


































































































































































































































































DYNAMICS AND KINEMATICS OF SUBMARINE CABLE 1173 

Vw sin.B tan (rJ = (51) 
y V - V w cos .B . 

Associated with V' we have a critical angle a' which is given approxi­
mately by H/V' or exactly by (10) or (11). 

In terms of cp, a', and a the analysis of Appendix F yields the following 
values of d and e. 

( 
�~� h }' [ ( h')2ctu

2
a' J) d=h' ctna'- a �~� 1- 1--

2 cos2 a' h' h 

( 
h h' [( h,)ctu2a'J) e = h' cpctna' 1 - -V- tan2 a' 1 - 1 - h ' 

(a) 

(52) 

(b) 

where �~�a� = a - a' is the difference of lower and upper stratum critical 
angles, h' is the depth of the upper, cross-current stratum and h is the 
total depth. * Curves from which d and e may be evaluated are given in 
Figs. 28 and 29 in dimensionless form. To illustrate their application we 
consider the following. 
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Fig. 28 - Distance the laid cable is offset from the ship's path. 

* In Appendix F the equation of the space curve formed by the cable in the 
upper stratum is also given. 
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Fig. 29 - Distance behind the ship at which the cable enters the lower stra­
tum. 

Example: A ship is laying cable No. 2 at a depth of 6,000 ft at a re­
sultant ground speed of 6 knots due east. There is a one knot cross-cur­
rent 600 feet deep running 30° east of north. Find e and d. 

Here {3 = 60° and we obtain from (50) by a simple computation 
V' = 5.57 knots. Also since for cable No.2 H = 70 degree-knots, 

h' /h = 600/6000 = 0.1, 

a ' = 70/5.57 = 12.3 degrees. 

By interpolation, we find from Figs. 28 and 29 

1 e 
; h' = 2.7, 

(t~ - hd,)~ = 4.7. 
an a Lla 

Equation (51) yields in turn cp = 0.156 radians, and Lla is given by 

70 70 
Lla = - - - = -0.6 degrees = -0.010 radians. 

V V' 
Hence, we have 

e = 3.6 h' cp = 2.7 X 600 X 0.156 = 253 ft, 

d ~ h' [tar~ a' - 4.7 lIa ] ~ 6000 [4.59 + 4.7 X 0.0 10] ~ 2800 ft. 
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APPENDIX A 

Discussion of the Two-Dimensional Stationary Configuration for Zero 
Bottom Tension 

We assume again that the tangential drag DT depends only on the 
relative tangential velocity V T , and we consider in a T, () plane the solu­
tion trajectories of equations (18). These trajectories satisfy the equation 

dT (sin () - DT/w) (T _ V 2) (53) 
d() - cos () - A sin () I sin () I pc c , 

and are periodic in () with a period of 27r. In Fig. 30 we have plotted the 
solution trajectories qualitatively for (0: - 7r) ~ () ~ (0: + 7r). It is seen 
that the trajectories are either the vertical straight lines () = 0:, () = 0: ± 7r 
or they lie completely within one of four regions, labelled I, II, III, or 
IV, which are bounded by these vertical lines and the horizontal line 
T = pc Vc

2
• The trajectory () = 0: corresponds to the straight-line laying 

configuration, while the trajectories () = 0: ± 7r correspond to Shea's 
straight-line recovery method. 

Examine now the trajectories in Regions II and III at a point of 
which T = o. As J. F. Shea has pointed out, these trajectories all lie 
below the line T = pc V/. On the other hand, the trajectory () = 0: con-

T 

a-TT DC. 0l.+1T 

Fig. 30 - Qualitative representation of the solution trajectories of the two­
dimensional stationary model. 
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tains all values of T. Hence, according to the stationary model, the only 
cable configuration for laying which has the value T = 0 and values of 
T ~ Pc V/ is the straight line inclined at the critical angle a. The mag­
nitude of Pc V/ is small. For example, for cable No.2 paid out at six 
knots pc V c

2 is roughly six pounds, and for conditions approximating 
stationary laying the observed tensions at the ship are in practice always 
many times the Pc V c

2 value. For such magnitudes of shipboard tensions 
and a zero bottom tension, the two-dimensional stationary model thus 
yields the straight line as the only possible cable configuration. 

However, the empirical fact that T > Pc V/ does not guarantee that 
the shipboard tension must be greater than PcV/. We might somehow 
contrive to lay at a zero bottom tension with T < pc V/ and with the 
cable in one of the non-straight line configurations of Regions II or III. 

Consider the cable configuration lying in Region II. From Fig. 7 it can 
be seen that the vertical velocity of a cable element is given by 

dy V V . dt = - vert = - c SIn 0, 

where y is measured upward. Hence, of the possible trajectories for which 
the bottom tension is zero only those for which the bottom cable angle 
00 is between zero and 7r correspond to cable laying. For region II, there­
fore we need consider only the trajectories in the range 0 ~ 00 < a at 
To = O. From (20c) the maximum value of Ym for these trajectories is 
given by 

pcVc21°0 { sin ~ 
Ym = -W 0 (cos ~ - A sin2 ~) 

(54) 

[ ·100 w sin TJ - DT(TJ) ]} 
X exp - ~ W (cos TJ - A sin2 TJ) dTJ d~. 

Let (DT)m be the maximum value of DT , 0 ~ TJ < a. With DT set equal 
to (DT)m , the right-hand side of (54) gives an upper bound on Ym . This 
substitution further allows one to evaluate the right-hand side of this 
equation in terms of standard integrals. The result yields the following 
upper bound on Ym: 

where 

Ym < 2.1 PcVc
2 
_1_, 

W 1 - r 

(DT)m 
r=--­

w sin a 
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In general, this upper bound will be much less than the laying depth. 
For example, for cable No.2 being laid with 6 per cent slack at 6 knots 
Ym < 12.5 feet. That is, the cable configurations corresponding to Region 
II do not reach the ocean surface. Hence these solutions of the stationary 
model do not in general satisfy all the required boundary conditions and 
can be discarded. 

Similarly, in Region III, the laying trajectories for which To = 0 are 
in the range a < 80 ~ 7r. Consider those for which 80 < rr/2. We get for 
these trajectories 

PcV/ ("/2 { sin ~ 
Y7rj2 = -W Joo (A sin2 ~ - cos 0 

X [ r~ w sin '17 - DT ('I7) d]} d~ 
exp - Joo w (A sin2 '17 - cos '17) '17 , 

(55) 

where Y7rj2 is the value of y at 8 = rr/2. Let m be the minimum value of 
sin '17 - (D T ('I7)/w) in the range a < '17 ~ rr/2. If, as in the usual case, 
m is positive, we can obtain an upper bound on Y7rj2 by replacing 
sin '17 - (D T ('I7)/w) by m in the right-hand side of (55). By this means 
we find that 

pc V/ 2(1 + cos2 a) 
Y7r/2 < -- t /2' w mana 

For cable No.2 being laid with 6 per cent slack at 6 knots this relation 
yields Y7rj2 < 1,100 feet. So in the usual laying depths, which are many 
times greater than Y7rj2, the configurations in Region III for which 
To = 0 correspond to a value of 8 at the surface greater than rr /2, or to 
cable being paid out in front of the ship during laying. It is doubtful 
whether such configurations would be stable and, at any rate, doubtful 
whether cable would ever be laid in such a manner. Hence, we conclude 
that these To = 0 solutions of Regions II and III will in general be 
mathematical curiosities, and that the only realistic laying solution of 
the stationary model for which the bottom tension is zero is the straight 
line 8 == a. 

APPENDIX B 

Computation of the Transverse Drag Coefficient and the Hydrodynamic 
Constant of a Smooth Cable from Published Data 

From (6) of Section 3.2 we obtain the relationship 
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V sin a = ( 2w \1/2 = H 
Vcos a CDpd) , 

(56) 

where H is the hydrodynamic constant. Also, we define the Reynolds 
number for flow normal to the cable in the usual way; 

N 
_ dV sin a 

R - , (57) 
V 

v being the kinematic viscosity of water. For smooth cable we now as­
sume that the drag coefficient CD depends on N R in the same way as for 
flow around a smooth cylinder of infinite length. Experimental data for 
this relationship, namely, 

(58) 

are available in the literature and have been collated by Eisner.I5 

For a given velocity V, (56) through (58) represent three equations 
for the unknowns a, CD, and N R • In general, the solution of these equa­
tions depends on V, thus contradicting the assumption made in Section 
3.2 that CD , and therefore H, are constants independent of V. However, 
for sufficiently large V we can expect the resulting a to be small so that 
V cos a ~ 1. In this case (56) and (57) combine to give 

2wd 1 
CD = -2 N 2' pv R 

(59) 

which together with (58) yields two equations for CD and N R that are 
indeed independent of V. In laying, V will normally be large enough for 
this approximation to hold. 

Equations (58) and (59) are in turn easily solved graphically by find­
ing the intersection on log-log paper of the curves, CD versus N R , 

that these equations represent. Since p and v are properties only of the 
water, we see that CD is a function only of the product wd of the unit 
weight of the cable times its diameter. In Fig. 31 we have plotted the 
resulting values of CD for wd ranging from 10-7 to 10 pounds. For this 
computation we have assumed sea water at 32°F with an assumed density 
of 1.994 slugs per cubic foot and a kinematic viscosity of 2.006 X 10-5 

fe/sec. 
For other than large values of V, (56) through (58) can be readily 

solved if one interchanges the roles of a and V, that is, if one considers a 
as given and Vas unknown. Equations (56) and (57) can again be com­
bined in this case to give 
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C - 2wd cos ex 1 (60) 
D - pv2 N R2' 

and with wd cos ex a known number, (60) and (58) can be solved for CD 
and N R as before. Thus, one can obtain CD from Figure 31 by merely 
reading wd cos ex rather than wd on the abscissa. Knowing CD one can 
solve for V from (56). 

wd IN POUNDS (---) 

10-7 2 
3.0 

4 6 8 10- 6 2 4 6 8 10- 5 2 4 6 8 10- 4 2 4 6 8 10- 3 

~, 

2.0 

' ... 1' ...... 

CD 1.5 

1.0 
0.9 
0.8 

10-3 2 

... ~ .. 
r ..... ...... 

~ ...... 
"'1'"-

' .. --- .... --~ 
~ 

I--r- i"'l' ... _ .... 

4 6 8 10-2 2 4 6 8 10-1 2 4 6 8 1 

wd IN POUNDS (--) 

... ~ -. '-1-

2 4 6 8
10 

Fig. 31 - Variation of CD with wd for cables of smooth exterior. 

The results of such a computation are shown in Table II for cable 
No. 1. For V > 1.5 knots the experimentally determined H is 64.0 de­
gree-knots. The corresponding computed values of H, ranging from 67.4 
to 70.0 degree-knots, compare favorably with this experimental value. 
Over the entire range of V, from 0.25 to 10.00 knots, the variation in H 
is about 4 per cent. This small variation makes the assumption of Section 
3.2 that H is a constant for all V appear reasonable, especially since we 
can only hope to use this computation in a preliminary design before 
the hydrodynamic properties of a cable are established by experiment. 

V (knots) 

0.25 
0.50 
1.50 
3.00 

10.00 

TABLE II - COMPUTED VALUES OF N R , 

CD, AND H FOR CABLE No.1 

NR CD 

1.25 X 103 0.935 
2.50 0.922 
5.20 0.965 
5.80 0.985 
6.05 1.000 

H (deg.-knots) 

67.5 
70.0 
67.8 
67.5 
67.4 
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In Table III we have indicated computed high-velocity H values as 
a function of the unit weight wand the diameter d of a cable. Table IV 

shows the computed high-velocity CD and H for various gauge piano 
wire. The American Steel and Wire gauge scale is used in this tabulation. 

TABLE III - COMPUTED VALUES OF THE HYDRODYNAMIC 

CONSTANT H IN DEGREE-KNOTS FOR SMOOTH CABLE 

Submerged 
Weight in 

Ib/ft 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
2.0 
3.0 

_0_.5_1_~ 
54.5 44.2 
75.9 61.1 
91.7 73.6 

104.7 83.9 
115.9 92.6 
125.8 100.4 

107.6 
114.2 
120.6 
126.5 

1.00 

37.9 
52.3 
62.9 
71.5 
78.9 
85.6 
91.9 
97.8 

103.4 
108.7 
153.3 

Diameter in Inches 

1.25 1.50 1.75 2.0 2.5 3.0 

33.7 30.6 28.1 26.2 23.2 21.0 
46.4 41.9 38.5 35.8 31.6 28.5 
55.6 50.2 46.1 42.8 38.0 34.4 
63.1 57.1 52.5 48.9 43.5 39.6 
69.8 63.3 58.3 54.4 48.5 44.3 
75.9 68.9 63.6 59.5 53.2 48.5 
81.6 74.2 68.7 64.2 57.4 52.4 
87.0 79.3 73.4 68.6 61.3 55.9 
92.1 84.1 77.8 72.7 65.0 59.3 
97.1 88.6 82.0 76.6 68.5 62.5 

137.0 125.0 115.7 108.2 96.7 88.2 
167.6 152.9 141.5 132.3 118.2 107.9 

4.0 

17.9 
24.4 
29.7 
34.3 
38.3 
42.0 
45.3 
48.4 
51.3 
54.1 
76.3 
93.3 

TABLE IV - COMPUTED CD AND H VALUES OF PIANO Wnm 

Gauge Dia. (inches) CD (Am. Steel & Wire) 

0 0.009 2.49 
5 0.014 1.91 

10 0.024 1.56 
15 0.035 1.39 
20 0.045 1.31 
25 0.059 1.24 
30 0.080 1.14 
35 0.106 1.02 
40 0.138 0.970 

I APPENDIX C 

Some Approximate Solutions for Laying and Recovery 

C.l Laying 

II (deg- knots) 

10.7 
15.2 
22.1 
28.2 
33.0 
38.7 
47.2 
57.1 
67.1 

We assume that the tangential drag and the centrifugal forces are 
negligible. Then, since for laying 0 ~ 0 ~ 7r, (lSa) by virtue of (21) be­
comes 

(
To ) dO . 2 
W + y ds + A 8m 0 - cos 0 = O. (61) 
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Let the origin of an x, y coordinate system be at the cable touchdown 
point (Fig. 8). Further, let x be the x coordinate of a point along the 
cable configuration and s the corresponding distance along the cable 
from the origin. If we define 

then 

and 

A = s - x, 

dA ds dx 0 - = - - - = tan-
dy dy dy 2' 

dy _ sin O. 
ds -

By means of (63) and (64), (61) transforms to 

(62) 

(63) 

(64) 

(T + -) diS d
2
iS + ~ (diS)4 + A (diS)2 _ ~ = 0 (65) 

o y dy dy2 4 (dy) (dy) 4 ' 

where we have in addition introduced the non-dimensional variables 

To = To/wh, 

A = A/h, 

Y = y/h. 

Here h is the ocean depth at the touchdown point. Using the condition 
that 0 = 0 at y = 0, which implies dA/dy = 0 at y = 0, we get upon 
integrating (65) 

where 

diS a ( 1 - [To/(To + y»)" )1/2 
dfj = tan:2 1 + ['1V ('To + fj)jY tan' ~ , 

2 - sin2 a 

(66) 

(67) 

The usual range of the critical angle a is between 10 and 30 degrees. Also 

T 
O < 0 < 1 

= 'Po + y = . 

Therefore, we approximate the denominator of equation (67) by unity. 
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With the boundary condition that D. = s - x = 0 at y = 0, we thus 
obtain 

Li(I) = S - X = tan ~ 11 (1 - [To/(To + t)]'')! d~, (68) 

where S and X are the dimensionless values of s and x at the ship. 
Next we let 

w = s + x, w = w/h. 
Then we have 

dw = l/dLi 
dfj dfj , 

and, as can be seen from (66) through (68), 

w(1) = S + X = ctn ~ 11 (1 - [To/(To + ~)]'')-! d~. (69) 

For convenience we define u and R by 

To 
u = To + e 

To 
R = 1 + To' 

In terms of u and R (68) and (69) become 

- - a 11 (1 - u 'Y)! 
D.(I) = To tan -2 2 du, 

• R U 

- - a fl du 
w(l) = To ctn -2 2(1 t' 

R U - U'Y 2 

Further, integration by parts gives 

(70) 

(71) 

11 (1 - u'Y)! (1 - R'Y)! "I 11 (1 - u'Y)~ "I 11 du 
--- du = + - du - - 1 • 

R u2 R 2 R u2 2 R u2(1 - U'Y)2 

Combining the above three equations and making the approximation 
(1 - R'Y)! ~ 1, we find 

( 
"I) - "I 2 a () ( - ) a 1 - 2 D.(I) + 2 tan 2 w 1 = 1 + To tan"2' (72) 

Thus Li(I) and w(l) are related, and we need evaluate only one of the 
quantities numerically by means of equation (70) or (71) in order to 
compute both Li(I) and w(I), and hence Sand X. 
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The singularity at u = 1 makes the numerical evaluation of the inte­
gral in (71) cumbersome. Therefore we consider the evaluation of .1(1). 
But for convenience of numerical calculation we write (70) as 

~(1) ~ -Totan~ J.' (1 - u,)ldC ~ u), 
and integrate by parts to get 

- _ a ( 'Y! l' r (I 1 - U u'Y ) 
A(l) - tan"2 (1 - R) -"2 To In ~ (1 _ u'Y)~ du , 

We note again that (1 - R'Y)! ~ 1. Further, essentially all of contribu­
tion to the integral in this equation occurs near u = 1 because of the 
large value of 1'. On the other hand, the values of To which are of in­
terest will normally be smaller than unity. Hence R, the lower limit, will 
normally be less than one-half, and thus will be outside of the region of 
significant contribution to the integral. Therefore, we can take the in­
tegral to be a constant for a given ex. Denoting this integral by nand 
combining these considerations we obtain 

-( ) a l' a -
A 1 = tan 2 - 2 n tan 2 To. 

Finally solving for S and X from (68) and (69), we find 

- 1 -
S = -.- + KTo , 

sm a 

- 1 -
X = -- + ATo , 

tan ex 

(73) 

which are a dimensionless form of (24). For brevity we have written 

1 (2 [ l' (1' ) ] a l' a) 
K ="2 ~ 1 - 2 2 - 1 n ctn 2 - "2 n tan 2 ' 

1 (2 [ l' (1' ) ] ex l' a) A = - - 1 - - - - 1 n ctn - + - n tan -
21' 22 22 2' 

Since the integral n and the constant l' depend only on ex, the constants 
K and A are also functions of ex only. We have evaluated n by numerical 
integration and have plotted the resulting values of K and A - K in Fig. 10. 

C.2 Recovery 

In the conventional recovery situation we have as boundary conditions 
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() = 0 at y = 0, 
(74) 

() = - as at y = h, 

where as is the incidence angle of the cable at the ship (Fig. 8). With 
these boundary conditions, the development leading to (66) yields (26) 
for the relationship between shipboard tension Ts and the incidence 
angle as . 

To evaluate S and X, the values of s and x at the ship, we use (19), 
(20a) and (20b). Again we simplify by assuming DT = PcV/ = O. Fur­
ther, since for recovery -71" ~ () ~ 0, we may write I sin ~ I = -sin~. 
This gives 

S - T {-as [1 {e sin TJ d ] d ~ 
- 0 Jo cos ~ + A sin2 ~ exp Jo cos TJ + A sin2 TJ TJ , 

(75) 
X = To I-as [ cos ~. exp I~ sin TJ. dTJ] d~. 

o cos ~ + A sm2 ~ 0 cos TJ + A sm2 TJ 

The dimensionless bottom tension To is computed "from (26). The inte­
grals appearing in (75) have been evaluated numerically. The results 
are shown in Figs. 14 and 15. 

APPENDIX D 

Analysis of the Effect of Ship Motion , 

D.l Formulation of the Differential Equations 

To analyze the effect of ship motion on cable tensions, we use the model 
shown in Fig. 32. We assume the cable is a perfectly flexible and elastic 
string whose motion is planar. The distance L along the cable from the 
ship to the point of entry into the water is taken as constant, and the 
longitudinal damping as negligible. 

00 
~ 

x~ 

Fig. 32 - Model used for the analysis of ship motion tensions. 
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Unlike the solution of the basic stationary model, the complete solu­
tion of this model is not simple. To make the problem tractable, we shall 
make further simplifying assumptions. Although these assumptions may 
seem reasonable, they must be ultimately justified by comparison of 
experience with predicted results. 

Force diagrams of a differential element of cable are shown in Figs. 
33(a) and (b) for the two regions, air and water respectively. The no­
tation is 

p = longitudinal displacement of a point of the cable, 
q = transverse displacement of a point of the cable (in air), 
rJ = transverse displacement of a point of the cable (in water), 
() = the stationary angle, i.e. the angle the cable configuration makes 

with the ship velocity in the absence of ship motion, 
cp = deviation from the stationary angle - positive in the clockwise 

direction, 
s = distance along the stretched cable, 
x = distange along the unstretched cable (in air), 
r = distance along the unstretched cable (in water), 
Wa = weight per unit length of cable in air. 

Fig. 33 - Diagram of forces acting on a cable element in air and in water. 
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Summing forces along the directions t (tangential) and n (normal) shown 
in Fig. 33, dividing by Ax (air) or As (water) and letting Ax ~ ° and 
As ~ 0, we obtain the following equations of equilibrium* 

Air: 

Water: 

Tcpx - Wa cos (0 - cp) = Pc(qtt cos cp - Ptt sin cp), 

Tx + Wa sin (0 - cp) = Pc(qtt sin cp + Ptt cos cp), 

Tcpr + DNsr - W cos (0 - cp) = Pw(qtt cos cp - Ptt sin cp), 

Tr + W sin (0 - cp) = Pc(qtt sin cp + qtt cos cp). 

(7G) 

(77) 

Here, Pc denotes the mass per unit length of the cable in air. As is known 
from hydrodynamic theory, in order to accelerate a body through a 
fluid, one <must change not only the momentum of the body but that of 
some of the surrounding fluid as well. Thus the body has a virtual or ap­
parent mass in addition to its intrinsic mass. In the first (77), the equa­
tion of equilibrium in the normal direction in water, we accordingly use 
pw, given by 

7r 2 
pw = pc + 4 d p 

as the intrinsic plus virtual mass per unit length of cable moving through 
water. The quantities d and p are the outer diameter of the cable and 
mass density of the water, respectively, and the quantity (7r/4)d2

p is 
the virtual mass of a unit length circular cylinder moving transversely 
through water. 

We take for the normal drag force per unit length 

D GDpd I I 
N = -2- V N V N • (78) 

Here V N is the normal component of velocity of the water relative to 
the cable, i.e., 

VN = V sin (0 - cp) + Ut sin cp - r]t cos cp, (79) 

and G Dpd/2 is a constant. 
The quantities sand cp are given by the following geometric relations 

which can be obtained from Fig. 33: 

* We use the subscript notation for differentiation throughout this section, 
e.g., CPx =acpjax. 
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Sr = [(1 + Pr)2 + ?]/]'! (80) 

tan cp = ?Jr/(1 + W), (81) 

with similar expressions obtaining for the cable in air. 
The tension T in turn is given by the Hooke's Law or stress-strain re­

lation 

T = EA{[(1 + P.Y + qx
2]! - I}, 

T = EA{[(1 + Pr)2 + ?]/]! - I}. 

(air) 

(water) 
(82) 

As we indicated in Section 4.1, we shall assume that the extensile rigidi­
ties EA corresponding to complete restraint and no restraint to twisting 
will give the limiting values of the ship motion tension. 

Equations (76) through (82) form a complete system in terms of the 
independent variables x or ~ and t. Formulating boundary conditions in 
terms of the coordinate x (or ~) is awkward. This coordinate is measured 
along the unstretched cable so that a disturbance applied at the ship is 
applied at different x's as the cable is paid out. At the same time, if the 
velocity of the pay-out is small compared to the significant wave velocity 
of the cable then we can plausibly neglect the paying out effect. As wm 
be shown subsequently, in the problem at hand there are two significant 
wave velocities, roughly corresponding to transverse and longitudinal 
motion. The first of these is of the order of 200 ft/sec, while the second 
is of the order of 5,000-10,000 ft/sec. On the other hand, the pay-out 
velocity is of the order of 10 ft/sec. Hence, we take the pay-out velocity 
to be zero. This allows us to use (76) through (82) without further trans­
formations and to identify x and ~ as coordinates fixed in the translating 
reference frame. 

D.2 Perturbation Equations 

We assume that the motion is a small perturbation about the undis­
turbed configuration of our model. To determine which terms of the 
differential equations are important in this case, we adopt the following 
procedure. Let 

where Po and Qo are displacements of the cable at the ship, and PI is the 
variation of the pay-out displacement from the mean. The quantity 
e = ];[/L wm normally be less than unity, and for no ship motion will be 
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zero. We write 

Po + PI = aJ(t) , 

Qo = bg(t), 

where J(t), get) are some bounded functions of time and a and bare 
constants. We assume that for given J(t) and g(t), T, p, and q vary 
analytically with e, namely 

T = To + eTl + e
2
T2 + 

q = eql + e2 q2 + ... , 
P = po + epl + e2

p2 + 
(83) 

with counterparts for the submerged cable. The stationary transverse 
deflection is further assumed zero, and therefore the series for q contains 
no qo term. Substituting, for example, (83) into (82) for air and equating 
like powers of e, we find 

To = EApox, (a) 

TI = EAplx, (b) 
(84) 

T2 
- qlx 

[ 2 ] = EA P2x + 1 + Pox . (c) 

Equation (84a) of this sequence shows that only longitudinal displace­
ments are associated with stationary tensions, while (84b) indicates that 
for small ship motions cable tensions are independent of the transverse 
component of ship motion. To compute the effect of transverse motion, 
(84c) shows that terms of the order e2 in p and e in q must be considered. 
We assume further that 1 + POx ~ 1, since POx is the order of magnitude 
of a strain. . 

