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pressures of all of the maximum points minus the sum of the pressures
of all of the minimum points over the frequency range included, i.e.,

S2 f2
D.I = 2 Pmax — 2 Puin (in arbitrary units). (3)
/1 1

Alternate definitions of the degree of irregularity have also been pro-
posed since the appearance of Wente’s original paper by Bolt and Roop?
and by Schroeder,” the latter having defined the irregularity in terms of
the average excursion % of successive fluctuations, i.e.,

S

> (10 log Pmax — 10 logi phin)

11 = decibels, (4)
where N is the number of pressure peaks (pmax) or pressure valleys
(pmin) between the frequencies fi; and f» over which the summation is
taken.

While the exact relation between irregularity, as defined, and the ratio
of the direct to reverberant energy at the microphone position is an
unsolved problem, measurements of this kind provide a direct means of
indicating the effect on signal transmission of such parameters as talking
distance, microphone placement and subscriber orientation, which a
measurement of the reverberation time fgp , or a measurement of the
room constant R as outlined in Section 2.4, does not give.

In investigating environmental effects by such a measurement at a
hands-free location, a sound source having approximately the directivity
of the human mouth and head was driven by a sweep frequency oscillator
whose driving mechanism was coupled to an X-Y recorder. The sound
output of the source was picked up by the microphone of the hands-free
set whose output, in turn, was connected to the signal input of the re-
corder.* In order to simulate actual conditions of use, the sound source
was placed at a position in space corresponding to the location which a
subscriber’s head would assume during actual use of the set.

When the distance from the source is small for such a measurement,
the energy which arrives directly at the microphone position may almost
completely override the reflected energy, and the response will be smooth.
At large distances, on the other hand, the relative amount of reflected
energy will be appreciable. At some frequencies the net reflection will

h

i

* In the present case, particularly for very large pressure excursions, the fre-
quency sweep rate was not slow enough to permit steady-state conditions to be
fully established at the microphone position. In actual practice, the trace obtained
also depends on the writing speed of the recorder, its frequency bandwidth and
the degree of irregularity introduced by variations in the sensitivity or efficiency
of the test equipment.
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be in phase with the direct sound, giving a peak. At other frequencies
the net reflection will be out of phase with the direct sound, giving a
valley. Thus a measurement made at a large distance in a highly reflec-
tive room or at an unfavorable subscriber orientation or microphone
position within the room will show large fluctuations corresponding to
the transmission of a large amount of reverberant energy.

The effect which changes in the above parameters have on the amount
of transmitted reverberation has been illustrated by the various cross
comparisons of the response frequency characteristics of Ilig. 5 in Section
2.4 of the text.
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Magnetic Latching Relays Using
Glass-Sealed Contacts

By P. HUSTA and G. E. PERREAULT
(Manuseript received May 17, 1960)

A new type of relay making use of sealed contacts in association with one
or more permanent magnets has been developed. The relay ts operated and
released by selective polar energization of the winding, and remains in the
operated or released state following termination of winding energization.
The design affords high speed, good senstitivity, circutt flexibility and power
economies 1n vartous applications.

I. INTRODUCTION

Latching relays or lock-up relays, as they are sometimes called, are
becoming important and very useful as switching elements. As a broad
definition, a latching or lock-up relay is one whose contacts will remain
in the operated state by means of mechanical or magnetic locking or
because of reduced energy furnished to the coil or to a separate winding
of the coil through a set of auxiliary contacts.

Latching relays take several forms, and some similarities and differ-
ences in the characteristics of this family of relays will be described.
These relays are usually polar. Their most important characteristic is
that they are sensitive, and therefore the relays are usually used where
power is at a premium or must be conserved. Since they normally are
pulse-operated, much power can be saved when a long period of opera-
tion of the relay in its operated state is required.

Many designs of typical armature-operated relays fall into the latch-
ing or locking classification of relay. This paper, however, will deal only
with magnetic latching types of relays using glass-sealed contacts.

II. SEALED MERCURY CONTACT RELAYS

Although the earliest relays which contained glass-sealed contacts
were of the dry reed type, the first sealed-contact relays to go into large
scale production in the Bell System were those containing sealed con-
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tacts of the mercury-wetted types. These sealed contacts, illustrated in
simplified form in Fig. 1, provide a transfer by contacts wetted with
mercury. When associated with a coil, magnetic structure and housing,
they constitute one form of the well-known Bell System mercury-type
relay. If this same structure also includes an adjustable permanent
magnet, as shown in T'ig. 2, then polar-biased and polar-latching relays
result.

The various operating characteristics of this family of relays are shown
by a series of staff diagrams in Fig. 3. Here all the function points of
these relays are plotted in ampere turns. The crosses are points where
the front contacts close or operate, and the circles are points where these
contacts open or release. The crosses (X; to X;) also show the variation
in sensitivity of all the product, and the circles (O, to O,) show the varia-
tion in release of all the product. Ifor an individual relay, operate and
non-operate coincide, as do hold and release. The relay shown in staff 1
has no magnet and is a neutral relay since it will operate at the same
value of ampere turns for either polarity of coil current, while all the
other relays shown are magnet-biased relays. Staffs 2, 3, 4 and 5 are
biased polar relays. They are not true polar relays, because they have two
sets of funetion points, the primary points X; and O; and the second-
ary points X, and O.. These relays are called polar, however, because
the desired function points are obtained only when the correct polarity

Fig. 1 — Sealed mercury-wetted contacts.
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MAGNET

Fig. 2 — Magnet-biased sealed mercury-wetted contacts.

is applied to the relay. All secondary function points of biased polar re-
lays are usually undesirable from a circuit standpoint.

There is one case where a reversal in selection of function points is of
advantage. Where a high ratio of release to operate is required, the sec-
ondary function points are selected for the wanted operating charac-
teristics of the relay, and the primary function points are avoided by
selecting the opposite polarity in the use of the relay.

Since all of these magnetic-biased relays have only one capsule of
sealed contacts, it is possible by adjustment of the biasing magnet to
reduce the variation in operate X; points or the variation in release O,
points. Practically, the adjusting error allows a reduction in spread of
operate or release to about =5 ampere turns. There thus can be obtained
in these relays an adjustment of weak or stiff-controlled operate or weak
or stiff-controlled release. Staff 2 shows a relay adjusted to close operate
with a weak adjustment. Staff 3 shows a relay adjusted to close operate
with a stiff adjustment. Staff 4 shows close release with weak adjustment
and staff 5 shows close release with stiff adjustment.

When the magnet is adjusted to cause the hold and release primary
funection points to occur on negative ampere turns, then we obtain the
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Fig. 3— Static sensitivity characteristics.

latching relay shown by staff 6. This relay will operate on positive pulses,
will stay operated or latched when the power is removed and will re-
lease on negative pulses and stay released when the power is again re-
moved. In order to be able to adjust a relay to this type of adjustment,
the nonoperate function point must be higher than the hold function
point and there must exist a margin or delta (A) between nonoperate
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and hold, as is seen to be present with the magnet-biased relays in staffs
2, 3,4, 5and 6.

It will be noted, on re-examination of staff 1, that the variation of the
operate values of a group of neutral relays overlaps the variation of the
release values. Taken as a group, the neutral relays cannot make mul-
tiple sealed-contact latching relays because there does not exist a delta
or positive difference between the nonoperate and hold function points.
If individual magnetic adjustment to each capsule of sealed contacts
can be made, or if sealed contacts are selected so as to group them to
nearly the same sensitivity, then it becomes possible to make multiple
sealed-contact latching relays. The sensitivity of magnetic latching re-
lays of the same typical design of magnetic structure, coil, ete. as illus-
trated by the relays in Fig. 3 is two to six times better than that of
neutral and biased relays of the same family, and since they operate on
pulses they permit conservation of holding power.

III. BALANCED POLAR MERCURY RELAYS

There is another family of relays of great interest which uses glass-
sealed mercury-wetted contacts. These are of quite a different design,
and are even more versatile and sensitive. In this type of relay the sealed
contacts are controlled by the precise adjustment of flux from two sep-
arately adjusted magnets! located on the pole pieces of the sealed con-
tacts, as shown in Fig. 4.

With proper control of the adjustment of these magnets, this type of
relay can provide a wide choice of operate values and a wide choice of
release values. These choices of adjustments are shown in Fig. 5.

These relays may be adjusted to operate at any value shown on the

MAGNET MAGNET

%w—

Fig. 4 — Magnet-controlled sealed mercury-wetted contacts.
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Fig. 5 — Magnet-controlled sealed-contact relay adjustment capability.

line 0a and to release at any value shown on a staff directly below the
selected operate value in the shaded area of the diagram.

A relay adjusted to operate at O, or O; and to release at R, or R;
respectively is a biased polar relay. It should be noted that it has only
these primary function points, there being no secondary function points.
A relay adjusted to operate at O, and to release at Ry is a polar latching
relay. It also has no secondary function points.

If similar types of sealed dry contacts were to be manufactured, the
same kind of neutral, biased or latching relays could be made. However,
a complete study and understanding of the behavior of dry contacts
would be required before they could be used. This is necessary because
sealed mercury-wetted contacts obviously do not require high contact
forces in order to produce good electrical connections, whereas sealed dry
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contacts do. Some of the questions which must be answered are: What
effect, do these various adjustments have on contact force and chatter?
Can adequate margins be obtained to assure reliable contact performance
under both normal conditions and environmental conditions such as
shock and vibration?

IV. SEALED DRY CONTACT RELAYS

The invention and development work on sealed dry contacts, which
preceded the sealed mercury-wetted contacts, were the basis of many
experimental and many paper relay designs. Of necessity, in order to
find large-scale application, such sealed contacts must be inexpensive to
manufacture, and thus their construction must be suitable for automa-
tion. Such a sealed contact (Ifig. 6) was developed and it was shown? in
1955 that, in addition to a neutral relay with this simple sealed make
contact, magnetic latching relays with makes, breaks or transfers could
be produced. It was also shown that the sealed dry contacts would be
functionally suited for all types of multicontact relays.

