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It has been found possible to obtain a reasonably simple answer only
in the case of a gaussian jitter ensemble. By an involved calculation,
which is explained in the Appendix, we obtain for this case, setting
Ty = 1/2f,

/Ty

R.(r) = TO E R.(nTy) f exp (—2°U,") cos (r — nTo)zdz, (127)

where
U. = R.(0) — R.(nTo). - (128)

In terms of the complex error function,

R.(7) = 2—\27 n_z_w R, ({;1:[’0) e erf (W,go —1 T—#) . (129)

In the case of PCM transmission of an FDM group, the allowable
jitter is small. This means that the integral of the spectral density w.(f)
must be small and, hence, that R,(0), which is equal to this integral,
must be small; R,(r) assumes its largest values at + = 0 and we con-
clude a fortiori that U,’ must be small. Hence, we approximate by re-
placing exp (—2°U.”) by zero and first-power terms in its power

series expansion and obtain an approximate value of the integral in
(127):

sin 27 folr + nTh)

Rr) = i R.(nTo) (t — 47 fU.5)

n=—00 2ﬂ'f0(1' + 'nT()) (130)
2(] 2 [COS 27l'f0(T + ’IlTo) _ To Sil’l 27rf0('r + nTo)]
" (7 4+ nTy)? x(r + nTo) )

By a further manipulation also given in the Appendix, we find that this
approximation yields for the spectral density

wo(f) = (1 — 47" fud)w,(f)

(131)
+ 47"2f2[w8*u(f) + ’wsm(zfo + f) + wsm(2f0 — f)], lf l < fo,
where
1o = V/R,(0) is the rms tirhe jitter and (132)
W (f) = f_w wy N+ Hwa(\) dr (133)

= convolution of signal and jitter spectrum.

We note that the first term consists of the original power spectrum of
the signal depressed by the “crowding” effect factor (2nfuo)®. The crowd-
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ing effect does not introduce new frequencies not present in the original
signal and therefore does not contribute to interchannel interference. The
interference is given entirely by the second term, which consists of dif-
ferentiated convolution spectra of signal and jitter. The differentiation
is expressed by the multiplying factor (2xf)*, which gives a triangular
voltage spectrum like that of thermal noise in frequency modulation.
The term ws,(f) represents the direct convolution of signal and jitter
spectra, while w.(2fo == f) represents sidebands of the convolution spec-
trum on the sampling frequency.

In testing of multichannel systems by noise-band loading, as pre-
viously mentioned, the signal spectrum applied is flat except for the nar-
row band assigned to the channel under test. The power spectrum is
made equal to zero throughout the test-channel frequencies (see Iigs. 11
and 12). The expression for w,(f) is then:

K; [fl<fe and fidfe<I|f] </fo
wi(f) = (134)
0; fe<|fl<fe+T]e,
where f, is the test channel carrier frequency and f, is the bandwidth of

one channel. (We have assumed a single sideband system with upper
sideband transmitted.) Then (133) gives

—fi—=fe It So
wn) = K[ [ [T [0 Jw v e as)

SetSe

It is sufficient to evaluate the interference spectrum in the test channel
range f, to f; + f. and —f, —f. to —f:. Since power spectra are even

W ()~
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Fig. 11 — Spectral relations for noise band as test signal with f, > fo/2.
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Fig. 12 — Spectral relations for noise band as test signal with f, < fo/2.

functions, we actually need to calculate for only one of these intervals.
There are two contributions from (131) to the positive interval — one
for wyeu(f) and the other from we.(2fo — f). The term w,w.(2fo + f)
vanishes for f > 0 since w;«.(v) is zero for » > 2f; .

The contribution from w.s.(2fo — f) to the positive interval f, to f, + f.
is defined by the interval 2fo — f = f, + f. to 2fo — f = f, or f = 2fy —
Ji — feto f = 2fs — fi.. We must therefore evaluate w,..(f) in the
ranges f, tof: 4+ f. and 2fy — f; — f. t0 2fo — f,.

Tigs. 11 and 12 show the limits of integration which apply for the
cases of f; greater than and less than f,/2, respectively. From these dia-
grams, we deduce that the distortion spectrum in the range f, < f <
fe 4+ f., is given by

—fi—fe
woa(f) = 4r'f°K {f_/ [wu f + N) + wal2fo — f 4+ N)] dn

fo—1t
+ f_f w(f + N) d\ (136)
f—fo
+f !wu(2fo—f+)\)d7\} forf>§,
—f
and
—ft—fe It Jo—f
’wad(f) = 47"2f2K {[[ + \/_\_ -+ :I’U)u(f + )\) dA
—7fo It Fet+So (137)

+ f_:fowu(zfo — 4 dx} for f < 112"
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A special case of interest is that of a flat jitter band over a low-fre-
quency portion of the signal band. Rowe’s previously cited work' on
regenerative repeater chains indicates that the jitter spectrum peaks at
the low-frequency edge of the signal band as the number of repeaters
becomes large. Suppose the jitter spectrum is uniform from —F to F,
f < fo and consider the case of f; > fo/2 and F < fo — f.. This corre-
sponds to a test channel in the upper half of the signal band but below
the top by at least the width of the jitter band. The distortion spectrum
1s given by

2,275 2/ p—fi—fo —f+F
wea(f) = dm ] Kug f%{(uo <f + f > d\
—f—F —ft

4 2 p2 I{ 2
e O R A Ry A R i DICE )
47 RKug
= S @F - f)
= 47" Kuy’ if f, < 2F.*
The mean square total interference voltage in the idle channel is
f t+f c .
wh=2 [ wf) df = 8K, (139)
St
If the mean square signal is s, we have
s’ = 2Kfo, (140)
and
2
% = 4n'flu fo/f. (141)
0

The dependence on the square of test-channel frequency shows that we
have a triangular voltage spectrum like that obtained in FM.

A quantity of interest defining signal quality in the typical channel of
the frequency-division multiplex system is the ratio M of mean square
value of the sine wave test tone which fully loads the channel to the mean
square interference voltage when the channel is idle and the other chan-
nels are being operated in a normal manner. The mean square full load
test tone voltage on one channel of an FDM telephone system is related

* The implications of this approximation should not be overlooked. If the band-
width of the jitter spectrum is small compared to a channel width, interchannel
interference would result only from high-order modulation neglected in the
above approximation.
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to the mean square full load test tone for the entire system by the Hol-
brook-Dixon’ curves, which we shall express in the form

M, =n P/P,, (142)
where

P, = full load test tone mean square value necessary to transmit one
voice chanhnel,

P, = full load test tone mean square value necessary to transmit n
superimposed voice channels.

‘When the multiplex system is operating normally the active channels
are loaded with voice signals and not by sine waves. The value of s,
the mean square total signal voltage with speech loading, may be ex-
pressed as

s¢ = P./H?, (143)

where H is the ratio of the peak factor of a sine wave to that of a compos-
ite multichannel speech wave. This is based on the assumption that the
normal speech loading reaches system overload occasionally. The peak
factor of a sine wave is 4/2, corresponding to 3 db, while the peak factor
of superimposed speech channels approaches that of thermal noise as the
number of channels is made large. The peak factor of thermal noise de-
pends on the value of the probability of excess chosen. A value often
used is 4, corresponding to 12 db, for which the probability of observing
greater peaks is one in 10,000. This choice fixes H” at eight, corresponding
to 9 db.
We write, in accordance with the above,

M = Pi/ul, (144)
and assume M specified. It follows that
2
M — Z‘lnP'nfO _ H Mnf(] (145)

4:7r2f¢2u02nf0802 B 47r2f¢2uo2nfc'

Solving for ug’, we obtain the minimum requirement for mean square

time jitter:

2 H *fol.,
dr2fefonM’

Because of the triangular distortion voltage spectrum, the requirement

is most severe at the highest channel carrier frequency.
It is convenient to express this requirement in terms of rms phase

U (146)
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jitter ® allowed at the digital pulse frequency, which is 2Nf, for an N-digit
PCM system. Since @ = 27 (2Nfo)uo,

& = AN*H® f’ M,

= A (147)

Consider, for example, an 8-digit binary PCM system transmitting a
2000-channel single-sidecband FDM telephone signal with 4-ke¢ carrier
spacing. The top channel is at 8 me and imposes the most severe require-
ment. We ask for a 60-db ratio of full load test tone power to idle channel
interference. Assume the sampling frequency is 20 me. We evaluate M,
by extrapolating from Table I of Ref. 8: H* = 8 N = 8, fo = 10,
M, = 2000/80, n = 2000, f, = 8 X 10° f. = 4 X 10°, M = 10°, and
we calculate ® = 0.3 radian. This result is close to estimates made by
O. E. DeLange and E. D. Sunde by different methods.
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APPENDIX

By the definition of a time average,

R = I gy, 2, 2, Riln =

NTo sm (t + mTo + un) sm (t + 74+ 0T+ uw,) dt (148)

f—NTo

The integrand is an analytic function of ¢ in the finite plane and hence
the path of integration may be deformed without changing the value of
the integral. We replace the part of the path passing through the zeros
of the denominator by downward indentations. Sum and difference
formulas may then be applied to the sines to resolve the integral into the
sum of separate components without introducing singularities in the inte-

(T) 4+ mTo + un)t + 7+ 2T + u)
0,
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grands. Designating the resulting path of integration by C, we then have:
Rr) = lim 3, 3 ToRellm — m)T9

N=0w m=—o0 n=—own 4N1I'“
dt
c @+ mlo+ un)(t + 7+ 0To+ un) (1495
{cos — [+ —mTo+ U — unl
Ty
—cosT[2t+7+(m+n)T+um+un]}
0
To evaluate the integral, write:
mTo + Um = A
. (150)
r+nTo+ u, = b

Note that a and b are real numbers. We must calculate'

sﬁ(b—a)dt_f T0(2t+a+b)dt
¢+ a)it + b) ¢ G+ o)+ b '

The first integral vanishes as we let N approach infinity, as may be seen
by closing the contour in an infinite semicircle below the real ¢-axis. The
absolute value of the integral around the semicircle of radius r cannot
exceed the product of length of path #r and the maximum absolute value
of the integrand, which is less than 1/#%. The integral around the semi-
circle is therefore less in absolute value than 7/r and approaches zero as
r goes to infinity. The integral around the closed contour including C
and the semicircle must vanish because there are no singularities inside.
Hence the integral over C also vanishes and the first integral is zero.

The second integral may be written as the sum of two terms:

@t To Bt To gy o IT(ath To e—iéﬂ/To di

e .
GRS () ey - Rl A e e S R

In the first term we close the contour in an infinite semicirele above the
real {-axis and obtain an integrand which vanishes exponentially as the
radius is made large. In the limit the integral along C' is then equal to the
integral around the closed contour, which in turn is equal to 27 /7 times
the sum of the residues at the poles { = —a and ¢t = —b. In the second
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term we close the contour below the real é-axis and show that the integral
vanishes. Therefore the complete result is given by:

. —j2wal T —72wh| T
_ 2my itz (€ e ¢
2 - b—a a—20b

4

Tj [(7F@DT0 _ i@ DTy (150)

a—>b
_ 2r sin w(a — 0)/To
a—b )
Hence,
Ro(7) =
&g ToR.(m—n) T sin 7 (m—n) To-itn— 1ty =71 (153)
i

N=w n=—~N b=~ 2Nx[(m — n)To + U — un — 7

For purposes of caleulation it is convenient to introduce the dummy
variable z and write the equivalent form:

R = [ s
v« & opp . . (15)
;N n;N oR[(m — n)To] cos [(n;N—Tn) o+ Un — Un — r]Z_

Next we change the order of summation by letting m — n = m’ and
dropping the prime after eliminating m to obtain

T/ Ty
Ry(T) = ‘/0' dz

X F ToR(mTo) T (135)
D> oRy(mT,) cos (m o+um+n—un—r)2.
n=—N m=—N—n 2N7T

The summation can be rearranged into the equivalent form

0 N 2N N—m
2 2+ X,
m=—2N n=—N—-m m=1 n=—N

so that the summation may be performed with respect to n first. For
each value of m there are 2N -+ 1 values of n. When N is large, summing
over the values of the function

TORs(mTO)
— CO08
™

G(nTy) = {mTy + ul(m 4+ n)To] — u(nTy) — 7}z (156)
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for 2N 4 1 values of n with m fixed and then dividing by 2N approaches
the procedure for calculating the average of G(nT) over the u-ensemble.

To evaluate the ensemble average of G(nT), we invoke a theorem ex-
pressed by equation (1.14) of Ref. 6, which states that, if u(f) is a gauss-
ian ensemble,

av {cos [au(t) + bu(t + 7) + Bl}

2 2
= exp [“_;r—b R.(0) — abRu(r):I cosp. 157
We shall assume from this point on that w(f) is a gaussian ensemble.
Then the above result fits our case if we set ¢t = nTh, a = —2, b = 2,

8= (mTy — 7)2, 7 = mT,. We then find
av G(nTy) = M ¢ PO RumTOl o0 () — 1)z, (158)
P

and

Rr) = 10 S Ri(mTy)

m=—w

T,
™
1r/To (159)
f 6_22 [Ry,(0)—R (mT9)] coS [(T — mTO)z] dz.
0

The integral is now evaluated by writing the cosine in exponential
form, completing the square in the exponent, and substituting variables
to obtain the error function. The result is given as (129) of Section VI.
We have replaced m by —n and made use of the fact that the autocorre-
lation function is even.

We next calculate the power spectrum w,(f) by taking the Fourier
transform of the approximate autocorrelation (130). The complete in-
tegrand has no singularities in = and, by indenting the path of integra-
tion below each point r = —nT,, we can separate the integral into com-
ponent parts without singularities on the path. Denoting the depressed
path by C, we evaluate

¢ sin L (7 + nTo)
f To dr
¢ (v + nTh)

= f [e—,'[27rf—(7r/To)]r+jn1r . e—j[21rf+(1r/T0)]1-_jm,- ___.dL__‘
‘ 2mj(r + nTo)  (160)

[0; Ifl>2LT0

)

; 1
2nwfTo, =
w11 <
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e cos = (v + nTy)
f T dr
¢ (r 4+ nTy)?

f [~ ITOl iy iR I o)l dr
¢ 2(r 4+ nTy)? (161)

1
o 71> 5

1 (27|'f _ _) 2nwf Ty, ,fl < 2:;1

¢ gin T (r + nTp)
f Ty dr
¢ (r + nTo)?

— f [e—j[zrf—<1r/7‘u)]r+jmr _ e—j[21rf+(1r/7'0)]f_jn” __d—,—__
¢ 2j(r + nTy)® (162)

™

2
_ 7_7 _ 1 JZmr/To 1
[ (o - 7)< 'f'<2T

Then, for | f| < 1/2T, ; that is, | f| < fo:

’w-r(f) = ngw ToRs(nTo) I: _]1:1 2U <2f _ %0)
— 2 ﬂ 7_!' 2 <2f >2 n2:| ejzmrfT (163)
= To _Zw_ Ra(nTo) (1 — 47|'2f2Un2)6j2"’rfT.

From (120), we note that ws(f) vanishes outside the range —fo to fo,
R.(nTy) = f w,(») ™™ dy, (164)
and from the analogous relation for R,(),

Ru(nTy) = f_ ()T . (165)
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Application of the convolution theorem shows that

0

Ry(nTo)Ru(nTs) = f Weoy (1) dy, (166)

where

W) = [ w0wh + ) dn
o (167)

[w w,(A + »)w.(\) dX.

We substitute the above expressions for R(nTo) and R (nTo)R,.(nTo)
in (163) and then apply Poisson’s summation formula,

Z“’: .[: <p(z)ei"z dz = 27 i o(2n), (168)

N=—0c0 n=—00

to obtain, for | f| < fo,

. 2 42 S n
WM)=U—%fm@]zw{ﬁ_0

+ 4xf? S e (ﬁ — f).
T,

n=—ow

(169)

Since both w,(f) and w.(f) have been assumed to vanish for | f | > fo =
1/2T, , the only term of the first sum which falls in the signal band —f, to
fois that for n = 0, while in the second sum the signal-band contributors
aren = 0, —1 and 1. The latter conclusion follows from the fact that the
convolution of two functions limited to the same low-pass band is limited
to a low-pass band twice as great. Also, noting that power spectra are
even functions, we obtain (131).
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Timing in a Long Chain of Regenerative
Binary Repeaters

By H. E. ROWE
(Manuseript received May 28, 1958)

The present paper studies some of the statistical properties of the random
timing deviations, or position modulation of the signal pulses, in a long chain
of regenerative binary repeaters. Random timing deviations of the output
signal pulses result from input noise, tuning error, random timing devia-
lions of the input signal pulses (introduced by preceding repeaters) and
other sources at each repeater.

The power spectra and the total powers (mean square values) of the timing
notse, spacing noise (random deviations tn spacing of two consecutive pulses
Sfrom an inlegral number of pulse periods) and alignment noise (random
deviations tn alignment between an input signal pulse and its corresponding
timing pulse) caused by the inpul noise at each repeater are determined for
a long chain of regenerative repeaters using either tuned circuit or locked
osctllator timing filters. The effects of tuning error are studied for a chain of
repeaters employing locked oscillator timing circuits; however, the present
analysis does not treat the effects of tuning error in a chain of repeaters using
tuned-circuit timing filters. ‘

I. INTRODUCTION

Regenerative binary repeaters have recently been proposed for both
baseband and carrier pulse code modulation systems," > * * in which
the signal is represented by a binary pulse train. This type of repeater
attempts to remove noise and other types of distortion from the incom-
ing pulse train and to transmit a new signal which resembles the original
as closely as possible. Noise and other system imperfections have two
unwanted effects: (1) a certain number of errors occur at each repeater,
i.e., a received pulse is transmitted as a space, or vice versa; (2) the signal
pulses are no longer centered in equally spaced time slots but have a
random position modulation, called timing noise. The present paper is
concerned with some of the statistical properties of the random timing
deviations in a system containing a long chain of regenerative repeaters.

1543
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A portion of a typical pulse train under ideal conditions is shown in
Tig. 1, where, for purposes of illustration, the individual signal pulses
have been made short enough so that they do not overlap; the curve
represents either the amplitude of a baseband pulse train or the envelope
of a carrier pulse train. The pulses are either “on’” or “off”’; denoted by
“1”” and “0” respectively; all signal pulses present have a standard am-
plitude and identical shape, and are centered in equally spaced time
slots.

An ideal regenerative repeater would sample the pulse train of Fig. 1
at the instants nT (n = -+, —1,0, 1, - - ). If the amplitude or envelope
at each sample point is greater than the slicing level a new standard
signal pulse is transmitted; if the amplitude or envelope is less than the
slicing level no pulse is transmitted. If an additive gaussian noise is now
present at the input to the regenerator there will be a certain number of
errors, so that the output pulse train will no longer be identical to the
input pulse train. To minimize the number of errors the slicing level
should be set at one-half the peak pulse amplitude in a baseband system,
a little greater than one-half the peak pulse envelope in a carrier system.”
The error rate is then determined by the signal-to-noise ratio at the in-
put to the regenerator.” In this way the effects of noise are completely
eliminated, except in the relatively rare cases where the noise is large
enough to cause an error.

These sampling and level-selecting operations may be performed by
an idealized regenerator having the characteristics shown in Fig. 2, which
approximate those of practical regenerators. In addition to the signal
input and output, which may be either baseband or carrier pulses, the
regenerator has an additional input for the timing or sampling pulses,
which are baseband pulses. The input and output plotted in Fig. 2 repre-

PULSE AMPLITUDE

(BASEBAND) OR
ENVELOPE (CARRIER)

SLICING

LEVEL

! | 1 | 1 | | 1
-4T  —3T -2T ~-T 0 T 2T 3T 47

TIME =—>

F = PULSE REPETITION FREQUENCY
T=1/F = PULSE PERIOD

Fig. 1 — Binary pulse train.
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TIMING SIGNAL~_
PRESENT ~a

OUTPUT =>

TIMING
SIGNAL~
ABSENT 4
SLICING PULSE
LEVEL PEAK

INPUT =—>

Fig. 2 — Ideal regenerator characteristic.

sent amplitude or envelope for the baseband and carrier cases respec-
tively. If the timing signal is absent, the regenerator output is zero for
all input signal levels; if a timing pulse is present, the regenerator operates
as an ideal slicer, with zero output for inputs less than the slicing level
and a constant output for inputs greater than the slicing level. If the
timing pulses are much shorter than the signal pulses, the regenerator
output will consist of identical short baseband or carrier pulses, which
may be transmitted through an appropriate filter to yield standard out-
put signal pulses. Thus, the system will produce a standard output pulse
each time a timing pulse occurs when the input signal has an amplitude
or envelope greater than the slicing level. The position of this output
pulse is determined only by the position of the timing pulse and not by
the position of the input signal pulse; this type of response has been called
“complete retiming”.” °

In an ideal regenerative repeater with an input signal as shown in
Fig. 1, the regenerator of Fig. 2 must be supplied with timing impulses
occurring at the pulse repetition frequency and centered exactly at the
sample points nT'. However, in the self-timed repeaters studied here the
timing pulses must be derived by the repeater itself from the signal,
which will no longer be the ideal signal of Fig. 1 but will have added
noise and random position modulation introduced by the preceding re-
peaters.

In systems employing complete retiming (such as the one discussed
above), in which the timing pulse alone determines the position of the
corresponding output signal pulse, the timing pulses may be derived
only from the input signal. However, in systems employing partial re-
timing, in which the position of each output signal pulse depends on the
position of both the corresponding timing and input signal pulses, the
timing pulses may be derived from either the input or the output signal
pulses.” ® Repeaters with essentially complete retiming appear to be of
greatest interest for microwave systems and so, for the present, we con-
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REGENERATOR FILTER
INPUT SIGNAL OUTPUT SIGNAL
PULSES PULSES
L L
TIMING TIVING
SYSTEM PULSES
(IMPULSES)

Fig. 3 — Regenerative binary repcater with timing from the input.

sider only the case of complete retiming. The analysis is easily extended
to include partial retiming, with the timing pulses derived from either
the input or the output.

The mathematical model chosen to represent a regenerative repeater
is shown in Ilig. 3. The regenerator characteristics are assumed to be
those given in Fig. 2. The input and output signals are either baseband
or carrier pulses; the timing signal is a train of baseband impulses, de-
rived from the input pulse train. The filter converts the short pulses at
the output of the regenerator into standard signal pulses for transmis-
sion to the next repeater.

The timing system in Ifig. 3 contains a narrow band-pass filter tuned
as close as possible to the pulse repetition frequency. This timing circuit
is excited by baseband pulses derived from the input signal pulses. Its
output, called the timing wave, is approximately a sine wave at the pulse
repetition frequency, and may be considered to be a sine wave at this
frequency with both random amplitude and phase modulation. The
amplitude modulation results from the statistical nature of the signal
pulse pattern and from the random noise introduced at the input to the
repeater; the phase modulation is produced by the random noise at the
input, the random variations in pulse position introduced by preceding
repeatersin the chain, and the tuning error of the timing circuit. The tim-
ing circuit is followed by an ideal limiter which removes the amplitude
modulation; the resulting waveform is then used to generate the timing
pulses applied to the regenerator, for example, by producing a timing
pulse at the instant of each negative- (or positive-) going zero crossing
of this waveform, so that the phase of the timing wave determines the
position of the timing pulses.

The baseband driving pulses for the timing circuit may be obtained
in various ways. The simplest method is to drive the timing circuit with
the signal pulses themselves in a baseband system or with their rectified
envelope (obtained by a linear envelope detector) in a carrier system.
However, it may be advantageous to first pass the baseband signal pulses
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through a nonlinear device such as a peak amplifier or a square-law
rectifier to suppress the low-level noise in the absence of signal pulses;’
similarly, a square-law rectifier might be used for the same purpose in a
carrier system. Alternately, a standard baseband driving pulse for the
timing circuit might be generated whenever the amplitude or envelope
of the baseband or carrier signals passes through a critical level (approxi-
mately half the peak) in the ascending direction.” The noise at the input
of each repeater will affect the timing performance of these different
systems in different ways.

