pu @ = phy)
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CONSTRUCTION OF THE TABLES

Consider any fixed value of d*. For each of a set of increasing values
of n the minimum probability Pes of a correct selection for d = d*
(i.e., the probability for the least favorable configuration) was computed.
These calculations were then inverted to find the smallest # for which
the Pgs is greater than or equal to the specified value P*, Tables 1
through IV give the smallest value of n for k = 2, 3, 4, and 10, for d* =
0.05 (0.05) 0.50, and for selected values of P*. Graphs corresponding to
these tables are given in Figs. 2 through 5.

For small values of n (say, n < 10) it was necessary to approximate
Py by caleulating the P¢s exactly for several values of pyy; and proceed-
ing in the direction of the minimum probability P¢s. For the special
casen = 2 and k = 3 an explicit formula for p{y is given on Fig. 1.

Tor large values of n (say, n > 10) the Pgs was calculated by assum-
ing the symmetric configuration. Here it was necessary to make use of
the normal approximation to the binomial. Fortunately the appropriate
table needed in this normal approximation is already published.” The
proof that this table is appropriate is given in Appendix III. The result-
ing value of n is given by

n=La-ay=l ()
where the constant B, depending on P* and k, is equal to 2C” and C is the
entry in the appropriate column of Table I of R. E. Bechhofer’s paper.’
A short table of B values, Table V (see page 550) is included in this
paper to make it self-contamed

The middle expression in (8) will be referred to as the normal ap-
proximation and the right hand expression in (8) will be referred to as
the “straight line” approximation. In many cases it has been empiri-
cally found that these two expressions give close lower and upper bounds
to the true value. Thus by noting the curves drawn in Figs. 4 and 6 for
k = 4, P* = 0.75 it appears that for all values of d* the true Pg¢s is
between the normal approximation and the straight line approximation.
Assuming this to be so, it follows that for & = 4, P* = 0.75 the required
value of n satisfies the inequalities

[d“ (- d*g)] =n= [di] ®

where [z] denotes the smallest integer greater than or equal to the en-
closed quantity x. This result (9) is empirical and not based on any
mathematically proven inequalities. It is used here only to estimate the
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TaBLe I — NuMBER oF UNiTs REQUIRED PER Process T0 GUARANTEE
A ProBABILITY OF PP* OF SELECTING THE BEST oF k BiNnoMiaL Proc-
1SSES WHEN THE TrRUE DIFFERENCE P13 — Przg 18 AT Lmast d*,
k= 2)

The three values in each group are: (1) Normal approximation, (2)

Straight line approximation, and (3) Smallest integer required.

a*

pP*

<
n
=)

0.60

0.75

0.85

0.90

0.95

0.99

0.05 |0 | 12.81 | 90.77 141.30 | 214.29 327.66 539.77 | 1079.70
0] 12.84 | 90.99 141.66 | 214.83 328.48 541.12 | 1082.41
0] 14 92 142 215 329 541 1082
0.10 | O 3.18 | 22.52 35.06 53.17 81.30 133.93 | 267.90
0 3.21 | 22.75— | 35.41 53.71 82.12 135.28 | 270.60
0 4 23 36 54 83 135 270
0.15|0 1.39 | 9.88 15.39 23.33 35.68 58.78 117.57
0 1.43 | 10.11 15.74 23.87 36.50— 60.12 120.27
0 2 11 16 24 37 60 120
0.20 (0 0.77 | 5.46 8.50—| 12.89 19.71 32.47 64.94
0 0.80 [ 5.69 8.85+| 13.43 20.53 33.82 67.65-+
0 1 6 9 14 21 34 67
0.25 (0 0.48 | 3.41 5.31 8.06 12.32 20.29 40.59
0 0.51 | 3.64 5.67 8.59 13.14 21.64 43.30
0 1 4 6 9 14 22 42
0.30 | 0 0.32 | 2.30 3.68 5.43 8.30 13.68 27.36
0 0.36 | 2.53 3.93 5.97 9.12 15.03 30.07
0 1 3 4 6 9 15 29
0.3510 0.23 1.63 2.54 3.85— 5.88 9.69 19.38
0 0.26 1.86 2.89 4.38 6.70 11.04 22.09
0 1 2 3 5 7 11 21
0.40 | O 0.17 1.19 1.86 2.82 4.31 7.10 14.21
0 0.20 1.42 2.21 3.36 5.13 8.46 16.91
0 1 2 3 - 4 5 9 16
0.4510 0.13 | 0.90 1.39 2.11 3.23 5.33 10.65+
0 0.16 1.12 1.75—| 2.65+ 4.06 6.68 13.36
0 1 2 2 -3 4 7 13
0.50 | 0 0.10 | 0.68 1.06 1.61 2.46 4.06 8.12
0 0.13 | 0.91 1.42 2.15— 3.28 5.41 10.82
0 1 1 2 3 4 5 10
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TaBLe II — NumBer oF UNITS REQUIRED PER PROCESS TO GUARAN-
TEE A PROBABILITY OF P* OF SELECTING THE BEST oF %t BINOMIAL
Processes WHEN THE TrRUE DIFFERENCE ppu; — Prog IS AT LEAST

d*. (k= 3)

The three values in each group are: (1) Normal approximation, (2)
Straight line approximation, and (3) Smallest integer required.

d!

