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Fig. 29 — Distance behind the ship at which the cable enters the lower stra-
tum.

Example: A ship is laying cable No. 2 at a depth of 6,000 ft at a re-
sultant ground speed of 6 knots due east. There is a one knot cross-cur-
rent 600 feet deep running 30° east of north. Find e and d.

Here g = 60° and we obtain from (50) by a simple computation
V' = 5.57 knots. Also since for cable No. 2 H = 70 degree-knots,

K /h = 600/6000 = 0.1,
o = 70/5.57 = 12.3 degrees.
By interpolation, we find from Figs. 28 and 29

Hence, we have

¢ =36 e = 2.7 X 600 X 0.156 = 253 ft,

d=Hn [ 1 ; — 4.7Aa:| = 6000 [4.59 + 4.7 X 0.010] = 2800 ft.
tan «
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APPENDIX A

Discussion of the Two-Dimensional Stationary Configuration for Zero
Bottom Tension

We assume again that the tangential drag Dr depends only on the
relative tangential velocity V, and we consider in a 7', 6 plane the solu-
tion trajectories of equations (18). These trajectories satisfy the equation

ar (sin 6 — Dr/w)
df  cosf — Asing [sing |
and are periodic in # with a period of 2x. In Fig. 30 we have plotted the
solution trajectories qualitatively for (¢ — 7) = 8 < (a + w). It is seen
that the trajectories are either the vertical straight lines § = a, 0 = a =7
or they lie completely within one of four regions, labelled I, IT, III, or
IV, which are bounded by these vertical lines and the horizontal line
T = p.V.. The trajectory 6§ = a corresponds to the straight-line laying
configuration, while the trajectories 8 = « & = correspond to Shea’s
straight-line recovery method.
Examine now the trajectories in Regions II and IIT at a point of
which T = 0. As J. I. Shea has pointed out, these trajectories all lie
below the line T = p,V.’. On the other hand, the trajectory 8 = « con-

(T - Pch2) ) (53)

a

3

o~ 22 o+

. Fig. 30 — Qualitative representation of the solution trajectories of the two-
dimensional stationary model.
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tains all values of 7. Hence, according to the stationary model, the only
cable configuration for laying which has the value 7' = 0 and values of
T = p.VZ is the straight line inclined at the critical angle «. The mag-
nitude of p.V. is small. For example, for cable No. 2 paid out at six
knots p.V. is roughly six pounds, and for conditions approximating
stationary laying the observed tensions at the ship are in practice always
many times the p,V.” value. For such magnitudes of shipboard tensions
and a zero bottom tension, the two-dimensional stationary model thus
yields the straight line as the only possible cable configuration.

However, the empirical fact that T > p. V> does not guarantee that
the shipboard tension must be greater than p,V,". We might somehow
contrive to lay at a zero bottom tension with 7' < p,V.’ and with the
cable in one of the non-straight line configurations of Regions II or III.

Consider the cable configuration lying in Region II. FFrrom IFig. 7 it can
be seen that the vertical velocity of a cable element is given by

g—ij = _Vvert = —Vc sin 0,

where y is measured upward. Hence, of the possible trajectories for which
the bottom tension is zero only those for which the bottom cable angle
6 is between zero and = correspond to cable laying. For region II, there-
fore we need consider only the trajectories in the range 0 < 6y < « at
Ty = 0. From (20¢) the maximum value of ¥, for these trajectories is
given by

N oV f fo sin &
Ym w Jo |(cos & — A sin? §)
: “ (% wsin 7 — Dz(n)
X exp I:_ ¢ w(cosn — Asin?p) d":'} dg.
Let (D7) be the maximum value of Dz, 0 < n < «. With D7 set equal
to (D7) m , the right-hand side of (54) gives an upper bound on y,, . This
substitution further allows one to evaluate the right-hand side of this

equation in terms of standard integrals. The result yields the following
upper bound on yn:

(54)

Ym < 2.1

’

Pch2 1
w 1—r

where

, (Do

wsin o
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In general, this upper bound will be much less than the laying depth.
For example, for cable No. 2 being laid with 6 per cent slack at 6 knots
Ym < 12.5 feet. That is, the cable configurations corresponding to Region
IT do not reach the ocean surface. Hence these solutions of the stationary
model do not in general satisfy all the required boundary conditions and
can be discarded.

Similarly, in Region III, the laying trajectories for which T = 0 are
in the range @ < 6, < . Consider those for which 6, < 7/2. We get for
these trajectories

Ynsa = AL f " sin £
Ywra w Jo, |(Asin? ¢ — cos £)

£ s
X exp I:— fg wsin g — Dyln) dn]} dg,

oW (A sin® y — cos n)

(55)

where y.2 is the value of y at § = 7/2. Let m be the minimum value of
sin 7 — (Dr(n)/w) in the range o« < 7 = /2. If, as in the usual case,
m is positive, we can obtain an upper bound on ¥y, by replacing
sin 3 — (Dr(n)/w) by m in the right-hand side of (55). By this means
we find that

p:Ve 2(1 + cos’ )
w  mtan a/2

yn'/2 <

For cable No. 2 being laid with 6 per cent slack at 6 knots this relation
yields y-/2 < 1,100 feet. So in the usual laying depths, which are many
times greater than y.,., the configurations in Region III for which
Ty = 0 correspond to a value of § at the surface greater than #/2, or to
cable being paid out in froni of the ship during laying. It is doubtful
whether such configurations would be stable and, at any rate, doubtful
whether cable would ever be laid in such a manner. Hence, we conclude
that these 7y = 0 solutions of Regions II and IIT will in general be
mathematical curiosities, and that the only realistic laying solution of
the stationary model for which the bottom tension is zero is the straight
line § = o

APPENDIX B

Computation of the Transverse Drag Coeffictent and the Hydrodynamic
Constant of a Smooth Cable from Published Data

From (6) of Section 3.2 we obtain the relationship
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Vsina [ 2w )1/2 ~
Veos e <Cppd =, (56)

where H is the hydrodynamic constant. Also, we define the Reynolds
number for flow normal to the cable in the usual way;

Ngp = M, (57)
14
v being the kinematic viscosity of water. For smooth cable we now as-
sume that the drag coefficient Cp depends on N in the same way as for
flow around a smooth cylinder of infinite length. Iixperimental data for
this relationship, namely,

CD = CD(NR) (58)

are available in the literature and have been collated by Eisner.”

Tor a given velocity V, (56) through (58) represent three equations
for the unknowns «, Cp , and N . In general, the solution of these equa-
tions depends on V, thus contradicting the assumption made in Section
3.2 that Cp , and therefore H, are constants independent of V. However,
for sufficiently large V we can expect the resulting « to be small so that
4/cos a = 1. In this case (56) and (57) combine to give

_owd 1
ot Nz’

Co (59)

which together with (568) yields two equations for Cp and N that are
indeed independent of V. In laying, V will normally be large enough for
this approximation to hold.

Equations (58) and (59) are in turn easily solved graphically by find-
ing the intersection on log-log paper of the curves, Cp versus Ny,
that these equations represent. Since p and » are properties only of the
water, we see that C)p is a function only of the product wd of the unit
weight of the cable times its diameter. In Fig. 31 we have plotted the
resulting values of Cp for wd ranging from 107" to 10 pounds. For this
computation we have assumed sea water at 32°F with an assumed density
of 1.994 slugs per cubic foot and a kinematic viscosity of 2.006 X 107°
ft*/sec. :

For other than large values of V, (56) through (58) can be readily
solved if one interchanges the roles of « and V, that is, if one considers «
as given and V as unknown. Equations (56) and (57) can again be com-
bined in this case to give
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C, — 2wd cos «a _1_
i o Ng’

and with wd cos a a known number, (60) and (58) can be solved for Cp
and Ny as before. Thus, one can obtain Cp from Figure 31 by merely
reading wd cos « rather than wd on the abscissa. Knowing C, one can
solve for V from (56).

(60)

Wd IN POUNDS (== ==)
3010_7 2 4 6810°% 5 4 68107 3 4 681074 5 4 6 81073
S
\\
™.
\\
2.0 =
-~
‘N
~
(o -
D s Fad L
-.~~~~~~
et ‘\\\
1.0 ,(4/ " =z
0.9 =
08 4 6 8 2 4 6 8 2 4 6 8
o3 2 4 68, o 2 10! . 10

wd IN POUNDS (

)

TFig. 31 — Variation of Cp with wd for cables of smooth exterior.

The results of such a computation are shown in Table II for cable
No. 1. For V > 1.5 knots the experimentally determined H is 64.0 de-
gree-knots. The corresponding computed values of H, ranging from 67.4
to 70.0 degree-knots, compare favorably with this experimental value.
Over the entire range of V, from 0.25 to 10.00 knots, the variation in H
is about 4 per cent. This small variation makes the assumption of Section
3.2 that H is a constant for all V appear reasonable, especially since we
can only hope to use this computation in a preliminary design before
the hydrodynamic properties of a cable are established by experiment.

TaBLe II — ComPuTED VALUES OF Nz,
Cp, anp H For CaBie No. 1

V (knots) Np Cp I (deg.-knots)
0.25 1.25 X 103 0.935 67.5
0.50 2.50 0.922 70.0
1.50 5.20 0.965 67.8
3.00 5.80 0.985 67.5

10.00 6.05 1.000 67.4
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In Table IIT we have indicated computed high-velocity H values as
a function of the unit weight w and the diameter d of a cable. Table IV
shows the computed high-velocity Cp and H for various gauge piano
wire. The American Steel and Wire gauge scale is used in this tabulation.

TaBLE IIT — ComPuTED VALUES OF THE HYDRODYNAMIC
ConstaNT H IN DEGREE-KNOTS FOR SMOOTH CABLE

Submerged Diameter in Inches

Weight in
Ib/ft 0.5 0.75 1.00 1.25 1.50 1.75 2.0 2.5 3.0 4.0
0.1 54.5 | 44.2 | 37.9| 33.7| 30.6] 28.1| 26.2|] 23.2| 21.0] 17.9
0.2 75.9 | 61.1 | 52.3 | 46.4 | 41.9{ 38.5| 35.8] 31.6{ 28.5| 24.4
0.3 91.7 | 73.6 62.9 | 55.6 | 50.2] 46.1] 42.8| 38.0| 34.4] 29.7
0.4 104.7 { 83.9 71.5 | 63.1 57.1{ 52.5] 48.9| 43.5 39.6| 34.3
0.5 115.9 { 92.6 | 78.9 | 69.8 | 63.3] 58.3] 54.4| 48.5 44.3| 38.3
0.6 125.8 | 100.4 | 85.6 | 75.9 | 68.9] 63.6] 59.5 53.2| 48.5( 42.0
0.7 107.6 | 91.9 | 81.6 | 74.2] 68.7| 64.2| 57.4{ 52.4| 45.3
0.8 114.2 | 97.8 | 87.0 | 79.3| 73.4] 68.6| 61.3| 55.9| 48.4
0.9 120.6 | 103.4 | 92.1 84.11 77.8] 72.7] 65.0] 59.3| 51.3
1.0 126.5 | 108.7 | 97.1 88.6| 82.0| 76.6] 68.5 62.5| 54.1
2.0 153.3 | 137.0 | 125.0| 115.7| 108.2| 96.7| 88.2| 76.3
3.0 167.6 | 152.9| 141.5| 132.3| 118.2| 107.9] 93.3

TasLE IV — ComrureEp Cp AND H VALUEs ofF Piano WiIRE

(Am. JJause Wire) Dia. (inches) v Cp H (deg- knots)
0 0.009 2.49 10.7
5 0.014 1.91 15.2
10 0.024 1.56 22.1
15 0.035 1.39 28.2
20 0.045 1.31 33.0
25 0.059 1.24 38.7
30 0.080 1.14 47.2
35 0.106 1.02 57.1
40 0.138 0.970 67.1

! APPENDIX C
Some Approximate Solutions for Laying and Recovery
c.l Laying

We assume that the tangential drag and the centrifugal forces are
negligible. Then, since for laying 0 £ ¢ < =, (18a) by virtue of (21) be-
comes "

<_%+y>gq—l—Asin20——cos€=0. (61)
w ds



DYNAMICS AND KINENATICS OF SUBMARINE CABLE 1181

Let the origin of an z, y coordinate system be at the cable touchdown
point (IFig. 8). Further, let x be the z coordinate of a point along the
cable configuration and s the corresponding distance along the cable
from the origin. If we define

A=s— a2, (62)
then
dA  ds dzx ]
and
dy .
75 = Sin 0. (64)

By means of (63) and (64), (61) transforms to

~ 2R )4 )2
T+ 9 5 50 Zi(ngy-))JrA%‘i:O’ (65)
where we have in addition introduced the non-dimensional variables
Ty = To/wh,
A = A/h,
g =uy/h

Here h is the ocean depth at the touchdown point. Using the condition
that 6 = 0 at y = 0, which implies dA/dy = 0 at y = 0, we get upon
integrating (65)

dA o 1 — [To/(To + PI” i
4 g I p (66)
y 1+ [To/(To + ) tan's |
where
.2
7=2—s1n a ©7)

sin? «

The usual range of the critical angle « is between 10 and 30 degrees. Also

Therefore, we approximate the denominator of equation (67) by unity.
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With the boundary condition that A = s — z = 0 at y = 0, we thus
obtain

A =8~ X = tan [ (L — [To/(To + DN d,  (68)

where S and X are the dimensionless values of s and z at the ship.
Next we let

w=s+2 &=awh

%, /&
dj dyg’

and, as can be seen from (66) through (68),

Then we have

(1) = 8+ X =otn g [0 (1 — [To/(To + O de.  (69)

TFFor convenience we define v and R by
fl‘l

YT T+ g
pe il
In terms of » and R (68) and (69) become
Z(l). = T, tan —g f}: (—I-ZTMX du, (70)
o) = Toom § [ 2% (1)

Further, integration by parts gives
fl = _ (1——R7) f (1 _:yf‘ u
R 2 2 Jr w1 — un)t’
Combining the above three equations and making the approximation
(1 — R ~ 1, we find

(1 - ;) A1) + gtan 5@(1) = (14 To) tan 3. (72)

Thus A(1) and &(1) are related, and we need evaluate only one of the
quantities numerically by means of equation (_70) or (71) in order to
compute both A(1) and &(1), and hence S and X.
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The singularity at « = 1 makes the numerical evaluation of the inte-
gral in (71) cumbersome. Therefore we consider the evaluation of A(1).
But for convenience of numerical calculation we write (70) as

1
A(l) = =T tangf 1 —w)ia(t u>’
2 Jr A u
and integrate by parts to get

A _ « )% YR '1—u u

AQl) = tan§<(1 — R"): — §FO.[13 7mdu>
We note again that (1 — R")! & 1. Further, essentially all of contribu-
tion to the integral in this equation occurs near u = 1 because of the
large value of y. On the other hand, the values of 7 which are of in-
terest will normally be smaller than unity. Hence R, the lower limit, will
normally be less than one-half, and thus will be outside of the region of
significant contribution to the integral. Therefore, we can take the in-
tegral to be a constant for a given «. Denoting this integral by n and
combining these considerations we obtain

AQl) = tang - %’ n tang T. (73)

Finally solving for S and X from (68) and (69), we find
§=_1

0 + KTQ,
Sin «

x=_1 47,
tan o

which are a dimensionless form of (24). For brevity we have written

2y (r ] «_ 7 z)
K—§<)\,:1 2<2 1>n ctn2 2nta,n2 ,

_L(2, _v(r_ ] a 2)
)\—§<;|:1 §<§ 1>n ctn2+2nta.n2 .

Since the integral n and the constant v depend only on «, the constants
x and X are also functions of « only. We have evaluated n by numerical
integration and have plotted the resulting values of x and A — «in Fig. 10.

c.2 Recovery

In the conventional recovery situation we have as boundary conditions
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06=0 at y =0,
(74)
0= —a;, at y =h,
where «; is the incidence angle of the cable at the ship (Fig. 8). With
these boundary conditions, the development leading to (66) yields (26)
for the relationship between shipboard tension T, and the incidence
angle a, .

To evaluate S and X, the values of s and x at the ship, we use (19),
(20a) and (20b). Again we simplify by assuming Dr = p,V,” = 0. Fur-
ther, since for recovery —= < 6 < 0, we may write | sin £| = —sin &.
This gives

< _m [ 1 f‘ sin 1 ]
S = lnfo I:cos£+Asin2£eXp 0 co'sn-i-Asini"nd77 dg,

o [T cos £ ! sin g
SO JET ENNY JR Y S Y
* o |:cos$+As1n2§EXpo cosn-l-Asm217d17 dt
The dimensionless bottom tension 7' is computed from (26). The inte-

grals appearing in (75) have been evaluated numerically. The results
are shown in Figs. 14 and 15.

(75)

APPENDIX D
Analysis of the Effect of Ship Motion
p.1 Formulation of the Differential Equations

To analyze the effect of ship motion on cable tensions, we use the model
shown in Fig. 32. We assume the cable is a perfectly flexible and elastic
string whose motion is planar. The distance L along the cable from the
ship to the point of entry into the water is taken as constant, and the
longitudinal damping as negligible. '

Qo

7 q
o bbby eed Joed 3]
§<—=4 X<———|
AIR

WATER

Fig. 32 — Model used for the analysis of ship motion tensions.
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Unlike the solution of the basic stationary model, the complete solu-
tion of this model is not simple. To make the problem tractable, we shall
make further simplifying assumptions. Although these assumptions may
seem reasonable, they must be ultimately justified by comparison of
experience with predicted results.

Force diagrams of a differential element of cable are shown in Figs.
33(a) and (b) for the two regions, air and water respectively. The no-
tation is ‘

p = longitudinal displacement of a point of the cable,

g = transverse displacement of a point of the cable (in air),

n = transverse displacement of a point of the cable (in water),

6 = the stationary angle, i.e. the angle the cable configuration makes
with the ship velocity in the absence of ship motion,

¢ = deviation from the stationary angle — positive in the clockwise
direction,

s = distance along the stretched cable,

z = distance along the unstretched cable (in air),

¢ = distance along the unstretched cable (in water),

w, = weight per unit length of cable in air.

q+Aq /,\
2 = A
7Zg_/ (3) AR
T"‘AT /“ ~~~~~~ n

— \4/”/
g (b) water

Fig. 33 — Diagram of forces acting on a cable element in air and in water.
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Summing forces along the directions ¢ (tangential) and n (normal) shown
in Fig. 33, dividing by Az (air) or A¢ (water) and letting Az — 0 and
A¢ — 0, we obtain the following equations of equilibrium*

Aar:
Teo, — we cos (6 — ¢) = p(gee COS @ — Py SIN ),

- ] (76)
Te + wasin (0 — @) = pc(gee sin @ + Dit €OS @),

Water:

Tgo; -+ DNSg — W Ccos (9 - ¢) = pw(q“ COS ¢ — Pu sin 90); (77)
Te + wsin (0 — @) = pe(qgee sin ¢ + qu: cOS ).

Here, p. denotes the mass per unit length of the cable in air. As is known
from hydrodynamic theory, in order to accelerate a body through a
fluid, one.must change not only the momentum of the body but that of
some of the surrounding fluid as well. Thus the body has a virtual or ap-
parent mass in addition to its intrinsic mass. In the first (77), the equa-
tion of equilibrium in the normal direction in water, we accordingly use
pw , Elven by

— o
Pw—Pc+4dP

as the intrinsic plus virtual mass per unit length of cable moving through
water. The quantities d and p are the outer diameter of the cable and
mass density of the water, respectively, and the quantity (r/4)d% is
the virtual mass of a unit length circular cylinder moving transversely
through water.

We take for the normal drag force per unit length

— Cupd

Dy 5

Va|Vyl. (78)
Here Vy is the normal component of velocity of the water relative to
the cable, i.e.,

Vy =Vsin (0 — ¢) + ussin ¢ — 5, cos ¢, (79)

and Cppd/2 is a constant.
The quantities s and ¢ are given by the following geometric relations
which can be obtained from Fig. 33:

* We use the subscript notation for differentiation throughout this section,
e.g., ¢z =d¢/0x.
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s = [(1+ p)* + =)} (80)
tan ¢ = n;/(1 + ), (81)

with similar expressions obtaining for the cable in air,
The tension T in turn is given by the Hooke’s Law or stress-strain re-
lation

T = EA{[(1 + po)* + ¢'F = 1},  (air)

_ Vg 52)
T = BA{Q + g + o' — 1}, (water)

As we indicated in Section 4.1, we shall assume that the extensile rigidi-
ties EA corresponding to cornplete restraint and no restraint to tw1st1ng
will give the limiting values of the ship motion tension.

Equations (76) through (82) form a complete system in terms of the
independent variables z or ¢ and {. Formulating boundary conditions in
terms of the coordinate x (or ¢) is awkward. This coordinate is measured
along the unstretched cable so that a disturbance applied at the ship is
applied at different a’s as the cable is paid out. At the same time, if the
velocity of the pay-out is small compared to the significant wave velocity
of the cable then we can plausibly neglect the paying out effect. As will
be shown subsequently, in the problem at hand there are two significant
wave velocities, roughly corresponding to transverse and longitudinal
motion. The first of these is of the order of 200 ft/sec, while the second
is of the order of 5,000-10,000 ft/sec. On the other hand, the pay-out
velocity is of the order of 10 ft/sec. Hence, we take the pay-out velocity
to be zero. This allows us to use (76) through (82) without further trans-
formations and to identify « and { as coordinates fixed in the translating
reference frame.

D.2 Perturbation Equations

We assume that the motion is a small perturbation about the undis-
turbed configuration of our model. To determine which terms of the
differential equations are important in this case, we adopt the following
procedure. Let

M = max[(P, + P))® + QT

where Py and @, are displacements of the cable at the ship, and P; is the
variation of the pay-out displacement from the mean. The quantity
e = M /L will normally be less than unity, and for no ship motion will be
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zero. We write
Py + Py = af(t),
Qo = bg(¥),
where f(¢), g(t) are some bounded functions of time and @ and b are

constants, We assume that for given f(¢) and ¢(¢), T, p, and ¢ vary
analytically with ¢, namely

T=To+€T1+62T2+ Ty,
g =eq+ep+ -, (83)
p=po+ep+ep+ e,

with counterparts for the submerged cable. The stationary transverse
deflection is further assumed zero, and therefore the series for ¢ contains
no g term. Substituting, for example, (83) into (82) for air and equating
like powers of ¢, we find

T, = mpm: , (a,)
Tl = mplx 3 (b) (84:)
2
7 (Ju
T2 = KA |:p2x -+ 1 po;] . (C)

Equation (84a) of this sequence shows that only longitudinal displace-
ments are associated with stationary tensions, while (84b) indicates that
for small ship motions cable tensions are independent of the transverse
component of ship motion. To compute the effect of transverse motion,
(84c) shows that terms of the order ¢’ in p and e in ¢ must be considered.
We assume further that 1 -+ po, & 1, since pq. is the order of magnitude
of a strain.

Equations (83) and (84) substituted into (76) yield with this approxi-
mation

wecos @ =0, (a)

_ . (85)
EA Dozz — paPou + wasine = 0, (b)
1
Qtzz — 6—2—2 quee = 0, (3)
1
Pizz — 6_12 Pit = 0, (b) (86)

1 1
Pozz — — P2t = &—12 NetQize — QaQiez , (C)

C ]_2
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where
o = m/ Pa
022 = To/ Pa -

For non-zero w, and « 5 7/2, (85a) cannot be satisfied. This is a conse-
quence of the assumption of g = 0. With po.: = 0, equation (b) implies
in turn that 7% = constant, which agrees with our model. IFor the sub-
merged part of the cable, the equations do not yield a constant 7' and
thus contradict the assumed model. However, on the assumption that
the transverse motion is confined to a region near the surface, we con-
sider T to be constant in the submerged part of the cable as well. We
thus arrive at

1
M = Sy = yme = o5 me = 0 (a)
2
1
Pis = 5P = 0, (b) 87)
1 1
Pae — 5 Peee = = MMy — Mgnie (©)
¢ ¢
where
622 = To/pw i
2
5= CMcos.ozsin Q,
To
= C———Dp av’ sin «
'Y T() b

as the differential equations governing the motion of the submerged
cable. The constant ¢, is the velocity of propagation of a longitudinal
wave in the cable, while the constants ¢, and & represent the propagation
velocities of a transverse wave in air and water respectively.

D.3 Solution of the Perturbation Equations

We write
p(0, 1) = Po(t) + Pu(),
(0, 8) = Qu(®),

and take as boundary conditions
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no, o = PO RO
(0, §) = 0, ®) (88)
(_ZI(O, t) = Qo/e. (C)

That is, we apportion all of the longitudinal boundary motion to p;,
and all of the transverse boundary motion to ¢ . Equations [(84b), (86b)
and (87b)] then give the complete tension due to the longitudinal com-
ponent of ship motion to first order. As mentioned in the text, this ten-
sion is ecasily obtained from standard references, and is also the greater
part of the ship motion tension.