With multicontact relays, the spread of the function points of the
sealed contact product must be taken into account before the design of
magnetic latching relays can be attempted. The distribution of the func-
tion points of the dry sealed contacts is shown in staff 1 of Fig. 7. It will
be noted that this distribution appears to be ideally suited for magnetic
Iatching relays because there exists a large delta or spread between the
nonoperate and hold functions. This spread makes it possible for these
sealed contacts to be utilized without selection or separate adjustment,
and also for some of the available margins to be used to absorb variables
encountered in adjusting more than one enclosed contact with a single
biasing magnet, thus simplifying the design of the latching multicontact
relay.

When adjusted, a magnetic latching relay must have good margins
against nonoperate and hold conditions at zero coil flux. This is to pre-
vent the sealed contacts from falsely operating or releasing when the
relay is subjected to vibration and shock. Because of the normal differ-
ences in sensitivity of the sealed contacts, and because of the unequal
distribution of flux from the magnet to the sealed contacts, these relays
must be carefully designed and precisely adjusted.

Fig. 6 — Sealed dry contacts.
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Fig. 7 — Typical characteristics of neutral and magnetic-biased relay.

Another important, consideration is to obtain a design in which the
secondary function points of Fig. 7 are, if possible, spread from the pri-
mary operating function points. In this way reclosure will be prevented
when the release current is maximum in any given circuit. It has been
found experimentally that the secondary function points can be spread
by proper design of the permanent magnet and the magnetic return
paths. A typical design is seen in Fig. 8. Here, four sealed contacts are
grouped together so that, the glass envelopes being cylindrical, a space
exists in the center of the group. The permanent magnet is then placed
in this space at a position near the gaps of the reeds. A near-maximum
volume of magnetic material is achieved by making the magnet square
in cross section.
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Fig. 8 — Typical four-contact relay design.

The precise adjustment of the magnet is accomplished by magnetiz-
ing it to saturation and then demagnetizing it while it is in place in the
relay. The finished relay is adjusted by means of a servo-type adjusting
set, which first magnetizes the magnet fully and then automatically de-
magnetizes it in small steps until all sealed contacts respond to the pre-
determined sensitivity selected for the relay and checked for by the
servo-adjusting machine.

This basic design, incorporating one to four sealed contacts, will pro- -
vide a relay with one, two, three or four contacts of either the neutral
type or the magnetic latching type in the same size and same over-all
structure, and with a minimum of parts. A single magnet might also be
used in this manner for controlling more than four sealed contacts, but,
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when it is desired to have magnetic latching relays with more than four
sealed contacts, a second or third group of four, each with its own mag-
net, is used to assure good symmetry. A larger relay of this type, incor-
porating 12 sealed contacts, is shown in Ifig. 9.

Tigs. 8 and 9 are composite views showing typical construction of
both a magnetic latching relay and a companion neutral type. The neu-
tral relay omits the permanent magnet, but incorporates magnetic re-
turn paths.

Typical neutral relays operate in a range of 65 to 120 ampere turns
when equipped with one to 12 sealed contacts. The magnetic latching
counterpart operates in an analogous range from 45 to 90 ampere turns.
Depending on the power applied and the number of sealed contacts,

PERMANENT_
MAGNETS

10,

PERMANENT
|~ MAGNET
TOP VIEW

SECTION X-X

—E
A,B,C,D &E
ARE MAGNETIC

Lp RETURN PATHS

Fig. 9 — Twelve-contact relay design.
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speeds of between 2 and 5 milliseconds can be obtained with the one to
four sealed contact relays and speeds between 4 and 10 milliseconds on
the larger 12 sealed-contact relays. Operating times of the magnetic
latching relays are about one-half those of the neutral relays for the same
power. Since they require no holding power, they may be pulse operated
and released, as discussed in the next sections.

V. RELAY PERFORMANCE CHARACTERISTICS

In addition to flexibility, compactness and low unit cost, the relay
characteristics sought by a circuit designer usually fall into the following
pattern:

(a) fast operate and release times;

(b) good sensitivity or ability to work on low power;

(¢) high reliability and long life;

(d) good contact force;

(e) low contact resistance.

The glass-sealed dry contact magnetic latching relay meets all of the
above objectives with good working margins when used within its pre-
scribed limits. A review will now be presented of the relay’s performance,
together with an analysis of some of the problems peculiar to this design
of relay that require special consideration regarding the application and
use.

Sealed-contact magnetic latching relays may be used with all contacts
normally open or with all contacts normally closed. When the winding
is energized by a current of appropriate polarity, magnitude and dura-
tion, the open contacts will close or the closed contacts will open. Upon
removal of the winding energization, the contacts of these relays remain
in their closed or open states respectively. In the usual circuit application
of conventional neutral relays the expression “operate” generally refers
to energizing a relay to cause its open contacts to close or its closed con-
tacts to open and “release” refers to de-energizing the winding to cause
the contacts to restore to their normal state. Since “operate’” and “re-
lease’ of the magnetic latching relays are both accomplished by energiz-
ing the relay winding with current of proper polarity, the customary
reference to operate and release tends to become confusing if applied to
describing the dynamie characteristics associated with the closing of
open contacts and the opening of closed contacts. For the sake of clarity,
therefore, the following discussion will be concerned only with relays
intended for use with the contacts normally open, so that “operate” will
refer to the act of closing the contacts and “release’ to the opening of
the contacts.
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5.1 Operate Case

When the winding is energized to operate the relay, sufficient flux
must be produced to cause the reeds to come together. With relays having
only one sealed contact, there is no problem, since all of the coil flux is
available to attract this single pair of reeds together. However, when
more than one sealed contact is to be operated by the coil flux, we have
a somewhat different situation. If the coil current in a multiple-contact
relay is gradually increased, the contacts will close sequentially, depend-
ing on the relative contact sensitivities and the distribution of the avail-
able flux. It is necessary therefore to raise the coil current enough to
produce sufficient flux to close the last remaining open contact. In ac-

" OPERATE
1 ] |
(a)
|—| RELEASE
1 1 |
[o] 2 4 6 8
TIME IN MILLISECONDS
OPERATE
I 1
(b)
RELEASE
| 1
0 2 4 6 8

TIME IN MILLISECONDS

Fig. 10 — Typical sequential action of the four contacts in a magnetic latching
relay: (a) low power energization; (b) high power energization.
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Fig. 11 — Relay function times at optimum G. .

tual operational use and with suitably designed relays to meet short
operate times, the rate of flux rise is sufficient to impart the necessary
acceleration to all the reeds, and this minimizes but may not entirely
eliminate the sequential contact closing in a multiple contact relay.
This action is illustrated in Fig. 10: When the contacts close they chat-
ter briefly.

The operate time as defined in this paper is the elapsed time from the
start of coil energization to the closure of the last contact, to the end of
chatter. It is a function of the coil constant G.* and the total coil circuit
power. Where short operate times are desired, the relay design aim is to
optimize G, for the particular circuit and power requirements. Fig. 11
illustrates the range of operate times measured to the end of chatter,
for a 2-, a 4- and a 12-contact magnetic latching relay at various power
levels and corresponding optimum G..

* . = N2/R, where N is the number of turns in winding and R is the total coil
and series circuit resistance.?
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On this same figure is illustrated the release time at corresponding
optimum G, and power levels. Ior applications requiring relay operation
from current pulses of discrete short duration it is good engineering
practice to employ operate pulse durations adequate to provide margin
over the indicated times. Depending on the number of contacts in the
relay, the relay adjustment and the circuit power, and assuming optimum
G., such relays typically, can be operated from pulses of from 2 to 7
milliseconds.

5.2 Release Case

The release behavior of magnetic latching relays is affected by a num-
ber of factors which must be considered when the relays are to be used
under conditions subject to wide variation of voltage, circuit resistance
and temperature. Since the magnitude of the release current pulse, its
duration and the shape of its trailing edge have a bearing on the consist-
ent release performance of the relays, this area was carefully explored to
establish the relay working limits. IFor this purpose, relays with sealed
contacts chosen to represent the maximum, minimum and average sensi-
tivities encountered within the specified manufacturing tolerances of the
sealed contacts were assembled. They were put together in such com-
binations as to cause the relays to exhibit the possible functional irregu-
larities to be found when the relays were subjected to worst circuit and
ambient conditions.

In Fig. 7, staff 2, it is shown that the relays can be caused to operate
under two conditions of coil energization. In the first, or normal, case, the
polarity of the coil current is such that the permanent magnet flux and
coil flux are additive. When the relay is released the polarity of the coil
current produces a flux which ideally should just cancel the permanent
magnet flux, thus allowing the contacts to open. Under a variety of
circuit applications, the release current could possibly be appreciably
higher in magnitude than the operate current, though of opposite polar-
ity, and the relay would release satisfactorily. However, if the associated
circuit conditions are such that the release current can be considerably
higher than normal, the release coil flux may then be so high that it will
not only cancel the permanent magnet flux but the net difference flux
could be high enough to hold one or more contacts closed. In this case,
although there is a flux reversal in the reeds the reversal occurs so rapidly
that the contacts do not open. This is the secondary operate point
illustrated in Fig. 7, and its possibility must be considered if the relays
require sensitive adjustments and are likely to be applied under condi-
tions involving wide variations in voltage, variations in external circuit
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resistance, low ambient temperatures or fortuitous circuit trouble that
might produce very high release current.