In order to simplify the analysis of the timing behavior of a long chain
of repeaters and to permit the application of the results to systems em-
ploying different types of repeaters, such as those discussed above, the
following general assumptions will be made:

1. The reception of each signal pulse is assumed to initiate an inde-
pendent transient in the timing circuit. This requirement is obviously
satisfied in any baseband or carrier system in which signal pulses in ad-
jacent time slots do not overlap. It will remain satisfied if adjacent signal
pulses do overlap only under special conditions, e.g., (a) in a baseband
system, if the received signal pulses drive the timing circuit directly, (b)
in a carrier system with a linear envelope detector and coherent carrier
phase between adjacent signal pulses.

2. The timing filter is assumed to be a simple resonant circuit, charac-
terized by its Q. Its natural resonant frequency would ideally be made
equal to the pulse repetition frequency, but in practice there will be a
small tuning error. A related problem in which an idealized locked os-
cillator is used to generate the timing wave will also be considered.

3. The input noise at each repeater causes random timing deviations
of the output signal pulses, in addition to those present from other
sources. This real input noise may be replaced by adding an equivalent
fictitious position modulation or timing noise to the input signal pulses,
such that the random timing deviations at the output of the repeater
remain the same. This permits the effects of the input noise to be treated
in the same manner as the effects of the random position modulation
introduced by the preceding repeaters. For simplicity, we assume that
the equivalent timing deviations added to the different input signal
pulses are statistically independent, the mean square value of the added
timing noise being given. This assumption is plausible, since the real
input noise will have a bandwidth comparable to that of the signal. A
detailed analysis of a particular repeater is required, of course, to estab-
lish this equivalence rigorously; the rms value of the equivalent timing
noise may depend on the average number of pulses present as well as on
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the noise level at the repeater input. While no attempt will be made to
give detailed consideration to any of the various types of repeaters dis-
cussed above, the dependence of the equivalent added timing noise on the
pulse pattern will be discussed briefly for several cases of interest.

4. In order to permit the treatment of the timing behavior of a chain
of repeaters in a simple way, approximations are made which linearize
the analysis. It is then strictly valid only when the equivalent timing
noise added at the input of each repeater is vanishingly small. Although
the effects of these approximations are not known in detail, it seems
plausible that the analysis remains valid in the practical case where the
input noise at each repeater is small.

5. The input signal-to-noise ratio must be moderately high in a satis-
factory system so that very few errors are made in recognizing pulses
and spaces; these errors are neglected in the present timing analysis.

Consider first the case where the timing filters are simple tuned cir-
cuits. Even with the above approximations a rigorous solution for the
timing behavior of a chain of repeaters has been obtained only under
special conditions. In particular, the effects of the input noise may be
determined if the tuning error of every repeater is zero, for only the fol-
lowing signal pulse patterns: (1) all pulses present; (2) every Mth pulse
present; (3) any general periodic pulse pattern. In the first two cases the
analysis is straightforward, but in the third case the complexity increases
with the complexity of the pulse pattern and becomes somewhat pro-
hibitive for all but the simpler periodic pulse patterns. The most interest-
ing case — a random pulse pattern — has been treated in a simple way
only by making a further approximation, in which the variation of the
timing wave amplitude is neglected at an appropriate point in the
analysis.” In general, no accurate estimate is avialable for the error in-
troduced by this approximation. It gives accurate results in two cases
which can be solved by other methods. These are: (1) a chain of repeaters
with a periodic pulse pattern containing two pulses located in arbitrary
positions, as discussed above; (2) a single repeater with a random pulse
pattern, which has been treated by W. R. Bennett in a different way.”

Other problems concerning a chain of repeaters employing tuned cir-
cuits as timing filters, which may well be of greater practical importance
than the effects of input noise, have not been treated in the present anal-
ysis. The first of these is the effect of random tuning errors at the differ-
ent repeaters. This problem has been treated for a single repeater by W.
R. Bennett.” The second problem is the effect of the finite width of the
pulses used to drive the timing circuit, which will be shown to add an
identical timing noise at the output of each repeater and to be quite
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similar to the effects of amplitude-to-phase conversion in the limiter in
the timing system.”® Since the added timing noise is identical at each
repeater, this type of disturbance must be treated differently from in-
dependent random disturbances added at the different repeaters, and is
potentially more serious.

As stated above, in order to obtain an approximate analysis for a
chain of repeaters with zero tuning error and a random pulse pattern
we modify the timing response of each repeater by neglecting the varia-
tion in timing wave amplitude. Alternately, we may ask what kind of
system is exactly described by the modified equations. It turns out that a
somewhat idealized locked oscillator, synchronized by the signal pulses
or their envelope, corresponds exactly to this analysis, within the other
approximations described above. IFor a chain of repeaters using locked
oscillators as timing circuits, both the effects of input noise and the ef-
fects of tuning error can be treated for arbitrary or random pulse pat-
terns without further approximations. Also, finite pulse width introduces
no additional timing noise in this case. Thus, the analysis for locked
oscillators is considerably more tractable than is that for tuned circuits.

The statistical properties of three different quantities are of interest
in studying the timing behavior of a repeater chain. These are:

1. Timang noise, or random deviations of the signal pulses from equally
spaced time slots, will cause a random delay modulation of the original
signal, unless special precautions are taken in the final decoding of the
PCM signal. This random delay modulation will, for example, produce
crosstalk in a frequency-division multiplex signal,”’ ‘and will degrade
other types of signals in different ways.”

2. Spacing noise, or the random deviations in the spacing of two con-
secutive signal pulses (which do not necessarily occupy adjacent time
slots) from an integral number of pulse periods could cause pulses oc-
cupying adjacent time slots to interfere with each other. This would
degrade the performance of the regenerator and cause an increased num-
ber of errors, i.e., a received pulse transmitted as a space, or vice versa.
If too large, it could also cause some received pulses to be assigned to
incorrect time slots, with resulting errors in the decoding of the PCM
signal.

3. Alignment noise, or the random deviations in alignment between
an input signal pulse and the corresponding timing pulse, can also de-
grade the performance of the regenerator and increase the number of
errors, since for optimum margin against noise the timing or sampling
pulse should fall exactly at the center of the corresponding signal pulse.
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These three quantities are defined in Iig. 4, which will be discussed in
greater detail below.

The present analysis determines the power spectra and the total
powers (mean square values) for these three types of deviations for a
long chain of repeaters, under the conditions discussed above. The way
in which these disturbances vary along a repeater chain is obviously of
great importance. It is found that, while the low-frequency timing noise
does grow along the chain, the spacing and alighment noise spectra ap-
proach limiting values rather quickly, as might be expected on physical
grounds. Since the timing, spacing and alighment deviations are discrete
functions, i.e., defined only for integral values of their agrument, their
power spectra are defined somewhat differently than in the usual case of
continuous functions; a brief description of the Fourier analysis of such
discrete functions is included.

Related studies of the timing deviations in a repeater chain have been
given by DeLange’ and Sunde,’ using different methods than those
employed here. The present analysis follows closely the approach first
used by J. R. Pierce in determining the timing deviations in a single
repeater,’ extending the analysis to a chain of repeaters and to include
the spacing and alignment deviations.

II. THE TIMING RESPONSE OF A SINGLE REPEATER

In this section we relate the timing deviations of the output pulses to
the timing deviations of the input pulses and to the pulse pattern for a
single repeater. As discussed above, we consider both tuned-circuit and
locked-oscillator timing circuits. In order to study the response of a re-
peater to the timing deviations of the input pulses it is necessary to
consider only the simplest case of impulse excitation of the timing ecir-
cuit. Finite pulse width may introduce additional output timing devia-
tions for tuned circuit timing filters but not for idealized locked oscil-
lators; excitation of a tuned circuit by raised cosine pulses is therefore
also considered.

2.1 Tuned Circuit Excited by Impulses®

Assume the timing circuit to be a parallel resonant inductance L,
capacitance C' and resistance R. The impulse response of this circuit is
given by the real part of the complex impulse response H(¢):

_1 I\ —@i@ g0t +i2mfot,
H(t) C<1+2Q)e e ;1> 0, (1)



TIMING IN LONG CHAIN OF REGENERATIVE REPEATERS 1551

where
- — /L1
w = 2afo = 4/ LC ~ (2RO?
) (2)
- w 1
Q=wRC, 55 = 555

In (1) and in all subsequent complex expressions the real part is implied.

The natural resonant frequency f, (as distinguished from the steady-
state resonant frequency f, = 1/2x+/L(C) will be made as close as possible
to the pulse repetition frequency F. Therefore we set

fo=F+af=F<1+5—I{f>, ®)
where

F = pulse repetition frequency,

8f = tuning error of the timing circuit,

I = % , T being the pulse period (Fig. 1),

of

2L L.

7 <
Substituting into (1), the response to a unit impulse at the time ¢ is
equal to the real part of

1 I\ —IQ FA+8 51 (t—t0) 2wFU+51F) (1—t)
H(t—t)=—<1+——)e e °;
V=0 20Q (4)

t—t>0.

The pulse train driving the tuned circuit is given by

o0

g(t) = 22 audlt — t), (5)

where 8(t — £,) is a unit impulse occurring at ¢, , the time of arrival of
the signal pulse corresponding to the nth time slot. If the nth time slot
contains a pulse a, = 1; if this time slot is vacant a, = 0. In the absence
of timing noise the signal pulses would be centered in their corresponding
time slots, so that for the pulse corresponding to the nth time slot

t. = nT. (6)
If the deviation in.the position of this pulse is ¢, , then the time of ar-
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rival becomes
tn = nT + 6tn . (7)

It is convenient to normalize the timing deviation with respect to the
pulse period 7'. Thus, let

é) = o, ®

where €'(n) is the normalized timing deviation of the signal pulse in the
nth time slot at the input to the repeater, referred to simply as the tim-
ing deviation when no confusion will arise. Then the time of arrival of

this pulse in (7) becomes
tw = nT + ei(’n)T,
; (9)
It, = n+ €(n).

From (4), (5) and (9) the response of the timing circuit to all of the
signal pulses up to and including the pulse in the mth time slot is equal
to the real part of

1 7 & —(1/Q) (148 /] F) [Ft—n—e (n)]
G(t) = 7 (1 + —) 2 aue
C 2Q/ = (10)

. ej‘27r(l~‘l-5f/F) [Pi—n—ei(n)]

This expression gives the output of the timing circuit for values of ¢
lying between the arrival times of the pulse in the mth time slot and the
next pulse that is present in the signal. Formally,

b <t <,
m 4+ €(m) < Ft <k + &),

1; n=mk
a, =
0; m < n <k

(11)

The response of the timing circuit given in (10) may be written in the
form of a carrier at the pulse repetition frequency F with both amplitude
and phase modulation:

G(t) = %(1 + 2‘]—Q> A()e™™™; AW = a(®)e™?. (12)

In this equation, A(?) is a complex function of time whose magnitude
| A@) | = a(f) equals the normalized amplitude of the timing wave and
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whose angle ZA(f) = ¢(t) equals the phase deviation of the timing wave.
For convenience, we have chosen to remove the constant factor
(1/C) (1 4+ 7/2Q) in defining A (). From (10),

S
A() = Z anc—w/Q)(1+af/F>[Ft—n—ei(n)lefzr[<1+«5f/F)[m—n—e"(n)l—m}, (13)

n=—w0

keeping in mind the restrictions of (11).

IEquation (13) shows the way in which the amplitude and phase of the
timing wave vary with time when timing noise is present. The amplitude
decreases exponentially between signal pulses, increasing abruptly at
the instant a pulse is received. In the absence of tuning error the phase
is constant between signal pulses, changing abruptly when a pulse is
received. If the tuning error is not zero, the phase has, in addition, a
small constant linear variation between signal pulses. If the tuning error
5f and the input timing deviations €’(n) are both equal to zero, we have
from (13)

LA = o) = 0. (14)

It is convenient to assume that under these conditions the delays in the
repeater of Fig. 3 have been adjusted so that the timing pulses supplied
to the regenerator are properly aligned with the input signal pulses, i.e.,
occur at the instants n7" in Fig. 1. The quantity ¢(¢) then gives a true
measure of the timing deviations of the timing pulses.

We now assume that the phase of the timing wave at the instant im-
mediately following the reception of a signal pulse determines the timing
deviation of the corresponding timing pulse. This, of course, may not be
strictly true. For example, the timing pulse might be generated at the
next negative-going zero crossing of the timing wave, as discussed in the
introduction. This will occur approximately 7'/4 seconds after the arrival
of the signal pulse because, as shown in the subsequent analysis, in any
satisfactory system the alignment error (defined in the introduction)
remains small, and consequently the maxima of the timing wave occur
close to the driving pulses for the timing circuit. However, for zero tuning
error the timing wave phase ¢(f) is constant between signal pulses and
consequently may be evaluated equally well at any time during the pulse
period T following the arrival of a signal pulse. Even if the tuning error
is not zero ¢(f) changes very slowly during the interval 7', so that a small
error in the time at which it is evaluated becomes unimportant; evaluat-
ing the phase just after the arrival of a signal pulse rather than 7'/4
seconds later will cause a very small error in the de value of the output
timing deviation, but will have no other effect on the analysis.
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Consequently, evaluating (13) at the time
Ft = Ft,, = m + é(m) (15)
we obtain

. . m . .
A(tm) _ e—ﬂn'(m) E ane—(ﬂ'/Q)(1+5fIF)[(m—n)+E’(m)—e (n)]

n=—c (16)
_e:’2r{c‘(m)—e‘(n)+(5f/F)[(m—n)+c"(m)—e"(n)1 }e

Denoting the normalized output timing deviation of the repeater by
¢’(m), defined as in (8), we have for the case of complete retiming, where
the timing deviation of each output signal pulse is identical to the timing
deviation of the corresponding timing pulse,

o(tn) .
27

where A(t,) is given by (16). The minus sign in (17) occurs because the
timing pulse will occur too soon for ¢(t) positive, corresponding to a
negative timing deviation according to (7) and (8).

Equations (16) and (17) determine the general relation between the
input and output timing deviations for a single repeater. The output
timing deviation is seen to be a rather complicated function of the past
input timing deviations. In order to make possible a reasonably simple
analysis that can readily be extended to a chain of repeaters, certain
restrictions will be imposed that linearize the relations between input
and output timing deviations.

Equation (16) gives A(¢w) as the sum of an infinite number of vectors,
each associated with one of the past input signal pulses. The amplitudes
of these vectors become exponentially smaller the farther back in time
the corresponding signal pulse occurred. If the angles between those
vectors which give the essential contribution to the sum are small enough
so that the sine of an angle is approximately equal to the angle, then the
vector summation is quite easily accomplished. Taking the vector corre-
sponding to the present input pulse (n = m) as a reference, the in-phase
component is approximately the sum of the magnitudes of all of the vec-
tors, the quadrature component is the sum of the magnitudes times the
relative angles. In order for these approximations to be valid we must
have

eo(m) = - (a(tm) = AA(tm); (17)

l%‘f(m—n) <1

for all significant 7. (18)
Lé(m) — e(n) | K 1
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The significant terms in the summation are for values of n bounded by

ne < n < m,

where
(m — no) > i?; (19)
The first condition of (18) thus becomes
of T
7 ‘ < 0 (20)

There are two different ways in which the second condition of (18) may
be satisfied. Either the input timing deviation must be small compared
to one or it must change so slowly that the difference in the deviations
of pulses separated by @/ pulse periods will be small compared to one.
Thus,

| €(n) | K 1

or
[Ad@m) | = | + 1) — é(n) | <X, (21)

where Ae‘(n) represents the first forward difference of ¢'(n).

Subject to (20) and one of the conditions of (21) we have, from (16)
and (17), the normalized timing wave amplitude 4, and the normalized
output timing deviation €’(m) (with complete retiming):

A = |Altn) | = 22 aue @O0, (22)
Z ane—(rla)(m—n) [ei(n) _ B._f(m _ n):| ]
Eo(m) — n=—00 F . (23)
An
Alternately, with the summations rewritten, (22) and (23) become
An =2 ane "I98 (24)
k=0
S ~ik | i gy _ Of :I
o = I;) nose [e (n—h) =5k (25)
An )

For zero tuning error, (22) and (23) or (24) and (25) give the output tim-
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ing deviation as a linear function of past input timing deviations for a re-
peater with complete retiming, subject to the restriction of (20) and (21).
It is usually implied that a,, = 1in (23) or a, = 1 in (25), since the out-
put timing deviation has meaning only for values of its argument corre-
sponding to time slots that contain signal pulses. The timing wave phase
corresponding to vacant time slots will not normally be of interest (ex-
cept insofar as there may be a preferred time to examine a vacant time
slot to determine that no signal pulse is present).

These equations show that, for §f = 0, each repeater may be considered
a linear transducer to the timing deviations. In general, the equivalent
transducer will be time-varying, since the timing wave amplitude 4,
will vary from pulse to pulse; the pulse pattern enters explicitly into the
analysis, both in determining 4, and through the a’s in the numerator of
(23) or (25). However, if all pulses are present or if the pulse pattern is
periodic with every Mth pulse present (all pulses present correspond to
the special case M = 1), 4, is constant at every signal pulse. This is the
only case in which the repeater acts as a strictly invariant linear trans-
ducer, permitting a simple analysis of a chain of repeaters.

In dealing with general pulse patterns it is convenient to define a new
“primed”’ independent variable that numbers the signal pulses consecu-
tively, rather than the time slots. I"ig. 4(a) shows a portion of a typical
pulse train; consecutive time slots are denoted by the variable n, consecu-
tive pulses by n’. A quantity regarded as a function of n’ or any other
primed independent variable will be distinguished by the symbol ~;
functions of n or any other unprimed independent variable will be written
as before. I'or any given pulse pattern n is a function of »/, which of
course differs for each different pulse pattern, and vice versa. As shown in
Fig. 4, the number of vacant time slots between the (n’ — 1)th and the
n/th (consecutive) pulses is defined as b, . Referring to Ifig. 4, the fol-
lowing examples illustrate this notation:

e(n) = timing deviation of pulse corresponding to the nth time slot,

é¢(n’) = timing deviation of the n'th pulse,

A, = timing wave amplitude corresponding to the nth time slot,

A, = timing wave amplitude corresponding to the n’th pulse,
€n' — 1) = eln — bw), E) = e(n),

Ava=Avsy, Aw=A4,.

Thus, for the particular pulse pattern of T'ig. 4(a) we have, for example:

€0) = €(0); €(2) = €(6); Az = Ay

(26)
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Fig. 4 — Definition of timing, spacing and alignment deviations for a repeater
with complete retiming: (a) general pulse pattern, in absence of timing noise;
(b) timing, spacing and alignment deviations.

For all pulses present n’
cide.

n and b, = 1, and the two notations coin-

The timing, spacing and alignment deviations defined in Section I are
illustrated in Fig. 4(b). The timing deviation of the input and the tim-
ing and output pulses have been defined above. The spacing deviation is

given by
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in’) = € + 1) — €@n) = A& ("), 27

where A indicates the first forward difference, and the alignment devia-
tion for a repeater with complete retiming is given by

an’) = € — &), (28)

recalling that, with complete retiming, the timing deviations of the tim-
ing and the output signal pulses are equal.

The choice of n’ as the independent variable in the analysis rather than
the original independent variable n is more natural in several ways. As
mentioned above, we are usually interested in the timing wave phase
only for time slots that contain pulses. The definition of spacing devia-
tion in (27) is much easier to work with than it would be if it were in
terms of the original variable n. As will appear below, this change of in-
dependent variable facilitates the approximate treatment of a chain of
repeaters with random or general periodic pulse patterns. While it would
present some complications in dealing with quantities that must be ex-
pressed in real time, no such difficulties arise in the present treatment of
a repeater chain.

Returning to the special case of a periodic pulse pattern with every
Mth pulse present, the results of (21) to (25) may be written very con-
veniently in terms of the new independent variable n’. We have

1; n = Mn'
an = (29)
0; otherwise
and
n = Mn'; k= MK, (30)

The timing wave amplitude takes on the constant value A at every signal
pulse; from (24),

- & v 1
A= AMn' = An’ — Ee—(wM/Q)k, A= _—e_ﬂ_—M—/a. (31)

=0 1

The output timing deviation in (25) becomes

) =01-— e—wM/Q) [ E Ei(n/ _ k/)e—(er/Q)k' — %-fM Zk/e—(rM/Q)k’]
k=0 k=0 _
_8f Me™M #2)

0
_ _ —TMIQ i 1y, —(TMIQK!
=(1—¢ )kgoe(n ke =
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For the high-Q case we may set

=01 —-e™Y) x "?M; Q> M (33)
in (31) and (32), so that (32) becomes
2y = T S g — pyeeor @ o (34)
Q o Fr

The second term of (32) and (34) represents a constant timing deviation
introduced by the tuning error; the first term shows that the repeater is
a strictly invariant linear transducer to the input timing deviations for
this special case.

In a chain of repeaters the timing wave amplitude 4, is identical at
each repeater, since the pulse pattern is the same at each repeater. Thus,
for random or general periodic pulse patterns we must treat the repeaters
as identical linear time-varying transducers to the timing deviations.
Now, if Q is large, the variation in A, will be small;” we can make use of
this fact to treat the repeaters as approximately invariant transducers.
Equations (23) and (25) may be written in an alternate form, with »n’
as the independent variable, that has a simple physical interpretation and
proves useful in making the further approximation that permits the anal-
ysis of a chain of repeaters with random or general periodic pulse
patterns, for zero tuning error.

We now examine the change in the output timing deviation that oc-
curs during the interval between two consecutive signal pulses. Making
use of (26), we have, from (24) and (25), the first backward difference of
the output timing deviation as a function of n’:

2 — e — 1) = 1—1.1; [z%n') — e — 1) +%fb,,,]— L b (35)
The timing wave amplitude is given by (24), as before. Referring to Fig.
5, we may interpret this relation as follows: Immediately after the re-
ception of the (n’ — 1)th pulse the timing wave amplitude is A,_; and
the output timing deviation is &€(n’ — 1), with corresponding timing
wave phase —2né’(n’ — 1). During the interval of b, pulse periods from
the arrival of the (n’ — 1)th pulse until just before the arrival of the
n’th pulse the timing wave amplitude will decay exponentially to the
value ¢” /¥ 1,,_; and the timing wave phase will advance linearly by
an angle 27(8f/F)b, , so that the resultant phase is

—2x[E(n — 1) — (8f/F)bu],
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as illustrated by the top vector coming from the origin in Fig. 5. The
n/th pulse, with timing deviation &'(n’), initiates a corresponding unit
vector of phase —2ré (n’), which adds to the vector representing the
previous value of the timing wave to give a resultant timing wave vector
of amplitude A, , phase —27&(n’). Since the relevant angles are small,
the result given in (35) may be readily obtained.

Equations (35) and (25) are completely equivalent statements describ-
ing the timing response of a single repeater using a resonant circuit to
generate the timing wave. They are derivable from each other without
any approximation and are both subject to the restrictions given in (20)
and (21). They provide somewhat different representations of the re-
peater as a linear time-varying transducer to the timing deviation. For
the special case of a periodic pulse pattern with every Mth pulse present
and A, constant, given by (31), in which the repeater becomes a linear
Invariant transducer, (35) is equivalent to (32). We shall show in Sec-
tion 2.2 that (35) is in the appropriate form for the approximate treat-
ment of a chain of repeaters with zero tuning error for random and gen-
eral periodic pulse patterns, by neglecting the variation of the timing
wave amplitude.

-2 [?0 (n’-1) —-(,f:—F bn']

\,

\

,'

-27r|:?0 (r}')

~20 (n-1)+-4F bn)
—emr[Ekm

n'-1) +%.£ bn]

R

wa

v

Fig. 5 — Change in output timing deviation during the interval between two
consecutive signal pulses.
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2.2 Approximate Timing Response for Random and General Periodic
Pulse Palterns — Tuned Circuit Timing Filter, Zero Tuning Error.

W. IR. Bennett has pointed out that, for a high enough Q, the variation
of timing wave amplitude in a tuned circuit will be very small, and has
used this fact in his treatment of a single repeater.” Making use of this
fact, we show how a repeater using a tuned circuit timing filter with zero
tuning error may be treated as an approximately invariant linear trans-
ducer to the timing deviations.

