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With these definitions, (4) shows that the total capacitance may be 
represented by an equivalent circuit with a capacitance Cll in series and 
two capacitances, Csc and Css , in parallel. Now Csc may be computed 
from first principles (see below) and Cll estimated from results with 
metal electrodes, so that a measurement of C gives an estimate of Css . 

II. THEORY OF THE SPACE-CHARGE CAPACITANCE FOR A SINGLE IMMOBILE 

DONOR 

The theory of the space-charge layer at a semiconductor surface has 
been given by a number of workers.8,9,lo We derive here the space-charge 
capacitance for the case of a large-energy-gap n-type semiconductor 
with immobile donors that may, however, be only partially ionized. A 
number of our crystals contained low-lying donors, and the results are 
understandable only in terms of this more elaborate treatment, which 
includes strongly dissociated donors as a special case. The Poisson-Boltz­
mann equation is used, consideration of the degenerate surface being 
given in a separate treatment below. The situation here is quite analogous 
to that existing in the Gouy layer with the one exception that one of the 
charged species is immobile. * 

The Poisson-Boltzmann equation for the system may be written 

d2y q2 Y + 
-d 2 = �~�T� (noe - N ), 

X KEOIC 
(5) 

where no is the electron density in the bulk of the semiconductor, N+ is 
the density of ionized donors at the point x (measured from the surface) 
and y is the potential, measured from the bulk, in units of kT / q. This 
assumes that the electrons are in equilibrium all across the space-charge 
layer and that, because of the large energy gap, the space charge due to 
holes is negligible. We also assume that at each point the donor ioniza­
tion reaction 

(6) 

is in equilibrium with the local electron density (neoY). The equilibrium 
constant, K" for this reaction may be written in the form12 

nN+ [m(N)]! -1 (-ED) 
N D - N+ = Nc m D exp kT = K, (7) 

where N D is the total density of donors, Nc is the free electron density-of­
states [2(2mkT /h2)!], m is the electron mass, m(N) is the density-of­
states effective mass, D is the donor degeneracy, and ED is the energy 

* Macdonaldll has treated this problem previously. [N ote added in prooL] 
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difference between the donor level and the bottom of the conduction 
band. 

J( and N D are constant across the space-charge layer. However, be­
cause of the electric field, the electron density (n) and the ionized donor 
density (N+) vary in a manner consistent with (7). Inserting (7) into 
(5), integrating once with respect to y, and using the boundary condi­
tion that in the bulk of the crystal y and dy/dx are both zero, we obtain 
the electric field at any point, x, in the form 

d (22ND)! 1 d~ = ± K~okT {f(e
Y 

- 1) - y + In[f + (1 - f)e
YJ}2, (8) 

where 

f = N/. 
N D ' 

i.e., f is the fraction of the donors that are ionized in the bulk of the 
semiconductor. The positive sign in (8) applies when the bands bend 
up, the negative sign when they bend down. 

N ow the space-charge capacitance is the derivative of the space charge, 
Qsc, with respect to the surface potential, with Qsc in turn being given 
by 

Qsc = KEO kT (ddY) . 
q x x=O 

(9) 

The space-charge capacitance is obtained by substituting (8) into (9) 
and differentiating: 

f Y 1 

C = _ dQsc = (q2N DKEO)l e - 1 + G -1) eY 
(10) 

sc dl/;s 2kT {f(eY - 1) - Y + In[f + (1 - f)eY ])! 

where Y is the value of the surface potential in units of kT / q, i.e., the 
value of y at x = O. If the donors are completely ionized in the bulk of 
the semiconductor, f = 1 and (10) reduces to 

(IN DKEO)! I eY 
- 1 I 

Csc = 2kT leY - Y - I}!' (11) 

A number of special cases of (10) are of specific interest. When Y is 
strongly negative; i.e., when the bands are bent up quite strongly, we 
have 

(12) 
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In the limit of large negative Y this is just the Mott-Schottky approxi­
mation.8

,g Independent of the value of j, a plot of I/Cse
2 versus Y should 

give a straight line, at sufficiently negative Y, whose slope is a measure 
of the total donor density at the surface. The only implied requirement 
is that the electrons be in equilibrium across the space-charge layer, i.e., 
that the Fermi level be flat right up to the surface. The maximum value 
by which the bands can be bent up while still keeping the Fermi level 
flat depends upon the magnitude of the current flow across the semi­
conductor/electrolyte interface. While this may be very small (less than 
10-10 amperes/ cm2 in typical experiments on zinc oxide), it is still finite, 
and in consequence the Fermi level, under increasing anodic bias, even­
tually starts to follow the bands. At best, (12) is expected to apply for 
donors located less than one volt or so below the Fermi level. 

At the other extreme of potential, when the bands bend down and Y 
is large and positive, (10) may be approximated in the form 

C = (IN DKEO)! (j Y)! 
se 2kT e. (13) 

As can be seen, the capacitance increases, apparently without limit, as 
the bands bend down, and the electrons tend to crowd up closer and 
closer t.o t.he surface. Eventually, hmvever, the surface layers become 
degenerate and then the Poisson-Boltzmann approximation breaks down. 
This region is considered in greater detail below. The behavior of (10) in 
the region of intermediate potential is fairly complex, particularly for 
small values of j, and is also considered below. 

III. EXPERIMENTAL PROCEDURES 

3.1 Sample Preparation 

The crystals used in this study were grown in these laboratories by D. 
G. Thomas and R. T. Lynch using the vapor-phase reaction between 
zinc and oxygen at about 1200°C, as originally reported by Scharowsky.13 
The resulting crystals were in the form of hexagonal needles, about 0.1 
to 0.3 mm in "diameter" with the primary faces being {11.0}. Conduc­
tivities of the "as-grown" crystals were in the range from about 0.01 to 
"3.0 ohm -1 em-I. The crystals were selected for uniformity of composi­
tion, both lengthwise and radial. The lengthwise uniformity was checked 
by conductivity measurement, while the radial uniformity was checked 
by measurement of both conductivity and electrode capacitance between 
successive etches in 85 per cent H3P04 • Of a number of etching solu-
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tions employed* this was found to be the most satisfactory by virtue 
of its uniform attack and its convenient rate (I""VI micron per minute 
at room temperature). 

In the lowest region of conductivity the crystals were used in the 
as-grown condition. For conductivities in excess of about 1 ohm -1 cm-1, 
the crystals were "doped" by high-temperature diffusion of either hydro­
gen or indium into the crystal. Although it is the more convenient donor 
because of its higher diffusion coefficient,14 hydrogen was not used ex­
tensively, since it was found to be too mobile, even at room tempera­
ture, under the very high electric fields near the surface. 

lVlost of the crystals were doped with indium in a manner similar to 
that described by Thomas.15t For conductivities in excess of about 15 
ohm-1 cm-t, the crystals were equilibrated with an excess of In(N03)3 
(applied by dipping the crystal into an aqueous solution) at various 
temperatures in the range from 950° to 1150°C for periods up to about 20 
days.t The crystals become saturated with respect to indium, the con­
centration depending upon the particular temperature selected. This 
procedure was rather tedious for conductivities below about 10 ohm-1 

cm -1 because of the extended equilibration times that would have been 
required by virtue of the low temperatures. In this conductivity range 
the crystals were partially equilibrated with an excess of In(N03)3 until 
the average conductivity had the desired value. The excess indium was 
then removed by etching in H 3P04 , and the crystals were replaced in 
the oven, usually at 1100°C, for times calculated (from Thomas' diffu­
sion data15

) to give a maximum radial variation of no more than 20 per 
cent in donor density. 

For some reason (not understood at present) a sizable fraction of the 
crystals treated in this manner showed very large radial nonuniformity, 
variations in conductivity as large as a factor of ten being not uncom­
mon. Extending the equilibration time by factors of ten or more did not 
improve matters, the average conductivity increasing while the nonuni­
formity remained large. Other crystals, however, behaved quite nicely in 
accord with Thomas' diffusion data and, except for a surface skin about 

* Other etches employed included HF, HNOa (both dilute and concentrated), 
HCI and KCN. The KCN etch is unique in developing quite nice {21.0} crystal 
faces even though one starts with {11.0 } faces initially j HaPO 4 preserves the origi­
nal orientation. 

t The indium ions enter the crystal substitutionally with an activation-energy­
for-diffusion of about 3 ev compared to an activation energy of about 0.9 ev for the 
interstitial hydrogen. 14 ,15 Consequently, they are much less mobile. 

t The oven employed was platinum-wound and had a recrystallized alumina 
lining to try to minimize contamination. The crystals were supported on other 
crystals of zinc oxide contained in "boats" of recrystallized alumina. 
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a micron thick, could be readily equilibrated. The only explanation of 
these effects that seems at all possible is that the indium diffusion is 
structure-sensitive (e.g., due to a varying dislocation density) and that 
a second donor (perhaps oxygen vacancies) is introduced when one 
equilibrates for times much in excess of the values calcula.ted from 
Thomas' data. Whatever the cause of this effect, only those crystals were 
used that showed less than a 50 per cent variation in donor density over 
the entire crystal. The electron and donor densities reported below are 
appropriate averages. 

Mechanically strong ohmic contacts were made to the crystals by 
electroplating a thin layer of indium on the tip of the crystal, then elec­
troplating a second layer of copper on top of the indium and, finally, 
soldering a copper wire to the copper plate. A fairly large "glob" of solder 
was used, which completely surrounded the tip of the crystal. This 
clamps the crystal so tightly that, on an attempt to break the contact, 
the crystal breaks instead. The resistance of the contact was negligible 
compared to the crystal resistance over the entire range of conductivity 
from about 0.005 to 150 ohm-1 cm-1.* 

The solder joint and copper wire were masked by slipping the copper 
wire through a pyrex glass tube and then sealing with Apiezon W wax. 
The efficacy of the masking procedure was checked by measuring the 
direct current flow under anodic bias up to about 10 volts. If any of the 
copper, solder or indium is exposed to the solution, catastrophic currents 
flow under such a bias. On the other hand, a properly masked crystal 
passes anodic currents only of the order of 10-9 amperes per cm2 or less, 
almost completely independent of the crystal resistivity. t 

3.2 Electrochemical Cell and Capacitance Bridge 

The electrochemical cell employed was of fairly standard design. It was 
made of quartz and contained a large-area working electrode of platinized 
platinum, a normal calomel electrode separated from the main solution 
by a 1 normal KCI salt bridge, and a second platinum electrode for pre­
electrolysis. A nitrogen atmosphere was maintained over the solution 
at all times. The solution was a borate-buffered 1 normal solution of 
recrystallized KCI (pH f"oJ 8.5). Freshly ground, spectroscopically pure 

* A more convenient but less satisfactory technique for making contact was to 
fuse a platinum wire directly to the crystal. This gives a nice low-resistance con­
tact of good mechanical strength. However, the high temperature involved in­
troduces impurities of an unknown nature and many of the results with such con­
tacts were anomalous, particularly on crystals that were heat-treated subsequent 
to the platinum fusion. 

t A study of the electrode kinetics at the zinc oxide electrode has been reported 
on16 and details will be published shortly. 
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zinc oxide with an estimated area of about 10,000 cm2 was added to the 
solution as a "getter" for any surface-active impurities. Periodic addi­
tions of more zinc oxide were made. 

Impedance measurements were made using a General Radio 1J 716-C 
bridge with an auxiliary decade-capacitance box in parallel with the 
variable air capacitor of the bridge. A schematic diagram of the circuit 
is shown in Fig. 2. The capacitance of the zinc oxide electrode, Cx , was 
always less than about 0.3 jJ.f. The platinum working electrode had an 
apparent area of about 10 cm2

, so that its capacitance was more than 
103 times Cx and thus made a negligible contribution to the total capaci­
tance. 

The equivalent circuit for the zinc oxide electrode is shown schemat­
ically in Fig. 2 as a resistance and capacitance in series. This is appro­
priate for the highest conductivity crystals studied, where the resistance 
is small and arises primarily in the electrolyte. For lower conductivity 

SCHEMATIC CIRCUIT OF UNKNOWN ARM 

....!...=_1_+ 1 
C CH Css + CSC 

Fig. 2 - Schematic diagram of the capacitance bridge and the equivalent cir­
cuit of the unknown arm. The entire immersed area is in contact with the solution, 
Fig. 1 representing each element of area. 
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crystals the crystal resistance becomes predominant and sizable. Be­
cause of the rod-like habit of the crystals, the equivalent circuit is then 
analogous to a transmission line, the portions of the crystal nearest the 
tip having a larger resistance in series with them than do the regions 
near the metal contact. In most of the data presented below, the fre­
quency was kept low enough to make the transmission-line correction 
negligible. Corrections, never over about 10 per cent, were made in the 
study of frequency effects. 

The electrode bias applied to the crystal was varied potentiometrically 
and measured, with respect to the calomel electrode, by a Leeds and 
Northrup vacuum tube voltmeter with an impedance of 1600 megohms 
and a sensitivity of about ± 1 mv. The voltmeter was disconnected dur­
ing capacitance measurement. The input signal to the bridge was kept 
below 10 mv. Measurements were made in the frequency range from 50 
cps to 100 kc. The bridge was extensively calibrated at the start of the 
experiments, and then checked periodically during the course of the 
measurements. The major difficulty encountered was in the minimization 
of the lead capacitance, which was finally reduced to about 12 J.LJ.Lf. Even 
this small value was significant in the measurements of the lowest con­
ductivity crystals, since the total capacitance in these crystals was as 
low as 150 f.Lf.Lf. 

IV. EXPERIMENTAL RESULTS 

4.1 Exhaustion Region 

The results that have been obtained for the capacitance of the zinc 
oxide electrode in the exhaustion region, i.e., under anodic bias, are re­
markable for their simplicity. The results for two crystals of intermediate 
conductivity are shown in Fig. 3. Here, taking our cue from (12), we 
plot the reciprocal of the capacitance squared against the electrode po­
tential. As can be seen, the resulting plots are very nicely linear for the 
two crystals. This was the case for nearly every crystal studied; in only 
two crystals out of more than 50 was a curvature greater than 2 per cent 
observed in the region of positive potential (on the calomel scale). 

The precision of the linearity on most crystals is quite remarkable and 
is illustrated in Table I for one of the crystals shown in Fig. 3. As can 
be seen, the slope is constant within about 0.5 per cent, the departures 
being well within the experimental uncertainty. This behavior is pre­
cisely that predicted for the Mott-Schottky space-charge capacitance 
[see (10)] and implies that the surface-state capacitance is very much 
smaller than the space-charge capacitance. Note in this connection that 
a capacitance versus bias curve for anyone crystal can always be fitted 
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Fig. 3 - Mott-Schottky plots for two crystals under exhaustion conditions; 
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about -0.3 volt, the capacitance increases exponentially (see Fig. 8). The inter­
cepts of the linear plots afford a quantitative measure of the electrode potential 
at the flat-band condition. 

by a completely unrestricted distribution of surface states, such an in­
terpretation violating only the law of simplicity. However, one cannot 
devise a single surface-state distribution that will simultaneously satisfy 
the results on crystals of varying impurity density. 

The magnitude of the slope of the 1jC2 versus V plots confirms the 
simplicity of the results in the exhaustion region. Equation (12) says 
that, in the absence of surface states and if the donors are completely 
ionized (i.e., N D = n), the slope should be given by 

2 
slope = -­

nqKEo 
(14) 
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TABLE I - THE CAPACITANCE OF A TYPICAL CRYSTAL AS A 

FUNCTION OF BIAS 

(F = 0.59 ohm -lcm-1 

Veal Capacitance, C, in J.lf/cm2 1/C2 61/0 

1.400 0.02890 1197.3 
253.5 

1.000 0.03255 943.8 
250.6 

0.600 0.03798 693.2 
252.4 

0.200 0.04763 440.8 
252.1 

-0.200 0.07280 188.7 

Since the dielectric constant of zinc oxide is known12 (K = 8.5), the only 
unknown quantity is the electron density n, which can be obtained from 
conductivity and Hall-effect measurements. For the two crystals in Fig. 
3 the agreement between the Mott-Schottky slope and the experimental 
slope is within experimental error,* as shown by the dotted lines whose 
slopes are calculated from (14). 

In very good approximation the data are frequency independent, as 
shmvn for a typical case in- Table II. 

The conclusion that the surface-state capacitance is negligible com­
pared to the space-charge capacitance is confirmed in all of our experi­
ments. This is shown in Fig. 4, where we plot the slope of the 1/C2 

versus V curves as a function of electron density. The open circles repre­
sent "as-grown" crystals, while the solid circles are for indium-doped 
samples. The straight line in Fig. 4 is an absolute prediction with no 
adjustable parameters. As can be seen, the agreement of the data with 

TABLE II - THE FREQUENCY DEPENDENCE OF CAPACITY, 

CRYSTAL C-3 

Frequency 

100 
200 

1,000 
5,000 

10,000 

* See below. 

(Corrected for Transmission-Line Effect) 

Slope of 1/0 vs. V Plot (J.lf-2cmW-1) Flat-Band Potential' 

626 
626 
628 
625 
629 

-0.471 
-0.471 
-0.470 
-0.483 
-0.441 

* The major errors arise in the determination of surface area and in the deter­
mination that the crystals are in fact uniformly doped. 
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Fig. 4 - The Mott-Schottky slope as a function of the bulk electron density; 
the straight line is taken from (14) and represents a "no-parameter" fit to the data, 
the curved line shows the correction for incomplete donor dissociation with ED = 
0.075 ev. 

this simple theory is fairly good over the entire range studied. It can be 
improved somewhat by realizing that at high density the indium donors 
are not completely ionized. Hutson's preliminary measurements17 on 
indium donors indicate an ionization energy of about 0.075 ev at elec­
tron densities around 1017 or less. If we assume that this value applies 
over the entire range of concentration and use (7) with12 D = 2 and 
m(N) 1m = 0.5, we obtain the curve marked "ED = 0.075 ev." The 
data lie reasonably well between these extreme predictions. * 

The experiments reported above show that the surface-state density 
is very low in the energy region up to about one volt below the conduction 
band. We may compute an order-of-magnitude upper limit for their 
number by considering the data obtained on the lowest conductivity 
crystal studied. The capacitance versus bias curve for this crystal agreed 
with that predicted for the simple space-charge layer capacitance within 
about 2 per cent over the entire exhaustion region. Thus, the total varia-

* The data from a number of crystals have been excluded from Fig. 4 owing to 
nonuniformity of the donor density. A few others which gave results widely dis­
cordant with those of Fig. 4 have also been excluded on the basis of a complex 
behavior at potentials in the range from 0 to - 0.4 volts on the calomel scale. These 
effects are treated below and are shown to arise from the inadvertent introduction 
of boron which acts as a low-lying donor. 
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tion in the charge of the surface-states must have been less than about 
2 per cent of the total space charge. The donor density in this crystal 
was about 0.7 X 1015

, so that the total charge in the space-charge layer 
[see (10)] at a surface potential of -0.7 volt was 7.7 X 10-9 coulombs/ 
cm2

• * Two per cent of this corresponds to an upper limit for the surface­
state density of the order of 10+9 states per cm2

, in the energy range from 
about 0.25 ev to 0.95 volt below the conduction band. (The Fermi level 
in this crystal lay about 0.25 ev below the conduction band.) 

The effective absence of surface states at the zinc oxide/electrolyte 
interface implies that the electric field arising from free charge on the 
semiconductor cannot give rise to any significant potential drop across 
the Helmholtz layer. However, a variable potential drop across this 
layer can arise if desorbable polar molecules are present at the surface. 
A typical determination of a 1/C2 versus V plot normally took about 10 
minutes. The nice linearity of these plots thus precludes any rapid 
changes with bias of the chemistry (and therefore the surface dipole) of 
the Helmholtz layer. Sizable slow changes of the surface dipole, on etch­
ing a crystal or on long-term equilibration, are indicated, however, by 
our measurements of the "flat-band potential," i.e., the electrode poten­
tial at which the bands are flat. At this potential the charge within the 
semiconductor is equal to zero. 

The flat-band potential is a particularly important quantity with semi­
conductor electrodes. It is almost perfectly analogous to the potential 
of the electrocapillary maximum at metal electrodes. Two factors deter­
mine its magnitude (for a given reference electrode): the surface dipole 
at the electrolyte contact and the "built-in" potential drop at the ohmic 
contact to the lead wire. Both of these are subject to variation, the first 
by variation of the surface pretreatment and/or the nature of the solu­
tion, and the second by variation of the semiconductor doping. Since it 
is possible to make these variations independently, one can obtain in­
formation about both the surface dipole and the bulk Fermi level. 

There are several methods of determining the flat-band potential. 
Surface-state effects having been shown to be absent, one can simply 
use (10) (in the limit as Y goes to zero) to compute the capacitance 
at flat band and then adjust the bias until this capacitance is attained. 
This method has the disadvantage that one must know the surface 
roughness of the crystal to go from capacitance per unit area, C sc , to 
the total capacitance. 