To determine the tensions due to transverse ship motion, we solve
(86¢) and (87¢) for boundary conditions (88b) and (88¢). In addition,
we have the transition conditions

o (L, 1) = m(0,1), (a)

@z (L, 1) = (0, 1), (b) (89)
p (=1Lt = p =00, (e)

P (L, 1) = px(0, 1), (d)

which follow if we assume that at the point of entry into the water the
cable is continuous and the tensions are finite and continuous.

We consider only the problem of the tensions associated with a har-
monic steady-staté transverse disturbance. Equations (86a) and (87a)
~ show the transverse response to this disturbance to be independent of
the longitudinal motion to first order. The first-order transverse motion
in turn can be thought of as a forcing action on the second order longi-
tudinal motion, as (86¢) and (87¢) indicate. This suggests the program
we follow to compute tensions. Namely, we first determine the first-
order steady-state transverse response, then the second-order steady-
state longitudinal response which is excited by the first-order transverse
oscillation, and finally, by (84c) the resulting tension caused by trans-
verse motion.

D.4 Transverse Response
At the ship we assume a harmonic foreing function
@(t) = A cos wt, (90)

and we introduce complex exponential representation
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twt
¢ = Re Qu(z) e,
iwt
m = Re Hy(¢) e,

where the factor ¢™* will be henceforth suppressed.
The solution of (86a) and (87a) for the steady state may then be
written

Qi(x) = By exp i + B, exp <— 1—%),
Co Ca
Hy(§) = Frexp () + F:exp (),

where the B’s and [’s are complex constants and ¢; and ¢, are the roots
of the quadratic
P .
— 8¢ — ¢ = 0.
q q — twy + PXE
Throwing away the root of this equation which corresponds to the in-
coming wave in water, we get

Hy(¢) = F exp (¢i).

where ¢ is the root corresponding to the outgoing wave. The three com-
plex constants By, B: , and F can now be determined from (89a), (89b)
and (90)

B1 —I— Bg = A/e,

B expu;)—L + B, exp <— uZ—L> -
2

2
o I:Bl exp Wb _ B, exp (— ﬂl)] - qF =0.
Co Co Co

We note that B; , Bs and F are proportional to the amplitude A of the
forcing motion.

F =0, 1)

D.5 Second-Order Longitudinal Response

From the preceding results, the right-hand sides of the equations of
longitudinal motion (86¢) and (87¢) can be computed. This computation
for (86¢) results in
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2
1 1{c. w 8
- V1tV1r — Vizzliz = — 1 —
Cy 2 Cy Ca

X [<r1 sin iix + 75 cos %w_x) cos 2wt

2 C2

5 0 (92)
+ (7‘3 cos 2% — . sin _w_a;> sin 2wt
Co C

2

. 2wx 2wt
-+ 75 sSIn — —+ 7308 — |,
Ca Co

where the 7’s, which are proportional to the square of the amplitude A4,
are

rn = Re (B + BY),
re = Im (B — BYY),
rs = Re (B* — By),
re = Im (B + BY),

Ty = 2Re B1B2,
627'2
Te = T's + —/1—2-

|The quantity rs will be used subsequently.] Similarly, for the right-hand
side of (87c) we get

Mg <51‘2 Mee — nuf> = ¢ (a1 cos 20¢ + as sin 20¢) cos 2wt
1

(93)
+ (a1 sin 20¢ — as cos 20¢) sin 20t + ag],

where
g = — (p+ o),
_I|FF Y’ 2
m == | a1 | o cos 2f + ¢) + | @ | cos 2f + 3g) |,
|F|2 A 2 .
w= L [(2) sin @+ 0 + 1o fsin @+ 30|

a3=]Fl[(§;>2+lQIl2:|P,
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and

f=arghl, 0

A
~
1A

2m,

I

IIA
IIA

arg (_ ql) ) 0

I

g g

il
5"
It is seen that expression (92) and (93) have terms of the form

sin 2wt
F(x){cos 2ewt (64)

in addition to functions of x (or {) alone. In accordance with the idea
that the first order transverse motion is a forcing action on the second
order longitudinal motion, we take as solutions of (86¢) and (87¢) func-
tions of the form

sin 2wt
G) {cos 2wt
to correspond to terms of the type given by (94) and functions of z (or {)
alone to correspond to forcing terms which are independent of time. This
again gives linear differential equations which can be readily solved. For
example, corresponding to the first term in (92) multiplying cos 2wt we
have the assumed solution

G(z) cos 2w,

and the differential equation

2 2 2 3 X
d—cj -+ é‘-‘% G = 1[<0—2> — 1}(3) I:rl sin 2z + 7s cos 2“’—9“]
dx N 21\ Co Ca C2

This has the solution

G = I:Al cos L 4 A, sin®L + & (n sin 2w ~+ racos ?w_x)],
1 c1 8ce Ca Cs
where A; and A4, are undetermined constants.
In this manner, the solution for the longitudinal motion can be ob-
tained in terms of a set of constants. These in turn can be evaluated by
means of the boundary and transition conditions on p. . This evaluation,

although straightforward, is very tedious. We shall omit the details of
it here. The final result is
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Air:
2 2944
&l = cwE4 {[Tz sin 2_0{_ -+ (r3 + a 4 SIN %
4c:1c4 c1 Ca o1
-a 5 COS %> ?w—x + = r{l cos 2wt + [1"3 sin QLL
C2 C1 C1 C1

1 Ca C1

c2 [ ( 20 2wL> < . 20 . 2wL) | F 12]}
+-—- s | COS—— — COS —— )} — 12 {SI —— — SIn —— | — ——
C1 Ca Co Ca Ca 4 3

Water:

2 29y 4
T, = cwBA {[— 7‘200822’——L + 73 sinziI—J

4cico 1 c

+ 4 sin —2—w—L <r4 sin %—L — 7g COS Qw—é>:| sin 2w (t _5
Co C1 C1 . C1 C1

+[7‘2 sm2c—L+rgcos2LL—|—~ i 2LL<rﬁsin2w—L

1 C1 Ca C1 4]

+ 7y cosz—wI—J>] oS 2w<t - £> - IFlzge_z"rl
C1 C1 C1 j

.6 Numerical Results

—(rz+z—1r4 coszj—L + 2 g sin 22’——Ii> zix'l‘—m] sin 2t
2 1

Since the 7’s are each proportional to the square of the amplitude A4,
the above results indicate that the transverse motion tension varies as 4
squared also. It is additionally a function of the frequency of ship motion
w, the forward mean ship velocity V, and the stationary tension T . The
computation of the transverse ship motion tension for the laying situa-
tion was carried out for cable No. 2. The results are shown in Fig. 34.
Here we have denoted the transverse motion tension by 7, and have
plotted T,/A® against the period of ship motion 7. Rather than the
stationary tension T, , we have used the depth A, which during laying is
directly related to To by h = To/w. Fig. 34(a) is a plot of 7',/A” versus
the period r = 27/w for h = %, 2 and 3 nautical miles and for V =
knots. Figure 34(b) is a plot of 7',/A® versus 7 for V = 3, 6, and 9 knots
and h = one nautical mile.

For representative laying, for example at 6 knots with a ship period
of 6 seconds into a depth of one nautical mile, Fig. 34 gives
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T,/ A* = 0.50 1b/ft* (twist unrestrained),
T,/A* = 0.93 1b/ft? (twist restrained).

For an extreme value of A = 20 feet, we get therefore that T, is be-
tween 200 and 370 pounds.

Additionally, by means of the above analysis, one can compute the
rate of damping of a transverse disturbance after it enters the water.
The results of this computation are shown in Tig. 18 and are discussed
in Section 4.1.

2.0
SHIP SPEED =6 KNOTS l OCEAN DEPTH=1000 FATHOMS
=== TWIST RESTRAINED A
6 A —— TWIST UNRESTRAINED \
: \ \
N \‘ \‘
\ \!
— ‘\ A\ (a) \\ ‘\ (b)
E o2 A Ay
= 1y (Y
< YA A\ YL
) [NANAY \ RN
o AR \ '
= A\ AR Y
S 0.8 \ [\ \|h IN FATHOMS v\ NNV OIN KNOTS:
T S
N \\ \Nsoo \ A\ \ \2
s AN YN AN\ L6
0.4 VAR A 6- >\\; SIS R
K\\\\:::- N%‘\Q.::: e
0% : ey
| —\\ = —— %
0
0 4 8 12 16 0 4 8 12 16

PERIOD OF TRANSVERSE SHIP MOTION IN SECONDS

Fig. 34 — Variation of the transverse ship motion tension of cable No. 2
with the period of ship motion.

APPENDIX E
Tenston Rise with Time for Suspended Cable
E.1 Formulation of the Solution of the Problem

Let O be the lowest point of the cable at time ¢ after the suspension
has begun (I'ig. 35). We make the following definitions:

h = depth at onset of the suspension,
S: = cable length from 4 to 0,
S. = cable length from ship at B to 0,
X; = horizontal distance from 4 to 0,
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X. = horizontal distance from B to 0,
8 = vertical distance from 4 to 0,
Ty = cable tension at 0.

If the cable is being paid out with a slack e, then conservation of the
total cable length gives the equation

S;+ 8 = SinLa 4+ (1 4+ ¢Vt 4+ cable stretching. (95)

Fig. 35 — Coordinates for the analysis of tension rise when a cable is com-
pletely suspended.

It is assumed that there is no cable pulled from the bottom. The cable
stretching we evaluate as in the example of Section 3.6, viz.,

cable stretching =(S; + S.) %
This makes (95) read
SiFS= U+ IV G+ (90)
sin « EA

To obtain further relations for the unknowns appearing in (96), we
assume that from the ship to point 0 the cable configuration is a station-
ary one governed by the equations developed in Section 3.6, while from
points 0 to A we assume that the cable configuration is a static catenary.
These assumptions yield the following relations:

S = —qlq sinh o, (a)
w

g =hto T (b)

sin « w
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Ty

X2=f+5+x—, ©
an o« w
5= L0 (cosh o — 1), @ 0
w
h
Xo+ Xy = — 4 V4, (e)
tan «
_ ’U)Xl
= ®
Ts = Ty + wh + 9). (2

Here « and A are constants, defined and plotted in Section 3.6, which de-
pend only on «, the critical angle corresponding to V. Equations (96)
and (97) form a complete set of equations in the unknowns X, X,,
Si, Se, To, Ts, 6, and o. They can be reduced to a set which contain
only the unknowns ¢ and 7’ :

o1(0) sin & — ep2(o) sin o — ﬁ(l -+ ealo i sin a) =0, (a)
el 98)
T, =14 t0he (b)
e2(0)
where
h = wh/EA,
t = Vi/h,
T, = T,/wh,
and

o =sinhe — ¢ + (cosho — 1) tan & — (A — &),

2
coshe — 1
2= e AT
03 = —‘——COSh. o—1 4 sinh o.
Sin o«

A graphical iteration method will be used to solve (98). First we solve

e1(o) sin & — epa(o) sina — h = 0 (99)
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for ¢ by means of a nomograph to be described later. Next the quantities
cosh ¢ os(o)
e(o) ’ ) )
are plotted as functions of ¢ for various a. These plots can then be used

as follows to solve (98) for a given {. Solve (99) to obtain oo . I'rom the
plot of ¢3(¢)/¢2(s) sin a compute

= i_z(l 4 ¢3(0°)i sin a) .
#2(00)

sin «,

Using the value i;* for h, compute o, from (99). With this value of o,
compute hs* from

R = ﬁ(l + W(UI)Z sin a) ,
¢2(01)
ete. In this way a convergent sequence g9, g1, -+, 0, is generated.
Finally, from the plot of cosh o/¢:(c) obtain T .

The above iteration procedure sounds tedious. Actually, in most cases
the iteration is not necessary because ¢ remains essentially independent
of time. Thus, the solution of (99) by means of the accompanying nomo-
graph will usually give the complete solution of the problem.

.2 Nomograph (Alignment Chart) for the Solution of Equation (99)
The relations

10¢:(¢) d sin «

=0 x2 = d, T3 = -
? 14 10 sin o’
(‘;2('.’) * (100)
oy _ € __ e@l)sina
n=ho R=15 BT T 0p(0) sm o’

where d is an arbitrary constant define parametrically three curves
Y = yi(xi): 1= 17 27 3:

which we imagine plotted on a cartesian (z, y) coordinate system. A set
of values k, ¢, and ¢ determine three points (x:, ;) (¢ = 1, 2, 3) which
lie on these curves. If these points lie on a straight line, it can be shown
that they satisfy (99).

On the left-hand sides of Fig. 36 we have plotted the curves given by
(100) for various values of the critical angle a. The values of the parame-
ters h = wh/EA and ¢, which describe the curves %, = #:(r;) and
y2 = ya(22) respectively, are plotted on the indicated scales. Rather than
indicate the values of ¢ along the curve y; = ys;(x:) we have for con-
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Fig. 36 — Nomograph for the solution of equation (99).

venience made an auxiliary plot on the right-hand sides of Fig. 36 of
ys(o) versus o, but with numerical values of the ordinate omitted.

In addition, we have plotted in Figs. 37 and 38 the functions
1/¢2 (cosh ¢) and (¢s/¢2) sin « for various a.

E.3 Numerical Example

To illustrate the method of obtaining the tension rise with time
described above, we consider a numerical example for cable No. 2. The
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Fig. 37 — Variation of cosh ¢
#alo)

values we agssume for the parameters which enter the calculation are the
following:

e = 0.02,
V = 6 knots, (a &~ 12°),
h = 6,000 ft,

EA = 1.2 X 10° 1bs,

h=31xX10"

To solve (99), we connect on Fig. 36 the points ¢ = 0.02 and h =
wh/EA = 0.0031 with a straight edge and note the intersection with
the intermediate y; = y3(x3) curve for o = 12° (point A). We then locate
the point on the y; versus o curve having the same ordinate (point B).
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Tinally, we obtain the root of (99), ¢ = 0.555 by reading off the cor-
responding abscissa (point C). This value of ¢ now serves as the starting
point in the iteration procedure by which we find the tension correspond-
ing to a given ¢.

For example, for ¢ = 1.0 (¢ = 600 seconds) we have the following se-
quence of values

T (g3 sin a)/¢y i* = k[l + (¢ sin ) /s
ao = 0.555 0.212 0.00379
o = 0.580 0.213 0.00380
a2 = 0.580

with ¢ converging to the value 0.580. For ¢ = 0.580, Fig. 37 gives
cosh ¢/¢: = 0.800.
Hence, by (98b) forf = 1.0

T, = 1.80,
and T, = 1.80 wh or 7,600 pounds.
0.6
L
05 . ]
a:ﬁ/
//
|1 |
0.4 ]
— =l
NN ‘// 20
ol , ]
A SNACN 16° _"__,.,—-—-"""
g 03 e
% _.—-———-—‘ 140 L1
112° 1 et
0.2 10°
0.1 5°
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72
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Fig. 38 — Variation of sin « ¢(0) with .

$(o)
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APPENDIX F
The Three-Dimensional Stationary Model
F.1 Dertvation of the Differential Equations

Let 7, 7, I be unit vectors along the &, n, ¢ axes (Fig. 26) and ¢ a unit
vector along the tangent to the cable configuration in the direction of
positive s. As in the two-dimensional model, we take this to be opposite
to the direction of travel of the cable elements along the configuration.
With respect to the cable configuration the resultant velocity vector of
the water is in the —7 direction. We resolve this velocity into directions
normal and tangential to the cable in the plane formed by 7 and 7. The
unit vector in the normal direction we denote by n, namely,

_ =it Gt
| =7+ @)t
In analogy to the two-dimensional model we assume the normal and

tangential drag forces depend only on the corresponding water velocity
components. Thus, we take

(101)

Oppd
2

— -

Dy = 7 -nV). (102)

LEquilibrium of the forces acting on a cable element yields the equation
d? rd dT hnd - -, _ —
ng + ¢ s + tDr + nDy — jw = pea. (103)

The vector ¢ denotes the acceleration of an element of the cable as it
moves at the constant pay-out velocity V. along the cable configuration.
It is easily shown that

5: = Vc =T . (104)

TFor convemence we introduce a second reference triad of orthogonal
unit vectors %, U and » as follows. The » vector is taken in the (£, g‘) plane
normal to7; the 7 vector is chosen equal to the vector product » X 7.
The angles ¢ and 0 shown in Fig. 27 describe the orientation of the (7,
u, ) triad. In terms of these angles, we read from Fig. 27 the following
table of direction cosines

= = >

% J ko
1 cos 9 cos ¥ sin 0 —cos 0 sin ¢
U —gin 6 cos ¢ cos 6 sin 6 sin ¢
v sin ¢ 0 cos ¥
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In the (Z, u,») system the vector  becomes for example

u sin 0 cos ¢ — v sinyg
[sin? @ cos? ¥ + sin? Yt

-
n =

Imagine the origin of the (7, %, ») triad to traverse the cable at unit
velocity. The triad during this traverse rotates like a rigid body with
respect to the fixed (¢, », ¢) frame. The rotation, which we denote by Q,
is seen from Fig. 27 to be

Q=3¢ +v0="cosdy + 00+ 7singy.
Here the dot denotes differentiation with respect to time, or since
ds/dt = 11it may be interpreted as differentiation with respect to distance

along the cable. The vector? is a fixed vector of constant magnitude in
the rotating (%, u,v) triad, hence

‘ﬁ=§x2=aé—5cosa¢. (105)
ds
From (101), (102), (104), and (105) we obtain for (103)
(T - pch2) (&0 - ;COSG{&) + 'z((fi—f’ + DT>

Cppd V2
2

+ (sin® 6 cos’ ¢ + sin® ¢)*(u sin O cos ¢ — v siny) (106)

— w(y cos 0 + 7 sin 0) =0,

which gives the three scalar equations, (47).
Further, let » (s) be the cable configuration, i.e.,

7(s) =7 &(s) + 7 n(s) + & £(s),

where £(s), n(s), and {(s) are the £, 7, ¢ coordinates of a point s of the
cable. Then
+dn(s) | 7 dg(s)

ds T ds Tk ds

Forming the scalar product of { with 2, 3, T respectively, we get (48) of
Section 7.1.

In a 6, ¢, T space the solution trajectories of (47) are given by the
solutions of

T =7 dg(s)

o d0  A(cos’ ¢ sin® 6 + sin® W) cos Y sin§ — cos @
(T - pch)—' = : y
arT Dr/w — sin 6
y _ A(cos® ¥ sin® @ -+ sin® t//)% sin ¢
darT cos 0(Dr/w — sin 6) )

(T - pch2)
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We see that the trajectories are periodic in both 6 and y with a period
of 27, and only a single region, say

06 =< 2m,
0=y = 2n,
need be considered. It is apparent that the straight lines
DHy=0, 0=q @ y¢v=0, 0=a+m;
3) ¢ =m, = 27 — a; @) ¢ =, =17 —

are solution trajectories which contain all values of T'. Along other solu-
tion trajectories in this region one easily verifies that

eV
w

D, .
% P (U sin 0) df

1= exp 0, Alcos? ¥(6) sin? 6 + sin? ¢ (0)]* cos ¥(0) sin & — cos 8/’

where ¢ = ¥(6) is obtained from the solution of

dy _ [cos 6 — A(cos® ¢ sin® 8 + sin® ¢)* cos ¢ sin 6] cos 0
do A(cos? ¢ sin? § + sin? ¢)? sin ’

From the definitions of ¢ and 6, it follows that the lines (3) and (4) are
physically identical with lines (1) and (2), and represent straight-line
laying and recovery respectively. Likewise, the expression for 7' shows
that any non-straight line trajectory with zero bottom tension is bounded
by p.V./w. Hence, as in the case of the two-dimensional model, we con-
clude that if the tension is somewhere greater than p.V.’/w and the bot-
tom tension is zero, the only possible stationary configuration is the
straight line lying in the plane of the resultant ship velocity and gravity
vectors, and making the critical angle « with the horizontal.

¥.2 Perturbation Solution for a Uniform Cross Current

At the outset we assume the tangential drag force to be zero. This
gives by (49)

T = wh + ), (107)

where & is the total ocean depth. Furthermore, we take p.V.” to be zero.
If the angle ¢ (Fig. 26) is small compared to unity, we assume that 6
and ¢ will vary only slightly from the values they would have if the
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upper, cross-current stratum extended all the way to the ocean bottom.
That is, we take 6 and ¢ to be of the form

0 =da + 9,
v =19,
where o is the stationary incidence angle corresponding to the velocity
V’, and § and y are assumed small compared to unity.
Substituting (48b), (107), and (108) into (47a, b) and retaining only

linear terms in 6, ¢ and their derivatives, we get the linear first order
equations

(108)

4 ) %+ @otn’s’ + 10 =0, (a)
i (109)
(b + n) d_‘ﬁ + esc’dd = 0. )
n .
Because in the lower stratum the cable is a straight line parallel to the
path of the ship, we have as boundary conditions:

9 = a — al
= — K< ’ 110
1 ,{ i=o (110)
where A’ is the depth of the upper, cross-current stratum and « is the

stationary incidence angle corresponding to the velocity V.
The solution of (109) for the boundary conditions (110) is

- h— W\
0_<h+n> fe,

A (111)
v = (h + 17> b
where
= (2ctn’e’ + 1),
v = cscd, (112)

Ao = a — o
Equation (48) for the space-coordinates £, #, and ¢ of the cable in turn
can be written to terms of first order in the form
dg
dn
s
dn

= ctna’ — fesc’e, ,
(113)
= — yetna'.
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Substituting (111) into (113) and integrating under the condition that at
7=20¢=0and{ = 0, we find

ry (h—R)A ' 1 1
£ = getna + _([J,—-—l)a CSC2C¥ [W - };L—_—i] ,
(h — &) 1 1 (119
¢ = ctna/ — @ |: — T:I .
6= ¢ LaF T

These equations describe the space curve formed by the cable in the
cross-current stratum.

To determine the distances d and ¢ (Ifig. 32), we transform (114) for
the cable configuration to coordinates £ and ¢’ oriented along the ship’s
path and normal to it respectively by means of

£ = £cosep — {sing,
¢ = Esing + ¢ cose.

The result to terms of the first order is

’r__ 2 (h - h')Aa 2 7 I: 1 _ 1 :l
£ = qetna + G- csc ETCE AL
r " ’ ctna/(h —_ hl) [ 1 _ 1 :|>
£=v <"“m“ T larom Tl
Letting 7 = —h&’ and denoting the corresponding values of & and ¢’

by —d and —e respectively, we obtain (52).
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Theory of Curved Circular Waveguide

Containing an Inhomogeneous Dielectric

By SAMUEL P. MORGAN
(Manuseript received February 25, 1957)

Generalized telegraphist’s equations are derived, following Schelkunoff,
for all modes in a curved circular waveguide containing an inhomogeneous
deelectric. Particular attention is paid to the coupling between the TEgy
mode and other modes in the curved guide. The results are applied to the
problem of preventing the mode conversion from Ty to TMy which nor-
mally occurs in a curved round waveguide, by partially filling the cross
section of the curved guide with a suitably shaped dielectric, such as poly-
styrene foam. Design equations are given for various compensators, and
criteria are set up for keeping the power levels of all spurious modes low in a
compensated bend. Dielectric losses, which may be tmportant at millimeter
wavelengths, are briefly treated. The potentialities of different compensator
designs are tllustrated by numerical examples.

INTRODUCTION

It has been recognized for several years that a major problem in the
transmission of circular electric waves through multimode round wave-
guides is the question of negotiating bends. Theoretical studies™ * * have
shown that a gentle bend couples the TEy mode to the TEy , TEj,
TEy3, +-- modes and to the TMy; mode. The TM;; mode presents the
most serious problem, since it has the same phase velocity as TISy in a
perfectly conducting straight guide. It follows that power introduced in
the TEy mode at the beginning of a gradual bend will be essentially
completely transferred to the TM;; mode at odd multiples of a certain
critical bending angle ¢, . The angle &, is proportional to the ratio of
wavelength to guide radius but independent of bending radius; in other
words, power transfer cannot be avoided merely by using a sufficiently
gentle bend.

S. E. Miller* has discussed a number of methods for transmitting the
circular electric wave around bends with small net power loss to TMy, .
These methods are of two general types.

1209



1210 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957

In the first type the TEy mode, which is not itself a normal mode of
the curved guide, is deliberately converted to a combination of TEgy
and TM,;; which is a normal mode, or to a particular polarization of TMy,
which is another normal mode of the curved guide. After traversing the
bend the energy is reconverted to TEy . A disadvantage of the normal-
mode approach is that the mode conversions necessary at the ends of
the bend are frequency sensitive, so that bandwidths appear to be
limited to the order of 10 per cent.