We might first think that we could set A, equal to its average value in
(25), but this does not yield a satisfactory approximation to the behavior
of a repeater. As pointed out in the discussion following (17), the numera-
tor of (25) is simply the quadrature component and the denominator is
the in-phase component of the timing wave, referred to the transient
started by the present input pulse. For zero tuning error, both numerator
and denominator decay exponentially between signal pulses, so that the
timing wave phase remains constant; this is apparent either on physical
grounds or on examination of (24) and (25). If we arbitrarily set A,
constant in (25), we should obtain an exponentially decreasing phase
deviation between signal pulses, rather than a constant deviation. Itur-
ther, for zero tuning error a constant de input timing deviation produces
an equal constant output timing deviation for any arbitrary pulse pat-
tern. If, however, we set A, constant in (25) the output timing deviation
fluctuates about its average value, so that it would now contain false
ac components. Since it turns out that the timing deviation in a repeater
chain consists principally of low-frequency components, an approximate
treatment of a single repeater should yield accurate results for de and
slowly varying input timing deviations.

The correct approach to this problem has been indicated by J. L.
Kelly, Jr. If the tuning error is zero, a useful approximation to the be-
havior of a repeater is obtained by setting the timing wave amplitude
equal to its average value in (35). Thus, setting éf = 0, we have

e) — e — 1) = Zl E) — &' — D], A = (d.), (30)

where the brackets ( ) indicate an ensemble average for a random pulse
pattern, and 4, is given by (24). Referring to Fig. 5 and to the discus-
sion following (35), in this approximation the phase deviation of the
timing wave remains constant between signal pulses, as it should. A de
input timing deviation produces an equal de¢ output timing deviation,
with no false ac components; the error in this approximation should be
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small for the low-frequency components that form the major part of the
timing deviation.

Equation (36) describes a repeater with a tuned circuit timing filter
with zero tuning error as a linear invariant transducer to the timing
deviation, greatly simplifying the analysis of a chain of repeaters. For
random and general periodic pulse patterns the variation in the timing
wave amplitude will modify the timing behavior somewhat; for periodic
pulse patterns with every M th pulse present (including all pulses present)
(36) is exact. The average timing wave amplitude A and its standard
deviation are determined in Section 2.4; 4 is proportional to the average
number of pulses present and to the tuned-circuit Q. We shall show in
Section 2.3 that (36) gives an exact description of a locked oscillator with
zero tuning error for any arbitrary pulse pattern.

2.3 Locked Oscillator Timing Circuit

In the preceding section the approximate timing response of a repeater
with zero tuning error was found by setting 4, equal to its average value
in (35). It is natural to ask what kind of system is described exactly by
(35) with A, equal to a constant A (5f is now not necessarily equal to
%ero).

Such a system may be regarded as an idealized locked oscillator. The
discussion of IFig. 5 immediately following (35) remains applicable except
that the amplitude of the timing wave no longer decays between signal
pulses but has a constant length (A — 1). The unit vector initiated by
the n’th pulse adds to the vector representing the previous value of the
timing wave, causing an abrupt change in its phase as before and in-
creasing its length momentarily to 4. However, we now assume that the
timing wave amplitude returns to its constant value (A — 1) before the
next signal pulse arrives. In a practical locked oscillator with a weak
synchronizing signal, the transients started by the signal pulses will be
so much smaller than the steady-state oscillator wave that the timing
wave amplitude will be essentially constant, independent of the pulse
pattern.

Setting A, = A4 in (35), we have an exact expression for the timing
behavior of a locked oscillator with tuning error (subject of course to the
usual small angle restrictions) for any arbitrary pulse pattern:

Q) — €' —1) = Zl[e"(n') — e — 1)+ %f bn,] _ %f b . (37)

The parameter A is now determined by the ratio of the amplitudes of
the oscillator wave and the synchronizing signal. Equation (37) shows that
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a locked oscillator timing circuit with tuning error may be treated rigor-
ously as a linear transducer to the timing deviation for any arbitrary
pulse pattern; the equivalent linear transducer has two inputs, €'(n’) and
b .

Comparison with the results of the preceding section shows that for
zero tuning error (37) also describes the approximate timing response
of a tuned circuit timing filter, where A is now the average timing wave
amplitude, as in (36). Unfortunately, (37) does not provide a valid ap-
proximation to the behavior of a tuned circuit when tuning error is
present. This is best shown by comparing a tuned circuit and the corre-
sponding locked oscillator in a simple case.

Consider a random pulse pattern where the probability that any time
slot contains a pulse is very close to one, independently for each time
slot. Only rarely will vacant time slots lie close together in this pulse
pattern, and so it suffices to study the effect of a single missing pulse,
as shown in Fig. 6(a). IFor n’ < 0 both the output timing deviation and
the timing wave amplitude are constant for both the locked oscillator
and the tuned circuit. Making A for the locked oscillator equal to the

nl
-3 -2 -1 o 1 2 3 4
! L | 1 ! ! | !
-4 -3 -2 -1 o 1 2 3 4
n
b 2, n'=t
=
n 1, n'$1
(a)
+1-
TUNED CIRCUIT
Egc(n’) ) — L —— En’
IF 3 + @
F
LOCKED OSCILLATOR
-1

(b)

Fig. 6 — Output timing deviation forlocked oscillator and tuned-circuit timing
filters with tuning error, for single missing pulse: (a) pulse pattern; (b) output
timing deviations.
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steady-state timing wave amplitude for the tuned circuit, we have for
both cases, from (24) and (35) to (37):

1

Aw = A = Ig ¢TI0k = [— o7 "=, (38)
ooy 1\_ _sf ¢
€ n’) = -édc = ——__ Z = F 1_——6_7‘_—/9 5 'n’ é 0. (39)

The transient or ac component of the output timing deviation, &. (n'),
is of principal interest, where

En') = & + & (). (40)
Then, from (35), we have
G'(ng — &'(n' — 1) .
- laew -+ A A sy
A An (41)
A ; locked oscillator

Ay =

—_———

— ’ . .
A — o, tuned circuit.

The initial condition for the difference equation (41) is given by

al(l) = —if[o — 24+ 1)]. (42)
r A,

TFor the locked oscillator, the second term on the right-hand side of (41)

vanishes and, subject to (42), we find

_Of ~wmiow
r

Tor the tuned circuit, the second term of (41) no longer vanishes, but
adds an inhomogeneous term to the solution. I'rom (41), 4 — A, =
¢ 9" and, approximating the A, oceurring in the denominators of
(41) and (42) by 4, we find

&(n) = ; locked oscillator. (43)

PRI A N _6_f —(r/Q)n’ Ty _mley, 1.
€ac'(n) = 7 [(2—¢% — (1 — e (w0

tuned circuit.

Tor the high-@ case, this may be further simplified:

() = —%,fe—(”/m"' [1 — gn’]; tuned circuit, @ >> 1. (45)
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These results may alternately be obtained by inspection from the vector
diagram of Fig. 5.

Equations (43) and (45) are plotted in I'ig. 6(b). Ifor the tuned circuit,
& (n') initially approaches zero twice as fast as for the locked oscillator.
Consequently, a tuned circuit and the corresponding locked oscillator
are approximately equivalent only for zero tuning error; when tuning
error is present their behavior is no longer similar. In the present paper
we are able to treat the effect of tuning error in a chain of repeaters only
for locked-oscillator timing circuits.

2.4 Average Value and Fluctuation of the Timing Wave Amplitude

We now determine the average value and standard deviation of the
timing wave amplitude A, , denoted by A = (4,.) and o, respectively,
for a tuned circuit. The average value is needed in (36), which gives the
approximate timing response for a tuned circuit timing filter with zero
tuning error. The standard deviation indicates the magnitude of the de-
parture of A, from its average value A, which is neglected in this ap-
proximate analysis.

Consider a random pulse pattern with the probability p that any time
slot contains a pulse, independently for each time slot. Equation (24)
gives A, ; for the a,—’s we have

Prla,—, = 1] =p
Prla,n =0=1—1p

k> 1. (46)

The different a’s are independent. Then, from (24), we have

—r/Q

A=) =2 (gpi) P =14 P2 47
=0 1 — ¢ie
<gn’2> — Z E <an_kan_l>e—(7r/0)(k+l)
k=0 I=0
e—vr/Q ‘ pe—r/Q 2 e~27r/9 (48)
=1+ 2p1_e~1rlq+ (1_6—7/Q> + (1 —p) 1 — g2vla’
f o A — A = — ) (49)
04 = (4 ') =P p 1 — g2rle”



1566 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1958
For the high-Q case

A:'&Q Uj:p(l_p)ﬁ ("_A 2=1_—_731- Q>1. (50)
w’ w’ A p 20’ )
This agrees with the results of a similar calculation made by W. R. Ben-
nett.”
The timing-wave amplitude will be close to its average value with high
probability if

04 l—p
%4 1 N 1
+ <1, Q> - (51)

The smaller the probability that a time slot contains a pulse, the larger
@ must be in order for the variation in the timing wave amplitude to be
small.

Tor any periodic pulse pattern, 4, is easily determined as a periodic
function of n’ from (24). IFor a high enough @ the average timing wave
amplitude A is again given by (50), where p is now the average number
of time slots containing pulses. In the special case of a periodic pattern
with every Mth pulse present, A, is of course constant, given by (31)
or (33).

2.5 Tuned Circuit Excited by Raised Cosine Pulses

Up to now we have considered only the case of a timing filter excited
by impulses. However, in the simplest repeaters the signal pulses them-
selves or their rectified envelopes (in baseband or carrier systems, re-
spectively) would be used to drive the timing circuit. The finite width of
these driving pulses may add an additional component of timing noise
at the output of each repeater. We now consider the behavior of a tuned
circuit excited by raised cosine pulses, which approximate the pulse
shape that might be used in a practical system.

A driving pulse centered at ¢ = 0 is given by

p(sFt) = é (1 + cos 2wsFt); |Ft] < él? (52)

where F is the pulse repetition frequency and s is a parameter determin-
ing the pulse width. For s = 1 adjacent pulses are just resolved; for
s = % adjacent pulses overlap such that the amplitude half way between
sample points is equal to one-half the peak pulse amplitude. These two
cases are illustrated in Fig. 7. The complex response P(f) of a tuned cir-
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p (Ft)=1/2 [1+cos 277 Ft] p(2/3Ft)=1/2 [1+cosz/s 277 Ft]

1.0

Ft
(a)

Fig. 7 — Driving pulses for timing circuit: (a) pulses resolved; (b) pulses over-
lapping.

cuit to this pulse is
t
PO = [ pGFOHG - 7) dr, (53)

where H (%), given in (1) and (4), is the complex impulse response of the
tuned circuit. Thus,

1
P(Y) = 55 L(FYH(), (54)
where
1
0; Ft < -5
Ft
f (1 + cos 27rsT)e+(1r/Q)(1+8//F)re~j2r(1+sf/mr dr:
—1/2s ’
I, (2%)’ + Zis < Ft.

The pulse train applied to the tuned circuit now becomes [from (5)
through (9)]:

g(t) = Zw ap{slFt — n — )]} (56)

n=—

The tuned-circuit response G(f) to all pulses up to and including the



1568 [THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1958

pulse in the mth time slot is given by

G(t) = 2, a.Plt — nT — €@)T, (57)

n=-—owm

corresponding to (10), and G({) may again be written in a form similar
to (12) and (13):

1
L),
— J jerFt
G(t) = _21(1_(/‘3_ <1 + %> A(be , (58)

A®) = a(e™?,

where, as before, |A(¢)| = a(t) is the normalized amplitude and
ZA() = ¢(t) is the phase deviation of the timing wave. Corresponding
to (13), we now have for A(z)

m
A() = Z ane—(ﬂQ)(1+5f/F)[Ft~n—ei(n)]'eiir{(1+8f/F)[Ft—n—ei(n)]—Ft)

n=—on

LIFt — m — €(m)] 1 | ;O IR Fm—ciom)

(2 )

727 { (148 £/ F) [Ft—m—e% (m)]—Ft}
)

+ an

*C

n =D+ on—1) 45 <FL<nt D emt1) = o,
where ¢ 1s restricted such that only the pulse in the mth time slot differs
from 0.

We now assume that the phase of the timing wave ¢(£) at the negative-
going zero crossing following the peak of each received pulse determines
the timing deviation of the corresponding timing pulse. In the analysis
for impulse excitation in Section 2.1 the timing wave phase was evaluated
just after the reception of a driving impulse, since a different choice would
introduce only a small dc error in the output timing deviation. In con-
trast, with driving pulses of finite width the choice of time at which
o(t) is evaluated has an appreciable effect on the last term of (59), which
gives the additional output timing deviation due to finite pulse width.
Thus, evaluating (59) at

Ft =F (tm + g) =m + ¢(m) + i, (60)
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where ¢, is given in (9), we obtain

T - ; ’
A (tm + 1) = [¢~ IO WHIITA, G ST

m
.e—ﬂvrei(m J Z anf(vr/Q)<1+af/m[(m—n)+ei<m)—ei<n>1
1”=‘°° (61)

.G]'Zr{e‘;(in)—e’:(n)+(5f/F)[(7:L~n)+ei(m)—ei(n)]} _|_ a i 4

@

corresponding to (16). In order for the restriction of (59) to be satisfied
s must be greater than 2. The terms in the first bracket arise from the
fact that we have determined the phase one-quarter of a pulse period
after the peak of the received pulse, rather than just after the peak as in
Section 2.1; they represent a small decrease in amplitude and a small de
phase shift, and may be neglected. Then, making use of the discussion in
Section 2.1 and assuming as before that the alignment deviation a(n) =
€(n) — €'(n) remains small, we obtain from (17) and (61) the normalized
timing wave amplitude and output timing deviation (with complete
retiming):

i (W/Q)Iv (62)
k=0

S ~@ak | i gy _ O
];) (7 I:G (n ]v) 7 ]u:l . . (63)
An ¢ An ’

e€(n) =

where w; depends on the pulse width and is given by

Lo G)
w, = — Im —11. (64)
2 1)
I, 5=
2s

These results are again subject to the restrictions of (20) and (21). The
following approximate results for the high-Q case may be obtained from
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(65):
s =1, § = §’
wy = 0.0253 + 9-0—325 ) W3 = 0.1038 + 934—9 ’
Q Q
1 0.185 1 0.235
I <z) = 0534 + 215 Iz (a) = 0430 + 22
+j [0.0795 - —0298], +j [0.166 - 0_'429],
Q Q
1 .0.75 3 .2.3
I <§> =0.5|:1 _JW:I. Loy (Z) = 0.255 I:l _]—Q_].

Except for the last term, (63) is identical to (25) for impulse excita-
tion; the last term represents the additional output timing deviation
caused by the finite pulse width. This timing deviation is inversely pro-
portional to the instantaneous timing wave amplitude, and is thus quite
similar to the effect of amplitude-to-phase conversion in the limiter of
the timing system.” ® In both cases an identical timing deviation will be
added at the output of every repeater of the chain, since the pulse pat-
tern is the same for every repeater. This additional timing deviation is
caused by the fact that the driving pulse is not zero when the timing
wave goes through zero. However, the zero crossings corresponding to
vacant time slots are not disturbed; W. M. Goodall has pointed out that
inverting the pulse pattern in each repeater will therefore eliminate this
source of timing noise. If the driving pulse is short enough so that it falls
to zero before the zero crossing of the timing wave occurs, no additional
timing deviation will be produced; in particular, the driving pulses may
be impulses as above or square pulses of length 7/2.” Finally, a weakly
coupled locked oscillator will not be affected by the finite width of the
synchronizing pulses.

III. FOURIER ANALYSIS OF DISCRETE FUNCTIONS

3.1 Transforms of Discrete Functions

The timing deviation e(n) or &n’) and the various other quantities
discussed above may be called discrete real functions, since they are
defined only for integral values of their argument. The Fourier analysis
of discrete functions is quite similar to that for continuous funections
and is summarized below.
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9, 10

The transform X(f) of a discrete function z(n) is defined by

00

X(f) = 2 a(n)e ™ (65)
The inverse transform is then
+1/2 )
z(n) = ) X(f)e+’2"f" df. (66)
—1/2

This transformation is closely related to the z-transform™ ' or generat-

ing function. Equations (65) and (66) may be regarded as a statement
of the Fourier series theorem, in which the usual roles of function and
transform have been reversed.

The following table [Equation (67)] summarizes some of the properties
of discrete transforms that will be of use; z;(n) and x.(n) are any two
different discrete functions with corresponding transforms X;(f) and

X(f):

Function Transform
z1(n) Xl(f) (67a)
zo(n) Xo(f) (67Db)
xz(n + k) P EXG(f) (67¢)
Azi(n) = z(n + 1) — xa(n) €™ — 1) X, (f)
= 2j¢™ sin wfX1(f) (67d)

e

z1(n) ®zq(n) = LZ x(n — k)xo(k) X1(f)X2(f)

—=—00

= 3 wlBan — ) (67)

k=—c0

zi(n)as(n) X(f)®Xx(f)

+1/2

= . Xl(f - T)Xz(T) dr

+1/2

/
= Xl(T)Xz(f - T) dT (67f)

Ll

(k) = 2, m(n)uln + k) E(f)

n=—x

Xo(£)X1*5(f)
| Xa(5) 21 (67g)

t The * denotes the complex conjugate.
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In (67g) the autocorrelation function ¢(k) and the energy spectrum
E(f) of a discrete function x(n) have been defined; the fact that they
are transforms of each other follows from the convolution theorem
(67e) and the fact that x(n) is real. The total energy I of a discrete
function z(n) is defined by

o0

B = g_‘, 2t(n). (68)
Then, frorp (67g),
1/2 1/2
B=o0) = [ B df - f_w | X () P df. (69)

The results of the present section apply only to discrete functions
having a finite energy E as defined in (68), so that their transforms exist.
Discrete random functions, which have infinite energy but a finite aver-
age power, will be discussed in Section 3.3.

3.2 Discrete Transducers

A discrete linear invariant transducer may be characterized by its
impulse response. A discrete unit impulse at n = ng is defined by
1; n = Ny
o(n — ny) = (70)
0; n = no,
corresponding to the delta function in the continuous case. Let h(n)
be the output of a discrete linear invariant transducer for a unit impulse
input at the origin; for stable systems

h(n) = 0; n < 0. (71)

Then the output z°(n) for an arbitrary input z'(n) is given by the con-
volution of the input and the impulse response h(n) of the transducer:

n

2°(n) = Z 2 (k)h(n — k)
o (72)
= :; ' (n — kh(k).

Let the transforms according to (65) and (66) of h(n), z'(n) and 2°(n)
be H(f), X'(f) and X°(f) respectively; H(f) is the frequency response or
transfer function of the transducer. Then, from (67e), we have

X°(f) = HHX'(f). (73)
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If the input consists of a single exponential of frequency f,

z'(n) = A" (74)
then the output is an exponential of the same frequency,

°(n) = A

75
Ao, = H(HA;, )

as in the continuous case.

Finally, consider two cascaded discrete transducers with individual
impulse responses %;(n) and hy(n) and corresponding transfer functions
H,(f) and Hy(f). The over-all impulse response h(n) is equal to the con-
volution of h;(n) and hy(n), and the over-all transfer function H (f) is
equal to the product of H(f) and H(f), as in the continuous case:

n

h(n) = 2 h(n — k)hs(k), (76)

k=0

H(f) = H\(f)HAS). (77

3.3 Discrete Random Functions

A discrete stationary random function a(n) will have infinite energy
but a finite average power P given by

N

P= e £, @
The covariance p(k) is defined as
p(k) = @m)z(n + k)), (79)

where ( ) denotes an average over the ensemble. For a stationary ergodic
ensemble the power spectrum P(f) and the covariance p(k) are trans-
forms of each other, according to (65) and (66):

P() = 35 oBe, (30)
12 .
o(k) = f_ P g 81)

The average power P is the integral of the power spectrum

1/2

P = » P(f) df. (82)
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A white noise of power N, has a covariance

o(k) = Nop(k) = {N"; b= (83)
0; k # 0.
Thus the power spectrum is
P(f) = N, . (84)

This process is called a white noise because the power spectrum is con-
stant with frequency. The values of this noise for different values of
the independent variable n are uncorrelated; this random process is
used to describe the equivalent timing noise added at the input of each
repeater, as discussed in Section I.

IV. TIMING IN A CHAIN OF REPEATERS WITH ZERO TUNING ERROR AND
COMPLETE RETIMING

4.1 Introduction

In this section we determine the timing, spacing and alignment noise
power spectra and total powers (mean square values) caused by the
input noise at each repeater for a chain of repeaters with zero tuning
error and complete retiming. The repeaters may employ either tuned-
circuit or locked-oscillator timing circuits.

From (36) or (37) the response of each repeater is given by

o) — @0’ — 1) = 2 [{@) - @’ — 1),
(85)
A = (A,

For locked oscillators, (85) is exact. The normalized timing wave am-
plitude A is equal to the ratio of the amplitude of the oscillator wave
to the amplitude of the transient started by a single signal pulse.

Tor tuned circuits we assume that the driving pulses for the timing
cireuit are short enough so that no additional output timing noise results
from the finite pulse width, as discussed in Section 2.5, and we study
only the effects of input noise. Equation (85) will be exact only for
periodic pulse patterns with every Mth pulse present (including all
pulses present); for random or general periodic pulse patterns it gives
a good approximation for the response of a repeater. The normalized
timing wave amplitude 4, is given by (24); 4 is given by (31) or (50).

Let the discrete transforms of the input and output timing deviations
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&€’) and @€@’) be C(f) and C°(f) respectively, where the symbol ~
indicates that the transforms have been taken with respect to the inde-
pendent variable »’ [Ifig. 4(a)]. Then, transforming (85) by the use of
(67), we obtain for the transfer function H(f) of a single repeater

sy _ C(f) _ 1/4
HD = &5 = T=a = yne= (86)
It is convenient to define @ as the effective “Q” of the timing circuit

to the timing deviations, as a function of the average timing wave ampli-
tude 4:

1

=T (87)
— e—’f

A

In the high-@ case,
Q=r4, @G>1. (88)

For tuned-circuit timing filters § may be conveniently expressed in
terms of the tuned circuit @. For a periodic pulse pattern with every
Mth pulse present, from (31),

Q= (89)

Q
i
For all pulses present, M = 1 and § = Q. For random or general periodic
pulse patterns (50) yields, for the high-Q case,

Q=10 @>1, (90)
where p is either the probability that a time slot contains a pulse or the

average number of time slots containing pulses.
In terms of @), the frequency response of a repeater becomes

7 = -

— e_ﬂ'/ée_ﬂﬂ’f *

_ -7
1 e (91)

Taking the inverse transform of H(f), the impulse response A(n’) of a
single repeater is

An) = (1 — e_"lé)e_wé)"'; n >0, (92)

Finally, the square of the absolute magnitude of the frequency response
of a single repeater may be written

| A = .

1 + esch® = sin® of (93)
2Q
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Equation (93) is plotted in Fig. 8(a) for the high-Q case. The low-
frequency components of the timing deviation are transmitted with
little loss in amplitude, and the high-frequency components are sub-
stantially suppressed in a single repeater. The 3-db bandwidth is given
by

Fan = 5%; g> 1. (94)

4.2 Impulse and Frequency Response of a Chain of Repeaters

The transfer function of K repeaters in cascade, Hx(f), is equal to
the Kth power of the transfer function of a single repeater. I'rom (77)

IHE2=

71 (F)
No

(b)

Fig. 8 — Transfer function for repeaters with zero tuning error and complete
retiming, with Q > 1: (a) single repeater; (b) k cascaded repeaters, k > 1.
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and (91),
Ax(y) = A5 = [1—1—6'7;—,] (95)
From (93),
| Bx()) P = | H) P* = 1 g (96)

1 + esch® = sin® wf
2¢

Equation (96) is plotted in Fig. 8(b); the 3-db bandwidth for the high-Q
case is

fn = = A/ITE=T;, G 1. (97)
2Q
Tor a long chain of repeaters (97) becomes
1 0834 ~
fsae = 2—@ KT; Q>1, K> 1. (98)

The bandwidth of a chain of repeaters to the timing deviation varies
inversely as the square root of the number of repeaters.