* The value of -0.7 volt is used here because, when the bands bend up much 
more than this, the Fermi level no longer remains flat and the surface states are 
no longer in equilibrium with the bulk Fermi level. 
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An alternative is to use (12). From this, we see that the extrapolation 
of the linear portion of a 1/ C2 versus V plot to the voltage axis gives the 
potential at which the bands bend up by (f - In f) (kT / q) volts. A 
knowledge of f then allows a computation of the flat-band potential, 
independent of any statements regarding surface roughness. 

Fig. 5 shows the experimental variation of the flat-band potential (as 
determined by the second method described above), with the bulk elec­
tron density for three different surface treatments. The curves marked 
"H3P04" and "KOH" were taken within a few minutes after a brief 
(2 to 10 second) etch-in for H 3P04 (85 per cent) and KOH (3M). The 
curve marked "long stand" was obtained with crystals that had stood 
in the buffered KCl electrolyte (pH rv 8.5) for 10 hours or more. 

Consider the data at low concentration first. There are two possible 
sources of a variable flat-band potential: (a) a variable surface dipole 
and (b) a variable contact-potential difference at the copper/zinc oxide 
interface due to a variation in the bulk Fermi level. The latter variation 
goes as (leT /q)ln n for a nondegenerate semiconductor, and the straight 
lines at low electron density are drawn with slope to correspond to this 
variation (59 mv per decade in n). As can be seen, the change in the 
"built-in" potential at the copper/zinc oxide interface accounts for most, 
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Fig. 5 - The variation of the fiat-band potential with bulk electron density 
for three different surface treatments. The lines at low density are drawn with 
slope of 59 mv per decade, corresponding to the classical variation of the Fermi 
level with electron density. Each unshaded point represents a different crystal 
and/or a different surface treatment. The shaded points are the data obtained by 
successive etching of a crystal (K-43) containing a (purposely introduced) radial 
gradient of concentration. For these points the concentration is that just to the 
semiconductor side of the space-charge layer. The anomalous "bump" in the 
curves is thought to represent a similar discontinuity in Fermi level. 
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if not all, of the observed variation with crystal doping at levels below 
about 0.6 X 1018 electrons per cm3

• This is not particularly surprising, 
since the impurity density at such levels is quite low in normal chemical 
parlance (99.99 mole per cent ZnO) and one would not expect the chem­
istry of the surface to be strongly impurity-sensitive at these low levels. 

A more physically interesting result is obtained from the variation of 
the flat-band potential with the nature of the surface treatment. As can 
be seen from Fig. 5, the flat-band potential becomes more negative by 
about 130 mv when one etches in KOH instead of H 3P04 , correspond­
ing to the addition of a surface dipole with the positive end towards the 
electrolyte (or removal of a dipole of opposite polarity). This effect is 
quite reproducible, on a given crystal, and quite rapid; a two-second 
etch in either H 3P04 or KOH (corresponding to the removal of about 
300 A and 30 A in the two cases) brings the flat-band potential to the 
values shown, completely independent of the past surface treatment. 
Several crystals were cycled between acid and base as many as eight 
times, and the maximum deviation of the flat-band potential (for a 
given treatment) was about 15 mv. Other acids, Hel and HF for exam­
ple, give the same value of the flat-band potential as H 3P04 ; however, 
they also roughen the surface appreciably and have therefore not been 
studied extensively. 

The individual data points shown in Fig. 5 were obtained on freshly 
etched surfaces. If a crystal is allowed to stand in contact with the elec­
trolyte, a slow change in flat-band potential is observed for upwards of 
five hours or more. The direction of the change depends upon the nature 
of the last previous etch, while the final limiting value of the flat-band 
potential is independent of the nature of the etch. Fig. 6 shows the 
typical transient behavior following a series of etches in H 3P04 • Time 
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H aP0 4 ; various points correspond to three successive runs on same crystal. 
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constants for the effect are typically of the order of three hours, inde­
pendent of crystal doping and also of the bias under which the crystal 
stands. 

The 130-mv change in flat-band potential observed on going from a 
KOH-etched surface to an H3P04-etched surface may be qualitatively 
understood as arising from a heterogeneous acid-base equilibrium. On an 
ideal {11.0} surface there are equal numbers of zinc and oxygen atoms 
in the surface plane. In the covalent model of the "clean" crystal surface 
each of these atoms has a "dangling" bond, while in the ionic structure 
each surface oxygen has an unshared pair of electrons pointing into the 
solution and each zinc has an empty pair of orbitals. The true situation 
is probably intermediate between these extremes, but in either case the 
oxygen will be able to accept a proton, becoming an OH- ion, and the 
zinc will be able to complete its tetrahedral coordination by bonding 
with any ion or molecule from the solution that has an unshared pair 
of electrons. 

A diagram of the surface structure expected when the {II.O} crystal 
face is in contact with a solution of Hel is shown in Fig. 7. Here we have 
drawn the zinc, oxygen and chloride a toms as if they were spheres of 
radius equal to Pauling's tetrahedral covalent radii, and the hydrogen 
is drawn as a sphere of radius sufficient to make the O-H distance 
equal to the bond length in the hydroxide ion ('"'-'1.0 A). As can be seen, 
the proton gets much closer to the crystal than does the chloride ion. To 
the extent that the bonds have the same degree of ionic character - a 
not unreasonable approximation in view of the respective electronega-

1 {1I.0} 

{OO.I} 

Fig. 7 - Diagram of the surface configuration on a {11.0j surface of ZnO in 
contact with a solution of HeI; the various distances are computed from Pauling's 
tetrahedral covalent radii. 
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tivities - this would then give a surface dipole with the negative side 
towards the solution. If such a surface is now treated with a strong base 
like KOH, the protons will tend to be removed, to be replaced by either 
water molecules or, conceivably, potassium ions. In either case, the sur­
face dipole should become more negative. This is the direction of the 
change in flat-band potential observed on going from an acid to a basic 
etch. At intermediate values of pH we expect intermediate values of 
the flat-band potential corresponding to partial coverage of the surface 
with protons. This is qualitatively in accord with the data in Fig. 5, the 
flat-band potential at pH 8.5 being intermediate between the acid and 
basic treatments. 

The one difficulty here is in understanding the very slow equilibration 
rate. The exchange of protons and chloride ions should presumably be 
quite rapid, and we cannot think of any other rate-limiting process. The 
large number of presently unverifiable assumptions involved (about 
electronegativity, dielectric saturation, etc.) makes it unprofitable to 
attempt a quantitative calculation of the size of the acid-base effect. 

Consider now the data in Fig. 5 at high doping levels. A remarkably 
sharp "bump," amounting almost to a discontinuity, in the flat-band 
potential is observed centered at a bulk electron density of about 1018

, 

with the flat-band potential getting more positive by about 130 mv on 
going from an electron density of 0.6 X 1018 to 0.0 X 1018

• Within exper­
imental error the contour of the bump is independent of surface treat­
ment. The "width" of the bump is so small that in our early experiments, 
which had only one crystal in the range from 0.6 X 1018 to 3 X 1018

, we 
completely overlooked it and took the low-density behavior to be valid 
over the entire concentration range. We had then just a single anomalous 
point, which we rationalized as arising from some unknown anomaly in 
chemical or thermal history of the crystal. This rationalization became 
quite tenuous as further crystals were studied in this concentration range, 
and it was completely eliminated by the data shown as shaded points in 
Fig. 5. To obtain these data we took a crystal (K-43) that, from capaci­
tance measurements, had a total donor density less than 1016 donors per 
cc and, by a relatively short heat treatment with indium, produced a 
nonuniform donor distribution. The outside of the crystal had a donor 
density near 1018

, while the inside was at a level around 1017 donors per 
cc. Capacitance and conductivity measurements were then made as the 
crystal was successively etched. In this way we obtained a plot of flat­
band potential versus surface donor density with a minimum of am­
biguity as regards uncontrolled variables of thermal and chemical nature. 
The results are shown in Table III and illustrated graphically in Fig. 5. 
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TABLE III-THE VARIATION-OF THE FLAT-BAND POTENTIAL NEAR 

THE ANOMALOUS "BUMP", CRYSTAL 1(-43 

Etch Time 
Crystal 

"Diameter" Slope of 1/0 Intercept in Intercept in (minutes in e )~ vs. V plot* HaPO, KOH Electron Densityt 
HaPO,) = :3 Across 

1 0.0238 8.45 -0.441 -0.524 8.7 X 1017 

2 - 9.81 -0.473 -0.559 7.8 X 1017 

3 - 10.30 -0.490 -0.588 7.50 X 1017 

4 - 10.60 -0.504 -0.593 7.25 X 1017 

6 - 11.16 -0.544 -0.630 6.90 X 1017 

8 - 11.89 -0.553 -0.632 6.60 X 1017 

10 - 12.45 -0.574 -0.639 6.40 X 1017 

15 - 12.86 -0.570 -0.656 6.20 X 1017 

25 0.0208 14.05 -0.556 -0.650 5.75 X 1017 

35 - 13.95 -0.563 -0.642 5.80 X 1017 

* On H 3P04-etched crystal. 
t Electron densities computed from slope of 1/C2 vs. V plots using Fig. 4. 

As can be seen, these data are nicely consistent with the data obtained 
on uniformly doped crystals and demonstrate, to our satisfaction at least, 
that the anomalous variation of flat-band potential with doping is a real 
effect. 

We have no explanation of the anomaly at the present time. The value 
of the electron density at which it occurs would seem to be unique in 
one way, 1018 electrons per cc marking the onset of electronic degeneracy 
in zinc oxide. However, it is hard to see how this would play any role in 
determining the surface dipole. Another possible explanation is that the 
Fermi level is exhibiting an anomolous variation with impurity density. 
This would show up as an anomalous variation in the built-in potential 
difference at the zinc oxide/copper interface. 

A few experiments have been made to see the effects of known impuri­
ties in the electrolyte upon the capacitance and flat-band potential. The 
addition of octyl alcohol, which is known to be strongly absorbed at a 
mercury electrode/8 has no measurable effect on the capacitance over 
the entire range of potentials studied. * Nitrobenzene, a strongly polar 
molecule, was also found to have no effect on the capacitance. Further 

* This is perhaps not too surprising on the anodic side of the flat-band potential 
since in Grahame's study 18 the potential of the electro capillary maximum was not 
significantly affected by octyl alcohol but only the capacitance, which decreased 
from about 30 J.d per cm2 to about 4 J..tf per cm2 • It is surprising that no effect was 
observed at cathodic potentials (see Fig. 8). A comparable change in the capaci­
tance of the Helmholtz layer at the zinc oxide electrode would have been readily 
detectable at bias 0.3 volt or more cathodic than the flat-band potential where 
the capacitance is of the order of 5 J..tf per cm2 • 
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study of these effects is surely warranted. For the present, we conclude 
that, although the free charge on the zinc oxide electrode is located 
almost entirely inside the semiconductor, significant portions of ob­
served changes in electrode potential may still occur across the Helm­
holtz layer. 

4.2 Enrichment Region 

Consider now the data obtained in the enrichment region, i.e., when 
the bands are bent down. Results typical of the behavior of crystals 
with completely (or nearly completely) dissociated donors are shown in 
Fig. 8. As seen from (13), the simple Poisson-Boltzmann theory predicts 
an exponential dependence of capacitance on bias starting near the flat­
band potential. For crystals of conductivity below about 1 ohm -1 cm -1, 
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such an increase is in fact observed in the potential region between where 
the bands are flat and where the conduction band at the surface goes 
degenerate.* However, with crystals of conductivity much higher than 
1 ohm -1 cm -1 this region is so narrow as to make the limiting form of (13) 
invalid. 

The curves labeled "Poisson-Boltzmann" in Fig. 8 were calculated 
from equation (10) and contain no new adjustable parameters. Sizable 
departure of the experimental data from the Poisson-Boltzmann pre­
dictions is observed when the potential is sufficiently negative to make 
the surface degenerate. An important point here is that all the experi­
mental points lie, if anything, below the Poisson-Boltzmann curves. The 
presence of surface-states would cause departures in the opposite direc­
tion. A second feature of the data is that at sufficiently negative bias 
("-' -0.4 volt with respect to the flat-band potential) the capacitance 
becomes almost completely independent of the bulk electron density and 
appears to approach a limiting value of the order of 6 J..d per cm2 at the 
most negative potentials studied. 

A large number of factors neglected in the derivation of (10) can oper­
ate to make the measured capacitance lower than the Poisson-Boltzmann 
values. For one thing, the capacitances of the Helmholtz and Gouy layers 
are in series with the space-charge capacitance, and it may be incorrect 
to use the value of 30 J.Lf per cm2 for CH in obtaining the space-charge 
capacitance from the measured capacitance. This value was taken from 
work with the mercury electrode. Since the highest capacitance meas­
ured was about 6 J.Lf per cm2

, it seems unlikely that this is the cause of the 
discrepancy. In this connection it should be noted that, if the surfaces 
were rough, any error in using too large a value for C H would be partly 
compensated. 

The most important effect causing the capacitance to fall below the 
Poisson-Boltzmann prediction is the onset of degeneracy at the surface. 
vVhen the bands bend down sufficiently to make the Fermi level lie 
within the conduction band, the effective density-of-states treatment 
breaks down. Since only one electron can be put into each level and the 
number of levels at each energy is finite, the conduction-band electrons 
at the surface must have energies lying well into the conduction band. 
This counteracts the tendency of the electric field to pull electrons to­
wards the surface, and makes the electron density at the surface less 
than that predicted from the classical treatment. In consequence, the 
capacitance is also less than classical. 

* Degeneracy starts to be important when the Fermi level lies above the con­
duction band. 
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The effects of surface degeneracy may be treated quantitatively by the 
use of Fermi-Dirac statistics in conjunction with an effective mass ap­
proximation.19 The electron density n at any point in the space-charge 
layer is then given by 

n = _2_ N (m_(N_»)! 100 

__ ,}_d----:E_ v;' C mol + eE+'I'-V' 
(15) 

where Nc is the effective density-of-states [see (7)], m(N) is the density­
of states mass and cp is the Fermi energy measured from the conduction 
band in the bulk of the crystal. E and cp are in units of leT. When this 
expression is inserted in the Poisson equation, one may approximate the 
resulting integrals (within a few per cent or less if Y - cp > 3) and ob­
tain the capacitance in the form. 

C = KEO c q ~ 2 (Y _ ) t {5 N 2 [ (N)J~}! 
se 37r!leT m cp • (16) 

Using Hutson's12 values for m(N) and K, this becomes, at room tempera­
ture, 

Cse = 6.1(Y - cp)i p,f per cm2. (17) 

The capacitance in this degenerate region depends upon bias only as the 
one-fourth power and depends almost negligibly upon the donor density 
(through cp). As the curves in Fig. 8 marked "Poisson-Fermi" show, the 
qualitative features of (17) are reasonably well in accord with the ex­
perimental result. This is particularly striking in view of the fact that no 
additional adjustable parameters are used in drawing the curves. 

It is tempting to try to rationalize the quantitative discrepancy be­
tween the experimental data and (17). It could be due to using too high 
a value for C H • Alternatively, the use of Hutson's value of 0.5 for the 
density-of-states mass, m(N), may not be valid, since we are concerned 
here with the density-of-states at the surface and Hutson's measurement 
was for the bulk. If anything the density of states near the surface should· 
be less than that in the bulk. If the density-of-states mass near the sur­
face were half the bulk value, the agreement between theory and experi­
ment would be truly quantitative. 

A more exact treatment than the Poisson-Fermi equation, presuma­
bly treating the electrons as quantum particles and including discrete­
ness-of-charge effects, is probably required before any sound conclusions 
can be drawn from the discrepancy. 

4.3 Results with Boron and Hydrogen Donors 

The results presented above are typical of the majority of crystals 
that have been studied. Since they agree quite well with the simple 
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theory outlined above, we are reasonably confident that they represent 
the "normal" behavior for crystals with a uniformly distributed im­
mobile donor lying reasonably close to the conduction band. A number 
of "anomalous" types of behavior have also been observed. As we shall 
see, all but one of these anomalous results are understandable, in at 
least a qualitative fashion, as arising from donor inhomogeneity, donor 
mobility and/or weak donor ionization. They are presented here in the 
interest of completeness and also to illustrate the use of surface capaci­
tance measurements in studying the bulk properties of semiconductors. 

Fig. 9 shows the behavior typical of one lot of crystals into which 
boron was inadvertently introduced.* Here we plot 1/C2 versus bias as 
in Fig. 3. For positive potentials (versus calomel) the data were nicely 
linear as prediced by (12). However, the slope was only about one­
twentieth of the value expected if all the donors were ionized, when the 

* It was subsequently identified by spectral analysis. 
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conductivity and Hall effect results, indicating an electron density of 
about 3.9 X 101

\ would predict a Mott-Schottky slope of 4200 (fJ-f per 
cm2)-2 volt-I. This is shown by the dotted line in the figure. But the ob­
served slope is only 209. Conductivity and capacitance measurements 
made after successive etching in H 3P04 indicated that the crystal was 
essentially uniform in composition (within 20 per cent or so) and ruled 
out the possibility of an excessive donor concentration near the surface. 
The simplest explanation of the much reduced Mott-Schottky slope in 
Fig. 9 is that the donors in the bulk of the crystal are only about one­
twentieth ionized. 

The dependence of capacitance on bias in the region of negative po­
tentials is complex for this crystal. It confirms in at least a qualitative 
way the assumption of incomplete ionization. With increasingly negative 
bias, the theoretical capacitance computed from (10) goes through a 
maximum and then a minimum (located near the flat-band potential) 
before finally rising exponentially as predicted by (13). 

The solid curve in Fig. 9 is computed for j = 0.05, this value being 
obtained from the slope at strongly positive potentials. As can be seen, 
the experimental data show behavior that is qualitatively similar to 
theory. The value of the capacitance at the minimum and also the po­
tential at which it occurs are in good accord with the theory. The only 
discrepancy is that the capacitance maximum (the minimum in the curve 
as plotted) is very much shallower than predicted by (10). The reason 
for this is not presently understood. It might conceivably arise from the 
presence of two kinds of donors. However, curve fitting for such a situa­
tion, with the consequent introduction of two more parameters, does not 
seem waranted. 

If one accepts the value of 0.05 for j, (6) allows one to compute the 
energy of the boron level in zinc oxide. Assuming a donor degeneracy 
of 2 and Hutson's value of 0.5 m for m (N), one obtains a value of 0.30 
ev for ED. This agrees quite well with a preliminary measurement by 
Zetterstrom20 of the temperature dependence of Hall effect and con­
ductivity which gave a value of 0.32 ev for ED. 

Hydrogen-doped crystals showed complicated frequency effects and 
long-term transients. 

v. SUMMARY 

i. The differential capacitance of single-crystal zinc oxide electrodes 
has been studies as a function of bias, frequency, surface treatment and 
crystal impurity content in the range from 1015 to 1019 ions per cc. 
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ii. Under nondegenerate surface conditions the results on "as-grown" 
and indium-doped crystals are quantitatively in accord with the capaci­
tance calculated from the Poisson-Boltzmann equation, surface states 
playing no role whatsoever. Boron-doped crystals can also be under­
stood in these terms if one assumes boron to be a low-lying donor. 

iii. The variation of the flat-band potential with surface treatment 
indicates that a variable surface dipole is present. A strongly anomalous 
dependence of flat-band potential on donor density is observed at densi­
ties around 2 X 1018 donors per cc. It is speculated that this may be a 
direct measure of an anomalous variation in Fermi energy. 

iv. Under conditions where the surface is degenerate, the results are 
in almost quantitative agreement with those predicted by the Poisson­
Fermi equation. 
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The Square of a Tree 

By IAN C. ROSS and FRANK HARARY* 

(Manuscript received June 4, 1959) 

The adjacency matrix of a graph of n points is the square matrix of order 
n, in which the i,j element is one if and only if the ith point and the jth 
point are adjacent, or i = j; and is zero otherwise. Let A be the adjacency 
matrix of graph G considered as a boolean matrix so that 1 + 1 = 1. Then 
G2

, the square of G, is the graph whose adjacency matrix is A 2. ~Ve obtain 
a necessary and sufficient condition for a graph to be the square of a tree by 
providing an algorithm for determining a tree that is the square root of any 
graph known to be the square of some tree. This algorithm cannot be carried 
through when a graph is not the square of a tree. It is shown that, if a graph 
is the square of a tree, then it has a unique tree square root. The method 
utilizes a previous result for determining all the cliques in a given graph, 
where a clique is a 1naximal complete subgraph. This result was obtained 
while attempting the more general problem of characterizing boolean matrices 
having a square root, or, in general, an nth root. 

