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vVe assume that set) fwd u(t) have autocovarianee functions expressed 
in terms of the spectral densities by: 

rfo 

Rs( r) = L
fo 

ws(j) exp (j27rr j) dj, (120) 

[

fO 

Ru(r) = wu(f) exp (j27rrf) df. 
-fo 

(121) 

It is no loss of generality to assume that u(t) is band-limited to the range 
-fo to fo , since higher frequency components would produce effects in­
distinguishable from those in the band of half the sampling rate. The 
spectral densities are in turn expressible in terms of the autocovariances 
by 

Ws(f) = 1: Rs( r) exp ( - j27r fr) dr, 

wu(f) = 1: Ru(r) exp (- j27rfr) dr. 

(122) 

(123) 

The s- and u- ensembles are assumed to be independent and ergodic. 
Note also that the signal density spectrum is defined in terms of mean 
squared voltage or current values, while the jitter spectrum is expressed 
in terms of mean square values of time. 

Our procedure is to calculate first the autocorrelation function of the 
o-(t)- ensemble by the definition 

co co 

R,,(r) = av o-(t)o-(t + r) = av L L s(m/2fo)s(n/2fo) 
m=-co n=-co 

sin 27r fo(t + Um + m/2fo) sin 27r foCt + r + Un + n/2fo) 
47r2f02(t + Um + m/2fo)(t + r + Un + n/2fo) 

(124) 

The spectral density of the distorted signal ensemble is then given by 

wif) = 1: Rir) exp (- j27rfr) dr. (125) 

We assume ensemble and time averages to be interchangeable by the 
ergodic assumption. The averaging over the s- and u- ensembles may be 
done separately because of their independence. Furthermore, the double 
series may be averaged term by term since, in any case, the average of the 
sum is equal to the sum of the individual averages. We first note that, for 
the s- ensemble averaging, 

av [s(m/2fo)s(n/2fo)] = av [s(m/2fu)s(m + n - m)/2fo] 
(126) 

= Rs[(n - m)/2fo] = Rs[(m - n)/2fo]. 

The averaging over the u- ensemble is more troublesome. 
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It has been found possible to obtain a reasonably simple answer only 
in the case of a gaussian jitter ensemble. By an involved calculation, 
which is explained in the Appendix, we obtain for this case, setting 
'Po = 1/2fo, 

'P 00 17rITO 
Ru(r) = -rr

0 n~oo Rs(n'Po) 0 exp (-lUn
2
) cos (r - n'Po)z dz, (127) 

where 

(128) 

In terms of the complex error function, 

Ru( r) = ~l~_ :t Rs(n'Po) Re erf (-rrU n _ i r + n'Po). (129) 
2v -rr n=-oo Un 'Po 2Un 

In the case of PCM transmission of an FDM group, the allowable 
jitter is small. This means that the integral of the spectral density wu(f) 
must be small and, hence, that Ru(O), which is equal to this integral, 
must be small; Ru(T) assumes its largest values at r = 0 and we con­
clude a fortiori that U n2 must be small. Hence, we approximate by re­
placing exp (-lUn

2
) by zero and first-power terms in its power 

series expansion and obtain an approximate value of the integral in 
(127) : 

(130) 
_ 2U

n
2 [cos 2-rrfo(r + nTo) _ 'Po sin 2-rrfo(r + nTo)]. 

(T + n'Po)2 -rr(T + n'Po) 

By a further manipulation also given in the Appendix, we find that this 
approximation yields for the spectral density 

wu(f) == (1 - 4-rr2lu02)ws(f) 

+ 4-rr
2
/[ws*u(f) + ws*u(2fo + 1) + ws*u(2fo - j)l; I f I < fo, 

where 

Uo = v'Ry(O) is the rms time jitter and 

ws*y(f) = i: Ws(A + f)Wu(A) dA 

= convolution of signal and jitter spectrum. 

(131) 

(132) 

(133) 

We note that the first term consists of the original power spectrum of 
the signal depressed by the "crowding" effect factor (2-rrfuo)2. The crowd-
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ing effect does not introduce new frequencies not present in the original 
signal and therefore does not contribute to interchannel interference. The 
interference is given entirely by the second term, which consists of dif­
ferentiated convolution spectra of signal and jitter. The differentiation 
is expressed by the multiplying factor (27rf) 2, which gives a triangular 
voltage spectrum like that of thermal noise in frequency modulation. 
The term ws*y(f) represents the direct convolution of signal and jitter 
spectra, while ws*u(2fo ± f) represents sidebands of the convolution spec­
trum on the sampling frequency. 

In testing of multichannel systems by noise-band loading, as pre­
viously mentioned, the signal spectrum applied is flat except for the nar­
row band assigned to the channel under test. The power spectrum is 
made equal to zero throughout the test-channel frequencies (see Figs. 11 
and 12). The expression for ws(f) is then: 

{

K. 
ws(f) = ' 

0; 

If I < ft and ft + fe < I f I < io 
(134) 

it < I f I < it + fe , 

where it is the test channel carrier frequency and ie is the bandwidth of 
one channel. (We have assumed a single sideband system with upper 
sideband transmitted.) Then (133) gives 

[l-
lt-Ie lit (0 ] 

ws,.u(f) = K -/0 + -It + J
ft

+
le 

Wu(f + A) dA. (135) 

It is sufficient to evaluate the interference spectrum in the test channel 
range it to it + ie and -it -ie to -ft. Since power spectra are even 

~Wy(f)-
-fa -ft 0 ft 

c 

Ii: f~: 

::~I : I I I I 
: I ~ ~u(f+;\) I 

~!~ ! 
-fa -f 0 fa-f : 

i I A.~: 
wy(2fa-f+A.)" I : I 

\ I I I 
~ I I I I ____ --~-~---r-----4I~~1 ~I__ I 

r ~1§8l : 

Fig. 11 - Spectral relations for noise band as test signal with It > 10/2. 
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Fig. 12 - Spectral relations for noise band as test signal with it < 10/2. 

functions, we actually need to calculate for only one of these intervals. 
There are two contributions from (131) to the positive interval- one 
for ws*u(f) and the other from ws*u(2fo - f). The term ws*!t(2fo + f) 
vanishes for f > 0 since ws*u(v) is zero for v > 2fo. 

The contribution from ws*u(2fo - f) to the positive interval ft to ft + fe 
is defined by the interval 2fo - f = ft + fe to 2fo - f = ft or f = 2fo -
ft - Ie to f = 2fo - ft. We must therefore evaluate ws*u(f) in the 
ranges ft toft + fe and 2fo - ft - fe to 2fo - ft . 

Figs. 11 and 12 show the limits of integration which apply for the 
cases of ft greater than and less than fo/2, respectively. From these dia­
grams, we deduce that the distortion spectrum in the range ft < f < 
ft + fe , is given by 

wuif) = 47r2f2J( ~1-ft-fc [wu(f + X) + wu(2fo - f + X)) dX 
t -fo 

(136) 

1
f
-

fO 
} + -It wu(2fo - f + X) dX f fo 

or f > 2' 

and 

w • .(J) ~ 4,,'f'K {[C'-I' + L + .C] wu(f + A) dA 

(137) 

+ t~/' wu (2jo - j + A) dA} for j < ~. 
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A special case of interest is that of a flat jitter band over a low-fre­
quency portion of the signal band. Rowe's previously cited workl on 
regenerative repeater chains indicates that the jitter spectrum peaks at 
the low-frequency edge of the signal band as the number of repeaters 
becomes large. Suppose the jitter spectrum is uniform from - F to F, 
f < fo and consider the case of ft > fo/2 and F < fo - ft . This corre­
sponds to a test channel in the upper half of the signal band but below 
the top by at least the width of the jitter band. The distortion spectrum 
is given by 

= 47r2{;(U0
2 

(2F - fe) 

== 47r2f2Ku02 if fe «2F.* 

The mean square total interference voltage in the idle channel is 

jlt+lc 

ue
2 = 2 wud(f) df == 87r2 f/Ku02fe. 

It 

If the mean square signal is 80
2

, we have 

80
2 = 2Kfo, 

and 
2 

Ue 2f 2 21.;-f 2 = 47r t Uo e J 0 . 
80 

(139) 

(140) 

(141) 

The dependence on the square of test-channel frequency shows that we 
have a triangular voltage spectrum like that obtained in FM. 

A quantity of interest defining signal quality in the typical channel of 
the frequency-division multiplex system is the ratio JJI of mean square 
value of the sine wave test tone which fully loads the channel to the mean 
square interference voltage when the channel is idle and the other chan­
nels are being opera ted in a normal manner. The mean square full load 
test tone voltage on one channel of an FDM telephone system is related 

* The implications of this approximation should not be overlooked. If the band­
width of the jitter spectrum is small compared to a channel width, interchannel 
interference would result only from high-order modulation neglected in the 
above approximation. 



]536 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1958 

to the mean square full load test tone for the entire system by the Hol­
brook-Dixon 7 curves, which we shall express in the form 

(142) 

where 

PI = full load test tone mean square value necessary to transmit one 
voice channel, 

P n = full load test tone mean square value necessary to transmit n 
superimposed voice channels. 

When the multiplex system is operating normally the active channels 
are loaded with voice signals and not by sine waves. The value of 80

2
, 

the mean square total signal voltage with speech loading, may be ex­
pressed as 

(143) 

where H is the ratio of the peak factor of a sine wave to that of a compos­
ite multichannel speech wave. This is based on the assumption that the 
normal speech loading reaches system overload occasionally. The peak 
factor of a sine wave is V2, corresponding to 3 db, while the peak factor 
of superimposed speech channels approaches that of thermal noise as the 
number of channels is made large. The peak factor of thermal noise de­
pends on the value of the probability of excess chosen. A value often 
used is 4, corresponding to 12 db, for which the probability of observing 
greater peaks is one in 10,000. This choice fixes H2 at eight, corresponding 
to 9 db. 

We write, in accordance with the above, 

M = PI/u/, 

and assume M specified. It follows that 

M = MnPnfo 
471"2 ft2U02nfc802 

H2Mnfo 
471"2 ft 2u02nfc . 

(144) 

(145) 

Solving for U02
, we obtain the minimum requirement for mean square 

time jitter: 

2 H2foMn 
Uo = 471"2ft2fcnM' (146) 

Because of the triangular distortion voltage spectrum, the requirement 
is most severe at the highest channel carrier frequency. 

It is convenient to express this requirement in terms of rms phase 
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jitter <I> allowed at the digital pulse frequency, which is 2Nfo for an N-digit 
PCM system. Since <1> = 27r(2Nfo)uo , 

<1>2 = 4N2H2 f031vln 
nft2 feM . 

(147) 

Consider, for example, an 8-digit binary PCJVI system transmitting a 
2000-channel single-sideband FDM telephone signal with 4-kc carrier 
spacing. The top channel is at 8 mc and imposes the most severe require­
ment. \iV e ask for a 50-db ratio of full load test tone power to idle channel 
interference. Assume the sampling frequency is 20 mc. We evaluate lJ;ln 
by extrapolating from Table I of Ref. 8: H2 = 8, N = 8, fo = 107

, 

1\11 n = 2000/80, n = 2000, ft = 8 X 106
, fe = 4 X 103

, 111 = 106
, and 

we calculate <1> = 0.3 radian. This result is close to estimates made by 
O. E. DeLange and E. D. Sunde by different methods. 
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APPENDIX 

By the definition of a time average, 

. 1 N N 

R,,(r) = ~l~ (2N + l)To m~N n~N Rs[(m - n)To] 

LNT, sin f.; (t : mTo + Urn) sin f.; (t + T + nTo + un) dt 

-NT, (;0) (t + mTO + u",)(t + T + nT. + Un) 

(148) 

The integrand is an analytic function of t in the finite plane and hence 
the path of integration may be deformed without changing the value of 
the in tegral. We replace the part of the path passing through the zeros 
of the denominator by downward indentations. Sum and difference 
formulas may then be applied to the sines to resolve the integral into the 
sum of separate components without introducing singularities in the inte-
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grands. Designating the resulting path of integration by C, we then have: 

Rx(T) = lim t t 7
1oRs[(m -2 n)To] 

N =00 m=-oo n=-oo 4N 7r 

1 dt 
c (t + mTo + Um) (t + T + nTo + Un) 

{cos ;0 [T + (n - m)7'0 + Un - Urn] 

- cos ;0 [2t + T + (m + n)T + Urn + Un]}. 

'To evaluate the integral, write: 

mTo + U m = a} 
T + nTo + Un = b 

Note that a and b are real numbers. We must calculate: 

cos ;0 (b - a) cos ;0 (2t + a + b) 

i (t + a)(t + b) dt - i (t + a)(t + b) dt. 

(149) 

(150) 

The first integral vanishes as we let N approach infinity, as may be seen 
by closing the contour in an infinite semicircle below the real t-axis. The 
absolute value of. the integral around the semicircle of radius r cannot 
exceed the product of length of path 7rr and the maximum absolute value 
of the integrand, which is less than 1/r2. The integral around the semi­
circle is therefore less in absolute value than 7r/r and approaches zero as 
r goes to infinity. The integral around the closed contour including C 
and the semicircle must vanish because there are no f3ingularities inside. 
Hence the integral over C also vanishes and the first integral is zero. 

The second integral may be written as the sum of two terms: 

eirr(aH)/To 1 ej27rt/To dt + e -j7r(a+b)/To 1 e -j27rt/To dt 

2 c (t + a)(t + d) 2 c (t + a)(t + b) . (151) 

In the first term we close the contour in an infinite semicircle above the 
real t-axis and obtain an integrand which vanishes exponentially as the 
radius is made large. In the limit the integral along C is then equal to the 
integral around the closed contour, which in turn is equal to 27r/j times 
the sum of the residues at the poles t = - a and t = - b. In the second 
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term we close the contour below the real t-axis and show that the integral 
vanishes. Therefore the complete result is given by: 

_ -.!!1 e j7r (a+u)/To c + _c __ 2 . ( -j21ra/To -j27rb/T. 0) 
2· v-a a-v 

Hence, 

7rj [j7r(a-b) To -j7r(a-b)/To] = --- e - c 
a - b 

= 27r sin 7r(a - b)/To 
a - b 

(152) 

N N ToRs[(m-n) To] sin; [(m-n)To+um-un -r] (153) 
lim 2: 2: 0 
N=oo n=-N b=-N 2N7r[(m - n)To + Um - Un - r] 

For purposes of calculation it is convenient to introduce the dummy 
variable z and write the equivalent form: 

1
7r'TO 

R,,(r) = dz 
o 

t t ToRs[(m - n)To] cos [em - n)To + Um - Un - r]z. 
m=-N n=-N 2N 7r 

Next we change the order of summation by letting m - n 
dropping the prime after eliminating m to obtain 

1
7rITO 

R,,(r) = 0 dz 

N n-N 
2: 2: 

n=-N m=-N-n 
ToRs(mTo) cos (mTo + Um+n - Un - r )z 

2N7r 

The summation can be rearranged into the equivalent form 
o N 2N N-m 
2: 2: +2: 2:, 

m=-2N n=-N-m m=l n=-N 

(154) 

m' and 

(155) 

so that the summation may be performed with respect to n first. For 
each value of m there are 2N + 1 values of n. When N is large, summing 
over the values of the function 

( ) ToRs(mTo) [()] ( ) G nTo = cos {mTo + U m + n To - unTo - r}z (156) 
7r 
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for 2N + 1 values of n with m fixed and then dividing by 2N approaches 
the procedure for calculating the average of G(nT) over the u-ensemble. 

To evaluate the ensemble average of G(nTo), we invoke a theorem ex­
pressed by equation (1.14) of Ref. 6, which states that, if u(t) is a gauss­
ian ensemble, 

av {cos [au(t) + bu(t + r) + {3]} 

[ 

2 + b2 ] = exp ~ Ru(O) - abRu(r) cos (3. 
(157) 

We shall assume from this point on that u(t) is a gaussian ensemble. 
Then the above result fits our case if we set t = nTo, a = -z, b = z, 
{3 = (mTo - r)z, r = mTo . We then find 

av G(nTo) = ToRs(mTo) e-z2[Ru(O)-Ru(mTo») cos (mTo - r)z, (158) 
7r 

and 
To 00 

Ru(r) = - I: Rs(mTo) 
7r m=-oo 

(159) 

1
7r'TO 

-z2 [Ru(O)-Ru(mTol) [( T) ] d e cos r - m 0 z z. 
o 

The integral is now evaluated by writing the cosine in exponential 
form, completing the square in the exponent, and substituting variables 
to obtain the error function. The result is given as (129) of Section VI. 
We have replaced m by -n and made use of the fact that the autocorre­
lation function is even. 

We next calculate the power spectrum wu(f) by taking the Fourier 
transform of the approximate autocorrelation (130). The complete in­
tegrand has no singularities in r and, by indenting the path of integra­
tion below each point r = -nTo , we can separate the integral into com­
ponent parts without singularities on the path. Denoting the depressed 
path by C, we evaluate 

f 
e-i27r!T sin i (r + nTo) dr 

C 7r(r + nTo) 

f [e-i[27rf-(7r/Tol)r+in7r _ e-i [27r f +(7r/Tol)r-in7r ] dr 
C 27rj(r + nTo) (160) 

fO; I f I 

1 e" .. fT.; I f I 
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r 0; I f I 

~ t 'If (2'1fJ - ;,) e,'nrlT,; I J I 

r 0; 

~ t - ~ (2'1fJ - ;,)' e,~nrjT,; 
I f I > 2~0 

1 
I f I < 2To 

Then, for I f I < 1/2To ; that is, I f I < fo : 

w.(f) "" nt ToR,(nTo) [1 - ;:' Un' - 2UnV (2J - ~.,) 

_ 2 To'!!:. 7f'2 (2f _ ~)2 U n2] ei2n7r/T 
7f' 2 To 

00 

= To L Rs(nTo)(l - 47f'2l Un
2) ei2n7r/T. 

n=-oo 

(163) 

From (120), we note that ws(t) vanishes outside the range - fo to fo , 

(164) 

and from the analogous relation for Ru(t), 

Ru(nTo) = l: wu(v)ei27rnToV dv. (165) 
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Application of the convolution theorem shows that 

where 

R (nT)R (nT) - 100 

ws*y(v)ei2rrnToV dv, .~ 0 u 0 - -00 

L: Ws(A)Wu(A + v) dA 

L: Ws(A + V)Wu(A) d"A. 

(166) 

(167) 

We substitute the above expressions for Rs(nTo) and Rs(nTo)Ru(nTo) 
In (163) and then apply Poisson's summation formula, 

n1;oo L: cp(z)e
inz 

dz = 27r ntoo cp(2n7r), (168) 

to obtain, for I I I < 10 , 

W.(J) '" [1 - 4,,'j'R.(O)] j';:~ W, (;0 - f) 
+ 4,,' f' };~ W, •• (;0 - f ) . 

(169) 

Since both ws(f) and wu(f) have been assumed to vanish for I I I > 10 = 
1/2To , the only term of the first sum which falls in the signal band -10 to 

10 is that for n = 0, while in the second sum the signal-band contributors 
are n = 0, -1 and 1. The latter conclusion follows from the fact that the 
convolution of two functions limited to the same low-pass band is limited 
to a low-pass band twice as great. Also, noting that power spectra are 
even functions, we obtain (]31). 
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Timing in a Long Chain of Regenerative 
Binary Repeaters 

By H. E. ROWE 

(Manuscript received May 28, 1958) 

The present paper studies some of the statistical properties of the random 
timing deviations, or position modulation of the signal pulses, in a long chain 
of regenerative binary repeaters. Random timing deviations of the output 
signal pulses result from input noise, tuning error, random timing devia­
tions of the input signal pulses (introduced by preceding repeaters) and 
other sources at each repeater. 

The power spectra and the total powers (mean square values) of the timing 
noise, spacing noise (random deviations in spacing of two consecutive pulses 
from an integral number of pulse periods) and alignment noise (random 
deviations in alignment between an input signal pulse and its corresponding 
timing pulse) caused by the input noise at each repeater are determined for 
a long chain of regenerative repeaters using either tuned circuit or locked 
oscillator timing filters. The effects of tuning error are studied for a chain of 
repeaters employing locked oscillator timing circuits; however, the present 
analysis does not treat the effects of tuning error in a chain of repeaters using 
tuned-circuit timing filters. 

1. INTRODUCTION 

Regenerative binary repeaters have recently been proposed for both 
baseband and carrier pulse code modulation systems/' 2, 3, 4 in which 
the signal is represented by a binary pulse train. This type of repeater 
attempts to remove noise and other types of distortion from the incom­
ing pulse train and to transmit a new signal which resembles the original 
as closely as possible. Noise and other system imperfections have two 
unwanted effects: (1) a certain number of errors occur at each repeater, 
i.e., a received pulse is transmitted as a space, or vice versa; (2) the signal 
pulses are no longer centered in equally spaced time slots but have a 
random position modulation, called timing noise. The present paper is 
concerned with some of the statistical properties of the random timing 
deviations in a system containing a long chain of regenerative repeaters. 

1543 
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A portion of a typical pulse train under ideal conditions is shown in 
Fig. 1, where, for purposes of illustration, the individual signal pulses 
have been made short enough so that they do not overlap; the curve 
represents either the amplitude of a baseband pulse train or the envelope 
of a carrier pulse train. The pulses are either "on" or "off", denoted by 
"I" and "0" respectively; all signal pulses present have a standard am­
plitude and identical shape, and are centered in equally spaced time 
slots. 

An ideal regenerative repeater would sample the pulse train of Fig. 1 
at the instants nT (n = ... , -1, 0, 1, ... ). If the amplitude or envelope 
at each sample point is greater than the slicing level a new standard 
signal pulse is transmitted; if the amplitude or envelope is less than the 
slicing level no pulse is transmitted. If an additive gaussian noise is now 
present at the input to the regenerator there will be a certain number of 
errors, so that the output pulse train will no longer be identical to the 
input pulse train. To minimize the number of errors the slicing level 
should be set at one-half the peak pulse amplitude in a baseband system, 
a little greater than one-half the peak pulse envelope in a carrier system.5 

The error rate is then determined by the signal-to-noise ratio at the in­
put to the regenerator.5 In this way the effects of noise are completely 
eliminated, except in the relatively rare cases where the noise is large 
enough to cause an error. 

These sampling and level-selecting operations may be performed by 
an idealized regenerator having the characteristics shown in Fig. 2, which 
approximate those of practical regenerators. In addition to the signal 
input and output, which may be either baseband or carrier pulses, the 
regenerator has an additional input for the timing or sampling pulses, 
which are baseband pulses. The input and output plotted in Fig. 2 repre-

PULSE AMPLITUDE 
(BASEBAND) OR 

ENVELOPE (CARRIER) 

-4T :-3T -2T -T o 
TIME~ 

T 

F = PULSE REPETITION FREQUENCY 

T = 1/F = PULSE PERIOD 

Fig. 1 - Binary pulse train. 

SLICING 
LEVEL 
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t 
TIMING SIGNAL- ..... 

PRESENT ...... 

TIMING 
SIGNAL, 
ABSENT' 

SLICING PULSE 
LEVEL PEAK 

INPUT~ 

Fig. 2 - Ideal regenerator characteristic. 

sent amplitude or envelope for the baseband and carrier cases respec­
tively. If the timing signal is absent, the regenerator output is zero for 
all input signal levels; if a timing pulse is present, the regenerator operates 
as an ideal slicer, with zero output for inputs less than the slicing level 
and a constant output for inputs greater than the slicing level. If the 
timing pulses are much shorter than the signal pulses, the regenerator 
output will consist of identical short baseband or carrier pulses, which 
may be transmitted through an appropriate filter to yield standard out­
put signal pulses. Thus, the system will produce a standard output pulse 
each time a timing pulse occurs when the input signal has an amplitude 
or envelope greater than the slicing level. The position of this output 
pulse is determined only by the position of the timing pulse and not by 
the position of the input signal pulse; this type of response has been called 
"complete retiming" .3, 6 

In an ideal regenerative repeater with an input signal as shown in 
Fig. 1, the regenerator of Fig. 2 must be supplied with timing impulses 
occurring at the pulse repetition frequency and centered exactly at the 
sample points nT. However, in the self-timed repeaters studied here the 
timing pulses must be derived by the repeater itself from the signal, 
which will no longer be the ideal signal of Fig. 1 but will have added 
noise and random position modulation introduced by the preceding re­
peaters. 

In systems employing complete retiming (such as the one discussed 
above), in which the timing pulse alone determines the position of the 
corresponding output signal pulse, the timing pulses may be derived 
only from the input signal. However, in systems employing partial re­
timing, in which the position of each output signal pulse depends on the 
position of both the corresponding timing and input signal pulses, the 
timing pulses may be derived from either the input or the output signal 
pulses.3

, 6 Repeaters with essentially complete retiming appear to be of 
greatest interest for microwave systems and so, for the present, we con-
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Fig. 3 - Regenerative binary repeater with timing from the input. 

sider only the case of complete retiming. The analysis is easily extended 
to include partial retiming, with the timing pulses derived from either 
the input or the output. 

The mathematical model chosen to represent a regenerative repeater 
is shown in Fig. 3. The regenerator characteristics are assumed to be 
those given in Fig. 2. The input and output signals are either baseband 
or carrier pulses; the timing signal is a train of baseband impulses, de­
rived from the input pulse train. The filter converts the short pulses at 
the output of the regenerator into standard signal pulses for transmis­
sion to the next repeater. 

