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pulse, because of restrictions (a) and (b). [There is one exception: a
false command can be constructed out of one true security code and
(7 — 1) false security codes of ¢ pulses each.] Furthermore, ¢j pulses are
needed for the false command, according to restriction (b). Therefore,
if we can show that the false command contains at most 7 true pulses
(one in each of 7 different false security codes), then we are done, for the
(47 — %) or more false pulses needed to make up the balance of the false
command will exceed 7(j — 1) — 1, the number of false pulses we wish
to protect against. Since all the true command spacings are multiples
of f(7), it is sufficient to show that one can select at most 7 false security
codes consisting of one true pulse and (7 — 1) false pulses each, which
are all spaced f(z) apart from each other.

In the preceding section, we listed all the (¢ — 1) possible false se-
curity code starting times (relative to the true security code). If we can
show that exactly 7 of these times are equal to a (mod ), where ¢ = 1,
2, -+, 4 — 1, then we will have proved that at most ¢ different false
security codes can have the proper command spacing. Furthermore, we
will have proved that f(Z) = ¢; and it is clear that this is the smallest
integer it can be.

Consider the following arrangement of the #(¢ — 1) false security
code starting times in a matrix with 7 rows and (¢ — 1) columns:
T T A A B TT SR B N
b tat g, or ooty e b, — b
Iy, to bty oo el e by, —t, — (b + )
by —lica, = (licg + i), o+ oo, = (it oo L)
—tia, = (i + ti), o0 oy = (B4 i),
= (b + -+ ).

If the integers in each row are reduced modulo ¢, they will be a per-
mutation of the integers 1, 2, - -+ , 7 — 1. We prove this by showing that
the opposite conclusion leads to a contradiction. If two integers in a row
are both equal to the same integer mod 7, then their difference is equal
to 0 mod 7. But their difference is contained elsewhere in the matrix,
which contradicts the assumption that no starting times are 0 mod <
[restriction (b) above]. Since we have proved that each row is a per-
mutation of the first (z — 1) integers, it is clear that the matrix con-
sists of 7 starting times equal to a(mod ¢),a = 1,2, ---, ( — 1).
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It is not too difficult to actually find security codes satisfying restric-
tion (b). For example, consider the security code (f; = 1,f = 2, = 3).
We have

+4H= +£1 = 1 mod 4, 3 mod 4;
+i, = £2 = 2mod 4, 2 mod 4;
+i = +£3 = 3mod 4, 1 mod 4;
£t + t) = £3 = 3mod 4, 1 mod 4;

+(l; + ;) = £5 = 1 mod 4, 3 mod 4;
+(h+t+ t3) = =6 = 2 mod 4, 2 mod 4.

There are exactly four starting times for each of the three values of a.
Note that this security code does not satisfy restriction (a), but that
(t1= 1,t2= 2+4=6,t3= 3) does.

If £ < jin an 7|7 two-stage code, the above two restrictions on the
construction of security codes should be applied. However, if ¢ > j,
then we automatically have more than the minimum protection
7(j — 1) — 1 against false pulses — the false command can contain at
most 7j — j false pulses (ignoring the one exception mentioned above).
One can trade off this unnecessary additional protection for a larger set
of security codes. To be specific, one can replace the first restriction
with one of the following less stringent restrictions:

(a’) no set of (¢ — k) false pulses, fork = 3,4, .-+ ,7 — 1, can com-
bine with k true pulses to form a false security code.

These single-stage codes have already been discussed in Section II.
For example, if one wishes to construct a 4 | 2 code, then one can use
security codes that protect against only one false pulse (instead of two,
the greatest possible protection).

3.4 Some Typical Interleaved Security and Command Codes

The preceding section presented two restrictions on the security code,
which guarantee that the resulting 7 | j interleaved two-stage code will
be protected against 2(j — 1) — 1 false pulses forming a false command.
Nothing, however, was said about the actual construction of such codes.
This section presents sample codes for low values of 7 and j.

The command codes of an ¢ | j code are restricted to the spacings 1,
27, 3z, --- and are constructed according to the methods discussed in
Section II. The security codes are constructed by trial-and-error methods
to satisfy the two restrictions. For 7 = 2, the odd integers all form se-
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curity encodings. For 7 = 3, the pairs (1, 4), (2, 5), (4, 7), (5, 8), - --
and their reverses are legitimate security encodings. In general, such
encodings must be of the form (4, t:), where ¢; # &, and (4, &) equals
(1 mod 3, 1 mod 3) or (2 mod 3, 2 mod 3). For ¢ = 4, the triples (1,
5,9), (2, 1,6), (1, 6, 3), (2,3, 6) and (6, 5, 2) are examples of short
security encodings. In general, these security encodings must be of the
form (1, 2, £3) where none of the integers t; , &, &, ; + £, t» + t; are
equal, and (4, &z, £;) is in one of the following forms: (1 mod 4, 1 mod
4,1 mod 4); (2 mod 4, 1 mod 4, 2 mod 4); (1 mod 4, 2 mod 4, 3 mod
4); (2 mod 4, 3 mod 4, 2 mod 4); (3 mod 4, 3 mod 4, 3 mod 4) or (3
mod 4, 2 mod 4, 1 mod 4).

These interleaved two-stage codes can be regarded as minimum-length
codes in the following sense: given that the command codes are restricted
to the integers f(z), 2f(¢), 3f(¢), - - , then

(a) f(7) is equal to its minimum value 7;

(b) the longest command code is as short as possible; and

(¢) the security codes are as short as possible.

Assuming that one wishes to protect against a given number of false
pulses, which ¢ | j code should one select? The answer depends upon the
relative importance of minimizing the number of pulses 4 in the code,
and keeping the longest command delay line as short as possible. There
are two possible ways to balance these factors against each other:

(a) apply the methods used in one-stage codes (Section II) to the
command code;

(b) change the values of both ¢ and j; codes with large ¢ and small j
have shorter delay lines and more pulses, while codes with small ¢ and
large j have the opposite characteristics.

Let us illustrate these ideas with a few simple examples. Assume that
we wish to transmit six commands. The 2 | 3 and 4 | 2 codes both provide
protection against at most three false pulses. The number of pulses per
command is six and eight, while the maximum delay-line length is
19(2) = 38 and 6(4) = 24, respectively. Suppose that one uses a 2 | 4
code but designs the command code so that it is invulnerable to one
false input pulse (no matter how placed) but not two. Then, referring to
Section II, we see that the number of pulses per command is eight and
the maximum delay line is 8(2) = 16.

How do two-stage codes compare with one-stage codes? The only direct
comparison available is the 2 | 2 code with the four-pulse one-stage code
protected against one false pulse: both codes have the same number of
pulses and the same protection against false pulses. The length of the
longest delay line needed is tabled below for various commands:
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Number of commands l

Two-stage code l
One-stage code
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APPENDIX

Relationship to Error-Correcting Binary Codes

There is a certain relationship between the missile guidance one-stage
code problem presented in Section IT of this paper and the error-correct-
ing binary codes that have been extensively studied in information
theory. Suppose that one wishes to transmit any one of a large set of
messages over a binary channel, and suppose that there is a probability
p that a one will be changed to a zero or a zero to a one in the course of
transmission. One can encode the messages in such a way that every
message differs from every other message in at least four places: for
example, 100000, 011100, 111011 and 000111. (If four messages are to be
sent, these are the shortest messages possible.) Note that single errors
can be corrected immediately (111111 must be 111011), and double
errors can be detected but not corrected (110100 can be either 100000
or 011100).

In general, one attempts to encode N messages in lengths as short as
possible so that n simultaneous errors in the encoding can be corrected
(that is, the original message can be identified). Viewed geometrically,
each encoded message has a cluster of closely related correctable mes-
sages associated with it (for example, all messages differing from the
correet one in only one unit). These clusters are packed as tightly as
possible into a binary k-dimensional space (k is the encoded message
length) having a total of 2* points. When the encoded messages are
transmitted, synchronization of some sort must be provided between
the transmitter and the receiver in order that the receiver may know
when each binary message starts. The message length is kept as short as
possible in order to maximize the information rate in the channel.*

The missile guidance one-stage codes of this paper can very easily

* For a detailed discussion of these error-correcting binary codes, see Slepian.!
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be represented as binary messages: each binary digit corresponds to =
time units, and the pulses of the message are represented by ones. For
example, the two three-pulse commands (1, 6) and (2, 3) become
(11000001) and (101001). To make the representation more precise,
the shorter messages can be extended with zeros so that all messages are
of equal length.

There are two differences between the missile guidance single-stage
codes and the error-correcting binary codes; both are discussed in the
paragraphs below. The first difference is concerned with synchronization,
and the second with the shapes of the clusters of correctable messages.

A1 Synchronization

The error-correcting binary decoder accepts messages in non-over-
lapping sets of k digits each (where k is the message length). This implies
that some sort of synchronization between the sender and receiver has
been established; otherwise the receiver does not know when to start
decoding. This synchronization is not easy to provide in missile com-
munications, because of the rapidly changing position of the missile
relative to the ground transmitter. Therefore, the missile receiver is
arranged to start decoding any time a pulse (that is, a “one’) is re-
ceived.

Some work has been done on self-synchronized codes. For example,
Golomb, Gordon and Welch® have derived upper bounds for the number
of k-digit messages that can be constructed using an n-digit alphabet.
They require that the set of messages have the property that the final
(k — 2) digits of any message in the set followed by the first ¢ digits of
any message in the set does not form a message in the set. A set of mes-
sages with this property automatically provides synchronization; even
when the decoder looks at all the intermediate “messages”, it recognizes
none of them. However, the work described above has not yet been ap-
plied to error-correcting codes. It is possible, in fact, that self-synchro-
nized error-correcting binary codes may be of limited interest to informa-
tion theorists because of the reduction in the number of messages per
second that can be sent over a channel. However, channel capacity and
rate of information flow are not objectives of the missile guidance codes.

A.2 Clusters of Correctable Errors

The second difference between the missile codes and the binary codes
is the shape of the cluster of correctable errors associated with a given
message. The binary code cluster usually consists of those k-digit mes-
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sages that differ in only a few digits (say, one or two) from the true
message. The missile code cluster, on the other hand, is neither “close”
to the true message nor easy to describe geometrically. It consists of all
k-digit messages that contain ones in n specified places: for example, if
100101 is the message, then 111101, 101101 and 111111 will be decoded
as the message. Obviously, the correctable clusters of different messages
overlap each other. To separate the clusters as much as possible, the
messages are selected so that no member of one cluster with (2rn — 2)
or fewer ones is a member of any other cluster. [This is simply a restate-
ment of the requirement that (n — 2) false pulses added to any command
cannot possibly form a false command.]

In order to visualize these correctable clusters, it is convenient to
transform from the k-dimensional discrete binary space of messages to
the (n — 1)-dimensional continuous space of times between any set of
n pulses (true or otherwise). Let us examine the shape of this cluster a
little more precisely for n equal to low values. For n = 2, the cluster is a
line segment 27 units long* centered on the correct spacing f; . I'orn = 3,
the set of three-pulse messages that will be decoded as a command
(t1, t2) is contained in the polygon of Fig. 6. This figure corresponds to a
delay line that delays the first pulse for a time ¢, 4 ¢, , the second pulse
for a time ¢, , and the third pulse not at all. A set of pulses with original
spacing (#; , t;) will be brought into exact coincidence by this delay line.
The upper right corner of the square has been sawed off because, for
original spacings (t; , t;) in this region, htt>t+t+ 7, and there-
fore the first and third pulses will be separated by more than = after
passing through the delay line.

For n = 4, all decodable messages are contained in the three-dimen-

e —

ta oty ta

e

®
(tiy t2)
t

Fig. 6 — Polygon containing set of three-pulse messages that will be decoded
as a command (¢, , {2).

* The quantity 7 is the discrete command tolerance defined in Section I. In
order for a command to be recognized, the time between the earliest and latest of
the n pulses arriving at the AND gate must be less than .
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Fig. 7 — Polytope containing all decodable messages for n = 4.

sional polytope of Fig. 7. This figure corresponds to a delay line that de-
lays the first pulse #; + & -+ #3, the second pulse #; + #; , the third pulse
t3 , and the fourth pulse not at all.

For n = 4, it can be shown that these polytopes can be packed in
such a way as to fill the space completely; it is probably not difficult to
show that this is true for arbitrary n. The ratio of the volume of the
(n — 1)-dimensional polytope to the (n — 1)-dimensional hypercube
of side 27 (which encloses it) is

n+1
P

f: nln — 1)a" (1 — 2) de =

This integral is equal to the probability that n points drawn at random
from a uniform distribution on (0, 1) will all be located within one-half
of each other.,

To what use can these polytopes be put? In the binary code problem,
one places a message at the center of each polytope and packs them into
the space as tightly as possible. However, in the missile guidance prob-
lem the messages cannot be packed so closely. Consider an n-pulse com-
mand plus (n — 2) false pulses. There are (2n — 2)!/n!(n — 2)! possi-
ble ways of choosing an n-pulse group, and none of these groups (except
for the one consisting of n true pulses) is allowed to lie within any poly-
tope centered on a true command. The polytopes must be very sparsely
scattered through (n — 1)-space.

Let us assume that the true commands are transmitted with timing
errors that are very small with respect to the discrete command toler-
ance 7. (This is ordinarily true in practice; if it were not, some of the
commands might not be received by the missile.) Then, if the true com-
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mands are encoded according to the rules stated in Section II, any false
command consisting of (n — 2) or fewer false pulses will have at least
one spacing that is at least 7 different from any true command spacing.
But the polytope centered on any true command is bounded by the
hypercube of side 27; therefore the false command cannot be decoded as
any true command. In general, if the maximum timing error is ¢, the
commands should be encoded in integral multiples of a basic time-
quantum 7 + e.

It is not possible to relax the encoding rules of Section II to allow for
the fact that we are dealing with polytopes rather than hypercubes. The
reason for this is simple: the polytope intersects each of the 27 faces
of the hypercube.
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Human Factors Engineering Studies
of the Design and Use of
Pushbutton Telephone Sets

By R. L. DEININGER
(Manuseript received February 16, 1960)

From the user’s point of view, what are the desirable characteristics of
pushbuttons for use in 500-type telephone sets? The studies reported bear
on this question and also on questions of how people process information
when keying lelephone numbers. Four categories of design features were
studied: key arrangement, force-displacement characteristics, button-top
design and central office factors. The results indicate that considerable lati-
tude exists for key set design in terms of user performance; however, the
preference judgments are more selective. The studies also showed that the
manner wn which the person acquired and keyed the telephone number
influenced performance appreciably.

Technological progress in recent years has brought pushbutton signal-
ing from the telephone set within sight of economic feasibility. What,
from the user’s viewpoint, are the desirable operating characteristics of
the key set which should guide development and manufacture? And how
do people process information when they key a telephone number?

I. HUMAN FACTORS PROBLEM

Specifically, we would like to know how pushbutton design influences
user speed, accuracy and preference in keying telephone numbers. What
design specifications will maximize these three quantities, and how
critical is it to achieve these maxima? Also, what other factors influence
user information processing in keying telephone numbers? For example:
How does performance improve with practice? Does it matter how the
number to be keyed is displayed? And are there systematic procedures
that users follow in keying numbers?

The design features are discussed in Section IIT and fall into four
groups: (a) key arrangement, (b) force-displacement characteristics, (c)

995



996 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1960

button top design and (d) central office considerations. Observations
concerning other factors in keying behavior are presented in Section IV.

II. EXPERIMENTAL APPROACH

The number of possible key arrangements, force-displacement char-
acteristics and button tops is very large — too large to be tested. A
selection of characteristics was, therefore, made on the basis of prior
knowledge, user expectation and broad engineering requirements, so
that we could examine only the region around an expected maximum.

In general, each series of test sessions extended over three to five days
and compared variations of one or two characteristics, with all other
characteristics being kept constant. At the end of the tests the preferred
values of the individual characteristics were incorporated into a single
key set. Evaluation of this set provided a check on the interactions of
these individual choices and on how well they fitted together.

It was recognized that people’s keying experience with each set during
the three to five sessions in a series would be limited compared to the
years of practice they could get if pushbutton telephones became a
reality. However, methodological studies showed that differences on a
relative basis between key set designs appeared after a comparatively
small amount of experience.

A group of adjustable pushbutton telephone sets was used in the
later studies in the series. To build a telephone set for every change in a
characteristic would have been prohibitive in cost. Such changes were
simulated by use of specially designed universal pushbutton switches
(Fig. 1). Each adjustable telephone set contained ten universal switches
mounted in an arrangement determined by the face plate employed.

Typically, a sample of 10 to 15 employees at Bell Telephone Labora-
tories, Murray Hill, N. J., was drawn randomly for each study. These
people came to a laboratory test room and used two to five pushbutton
telephone sets that differed in several characteristics, keying 10 to 15
standard telephone numbers on a set each day. A different set was used
for each daily session until all the sets in the study had been tried, the
order of use being dictated by the design of the experiment. The number
of individuals used in the later studies was selected to detect small
differences among the average keying times, by considering the power of
the analysis of variance tests involved (Ref. 1, p. 379 and 425). The
error terms for these tests were reduced by removing the effects of
practice and of differences among individuals in the analysis of variance.

On the first day the subjects were told the procedure that would be
followed and were asked to key accurately and quickly, as if they were
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HELICAL
SPRING

