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and the maximum 10 is 

Imax = (m + 1)E\2 (1 + m E1) . 
71 3 

(60) 

Neglecting terms in E12 in comparison with unity, (58) gives 

E. = 2El (1 + m:) (61) 

Combining this with (57) and (60) we have 

Eb + Va sinwt1 = '!!:Id(l- m7r Id). 
w 6w 

(62) 

In practical cases, the term (m7r/6w)Id �~� Id can be neglectedincompari­
son with unity. Then (63) becomes (55). This, together with the quad­
ratic (57), determines Eo and tl for any Eb and Va. 

From (60) and (61), 

I = (m + 1)Eo2 = 7r
2
(m + 1) I 2 

max 471 W271 d • 
(63) 

Thus the effective duration of the pulse At = I d/ I max is 

" �W�~�7�1� 

At = 7r2(m + l)Id . (64) 

So the pulse becomes sharper as 71 decreases and Id increases. We can 
estimate the accuracy of the instantaneous pulse approximation by com­
paring At with the period 27r / W. 

APPENDIX C 

I teration Method 

The procedure in detail is the following: Each iteration goes from an 
E(t) through an Io(t) to a new E(t). In the first iteration we have to guess 
at E(t). The procedure has been to begin with the E(t) corresponding 
to the instantaneous current pulse and illustrated in Figs. 6 and 9. The 
magnitude Eo of the discontinuity is chosen to satisfy 

(E + (m/2)E2) = O. 

The time tl when the discontinuity occurs is found from (40). Putting 
this E(t) into (25) and integrating gives a periodic Io(t)/Io(O) from which, 
using (23), we find a function F(t) = - AE(t)/Io(O). Putting E = Eb + Va 
sin trt - Io(O)F(t) into (E + (m/2)E2) = 0 gives a quadratic equation 
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for 10(0). Only the smaller of the two roots is meaningful. From the 
known F(t) and 10 (0) we have a new E(l). Since it satisfies 
(E + (mj2)E2) = 0, the Io(t) j 10(0) calculated from it in the following 
iteration will be periodic. 

To plot Io(t) in Fig. 11 we have determined both Io(t)jlo(O) and 
10(0) from the same E(t). The quantity Io(t)jlo(O) is found from (25) and 
10(0) is chosen to satisfy (10) = -2(6.E). This relation is automatically 
satisfied if 6.E(t) has been determined from Io(t) using (23). However, 
only in the exact solution is it satisfied if Io(t) was determined from 
6.E(t). To determine 10(0) from 6.E(l) we have 

I (0) = - 2(6.E(t) 
o j Io(t) \ 

\10(0)1 

where Io(t)IIo(O) is found from 6.E(t) using (25) with E = Eb + Va 
sin 7rt + 6.E. The value of 10(0) found in this way, in each iteration, 
was compared with the value that makes the following Io(l) periodic. 
When the two values agreed within a specified amount, usually taken 
to be about one per cent, the iteration procedure was terminated. The 
procedure was programmed on an I.B.M. 650 Magnetic Drum Calcu­
lator. The machine would give a solution of the required accuracy in 
about four iterations, or forty minutes, on the average. 

In one case, where the current peak occurred at t1 = 0.92, the itera­
tion procedure was repeated starting with t1 = 0.85. The peak in suc­
cessive iterations moved from 0.85 to 0.92. In other words, the final 
result was independent of the initial t1 . However, more iterations were 
required for a poor initial choice. 

APPENDIX D 

Effect oj Is 

It is convenient to consider the solution for a single cycle extending 
between two current minima. The effect of Is will be important only 
near the ends of the cycle where 10 is small and the term lsi 10 cannot 
be neglected in (52). Let the solution beJ(t)Io(t) where lo(t) is a solution 
for Is = 0 and is the correct solution during most of the cycle. Then 
J(t) will be unity during most of the cycle and will rise sharply at the 
beginning and end of the cycle. Since the current is always positive, 
each rise in J(t) must be less than unity. The condition that the current 
be periodic is 6. In J + 6. In 10 = 0, where 6. denotes the change during 
a cycle. The change in In 10 is found by the same procedure that led to 
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(37). If ~f is the total change in f in a cycle we have, instead of (37), 

In (2 + D.f) = 47r(m + 1) [Eb _ Id + '!!! Va2] • (65) 
~ - D.f WTl 2 4 

Replacing Io(t) by the correct solution f(t)Io(t) in (52) gives 

df _ 2 Is 
dt - D 10 ' 

(66) 

To determine D.f we need to solve this only in the short interval near 
the current minima where f is changing. In practical cases the current 
will have stopped flowing slightly before the end of the negative half of 
the cycle. Hence when f is changing, E + (m/2)E2 will vary as Vawt and 

In [Io(t)] = (m + 1)Vawt2 
Imin TI 

(67) 

where I min is the minimum of Io(t) and t = 0 is taken at the minimum. 
Substituting (67) into (66) and integrating over the short interval where 
f is changing gives 

D.f = 2Is • / 7r . 
I min 11 "(m + 1) VaWTl 

(68) 

The ratio of I min to I max is found by integrating (25) from the current 
minima at E = 0 to the maximum at t = t1 • At the amplitudes where 
the effect of Is is important we can use the sharp-pulse approximation, 
so E = Eb + Va sin wt during this interval. The quantity Imax is given 
by (63). Thus D.f is found in terms of Eb , Va and tl . Equation (65) now 
replaces (37) and together with (55) determines tl and Id for a given 
voltage bias and amplitude. 

APPENDIX E 

Zener Current 

The small-sjgnal case is easily solved. The ac variations in 10 and Eo 
are proportional. At large signals it is probably a good approximation 
to say that (a) no current is generated until Eo has risen to a critical 
value, which we shall define as Ee , and (b) thereafter 10 will be such as 
to keep Eo from rising above Ee . Thus (25) is replaced by 10 = 0 for 
E < 0 and E = 0 for 10 > O. Equations (23) and (26) remain unchanged. 
The current Ie(t) will flow during the following three intervals: 

(A) Beginning at the time to when Eo = E e , current begins to be 
generated and continues to be generated until a time tl when no more 
carrier space-charge is required to keep Eo from rising above Ee , that 
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is, to keep E from becoming positive. The last holes to be generated 
will have been generated before the first have crossed the space-charge 
region. During this interval, Ie increases from Ie(to) = 0 to its maximum 
I€(tI), while 10 jumps at once to its maximum at to and thereafter de­
clines, reaching zero at tl . The governing equation is 

dIe dV Tat - Ie = C (it = CVaW cos wt. (69) 

This can be obtained by physical reasoning from Fig. 8 or by differenti­
ating (23) and (26). Equation (69) is easily solved, subject to Ie(to) = O. 
The time tl and the maximum current Ie(tI) are found from dle/dt = 0 
at t = tl . 

(B) From the time, tI , when Ie reaches its maximum and Ie drops to 
zero, until the time to + T, when the first holes to be generated reach 
the i-p + junction, Ie remains constant and equal to Ie(tI). A constant 
number of holes are moving with constant velocity across the space­
charge region. 

(C) Between to + T and tl + T the holes generated in the first interval 
are flowing out at the i-p + junction. Since the first holes to be generated 
are the first to flow out, Ie(t) = Ie(tI) - Ie(t - T) during this interval. 

Thus, by solving (69) for I e(t) in the interval to ~ t ~ tl we know 
I e(t) throughout the cycle. Except in the first interval, E ~ 0 and 10 = o. 

The equations have been solved for the frequency 0.75/ Tor w = 371"/27. 
The Q is a function of wto , which is determined by the voltage bias and 
amplitude. The Q is negative for 13° < wto < 90°. The maximum -l/Q 
is about 0.0095 and occurs at about wto = 40°. The quantity [f/(l + f)] 
(Vd/Va) rises almost linearly with wto from zero at 13° to 0.21 at 90°. 
The limitations on Vd and Va would be about the same as for a diode 
operating by multiplication. 
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Broadband Oscilloscope Tube 

By D. J. BRANGACCIO, A. F. DIETRICH and J. W. SULLIVAN 

(Manuscript received June 3, 1957) 

By applying traveling wave tube principles to the design of a helix type 
vertical deflection system it has become possible to build an oscilloscope tube 
whose bandwidth characteristic is flat over 600 megacycles. The trace on the 
fluorescent screen is readable without other optical means. The tube con­
struction is similar to commercial cathode ray tubes, the only exception being 
that the alignment of the various tube elements has a closer tolerance. In 
actual use this tube allows one to view directly repetitive pulses a few mil­
limicroseconds in width. 

1. INTRODUCTION 

New transmission systems which employ binary pulses and regenera­
tion! require pulses which are a few millimicroseconds in length. One of 
the primary characteristics of short pulses is the wide bandwidths re­
quired for any system which is to handle them. The advantages of 
using a wideband system have been discussed by others2 • 3 and in this 
paper we will describe an oscilloscope which is capable of presenting 
a visual display for these millimicrosecond pulses. 

In a conventional oscilloscope which uses a pair of plates to deflect 
the electron beam the frequency range is limited to the extent that a 
typical tube might have a response which is down by 3 db at 60 mc. 
This bandwidth is limited by the transit time of the electrons through 
the deflection system. This time interval should be short as compared 
to the period of the RF voltage on the plates. We can decrease the time 
with a resulting increase in bandwidth by shortening the axial length of 
the plates and increasing the speed of the electrons. Both of these fac­
tors, however, tend to decrease the sensitivity which we define as the 
deflection of the beam measured in units of spot diameters for a unit 
input voltage. A much improved method of overcoming the transit­
time problem has been suggested by Pierce4 where he uses a slow trav­
eling RF wave to deflect the beam. The deflecting voltage travels at 
the same speed as the electrons and consequently a given electron sees 
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the same phase of the wave throughout the deflection system. The 
bandwidth jn such a system is now limited by the frequency range 
over which the RF structure is capable of propagating a wave at a con­
stant velocity. This extends the frequency limit well into the microwave 
region. This principle has recently been used by Germeshausen5 in a 
tube which displays single pulses or transient responses of very short 
duration. 

The oscilloscope discussed here, shown in Figs. 1 and 2, has a flat 

Fig. 1 - Photograph of broadband oscilloscope tube - Model III. 
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Fig. 2 - Cross section of broadband oscilloscope tube - Model III. 
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response from 0 to 600 mc and is useful for viewing repetitive pulses 
within this bandwidth. This limit is determined by the particular transi­
tion from the 76-ohm coaxial input line to the slow wave structure and 
is not inherent in the traveling wave deflection system. The viewing 
field is approximately one inch square when no post acceleration is 
applied. This increase in picture size is obtained by increasing the tube 
length and therefore the optical system of Pierce's previous model has 
been eliminated. With a beam voltage of 1,000 volts the sensitivity is 
0.02 trace widths per millivolt which tells us that 0.41 milliwatts of 
power into the 76-ohm input lead is required for a peak-to-peak deflec­
tion of 10 trace widths. 

II. GENERAL DESCRIPTION OF THE TUBE 

The broadband oscilloscope tube of Fig. 1 consists of an electron gun 
which forms a small beam (0.002" diameter) that is focused on the 
screen by the lens which precedes the slow· wave structure as illustrated 
in Fig. 2. The electron gun employes a type "B" Philips impregnated 
cathode 0.025" in diameter and it is capable of giving current densities 
in excess of one ampere per square centimeter. The gun design is simple 
in that we aperture the beam with a small anode hole rather than making 
use of a sharp crossover. The ion bombardment of the cathode was 
considerably reduced by aperturing the beam with a 0.020" hole in a 
low voltage electrode near the cathode surface. This electrode also serves 
as a current control which is very useful for blanking the return trace. 
The 0.030" aperture at the input of the deflection system eliminates 
those electrons which do not pass near the center of the focusing lens 
and insures that the vertical dimension of the beam in the traveling 
wave deflection will be small. This system of deflection is the component 
which is new in this tube and it will be discussed in detail in Section III. 
The horizontal sweep for this tube is a pure sine wave of a frequency 
much lower than the repetition rate of the incoming pulses. Since a 
single frequency is involved, the horizontal sweep circuit can be resonant. 
Therefore, large sweep voltages are easy to obtain. Two parallel plates 
i" long spaced 0.060" apart are used for the horizontal deflection system. 
The picture size increases with distance beyond the deflection circuit 
and as a compromise between over-all tube length and picture size, a 
drift distance of 8" was chosen. There is a simple post acceleration lens 
near the screen for the purpose of increasing the intensity. Since it is a 
converging lens it has the disadvantage of decreasing the picture size, 
as a result the accelerating voltage is limited to about 3,500 volts. 

The use of a strong post-acceleration lens wherein the beam actually 
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crosses the axis before reaching the screen has been suggested by a 
number of people as a method of avoiding the reduction in picture size 
with increasing screen voltage. Such a system has been built (described 
in Section VI) which operated at a post-accelerating voltage of 10 kv. 
However, the system does suffer from increased astigmatism and more 
work is required before it can be used. 

III. VERTICAL DEFLECTION 

The vertical deflection system is a coaxial tape helix made of gold­
plated molybdenum tape 0.115" wide wound at eight turns per inch 
over a stainless steel arbor as shown in the enlarged sketch of Fig. 2. 
The rectangular opening for the beam is 0.044" high and 0.108" wide. 
At either end there is a simple transition from the 76-ohm coaxial line to 
the helix as shown. We see that the coaxial line is essentially turned 
inside out with the outer coaxial conductor becoming the inner portion 
of the deflecting system. This transition from coaxial line to the deflecting 
system represents a discontinuity which is mainly due to a radical change 
in geometry in a short distance. This is true even though impedance is 
preserved. At about 650 mc the input and output transitions are spaced 
about a half wavelength apart and, consequently, a large reflection 
occurs. Actual measurements on the tube show that the reflections from 
this tube are 25 db down from 0 to 600 mc (VSWR < 1.13). The band­
width could be increased by an improved coaxial to circuit transition. 
The high frequency limit to this helix as a propagating structure will 
occur when the circumference becomes equal to one-half wavelength. 
At this point the discontinuities due to the slot in the ceramic spacer 
are one-half wavelength apart and a stop band in the propagation charac­
teristic will appear. This will oc.cur at about 3,000 mc for the dimensions 
of this tube. 

The maximum angle of deflection is limited by the ratio of the length 
to vertical separation of tape helix and the center conductor. This angle 
is 3.7°. 

When the beam voltage is properly adjusted, the wave and the 
beam travel along together and transit time effects are minimized. If 
the beam velocity differs from the synchronous value, the amplitude of 
a sinusoidal deflection will be reduced by 6 

wl (i _~) , 
2 vs v 

(1) 
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Fig. 3 - Transit time versus frequency for a beam in the presence of parallel 
plates. 

where w is the radian frequency, l is the length of the deflecting system 
and Vs and v are, respectively, the synchronous and the actual beam 
velocity. Equation (1) shows that, in any case, this deflection system 
gives better response than would a system using parallel plates. For 
parallel plates the reduction due to transit time effects is 

. wl 
sm 2v 

wl 
2v 

where the symbols have the meanings given above. 

(2) 

There is another point to consider and that is the transit time effects 
due to the finite width of tape. Fig. 3 shows the magnitude of this 
effect. Sinusoidal signals suffer only a loss in amplitude because of transit 
time effects; however, any other waveform will be distorted. This can 
best be seen by considering what happens when a square ,vave with a 
zero rise time amplitude V m is applied to this deflecting system. 

The vertical deflection on the fluorescent screen will be proportional 
to the transverse velocity gained by the beam in passing through the 
deflecting system. This is given by 

e ltv 
Vy = - d- dt. 

1n 0 
(3) 
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vVhen the voltage goes from zero to Vmux , some electrons will just be 
entering under a tape. These electrons will be influenced by V mux for all 
the time that they are under the tape. Electrons which have further 
progressed under the tape will be influenced for a lesser period of time. 
vVhen the proper limits of integration are placed on (3), it reads 

l
X!u o 

Vy = ~d 0 Vmdt, 

o ~ x ~ p, (4) 

= ~d Vm T p ~ x, 

where p is the pitch of the tape helix and T is the time taken by the beam 

in traveling 11 distance of p (r = ~). Equl1tion (4) shows thl1t a square 

wave with a zero rise time will appear on the screen to have a rise time 
T. For the dimensions of this tube T is 1.65 X 10-10 seconds. 

IV. SPOT SIZE AND SENSITIVITY 

The elements in this tube which determine spot size are the 0.002" 
hole and the subsequent lens system. This hole IS imaged on the fluores­
cent screen and its size at the screen is determined primarily by the in­
tervening lens system. Theoretically the spot size should be 0.007"­
however, in most cases the measured size was approximately 0.010"; 
Part of this difference is due to the fact that the beam boundaries are 
not clearly defined, consequently measurements may be somewhat 
inaccurate. 

Sensitivity is best expressed as trace width of deflection per volt of 
applied signal. This is particularly significant since the amount of infor­
mation which can be obtained from a picture depends not on the absolute 
height of the picture but rather on the number of elements (trace widths) 
which make up the picture. Thus it is desirable to have the spot size as 
small as possible. The vertical sensitivity of this tube is 50 millivolts 
per trace width and the field is about 100 trace widths both horizontally 
and vertically. A 25 milliwatt sinusoidal signal will give maximum 
vertical deflection. The horizontal sensitivity is 0.42 volts per trace 
width or 42 volts per inch. 

V. WRITING SPEED 

One of the most important considerations in high speed oscilloscopes 
is the writing speed of the instrument. This factor tells how fast the 
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sweep can travel and still give recordable information. This is usually 
expressed in trace widths per second. To measure the writing speed of 
the broad-band oscilloscope a square wave with a 50 millimicrosecond 
rise time was applied to the tube and the repetition rate of the square 
wave was lowered until the rise time portion could no longer be observed. 
With 2000 volts of post acceleration and a square wave with a height 
of 100 trace widths, rise time was still visible at a repetition rate of 50 
times a second. This means that the writing speed was 2 X 109 trace 
widths per second when repeated 50 times a second. To compare this 
with the conventional method of stating writing speeds, the number of 
"frames" instrumental in forming an image must be known. For a 
human, the persistence of vision is approximately io second. This means 
that the number of events occuring in this period aid in forming an 
image; any greater number is superfluous. Using the above numbers, 
our writing speed becomes 0.8 X 109 trace widths per second. This would 
also be the maximum writing speed detectable on film with the same 
sensitivity as the human eye. The writing speed of this tube should be 
compared to that of 1 X 1011 trace widths per second available in special 
high speed oscilloscopes. The relatively low writing speed of this tube 
makes it more useful in observing recurrent phenomena rather than 
transients (or single pulses). The most effective way of obtaining a greater 
writing speed is to increase the beam voltage. This results in a beam 
with a greater power density since not only do the electrons strike the 
screen with a greater velocity, but also the current density in the beam 
may be increased. However, as previously mentioned, this re~ults in a 
loss in sensitivity. This can be overcome to some extent by using a 
strong post acceleration lens and high voltages. 

VI. ALTERNATE LENS SYSTEM FOR POST ACCELERATION 

In order to obtain higher writing speed in the broadband oscilloscope 
tube, a cross-over lens was built to compare this type of system with 
"ordinary" post acceleration. An operating voltage of 10,000 was chosen. 
A photograph and cross-section of the tube is shown in Figs. 4 and 5. 
The lens consists of two cylinders whose diameters are in the ratio of 
1.5 to 1. The small cylinder must be long enough to prevent fields from 
the lens from penetrating into the horizontal deflection region. This 
essentially determined the position of the lens center. The diameter of 
the small cylinder was determined by setting a limit to the amount of 
aberration which can be tolerated. It was decided that the small cylinder 
diameter should be three times the maximum deflection at the lens 
center. The beam with its increased velocity travels about ten inches 
before it strikes the fluorescent screen. . 
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Fig. 4 - Photograph of broadband oscilloscope tube - Model IV. 
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Fig. 5 - Cross section of broadband oscilloscope tube - Model IV. 

For this simple lens system illustrated in Fig. 6 the image distance is 
fixed by the distance from the lens center to the screen. However, the 
object distance as defined by distance between the lens center and the 
center of deflection is different for vertical and horizontal deflections. 
This results from the axial displacement of the deflection regions and 
causes a difference in the magnification of the horizontal deflection 
system as compared to the vertical. With the use of Spangenberg's7 
P-Q curves one can find the crossover point (2) for each value of V2/V1 • 

This allows us to calculate the magnification and the results are plotted 
in Fig. 7, together with the observed magnification. 'rhe agreement is 
fairly good until high values of V 2/V1 are reached -- here the observed 
curve seems to "saturate". 
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This effect was corrected and the brightness was improved by using 
an "aluminized" screen. The screen is made by evaporating a thin 
(approx. 5000 A) film of aluminum Oll the back of the phosphor.8 This 
is necessary since at high velocities the electrons penetrate so deeply 
into the phosphor that secondaries do not readily escape; consequently 
the screen charges to a potential lower than that applied.to the lens and 
the beam is slowed down at the screen. A further advantage of aluminiz­
ing is the fact that the aluminum film acts as a mirror and reflects forward 
part of the light that was originally lost at the back of the screen. Fig. 8 
shows the magnification of an aluminized tube as a function of the 
lens voltages. The "astigmatism" of this particular design is worse 
than the conventional "post acceleration" systems and more effort is 
needed to improve this feature. 

VII. MECHANICAL DESIGN 

The mechanical design of the broadband oscilloscope tube is similar to 
the design of a conventional cathode ray tube. That is, the various 
electrodes which make up the tube are mounted in cylinders which are 
supported from ceramic rods. The materials used in the tube are type 
302 and 304 stainless steel, 326 Monel and molybdenum. The type of 
glass used is 7052 Pyrex. The conductive coating inside the envelope 
is tin oxide. The screen is a blue sulphide phosphor, seven to ten microns 
particle size. 

In constructing the tube, the various sub-assemblies consisting of the 
gun, focusing lens and RF structure are properly aligned and mounted 
as a unit from the coaxial lines. Before the tube is sealed in its envelope, 
the RF match of the helix circuit is measured. When the electrical 
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tests have been completed, the alignment of the entire structure is 
checked using an optical comparator. The alignment of the drift tube, 
focusing electrodes and RF structure is acceptable when the axial 
deviation is less than one part in five thousand. The cathode assembly 
must be within three thousandths of an inch axially. 

Although the alignment of the electrodes for the broadband oscillo­
scope tube appears to be rigid, it is not a difficult tube to build. 
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VIII. APPLICATIONS 

Currently, studies are being made on microwave regenerative repeat­
ers with pulse repetition rates of one hundred and sixty million pulses 
per second. Timing pulses needed· for this system are only 2 mi1limicro­
seconds wide at the base. Bandwidths of 500 megacycles or more are 
required for satisfactory reproduction of these short pulses. 

Fig. U is an enlarged photograph of timing pulses occurring at the 
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rate of one hundred and sixty million pulses per second as seen on the 
face of the broadband oscilloscope tube. It will be noted that the slight 
imperfections in the wave caused by leakage of pulses at half this rate 
can be clearly seen. Sine wave frequencies considerably higher than 160 
megacycles·· have been observed on the broadband oscilloscope tube. 
Fig. 10 shows an enlarged photograph of an 800 megacycle sine wave as 
seen on the face of the broadband oscilloscope tube. 

By using television techniques and televising the image on the face 
of the broadband oscilloscope tube, a much larger image can be displayed 
on a television monitor. The waveform on such a monitor is enlarged 
by a factor of 10, with an over-all vertical deflection sensitivity of one 
volt per inch. The picture size compares favorably with the size of trace 
one normally views on a 5" cathode ray tube. Successful operation of a 
system of this type requires that the image be a steadily recurring dis­
play. In this application the broadband oscilloscope tube might be 
regarded as a storage device where information is written in at the rate 
of ten million pulses per second and read out by television scanning at a 
60 cycle rate. 

Fig. 11 shows a typical photographic reproduction of the face of the 
television monitor picture tube. Fig. lI(a) is the detected envelope of 
an 11 kmc pulse group at the output of the microwave modulator. Fig. 

Fig. 9 - Photograph of timing pulses. 

Fig. 10 - Photograph of 800 me sine wave. 



BROADBAND OSCILLOSCOPE TUBE 459 

(a) 

I , , , I 
o 2 3 4 5 

INCH"ES 

Fig. 11 - Photograph of pulsos on the. television monitor. 

l1(b) is the detected envelope of the same pulse group after it has been 
retimed in an 11 kmc microwave gate by the 2 millimicrosecond baseband 
timing pulses shown in Fig. l1(c). 