A second approach to the bend problem is to break up, by some modi-
fication of the guide, the degeneracy which exists between the propaga-
tion constants of the TISy and TMi; modes in a perfectly conducting
straight pipe. The two modes are still coupled by the curvature of the
guide, but as Miller has shown, the maximum power transfer will be small
if there is sufficient difference between the phase constants or between the
attenuation constants of the coupled modes. A difference in phase con-
stants may be provided, for example, by circular corrugations in the
waveguide wall, or perhaps most easily by applying a thin layer of dielec-
tric to the inner surface of the guide.” Differential attenuation may be
introduced into the TM;; mode by a number of methods, in particular
by making the guide out of spaced copper rings or a closely-wound wire
helix surrounded by a lossy sheath.® Unfortunately, the larger the guide
diameter in wavelengths the more difficult it is to get the separation of
propagation constants necessary to negotiate a bend of given radius
satisfactorily.

Still another solution of the bend problem is to decouple the TEy
and TMj; modes in a curved guide by partially filling the cross section
of the curved guide with dielectric material. The dielectric must be
arranged to produce coupling between the THEy and TM;; modes which
is equal and opposite to the coupling produced by the curvature of the
guide. This condition may be satisfied in a great variety of ways; but it
is not the only requirement for a good bend compensator. Practical re-
strictions are that the power levels of all other modes which are coupled
to TEw by the dielectric-compensated bend must be kept low, and of
course dielectric losses in the compensator must not be excessive.

Part T of this paper treats the general problem of a curved circular
waveguide containing an inhomogeneous dielectric. A convenient formu-
lation of the problem is provided by S. A. Schelkunoff’s generalized tele-
graphist’s equations for waveguides.” The field at any cross section of
the dielectric-compensated curved circular guide is represented as a
superposition of the fields of the normal modes of an air-filled straight
circular guide. A current amplitude and a voltage amplitude are asso-
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ciated with each normal mode, and the currents and voltages satisfy an
infinite set of generalized telegraphist’s equations. The coupling terms
in these equations depend upon the curvature of the guide axis and upon
the variation of dielectric permittivity over the cross section. In the
present application, the distribution of dielectric is taken to be independ-
ent of distance along the bend.*

The generalized telegraphist’s equations for all modes in a curved
circular waveguide containing an inhomogeneous dielectric are set up in
Section 1.1. As a special case one has the equations for an air-filled
curved guide, or for a straight guide with an inhomogeneous dielectric.
In Section 1.2 we transform from current and voltage amplitudes to the
amplitudes of forward and backward traveling waves on a system of
coupled transmission lines and in Section 1.3 we work out in some detail
the coupling coeflicients which involve the TEy mode. An approximate
formula for dielectric loss in a compensated bend, which is valid at least
in the important practical case when the relative permittivity of the
dielectric differs but little from unity, is given in Section 1.4.

Part II applies the foregoing theory to the design of bend compen-
sators for the TEy mode. In a well-designed compensator the ampli-
tudes of the backward (reflected) waves are very low, so we shall neglect
reflections. The amplitudes of the spurious forward waves should also be
low compared to TEy , so that we may consider them one at a time. We
assume that the TEy mode crosstalks independently into each spurious
mode, and represent the interaction between modes by a pair of linear,
first-order, differential equations in the wave amplitudes. Miller’s treat-
ment® of these equations is reviewed in Section 2.1, and applied in Sec-
tion 2.2 to TEy—TMj; coupling in plain and compensated bends. Some
results of the Jouguet-Rice theory™ * for plain bends are confirmed by
coupled-line theory. The condition for decoupling TEy and TMy in a
compensated bend is written down, and the consequences of imperfect
decoupling are discussed.

Three different compensator designs are described in Section 2.3, and
evaluated with regard to mode conversions and approximate dielectric
losses. In the first case, which may be called the “geometrical optics”
solution, the permittivity is supposed to vary continuously in such a way
that a bundle of parallel rays entering the bend would be bent into co-
axial circular arcs all of the same optical length. This is not a perfect
solution of the problem if the wavelength is finite, but it is of some

* We shall not consider the effects of random inhomogeneities, such as bub-
bles in polystyrene foam, although these might conceivably add to the mode
conversion if their dimensions were comparable to the operating wavelength,
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theoretical interest nevertheless. In the second case, a dielectric sector of
constant permittivity is attached to the inner surface of the bend nearest
the center of curvature; the angle of the sector is determined to satisfy
the decoupling condition. Such a sector may be an effective compensator
if the guide is small enough to propagate only 40 to 50 modes at the
operating frequency, as, for example, a Z-inch guide at a wavelength of
5.4 mm. Finally, we consider a compensator made of three dielectric
sectors, whose angles and spacings are chosen to decouple the modes
(TEy and TEy) with phase velocities closest to TEoy . The three-sector
compensator may be necessary if the guide is large enough to propagate
200 to 300 modes, say a 2-inch guide at 5.4 mm.

In Section 2.4 we investigate the effect of increasing the attenuation
of the spurious modes generated by the compensated bend. The con-
clusion is that it is not feasible to add enough loss to the worst spurious
modes to reduce appreciably the power which they abstract from TIE; .

As a sample of numerical results, it appears possible to negotiate a
90° bend of radius 20 inches in the Z-inch guide at 5.4 mm with an inser-
tion loss of about 0.3 db. This assumes a single-sector polyfoam compen-
sator with a relative permittivity of 1.036 and a loss tangent of 5 X 107°
(polyfoam with approximately these constants is currently available).
About 0.2 db of the quoted loss is due to mode conversions and 0.1 db to
dielectric dissipation. I'or a 2-inch guide with a three-sector polyfoam
compensator, a bending radius of about 12 feet appears feasible. The total
loss in a 90° bend should be about 0.35 db, with approximately 0.1 db
going into mode conversion and about 0.25 db into dielectric dissipation.
The dielectric loss is proportional, of course, to the total bend angle, and
for a 180° bend would be double the above figures.

b+a

CENTER OF CENTER OF v
CURVATURE CURVATURE z

Fig. 1 — Coordinates used in circular bend in circular waveguide.
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The appendix contains brief deseriptions of three dielectric compen-
sators which can be inserted in a straight section of guide adjacent to a
bend. The first two are transducers which convert TI; to a normal mode
of the curved guide; they are subject to bandwidth limitations as men-
tioned by Miller.? The third type merely takes the output mixture of
Ty and TMy; from a plain bend with a pure Ty input, and reconverts
it all to TEy, ; it is essentially a broadband device. The spurious modes
generated by a bend plus compensator have not been calculated, but it
is very unlikely that a smaller bending radius will be permitted when the
compensator is outside the bend than when it is inside.

I. THEORY
1.1 Generalized Telegraphist’s Equations

To describe electromagnetic fields in a curved circular waveguide one
is naturally led to use “bent cylindrical coordinates” (p, ¢, 2)," ** * in
which the longitudinal coordinate z is distance measured along the
curved axis of the guide, while p and ¢ are polar coordinates in a plane
normal to the axis of the guide, with origin at the guide axis. The lines
¢ = 0 and ¢ = 7 lie in the plane of the bend. The radius of the guide
is denoted by @ and the radius of the bend (i.e., the radius of curvature
of the guide axis) is denoted by b. The coordinate system is shown in
Fig. 1.

For the moment regarding (p, ¢, 2) as general orthogonal curvilinear
coordinates (u, v, w), we let

U = p, v =g, w = z. (1)

The element of length in this system is

ds’ = efdu’ + e’dv® + eldw’, 2)
where
ae=1 e=p ea=1+4% 3)
and
£ = (p/b) cos ¢. 4)

Maxwell’s equations for a field with time dependence e™‘ may be
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written in the form:®

L I:i (esI0w) — 9 (eZEv)] = —twuH,,
exes | dv dw

1 a a .
6371 I;—.j; (eB) — ™ (eaEw):l = —iwpH, ,

1 [5% (esB,) — a_av (61Eu):|

€169

I

—twuHy,

. _ ()
d a .

(;e; I:% (03Hw) - 3w (C2Hv)_ = twell, s

1 ]9 9 . '
e_ge—l l:%‘ (eiH.) — 7 (631{1,,,)J = twell, ,

1 ] P A .
oes [5— @) = 5 @) | = doell,

In these equations the permeability p and the permittivity e may be
functions of position. If there is dissipation in the medium, either e or u
or both may be complex.

To convert Maxwell’s equations into generalized telegraphist’s equa-
tions, we introduce the field distributions characteristic of the normal
modes of a straight, cylindrical guide filled with a homogeneous dielec-
tric. The derivation follows very closely that given by Schelkunoff' for
an inhomogeneously-filled straight guide. lach mode is described by a
" transverse field distribution pattern 7'(u, v), where T(u, v) satisfies

2m 1 d (e dT 3 (e 0T _ .2
"T—elez[éﬂm)W(a%)]— T, ©)

and x is a separation constant which takes on discrete values for the
various TE and TM modes. We shall denote the function corresponding
to the nth TE mode by T'1.;(u, v), and the separation constant by x(a ,
with the subscript in brackets. The normal derivative of T',; vanishes
on the perfectly conducting waveguide boundary. Similarly the function
corresponding to the nth TM mode is denoted by 7'« (u, v), and the sepa-
ration constant by x¢ , with the subseript in parentheses. The function
Ty vanishes on the boundary of the waveguide. For the present the
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modes may be assumed to be numbered in order of increasing cutoff
frequency; later when we have occasion to refer to specific modes we
shall replace the subseript #» by the customary double subseript notation
for TE and TM modes in a circular guide.

The T-functions are assumed to be so normalized that

fs (grad T)-(grad T) dS = f (flux T)-(flux T) dS
’ @)
=x [1%d8 =1,

where S is the cross section of the guide. The gradient and flux of a
scalar point-function W are transverse vectors with the following com-
ponents:

ow oW
du = —0 v = —0
grad, W T grad, W Py "
fuxe W= gue, W =
€20V e10U

Various orthogonality relationships exist among the 7-functions corre-
sponding to different modes of the guide, and among their gradients and
fluxes. These relationships have been listed by Schelkunoff.”

The transverse components of the fields in the curved guide may be
derived from potential and stream functions, U and ¥ for TE waves
and V and II for TM waves. Thus

Ey= —grad V —flux ¥,

v (9)
H; = flux II —grad U.

We now assume series expansions for the potential and stream functions
in terms of the functions 7'(u, v), with coefficients depending on w. Let

v

Il

—Zn:Vm)(w) Tw(u,v), O= —;I W) Ty, v),

(10)
¥ = —;V[nl(w) Ty (u, v), U = A—;I (W) Ty (u, v).

The I’s and V’s have the dimensions and properties of transmission-line
currents and voltages. If we substitute (10) into (9) and expand in



1216 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957

components by (8), we obtain:

T (n 0T 1n
Eu=ZI:V<n> @ Vim []],

10U €200
B, =3 [Vm) T~ Vi aeilt;[;]jl’ (11)
o= [—I(n) P4 1 iﬂ[;]]’
.= 2 [0 G 1 ]

TFor the longitudinal field components it is convenient to expand the
combinations ¢;5,, and e;H,, in the following series:

el = 2 x0 Vot () Ty (1, 0),

(12)
esHuw = 2 Xt L,y (W) Ty (%, 0).

It should be noted that the boundary conditions in the curved circular
guide are
i, =FE,=0 (13)

at the boundary of the guide, and that these conditions are satisfied by
the individual terms of the series for E, and F,, on account of the
boundary conditions already imposed on T, and T, . Hence we do
not have the problem of nonuniform convergence which sometimes
arises in treating waveguides of varying cross section by the present
method.

The procedure for transforming Maxwell’s equations into generalized
telegraphist’s equations is now straightforward, if a trifle tedious. One
substitutes the series (11) and (12) into equations (5), and integrates cer-
tain combinations of the latter equations over the cross section of
the guide, taking account of the orthogonality properties of the 7T-
functions. For example, subtracting 47 (.)/e:0v times the first of equa-
tions (5) from 87T (y/e:0u times the second equation, and integrating over
the cross section, yields

dV(m)
- m Vw m
dw X ) » (m)

= —iw Yy, I:I(,,) ];;163 (grad T ) - (grad T ) dS (14)

+ Ity fs,ue, (grad T gny) - (lux T'pay) dS].

Adding 97t /e10u times the first equation to 97',,;/e20v times the second
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and integrating gives

Do = i 3 [I(n) [ bes (grad T ) - (ux Te) aS
n S
(15)
+ I fs pes (grad Ty - (grad T'p) dS]-
Similarly, from the fourth and fifth equations we get
(—%% = —iw [V(n) f ees (grad T omy) - (grad T'¢,y) dS
n 8
(16)
+ Vi f ees (grad T o) - (flux T'ppy) dS:|,
S
Al pm
_dt[T] — XtmiLw,tm)
= —dw Y, I:V(n) f ees (grad T',y) - (ux T'py) dS a7
n S

—V[n] f €63 (grad T[m]) . (grad T[n]) dS:'.
S
From the third of equations (5) using the fact that the 7T-functions

satisty (6), then multiplying through by 7.1 and integrating over the
cross section, we get,

Vi = —i0 % Lotuxir [ ’ip[e—lT@ as. (18)
n 8 3
Similarly, from the sixth equation,
I(m) = —iw Z Vw,(n)X(n) f Mds (19)
n S €3
These equations may be written in the form

L, tmy 1L
Vi = — 3, 2wt lo i

" Xim] o0)
Iy = —2Y, M)_KM’Q’
» X(m)
where we define
Ziw,mitn] = WX X ) L&T%Qn—]ds’
21)

. el myT
Yo, mymy = 10X @mXm /——%”—)d&
8 3
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Solving (20) for I, m and Vi, in terms of Vi, and I, respectively,
we may write

Yo

o|
Iw,[m] = _Z %j["] V[n] ’
n m
(22)
Zw,
Vi,my = —2, =2 1y,
n X(@m)

where Yo, imn and Zy,,mym May be defined as the ratios of certain de-
terminants involving Z, mj; and Yu,mm respectively.*

We are now able to eliminate V., and I,,» from (14) and (17),
and to write down the generalized telegraphist’s equations for the
curved circular waveguide filled with an inhomogeneous dielectric in
the following form:

AV (m
dqfu) = —"Z [Z(m)(n)I(n) -+ Z(m)[n]I["]] )
AV im
T:u! - _; ZimowIw + Zimmlml,
dl “
d;’)") = -—; [Y(m)(n)V(n) + Y(m)[n]V[n]]:
Al m
Flw_] = —; Yimm Ve + Yimm Vil
The impedance and admittance coefficients are defined by:
Zmymy = j;#ez (grad T'om) - (grad T'wy) dS + Zuw,mym,
Zmym = w fsﬂea (grad Tom) - (flux T'ra) dS,
Zimm = 1 fs pes (flux Tom) - (grad Ten) dS,
L = j;“es (grad T'pm) - (grad T'my) dS,
(24)

Y ey = i f ces (grad T) - (grad T) dS,
S

* If (20) are actually regarded as infinite sets of equations, one has to pay some
attention to defining the meaning of the statement that their solutions are given
by (22). In practice we shall deal with a finite number of modes, and shall by-
pass all questions about infinite processes.
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Yimim = 20 f ees (grad T ) - (flux T') dS,
S

Yigem = tw f ee; (flux Tpy) - (grad T'y) dS,
8

Yimm = o fs ees (grad T'pu) - (grad T't) dS + Yo, tmifn-

It may be noted that if the guide were straight, so that e; = 1, and
if u and e were constant over the cross section, the ¥’s and Z’s would all
be zero except for those having equal subscripts. If the curvature of the
guide is gentle, and if u and e do not vary much over the cross section
(or if they vary extensively only in a small part of the cross section),
then the Y’s and Z’s with unequal subseripts will be small, and we can
obtain approximate solutions of (23) based upon the smallness of the
coupling,.

We shall now compute first-order approximations to the impedance
and admittance coefficients under the following assumptions:

M= Mo,

25
e = (1 + 9), (25)

where po and ¢ are constants (usually but not necessarily the per-
meability and permittivity of free space), and § is a dimensionless func-
tion of position. No mathematical difficulties would follow from assum-
ing u as well as € to be variable, but since the case of varying permeability
is not of such immediate practical interest we shall omit this slight addi-
tional complication. In order that the coupling per unit length due to
curvature and to inhomogeneity of the dielectric be small, we further
assume that

] £ a/b K1,

%f]&[dS((l, @5)

where, as usual, S is the cross-sectional area of the guide.
From (21), first-order approximations to Z,,(m and Y, mm are

Zw,[rn][nl = iw#O[an - g[m][nl]y (27)

Yo,mm = tweoldnn + Smym — Emml,
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where

Epmtn] = XmX(n) fs ETtmy Ty dSS,
Emm = XX j; ET oy Ty dS, (28)

dmyny = Xm)X(n) f5T(m)T(n) ds.
S

The quantity 6., is the Kronecker delta, and is not to be confused with
8(mymy , Which is defined by the last of equations (28). Note that &pmim
and £mym are zero unless the angular indices of the two modes in-
volved differ by exactly unity.

It is not difficult to obtain approximate solutions of (20) in the forms
(22), since the off-diagonal elements of the coefficient matrices of (20)
are small compared to the diagonal elements. Using the expression de-
rived by Rice!® for the inverse of an almost-diagonal matrix (we shall
not attempt to prove this result for infinite matrices), we find the first-
order approximations

Xm1X
Yo, imim = A2 15 4 Epmpml,
rek (29)
X myX
Zw,ony(n) = % [Brn + Emyoy — Bomym]-
0

Approximate expressions for the impedance and admittance coeffi-
cients appearing in the generalized telegraphist’s equations (23) are:

Zmymy = topoldmn + Emm] + Zu,mm

Zmym = 1wpoEmnl

Zimjy = WpoBrmlm) 5

Zimtn = twpoldmn + Emiml, (30)
Yimym = tweldmn + Emm + Amml,

Yimm = welEmm + Awmml,

Yimm = welZmem + Amml,

Yim = tweldmn + Epmitng + Apmita] + Yoo, tmira «
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where
Emym) = fs £ (grad T'my) - (grad T my) dSS,
Emyinl = fsé(gmd T my) - (flux T'pay) dS,
(31)
Emly = fsf(ﬂux Tim) - (grad T y) dS,
Zin = [ £(grad Tom)-(grad Ten) 05,
and
Amymy = fsa(grad T my) - (grad T ) dS,
Ay = fs é (grad Temy) - (flux T'ry) dS,
(32)

Ay = LB(ﬁuX Tim) - (grad T'y) dS,

A[m] n] = Lﬁ(grad T[m]) (grad T[n]) dS.

The =’s are zero unless the angular indices of the two modes involved
differ by exactly unity.

1.2 Representation in Terms of Coupled Traveling Waves

From now on we shall assume that the distribution of dielectric over
the cross section of the curved guide is independent of distance along
the guide, so that the impedance and admittance coefficients are con-
stants independent of z. (We shall henceforth designate the coordinates
by (p, ¢, 2), instead of the (u, v, w) of the preceding section.) The general-
ized telegraphist’s equations now represent an infinite set of coupled,
uniform transmission lines, and their solution would be equivalent to
the solution of an infinite system of linear algebraic equations and the
corresponding characteristic equation.

For our purposes it is convenient to write the transmission-line equa-
tions not in terms of currents and voltages, but in terms of the ampli-
tudes of forward and backward traveling waves, assumed to exist in a
straight guide filled with a homogeneous medium. Thus let @ and b be
the amplitudes of the forward and backward waves of a typical mode at
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a certain point. In what follows the wave amplitudes a and b will always
carry mode subscripts, so they need never be confused with guide radius
and radius of curvature. The mode current and voltage are related to
the wave amplitudes by

V = Kia + b),
5 (33)
I = K?%@a-0),
where K is the wave impedance. We have
Koy = hwy/we
) )/ weo 34)

K = wuo/him ,

for TM and TI waves respectively, where h(, and h, represent the
unperturbed phase constants,

2 21
by = (B — xm)’

s (35)
bty = (8° — x),

and

B = w'meo . (36)
For a cutoff mode, & is negative imaginary; but we shall deal only with
propagating modes in the present analysis.

If we represent the currents and voltages in the generalized tele-
graphist’s equations (23) in terms of the traveling-wave amplitudes, and
then perform some obvious additions and subtractions, we obtain the
following equations for coupled traveling waves:

da m) . + — + ~
dzm = =3 ) [Kemmyemy + Komy by + Klmyim@inl + Kmymbim),
n
Do — i3 1 f b + b
de +1 Km) @) T Kim) @)Dy + Kmym@pny + Km) (a0l
n
7 (37)
ar . + — + —
d:] = —3 2 [fmm@m + m@bm + Kimmm + Kmimbml,
n
dbpm _ . L + - +
P 43 2 ke + ki by + Kimlin1@inl + Kfmigmbim].
n

The «’s are coupling coefficients defined in terms of the impedance and
admittance coefficients by

Wenyom = HE mKw)* Yimw £ EoKm) ™ Zmymw),
iy = HE mEKm)' Yo £ EmKin)™ Zimyml,
it = M EmKw) Vimmw £ EmEw)™ Zimwl,
. 3 -3

i = H(EmKm)' Yimm £ EmKm) ™ Zimml-

(38)
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In these definitions the plus signs are taken together, likewise the minus
signs. The factors of 7 are introduced in order that the «’s may be real for
propagating modes in a lossless guide.

For the small-coupling case discussed at the end of the preceding sec-
tion, it is convenient to separate a typical coupling coefficient into two
parts; thus,

k=c¢+d. (39)

Here c is the coupling coefficient due to curvature and is zero unless the
angular indices of the two modes involved differ by unity. The coupling
coefficient d is due to the dielectric. All d’s vanish if the dielectric is
homogeneous; otherwise particular symmetries may cause certain classes
of d’s to be zero. The ¢’s and d’s may be expressed in terms of integrals
written down in the preceding section if we substitute for the ¥’s and
Z’s in (38) their definitions according to (30).

The «*’s which have equal subscripts (n)(n) or [n][n] may be regarded
as phase constants (of particular TM or TE modes) which have been
modified by the presence of the dielectric. For the modified phase
constants we introduce the symbols 8¢, and B, ; thus,

2
X 0mymy + hew*Ammy
2hny !

B A1 (1
2h[n] ’

The general expressions for the coupling coefficients between any two
different modes are as follows:

2 _
+ . 1 B (m)(n) X(m)X(")E(m)(n)
Comm = 5 |:’V hmyPny Bogmy oy Vil ,
m. n

X(m)X<n>5<m><n):|
V himyhny

Cmin = % BEmm [V /by = VRt /hew)
Aoy = 3 BAmy 1 Vi /B,

iy = % BEm o[V /himy = Vhimy/hw),
Gy = 3 BAmwy Ve hm » _

1 [ﬁZE[ml ] = Xtm)Xn1€pml ()

i —
c = = + = himh
[m] [n] 5 ‘/h[m]h[n] [m](n] [m}ltIn] |»

Bay = Kty = hey +
(40)

_ -+
Binl = Kinltl = b +

[\V]

1 .
d:(bm) m) = 5 l:\/h(m)h(n) Amym) =+

(41)

B*Am (1

dim nl = o . /11
[m] [n] 9 4 /h[m]h[n]
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where the symbols with double subscripts are defined by (28), (31), and
(32).

1.3 Coupling Coefficients Involving the TEy Mode

In Part IT we shall consider a well-compensated bend in which the
total power in all spurious modes is everywhere low compared to the
power level of TEy . (This is somewhat more restrictive than merely
assuming that the power in any one spurious mode is everywhere small
compared to the power in TEy .) To first order, therefore, we may com-
pute the power abstracted from T, by mode conversion by assuming
that the Ty, mode crosstalks into each spurious mode independently.
For this calculation we need the values of the forward coupling coeffi-
cients between TEy and all other modes. The crosstalk into backward
modes will be negligible in all practical cases.

We shall use the customary double-subscript notation for the various
modes in a round guide, but shall continue to denote TM waves with
parentheses and TIL waves with brackets. We assume that the distribuiion
of dielectric is symmetric with respect to the plane of the bend, so that Ty
is coupled to a definite polarization of each spurious mode. The normal-
ized T-functions are then:

;; Jn(x(nm)p) Sin N

T(nm) = - 3. 7 .. N
s ]C nm ']'n— k nm ’
A 1(kum) 42)
7 4/ JnXimp) cos ne
) 7 (bam® — 72 a(gam)’
where
kmy = Xama Jub@m) =0
’ ’ (43)
kiam) = X[nmlQ, Jnl(k[an) = 0,
and
1, n = 0,
€, = (44)
2, n # 0.