The timing system in Fig. 3 contains a narrow band-pass filter tuned 
as close as possible to the pulse repetition frequency. This timing circuit 
is excited by baseband pulses derived from the input signal pulses. Its 
output, called the timing wave, is approximately a sine wave at the pulse 
repetition frequency, and may be considered to be a sine wave at this 
frequency with both random amplitude and phase modulation. The 
amplitude modulation results from the statistical nature of the signal 
pulse pattern and from the random noise introduced at the input to the 
repeater; the phase modulation is produced by the random nqise at the 
input, the random variations in pulse position introduced by preceding 
repeaters in the chain, and the tuning error of the timing circuit. The tim­
ing circuit is followed by an ideal limiter which removes the amplitude 
modulation; the resulting waveform is then used to generate the timing 
pulses applied to the regenerator, for example, by producing a timing 
pulse at the instant of each negative- (or positive-) going zero crossing 
of this waveform, so that the phase of the timing wave determines the 
position of the timing pulses. 

The baseband driving pulses for the timing circuit may be obtained 
in various ways. The simplest method is to drive the timing circuit with 
the signal pulses themselves in a baseband system or with their rectified 
envelope (obtained by a linear envelope detector) in a carrier system. 
However, it may be advantageous to first pass the baseband signal pulses 
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through a nonlinear device such as a peak amplifier or a square-law 
rectifier to suppress the low-level noise in the absence of signal pulses;2 
similarly, a square-law rectifier might be used for the same purpose in a 
carrier system. Alternately, a standard baseband driving pulse for the 
timing circuit might be generated whenever the amplitude or envelope 
of the baseband or carrier signals passes through a critical level (approxi­
mately half the peak) in the ascending direction. 7 The noise at the input 
of each repeater will affect the timing performance of these different 
systems in different ways. 

In order to simpEfy the analysis of the timing behavior of a long chain 
of repeaters and to permit the application of the results to systems em­
ploying different types of repeaters, such as those discussed above, the 
following general assumptions will be made: 

1. The reception of each signal pulse is assumed to initiate an inde­
pendent transient in the timing circuit. This requirement is obviously 
satisfied in any baseband or carrier system in which signal pulses in ad­
jacent time slots do not overlap. It will remain satisfied if adjacent signal 
pulses do overlap only under special conditions, e.g., (a) in a baseband 
system, if the received signal pulses drive the timing circuit directly, (b) 
in a carrier system with a linear envelope detector and coherent carrier 
phase between adjacent signal pulses. 

2. The timing filter is assumed to be a simple resonant circuit, charac­
terized by its Q. Its natural resonant frequency would ideally be made 
equal to the pulse repetition frequency, but in practice there will be a 
small tuning error. A related problem in which an idealized locked os­
cillator is used to generate the timing wave will also be considered. 

3. The input noise at each repeater causes random timing deviations 
of the output signal pulses, in addition to those present from other 
sources. This real input noise may be replaced by adding an equivalent 
fictitious position modulation or timing noise to the input signal pulses, 
such that the random timing deviations at the output of the repeater 
remain the same. This permits the effects of the input noise to be treated 
in the same manner as the effects of the random position modulation 
introduced by the preceding repeaters. For simplicity, we assume that 
the equivalent timing deviations added to the different input signal 
pulses are statistically independent, the mean square value of the added 
timing noise being given. This assumption is plausible, since the real 
input noise will have a bandwidth comparable to that of the signal. A 
detailed analysis of a particular repeater is required, of course, to estab­
lish this equivalence rigorously; the rms value of the equivalent timing 
noise may depend on the average number of pulses present as well as on 
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the noise level at the repeater input. While no attempt will be made to 
give detailed consideration to any of the various types of repeaters dis­
cussed above, the dependence of the equivalent added timing noise on the 
pulse pattern will be discussed briefly for several cases of interest. 

4. In order to permit the treatment of the timing behavior of a chain 
of repeaters in a simple way, approximations are made which linearize 
the analysis. It is then strictly valid only when the equivalent timing 
noise added at the input of each repeater is vanishingly small. Although 
the effects of these approximations are not known in detail, it seems 
plausible that the analysis remains valid in the practical case where the 
input noise at each repeater is small. 

5. The input signal-to-noise ratio must be moderately high in a satis­
factory system so that very few errors are made in recognizing pulses 
and spaces; these errors are neglected in the present timing analysis. 

Consider first the case where the timing filters are simple tuned cir­
cuits. Even with the above approximations a rigorous solution for the 
timing behavior of a chain of repeaters has been obtained only under 
special conditions. In particular, the effects of the input noise may be 
determined if the tuning error of every repeater is zero, for only the fol­
lowing signal pulse patterns: (1) all pulses present; (2) every ll1th pulse 
present; (3) any general periodic pulse pattern. In the first two cases the 
analysis is straightforward, but in the third case the complexity increases 
with the complexity of the pulse pattern and becomes somewhat pro­
hibitive for all but the simpler periodic pulse patterns. The most interest­
ing case - a random pulse pattern - has been treated in a simple way 
only by making a further approximation, in which the variation of the 
timing wave amplitude is neglected at an appropriate point in the 
analysis. 7 In general, no accurate estimate is avialable for the error in­
troduced by this approximation. It gives accurate results in two cases 
which can be solved by other methods. These are: (1) a chain of repeaters 
with a periodic pulse pattern containing two pulses located in arbitrary 
positions, as discussed above; (2) a single repeater with a random pulse 
pattern, which has been treated by W. R. Bennett in a different way.7 

Other problems concerning a chain of repeaters employing tuned cir­
cuits as timing filters, which may well be of greater practical importance 
than the effects of input noise, have not been treated in the present anal­
ysis. The first of these is the effect of random tuning errors at the differ­
ent repeaters. This problem has been treated for a single repeater by W. 
R. Bennett.7 The second problem is the effect of the finite width of the 
pulses used to drive the timing circuit, which will be shown to add an 
identical timing noise at the output of each repeater and to be quite 
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similar to the effects of amplitude-to-phase conversion in the limiter in 
the timing system.2,8 Since the added timing noise is identical at each 
repeater, this type of disturbance must be treated differently from in­
dependent random disturbances added at the different repeaters, and is 
potentially more serious. 

As stated above, in order to obtain an approximate analysis for a 
chain of repeaters with zero tuning error and a random pulse pattern 
we modify the timing response of each repeater by neglecting the varia­
tion in timing wave amplitude. Alternately, we may ask what kind of 
system is exactly described by the modified equations. It turns out that a 
somewhat idealized locked oscillator, synchronized by the signal pulses 
or their envelope, corresponds exactly to this analysis, within the other 
approximations described above. For a chain of repeaters using locked 
oscillators as timing circuits, both the effects of input noise and the ef­
fects of tuning error can be treated for arbitrary or random pulse pat­
terns without further approximations. Also, finite pulse width introduces 
no additional timing noise in this case. Thus, the analysis for locked 
oscillators is considerably more tractable than is that for tuned circuits. 

The statistical properties of three different quantities are of interest 
in studying the timing behavior of a repeater chain. These are: 

1. Timing noise, or random deviations of the signal pulses from equally 
spaced time slots, will cause a random delay modulation of the original 
signal, unless special precautions are taken in the final decoding of the 
PCM signal. This random delay modulation will, for example, produce 
crosstalk in a frequency-division multiplex signal,2,7 'and will degrade 
other types of signals in different ways.2 

2. Spacing noise,·or the random deviations in the spacing of two con­
secutive signal pulses (which do not necessarily occupy adjacent time 
slots) from an integral number of pulse periods could cause pulses oc­
cupying adjacent time slots to interfere with each other. This would 
degrade the performance of the regenerator and cause an increased num­
ber of errors, i.e., a received pulse transmitted as a space, or vice versa. 
If too large, it could also cause some received pulses to be assigned to 
incorrect time slots, with resulting errors in the decoding of the PClY! 
signal. 

3. Alignment noise, or the random deviations in alignment between 
an input signal pulse and the corresponding timing pulse, can also de­
grade the performance of the regenerator and increase the number of 
errors, since for optimum margin against noise the timing or sampling 
pulse should fall exactly at the center of the corresponding signal pulse. 
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These three quantities are defined in Fig. 4, which will be discussed in 
greater detail below. 

The present analysis determines the power spectra and the total 
powers (mean square values) for these three types of deviations for a 
long chain of repeaters, under the conditions discussed above. The way 
in which these disturbances vary along a repeater chain is obviously of 
great importance. It is found that, while the low-frequency timing noise 
does grow along the chain, the spacing and alignment noise spectra ap­
proach limiting values rather quickly, as might be expected on physical 
grounds. Since the timing, spacing and alignment deviations are discrete 
functions, i.e., defined only for integral values of their agrument, their 
power spectra are defined somewhat differently than in the usual case of 
continuous functions; a brief description of the Fourier analysis of such 
discrete functions is included. 

Related studies of the timing deviations in a repeater chain have been 
given by DeLange2 and Sunde,3 using different methods than those 
employed here. The present analysis follows closely the approach first 
used by J. R. Pierce in determining the timing deviations in a single 
repeater,6 extending the analysis to a chain of repeaters and to include 
the spacing and alignment deviations. 

II. THE TIMING RESPONSE OF A SINGLE REPEATER 

In this section we relate the timing deviations of the output pulses to 
the timing deviations of the input pulses and to the pulse pattern for a 
single repeater. As discussed above, we consider both tuned-circuit and 
locked-oscillator timing circuits. In order to study the response of a re­
peater to the timing deviations of the input pulses it is necessary to 
consider only the simplest case of impulse excitation of the timing cir­
cuit. Finite pulse width may introduce additional output timing devia­
tions for tuned circuit timing filters but not for idealized locked oscil­
lators; excitation of a tuned circuit by raised cosine pulses is therefore 
also considered. 

2.1 Tuned Circuit Excited by Impulses 6 

Assume the timing circuit to be a parallel resonant inductance L, 
capacitance C and resistance R. The impulse response of this circuit is 
given by the real part of the complex impulse response H(t): 

H(t) ~ ~ (1 + /Q) e-(·/Q)fo'e+"·/o'; t > 0, (1) 
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where 

• / 1 1 
Wo = 21(/0 = V LC - (2RC)2' 

(2) 

Q = woRC, 
Wo 1 
2Q - 2RC· 

In (1) and in all subsequent complex expressions the real part is implied. 
The natural resonant frequency fo (as distinguished from the steady­

sta te resonant frequency fT = 1/27n!W) will be made as close as possible 
to the pulse repetition frequency F. Therefore we set 

(3) 

where 

F = pulse repetition frequency, 

of = tuning error of the timing circuit, 

F = ~, T being the pulse period (Fig. 1), 

p« 1. 

Substituting into (1), the response to a unit impulse at the time to is 
equal to the real part of 

H(t - to) = ~(1 + :Q) e-(1rIQ)F(1+5fIF) (t-to)ei21rF(1+5fIF) (t-t o); 

(4) 

t - to> o. 
The pulse train driving the tuned circuit is given by 

(5) 
n=-oo 

where oCt - tn) is a unit impulse occurring at tn , the time of arrival of 
the signal pulse corresponding to the nth time slot. If the nth time slot 
contains a pulse an = 1; if this time slot is vacant an = O. In the absence 
of timing noise the signal pulses would be centered in their corresponding 
time slots, so that for the pulse corresponding to the nth time slot 

tn = nT. (6) 

If the deviation in the position of this pulse is otn , then the time of ar-
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rival becomes 

tn = nT + otn . (7) 

It is cOllvenient to normalize the timing deviation with respect to the 
pulse period T. Thus, let 

otn 

T' 
(8) 

where ei(n') is the normalized timing deviation of the signal pulse in the 
nth time slot at the input to the repeater, referred to simply as the tim­
ing deviation when no confusion will arise. Then the time of arrival of 
this pulse in (7) becomes 

tn = nT + e\n)T, 

Ftn = n + ei(n). 
(9) 

From (4), (5) and (9) the response of the timing circuit to all of the 
signal pulses up to and including the pulse in the mth time slot is equal 
to the real part of 

G(t) = ~ (1 + L)";;:" -(1r/Q) (1+5//F) [Ft-n-Ei(n)] 

C 2Q n~rJ:) ane (10) 

This expression gives the output of the timing circuit for values of t 
lying between the arrival times of the pulse in the mth time slot and the 
next pulse that is present in the signal. Formally, 

tm < t < tk , 

m + ei(m) < Ft < k + e\k), 

{

Ii 
an = 

O· , 

n = m, k 
(11) 

m < n < k. 

The response of the timing circuit given in (10) may be written in the 
form of a carrier at the pulse repetition frequency F with both amplitude 
and phase modulation: 

(12) 

In this equation, A(t) is a complex function of time whose magnitude 
I A (t) I = aCt) equals the normalized amplitude of the timing wave and 



TIMING IN LONG CHAIN OF REGENERATIVE REPEATERS 1553 

whose angle LA(t) = 'P(t) equals the phase deviation of the timing wave. 
For convenience, we have chosen to remove the constant factor 
(l/C) (1 + j/2Q) in defining A(t). From (10), 

A(t) - ~ -(trIQ) (1H11 F) [Ft-n-Ei(n)] j2tr{(Ho11 F) [Ft-n-Ei(n)]-Ftl 
- L..J anc C , (13) 

n=-oo 

keeping in mind the restrictions of (11). 
Equation (13) shows the way in which the amplitude and phase of the 

timing wave vary with time when timing noise is present. The amplitude 
decreases exponentially between signal pulses, increasing abruptly at 
the instant a pulse is received. In the absence of tuning error the phase 
is constant between signal pulses, changing abruptly when a pulse is 
received. If the tuning error is not zero, the phase has, in addition, a 
small constant linear variation between signal pulses. If the tuning error 
oj and the input timing deviations ei(n) are both equal to zero, we have 
from (13) 

LA(t) = 'PU) = o. (14) 

It is convenient to assume that under these conditions the delays in the 
repeater of Fig. 3 have been adjusted so that the timing pulses supplied 
to the regenerator are properly aligned with the input signal pulses, i.e., 
occur at the instants nT in Fig. 1. The quantity 'P(t) then gives a true 
measure of the timing deviations of the timing pulses. 

We now assume that the phase of the timing wave at the instant im­
mediately following the reception of a signal pulse determines the timing 
deviation of the corresponding timing pulse. This, of course, may not be 
strictly true. For example, the timing pulse might be generated at the 
next negative-going zero crossing of the timing wave, as discussed in the 
introduction. This will occur approximately T /4 seconds after the arrival 
of the signal pulse because, as shown in the subsequent analysis, in any 
satisfactory system the alignment error (defined in the introduction) 
remains small, and consequently the maxima of the timing wave occur 
close to the driving pulses for the timing circuit. However, for zero tuning 
error the timing wave phase 'P(t) is constant between signal pulses and 
consequently may be evaluated equally well at any time during the pulse 
period T following the arrival of a signal pulse. Even if the tuning error 
is not zero 'P(t) changes very slowly during the interval T, so that a small 
error in the time at which it is evaluated becomes unimportant; evaluat­
ing the phase just after the arrival of a signal pulse rather than T /4 
seconds later will cause a very small error in the dc value of the output 
timing deviation, but will have no other effect on the analysis. 
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Consequently, evaluating (13) at the time 

Ft = Ftrn = m + Ei(m) (15) 

we obtain 

n=-oo (16) 

Denoting the normalized output timing deviation of the repeater by 
/(m), defined as in (8), we have for the case of complete retiming, where 
the timing deviation of each output signal pulse is identical to the timing 
deviation of the corresponding timing pulse, 

(17) 

where A(trn) is given by (16). The minus sign in (17) occurs because the 
timing pulse will occur too soon for cp(t) positive, corresponding to a 
negative timing deviation according to (7) and (8). 

Equations (16) and (17) determine the general relation between the 
input and output timing deviations for a single repeater. The output 
timing deviation is seen to be a rather complicated function of the past 
input timing deviations. In order to make possible a reasonably simple 
analysis that can readily be extended to a chain of repeaters, certain 
restrictions will be imposed that linearize the relations between input 
and output timing deviations. 

Equation (16) gives A (trn) as the sum of an infinite number of vectors, 
each associated with one of the past input signal pulses. The amplitudes 
of these vectors become exponentially smaller the farther back in time 
the corresponding signal pulse occurred. If the angles between those 
vectors which give the essential contribution to the sum are small enough 
so that the sine of an angle is approximately equal to the angle, then the 
vector summation is quite easily accomplished. Taking the vector corre­
sponding to the present input pulse (n = m) as a reference, the in-phase 
component is approximately the sum of the magnitudes of all of the vec­
tors, the quadrature component is the sum of the magnitudes times the 
relative angles. In order for these approximations to be valid we must 
have 

10j I} - (m - n) «1 
~ . for all significant n. 

I e'(m) - E'(n) I « 1 

(18) 
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The significant terms in the summation are for values of n bounded by 

where 

no < n < m, 

Q 
(m - no»>-. 

7r 

The first condition of (18) thus becomes 

I~I «~. 

(19) 

(20) 

There are two different ways in which the second condition of (18) may 
be satisfied. Either the input timing deviation must be small compared 
to one or it must change so slowly that the difference in the deviations 
of pulses separated by Q/7r pulse periods will be small compared to one. 
Thus, 

or 

(21) 

where Aei(n) represents the first forward difference of ei(n). 
Subject to (20) and one of the conditions of (21) we have, from (16) 

and (17), the normalized timing wave am pli tude A m and the normalized 
output timing deviation eO(m) (with complete retiming): 

m 

Am = I A(tm ) I = L: a ne-(7r/Q)(m-n) , (22) 
n=-oo 

~ -(7r/Q) (m-n) [i() oj ( )] 
L..i ane e n - -F m - n (23) 

O( ) _ n=-oo e m - ------------~A~m-------------=. 

Alternately, with the summations rewritten, (22) and (23) become 
00 

A 
- '" -(7r/Q)k 

n - L..i an-ke , 
k=O 

~ . -(7r/Q)k [i( - k) - q k] L..i an-k e e n F 
O( ) _ _ k=_O ____ -=-_____ --= 

e n - An . 

(24) 

(25) 

For zero tuning error, (22) and (23) or (24) and (25) give the output tim-
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ing deviation as a linear function of past input timing deviations for a re­
peater with complete retiming, subject to the restriction of (20) and (21). 
It is usually implied that am = 1 in (23) or an = 1 in (25), since the out­
put timing deviation has meaning only for values of its argument corre­
sponding to time slots that contain signal pulses. The timing wave phase 
corresponding to vacant time slots will not normally be of interest (ex­
cept insofar as there may be a preferred time to examine a vacant time 
slot to determine that no signal pulse is present). 

These equations show that, for oj = 0, each repeater may be considered 
a linear transducer to the timing deviations. In general, the equivalent 
transducer will be time-varying, since the timing wave amplitude Alb 
will vary from pulse to pulse; the pulse pattern enters explicitly into the 
analysis, both in determining An and through the a's in the numerator of 
(23) or (25). However, if all pulses are present or if the pulse pattern is 
periodic with every llJth pulse present (all pulses present correspond to 
the special case 111 = 1), An is constant at every signal pulse. This is the 
only case in which the repeater acts as a strictly invariant linear trans­
ducer, permitting a simple analysis of a chain of repeaters. 

In dealing with general pulse patterns it is convenient to define a new 
"primed" independent variable that numbers the signal pulses consecu­
tively, rather than the time slots. Fig. 4(a) shows a portion of a typical 
pulse train; consecutive time slots are denoted by the variable n, consecu­
tive pulses by n'. A quantity regarded as a function of n' or any other 
primed independent variable will be distinguished by the symbol-; 
functions of n or any other unprimed independent variable will be written 
as before. For any given pulse pattern n is a function of n', which of 
course differs for each different pulse pattern, and vice versa. As shown in 
Fig. 4, the number of vacant time slots between the (n' - l)th and the 
n'th (consecutive) pulses is defined as bnl . Referring to Fig. 4, the fol­
lowing examples illustrate this notation: 

e(n) = timing deviation of pulse corresponding to the nth time slot, 

fen') = timing deviation of the n'th pulse, 

An = timing wave amplitude corresponding to the nth time slot, 

AnI = timing wave amplitude corresponding to the n'th pulse, 

fen' - 1) = e(n - bn l ), fen') = e(n), 
(26) 

Thus, for the particular pulse pattern of Fig. 4(a) we have, for example: 

f(O) = e(O); f(2) = e(G); 
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(T(n') =to(n'tO-?(n') 
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--------INPUT SIGNAL PULSES 

Fig. 4 - Definition of timing, spacing and alignment deviations for a repeater 
with complete retiming: (a) general pulse pattern, in absence of timing noise; 
(b) timing, spacing and alignment deviations. 

For all pulses present n' = nand bn , = 1, and the two notations coin­
cide. 

The timing, spacing and alignment deviations defined in Section I are 
illustrated in Fig. 4(b). The timing deviation of the input and the tim­
ing and output pulses have been defined above. The spacing deviation is 
given by 
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(27) 

where Ll indicates the first forward difference, and the alignment devia­
tion for a repeater with complete retiming is given by 

Ii(n') = ,€O(n') - '€\n') , (28) 

recalling that, with complete retiming, the timing deviations of the tim­
ing and the output signal pulses are equal. 

The choice of n' as the independent variable in the analysis rather than 
the original independent variable n is more natural in several ways. As 
mentioned above, we are usually interested in the timing wave phase 
only for time slots that contain pulses. The definition of spacing devia­
tion in (27) is much easier to work with than it would be if it were in 
terms of the original variable n. As will appear below, this change of in­
dependent variable facilitates the approximate treatment of a chain of 
repeaters with random or general periodic pulse patterns. While it would 
present some complications in dealing with quantities that must be ex­
pressed in real time, no such difficulties arise in the present treatment of 
a repeater chain. 

Returning to the special case of a periodic pulse pattern with every 
Mth pulse present, the results of (21) to (25) may be written very con­
veniently in terms of the new independent variable n'. We have 

r n = Mn' 
an = ' 

o· otherwise , 
(29) 

and 

n = Mn'; k = Mk'. (30) 

The timing wave amplitude takes on the constant value A at every signal 
pulse; from (24), 

00 

~ -(1rJ.f/Q)k' 
L.i e , A 

1 
(31) 

k'=O 

The output timing deviation in (25) becomes 

= (1 - e-1rJ.f/Q) t 'Ei(n' - k')c-(1rJ.f/Q)k' 

k'=O 

oj Me-1r J.f/Q 

F 1 - e-1rM/ Q ' 
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For the high-Q case we may set 

~ = (1 - e-
7rM

/
Q

) 

A 
Q » 7rJl;[ (33) 

in (31) and (32), so that (32) becomes 

_O( ') 7rM ~ _i(' 7 ') -(7rM/Q)k' oj Q en =-L.Jen-/~e -F::; 
Q k'=O " 

Q »7r~N[. (34) 

The second term of (32) and (34) represents a constant timing deviation 
introduced by the tuning error; the first term shows that the repeater is 
a strictly invariant linear transducer to the input timing deviations for 
this special case. 

In a chain of repeaters the timing wave amplitude An is identical at 
each repeater, since the pulse pattern is the same at each repeater. Thus, 
for random or general periodic pulse patterns we must treat the repeaters 
as identical linear time-varying transducers to the timing deviations. 
Now, if Q is large, the variation in An will be small;7 we can make use of 
this fact to treat the repeaters as approximately invariant transducers. 
Equations (23) and (25) may be written in an alternate form, with n' 
as the independent variable, that has a simple physical interpretation and 
proves useful in making the further approximation that permits the anal­
ysis of a chain of repeaters with random or general periodic pulse 
patterns, for zero tuning error. 

We now examine the change in the output timing deviation that oc­
curs during the interval between two consecutive signal pulses. Making 
use of (26), we have, from (24) and (25), the first backward difference of 
the output timing deviation as a function of n': 

_O( ') -0(' 1) 1 [_i( ') -0(' 1) + ojb ] oj b e n - e n - = An' e n - e n - F n' - F n'· (35) 

The timing wave amplitude is given by (24), as before. Referring to Fig. 
5, we may interpret this relation as follows: Immediately after the re­
ception of the (n' - 1)th pulse the timing wave amplitude is An'-l and 
the output timing deviation is ,€O(n' - 1), with corresponding timing 
wave phase -27r,€O(n' - 1). During the interval of bn , pulse periods from 
the arrival of the (n' - 1)th pulse until just before the arrival of the 
n'th pulse the timing wave amplitude will decay exponentially to the 
value e-(7r/

Q
)bn 'A n '_l and the timing wave phase will advance linearly by 

an angle 27r(ojIF)bn l , so that the resultant phase is 
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as illustrated by the top vector coming from the origin in Fig. 5. The 
n'th pulse, with timing deviation €i(n'), initiates a corresponding unit 
vector of phase - 27r€\n') , which adds to the vector representing the 
previous value of the timing wave to give a resultant timing wave vector 
of amplitude An' , phase - 27rt(n'). Since the relevant angles are small, 
the result given in (35) may be readily obtained. 

Equations (35) and (25) are completely equivalent statements describ­
ing the timing response of a single repeater using a resonant circuit to 
generate the timing wave. They are derivable from each other without 
any approximation and are both subject to the restrictions given in (20) 
and (21). They provide somewhat different representations of the re­
peater as a linear time-varying transducer to the timing deviation. For 
the special case of a periodic pulse pattern with every 1lIth pulse present 
and AnI constant, given by (31), in which the repeater becomes a linear 
invariant transducer, (35) is equivalent to (32). We shall show in Sec­
tion 2.2 that (35) is in the appropriate form for the approximate treat­
ment of a chain of repeaters with zero tuning error for random and gen­
eral periodic pulse patterns, by neglecting the variation of the timing 
wave amplitude. 