IX. CONCLUSION 

The broadband oscilloscope tube with its inherent bandwidth has 
made it possible to pursue studies on systems using millimicrosecond 
pulses. The present writing speed of this tube restricts its use to high 
speed repetitive pulses. The writing speed could be increased without a 
reduction in deflection sensitivity by increasing the cathode current 
density. The bandwidth could be increased with an improved transition 
from the coaxial line to the vertical deflection system. In principle the 
bandwidth could be extended to 2500 megacycles without appreciable 
loss in sensitivity. 

A combined unit emp10ying both the oscilloscope tube and the tele­
vision system results in a broadband oscilloscope which is capable of 
resolving one millimicrosecond pulses. The reproduced enlarged images 
compare favorably in size with presentations on a conventional 5" 
oscilloscope tube. The availability of the unit greatly facilitates progress 
towards a short pulse microwave regenerative repeater which would be 
capable of transmitting more than 100 million pulses per second. 
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Optimum Tolerance Assignment to Yield 
Minimum Manufacturing Cost 

By DAVID H. EVANS 

(Manuscript received September 9, 1957) 

The problem considered is that of choosing approximate component tol­
erances in order to minimize mass production costs. The basic item con­
sidered is a unit with a single nominal design response. This unit has 
several components with given nominal design values such that the unit 
nominal response is as required. vVe assume that the components are in 
statistical control and that we can compute the statistical behavior of the 
response as a function of the assignment of component tolerances. Further, 
we assume that the cost and salvage value of a unit are known as a 
function of the assignment of component tolerances. We impose the restric­
tion that the sum of the responses of n identical units in combination must 
be within a prescribed tolerance with probability 1 - E. We can then find 
a relation involving the tolerance limits on the sum of the responses, the re­
jection limits on the response of a single unit, the variance of the re­
sponse of a single unit, and the probability E. Using this relation, which 
effectively introduces the rejection rate as an additional variable, we then 
show how to assign component tolerances to minimize production costs. As 
an illustrative example we consider the design for production of an ideal­
ized lumped-constant delay line. 

I. INTRODUCTION 

A valid area of investigation for the cutting of manufacturing costs 
in the mass production process lies in the assignment of tolerances. In 
this paper we examine a problem in that area. Consider the following 
fairly typical sequence of events: A piece of equipment is to be designed 
with a specified nominal response, for example, an amplifier with a 
specified nominal gain, or a logic gate with a specified nominal time 
delay. The circuit is designed and nominal values are assigned to the 
components of this piece of equipment so that it has the required nomi­
nal response. Next, this piece of equipment is to be mass produced, and 

461 
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mass produced economically. One of the manifold problems which arises 
at this point is the assignment of tolerances to the various components 
of the piece of equipment. It is at this point in the design for production 
that the considerations in this paper enter. 

The effect of component tolerances is to cause the response to 
deviate from the nominal in a statistical manner. A common approach 
to component tolerance assignment ignores the statistical behavior of 
the response deviation and bases the tolerance assignment on the "worst 
case" approach, i.e., the deviations from nominal for all components are 
assumed to act in concert to maximize the deviation from nominal of 
the response. This criterion corresponds to a very pessimistic viewpoint 
because, usually, the probability of such a simultaneous occurrence of 
worst values is extremely small. In fact, it is often so small that in a 
very practical sense it is zero. Within the past several years the statisti­
cal approach to assigning component tolerances, which makes use of 
the statistical nature of the response deviation, has been gaining in 
popularity. J. M. Juran! gives examples and several references to uses 
of statistical tolerancing. A fine case history of a statistical tolerancing 
approach is that of the design for production of the repeaters used in 
the Bell Systems 1.3 coaxial system.2 In References 3 and 4 the particu­
lar problems of statistical distribution requirements and quality control 
requirements for the components of the 1.3 system are considered. In 
statistical tolerancing, in order that the deviation of the response be in 
control, it is necessary that the component manufacturing processes 
either be in control or sufficiently compensated so that they arc effec­
tively in control at all times. We will assume statistical tolerancing in 
this paper; thus, we are also forced to assume the restrictive implication 
that the component manufacturing processes are in control. 

In any kind of tolerancing there are many possible component toler­
ance assignments for which the response tolerances are identical or 
reasonably so. The costs associated with the different component toler­
ance assignments, however, will not in general be the same. 

For example, consider an R-C circuit. Assuming for the sake of 
this example that both resistors and capacitors come in truly uniform 
distributions it is obvious that the statistical behavior of the time con­
stant (r = RC) will be the same if the resistor is from a 5 per cent dis­
stribution and the capacitor is from a 10 per cent distribution or if the 
resistor is from a 10 per cent distribution and the capacitor is from a 5 
per cent distribution. However, the costs will generally be different. 

The desired tolerance assignment is the least expensive tolerance 
assignment (of those tolenmce assignments which engender identical 



'l'OLERANCE ASSIGNMENT FOR MINIMUM COST 463 

response tolerances). Pike and Silverberg5 have considered this problem 
for linear, or approximately linear, (mechanical) systems using statisti­
cal tolerancillg. They show how to adjust the component tolerances 
(actually the variances) to get maximum value for minimum cost. 

N ext let us discuss some characteristics of the particular type problem 
we wish to consider: 

1.1 Response Tolerances 

It very often happens that the deviation from nominal of the re­
sponse of an individual piece of equipment - or unit as we shall call it 
henceforth for brevity - is relatively unimportant; the quantity which 
is important is the algebraic sum of the deviations of the responses from 
nominal of a combination of several units. * For example, the repeaters 
in the L3 system are in series and the primary requirement is that the 
sum of the gains compensate for the line loss plus or minus a small 
tolerance. Another example of this type is a string of several logic gates 
for which the total time delay must be less than some prescribed value. 
The sum requirement gives us considerably more latitude in the assign­
ment of the response tolerances for the individual units because of the 
nature of a sum of random variables - for indeed, the deviation from 
nominal of the response is a random variable under statistical toleranc­
ing. 

1.2 Rejection Rate 

A criterion which is often used to measure the efficiency and economy 
of a production process is the rejection rate. Completed or uncompleted 
units may be rejected for any number of reasons, but here we confine 
our attention to those units which are rejected solely because the devia­
tion of their components from nominal is such that their responses are 
out of tolerance. That is, we ignore those units which must be rejected 
because of cold solder joints, flaws, broken leads, and a multitude of 
similar causes. Hereinafter, we shall use the term rejection rate to mean 
the fraction of completed units which have a response which is outside 
of tolerance but which are otherwise acceptable. The usual assumption 
is that the rejection rate must be small for an economical production 
process, however, we take the viewpoint that the rejection rate is an-

* We have chosen to use the hierarchy: components, units, combinations of 
units. This triad may be thought of as corresponding to any similarly ordered 
threesome in any hierarchy which may be more familiar to the engineer, e.g., 
raw materials, piece parts, subassemblies, assemblies, units of product, subsys­
tems, and systems. 
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other variable which may be introduced in order to minimize production 
costs. Note that this implies 100 per cent testing on finished units and 
the consequent added cost thereof. 

But then, what of the rejected units? The rejected units will have 
some salvage value. The salvage value for a rejected unit may range 
from a positive value which is a fairly large percentage of the cost of 
manufacturing a unit (such as would be the case if only a small addi­
tional charge were necessary to bring the unit into tolerance or if out 
of tolerance units could be selectively assembled), to a negative value 
(such as would be the case if the unit were a total loss and there was an 
additional charge to dispose of it). In the most general case the salvage 
value is a statistical quantity since its value might depend, for example, 
on how far out of tolerance the response is or what component or com­
bination of components is the essential cause of the response being out 
of tolerance. 

1.3 Aim 

Before going to the analysis, I would like to indicate the tenor of 
this work. Certainly we are trying to decrease production cost by an 
intelligent assignment of tolerances. However, it is important to note 
that this assignment is made at a point in the production process imme­
diately after the final circuit design and specification of nominal com­
ponent values have been completed. At this stage only the rudiments 
of the projected manufacturing process are known since many final 
answers must await the assignment of component tolerances. Hence, 
the figures for the production costs and the salvage values are not 
known precisely and may be in fact only educated guesses; in addition, 
the distributions for some of the components may not be known pre­
cisely. And further, it would be uneconomical to get precise estimates 
of the figures for each and every possible combination of component 
tolerances which could reasonably be used in the production model since 
the number of such combinations can easily be enormous. Thus, since 
the cost figures are not known precisely, it would be so much wasted 
effort to make the rest of the analysis exact. The principal advantage to 
be gained from the following analysis is to eliminate all except, say, two 
or three possible combinations of component tolerances for ultimate 
consideration for the production model. 

II. GENERAL STATEMENT OF THE PROBLEM 

Let us denote the deviation from nominal of the response of a unit 
by x; x is a random variable. Let there be n units in combination;* 

* Combination, as we use it here, implies only that (1) holds. 
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n is a fixed but arbitrary number. Let Xi be the deviation from nominal 
of the response of the ith unit, i = 1, 2, ... , n, and let the x/s be inde­
pendent. Let it be required that, for proper over-all operation, the alge­
braic sum of the random deviations of the n units in combination be 
constrained to lie between ±B; i.e., 

I Xl + X2 + ... + Xu I ~ B. (1) 

That is, ±B are the tolerance limits on the deviation from nominal of 
the response for the combination of n units. 

As is usual in statistical tolerancing let us be willing to assume a small 
risk E that the combination will not operate properly, i.e., that the 
sum (1) will exceed B. Thus, 

Pr(1 Xl + X2 ••• + Xn I > B) = E. (2) 

N ext let us look at the assignment of component tolerances. The 
assignment variable is really the independent variable in a tolerancing 
problem. That is, let the unit which is to be manufactured have k com­
ponents; number these components arbitrarily, 1, 2, ... , k. Let com­
ponent 1I:j be available in rj different tolerance distributions which are 
to be considered as candidates for possible use in the production model 
of the unit; number these tolerance distributions arbitrarily, 1, 2, ... , 
rj. Do the same for all components, j = 1, 2, ... , k. 

For example, suppose that component 11: j is a resistor. Let the avail­
able tolerance distributions considered be 5 per cent resistors and 10 
per cent resistors. Thus rj = 2 and we can arbitrarily number the 5 
per cent resistors as distribution 11: 1 and the 10 per cent resistors as 
distribution 11: 2. 

A particular assignment of component tolerances can thus be charac­
terized by the ordered set of numbers 

(3) 

which is to be understood to mean that component 11: 1 comes from the 
i1th distribution from the set of available distributions for component 

11: 1, component 11: 2 comes from the i 2th distribution from the set of 
available distributions for component 11: 2, and so forth. The number of 
different tolerance assignments can be very large since the assignments 
range over all possible combinations of available distributions. * Although 
in the above we have only considered a finite number of tolerance dis­
tributions for each component there is no reason, in principle, why one 

k 

* The number is TIrf . 
i=1 
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or more of the components cannot come from a continuum of possible 
tolerance distributions. 

The component tolerance assignment variable, (3), is unwieldy; let 
us replace it by a more manageable independent variable. To do so we 
argue as follows: Since the deviation from nominal of the response of 
a unit, x, is a random variable, as such, it is characterized by a probabil­
ity distribution, say D(x). But D(x) also depends on which set of com­
ponent tolerances is used since different assignments of component 
tolerances will, in general, manifest 'themselves in different statistical 
behaviors for the response. A measure of the distribution D(x) is the 
variance of x - var x = (J2. The quantity (J2, or (J, is an excellent measure 
if all distributions D(x) are normally distributed with mean zero, as we 
shall shortly assume is the case in our problem; otherwise, the aptness 
of (J diminishes as D(x) departs from normal with mean zero. Thus we 
can make the new independent variable (J (or (J2, whichever is more 
convenient) instead of (3). The range of (J is determined by considering 
all possible combinations of component tolerances and (J can only take 
on the discrete values determined by the possible combinations of 
component tolerances (if only a finite number of distributions is con­
sidered for each component). Note that, at this point, the correspondence 
between (J and the particular assignment of component tolerances is 
not necessarily one to one, (see example in Section I). A unique (or 
effectively unique) correspondence will come about naturally when we 
consider the costs, below. 

Before considering the costs we must consider the rejection rate. In 
the introduction we defined the rejection rate as the fraction of the com­
pleted units which have responses outside of tolerance but which are 
otherwise acceptable. That is, if the tolerance limits on the unit response 
are ±b, * then every unit which has a response deviating from the 
nominal response by more than ±b is to be rejected, i.e., reject all 
units such that I x I > b. Since the rejection rate is a variable, b is a 
variable which must be determined. The tolerance limit b is a function 
of three variables (J, B, and €, and must be chosen to satisfy (2). Quali­
tatively, for fixed Band € it is obvious that, in order to satisfy (2), as 
(J increases b must decrease and vice versa. We will obtain a quantitative 
relation later. 

Finally we consider the manufacturing costs per unit. We distinguish 
two types, the raw cost and the real cost. The raw cost per unit is the 
amount of money which must be spent to manufacture one unit regard­
less of whether it has a response which is or is not within the tolerance 

* We are only going to consider symmetrical distributions about the nominal, 
hence b is sufficient. 
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Fig. 1 - Raw cost for a single L-C section of a lumped constant delay line as 
a function of the standard deviation of the delay per section. (See Table II-8 for 
explanation of the code (i,j». 

limits determined by ±b and independent of any salvage value a unit 
may have. The real cost per unit is the raw cost plus the unsalvageable 
raw cost per rejected unit prorated among the units within tolerance. 
It is obvious that for a \\'ell behaved manufacturing process the raw 
cost should be a monotone decreasing function of (J'. Furthermore, if 
two or more different component tolerance assignments give the same 
- or approximately the same - variance, (J'2, the assignment which 
should be chosen to correspond to that (J' is the one which minimizes 
the raw cost. A better statement of the criterion for choosing the com­
ponent tolerance assignments which make up the raw cost curve as a 
function of (J' is that an assignment lies on the raw cost curve if there is 
no other assignment which has both a smaller (or as small) (J' and a lower 
(or as low) cost.* A raw cost curve, C((J'), is illustrated in Fig. 1, i.e., if 

* Stated precisely, the points of the raw cost function as a function of cr, C(cr), 
are determined as follows: Let us denote the component tolerance assignment 
variable, (3), by {3; let the raw cost for each (3 be C({3); let the variance of the re­
sponse for each (3 be [cr({3) J2; then the points of the raw cost curve are given by 

C(cr) = min C({3) (4) 

where (a) the minimum is taken over all (3 such that cr({3) ;;:; cr, and (b) the only 
allowed values of cr are those such that there exists a corresponding (3 and C({3) = 
C(cr), i.e., the "corners" of (4). 
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one plots the point (0-, C) - or equivalently (0-2, C) - for each assign­
ment of component tolerances then C(o-) is the set of points which de­
termine the polygonal curve which is the lower envelope of the set of 
points for all possible combinations of component tolerances. The set 
of points C(o-) are connected for illustrative purposes only; C(o-) exists 
only as a pointwise function (for component tolerances which do not 
come from a continuum of allowed tolerances). 

Finally there is the salvage value for the rejected units. We denote 
the salvage value by a(o-)C(o-), i.e., a is the ratio of the salvage value 
to the raw cost. In the general case the salvage will be a function of 0-, 

i.e., of the particular set of component tolerances, and it will also be a 
random variable which depends on x, the deviation of the response 
from nominal. We will retain the dependence of a on 0-; but we will 
ignore the fact that it may be a random variable and take a as a con­
stant for each 0-. This constant value may be an expected value. The 
assumptions set forth on a are in accord with the aim set forth in the 
introduction, for, if the cost figures are not precise estimates, then 
certainly the salvage value as a distribution function cannot be known 
precisely. If we took a in all its generality, we would only succeed in 
cluttering up the analysis with functions and figures for which we could 
not possibly get realistic estimates. We can, however, reasonably expect 
to get a realistic estimate for the expected value of the salvage as a 
function of the component tolerance assignment, or equivalently 0-. 

Along this same line of reasoning, in connection with the salvage value, 
we note that we assumed that if two different assignments of compo­
nent tolerances give the same 0- then the possible difference in their 
salvage values was to be ignored in choosing the assignment which 
determines the raw cost curve C(o-). This assumption could possibly 
lead to a real cost which is higher than necessary since the salvage 
value is inherent in the real cost. However, the possibility of such an 
occurrence is doubtful, and if such an occurrence were suspected it 
could always be calculated as a special case. 

The problem we want to solve is: 
(a) given n, B, €, as defined in the first two paragraphs of this section, 
(b) given the raw cost as a function of 0-, C(o-), 
(c) given the salvage as a function of 0-, a (0-) , 
find the value of 0- such that the real cost, C*(o-) , is a minimum and 
find the tolerance limits on the unit response, ±b. 

We are able to solve this problem unner restrictive but widely appli­
cable conditions. 
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III. TIELA'l'IONSHIP BETWEEN bAND CT 

We assume that the deviation of the response from nominal of a unit, 
x, is normally distributed with standard deviation CT. This is a realistic 
assumption if the components used in manufacturing the unit have 
independent random variations (not necessarily normally distributed) 
which in turn influence the response additively . We assume, further, 
that the mean of x is always zero which in turn implies that the mean 
does not shift significantly with change in CT, i.e., with change in the 
assignment of component tolerances, and further that the component 
manufacturing processes are in control. 

Let F(y) be the cumulative normal distribution function and cp(y) 
the normal probability density function: 

F(y) = l-1Y e- t2
/
2 dt 

V27r -00 ' 

(5) 

cp(y) 

If the tolerance limits on x are ±b then the probability that an indi­
vidual unit will be rejected, i.e., the rejection rate, is 

Probability of rejection = rejection rate = 2[1 - F(b/CT)]. (6) 

Since only the units which fall within the rejection limits ±b are to be 
used in the combination of n units, the probability density function for 
the acceptable units is 

{ 

cp(x/ CT) 

1/;(x) = CT[2F(b/CT) - 1]' Ix 1< b. 

0, I x I > b 
(7) 

We want next to find the distribution function for the random vari­
able 

~ = Xl + X2 + ... + Xn , (8) 

where the Xi are independent and distributed according to (7). We 
assume that n is sufficiently large to apply the central limit theorem. 
Performing the necessary integration to find the variance of x distrib­
uted according to (7), we have that ~ is normally distributed with 
mean zero and variance 

(9) 
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where 

[ 
2t({)(t) ] 

'net) = 1 - 2F(t) _ 1 ' t > o. (10) 

Note that u(t) ~ l. 
Because of the above assumptions we can rewrite (2) as 

F(B/(T~) = 1 - E/2. (11) 

From tables for F(y) we can find the standard normal deviate r = B/(T~ 

for a given risk E. Introducing r in (9) to eliminate (T~ we find 

(B / (T)2 = r2nu(b / (T). (12) 

Equation (12) gives the desired relationship among B, r (or E), (T and 
b in order to satisfy (2) for an arbitrary value of (T. Note that if, in 
trying to satisfy (12), 'U turns out to be greater than one this simply 
means that although all units are accepted the probability that I LXi I 
exceeds B is still less than E. 

IV. REAL COST PEn UNIT 

The raw cost per unit, as we have defined it, does not include the 
penalty that must be paid for producing units which are outside of 
tolerance and therefore must be sent to salvage, nor does it include any 
salvage value the rejected units may have. Call the raw cost per unit 

C = C«(T). (13) 

In addition to knowing the raw cost we must also know the salvage 
value of a rejected unit, i.e., a unit such that I x I > b. As before, we 
define the salvage value per unit to be 

S = a«(T)C«(T). (14) 

Here, a is a proportionality factor which will, in general, depend on (T. 
Obviously a is less than 1; on the other hand it may range downward 
thru negative values, e.g., if it costs additional money to dispose of a 
rejected unit. 

Define the real cost per unit to be, as before, 

C* = C*«(T). (15) 

The real cost is related to the raw cost and the salvage value as follows: 
If 1\II units are produced in all and m of these M units must be rejected 
and sent to salvage because their responses are out of tolerance, then 

1 
C*«(T) = M _ m [MC«(T) - ma«(T)C«(T)] (16) 
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is the real cost per unit, i.e., C* is the total raw cost for all units pro­
duced minus the salvage value of the unacceptable units all prorated 
among the acceptable units. For large M, ml J.11 is the probability that 
a unit will fall outside of tolerance, i.e., it is the rejection rate, (6); 
hence 

[ 
1 - a ] 

C*(IT) = 2F(b/lT) _ 1 + a C(IT). (17) 

By proper choice of IT, we want to minimize the function C*. 

v. MINIMIZATION OF THE REAL COST 

In principle we could give functional forms for C(IT) and a(lT) and 
then minimize C*(IT) by the usual analytical methods. However, one 
would rarely, if ever, know the functional form for either. Hence we go 
to a graphical method. 

So that the necessary calculations may be carried out expeditiously 
we redefine some of the previously formulated functions. First, however, 
let us see exactly what is desired. We are given B, f(or r) and n. We 
want to calculate C*(IT) throughout the range of interest of IT (or specifi­
cally, for a set of values of IT in the range of interest). After plotting 
C*(IT) we can pick off the minimum, or minimums, of C*; we then need 
to calculate b for the minimum, or minimums. The calculation of C*(IT) 
and b for given B, r, n, IT, can be done stepwise: 

1. From (12) calculate u. 
2. From (10) calculate the implicitly defined variable t = b/IT for u 

from step 1. (The correspondence between t and u is one-to-one since 
u is a strictly monotone* function of t). This step essentially gives us b. 

3. From (17), using t = bllT from step 2, calculate C*(IT). 
N ow that we know exactly what is desired we can expedite the calcu­

lations. A convenient combination of the variables is 

rvn -1/2 
q=-nIT=U . (18) 

Sinceu(t), defined by (10), is strictly monotone it can be inverted 
(numerically) to get 

t = w(q). (19) 

Also, define the function 

1 
H(q) = 2F(w(q» - 1 

1 (20) 
2F(t) - 1 

* The fact that u is strictly monotone will become obvious from the graph of 
the related function (19), Fig. 2. 
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TABLE I 
H(q) and w(q) as functions of the argument q 

1.01 
1.02 
1.03 
1.04 
1.05 
1.06 
1.07 
1.08 
1.09 

*1.10 
1.12 
1.14 
1.16 
1.18 

*1.20 
1.25 
1.30 
1.35 
1.40 
1.45 

*1.50 
1.60 
1.70 
1.80 
1.90 

*2.00 
2.50 
3.00 
3.50 
4.00 
4.50 

*5.00 
6.00 
7.00 
8.00 
9.00 

10.00 

H 

1.002 
1.004 
1.007 
1.010 
1.013 
1.017 
1.020 
1.024 
1.028 
1.032 
1.041 
1.049 
1.058 
1.069 
1.077 
1.10 
1.13 
1.16 
1.19 
1.22 
1.25 
1.31 
1.37 
1.43 
1.49 
1.56 
1.90 
2.25 
2.60 
2.95 
3.30 
3.65 
4.37 
5.09 
5.82 
6.54 
7.27 

* Indicates a change in increment of the argument q 

w 

3.11 
2.86 
2.69 
2.57 
2.48 
2.40 
2.33 
2.26 
2.21 
2.16 
2.05 
1.99 
1.92 
1.85 
1.80 
1.68 
1.58 
1.49 
1.42 
1.35 
1.29 
1.19 
1.11 
1.03 
0.98 
0.92 
0.72 
0.59 
0.50 
0.44 
0.39 
0.35 
0.29 
0.25 
0.22 
0.19 
0.17 

using t and w as defined by (19). Both of the functions Hand w have 
the same independent variable, q. In terms of the functions wand H 
we have 

and 

b (22) 
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as the desired formulas. The functions w(q) and H(q) are tabulated in 
Table I and plotted in Fig. 2 for convenient use. We note for q < 1 
that t = w(q) is infinite; this simply expresses the fact that for (J suffi­
ciently small the probability that I I:X i I will exceed B is less than E, 

and, hence, that the rejection limits are ±b = ± 00, cf., remark about 
u, following (12). 

In terms of H, the rejection rate (6) is 
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1.00 
H, W 0.90 
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Rejection rate = 1 - 1/H. 
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Fig. 2 - lJ(q) and w(q) as functions of the argument q. 