1.3.1 Coupling Coefficients due to Curvature

We know that to first order the curvature of the guide can couple the
TEqn mode only to modes of angular index unity. Let us calculate the
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coupling between TEy and TM;,, . Referring to (31), we have

Eamyon = Z(o1](1m)
= f E(grad T(lm)) . (ﬂux T[()l]) dS
S

(45)

_ ]2” * vV/2J 1 (x1010) 1 (x amyp) oS’ o
o Jo  wabkamJo(kion)So(kam)

a/'\/ik[m]b lf m = 1,
0 if m == 1.

pdp de

Hence the only transverse magnetic mode coupled to TEy by the bend
is TMy; , and from (41) the forward coupling coefficient is:

Canon = Gonay = Ba/N/2 kpnb = 0.184548a/b. (46)

To obtain the coupling between TEy and TE;,, , we must evaluate two
integrals. From (28), the first is

£roupm) = &pmion

= X{ouXiim) f ET 1o Tm dS
S

fh ¢ \/é X[lm]P2JO(X[01]p)J1(X[lm]P) cos’ [4 dp do (47)
o Jo o wab(kpm® — 1)Mo(kon)J1(km)

\/2a Epim (eron” + Kpimr?)
b (kpm® — 1¥kwpy* — kpm?

and from (31), the second is

E[OI] [1m] = E[lm] [o1]

= fsg(grad T[ox]) . (grad T[]m]) dS

- _ fh * V2 xump "1 (eioup) Ty (ximip) c08” ¢ dp dp (48)
o Jo wab(kpm® — DWo(kior)J 1(kpimy)

_ 2\/§a ]C[m]k[lm]2
b (kpm® — Dion? — kum®*

A short table of numerical values of the above two integrals follows:

m Elo1111m} El01](1m]

1 0.23871 a/b 0.18638 a/b
2 0.32865 a/b 0.31150 a/b
3 0.03682 a/b 0.02751 a/b
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Putting these values into the expression (41) for the forward coupling
coefficient, we obtain:

[[0.09319(8a)? — 0.84204 1
clonuy = Vhanahona =+ 0.09319 v h[ouah[ma] it

[0.15575(8a)? — 3.35688 ]1
m -+ 0.15575 \% h[m]ah[lg]a B’ ) (49)

+ —
Cronniz) =

r0.01376(8a)? — 0.60216 1
C—[';)I][lal = m + 0.01376/ h[onah[m]a T) .

1.3.2 Coupling Coefficients due to Dielectric

Depending upon the distribution of the dielectric material over the
cross section of the guide, the TEy mode may be coupled to any mode
except those of the TM,,, family. The dielectric coupling coefficients, as
given by equations (41), are

d?Bu (nm) = d-('-nm)[l)l] = %fm[m] (nm)\/h(mn)/h[ou,
Aoy tm = dinmiton = Lot o
o . 2'\/h[Ol]h'[nm] )

The A’s are obtained from equations (32); thus,

At omy = fs 5(grad Tum) - (Aux Tyoy) S

- f21r ¢ 5(9; @)nﬂJn(X(nm)P)Jl(XIOIIP) COS N dp d‘P
o Jo Tk (nmy ne1 (Ko amy) S o (K 01)) ’

1
A[Ol] [nm}] = ﬁﬁ(grad T[nm]) . (grad T[m]) das (5 )

__f” ¢ 5(/% 90) \/é—nX[nmlJn,(X[nm]P)Jl(X[m]P) COS Ny pdpde
o Jo Ta(Fpnmy* — 1) o (kgamy) Jo(Fron) ’
1.4 Dielectric Losses

To take account of dielectric dissipation we may introduce a complex
permittivity,

e=¢ — 1’ = ¢ (1 — 7tan ¢), (52)

where ¢ is the loss angle of the dielectric and is not, of course, to be con-
fused with the coordinate ¢. If we let

€ =¢ (1419, (53)
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where ¢’ is real, then (52) may be written
€= el +& —i(l + 0) tan o] = el + 8), (54)
where
5 =8 —i(l + &) tan o. | (55)

No changes in the formal analysis result from the fact that é now has a
complex value.

If the compensator is designed (assuming & lossless dielectric) so that
the total power coupled from TEy into all spurious modes is small at
all points, it is reasonable to assume that the principal effect of dielectric
loss on the TEy mode will be seen in the modified phase constant B
of this mode in the presence of the compensator. If the compensator is
made by filling a certain part S; of the guide cross section with a medium
of constant (complex) permittivity, and the rest of the cross section with
air, then from (382) and (40) the modified phase constant of the TIy
mode is

B
2h[01]

By = hpy + ﬁ (grad Tyoy)* dS, (56)
1

where § is given by (55). Since § is complex, the attenuation constant is

B (1 + &) tan ¢
2h[01]

where the integration may be carried out as soon as the area S; is speci-
fied. :

The approximation (57) for the attenuation constant due to dielec-
tric losses has a simple physical interpretation. It corresponds to the
power which would be dissipated in a medium of conductivity we” if
the electric field existing in the medium were the same as the field of the
TExn mode in a straight, empty guide. This is probably a very good
approximation if &’ is small, as it will be for the foam dielectrics from
which compensators are most likely to be made.

It is doubtful that (57) furnishes a good approximation to the dielec-
tric loss when the permittivity of the compensator is high (§ not small
compared to unity). If the permittivity is high the cross section of the
dielectric member will be small, but the field perturbation may be large
in the immediate neighborhood of the dielectric. The series which rep-
resent the fields in terms of the normal modes of the empty guide may
converge slowly; in other words, when using the telegraphist’s equations
one must consider the coupling between TEy and a large number of

agpy = —Im By =

j; (grad Ton)? dS,  (57)



1228 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957

other modes, none of which appears by itself to be very strongly coupled
to TE01 .

Of course if we had a single normal mode of the compensated guide,
with a field pattern independent of distance along the guide, it might
well be possible to calculate the field distribution and the dielectric losses
approximately, without reference to the telegraphist’s equations and
regardless of the permittivity of the dielectric. However, we do not have
a single normal mode of the compensated guide, but rather a mixture of
modes. The field pattern varies along the guide as the modes phase in
and out; and it is not easy to conclude from this picture what the actual
dielectric losses will be.

Finally it should be remembered that we have said nothing about the
possible effect of a dielectric compensator on eddy current losses in the
waveguide walls. If one attempted to use a compensator of small physical
size and correspondingly high permittivity, the resulting perturbation
of the electric field might very well increase the eddy current losses in
the wall adjacent to the compensator. On the other hand, the increase
would probably be negligible for a compensator made out of a foam di-
electric.

II. APPLICATION
2.1 Properties of Uniformly Coupled Transmission Lines

We shall now apply the preceding theory to the calculation of TEgy
mode coupling in gentle bends. To describe propagation in a curved
waveguide in terms of the modes of a straight guide requires, in general,
the solution of the infinite set of equations (37); but we can give an ade-
quate approximate treatment by considering just two modes at a time,
one mode of each pair always being TEy, . Furthermore we need consider
only the forward waves, since the relative power coupled from the for-
ward waves into the backward waves is quite small.

The differential equations representing the forward waves on two uni-
formly coupled transmission lines are:

% + Yoo + Ky = O,
(58)

. d
iay + 2 4+ yaar = 0.
In these equations ao(2) and a:(z) are the amplitudes of the forward

traveling waves, normalized so that | a, |* and | a, |* represent power flow
directly. We may think of the subscript 0 as always referring to the TEy
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mode. The complex constants v, and v; may be regarded as (modified)
propagation constants; note that because of the coupling they are not
necessarily equal to the propagation constants of the uncoupled modes.
The coupling coeflicient is denoted by «; it will be real if the coupling
mechanism is lossless, but is not required to be so in the general mathe-
matical solution.

We are interested in the case in which line 0 contains unit power at
z = 0, and line 1 contains no power. Subject to the initial conditions

aro(O) = 1, (11(0) = 0, (59)
the solution of (58) is

_ 1 (70 _ 'Yl) mez 1 _ (70 - 71) myz
) = [ﬁ-‘z?‘}f t [é T]e :
j (60)
@) = L™ — M,
r
where
r=V(n— ) — 4 (61)
and
my = 3~ (yo + v1) + 7],
(62)

me = 3[—(yo + v1) — 7]

For the case of two propagating modes without loss, « is real and we
may write

Yo = 16, 71 = 61 ) (63)
so that

r=1v (8 — B)? + 4x2 (64)

A straightforward calculation now gives the power in each line at any
point:

4 : ;
Po=|a@ | =1- msmz 1B — Y + 4T,
y (65)
Pr=lae) ' = (_ﬁo——ﬁsz—w sin® 3[(8 — B81)° + 4]z
Hence the maximum power transferred from line 0 to line 1 is
2 2
(Pl)max _ 4« _ [QK/(BO _ ﬁl)] (66)

C (B — B+ 42 T+ [2/(B0 — B’
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and the points of maximum power transfer are

_ @2n + D
¢ V(Bo — B)? + 4

where n is any integer.

As is well known, complete power transfer from line 0 to line 1 is
possible if and only if the (modified) phase constants 8, and 8; are equal.
In general the maximum power transterred to line 1 depends on the ratio
of the coupling coefficient to the difference in phase constants, and if this
ratio is small, then

(67)

(P1)max = 4K2/(60 - 61)2- (68)

If the.difference in phase constants is not large enough to prevent un-
desirable power loss from line 0, an alternative possibility, as Miller®
has shown, is to increase the attenuation constant of line 1 while leaving
the attenuation constant of line 0 as nearly unchanged as possible. We
can get an idea of the required attenuation difference from the following
approximate treatment.

Let
Yo = Qg + iﬁo 5
. (69)
Y1 = a1 + 161,
and assume that
| 2¢/(vo — 1) | P 1. (70)
Then
2 2
TR Y — Y1 — ‘ , (71)
(’Yo - ’Yl)
and
K2
AT Yo — 71’
- 1
) (72)
my R —yo + —— .
Yo — M1

We are interested in the power in line 0. From the first of equations (60),
we have

2 2
aO(Z) [ + (70 - ’Yl)2 ¢ ("/o - 71)26 ( )
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Let us consider the case in which line 1 has a much higher attenuation
constant than line 0; that is,

a > . ‘ (74)

The second term on the right side of (73) is provided with a small co-
efficient, and also its exponential factor decays much faster than the
exponential in the first term. The second term, therefore, rapidly be-
comes negligible as z increases, and we may write,

2

If the attenuation constant of line 0 is not modified* by the presence
of the coupled lossy line 1, then in the absence of line 1 the amplitude of
ao(2) would be ¢ %%, and the factor by which the amplitude is reduced
owing to the presence of line 1 is

K2
14—
(vo — v1)*
The first factor on the right is very nearly unity, but not less than unity
if x is real (lossless coupling mechanism) and

(a1 — @)’ Z (B — Bo)™ )
Hence the factor by which the amplitude is multiplied is not less than

2

gl | (76)

(Olo - a1)K22
(0 — a1)? + (B0 — B1)? 78)

assuming that « is real. If the amplitude of the wave on line 0 is not to
be down by more than N nepers, after a distance 2, from what it would
have been in the absence of the coupled line, it suffices to have

exp = exp

Yo — Y1

(r — )i’z _
(a1 — a0)? 4 (B1 — Bo)? =N 79

or

ar — ao = 3 (&2/N) + vV (®2/N)2 — 4(8: — Bo)*l- (80)
2.2 TEq—TMiy Coupling in Plain and Compensated Bends

In Jouguet’s' and Rice’s® analysis of propagation in a curved wave-
guide, the curvature is treated as a perturbation and the field com-
* The value of ap may very well be modified by the coupling; but if it is this

can easily be taken into account when computing the over-all change in | ao(2) |
due to the presence of line 1.
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ponents are developed in powers of the small parameter a/b, but the
field perturbations are not expressed in terms of the modes of the straight
waveguide. We shall now consider propagation in plain and compen-
sated bends from the coupled-mode viewpoint.

Denote the coefficient of coupling between the TIly; mode and the
TM.,.,, mode or the TI,, mode by

K(nm) C(nm) + d(nm) ’ (81)

Kinm] = Cinm] + dinm] ,
respectively, where as usual we indicate TM modes by enclosing the
subseripts in parentheses and TE modes by enclosing the subscripts in
brackets. In Part I the coupling coefficients are written with two pairs of
subseripts, since in general they may refer to any two modes, but here
one pair of subscripts would always be [01] and will be omitted. The co-
efficient ¢ represents that part of the coupling (if any) which is due to the
curvature of the guide, and d represents the coupling (if any) which is
due to the inhomogeneity of the dielectric. We assume that the dielec-
tric loading, if present, is symmetric with respect to the plane of the
bend, so that coupling to only one polarization of each mode need be
considered.

The phase constants of the TM,,, and TIE,,, modes in a straight, empty

guide are, respectively,

h("?ﬂ) = VB2 - X(nm)2’ h[nm] = \/52 —_ X[nm]27 (82)

where
X(nm) = k(nm)/a; X[nm] = k[nm]/a, (83)
and
Jn kam) =0,  Jo' (btam) = 0. (84)
Also
B8 = 2mw/A, (85)

where A is the free-space wavelength.

As noted in the preceding section, the presence of coupling may
cause the modified phase constants B¢my and Brm of the coupled modes
to differ slightly from the unperturbed phase constants hgmy and hpumg -
In a plain bend (curvature coupling only), the 8’s are equal to the A’s,
and in most cases the effect of a small amount of dielectric coupling on
the phase constants may be neglected. Exact values of Bium and Bmm
may be obtained if necessary from (40).
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The coupling coefficient between the TEy; and TM;; modes in a plain
bend is given by equation (46) as

cany = Ba/N/2kpnd = 0.18454 Ba/b = 1.1595a/Ab. (86)

The (smallest) critical distance for maximum power transfer is given by
(67) with 8, = B:1, namely

_ ™ kpenbh  1.3547bA
Zoo 2cany 2420 a ’

and the critical angle 9, is

(87)

Foy = 2eo/b = 1.3547 A/a radians = 77.62 N/a degrees. (88)

This expression agrees, as it must, with that obtained by Jouguet and
Rice. (We write 9., for the uncompensated bend in order to reserve .
for a bend with dielectric loading.)

It should be pointed out that ¢qyy is not necessarily the largest of the
coupling coefficients due to curvature. In a guide sufficiently far above
cutoff, it appears from (49) that cun is approximately equal to cap ,
and ¢y is one and two-thirds times as large as can . If two transmission
~lines are coupled over a distance z which is small compared to the dis-
tance required for maximum power transfer, then by (65) the relative
power transferred to line 1 is

Pi(z) = ¥4, (89)

which is proportional to the square of the coupling coefficient. It follows
that for a sufficiently small bending angle the largest amount of power
will go into the mode which has the largest coupling coefficient to TEy
(in the above example, TE;). Each coupling coefficient, however, is
proportional to 1/b, and can be made as small as desired by increasing
the radius of curvature of the bend. Since the phase constants are unal-
tered to first approximation by the curvature, the maximum power trans-
ferred tends to zero with 1/b° for every mode whose unperturbed phase
constant differs from hgy; . The only mode with finite power transfer for
a finite bending angle with an arbitrarily large bending radius is TMy, ,
since hay = hpon . For the present we shall assume a bending radius so
large that power transfer to modes other than TMy, is negligible. Com-
plete power transfer from TEy to TM;; will then take place in a plain
bend at odd multiples of the critical bending angle ¥, .

We now consider a dielectric-loaded bend in which the permittivity e
is a function of the transverse coordinates (p, ¢), but does not vary
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from one cross section to another. The permeability u is assumed to be
constant. Thus we shall write, as in (25),

M= Mo,
(90)
€ = 60[1 + 6(Py QO)],
and assume that
Lls1as <, 1)
S Js

where S is the cross-sectional area of the guide. The inequality (91) im-
plies either that e does not vary much over the cross section, or that it
varies extensively over only a small part of the cross section. The first
alternative corresponds to a dielectric whose relative permittivity dif-
fers but little from unity, and is the most likely case in practice. If, on
the other hand, 6 is large in a small region (a thin sliver of high-permit-
tivity material), the dielectric coupling coefficients will not diminish
very rapidly with increasing mode number. The TEq mode will be appre-
ciably coupled to a large number of modes, and it may not be safe to
assume that the total power converted into spurious modes is small just
because the conversion into any given mode is small. We shall not try
to decide here what maximum value of | § | is practicable.

If the distribution of dielectric is symmetric with respect to the plane
of the bend, the dielectric couples the TEy mode to a definite polarization
of each spurious mode, and in particular to the same polarization of the
TM,; mode that is coupled by curvature alone.* The dielectric coupling
coefficient between Ty and TMy, is, from (50) and (51),

P B
an = \/21rak[m]J02(k [01])

It is obvious that the decoupling condition, namely:
kay = can + day = 0, (93)

may be satisfied by an infinite number of different distributions of per-
mittivity. Ingenuity is required, however, to find a configuration which
is easy to fabricate and which does not couple the TEy mode too strongly
to any other mode in the guide. The spurious mode problem is quite
serious when the diameter of the guide (in wavelengths) is so large that

coS
j; 8(p, ©)J 1 (X(o110) T(P dS. (92)

* A dielectric insert which is not symmetric with respect to the plane of the
bend will couple TEq,; to the other polarization of TM;y,; , with potentially complete
power transfer to this mode on account of the equality of phase velocities. A small
accidental lack of symmetry should not lead to serious mode conversion in a bend
of moderate angle.
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many modes have phase velocities close to TEy, . In the next section we
shall compute the coupling to various modes for a number of cases.

Mention may be made here of the effect of imperfect decoupling. If
we could satisfy the decoupling condition (93) exactly, then to first
order there would be no transfer of power from TEg to TMy; in a bend
of any angle. In practice we cannot expect to satisfy (93) exactly, on
account of uncertainties in the permittivity and dimensions of the
compensator. If the coupling coefficients are constant along the bend, the
effect of reducing xa;y by making dqy nearly equal and opposite to cqy
is to increase the distance required for maximum power transfer to
TMy; to take place. In the simple case where 8¢y = By , a8, for example,
when the compensator is made of a bent half-cylinder of dielectrie, the
critical angle for a fixed bend radius is inversely proportional to xq .
The critical angle &, for an imperfectly compensated bend, in terms of
the critical angle 9., for an uncompensated bend, is

Can
cay + day

If dgy can be made equal and opposite to cqy within 1 per cent, say,
then 8, = 100 &, . The power transferred in a bend of angle ¢ is simply
proportional to sin® (3/4.).

P = 000 . (94)

2.3 Various Compensator Designs

From now on we shall consider a compensated bend in which the
TEy and TM;; modes are completely decoupled, and we shall investigate
the coupling between TEy and spurious modes. (By “spurious mode”
we mean any mode of the straight round guide except TEy or TMy .)
We shall assume that the power in all spurious modes is everywhere
low compared to the power level of TEq . To first order, therefore, we
may compute the power abstracted from TEy by mode conversion by
assuming that the TEy mode crosstalks into each spurious mode inde-
pendently. In practice the crosstalk is greatest into modes whose phase
velocities are nearest, to the phase velocity of TEq ; and it seems more
than adequate, at least for foam dielectric compensators, to consider
about a dozen modes.

From (68), the maximum relative power (assumed small) which cross-
talks from TEy, into a given spurious mode is

(Pumax = [2¢/ (B0 — BT, (95)

where x is the total coupling coefficient. For all spurious modes we
assume that the difference in phase constants is not much changed by
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the dielectric loading; this assumption obviates the somewhat laborious
calculation of 8; for each spurious mode from (40). Thus,

Bo— B R e — I, (96)

and a good estimate of the maximum power which crosstalks into any
spurious mode is

(Pl)max ~ [2(6 + d)/(ho - hl)]z' (97)

If the form and dimensions of a bend compensator are fixed, and the
TEu—TM;; decoupling condition is assumed to be met by adjusting the
permittivity, it turns out that the maximum power which crosstalks
into a given mode is proportional to (a/b)". Tt is thus easy to calculate
the bending radius which makes (P1)max for any given mode equal to a
(small) preassigned value. The total power abstracted from the TEg
mode by mode conversion will be a complicated, fluctuating function of
distance along the bend, or of frequency at a fixed distance, because of
the different critical distances for maximum power transfer into the dif-
ferent spurious modes, but we can get an idea of the minimum tolerable
bending radius by considering just the crosstalk into the one or two most
troublesome modes.

It seems likely that with present-day dielectrics at millimeter wave-
lengths, dielectric losses in a compensated bend will be comparable to
mode conversion losses. For this reason an estimate of dielectric losses
is given in connection with each type of compensator design discussed
below.

2.3.1 The Geomelrical Optics Solution

An obvious way to design a bend compensator on paper is to load the
bend with a medium of continuously varying permittivity for which*

8 = —2(p/b) cos . (98)

This may be called the geometrical optics solution of the bend problem,
since to first order it equalizes the optical length of all circular paths
which are coaxial with the curved center line of the waveguide. Physi-
cally the required variation of permittivity is rather simple; the per-
mittivity at each point depends only on the distance of the point from a
line through the center of curvature perpendicular to the plane of the
bend. An attempt to indicate this variation by shading has been made

* In order that the relative permittivity of the medium be nowhere less than

unity, the constant ¢ in the expression e = ¢ (1 + &) must be greater than the
permittivity of free space; but this does not affect the analysis in any way.
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Fig. 2 — Various bend compensators.

in Fig. 2(a). One could approximate the continuous variation with a
laminated structure consisting of a number of layers of different permit-
tivities, the permittivity varying slightly from one layer to the next.

Although the geometrical optics approach provides a very good theo-
retical solution to the bend problem, it does not lead to a perfect compen-
sator. It is shown at the end of this section that a perfect compensator,
in the sense of one which does not couple TEy to any other mode at any
frequency, does not exist. The geometrical optics compensator couples
the same modes to TEy that are coupled by the curvature of the bend
itself, namely TMy; and the TE,,, family; but the coupling coefficients of
the various modes are not in exactly the same ratios. Thus if § is given
by (98), the net coupling between TEy and TMy, in the compensated
bend is zero, but there will be a small residual coupling between TEqy
and each of the TE;,, modes.

The curvature coupling coefficients are given by (49). Table I contains
numerical values which have been worked out for Sa = 12.930 and
Ba = 29.554, corresponding respectively to guide diameters of ¥ inch and
2 inches at an operating wavelength of 5.4 mm.

Dielectric coupling coefficients can be worked out without much dif-

TaBLe I — CouprLiNGg COEFFICIENTS AND POowER TRANSFER
IN GEOMETRICAL OPrics COMPENSATOR

Ba = 12.930 ' Ba = 29.554

Mode

d ct+d ¢ 2 , c+d

¢ (o — T (oo — T

TM,; | 2.386/b | —2.386/b — 5.454/b | —5.454/b —

Ty | 2.344/b | —2.479/b | 0.600a/b | 5.480/b | —5.537/b | 0.597a/b
TE:.. | 3.759/b | —4.318/b | —1.962a/b | 9.092/b | —9.322/b | —1.954a/b
TE;, | 0.306/b | —0.420/b | —0.087a/b | 0.793/b | —0.834/b | —0.083a/b
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ficulty from (50), (51), and (98). The first few coefficients are:
dap = —0.184548a/b, '

dyy = — 0.18638(Ba)?/b

\/h[ouah[n]a ’ (99)
duy = — 0.31150(Ba)?/b

\/h[ouah[m]a !
dy = — 202710/

Vhoyahza

Some numerical values are recorded in Table 1.

The phase constant of any mode in the compensated bend is equal
to the phase constant of the same mode in a guide filled with material
of constant permittivity e . We may therefore set By — Bums equal
t0 Aoy — hum . Strictly speaking, A is then the wavelength of a free wave
in a medium of permittivity e ; but ¢ differs little from the permittivity
of vacuum if the compensator is made from a foam dielectric. The ratio
of total coupling coefficient to difference in phase constants, namely
2(¢c + d)/(ho — M), which determines the maximum power transfer by
(97), isgivenin Table I for the Z-inch and 2-inch guides at A = 5.4 mm.

For large Ba the leading terms in ¢p; and di.; , which are proportional
to Ba, cancel each other, and c¢pm + dum decreases like 1/8a. The differ-
ence in phase constants, ki — hpum, is also proportional to 1/8a for
large Ba. Hence the ratio of coupling coefficient to difference in phase
constants approaches a finite limit as Ba approaches infinity; to three
decimal places the limiting values are the same as those given in Table I
for fa = 29.554.