I. INTRODUCTION 

The correspondence between graphs, matrices and relations is well 
known and presents an interesting field of investigation. With any graph 
G there is associated a symmetric square matrix of O's and l's, called its 
"adjacency matrix". Forming the boolean square of this matrix, we may 
call the corresponding graph "the square of G". It is an open problem 
(communicated to us by N. J. Fine) to characterize those graphs that 
have at least one square root graph, and in general those graphs that 
have an nth root for any positive integer n. This paper presents a par­
tial solution to the general problem by characterizing those graphs with 
a tree for a square root. It is also shown that, if the graphs obtained on 
squaring two trees are isomorphic, then the trees themselves are iso­
morphic. 

In the course of the development of this paper, an algorithm is given 

* Princeton University and Institute for Advanced Study (presently at Uni­
versity of Michigan); work supported by a grant from the Offiee of Naval Research 
to the Princeton University Logistics Project. 
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for constructing a tree from a given graph known (or found by the char­
acterization) to be the square of a tree. This is based on a previous method 
for determining all the cliques in any graph.! 

A graph G consists of a finite collection of points together with certain 
lines joining pairs of disti~ct points. Two points of G are adjacent if 
theyare joined bya line. A complete graph is one in which every two distinct 
points are adjacent. A clique is a maximal complete sub graph of G contain­
ing at least three points. A point of Gis cliqual if it is inat least one clique; 
it is unicliqual if it is in exactly one clique and multicliqual if it is in more 
than one clique. Two points are cocliqual if there is a clique containing 
both of them. The neighborhood of a point b of G consists of b together 
with all points adjacent to b. A point is neighborly if it is cocliqual with 
each point in its neighborhood. Thus, every neighborly point is cliqual. 

A path is a collection of lines of the form b1b2 , b2b3 , ••• , bt-!bt , where 
these t points are distinct. A cycle consists of a path together with the line 
btb1 joining its end points. A graph is connected if there is a path be­
tween any two points. A tree is a connected graph with no cycles. An 
endpoint of a graph is one which is incident to exactly one line. It is 
well known2 that every tree containing more than one point has an end­
point. A next-point is one which is adjacent to an endpoint. An articula­
t1:on pohlt or cut pohzt of a connected graph is one whose removal results 
in a disconnected graph. A block is a connected graph with no articula­
tion points. 

Let the points of G be b1 , ••• , bp • The adjacency matrix of G is the 
matrix A = (aij), where aij = 1 if points bi and b j are adjacent and 
aij = 0 otherwise, except that we take (arbitrarily) the diagonal of A 
to contain only l's. By the boolean product of two matrices of O's and 
l's is meant their ordinary product with the stipulation that 1 + 1 = 1. 
The square of G, written G2

, is that graph whose adjacency matrix is 
A 2 (all matrix products will be regarded as boolean). 

II. LEMMAS 

It is convenient to derive the following sequence of lemmas. In this 
section, we have as the hypothesis that G is a given graph known to be 
the square of some tree T. The tree T itself is not given; only the graph 
G is available and it is assumed that G has at least three points. 

Lemma 1: G is complete if and only if T has exactly one next-point. 

Proof: If T has exactly one next-point b, then the neighborhood of b 
contains all the points of T. Therefore G has exactly one clique and is 
complete. If G is complete, then T must have a unique next-point. For 
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if T has two distinct next-points, then there are two distinct points of 
G that are endpoints of T and are not adjacent in G. 

Lemma 2: Every point of G is neighborly and G is connected. 

Proof: Since G = T2, every point of G lies on a triangle and so is cliqual. 
Further, every point is neighborly since every line of G is contained in a 
triangle. Obviously, the square of a connected graph contains that graph 
and is defined on the same set of points; G is therefore connected. 

Lemma 3: Every clique of G is the neighborhood of a nonendpoint of 
T, and conversely. 

Proof: vVe first remark that the neighborhood of an endpoint can be a 
clique only in a graph of two points that we exclude. Obviously, the 
neighborhood of any nonendpoint b of T generates a complete subgraph 
of G. It remains to show that this sub graph is maximal. This is immedi­
ate, since any point not in the neighborhood of b cannot be adjacent in 
G to all points of the neighborhood. 

To prove the converse, let C be a clique of G. If an endpoint b of T 
is in C, then the clique C must consist of the neighborhood of the next­
point of b. For any point of G not in this neighborhood cannot be adja­
cent to bin G. If C does not contain an endpoint of T, let c be any point 
of C. If C is the neighborhood of c, there is nothing to prove. Otherwise, 
thert> is a point d of C not in the neighborhood of c. In this case, both 
points c and d must have some common adjacent point e. Thm3 C is 
the neighborhood of e. 

Lemma 4: If G has more than one clique, then b is a unicliqual point 
of G if and only if b is an endpoint of T. Alternatively, we may say that 
if G is not complete then b is a multicliqual point of G if and only if it 
is a nonendpoint of T. 

Proof: If b is an endpoint of T, then the only clique containing b is 
given by the neighborhood of the next-point of b. If b is unicliqual in G, 
then it cannot be adjacent to two distinct points of T. For b would then 
belong to more than one clique, since by hypothesis G contains more than 
one clique. 

Lemma 5: Two nonendpoints of T arc adjacent in T if and only if their 
neighborhoods are cliques of G that intersect in exactly two points. 

Proof: If two nonendpoints of T are adjacent in T, then they are both 
contained in the cliques in G given by their neighborhoods in T in ac­
cordance with Lemma 3. These two nonendpoints cannot both be adja­
cent in T to a common third point since T has no cycles. Hence the inter­
section of these two neighborhoods contains exactly these two points. 
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Conversely, if two distinct cliques of G intersect in exactly two points, 
then the corresponding nonendpoints in T (in accordance with Lemma 3) 
are adjacent in T. For if these two points are not adjacent, their neigh­
borhoods in T can intersect in at most one point since T is a tree and has 
no cycles. 

Lemma 6: G is a block. 

Proof: Lemma 2 shows that G is connected. Points that are adjacent in 
T are also adjacent in G. Two points both adjacent to any given point in 
T are adjacent to each other in G. Therefore the removal of any point 
of G cannot disconnect it. 

III. CHARACTERIZATION 

We now state conditions that we shall see characterize every graph 
that is the square of a tree and demonstrate that, if G = T2, then G 
satisfies these conditions. In the next section we shall present an al­
gorithm for finding a tree root of such a graph, and shall show that the 
algorithm can be applied to graphs that meet the conditions of the pres­
ent section. Therefore, a graph will be shown to meet these conditions if 
and only if it has a square root that is a tree. 

The chal'acLel"i:.;;a,Llull 1m::; twu cases. In Case 1, G = I{p , the complete 
graph of p points; in case 2, G ;;e I(p. 

Case 1 

Consider the tree consisting of one point joined with all the others. 
When this tree is squared, the result is the complete graph. We illustrate 
with Fig. 1, in which T2 = 1(5 . 

Case 2 

Consider the following five conditions for a graph G ;;e I<.p : 
i. Every point of G is neighborly and G is connected. 

ii. If two cliques meet at only one point b, then there is a third clique 
with which they share b and exactly one other point. 

Fig. 1 - Graphs for Case 1. 
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lll. There is a one-to-one correspondence between the cliques and the 
multicliqual points b of G such that the clique C (b) corresponding to b 
contains exactly as many multicliqual points as the number of cliques 
which include b. 

iv. No two cliques intersect in more than two points. 
v. The number of pairs of cliques that meet in two points is one less 

than the number of cliques. 
We now prove that if there is a tree such that T2 = G, then G will 

either be complete or will satisfy the above five conditions. We have al­
ready settled Case 1 in Lemma 1 and Fig. 1. We now turn to Case 2, 
where G =P l{p . 

The necessity of the first four of these conditions for a graph G =P Kp 
that is the square of a tree follows readily from the lemmas. Condition 
i is a restatement of Lemma 2. Condition ii follows from Lemmas 3 and 
5, for, if Cl n C2 = {b}, then neither Cl nor C2 can be the clique associ­
ated with point b in accordance with Lemma 3. Hence, there is a third 
clique C3 corresponding to b, and C3 has the relationship stated in ii 
with Cl and C2 by Lemma 5. Condition iii is a combination of Lemmas 3 
and 4, while iv is implied by Lemma 5. Condition v follows immediately 
from the well-known theorem that for trees the number of points ex­
ceeds the number of lines by one (see p. 51, satz 9 of Ref. 2). 

IV. ALGORITHM AND THEOREM 

If the graph G is complete, we have already seen that there is a unique 
tree T such that G = T2, and we have illustrated this with Fig. 1. 

Now, let G be a graph that is not complete and satisfies the five con­
ditions of Section III. We now show how to construct a unique tree T 
(up to isomorphism) that is a square root of G. 

Step 1 

Find all the cliques of G in accordance with the method of Ref. 1. 

Step 2 

Let the cliques of G be Cl , .•. , Cn. Then n > 1, since G is not com­
plete and condition i holds. Consider a collection of mul ticliqual points 
b1 , ••• , bn corresponding to these cliques in accordance with condition 
iii. These are to be the nonendpoints of the tree T being constructed. Find 
all the pairwise intersections of the n cliques. By condition iv, no cliques 
meet in more than two points. We now form a graph S by joining the 
points bi and b j by a line if and only if the corresponding cliques C i and 
C j intersect in two points. By condition v, S is a tree. 
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Step 3 

For each clique C i of G, let ni be the number of unicliqual points. Thus 
ni is a nonnegative integer. To the tree S obtained in Step 2 attach ni 
endpoints to bi , obtaining a tree T. Since the points of G are either 
multicliqual or unicliqual and the points of T are either nonendpoints or 
endpoints, the number of points of G and T is equal. 

It is clear that the tree T constructed by this algorithm is a tree square 
root of G. It also follows that the five conditions of the preceding section 
are sufficient for an incomplete graph to be the square of a tree. Further, 
the algorithm results in a unique tree T, up to isomorphism. 

We have just proved the following theorem about the relationship be­
tween trees and their squares: 

Theorem: Let T1 and T2 be trees. If T12 and T22 are isomorphic, then 
T1 and T2 are isomorphic. 

v. EXAMPLE 

We illustrate the algorithm with the graph G of Fig. 2, which meets 
the conditions for being the square of a tree. In this graph we indicate 
the points for convenience by the numerals 1, ... , 8. 

By the method of Ref. 1 we find all the cliques of G. There are four 
cliques whose composition is as follows: 

C1 : 1256, 
C2 : 1234, 
C3 : 237, 
C4 : 248. 

In accordance with Step 2 of the algorithm, we introduce the points 
b] , b2 , b3 and b4 • Among the four c1iques there are pairwise intersections 
between C2 and each of the other cliques, but the other cliques have 
only single point intersections with each other. We therefore obtain the 
graph S shown in Fig. 3, which is a subtree of the tree T under con­
struction. 

We now proceed in accordance with Step 3. Let Ul be the set of uni­
cliqual points of Ci ; then we have: 

56, 
, 

7, 
8. 

On joining each point bi to the number of points in the set Ui we obtain 
the tree T shown in Fig. 4. 



THE SQUARE OF A TREE 647 

7 

8 

Fig. 2 - Graph G for the example. 

b, 

Fig. 3 - Graph S for the example. 

Fig. 4 - Graph T for the example. 
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The theoretical basis for designing frequency-combining and selecting 
circuits is developed. By the introduction of "sideband algebra" and of a 
frequency symbolic network, the new method offers formal design procedures 
in place of intuitive ones. This leads directly to finding optimal solutions 
for frequency-adding or frequency-subtracting problems without limitations 
as to the relative frequency ratios. The derivation of typical frequency-syn­
thesizing circuits, such as "slave" oscillators and digital frequency selection 
systems, is discussed, and examples of practical solutions are given. 

1. THE SYMBOLIC FREQUENCY -COMBINING NETWORK 

1.1 Introduction 

The frequency accuracy of ac signal sources plays an increasingly im­
portant role in various technical and physical fields of precision measure­
ments.1 A primary reason for this perhaps is a numerical property asso­
ciated with signal frequencies that is rather unique among quantitative 
physical phenomena: with the use of relatively simple nonlinear elements2 

and electric wave filters,3 signal frequencies, like numerical quantities, 
can be both added to or subtracted from each other and multiplied or 
divided by an integer.4 ,5 The digital character of these operations per­
mits the devising of systems that provide extremely high frequency 
accuracies and almost unlimited resolution capabilities.6 ,7 

In many of these techniques related to, and based on, signal-frequency 
generation, adjustability, readability or interpolation, the combining of 
two signal frequencies to obtain a single frequency signal in the form of 
their sum or difference is one of the most basic operations. When the 
ratio between the two frequencies to be thus combined is low, the method 
is quite straightforward, since the desired result can be arrived at by 
using a nonlinear element (modulator) and an appropriate electrical 

649 
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wave filter. However, when the ratio between the two frequencies in­
creases, the problem of separating the desired sideband from the unde­
sired products becomes progressively difficult and, eventually, imprac­
tical. 

Another class of frequency-combining problems where a satisfactory 
solution is particularly difficult to find consists of cases when two signal 
frequency sources must track each other by a constant, relatively small 
frequency interval. A classic solution to this problem uses a "slave" 
oscillator system that employs both mechanical and electrical servo­
mechanism control elements.8 The servomechanisms perform satisfac­
torily when the "master" frequency is not subject to rapid frequency 
variations and random drifts, or when tracking accuracy requirements 
are not critical. With a high rate of these variations, however, the in­
herent mechanical and electrical inertia of these systems produces un­
acceptable tracking errors. Thus, a solution based on a noninertial sys­
tem is necessary when high-accuracy requirements must be met. 

The theory presented here leads to a general method of designing 
frequency-combining systems having no limitations as to the relative 
frequency ratios and employing only standard circuit elements such as 
modulators, filters and oscillators. This method can also be extended to 
variable frequency sources and to the design of "slave" oscillators and 
signal frequency systems covering extensive ranges that may be adjust­
able by decade or other digital steps. 

1.2 Sideband Algebra of Frequency-Combining Circuits 

Operations with numbers representing or standing for signal frequen­
cies are restricted in certain ways by the very physical nature of the 
frequency-combining means and methods. In order to facilitate the proc­
ess of logical deductions leading to the solutions of frequency-combining 
problems, in the following discussion these restrictions are codified and 
then imposed upon the algebraic operations that are directly related to 
the combining of signal frequencies. The rules thus evolved are called 
sideband algebra. 

1.2.1 An Elemental Frequency-Combining Scheme 

As is generally known, two signal frequency sources, fl and f2 , applied 
to a nonlinear element (modulator) produce a spectrum of modulation 
products of the general form pf 2 ± qfl , where p and q are integers and 
"+" or "-" indicates the upper or the lower sideband spectra, respec­
tively.9 For the present considerations, the most important among these 
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products are the upper (f2 + 11) and the lower (f2 - 11) single-frequency 
sideband products and the carrier frequency (the higher of the two pri­
mary frequencies). In order to obtain the desired combination of the 
two frequencies, all the other modulation products need to be suppressed 
to the desired degree. In the circuits under consideration, this suppression 
is accomplished by an electrical wave filter. 

An elemental frequency-combining scheme is shown in Fig. l(a). Two 
signal-frequency sources, 11 and h , are connected to a nonlinear element, 
or modulator, 1\1:, while the electrical wave filter, F, passes the desired 
sum or difference frequency, Ie , and suppresses to a desirable degree 
the other modulation products, in particular the other sideband product 
and the carrier frequency 12 . This operation may be expressed by the 
formula 

(1) 

where the symbol + / - stands for "either the upper or the lower side­
band product". 

It can be noted that the frequency differences between a desired 
modulation product, Ie , and the nearest unwanted modulation products 
are equal to 11 , or the lower of the two frequencies to be combined. 
Therefore, the lower the relative value of the 11 frequency (or the higher 
the ratio between hand 11 frequencies), the more difficult are the fre­
quency-discrimination requirements that must be met by the filter 
design. Thus, if n denotes the maximum frequency ratio that can be 
accommodated efficiently within a practical filter design under considera­
tion, then two numerical quantities representing frequencies it and 12 
can be directly added to or subtracted from each other only if 

12 < A = n, (2) 

where !I is the lower of the two frequencies. 
In Fig. lea) all three frequencies involved in the elemental frequency-

Jo--_f..:...c _ 

(a) (b) 

Fig. 1 - Elemental frequency-combining scheme. 
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combining scheme are known, and also it is predetermined which of these 
three frequencies, available at the filter output, is the result of combining 
the other two. It should be noted, however, that, with the same three 
frequencies involved, two other modulator-filter arrangements are pos­
sible, where either of the two frequencies shown in Fig. lea) as the "in­
put" frequencies can be obtained as a combination of the two other 
frequencies. To contain all of these possibilities, a symbolic frequency­
combining diagram, as shown in Fig. 1 (b), is introduced. Here the 
sequential modulator-filter arrangement of Fig. l(a) is replaced by an 
asequential arrangement of a "junction point," J, at which the three 
radial lines, each representing signal frequency, converge. In order that 
the symbolic frequency-combining diagram have a physical basis and be 
translatable, when needed, into a practical arrangement as shown on 
Fig. l(a), the following self-explanatory rules will apply: 

i. The highest of the three frequencies converging at the junction 
point is equal to the sum of the two other frequencies. 

ii. If the highest of the three frequencies is the derived output fre­
quency, then the given junction point performs summation (selection 
of the upper sideband frequency combination); if the highest frequency 
is one of the two original input frequencies, then the given junction 
point performs subtraction (selection of the lower sideband frequency 
combination). 

1.2.2 The Frequency-Ratio Index, k 

Let us assume that the ratio between two frequencies to be combined, 
fk and fo , is considerably larger than an acceptable n ratio, as defined 
in (2). In this case, the ratio fk/fo can be presented as equal to, or smaller 
than, the product of a minimum number, k, of individual n ratios, so 
that: 

fk To ~ nln2 ... nk , 

where nl , n2, ... , nk represent individual frequency ratios, as defined 
by (2) for a sequence of frequency levels between the fo and fk frequen­
cies. The integer k will thus represent the lowest number of realizable 
modulation levels that must intervene between the fo and fk frequencies 
in order to keep the frequency-combining system within the require­
ments of a practical filter design. If we assume that n' represents the 
geometric mean of the nl , n2 , ... ,nk ratios, or 
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~ < ( ')k fo = n . (3) 

The k integer, called the frequency ratio index, is a basic design pa­
rameter of the frequency-combining systems described here. 

Thus, to make possible a transition from the low frequency, fo , to 
the high frequency, ft.: , a number of intermediate frequency sources, fa , 
must be introduced. In an arrangement such as shown in Fig. 2, let fo 
and fk represent two high-ratio frequencies to be combined. Similarly, 
J I , J 2, ••• , J k junction points represent modulator-filter stages, while 
fal ,fa2 , ... ,fa(k-l) represent intermediate frequencies. Inspection of the 
arrangement shown in Fig. 2 indicates that the number, ma , of these 
intermediate frequency sources is: 

ma = k - 1. (4) 

It should be noted that the straightforward modulation scheme, as 
shown in Fig. 2, provides a single-sideband combination, not only of the 
desired fo and fk frequencies, but also of all the intermediate frequencies. 
This scheme, therefore, while illustrating a physically realizable transi-

J f k- 2 +f- fk-3 +/- ... -1(- fal +/- fo 
fa (k_l)----k ... -l'<l 

Jkc----
fk +/- fk-l +/- ••. +/- fa1 if- fo 

Fig. 2 - Straightforward modulation scheme. 
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tion between two high-ratio frequency levels, does not provide a solu­
tion of the problem of obtaining the sum or difference of the two original 
high-ratio frequencies alone. 

1.2.3 Algebraic Signs of Frequency Combining 

Denotations of frequency, expressing, in general, a number of events 
per unit of time, usually have no algebraic "positive" or "negative" 
signs ascribed. In the present considerations, however, we are not only 
concerned with frequencies as nominal "numbers of events," but also 
with their inherent variations with time, generally known as drifts. 
The individual and nonreproducible character of these variations, as 
well as the necessity of eliminating some of them along with the as­
sociated frequency components, leads eventually to certain algebraic 
methods of manipulating signal frequencies. These manipulations may 
be facilitated if, within the meanings and conditions described below, 
algebraic signs are assigned to the symbols representing frequencies 
within the frame of the sideband algebra. 