(23) 
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VI. COMPARISON WITH OTHER CRITERIA 

In the above we have tacitly assumed that each unit would be tested. 
Let us now consider the case in which this test is omitted, that is, at 
least as a test on 100 per cent of the units. One can still satisfy (2) by 
choosing the proper value for IJ". Since no units are rejected the distri­
bution for ~ = LXi is normal with mean zero and variance a~2 = na2. 

Hence (2) becomes 

F(B/aVn) = 1 - e/2. (24) 

Letting r he the standard normal deviate which satisfies (24) one has 

IJ" = B/rVfn, (b = 00). (25) 

This is, of course, well known and is in use. In comparing the cost by 
this last method with the cost by the previous method, one must re­
member to take into account the cost of 100 per cent testing of units. 
The testing cost could easily swing the balance in favor of the no-test 
method. 

Another criterion to consider is the zero risk case. Here, e equals 
zero and the rejection limits are then given by b = B/n. It still remains 
to choose the optimum IJ" for the manufacturing process. Proceeding in 
the same manner as previously, one finds that the real cost is given by 

C*(,,) = [2F(~/~,,)a _ 1 + a] C(,,), (26) 

This can obviously be plotted as a function of a and the minimum for 
C* obtained graphically. Note that in this case the component distri­
butions do not have to be in control to satisfy the tolerance limits ±B; 
however, they must be reasonably in control to make (26) true. 

VII. EXAMPLE 

As an idealized example of the method described in the foregoing we 
consider the design for production of a lumped constant delay line. This 
example is meant to be ~trictly illustrative since we wish to concentrate 
on explaining the technique. We are going to ignore some factors which 
must be taken into account in practical applications but which, in the 
present example, would only serve to clutter up the explanation. For 
example, the costs would be influenced by whether we use printed wiring, 
just how and what we are salvaging, whether special care should be 
taken with certain close tolerance components, the testing cost as a 
function of the limits, and so on. 
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With the above reservations in mind we make the following :::;pecifi­
cations for the example: 

1. An L-C section will be the unit, the delay will be the response. 
2. The raw cost of the unit will be the sum of the costs for the induc­

tor and the capacitor plus a fixed cost ]( independent of the component 
tolerances. We will use J( as a parameter. 

3. The salvage value of a rejected unit will be one-half of the com­
ponent costs. 

4. All component distributions will be normal distributions about 
the nominal and will be in control. 

We will consider two examples which differ from one another only 
in the tolerance on the over-all delay B, and for each example we will 
consider several different values for the fixed (i.e., independent of (1) 
cost J( to be added to the component cost to get the total raw cost. We 
introduce these variations to give the reader a quantitative idea of the 
trends they induce. We use the values given in Table II. 

We must first examine the distribution of the delay (response) of the 
individual L-C sections as a function of the component tolerance dis­
tributions. Normalizing the formula for the delay so that L is in I1h, C 
is in }1}1j, and il, x are in m}1sec, 

il = 100 + x = VeL (27) 

(where x is the deviation of the response from nominal). Linearizing 
(27) and using the ordinary linear propagation of error formula one 
finds that the variance of x is 

(28) 

where (1L (in }1h) is the standard deviation of L, (1c(in }1}1f) is the stand­
ard deviation of C, and (1 (in m}1sec) is the standard deviation of ;1:;. 

One should satisfy himself that x is normally, or approximately nor­
mally, distributed with mean zero, or approximately zero, and variance 
as in (28), or approximately as in (28). We can do so by using the non­
linear propagation of error approximate formulas 6 for the range of 
combinations of distributions for the components, Table II-8. It turns 
out that (see Table III) 

(a) the variance as given by (28) is negligibly different from the true 
variance (~1 per cent, see column 5, Table III), 

(b) the coefficient of skewness (31 = }1 i / (16 is small (~3 per cent for 
all combinations, < 1 per cent for most combillations, columll 0, Table 
III) and 

(c) the coefficient of excess (32 = }14/(14 ~ 3, the standard for normal 
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TABLE II - VALUES FOR EXAMPLE 

1. Nominal inductance: Lo 100 p.h 
2. Nominal capacitance: Co = 100 p.p.f 
3. Nominal delay per unit: 
4. Number of units per delay line: 

Ao = VLC = 0.1 p'sec 
n = 10 

5. Nominal delay of delay line: nAo = 1 p.sec 
6. Tolerance on delay line, 

First example: 
Second example: 

7. Assumed risk of out of tolerance delay line: 

B = 5 mp'sec (0.5 per cent) 
B = 15 mp.sec (1.5 per cent) 

= 0.01 per cent 

8. Cost versus tolerance of Components: 
(r = 3.89) 

Inductors Capacitors 
Codet 

(J'L inp,h Cost (J'c in p,p,f 

---
I 0.577 (1%)* $10.00 0.577 
2 1.155 (2%) 5.00 1.155 
3 2.887 (5%) 2.00 2.887 
4 5.774 (10%) 1.00 5.774 
5 11.55 (20%) 0.90 11.55 

9. Fixed cost parameter to be added to compo- J{ 
nent costs to get total raw cost, both exam­
ples: 

(1%)* 
(2%) 
(5%) 

(10%) 
(20%) 

= $0.30 
1.00 
3.00 
5.00 

10.00 
15.00 

Cost 

$1.00 
0.50 
0.30 
0.20 
0.15 

10. Salvage value: aC = ! component cost for 
all (J'. 

* The figures in parenthesis give the tolerances for uniform distributions which 
have the same standard deviations as the normal distributions. 

t We will use the code number to refer to these distributions. The same code 
number is used for both inductors and capacitors. For a pair of components we 
will use the code pair (i, j) where i, the first entry, is the code for the inductor 
distribution, and j, the second entry, is the code for the capacitor. For example 
the code pair (2,1) means that (J'L = 1.155 at a cost of $5.00 per inductor and (J'c = 
0.577 at a cost of $1.00 per capacitor. 

distributions, (column 7, Table III) for the whole range of combinations 
of distributions. However, one does get into some small difficulty with 
the mean. The non-linear formula for the average, after dropping terms 
which turn out to be negligible in this case, is 

- i 10-2(O"c2 + O"L2) , 

,,,,here the partial derivatives are evaluated at L 
finds that 

ave x 

100, C 

(29) 

100. One 

(30) 



TOLERANCE ASSIGNMENT FOR l\UNIMUM COST 477 

TABLE III 
Various Indices of the Distribution of x as a Function of the Com­

ponent Distributions. (For a normal distribution with mean zero and 
variance (T2 = H(TL2 + (Tc2) these indices have the values shown in the 
first row.) 

Minimums of C*1: 

Code -~ _ 10x~ 10 x~ ou2 at hi) for 

u 5 -15 ;;2 (:Itt /32 

B = 5 B= 15 

----
N(O,(J') 0 0 0 0 0 3 

1,1 0.002 0.002 0.001 0.000+ 0.000+ 3 V 
1,2 0.003 0.004 0.001 0.000+ 0.000+ 3 V 
1,3 0.007 0.022 0.007 0.001 0.001 3 
1,4 0.015 0.084 0.028 0.003 0.007 3 
1,5 0.028 0.326 0.108 0.012 0.030 3 
2,2 0.004 0.007 0.002 0.000+ 0.000+ 3 
2,3 0.008 0.024 0.008 0.001 0.000+ 3 V V 
2,4 0.015 0.088 0.029 0.003 0.006 3 
2,5 0.029 0.339 0.113 0.012 0.028 3 
3,3 0.010 0.042 0.014 0.001 0.000+ 3 
3,4 0.016 0.104 0.034 0.002 0.001 3 V 
3,5 0.031 0.357 0.119 0.011 0.020 3 
4,4 0.020 0.167 0.056 0.003 0.000+ 3 
4,5 0.032 0.419 0.140 0.009 0.005 3 
5,5 0.041 0.671 0.224 0.010 0.000+ 3 

~ X = ave x. 
t y{3; is negative, i.e., negative skewness. 
i Checks (V) in the last two columns indicate combinations which are used in 

final solutions for C*. The left column is for B = 5, the right for B = 15. 

is not significant (~4 per cent for all combinations of (TL, (Tc, and <2 
per cent for all combinations not involving any code 5 element). How­
ever, now compute the ratio 

n ave x 
B 

10 ave x lOx 
B -B' (31) 

which is a measure of the shift in the average of the delay for the com­
plete delay line compared to the tolerance on the delay line. One finds 
this ratio is appreciable (i.e., about 10 per cent or more) for some of 
the combinations of component tolerances; namely, for B = 5, all 
combinations involving code 5 elements and the one other combination 
(4,4); for B = 15 only the combination (5,5). Thus, in general, the 
assumptions on normality and mean zero are approximately fulfilled; 
however, one should view with suspicion any solution we may get which 
involves one of the above mentioned combinations. * 

* Note that these same combinations include all the larger values for {31 • 
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Code 

1,1 
2,1 
2,2 
3,1 
3,2 
3,3 
4,2 
4,3 
4,4 
5,4 
5,5 

TABLE IV 

Calculation of C*(IT) for]( = $0.30, B 

IT C(IT) q II(q) 

0.408 $11.00 1.004 1.001± 
0.646 6.00 1.59 1.30 
0.817 5.50 2.01 1.56 
1.47 3.00 3.62 2.68 
1.55 2.50 3.81 2.82 
2.04 2.30 5.02 3.64 
2.94 1.50 7.24 5.23 
3.23 1.30 7.95 5.70 
4.08 1.20 10.04 7.5± 
6.46 1.10 15.88 -
8.17 1.05 20.09 -

5 m,uscc 

ex 

0.49 
0.48 
0.47 
0.45 
0.45 
0.44 
0.42 
0.41 
0.40 
0.39 
0.39 

c*(IT) 

$11.30 
7.30 
7.50 
6.35 
5.60 
6.45 
6.20 
6.05 
7.35 
-
-

The next item we want is the raw cost function, C(IT). From the 
formula for IT, (28), and from the component cost versus tolerance 
functions, Table II-8, we can compute the cost and the variance for 
every combination of tolerance distributions for Land C. These points 
are shown in Fig. 1; the numbers near each point are the code pairs 
which indicate the particular combination of distributions used to 
calculate each point. The points which are connected together, call 
them c(IT), give the raw cost of the components (only) since this is the 
lower envelope of the set of all points. To get the raw cost we must 
add the fixed cost parameter ](, i.e., 

C(IT) = ]( + c(IT). (32) 

The points which make up c(IT) are tabulated in Table IV in the first 
three columns; the first column shows the particular combination of 
component distributions, the second column, IT, and the third column, c. 

All that remains is to perform the calculations set forth in the text. 
We will perform these calculations carefully for one set of data in order 
to show the method. We will take the case B = 5 and ]( = 0.30; there­
fore, 

- 3.89yTo _ 24G q - 5 IT - • )IT, (33) 

and 

C(IT) = 0.30 + c(IT). (34) 

The value of q for each IT is shown in the fourth column, Table IV. For 
each q we find the corresponding H(q) from either Table I or Fig. 2, 
whichever is more convenient; H(q) is entered in the fifth column, 
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Table IV. Since the salvage value is one-half the component cost 

c(~)/2 c(~)/2 
a=--= . 

C(~) 0.30 + c(~) , (35) 

a is entered in the sixth column, Table IV. The real cost, C*, is to be 
computed from this data. Modifying (21) to fit the form of this data, 
C* is given by 

C*(~) = [(1 - a)H(q) + a][30 + c(~)]; (36) 

C* is entered in the last column, Table IV, and is plotted in Fig. 3 as 
the curve marked ]{ = $0.30. From either the tabular form of C* or 
the graphical form of C* it is easy to see that the minimum real cost is 
C* = $5.60 per unit. Checking back through the calculations we see 
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Fig. 3 - Real cost per section of a ten-section, one-microsecond, lumped­
constant delay line as a function of the standard deviation of the delay per sec­
tion and for various values of the fixed cost K. The delay tolerances are ±B = 
±5 m,usec. 
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that the minimum real cost is realized for the code pair (3,2), i.e., 
(J'L = 2.89 and (J'e = 1.16. The rejection limits, ±b, are calculated from 
(22) and for this case 

b = (J'w(q) = 1.55 w(q) = 0.72 m,usec (37) 

where w(q) is obtained from Table I or Fig. 2. Finally, the rejection 
rate, (23), is 65 per cent. 

In addition to the case detailed above different values of the fixed 
cost were considered, as listed in Table II-9. The next variation was to 
change the over-all tolerance to B = 15 and consider the same range of 
values for [( again. In all cases the salvage value was taken as one-half 
of the material cost, for simplicity. 

Furthermore, all of the above cases were considered using the other 
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TABLE V - RESULTS OF EXAMPLE 

Line Code 

B = 5 

1 0.01 $0.30 $5.60 3,2 
2 0.01 1.00 7.60 3,2 
3 0.01 3.00 10.80 2,1 
4 0.01 5.00 13.40 2,1 
5 0.01 10.00 19.90 2,1 
6 0.01 15.00 26.02 1,1 
7 0.0 0.30 7.45 3,2 
8 0.0 1.00 10.15 2,1 
9 0.0 3.00 13.70 2,1 

10 0.0 5.00 17.30 2,1 
11 0.0 10.00 25.45 1,1 
12 0.0 15.00 31.85 1,1 
13 0.01+ min C* = 11.00 + K 1,1 

B = 15 

14 0.01 $0.30 $2.55 4,3 
15 0.01 1.00 3.75 3,2 
16 0.01 3.00 5.95 3,2 
17 0.01 5.00 8.20 3,2 
18 0.01 10.00 13.75 3,2 
19 0.01 15.00 19.30 3,2 
20 0.0 0.30 3.30 4,3 
21 0.0 1.00 4.65 3,2 
22 0.0 3.00 7.65 3,2 
23 0.0 5.00 10.05 2,2 
24 0.0 10.00 16.25 2,1 
25 0.0 15.00 21.35 2,1 
26 <10-4 min C* = 5.50 + K 2,2 
27 0.1 min C* = 3.00 + K 3,1 
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Rejection Rate, 
per cent 

65 
65 
23 
23 
23 
0.1 

75 
44 
44 
44 
22 
22 

no-test 

50 
10 
10 
10 
10 
10 
64 
34 
34 
2 
2 
2 

no-test 
no-test 

criteria discussed previously. That is, the no-test method, (25), for 
E = 0.01 per cent, and the ,zero risk method, (26). 

The results of the above calculations are shown in Figs. 3 and 4 and 
in Table V. The re3ults of the zero-risk method were not plotted; the 
curves are similar to the ones shown but are shifted in a manner indi­
cated by the shift of the minimums as recorded in Table V. Obviously, 
no curves of this type can be plotted for the no-test method. 

VIII. DISCUSSION OF EXAMPLE 

The author must admit that this is not the best of all possible exam­
ples. Better examples of units would be the amplifiers in a long trans­
mission line, or individual logic packages in a logic network, or gas 
tube crosspoints in a switching network, and so forth. However, there 
is a very real difficulty involved in constructing such examples; namely, 
it is extremely difficult, but possible, to obtain the raw cost as a function 
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of the variance for any but the simplest kind of unit. Therefore, in 
order not to get side-tracked the author has chosen a simple unit, a 
delay network, and asks the reader to use his imagination. In addition 
to asking the reader to accept some of the simplifications and their 
likes previously noted, and to accept the possibility of making some 
difficult tests (e.g., rejecting on ±0.7 mjlsec, which, however, is cer­
tainly no more difficult than rejecting on ±0.5 m).Lsec as would be neces­
sary in the zero-risk case), he also asks the reader to imagine some good 
economic reason why the completed delay lines cannot be tested to 
determine whether they are within the tolerance limits. For, if the com­
pleted delay lines could be tested we would have to consider another 
possible production process. 

It is to be emphasized, however, that all the shortcomings of this 
example can be overcome because most of the extensions we require are 
not out of line with usual practices, cf., parenthetical statement in the 
preceding paragraph, for example. If it would make the reader any 
happier he can relabel the scales in Fig. 1, the raw cost curve, and pre­
tend that he has an amplifier, for instance. The calculations will be the 
same from there on except for any adjustments in the salvage values 
that the reader cares to make. 

Probably the most striking result is the size of the rejection rate. 
For instance, in Table V, lines 1,2 the rejection rate is 65 per cent which 
is much larger than the rejection rates for production processes which 
are usually considered as satisfactory. The important point to realize, 
however, is that under the assumptions considered and in order to pro­
duce delay lines at the minimum cost per usable delay line this is the 
rejection rate. All rejection rates are not this high. For, as the fixed cost 
K is increased (lines 3, 4, 5) the rejection rate decreases to 23 per cent. 
Of course, a rejection rate of 23 per cent is also rather high compared 
to the usual. It is not until the fixed cost is increased to $15 (line 6) 
that the rejection rate is of a usual size, about 0.1 per cent. 

For the set of entries in Table III which correspond to B = 15 the 
rejection rates are usual (10 per cent for lines 2, 3, 4, 5, 6) except for 
line 1 (50 per cent). 

For comparison we have also tabulated the minimum real costs for 
the zero-risk case and for the no-test case in Table V. These values were 
obtained under the same assumptions as were used above. But, in 
order to compare the real costs on a fair basis one must attach a cost 
figure to the risk of having one out of ten thousand delay lines out of 
tolerance, or to the cost of 100 per cent testing of the individual units, 
respectively. Note that for B = 15, the no-test case (lines 26, 27), we 
run into trouble because of component availability. The only compo-
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nents which are available either make the risk much lower than desired 
- at a high cost - or they make the risk too high. 

It is worthwhile making a point here. We assumed that we knew the 
raw cost at one stage in the procedure. On that assumption we obtained 
a minimum, or a set of minimums and near minimums, for the real 
cost. Also, we could obtain all the associated rejection limits. We now 
have some new knowledge which is important if the cost of testing is 
not insignificant compared to the raw cost. For, notice, it is certainly 
more expensive to accept or reject on, say, 0.720- than on 2.00-. And this 
is a type of information which we could not have used intelligently 
initially but which we can use now. Hence, we can now readjust the 
raw cost curve and reperform the calculations. 

The above idea illustrates a general principle. One need not think of 
this procedure, as a whole, as necessarily leading to the answer in one 
stroke. Rather, one should think of it as a procedure which can be applied 
again and again in order to converge on the answer. For, after anyone 
application the number of combinations of component tolerances which 
are candidates for the production model has been reduced, and one can 
then afford to get more precise information on fewer possibilities in 
order to reapply the method. 

IX. CONCLUSIONS 

We have given a method for finding the optimum tolerance assign­
ment from the viewpoint of giving the lowest cost per acceptable unit. 
We have compared it with two other criteria in an idealized example 
and have shown that the method described is usually the best -. for 
this example. 

As was noted in the discussion of the example, the most startling 
result has been the generally large sizes of the rejection rates. In order 
to investigate this, one must remember that the rejection rate has been 
thrown in as another variable instead of allowing the rejection rate to 
be a measure of the optimization of the production method. Now a low 
rejection rate is not a bad measure for many production processes; the 
thing which these processes have in common is that the ratio of the 
material cost to the labor cost and other fixed costs is very small, assum­
ing that these costs are unsalvageable. * This was the condition for some 
of the cases considered. And, in general, if this be the case the method 
we have given will also predict a low rejection rate since the raw cost 
will be almost a constant. However, the advantage our method has is 

* These costs are not necessarily unsalvageable. One might often be able to 
salvage a good share of the labor cost by selectively assembling the rejected 
units. 
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that it will handle the other cases, too. These cases are not unusual 
today and with increasing automation they will become more and more 
the order of the day. 

A word of caution is important. We have given a method of optimiz­
ing tolerances to reduce manufacturing costs under a special set of 
assumptions. Our analysis and conclusions are valid only for manufactur­
ing processes in which these assumptions prevail under act1.wl manufactur­
ing conditions. 

In obtaining our formulas we have considered only the special case 
of symmetric tolerance limits. It is obvious that the method can easily 
be extended to cover the case of one-sided tolerance limits and the case 
of unsymmetric tolerance limits. Further, we have only considered the 
case in which all the distributions are normal; it is not so obvious how 
the method can practicably be extended to the non-normal case. How­
ever, for distributions which are not violently non-normal it is not clear 
that what we have done is not of sufficient accuracy. Indeed, in practice, 
both the raw cost and salvage rate as functions of the variance of the 
response of the unit would be given only approximately. Further, it 
appears from the example that the minimum is not critical. Thus, the 
principal benefit of the method would be to get an approximation to the 
optimum. Then, after finding the correct neighborhood one could make 
an exhaustive cost and statistical study to determine the optimum 
production process. 

Also, we have dealt only with the case where there is only one response 
per unit to be considered. The practicable extension of this work to 
multiple responses is not obvious. However, if one can single out one 
response which is more critical than the others remarks similar to the 
ones in the preceding paragraph about using this method to get in the 
correct neighborhood are in order. 
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niques in reasonable detail. Part I of this article appeared in the January, 
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DETAILS AND DEIUVATIONS 

In this part we will reconsider some of the earlier analysis, either in 
greater detail, or from alternative points of view. We shall assume 
familiarity with the material on fundamental Fourier techniques pre­
sented in Appendix A of Part I. 

The sections of this part will be numbered in exact correspondence 
with the sections of the general account. Thus, for example, Section 
B.7, below, presents the details and sidelights related to Section 7, 
of Part 1. (Certain sections will be omitted.) 

B.1 Gaussian Processes and lvloments 

There are two common modes of description of a random process, 
intuitively quite different. One uses the idea of an ensemble, the other a 
function of infinite extent. The first is undoubtedly more flexible, as it 
can describe processes, even non-stationary (e.g. evolving) ones, which 
cannot be described by any single function, even one of infinite extent. 
The first is also, at least in the eyes of the statistician, more funda­
mental, since uncertainty, which he regards as a central concept, enters 
directly and explicitly. It is possible to regard the single-function ap­
proach as an attempt to minimize recognition of the statistical aspects 
of the situation. Once, such minimization may have been of some value, 
but today the essentially statistical nature of communication, be it of 
symbols, voice, picture or feedback information, is well established. The 
communication engineer is aware that he must have designed not only 
for the message which was sent, but also for the one which might have 
been sent - moreover that his design demanded consideration of the 
relative probabilities of various messages that might have been sent 
(and were not). 

Such a statistical view of message or noise confronts us with the need, 
not only of picking out what functions might arise, but also of attaching 
probabilities to functions (at least to sets of functions). To do this di­
rectly and completely requires much careful mathematics. As far as 
questions associated with observations and data are concerned, there is, 
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fortunately, no need for such care and complexity. We know that any 
empirical time function can be adequately represented by some finite 
number, large or small, of ordinates. Thus, for practical purposes, it 
suffices to be able to assign probabilities to sets of n ordinates - for n 
finite but possibly quite large. It is for this reason that we went directly 
to probability distributions of such n-dimensional sections in the general 
account. 

This replacement of a continuous record by discrete ordinates is re­
lated to the sampling theorem of information theory. The relationship 
is, regrettably, not quite simple. Given a band-limited "signal" defined for 
all time from - 00 to + 00, and moderately well-behaved otherwise, 
the sampling theorem (N yquise3

), which is also known as the Cardinal 
Theorem of Interpolation Theory (Whittaker24

), states that equi-spaced 
ordinates, if close enough together, extending from - 00 to + 00 will 
precisely determine the function. Given a band-limited function over a 
finite interval, the corresponding result is almost practically true. It is 
not true in a precise impractical sense, since every band-limited function 
can be obtained from an entire function of exponential type (of a com­
plex variable) by. considering only the values taken on along the real 
axis. Consequently, if we know a band-limited function precisely in an 
interval, its values are determined everywhere. Theoretically determined, 
but not practically so, since the kernels expressing this determination 
behave like hyperdirective antennas. Since the values at equi-spaced 
points in the interval do not determine the values at equi-spaced points 
outside the interval (which would be determined by precise knowledge 
throughout the interval) the latter cannot be obtained from the equi­
spaced· values in the interval. In practice, however, functions are not 
quite band-limited, and measurements always involve measurement 
noise. When these two facts are considered, a sufficiently closely spaced 
set of equi-spaced ordinates extracts all the practically useful informa­
tion in the continuous record. 

The fact that averages, variances and covariances completely charac­
terize any n-dimensional Gaussian· distribution is common statistical 
knowledge, and follows by inspection of the conventional general form 
of Gaussian probability density function, in which these moments ap­
pear as the only parameters. 