Equations (83) and (84) substituted into (76) yield with this approxi­
mation 

Wa cos a = 0, (a) 

EA poxx - pa Pott + Wa sin a = 0, (b) 

1 
Pbx - 2 PItt = 0, 

CI 

(a) 

(b) 

(85) 

(86) 
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where 

C1
2 

= EA/Pa, 

C2
2 = To/Pa. 

For non-zero Wa and a ~ 7r/2, (85a) cannot be satisfied. This is a conse­
quence of the assumption of qo = 0. With POtt = 0, equation (b) implies 
in turn that To = constant, which agrees with our model. For the sub­
merged part of the cable, the equations do not yield a constant To and 
thus contradict the assumed model. However, on the assumption that 
the transverse motion is confined to a region near the surface, we con­
sider To to be constant in the submerged part of the cable as well. We 
thus arrive at 

(a) 

(b) (87) 

where 

c} = To/pw, 

CDP dV2 
• 

(5 = To cos a sm a, 

CDP dV
2 

• 
'Y = To SIn a, 

as the differential equations governing the motion of the submerged 
cable. The constant Cl is the velocity of propagation of a longitudinal 
wave in the cable, while the constants C2 and C2 represent the propagation 
velocities of a transverse wave in air and water respectively. 

D.3 Solution of the Perturbation Equations 

We write 

p(O, t) = poet) + P1(t), 

q(O, t) = Qo(t), 

and take as boundary conditions 
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PI (0, t) 

P2(0, t) = 0, 

ql(O, t) = QO/e. 

e 
(a) 

(b) 

(c) 

(SS) 

That is, we apportion all of the longitudinal boundary motion to PI , 
and all of the transverse boundary motion to ql . Equations [(S4b), (SGb) 
and (S7b)] then give the complete tension due to the longitudinal com­
ponent of ship motion to first order. As mentioned in the text, this ten­
sion is easily obtained from standard references, and is also the greater 
part of the ship motion tension. 

To determine the tensions due to transverse ship motion, we solve 
(Suc) and (S7c) for boundary conditions (SSb) and (SSc). In addition, 
we have the transition conditions 

ql (L, t) = '171(0, t), (a) 

q1x (L, t) = 'l71r(0, t), (b) (S9) 

P2 (x = L, t) = pit = 0, t), (c) 

P2x (L, t) = P2r(0, t), (d) 

which follow if we assume that at the point of entry into the water the 
cable is continuous and the tensions are finite and continuous. 

We consider only the problem of the tensions associated with a har­
monic steady-state transverse disturbance. Equations (Sua) and (S7a) 
show the transverse response to this disturbance to be independent of 
the longitudinal motion to first order. The first-order transverse motion 
in turn can be thought of as a forcing action on the second order longi­
tudinal motion, as (Suc) and (S7c) indicate. This suggests the program 
we follow to compute tensions. Namely, we first determine the first­
order steady-state transverse response, then the second-order steady­
state longitudinal response which is excited by the first-order transverse 
oscillation, and finally, by (S4c) the resulting tension caused by trans­
verse motion. 

D.4 Transverse Response 

At the ship we assume a harmonic forcing function 

Qo(t) = A cos wt, 

and we introduce complex exponential representation 

(90) 
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ql = Re Ql(X) eiwt
, 

1]1 = Re H 1(S) eiwt
, 

where the factor eiwt will be henceforth suppressed. 
The solution of (86a) and (87a) for the steady state may then be 

written 

where the B's and F's are complex constants and ql and q2 are the roots 
of the quadratic 

2 

2 • + W 0 q - oq - ~W'Y -=2 = . 
C2 

Throwing away the root of this equation which corresponds to the lll­

coming wave in water, we get 

where ql is the root corresponding to the outgoing wave. The three com­
plex constants Bl , B2 , and F can now be determined from (89a), (89b) 
and (90) 

Bl + B2 = Ale, 

Bl exp i~~ + B, exp ( - i~~) - F = 0, (91) 

We note that Bl , B2 and F are proportional to the amplitude A of the 
forcing motion. 

D.5 Second-Order Longitudinal Response 

From the preceding results, the right-hand sides of the equations of 
longitudinal motion (86c) and (87c) can be computed. This computation 
for (86c) results in 
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( 
2wx . 2wX) . + r3 cos - - r4 sm - sm 2wt 

C2 C2 

(92) 

. 2wx 2wXJ + rs sm - + r2 cos - , 
C2 C2 

where the r's, which are proportional to the square of the amplitude A, 
are 

rl = Re (B12 + B2
2
), 

r2 = 1m (B12 - B22) , 

r3 = Re (B12 - B/), 

r4 = 1m (B/ + B2
2
), 

rs = 2Re BlB2 , 

2 2 e r2 
r6 = rs + fi2' 

lThe quantity r6 will be used subsequently,] Similarly, for the right-hand 
side of (87c) we get 

mt C~, ~lt! - ~'tt) ~ e-'Pt[(a, cos 2ul + a, sin 2ul) cos 2wt (93) 

+ (al sin 2a-r - a2 cos 2u~) sin 2wt + a3], 

where 

ql = - (p + iu), 

a, ~ I ~ I' I q, I [(~)' cos (2f + g) + I q, I' cos (2f + 3g) J. 
a, ~ I ~ I' I q, I [(~)' sin (2f + g) + I q, I' sin (2f + 3g) J. 
a3 ~ I F I [~~)' + I q, I'J P, 
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and 

f = arg F, o ~ f ~ 211", 

11" O::S;g::S;-- - 2' 

It is seen that expression (92) and (93) have terms of the form 

F(X){sin 2wt 
cos 2wt 

(94) 

in addition to functions of x (or n alone. In accordance with the idea 
that the first order transverse motion is a forcing action on the second 
order longitudinal motion, we take as solutions of (86c) and (87c) func­
tions of the form 

G (x) {sin 2wt 
cos 2wt 

to correspond to terms of the type given by (94) and functions of x (or ~) 
alone to correspond to forcing terms which are independent of time. This 
again gives linear differential equations which can be readily solved. For 
example, corresponding to the first term in (92) multiplying cos 2wt we 
have the assumed solution 

G(x) cos 2wt, 

and the differential equation 

](
W)3 [ . 2wx 2WX] 1 - rl sm - + r2 cos - . 
C2 C2 C2 

This has the solution 

[ 
wX . wX w ( . 2wx 2wX)] G = Al cos - + A2 sm - + -8 rl SIn - + r2 cos - , 
Cl CI C2 C2 C2 

where Al and A2 are undetermined constants. 
In this manner, the solution for the longitudinal motion can be ob­

tained in terms of a set of constants. These in turn can be evaluated by 
means of the boundary and transition conditions on P2 . This evaluation, 
although straightforward, is very tedious. We shall omit the details of 
it here. The final result is 
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Air: 

Cl 2wL) 2wx Cl] [ • 2wL - - rs cos -- cos - + - rs cos 2wt + r3 sm -
C2 Cl Cl C2 Cl 

( 
Cl 2wL Cl . 2wL) 2wx Cl]. - r2 + - r4 cos - + - rs sm - cos - + - r4 sm 2wt 
C2 Cl C2 Cl Cl C2 

C2 [( 2wx 2wL) (. 2wx . 2wL) IF 12]} + - r5 cos - - cos -- - r2 SIn - - sm - ---
Cl C2 C2 C2 C2 4, 

Water: 

Cl . 2wL ( . 2wL 2wL)]. ( r \ + - sm -- r4 SIn -- - rs COS -- sm 2w t - - ) 
~ ~ ~ ~ ~ 

[ 
. 2wL 2wL Cl. 2wL ( . 2wL + r2 sm - + r3 COS - + - sm - rs sm --

CI Cl C2 Cl Cl 

+ r, cos 2;IL)] cos 2", (t - £) I F I 2 ~ e -2PI l 
CI J. 

D.6 Numerical Results 

Since the r's are each proportional to the square of the amplitude A, 
the above results indicate that the transverse motion tension varies as A 
squared also. It is additionally a function of the frequency of ship motion 
w, the forward mean ship velocity V, and the stationary tension To. The 
computation of the transverse ship motion tension for the layjng situa­
tion was carried out for cable No.2. The results are shown in Fig. 34. 
Here we have denoted the transverse motion tension by Tq and have 
plotted T q/ A 2 against the period of ship motion 'T. Rather than the 
stationary tension To, we have used the depth h, which during laying is 
directly related to To by h = To/w. Fig. 34(a) is a plot of T q/ A2 versus 
the period 'T = 27r/w for h = !, 2 and 3 nautical miles and for V = 6 
knots. Figure 34(b) is a plot of T q/A 2 versus 'T for V = 3,6, and 9 knots 
and h = one nautical mile. 

For representative laying, for example at 6 knots with a ship period 
of 6 seconds into a depth of one nautical mile, Fig. 34 gives 
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T q/ A 2 = 0.50lb/ft2 (twist unrestrained), 

T q / A 2 = 0.93 Ib/fe (twist restrained). 

For an extreme value of A = 20 feet, we get therefore that Tq is be­
tween 200 and 370 pounds. 

Additionally, by means of the above analysis, one can compute the 
rate of damping of a transverse disturbance after it enters the water. 
The results of this computation are shown in Fig. 18 and are discussed 
in Section 4.1. 
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Fig. 34 - Variation of the transverse ship motion tension of cable No.2 
with the period of ship motion. 

APPENDIX E 

Tension Rise with Time for Suspended Cable 

E.1 Formulation of the Solution of the Problem 

Let 0 be the lowest point of the cable at time t after the suspension 
has begun (Fig. 35). We make the following definitions: 

h depth at onset of the suspension, 

Sl cable length from A to 0, 

S2 cable length from ship at B to 0, 

Xl = horizontal distance from A to 0, 
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X 2 = horizontal distance from B to 0, 

o = vertical distance from A to 0, 

To = cable tension at O. 

If the cable is being paid out with a slack e, then conservation of the 
total cable length gives the equation 

8 1 + 8 2 = ~ + (1 + e) Vt + cable stretching. (95) 
sm a 

v -

Fig. 35 - Coordinates for the analysis of tension rise when a cable is com­
pletely suspended. 

It is assumed that there is no cable pulled from the bottom. The cable 
stretching we evaluate as in the example of Section 3.6, viz., 

cable stretching = (81 + 82) :~ • 

This makes (95) read 

h " To 
81 + 8 2 = -. - + (1 + e) Vt + (81 + 8 2) EA . (96) 

SIn a 

To obtain further relations for the unknowns appearing in (96), we 
assume that from the ship to point 0 the cable configuration is a station­
ary one governed by the equations developed in Section 3.6, while from 
points 0 to A we assume that the cable configuration is a static catenary. 
These assumptions yield the following relations: 

8 To. h 
1 = W SIn (J', (a) 

8
2

=h.+o+KTo 
sIn a W ' 

(b) 
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X
2 

= h + 0 + A To (c) 
tan a W ' 

o = To (cosh u - 1), (d) (97) 
w 

h 
X 2 + Xl = t-- + V t, (e) 

an a 

wXI () 
U = To ' f 

Ts = To + w(h + 0). (g) 

Here K and A are constants, defined and plotted in Section 3.6, which de­
pend only on a, the critical angle corresponding to V. Equations (96) 
and (97) form a complete set of equations in the unknowns Xl, X 2 , 

SI , 82 , To, Ts , 0, and u. They can be reduced to a set which contain 
only the unknowns u and Ts : 

() • (). - ( CP3 (u) -. ) 
CPl u sm a - €CP2 U sm a - h 1 + CP2 (u) t sm a = 0, 

where 

and 

Ts = 1 + t cosh U 

cp2(U) , 

Ii = wh/EA, 

t = Vt/h, 

CPl = sinh u - u + (cosh u - 1) tan ~ - (A - K): 

_ cosh u - 1 + A + 
CP2 - tan a u, 

cosh u - 1 . 
CP3 = . + smh u. 

sm a 

(a) 

(98) 

(b) 

A graphical iteration method will be used to solve (98). First we solve 

(99) 
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for U by means of a nomograph to be described later. Next the quantities 

cosh U CP3(U), 
cp2(U) , cp2(U) sm ex, 

are plotted as functions of U for various ex. These plots can then be used 
as follows to solve (98) for a given t. Solve (99) to obtain Uo • From the 
plot of CP3(U)/cp2(U) sin ex compute 

hl* = h(l + CP3(UO) t sin ex). 
CP2(UO) 

Using the value hl* for h, compute UI from (99). With this value of Ul , 

compute h2* from 

h- * = h- (1 + CPa(ul) -t' ) 
2 ( ) sIn ex , 

CP2 UI 

etc. In this way a convergent sequence Uo, Ul, ••• , Un is generated. 
Finally, from the plot of cosh U/cp2(U) obtain Ts . 

The above iteration procedure sounds tedious. Actually, in most cases 
the iteration is not necessary because U remains essentially independent 
of time. Thus, the solution of (99) by means of the accompanying nomo­
graph will usually give the complete solution of the problem. 

E.2 Nomograph (Alignment Chart) for the Solution of Equation (99) 

The relations 

Yl = h, 

10cp2(u) d sin ex 
Xa = 1 + 10cp2(u) sin ex' 

CPl (u) sin ex 
(100) 

Xl = 0, X2 = d, 

where d is an arbitrary constant define parametrically three curves 

i = 1,2,3, 

which we imagine plotted on a cartesian (x, y) coordinate system. A set 
of values h, €, and U determine three points (Xi, Yi) (i = 1, 2, 3) which 
lie on these curves. If these points lie on a straight line, it can be shown 
that they satisfy (99). 

On the left-hand sides of Fig. 36 we have plotted the curves given by 
(100) for various values of the critical angle ex. The values of the parame­
ters h = wh/ EA and €, which describe the curves YI = Yl(Xl) and 
Y2 = Y2(X2) respectively, are plotted on the indicated scales. Rather than 
indicate the values of U along the curve Ya = Y3(X3) we have for con-
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Fig. 36 - Nomograph for the solution of equation (99). 

venience made an auxiliary plot on the right-hand sides of Fig. 3G of 
Y3(a) versus a, but with numerical values of the ordinate omitted. 

In addition, we have plotted in Figs. 37 and 38 the functions 
1/~2 (cosh a) and (~aI~2) sin a for various a. 

E.3 Numerical Example 

'To illustrate the method of obtaining the tension rise with time 
described above, we consider a numerical example for cable No.2. 'The 
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values we assume for the parameters which enter the calculation are the 
following: 

€ = 0.02, 

V = 6 knots, (a ~ 12°), 

h = 6,000 ft, 

EA = 1.2 X 106 Ibs, 

Ii = 3.1 X 10-3
• 

To solve (99), we connect on Fig. 36 the points € 0.02 and Ii 
wh/EA = 0.0031 with a straight edge and note the intersection with 
the intermediate Y3 = Y3(X3) curve for a = 12° (point A). We then locate 
the point on the Y3 versus (J' curve having the same ordinate (point B). 
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Finally, we obtain the root of (99), (J" = 0.555 by reading off the cor­
responding abscissa (point C). This value of (J" now serves as the starting 
point in the iteration procedure by which we find the tension correspond­
ing to a given t. 

For example, for t = 1.0 (t = 600 seconds) we have the following se­
quence of values 

(J"o = 0.555 
(J"l = 0.580 
(J"2 = 0.580 

(IPa sin ex) / IPI 

0.212 
0.213 

h* = h [1 + (IPa sin ex) i/ IP21 

0.00379 
0.00380 

with (J" converging to the value 0.580. For (J" = 0.580, Fig. 37 gives 

cosh (J"/CP2 = 0.800. 

Hence, by (98b) for t = 1.0 

'1\ = 1.80, 

and Ts = 1.80 wh or 7,600 pounds. 
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APPENDIX F 

The Three-Dimensional Stationary Model 

F.1 Derivation of the Differential Equations 

Let i, ], k be unit vectors along the ~, 1], r axes (Fig. 26) and 7 a unit 
vector along the tangent to the cable configuration in the direction of 
positive s. As in the two-dimensional model, we take this to be opposite 
to the direction of travel of the cable elements along the configuration. 
With respect to the cable configuration the resultant velocity vector of 
the water is in the -i direction. We resolve this velocity into directions 
normal and tangential to the cable in the plane formed by i and 7. The 
unit vector in the normal direction we denote by;, namely, 

- i + (i·t)"t 
n = -J> -+ -+ ..... I - i + (i . t) t I (101) 

In analogy to the two-dimensional model we assume the normal and 
tangential drag forces depend only on the corresponding water velocity 
components. Thus, we take 

D - C DPd (-t -->V)2 
N - -2- 't'n . (102) 

Equilibrium of the forces acting on a cable element yields the equation 

dt --> dT --> .... ->. --> 

T ds + t ds + tDT + nDN - JW = pea. (103) 

The vector a denotes the acceleration of an element of the cable as it 
moves at the constant pay-out velocity Vc along the cable configuration. 
It is easily shown that 

--> 2 dt 
a = Vc ds' (104) 

For convenience we introduce a second reference triad of orthogonal 
unit vectors 7, ;, and ~ as follows. The ~ vector is taken in the (~, r) plane 
normal to 7; the ; vector is chosen equal to the vector product ~ X 7. 
The angles tf; and e shown in Fig. 27 describe the orientation of the (7, 
;, ~) triad. In terms of these angles, we read from Fig. 27 the following 
table of direction cosines 

.... .... k i j 
--> 

cos e cos tf; sin e -cos () sin tf; t 
--> 

-sin () cos tf; cos () sin () sin tf; u 
-> 

sin tf; v 0 cos tf; 
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In the a, u,;) system the vector; becomes for example 

-;;, sin 0 cos I/; - -; sin I/; 
n = [sin2 () cos2 I/; + sin2 I/;]! . 

Imagine the origin of the a, :z;, -;) triad to traverse the cable at unit 
velocity. The triad during this traverse rotates like a rigid body with 
respect to the fixed (~, 1], t) frame. The rotation, which we denote by n, 
is seen from Fig. 27 to be 

n = ) ~ + -; tJ = :z; cos () ~ + ; tJ + t sin () ~. 

Here the dot denotes differentiation with respect to time, or since 
ds/dt = 1 it may be interpreted as differentiation with respect to distance 
along the cable. The vector t is a fixed vector of constant magnitude in 
the rotating a, ?:;, l!) triad, hence 

... 
dt -+ -+ -+ ..... ( ) 
ds = n X t = u() - v cos () 1/;. 105 

From (101), (102), (104), and (105) we obtain for (103) 

(7' - p,V,'l(u1i - ;cosOfl + 1 (~~ + DT) 
Cn pdV

2 
( • 2 2 . 2 ) !.(-+ . .... ) ( ) + 2 sm () cos I/; + sm I/; 2 U sm () cos I/; - v sm I/; 106 

- we?:; cos () + t sin ()) = 0, 

which gives the three scalar equations, (47). 
Further, let; (s) be the cable configuration, i.e., 

; (s) = i ~(s) + J 1](s) + k t(s), 

where Hs), 1](s), and t(s) are the ~, 1], t coordinates of a point s of the 
cable. Then 

t = i d~(s) + ] d1](s) + k dt(s) . 
ds ds ds 

Forming the scalar product oCt with i,), k respectively, we get (48) of 
Section 7.1. 

In a (), 1/;, T space the solution trajectories of (47) are given by the 
solutions of 

(T _ pc Vc2) dO = A(cos
2 

I/; sin
2 

() + sin
2 

I/;)! cos I/; sin () - cos () 
dT DT/w - sin () , 

(T _ c V/) dl/; = A(cos
2 

I/; sin
2 

() + sin
2 

I/;)! sin I/; 
p dT cos ()(DT/w - sin ()) . 
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We see that the trajectories are periodic in both e and l/; with a period 
of 271'", and only a single region, say 

° ~ e ~ 271'", 

° ~ l/; ~ 271'", 

need be considered. It is apparent that the straight lines 

(1) l/; == 0, 

(3) l/; == 71'", 

e == aj 

e == 271'" - a; 

(2) l/; == 0, 

(4) l/; == 71'", 

° == a + 71'"; 

e == 71'" - a; 

are solution trajectories which contain all values of T. Along other solu­
tion trajectories in this region one easily verifies that 

T = PcV/ 
w 

x ( 0 (~T - sin 0) dO' ) 
1 - exp 10 0 A(cos2 l/;(e) sin2 e + sin2 l/; (e)p cos l/;(e) sin e - cos e ' 

where l/; = l/;(e) is obtained from the solution of 

dl/; _ [cos e - A(cos2 tf; sin2 e + sin2 tf;)! cos tf; sin eJ cos e 
de - A( cos2 tf; sin2 e + sin2 tf;)! sin tf; 

From the definitions of tf; and e, it follows that the lines (3) and (4) are 
physically identical with lines (1) and (2), and represent straight-line 
laying and recovery respectively. Likewise, the expression for T shows 
that any non-straight line trajectory with zero bottom tension is bounded 
by PcVc

2jw. Hence, as in the case of the two-dimensional model, we con­
clude that if the tension is somewhere greater than PcV c

2jw and the bot­
tom tension is zero, the only possible stationary configuration is the 
straight line lying in the plane of the resultant ship velocity and gravity 
vectors, and making the critical angle a with the horizontal. 

F.2 Perturbation Solution for a Uniform Cross Current 

At the outset we assume the tangential drag force to be zero. This 
gives by (49) 

T = w(h + 1]), (107) 

where h is the total ocean depth. Furthermore, we take pc V c
2 to be zero. 

If the angle cp (Fig. 26) is small compared to unity, we assume that e 
and l/; will vary only slightly from the values they would have if the 
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upper, cross-current stratum extended all the way to the ocean bottom. 
That is, we take 0 and if; to be of the form 

o = a' + e, 
(lOS) 

where a' i~ the stationary incidence angle corresponding to the velocity 
V', and e and ~ are assumed small compared to unity. 

Substituting (4Sb), (107), and (lOS) into (47a, b) and retaining only 
linear terms in 0, if; and their derivatives, we get the linear first order 
equations 

de 2 , -
(h + T]) dT] + (2ctn a + 1)0 =0, 

d~ 2 ,-
(h + T]) dT] + csc a if; = O. 

(a) 

(109) 

(b) 

Because in the lower stratum the cable is a straight line parallel to the 
path of the ship, we have as boundary conditions: 

_ h' 0 = a - a, { 
- , 

T] - - -
, if; = 'P, 

(110) 

where h' is the depth of the upper, cross-current stratum and a is the 
stationary incidence angle corresponding to the velocity V. 

The solution of (109) for the boundary conditions (110) is 

_ (h - h')J.I o = h + T] Aa, 

- (h - h')V 
if; = h + T] 'P, 

(111) 

where 

(112) 

Aa = a - a'. 

Equation (4S) for the space-coordinates ~, T], and t of the cable in turn 
can be written to terms of first order in the form 

d~ ,- 2' 
dT] = ctna - Ocsc a , 

dt - , 
dT] = - y;ctna . 

(113) 
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Substituting (111) into (113) and integrating under the condition that at 
TJ = 0, ~ = ° and r = 0, we find 

, (h - h') 6.a 2' [1 1 ] 
~ = 7]ctna + (p. _ 1) csc a (h + TJ)Il-1 - hll- 1 ' 

, (h - h') [1 1 ] 
r = ctna (v _ 1) cp (h + TJ)v-l - hv- 1 • 

(114) 

These equations describe the space curve formed by the cable in the 
cross-current stratum. 

To determine the distances d and e (Fig. 32), we transform (114) for 
the cable configuration to coordinates ~' and r' oriented along the ship's 
path and normal to it respectively by means of 

e = ~ cos cp - r sin cp, 

r' = ~ sin cp + r cos cp. 

The result to terms of the first order is 

, , (h - h') 6.a 2' [1 1 ] 
~ = TJctna + ~ 1) csc a (h + TJ)Il-1 - hrl ' 

, ( , ctna' (h - h') [1 1 J) r = cp 1j~tna + (v _ 1) (h + TJ)v-l - hv- 1 . 

Letting TJ = - h' and denoting the corresponding values of e and r' 
by -d and -e respectively, we obtain (52). 
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Theory of Curved Circular Waveguide 
Containing an Inhomogeneous Dielectric 

By SAMUEL P. MORGAN 

(Manuscript received February 25, 1957) 

Generalized telegraphist's equations are derived, following Schelkunoff, 
for all modes in a curved circular waveguide containing an inhomogeneous 
dielectric. Particular attention is paid to the coupling between the TEol 
mode and other modes in the curved guide. The results are applied to the 
problem of preventing the mode conversion from TEO! to TlVIl1 which nor­
mally occurs in a curved round waveguide, by partially filling the cross 
section of the curved guide with a suitably shaped dielectric, such as poly­
styrene foam. Design equations are given for various compensators, and 
criteria are set up for keeping the power levels of all spurious modes low in a 
compensated bend. Dielectric losses, which may be important at millimeter 
wavelengths, are briefly treated. The potentialities of different compensator 
designs are illustrated by numerical examples. 

INTRODUCTION 

It has been recognized for several years that a major problem in the 
transmission of circular electric waves through multimode round wave­
guides is the question of negotiating bends. Theoretical studies1

, 2, 3 have 
shown that a gentle bend couples the TEOl mode to the TEu , TE12 , 

TEl3 , ... modes and to the TMu mode. The TMll mode presents the 
most serious problem, since it has the same phase velocity as TEol in a 
perfectly conducting straight guide. It follows that power introduced in 
the TEol mode at the beginning of a gradual bend will be essentially 
completely transferred to the TMu mode at odd multiples of a certain 
critical bending angle !Jc • The angle !Jc is proportional to the ratio of 
wavelength to guide radius but independent of bending radius; in other 
words, power transfer cannot be avoided merely by using a sufficiently 
gentle bend. 

S. E. Miller4 has discussed a number of methods for transmitting the 
circular electric wave around bends with small net power loss to TMll . 
These methods are of two general types. 

1209 
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In the first type the TED! mode, which is not itself a normal mode of 
the curved guide, is deliberately converted to a combination of TED! 
and TMll which is a normal mode, or to a particular polarization of TMll 
which is another normal mode of the curved guide. Mter traversing the 
bend the energy is reconverted to TEo! . A disadvantage of the normal­
mode approach is that the mode conversions necessary at the ends of 
the bend are frequency sensitive, so that bandwidths appear to be 
limited to the order of 10 per cent. 