CROSS ROD
PLUNGER~ \

~~~BUTTON

Fig. 1 — The universal pushbutton switch. Changes in force-displacement
characteristics were obtained by hand adjustments of the components.

at home or in their office. After trying all conditions in the study, each
person was asked for his preferences and for any suggestions he might
care to offer. The use of employees in a laboratory-type study seemed
justified for two reasons: All comparisons were made within the same
study and presumably under constant conditions, and the field trials
that followed the laboratory studies would serve to check the findings.

When a person keyed a number, his performance was measured on
the equipment shown diagrammatically in Fig. 2. Speed was measured in
terms of the keying time, that is, the time interval from the electrical
contact of the first key depression until the end of contact of the seventh.
Keying accuracy was determined by automatically comparing the num-
ber keyed with the number to be keyed. Provisions were made for ob-
taining more detailed time measures, such as interdigital times and
contact durations.

III. THE DESIGN VARIABLES

3.1 Arrangement of Keys

The arrangement of the keys was specifically investigated in one study
and then checked incidentally in several others. Although other methods
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LRROR KEYING | (MAKE OF 1ST CONTACT TO
ERROR TIME RELEASE OF 7TH CONTACT)
INDICATOR CLOCK
VISUAL KEYED en
NUMBER
INDICATOR RECORDER
—
Pusi- = | 1R ey ORIz PUNCHED PUNCHED A ER
TRANSISTORIZED INCH! REA
CLEPHON SWITCHING  [*|rraNaL ATOR| " | READER || DRIVING
TELEPHONEF— |  EQUIPMENT DRV
"-——NUMBER KEYED——-* —————— NUMBER TO BE KEYED —————— ->l

Fig. 2 — Schematic drawing of equipment for measuring and recording keying
performance.

were used to make the initial selection of arrangements for the study,
performance tests were used to make the final choice because the other
methods seemed inadequate. IFor example, a preliminary study by Lee
and Snodgrass? showed that there was no significant relation between
initial questionnaire preference and subsequent keying performance,
and that 10 of the 20 subjects changed their preferences after using the
pushbutton telephone sets.

Sixteen different arrangements were selected for the first part of this
study. These arrangements were compared by separating them into
groups of three and having a different sample of six employees try all
three arrangements during each of five sessions. The arrangements and
how they were grouped for the study are shown in IFig. 3.

In all the comparisons, only small differences were found in the keying
times and errors, and the most preferred arrangements tended to be the
best in terms of performance. Significant differences in keying times,
errors or preferences were found in four of the six comparisons. Notice
that the arrangement frequently found in ten-key adding machines (ar-
rangement I-A, Fig. 3) was not the best of the first three arrangements
compared. On the other hand, the same geometric configuration with a
different numbering scheme (arrangement 1V-A) was superior in keying
performance when compared in Group IV. However, the performance
differences between the two were small: arrangement I-A had an average
keying time of 5.08 seconds, and arrangement IV-A had an average of
4.92 seconds.



GROUP I

GROUP II

GrRoUP I

GROUP I¥

GROUP ¥

GROUP VI

* SIGNIFICANTLY SHORTER KEYING TIME #SIGNIFICANTLY MORE PREFERRED
t SIGNIFICANTLY LOWER ERROR RATE

Tig. 3 — The 16 arrangements used in the first study, grouped as they were
compared. Two of the arrangements used earlier were compared again in the last
group. Although not shown in the figure, the letter groups usually associated with
the numbers on a telephone dial were also on the button tops. The tops were § inch
square with ¢&-inch-high black letters and numbers on a white background. The
circles shown were 4% inches in diameter.

999
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KEYING TIME PER CENT RANKING RANKING
ARRANGEMENT (SECONDS) ERRORS FOR AGAINST
6.01 2.5 3RD 2ND
THREE~BY-THREE
PLUS ONE
6.17 2.3 15T (MOST) 47TH
TWO HORIZONTAL
ROWS
6.12 1.3 5TH (LEAST) 1ST (MOST)
TWO VERTICAL
COLUMNS
5.90 2.0 2ND | 5TH(LEAST)
TELEPHONE
5.97 3.0 4TH 3RD
SPEEDOMETER

Fig. 4 — The five arrangements compared in the second study. The specifica-
tions listed in the caption of Fig. 3 apply also to this figure.
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The four arrangements found superior in their individual comparisons
and the arrangement similar to the standard rotary dial (Iig. 4) were
used in the next study. In this way, the fastest and most preferred ar-
rangements were compared directly with the standard rotary dial ar-
rangement. The rectangular arrangements had the buttons spaced with
2 inch between centers. The buttons in the circular arrangements were
at the ends of 13-inch radii and were separated by 30°, with the first
and tenth buttons being separated by 90°.

A new sample of 15 employees served in three replications of the
same Latin square experimental design.? No significant differences were
found among the keying times even though the study was designed to
detect a one-half-second difference among the sets in nine out of ten
instances, given the 95 per cent level of confidence and an error term
estimated from the previous study. Similarly, no significant differences
were found among the error rates. It was concluded that any of the
five arrangements was acceptable, but that the arrangement with two
vertical columns of keys should be avoided because it was disliked by
many subjects.

Although either rectangular or circular arrangements were found ac-
ceptable, two of the rectangular arrangements in Fig. 4 offered certain
engineering advantages and were studied further. A subsequent study
showed that the buttons in the three-by-three-plus-one arrangement
could be spaced £ or 2 inch between centers without significant change
in performance (5.56 seconds and 1.7 per cent errors versus 5.54 seconds
and 2.5 per cent errors), although preferences indicated the larger
spacing was more desirable. The buttons in the two horizontal rows
arrangement could be spaced either £ or 3% inch between centers with
little effect on performance (5.33 seconds and 5.8 per cent errors versus
5.63 seconds and 2.5 per cent errors), or on preference.

8.2 Button Tops

The button tops used initially in the adjustable pushbutton tele-
phone sets were marginally acceptable from a legibility point of view
(see Ref. 4, p. 24). Therefore, a study was conducted to assess the effects
of larger letters and button tops on performance and preference. Five
combinations of button-top size, letter size and location number size,
and pushbutton arrangement were compared (see Fig. 5). Gorton con-
densed letters and similar numerals were used in the sets, as were the
stroke widths recommended by Baker and Grether* for the various
conditions.

Fifteen randomly selected employees served as subjects in three 5 X 5
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BUTTON SET AND BUTTON AND
ARRANGEMENT|  SPACING LETTERING SIZE REMARKS
j<-3/8-»|
SET NO. 1: S .
3/4 N X X o/6a | KEYING Tmfd 6.35 SEC
BETWEEN 3/8 My =77 | KEYING ERRORS: 7.1%
A & BUTTON "N O Horea 2 VOTES FOR
CENTERS _y \ - 9 VOTES AGAINST
A A
% eove—s |
2 e | 5/32 | KEYING TIME: 5.83 SEC
A ) h— KEYING ERRORS: 1.3%
3X3+1 -
( ) oron | V2 1 VOTE FOR
CENTERS ! 5/32 1 VOTE AGAINST
fe—1/2— > ¥
SSyam B 5/32 | KEYING TIME: 5.75 SEC
BETWEEN 12 X KEYING ERRORS: 2.0%
BUTTON d Vv 4 VOTES FOR
CENTERS ! 2 5/32 1 VOTE AGAINST
- LY
SET NO. 4: Y
3/4 IN. 5/32 K .
SESESESES EYING TIME: 5.77 SEC
BBEJ#%i,N T Yy KEYING ERRORS! 3.3%
CENTERS | A 6 VOTES FOR
(5-5-H) AND LETTERS| 1/2 a/8 4 VOTES AGAINST
ON PLATE i |
¥
|<-—1/2—
fe——3/4——>]
AR KEYING TIME: 6.07 SEC

BETWEEN KEYING ERRORS: 5.3%

¥
B3
£+ M ANEN
BUTTON |32 ' ¥ z| 2 voTES FOR
Senrers | F y T | 0 VOTES AGAINST
- \ A

Fig. 5 — The five conditions compared in the lettering study. Both the “votes
for’” and ‘‘votes against’’ total to 15, the number of subjects in the study.

Latin squares, this number again being based on the power of the test
considerations.

Apparently, there is an optimal size for the button tops. Significant
differences were found among the keying times and errors, with the
smallest tops and lettering being the poorest. Keying with the middle-
size tops was superior to that with the smallest tops, regardless of the
arrangement of the keys or the location of the lettering. Keying with
the large rectangular tops fell between that with the middle-size and
that with the smallest-size tops, but did not differ significantly from
either. As is apparent in Fig. 5, the differences among the keying times
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were relatively small, even though they were significant: The largest
difference was 0.6 out of 6.0 seconds. The error rates differed significantly
from one another; however, a large part of the x* was due to the ex-
tremes of 1.3 and 7.1 per cent.

The preferences followed the same pattern as the performances. Sub-
jects stated their dislike of the smallest top and lettering and their
preference for the middle size. Placing the letters on the plate rather
than on the button top was controversial: Six individuals liked the
letters off the top, but four others disliked the idea.

The top of the pushbutton seemed to be important because it served
as a display for the associated number and letters and as a target for
the key-pressing response. Increasing the size of the top and lettering
improved the display. Because the over-all size of the keyset waslimited,
the larger button tops ultimately required a reduction in the separation
between adjacent tops, thereby impairing the qualities of the target.

3.3 Force-Displacement Characteristics

While the arrangements were being studied, three aspects of the force-
displacement curves were under investigation. Prior to that time, pre-
liminary studies showed that gross variations in the feel of the button
had little effect on performance. However, these studies showed force
in the neighborhood of 100 to 200 grams and displacements of about
one-eighth inch were preferred to larger values.

3.3.1 Force

In the first study, the force required to depress the button was varied
while the maximum displacement was held constant at one-sixteenth
inch. Two conditions were used: medium-touch buttons and light-touch
buttons (see the dashed curves in Fig. 6). The forces referred to de-
pended on the helical springs used in the button mechanisms, and Tig.
6 shows static force-displacement curves due mainly to the springs.

A sample of 24 employees used each condition for two consecutive
days, half trying the medium-touch buttons first. Only small (0.04
second and 0.8 per cent errors) and insignificant performance differences
were found. The preference judgments were somewhat obscured by the
fact that the subjects were not told the difference between the two sets
until the end of the study and did not have the sets in front of them
while they made their judgments. Fifteen persons failed to notice a
difference, and meaningful preference information could not be obtained
from them. However, of the nine who noticed a difference and had a
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Fig. 6 — The idealized force-displacement curves of the two conditions com-
pared in the study of forces, and the three conditions compared in the study of
button travel. These curves are based on essentially static measurements of the
universal pushbutton switches.

basis for their preference judgment, eight preferred the light-touch
button and one had no preference.

3.32 Travel

Three conditions of maximum button displacement were compared in
the next study. The force was held approximately constant, near 100
grams, and maximum displacements of 5%, & and % inch were compared
(see the solid curves in Fig. 6). The point at which the electrical contact
was made varied with maximum displacement, so that the contact was
closed during 50 per cent of the travel. A new sample of 27 employees
tried one condition a day in a cross-over experimental design® until all
three had been used.

The average keying times ranged from 5.67 to 5.86 seconds and the
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error rates from 3.9 to 4.1 per cent. No significant differences were
found. When asked which condition they most preferred, 11 subjects
said the s%-inch displacement, 9 the 4-inch and 6 the %-inch. Twelve
voluntarily stated they did not like a particular condition: eight dis-
liked the 3%-inch, one the f-inch and three the {%-inch. Taking into
account both likes and dislikes, the smallest displacement appears
controversial, the largest unpopular and the middle the most desirable.

3.3.3 Feedback

The next question studied was as follows: What would happen if
additional auditory or kinesthetic-tactile feedback were added to a but-
ton incorporation desirable values of force and travel? Letting the
customer hear the voice-frequency switching signals might provide feed-
back concerning the adequacy of the button pressings. Moreover, the
addition of a slight snap action and a more distinctive bottoming to the
pushbutton might improve performance.

For this study, the buttons in one adjustable set had the force and
displacement that were found desirable in the two previous studies. The
buttons in a second set had the same travel, but had a slight snap action
and a bottoming action that terminated movement abruptly and with
an audible click. Each of these sets was used with and without the
voice-frequency code signals, so that a total of four conditions were
studied. Three 4 X 4 Latin squares were used with 12 employees, who
tried one condition a day.

For both performance and preference, the differences among the four
conditions were small and insignificant. This study is interpreted as
indicating that neither form of additional feedback was necessary in a
button mechanism that had desirable force-displacement character-
istics.

3.3.4 Composttes of Characteristics

Because the studies reported thus far investigated one or two of the
characteristics at a time, there remained the question whether per-
formance and preference for composites of the characteristics could be
predicted from the individual studies. This point was checked in the
following study that compared three pushbutton telephone sets, each
embodying a different composite of characteristics.

The preferred characteristics isolated by the preceding studies were
combined in one of the adjustable pushbutton sets. The other two sets
in this study had been designed for various engineering and test purposes
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before the preferred values were isolated. When the characteristics of
these two sets were assessed in terms of the individual human factors
studies, it was found that they deviated from the most preferred values
but were still largely within the range of desirable and acceptable values.
The largest deviations were found in the force-displacement character-
istics, but even these were not extreme. Thus, it was predicted that
(a) small and insignificant performance differences would be found, but
(b) large and significant preference differences would be found, particu-
larly where the force-displacement characteristics of the button mecha-
nism were concerned.

Forty-five employees, none of whom had served in an earlier study,
used one set each day to accord with 15 3 X 3 Latin squares. This
sample size was selected to provide a more powerful test of the error
rates than was given by the earlier studies and to permit more detailed
analysis of the preference judgments.

As predicted, the differences among the average keying times were
small and insignificant. An average of 5.8 seconds was required to key a
standard telephone number on the most preferred combination versus
5.9 and 6.0 seconds on the other two. However, significant differences
were found among the error rates because the electrical contacts on one
set were out of adjustment. At least one error was made in keying 2.3
per cent of the telephone numbers on the most preferred composite, in
keying 2.0 per cent of the numbers on the second set and in keying 10
per cent of the numbers on the third set. The additional 8 per cent errors
were all of one type; when the fault was corrected in later models, more
normal error rates were obtained with that set.

The large differences expected among the preference judgments for
the three composites were found. In an interview after the last day of
testing, the subjects were asked which set they preferred the most and
which they preferred the least. Although there were no significant dif-
ferences among the first place votes, the set with the most preferred
characteristics was rated as “least liked” by significantly fewer people
than either of the two other sets. The subjects were then asked which
button feel they liked the most and which they liked the least. Again,
the set with the most preferred characteristics came out ahead: not a
single person disliked the feel of its mechanisms.

In a sense, this study served to validate the procedure adopted in
this series, since it showed that the desirable characteristics isolated in
the individual studies could be combined into a superior set. Very likely,
this was because much the same procedure was used throughout the
entire series. Also, the fact that the characteristics of the other two sets
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were close to the characteristics investigated in the individual studies
facilitated agreement between the predictions and the results.

3.4 Central Office Faclors

How long the customer holds the pushbutton in contact and how long
he pauses between consecutive key pressings are important in the design
of central office switching equipment. Of primary concern are short
contact durations and brief interdigital times. Some data regarding these
two intervals were gathered in two studies.

Fifteen employees keyed a total of 1500 seven-character all-numeral
numbers on each of two pushbutton telephone sets in the first study.
These sets were prototypes of operating equipment and differed in three
characteristics: the arrangement of the keys, the force required to de-
press the keys and the point at which the electrical contact was made
as the button was being depressed.

Keying was about as fast on one set as on the other; however, the
contact durations were shorter and the interdigital times longer on one
set than on the other (see Fig. 7). This differential proportioning of the
time seems to reflect the relative location of the electrical contact in
the travel of the button as indicated in the figure. The results of this
study agree with the results of a preliminary study in which five proto-
type key sets were studied. Thus, it may be possible to lengthen the
contact duration by increasing the perccntage of button travel during
which contact is made.

Very brief contact durations did occur; for example, durations equal
to or less than 0.042 second occurred in 1 per cent of the key pressings.
The interdigital times were longer, and 1 per cent of them fell at or be-
low 0.090 second. The occurrence of short time values depended on the
person doing the keying, particularly for the interdigital times, where
most of the short values were due to one individual. Another source of

C C
NO CONTACT NO CONTACT CONTACT
PER CENT
OF TRAVEL 100 % 69% 319
NO CONTACT CONTACT NO CONTACT CONTACT
PER CENT
TIME
SET A SET B

Fig. 7 — The effect of the location of the electrical contact on the percentage
of keying time during which contact was made.
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short interdigital intervals was a repeated character in the number to
be keyed. The interdigital time for repeated characters averaged 0.100
second less than the times for nonrepeated characters.

A second set of detailed measurements, taken during part of the
study of composites, showed more clearly that brief contact durations
and interdigital times were associated with fast keyers. The last ten
keyings made by 30 of the 45 individuals using one of the prototype
sets were recorded, equipment permitting. The correlations among the
average contact duration, the average interdigital time and the average
keying time for each subject were computed after the averages were
transformed logarithmically to reduce the skewness of the distributions.
The average keying time correlated 0.47 with the average contact dura-
tion and 0.76 with the average interdigital interval. No relation was
found between the contact duration and the interdigital time. The
correlation coefficients indicate that fast keyers tend to have shorter
contact durations, and definitely make shorter interdigital pauses. This
latter point will be discussed in greater detail in a moment, for it seems
related to the procedure that each subject adopted in keying numbers.

IV. OBSERVATIONS ON KEYING BEHAVIOR

When a person keys a telephone number he is processing information
in a very literal sense. The standard telephone number contains 22.3 bits
of information; on the basis of the key pressings, the central office
switching equipment selects one line and completes the call. The physical
characteristics of the pushbutton key set are one factor that influences
the efficiency of the information processing. As was reported in Section
I11, the speed and accuracy of performance were affected by the arrange-
ment of the keys and the size of the button tops. Moreover, if larger
forces and longer displacements were studied, or if more powerful ex-
periments were used, significant effects very likely would be found for
the force-displacement characteristics as well.

4.1 Additional Factors That Influence Performance

The studies reported here and studies made by other groups at the
Laboratories have pointed to additional factors that influence the
efficiency of information processing. In the case of unfamiliar numbers,
the manner in which the number is displayed is important. Keying un-
familiar numbers from the pages of a telephone directory can increase
the keying times by 75 per cent and the keying errors by 100 per cent
in comparison with keying from a 3- X 5-inch file card on which only



HUMAN FACTORS STUDIES OF PUSHBUTTON TELEPHONES 1009

one number is typed. The amount of information to be processed is also
a factor; for example, about 4 seconds more is required to key a seven-
character telephone number than a four-character one. Familiar numbers
and numbers with repeated characters or simple sequences of digits are
keyed quickly and accurately.

Experience with pushbutton keying facilitated the information process-
ing. Keying became faster as people used the key sets day after day.
However, performance seemed to improve at about the same rate
whether they used the same set each day, the same two or three sets
each day, or a different set each day. Some of this improvement was due
to increased familiarity with the test room and procedure, but similar
improvements with practice appear in field trials, indicating that ex-
perience in using pushbuttons is important. In the case of keying ac-
curacy, the low error rates make detection of any learning trends dif-