B.2 Autocovariance Functions and Power Spectra for Perfect Information 

If X(t) is a function generated by a stationary Gaussian process, and if 

1 IT'2 
lim -T X(t) dt = 0 (B-2.1) 
T~oo -T/2 
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then the autocovariance function of the process is 

1 1T/2 
C(r) = lim -T X(t) ·X(t + r) dt. 

T~oo -T/2 

In particular, the variance of the process is 

1 IT'2 
C(O) = lim T [X(t))2 dt. 

T~oo -T/2 

489 

(B-2.2) 

(B-2.3) 

If the function X(t) is passed through a fixed linear network whose 
impulse response (response to a unit impulse applied at t = 0) is lV(t), 
then the output of the network will be 

Xaut(t) = L: lV(A) ·X(t - A) ·dA , 

and the autocovariance of the output will be 

. 1 1T/2 100 (00 
Caut(r) = ~~~ T -T/2 -00 J-oo W(AI)' W(A2) . X(t - AI) 

·xCt + r - A2) ·dAI·dA2·dt 

= L: L: lV(AI)' W(A2) ·C(r + Al - A2) ·dAI·dA2. 

If we now let 

(w = 2'lT-j), (B-2.4) 

then 

Caut(r) = L: L: L: W(AI),W(A2)·P(f)·e iW (T+)'l-h 2 )·dAI·dA2·dj. 

But 

is the transfer function (ratio of steady-state response to excitation, 
when the excitation is eiwt

) of the network, and i: WeAl) ·eiwh1·dAI = Y(-f) 

is the complex-conjugate of Y(f). Hence, 

(B-2.5) 
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In particular, the variance of the output is 

Gout(O) = L: \ Y(f) \2. P(j) ·df. (B-2.6) 

Since \ YCf) \2 is the power transfer function of the network, it is natural 
to call PCf) the power spectrum of the process. The power spectrum has 
the dimensions of variance per cycle per second. By equation (B-2 A) 
we have 

P(f) = L: G(r)' e- iWT dr, (w = 2nJ) , (B-2.7) 

and, by equation (B-2.5), 

Pout(!) = \ Y(f) \2.p(f). 

Autocovariance functions and power spectra are usually regarded as 
one-sided functions of lag and frequency, respectively, related by the 
formulae (Rice3 p. 285), 

P(f) = 41
00 

G(r) ·cos wr·dr, (not used here), 

G(r) = 1
00 

P(f) 'cos wT·df, (not used here). 

However, we will find it very convenient for analytical purposes, to 
continue to regard them as two-sided even functions related by equations 
(B-2A) and (B-2.7). This will be evident in Section BA where spectral 
windows will be convolved with power spectra, and in Section B.6 
where we would otherwise have to make use of rather complicated trigo­
nometric identities. 

In a few places where we contemplate computations, we may write 

P(f) = 21
00 

G(r) ·cos wT·dr, (W = 2n-j), 

instead of equation (B-2.7), but it is important to observe that the power 
spectrum P(f) thus obtained must still be regarded as a two-sided even 
function which contains only a half of the total power or variance in the 
positive frequency range. If we prefer to think ultimately of a one-sided 
power spectrum (over only positive frequencies), in accordance with 
engineering practice, then we should take 2PCf) as the power density 
(per cycle per second) for positive frequencies. 
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The power spectrum PCf) may also be expressed directly in terms of 
X(t). The formal derivation of this expression on the basis of the formula 
(B-2.2) for the autocovariance function is eomplieated by the faet that 
the integral 

7'/2 

iTI2 X(t) . X(t + T) dt 

actually depends upon two more-or-less distinct pieces of X(t), one in 
the range - T /2 < t < T /2, the other in the range 

T T 
- 2 - T < t < 2 - T. 

We may avoid this complication by using the equivalent formula 

1. 100 

G(T) = ~!~ T -00 G(t) ·G(t + T) ·dt, (B-2.8) 

where 

G(t) = X(t) , 
T 

I t 1< 2' 

= 0, 
T 

I t I> 2· 

Let 

S(f) = i: G(t) ·e-
iwt dt, 

so that 

G(t) = i: S(f)· e
iwt 

df· 

Then 

G(T) lim ~1 100 

G(t) .1 00 

S(f)· eiw(HT) dj- dt 
T-->oo '1 -00 -00 

lim ~ 100 

S(f) ·e iWT 100 

G(t) ·eiwt dt·df 
T-->oo T -00 -00 

~~ ~ i: S(f)· S( -f)· e
iWT 

df· 
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Comparing with (B-2.4) we get, at least formally, 

PCf) = ~~ ~ 1 S(f) 12 

lim !.-IICIJ G(t). e-iwt dt !2 
T~CIJ T -CIJ 

(B-2.9) 

1· 1 11T'2 X() -iwt d 12 1m -']1 t . e t. 
T~CIJ -'1'/2 

(See Rice,3 p. 320, and Bennett,25 p. G21.) 

B.3 The Practical Situation 

In the study of second moments of random processes, the balance 
between the approach through autocovariances and the approach 
through power spectra is, in at least one sense, a little closer than Sec­
tion 3 would seem to imply. As a means for understanding, and as a 
guide for intelligent design, the power spectrum is without a peer. The 
autocovariance function is of little use except as a basis for estimating 
the power spectrum. This is fundamentally because, in most physical 
systems, power spectra have reasonable shapes, are relatively easily 
understandable, and often are quite directly influenced by the basic 
variables of the situation, whatever these may be. The process of 
using an empirically observed and analyzed power spectrum usually 
goes through some such chain of steps as this: 

(i) Planning and design. 
(ii) Observation and recording. 
(iii) Analysis and preparation of estimates. 
(iv) Comparison of estimates with existing and synthesizable theoreti­

cal structures and quantitative information. 
(v) Selection of the best working version of a theoretically-guided 

approximation to the estimates. 
(vi) Use of this working version. 

Our theoretical understanding of the situation, and of the forces in it, 
play important roles, which we should never allow ourselves to forget, 
in steps (i) and (v). (We use this understanding to the utmost, in its 
proper place, but we do not, and should not, allow it to narrow down 
steps (ii) and (iii) to the point where we have little or no chance of dis­
covering that it was incomplete or in error. Thus, we estimate a consider­
able number of smoothed spectral densities, and not merely a few con­
stants of a suggested theoretical curve. After we have compared curve 
and points, we may then wish to estimate the constants.) 
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The simplest and most straightforward use we can make of the power 
spectrum is to predict the output spectrum, or perhaps only the output 
power, when the process studied provides the input to a linear device with 
a known power transfer function. 

Except for purely descriptive uses, checking on performance for agree­
ment with anticipation, and for predicting the behavior of already de­
signed linear systems, the most elementary use of a power spectrum lies 
in optimizing the performance of some linear predictor or filter as meas­
ured a la least squares. The nature of this situation is not quite that one 
which most persons imagine. 

If we really have no theoretical insight into the situation at all, we 
might as well (nay, perhaps, might better) stay in the time domain. 
We have autocovariances (say) for some limited range of lags. If the 
duration of the transient response of our filter or predictor is not going 
to exceed one-half this time limit, then we can write out the estimated 
variance of any predictor or filter directly in terms of our estimates of 
autocovariances and of the time description of the filter or predictor, 
and could then minimize this directly. With no theoretical insight this 
should work at least as well as any other way. With no theoretical in­
sight, analysis in the time domain would be relatively good, perhaps 
even optimal- and probably absolutely poor. 

But we do not, and almost always should not, optimize filters or pre­
dictors in this way. The reason is simple. Actual power spectra are often 
simple and understandable. Actual autocovariance functions are hardly, 
if ever, simple and understandable. The intervention of theoretical in­
sight and human judgment at step (v) is crucial and valuable. This in­
tervention is effective in the frequency domain, but not in the time 
domain. (Step (v) is likely to stand for some time, as a challenge to the 
ability of statisticians to wisely and effectively automatize inferential 
procedures.) 

An additional advantage of power spectrum analysis over autoco­
variance analysis was pointed out in Section 3, namely the ease of com­
pensation for (linear) modification before measurement. When the 
random function X(t) is passed through a time-invariant linear trans­
mission system whose impulse response is vV(t), the output random 
function, which may be the only function accessible for measure­
ment, is 

The relation between the autocovariance Caut(r) of the modified process, 
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and the autocovariance C(r) of the original process may be derived as 
follows: 

Cout(r) = ave {Xout(t)· Xout(t + r)} 
00 

= ave {JJ WeT,) -X(t - 71) -X(t + T - n) -WeT,) dT, dT2} 
-00 

00 

-00 

Putting 72 = r1 + A, we get 

COU1Cr) = L: C(T - X) - [L: Wen) -Wen + X) dn] dX 

= C(r) * W(r) * W( -r). 

Measurement of Xout(t) can give estimates of Cout(r) which must subse­
quently be converted into estimates of C(r). The only practical way to 
make this conversion seems to be through Fourier transformation of the 
estimates of Cout(r) into the frequency domain, compensation there, 
and Fourier retransformation. Such a procedure, in effect, invokes the 
relation between the power spectrum P out(f) of the modified process 
and the power spectrum P(f) of the original process. This relation is 

Pout(f) =- P(f)· I Y(f) I 2, 

where Y(f) is the transfer function corresponding to the impulse response 
lV(t). 

DBTAILS FOR CON'l'INUOUS ANALYSIS 

B.4 Power Spectrum Estimation from a Continuous Record of Finite Length 

In the ideal case considered in Section B.2, which assumes that we 
have an infinite length of X(t), we can calculate the power spectrum P(f) 
in two ways - either directly from XU), or indirectly as the Fourier 
transform of the autocovariance function C(r) which is calculable di­
rectly from X(t). The basic choice is, leaving limiting problems aside, be­
tween squaring a Fourier transform, or Fourier transforming an aver­
age of products. In either -case multiplication and Fourier transforma­
tion must enter. 

From the point of view of the ensemble, as opposed to the single timc 
function, we seek to estimate a particular basis for the second moments 
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of all linear combinations. We may estimate any convenient basis as a 
start, and then transform. 

Clearly, from either point of view, any result obtained in one way can 
also be obtained in the other. Differences between a time approach and a 
frequency approach must be differences in (i) ease of understanding, 
(ii) ease of manipulation of formulas, (iii) ease of calculation with num­
bers, rather than in anything more essential. 

Understanding and a simple description of the procedure which yields 
reasonably stable estimates, and which we have discussed in general, is 
more easily obtained by the indirect route, so we shall proceed accord­
ingly, beginning with a general outline of a hypothetical procedure for 
power spectrum estimation from a continuous record of finite length. 

A general outline of a hypothetical procedure for power spectrum 
estimation from a continuous record of finite length, specifically X(t) for 
- Tn/2 ~ t ~ Tn/2, is as follows: 

(1) Calculate the apparent autocovariance function 

CooH ~ T ~ I I [(Tn-I,"/' X (t - -2r ) ·X (t + 2~) dt (B-4.1) 
n r J-<Tn-\Tj)/2 

for I r I ~ T m < Tn, where Tn is the length of the record, and T m is 
the maximum lag to be used. We shall see in Section B.9 that the 
stability of our power spectrum estimates depends upon how small we 
take the ratio T m/T n . 

(For the purpose of the theoretical analysis· in this section we assume 
that the data contain no errors of measurement; in particular, no bias 
due to a displaced (perhaps drifting) zero. The effects of such errors 
are considered elsewhere.) 

(2) Calculate the modified apparent autocovariance function 

(B-4.2) 

where Di(r) is a prescribed lag window, an even function such that 

and 

D i ( r) = 0 for I r I > T m • 

Note that Ci( r) = 0 for I r I > T m although Coo ( r) is not available for 
I T I > Tm. 

(3) Calculate the estimated power spectrum 

Pi(f) = 2100 

Ci(r)' cos wT·dr. (B-4.3) 
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Our object is now to determine the relation between ave {Pi(f)} and 
P(f), where "ave" denotes the ensemble average, that is, the average 
over all possible continuous pieces of X(t) of length Tn. (The variability 
(specifically, the variance) of Pi(f) will be examined in Section B.9.) 

Since Coo(r) is not calculated for I r I > T m , it is clear that 

ave {Coo(r)} = C(r) , only for I r I:::; Tm. 

However, because Di(r) = 0 for I r I > T m , 

ave {Ci(r)} = Di(r)·C(r) , for any r. 

Hence, 

Then, if Qi(f) is the Fourier transform of Di(r), the relation we seek is, 
symbolically, 

or explicitly, 

(B-4.4) 

This relation is in a form, (B-2.6), which is familiar to communications 
engineers except for the fact that Qi(fl - 1) is not an even function of f, 
when fl ~ 0, and may be negative in sorneranges of f. However, taking 
advantage of the fact that P(f) is an even function of f, we may write 

(B-4.5) 

where 

(B-4.6) 

The function Hi(f; fl) is an even function of f as well as of iI . Hence it 
satisfies one of the necessary conditions for a physically realizable power 
transfer function. However, inasmuch as it may be negative in some 
ranges of f (actually an advantage as we will see), it may still not be 
physically realizable. Nevertheless, it is convenient to regard Hi(f; fl) 
as the power transfer function of a network, and to regard ave {P i(fl) } 
as the long-time-average power output of the network when continuously 
driven by the random process. 

Since P i(fl), whether calculated from a single piece of X (t) as outlined 
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above, or calculated as an average over a finite number of pieces of X(t), 
is an estimate of ave {Pi(fl)} in the usual statistical sense, it is evident 
that the calculated power density P i(fl) is an estimate of an average­
over-frequency of the true power spectrum P(f), and not an estimate of 
the local power density P(fl). The calculated power density Pi(fl) may 
be regarded as an estimate of the local power density P(!l) only to the 
degree to which Qi(f) approximates a(f). However, under the restriction 
that Di(T) = 0 for I T I > T m , the degree to which Qi(f) approximates 
a(f) depends chiefly on how large we take T m. On the other hand, as 
we will find in Section B.9, the larger we take T m/Tn the less stable 
will the estimates be. Hence, in general, it will be wasteful to demand 

, more frequency resolution than we actually need. In many cases we 
may even have to take less frequency resolution than we would like to 
have, in order to secure a reasonable stability of the estimates. Clearly, 
for any specific value of Tn, (and number of pieces of record), we can 
increase frequency resolution (or stability) only by sacrificing stability 
(or frequency resolution). 

We have just examined a hypothetical method of power spectrum es­
timation, in which we compute an apparent autocovariance function, 
modify it, and take the cosine transform. We will now examine a method, 
also hypothetical, in which we modify the data, take the sine and cosine 
transforms, compute the sum of the squares at each frequency, and 
divide by the length of the record. If the data is X(t) for 0 < t < rpn , 
and the weighting function (data window) is Bi(t), the estimated power 
spectrum is computed essentially according to the formula 

(B-4.7) 

To determine the average it is convenient to assume that X(t) is of un­
limited extent, to specify Bi(t) to be identically zero for t < 0 and 
t > Tn, and to allow the data window Bi(t) to be located anywhere in 
time by substituting Bi(t - X) for Bi(t). Then 

Pei(fi X) = ~n I i: Bi(t - X)· X(t)· e-
iWT 

dt 12. (B-4.8) 

This is the Fourier transform of 

[Compare with (B-2.8) and (B-2.9)]. Now, since the random process is 
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stationary, the ensemble average is equivalent to the average over A; 
that is, 

. 1 iT'2 
ave {Gei(r)} = hm -T Gei(r; X) ·dX. 

T ...... oo -T/2 

Substituting (B-4.9) and X = t - ~ into the right-hand member, we get 

1 1 [00 
ave {Gei(r)} = Tn . ~~~ T -00 X(t)· X(t + r) 

• [ft+(T'2) Bi(~).Bi(~ + r).d~J.dt. 
t-(T/2) 

Reversing the order of integration we get 

1 [00 
ave {Gei(r)} = Tn -00 Bi(~)·Bi(~ + r) 

. [lim -T1 l H
(T'2) X(t)· X(t + r)· dt] d~. 

T ...... oo i;-(T/2) 

The quantity m brackets is the true autocovariance function G(r). 
Hence, 

(B-4.10) 

where 

(B-4.11) 

is the lag window equivalent of the data window Bi(t). Therefore, 

(B-4.12) 

where Qei(f) is the spectral window corresponding to (i.e. the Fourier 
transform of) the lag window Dei(r). 

If J i(f) is the frequency window corresponding to (i.e. the Fourier 
transform of) the data window Bi(t), then 

(B-4.13) 

(It will be noted that (B-4.10) can be obtained more directly from 
(B-4.9), by taking the ensemble average of the right-hand member of 
(B-4.9). In this case, X is superfluous and need not have been intro­
duced at the start.) 

These formulas for the "direct" method, where Fourier transforma-
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tion (here modified by the data window) precedes multiplicatIon (here 
squaring) can be used in several ways. Let us consider three possibilities: 

(a) we may choose Bi(l) non-zero over as long a range as possible, so 
that Dei(T) will be broad and Qei(f) narrow, 

(b) we may choose Bi(t) non-zero over a much shorter range, making 
Dei(T) not so broad and Qei(f) not so narrow, 
. (c) we may choose a number of such short windows, use each for 
Bi(t) and average the corresponding values of Pei(f) so obtained into a 
general average. 

If we follow choice (a), our result will behave similarly to those ob­
tained from the indirect method when we try to make Qi(f) like oU). 
We shall estimate an average over a very short frequency interval, and 
our estimate will be excessively variable. 

If we follow choice (b), we shall estimate an average over a wider fre­
quency interval, but our estimate will remain just as variable. 

If we follow choice (c) our estimate will refer to the same sort of 
smoothing as in (b), but we shall gain increased stability for the estimate. 
The behavior of the estimate will resemble that of a reasonable estimate 
by the indirect route. 

Finally, there is another way in which we can apply the formulas for 
the direct route. We may use a long data window, calculate many values 
of Pei(f) , and then average these results over moderately wide frequency 
intervals. Again our estimates will be estimates of considerably smoothed 
spectral densities; again our estimates will be moderately stable. 

Of all these, the simplest description of an estimate which is moder­
ately stable, and must, consequently, be an estimate of an at least mod­
erately smoothed spectral density, is the indirect route. We shall stick 
to the indirect route for the present. 

B.5 Particular Pairs of Windows 

In this section we will consider five pairs of windows. They are il­
lustrated in Figs. 1, 14, and 15. We begin with the 

Zeroth Pair 

DO(T) = 1, I T I < Trn , 

= 0, I T I > T rn , 

and 

Qo(f) = 2T rn si~~1~ rn = 2T rn dif 2fT rn. 

Notice that CO(T) = DO(T),Coo(T) coincides with COO(T) wherever COO(T) 
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is defined, and vanishes elsewhere. This is a "do-nothing" pair. How­
ever, Qo(f) is neither simple nor well-behaved, the first side lobe on eaeh 
side of the main lobe being about -} the height of the main lobe (and 
negative). 

The specifications of the other four pairs are: 
Yirst Pair (Bartlett5

) 

I T I < 7\n, 

= 0, 

and 

Second Pair (sometimes called "hanning", after the Austrian me­
teorologist Julius von Hann) 

and 

= 0, 

I T 1< Tm , 

I T I> Tm , 

Q,(J) ~ ~ Q,(J) + ~ [ Qo V + 2~ J + Qo V - 2~ JJ . 
Third Pair (sometimes called "hamming", after R. W. Hamming26

) 

D3(T) = 0.54 + 0.46 cos ;:' 

= 0, 

and 

Q,(J) ~ 0.54Qo(j) + 0.23 [Qo V + 2~J + Qo V - 2~'m) J. 
Fourth Pair (RBB's not very serious proposal) 

7rT 27rT 
D4(T) = 0.42 + 0.50 cos T m + 0.08 cos T m ' 

= 0, 

I T 1< T m , 

I T I > 'Pm 
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and 

QM) = 0.'12QoU) + 0.25 [ Qo ~ + 2iJ + Qo~ - 2~J ] 

+ 0.04 [ Qo ~ + L) + Qo ~ - 1~J J. 
These specifications are all special cases of 

= 0, 

with 

whence, 

00 

aiO + 2 L aij = 1, 
i=l 

Qi(J) = aioQoC!) + t. a;; [Qo ~ + 2~J + Qo ~ - 2~J J. 
The coefficients in D3(T) may be regarded as convenient approxima­

tions to 

25 
a30 = 46' 

21 
a31 = 92 ' 

which would have produced a zero of Q3(f) at I f I = 1.25/T m , with other 
zeros occurring at all integral multiples of 0.5/T m except at 0 and 
±0.5/T m. (The zero which could have been produced at I f I = 1.25/T m 

actually occurs at approximately I f I = 1.3/T m.) The coefficients in 
D3( T) were actually selected to minimize the height of the highest side 
lobe. 

The coefficients in D4( T) are convenient approximations to 

3969 
a40 = 9304' 

1155 
a41 = 4652' 

715 
a42 = 18608' 

which would have produced zeros of Q4(f) at I f I = 1.75/T m and I f I 
2.25/T m , with other zeros occurring at all integral multiples of 0.5/T m 

except at 0, ±0.5/T m, and ±l/T m • 

In view of the fact that 
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we have 

relations which may be of interest, as may the fact that using 
Di(T) ·Dj(T) for the lag window corresponds in general, to a spectral 
window Qi(f) * QiCf)· 

The writers have spent considerable time and effort inquiring into 
other possible window pairs. One of the most promising approaches was 
that of Cebysev or Chebyshev polynomials (see Dolph27) to obtain side 
lobes of equal height. Their present conviction is that: (i) special win­
dows cannot eliminate the need for prewhitening and rejection filtration 
and (ii) good prewhitening and rejection filtration can eliminate the 
need for special windows. Accordingly they do not recommend expend­
ing extensive effort on special windows. 

Readers familiar with physical optics will recognize the close relation 
between the considerations of this section and diffraction by slits of 
uniform (i = 0) or varying (i = 1, 2, 3, 4) width. The literature on 
apodization (Jaquinot,28 Boughon, Dossier, Jaquinot29) is relevant. 

B.6 Covariability of Power Density Estimates - Basic Result 

To derive a formula for the covariance of two power density estimates 
Pi(!l) , P j (J2) obtained from the same record, we will first derive a formula 
for the covariance 9f M(tl , Tl), M(t2 , T2) where 

M(t, r) = X (t -~).X (t +~). 
For this we will use a formula for 

cov {wx, yz} == ave {wxyz} - ave {wx} ave {yz} 

dating back to Isserlis,30 and used by HoteHing3l in a similar connection. 
If w, x, y, z are joint Gaussian variates with zero averages, then 

cov {wx, yz} = ave {wy} . ave {xz} + ave {wz} . ave {xV}. 

(This result is easily derived from the" characteristic function".) If we 
take 

w = X (t1 - ¥), 
y = X (t2 - ¥), 

x = X(tt+ ¥), 
Z = X(t'+ ¥) , 
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and make use of 

ave {x (t - ~) -x (t + ~)} = cH = 1: P(j) -e'·' df 

we get 

00 II [e i (WI-W2)(TI- T2)/2 + ei (WI-W2)(TI+T2)/2] CB-6.1) 
-00 

It may be noted that 

var {[X(t)]'l = cov {M(t, 0), M(t, 0) I = 2 [L: P(j) -df J ' 
while 

ave {[X(t)]2} = l: P(j) ·df· 

Hence, 

2· [ave {[XCt)]2}]2 = 1 
var {[XCt»)2} , 

in accordance with the fact that [X(t)]2 is a constant multiple of a chi­
square variate with one degree of freedom. 

Substituting fl = f' + f, f2 = f' - f, and noting that dfl . df2 = 2df· dj', 
we get 

cov {.Lv/(t I , 71), .L11(t2 , 72)} = 

~ l: [e iW
(TI-T2) + eiW

(Tl+T2)] .cI>(j, tl - t2) ·df, (B-6.2) 

where 

cI>(.f, A) = 4l: P(j' + f) . P(j' - f) . e -i2w'}. dj'. CB-6.3) 

Since CP(j, A) is an even function of f we may replace eiW
(Tl±T2) by 

cos w( 71 ± 72), and since P(f' + f) . P(f' - f) = P(j + f') . P(j - f') is an 
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even function of f' we may replace e -i2w''A by cos 2W'A. Hence, we have 

cov {M(h, TI), M(t2 , T2)} 

l: cos WTI· cos WT2 • cp (j, tl - t2) • df,. (B-G.4) 

where 

cp(j, A) = 4l: PC! + 1') ·PC! - 1') ·cos 2w'A·df'. (B-G.5) 

The next step is to determine the covariance between Co( TI) and Co( T2). 