A second approach to the bend problem is to break up, by some modi­
fication of the guide, the degeneracy which exists between the propaga­
tion constants of the TEo! and TMll modes in a perfectly conducting 
straight pipe. The two modes arc still coupled by the curvature of the 
guide, but as Miller has shown, the maximum power transfer will be small 
if there is sufficient difference between the phase constants or between the 
attenuation constants of the coupled modes. A difference in phase con­
stants may be provided, for example, by circular corrugations in the 
waveguide wall, or perhaps most easily by applying a thin layer of dielec­
tric to the inner surface of the guide.5 Differential attenuation may be 
introduced into the TMll mode by a number of methods, in particular 
by making the guide out of spaced copper rings or a closely-wound wire 
helix surrounded by a lossy sheath. 6 Unfortunately, the larger the guide 
diameter in wavelengths the more difficult it is to get the separation of 
propagation constants necessary to negotiate a bend of given radius 
sa tisf actorily . 

Still another solution of the bend problem is to decouple the TEo! 
and TMll modes in a curved guide by partially filling the cross section 
of the curved guide with dielectric material. The dielectric must be 
arranged to produce coupling between the TEo! and TMll modes which 
is equal and opposite to the coupling produced by the curvature of the 
guide. This condition may be satisfied in a great variety of ways; but it 
is not the only requirement for a good bend compensator. Practical re­
strictions are that the power levels of all other modes which are coupled 
to TEO! by the dielectric-compensated bend must be kept low, and of 
course dielectric losses in the compensator must not be excessive. 

Part I of this paper treats the general problem of a curved circular 
waveguide containing an inhomogeneous dielectric. A convenient formu­
lation of the problem is provided by S. A. Schelkunoff's generalized tele­
graphist's equations for waveguides. 7 The field at any cross section of 
the dielectric-compensated curved circular guide is represented as a 
superposition of the fields of the normal modes of an air-filled straight 
circular guide. A current amplitude and a voltage amplitude are asso-
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ciated with each normal mode, and the currents and voltages satisfy an 
infinite set of generalized telegraphist's equations. The coupling terms 
in these equations depend upon the curvature of the guide axis and upon 
the variation of dielectric permittivity over the cross section. In the 
present application, the distribution of dielectric is taken to be independ­
ent of distance along the bend. * 

The generalized telegraphist's equations for all modes in a curved 
circular waveguide containing an inhomogeneous dielectric are set up in 
Section 1.1. As a special case one has the equations for an air-filled 
curved guide, or for a straight guide with an inhomogeneous dielectric. 
In Section 1.2 we transform from current and voltage amplitudes to the 
amplitudes of forward and backward traveling waves on a system of 
coupled transmission lines and in Section 1.3 we work out in some detail 
the coupling coefficients which involve the TEOl mode. An approximate 
formula for dielectric loss in a compensated bend, which is valid at least 
in the important practical case when the relative permittivity of the 
dielectric differs but little from unity, is given in Section 1.4. 

Part II applies the foregoing theory to the design of bend compen­
sators for the TEO! mode. In a well-designed compensator the ampli­
tudes of the backward (reflected) waves are very low, so we shall neglect 
reflections. The amplitudes of the spurious forward waves should also be 
low compared to TEO! , so that we may consider them one at a time. We 
assume that the TEol mode crosstalks independently into each spurious 
mode, and represent the interaction between modes by a pair of linear, 
first-order, differential equations in the wave amplitudes. Miller's treat­
ment8 of these equations is reviewed in Section 2.1, and applied in Sec­
tion 2.2 to TEocTMn coupling in plain and compensated bends. Some 
results of the Jouguet-Rice theoryl, 2 for plain bends are confirmed by 
coupled-line theory. The condition for decoupling TEO! and TMll in a 
compensated bend is written down, and the consequences of imperfect 
decoupling are discussed. 

Three different compensator designs are described in Section 2.3, and 
evaluated with regard to mode conversions and approximate dielectric 
losses. In the first case, which may be called the "geometrical optics" 
solution, the permittivity is supposed to vary continuously in such a way 
that a bundle of parallel rays entering the bend would be bent into co­
axial circular arcs all of the same optical length. This is not a perfect 
solution of the problem if the wavelength is finite, but it is of some 

* We shall not consider the effects of random inhomogeneities, such as bub­
bles in polystyrene foam, although these might conceivably add to the mode 
conversion if their dimensions were comparable to the operating wavelength. 
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theoretical interest nevertheless. In the second case, a dielectric sector of 
constant permittivity is attached to the inner surface of the bend nearest 
the center of curvature; the angle of the sector is determined to satisfy 
the decoupling condition. Such a sector may be an effective compensator 
if the guide is small enough to propagate only 40 to 50 modes at the 
operating frequency, as, for example, a i-inch guide at a wavelength of 
5.4 mm. Finally, we consider a compensator made of three dielectric 
sectors, whose angles and spacings are chosen to decouple the modes 
(TE21 and TE31) with phase velocities closest to TEoI . The three-sector 
compensator may be necessary if the guide is large enough to propagate 
200 to 300 modes, say a 2-inch guide at 5.4 mm. 

In Section 2.4 we investigate the effect of increasing the attenuation 
of the spurious modes generated by the compensated bend. The con­
clusion is that it is not feasible to add enough loss to the worst spurious 
modes to reduce appreciably the power which they abstract from TEoI . 

As a sample of numerical results, it appears possible to negotiate a 
90° bend of radius 20 inches in the i-inch guide at 5.4 mm with an inser­
tion loss of about 0.3 db. This assumes a single-sector polyfoam compen­
sator with a relative permittivity of 1.036 and a loss tangent of 5 X 10-5 

(polyfoam with approximately these constants is currently available). 
About 0.2 db of the quoted loss is due to mode conversions and 0.1 db to 
dielectric dissipation. For a 2-inch guide with a three-sector polyfoam 
compensator, a bending radius of about 12 feet appears feasible. The total 
loss in a 90° bend should be about 0.35 db, with approximately 0.1 db 
going into mode conversion and about 0.25 db into dielectric dissipation. 
The dielectric loss is proportional, of course, to the total bend angle, and 
for a 180° bend would be double the above figures. 

b 

I 
CENTER OF 
CURVATURE 

Fig. 1 - Coordinates used in circular bend in circular waveguide. 
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The appendix contains brief descriptions of three dielectric compen­
sators which can be inserted in a straight section of guide adjacent to a 
bend. The first two are transducers which convert TEol to a normal mode 
of the curved guide; they are subject to bandwidth limitations as men­
tioned by Miller.9 The third type merely takes the output mixture of 
TEOl and TMll from a plain bend with a pure TEOl input, and reconverts 
it all to TEol ; it is essentially a broadband device. The spurious modes 
generated by a bend plus compensator have not been calculated, but it 
is very unlikely that a smaller bending radius will be permitted when the 
compensator is outside the bend than when it is inside. 

I. THEORY 

1.1 Generalized Telegraphist's Equations 

To describe electromagnetic fields in a curved circular waveguide one 
is naturally led to use "bent cylindrical coordinates" (p, cp, z)/' 2, 3 in 
which the longitudinal coordinate z is distance measured along the 
curved axis of the guide, while p and cp are polar coordinates in a plane 
normal to the axis of the guide, with origin at the guide axis. The lines 
cp = 0 and cp = 7r lie in the plane of the bend. The radius of the guide 
is denoted by a and the radius of the bend (i.e., the radius of curvature 
of the guide axis) is denoted by b. The coordinate system is shown in 
Fig. 1. 

For the moment regarding (p, cp, z) as general orthogonal curvilinear 
coordinates (u, v, w), we let 

u = p, v = cp, w = z. (1) 

The element of length in this system is 

(2) 

where 

e3 = 1 + ~, (3) 

and 

~ = (p/b) cos cpo (4) 

Maxwell's equations for a field with time dependence eiwt may be 
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written in the form:10 

-iW/lHu, 

(5) 

= iWEEv , 

= iWEEw • 

In these equations the permeability /l and the permittivity E may be 
functions of position. If there is dissipation in the medium, either E or /l 
or both may be complex. 

To convert Maxwell's equations into generalized telegraphist's equa­
tions, we introduce the field distributions characteristic of the normal 
modes of a straight, cylindrical guide filled with a homogeneous dielec­
tric. The derivation follows very closely that given by Schelkunoffll for 
an inhomogeneously-filled straight guide. Each mode is described by a 
transverse field distribution pattern T(u, v), where T(u, v) satisfies 

and X is a separation constant which takes on discrete values for the 
various TE and TM modes. We shall denote the function corresponding 
to the nth TE mode by T[n](u, v), and the separation constant by X[n] , 
with the subscript in brackets. The normal derivative of T[n] vanishes 
on the perfectly conducting waveguide boundary. Similarly the function 
corresponding to the nth TM mode is denoted by T (n) (u, v), and the sepa­
ration constant by X(n) , with the subscript in parentheses. The function 
T(n) vanishes on the boundary of the waveguide. For the present the 
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modes may be assumed to be numbered in order of increasing cutoff 
frequency; later when we have occasion to refer to specific modes we 
shall replace the subscript n by the customary double subscript notation 
for TE and TM modes in a circular guide. 

The T-functions are assumed to be so normalized that 

1 (grad T) . (grad T) dS == 1 (flux T) . (flux T) dS 

== i 1 T2 dS = 1, 

(7) 

where S is the cross section of the guide. The gradient and flux of a 
scalar point-function Ware transverse vectors with the following com­
ponents: 

(8) 

Various orthogonality rela tionshi ps exist among the T -functions corre­
sponding to different modes of the guide, and among their gradients and 
fluxes. These relationships have been listed by Schelkunoff.12 

The transverse components of the fields in the curved guide may be 
derived from potential and stream functions, U and'lr for TE waves 
and V and IT for TM waves. Thus 

E t = -grad V -flux'lr, 

H t = flux IT -grad U. 
(9) 

We now assume series expansions for the potential and stream functions 
in terms of the functions T(u, v), with coefficients depending on w. Let 

n n 

'lr = -LV[n](W) T[n](u, v), U = -LI[n](w) T[n](u, v). 
(10) 

n n 

The l's and V's have the dimensions and properties of transmission-line 
currents and voltages. If we substitute (10) into (9) and expand in 
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components by (8), we obtain: 

E =" [v aT (n) + V aT[n]] 
U L;; (n) e1au [n] e2av ' 

E = "[v aT(n) - V aT[n]] 
v L;; (n) e2av [n] e1au ' 

(11) 

For the longitudinal field components it is convenient to expand the 
combinations C3Ew and e3Hw in the following series: 

C3Ew = LX(n) Vw. (n)(W) T(n)(u, v), 
n 

CaHw = LX[n]Iw.[n] (w)T[n] (u, v). 
(12) 

n 

It should be noted that the boundary conditions in the curved circular 
guide are 

(13) 

at the boundary of the guide, and that these conditions are satisfied by 
the individual terms of the series for Ev and E w , on account of the 
boundary conditions already imposed on T (n) and T [n] • Hence we do 
not have the problem of nonuniform convergence which sometimes 
arises in treating waveguides of varying cross section by the present 
method. 

The procedure for transforming Maxwell's equations into generalized 
telegraphist's equations is now straightforward, if a trifle tedious. One 
substitutes the series (11) and (12) into equations (5), and integrates cer­
tain combinations of the latter equations over the cross section of 
the guide, taking account of the orthogonality properties of the T­
functions. For example, subtracting aT(m)/e2aV times the first of equa­
tions (5) from aT(m)/elau times the second equation, and integrating over 
the cross section, yields 

dV(m) -a;u;- - X(m) Vw.(m) 

- iw ~ [I (n) L I'e, (grad T (n» • (grad T (m» dS (14) 

+ I[n] 1 J.LC, (grad T (m»)' (flux T[n]) dS J. 
Adding aT[m]/elau times the first equation to aT[m]/e2av times the second 
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and integrating gives 

d~~m] = _ iw ~ [I (n) Is }J.e3 (grad T (n)) . (flux T [m]) dS 

+ I[n] Is }J.e3 (grad T[m]) • (grad T[n]) dS J. 
Similarly, from the fourth and fifth equations we get 

d~:) = _ iw ~ [V (n) is Ee3 (grad T (m)) • (grad T (n)) dS 

+ V[n] Is Ee3 (grad T (m)) . (flux T[n]) dS J 
dI[m] 
dw - X[m]Iw,[m] 

(15) 

(16) 

-iw ~ [V(n) is Ee3 (grad T(n))· (flux T[m]) dS (17) 

- V[n] i €C3 (grad T[m])' (grad T[n]) dS J. 
From the third of equations (5) using the fact that the T-functions 

satisfy (6), then multiplying through by T[m] and integrating over the 
cross section, we get, 

(18) 

Similarly, from the sixth equation, 

I • ""'V lET(n)T(m)dS (m) = -~w L..J w,(n)X(n) . 
n S e3 

(19) 

These equations may be written in the form 

V[m] = - 2: Zw,[m](n]Iw,[n] , 
n X[m] 

(20) 

I _ "'" Yw,(m)(n)Vw,(n), 
(m) = L..J 

n X(m) 

where we define 

Z . 1 }J.T[m] T[n] dS w,[m][n] = ~WX[m]X[n] , 
s ea 

(21) 

Y . 1 ET(m)T(n) dS w,(m)(n) = ~WX(m)X(n) • 
s ea 
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Solving (20) for lw,[m] and Vw,(m) in terms of V[n] and len) respectively, 
we may write 

Iw,[m] 
"'" Y w,[m] [n] V 
-~ en], 

n X[m] 
(22) 

V "'" Zw, (m)(n) I 
w,(m)=-~ (n), 

n X(m) 

where Yw,[m][n] and Zw,(m)(n) may be defined as the ratios of certain de­
terminants involving Zw,[m][n] and Y w,(m)(n) respectively.* 

We are now able to eliminate Vw,(m) and Iw,[m] from (14) and (17), 
and to write down the generalized telegraphist's equations for the 
curved circular waveguide filled with an inhomogeneous dielectric in 
the following form: 

dV(m) _ - L [Z (m)(n)I(n) + Z(m)[n]I[n]] , ([W -
n 

dV[m] - L [Z[m](n)I(n) + Z[m][n]I[n]], 
dw n 

(23) 
dIem) _ - L [Y(m)(n) Yen) + Y(m)[n] V[n]]' dw - n 

dIem] _ - L [Y[m](n)V(n) + Y[m] [n] Yen]]. 
dw - n 

The impedance and admittance coefficients are defined by: 

Z(m)(n) = iw L J.l.e3 (grad T(m»)· (grad T(n») dS + Zw,(m)(n), 

Z(m)[n] = iw L J.l.e3 (grad T(m»)· (flux T[n]) dS, 

Z[m](n) = iw L J.l.e3 (flux T[m])· (grad T(n») dS, 

Z[m][n] = iw L J.l.e3 (grad T[m])· (grad T[n]) dS, 

(24) 

Y (m) (n) = iw L ee3 (grad T (m») • (grad T (n») dS, 

* If (20) are actually regarded as infinite sets of equations, one has to pay some 
attention to defining the meaning of the statement that their solutions are given 
by (22). In practice we shall deal with a finite number of modes, and shall by­
pass all questions about infinite processes. 
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Y(m)[n] = iw L fe3 (grad T(m»)' (flux T[n]) dS, 

Y[m](n) = iw Is f e3 (flux T[m])' (grad T(n») dS, 

It may be noted that if the guide were straight, so that e3 = 1, and 
if J.L and f were constant over the cross section, the Y's and Z's would all 
be zero except for those having equal subscripts. If the curvature of the 
guide is gentle, and if J.L and f do not vary much over the cross section 
(or if they vary extensively only in a small part of the cross section), 
then the Y's and Z's with unequal subscripts will be small, and we can 
obtain approximate solutions of (23) based upon the smallness of the 
coupling. 

We shall now compute first-order approximations to the impedance 
and admittance coefficients under the following assumptions: 

J.L = J1.o, 

f = fo(1 + 0), 
(25) 

where J1.o and fo are constants (usually but not necessarily the per­
meability and permittivity of free space), and 0 is a dimensionless func­
tion of position. No mathematical difficulties would follow from assum­
ing J1. as well as f to be variable, but since the case of varying permeability 
is not of such immediate practical interest we shall omit this slight addi­
tional complication. In order that the coupling per unit length due to 
curvature and to inhomogeneity of the dielectric be small, we further 
assume that 

I ~ I ~ alb « 1, 

~ L I 0 I dS « 1, 

where, as usual, S is the cross-sectional area of the guide. 

(26) 

From (21), first-order approximations to Zw,[m][n] and Yw,(m)(n) are 

Zw,[m][n] = iWJ1.o[omn - ~[m](nl], 

Yw,(m)(n) = iWfo[omn + o(m)(n) - ~(m)(n)], 
(27) 
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where 

~[m][n] = X[m]X[n] Is ~T[m] T[n] dS, 

~(m)(n) = X(m~X(n) Is ~T(m) T(n) dS, 

O(m)(n) = X(m)X(n) 1 OT(m) T(n) dS. 
s 

(28) 

The quantity Omn is the Kronecker delta, and is not to be confused with 
O(m)(n) , which is defined by the last of equations (28). Note that ~[m][n] 
and ~(m)(n) are zero unless the angular indices of the two modes in­
volved differ by exactly unity. 

It is not difficult to obtain approximate solutions of (20) in the forms 
(22), since the off-diagonal elements of the coefficient matrices of (20) 
are small compared to the diagonal elements. Using the expression de­
rived by Rice13 for the inverse of an almost-diagonal matrix (we shall 
not attempt to prove this result for infinite matrices), we find the first­
order approximations 

Y X[m]X[n] [5: + t ] 
w,[m][n] =. Umn <;;[m][n] , 

1,WJ,Lo 
(29) 

Z X(m)X(n) [5: + t ] 
w,(m) (n) =. Umn .;;em) (n) - Oem) (n) • 

1,Wfo 

Approximate expressions for the impedance and admittance coeffi­
cients appearing in the generalized telegraphist's equations (23) are: 

Z(m)[n] = iW}loZ(m)[n] , 

(30) 

Y(m)(n) = iWfo[omn + Z(m)(n) + ~(m)(n)], 

Y(m)[n] = iWfo[Z(m)[n] + ~(m)[n]], 

Y[m][n] = iWfo[omn + Z[m][n] + ~[m][n]] + Y w,[mlfn] • 
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where 

- = Is ~ (grad T (m)) . (grad T (n)) dS, ,!:!,(m)(n) 

Z(m)[n] = Is ~ (grad T (m)) . (flux T[n]) dS, 

(31) 

- = Is ~ (flux T[m])· (grad T (n)) dS, '!:!'[m] (n) 

Z[m][n] = Is ~ (grad T[m])· (grad T[n]) dS, 

and 

A(m)(n) = Is 0 (grad T (m)) . (grad T (n)) dS, 

A(m)[n] = Is 0 (grad T(m))· (flux T[n]) dS, 

(32) 

A[m](n) = L 0 (flux T[m])· (grad T (n)) dS, 

A[m][n] = L 0 (grad T[m]) . (grad T[n]) dS. 

The Z's are zero unless the angular indices of the two modes involved 
differ by exactly unity. 

1.2 Representation in Terms of Coupled Traveling Waves 

From now on we shall assume that the distribution of dielectric over 
the cross section of the curved guide is independent of distance along 
the guide, so that the impedance and admittance coefficients are con­
stants independent of z. (We shall henceforth designate the coordinates 
by (p, 'P, z), instead of the (u, v, w) of the preceding section.) The general­
ized telegraphist's equations now represent an infinite set of coupled, 
uniform transmission lines, and their solution would be equivalent to 
the solution of an infinite system of linear algebraic equations and the 
corresponding characteristic equation. 

For our purposes it is convenient to write the transmission-line equa­
tions not in terms of currents and voltages, but in terms of the ampli­
tudes of forward and backward traveling waves, assumed to exist in a 
straight guide filled with a homogeneous medium. Thus let a and b be 
the amplitudes of the forward and backward waves of a typical mode at 
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a certain point. In what follows the wave amplitudes a and b will always 
carry mode subscripts, so they need never be confused with guide radius 
and radius of curvature. The mode current and voltage are related to 
the wave amplitudes by 

v = K!(a + b), 

I = K-!(a - b), 

where K is the wave impedance. We have 

K(n) = h(n)/WfO, 

K [n] = WJ.Lo/h[n] , 

(33) 

(34) 

for TM and TE waves respectively, where hen) and h[n] represent the 
unperturbed phase constants, 

hen) ({32 - X(n)2)\ 

(35) 
h[n] ({32 - X[n]2)!, 

and 
(32 = W\tOfO • (36) 

For a cutoff mode, h is negative imaginary; but we shall deal only with 
propagating modes in the present analysis. 

If we represent the currents and voltages in the generalized tele­
graphist's equations (23) in terms of the traveling-wave amplitudes, and 
then perform some obvious additions and subtractions, we obtain the 
following equations for coupled traveling waves: 

da(m) _ 
(lZ-

db(m) 

([Z 

-i L [Ktm) (n)a(n) + KCm)(n)b(n) + Ktm)[n]a[n] + K(m)[n]b[n]]' 
n 

+i L [KCm) (n)a(n) + Ktm)(n)b(n) + K(m)[n]a[n] + Ktm)[n]b[n]]' 
n 

db[m] + . "" [ .i.e + + b + - + + b] -d- ,= ~ L..J, K[m] (n)a(n) K[m] (n) (n) K[m] [n]a[n] K[m] [n] [n] • 
Z n 

(37) 

The K'S are coupling coefficients defined in terms of the impedance and 
admittance coefficients by 

± 1 1 

iK(m)(n) = -![(K(m)K(n»)' Y(m)(n) ± (K(m)K(n)r' Z(m)(n)], 

iKTm)[n] = ![(K(m)K[n])! Y(m)[n] ± (K(m)K[n]r! Z(m) [n]]' 

iKTm] (n) = ![(K[m]K(n»)! Y[m](n) ± (K[m]K(n)r! Z[m](n)]' 

iKfm] [n] = ![(K[m]K[n])! Y[m][n] ± (K[m]K[n])-! Z[m][n] 1. 

(38) 
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In these definitions the plus signs are taken together, likewise the minus 
signs. The factors of i are introduced in order that the K'S may be real for 
propagating modes in a lossless guide. 

For the small-coupling case discussed at the end of the preceding sec­
tion, it is convenient to separate a typical coupling coefficient into two 
parts; thus, 

K = C + d. (39) 

Here C is the coupling coefficient due to curvature and is zero unless the 
angular indices of the two modes involved differ by unity. The coupling 
coefficient d is due to the dielectric. All d's vanish if the dielectric is 
homogeneous; otherwise particular symmetries may cause certain classes 
of d's to be zero. The c's and d's may be expressed in terms of integrals 
written down in the preceding section if we substitute for the Y's and 
Z's in (38) their definitions according to (30). 

The K +'s which have equal subscripts (n) (n) or [n][n] may be regarded 
as phase constants (of particular TM or TE modes) which have been 
modified by the presence of the dielectric. For the modified phase 
constants we introduce the symbols ,B(n) and ,B[n] ; thus, 

,B 
== K+(n)(n) - h + X(n)20 (n)(n) + h(n)2A(n)(n) 

(n) - (n) 2h(n) 

,B[n] == Ktn][n] = hen] + ,B2
A

[n][n] • 
2h[n] 

(40) 

The general expressions for the coupling coefficients between any two 
different modes are as follows: 

± 1 [_ ~ ,B2'E(m)(n) - X(m)x(n)~(m)(n)J 
c(m) (n) = 2- V h(m)h(n) E(m) (n) ± - /h h ' 

'V (m) (n) 

± 1 [_ /--- X(m)X(n)O(m)(n)] 

d(m) (n) = 2 V h(m)h(n) A(m) (n) ± Vh(m)h(n) , 

CTm) [n] = ! ,BE(m)[n] [Vh(m)/h[n] ± Vh[n]/h(m)] , 

dTm)[n] = ! ,BA (m) [n] Vh(m)/h[n]' 

CYm] (n) = ! ,BE[m] (n)[Vh(n)/h[m] ± Vh[m]/h(n)]' 

dfm] (n) = ! ,BA[m] (n) Vh(njh[m] , 

C±[m] [n] - 1 [,B2'E[m] [n] - X[m]X[n]~[m] [n] ";;' ~ /h h ] 
- -2 ~ /h h ± -[m][n] V [m] [n] , 

V [m] [n] 

± ,B2A[m] [n] 

d[m] [n] = 2 - /h h ' 
'V [m] [n] 

(41) 
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where the symbols with double subscripts are defined by (28), (31), and 
(32). 

1.3 Coupling Coefficients Involving the TEo! Mode 

In Part II we shall consider a well-compensated bend in which the 
total power in all spurious modes is everywhere low compared to the 
power level of TEOl . (This is somewhat more restrictive than merely 
assuming that the power in anyone spurious mode is everywhere small 
compared to the power in TEOl .) To first order, therefore, we may com­
pute the power abstracted from TEo! by mode conversion by assuming 
that the TEO! mode crosstalks into each spurious mode independently. 
For this calculation we need the values of the forward coupling coeffi­
cients between TEo! and all other modes. The crosstalk into backward 
modes will be negligible in all practical cases. 

We shall use the customary double-subscript notation for the various 
modes in a round guide, but shall continue to denote TM waves with 
parentheses and TE waves with brackets. We assume that the distribution 
of dielectric is symmetric with respect to the plane of the bend, so that TEo! 
is coupled to a definite polarization of each spurious mode. The normal­
ized T-functions are then: 

T(nm) 

(42) 

T[nm] 

where 

(43) 

and 

1, n = 0, 

En = (44) 

2, n ~ o. 