It can be observed that the instantaneous value of the combined 
drift of a frequency that is derived as an upper sideband combination 
of two frequencies is equal to the sum of the instantaneous values of the 
individual drifts of the component frequencies. On the other hand, the 
instantaneous value of the drift of a lower sideband frequency combina­
tion is equal to the difference of the individual drifts. Thus, the physical 
meaning of selecting the upper or the lower sideband combinations can 
be translated into algebraic concepts associated with positive or negative 
signs, respectively. In relation to these operations, the following rules 
concerning the algebraic frequency signs are proposed: 

i. It is assumed that the frequency of any primary signal source 
(such as an oscillator, for instance), before being combined within the 
system, has a positive sign. 

ii. When combining two single frequencies (each of which may be the 
result of some antecedent combining operations), the higher of the two 
frequencies (with its original component frequencies, if any) does not 
change its sign; the lower of the two frequencies (with its original com­
ponent frequencies, if any) retains its sign in the upper sideband com­
bination, but reverses it in the lower sideband combination. 

This completes a set of rules instrumental for the derivation of the 
frequency-combining diagram as shown below. By application of the 
above rules, it will be proved also that this diagram provides a general 
solution for the problem of adding or subtracting two frequencies in­
dependently of their ratio. 
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1.3 The General Frequency-Combining Network 

Let us consider a symbolic network such as the one shown in Fig. 3. 
This network consists of a number of junction points and branches that 
link the adjacent points. As explained previously, each of the junction 
points represents symbolically a realizable modulator-filter ensemble, 
while each of the branches represents a single signal frequency. Besides 
the frequencies represented by bilateral network branches (such as 
11,12 ,101 , etc.), there are three more frequencies (fo, Ik and 10k), each 
represented by a line unilaterally connected to one of the three corners 
of the network. The first two of these frequencies are the originally-to­
be-combined frequencies, Ik and 10 , respectively (marked by incoming 
arrows), while the third is the output frequency from the modulation 
network (marked by an outgoing arrow). Each of the three frequencies 
that converge at any junction-point must meet the requirements of (1) 
and, in addition, combinations of two of these frequencies must meet 
the requirements of (2). 

Each of the bilateral network branches may represent either an 
"auxiliary" frequency applied simultaneously to two modulator-filter 

J 3 o--=---o. 

f3 
I 
I 
I , 

fnJ-nl{ __ ~ __ ' f '{> ~n-I) 
(n-l)n ~on 

~ ,~n 
I , 
I 

fkJ-k'jl 4'\ fo(k-I) f(k-l)k J -----..:..:..:.....:..:...:.:.-------- ok 

fok 
fk 

Fig. 3 - Symbolic frequency-combining network. 
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ensembles from an extraneous signal source, or it may represent a derived 
frequency that is a single sideband combination of one or both of the 
original frequencies and of other auxiliary frequencies. This method of 
connecting bilaterally all auxiliary frequencies and their combinations 
between a pair of adjacent junction points is significant, since it permits 
eventual cancellation of all auxiliary component frequencies and their 
drifts from the final network output. Conversely, the two original fre­
quencies, fo and fk , each connected only to a single junction point (J1 
and J k , respectively) and thus represented by unilateral lines, are the 
sole "surviving" components whose single sideband combination is 
present at the eventual output from the frequency-combining system 
under discussion. 

1.3.1 Modulation Frequency Levels and Frequency-Network lJf eshes 

It has been previously established that the number of modulation 
levels intervening between the low (fo) and the high (fk) ratio frequencies 
to be combined is equal to k [see (3)]. As shown in Fig. 3, at the lowest 
("first") frequency level there is only one modulator-filter ensemble, 
which is shown in the symbolic diagram as junction point J 1 , to which 
point the lower frequency to be combined, fo , is applied. At each of the 
following modulation levels, however, there are two junction points 
(J 2-J 02 , J 3-J 03 , etc.). Eventually, to one of the two junction points at 
the highest frequency level, the higher of the two frequencies to be 
combined, fk , is applied, while the above-mentioned output frequency 
fOk is taken from the other junction point, J Ok • 

The total number of junction points can be found from Fig. 3 as: 

mj = 2k - 1. (5) 

The described configuration of junction points and interconnecting 
links forms a certain number of meshes within the frequency-combining 
network. The first of these meshes contains but three branches, while 
each of the succeeding meshes has four branches. Any two adjacent 
meshes are coupled with each other by two common junction points and 
by the common branch linking these points. 

On the basis of the foregoing considerations, it can be found that the 
conditions sufficient for determining all frequencies within any mesh, 
are as follows: 

i. The out-of-mesh frequencies, applied unilaterally to all mesh 
corners except one, must represent input frequencies of known values. 

ii. Within any given mesh one branch must represent a known 



THEORY OF A FREQUENCY-SYNTHESIZING NETWORK 657 

extraneously introduced "auxiliary" frequency that is simultaneously 
(i.e. bilaterally) applied to two. adjacent junction points of the mesh. 

iii. A branch that is common to two meshes may represent an auxiliary 
frequency for either one of two meshes, but not for both of them. 

Application of these rules will be illustrated in the following discus­
SIon. 

1.3.2 Frequency Relationship Within the Symbolic Network 

Following the above rules, we stipulate that, within each mesh of the 
network shown in Fig. 3, one branch represents an auxiliary frequency 
assigned to this mesh. The number of the auxiliary frequencies within 
the network will be thus equal to the number of meshes, or: 

(4') 

It should be noted that this is the same number of auxiliary fre­
quencies as is found in (4) in relation to Fig. 2. 

For the sake of simplicity, let us assume that all auxiliary frequencies, 
la , are located in the series-connected network branches marked in Fig. 
3 as il , h , ... ,Ik-l . If nl , n2 , ... , nk denote permissible frequency 
ratios as defined in (2) for J 1 , J 2 , ••• , J k junction points, respectively, 
then 

... ; (2.1) 

Each of the third frequencies iI2 ,123 , ... ,iCk-l)k converging at these 
junction points will have values complementary to two other frequencies. 
Thus, 

112 = h + / - il ; 

In = h +/- i2; 

(1.1) 

(1.2) 

(l.k) 

Similarly, the third frequency converging at the J 1 junction point can 
be found as 

101 = 11 + / - io . (1.1.1) 

Examination of (1.1) and (1.1.1) shows that both frequencies 112 and 
iOl contain the common frequency component, 11 . From (1.1), (2.1) and 
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(1.1.1) it can be found that 

i.E = nl (n2 ± 1) . 
101 nl ± 1 

In cases of practical filter design, values of nl , n2 , ... , nk can be 
assumed to be considerably larger than one. Thus, 

(6) 

From (6) it can be concluded that frequencies 112 and 101 can be com­
bined at the junction point J 02 by using a filter of a design similar to the 
filter at J 2 . By doing so, we ohtain: 

Examination of this formula shows that, by proper selection of upper 
and lower sideband combinations at J 1 , J 2 and J 02 junction points, we 
can eliminate the auxiliary frequency 11 from the combination frequency 
102 at J 02 junction. To achieve this, the necessary condition is that the 
sign, as eventually chosen for the fl frequency in (1.1) be opposite to the 
sign of this frequency in (1.1.1) when the upper sideband at J 02 junction 
is selected, or that these signs be the same when the lower sideband at 
this junction is selected. For instance, if we select 112 = 12 - 11 and 
101 = iI + / - 10, then, for the upper sideband: 

f02 = f12 + fOI = (f2 - fl) + (fl +/- fo) = f2 +/- fo. (7) 

Or if we select f12 = h + fl , then, for the lower sideband at J 02 : 

f02 = 112 - f01 = (f2 + 11) - (fl +/- fo) = f2 -/+ 10' (7') 

It should be noted that in both cases either of the sideband combina­
tions of f2 and fo frequencies is available. 

In a similar manner it can be proved that the frequencies 

f03 , f04, .. " fO(k-l) 

can be obtained as single-sideband combinations of the original Imv 
frequency fo and of the successive frequencies f3 , f4 , ... ,fk-l , respec­
tively. Eventually, from the next to the last stage (k - 1) we obtain 

fO(k-l) = f(k-l) + / - 10 . 

At the last modulation level, from the J k junction, we obtain 

f(k-l)k = fk + / - l(k-l). 
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By combining these last two frequencies at the J Ok junction point, we 
obtain the final output frequency fOk from the modulation system as 

fOk = fCk-l)k + / - fOCk-l) = [fk + / - fCk-l)1 + / - [f(k-l) + / - fo), 

from which: 

fOk = fk + / - fo • (8) 

Thus, the output from the junction J Ok will provide the desired single 
sideband combination of the original frequencies fk and fo, with all 
auxiliary frequency components canceled out. 

From the above considerations it is evident that the network shown 
on Fig. 3 can be extended by an addition of any required number of 
four-branch meshes. Consequently, the solution it offers has no inherent 
limitation as to the ratio between two frequencies to be combined. It 
can be concluded, therefore, that this network represents a general 
solution to the problem of adding or subtracting two high-ratio ac 
signal frequencies by means of sequential single-sideband frequency 
combining.* 

1.3.3 Possible Network Configurations 

As mentioned above, any branch of a mesh can represent an auxiliary 
frequency. Thus, by changing the position of the auxiliary frequency 
within a mesh a certain number of possible network configurations, each 
of which represents a variant of the general solution, may be obtained. 
For a given symbolic network, the number of these variants depends 
upon the number of meshes as given by (4) and thus, eventually, on the 
parameter k. 

It should be noted that the elemental frequency-combining scheme 
shown in Fig. 1 can be considered as a special case when k = 1; as indi­
cated by (4), there is no auxiliary frequency present for this value of k. 

For k = 2, (4) indicates one mesh, while from (5) the number of junc­
tion points can be found as three. In this case, therefore, the symbolic 
network consists of one three-branch mesh to which the original input 
frequencies, fo and fk , are applied to two corners and the output fre­
quency is taken from the third corner. Fig. 4 shows three basic network 
configurations (or modes) arrived at when the auxiliary frequency is 

* It should be noted that a method of combining multiples or submultiples of 
two frequencies in order to obtain the sum or difference of these frequencies is ex­
cluded from the present considerations. It can be shown, moreover, that frequency 
"jitters" and phase variations associated with frequency multiplication and divi­
sion cannot, for inherent reasons, be eliminated from the output frequency. 
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MODES AI-A4 MODE A3 SHOWN 

fo 
fa == f, ~ ifo fk fo 

J 1 

f,:=fa 
fa 

J2 

fk 

fk '-----,-----' 
J 2 

MODES BI-B4 
fo 

MODE BI SHOWN 

fo fa=fol~ ~fo fk 

J, 

f, 
fa 

fk I f02 = fk +/- fo"", 
fkG 

MODES C3-C4 MODE C3 SHOWN 

fa =f,2~ fk fo 
fo fk-fa ~ nfo 
J, (+/-) 

f, 
fa 

fk '----,-----' 
J 2 

USEABLE SIDEBAND COMBINATIONS 

MODE J 1 J 2 J 02 fk 8. fo COMBINATION 

AI + + - DIFFERENCE 
A2 - + - SUM 
A3 - - + DI FFEREN CE 
A4 + - + SUM 

BI + + - SUM 
B2 - + - DIFFERENCE 
B3 - - + SUM 
B4 + - + DIFFERENCE 

C3 - - + DIFFERENCE 
C4 + - + SUM 

Fig. 4 - Possible network variations. 
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placed in branches fl , fOI and f12 in succession. Additional variations for 
each of these modes are obtained by choosing different combinations of 
the sidebands for each of three junction points, as shown in the table in 
Fig. 4. It could be observed that out of eight (23) possible sideband 
combinations for each mode A, Band C, four combinations must be 
rejected as not providing cancellation of the auxiliary frequency com­
ponent at the .J 02 junction point. Thus, the acceptable combinations are 
only those in which the filter sideband of the.J 2 junction point is opposite 
to the sideband of the .J 02 junction. For configuration C, which uses an 
auxiliary frequency of the same order as thefk frequency, two additional 
combinations must be rejected, since only the lower filter sideband at 
the .J 2 junction can be used to produce an acceptable value for the fl 
frequency. It can be found, therefore, that either the sum or the dif­
ference, as desired, of the two original frequencies fk and fo , having the 
ratio index k = 2, can be provided in three modes (A, Band C, Fig. 4), 
two of which (A and B) have two sideband variants each, while the 
third one (C) has one variant. Thus, the total number of possible circuit 
arrangements in either case (sum or difference) is five. 

Increasing the value of the frequency-ratio index from k to k + 1 
extends the symbolic network by an additional four-branch mesh. It 
could be noted that one of the branches of this new mesh is common with 
the fCk-l)k (see Fig. 3) branch, while the other three branches, fk ,jOk and 
fk(k-l) , are independent. On this basis, the following formula, which 
expresses the number of modes, ]J1, for any successive (k + 1) order, 
can be derived: 

(9) 

where JJ1 represents the number of basic circuit configuration for a given 
order. 

Thus, for k = 3, 

But, as stated above, lJ;11 = 1 and M 2 = 3. Therefore: 

M3 = 4·3 - 1 = 11. 

Similarly, for k = 4: 

M 4 = 4M3 - M 2 = 4 ·11 - 3 = 41. 

Thus, by using (9), the total number of possible circuit configurations 
can be found for any symbolic network of the (k + 1) order. 
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II. APPLICATIONS 

2.1 Design Considerations 

2.1.1 Practical Circuit Configurations 

A relatively large number of possible circuit arrangements, all of 
which are derivable from the symbolic frequency-combining diagram, 
may present considerable practical advantages. Since these arrange­
ments can be systematically scrutinized, in any given case the most 
practical solution can be thus attained. Such a solution may take into 
account certain particular requirements - for instance, low content of 
modulation products, avoidance of phase and amplitude distortions and, 
especially, availability of certain components such as filters and oscil­
lators. 

In the design of systems concerned with frequency selection and dis­
crimination, the problem of filter characteristics is usually one of the 
importfl,nt. consirlerntions_ J n genern.l j electric WHve filters of H special 
design are relatively expensive, particularly when stringent require­
ments must be met. The method presented here allows the use of filters 
of any limited frequency discrimination characteristics in building sys­
tems that realize much higher frequency discrimination capabilities. 
Thus, the necessity for using filter networks of a difficult or impractical 
design is eliminated. Eventually, an optimal solution compromising the 
quality of the filters to be used in the given system with their over-all 
number can be established. Moreover, in many cases filters of an avail­
able design may be utilized. 

Adaptability of this procedure to certain practical cases is illustrated 
in the examples of Section 2.2 below. 

2.1.2 Effects of Excessive Auxiliary Frequency Drifts 

As explained above, drifts of the auxiliary frequencies do not es­
sentially affect stability of the output signal of the desired frequency 
combination. However, since variations of the auxiliary frequencies do 
affect the positions of the operational points within the filter passbands, 
excessive drifts may, under certain practical conditions, produce objec­
tionable secondary effects in the form of phase and amplitude distortions. 
This may take place when the incremental characteristics of attenua­
tion and phase versus frequency of certain pairs of filters carrying the 
same auxiliary frequencies differ appreciably within the bandwidth 
covered by the shifts of the operational points. 
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These amplitude and phase distortions, which rarely exceed ac­
ceptable limits, can be reduced, if necessary, in several ways such as: 

(a) stabilization to a desirable degree of the auxiliary frequency 
sources; 

(b) shifting, by a discrete amount, of any particular auxiliary fre­
quency value so that an optimal operational section of the filter char­
acteristics can be used; 

(c) corrective shaping of the filter passband characteristics so that 
compensating effects can be achieved; 

(d) introducing amplitude and phase equalizers at the auxiliary 
oscillator outputs. 

By applying the above methods, separately or in combination, phase 
and amplitude distortions usually can be reduced to acceptable levels. 

2 .1.3 Noise Levels 

It has been found experimentally that, by observing precautions 
usually applied in the design of high-quality transmission circuits, noise 
levels at the output from the systems described here are particularly low. 
This may be attributed to the fact that the virtual bandwidth of these 
systems actually is very narrow as a result of certain sequential com­
binations of filter networks. In many practical cases this property can 
be enhanced still further by using bandpass filters rather than low- or 
high-pass filters, as called for by the essential design requirements. 
Examples of such modifications, which are also desirable when certain 
filters of a standard design are available, are shown below. 

2.2 Practical Examples 

The following examples fall into three categories, which embrace some 
typical problems encountered in practice: 

(a) combining two essentially fixed high-ratio signal frequencies; 
(b) combining two high-ratio signal frequencies, one of which is ad­

justable over a wide frequency range; 
(c) providing high-accuracy signal frequency sources that can be 

varied over wide frequency ranges either in digital or arbitrarily chosen 
frequency steps. 

2.2.1 Combining Two High-Ratio Essentially Fixed Frequencies 

In an application related to the phase-delay measurements, a solution 
of the following problem is required (see Fig. 5): 

A frequency of 90 mc with drifts and random frequency variations of 
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the order of ± 1000 cps represents a "master" frequency of a measuring 
system. It is expected that some of these variations may occur at a rate 
too rapid for any mechanoelectronic servo system to follow without 
excessive tracking errors. It is required that another ac signal source be 
provided, the frequency of which should be higher than the master oscil­
lator frequency by an increment of 55,560 ± 10 cps. Thus, using denota-

f O =55.56 KC 

fk =90.00 MC 

Ca) 

~Io-----~--------~----------, 

F-l - W. E. 560-B FILTER 
F-2 - W. E. 526-C FILTER (MODIFIED) 
F-3 - w. E. 526-0 FILTER 
F-02- w. E. 526-0 FILTER 
F-03-NEW DESIGN FILTER 

fk = 90.00 MC 

fo = 55.56 KC 

fk~1620· K=3 
fo ' 

~2O-----~~~~~~--------------------~ 

Fig. 5 - Fixed-range "slave" oscillator system: (a) symbolic diagram; (b) 
block diagram. 
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tions previously introduced: 

h = 90,000 kc, 

fo = fe - fk = 55.56 kc, 

(n'l = ~ r-.J 1G20. 

For the solution of this problem, the following filters of an available 
design (manufactured by the Western Electric Company) were taken 
under consideration: 

(a) Type 5GO-B filter with a passband of 3.096 mc ±1000 cps; n 
value over 100 (for GO-db minimum discrimination). 

(b) Type 526-C filter (modified) with a passband at 15.1 mc ±100 
kc; n value of the order of 10. 

(c) Type 526-D filter with a passband at 18.2 mc ±100 kc; n value of 
the order of 10. 

Using these filters, the k value has been found as follows: 
Assuming 

Then, 

n2 r-.J 10, 

n3 r-.J 10, 

nl n2 n3 = 100·10·10 > 1620. 

k = 3, 

and thus the number of auxiliary frequencies, from (4), is 

ma = k - 1 = 2 

and the number of junction-points, from ~5), is 

mj = 2k - 1 = 5. 

Subsequently, the symbolic network shown in Fig. 5 was designed. 
From a study of this network it was found that an optimal use of the 
available filters may be achieved by placing one 3.096-mc filter (560-B) 
as a low-pass filter at the J 1 junction point, an 18.2-mc filter (526-D) 
as a low-pass filter at the J 3 point, and another filter of the same type as 
an essentially high-pass filter at the J 02 point. Finally, one 15.1-mc 
filter (modified 526-C) was placed at the J 2 point as a low-pass filter. 
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By locating one of the auxiliary frequencies (3.1515 mc ±300 cps) in 
the f01 branch and the other (71.8 mc ± 10 kc) in the f23 branch, all the 
other frequencies were found according to the rules described above. 
The only filter for which no existing design had been found is at the 
J 03 junction-point. This filter, however, must pass the signal of 90.00 mc 
as the sum of f02 frequency (approximately 18.2 mc) and f23 frequency 
(minimum 71.8 mc), while rejecting the other modulation products. As 
these requirements indicate, the design of such a filter network is well 
within practical limits of art. 

Fig. 5(b) shows a conventional block diagram, representing the 
practical solution derived as described, from the symbolic network of 
Fig.5(a). 

2.2.2 Combining Two High-Ratio Signal Frequencies, One of Which is 
Adjustable Over a Discrete Range 

An example of a solution applicable to this case is shown in Fig. 6. 
The freqllen~y of l1. "mfl,Rter" He signal source; covering the range from 
20 to 100 mc, has to be followed by a "slave" ac signal source having a 
frequency higher than the "master" frequency by a constant amount of 
55.556 kcs. 

Let 
fv ~ax = 100 mc, 

fv min = 20 mc, 

fo = 55.556 kc. 