By definition, and for hypothetical computation, 

1 [(Tn- 1rl)/2 

CO(T) = T I I MCt, T) ·dt, 
n - T. -(Tn-lrl)/2 

(B-G.G) 

but this is inconvenient for present purposes on account of the depend­
ence of both the limits of integration and the divisor upon T. A more 
convenient form would be 

i 1 [T~/2 
CO(T) = T' ,M(t, T) ·dt, 

n -Tn/2 
(B-G.7) 

where T: ~ Tn - T m. This form could actually be used for computa­
tion, but it would not make the maximum possible use of the data. The 
range of integration in C~(T) is less than it is in CO(T) for any T except 
possibly I T I = T m • A good approximation to the use of Co( T) for com­
putation is to regard this as (approximately) equivalent to the use of a 
hypothetical, modified C~(T) with Tn - Tm < T: < 1\. We will take 

(B-G.8) 

where (Xi depends upon the lag window to be used. Since, for each value 
of T, the range of integration in formula (B-G.6) suffers a loss of T out of 
Tn, and since the seriousness of this loss depends on the value of D i( T) , 
it seems to be a reasonable approximation to take 

_ 1 f.Tffl T·Di(T)·dT 

(Xi - T {Tm ' 
. m J

o 
Di(T).dT 

(B-6.9) 

which yields, for the first four lag windows described in Section B.5, 
(Xo = 0.50, (Xl = 0.33, (X2 = 0.30, (X3 = 0.33. 
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Using the approximation described in the preceding paragraph, we 
find (omitting the prime in C~) 

cov {Co(rl), Co(r2)} = i: cos wr1· cos wr2· r(j) df (B-G.I0) 

where 
T~/2 

r(j) - (T~ )2 II <p(f, t1 - t2) ·dt1·dt2 

n -T~/2 (B-G.ll) 

= 4 [00 P(f + f'). P(f - f). (sin ,W',r:)2. dJ'. 
J- oo W Tn 

The final step is to determine the covariance of P i(f1) with P j(f2), re­
calling that, for example, 

Pi(f) = 1: Ci(r)· cos wr· dr, 

where Ci(r) = Di(r) ·Co(r). We get 

1 [00 
cov {Pi(fl), P j(f2)} = 4 1-00 Hi(f; fI) . Hj(J; h) . r(f)· df, 

where 

with a similar formula for H iCf; f2). In particular, of course, 

(B-6.12) 

(B-G.13) 

(B-6.14) 

The power-variance spectrum is given by (B-6.11), and involves the 
true power spectrum in an essential way, as we would expect. Together 
with (B-6.12) and (B-6.14), this is the basic result. It is exact for esti­
mates based on C~(r), approximate for estimates based on Co(r). 

B.7 Covariability of Estimates - Various Approximations 

vVe now need to obtain a variety of approximate forms of the basic 
result, suitable for use under different conditions. We shall, in turn; (i) 
assume that the typical ~requency scale of Hi(f; fl) and Hlf;f2) is much 
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larger than liT:, (ii) assume that P(f) varies slowly enough for the 
quadratic term in its Taylor series to be neglected at distances up to, say, 
3IT:, (iii) assume both (i) and an assumption similar to (ii) about 
P i1(f) and P j2(f), and, finally, (iv) assume only that P(f) is concentrated 
in a sharp peak, narrow in comparison with liT: . 

Combining formulas (B-6.11) and (B-6.12) just obtained, we find 

00 

-00 (B-7.1) 

sm,w, n .df-dj'. ( . 'T')2 
W Tn 

The last factor in the integrand becomes rapidly negligible for I I' I 
greater than, say, liT: . On the other hand, the typical frequency scale 
of Hi(f; 11) and H j(f; 12) is liT m which is usually much larger than liT: . 
In most cases, then, we will find that the approximation 

is a good approximation for the values of l' making contributions of any 
importance to the integral. Under this approximation, and a change of 
variables of integration to 

I~ = 1+1', I~ = I - 1', 

we have, approximately, 

cov {Pi (Il), P j (I2)} ~ 

~ L: Hi(j~; fr) . P(I~) . HiCf~; f2)· P(j~) 

. sm 7r 1 - 2 n • df' . dI' . 
[

. (f' I') ']1' J2 
7r(f~ - f~) T: 1 2 

If we let 

(B-7.2) 

and 

(B-7.3) 
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then, approximately, 

cov {Pi(ft), P j(f2)} 
00 

I"'V 2 rr p. (f') . p. (f'). [Sin 7r(f~ - f~) T:J2. df' . df' 
I"'V J J tl 1 )2 2 (f' f')' 1 2 , 

7r 1 - 2 Tn 
o 

which is our approximation on assumption (i). 
In terms of the same quantities we have, from (B-4.5), 

ave {Pi(ft)} = LrL> Pil(f~)' df~ , 
and 
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(B-7.4) 

(B-7.5) 

(B-7.6) 

The following heuristic interpretation of the last three formulas is 
useful. Frequency f~ is involved in P i(fl) with a net weight of Pi1(f~), 
while frequency f~ is involved in P j(f2) with a net weight of P j2(J~). 
These are net weights, and might represent partial cancellation. The 
covariance between P i(fl) and P j(f2) might involve additional sources of 
variability. To the extent that the approximation to Hi(f; fl) . Hj(f; f2) 
is valid, there are no additional sources of variability - the covariance 
involves the same net weights. The fact that we have only a record of 
equivalent length T: is represented by a tendency of the frequency f~ to 
become entwined with the frequency f~ , measured by the factor 

[
sin 7r(f~ - f~) T:J2 

7r(f~ - f~) T~ 

The fact that there are no additional sources of variability as we pass 
from first to second moments (to the accuracy of the approximation) is 
good evidence that we are using the data in a relatively efficient way. 

If we begin anew from (B-7.l) by expanding P(f ±1') in Taylor series 
around f' = 0, we find 

P(f + 1') ·P(f - 1') = [p(f)]2 + (J')2{P(f) .p"(f) - [p'(f)]2} + ..... 
symmetry forcing the odd-order terms, including the first, to vanish. 
Since the trigonometric factor is very small for I l' I > 2 or 3 times liT: , 
we may often replace P(f + f') . P(f - f') by [p(f)]2 to a very good ap­
proximation. This yields, after integrating out 1', 

r(f) ~ ~ [p(f)]2 , 
Tn 
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whence, 

COY {P i(fl), P j(f2)} ~ J, 1'" Hi(f; fl) . Hj(f; f2)[P(f)]2 ·df 
Tn 0 

our useful approximation on assumption (ii). 
In carrying out this approximation we only needed smoothness of 

P(!) for 1's which make a non-negligible contribution to the final result. 
]f Hi(f; fl)P(f) and Hj(f; f2)P(f) are both smooth, as under assumption 
(iii), then P(!) must be smooth except where both Hi(f; fl) and HiCf; f2) 
2.re small, and the contribution from such regions can be neglected. Thus 
our useful approximation for the covariance under assumptions (iii) is 
the same as that under assumption (ii). (The approximation for r(f) 
need not be so accurate.) 

Finally, if P(!) consists only of a very sharp peak (width « liT:) at 
f = fo (and, of course, at f = -fo), with area A, then 

P(!) ~ A . [a(f + fo) + a(f - fo)], 

whence, 

Hence, 

COy {P ;(fl), P ;(j,) I ~ A' {Il;(fo ; !l) . Il;([o ; !,) 

+ Hi(O; fl) . Hj(O; f2) . (sin wo,T:)2} , 
woTn 

which is our useful approximation under assumption (iv). In case 
fo» liT:, the trigonometric factor may be neglected, and we may write 

B.S Equivalent Widths 

Under assumption (ii) of Section B.7, i.e. P(f) slowly varying, we 
have, for the dimensionless variability of P i(fl) , 

var {P i(fl)} 1 
[ave {P i(fl)}]2 - T~ We' 

(B-8.1) 
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where 

[f PitC/l oafJ 
laJ [P i1(f)]2.df 

(B-8.2) 

is the equivalent width of 

We will now determine the equivalent width of Pil(f) under the assump­
tion that, for each value of fl' P i1(f) is essentially a constant times 
Hi(f; fl)' The value of the constant may depend upon the value of ir, 
but it will not have any effect on the value of We. It is convenient to 
express (B-8.2) in terms of the normalized frequency 

cp = 27rfT m, 

so that 

(B-8.3) 

where 

Pi1(cp) = Qi(CP + CPl) + Qi(CP - CPl), 

Qi(cp) = (1 - ai)QO(cp) + ~i [Qo(cp + 7r) + Qo(cp - 7r)], 

(B-8.4) 
sin cp 

ao = 0, a2 = 0.50, a3 = 0.46. 

Since 

we get. 

and, since 

100 sin (cp + a) sin (cp + (3) d sin (a - (3) 
cp = 7r 

-00 cp + a cp + {3 a - {3 , 
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we get 

where 

B = (1 - 2a, + ~ a!) (1 + Si~\O~\ol) 
+ ai(l - ai) [Sin (2~1 - 71") + sin (2~1 + 71")] 

2~1 - 71" 2~1 + 71" 

+ a/ [Sin 2(~1 - 71") + sin 2(~1 + 71")] 
4 2(~1 - 71") 2(~1 + 71") • 

Hence, for these windows, 

It will be noted that 

B = 2 (1 - 2a, + ~ af). 

1 2 
1 - ai + 2 ai, 

7 2 1 - 2a· + -a· 
f 4 q 

3 2 1 - 2a· + - a· ~ 2 fJ 

for fr = 0, 

1 
for frTm = 4' 

1 
for frTm = 2' 

r 
for frTm = 4:' 

(B-8.5) 

(B-8.6) 

(r = 3, 4, 5, ... ). 

To a close approximation, 

whence, for 

i = 0, the main lobe is l/T m wide, and the equivalent width of POl(f) is 
1/(2T m), 

i = 2, the main lobe is 2/T m wide, and the equivalent width of P 2l(f) is 
4/(3T m), 

i = 3, the main lobe is 2/T m wide, and the equivalent width of P 3l(f) is 
1.258/T m • 
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For 11 < liT m these equivalent widths are to be reduced. For 11 0, 
they are to be halved. 

Assume, next, that 

= 0, otherwise, 

I I <~ 1 = Tm' (B-S.7) 

which approximates Ql(f) quite well for i = 1, 2, and 3, as is shown in 
Fig. 16. Let us further assume that 11 ~ liT m and that, at least for 
11 - 11 I ~ liT m, 

P(f) = P(fl)[l + (3T m(f - 11)]. (B-S.S) 

Then we can evaluate the equivalent width of 

by simple integrations, finding 

W = 429 
e ({32 ) 350Tm 1 + 15 

Since {32 cannot exceed 1, we have 

(B-S.9) . 
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showing how little effect a linear slope of pC!) across the main lobe of 
HiC!; 11) has on lVe , even when (3 is large enough for P(f) to vanish at 
one edge. 

If P(!) has exactly the same form as the Hi(f; 11) corresponding to 
(B-8.7), then 

W = 0.94 
e Tm ' (B-S.10) 

a rather smaller value. 
If, on the other hand, we take 

I I >~ 1 = Tm' (B-8.11) 

= 0, otherwise, 

then for C = 2, and P(f) given by (B-8.8), 

7 

so that 

(B-8.12) 

while for C = 1, 

so that 

1.46 W 1.67 
Tm < e < Tm' (B 8.13) 

In general, we can use 

(B-8.l4) 

as a conservative approximation which provides a factor of safety often 
near 1.15 or 1.20. 

All this was for 11 ~ liT m • As 11 is reduced below liT m there is over­
lapping between Q i(f - 11) and Q i(f + 11) in H i(f; 11)' As a consequence, 
the equivalent width decreases in a way which is not worth examining in 
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great detail. (At fl = 1/(2T m) the equivalent width has decreased about 
15 per cent, and at fl = ° it has fallen to just half its usual value.) 

B.9 Equivalent Degrees of Freedom 

Let us assume that P(!) is flat - uniformly equal to po. Then the 
power variance spectrum r(f) will also be fiat, but with a value of 
2p02/T~ . Let us consider H i(f;fl) to be the ideal bandpass power transfer 
function 

w W 
ft- 2 < If I <ft+ 2 , 

= 0, otherwise, 

where fl > W /2, although such a transfer function is not even approxi­
mately realizable under the requirement that Di(r) == ° for I r I > T m' 

Then 

and 

If we equate these moments with the corresponding moments of a mul­
tiple of a chi-square variate with k degrees of freedom, we get 

k = 2[ave {P i (fl) }]2 = 2WT~. 
var {P i (fl)} 

We get the same result if Hi(f; fl) is assumed to be the ideal lowpass 
power transfer function 

If I < tV, 

= 0, otherwise. 

In either case we get only one degree of freedom when tV = 1/(211~). 
This suggests that the frequency range f > ° be divided into elemen­

tary bands of width 

1 
I1f = 2 rr' 

n 

(B-9.1) 

with one degree oj Jreedom in each. (In the presence of very sharp peaks 
in the original spectrum it would be somewhat more accurate to divide 
the frequency range - 00 < f < 00 into bands of width l/T ~ with one 
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degree of freedom in each, and with one band centered at! = 0.) It 
follows from the results of the preceding section that, if P(f) is reasonably 
smooth, we may regard the stability of the power density estimate 
P i(fl), for i = 1,2, or 3, as approximately equal to that of a chi-square 
variate with k degrees of freedom, where 

(B-9.2) 

for one piece (or record). 

B.IO Filtering and Analog Computation 

Power spectrum analysis from continuous data is frequently done by 
filtering techniques. In this section we will examine some of these tech­
niques. In particular, we will try to express their results in such a form 
that we are led to express their reliability in equivalent numbers of de­
grees of freedom. 

A common technique is to apply the signal to a narrow-band filter, 
allow some time for initial transients to become negligible, and then 
measure the average output power over the remaining time of the record. 
This corresponds to Mode I as described in Section 10 of Part 1. In this 
technique it is clear that the estimate Py(fI) of the power density P(fI) in 
the power spectrum P(f) of the original random process at the filter in­
put, is, substantially, 

where 

is the power spectrum of the modified random process at the filter out­
put, and Y(f; !1) is the transfer function of the filter with a narrow pass­
band around the frequency !1. The record length is shorter for the 
modified process than for the original process, by the time allowed for 
the initial transients to become negligible (at least the reciprocal of the 
bandwidth in cycles). The effective record length for the modified process 
determines the width of the elementary bands, and the equivalent num­
ber of degrees of freedom is the number of elementary bands in the 
equivalent width of poute!; !1), or the equivalent width of 1 Y(f; !1) 12 if 
P(f) is reasonably constant in the filter passband. 

In the technique described as Mode II in Section 10 we integrate all 
of the power output of the filter, and divide by the length T of the origi­
nal record to obtain the estimate Py(fl)' The result may clearly be ex-
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pressed in the form 

where Wet; fl) is the impulse response of the filter, and B(t) = 0 for 
t < 0 and t > T, but is otherwise arbitraryo To reduce this to a familiar 
form we first write it out in detail as 

so that 

-00 

Now, 

G(T1 - T2) = i: pC!) oc-iW
(Tt-

T
2) df, 

while, if J(f) is the Fourier transform of B(t), i: B(t - 71) oB(t - 72) odt 

00 

= If I J(j') oJ(f") oc iw
'(t-TtHiw"(t-

T
2) df' df" dt 

-00 

00 

= II J(f') oJ(f") OO(f' + f") oc- i
(W'Tt+W"T2) dj' df" 

-00 

Hence, 
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Further, since Y(f; !I) is the Fourier transform of Wet; !I), 

-00 

Finally, therefore, 

(B-10.1) 

where 

(B-IO.2) 

Since (B-10.1) is in the same form as (B-4.5), ,ve may now apply the re­
sults of Sections B.8 and B.9. In particular, if P(f) is reasonably 
smooth, we may regard the stability of the estimate P y(fl) as approxi­
mately equal to that of a chi-square variate with k degrees of freedom, 
where 

[ )[OO llY(!;!I).d!]2 
k = 2 T =--o:-::--___ -----==_ 

100 

[lly(J;iI)]2·d! 

(B-10.3) 

From the fact that II y(f; !I) is the convolution of the power transfer 
function of the filter with (2IT) 1 J(f) 12 it is clear that the passband of 
II y(fj !1) is at least as wide as that of the wider of the filter and 
(2IT) 1 J(f) 12. Hence, the resolving power of the filter method of power 
spectrum analysis is limited by the length T of available data, just as is 
that of any other method. If the filter passband is made narrower than 
liT, say, not only do we gain very little in resolving power, but the 
stability of our power density estimates is then, at best, approximately 
that of a chi-square variate with only one or two degrees of freedom. To 
obtain a reasonable degree of stability the filter passband should be 
several to many times liT wide. The resolving power then depends 
largely on this width. Under these circumstances it should not make 
much difference which of the four modes described in Section 10 is used. 

In Mode III, the output power may dearly be expressed in the form 

Py(iI) = ~ L: [B(t)· {W(t;!l) * [B(t) ·X(t)]}]2 dt, 

where B(t) = 0 for t < 0 and t > T, but is arbitrary otherwise. The re-
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duction of this to a familiar form follows closely that of the preceding 
case. The final result is that 

(B-10A) 

where 

Hy(f; fl) = ~ L: 1 L: J(fl!) . Y(fl! - f; II) 
(B-10.5) 

·J(f' - fl!) ·df" 12 ·df'. 

The analysis of Mode IV differs from that of Mode III only in the 
specifications of J(f). Indeed, the results for Modes I and II are also 
special cases of the result for Mode III. Mode II corresponds to J(n = 

oU), while Mode I corresponds to J(!) = o(!) as well as J(!) = o(!). 
It was noted in Section 10 that the zero of the input noise may not be 

quite at ground potential in Fig. 5. The discrepancy may be considered 
to produce a spurious line or delta component at zero frequency in the 
spectrum of the input noise. It will have no effect on the average output 
power in Mode I if 11 ~ 0, because the spectral window, which is simply 
1 Y(f; 11) 12 is opaque at zero frequency. In Mode II, however, the spec­
tral window specified by (B-10.2) may not be sufficiently opaque at 
zero frequency. The effect on the average output power depends upon 
the value of H yeO; 11). If the spectral window H y(f; 11) were ideal in 
the sense that it has no side lobes, there would be no effect on the 
average output power for values of 11 at least half of the width of the 
spectral window. This indicates the desirability of using a graded data 
window B(t) in order to reduce the side lobes in the spectral window 
H y(f; 11), that is, essentially the side lobes in (2IT) IJ(f) 12. Since the 
latter window is necessarily positive for all values of 1, reduction of side 
lobes here is not quite as easy as it is in the indirect computation tech­
nique described in Section BA, where selection can be exercised di­
rectly on the lag window, and the spectral window can be negative at 
some frequencies. 

Another filter technique frequently used in power spectrum analysis is 
to apply the available record to the filter as a periodic function with a 
period equal to the length of the record. If a data window is used, so 
that the periodic function applied to the filter is of the form B(t) ·X(t) 
in the interval 0 < t < T, then the power spectrum of the input function 
is a line spectrum with power concentrated at integral multiples of liT 
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cps. The total power in this spectrum, expressed in a form which displays 
the distribution in frequency, is 

1 q="'J () 

input power = T q~"'J Pin ~ , 

where, essentially, 

Hence, the output power of the filter, is 

Aside from the fact that we are now dealing with sums instead of in­
tegrals, this analysis parallels very closely our analysis of Mode II. It 
should be noted, however, that while our summands are even functions 
of q we may not run our sums from q = 0 to q = 00, and then double 
the result, unless we take only half of the first (q = 0) term. Hence, with 
this technique the equivalent number of degrees of freedom should be 
taken as 

provided that this turns out to give k > 3 or 4, say. It is easily seen that 
this formula discourages the use of this technique with a filter whose pass­
band is only a few times liT wide. 

B.ll Prewhitening 

The techniques required here are standard in communication engi­
neering and do not require specific treatment. As these techniques are 
ordinarily used, the original stationary random process is in effect con­
tinuously acting on the input end of the pre whitening filter, so that the 
output of the filter may be regarded as another stationary random 
process for purposes of spectral analysis. If these techniques are used 
where it is practical to obtain only a finite length of the original process 
to apply to the input of the filter, we must discard an initial portion of 
the output, corresponding to the time required for the filter transients 
to die out, as well as all of the output after the input has ceased. These 
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considerations are taken up in greater detail in Sections B.15 and 16 in 
connection with the analysis of equi-spaced discrete data. 

DETAILS FOR EQUI-SPACED ANALYSIS 

B.12 Aliasing 

Let us consider a stationary random process whose autocovariance 
function G(T), and power spectrum P(f) are known exactly. If we now 
take only the values of G(T) at uniformly spaced values of T, viz. 

T = 0, ±AT, ±2AT, ... 

we can, in principle, calculate a corresponding (aliased) power spectrum 
Pa(f), by using the formula 

Pa(f) = i: [\7(T; AT) . G(T)] . e- iWT dT, 

where \7(T; AT) -is an infinite Dirac comb as defined in Section A.2. 
Making use of the results of Sections A.2 and A.3 we have 

PaUl ~ A (f; L) * PUl, 

or, explicitly, 

PaUl ~ q~ P (f - 1T)' 
Thus, if it happens that P(f) is zero for I f I > 1/(2 AT), as illustrated in 
Fig. 17(a), there will be no overlapping of the individual terms in Pa(f), 
and the result of the summation will be as illustrated in Fig. 17(b). In 
this case, we can restore the original spectrum by multiplying Pa(f) by 
a rectangular function according to the formula 

where 

S(f) = 1, 

= 0, 

1 
If I < 2AT' 

1 
If I> 2AT' 

for, in the absence of such overlapping,Pa (f) = P(f) for If I < 1/(2AT). 
Hence, we will recover the original autocovariance function G(T) from 
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that for the discrete series by a convolution according to the formula 

G(T) = G(T) * [VeT; AT)·G(T)] 
q=rxl 

LlT' L G(T - qAT)·G(qAT), 

where 

q=-rxl 

. 7rT 
sln-

- AT 1 . T 
G(T) = -- = - ·dlf--

7rT AT AT 

N ow let us consider a second stationary random process whose auto­
covariance function G(T) happens to be related to G(T) by 

G(T) = G(T)·C(T), 

where G(T) is unity at T = 0, ±AT, ±2AT, etc. Since 

V( T; AT)' G( T) = VeT; AT)' C( T), 

it is clear that Pa(f) will be quantitatively, and in the utmost detail 

(a) P(f) 

1 
AT 

Fig. 17 - Effect of sampling on power spectra. 
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identical with PaC!). Hence, the principal part P A (f) of the aliased spec­
trum Pa(f), that is, the part in the range I f I < 1/(2~T), will not in 
general be the power spectrum of the second process. In fact, if S(f) is the 
Fourier transform of G(T), the power spectrum of the second process is 
related to the power spectrum of the first process by 

P(f) = S(f) * Pc!). 
In general, this spectrum covers an infinite range of frequencies, so that 
the aliased spectrum 

Pa(f) = A (f; ~) * P(f) = i: P (f - .!L) 
~T q=-~ ~T 

will involve overlapping of the individual terms. This overlapping will 
account for the quantitative identity of Pa(f) with Pa(f), and the failure 
of its principal part P A (f) to represent P(f) even in the range I f I < 
1/(2 ~T). Fig. 17(c) illustrates such a P(f). 