1.3.1 Coupling Coefficients due to Curvature 

We know that to first order the curvature of the guide can couple the 
TEOl mode only to modes of angular index unity. Let us calculate the 
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coupling between TEol and TMlm . Referring to (31), we have 

E(lm) [01] = E[OI] (1m) 

= L ~(grad T(lm» . (flux T[OI]) dS 

1
21l" la y2J1(X[0I]p)Jl (X(lm)P) COS

2 
cp d d 

= P P cp 
o 0 7rabk(lm)JO(k[Ol])JO(k(lm» 

(45) 

= {a/Y 2k[01]b if m = 1, 

o if m ~ 1. 

Hence the only transverse magnetic mode coupled to TEOl by the bend 
is TMll , and from (41) the forward coupling coefficient is: 

ctU)[Ol] = ctOl](ll) = (3a/Y2 lC[Ol]b = 0.18454{3alb. (46) 

To obtain the coupling between TEOl and TElm , we must evaluate two 
integrals. From (28), the first is 

~[Ol] [1m] = ~[lm] [01] 

= X[Ol]X[lm] L ~T[Ol] T[lm] dS 

= 121l" la y2 X[lm]/JO(X[Ol~P)Jl(X[lm]p) COS
2 

cp dp dcp 
o 0 7rab(k[lm]2 - l)'Jo(k[Ol])Jl (k[1m]) 

(47) 

_ V2a k[lm] (k[OI]2 + k[lm]2) 
- -b- (k[lm]2 - 1)!(k[01]2 - k[lm]2)2' 

and from (31), the second is 

E[OI][lm] = E[lm][OI] 

= L Hgrad T[OI]) . (grad T[lm]) dS 

= _121l" l a Y2 X[lm]/Jl(X[OI],P)J/ (X[lm]P) cos
2 

cp dp dcp 
o 0 7rab(k[lm]2 - 1)'Jo(k[0I])J1(k[lm]) 

(48) 

_ 2y2a k[oI]k[lm]2 

- -b- (k[lm]2 - 1)!(7c[OI]2 - 7c[lm]2)2· 

A short table of numerical values of the above two integrals follows: 

m 

1 
2 
3 

~[Ol][lm) 

0.23871 alb 
0.32865 alb 
0.03682 alb 

2[01) [1m) 

0.18638 alb 
0.31150 alb 
0.02751 alb 
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Putting these values into the expression (41) for the forward coupling 
coefficient, we obtain: 

+ [0.09319(,Ba)2 - 0.84204 J 1 
C[Ol][11] = yh h + 0.09319 yh[Ol]ah[ll]a -b' 

[01] a [11] a . 

[
0.15575({3a)2 - 3.35688 J1 

Ctol] [12] =yh h + 0.15575Yh[Ol]ah[12]a -b' 
lOl]a [12]a 

(49) 

+ [0.01376({3a)2 - 0.60216 J1 
C[Ol] [13] = yh h + 0.01376Yh[Ol]ah[13]a -b' 

[Ol]a [13]a 

1.3.2 Coupling Coefficients due to Dielectric 

Depending upon the distribution of the dielectric material over the 
cross section of the guide, the TEol mode may be coupled to any mode 
except those of the TMom family. The dielectric coupling coefficients, as 
given by equations (41), are 

dtH](nm) = dtnm) [01] = !,BLl[Ol] (nm) yh(nm)/h[Ol] , 

+ {32Ll [Ol][nm] 
dtol][nm] = d[nm][Ol] = 2yh h . 

[01] [nm] 

(50) 

The Ll'S are obtained from equations (32); thus, 

Ll[Ol] (nm) = L o(grad T (nm) . (flux T[ol]) dS 

= 121!"la 
o(p, cp)nY;:Jn(X(nm)p)Jl(X[Ol]p) cos ncp dp dcp, 

o 0 7rak(nm)J n-1(k(nm)Jo(k[Ol]) 

Ll[Ol][nm] = i o(grad T[nm])' (grad T[ol]) dS 
(51) 

1
21!"la 

o(p, cp)0nX[nmj Jn'(X[nm]p)J1(X[Ol]p) cos ncp d d 
= - p p cp 

o 0 7ra(k[nm]2 - n2)!Jn(k[nm])Jo(k[Ol]) . 

1.4 Dielectric Losses 

To take account of dielectric dissipation we may introduce a complex 
permittivity, 

e = e' - ie" = e' (1 - i tan cp), (52) 

where cp is the loss angle of the dielectric and is not, of course, to be con­
fused with the coordinate cpo If we let 

e' = eo (1 + 0'), (53) 
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where 5' is real, then (52) may be written 

f = fo[1 + 5' - i(1 + 5') tan cp] fo(1 + 5), (54) 

where 

5 = 5' - i(1 + 5') tan cpo (55) 

No changes in the formal analysis result from the fact that 0 now has a 
complex value. 

If the compensator is designed (assuming a lossless dielectric) so that 
the total power coupled from TEol into all spurious modes is small at 
all points, it is reasonable to assume that the principal effect of dielectric 
loss on the TEO! mode will be seen in the modified phase constant .8[01] 

of this mode in the presence of the compensator. If the compensator is 
made by filling a certain part Sl of the guide cross section with a medium 
of constant (complex) permittivity, and the rest of the cross section with 
air, then from (32) and (40) the modified phase constant of the TEO! 
mode is 

.8
2

0 1 2 
.8[01] = h[ol] + 2-h (grad T[ol]) dS, 

[01] 81 
(56) 

where 0 is given by (55). Since 0 is complex, the attenuation constant is 

.8
2
(1 + 0') tan cp 1 2 

a[Ol] = -1m .8[01] = 2h (grad T[ol]) dS, (57) 
[01] 81 

where the integration may be carried out as soon as the area Sl is specI­
fied. 

The approximation (57) for the attenuation constant due to dielec­
tric losses has a simple physical interpretation. It corresponds to the 
power which would be dissipated in a medium of conductivity we" if 
the electric field existing in the medium were the same as the field of the 
TED 1 mode in a straight, empty guide. This is probably a very good 
approximation if 0' is small, as it will be for the foam dielectrics from 
which compensators are most likely to be made. 

It is doubtful that (57) furnishes a good approximation to the dielec­
tric loss when the permittivity of the compensator is high (0 not small 
compared to unity). If the permittivity is high the cross section of the 
dielectric member will be small, but the field perturbation may be large 
in the immediate neighborhood of the dielectric. The series which rep­
resent the fields in terms of the normal modes of the empty guide may 
converge slowly; in other words, when using the telegraphist's equations 
one must consider the coupling between TEol and a large number of 
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other modes, none of which appears by itself to be very strongly coupled 
to TEO!. 

Of course if we had a single normal mode of the compensated guide, 
with a field pattern independent of distance along the guide, it might 
well be possible to calculate the field distribution and the dielectric losses 
approximately, without reference to the telegraphist's equations and 
regardless of the permittivity of the dielectric. However, we do not have 
a single normal mode of the compensated guide, but rather a mixture of 
modes. The field pattern varies along the guide as the modes phase in 
and out; and it is not easy to conclude from this picture what the actual 
dielectric losses will be. 

Finally it should be remembered that we have said nothing about the 
possible effect of a dielectric compensator on eddy current losses in the 
waveguide walls. If one attempted to use a compensator of small physical 
size and correspondingly high permittivity, the resulting perturbation 
of the electric field might very well increase the eddy current losses in 
the wall adjacent to the compensator. On the other hand, the increase 
would probably be negligible for a compensator made out of a foam di­
electric. 

II. APPLICATION 

2.1 Properties of Uniformly Coupled Transmission Lines 

We shall now apply the preceding theory to the calculation of TEol 
mode coupling in gentle bends. To describe propagation in a curved 
waveguide in terms of the modes of a straight guide requires, in general, 
the solution of the infinite set of equations (37); but we can give an ade­
quate approximate treatment by considering just two modes at a time, 
one mode of each pair always being TEol . Furthermore we need consider 
only the forward waves, since the relative power coupled from the for­
ward waves into the backward waves is quite small. 

The differential equations representing the forward waves on two uni­
formly coupled transmission lines are: 

(58) 

In these equations ao(z) and al(z) are the amplitudes of the forward 
traveling waves, normalized so that \ aD \2 and \ al \2 represent power flow 
directly. We may think of the subscript 0 as always referring to the TEol 
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mode. The complex constants 'Yo and 'Y1 may be regarded as (modified) 
propagation constants; note that because of the coupling they are not 
necessarily equal to the propagation constants of the uncoupled modes. 
The coupling coefficient is denoted by K; it will be real if the coupling 
mechanism is lossless, but is not required to be so in the general mathe­
matical solution. 

We are interested in the case in which line 0 contains unit power at 
z = 0, and line 1 contains no power. Subject to the initial conditions 

ao(O) = 1, 

the solution of (58) is 

uo(z) = [~ + ('Yo;;, 'Yl)}m" + [~ _ ('Yo;;, 'Y1)}m1', 

where 

and 

m1 = ![ - ('Yo + 'Y1) + r], 
m2 = H - ('Yo + 'Y1) - rJ. 

(59) 

(60) 

(61) 

(62) 

For the case of two propagating modes without loss, K is real and we 
may write 

'Yo = i{3o, (63) 

so that 

(64) 

A straightforward calculation now gives the power in each line at any 
point: 

2 

P / () /2 1 4K • 2 1 [( ) 2 2] 1. 
o = ao z = - ({30 _ (31)2 + 4K2 sm 2" {30 - (31 + 4K 2

Z, 

P / () /2 _ 4K 
2 

. 2 1 [( ) 2 2] t 
1 = al Z - ({30 _ (31)2 + 4K2 sm 2" {30 - {31 + 4K z. 

(65) 

Hence the maximum power transferred from line 0 to line 1 is 

[2K/({30 - (31)]2 

1 + [2K/ ({3o - (31) F ' (66) 
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and the points of maximum power transfer are 

(2n + 1)7r 
(67) 

where n is any integer. 
As is well known, complete power transfer from line 0 to line 1 is 

possible if and only if the (modified) phase constants {30 and {31 are equal. 
In general the maximum power transterred to line 1 depends on the ratio 
of the coupling coefficient to the difference in phase constants, and if this 
ratio is small, then 

(68) 

If the difference in phase constants is not large enough to prevent un­
desirable power loss from line 0, an alternative possibility, as Millers 
has shown, is to increase the attenuation constant of line 1 while leaving 
the attenuation constant of line 0 as nearly unchanged as possible. We 
can get an idea of the required attenuation difference from the following 
approximate treatment. 

Let 

and assume that 

Then 

and 

')'0 = ao + i{3o , 

')'1 = a1 + i{31 , 

r ~ ')'0 - ')'1 - ( ) , 
')'0 - ')'1 

2 
K 

m1 ~ -')'1 - , 
')'0 - ')'1 

2 
K 

m2 ~ -')'0 + --­
')'0 - ')'1 

(69) 

(70) 

(71) 

(72) 

Weare interested in the power in line o. From the first of equations (60), 
we have 

[ 2] 2 r-...J K m2z K mlz 

aO(z) r-...J 1 + ( )2 e - ( )2 e . 
')'0 - ')'1 ')'0 - ')'1 

(73) 
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Let us consider the case in which line 1 has a much higher attenuation 
constant than line 0; that is, 

0'1» 0'0. (74) 

The second term on the right side of (73) is provided with a small co­
efficient, and also its exponential factor decays much faster than the 
exponential in the first term. The second term, therefore, rapidly be­
comes negligible as z increases, and we may write, 

ao(z) ~ [1 + K2 ] l2z/ C'YO-'Yl) e -'Yoz• (75) 
(')'0 - ')'1)2 

If the attenuation constant of line 0 is not modified* by the presence 
of the coupled lossy line 1, then in the absence of line 1 the amplitude of 
ao(z) would be e-aoz

, and the factor by which the amplitude is reduced 
owing to the presence of line 1 is 

1

1 + i II eK2z
/ c'YO-'Yl) I. 

(')'0 - ')'1)2 
(76) 

The first factor on the right is very nearly unity, but not less than unity 
if K is real (lossless coupling mechanism) and 

(0'1 - 0'0)2 ~ ((31 - (30)2. (77) 

Hence the factor by which the amplitude is multiplied is not less than 

I 
K2Z I (0'0 - a1)iz 

exp ')'0 - ')'1 = exp (0'0 - 0'1)2 + ({30 - (31)2' 
(78) 

assuming that K is real. If the amplitude of the wave on line 0 is not to 
be down by more than N nepers, after a distance z, from what it would 
have been in the absence of the coupled line, it suffices to have 

(0'1 - ao)K2z = N (79) 
(0'1 - 0'0)2 + ({31 - (30)2 , 

or 

2.2 TEocTMu Coupling in Plain and Compensated Bends 

In Jouguet'sl and Rice's2 analysis of propagation in a curved wave­
guide, the curvature is treated as a perturbation and the field com-

* The value of ao may very well be modified by the coupling; but if it is this 
can easily be taken into account when computing the over-all change in I ao (z) I 
due to the presence of line 1. 
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ponents are developed in powers of the small parameter alb, but the 
field perturbations are not expressed in terms of the modes of the straight 
waveguide. We shall now consider propagation in plain and compen­
sated bends from the coupled-mode viewpoint. 

Denote the coefficient of coupling between the TEO! mode and the 
TMnm mode or the TEnm mode by 

K(nm) = C(nm) + d(nm) , 

K[nm] = C[nm] + d[nm] , 

(81) 

respectively, where as usual we indicate TM modes by enclosing the 
subscripts in parentheses and TE modes by enclosing the subscripts in 
brackets. In Part I the coupling coefficients are written with two pairs of 
subscripts, since in general they may refer to any two modes, but here 
one pair of subscripts would always be [01] and will be omitted. The co­
efficient C represents that part of the coupling (if any) which is due to the 
curvature of the guide, and d represents the coupling (if any) which is 
due to the inhomogeneity of the dielectric. We assume that the dielec­
tric loading, if present, is symmetric with respect to the plane of the 
bend, so that coupling to only one polarization of each mode need be 
considered. 

The phase constants of the TMnm and TEnm modes in a straight, empty 
guide are, respectively, 

h(nm) = yI (32 - X(nm)2, h[nm] = yI{32 - X[nm]2, (82) 

where 

X(nm) = k(nm)1 a, X[nm] = k(nmJla, (83) 

and 

J n (k(nm) = 0, In'(k[nm]) = O. (84) 

Also 

{3 = 2'lC/A, (85) 

where A is the free-space wavelength. 
As noted in the preceding section, the presence of coupling may 

cause the modified phase constants (3(nm) and (3[nm] of the coupled modes 
to differ slightly from the unperturbed phase constants h(nm) and h[nm] • 

In a plain bend (curvature coupling only), the {3's are equal to the h's, 
and in most cases the effect of a small amount of dielectric coupling on 
the phase constants may be neglected. Exact values of {3[nm] and (3(nm) 

may be obtained if necessary from (40). 
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The coupling coefficient between the TEO! and TlVIll modes in a plain 
bend is given by equation (46) as 

C(ll) = {3a/V2k[Ollb = 0.18454 {3a/b = 1. 1595a/Ab. (86) 

The (smallest) critical distance for maximum power transfer is given by 
(67) with {3o = (31 , namely 

7r k[OIl bA 1.3547bA 
zeo = 2C(1l) = 2V2a = a (87) 

and the critical angle {Jeo is 

{Jeo = zeo/b = 1.3547 A/a radians = 77.62 A/a degrees. (88) 

This expression agrees, as it must, with that obtained by J ouguet and 
Rice. (We write {Jeo for the uncompensated bend in order to reserve {Jc 
for a bend with dielectric loading.) 

It should be pointed out that C(ll) is not necessarily the largest of the 
coupling coefficients due to curvature. In a guide sufficiently far above 
cutoff, it appears from (49) that C[lll is approximately equal to C(ll) , 
and C[121 is one and two-thirds times as large as C(ll) . If two transmission 
lines are coupled over a distance Z which is small compared to the dis­
tance required for maximum power transfer, then by (65) the relative 
power transferred to line 1 is 

(89) 

which is proportional to the square of the coupling coefficient. It follows 
that for a sufficiently small bending angle the largest amount of power 
will go into the mode which has the largest coupling coefficient to TEO! 
(in the above example, TEI2). Each coupling coefficient, however, is 
proportional to l/b, and can be made as small as desired by increasing 
the radius of curvature of the bend. Since the phase constants are unal­
tered to first approximation by the curvature, the maximum power trans­
ferred tends to zero with 1/b2 for every mode whose unperturbed phase 
constant differs from h[OIl . The only mode with finite power transfer for 
a finite bending angle with an arbitrarily large bending radius is TMll , 
since h(lI) = h[Oll . For the present we shall assume a bending radius so 
large that power transfer to modes other than TMll is negligible. Com­
plete power transfer from TEO! to TMll will then take place in a plain 
bend at odd multiples of the critical bending angle {Jeo . 

We now consider a dielectric-loaded bend in which the permittivity € 

is a function of the transverse coordinates (p, cp), but does not vary 
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from one cross section to another. The permeability J1. is assumed to be 
constant. Thus we shall write, as in (25), 

J1. = J1.0, 

E = Eo[l + o(p, ~)], 
(90) 

and assume that 

~ Is I 0 I dS « 1, (91) 

where S is the cross-sectional area of the guide. The inequality (91) im­
plies either that E does not vary much over the cross section, or that it 
varies extensively over only a small part of the cross section. The first 
alternative corresponds to a dielectric whose relative permittivity dif­
fers but little from unity, and is the most likely case in practice. If, on 
the other hand, 0 is large in a small region (a thin sliver of high-permit­
tivity material), the dielectric coupling coefficients will not diminish 
very rapidly with increasing mode number. The TEO! mode will be appre­
ciably coupled to a large number of modes, and it may not be safe to 
assume that the total power converted into spurious modes is small just 
because the conversion into any given mode is small. We shall not try 
to decide here what maximum value of I 0 I is practicable. 

If the distribution of dielectric is symmetric with respect to the plane 
of the bend, the dielectric couples the TEO! mode to a definite polarization 
of each spurious mode, and in particular to the same polarization of the 
TMu mode that is coupled by curvature alone.* The dielectric coupling 
coefficient between TEO! and TMu is, from (50) and (51), 

(3 1 2 cos ~ 
deu) = _ /2 7 J 2(7 ) o(p, cp)J1 (X[Ol]p) -- dS. -v 7ralC [01] 0 IC [01] s P 

(92) 

It is obvious that the decoupling condition, namely: 

KeU) == Cell) + dell) = 0, (93) 

may be satisfied by an infinite number of different distributions of per­
mittivity. Ingenuity is required, however, to find a configuration which 
is easy to fabricate and which does not couple the TEO! mode too strongly 
to any other mode in the guide. The spurious mode problem is quite 
serious when the diameter of the guide (in wavelengths) is so large that 

* A dielectric insert which is not symmetric with respect to the plane of the 
bend will couple TEol to the other polarization of TMu , with potentially complete 
power transfer to this mode on account of the equality of phase velocities. A small 
accidental lack of symmetry should not lead to serious mode conversion in a bend 
of moderate angle. 
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many modes have phase velocities close to TEol . In the next section we 
shall compute the coupling to various modes for a number of cases. 

Mention may be made here of the effect of imperfect decoupling. If 
we could satisfy the decoupling condition (93) exactly, then to first 
order there would be no transfer of power from TEol to TMll in a bend 
of any angle. In practice we cannot expect to satisfy (93) exactly, on 
account of uncertainties in the permittivity and dimensions of the 
compensator. If the coupling coefficients are constant along the bend, the 
effect of reducing K(ll) by making dell) nearly equal and opposite to C(ll) 
is to increase the distance required for maximum power transfer to 
TMll to take place. In the simple case where (3(1l) = (3[0l] , as, for example, 
when the compensator is made of a bent half-cylinder of dielectric, the 
critical angle for a fixed bend radius is inversely proportional to K(ll) . 
The critical angle iJc for an imperfectly compensated bend, in terms of 
the critical angle iJco for an uncompensated bend, is 

iJ -I C(ll) 1 iJ 
c - C(ll) + dell) Co • 

(94) 

If d(ll) can be made equal and opposite to C(ll) within 1 per cent, say, 
then iJc = 100 iJco • The power transferred in a bend of angle iJ is simply 
proportional to sin2 (iJ/iJc). 

2.3 Various Compensator Designs 

From now on we shall consider a compensated bend in which the 
TEol and TMll modes are completely decoupled, and we shall investigate 
the coupling between TEol and spurious modes. (By" spurious mode" 
we mean any mode of the straight round guide except TEol or TMll .) 
We shall assume that the power in all spurious modes is everywhere 
low compared to the power level of TEOl . To first order, therefore, we 
may compute the power abstracted from TEol by mode conversion by 
assuming that the TEOl mode crosstalks into each spurious mode inde­
pendently. In practice the crosstalk is greatest into modes whose phase 
velocities are nearest to the phase velocity of TEol ; and it seems more 
than adequate, at least for foam dielectric compensators, to consider 
about a dozen modes. 

From (68), the maximum relative power (assumed small) which cross­
talks from TEOl into a given spurious mode is 

(95) 

where K is the total coupling coefficient. For all spurious modes we 
assume that the difference in phase constants is not much changed by 
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the dielectric loading; this assumption obviates the somewhat laborious 
calculation of {31 for each spurious mode from (40). Thus, 

(96) 

and a good estimate of the maximum power which crosstalks into any 
spurious mode is 

(97) 

If the form and dimensions of a bend compensator are fixed, and the 
TEOl-TMll decoupling condition is assumed to be met by adjusting the 
permittivity, it turns out that the maximum power which crosstalks 
into a given mode is proportional to (a/bt It is thus easy to calculate 
the bending radius which makes (P1)max for any given mode equal to a 
(small) preassigned value. The total power abstracted from the TEOl 
mode by mode conversion will be a complicated, fluctuating function of 
distance along the bend, or of frequency at a fixed distance, because of 
the different critical distances for maximum power transfer into the dif­
ferent spurious modes, but we can get an idea of the minimum tolerable 
bending radius by considering just the crosstalk into the one or two most 
troublesome modes. 

It seems likely that with present-day dielectrics at millimeter wave­
lengths, dielectric losses in a compensated bend will be comparable to 
mode conversion losses. For this reason an estimate of dielectric losses 
is given in connection with each type of compensator design discussed 
below. 

2.3.1 The Geometrical Optics Solution 

An obvious way to design a bend compensator on paper is to load the 
bend with a medium of continuously varying permittivity for which* 

o = -2(p/b) cos so. (98) 

This may be called the geometrical optics solution of the bend problem, 
since to first order it equalizes the optical length of all circular paths 
which are coaxial with the curved center line of the waveguide. Physi­
cally the required variation of permittivity is rather simple; the per­
mittivity at each point depends only on the distance of the point from a 
line through the center of curvature perpendicular to the plane of the 
bend. An attempt to indicate this variation by shading has been made 

* In order that the relative permittivity of the medium be nowhere less than 
unity, the constant EO in the expression 10 = 100(1 + 0) must be greater than the 
permittivity of free space; but this does not affect the analysis in any way. 



CIRCULAR WAVEGUIDE WITH INHOMOGENEOUS DIELECTRIC 1237 

Fig. 2 - Various bend compensators. 

in Fig. 2(a). One could approximate the continuous variation with a 
laminated structure consisting of a number of layers of different permit­
tivities, the permittivity varying slightly from one layer to the next. 

Although the geometrical optics approach provides a very good theo­
retical solution to the bend problem, it does not lead to a perfect compen­
sator. It is shown at the end of this section that a perfect compensator, 
in the sense of one which does not couple TEOl to any other mode at any 
frequency, does not exist. The geometrical optics compensator couples 
the same modes to TEOl that are coupled by the curvature of the bend 
itself, namely TMn and the TElm family; but the coupling coefficients of 
the various modes are not in exactly the same ratios. Thus if 0 is given 
by (98), the net coupling between TEOl and TMll in the compensated 
bend is zero, but there will be a small residual coupling between TEol 
and each of the TElm modes. 

The curvature coupling coefficients are given by (49). Table I contains 
numerical values which have been worked out for {3a = 12.930 and 
{3a = 29.554, corresponding respectively to guide diameters of i inch and 
2 inches at an operating wavelength of 5.4 mm. 

Dielectric coupling coefficients can be worked out without much dif-

TABLE I - COUPLING COEFFICIENTS AND POWER TRANSFER 
IN GEOMETRICAL OPTICS COMPENSATOR 

f3a = 12.930 f3a = 29.554 

Mode 

c d 2 (c + d) 
(110 -/11) 

c d 2 (c + d) 
(Ito - III) 

TMll 2.386/b -2.386/b - 5.454/b -5.454/b -
TEll 2.344/b -2.479/b O.600a/b 5.480/b -5.537/b O.597a/b 
TE12 3.759/b -4.318/b -1.962a/b 9.092/b -9.322/b -1.954a/b 
TEl3 O.306/b -O.420/b -O.087a/b O.793/b -O.834/b -O.083a/b 
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ficulty from (50), (51), and (98). The first few coefficients are: 

d(1l) -O.18454,8a/b, 

d[ll] 
0.18638 (/Ja)2 Ib 

Vh[OI]ah[11]a ' 

0.31150(/Ja)2Ib 
(99) 

d[IZ] 
Vh[OI]ah[I2]a 1 

d[I3] = 
0.02751 (/Ja)2/b 

Vh[OI]ah[I3]a . 

Some numerical values are recorded in Table I. 
The phase constant of any mode in the compensated bend is equal 

to the phase constant of the same mode in a guide filled with material 
of constant permittivity €o. We may therefore set /J[OI] - /J[lm] equal 
to h[oll - h[Im] . Strictly speaking, A is then the wavelength of a free wave 
in a medium of permittivity €o ; but €o differs little from the permittivity 
of vacuum if the compensator is made from a foam dielectric. The ratio 
of total coupling coefficient to difference in phase constants, namely 
2(c + d)/(ho - hI), which determines the maximum power transfer by 
(97), is given in Table I for the i-inch and 2-inch guides at A = 5.4 mm. 