The application of a release pulse causes the reed contacts to open
and, being undamped cantilevers, they vibrate at their natural frequency
of about 840 cycles per second, alternately moving close together and
away from each other during the decay of their mechanical oscillation,
as long as the release current is maintained in the coil winding. However,
if the release current is terminated too quickly, while the amplitude of
the reed oscillation is large, the flux from the associated permanent
magnets may be sufficient to reclose one or more contacts as the vibrating
reeds come close together. Some may reclose momentarily while others
may reclose permanently, depending on the relative sensitivities of the
contacts. Normally, when the reeds are at rest the gap reluctance is so
high that the permanent magnet cannot by itself close the contacts.
However, on the small gaps that occur alternately as the reeds vibrate,
the gap reluctance may be low enough to cause contact reclosures under
limiting conditions. During one time constant of the damped mechanical
oscillation decrement there is a region of critical points in time at which
these irregularities could occur, as illustrated in Fig. 12.

Consistently reliable release performance is obtained when the release
pulse is maintained for a time sufficient to allow the mechanical oscilla-
tion to drop to safe limits. This time (typically 5 to 30 milliseconds) will
vary from one relay application to another, depending on the number of
contacts in the relay, its adjustment, the circuit power and the character
of any electrical paths in shunt with the relay coil circuit. The latter
may affect the trailing edge of the release pulse. If the release current
decay is oscillatory the fortuitous phasing of the mechanical reed oscilla-
tion and the reverse current transient may enhance reclosures. Steep
current decays cause the contacts to come immediately under the influ-
ence of the full permanent magnet flux during the time of large reed
oscillation, when the reeds can come close to each other. By choosing
proper values of resistance and capacitance connected in series and
bridged across the contacts that de-energize the relay, this effect may
be minimized in a given application by effectively damping the coil
current transient.

5.3 Contact Characteristics

5.3.1 Contact Force

Consistent and reliable performance of any relay demands that when
its contacts are closed they must press together with sufficient force
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Fig. 12— Reed motion for (a) long and (b) short release pulse.

not only to have low contact resistance, but also to withstand environ-
mental vibration, to avoid any modulation of current flowing through
the contacts that might produce excessive mnoise in a talking circuit.
The contact force of a sealed contact is a function of the reed magnetiza-
tion and of the inherent sealed contact sensitivity. For a given applied
magnetomotive force, a sealed contact that has inherently a high NI-
hold value will have a lower contact force than one with a low NI-hold
value, because of differences in the force/displacement ratios between
the two sealed contact units. Fig. 13 illustrates the relative contact
forces for maximum, average and minimum hold value sealed contacts
at various levels of hold NI in a test coil containing a single sealed con-
tact.

When a permanent magnet is associated with one or more sealed
contacts, the contact forces are no longer a function of the coil NI, be-
cause, with zero coil current, the contacts are held closed by the flux
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Fig. 13 — Contact force vs. ampere-turns.

supplied by the permanent magnet. Since the permanent magnet
strength is adjusted after the relays are completely assembled, it is
difficult to know precisely the individual closed reed contact magnetiza-
tion and the corresponding contact force. However, since contact re-
sistance is a function of contact force, estimates have been derived for
the contact force in a magnetic latching relay by graphical analysis of
the NI hold versus contact force and the NT hold versus contact resist-
ance parameters of sealed contacts in a neutral-type relay structure and
relating these parameters to experimental measurements of contact re-
sistance in magnetic latching relays.

The measurements involved progressively increasing the current in
the relay winding in a direction that tends to cause the magnetically
latehing relay to release. At discrete levels of coil NI, contact resistance
measurements were made up to the point where the contacts opened.
Then the hold NI for neutral and for magnetically latched relays were
related to the common parameter, contact resistance. Fig. 14 illustrates
the change in contact resistance of a test universe of sealed contacts
tested individually in a test coil, as the coil NI was varied.

From this study it was concluded that under the normal circuit hold
condition of zero coil current, the contact force of a sealed contact in a
12 contact magnetic latching relay, for example would be about 13 grams.
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Fig. 14 — Contact resistance vs. ampere-turns.

Contact forces of this order are considered adequate to meet normal
central office environmental conditions.

5.3.2 Vibration

The zero current hold feature of magnetic latching relays makes them
very attractive for applications in equipments to be mounted at loca-
tions remote from the central office. In such applications, since the equip
ments and relays may be subjected to vibration, it is necessary to have
assurance of a margin of safety against vibration. Studies were conducted
to determine the degree of vibration that was likely to momentarily
close open contacts, momentarily open closed contacts and the levels at
which it was possible to cause noise at closed contacts in a talking
circuit.

Employing a biasing current technique similar to that used for the
contact force and contact resistance studies, shake-table tests were made

TABLE I — MARGINS

4-Contact Relay 12-Contact Relay
Against false contact closures 88% 93%
Against false contact opens 94 93
Against excessive noise 59 56
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with four- and 12-contact magnetic latching relays over a range of 0 to
60 cycles at peak-to-peak amplitudes of 0.005 to 0.020 inch. Typical of
conservative design for switching application are the margins obtained
under the vibration condition of 10 cycles per second at peak-to-peak
amplitude of 0.012 inch, as given in Table I. The margins are expressed
as a percentage of the nonoperate test and of the hold test values.
They indicate that, under the vibration condition imposed on the four-
contact relay, for example, a current in a direction tending to operate
the relay that was 88 per cent of the specified nonoperate test value was
required to induce false contact closures; a current in a direction tending
to release the relay that was 94 per cent of the specified test hold value
was required to induce false contact opens; a similar current that was
59 per cent of the specified test hold value was required to cause exces-
sive contact noise. The noise measurements were made with the contacts
carrying 100 milliamperes pc in the subscriber set talking path of a
simulated intraoffice trunk with HA1 receiver weighting. Noise was
measured directly across the HA1 receiver with a 2B noise measuring set.
Noise levels above 17 dba were considered excessive.

VI. SUMMARY

This paper has reviewed and compared magnet-biased relays generally,
and has described specifically the design and performance of a new type
of magnetic latching relay that makes use of sealed reed contacts.
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Potential Distribution and Capacitance of
a Graded p-n Junction

By S. P. MORGAN and F. M. SMITS
(Manuseript received June 6, 1960)

For a graded p-n junction under sufficient forward bias, the usual space-
charge approximation to the potential breaks down, and a numerical solution
of the differential equation satisfied by the potential is required. A procedure
18 described which avoids the difficulties associated with direct numerical in-
tegration of the stiff differential equation, and which yields a pair of very
close upper and lower bounds to the potential at all points. For a linearly
graded junction, tables of bounds are given which nowhere differ by as much
as 1 per cent, and which effectively bridge the gap between the space-charge
case and the neutral case.

The computer solutions are used to calculate the voltage dependence of the
stored charge (low-frequency ac capacitance) of a graded junction numeri-
cally, as a function of the bias vollage across the junction. The expression
for the capacitance is split into two parts, one of which dominates in the
neutral case and the other in the space-charge case. With properly norma-
lized variables, it is possible to give a universal plot of small-signal ac
capacttance against applied voltage. The results differ from the usual ap-
proximate formulas by amounts ranging up to nearly 10 per cent.

I. INTRODUCTION

In his theory of p-n junctions in semiconductors, Shockley' shows that
the potential distribution in a linearly graded p-n junction satisfies a one-
parameter differential equation of the form

U

—d? = ginh U — I{z. (1)
The solution of this nonlinear equation cannot be obtained by analytical
methods. However, Shockley gives two approximations, each applicable
in an extreme case. The space-charge approximation (K >> 1) is valid
in the case of a steep gradient at the junction, while the neutral approxi-
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mation (K < 1) holds for a gentle gradient. Since in almost all cases of
practical interest the gradients in p-n junctions are of such a magnitude
that the space-charge approximation is valid, it has become the accepted
form for the analysis of p-n junctions.

Shockley derived the differential equation (1) for the case of equilib-
rium — that is, for the case of zero bias across the junction. Recently
Moll® has shown that the potential distribution in a p-n junction under
bias satisfies the same one-parameter differential equation. The parame-
ter K is now a function of the applied voltage, and it turns out that for
most practical gradients in p-n junctions under forward bias the space-
charge approximation ceases to be valid. For a proper description of the
potential distribution in a biased junection, a numerical solution of (1)
is required. Such a solution is obtained in the present paper and applied
to the computation of the small-signal ac capacitance of the junction
as a function of the bias voltage.

Trirst Moll’s derivation of the generalized differential equation for the
potential distribution in a graded p-n junction under bias is reviewed.
There follows a discussion of the physical principles which underlie the
approximate solutions and the exact solution. Caleulation of the exact
solution by numerical integration, however, encounters the difficulty
that one boundary condition is specified at infinity, and for large z the
solutions found by ordinary numerical integration procedures diverge
rapidly from the desired solution. This instability of the desired solution
is called stiffness. An effective way to calculate the potential in spite of
the stiffness consists in the computation of close upper and lower bounds,
that is, two very nearby curves between which the actual potential
must lie for all z. Mathematical details and extensive numerical tables
are contained in Appendix A, while a graphical comparison between
the exact space-charge distribution and the distribution assumed in the
space-charge approximation is given in the body of the paper.

Tinally the computer solutions are used to calculate the voltage de-
pendence of the stored charge (low-frequency ac capacitance) of a
graded junction. The results of the computation, which is deseribed in
Appendix B, yield a universal plot of the small-signal ac capacitance of
the junction against applied voltage.