The solution in this case can be arrived at in two steps. In the first 
step, a fixed frequency,fk ,is established so that a single-stage combining 
of this frequency with the frequency difference, fk - fv , is realizable in 
accordance with (2). Thus, 

which gives 

(10) 

On the other hand, since the whole range of the variable frequency 
Iv , down to its minimum value fv min must be combined with the fk 
frequency, then: 

fk < I 

j--. = nk, 
v mln 

or 
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fa = 55.556 KC 
fkv = 20 TO 100 MC 

fo = 55.556 ± 10 CPS 

J, 

fl =fa, -fa fOl == fa1 = 3.1515 MC (± 300 CPS) 

J
3 

(-) (-) J
03 

f23 == fa3 = 138 MC (± 50 KC) 

fa 1 c--------4 

~2o-------~--------~ 

f 138 MC ± 50 KC 
a3 

fi 20 TO 100 MC 
kv 

(b) 

Fig. 6 - Variable-range "slave" oscillator system: (a) symbolic diagram; (b) 
block diagram. 
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(11) 

Assuming nk' I"'o...J G, Jk can be found to be 120 mc. 
In the second step the problem is thus reduced to adding two fixed 

signal frequencies of 55.556 kc (fo) and of 120 mc (fk) to each other. 
But this can be done in a manner similar to that described in the previous 
example. Thus, 

:f!. = 120,000 ~ 2200 
fo 55.556 - . 

Assuming, as previously, that nl I"'o...J 100 and n2 I"'o...J n3 I"'o...J 10, we obtain 

nl n2 n3 = 100·10· 10 ~ 2200. 

Then 

k = 3. 

Subsequently, the symbolic diagram, as shown by the solid lines in 
Fig. G(a), can be constructed. To this diagram, a mesh cOlTlprising the 
J 3' and J 03' junction points is added, as shown by dotted lines. The 
variable "master" signal frequency is connected to the J 3' junction 
point (which comprises a filter with discrimination ratio of nk'); and the 
variable "slave" signal frequency is available from the J 03' junction 
point (which comprises a similar filter). 

One of the possible practical versions of this solution that could be 
derived from the symbolic network of Fig. 6(a), is shown in Fig. 6(b). 

2.2.3 Continuously Adjustable Signal Frequency Sources 

This special case of circuitry, which can be derived simply from a sin­
gle-mesh frequency -combining network (see Fig. 4, mode C), is shown 
in Fig. 7. It provides a continuously adjustable range of signal frequen­
cies, these being the sum or the difference of a desired harmonic of a 
standard frequency signal and an interpolating frequency source. In 
place of the signal frequency fo , a low-frequency signal source that is 
continuously variable over a frequency interval equal to a fundamental 
frequency value is connected. In place of the signal frequency fk' a 
multifrequency signal source in the form of a harmonic generator that 
supplies harmonics of the same fundamental frequency value is con­
nected. Subsequently, in place of the J12 mesh frequency, a special aux­
iliary frequency source is applied. The frequency of this source can be 
varied in steps, each being essentially equal to the same fundamental 
frequency value. At the J 2 junction point, a narrow passband filter is 
placed. The center point of its passband is equal to the sum of one of 
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the harmonics present at fk and an auxiliary frequency available at f12 • 
In this manner, the following results are achieved: 

i. The fl frequency derived from the combination of one of the 
harmonics and an auxiliary oscillator frequency remains essentially 
constant while successive harmonics enter the combination. 

ii. In order to obtain fOI and f02 as single sideband frequencies, only 
fixed low-pass or high-pass filters must be used. 

1 KC 16 TO 25 
KC 

(a) 

(b) 

fo::;fLo 

J 1 (+) 

f1 
f01 

J 2 
(-) 

(+) f12=fa 

fk 

4 TO 5 KC 

POSITION fa FREQUENCIES 

o -- - - 80.3 KC (APPROX) 
t - - - - 79.3 KC 
2 - - - - 78.3 KC 
3 - - - - 77.3 KC 
4 - - - - 76.3 KC 
5 - - - - 75.3 KC 
6 - - --74.3 KC 
7 - --- 73.3 KC 
8 - - - - 72.3 KC 
9 - - - - 7 t .3 KC 

'-----,- --_---./ 

J 02 

20 TO 29 
l+l)KC 

TO THE OUTPUT OF 
THE DIGITAL SYSTEM, 

OR TO THE NEXT 
DECADE CHAIN 

Fig. 7 - Decade "chain" (digital frequency-combining and frequency-select­
ing system: (a) symbolic diagram; (b) block diagram. 
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lll. At the output from the J 02 junction point, a signal of a single 
sideband frequency derived as the sum or difference of a desired harmonic 
frequency and the interpolating oscillator frequency is available. 

The above properties of this circuitry allow the design of precise signal 
frequency systems which cover extensive frequency ranges with any 
desired degree of resolution. In contrast to other systems,lO the fre­
quency ranges are adjustable here in digital steps without using tunable 
elements. 

An example of an elemental practical circuitll is shown in Fig. 7(b). 
It represents a "step-up digital chain" covering the frequency range 
from 20 to 30 kc by 10-decade steps and an interpolating oscillator. 

The interpolating oscillator covers the range from 4.000 to 5.000 kc 
and is calibrated in such a way that the "0" cps mark corresponds to 
4.000 kc and the "1000" cps mark corresponds to 5.000 kc. A harmonic 
generator, connected to a 1-kc high-accuracy frequency standard, pro­
vides harmonics utilized in the range from the 16th through the 25th. 
The auxiliary frequency is controlled by the 0-9 positions of a decade 
switch and provides 10 frequencies, from 80.;) to 71.;) kc respectively, 
in approximately 1-kc intervals. 

The proper operation of this step-up chain depends primarily on the 
filter at J 2 junction point (F-2 filter). It is a narrow passband filter that 
rejects the fundamental and all harmonics of the frequency standard 
available from the harmonic generator, but which passes a narrow 
frequency band between the numerical values of two successive integral 
multiples of the standard frequency. It is desirable that this passband 
be located well beyond the useful range of the harmonic generator, 
possibly in the vicinity of the point where the envelope of the harmonic 
spectrum is near, or crosses, the zero amplitude value. The types of 
filters particularly suited to this application are some of the quartz 
crystal filters developed for the carrier telephony12 or mechanical filters 
used for certain communication radio receivers of an advanced typeP 
The filter used in a practical application of this case is the Western 
Electric Company's standard crystal filter (97 A), which has the pass­
band frequency at 96.3 kc and a flat characteristic within ±50 cps. 

As an auxiliary frequency source, an oscillator adjustable in 10 steps 
of approximately 1-kc each is used. Its frequency, corresponding to the 
"0" decade step, is thus 80.3 kc, while the frequency corresponding to 
the ninth decade step is equal to 71.3 kc. 

The F-1 and the F-02 filters are somewhat modified versions of stand­
ard carrier telephony filters. 

The operation of the circuit, as shown in Fig. 7(b), may be illustrated 
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by a numerical example. Let us assume that the setting of the frequency 
of 26.785 kc is desired. Thus, the 1-kc decade dial is set to position 6, 
in which setting a signal of 74.3 kc ±d1 (where dl represents an in­
stantaneous value of the drift of the auxiliary frequency) is provided. 
The interpolating oscillator, set to "785" cps, provides a 4.785-kc signal. 
Subsequently, the F-2 filter passes the 96.3-kc ±dl signal, which in this 
case will be a combination of the 74.3-kc ±d1 signal from the auxiliary 
oscillator and the 22nd harmonic of the 1-kc standard frequency signal. 
The adjacent signals of 95.3 kc ±d and 97.3 kc ±1, as well as any other 
signals formed by the auxiliary frequency and the 1-kc harmonic spec­
trum available from the harmonic generator, are suppressed by the filter 
F-2 with substantially higher than 60-db attenuation. 

In the modulator M-1 the signal of 96.3 kc ±dl is combined with the 
4.785-kc signal from the interpolating oscillator. The difference of these 
two signals, equal to 91.515 kc ±dl , is suppressed by the high-pass 
filter Fl having cutoff frequency of 100.3 kc, while their sum, equal to 
101.085 kc, passes this filter and is applied to the modulator M-02. In 
this modulator the same auxiliary frequency of 74.3 kc ±dl is combined 
with the 101.035-kc ±dl signal from the filter F-1. The sum of these two 
signals, equal to 175.385 kc ±2dl , is rejected by the low-pass filter F-02 
having a cutoff frequency of 30.0 kc. The difference of these two signals, 

101.085 .±dl - (74.3 ±d1) = 26.785 ±O, 

is thus available at the filter output. It may be noted that the cancella­
tion of the auxiliary frequency drift took place as the result of adding 
and then subtracting the auxiliary frequency, and that the desired out­
put signal frequency is eventually the sum of the 22nd harmonic of the 
1-kc standard frequency and the interpolating oscillator output only. 

A number of step-up frequency digital chains, like the one just de­
scribed, can be designed for various frequency levels that are related to 
each other by a desired order of any digital system. Each chain of the 
lower order can be connected as a source of the interpolating frequency 
for the higher chain. By combining a necessary number of such chains, 
wide-range systems having digital frequency readability and resetability 
and any desired degree of resolution can be thus realized. An example 
of a 3-decade system is shown in Fig. 8. 

The decade chains of multidecade systems are similar to the one de­
scribed above, with the exception that some of the auxiliary oscillator 
decade steps of the higher decades may be suppressed. Also, the auxiliary 
oscillators of the intermediate decades provide two alternative signal 
frequencies, depending upon the decade control settings of the higher 
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decades. Detailed explanation and theory of these decade arrangements 
can be found in Ref. 11. 

Output switching from the individual decade chains may also be 
coupled to the decade controls so that eventually a continuous coverage 
of the predetermined frequency range at the output terminals of the 
system may be achieved. 

(4-5) KC 
fo CONTINUOUSLY 

VARIABLE 

J 1 100.3 KC (HIGH PASS) 

F
S

-l (16-25 KC) l 

(xn) J 2 
96.3 KC 

(BANDPASS) 

J 02 
30 KC (LOW PASS) 

20 10 29 (+1) KC 
f02 CC'"NTINUOUSLY 

VARIABLE 

J 10 625 KC (HIGH PASS) 

(10-170 KC) f20 Fs -l0 --------...o_-.-...;.-_''\) J 020 
txn) J 20 (fa 10) 200 KC (LOW PASS) 

625 KC 
(BANDPASS) 

30 TO 199 (+1) KC 
f020 CONTINUOUSLY 

VARIABLE 

J 100 3050 KC (HIGH PASS) 

f100 

(IOO-BOOKC) f 200 
Fs -100 ---------~_-~-_:o J 0200 

txn) J 200 (faI00) 1000 KC (LOW PASS) 
2950 KC 

(BANDPASS) 
200 TO 999(+I)KC 

f 0200 CONTINUOUSLY 
VARIABLE 

Fig. 8 - Symbolic diagram of a multidecade frequency-combining system. 
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III. CONCLUSIONS 

The theory of a frequency-combining network presented here leads to 
a general solution of the problem of adding or subtracting two signal 
frequencies, independently of their ratio, while using electrical wave 
filters of a practical design with arbitrarily limited frequency discrimina­
tion characteristics. 

A special symbolic network, established by means of a "sideband 
algebra", is applicable to signal frequency-combining problems. From 
this network not only can the minimum number of basic circuit elements 
be found, but also the fundamental circuitry and all its possible practical 
variations can be derived and scrutinized. 
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An Evaluation of AM Data System 
Performance by Computer 

Simulation 

By R. A. GIBBY 

(Manuscript received February 9, 1960) 

The mathematical relationships that describe an amplitude-modulated 
data system are developed in a form suitable for programming on a high­
speed digital computer. These equations contain expressions that specify in 
general terms the transmission-frequency characteristics of a transmission 
medium. A data signal composed of a train of raised-cosine shaped pulses 
is generated in the stimulating process. The simultation provides a means 
for computing the resulting response of systems to pulse trains. The per­
formance of a double-sideband AM data system is evaluated from meas­
urements of the maximum vertical opening, or aperture, of the eye pattern 
formed by the received signal. This aperture is related to the system per­
formance in terms of signal-to-noise ratio and error rate of the system. A 
verification of this technique is made by simultaing the conditions of an 
experimental laboratory data system on the computer and comparing com­
puted and measured performance. 

1. INTRODUCTION 

The process of transmitting digital information and the problems re­
lating to this type of communication have received much attention in 
recent years. Practical means of communication based on this type of 
information transmittal have been in use for a long time in the form of 
telegraph and teletype systems, but for both these systems the speed of 
operation is relatively slow, since the information is supplied either by a 
manual operator or by a mechanical device of some sort. Recently, how­
ever, many new sources of digital information have arisen for which the 
information rates may range from telegraph speed up to several orders 
of magnitude greater than that speed. This has created a need for new 
high-speed data transmission systems. To this need for higher speed has 

675 
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been added the requirement of greater accuracy - amounting to, in 
some cases, essentially error-free transmission. For a given bandwidth 
both high speeds and accurate transmission are often difficult to realize. 
For this reason, a great deal of effort has been spent in devising means 
for utilizing a channel as effectively as possible in order that both speed 
and accuracy may be maximized. 

This effort may be divided into two areas. The first is concerned with 
what may be called the terminal problem, in which effort is directed to­
ward developing data system terminal equipment that makes best use of 
the transmission channel. This has resulted in a number of competing 
schemes for data transmission based on different modulation methods, 
such as double and vestigial sideband amplitude modulation, frequency 
modulation and phase modulation. Also, a number of different detection 
methods are available for these various systems. 

The second area of effort may be referred to as the transmission 
problem. Here, work is directed toward determining what influence the 
various transmission factors such as the transmission-frequency char­
acteristics and noise have on the transmitted data signal, and what 
conditions should be maintained for a particular data system that is to 
operate at a given speed and accuracy. 

In order to answer questions that arise in these two areas, it is neces­
sary that a method for evaluating data system performance be devised. 
Good performance is associated with both high speed and accurate 
transmission, but quality of performance is not necessarily preserved by 
a direct interchange of these two quantities. It is of little value to send 
information at very high speeds with very low accuracy. The optimum 
performance is obtained, therefore, by transmitting data over a given 
channel at the highest rate possible, consistent with a given error cri­
terion as dictated by the system requirements. 

Because of the many factors that contribute to the over-all perform­
ance, the problem of evaluating performance is a difficult one. The most 
direct method and the one that has been most widely used is that of 
measuring performance on a data system under actual operating condi­
tions. Some results from such experimental tests have been given! and 
made general, at least to some extent. The experimental results, however, 
are of necessity limited in their generality, and the task of obtaining 
results by this method is expensive and time-consuming. In addition, 
for design purposes it is desirable to know how a data system will per­
form before it is built as well as after. 

Another approach to evaluating performance is by means of a theo­
retical analysis of the problems involved. A considerable amount of work 
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has been done in this area.2 ,3 ,4,5 While this work is of great value, the 
complexity of the problems make a general solution untractable, except 
under conditions of rather restricted and idealized assumptions. For 
conditions of practical significance, however, a system analysis using 
mathematical models is useful, provided the task of a numerical computa­
tion can be carried out. 

This paper is the result of an effort to evaluate the performance of an 
AM data system by methods of numerical analysis and simulation of 
the system on a digital computer. In this work, the general method of 
analysis and simulation is outlined, a criterion for performance is defined 
and some results that have been obtained by the use of this method are 
given. While the problem is analyzed in rather general terms, the par­
ticular results presented apply to the specific problem of evaluating the 
degradation in performance due to delay distortion. 

II. BASIC DATA SYSTEM 

The basic data system considered here is shown in Fig. 1. The input 
function J(t) is the electrical representation of the random sequence of 
binary information to be transmitted. This signal is made up of a suc­
cession of identical raised-cosine shaped pulses interspersed with gaps 
or spaces where no pulse occurs, forming a pattern of the type illustrated 
in Fig. 2. In this pattern the occurrence or absence of a pulse is governed 
by the occurrence of a one or a zero in the binary information. These 
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Fig. 1 - Data transmission system. 
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Fig. 2 - Binary information and equivalent pulse pattern. 
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binary values correspond in time to the points at which pulses may 
occur in the pattern, and they are separated by a uniform time interval 
called the sampling interval, which is the reciprocal of the bit speed of the 
system. 

The basic pulse used to form the pattern is shown in Fig. 3. It is chosen 
to have a maximum width to , which is equal to two bit intervals at its 
base. Because of this fact, and because of the raised-cosine shape, pulses 
that are adjacent in the pattern of Fig. 2 add together over the interval 
that separates them to give a constant value equal to the maximum value 
of a single pulse. Also, adjacent gaps produce a constant value equal to 
zero. For the case of alternating values of one and zero, transitions are 
produced that are portions of a sinusoid. 

For purposes of analysis it will be useful to consider a single pulse of 
the type used in forming the pulse pattern of Fig. 2. To do this a par­
ticular pattern is used, as shown in Fig. 3(a), in which f(t) is formed by 
the binary sequence 010 followed by a sequence of zeros and then re­
peated periodically at intervals of T. This method of specifying the 
signal permits the analysis of the basic puise to be made on a Fourier 
series basis that is conveniently adapted to numerical computation on 
the digital computer. 
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Fig. 3 - Basic pulse used to form pattern: (a) raised-cosine pulse; (b) associated 
spectrum. 
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The spectral density function resulting from a Fourier analysis of the 
periodic pulse pattern of Fig. 3(a), is shown in Fig. 3(b), and is ex­
pressed mathematically as 

. n7rtO 
Sll1 T (1) 

We can imagine a perfect data system in which the signal J(t) of Fig. 
2 is transmitted without alteration. This will be considered a reference 
condition for measuring performance. Under this condition the binary 
information can be extracted from the received signal get), which is 
identical to J(t), by examining the pulse pattern at the sampling times to 
determine if the signal is greater than or less than some intermediate­
value called the slice level. (In most cases this level is equal to one half 
the value of the maximum pulse height. Under certain conditions, how­
ever, it will be advantageous to use other values.) 

For a system with ideal transmission-frequency characteristics, errors 
are produced if a sample is made during the time when a noise disturbance 
is large enough to cause the signal to make an erroneous excursion across 
the slice level. In order to meet system requirements the value of the 
signal-to-noise ratio must be such that the number of errors in a given 
time does not exceed a certain maximum. If the signal-to-noise ratio is 
less than this value the system is considered as failing. If the signal-to­
noise ratio is such that the error criterion is just met, then a reduction 
in the noise (with the signal held constant) results in an operating margin 
against failure equal to the amount of the noise reduction. If the system 
were operating without noise, the amount of noise necessary to bring it 
to the failing condition would be called the noise margin for the system. 

As the transmission-frequency conditions depart from ideal, the out­
put get) will no longer be identical to the input J(t). This lack of fidelity 
is evidence of system degradation. It will be shown later how this deg­
radation can be expressed quantitatively as a reduction in the noise 
margin for the system. 

Transmission of the data signal over most facilities requires some form 
of modulation. It will be assumed here that the signal is amplitude­
modulated by an ideal product modulator, and that an ideal envelope 
detector is used at the receiver. Also, the system will be considered, 
for the present, as being noise-free, and the impairment that the data 
signal suffers in transmission will be due entirely to the frequency char­
acteristics of the transmission medium. 
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III. TRANSMISSION CHARACTERISTICS 

The basic relationship that describes the transmission-frequency char­
acteristics of a transmission system is given as 

T(w) = A (w)e- ilHw) , (2) 

in which A(w) is the attenuation and t/;(w) the phase characteristic. In 
the work to follow we will make use of the fact that the attenuation 
characteristic has even symmetry A (w) = A ( - w) and the phase char­
acteristic has odd symmetry t/;(w) = -t/;(-w) about the zero frequency 
aXIS. 

To accommodate the use of a Fourier series development of the 
problem, the transmission-frequency characteristics can be expressed in 
terms of their values at discrete radian frequencies corresponding to the 
Fourier series components, rather than on a continuous basis. For this 
purpose, (2) becomes 

T (n~7r) = A (n:7r) e-Ntn21r/T). 

\ 1. / \ 1. / 

(3) 

The phase curve of Fig. 4(a) has a shape typical of the characteristics 
of many transmission facilities and can be approximated by a sine-wave 
departure from linearity as given by 

t/;(w) = aw - b sin (WT + (J), 

where: 
b is the maximum departure of the phase from linearity, 
T is the reciprocal of the period of the phase curve and 

(4) 

() is the displacement of the phase curve from symmetry about the 
carrier. 

The corresponding envelope delay is shown in Fig. 4(b) and is expressed 
analytically as the derivative of the phase: 

dt/; 
dw = a - bT cos (WT + ()). (5) 

The linear term in the phase expression results in only a constant 
delay, and the distortion in transmission is therefore produced entirely 
by the sine-wave departure from linearity. The three parameters b, T and 
(J give a complete description of any sinusoidal delay or phase character­
istic. A wide variety of such curves can be realized by letting these three 
parameters range over values of interest (it will be shown later that, 
with a sinusoidal representation of phase, a very close approximation to 
actual transmission characteristics can be achieved). With this repre-
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Fig. 4 - Sinusoidal characteristics: (a) phase; (b) delay. 

681 

sentation of the transmission characteristics, the problem of determining 
the performance of a data system in terms of the parameters b, T and 0 
will now be considered. 