ficult.

Perhaps the most important factor in the information processing is
the individual himself. Some people keyed seven-character telephone
numbers in less than two seconds, requiring about 2.7 seconds on the
average, and others required as high as 12.4 seconds on the average to
key the same numbers. These differences were consistent from day to
day and from telephone to telephone, as can be gathered from the fol-
lowing rank-order correlation coefficients: There was a 0.8 correlation
between pushbutton keying times on day 1 and pushbutton keying
times on days 12 through 14, a 0.7 correlation between pretest rotary
dialing times and pushbutton keying times on day 1 and 0.6 correlation
between pretest dialing times and pushbutton keying times on days 12
through 14. The keying times on two different pushbutton sets were
more highly correlated than rotary dialing times and pushbutton keying
times.

4.2 The Importance of the Keying Process

The large differences among the average keying times for individuals
are largely due to the ways in which people acquire and key telephone
numbers. It is a question whether they memorize the entire number and
key it without referring back to the display, or whether they memorize
and key the first part of the number and then refer back to the display
to memorize the remainder for keying. Detailed analysis of the inter-
digital times shows that the intervals for the fastest subject vary only
slightly (see Fig. 8). The interdigital times for average-speed keyers
show a distinet increase between the third and fourth characters. This
accounts for the fact that the average keying time is more highly cor-
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Fig. 8 — Average interdigital intervals for individual subjects keying seven-
character numbers. The interdigital intervals were measured from the breaking
of one electrical contact to the making of the next contact. (These results were
obtained for all-numeral dialing; data for letter-and-numeral dialing are similar
but less definitive than those shown in the figure.)

related with the interdigital time than with the contact duration. These
findings corroborate the statements made by people about how they
key telephone numbers. The fastest say that they memorize and key
the entire number without referring back to the display, whereas the
average to slow keyers say that they refer back in the middle of keying
the number.

‘

4.3 Why Refer Back?

Neither method of keying seems more accurate than the other. One
might predict that keying without referral would be less accurate and
therefore that fast keyers would make more errors than slow keyers.
However, no relation between keying time and errors could be detected
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among the studies reported, regardless of whether they were considered
singularly or as a group for analysis. The absence of a correlation be-
tween time and errors in the present studies must be interpreted cau-
tiously, since these studies were not designed to detect such relations.
On the other hand, referral does serve an important purpose, as indi-
cated by the following study. A sample of six employees was asked to
key telephone numbers with referral during two sessions and without
referral during two other sessions. When keying without referral, the
individuals were asked to memorize the entire number, turn over the
display card, and key the number from memory. A total of 156 standard
telephone numbers were keyed under each set of instructions. Some sub-
jects found it very difficult to key telephone numbers without referral.
These people said they usually dialed unfamiliar telephone numbers by
breaking them into two or more parts. The difficulty they experienced
was reflected in their error rates. There was a drop in keying accuracy
as more and more of the characters in the number were keyed, and this
drop was due primarily to those who said they usually dialed with
referral (see Fig. 9). Apparently, if a person habitually keys with referral,
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Fig. 9 — Accuracy of keying as a function of position of character for two
methods of keying. The number display was always present during keying with
referral, but it was removed before keying started for keying without referral.
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he does 5o to increase the accuracy of keying the latter characters in the
telephone number, even though his over-all keying accuracy is not ap-
preciably greater than that of a person who usually keys without referral.

V. CONCLUSIONS

Regarding the design of pushbutton telephone key sets that are fast,
accurate and convenient to use, the following statements can be made:

i. The operating characteristics of the key sets significantly influence
both keying performance and user preference.

ii. In terms of keying performance there exists a rather broad region
of desirable values for the operating characteristics. Thus, there is
latitude for telephone key sets and, so long as the characteristics remain
in the region of desirable values, little deterioration in keying perform-
ance will be found.

iii. Considerably less latitude exists if preferences are considered,
particularly in the case of the force-displacement characteristics. Typi-
cally, subjects preferred a smooth and quietly operating button with a
light touch and a moderate travel.

Other factors that influence keying performance are practice, number
length and display media, and familiarity with the telephone number.
On the other hand, the most important factor influencing performance
observed in these studies was the manner in which the subject acquired
and keyed the number. A person who memorized the entire number and
keyed it without referring back to the display could key a number in
less than two seconds. However, a person who memorized part of the
number, keyed it and then referred back to the display to memorize
and key the remainder of the number could require more than 12 seconds
to key the same number.
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Passage Effects in Paramagnetic
Resonance Experiments

By M. WEGER
(Manuscript received February 16, 1960)

An attempt is made to classify theoretically paramagnetic resonance sig-
nals of inhomogeneously broadened lines occurring under various experi-
mental conditions. The theoretical predictions are checked experimentally.
Special emphasis is given to cases in which Ty is long, and to cases in
which the adiabatic condition vHy*>> dH /dt is violated.
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I. INTRODUCTION

Shapes of electron spin resonance (IZSR) and nuclear magnetic res-
onance signals, observed under various conditions, have previously been
predicted theoretically and confirmed experimentally for a few cases.'”

The purpose of this work is as follows:

i. To understand and predict the shapes of observed traces, as an aim
in itself.

ii. To use the shapes of the traces to gain some understanding about
the local fields in the sample, mainly to understand to what extent the
fields can be considered static, and to what extent they must be con-
sidered as dynamic (namely, responsible for forbidden lines, ete.).

iii. To determine various conditions under which the resulting traces
may cause misleading determinations of line shapes, relaxation times,
ete. '

iv. To distinguish true “physical”’ effects from spurious ‘“‘passage ef-
feets” (like splitting of lines).

The work was performed on single crystals of phosphorus-doped silicon,
containing about 1.7 X 10" donors per ¢m, at temperatures of 10°, 4.2°
and 1.2°K. The ESR line due to the donors was observed at about 9300
me, employing a standard superheterodyne microwave spectrometer,’®
under various experimental conditions. (Mainly various rates and
periods of the modulating magnetic field, and various microwave power
levels.) Various traces were predicted theoretically and observed ex-
perimentally (or vice versa). No attempt was made to measure the
intensities of signals absolutely.

The shapes of the traces under various experimental conditions were
predicted theoretically by Portis.” It was originally attempted to con-
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firm those predictions, but it was soon realized that some additional
experimental factors must be taken into account — such as the loss of
magnetization during adiabatic fast passage or nonadiabatic conditions.
However, the basic results of Portis have been confirmed experimentally.

This work does not attempt to be complete or rigorous, but rather to
point out some of the most salient effects of various experimental condi-
tions upon observed electron spin resonance lines.

II. SOME SYMMETRY PROPERTIES OF SYSTEMS OBEYING THE BLOCH EQUA-
TIONS

Some spin systems obey the Bloch equations," which in the rotating
frame are:

L S
dt 2

%%l + éy + 'yHI(SSx —_ 'yHySz = O,
2

ds.

dt T,
where S, Sy, S. are the components of the magnetization in a coor-
dinate system, rotating about an externally applied magnetic field H,
with S, being parallel to H. The angular frequency of this rotation is
w. In these equations, § = (H — H,)/H:, where H, is the magnetic
field at which the system rotates at an angular frequency w, and H; is
the magnetic field along S., in the rotating frame; v = w/H, is the
gyromagnetic ratio of the spin system (v~ 1.7 X 10" rad/sec/gauss
for electrons); and 7', and T, are constants known as relaxation times.
Let

S.
+ Tl + 'YHISy =

;8. , 8,
X =gy X Toamy

In this work, it will be assumed that the spin systems considered obey
the Bloch equations (these will be called “homogeneously broadened
lines” or “spin packets’), or consist of noninteracting subsystems that
obey the Bloch equations (these are called “inhomogeneously broadened
lines”), unless the contrary is explicitly stated.

The behavior of systems obeying the Bloch equations under the trans-
formation 8 — —¢; (dH/dt— —dH/dt) has been discussed by Jacob-
sohn and Wangness.’ The considerations are as follows:

If 6 —» —s, S;: — —8.:, Sy — Sy, S, — 8.,
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Fig. 1 — Symbolic indication of the parities of x’ and x” signals of systems
obeying the Bloch equations. Under dH/dt — —dH/dt, we have: x'"(H — Hy) —
—x'(Ho— H); x"(H — Ho) = x"(Ho — H).

the Bloch equations remain invariant. Therefore, if we start sweep-
ing the magnetic field from an equilibrium state (S, = 8p) not on the
line, towards the line, if we reverse the direction of sweep, x’ changes
sign, (x' = S./2H:; S; — —8;), while x” does not change its sign
(since S, — S, , x” = 8,/2H; — see Fig. 1).

The change in sign of x’ is well known in the “slow passage”t and
“adiabatic rapid passage’t cases [see Iligs. 2(a) and 2(b)]. The lack of
change of sign of x” is also well known in the “slow passage” case [see
Fig. 2(¢).] Actually, if x” did change sign, it would mean that power
could be extracted from the system.

(a) (b)

x ! o,
AN dt
0 \ PN\ o <o tg\/

(c)

—

Q.‘Q.
|

T

g—':<o t— ‘;—’:>o

Fig. 2 — The most commonly observed x’ signals of systems obeying the Bloch
equations, for (a) slow passage and (b) rapid passage; note the symmetry under
dH/dt — —dH/dt. (¢c) The most commonly observed x” signals of a system obeying
the Bloch equations, slow passage.

t The “slow passage” and ‘‘adiabatic rapid passage’’ cases are discussed by
Bloch.! In the slow passage case, § < 1/4/T:T,, and in the adiabatic rapid pas-
sage case, 8§ > 1//T1\ Tz, vH, > §.)
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If the x’ and x” signals are observed by means of a phase sensitive
detector employing magnetic field modulation (Bloch'), the symmetry
property will be just reversed. This oceurs because the magnetic field H
is given by

H = H, + il t -+ H,, cos wnt,
dt /o
where Hy , (dH/dt)o , H.. and w,, are constants, known as de field, sweep
rate, modulating field and modulation angular frequency, respectively.

Under the transformation § — —3§,

H— Hy, — qg t — H,, cos wyt.
dt /o

The phase of the modulating field with respect to the reference signal
c0S wxt is inverted. Thus, if we start sweeping from a relaxed state, the
sign of the component of x’ at the modulating frequency (relative to
the reference voltage), is the same for sweeping in both directions, while
the sign of x” is reversed.}

If5—>—5, S;c__)sx, Sy_)_Sy, S;_)_Sz,

the Bloch equations also remain invariant.

Thus, if S, is fnverted during the passage, on returning, x’ will main-
tain its sign and x” will reverse it.

The opposite sign of x” (emission) is not absurd, since the level popu-
lations have been inverted and we may have a “maser” effect.

Again, with a phase-sensitive detector (PSD), x’ will invert its sign
and x” will maintain its sign. For some typical traces, see Figs. 3 and 4.
(Some of these shapes will be discussed in more detail later.) Table I
shows the parity of x’ and x” signals, summarizing these results for
systems obeying the Bloch equations.

The preceding symmetry properties apply to both homogeneously and
inhomogeneously broadened lines. This point deserves further comment.
There is no reason why an assembly of noninteracting subsystems must
possess any kind of symmetry under a transformation affecting the mag-
netic field. There need not be any correlation between subsystems
resonating at different magnetic fields. However, often a system con-

1 Note that, if the second harmonic signal is observed by applying the second
harmonic of the field modulation signal as reference to the phase sensitive de-
teetor, then inverting the sign of the field modulation voltage will not change the
sign of the second harmonic reference voltage. Thus, under the above transforma-

tion, the second harmonic signal of x’ is reversed, while that of x” is not. The
same applies to all even harmonics. The odd ones behave like the fundamental.
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sists of “almost’ identical subsystems, differing only in the distribution
of local magnetic fields. The magnetic fields at which such systems res-
onate, (at a given frequency) are usually distributed symmetrically
about some center. In that case, the symmetry properties just discussed
are retained. Therefore, if the observed signals do not possess a definite
parity, this must be due to one of the following four causes:

Systems obeying the Bloch equations, or consisting of noninteracting
subsystems obeying them, may possess

i. an asymmetrical envelope of an inhomogeneously broadened line;

ii. partial relaxation between the times the line is traversed in opposite
directions (neither S, — S, nor S,— —8.);

iii. bad experimental adjustment of the equipment — for instance, a
mixture of x* and x” signals. (Note that, if the signals are not small, the

T ! L\
x| VAN AN A
g—’;<o\/ g—:>0 “‘<° \/—‘>°

(a) (b)

x SYSTEM x’ SYSTEM
f RELAXES f RELAXES

(9] (d)

X/ l/\ SYSTEM/\ XT’ l/\ SYSTE/\
f RELAXES f RELAXES
t — \/ dH
\/ R< [o] dt

dH
R>° ('F)

—_—

aQ
c+|

g. 3 — Typical traces observed when ﬁeld modulation and a phase sensitive
detector is used: (a) x7, slow passage; (b) x;, slow passage; (¢) x7, rapid (non-
adiabatic) passage; (d) x} , rapid (adlabatlc) passage; (e) x/ , rapid passage, very
fast weep; (f) x;, a line with spin diffusion (a system not obeying the Bloch
equations). Note the symmetry under dH/dt — —dH/dt.



PASSAGE EFFECTS IN PARAMAGNETIC RESONANCE 1019

dH )
az>0

dH dH dH

dt=° (@ dt7° dt=° (b \/
dH
dt>0

(c) d (d)

| /\

dH t \/Q_H

dt<o\/—(-—> G0
e

)

Fig. 4 — Some typical traces observed when the system does not relax between
consecutive sweeps: (a) x’, no phase sensitive detector; (b) x’, with P.S.D.; (¢)
x”, no P.S.D. (rapid, not perfectly adiabatic, passage); (d) x”, with P.S.D.; (e)
x’, with P.S.D., very rapid sweep. Again, notice the symmetry properties which
are different from those occurring when the system relaxes between sweeps.

first order bridge theory does not apply; this point will be discussed in
Appendix E.)

Systems not obeying the Bloch equations may possess

iv. A “genuine” asymmetry.
Some systems of this kind will be discussed in the next section.

TaBLE I — Pariry or x’ AND x” SiGNALsS UNDER THE

dH, dH,
TRANSFORMATION —— — ———
dt dt
Direct Signal Signal as Detected by
(and Even Har- |Phase Sensitive Detector
monics) (and Odd Harmonics)
x’ System relaxes (between sweeps) - +
System does not relax (between + —
sweeps) ; adiabatic conditions
x” System relaxes (between sweeps) -+ -
System does not relax (between - +
sweeps); adiabatic conditions
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III. SYMMETRY PROPERTIES OF SOME SYSTEMS NOT OBEYING THE BLOCH
EQUATIONS

Many systems not satisfying the Bloch equations, will still yield sig-
nals possessing the parities indicated in Section II.

If H, is not small, say, yH; > T, , then S, and S, relax at different
rates; thus, we have two T5’s: The S, relaxation time 7'» (which equals
the zero power T:) and the S; relaxation time 7'z, , which is longer (see
Redfield"). It is, however, immediately seen that the parities are unaf-
fected by this generalization.

The conditions under which the Bloch equations apply have been
discussed by Wangness and Bloch.® In essence, they are:

i. The effect of all other spins upon a given spin is equivalent to that
of a “bath,” in thermodynamical equilibrium.

ii. The “bath” does not heat up.

i, yHy, 1/T1, 1/T2 < vHy, o*, where o* is the frequency of the
local field variations (roughly).

iv. The spin-bath interaction can be expanded in multipoles.

v. Either s = 1,

ors =1, kT > o ;

ors > 1,e9Q K fuw ;

ors > 1, w*> w, isotropic interaction
(eqQ is the quadrupole interaction).

3.1 Cross Saturation Within a Line

Often a line is neither homogeneously broadened nor inhomogeneously
broadened, but rather something intermediate: the system consists of
subsystems which obey the Bloch equations, except for a (not too strong)
interaction among them. Such systems have been discussed by Bloem-
bergen et al.’ Often it may be possible to describe the cross relaxation
by means of a diffusion equation like
aS.(H) 9°S.(H)

at oH® ’
which is linear in S, and invariant under H — —H, and thus does not
perturb the parity.t

Therefore, one would not expect cross relaxation to destroy the sym-
metry properties of x’ and x” discussed in the preceding section.

= constant X

1 Bloembergen’s rate equations are nonlinear, but homogeneous in the occupa-
tion numbers (for an n-spin flip), and, for an inhomogeneously broadened line
with a symmetrical envelope, they are invariant under § —» —§. Therefore, the
above mentioned parity is maintained.
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3.2 Forbidden Lines

In a line with cross relaxation, we have diffusion of excitation from
one part of the line to the other, which is not explicitly dependent upon
the intensity of the microwave magnetic field. In some cases, the rate of
diffusion will depend strongly upon the intensity of the applied micro-
wave field, in which case we may say that we have “forbidden lines.”
One might be tempted to describe such a process with the aid of an
equation like

88.(H)
at

= %{) a(8H, vH,) [S.(H + 6H) — S.(H)].

However, as the following examples will show, this equation may often
not describe the system even approximately. Therefore, this case seems
to be more complicated and no general discussion will be attempted.
Instead, three special examples will be considered. (Another example is
given by Bardeen, Slichter and Pines.’)

3.3 Fzample 1

Consider a system consisting of pairs of electrons and (spin %) nuclei,
with dipolar and contact interaction between them.
Let

= gpin of electron,

= gpin of nucleus,

= magnetic moment of electron,
magnetic moment of nucleus,
magnetic field (in the z-direction),
contact interaction,

dipolar interaction,

= electron-nucleus distance.

I

i

I

ﬁc*@m;‘::i:g’i”
il

Then, the Hamiltonian of the system is

jo = HellSre S 4 s, 6, + b <Se-sn - ——3(5"”(5"'”)'

Se Sn r?

Let the eigenfunctions of the electron spin corresponding to the eigen-
values s, = +3%, s, = —%, be
[>

respectively, and those of the nucleus be | T >,| | >. Then, to the

I> and




1022 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1960

zeroth order (for p.H > u,H, a, b), the eigenfunctions of the combined
system are

> s [l s

The energy level diagram is shown in Figs. 5 and 6. Under a variable
magnetic field H; perpendicular to H, the transitions

TT> “ h > (“line 17)
and
[t> o[l > (ine 27)

are “allowed”, i.e., occur even for ¢ = b = 0; while the transitions

1> | [L> (“line 3)

and

Hl > o 1T> (“line 4”)

are forbidden, i.e., oceur only if b £ 0. Both forbidden lines need not be
of the same intensity. Assume temporarily, for the sake of the argument,
that line 4 is strictly forbidden, while line 3 is only partly forbidden.

The populations of the levels at thermal equilibrium will be, approxi-
mately 1 4 € for

1> ana 1>,

and 1 — e for

HT>, 1>,

where ¢ = p.H/ET.

If we sweep from a low magnetic field, increasing it, line 3 will be
swept first, inverting the populations of the corresponding levels (for
adiabatic rapid passage). Then, if no relaxation takes place during the
sweep, no more lines will be observed, since for lines 1 and 2, the popula-
tions of the “upper” and “lower” levels are equal.
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1-€ Tf R
N\
\\\ "“/"nH
\(3)
N — 1 1-€
o N (4) /7A T
AN | ’
N l2)
- . I ~peH
) s~ AN |
1+€ lf —_— N :

— |4 1+€

Fig. 5 — Energy-level diagram of an electron-nucleus system in a magnetic
field (the nuclear spin is supposed to be 3). Lines (1) and (2) are “‘allowed,’” while
lines (3), (4) are ““forbidden,”” but not strictly.

AE-s;hw

" MeHi M

“\‘\il;‘/
y\h h

Hora

(a) (b

Fig. 6 — The energy levels of an electron and spin half nucleus, as function of
the magnetic field for (a) fixed frame and (b) rotating frame. The different behav-
ior of a system in the state HT > under dH/dt > 0 and dH/dt < 0 can be seen.

If we sweep from a high magnetic field, decreasing it, lines 1 and 2 are
swept first, yielding signals, and line 3 will then yield a signal too, but
of opposite sign, since the populations of its corresponding levels are
inverted. Thus, we obtain the signals indicated in Fig. 7.

Obviously, the signals do not possess the parity discussed in Section
I1. Note that an essential assumption for this argument was, that the
intensities of lines 3 and 4 are considerably different. An actual calcula-
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a dH/dt<o
i1
[
I
1 I\ 3
x' 4 2
(a)
/‘\‘ ,"\‘ ["\
| v \ I/}
I\ \ [
Iy ] 1
| \ 1\
1 3 / \ I\
/ \ I\
x’ 12 4
dH/dt>o
1t —
fa dH/dt <o
[
1 |
' ] ‘\
x 2\ /\
4 2 1 - \/3
(b)
dH/dt>o Il
T [
R
' I
X 1 l\
AN LAY
\/3 1 2 4
t —

Fig. 7 — (a) The x’ signal expected from the system with energy levels shown
in Fig. 5. when all transitions (including those of the forbidden lines), are adia-
batic; line 4 is assumed to be stricily forbidden, while line 3 is not; there is no
simple symmetry under dH/dt — —dH/dt. (b) The x’ signal from the system with
the energy level diagram shown in Fig. 5, when line 3 is not passed adiabatically.

tion indicates, however, that while the lines themselves are of order
[b/(u.H)T* weaker than the allowed ones, the difference between their