P*

0.50 0.60 0.75 0.80 0.85 0.90 0.95 0.99
0.05 | 30.89 | 78.16| 205.06 | 272.36 | 363.06 | 496.14 | 732.63 |1305.21
30.97 | 78.36| 205.58 | 273.04 | 363.97 | 497.38 | 734.46 |1308.49
31 79 206 273 364 498 735 1308
0.10 | 7.66 | 19.39 50.88 67.58 90.08 | 123.10 | 181.78 | 323.85+
7.74 | 19.59] 51.39 68.26 90.99 | 124.34 | 183.62 | 327.12
8 20 52 69 91 125 184 327
0.15 | 3.36 8.51f 22.33 29.66 39.53 54.02 79.77 | 142.12
3.44 8.71| 22.84 30.34 40.44 55.26 81.61 | 145.39
4 9 23 31 41 55 82 145
0.20 | 1.86 4.70| 12.33 16.38 21.84 29.84 44.07 78.51
1.94 4.90] 12.85—! 17.07 22.75—] 31.09 45.90 81.78
3 5 13 17 23 31 46 81
0.25 | 1.16 2.94 7.71 10.24 13.65—( 18.6564-| 27.54 49.07
1.24 3.13| 8.22 10.92 14.56 19.90 29.38 52.34
2 4 9 11 15 20 29 52
0.30 | 0.78 1.98 5.20 6.90 9.20 12.57 18.57 33.08
0.86 2.18) 5.71 7.58 10.11 13.82 20.40 36.35—
2 3 6 8 10 14 20 35
0.35 | 0.55+| 1.407 3.68 4.89 6.52 8.91 13.15-4| 23.43
0.63 1.60] 4.20 5.57 7.43 10.15 14.99 26.70
2 2 5 6 8 10 15 26
0.40 | 0.41 1.03) 2.70 3.58 4.78 6.53 9.64 17.17
0.48 1.22) 3.21 4.27 5.69 7.77 11.48 20.45—
1 2 4 5 6 8 11 20
0.45)| 0.30 0.77, 2.02 2.69 3.568 4.90 7.23 12.88
0.38 0.97) 2.54 3.37 4.49 6.14 9.07 16.15+
1 2 3 4 5 6 9 15
0.50 | 0.23 0.59] 1.54 2.05—| 2.73 3.73 5.51 9.81
0.31 0.78) 2.06 2.73 3.64 4.97 7.34 13.08
1 2 3 3 4 5 7 12
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TasLe ITII — NumBEr oF Unrrs ReQuirep Pir Process 1o GUAR-
ANTEE A PROBABILITY OF P* OF SELECTING THE BEST OF ki BINOMIAL
Procrsses wHEN THE TRUE DIFFERENCE Py — P2 IS AT LEAST
d*. (k = 4)

The three values in each group are : (1) Normal approximation, (2)

Straight line approximation, and (3) Smallest integer required.

p*
dt

0.50 0.60 0.75 0.80 0.85 0.90 0.95 0.99

0.05 {69.85—(132.654-(282.27 357.52 | 456.82 599.53 | 848.30 (1438.12
70.02 [132.99 |282.98 358.42 | 457.96 601.03 | 850.42 |1441.72
71 134 283 359 458 601 850 1442

0.10 (17.33 | 32.91 | 70.04 88.71 | 113.35—| 148.76 | 210.48 | 356.83
17.51 | 33.25—| 70.74 89.61 | 114.49 150.26 | 212.61 | 360.43
18 34 71 90 114 150 212 360

0.15]7.61 | 14.44 | 30.74 38.93 | 49.74 65.29 92.37 | 156.61
14.78 | 31.44 39.82 50.88 66.78 | 94.49 [ 160.19

EN|
-
oo

8 15 32 40 51 67 94 160
0.20 | 4.20 7.98 | 16.98 21.51 | 27.48 36.06 | 51.03 86.50--
4.38 8.31 | 17.69 22.40 | 28.62 37.56 | 53.154| 90.12
5 9 18 23 29 38 53 89
0.25 | 2.63 4.99 | 10.61 13.44 | 17.17 22.54 | 31.89 54.06
2.80 5.32 | 11.32 14.34 18.32 24.04 | 34.02 57.67
3 6 12 14 18 24 34 57
0.30 | 1.77 3.36 7.16+ 9.06 | 11.58 15.19 | 21.50—| 36.44
1.95—| 3.69 7.86 9.96 | 12.72 16.70 | 23.62 40.05—
3 4 8 10 13 17 23 39
0.35 | 1.254| 2.38 5.07 6.42 8.20 10.76 | 15.23 25.82
1.43 2.711 5.77 7.31 9.35—| 12.27 | 17.36 29.42
2 3 6 7 9 12 17 28
0.40 | 0.92 1.75—; 3.71 4.70 6.01 7.89 11.16 18.92
1.09 2.08 4.42 5.60 | 7.16 9.39 13.29 22.53
2 3 5 6 7 9 13 21
0.4510.69 |.1.31 2.79 3.53 4.51 5.92 8.37 14.19
0.86 1.64 3.49 4.42 5.65+4 7.42 | 10.51 17.80
2 2 4 5 6 7 10 17
0.50 | 0.53 1.00 2.12 2.69 3.43 4.51 6.38 10.81
0.70 1.33 2.83 3.58 4.58 6.01 8.50+ 14.42
2 2 3 4 5 6 8 13
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TasLe IV — NumBER oF UNITS REQUIRED PER PROCESS TO GUARAN-
TEE A PROBABILITY OF P* OF SELECTING THE BEST oF k& BIiNOMIAL
Processes WHEN THE TRUE DIFFERENCE py; — Pra IS AT LEAST

(k = 10)
The three values in each group are: (1) Normal approximation, (2)

Straight line approximation, and (3) Smallest integer required.

d*.