-27T [Eo (n'-l,l- ~ bn,J 
~----------l--~'i--------------------------------------

, I 

,I -27T ,fa (n') 

, 
\ 
I 
I 

-27T[€'O (nIl 
-EO (n'-I) + ~f bn~ 

/ 
/ 

i­
I 

I 

, 

Fig. 5 - Change in output timing deviation during the interval between two 
consecutive signal pulses. 
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2.2 Approximate Timing Response jor Random and General Periodic 
Pulse Patterns - rPuned Circuit Timing Filter, Zero Tuning Error. 

W. R. Bennett has pointed out that, for a high enough Q, the variation 
of timing wave amplitude in a tuned circuit will be very small, and has 
used this fact in his trea tmen t of a single repeater. 7 lVIaking use of this 
fact, we show how a repeater using a tuned circuit timing filter with zero 
tuning error may be treated as an approximately invariant linear trans­
ducer to the timing deviations. 

We might first think that we could set Ani equal to its average value in 
(25), but this does not yield a satisfactory approximation to the behavior 
of a repeater. As pointed out in the discussion following (17), the numera­
tor of (25) is simply the quadrature component and the denominator is 
the in-phase component of the timing wave, referred to the transient 
started by the present input pulse. For zero tuning error, both numerator 
and denominator decay exponentially between signal pulses, so that the 
timing wave phase remains constant; this is apparent either on physical 
grounds or on examination of (24) and (25). If we arbitrarily set Ani 
constant in (25), we should obtain an exponentially decreasing phase 
deviation between signal pulses, rather than a constant deviation. Fur­
ther, for zero tuning error a constant dc input timing deviation produces 
an equal constant output timing deviation for any arbitrary pulse pat­
tern. If, however, we set Ani constant in (25) the output timing deviation 
fluctuates about its average value, so that it would now contain false 
ac components. Since it turns out that the timing deviation in a repeater 
chain consists principally of low-frequency components, an approximate 
treatment of a single repeater should yield accurate results for dc and 
slowly varying input timing deviations. 

The correct approach to this problem has been indicated by J. L. 
Kelly, Jr. If the tuning error is zero, a useful approximation to the be­
havior of a repeater is obtained by setting the timing wave amplitude 
equal to its average value in (35). Thus, setting oj = 0, we have 

_O( ') _0(' 1) 1 [_i( ') _0(' 1)] en -en- =j[en -en- , A = <Ani), (30) 

where the brackets < ) indicate an ensemble average for a random pulse 
pattern, and An is given by (24). Referring to Fig. 5 and to the discus­
sion following (35), in this approximation the phase deviation of the 
timing wave remains constant between signal pulses, as it should. A dc 
input timing deviation produces an equal dc output timing deviation, 
with no false ac components; the error in this approximation should be 
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small for the low-frequency components that form the major part of the 
timing deviation. 

Equation (36) describes a repeater with a tuned circuit timing filter 
with zero tuning error as a linear invariant transducer to the timing 
deviation, greatly simplifying the analysis of a chain of repeaters. For 
random and general periodic pulse patterns the variation in the timing 
wave amplitude will modify the timing behavior somewhat; for periodic 
pulse patterns with every Mth pulse present (including all pulses present) 
(36) is exact. The average timing wave amplitude A and its standard 
deviation are determined in Section 2.4; A is proportional to the average 
number of pulses present and to the tuned-circuit Q. We shall show in 
Section 2.3 that (36) gives an exact description of a locked oscillator with 
zero tuning error for any arbitrary pulse pattern. 

2.3 Locked Oscillator Timing Circuit 

In the preceding section the approximate timing response of a repeater 
with zero tuning error was found by setting An' equal to its average value 
in (35). It is natural to ask what kind of system is described exactly by 
(35) with An' equal to a constant A (oj is now not necessarily equal to 
zero). 

Such a system may be regarded as an idealized locked oscillator. The 
discussion of Fig. 5 immediately following (35) remains applicable except 
that the amplitude of the timing wave no longer decays between signal 
pulses but has a constant length (A - 1). The unit vector initiated by 
the n'th pulse adds to the vector representing the previous value of the 
timing wave, causing an abrupt change in its phase as before and in­
creasing its length momentarily to A. However, we now assume that the 
timing wave amplitude returns to its constant value (A - 1) before the 
next signal pulse arrives. In a practical locked oscillator with a weak 
synchronizing signal, the transients started by the signal pulses will be 
so much smaller than the steady -sta te oscillator wave that the timing 
wave amplitude will be essentially constant, independent of the pulse 
pattern. 

Setting An' = A in (35), we have an exact expression for the timing 
behavior of a locked oscillator with tuning error (subject of course to the 
usual small angle restrictions) for any arbitrary pulse pattern: 

,'(n') - e'(n' - 1) = ~ ["(n') - "(n' - 1) + 1 bn.J -1 bn,. (37) 

The parameter A is now determined by the ratio of the amplitudes of 
the oscillator wave and the synchronizing signal. Equation (37) shows that 
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a locked oscillator timing circuit with tuning error may be treated rigor­
ously as a linear transducer to the timing deviation for any arbitrary 
pulse pattern; the equivalent linear transducer has two inputs, ei(n') and 
bn , • 

Comparison with the results of the preceding section shows that for 
zero tuning error (37) also describes the approximate timing response 
of a tuned circuit timing filter, where A is now the average timing wave 
amplitude, as in (36). Unfortunately, (37) does not provide a valid ap­
proximation to the behavior of a tuned circuit when tuning error is 
present. This is best shown by comparing a tuned circuit and the corre­
sponding locked oscillator in a simple case. 

Consider a random pulse pattern where the probability that any time 
slot contains a pulse is very close to one, independently for each time 
slot. Only rarely will vacant time slots lie close together in this pulse 
pattern, and so it suffices to study the effect of a single missing pulse, 
as shown in Fig. 6(a). For n' ~ 0 both the output timing deviation and 
the timing wave amplitude are constant for both the locked oscillator 
and the tuned circuit. Making A for the locked oscillator equal to the 

AN\AIMM 
-4 -3 -2 -1 0 1 2 3 4 

+1 

{
2 n'=1 

b,- ' 
n - 1, n'::j::l 

(a) 

n 

Fig. 6 - Output timing deviation for locked oscillator and tuned-circuit timing 
filters with tuning error, for single missing pulse: (a) pulse pattern; (b) output 
timing deviations. 
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steady-state timing wave amplitude for the tuned circuit, we have for' 
both cases, from (24) and (:i5) to (37): 

A- - A _ ~ -(7r/Q)k _ 1 . 
n' - - ~ e - 1 -7r/Q, 

k=O - e 
n' ~ 0, (38) 

n' ~ 0. (39) 

'The transient or ac component of the output timing deviation, €ncO(n'), 
is of principal interest, where 

'ten') = €dco + €ncO(n'). (40) 

Then, from (35), we have 

- O('~ - 0(' 1) Enc nr - Eac n -
= __ 1 _ O( , _ 1) + oj A - An' • 

- Eac n . F - , 
An' { An' 

n' > 1, 
(41) 

locked oscillator 

tuned circuit. 

The initial condition for the differenee equation (41) is given by 

,,,'(1) = -p [2 - II (A + 1) J. (42) 

For the locked oscillator~ the second term on the right-hand side of (41) 
vanishes and, subject to (42), we find 

_ O( ') __ oj -(7r/Q)n'. 
Eac n - Fe, locked oscillator. (43) 

For the tuned circuit, the second term of (41) no longer vanishes, but 
adds an inhomogeneous term to the solution. From (41), A - An' = 
e-(7r/

Q
)n' and, approximating the An' occurring in the denominators of 

(41) and (42) by A, we find 

EacO(n') = - oj e-(7r/Q)n'[(2 - e-7r
/
Q) - (1 - e-7r /Q)n']' 

F ' (44) 

tuned circuit. 

For the high-Q case, this may be further simplified: 

EacO(n') = - ~ e-(7r/
Q

)n' [1 - ~ n'J ; tuned circuit, Q» 1. (45) 
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These results may alternately be obtained by inspection from the vector 
diagram of Fig. 5. 

Equations (43) and (45) are plotted in Fig. 6(b). For the tuned circuit, 
€acO(n') initially approaches zero twice as fast as for the locked oscillator. 
Consequently, a tuned circuit and the corresponding locked oscillator 
are approximately equivalent only for zero tuning error; when tuning 
error is present their behavior is no longer similar. In the present paper 
we are able to treat the effect of tuning error in a chain of repeaters only 
for locked-oscillator timing circuits. 

2.4 Average Value and Fluctuation of the Timing vVave Amplitude 

We now determine the average value and standard deviation of the 
timing wave amplitude An' , denoted by A = <An') and (J" A respectively, 
for a tuned circuit. The average value is needed in (36), which gives the 
approximate timing response for a tuned circuit timing filter with zero 
tuning error. The standard deviation indicates the magnitude of the de­
parture of An' from its average value A, which is neglected in this ap­
proximate analysis. 

Consider a random pulse pattern with the probability p that any time 
slot contains a pulse, independently for each time slot. Equation (24) 
gives An ; for the an-k's we have 

Pr[an-k = 1] - p } 
k > 1. 

Pr[an-k = 0] = 1 - p 

The different a's are independent. Then, from (24), we have 

00 -7r/Q 

A - <A- ) - ~ < ) -(7r/Q)k - 1 + __ pe_---:-- n' - L..J an-k e -
k=O 1 - e-7r / Q ' 

00 00 

<A- 2) _ " " < ) -(7r/Q)(k+l) n' - L..J L..J an-kan-l e 
k=O l=O 

2 
(J"A 

(46) 

(47) 

(48) 

(49) 
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For the high-Q case 

A = pQ , 
7r 

(J} = p(I - p) 2~' Q» 1. (50) 

This agrees with the results of a similar calculation made by W. R. Ben­
nett. 7 

The timing-wave amplitude will be close to its average value with high 
probability if 

(JA « 1 
A ' 

Q» 1 - p. 
p 

(51) 

The smaller the probability that a time slot contains a pulse, the larger 
Q must be in order for the variation in the timing wave amplitude to be 
small. 

For any periodic pulse pattern, AnI is easily determined as a periodic 
function of n' from (24). For a high enough Q the average timing wave 
amplitude A is again given by (50), where p is now the average number 
of time slots containing pulses. In the special case of a periodic pattern 
with every Mth pulse present, AnI is of course constant, given by (31) 
or (33). 

2.5 Tuned Circuit Excited by Raised Cosine Pulses 

Up to now we have considered only the case of a timing filter excited 
by impulses. However, in the simplest repeaters the signal pulses them­
selves or their rectified envelopes (in baseband or carrier systems, re­
spectively) would be used to drive the timing circuit. The finite width of 
these driving pulses may add an additional component of timing noise 
at the output of each repeater. We now consider the behavior of a tuned 
circuit excited by raised cosine pulses, which approximate the pulse 
shape that might be used in a practical system. 

A driving pulse centered at t = 0 is given by 

1 
p(sFt) = 2 (1 + cos 27rsFt); 

1 
I Ft I < 2s' (52) 

where F is the pulse repetition frequency and s is a parameter determin­
ing the pulse width. For s = 1 adjacent pulses are just resolved; for 
s = 1 adjacent pulses overlap such that the amplitude half way between 
sample points is equal to one-half the peak pulse amplitude. These two 
cases are illustrated in Fig. 7. The complex response P(t) of a tuned cir-



TIMING IN LONG CHAIN OF REGENERATIVE REPEATERS 1567 

&1\1 
1.0 

o 0.5 1.0 1.5 2.0 

Ft 

(a) (b) 

Fig. 7 - Driving pulses for timing circuit: (a) pulses resolved; (b) pulses over­
lapping. 

cui t to this pulse is 

pet) = i: p(8Fr )H(t - r) dr, (53) 

where H(t), given in (1) and (4), is the complex impulse response of the 
tuned circuit. Thus, 

where 

Is(Ft) 

o· , 

1 
pet) = 2F Is(Ft)H(t), 

1 
Ft <--

28 

1Ft (1 + cos 21f8r)e+('II"IQ)(1+ofIF)Te-f2T(1+of/F)T dr; 
-1/2s 

-! < Ft < + ~ 
28 28 

I, Gs); 1 + 28 < Ft. 

(54) 

(55) 

The pulse train applied to the tuned circuit now becomes [from (5) 
through (9)]: 

00 

get) = 2: anP{8[Ft - n - €i(n)]}. (56) 
n=-oo 

The tuned-circuit response G(t) to all pulses up to and including the 
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pulse in the mth time slot is given by 

m 

G(t) = L anP[t - nT - ei(n)T], (57) 

corresponding to (10), and G(t) may again be written in a form similar 
to (12) and (13): 

G(t) = I. (ds) (1 + L) A(t) i27rFt 
2FC 2Q c, (58) 

A(t) = a(t)cjcp(t), 

where, as before, I A (t) I = aCt) is the normalized amplitude and 
LA(t) = cp(t) is the phase deviation of the timing wave. Corresponding 
to (1:3), we now have for A(t) 

m 

A(t) "'" -(7r/Q) (Ho/IF) [Ft-n-<i(n») j~7r{(HoflF)[Ft-n-<i(n»)-Ftl = L..J anc ·c 
n=-ao 

• ci27r{ (Ho/I F) [Ft-m-Ei(m»)-Ftj. , 
. 1 . 1 

(m - 1) + et(m - 1) + ') < Ft < (m + 1) + et(m + 1) - 2-' 
~S s 

(59) 

where t is restricted such that only the pulse in the mth time slot differs 
from o. 

We now assume that the phase of the timing wave cp(t) at the negative­
going zero crossing following the peak of each received pulse determines 
the timing deviation of the corresponding timing pUlse. In the analysis 
for impulse excitation in Section 2.1 the timing wave phase was evaluated 
just after the reception of a driving impulse, since a different choice would 
introduce only a small dc error in the output timing deviation. In con­
trast, with driving pulses of finite width the choice of time at which 
cp(t) is evaluated has an appreciable effect on the last term of (59), which 
gives the additional output timing deviation due to finite pulse width. 
Thus, evaluating (59) at 

( T) i 1 Ft = F tm + 4" = m + e (m) + 4;' (60) 
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where tn is given in (9), we obtain 

A ( + T) [e-<1T"/Q) (HoJl F)1/4ei(o// F)1T"/2] 
.r~trn 4= 

corresponding to (16). In order for the restriction of (59) to be satisfied 
s must be greater than i. The terms in the first bracket arise from the 
fact that we have determined the phase one-quarter of a pulse period 
after the peak of the received pulse, rather than just after the peak as in 
Section 2.1; they represent a small decrease in amplitude and a small dc 
phase shift, and may be neglected. Then, making use of the discussion in 
Section 2.1 and assuming as before that the alignment deviation a(n) = 
/(n) - ei(n) remains small, we obtain from (17) and (61) the normalized 
timing wave amplitude and output timing deviation (with complete 
retiming) : 

co 

A - ~ )-(1T"/Q)k 
n - L...J an-kC , 

k=O 

~ -(1T"/Q)k [ i( 1.,) oj 1.J L...J an-kC e n - Iv - F Iv 

",O(n) = k=O / _ W an 
" A S A.n ' n 

where Ws depends on the pulse width and is given by 

(62) 

(64) 

These results are again subject to the restrictions of (20) and (21). The 
following approximate results for the high-Q case may be obtained from 
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(55) : 

s = 1, 

WI = 0.0253 + 0.0~25 , 

I, W = 0.534 + 0~85 

+ .i [0.0795 - 0.~8J, 

I, (D = 0.5 [1 - jO~5J. 

2 s =-
3' 

0.349 
W2/3 = 0.1038 + Q' 

I'/3 W = 0.430 + 0.~5 

+ j [0.166 - 0.~9J, 

I2/3 m = 0.255 [1 - j 2,n· 
Except for the last term, (63) is identical to (25) for impulse excita­

tion; the last term represents the additional output timing deviation 
caused by the finite pulse width. This timing deviation is inversely pro­
portional to the instantaneous timing wave amplitude, and is thus quite 
similar to the effect of amplitude-to-phase conversion in the limiter of 
the timing system.2

, 8 In both cases an identical timing deviation will be 
added at the output of every repeater of the chain, since the pulse pat­
tern is the same for every repeater. This additional timing deviation is 
caused by the fact that the driving pulse is not zero when the timing 
wave goes through zero. However, the zero crossings corresponding to 
vacant time slots are not disturbed; W. M. Goodall has pointed out that 
inverting the pulse pattern in each repeater will therefore eliminate this 
source of timing noise. If the driving pulse is short enough so that it falls 
to zero before the zero crossing of the timing wave occurs, no additional 
timing deviation will be produced; in particular, the driving pulses may 
be impulses as above or square pulses of length T /2.7 Finally, a weakly 
coupled locked oscillator will not be affected by the finite width of the 
synchronizing pulses. 

III. FOURIER ANALYSIS OF DISCRETE FUNCTIONS 

3.1 Transforms of Discrete Functions 

The timing deviation e(n) or €Cn') and the various other quantities 
discussed above may be called discrete real functions, since they are 
defined only for integral values of their argument. The Fourier analysis 
of discrete functions is quite similar to that for continuous functions 
and is summarized below. 
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The transform XC!) of a discrete function x(n) is defined bl' 10 

00 

X(f) = L x(n)e- i27r/ n
• (65) 

n=-oo 

The inverse transform is then 
+1/2 

x(n) = 1 X(f)e+ i27r/n df. 
-1/2 

(66) 

This transformation is closely related to the z-transformll
• 12 or generat­

ing function. Equations (65) and (66) may be regarded as a 'statement 
of the Fourier series theorem, in which the usual roles of function and 
transform have been reversed. 

The following table [Equation (67)] summarizes some of the properties 
of discrete transforms that will be of use; xl(n) and x2(n) are any two 
different discrete functions with corresponding transforms Xl(f) and 
X 2(f) : 

x1(n) 

x2(n) 

x1(n + k) 

Function 

AX1(n) = x1(n + 1) - x1(n) 

00 

x1(n) ®x2(n) = L x1(n - k)X2(k) 
k=-oo 

00 

= L x1(k)x2(n - k) 
k=-oo 

00 

<P1(k) = L x1(n)xl(n + k) 
n~oo 

Transform 

Xl(f) 

X 2(f) 

ei27r/k X 1(f) 

(e i27r/ - 1) Xl (j) 

= 2je i7r/ sin 7rfX1(f) 

X l(f)X2(f) 

X 1(f)®X2(f) 

1+1
/
2 

= X 1(f - T)X2(T) dT 
-1/2 

1+1
/
2 

= X l(T)X2(f - T) dT 
-1/2 

E1(f) = X l(f)X1 *(f) 

= 1 X 1(f) 12. t 
t The * denotes the complex conjugate. 

(67a) 

(67b) 

(67c) 

(67d) 

(67e) 

(67£) 

(67g) 
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In (67g) the autocorrelation function cp(1c) and the energy spectrum 
E(f) of a discrete function x(n) have been defined; the fact that they 
are transforms of each other follows from the convolution theorem 
(67e) and the fact that x(n) is real. The total energy E of a discrete 
function x(n) is defined by 

(68) 
n=-oo 

Then, from (67g), 

E = cp(O) = 11/2 E(f) df = 11/2 1 X (f) 12 df. (G9) 
-1/2 -1/2 

The results of the present section apply only to discrete functions 
having a finite energy E as defined in (G8), so that their transforms exist. 
Discrete random functions, which have infinite energy but a finite aver­
age power, will be discussed in Section 3.3. 

3.2 Discrete Transducers 

A discrete linear invariant transducer may be characterized by its 
impulse response. A discrete unit impulse at n = no is defined by 

o(n _ no) = {1; 
0; 

n = no 

n ~ no, 
(70) 

corresponding to the delta function in the continuous case. Let hen) 
be the output of a discrete linear invariant transducer for a unit impulse 
input at the origin; for stable systems 

hen) = 0; n < O. (71) 

Then the output xO(n) for an arbitrary input x\n) is given by the con­
volution of the input and the impulse response hen) of the transducer: 

n 

xO(n) = L x\le)h(n - Ie) 
k=-oo 

(72) 
00 

= L xi(n - lc)h(k). 
k=O 

Let the transforms according to (65) and (66) of hen), xi(n) and xO(n) 
be H(!), Xi(f) and X°(.f) respectively; H(.f) is the frequency response or 
transfer function of the transd\J.cer. Then, from (67e) , we have 

(73) 
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If the input consists of a single exponential of frequency f, 

then the output is an exponential of the same frequency, 

xO(n) = A oe
j2

11"/n, 

as in the continuous case. 

(74) 

(75) 

Finally, consider two cascaded discrete transducers with individual 
impulse responses hl(n) and h2(n) and corresponding transfer functions 
HI(f) and H2(f). The over-all impulse response hen) is equal to the con­
volution of hl(n) and h2(n) , and the over-all transfer function H (f) IS 

equal to the product of HI(f) and H 2(f), as in the continuous case: 
n 

hen) = I: hl(n - k)h2(k), (76) 
k=O 

(77) 

3.3 Discrete Random Functions 

A discrete stationary random function x(n) will have infinite energy 
but a finite average power P given by 

P = ~~~ 2N ~ 1 n~N x2

(n). (78) 

The covariance p(k) is defined as 

p(k) = (x(n)x(n + k), (79) 

where ( ) denotes an average over the ensemble. For a stationary ergodic 
ensemble the power spectrum P(f) and the covariance p(k) are trans­
forms of each other, according to (65) and (66): 

00 

P(f) = I: p(k)e -j211"/\ (80) 
k~oo 

1
1/2 

p(k) = P(f)e +j211"jk df. 
-1/2 

(81) 

The average power P is the integral of the power spectrum 

1
112 

P = p(.n df. 
-1/2 

(82) 
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A white noise of power No has a covariance 

{
No; 

p(k) = Noa(k) = 
o· , 

Thus the power spectrum is 

P(f) = No. 

k = 0 

k ~ o. 
(83) 

(84) 

This process is called a white noise because the power spectrum is con­
stant with frequency. The values of this noise for different values of 
the independent variable n are uncorrelated; this random process is 
used to describe the equivalent timing noise added at the input of each 
repea ter, as discussed in Section 1. 

IV. TIMING IN A CHAIN OF REPEATERS WITH ZERO TUNING ERROR AND 

COMPLETE RETIMING 

4.1 Introduction 

In this section we determine the timing, spacing and alignment noise 
power spectra and total powers (mean square values) caused by the 
input noise at each repeater for a chain of repeaters with zero tuning 
error and complete retiming. The repeaters may employ either tuned­
circuit or locked-oscillator timing circuits. 

From (36) or (37) the response of each repeater is given by 

Eo(n') - Eo(n' - 1) = ~ [Ei(n') - Eo(n' - 1)], 

A = (An'). 
(85) 

For locked oscillators, (85) is exact. The normalized timing wave am­
plitude A is equal to the ratio of the amplitude of the oscillator wave 
to the amplitude of the transient started by a single signal pulse. 

For tuned circuits we assume that the driving pulses for the timing 
circuit are short enough so that no additional output timing noise results 
from the finite pulse width, as discussed in Section 2.5, and we study 
only the effects of input noise. Equation (85) will be exact only for 
periodic pulse patterns with every Mth pulse present (including all 
pulses present); for random or general periodic pulse patterns it gives 
a good approximation for the response of a repeater. The normalized 
timing wave amplitude An' is given by (24); A is given by (31) or (50). 

Let the discrete transforms of the input and output timing deviations 
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e\n') and eO(n') be (f(J) and (;o(n respectively, where the symbol -
indicates that the transforms have been taken with respect to the inde­
pendent variable n' [Fig. 4(a)]. Then, transforming (85) by the use of 
(67), we obtain for the transfer function H(f) of a single repeater 

- (Jo(j) l/A 
H(j) = (Ji(f) = 1 - (1 - 1/ A)e-i21J"i" 

(86) 

It is convenient to define Q as the effective "Q" of the timing circuit 
to the timing deviations, as a function of the average timing wave ampli­
tude A: 

1 
(87) A 

In the ,high-Q case, 

Q = 7I"A, Q» 1. (88) 

For tuned-circuit timing filters Q may be conveniently expressed in 
terms of the tuned circuit Q. For a periodic pulse pattern with every 
.111th pulse present, from (31), 

- Q 
Q = M· (89) 

For all pulses present, M = 1 and Q = Q. For random or general periodic 
pulse patterns (50) yields, for the high-Q case, 

Q = pQ, Q» 1, (90) 

where p is either the probability that a time slot contains a pulse or the 
average number of time slots containing pulses. 

In terms of Q, the frequency response of a repeater becomes 
_ 1 - e-1J"/ii 

H(f) = 1 _ e-1J"/iie-i21J"i" (91) 

Taking the inverse transform of H(!), the impulse response h(n') of a 
single repeater is 

h(n') = (1 - e -1J"/ii)e -(1J"/ii)n'; n' ~ O. (92) 

Finally, the square of the absolute magnitude of the frequency response 
of a single repeater may be written 

1 H(f) 12 = ___ 1 __ _ 

1 + csch 2 
71"_ sin 2 7I"j 

2Q 

(93) 
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Equation (93) is plotted in Fig. 8(a) for the high-Q case. The low­
frequency components of the timing deviation are transmitted with 
little loss in amplitude, and the high-frequency components are sub­
stantially suppressed in a single repeater. The 3-db bandwidth is given 
by 

1 
f3db = 2Q; Q» 1. 