intensities is of order [ab/(u.H)), i.e., [a/(uH )T (n/ue)® times less.
Therefore, for all practical purposes this asymmetry may be ignored.
Note that, for b = 0 and a microwave field parallel to the dec magnetic
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field, line 3 is strictly forbidden, while line 4 is not. But line 4 is weak
— of order @’/ (u.H)* weaker than the allowed lines.

3.4 Example 27

Consider a system of pairs of electrons resonating at slightly different
frequencies w4 Aw, due to different local fields, with an exchange inter-
action J between them. Let the eigenfunctions of each electron corre-
sponding to the eigenvalues m, = +3%, m, = —3%, be || >, |]>, re-
spectively. Let J > Aw, vH; > Aw’/J. Then the eigenfunctions of the
two-electron system are approximately |[]>, |1]>, |]|> + ||>,
[Tl> — [1]>; and the energy levels of the system as functions of
the magnetic field, in the fixed and rotating frames are shown in Iig. 8.

Assume the system to be at zero temperature. Then, if all passages
are adiabatic, the x’ signal is shown in Fig. 9.

The central line will be seen only when we start from H < H, (or
H > H,, depending upon the sign of the exchange integral), with H, =
w/v.

Note the following points:

i. The “forbidden” lines at w &= J/# are due to a mixture of the
singlet and triplet S, = 0 levels by the difference in local fields at the

-
iE t } 4 E-sShw
1 |

’//,,4r”'/4 i £t

|
| \_’V
, Hit ) v Heit

-ty .t
T | = ?

\ \
\ ‘ T H
4

H W\ H
%)) (b

Fig. 8 — Energy levels of a system of two electrons, with a difference in hyper-
fine interactions of 7#Aw, and an exchange integral J strong compared with the
difference in hyperfine interactions: (a) energy levels in a fixed frame; (b) energy
levels in a rotating frame. Again, an asymmetry in behavior under dH/dt < 0
and dH/dt > 0 is expected.

t T})ﬁs system has been treated in detail by P. W. Anderson (private communi-
cation).
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two sites of the electrons. Therefore, their “intensity’” will be reduced
(relative to the “allowed” line) by about (%Aw/J)°. Thus, if J > fiw,
they are not observed. A similar argument holds for J < fiAw.

Thus, only electrons with an exchange interaction satisfying J = #iAw
will give rise to the above phenomenon. The exchange interaction de-
pends critically upon the distance between the electrons, thus only elec-
trons at a ‘“‘critical” distance apart may cause this asymmetry. The
probability of finding electrons at this critical distance, in a physically
diluted system, may be quite small.

dH/dt >0

T\ hV4

dt/dt<o

t —

Fig. 9 — Signals expected from the system described in I'ig. 8, when the sense
of sweep is reversed.

il. Closer examination of the amplitude of the central line under the
various conditions, shows that for fiw < kT, the asymmetry is of order
(fiw/kT)?, not fiw/kT.

Therefore, the above effect is probably of little significance, experi-
mentally. }

3.5 Example 3

Consider a system consisting of more than two (nonequidistant)
levels, spin one particles possessing a quadrupole moment, in a solid.
Let the quadrupolar interaction ¢’gQ be small compared with wH. Then,
the relative populations of the energy levels S,= —1, S.= 0, S. =1
are approximately ¢***", 1 and e *"'**, respectively. For positive eqQ
and p sweeping the magnetic field upward, the intensity of the first line

t However, this effect has been observed experimentally in a phosphorus doped
silicon erystal, with impurity concentration of 6.5 X 10'¢ atoms/cm3, at 1.2°K.
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. . k —
is proportional to ¢***" — 1, and that of the secondf to ¢"/*" — ¢ *¥/*T
for adiabatic rapid passages neglecting relaxation.
Sweeping downwards, the intensities are 1 — ¢ and ¢
—ul kT

e , respectively. For uH /ET < 1, the intensities are, approximately

W gy (Y
T + 3 <kT> , T going upwards

-y RHIET

and

2
% -3 (ﬁ) , QICL;;—I going downwards
indicating an asymmetry of order (uH/ET)".

From the above examples we may conclude that, although it may not
be possible to prove the existence of a definite parity of ESR signals
under the most general conditions, most physical systems seem to pos-
sess it, at least to a good approximation, even if they do not satisfy the
the Bloch equations.

We also see the role played by the various conditions given by Bloch,
as listed at the beginning of Section III:

i. The possibility of replacing all the interactions of a spin with its
surroundings, by a “bath,” is necessary, as shown by Examples 1 and 2.

il. The assumption of a constant bath temperature is probably un-
necessary. Heating up of the bath will tend to reduce the signal from
those parts of the line swept later, compared to that due to those parts
of the line swept earlier. This destroys the symmetry of the line about
its center (if it existed in the first place), but not the parity discussed
in Section IT.

iii. We must have vH,, 1/T1, 1/T> < vH, in order to observe reso-
nance at all (and, for wide lines, differences in the Boltzman factor at
various parts of the line cannot be neglected).

iv. It seems to be always possible to expand the interactions in multi-
poles. If it is not, the spin system may be broken down to subsystems
that do satisfy this condition. These may be interacting, but then i
is violated. (For instance, the system of electrons with exchange inter-
action discussed in ii, may be considered as a system of ‘“‘singlets”
and “triplets,” the interaction of which with their environment cannot
be expanded in multipoles.)

v. Equidistant levels or a high temperature are necessary, as shown
by Example 3.

1 Since the population of the level S, = 0 has been changed from ‘1’ to eHHIkT
by the adiabatic rapid passage through the line S, = 1+ S, = 0.
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IV. APPROXIMATE EXPRESSIONS FOR X AND X”, AND FOR THE LOSS OF
MAGNETIZATION FOR A SINGLE SPIN PACKET

Solutions of the Bloch equations for long relaxation times have been
given by Jacobsohn and Wangness® and Salpeter.*

For an almost sudden tramsition vH,® <« dH/dt with constant
dH /dt we have, according to Salpeter, for dH /dt > 0

' H, 2'yH1 [ iy (dH[dP) (£2/2) [\/M: —iw? :’
x (t) = ST, TH i xo Im e e dw |,

” Ato 2’)’H1 iy (dH[d¢t) (¢2/2) f\/Mt —iw?
) = aH i X xoRe|e T e dw

For dH/dt < 0, x' inverts sign and x” does not. It is assumed that, at
= 0,H = H, where yH, = w. The loss of magnetization during an
almost sudden transition is

1I"YH1

TdH/dt | 81

This solution, like the Bloch equations themselves, applies to a single
spin packet (or, a homogeneously broadened line). This solution cor-
responds to the magnetization vector S moving on the surface of a
sphere, starting from the “north pole,” and eventually precessing around

it in a circle of radius
27(’}'H 1
'1/ amjai S 1
(See a in Fig. 10.) We have three physically distinct regions:
1 dH

I 7@ t<K0 (“before’ resonance) T;
1 dH LW} .
11 @ tx~0 (“on” resonance);
1 dH «
I — = » .
11 7, t>0 (“after” resonance)

In region I, we have small x’ and x” signals, of the microwave fre-
quency (approximately); x” is considerably smaller than x'.

In region II, the signals are still of about the microwave frequency,
and large; x’ and x” are of about the same strength.

t See Fig. 4 of Ref. 4.
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Fig. 10 — Locus of the magnetization vector for almost sudden (4) and almost
adiabatic, (B), transitions for infinite relaxation times. (N.P. = North pole; ¢ =
the polar angle.)

In region III, the signals are at a frequency vH, which is nof the ap-
plied microwave frequency. These signals beat with the applied micro-
wave frequency to produce ‘“wiggles.”

For an almost adiabatic transition (yH,* > dH/dt), we have (again,
see Salpeter?):

- 1 H
* 4/1+(H—Ho2"°2H1’
H,
"y 1 |dH/dt|  Ho
X = H—Hoz% ’)’H12 XOQHI’
1+
H,

and the loss of magnetization due to nonadiabaticity is about (see
Zener™):

2
_ 1r‘yH1
o (= igran) 151
Again, this last solution applies to a single spin packet, or a homogene-

ously broadened line. The loss of magnetization at different values of
vH,*/(dH /dt) is illustrated roughly in Fig. 11.
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Fig. 11 — Loss of magnetization per passage due to nonadiabaticity (or non-
suddeness), qualitative only. In an adiabatic transition, S, — —&S, ; in a sudden
transition, S, — S, ; in both cases, there is no loss of | S, |. In an intermediate
transition, there is a loss in | S; |; S;, and S, are the initial and final values of
S , respectively.

4
V. APPROXIMATE EXPRESSIONS FOR X AND x” FOR AN INHOMOGENEOUSLY
BROADENED LINE

For an inhomogeneously broadened line for an almost sudden transi-
tion, under certain assumptions, x’ and x” are calculated in Appendix
B. The results are

{:%HMMH—HQ

dh(H — H})
X0 ——‘—dH

where h(H — Hy) is the line shape [[ h(H — Ho)dH = 1]. These sig-
nals are the same as in the nonsaturated case [see Figs. 2(a) and 2(c¢),
and also Fig. 12].

Physiecally, S. &~ S, in both the nonsaturated and almost sudden
cases. The difference between them is that, in the nonsaturated case,

x = L H, AH,
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(b)

Fig. 12 — (a) x” signal of an almost sudden (dH/dt > vH,?) transition of an
inhomogeneously broadened line. Although the relaxation times are long, the line
behaves as if it were completely relaxed. Data: H, =~ 1/300 gauss; 7 = 1.2°K
T; =~ 300 seconds); top trace, dH/dt = 300,000 gauss/second; bottom trace, dH/
dt = 100,000 gauss/second. (b) x’ signal of an almost sudden transition, under
the same conditions; again, the signal appears unsaturated, although vH,T; = 107.

the definite phases relationships of the wave function (nondiagonal ele-
ments of the density matrix) are destroyed immediately by the relaxa-
tion process. In the “almost sudden” case, the relaxation times are long
compared with the time in which the line is swept through; thus, these
relaxation processes are less effective in destroying the phase relation-
ships. However, the phases of different packets of the inhomogeneously
broadened line, “cancel’”” each other, wasking out the difference between
it and the nonsaturated case. (However, see Appendix C.)

VI. THE VARIOUS PASSAGE CASES—DETAILED DISCUSSION

In this section, x and x” signals of an inhomogeneously broadened
line will be discussed qualitatively and semiquantitatively. Various ex-
perimental conditions will be considered. The individual spin packets
will be assumed to satisfy the Bloch equations approximately, and the
loss of magnetization due to forbidden lines will be treated only pheno-
menologically.

The observed x’' and x” signals depend upon a variety of variables,
which are listed at the end of this paper. To avoid lengthy repetitions, a
shorthand notation will be used to describe some of the most frequently
occurring relationships among the variables.

In this section, a magnetic field H = Hy + (dHo/dt)t + Hum €08 wul
will be postulated. The following terms signify the following relation-
ships:
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H

“R d’?
N TH @

<L VT Tst

The time each spin packet is swept through,
is short compared with the mean relaxation
time. We have rapid passage conditions, in
the Bloch! sense.

“Fast”: wn11 > 1

The time between successive modulation cy-
cles is short compared with 7'y . Each spin
packet does not relax conslderably between
successive modulation cycles.

Not rapid, i.e., ‘“‘slow passage’’ in the Bloch

H 7]
“Slow’’: dH/dt > /T T. sense.,
dH The passage through the line is sufficiently

“Adiabatic’’: vH,2 > i

slow, so that the magnetization vector S
follows the effective magnetic field H —
o/y + H, adiabatically (i.e., is parallel or
antiparallel to it). Again, see Bloch.!

The passage through the line is so rapid, that
the magnetization vector S cannot follow
the effective field, but stays almost parallel
to the dc magnetic field.

Most of the magnetization S has been de-
stroyed (‘“‘burnt out’’) by the microwave
field H, .

Individual spin packets have reached a sta-
tionary state. The magnetization is an al-
most periodic function of time, with period
W/ 2.

‘“‘Nonadiabatic”’: yH,? K (-%IZI
“Burnt”’
“Stale’’
“Fresh”’

Most of the contribution to the signal comes
from packets which have not yet been swept
through many times.

“Scope Trace”

The signal at the output of the rr amplifier
(or crystal detector, if no superheterodyne
arrangement is used) This may be observed
by an oscilloscope, or sometimes, a recorder.

“Recorder Trace”’

The signal at the output of the phase sensi-
tive detector.

1 T here, and in the following, is essentially T'». of Redfield.” For perfect

saturation it is approximately T, .

For imperfect saturation it is shorter. The

situation T'» < Hy/(dH/dt) < /T,T, corresponds to neither slow nor rapid pas-
sage. For vH; T» > 1, we have Ts, = T:, while for yH, Ty < 1, the signal is
very weak (under saturation conditions). Therefore, this situation i is ignored here.

Only rough estimates of the amplitudes are given, mainly in order to
indicate qualitatively the expected effect of variation of the experimental
parameters. In general, it will be assumed that H, < H, . This restric-
tion, however, is not very severe. If it does not hold, the logarithmic
dependence log (H,/H,;) (if any) is replaced by a linear dependence
H.,/H:.
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The discussion of this section is rather tedious; therefore, the results
are summarized in Section VII.

6.1 Case 1 — Slow Passage

Phystcal Description

The time of passage through each individual spin packet, ¢t =~ H;/
wmHm , is long compared with /7,7, . The system is in equilibrium at
any moment.

This case has been treated by Portis,” (“Case I”) and Portis."

Conditions Under Which This Case Is Observed.:

-71—H1 L AVTT, K HP} s Hn, <AH;  /TT, }iH
Note that, for given w.AH and a bounded H,, this case may apply
only for a narrow range of 7 (if at all). Wider lines, and high modula-
tion frequencies, are unfavorable for this case. [The condition /7T, T, <
H,/w,AH follows, from comparison of the amplitudes in this case, with
those of case 2 in Section 6.2. If this condition does not hold, the signal
due to the second case predominates.]

Traces and Amplitudes

For slow passage, the solution of the Bloch equation for a single spin
packet is'

N (0 — w)Ts
2 1 + (7H1)2T1T2 + (w - w0)2T22 ’
1
X" = fxowT:

]. + (7H1)2T1T2 + (w - wo)2T22 )
Under saturation, (yH,)*TiT2 > 1. Furthermore, w — wyp << w. Thus
w — o

(le)"' + (@ — wo)2

1
ZXow

w

X DT + (0 — o)1

Now, consider an inhomogeneously broadened line, of shape h(H — H 3)
and width AH. If H;A/T,/T, < AH, for most spin packets (0 — w)’ >

”

X

11

1
2
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(vH,)*(Ty/T,), and the packets for which (& — wo)® < ¥H{'(T1/Ts),
will give almost equal and opposite contributions to x’. Then, for the
whole line

H—-H
X (H) ~ ol [ —F —— (Hy ~ H}) dH,
H 1+ (H — Hy)*
~ 1 L — H.
~ 2X0H0 (H — Ho) h(Ho Ho) dHo
H,dH
= —xo [ HA(Hy — Hy) e

This expression has been given by Portis.” Note that the integral does
not converge, and must be understood in the sense of its principal part.
[The packets for which (H — H,)* < Hy’(T:/T,) will tend to give equal
and opposite contributions, which cancel.] For x”, we cannot make this
approximation, because the contributions from (H — H,)* < Hy'(Ty/Ts)
do not cancel, but add up. However, if AH* > (yHy)*(Tv/Ts), h(Hy —
Ho) can be assumed constant and withdrawn outside the integral (for
x’ this approximation yields zero, and thus cannot be applied):

v _ 3xoHo f h(Hy, — H,) dH,
X 02T, + (H, — H)'T,

IxoHoh(Ho — Hé) f dH,
Y H:Ty + (Ho — H)T,

Q

q

=5 e Gy 7 M = 2

o Ho/‘/ 1 h(Hy — Hy)
2 H T1T2 Y ’
When the field is modulated, Ax" = (dx'/dHo)H., cos wnt for each
packet, and signals of different packets must be superimposed:

dx' (H — Hy)
dH

h(Ho — H,) dH,

= & [ X — mna; — Hy dH,

_ dxX/'(H, Hy)
dH -



PASSAGE EFFECTS IN PARAMAGNETIC RESONANCE 1035

Thus, the recorder trace is proportional to the derivative of the line
shape. For

1 . (Hg—H()?/2AH?

MHs = 1) = 75

at the center of the line, the amplitude is

dx’ 1 dh(He — H
_<X>H=H6N%X0H\[H_HO ( 0 0) dHo

dH dH’
. H
X0OAFR

Thus, the maximum value of the fundamental frequency component of

x’, denoted x; , is
AYERE
X =g\agag X/
The same argument also holds for x”, and we have
ol () L
Xr = 2 2 \AH AH Xo yH, V/T\Ty"
Experimental Data

A considerable amount of quantitative experimental data applying
to this case has been given by Portis." It is not felt necessary to repeat
similar data here.

6.2 Case 2 — Rapid Adiabatic Passage with a Long Time Between Con-
secutive Field Modulation Cycles

Physical Description

The time of passage through each individual spin packet is small
compared with +/7T,T;. Thus, each packet yields an adiabatic rapid
passage signal. The time between consecutive sweeps of each packet is
long compared with T, so that each packet has sufficient time to relax
completely.

Conditions Under Which This Case I's Observed:
H,

Wndlay

K VTTy, wuli <1, vH'> onHn, YHANTiT,> 1.



1036 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1960

Traces

The x’ signal is positive for dH /dt < 0, negative for dH /dt > 0. Thus,
we have the trace shown in Tfig. 13 (i’ is practically independent of the
rate of change of the magnetic field). The output of the phase-sensitive
detector will be proportional to h(H, — Hy) [Fig. 3(d)).

The x” signal is negligible. If it is present, it may be due to incomplete
saturation, partial breakdown of the adiabatic condition or slow passage
near the extrema of the modulation eycle. In both cases, the recorder
trace will be the derivative of the line shape (since x” due to slow pas-
sage, or to a breakdown of the adiabatic condition, is inherently of a
frequency twice the field modulation frequency, and thus not detected
by the phase sensitive detector. Only the derivative of the line shape
yields a nonvanishing result).

Amplitudes
Tor each individual spin packet, x’ is proportional to
1
VHE+ (H — Ho*

For an infinitely wide line,

) fw dH,
oC
X % Jo VHE¥ (H — Ho)?’

which is infinite. Therefore, to obtain a finite result, the finite width of

NXO—A—HF n H_m

/ Hl
Y
1 S
X t
.y
Hm
! /
H \\/ T
-Hm

Fig. 13 — Scope trace of x’ signal to be expected in case 2. Ideal conditions are
assumed; the field modulation amplitude H, is small compared with line width AH.



PASSAGE EFFECTS IN PARAMAGNETIC RESONANCE 1037

the spin packet distribution has to be called upon. This finite width is
due to the finite width of the inhomogeneously broadened line itself, and
the reduction of the contribution of packets far off resonance due to
relaxation, This reduction is difficult to calculate exactly. However, the
integral in the expression for x’ above diverges only logarithmicaily;
therefore, variations in the integrand far away from resonance, effect
the integral only little. An approximate calculation has been performed
by Portis,” and his result is

2H mmel

H,
for wmHnN/TiT: > H, and Ty = T, . [Portis, Case II(b).] This expres-
sion is discussed in Appendix D.

The x” amplitude is, for an individual spin packet (for x” due to
breakdown of the adiabatic condition; see Section IV):

” .. Hol|vH/dt| 1

X TR H, LY H— Y|
1+
H,

X;‘ = XoHéh(H — Hy) In

Now,
f * dH
Lo H — H, 2:'%
[ (")
Thus, superimposing various packets:
| dH /dt |
vH?
2 H,on
+ 17_ xoH o 'yH12
9 . Huwn dh(H — Hy)
t o TR

Since the x” lines due to an individual spin packet, caused by the
breakdown of the adiabatic condition are narrow, neglect of relaxation
is justified

= 2H1

H,wn ’
VI h(H — H,)

’ 2
X" = xoHo h(H — H,) N;XOHO

WH — Hy) cos 2unt

H.,, cos wyt.

Commenis

For a sinusoidal field modulation, the passage must be rapid through-
out the field sweep and not just in the middle of it. The time between
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IDEAL RAPID _-IDEAL sSLOW
PASSAGE ae PASSAGE
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NONADIABATIC
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Fig. 14 — Scope traces of x’ signal to be expected when the conditions are not
ideal: (a) x’ signal when there is slow passage near the extrema of the modulation
cycle, where dH/dt is small; (b) x” signal when there is slow passage near the ex-
trema of the modulation cycle; there may also be some signal due to imperfect
adiabatic conditions, when | dH/d¢ | is large; (c) x’ signal when T, is not very
short compared with the period of the modulating field; spin packets near the
extrema of the modulation cycle do not have time to relax completely before being
swept over again; (d) x” signal under the conditions of (¢); (e) the magnetic field
modulation eycle.
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consecutive sweeps of the same package, must be large compared with
T near the extrema of the modulation cycle, too.

These limitations are quite severe. Very often, 7 will be a little short,
and then the passage near the extrema will be slow [Figs. 14(a), (b)],
or T will be a little too long, and then the packages near the end will
not have sufficient time to relax completely [Figs. 14(¢), (d)].

Lxperimental Dala

(a) Fig. 15.

Data: x’ trace; H; =~ 1/30 gauss; H,, = 1 gauss; w, = 27 X 1000 rad/
second; 7 = 10°K. Under the same conditions, the x” trace was small.

Conditions that are satisfied: Hy, H, < AH; vH\T;, > 1; vHy >
WnH o 3 onTy < 1; (Ty = Ty & 107" second; yH,T1 = 5; vH," =~ 15000;
wnHn = 6000; 0,11 = 1/20).

Interpretation: Hi/(wnHn) & 3 X 107° second. This is of order T .
The passage in the middle of the modulation cycle is rapid, while at the
extrema it is slow. The signal was observed to be just a little less than
90° out-of-phase with the field modulation. This indicates that this is
not case 1, but rather a (distorted) case 2 [Portis,” Case I1I(b)]. The
extrema just commence to flatten [see Fig. 14(a)].

(b) Fig. 16 — Top and Center Traces

Data: H, = 1/100 guass; H,, = 1/10 gauss; w, = 2 X 1000 rad/
second; T = 10°K (top = x/, center = x”).

Conditions that are satisfied: Hy, H, < AH; vH\T: ~ 1; vH >
nHp 3 Hy/onH, &= Ty (vHY ~ 15005 wnHn &~ 600; vHiT), & 2;
Hl/o)mHm ~ TI), T1 = Tz .

Interpretation: Here, yH,T; was reduced so that a x” signal can be
observed at a reasonable amplitude. This, however, causes the condi-
tions of case 2 not to hold very well, and the x’ trace is a little distorted.

Fig. 15 — Experimental scope trace under the conditions of Fig. 14(a).
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asl-

S|~

H
laanan ¢

VVVUV\V

Fig. 16 — Experimental scope traces for case 2. Top trace, x’ signal, almost
ideal case ‘‘2’’; center trace, x” signal due to slow passage near the extrema of
the modulation cycle; bottom trace, x’ signal, when the adiabatic condition is
slightly violated.

(c) Fig. 17.

Data: x'; Hy = 1/100 gauss; dH/dt = 1/10 gauss/second; over-all
sweep: 1.6 gauss; T = 4.5°K; T'1 = 5 seconds.

Conditions that are satisfied: “H.,.”, Hy < AH; yHiN/T:T, > 1;
yHY > dH/di; Hy/(dH/dt) > V/TiT; .

Interpretation: This is the x’ signal observed at the output of the
¥ amplifier (no phase sensitive detector). It corresponds to case 2, with
a slight amount of case 7 (i.e., incomplete relaxation between succes-
sive field sweeps) intermixed [see Fig. 14(c)].

6.3 Case 3 — Rapid Passage with a Long Ttme Between Consecutive Field