a*

pP*

0.50 0.60 0.75 0.80 0.85 0.90 0.95 0.99
0.05 |216.96 (312.51 |511.154-| 604.04 | 722.50—| 887.54 |1165.49 (1798.01
217.50+(313.29 |512.43 | 605.55-| 724.31 | 889.77 |1168.41 |[1802.51
218 314 513 606 725 890 1169 1803
0.10 | 53.83 | 77.54 (126.83 | 149.87 | 179.27 | 220.22 | 289.18 | 446.12
54.38 | 78.32 |128.11 | 151.39 | 181.08 | 222.44 | 292.10 | 450.63
55 79 128 151 181 222 291 449
0.15 | 23.62 | 34.03 | 55.66 65.77 78.67 96.64 | 126.90 | 195.77
24.17 | 34.81 | 56.94 67.28 80.48 98.86 | 129.82 | 200.28
25 35 57 67 80 98 129 198
0.20 | 13.054-| 18.80 | 30.75—| 36.33 43.46 53.39 1 70.10 | 108.15
13.59 | 19.58 | 32.03 37.85—| 45.27 55.61 | 73.03 | 112.66
14 20 32 38 45 55 72 111
0.25| 8.16 | 11.75—] 19.22 22.71 27.16 33.37 | 43.82 67.59
8.70 | 12.53 | 20.50—| 24.22 28.97 35.59 | 46.74 72.10
9 13 20 24 29 35 46 70
0.30 | 5.50—| 7.92 | 12.95+4| 15.31 18.31 22.49 | 29.53 45.56
6.04 8.70 | 14.23 16.82 20.12 24.72 | 32.46 50.07
7 9 14 17 20 24 32 48
0.35 ] 3.90 5.61 9.18 10.84 12.97 15.93 | 20.92 32.28
4.44 6.39 | 10.46 12.36 14.78 18.16 | 23.85—{ 36.79
5 7 1 13 15 18 23 35
0.40 | 2.854- 4.11 6.73 7.95—| 9.51 11.68 | 15.34 23.66
3.40 4.90 8.01 9.46 11.32 13.90 | 18.26 28.16
4 5 8 10 11 13 17 26
0.45 | 2.14 3.08 5.06—] 5.96 7.13 8.76 | 11.504( 17.75—
2.69 3.87 6.33 7.48 8.94 10.98 | 14.42 22.25++
3 4 6 8 9 11 14 20
0.50 | 1.63 2.356—| .3.84 4.54 5.43 6.67 8.76 13.52
2.18 3.13 5.12 6.06 7.24 8.90 | 11.68 18.03
3 4 5 6 7 9 11 16
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Fig, 2. — Number of units n required per process to guarantee a probability
of P* of selecting the better of two binomial processes when the true difference
d is at least d*.
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Tig. 6 — Bounds for the number of units n required per process to guarantee a
probability of P* of selecting the best of four binomial processes when the true
difference d is at least d*.

TasLe V— VaLues oF B = 1C? 1o BE UseEp wITH THE NORMAL
APPROXIMATION (8) WHERE C 1s OBTAINED FROM TABLE I
or R. E. BECHHOFER'S PAPER!

Prob. of Correct

Selection k=2 k=3 k=t k=10
0.99 2.7060 3.2712 3.6043 4.5063
0.95 1.3528 1.8362 2.1261 2.9210
0.20 0.8212 1.2434 1.5026 2.2244
0.85 0.5371 0.9099 1.1449 1.7965-4
0.80 0.3541 0.6826 0.8961 1.5139
0.75 0.2275— 0.5139 0.7074 1.2811
0.70 0.1375— 0.3832 0.5575— 1.0892
0.65 0.0742 0.2792 0.4347 0.9256
0.60 0.0321 0.1959 0.3325— 0.7832
0.55 0.0079 0.1294 0.2468 0.6569
0.50 0.0000 0.0774 0.1751 0.5438
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order of magnitude of the error in our large sample calculations. For ex-
ample, if & = 4, d* = 0.05 and P* = 0.90, then from Table V we find
that B = 1.5026 and the two expressions in (8) yield 599.54 and 601.04.
Hence, it would follow from (9) that » is 600 or 601 or 602. Based on an
investigation of the behavior of these two approximations in the case of
smaller P* or larger d* values, it is estimated that the true value of n is
601. Even if the correct value is 600 or 602 the error would be less than ¥
of 1 per cent. Fig. 6 illustrates these bounds on the P¢s for k = 4,
P* = 0.50, 0.75 and 0.99. For P* < 0.60 the straight line approxima-
tion is a closer lower bound than the normal approximation.

It is estimated that all integer entries in Tables I through IV have an
error of at most 1 per cent and, in particular, that all entries under 100
are exact.

OTHER VALUES OF k

In addition to the tables and graphs for k¥ = 2, 3, 4 and 10 there are
also graphs (Figs. 7 through 14) on which interpolation can be carried
out for k = 5 through 9 and on which extrapolation can be carried out
for k = 11 through 100. By plotting n versus log k (or n versus k on
semi-log paper) and drawing a straight (dashed) line through the values
of n for k = 4 and k£ = 10 we obtain results which are remarkably good
approximations for £ > 10. The solid curve in these figures connects the
true values obtained for k£ = 2, 3, 4 and 10.

For large values of %k the theoretical justification for a straight line
approximation is given in Appendix V. In order to check the accuracy of
our procedure of drawing the straight line through the values of n
computed for £ = 4 and k£ = 10, we have chosen two points at &k = 101
for an independent computation of the probability of a correct selection.
For P* = 0.90, d* = 0.10 and k& = 101 the dashed line in Fig. 12 gives n
as approximately 400. To check this we computed the normal approxi-
mation to the probability Pgs of a correct selection for the least favor-
able configuration in the form

Lo f P + hf(z) dz = f F®r/2 + e de (10)

where

5 = j‘i \/_ - (= 4.02015 in this example) (11

f(x) is the normal density and F(z) is its c.d.f. This was computed by a
method suggested by Salzer, Zucker and Capuano’ and the result was
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P* = 0.60 of selecting the best of £ binomial processes when the true difference
Pl — Pl is at least d*,
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Fig. 12 — Number of units n required per process to guarantee a probability of
P* = 0.90 of selecting the best of £ binomial processes when the true difference
Pl — Pie) is at least d*.
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Pés =2 0.9168 as compared to the value 0.90 in Fig. 12. The expression
(10) is derived in Appendix III. Another check was made at P* = 0.99,
d* = 0.20 and k& = 101. The value of n from Fig. 14 is 162. The value of
the Pgs computed from (10) using Salzer, Zucker and Capuano® is
0.9925+.

Further calculation using (10) yielded the more accurate results 378
and 154 instead of 400 and 162, respectively, in the above illustrations.
The error in both cases is less than 6 per cent; for smaller values of &k the
percentage error will, of course, be much less.