4.2 Impulse and Frequency Response of a Chain of Repeaters 

(94) 

The transfer function of I( repeaters in cascade, fj K(f), is equal to 
the Kth power of the transfer function of a single repeater. From (77) 

I 
I 
I 
I ... ~~~~~ ______________ [2~~ I .... 

-------~-----------~~ 
----------------------~~----------------------1 0 

-2" 

f-

(a) 

f-

(b) 

..L 
2 

Fig. 8 - Trl.l:.nsfer function for repeaters with zero tuning error and complete 
retiming, with Q » 1: (a) single repeater; (b) k cascaded repeaters, k» 1. 
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and (91), 

(95) 

From (93), 

~ (96) I HK(f) 12 = I H(f) 12K = [ 1 JK 
1 + csch2 

----;;; sin2 ~f 
2Q 

Equation (96) is plotted in Fig. 8(b); the 3-db bandwidth for the high-Q 
case IS 

1 
f3db = -z V21/ K - 1; 

2Q 

For a long chain of repeaters (97) becomes 

1 0.834 
hdt = 2Q [Q/2 ; Q» 1, 

Q» 1. (97) 

K» 1. (98) 

The bandwidth of a chain of repeaters to the timing deviation varies 
inversely as the square root of the number of repeaters. 

The impulse response for K cascaded repeaters, hK(n'), may be found 
either by taking the inverse transform of the frequency response, given 
in (95), or by finding the (K - I)-fold convolution of the impulse 
response for a single repeater, given in (92). Using the latter method, 

(99) 

K - 1 summations 

This expression is easily evaluated using functions occurring in the 
theory of difference equations.13 The function kIm] is defined as follows: 

kIm] = k(k - 1)(k - 2) ... (k - m + 1) = r(k + 1) . (100) 
r(k - m + 1) 

The brackets around the superscript m indicate that it is not to be re­
garded as an exponent. Note that 

(101) 

This function behaves with respect to difference and summation 
operators in a similar manner to the power function xm with respect to 
differential and integral operators. In particular, 
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N L: kIm] 
k=M 

[ 
klm+1l ]N+l 

m + 1 M 

Substituting these relations into (99), we obtain 

(102) 

,- ( ') = (1 _ -7r/Q)K -(7r/Q)n' r(n' + K) (103) 
~K nee r(K)r(n' + 1) 

for the impulse response of K repeaters in cascade. For K = 1 this ex­
pression becomes identical to (92). For a single repeater the impulse 
response decreases exponentially to zero; for a chain of repeaters the 
impulse response starts from zero, increases to a maximum value, and 
decreases again to zero. 

4.3 Timing, Spacing and Alignment Noise 

Consider a chain of N repeaters with an independent white timing 
noise of average power No [(83) and (84)] added at the input of every 
repeater. The output timing noise power spectrum is equal to the sum 
of the power spectra produced by the individual noise sources, since the 
system is linear and the various noise sources are independent. 

Let TK(f) be the power spectrum of the timing noise at the output of 
a chain of I( repeaters with a white timing noise of power No introduced 
at the input of only the first repeater. Then, from (73) and (96), 

TK(f) = No I H(f) 12K. (104) 

This noise spectrum has the same shape as the transfer function of (93) 
or (96), shown on Fig. 8, so these curves also show TK(f). The timing 
noise power spectrum TN(f) at the output of a chain of N repeaters with 
an independent white timing noise of power No added at the input of 
each repeater is now 

rT N ~ 1 - I fief) 12N 
'1 N(f) = f;l TK(f) = No I fief) 1-2 - l' (105) 

where I H(f) 12 is given in (93). 
Fig. 9(a) shows TNCf) for a high Q and a fairly long chain of repeaters. 

At zero frequency 

(106) 

The low-frequency noise components from each noise source are unat­
tenuated, and their powers add at the output of the repeater chain. The 
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high-frequency components are strongly attenuated in each repeater. 
The 3-db bandwidth in the high-Q case is 

1 1.265 
jsdb = 2Q Nl/2 ; Q» 1, N» 1. (107) 

As the length of the repeater chain approaches infinity, the timing-noise 
power spectrum approaches a limiting form 

• 2 7r 

. '1 smh 2Q 
hm 1 N(j) = No . 2 f ' 
N-+oo sIn 7r 

(lOS) 

as indicated in Fig. 9(a). In this limiting case, for each narrow band the 
decrease in noise power in passing through each repeater is equal to the 
noise power added at the input of the next repeater. 

The total timing noise power is given simply by the integral of the 
power spectrum, according to (S2). Thus, 

1
1/2 

TK = TK(j) dj, 
-1/2 

TN = 11/2 TN(j) dj, 
-1/2 

(109) 

where TK is the total timing noise power at the output of a chain of re­
peaters with noise added at the input of only the first repeater, TN is 
the total timing noise power at the output of a chain of repeaters with 
noise added at the input of every repeater and the power spectra TK(f) 
and TN(f) are given by (104) and (105). While exact expressions for 
TK and TN can be found, they are so complicated as to be of little use 
except for short repeater chains, and are not suitable for considering 
the high-Q case. An asymptotic expression for TN has been found by 
S. O. Rice and is derived in the Appendix; a similar analysis has been 
performed for TN, but only the final result is given here. For the high-Q 
case: 

- - N 1 . h 7r r(!) r(K - !) . T/" > 2 Q- 1 (110) 
TK - 0;;' sm 2Q r(K) , H. =, », 

T- - N 2N . h 7r r(!) r(N + !) . Q- """" 1. (111) 
N - 0 ---:;- sm 2Q r(N + 1)' // 

For a long chain of repeaters Stirling's approximation yields: 

- N 1 /-7r- Q- """" 1 }7 """" 1 (112) 
TK = 0 2Q 1 K - 1; //, \.. // , 
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chain of N repeaters with zero tuning error and complete retiming, with a white 
timing noise of power No added at the inp'-lt of each repeater; Q» 1, N» 1. 
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T =N V7rN. 
N 0 (J' Q» 1, N» 1. (113) 

Finally, for a short repeater chain the exact results are reasonably sim­
ple: 

For the high-Q case 

Tl = 71 = No tanh 7r_ 
2Q' 

72 = No tanh2 
7r_ ctnh~. 

2Q Q 

(J» 1, 

Q» 1. 

(114) 

(115) 

The spacing and alignment noise are easily found in terms of the 
above results. Let SN(f) and AN(f) be the power spectra of the spacing 
and alignment noise and SN and AN be the total spacing and alignment 
noise powers at the output of a chain of N repeaters with an independent 
white timing noise of power No added at the input of each repeater. 
From (27) and (67d), 

;gNU) = 4 sin2 
7rf TNU). (116) 

Substituting (105) and (93), 

SN{J) = No {4 sinh' 2Q [1 - [ fl{J) [2Nl}. (117) 

From (112), 

Q» 1, N» 1. (118) 

The second term of (118) is negligible. 
From (28), 

AN(f) = \ flU) - 1 \2 fTN- 1 (J)+ No]. (119) 

From (91) and (93), 

Be Hef) (120) 
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SO that 

1 fiU) - 1 12 = e-7r
/
Q[1 - 1 fief) 12]. 

Substituting (121) and (105) into (119), 

AN(f) = N oe-7r
/
Q[l - I flU) 1

2N], 

and from (112) 

AN = Noe-7r / Q [1 1. /--7r- ] 
- 2Q IV N - 1 ; 

(j » 1, 

The second term of (12:1) is again negligible. 

(121) 

(122) 

N» 1. (123) 

Figs. 9(b) and 9(c) show SN(f) and AN(f). They have the same general 
shape, but the alignment noise has considerably greater magnitude. 
For high Q they have an essentially white spectrum, except for very low 
frequencies; their spectra and total power change very little along the 
repeater chain. The main contribution to the spacing and alignment 
deviations comes from the high-frequency components of the input tim­
ing deviation, so only the input noise at the Nth repeater gives a signifi­
cant contribution to these quantities. 

The small angle restrictions of (21) were assumed to hold throughout 
the analysis. Equation (118) shows that if No is small enough so that 
the first equation of (21) is satisfied for a single repeater, then the second 
equation of (21) will remain satisfied for the entire chain of repeaters. 

4.4 Discussion 

Each repeater acts as a discrete low-pass filter to the timing deviation, 
transmitting the low frequencies with little loss and attenuating the 
high-frequency components. The resulting timing noise at the output 
of a repeater chain, with noise added at every repeater, contains pri­
marily low frequencies; the total timing noise power grows as the square 
root of the number of repeaters. The timing deviations of consecutive 
pulses are strongly correlated. Although the total timing deviation may 
become large, it changes so slowly that the spacing and alignment devia­
tions remain small. The spacing and alignment noise have an almost 
white spectrum and remain almost constant along the repeater chain; 
successive spacing and alignment deviations are almost uncorrelated. 

The results of this section are exact for locked-oscillator timing cir­
cuits and for tuned circuits with periodic pulse patterns containing every 
Mth pulse; for tuned circuits with random or general periodic pulse 
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patterns they are only approximate. The exact analysis for a repeater 
chain with a general periodic pulse pattern is discussed briefly in the 
following section; the approximate results of the present section are in 
good agreement with the exact results for this case. The present results 
also agree with those given by W. R. Bennett for the total output tim­
ing noise of a single repeater with a random pulse pattern. 7 

In order to apply these results to specific cases, a detailed analysis 
of the particular type of repeater is necessary to determine the power 
No of the equivalent timing noise at the input of each repeater as a 
function of the real input noise, the pulse pattern, and other parameters 
of the system. Of course, No will be proportional to the input noise power; 
its general dependence on the pulse pattern can be described in a quali­
tative way without a detailed analysis.2 

Consider first tuned-circuit timing filters. From (115) and (90), the 
total output timing noise in a single repeater with an input white tim­
ing noise of power No is approximately 

- N 7r 
T1 = 0 2pQ; pQ» 1, (124) 

where Q is the tuned-circuit "Q" and p is the average number of time 
slots containing pulses. We consider four cases, discussed in the first 
section; in all of them from (50) the power of the timing wave is propor­
tional to p2. 

1. Baseband repeater, signal pulses drive tuned circuit directly. The 
real output noise power remains constant for different pulse patterns; 
since 71 is proportional to the output noise to signal ratio, 71 a: 1/p2, and, 
from (124), No a: lip. 

2. Baseband repeater, signal pulses passed through square-law or 
similar nonlinear device before driving tuned circuit. The real noise in 
the vacant time slots is now substantially suppressed; the real noise 
power at the output might be expected to vary approximately as p. 
Consequently 71 a: lip, and No is approximately independent of p. 

3. Carrier frequency repeater, linear envelope detector. This case is 
somewhat different from case 1 above. During a time slot containing a 
pulse, only the in-phase component of the real input noise contributes to 
the random component of the envelope of the input wave. In the absence 
of a signal pulse, both the in-phase and quadrature components of the 
real input noise contribute equally to the output random phase modula­
tion of the tuned circuit. Consequently, as p decreases, 71 will increase 
somewhat faster than 1/p2, and No will increase somewhat faster than 
lip· 
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4. Carrier frequency repeater, square-law or similar nonlinear detec­
tor. This type of repeater behaves essentially the same as a baseband 
repeater with a square-law device, case 2 above; No is approximately 
independent of p. This has been verified in detail for the special cam in 
which the timing circuit is an ideal fiat filter, rather than a tuned circuit. 

For locked oscillator timing circuits, (115) gives 

71 = No 7r_. 
2(J' 

(j »1, (125) 

with Q, given by (87) or (88), now independent of the pulse pattern; the 
timing-wave amplitude is also constant. A similar discussion to the one 
above shows that No for a locked oscillator has approximately the same 
functiOIlal dependence on p as it would for a tuned circuit for the corre­
sponding type of repeater (i.e., baseband or carrier, linear or square-law 
detector). Since Q is now independent of p, the variation of the output 
timing noise power 71 for a locked oscillator is p times that for a tuned 
circuit, with the same type of repeater. 

Improved performance is thus attained by using a square-law or simi­
lar nonlinear detector in both baseband and carrier-frequency repeaters, 
using either tuned circuit or locked oscillator timing circuits, as pointed 
out by De Lange.2 In this case the equivalent input timing noise power 
No will be approximately independent of the pulse pattern, and may be 
treated as a constant in the analysis. Qualitatively, the principal effect 
of the input noise is simply to add a random displacement to the input 
signal pulses, as assumed in the analysis. 

The above calculation of the alignment deviation must be modified 
for linear baseband repeaters (without a square-law or other nonlinear 
element) and for carrier frequency repeaters using a linear envelope 
detector. Here for p < 1 the equivalent position modulation required 
in the analysis will exceed the actual effective position modulation of 
the input signal pulses by the real input noise. Instead of (122) and 
(123) we would have approximately for the linear baseband repeater: 

(126) 

- { -'/r / Q ( 1. /-7r ) ( ) 7r} 
AN = No pe 1 - 20 V N _ 1 + 1 - P 20 ; 

(127) 

Q» 1, N» 1, 

with a similar result for the carrier repeater with a linear envelope detec­
tor. Since in this case No ex: lip, the net effect as p decreases is an in-
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crease in the low frequency portion of the alignment noise power spec­
trum, with only a small increase in the total alignment noise power. The 
over-all behavior of the alignment noise is thus very similar both for 
linear repeaters and for repeaters using a square-law or similar nonlinear 
element, for which (122) and (12:3) apply with No a constant independ­
ent of p. The above results for timing and spacing noise, of course, re­
main valid for all cases. 

V. EXACT ANALYSIS FOR A CHAIN OF REPEATEHS USING TUNED-CIRCUIT 

TIMING FILTERS, FOR PEHIODIC PULSE PATTERNS - ZERO TUNING 

EHROR, COMPLETE HETIl\lING 

The results of Section IV are exact only in those cases where the tim­
ing wave amplitude An' is strictly constant, i.e., for tuned circuits with 
a periodic pulse pattern with every .L11th pulse present (including all 
pulses present), and for locked oscillators with any arbitrary pulse pat­
tern. For tuned circuits with random or general periodic pulse patterns 
these results are only approximate. In this section the exact solution for 
a chain of repeaters using tuned circuit timing filters is discussed for a 
simple periodic pulse pattern; in this case the analysis of Section IV 
provides a very satisfactory approximation. As above, the repeaters are 
assumed to have zero tuning error and complete retiming, and the driv­
ing pulses for the tuned circuits are assumed to be short enough so that 
no additional timing noise results from the finite pulse width (Section 
2.5). The response of a chain of repeaters to a single frequency input 
ej27rfn' first is determined and then used to determine the noise response 
of the system. Since the pulse pattern is the same, the variation of An' 
is identical at every repeater; the repeaters will consequently be identical 
time-varying transducers to the timing deviation. 

Setting oj = 0 in (35), which gives the exact response of a single re­
peater with a tuned-circuit timing filter, yields 

(128) 

The timing wave amplitude An' is given by (24). For a general periodic 
pulse pattern An' will be a periodic function of n'. The simplest case of 
interest is a periodic pulse pattern of period 111 containing only two 
pulses, located in arbitrary time slots; An' then takes on only two values 
and may be written as 

(129) 
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where A is the average timing wave amplitude and 0 is the normalized 
deviation of An' from its average value. 

Equation (129) is the Fourier series for An' ; A and 0 are determined 
hy (24). From (50), 

A = 2Q. 
7rM' Q» 7rM. 

2 ' 
(130) 

o will depend on the particular pulse pattern. The pattern giving the 
greatest variation in timing wave amplitude, and hence the largest 0, 
will consist of two adjacent pulses followed by ~1 - 2 vacant time slots, 
as shown in Fig. 10. In this case, 

o = - ~ (M - 2); (131) 

For other patterns containing two pulses, 0 will vary between zero and 
the value given in (131). For periodic pulse patterns containing more 
pulses, the Fourier series for An' corresponding to (129) will contain 
more terms. 

We now seek the response of a repeater chain to the input ej27r
/

n
'. 

From (128) and (129) the input and output are related by a modulation 
process involving the term 

ej7rn' = j27r(1/2)n' e , (132) 

of frequency!. Since ej27rn
' = 1, 

j27r{j-l/2) n' e , 
(133) 

Therefore, for f > 0, if the input timing error to a repeater contains a 
sinusoidal component at the frequency f the output will contain com-

o 2 3 4 5 n' 

~ _______ OO ______ -00 _____ _ 
I I I I 

o M M+l 2M 2M +1 n 

Fig. 10 - Periodic pulse pattern containing two pulses giving maximum varia­
tion in timing wave amplitude. 
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ponents at frequencies f and f - !; an input at the frequency f - ! 
will give rise to output components at frequencies f - ! and f. (If f < 0, 
an input at f yields outputs at f and f + !; an input at f + ! yields 
outputs at f + ! and f.) Assuming that f > 0, the timing error at the 
output of the (K - l)th and the Kth repeaters may be written as fol­
lows: 

EK-IO(n') = A K-l(f) ei211"fn , + B K_1(f)e i211"U-l/2)n', (134) 

EKO(n') = A K(f) ei211"fn , + B K(f)e j2
11"U-I/2)n'. (135) 

Substituting (134) and (135) for E\n') and EO(n') respectively in (128), 
and substituting (129) for An' , equating the coefficients of each of the 
two frequencies on each side of the resulting equation, we obtain 

aAK(f) + bBK(f) = AK-1(f) , 

cAK(f) + dBK(f) = BK-1(f) , 

(136) 

(137) 

where the parameters a, b, c, and d are constants which depend on the. 
input frequency f in a simple way. Since the input to the repeater chain 
is ei2

11"fn', the initial conditions for the linear difference equations (136) 
and (137) are 

Ao = 1, Bo = 0. (138) 

These difference equations are easily solved by the usual methods, 
yielding the response of the system to a single input frequency; the 
results may then be used to determine the timing, spacing and alignment 
noise along the repeater chain with an independent white timing noise 
added at the input of every repeater. Although the solution is straight­
forward the analysis is lengthy, and the problem does not seem to be 
of sufficiently general interest to warrant the inclusion of the detailed 
results. Examination of these results shows that for quite moderate 
values of Q the variation in the timing wave amplitude may be safely 
neglected in considering the timing behavior of a chain of repeaters. 
The approximate analysis of Section IV, which neglects the additional 
modulation products caused by the variation of the timing wave ampli­
tude, is reliable for a long chain of repeaters with tuned-circuit timing 
filters for this particular pulse pattern. 

This analysis may be generalized to more complicated periodic pulse 
patterns. However, as the number of pulses in one period increases, so 
does the number of simultaneous difference equations corresponding to 
(136) and (137), increasing the complexity of the analysis. 
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VI. 'fHE EFFECT OF TUNING ERROR ON THE TIMING OF A CHAIN OF RE­

PEATERS USING LOCKED-OSCILLATOR TIMING CmCUITS WITH COMPLETE 

RETIMING 

We next consider the timing deviations introduced by random tuning 
errors of the different repeaters, in a chain of repeaters using locked­
oscillator timing circuits with complete retiming. From (37) the timing 
response of such a repeater is given by 

- ~(1 -~) b ' FAn, 

(139) 

where A is the ratio of the amplitude of the oscillator wave to the ampli­
tude of the transient started by a single signal pulse. As pointed out in 
Section 2.3, this relation does not approximate the behavior of a tuned 
circuit with tuning error. Since no equivalent analysis has been devised 
for tuned circuits, the present treatment of the effects of tuning error 
on a repeater chain is confined exclusively to repeaters employing locked 
oscillators. 

The output timing deviation of a repeater using a locked-oscillator 
timing circuit is linearly related to the input timing deviation, but has 
an additional equivalent input timing deviation related to the pulse 
pattern through the bn , and proportional to the tuning error. In the 
present section we consider only the timing noise caused by the tuning 
errors of the different repeaters, since the effects of input noise for this 
case have been discussed in Section IV. 

We will consider only random pulse patterns with a probability p 
that any time slot contains a pulse, independently for each time slot. 
For such a pulse pattern the quantities bn , are independent random 
variables and consequently have a white spectrum, in addition to a dc 
component. The quantity (bn , - 1) has a geometric distribution/4 so 
that the mean and variance of bn , are 

(bn ,) = ! 
p 

2 (2\ ( \2 1 - P 
O'b = bn, I - bn'l = --2 - . 

P 

Separating bn , into dc and ac components, 

1 
p' 

(140) 

(141) 
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(Bn ,) = 0, (142) 

It is now convenient to separate (139) into dc and HC components, as 
in (40) to (45). "\Vriting 

fen') = fdc + Euc(n'), (143) 

we have, from (139): 

- i - 0 Of (A 1 )B €dc - €dc = F - , (144) 

- ~ (1 - ~)Bn" 
(145) 

Equation (144) represents a constant delay through the repeater due 
to tuning error. There will be a corresponding dc alignment deviation 
between the input signal and the retiming pulses, but otherwise the dc 
component is of no further interest in the analysis of the chain of re­
peaters. The ac timing deviation is governed by (145); for simplicity, 
the subscripts uc will be dropped in the remainder of this section. 

We now let (Yi(f), (Y0(f) and B(f) be the transforms of fuci(n'), fucO(n') 
and Bn' respectively. Taking the transform of (145), 

,,,,here 

fief) 
1 - e-7r (Q 

1 - e-7r/Qe-i27r! ' 
(147) 

1 
A = -l---e---7r-/Q ' 

Q = 7l"A, Q» 1. (148) 

fief) and Q are the same transfer function and effective "Q" previ­
ously defined for the repeater in (91) and (87) and (88), and B n , is a 
white noise of power (1 _ p)/p2. 

In Section IV the effects of independent white timing noise added at 
the input of every repeater were determined. The present analysis is 
somewhat different in that the added timing noises at the different 
repeater inputs are no longer independent, since the pulse pattern and 
hence B n , and B(f) are identical at each repeater. In general, we no longer 
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may simply add the output power spectra caused by the various noise 
inputs, but must keep track of the phase angles of the different com­
ponents. Thus the timing noise power speetrum TN(f) at the output of 
the Nth repeater, in terms of the tuning errors (of) K of the various re-
peaters, becomes ' 

TN(j) = 

1 [ 1 J2 1 - p t t -K -*L (149) 
F2 e+7r/Q _ 1 ~ K=1 L=1 (OJ)N-K+l(Oj)N-L+lH (j)H(j). 

Next assume that the tuning errors (Of)K themselves are independent 
random variables with zero mean. Thus, 

«(oj)K(ojh) = 0; 

((OJ)K2) = «(0f)2); 

K ~L, 

K = L. 
(150) 

The tuning errors at the' different repeaters are uncorrelated. The 
equivalent input timing noises at the different repeaters are thus also 
uncorrelated, although not independent; in this special case, the output 
power spectra of the different components may be added directly. Sub­
stituting (150) into (149), 

K~L 

K=L 
(151) 

Comparing with (105), the timing noise power spectrum caused by 
uncorrelated tuning errors has the same shape as that caused by inde­
pendent white timing noise at every repeater input. Thus, the total 
output timing noise power in the present case is given by (111) or by 
(113) to (115), where No must be replaced by 

«(oj)2) [ 1 J2 1 - p 
---p2 e+7r /Q -1 -----:;;- . 

For the high-Q case: 

T _ «(oj)2) Q 1 - p. 
1 - 72;' 2iJ2' Q» 1, 

Q» 1, 

(152) 

N» 1. 
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The spacing and alignment noise power 'spectra and total powers are 
found in the same way from the results of Section 4.3. 

The results of (151) and (152) are no longer valid if the tuning errors at 
the different repeaters are correlated. For example, if all tuning errors 
are identical, making use of (121), (149) becomes 

(
of) 2 e+7r/Q 1 - p 11 - fiN (f) 12 

TN(f) = Ii' (e+7r /Q _ ])2 p2 I fief) 1-2 - 1 ' (153) 

In this case, all repeaters are tuned correctly but the pulse repetition 
frequency is incorrect. The last factor of (153) approaches N 2 as f 
approaches zero [the corresponding factor of (151) or (l05) approaches 
N, as illustrated in Fig. 9(a)]. The low-frequency noise is much greater 
in this case, since an identical timing noise has been added at every 
repeater and the corresponding noise amplitudes, rather than powers, 
add at the output. 

For a single repeater using a locked oscillator, the output timing noise 
power given in (152) is just twice as large as the corresponding quantity 
computed by W. R. Bennett for a tuned circuit. 7 This is in accord with 
the discussion of the two cases given in (38) to (45) and illustrated in Fig. 
6 for p close to 1. A similar analysis for the timing noise produced by 
tuning error in a chain of repeaters using tuned circuit timing filters 
has not been found. 

VII. TIMING IN A CHAIN OF REPEATERS WITH PARTIAL RETIMING 

The preceding analysis has been confined to the case of complete 
retiming, in which the timing deviation of each output signal pulse is 
equal to the timing deviation of the corresponding timing pulse. All of 
these results are easily extended to the case of partial retiming, in which 
the timing deviation of each output pulse depends linearly on the 
timing deviations of both timing and input signal pulses. 