The impulse response for K cascaded repeaters, hx(n’), may be found
either by taking the inverse transform of the frequency response, given
in (95), or by finding the (K — 1)-fold convolution of the impulse
response for a single repeater, given in (92). Using the latter method,

~ ~ Sint n’ "g_1 ng no
hK(nl) = (1 - C_T/Q)KG_("/Q) E E Z Z 1. (99)
: ng_1=0 ng_2=0 n9=0 n=0

K — 1 summations
This expression is easily evaluated using funetions occurring in the

theory of difference equations.” The function &'™ is defined as follows:

B = ke — Dk = 2) -+ (k —m + 1) = r(zcr(—%:—n

The brackets around the superseript m indicate that it is not to be re-
garded as an exponent. Note that

Y = 1. (101)

(100)

This function behaves with respect to difference and summation
operators in a similar manner to the power function z™ with respect to
differential and integral operators. In particular,
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AE™ = (k + 1) — k™ = mET,

oy [ B
=u m + 1

Substituting these relations into (99), we obtain

rIEy Km0+ K)
TR + 1)

M

he(n) = (1 — (103)
for the impulse response of K repeaters in cascade. I'or K = 1 this ex-
pression becomes identical to (92). For a single repeater the impulse
response decreases exponentially to zero; for a chain of repeaters the
impulse response starts from zero, increases to a maximum value, and
decreases again to zero.

4.3 Timing, Spacing and Alignment N otse

Consider a chain of N repeaters with an independent white timing
noise of average power N, [(83) and (84)] added at the input of every
repeater. The output timing noise power spectrum is equal to the sum
of the power spectra produced by the individual noise sources, since the
system is linear and the various noise sources are independent.

Let 7x(f) be the power spectrum of the timing noise at the output of
a chain of K repeaters with a white timing noise of power N, introduced
at the input of only the first repeater. Then, from (73) and (96),

#=(f) = No| H(N) ™. (104)

This noise spectrum has the same shape as the transfer function of (93)
or (96), shown on Ifig. 8, so these curves also show 7x(f). The timing
noise power spectrum Tv(f) at the output of a chain of N repeaters with
an independent white timing noise of power N, added at the input of
each repeater is now

Fr) =S 20 =y L LA P
IN(f) = :él Tx(f) = N, Wiy (105)

where | H(f) [* is given in (93).
Fig. 9(a) shows T'x(f) for a high @ and a fairly long chain of repeaters.
At zero frequency

Tw(0) = NoN. (106)

The low-frequency noise components from each noise source are unat-
tenuated, and their powers add at the output of the repeater chain. The
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high-frequency components are strongly attenuated in each repeater.
The 3-db bandwidth in the high-@ case is

1 1.265

faw = 55 N @>»1, N>L (107)

As the length of the repeater chain approaches infinity, the timing-noise
power spectrum approaches a limiting form

sinh? —
s _ 2Q (108)
w1 = No s

as indicated in Fig. 9(a). In this limiting case, for each narrow band the
decrease in noise power in passing through each repeater is equal to the
noise power added at the input of the next repeater.

The total timing noise power is given simply by the integral of the
power spectrum, according to (82). Thus,

1/2

tx= [ w0 df,
—1/2
1/2

TN = e TN(f) df,

(109)

where 7x is the total timing noise power at the output of a chain of re-
peaters with noise added at the input of only the first repeater, Ty is
the total timing noise power at the output of a chain of repeaters with
noise added at the input of every repeater and the power spectra 7x(f)
and Ty(f) are given by (104) and (105). While exact expressions for
7x and Ty can be found, they are so complicated as to be of little use
except for short repeater chains, and are not suitable for considering
the high-Q case. An asymptotic expression for Ty has been found by
S. O. Rice and is derived in the Appendix; a similar analysis has been
performed for 7y , but only the final result is given here. For the high-Q
case:

. 1 . r I'3) TK — ). - ~

TR = No;SlnhQE w—, K = 2, Q > 1, (110)
5 _ o 2N . w T TNV + 3, ~

TN = N[)7Slnh QQ—W—*-_{)_-’ Q>> 1. (].11)

For a long chain of repeaters Stirling’s approximation yields:

. 1 / T A
TK—Noz—Q./‘ =1 Q> 1, K>1, (112)
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Fig. 9 — Timing (a), spacing (b) and alignment (c) noise power spectra for a
chain of N repeaters with zero tuning error and complete retiming, with a white
timing noise of power N, added at the input of each repeater; Q > 1, N > 1.
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'I’N=Noi’(r§ﬂ; Qg>1, N>L

1581

(113)

Finally, for a short repeater chain the exact results are reasonably sim-

ple:

T, = #1 = N, tanh 5%,

7y = Nj tanh’ T ctnh I.,
20) Q

For the high-Q case

75 ™

Tl:ﬁ:NOZ—Q; Q)}l,
1’-2=N021%; Q> 1.

(114)

(115)

The spacing and alignment noise are easily found in terms of the
above results. Let Sy(f) and Ax(f) be the power spectra of the spacing
and alignment noise and Sy and Ay be the total spacing and alignment
noise powers at the output of a chain of N repeaters with an independent
white timing noise of power Ny added at the input of each repeater.

From (27) and (67d),
Sy(f) = 4sin® of Tn(f).
Substituting (105) and (93),

q _ he T T 2N1
Su(f) = N0{4 s 211 — | () 1)

From (112),

- ™ 2( 1/ r ) ~
Ny = = - —= H 4 1, N 1.
S NO(Q) 1 20 N -1 () > >

The second term of (118) is negligible.

TFrom (28),
An(f) = [HG) = 1 [Twa ()4 Nol.
TFrom (91) and (93),
~ 14+ s 1 — 0
refi(r) = A P+ L

(116)

(117)

(118)

(119)

(120)
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so that
|H(f) — 11 = ™1 — | H() . (121)
Substituting (121) and (105) into (119),
Ay(f) = N ™¥1 — | () ™, (122)

and from (112)

Ay = N ™0 |:1 — 21—@ ‘/N Ll - ]; @>1, N>1. (123)

The second term of (123) is again negligible.

Tigs. 9(b) and 9(c) show Sy(f) and A x(f). They have the same general
shape, but the alignment noise has considerably greater magnitude.
For high § they have an essentially white spectrum, except for very low
frequencies; their spectra and total power change very little along the
repeater chain. The main contribution to the spacing and alignment
deviations comes from the high-frequency components of the input tim-
ing deviation, so only the input noise at the Nth repeater gives a signifi-
cant contribution to these quantities.

The small angle restrictions of (21) were assumed to hold throughout
the analysis. Equation (118) shows that if N, is small enough so that
the first equation of (21) is satisfied for a single repeater, then the second
equation of (21) will remain satisfied for the entire chain of repeaters.

4.4 Discussion

Each repeater acts as a discrete low-pass filter to the timing deviation,
transmitting the low frequencies with little loss and attenuating the
high-frequency components. The resulting timing noise at the output
of a repeater chain, with noise added at every repeater, contains pri-
marily low frequencies; the total timing noise power grows as the square
root of the number of repeaters. The timing deviations of consecutive
pulses are strongly correlated. Although the total timing deviation may
become large, it changes so slowly that the spacing and alignment devia-
tions remain small. The spacing and alignment noise have an almost
white spectrum and remain almost constant along the repeater chain;
successive spacing and alignment deviations are almost uncorrelated.

The results of this section are exact for locked-oscillator timing cir-
cuits and for tuned circuits with periodic pulse patterns containing every
Mth pulse; for tuned circuits with random or general periodic pulse
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patterns they are only approximate. The exact analysis for a repeater
chain with a general periodic pulse pattern is discussed briefly in the
following section; the approximate results of the present section are in
good agreement with the exact results for this case. The present results
also agree with those given by W. R. Bennett for the total output tim-
ing noise of a single repeater with a random pulse pattern.’

In order to apply these results to specific cases, a detailed analysis
of the particular type of repeater is necessary to determine the power
Ny of the equivalent timing noise at the input of each repeater as a
function of the real input noise, the pulse pattern, and other parameters
of the system. Of course, Ny will be proportional to the input noise power;
its general dependence on the pulse pattern can be described in a quali-
tative way without a detailed analysis.”

Consider first tuned-circuit timing filters. IFrom (115) and (90), the
total output timing noise in a single repeater with an input white tim-
ing noise of power N, is approximately

T .
2pQ’
where @ is the tuned-circuit “@” and p is the average number of time
slots containing pulses. We consider four cases, discussed in the first
section; in all of them from (50) the power of the timing wave is propor-
tional to p°.

1. Baseband repeater, signal pulses drive tuned circuit directly. The
real output noise power remains constant for different pulse patterns;
since 7, is proportional to the output noise to signal ratio, 7; « 1/p%, and,
from (124), No=1/p.

2. Baseband repeater, signal pulses passed through square-law or
similar nonlinear device before driving tuned circuit. The real noise in
the vacant time slots is now substantially suppressed; the real noise
power at the output might be expected to vary approximately as p.
Consequently 71 « 1/p, and N, is approximately independent of p.

3. Carrier frequency repeater, linear envelope detector. This case is
somewhat different from case 1 above. During a time slot containing a
pulse, only the in-phase component of the real input noise contributes to
the random component of the envelope of the input wave. In the absence
of a signal pulse, both the in-phase and quadrature components of the
real input noise contribute equally to the output random phase modula-
tion of the tuned circuit. Consequently, as p decreases, 7, will increase
somewhat faster than 1/p°, and N, will increase somewhat faster than

1/p.

71 = Ny pQ > 1, (124)
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4. Carrier frequency repeater, square-law or similar nonlinear detec-
tor. This type of repeater behaves essentially the same as a baseband
repeater with a square-law device, case 2 above; N, is approximately
independent of p. This has been verified in detail for the special case in
which the timing circuit is an ideal flat filter, rather than a tuned circuit.

For locked oscillator timing circuits, (115) gives

- T ~

71 = Ny 55° Q>1, (125)
with @, given by (87) or (88), now independent of the pulse pattern; the
timing-wave amplitude is also constant. A similar discussion to the one
above shows that N, for a locked oscillator has approximately the same
functional dependence on p as it would for a tuned circuit for the corre-
sponding type of repeater (i.e., baseband or carrier, linear or square-law
detector). Since @ is now independent of p, the variation of the output
timing noise power 7; for a locked oscillator is p times that for a tuned
circuit, with the same type of repeater.

Improved performance is thus attained by using a square-law or simi-
lar nonlinear detector in both baseband and carrier-frequency repeaters,
using either tuned circuit or locked oscillator timing cireuits, as pointed
out by De Lange.” In this case the equivalent input timing noise power
N, will be approximately independent of the pulse pattern, and may be
treated as a constant in the analysis. Qualitatively, the principal effect
of the input noise is simply to add a random displacement to the input
signal pulses, as assumed in the analysis.

The above calculation of the alignment deviation must be modified
for linear baseband repeaters (without a square-law or other nonlinear
element) and for carrier frequency repeaters using a linear envelope
detector. Here for p < 1 the equivalent position modulation required
in the analysis will exceed the actual effective position modulation of
the input signal pulses by the real input noise. Instead of (122) and
(123) we would have approximately for the linear baseband repeater:

Au(f) = Nolpe™ % — [ H) P+ (= p) | H() Y, (126)

Ay = Ny 4@<L—L T >+1—- L%
{pe 20 4/ 1) TP e

d>1, N>1,

with a similar result for the carrier repeater with a linear envelope detec-
tor. Since in this case Ny « 1/p, the net effect as p decreases is an in-
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crease in the low frequency portion of the alignment noise power spec-
trum, with only a small increase in the total alignment noise power. The
over-all behavior of the alignment noise is thus very similar both for
linear repeaters and for repeaters using a square-law or similar nonlinear
element, for which (122) and (123) apply with N, a constant independ-
ent of p. The above results for timing and spacing noise, of course, re-
main valid for all cases.

V. EXACT ANALYSIS FOR A CHAIN OF REPEATERS USING TUNED-CIRCUIT
TIMING FILTERS, FOR PERIODIC PULSE PATTERNS — ZERO TUNING
ERROR, COMPLETE RETIMING

The results of Section IV are exact only in those cases where the tim-
ing wave amplitude A, is strictly constant, i.e., for tuned circuits with
a periodic pulse pattern with every Mth pulse present (including all
pulses present), and for locked oscillators with any arbitrary pulse pat-
tern. FFor tuned circuits with random or general periodic pulse patterns
these results are only approximate. In this section the exact solution for
a chain of repeaters using tuned circuit timing filters is discussed for a
simple periodic pulse pattern; in this case the analysis of Section IV
provides a very satisfactory approximation. As above, the repeaters are
assumed to have zero tuning error and complete retiming, and the driv-
ing pulses for the tuned circuits are assumed to be short enough so that
no additional timing noise results from the finite pulse width (Section
2.5). The response of a chain of repeaters to a single frequency input
™" first is determined and then used to determine the noise response
of the system. Since the pulse pattern is the same, the variation of 4,
is identical at every repeater; the repeaters will consequently be identical
time-varying transducers to the timing deviation.

Setting 8f = 0 in (35), which gives the exact response of a single re-
peater with a tuned-circuit timing filter, yields

) — e —1) = Zl— [€(n)) — &' — 1)]. (128)

The timing wave amplitude A, is given by (24). For a general periodic
pulse pattern A, will be a periodic function of n’. The simplest case of
interest is a periodic pulse pattern of period M containing only two
pulses, located in arbitrary time slots; A, then takes on only two values
and may be written as .

A, = A1 + 5™, (129)
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where A is the average timing wave amplitude and é is the normalized
deviation of A,  from its average value.

Liquation (129) is the Tourier series for A, ; A and & are determined
by (24). From (50),

2Q M
= =X, —_—; 130
o Y (130)
& will depend on the particular pulse pattern. The pattern giving the
greatest variation in timing wave amplitude, and hence the largest 8,
will consist of two adjacent pulses followed by M — 2 vacant time slots,
as shown in Fig. 10. In this case,

A

™ ‘ M

6 = 4—Q(M 2;  @»—. (131)

Tor other patterns containing two pulses, 8§ will vary between zero and

the value given in (131). For periodic pulse patterns containing more

pulses, the Fourier series for A,  corresponding to (129) will contain

more terms. )

We now seek the response of a repeater chain to the input ¢™" .

From (128) and (129) the input and output are related by a modulation
process involving the term

677"71 — 612’”(1/2)n , (132)
of frequency 1. Since ¢ = 1,
ejrn'gj?rfn' _ 6j21r(f—l/2)n'
- b
ejwn'gj?ﬂr(f—lm)n' - 8j21rfn'. (133)

Therefore, for f > 0, if the input timing error to a repeater contains a
sinusoidal component at the frequency f the output will contain com-

0 1 ™M M +1 2M 2M +1 n

Fig. 10 — Periodic pulse pattern containing two pulses giving maximum varia-
tion in timing wave amplitude.
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ponents at frequencies f and f — %; an input at the frequency f — 3
will give rise to output components at frequencies f — 3 and f. (If f < 0,
an input at f yields outputs at f and f + %; an input at f + % yields
outputs at f + % and f.) Assuming that f > 0, the timing error at the
output of the (KX — 1)th and the Kth repeaters may be written as fol-
lows:

' (n) = Axa(NE™™ + Broa(f)e™ TP, (134)
EKO(’ILI) AK(f)eﬁ?rfn' + BK(f)ej”(f—l/Z)"', (135)

Substituting (134) and (135) for €(n’) and &€(n’) respectively in (128),
and substituting (129) for A, , equating the coefficients of each of the
two frequencies on each side of the resulting equation, we obtain

adx(f) + bBx(f) = Axa(f), (136)
cAx(f) + dBx(f) = Bxa(f), (137)

where the parameters a, b, ¢, and d are constants which depend on the .
input frequency f in a simple way. Since the input to the repeater chain
is e "’, the initial conditions for the linear difference equations (136)
and (137) are

Ay =1, B, = 0. (138)

These difference equations are easily solved by the usual methods,
yielding the response of the system to a single input frequency; the
results may then be used to determine the timing, spacing and alignment
noise along the repeater chain with an independent white timing noise
added at the input of every repeater. Although the solution is straight-
forward the analysis is lengthy, and the problem does not seem to be
of sufficiently general interest to warrant the inclusion of the detailed
results. Examination of these results shows that for quite moderate
values of @ the variation in the timing wave amplitude may be safely
neglected in considering the timing behavior of a chain of repeaters.
The approximate analysis of Section IV, which neglects the additional
modulation products caused by the variation of the timing wave ampli-
tude, is reliable for a long chain of repeaters with tuned-circuit timing
filters for this particular pulse pattern.

This analysis may be generalized to more complicated periodic pulse
patterns. However, as the number of pulses in one period increases, so
does the number of simultaneous difference equations corresponding to
(136) and (137), increasing the complexity of the analysis.



1588 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1958

VI. THE EFFECT OF TUNING ERROR ON THE TIMING OF A CHAIN OF RE-
PEATERS USING LOCKED-OSCILLATOR TIMING CIRCUITS WITH COMPLETE
RETIMING

We next consider the timing deviations introduced by random tuning
errors of the different repeaters, in a chain of repeaters using locked-
oscillator timing circuits with complete retiming. I'rom (37) the timing
response of such a repeater is given by

o) — e — 1) = %[ef(n') — 2 = 1)]

of 1
7 (1 z) bas

where A is the ratio of the amplitude of the oscillator wave to the ampli-
tude of the transient started by a single signal pulse. As pointed out in
Section 2.3, this relation does nof approximate the behavior of a tuned
circuit with tuning error. Since no equivalent analysis has been devised
for tuned circuits, the present treatment of the effects of tuning error
on a repeater chain is confined exclusively to repeaters employing locked
oscillators.

The output timing deviation of a repeater using a locked-oscillator
timing circuit is linearly related to the input timing deviation, but has
an additional equivalent input timing deviation related to the pulse
pattern through the b, and proportional to the tuning error. In the
present section we consider only the timing noise caused by the tuning
errors of the different repeaters, since the effects of input noise for this
case have been discussed in Section IV.

We will consider only random pulse patterns with a probability p
that any time slot contains a pulse, independently for each time slot.
Tor such a pulse pattern the quantities b, are independent random
variables and consequently have a white spectrum, in addition to a dc

(139)

component. The quantity (b, — 1) has a geometric distribution," so
that the mean and variance of b,. are
1
<b”'> = 5:
(140)
o' = (bn'2> - <bn'>2 = ! _2 p'
p

Separating b, into de and ac components,

by = B+ By, B= () =21, (141)

i
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(B = 0, <B>—%ﬂ (142)

It is now convenient to separate (139) into de and ac components, as
in (40) to (45). Writing

én') = Ea + o)), (143)
we have, from (139):
ey—a;=FM—1w (144)
L) = &0 = 1) = & [al) — &l — 1)

K, . (145)

T
Equation (144) represents a constant delay through the repeater due
to tuning error. There will be a corresponding de¢ alignment deviation
between the input signal and the retiming pulses, but otherwise the de
component is of no further interest in the analysis of the chain of re-
peaters. The ac timing deviation is governed by (145); for simplicity,
the subscripts .. will be dropped in the remainder of this section.

We now let C*(f), C°(f) and B(f) be the transforms of &.'(n’), &’ (n')

and B, respectively. Taking the transform of (145),

o = Ao -t hp|, o
where
~ 1 —¢™R
H(f) = I——e_‘_”/é—e—‘ﬂ”’ (147)
A:——1—~; Q=r4, QG>1. (148)
1 — i@

H(f) and @ are the same transfer function and effective “Q” previ-
ously defined for the repeater in (91) and (87) and (88), and B, is a
white noise of power (1 — p)/p”.

In Section IV the effects of independent white timing noise added at
the input of every repeater were determined. The present analysis is
somewhat different in that the added timing noises at the different
repeater inputs are no longer independent, since the pulse pattern and
hence B..- and B(f) are identical at each repeater. In general, we no longer
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may simply add the output power spectra caused by the various noise
inputs, but must keep track of the phase angles of the different com-
ponents. Thus the timing noise power spectrum T'y(f) at the output of
the Nth repeater, in terms of the tuning errors (6f)x of the various re-
peaters, becomes ‘

Tx(f) = -
1 1 ’1 — P LA SK(p\TTRL (149)
e [6_‘_1/6 _ 1:' e KE=1 LZ=1 (5f)N—K+1(5f)N—L+1H (f)H (f)

Next assume that the tuning errors (§f)x themselves are independent
random variables with zero mean. Thus,

(@Nx()r) = 0; K # L,
(6N = (@) K =1L

The tuning errors at the -different repeaters are uncorrelated. The
equivalent input timing noises at the different repeaters are thus also
uncorrelated, although not independent; in this special case, the output
power spectra of the different components may be added directly. Sub-
stituting (150) into (149),

TN(f)=«6f)2>|: 1 :I 1 —-p1—|H(f) I2N

(150)

o lete —ad o |H(H[* =17
(@) = {0 o BAL (151)
T ey k=1

Comparing with (105), the timing noise power spectrum caused by
uncorrelated tuning errors has the same shape as that caused by inde-
pendent white timing noise at every repeater input. Thus, the total
output timing noise power in the present case is given by (111) or by
(113) to (115), where N, must be replaced by

@pr_L Tize

P Lgmi — 1] TP

For the high-@ case:

s _@NHQ1—p, Y
T = T on o5 Q>1,

o (152)
TN=<(%3>§1;2P4/§; J>1, N>L
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The spacing and alignment noise power 'spectra and total powers are
found in the same way from the results of Section 4.3.

The results of (151) and (152) are no longer valid if the tuning errors at
the different repeaters are correlated. For example, if all tuning errors
are identical, making use of (121), (149) becomes

Fo(f) = (6_f> 1 —pl1 BN
F) (e=n —1ye p* |H(f)|7? -1’ (153)
(5f)x = 5f~

In this case, all repeaters are tuned correctly but the pulse repetition
frequency is incorrect. The last factor of (153) approaches N? as f
approaches zero [the corresponding factor of (151) or (105) approaches
N, as illustrated in Fig. 9(a)]. The low-frequency noise is much greater
in this case, since an identical timing noise has been added at every
repeater and the corresponding noise amplitudes, rather than powers,
add at the output.

For a single repeater using a locked oscillator, the output timing noise
power given in (152) is just twice as large as the corresponding quantity
computed by W. R. Bennett for a tuned cireuit.” This is in accord with
the discussion of the two cases given in (38) to (45) and illustrated in Fig.
6 for p close to 1. A similar analysis for the timing noise produced by
tuning error in a chain of repeaters using tuned circuit timing filters
has not been found.

VII. TIMING IN A CHAIN OF REPEATERS WITH PARTIAL RETIMING

The preceding analysis has been confined to the case of complete
retiming, in which the timing deviation of each output signal pulse is
equal to the timing deviation of the corresponding timing pulse. All of
these results are easily extended to the case of partial retiming, in which
the timing deviation of each output pulse depends linearly on the
timing deviations of both timing and input signal pulses.

As stated in Section I, in systems employing complete retiming the
timing pulses may be derived only from the input signal pulses. If such
a system with timing from the output signal pulses could somehow be
started, its subsequent timing behavior would be completely independ-
ent of the input pulse pattern. Thus, the repeater would have no way
of determining when the timing pulses were properly centered on the
input signal pulses. However, in systems employing partial retiming,
the timing pulses may be derived from either the input or the output
signal pulses.
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Let €(n') and €(®n’) be the normalized timing deviations of the n’th
input and output signal pulses with transforms C*(f) and C°(f), as before,
and let é(n’) be the timing deviation of the n/th timing pulse with
transform C‘(f). Then, following Pierce,® we assume that

e = ad(n) + (1 — a)&(@),
C°() = «C'(f) + 1 — a)C(P).

IFor complete retiming assumed up to now, @ = 0; for no retiming, « = 1.