For interpolation the results are estimated to be within 1 per cent
of the correct value. For example we estimate from Fig. 11 that the re-
quired value of n for k = 5, P* = 0.85 and d* = 0.05 is 523. This value
was computed by the normal approximation and found to be 522.

TIED POPULATIONS

In computing the tables and graphs it was assumed that if two or more
populations are tied for first place then one of these is selected by a chance
device which assigns equal probability to each of them. The experi-
menter may want to select one of these contenders for first place by
economic or other considerations. In most practical problems we may
assume that such a selection is at random as far as the probability of a
correct selection is concerned. Hence, it appears reasonable to use the
tables in this paper without any corrections even when the rule for tied
populations is altered in the manner described above.

It is interesting to note that in the yield problem the experimenter
may settle thé question of ties for first place by taking more observa-

- tions until the tie is broken. However, in the life-testing problem he may
not settle ties by letting the test run beyond time T since the best process
for time 7 is not necessarily the best for a time greater than 7.

In some applications when there are two or more populations tied for
first place, the experimenter may prefer to recommend all these con-
tenders for first place rather than select one of them by a chance device.
In this case we shall agree to call the selection a correct one if the recom-
mended set contains the best population (or, when py; = pry , if the
recommended set contains at least one of the best populations). Exact,
tables for the procedure so altered have not been computed. However,
if the value of 7 is large and this rule for tied populations is used, then
the experimenter may reduce the tabled values by an amount equal to
the largest integer contained in 1/d*. For example, using the above rule
for tied populations for the case k = 2, P* = 0.99, d* = 0.30, the tabled
value 29 can be reduced by 3 giving the result 26.
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ALTERNATIVE : SPECIFICATION O

If the experimenter has some & priori knowledge about the processes,
then he will prefer to specify the following three quantities in order to
determine the number n of observations he is required to take from
each process:

Specification: He specifies piy; and ply (0 < ply =

pffy £ 1) in the neighborhood of his estimate of the
probabilities associated with his processes. He also speci-  (12)
fies a probability P* (0 < P* < 1) that he would like

to guarantee of making a correct selection whenever the

true pyy = p?n and the truepp; = p’&] .

TaBLE VI — NuMmBER oF UNITS REQUIRED PER Process 7o GUARAN-
TEE A PROBABILITY OF P* OF SELECTING THE BETTER oF Two Bi-
NOMIAL PROCESSES WHEN THE TRUE py = Pl AND THE TRUE
Pra; < pl2) - (ALTERNATIVE SPECIFICATION, k = 2)

e 21 =075 Py = 0.95 #hy =090 Pl =085 Py = 0.95

2121 = 0.60 1) = 0.80 play = 0.80 play = 0.80 Play = 0.90
0.50 1 1 1 1 1
0.60 2 2 3 9 6
0.75 10 6 13 53 27
0.80 14 8 19 83 40
0.85 21 11 28 124 60
0.90 32 16 42 189 91
0.95 53 25 68 312 149
0.99 106 49 135 623 298

TaBLE VII — NumBER oF UNITs REQUIRED PER PROCESS To GUAR-
ANTEE A PROBABILITY oF P* OF SELECTING THL‘ BesT or Four Bi-
NOMIAL PROCDSSES WHEN THE TRUE py; = pliy AND THE TRUE

Py < P2y . (ALTERNATIVE SPECIFICATION, k = 4)
pr Pl = 0.75 T = 0.95 pTy = 090 Pl = 0.85 Pl = 0.95
o) = 0.60 #T2) = 0.80 Pla) = 0.80 pha = 0.80 bl = 090
0.50 7 4 : 10 42 21
0.60 14 8 18 79 39
0.75 28 14 37 168 80
0.80 35 18 46 211 101
0.85 45 22 59 268 128
0.90 59 28 77 350 171
0.95 83 39 107 493 239
0.99 139 65 182 831 399
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Again we can rewrite the specification that the experimenter wants
to satisfy in the simple form

Pes 2 P* for pm 2 pfy and pry = piy (13)

Tables VI and VII give the number of observations required per proc-
ess for several selected triplets of specified constants (p{y, piy, P*)
when & = 2 and & = 4. These results are also given in graphical form
in Figs. 15 and 16.
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For example, on the basis of past experience the experimenter may
estimate that the probabilities associated with his & = 4 processes are
all in the neighborhood of 0.60. This constitutes his & priori knowledge.
He may then decide that he would like to make a correct selection
with probability P* = 0.85 when the best process has a yield of at least
75 per cent and all the others have a yield of at most 60 per cent. Enter-
ing column 1 of Table VII we find that n = 45 observations per process
are required.

It is much more difficult to furnish tables for the alternative specifica-
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Fig. 16 — Number of units required per process to guarantee a probability of
P* of selecting the best of four binomial processes when the true p(;; = pyy; and
the true p() < ple; -
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tion since there is an extra parameter to vary and the appropriate
tables for the normal approximation are not available.

In the computation of these probabilities the least favorable con-
figuration

pm = py and Py = P = P = -+ = P (14)

was used. It follows from Appendix IT that if the probability of a correct
selection is at least P* when (14) holds, then it will also be at least P*
when

pm 2 piy and Pl 2 P Z Pw = 0 2 P (15)

For small values of n, exact calculations were carried out. A typical
exact calculation is shown in Appendix IV. The approximations used
for large n are given in Appendix III.
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Fig. 17 — Illustration of the varying zones of indifference and the least favor-
able configuration for k = 4 and P* = 0.85. (For n = 5 the longest vertical segment
occurs at the point A, where the abeissa and the ordinate are symmetrical about
0.5)
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COMPARISON OF THE TWO SPECIFICATIONS

It should be pointed out that for a given & the same value of n would
satisfy the specification for different specified triplets