It may well have already occurred to readers familiar with amplitude 
modulation that using only uniformly spaced values of C( T), viz., 
C(rAT) where r = 0, ±1, ±2, ... , has the same effect on the power 
spectrum as the simultaneous amplitude modulation of carrier waves 
with frequencies q/ ~T where q = 0, ±1, ±2, .... If the two-sided power 
spectrum P(f) corresponding to C(T) is visualized as side-bands on a 
zero-frequency carrier, then the aliased spectrum Pa(f) corresponding to 
C(r~T) will be naturally visualized as the same sidebands on carrier 
frequencies q/ ~T, where q = 0, ±1, ±2, .... If each sideband of P(f) 
does not extend beyond the frequency 1/(2AT), then there will be no 
overlapping of side-bands in Pa(f), and the principal part P A (f) of Pa(f) 
will be identical to P(f). Contrariwise, if each sideband of P(f) extends 
beyond the frequency 1/(2~T),then there will be overlapping of side­
bands in Pa(f), and the principal part P A (f) of Pa(f) will not be identical 
to P(f). In any case, however, it is important to note that 

111 (2llT) 111 (2tu) l~ l~ 
Pa(j)df = PA(f)df= PA(f)df= P(f)df· 

-11 (2llT) -11 (2llT) -~ -~ 

If we examine the relation of P A(f') to P(f), where 

< f' < _1_ d f ° = = 2~T' an ~ 0, 

we find that 

P A (j') P(f') + i: [p (!L -1') + P (.!L + f')J ' 
q=1 AT AT 
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Fig. 18 - Spectrum folding. 

(the right-hand side representing Pa(f') for all f'). We say, therefore, 
that the power density at f = (q/ AT) - f' and at f = (q/ AT) + l' in 
the true spectrum P(f), where q = 1, 2, ... , 00, are aliased at f' in the 
principal part P A (f') of the aliased spectrum. Clearly, the presence of 
aliases in power density estimates from time series is a matter of some 
concern. 

Aliasing is sometimes called spectrum folding, because the pattern by 
which various frequencies are aliased with one another corresponds to the 
result of folding up the frequency axis, as illustrated in Fig. 18. The 
frequency of the first fold is called the folding or Nyquist frequency. In 
the discussion above this was f; = 1/(2AT), which usually coincides 
with f N = 1/ (2At). 

B.13 Transformation and Windows 

A general outline of a hypothetical procedure for power spectrum 
estimation from a uniformly spaced discrete time series of finite length, 
by the indirect route, is as follows: 

(1) Let X o , Xl, ... , Xn be the time series and let At be the time 
interval between adjacent values. Compute mean lagged products, with 
lag interval AT = hAt, according to the formula 

q=n-hr 

L Xq·Xq+hr 
q=O 

( r=OI ... m " , where m ~ !!.) . -h 
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(In a practical procedure, this formula will have to be modified to avoid 
difficulties with spurious low-frequency components.) 

(2) Compute raw spectral density estimates according to the formula 

Vr = .1T'[CO + '2 q'f'"l Cq·cos qnr + Cm·cos nrJ. 
q=l m 

Since Vr is symmetric in r about every integral multiple of m, it is neces­
sary to compute it only for r = 0, 1, ... , m. The frequency correspond­
ing to r is r/(2m.1T), as shown below. 

(3) Compute refined spectral density estimates according to the formula 
co 

Ur = aiOVr + L: aij[Vr+i + V r- j] , 
i=l 

where the a's are the same as in Section B.5. In particular, for the 
third pair of lag and spectral windows described in Section B.5, we 
have a30 = 0.54 and a31 = ~.23, all others being zero, so that 

Ur = 0.23 Vr- 1 + 0.54 Vr + 0.23 Vr+1 • 

(These power density estimates should of course be doubled if they are 
to be referred to positive frequencies only. This doubling may in fact be 
introduced through the mean lagged products.) 

Comparing this outline with the one for the continuous case (Section 
B.4), it will be noted that the window is introduced by different methods. 
In the continuous case the window is introduced as a lag window before 
cosine transformation, in order to avoid convolution after transforma­
tion. In the discrete series case, since convolution is not difficult, indeed 
is very simple, convolution after transformation is convenient, and the 
lag window is shaped after the cosine transformation. 

To relate the outlined procedure for the discrete series case to that 
for the continuous case, we note that 

ave {Cr} = C(r.1T) , 

where C(T) is the true auto covariance function. Hence, 

ave {V,} = AT -[ C(O) + 2 ~l C(qAT) cos q:: + C(mAT) cos,... ] . 

This may be expressed in the form of a Fourier transform, viz., 
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where Vm(r; ~r) is the finite Dirac comb defined in Section A.2, and 

w r 
f==-=-· 271" 2m~r 

Therefore, 

ave {Vr} = [Qo(f; ~r) * P(f)] , 
!=r/(2m·!u) 

where P(f) is the true power spectrum. Hence, Vr may be regarded as an 
estimate of an average-over-frequency of P(f) in the aliased neighbor­
hood of f = r/(2m~r), with the spectral window QoAf) = Qo(f; ~r) 
illustrated in Fig. 9. 

Three other views of the relation of Vr to P(f) may be developed from 
the fact that (from the end of Section A.2) 

Vm(r; ~r) = Do(r)·V(r; ~r), 

Qo(f; I1T) = Qo(f).A (f; ~J 
whence, 

ave {Vr } = [Qo(f) * A (f; ~) * P(.f)] . 
~r !=r/(2m.!:J.T) 

'The view taken in the preceding paragraph corresponds to the substitu­
tion 

A second view corresponds to the substitution 

A (f; L) * P(f) = 1'.(J), 

and a third to the identit.y 

A (f; :T) .P(f) = A 0; :T) • PAUl. 

The latter two correspond to the results 

ave {V,} = [ Qo(f) • P .(f) l~"(2m .• ') , 
ave {Vr } = [QOA(f) * P A(f)] . 

!=r/(2m·Ar) 



MEASUREMENT OF POWER SPECTRA 527 

Hence, Vr may also be regarded as an estimate· of an average-over-fre­
quency of the entire aliased power spectrum P a(f) in the neighborhood of 
f = r/(2mll.T) , with the spectral window Qo(f) illustrated in Fig. 14, 
or, and usually most usefully, as an estimate of an average-over-fre­
quency of the principal part P A (j) of the aliased spectrum, in the neighbor­
hood of f = r/(2mll.T), with the aliased window QOA(f), which is illus­
trated inFig. 9. 

Finally, a fourth view corresponds to the substitution (from Section 
BA) 

Qo(f) * P(f) = ave {Po(f)}. 

Hence, Vr may also be regarded as an aliased version of the estimated 
power spectrum Po(f) which would have been obtained from the con­
tinuous data in accordance with the hypothetical procedure outlined in 
Section BA. 

Regarded from anyone of the four points of view developed above, 
we see that the raw spectral density estimates V r , (assuming ll.T suffi­
ciently small, so that aliasing is negligible) are in the same position as 
the estimated power spectrum PoC!) in the continuous case; the spectral 
window QOA(f) is essentially Qo(f) with the same undesirable side lobes. 
Hence, the raw power density estimates must be refined. As in the con­
tinuous case, the refinement can be done by using a graded lag window 
before transformation. In the discrete series case, it may also be done by 
convolving the raw estimates with the ads of Section B.5 to obtain the 
refined estimates, as described under (3) in the outline. 

In any event, we may write, as we did at the end of Section 4, of Part I, 

ave {U.l = f H, (f; 2::ilT) .Pa(f) ·df, 

where 

Alternatively, we may write 

ave {U.l = f lIiA (f; 2::ilJp(f) ·df, 

or, more usually, 

ave {U.l = {"2'.') lIlA (f; 2~T)-Pa(f) ·df 

= f H" (f; 2::ilJPA (f) df, 
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where 

and 

1.0 ...----r-_---.---r--~___,.-_._-------...., 

Tm=m.6.'T, m=12 
0.9 1-\---+--4--1---+--4---,-+--+--,....----.-----.------,.--; 

0.8 1---lH---t---I--f---t--t---t--t---t---t---t--/ 
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0.5 

0,4 

0.3 

O.II--~-+-

o 2 3 
mf.6.r 

4 5 

Fig. 19 - Aliased spectral window Q3A for m = 12. 
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In particular, Q2A(f) and Q3A(f) are illustrated in Figs. 8 and 19. 

B.14 Variability and Covariability 

The analysis of variability of power density estimates from discrete 
time series is a repetition of Section B.6 up to and including (B-6.4) 
for cov {M(tl' 7'1), M(t2 , 7'2)}. Beyond this point we now have to deal 
with summations rather than integrations with respect to tl and t2 . 

If the range of summation in the formula for the mean lagged products, 
viz., n-hr, is replaced by an average range n', which may be regarded as 
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the effective length of the series, and which may usually be taken as 

, . I h ( hm) n = largest mteger ess t an n - 3 

then 

cov {Cr, Cs} L: cos wrAr'coS wsAr·rt..tC!) ·dj, 

where 

rt..tC!) = 41~ PC! +!') .P(j _ !'). (s:n.w'n'~t)2.d!, 
-~ n 8m w At 

(reducing to (B-6.10) and (B-6.11) as At ~ 0 with n' At = T~). Finally, 
if Ur and Us ,are refined power density estimates based on applying the 
spectral windows Qi(f) and Qj(f) , respectively, to the alia sed power 
spectrum P a (f), then 

COy {U" U,j = ~ L: IliA (I; 2~!!J'H;A (I; 2~Jr.,(j).dl. 
In particular, of course 

We see now that there is essentially no difference between power 
density estimation from uniformly spaced time series and power density 
estimation from continuous data, except for aliasing and its secondary 
consequences. In particular, if P(f) is reasonably smooth, and if aliasing 
is negligible, then we may judge the stability of the power density esti­
mates Ur for the uniformly spaced case by analogy with a chi-square 
variate with k degrees of freedom, where 

k = 2 (nAt -!), r = 1, 2, . 0 0 , (m - 1), 
mAr 3 

= half as much for r = 0, mo 

Bo15 AND 16 Transversal Filtering* 

If the Z's are moving linear combinations of the X's, for example 

Zq = CoXq + C1Xq- 1 + 000 + CkXq- k , 

* See Kallmann32 for the origin of this term. 
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and we take At = 1 for convenience, then the spectra are related by 

I':> (f) P (f) I + -iw + -2iw + + -kiw 12 z = x Co CIC C2C • • • Cke 

= Px(f)[(Co
2 + Cl

2 + c/ + 
+ 2(COCI + CIC2 + 

+ Ck2) 

+ Ck-ICk) cos w 

+ 2(COC2 + CICZ + ... + Ck-2Ck) cos 2w + 
+ 2(COCk) cos lew] , 

where w = 27rf. The first equality arises by considering Xq _ ciqw
, and 

the second involves the sequence of coefficients 

b_k = COCk, 

b-k+l = COCk-l + CICk, 

b_l = COCI + CIC2 + ... + Ck-IC/C, 

bo = co
2 + Cl

2 + ... + Ck Z, 

bl = CICO + C2CI + 
b2 = C2CO + e3CI + 

bk- l = Ck-ICO + CkCI, 

bk = CkCO, 

which represent the convolution of the sequence Co, CI, ••• , Ck with 
itself. 

As a filter, the moving linear combination is characterized by 

I Y(j)]2 = bo + 2 bl cos W + 2 b2 cos 2w + ... + 2 bk cos lew, 

which is never negative (as the square of an absolute value). Since we 
can write cos jw as a polynomial in cos w of degree j, we know that: 

(1) ] Y(n ]2 can be written as a polynomial of degree le in cos w, 
(2) for -1 ~ cos w ~ 1, it is not negative. 
Any such polynomial can be realized as a moving linear combination 

(in several ways, see Wold33
). The l:5implest way to see this is to factor 

the given polynomial into linear and quadratic factors. By appropriate 
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choice of signs these factors will satisfy (2), and, if each corresponds to a 
real moving linear combination, the moving linear combination obtained 
by applying them successively will correspond to the givell polynomial. 

Any such linear factor takes the form 

1 Yi(f) 12 = A2(1 + a cos w) 

with 1 a 1 ;£ 1, which may be realized by k = 1 and 

Co , Cl = !A ( V 1 + a ± V 1 - a). 

Any such quadratic factor takes the form 

1 Yj(f) 12 = A2(1 + al cos w + a2 cos2 w). 

The condition for this to be non-negative for 1 cos w 1 ;£ 1 is 

1 al 1 ;£ 1 + a2, 

and if a2 ~ 1, so that the first condition forces an internal extremum 
on [-1, + 1], we must also have a1

2 ;£ 4a2. We may write 

1 Y; (J) I' = A 2 (1 + ;' + Ul cos W + ~ cos 2w ) , 

which is realized by a three-point moving linear combination with 

A 
Co, C2 = M (VI + a2 + vi ± VI - a2 + vi ), 

y-- = v(1 + a2)2 - a12 , 

A 
Cl = 2" (VI + a2 + al - VI + a2 - al) , 

the conditions stated above ensuring that all radicals are real. 
These two cases -linear and quadratic factors - not only prove 

that every polynomial non-negative on (-1, + 1) can be obtained, but 
provide at least one way to find a moving linear combination with an 
assigned polynomial. 

One special case deserves record. If we require a simple moving linear 
combination with Y(fo) = 0, we may use 

1 
Co = ---

2 cos wo' 

Cl = -1, 

1 
C2 = , 

2 cos wo 

which has 1 Y(f) 12 = [1 - (cos wlcos WO)]2. 
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Now that methods are available for finding moving linear combina­
tions whose spectral windows are prescribed polynomials in cos w, some 
attention should be given to approximating an arbitrary desired response 
by polynomials. If a roughly "equal ripple" approximation (where the 
local maxima deviations of approximation from desired are roughly 
equal) is desired, then the techniques described in the next paragraph 
will be quite effective. If, as seems likely, however, we desire the fra.c­
tional error 

approximation - desired 
desired 

to have roughly equal ripples, then no specific method seems to be avail­
able. All we can suggest is the following procedure: (i) find a roughly 
equal ripple approximation, (ii) find the zeros of its error, (iii) squeeze 
these zeros together where smaller ripples are desired, and open them 
out where larger ripples can be permitted, keeping as much of the same 
general pattern of distances between zeros as possible, (iv) construct 
a new polynomial with these points for the zeros of its error, (v) adjust 
the result slightly, if necessary, to make it non-negative. (This proce­
dure sounds quite plausible, but the reader should be warned that we do 
not know how to be more specific about "keeping as much of the same 
general pattern of distances as possible". However, we expect the pro­
cedure to work in many hands.) 

The construction of the roughly "equal ripple" approximation can 
proceed in many ways. In almost every case, one should begin by calcu­
lating values of the desired response at values of cos w equally spaced 
from cos w = + 1 to cos w = -1. The semi-classical approach (DeLury,34 
Fisher-Yates,35 or Milne36) would be to fit orthogonal polynomials to 
these equi-spaced points. The results would be least-square fits, but 
might be far from equal-ripple. The process of "economization" (Lanc­
ZOS,37 Lanczos,38 streamlined by Minnick39) will allow us to take an 
over-fitted least-square fit and back up to an "equal-ripple" polynomial 
of lower order. However, the direct attack, based on central differences 
of the desired response (at equi-spaced values of cos w) as proposed by 
Miller40 seems likely to be shorter, even allowing for the expansion of 
the Cebysev or Chebyshev polynomial series into single polynomials. 

One further set of considerations remains which is sometimes impor­
tant. These relate to the starting up of a moving linear combination. 
If Zq involves Xq back to X q_k , then there will be k less Z's than X's, 
and nothing can be done about this. Any transversal filtration causes the 
loss of some data, and if the filter characteristic is complicated (as a 
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polynomial in cos w) the loss will have to be correspondingly great. This 
is usually unimportant, but, with very short pieces of record, might be­
come crucial. 

In Section 15 we remarked that an autoregressive relation, e.g., 

Xq = coZq + CIZq-1 + ... + CkZq-k, 

between X's and Z's enabled us to obtain the reciprocal of any suitably 
non-negative cosine polynomial as the ratio of the spectrum of Z to the 
spectrum of X. There are different ways of looking at the situation which 
make this statement true, not true, or partly true. If we have all the X's 
back to q = - 00, we can calculate the corresponding Z's and it is true. 
If we have only a finite number of X's, as always in practice, then we 
have to start the calculation up in some other way, perhaps like this 

Xo = CoZo, 

Xl = COZI + CIZo, 

X k- l = COZk-1 + CIZk-2 + ... + Ck-IZO, 

X k = COZk + CIZk-l + ... + CkZO. 

As a consequence, we will have introduced an initial transient into the 
form of the autoregressive transformation so that our Z's are never 
related to the X's in the way we supposed. In this sense the statement 
is untrue. In many cases, however, this initial transient dies out quite 
quickly, and if we discard enough initial Z's, perhaps 2k to 4k of them, 
we can regard the reciprocal of the cosine polynomial .as a satisfactory 
approximation. In this sense the statement is partly true. 

In theory, an autoregressive scheme corresponds to an infinitely long 
moving linear combination. In practice it corresponds to a sequence of 
changing moving linear combinations of finite but increasing length 
which approximate the infinitely long one. Sometimes the approximation 
is quite good enough. (Perhaps the main advantage to the autoregressive 
scheme is its likely reduction in arithmetic - a few autoregressive coeffi­
cients corresponding to a long moving linear combination.) 

B.17 Smoothing and Decimation Procedures 

We now study the effects of applying, successively and in any order, 
simple smoothing and decimation. The basic operations are taking 
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equally weighted means of f consecutive values, and discarding all but 
every Jth value. Simple RllmR are llsnally more convenient than means, 
and, Rince the results differ only by a fixed constant factor, lead to the 
same spectra except for a constant. We define, then, as our basic opera­
tions, Se and F j , where (for definiteness) 

Y = SeX 

means 

(f terms), 

while 

means 

It will also be convenient in dealing with the algebra of these opera­
tions, to use an operator for simple summing at wider spacings. We 
therefore define S/h) by taking 

W = S/h)X 

to mean 

Wi = Xi + Xi+h + ... + Xi+U-l)h, 

It is immediately clear that 

(C terms). 

(B-17.1) 

both sides corresponding to forming sums of fh consecutive X /s. 
Now, consider the equation 

which means that if 

then 

These, in turn, mean that 

and 
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Hence, 

Zi = Xu + X O+j + ... + Xu+U-1)j, 

where g = 1 + (i - I)J. Now, since 

W = Se(i)X 

means 

Wu = Xo + X O+j + ... + Xo+(t-l)j, 

we have 

which corresponds to 

Z = FjW. 

Thus, we have shown that 

Similarly, we find that 
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(B-I7.2) 

(B-I7.3) 

The order in which Fj and Se or S/h) are applied is thus important. 
On the other hand, it is easy to show that 

(B-I7.4) 

and 

FjFh = FhFj = Fjh . (B-I7.5) 

Thus, sample reductions are 

S2F4S4 = F4S2 (4) S4 = F4SS , 

and 

F2S4F2S2 = F2F2S4 (2) S2 = F4SS • 

It may be noted also that FeSe corresponds to "summing in (barely) 
non-overlapping blocks of C terms". 

A reason for these differing relations is easily found. The changes in 
the spectrum due to Se and F j are quite different in character. Se multi­
plies spectra by the power transfer function 

(

. CWD.t) 
2 

sm--
11 + e-iwllt + ... + e-iU-l)wllt 12 = 2, 

. wD.t 
smT 
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while St (h) multiplies spectra by 

( 

. .thWAt)2 sm-
2
-

. hwAt . 
sm-

2
-

On the other hand, F j changes the folding frequency, fN , to a new value 
(l/j)th as large as before, namely 

j~ = fN/j, 

and aliases together the old principal aliases in sets of j. The j old prin­
cipal aliases which have f as their new principal alias are 

f, 2f~ - j, 2f~ + f, 4f~ - f, 4f~ + f, ... (j terms). 

Our combined operations will, in general, change both amplitudes 
and principal aliases. If 

P +Af) = T(f)P A(f) +T(2f~ - j)P A(2f~ - f) 

+ T(2f~ + f)P A(2j~ + f) + 
where P +A (f) is the new aliased spectrum, P A (f) is the old aliased spec­
trum, f~ is the new folding (Nyquist) frequency, and the summation 
continues as long as the arguments lie below the old folding frequency, 
then we call T(f), for any f up to the old folding frequency, the trans­
mission. (If there is no new aliasing, the transmission is merely the 
power transfer function.) The ratio of transmission for a desired fre­
quency to the transmission for an undesired alias of that frequency, 
such as T(f)/T(2f~ - f) for example, will be called the protection ratio. 

Fig. 20 illustrates some simple cases. Curve (b) is the transmission of 
S3 , F2S3 , or, indeed any F jS3 . All of these are given by 

(

. 3WAt)2 sm 2 
. wAt . 

smT 

Scale (c) illustrates the reduced range of the principal aliases for F2 , 
F 2S3 , or, indeed any SjF2Sk • Curve (d) shows the power transfer func­
tion of S3, regarded as following F2 . In terms of the respective folding 
frequencies, this curve duplicates curve Cb). On an absolute frequency 
scale it is different. Curve (e) presents the transmission corresponding to 
S3F2 = F2S3(2) which aliases into curve Cd). 
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Fig. 20 - Transmission curves for a simple example of smoothing and deci­
mation. 

The transmission (= power transfer function) of Ss is shown in Fig. 21. 
The smoothing operation described in Section 17 was, in our pres­

ent notation, FjSk where j = kj4, which equals 84FjS j . In the case 
j = 2, we have F28s = S4F282 , and the highlights of transmission and 
folding pattern are as follows, where the frequency scale has been chosen 
to make the original folding frequency = 8. 

Original freq. 
Aliased freq. 
Transmission 

o 1 2 3 4 
o 1 2 3 4 

64 26 zero 3.2 zero 

5 6 
3 2 

1.4 zero 

7 8 
1 0 

1.0 zero 

The protection provided for frequency 1 against aliasing from frequency 
7 is only in the ratio of 26 to 1. If the spectrum falls toward higher fre­
quencies, this may be enough, but adequacy is far from certain. 

Double use of 8s before selecting every second observation would 
square this protection ratio, giving a ratio near 700. If we are to sum 
by groups twice, however, we can do better than to use the same length 
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Fig. 21 - Transmission curves for 8 8 • 

of group twice. By using slightly different lengths, we can spread out the 
zeros of the transmission curve, and tend to hold the right-hand end of 
the transmission curve nearer the origin. Table V shows the transmission 
and folding behavior of F 3S7SS , with the original folding frequency 
taken as 18. Over the lower half of the folded spectrum, this choice 
yields protection (against aliasing) by a ratio of about 3,000, which 
should suffice under even moderately extreme circumstances. 

If we do not wish to fold quite so far (or in multiples of 2) then F 2S5SS 

gives a protection ratio of 1,500 or better over the lower half of the 
folded spectrum. 
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TABLE V - TRANSl\IISSION AND FOLDING BEHAVIOR OF FaS7SS 
OR FaSSS7 (ORIGINAL FOLDING FREQUENCY = 18) 

Original Frequency Folded Frequency Relative Transmission 

0 0 3136 
1 1 2356 
2 2 946 
3 3 156 
4 4 3.5 

5 5 0.03 
6 6 3.0 
7 5 7.4 
8 4 2.4 
9 3 zero 

10 2 0.04 
11 1 0.39 
12 0 1.0 
13 1 0.17 
14 2 0.09 

15 3 0.06 
16 4 0.12 
17 5 0.28 
18 6 zero 
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So long as we are satisfied with such, only moderately large, protection 
ratios, and with a substantial fall-off of transmission over the useful part 
of the spectrum, such repeated unweighted summing-or-averagings by 
groups are likely to be most desirable from the point of view of machine 
computation. If requirements on the smoothing-and-decimation opera­
tion are more stringent, smoothing with a suitably chosen set of graded 
weights is likely to be required. 

B.I8 Jlllodified Pilot Estimation, Cascade Estimation. 

The addition-and-subtraction calculation discussed in Section 18 
(i) yields only one estimate per octave, (ii) is unduly sensitive to trends, 
(iii) involves windows which are broad even for a one-per-octave spacing, 
and (iv) is deliberately wasteful of data in the interest of computational 
simplicity. There may well be a desire to correct any or all of these. 

The 0 operator, in a notation extending that of the last section, takes 
the form 0 = F'2D, where F2 is the operation of dropping every alternate 
value and D is the operation of differencing adjoilling values. vVe may 
replace 0 by D in the computing routine, keeping (j the same, with the 
following effects: (i) loss of symmetry in the procedure, (ii) introduction 
of numerical factors like 8/15 (to be applied to the sums of squared 
differences), (iii) near doubling of number of differences available for 
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squaring and summing. If not enough data is available to give adequate 
stability to the results of the standard pilot method, then this modifica­
tion may be worth while. 