II. THE GENERALIZED DIFFERENTIAL EQUATION

To obtain the differential equation for the potential distribution in a
biased junction, it is convenient to use the model of a p-n junction which
was employed by Shockley in his derivation of the space-charge capaci-
tance. The model (TFig. 1) assumes a linearly graded p-n junction in



GRADED p-n JUNCTION 1575
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Fig. 1 — The pseudo-equilibrium model of a linearly graded junction.

which the net impurity concentration is given as Np — N4 = ax, with
Npand N4 the density of donors and acceptors, respectively. Contacts
are applied at x = +land 2 = —I. In the model the following processes
are imagined to be prevented: (1) electron and hole recombination; (2)
electron flow across the p-region contact at * = —I; (3) hole flow across
the n-region contact at = 1. Under such a pseudo-equilibrium condi-
tion, holes which flow in at * = —[ must remain in the structure; simi-
larly, electrons flowing in at * = 41 must remain inside. No direct cur-
rent is therefore possible, and the structure behaves like a capacitor.

If the potential of the p-region contact at ¥ = —1 is increased by a
voltage V with respect to the n-region contact, holes will flow into the
specimen until the quasi-I'ermi level ¢, for holes has increased by V, so
that the holes inside are in equilibrium with the contact supplying the
potential. A similar electron flow will occur at x = --I. In the pseudo-
equilibrium state the quasi-Fermi levels for holes and electrons will
have no gradient and will be separated by an amount equal to the ap-
plied voltage V.

In an actual p-n junction the region between x = —land & = 41 can
be identified with the transition region. Under forward bias the current
flow across the transition region gives rise to very small gradients in
the quasi-Fermi levels, which can be neglected for a consideration of the
potential distribution. Even for the derivation of the voltage-current
characteristic, constant quasi-Fermi levels across the transition region
are commonly assumed. The use of the pseudo-equilibrium model em-
phasizes the aspects of the transition region which are being considered
here; this is particularly true in the derivation of the capacitance.

To derive the generalized differential equation, Boltzmann statistics
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is assumed and the electron density n and the hole density p are ex-
pressed by

n = n;exp [B(¢¥ — @n)], (2a)
p = niexp [B(o, — ¥)], (2b)

with n; the carrier density in intrinsic material, ¢ the potential, ¢, and
¢, the quasi-Fermi levels for holes and electrons respectively, and
B = q/kT.
Assuming complete ionization of donors and acceptors, the charge
density becomes
p=¢gNp — N4+ p — n] (3)

In view of (2), this can be written as

p=q(No— Ni— 2n;exp [58(ep — ¢u)] sinh {8l — 3(ep + @u)]}).

(4)
If one introduces a normalized potential
U =Bl¥ — 3(en + on)l, (5)
and remembers that
e — n =1V, (6)
one obtains
p=qNp — N4 — 20" sinh U). (7)

To find the potential distribution, this charge density has to be inserted
into Poisson’s equation

&y p

pr i (8)
On making the substitutions

1 2n.8q

:8—1)2 - € ’ (9)
= _x_. Avid
2 o &, (10)
ND - NA = ar, (11)
%o _ ,, (12)
2”1,‘

K = Ko %", (13)
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Fig. 2 — The parameter K as a function of forward bias and gradient at the
junction.

one obtains for Poisson’s equation the one-parameter differential equa-
tion

2
‘—idg = ginh U — Kz. (14)

For the case of zero bias, this differential equation corresponds to the
one given by Shockley.* He gave two limiting approximations to the
solution, namely the space-charge approximation for K >> 1 and the
neutral approximation for K <« 1. Note, however, that on account of
the factor ¢ *"* in the general expression for K as given by (13), K
can pass through unity with increasing forward bias even if Ko > 1.

To illustrate the effect of forward bias on K, Iig. 2, which is reproduced
from Moll,® shows the values of K for practical gradients at the junec-
tion (values of @ between 10" and 10” em™) and for various values of
forward bias. Also shown are reasonable estimates of current densities
corresponding to such forward biases in practical cases. This plot dem-

* Shockley uses the normalized length coordinate y = Kz, so that (14) takes
the form
U 1

d—y;=E2(SinhU—y).
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onstrates that one frequently encounters the condition where K is ac-
tually in the neighborhood of unity, in which case neither the space-
charge approximation nor the neutral approximation is valid, and the
exact solution is required.

Tig. 3 exhibits the relationships between the approximate solutions
and the true solution. The figure is drawn for the intermediate case
K = 5, and both the potential U and the charge density p are plotted
against the normalized length coordinate .

For the neutral approximation, one assumes p & 0 for all values of z.
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Fig. 3 — Relationships between the approximate solutions and the true solu-
tion for the case K = 5.
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Then d*U/dZ" =~ 0, and the potential is approximately equal to the
function

U = sinh ™K. (15)
For the space-charge approximation, one neglects the contribution of
the mobile carriers to the charge density out to a point | 2 | = z,,, which

is regarded as the edge of the space-charge region. Thus in the space-
charge region one uses the differential equation

U

Beyond the point z, one assumes neutrality and the potential is set
equal to U as given by (15). At the point z = z,, , the two solutions join.
One further condition is necessary to determine z,, ; Shockley supplies
this condition by requiring the space-charge solution to have zero slope
at z = z, . Since the neutral solution has a small positive slope at 2, ,
this method of joining results in a slight discontinuity in dU/dz at
2 = 2m. An improved method of joining would require that both the
function and the first derivative be continuous at z = z,, . However, such
a condition complicates the algebra without significantly improving
the accuracy of the approximation.

The true solution is asymptotic to the neutral solution U as z — .
The space-charge distribution will not have a sharp boundary, as is
assumed in the space-charge approximation. A fraction of the fixed
charges associated with the impurities are compensated by mobile car-
riers, giving rise to an actual net charge density like that indicated in
the lower part of Iig. 3. Since for the exact solution the charge is dis-
tributed over a larger distance, the total charge must be smaller than is
assumed in the space-charge approximation.

Calculation of the exact potential distribution in the junction involves
numerical solution of the differential equation (14) subject to the bound-
ary conditions U = 0 at z = 0 and U — sinh 'Kz as z— . The method
of computation is described in Appendix A, where tables of upper and
lower bounds for U which nowhere differ by as much as 1 per cent are
given for 16 values of K ranging from 0.1 to 10,000.

The results of the calculations, for selected values of K, are also shown
in terms of charge densities in I'ig. 4. In this figure the fractional com-
pensation of the fixed charges by mobile carriers, namely the ratio
(n — p)/(Np — Ny), is plotted against z/z,, where z,, is the space-
charge width for the space-charge approximation. The value of z,, is
plotted against K in Tig. 5. The normalization by z, allows a complete
representation of the results in one figure. It also readily permits a com-
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Fig. 4 — Fractional compensation of fixed charges by mobile carriers for vari-
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parison between the true solution and the space-charge approximation,

since for the latter the ordinate is zero for z < 2, and unity for z > 2, .
It is apparent from Fig. 4 that the true solution differs markedly from

the space-charge approximation, even for values of K as large as 10%

III. THE CAPACITANCE OF A GRADED D-Ii JUNCTION

The significant difference between the charge distribution assumed in
the space-charge approximation and the actual charge distribution
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prompted us to compute the voltage dependence of the stored charge
(low-frequency ac capacitance) of a graded junction. For this problem
the pseudo-equilibrium model is particularly helpful, since only capaci-
tive currents will flow. A change in the voltage between the two contacts
at x = —land x = 41 is associated with a change in the total number
of mobile carriers stored in the structure. The total number of electrons
and the total number of holes are always equal. The two types of car-
riers are equivalent to the charge on the two “plates” of the capacitor,
and by considering the total number of holes one can express the capaci-
tance as

d +
C=Wq< pdx). (17)

-1

Because of the symmetry of the junction, the expression (17) can be
written

=ade(qfol (p + n) dx). (18)

Since the density of fixed charges associated with the impurities is volt-
age-independent, one can rewrite this equation as

=&dT7(qf0' [(p 4+ 1) — (N» — N dx). (19)

After eliminating Np — N4 by (3), one obtains as the expression for
the capacitance

C=C—g—/<2qfolpdx)—a%<folpdx>. (20)

The capacitance accordingly consists of two parts: the “neutral” ca-

pacitance
d l
C, = v (QQfO de>, (21)
and the “space-charge” capacitance
d l
= e—— . 2
C, a7 < [0 p d:v) (22)

Since according to (13) the parameter K depends on V' through the
factor ¢ ®""*, one may express derivatives with respect to V in terms
of derivatives with respect to K. Furthermore the expression for the
space-charge capacitance converges very strongly as [ — . Thus only
a negligible error will be made if one replaces the upper limit of the in-
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tegral by infinity. For the neutral capacitance, however, it is necessary
to retain a finite value of [. After expressing p and p in terms of the po-
tential by (2b) and (8) respectively, and transforming to dimension-
less variables, one gets

_ Co le U ~-U; i} f“ U :I
Cn = ,—K—%[ . e dz + it 3 m . e dz y (23)
Co 0 oU
=2 — |3 s — . 2
Co K oz [3 d(log K) U:L=o (24)
In both cases Cp is a normalizing capacitance given by
K
CO - 4£D7 (25)

which involves only material constants and the gradient at the junction.
For the space-charge capacitance, the expression multiplying C, is a
function of K only. IFor the neutral capacitance, the multiplying function
contains in addition the upper limit of the integral in (21), which can
be expressed either by the actual coordinate I, by the normalized coor-
dinate z;, or by the normalized potential U; of the electrode.