Consider first a repeater with the timing wave derived from the input
signal pulses. All of the previous analysis for a single repeater (Section
II, Section 4.1 and the first part of Section VI) remains valid if we
replace &(n’) and C°(f) by &(n’) and C'(f) respectively. Thus, from
(86) to (91), for a repeater with zero tuning error

&) _
0

where A(f) and @ remain the same as before. Defining H.(f) as the
transfer function of a single repeater with partial retiming with timing
derived from the input, from (154) and (155)

Hulf) = a + (1 = H(f). (156)
Tor a = 0, H..(f) = H(f). Making use of (120),
| Hel ) = v+ (U =) H I,

v =a[l —¢ ™+ ae—ﬂo],

(154)

1 —e¢™

— 5e—j2rf

o) = ; , (155)

(157)

where | (f) [* is given in (93). Substituting | H..(f) I for | H(f) |’ in
(104) and (105), the timing noise power spectrum at the output of a
chain of repeaters with an independent white timing noise added at the
input to each repeater is determined as in Section 4.3. Tor moderate
values of a the timing noise spectrum will be slightly larger at high
frequencies than for complete retiming, « = 0. Thus, the total output
timing noise power will be slightly larger than for complete retiming,
given in (110) to (115). The spacing and alighment noise power spectra
may also be easily determined.

Next consider a repeater with the timing wave derived from the out-
put signal pulses. For zero tuning error we now have

C'(f)
C°(f)

1 — g8

ST

(158)

= [(f) =
1
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Substituting into (154), the transfer function H ..(f) of a single repeater
with partial retiming with timing derived from the output is

a

M) = T =i

(159)

The 3-db bandwidth of a single repeater for small « and high § is ap-
proximately

o

foap = 2G5 @ <1, (G>1. (160)

The bandwidth is « times the bandwidth of the corresponding repeater
with the timing wave derived from the input [which for small « will
be only slightly larger than the value for complete retiming, given in
(94)). The output timing deviations are thus much smaller with timing
from the output than with timing from the input (for zero tuning error).
However, in the limit as « — 0 the behavior of the repeater becomes
independent of the input pulses, and the effects of any noise sources in
the regenerator itself become correspondingly more important.

The analysis of Section VI for a locked oscillator with tuning error
is readily extended in a similar manner to a repeater with partial retim-
ing. With timing from the input there is again little change in behavior
for small «. However, with timing from the output the de alignment
deviation &, — &' is proportional to 1/e. The bandwidth of the
repeater decreases as above, while the equivalent input timing noise
due to tuning error increases.

Both tuning error and additional noise sources in the regenerator will
determine whether for a given small value of « any advantage can be
obtained by deriving the timing wave from the output rather than the
input. For complete retiming, & = 0, the timing wave must be derived
from the input.

VIII. DISCUSSION

To illustrate the above results we consider a chain of repeaters using
resonant-circuit timing filters with zero tuning error, complete retiming
(the timing wave must of course be derived from the input), driving
pulses short enough so that no additional timing deviations are intro-
duced by the finite pulse width and a random pulse pattern. We further
assume that the equivalent normalized timing deviations added to the
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input pulses are distributed uniformly between —0.1 and +0.1; the
equivalent input timing noise power is then

Ny = 0.0033, v/N, = 0.0578.

Take
N = 100 repeaters,
@ = 100, tuned circuit “Q”,
p = 3, probability that a time slot contains a pulse.

From (90)
Q = 50.

The rms values of the timing, spacing, and alignment noise at the
output of the repeater chain, from (113), (118) and (123), are:

VTy = 0.0344,
V'8 0.00363,
VA, = 0.056.

Il

All of these normalized quantities are of course measured in units of a
pulse period.

Next consider the effect of finite pulse width. An extreme case may
give some indication of the importance of this effect. Consider the change
in output timing deviation caused by changing the pulse pattern from
all pulses present to every Mth pulse present, with raised cosine driving
pulses as illustrated in Fig. 7. From (63) and (33), the change in output
timing deviation will be w(7w/Q)(M — 1). For overlapping pulses [Fig.
7(b)] and for @ = 100 as in the above example, from (64) and the table
following it, w, = 0.1073, and the change in output timing deviation
will be 0.00337 (M — 1). Thus, for @ = 100 and overlapping pulses as
shown in Fig. 7(b), changing the pulse pattern from all pulses present
to every 10th pulse present causes a phase shift of 10.9° in each repeater.

The analysis for the effect of finite pulse width (or amplitude-to-phase
conversion in the limiter of the timing system) in a chain of repeaters
for a random pulse pattern is complicated by the fact that the timing
deviation added at each repeater is directly related to the timing wave
amplitude. It is not obvious that the variations in timing wave amplitude
can be neglected in this case, as was done in studying the effects of input
noise (which will be independent of the pulse pattern).

TFinally, consider a chain of repeaters using locked-oscillator timing
circuits with random tuning errors, complete retiming (with the timing
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wave derived from the input), and a random pulse pattern. Assume

@ = 100,

1

P =3
Then, from (151), the equivalent rms input timing noise per repeater is

15 V@,

The effects of tuning error will be the same as the effects of an input
timing noise uniformly distributed between —0.1 and 0.1 (correspond-
ing to vV/'N, = 0.0578, as in the first example) for an rms fractional
tuning error of

As discussed above, similar results are not available for the effects of
tuning error in a chain of repeaters using tuned circuit timing filters.
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APPENDIX

Approximate Solution for Ty

In this appendix we present the approximate solution obtained by
S. O. Rice for Ty , the normalized timing noise power at the output of
a chain of N repeaters with an independent white timing noise of power
N, introduced at the input to each repeater. This solution is most useful
when the timing circuits have a high §@. From (109), (105) and (93),

7 _ v L= HP "
.lN _ N —.v__—._—.’
D =N mH =1
- 1
|H(f) | = - :
1 + esch® ig-sin2 wf (161)

1/2

Ty = f_ " Tx(f) df.
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Substituting
6 = 2nf (162)
into (161}, we obtain

s _ No 71— 90
=2k o= ®

1 (163)
Y9 = ————,

1+asin2§

where we have replaced csch® 7/(2Q) by a to simplify the analysis. Mak-
ing the following change of variable,

_ ] .00 2 . 2dx
x = tan é , Sm § = 1 + xz, df = m, (164)
Equation (163) becomes
& Noe2 [Tdx 1+ 2 ]N
Te=23l, '{2{1 [m : (165)

Integrating (165) by parts, we find

5 o AN [T dx 1+ 2’ v
T = No=2 fo (1 + o2 [1 + (@ + 1)x2] ' (166)

Making another change of variable

_ 14+ (a+ 12’ _ 2axde s u—1
" i e 0 "Tarer " Tariow U9

Equation (166) becomes

; ON [ du [(a+ 1) — u:l”2
YN = NOE . uN‘H I:-—u—__—l-— . (168)
Making one last change of variable,
v=u—1, (169)

Equation (168) becomes

~ 2N [ dv a — o\ ,
YN—NOE/O (1+v)N+‘< v ) ) (170)

The principal contribution to the integral of (170) comes from the
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singularity at » = 0. We split off this portion of the integral and use
the remaining terms to get bounds on the error. Thus,

TN=N0£V[f ———-—-dv a”2
0

Ta V(L + p)NH
é dl) 1/2 1/2 ]
— [ @ = @ = 0"
1/2 1 N+1
0 V(LA ) < an
- N 2N [ dv f‘” dv
R U i e A e
Y3 dU al/? _ (a _ 0)1/2_
= -/0 01/2(1 + v)NH al’? -
_ o N [T +3) ]
= o[ My~ e
* dv
b= | .
172
R = ]“ dv a® — (a — »)'? )
2= o 031 +F p)¥H a2 :
We next find bounds on E; and R, .
For R, , we have
% dv " dy 1
R e

(173)

1
(N + 5

For R,, we first state the inequality

O0< R <

v
a1/2 + (a —_ 0)1/2

¢ dv a’® — (a — v)"*
0<R,= fo 121+ U)N+1|: all?

1] " dv 1 i v
(1

a”? — (@ —v)'* = < Tv/?; 0<v<a (174)
a

Thus,

TF o™ “ah T+

(175)
1TV - %
e TN+
1 TV
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Replacing a by csch® #/2Q in (172), (173) and (175), we obtain as
the final result

oN . w [Trv+3d o, ]
No sin hQQ[_——F(N+1) R, — R, |,

0 < R; < sinh®™" ’;2[ ¥ ir ] (176)

. T(%)F(N—%:I
0<R2<Slnh Q_Q-[_I‘(_N_—i——i—)— .

The bounds are quite close for a moderately high @, and improve with
increasing Q or N.

If § > 1, N > 1, the sinh may be replaced by its argument and the
gamma functions by Stirling’s approximation, yielding the result given

in (113):
Ty = No ‘/SN, g>1, N>l (177)
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Helix Waveguide Theory and Application

By HANS-GEORG UNGER
(Manuseript received March 31, 1958)

Generalized telegraphist’s equations have been derived for curved helix
waveguide and coefficients obtained for conversion from normal modes
of the helix waveguide to normal modes of the metallic waveguide. A radial
wave impedance at the heliz interface is used to caleulate the effect of
composite jacket structures. Three different applications of the heliz
waveguide for circular eleclric wave transmission are discussed: As a mode
filter, the helix waveguide should have a lossy jacket which causes a high
transmassion loss for all unwanted modes. For sharp intentional bends with
tapered curvature, the heliz waveguide should have a jacket of low-loss di-
electric material surrounded by a highly conducting coaxial shield. For an
all-helixz waveguide, in order to reduce both mode conversion-reconversion
effects at tmperfections and loss in curvature the jacket should be medium
lossy and also surrounded by a metallic shield. The distance between helix
and shield should in all applications be aboul a quarter of the radial wave-
length in the material. Measurements on unwanted mode transmission and
TE; curvature loss confirm the analysis.

I. INTRODUCTION

Helix waveguide consisting of closely wound insulated copper wire
covered with a jacket of dielectric material and surrounded by a coaxial
metallic shield has been shown to be useful as a communication medium.'
The low-pitch helix gives to this structure the low-loss characteristics
of solid copper-wall waveguide for circular-electric waves. All other
modes of propagation, however, suffer a change of their field configura-
tion and propagation constants, depending on the properties of the
outside jacket and shield.’

There are two distinctive applications of the helix waveguide for
circular electric wave transmission, requiring different but definite prop-
erties of jacket and shield. One is the use of helix waveguide in short
sections inserted as mode filters in an otherwise conventional waveguide,
to reduce the mode conversion-reconversion distortion of TEq propaga-

1599
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tion. Ifor this application the attenuation constant of all unwanted modes
should be made as high as possible by choosing a material with a certain
loss factor for the jacket. The other application is to transmit the cir-
cular-clectric wave around sharp intentional bends.’ In this case the
jacket of the helix waveguide should be as low in loss as possible and the
distance between helix and outer metallic shield should be chosen so as
to minimize mode conversion and dissipation loss in bends.

Beyond this, a third and probably the most important application is
the all-helix waveguide as transmission medium. In this case, high un-
wanted mode attenuation as well as low Ty loss in bends is desired.
A compromise between the helix waveguide for mode filters and the
helix waveguide for sharp bends has to be met by choosing a medium
lossy jacket and the proper distance between jacket and shield. This
compromise will be made on the basis of tolerances. While the manufac-
turing tolerances call for a mode-filtering helix waveguide, the laying
tolerances call for low TEy loss in random curvature.

In order to design these different types of helix waveguide, we must
analyze the propagation characteristics of both the circular electric mode
and the unwanted modes in the general structure of helix surrounded
by lossy jacket and metallic shield with both a straight and a curved
axis. In the following two sections two different approaches to this
problem will be presented. Both of them make use of Schelkunoff’s
generalized telegraphist’s equations for waveguides.* The propagation
in the curved helix waveguide is represented by a set of coupled modes
of propagation. But the set of modes used in the first approach is differ-
ent from the one used in the second approach. In Sections IT and III the
generalized telegraphist’s equations are derived. In Section IV the prob-
lem of a composite jacket structure is reduced to a radial transmission
line problem. The theory is applied to practical helix waveguide prob-
lems in Section V, and conclusions are actually given there. The reader
interested only in design and application of helix waveguide is therefore
referred immediately to Sections IV and V.

II. REPRESENTATION IN TERMS OF NORMAL MODES OF THE METALLIC
WAVEGUIDE

To obtain generalized telegraphist’s equations the field at any cross
section of the curved helix waveguide is represented as a superposition
of the fields of a certain set of normal modes. A current and a voltage
amplitude are associated with each normal mode and the currents and
voltages, after Maxwell’s equations and the boundary conditions of the
curved helix waveguide are applied, are found to satisfy an infinite set
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of generalized telegraphist’s equations. The coupling terms in these
equations depend upon the curvature of the guide axis and the jacket
structure. The choice of normal modes may be arbitrary, but, in this
case, it seems most appropriate to choose the normal modes of a straight
circular waveguide with perfectly conducting walls. It appears that,
with this choice of modes, the generalized telegraphist’s equations will
also solve the problem of mode conversion at an abrupt or gradual tran-
sition from metallic waveguide to helix waveguide. Also, it will be pos-
sible to analyze mode conversion at all those imperfections of the helix
waveguide, for which the mode conversion in a metallic waveguide is
known.

The natural coordinate system (r, ¢, 2) for a curved circular waveguide
is toroidal (Iig. 1), where z is the distance measured along the curved
axis of the guide and r and ¢ are polar coordinates in a plane normal
to the axis of the guide, with origin at the guide axis. The lines ¢ = 0
and ¢ = 7 lie in the plane of the bend. The inner radius of the guide is
denoted by a and the radius of the bend by R.

For the moment, (r, ¢, 2) are regarded as general orthogonal curvi-
linear coordinates (u, v, w) by letting

u=r V=9 w = 2z. (1)

The element of length in this system is

ds* = e'di’ + e’dv’ + eg’dw’, (2)
where
01¥1; e =71 e3=1+¢ 3)
and
£ = % cos ¢. (4)

For a field with time dependence ¢’’, Maxwell’s equations are:

1 [a 3 ] .
L [— (@B — 2 (@B | = — jout., (5)
exes | 9 Jw A

1 [ F ] )
— I:— (elEu) - 5 (68Ew) = _]w#Hv ’ (6)
eser | Ow ou J

1 o : 9 N

;[a—u (@) = 2@t | = —jautl, ()
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1 (') a h ] |
6—2—-63 l:% (eus) - % (esz)— = ]weEu y (8)
1 aJ 9 -1 '

eser [% (eHy.) — e (eus)_ = jwell, , (9)

1 d 3 . . ,

s [@ (e:H,) — P (elﬂu)~ = jwel,. (10)

The permeability u and the permittivity e are those of free space in the
waveguide interior, but between helix and shield ¢ is determined by the
choice of the jacket. If there is dissipation in the jacket it is complex..

To convert Maxwell’s equations into generalized telegraphist’s equa-
tions we introduce the field components of the normal modes of our
choice. Each mode is described by a transverse field distribution pat-
tern T'(u, v), which satisfies

2 1|9 fedT 3 ferdT 2
1= ol ) ra G F)] - e an
where x is a separation constant which has discrete values for the vari-
ous TE and TM modes. Brackets will be used for TE modes and paren-
theses for TM modes. Thus, the function corresponding to the nth TE
mode is denoted by T'n(%, v) and the separation constant by x(,; with
the subscript in brackets. The function corresponding to the nth TM
mode is denoted by Ty (u, v) and the separation constant by x¢, , with
the subsecript in parenthesis. The normal derivative of T',; vanishes on
the boundary v = a, while T, itself vanishes at u = a.
The T functions are assumed to be so normalized that

j; (grad T)(grad T) dS

(12)
= [ (hux T)(@ux 1) aS = [ 1708 = 1,
S S
where S is the cross section of the guide inside the helix.

With the definition of the gradient and flux of T':
grad, T = ﬂ, grad, T' = ﬁ,
e 0u €00

(13)
flux, 7' = T flux, T' = _or

e0v’
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various orthogonality relations exist among the T functions:

fqy(n)T(m) dsS = f,ly[n]T[m] dsS = 0:
8 S

[ (erad Top)erad Tow) dS = [ (fux Tn) (s ) 48 = 0, (14)
fs (grad Tpy)(grad Ton) dS = fs (flux Tpy)(Aux Tonp) dS = 0
if m % n, and
[ (erad T (fux T as = [ (grad T (ftux T @S (
15)

= f (grad T ¢y)(Aux Tey) dS = 0
I

for all m and n. We now assume series expansions of the field compo-
nents in terms of the functions 7'(u, v), with coefficients I and V depend-
ing on w:

0T oy aT[n]]
b

Eu= Vn Vn
Z_ = e10u T Vi €20V

€200 ™ gou |’

E, =2 Vw
- (16)

[ ajw(n) aT[n]]
H, = — Iy —2 + I,
; ) T Lt edu |’

T aT
H, = I =2+ I, ["1].
Zn: L ™ e ou + m €20
With the 7' functions, the field components in (16) are only defined
inside of the helix for # < a. The effects of jacket and shield (at radius b)
are taken into account by the boundary conditions:

E, =0, (17)
By = —ZH, (18)

at the helix. In these conditions, the low-pitch helix has been replaced
by an anisotropically conducting sheath, and jacket and shield by a
wall impedance Z. Later on in this paper we shall discuss how to calcu-
late this wall impedance and even how to take the effect of finite wire
size of the helix into account by modifying Z.



1604 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1958

The boundary condition (17) is satisfied by the individual terms of
the series for E, .

To transform Maxwell’s equations into generalized telegraphist’s
equations the series expansions (16) are substituted for the field compo-
nents in (5) through (10). Then certain combinations of these equations
arc integrated over the cross section and advantage is taken of the
orthogonality relation (14) and (15). TFor example, substituting from
(16) into (5) and (6), adding

_ 9T times (5) and
Co v

e 9T em times (6)
er ou

and integrating over the cross section, we obtain:

d V(m)
dw

+ jw/.t E [I(n) fcg(grad ’1'(n))(grad T(m)) dS
n S
+ I feg(ﬁux Ta)(grad T omy) dS:l (19)
S

= f (grad e;l0,) (grad Tny) dS.
S

The right-hand side can be integrated by parts according to Green’s
theorem:

, 2w

T ()
I,
a .lo C3 au

d — f el div grad T dS.
a S

In the first term of this expression, I, is replaced by H, through the
boundary condition (18) and, for H, in turn, the series expansion of (16)
is substituted:

27
T im
af e, )
(]

u

27
ATy 9T
— —aZ I"_/ e3 91y 9T (m)
2 a;[“o o ou ou

(2" e3 aT[n] aT(m) :I
= dv .
+ I[n] jo (2) v 6u v

In the second term of the foregoing expression, K, is replaced by H,
and H, through (10) and, for H, and H, in turn, the series expansion
of (16) is substituted:

Joelly = — 22 Tayxom Tony - (20)
Therefore:

— f eng div grad T(m) dS = C'—Z; Z I(n)X(n)QX(m)Z f egT(n)T(m) ds.
8 n S
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Thus we get, instead of (19)

Do —jon T L | [ earad T)grad T dS
dw n N
2 2
— X Xom f el Ty dS
wue S
2r
+ g 23_ 6T(n) 6T(m) dvjl (21)
Jou do e du du
— jw,u Z I[n] |:‘/; €3 (ﬂuX T[n])(grad T(m)) dsS
aZ i €3 aT[n] 6T(m) :]
— = .
JouJo e v Ou
By again substituting from (16) into (5) and (6), adding
% 0T m times (5) and e 0Tty times (6)
e; ou e
and integrating over the cross section we obtain:
AV . ,
) o 3 Ty [ e (gead To)(grad T) dS
dw n s
+ o T oo [ s (grad Top)(flux Tpm) dS (22)

= — f (flux esB,)(grad T'pmy) dS.
S

Integrating the right-hand side of (22) by parts:
27
/ eSEw anm]
0 d

and replacing F, by H, through the boundary condition (18), (22)
becomes:
dw

dv,

a

= —jou 2 It [ j; es (grad Trg)(grad Tp) dS

i i €3 0T () aT[m] dl):'
JouJdo e v dv

iew S T [ [ s (e 7o) ttax ) a

+ _Z_ e C3 aT(n) afp[ml dv]
Joudo e du '

(23)
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Similarly, by adding

_63 oT

—%0Tm s (8)  and 72 times (9),

er ou €
substituting from (7) for H, and integrating over the cross section we
get:
Al iy . [
T = Jee 2| Ve j es (grad T'o)(grad Tew) dS
n S
' (24)

+ Vi fses (grad T y)(flux T') dS] .

Finally, by adding
_& T times (8) and ¢ 9T'1m times (9),
€2 v €1 du

again substituting from (7) for H, and integrating over the cross section
we get:

Yot — —jue 3 Vo | [ s (g Tu)grad Tom)is
w n s
2 2
— Xinl Xim) f Tt Tm dS:l (25)
wlue Js

— jwe 25 Vi f es (grad T'()(flux T'pmy) dS.
n 8

Equations (21), (23), (24) and (25) are generalized telegraphist’s equa-
tions for the curved helix waveguide. They can be written in the follow-
ing form: ‘

AV m)
dw

AV
dw

dw

Al 1
dw

= —Z [Z(m)(n)I(n) + Z(m)[n]I[n]]:

= =2 Zwlw + Zmmlm),
(26)
= =2 YemmVw + Yoy Vil

= =2 YV + Yiwm Vil



HELIX WAVEGUIDE THEORY AND APPLICATION 1607
The impedance and admittance coefficients are defined by

Zeomyny = Jop I:L e3 (grad T(n))(grad T(m)) ds

2 2 27

n m n T m

— Yo Xm, fe:iT(n)T(m) as + 92 [ 40T w 81 )dv],
wiue Js Jop Jo e ou  Ou

Z(m)[n] = jw,u I:'/; €3 (grad T(m))(ﬂux T[n]) dS

+a_Z_ 2r§§aT[n] GT(m)dv]
Jou Jdo e v du ’

Z[m](,,) = jwu I:j; €3 (grad T(n))(ﬁux T[m]) ds

+£ 2w€§6T(n) 6T[m] di)]
jouJdo e du v ’

Zimln] = Jup [L e; (grad T'y)(grad T'pwy) dS (27)

+£ 27"6_36T[n] aT[m] dv]
Jopdo e dv v |’

Ymym = Jwe _/s e; (grad T'y)(grad T'em) dS,
Yinym = Juwe j; e3 (grad T y)(flux Tpyp) dS,
Yimm = joe fs es (grad 7' o)(flux T'pmy) dSS,
Vo = doe| [ e (rad Toa(grad T as

2 2
_ XInl X[m] '[gesT[n]T[m] dS:| .

wne

We note the following symmetry properties of these coefficients:

Zmymy = Zmym Yiyw = Yyom 5
Zimyin = Znltm Yimm = Yiam ; (28)
Zimioy = Zwym » Yimo = Yym -

The generalized telegraphist’s equations represent an infinite set of
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mutually coupled transmission lines. For our purposes, it is more con-
venient to write the transmission-line equations not in terms of currents
and voltages but in terms of the amplitudes of forward and backward
travelling waves. Thus, let @ and b be the amplitudes of the forward
and backward waves of a typical mode at a certain cross section. The
mode current and voltages are related to the wave amplitudes a and b

by

Il

V = VK (@ + D),

1 (29)
] = ——= —_
'\/I{ (a b)y
where K is the wave impedance
K = B ,  Kpp =22
we B
Bow = (B — xe)", B = B — xu), B = e
The currents and voltages in the generalized telegraphist’s equations
(26) are represented in terms of the travelling-wave amplitudes. The

following equations for coupled travelling waves arc obtained after some
obvious additions and subtractions:

dam) + - + -
Pt 2= koo @ F ko by F ke @) F ke bl
n
dbm - + - +
dz =+ Z ke @w F K Oy + Kem) el F Ken 1~ Opmil,
n
(30)
da m + — —
d[z bm — 3 lktmon " ko Doy + &tmitn @ + ki b,
n
db _ . _
d[zm] =+ 2 [kpmon @ F Kpmony Diwy F Kimit @pay F kpmipnr bpal-
n
The «’s are coupling coefficients defined by
1 [
=+
ki = 5 | VEmEKm Ymw £ = Z (m) )]
m)(n 2 (m)L¥-(n) m)(n \/K(m)K(n) (n )
1 - 1
Kemyin)© = 5 [\/K(m)K[nl Yoy == VEomKe, Z(m).'n]:l )
m n
. ) (31)
. o
ko’ = = | VKoK Vi = Zln]
m)(n 5 [ K@ Yo VK Koy 2o |
K ][]i=l[’\/1( K Y, 11 £ 1——* Zmye *jl
.mlin 9 [m] L) [n] [m][n \/I{[m]K[n] m]ng |
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In these definitions the plus signs are taken together, as are the minus
signs.