For large /Ja the leading terms in C[Im] and d[Im] , which are proportional 
to /Ja, cancel each other, and C[Im] + d[Im] decreases like 1//Ja. The differ­
ence in phase constants, h[ol] - h[Im] , is also proportional to 1//Ja for 
large /Ja. Hence the ratio of coupling coefficient to difference in phase 
constants approaches a finite limit as /Ja approaches infinity; to three 
decimal places the limiting values are the same as those given in Table I 
for /Ja = 2Q.554. 

If we choose a sufficiently large value of alb, the maximum power 
transferred to a given mode may be made to approach any preassigned 
small value as A/a approaches zero. This is a special property of the 
geometrical optics compensator. For other compensator designs c + d will 
be of the order of /Ja while ho - hI will be of the order of 1 I/Ja, so that 
2(c + d)/(ho - hI) will tend to infinity like (/Ja) 2. Hence in the short­
wavelength limit the bend output will be a jumble of modes all at com­
parable power levels. Practically, one must expect the same end result 
with a geometrical optics compensator, because of the impossibility of 
meeting exact mathematical specifications; but a carefully-designed 
geometrical optics compensator should work satisfactorily up to a con­
siderably higher frequency than any other type. 
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To get an idea of tolerable bending radii with a geometrical optics 
compensator, we shall calculate the radius at which the maximum mode 
conversion loss from TEoI into TEl2 (the worst spurious mode) is 0.1 
db. Setting PI = 0.02276, we find from (68) that the minimum bending 
radius for a i-inch guide is 5.69 inches, and for a 2-inch guide, 12.95 
inches, both at a wavelength of 5.4 mm. It is worth noting that if I d[12] I 
is increased by 5 per cent of its theoretical value, the minimum bending 
radius becomes 7.89 inches for the i-inch guide and 39.2 inches for the 
2-inch guide. (This assumes that the TMll mode is still properly de­
coupled and that TEl2 is still the worst spurious mode.) 

Dielectric losses are likely to be a serious problem in a geometrical 
optics compensator, inasmuch as the whole volume of the bent guide has 
to be filled with dielectric. Relatively large values of 0 are requiredto 
negotiate bends as sharp as those just discussed. For example, if b = 13a, 
in a practical case 0 might range from 0.058 at the inner surface of the 
bend to 0.250 at the center of the guide to 0.442 at the outer surface 
(referred to fo as the permittivity of free space). The loss tangent of 
present-day dielectrics in this range is approximately 2 X 10-4

• A large • 
(i.e., far above cutoff) waveguide filled with a dielectric of relative per­
mittivity 1.25 and loss tangent 2 X 10-4 will show a dielectric loss of 
about 1.13 db/meter or 0.34 db/ft at 5.4 mm. The dielectric loss in a 
90° bend with a bending radius of 1 foot would be about 0.54 db, and for 
other bends the loss would be directly proportional to the length of the 
bend, and to the loss tangent if different from 2 X 10-4

• It is true that 
loss tangents as low as 5 X 10-5 may be obtained with lower values of 
permittivity, say 0 = 0.033; but with such a small 0 the bend radius 
must be proportionately larger, and the total dielectric losses in a bend of 
given angle would be larger than with a higher permittivity material. 

We proceed now to demonstrate the assertion made earlier that a per­
fect bend compensator does not exist. More precisely, we shall show that 
it is impossible to compensate the bend with an isotropic medium whose 
permittivity and permeability are everywhere finite, but otherwise 
arbitrary, in such a way that there is no conversion from TEoI to any 
other mode at any point at any frequency. 

If there is no mode conversion at any point of the bend then the fields 
at all points must be those of the TEoI mode, referred to the bent cylindri­
cal coordinate system described at the beginning of Section 1.1. In other 
words, we have prescribed the electromagnetic field and are asking 
whether it is possible to choose the permeability and permittivity so 
that the given field will satisfy Maxwell's equations. Usually the 
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answer to this question will be "No." The Maxwell equations, 

V X E = -iw}LH, 
V X H = iWEE, 

(100) 

are equivalent to six scalar equations, and if the components of E and 
H are prescribed, one cannot in general satisfy all these equations by 
merely adjusting the two scalar functions }L and E. 

It is particularly easy to see the difficulty for the TEoI mode in a 
curved guide. Recall that the TEoI mode fields are independent of the 
coordinate cp, and that the only non-vanishing field components are 
E<p(p, z), Hp(p, z), and Hz(p, z). The fourth of equations (5) iR: 

1 [a a ] 
p[1 + .(p/b) cos cp] acp ([1 + ,(p/b) cos cp] Hz) - az (pH <p) 

(101) 

= iWEEp. 

• Since Ep = 0, the right side of the equation is zero for any finite value of 
E at any finite frequency, and the whole equation reduces to 

Hz sin cp = 0 
b + p cos cp , 

(102) 

which can be true for all values of p and cp only if the radius of curvature 
of the bend is infinite. Hence a perfect compensator cannot be designed 
with any value of E. 

The practical importance of this result does not appear to be great, 
since theoretically the geometrical optics solution would provide an 
extraordinarily good compensator. Until one has a dielectric whose 
permittivity is continuously variable and precisely controllable, and 
whose loss tangent is very low, even this solution is of only academic 
interest. 

2.3.2 The Single-Sector Compensator 

In practice the simplest way to compensate a bend is to fill part of 
the cross section of the guide with homogeneous dielectric material of 
relative permittivity (1 + 0), and leave the remainder empty. In many 
cases a suitable shape for the cross section of the dielectric is a sector of 
a circle, inserted on the side of the guide nearest the center of curvature 
of the bend, and symmetrically placed with respect to the plane of the 
bend. Such a sector, of total angle (), is shown in Fig. 2(b). We shall now 
discuss the properties of a single-sector compensator. 
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For future reference, the modified phase constants of the TEol and 
TM11 modes may be calculated from (40) as: 

(3(11) = h(l1) + 4~h [(() - 0.29646 sin ())(32 
7r (11) 

(320() 
(3[01] = h[Ol] + 4-' . 

7r ~ [01] 

The dielectric coupling coefficients for the single-sector compensator 
are given by (50) and (51), provided that some of the Bessel functions 
are integrated by Simpson's rule. In particular, the dielectric coupling 
coefficient between TEal and TMll is 

d(1!) = -0.12066 (30 sin ()j2. (104) 

Substituting (86) and (104) into (93), we obtain the decoupling condition 
for a single-sector compensator, namely 

o = 1.5295 ~ 
sin ()j2 b' 

(105) 

No circular magnetic modes (TMom) and no higher circular electric 
modes (TE02, TE03 , etc.) are coupled to TEOl by the single-sector com­
pensator. We also observe that the coupling coefficients of the TElm 
and TMlm modes do not depend upon the sector angle () so long as 0 
and () are related by (105). This is because these modes have the same 
angular dependence as the TM11 mode, which we are trying to compen­
sate. 

The most troublesome spurious modes are those whose phase velocities 
are closest to TEal, namely TE21 and TE31 . The coupling coefficients and 
power transfer ratios for these two modes in i-inch and 2-inch guide are 
given in Table II. Either of these modes could be decoupled by proper 
choice of the sector angle, provided we had a uniform, low-dissipation 
dielectric with the required value of 0, but it is impossible to decouple 
both modes at once with a single sector. As a compromise, we might adopt 
the sector angle which equalizes the maximum power transferred to TE21 
and TE31 (the distances for maximum power transfer are of course not 
the same for the two modes). This angle is approximately 144°. 

Suppose we wish to employ a 144° sector in a i-inch guide at 5.4 mm. 
If the criterion is that TEol is to lose a maximum of 0.1 db each to TE2l 
and TE3l , so that the total mode conversion losses are of the order of 0.2 
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TABLE II - COUPLING COEFFICIENTS AND POWER TRANSFER TO TE21 
AND TE3l MODES DUE TO SINGLE-SECTOR COMPENSATOR 

{Ja = 12.930 (Ja = 29.554 

Mode 
d 2d/(ho - hi) d 2d/(lzo - hi) 

TE21 
1.1152 sin 8 a sin 8 2.4727 sin 8 a sin 8 ----- -1038 - --- ---- - 54.23 - -.--

b sin 8/2 . b sin 8/2 b sin 8/2 b sm 8/2 

TE31 
0.6579 sin 38/2 a sin 38/2 _ 1.4426 sin 38/2 9 a sin 38/2 ------ -1089 - --- -56 1- ---

b sin 8/2 . b sin 8/2 b sin 8/2 . b sin 8/2 

db, then the bending radius can be 19.5 inches. The corresponding value 
of 0 is 0.036. 

If we try to use a 144° sector in a 2-inch guide at 5.4 mm, with the same 
mode conversion criterion as before, the bending radius must be so large 
that no currently available dielectric has a small enough value of 0 to 
satisfy the decoupling condition. We are therefore forced to use a smaller 
sector angle. With a sector of small angle, TE31 is the worst spurious 
mode. It turns out that if 0 = 0.033 and if TEOl is not to lose more than 
0.1 db by conversion into TE31 , the minimum bending radius is 1131 
inches or 94.3 feet, and the corresponding sector angle is 4.70°. 

An approximate formula for the attenuation constant due to dielec­
tric losses in a single-sector compensator is given by (57), provided that 
o is small. The result is 

,82 (1 + 0) tan cp ()o 
ad = 2h[o1] 360 nepers/meter, (106) 

where tan cp is the loss tangent of the dielectric, and ()O is the sector angle 
in degrees. As numerical examples, we find that the dielectric loss at 5.4 
mm in a i-inch guide compensated with a 144° sector having 0 = 0.036, 
tan cp = 5 X 10-\ amounts to 0.085 db in a 90° bend of radius 19.5 
inches. In a 2-inch guide compensated with a 4.70° sector (0 = 0.033, 
tan cp = 5 X 10-5

), the dielectric loss is 0.155 db in a 90° bend of radius 
94.3 feet. 

2.3.3 The Three-Sector Compensator 

Although the single-sector compensator should work well in a guide 
which will propagate only 40 to 50 modes, it does not look so promising 
for a 200- to 300-mode guide, chiefly because of the unavoidable crosstalk 
into TE21 and/or TE31 . We are therefore led to consider the design of a 
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three-sector compensator which will not couple either TE2l or TE3l to 
TEol . 

A three-sector compensator is shown schematically in Fig. 2(c). The 
angle of the center sector is called (h and the angle of each outer sector 
()2 . Each outer sector makes an angle t/I, measured between center planes, 
with the center sector. 

The condition for decoupling TEol from TMll with the three-sector 
compensator is 

o = . 1.5295 f! 
(2 cos t/I sin ()2/2 + sin ()t/2) b . 

(107) 

If 0 and alb arc given, two additional conditions may be imposed upon 
()l , ()2 , and t/I. The conditions are taken to be: 

2 cos 2t/1 sin ()2 + sin ()l = 0, 

2 cos 3t/1 sin 3()2/2 + sin 3()t/2 = O. 
(lOS) 

If equations (lOS) are satisfied, the compensator does not couple TEol 
to any modes of the TE2m , TE3m , TM2m , or TMam families. 

To design a three-sector compensator with given values of alb and 
0, one can solve (107) and (lOS) numerically for ()l , ()2 , and t/I. However, 
if ()l is small (~20°, for exam pIe), a simpler design procedure may be 
used. The following equations are approximately true: 

126.Sa 
()l = ~ degees, 

()2 = 0.61S()1, 
(109) 

I t should perhaps be pointed out that the precision of ()l , ()2, and t/I 
individually is not critical, since there is no necessity for the coupling 
to TE2l and TE31 to be exactly zero, so long as it is reasonably small. 
One should, however, strive to make the TEol-TMll coupling as nearly 
zero as possible, and it is therefore important to satisfy (107) with the 
greatest possible precision. 

Expressions for the dielectric coupling coefficients due to the three­
sector compensator may be obtained from those for the single-sector 
compensator if we merely replace sin n() 12, wherever it occurs, by 
sin n()t/2 + 2 cos nt/l sin n()2/2, where n is the angular mode index, as 
usual. If ()1, ()2 , and t/I satisfy (lOS), then the coupling to TE2m , TE3m , 
TM2m , and TM3m is zero, and the mode having the largest value of 
2(c + d)j(ho - hI) is TE12 . As noted earlier, since the fields of TMll 
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TABLE III - COUPLING COEFFICIENT AND POWER TRANSFER 
TO TEl2 MODE DUE TO THREE-SECTOR COMPENSATOR 

{3a = 12.930 {3a = 29.554 

Mode 

c d 2 (c + d) 
(ho - hi) 

c d 2 (c + d) 
(ho - hi) 

TE12 3.7591/b -3.0334/b 2.549a/b 9.0919/b -6.5491/b 21.59a/b 

and TEl2 have the same angular dependence, the coupling to TEl2 is 
independent of the number and arrangement of sectors used in the com­
pensator so, long as the decoupling condition for TMn is satisfied. Nu­
merical values are given in Table III. 

The formula analogous to (106) for the attenuation con~tant due to 
dielectric loss in a three-sector compensator is 

As a numerical example, let us design a three-sector compensator for 
a i-inch guide at 5.4 mm. Under the requirement that the TEol loss due 
to conversion into TEl2 must not be greater than 0.1 db, the minimum 
bending radius is 7.39 inches. If the angles are * 

fh = 60°, 

(}2 = 30°, 

1/1 = 75°, 

the value of 0 should be 0.143, which is not difficult to obtain with foam 
dielectrics. Assuming a loss tangent of 2 X 10-4 we find that dielectric 
losses in a 90° bend are about 0.12 db. 

As a second example, for a 2-inch guide at 5.4 mm with the same mode 
conversion criterion, one needs a bending radius of 143.1 inches or 11.92 
feet. With 0 = 0.033, the compensator angles are 

(h 27.6°, 

(}2 16.4°, 

* It is not practicable to use larger angles, because if (h > 60° portions of the 
outer sectors counteract the effect of the rest of the compensator on TMll , and 
dielectric losses make the design inefficient. 
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and if tan ({) = 5 X 10-5
, the dielectric loss in a 90° bend is about 0.25 

db. 

2.4 Can Dissipation Be Used to Discourage Spurious jJ;Iodes? 

It was shown in Section 2.1 that the effect of markedly increasing the 
attenuation constant of one of two coupled transmission lines is to re­
duce the over-all attenuation of a wave introduced on the other line. 
One might wonder whether it would be practicable to decrease the per­
missible radius of a compensated bend by introducing loss into the 
spurious modes. The answer is "No", at least for guides large enough to 
propagate 200 to 300 modes at the operating wavelength. One simply 
cannot get the required magnitude of loss into the spurious modes with­
out simultaneously introducing intolerable loss into TEal. A numerical 
example will make this clear. 

We found in Section 2.3.3 that with a three-sector compensator in 
2-inch guide at 5.4 mm it would be possible to negotiate a bend of 
radius about 12 feet with a maximum loss of 0.1 db by mode conversion 
to TEI2 (the worst spurious mode). Let us now ask what the attenuation 
constant of TEl2 would have to be if we wished to transmit around a 
bend of radius 6 feet with a three-sector compensator, and have the 
mode conversion loss suffered by TEal not greater than 0.1 db in a 90° 
bend. Preparing to substitute into (80) of Section 2.1, we have the 
following values: 

b = 72 inches, 

K[l2] = C[l2] + d[l2] = 2.54/b = 0.0353 in-r, 

Z = 7rb/2 = 113.1 inches, 

{3o - {3l ~ ho - hI = 0.236 radians/inch, 

N = 0.1 db = 0.0115 nepers. 

From (80) we get 

a[l2] - a[Ol] = 12.2 nepers/inch ~ 4200 db/meter. 

Since the maximum TE12 attenuation which can be achieved in a 2-inch 
guide by a mode filter which transmits TEal freely is of the order of 10 
dbjmeter,* the value of a[12] called for by the above calculation is ob­
viously out of the question. 

* This estimate is based on calculations described in Reference 6 for modes in 
a helix surrounded by a lossy sheath; but it is doubtful that much greater loss 
could be produced by other types of filter, such as resistance card "killers". 
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It should be noted that a moderate amount of loss in the spurious 
modes may be worse than none, so far as the effect on TEOl is concerned. 
Miller14 has shown that the total power dissipated in the system goes 
through a maximum when (al - ao)/K ~ 2. It appears that al - ao must. 
exceed K by a couple of orders of magnitude before the loss in the driven 
line (i.e., TEOl) becomes really small, if we are counting on dissipation to 
counteract the coupling to spurious modes. 

Since by use of the compensator we are attempting to make the 
TEOl - TMll coupling coefficient zero, we may expect that this co­
efficient, if not exactly zero, will at least be small compared to the cou­
pling coefficients of spurious modes such as TEl2 . Because K(ll) is very 
small, it may be that a practicable amount of loss in the TMll mode would 
improve the performance of the bend. But in view of the preceding para­
graph we must be careful, when introducing loss into TMll , not to 
introduce the wrong amount of loss into some spurious mode which has 
a larger coupling coefficient to TEOl . 
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APPENDIX 

Compensation of a Gradual Bend by a Dielectric Insert in the Adjacent 
Straight Pipe 

We shall discuss briefly three different ways of transmitting the TEol 
mode around a plain (i.e., air-filled) bend with the aid of dielectric mode 
transducers inserted into the straight sections of guide on one or both 
sides of the bend. The first two methods involve converting the TEol 
mode to a normal mode of the bend and reconverting to TEol on the 
other side.9 In the third method, the input to the bend is pure TEOl , 
and the output mixture of TEol and TMll , whatever it may be, is re­
converted to TEO! by a dielectric transducer. 

A.I The TMll' Normal M ode Solution 

One of the normal modes of the bend is a pure TMll mode (TMll') 
which is polarized at right angles to the TMll mode (TMll") that the 
bend couples to TEol . Clearly if one has a transducer in a straight guide 
which converts TEol entirely to TMll , it is a mere matter of rotating the 
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transducer about the guide axis to insure that the polarization which 
enters the bend is TMn'. We shall design such a transducer using a di­
electric sector in a straight pipe. 

From Section 2.1, for complete power transfer from TEol to TMll we 
must have 

(3[Ol] - (3(ll) = 0; 

the transfer then takes place in a distance 

l = 7r /2 I K(n) I . 

(111) 

(112) 

The modified phase constants {3[Ol] and (3(11) for a single dielectric sector 
of angle 0 are given by (103) of Section 2.3.2. Substituting these values 
into (111), we find that the only condition under which it is satisfied is 

sin () = 0, 

(J = 180°. 
(113) 

The transducer must therefore be a half cylinder. From (104) we have 

K(n) = d(11) = -0.12066 {3a, 

and so (112) gives for the length of the transducer, 

l = 2.072 X/a. 

(114) 

(115) 

The TEol - TMn' transducer should be placed on either side of the 
diametral plane of the straight guide which lies in the plane of the 
bend. An exactly similar transducer on the other side of the bend will 
reconvert TMn' into TEol . Since TEol and TMn have the same velocity 
in a straight guide, the transducer can be made of a number of sections 
with arbitrary spacing and of total length l; but in practice one will not 
wish to have too long a run of TMll in the empty guide because of the 
higher heat losses of this mode. 

A.2 The TEol ± TMll" Normal Mode Solution 

If we write the coupled wave equations for TEol and TMn" in a plain 
bend in the form 

daD + °h + 0 0 dz ~ aD ~cal = , 

o + dal + °h 0 ~cao dz ~ al = , 

(116) 



1248 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957 

where 

h = h[OI) = h(ll) , 

(117) 
C = COl) , 

it is evident that we can add and subtract to get the equivalent pair of 
equations: 

d(ao: al) + i(h + c) (aD + al) = 0, 

d(ao - al) + ·(h ) ( ) - 0 dz 1, - C aD - al - . 

(118) 

Hence the normal modes of the curved guide are the combinations 
ao ± aI, or TEOl ± TM". 

In order to launch only the normal mode TEol + TMll" at the input 
of the bend, the amplitude of the other mode must be zero, or aD = al. 
Similarly, to launch only the mode TEol - TMll", the condition is 
aD = - al . Hence the output of the normal mode transducer of length l, 
say, must be . 

(119) 

We return to the solution of the coupled line equations in Section 2.1 
and write 

K = dOl) = d, 

'Yo = i{3 [01) = i{3o , 

1'1 = i{3(1l) = i{3l , 

r = is = iV ({3o - {3l)2 + 4d2• 

Then equations (60) of Section 2.1 become: 

[
COS 2sl - i ({3o - (3l) sin 2Sl] e -!i({3o+lh) I 

2 S 2 , 

(l) .2d . 1 l -!i({30+{31)l 
al = -1,8 sm 2S e . 

(120) 

(121) 

Substituting into (119) and equating real and imaginary parts gives: 

l = 'Iris, 

I {3o - {31 I = I 2d I . 

(122) 

(123) 
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In view of (103) and (104) of Section 2.3.2, (123) is equivalent to 

±V1 - V
2 

cos 0/2 = 0,4640v2 + 0.1955' (124) 

and (122) becomes 

l = 1.465X 
o I sin 0/21' 

(125) 

where 

v = X/Xc = 3.8317 X/27ra (126) 

is the cutoff ratio for TEOl and TMn waves in a straight, empty guide. 
A TEol to TEol ± TMn" mode transducer may thus consist of a di­

electric sector, attached to the surface of the straight guide on the side 
nearest the center of curvature of the bend, if the angle of the sector 
satisfies (124) and the length satisfies (125). However, the condition (124) 
can be satisfied by a real angle only if 

0.8483 ~ X/Xc ~ 1; (127) 

that is, only if the guide is very near cutoff; and the value of 0 which 
satisfies (124) varies rapidly with X over the above range. This form of 
normal mode transducer is therefore too narrow band to be of much 
practical interest. 

A.3 A Broadband Compensator 

We shall now show how to design a dielectric compensator, in a straight 
section of guide, which takes the mixture of TEol and TMn" put out by 
an adjacent bend and reconverts it to pure TEoI , independent of fre­
quency. 

First let us write the solution of (116) for a plain bend in terms of ar­
bitrary initial values ao(O) and al(O). We have 

and hence 

ao(z) + al(z) = [ao(O) + al(O)]e -ihz-iCz, 

ao(z) = [ao(O) cos cz - ial(O) sin cz]e-ihz
, 

al(z) = [-iao(O) sin cz + al(O) cos cz]e-ihz
• 

(128) 

(129) 

The bend may be compensated with a dielectric-loaded straight guide, 
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provided that* {1o = {11 in the straight guide (this may be arranged, for 
example, by using a half-cylinder of dielectric), and provided that the 
length of the compensator and the coupling coefficient d are properly 
chosen. The amplitudes of the two modes in the straight guide, in terms 
of arbitrary initial values ao(O) and al(O), are 

ao(z) [ao(O) cos dz - ial(O) sin dz]e- i
!3oz, 

al(z) [-iao(O) sin dz + al(O) cos dz]e- ii3oz• 
(130) 

N ow suppose that the length of the bend is II and the length of the 
compensator l2 , and take the origin of z at the input to the bend. A pure 
TEOl input is represented by 

ao(O) = 1, 

al(O) = 0, 

and so, applying (129) and (130) in succession, 

ao(ll) = cos ell e -ihll , 

al(ll) = -i sin ell e-ih
\ 

aO(ll + l2) = cos (ell + dl2)e- i
(hI1 +130

12\ 
al (ll + l2) = - i sin (ell + dl2)e -i(h1l +130

1
2) • 

(131) 

(132) 

(133) 

The condition that all the power be in TEOl at the output of the com­
pensator at every frequency is 

(134) 

or 

dl2 = -0.18454 {1aldb, (135) 

on referring to equation (86) of Section 2.2 for the value of e. 
A convenient form of compensator would be a half cylinder of dielec­

tric whose diametral plane is perpendicular to the plane of the bend. 
The coupling coefficient of the half cylinder is given by (104), and the 
condition for complete compensation becomes 

(136) 

The most easily adjustable parameter is probably the length l2 of the com­
pensator. 

* The necessity for {30 = {31 is apparent if we consider that under certain condi­
tions the bend may put out a pure TMll " mode, and complete reconversion is pos­
sible only if the compensator has {30 = {31 . 



CIRCULAR WAVEGUIDE WITH INHOMOGENEOUS DIELECTRIC 1251 

We have analyzed the compensator as if it were all on one side of the 
bend; but it may evidently be divided into sections of total length l2 
which are distributed arbitrarily on both sides of the bend. An obvious 
configuration would be to put a section of length ld2 on each side of the 
bend immediately adjacent to it. 

Limitations on the usefulness of this kind of compensator will be di­
electric losses and mode conversions. The former can presumably be re­
duced as the dissipation of available dielectrics is reduced. Mode conver­
sions could be calculated by the general methods of Part I, but one would 
have to work out the values of the coupling coefficients between TMll 
and all other modes, which has~ not yet been done. In any case it is likely 
that the minimum tolerable bending radius would be no less than for the 
within-the-bend compensators discussed earlier in this paper. 
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Circular Electric Wave Transmission in 
a Dielectric-Coated Waveguide 

By H. G. UNGER 

(Manuscript received January 9, 1957) 

The mode conversion from the TEol wave to the TMn wave which nor­
mally occurs in a curved round waveguide may be reduced by applying a 
uniform dielectric coat a few mils thick to the inner wall of the waveguide. 
Such a dielectric coat changes the phase constant of the TMll wave without 
affecting appreciably the phase and attenuation constants of the TEol wave. 
Thus, relatively sharp bends can be negotiated to change the direction of the 
line or deviations from straightness can be tolerated. For each of these two 
cases a different optimum thickness of the dielectric coat keeps the TEol 
loss at a minimum. At 5.4-mm wavelength a bending radius of 8 ft in a 
i-inch pipe or 50 ft in a 2-inch pipe can be introduced with 0.2 db mode 
conversion loss. Deviations from straightness corresponding to an average 
bending radius of 300 ft can be tolerated in a 2-inch pipe at 5.4-mm wave­
length with an increase in TEol attenuation of 5 per cent. Serpentine bends 
caused by equally spaced supports of the pipe may, however, increase the 
mode conversion and cause appreciable loss at certain discrete frequencies. 
Compared with the plain waveguide the dielectric-coated guide behaves more 
critically in such serpentine bends. 'The mode conversion from TEol to the 
TEo2 , TEo3 , ... waves at transitions from a plain waveguide to the dielec­
tric-coated guide is usually very small. 