TFor K — 0 the space-charge capacitance disappears and the relation-
ship between U and K is given by (15). The neutral capacitance in this
limit corresponds to the “capacitance for the neutral case” as described
by Shockley,* and it takes the form

- 2U,
" ko Kt
TFor K >> 1 the space-charge capacitance is much greater than the
neutral capacitance. By using in (24) the functional relationship be-

tween U and K that results from the space-charge approximation, one
obtains for the space-charge capacitance

0~ 2(3Um)%00 ~ 2C,
* ™ 30, coth U, — 1 xom (3Um)}’

C Co. (26)

(27)

* In the present notation, Eq. (2.41) of Ref. 1 is equivalent to

QU — 1)
€= =

A consistent retention of terms of order 1 in Shockley’s derivation would, how-
ever, have led to a result exactly equivalent to (26) above. In particular it is
necessary to write, for large z,

exp (2 sinh™ z) = 42® + 2,

whereas Shockley effectively approximates this function by 4a2.
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with U,, the normalized potential at the edge of the space-charge region,

which is related to K by
sinh® U, \} -
= | Z=—=7). 2
K ( L ) (28)

If one approximates U,, = U,y — 8V/2, where U,y is the normalized
potential at the edge of the space-charge region for zero bias, the last
term of (27) agrees with the space-charge capacitance given by Shock-
ley in Eq. (2.45) of Ref. 1.

The functions multiplying Co in (23) and (24) have been evaluated
numerically, as described in Appendix B. In the expression for C, a
value of 10 has been used for U;. (It should be emphasized that a fixed
U; does not correspond to a fixed I!) The results are shown in Fig. 6.
Also shown are the approximations (26) and (27) for C, and C, respec-
tively.

It may be noted that for large K the values for the exact space-charge
capacitance fall above the approximate values. This at first appears
surprising, since as mentioned above the total charge in the transition
region is actually less than assumed under the space-charge approxima-
tion. However if one remembers that the validity of the approximation
increases with increasing K, it becomes plausible that the change in
total charge with K must be larger for the exact solution.

4

Y

0.5

ROXIMATE

NORMALIZED CAPACITANCE C/Cgo

o
n

0.1
0.1 1000 10,000

Fig. 6 — Approximate and exact values of the normalized neutral capacitance
and the normalized space-charge capacitance.
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The abscissa in Fig. 6 can be considered as a linear scale in —V, the
applied voltage, with zero coinciding with the point K = K,. Thus
Tig. 6 may be used as a plot of the small-signal ac capacitance against
voltage. In particular, it is apparent from Fig. 6 that in the range in
which the neutral capacitance dominates, the approximation given by
(26) is a good description of this capacitance. This finding is important,
since in practical cases the value of U; needs to be specified. One would
choose as the boundary of the transition region a point up to which the
assumption of constant quasi-Fermi levels is reasonably correct. Beyond
this point one has to use the continuity equation to find the “diffusion”
capacitance, which must be added to the capacitance of the transition
region.

IV. ACKNOWLEDGMENTS

We wish to thank R. C. Prim for stimulating discussions of the mathe-
matical aspects of this problem and for the use of his unpublished results.
The numerical work has also had the benefit of unpublished investiga-
tions by A. Kooharian and W. L. Miranker.

APPENDIX A

Caleulation of the Potential Distribution
We have to integrate numerically
U” = sinh U — f(2), (A1)

where primes denote differentiation with respect to 2, and f(2) is a given
function proportional to the density of fixed charge. For a linearly graded
junction, of course, f(z) = Kz. In general, if f(2) is an odd function of
2z, then U(z) is an odd function of 2z, and we want a solution of (A1)
satisfying the boundary conditions

U©0) =0, lim U”(z) = 0. (A2)

The second condition states that the total density of fixed plus mobile
charges tends to zero at great distances from the junction.

A preliminary graphical treatment of (Al) is almost indispensable.
Because of the first of the boundary conditions (A2), we need consider
only the one-parameter family of integral curves passing through the
origin with arbitrary slope. In view of the second boundary condition,
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the problem is to find an integral curve of (Al) which passes through
the origin with such a slope that at infinity it approaches the curve

U(z) = sinh7Yf(2); (A3)
and in fact U(z) must approach U(z) fast enough so that
lim [sinh U(z) — sinh U(z)] = 0. (A4)

2>

One might, perhaps, be willing to take the existence of a physically
meaningful solution of the boundary value problem for granted, on the
ground that no matter how the fixed charge density f(z) varies with
position, the holes and electrons should be able to distribute themselves
so that equilibrium is produced. A formal proof that the problem does
indeed have a unique solution can be given under the assumptions that
f(z) is a nonnegative function with two continuous derivatives for
0 £ 2z < =, that U(2) is everywhere concave downward, i.e.,

U(z) £0 for 0 <z < o, (A5)
and that
lim U”(z) = 0. (A6)

Doubtless it would be sufficient to assume that f(z) has only a finite
number of finite discontinuities in 0 = z < o, and satisfies the given
conditions for all sufficiently large z. We shall not take space to write
out every detail of the proof, but the ideas are quite simple and will
now be sketched as a basis for the following analysis and eomputations.

Typical integral curves of (Al) are shown in Fig. 7, these curves
actually being computer solutions for the case f(z) = 10z. Let us denote
by Us(z) the solution of (Al) which satisfies the initial conditions

U.(0) =0, U/(0) =5, (A7)

where s is any real number. It is easily shown from the differential equa-
tion that if s, > s, then

U, (2) — U (2) > (s2 — s1) sinhz > 0, (A8)

for any z > 0 for which U,,(2) and U,,(2) both exist.* We see from
(A8) that U,(z) is an increasing function of s for fixed 2, and that any
two integral curves ultimately diverge with exponential speed.

* The solution U,(z) may become infinite as z approaches some finite value z; ,
and so may not exist for z = z, . We shall not be concerned with such movable
singularities, except to recognize that they can occur.
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Fig. 7 — Integral curves of the differential equation U” = sinh U — Ka.

An integral curve which once crosses U(z) can never recross, since it
has positive second derivative thenceforth, while by assumption U(z)
has negative second derivative. Similarly, an integral curve which crosses
the z-axis going downward has negative second derivative thenceforth,
and can never recross the axis.

Now let us imagine, as is always possible, that we start with an initial
slope s large enough so that U,(z) does cross U(z), and that we gradu-
ally decrease s until we come to the first integral curve that does not
cross U(z) for any z. On the other hand we could start with a negative
value of s, so that U,(2) surely lies below the z-axis, and increase s until
we reach the first integral curve that does not lie below the z-axis any-
where. It turns out that these two distinguished integral curves are
actually one and the same, so that the differential equation has exactly
one solution which lies between U = U(z) and U = 0 for all z. (If there
were two such solutions, by (A8) the distance between them would ulti-
mately exceed U.) We shall call this solution Us(z). It may be proved
that Us(z) approaches U(z) and satisfies the boundary condition (A4)
at infinity.

The object from now on is to find upper and lower bounds for the de-
sired solution; that is, neighboring functions U, (z) and U_(z) such that

U_(z) 2 Us(z) = Uy(z) for z= 0. (A9)

Clearly, if s1 < S < s then U,(2) is a lower bound and U,,(2) is
an upper bound; but according to (A8) these two curves are infinitely
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far apart for infinite z. IFrom the preceding discussion we know that
U,(z) = U(z) is always an upper bound and U_(z) = 0 is always a
lower bound. I'urthermore, if U;,(z) and U,+(2) are upper bounds, then
min [U,(z), Uz1(2)] is an upper bound; and if U;_(z) and U,_(2) are
lower bounds, then max [U;_(2), Us—(2)] is a lower bound.

Given a lower bound U_(z), an upper bound may be constructed by
two quadratures, as follows: Let

1" (2) = sinh U_(2) — f(2),

7(0) = 0, (A10)
7)/(0) =S,
and choose the initial slope s so that for some 2, > 0 we have
1(zm) = Ulzm). (A11)

The upper bound is then

J’?(Z), Oézézm,
\U(2), 2> 2y .

To prove that 7(z) = Us(z) for 0 £ 2z £ 2., we observe that the
inequality is certainly satisfied at z = 0 and at z = 2,, . If there were a
subinterval in which 7(z) < Us(z), then at some point z; of the sub-
interval we should have %”(z,) > Us”(2;), which is impossible in view
of the differential equations (Al) and (A10). The contradiction estab-
lishes that 5(z) is an upper bound in 0 < z = z,,.

Similarly, from a given upper bound U..(z) we can construct a lower
bound by taking

Ulz) = (A12)

1”(z) = sinh Uy(2) — f(2),

1(0) =0, (A13)
n'(0) =s,
and choosing s so that for some z, > 0 we have
7' (2) = 0. (A14)
The lower bound is then
<z =<
Co-fe U

but it is not a very good bound because it is ultimately constant, while
Us(z) may tend to infinity for large 2.
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The Shockley space-charge approximation may be obtained as an
elementary upper bound, using (A10). Setting U_(2) = 0, we get for
a linearly graded junction with f(z) = Kz an upper bound of the form

sz — K2'/6, 0=2=2,,
Uslz) = {sinh_le, 2> 2m, (A16)
where
S2m — K2, /6 = sinh 'Kz, . (A17)

Since both s and z, are disposable parameters, a second relationship
may be imposed between them. Shockley requires the slope of the upper
bound to vanish* at z,, — 0, so that

s — Kz,'/2 = 0. (A18)

The solutions of (A17) and (Al8) are then expressed, in terms of a
parameter U,, which satisfies

sinh’U,.\}
") =K,
(F50e=) = (419)
by the equations
sinh U,
Bm = )
K (A20)
s — sinh® U,
2K

The space-charge width z,, , which was plotted in Fig. 5, is tabulated in
Table I as a function of K, together with the initial slope s according
to the space-charge approximation, and the initial slope S obtained by
the numerical method described below.