If we choose a sufficiently large value of a/b, the maximum power
transferred to a given mode may be made to approach any preassigned
small value as A/a approaches zero. This is a special property of the
geometrical optics compensator. Tor other compensator designs ¢ + d will
be of the order of Ba while hy — h; will be of the order of 1/Ba, so that
2(c + d)/(ho — hy) will tend to infinity like (8a)®. Hence in the short-
wavelength limit the bend output will be a jumble of modes all at com-
parable power levels. Practically, one must expect the same end result
with a geometrical optics compensator, because of the impossibility of
meeting exact mathematical specifications; but a carefully-designed
geometrical optics compensator should work satisfactorily up to a con-
siderably higher frequency than any other type.
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To get an idea of tolerable bending radii with a geometrical optics
compensator, we shall calculate the radius at which the maximum mode
conversion loss from TEy into TE;, (the worst spurious mode) is 0.1
db. Setting P; = 0.02276, we find from (68) that the minimum bending
radius for a Z-inch guide is 5.69 inches, and for a 2-inch guide, 12.95
inches, both at a wavelength of 5.4 mm. It is worth noting that if | dpg |
is increased by 5 per cent of its theoretical value, the minimum bending
radius becomes 7.89 inches for the -inch guide and 39.2 inches for the
2-inch guide. (This assumes that the TM;; mode is still properly de-
coupled and that TE}, is still the worst spurious mode.)

Dielectric losses are likely to be a serious problem in a geometrical
optics compensator, inasmuch as the whole volume of the bent guide has
to be filled with dielectric. Relatively large values of § are required to
negotiate bends as sharp as those just discussed. For example, if b = 13a,
in a practical case § might range from 0.058 at the inner surface of the
bend to 0.250 at the center of the guide to 0.442 at the outer surface
(referred to € as the permittivity of free space). The loss tangent of
present-day dielectrics in this range is approximately 2 X 107 A large *
(i.e., far above cutoff) waveguide filled with a dielectric of relative per-
mittivity 1.25 and loss tangent 2 X 107* will show a dielectric loss of
about 1.13 db/meter or 0.34 db/ft at 5.4 mm. The dielectric loss in a
90° bend with a bending radius of 1 foot would be about 0.54 db, and for
other bends the loss would be directly proportional to the length of the
bend, and to the loss tangent if different from 2 X 107", It is true that
loss tangents as low as 5 X 107° may be obtained with lower values of
permittivity, say § = 0.033; but with such a small 6 the bend radius
must be proportionately larger, and the total dielectric losses in & bend of
given angle would be larger than with a higher permittivity material.

We proceed now to demonstrate the assertion made earlier that a per-
fect bend compensator does not exist. More precisely, we shall show that
it is impossible to compensate the bend with an isotropic medium whose
permittivity and permeability are everywhere finite, but otherwise
arbitrary, in such a way that there is no conversion from TEy to any
other mode at any point at any frequency.

If there is no mode conversion at any point of the bend then the fields
at all points must be those of the TEy mode, referred to the bent cylindri-
cal coordinate system described at the beginning of Section 1.1. In other
words, we have prescribed the electromagnetic field and are asking
whether it is possible to choose the permeability and permittivity so
that the given field will satisfy Maxwell’s equations. Usually the
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answer to this question will be “No.” The Maxwell equations,
VX E = —iopH,
> = .- (100)
v X H = twekl,
are equivalent to six scalar equations, and if the components of 77 and
H are prescribed, one cannot in general satisfy all these equations by
merely adjusting the two scalar functions g and .
It is particularly easy to see the difficulty for the TEy mode in a
curved guide. Recall that the TIZ,; mode fields are independent of the

coordinate ¢, and that the only non-vanishing field components are
E(p, 2), H,(p, 2), and H.(p, 2). The fourth of equations (5) is:

ol /) cos i)~ 2 ot |

pll + (p/b) cos ¢] L dp (101)

= twell, .

Since I, = 0, the right side of the equation is zero for any finite value of
e at any finite frequency, and the whole equation reduces to

H, sin ¢

bt pcose 0, (102)
which can be true for all values of p and ¢ only if the radius of curvature
of the bend is infinite. Hence a perfect compensator cannot be designed
with any value of e.

The practical importance of this result does not appear to be great,
since theoretically the geometrical optics solution would provide an
extraordinarily good compensator. Until one has a dielectric whose
permittivity is continuously variable and precisely controllable, and
whose loss tangent is very low, even this solution is of only academic
interest.

2.3.2 The Single-Sector Compensator

In practice the simplest way to compensate a bend is to fill part of
the cross section of the guide with homogeneous dielectric material of
relative permittivity (1 4+ 6), and leave the remainder empty. In many
cases a suitable shape for the cross section of the dielectric is a sector of
a circle, inserted on the side of the guide nearest the center of curvature
of the bend, and symmetrically placed with respect to the plane of the
bend. Such a sector, of total angle 6, is shown in Fig. 2(b). We shall now
discuss the properties of a single-sector compensator.
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For future reference, the modified phase constants of the TEy, and
TMy modes may be calculated from (40) as:

6 .
Bay = hay + i [(6 — 0.29646 sin 6)5*
7I'h(11)
— (0.70354 sin 6)xan’, (103)
%50
Brou = hpoyy + %

The dielectric coupling coefficients for the single-sector compensator
are given by (50) and (51), provided that some of the Bessel functions
are integrated by Simpson’s rule. In particular, the dielectric coupling
coefficient between TEy and TMy; is

day = —0.12066 66 sin 6/2. (104)

Substituting (86) and (104) into (93), we obtain the decoupling condition
for a single-sector compensator, namely

1.5295 a

No circular magnetic modes (TM,,) and no higher circular electric
modes (TEq, TE, ete.) are coupled to TEy by the single-sector com-
pensator. We also observe that the coupling coeflicients of the TE,
and TMjy,, modes do not depend upon the sector angle 6 so long as 6
and 6 are related by (105). This is because these modes have the same
angular dependence as the TMy; mode, which we are trying to compen-
sate.

The most troublesome spurious modes are those whose phase velocities
are closest to TEy; , namely TEy and TE;; . The coupling coefficients and
power transfer ratios for these two modes in Z-inch and 2-inch guide are
given in Table II. Either of these modes could be decoupled by proper
choice of the sector angle, provided we had a uniform, low-dissipation
dielectric with the required value of §, but it is impossible to decouple
both modes at once with a single sector. As a compromise, we might adopt
the sector angle which equalizes the maximum power transferred to TEy
and TEy; (the distances for maximum power transfer are of course not
the same for the two modes). This angle is approximately 144°.

Suppose we wish to employ a 144° sector in a Z-inch guide at 5.4 mm.
If the criterion is that TEy is to lose a maximum of 0.1 db each to TEy
and TEz , so that the total mode conversion losses are of the order of 0.2
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TaBLE II — CoUPLING COEFFICIENTS AND POWER TRANSFER TO TEq
AND TEj; MODES DUE TO SINGLE-SECTOR COMPENSATOR

Ba = 12.930 Ba = 29.554
Mode
d 2d/(ho ~ ) d 2d/(ho — hr)
1.1152 sin 6 a sin 6 2.4727 sin @ a sin @
TE — —— | —~10.38 = —; . —54.23 — —
o b sin 6/2 b sin 6/2 b sin 6/2 5428 3 i 0/2

Thy, _ 0.6579 si'n 36/2 1089 a si.n 36/2 | 1.4426 si.n 36/2 —56.01 & si.n 36/2

b  sin 6/2 b sin 6/2 b sin6/2 b sin 6/2

db, then the bending radius can be 19.5 inches. The corresponding value
of & is 0.036.

If we try to use a 144° sector in a 2-inch guide at 5.4 mm, with the same
mode conversion criterion as before, the bending radius must be so large
that no currently available dielectric has a small enough value of § to
satisfy the decoupling condition. We are therefore forced to use a smaller
sector angle. With a sector of small angle, TE;; is the worst spurious
mode. It turns out that if § = 0.033 and if TEy is not to lose more than
0.1 db by conversion into TEs , the minimum bending radius is 1131
inches or 94.3 feet, and the corresponding sector angle is 4.70°.

An approximate formula for the attenuation constant due to dielec-
tric losses in a single-sector compensator is given by (57), provided that
6 is small. The result is

2 o
_ B+ tane 6° nepers/meter, (106)

2hoy 360
where tan ¢ is the loss tangent of the dielectric, and 6° is the sector angle
in degrees. As numerical examples, we find that the dielectric loss at 5.4
mm in a -inch guide compensated with a 144° sector having § = 0.036,
tan ¢ = 5 X 107, amounts to 0.085 db in a 90° bend of radius 19.5
inches. In a 2-inch guide compensated with a 4.70° sector (6 = 0.033,
tan o = 5 X 107°), the dielectric loss is 0.155 db in a 90° bend of radius

94.3 feet.

2.3.3 The Three-Sector Compensator

Although the single-sector compensator should work well in a guide
which will propagate only 40 to 50 modes, it does not look so promising
for a 200- to 300-mode guide, chiefly because of the unavoidable crosstalk
into TEy and/or TEy; . We are therefore led to consider the design of a
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three-sector compensator which will not couple either TE,; or TEy to
TEm . .

A three-sector compensator is shown schematically in TIig. 2(c). The
angle of the center sector is called 6; and the angle of each outer sector
0, . Each outer sector makes an angle , measured between center planes,
with the center sector.

The condition for decoupling THoe, from TM;; with the three-sector
compensator is

5 = 1.5295 a
(2 cos ¢ sin 62/2 + sin 6,/2) b

If 6 and a/b arc given, two additional conditions may be imposed upon
61, 62, and ¥. The conditions are taken to be:

2 cos 2¢ sin 6, + sin 6; = 0,
2 cos 3y sin 36y/2 + sin 36,/2 = 0.

If equations (108) are satisfied, the compensator does not couple TEy
to any modes of the TEs, , TEsn , TMs,, , or TM;,, families.

To design a three-sector compensator with given values of a/b and
8, one can solve (107) and (108) numerically for 8, , 6; , and . However,
if 8; is small (=20° for example), a simpler design procedure may be
used. The following equations are approximately true:

(107)

(108)

126.8a
6, = 5 degees,
¥y = T72°

It should perhaps be pointed out that the precision of 6, 6y, and ¢
individually is not critical, since there is no necessity for the coupling
to TE, and TEy to be exactly zero, so long as it is reasonably small.
One should, however, strive to make the TE,—TMy coupling as nearly
zero as possible, and it is therefore important to satisfy (107) with the
greatest possible precision.

Expressions for the dielectric coupling coefficients due to the three-
sector compensator may be obtained from those for the single-sector
compensator if we merely replace sin n8/2, wherever it occurs, by
sin n6;/2 + 2 cos ny sin n6:/2, where n is the angular mode index, as
usual. If 6, , 6, , and ¢ satisfy (108), then the coupling to TE,,. , TEs,, ,
TMs., , and TMa,, is zero, and the mode having the largest value of
2(c + d)/(he — hy) is TE;s . As noted earlier, since the fields of TMy;



1244 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957

TasLE III — CourrLiNGg COEFFICIENT AND POWER TRANSFER
T0 TE;; MobE pUE TO THREE-SECTOR COMPENSATOR

Ba = 12.930 Ba = 29.554

(c+a) d (c+ad)

¢ o = ) ¢ Tro — i)

Mode
’ ‘

T | 3.7591/b \ —3.0334/b | 2.549a/b | 9.0919/b | —6.5491/b | 21.59a/b

and TE;, have the same angular dependence, the coupling to TIK;, is
independent of the number and arrangement of sectors used in the com-
pensator so, long as the decoupling condition for TMj; is satisfied. Nu-
merical values are given in Table III.

The formula analogous to (106) for the attenuation constant due to
dielectric loss in a three-sector compensator is

_ B (1 + 5) tan o (6:° + 26,°)
2}1[01] 360°

ag nepers/meter. (110)

As a numerical example, let us design a three-sector compensator for
a Z-inch guide at 5.4 mm. Under the requirement that the TEqy loss due
to conversion into T must not be greater than 0.1 db, the minimum
bending radius is 7.39 inches. If the angles are *

0]_ = 600,
02 = 300,
¥ =75,

the value of § should be 0.143, which is not difficult to obtain with foam
dielectrics. Assuming a loss tangent of 2 X 107 we find that dielectric
losses in a 90° bend are about 0.12 db.

As a second example, for a 2-inch guide at 5.4 mm with the same mode
conversion criterion, one needs a bending radius of 143.1 inches or 11.92
feet. With 6 = 0.033, the compensator angles are

01 = 27.60,
02 = 16.4:0,
¥ = 72.5°%

* It is not practicable to use larger angles, because if §; > 60° portions of the
outer sectors counteract the effect of tl}e rest of the compensator on TMy, , and
dielectric losses make the design inefficient.
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and if tan ¢ = 5 X 107, the dielectric loss in a 90° bend is about 0.25
db.

2.4 Can Dissipation Be Used to Discourage Spurious Modes?

It was shown in Section 2.1 that the effect of markedly increasing the
attenuation constant of one of two coupled transmission lines is to re-
duce the over-all attenuation of a wave introduced on the other line.
One might wonder whether it would be practicable to decrease the per-
missible radius of a compensated bend by introducing loss into the
spurious modes. The answer is “No”, at least for guides large enough to
propagate 200 to 300 modes at the operating wavelength. One simply
cannot get the required magnitude of loss into the spurious modes with-
out simultaneously introducing intolerable loss into TEy . A numerical
example will make this clear.

We found in Section 2.3.3 that with a three-sector compensator in
2-inch guide at 5.4 mm it would be possible to negotiate a bend of
radius about 12 feet with a maximum loss of 0.1 db by mode conversion
to TE;. (the worst spurious mode). Let us now ask what the attenuation
constant of TE; would have to be if we wished to transmit around a
bend of radius 6 feet with a three-sector compensator, and have the
mode conversion loss suffered by TISy not greater than 0.1 db in a 90°
bend. Preparing to substitute into (80) of Section 2.1, we have the
following values:

b = 72 inches,
Kz = cpy + dpg = 2.54/b = 0.0353 in",
2z = wb/2 = 113.1 inches,
Bo — B1 & hy — hy = 0.236 radians/inch,
N = 0.1 db = 0.0115 nepers.
From (80) we get
apg — o = 12.2 nepers/inch & 4200 db/meter.

Since the maximum TE;, attenuation which can be achieved in a 2-inch
guide by a mode filter which transmits TE,; freely is of the order of 10
db/meter,* the value of apg called for by the above calculation is ob-
viously out of the question.

* This estimate is based on calculations described in Reference 6 for modes in
a helix surrounded by a lossy sheath; but it is doubtful that much greater loss
could be produced by other types of filter, such as resistance card ““killers’’.
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It should be noted that a moderate amount of loss in the spurious
modes may be worse than none, so far as the effect on TTy is concerned.
Miller' has shown that the total power dissipated in the system goes
through a maximum when (o — a)/k & 2. It appears that a; — « must
exceed k by a couple of orders of magnitude before the loss in the driven
line (i.e., TEy) becomes really small, if we are counting on dissipation to
counteract the coupling to spurious modes.

Since by use of the compensator we are attempting to make the
Ty — TM;; coupling coefficient zero, we may expect that this co-
efficient, if not exactly zero, will at least be small compared to the cou-
pling coefficients of spurious modes such as TE;, . Because kapy is very
small, it may be that a practicable amount of loss in the TIM;; mode would
improve the performance of the bend. But in view of the preceding para-
graph we must be careful, when introducing loss into TMy;, not to
introduce the wrong amount of loss into some spurious mode which has
a larger coupling coefficient to TEy .
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APPENDIX

Compensation of a Gradual Bend by a Dielectric Insert in the Adjacent
Straight Pipe

We shall discuss briefly three different ways of transmitting the TEo,
mode around a plain (i.e., air-filled) bend with the aid of dielectric mode
transducers inserted into the straight sections of guide on one or both
sides of the bend. The first two methods involve converting the TEy,
mode to a normal mode of the bend and reconverting to TEy on the
other side.’ In the third method, the input to the bend is pure TEy ,
and the output mixture of TEy and TMy; , whatever it may be, is re-
converted to TEq by a dielectric transducer.

A1 The TMy' Normal Mode Solution

One of the normal modes of the bend is a pure TM;, mode (TMy’)
which is polarized at right angles to the TM;; mode (TMy”) that the
bend couples to TEy, . Clearly if one has a transducer in a straight guide
which converts TEy entirely to TMjy, , it is a mere matter of rotating the
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transducer about the guide axis to insure that the polarization which
enters the bend is TMy’. We shall design such a transducer using a di-
electric sector in a straight pipe.

From Section 2.1, for complete power transfer from TEy to TIM;; we
must have

Bon — Bay = 0; (111)
the transfer then takes place in a distance
l=m/2]ka]|. (112)

The modified phase constants B and Bay for a single dielectric sector
of angle 6 are given by (103) of Section 2.3.2. Substituting these values
into (111), we find that the only condition under which it is satisfied is

sin § = 0,

113
6 = 180°. (113)

The transducer must therefore be a half cylinder. From (104) we have
kap = day = —0.12066 g3, (114)
and so (112) gives for the length of the transducer,
Il =2072\/s. (115)

The TEqn — TMy' transducer should be placed on either side of the
diametral plane of the straight guide which lies in the plane of the
bend. An exactly similar transducer on the other side of the bend will
reconvert TMy, into TEy . Since TEy and TMy; have the same velocity
in a straight guide, the transducer can be made of a number of sections
with arbitrary spacing and of total length [; but in practice one will not
wish to have too long a run of TM;; in the empty guide because of the
higher heat losses of this mode.

A2 The TEq &= TMy"” Normal Mode Solution

If we write the coupled wave equations for TEy and TMy,” in a plain
bend in the form
day

—]" Z'hao + 1:0(11 = 0,
dz

(116)
. d(h .
icay + e + tha; = 0,
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where

h = hgn = hay
' ’ (117)
¢ = ctan,
it is evident that we can add and subtract to get the equivalent pair of
equations:

da + a) + @) + i(h + ¢)(a + a) =0,

d(ay — @) (118)
dz

Hence the normal modes of the curved guide are the combinations
ay = Ay , or TEm =+ T™”.

In order to launch only the normal mode TEy + TMy” at the input
of the bend, the amplitude of the other mode must be zero, or ay = a; .
Similarly, to launch only the mode TEy—~TMy”, the condition is
ay = —a,; . Hence the output of the normal mode transducer of length ,
say, must be -

+ i(h — ¢)(ag — a) = 0.

ao(l) = :‘:(h(l). (119)

We return to the solution of the coupled line equations in Section 2.1
and write

k =day = d,
" e =y (120)
71 = Bay = 1P,
r=is = iV — B + 4
Then equations (60) of Section 2.1 become:
a(l) = |:cos isl — z(ﬁo—s_@ sin —12—31:| gl
(121)

.2d . 1
a() = —i— sin 1g] ¢ HiBothIL

Substituting into (119) and equating real and imaginary parts gives:
l =x/s, (122)
18— Bl =l2d]. (123)
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In view of (103) and (104) of Section 2.3.2, (123) is equivalent to
+4/1 — »?

008 0/2 = 51610 + 0.1955’ (124)
and (122) becomes
1465\
= 5Tsm 2] (125)
where
y = M\ = 3.8317 \/2a (126)

is the cutoff ratio for TEy and TMy waves in a straight, empty guide.

A TEy to TEy &= TMy” mode transducer may thus consist of a di-
electric sector, attached to the surface of the straight guide on the side
nearest the center of curvature of the bend, if the angle of the sector
satisfies (124) and the length satisfies (125). However, the condition (124)
can be satisfied by a real angle only if

0.8483 < A\, < 1; (127)

that is, only if the guide is very near cutoff; and the value of 6 which
satisfies (124) varies rapidly with A over the above range. This form of
normal mode transducer is therefore too narrow band to be of much
practical interest.

A.3 A Broadband Compensator

We shall now show how to design a dielectric compensator, in a straight
section of guide, which takes the mixture of TEy and TMy,” put out by
an adjacent bend and reconverts it to pure TEy , independent of fre-
quency.

First let us write the solution of (116) for a plain bend in terms of ar-
bitrary initial values a,(0) and a;(0). We have

a(@) + @) = [a0) + a1(0>l{.h:. ’ (128)
ao(z) — a1(2) = [ao(0) — ar(0)]e "7,

and hence

ao(2) = [a(0) cos cz — 7a1(0) sin czle™ ™, o
ax(2) = [—1ao(0) sin ¢z + a1(0) cos czle”™*.

The bend may be compensated with a dielectric-loaded straight guide,
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provided that* 8y = B; in the straight guide (this may be arranged, for
example, by using a half-cylinder of dielectric), and provided that the
length of the compensator and the coupling coefficient d are properly
chosen. The amplitudes of the two modes in the straight guide, in terms
of arbitrary initial values a,(0) and a;(0), are

ao(2) = [ao(0) cos dz — 1a,(0) sin dzle *,
a1(z) = [—’Lao(O) sin dz —I— a,l(()) cos dZ]e_iﬁoz_

Now suppose that the length of the bend is /; and the length of the
compensator I, , and take the origin of # at the input to the bend. A pure
TI,, input is represented by

(130)

0= 1 (131)
a:(0) = 0,
and so, applying (129) and (130) in succession,
ao(ly) = cos cly ¢ ™M,
a(l) = —isinch e ™, (132)
aolly + ) = cos (cly + dlp)e ®thol2)
' (133)

a1(l1 + lg) = —7sin (Cll + dlz)e_i(hll+ﬁolz).

The condition that all the power be in TEy at the output of the com-
pensator at every frequency is

ey + dly = 0, (134)

or
dl, = —0.18454 Bal,/b, (135)

on referring to equation (86) of Section 2.2 for the value of c.

A convenient form of compensator would be a half cylinder of dielec-
tric whose diametral plane is perpendicular to the plane of the bend.
The coupling coefficient of the half c¢ylinder is given by (104), and the
condition for complete compensation becomes

L5 = 1.5295 La/b. (136)

The most easily adjustable parameter is probably the length Z; of the com-
pensator. :

* The necessity for 8o = 81 is apparent if we consider that under certain condi-
tions the bend may put out a pure TMy;” mode, and complete reconversion is pos-
sible only if the compensator has 8o = 61 .
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We have analyzed the compensator as if it were all on one side of the
bend; but it may evidently be divided into sections of total length I,
which are distributed arbitrarily on both sides of the bend. An obvious
configuration would be to put a section of length /2 on each side of the
bend immediately adjacent to it.

Limitations on the usefulness of this kind of compensator will be di-
electric losses and mode conversions. The former can presumably be re-
duced as the dissipation of available dielectrics is reduced. Mode conver-
sions could be calculated by the general methods of Part I, but one would
have to work out the values of the coupling coefficients between TM;,
and all other modes, which has: not yet been done. In any case it is likely
that the minimum tolerable bending radius would be no less than for the
within-the-bend compensators discussed earlier in this paper.
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Circular Electric Wave Transmission in
a Dielectric-Coated Waveguide

By H. G. UNGER

(Manuseript received January 9, 1957)

The mode conversion from the TEy wave to the TMy wave which nor-
mally occurs in a curved round waveguide may be reduced by applying a
uniform dielectric coal a few mals thick to the inner wall of the waveguide.
Such a dielectric coat changes the phase constant of the TMy wave without
affecting appreciably the phase and attenuation constants of the TEq wave.
Thus, relatively sharp bends can be negotiated to change the direction of the
line or deviations from straightness can be tolerated. For each of these two
cases a different optimum thickness of the dielectric coat keeps the TEq
loss at a minimum. At 5.4-mm wavelength a bending radius of 8 ft in a
Z-tnch pipe or 60 ft in a 2-inch pipe can be tntroduced with 0.2 db mode
conversion loss. Deviations from straightness corresponding lo an average
bending radius of 300 ft can be tolerated in a 2-inch pipe at 5.4-mm wave-
length with an increase in TEqy attenuation of & per cent. Serpentine bends
coused by equally spaced supports of the pipe may, however, increase the
mode conversion and cause appreciable loss at certain discrete frequencies.
Compared with the plain waveguide the dielectric-coated guide behaves more
eritically in such serpentine bends. The mode conversion from TEey to the
TEo2 , TEes, - - - waves at transitions from a plain waveguide to the dielec-
tric-coated guide is usually very small.