* *
P*, piu, pia

For example with &k = 4, P* = 0.85 and 7 fixed we could vary pfy in
the alternative specification and compute for each pfy; the correspond-
ing largest value of p3; such that the specification (P*, pfy , pry) is
satisfied. This is shown in Fig. 17 for n = 5, 10, 20 and 60. The vertical
distance in Fig. 17 between the appropriate curve and the 45° line
(n = «) is the length of the indifference zone (pfy, pry). The indif-
ference zone widens in the center and narrows at both ends. In fact we
find just as in the original specification that for n greater than (say) 4
the indifference zone is widest when p{i; and p(%) are symmetrical about
0.5. It is clear that the two specifications would coincide if we took d* in
the original specification and set pfyy = & (1 + d*), pfy = & 1 — d*¥)
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Fig. 18 — Probability of a correct selection as a function of the true difference
d -1: pmf — P21 under the least favorable configuration for £ = 2 and selected
values of n.
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in the alternative specification. We shall be interested in comparing the
alternative specification (P*, pfy, piz) with the original specification
with the same P* and with d* set equal to pfyy — piy . It is clear that
the value of n required for the original specification will always be
larger.

The original specification is simpler and is preferable to the alternative
specification when little or nothing is known about the processes on test,
but the price that has to be paid for ignorance is an increase in the
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Fig. 19 — Probability of a correct selection as a function of the true difference
d = pu; — pre) under the least favorable configuration for & = 3 and selected
values of n.
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required number of observations. In the example of the preceding sec-
tion the value of n required for the alternative specification is 45 as
compared to 51 observations per process required to satisfy the original
specification with the same P* and with d* = pfy; — plz. Here the
saving is only moderate. The saving will be much larger if p{y; and
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Fig. 20 — Probability of a correct selection as a function of the true difference
d = pu; — Pz under the least favorable configuration for £ = 4 and selected
values of n.
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plz; are further from 0.5 and d* is small. For example, for k = 4, P* =
0.95, piy = 0.95 and pfy; = 0.90 the value of n required for the alter-
native specification is 239 as compared to 850 observations per process
required to satisfy the original specification with the same P* and with
d* = 0.05. The alternative specification is justified on the basis of & priori
or previous information about the approximate values of the p’s.

REVERSING THE TABLES

The experimenter may wish to use the tables of this paper in reverse.
For example, if n is fixed and d* is specified by the experimenter, then
by using the appropriate table he can find the probability of a correct
selection that is guaranteed for d = d*; i.e., a greatest lower bound to
the probability of a correct selection for d = d*. This process of re-
versing the given values and the values to be computed can most easily
be carried out on graphs. For example, the above problem of finding the
guaranteed probability of a correct selection given d* and n is most easily
carried out on Figs. 18, 19, and 20.

ArpENDIX I
MODIFICATION OF THE ORIGINAL SPECIFICATION

The same value of n will, of course, satisfy the specification for dif-
ferent pairs of specified values (d*, P*). From a purely mathematical
point of view it is not necessary that d* should be the smallest difference
for which the experimenter desires to make a correct selection. For ex-
ample, if & = 3 the experimenter could specify any one of the four pairs
(0.10, 0.60), (0.25, 0.90), (0.30, 0.95) or (0.40, 0.99) and obtain the same
result, namely n = 20. The experimenter may prefer to specify the curve
or set of points corresponding to a fixed n. Several such curves are given
in Figs. 18, 19, and 20 for k = 2, 3, and 4, respectively. The experi-
menter would decide in advance on some property of the curve that he
considers desirable and from the appropriate figure he could find the
curve with the smallest n-value that satisfies the desired property.

The main point of the above paragraph is to point out that the original
specification in the body of the paper is one particular way, but not the
only way, of stating a specification that will determine a value of n.
The only criterion for a good way to state the specification is that the
experimenter should be able to bring his best judgment (or best guesses)
to bear on the quantities that have to be specified in advance.
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AprpENnDIX II

MONOTONICITY PROPERTIES

We shall prove that for any fixed d (0 = d = 1) the probability Pes
of a correct selection is smaller for the configuration:

pu —d =P =Py = = pp (A1)

than for any configuration given by
Py —d Z P Z Ppm =t 2 P (A2)

where pyy; is considered fixed and the pr;; (2 = 2) are variables. In other

words, for fixed ppy the probability P¢s is a strictly increasing function
of each of the differences

P — P (t=2)

We shall need the following lemma.
Lemma 1: For any pair of integers z, n (0 £ z £ n) and any
6 (0 = 6 = 1), not depending on p, the funciton

z—1 X .
H(z; p, 6) = 2) Ci'p'(1 — p)" + 6C"p"(L — p)""  (A3)
=

s a decreasing function of p over the unit tnterval (0 £ p = 1). More-
over, it is strictly decreasing unless (x = 0 and § = 0) or (x = n and
9 =1).

Proof: Differentiating (A3) with respect to p gives after telescoping
terms

(6 — DaC."p™ (L — p)"™" — 0(n — )C"P*(L — p)" (Ad)

which is negative for 0 < p < 1 unless (x = 0 and 8 = 0) or (x = n and
6 = 1).8ince H is continuousin p at p = 0 and p = 1 thelemma follows.

Let X (;) denote the chance number of successes that arises from the
binomial process associated with

Pra) =12 --,n)

the value of the integer n is assumed to be fixed throughout this discus-
sion and it will usually not be listed as an argument. The probability
Pes of a correct selection for any configuration with py; > pp is
given by the expression on the top of the next page.
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k
Pcs = P{X(i) < X(1) for 1/2 2} + % EP{X(O() = X(l) and

a=2

Xy < Xaq foriz2,7#a}l+ - (A5)
1
+%P{X(1) = X(Z) = se. = X(k)}

It will be necessary to write the P g for any configuration with pp; > pp;
in another form which is more useful for the purpose at hand. Corre-
sponding to any binomial chance variable X (which takes on integer
values from 0 to n) we define a “Continuous Binomial” chance variable
Y by letting ¥ be uniformly distributed in the interval (f — %, 7 + 2)
with the same total probability in this interval as the ordinary binomial
assigns to the integer 7, namely

Cip'l — p)* (G=0,1,+-,m)

We will now show that the probability P¢s of a correct selection is unal-
tered if we replace each of the & discrete binomials by its corresponding
continuous binomial. Let Y, denote the continuous binomial (CB)
chance variable associated with pp;) and let y¢;, denote any value it can
take on. Let X(; denote the nearest integer to Yy and let x¢;y denote
the nearest integer to y) (¢ = 1, 2, ---, k). Then X, is a discrete bi-
nomial (DB) with the same parameters (pr, n). Let

g(x, p) = anpx(l — p)n—z (x = O’ 1’ sy n)

Then the density g(y, p) of the continuous binomial (disregarding the
half-integers) is given by ¢(y, ») = g(x, p) where x is the nearest integer
to y.