Unfortunately it does not appear to be possible to converge on the
desired solution Us(z) by repeated applications of (A10) and (A13).
A limited amount of numerical experimentation suggests that iteration,
even starting from a bound which is known to be very close to Us(z),
rapidly leads to a particular pair of curves which are a finite distance
apart for every z > 0. Although it is possible, as Prim® and Morrison®
have shown, to obtain a number of analytic upper and lower bounds for
Us(z) of varying degrees of complexity, the most practical way of actu-
ally computing close upper and lower bounds seems to be in terms of
integral curves of the differential equation itself. Thus let U,,(z) be an

* A slightly better bound would be obtained by making the slope of U,(2) con-
tinuous at 2z .
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TaBLE I —Srace-CHArRGE WinpTH AND INITIAL SrorE or U(z)

Space-Charge Approximation Exact Solution
K
Zm s S
0.1 1.7278 0.14926 0.099094
0.2 1.7158 0.29440 0.19402
0.5 1.6535 0.68348 0.44698
1 1.5396 1.1852 0.78927
2 1.3760 1.8935 1.3134
5 1.1350 3.2206 2.3792
10 0.9610 4.6180 3.5599
20 0.8046 6.4737 5.1709
50 0.6287 9.8810 8.1895
100 0.5183 13.432 11.379
200 0.4255 18.108 15.614
500 0.3262 26.610 23.378
1000 0.2660 35.389 31.449
2000 0.2165 46.864 42.049
5000 0.1644 67.568 61.264
10000 0.1333 88.791 81.052

integral curve of (A1) which passes through the origin with some initial
slope s, and crosses U(z) at some point 2. Then an upper bound for
Us(z) is given by

o= S5E

Similarly a lower bound may be constructed from any integral curve
U,,(2) which starts with a positive slope s; but ultimately turns down-
ward. Ordinarily we do not have to follow U, (z) beyond the point where
its slope is zero. Let us introduce the auxiliary function

U_i(2) = sinh '[f(2) + U”(2)]. (A22)

U_1(2) is a known function of z which approaches U(z) from below for
large z as U”(z) approaches zero; it is plotted in Fig. 8 for the case
f(2) = 10z. Now suppose that for some positive z, we have

U(z) — UL(2) £ « for 2z = 2, (A23)
where
« = U(z) — U, (2). (A24)

Then a lower bound for Us(z) is given by

— U31(2>) 0
v {G .,

2= 2,

. (A25)

VA
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Tig. 8 — Upper and lower bounds, together with the curves U(z) and U_i(2).

In other words, Us(z) lies in a strip of constant width e below U(2)
forz = #.
To prove the last statement, define

e(2) = U(z) — Us(z). (A26)

Since U,,(z) ultimately turns downward, we know that it lies below
Us(z) at z = 2. We also know that Us(z) approaches U(z) at infinity,
80

e(20) < € and lim e(z) = 0. (A27)

2>

Tt follows that if there were some interval beyond zo in which €(2) > & ,
there would be some point z; of the interval at which € () < 0. But
at this point we have

6”(21) — U”(Z1) _ Usll(zl)

) . (A28)
= sinh U_i(z1) — sinh Ug(z1) > 0,

since, by (A23), Us(z1) < U_i(z) if U(z1) — Us(z1) > & . This con-
tradiction proves the theorem.
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In practice it is usually possible to choose 2y to minimize the distance
between U,,(z) and U(z), i.e., so that

Ui (20) = U'(z). (A29)

However, this condition is not required for the preceding proof.

Representative upper and lower bounds obtained in this way for
K = 10 are shown in Fig. 8, together with the curves U(z) and U_;(z).
For ease in plotting, the value of ¢ has been chosen larger than would
be necessary to accept in a practical case. The vertical arrows indicate,
respectively, the point at which U, becomes U and the point at which
U_ becomes U — ¢.

To mechanize the computation of upper and lower bounds, one has
only to integrate (Al) numerically, starting from the origin with a
given slope, out to the point where the integral curve identifies itself
either by crossing U(z) or by attaining zero slope. The initial slope is
then adjusted (downward in the former case, upward in the latter), and
the process repeated until the bounds nowhere differ by more than a
preassigned amount. This approach may be called the ‘“‘sweep method.”

Any standard procedure may be used for the numerical integration.
We took the fourth-order Runge-Kutta method,” adapted for an equa-
tion of the form ¥” = f(z, y). In practice the IBM 704 was supplied
with the value of K, an initial guess at the slope s, and criteria for stop-
ping; integral curves could be run off at the rate of several per minute.

The eriterion for refinement of a particular solution was more or less
arbitrarily taken to be the determination of the initial slope to five sig-
nificant figures.* This led to upper and lower bounds which differ by
less than 1 per cent of their mean value in all cases. Typical plots are
shown in Ifigs. 9, 10, and 11. In Fig. 9, where K has the small value
0.1, the solution Us(z) nowhere differs from U(z) by more than 1 per
cent, and no attempt has been made to plot the two curves separately.
T'ig. 10 represents the intermediate value K = 10, and Fig. 11 the large
value K = 10,000. The difference between upper and lower bounds for
a given K, while obvious in the tabulated values near the upper end of
the range of 2, is too small to be conveniently plotted on these figures.

Table II shows U(z), U,(z), and U_(2) for 16 values of K ranging
from 0.1 to 10,000. The values of U,(2) and U_(z), considered as nu-
merical solutions of the differential equation (A1), are believed to be
accurate, with a few possible exceptions, to the four decimal places shown.

* More precisely, U,’(0) exceeds U_’(0) by one unit of the fifth significant fig-
ure, where U,’(0) is given as S in Table I.
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K =01 K =02
z U(2) U.(z) U_(z) 2 U(z) U.(z) U_(z)
0. 0. 0. 0. 0. 0. 0. 0.
0.500 | 0.0500 0.0495 0.0495 0.200 0.0400 0.0388 0.0388
1.000 | 0.0998 0.0989 0.0989 0.400 0.0799 0.0775 0.0775
1.500 | 0.1494 0.1481 0.1481 0.600 0.1197 0.1162 0.1162
2.000 | 0.1987 0.1970 0.1970 0.800 0.1593 0.1547 0.1547
2.500 | 0.2475 0.2454 0.2454 1.000 0.1987 0.1930 0.1930
3.000 | 0.2957 0.2933 0.2933 1.200 0.2378 0.2311 0.2311
3.500 | 0.3432 0.3406 0.3406 1.400 0.2765 0.2690 0.2689
4.000 | 0.3900 0.3872 0.3872 1.600 0.3148 0.30065 0.3064
4.500 | 0.4360 0.4331 0.4331 1.800 0.3526 0.3436 0.3436
5.000 | 0.4812 0.4782 0.4782 2.000 0.3900 0.3804 0.3804
5.5800 | 0.5255 0.5224 0.5224 2.200 0.4269 0.4168 0.4167
6.000 | 0.5688 0.5657 0.5657 2.400 0.4633 0.4527 0.4526
6.500 | 0.6112 0.6081 0.6081 2.600 0.4990 0.4881 0.4881
7.000 | 0.6527 0.6496 0.6496 2.800 0.5342 0.5231 0.5230
7.500 | 0.6931 0.6902 0.6901 3.000 0.5688 0.5576 0.5575
8.000 | 0.7327 0.7299 0.7297 3.200 0.6028 0.5915 0.5914
8.500 | 0.7712 | 0.7686 0.7683 3.400 | 0.6362 | 0.6249 0.6248
9.000 | 0.8089 0.8066 0.8059** | 3.600 0.6690 0.6578 0.6576
9.500 | 0.8456 0.8437 0.8426** || 3.800 0.7011 0.6901 0.6898
10.000 | 0.8814 0.8803 0.8784** | 4.000 0.7327 0.7218 0.7215
10.500 | 0.9163 0.9163* | 0.9134** || 4.200 0.7636 0.7530 0.7526
4.400 0.7939 0.7837 0.7832
4.600 | 0.8237 | 0.8138 0.8132
4.800 | 0.8528 | 0.8434 | 0.8426
5.000 | 0.8814 | 0.8724 0.8715
5.200 0.9094 0.9010 0.8998
5.400 0.9368 0.9290 0.9275
5.600 0.9637 0.9567 0.9547
5.800 0.9901 0.9838 0.9814
6.000 1.0160 1.0106 1.0075
6.200 | 1.0413 | 1.0371 1.0331
6.400 1.0662 1.0633 1.0581
6.600 1.0906 1.0894 1.0827
6.800 1.1145 1.1145% | 1.1067
7.000 1.1380 1.1380*% | 1.1302**
* U(2) #* U (2) — 0.0029 * U(2) ** 7 (z) — 0.0078
K =05 K=10
3z U(z) Ui(z) U_(z) 3 U(z) U+(3) U_(z)
0. 0. 0. 0. 0. 0. 0. 0.
0.200 | 0.0998 0.0893 0.0893 0.200 0.1987 0.1576 0.1576
0.400 | 0.1987 0.1782 0.1782 0.400 0.39200 0.3135 0.3135
0.600 | 0.2957 0.2663 0.2663 0.600 0.5688 0.4662 0.4661
0.800 | 0.3900 0.3532 0.3531 0.800 0.7327 0.6142 0.6142
1.000 | 0.4812 0.4384 0.4384 1.000 0.8814 0.7564 0.7563
1.200 | 0.5688 0.5218 0.5218 1.200 1.0160 0.8918 0.8918
1.400 | 0.6527 | 0.6030 0.6030 1.400 1.1380 1.0198 1.0198
1.600 | 0.7327 0.6819 0.6819 1.600 1.2490 1.1401 1.1401
1.800 | 0.8089 0.7582 0.7581 1.800 1.3504 1.2526 1.2526
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TaBLE II — Continued