To examine the coupling coefficients, we introduce field functions of
the normal modes of the circular guide with perfectly conducting walls.
‘We shall use the customary double-subseript notation, but shall continue
to denote TM waves with parentheses and T waves with brackets:

T — /E: i{ll(x(nm)r) Sin n_gp
(nm) /‘/ T k("m)J"—IUCnm) )

M (32)
T — G_n Jn(x[nm]r) COS Ny
fromd ™ (/‘7[mn]2 - n2)1/2<]n(knm) ’
where
Eam) = Xom)@, Julb@m) = 0;
(33)
k[nm] = X[nm]a; Jn,<k["7"]) = O
and
€ = 1, n = 0,
(34)

€& = 2, n # 0.

Introducing (32) into (27) and these in turn into (31), the coupling
coefficients are calculated.

There are two different causes of coupling between the metallic guide
normal modes. One is the finite wall impedance Z of the helix waveguide;
we shall continue to denote the corresponding coupling coefficient with
k. The other is the curvature of the guide axis; we shall denote the
corresponding coupling coeflicient with jc. The coefficients of curvature
coupling je turn out to be purely imaginary.

The «’'s in (31) which have equal subscripts may be regarded as
propagation constants of typical TM or TE modes which have been
modified by the finite wall impedance Z. It turns out that these modified
propagation constants do not depend on the curvature:

. €& 2
Kam)m) = Yom) = JBomy + % Koy
nm . (35)
€n n° Z

K = = 7, + a P *
frmd o) = Viwm) = JBpm) T 5 ktnm® — 1 Kpum

Ifor all other x’s we find that the wall impedance causes coupling only



1610 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1958

between modes of equal subscript n in (32). The corresponding coupling
coefficients are:

K(nm)( )+ = z
nm) (np = ——,
20 /K wmy K oy
+ + €n n Z
Kmm)[npl = Knpl(am) = —5— (36)
20 /ktuy> — 7 VE@mEKg)
€n n? Z

+ _
Kinm][np] =

2a Vim?® — 7 Vig?: — 7 VK pom K ()

The curvature of the guide axis causes coupling only between modes
which have a subscript n in (32) differing by one. The corresponding
coupling coefficients are the same as in the curved circular guide with
perfectly conducting walls.” We obtain, for example,

Cron >+ = B 2
YT b B
2 ko R

Cro1 (1m)+ =0 for m # 1,

= V2 kionym” V3Bd — By — w37
Vitam — 1 o — Fum)’ a* V/2B100B1im

=+ \/B[onﬁuml) %'

+
Clo1] [1m]

The curvature coupling between TEy and all other modes does not
depend on the finite wall impedance of the helix waveguide.

There is some combined curvature and wall-impedance coupling be-
tween certain higher order modes. However, for TEg transmission in
the helix waveguide, this is of no interest.

To apply the preceding analysis to practical problems we need con-
sider only the forward waves, since the relative power coupled from
the forward waves into the backward waves is quite small. After the
b’s and «’s have been omitted, (30) can conveniently be written in
matrix form:

A" = —MA. (38)

If we designate the amplitude of the TIEq by ao and let the remaining
a’s represent the amplitudes of the modes which are coupled to TEy, in
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the curved helix waveguide in order of their cut-off frequencies, then, in
a somewhat simplified notation, the matrices in (38) are defined by:

(241

ay

[£5]

M

[ 760

jcox

jcoz

JCor  JCo2
K11 K2
K12 K22

39

If both the ¢’s and off-diagonal «’s were small, the solution of (38)
could be written down as a perturbation of the propagation in the
straight metallic waveguide. This is usually not the case. In gentle
bends such as we are interested in here, however, the curvature coupling
is orders of magnitude smaller than the wall impedance coupling between
the modes. Therefore, it is convenient to split M into M, + M, , where
M, is the straight helix waveguide matrix and M, takes the curvature
effects into account:

_jBO 0 0 ¢ ‘1 B 0 j001 jcoz . W
0 xu ke | ij 0 0
My=|0 &2 ko M,=|Jcz 0 O (40)

B

The effect of curvature can be calculated by a perturbation method,
but

A= MA (41)

will have to be solved more rigorously. To do this, we diagonalize M,
by the transformation

A = LW, (42)

where L is the modal matrix® of M, . Since M, is symmetrical, we have
L; = L' and the transformation of M), to the diagonal form of its latent
roots® reads:

L[MhL = F.
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In
% 0 0 -]
0 v+ O
r=(0 0 7 - (43)
L - ]
the y’s are solutions of the characteristic equation
JBo— 0 0
0 Kn — ¥ K12
0 k2o kT Y | =0, (44)

A typical element of the modal matrix L of M, is defined by:

S
llcs = gk ’ (45)

V() G+ G

where Sik is the cofactor of an element of the determinant in (44) for the
root v = v, . The index 7 is arbitrary as long as it is different from zero
but it must, of course, be the same for the determination of all the I’s
for a given s.

Physically, (42) means transformation to the normal modes of the
straight helix waveguide, and the v’s are the propagation constants of
the normal modes in the straight helix waveguide. The elements of L
in (42) describe the conversion of normal modes of the straight helix
waveguide into normal modes of the metallic waveguide. The TEy
amplitude and propagation constants are, of course, not changed by
this transformation:

Wo = Qo , Yo = jﬁo-

Introducing the normal modes w into (38), we get for the propagation
in the curved helix waveguide

W = —(I' + O)W, (46)
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where ¢ = LM .L represents the effect of curvature in the helix wave-
guide. The elements of C' are the coefficients of coupling between the
normal modes of the straight helix waveguide in curved sections, and C
is a symmetrical matrix with nonvanishing elements only in the first
row and first column. A typical element is given by

¢ = J{calis + coolos + coslzs + <+ ). (47)

Since T' in (46) is diagonal, and since the elements of C are small enough
to justify a perturbation calculation, the problem of the curved helix
waveguide is formally solved.

The perturbation calculation for the curved guide assumes, as usual,
that the coupling from TEqy to all other modes w is small. Then it is
sufficient to consider only coupling between TEg and one of the other
modes at a time and to add up all these coupling effects. The TEqy
propagation in a helix waveguide, even of nonuniform curvature, may
be calculated this way.?

For a helix waveguide of uniform curvature our matrix notation may
be used. As before with the straight helix waveguide, we now transform
to the normal modes of the curved helix waveguide. The propagation
constants of these curved-guide normal modes are the solution of the
characteristic equation:

Y — Yo C1 C2
1 Y — 7 0
e 0 v—m = (48)

Approximate solutions of this equation for

Cs
Yn — Vs

«1

are perturbations of the propagation constants vy, of normal modes of
the straight helix waveguide. In particular, we get for the perturbed
propagation constant of the TEg mode:
2
Cs

Y =7 + 2 . (49)
s Yo — Vs

The modal matrix of (I' 4+ C) transforms from the normal modes of
the curved guide to those of the straight guide. Its elements give the
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mode conversion at the junction from curved to straight guide. A typical
element of this modal matrix is given by an expression like (45) or to a
sufficient approximation:

Cs

lOs = . (50)
Yo — Vs

The propagation constants v in (49) and (50) are those of the normal
modes in the helix waveguide. To obtain them, the characteristic equa-
tion (44), a polynomial of infinite degree in v, has to be solved.

TFor a low wall-impedance jacket, approximate solutions of (44) may
be used which, like (49), are perturbations of the metallic waveguide
propagation constants. In general, (44) may be reduced to a polynomial
of finite degree by omitting modes of higher order which have little effect
on the lower order modes. Even so, we are usually left with the for-
midable problem of solving a polynomial of high degree.

To avoid the problem associated with the transformation from metallic
guide normal modes to helix guide normal modes we must start with
the helix waveguide normal modes and write the generalized telegraph-
ist’s equations in terms of normal modes of the helix waveguide.

III. REPRESENTATION IN TERMS OF NORMAL MODES OF THE HELIX WAVE-
GUIDE

Normal modes of the straight helix waveguide have been analyzed
elsewhere.” To adapt this analysis to our representation we shall repeat
and generalize the boundary value problem here. The waveguide struc-
ture we consider is shown in Fig. 1. The anisotropic conducting sheath,

€= € (€'=j€")

-
|

e

Lir. 1 — Coordinates used in bend in shielded helix waveguide.
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which represents the closely wound helix, is surrounded by a dielectric
jacket and a coaxial metallic shield.
The electromagnetic field in the helix waveguide can be derived from
two sets of scalar functions 7', and T, given by
T, = N.Jp{(x.r) sin po

for0 < r < a, (51a)
T." = N.J(xar) cos pe

and

( )( _ [¢))
Xn T) CH (Xn )
() — o, 00k S P?

2
=N, X J,,(Icn)
Xn®

fora < r <b. (51b)

H,”(xar) — ¢'H," (xa"r )COS -
H,? (k) — ¢ HpW(ky?)

2
T, = N, X% J,(k.)
Xn®

Being solutions of the wave equation, the 7" functions satisfy (11). The
field components are written in terms of these field functions, using the
coordinates (u, v, w) of (1):

Bo= 2V, [ aT”],

10U €20V
Ev:ZV l:eav jf";;jl’
2 1 o (52)
oT,, 0
H, = nz — L [:62311 & 2 elau]
Ho= D1 e tale e

Substituting from (52) into (7) and (10) and taking advantage of (11),
we get for the longitudinal field components:

Hw=yweZV d, X T,,,

k2

(53)
E, = jou Z I,— ¢ );;
where ¢ and k& = w+/je are permittivity and intrinsic propagation con-
stant of the medium in a particular cross-sectional part of the guide.
They have constant but different values for the different cross-sectional
parts of the guide, and ¢ is the permittivity of the empty helix interior.
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The quantities d, , ¢ and ¢’ and the separation constants x, and x,° are
chosen so that the boundary conditions of the shielded helix waveguide

E, =0 at helix and shield,
L, =0 at shield,

(54)
Ewinterior = Ewexterior a’t helix;

H”interior = H%xterior at helix
are satisfied by the individual terms of (52). Only then do the individual

terms of (52) represent normal modes of the shielded helix waveguide.
From E, = 0 at the helix:

T,
d, = 2% (55)
" aT )

61-_61; u=a

Irom E, = 0 at the shield:

o = Ho (o)
H,W(pk,?)”

I'rom I, = 0 at the shield:

(56)

o _ Hy (k")

cC = H—“p(l),(pkne)) (57)

where p = b/a, k,° = x.’a, and k, = x.a. The prime at the Bessel func-
tions denotes differentiation with respect to the argument. The condi-
tion of Z, being continuous across the helix boundary is satisfied by
virtue of the formulation of the 7' functions in (51). The remaining
condition of H, being continuous across the boundary leads to the follow-
ing (characteristic) equation of the shielded helix waveguide:

I (kn) P ket Jp(kn) € kon [Hp(”'(lcn") — cH," (k,*)

To(kn) T2 B Ty (k) €kt L Hy® (ko) — cH,U(ky?)

(58)
_ Pk () — CHV () ]
knc2 ke2 Hp(2)l(k"e) _ C/Hp(l)l(kne) N
The characteristic equation, together with
ks = (& — ),
(59)

kS = (kG — hD)d
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determines the separation constants &, and %,°. The transverse field
components of any two different modes are orthogonal to each other in
that

Vil Js
I 2 /’
_ [(aT +dnaTn>((9_7‘M+ dmi_zlaTm>
s €0 | \e1du €200 / \e10u I es0v (60)

oT,, T\ (0T B 0T ]
+ (egav dn elau> <egTv B dm—l_c? eﬂu) a8

Onm -

The integration is to be extended over the entire cross section. The
quantity 8., is the Kronecker delta. To satisfy (60) for n = m requires
the normalization N, to have a certain value. Both (60) and N, are
calculated in the Appendix.

We have now determined all quantities in (51) and (52) except the
current and voltage coefficients. To find relations for them we sub-
stitute (52) for the field components into Maxwell’s equations and con-
vert to generalized telegraphist’s equations. We add

_ea(aTm i hw” 0T

odn W odu ) times (5)

and

T, i’ 0T
es (m dy " ey )—mmes (6)

and integrate over the cross section. Using (11) and (60) and the bound-
ary conditions of (54), the result is:

P]

AV | R
o T I = quZI{fE—[(eau

td h_,,“’aT,,’) (aT ey hon 2aT,,,’)

k* esdv e du k2 ey

T by’ 8T oT B 9T
g, e ) (g I Tom S
+ (ezav d k? eﬁu) (egav d k2 elc')u):l d

—fgix"x'" T, ds}
€

(61)
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Similarly, we add

s
—e3 <aﬂ + dn T ) times (8)
e10u €20V

and

v ’
—es (Mm — dm 0T > times (9)
e20v e10u

and integrate over the cross section:

dl.. | . _ /
T + jweV, = Jweg Z Va [‘g‘ [(elau
aT, i T,
+ %) <m + dn em?v)
T, T \( 9T aT.
+ (ezav dn 10U )(ezav n 10U ):I ds

—fg ddx”x'"TT dS}

(62)

Equations (61) and (62) are the generahzed telegraphist’s equations for
the curved helix waveguide. The specification of the normalization factor
in (60), which seemed rather arbitrary at that time, turns out in (61)
and (62) to be the only right one. Only with this normalization are the
mutual impedance and admittance coefficients symmetrical:

Ynm = Ymn y
an = Zmn 5
as we must expect from the symmetry properties of the curved helix

waveguide structure.
Introducing travelling waves

= \/I{_ (am + bm):
\/_ (an — b.) (63)

into (61) and (62) with K,, = h./we , We get the more convenient form:

dam

+ Jhmam - .7 Z (cmn an + Cmn n)

db (64)
m . - _2 + -

T ~+ jhmbn 7 ; (Con"bn + Cnn ).
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The coupling coefficients in (64) are:

o LD+ e ) (e 4 a2 20
-
NEOE SO EIT
- g Vi [ 85 [( ut o jgv)((e%”m%) (65)
(0 - 0 e ) (2 - 0 22| as

€ Xn Xm2
i2\/hmhnfsg; X, 48

+1\/hmhnfgidd,,,x"x” 7.7, ds.
2 S € kZ

We are interested here only in coupling between circular electric and
other waves. Let the subseript m refer to a TE,, wave. Then Ji(k.,) is 0,
and

cmn

Tw = 0, T, = NmJO(XmT)'

From (60) we get as normalization factor:
/Tl o o(Fom)

Evaluation of (65) then yields:

+ '\/; E kmkn:l hm
Cmn —Nn% Hmz[l(kn) I:EE

Bom — T le’(kn) R
V2 "/7ka Tom? — a2 kn (66)

B hw + R\
1im+(hm_hn> Y.

ThE 1
[F(k — 1Y, +——+k< lzaz)

€ k' k. \
+2<Y—n-—Y,,>+ k——(?k COtak +m>:|

N m

=v] R
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where
— Jl(kn)
Yo = knd ' (Kr)
and
6=p—1.

With (64) and (66), the circular electric wave propagation in the curved
helix waveguide can be analyzed. Neglecting backward travelling waves
in (64) and considering only coupling between a circular electric wave
and one other mode at a time, the coupling coefficients ¢m.* and propa-
gation constants h, can be used in formulae like (49) and (50) to com-
pute circular electric wave loss and mode conversion in the curved helix
~waveguide.

A theory of the helix waveguide, however, is complete only when the
transmission and conversion properties of waves at a transition from
metallic guide to helix guide is known. When we represented helix wave-
guide propagation in terms of normal modes of the metallic guide, we
obtained these transmission and conversion properties with the matrix
L in (42). To obtain the corresponding matrix in the present formula-
tion, we express a typical normal mode of the helix waveguide in terms
of normal modes of the metallic guide. To do this exactly, an infinite
set of linear equations in an infinite number of unknowns would have
to be solved. However, as before we may safely neglect reflected waves
and match only one pair of field components. The problem is then con-
siderably simplified, especially when we choose the longitudinal field
components to be matched.

The longitudinal field components of a typical forward mode in the

helix waveguide are
Ezn :jwﬂ /‘/Z\e);; Tn Ay

= 4/—"&(17’ Cn.

Longitudinal field components of forward modes in the metallic wave-

guide are
. | / we x<>
By = jou = T ,
n

wﬂ X[n]
ﬁ[n k?

(67)

(68)

H.py = jwe Tima
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Matching the field components:
Ezn = ZEz(n) y Hzn = Z Hz[n]

we can, by means of a Fourier-Bessel expansion, express the wave am-
plitudes of the modes in the metallic waveguide in terms of the wave
amplitudes of the modes in the helix waveguide:

Umy = lamnta

(69)

Am] = l[m]na/n .

The coefficients l(my» and Iy, are the elements of a matrix L which
corresponds, in our present formulation, to the matrix L of (42).

To improve the approximation, we actually did not match the longi-
tudinal field components. Rather, we obtained two slightly different sets
of I’s by matching first the transverse components of the electric field
and then the transverse components of the magnetic field. We expect
that, if we would determine a set of I’s from an exact solution of the
problem, the values would lie somewhere between the results of these
two calculations. Since the two approximate results are near together
for modes sufficiently far from cutoff, their geometric mean should fur-
nish a still better approximation to the exact I. Typical coefficients [ are
thus given by:

l(m)n = Xn2 j; TnT(m) dS,
(70)

e = P00 32 dy [ 1,7 as.
k s

The integrals in (70) are extended only over the part of the cross section

which is inside the helix.

Calculation of the reciprocal coefficients proved the law of reciprocity
Limy = limyn a0 Lipmy = limyn to be satisfied when the normalization
factor N, is chosen according to (60).

Evaluation of the integrals in (70) yields:

k' (k)
ka2 — kem?’
l[ In = ‘\/e,;pNn B[prn] kn2J;o(kn)
i V kipm® — D* ko kd® = kipm® ’

where the expression for N, is given in (91) of the Appendix. There is
only conversion between modes of equal azimuthal order p.

l(m)n = '\/al' Nn
(71)
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IV. MODIFIED JACKET STRUCTURES

The helix waveguide which has been analyzed in the preceding sec-
tions has a wall structure of very special and highly idealized form. Prac-
tical jackets may intentionally or unintentionally be quite different from
this mathematical model. We shall discuss several modifications of the
ideal shielded helix waveguide which have proven to be important in a
practical helix waveguide.” They are either changes of the ideal structure
to simplify the manufacturing process or improve the performance, or
they are deviations from the ideal structure, which are unavoidable in
a real structure. It turns out that, for most of these modifications, we
need not work out a new theory (as in the preceding sections) but can
include their effects in the foregoing formulae. A quantity which is very
useful for these discussions is the wall impedance of the helix waveguide:

4.1 The Wall Impedance of the Helix Waveguide

In all cases of practical interest the jacket permittivity is high enough
so that

[ £ > | 4p® — 1)/8]

is well satisfied and the Hankel functions may be replaced by their
asymptotic expressions. The characteristic equation (58) for the normal
modes of the helix waveguide then reduces to:

1J, (k) Dhe Jo(k) e 1

T ToCh) Rl Ty ) e Toe OO0 O (72)

The right-hand side of (72) can, to the same approximation, be expressed
by the impedance

. Eyn o Xne e
7 = 7. = J e, tan o6k,°, (73)
which the wall presents to a typical mode of the helix waveguide:
1_ Jpl(kn) _ pzhnz Jp(kn) — —.7
ko J o(kn) 3k J (kn) weaZ’

(74)

Thus, the separation constant k, and with it the helix waveguide mode is
determined by the wall impedance alone.

It is, on the other hand, quite easy to determine the wall impedance
of a composite jacket structure to the same approximation. The physical
meaning of the approximations which have been made to derive (73)
is 6 < 1. The thickness of the dielectric jacket or the penetration of waves
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into it is small enough so that the coaxial structure can be considered
plane in cartesian coordinates. IFurthermore, the dependence on the
azimuthal coordinate ¢ or v respectively is of so low an order compared
to the r or v and z or w dependence that it may be neglected. The wall
impedance we then calculate and quite generally use in the characteristic
equation (74) is that of a symmetrical TM wave at a plane interface.
TFor these waves the wall impedance of (73) is an exact representation
of the boundary condition.

4.2 Unshielded Helix Waveguide

When the lossy jacket surrounding the helix is either so thick or has
so high a loss factor that the electromagnetic field has died away before
it reaches the metallic shield, we may remove it or substitute a different
supporting structure without affecting the electrical performance of the
helix waveguide. Some formulae in Section IIT may be simplified in this
case, by letting b, the radius of the shield, go to infinity. For example,
the characteristic equation (58) for the normal modes of the helix wave-
guide reduces to:

J;zl(kn) _ thn2 Jp(kn) — 2 k'_n_ I:Hp(2)l(kne) _ ih_ng H;zm)(kne) ] (75)
Jp(kn) knk? I (ka) & knt ’

Hp(2)(kne) kn62 kc2 Hp(2)’(kne)

Likewise, the expression (91) for the normalization factor N, in the
appendix can be somewhat simplified to give (92).

Instead of (72), the form (74) of the characteristic equation may be
used; the wall impedance is in this case obtained from (73) by using the
asymptotic value for the tangent function:

€

7z =X (76)

WeE,

4.3 Dielectric Matching Layer

The absorption of unwanted modes in the helix waveguide is critically
dependent on the permittivity of the lossy jacket. In constructing a
helix waveguide it is difficult to find a jacket material which has both a
suitable value of complex permittivity and good enough mechanical
properties to support the helix properly. A layer of lossless dielectric
material in between helix and lossy jacket can serve to overcome both
of these difficulties to a certain extent. By choosing a suitable material
for this layer the bond between helix wires and jacket can be strength-
ened, thus improving the mechanical strength of the structure. Electri-
cally, this layer acts as a radial transmission line-section. When made
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of the proper thickness, this transmission line transforms the wall im-
pedance to more suitable values as far as unwanted mode attenuation
is concerned.

Let Z be the input impedance of the lossy jacket as given for example
by (73) or (76); then the new wall impedance in front of the dielectric
layer is given by the following transformation:

Z + 7, tan xuit
7y + 77 tan xud

When ¢ is the permittivity of the matching layer, the radial propaga-
tion constant is

Z/ = Z1 (77)

Xn1 = \/w2uel — hy?

and the wave impedance is

The expression in (77) must be substituted for the wall impedance in
the characteristic equation (74).

4.4 Laminated Jacket

The foregoing consideration of one dielectric layer can be extended to
a semi-infinite stack of laminated material having alternate thin layers
of lossy and nonlossy material. It has indeed been proved very useful
to have the helix jacket made of such laminations. Excellent mechanical
and electrical properties have been achicved in this structure.