For two continuous binomials (i.e., & = 2) the probability P¢s of a
correct selection for any configuration with pp; > pe is given by

n+1/2
Pos(CB) = f_m P{Yo < yolslyw ; pa) dyw (A6)
n z(1)+1/2
= > f P{Yo» < yol9lvw ; pm) dyay (A7)
z(1)=0 Yz (1)—1/2

Within any interval (g, — %, @ + %) we have
P{Yo» <ya} = P{X@ < zw} (A8)
+ P{Xo = 20}P{Y o <y | Xo = 20}
= P{X@ < zw} + ; P{Xo = 2o} (A9)
which depends only on zq) . Hence from (A7)
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P¢s(CB)
n (A10)
= Zo [P{Xe < zn} +3P{Xe = t0}lP{Xy = 2o}
SE()=
= P{Xo < Xo} +iP{Xo = Xo} (A11)
‘= Ps(DB) (A12)

The above is easily generalized to hold for any & > 2. The details of this
generalization are omitted. For general & this equality holds not only
for the important special case pu; > pg but also for the more general
case (2) for any ¢ < k. Since the latter result is not needed here, the
proof is omitted. ,

If we let G(y;p) denote the c.d.f. of the continuous binomial then
lemma 1 can be restated in the following form.

Lemma 2: For any integer n and any vy, the function G(y;p) s a non-
increasing function of p. In particular, for —% <y < n + Fitisa
strictly decreasing function of p.

Proof: For any y, set x = z(y) and 8 = 6(y) equal to the integer part
and the fractional part of (y + 1), respectively. Then for any y we have
the identity in p ‘

Gly;p) = H(zp, 0) (0 =p =1) (Al3)

For any 7 such that —% < yo < n -+ % we have 0 = z(y) = n and
0 < 0(yo) = 1. The inverse function y(z,0) = © + 0 — % is a single-
valued function of the pair (z,6); the two particular pairs (0,0) and
(n,1) correspond to the unique valuesy = —% and y = n + %, re-
spectively. Hence the pair [z(yo), 8(y0)] must be different from these two
particular pairs above since it corresponds only to y, which is in the
interior of the interval (—%, n + %). Lemma 2 then follows from lemma 1
and the fact that G(y;p) is identically zero in p for y < —% and identi-
cally one in p fory = n + 3.

The probability Pes of a correct selection for k discrete or & continuous
binomials for any configuration with p; > pp; can now be written as

n+1/2 k
Pes = f_ I:H P{Yu < ym}} 9w ; pu) dyay  (Al4)

1/2

1/2 i=

nt1/2 13
= f_ [ | G(y;Pm):I g(ypar) dy. (A15)

Clearly if any one or more of the py;; (¢ = 2) decreases, holding ppy

fixed, then it follows from lemma 2 that the right member of (A15) is
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strictly increasing, i.e., for fixed py; the P¢g is a strictly increasing func-
tion of each of the differences puy — pry (¢ = 2) as was to be shown.
It follows from the above result that in searching for a least favorable
configuration among all those in which the experimenter wants his
specification satisfied we may restrict our attention to those of the form
(A1). Moreover, we may set d in (A1) equal to d* since, for d > d* and
fixed pp , the difference d — d* may be added to each p; (7 = 2) and
the probability of a correct selection is increased. Then (A15) reduces to

nt-1/2
Peg = f s FMyspm — d9glyspm) dy (A16)

It was shown in the section on the least favorable configuration that
there is a value pfi; of p; which when substituted in (A16) gives the
minimum value Pgs of Pes .

We can now prove the following result in which pp; is not fixed. For
any specified pair pz; < piy; the probability Pes of a correct selection
is smaller for the configuration

. Pw = Plu; Pl =P = Pm = ccr = P (A17)
than for any configuration given by
P Z P PLI 2 P@ 2 Pw 2t = Pw (A18)

This is shown by considering two separate steps.

The first step is to increase pp; holding all the other p’s fixed at ps; .
For any arbitrary set of values of pp;) with puy; > py the probability
of a correct selection can be written as

E paglle %
Pes = JZ;[_ I: II G(y,Pm)] [1 — Gly,puDlg(y,pn) dy  (A19)

1/2 i=2, i5]
by adding the probabilities that
Yo > Yy >min {Yo, -+, Yin, Yo, -5 Yol
for
§=2,8 -,k
For
P > P = P = o0 = P = Pla)

this reduces to

nt-1/2 .
Pes= (=D [ 1L~ Glpal@wipbgluph) dy (A20)
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This result can also be obtained by starting with (A16) with

P = -+ = pu = pu — d* = pia
and integrating by parts. It is clear from (A20) that for fixed pp) (£ = 2)
the Pcg is an increasing function of pp; and is indeed strictly increasing
for py; in the unit interval.

The second step is to hold pp; fixed and to decrease the values of
pr (¢ = 2). This increases the probability of a correct selection by our
previous result above. This proves the monotonicity property for the
alternative specification.