I. INTRODUCTION

In a curved section of cylindrical waveguide the circular electric wave
couples to the TEy , TEy,, TEy; - - - modes and to the TMy; mode.!
The coupling to the TM;; mode presents the most serious problem since
the TEy and TMy; modes are degenerate, in that they have equal phase
velocities in a perfectly conducting straight guide. In a bend all TEy
power introduced at the beginning will be converted to the TM; power
at odd multiples of a certain critical bending angle. One can reduce this
complete power transfer by removing the degeneracy between TEq and

1253
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TM;; modes. The finite conductivity of the walls introduces a slight
difference in the propagation constants and in a 2-inch pipe at 5.4 mm
wavelength a bending radius of a few miles can be tolerated with about
double the attenuation constant of the TIy wave. To get more differ-
ence in the phase constants of the TM;; and TEy modes, one might
consider a dielectric layer next to the wall of the waveguide. Since the
clectric field intensity of the TEy mode goes to zero at the wall but the
electric field intensity of the TM;; mode has a large value there, one might
expect a larger effect of the dielectric layer on the propagation character-
istics of the TMy; wave than on the TISy; wave.

In doing this, however, one has to be aware of the influence the
dielectric layer will have on the propagation characteristics of the TL;,,
modes which also couple to the TTy wave in curved sections. The TE;,
wave couples most strongly to the TEy wave and of the TEy, family it
is the next above the TEy wave in phase velocity. With the dielectric
layer one has to expect this difference in phase velocity to be decreased
and consequently the mode conversion to the TI;, wave to be increased.

In the next section we will solve the characteristic equation of the
cylindrical waveguide with a dielectric layer for the normal modes and
arrive at approximate formulas for the phase constants. We will also
compute the increase in attenuation of the normal modes as caused by
the dielectric losses in the layer. The change in wall current losses as
caused by the dielectric layer is of importance here only for the TEy
wave and we will calculate it only for this wave.

In order to know what bending radii can be tolerated with a dielectric
coat, we have to evaluate the coupled wave theory” for small differences
in propagation constants between the coupled waves. This will be done
in Section ITI. Especially we will consider serpentine bends which occur
in any practical line with discrete supports. In that situation, at certain
critical frequencies, when the supporting distance is a multiple of the
beat wavelength between TEg and a particular coupled wave, we will
have to expect serious effects on the propagation constant of the TEy
wave.

In Section IV we will combine the results of Sections II and III and
establish formulas and curves for designing circular electric waveguides
with a dielectric coat. We will distinguish there between two different
applications. The first case is to negotiate uniform bends of as small a
radius as possible and the second is to tolerate large bending radii which
may occur in a normally straight line.

At transitions from plain waveguide to the dielectric-coated guide,
power of an incident TEy wave will be partly converted into higher
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TE,.. waves. In Section V we shall calculate the power level in the TE,,,
waves resulting from this conversion.

II. THE NORMAL MODES OF THE DIELECTRIC-COATED WAVEGUIDE

The waveguide structure under consideration is shown in Fig. 1. To
find the various normal modes existing in this structure, Maxwell’s
equations have to be solved in circular cylindrical coordinates in the air-
filled region 1 and dielectric-filled region 2. The boundary conditions
are: equal tangential components of the electric and magnetic field
intensities at the boundary (r = b) between regions 1 and 2 and, assum-
ing infinite conductivity of the walls, zero tangential component of the
electric field at the walls (r = a). Upon introducing the general solutions
into these boundary conditions, we get a homogeneous system of four lin-
ear equations in the amplitude factors. Non-trivial solutions of this sys-
tem require the coefficient determinant to be zero. This condition is
called the characteristic equation. Solutions of the characteristic equa-
tion represent the propagation constants of the various modes. These
calculations have been carried out elsewhere,” * and the characteristic
equation arrived at there has the following form:

n l:l 12:|2 2 9622 - x12 [ 1 Jn,(le) + € Wn($2,px2)]

- P - 2
:c12 ) .’1722 —_ 63712 & Jn (pivl) pre” Un (x2 ) pxz)

(D

[ 1J/G) | 1 Vn(xz,Px:)):l
21 Ja(p1) P Zn(T2 , ps)

F1a. 1 — The dielectric-coated waveguide; p = b/a, § = 1 — p = (a — b)/a.
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Here we have used the following definitions:
Un(z, px) = Ja(pr)No(2) — No(px)J (),
Vale, px) = p2'lJa/ (p2)NJ' () — N/ (p2) ' ()],
Wz, px) = palJa(2)N,' (px) — Ja' (px)Nn(2)],
Zu(®, pr) = [J./ (@)Nu(pz) — Ju(pr)NJ'(x)].

J. and N, are cylinder functions of the first and second kind, respec-
tively, and the prime marks differentiation with respect to the argument.
The other symbols are:

l

(2)

p = b/a ratio of radii,
z = b, 3)
Ty = ba .

The relative dielectric constant of region 2 is indicated by e which is
assumed to be complex to take dielectric losses into account. The radial
propagation constants & and £ are related to the axial propagation
constant v and the free-space propagation constant k& = 2x/\ by

g =1+, W
&2 = ek + 72.
The circumferential order of the solution is indicated by n.
Ifor n = 0, equation (1) splits into the two equations
_1_ Jol(px1) € W, , pia) =0 (5)
z1 Jo(pmy) px2? Uo(2 , p2)
and
1J o'(pxl) 1 Vo(xz, pfliz) -0 (6)

v Jolpz) | pas Zo(ta, prs)

representing the TM,,, and TE,, waves, respectively.

Except for n = 0 the solutions of (1) and the modes in the waveguide
do not have transverse character as in the case of a uniformly filled
waveguide. They are hybrid modes. However, it is reasonable to label
them as TE,, or TM,.. , according to the limit which they approach as
the dielectric layer becomes very thin.’

Modes in the dielectric-coated guide with a very thin coat may be
treated as perturbed TE,,, or TM,, modes of the ideal circular wave-
guide. The perturbation terms are found by expanding (1) for small
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values of 6 = 1 — p. This is done in Appendix 1. The perturbation of
the propagation constants for the various normal modes is:

A -1
TMon :. =5 )
Ay n e— 1
TrEgm Ynm - pnm2 - n2 5(1 - Vnm2) 6’ (8)
2
TE.,,. Ar _ e~ 1 pon 55 ©)

Yom 1 - ng2 3

In these equations p.. is the mth root of J,(x) = 0 for TM,.. waves
and the mth root of J,/'(z) = 0 for TE,, waves. Furthermore, v,, =
N/ Aenm Where A = 27a/Drm .

We note that the change in propagation constant is of first order in
6 for the TM,,,, and TE,,, waves with n 5 0, but of third order in 6 for
TE,.» waves.

With e = ¢ — j¢” the perturbation of the propagation constant splits
into phase perturbation AB and dielectric attenuation ap . FFor a low
loss dielectric we may assume ¢” < € and get:

TMum %= ¢ : Ls,
2 ' _
ngm{?Ti B pnm2n_ n? e'(; — V1nm2) ’
o
TEon %‘i = b 16_—”; 5
Mo 5 = = (10)
T &2 = ™ ¢ 5

70 Bam pnm2 — n? 6,2(1 - Vnm2) ’

ap P 2 " s
TR, 22 = Pon_ €
Bnm 3 l - Vam2

Unfortunately the range in which (7), - -+ (10) are good approxima-
tions is rather limited. Actually

1 — van' 27a A8
Vnm )\ ﬂnm

has to be small compared to unity, at least not larger than 0.1. In the
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case of the TM;; wave in a 2-inch pipe at A = 5.4 mm this limit is
reached with AB/Bu = 0.45 X 107 or & = 0.75 X 107" with ¢ = 2.5.
To evaluate (1) beyond this limit we may use the approximations:

LIW@0) _ o6 (1= pa = cot o,

1 Va(z, px)

RN e - = - t‘ *
T tan (1 — p) an ox

The approximations (11) require x > n, and éz < 7/2, as shown in
Appendix I. These requirements are usually satisfied for the lower order
modes in a multimode waveguide with a thin dielectric layer.

Equation (1) has been evaluated for the TM;; mode using the approxi-
mations (11) and a method which is described in Appendix I. The results
are shown in Fig. 2 for e = 2.5 and several values of a/A.

In introducing a dielectric coat we have to be aware of the change in
attenuation constant the TE, mode will suffer. Not only the loss factor
of the dielectric material will cause additional losses, but the concentra-
tion of more field energy into the dielectric will increase the wall currents
and so the wall current losses.

To calculate the wall current attenuation of the TIi; mode in the
round waveguide with the dielectric layer, we proceed in the usual

/

10

9 /
. /
& 8 .

© /

& /

& 7

z

o

AP

o
w
\

Y /
g, A
w
: /
a 3 /
w /
)
i g
T /

1 //

o]

o 1 2 3 4 5 66 7 8 9 10

COAT THICKNESS IN PER CENT OF THE RADIUS

Fig. 2(a) — Change in phase constant of the TMy; wave in the dielectric-coated
waveguide. ¢ = 2.5; a/A = 1.03.
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Fig. 2(b) — Change in phase constant of the TM;; wave in the dielectric-coated
waveguide. € = 2.5; a/A = 2.06.
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Fig. 2(c) — Changein phase constant of the TM;; wave in the dielectric-coated
waveguide. ¢ = 2.5; a/N = 4.70.
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manner. Assuming the conductivity to be high though finite and the
loss factor of the dielectric material to be small, we take the field pattern
and wall currents of the lossless case and calculate the total transmitted
power P and the power P, absorbed per unit length of the waveguide by
the metal walls of finite conductivity. The wall current attenuation oy
is then given by

1P
Oy = é % . (12)
The result of this calculation as carried through in Appendix IT is:
o xf /‘/1822 —_ xlz {1 + 7l'2 [x22 1]
= _— —_— px2 e
Oom pam2 TP — exi? 2 42
2 1 1 (1 3)

—1
. [Ul(xz ,PT2) — p—z-szl(xz,p%):l Ry(z2, px2) } .

In this expression ay is related to the TE,, attenuation constant caon
of the plain waveguide.
For1 — p = 6 <K 1 we introduce the series expansions of the functions
Ui(zz, prz) and Ri(xz, pa2),
2

S (e —1) P g, (14)

2
Dom Vom

Here Ay is defined as the change in wall eurrent attenuation compared
to the attenuation in the plain waveguide.

III. PROPERTIES OF COUPLED TRANSMISSION LINES

Wave propagation in gentle bends of a round waveguide can be de-
seribed in terms of normal modes of the straight guide.! The bend causes
coupling between the normal modes. The TEy; wave couples to the TMy,
wave and to the TE;, waves and the propagation in the bend is de-
scribed by an infinite set of simultaneous linear differential equations.
An adequate approximate treatment is to consider only coupling between
TEan and one of the spurious modes at a time. Furthermore, only the
forward waves need to be considered, since the relative power coupled
from the forward waves into the backward waves is quite small. Thus,
the infinite set of equations reduces to the well known coupled line
equations:’

dE,
dz

ar,
dz

+ vl — jeE: = 0,
(15)
+ ’Y2E2 - jCEl = 0,
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in which

E12(2) = wave amplitudes in mode 1 (here always TEy) and mode 2
(TMy; or one of the TE;,), respectively;
propagation constant of mode 1 and 2, respectively (the
small perturbation of v1. caused by the coupling may be
neglected here); and

¢ = coupling coefficient between modes 1 and 2.

Subject to the initial conditions:

E0) =1, E(0) =
the solution of (15) is:
_.1_ __A’y— —I'z 1 __M_] —I'gz
£ _2[1+\/A72—402:|e +2[1 T VA — a2
(16)
_Jje
\/A'y — 4c?

where Ay = y1 — 2 and Tip = B[ + 72 = VAy? — 4¢2]. Trand Iy
are the propagation constants of the two coupled line normal modes.
Both coupled line normal modes are excited by the initial conditions.
For | ¢/Ay| < 1, equations (16) can be simplified:

Y12

by

—T —T
—[¢ " — ¢ Y,

2
E, = [1 - 2 s1nh— sze’Aw]e—(”_“z’A’))’,
(17)
E, = ]i% sinh% Ayz g FOrtID2,
We are concerned with a difference in phase constant which is much
larger than the difference in attenuation constant. Consequently in
Ay = jAB + Aa we have | AB| 3> | Aa | and we may write:

2
— 1 75Apz
E, = [1 +J ATBZ sm ABze :I

2 2
'exp[ (BIJFAﬁZ B>z— (“l _Ac_ﬁﬂA"‘> Z]
.2¢ 1 1 a8
5= 32 singage exp [ < 360k 8 =) et e
We note that the amplitude E;, apart from suffering an attenuation,
varies in an oscillatory manner, the maximum being £; = 1 and the

minimum E; = 1 — 2(c¢*/A8%). Accordingly, the maximum mode conver-
sion loss is given by:
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Bunax _ 735 < (19)
Elmm ’ AﬁZ ) ’

The attenuation constant of £, is modified by the presencé of the coupled
wave. Compared to the uncoupled attenuation constant it has been

changed by
Aa, ¢ (o
@ A (‘ B 1>' 20

20 10g10

The amplitude E, varies sinusoidally. I'rom our point of view it is an
unwanted mode. The power level compared to the Z; power is

20 10510 Ez,mlx = 20 10g10 ﬁ (21)

So far we have considered only a constant value of the coupling co-
efficient, ¢, corresponding to a uniform bend. The attenuation in such a
uniform bend is increased according to (20), and the worst condition we
can encounter at the end of the bend is a mode conversion loss (19) and
a spurious mode level (21).

A practical case of changing curvature and consequently changing
coupling coefficient is the serpentine bend. A waveguide with equally
spaced supports deforms into serpentine bends under its own weight.
The curve between two particular supports is well known from the theory
of elasticity. An analysis of circular electric wave transmission through
serpentine bends® shows that mode conversion becomes seriously high at
certain critical frequencies when the supporting distance is a multiple
of the beat wavelength between the TIE; and a particular coupled mode.
The beat wavelength is here defined as

N o= —. (22)

In serpentine bends formed by elastic curves, mode conversion at the
.yt . . . )
critical frequencies causes an increase in TEy attenuation

Aa; w ¢ | an
@ [ﬁ Aﬁ2a01] Aa’ (@3)
and a spurious mode level in the particular coupled mode’
Ly w ¢ |an
Ei|  EI Afan | Aa|’ 24

where w = weight per unit length of the pipe,
E = modulus of elasticity,
I = moment of inertia,
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and ¢, is the factor in the bend coupling coefficient ¢ = ¢;/R determined
by waveguide dimensions, frequency and the particular mode. R is the
bend radius.

Equations (23) and (24) hold only as long as

4Aa, K | Aa | (25)

is satisfied. The rate of conversion loss has to be small compared to the
difference between the rates of decay for the unwanted mode and TE,
amplitudes. If (25) is not satisfied a cyclical power transfer between
TEy, and the particular coupled mode occurs, and the TEy transmission
is seriously distorted.

Another case of changing curvature of the waveguide is random de-
viation from straightness, which must be tolerated in any practical line.
Such deviations from straightness change the curvature only very gradu-
ally, and since there is no coupled wave in the dielectric coated guide,
which has the same phase constant as the TEy, wave, the curvature may
be assumed to vary only slowly compared to the difference in phase
constants. Under this condition’ the normal mode of the straight wave-
guide, which here is the TEy mode, will be transformed along the
gradually changing curvature into the normal mode of the curved wave-
guide, which is a certain combination of TE and the coupled modes.
This normal mode will always be maintained and no spurious modes
will be excited.

The change in transmission loss is therefore given alone by the differ-
ence between the attenuation constants of the TEy wave and the nor-
mal mode of the curved waveguide. The propagation constants of the
normal modes of the coupled lines are T'; and T as given by (16). Only
the mode with I'; will be excited here and consequently the attenuation
difference is given by (20).

IV. CIRCULAR ELECTRIC WAVE TRANSMISSION THROUGH CURVED SECTIONS
OF THE DIELECTRIC-COATED GUIDE

In curved sections of the plain waveguide the wave solution has been
described in terms of the normal modes of the straight waveguide. In this
presentation it has been found that the TEqy wave couples to the TM;;
and TE;, waves in gentle bends. Likewise, the wave solution in curved
sections of the dielectric-coated guide can be described in terms of the
normal waves of the straight dielectric-coated guide. In a waveguide with
a thin dielectric coat the normal waves may be considered as perturbed
normal modes of the plain waveguide. Consequently the bend solution
of the plain waveguide may be taken as the first order approximation
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for the bend solution of the dielectric-coated guide. In this first order
approximation the TEqy wave of the dielectric-coated guide couples to
the TMy; and TE;, waves of the dielectric-coated guide and the coupling
coefficients are the same as in the bend-solution of the plain waveguide:'

TEn = TMn ¢ = 0.18454 %‘1,

TEol = TEll

0.09319(8a)? — 0.84204 __] 1
¢ = |: T + 0.09319V/ BuaBna 7
TEy & TEy, (26)
0.15575(Ba)? — 3.35688 __] 1
= L .15 =
¢ |: \/Bmaﬂma + 0.15575 \/Bolaﬂua R’

TExn =2 Ty
_ [0.01376(6(1)2 — 0.60216
©= V/ BoaBrsa

B8 = free-space phase constant.

_ With the coupling cocfficients (26) and the propagation constants as
given by (10) and (14) the coupled line equations can be used to com-
pute the TEy, transmission through curved sections. Since the absolute
value of ¢/Av is usually small compared to unity, the mode conversion
loss is given by (19), the increase in TEq attenuation by (20), and the
spurious mode level by (21).

The curves in Tigs. 3, 4 and 5 have been calculated for the 2-inch
pipe at a wavelength of 5.4 mm. They take into account the effects of
the three most seriously coupled modes, TMy; , TEy; , and TE;, .

In very gentle bends of a guide with a very thin coat, coupling effects
to the TE;,, modes are small and only TM;; coupling influences the Ty
transmission. The increase in TEy attenuation in such bends is obtained
by substituting the expression (10) for the TMj, phase difference in (20).

12 2
Ao 0034 e la (27)
o1 vo? (¢ — 1)28* R

Note that (27) requires | ¢/Ay | <« 1 and consequently (1/6)(a/R) < 1.

In Fig. 4, as well as in (27), losses in the dielectric coat have been neg-

lected. Equations (10) show that the dielectric losses are small com-

pared to the wall current losses for a low loss dielectric coat.

+ 0.01376 ‘\/ﬁmaﬁlsa:l 1%
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Fig. 3 — Maximum conversion loss of the TEq wave in a uniform bend of the
dielectric-coated waveguide. 2a = 2 inches; A = 5.4 mm; ¢ = 2.5.

There are two different applications of the dielectric-coated guide,
which require different designs:

1. Intentional bends

These are relatively short sections and the increase in TEq; attenuation
is usually small compared to the bend loss. Also, a high spurious mode
level can be tolerated, because with a mode filter at the end of the bend
we can always control the spurious mode level. Consequently, the only
limit set for this type of bend is the mode conversion loss of the TEy,
wave. There is conversion loss mainly to TEy , TEj and TMy; . Increas-
ing the phase difference of the TMy; wave by making the dielectric coat
thicker decreases the phase-difference between TEy and TE,, and in-
creases the phase-différence between TEy and TEy; . Apparently we get
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very near to an optimum design with a dielectric coat for which:

AB _ é@
<-C_>TMH - < C >TE12 . (28)

For this condition conversion losses to TMy and TE;. are equal, while
the conversion loss to TEy; is small.

To find values which satisfy (28) we will generally have to solve (1)
because the TM;; phase difference required by (28) is too large to be
calculated with the first order approximation. At a wavelength of
N = 54 mm and a dielectric constant ¢ = 2.5 the optimum thickness of
the coat according to (28) is 6 = 1.25 per cent in the 2-inch pipe. In Fig. 6
the mode conversion loss in a dielectric-coated guide of this design is
plotted versus bending radius.

2. Random deviations from straightness

As mentioned before, random deviations from straightness change the
curvature only gradually and only one normal mode propagates. Mode
conversion loss and spurious mode level are very low. The normal mode
attenuation depends on the curvature. The increase in normal mode
attenuation as caused by curvature is obtained by adding the attenua-
tion terms (20) of the various straight guide modes which are contained
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in the normal mode. The bending radius R is a funection of position and an
average bending radius,
1 1 [*dz

RE s h B (29)

has to be used in (20).

All the attenuation terms (20) decrease with increasing coat thickness
5; the TEy; attenuation in the straight guide (10) and (14) increases with
8. Consequently there is an optimum thickness for which the total in-
crease in attenuation is & minimum. This optimum thickness depends on
the average radius of curvature. In Fig. 7 optimum thickness and the
corresponding increase in attenuation have been plotted versus the
average radius of curvature.

In gentle curvatures the normal mode is a mixture of TEy and TM;;
only and the attenuation increase as caused by the curvature is given
by (27). In this case the optimum thickness and the corresponding
attenuation increase are:
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11 A o
aopt' - \‘75270‘1 (e, _ 1)3/4 R—Av, (30)
ba _V2_ ¢ a 31)

We note that 8.t does not depend on frequency.

So far we have listed only the useful properties of the dielectric-coated
guide. There is, however, one serious disadvantage. Serpentine bends
caused by equally spaced discrete supports and the elasticity of the pipe
are inherently present in any waveguide line. At critical frequencies, when
the supporting distance [ is a multiple of the beat wavelength A\s between
TEqy and a particular coupled mode, an increase in TEy attenuation
(23) and a spurious mode level (24) result from the mode conversion.

We evaluate (23) and (24) for a dielectric-coated copper pipe of 2.000-
inch 1.D. and 2.375-inch O.D. and a supporting distance I = 15 ft. The
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Fig. 6 — Bend conversion loss in a dielectric-coated guide of optimum design
according to equation (28). 2a = 2 inches; § = 1.25%; e = 2.5; X = 5.4 mm.
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result is for coat thicknesses which cause the wavelength A = 5.4 mm
to be critical with respect to TEq—TMy; coupling:

0 =0002 =N Aoy _ 43.3 20 logo }% = —129 db
oy El
= 0.004 = 2N = 270 = —1332 db
= 0.006 = 3N\ = 0.169 = —2537 db.

The values corresponding to § = 0.002 do not satisfy the condition (25).
Therefore they cannot be considered as a quantitative result but only as
an indication that the mode conversion is very high. We conclude from
these values that the mode conversion is much too high for a coat thick-
ness which makes the beat wavelength between TEy; and TMy; equal to
the supporting distance or half of it.

If no other measures can be taken, such as removing the periodicity
of the supports or inserting mode filters, the lowest critical frequencies
of TE,~TM;; coupling have to be avoided. A dielectric coat must be
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Fig. 7 — Optimum coat thickness and increase in TEq attenuation of a dielec-
tric-coated E%ulde with random deviations from straightness. 2a = 2 inches;\ = 54
mm; e = 2.5.
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chosen, which is thin enough or thick enough to keep these critical fre-
quencies out of the band.

Mode conversion from TEy to the TE;,, modes in serpentine bends is
not changed substantially by the presence of the dielectric coat. Gener-
ally these mode conversion effects decrease rapidly with the beat wave-
length. When the curvature varies slowly compared to the difference
in phase constant between coupled waves almost pure normal mode
propagation is maintained.”

V. MODE CONVERSION AT TRANSITIONS FROM PLAIN WAVEGUIDE TO THE
DIELECTRIC-COATED WAVEGUIDE

We consider a round waveguide, a section of which has a dielectric
layer next to the walls. A pure TEy, wave incident on this dielectric-
coated section will excite TE,. waves. For circular electric wave trans-
mission it is important to keep low the power level of the higher circular
clectric waves which have low loss.

In an evaluation of Schelkunoff’s generalized telegraphist’s equations
for the TEy mode in a circular waveguide containing an inhomogeneous
dielectric' S. P. Morgan describes the wave propagation in the dielectric-
filled waveguide in terms of normal modes of the unfilled waveguide.
The only restriction made in this analysis for the dielectric insert is

1
gfs|e—1|dzs<<1, (32)

where S is the cross-sectional area of the guide.

The dielectric-coated guide satisfies (32), and we may use the results
of Morgan’s evaluation here.

The round waveguide is considered as an infinite set of transmission
lines, each of which represents a normal mode. Along the dielectric-
coated section the TE,, transmission lines are coupled mutually. The
coupling coefficient d between TEy and one of the TEy, waves is ob-
tained by taking Morgan’s general formula and evaluating it for the di-
electric coat:

_— 1 2
d = Porpom (i/ﬁm 6:6 (33)

We introduce this coupling coefficient into the coupled line equations
(16). Since d/AB < 1 for any of the coupled modes, the spurious mode
level at the output of the dielectric-coated section is given by (21),

E?max 2 (5 1)p01p0m62
E, 3 (Bor — Bom) \/ﬂmﬁ()m

20 logzo = 20 logy = X (34)
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Tig. 8 shows an evaluation of (34) for a/\ = 4.70 and ¢ = 2.5 correspond-
ing to a 2-inch pipe with a polystyrene coat at A = 5.4 mm.