IV. ANALYSIS OF AN AM DATA SYSTEM 

In this section, * the analysis of an AM system is made in order to 
obtain the expression for the output function get) in terms of the input 
function J(t) and the parameters b, T and o. For a periodic input pulse 
as shown in Fig. 3(a) the output response will also be periodic. If the 
period T is chosen large enough to allow the transient response of the 
output to be restored essentially to zero there will be no intersymbol 
interference between these periodic pulses. We will then have a condi­
tion in which both J(t) and get) can be represented by a Fourier series. 

The signal that results from an amplitude modulation of J(t) by a 
cosine carrier is given by 

h(t) = J(t) cos wot. (6) 

* This analysis is based on an unpublished memorandum of R. G. Segers. It 
includes some slight modification for use in the present study. 
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Expressing j(t) by a complex Fourier series representation and using the 
complex form of the cosine function, we have 

h(t) = c
iwot + C -iwot t C

n
cin (27r/T)t, 

2 n=-oo 
(7) 

where 

1 IT'2 
C

n 
= - j(t)C-in (27r/T)t dt. 

T -T/2 
(8) 

Equation (7) may be expressed as 

h(t) = i t C
n
ci [n(27r/THw o)t +! t C

n
ci [n(27r/T)-w o)t. (9) 

2n~oo 2n~oo 

The modulated signal expressed by (9) is composed of two doubly 
infinite spectra, one distributed about the positive carrier of radian 
frequency Wo, and the other about the negative carrier of radian fre­
quency -Wo. It is apparent that this representation is redundant, and 
for purposes of efficieuL cUIllIJuLaLiun Lhe number of terms can be reduced 
by a factor of two. This will be done in a way that preserves certain 
desired symmetries in the equations and allows the results to be in­
terpreted meaningfully. First, however, it is necessary to determine the 
carrier response by introducing into (9) the expression for the trans­
mission-frequency characteristics. The transmission-frequency char­
acteristics given by (3) relate to baseband conditions; in order to properly 
relate this expression to carrier transmission it is necessary to translate 
these characteristics by an amount of +wo and -Wo . Making this trans­
formation in (3) and substituting the results into (9) gives the following: 

= ! t CnA [n (27r) + woJ ei [n(27r/THw o)te-iif;[n(27r/T)+Wo) 

2 n~oo T 

+ ! ~ C A [ (27r) - ] i[n(27r/T)-wO) -iif;[n(27r/T)-wo) 
2 t=-oo n n T Wo e e , 

get) 

(10) 

which is the expression of the response of the carrier signal to the trans­
mission system. 

Use is now made of the fact thatj(t) is an even function. The quantity 
Cn , which can, therefore, be expressed by taking twice its value over one 
half of its range, is given as, 

2 IT'2 (27r) Cn = T 0 jet) cos n T t dt. (11) 

When this, and also the fact that the attenuation must have even sym-
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metry and the phase must have odd symmetry, are taken into account, 
(10) can be rewritten for n :> 0, giving 

ret) = to GnA [n (~) + woJ cos {[ n(~) + woJ t 

-~[ne;)+woJ} 

+ 1;;1 GnA [n(~) - woJcos{[ne1~) - woJ t 

-~[ne;) - woJ}" 

(12) 

Rather than computing with (12) as it stands, it will be more useful 
to extract the high-frequency carrier by the use of elementary trigono­
metric relationships, giving 

ret) = cos wot to GnA [n (~) + woJ 

" cos {n (~) t - ~ [ n (~) + Wo J} 

- sin wot to GnA [n (~~) + woJ 

+ cos wot t1 GnA [n (2;) - woJ 
(13) 

+ sin wot t1 GnA [n (~) - woJ 

Equation (13) is a general expression for the received carrier signal. 
An expression for the received response at the detector output, get), can 
be obtailled by cOllsidering only the envelope of this carrier. This allows 
get) to he evaluated for any arbitrary attenuation or phase characteristic. 
In applyillp; these results in the work to follow, the complete generality 
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of (13) will not be preserved, since a special type of transmission char­
acteristic is being considered. By sacrificing some of the generality, how­
ever, au advantage is gained in the facility with which the results can be 
logically organized and utilized. 

In evaluating the way a data system's performance varies as the trans­
mission-frequency characteristics are altered, the results will be more 
lucid and systematic if the phase and attenuation are considered sep­
arately. While these two qualities are not independent in physical trans­
mission facilities, it is not entirely academic to treat them independently, 
since this approach is often used in equalizing facilities. 

In this study the influence of sinusoidal phase variation as given by 
(4) will be considered in some detail, and, in order to isolate the effects 
of this influence, the attenuation will be considered equal to unity over 
the frequency band of interest. (A similar study could be made of the 
effects of attenuation by specifying linear phase characteristics and 
allowing the attenuation to vary systematically.) For computational 
purposes we will use an approximate expression for ret) by considering a 
finite nurnber of frequency components. Applying these conditions to 
(13) and rewriting this equation for notational convenience, the carrier 
response may be expressed as 

ret) (Af + N) cos wot + (R + S) sin wot 

[(Af + N)2 + (R + S)2]} cos [wot + cp(t)], 
(14) 

where 
in-phase components: 

N [n27f' . (n27f' )] k[ = ~o Cn cos T t + b sm T T + e , 

N [n27f' . (n27f' )] N = ~1 Cn cos T t + b sm T T - e ; 

quadrature components: 

R = - to Cn sin [ n; .. t +b sin (n; .. T + o)J 
S = t, C n sin [n; .. t + b sin (n; .. T - 0)] 

(15) 

and 

( ) -1 (R + S) 
cp t = tan Af + N . (16) 
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In (14), the expression for the carrier response, the envelope of the 
carrier signal that is the output of the envelope detector is given by 

get) = v(Jl! + N)2 + (R + 8)2. (17) 

The desired expressions, which relate the output of the detector get) 
to the input signal f(t) (as manifest in en), and the three parameters b, 
'T and 0, which describe the phase characteristics of the transmission 
path, are given by (15) and (17). It is these equations that form the 
basis of the computational work on the digital computer. A careful 
examination of them will give not only a valuable insight into the in­
fluence of sinusoidal phase characteristics on AM transmission, but will 
also serve as a guide in computational work and help in interpreting 
results. It is evident from (14) that the terms Jl;! and N may be con­
sidered as modulating a cosine carrier, and are, therefore, referred to as 
the in-phase components of the received signal, while the terms Rand S 
modulate a sine carrier and are designated as quadrature components. 
The expression for the envelope response, (17), indicates that these two 
quantities cannot be superimposed directly, but must be added at right 
angles. Also it can be seen from (15) that for b = ° the quadrature 
components cancel and the in-phase components add together, and the 
received signal is an exact replica of the transmitted signal. For b ~ 0 
but 0 = 0, the quadrature terms cancel and the in-phase terms add to 
give a distorted replica of the transmitted signal at the receiver. For 
the case b ~ 0 and 0 ~ 0, the received signal is a distorted replica of 
the transmitted signal that contains both in-phase and quadrature com­
ponents. 

It can be seen from (3) and Fig. 3 that a reversal of the sign in b 
amounts to inverting the phase curve with respect to the linear phase 
line. It has been shownI that such a reversal in the phase curve results 
in a reversal in time of the received signal. This important fact will be 
utilized later in interpreting the performance results. Another useful 
observation that can be made from examining (15) is that a reversal in 
the sign of 0 in these equations leaves the received signal unaltered. 

v. COMPUTED PULSE RESPONSE 

Equations (1), (15) and (17) provide a means for computing the out­
put of the envelope detector of an AM transmission system subject to a 
sinusoidal variation in the phase characteristics, when the periodically 
recurring raised cosine pulse of Fig. 3 is applied at the input. These 
equations were programmed for numerical evaluation on the IBM 704 
computer. In evaluating these equations, the computations were carried 
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out for a specific bit speed and specific values of b, T and e. The results 
from these computations, however, can be given on a normalized basis. 
To do this it is necessary to express the frequency scale of the phase or 
delay curves in terms of the bit speed rather than in cycles per second, 
and also to express the time scale of the response function and the delay 
curve in terms of the bit length rather than in seconds. 

A number of normalized pulse responses are shown in Fig. 5, together 
with the normalized delay that produces the responses. The curves of 
Fig. 5(b) are for the case of symmetrical delay (e = 0) as shown in Fig. 
5(a). For these cases, the quadrature component is zero, as would be 
expected from (15). The response curves in this figure are plots of the 
in-phase component of the received signal. 
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Fig. 5 - (a) Normalized delay; (b) corresponding pulse response. 
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To illustrate how these normalized results can be related to specific 
cases, consider an input pulse transmitted at a bit speed of 1200 bits per 
second (bit length = 833.3 microseconds). From Fig. 5(a) the period of 
the delay curve F 0 is equal to four times the bit speed or 4800 cycles, 
giving a value of T = liFo = 208.33 microseconds. The curve for b = 8 
in Fig. 5(a) has a maximum delay excursion of bT = 8 X 208.3 micro­
seconds = 1666.3 microseconds = 2 bit lengths. The pulse response cor­
responding to this delay is shown in Fig. 5(b) for b = 8. These same re­
sults may also be applied to other bit speeds. For a bit speed of 2400 
bits per second (bit length = 416.7 microseconds), Fo = 9600, giving 
T = 104.2. Again the curve for b = 8 has a maximum delay of two bit 
lengths = bT = 833.3 microseconds, and the same pulse response is pro­
duced here as for the low bit speed case. 

In Fig. 6 pulse response curves are shown for conditions of asym­
metry in the delay characteristics. This gives rise to the quadrature 
component in the received signal, and the resulting effect on the envelope 
response is shown. Here again the curves are normalized with respect to 
bit length. For the curve of Fig. 6(a), e = ±45°; for Fig. 6(b), e = ±90°. 
These curves illustrate the fact pointed out previously: that the response 
is independent of the sign of the angle e. 

These distorted pulse response curves indicate a degradation in 
transmission manifest in a general lowering of the pulse peak value and a 
spreading of the pulse in time. For the cases of larger distortion this re­
sults in a considerable amount of intersymbol interference between 
adjacent pulses in a data signal. This, however, is only a qualitative 
picture of the influence of delay distortion on system performance. In 
order to make this picture more precise, it is necessary to consider a 
signal consisting of a number of pulses making up a pattern such as that 
illustrated in Fig. 2. This extension to the basic operation of computing 
pulse response was achieved by combining the received response of a 
single pulse (before envelope detection) in accordance with the desired 
pattern. In doing this, the in-phase components from adjacent pulses 
were added together. Similarly, the quadrature components were added 
together, and the resulting envelope response was determined in ac­
cordance with 

get) = V[:3(M + N)]2 + [:3(R + S))2, (18) 

where M, N, Rand S are defined by (15). By this method, the results 
previously discussed can now be extended so that the output response 
for pulse patterns can be obtained. 

An example of pulse-pattern response showing the resultant in-phase 
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and quadrature components and the envelope response is given in Fig. 7. 
In this figure a pattern of binary characters is shown together with the 
corresponding output response curve for conditions b = 1, bT = 0.75 bit 
length and e = 90°. In order to recover the binary information from the 
signal, the envelope response is examined at the sampling-time points to 
determine if the value of the curve at each of these points is less than or 
greater than the value of the slice level. The distance from the signal to 
the slice level for a given time point (as indicated by the arrows) is a 
measure of the noise margin for that point. The amount by which the 
noise margin is reduced by the transmission characteristic can be de-
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Fig. 7 - Basic method for evaluating performance. 
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termined by comparing these values with the corresponding values for 
an undistorted or reference output resulting from ideal transmission 
characteristics. 

This procedure makes possible a quantitative evaluation of data 
system performance. It is evident, however, that for longer pulse pat­
terns this procedure would soon become tedious and impractical if car­
ried out in the manner shown. In order to alleviate this difficulty, the 
basic method for evaluating performance, as illustrated in Fig. 7, was 
included in the computer operation for any desired pulse pattern up to a 
certain maximum length. As the delay distortion increases, the range of 
intersymbol interference of a single pulse becomes larger; it was found 
necessary in this analysis to include cases for which the intersymbol 
interference extended over as many as nine bit lengths. In order to take 
this influence into account it was necessary to use a pattern that con­
tained all possible combinations of binary characters that could occur in 
a nine-bit word. This results in a maximum pattern length of 29 = 512 
bits. A binary pattern of this type was used in the computer simulation 
work that was carried out. 

VI. EYE PATTERN 

One way of portraying this procedure for evaluating data system 
performance for a long sequence of pulses is by means of the "eye" pat­
tern. The manner in which this pattern is made can be illustrated by 
dividing the output response signal from the system into a number of 
segments each of duration equal to two bit lengths and plotting all these 
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segments over the same two-bit time intervals. Such a plot for a reference 
or undistorted eye is shown in Fig. 8(a). Here the eye pattern is made 
up of traces that are straight lines at the top and bottom of the eye, 
corresponding to a sequence of ones and zeros, respectively, and traces 
that have sinusoidal shape in between, representing transitions from one 
to zero and zero to one. Since the pulses are undistorted, all traces of a 
particular type fall on top of one another, and the resulting eye pattern 
is made up of well-defined lines. In this case, the opening or aperture A, 
of the eye is equal to A 0 , which is the maximum value of a single pulse. 
The quantity A is a measure of the noise margin and will be used as a 
criterion for data system performance. 

For conditions of transmission distortion, the resulting eye pattern is 
illustrated by Fig. 8(b). Here the various individual traces have been 
distorted and no longer form well-defined lines of transition, but are 
spread out irito bands. This results in a reduction of the aperture, which 
can be expressed numerically as an impairment in the system perform­
ance: 

Ao transmission impairment = 20 loglO A . (19) 

There are two factors that determine the validity with which such an 

(a) 

o o o 

(b) 

Fig. 8 - (a) Reference eye pattern; (b) received eye pattern with transmission 
distortion. 
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expression of performance describes an actual system. First, it must be 
acknowledged that the effective opening of the eye may change from 
one trace to another, and the quantity A as shown in Fig. 8(b) is a mini­
mum bound of this opening. Since an opening of this magnitude will 
occur relatively infrequently this quantity is then a pessimistic estimate 
of the system performance; getting an exact measure would involve 
taking account of the statistical distribution of the quantity A. The 
probability of an error occurring would then be determined by con­
voluting this distribution with the distribution of noise. Such a refine­
ment is rather complicated, and may not be necessary except in cases of 
very small aperture, since, for the larger values of A, the traces acrOSE:; 
the eye are rather densely packed. 

The other fact to be considered is that in this simulation the degrada­
tion in performance due to timing recovery is not included. These results 
then specify the performance under conditions of ideal timing recovery, 
or for systems operating with ideal transmitted timing. Again, this is a 
good approximation to system operation with timing recovery, except 
for small aperture values, where timing jitter is unavoidable. 

VII. EXPERIMENTAL VERIFICATION OF COMPUTER SIMULATION 

It is of interest to determine how closely the performance results from 
this simulation procedure check with measured performance from an 
actual data system. The aperture value of an AM double-sideband data 
system operating in the voice band frequency range was measured at 
several bit speeds over a given transmission channel. The transmission 
characteristics of the channel were then applied to the computer simula­
tion of the data system for the same bit speeds. The results from these 
two tests expressed in terms of aperture of the eye pattern are shown in 
Fig. 9. The fact that the computer simulation performance is slightly 
better over the range of bit speeds tested is to be expected, because of 
the assumption of idealization in the modulator and detector in making 
the simulation. These results tend to confirm the validity of the simula­
tion technique as a means for evaluating data system performance. 

VIII. RESULTS 

A criterion for data system performance has been specified as A, the 
aperture of the eye pattern formed by the received signal of a data 
system. The results of computing performance based on the data system 
simulation are presented here as a portrayal of the manner in which A 
varies with a systematic variation of the parameters describing the 
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Fig. 9 - Comparison of computer simulation performance with experimental 
verifica tion. 

transmission characteristics of the system. To make these results more 
general, a normalized parameter 0, will be defined as 0 = T X bit speed. 
Results showing the manner in which the quantity A varies with b, 0 
and () are given in Figs. 10 through 20, where b is expressed in radians 
and (j in degrees and 0 is a quantity equal to the reciprocal of the period 
of the sinusoidal phase characteristics normalized with respect to bit 
speed. 

In these figures, performance curves are plotted with the dependent 
variable b ranging over values sufficient to cause the aperture to vary 
from a reference value of unity to complete closure. The quantity 0 
varies from 0.2 bit length to 1.4 bit lengths. The degree of asymmetry 
is specified by the angle (), which varies as a parameter from zero to 
90 degrees. It is an apparent feature of each set of curves that the aper­
ture value is reduced more rapidly, as b increases, for asymmetric phase 
conditions than for symmetrical conditions. This is an evidence of the 
influence of the quadrature component on data system performance. 
From these curves, it can also be seen that the relative influence of the 
quadrature component is much more pronounced for small values of 0 
than for larger values. 

While the performance curves cover only one quadrant of the sinusoi-
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dal phase curve, the other three quadrants are duplicates of the curves 
shown. This can be seen from the facts previously stated, which indicated 
that a change in the sign of (J leaves the output response unchanged, and 
that a change in the sign of b reverses the time variable of the response 
and therefore reverses time in the eye pattern but does not change the 
aperture value. 

The information given on the performance curves of Figs. 10 through 
20 provides a means for evaluating the aperture of a data system for a 
wide range of sinusoidal phase characteristics, either by direct means or 
by interpolation. These results can be displayed in another manner, 
which gives a more concise picture of how the performance varies. To do 
this the performance information for a particular value of 0 is plotted in 
polar form with band (J as the radial and angular coordinates respec­
tively. Such a plot is shown in Fig. 21 for 0 = 0.75, with contours of 
constant aperture shown as a parameter. The outer contour has a value 
of A = 0 and is the locus of points for which the aperture is completely 
closed. Any sinusoidal phase characteristic whose period corresponds to 
this value of 0 can be located on the polar diagram of Fig. 21 as a point. 
If the magnitudes of band (J are such that the point lies within the outer 
contour, the aperture value can be determined either directly or by inter­
polation. It is now possible to plot a path on this diagram showing how 
the value of A varies for changes in the values of band (J. 
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This type of plot can be made for other values of o. By combining such 
plots, the information given in Figs. 10 through 20 results in a very use­
ful three-dimensional model with coordinates b, 0 and 8, which depicts 
the performance of the data system. Such a model is shown diagram­
matically in Fig. 22. In this three-dimensional space any sinusoidal 
phase (or delay) curve is represented as a point. A number of curves 
that illustrate the particular delay that occurs at various points are shown 
by Fig. 22(a), (b), (c) and (d). The surface of the model indicated by the 
dashed line in Fig. 22 represents the locus of points for which the aperture 

Fig. 21 - Polar diagram of b vs. () for 0 = 0.75 with aperture as a parameter. 
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value is zero. For points inside this surface the aperture is greater than 
zero. Other surfaces within this model can be described by connecting 
all points having a common value of A. The points lying along the verti­
cal axis represent conditions of zero distortion, or maximum aperture 
value A. A photograph of a performance model constructed from the 
numerical results obtained from the computer simulation is shown in 
Fig. 23. 

IX. APPLICATION OF RESULTS TO ACTUAL TRANSMISSION FACILITIES 

In the simulation of the data system that has been presented the phase 
characteristics have been assumed to be sinusoidal in shape, for reasons 
of mathematical convenience. Some rather general results have been 
given in terms of the parameters that describe the phase characteristic. 
In this section several specific transmission facilities will be considered in 
the light of this simulation technique. 

The validity with which the sinusoidal phase (or cosine-shaped delay) 

computed performance resulting from data system operation over these 
facilities is given. 

In Fig. 24, the delay characteristics of four message facilities are shown 
by the solid lines, together with a cosine approximation to these delay 
curves given by the dashed lines. It can be seen from Fig. 24 that the 
cosine-shaped delay curves give a very good approximation to the actual 

Fig. 22 - Three-dimensional model of data system performance. 
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Fig. 23 - Performance model constructed from numerical results of computer 
simulation. 

delay over the frequency range of 1000 to 2600 cycles per second, the 
maximum departure of the approximating curve from the actual facili­
ties being less than 100 microseconds over this frequency range. The 
approximating curves can then be specified by the three parameters b, 
T and e (or when the bit speed of the data system is given by b, 0 and e). 
These values are given in Table I, for the cases of a data system operating 
with an 1800-cycle carrier, and at bit speeds of 1200 and 1500 bits per 
second. The resulting aperture values and transmission impairment fig­
ures produced are also given in Table 1. Aperture values were determined 
by direct computer computation; these values can also be determined 
to a good approximation by interpolation from Figs. 10 and II. 