AprpeENDIX III

LARGE SAMPLE THEORY — ORIGINAL SPECIFICATION

For ppy > pig the probability of a correct selection satisfies the in-
equalities

P{Xoy> Xy (1=2,3,+,k)} < Pcs
<P{XgyzXw@E =23,k (A2D)
unless pyy = 1 and piz; = 0 in which case equality signs hold since the
three quantities above are all unity. Letting gy = 1 — ppy, we can

write the left member of (A21) as
— *
P{Z,.> d* v'n (i=1,2,---,k~1)}
Vomam + (e — 4% (qw + d¥)
(A22)

where .
L Xay = Xy — nd*
" A alpmaw + (pm — d¥)(em + d¥)]

Z (i =1,2-,k—1)

(A23)

For the configuration (A1) with d = d* the chance variables Z; tend to
normal chance variables N(0,1) with zero mean and unit variance as
n — ., We have purposely omitted any continuity correction in (A22)
in order to get a better approximation for the smaller values of n.

To derive the least favorable configuration for large n we can restrict
our attention to those configurations given by (A1) with d = d*. The
quantity p{1;, which minimizes (A22), is obtained by maximizing the .
expression in (A22)

Q(p)

p(l —p) + (p — d)(1 — p + d¥ (A24)
= —2p° + 2(1 + d¥)p — d*(1 + d* (A25)
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The derivative of @(p) vanishes at
pin =% (L4 d%;  qu=3%0—d% (A26)

which gives the symmetric configuration. Clearly this value of p gives
to Q(p) its maximum value, £ (1 — d**). This proves that the symmetri-
cal configuration is least favorable in the limit as n — .

Under the configuration (Al) with d = d* and n -— « the distribution
of the chance variables Z; (¢ = 1, 2, --- , k — 1) approaches a joint
multivariate normal distribution with zero means, unit variances and
correlations given by

Pmgm ..
42 = =) (A27
o8 pmem + (pry — d¥) gy + d*) (¢ =7 (A27)

which do not depend on n. For the symmetric configuration this reduces
to the simple form

0(ZiZ;) = % (¢ 7). (A28)
This is precisely the case which arises in [1] and consequently the tables

in [1] ean be used for our problem when (the answer) n is large. The con-
stants C' = C(P*, k) tabulated in [1] solve the equation

P{Z,->—-\%(i=1,2,---,k—1)}=P* (A29)

for standard normal chance variables Z; satisfying (A28). If we equate
C/~/2 and the corresponding member of (A22), then we obtain for the
symmetric configuration

€ d*n
\/§=/‘/1 . (A30)
5(1— )

or solving for n and letting B = 1C”® this yields the large sample normal
approximation

5 ,
n o5 (1 —da* (A31)
Since d* is usually small when » is large and since the solution in (A31) is

usually somewhat smaller than the true value, then it is of interest to
examine the simpler approximation

IR

B

which is greater than the result in (A31). This is called the straight line
approximation since it plots as a straight line on log-log paper as shown
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in Figs. 2 through 5. As d* — 0 both the normal approximation and the
true value are asymptotically equivalent to the straight line approxima-
tion.

The normal approximation to the probability of a correct selection
can also be written in another form similar to (A16) which is actually
more useful for numerical calculations. The left member of (A21) can
be written as ‘

k1
> [11 P {Wi

wy i=2

- _ (A33)
< Vpuagm + (P — pia) \/n}:l P (W, = w)
\/Z)QO
where
X — npra .
W, = =o—=11 i=1,2 -,k (A34
\/np[n‘hi] ( ) )

and w; is the same function of xqy as W is of Xy . The outside summa-
tion in (A33) is over the values taken on by wy as xq runs from 0 to .
Asn — o the expression in (A33) approaches

o [k—1 — -
P = F w \/’PQO + (P — pra) \/n ] d A35
f_w [H < o > f(w) dw (A35)

where f(2) is the standard normal density and F(¢) is the standard normal
c.d.f. For the symmetric configuration, which is least favorable for large
n, (A35) reduces to

1=2

PL f_ : P (w + %} (w) dw (A36)

A straightforward integration by parts gives the alternative form

Pl (= 1) [ [1 —F (w - %—_@)J P (w)f(w) dw  (A37)

which corresponds to (A20).
A simple method for computing such integrals based on Hermite poly-
nomials is described by Salzer, Zucker, and Capuano.’

LARGE SAMPLE THEORY — ALTERNATIVE SPECIFICATION

The expression corresponding to (A22) for the alternative specification
is

¥ *
P{Zi > = (piy — piz) Vn (G=1,2 -, k— 1)} (A38)
Vgt + pindin
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which is already written for the least favorable configuration. The tables®
are not immediately applicable since the correlations

* %

P . .

o(Z:Z) = (@ #=7) (A39)
’ Pty + Pingin ‘

are not, in general, equal to 1. In the cases treated in Tables VI and VII,
pla = 0.5 and hence plugly < diugly so that the correlations (A39)
are all less than 1. It was found that linear interpolation on the required
value of n between the results for p = 0 and p = 3} gives moderately
good results when n is large. The result for p = 1 is given by

o~ ) (piugin + piygia) (A40)
(ptu — pi)’*

with A = 2B where B is given in Table V. The result for p = 0 is given
by (A40) with X = A’ where A is the solution of the equation

P{Z > —)\} = p#/&D (A41)

which can easily be found from univariate normal probability tables.
An explicit expression for the result of this linear interpolation is

Pl (@B — \&) + pligia e
(Pm - Pl21)2

Plg e (for pizy = 0.5) (A42)

The expressions for the probability of a correct selection for the al-
ternative specification corresponding to (A36) and (A37) are

Phs = f_ © (aw + b)f(w) dw (A43)

= oo =1 [ [1- 2" | P ao s

where
(P?:u - Z)Ekn)\/ﬁ
o= y/ B PG o gna p = PO ZPEIVE s
D142 Pi1die) o

These expressions can also be evaluated by the method described by
Salzer, Zucker and Capuano.’
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ArrEnDpIX IV
TYPICAL EXACT CALCULATION
A. Original Specification