Modulation Cycles, the Adiabatic Condition Being Slightly Violated

Physical Description

The conditions under which case 2 holds are quite severe, and it may
be quite often impossible to satisfy them with the experimental equip-
ment at hand, and it will be necessary to violate some of these conditions.

i abias

Fig. 17 — x’ signal for rapid adiabatic passage, when T is not very small com-
pared with the field modulation cycle. Compare with Fig. 14(¢). No phase sensi-
tive detector is used here (therefore, considerable drift is observed).
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If the condition w.H ., < vH,’ is violated, the adiabatic condition will
break down near the centers of the modulation cycle. (This case is not
of much theoretical significance, but it is experimentally very common.)

The modulation eycle may be subdivided into a number of regions
(see Fig. 18):

Region I: Hy/(dH/dt) > /T.T,. In this region we have slow pas-
sage conditions.

Region I1: 1/(yH,) < Hy/(dH/dt) < A/T,T, . In this region we have
adiabatie rapid passage conditions.

Region I11: H,/(dH/dt) < 1/(vH:). In this region the adiabatic con-
dition is broken.

‘We have the further possibilities:

i. Ty < V/Hy/(wn?H,). In this case, t = T} lies in region I.

ii. V/Hy/(wontHp) < Ty < vH{/(wnH,). In this case, t = T lies
in region II.

iti. vH{/(wmwHn) < Ty . In this case, t = T, lies in region ITI.

Case i: In region I we have slow passage; in region II we have adi-
abatic rapid passage of fully relaxed packets; and in region III nonadi-
abatic passage of fully relaxed packets.

Case ii: Even in region II there are some packets which did not have
time to relax since last swept by the field. If 7, = T, region I is then,
naturally, negligibly small (less than one packet wide). In region III,
all packets have fully relaxed.

Case iii: The packets in region IT have little time to relax. Even some
of the packets in region III did not relax.

Generalizing to systems with T < T, will create additional cases,
since one has to distinguish between relaxation of S, , and of S, , S, .

Traces

See Figs. 18 and 19. In the traces of cases ii and iii, region I has been
omitted, since it is small. The traces have been drawn for the center of
the line. Off center, the derivative of the line shape will yield an addi-
tional x’ signal. In addition, there may be ‘“wiggles’” in the border be-
tween regions IT and T1I.

The traces detected by a phase-sensitive detector are ‘“‘absorption”
curves, at a phase angle of 90° with the modulating field in case i, 0°
in ease iii, and an intermediate value for case ii. In addition, the x’ sig-
nal of region ITI will tend to produce a ‘“‘dispersion derivative.” (The
signals of regions I and II also produce such a signal, but this is weak
compared with the “absorption” shaped signal. If region 111 is large, its
“dispersion derivative’ signal may become comparable, or exceed the



1042

Fig.

A\

THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1960

ADIABATIC
RAPID PASSAGE™\

PASSAGE

\

as

RAPID PASSAGE OF
RELAXED PACKETS

Ti> '«

ks

/ (a)
| RAPID PASSAGE OF
{NONRELAXED PACKETS
|
i
Y

i/

-

\
\
{ 'NONADIABATIC
|
|
T
!

W (b)

‘|
|
!
SLOW PASSAGE |

N~

(©

o \/_4\/ (b)

/ NONADIABATIC
PASSAGE

NN

X/I

(c)

!

d

dt

/
H——N\— 7H? /
!
Lz t—
(d)

(i)

ADIABATIC PASSAGE OF
- RELAXED PACKETS

I LIRS (@)
T \ \ \
1
i(_——-)i ADIABATIC PASSAGE OF

!
|

/\} NONRELAXED PACKETS
|
]

NONADIABATIC
PASSAGE

N/ ©)
(

©

18 — Signal to be expected when the adiabatic condition vH,2 > dH/dt is
broken (1) Short T\ ; there is slow passage near the extrema of the field modula-
tion cycle, and the spin packets are completely relaxed in the other regions.
(ii) Slightly longer T ; some spin packets which are swept through adiabatically,
are not relaxed. (iii) Still longer T ; all spin packets which are swept through
adiabatically, are not relaxed. In all three sections, (a) is an ‘‘idealized” x’ trace,
(b) is a more ‘‘realistic’’ x’ trace, (¢) is the x” trace and (d) is the magnetic field
modulation.
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COMPONENT OF X’ IN PHASE
WITH MODULATING FIELD

!
|
T (a) (b) (c) (d) | (e)
Xf /\ /\"\ /\/\ l
Hy [ COMPONENT OF x"
<« |INCREASING ————— 90° OUT OF PHASE

o H-T, WITH NO
mim 1 MODULATING FIELD

Tig. 19 — Expected recorder traces for rapid (adiabatic or nonadiabatic) pas-
sage, with a field modulation period long compared with, or of the same order, as
T, : (a) large H,, small H, ; (b) and (c) intermediate values of Hy, Hyn ; (d)
Small H, , large H, . (These four are the component of x} in-phase with the field
modulation.) (¢) Component of x} 90° out-of-phase with the field modulation.

“absorption” signal due to region II.) The “dispersion derivative” signal
is at 0° with respect to the modulating field, so we may expect x traces
as shown in Fig. 19.

Note that region III also yields a x” signal component at the modula-
tion frequency, proportional to dh/dH; this component (which yields
an ‘“‘absorption derivative” trace) is small.

Amplitudes

I shall not attempt a quantitative treatment of this case. However, if
the relative depth of the “notches” of cases i and ii can be measured,
and is found to be 3, the fundamental frequency component falls down
by (2/7)8, for the simplified shape function of Fig. 20.

Case iii is essentially identical with case 10.

Making use of the formula for x’ of case 2:

2H 0Ty
H,

’ 2 ’
X~ <7—T B) Xlo(H -_ Ho) In

~—

t—>

Fig. 20. — An idealized x’ scope trace of case 3, used to estimate the amplitude
of the signal.
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Experimental Data

(a) Fig. 16 — Bottom Trace

Data: H; =~ 1/100 gauss; H,, = 1 gauss; w, = 27 X 1000 rad/second;
T = 10°K.

Conditions that are satisfied: H,, , H, < AH;vH\T1 > 1; Hi/wnHn <
Ty, Ty = To; (YHIT: & 2; Hi/wuHn~ 1/10 Ty ; vHy® =~ 1500;
wnH » = 6000).

Interpretation: Here, the adiabatic condition begins to be violated.
x' is small for dH/dt > vH," and this causes the ‘notches’ in the photo
[see (i)—(b) in Fig. 18].

The observed trace probably includes a small x” component [see
(1)—(e) in Fig. 18], which adds up with x’ to yield the observed trace.

(b) Fay. 21.

Data: x’'; H1 &~ 1/100 gauss; H,, = 1 gauss; wn = 27 X 1000 rad/
second; T = 10°K [same as in (a) above, except for higher scope gain];
bottom trace: sitting in the center of the line; top and center traces: off
the center of the line.

Conditions: the same as in (a).

Interpretation: Since the condition H,, << AH is not very well satis-
fied, a slight admixture proportional to the derivative of the line shape,
distorts the shape somewhat. This is particularly evident for the traces
off the center of the line.

Synthesis of the observed traces from those due to various cases is
shown in Fig. 22.

(¢) Fug. 23.

Data: x”; Hy = 1/100 gauss; H,, = 1 gauss; v, = 27 X 1000 rad/
second; T = 10°K; top and center traces: off the center of the line;

1 —

Fig. 21 — x’ scope traces of rapid, nonadiabatic passage of a line, when 7' is
very short compared with the field modulation cycle, at the center of the line
(bottom trace), and on both sides of it (top and center traces).
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Fig. 22 — Synthesis of the x’ trace observed in Fig. 21: (a) a case 2 signal
(adiabatic rapid passage, slow modulation), on the shoulders of the line; (b) a
case 4 signal (nonadiabatic); (¢) synthesis of (a) for the portions of the modula-
tion cycle for which dH/d¢t is small, and (b) for those for which dH/dt is large;
(d) rough shape of the trace expected experimentally; (e) the modulating field.

Fig. 23 — x” scope traces under the same. conditions as those of Fig. 21. We
observe slow passage signals, with some component proportional to the deriva-
tive of the line shape, due probably to incomplete saturation. (vH,T) =~ 2.)

1045
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bottom trace: at the center of the line [same as in (b), only x” instead
of x']

Interpretation: Again we have mainly case 3 [Fig. 18(i)] with some
component due to the derivative of the line shape superposed, off the
center of the line.

This admixture may be due to a small component corresponding
to cases 4 or 9, or more probably a slight amount of nonsaturation
(vH1T: » 1). The peaks at the edges may be due to slow passage near
the extrema of the modulation cycle.

(d) Fig. 24.

Data: x; (employing phase-sensitive detection); H; &~ 1/300 gauss;
‘' H,, = 1 gauss; w, = 27 X 1000 rad/second; T = 10°K.

Fig. 24(a) — reference voltage in phase with the modulating field;

Fig. 24(b) — reference voltage 90° out of phase with the modulating
field.

Conditions satisfied: H;, H, < AH; Hy/wnH, < Ty (Hy/w,H, =~
1/30 T ; vHY' = 200; wnH . = 6000; yH\T; & 1).

Interpretation: We have case 3 with some admixture of components
due to case 4, or nonsaturation. Notice the flat top on the trace of Tig.
24(a) (see Fig. 19).

(e) Fig. 25.

Data: x} (employing phase-sensitive detection; component in phase
with field modulation); H; = 1/100 gauss; H,, = 1 gauss; w, = 27 X
1000 rad/second; T' = 10°K.

Conditions satisfied: H, , H, < AH; vH,\T: > 1; Hy/wnH,, < Ty ;
T, =T, (‘YH1T1  2)

Interpretation: The increased saturation, and more important, the
less violent violation of the adiabatic condition, compared with Fig.
24(a), gives a ‘“‘cleaner” trace (x’, without phase-sensitive detection
under the same conditions, is shown in Fig. 21).

b2 GAUSS

R —

@ )

Fig. 24 — (a) x’ for mixture of cases 1 and 2; with P.8.D., 0° phase shift be-
tween modulating field and reference voltage [compare with Fig. 19(b)]. (b) Same
as (a), but x’ signal 90° out-of-phase with modulating field.
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Fig. 25 — The component of x} in-phase with the modulating field, with higher
microwave power than that used to obtain Fig. 24(a); the higher power yields a
“cleaner” trace [compare with Fig. 19(a)].

6.4 Case 4 — Rapid Nonadiabatic Passage with a Long Time Between Con-
secutive Field Modulation Cycles

Physical Description

The adiabatic condition vH,* > dH/dt is violated throughout the
modulation cycle. However, T and T, are so short that spin packets are
completely relaxed between consecutive sweeps (regions I and II of case
iii in Section 6.3 vanish). If 7 and T’ are not very short, we may neglect
relaxation effects, since packets that have relaxed by an appreciable
amount, beat with H; to produce a signal of a far off frequency. The
signal will, therefore, be a ‘“‘superposition of wiggles,”” which is not de-
tected by the narrow bandwidth system usually employed, as treated in
Section V. (Even if T4, T are shorter, their effect will probably not be
large. The effect of T'; is to destroy the phases — but phases of various
packets, interfere destructively, as discussed in Section V; T increases
S, but, for vHy’ < dH/dt, S. does not fall off much, anyway.)

Conditions Under Which This Case Is Observed:

wnTy < 1; yHY &K Hpom; H, < AH; vHNT.T,> 1.

Note that the condition yH\*<& H,w, requires a very small H,,
while saturation requires that it be not too small. Thus, this case may
be difficult to achieve practically. A wider line makes it possible to in-
crase H.,, , and thus, makes the observation of this case easier.

Traces

For oscilloscope traces, see Fig. 26.
The output of the phase-sensitive detector will consist of a “disper-
sion derivative” line for x” and a “absorption derivative” for x”.
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Amplitudes

As discussed in Section 3.5, x’ and x” for the extreme nonadiabatic
case are the same as for the nonsaturated case. Therefore, the line shapes
and amplitudes will be the same here as in the nonsaturated case, (al-
though T, T, may be quite large):

6.5 Case 5§ — Rapid Adiabatic Passage with a Short Time Between Con-
secutive Field Modulation Cycles and Very Rapid Field Sweep

Physical Description

In this case, each spin package yields an adiabatic rapid passage signal.
The time between consecutive modulation cycles is small compared
with 7. In addition, the conditions are such that the packages do not
lose much of their magnetization during the whole process. [H = H, +
(dHo/dt) t + H., cos wnt. If dH,o/dt is sufficiently large, this may be the
case.]

This case has been treated by Portis,’ and called “Case IV”’ by him.

Fig. 26 — Expected scope trace of signal of case 4 (spin packets are completely
relaxed; x” signal off the center of the line).
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Conditions Under Which This Case Applies:
wnd 3> 1; yH® > Hopwonm ; YHN T T, > 1.

In addition, assume that a fraction « of the line is “burnt” during
each passage. Then, the average of the magnetization, (and signals) of
N passages will be

1 1= =) 1=

N aN alN

The number of times each packet is swept over is

_ 2Hd, Wm
N = dH,/dt (2 2_7r> :
Thus, forlittle burnout, we must have; aN < 1, or [H nwn./ (dH/dt)]la < 1.
The amplitude of the signal in this case will be about H,./AH weaker

than in case 6. Therefore, the above condition is a little too soft, and we
must have

D+ —a)+ Q=—a)+ -]

H,w, H, AHe, L
diga <€ am amga® <t

The loss of magnetization during rapid passage, «, also depends very
much upon the sample used. If the loss is mainly due to relaxation be-
tween consecutive modulation cycles, ¢ =~ 1/(w,T1), as postulated by
Portis.’t

Traces

Each spin packet yields the traces shown in Fig. 27 (x” is due to non-
perfect adiabaticity). Notice that the various packets will combine to
produce a x’ signal that is approximately constant and a sinusoidal x”
signal (x” « dH/dt & wnH . sin w.,t for each packet). The derivative of
the line shape will yield variations in the x’ signal, and thus a component
of the signal at the modulation frequency (TFig. 28). Thus the recorder
traces are as shown in Fig. 29. The x’ signal is of “absorption derivative”
shape, and x” of “absorption” shape. However, the parities are as dis-
cussed in Section II.

Amplitudes

The amplitude of the x" trace depends quite critically upon «, which
is a rather indefinite quantity. It depends upon the rate at which a spin

t For the sample employed in this experiment, the loss was found to be due
mainly to nonadiabatic passage, and to forbidden lines (Section 3.3).
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RAPID ADIABATIC PASSAGE
OF INDIVIDUAL SPIN PACKE\T
N\

///\\\ S~
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I LA N
x” V

1 <~

t—

Fig. 27 — Signals from one spin packet, case 5; the spins do not relax between
consecutive field modulation cycles, so x’ does not change sign, while x”, which is
due to nonperfect adiabaticity, changes sign.

Hm

e

N

t —

Fig. 28 — Scope traces of signal of case 5 (combination of the signals due to the
individual spin packets, Fig. 27). Although x’ is large, its component at the field
modulation frequency is small, and due to the derivative of the line shape.



PASSAGE EFFECTS IN PARAMAGNETIC RESONANCE 1051

dH/dt <o dH/dt >0
SYSTEM /\
RELAXED

'3 \/ \/

SYSTEM
T /\ RELAXED
x” \/

1 —

R —

Fig. 29 — Expected recorder traces of signal of case 5.

packet is swept through, which varies with time due to the linear field
sweep, dH,o/dt. Tt also depends upon the environment of each spin — and
in an inhomogeneously broadened line, different packets will have dif-
ferent environments and different o’s. Thus, only order of magnitude
estimates of «, and of the amplitude, can be given.

In the limit when oN < 1, the signal has been calculated by Portis.
Quoting his results, (with slightly changed notation):

“h(H, — H, o) dHo ~ T 1 H In 2AH
V(1 F &) vH, 2\/§_7—,-XOAH H,
for a gaussian line, with H; << AH. Modulating the field, the component,
at the field modul: tion frequency is
' H/ AH 1 H, H In 2AH "
0 £ 3) N Vo X aH ag P TH, ¢ en

To include losses due to partial relaxation, multiply this value by

X (H) = F ixH

1—e™

T aN
where « is the loss of magnetization per passage and
2 Huom
w dH,/dt’
The x” signal is calculated as in case 2, but, since the magnetization

vector changes sign with dH/dt, x” changes sign too, and we have,
neglecting burnout,

N =

X' = xolt Drn S eny oy gty
aH1

t Ref. 5, p. 17.
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Including burnout, we must multiply this result by (1 — a)™”*
since the packets in the middle of the modulating cycle give most of the
contribution to the x” signal, and these have been swept over N /2 times
only (i.e., instead of an average over-all packets, I have calculated here
the amplitude of the middle packet only).

Note that, if wnHn/(vHy') is not very small, it is difficult to get the
‘nonburnt’ case, since there is considerable burnout due to nonadi-
abaticity. If it is small, x” is small.

— 2
ISR AR

Experimental Data

See Fig. 30 (noting that there are two distinct lines on this trace).
Data x; (employing phase sensitive detection); H, = 1/300 gauss;
= 1/20 gauss; wn = 27 >< 100 rad/second; T = 1.2°K. sweep rate:
8 gauss/ second.
Conditions satisfied: H, , H,, << AH; vH,Ty > 1;vH{® > wnH o . Num-
ber of times each packet is swept:

2H 2w
—r =) =25
dH /dt < 2r )
Loss of magnetization per passage: @ & 0.1 (roughly); vH:" ~ 200; wnH .
~ 30.
Interpretation: The recorder trace agrees quite well with the theo-

retically expected trace on Fig. 29.1 Also, consecutive traces have some-
ferent shapes and amplitudes. This will be discussed in Section 6.6.

6.6 Case 6 — Rapid Adiabatic Passage with a Short Time Between Con-
secutive Field Modulation Cycles, the Magnetization of the Spin Packets
Being Partly Destroyed

Physical Description

Each spin packet yields a rapid passage adiabatic signal. However,
there is relatively more burnout than in case 5, and the burnout cannot

50 | %<o | o5, | =R2<o

dH,

dt dt

Fig. 30 — Experimental recorder trace of case 5 (compare with Fig. 29).

1 Note that the system does not relax between consecutive sweeps, since T} is
much larger than the time between sweeps.
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be assumed just to reduce the amplitude of the signal without affecting
its shape.

This case is an intermediate one and of little theoretical significance in
itself. However, it is important to understand the processes occurring
here. Let

y _ [Ho+ 1, £ <0
T \Hy + H. cos ot t>0

(Hy is at the center of the line.) Consider x’(¢) (see I'ig. 31).

For t £ 0, x'(t) = 0, since we have the slow passage case, and are
(say) at the center of the line.

For 0 < t < 1/wn (say), we have a very fast rise of x’, since we have
rapid passage through nonburnt packets. This is region I in Fig. 31.

For slightly larger ¢, we have a constant x’, independent of the sign of
dH /di. Since both dH /dt and 8, reverse their sign, x’ maintains its sign.
This is region I1.

Eventually, spin packets will burn out, either because of loss of mag-
netization during passage, or T relaxation of “inverted” spins, between
passages. The spins are partly burnt out in region ITI

Finally, a stationary state is reached, in which the burnout per passage
is replaced by means of the T relaxation, between passages (region I1V).

Operation in regions I or II yields case 5. Operation in region IV yields
case 7. Operation under conditions all regions contribute, but I, IT, III
contribute more than IV, yields case 8. Operation under conditions at
which region III is important, yields this case, 6.

T ' STATIONARY

STATE
XI /\ /\

I it o N/ \/N_\

t —

Fig. 31 — Transient x' trace, for illustration of case 6: x’ is first large and
constant; eventually, spin packets “burn out’’; x’ decreases, but its component
at the field modulation frequency may increase.
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Conditions Under Which This Case Is Observed:

YHV/TiTy 3> 15 ¥H? > Hopwn 5 0nT1 > 1; Hn > 1; Nax 1(N =
2H ./ (dHo/dt)2w,/27; a: loss of magnetization per passage).

Traces

The x' signal will be approximately as shown in Fig. 32(a). The x”
signal will be as in case 5, but somewhat smaller, since, for packets in
the middle of the modulation cycle, for which dH/dt is large and there-
for x” (due to nonideal adiabaticity) should be appreciable, the mag-
netization is smaller.

Near the extrema of the modulation cycle we may have slow passage
conditions and a corresponding x”, which is, however, mostly at the
second harmonic of the field modulation frequency. Thus, the output of

1;”/\/

(a)
Hm -
!
H \/
t —
dH/dt<o
dH/dt >0
} AN
W \/
b

!
P \/

Fig. 32 — (a) Expected scope trace of case 6: spin packets just commence to
‘“burn out”’; x’ is large, but its component at the field modulation frequency is
small. (b) Expected recorder traces of hybrids of case 5 with cases 6, 7, or 8.
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the phase-sensitive detector is of “absorption” shape, 0° phase shift with
field modulation for x" and small for x”.

A mixture of case 5 will distort the x’ signal and yield traces as shown
in Fig. 32(Db).

Amplitudes

Amplitudes are difficult to estimate, since the rate of burnout will be
different for different spins and different parts of the field modulation
cycle.

If the loss of magnetization is mainly due to T, relaxation between
sweeps, the rate of burnout is about 1/7;, as discussed by Feher.{

The amplitude of the x’ signal will then be about that of case 7
(discussed below), but it may be larger or smaller.

If the burnout is mainly due to 7' relaxation, the magnetization vec-
tors at one extremum of the modulation cycle (dH/dt = maximum)
will burn out fastest, and those at the other one will burn out slowly.
Thus, a transient condition may develop in which the signal is stronger
than in case 7.

If the spins at the extrema burn out fastest (since dH/d¢ is small there
and “Ty"’ processes are therefore more effective) the signal will tend to
be weaker than in case 7.

Therefore, attempting to give some general expression for the ampli-
tude is not of much use here.

Comment

The mixture of cases 5 and 6 (and possibly 7 and 8) yields the peculiar
trace shown in Fig. 32(b). If, due to different environments, different
spins lose different amounts of their magnetization per passage, the fast-
burning spins will tend to create case 6 (or 8), i.e., an “absorption”
shape, while the slow burning ones tend to create case 5 (nonburnt
absorption line derivative). Thus, after starting from equilibrium, the first
trace may look more like an “absorption” line, and consecutive ones,
more like “absorption derivative” (see Fig. 30).

Experimental Data

See Fig. 33.
Data: x’, H; = 1/1000 gauss; dH /dt = % gauss/second. Over-all sweep:
1 gauss; T = 4.5°K.

1 Ref. 12, p. 1242.
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{ —

Tig. 33 — Transient x’ signal; this trace verifies experimentally the theoreti-
cally predicted trace of Fig. 31.

Conditions satisfied: H,, 8H < AH; vH\T:> 1; vH.®> dH/d;
“onTy>> 1; (yH® =~ 20; vH\T1 =~ % X 10%). Repetition rate: 3 sec™;
T, =~ 5 seconds.

Interpretation: This trace coincides with the theoretically predicted
trace of Fig. 31.

6.7 Case 7 — Rapid Adiabatic Passage with a Short Time Between Con-
secutive Field Modulation Cycles — the Stationary Case

Physical Description

Each spin packet yields an adiabatic rapid passage signal. However,
the packets are in stationary state, which depends upon T and the loss
of magnetization per passage, but not upon dH,/dt which is assumed to