I. INTRODUCTION 

In a curved section of cylindrical waveguide the circular electric wave 
couples to the TEn, TEI2 , TE13 ••• modes and to the TMll mode.1 
The coupling to the TMu mode presents the most serious problem since 
the TEol and TMll modes are degenerate, in that they have equal phase 
velocities in a perfectly conducting straight guide. In a bend all TEol 
power introduced at the beginning will be converted to the TMu power 
at odd multiples of a certain critical bending angle. One can reduce this 
complete power transfer by removing the degeneracy between TEol and 

1253 
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TMll modes. The finite conductivity of the walls introduces a slight 
difference in the propagation constants and in a 2-inch pipe at 5.4 mm 
wavelength a bending radius of a few miles can be tolerated with about 
double the attenuation constant of the TEOl wave. To get more differ­
ence in the phase constants of the TMll and TEOl modes, one might 
consider a dielectric layer next to the wall of the waveguide. Since the 
electric field intensity of the TEOl mode goes to zero at the wall but the 
electric field intensity of the TMll mode has a large value there, one might 
expect a larger effect of the dielectric layer on the propagation character­
istics of the TMll wave than on the TEOl wave. 

In doing this, however, one has to be aware of the influence the 
dielectric layer will have on the propagation characteristics of the TElm 
modes which also couple to the TEol wave in curved sections. The TE12 
wave couples most strongly to the TEOl wave and of the TElm family it 
is the next above the TEol wave in phase velocity. With the dielectric 
layer one has to expect this difference in phase velocity to be decreased 
and consequently the mode conversion to the TE12 wave to be increased. 

In the next section we will solve the characteristic equation of the 
cylindrical waveguide with a dielectric layer for the normal modes and 
arrive at approximate formulas for the phase constants. We will also 
compute the increase in attenuation of the normal modes as caused by 
the dielectric losses in the layer. The change in wall current losses as 
caused by the dielectric layer is of importance here only for the TEOl 
wave and we will calculate it only for this wave. 

In order to know what bending radii can be tolerated with a dielectric 
coat, we have to evaluate the coupled wave theorl for small differences 
in propagation constants between the coupled waves. This will be done 
in Section III. Especially we will consider serpentine bends which occur 
in any practical line with discrete supports. In that situation, at certain 
critical frequencies, when the supporting distance is a multiple of the 
beat wavelength between TEol and a particular coupled wave, we will 
have to expect serious effects on the propagation constant of the TEOl 
wave. 

In Section IV we will combine the results of Sections II and III and 
establish formulas and curves for designing circular electric waveguides 
with a dielectric coat. We will distinguish there between two different 
applications. The first case is to negotiate uniform bends of as small a 
radius as possible and the second is to tolerate large bending radii which 
may occur in a normally straight line. 

At transitions from plain waveguide to the dielectric-coated guide, 
power of an incident TEOl wave will be partly converted into higher 
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rEam waves. In Section V we shall calculate the power level in the TEam 
waves resulting from this conversion. 

II. THE NOHMAL MODES OF THE DIELECTRIC-COATED WAVEGUIDE 

The waveguide structure under consideration is shown in Fig. 1. To 
find the various normal modes existing in this structure, Maxwell's 
equations have to be solved in circular cylindrical coordinates in the air­
filled region 1 and dielectric-filled region 2. The boundary conditions 
are: equal tangential components of the electric and magnetic field 
intensities at the boundary (r = b) between regions 1 and 2 and, assum­
ing infinite conductivity of the walls, zero tangential component of the 
electric field at the walls (r = a). Upon introducing the general solutions 
into these boundary conditions, we get a homogeneous system of four lin­
ear equations in the amplitude factors. Non-trivial solutions of this sys­
tem require the coefficient determinant to be zero. This condition is 
called the characteristic equation. Solutions of the characteristic equa­
tion represent the propagation constants of the various modes. These 
calculations have been carried out elsewhere,3.4 and the characteristic 
equation arrived at there has the following form: 

(1) 

FIG. 1 - The dielectric-coated waveguide; p = bfa, 0 1 - p = (a - b)/a. 
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Here we have used the following definitions: 

Un(x, px) = In(px)Nn(x) - Nn(px)Jn(x), 

Vn(x, px) = px2[Jn'(px)Nn'(x) - Nn'(px)Jn'(x)], 

Wn(x, px) = px[Jn(x)Nn'(px) - In'(px)Nn(x)], 

Zn(X, px) = x[Jn'(x)Nn(px) - J n(px)Nn'(x)]. 

(2) 

J nand N n are cylinder functions of the first and second kind, respec­
tively, and the prime marks differentiation with respect to the argument. 
The other symbols are: 

p = v/a ratio of radii, 

(3) 

X2 = ~2a. 

The relative dielectric constant of region 2 is indicated by € which is 
assumed to be complex to take dielectric losses into account. The radial 
propagation constants ~l and 6 are related to the axial propagation 
constant')' and the free-space propagation constant k = 217" /A by 

~12 = k2 + ')'2, 

~22 = €k 2 + ')'2. 

The circumferential order of the solution is indicated by n. 
For n = 0, equation (1) splits into the two equations 

~ JO'(pXI) + _€_ WO(X2 ,pX2) = 0, 
Xl JO(PXI) pX22 Uo (X2 , pX2) 

and 

~ JO'(pXI) + _1_ VO(X2, pX2) = 0 
Xl JO(pXI) PX22 ZO(X2 , pX2) 

representing the TMom and TEom waves, respectively. 

(4) 

(5) 

(6) 

Except for n = 0 the solutions of (1) and the modes in the waveguide 
do not have transverse character as in the case of a uniformly filled 
waveguide. They are hybrid modes. However, it is reasonable to label 
them as TEnm or TMnm , according to the limit which they approach as 
the dielectric layer becomes very thin.5 

Modes in the dielectric-coated guide with a very thin coat may be 
treated as perturbed TEnm or TMnm modes of the ideal circular wave­
guide. The perturbation terms are found by expanding (1) for small 
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values of 0 = 1 - p. This is done in Appendix 1. The perturbation of 
the propagation constants for the various normal modes is: 

TMnm A'Y = € - 1 0, 
'Ynm € 

A'Y n2 
€ - 1 

TEnm - = 2 2 (1 2) 0, 
nr"O 'Ynm Pnm - n € - 1Inm 

2 
TE A'Y = € - 1 pom 03 

om 'Yom 1 - 110m2 3 . 

(7) 

(8) 

(9) 

In these equations pnm is the mth root of In(x) 0 for TMnm waves 
and the mth root of In'(x) = 0 for TEnm waves. Furthermore, 1Inm = 
A/Acnm where Acnm = 27ra/Pnm . 

We note that the change in propagation constant is of first order in 
o for the TMnm and TEnm waves with n ~ 0, but of third order in 0 for 
TEom waves. 

With € = €' - je" the perturbation of the propagation constant splits 
into phase perturbation A{3 and dielectric attenuation aD . For a low 
loss dielectric we may assume €" « €' and get: 

TM A{3 = e' - 1 0 
nm {3nm €" 

/1{3 n2 
€' - 1 

TEnm - = 2 2 '(1 2) 0, 
n~O {3nm pnm - n € - 1Inm 

2, 1 
TE A{3 = pom € - 03 

om {3om 3 1 - 110m2 ' 

" aD € 
TMnm {3- = 12 0, 

nm € (10) 

2 " TE ~ = pom € 03 

om {3nm 3 1 - 110m2 • 

Unfortunately the range in which (7), ... (10) are good approxima­
tions is rather limited. Actually 

2 
1 - 1Inm • 27ra .A{3 

Vnm A {3nm 

has to be small compared to unity, at least not larger than 0.1. In the 
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case of the TM11 wave in a 2-inch pipe at A = 5.4 mm this limit is 
reached with /).(3/(311 = 0.45 X 10-3 or 0 = 0.75 X 10-3 with E = 2.5. 

To evaluate (1) beyond this limit we may use the approximations: 

1 W n (x, px) ( ) t - U ( ) = cot 1 - p x = co ox, 
px n x, px 

~ Vn(x,px) = _ tan (1 - p) = - tan ox. 
px Zn(X, px) 

(11) 

The approximations (11) require x » n, and ox < 7r/2, as shown in 
Appendix 1. These requirements are usually satisfied for the lower order 
modes in a multimode waveguide with a thin dielectric layer. 

Equation (1) has been evaluated for the TMn mode using the approxi­
mations (11) and a method which is described in Appendix 1. The results 
are shown in Fig. 2 for E = 2.5 and several values of a/A. 

In introducing a dielectric coat we have to be aware of the change in 
attenuation constant the TEol mode will suffer. Not only the loss factor 
of the dielectric material will cause additional losses, but the concentra­
tion of more field energy into the dielectric will increase the wall currents 
and so the wall current losses. 

To calculate the wall current attenuation of the TEo 1 mode in the 
round waveguide with the dielectric layer, we proceed in the usual 
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manner. Assuming the conductivity to be high though finite and the 
loss factor of the dielectric material to be small, we take the field pattern 
and wall currents of the lossless case and calculate the total transmitted 
power P and the power PM absorbed per unit length of the waveguide by 
the metal walls of finite conductivity. The wall current attenuation aM 

is then given by 

1 PM 
aM = 2P' 

The result of this calculation as carried through in Appendix II is: 

2/2 2{ 2 [2 ] aM _ X2 X2 - Xl 1 + 7r X2 _ 1 
---222 -2pX22 
a om Pom X2 - EXI Xl 

. [ u, (x, ,px0 - p;, R, (x, ,pX,) ] R, (x, ,pX,) f' 

(12) 

(13) 

In this expression aM is related to the TEom attenuation constant a om 

of the plain waveguide. 
For 1 - P = 0 « 1 we introduce the series expansions of the functions 

UI (X2, pX2) and RI (X2, pX2), 

2 

~aM = (E _ 1) Pom
2 

02. 
a om Pom 

(14) 

Here ~aM is defined as the change in wall current attenuation compared 
to the attenuation in the plain waveguide. 

III. PROPERTIES OF COUPLED TRANSMISSION LINES 

Wave propagation in gentle bends of a round waveguide can be de­
scribed in terms of normal modes of the straight guide. I The bend causes 
coupling between the normal modes. The TEO! wave couples to the TMll 
wave and to the TEln waves and the propagation in the bend is de­
scribed by an infinite set of simultaneous linear differential equations. 
An adequate approximate treatment is to consider only coupling between 
TEol and one of the spurious modes at a time. Furthermore, only the 
forward waves need to be considered, since the relative power coupled 
from the forward waves into the backward waves is quite small. Thus, 
the infinite set of equations reduces to the well known coupled line 
equations :2 

dEl + "IIE I - jcE2 = 0 
dz ' 

(15) 

dE2 + E . E 0 - "12 2 - JC 11 = , 
dz 
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in which 
E 1,2(Z) = wave amplitudes in mode 1 (here always TEOl) and mode 2 

(TMll or one of the TE1n), respectively; 
')'1,2 = propagation constant of mode 1 and 2, respectively (the 

small perturbation of ')'1,2 caused by the coupling may be 
neglected here); and 

c = coupling coefficient between modes 1 and 2. 
Subject to the initial conditions: 

the solution of (15) is: 

E, = ~ [1 + vi t:,.'Y~'Y_ 4c' ] e -1'" + ~ [1 - vi t:,.'Y~'Y_ 4c' ] e -1"', 
(16) 

E JC [ -r2Z -rlZ] 
1 2 = V..1')'2 _ 4c2 e - e , 

where ..1')' = ')'1 - ')'2 and r 1 ,2 = 7~[')'1 + ')'2 ± vi ..1')'2 - 4c2]. r~ and r 2 

are the propagation constants of the two coupled line normal modes. 
Both coupled line normal modes are excited by the initial conditions. 
For I cj..1')' I « 1, equations (16) can be simplified: 

E .2c. hI A -!Crl +r2)Z 
1 2 = J ..1')' sm 2 u.')'Z e • 

(17) 

We are concerned with a difference in phase constant which is much 
larger than the difference in attenuation constant. Consequently m 
..1')' = j..1{3 + ..1a we have I ..1{31 » I ..1a I and we may write: 

(18) 

E, = j !~ .sin~t:,.ilz cxp [ -,. j ~ (il, + il,)z - ~ ('" + ",)zJ . 

We note that the amplitude El , apart from suffering an attenuation, 
varies in an oscillatory manner, the maximum being El = 1 and the 
minimum El = 1 - 2(c2j ..1(32). Accordingly, the maximum mode conver­
sion loss is given by: 
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20 I Elmax - 1735 c
2 

OgIO E- - . A(.l2· 
1 lmin L.lfJ 

(19) 

The attenuation constant of EI is modified by the presence of the coupled 
wave. Compared to the uncoupled attenuation constant it has been 
changed by 

~ac = C
2

2 
(a2 - 1). 

al ~{3 al 
(20) 

The amplitude E2 varies sinusoidally. From our point of view it is an 
unwanted mode. The power level compared to the E't power is 

20 1 E2max 1 2c 
OgIO -- = 20 OglO - • 

EI ~{3 
(21) 

So far we have considered only a constant value of the coupling co­
efficient, c, corresponding to a uniform bend. The attenuation in such a 
uniform bend is increased according to (20), and the worst condition we 
can encounter at the end of the bend is a mode conversion loss (19) and 
a spurious mode level (21). 

A practical case of changing curvature and consequently changing 
coupling coefficient is the serpentine bend. A waveguide with equally 
spaced supports deforms into serpentine bends under its own weight. 
The curve between two particular supports is well known from the theory 
of elasticity. An analysis of circular electric wave transmission through 
serpentine bends6 shows that mode conversion becomes seriously high at 
certain critical frequencies when the supporting distance is a multiple 
of the beat wavelength between the TEO! and a particular coupled mode. 
The beat wavelength is here defined as 

(22) 

In serpentine bends formed by elastic curves, mode conversion at the 
critical frequencies causes an increase in TEol attenuation6 

~a8 = _ [~_c_o _J2 aO! 
aOI E I ~{32aol ~a ' 

and a spurious mode level in the particular coupled mode6 

I~:I = ;1 !l;~011~:1, 
where w = weight per unit length of the pipe, 

E = modulus of elasticity, 
I = moment of inertia, 

(23) 

(24) 
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and Co is the factor in the bend coupling coefficient c = co/R determined 
by waveguide dimensions, frequency and the particular mode. R is the 
bend radius. 

Equations (23) and (24) hold only as long as 

4.1as « I .1a I (25) 

is satisfied. The rate of conversion loss has to be small compared to the 
difference between the rates of decay for the unwanted mode and TEol 
amplitudes. If (25) is not satisfied a cyclical power transfer between 
TEol and the particular coupled mode occurs, and the TEol transmission 
is seriously distorted. 

Another case of changing curvature of the waveguide is random de­
viation from straightness, which must be tolerated in any practical line. 
Such deviations from straightness change the curvature only very gradu­
ally, and since there is no coupled wave in the dielectric coated guide, 
which has the same phase constant as the TEOI wave, the curvature may 
be assumed to vary only slowly compared to the difference in phase 
constants. Under this condition 7 the normal mode of the straight wave­
guide, which here is the TEol mode, will be transformed along the 
gradually changing curvature into the normal mode of the curved wave­
guide, which is a certain combination of TEol and the coupled modes. 
This normal mode will always be maintained and no spurious modes 
will be excited. 

The change in transmission loss is therefore given alone by the differ­
ence between the attenuation constants of the TEOI wave and the nor­
mal mode of the curved waveguide. The propagation constants of the 
normal modes of the coupled lines are r l and r 2 as given by (16). Only 
the mode with r l will be excited here and consequently the attenuation 
difference is given by (20). 

IV. CIRCULAR ELECTRIC WAVE TRANSMISSION THROUGH CURVED SECTIONS 

OF THE DIELECTRIC-COATED GUIDE 

In curved sections of the plain waveguide the wave solution has been 
described in terms of the normal modes of the straight waveguide. In this 
presentation it has been found that the TEol wave couples to the TMlI 
and TEln waves in gentle bends. Likewise, the wave solution in curved 
sections of the dielectric-coated guide can be described in terms of the 
normal waves of the straight dielectric-coated guide. In a waveguide with 
a thin dielectric coat the normal waves may be considered as perturbed 
normal modes of the plain waveguide. Consequently the bend solution 
of the plain waveguide may be taken as the first order approximation 
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for the bend solution of the dielectric-coated guide. In this first order 
approximation the TEOl wave of the dielectric-coated guide couples to 
the TMll and TE1n waves of the dielectric-coated guide and the coupling 
coefficients are the same as in the bend-solution of the plain waveguide:l 

TEOI P TMll 

TEol p TEn 

{3a 
c = 0.18454 Ii ' 

[
0.09319({3a)2 - 0.84204 . - 1--] 1 

c = _ I + 0.09319 V {3ola{311a R-' 
V {3ola{311a 

TEOI P TEl2 

[
0.15575({3a)2 - 3.35688 - 1--] 1 

c = _ I R R + 0.15575 V {3ola{311a R-' 
V fJOlafJl2a 

[
0.01376({3a)2 - 0.60216 --] 1 

c = V {3ola{313a + 0.01376 V {3ola{313a R' 

(3 = free-space phase constant. 

(26) 

With the coupling coefficients (26) and the propagation constants as 
given by (10) and (14) the coupled line equations can be used to com­
pute the TEOI transmission through curved sections. Since the absolute 
value of c/ A")' is usually small compared to unity, the mode conversion 
loss is given by (19), the increase in TEol attenuation by (20), and the 
spurious mode level by (21). 

The curves in Figs. 3, 4 and 5 have been calculated for the 2-inch 
pipe at a wavelength of 5.4 mm. They take into account the effects of 
the three most seriously coupled modes, TMll , TEn, and TEl2 . 

In very gentle bends of a guide with a very thin coat, coupling effects 
to the TE1m modes are small and only TMl1 coupling influences the TEol 
transmission. The increase in TEol attenuation in such bends is obtained 
by substituting the expression (10) for the TMu phase difference in (20). 

Aac 0.034 /2 1 a2 

aOl - ~ (e' - 1)252 R2' 
(27) 

Note that (27) requires I CiA,,), I « 1 and consequently (l/o)(a/R) « 1. 
In Fig. 4, as well as in (27), losses in the dielectric coat have been neg­
lected. Equations (10) show that the dielectric losses are small com­
pared to the wall current losses for a low loss dielectric coat. 
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Fig. 3 - Maximum conversion loss of the TEol wave in a uniform bend of the 
dielectric-coated waveguide. 2a = 2 inches; A = 5.4 mm; E = 2.5. 

There are two different applications of the dielectric-coated guide, 
which require different designs: 

1. Intentional bends 

These are relatively short sections and the increase in TEO! attenuation 
is usually small compared to the bend loss. Also, a high spurious mode 
level can be tolerated, because with a mode filter at the end of the bend 
we can always control the spurious mode level. Consequently, the only 
limit set for this type of bend is the mode conversion loss of the TEO! 
wave. There is conversion loss mainly to TEn, TE12 and TMn . Increas­
ing the phase difference of the TMn wave by making the dielectric coat 
thicker decreases the phase-difference between TEO! and TEl2 and in­
creases the phase-difference between TEol and TEn. Apparently we get 
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bend. 2a = 2 inches; e = 2.5; A = 5.4 mm. 

very near to ,an optimum design with a dielectric coat for which: 

(28) 

For this condition conversion losses to TMn and TE12 are equal, while 
the conversion loss to TEn is small. 

To find values which satisfy (28) we will generally have to solve (1) 
because the TMn phase difference required by (28) is too large to be 
calculated with the first order approximation. At a wavelength of 
A = 5.4 mm and a dielectric constant E = 2.5 the optimum thickness of 
the coat according to (28) is 8 = 1.25 per cent in the 2-inch pipe. In Fig. 6 
the mode conversion loss in a dielectric-coated guide of this design is 
plotted versus bending radius. 

2. Random deviations from straightness 

As mentioned before, random deviations from straightness change the 
curvature only gradually and only one normal mode propagates. Mode 
conversion loss and spurious mode level are very low. The normal mode 
attenuation depends on the curvature. The increase in normal mode 
attenuation as caused by curvature is obtained by adding the attenua­
tion terms (20) of the various straight guide modes which are contained 
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Fig. 5 - Spurious mode level in a uniform bend of a dielectric-coated guide. 
2a = 2 inches; E = 2.5; A = 5.4 mill. 

in the normal mode. The bending radius R is a function of position and an 
average bending radius, 

1 lIz dz 
RAv2 = Z 0 R2' (29) 

has to be used in (20). 
All the attenuation terms (20) decrease with increasing coat thickness 

5; the TEo! attenuation in the straight guide (10) and (14) increases with 
5. Consequently there is an optimum thickness for which the total in­
crease in attenuation is a minimum. This optimum thickness depends on 
the average radius of curvature. In Fig. 7 optimum thickness and the 
corresponding increase in attenuation have been plotted versus the 
average radius of curvature. 

In gentle curvatures the normal mode is a mixture of TEo! and TMll 
only and the attenuation increase as caused by the curvature is given 
by (27). In this case the optimum thickness and the corresponding 
attenuation increase are: 
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1 1 v7 ./--0: 
OoPt. = ~2 POl (e' - 1)3/4 11 RAv' (30) 

~a V2 e' a 
aOl - VOl

2 Ve' - 1 RAv ' 
(31) 

We note that Oopt does not depend on frequency. 
So far we have listed only the useful properties of the dielectric-coated 

guide. There is, however, one serious disadvantage. Serpentine bends 
caused by equally spaced discrete supports and the elasticity of the pipe 
are inherently present in any waveguide line. At critical frequencies, when 
the supporting distance l is a multiple of the beat wavelength Ab between 
TEol and a particular coupled mode, an increase in TEol attenuation 
(23) and a spurious mode level (24) result from the mode conversion. 

We evaluate (23) and (24) for a dielectric-coated copper pipe of 2.000-
inch LD. and 2.375-inch O.D. and a supporting distance l = 15 ft. The 
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result is for coat thicknesses which cause the wavelength A 
to be critical with respect to TEoc TMll coupling: 

5.4 mm 

o = 0.002 l = Ab ~a8 = 43.3 20 loglO I ~: I -1.29 db 
aOI 

= 0.004 2Ab 2.70 -13.32 db 

= 0.006 = 3Ab = 0.169 = -25.37 db. 

The values corresponding to 0 = 0.002 do not satisfy the condition (25). 
Therefore they cannot be considered as a quantitative result but only as 
an indication that the mode conversion is very high. We conclude from 
these values that the mode conversion is much too high for a coat thick­
ness which makes the beat wavelength between TEO! and TMll equal to 
the supporting distance or half of it. 

If no other measures can be taken, such as removing the periodicity 
of the supports or inserting mode filters, the lowest critical frequencies 
of TEocTMll coupling have to be avoided. A dielectric coat must be 
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chosen, which is thin enough or thick enough to keep these critical fre­
quencies out of the band. 

Mode conversion from TE01 to the TElm modes in serpentine bends is 
not changed substantially by the presence of the dielectric coat. Gener­
ally these mode conversion effects decrease rapidly with the beat wave­
length. When the curvature varies slowly compared to the difference 
in phase constant between coupled waves almost pure normal mode 
propagation is maintained. 7 

V. MODE CONVERSION AT TRANSITIONS FROM PLAIN WAVEGUIDE TO THE 

DIELECTRIC-COATED WAVEGUIDE 

We consider a round waveguide, a section of which has a dielectric 
layer next to the walls. A pure TEol wave incident on this dielectric­
coated section will excite TEam waves. For circular electric wave trans­
misEion it is important to keep low the power level of the higher circular 
electric waves which have low loss. 

In an evaluation of Schelkunoff's generalized telegraphist's equations 
for the TE01 mode in a circular waveguide containing an inhomogeneous 
dielectric l S. P. Morgan describes the wave propagation in the dielectric­
filled waveguide in terms of normal modes of the unfilled waveguide. 
The only restriction made in this analysis for the dielectric insert is 

~ Is I E - 1 I dS « 1, (32) 

where S is the cross-sectional area of the guide. 
The dielectric-coated guide satisfies (32), and we may use the results 

of Morgan's evaluation here. 
The round waveguide is considered as an infinite set of transmission 

lines, each of which represents a normal mode. Along the dielectric­
coated section the TEom transmission lines are coupled mutually. The 
coupling coefficient d between TE01 and one of the TEom waves is ob­
tained by taking Morgan's general formula and evaluating it for the di­
electric coat: 

(33) 

We introduce this coupling coefficient into the coupled line equations 
(16). Since d/ ~{3 « 1 for any of the coupled modes, the spurious mode 
level at the output of the dielectric-coated section is given by (21), 

20 1 
\ 

E2max 1- 20 I 2 (e' - 1)polPom(32 s:3 
OgIO -- - OgIO - u • 

E 1 3 ((301 - (3am) V (301(30m 
(34) 
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Fig. 8 shows an evaluation of (34) for a/A = 4.70 and / = 2.5 correspond­
ing to a 2-inch pipe with a polystyrene coat at A = 5.4 mm. 

VI. SUMMARY 

A theoretical analysis of wave propagation in the dielectric-coated 
guide is presented to provide information necessary for circular electric 
wave transmission in this waveguide structure. The normal modes of a 
waveguide with a thin dielectric coat are perturbed modes of the plain 
waveguide. While the perturbation of the phase constant is only of third 
order of the coat thickness for the circular electric waves, it is of first 



1272 'l'HE BELL SYSTEM TECHNICAL JOUHNAL, SEPTEMBER 1957 

order for all other modes. Thus, the degeneracy of equal phase constants 
of circular electric waves and TMlm waves can be removed quite effec­
tively. The additional attenuation to TEal wave as caused by the dielec­
tric loss in the coat and the increased wall current loss remains small as 
long as the coat is thin. 