The method shown here for determining the impairment values in 
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Table I illustrates how data system performance can be established for 
actual transmission facilities from the results of the computer simula­
tion. This procedure can also be used to determine how performance 
varies with some of the parameters that are important in the design and 
engineering of data systems, such as bit speed, location of carrier fre­
quency and length and type of transmission facility. For example, as 
the bit speed is increased from 1200 to 1500 bits per second, the im­
pairments of the facilities are increased by the amount shown. (The 
loaded cable changes from marginal operation to complete failure.) 

The poor performance of the loaded cable facility is due to the fact 
that the location of the carrier frequency results in an asymmetrical 
disposition of the delay curve about the carrier, resulting in a consider­
able amount of quadrature component. If the location of the carrier were 
changed from 1800 to 1500 cycles per second, the angle () would be 
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TABLE I 

1200 bits per second 1500 bits per second 

b, 
T, 

8, 
Trans- Trans-Facility ra- de-

dians J.' sec grees 0, mission 0, mission 
bit A* impair- bit A* impair-

lengths ment, lengths ment, 
db db 

----------------
400-mile H44loaded cable 9.26 194 43.8 0.233 0.092 20.7 0.292 - -
4 links of N carrier 11.8 163 15.8 0.196 0.60 4.4 0.244 0.38 8.4 
5 links of K carrier 9.89 190 -3.1 0.228 0.67 3.5 0.285 0.50 6.0 
8-repeater sections of 11.2 161 3.6 0.193 0.76 2.4 0.242 0.61 4.7 

V.F. open wire 

* These aperture values were determined by direct computation. They can also 
be obtained by interpolation from Fig. 10 and Fig. 11, with the exception of the 
loaded cable (which has an aperture value of either zero or very nearly zero). 

changed from 43.8° to 22.8°. For a bit speed of 1200 bits per second, this 
gives an aperture value of 0.41 (by interpolation from Figs. 10 and 11) 
and a resulting transmission impairment of 7.8 db. 

Performance for many other transmission conditions of interest can 
be determined with similar ease by this same procedure. 

X. CONCLUSIONS 

It is apparent that the data system simulation technique that has 
been developed and used here for evaluating performance is a powerful 
and valuable tool. Wherever possible, experimental and theoretical veri­
fications of the results obtained from this simulation have been made. 
These tests indicate that this method is valid and accurate. The per­
formance curves given have been used to illustrate the ease and effec­
tiveness with which many of the complex problems relating to delay dis­
tortion can be answered in a rather general way. 

Several uses can be made of this simulation technique. First, it pro­
vides a means of obtaining quantitative answers to a broad category of 
problems relating to data transmission, such as the influence on per­
formance of the variation of bit speed, the location of carrier frequency 
and the length and type of transmission facility used. In addition, a 
performance model based on a sinusoidal phase characteristic and nor­
malized with respect to bit speed has been produced for the data system 
under consideration. The surface of this model describes the boundary 
(in terms of variation of phase distortion) within which the system can 
operate. Similar models can be established for other types of data sys­
tems to provide a means for comparing the performance on a much 
broader basis than is presently possible. 
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The investigation presented here was directed to the problem of deter­
mining what influence phase (or delay) distortion has on data system 
performance.' It is clear that the simulation method developed could be 
extended to include other problems of data transmission, such as a 
general study of the influence of the attenuation characteristics, the 
problem of recovering timing and the influence of noise on system trans­
mission. Additional work in this general area is now being carried out. 
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Semiconductor Strain Transducers 

By F. T. GEYLING and J. J. FORST 

(Manuscript received February 9, 1960) 

The relatively recent discovery of the high piezoresistive sensitivity of 
semiconductors such as germanium and silicon has made miniature strain 
transducers available that compare with piezoelectric devices in dynamic 
applications but are also capable of producing dc signals After a his­
torical survey of research in piezoresistivity, a brief phenomenological de­
scription of the physical effect is given and the pertinent solid state theory 
is summarized. Various applications of semiconductor elements as strain 
transducers are then discussed in detail, special emphasis being given 
to surface strain gages. The problems of maximizing the bond rigidity for 
such gages and compensating for temperature effects are dealt with, and 
future efforts in these directions are outlined. 

I. INTRODUCTION 

Around the end of 1958, considerable interest developed among ex­
perimenters and transducer manufacturers in the possible application 
of highly sensitive piezoresistive elements as subminiature sensing de­
vices for displacements, strains and forces. For dynamic problems, piezo­
electric pickups consisting of quartz or barium titanate had previously 
found their way into numerous applications for the measurement of 
vibrations, shock intensities and stress waves. However, similar light­
weight instruments that could handle dc or near-dc signals as well as 
dynamic ones were yet to be found. Piezoresistive semiconductor mate­
rials do just that. The present paper is intended to give a summary of 
established facts about them and indicate some of their potentialities. 

The history of research in piezoresistive phenomena dates back to 
the 1920's, when some of the earliest observations were made by Bridg­
man on single and polycrystalline metal specimens.1

,2 These results were 
augmented by several contributions in the 1930's from Allen and Cook­
son,3-7 who measured the effects that were subsequently utilized in wire 
strain gages. To the authors' knowledge, the first piezoresistive measure-

705 
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ments on semiconductors were made in 1953 in connection with basic 
research for the transistor technology.8.9 From this point on, further in­
vestigations of piezoresistance in semiconductors were carried on very 
actively in an experimental directionlO-15 and along theoreticallines.13.16.17 
Shortly after the original measurements, efforts were made toward ap­
plications of the phenomenon, and these have continued ever since as one 
of the device technologies that evolved from the original work in tran­
sistor development.18-26 

We begin this review with a simplified account of the essential solid 
state theory and its experimental corroborations. This sketch of exist­
ing knowledge is intended for the experimentalist concerned with strain 
transducers and does not make any claims regarding novelty. It merely 
outlines the basic thoughts and gives references for additional detail. 
The remainder of the paper covers several applications of piezoresistive 
transducers at room temperature, and then proceeds to a discussion of 
strain gage applications at various temperatures. 

The authors are indebted to W. P. Mason, C. Herring, R. N. Thurs-
+An P n'Pan'on T ~ ('IAll-..+nlHT_PpO++ onrl 1~T T. H'alrlTYlonn fAP haln 
VV.L.1., .L\J. '-" .LIlJV6L-li.1..1., u. ~. '-...IV\A...I.. V.I..l.V.) ..L ..LC.AJUV, l.AI.L.l.\.A. " ............ ..L V.1.\.A.I..1..A.l.AJ.I..I..I...L .LV"'" .1...1.\....1.1.1-' 

and suggestions, and to several previous authors in this field for permis­
sion to use some of the material listed in the references at the end of this 
paper. 

II. PIEZORESISTIVE PROPERTIES OF SEMICONDUCTORS 

2.1 Phenomenological Description 

From routine applications of Ohm's law, we are used to thinking of 
the relation between potential difference and current as involving only 
a scalar constant of proportionality, the resistance, between the vectors 
V and I. This is trivially obvious for a unidimensional conductor such 
as a link in some circuit. If we restate the situation for conduction in a 
three-dimensional medium, however, then the current density vector, 
i, generated by a potential gradient, E, will not in general have the same 
direction as the latter unless the medium is isotropic or cubic; i.e., 
i = (1/ p)E if the resistivity p is the same in all directions within the 
conductor. For mono crystalline conductors this is not necessarily the 
case; i.e., the current vector resulting from an impressed voltage gradient 
is not colinear with the latter and, conversely, if some specified i is main­
tained in the material the attendant E is not colinear with it. We may 
formulate this situation more concisely by identifying the components 
of E and i with numeric subscripts indicating the directions of orthogonal 
crystal axes. Then EI = Pnil + P12i2 + Pl3i3 , etc., where the first sub-
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script for each Pij indicates the field component it is contributing to, 
and the second subscript identifies the current component making the 
contribution. In literal notation and using the summation convention, 
we have 

(1) 

where all subscripts have the range 1 to 3. Only if Pij = 0 for i ~ j 
and Pn = P22 = P33 = P does the medium provide isotropic conduction. 
Such is indeed the case for unstressed germanium and silicon, which 
possess a cubic crystal structure. 

We now generalize the relation (1) to allow for piezoresistive effects 
due to a set of stresses Tkl , where Tll , T22 , T33 are normal stresses along 
crystal axes and T 12 , T13 , T 23 the shear stresses in this coordinate sys­
tem. Then, 

(2) 

where 7T'ijklTkl are the stress-dependent contributions to the resistivity. 
The proportionality constants 7T' are characterized not only by i and j, 
as was the zero-stress resistivity, but also by k and l, which relate each 
of them to a particular stress component Tkl • Clearly, (2) could be 
treated as a tensor relation, but, since we do not expect to carry out 
many operations on it during the following discussion, not much would 
be gained from this formalism. We shall, however, find it convenient 
to use the following contractions for various combinations of subscript 
values: 

111".) 1, 

22 I".) 2, 

33 I".) 3, 

23 I".) 4, 

13 I".) 5, 

12 I".) 6. 

Utilizing the fact that the zero-stress resistivity for germanium and 
silicon is isotropic, we now introduce a new set of piezoresistance coeffi­
cients 7T'st such that, for example, 

P7T'll = 7T'1l11 ; P7T'12 = 7T'1122 ; p7T' 44 = 27T'2323 • 
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If one finally observes all the symmetry conditions and the vanishing 
of certain 7rs t , 

20 one finds the following array for them: 

s\t 1 2 3 4 5 6 

1 7ra 7r12 7r12 0 0 0 

2 7r12 7ru 7r12 0 0 0 

3 7r12 7r12 7ra 0 0 0 
(3) 

4 0 0 0 7r44 0 0 

5 0 0 0 0 7r44 0 

6 0 0 0 0 0 7r44 • 

The explicit form of (2) then becomes 

El = i l [l + 7rllTl + 7r12( 'P2 + T3)] + 7r44(i2T6 + i3T5 ), 
p 

!!.3. = i 2[l + 7rllT2 + 7r12( Tl + T3)] + 7r44( ilT6 + i3T4 ), (4) 
p 

E3 = i 3[1 + 7rll'P3 + 7r12( Tl + T2)] + 7r44(iI T 5 + i2T4). 
P 

We note that the second terms in the right-hand sides, 7rllTdl, 7ruT2i2 
or 7rllT3i3 , represent the piezoresistive effect as we know it from wire 
and foil gages. It is the effect of a stress in the direction of current flow 
on the potential drop in that direction. The additional terms in (4) 
simply reflect the more complicated behavior of the stressed lattice, 
which exhibits piezoresistive "carry-over" into Ei from stress compo­
nents other than T i . 

In many applications of semiconductor transducers one is indeed con­
cerned with the relation between a uniaxial state of stress T' and i' and 
E' in the same direction, where the latter, however, is not necessarily 
along a crystal axis, but exhibits the direction cosines l, m, n with respect 
to 1, 2, 3. The desired relation, based on the fundamental ones in (4), 
follows from 

i l = li', 

Tn = Z2T', 

i2 = mi', 

T22 = m2T', 

i3 = ni'; 

T33 = n2T'; 
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and 

'1\a = lnT', Tn = mnT'; 

which we substitute into (4). Using the results in 

E' = lEI + mE2 + nEa, 

we can obtain 

709 

E'." 2 2 2 2 2 2 - = ~ {I + T [7rll + 2 ( 7r 44 + 7r12 - 7rll) (l m + l n + m n )]} 
p (5) 

= i'[l + 7r lT']. 

If (7r44 + 7r12 - 7rll) ~ 0 and 7rll and (7r44 + 7r12 - 7rll) have the same 
sign, or if I 7r44 + 7r12 - 7rll I > 3 I 7rll I, it can be shown that I 7rl I ex­
hibits maxima at l = m = n = ±0a, i.e., along the [111] axes. Other­
wise, the maxima occur along the crystal axes. 

Besides uniaxial stress in the [111] direction, we shall be interested 
in the effects of shear stresses T 4 , T 5 , T6 alone. We observe from (4) 
that they produce a piezoresistive effect by virtue of 7r44. In the event 
of hydrostatic pressure, finally, we note that T I = T 2 = T 3 = - p and 
T 4 = '1\ = T 6 = 0, so that 

E = pi[l - p(7rU + 27r12)]. (6) 

Some typical values for the adiabatic piezoresistive coefficients of 
germanium and silicon at room temperature are given in Table 1.9 

The dimensions for the 7r follow from (4). (ml) 111 is a so-called elasto­
resistive coefficient, which is computed from (7rl) 111 by means of Young's 
modulus in the [111] direction. Since it represents ~p/p€, where € is the 
strain in the [111] direction, it is analogous to the "gage factor" defined 
for strain gages of the wire or foil type. We note that all these factors 
in the above table are considerably larger than a typical value of 2 for 
commercially available strain gages. This explains the current interest 

TABLE I 

7C, in 10-12 cm2 per dyne 
(1111)111, 

Material p, in ohm-em dimension-
less 

7Cll 7C12 7C4I (7CI) 111 

Germanium, n-type .. 16.6 -5.2 -5.5 -138.7 -101.2 -157 
Germanium, p-type .. 1.1 -3.7 +3.2 +96.7 +65.4 +101.5 
Silicon, p-type ....... 7.8 +6.6 -1.1 +138.1 +93.6 +175 
Silicon, n-type ....... 11.7 -102.2 +53.4 -13.6 -7.6 -133 
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in semiconductor gages for applications around 25°0 and possibly at 
elevated temperatures. We also notice that the first three materials in 
the table possess rather small 7r11 and 7r12 in contrast to 7r44 • For n-type 
silicon the situation is, however, reversed. The coefficient for hydrostatic 
loading, 7rll + 27r12 according to (6), is rather negligible in all of these 
semiconductors. We finally observe that all entries in the table are for 
bulk materials; i.e., they do not account for dimensional changes of a 
transducer due to applied strain. In the following, we sketch the explana­
tion of these phenomena by solid state theory. 

2.2 Physical Explanation 

Fig. 1 illustrates some of the simplest ideas concerning the lattice 
structures of crystals. Although modern theories combine the concepts 
of statistics and quantum mechanics to represent the motion and energy 
content of a particle by wave functions, it will be adequate for a plausible 
description of piezoresistance to think of electrons in a corpuscular fash­
ion. Fig. 1 (a) illustrates the process by which "holes" and free electrons 
are generated or cancelled in a lattice structure by separation of an 
electron from its regular location in the structure of lattice bonds or by 
its "falling into" some "open" bond. In the lower left part of the figure 
we indicate the energy of the freely moving electron as that of the 
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Fig. 1 - Schematic diagram of solid state lattice. 
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conduction band and the energy level in a closed bond as the valence 
band. The differential energy (1.11 ev for a silicon lattice) is liberated 
in the cancellation or absorbed in the generation of an open bond. Fig. 
1 (b) illustrates the state of affairs in the presence of a "donor" impurity 
in the lattice whose extra charge (one electron for arsenic) lacks rela­
tively little energy (0.054 ev) to be raised into the conduction band 
and become a free electron. Conversely, the presence of an "acceptor" 
impurity offers an open-bond level which could be reached by some 
valence electron at the absorption of very little energy (0.08 ev for 
boron as acceptor), thus leaving a hole in its original location. These 
two processes constitute the basic transport phenomena in semicon­
ductors. 

Consider now in more detail the energy state of an electron in or above 
the conduction band. Quantum mechanics permits us to associate sepa­
rate wave numbers k1•2•3 with the components of its motion in the direc­
tions 1, 2,3. In some media (e.g. a silicon lattice) it is possible for an elec­
tron to achieve a minimum energy which it requires to remain in the 
conduction band by several combinations of k1' k2 and k3 . These com­
binations are referred to as band edge points, since they constitute lower 
bounds for the energy required of a free electron. Fig. 2 shows such 
points in "k-space" for n-type silicon, where this space is resolved into 
components corresponding to the directions of crystal axes. An electron 
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with slightly more energy than is required at a band edge point may 
possess such energy by a variety of combinations in k1 ,2,3 that describe 
a constant-energy surface about the band edge point. A family of such 
surfaces, centered on a band edge point, describes a so-called energy 
valley in k-space. In the case of silicon and germanium, these families 
consist of prolate ellipsoids of revolution that are aligned with the crystal 
axes. Since there are several band edge points, we speak of a multivalle1f 
model. The fact that the constant energy surfaces possess principal axes 
of unequal lengths may be interpreted to mean that the components of 
effective mass and mobility, /ll,2,3 , of an electron or the components of 
conductivity, 0"1,2,3 , in such a valley arc different in the three principal 
directions. (In Fig. 2 we indicate mobility parallel to a crystal axes by 
/lll and transverse to the axis by /l.l. .) Consequently, these electrons 
make anisotropic contributions to the total conductivity of the lattice. 
If, however, all ellipsoids have the same proportions and all valleys are 
equally populated with electrons, the over-all conductivity of the lattice 
will be isotropic, as we have already observed for silicon and germanium 
in the unstressed state. The formulation of the above ideas in mathemati­
cal terms is known as mobility theory. * While this theory is advanced 
enough to account for the effects of impurity concentration, it also gives 
an adequate explanation of the variations of zero-stress resistivity with 
temperature (see Fig. 4 of Ref. 16). An experimental family of resistivity 
versus temperature characteristics for n-type silicon with various con­
centrations of phosphorus impurities is given in Fig. 3. 

The theoretical treatment of piezoresistance now proceeds from the 
ideas of the multivalley model. It can be shown that the application of 
an anisotropic stress condition changes the relative energies, and hence 
changes the populations of these valleys. Thus, if a lattice started out as 
an isotropic conductor due to equal populations in the valleys at zero 
stress, an anisotropy is impressed on the total conductivity in the stressed 
state by the valleys which now attract the majority of electrons. Again, 
these ideas are treated in full detail in Ref. 16 (pp. 251-258 and Appen­
dix C) and the resulting expressions for 7rs t yield relative magnitudes 
that are in essential agreement with Table 1. Since the present theory 

* Our lattice model serving as a basis for this theory is really a so-called simple 
multivalley model, in contrast to so-called degenerate single and multivalley 
models where the families of constant energy surfaces possess branch points. The 
relaxation time, T, connected with electron mobility is only assumed to be a func­
tion of energy so that Maxwellian statistics are applicable. This simplification is 
adequate for a treatment of intra- and intervalley scattering due to acoustic ex­
citation and neutral impurities, but not for cases involving highly anisotropic 
effective masses and subject to ionized-impurity scattering. A full treatment of 
this theory is given in Refs. 16 and 17. 
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neglects certain minor effects of strain on the conductivity, it predicts 
that dilations along [100] directions will produce no piezoresistive effect 
in lattices with valleys on [111] axes since by symmetry the effect of the 
strain is the same on each valley. By the same token, no aggregative ef­
fect will be observed from strain in the [111] direction on material with 
valleys in the [100] direction. In the former case 7rn - 7r12 = 0 and in the 
latter 7r44 = O. Allowing for the fact that, in the absence of simplifications, 
no exact zeros will occur among piezoresistive coefficients, we observe 
from the experimental data in Table I that n-type germanium, for exam­
ple, belongs to the first class, while n-type silicon is of the second kind. 
The theory also indicates a temperature dependence of 7rs t according to 
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liT, which is experimentally confirmed for 1ru in n-type silicon by Fig. 4. 
( Note that X has been used only in this figure to indicate stress in place 
of T' or Tkl in order to avoid confusion with temperature, T. The recipro­
cal temperature dependence is quite exact in the temperature ranges 
where either intravalley or intervalley scattering predominate. Be­
tween these, the dependence is more complicated.) 

III. GENERAL APPLICATIONS OF SEMICONDUCTOR STRAIN TRANSDUCERS 

In the development of piezoresistive transducers, numerous embodi­
ments other than strain gages had been worked on before the latter 
were being considered as self-contained units, to be applicable under a 
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great variety of test conditions. We shall, therefore, treat these earlier 
applications in the present section. 

To the authors' knowledge, the first use of piezoresistive semiconductor 
elements for measuring strain was made by Bateman and McSkimin18 

at the suggestion of W. P. Mason, when they constructed a so-called 
bimorph cantilever unit, consisting of two bonded semiconductor lamel­
las, to measure small forces acting on the end of this transducer and sub­
jecting it to flexure. By that time it was known that p-type silicon, and 
p- and n-type germanium exhibit large gage factors in the [111] direction, 
while n-type silicon is sensitive in the [100] direction, as was shown in 
Section II. If the circuitry surrounding a transducer is designed to pro­
vide a constant bias current, then the voltage change across the element 
will be the piezoresistive signal and can be expressed as 

~v = IRGe, (7) 

where 

I bias current, 
R nominal resistance of the transducer, 
G = gage factor, 
e = mechanical strain. 