K=05 K =10

z U(z) U.(2) U-(2) z U(z) U.(3) U_(z)
2.000 | 0.8814 0.8318 0.8317 2.000 1.44306 1.3574 1.3573
2.200 { 0.9503 0.9026 0.9026 2.200 1.5297 1.4547 1.4546
2.400 | 1.0160 0.9707 0.9706 2.400 1.6094 1.5450 1.5450
2.600 1.0785 1.0360 1.0359 2.600 1.6837 1.6289 1.6288
2.800 | 1.1380 1.0985 1.0984 2.800 1.7532 1.7068 1.7066
3.000 | 1.1948 1.1584 1.1583 3.000 1.8184 1.7792 1.7790
3.200 | 1.2490 1.2157 1.2155 3.200 1.8799 1.8468 1.8465
3.400 | 1.3008 1.2705 1.2703 3.400 1.9379 1.9101 1.9097
3.600 | 1.3504 1.3230 1.3227 3.600 1.9928 1.9694 1.9688
3.800 | 1.3980 1.3732 1.3728 3.800 2.0450 2.0253 2.0245
4.000 | 1.4436 1.4213 1.4208 4.000 2.0947 2.0780 2.0769
4.200 | 1.4875 1.4675 1.4668 4.200 2.1421 2.1281 2.1263
4.400 | 1.5297 1.5118 1.5109 4.400 2.1874 2.1757 2.1731
4.600 | 1.5703 1.5543 1.5532 4.600 2.2308 2.2213 2.2173
4.800 | 1.6094 1.5953 1.5937 4.800 2.2724 2.20651 2.2591%*
5.000 | 1.6472 1.6349 1.6327 5.000 2.3124 2.3074 2.2991**
5.200 | 1.6837 1.6731 1.6700 5.200 2.3509 2.3487 2.3376**
5.400 | 1.7191 1.7101 1.7059 5.400 2.3880 2.3880% | 2.3747**
5.600 | 1.7532 1.7461 1.7403**
5.800 | 1.7863 1.7813 1.7734%**
6.000 | 1.8184 1.8158 1.8055%*
6.200 | 1.8496 1.8496* | 1.836G6**

* U(z) ¥ J(z) — 0.0130 * Ul(z) ** 7 (2) — 0.0134
K =20 K =50

z U(z) U.(2) U_(2) z Uz Us(2) U-(2)
0. 0. 0. 0. 0. 0. 0. 0.
0.100 | 0.1987 0.1312 0.1312 0.100 0.4812 0.2375 0.2375
0.200 | 0.3900 | 0.2618 | 0.2617 0.200 | 0.8814 | 0.4724 | 0.4724
0.300 | 0.5688 | 0.3910 | 0.3909 0.300 | 1.1948 | 0.7022 | 0.7022
0.400 | 0.7327 0.5182 0.5181 0.400 1.4436 0.9246 0.9246
0.500 | 0.8814 0.6428 0.6427 0.500 1.6472 1.1377 1.1377
0.600 | 1.0160 0.7643 0.7642 0.600 1.8184 1.3399 1.3398
0.700 | 1.1380 0.8822 0.8822 0.700 1.9657 1.5298 1.5297
0.800 1.2490 0.9962 0.9961 0.800 2.0947 1.7068 1.7067
0.900 | 1.3504 1.1058 1.1057 0.900 2.2093 1.8705 1.8704
1.000 | 1.4436 1.2109 1.2108 1.000 2.3124 2.0208 2.0207
1.100 | 1.5297 1.3114 1.3112 1.100 2.40061 2.1583 2.1582
1.200 | 1.6094 1.4070 1.4068 1.200 2.4918 2.2835 2.2833
1.300 | 1.6837 1.4978 1.4976 1.300 2.5708 2.3972 2.3970
1.400 | 1.7532 1.5839 1.5836 1.400 2.6441 2.5005 2.5002
1.500 | 1.8184 1.6653 1.6650 1.500 2.7125 2.5943 2.5939
1.600 | 1.8799 | 1.7422 1.7419 1.600 | 2.7765 | 2.6796 | 2.6792
1.700 | 1.9379 | 1.8148 1.8144 1.700 | 2.8367 | 2.7576 | 2.7569
1.800 | 1.9928 | 1.8832 1.8828 1.800 | 2.8934 | 2.8289 2.8281
1.900 | 2.0450 1.9478 1.9473 1.900 2.9472 2.8947 2.8936
2.000 | 2.0947 2.0088 2.0082 2.000 2.9982 2.9555 2.9541
2.100 | 2.1421 2.0663 2.0656 2.100 3.0468 3.0121 3.0102
2.200 | 2.1874 2.1207 2.1198 2.200 3.0931 3.0651 3.0625
2.300 | 2.2308 2.1721 2.1711 2.300 3.1374 3.1151 3.1115
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K =120 K =50

z Ul(z) Uy(z) U_(3) z U(z) U+(z) U_(z)
2.400 | 2.2724 2.2209 2.2197 2.400 3.1798 3.1625 3.1576
2.500 | 2.3124 2.2072 2.20657 2.500 3.2205 3.2078 3.2010
2.600 | 2.3509 2.3113 2.3094 2.600 | 3.2596 | 3.2516 3.2420
2.700 | 2.3880 2.3533 2.3509 2.700 3.2972 3.2943 3.2807
2.800 | 2.4238 2.3934 2.3905 2.800 | 3.3335 3.3335% | 3.3172**
2.900 | 2.4584 2.4318 2.4282
3.000 | 2.4918 2.40687 2.4641
3.100 | 2.5241 2.5042 2.4984
3.200 | 2.5555 2.5384 2.5310
3.300 | 2.5859 2.5716 2.5621
3.400 | 2.6154 | 2.6038 | 2.5917**
3.500 | 2.6441 2.6352 2.6204%*
3.600 | 2.6720 2.6660 2.6483**
3.700 | 2.6992 2.6964 2.6755%*
3.800 | 2.7256 2.7256* | 2.7019**

* U(2) ** J(2) — 0.0237 *U(2) ** U(z) — 0.0163
K = 100 K =200

z U(z) Us(2) U-(z) 3 U(z) Uq(3) U-(z)
0. 0. 0. 0. 0. 0. 0. 0.
0.100 | 0.8814 0.3549 0.3549 0.100 1.4436 0.5146 0.5146
0.200 1.4436 0.7035 0.7035 0.200 2.0947 1.0147 1.0147
0.300 1.8184 1.0398 1.0397 0.300 2.4918 1.4870 1.4870
0.400 | 2.0947 1.3585 1.3585 0.400 2.7765 1.92006 1.9205
0.500 | 2.3124 1.6555 1.6554 0.500 2.9982 2.3079 2.3078
0.600 | 2.4918 1.9278 1.9278 0.600 | 3.1798 2.6453 2.6452
0.700 | 2.6441 2.1739 2.1739 0.700 3.3335 2.9330 2.9329
0.800 | 2.7765 2.3935 2.3934 0.800 3.4667 3.1746 3.1745
0.900 | 2.8934 2.5875 2.5874 0.900 | 3.5843 3.3756 3.3755
1.000 | 2.9982 2.7576 2.7575 1.000 3.6895 3.5427 3.5424
1.100 | 3.0931 2.9063 2.9060 1.100 3.7847 3.6823 3.6820
1.200 | 3.1798 3.0361 3.0358 1.200 3.8716 3.8005 3.8000
1.300 | 3.2596 | 3.1497 3.1494 1.300 | 3.9516 | 3.9020 | 3.9012
1.400 | 3.3335 | 3.2498 | 3.2493 1.400 | 4.0257 | 3.9910 | 3.9896
1.500 | 3.4023 3.3386 3.3379 1.500 4.0946 4.0702 4.0680
1.600 | 3.4667 | 3.4181 3.4171 1.600 | 4.1591 | 4.1423 | 4.1385
1.700 | 3.5272 3.4900 3.4885 1.700 4.2197 4.2089 4.2024
1.800 | 3.5843 | 3.5556 | 3.5534 1.800 | 4.27G9 | 4.2719 | 4.2604**
1.900 | 3.06383 3.6161 3.6128 1.900 4.3309 4.3300* | 4.3145**
2.000 | 3.6895 3.6723 3.6673
2.100 | 3.7382 3.7252 3.7175
2.200 | 3.7847 3.7754 3.7640**
2.300 | 3.8291 3.8235 3.8084**
2.400 | 3.8716 | 3.8704 3.8500%*
2.500 | 3.9124 3.9124* | 3.8917**

** 7 (z) — 0.0207

* U(z)

** [7(2) — 0.0164
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TaABLE II — Continued

K = 50.0 K = 100.0

2 Uz Us(z) U_(2) z U(z) Ua(2) U-(2)
0. 0. 0. 0. 0. 0. 0. 0.
0.050 | 1.6472 | 0.4086 | 0.4086 0.050 | 2.3124 | 0.5671 | 0.5671
0.100 | 2.3124 | 0.8120 | 0.8120 0.100 | 2.9982 | 1.1232 | 1.1231
0.150 | 2.7125 | 1.2052 | 1.2052 0.150 | 3.4023 | 1.6579 | 1.6578
0.200 | 2.9982 | 1.5835 | 1.5835 0.200 | 3.6895 | 2.1615 | 2.1613
0.250 | 3.2205 | 1.9427 | 1.9427 0.250 | 3.9124 | 2.6260 | 2.6257
0.300 | 3.4023 | 2.2793 | 2.2792 0.300 | 4.0946 | 3.0454 | 3.0451
0.350 | 3.5562 | 2.5905 | 2.5904 0.350 | 4.2487 | 3.4162 | 3.4158
0.400 | 3.6895 | 2.8746 | 2.8745 0.400 | 4.3822 | 3.7378 | 3.7373
0.450 | 3.8072 | 3.1309 | 3.1308 0.450 | 4.4999 | 4.0120 | 4.0114
0.500 | 3.9124 | 3.3595 | 3.3595 0.500 | 4.6053 | 4.2429 | 4.2422
0.550 | 4.0077 | 3.50617 | 3.5016 0.550 | 4.7000 | 4.4358 | 4.4349
0.600 | 4.0946 | 3.7391 | 3.7390 0.600 | 4.7876 | 4.5968 | 4.5956
0.650 | 4.1746 | 3.8941 | 3.8940 0.650 | 4.8676 | 4.7316 | 4.7299
0.700 | 4.2487 | 4.0293 | 4.0291 0.700 | 4.9417 | 4.8458 | 4.8433
0.750 | 4.3177 | 4.1471 | 4.1470 0.750 | 5.0107 | 4.9438 | 4.9403
0.800 | 4.3822 | 4.2503 | 4.2501 0.800 | 5.0752 | 5.0297 | 5.0244
0.850 | 4.4428 | 4.3411 | 4.3408 0.850 | 5.1358 | 5.1066 | 5.0986
0.900 | 4.4999 | 4.4215 | 4.4211 0.900 | 5.1930 | 5.1774 | 5.1649
0.950 | 4.5540 | 4.4935 | 4.4930 0.950 | 5.2471 | 5.2471* | 5.2250
1.000 | 4.6053 | 4.5584 | 4.5577 1.000 | 5.2983 | 5.2983* | 5.2799
1.050 | 4.06541 | 4.6176 | 4.6167 1.050 | 5.3471 | 5.3471* | 5.3301
1.100 | 4.7006 | 4.6721 | 4.6708 1.100 | 5.3936 | 5.3936* | 5.3767**
1.150 | 4.7450 | 4.7228 | 4.7209
1.200 | 4.7876 | 4.7703 | 4.7675
1.250 | 4.8284 | 4.8152 | 4.8111
1.300 | 4.8676 | 4.8580 | 4.8520
1.350 | 4.9053 | 4.8993 | 4.8904
1.400 | 4.9417 | 4.9396 | 4.9268%*
1.450 | 4.9768 | 4.9768* | 4.9619**