be so small as to let the stationary state be established. This case has
essentially been discussed by Portis® [his Case ITI1(b)] and Feher.*t

Conditions Under Which This Case Is Observed:

yHN/TT, > 1; yHY 2 Hyon; o T1>1;  H.> H,.

In addition, the signal due to this case must be strong compared to
that of cases 6 and 8, which compete with it. This requires: dHy/dt <
H,.,/T; (see sections on amplitudes).

Traces

The spin packets, resonating at H =~ Hy, — H,., are most of the time
in a field above their resonant field. Therefore, their S, will be positive
for H > H,, and thus negative for H < H,.

1 See Feher,'? p. 1241-1242.
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Thus, for dH /di< 0, we get a positive x’, and for dH/dt > 0 a nega-
tive one. For packets resonating near H =~ H, -+ H,, signs are reversed.

Packets resonating at H =~ H, are about half the time in a field above
their resonant field, and half the time in a lower field. Therefore, their
magnetization is small. We thus have the traces shown in Fig. 34.

Amplitudes

Let the fractional loss of magnetization during each passage be o.
Then [as in Equation (33) of Feher"],

=8y =[Sy ™ = So(1 = ™M — w),
— Sy = [Sye ™ 4 So(1 — ¢ ™1 — ),
where Sy is the magnetization after the Nth sweep, and S, is the equi-

librium magnetization.

In the stationary state:
Sya1 = Sy = —[SN(?—tz/Tl 4+ So(1 — e—mTl)](l — a)
= ¢ "YTSy_1e T — Sy(1 — e ™)1 — &)°
+ 81 — ™) (1 — @),
T2 — o) — e ITRITI(L ) — 1
Sy = 1 — (1 — )% o (1 —a)S,
e—tllTl(z _ a) _ e—-(tng)/Tl(l . a) -1
1 — (1 — o) m2in

| ~N

Hmb

H ~__—

t —

SN=

a - a)S;.

& —

Fig. 34 — Scope trace of signal of case 7: a stationary state is established; the
spin packets at the center of the field modulation cycle are burnt out, while those
at the extrema yield an adiabatic rapid passage signal.
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FOI‘ T1 >> t1 + tz :

_(2—a)%~+ a —a)tl;:tz
Sya =~ 1 L (1 — a)So,
[1 _ (1 _a)2]+ (1 _a)2t1+t2
T,
21 h+ b
—(2—04)T1+(1—a) T

SN ~ (1 — Cl)So.

[1 _ (1 _ a)2]+ (1 _a)2tl+t2
Th
If, furthermore, o < 1, then:
h — it
SN—l — ____.T'I—SO’
20 + bt b
Ty
o — &1
Sy=—T1 .
% + th+ &
T

Sy, Sy41 are then still linear functions of i, — £, as is the case when
a = 0. For t; = 0, say,

2
Sy = —8y = “""T‘Z Sy = — 2 e
2a + il 1+ Qm71
me1 ™

The approximate number of cycles required to achieve equilibrium can
be estimated as follows.

If aw,Ti/m < 1, the approach to equilibrium will be governed
mainly by T . The loss of magnetization during ‘‘rapid passage’ can be
neglected. The rate of establishment of the ‘“‘stationary” state will be
about T, ", as discussed in Feher’s work."”

If aw,Ti/m> 1, during each cycle a spin packet is reduced by
(1 = @) Thus, (1 — a)*" & n/aw,T:, where m is the number of
cycles to reach equilibrium. If o« < 1, then (1 — &)™ & ¢ °°", and
m =~ 1/(2a) In [v/(aw,T1/7)].

Numerical examples (corresponding to conditions of the present ex-
periments) :
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(a): @ = 0.1; wp, = 27 X 1000 rad/second; T7h = 100 seconds;
(cewnTh) /7= 2000; m ~ 5(log 2000) =~ 50 cycles.

(b): & = 0.5;wn = 27 X 100 rad/second; T, = 5 seconds; (aw.T1)/=
= 500; 4™ = 500; m = 5 cycles.

[Packets near the center do not yield exactly zero signal, since when
S. < 0 relaxation is slightly faster than when S, > 0. If we let t; = f,,

ntt L (t+6Y
* T +4( )

Sy = SN+1N -

and the signal due to these packets is of the second order. Spin packets
at the center of the modulation eycle have been discussed in detail by
Salpeter.q]

Using the result Sy ~ 78/ (aw.T:), we have

10H,,
H, ~

’

e X bt gy
amel

(x” is small).
This approximate result is derived as follows. The signal due to each
packet is
N
2H, aw,Ty’

where H'’ is the field at which the spin packet resonates and H, is the
magnetic field at the instant at which the modulation field is zero.
Superimposing the signals of the various packets,

H, — H'
Ho+Hpy —_—
X« [ e g
Ho—tp 1‘/1+ H — H'\?
H,
if the signal due to packets with H’ > Ho+ H,, or H' < Hy— H,, can

be neglected (it can, if H,,>> H;). This expression has its maximum when
H = Hy+ H,, . For it, the integral is
Ho+Hp, - !
H H, — H dH' =~ Hilog 46H’".
H, Jayn, A/H? 4+ (Hy+ H,, — H')? H,
Now, since Sy = xoHh(H — H (',), we have, approximately,

h(H — Hy) 1y LOH.n
0[me1 H1 )

x; (H) = xoH
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t—
Fig.35 — x’ of case 7 (no phase sensitive detector used.) Compare with Fig. 34.

Experimental Data

See Fig. 35.

Data: x’; no phase-sensitive detection; Hy; =~ 1/100 gauss; “H,”’ =
0.8 gauss; dH/dt = 0.8 gauss/second; T = 4.5°K (triangular sweep).
Interpretation: This trace corresponds to Fig. 34.

6.8 Case 8 — Rapid Adiabatic Passage with a Short Time Between Con-

secutive Field Modulation Cycles, the Magnetization of the Spin Packets
Being Completely Destroyed

Physical Description

In this case, the loss of magnetization per sweep is large, or T, is

p ——

Y
N\EReSH! S\ MBURNT
-~ TPACKETS ~ PACKETS
4 /
(VARIOUS 1 4

PACKETS) Sy V‘V‘V

Fim ~_

t —

Fig. 36 — The contribution of the various spin packets to a ‘“‘case 8" signal: spin
packets near the extremum of the field modulation cycle have not been swept

many times, and thus are not ‘‘burnt out’’; packets further removed from the
extremum are partly, or completely, burnt.
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|

Xt
A

!

X¢
\vg

t —>

Fig. 37 — Expected recorder traces of case 8 signals: the line is burnt while
sweeping through, consecutive sweeps yield weaker lines; their sign depends upon
T, , the time between consecutive sweeps, and the extent to which the line is
“burnt out.”

long, and the line burns out rather completely, and fast. Most signal is
due to “fresh” packets covered by the advancing, modulated field.

Conditions Under Which This Case Is Observed:

YHA/TT:>> 1; yH® 2 0nH oy 0nTi > 1 Ho > Hy 5 awnAH >>

dH,/dt > H /T, ; (the last condition ensures that the signal due to this
case exceeds those of cases 5 and 7).

Traces

Since only the packets near the advancing extremum of the modula-
tion cycle are not burnt, the x’ trace is as shown in Fig. 36. The output
of the phase-sensitive detector is an “absorption’ signal. When we sweep
the line again after a time short compared with T, it is saturated and
we get little response (Fig. 37). The x” signal again is small. It may be
due to slow passage near the extremum, or nonadiabaticity; however, it
is not at the second harmonic of the field modulation frequency.

Amplitudes

The x’ amplitude is
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. dHs
dHO&r_l "

n
oWy, aw,H;

~ XoHQh (H Ho)

if the loss of magnetization per sweep is constant. (However, this is a
very bad assumption.) This estimate is derived as follows:

If the burnout per cycle is «, after N passages of a packet its magnetiza-
tion will be down by (1 — a)” & ¢ *". Thus, the shape of the magnet-
ization versus ¢ curve, for a given modulation cycle, is approximately as
shown in TFig. 38:

acumH' ]

| dHo/dtT dH’

Xpsk N XoHTR(H — H) [~ 1/ (H H) 5in

dH,
T

me 1
If the width of the distribution is small, the component of x” at the field

modulation frequency is about (1/7)xpex X (width of distribution).
Or, about

~ 2xoHh(H — Ho) In

27 atl,
r _ dH, ' dt
N2 — Hp'l
Xs dt awnH., (M) h(H o In awnHy
for H,aw., > dH,/dt.
_FRESH” PACKETS

“BURNT
PACKETS

Fig. 38 — Magnetization in the range of one modulation cycle, case 8 (or 11):
spin packets at the extremum of the field modulation cycle are not burnt out,
while those removed from it are.
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However, if the width becomes larger, there is no longer the linear
dependence of x’ on dHy/dt. In addition, o can by no means be con-
sidered constant. For H naw., & dH,y/dt, the width of the distribution will
be of order H, , and we may expect a signal of the order x;eakH m y OF,
very roughly, x} ~ (xoH)Yh(H — Hf,) In H,./H:.

Some experimental data concerning the dependence of x’ upon dHo/dt
and H,, are given in Section 6.12.

Ezxperimental Data

See Fig. 39.

Data: H; =~ 1/300 gauss; w, = 27 X 100 rad/second; H, = 0.3
gauss; dH,/dt = 3.2 gauss/second; T' = 1.2°K. Top trace is x”; center
and bottom traces are x’ with opposite values of dH,/dt.

Conditions satisfied: Hy , H,, < AH; yHIN/T:iTy > 1; vHY = wnHom ;
wnT1 3> 1 (vHy' ~ 200; wnH . & 200).

Interpretation: These photographs correspond to the predicted traces
of Fig. 36. The x” trace is weak and may be a spurious x signal (i.e.,
the bottom trace, weaker and inverted).

6.8 Case 9 — Rapid Nonadiabatic Passage with a Short Time Between
Consecutive Field Modulation Cycles and Very Rapid Field Sweep

Physical Description

In this case, each packet is traversed very rapidly, so that the passage

. Fig. 39 — Experimental scope traces corresponding to case 8 (compare with
Fig. 36): the x” trace is probably a spurious x’ signal; the signal here is weak, so
the signal-to-noise ratio is not good.
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is not adiabatic, and the burnout is small. The signal will be the super-
position of “wiggles” treated in Section V.

If Ty < 1/wn ,t the packets are initially aligned along the z-axis, and
we may use the results of Section V straightforwardly. If T is longer,
there will be some “wiggles,”” but these will be rapidly averaged out by
the limited bandwidth of the system. (For a more detailed treatment,
see Appendix C.)

The x” signal is proportional to h(H — H 6), so the component at the
field modulation frequency is proportional to the derivative of the line
shape and, similarly, that of x’ is roughly proportional to the second
derivative of the line shape.

In the moderately nonadiabatic case, in the region for which yH® ~
dH /dt, there is immediate burnout, and a “nonburnt” case is probably
impossible.

Conditions Under Which This Case Is Observed:

yH? <K wpHp ; YHN/TiT, > 1; (yH{/(dHo/dt)) . (Hi/H,) <& 1
(little burnout).

Traces
See Tigs. 3(a) and 3(b).

Amplitudes

As in case 4,
1 H w1 H H,

H., ~
X=3agXan’ X T2AHXAH-

This case requires an extremely low H; and fast sweep. Both these
factors contribute to the degradation of the signal-to-noise ratio.

6.10 Case 10 — Rapid Nonadiabatic Passage with a Short Time Between
Consecutive Field Modulation Cycles — the Stationary Case

Physical Description

Each packet is passed almost suddenly. Equilibrium conditions have
time to establish (very small dH,/dt).

Note that if the passage is nonadiabatic, S is not inverted. All pack-
ages will have the same times to relax in the same direction.

t Here, T’z is not T'z. (as at beginning of Section VI), but the zero of field 7' .
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The fractional amount of magnetization cut off during a nonadiabatic
passage is w[yH,*/(dH/dt)] (Section IIT). Thus, during those parts of
the field modulation cycle in which the field varies fast, less will be cut
off (see Fig. 40).

VAN
¢ \

I~ "

H \/
“EXTREME" CASE

“"MODERATE" CASE

AAa AAa

1" \Y4 \/\lv t — VV'

Fig. 40 — Expected scope traces of case 10: x’ depends critically upon variations
of S, ; these may be due to ‘“‘burnout,” or the derivative of the line shape; here,
variations due to burnout are postulated.

The x’ signal has a sign depending on
dH d|8 |
dt dH ’
so that it will be as shown in Fig. 40, while x”, which is proportional to
| S|, will be mainly at the second harmonic frequency.

Conditions Under Which This Case Is Observed:

vH? K wnHp ; YH\W T Ty > 1; wnTy(vHyY /onH ) not too large;
dH,/dt K wnH,, ; Hn < AH.
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(If this last condition is not fulfilled, we shall often have case 9, or a
mixture of cases 9 and 10.)

Traces

See TFig. 40. In the moderate nonadiabatic case, the signal from the
adiabatic portions near the extrema of the modulation cycle, may over-
whelm that of the nonadiabatic ones.

Amplitudes

In the “moderate” nonadiabatic case (yH, is smaller than wnH. ,
but not very much), the amplitude will be about the same as in case 7.
The reason for this is that, at the extrema of the modulation cycle,
dH/dt < wnH, , so that we may have dH/dt < vH,® there, and the
adiabatic condition fulfilled — and these regions yield most of the con-
tribution to the x’ signal.

In the “extreme” nonadiabatic case (vHy <K wnH ), let a = n[yH,'/
(dH/dt)], and use the formula in Section 6.7:

S() ~ 7I'So _IdH/dtlSo

SN - C(mel - 'YH12OJmT1 ’

amel + 1
™

Differentiating with respect to H,

dSy d’H /dt* xol

oy _ o = ot 0

dH = (dH ey, XOF = Eeobenl S
since

H = Hy+ H,, cos wpnl.
Note that this relation holds only for dH /dt > vH,’, or
2
OnHn | S0 w,t | > vHL, | sin wat | > Vi .
W m
From the result of Section V,
dt(h,)
X = $Hxo —z AH,

where “h”’ may be any “line shape’” — here it is the “shape” due to
the burnout of spin packets — and

d((h))

7
-—d-y-— = h(H b H()) COtwm

(L
YH?T’
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where h(H — H(')) (without quotation marks) is the true line shape.
Thus,
x' = 1Hxh(H — Hy) cob wnt (—1—> X width of distribution.
’YH 2T
The width of the magnetization distribution will be of order H,, (see
Tig. 40), so that

’ 1
x & %HXOh(H - HO) cot wyt (m) H,,
and the component at the modulation frequency is roughly
/2
= s — 1) 2 L | b cont €08 cond d (cond
x; = $Hxoh( 1 VLT o €0t Wyt €OS Wt d (wWnt)

n H 1 QwnH
= LHxh(H — Ho) == mm).
241 Xo ( Ho) H, ’yHlTlln( 6‘YH12)

Here, x” is approximately that of the nonburnt case, multiplied by
7w/ (awnTh):
” ’ r H
2 xolH — Hy) —— ==
X ~ xoHh(H o) o T AT

Comment

If yH,® is very small compared with w,H, , we have little burnout
even near the extrema of the modulation eycle. If vH, is of the order
wnH n (or slightly smaller), the passage near the extrema of the modula-
tion ecycle is adiabatic, and this case does not apply either. Therefore,
this case is difficult to create experimentally.

611 Case 11 — Rapid Nonadiabatic Passage with a Short Time Between
Consecutive Field Modulation Cycles, the Magnetization of the Spin
Packets Being Completely Destroyed

Physical Description

In this case, the adiabatic condition yHy® > dH/dt is violated. In
addition, the magnetization is destroyed during the passage, and most
of the contribution to the signal comes from spin packets that have not
been swept over many times. The general considerations concerning
the ‘“stale’ case 10, apply here too.

Again, we must distinguish between the “moderately’” nonadiabatic
case, in which the passage near the extrema of the modulating field is
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adiabatic, and the extreme nonadiabatic case in which vH; is very small
compared with w,H .,

The moderate nonadiabatic case is essentially the same as case 8, the
adiabatic fresh case. This case applies, if the width of the nonburnt
region (Fig. 38) is limited by the adiabatic condition dH/dt = vH{’, or
if it is narrower. Since the burnout « is a very indefinite quantity, a
theoretical estimate is very unreliable. However, the width of the burnt
region can very easily be determined from the oscilloscope trace.

The extreme nonadiabatic case is much more difficult to treat. It
should be noted that, near the extrema of the modulation cycle, dH /dt
is extremely nonuniform, and it is not always clear whether solutions
obtained assuming constant dH /dt apply here. Some of the considerations
are given in Appendix C.

Conditions Under Which This Case Is Observed:

YH® < @nHp ; YHA/TiTy > 1; 0nT1 > 1; ¥H{' fwmH » not too small
compared with unity (otherwise we have case 9) (dHo/dt)/wnH» not
too small compared with unity (otherwise we have case 9 or 10).

Traces

For the extreme nonadiabatic case, see Appendix C. For the moder-
ately nonadiabatic case, the traces are exactly the same as for case 8
(Figs. 36 and 37).

Amplitudes

For the moderate case, the amplitudes are the same as for case 8.
The signal of the extreme case is difficult to estimate. For some con-
siderations, see Appendix C.

Experimental Data

(a) Fig. 41(a).

Data: x’ Signal; H; =~ 1/100 gauss; w. = 27 X 1000 rad/second;
H. = 1 gauss. Sweep rate: 1 gauss/second; T' = 1.2°K. Top trace:
light off, opposite signs of dHo/dt; center and bottom traces: light shin-
ing on the sample, relaxing it (see Feher').

Conditions satisfied: yH\Ty > 1; wnTi 3> 1; wnHn > vHy'. Number
of times each packet is swept through: about 4000 (vH? ~ 2000;
wmHm ~ 6000).

Interpretation: This is a “moderately’’ nonadiabatic case;i.e., vH <
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wnH o, but not yHy® <K w,H,, . At the extrema of the modulation cycle,
the adiabatic condition is satisfied, and thus the trace of this case is
indistinguishable from case 8 (see Fig. 39).

(b) Fig. 41(b).

Data: Hy = 1/1000 gauss; w, = 27 X 1000 rad/second; H, = 1/10

@) (b)

Fig. 41 — (a) Top and center traces: experimental scope x’ trace corresponding
to a “moderate’’ case 11; (wn.H. > vH:%, but, only the spin packets near the
extrema of the modulation cycle are not “burnt,” and for these dH/dt < vH,?);
this case is very similar to case 8 — compare with Figs. 36 and 39. Bottom trace:
corresponds (essentially) to case 7 (see Fig. 34) indicating that light reduces T, ,
but it 1s still long compared with a field modulation cycle. (b) Experimental scope
x' and x” traces of an ‘extreme’ case 11 (vH;? K wnHn); the ‘wiggles’ are an indi-
cation of the nonadiabatic conditions near the extremum of the modulation cycle,
where dH/dt is small. (¢) x’ scope trace corresponding to case 11, the conditions
being very similar to those of (a); however, a lower power reduced losses due to
forbidden lines (yH%/wnH, is the same). Data: H, =~ 1/300 gauss; H, = 1/10
gauss; w, = 27 X 1000 rad/second; 7' = 1.2°K. Top trace: light shining on the
sample; center and bottom traces: no light shining on the sample; opposite signs
of dHo/dt. (d) x” scope trace corresponding to case 11. Data: H, =~ 1/300 gauss;
wn = 2r X 1000 rad/second; T = 1.2°K. Top and center traces: light shining on
the sample opposite senses of dHo/d¢; bottom trace: no light shining on sample.
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sysTem | dt.
RELAXES '

@) t— (b) t—

. Fig. 42 — (a) x} for case 11, with P.S.D. (compare with Fig. 37); the magnetiza-
tion was completely burnt out after one passage, so the sample was completely
relaxed between consecutive sweeps. (b) x7 for case 11, with P.S.D. Note the
" traces.

different parity of the x’ and x”
gauss. Sweep rate: 8 gauss/second; 7' = 1.2°K. Top trace: x’, dHo/dt >
0; center trace: x’, dHo/dt < 0; bottom trace: x”.

Conditions satisfied: vH,T; > 1; wnTy > 1;vHY < wnH, . Num-
ber of times each spin packet is swept: about 50 (vHy =~ 20; wnH . =~
600)

Interpretation: Here the adiabatic condition is more strongly vio-
lated, and the “wiggles” can be seen. Also, the reduced H,. reduces the
beat frequency between spin packets, which are a fraction of the field
modulation cycle out of tune and the microwave signal. This, too, makes
the wiggles more easily observable.

(¢) Fig. 42.

Data: H; =~ 1/1000 gauss; H,, = 1/10 gauss; w, = 27 X 1000 rad/
second; T = 1.2°K. Fig. 42(a): x; ; Tig. 42(b): x7. The x; and x; sig-
nals are not to the same scale — the gain of the system is 10 db higher
for the x; measurement than for the x; measurement.

Interpretation: These data correspond to Figs. 3(¢), 3(d) and 25.
There is a slight admixture of x} signal in the x; trace, due to imperfect
adjustment of the bridge. We have a “moderate” nonadiabatic case.

6.12 Conditions to Maximize Signal

An experiment was carried out to determine the dependence of the
amplitude of the x; signal upon H; , H,, and dH,/dt, for cases 9, 11 and
neighboring ones.

The 11 cases treated in this section are idealizations, and usually we
shall have a case intermediate between them. Thus, quantitative agree-
ment with the formulas given in this section cannot be expected. How-
ever, there seems to be qualitative agreement with the theory. The
results of the experiments are shown in Fig. 43.
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TFrom the dependence of the observed signal strength upon H; and
H,. it is clearly seen that in order to obtain a strong signal, the adiabatic
condition vH;* > dH/dt should be violated, but not by too much (say,
roughly 3 < (dH/dt)/vHy' < 10).

If it is not violated, we do not have much burnout, and thus have
cases 5 or 6, which yield quite low signals. If the adiabatic condition is

¥’
EXTREME

_ CASEMH __

N
MODERATE

CASES 9,10 (a)
d 3
2 H
H2=CH
7Hy dt
\\
1 1 i
J - . 1 1
1 3000 1000 300 100
Hy IN GAUSSES
(]
[
z
> CASE 11 1000 ¢/
w
g (b)
<
u 100 /S
z
< 1 ! ]
3 0.1 1 10
X dH,
gt INGAUSSES PER SECOND
__CASE Il
MODERATE’ EXTREME
CASES 9,10
(c)

Hm IN GAUSSES

Fig. 43 — Dependence of amplitude of x; signal (as detected by phase sensitive

detector) upon H,, H,, dH,/dt, for case 11: (a)

Dependence upon

1.

Data:

H,, = 1/10 gauss; wn = 27 X 100 rad/second; dHo/dt = 2 gauss/second; T' = 1.2°K;
concentration, 3.2 X 10!% phosphorus atoms/cc. (b) Dependence upon dH,/dt.
Data: H, = 1/300 gauss; H, = 1/10 gauss; T = 1.2°K; concentration, 3.2 X 105
phosphorus atoms/ce. (¢) Dependence upon H, . Data: H, = 1/300 gauss; wn =
27 X 100 rad/second; dHo/dt = } gauss/second; T' = 1.2°K; concentration, 3.2 X

1015 phosphorus atoms/ce.
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violated too much, we again do not have much burnout, since we have
an almost sudden transition (see Ifig. 11). We then approach case 9
and case 10, which again yield weak signals.

The dependence of the signal strength upon dH/dt is weak. This is
due to the fact that, when the burnout is due mainly to the breakdown
of the adiabatic condition, the width H’ of the unburnt region is given

by
dH o
(W)H, ~Hy,

and this is independent of dH,/dl. Of course, when we reduce dH,/dt,
we shall eventually reach a stage when H’ becomes smaller, and then
xs Talls faster when dHo/dt drops (see formula under Amplitudes in Sec-
tion 6.8).

At 1000 cps the adiabatic condition was well violated, while at 100
cps we have yH,"~ dH/dt. Thus, the burnout at 100 eps is not so effi-
cient, and the 1000-cps signal is stronger, particularly at high dH,/dt.

When a quantitative agreement between theory and experiment is
desired, the following effect must be taken into account. Much of the
loss of magnetization at high powers may be due to forbidden lines. This
loss does not occur when yH = w, but at different fields. Thus, one must
distinguish between losses occurring “within’’ the field modulation cycle
(at which a given spin packet is swept), i.e., at a field satisfying
| H — w/v| < H, and losses occurring “outside” the field modulation
eycle, (| H— w/v| > H, ). The first affect both the amplitude and the
“passage case’’, while the later affect the amplitude only.

Note that the “moderate” case 11 is characterized by a broad maxi-
mum in the dependence of x} upon H, and H,, , and only slight depend-
ence upon dHo/di. This makes it easy to obtain this case by experimen-
tally adjusting H, H,, and dH,/dt simply for maximum signal.

However, for reliable determination of fine details of line shapes, it
is recommended to see to it that w.Hn./vH J =~ 3-10 and that dH,/dt
is large enough.

VII. THE VARIOUS PASSAGE CASES — DIAGRAMMATIC REPRESENTATIONS
AND ADDITIONAL EXPERIMENTAL POINTS

In this section, we attempt to present some hints that may be of aid