As stated in Section I, in systems employing complete retiming the 
timing pulses may be derived only from the input signal pulses. If such 
a system with timing from the output signal pulses could somehow be 
started, its subsequent timing behavior would be completely independ­
ent of the input pulse pattern. Thus, the repeater would have no way 
of determining when the timing pulses were properly centered on the 
input signal pulses. However, in systems employing partial retiming, 
the timing pulses may be derived from either the input or the output 
signal pulses. 
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Let €i(n') and ten') be the normalized timing deviations of the n'th 
input and output signal pulses with transforms (Ji(f) and (J0(f), as before, 
and let €t(n') be the timing deviation of the n'th timing pulse with 
transform (J\f). Then, following Pierce,6 we assume that 

€O(n') = a€i(n') + (1 ~ a)€t(n'), 
(154) 

For complete retiming assumed up to now, a = 0; for no retiming, a = 1. 
Consider first a repeater with the timing wave derived from the input 

signal pulses. All of the previous analysis for a single repeater (Section 
II, Section 4.1 and the first part of Section VI) remains valid if we 
replace ten') and (J0(f) by €t(n') and (Jt(f) respectively. Thus, from 
(86) to (91), for a repeater with zero tuning error 

~t(f) = fief) = 1 - e-
rr

/
Q 

Cl(f) 1 e -rr/ Q
e 
-j2rrj , 

(155) 

where fi(f) and Q remain the same as before. Defining fi ai(f) as the 
transfer function of a single repeater with partial retiming with timing 
derived from the input, from (154) and (155) 

fi ai(f) = a + (1 - a)fi(f). (156) 

For a = 0, li ai(f) = fief). Making use of (120), 

1 Hai(f) 12 = 'Y + (1 - 'Y) 1 fief) 1
2

, 

[1 -rr/Q + -rr/Q] 'Y = a - e ae, 
(157) 

where 1 H(f) 12 is given in (93). Substituting 1 fi ai(f) /2 for 1 fi(f) /2 in 
(104) and (105), the timing noise power spectrum at the output of a 
chain of repeaters with an independent white timing noise added at the 
input to each repeater is determined as in Section 4.3. For moderate 
values of a the timing noise spectrum will be slightly larger at high 
frequencies than for complete retiming, a = O. Thus, the total output 
timing noise power will be slightly larger than for complete retiming, 
given in (110) to (115). The spacing and alignment noise power spectra 
may also be easily determined. 

Next consider a repeater with the timing wave derived from the out­
put signal pulses. For zero tuning error we now have 

1 - e-rr /Q 

1 - e-rr/Qe-j2rr! • 
(158) 
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Substituting into (154), the transfer function fj aD (f) of a single repeater 
with partial retiming with timing derived from the output is 

- a 
Hao(j) = 1 - (1 - a)H(/) . (159) 

The 3-db bandwidth of a single repeater for small a and high (j is ap­
proxima tely 

a« 1, (j » 1. (lGO) 

The bandwidth is a times the bandwidth of the corresponding repeater 
with the timing wave derived from the input [which for small a will 
be only slightly larger than the value for complete retiming, given in 
(94)]. The output timing deviations are thus much smaller with timing 
from the output than with timing from the input (for zero tuning error). 
However, in the limit as a ~ 0 the behavior of the repeater becomes 
independent of the input pulses, and the effects of any noise sources in 
the regenerator itEelf become correspondingly more important. 

The analysis of Section VI for a locked oscillator with tuning error 
is readily extended in a similar manner to a repeater with partial retim­
ing. With timing from the input there is again little change in behavior 
for small a. However, with timing from the output the dc alignment 
deviation Edc

i 
- Edc

t is proportional to l/a. The bandwidth of the 
repeater decreases as above, while the equivalent input timing noise 
due to tuning error increases. 

Both tuning error and additional noise sources in the regenerator will 
determine whether for a given small value of a any advantage can be 
obtained by deriving the timing wave from the output rather than the 
input. For complete retiming, a = 0, the timing wave must be derived 
from the input. 

VIII. DISCUSSION 

To illustrate the above results we consider a chain of repeaters using 
resonant-circuit timing filters with zero tuning error, complete retiming 
(the timing wave must of course be derived from the input), driving 
pulses short enough so that no additional timing deviations are intro­
iuced by the finite pulse width and a random pulse pattern. We further 
assume that the equivalent normalized timing deviations added to the 
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input pulses are distributed uniformly between -0.1 and +0.1; the 
equivalent input timing noise power is then 

No = 0.0033, VNo = 0.0578. 

Take 

N = 100 repeaters, 

Q 100, tuned circuit "Q", 

p !, probability that a time slot contains a pulse. 

From (90) 

Q = 50. 

The rms values of the timing, spacing, and alignment noise at the 
output of the repeater chain, from (113), (118) and (123), are: 

VTN = 0.0344, 

V& = 0.00363, 

VAN = 0.056. 

All of these normalized quantities are of course measured in units of a 
pulse period. 

N ext consider the effect of finite pulse width. An extreme case may 
give some indication of the importance of this effect. Consider the change 
in output timing deviation caused by changing the pulse pattern from 
all pulses present to every Mth pulse present, with raised cosine driving 
pulses as illustrated in Fig. 7. From (63) and (33), the change in output 
timing deviation will be w s (7r/Q)(M - 1). For overlapping pulses [Fig. 
7(b)] and for Q = 100 as in the above example, from (64) and the table 
following it, Ws = 0.1073, and the change in output timing deviation 
will be 0.00337 (M - 1). Thus, for Q = 100 and overlapping pulses as 
shown in Fig. 7(b), changing the pulse pattern from all pulses present 
to every 10th pulse present causes a phase shift of 10.9° in each repeater. 

The analysis for the effect of finite pulse width (or amplitude-to-phase 
conversion in the limiter of the timing system) in a chain of repeaters 
for a random pulse pattern is complicated by the fact that the timing 
deviation added at each repeater is directly related to the timing wave 
amplitude. It is not obvious that the variations in timing wave amplitude 
can be neglected in this case, as was done in studying the effects of input 
noise (which will be independent of the pulse pattern). 

Finally, consider a chain of repeaters using locked-oscillator timing 
circuits with random tuning errors, complete retiming (with the timing 
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wave derived from the input), and a random pulse pattern. Assume 

Q = 100, 

p = !. 
Then, from (151), the equivalent rms input timing noise per repeater is 

45 vWff> F . 

The effects of tuning error will be the same as the effects of an input 
timing noise uniformly distributed between -0.1 and +0.1 (correspond­
ing to VNo = 0.0578, as in the first example) for an rms fractional 
tuning error of 

V «8~2) = 0.0013. 

As discussed above, similar results are not available for the effects of 
tuning error in a chain of repeaters using tuned circuit timing filters. 
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APPENDIX 

Approximate Solution for TN 
In this appendix we present the approximate solution obtained by 

S. O. Rice for TN , the normalized timing noise power at the output of 
a chain of N repeaters with an independent white timing noise of power 
No introduced at the input to each repeater. This solution is most useful 
when the timing circuits have a high Q. From (l09), (l05) and (93), 

T (f) = N 1 :- 1 ii(f) 12N 
N 0 1 H(f) 1-2 

- 1 ' 

- 2 1 
1 H(f) 1 = 7r' 

1 + csch
2 2Q sin

2 
7rf 

(161) 

1/2 

TN = r TN(f) df. 
L1/2 
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Substituting 

into (161), we obtain 

o = 27rJ 

TN = No j~7I" 1 - yN(O) dO 
7r 0 y-I(O) - 1 ' 

yeO) = 1 , 

1 + a sin2 ~ 
2 

(162) 

(163) 

where we have replaced csch2 7r/(2Q) by a to simplify the analysis. lVlak­
ing the following change of variable, 

o 
x = tan -

2' 

Equation (163) becomes 

• 2 0 .r 2 

sm - ---
2 1 + x2

' 

2 dx 
dO = 1 + x2' 

TN = N 0 ~ ref;) dx {I _ [ 1 + x
2 IN} 

7r a 10 x2 1 + (a + l)x2 . 

Integrating (165) by parts, we find 

TN = No 4N lef;) dx [ 1 + x 2 IN+l 
7r 0 (1 + X 2)2 1 + (a + 1)x2 . 

Making another change of variable 

U= 
1 + (a + l)x

2 

1 + .t:~ 

Equation (160) becomes 

2ax dx 
du = (1 + X2)2 ' 

u - 1 
a+1-u' 

(164) 

(165) 

(166) 

(167) 

TN = No 2N fa+! du [(a + 1) - UJ1/2. (168) 
7ra 1 U N+I U - 1 

Making one last change of variable, 

v = U - 1, 

Equation (168) becomes 

_ 2N j,a dv (a _ V)1/2 
'TN = No 7ra 0 (1 + V)N+I -v- . 

(169) 

(170) 

The principal contribution to the integral of (170) comes from the 
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singularity at v = O. We split off this portion of the integral and use 
the remaining terms to get bounds on the error. Thus, 

T- - N 2N [l a 
dv 1/2 N - 0- a 

7ra 0 V1/2( 1 + V)N+l 

l
a 

dv [1/2 ( )1/2]J 
- 0 vl/2(1 + v)N+l a - a - v 

(171) 
2N { (<¥:J dv 1<¥:J dv 

= No 7ra1/2 .10 v1/2(1 + V)N+l - a vl/2(1 + V)N+I 

l
a dv [a1

/
2 

- (a - v)1/2J 
R2 = 0 vl/2(1 + V)N+l a1/2 . 

(172) 

We next find bounds on Rl and R2 . 

For Rl , we have 

o < Rl = L<¥:J vl/2(1 : V)N+l < L<¥:J VN~3/2 
(17~3) 

1 
o < Rl < aN+1/2 (N + !) . 

For R2 , we first state the inequality 

1/2 ()1/2 V V 
a - a - v = a1/2 + (a _ V)I/2 < a1/2; o < v < a. (174) 

Thus, 

f a dv [a1
/
2 

- (a - V)I/2] 
o < R2 = 0 v1/2(1 + V)N+l a1/2 

1 1 a V
1

/
2 dv l' <¥:J V

1
/
2 dv 

< - <-/ a 0 (1 + V)N+I a.o (1 + V)N+l 

1 r(!)r(N - !) 
(175) 

a r(N + 1) 

O
R 1 r(i)r(N - !) 

< 2 < a r(N + 1) . 



1598 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1958 

Replacing a by csch2 7r/2Q in (172), (173) and (175), we obtain as 
the final result 

T - N 2N . h 7r [rC! )r(N + !) R R ] 
N - 0 --;;:- sm 2Q f(N + 1) - 1 - 2, 

o < R,< sinh
2NH 2'0 [N ~ J, (176) 

O <R < . h2~ [r(!)r(N - !)] 
2 sm 2Q f(N + 1) . 

The bounds are quite close for a moderately high Q, and improve with 
increasing Q or N. 

If Q » 1, N » 1, the sinh may be replaced by its argument and the 
gamma functions by Stirling's approximation, yielding the result given 
in (113): 

']1 _ N V7rN. 
N- 0---, 

Q 
Q» 1, N» 1. (177) 
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Helix Waveguide Theory and Application 

By HANS-GEORG UNGER 

(Manuscript received March 31, 1958) 

Generalized telegraphist's equations have been derived for curved helix 
waveguide and coefficients obtained for conversion from normal modes 
of the helix waveguide to normal modes of the metallic waveguide. A radial 
wave impedance at the helix interface is used to calculate the effect of 
composite jacket structures. Three different applications of the helix 
waveguide for circular electric wave transmission are discussed: As a mode 
filter, the helix waveguide should have a lossy jacket which causes a high 
transmission loss for all unwanted modes. For sharp intentional bends with 
tapered curvature, the helix waveguide should have a jacket of low-loss di­
electric material surrounded by a highly conducting coaxial shield. For an 
all-helix waveguide, in order to reduce both mode conversion-reconversion 
effects at imperfections and loss in curvature the jacket should be medium 
lossy and also surrounded by a metallic shield. The distance between helix 
and shield should in all applications be about a quarter of the radial wave­
length in the material. Measurements on unwanted mode transmission and 
TED! curvature loss confirm the analysis. 

I. INTRODUCTION 

Helix waveguide consisting of closely wound insulated copper wire 
covered with a jacket of dielectric material and surrounded by a coaxial 
metallic shield has been shown to be useful as a communication medium.! 
The low-pitch helix gives to this structure the low-loss characteristics 
of solid copper-wall waveguide for circular-electric waves. All other 
modes of propagation, however, suffer a change of their field configura­
tion and propagation constants, depending on the properties of the 
outside jacket and shield.2 

There are two distinctive applications of the helix waveguide for 
circular electric wave transmission, requiring different but definite prop­
erties of jacket and shield. One is the use of helix waveguide in short 
sections inserted as mode filters in an otherwise conventional waveguide, 
to reduce the mode conversion-reconversion distortion of TEol propaga-

1599 
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tion. For this application the attenuation constant of all unwanted modes 
should be made as high as possible by choosing a material with a certain 
loss factor for the jacket. The other application is to transmit the cir­
cular-electric wave around sharp intentional bends.3 In this case the 
jacket of the helix waveguide should be as low in loss as possible and the 
distance between helix and outer metallic shield should be chosen so as 
to minimize mode conversion and dissipation loss in bends. 

Beyond this, a third and probably the most important application is 
the all-helix waveguide as transmission medium. In this case, high un­
wanted mode attenuation as well as low TEO! loss in bends is desired. 
A compromise between the helix waveguide for mode filters and the 
helix waveguide for sharp bends has to be met by choosing a medium 
lossy jacket and the proper distance between jacket and shield. This 
compromise will be made on the basis of tolerances. While the manufac­
turing tolerances call for a mode-filtering helix waveguide, the laying 
tolerances call for low TEOl loss in random curvature. 

In order to design these different types of helix waveguide, we must 
analyze the propagation characteristics of both the circular electric mode 
and the unwanted modes in the general structure of helix surrounded 
by lossy jacket and metallic shield with both a straight and a curved 
axis. In the following two sections two different approaches to this 
problem will be presented. Both of them make use of Schelkunoff's 
generalized telegraphist's equations for waveguides.4 The propagation 
in the curved helix waveguide is represented by a set of coupled modes 
of propagation. But the set of modes used in the first approach is differ­
ent from the one used in the second approach. In Sections II and III the 
generalized telegraphist's equations are derived. In Section IV the prob­
lem of a composite jacket structure is reduced to a radial transmission 
line problem. The theory is applied to practical helix waveguide prob­
lems in Section V, and conclusions are actually given there. The reader 
interested only in design and application of helix waveguide is therefore 
referred immediately to Sections IV and V. 

II. REPRESENTATION IN TERMS OF NOHMAL MODES OF THE METALLIC 

WAVEGUIDE 

To obtain generalized telegraphist's equations the field at any cross 
section of the curved helix waveguide is represented as a superposition 
of the fields of a certain set of normal modes. A current and a voltage 
amplitude are associated with each normal mode and the currents and 
voltages, after Maxwell's equations and the boundary conditions of the 
curved helix waveguide are applied, are found to satisfy an infinite set 
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of generalized telegraphist's equations. The coupling terms in these 
equations depend upon the curvature of the guide axis and the jacket 
structure. The choice of normal modes may be arbitrary, but, in this 
case, it seems most appropriate to choose the normal modes of a straight 
circular waveguide with perfectly conducting walls. It appears that, 
with this choice of modes, the generalized telegraphist's equations will 
also solve the problem of mode conversion at an abrupt or gradual tran­
sition from metallic waveguide to helix waveguide. Also, it will be pos­
sible to analyze mode conversion at all those imperfections of the helix 
waveguide, for which the mode conversion in a metallic waveguide is 
known. 

The natural coordinate system (r, cp, z) for a curved circular waveguide 
is toroidal (Fig. 1), where z is the distance measured along the curved 
axis of the guide and rand cp are polar coordinates in a plane normal 
to the axis of the guide, with origin at the guide axis. The lines cp = 0 
and cp = 7r lie in the plane of the bend. The inner radius of the guide is 
denoted by a and the radius of the bend byR. 

For the moment, (r, cp, z) are regarded as general orthogonal curvi­
linear coordinates (u, v, w) by letting 

u = r v = cp w = z. (1) 

The element of length in this system is 

(2) 

where 

1· , (3) 

and 

r 
~ = Ii cos cpo (4) 

For a field with time dependence ejwt
, lVlaxwell's equations are: 

1 [a a ] - - (esEw) - - (e2Ev) = 
e2e;S av aw - jWjJ-Hu , (5) 

1 [a a ] - - (elEu) - - (esEw) 
eSel aw au - jWjJ-Hv , (6) 

~ [: (e2H") - : (ejHu) ] 
ele2 u v 

-jwjJ-Hw, (7) 
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(8) 

(9) 

(10) 

The permeability J1. and the permittivity € are those of free space in the 
waveguide interior, but between helix and shield € is determined by the 
choice of the jacket. If there is dissipation in the jacket it is complex. 

To convert Maxwell's equations into generalized telegraphist's equa­
tions we introduce the field components of the normal modes of our 
choice. Each mode is described by a transverse field distribution pat­
tern T(u, v), which satisfies 

where X is a separation constant which has discrete values for the vari­
ous TE and TM modes. Brackets will be used for TE modes and paren­
theses for TM modes. Thus, the function corresponding to the nth TE 
mode is denoted by T[n](u, v) and the separation constant by X[n] with 
the subscript in brackets. The function corresponding to the nth TM 
mode is denoted by T(n)(u, v) and the separation constant by X(n) , with 
the subscript in parenthesis. The normal derivative of T[n] vanishes on 
the boundary u = a, while T (n) itself vanishes at u = a. 

The T functions are assumed to be so normalized that 

L (grad T) (grad T) dS 

= Is (flux T)(flux T) dS = i Is T2 dS = 1, 

where S is the cross section of the guide inside the helix. 
With the definition of the gradient and flux of T; 

aT 
gradv T = -a ' 

e2 v 

(12) 

(13) 
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various Ol'thogonality relations exist among the T functions: 

Is (grad T(n»)(grad T(m») dS = Is (flux 11 (n»)(flux T(m») dS = 0, (14) 

Is (grad T[n])(grad T(m]) dS = Is (flux T(n])(flux T(m]) dS = 0 

if m ~ n, and 

Is (grad T(n»)(flux T[m]) dS = i (grad T[n])(flux T(m») dS 

(15) 

= Is (grad T (n») (flux T (m») dS = 0 

for all m and n. We now assume series expansions of the field compo­
nents in terms of the functions T(u, v), with coefficients I and V depend­
ing on w: 

(16) 

With the T functions, the field components in (16) are only defined 
inside of the helix for u < a. The effects of jacket and shield (at radius b) 
are taken into account by the boundary conditions: 

Ev = 0, 

Ew = -ZHv 

(17) 

(18) 

at the helix. In these conditions, the low-pitch helix has been replaced 
by an anisotropically conducting sheath, and jacket and shield by a 
wall impedance Z. Later on in this paper we shall discuss how to calcu­
late this wall impedance and even how to take the effect of finite wire 
size of the helix into account by modifying Z. 
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The boundary condition (17) is satisfied by the individual terms of 
the series for Ev . 

To transform Maxwell's equations into generalized telegraphist's 
equations the series expansions (lG) are substituted for the field compo­
nents in (5) through (10). Then certain combinations of these equations 
are integrated over the cross section and advantage is taken of the 
orthogonality relation (14) and (15). For example, substituting from 
(lG) into (5) and (G), adding 

C3 aT(m) t· (5) - - -- Imes 
C2 au 

and 

and integrating over the cross section, we obtain: 

d~~m) + jWJ.L ~ [len) i c3(grad 1\n»)(grad T(m») dS 

+ l[nl i e3(flux T[n])(gmd T(m») dS ] (19) 

= i (grad c3Ew)(grad T(m») dS. 

The right-hand side can be integrated by parts according to Green's 
theorem: 

In the first term of this expression, Ew is replaced by Hv through the 
boundary condition (18) and, for Hv in turn, the series expansion of (lG) 
is substituted: 

a 1271" e3Ew aT(m) I du = -aZ L [len) 1271" ~ aT(n) aT(m) du 
o au a n 0 Cl au au 

+ I J,
' 271" C3 aT[nl aT(m) d ] 

[nl ----- V • 
o C2 av au 

In the second term of the foregoing expression, Ew is replaced by Hv 
and Hn through (10) and, for Hv and H1t in turn, the series expansion 
of (lG) is substituted: 

jWEEw = - L: l(n)X(n)2T(n). (20) 
n 

Therefore: 

-1 C3Ew div grad T(m) dS = i L: l(n)X(n/X(m)21 c3T(n)T(m) dS. 
s WE n S 
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Thus we get, instead of (19) 

d~~m) = - JwJ.L ~ len) [Is c3(grad Ten»)(grad T em») dS 

2 2 

X(n) X(m) 1 m rn dS 
- 2 C3.! (n).! (m) 

W J.LE S 

+ ~Z [27r S!. aT(n) aT(m) dV] (21) 
JWJ.L·O Cl au au 

- jw!, ~ J[n! [i e3 (flux T[n!)(grad T(m)) as 

+ ~z (27r ~ aTtn) aT(m) dV] . 
JWJ.L Jo C2 av au 

By again substituting from (16) into (5) and (6), adding 

C3 aT[m) t" (-) --- lmes b 
Cl au 

and C3 aT [m) t" (6) - -- lmes 
C2 av 

and integrating over the cross section we obtain: 

dV
l 

[m) + jWJ.L L l[n) 1 C3 (grad T[n))(grad T[m]) dS 
GW n S 

+ jWJ.L L len) 1 C3 (grad T(n»)(flux T[m)) dS (22) 
n S 

= - L (flux c3Ew)(grad T[m)) dS. 

Integrating the right-hand side of (22) by parts: 

10
27r 

E aT rm ) I d C3 'w -- v, 
o av a 

and replacing Ew by Hv through the boundary condition (18), (22) 
becomes: 

a~~m! = -jw!, ~ J[n! [i "3 (grad T(n!)(grad l'[m!) as 

+!- (7r ~ aTtn) aT[m) dV] 
JWJ.L Jo C2 av av 

- J"WJ.L ~ len) [L C3 (grad T(n»)(flux T[m)) dS 

(23) 

+ ~ j,27r ~ aT (n) aT [m) dV] " 
JWJ.L 0 Cl au av 
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Similarly, by adding 

e3 aT (m) t' (8) -- -- lmes 
el au and e3 aT (m) t' (9) -- -- lmes 

e2 av ' 
substituting from (7) for H wand integrating over the cross section we 
get: 

(24) 

+ V(n( i c, (gmd T(m,)(flux T(n') dSJ . 

Finally, by adding 

e3 aT [m] t' (8) -- -- lmes 
e2 av and e3 aT [m] t' (9) - -- lmes 

el au ' 

again substituting from (7) for Hw and integrating over the cross section 
we get: 

22] X[n] X[m] - 2 r e3T[n] T[m] dS 
W J..LE 1s (25) 

Equations (21), (23), (24) and (25) are generalized telegraphist's equa­
tions for the curved helix waveguide. They can be written in the follow­
ing form: 

dV(m) _ - L [Z(m)(n)I(n) + Z(m)[n]I[n]]' (fW -
n 

dV[m] _ - L [Z[m](n)I(n) + Z[m][n]I[n]], (lW -
n 

(26) 
dI(m) _ - L [Y(m)(n) V(n) + Y(m)[n] V[nd, 
dw - n 

dI[m] _ - L [Y[m]Cn) V(n) + Y[mJ[n) V[nd· 
dw - n 
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The impedance and admittance coefficients are defined by 

Z(m)(n) = jWfJ. [Is e3 (grad 1\n»(grad T(m» dS 

X(n)2X(m)2 iTT dS + aZ 121r e3 aT(n) aT(m) d ] - e3 (n) (m) -. - - -- -- v , 
W

2
fJ.€ S JWfJ. 0 el au au 

Z(m)[n] = jWfJ. [Is e3 (grad T(m»(flux T[n]) dS 

+ ~Z 121f' ~ aT[n] aT(m) dV] , 
JWfJ. 0 e2 av au 

Z[m](n) = j~fJ. [Is e3 (grad T(n»(flux T[m]) dS 

+ !-121f' ~ aT(n) aT[m] dV] , 
JWfJ. 0 el au av 

Z[m][n] = jWfJ. [Is e3 (grad T[n])(grad T[m]) dS (27) 

+ !-121r ~ aT[n] aT[m] dV] , 
JWfJ. 0 e2 av av 

Y(m)(n) = jW€ Is e3 (grad T(n»(grad T(m» dS, 

Y(m)[n] = jW€ L e3 (grad T(m»(flux T[n]) dS, 

Y[m](n) = jW€ L e3 (grad T(n»(flux T[m]) dS, 

Y[mJ[n] = jW€ [Is e3 (grad T[n])(grad T[m]) dS 

2 21 ] X[n] X[m] 
- 2 e3T [n]T[m] dS . 

W fJ.€ S 

We note the following symmetry properties of these coefficients: 

Z(m)(n) = Z(n)(m) , 

Z[m][n] = Z[n][m] , 

Z[m](n) = Z(n)[m] , 

Y(m)(n) = Y(n)(m) ; 

Y[m][n] = Y[nJ[m] ; 

Y[m](n) = Y(n)[m] . 