VI. SUMMARY

A theoretical analysis of wave propagation in the dielectric-coated
guide is presented to provide information necessary for circular electric
wave transmission in this waveguide structure. The normal modes of a
waveguide with a thin dielectric coat are perturbed modes of the plain
waveguide. While the perturbation of the phase constant is only of third
order of the coat thickness for the circular electric waves, it is of first
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order for all other modes. Thus, the degeneracy of equal phase constants
of circular electric waves and TM,,, waves can be removed quite effec-
tively. The additional attenuation to TEy wave as caused by the dielec-
tric loss in the coat and the increased wall current loss remains small as
long as the coat is thin.

The dielectric-coated guide may be used for negotiating intentional
bends or for avoiding extreme straightness requirements on normally
straight sections. I'or intentional bends of as small a radius as possible,
an optimum thickness of the coat makes the mode-conversion losses to
TMy and TI); modes equal and minimizes the total conversion loss.
TFor random deviations from straightness, an average radius of curva-
ture is defined. For this average radius an optimum thickness of the coat
minimizes the additional TISy attenuation as caused by curvature and
dielectriec coat. In random deviations from straightness, propagation of
only one normal mode is maintained as long as only the rate of change
of curvature is small compared to the square of the difference in phase
constant between TEg and any coupled mode.

Serpentine bends, caused by equally spaced supports and the associ-
ated elastic deformation of the pipe, increase the TISy attenuation sub-
stantially at certain critical frequencies, when the supporting distance
is a multiple of the beat wavelength. The lowest critical frequencies of
Ty —TMjy; coupling corresponding to a beat wavelength, which is equal
to the supporting distance or half of it, have to be avoided by choosing
the proper coat thickness.

At transitions from plain waveguide to dielectric-coated guide higher
circular electric waves are excited by the TE, wave. However, the power
level of these spurious modes is low for a thin dielectric coat.
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APPENDIX I
Approximate Solutions of the Characteristic Equation
In the following calculation we will use the definitions:
Ru(x, pr) = Ju(®) Nua(px) — Ju1(p2)Nu(),

(35)
Sa(x, px) = Ju1(®) Nalpx) — Julp) Nuoa(2),
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and their relation to the definitions (2);

Wn(x Px) Rn(x Px) = n+l(x, Px)
Tl ) - P T P U, )

Valz, px) _ xxUn_l(x, 0z) + nR.(z, px)
Zn(@,pz) D 28.(, pv) + nUa(, px)

(36)

To find solutions of (1) for 1 — p = § <K 1 we first substitute for the
functions (36) their series expansions with respeet to 8.
We have for instance

Uz, px) = Na(z) Ju(x — dz) — Ju(z) N,(z — 6x)

where we introduce

Tl — d2) = 10w + -
= Ju@) + b [Jm(x) - ?J,xx)]
R =) FAC)
and

N.(x — 62) = N.(x) + ox [Nn+1(x) - ﬁNn(x):l

4+ (o) [ Nun@) +(

Upon using the relation

)Nn(:c):l +

J”+l(x)N7L(x) - Jn(x)N,,H(x) = sz

we get

Uz, p) = 2 a [1 +04 2—2 <"2;2' 2_ 1>] +o06Y, @7

and by the same procedure

R(xpx)——[l—(n—l)a+<(ﬁL>z("_—_2)_l>(%)2

o2y DO D) G g (58)

X
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With these expressions the functions (36) are approximated by:

Wiz, pr) 1 (1 _ %> + 009,

U.(z, pxr) & (39)
Vn(x; Px) _ 2 2 2

and for n = 0 especially:

1 Volz, p2) _ 1 Ui, p2)

p2* Zo(, p) x Ri(z, px) 40)

_ [ 2f1l o 1 4
- 6|:1+2+6<393 +2>]+0(5).

Since for & = 0 the roots of J,.(pz;) = 0 and J,'(pz1) = O represent the
solutions of (1) for the TM and TE waves respectively, we expand the
Bessel functions of the argument px; in series around these roots:

pr1 = (L — 8)(Pum + Ax).

The result for TM waves is

_ . J n, (le) _ 1 .
Tu(prn) = 0: Ja(oz) AT — 5Pum’ (41)
for TH waves:
J (o) _ M — Pum’
J'n, nm EO: ~ = e _6 nm;
(Prn) Tow) ~ pm &P
and for TE,,, waves especially:
J Ol(pom) = 0:
‘ (42)
Jo (p1) 1 2 2 g 8° 2
- =A~_6nm_ om / — & Pom om /-
Tolpzy) ~ A%~ 0P = g (A4 8pon) = 5 2on(3 + 2pon)

Introducing (39 - - - 42) into the characteristic equation (1) and neglect-
ing higher order terms in 6 and Az we get the following approximations
for (1):

1a
TM,m Waves: Ax = (pnm -2 )8
€ Dnm
x 2 _ p 2 n2
TE’nm waves: Azr = 2—2——‘21”2— —_—
n#0 Pam”™ — N* €Pnm

(43)
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Thom waves:  Av = =22 @ — )% (44)

If we write for the perturbed propagation constant

Y = Yam T Dy,
we get with (3) and (4):

Ax = azMAfy

. \/1 - Vnm2
jo Y= 2,

and

2 = (e = 1+ vu) 27,

nm

in which

Aenam or a’

Using these expressions in (43) and (44) we finally get approximate
formulae for the perturbation of the propagation constant as caused
by the dielectric coat:

TM,.,, waves: A—Y == 1 é
Ynm €
Ay n* e — 1 1
TE,,ZL 74Xova,ves: ol e Rl p— & (45)

Ay _ p,,m2 e — 1
Yom 3 1 = von?

3
TEo, waves: 8.

The series expansions used so far hold only when (1 — p)x << 1. Approxi-
mate expressions which require only (1 — p) K 1are?

U, (x, bx) == 25, \/p SV
T \/px2 -

39 = 2 [ Vaeos (P72 Vm)

fpGv)]

2
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If 2° >> 7’ these expressions may be further simplified:
2 1
T \/ ;x
2 1
Sa(x, pz) = == ——cos (1 = p)a.
) P " o P

Substituting these values in (36) we get:

Uz, pr) = sin (1 — p)z,

1_
V. (x, px) l_g ppwt(l_p)x

n
1 —;’can (1 —=p=

With the restrictions (1 — p)z < 7/2 and n < = we may write:

_Wn_(x’—px) = px cot (1 —_ p)x’
Uﬂ(xy p]ﬁ)

Va(z, pz) “o
n\Ty pT) _ _

m = pr tan (1 p).’U.

With (46) the characteristic equation (1) is
2 2 2 7
n I:’l:i _ _1_2] _ p2 Te — Xy [l JIn (le) + € cot 5-1’/‘2:]

X1 X2 1‘22 —_ exfl T Jn(pxl) Lo

1 Jn,(p.'lil) _ 1 ] _
[50—2 ) o tan éxs | = 0.

Solving this equation for cot 8z, we get:

— m
cot6z2=§+/‘/1+%, (47)

in which

_ @1 Jalpzy) |:1 (2 — o)) @’ — exlz)] @ I (pmy)

u —_— .
To J»,.,(p.’(?l) €p2 .’1}14.’1)22 €l Jn(pxl)

To evaluate (47) we specify a value of AB/Bnx and enter the right hand
side of (47) with

2 2 AB 2 2 1 A,3>
= DPwm — &4 — P am 1 5 A
X1 P 2 ﬂnmﬁ a < 2 Bom )
.’C22 = (6 — 1)ﬁnm2a2 + CIJ12,

p=1-—20
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in which 6, is a first order approximation as given by (10) for a particular
mode. Equation (47) then yields a value 8, which is usually accurate
enough. To improve the accuracy the same calculation is repeated using
8y . Since for small values of § a change in 6 affects the right hand side
only slightly this method converges rapidly.

APPENDIX II
The TEq Attenuation in the Dielectric-Coated Waveguide
The attenuation constant of a transmission line can be expressed as

2P

84

in which P, is the power dissipated per unit length in the line and P is
the total transmitted power. For the dielectric-coated guide the power
P, is dissipated in the metal walls with finite conductivity o.

For TE,,, waves the wall currents are i = H,(a) (H, axial component
of the magnetic field) and therefore

PM=— —.—adga

1;—: H.(0)H.*(a)

where ¢ = skin depth and ¢ = conductivity.
The total transmitted power is

2 a
p=-1 f f B H*rdr de.
2Jo Jo

We introduce expressions for the field components, which are listed
elsewhere® * and carry out the integration. Finally we express the wall
current attenuation in terms of the functions (2) and (35);

o Q’zmx2/‘/x22—xl2fl+7r?px
= 9 = = P2
" Pt |G

T2 — exi?

2 (18)
(% - 1) <U1(1L‘2 , pxz) -+ %6—2 Rl(x2 ; P$2)> R1($2 , px:z)} -

1

To get an approximation for a thin dielectric coat we use the expressions
(37) and (38) and obtain

2

Baw _au =t _ ()P 2 (49)

2
Oom Qom Vom.
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Circular Electric Wave Transmission
Through Serpentine Bends

By H. G. UNGER
(Manuseript received January 9, 1957)

An otherwise straight waveguide line with equally spaced discrete supports
may deform elastically into a serpentine bend under its own weight. The
TEq wave couples in such bends to the TMy and TEy, waves. The general
solution of coupled lines with varying coupling coefficient is applied to a
serpentine bend by an tterative process, and evaluated for the elastic curve
resulting from a periodically supported line. TEw-TMy; coupling causes
only a small increase tn TEy attenuation. Mode conversion to TE,, waves
can become seriously high at certain critical frequencies when the supporting
destance 1s a multiple of the beat wavelength. In a copper pipe of 23 inch
0.D. and 2 inch 1.D., the mode conversion to the THEy wdve at critical
Sfrequencies near 5-mm wavelength causes a T attenuation increase of
90 per cent and a spurious mode level of —7 db. These mode converston
effects can be controlled effectively by inserting mode filters.

I. INTRODUCTION

In curved sections of round waveguide the TEy - wave couples to
the TMy; and TE;, waves, and power is converted to these waves when
the TEq wave is transmitted through bends. A form of bend which is
inherently present even in an otherwise straight and perfect line is the
serpentine bend, TFig. 1. Between discrete supports the pipe is deflected
by the force of its own weight. The resulting curve is well known from
the theory of elasticity. The curvature varies along the axis following
essentially a square law. The minimum bending radius occurs at the sup-
ports. For the practical example of a copper pipe of 23-inch O.D., 2.00-
inch I.D. and a supporting distance of 15 ft, this minimum bending ra-
dius is 992 ft. A uniform bend of this radius would convert most of the
power incident in the TEy wave to the TMy; wave after a certain length
of bend.

Frortunately a serpentine bend with the same order of bending radius
does not affect circular electric wave transmission as seriously as does a

1279
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TFig. 1 — Serpentine bends.

uniform bend with the same bending radius. This will be shown in the
following analysis.

A treatment of serpentine bends given previously by Albersheim' con-
siders only circular and sinusoidal curvatures. Furthermore, it does not
show all the effects of serpentine bends that we are interested in. We
shall present a more general and complete analysis here. The only re-
striction we have to make is that the power exchanged.in one section of:
the serpentine bend from the TEy mode to any of the coupled modes or
vice versa is small compared to the power in the mode from which it has
been abstracted. The curvature may be any function of distance along
the serpentine bend.

The general results indicate that normally a serpentine bend causes an
additional attenuation to the TEq mode. Part of the TEy power which
travels temporarily in one of the coupled modes suffers the higher attenu-
ation of this coupled mode. Formulae for this increase in attenuation
constant are obtained for periodically supported guides from the deflec-
tion curve given by the theory of elasticity.

The coupling between the TEy and TMy; waves causes only a very
slight increase in TEy attenuation, since the difference in propagation
constant for these two modes is very small. In fact, if there were no
difference in propagation constant, as in the round guide of infinite wall
conductivity, coupling between Ty and TMy; waves in serpentine bends
would not affect the TIy transmission at all.

Coupled modes which have a larger difference in phase constant than
TM;j; but still are close to TEy cause a serious increase in TEy attenua-
tion at certain critical frequencies. If a multiple of the beat wavelength
between the TEy mode and a particular coupled mode is equal to the
supporting distance, power is converted continuously into the coupled
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mode. For low attenuation in the coupled mode the power transfer may
even be essentially complete.

II. SOLUTION OF THE COUPLED LINE EQUATIONS

In a curved round waveguide the TEy mode couples to the TMy
mode and the infinite set of T, waves. Consequently, the wave propa-
gation is described by an infinite system of simultaneous first order
linear differential equations. An adequate procedure is to consider only
coupling between TEy and one of the spurious modes at a time. Thus,
the infinite system of equations reduces to the well known coupled line
equations,”

dE
d—zl + ’YlEl — kE, = 0,
. ey
d—: + v:E: — kE, = 0;
in which
Il ,2(2) = wave amplitudes in mode 1 (here always TEq) and mode
2 (TMy; or one of the TE,,), respectively;
v1,2 = propagation constant of modes 1 and 2, respectively,

(The small perturbation of v, , v2 caused by the coupling
may be neglected here); and
k(z) = je(z) = coupling coefficient between modes 1 and 2.

In the curved waveguide the coupling is proportional to the curvature;

@ o2 @

c =

in which B = radius of curvature, and 6 = direction of guide axis. (The
various coupling coefficients are listed in the appendix.) Without loss of
generality we start with 6(0) = 0. We will use the average propagation
constant v,

%(’Yl + 7v2),

Ay = F(y1 — 72).

it

®3)

Several coordinate transformations will change (1) to a form which can
be solved approximately. A similar procedure has been used to solve the



1282 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957

related problem of the tapered mode coupler.® With the first transforma-
tion

Ei(z) = 37 m(@)e™ + uae)e ), @
Ey(z) = 3¢ [m(2)e™ — us(z)e ),
the new coordinates satisfy the equations:
_d_u_l + A —,12000 =0
p 5)
ﬂ + A eZcoﬂul = Q.
With the second transformation
u(2) = 3u(e) 7 + va(2) ¢, 6)
us(2) = Ha(2) €707 — wa(2) €47,
v1(z) and v2(2) satisfy
dl)]_ 247,
e — 2Ay sin® ¢fv; + jAy sin 2c0e’ 7w, = 0,
g )
—Ug + 2Ay sin® e, — jAy sin 2cfe” A7z =0,
With the third transformation
v1(2) = wi(2) exp <2A'y f sin® ¢of dz'),
0
] ®
“02(2) = we(2) exp <— 20~y f sin® 8 dz'> .
0
We finally get the equations
dwl + 51(2)w2 =0,
: €)
2+ b = 0,

. in which
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£1,2(2) = = jAy sin 2¢f exp |::i: 2A'y<z -2 f sin® ¢ dz')]. (10)
0

As long as we have the condition f [&12(2") | d2' < 1, approximate
0

solutions of (9) can be written down which proceed essentially in powers
of &2 as follows,

0@ = 0,0) = w0 [ 86
+u.0) [ 6@) [ a6 dr iz,
z ()
@) = w0) — O [ ) @
+ w0 [ 66) [ @ @
The new coordinates are related to the wave amplitudes by:
Ei(z) = le_” {w, (2) exp |:— Ay (z — 2[ sin® ¢, dz’)il cos ¢f
‘ 2 0
+ jwe(2) exp I:A'y <z -2 f sin’ ¢,0 dz’>:| sin 000},
o
(12)

Eyz) = % e {jwl(z) exp [— Ay <z —2 fo sin® ¢, dz')] sin ¢

+ wa(2) exp [A'y (z -2 f sin® o dz'>:| cos 600}.
0

The solution (12) in combination with (11) is general and may be
applied to any form of curvature as long as the converted power remains
small compared to the original power in either of the modes.

III. WAVE PROPAGATION IN SERPENTINE BENDS

If we apply (12) to a section of a serpentine bend with the length [ we
have 6() = 0. The output amplitudes are related to the input ampli-
tudes of both modes by a transmission matrix

Ei@) = || T £:0). (13)
The elements of || 7 || are obtained from (11) and (12):
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! z
Tu = [1 + fo t(2) fo &) dZ'deI
1
-exp [— vl + 24y f sin’ cgf dz:|,
o

11 l
To = — f £.(2) dz exp [_'Yll + 24y f sin® cof dz] ;
0 0

11 l
Ty = — £ £(2) dz exp I:—'yQZ — 2Ay fo sin® cf dz:l, (14)

_ [1 + [ () [ ) s dz]

l
-exp [—’Ygl — 2Ay f sin® ¢ dz].
0

For a line of iterative serpentine bends we apply the rules of matrix
calculus. If Ky = 1 and Ey = 0 at the input of the first section, then
the output amplitudes of the n™ section are:

T,

2

1 Ty — Ta :| _
I n = = 1 + na1
' 2[ V(T — To)? + 4T12T
1 Ty — Ta :| _
= "oz (15
+2[ N T s Toy + a6 (19
71
Es, = [ — ¢,

T V(T — T2)? + 4T, T
where

e = %[Tn + To = '\/(Tu — Ta2)* + 4T12T21]~ (16>

Two limiting cases for the expressions (15) and (16) are of special interest:
1. l Tn - T22|2>>4: [ T12T21|

_ T1:Tn
01 _
o To + Ty — To
_ ETY —n ~ngs
= ngy o1 __ ngs
B =c¢ (To — To? le " (A7)
— T12T21 T12 —n —n
02—, By = — 2 0 __ g2
e 22 ——Tu T 2 T — T e e ]
2.4 T Tu| > |Tu— Tel®
e = TL—ZF—TQQ =+ \/T12T21
By, = e + ¢7) (18)
By, = 1 Ty (6—7191 — "),

2V Tu
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In case 1 the wave amplitude ¥, is only affected by a slight change of
the propagation constant. The small additional term in the expression
for Ey, can usually be neglected. The power in the wave Fs, is small
compared to the I;, power; 1" is usually of the same order of magnitude
as T21 .

In case 2, however, a complete power transfer between Ly, and Ea,
occurs cyclically if the loss is sufficiently low. Consequently, condition
(18) has to be carefully avoided. Rather, condition (17) must always be
satisfied.

IV. 'SERPENTINE BENDS FORMED BY ELASTIC CURVES

A section of the waveguide line between two supports deforms like a
beam fixed at both ends. Under its own weight, w per unit length, such
a beam will bend and form an elastic curve, Fig. 1, whose deflection
from a straight line is given by:

v = w2 1-F ’ (19)
Y= oamip 1)’
in which ' = modulus of elasticity of the beam, and I = moment of
inertia of the beam. Since we are concerned with small deflections ¥
only, we have x = z and § = dy/dx. Hence,
2 3
2 2 z
9_d<2—3z_2+21‘3>’ (20)
in which d = wl’/12EI. Introducing the elastic curve (20) into the trans-

mission matrix (10) and (14) and performing the integrations with sin
cof = cof we get for the elements of the transmission matrix:

2 2 2 52
_ _ Co f cod _ 242 474
Ty = exp [ vil + Ayl ﬁjl 11 + 4—A7616 |:9 3AyT 4+ Ayl
+ 2 AP — 4 AYT — (3 — 3Ay1 + A’y2l2)262“l:l
5 105 !
Co2d2 602d2 2,2 494
= — — — —_— — Al
Tyy exp[ ol Ayl 105:' {1 + 18T [9 3AYT" 4+ Ay 01
(21)
_2 575 4 T 222—2A-,z:|
5A7l—|——105A'yl (3 4 3Ay1 4 AY1)’e s
. cod » 212\ —7ygl
T = Ty = ]m[(S - 3A‘Yl+ A'yl)e v

— (3 4 3291 4+ AV D)™,
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The expressions (21) are hard to evaluate, but for some special cases of
interest they can be simplified greatly.

To compute the coupling effects between the TIy wave and the
TM;y wave we make use of | Ayl | < 1 and get the following approxima-

tions:
2 42 2 42
_ _ Cy d 3,3 _ _ Cy d
Tn = l:l m A’Y l il exp (’Yl —_— A'Y) l,

105
2 52 242
. Co d 3.3 _ Co d
To = I:l + m Ay l] exp <’Y2 + m A'Y) l, (22)
T12 = T21 = ]9@ A’YQlZe_vl.
15

In (22) the condition | Ty — Tas|® >> 4| TieTu | is satisfied; conse-
quently the wave propagation is described by (17),

By, = exp — — crd” A )nl + cvd” AV sinh Aynle™ ™
in — p Y1 105 Y 450 Y Y ’
. (23)
Vo _ Cod . —ynl
m =] 5 Ayl sinhAynle ™™,
In addition to small oscillations, which are negligible, the wave ampli-
tude F; suffers an additional attenuation
2 42
Co d
L= — 22 A 24
Aa 105 Aa (24)
Physically this means that to a first approximation there is no net power
transfer from E, to E.. The power converted from I} to F. in one
section of the iterative serpentine bends is all reconverted in the same
section. But this power, which travels partly in the E. wave, suffers
the E, attenuation and consequently changes the E; attenuation.
To evaluate (24) we introduce the coupling coefficient and the differ-
ence in attenuation constants between the TEy and TMy wave. Then,
the relative increase of Ty attenuation is:

Ao _3 2 a o |
= . — R —_ - 2
6.39 X 10°d X (269)\2 1), (25)

Qg 2

where ay = attenuation constant of TEq; ,

l

a = inner radius of pipe,

free-space wavelength.
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A numerical example shows that the increase in TEy attenuation caused
by coupling to the TM,;, wave in serpentine bends is small. IFor a copper
pipe with 2.00-inch I.D. and 2%-inch O.D. and a supporting length
I = 15ft, wehaved = 1.51 X 107°, and at \ = 5.4 mm we get Aa,/ag =
0.19 X 107°. _

For coupling between the TEy wave and the waves of the Tk, family
the difference in propagation constant is no longer small; the approxima-
tion which was valid for the TM;j; wave can not be made for TE;, waves.
Actually, the supporting distance is usually several beat wavelengths.
Therefore, no essential simplifications of (21) are possible for the general
case of coupling between TEy and TE,, . But closer examination of (21)
shows that if

2A8l = 2mx m=1,23, - (26)

is satisfied, the difference Ty—T22 becomes very small. The net power
converted to any of the TE;, modes may be small in each section of the
iterative serpentine bends, but if (26) is satisfied the contributions from
each section add in phase and in a long line with the square of distance
more and more power is built up in the particular TE;, wave. Only when
the attenuation in this TE,, wave is large enough to damp out the power
as fast as it is converted will an undistorted TE, propagation be main-
tained. This condition for the attenuation constant can be derived from
[Ty — Too|®> 4| TeTa|. I | A8 > | Aa|and | Aal | >> ¢’d’/10mr

then Tn - T22 = —ZAale_"“l, and since T12T21 = —9 co2d2/m47r4 6—2711
the condition for undistorted TEy propagation is:
c’d”
|Aal [ >>9 2 —. (27)
mir

If (27) is satisfied the wave propagation is again described by (17).
Neglecting all terms which are small because of (27) the wave ampli-
tudes are:

E =11 + 9 C02d2 1 " —yinl + 9 002d2 1 [1 _ 2Aanl] —vyinl
"= miri2hal | ¢ mim faez s ¢
d 1 (28)
1 _ o Co __ 2Aanly —yinl
Lo mir? 2Aal [ ¢ Je )

For not too large values of n, the first term of E;, may be written:

2 42 n 2 42
Co d 1 —yinl _ _ Co d 1 :I
l:l +9 mirt ZAal:l ¢ = P m ) mirt 2Aal? n|-

The additional attenuation to the k) wave as caused by the continuous
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power abstraction is seen from this expression to be

Bay = — 9L 1 (29)
mirt 28al?
The condition (27) may now be written
200, L | Aa |, (30)

or, the rate of conversion loss has to be small compared to the difference
between E, attenuation and F; attenuation.

When the wave is travelling through a large number of serpentine
bends, power is built up gradually in the I; mode to a constant value,

L 2 cod 1

I, men? | 2Aal | (81)

Both the attenuation increase and the power level in spurious modes can
seriously affect the E; transmission.
To evaluate (29) and (31) we rewrite them with max = ABl and
= wl’/12ET as follows;

Aas — w Cy 2 [

o [EI (2A5)2a01:| 520’ (32)
Es|  w Co Qo

B, | T EI (2AB)an | 2ha | (33)

We note from (32) and (33) that the coupling effects cannot be controlled
by changing the supporting distance. Only the number of critical fre-
quencies in a given range decreases with decreasing supporting distance.

The previously cited numerical example of the 2 inch copper pipe
yields the following values at the critical frequencies of the two lowest
TE,, waves near A = 5.4 mm:

TEy 2% — 0.114 20 log | Z2| = —23.4 b,
Qoy 1

TEs 2% — 0855 20 log | 22| = —6.85 ab.
Qo I

The mode conversion, especially to the TE;, wave, causes a seriously
high additional attenuation and spurious mode level.