in the experimental identification of “passage” cases. The section con-
tains a number of diagrams, suggestions and experimental data.

Table II indicates the logical relationship of the various cases, and
scope and recorder traces to be expected.
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Table 11T indicates roughly the case to be expected for a given micro-
wave magnetic field H; and relaxation time T'; , and the effect of various
variations of the parameters upon the shape of the experimental traces.

Table IV indicates roughly the conditions under which each case is
to be expected, and approximate values of the amplitudes of the x;-and
x; signals.

Experimental Identification of the Passage Case

If nothing is known a priori, it is recommended that the scope trace
be observed. This trace is obtained by connecting the output of the 1r
amplifier to the ¥ amplifier of the oscilloscope. Thermal noise can be
reduced by an RC filter. Low-frequency noise often proves much more
troublesome and may be reduced as follows: The scope is operated at a
low time base frequency (about 10 eps) and a high X gain, so that a
cycle or two of the modulating field are displayed on the scope screen.
Then, successive cycles (which will be displaced vertically from each
other, due to low-frequency noise), will be distinguishable and the noise
will not wash out the signal.{

On the scope trace, “wiggles” and other sorts of oscillations indicate
nonadiabatic conditions.i See Fig. 41(b) for a typical picture. “Fresh”
cases are also very easily identified (by lack of symmetry between the
positive and negative extrema of the modulating field.) “Fresh’ cases
can also be identified by the reduction of amplitude of successive re-
corder traces (if the time between them is short compared with 7' .)

Cases 2, 7 and 8 (or 11), which are most common, are particularly
easy to identify by the scope trace. Note that the sweep dH,/dt must
be on, since the case occurring depends on dH,/dt, and altering it may
yield a different case. The parameters (H. , H: , dHo/dt) may be changed
and the effect upon the scope trace yields further information.

Since many different cases possess similar recorder traces (as a matter
of fact, x’ traces are either of ‘“‘absorption” or “dispersion derivative”
shapes, or a combination of these two, commonly), extreme care should
be exercised in trying to identify a case (or measure 7, say) using re-
corder traces only. B

If H, can be estimated, the passage case occurring can be determined
approximately, and resort to scope traces can perhaps be avoided. A
direct method to estimate H; is to photograph adiabatic rapid passage

t The appearance of such traces can be seen in Figs. 39, 41(¢), and others. Due
to the phosphorescense of the CRT screen, a number of preceding traces can be
seen too, but these are easy to distinguish from the last trace.

1 For these to be observed, T'; must be sufficiently long.
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x" and x” transients (if T is large). The ratio of x” to x’ peaks is

dH
di 1
Vi | 2AH
In I,
if AH < (dH/dt)T, ; otherwise, the ratio is
df
dt 1
2
v g Ay,
n 4t
H,

(see Section 6.2, and Appendix D.) From this relation, H, can be deter-
mined (H; occurs under the logarithm too, but there its effect is not
large, and a crude approximation will do.)

These photographs can be obtained by letting H., > AH, (say Hn =
5AH), switching H; off, letting the system relax, switching H; on and
letting the voltage that switches H, on, trigger the scope (switched to
““one-shot” operation).

Another way is to set H, to an extreme position (4 or —) off the
line, letting the line relax, and then switching the modulating field “on.”

If T is short (but not too short), it is possible to avoid the use of
transients and use steady-state operation. Then, amplitudes can be read
from the scope directly, without use of a camera. Of course, H; must
be in the right range (yH,® > dH/dt, but not vH,* > dH/dt). Since
H,.> AH, dH/dl equals wnIl, ; thus, vH;® can be determined quite
accurately.

If signals at twice the modulation frequency can be detected, x” sig-
nals due to slow passage near the extrema of the modulation cycle, or
due to nonadiabaticity in the middie of the modulation cycle, can be
observed. Also, ‘“fresh” cases yield strong second harmonic signals,
while “stale” and “nonburnt” cases yield weak second harmonic signals,
as illustrated in Fig. 44.

It has been observed experimentally that, if the conditions are ad-
justed for maximum amplitude, the passage conditions often correspond
to case 11.

VIII. CONCLUSION

Abragam'® states that “If the line is inhomogeneously broadened
with a width AH, and the modulation and the scanning are defined by
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alaw H = Ho(t) + H,. cos Qt, no less than seven parameters having the
dimensions of frequency may be introduced to discuss the shape and
the size of the signals observed; namely, 1/T1, 1/Ty, vAH, vH, ,vH,. ,
Q, (1/H,)(dH,/dt). The shape of the signals depends considerably on
the relative values of these parameters and may become very compli-
cated. They can, in practice, be analyzed mathematically using Bloch
equations, and a considerable literature exists on this subject. However,
there is nothing fundamental in the complications of these shapes, and
the rather negative conclusion to be drawn from their analysis is the
following: whenever the methods of observation are such that a compli-
cated mathematical treatment is required to establish a relationship
between the data (signals) and the physical nature of the system stud-
ied, the methods of observation are inadequate and must be changed,
whenever possible.”

The aim of this work is not to suggest using the complicated expres-
sions given here to determine T, T , etc. The expressions are at best
of qualitative value. This work attempts rather

i. to determine whether the seven parameters are sufficient to deter-
mine the signals (i.e., to determine whether the physical system studied
can be described to a sufficient accuracy by the Bloch equations), and

il. to determine whether line shapes, relative amplitudes, etc., can be
determined in a reliable way under certain (complicated) relationships

(a) 1 /
\/
(b) 1 /\

AN
ANVANYA\
VAV

Fig. 44 — Demonstration of the strong harmonic content of “fresh” signals:
(a) x” of case 7 (stale); (b) x’ of case 8 (fresh). Note that the “stale” signal possesses
only odd harmonics of the magnetic field modulation frequency, while the “fresh”
signal possesses a strong second harmonic component.

SECOND HARMONIC
OF
MODULATING FIELD
—_—
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between the variables (under conditions that insure a good signal-to-
noise ratio) and, if they can, to determine the right conditions for this
purpose.

Concerning i, it was found that forbidden lines had a drastic effect
upon the signals observed here. With other samples, spin diffusion proc-
esses might become very important. Therefore, inhomogeneously broad-

,z/\/\@/”\f/\
A A /\

dH
DECREASING ~=0=>
dt

(b)

¥ —

A s & e ; ;N ’ .

dHo
REASING —=
INCRE 5~

()

Fig. 45 — Expected and observed recorder x} signals of various hybrid cases:
(a) Transition from case 11 to case 10 (or 9) upon reduction of dH,/dt. Note that,
in the ‘“fresh’’ cases, the line is shifted by an amount H, , due to the fact that
the leading edge of the field modulation cycle yields the signal; in the ‘“‘stale’”’
and ‘‘unburnt’ cases, the line is broadened, but not shifted. Thus, for H./AH
not very small, a hybrid between a ‘“fresh” and ‘‘nonfresh’ case will yield an
unsymmetrical line; increasing wmHn/vH:* will reduce the burnout and tend to
produce case 9; increasing H,,/AH has the same effect. Therefore, increasing H,,
has a very large effect in producing “splitting’’ of a line. (b) Transition from
‘case 5 to case 8 (or 7) upon decrease of dH,/dt. (¢c) Experimental change of shape
of x’ trace upon increase of dHo/dt. Data: H, = 1/300 gauss; H, = 1 gauss; wn =
27 X 1000 rad/second; T = 1.2°K; dHo/dt ~ 1/10 gauss/second (a), 1/5 gauss/
second (B), 2/5 gauss/second (c), 1 gauss/second (p) and 2 gauss/second (E).
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ened lines can be described by the Bloch equations only under very
specialized conditions.

Concerning ii, it appears that conditions can be found under which
an undistorted line can be observed, with a good signal-to-noise ratio,
for any T, . For short T'y’s, nonsaturated conditions can be maintained.
For very long values of T, slightly nonadiabatic conditions should be
maintained, and a linear field sweep that is fast enough to avoid any
traces of line splitting (see Iig. 45). This set of conditions is discussed in
Section 6.12. The amplitude of the signal under these conditions depends
upon the external variables H,. , wn , dHo/dt and H;, but very little
upon T and T., if they are sufficiently long.

Experiments to check this were carried out, and will be reported else-
where. It is concluded that the ‘“moderate nonadiabatic” case 11 is
quite reliable in determination of relative intensities of different lines
and fine details of line shapes.
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X. NOTATION

a = Hyperfine interaction (except in Appendix C).
b = Dipolar interaction between an electron and a nucleus.
H = Magnetic field in the z-direction at any instant.
Ho, = Magnetic field at the center of an inhomogeneously
broadened line.
H, = Magnetic field at the center of a spin packet, or at the
center of the field modulation cycle.
H' = The width (on the H scale) of a nonsaturated spin
packet distribution.
H, = Component of rotating magnetic field, perpendicular to
the z-direction.
H.,. = Peak modulating magnetic field (in the z-direction).
AH = Width of inhomogeneously broadened line (defined as
the second moment of the line).
dH /dt = Instantaneous value of time derivative of the magnetic
field.
dH,/dt = Magnetic field sweep (assumed constant).
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= Shape function of inhomogeneously broadened line, nor-
malized to unity: [ h(H — Ho) dH = 1.

= Unit vectors along the coordinate axes.

= Exchange integral.

(1/Hy)(dH /dt), assumed constant or slowly varying.

Boltzman’s constant.

= Magnetization vector.

= Components of magnetization vector.

= Absolute value of magnetization vector.

= Equilibrium value of magnetization vector.

= Absolute value of magnetization vector after N field

modulation cycles.

= Time.

= Longitudinal relaxation time.

= Transverse relaxation time.

Period of modulating field.

Temperature.

Dimensionless integration variables.

Cartesian coordinates in space, or z = xz + 7y coordi-
nates in the complex plane.

= Fractional loss of magnetization during rapid passage
(except in Appendix E).

Gyromagnetic ratio.

H — Hy/H, .

pH/ET.

Spherical coordinates.

Magnetic moment of electron.

Magnetic moment of nucleus.

S./2H, .

= Component of x’ at magnetic field modulation frequency.

S,/2H, .

Component of x
quency.

Microwave angular frequency.

= Angular frequency of magnetic field modulation.

= Difference in resonant angular frequencies of two elec-

trons.
= Bandwidth of system.

1 1

L T

”

at magnetic field modulation fre-
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APPENDIX A
x’ and x” for a Single Spin Packet, for Long Relaxation Times

A1 Approximations for Long Relaxation Times

The Bloch equations are three equations in three variables, S, , S, , S,
and thus are difficult to solve. They can be solved relatively easily, if
one variable can be eliminated. The “conventional” method is to elimi-
nate S.. For a sudden passage, we let S, be a constant and for an
adiabatic passage: S, = (8/V/1 + 62)Ss, say. Once we know S, then
S and S, can be combined to one complex variable S, + ¢S, , and we
have one linear first-order differential equation with one complex vari-
able, which is integrable by quadratures.f

However, in a region intermediate between adiabatic and sudden
passages, particularly for the transient solution, this method does not
work.

If Ty, T are long, the Bloch equations are in the rotating frame,

a8 —— | i+ 3k )
i —')’Hl\/1+5 [mXS],
ie., | S|is a constant and S moves on the surface of a sphere. Thus, S
can be described by two variables — say, the spherical coordinates 6 and
¢, and the third variable is eliminated. But if we write the Bloch equa-
tions in terms of spherical coordinates, they are practically unmanage-
able.

However, a portion of the surface of a sphere can be covered quite’
accurately by a rectangular coordinate system. In the sudden case, S
is limited to a region in the vicinity of the ‘“north pole.” In the adiabatic
case, it is limited to a narrow strip from the north pole to the south pole
along the ¢ = 0° longitude. Even if vH," = dH/dt, S will be in the
“northern’” hemisphere, which can reasonably well be covered by a car-
tesian net.

Thus, in any case the relevant portions of the sphere can be covered
by a rectangular net. Using these coordinates, the Bloch equations are
fwo linear first-order equations in two variables, which can be combined
to one in one complex variable, which is soluble by quadratures. This
solution, though only approximate for vH,* &~ dH/dt does not break
down for any ratio of these parameters. Of course, in the adiabatic and
sudden cases it reduces to the well-known solutions.

In the intermediate case, S,, S, , S. can be written down explicitly
in terms of a relatively simple integral for which there seems to be no

t A more detailed discussion of this point is given by Salpeter.*
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tabulated functions, but which may be evaluated numerically quite
easily.
The Bloch equations are:

8% = —yHia(k X §) — vHi(i X S)
——f i+ 8k
= —yIV1 + 52(— X S)
' Vite
(H, in z-axis direction, H; in z-axis direction). So, | S| = constant =

So and S moves on the surface of a sphere (see Fig. 46); S/t is per-
pendicular to r, where

S i+ dk

So A1+
and is of magnitude yH,+/1 + 62| r|. Note that cot § = —& (§ = polar
angle). Now, in case the adiabatic condition is satisfied, S will move
along the ¢ = 0 longitude. While, if vH," < dH/dt, (“sudden” case),
S will remain close to the “north pole.” In both cases, a cartesian coor-
dinate system can cover those portions of the sphere in which S and the
effective field move, and the metric will be closely Euclidean, since the

Fig. 46 — Position of magnetization vector in space.
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Fig. 47 — Almost-cartesian coordinate net covering a part of a sphere.

regions are “narrow’ (see Fig. 47). In this coordinate system,

dx CEET]
= vHiV1 + 8%y,

Il

dy
dt

Il

—vHVT + #( — x0) (o = 0)
(see Fig. 48). Now the xy plane can be considered as the complex z
plane, with z = x + 7y. In it,

gi: = —iyHiN/1 + 822 + iyHi/1 + 82x.

NORTH Xo SOUTH
POLE X —> POLE

Fig. 48 — Diagram illustrating the differential equation satisfied (approxi-
mately) by the magnetization vector.
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The differential equation

%‘ + a®u = b(®

has the general solution:

w(® = exp[— j; :a(z') dz']' I :b(w exp[ [ ja(s”) ds”] a¥

+ u (&) exp[—j;j a(t) dé’].

In our case, at t = — 0, z = 0. Assume for simplicity a linear change in
8:6 = kt,withk = (1/H,)(dH/dt). Then,

t

t
z = —exp(—i'yHl f V1 + k%2 dt') f ivHi /1 + k22 arc cot kt’

y
-exp (ile f V1 F k2 dt”) dat'.

Since 1o = 6 = —arc cot 8§, where the branch of the arc cot function
used throughout this caleulation is the one for which arc cot (—« ) = 0,
then arc cot (o) = —.
The ““susceptibilities” are:
1 wXo . ” 1 wXo
"= 22 sin(Re 2), == ""Imz
2~H, ( 2 ~vH,
in our approximation [(Im 2) <« 1, if the sphere is the unit sphere].
Integrating by parts,

[\

t
= —exp(—nHlf V1 F B2 d
t

t
‘ f iyHin/1 + k2 arc cot kt/ exp(inl / NI T dt”) ar

=

t
= — [arc cot kt’ exp(-—i'yH 1 f V1 F 2™ dt”>]
.

t¥=—c0
t k . -
— L — a7 ” ’
f_w1 + lc%""eXp( VH‘ft, V1 + 12 dt )dt

¢
= — arc cot kt — exp (—i'yHlf V1 + k2 dt')

t

1
f T%’E exp (i7H1 f V1+#e" dt”) ar.
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If k/(yH,) < 1, the exponential will be roughly ¢"**”, and the integral
will oscillate fast and average out to zero, leaving us with z &= —arc cot
kt, corresponding to the adiabatic rapid passage case.

The sudden case is

1 dH,
F == —.
vH, K T, dl

If vH, < k, kt must be large compared with unity before the exponen-
tial starts differing considerably from umity. Using the approximation
1 4+ I’ ~ I’f, it can be easily seen that

VH, VEEBRE
2(t) =14 ,‘/———Q};Hl e"’H‘k(ﬂmf ¢ ™ dw

0

This result agrees, with the results of Jacobsohn and Wangness® and
Salpeter.*

Physically, S initially starts out from the north pole along the ¢ = 0
meridan, and eventually turns around in a circle of radius

/‘/ w2vH, _ / 2xyH,?

k dH °
dt

i.e., one that is smaller as the sudden approximation works better (see
Figs. 10 and 49). '

[“\ > 2
| Jd%%‘z—\y

Fig. 49 — The loss of magnetization during an almost sudden passage.
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Locus oF S

/
LOCUS OF
EFFECTIVE FIELD

Fig. 50 — The locus of the magnetization vector for an almost adiabatic rapid
passage.

If A/ (x2vHy)/k < 1 for the movement along that circle,

2

i.e., the fractional loss of magnetization is (wyH.*)/(dH/dt), again a
well-known result.

Note that the precession in the rotating frame taking place for large
¢ is actually a rotation at a rate wp in the fixed frame, i.e., the free induec-
tion tail. However, because the amplitude of our microwave signal at
frequency w is large compared with that of the free induction signal, one
must consider the signal with respect to it, i.e., the beats of S with it.

A.2 The Adiabatic Case

The x’ and x” signals for a nonperfect adiabatic passage have been
calculated by Salpeter.*

Physically, the occurrence of a nonvanishing x” can be seen as fol-
lows: If S is parallel to the effective field all the time, there is no torque
on it. Thus, it cannot move. If we want it to move “longitudinally,”
we must displace it “laterally’’ by some small amount (see Fig. 50).

If the displacement is small, S can be assumed to move practically
parallel to the effective field and

dSNd(k+6l)S=(k—16 |

as d (kré St N S
&~ a\vize)® " wirm |’
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Let S = zi 4 yj + zk. From the differential equation

s _ i+ ok
T 7I11\/1+62<\/1+52XS)

and our approximation for dS/dt, it follows that

k—is .
| 8]

—_——— = —vHi (6 X j — Syi + vk — zj),
iE 16X j—Syity j
8 1
— 8
YT T A e
dH
X' = -d_t 1 (1 7&"_)
~Hy [1+(H Ho):' “yHy)’
H,
This x” satisfies the conservation of energy theorem:
B = MHo = XM s,
dE _ 2 6 . 2 . n
i xoH o o 2H  wx”,
2 1 dH
X = il ( : >
[1 n <H - H(,)z]% 2HyvyH,
H,
dH
__d 1 (1 M)
vHy* [1 + <_H - Ho)“’T 2vH,
1

For x' and x” signals, see Figs. 2 and 42,

Note that, although x’ > x”, if phase-sensitive detection is used, x’
may average out by the phase sensitive detector while x” does not. It
tends to produce a signal at 90° with the modulating field. However,
any “burning out” of the magnetization will produce a x’ signal much
stronger than x” (see Section 6.6).
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The loss of S, due to nonadiabaticity has been estimated, in the
general case, by Zener' to be ¢ >"", where

2
' BT

Y = ‘———T I:d(El _ Ez):l’
L —_—
dt

and E, , I, , K\, are defined by
0P, = Ed, -+ Lpd,,
30dy = Eud, + Euby,
where
&, = “spin up”’ wave function,
®, = “spin down” wave function, and

J¢ = the Hamiltonian of the system.

Here, 3¢ = fiy(H — H,)S.+ #ivH1S; in the rotating frame. Thus, say,
for S = 1

B, = fiy(H — H,)S,

E2 = ﬁ‘y(H() - H)S,
Eu = ﬁ'yHIS.
Therefore,
! ’)’1112
= I S =1),
v Ll ( 1)
dt

and the fractional loss is

A.3 Conclusion

Within the adiabatic region, the loss of magnetization due to non-
adiabaticity is negligible.
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APPENDIX B

x" and x"” for an Almost Sudden Passage of an Inhomogeneously Broad-
ened Line, Employing a System with a Bandwidth Narrow Compared
with the Line Width

The susceptibility of an individual spin packet for an almost sudden
passage (dH/dt > vH,") is
H, : 2vH, QVHIEG2 /D) f‘/””‘k)/“'
9H k L
as derived by Salpeter® (or see Appendix A). Here &k = (1/H,)(dH /dt)
is assumed to be constant, and it is assumed that the magnetic field
sweeps through resonance at ¢’ = 0.

For spin packets swept through resonance at a time ¢/, the suscepti-
bility at time ¢ is

x (t, 1) + ix" (1)

__ H, . wH, I: (t — % /'\/wmkm(—t') o2
_xo2—le1/ 5 exp leb—z— | ™ dw.

At a time ¢’ the magnetic field is:

X&)+ X" (') = xo 5> ¢ dw

o«

HU) = HO (0~ () = H) — Bk~ 0).
The susceptibility due to spin packets resonating at fields between
H — Hik(t — ¢) and H — Hik(t — t' + d’) is
hH — Ho — Hik(t — ¢)JHik dt'[x’ (4,¢') + ix” (4,1)].

Superimposing the signals due to the various packets,

L)+ i (b) = f A WH — Hy — Hk(t — ¢{)]Hikxs QI;I

— )2 e/ GEHB Rt
i,‘/Q'y]fIl exp[i'yHlk ¢ —t) 2t) f ! ¢ dw.

Lett” = t — ¢ and H = Hy + Hykt. Then,
XoH (’>

1’\/2’)’H1k

VR 2
exp(lek %) f ™ e

X () + ix"(t) = f dt” h[Hk(¢ — t")]

" dw.
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For a gaussian line,

" 1 [ [Hik@ — t”)]z}
hHkE(E — )] = ——exp{ — "1 3,
ik V= Tomam ©\ Al
So that
’ T 7 0 7”12
’ .” — XoHu . ‘YHJC[ "o {_[Hlk(t — )]
x (8) + ix" (1) YN A — L. dt” exp oA
. ¢ (YHE2
-exp z'yHlk—2— f e " dw.
Let
'ych " o_ 'yHlk _
,‘/ o) i = u, 5 t = up.
Then
< ” - XOHO . ’yI:UCl 2
x (1) + ix”(t) N /‘ I

f du exp[ A}I;? (u — ugp) ] f dw ¢ ™,

If Hik/yAH® < 1, the first term in the integrand may be assumed to
be unity, and the integral is

* iu2 “ w2
f du e f dwe ™.
— o0 — o0

T(u2—w?2)

This integral is the integral of ¢ over the half of the u—w plang

for which u > w (see Fig. 51).

Fig. 51 — The half—ﬁlane over which integration of Appendix B is carried out.
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This integral equals

) )
f dw f du ei(uz—vwz)
—0 w

In this integral, u and w may be renamed so that

© o0 0 e
[ duf dw " = [ duf dw ¢
o f— 00 oo u

Therefore
4 0 «©
(xl + ’ix'/) . (X, + ’I:X”)* — Qix” — xoHo zf duf dw ei(zﬂ—w?),

v/ 27AH
f ™ du

1+ 9) ,‘/’—5’,
fe‘“””dw= (1 —4) 1/?‘;

’
X” -7 XoHo
2 \/27AH’

for an “infinitely” wide line. For a finite line, we evidently have

Thus,

X" =5 xoHh(H — Ho)

approximately, where h(H — H o) is the line shape, normalized to unity,
and the approximation is certainly good if dH/dt < yAH".

When the direction of sweep is reversed, x” does not change sign, and
it is independent of dH/dt and H; . [However, the area, or integrated
signal, is proportional to 1/(dH/dt).]

For an “infinitely” wide line, x’ is zero, since the equation

f du f dw ' = f du f dw ¢

indicates that the imaginary component of this integral vanishes, and
x' is proportional to this component. Thus, the x’ “wiggles” tend to
cancel each’ other. A nonvanishing x’ is due to the fact that the line is
not infinitely wide.
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As derived before, for a gaussian line
Hik
\/_ f du exp[ AT (v — uo) ]

u
v f ™ du.
I 00

x (1) +ix"(t) =

Differentiating with respect to ¢, at ¢t = 0

Sz ()H 2H1]v /‘/')/Hlk
L1 (0) + ix"(0)] = N

Hlk 2 iul fu —iw?
/ du u exp( INZE u > e | e dw.
Now,

® * Hik 2, .2 .o
j:wduj_.wdwuexp( 7Aqu + u zw)
« ® H170 2 ) . 2
=f_wdwf duuexp(— N + u —zw>