(28) 

The generalized telegraphist's equations represent an infinite set of 
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mutually coupled transmission lines. For our purposes, it is more con­
venient to write the transmission-line equations not in terms of currents 
and voltages but in terms of the amplitudes of forward and backward 
travelling waves. Thus, let a and b be the amplitudes of the forward 
and backward waves of a typical mode at a certain cross section. The 
mode current and voltages are related to the wave amplitudes a and b 
by 

v = VK (a + b), 

1 
I = VK (a - b), 

where K is the wave impedance 

T.T _ (3(n) 
1\..(n) --, 

WE 

(29) 

The currents and voltages in the generalized telegraphist's equations 
(2G) are represented in terms of the travelling-wave amplitudes. The 
following equations for coupled travelling waves are obtained after some 
obvious additions and subtractions: 

da(m) '""" [ + + -b + + + -b] -d- = - ~ K(m)(n) a(n) K(m)(n) (n) K(m)[nl a[nl K(m)[nl [nl, 
Z n 

da[ml '""" [ + + -b + + + -b] -d- = - ~ K[ml (n) a(n) K[ml (n) (n) K[ml [nl a[nl K[ml [nl [nl, 
Z n 

The K'S are coupling coefficients defined by 

K(m)(n)± = -2
1 

[VK(m)K(n) Y(m)(n) ± VK
1 

K Z(m)(n)] ' 
(m) (n) 

K(m)[n]± = ~ [ VK(m)K[n] Y(m)[n] 

K~m](n/ = ~ [ VK[m]K(n) Y[m](n) 

± VI: K Z(m>r n ]] , 
(m) [nl 

(80) 

(31) 
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In these definitions the plus signs are taken together, as are the minus 
signs. 

To examine the coupling coefficients, we introduce field functions of 
the normal modes of the circular guide with perfectly conducting walls. 
We shall use the customary double-subscript notation, but shall continue 
to denote TlVI waves with parenthef:es and TE waves with brackets: 

(32) 

where 

k(nm) X(nm)a, In(k(nm)) = 0; 

k[lIm] X[nm]a, In'(k[nm]) = 0 
(33) 

and 

(;n 1, n = 0, 

(;n 2, n ~ O. 
(34) 

Introducing (32) irlto (27) and these in turn into (31), the coupling 
coefficients are calculated. 

There are two different causes of coupling between the metallic guide 
normal modes. One is the finite wall impedance Z of the helix waveguide; 
we shall continue to denote the corresponding coupling coefficient with 
K. The other is the curvature of the guide axis; we shall denote the 
corresponding coupling coefficient with je. The coefficients of curvature 
coupling je turn out to be purely imaginary. 

The K'S in (31) which have equal subscripts may be regarded as 
propagation constants of typical TlYI or TE modes which have been 
modified by the finite wall impedance Z. It turns out that these modified 
propagation constants do not depend on the curvature: 

'(3 +~~ K(nm)(nm) = 'Y(nm) = J (nm) ')}"'" , 
...,a \.(nm) 

" Z 
K[nm][nm] = 'Y[nm] = j(3[nm] + ~!.!...- n~ ) T7 • 

...,a k[nm]2 - n'.. .l\. [nm] 

(35) 

For all other K'S we find that the wall impedance causes coupling only 
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between modes of equal subscript n in (32). The corresponding coupling 
coefficients nare : 

+ en Z 
K(nm)(np) - - _ / ' 

2a V K(nm)K(np) 

+ + 
K(nm)[np] = K[np](nm) 

en n Z 
- 2a Vk[np]2 - n2 VK(nm)K[np] , 

(36) 

+ en n
2 

Z 
K[nm] [np] = 2 _ / 2 2 - /1 2 2 - /K T7 • 

a V k[nm] - n V C[np] - n V [nm]1Qnp] 

The curvature of the guide axis causes coupling only between modes 
which have a subscript n in (32) differing by one. The corresponding 
coupling coefficients are the same as in the curved circular guide with 
perfectly conducting walls.s We obtain, for example, 

+ 
C[Ol] (11) 

C[Ol] (1m) + = 0 for m ~ 1, 

C[Ol] [1m] + 
V2 k[Ol]k[lm]2 (V2 (j2a

2 
- e[Ol] - k

2
[lm] 

Vk
2

[lm] - 1(k
2

[Ol] - k
2
[lm])2 a

2 
V2,B [Ol](j [1m] 

(37) 

The curvature coupling between TEol and all other modes does not 
depend on the finite wall impedance of the helix waveguide. 

There is some combined curvature and wall-impedance coupling be­
tween certain higher order modes. However, for TEol transmission in 
the helix waveguide, this is of no interest. 

To apply the preceding analysis to practical problems we need con­
sider only the forward waves, since the relative power coupled from 
the forward waves into the backward waves is quite small. After the 
b's and K-'S have been omitted, (30) can conveniently be written in 
rna trix form: 

A' = -MA. (38) 

If we designate the amplitude of the TEol by ao and let the remaining 
a's represent the amplitudes of the modes which are coupled to TEol in 
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the curved helix waveguide in order of their cut-off frequencies, then, in 
a somewhat simplified notation, the matrices in (38) are defined by: 

rUG r j/jo jCOl j C02 "·l 
jCOl Kn K12 ... 

A' dA 
A lv1 = lj~G2 K12 K22 (39) - dz' 

:J 
If both the c's and off-diagonal K'S were small, the solution of (38) 

could be written down as a perturbation of the propagation in the 
straight metallic waveguide. This is usually not the case. In gentle 
bends such as we are interested in here, however, the curvature coupling 
is orders of magnitude smaller than the wall impedance coupling between 
the modes. Therefore, it is convenient to split A1 into 111h + ~1 e , where 
M h is the straight helix waveguide matrix and A1 e takes the curvature 
effects into account: 

j{3o 0 0 

r j~Q1 jCOl j C02 

···1 0 Kn K12 0 0 

111h = 0 K12 K22 Me = r j~~ 0 0 ... (40) 

J l: 
The effect of curvature can be calculated by a perturbation method, 
but 

(41) 

will have to be solved more rigorously. To do this, we diagonalize lvlh 
by the transformation 

A= LW, (42) 

where L is the modal matrix6 of 111h . Since Mh is symmetrical, we have 
L t = L-1 and the transformation of Mh to the diagonal form of its latent 
roots 6 reads: 



1G12 THE BELL SYSTEM 'rECHNICAL JOUHNAL, NOVEMBEH 1958 

In 

'Yo 0 0 

o 'Yl 0 

r o 0 'Y2 (43) 

the 'Y's are solutions of the characteristic equation 

o Kl1 - 'Y K12 

o K12 K22 - 'Y = o. (44) 

A typical element of the modal matrix L of lkh is defined by: 

s 
- q~ 

lk. - I (~.J + (~i,)' + ... (~J ' (45) 

s 
where qik is the cofactor of an element of the determinant in (44) for the 
root'Y = 'Y8 . The index i is arbitrary as long as it is different from zero 
but it must, of course, be the same for the determination of all the l's 
for a given s. 

Physically, (42) means transformation to the normal modes of the 
straight helix waveguide, and the 'Y's are the propagation constants of 
the normal modes in the straight helix waveguide. The elements of L 
in (42) describe the conversion of normal modes of the straight helix 
waveguide into normal modes of the metallic waveguide. The TEol 
amplitude and propagation constants are, of course, not changed by 
this transformation: 

Wo = ao, 'Yo = j{3o • 

Introducing the normal modes w into (38), we get for the propagation 
in the curved helix waveguide 

W' = -(r + C)W, (46) 



HELIX WAVEGUIDE THEORY AND APPLICATION 1613 

where C = Ltill cL represents the effect of curvature in the helix wave­
guide. The elements of C are the coefficients of coupling between the 
normal modes of the straight helix waveguide in curved sections, and C 
is a symmetrical matrix with nonvanishing elements only in the first 
row and first column. A typical element is given by 

(47) 

Since r in (46) is diagonal, and since the elements of C are small enough 
to justify a perturbation calculation, the problem of the curved helix 
waveguide is formally solved. 

The perturbation calculation for the curved guide assumes, as usual, 
that the coupling from TEol to all other modes w is small. Then it is 
sufficient to consider only coupling between TEol and one of the other 
modes at a time and to add up all these coupling effects. The TEol 
propagation in a helix waveguide, even of nonuniform curvature, may 
be calculated this way.3 

For a helix waveguide of uniform curvature our matrix notation may 
be used. As before with the straight helix waveguide, we now transform 
to the normal modes of the curved helix waveguide. The propagation 
constants of these curved-guide normal modes are the solution of the 
characteristic equation: 

o 'Y - 1'2 = o. (48) 

Approximate solutions of this equation for 

I 
Cs 1« 1 

I'n - 'Ys 

are perturbations of the propagation constants I's of normal modes of 
the straight helix waveguide. In particular, we get for the perturbed 
propagation constant of the TEol mode: 

2 
~ Cs 

'Y = 1'0 + L.J (49) 
s 'Yo - 'Ys 

The modal matrix of (r + C) transforms from the normal modes of 
the curved guide to those of the straight guide. Its elements give the 
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mode conversion at the junction from curved to straight guide. A typical 
element of this modal matrix is given by an expression like (45) or to a 
sufficient approximation: 

Cs los = --- (50) 
'Yo - 'Ys 

The propagation constants 'Ys in (49) and (50) are those of the normal 
modes in the helix waveguide. To obtain them, the characteristic equa­
tion (44), a polynomial of infinite degree in 'Y, has to be solved. 

For a low wall-impedance jacket, approximate solutions of (44) may 
be used which, like (49), are perturbations of the metallic waveguide 
propagation constants. In general, (44) may be reduced to a polynomial 
of finite degree by omitting modes of higher order which have little effect 
on the lower order modes. Even so, we are usually left with the for­
midable problem of solving a polynomial of high degree. 

To avoid the problem associated with the transformation from metallic 
guide normal modes to helix guide normal modes we must start with 
the helix waveguide normal modes and write the generalized telegraph­
ist's equations in terms of normal modes of the helix waveguide. 

III. REPRESENTATION IN TERMS OF NORMAL MODES OF THE HELIX WAVE­

GUIDE 

Normal modes of the straight helix waveguide have been analyzed 
elsewhere.2 To adapt this analysis to our representation we shall repeat 
and generalize the boundary value problem here. The waveguide struc­
ture we consider is shown in Fig. 1. The anisotropic conducting sheath, 

/-ee = fo (el-je ll ) 
~----r---;.=--

I I t/1/'i7/fi~v\ 
I I 
I I 

2b 2a 
I 
I 
I 
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I ~_ 
1-__ 

/ 
/ 

/ 

R 
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/ 
/ 

/~ 

• i:-. 1 - Coordinates used in bend in shielded helix waveguide. 
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which represents the closely wound helix, is surrounded by a dielectric 
jacket and a coaxial metallic shield. 

The electromagnetic field in the helix waveguide can be derived from 
two sets of scalar functions Tn and Tn' given by 

and 

Tn = N nJ p(Xnr) sin pcp 
for 0 < r < a, 

Tn' = NnJp(xnr) cos pcp 
(51a) 

fora < r < b. (51b) 

, Xn2 Hp(2)(Xner) - c'Hp(1)(Xner) 
Tn = N n Xn e2 Jp(l"'n) Hp(2)(kne) _ c'Hp(l)(kne) cos pcp 

Being solutions of the wave equation, the T functions satisfy (11). The 
field components are written in terms of these field functions, using the 
coordinates (u, v, w) of (1): 

Eu = L Vn [aTn + dn aTn'J, 
n e1au e2av 

(52) 
Hu = L - I [aTn _ dn h

n
2 

aTn'J ~ 
n n e2av k2 e1au EO' 

Hv = LIn [aTn + dn h
n
2 

aTn'J ~. 
n el au k2 e2av EO 

Substituting from (52) into (7) and (10) and taking advantage of (11), 
we get for the longitudinal field components: 

2 

Hw = jWE "f Vn dn ~~ Tn', 
(53) 

where E and k = wv-;;e are permittivity and intrinsic propagation con­
stant of the medium in a particular cross-sectional part of the guide. 
They have constant but different values for the different cross-sectional 
parts of the guide, and EO is the permittivity of the empty helix interior. 
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The quantities dn , c and c' and the separation constants Xn and Xne are 
chosen so that the boundary conditions of the shielded helix waveguide 

at helix and shield, 

Ew = 0 at shield, 
(54) 

EWinterior = EWexterior at helix, 

HVinterior = H Vexterior at helix 

are satisfied by the individual terms of (52). Only then do the individual 
terms of (52) represent normal modes of the shielded helix waveguide. 
From Ev = 0 at the helix: 

aTn 

d e2av 
n = aTn ' 

(55) 

e1au u=a 

From Ew o at the shield: 

(56) 

From Ev = 0 at the shield: 

H (2)'( 1 e) 
, p pl\,n 

C = Hp(l)'(pkne) ' (57) 

where p = b/a, kn
e = Xnea, and kn = Xna. The prime at the Bessel func­

tions denotes differentiation with respect to the argument. The condi­
tion of Ew being continuous across the helix boundary is satisfied by 
virtue of the formulation of the T functions in (51). The remaining 
condition of Hv being continuous across the boundary leads to the follow­
ing (characteristic) equation of the shielded helix waveguide: 

J/(kn) p2 hn
2 Jp(kn) _ €e kn [Hp(2)'(kne ) - cHp(l)'(kn

e) 
Jp(kn) - kn2 k2 Jp'(kn) - ;;; kne Hp(2)(kne) - cHp(l)(kne) 

p2 hn
2 H p(2)(kn

e) - c'Hp(l)(kne) ] 
- kne2 ke2 H p (2)' (kn

e) - c' H /1)' (kn
e) . 

The characteristic equation, together with 

kn
2 = (e - hn

2)a2
, 

kne
2 

= (k e
2 

- hn
2)a2 

(58) 

(59) 
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determines the separation constants kn and kn
e

• The transverse field 
components of any two different modes are orthogonal to each other in 
that 

V ~Im Is (Etn X H tm ) dS 

(60) 

The integration is to be extended over the entire cross section. The 
quantity onm is the Kronecker delta. To satisfy (60) for n = m requires 
the normalization N n to have a certain value. Both (60) and N n are 
calculated in the Appendix. 

We have now determined all quantities in (51) and (52) except the 
current and voltage coefficients. To find relations for them we sub­
stitute (52) for the field components into Maxwell's equations and con­
vert to generalized telegraphist's .equations. We add 

and 

and integrate over the cross section. Using (11) and (60) and the bound­
ary conditions of (54), the result is: 

dVm + . hm
2 

I - J-dw WEo m 
. "I {it i [(aT n - JWfJ. L...J n c; 2 --

n S EO e1aU 

_ r ~ ~ Xn \m 
2 

T T dS} Js EO k2 n m • 

(61) 
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Similarly, we add 

(
aT m aTm') . 

-Ca -a- + dm -a- tImes (8) 
Cl u C2 V 

and 

(
a rPm d aT m'). () 

- Ca - - m -- tImes 9 
C2aV c1au 

and integrate over the cross section: 

dIm +. V 
dw ]WEO m 

. "V fl E [(aTn - ]WEo L.J n) ~ - -
n \'8 EO c1au 

(62) 

Equations (61) and (62) are the generalized telegraphist's equations for 
the curved helix waveguide. The specification of the normalization factor 
in (60), which seemed rather arbitrary at that time, turns out in (61) 
and (62) to be the only right one. Only with this normalization are the 
mutual impedance and admittance coefficients symmetrical: 

Y nm = Y mn , 

as we must expect from the symmetry properties of the curved helix 
waveguide structure. 

Introducing travelling waves 

Vm = VKm (am + bm), 

1 
1m = VKm (am - bm) 

(63) 

into (61) and (62) with Km = hm/WEo , we get the more convenient form: 

ddam + jhmam = j L (Cmn + an + Cmn -bn), 
w n 

(64) 
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The coupling coefficients in (64) are: 

=F l~~~+d~~am+d~~ k
2 

2 [( ']1 h 2 T ')( T h 2 T') 
2Vhmhn S E02 elaU n k2 e2aV elaU m k2 e2aV 

+ (aTn _ dn h
n
2 

aTn')(aT m _ dm h
m
2 

aT m')]dS 
e2av k2 e1au e2av k2 e1au 

_ ! Vhmhn 1 ~ ~ [(aT n + dn aT n')(aT m + dm aT m') 
2 S EO e1au e2av e1au e2av (65) 

+ (aT n _ dn aT n')(aT m _ dm aT m')] dS 
e2av e1au e2aV e1au 

k
2 1 E Xn

2
Xm

2 

±2Vhmhn s~~~TnTmdS 
1 2 2 

+ 2 ~ L ~ ~ dndm X\~m Tn'Tm'dS. 

We are interested here only in coupling between circular electric and 
other waves. Let the subscript m refer to a TEom wave. Then J1(k m) is 0, 
and 

Tm = 0, 

From (60) we get as normalization factor: 

1 k 1 
dmNm = _ r - (). 

V 7r hm kmJo km 
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where 

and 

o=p-l. 

With (64) and (66), the circular electric wave propagation in the curved 
helix waveguide can be analyzed. Neglecting backward travelling waves 
in (64) and considering only coupling between a circular electric wave 
and one other mode at a time, the coupling coefficients Cmn + and propa­
gation constants hn can be used in formulae like (49) and (50) to com­
pute circular electric wave loss and mode conversion in the curved helix 
waveguide. 

A theory of the helix waveguide, however, is complete only when the 
transmission and conversion properties of waves at a transition from 
metallic guide to helix guide is known. When we represented helix wave­
guide propagation in terms of normal modes of the metallic guide, we 
obtained these transmission and conversion properties with the matrix 
L in (42). To obtain the corresponding matrix in the present formula­
tion, we express a typical normal mode of the helix waveguide in terms 
of normal modes of the metallic guide. To do this exactly, an infinite 
set of linear equations in an infinite number of unknowns would have 
to be solved. However, as before we may safely neglect reflected waves 
and match only one pair of field components. The problem is then con­
siderably simplified, especially when we choose the longitudinal field 
components to be matched. 

The longitudinal field components of a typical forward mode in the 
helix waveguide are 

(67) 

Longitudinal field components of forward modes in the metallic wave­
guide are 

E . ~E X(n)2 T z(n) = JWf..L r.;-~ (n)a(n) , 
fJ(n) Ie 

1
- 2 

H . Wf..L X[n] T 
zen] = Jwe - -k2 [n]a[n]. 

/3[n] 

(68) 
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Matching the field components: 

Ezn = L Ez(n) , 
n 

we can, by means of a Fourier-Bessel expansion, express the wave am­
plitudes of the modes in the metallic waveguide in terms of the wave 
amplitudes of the modes in the helix waveguide: 

(G9) 

The coefficients l(m)n and l[m]n are the elements of a matrix L which 
corresponds, in our present formulation, to the matrix L of (42). 

To improve the approximation, we actually did not match the longi­
tudinal field components. Rather, we obtained two slightly different sets 
of l's by matching first the transverse components of the electric field 
and then the transverse components of the magnetic field. We expect 
that, if we would determine a set of l's from an exact solution of the 
problem, the values would lie somewhere between the results of these 
two calculations. Since the two approximate results are near together 
for modes sufficiently far from cutoff, their geometric mean should fur­
nish a still better approximation to the exact l. Typical coefficients l are 
thus given by: 

l(m)n = Xn
2 

L TnT (m) dS, 

(70) 

l[m]n = (3~] Xn
2 

dn LTn'T[m] dS. 

The integrals in (70) are extended only over the part of the cross section 
which is inside the helix. 

Calculation of the reciprocal coefficients proved the law of reciprocity 
In(m) = l(m)n and In[m] = l[m]n to be satisfied when the normalization 
factor N n is chosen according to (60). 

Evaluation of the integrals in (70) yields: 

(71) 
l '\1';;; pNn (3[pm] kn

2J p(kn ) 

[m]n = Vk[pm]2 _ p2 -k- k n
2 - k[pm]2 ' 

where the expression for N n is given in (91) of the Appendix. There is 
only conversion between modes of equal azimuthal order p. 
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IV. MODIFIED JACKET STRUCTURES 

The helix waveguide which has been analyzed in the preceding sec­
tions has a wall structure of very special and highly idealized form. Prac­
tical jackets may intentionally or unintentionally be quite different from 
this mathematical model. We shall discuss several modifications of the 
ideal shielded helix waveguide which have proven to be important in a 
practical helix waveguide. 7 They are either changes of the ideal structure 
to simplify the manufacturing process or improve the performance, or 
they are deviations from the ideal structure, which are unavoidable in 
a real structure. It turns out that, for most of these modifications, we 
need not work out a new theory (as in the preceding sections) but can 
include their effects in the foregoing formulae. A quantity which is very 
useful for these discussions is the wall impedance of the helix waveguide: 

4.1 The Wall Impedance of the Helix Waveguide 

In all cases of practical interest the jacket permittivity is high enough 
so that 

I kn
e I » I (4p2 - 1)/8 I 

is well satisfied and the Hankel functions may be replaced by their 
asymptotic expressions. The characteristic equation (58) for the normal 
modes of the helix waveguide then reduces to: 

~ Jp'(kn) _ p
2
hn

2 
Jp(kn) = -~ ~ cot ok e (72) 

kn J p(lr,n) kn3k2 J p'(kn) EO kne n . 

The right-hand side of (72) can, to the same approximation, be expressed 
by the impedance 

E e 

Z wn· Xn t !i:: 7. e = -- = J - an Uliin , 
Hvn WEe 

(73) 

which the wall presents to a typical mode of the helix waveguide: 

1 Jp'(kn) p2hn
2 Jp(kn) _ -j 

kn Jp(kn) - kn3k2 JP'(kn) - wEOaZ· 
(74) 

Thus, the separation constant kn and with it the helix waveguide mode is 
determined by the wall impedance alone. 

It is, on the other hand, quite easy to determine the wall impedance 
of a composite jacket structure to the same approximation. The physical 
meaning of the approximations which have been made to derive (73) 
is 0 « 1. The thickness of the dielectric jacket or the penetration of waves 
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into it is small enough so that the coaxial structure can be considered 
plane in cartesian coordinates. Furthermore, the dependence on the 
azimuthal coordinate cp or v respectively is of so Iowan order compared 
to the r or u and z or w dependence that it may be neglected. The wall 
impedance we then calculate and quite generally use in the characteristic 
equation (74) is that of a symmetrical TM wave at a plane interface. 
For these waves the wall impedance of (73) is an exact representation 
of the boundary condition. 

4.2 Unshielded Helix Waveguide 

When the lossy jacket surrounding the helix is either so thick or has 
so high a loss factor that the electromagnetic field has died away before 
it reaches the metallic shield, we may remove it or substitute a different 
supporting structure without affecting the electrical performance of the 
helix waveguide. Some formulae in Section III may be simplified in this 
case, by letting b, the radius of the shield, go to infinity. For example, 
the characteristic equation (58) for the normal modes of the helix wave­
guide reduces to: 

Jp'(kn ) p2hn
2 Jp(kn ) Ee kn [Hp(2)'(kn€) p2 hn

2 H p(2)(lc n
e

) ] (7) 
Jp(kn ) - kn

2k2 JP'(kn ) = ;;; kn
e Hp(2)(kne ) - kne2 kc2 H p(2)'(k n

e)' 5 

Likewise, the expression (91) for the normalization factor N n in the 
appendix can be somewhat simplified to give (92). 

Instead of,(72), the form (74) of the characteristic equation may be 
used; the wall impedance is in this case obtained from (73) by using the 
asymptotic value for the tangent function: 

4.3 Dielectric kl atching Layer 

e 

Z = Xn 
WEe 

(76) 

The absorption of unwanted modes in the helix waveguide is critically 
dependent on the permittivity of the lossy jacket. In constructing a 
helix waveguide it is difficult to find a jacket material which has both a 
suitable value of complex permittivity and good enough mechanical 
properties to support the helix properly. A layer of lossless dielectric 
material in between helix and lossy jacket can serve to overcome both 
of these difficulties to a certain extent. By choosing a suitable material 
for this layer the bond between helix wires and jacket can be strength­
ened, thus improving the mechanical strength of the structure. Electri­
cally, this layer acts as a radial transmission line-section. When made 
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of the proper thickness, this transmission line transforms the wall im­
pedance to more suitable values as far as unwanted mode attenuation 
is concerned. 

Let Z be the input impedance of the lossy jacket as given for example 
by (73) or (76); then the new wall impedance in front of the dielectric 
layer is given by the following transformation: 

Z' = Z Z + jZl tan Xnlt 
1 Z 1 + j Z tan Xnlt . 

(77) 

When EO} is the permittivity of the matching layer, the radial propaga­
tion constant is 

and the wave impedance is 

The expression in (77) must be substituted for the wall impedance in 
the characteristic equation (74). 

4.4 Laminated J aclcet 

The foregoing consideration of one dielectric layer can be extended to 
a semi-infinite stack of laminated material having alternate thin layers 
of lossy and nonlossy material. It has indeed been proved very useful 
to have the helix jacket made of such laminations. Excellent mechanical 
and electrical properties have been achieved in this structure. 