The dielectric-coated guide may be used for negotiating intentional 
bends or for avoiding extreme straightness requirements on normally 
straight sections. For intentional bends of as small a radius as possible, 
an optimum thickness of the coat makes the mode-conversion losses to 
TMn and TE12 modes equal and minimizes the total conversion loss. 
For random deviations from straightness, an average radius of curva­
ture is defined. For this average radius an optimum thickness of the coat 
minimizes the additional TEOI attenuation as caused by curvature and 
dielectric coat. In random deviations from straightness, propagation of 
only one normal mode is maintained as long as only the rate of change 
of curvature is small compared to the square of the difference in phase 
constant between TEOI and any coupled mode. 

Serpentine bends, caused by equally spaced supports and the associ­
ated elastic deformation of the pipe, increase the TEal attenuation sub­
stantially at certain critical frequencies, when the supporting distance 
is a multiple of the beat wavelength. The lowest critical frequencies of 
TEocTMll coupling corresponding to a beat wavelength, which is equal 
to the supporting distance or half of it, have to be avoided by choosing 
the proper coat thickness. 

At transitions from plain waveguide to dielectric-coated guide higher 
circular electric waves are excited by the TEal wave. However, the power 
level of these spurious modes is low for a thin dielectric coat. 
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APPENDIX I 

Approximate Solutions of the Characteristic Equation 

In the following calculation we will use the definitions: 

Rn(X, px) 

Sn(X, px) 

J n(X) Nn-l(px) - J n-l(px)N n(X), 

In-l(x) Nn(px) - In(px) Nn-l(x), 
(35) 
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and their relation to the definitions (2); 

Wn(x, px) == pxRn(x, px) + n == _px Sn+1(x, px) _ n 
Un(x, px) Un (X, pX) Un(x, pX) , 

Vn(X, pX) _ xUn_1(x, pX) + nRn(X, pX) + 
Zn(X, pX) = pX xSn(x, pX) + nUn(x, pX) n. 

(36) 

To find solutions of (1) for 1 - p == 0 « 1 we first substitute for the 
functions (36) their series expansions with respect to o. 

We have for instance 

where we introduce 

.In(X - ox) = In(x) + oxJn' (x) + (0~)2 I n'' (x) + ... 

= In(x) + .Ix [In+1(x) - ;;.In(X)] 

(OX)2 [1 (n2 - n ) ] + -2- X In+1(x) + -x-2 - - 1 In(x) +"', 
and 

Nn(x - .Ix) = Nn(x) + .Ix [Nn+1(X) - ~Nn(X)] 

+ (B~)'[~Nn+l(x) + (n2 ;; n - 1 ) Nn(x) ] + .... 

Upon using the relation 

we get 

2 [ 0 0
2 

2 ( 2 + 2 )] Un(x, px) = ;;: 0 1 + 2 + : ~ - 1 + 0(0
4
), (37) 

and by the same procedure 

(38) 
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With these expressions the functions (36) are approximated by: 

Wn(x, px) = ~ (1 _ ~) + 0(0), 
Un(x, px) 0 2 

Vn(x, px) = 0(X2 _ n2) + 0(02), 
Zn(X, px) 

and for n = 0 especially: 

1 Vo(x, px) 
pX2 Zo(x, px) 

1 UI(x, px) 
-x RI(x, px) 

= -0 [1+ ~ + 0' Gx' +~) ] + 0 (0') . 

(39) 

(40) 

Since for 0 = 0 the roots of J n(pXI) = 0 and J n' (pXI) = 0 represent the 
solutions of (1) for the TM and TE waves respectively, we expand the 
Bessel functions of the argument PXI in series around these roots: 

pXI = (1 - O)(Pnm + LlX). 

The result for TM waves is 

for TE waves: 

J n' (pXI) 1 
J n(PXI) LlX - 0Pnm' 

J n' (pXI) 
J n(PXI) 

2 2 
n - Pnm ( ~ ). 

2 X - upnm , 
pnm 

and for TEom waves especially: 

(41) 

\ ~~ 
J 0' (pXI) 1 (2 2 2) 0

3 
( 2) 

- J ( ) = LlX - Opom - -2 - LlX + 0 pom - -6 pom 3 + 2pom . 
o PXI Pom 

Introducing (39 ... 42) into the characteristic equation (1) and neglect­
ing higher order terms in 0 and LlX we get the following approximations 
for (1): 

TMnm waves: 

TEnm waves: 
n~O 

LlX = (Pnm - ~ X22) 0 
e pnm 

2 2 2 
(43) 

LlX = X2 - pnm ~ 0 
Pnm2 - n 2 epnm 
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TEom waves: A pom ( 2 2) 5:3 
.uX = - 3 X2 - pom u. 

If we write for the perturbed propagation constant 

'Y = 'Ynm + Ll'Y, 

we get with (3) and (4): 

and 
2 

X2
2 (e - 1 + Vnm

2
) Pn~ , 

Vnm 

in which 

A pnm A 
Vnm = - = --. 

Acnm 27r a 

1275 

(44) 

Using these expressions in (43) and (44) we finally get approximate 
formulae for the perturbation of the propagation constant as caused 
by the dielectric coat: 

TMnm waves: 

TEnm waves: 
n~O 

TEom waves: 

(45) 

The series expansions used so far hold only when (1 - p)x « 1. Approxi­
mate expressions which require only (1 - p) « 1 are:8 

. 1 - p 
sm _ /- V pX2 - n2 

2 VP 
7r VpX2 - n2 ' 

Sn(x, ox) ~ ~ (1 ~ p)x [ V(, cos C.:;{ Vpx' - (n - 1)') 

1 (1 - p )] 
- Vp cos Vp V pX2 - n2 • 
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If X2 » n2 these expressions may be further simplified: 

Un(x, px) = ~ _ ;_ sin (1 - p)x, 
7r V pX 

2 1 
Sn(X, px) = -- -_- cos (1 - p)x. 

7r Vpx 

Substituting these values in (36) we get: 

Wn(x, px) (1) 
U ( ) 

= pX cot - p x - n, 
n x, px 

1 - !!:. 1 - p cot (1 - p)x 
Vn(x, px) t (1 ) x p 
-=:--:---'-----:-" = - pX an - p x ----'--------
Zn(X, px), 1 n t (1 ) - x an - p x 

With the restrictions (1 - p)x < 7r/2 and n « x we may write: 

Wn(x, px) (1) 
U ( ) = px cot - p x, 

n x, px 

V n(X, px) (1) 
Z ( ) = - px tan - p X. 

n x, px 

With (46) the characteristic equation (1) is 

Solving this equation for cot OX2 we get: 

F • /----yi'2 
cot OX2 = 2" + 'V 1 + 4' 

in which 

(46) 

= O. 

(47) 

F = Xl J n(pXI) [1 + n
2 

(X1
2 

- X22) (X2
2 

- eXI2)] _ ~ J n' (pXI) 
X2 J n' (pXI) ep2 Xl4X22 eXI J n(pXI) . 

To evaluate (47) we specify a value of A{3/{3nm and enter the right hand 
side of (47) with 

2 2 A{3 2 2 ( 1 A(3) 
Xl = pnm - 2 {3nm {3 nma 1 + "2 {3nm ' 

X22 = (e - 1){3nm2a2 + X12
, 

p = 1 - 01 
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in which 01 is a first order approximation as given by (10) for a particular 
mode. Equation (47) then yields a value 02 which is usually accurate 
enough. To improve the accuracy the same calculation is repeated using 
02 • Since for small values of 0 a change in 0 affects the right hand side 
only slightly this method converges rapidly. 

APPENDIX II 

The TEo! Attenuation in the Dielectric-Coated JVaveguide 

The attenuation constant of a transmission line can be expressed as 

1 PM 
a=2P 

in which PM is the power dissipated per unit length in the line and P is 
the total transmitted power. For the dielectric-coated guide the power 
PM is dissipated in the metal walls with finite conductivity (]'. 

For TEam waves the wall currents are i = Hz(a) (Hz axial component 
of the magnetic field) and therefore 

1127r ii* 
PM = - - adcp 

2 0 t· (]' 

= 'Ira Hz (a)Hz* (a) 
t(]' 

where t = skin depth and (]' = conductivity. 
The total transmitted power is 

1127r l a 

P = -"2 0 0 EcpHr*rdr dcp. 

We introduce expressions for the field components, which are listed 
elsewhere3, 4 and carry out the integration. Finally we express the wall 
current attenuation in terms of the functions (2) and (35); 

_ a(m 2VX22 - X12 f 'Ir2 
aM - -2 X2 2 2 '\ 1 + -2 PX2 

pom X2 - EX! \ 

-(~:: - 1) ( U1(x" px,) + p;, R.(x" px,)) R 1(X2, px,) } -I 

To get an approximation for a thin dielectric coat we use the expressions 
(37) and (38) and obtain 

2 

(E - 1) P2 om 02
• 

Pam 
(49) 
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Circular Electric Wave Transmission 
Through Serpentine Bends 

By H. G. UNGER 
(Manuscript received January 9, 1957) 

An otherwise straight waveguide line with equally spaced discrete supports 
may deform elastically into a serpentine bend under its own weight. The 
TEal wave couples in such bends to the TMll and TEln waves. The general 
solution of coupled lines with varying coupling coefficient is applied to a 
serpentine bend by an iterative process, and evaluated for the elastic curve 
resulting from a periodically supported line. TEol-TMll coupling causes 
only a small increase in TEal attenuation. Mode conversion to TEln waves 
can become seriously high at certain critical frequencies when the supporting 
distance is a multiple of the beat wavelength. Ina copper pipe of 21 inch 
G.D. and 2 inch I.D., the mode conversion to the TEl2 wave at critical 
frequencies near 5-mm wavelength causes a TEal attenuation increase of 
90 per cent and a spurious mode level of -7 db. These mode conversion 
effects can be controlled effectively by inserting mode filters. 

I. INTRODUCTION 

In curved sections of round waveguide the TEal - wave couples to 
the TMll and TEln waves, and power is converted to these waves when 
the TEol wave is transmitted through bends. A form of bend which is 
inherently present even in an otherwise straight and perfect line is the 
serpentine bend, Fig. 1. Between discrete supports the pipe is deflected 
by the force of its own weight. The resulting curve is well known from 
the theory of elasticity. The curvature varies along the axis following 
essentially a square law. The minimum bending radius occurs at the sup­
ports. For the practical example of a copper pipe of 21-inch O.D., 2.00-
inch I.D. and a supporting distance of 15 ft, this minimum bending ra­
dius is 992 ft. A uniform bend of this radius would convert most of the 
power incident in the TEOl wave to the TMn wave after a certain length 
of bend. 

Fortunately a serpentine bend with the same order of bending radius 
does not affect circular electric wave transmission as seriously as does a 

1279 
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Fig. 1 - Serpentine bends. 

uniform bend with the same bending radius. This will be shown in the 
following analysis. 

A treatment of serpentine bends given previously by Albersheiml con­
siders only circular and sinusoidal curvatures. Furthermore, it does not 
show all the effects of serpentine bends that we are interested in. We 
shall present a more general and complete analysis here. The only re­
striction we have to make is that the power exchanged.in one section of, 
the serpentine bend from the TEol mode to any of the coupled modes or 
vice versa is small compared to the power in the mode from which it has 
been abstracted. The curvature may be any function of distance along 
the serpentine bend. 

The general results indicate that normally a serpentine bend causes an 
additional attenuation to the TEol mode. Part of the TEol power which 
travels temporarily in one of the coupled modes suffers the higher attenu­
ation of this coupled mode. Formulae for this increase in attenuation 
constant are obtained for periodically supported guides from the deflec­
tion curve given by the theory of elasticity. 

The coupling between the TEo I and TMll waves causes only a very 
slight increase in TEOl attenuation, since the difference in propagation 
constant for these two modes is very small. In fact, if there were no 
difference in propagation constant, as in the round guide of infinite wall 
conductivity, coupling between TEOl and TMll waves in serpentine bends 
would not affect the TEOl transmission at all. 

Coupled modes which have a larger difference in phase constant than 
TMll but still are close to TEOl cause a serious increase in TEOl attenua­
tion at certain critical frequencies. If a multiple of the beat wavelength 
between the TEOl mode and a particular coupled mode is equal to the 
supporting distance, power is converted continuously into the coupled 
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mode. For low attenuation in the coupled mode the power transfer may 
even be essentially complete. 

II. SOLUTION OF THE COUPLED LINE EQUATIONS 

In a curved round waveguide the TEOl mode couples to the TMu 
mode and the infinite set of TEln waves. Consequently, the wave propa­
gation is described by an infinite system of simultaneous first order 
linear differential equations. An adequate procedure is to consider only 
coupling between TEO) and one of the spurious modes at a time. Thus, 
the infinite system of equations reduces to the well known coupled line 
equations,2 

in which 

dEl dz + 'YlEl - kE2 = 0, 

dE2 - + 'Y2E2 - kEl = 0; 
dz 

(1) 

E l ,2(Z) = wave amplitudes in mode 1 (here always TEOl) and mode 
2 (TMll or one of the TEln), respectively; 

"11,2 = propagation constant of modes 1 and 2, respectively, 
(The small perturbation of "11 , "12 caused by the coupling 
may be neglected here); and 

k(z) = jc(z) = coupling coefficient between modes 1 and 2. 

In the curved waveguide the coupling is proportional to the curvature; 

Co dO 
c = - = co-

R dz' 
(2) 

in which R = radius of curvature, and 0 = direction of guide axis. (The 
various coupling coefficients are listed in the appendix.) Without loss of 
generality we start with 0(0) = O. We will use the average propagation 
constant "I , 

"I = !('Yl + "(2), 

L1'Y = !('Yl - "(2). 
(3) 

Several coordinate transformations will change (1) to a form which can 
be solved approximately. A similar procedure has been used to solve the 
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related problem of the tapered mode coupler.3 With the first transforma­
tion 

EI(z) = !e -')'Z [uI(z)e ico8 + u2(z)e- ic08
], 

E2(z) = !e -')'Z [uI(z)e ic08 _ u2(z)e -i
c
o
8

], 

the new coordinates satisfy the equations: 

With the second transformation 

UI(Z) = ![VI(Z) e -t:"1'Z + V2(Z) e +~')'Z], 

U2(Z) = ![VI(Z) e-~')'z - V2(Z) e+~')'Z], 

VI (z) and V2(Z) satisfy 

With the third transformation 

v.(z) = w.(z) exp (2L>'Y 1,' sin' coO dz'), 

. v,(z) = w,(z) exp ( - 2L>'Y { sin' r4J dz') . 

We finally get the equations 

dWI ( ) (Ii + h Z W2 = 0, 

dW2 ( ) dz + ~2 Z WI = 0, 

in which 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 
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~1.,(z) ~ ± jl>'Y sin 2coO cxp [ ± 21>'Y( Z - 2 { sin' coO dz') ] . (10) 

As long as we have the condition J: I ~I,2(Z') I dz' « 1, approximate 

solutions of (9) can be written down which proceed essentially in powers 
of ~I,2 as follows, 

WI (z) = WI (0) - W2(0) l z 

6 (z') dz' 

+ WI(O) lz 

6(z') lz

, ~2(Z") dz" dz', 

+ W2(0) lz 

~2(Z') lz

, ~l(Z") dz" dz'. 

The new coordinates are related to the wave amplitudes by: 

E1(z) ~ ~ e-7' {WI(Z) exp [ - 1>"1 (z - 2 [ sin' cr!l dZ') ] cos coO 

+ jw,(z) exp [1>"1 (z - 2 [ sin' ",0 dZ') ] sin Cr!l}' 

E,(z) ~ ~ e-7' {jWl(Z) exp [ - 1>"1 (z - 2 [ sin' coO dz') ] sin coO 

+ w,(z) exp [ 1>"1 (z - 2 [ sin' ",0 dz') ] cos c,II}-

(11) 

(12) 

The solution (12) in combination with (11) is general and may be 
applied to any form of curvature as long as the converted power remains 
small compared to the original power in either of the modes. 

III. WAVE PROPAGATION IN SERPENTINE BENDS 

If we apply (12) to a section of a serpentine bend with the length l we 
have ()(l) = O. The output amplitudes are related to the input ampli­
tudes of both modes by a transmission matrix 

Ei(l) = II T II Ei(O). (13) 

The elements of II T II are obtained from (11) and (12): 
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Tn = [1 + J.' Mz) [ Mi) di dZ] 

. exp [ - 'nl + 2d'Y J.' sin' crfI dz 1 
7'" = -1' ~l(Z) dz exp [ -'nl + 2d'Y l' sin' crIJ dZ] , 

T12 = - J.' ~,(z) dz exp [ -'1,1 - 2d'Y f.' sin' crfI dz 1 
T" = [1 + J.' Mz) f Mil di dZ] 

. exp [- '1,1 - 2d'Y J.' sin' coO dz J. 

(14) 

For a line of iterative serpentine bends we apply the rules of matrix 
calculus. If ElO = 1 and E 20 = 0 at the input of the first section, then 
the output amplitudes of the nth section are: 

E - 1 [1 + Tn - T22 ] -n(J1 

fIn - 2 V (Tn _ T22)2 + 4T12T21 e 

+ ! [1 - Tn - T22 ] e-n (J2 (15) 
2 V (Tn - T22)2 + 4T12T21 ' 

T 
E - 12 [ -n(J1 -n(J2] 

f 2n - _ I e - e , 
V (Tn - T22)2 + 4T12T21 

where 

e -(JI.2 = HTn + T22 ± V (Tn - T22)2 + 4T12T 211. (16) 

Two limiting cases for the expressions (15) and (16) are of special interest: 
1. I Tn - T 22 I 2 » 4 I T 12 T 21 I 

e -(JI = Tn + T12T21 
Tn - T22 

-(J2 T T12T21 e = 22 - -=----=-
Tn - T22 

2. 4 I T 12 T 21 I »1 T 11 - T 22 1 2 

-(JI.2 _ Tn + T22 ± - ITT e - 2 V 12 21 

(18) 
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In case 1 the wave amplitude E ln is only affected by a slight change of 
the propagation constant. The small additional term in the expression 
for E ln can usually be neglected. The power in the wave E 2n is small 
compared to the E ln power; 'P12 is usually of the same order of magnitude 
as T21 • 

In case 2, however, a complete power transfer between E 1n and E 2n 

occurs cyclically if the loss is sufficiently low. Consequently, condition 
(18) has to be carefully avoided. Rather, condition (17) must always be 
satisfied. 

IV .. SERPENTINE BENDS FORMED BY ELASTIC CURVES 

A section of the waveguide line between two supports deforms like a 
beam fixed at both ends. Under its own weight, w per unit length, such 
a beam will bend and form an elastic curve, Fig. 1, whose deflection 
from a straight line is given by: 

W X x Z42( )2 
y = 24EI Z2 1 - r ' (19) 

in which E = modulus of elasticity of the beam, and I 
inertia of the beam. Since we are concerned with small 
only, we have x = z and () = dy/dx. Hence, 

moment of 
deflections y 

Z Z z ( 2 3) 
()=d 1-3[2+2[3' (20) 

in which d = wZ3/12EI. Introducing the elastic curve (20) into the trans­
mission matrix (10) and (14) and performing the integrations with sin 
co() = co() we get for the elements of the transmission matrix: 

Tn = Cxp [ -'¥II + t.-yl ~~~2] {I + 4~;~6 [9 - 3t.-y'I' + t.-Y'l' 

+ 3 b.'/Z5 - ~ b.'/z7 - (3 - 3b.')'l + b.')'2l2)2e2t:..'Yl]} 
5 105 ' 

1'" = Cxp [ --y21 - t.-yl ~~~'] {I + 4~;:6 [9 - 3t.-y'I' + t.-y'l' 
(21) 

- ~ b. 5Z5 + ~ b. 7Z7 - (3 + 3b. l + b. 2Z2)2e -2t:..'Yl]} 5 'Y 105 ')' ')' ')' , 
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The expressions (21) are hard to evaluate, but for some special cases of 
interest they can be simplified greatly. 

To compute the coupling effects between the TEOl wave and the 
TMn wave we make use of I ~:yll « 1 and get the following approxima­
tions: 

(22) 

T T -' cod A 2[2 -1'1 
12 = 21 - J 15 1...l.'Y e . 

In (22) the condition I Tn - T22 I 2 » 4 I T12T21 I is satisfied; conse­
quently the wave propagation is described by (17), 

(23) 

E 2n J' cod A'Yl sinhA'Ynle-1'nl = 15 . 

In addition to small oscillations, which are negligible, the wave ampli­
tude E1 suffers an additional attenuation 

co2d2 

Aas = -105 Aa. (24) 

Physically this means that to a first approximation there is no net power 
transfer from E1 to E2 • The power converted from E1 to E2 in one 
section of the iterative serpentine bends is all reconverted in the same 
section. But this power, which travels partly in the E2 wave, suffers 
the E2 attenuation and consequently changes the El attenuation. 

To evaluate (24) we introduce the coupling coefficient and the differ­
ence in attenuation constants between the TEal and TMn wave. Then, 
the relative increase of TEOl attenuation is: 

Aas = 639 X 10-3 d2 c!. (2 69 ~ - 1) 
a01' }..2 ·}..2 , 

(25) 

where am = attenuation constant of TEal, 

a = inner radius of pipe, 

A = free-space wavelength. 
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A numerical example shows that the increase in TEOl attenuation caused 
by coupling to the TMu wave in serpentine bends is small. For a copper 
pipe with 2.00-inch J.D. and 21-inch O.D. and a supporting length 
l = 15 ft, we have d = 1.51 X 10-2

, and at A = 5.4 mm we get f:.as/aol = 
0.19 X 10-2

• 

For coupling between the TEol wave and the waves of the TEln family 
the difference in propagation constant is no longer small; the approxima­
tion which was valid for the TMn wave can not be made for TEln waves. 
Actually, the supporting distance is usually several beat wavelengths. 
Therefore, no essential simplifications of (21) are possible for the general 
case of coupling between TEO! and TEln • But closer examination of (21) 
shows that if 

2A{3l = 2m7r' m = 1, 2, 3, ... (26) 

is satisfied, the difference Tn-T22 becomes very small. The net power 
converted to any of the TEln modes may be small in each section of the 
iterative serpentine bends, but if (26) is satisfied the contributions from 
each section add in phase and in a long line with the square of distance 
more and more power is built up in the particular TEIn wave. Only when 
the attenuation in this TEl11. wave is large enough to damp out the power 
as fast as it is converted will an undistorted TEO! propagation be main­
tained. This condition for the attenuation constant can be derived from 
/ Tn - T22 / 2 » 4/ TI2T2I / • If / f:.{3 / » / f:.a / and / f:.al/ » co

2
d

2
/10m7r' 

then Tu - T22 = -2f:.ale-''I1\ and since TI2T2I = -9 co2d2/m47r'4 e-2
'Yl

l 

the condition for undistorted TEo] propagation is: 

2d2 

/ f:.al /2 » 9 Co 4 4' (27) 
m7r' 

If (27) is satisfied the wave propagation is again described by (17). 
Neglecting all terms which are small because of (27) the wave ampli­
tudes are: 

E
in 

= [1 + 9 co
2
d

2 
_l_Jn e-"fl n1 + 9 co

2

d
2 
_1_ [1 _ e2~anl]e-'Ylnl 

m47r'42f:.al m47r'4 4f:.a2l2 , 

(28) 
E - '3 cod 1 [1 2~anl] -''11 111 

2n - - J m27r'2 2f:.al - e e . 

For not too large values of n, the first term of E In may be written: 

[1 + 9 :.~ 2~(J e->onl = exp [ - (71 - 9 ~::4 24~12) nlJ. 
The additional attenuation to the EI wave as caused by the continuous 
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power abstraction is seen from this expression to be 

2d
2 1 

Aas = - 9~--. 
m47r4 2Aal2 

The condition (27) may now be written 

2Aas « I Aa I , 

(29) 

(30) 

or, the rate of conversion loss has to be small compared to the difference 
between E2 attenuation and El attenuation. 

When the wave is travelling through a large number of serpentine 
bends, power is built up gradually in the E2 mode to a constant value, 

1 ~: 1 = 3 ~~~ 12LII· (31) 

Both the attenuation increase and the power level in spurious modes can 
seriously affect the El transmission. 

To evaluate (29) and (31) we rewrite them with m7r = A{3l and 
d = wl3j12EI as follows; 

Aas [ w Co J2 aOl 
;;- = - EI (2A{3)2aOl 2Aa' 

(32) 

1 ~: I = ;1 (2a~'''0l12~~ I· (33) 

We note from (32) and (33) that the coupling effects cannot be controlled 
by changing the supporting distance. Only the number of critical fre­
quencies in a given range decreases with decreasing supporting distance. 

The previously cited numerical example of the 2 inch copper pipe 
yields the following values at the critical frequencies of the two lowest 
TEln waves near A = 5.4 mm: 

TEn Aas = 0.114 -23.4 db, 
aOl 

TEl2 Aas = 0.855 
aOl 1 

E21 20 log El = - 6.85 db. 

The mode conversion, especially to the TEl2 wave, causes a seriously 
high additional attenuation and spurious mode level. 

v. MODE FILTERS IN SERPENTINE BENDS 

Periodically spaced supports are a condition for the critical case de­
scribed by (32) and (33). Accordingly, the coupling effects can be con­
trolled by removing the periodicity of the supports. 
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FIG. 2 - TEol attenuation increase of TEol-TE12 coupling in serpentine bends 
with mode filters; 2-inch I.D. 2i-inch O.D., A = 5.4 mm. Serpentine bends are 
caused by equally spaced supports and the elasticity of the copper pipe. The sup­
porting distance is a multiple of the beat-wavelength between TEol and TE12 . 

An alternative to control the coupling effects is insertion of mod~ 
filters into the line. Mode filters which pass the TEon waves without loss 
but attenuate all other modes have been developed in various forms. 
To estimate the amount of mode conversion control that can be achieved 
by mode filters, we make two different assumptions. Only the critical 
case of the supporting distance equal to a multiple of the beat wave­
length is considered here. 