The exact expression (A5) for the probability of a correct selection
for any configuration simplifies if the configuration is least favorable.
For any pair of integers (j,n) we define

by = P{Xa =j} = C;"(piu)(gfi)"™”’ 0=j=n) (Ad6)
by = P{Xe =7} = Ci"(ptu — ") (gfuy +d*)™™ (0=j=n) (A47)
By; = P{X ¢ = j} ' (A48)

Then the exact probability Pts of a correct selection for the least
favorable configuration can be written as

n k—1 Clcz—l . X
Pis = Z; bij _ZO ﬁ bi; BE7S (A49)
i= =

where B, _; is defined to be zero. Here, for each value of X, , the letter
¢ denotes the number of processes that tie with X, for first place and
for any given value of ¢ the conditional probability of a correct selection
is 1/(1 + 7). Taking &k = 4 as a typical case, we can write (A49) more
explicitly as

n 3 n n
Pis = 21 biiBs i1 + 5 21 biiby; Bs i1 + ZI bi;b3; Ba,ja
1= = =

1 (A50)
+ ;2 bubi

4 =0
If n = 10 then we may use the symmetric configuration, i.e., we may set
ply = L (1 + d*), in computing from (A49) or (A50).
B. Aliernative Specification

The probability Pis of a correct selection for the alternative specifi-
cation is the same as in (A49) and (A50) except that we now define

bi; = P{X = j} = C;"(pra) (gf1)" (G = 1, 2) (A51)
Bj = P{X( = J} (A52)
A typical exact calculation for & = 4, using (A50), (A51) and (A52) with

pm = piy = 0.75
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and

‘ *
Py = D1 = Py = Pr2l

is given in Table AIL. Exact values for the individual and cumulative
binomial probabilities were obtained from References 4, 5 and 6.

TaBLE ATl — CALCULATION OF THE Pos
Ppu = pin = 075; P = P = P = Pl = 0.60; k=4

7 bi ba, By i bt b3 B2 B}ia

0.00000 | 0.00010 — 0.00000 | 0.00000 — -
0.00003 | 0.00157 | 0.00010 | 0.00000 | 0.00000 { 0.00000 | 0.00000
0.00039 | 0.01062 | 0.00168 | 0.00011 | 0.00000 | 0.00000 | 0.00000
0.00309 | 0.04247 | 0.01229 | 0.00180 | 0.00008 | 0.00015 | 0.00000
0.01622 { 0.11148 | 0.05476 | 0.01243 | 0.00139 | 0.00300 | 0.00016
0.05840 | 0.20066 | 0.16624 | 0.04026 | 0.00808 | 0.02764 | 0.00459
0.14600 | 0.25082 | 0.36690 | 0.06291 | 0.01578 | 0.13462 | 0.04939
0.25028 | 0.21499 | 0.61772 | 0.04622 | 0.00994 | 0.38158 | 0.23571
0.28157 | 0.12093 | 0.83271 | 0.01462 | 0.00177 | 0.69341 | 0.57741
0.18771 { 0.04031 { 0.95364 | 0.00162 | 0.00007 | 0.90943 | 0.86727
10 0.05631 | 0.00605 | 0.99395 | 0.00004 | 0.00000 | 0.98794 | 0.98196

Check
totals....|[ 1.00000 | 1.00000

SRR WO

10

by BS ;1 = 044715
=1
=

10 :
g—’Z; bu,j bej B3, = 0.08493
=

10
Z b,i bg,;‘ B, ;1 = 0.01464

=1
1 10
1 > bi; by, = 0.00145
i=0

Total = 0.54817 = Ps

ApPENDIX V

In this appendix it will be shown that for large values of k the value of
n required to meet any fixed specification (d*, P*) is approximately
equal to some constant multiple of (In k).

Let n = n(k) denote the unique positive decimal solution of the equa-
tion

f " P 4 b /) w) dw = P* (A53)

-1
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where f(w) and F'(w) are defined above, P* and b are known constants
with 1/k < P* < 1and b > 0 and the argument % is a positive integer.
Let ¢ be a (small) fized number such that 0 < ¢ < Min (P*, 1 — P*).
Then ¢ < P* —1/Fk for sufficiently large k. Let A = A(e) be defined by

f_ 1 Jw) dw =1 —¢ (A54)
so that
0< fl T b Vi e s ¢ (A55)

for any integer £ = 1, any n > 0 and any b > 0. Let n” and »n”’ be the
unique positive decimal solutions, respectively, of the equations

L : F7 w 4 b /n")f(w) dw = P* — ¢ (A56)

f : Flw 4+ b A/n")f(w) dw = P* (A5T)

where P*, b and k are the same as in (A53). It follows from (A55), (A56)
and (A57) that for any integer & = 1

nZ=n=n" (A58)
From (A54) and (A57) we have
4 . *
P + by/ma ) do = (450)
—4 -

where f4(w) is the density of the normal distribution, truncated at A
and —A. The right hand member of (A59) is positive and less than
unitysincee < 1 — P*. Hence there exists a w4 with |w, | £ 4 suchthat

[P0 + ov/angaw) dw = P + bv/a) (460)

Since w4 is bounded and n” is large for large k we can use the well-known
approximation

F*w, 4+ bA/n7) é[

| _ &P [—(w, + 1;\/77)2/2:|k~1
V2 (wa + b\/n'")

= exp {_ (k — 1) exp[—(ws + b\/ﬁ’_’)Z/Q}
B '\/ZI'(’WA + b\/ﬁ)

where only the leading term is considered. Hence from (A59), (A60)

(A61)
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and (A61)
WA
— Inln (1—1)*—£> ’ +In(k —1)

2 Hwa + 04/27) + In (wa + b/27)
Since w, is bounded and i v/n” = o(n"’) it follows that for large k
n' >~ M) Ink—-1)=Chhk (A63)

where C is a proportionality factor. Starting with (A54) and (A56) the
same argument gives the same result as (A63) for n’. Hence, by (A58),
the same result must hold for n.

(A62)
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