The wall impedance presented by a semi-infinite stack of alternating 
layers is found by iterating the single layer transformation of (77). This 
calculation has been made in a theory of laminated transmission lines:8 

Z = Tn - T22 + _1_ V(T
ll 

+ 1'22)2 - 4. 
2T21 2T21 

(78) 

Fig. 2 - Laminated jacket of helix waveguide. 
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The Tik are the elements of a transmission matrix relating input values 
of the electric and magnetic field strengths to the output values in one 
elementary double layer of the stack. With the constants and dimensions 
of Fig. 2, they are defined by 

where 

11 Zl • • 
11 = cos Xnltl cos Xn2t2 - Z2 sm Xnltl sm Xn2t2 , 

T12 = jZl sin Xnltl cos Xn2t2 + jZ2 sin Xn2t2 cos Xnltl , 

Xn1
2 = W

2
J..1. El - hn

2
, 

Xn2
2 = W

2
J..1.E2 - hn 

2 

are the radial propagation constants in each individual layer and 

Xnl , 
WEI 

Z - Xn2 
2 --, 

WE2 

are the radial wave impedances in each individual layer. 
If the laminates are fine enough 

I Xnltl I « 1, 

I Xn2t2 I « 1, 

(79) 

the trigonometric functions may be replaced by their Taylor series. Then 
the wall impedance of (78) reduces to 

Z = Xnr _ j! tlt2 W
2

J..1.ElE2 - hn\El + E2) (El - E2)' (80) 
WVEzEr 2 WEIE2 E2t2 + Eltl 

The first term of this expression is the radial wave impedance of a 
homogeneous but anisotropic medium. The permittivity of this medium 
is, for an electric field polarized in radial direction, 

ElE2(t l + t l ) 
Er = -----

E2tl + Elt2 
(81) 
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and, for an electric field polarized in longitudinal or azimuthal direction, 

Eltl + E2t2 
Ez = 

tl + t2 • 
(82) 

The propagation constant of this anisotropic medium in (80) is 

(83) 

The second term in (80) is a correction for the finite thickness of the 
laminae. 

For calculating wave propagation in a helix waveguide with a lami­
nated jacket, (78) or (80) must be substituted for the wall impedance in 
the characteristic equation (74). 

4.5 Finite Size of Helix Wires 

In the preceding analysis the wires of the closely wound helix had been 
assumed to be of so small a size that the helix could be represented by 
an infinitely thin sheet ideally conducting in azimuthal direction and 
nonconducting in longitudinal direction. This anisotropic conducting 
sheath, however, does not always represent the helix satisfactorily. 
Helices wound from the smallest feasible wire sizes - 3 to 10 mils 
diameter (American Wire Gauge Nos. 30 to 40) - are not completely 
permeable to longitudinal electric fields. Displacement currents partly 
bridge the gap between successive turns. By partly shielding the jacket 
from the helix interior, they may change the propagation characteristics 
su bstan tially. 

This shielding effect is most easily taken into account by a capacitance 
in parallel to the input impedance of the jacket. The capacitance of an 
infinite grating of cylindrical wires is calculated in the Appendix. With 
the dimensions of Fig. 3, the capacitance per square of the helix surface 
is given by 

(
dIn 4) C / square = Ed D _ d - ----:;- , 

Fig. 3 - Helix wires. 
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where f is the permittivity of the space in between wires. The corrected 
wall impedance is then obtained from 

1 1 . (d In 4) 
Z' = Z + JWfd D - d - ---:;- . (84) 

Again, this expression must be substituted for the wall impedance in 
the characteristic equation (74). 

All expressions for the wall impedance [(73), (76), (77), (78), (80), 
(84)] contain implicitly the axial propagation constant jhn of the particu­
lar mode under consideration, and it is only through the characteristic 
equation (74) that this propagation constant will be determined. 

In Section II, on the other hand, where the helix waveguide propaga­
tion is expressed in terms of normal modes of the solid wall guide, the 
wall impedance as introduced in the boundary condition (18) is not 
associated with a particular mode. The propagation constant jhn remains 
undetermined. The boundary condition (18) cannot exactly replace a 
complex jacket structure. 

For all cases, however, in which the modes under consideration are far 
from cutoff, the propagation constants are nearly equal to that of free 
space. We may then replace hn by WV j..I.ofo in all expressions for the wall 
impedance and use them in (18) and the corresponding equations. 

V. APPLICATIONS 

Three different applications of the helix waveguide for circular electric 
wave transmission have been mentioned in the introduction. The for­
mulae of the preceding sections will now be used to calculate the trans­
mission properties of helix waveguide in the different applications. The 
theoretical values will be compared with results of measurements. 

5.1 Helix Waveguide Mode Filter 

It has been shown both theoretically and experimentally that the 
transmission characteristic of the circular waveguide can be substantially 
improved by the insertion of mode filters at intervals along the wave­
guide.9 Conversion of energy to unwanted modes and reconversion at 
any imperfections of the waveguide seriously disturb the TEo! transmis­
sion characteristic. Mode filters, which provide low loss for the TEo! 
mode and high loss for all unwanted modes, greatly reduce the effects 
of mode conversion-reconversion by dissipating most of the converted 
power in unwanted modes before reconversion. 

Helix waveguide has the desired properties of low TEon attenuation 
and high loss for all other modes. It therefore is well suited for a mode 
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filter. To design a helix waveguide mode filter one would choose a lossy 
material for the jacket which maximizes the attenuation constants of 
the unwanted modes of propagation. A detailed analysis2 of the helix 
waveguide modes has shown, however, that there is no unique solution 
to this problem. As one changes the complex permittivity of the jacket, 
the attenuation constants of some modes increase while those of others 
decrease after passing through a maximum. Furthermore, a normal 
mode of a metallic waveguide incident in a helix waveguide will scatter 
its power into quite a few modes of the helix waveguide. As a result, a 
helix waveguide section inserted into a metallic waveguide will not only 
dissipate power in unwanted modes but will also introduce cross-coupling 
between unwanted modes. To find the transmission and conversion prop­
erties of a helix waveguide in the arrangement of Fig. 4 the matrix L 
of (42), as a scattering matrix between metallic waveguide modes and 
helix waveguide modes, must be combined with the transmission matrix 
T of the helix waveguide to give the relation between mode amplitudes 
at the input A i and output Ao : 

(85) 

where T is a diagonal matrix, the elements of which are transmission 
coefficients of the helix waveguide modes 

t -jhnz 
nn = e . (86) 

Equation (85) has been evaluated for a typical helix waveguide with a 
relative permittivity E/ EO = 4 - j1, and an inner radius to wavelength 
ratio a/A = 4.70. This evaluation was extended over the TEn, TMn 
and TE12 modes of the metallic waveguide, and it was sufficient to take 
only five modes (TEn, TE12 , TM12 , TE13 and TM13) of the helix wave­
guide into account. The propagation constants jhn of these helix wave­
guide modes were taken from the previously cited analysis of the helix 
waveguide.2 For the elements of L, expressions (71) were substituted. 
The resulting transmission loss and conversion loss curves are shown in 
Fig. 5(a). 

NORMAL MODES: A w A 

TRANSMISSION PROPERTIES: L T Lt 

~--------z-------~ 

Fig. 4 - Matrices of mode filter. 
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Fig. 5 - (a) Calculated transmission and conversion loss in helix waveguide: 
alA = 4.70, semi-infinite jacket with fifo = 4 - j1; (b) measured transmission 
and conversion loss in helix waveguide of Fig. 6, f = 55.5 kmc. 

The results of measurements on an 18 in. long section of 2 in. I.D. 

helix waveguide are shown in Fig. 5(b). This measured waveguide sec­
tion has the helix wire dimensions and a jacket structure as shown in 
Fig. 6. The values of anisotropic permittivity of the laminated lossy 
material have been determined separately by impedance measurements 
on small samples in RG-98/U waveguide. The radial impedance of this 
laminated material is given by the first term in (80). The layer of glass 
roving bet,Yeen the lossy laminate and the helix wires transforms this 
impedance according to (77). Finally, the capacitance between helix 
wires changes the radial impedance according to (84). The resulting 
wall impedance is Z = (147 + j22)n. The mathematical model of a 
helix waveguide which was used to calculate the curves of Fig. 5(a) has 
an isotropic and homogeneous jacket of relative permittivity e/ eo = 4 -
j1. Its wall impedance as calculated from (76) is Z = (162 + j14)n. Com­
paring both wall impedances we find that the measured helix waveguide 
of Figs. 5(b) and 6 and the mathematical model of Fig. 5(a) are nearly 
equivalent. Thus the calculated curves of Fig. 5(a) may be compared 
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Fig. 6 - Helix waveguide structure. Helix: No. 37 copper wire with heavy 
Formex coat; Mediums I and III: Fiberglas laminated with epoxy resin; Medium 
II: six layers of tin oxide-coated glass cloth; Ez/EQ = 9 - j13, Er/EQ = 5 - jl at 
55.5 kmc. 

to the measured curve8 of Fig. 5(b). We find indeed very good agree­
ment. 

The transmission and conversion loss of the various modes were meas­
ured with millimeter-wave short pulse test equipment,lO using the ar­
rangement shown in Fig. 7. The pulses had a base width of about 3 
millimicroseconds. Mode discrimination in the mode couplers and mode 
transducers combined ,vith time discrimination based on the different 
group velocities of modes in the 220 ft. long waveguide provided sufficient 
over-all discrim~nation to identify energy travelling in different modes. 

The results of Fig. 5 do not give an answer for designing helix wave­
guide for mode filtering purposes. They do, however, give assurance 
that the theory gives correct results even for quite complicated jacket 
structures, and that this theory may safely be used to design helix wave­
guide mode filters. 

3 DB MODE n MODE m 2" HELIX PISTON 
.--___ ---, COUPLER TRANSDUCER COUPLER LINE WAVEGUIDE \ 

I TRf~k~~ER I X GTo X dfJ] \ 
~ Y ~-220 FT-~-1z-~ 

Fig. 7 - Measurement of transmission ~nd conversion loss in helix waveguide. 
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The high amount of mode conversion which is caused by a helix wave­
guide of a certain length is perhaps surprising. The mode conversion 
loss between TEn and TMn is as low as 6 db in the case treated above. 
There may be cases in which this high mode conversion is undesirable. 
In order to reduce it, the abrupt transition from solid waveguide to 
helix waveguide may be replaced by a taper in wall impedance. The 
formulae of Section II give the basis to analyze such a wall impedance 
taper. The generalized telegraphist's equations in this section must then 
be solved for varying coupling coefficients instead of constant coupling 
coefficients. 

5.2 I nlenlional Bends in Helix Waveguide 

The analysis of a tapered curvature bendS has shown that the circular 
electric wave can be transmitted around bends with very low losses in 
a waveguide in which the degeneracy of equal phase velocity between 
TEo! and TMn is broken up by lossless means. The shielded helix wave­
guide having a low-loss dielectric between the helix and the highly con­
ducting metallic shield lends itself perfectly to this application. 

A curvature taper on both sides of the bend serves to transform the 
normal mode of the straight pipe into the normal mode of the curved 
region and vice versa. A practical form for a tapered curvature bend is 
shown in Fig. 8; the region of constant curvature has vanished and all 
that remains is a triangular curvature distribution. This curvature dis-

_---- 2l-___ .... 
~/ ~, 

/' " 
/// '" 

/ , 
/ , 

/// '-'-, 

/ , 
/ " 

/ " / \ 

-</ ! ! "> 
~ /' 

z_ 

Fig. 8 - Triangular curvature distribution of an elastic deflection. 
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tribution can easily be made by bending the waveguide elastically over 
a fixed center support with forces acting on both ends. 

The residual mode conversion in such a triangular curvature distri­
bution is calculated by solving the coupled line equations for linearly 
varying coupling coefficients with suitable approximations for gentle 
curvature. Thus, at the end of a linear curvature taper of length leach 
mode n coupled to TEol through curvature causes a mode conversion 
loss of 

A,. = Re [Do~::12 (1 - e -A,., - Do'Y.l)] nepers, (87) 

where COn is the coefficient of curvature coupling (66) between TEol and 
a coupled mode n at the point of maximum curvature, and !:J.'Yn is the 
difference in propagation-constant between the coupled mode nand 
TEOl • 
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Fig. 9 - Solution of characteristic equation for shielded helix waveguide with 
lossless jacket; e/eo = 2.5, alX = 4.70. 
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Fig. 10 - Difference in phase constant and coefficient of curvature coupling 
to TEol in shielded heli~ waveguide; a/X = 4.70. 

The TEol mode of the straight waveguide in passing through the curva­
ture taper is transformed to the local normal mode of the curved region. 
It suffers a slight change in field configuration and consequently a change 
in attenuation constant. Thus, in a linear curvature taper of length Z 
each mode coupled to TEO! by curvature causes an additional normal 
mode loss of 

A R [
Con2Z ] 

bn = e 3~'Y n nepers. (88) 

There is another way to calculate this normal mode loss: D. lVIarcuse 
has solved the boundary problem of the curved helix waveguide directly 
for the TEol wave. ll He obtains a closed expression for the curvature 
attenuation, which is in most cases easier to evaluate than a sum of the 
terms given by (88). 

To provide data for the design of a low-loss helix waveguide for int'en­
tional bends, several of the expressions in Section III have been evalu­
ated. In Fig. 9 the solution of the characteristic equation (72) is plotted 
in the range of interest for p = 1. A relative permittivity of 2.5 is a 
typical value for low loss dielectric materials. The ratio a/A. = 4.70 
corresponds to a 2 in. I.D. helix waveguide operated at 55.5 kmc. In 
Fig. 10 the coefficient of curvature coupling from (66) and the difference 
in phase constant have been plotted for this helix waveguide. The mode 
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Fig. 11 - Factor of mode conversion loss in linear curvature taper of shielded 
helix waveguide; fifO = 2.5, a/A = 4.70. 

conversion factor shown in Fig. 11 is found by combining the two curves 
of Fig. 10. This factor facilitates the calculation of mode conversion in 
the tapered curvature bend of Fig. 8. 

An inspection of these conversion loss figures as well as of D. Marcuse's 
normal mode loss figures shows that, for optimum performance in a 
tapered curvature bend, the distance between helix and shield should 
be about a quarter of the radial wavelength in the jacket material. In 
no case should this distance approach a half radial wavelength anywhere 
in the frequency range. 
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Shielded helix waveguide with a low-loss jacket has been made with 
materials and construction techniques presently available in Bell Tele­
phone Laboratories. The details of this waveguide are shown in Fig. 12. 
The TEolloss in this structure was measured by a resonant cavity method 
both for the straight guide and the guide bent to various curves between 
o and 4.2 degrees. The curvature distribution was that of Fig. 8. Reason­
able agreement between measured and calculated values of curvature 
loss was found. The measured loss followed closely the square-law de­
pendence on curvature. At a total bending angle of 4.2 degrees the addi­
tional curvature loss in the 9 ft. long curved section was measured at 
55.5 kmc to be 0.004 db. This figure is nearly equivalent to doubling the 
length of the waveguide. Mode filters on both sides of the curved section 
presented enough dissipation to avoid spurious mode interference in the 
measurements. 

5.3 All-Helix Waveguide 

A third and probably the most important application is a transmission 
line entirely consisting of helix waveguide. Present experimental expe­
rience shows that an all-helix waveguide line must present enough loss 
to unwanted modes so that power in these modes is dissipated at the 
same rate as it is converted at imperfections of the waveguide. In addi­
tion, the jacket of the helix waveguide should be designed so as to mini­
mize the circular electric wave losses in bends, allowing relaxation of 
the straightness tolerances. Obviously, these two requirements contra­
dict each other to a certain extent. A compromise will have to be chosen 
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Fig. 12 - Shielded helix waveguide with low loss jacket. Helix: No. 37 copper 
wire with heavy Formex coat; Medium I: glass cloth laminated with epoxy resin, 
E/ EO = 4 - jO.1 at 55.5 kmc; Medium II: copper tubing. 
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Fig. 13 - Propagation constants in helix waveguide; a/A = 4.70, e' = 4. Rep­
resentative values of e" are shown on the curves. 

between sufficiently high unwanted mode loss and sufficiently low TEol 
curvature loss. This compromise will be made on the basis of tolerances. 
While the manufacturing tolerances call for a mode-filtering helix wave­
guide, the laying tolerances call for low TEol loss in random curvature. 

However, it is to be expected that, as the art of making helix wave­
guide is improved and imperfections can be controlled better. the re-
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quirement of low curvature loss will become more important and less 
unwanted mode loss can be tolerated. 

The first information needed for the design of a helix waveguide in 
this application is the unwanted mode loss. It is contained in a detailed 
analysis of the unwanted mode propagation in helix waveguide.2 Some 
of the results are taken from this analysis and plotted in Figs. 13 and 14. 

Also plotted in Figs. 13 and 14 are the approximate values of the 
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propagation constants which have been obtained as solutions of the 
characteristic equation (44) in Section II. The characteristic equation 
(44) has been reduced to a quartic equation by taking only four modes 
of the metallic guide (TEll, TMn , TEl2 , TM l2) into account to repre­
sent the lower order modes with p = 1 in the helix waveguide. From Figs. 
13 and 14 it has to be concluded that this representation is obviously 
a very poor one. At still fairly high values of the jacket permittivity, 
there is already a marked deviation of the approximate values from 
the exact curves. For a better representation in this large waveguide size, 
many more modes of the metallic guide have to be taken into account. It 
is therefore more convenient in most helix waveguide problems to use 
the representation of Section III with modes of the helix waveguide 
rather than the representation of Section II with modes of the metallic 
guide. 

Imperfections like tilts and offsets or changes in diameter in an other­
wise ideal guide convert TEol power to unwanted modes. The effect of 
most of these imperfections in metallic waveguide has been analyzed in 
detail by S. P. Morgan, Jr., as quoted elsewhere.l More recently, another 
analysis has been made. l2 

For the helix waveguide the results of this analysis can be combined 
with the scattering matrix L of (42) to give the conversion from TEol 
to the unwanted modes in the helix waveguide at these imperfections. 
Thus, given a certain distribution of imperfections in a helix waveguide, 
mode conversion and reconversion effects can be calculated. From such 
calculations the required unwanted mode loss to reduce the degrading 
effects of imperfections on TEol propagation to an acceptable degree can 
be found. 

The second requirement for an all-helix waveguide is low TEol curva­
ture loss. To find the TEO! curvature loss the expressions (47) or (66) 
for the coefficient of curvature coupling can be evaluated. The results 
of such an evaluation are plotted in Figs. 15 and 16. Here again the 
approximation (47) with only four modes (TEn, TMll , TEl2 , TMl2) 
of the metallic guide deviates markedly from the exact values according 
t.o (66) for a low permittivity of the jacket. 

Note that in the curved helix waveguide the TEol-wave couples to all 
TMln and TEln waves. In the curved metallic waveguide the TEol cou­
ples to all TEln but only to TMll . 

With the coupling coefficients on hand, TEOl loss and mode conversion 
can be calculated with formulae like (49) and (50). The perturbation 
of the TED! propagation constant in (49), especially, means an increase 
(Xc of TEO! attenuation. In Fig. 17 this attenuation increase (Xc has been 
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Fig. 15 - Coupling coefficient between TEol and unwanted modes in curved 
helix waveguide; a/A = 4.70, E' = 4. 

plotted in a reduced form. The approximate values have again been 
obtained from the representation of Section II taking only four modes 
(TEn, TMn , TE12 , TM12) into account. They deviate substantially 
from the exact values as obtained from Section III and equation (66). 
As mentioned earlier, a c can also and more conveniently be calculated 
from D. Marcuse's normal mode solution of the curved helix waveguide. lI 

Values for a c of that calculation coincide with the exact curves of Fig. 
17. 
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The mode conversion which occurs in regions of changing curvature 
can be calculated from (50) if the change in curvature is abrupt, or from 
a solution of the coupled line equations with changing coupling coeffi­
cients when the curvature is changing gradually. Because of the laws of 
elasticity, the most common kind of curvature change, either intention­
ally or unintentional, is the linear curvature taper. The mode conversion 
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loss in a linear curvature taper is given by (87). From this expression 
it can be estimated if mode conversion effects in a changing curvature 
are large enough to influence the design of a helix wa veguide. Usually 
it is found that this mode conversion is small enough to be neglected 
and that only the C'.lrvature attenuation £Xc must be made as small as 
possible to optimize the performance of an all-helix waveguide in bends. 

Here again, as in the case of the shielded helix waveguide with a 108s­
less jacket, a certain distance between helix wires and shield minimizes 
the curvature attenuation. The distance should be about a quarter of 
the radial wavelength in the jacket material. It should approach half of 
this wavelength nowhere in the frequency range. 

lVleasurements of TEO! attenuation in bends have been made in the 
two different helix waveguides shown in Fig. 18. Eight-foot-long sections 
of the waveguides were bent elastically to the triangular curvature dis­
tribution of Fig. 8. The average curvature of this distribution is found 
by taking the square-law dependence between loss and curvature into 
account. The TEOl transmission loss was measured with a resonant 
cavity method for varying degrees of curvature. In the lossless helix 
waveguide, for intentional bends the TEO! transmission loss is composed 
of normal mode attenuation and mode conversion loss. However, in the 
present test of the lossy helix waveguide mode conversion losses can be 
neglected as compared to normal mode attenuation. The measured in-
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crease in TEO! transmission loss in the curved waveguide can therefore 
be interpreted as additional TEO! attenuation per unit length. The results 
follow closely the square-law dependence on curvature and agree with 
theoretical values. The lower value of curvature attenuation in the 
second helix waveguide doubles the theoretical TEol attenuation at a 
radius of curvature of 320 ft. 

VI. CONCLUSIONS 

Circular electric wave loss, mode conversion and unwanted mode loss 
can be calculated from generalized telegraphist's equations for the curved 
helix waveguide. A wall impedance can be used to represent the bound­
ary condition at the helix interface. The effect of a composite jacket 
structure and of finite size helix wires can be taken into account in this 
wall impedance. 

Three different applications of shielded helix waveguide for circular 
electric wave transmission require different designs for optimum perform­
ance. Helix waveguide as mode filter should have a highly lossy jacket 
between helix and shield for high unwanted mode absorption. An all­
helix waveguide transmission line should have a medium lossy jacket 
to reduce TEolloss in gentle bends and still maintain sufficient unwanted 
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Fig. 18 - Shielded helix waveguide with lossy jacket. Helix: No. 37 copper wire 
with heavy Formex coat; Mediums I and III: glass cloth laminated with epoxy 
resin; Medium II: carbon loaded paper laminated with epoxy resin, (left) (z/EO = 
15 - .114, Er/EO = 9 - j2j (right) Ez/EO = 4.7 - j2.1, Er/EO = 3.9 - 0.6 at 55.5 kmcj 
Medium IV: steel tUbing. TEOl curvature loss Olc(R2/a) at 55.5 kmc: (left) mea­
sured, 79, calculated, 84; (right) measured, 48, calculated, 40. 
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mode absorption. For sharp intentional bends, the material between 
helix and shield should have low losses and the shield should be highly 
conducting. In all three applications the optimum distance between helix 
and shield is a quarter of the radial wavelength in the jacket material. 

VII. ACKNOWLEDGMENT 

The numerical evaluations which are plotted in Figs. 5, 13, 14, 15, 
16 and 17 were programmed by Mrs. C. L. Beattie for automatic execu­
tion on an IBM 650 magnetic drum calculator. Measurements of TEol 
loss were made with high-Q test equipment developed by J. A. Young. 
Short pulse tests were made with equipment developed by C. A. Burrus. 
C. F. P. Rose oversaw the construction of helix waveguides that have 
been tested. J. W. Bell and G. D. lVlandeville assisted during the meas­
urements. For a helpful discussion the writer is indebted to S. A. Schel­
kunoff. 

APPENDIX 

Normalization oj ]II odes in Helix Waveguide 

The orthogonality relation (60) for n ;;zf m has been proven for expo­
nential modes on an inhomogeneous cylindrical structure bounded by 
opaque walls or unbounded. 13 

The right-hand side of (60) can be rewritten as 

V ~Im L (E tn X H tm ) dS 

= r ~ [(grad Tn)(grad T m) + dndm(grad Tn')(grad T m') (89) Js EO 

- dm ~~2 (flux T n)(grad T m') + dn(flux T n')(grad T m) ] dS. 

Partial integrations, like Green's theorem, 

and 
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reduce (89) to: 

-1!... dm h~2 T m' [aTn - dn aTn'J e2 dv. 
v eo k e2aV e1au 

The integrand of the last term is continuous across the helix boundary 
and vanishes at the shield. It therefore cancels out; 

V ~I) (E'n X H'm) dS = f. ~ x.' (TnTm + dndm~;2 1'n'T m') dS 
(90) 

+ 1!... Tm (aTn + dn aTn') e2 dv. 
v eo e1au e2av 

From (90) the orthogonality relation can be verified for n ~ m. 
To calculate the normalization factor N n we substitute (51) for the 

T functions in (90) and perform the integrations. Since in all cases of 
practical interest / kn

e 
/ » / (4l - 1)/8/, the Hankel functions may be 

replaced by their asymptotic expressions. Then, in order to satisfy (60) 
the normalization factor has to be 

where 

y = Jp(kn) 
n knJp'(kn)' 

For the unshielded helix waveguide described in Section IV the normali­
zation factor is given by: 

(92) 

For the other jacket structures it is not an easy matter to calculate 
the normalization factor. Finding the field vectors in the jacket region 
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and integrating over the cross-product of the transverse components is 
quite involved, even when asymptotic approximations such as in (91) 
are substituted. A further approximation, however, eliminates this prob­
lem. The integral on the left-hand side of (89) is the flux of the Poynting 
vector, through a waveguide cross section. From the dimensions of the 
helix waveguide we may safely conclude that for a typical mode the 
power flowing in the jacket is small compared to the power flowing inside 
of the helix in all cases of practical interest. Then we may extend the 
integral in (89) only over the helix interior and neglect the last terms 
under the square root of (91) or (92). 