V. MODE FILTERS IN SERPENTINE BENDS

Periodically spaced supports are a condition for the critical case de-
seribed by (32) and (33). Accordingly, the coupling effects can be con-
trolled by removing the periodicity of the supports.
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Fig. 2 — TEn attenuation increase of TE~TE;» coupling in serpentine bends
with mode filters; 2-inch 1.D. 2¢-inch O.D, A = 5.4 mm. Serpentine bends are
caused by equally spaced supports and the elasticity of the copper pipe. The sup-
porting distance is a multiple of the beat-wavelength between TE¢, and TE;s .

An alternative to control the coupling effects is insertion of mode
filters into the line. Mode filters which pass the TE,, waves without loss
but attenuate all other modes have been developed in various forms.
To estimate the amount of mode conversion control that can be achieved
by mode filters, we make two different assumptions. Only the critical
case of the supporting distance equal to a multiple of the beat wave-
length is considered here.

A. The mode filters are ideal; they present infinite attenuation to all
unwanted modes. At the input of a section between two mode filters we
have a TEy wave only and at the output the spurious mode level has
risen to

L,
E,

w Co

= 51 i (34)
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Fig. 3 — Spurious mode level of TEq—TE;, coupling in serpentine bends with
mode filters; 2-inch I.D. 2%-inch O.D.,, A = 54 mm. Serpentine bends are
caused by equally spaced supports and the elasticity of the copper pipe. The sup-
porting distance is a multiple of the beat-wavelength between T, and TE;, .

The loss to the TEy wave caused by the mode conversion is equivalent
to an increase in TISy attenuation

_llw e :

L is the spacing between two successive mode-filters. In (34) and (35)
the attenuation constants of E; and E; are assumed to be equal. I'urther-
more (34) and (35) hold only as long as the E; power level is small com-
pared to the E; power level.

Ideal mode filters is a rather optimistic assumption. Practical mode
filters present only a limited attenuation to the unwanted modes. There-
fore a more realistic procedure is to represent the effect of the mode
filters by a uniform increase of unwanted mode attenuation.

B. The mode filters with a loss A are considered to cause a uniform
increase in I, attenuation Aa = A /L. Equations (32) and (33) modified
to include this attenuation increase are:

Aoy _ [2 a ]2 u
o1 ET (2A8)%an; | 20 | Jr.% ’ (36)
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@ __’Lg Co Qo1
) « 2 )
E,  EI(208)%0n | 20 | + % (37)

An evaluation of the TEy-TFE; coupling in the previously described
2-inch copper pipe for critical frequencies near A = 5.4 mm is shown in
Figs. 2 and 3. The mode filter loss of 1 db can be achieved for the TE;;
wave in an 18-inch long helix waveguide. A 100-foot spacing of the
mode filters reduces the increase of TEy attenuation to 9 per cent and
the spurious mode level to —26 db.

APPENDIX

The coupling coefficient for the wave coupling between the TEy; wave
and the TEy , TE,, TE;; waves as well as the TM;; wave have been
calculated by S. P. Morgan.* If ¢ = ¢,/R, the factor ¢, is for the various
waves . ’

TMu Cy = 0184:54;66&,

0.09319(Ba)? — 0.84204

TE = = -+ 0.09319 - ,
m o \/ﬁmaﬁua o C ”\/ﬁmaﬂna
0.15575(Ba)? — 3.35688 R
TE12 Cy = ‘ \/m | + 015575 \/ﬁolaﬁma, B
0.01376(8a)* — 0.60216 R
= — 01376
TE13 Co ’\/ﬁol(lﬁlaa + 0.0 37 \/6014,813(1,
where a = radius of waveguide,
B = free-space phase constant,
Bn.m = phase constant of TI,, wave.
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Normal Mode Bends

for Circular Electric Waves

By H. G. UNGER
(Manusecript received Iebruary 18, 1957)

In dielectric-coated round waveguide the degeneracy or equality of phase
constants of TEy and TMy waves s removed. In such a non-degenerate
waveguide, mode conversion tn bends can be reduced by changing the curva-
ture gradually instead of abruptly. With curvature tapers, which are of the
order of, or longer than, the largest beat wavelength between TEqy and any of
the coupled waves, propagation of only one normal mode is maintained
throughout the bend. Linear curvature tapers can easily be made by bending
the pipe within the limit of elastic deformation.

Changes in the direction of a waveguide line can thus be made by inserting
a dielectric-coated guide section which is elastically bent over a fixed center
point. A thirty degree change of direction of a 2-inch I.D. pipe with 30 fi
of a dielectric-coated guide yields a total bend loss at 5.4-mm wavelength
that is twice the TEqy loss in 30 ft of straight pipe. An optimum bend
geomelry ts found which minimizes the total bend loss. The normal mode
bend s a broadband device.

I. INTRODUCTION AND SUMMARY

A major problem in circular electric wave transmission is the question
of negotiating bends. In curved sections of a round waveguide the TEg
mode couples to the TEy; , TEy, , TEy; - - - modes and to the TM;; mode.
The coupling to the TM;; mode presents the most serious problem, since
the TEyn and TM;; modes are degenerate in that they have equal phase
velocities in a perfectly conducting straight guide. TEy power introduced
at the beginning of the bend will be almost completely transferred to the
TMy; mode at odd multiples of a certain critical bending angle. This
power transfer can be reduced by removing the degeneracy of equal
phase velocity of THEy and TM;; modes. There are various methods to
remove the degeneracy; a simple and a very cffective one is a thin dielec-
tric layer next to the walls of the waveguide. As a study of the dielectric-

1292
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coated waveguide has shown,! this dielectric layer changes the phase
constant of the TMy; wave without appreciably affecting the propaga-
tion characteristics of the TEy mode.

With removal of the TEy;-TMp degeneracy the mode conversion
which occurs when a TEy, wave passes through a bend of constant curva-
ture may be considerably reduced, but it will not be completely elimi-
nated. To design a bend with still lower mode conversion losses, we con-
sider the effect of tapering the curvature along the guide.

Guided wave propagation is most easily explained in terms of normal
modes. Normal modes are solutions of the wave equation in a particular
waveguide structure, and represent waves propagating without loss of
power except for dissipation. In the straight waveguide the normal mode,
in which we are mainly interested here is the Ty mode. The normal
modes of the curved section are not as simple as the straight guide modes,
but they can be expressed as the sum of the normal modes in the straight
waveguide. Here the mode of our main concern is the one which, when
represented as a sum of straight guide modes, has most of the power in
the TEy, part of the sum; in other words, is most similar to the TE, mode
of the straight waveguide.

At a transition from a straight waveguide to a curved waveguide the
normal (TEq) mode of the straight waveguide will certainly excite this
normal mode in the curved waveguide but it will also excite a series of
other normal modes. All these modes propagate in the curved section,
and at the other transition to the straight guide excite not only the TEy
mode but a series of other normal modes of the straight waveguide. All
the power in the other normal modes represents mode conversion loss
of the bend.

A transition which transforms the normal (TEy) mode of the straight
waveguide into only one of the normal modes of the curved guide and
vice versa will avoid all mode conversion losses. Such a transition can
be realized approximately by tapering the curvature. Beginning with
zero curvature at the straight guide end of the taper, the curvature is
increased gradually along the taper to the finite value of the bend. The
normal (TEy) mode incident from the straight guide will be gradually
transformed into the particular normal mode of the bent guide which is
most similar in field configuration to the circular electric wave. At each
point along the taper there is essentially only one local normal mode cor-
responding in its configuration to the value of curvature at that point.

This taper, unless it is infinitely long, is however only an approxima-
tion of the ideal normal mode transition. There will still be other modes
excited with a very low power level. In the next section we shall analyze
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the propagation in the normal mode taper. We will find that the taper
should have a certain minimum length to work properly. Usually it has
to be long compared to the beat wavelength between the Ty normal
mode and any of the other normal modes into which power may be con-
verted.

In the plain waveguide the degeneracy between TEq and TMy causes
an infinitely long beat wavelength. Hence, the normal mode taper would
not work there. A nondegenerate waveguide is an essential condition
for the normal mode bend.

We shall confine our attention to the linear taper. This is not the
optimum taper form, but it is most easily built.

The residual mode conversion in the bend is to be accounted for as
bend loss. This loss and the loss caused by the normal mode attenuation
in the bend add up to a total bend loss. We shall evaluate the total bend
loss for bend configurations which might be useful in circular electric
wave transmission. Ifor specified waveguide dimensions the total bend
loss can be minimized by choosing the proper bend geometry.

The normal mode bend is an inherently broadband device. The total
bend loss shows the same order of frequency dependence as the loss in
the straight waveguide.

II. ANALYSIS OF THE NORMAL MODE TAPER

In the curved waveguide, wave propagation can be described in terms
of the normal modes of the straight waveguide. The relation between
these modes is then given by an infinite system of simultaneous first
order linear differential equations. It represents the mutual coupling of
the straight guide modes in the curved waveguide. We are interested
mainly in TEy propagation and shall restrict ourselves to a low
power level in all other modes. Consequently, an adequate procedure is
to consider only coupling between TEy; and one of the coupled modes at
a time. Thus, the infinite system of equations reduces to the well known
coupled line equations:*

dr .

"Ez“l = — vty + jCl’zz,

di W
—(,i = jCEl — 'YzEQ,

in which

By 2(z) = wave amplitudes in mode 1 (here always TEy) and
mode 2 (TMy; or one of the TE,,), respectively;
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Y12 = JBi,2 + a12 = propagation constants of modes 1 and 2, respec-
tively, (the small perturbations of v; and 7.
caused by the coupling may be neglected here);
and

¢(z) = coupling coefficient between modes 1 and 2.
In the curved waveguide the coupling coefficient is proportional to the

curvature k:

dé

c(z) = k) = ¢ o

@)
in which 6 is the direction of the guide axis. The coupled line equations
(1) with varying coupling coefficient have been solved by W. H. Louisell
and we shall borrow freely from his treatment.’

We define local normal modes w;(z) and w,(z):

E, = [wcosié— wysinlge™

. e 3)
By = [wysin 2 & 4+ wycos 3 £] e ™,
in which
Y1+ 72
2 b
tan § = 52 =t
J 2 — "1 =/ Ay
Substituting (3) into (1), we find that w;(z) and w.(z) must satisfy
W T(Z)wl—'j@'uh,
d 1dg @
Wa _ _ 1ag
dz + Ir@w. = 2 dz bl

where I'(z) = £ v/Ay® — 4¢ In (4) the local normal modes are coupled
only through the terms poportional to d¢/dz. When £ is constant they are
uncoupled and true normal modes. For small values of d¢/dz or more

specifically when
1 d
!-ﬁ o<1 )

approximate solutions of (4) can be written down, which proceed essen-
tially in powers of df/dz. These solutions are:
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z d —2p(2’
0@ =& [ 0) + L) [ % e

wl(O)f dE ¢ d—g G g dz':|,

0 dz”

(6)
w2(z) — —p(Z)I: (0) = 1(O)f df 2p(z) d

- _“)2(0)[ GE e ) d(.izi’:’ ~20(:) g dz’:|,

in which
p(2) =f r(z) dz'.
0

The initial conditions in the normal mode taper are £;(0) = 1 and
I,(0) = 0. The taper begins with zero curvature, £(0) = 0. Hence from
(3) wi(0) = 1 and wy(0) = 0. The wanted local normal mode is w; while
wy is an unwanted mode. At the end, 2 , of the taper the unwanted mode

ORM CURv4
IR -22, T YRs

CURVATURE k
< —— - ———

ool ST

Fig. 1 — Normal mode bend with linear curvature taper.
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amplitude is

. )

_ LI [P dE s
]w2(zl)]—.2!f0 7 dz

This amplitude represents mode conversion loss and therefore has to
be kept as small as possible.

In (7) the function £(2), i.e., the taper function, is still undetermined.
Obviously it can be chosen so as to optimize the taper performance. A
taper of optimal design keeps the unwanted mode below a certain value
with as short a taper length as possible. I'rom (7) the relation between this
optimizing problem and the problem of the transmission line taper of
optimal design® is at once evident. The transmission line taper is a low
reflection transition between lines of different characteristic impedances.
To minimize the length of the transition for a specified maximal reflec-
tion, the characteristic impedance has to change along the transition
according to a function which is essentially the Fourier transform of a
Tschebyscheff polynomial of infinite degree. The same procedure can be
applied here and it will result in a curvature taper of optimal design.

We are, however, at present not as much interested in a transition of
optimal design as in a curvature taper which can easily be built. Suppose
we bend the pipe to a bending radius R, which causes only elastic defor-
mation. We do this on a form of radius R, , Fig. 1. The forces acting on
both ends of the pipe cause a torque and hence a curvature of the pipe
which increases approximately linearly from the pipe end (¢ = 0) to the
point of contact (z = 2;) between pipe and form:

ko= k2. (®)
21

The corresponding curve which the pipe forms along the taper is Cornu’s
spiral. '

We shall evaluate (7) for a curvature as given by (8). In considering
the mode conversion we may neglect all heat losses, that is ¥ = jB, ete.
With

¢ =co, 9)
21
we get
dz Ay 44 e (10)

AB 22,



1298 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957

and

_ .A6221 Co2 /‘/ oz \? 1 R 2coz]
@ =i [AW L (g ) et | an
We introduce (10) and (11) into (7) and take advantage of
3
AB

which is satisfied for a gentle enough bend. The unwanted mode level
is then given by

2

&1, (12)

Co (1 _ ejAﬂzl)

3

Co
3% +o (8 5733)‘ 13)
The general restriction (5) for the solution (6) in case of the linear

taper is
2¢o co? >"3’ 2
ABZZI (1 + 4: A_B—2212 << 1,

and in view of (12) only

[le(zl) I =

| ABz | 2 1 (14)
is required. The length of the transition has to be of the order or greater
than the largest beat wavelength.

In addition to mode conversion loss the normal mode suffers heat loss
along the taper. From (3) and (6) this heat loss is given by the real part
of [ya — p(2)]. If AB > Aa we get

z 2
Rlyz — ol = a1z + Aa fo A"_BZ iz (15)

It follows from (15) that the attenuation of the coupled straight guide
modes should not be too high for the normal mode bend to work properly.

III. THE TOTAL BEND LOSS

We will consider bends of the dielectric-coated waveguide only. The
normal modes of the dielectric-coated waveguide have phase constants
which are slightly different from the phase constants of the modes in
the plain guide!

4
T™,, 28 ¢ =1
Bam €
AB n ¢ — 1

TEnm
with n%0 Bam  Damz — N2 (1 — »%)

[
Radd

(16)

2 ’
TEy, 25 P ¢ =1 @
60m
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The losses in the dielectric coat increase the attenuation constants by:

ap €

TMnm B—m_n = 6’2 6’
ap n? ¢
TE,» = 6 1
with ny0 Bnm an2 — n? 5/2(1 - V"m2) ’ ( 7)
”
TE,, 22 —Pm € 5
o 60m 31— VOm2

For the circular electric waves the dielectric coat increases the wall cur-
rent attenuation by

THow 2% = (¢ )p‘”" ’ (18)

Om
The various symbols in (16), (17) and (18) are:
Bam = plain guide phase constants of TM,,,, and TE,.. respectively;

Pam = mth root of J,(x) = 0 forTM,., , and mthroot of J,,/(z) = 0
for TE, .. waves respectively;
Vum = N _ Pond cutoff factor in plain waveguide of radius a;
Ae 2ra

6 = grela’cive thickness of dielectric coat;

e = ¢ — je’ relative dielectric permittivity of dielectric coat;
attenuation constant of TE,, in the plain waveguide.

Com
The coupling coefficient between the straight guide modes in a curved
waveguide is ¢ = ¢//R in which?’
TE01 TMu C = Q. 18454 ﬁa
0.09319(Ba)? — 0.84204

TE01 TEu C =

—— 09319
\/Boﬂﬁna + 0.093 \/Boﬂlﬁna,
. 0.15575(Ba)® — 3.35688 (19)
TE01 = TE12 c = '\/E)la—ﬁmt—l_ + 0.15575 V Bolaﬁlza,
0.01376(8a)? — 0.60216
TEm TE13 C = m + 0.01376 V ﬁolaﬁma,

where 8 = free-space phase constant. :

‘We consider the bend configuration of Fig. 1, with the curvature being
a trapezoidal function of length. The maximum power loss due to con-
version to one of the unwanted modes in the first transition is, by (13),

4 602
(ABz)? A—B2 ’

lw2(zl) IZmax =
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By the law of reciprocity the same conversion loss occurs in the second
transition. Both conversion parts phase with each other. To get an aver-
age total conversion we may add them in quadrature and the total con-
version loss to one of the unwanted modes is, expressed in nepers,

2
4 Co

Under most unfavorable phase conditions the conversion loss may be
twice this value, but it is very unlikely that such phase conditions will
be satisfied for all coupled modes simultaneously.

Besides mode conversion loss the local normal mode suffers attenuation
in the bend. This attenuation is larger than the straight guide attenua-
tion. Each straight guide mode contained in the local normal mode of
the bend causes an increase in attenuation. From (15) the loss caused by
one of these straight guide modes is:

1 2
Ay = (am — o) fo 17 1)

Where ain is the attenuation constant of the TE;, and TM; waves
respectively in the dielectric coated waveguide.

Introducing the trapezoidal curvature function of Tig. 1 into (21)
we get

2
Ay = Ac—;z (aam — ) (z - %zl> (22)

The loss caused by the TEg attenuation in the straight dielectric coated
guide is from (17) and (18) '

2 2 ”
A, = anl [1 + (e —1) 7"’—'"52] R _cBu gy (23)
V0m2 3 1 bl 1’()12
The total bend loss is finally obtained by summing up all the terms of
(20), (22), and (23),

A=A4,+2 4+ 2 A.. (24)

The summation signs indicate that all coupled modes (TMy; and TE;,,)
have to be taken into account.

The effectiveness of the normal mode bend is best demonstrated by a
practical example. A copper pipe now in experimental use at Bell Tele-
phone Laboratories for circular electric wave transmission near 5.4 mm
wavelength has 2-inch 1. D. and 2%-inch O.D. Suppose we want to change
the direction of a waveguide line with this copper pipe bn an angle 6.
We can do this most easily by inserting a dielectric-coated section, which
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is bent around a fixed support in the center by forces acting on both
ends. In order not to exceed elastic deformation the bending radius must
not be smaller than

K
f_— a,
max
where f..x = flexural stress at elastic limit,

FE = modulus of elasticity,
a; = outside radius of pipe.

Rmin = (25)

This minimum bending radius requires 2 minimum length to change the
pipe direction by a specified angle 6, given by

lmin = 200Rmin . (26)

The total bend loss (24) has been evaluated for a bend configuration as
specified by (25) and (26). The result is shown in Fig. 2. The total addi-
tional bend loss is only of the order of the TEy, loss in the plain straight
waveguide. For small bending angles the curvature taper becomes shorter
and consequently the mode conversion loss increases. The mode conver-
sion loss, however, does not go to infinity for zero bending angle. In
this case (14) is no longer satisfied, and the mode conversion loss is no
longer described by (20).

The level of the various unwanted modes which can be calculated from
(20) is plotted in Fig. 2.

For a practical waveguide one would decide on a standard length of
dielectric-coated pipe, one or several of which would be inserted whenever
a change in direction has to be made. Take, in our example, a standard
length of 15 feet. With one such section a change of direction up to 15°
could be made. For a change in direction up to 30° two such sections
would have to be inserted and bent around a fixed support at the center
joint. The total loss of Fig. 2 is then a maximum value, which would
only occur when the pipe is bent to the highest allowable bending angle.

IV. A NORMAL MODE BEND OF OPTIMUM DESIGN

The various terms of the total bend loss (24) depend on the bend geom-
etry in quite different ways. It is therefore likely that for a given bending
angle 6, a bend geometry can be found, which minimizes the total bend
loss. The total bend loss can generally be written as:

4
1 —=-u
_ 3 1 ©7)
A =S+ B T O — e
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in which
’ 117012 2 p012 6,/)601 3
—3 1 — —_— —— ——
S aOll: + (e — 1) e :|+ 3 1_V0125,

2
B=2Z i— 002(011m - 0101),

AB?
cl2 9
C-_—-'E—AFoo,
_a

1303

(28)

Here again the summation signs indicate that all coupled modes have
to be taken into account. The factors S, B, and C do not depend on the
bend geometry, but only on the total bending angle, the waveguide prop-
erties, and the frequency. Necessary conditions for 4 (u, ) to be a mini-

mum are:

6_4_2(1—2u)[B £]=0
ou (1 — w®) |3 Dl ’

with the two roots

I
2)
Cr%
and
1 —éu
al A—uw?it (u—ud?b )

If u = 1, the solutions of (32) are the roots of
SP— 4Bl —64C = 0.
If (lw)® = 3(C/B), the solutions of (32) are the roots of

~(e5) +(2)

Sufficient conditions for A («, I) to be a minimum are:
3°A 9°A oA >2
o oF (aTaz >0,
A A

'_—>0, -5‘1—2

£ >0,

(29)

(30)

(1)

(32)

(33)

(34)

(35)

(36)
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If w = %, we have:

A

dual
A 8 (B C »
TS+, (37

Substituting
x = l<§>%l
2\B/ " 38)
= (05) ).
B/ \B
we get instead of (33)
2°(32* — 1) — 27 = 0, (39)
and instead of (37)
2
‘Z_;% = 16"73(:1;2 - 1).

The ’positive root of (39) is plotted in Fig. 3. It follows that if » > 1 we
have = > 1, consequently 6°4/8u* > 0; and if » < 1 we have z < 1,
consequently 8°4/du’ < 0. Consequently if, and only if, r > 1 the
values v = % and z from Tig. 3 minimize the total bend loss A.

35
/
3.0 L
/
25 /,/
2.0 e

O ,~=

Fig. 3 — Positive root of z3(3z2 — 1) — 2r% =
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If (ul)® is equal to 3(C/B),
S Ta_(FAV 1o
du? al? oudl) ~ lu (1 — w)s’

and

FA_ 251 -
our lu (1 —w)?’

Hence, if © < % or, because of (31) and (34) r < 1, a minimum of 4 (u,

1) is located at
3, C _(.,Cc\ |, (BY

30 \

25
b \
w \
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z 20
[a] \
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Fig. 4 — 90° normal mode bend of %-inch( I.D. copper pipe with a dielectric coat
of ¢ = 2.5, ¢ = 2.5 X 1078 Optimum design for 5.4-mm wavelength.
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To find the optimum bend geometry for a given dielectric coated guide
and a specified bending angle we calculate » from (38). If » > 1 the opti-

mum geometry is
l=21/§x and z; = 1/?96

with z from Fig. 3. If r < 1,

3 3 3
l=<3g> +<§), and Z1=<3%>-

A numerical example, the 90° bend of a Z-inch I. D. copper pipe, is
shown in Fig. 4. The total bend loss in the optimally designed bend de-
creases steadily with increasing thickness of the dielectric coat. This
indicates that there is also an optimum coat thickness, which minimizes
thetotal loss of the normal mode bend of optimum total length and taper
length. Unfortunately, however, several approximations made in calcu-
lating phase constants and coupling coefficients in the dielectric-coated

0.20 %
o.18
MODE CONVERSION
do——" Loss
0.16
0.14
0 e}
@ 0.12 &
o =
o a
w w
S o0.10 47
Z w
17 . w
2 0,08 2 )
o O. =
9 > ADDITIONAL
© NORMAL MODE
LOSS
0.06 t
I
i
|
0.04 !
7 Z’ I
7/ TEo LOSS IN %%
STRAIGHT WAVEGUIDE
0.02 /
o

0] 10 20 30 40 50 60 70 80 90 100
FREQUENCY IN KILOMEGACYCLES PER SECOND

Fig. 5 — 90° normal mode bend of Z-inch I.D. copper pipe with a dielectric coat
0.0075 inch thick (¢ = 2.5, ¢ = 2.5 X 1073), designed for optimum performance
at A = 5.4 mm (55.5 kme).
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waveguide usually break down at smaller than optimum values of the
coat thickness.

It should be mentioned finally that the normal mode bend is an in-
herently broad band device. Except for the oscillations of the mode con-
version portion of the total loss as caused by spurious mode phasing,
there is only a gradual change of the loss with frequency.

Some terms contributing to the total loss decrease with frequency,
others increase. The over-all frequency dependence is of the same order
as the frequency dependence of the loss in the straight waveguide. As an
example, in Fig. 5 the bend loss has been plotted versus frequency for
the normal mode bend of Fig. 4.
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