The wall impedance presented by a semi-infinite stack of alternating
layers is found by iterating the single layer transformation of (77). This
calculation has been made in a theory of laminated transmission lines:®

_ Tun—Tx» 1 IR
Z = oy + Ty V(Ty + Tw)? — 4. (78)

Fig. 2 — Laminated jacket of helix waveguide.
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The T'; are the elements of a transmission matrix relating input values
of the electric and magnetic field strengths to the output values in one
elementary double layer of the stack. With the constants and dimensions
of Fig. 2, they are defined by

Z

T = cOS Xnil1 COS Ynals — 7 sin xn1t1 SIN Xpala
2

T = jZ1 80 Xpit1 COS Xnale + 722 SIN Xpals €OS Xuil1 ,
(79)

To I sin Xnil1 COS Xnole + I sin Xnzle COS Xauil1 ,
1 2

Zy . .
T» = €08 Xnil1 COS Xpals — 72 SIN Xn1t1 SIN Xpole ,
1

where
2 2 2
Xl = wpe — Ry,
2 2 2
Xn2 = o pez — Ry

are the radial propagation constants in each individual layer and

Xnl
Z, = Xt
we
Xn2
Zz = —,
weg

are the radial wave impedances in each individual layer.
If the laminates are fine enough

| xuti | K 1,
[ anig 1 << ].,

the trigonometric functions may be replaced by their Taylor series. Then
the wall impedance of (78) reduces to
L1t w2,ué1€2 — hn2(61 + &)

7= = s —w). (80
Ve J 2 we€s els + el (e €) (80)

The first term of this expression is the radial wave impedance of a
homogeneous but anisotropic medium. The permittivity of this medium
is, for an electric field polarized in radial direction,

_ 5152(t1 + tl) (81)

o ety + ete
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and, for an electric field polarized in longitudinal or azimuthal direction,

el et

, o= Bt Tt 82
T Th b (82)
The propagation constant of this anisotropic medium in (80) is

x,,f = wz,uer — ht (83)

The second term in (80) is a correction for the finite thickness of the
laminae.

For calculating wave propagation in a helix waveguide with a lami-
nated jacket, (78) or (80) must be substituted for the wall impedance in
the characteristic equation (74).

45 Finite Size of Helix Wires

In the preceding analysis the wires of the closely wound helix had been
assumed to be of so small a size that the helix could be represented by
an infinitely thin sheet ideally conducting in azimuthal direction and
nonconducting in longitudinal direction. This anisotropic conducting
sheath, however, does not always represent the helix satisfactorily.
Helices wound from the smallest feasible wire sizes— 3 to 10 mils
diameter (American Wire Gauge Nos. 30 to 40) — are not completely
permeable to longitudinal electric fields. Displacement currents partly
bridge the gap between successive turns. By partly shielding the jacket
from the helix interior, they may change the propagation characteristics
substantially.

This shielding effect is most easily taken into account by a capacitance
in parallel to the input impedance of the jacket. The capacitance of an
infinite grating of cylindrical wires is calculated in the Appendix. With
the dimensions of Fig. 3, the capacitance per square of the helix surface
is given by

d In 4
C/square = ed (D——-d - —),

™

Fig. 3 — Helix wires.
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where e is the permittivity of the space in between wires. The corrected
wall impedance is then obtained from

Loyt ), -
Again, this expression must be substituted for the wall impedance in
the characteristic equation (74).

All expressions for the wall impedance [(73), (76), (77), (78), (80),
(84)] contain implicitly the axial propagation constant 7h, of the particu-
lar mode under consideration, and it is only through the characteristic
equation (74) that this propagation constant will be determined.

In Section II, on the other hand, where the helix waveguide propaga-
tion is expressed in terms of normal modes of the solid wall guide, the
wall impedance as introduced in the boundary condition (18) is not
associated with a particular mode. The propagation constant jh, remains
undetermined. The boundary condition (18) cannot exactly replace a
complex jacket structure.

For all cases, however, in which the modes under consideration are far
from cutoff, the propagation constants are nearly equal to that of free
space. We may then replace h, by w/uee in all expressions for the wall
impedance and use them in (18) and the corresponding equations.

V. APPLICATIONS

Three different applications of the helix waveguide for circular electric
wave transmission have been mentioned in the introduction. The for-
mulae of the preceding sections will now be used to calculate the trans-
mission properties of helix waveguide in the different applications. The
theoretical values will be compared with results of measurements.

5.1 Helix Waveguide Mode Filter

It has been shown both theoretically and experimentally that the
transmission characteristic of the circular waveguide can be substantially
improved by the insertion of mode filters at intervals along the wave-
guide.’ Conversion of energy to unwanted modes and reconversion at
any imperfections of the waveguide seriously disturb the TEq transmis-
sion characteristic. Mode filters, which provide low loss for the TEy
mode and high loss for all unwanted modes, greatly reduce the effects
of mode conversion-reconversion by dissipating most of the converted
power in unwanted modes before reconversion.

Helix waveguide has the desired properties of low TE, attenuation
and high loss for all other modes. It therefore is well suited for a mode
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filter. To design a helix waveguide mode filter one would choose a lossy
material for the jacket which maximizes the attenuation constants of
the unwanted modes of propagation. A detailed analysis® of the helix
waveguide modes has shown, however, that there is no unique solution
to this problem. As one changes the complex permittivity of the jacket,
the attenuation constants of some modes increase while those of others
decrease after passing through a maximum. Furthermore, a normal
mode of a metallic waveguide incident in a helix waveguide will scatter
its power into quite a few modes of the helix waveguide. As a result, a
helix waveguide section inserted into a metallic waveguide will not only
dissipate power in unwanted modes but will also introduce eross-coupling
between unwanted modes. To find the transmission and conversion prop-
erties of a helix waveguide in the arrangement of I'ig. 4 the matrix L
of (42), as a scattering matrix between metallic waveguide modes and
helix waveguide modes, must be combined with the transmission matrix
T of the helix waveguide to give the relation between mode amplitudes
at the input 4, and output 4, :

Ao = LTL;A,,, (85)

where 7' is a diagonal matrix, the elements of which are transmission
coefficients of the helix waveguide modes

bun = €777, (86)
Equation (85) has been evaluated for a typical helix waveguide with a
relative permittivity ¢/eo0 = 4 — j1, and an inner radius to wavelength
ratio a/A = 4.70. This evaluation was extended over the TEy , TMy,
and TE;; modes of the metallic waveguide, and it was sufficient to take
only five modes (TEy; , TE;, , TMy , TE;; and TM;y;) of the helix wave-
guide into account. The propagation constants jh, of these helix wave-
guide modes were taken from the previously cited analysis of the helix
waveguide.” For the elements of L, expressions (71) were substituted.
The resulting transmission loss and conversion loss curves are shown in

Fig. 5(a).
m -

NORMAL. MODES:

TRANSMISSION PROPERTIES!

L
T

Fig. 4 — Matrices of mode filter.
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Fig. 5 — (a) Calculated transmission and conversion loss in helix waveguide:
a/N = 4.70, semi-infinite jacket with e/egp = 4 — j1; (b) measured transmission
and conversion loss in helix waveguide of Fig. 6, f = 55.5 kme.

The results of measurements on an 18 in. long section of 2 in. 1.D.
helix waveguide are shown in Fig. 5(b). This measured waveguide sec-
tion has the helix wire dimensions and a jacket structure as shown in
Fig. 6. The values of anisotropic permittivity of the laminated lossy
material have been determined separately by impedance measurements
on small samples in RG-98/U waveguide. The radial impedance of this
laminated material is given by the first term in (80). The layer of glass
roving between the lossy laminate and the helix wires transforms this
impedance according to (77). IFinally, the capacitance between helix
wires changes the radial impedance according to (84). The resulting
wall impedance is Z = (147 + 722)Q. The mathematical model of a
helix waveguide which was used to calculate the curves of Fig. 5(a) has
an isotropic and homogeneous jacket of relative permittivity ¢/e = 4 —
j1. Tts wall impedance as caleulated from (76) is Z = (162 + 714)Q. Com-
paring both wall impedances we find that the measured helix waveguide
of Figs. 5(b) and 6 and the mathematical model of Tig. 5(a) are nearly
equivalent. Thus the calculated curves of I'ig. 5(a) may be compared
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Fig. 6 — Helix waveguide structure. Helix: No. 37 copper wire with heavy
Formex coat; Mediums I and III: Fiberglas laminated with epoxy resin; Medium
II: si{x layers of tin oxide-coated glass cloth; e./eo = 9 — 713, e;/e0 = 5 — j1 at
55.5 kme.

to the measured curves of Fig. 5(b). We find indeed very good agree-
ment.

The transmission and conversion loss of the various modes were meas-
ured with millimeter-wave short pulse test equipment, using the ar-
rangement shown in Fig. 7. The pulses had a base width of about 3
millimicroseconds. Mode discrimination in the mode couplers and mode
transducers combined with time discrimination based on the different
group velocities of modes in the 220 ft. long waveguide provided sufficient
over-all discrimination to identify energy travelling in different modes.

The results of Fig. 5 do not give an answer for designing helix wave-
guide for mode filtering purposes. They do, however, give assurance
that the theory gives correct results even for quite complicated jacket
structures, and that this theory may safely be used to design helix wave-
guide mode filters.

308 MODE N MODE m 2" HELIX PISTON
COUPLER TRANSDUCER COUPLER LINE WAVEGUIDE \\

St —Blo—g—< [l

j/v L—zzo FT—)L-—%—*'

PULSE
RECEIVER

'
Fig. 7 — Measurement of transmission and conversion loss in helix waveguide.
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The high amount of mode conversion which is caused by a helix wave-
guide of a certain length is perhaps surprising. The mode conversion
loss between TEy; and TMy; is as low as 6 db in the case treated above.
There may be cases in which this high mode conversion is undesirable.
In order to reduce it, the abrupt transition from solid waveguide to
helix waveguide may be replaced by a taper in wall impedance. The
formulae of Section II give the basis to analyze such a wall impedance
taper. The generalized telegraphist’s equations in this section must then
be solved for varying coupling coefficients instead of constant coupling
coefficients.

5.2 Intentional Bends in Helix Waveguide

The analysis of a tapered curvature bend’® has shown that the circular
electric wave can be transmitted around bends with very low losses in
a waveguide in which the degeneracy of equal phase velocity between
TEy and TMy; is broken up by lossless means. The shielded helix wave-
guide having a low-loss dielectric between the helix and the highly con-
ducting metallic shield lends itself perfectly to this application.

A curvature taper on both sides of the bend serves to transform the -
normal mode of the straight pipe into the normal mode of the curved
region and vice versa. A practical form for a tapered curvature bend is
shown in Fig. 8; the region of constant curvature has vanished and all
that remains is a triangular curvature distribution. This curvature dis-

T

//

Z —>

Fig. 8 — Triangular curvature distribution of an elastic deflection.
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tribution can easily be made by bending the waveguide elastically over
a fixed center support with forces acting on both ends.

The residual mode conversion in such a triangular curvature distri-
bution is calculated by solving the coupled line equations for linearly
varying coupling coefficients with suitable approximations for gentle
curvature. Thus, at the end of a linear curvature taper of length ! each
mode n coupled to TEy through curvature causes a mode conversion
loss of

2

Con —Avypl
A = Re I:W (1 — e o™ — A'ynl):l nepers, (87)
where ¢, is the coefficient of curvature coupling (66) between TEq and
a coupled mode n at the point of maximum curvature, and Ay, is the

difference in propagation-constant between the coupled mode n and
TE01 .

7.5

TMy2 7.0

TE 2 T

TMy —’\ \ ' Kn

TEy —» N

o
”

o] 0.02 0.04 0.06 0.08 0.10

Fig. 9 — Solution of characteristic equation for shielded helix waveguide with
lossless jacket; e/eo = 2.5, a/N = 4.70.
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Fig. 10 — Difference in phase constant and coefficient of curvature coupling
to TEq in shielded helix waveguide; a/N = 4.70.

The TEg mode of the straight waveguide in passing through the curva-
ture taper is transformed to the local normal mode of the curved region.
It suffers a slight change in field configuration and consequently a change
in attenuation constant. Thus, in a linear curvature taper of length !
each mode coupled to TEq by curvature causes an additional normal
mode loss of

2
Ap, = Re I:gg"yi:l nepers. (88)

There is another way to calculate this normal mode loss: D. Marcuse
has solved the boundary problem of the curved helix waveguide directly
for the TEy wave." He obtains a closed expression for the curvature
attenuation, which is in most cases easier to evaluate than a sum of the
terms given by (88).

To provide data for the design of a low-loss helix waveguide for inten-
tional bends, several of the expressions in Section III have been evalu-
ated. In Fig. 9 the solution of the characteristic equation (72) is plotted
in the range of interest for p = 1. A relative permittivity of 2.5 is a
typical value for low loss dielectric materials. The ratio a/A = 4.70
corresponds to a 2 in. I.p. helix waveguide operated at 55.5 kme. In
Tig. 10 the coefficient of curvature coupling from (66) and the difference
in phase constant have been plotted for this helix waveguide. The mode
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Fig. 11 — Factor of mode conversion loss in linear curvature taper of shielded
helix waveguide; /e = 2.5, a/N = 4.70.

conversion factor shown in Tig. 11 is found by combining the two curves
of Fig. 10. This factor facilitates the calculation of mode conversion in
the tapered curvature bend of Fig. 8.

An inspection of these conversion loss figures as well as of D. Marcuse’s
normal mode loss figures shows that, for optimum performance in a
tapered curvature bend, the distance between helix and shield should
be about a quarter of the radial wavelength in the jacket material. In
no case should this distance approach a half radial wavelength anywhere
in the frequency range.
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Shielded helix waveguide with a low-loss jacket has been made with
materials and construction techniques presently available in Bell Tele-
phone Laboratories. The details of this waveguide are shown in Fig. 12.
The TEy, loss in this structure was measured by a resonant cavity method
both for the straight guide and the guide bent to various curves between
0 and 4.2 degrees. The curvature distribution was that of Fig. 8. Reason-
able agreement between measured and calculated values of curvature
loss was found. The measured loss followed closely the square-law de-
pendence on curvature. At a total bending angle of 4.2 degrees the addi-
tional curvature loss in the 9 ft. long curved section was measured at
55.5 kme to be 0.004 db. This figure is nearly equivalent to doubling the
length of the waveguide. Mode filters on both sides of the curved section
presented enough dissipation to avoid spurious mode interference in the
measurements.

5.3 All-Helix Waveguide

A third and probably the most important application is a transmission
line entirely consisting of helix waveguide. Present experimental expe-
rience shows that an all-helix waveguide line must present enough loss
to unwanted modes so that power in these modes is dissipated at the
same rate as it is converted at imperfections of the waveguide. In addi-
tion, the jacket of the helix waveguide should be designed so as to mini-
mize the circular electric wave losses in bends, allowing relaxation of
the straightness tolerances. Obviously, these two requirements contra-
dict each other to a certain extent. A compromise will have to be chosen

)\ \
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Fig. 12 — Shielded helix waveguide with low loss jacket. Helix: No. 37 copper
wire with heavy Formex coat; Medium I: glass cloth laminated with epoxy resin,
e/eo = 4 — jO.1 at 55.5 kme; Medium II: copper tubing.
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Fig. 13 — Propagation constants in helix waveguide; a/x = 4.70, ¢ = 4. Rep-
resentative values of ¢” are shown on the curves.

between sufficiently high unwanted mode loss and sufficiently low TEg
curvature loss. This compromise will be made on the basis of tolerances.
While the manufacturing tolerances call for a mode-filtering helix wave-
guide, the laying tolerances call for low TEy loss in random curvature.

However, it is to be expected that, as the art of making helix wave-
guide is improved and imperfections can be controlled better, the re-
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quirement of low curvature loss will become more important and less
unwanted mode loss can be tolerated.

The first information needed for the design of a helix waveguide in
this application is the unwanted mode loss. It is contained in a detailed
analysis of the unwanted mode propagation in helix waveguide.” Some
of the results are taken from this analysis and plotted in I'igs. 13 and 14.

Also plotted in Figs. 13 and 14 are the approximate values of the
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Fig. 14 — Propagation constants in helix waveguide; a/x = 4.70, ¢ = ¢’. Rep-
resentative values of ¢” are shown on the curves.
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propagation constants which have been obtained as solutions of the
characteristic equation (44) in Section II. The characteristic equation
(44) has been reduced to a quartic equation by taking only four modes
of the metallic guide (TEq;, TMy;, TE;2, TMy,) into account to repre-
sent the lower order modes with p = 1 in the helix waveguide. From Figs.
13 and 14 it has to be concluded that this representation is obviously
a very poor one. At still fairly high values of the jacket permittivity,
there is already a marked deviation of the approximate values from
the exact curves. For a better representation in this large waveguide size,
many more modes of the metallic guide have to be taken into account. It
is therefore more convenient in most helix waveguide problems to use
the representation of Section III with modes of the helix waveguide
rather than the representation of Section II with modes of the metallic
guide.

Imperfections like tilts and offsets or changes in diameter in an other-
wise ideal guide convert TEy power to unwanted modes. The effect of
most of these imperfections in metallic waveguide has been analyzed in
detail by S. P. Morgan, Jr., as quoted elsewhere.! More recently, another
analysis has been made.”

For the helix waveguide the results of this analysis can be combined
with the scattering matrix L of (42) to give the conversion from TEgy
to the unwanted modes in the helix waveguide at these imperfections.
Thus, given a certain distribution of imperfections in a helix waveguide,
mode conversion and reconversion effects can be calculated. From such
calculations the required unwanted mode loss to reduce the degrading
effects of imperfections on TEg, propagation to an acceptable degree can
be found.

The second requirement for an all-helix waveguide is low TEgy curva-
ture loss. To find the TEy curvature loss the expressions (47) or (66)
for the coefficient of curvature coupling can be evaluated. The results
of such an evaluation are plotted in IFigs. 15 and 16. Here again the
approximation (47) with only four modes (TEy, TMy, TE;: , TMi.)
of the metallic guide deviates markedly from the exact values according
to (66) for a low permittivity of the jacket.

Note that in the curved helix waveguide the TEg-wave couples to all
TM;, and TE;, waves. In the curved metallic waveguide the TEy cou-
ples to all TE;, but only to TMy, .

With the coupling coefficients on hand, TEg loss and mode conversion
can be calculated with formulae like (49) and (50). The perturbation
of the TEy propagation constant in (49), especially, means an increase
a, of TEy, attenuation. In Iig. 17 this attenuation increase a, has been
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Fig. 15 — Coupling coefficient between TE, and unwanted modes in curved
helix waveguide; a/N = 4.70, ¢ = 4.

plotted in a reduced form. The approximate values have again been
obtained from the representation of Section II taking only four modes
(TEy, TMy, TEy,, TMi) into account. They deviate substantially
from the exact values as obtained from Section III and equation (66).
As mentioned earlier, a, can also and more conveniently be calculated
from D. Marcuse’s normal mode solution of the curved helix waveguide.'
Values for a, of that calculation coincide with the exact curves of Fig.
17. '
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Fig. 16 — Coupling coefficient between TEy and unwanted modes in curved
helix waveguide; a/A = 4.70, ¢ = ¢".

The mode conversion which occurs in regions of changing curvature
can be calculated from (50) if the change in curvature is abrupt, or from
a solution of the coupled line equations with changing coupling coeffi-
cients when the curvature is changing gradually. Because of the laws of
elasticity, the most common kind of curvature change, either intention-
ally or unintentional, is the linear curvature taper. The mode conversion
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loss in a linear curvature taper is given by (87). Irom this expression
it can be estimated if mode conversion effects in a changing curvature
are large enough to influence the design of a helix waveguide. Usually
it is found that this mode conversion is small enough to be neglected
and that only the curvature attenuation «. must be made as small as
possible to optimize the performance of an all-helix waveguide in bends.

Here again, as in the case of the shielded helix waveguide with a loss-
less jacket, a certain distance between helix wires and shield minimizes
the curvature attenuation. The distance should be about a quarter of
the radial wavelength in the jacket material. It should approach half of
this wavelength nowhere in the frequency range.

Measurements of TEy attenuation in bends have been made in the
two different helix waveguides shown in Fig. 18. Eight-foot-long sections
of the waveguides were bent elastically to the triangular curvature dis-
tribution of I'ig. 8. The average curvature of this distribution is found
by taking the square-law dependence between loss and curvature into
account. The TEgy transmission loss was measured with a resonant
cavity method for varying degrees of curvature. In the lossless helix
waveguide, for intentional bends the TEy transmission loss is composed
of normal mode attenuation and mode conversion loss. However, in the
present test of the lossy helix waveguide mode conversion losses can be
neglected as compared to normal mode attenuation. The measured in-
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Fig. 17 — Increase of TEy attenuation in curved helix waveguide; a/x = 4.70.
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crease in TEy, transmission loss in the curved waveguide can therefore
be interpreted as additional TEy attenuation per unit length. The results
follow closely the square-law dependence on curvature and agree with
theoretical values. The lower value of curvature attenuation in the
second helix waveguide doubles the theoretical TEqy attenuation at a
radius of curvature of 320 ft.

VI. CONCLUSIONS

Circular electric wave loss, mode conversion and unwanted mode loss
can be calculated from generalized telegraphist’s equations for the curved
helix waveguide. A wall impedance can be used to represent the bound-
ary condition at the helix interface. The effect of a composite jacket
structure and of finite size helix wires can be taken into account in this
wall impedance.

Three different applications of shielded helix waveguide for circular
electric wave transmission require different designs for optimum perform-
ance. Helix waveguide as mode filter should have a highly lossy jacket
between helix and shield for high unwanted mode absorption. An all-
helix waveguide transmission line should have a medium lossy jacket
to reduce TE, loss in gentle bends and still maintain sufficient unwanted

- ¥ -

Fig. 18 — Shielded helix waveguide with lossy jacket. Helix: No. 37 copper wire
with heavy Formex coat; Mediums I and III: glass cloth laminated with epoxy
resin; Medium II: carbon loaded paper laminated with epoxy resin, (left) e;/eo =
15 — 114, ¢/eo = 9 — 72; (right) e./eo = 4.7 — j2.1, /e = 3.9 — 0.6 at 55.5 kme,
Medium IV: steel tubing. TEy curvature loss a.(R%/a) at 55.5 kme: (left) mea-
sured, 79, calculated, 84; (right) measured, 48, calculated, 40.
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mode absorption. For sharp intentional bends, the material between
helix and shield should have low losses and the shield should be highly
conducting. In all three applications the optimum distance between helix
and shield is a quarter of the radial wavelength in the jacket material.
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APPENDIX

Normalization of Modes in Heliz Waveguide

The orthogonality relation (60) for n # m has been proven for expo-
nential modes on an inhomogeneous cylindrical structure bounded by
opaque walls or unbounded.”

The right-hand side of (60) can be rewritten as

1—,1—1— f (B X Hun) dS

= fefl:(grad T.)(grad T,) + dudn(grad T, )(grad T,")  (89)
S €

—d, ’% (flux T,)(grad T.) + du(fux T.')(grad Tm)] ds.

Partial integrations, like Green’s theorem,

[ (rad T.)(grad 7.) s = [ O o gy + [xir.1.as,
8 » 10U s
and '
aT,, B T,
L(ﬂux T.)(grad T,,) dS = — fv T, o230 e dv = () T o e dv
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reduce (89) to:

fixf (T,,Tm+dnd b 1 )dS
S € ]2

+ T[ +dn8—T"-:|ezdv
v €0

61611, 26
B aT, aT,’
v € d ]‘02 m l:egal) dn elau:l e dv‘

The integrand of the last term is continuous across the helix boundary
and vanishes at the shield. It therefore cancels out;

%f(EmXHm)dS=/— <TT T+ dudy,] "‘T T, )dS

s €

(90)
+ L7, (aT" + d, T ) es dv.
v €y

10U €0V

From (90) the orthogonality relation can be verified for n = m.

To calculate the normalization factor N, we substitute (51) for the
T functions in (90) and perform the integrations. Since in all cases of
practical interest | £,° | >> | (4p® — 1)/8 |, the Hankel functions may be
replaced by their asymptotic expressions. Then, in order to satisfy (60)
the normalization factor has to be

Py 2
N, = V2 [’“ Pk — pHY,: +‘+kn< p)

ka k2a?
\/W p(l) ] 6] e —1/2 (91)
9 2 o e
+ 2 (?n D Yn> ol (2 cot ok," + PR 670#)] ,
where
T (k)
Yo = knd ) (kn)

For the unshielded helix waveguide described in Section IV the normali-
zation factor is given by:
2

el (-4)
N, ki — p)Y,? + —_— —I— k o
'\/7" p(kn) k? P ( P ) k2a?
R
2l — 2 = 2 .
+ (Yn pY>+] eokne“]
TFor the other jacket structures it is not an easy matter to calculate
the normalization factor. I'inding the field vectors in the jacket region

(92)




HELIX WAVEGUIDE THEORY AND APPLICATION 1645

and integrating over the cross-product of the transverse components is
quite involved, even when asymptotic approximations such as in (91)
are substituted. A further approximation, however, eliminates this prob-
lem. The integral on the left-hand side of (89) is the flux of the Poynting
vector, through a waveguide cross section. From the dimensions of the
helix waveguide we may safely conclude that for a typical mode the
power flowing in the jacket is small compared to the power flowing inside
of the helix in all cases of practical interest. Then we may extend the
integral in (89) only over the helix interior and neglect the last terms
under the square root of (91) or (92).