A. The mode filters are ideal; they present infinite attenuation to all 
unwanted modes. At the input of a section between two mode filters we 
have a TEOl wave only and at the output the spurious mode level has 
risen to 

=~_C_O_L 
EI (2~,B)2 . (34) 



1290 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957 

-100 

-80 

-60 

(/) 
...J -40 
w 
~ 
U 
W 

Q -20 
?; 
...J 
W 
> 
~ -10 

w -8 
Q 

. ~ - 6 

~ -4 
o 
a: 
:::> 
a. 
(/) 

-2 

c-

I-.... 
I-
r--... 
l-

I-

l-

I-

-1 
10 

---r---r--r--

----r-- r--- I"- IDEAL MODE FILTERS t-- r-r---- r- i"'- IN A PIPE WITH a 01 =a'12 

I'-- ~ 
1 DB MODE FILTERS ASSUMED ............... 

~ 
.......... 

'" TO CAUSE A UNIFORM TE12 r-
ATTENUATION INCREASE i' r--- " ---~ I ~ .. 

NO MODE FILTERS' 
/ 1\ 

I I I I I I I I I I I I 
20 40 6080100 200 400 600 1000 2000 4000 10000 

SPACING OF MODE FILTERS IN FEET 

Fig. 3 - Spurious mode level of TEol-TEl2 coupling in serpentine bends with 
mode filters; 2-inch I.D. 2i-inch O.D., X = 5.4 mm. Serpentine bends are 
caused by equally spaced supports and the elasticity of the copper pipe. The sup­
porting distance is a multiple of the beat-wavelength between TEol and TEl2 . 

The loss to the TED] wave caused by the mode conversion is equivalent 
to an increase in TEol attenuation 

lia, = ~ [J~I (2:/3)']' L. (35) 

L is the spacing between two successive mode-filters. In (34) and (35) 
the attenuation constants of El and E2 are assumed to be equal. Further­
more (34) and (35) hold only as long as the E2 power level is small com­
pared to the El power level. 

Ideal mode filters is a rather optimistic assumption. Practical mode 
filters present only a limited attenuation to the unwanted modes. There­
fore a more realistic procedure is to represent the effect of the mode 
filters by a uniform increase of unwanted mode attenuation. 

B. The mode filters with a loss A are considered to cause a uniform 
increase in E2 attenuation .1a = AIL. Equations (32) and (33) modified 
to include this attenuation increase are: 

[ 
w CO J2 aOl 

EI (2.1,B)2aOl I 2.1a I + :i ' 
L 

(36) 
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An evaluation of the TEo1-TE12 coupling in the previously described 
2-inch copper pipe for critical frequencies near A = 5.4 mm is shown in 
Figs. 2 and 3. The mode filter loss of 1 db can be achieved for the TEl2 
wave in an 18-inch long helix waveguide. A 100-foot spacing of the 
mode filters reduces the increase of TEOl attenuation to 9 per cent and 
the spurious mode level to -26 db. 

APPENDIX 

The coupling coefficient for the wave coupling between the TEol wave 
and the TEn, TEl2 , TE~3 waves as well as the TMn wave have been 
calculated by S. P. Morgan.4 If c = co/R, the factor Co is for the various 
waves 

TMn Co = 0.18454,Ba, 

0.09319(,Ba)2 - 0.84204 --
TEn Co = vI·,B + 0.09319 vi ,BOla,Bna, ,BOla na .. 

0.15575(,Ba)2 - 3.35688 ._-
TEl2 Co = vI,B,B + 0.15575 vi ,Bola,B12a, 

Ola 12a 

0.01376(,Ba)2 - 0.60216 --
TEl3 Co = ._ I,B ,B + 0.01376 vi ,Bola,B13a, 

VOla 13a . 

where a = radius of waveguide, 

,B = free-space phase constant, 

,Bnm = phase constant of TEnm wave. 
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Normal Mode Bends 
for Circular Electric Waves 

By H. G. UNGER 

(Manuscript received February 18, 1957) 

In dielectric-coated round waveguide the degeneracy or equality of phase 
constants of TEol and TMn waves is removed. In such a non-degenerate 
waveguide, mode conversion in bends can be reduced by changing the curva­
ture gradually instead of abruptly. lVith curvature tapers, which are of the 
order of, or longer than, the largest beat wavelength between TEol and any of 
the coupled waves, propagation of only one normal mode is maintained 
throughout the bend. Linear curvature tapers can easily be made by bending 
the pipe within the limit of elastic deformation. 

Changes in the direction of a waveguide line can thus be made by inserting 
a dielectric-coated guide section which is elastically bent over a fixed center 
point. A thirty degree change of direction of a 2-inch I.D. pipe with 30 ft 
of a dielectric-coated guide yields a total bend loss at 5.4-mm wavelength 
that is twice the TEol loss in 30 ft of straight pipe. An optimum bend 
geometry is found which minimizes the total bend loss. The normal mode 
bend is a broadband device. 

1. INTRODUCTION AND SUMMARY 

A major problem in circular electric wave transmission is the question 
of negotiating bends. In curved sections of a round waveguide the TEol 
mode couples to the TEn, TEl2 , TEl3 ... modes and to the TMll mode. 
The coupling to the TMll mode presents the most serious problem, since 
the TEol and TMn modes are degenerate in that they have equal phase 
velocities in a perfectly conducting straight guide. TEOl power introduced 
at the beginning of the bend will be almost completely transferred to the 
TMu mode at odd multiples of a certain critical bending angle. This 
power transfer can be reduced by removing the degeneracy of equal 
phase velocity of TEol and TMll modes. There are various methods to 
remove the degeneracy; a simple and a very effective one is a thin dielec­
tric layer next to the walls of the waveguide. As a study of the dielectric-

1292 
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coated waveguide has shown,l this dielectric layer changes the phase 
constant of the TMl1 wave without appreciably affecting the propaga­
tion characteristics of the TEO! mode. 

With removal of the TEorTlVIn degeneracy the mode conversion 
which occurs when a TEO! wave passes through a bend of constant curva­
ture may be considerably reduced, but it will not be completely elimi­
nated. To design a bend with still lower mode conversion losses, we con­
sider the effect of tapering the curvature along the guide. 

Guided wave propagation is most easily explained in terms of normal 
modes. Normal modes are solutions of the wave equation in a particular 
waveguide structure, and represent waves propagating without loss of 
power except for dissipation. In the straight waveguide the normal mode, 
in which we are mainly interested here is the TEol mode. The normal 
modes of the curved section are not as simple as the straight guide modes, 
but they can be expressed as the sum of the normal modes in the straight 
waveguide. Here the mode of our main concern is the one which, when 
represented as a sum of straight guide modes, has most of the power in 
the TEO! part of the sum; in other words, is most similar to the TEol mode 
of the straight waveguide. 

At a transition from a straight waveguide to a curved waveguide the 
normal (TEO!) mode of the straight waveguide will certainly excite this 
normal mode in the curved waveguide but it will also excite a series of 
other normal modes. All these modes propagate in the curved section, 
and at the other transition to the straight guide excite not only the TEol 
mode but a series of other normal modes of the straight waveguide. All 
the power in the other normal modes represents mode conversion loss. 
of the bend. 

A transition which transforms the normal (TEO!) mode of the straight 
waveguide into only one of the normal modes of the curved guide and 
vice versa will avoid all mode conversion losses. Such a transition can 
be realized approximately by tapering the curvature. Beginning with 
zero curvature at the straight guide end of the taper, the curvature is 
increased gradually along the taper to the finite value of the bend. The 
normal (TEol) mode incident from the straight guide will be gradually 
transformed into the particular normal mode of the bent guide which is 
most similar in field configuration to the circular electric wave. At each 
point along the taper there is essentially only one local normal mode cor­
responding in its configuration to the value of curvature at that point. 

This taper, unless it is infinitely long, is however only an approxima­
tion of the ideal normal mode transition. There will still be other modes 
excited with a very low power level. In the next section we shall analyze 
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the propagation in the normal mode taper. We will find that the taper 
should have a certain minimum length to work properly. Usually it has 
to be long compared to the beat wavelength between the TEOI normal 
mode and any of the other normal modes into which power may be con­
verted. 

In the plain waveguide the degeneracy between TEol and TMll causes 
an infinitely long beat wavelength. Hence, the normal mode taper would 
not work there. A nondegenerate waveguide is an essential condition 
for the normal mode bend. 

We shall confine our attention to the linear taper. This is not the 
optimum taper form, but it is most easily built. 

The residual mode conversion in the bend is to be accounted for as 
bend loss. This loss and the loss caused by the normal mode attenuation 
in the bend add up to a total bend loss. We shall evaluate the total bend 
loss for bend configurations which might be useful in circular electric 
wave transmission. For specified waveguide dimensions the total bend 
loss can be minimized by choosing the proper bend geometry. 

The normal mode bend is an inherently broadband device. The total 
bend loss shows the same order of frequency dependence as the loss in 
the straight waveguide. 

II. ANALYSIS OF THE NORMAL MODE TAPER 

In the curved waveguide, wave propagation can be described in terms 
of the normal modes of the straight waveguide. The relation between 
these modes is then given by an infinite system of simultaneous first 
order linear differential equations. It represents the mutual coupling of 
the straight guide modes in the curved waveguide. We are interested 
mainly in TEol propagation and shall restrict ourselves to a low 
power level in all other modes. Consequently, an adequate procedure is 
to consider only coupling between TEol and one of the coupled modes at 
a time. Thus, the infinite system of equations reduces to the well known 
coupled line equations:2 

in which 

dEl E + . E -=-'Yl!Jl JC1 2 dz ' 
(1) 

E1,2(Z) = wave amplitudes in mode 1 (here always TEOl ) and 
mode 2 (TMll or one of the TE1m), respectively; 
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1'1,2 = j{31,2 + 0:1,2 = propagation constants of modes 1 and 2, respec­
tively, (the small perturbations of 1'1 and 1'2 

caused by the coupling may be neglected here); 
and 

c(z) = coupling coefficient between modes 1 and 2. 
In the curved waveguide the coupling coefficient is proportional to the 

curva ture k: 

c(Z) = c'k(z) == c' ~~ , (2) 

in which e is the direction of the guide axis. The coupled line equations 
(1) with varying coupling coefficient have been solved by W. H. Louisell 
and we shall borrow freely from his treatment.3 

We define local normal modes WI(Z) and W2(Z): 

in which 

EI = [WI cos ! ~ - W2 sin ! ~] e--Yz, 

E2 = [WI sin ! ~ + W2 cos ! ~] e--Yz, 

1'1 + 1'2 
I' = --2=---

·2 c ·2 c tan ~ = J == J -. 
1'2 - 1'1 .11' 

Substituting (3) into (1), we find that WI(Z) and W2(Z) must satisfy 

dWI _ r(z)wI = ~ d~ W2 
dz 2dz ' 

dW2 + r(Z)W2 = _ ~ d~ WI 
dz 2dz ' 

(3) 

(4) 

where r(z) = ! V.1')'2 - 4c2• In (4) the local normal modes are coupled 
only through the terms poportional to d~/ dz. When ~ is constant they are 
uncoupled and true normal modes. For small values of d~/ dz or more 
specifically when 

[ ~ d~[« 1 
2r dz 

(5) 

approximate solutions of (4) can be written down, which proceed essen­
tially in powers of d~/dz. These solutions are: 
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WI (Z) = eP(z) [WI (0) + ~ W2(0) r d~ e-
2p

(z') dz' 
2 10 dz' 

- ~ (0) iZ 

d~ -2p(z') iZ

' !!i 2p(z,,) d " d 'J 
4 WI d ' cd" e z z , o Z 0 Z 

(6) 

( ) - -p(z) [(0) 1 (0) i Z 

d~ 2p(z') d ' W2 Z - e W2 - - WI - e z 
2 0 dz' 

- ~ (0) iZ 

d~ 2p(z') iZ

' !!:i -2p(z") d " d 'J 
4 W2 d ' e d " e z z , o Z 0 Z 

in which 

p(z) = iZ 

r(z') dz'. 

The initial conditions in the normal mode taper are EI(O) = 1 and 
E 2(0) = o. The taper begins with zero curvature, ~(O) = o. Hence from 
(3) WI(O) = 1 and W2(0) = o. The wanted local normal mode is WI while 
W2 is an unwanted mode. At the end, ZI , of the taper the unwanted mode 

Fig. 1- Normal mode bend with linear curvature taper. 
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amplitude is 

I () I 1 lizl 

d~ 2p(z) d I 
W2 Zl = 2" 0 dz e z . (7) 

This amplitude represents mode conversion loss and therefore has to 
be kept as small as possible. 

In (7) the function ~(z), i.e., the taper function, is still undetermined. 
Obviously it can be chosen so as to optimize the taper performance. A 
taper of optimal design keeps the unwanted mode below a certain value 
with as short a taper length as possible. From (7) the relation between this 
optimizing problem and the problem of the transmission line taper of 
optimal design4 is at once evident. The transmission line taper is a low 
reflection transition between lines of different characteristic impedances. 
To minimize the length of the transition for a specified maximal reflec­
tion, the characteristic impedance has to change along the transition 
according to a function which is essentially the Fourier transform of a 
Tschebyscheff polynomial of infinite degree. The same procedure can be 
applied here and it will result in a curvature taper of optimal design. 

We are, however, at present not as much interested in a transition of 
optimal design as in a curvature taper which can easily be built. Suppose 
we bend the pipe to a bending radius Ro which causes only elastic defor­
mation. We do this on a form of radius Ro ,Fig. 1. The forces acting on 
both ends of the pipe cause a torque and hence a curvature of the pipe 
which incr"eases approximately linearly from the pipe end (z = 0) to the 
point of contact (z = Zl) between pipe and form: 

Z 
k = ko -. 

Zl 
(8) 

The corresponding curve which the pipe forms along the taper is Cornu's 
spiral. " 

We shall evaluate (7) for a curvature as given by (8). In considering 
the mode conversion we may neglect all heat losses, that is 'Y = j{3, etc. 
With 

we get 

Z 
C = Co-, 

Zl 

d~ 2co 1 
-=-- 22 

dz ~{3Z1 1 + 4 ~' 
~{32Z12 

(9) 

(10) 
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and 

p(Z) = j !1{iz1 [COZ • /1 + 4 ( COZ )2 + ~ sinh-1 2COZ]. (11) 
4co !1{3Zl 11 !1{3Z1 2 !1{3Z1 

We introduce (10) and (11) into (7) and take advantage of 

21 ~ 1 « 1, (12) 

which is satisfied for a gentle enough bend. The unwanted mode level 
is then given by 

I () I = 1 ~ (1 - jtl{3z1) 1 + 0 (8 ~) 
W2 Zl !1{32Z1 e !1{33 • (13) 

The general restriction (5) for the solution (6) in case of the linear 
taper is 

2co 1 + 4 ~ «1 
( 

2 2 )-3/2 
!1{32Z1 !1{32Z12 , 

and in view of (12) only 

(14) 

is required. The length of the transition has to be of the order or greater 
than the largest beat wavelength. 

In addition to mode conversion loss the normal mode suffers heat loss 
along the taper. From (3) and (6) this heat loss is given by the real part 
of hz - p(z)]. If !1{3 » !1a we get 

R['Yz - p] ~ atZ + ~a f ;;2 di. (15) 

It follows from (15) that the attenuation of the coupled straight guide 
modes should not be too high for the normal mode bend to work properly. 

III. THE TOTAL BEND LOSS 

We will consider bends of the dielectric-coa ted waveguide only. The 
normal modes of the dielectric-coated waveguide have phase constants 
which are slightly different from the phase constants of the modes in 
the plain guide l 

!1{3 = e' - 1 ~ 
TMnm , u, 

{3nm E 

!1{3 
TEnm 

with nFO (3nm 

n2 e' - 1 
Pnm2 - n2 E'(1 _ p2) 0, 

(16) 
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The losses in the dielectric coat increase the attenuation constants by: 

" aD E 
TMnm Q = 120' 

fJnm E 

2 " aD n E 

TEnm - = 2 2 12( 2) 0, 
with n~O {3nm pnm - n E 1 - Vnm 

(17) 

2 " 
TEom aD = pOm E 03• 

{3om 3 1 - vom
2 

For the circular electric waves the dielectric coat increases the wall cur­
rent attenuation by 

(18) 

The various symbols in (16), (17) and (18) are: 

(3nm = plain guide phase constants of TMnm and TEnm respectively; 
pnm = mth root of In(x) = 0 forTMnm , andmthrootof In'(x) = 0 

for TEnm waves respectively; 

Vnm = ~ = P2
nmA cutoff factor in plain waveguide of radius a; 

Ac 7ra 

° = ~ relative thickness of dielectric coat; 
a 

e = e' - Je" relative dielectric permittivity of dielectric coat; 
a om = attenuation constant of TEom in the plain waveguide. 

The coupling coefficient between the straight guide modes in a curved 
waveguide is c = c' /R in which:5 

TEO! ~ TMu c' = 0.18454 {3a, 

, 0.09319({3a)2 - 0.84204 --
TEol ~ TEll C = V {3 {3 + 0.09319 V {3ola{311a, 

Ola n a 

, 0.15575({3a)2 - 3.35688 
TEl2 c = V {3 {3 + 0.15575 V {3ola{312a, 

Ola 12a 

(19) 

I 0.01376({3a)2 - 0.60216 
TEl3 c = V {3 {3 + 0.01376 V {3ola{313a, 

Ola lola 

where {3 = free-space phase constant. 
We consider the bend configuration of Fig. 1, with the curvature being 

a trapezoidal function of length. The maximum power loss due to con­
version to one of the unwanted modes in the first transition is, by (13), 

()
2 _ 4 co2 

I W2 Zl I max - (tl{3ZI)2 tl{32' 
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By the law of reciprocity the same conversion loss occurs in the second 
transition. Both conversion parts phase with each other. To get an aver­
age total conversion we may add 'them in quadrature and the total con­
version loss to one of the unwanted modes is, expressed in nepers, 

4 co2 

Ac = (.6.{3ZI)2 .6.{32· 
(20) 

Under most unfavorable phase conditions the conversion loss may be 
twice this value, but it is very unlikely that such phase conditions will 
be satisfied for all coupled modes simultaneously. 

Besides mode conversion loss the local normal mode suffers attenuation 
in the bend. This attenuation is larger than the straight guide attenua­
tion. Each straight guide mode contained in the local normal mode of 
the bend causes an increase in attenuation. From (15) the loss caused by 
one of these straight guide modes is: 

l 2 

Ab = (aIm - aOl) 1 ;{32 dz. (21) 

Where aIm is the attenuation constant of the TElm and TMl1 waves 
respectively in the dielectric coated waveguide. 

Introducing the trapezoidal curvature function of Fig. 1 into (21) 
we get 

A. = j, (aIm - (01) (I - ~z} (22) 

The loss caused by the TEo I attenuation in the straight dielectric coated 
guide is from (17) and (18) 

[ 

2 ] 2" 
As = aOll 1 + (e - 1) Po~ fl + P301 1 e {301 2 o3l. 

VOm - VOl 
(23) 

The total bend loss is finally obtained by summing up all the terms of 
(20), (22), and (23), 

A = As + L: Ab + L: Ac . (24) 

The summation signs indicate that all coupled modes (TMl1 and TE1m) 

have to be taken into account. 
The effectiveness of the normal mode bend is best demonstrated by a 

practical example. A copper pipe now in experimental use at Bell Tele­
phone Laboratories for circular electric wave transmission near 5.4 mm 
wavelength has 2-inch 1. D. and 2i-inch a.D. Suppose we want to change 
the direction of a waveguide line with this copper pipe bn an angle 0o• 
We can do this most easily by inserting a dielectric-coated section, which 
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is bent around a fixed support in the center by forces acting on both 
ends. In order not to exceed elastic deformation the bending radius must 
not be smaller than 

where !mnx = flexural stress at elastic limit, 
E = modulus of elasticity, 
al = outside radius of pipe. 

(25) 

This minimum bending radius requires a minimum length to change the 
pipe direction by a specified angle ()o given by 

lmin = 2()oRmin. (26) 

The total bend loss (24) has been evaluated for a bend configuration as 
specified by (25) and (26). The result is shown in Fig. 2. The total addi­
tional bend loss is only of the order of the TEol loss in the plain straight 
waveguide. For small bending angles the curvature taper becomes shorter 
and consequently the mode conversion loss increases. The mode conver­
sion loss, however, does not go to infinity for zero bending angle. In 
this case (14) is no longer satisfied, and the mode conversion loss is no 
longer described by (20). 

The level of the various unwanted modes which can be calculated from 
(20) is plotted in Fig. 2. 

For a practical waveguide one would decide on a standard length of 
dielectric-coated pipe, one or several of which would be inserted whenever 
a change in direction has to be made. Take, in our example, a standard 
length of 15 feet. With one such section a change of direction up to 15° 
could be made. For a change in direction up to 30° two such sections 
would have to be inserted and bent around a fixed support at the center 
joint. The total loss of Fig. 2 is then a maximum value, which would 
only occur when the pipe is bent to the highest allowable bending angle. 

IV. A NORMAL MODE BEND OF OPTIMUM DESIGN 

The various terms of the total bend loss (24) depend on the bend geom­
etry in quite different ways. It is therefore likely that for a given bending 
angle ()o a bend geometry can be found, which minimizes the total bend 
loss. The total bend loss can generally be written as: 

(27) 
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Fig. 2 - Normal mode bend. Dielectric-coated copper pipe with 2-inch LD. 
and 2t-inch O.D. deflected to limit of elastic deformation (X = 5.4 mm). 
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in which 

12 

B = ~ :(32 OO\CXlm - CXOl), 

12 
(28) 

C 2 C = ~-OO 
£l{34 ' 

Zl 
U = 1. 

Here again the summation signs indicate that all coupled modes have 
to be taken into account. The factors S, B, and C do not depend on the 
bend geometry, but only on the total bending angle, the waveguide prop­
erties, and the frequency. Necessary conditions for A(u, l) to be a mini­
mum are: 

aA 2(1 - 2u) [B C ] 
au == l(I - u3) "3 - l3U 3 = 0, 

with the two roots 

and 

1 
u=-

2' 

( C)! 
ul = 3 Ii ' 

4 
aA 1 - :3 u 1 
7i[ == S - B (1 - U)2 r 4C 1 

(u - U 2)2 [5 = o. 
If u = ~, the solutions of (32) are the roots of 

S t - ! B l3 - 64C = o. 
If (lU)3 = 3(CjB), the solutions of (32) are the roots of 

( C)t (B)! 
l= 3Jj ± S 

Sufficient conditions for A (u, l) to be a minimum are: 

a
2
A a

2
A _ (a

2
A)2 

au2 ----aTf aual > 0, 

a2A a2A 
au2 > 0, 7i'iJ > 0, 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 
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If u = t, we have: 

(37) 

Substituting 

x = ~(~)!l 
2 B ' 

( C)* S)! 
r = 3]j ~B ' 

(38) 

we get instead of (33) 

(39) 

and instead of (37) 

a
2

A = 16 ~ (x2 
- 1). 

au2 l 

The positive root of (39) is plotted in Fig. 3. It follows that if r > 1 we 
have x > 1, consequently iA/au2 > 0; and if r < 1 we have x < 1, 
consequently a2A/au2 < O. Consequently if, and only if, r > 1 the 
values u = t and x from Fig. 3 minimize the total bend loss A. 
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Fig. 3 - Positive root of x3(3x2 - 1) - 2r3 = O. 
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If (Ul)3 is equal to 3(CjB), 

i A a2 
A ( i A )2 4B2 1 - 2u 

aU2 ii[2 - aual = l4u (1 - U)6' 

and 

a2A 2B 1 - 2u 
au2 = YU (1 - U)3 . 

Hence, if u < t or, because of (31) and (34) r < 1, a minimum of A(u, 
l) is located at 
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Fig. 4 - 90 0 normal mode bend of i-inch LD. copper pipe with a dielectric coat 
of e' = 2.5, e" = 2.5 X 10-3 • Optimum design for 5.4-mm wavelength. 
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To find the optimum bend geometry for a given dielectric coated guide 
and a specified bending angle we calculate r from (38). If r > 1 the opti­
mum geometry is 

I = 2 111 x and " = I~ x 

with x from Fig. 3. If r < 1, 

A numerical example, the 90° bend of a i-inch 1. D. copper pipe, is 
shown in Fig. 4. The total bend loss in the optimally designed bend de­
creases steadily with increasing thickness of the dielectric coat. This 
indicates that there is also an optimum coat thickness, which minimizes 
the total loss of the normal mode bend of optimum total length and taper 
length. Unfortunately, however, several approximations made in calcu­
lating phase constants and coupling coefficients in the dielectric-coated 

O. 18 t----+__~ 

O. I 6 I----t--

0.14 t---j---i 

<J) 

u:l 0.12 
CD 
U 
W 
Q 0.10 

~ 
<J) 

:g 0.08 
-.J 

0.06 t------j-~~~ ~~~~~I-TiT-T-l 

OL.....-_L--..--LLLI< 

o 10 20 30 40 50 60 70 80 

FREQUENCY IN KILOMEGACYCLES PER SECOND 

Fig. 5 - 90 0 normal mode bend of i-inch LD. copper pipe with a die.Jectric coat 
0.0075 inch thick (e' = 2.5, e" = 2.5 X 10-3), designed for optimum performance 
at A = 5.4 mm (55.5 kmc). 
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waveguide usually break down at smaller than optimum values of the 
coat thickness. 

It should be mentioned finally that the normal mode bend is an in­
herently broad band device. Except for the oscillations of the mode con­
version portion of the total loss as caused by spurious mode phasing, 
there is only a gradual change of the loss with frequency. 

Some terms contributing to the total loss decrease with frequency, 
others increase. The over-all frequency dependence is of the same order 
as the frequency dependence of the loss in the straight waveguide. As an 
example, in Fig. 5 the bend loss has been plotted versus frequency for 
the normal mode bend of Fig. 4. 
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