_ H17{} _
_mf poes{ = i i = )

YyAH?
_ -1 TyAH?

- 2<1. _ Hik mk
YAH?

If dH/dt < yAH®, Hijk/yAH* can be neglected when compared
with unity, and we have

(dll ) _ _ xoH 2dH/dt /‘/ ydH /dt ( wyAH 2)
dt Ju=n, \V2orAH YAH? 2 l/ dH/dt
or, since H = H, + (dH/dt)t,

(‘Q_’) _ _Hxe L
dH ] g=n,' 2AH AH'

AtH = Ho + AH,
_ _xH
(HO) T <dH>H—H0 Al = 2AH

1 p
= ~Vor xoHh(Hy + AH),

" which is of the same order as x”.
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We have calculated x” only at the center (of a very wide) line, and,
as to x’, only dx’/dH has been calculated at the center of a gaussian
line. However, for a microwave spectrometer the bandwidth of which
is small compared with the line width, these results can be used to cal-
culate x’ and x” for any part on any line, since the higher-order terms
are due to spin packets off resonance, and these tend to produce high-
frequency beats with the microwave signal. If the bandwidth of the
system is small, these beats are not observed.

Let

dh(H — HY) + cd2h(H — Hy)

X (H) = ah(H — 1) +p P

+ RN

and introduce a similar expression for x”.

The first term in the above expression is the susceptibility of an in-
finitely wide line. This vanishes for x’, and has been calculated for x”.
Thus, the second term must be considered in the expression for x/, but
not in that for x”. So, let

’_ b [dh(H - HO’)]
X = dH ’

Then

(d_x'> _ b‘(th(H - Ho’)) L 1
dH ) w=uy dH? Hy' \/2rAH AH*

at the center of a gaussian line. But, in this case,

dY _ _xH 1
dH 2AH AH’

SO
b = —AHxH /‘/E)
2
’ 7_I: dh(H - HOI)
! =1 E —11
X max 2X0 AH '\/6’
while

! =1 ﬂ_/‘/i
X max 2XOAH 2-
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The difference between electron spin resonance and nuclear magnetic
resonance may be noted. (The NMR case has been treated by Gabil-
lard.!)

With common NMR systems, the bandwidth may be large compared
with the line widths, and the “beats’ far off the line can be observed —
and they yleld the Fourier transform of the line. {Since the superposition
fh(H — H o) exp [iv(H — H o)t]d(‘yH ) is essentially a Fourier transform
of h(H — Hy)}. This is the signal observed in region III (see Section
IV). The signal of region I is at the microwave frequency, but weak.

The agreement between the above calculations and experiment is
excellent.

Fig. 12 confirms the following features:

1. Shapes of the signals are “dispersion” for x’, “absorption” for x”.

ii. x’ and x” are of about the same strength.

iii. The signals are independent of dH,/dt.

APPENDIX C
x’ and x” for a Nonadiabatic Passage, Nonuniform Rate of Sweep
c1 x' and x” for a Triangular Wave and Almost Sudden Transition of
an Inhomogeneously Broadened Line
The general solution of the first differential equation of Appendix A

is

Z(t ) — exp( ‘)/Hlk t//2>[
t

ivH1S. exp(—— 1 ’yfélk ) ar

+ exp[ YHqk " — toz):lz(to).

This solution corresponds to the signal from a spin packet swept through
resonance at t” = 0. #, may be any arbitrary time. Let

H, + Hikt t <0,
Ho - Hlkt t> 0.

At t = 0, the signal due to a packet swept through at ¢t = —{, is

to
Z(O, —b) = exp(z’ 'YI;IIC t02) f ivH,\S, exp(— e ; ik t”2>dt
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This packet will again resonate at t = ¢, . For ¢t > 0,

2(t) = exp[ VHlk (t — t) :lz'yHlf S. exp[ 7H1k to)]
+ expl: PyHlk t(t — 2t0)] exp (z llﬂc tog)

to
. f 1yH, S, exp( 7Hlk '2> dat'.

Superimposing the signals due to the various spin packets, as in Ap-
pendix B, we have, assuming S, = So,

X (&) +ix"(t) = f

—00

-ivH, <exp|: VH‘]“ (t — )2] fo e‘ipl: vHik t — t0)2:| at

to
+ exp{ VH"“ [t — 2t) — to]}f_ exp( lelc ,2> dt)

For an “infinitely” wide line, let h(H — H(’)) = 1/(\/2z0H):

dh(H () — Hy — Hik(t — 1)) Halixo ;é

u

, . i H s i ot
. + ”t -t f d 1u[ tw d
X () + ix" (1) \/2,,AHX°[_°° Y vammm

© (u—n/ (v KYI2)E
— k2 i1l 1 —iw2
+ 1 f du ¢ f e ™ dwl.
—00

To evaluate the above integrals, we may employ the transformation
p= u + w‘ g = U — w
V2 Ve
Then

agp) _
3 (u,w) ’

u' — w’ = 2pq



1098 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1960

and

o0 u
f du f dw ¢~ D
— (u—/TvH k) 12)t

_ fwdp f(\/(*/—bhk?)—/?)t dq o2
o 0

f dp (— 2—%)) (cos p V/yHiit — isinp A/yHikt — 1)

=1f°° dpsin\/'yHlkpt___ g for t=20
2 p 0 for t=20,ft
° u—/(yH1k) /2t .
f duf m dw ¢ duw

Lo [
A (yH k)28

f - (e PEVET Y pt)
_ _;f”dp sin yHikpt _ 7 1
2 Lo D 2’
X0+ 0 = < g T (1= ),
s

x”(H) = ngHh(H — Ho)(1 — cos yHikE),

I

Y (H) =T xoHh(H — Hy) sin vH k.

The assumptions are the same as those discussed in Appendix B.

1 The integral

-] u
f du e~ f dw e*’
—c0 u—A/ (yHik)/2t

seems to be a discontinuous function of ¢. It obviously vanishes for ¢ = 0, and
equals 7/2 for ¢ < 0. This may be due to the nonphysical assumption of an infinite
linewidth. However, practically, dH/dt cannot change abruptly. For a sinusoidal
sweep, with its smooth change of dH/dt, no discontinuity is expected even for an
infinitely wide line.

1 The term ¢ presents no difficulties. Mathematically, it can be removed by
a slight generalization of the concept of convergence. Physically it can be removed
by considering any amount of relaxation.
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We have a steady x” equal to that due to a sweep at a constant rate,
and additional oscillations at a frequency o’ = 2yHikt = 2v(dH/di)i.
(At t = 0, H is at the peak of the triangular waveform.) The x’ and
x” to be expected are shown in Tig. 52.

The experimental trace on Fig. 53(a) resembles the expected trace.
However, the magnetization under the experimental conditions was not
uniform, so a very close agreement between the preceding theory and
this experiment cannot be expected.

c.2 Some Additional Considerations Concerning Case 6.11

Consider the extreme nonadiabatic case (7H12 &KL wnHy). Let the
width of the ‘“unburnt” region of spins, [within the range Ho, +
(dHo/dt) t &= H.,, see Fig. 38] be H'. Then, we may consider the fol-
lowing cases:

i. H < Hy;ie., all spin packets that are more than H; away from
the extremum of the modulation cycles are saturated and “destroyed.”

SIGNAL (‘ WHMM n q ﬂ”ﬂMr

(a) SPIN PACKET /\ /\

~ t— ~
t

y /\U/\ [{WN

] /\

K t—> o~

Fig. 52 — Illustration of the signal resulting from a triangular field modulation
(ahgolsgt sudden passage): (a) individual spin packet; (b) inhomogeneously broad-
ened line.
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Fig. 53 — (a) x” scope trace of an extremely nonadiabatic passage. Data: H, ~
1/1000 gauss; wm = 27 X 100 rad/second; 7" = 1.2°K; concentration, 6.5 X 106
phosphorus atoms/cc. Top and center traces, H, = 1 gauss, opposite senses of
dH,/dt; bottom trace, H, = 1/10 gauss. The “wiggles’ are probably damped at a
rate determined by the 7's of the sample, which is roughly of order 10~ second
(see Gordon and Bowers!®); note, however, that the average of the ‘wiggles’ does
not vanish, but seems to be proportional to | S; | (this is in agreement with the
calculations of Appendix C); note also the sudden drop of x” when dH/dt = 0,
predicted there (see Fig. 52). (b) x’ scope trace of an extremely nonadiabatic
passage. Data: H; = 1/1000 gauss; w,, = 2= X 100 rad/second; 7" = 1.2°K; concen-
tration, 6.5 X 1016 phosphorus atom/cc. Top and center traces: H,, = 1/10 gauss,
opposite senses of dH/d¢; bottom trace: H, = 1 gauss.

il. H > Hy,vyH' > Awsys, where Awsys is the bandwidth of system.

iii. H' > H,,vH' < Awgys .

In all cases, it is assumed that most of the contribution is due to spin
packets swept through suddenly (otherwise, we have the “moderate”
nonadiabatic case, which is essentially the same as case 8).

In case i it can be assumed that we have only one spin packet,
which, however, is not swept through at a uniform rate (6 = kt), but
at approximately 6 = af’, with a = (H,/H,)(w.'/2). Repeating the
calculation of Appendix A for a general 8, for vH,* < dH/dt, we have

t t
2z = -—i’yHlf exp[inlf 8(t") dt"] dt
— o t’ .

as before. With our 9,

t

ts _ t/3
z%—i’yHlf exp(—ilea 3 )dt’.

Let

_a’YH1
w=3

t/3
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Then
- GTEDTE
Z(t) = —q /‘7(3‘)’121)2 exp( .Cl,"y’II1 t3> f vH, € 7

'L__—_ —_—
3 o w%

(the integral can, if desired, be expressed in terms of the incomplete T
function of a complex argument). At ¢ = 0,

T T N9 0 Tw
o =i T [y,

g tm Pm T2

Hy 2

and the amount burnt per cycle is

2 vH, yH\! f”cosw * 1
2(§m—;m~ < Nl dw) .
Due to the slow rate of change of H near the extrema of the modulat-
ing cycle, there is a strong burnout, although (vH,*)/(H nw») is small.}
The amplitude of the signal should be of the order of z(0) multiplied
by the width of the region — which is of the order H; ; that is, the signal
is roughly

L xoHy 3/ yH* yHy Hy
2 AH Hmwm W Hm.

Actually, for lower dH /dt than that indicated in the footnote i below,
the signal will be weaker. The signal in this case is very small, and this
case is very inefficient. It is worthwhile to ¢ncrease dHo/dt to get a bigger
signal.

Note that, for the passage to be sudden, we must have

dH H' H' 2
—_— X mWm _ mWm 2——
i w, 1/2 o H,w /‘/ . > ~vH,

2
v iy g

omHm wm

that is,

in addition to the condition on dH,/dt given in the footnote]. -

 The definite integral here equals (34/3/2)(1/3!) = 2.32 (see Jahnke and

Emde?). For a power of 40 db below 10 milliwatts (H1 = 1gys gauss), 1000 cps,
H, =1 gauss the loss of magnetization per cycle is approximately

2\ [ 176\ [17600\% 1
2{= )l =) |—— 32)2 = -,
(9) (6280) (6280 232) 6

1 For this case to apply under the above experimental conditions, dH,/dt
should not sweep more than Hy in about 6 cycles; i.e., dHo/dt < (wm/2r)(H1)(F)
or dHo/dt < } gauss second.
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In case ii, we may use the ‘“‘superposition of wiggles” calculated in
Appendix B, and use the estimate of Section IV for the burnout rate:
myH,’ dH _ = H'
= ____ R = — waH
dH di 2H,
dt

near the extrema of the modulation cycle. The distance that H pro-
gresses in NV/2 modulation cycles is

dH, 2x N

,———._—
H = dt wn 2°

Thus,

This is the loss of a spin packet during the Nth sweep through it. This

formula holds for the case when dH,/dt is not so small that, for N = 1,

H' < H, ;i.e., this only holds for: dHo/dt > (wnH,) /7 or, say, dH/dt >

2 gauss/second at 40 db and 1000 cps. Otherwise, the loss during those

cycles for which H’ < H,; should better be approximated as in case 1.
The total loss is estimated as follows:

1nINI 1 - a@)] = ; [l — a(N)] ~ =2 «(N)

2’YH12

~ 2
raiga ™Y

for small a(N). Thus

~ 2’)/]1'712
Sy &= So exp( lanrdHo/dt>

and

I

Sy _ 1 for  ex (TdHO/ dt)
S() 4 ~ P 2’)/H 12 )

This width will be appreciable if dHo/dt > vH,’. (This condition is
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usually more exacting than dHo/dt > (wn./m)H. , since yH1 > w, except
at very low powers.) Ior this N,

;. dHy (27, <7rdH0/dt)
=t ) ver ()

and this gives the width of the nonburnt region.

Note that, if dHo/dt > wnH.. , the direction of sweep of field will not
reverse itself at all. Then we shall have (if dHo/dt — wnH .. > vHY)
very little burnout, and case 9 applies.

Here, T'» has been assumed to be small compared with 27/w, . At
these low powers, H; < Hi,., and the “zero field” value of T can be
employed.T For different 7', , see the discussion of Section 6.9.

This calculation gives | S| for both cases ii and iii, essentially. The
x' and x” signals are calculated as in Section 6.8. (In case iii there
will be some additional “wiggles”.) Note that the expressions for x’ and
x” apply not only for the natural line shape h(H — H (,)), but for any
shape — such as the one we have here, which is determined by burning.
This also implies that x’ and x” are of the same order of magnitude.
However, the components at the field modulation frequency need not
be of the same order of magnitude.

Note that when dH/dt > 0, and dh(H — Hy)/dH > 0, on the one
hand, and dH/dt < 0, and dh(H — H,)/dH < 0, on the other hand,
the sign of x’ is the same. Thus, the scope traces will be as shown in
Fig. 54 and the recorder traces as in Fig. 55. Experimental traces are
shown in Figs. 42 and 53.

APPENDIX D

Superposttion of Adiabatic Fast Passage Lines
For adiabatic fast passage,

'oc—_—l__—(ﬁ:u
X TNV H

Thus, for large §, x’ falls down like 1/8, and the superposition of signals
due to packets of an infinitely broad line will yield an infinite result.
Under actual physical conditions, there will be always something to
limit x’: a finitely wide line, relaxation effects, etc. However, the calcu.

1 This value has been measured by Gordon and Bower!® and is approximately
10~% second for the sample employed here.
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CASE iii
T CASE i
x! ‘%—%
CASE {ii
’I” /\ /\
CASE ii
”
1 —

Fig. 54 — Expected x’ and x” scope traces of case 11; wiggles are observed when
vH1 (({{ wmHmr , and wn,T'; is not very small compared with unity.

JANERVAN
JAN
\V4

X
AY

dd
dt >0

”

X

dH

t

Fig. 55 — Expected recorder traces of case 11 (system relaxes between sweeps);
the true line shape may be observed, sometimes even if H,, is not small compared

with AH (the width of the nonburnt region must then be small). Compare with
Figs. 42(a) and (b).
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lation of the x’ signal involves integrals of the form

f(z)
V1 + a2’
which are difficult to compute.

The case in which f(z) is gaussian (i.e., a gaussian line, with relaxa-
tion neglected), has been treated by Feher"” and Portis.” For it,

© WH' — Ho) dH' 1 i11_2:|K <ﬂ 2]
e VIt Hi 2422 OP| T\oam o|\2aH

) 1 (' — H,)?
WH = Ho) = 755 eXp[_ N RE

and, for Hy < AH, this integral is, (1/4/2x) log (2AH/H;). This result
will be of use for “plain” fast passage over a whole inhomogeneously
broadened line, if

for

dH/dt 1

AH ™ /Ty
If field modulation is employed, this result does no longer apply (except
in the “nonburnt” case 5). Practically, the width of the distribution of
spins will be determined either by relaxation, or by the modulating
field, H,. (or both).
The first case is difficult to treat. Portis® assumes an exponential dis-
H — H,

tribution of packets,
P (— Hmmel >,

where H is the magnetic field, H, is the resonant field of a packet and
H,, is the peak modulating field.

This expression assumes that packets not yet swept over, are in a
partly “relaxed” state given by this exponential; i.e., there is { — —¢
symmetry. As a matter of fact, the integral

ole!

————dx

Vit
is difficult to evaluate, so this approximation is not very helpful, prac-
tically.
The simplest approximation is, probably, to replace the actual | S|
distribution by a triangular one (see Fig. 56). In the case of an envelope
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\
SPIN
ENVELOPE ENVELOPE DETERMINED
_~—BY NATURAL
. - LINE SHAPE
/'/. '\.\
~ ~
ENVELOPE DETERMINED .
BY RELAXATION
///
i 2,
/// / ‘PO*/M
- // \“T/ON
- \\\

TFig. 56 — Envelope of the magnetization S;, for an inhomogeneously broad-
ened line under various experimental conditions.

determined by relaxation, it is reasonable to assume a width ¢ = 7,
or

H = (—Z—;—r Ty = onHnT:

in the center of the modulation cycle, for Ty = T2 . (For Ty = T, , one
might perhaps postulate a width ¢ = /T,T:.)
Thus,
1 — H — H,
f"‘”mmel HponTy d(H - Ho)

—HpomTy /‘/1 + (H I—{ H0)2 H,
1

Hmmel + \/Hl + (Hmmel)Z
H,

1
-2 m ('\/PII2 + (Hmme1)2 - Hl) .

For adiabatic rapid passage, H;/(Hwwn) < T1, so the integral is

2H woonTy ( H )2 ~ o1y 2HnonTn
H, HuonTi) ™ o

Actually, since the integral [ da/+/1 + a? diverges only logarithmi-

= 2 log

~ 2 log
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cally, different shapes will change only the factor “2” in the logarithm,
which has little effect on the amplitude and probably cannot be checked
experimentally except with high-precision equipment.

If the width of the distribution is limited by H,. , it is reasonable to
assume that the packets outside the interval Hy — H,, < H < Hy + H,,
do not yield any signal, particularly if H; < H,, .

APPENDIX E

Second-Order Effects Occurring When a Bridge I's Tuned to Observe x' or
x” Signals

When a “bridge” system is used in the detection of the microwave
signal, it sometimes happens that the amplitude or phase unbalance of
the bridge is not small, or that the changes in detected power are not
small compared with the power itself. In these cases, the detected signals
will not be pure x’ or x” signals, but rather will be distorted.

Consider a hybrid-T' network (Fig. 57). The voltage in the receiving
arm is:

V = V1 + Vg,
PHASE ATTEN-I‘l
SHIFTER| | UATOR
LJ
) \,VZ
OSCILLATOR : RECEIVER
\ /v.
Vi
(a)
SAMPLE

Fig. 57(a) — Outline of a hybrid bridge employed in electron spin resonance
WOI&k); (b) vector diagram of the voltages entering the receiving arm of the bridge
of (a).
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where
Vi=m+ x" +ix,t
Ve = —2 — 1y,

with @0, @, ¥, X', x” being real numbers. (It is assumed that the cavity,
or tuned circuit, is tuned to resonance.) Thus,

V=V, =V, \/(xo+$+x”)+(_/+x)2NV0

. I VT GO G (G o0 Sl . 4
R A +2V0+2_Vo 2V

[(z + o)x” + yx']3
+ W + s

where

Vo= VT F

and it is assumed that
x? + x" < Vi

Case 1
Let x 4+ xo = 0. Then

X
V=V+x +2Vo+2V02’

av dx x” dx” ( ) dxl
an = an T veam T2\,

The main component of the signal is the x’ signal. The interference sig-
nal (x”/Vo)(dx”/dH) is roughly of absorption-derivative shape, how-
ever, and is weaker at the shoulders. It can be reduced by slightly un-
balancing the bridge (x + xo # 0). This will introduce a slight amount
of dx”/dH signal, which can be adjusted to be of opposite phase to
(x"/Vo)(dx"/dH ). However, the absorption derivative component can-
not be eliminated altogether. Thus, if x’ and x” have a definite parity,
the observed signal will not.

In practice, this case occurs if the following steps are taken:

(a) The bridge is balanced; the reading of the attenuator, o db, is
noted.

(b) The phase of V, is changed.

T Actually, the voltage is of course not equal to x” + 4x’, but only approxi-
mately proportional to it. For the other factors affecting it, see Ref. 6.
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(¢) The amplitude of V, is changed, so that a minimum detector
output is observed, and the reading of the attenuator, 8 db, is noted.

(d) The amplitude of V, is changed by setting the attenuator at
2a — B db. From Fig. 58, it is evident that, after step (a), V; = OA;
after step (b), Vo, = OB; after step (¢), Vo = OC; and after step (d),
V, = OD. From the geometry, OB = 0A = V0C0D. Thus, log OD =
2 log OB — log OC, yielding our result.

58 — Vector diagram illustration of the voltages corresponding to cases
@), (111) and (iv).

Case 2
Let y = 0. Then

” X
= Vot 2V0+ 2V’

av dX” X dX ( ” 2dx”
an = an T viam T3 Vo> dve’

The main component of the signal is a x” signal. Again, there is an inter-
ference which can be reduced by slightly unbalancing the bridge (y < 0),
but not eliminated. In practice, this case occurs if the bridge is balanced,
and then the amplitude of V5, is changed, without changing its phase.

Case 3
Let x2 +'y* = z¢, and say that
’ Tr = —Xo COS ¢o,
Yy = o sin ¢p .

If ¢ is small, to the first order in ¢, , then

~ ’ 1 ” X XX X
VaVet x + Sex +2V0 4V0+2V2
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This case is obtained when the bridge is balanced, and then the phase
of V. is changed, but not its amplitude. We have a “x’’’ signal, with

(/23]

some ‘“x”” admixed.

Case 4
Let
T = —7T cos ¢,
y = rsin ¢o.

Let ¢o be constant and r satisfy dVo/or = 0. Then, again to the first
order in ¢ ,

’3

7?2 ‘ron
VAVt x + ex” +QXT,-D—XI§‘O +2’§/02.
This case is obtained when the bridge is balanced, then the phase of V,
is changed, and then the amplitude of V, is changed so that minimum
microwave power is detected. Again, we have a x’ signal with a small
admixture of x”.

We see that the distortions of the x” and x” signals are of two kinds:

i. Those due to a nonvanishing ¢, i.e., to a large unbalance of the
bridge.

ii. Those due to nonvanishing x'/ Vo, x”/ Vo, i.e., to “strong’ signals.
The distortions of the first kind can be removed altogether by proper
adjustment of the bridge. (If Vo > x/, x”, Case 1 above will yield a pure
x' signal; while Case 2 will yield a pure x” signal.)

The distortions of the second kind cannot be removed by any adjust-
ment of the bridge. They will give rise to errors in measurements of the
center of the line, its width and its intensity.

Therefore, if V, is not large compared with x’, x” (a condition that
is indicated by a change in detector crystal current on passing through
line), it is recommended to increase the detuning of the bridge, and if
a x’ signal is desired, manipulate it as described in Case 1 of this Ap-
pendix. (It may then be necessary to introduce attenuation in the
bridge output arm to avoid overloading the detector.)

An experiment was carried out to check these calculations, employing
as bridge elements a Hewlett-Packard X885A phase shifter and a Hew-
lett-Packard X382A attenuator. The sample used was D.P.P.H., and
the experiments were performed at room temperature.
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The experimental results agree with these calculations, and indicate
that the above bridge elements can be assumed to be ideal. A quite
pure x’ signal could be obtained by the method indicated in Case 1,
even for a phase shift ¢, = 60°.

APPENDIX F

A Particular x' Trace Observed at High Powers

A peculiar trace was observed at high powers and small dH/dt with
the 0.37 ohm-cm sample. The trace (as observed at the output of the
¥ amplifier, with no phase sensitive detector used) is shown in Fig. 59.
It looks like a “slow passage” trace (Fig. 2) but, after passing the line
once, it is saturated and on the next sweep no signal whatsoever is seen.
If the trace were due to slow passage, it should not depend upon the
history of the system, and thus should not saturate.

A possible explanation for this phenomenon is as follows: At high
powers, forbidden lines are excited. These forbidden lines correspond to
a simultaneous flip of an electron and a Si* nucleus interacting with it.
These forbidden lines have been observed directly and are discussed in
a separate paper. Now, each donor interacts with many Si*® nuclei and
thus gives rise to many forbidden lines. Under the given experimental
conditions each forbidden line is traversed ‘“almost suddenly.” Thus,
the superposition of these lines should give rise to a dispersion signal
(Appendix B). The probability of a donor to flip during the passage of
each forbidden line is small, since the passage is almost sudden. But,
since there are many forbidden line in which each donor participates,
the over-all probability to flip may be considerable, and we may obtain
saturation.

1 —>

Fig. 59 — x’ of the bound donor electron line in phosphorus doped silicon, under
strong microwave power, with no phase sensitive detector (or magnetlc field
modula’mon) present. The shape of the line resembles that of Bloch’s “slow pas-
sage’ case; however, the line saturates after a single passage through it. Data:
Sample, phosphorus doped silicon; 1mpur1ty concentration, 1.7 X 10!¢ atoms cc;
T=12°K; Ty = Ty =~ 20 seconds, ~ 3200 gauss; H, = 1/30 gauss; dH/dt =3
gauss/second
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prevention. Member Mathematical Association of America.
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