If we denote the operation of omitting the other half of the values by 
F~ and introduce (J" = F~S2 as well as (J' = F2S2, then, by using D, (J' and 
(J" successively, we may obtain even more differences for squaring and 
summing. Table VI shows a convenient pattern of computation, in 
which sums and differences are not located in lines near the lines from 
which they are derived. Table IX, below, (in Section B.28) provides 
a numerical example. 

TABLE VI - COMPACT CALCULATION ARRANGEMENT FOR COMPLETE 

VERSION OF PILOT ESTIMATION PROCEDURE 

X DX {:' }x I D {:'} x {:'} {:'} x D {:'} {:,}x {:' } {:' } {:' } x 

Xl SX l SSX l SSSX l 
DX l DSX l DSSX l 

X 2 SXa SSX5 
DX2 DSX. 

Xa SXs 
DXa DSX5 

X 4 SX7 SSXa 
DX4 

X5 
DX5 

X6 SX2 SSX2 
DX6 DSX2 

X 7 SX4 

DX7 DSX4 

Xs SX6 SSX4 

DXq = X q+1 - Xq , SSXq = (SXq+2) + (SXq) 
SXq = X q+l + Xq , DSSXq = (SSXq+4) - (SSXq) 

DSXq = (SXq+2) - (SXq) SSSXq = (SSXq+4) + (SSXq) 

Two methods are available to cope with trend difficulties. The original 
series may be differenced, and the differenced series subjected to pilot 
estimation. (The main disadvantage being some loss in accuracy, etc., 
at very low frequencies.) Or each column of differences may be "corrected 
for its mean" adjusting the corresponding divisor from k to k - 1. (This 
is only recommended when the first modification is in use and the 
column contains all D's, not merely the corresponding O's. Instead of 

k + 1 ± (Dq)2 
2k 1 

then, the corrected sum, corresponding to (k + 1)/2 squares, becomes 

k+1 [k 2 1 k 2J 
2(k - 1) ~ (Dq) - k (~Dq) . 
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In view of the fact that L Dq should equal the last value in the preced­
ing column minus the first value there, a convenient check on the Dq 
exists. 

If, as may not be too unlikely, none of these modifications suffices, 
as will surely be the case if more than one estimate per octave is required, 
something better than the modified pilot estimation method, without 
going all the way to the detailed method's equi-spacing in frequency, 
may be desired. Such an intermediate method should give roughly con­
stant spacing on a logarithmic scale, and provide reasonably clean win­
dows, with about a 100-to-1 ratio between major lobes and minor lobes. 
It would be useful for high quality pilot estimation, and might sometimes 
suffice for the complete analysis. 

Easy calculation and a roughly logarithmic scale both favor a cascade 
process, in each of whose cycles some computation is carried out on 
given values, and then half as many values are computed ready for the 
next cycle. We may expect, then, that it will be possible to think of each 
cycle as having three phases: 

(a) computation of estimates 
(b) smoothing of given values 
(c) deletion of alternate smoothed values. 

Our main attention needs to be given to the last two phases, since the 
first is a branch which can be changed rather freely. 

We are concerned, therefore, with smoothing procedures to precede 
halving of the folding frequency. We have, then, to choose two fre­
quencies averaging to the new folding frequency such that we plan to 
make estimates based on the smoothed (and halved) values up to the 
lower of these, while effectively eliminating frequencies above the higher. 
If the folding frequency at the start of the present cycle is fo , these two 
frequencies can be written as afo and (1 - a)fo. In the next cycle, then, 
we anticipate estimation up to afo . In the present cycle, we anticipate 
estimation up to 2afo and must consequently cover the octave from afo 
to 2afo . 

In the choice of a we must balance two considerations of computing 
effort. For a given number of lags (a given number of multiplications in 
forming mean lagged products per cycle) our estimates are spaced a fixed 
fraction of fo. The larger a and 2afo, the more of these we may use. 
Contrariwise, the smaller a, the easier it is, in terms of computational 
effort, to provide smoothing which suppresses the whole interval from 
2afo to fo by a factor of about 100 in comparison with what it does to 
any frequency between 0 and afo . 

Trial suggests that a value of a near 1 is reasonable. We wish, there­
fore, a smoothing which suppresses frequencies between (t)fo and fo . 
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Two elementary smoothings with zeros in this range are running means­
or-sums of 2 (with a zero at fo) and running means-or-sums of ;) (with a, 

zero at (i)fo). If, for convenience, we use sums, these operations multiply 
the spectrum by, respectively, 

2 + 2 cos 7rilfo, 

and 

3 + 4 cos trf Ifo + 2 cos 27rf Ifo . 

If both are applied, the factor takes on the following values: 

fifo = 0.0 0.3 
factor = 36 15 

1 0.5 0.6 0.62 i 0.8 0.82 % 1 
12 2 0.23 0.08 0 0.146 0.147 0.143 0 

The result is a protective factor (against the effects of aliasing on halving) 
of just over 100 for a = 0.3 and of about 80 for a = 1. This should be 
entirely satisfactory for most pilot purposes. (If further protection is 
needed, Zq = 0.6Xq_1 + Xq + 0.6Xq+1 , which has zero transmission at 
fifo = 0.815, could also be applied.) 

If we wish to reduce the number of additions, we might smooth by 
threes, and then combine smoothing by twos and halving, e.g., 

Xq* = X q- 1 + Xq + X q+1 , 

Zq = X 2q* + Xiq+1, 

which requires 2.5 additions per X-value. If we rearrange, however, to 

X2q = X 2q + X 2q+1 , 

2X2q = X2q + X2q, 

Zq = X 2q- 1 + 2X2q + X 2q+2, 

we find only 2 additions per X-value. Thus this type of smoothing and 
halving is computationally quite simple. 

If we use this smoothing-and-halving process cycle after cycle we 
must, after obtaining our spectral estimates for the series actually proc­
essed in a given cycle, adjust them for the effects of all the smoothings 
in preceeding cycles. Near zero frequency this factor is (36)-d for d 
previous smoothings. At a few selected frequencies the factors are as 
follows: 

fifo = 0 0.075 0.15 0.225 0.30 
j = 1 (36)-1 1.05(36)-1 1.23(36)-1 1.60(36)-1 2.4(36)-1 

j = 2 (36)-2 1.06(36)-2 1.29(36)-2 1.81(36)-2 2.95(36)-2 

j = 3 (36)-3 1.07(36)-3 1.31(36)-3 1.86(36)-3 3.10(36)-3 

j = 4 (36r
4 1.07(36)-4 1.31(36)-4 1.87(36)-4 3.16(36)-4 
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Fig. 22 - Windows for m = 12, and smoothing from previous cycles. 
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When an ordinary calculation with m = 12, for example, and hanning 
is used at each cycle, the spectral windows of the more relevant esti­
mates and the effect of smoothing in previous cycles appear as in Fig. 22. 
Clearly the estimates for r = 3, 4, 5 and probably 6 will be quite usable. 
The estimate for r = 7 may well be usable, but its window extends up 
to a point where protection against aliasing is beginning to be much 
reduced. Computation for all r from 0 to 12 is probably worthwhile, 
lower values of r providing rough checks for later cycles and higher 
values indicating the extent of the danger from aliasing (to estimates of 
the next cycle) during the smooth-and-halve phase of the present cycle. 

The resulting spectral windows are shown for parts of 4 cycles in Fig. 
23. The windows 6, 5, 4, 3 rov 6', 5', 4', 3' rov 6", 5", 4", 3" rov 6"', 5"', 
4"',3"', and so forth, will give a fairly effective set of coarsely spaced spec­
tral estimates. 

B.lO Rejection Near Zero Frequency 

We come now to the details of compensation, on the average, for non­
zero but constant averages or for averages changing linearly with time. 
(As a convenient shorthand we will refer to these as "constant" and 
"linear" trends.) The X h , on a sample of which our calculations are to 
be based, can each usefully be regarded as a sum of two terms: (i) a fixed 
(but unknown) trend and (ii) a sample from a stationary ensemble with 
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average zero. These terms are added together and are statistically inde­
pendent (since one is fixed). 

3 

3' 4' 5' 6' 

3" 4" 5" 6" --. ,.,. __ ,.. 

I \I '/ " " \I 

A/\AA,'\ 
I \I I I" I 
1" I'I' II \ 

" " ~' II f ~ , 
~ J. I 

/\ :\ 1\ 1\ 
I V V V \ 

1\1\1' , 

FOLDING 
3'" 6'" FREQUENCY 

~lIitV .. tl II.t 
f.Ul 

' 11111"'11 
1 '11 '111\1 

~ nIl II' 

~H I '1"\1111 
I I 1",1 111 

U I I I 
I : A \ 

FOLDING 
FREQUENCY 

4 5 6 

FOLDING 
FREQUENCY 

Fig. 23 - Spectral windows in successive cycles (smoothing corrected for). 

Consider any quadratic expression in the X h • If we introduce the two 
terms for each X h , we may write the quadratic expression as a sum of 
three parts: (i) a quadratic in the trend (fixed, of course), (ii) an ex­
pression linear both in the trend and in the stationary fluctuations (and 
hence of average value zero), and (iii) a quadratic in the stationary 
fluctuations. The first and last of these three parts are, of course, just 
what would have arisen had the trend alone or, respectively, the fluctua­
tions alone been present. Hence, since the average value of the middle 
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part vanishes, the average value of the whole quadratic is the sum of 
the average value for the trend alone and the average value for 'the 
fluctuations alone. To study the efficacy with which a quadratic ex­
pression rejects a trend in the presence of fluctuation, we have only to 
study its behavior in the presence of trend alone. After this, we shall 
want to study the behavior for fluctuations alone of those expressions 
which satisfactorily reject trend. 

(The variance of the quadratic expression will be determined from the 
middle and last parts. If third moments of the fluctuations vanish, as 
will be the case for Gaussian ensembles, the contributions will come from 
these parts separately, the covariance between parts vanishing.) 

A few formulas will be useful in discussing possible rejection tech­
niques. These are conveniently derived on the basis of n = 2k + 1 
available equi-spaced values extending from -k through 0 to +k. (The 
indexing of the values is only a convenience, and cannot affect any 
essential result. The limitation to an odd number of points is essentially 
a convenience also - we shall replace 2k + 1 by an unrestricted n rather 
freely.) 

The first formulas relate to constants and linear trends, and are as 
follows: 

ave {Or I X t == I} 

ave {O T I X t == tl 

where 

1 k-r 

2k + 1 _ r ~ (1) (1) 

k-r 

-:--_1 __ L h(h + r) 
2k + 1 - r -k 

1, 

= ~ (21c(k + 1) - r(2k + 1) - r'2), 

1 r r2 
J{r = 1 - - - 2 - - 2 - ~ 1 

n2 n n2 ' 

whence, 

ave {Cr I X t == ex + ,Bt} 
k-r 

__ 1 __ L (ex + ,Bh)(ex + ,Bh + Sr) 
2k + 1 - r -k 
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while 

1 d d - c 
c + d + 1 ~ (a + 13k) = a + {3 -2- , 

1 bId 

a + b + 1 ~ c + d + 1 ~ (a + {3k)(a + (3g) 

= a' + ap (d - C ~ b - a) + p' (d - C)ib - a) . 
From the first two formulas, as combined in the fourth, we learn what 
dependence on a and (3 is required if we are to reject both constants and 
linear trends for any fixed value of r. The fifth formula, as developed 
into the last, shows that this cannot be done by subtracting the product 
of any two simple, equally weighted means of the X's. 

Suppose now that k = 3j - 2, so that the means of the lower one­
third of all, of the upper one third of all, and of all X's are, respectively 

_ 1-j 

X- = 2---;---1 L X h , 
) - -k 

_ 1 k 

X+ = 2---;---1 L X h , 
) - j 

_ 1 k 

X = 6~3LXh' tJ - -k 

and so that, when X t = a + {3t, we have 

- (k+ j ) . n X- = a - {3 -2- = a - (2) - 1){3 = a - :3 {3, 

- (k+ j ) . n X+ = a + {3 -2- = a + (2) - 1){3 = a + 3 {3, 

x = a. 

Thus if we wish to reject a constant we may choose 

Eor = (X)2 (independent of r) 

and have 

ave {er I X t == a} == ave {Eor I X t == a}. 

This choice, however, produces no rejection of X t == {3t at all. 
If we wish to reject either a constant or a linear trend or both in a 
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simple way, we may choose 

-2 3 
E lr = X + 16 Kr' (X+ - X-)2 

for which 

ave {Cr I X t == a + f3t} == ave {Elr I X t == a + f3t}, 

An alternate calculation, nearly equivalent to the use of Eor is il­
lustrated by 

1 k-r _ _ 

2le + 1 _ r ~ (X h - X) (Xh+r - X) 

where 

1 
Qr = 2le + 1 

( 

k -k+r-l ) 
rX - L X h rX - L X h 

X k-r+l + -k 

2le + 1 - r 2le + 1 - r 

2rX - L X h - L X h • [ 

k -k+r-l ] 

- r k-r+l -k 

Thus subtracting the mean of all the observations from each observation 
before forming the Cr's is equivalent to using 

E 2r = X2 + XQr. 

Similarly, fitting and subtracting the elementary-least-squares straight 
line corresponds to 

k 

", ~ hXh 12 k 

f3 = 3 le(le + 1)(2le + 1) = n(n2 _ 1) ~ hXh, 

and 
1 k-r 

---,:------ L (Xh - X - Sh)(Xh+r - X - S(h + r» 
2le + 1 r -k 
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Thus linear fitting corresponds to the use of 
.A k 

-2 - (3 ~ 
E 3r = X + XQr - -- L.J (h + r),(Xh - X-h) 

n - r k-r+l 

+ n2~2 [2(n2 
- 1) - KrJ. 

12 n(n - r) 

and if we wish to simplify computation by neglecting "end corrections", 
consider 

2 "'2 

E* -2 X-Q n(3 
/ 31' = X + l' + 12 Ie. 

Another version can be obtained by recalling the usual formulation of 
a sample estimate of a covariance between two unlagged variates. If we 
write 

1 k-r 
X-(r) LX" 2k + 1 r -k 

1 k-r 
X+(;.) LXh+r 

2k + 1 - r -k 

then we are led to use the expression 

1 k-r 
2k + 1 _ r ~ (X" - X-(r»)(Xh+r - X+(r») 

which corresponds to the use of 

E 4r = X-(r)X+(I') 

or, in the case of a linear trend, perhaps, to 

- - n2~2 [ 3r
2J 

E5r = X-(r)X+(r) + 12 Kr + n2 • 

(The E's corresponding to fitting a separate straight line to X_k , 

• X k- r and to X-k+r , ... , X k do not seem worth writing down.) 
Having now obtained a collection of quadratic expressions which, when 

subtracted from the corresponding C 1', remove the average effect of 
trend, we have now to learn what effect these subtractions will have on 
the contribution of the fluctuations to the average values of the cor­
responding quantities. As noted at the beginning of this section, it 
suffices to consider pure fluctuations, so that we need only study the 
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spectral windows corresponding to the Ekr , and to their finite cosme 
transforms. 

If we consider white noise (of unit variance) for a moment, the X h 

become independent with average zero and unit variance and we can 
calculate the average values of the various E kr in an elementary way. 
This is of interest, because these average values for white noise are 
exactly proportional to the integrals of the corresponding spectral win­
dows. We find the following results: 

Approxi-
Quadratic mati on 
expression Average value for unit white noise to this 

Eor 
1 1 
n n 

E lr H1+ 9n 2 
n 

E2r 
1 1 
n n 

E* 1 ( n' ) 2 
3r n 1 + n2 _ 1 J(r n 

E 4r 
n - 2r 1 
(n - r)2 n 

Esr n - 2r + _n_ ( K, + 3r') 2 
(n - r)2 n2 - 1 n2 n 

The quadratic expressions which eliminate the average effect of a con­
stant trend (one constant) have spectral windows integrating approxi­
mately proportional to lin, while those which compensate for general 
linear trends (two constants) integrate approximately proportional to 
2/n. This is simple, and seems straightforward. 

It is possible, however, to eliminate the average effect of a centered 
linear trend (one with ex = 0) by subtracting a windowless quadratic 
expression, one whose average vanishes for all stationary ensembles. We 
need only consider 

whose average value clearly vanishes under stationarity, but whose 
value when X t == ex + {3t is 2{32, to see that this is so. (Cursory inquiry 
into variability suggests that such use of windowless quadratics may 
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lncrease the variability of the finally resulting spectral density esti­
mates.) 

Leaving such possibilities aside, let us compare the E kr for Ie = 0, 1, 
2, 3, 4, 5. The corresponding spectral windows can be written down with 
the aid of the formulas of Section A.5, but as they are rather compli­
cated, we shall avoid doing so. The three choices eliminating constant 
trends, Eor , E2r and E 4r , all have integrated spectral windows approxi­
mating lin. The dependenc~ on r is in any case weak, and where present 
increases with r. For Eor there is no dependence on r. 

We are, of course, more concerned with the spectral windows asso­
ciated with the modified V/s rather than with those associated with the 
modifying Ekr • If we use Eor , then the change in spectral window is the 
same for each lag. Consequently, only the Roo(f) window is affected, the 
Rer(!) windows corresponding to the other Vr vanish. The situation is 
more complicated for the other cases, and no clear advantage over the 
use of Eor appears. 

The spectral window corresponding to X2 is, of course, (dif njldif !)2 
and is both always positive and well concentrated near zero. (If we re­
placed X by the average over a graded data window we could decrease 
the corresponding spectral window for j beyond the first side lobe of 
dif nj, but the concomitant broadening of the main lobe would make the 
result much less useful.) Clearly the use of Eor will be quite satisfactory. 

Comparing E lr , E 3r and E 5r is not so simple. Etr has the smaller 
integrated spectral window for r In small, but the simplicity of calcula­
tion of E lr will often outweigh this fact. (If economizing on the spectral 
window is important, we could use a windowless quadratic to eliminate 
the average effect of (3.) Accordingly, the use of E lr is recommended, 
unless it is simpler to subtract a fitted linear function from all X t • 

(There is no Section B.20.) 

B.21 Sample Computing Formulas 

Only the formulas for correction for prewhitening and for correction 
for the mean require discussion. The factor for 1 ~ r ~ m - 1 is exactly 
the reciprocal of the prewhitening transfer function, calculated at the 
nominal frequency of the estimate. The factor for r = m, and the main 
portion of that for r = 0, differ only in the selection of the frequency at 
which the prewhitening transfer function is evaluated. Since, in each 
case, the nominal frequency is at one edge of the band of frequencies 
covered, the frequency of evaluation was displaced from the nominal 
frequency toward the center of the corresponding band. The choice of a 
point one-third of the way across the band was somewhat arbitrary. 
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Finally, there is the question of compensation for the correction for 
the mean. The raw estimate for r = 0 would naturally be thought of as 
corresponding to the interval from -1/(4m) to + 1/(4m) cycles per 
observation, while the hanned estimate would cover from -1/(2m) to 
+ 1/(2m) cycles per observation. Since n degrees of freedom are asso­
ciated with the entire interval from -! to +! cycle per observation, 
the hanned estimate for r = 0 is associated with n/m degrees of freedom. 
One of these has been eliminated by correction for the mean, as would 
also have been the case had we used E 2r or E 4r , so that we need to com­
pensate for a reduction in the ratio 

!!. - 1 
m 

n 
m 

n-m 
n 

whose reciprocal is the first compensating factor for r = O. (Had we used 
E 1r , E 3r , or E 5r , we would have had to compensate for the loss of two 
degrees of freedom by a factor n/(n - 2m).) 

(There is no Section B.22.) 

DETAILS FOR PLANNING 

B.23 Duration Requirement Formulas 

We are now in a position to assemble and modify formulas from a 
number of sections as a basis for formulas expressing explicit require­
ments. In the process we shall have to give explicit definitions for certain 
concepts. The first of these is resolution. If we hann or hamm, we obtain 
estimates every 1/(2T m) cps. Adjacent estimates have very considerably 
overlapping windows, and consequently the estimates have substantially 
related sampling fluctuations and refer to overlapping frequency regions. 
It would be a clear mistake to consider these estimates as completely 
resolved. When we come to next-adjacent estimates, however, the situa­
tion is quite different. The overlap is small, the covariance being about 
5 per cent of either variance for a moderately flat spectrum. We shall 
consequently treat such pairs of estimates as completely resolved, and 
place 

(resolution in cps) = 2 2Tlm = 1 
T m in seconds' 

We can express the stability, so far most often expressed as the num­
ber of elementary frequency bands or equivalent degrees of freedom 
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associated with each estimate, in terms of the spread in db of an interval 
containing, with prescribed probability, the ratio of true smoothed power 
to estimated smoothed power. Reference to Table II in Section 9 
shows the inter-relations to be, approximately 

lc = 1 + 250 
(80 per cent range in db)2' 

lc = 1 + 400 
(90 per cent range in db)2' 

~ = 1 + 625 
I: (96 per cent range in db)2' 

~ = 1 + 840 
I: (98 per cent range in db)2 . 

We shall write our combined formulas in terms of the 90 per cent range. 
Formulas for other per cent ranges are easily obtained by replacing 400 
by the appropriate constant. It must be emphasized that when we use a 
90 per cent range we only have 9 chances in 10 of finding each individual 
estimate correspondingly close to its average value and that if we have, 
say, 30 estimates, we are quite sure that at least one will be more dis­
crepant than this. 

We recall that we adopted (see end of Section 6 of Part I) 

T: = (total length of record) - ~ T m , 

where p was the number of pieces, and, for design purposes. 

2T' 71'./ n 
II: 1'./ Tm . 

Hence, 

(duration in seconds) ~ Tn ~ (~: + ~) 1'm 

=(~+E) 1 
2 3 (resolution in cps) 

_ (1 200 (pieces») / .. 
- 2- + (90 t . db)2 + 3 (resolutIOn m cps). per cen range In 

Writing (length of each piece)· (number of pieces) for (duration) and 
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solving for the number of pieces yields 

! + 200 
(number of pieces) = 2 (90 per cent range in db )2 

(length of each piece) (resolution in cps) 

553 

1 
"3 

These relations are general, and apply equally to analog processed con­
tinuous records or digitally processed equi-spaced records, provided the 
spectrum is, or can be prewhitened to be, reasonably flat. 

B.24 Digital Requirement Formulas 

If we are to use equi-spaced digital analysis, if we can provide fre­
quency cutoff easily, and if we need to cover frequencies up to some 
fmax, then we can probably take our folding frequency at about ~fmax . 
The necessary number of lags m then follow from 

At = _1_ = _1_ 
3fmax 2fN' 

m = ~; = 3Tmfmax. 

The necessary number of data points follows from 

n = ~~n = (1': + ~ Tm) 3jm", 

= 3T:fmax + pTmfmax 

and the rough number of multiplications is 

mn = 9T mT:(fmax)2 + 3p(Tmfmax)2. 

The quantity T mfmax can be written as 

f max maximum frequency 
11 m = 1 f = (number of resolved bands), 

J. m reso U IOn 

so that the number of data points becomes 

n = (3 ~: + p) (number of resolved bands) 

(1.5k + p) (number of resolved bands), 



TABLE VII 
Second differences of Brouwer's data and the add-and-subtract pilot es­
timation process as applied to them. (Block 2 only.) 

Date 10F* diff. 2nd diff. 0 0' 00' 0'0' 00'0' 0'0'0' DXq = Xq 

------------
1853.5 56 

0 
1854.5 56 -4 

-4 4 -4 4 
1855.5 52 0 

-4 7 -1 -2 
48 -2 

-6 7 3 7 
42 +5 

-1 -2 -4 -9 
41 -4 

-5 11 3 11 
36 +7 

+2 -9 -3 -30 
1860.5 38 -23 

-21 40 -6 40 
17 +17 

-4 -19 
13 -2 

-6 -4 -8 -4 
7 -6 

-12 18 2 +7 
-5 +1 

-11 +8 10 +8 
1865.5 -16 +9 

-2 -23 -19 -20 
-18 -11 

-13 +13 -9 +13 
-31 +2 

-11 -3 -21 -1 
-42 +1 

-10 -14 -12 -14 
-52 -13 

-23 +15 
1870.5 -75 +2 

-21 +7 11 +7 
-96 +9 

-12 -17 5 -20 
-108 -11 

-23 +16 -6 +16 
-131 +5 

-18 4 14 +4 
-149 +9 

-9 -9 9 -9 
1875.5 -158 0 

-9 -9 9 +4 
-167 +4 

-5 -8 0 -8 
-172 -4 

-9 +8 
-181 +4 

-5 -10 -2 -10 
-186 -6 

-11 6 2 +15 

554 
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TABLE VIr, CONTINUED 

Date lOF* diff. 2nd diff. 0 = Xq u OU uu ouu uuu LXq 

-----------------------
1880.5 -197 +9 

-2 -14 4 -14 
-199 -5 

-7 1 5 -6 
-206 -11 

-18 +33 11 +33 
-224 +22 

+4 -19 3 -30 
-220 -8 

-4 +8 -8 +8 
1885.5 -224 0 

-4 
1886.5 -228 

I 

* (Brouwer's notation) is the fluctuation in the earth's rotation. Here lOF 
is the fluctuation expressed in tenths of seconds of time. 

and the rough number of multiplications becomes 

nm = (4.5k + 3p)(number of resolved bands)2 

[~ + 1800. + 3(pieces)] 
2 (90 per cent range In db)2 

. (number of resolved bands)2. 