Capacitance of Plane Grating of Cylindrical Wires

The contour in the z-plane of Fig. 19 is an elementary cell of the field
surrounding a plane grating of cylindrical wires. Its transformation to
the strip 0 = w £ 7 of the w-plane is approximately effected by™

_ D —1 21 — 1 -1 21 + 1:|
z = ) [tan /‘/2’1 i + » tanh i a (93)

and

a—1 a+1
COS W — ——=

. s (94)

21 =

]
|
} «<
|
1

lee—————0 —————)’

Z PLANE W PLANE

Fig. 19 — Conformal mapping of wire grating.
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where v is the root of

coth?® (7—r
c

and a is given by

1";”) t27—ri(1+v)—‘l (95)

Ol =

a—1+200t27—rfl—(1+v) (96)

A uniform electric field polarized in the direction of the y-axis is fringed
by the grating. The capacitance of this fringing field is the difference
between the capacitance of the z-plane contour and a paraliel pl‘lte con-
denser of plate distance D/2 and extension 2z:

g=1im<gv—4—x>. ' (97)

€ -0

Substituting for v from (93) and (94) we get, instead of (97),

C_ ?r[ln(“ + 1)11”3”‘(“ — U - 1)]. (98)

For D/d = 1 the root of (95) is » = 0. When d is only slightly smaller
than D, as is the case in a closely wound helix, » is small and the argu-
ment of the cot in (95) is nearly =/2, while the argument of the coth is
very large. Then, with

€

Ta+n=0+n
the cot and coth functions can be approximated by:

T d
0t2—5(1—1})—§ﬂ,

md (14 _ . d
cothéﬁ " =1+ 2e —a
Instead of (95) we get
2
™ 2 —r d
"= p—a

Substituting for a from (96) into (98), the capacitance is

c _ .d d In4
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Attenuation of the TE, Wave Within the
Curved Helix Waveguide®

By D. MARCUSE
(Manuscript received April 1, 1958)

The change in the field pallern of the TEqy mode in the heliz waveguide
with constant curvature is calculated by means of a perturbation method.
The helix waveguide has a coating of a lossy dielectric and is shielded by a
metallic pipe. By bending this waveguide, the original field pattern of the
TEy wave ts slightly perturbed. The perturbation produces additional field
components which give rise to an electromagnetic field in the lossy dielectric.
This field causes energy dissipalion and gives rise to an additional atlenua-
tion. In this paper formulae for the curvature attenuation caused by the dielec-
tric losses are given. It is shown thal the attenuation due to curvature can
be remarkably reduced by proper choice of the thickness of the dielectric
layer between helix and metallic shield.

I. INTRODUCTION

If the system of cylindrical coordinates, in which the cylindrical wave-
guide ordinarily is described, is bent in the same way as the axis of the
curved waveguide, Maxwell’s equations change. Jouguet' has shown an
approximate solution of Maxwell’s equations written in a system of
toroidal coordinates. This solution may be applied to calculate the field
pattern of a TEy wave in the curved helix waveguide.” The waveguide®
consists of a helix made of very thin wire and a coating of a lossy dielec-
tric which may be shielded by a metallic pipe. The lossy dielectric serves
to suppress unwanted modes which may be excited in the helix wave-
guide. Although the lossy dielectric does not affect the TIy wave in a
perfectly straight guide, it does give rise to an additional attenuation if
the waveguide is bent. It is the purpose of the present paper to show
how a helix waveguide should be designed in order to keep this additional
attenuation as low as possible. On the other hand, the attenuation of
the T wave in bends is not the only effect which is to be considered

* The author used the same method of analysis to calculate the attenuation

and field structure of the TEqy wave in a curved spaced-ring type waveguide while
he was working with the Siemens and Halske Company in Germany.

1649
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in designing the waveguide. In practice, a compromise should be made
between the desire to keep the attenuation of the TISy wave in a curved
waveguide low and the desire to suppress spurious modes.* I'or a short
part of the guide with a wanted high curvature, a helix waveguide which
is designed for minimum curvature attenuation of the Ty wave might
be useful.

The mathematical model used for calculating the helix waveguide
neglects the pitch angle of the helix wire.” It is assumed that the closely
wound helix may be idealized as an infinitely thin sheet with anisotropic
conductivity, conducting only in the direction perpendicular to the axis
of the waveguide.

II. SOLUTION OF THE BOUNDARY VALUE PROBLEM

In the following calculation it is assumed that the helix and the pipe
which serves as a shield around the helix waveguide are of perfect conduc-
tivity. The toroidal coordinates have the variables r, ¢ and 2. These are
the same variables as for an ordinary system of cylindrical coordinates.
The only difference is that the z axis is curved in the same way as the
axis of the helix waveguide. The line element is given as

2
dst = <1 + }% sin qo) dZ? + di* + 2 dgo2,

~where R is the radius of curvature which is assumed to be constant.
‘Maxwell’s equations are then given by:

a ro. . ro.

9% [(1 + Esm qa) szl — v(rH,) = jwer (1 + T sin ga) E,,
a ro. . ro.
vH,—al:(l-l-Rsmga)Hz:I—jwe<1+l—€s1nga>ﬂ¢,

i) a9 .
&(TH‘,) —%H, = jwerki,,

i} ro.
@[<1+Esm¢) Ez:l—'er’¢
g -2 (l-l—rsin E]——-' 1+ Zsin >H
Y Loy or R (4 2 | = Jwu B 4 E)

l¢] a .
a_r(rE") —%Er = — jourH,,

if the z and ¢ dependence of all field components are of the form

ejwt+'yz- (2)

(1)

— Juur <1 + %Sin go) H,,
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If R tends to » the equations (1) reduce to the ordinary Maxwell’s
equations in cylindrical coordinates. Since r/R << 1 in all practical appli-
cations, the solutions of (1) will be nearly the same as the solutions for
the system with straight z axis; they will differ only by additional per-
turbation terms. Therefore, the following statement is made:

H = H, + h,
E=E0+e,

where Hy and E, are the solutions of (1) for B — «. Since we are con-
cerned with the special solutions which give the TEqy wave in the curved
helix waveguide, the field of zero-order approximation will be the ordi-
nary TEy wave:

3)

Hy = AJO(XOT)eij.W’

HrO

—_ l AJl(XoT)ejwt+7z,
Xo

B, )

Il

-J ‘;—” AT (xor)e™ 7,
0

XO2 = BOZ + 72:

B = weo.

Equations (4) and (3) are now substituted into (1). Since h and e must

be of the same order of magnitude as r/R, products of these terms with

r/R are omitted. We therefore get only the first-order approximation.
If we consider that Hy and E, are solutions of the unperturbed system,

(1) becomes

%ma—%m—m%=q
a . 7
— h, — yrh, — juwere, = —— cos pAJo(x0r),
de R
Yhe — 9 h, — jwee, = — L' 12 sin @ AJ 1(xor)
T ar # ¢ R Xo 0
+ = sin pAJo(xr), &)

a a .
P (re,) — % er + jowprh, = 0,

a .
— e, — Yre, + joprh, = %

yr thada AJl(XOT);
dop Xo

d .
Yér — ar e, + jwuh, = 0.
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For B — o, these equations are the ordinary unperturbed Maxwell
equations for e and h. The terms with 1/R make the system of equa-
tions (5) inhomogeneous. Its solution is therefore given as the general
solution of the homogeneous system and a particular solution of the
inhomogeneous system. The solution of the inhomogeneous equations is
found by the statement:

e, = X cos g, h. = U sin o,

i

e, = Y cos g, hy = V sin g, (6)

Z .
¢ = —sing, hy =

If we substitute this into (5) we get a system of ordinary differential
equations with the only variable r. This system is solved by a statement
of the form

X = PJo(xor) + QJ:1(xor),

where P and @ are polynomials of r only. After determining the coeffi-
cients of the polynomials we finally get the solution of (5), after adding
the solution of the homogeneous equation:

xo + 2v°

A
R Jo(xor)

h. = [BJl(Xor) -

2

vopd g
+ Sxe r R Jl(XoT)] ¢ sln o,
hy = [BlJ,'(xor) — 0L )
X0 X' T
Y 2 2 A
+ Woz ('I"Y - 1) R‘JO(XOT)

A . .
+ 2%)3 (B + 2x)r i Jl(xor)] " sin ¢,

1 A
J1(X07‘) - ]C—OJI( or) —Q%&RJO(XOT)

<=

) 4 Q)
+ 5 Xlo3 B + x)r B Jl(XO’")] e" cos ¢,

[CJl(Xor) — jou L =B Jo(XOT)] " cos o,
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o i 1 jwu A
br = I:"JB —l: - Jilxor) + C L I (xor) — '7—#2— Jolxor)
X0 T Xo
w,
+J - 7‘7 = JI(XOr):I 7" cos o,

= I:jB%Jll(XOT) - C —73} J1(xor)

2 wep X

+1—— (1 + )— Jolxor) + = ]wuﬂ— r= ]1(xOr)j| 7% sin .

The validity of these solutions can be proven by substituting into (5).
The solution of the homogeneous equations is chosen so as to have the
same ¢ dependence and the same propagation constant as the solution
of the inhomogeneous equation.

Up to this point the theory has followed the solution given in Jouguet’s
paper and is not restricted to the application to the helix waveguide.

Equations (7) and (4) give the field pattern of a normal mode in the
curved helix waveguide, and ¢ = ¢ is taken for a guide filled with air.
The field in the dielectric outside of the helix should also be a solution
of (1). But since the TEq wave in a straight guide has no field outside
of the helix, the field in the dielectric layer is excited only by the addi-
tional field components (7) and is therefore of the same order of magni-
tude. If we again neglect terms of the order (r/R)* we get Maxwell’s
equations for the straight waveguide for the small field within the
dielectric layer. This field should have the same ¢ dependence as (7).
We therefore state:

k. = FWi(x'r) sin ge™,

I

he = |FLW/(xr) — jD w_fé ! Vl(x'r)] sin pe™”,
L X xXtr
hS =|F %; Wyx'r) — jD :—e Vl'(x'r)] cos pe”’,

e’ = DVi(x'r) cos ¢,

o =|— iF ‘°“° Wl(x’r) + D% Vl’(x’r)] cos e, (8)

v 1 . 2
e,° = 9.@ Wi (x'r) — —, = Vailx'r) | sin ge™,
x*r

’2 ’2 2
x =8 +7,
8”% = wemo,

€ 4 /4
—=¢ —je,




1654 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1958

with ¢ = dielectric constant, ¢’ = ¢ tan §, where tan § is the loss fac-
tor of the dielectric material. The functions V and W are abbreviations
for

@2y !
Vir) = HOn) — I 0 oy
Hl(l)(X b)
( H:?'(x'b) . ¢ @
' 2), 1 ), /
Wilxr) = Hy (xr) _WHI (XT),

where H,® and H, are Hankel’s functions of the first and second kind
respectively. The prime on the ¥V, W and Hankel function denotes dif-
ferentiation with respect to the argument. The functions V and W are
made such that e, and ¢, vanish at the shield »r = b. The boundary con-
ditions on the shield are thus satisfied by the statements (8) and (9).
The field of zero-order approximation has to be matched to the bound-
ary independent of the additional field components because of their
different dependence on the variable ¢. It must be Fy, = 0 at r = a.
That means Ji(xoa) = 0, xoa = 3.83, which is exactly the same eigen-
value as that for the straight helix waveguide or even the ordinary
circular solid-wall waveguide. To first order of approximation there is
no change in eigenvalue. The field components (7) and (8) must be
matched at the helix »r = a by means of four boundary conditions
which determine the four constants B, C, D and I'.
We have at » = a the following boundary conditions:

(1) e, = 0;

(2) e, = 0;
3) e. = e’
4) h, = h,’.

These conditions regard the special features of the helix waveguide:
e, = 0 at r = q refers to the assumed perfect conductivity of the helix;
h, continuous at r = @, means that the current in the helix runs strictly
in the ¢ direction. But there is no condition for &, because the change in
h. on both sides of the helix takes into consideration the connection
between the magnetic field and the electric current. But this connection
does not determine the relation between the field components on both
sides of the helix but gives only the dependence of the excitation constant
A of the TEy wave on the wall current. However, this connection is of
no interest to the problem we are concerned with. The solution of these
four equations is:

_1
2

XOLR (1 + a4,
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C— i X [7_2 Wix'a) | e e Vi'(x'a) _ }]A
wexolR Lx%a W/ (x'a) e x Vilx'a) 2177 (10)
D= —jupe L2 Jo(x0)

X_o2 Z—B Vl(x’a) !

2
_ Y 1 JO(XOG)
I = EVE —Wx’(x’a) A.

III. SOME CONCLUSIONS

The equations (4), (7), (8) and (10) give the complete solution to the
first order of approximation of the field perturbation of the TEy wave
due to curvature of the helix waveguide.

The additional field components (7) and (8) are of the same order of
magnitude as a/R and are therefore very small for gentle curvature.
This means that the helix waveguide preserves the TEy wave in its
general shape even within its curved parts. But the magnitude of the
additional field components depends obviously on the construction of
the waveguide, the values of ¢ and the distance (b — a) between helix
and shield.

If b tends toward a; that is, if the helix waveguide is converted into
an ordinary copper pipe with perfectly conducting walls, the TEy wave
becomes seriously perturbed. This is shown by the behavior of the con-
stant C. If b tends toward a, W (x’a) tends to zero according to (9);
this means that C' becomes infinitely large. Of course, the perturbation
theory has no meaning for infinitely large perturbation terms, but the
tendency shows that something is wrong with the TE, wave if the
curved helix waveguide tends towards a perfectly conducting ordinary
waveguide. The limit of the perturbation method is shown by using the
asymptotic approximations for the Hankel functions. This is possible as
long as ¢ > 1 and the TE wave is far from cutoff:

Wl(Xla)
Wy(x'a)
orif | x'(b —a)| K1,
Wl(x'a) ~ 1
Wi (x'a)  x'(b— a)’

The perturbation method is therefore applicable as long as

= cot [x'(b — a)],

a

RIXG=a)] <1
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It is interesting to look at the meaning of C in the field pattern. Accord-
ing to (7), C is the excitation constant of the e, component or, better,
of that part of the e, component which refers to the solution of the
homogeneous Maxwell equations and therefore represents a wave of the
TMy; type. The fact that C tends to infinity with b tending toward a
means that the coupling between TEy and TM;, waves becomes very
strong, as is well known. The coefficient B is not affected by this limit
process. That means that, since B is the excitation coefficient of h, in
(7) and therefore represents a TE;, wave, the coupling between TEy
waves and TE,, waves is not affected by the conversion of the helix
waveguide into an ordinary solid-pipe waveguide. For a real helix wave-
guide, however, the perturbation terms & and e are small and our first
order approximation is valid. It may be expected that there exists an
optimum design for the helix waveguide with regard to mode conversion
in bend parts, because the constant C is also affected by the choice of e.
For instance, for ¢’ — «, C tends to « too, because of the second term
in parenthesis which tends to « like V/¢”. L

It should be mentioned that the additional field components (7) are
not simply a superposition of TEy; and TM;; modes. Though they have
the same angular distribution, their radial dependence is different from
those of normal modes of the helix waveguide. In order to match these
modes to normal modes of the straight guide an infinite series of TE;,
and TM;, modes would be needed.

IV. THE ATTENUATION CAUSED BY CURVATURE

According to our assumption of perfectly conducting helix, the Ty
wave in the straight waveguide would have no attenuation. But the
curvature gives rise to a field in the lossy dielectric between helix and
shield. The power dissipation due to this perturbation field causes an
attenuation of the whole wave. The power dissipation in the lossy dielec-
tric may be found by calculating the radial power flow through the
surface of the helix into that space.

The power dissipation P, per unit length of the waveguide divided by
twice the power P flowing through the cross section of the waveguide in
the axial direction gives the attenuation a. = Py/2P (the index e refers
to attenuation due to losses in the dielectric). The average power flowing
into the dielectric at r = a is:

27
Pd = %Refl; (6;5; - eze’;\pe)a d§0 atr = a.
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The dash over & means the transition to the conjugate complex value.
In this way we get

1 1 W 7 (x'a
_ —@—2Re {j I:l'YIJ 1(Xa) 6502(12 _1()5 )]} (11)
2xakR X X W, (X a) €0 Vilx'a)

For TISy far from cutoff and for ¢ > 1, we have k’a >> 1 and may
therefore substitute for the Hankel functions their approximations for

large arguments. If we do this we get the much simpler formula:

o IIVII,R[ <'7,2'2+_ B)cot)’(’(b—a):l. (12)

2 axo R~
The transition to the real part gives finally:
_llv] 1

7 2 axe KR?
2
-sin % cos u [Sin ) (I 7] cos 286 + e'602a2)

K2
+ cos 6 (!Iy sin 26 — € d’Bo )] : (13)
+ sinh » cosh v [cos ) <| 1’22[ cos 28 + e'a2ﬂ02>

2
— sin & (l 1’221 sin 26 — €”a’Bs )]

[(sin % cosh v)? 4+ (cos u sinh v)?]

where

2712 n
P = By /‘/I:(e' - 1) + X—OQ:I + (") 25 = arctan —é— ,
Bo e—1+6
0

u = Kb — a) cos §, v = K(b — a) sin 6.

Equation (13) gives the attenuation of the Ty wave in the curved
helix waveguide due to losses in the dielectric between helix and shield.
If ¢” tends to zero, 6 and v tend to zero and therefore a, vanishes. In the
shielded helix waveguide the additional losses of TEy wave due to curva-
ture may be very small if the losses in the dielectric could be kept small.

Equation (13) may be simplified for two special cases:

i. If b tends to «, that is, for the unshielded helix waveguide, the
attenuation due to curvature becomes:

_1|'Y| 1 I: (|’Yl ’ 2 2)
% =5 e K| 0\ e

2
+ sin & (e”a2602 — l;’@' sin 26)] .

(14)
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Now we get an additional attenuation, even for ¢’ = 0 due to radiation
losses into the outer space.
ii. If ¢/ <K 1weget,aslongas0 < K(b — a) < 7

_lalv]|s

Y TAR Kot

Kb — a) —sin Kb —a)cosK(b—a)( —2) ¢
[sin K(b — a)P? ¢ — 1

Finally, there is some additional curvature attenuation due to the wall
currents on the shield and on the helix caused by the additional field
components. This attenuation can be neglected when compared with
the attenuation caused by losses in all realizable dielectrics.

It may be of interest to mention that the attenuation due to curvature
of the helix waveguide is always proportional to 1/R’. That is, for the
first order of approximation, which considers only terms proportional
to 1/R, there is no attenuation due to curvature. Therefore, the eigen-
value xoe is unchanged. Instead of caleulating the second-order approxi-
mation which would also give the attenuation of the TEy wave due to
curvature, we have calculated this attenuation by calculating the energy
dissipation

(15)

”

V. SOME NUMERICAL EXAMPLES

The following figures show the behavior of the attenuation of TEg
mode caused by bends as a function of different parameters:

Tig. 1 gives the attenuation of the TIy; mode for fixed frequency and
several values of ¢ as a function of ¢”. The shield is assumed to be at an

400

200
L~
€'=105 =12 L Z
2 100 T S»\
&af - ;\ 4

/i

a L=
60 ~] =
40 1.1,1.05
20
10
0.01 0.02 004 0.1 0.2 0406 1 2 4 6810 20 40 60 100

e

Fig. 1 — Attenuation of the Ty mode due to the curvature of the helix
waveguide, with a8, = 29.5.



ATTENUATION OF TEgy WAVE IN CURVED HELIX WAVEGUIDE 1659

130

120 —- S >

no - //
100 /

50 /

40

”

Fig. 2 — Curvature attenuation of the TEy mode, with ¢ = ¢”.

infinite distance b — . The curves were calculated with the help of
(14). The attenuation « is multiplied by R*/a in order to make it dimen-
sionless. The value of a8y = 2w(a/Ao) = 29.5 corresponds to @ = 1 in.
and f = 55.5 kme.

It is interesting that, for greater values of ¢, the attenuation is nearly
constant and depends on ¢” only for very large values. Diminishing the
value of ¢ gives a decrease in a. The attenuation has increasing values
for decreasing €¢” only for values of ¢ very close to one. The best choice
is ¢ = ¢€”. It is advisable to make ¢ = ¢” as close to one as possible, if
low values of attenuation are wanted.

Fig. 2 shows the dependence of attenuation on ¢ = €¢”. Let us consider
a practical example. If ¢ = 1in.,f = 55.5 kmc and ¢ = ¢’ = 2:

433
a = 222 db/tt

if R is measured in feet. The attenuation of the straight waveguide with
copper helix is about « = 2.92 X 10~* db/ft. The attenuation due to
curvature has the same value for a radius of curvature of R = 385 ft. =
117 meters. ‘

Fig. 3 shows the frequency dependence of curvature attenuation for
€ =2 ¢ =2 If a = 1in., aBs = 2r(a/N) = 18.6 for f = 35 kme
and aBy = 40 for f = 75 kme. In this range, the curvature attenuation
at the upper frequency limit is five times the attenuation at the lower
frequency limit.
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The attenuation due to curvature may very effectively be reduced by
proper choice of the distance between helix and shield.

Fig. 4 shows the dependence of attenuation on the relative distance
between shield and helix (b — a)/a; ¢ = 4, ¢ = 2, afy = 29.5 in this
example. The attenuation first oscillates with increasing (b — a)/a and
reaches then a fixed value equal to the value for b = « in TIig. 1. But
the lowest value is only % of the value for b = . This favorable effect
of the shield can still be improved with decreases in €”. Fig. 5 shows the
dependence of (R*/a)a on (b — a)/a for fixed €”/¢’ = 0.01 for different
values of ¢'.
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It is surprising that the values of the minima are reduced by increase
of €. This is just the opposite behavior as for the unshielded waveguide
of Fig. 1. According to (15), « is proportional to ¢” for small values. The
attenuation may therefore be simply calculated for other values of ¢”
by means of Fig. 5. »

If we again consider @ = 1 in., f = 55.5 kmc and allow « due to cur-
vature to equal the attenuation of TE, mode in straight waveguide,
the radius of curvature may be B = 32.1 ft. = 9.8 meters if ¢ = 6,
¢ = 0.06 and (b — a)/a = 0.01.

Proper choice of (b — a)/a allows, therefore, a 10 times larger curva-
ture than in the previous example. That the frequency dependence is
not worse for the shielded than for the unshielded guide is shown in Fig.
6. The ratio between the attenuation for a8y = 40 and aBy = 18.5 is
again about 5.

If we are only concerned with the attenuation of the TEq mode due
to curvature, the shielded waveguide is very much better than the
unshielded guide.

VI. SUMMARY

The additional attenuation of a Ty mode due to curvature of the
helix waveguide was calculated by means of a perturbation theory. The
effects of dielectric constant and of a shield around the helix waveguide
were discussed. It was shown that it is advisable to make ¢ = ¢’ as
small as possible if low attenuation for a guide without shield and a
very thick dielectric coating is wanted. But very much lower attenuation
can be obtained if a shicld is placed at a proper distance from the helix.
To get low attenuation by aid of a shield, the real part of the dielectric
constant ¢ should be as large as possible but its imaginary part as low
as possible.

The attenuation due to wall currents in the shield and additional
currents due to curvature in the helix may be neglected when it is com-
pared with the losses in the dielectric jacket for all real dielectric mate-
rials.
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