Capacitance of Plane Grating of Cylindrical Wires 

The contour in the z-plane of Fig. 19 is an elementary cell of the field 
surrounding a plane grating of cylindrical wires. Its transformation to 
the strip 0 ~ u ~ 7r of the w-plane is approximately effected by14 

D [ h-1. / Zl - 1 + h-~ • / Zl + 1 ] ( ) 
Z = 7r( 1 + v) tan 11 Zl + a v tan 11 Zl + a 93 

and 

a-I a+l 
Zl = -2- cos w - -2-' (94) 

y v 

7T U 

Z PLANE W PLANE 

Fig. 19 - Conformal mapping of wire grating. 
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where v is the root of 

coth2 (~ ~ 1 + v) _ coe ~ ~ (1 + v) = 1 (95) 
cD v 2D 

and a is given by 

2 7r d( ) a = 1 + 2 cot "2 D 1 + v . (96) 

A uniform electric field polarized in the direction of the y-axis is fringed 
by the grating. The capacitance of this fringing field is the difference 
between the capacitance of the z-plane contour and a parallel plate con­
denser of plate distance D/2 and extension 2x: 

Q = lim (~ v - 4X). (97) 
€ x-->oo 7r D 

Substituting for v from (93) and (94) we get, instead of (97), 

Q = ~ [In(a + 1) + vln(a - 1) _ In(a - 1)J. (98) 
€ 7r l+v 

For D / d = 1 the root of (95) is v = O. When d is only slightly smaller 
than D, as is the case in a closely wound helix, v is small and the argu­
ment of the cot in (95) is nearly 7r /2, while the argument of the coth is 
very large. Then, with 

d 
D (1 + v) = (1 + 1]) 

the cot and coth functions can be approximated by: 

7rd 7r 
cot 2 D (1 - v) = 2 1], 

th ~ ~ (1 + v) = 1 + 2 -71" _d_ 
co 2 D v e D - d' 

Instead of (95) we get 

Substituting for a from (96) into (98), the capacitance is 

Q = 2~(_d _ _ ln4) 
€ D D-d 7r' 

(99) 
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Attenuation of the TEOl Wave Within the 
Curved Helix Waveguide * 

By D. MARCUSE 

(Manuscript received April 1, 1958) 

The change in the field pattern of the TEO! mode in the helix waveguide 
with constant cunature is calculated by means of a perturbation method. 
The helix waveguide has a coating of a lossy dielectric and is shielded by a 
metallic pipe. By bending this waveguide, the original field pattern of the 
TEO! wave is slightly perturbed. The perturbation produces additional field 
components which give rise to an electromagnetic field in the lossy dielectric. 
This field causes energy dissipation and gives rise to an additional attenua­
tion. In this paper formulae for the curvature attenuation caused by the dielec­
tric losses are given. It is shown that the attenuation due to curvature can 
be remarkably reduced by proper choice of the thickness of the dielectric 
layer between helix and metallic shield. 

1. INTRODUCTION 

If the system of cylindrical coordinates, in which the cylindrical wave­
guide ordinarily is described, is bent in the same way as the axis of the 
curved waveguide, Maxwell's equations change. Jouguee has shown an 
approximate solution of lVIaxwell's equations written in a system of 
toroidal coordinates. This solution may be applied to calculate the field 
pattern of a TEO! wave in the curved helix waveguide.2 The waveguide3 

consists of a helix made of very thin wire and a coating of a lossy dielec­
tric which may be shielded by a metallic pipe. The lossy dielectric serves 
to suppress unwanted modes which may be excited in the helix wa ve­
guide. Although the lossy dielectric does not affect the TEol wave in a 
perfectly straight guide, it does give rise to an additional attenuation if 
the waveguide is bent. It is the purpose of the present paper to show 
how a helix waveguide should be designed in order to keep this additional 
attenuation as low as possible. On the other hand, the attenuation of 
the TEol wave in bends is not the only effect which is to be considered 

* The author used the same method of analysis to calculate the attenuation 
and field structure of the TEOl wave in a curved spaced-ring type waveguide while 
he was working with the Siemens and Halske Company in Germany. 

1649 
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in designing the waveguide. In practice, a compromise should be made 
between the desire to keep the attenuation of the TEol wave in a curved 
waveguide low and the desire to suppress spurious modes.4 For a short 
part of the guide with a wanted high curvature, a helix waveguide which 
is designed for minimum curvature attenuation of the TEol wave might 
be useful. 

The mathematical model used for calculating the helix waveguide 
neglects the pitch angle of the helix wire. 5 It is assumed that the closely 
wound helix may be idealized as an infinitely thin sheet with anisotropic 
conductivity, conducting only in the direction perpendicular to the axis 
of the waveguide. 

II. SOLUTION OF THE BOUNDARY VALUE PROBLEM 

In the following calculation it is assumed that the helix and the pipe 
which serves as a shield around the helix waveguide are of perfect conduc­
tivity. The toroidal coordinates have the variables r, cp and z. These are 
the same variables as for an ordinary system of cylindrical coordinates. 
The only difference is that the z axis is curved in the same way as the 
axis of the helix waveguide. The line element is given as 

2 r. 2 222 

( )

2 

ds = 1 + R sm cp dz + dr + r dcp, 

where R is the radius of curvature which is assumed to be constant. 
Maxwell's equations are then given by: 

:J(1 + iSin,,)H,] - -y(rH.) =jw.r(l +iSin")E,, 
-yII, - :r[(1 + iSin,,) If,] = jW,(1 + isin,,)E., 

a a 
- (rH ) - - H = J·werEz , ar tp acp r 

:J (1 + i Sin,,) E,] - -yrE. = - jw!," (1 + i sin,,) If" 

-y E, - ~ [ (1 + Ii sin" ) E,] = - jw!, (1 + i sin" ) If., 
a a 
-a (rEtp) - - Er = - jWJ1.rHz , 

r acp 
if the z and t dependence of all field components are of the form 

(1) 

(2) 
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If R tends to 00 the equations (1) reduce to the ordinary Maxwell's 
equations in cylindrical coordinates. Since r / R « 1 in all practical appli­
cations, the solutions of (1) will be nearly the same as the solutions for 
the system with straight z axis; they will differ only by additional per­
turbation terms. Therefore, the following statement is made: 

H = Ho + h, 
(3) 

E = Eo + e, 

where Ho and Eo are the solutions of (1) for R ----+ 00. Since we are con­
cerned with the special solutions which give the TEOl wave in the curved 
helix waveguide, the field of zero-order approximation will be the ordi­
nary TEol wave: 

H "I AJ ( ) jwt+'Y Z TO = - - 1 xor e , 
Xo 

E",o = - j WJ..I. AJl(XOr)eiwt+'Yz, 
Xo 

X02 = f30
2 + "1

2
, 

f30
2 = w2eoJ..l.o, 

(4) 

Equations (4) and (3) are now substituted into (1). Since hand e must 
be of the same order of magnitude as r / R, products of these terms with 
r/R are omitted. We therefore get only the first-order approximation. 

If we consider that Ho and Eo are solutions of the unperturbed system, 
(1) becomes 

~ (rh",) - aa hr - jwercz = 0, 
ar cp 

~ hz - "Irh", - jwerer = - -R
r 

cos cpAJ o(xor), 
acp 

• 2 

- R~ I- sin cpAJ 1 (x or ) 
Xo 

+ ~ sin cpAJo(xor), 

:r (re",) - aacp er + jWJ..l.rhz = 0, 

a . r jwJ..l. () - ez - "Ire", + JWJ..l.rhr = -R "Ir - AJ I xor , 
acp Xo 

"Ier - :r ez + jWJ..l.h", = 0. 

(5) 
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For R ~ 00, these equations are the ordinary unperturbed Maxwell 
equations for e and h. The terms with IjR make the system of equa­
tions (5) inhomogeneous. Its solution is therefore given as the general 
solution of the homogeneous system and a particular solution of the 
inhomogeneous system. The solution of the inhomogeneous equations is 
found by the statement: 

ez = X cos (;?, hz = U sin (;?, 

er = Y cos (;?, hr = V sin (;?, (6) 
Z W 

el{! = - sin (;?, hI{! = - cos cpo 
r r 

If we substitute this into (5) we get a system of ordinary differential 
equations with the only variable r. This system is solved by a statement 
of the form 

where P and Q are polynomials of r only. After determining the coeffi­
cients of the polynomials we finally get the solution of (5), after adding 
the solution of the homogeneous equation: 

[ 
X02 + 2'i A 

hz = BJ1(xor) - 2X02 r R Jo(xor) 

+ 1'2 2 A J ( )] 'YZ • 
2xo r R 1 Xof e sIn (;?, 

[ 
I' I • W€O 1 ( ) hr = B - J] (Xof) - )C - - J 1 Xof 
Xo X02 f 

[ 
I' 1 ( ) . W€O '( ) 1 I' A ( ) hI{! = B 2 - J 1 Xof -)C - J 1 Xof - -2 2 -R J o Xof 

Xo r Xo Xo 

+ ~ X~3 (flo' + xi)r i Jl(XOr)] e" cos "', 

(7) 

ez = [CJl(XOf) - jWJL X~2 r ~ JO(XOf)] e'Yz cos cp, 
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[ 
. WJ..I. 1 () 'Y /( ) jwJ..I. A ( ) er = - JB 2 - J 1 Xor + C - J 1 Xo1' - 2~ _R J 0 Xo1' 

Xo l' Xo Xo 

+ jwJ..I. 2 A J ( )] 'YZ 2
X0

3 1''Y R 1 xo1' e cos cp,. 

[
. WJ..I. /() 'Y 1 ( ) etp = JB - J 1 xo1' - C 2 - J 1 Xo1' 

Xo Xo l' 

+ 1 j {302 (1 + 2 2) A J ( ) + 1. {302 A J ( )] 'YZ • -2 - 2 l' 'Y -R 0 Xol' -2 JWJ..I. 3 l' R- 1 xo1' e sm cpo 
WEo XO Xo 

The validity of these solutions can be proven by substituting into (5). 
The solution of the homogeneous equations is chosen so as to have the 
same cp dependence and the same propagation constant as the solution 
of the inhomogeneous equation. 

Up to this point the theory has followed the solution given in Jouguet's 
paper and is not restricted to the application to the helix waveguide. 

Equations (7) and (4) give the field pattern of a normal mode in the 
curved helix waveguide, and E = EO is taken for a guide filled with air. 
The field in the dielectric outside of the helix should also be a solution 
of (1). But since the TEol wave in a straight guide has no field outside 
of the helix, the field in the dielectric layer is excited only by the addi­
tional field components (7) and is therefore of the same order of magni­
tude. If we again neglect terms of the order (1'/ R)2 we get Maxwell's 
equations for the straight waveguide for the small field within the 
dielectric layer. This field should have the same cp dependence as (7). 
We therefore state: 

h/ = FWl(x'1') sin cpe'Y
z
, 

h e [F "I W /( / ) ·D WE 1 V ( /)]. 'YZ 
r = -; 1 X l' - J ~ - 1 X l' sm cpe , 

X X l' 

h/ = [F ~2 ~ Wl(x/1') - jD W~ V/(x/1')] cos cpe'Y
z
, 

X r X 

e/ = DV1(x/1') cos cp, 

e [ ·F WJ..I.o 1 W ( / ) + D "I V /( / )] 'YZ er = - J ~ - 1 X l' -; 1 X l' cos cpe , 
X l' X 

e _ [ ·F WJ..I.o W /( / ) D 'Y 1 V ( /)]. 'Yz etp - J -/ 1 X l' - 12 - 1 Xl' sm cpe , 
X X l' 

X/2 = {3/2 + "12
, 

{3/2 = w2 
EJ..I.O , 

E / • " 
E - JE , 

EO 

(8) 
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with f' = dielectric constant, /' = f' tan 0, where tan 0 is the loss fac­
tor of the dielectric material. The functions V and TV are abbreviations 
for 

( 
, ) (2) ( , ) HI {2) (X' b ) (J) ( , ) 

VI X r = HI X r - H
I
(l)(x'b) HI X r , 

( 
, ) (2)( , ) H I (2)'(x'b) H (1)( , ) 

WI X r = HI X r - HI(l)'(x'b) I X r , 

(9) 

where H1(1) and H/2
) are Hankel's functions of the first and second kind 

respectively. The prime on the V, TV and Hankel function denotes dif­
ferentiation with respect to the argument. The functions V and Ware 
made such that Cz and c'" vanish at the shield r = b. The boundary con­
ditions on the shield are thus satisfied by the statements (8) and (9). 
The field of zero-order approximation has to be matched to the bound­
ary independent of the additional field components because of their 
different dependence on the variable cpo It must be Eo", = 0 at r = a. 
That means J1(xoa) = 0, xoa = 3.83, which is exactly the same eigen­
value as that for the straight helix waveguide or even the ordinary 
circular solid-wall waveguide. To first order of approximation there is 
no change in eigenvalue. The field components (7) and (8) must be 
matched at the helix r = a by means of four boundary conditions 
which determine the four constants B, C, D and F. 

We have at r = a the following boundary conditions: 
(1) e", = 0; 
(2) e/ = 0; 
(3) ez = c/; 
(4) h", = h/. 

These conditions regard the special features of the helix waveguide: 
e", = 0 at r = a refers to the assumed perfect conductivity of the helix; 
h", continuous at r = a, means that the current in the helix runs strictly 
in the cp direction. But there is no condition for hz because the change in 
hz on both sides of the helix takes into consideration the connection 
between the magnetic field and the electric current. But this connection 
does not determine the relation between the field components on both 
sides of the helix but gives only the dependence of the excitation constant 
A of the TEol wave on the wall current. However, this connection is of 
no interest to the problem we are concerned with. The solution of these 
four equations is: 

1 1 ( 2 2)A 
B = - 2 xoR 1 + a 'Y , 
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c 

D 

F 

_j _1'_ [L JVl(x'a) + ~ f302a V/(x'a) - ~J A 
wf.oxoR X'3a JVl'(x' a) f.o x' Vl(x' a) 2 ' 

. I' a Jo(xoa) 
-)WJ..10 2 -R -V ( , ) A, 

Xo 1 X a 

_ 1'2 _1_ Jo(xoa) A 
xo2 x'R W/(x'a) . 

III. SOME CONCLUSIONS 

(10) 

The equations (4), (7), (8) and (10) give the complete solution to the 
first order of approximation of the field perturbation of the TEO! wave 
due to curvature of the helix waveguide. 

The additional field components (7) and (8) are of the same order of 
magnitude as a/Rand are therefore very small for gentle curvature. 
This means that the helix waveguide preserves the TEol wave in its 
geneqll shape even within its curved parts. But the magnitude of the 
additional field components depends obviously on the construction of 
the waveguide, the values of f. and the distance (b - a) between helix 
and shield. 

If b tends toward a; that is, if the helix waveguide is converted into 
an ordinary copper pipe with perfectly conducting walls, the TEO! wave 
becomes seriously perturbed. This is shown by the behavior of the con­
stant C. If b tends toward a, W/(x'a) tends to zero according to (9); 
this means that C becomes infinitely large. Of course, the perturbation 
theory has no meaning for infinitely large perturbation terms, but the 
tendency shows that something is wrong with the TEol wave if the 
curved helix waveguide tends towards a perfectly conducting ordinary 
waveguide. The limit of the perturbation method is shown by using the 
asymptotic approximations for the Hankel functions. This is possible as 
long as E' > 1 and the TEol wave is far from cutoff: 

Wl(x' a) [ '( )] 
W/(x'a) ~ cot X b - a , 

or if I x' (b - a) I « 1, 

Wl(x'a) 1 
_--,--,----:- r-..J ---,-, __ -..,-

Wl'(x' a) r-..J x'(b - a) . 

The perturbation method is therefore applicable as long as 

a 
R I x'(b - a) I « 1. 
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It is interesting to look at the meaning of C in the field pattern. Accord­
ing to (7), C is the excitation constant of the ez component or, better, 
of that part of the ez component which refers to the solution of the 
homogeneous Maxwell equations and therefore represents a wave of the 
TMll type. The fact that C tends to infinity with b tending toward a 
means that the coupling between TEol and TMll waves becomes very 
strong, as is well known. The coefficient B is not affected by this limit 
process. That means that, since B is the excitation coefficient of hz in 
(7) and therefore represents a TEln wave, the coupling between TEo! 
waves and TE!n waves is not affected by the conversion of the helix 
waveguide into an ordinary solid-pipe waveguide. For a real helix wave­
guide, however, the perturbation terms hand e are small and our first 
order approximation is valid. It may be expected that there exists an 
optimum design for the helix waveguide with regard to mode conversion 
in bend parts, because the constant C is also affected by the choice of €. 

For instance, for €" ---+ 00, C tends to 00 too, because of the second term 
in parenthesis which tends to 00 like v7'. .t 

It should be mentioned that the additional field components (7) are 
not simply a superposition of TEn and TMn modes. Though they have 
the same angular distribution, their radial dependence is different from 
those of normal modes of the helix waveguide. In order to match these 
modes to normal modes of the straight guide an infinite series of TEln 
and TMln modes would be needed. 

IV. THE ATTENUATION CAUSED BY CURVATURE 

According to our assumption of perfectly conducting helix, the TEo! 
wave in the straight waveguide would have no attenuation. But the 
curvature gives rise to a field in the lossy dielectric between helix and 
shield. The power dissipation due to this perturbation field causes an 
attenuation of the whole wave. The power dissipation in the lossy dielec­
tric may be found by calculating the radial power flow through the 
surface of the helix into that space. 

The power dissipation Pd per unit length of the waveguide divided by 
twice the power P flowing through the cross section of the waveguide in 
the axial direction gives the attenuation at = P d/2P (the index € refers 
to attenuation due to losses in the dielectric). The average power flowing 
into the dielectric at r = a is: 

at r a. 
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The dash over h means the transition to the conjugate complex value. 
In this way we get 

= ! W ~ R {i [hl1V1(x'a) _ ~/3 2 2 v/(x'a)J} (11) a E 2 2 e , '2 " 0 a , . 
2xo aR X X lVI(x a) fO VI(x a) 

For TEO! far from cutoff and for E' > 1, we have le'a » 1 and may 
therefore substitute for the Hankel functions their approximations for 
large arguments. If we do this we get the much simpler formula: 

a E = 2~ llJ R\ Re [I:, (' ?,P + ~ a 2(302) cot x'(b - a)J . (12) 
axo X X EO 

The transition to the real part gives finally: 

1 , 'Y 1 1 
a E = 2" ax02 KR2 

-sin u cos U [Sin. (I k!' cos 2. + ,'!lo'a') 

(
I 'Y 12 . " 2 2)J + cos 0 K2 sm 20 - E a /30 

+ sinh v cosh v [COS. C kf cos 2. + ,'a'!lo') 

. (I 'Y 12 . 2 " 2 2) J - sm 0 K2 sm 0 - E a /30 

[(sin u cosh V)2 + (cos u sinh V)2] 

where 
E" 

(13) 

K' = !lo' V[ (,' - 1) + ~::J + (/')' , 20 = arctan 2 ' 

E' - 1 + Xo 
/302 

u = K(b - a) cos 0, v = K (b - a) sin o. 
Equation (13) gives the attenuation of the TEol wave in the curved 

helix waveguide due to losses in the dielectric between helix and shield. 
If E" tends to zero, 0 and v tend to zero and therefore a E vanishes. In the 
shielded helix waveguide the additional losses of TEol wave due to curva­
ture may be very small if the losses in the dielectric could be kept small. 

Equation (13) may be simplified for two special cases: 
i. If b tends to 00, that is, for the unshielded helix waveguide, the 

attenuation due to curvature becomes: 

1 I 'Y 1 1 [ (I 'Y 12 , 2 2) 
a E = 2 axo2 KR2 cos 0 K2 cos 20 + E a {30 

+ . ( " 2 2 I 'Y 12 . 2~)J sm 0 E a /30 - K2 sm u • 

(14) 
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N ow we get an additional attenuation, even for /' = 0 due to radiation 
losses into the outer space. 

ii. If e" « 1 we get, as long as 0 < K(b - a) < 71": 

_ 1 a I 'Y I (30
2 

£¥E - 4 R2 Kx02 

K(b - a)e' - sin K(b - a) cos K(b - a)(e' - 2) e" 
(15) 

[sin K(b - a))2 e' - 1 . 

Finally, there is some additional curvature attenuation due to the wall 
currents on the shield and on the helix caused by the additional field 
components. This attenuation can be neglected when compared with 
the attenuation caused by losses in all realizable dielectrics. 

It may be of interest to mention that the attenuation due to curvature 
of the helix waveguide is always proportional to I/R2. That is, for the 
first order of approximation, which considers only terms proportional 
to 1/ R, there is no attenuation due to curvature. Therefore, the eigen­
value xoa is unchanged. Instead of calculating the second-order approxi­
mation which would also give the attenuation of the TEol wave due to 
curvature, we have calculated this attenuation by calculating the energy 
dissipation 

V. SOME NUMERICAL EXAMPLES 

The following figures show the behavior of the attenuation of TEO! 
mode caused by bends as a function of different parameters: 

Fig. 1 gives the attenuation of the TEol mode for fixed frequency and 
several values of e' as a function of e". The shield is assumed to be at an 

400 

200 
...-: 

f,='1.05 f'-t2 -~ ~ ~~ 
1.1 r-F==: 4 

~ ::;:::;--b ;::::::P"" 
--. -- 2 ------1.1,1.05 

20 

10 
0.01 0.02 0.04 0.1 0.2 0.4 0.6 1 2 4 6 8 10 20 40 60 100 

elf 

Fig. 1 - Attenuation of the TEol mode due to the curvature of the helix 
waveguide, with a{3o = 29.5. 
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Fig. 2 - Curvature attenuation of the TEO! mode, with e' = E". 

infinite distance b ~ 00. The curves were calculated with the help of 
(14). The attenuation a is multiplied by R 2/a in order to make it dimen­
sionless. The value of a{3o = 27r(a/Ao) = 29.5 corresponds to a = 1 in. 
and f = 55.5 kmc. 

It is interesting that, for greater values of /, the attenuation is nearly 
constant and depends on /' only for very large values. Diminishing the 
value of E' gives a decrease in a. The attenuation has increasing values 
for decreasing /' only for values of E' very close to one. The best choice 
is E' = E". It is advisable to make E' = /' as close to one as possible, if 
low values of attenuation are wanted. 

Fig. 2 shows the dependence of attenuation on / = /'. Let us consider 
a practical example. If a = 1 in., f = 55.5 kmc and / = E" = 2: 

a = 43.3 db/ft 
R2 

if R is measured in feet. The attenuation of the straight waveguide with 
copper helix is about a = 2.92 X 10-4 db/ft. The attenuation due to 
curvature has the same value for a radius of curvature of R = 385 ft. = 
117 meters. 

Fig. 3 shows the frequency dependence of curvature attenuation for 
E' = 2, /' = 2. If a = 1 in., a(3o = 27r(a/Ao) = 18.6 for f = 35 kmc 
and a(3o = 40 for f = 75 kmc. In this range, the curvature attenuation 
at the upper frequency limit is five times the attenuation at the lower 
frequency limit. 
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Fig. 3 - Curvature attenuation of the TEol mode, with e' = e" = 2. 
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The attenuation due to curvature may very effectively be reduced by 
proper choice of the distance between helix and shield. 

Fig. 4 shows the dependence of attenuation on the relative distance 
between shield and helix (b - a)/a; e' = 4, e" = 2, a(3o = 29.5 in this 
example. The attenuation first oscillates with increasing (b - a)/a and 
reaches then a fixed value equal to the value for b = OC) in Fig. 1. But 
the lowest value is only t of the value for b = OC). This favorable effect 
of the shield can still be improved with decreases in e". Fig. 5 shows the 
dependence of (R 2/a)a on (b - a)/a for fixed e" / e' = 0.01 for different 
values of e'. 
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It is surprising that the values of the minima are reduced by increase 
of /. This is just the opposite behavior as for the unshielded waveguide 
of Fig. 1. According to (15), a is proportional to e" for small values. The 
attenuation may therefore be simply calculated for other values of e" 

by means of Fig. 5. 
If we again consider a = 1 in., f = 55.5 kmc and allow a due to cur­

vature to equal the attenuation of TEO! mode in straight waveguide, 
the radius of curvature may be R = 32.1 ft. = 9.8 meters if / = 6, 
e" = 0.06 and (b - a)/a = 0.01. 

Proper choice of (b - a)/a allows, therefore, a 10 times larger curva­
ture than in the previous example. That the frequency dependence is 
not worse for the shielded than for the unshielded guide is shown in Fig. 
6. The ratio between the attenuation for a{3o = 40 and a{3o = 18.5 is 
again about 5. 

If we are only concerned with the attenuation of the TEO! m9de due 
to curvature, the shielded waveguide is very much better than the 
unshielded guide. 

VI. SUMMARY 

The additional attenuation of a TEo! mode due to curvature of the 
helix waveguide was calculated by means of a perturbation theory. The 
effects of dielectric constant and of a shield around the helix waveguide 
were discussed. It was shown that it is advisable to make ef = e" as 
small as possible if low attenuation for a guide without shield and a 
very thick dielectric coating is wanted. But very much lower attenuation 
can be obtained if a shield is placed at a proper distance from the helix. 
To get low attenuation by aid of a shield, the real part of the dielectric 
constant ef should be as large as possible but its imaginary part as low 
as possible. 

The attenuation due to wall currents in the shield and additional 
currents due to curvature in the helix may be neglected when it is com­
pared with the losses in the dielectric jacket for all real dielectric mate­
rials. 
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