These last formulas assume satisfactory shaping of frequency cutoff, and 
constant resolution up to the maximum frequency of interest. Particular 
situations may deviate from this in either direction. 

(There are no Sections B.25, B.26, B.27.) 

B.2S. Analysis of Example C 

It is most desirable that an account of this sort include enough details 
of a numerical example to allow those readers who wish to do so, to fol­
low through and check. This is impractical when even a few tenths 
(or even a few hundredths) of a million multiplications are involved. 
Example C, however, offers us an opportunity to present such details for 
one example, even if it is quite atypical. 

We remarked in Section 28 that the add-and-subtract pilot esti­
mation procedure of Section 18 might be applied to the second dif­
ferences of Brouwer's values (themselves the differences ephemeris 
time minus mean solar time). During the 131 years from 1820 to 1950 
astronomical techniques have improved, and observational errors seem, 
according to Brouwer's own analysis, to have somewhat decreased. In 
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TABLE VIII - SUMS OF SQUARED DIFFERENCES 

o column O(T column O(T(T column (*) 

Block 1 8615 2083 321 -502 
Block 2 4130 1230 550 -9 
Block 3 3447 2591 273 1557 
Block 4 1553 304 516 -162 
Noise 5/2 3/4 3/8 0 
Flat 1 1 1 0.7 

(*) Sum for au column less 0.3 times sum for 0 column. 
(t) Sum for auu column less 0.15 times sum for 0 column. 

(t) 

-971 
-70 

-244 
283 

0 
0.85 

order to reflect this fact, and to provide some external estimate of error 
we shall study the second differences in 4 separate blocks, 4 separate time 
intervals of 32 consecutive years each. In view of the fact that Brouwer 
estimates the mean observational error to have decreased from 0.38 to 
0.17 seconds of time over the period, it will clearly suffice to work in 
units of 0.1 second of time. Table VII shows, for the second time block, 
calendar dates, Brouwer's values, their first and second differences (the 
latter being the series we consider as the X q) and the results of the add­
and-subtract pilot estimation model. In this table, sums and differences 
are shown on lines half-way between the lines containing the entries from 
which they are formed. The last column shows the result of com­
pleting the oXq column to a DXq column. The resulting sums of squared 
differences are shown in Table VIII for each of the four blocks, together 
with com'parative values. 

These comparative values show the anticipated relative sizes of such 
sums of squared differences in case the spectral density were 

(1) proportional to (1 - cos 7rJIJN)2 = (1 - U)2, the shape assumed 
for the "noise" component, 

(2) flat, the shape assumed for the other component according to the 
second model, 
where we have introduced u as an abbreviation for cos 7rJ IJN . The suc­
cessive columns have average sums of squared differences which are 
easily seen to be obtained by multiplication of the spectrum by (when 
we start with 32 X's): 

16 (2 - 2 cos 7rJ IJN) = 32 (1 - u), 

8 (2 + 2 cos 7rJIJN) (2 - 2 cos 27rJIJN) = 64(1 + u - u
2 - us) 

= 64 (1 + u) (1 - u2
), 

4 (2 + 2u) (4u2
) (16 u2 

- 16 u4
) = 512(u

4 + u5 
- u

6 
- u7

), 

and integration. 
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When we recall that 

loIN Uk df 

vanishes for odd k, and is equal to fN, fN/2, 3fN/8, 5fN/16 and 35fN/128 
respectively, for k = 0, 2, 4, 6 and 8, we easily obtain the values given 
for comparison in Table VIn (after removing 32fN as a common factor). 

The last two columns of this table represent attempts to combine 
sums of squared differences so as to estimate the first component free of 
the "noise" component whose spectrum is proportional to (1 - U)2. 
The attempts appear quite useless. 

One reason for the lack of success is easy to find. There are only 4 
values of oerer to square and sum for each 32-year block. This means no 
more than 4 degrees of freedom, and, consequently very poor stability. 
We can partially correct this difficulty by going over to the modified 
add-and-subtract method in which all possible differences of a given sort 
are calculated. 

Table IX presents the compact calculation for block 1, arranged as 
in Table VI. Here (er) stands for first er and then er'. The mean squares 
for each column of differences lead to the results summarized in Table 
X for all four blocks. The difference estimates are now seen to be more 
stable and to increase somewhat with decreasing frequency, although 
not as much as would be expected even for a flat component. 

The analysis is doing better, but is not yet satisfactory. One likely 
reason for this appears when we inquire what sort of spectral windows 
go with (*), (t) and (t). The windows corresponding to D(er) and to (*) 
are shown in Fig. 24. The amount of negative area near f/fN = 1 re­
quired to compensate for the rather large pickup of the "noise" com­
ponent by the D(er) column is quite substantial, suggesting probable 
increased variability. 

We can reduce our difficulties from such causes by using only slightly 
more complex processes. We can probably use the D column satisfac­
torily as an indication of the noise component. 

We need to obtain two other composite measures of the spectrum, 
both of which avoid large values of f/fN , one of which is concentrated 
near f/fN = 0 and the other of which avoidsf/fN = o. If we can obtain 
a smoothed and decimated sequence which avoids the upper part of the 
spectrum, then sums and differences of such values will have mean 
squares with the appropriate properties. The results of Section B.18 
suggest trying F28283 as the operation generating the modified sequence, 
to which D (differencing) and 82 are then to be applied. 
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TABLE IX 
Compact calculation applied to second differences (in tenths of seconds 
of time) for block 1 (values in Brouwer's Table VIII(c) used where ap­
propriate). (Entries arranged as in Table VI.) 

Xq D (c;) D(u) (u)2 D(U)2 (u)3 D(u)3 (u)4 ID(U4) 
--- ---

-27 -6 -10 -10 -9 
+48 2 10 11 13 

+21 -4 0 +1 4 
-27 4 -6 -5 

-6 0 -6 -4 
+8 0 13 12 

+2 0 7 8 -3 
-8 -1 -12 

-6 -1 -5 
+12 -4 6 

+6 -5 1 -6 -4 
+2 6 1 8 

+8 1 2 2 
-16 5 4 1 

-8 6 6 3 5 
+1 -10 

-7 -4 
+13 3 

+6 -1 -4 -5 -7 
0 3 3 3 

+6 2 -1 -2 
-17 -3 -3 24 

-11 -1 -4 22 20 
+16 23 6 

+5 22 2 
-9 -42 -1 

-4 -20 1 -5 -2 
+8 15 20 8 

+4 -5 21 3 
-2 16 -46 -7 

+2 11 -25 -4 -1 
+6 

+8 
-20 

-12 15 11 10 26 
+23 -19 -12 6 

+11 -4 -1 16 
-23 18 7 -23 

-12 14 6 -7 9 
+31 -29 4 

+19 -15 10 
-36 27 -4 

-17 12 6 5 21 
+27 -18 -19 11 

+10 -6 -13 16 
-21 6 24 -18 

-11 0 11 -2 14 
+16 10 

+5 10 
+12 -11 
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TABLE IX, CONTINUED 

Xq D (00) D(u) (00)2 D(u)2 (00)3 D(u)3 (00)4 D(u4) 

- ---

+17 -1 10 7 10 
-45 8 -13 -4 

-28 7 -3 3 
+36 -14 -3 -20 

+8 -7 -6 -17 -14 
+6 1 15 

+14 -6 9 
-33 -5 -9 

-19 -11 0 -9 0 
+28 33 -17 18 

+9 22 -17 9 
-7 -32 29 -14 

+2 -10 12 -5 4 

TABLE X -lVIEAN SQUARES FOR DIFFERENCE COLUMNS AND SUITABLE 

LINEAR COMBINATIONS THEREOF FOR 'l'HE ANALYSIS 

ILLUSTRATED BY TABLE IX 

Block D D(u) D(u)2 D(u)3 (*) 

------
I 485 283 234 176 -8 

2 252 207 206 317 56 
3 207 258 145 148 134 
4 76 41 80 106 -5 

Ave. of 2,3 and 4 ........................ 51 

Noise 

I 
5/2 

I 
3/2 

I 
3/2 

I 
3/2 0 

Flat 1 2 4 8 1.4 

(*) Mean square for D(u) less 0.6 times that for D. 
(t) Mean square for D(u)2Iess 0.6 times that for D. 
(:j:) Mean square for D(u)3Iess 0.6 times that for D. 

en m 

-57 -115 

55 166 
21 24 
34 60 

38 78 

0 0 
3.4 7.4 

The corresponding windows are, for the square of a single value of 
S2(F2)S2S3Xq , 

4u\2 + 2u) (1 + 4u + 4u2
) = 8(u2 + 5u3 + 8u

4 + 4u
5
), 

and, for the square of a single value of D(F2)S2S?,Xq , 

(4 - 4u2)(2 + 2u) (1 + .4u + 4u2
) = 8(1 + 5u + 7u2 

- u
3 

- 8u4 
- 4u

5
), 

to which should be compared that for the square of a single value of 
DXq 

(2 - 2u) = 2(1 - u). 
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Fig. 24 - Windows corresponding to D(u) and to (*). 

If now we form all values of Sz(FZ)SZS3Xq, D(Fz)8zS3X q and DXq 
(Table XI illustrates the parallel calculation of Fz and F; quantities), 
and form the corresponding mean squares, we obtain the results shown 
in Table XII. 

If we compare the 8-0.20 column with the last column, we find a 
definite tendency for the last to be smaller. As indicated by the last 
two lines of the table, neither of these columns reflects, on the average, 
a "noise" component, while, on the average, both reflect a "flat" com­
ponent equally. The natural conclusion is that the observed spectrum 
is more peaked toward I lIN = 0 than would be expected from a mix­
ture of "flat" and "noise" components. It might seem natural to con­
clude that the first model is to be preferred. 

However, more careful examination shows that not only do the 0 
mean squares appear to decrease with improvements in astronomical 
technique, but (leaving aside block 1) the values in the 8-0.20 column 
are decreasing and those in the D-0.60 column may well be doing the 



TABLE XI 
Calculation of S2(F2)S2S3 and D(F2)S2S3 for the second differences of 
Brouwer's fluctuations in the earth's rotation. (Portion of block 2.) 

~ ~ ~"" 
~ ~ ~ 

1,) 1,) 1,) 

Date 
~ 

1,) rJ) rJ) rJ) rJ) 

~"" 
rJ) r:: r:: rJ) -r:: u: 

1,) r:: ~ t;j -r:: 
~ rJ) 

1854.5 -4 
1855.5 0 -6 

-3 
-2 +3 

+10 +4 2 
+5 -1 

+7 -14 -10 
-4 +8 

-26 -12 -12 
+7 -20 

-19 +5 -19 
1860.5 -23 +1 

+20 -18 -7 
+17 -8 

+1 +9 -5 
-2 +9 

-4 -2 2 
-6 -7 

-3 +1 5 
+1 +4 

+2 -4 3 
1865.5 +9 -1 

-1 -11 -5 
-11 0 

-17 -19 -8 
+2 -8 

-18 -12 -28 
+1 -10 

+6 -30 -20 
-13 -10 

-12 18 -22 
1870.5 +2 -2 

15 -9 -2 
+9 0 

3 8 4 
-11 +3 

14 20 6 
+5 +3 

17 21 33 
+9 +14 

-4 30 27 
1875.5 0 +13 

13 -23 31 
+4 0 

-15 11 4 
-4 +4 

-2 -3 5 
+4 -6 

1 
-6 +7 

1880.5 9 

561 
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TABLE XII - MEAN SQUARES OF COLUMNS FOR SECOND 

DIFFERENCES OF BROUWER'S DATA 

For S D il 

--- ---
Block 1 83 228 484 

Block 2 290 178 252 
Block 3 153 168 207 
Block 4 62 47 75 
---------------------
Average (2, 3, 4) 168 131 178 

-~-Ncrls;;----I-l-------
3 5 

Flat 28 12 2 

S = mean square value of S2(F z)SzSaXq . 
D = mean square value of D(Fz)SzSaXq • 

o = mean square value of DXq . 

S-O.2il D-O.6il 2.5 (D-O.6il) 

----
-14 -62 -155 

240 27 68 
112 44 110 
47 2 5 

----------------
133 24 61 

---------------
0 0 0 

27.6 10.8 27.6 

same. The suggestion is - which, after we have seen another block or 
two or three (of 32 years each), we may be able to confirm or deny­
that the lower frequency component, as well as the noise component, is 
decreasing as astronomical technique improves. If this be true, then 
most of the low-frequency power in blocks 2 and 3 may represent ob­
servational and reductional sources of variation rather than changes in 
the rotation of the earth. 

While more refined analyses might show something more, 131 values 
are not a great number, especially since technique has changed during 
their measurement, and it is likely that we shall have to wait a while 
for a more definite answer to this question. 

This example was included, not because of the peculiar importance of 
the irregularities in the rotation of the earth, but rather to illustrate 
certain general points, particularly these: 

(1) While careful spectral analysis requires a very considerable amount 
of arithmetic, there are situations where simple analysis will yield useful 
results. (All the values in this section were obtained with pen or pencil 
and an occasional use of a slide rule. The use of simple differencing and 
summing techniques to produce moderately sharp windows has been 
studied by the Labroustes,41, 42, 43 Although they felt themselves in­
terested in line spectra, their methods, properly reinterpreted, are easily 
and directly applicable to continuous spectra.) 

(2) The windows corresponding to the add-and-subtract pilot analysis 
are broad and the estimation far from exhaustive. (The procedure is 
intended for use in planning prewhitening, not as a tool for answering 
questions of even moderate difficulty.) 

(3) Subdivision of the data before analysis is quite often helpful. 
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(If blocks 2, 3, and 4 had been analyzed as one unit, it would have been 
easy to jump to a conclusion which now seems dangerous.) 

(4) Spectral analysis can lead to results unsuspected before the cal­
culations were made. (The decrease in amplitude of the low-frequency 
component which Brouwer's data llOW suggests was not at all suspected 
until the values given in Table XII were pulled together.) 

INDEX OF NOTATIONS 

In case a notation is not widely used, the Sections in which it is used 
are specified in parentheses: 
a = an integer (A.6 and B.19), 
ao, al , a2 = real constants (B-8.4), 
aiO , aij = assorted constants (13 and B.5), 
A = various constants (27, B.9, B.15), 

A 0'; ~t) = infinite Dime comb mude up of unit <I-functions spaced 1/!J.t 

in frequency (see A.2 or Table IV for formula), 
b = an integer (A.6 and B.19), 
B = auxiliary quantity defined in B-8.5 (B.8), 
B(t), Bi(t), B(t) = a data window (graded) (10 and B.I0), 
C = an integer (A.6 and B.19), 
Co , Cl, ••• , Ck = real constants (B.15), 
Cij = autocovariance corresponding to ti and tj (1), 
C( r) = autocovariance at lag r, 
Coo ( r) = autocovariance estimated from record of finite length, 
C~o(r), Coo(r), etc. = hypothetical or actual analogs of Coo(r), 
Ci(r) = Di(r)Coo(r) = modified autocovariance estimate (defined in 4), 
Cr = sample autocovariance at lag r!J.r (usually = r!J.t in practice), 
d = an integer (A.6, B.18 and B.19), 
D = the operation of differencing adjoining values, 
Di ( r) = a prescribed even function of time shift, often a lag window 

(cp. 4, 5, B.4, B.5), 
Dei(r) = lag window equivalent of Bi(r) (see B-4.1l for representation), 
e = 2.71828182845 ... , 
Elcr = lc th alternative correction at lag r (19, B.19), 
1 = frequency (in cycles per second where not otherwise specified), in 

equi-spaced discrete situations 1 = r/(2m· !J.t) = (r/m)fN, 
10 = a particular frequency (in Section B.18 the folding frequency of 

the cycle in question), 
11 = a frequency, often the nominal frequency of a smoothed estimate, 
IN = Nyquist or folding frequency = 1/(2·!J.t), 
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IN* = effective Nyquist or folding frequency = 1/(2· AT), (13), 
F i = the operation of retaining only every /h value (j = 2, 3, ... ) 

(B.19, B.28), 
F~ = the operation of retaining the alternate values dropped by F2 

(B.19, B.28), 
g = an index running from -c to +d (A.6 and B.19), 
G(t) = a function of the time, Fourier transform of S(!) (correspondence 

also required with subscripts 0, 1, 2), 
Get) = the Fourier transform of a particular box-car function (B.12), 
h = an integer, generally satisfying AT = h· At, in A.6 and B.19 an 

index running through indicated ranges, 
Hi(f; 11) = Qlf + 11) + Ql(f - 11) = power transfer function (from 

power at absolute frequency 1 to estimate at nominal frequency 11), 
H i(f - 11) = special form of H i(f; 11), 
H y(fj 11) = power transfer function defined in B-10.2, 
i = -v=-I, 
Subscript i, values often 0, 1, 2, 3, 4, usually identifies quantities or 

functions associated with ith window pair, 
j = an integer, often such that 3j - 2 = k or t (B.19), 
Subscript j, values often 0, 1, 2, 3, 4, alternative to sUbscript i, 
k = usually number of equivalent degrees of freedom or number of 

elementary frequency bands; in Section 17, length of group 
averaged, 

t = an integer; in 18 an exponent of 2, in A.6 satisfying n = 2f, + 1, 
L = inductance (in example of 27), 
m = integer, number of longest lag (longest lag = m· AT, usually = mAt), 
M (t, T) = bilinear monomial in the X's 

= X(t + T/2) ·X(t - T/2), 
n = usually one less than the number of discrete data points, in A.6 

and B.19 an integer = 2t + 1, 
n' = effective length of record (n'· At = T:), 
p = usually the number of pieces of record; also ~w (A.1 only); a 

real number (usually integral, A.6), 
po = a constant power density (B.9), 
po, PI, P2, ... = ordinates in general example (9), 
P(!) = density of power spectrum (normalized so that variance = 

f~ 2P(f) df), also with various subscripts, 
P a(!) = aliased density of power spectrum (periodic in frequency, cp.12), 
P A (f) = principal part of aliased density of power spectrum (confined 

to 111 ~ 1/(2· AT), cpo 12), 
Py(fl) = estimate of spectral density based on filtered signal (B.10), 
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Pei(f) = spectral density estimated with the data window BiCt), 
Poo(f) = symbolic Fourier transform of CooCr), 
POA(!) = aliased estimate of smoothed Pc!), 

565 

P il (!) = Hi(f; fl)P(!), roughly a filtered version of P(f) (subscript i 
interchangeable with j, also 1 with 2), 

P iA(fl) = aliased estimate of smoothing of P(!) by Hl!; fl), 
P iA1(f) = H i(!; II)'P AC!) = aliased filtered spectral density, 
P iAk(f) = corrected aliased estimate of P(!) smoothed by Qi(J), 
P out(f;fl) = I Y(!;fl) 1

2 ·P(!) = spectral density of output, 
PCf) = a perfectly known power spectrum (B.12), 
PA(f) = either the aliased spectrum corresponding to p(!) (B.12) or 

the aliased spectrum of the Xq series (15, 17), 
Pi1 (f) = an auxiliary quantity defined in B-S.4, 
q = index running as indicated, 
Qr = an auxiliary quantity (B.19), 
Qo(f) = Fourier transform of centered box-car function of length 2T m 

(See also Qi(f) for i), 
Qi(f) = Fourier transform of Ri(r) (see B.5 for i = 0, 1, 2, 3, 4 and 

B-S.7 for another choice), 
Qo(f; L1r) spectral window corresponding to (Fourier transform of) 

a discrete box-car function, 
L1r'COs !(w'L1r) sin (mw'L1r), 

Qei(f) = spectral window corresponding to (Fourier transform of) D ei( r), 
QOA(f) = aliased form of Qo(f) = Qo(f;L1r) , 
QiA(f) = aliased form of Qi(f), 
Qo(f), Qi(f) = auxiliary quantities (B.S), 
r = integer index almost always running from ° or 1 to m or m - 1, 
R = resistance (in example of Section 27), 
Rik(f) = spectral window associated with Qi(!) and the sequence E kO , 

E k1 , ••• , Ekm , 

Sj = operation of summing by (overlapping) sets of j each (B.17, B.2S), 
S(n = function of frequency, Fourier transform of G(t) (also with sub-

scripts 1, 2, ... ), 
S(f) = a particular box-car function (B.12), 
t = time in the sense of epoch (also with various subscripts), 
T = a time, usually positive, 
T m = half-length of box-car function of time, or greatest lag used or 

considered, 
Tn = length of record, 

T: = effective length of record, approximately Tn - f T m , 
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u = general real variable, 
Ur = corrected estimate of smoothed power density (at nominal fre­

quency r / (2m· b.t), 
Vr = raw estimate of smoothed power density at nominal frequency 

r/(2m· b.t), 
w = a chance quantity (B.6), 
W = a frequency band width (B.9), 
We = equivalent width, often of Pil(f) defined in Section 8, 
TV main = width of main lobe, 

. Wsit!e = width of side (unsplit) lobe, 
Wet) = impulse response of linear transmission system, 
Wet; 11) = in B.10 the impulse response of filter with transfer function 

Ye f ; 11), 
x = usually a real variable, in B.6 a chance quantity (random variable), 
X q = qth value of discrete, equi-spaced time series, 
X(t) = value of time function, 
X = in Section 1 an average value (along an infinite function or across 

an ensemble), in 19 ff. the mean of the observed Xq's, 
X+, X- = means of end thirds of observed values, 
X q , X q * = qth values of linearly transformed time series, 
y = in Section B.6 a chance quantity (random variable), 
Y(f) = steady-state transfer function corresponding to linear transfor­

mation or linear transmission system, 
z = in Section B.6 a chance quantity (random variable), 
a = a real constant (15) or an indeterminate (B.8), or a certain frac­

tion (B.18) or an unknown constant (B.19), 
ai = factor indicating extent of end effect losses (8, B.6) defined by 

B-6.9, 
(3 = real constant (15) or an indeterminate (B.8) or a constant defined 

by B-8.8, or an unknown (slope) constant (B.19), 
~ = estimate of (3(B.19), 
'Y = real constant (15), 
ref) = power-variance spectral density, 
r ~t(f) = power-variance spectral density 111 the equi-spaced discrete 

case, 
o = operation of forming alternate differences, 
0' = operation of forming alternate differences complementary to 0, 
b.f = a change in frequency, sometimes the width 1/(2T~) of an ele-

mentary frequency band, 
b.t = time interval, usually that between data values, 
b.T = time interval, usually that between lags used (= h· b.t), 
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€ = a small real number (A.2), 
~ = real, time-like variable of integration (A.3), 
"A = real, time-like variable of integration (A.3) or a real constant (15), 
J.I. = real constant (15), 
1I = real constant (15), 
w = angular frequency (in radians per second unless otherwise specified) 

always = 27rf [with any sub- or superscripts], 
cp = 27rfT m , a normalized frequency (B.8), 
cpU, "A) = an auxiliary function (B.6) (defined in B-6.3), 
if; = a phase angle (A.6), 
Xk

2 = a quantity distributed as chi-square on Ie degrees of freedom (9), 
(J', (J" = complementary operations of summing by adjacent parts and 

then omitting every alternate sum, 
7 = time difference or lag, 
* = sign of convolution, 
superscript * = sign of complex conjugate (A.3), 
Vet; !1t) = infinite Dirac comb approximating the constant unity 

[formula in A.2 or Table IV], 
V met; !1t) = finite Dirac comb approximating a unit-height, centered, 

box-car function [formula in A.2 or Table IV]. 
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