Burns19 subsequently used bimorph units and elements under axial 
stress in the construction of microphones. With a bimorph unit, the cir­
cuitry of Fig. 5 was employed, where the two elements constitute a 
tension and a compression arm, respectively, for the bridge, thus dou-
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AMMETER 
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Fig. 5 - Electrical and mechanical arrangement for bimorph microphone (from 
Ref. 19). 
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bling the total signal. One pair of diagonal points of the bridge loop was 
controlled by the external bias circuit, the other served as signal output 
terminals. In this experimental configuration, the bimorph unit was 
made to support with one end the apex of a conical diaphragm and was 
suitably clamped at the other. Electrical connections were made by 
rhodium-plating the ends of the semiconductors and welding gold wires 
to them. Armstrong A-I cement served as an insulating and bonding 
agent between the two halves of the bimorph unit. In the case of axially 
loaded elements, the technological details were quite similar, but with 
the transducer directed normally toward the center of the diaphragm. 
The dimensioning of both microphone configurations was designed such 
that the first natural frequency of the instrument was adequately high 
for practical applications. The merits of a piezoresistive rod microphone 
lie in the fact that it uses only about one-fiftieth of the power and one­
tenth the current required to operate a carbon microphone for the same 
ac power output from a given acoustic power input. 

Further uses of axially loaded and cantilver clements as dynamom-
I 1 1·1 I I I 1 1 1\ tr 1 rnl I 20 T 

eLert5 unu UUULUIlleLert5 were t5ugget5LeU uy lVIUt5Un UUU IIlUrt5LUIl. III 

addition, a torsional transducer was developed, [!.s illustrated in Fig. G(a). 
It consisted of a cylindrical rod, built in at the left end and subjected 
to a torque at the right so that T l1Z was positive on the front (x > 0, 
z = 0) and negative on the back (x < 0, Z = 0). If now the transducer 
is made out of n-type germanium with [100] along the y-axis, and bias 
currents il1 are transmitted from the electrode 3 to 5 and G to 4, then 
the large piezoresistive shear coefficient 71"44 of this material will produce 
positive Ez along the front and back of the germanium cylinder; i.e., 
Ez = P7r44il1Tl1Z by an adaptation of the third equation in (4). This 

z 

Ezoc Ly Tyz 

(a) (b) 

Fig. 6 - Schematic diagram of torsional transducer (from Ref. 20). 
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Fig. 7 - Experimental embodiment of torsional transducer (from Ref. 20). 

voltage can be read as an output signal between terminals 1 and 2. The 
spa tial relation between iy , T yz and E z is ill ustra ted further in Fig. 6 (b) . 

An experimental transducer of this kind is shown in Fig. 7. The right 
end of the germanium rod is fastened into the upright end plate, while 
the left end is free to rotate under the torque produced by weights that 
are hung from the crossarm. Calibration curves for this device under 
different bias currents are shown in Fig. 8. We note that these data in­
clude the effect of cantilever bending in the rod, since the experimental 
setup subjected the germanium rod to a transverse force in addition 
to the torque. We also observe that its sensitivity might be improved 
if the rod were made bimorph with an insulating bonded interface in 
the yz-plane, which is bridged only by the electrodes 1 and 2. Thus, the 
parasitic currents from 3 to 4 and 6 to 5 would be eliminated. 

Since the work conducted during the thirties on piezoresistive effects 
under hydrostatic pressure, not much attention had been given to this 
state of stress as a possible signal generator. In 1956, however, Flaschen, 
Sauer and Potter21 discovered that lanthanum-doped barium strontium 
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Fig. 8 - Characteristics of torsional transducer (from Ref. 20). 

titanate showed rather high piezoresistive sensitivities. Luer22 investi­
gated its suitability as a hydrostatic pressure pickup, using material 
with a positive ion ratio of 0.600 barium, 0.397 strontium, 0.003 lantha­
num. A pellet-shaped piece of BaSrLaTi02 was wetted with a layer of 
indium-gallium amalgam on its top and bottom surfaces and copper 
terminals were immersed into the amalgam. As an alternative terminat­
ing technique, nickel plating could be used to produce a surface to which 
wire terminals were bonded. Exploratory tests immediately indicated 
that this transducer was not only pressure sensitive but also showed 
strong response to temperature changes. Using an ice bath and other 
precautions, the isothermal calibration curve of Fig. 9 was obtained, 
which indicates that .t::.R/ R per 1000 psi was 2.5 per cent. Thus, the 
device was about 50 times as sensitive as commercially available load 
cells. It remains to be seen, however, whether convenient techniques for 
temperature control or compensation can be developed to make this a 
versatile miniature pressure gage. 

An embodiment of piezoresistive elements for use as an accelerometer 
has been developed by Courtney-Pratt and Mason.23 Fig. 10 shows the 
accelerometer frame with a seismic mass suspended in its center by a 
pair of sensing elements that are stressed axially in the y-direction. Ad­
ditional pairs may be added in the x- and z-directions to form a tri-axial 
transducer. 

The use of very small piezoresistive rods, similar to naturally grown 
whiskers, in dynamometers and extensometers has been pursued further 
by Forst and Geyling.24 Fig. 11 shows the way in which germanium 
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Fig. 9 - Schematic diagram and calibration curve of hydrostatic transducer. 

rods with a 0.006-inch-square cross section were cut from an ingot in 
the [111] direction. After a 0.007-inch slab had been cut from the ingot, 
this was given a series of notches in the [111] direction and to a depth of 
0.006 inch [Fig. 11 (c)], whereupon the opposite side of the slab was 
lapped down until the material separated into the square rods [Fig. 
11 ( d) ]. * Several ways of attaching gold lead wires to the ends of such 

FRAME- ...... 
" 

Fig. 10 - Schematic diagram of accelerometer. 

* With preliminary equipment it was found advisable to use a slab thickness of 
0.015 inch and notch depth of 0.012 inch. The final dimensions of 0.006 X 0.006 
inch were then obtained by lapping both sides of the work piece in Fig. 11 (d). 
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Fig. 11 - Method of cutting germanium rods. 

rods were attempted, including such techniques as gold-plating the ends 
of the rods and then soldering to them, as well as sintered bonds and ther­
mocompression bonds. None of these are fundamentally impossible, and 
they could be developed into a routine technology. The easiest for labora­
tory work, however, turned out to be a simple fusion process, which was 
carried out somewhat above the germanium-gold eutectic temperature. 
A rod was placed on a piece of flat stock with a pair of gold 
wires stretched taut across its ends or held down by a retaining spring 
(Fig. 12) to insure good mechanical contact and to hold the rod in 
place. Upon heating to 410°C in a nitrogen atmosphere, flow occurred 
between the germanium and the gold, producing the terminations shown 
in Fig. 13. Due to a 0.1 per cent doping of antimony in the gold wire, 

Fig. 12 - Method of fusing gold to germanium. 
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Fig. 13 - Experimental germanium rod and terminations. 

these terminations were purely ohmic. As is evident from this discussion, 
more can be done to mechanize the fabrication of these basic elements 
and to increase the yield in matched pairs which act as "pickup" and 
"compensator." Fig. 13 also shmvs that refined cutting and etching 
techniques should produce rods with a better surface finish and possibly 
fewer dislocations, so that the maximum tensile strain in these elements 
could be increased considerably. At present, the basic techniques are 
being extended to the use of silicon rods. 

The n-type germanium that provided the first experimental elements 
was manufactured with a zero-stress resistivity of 0.03 ohm-cm, so that 
a rod of 0.006 X 0.006-inch cross section and 0.25-inch length had a 
basic resistance of approximately 100 ohms. This was arranged for con­
venient use of the SR-4 indicator with these elements. Another advantage 
of this low resistivity lies in the fact that semiconductors with low p 

show less internal contact noise in low-frequency applications than does 
material with high p. 

Fig. 14 shows an application of such rods in a tensile extensometer. A 
tension specimen, h, is held between the grips, g, which transfer the 
differential motion between gage points on the specimen, i.e., the tensile 
strain, through the sliding bars f and e to a cantilever-flexing bar of spring 
steel, k. The structure a,b,c serves to hold the ball bushings, d, which 
guide the bars f and e. Safety collars, i and if, on the sliding bars guard 
against specimen failure. The steel spring, k, carries longitudinal ger­
manium rods on its top and bottom face. These are attached with 
Araldite CN502 room curing cement, which also serves as insulator. 
The wiring post, m, supports the lead wires, and the germanium rods 
are connected into the SR-4 indicator as "active" and "compensating" 
transducers, to produce twice the signal of a single element. 
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f e 

9 

Fig. 14 - Piezoresistive extensometer. 

The first experiments immediately showed that these highly sensitive 
transducers introduced considerable noise into the signal, due to en­
vironmental vibrations, draft and varying thermal conditions. Since the 
present experiment did not call for all the sensitivity available, each ele­
ment was partially shunted out to reduce its sensitivity to 10 times that 
of a wire or foil gage and make the noise negligible. Fig. 15 shows typical 
calibration curves for this extensometer, which were run by controlling 



SEMICONDUCTOR STRAIN TRANSDUCERS 

2 x 10 3 

GERMANIUM RODS, 
/ 8211 EACH 

1'-4. 
3 \_:;=-~~~ 

I 
DEFLECTION -_/ 

x 2 DAY CURE 

o 3 DAY CURE 

t:. 4 DAY CURE 

4r----.----,----.----~----+_--_,----~~~~L-~ 

5~---+----~--~-----L----+----+--~~~~~--~ 
WITH 17.8.Cl 

SHUNT RESISTORS 

~ 6 189 GRAD/O.OOI IN. ---_f-~~F--~--+-----+__--_l 
o 187 GRAD/O.OOI IN. --_ ...... 
~ 179 GRAD./ 0.001 IN. --

~ 7r-__ -+ ____ 1~6-5-G-R-A-D~/-0.-0-01-I~N-.~-~~~~----~----~--~ 
e{ 
a:: 
t!) 

~ 8r----+----1-----r-~~~--+_--_4----~--~~~~ 

l­
e{ 

~ 
Q 9r----+----1-~~L---~----+_--_4~~~~~~--~ 
Z 

~ 
I 
a::l0r----+~~4_--~~--~--~~~~----~----~--~ 
(/) 

l11---.o'7V'--+-----+------h~~-

12 r----+--7'9:~.t':......-~.2...--'-::O'~ --- 115 GRAD./O.OOI IN. 
" " ---- 125 GRAD./O.OOI IN. 
-',_ --- 129 GRAD./O.OOI IN. 

13~~-+ ____ 4-____ ~ __ -+-_-_-_-_1~3-0-G-R-A~D~./-0.-00-1-I~N-.---+--~ 

14~--~----~----L----L----~--~-----L----L---~ 
o 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045 

DEFLECTION IN INCHES 

Fig. 15 - Calibration of extensometer. 
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the relative motion of the gage points, g, with a micrometer and using 
the arbitrary value of G = 2 on the gage factor dial of the indicator. 
Sensitivities of 189 indicator divisions per mil of extensometer move­
ment and 130 divisions per mil compared favorably with the 14 divisions 
per mil obtained when A-7 wire gages were used in place of the germa­
nium rods. The shakedown observed in the curves and the fact that some 
loss of sensitivity occurred with rising ambient temperature indicate 
that creep and elastic deformation in the bond of the germanium rods 
is a problem to be kept in mind.24 

In cases where extremely rigid devices are needed for the measure­
ment of small tensile or compressive forces, the semiconductor elements 
under axial load are, at present, the only transducers sensitive enough 
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Fig. 16 - Tension dynamometer. 
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Fig. 17 - Compression dynamometer. 

for this purpose. Figs. 16 and 17 show a tension and a compression 
dynamometer each with an active element in line with the load and 
the compensator in a monolithic extension of the encapsulation but 
designed to be strain-free. Typical sensitivities of these transducers were 
544 and 637 divisions per pound (with G = 2.00 on the indicator). Of 
course, these sensitivities may be increased further by decreasing the 
active cross section of the encapsulation. 

In closing this section, we note that nearly all the embodiments that 
were mentioned exhibit negligible deformations in the course of generat­
ing a signal. This may be a decisive factor in their application to dynamic 
problems, where resonances and self-sustained vibrations in the instru­
mentation must be avoided. 

IV. STRAIN GAGE APPLICATIONS 

After most of the devices in Section III had been developed,25 interest 
shifted to strain gage applications of semiconductor elements. The two 
main problems in using semiconductor rods for this purpose are: (a) 
the mechanical one of making a piezoresistive element follow the surface 
strain of the specimen it is attached to and (b) the task of accurately 
determining the temperature response of the transducer and compensat­
ing for it. 

4.1 Bond Rigidity of Strain Gages 

In order to make a sensing element represent the true deformation of 
a test model, one must first of all insure that the semiconductor material 
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is capable of undergoing the strains to be measured. Indeed, germanium 
and silicon, if machined carelessly, will show little resilience and a rather 
low ultimate tensile strain. We have already remarked, however, that 
the maximum allowable strain may be increased substantially by proper 
surface treatment. Some information on proper machining techniques 
for semiconductors is contained in Ref. 26, and further work along these 
lines is in progress. 

The second problematic aspect of mechanical gage performance is 
the adhesion of sensing elements to the model surface. We noted in Sec­
tion III that some tests (Fig. 15) gave evidence of deformation in the 
gage cement. This is hardly surprising if resins are used for the bond and 
one may expect a noticeable increase in creep with rising temperature. 
For so-called high-temperature applications some special bonding agent 
will have to be used. 

The currently most popular high-temperature cement for strain gages 
is Allen PBX. It requires a curing cycle with soaking periods at 200°F 
and 600°F. Since germanium has a thermal coefficient of expansion of 
""6 X 10-6 

per °C and most structural steels have a "" 12 X 10-6 per 
°C, some special precautions will be necessary in mounting semiconductor 
gages on ferrous specimens. Laboratory tests have so far been restricted 
to Kovar test models where a = 5 X 10-6 per °C, and hence there is 
little chance of gage failure during the curing cycle. A typical Kovar 
dumbbell specimen is shown in Fig. 18, and its calib'ration curve, using 
p-type silicon rods at room temperature, is given in Fig. 19. The same 
illustration also lists the sensitivities of these gages at several elevated 
temperatures. 

KOVAR TENSION SPECIMEN 

--- FOIL GAGES (BOTH SIDES) 

-Si. RODS (BOTH SIDES) 

Fig. 18 - Schematic diagram of test specimen for strain gage applications. 
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Fig. 19 - Calibration of test specimen for strain gage applications. 

One way of observing creep in the bond consists of making measure­
ments of gage signal against time at constant strain in the dumbbell. 
As an alternative, one may mount a commercial high-temperature gage 
on the same specimen and, knowing its gage factor, find its strain from 
the SR-4 signal. If the gage creeps, this value should be less than the 
strain of the specimen computed from the load. Of course, there is little 
correlation between the creep of a foil or wire gage and that of a semi­
conductor rod, since the latter tends to have a smaller ratio of surface 
to cross-sectional area-even at sizes of 0.001 X 0.001 inch.* The most 
reliable, but also the most elaborate, instrumentation for measurements 
of bond rigidity would consist of placing a suitable mechanical gage 
(e.g., a Huggenberger tensometer) right on the semiconductor rod and 
comparing its readings with the computed specimen strain. Needless to 
say, slippage of a gage would make its apparent gage factor fall below 
the true one and produce a zero-load signal at the end of a test. 

* Clearly, the small size of natural whiskers makes them attractive for the 
minimization of creep. Their twinning points will add to the bond if they are 
oriented in a way to permit a snug fit of the whisker against the model surface. 
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4.2 Temperature Compensation for Strain Gages 

As we have noted in Section II, the zero-stress resistivity as well as 
the piezoresistive coefficients of a semiconductor change with tempera­
ture. If we are to use these transducers in an extended range around 
room temperature, not to mention regions like 200°-600°0 as required 
by many applications, both phenomena require compensation. 

Fig. 3 indicates the change of p with T for n-type silicon, which is the 
phenomenon one usually eliminates in existing practice by wiring a 
"dummy" gage into another branch of the bridge as a compensator. This 
"dummy" needs to be installed near the active gage, preferably on the 
test model itself, to attain the same ambient conditions, but must remain 
strain-free. Since these two conditions turn out to be antagonistic in 
most high-temperature applications, this method ceases to be a satisfac­
tory solution. To aggravate the problem, the high strain sensitivity 
of semiconductors will magnify the signals from any differential thermal 
strains between the active and compensating elements over what it is 
for wire or foil gages. 

Several courses of action can be taken in this situation: 
i. Subminiature thermocouples are presently on the market that can 

be installed sufficiently close to each active gage to furnish a tempera­
ture signal along with the strain reading. These temperature data can 
be turned into a correction of the strain reading through the known p 

versus T characteristic of the semiconductor. This may be done either 
manually or by a compensating adjustment in the indicator circuitry. 
More elaborate instrumentation might even feature automatic control 
of this adjustment by a servo. 

ii. If the p versus T characteristic is difficult to represent with suffi­
cient accuracy in the automatic version of scheme i, we might return 
to the conventional setup involving a compensating gage. But this ele­
ment might be contained in a separate furnace whose temperature is 
automatically steered to match the thermocouple signal from a given 
active gage. 

iii. A third possibility consists of making compensating elements out 
of semiconductor material with the same p versus rp characteristic as 
the active gages but cutting these eompenHators along the axis of mini­
mum piezoresistive sensitivity ([111] for n-type silicon, and [100] for 
p-type silicon and p- and n-type germanium). Each gage installation 
would consist of a closely spaced parallel pair of elements (one "active" 
and one "dummy"), which are to be wired into opposite branches of 
the indicator. Thermal signals cancel in the usual way, since cubic lat­
tices exhibit isotropic zero-stress resistivity (i.e., the same p on [111] 
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and [100]), but the greatly different piezoresistive coefficients of the two 
rods would still produce a large signal due to mechanical strain. 

In order to compensate for temperature changes of piezoresistive sensi­
tivity, we observe that the coefficients 7rst change according to liT. This 
was shown by Fig. 4 for 7r11 of n-type silicon, where T is in degrees Kelvin. 
Although the response of wire and foil gages has the same form, its factor 
of proportionality is considerably less than for semiconductors, the ratio 
being about one to ten. While the sensitivity decreases, its variability 
with temperature, d7rstldT, also diminishes with T, which constitutes a 
slight consolation for the inventor of compensating schemes. Noone sys­
tem has as yet been envisioned to cover the entire operating range of 
semiconductor elements. In the following, we describe an arrangement 
s~ggested by Mason for compensation over the range of -70° to 
+100°C. 

In the bridge circuit of Fig. 20, let the impressed voltage be El and 
each of the branch resistors be a strain gage of zero-stress resistance 
Ro , which is, of course, temperature-dependent. Let R6 be large and very 
constant. Then the expression for Eo, the voltage drop across the output 
resistor R5 , may be obtained in the simplified form given in Fig. 20, 
where !::..R is the change in gage resistance due to mechanical strain. If 
only R5 were subjected to temperature variations but all other circuit 

TEMPERATURE IN DEGREES KELVIN 

2.0 r--.-,-_--r_----::.2-j-73=--_,-_--.---=-r.=........y __ ....--_--, 

I. 6 t--~--+-------'---+----+---f-----7L--+--r------r-=---=----l 

0.4 t-----+----t---.---+--J-----+----+--1 

-~2~0~--78~O---4~0~-~O-~4~O--~8~O--1~2-0--~1~6-0--~200 
TEMPERATURE IN DEGREES CENTIGRADE 

Fig. 20 - Proposed scheme for temperature compensation. 
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parameters were held fixed, its voltage output would be the ascending 
curve in Fig. 20. Conversely, thermal changes in R 1 ,2,3,4 would produce 
the descending curve for Eo . The formula indicates that proper choice 
of Rol Rs will provide a cancellation of these effects and will produce an 
output that is compensated within 1 per cent between -70° and 100°C 
at a decrease in sensitivity by the factor 0.:37. This may, for example, 
be accomplished with a nickel resistor for Rs . 

V. CONCLUSIONS AND PROBLEMS FOR THE FUTURE 

The foregoing discussions indicate that semiconductor materials show 
considerable promise for use in a variety of piezoresistive transducers. 
They are capable of handling both dc and ac signals and, due to a sen­
sitivity about 70 times that of wire gages at room temperature, they 
eliminate the need for signal amplification in many situations. Their 
small dimensions permit subminiature embodiments for airborne appli­
cations and installations with severe space restrictions. 

Some open questions regarding slippage and temperature compem,u,­
tion of these gages have already been pointed out in Section IV. To this 
list of current problems we add the need for adequate electrical filters 
to accompany the gages when their full sensitivity is to be utilized at 
minimum interference from noise. A final topic to be investigated is the 
resistance of such elements to mechanical shock and their fatigue char­
acteristics under sustained vibrations. * Clearly, future efforts in the 
manufacture of dislocation-free semiconductor rods or the use of natural 
whiskers will have considerable bearing on this issue. 
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