* U (z) #* [ (2) — 0.0149 * U (2) ** U (z) — 0.0170
K = 200.0 K = 500.0

z U(z) Us(z) U_(z) z U(z) U.(z) U-(z)
0. 0. 0. 0. 0. 0. 0. 0.
0.020 | 2.0947 | 0.3120 | 0.3120 0.020 | 2.9982 | 0.4669 | 0.4669
0.040 | 2.7765 | 0.6226 | 0.6226 0.040 | 3.6895 | 0.9300 | 0.9300
0.060 | 3.1798 | 0.9302 | 0.9302 0.060 | 4.0946 | 1.3856 | 1.3855
0.080 | 3.4667 | 1.2335 | 1.2334 0.080 | 4.3822 | 1.8299 | 1.8298
0.100 | 3.6895 | 1.5310 | 1.5309 0.100 | 4.6053 | 2.2595 | 2.2594
0.120 | 3.8716 | 1.8214 | 1.8212 0.120 | 4.7876 | 2.6709 | 2.6708
0.140 | 4.0257 | 2.1034 | 2.1032 0.140 | 4.9417 | 3.0613 | 3.0612
0.160 | 4.1591 | 2.3758 | 2.3756 0.160 | 5.0752 | 3.4280 | 3.4278
0.180 | 4.2769 | 2.6375 | 2.6373 0.180 | 5.1930 | 3.7689 | 3.7687
0.200 | 4.3822 | 2.8877 | 2.8875 0.200 | 5.2983 | 4.0825 | 4.0823
0.220 | 4.4775 | 3.1254 | 3.1252 0.220 | 5.3936 | 4.3680 | 4.3678
0.240 | 4.5645 | 3.3501 | 3.3499 0.240 | 5.4807 | 4.6254 | 4.6251
0.260 | 4.6445 | 3.5613 | 3.5611 0.260 | 5.5607 | 4.8552 | 4.8549
0.280 | 4.7186 | 3.7588 | 3.7585 0.280 | 5.6348 | 5.0588 | 5.0584




TaBLE II — Continued

K = 200.0 K = 500.0

3 Uz) Us(z) U-(z) z Uz) Us(z) U-(2)
0.300 | 4.7876 | 3.9425 3.9421 0.300 | 5.7038 | 5.2378 5.2374
0.320 | 4.8521 4.1125 4.1121 0.320 5.7683 5.3946 5.3941
0.340 | 4.9127 4.20691 4.2687 0.340 5.8290 5.5313 5.5308
0.360 | 4.9699 4.4128 4.4123 0.360 5.8861 5.6506 5.6499
0.380 | 5.0239 4.5442 4.5437 0.380 5.9402 5.7547 5.7539
0.400 | 5.0752 4.6640 4.6635 0.400 5.9915 5.8460 5.8450
0.420 | 5.1240 | 4.7731 4.7725 0.420 | 6.0403 | 5.9264 | 5.9251
0.440 | 5.1705 4.8722 4.8715 0.440 6.0868 5.9978 5.9961
0.460 | 5.2150 4.9622 4.9614 0.460 6.1312 6.0616 6.0594
0.480 | 5.2575 5.0440 5.0431 0.480 6.1738 6.1192 6.1163
0.500 | 5.2983 5.1185 5.1174 0.500 6.2146 6.1718 6.1678
0.520 | 5.3376 | 5.1863 5.1850 0.520 | 6.2538 | 6.2201 6.2147
0.540 | 5.3753 5.2483 5.2467 0.540 6.2916 6.20649 6.2577
0.560 | 5.4117 5.3051 5.3033 0.560 6.3279 6.3069 6.2970
0.580 | 5.4468 5.3574 5.3552 0.580 6.3630 6.3466 6.3329**
0.600 | 5.4807 5.4057 5.4030 0.600 6.3969 6.3843 6.3668**
0.620 | 5.5134 5.4506 5.4473 0.620 6.4297 6.4206 6.3996**
0.640 | 5.5452 5.4924 5.4884 0.640 6.4615 6.4557 6.4313**
0.660 | 5.5760 5.5316 5.5267 0.660 6.4922 6.4902 6.4621**
0.680 | 5.6058 5.5685 5.5624 0.680 6.5221 6.5221* | 6.4920**
0.700 | 5.6348 | 5.6034 5.5958
0.720 [ 5.6630 5.6365 5.6270
0.740 | 5.6904 5.6682 5.6562
0.760 | 5.7170 5.6986 5.6834**
0.780 | 5.7430 5.7278 5.7094**
0.800 | 5.7683 5.7561 5.7347**
0.820 | 5.7930 | 5.7836 5.7594**
0.840 | 5.8171 5.8105 5.7835%*
0.860 | 5.84006 5.8370 5.8070%*
0.880 | 5.8636 5.8636% | 5.8300**

*U(z) *# U (z) — 0.0336 * U(z) **k 7 (z) — 0.0301
K = 1000.0 K = 2000.0

2 U(z) U.(2) U~(3) z U(z) U4(z) U_(z)
0. 0. 0. 0. 0. 0. 0. 0.
0.020 | 3.6895 0.6277 0.6277 0.010 3.6895 0.4202 0.4202
0.040 | 4.3822 1.2477 1.2476 0.020 | 4.3822 | 0.8384 0.8384
0.060 | 4.7876 1.8523 1.8522 0.030 4.7876 1.2527 1.2526
0.080 | 5.0752 2.4342 2.4341 0.040 5.0752 1.6611 1.6611
0.100 | 5.2983 2.9864 2.9863 0.050 5.2983 2.0619 2.0618
0.120 | 5.4807 3.5027 3.5025 0.060 | 5.4807 2.4530 2.4529
0.140 | 5.6348 | 3.9777 3.9775 0.070 | 5.6348 | 2.8327 2.8326
0.160 | 5.7683 4.4075 4.4073 0.080 5.7683 3.1992 3.1991
0.180 | 5.8861 4.7899 4.7897 0.090 5.8861 | 3.5510 3.55609
0.200 | 5.9915 5.1245 5.1243 0.100 5.9915 3.8866 3.8865
0.220 | 6.0868 5.4128 5.4126 0.110 6.0868 4.2046 4.2044
0.240 | 6.1738 5.6582 5.6579 0.120 6.1738 4.5039 4.5038
0.260 | 6.2538 5.8649 5.8645 0.130 6.2538 4.7838 4.7837
0.280 | 6.3279 6.0381 6.0376 0.140 6.3279 5.0438 5.0436
0.300 | 6.3969 6.1831 6.1825 0.150 6.3969 5.2834 5.2833
0.320 | 6.4615 6.3049 6.3041 0.160 6.4615 5.5030 5.5028
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TABLE II — Continued

K = 1000.0 K = 2000.0

z U (z) U.(z) U_(z) z U (z) U.(z) U_(2)
0.340 | 6.5221 6.4082 6.4071 0.170 6.5221 5.7029 5.7027
0.360 | 6.5793 6.4967 6.4952 0.180 6.5793 5.8838 5.8836
0.380 G.6333 6.5738 6.5716 0.190 6.6333 6.0466 6.0464
0.400 6.6846 6.6420 6.6390 0.200 6.6846 6.1926 6.1924
0.420 6.7334 6.7036 6.6991 0.210 (6.7334 6.3231 6.3228
0.440 6.7799 6.7601 6.7535 0.220 6.7799 6.4394 6.4391
0.460 6.8244 6.8133 6.8033 0.230 6.8244 6.5430 6.5426
0.480 6.8669 6.8644 6.8493 0.240 6.8669 6.6354 6.6349
0.500 6.9078 6.9078* | 6.8919 0.250 6.9078 6.7178 6.7172
0.520 | 6.9470 6.9470*% | 6.9315** || 0.200 6.9470 6.7916 6.7909
0.270 | 6.9847 | 6.8578 6.8570
0.280 7.0211 6.9176 6.9166
0.290 7.0562 6.9719 6.9707
0.300 7.0901 7.0215 7.0200
0.310 7.1229 7.0672 7.00653
0.320 | 7.1546 | 7.1094 7.1071
0.330 | 7.1854 | 7.1489 7.1458
0.340 7.2152 7.1859 7.1821
0.350 | 7.2442 | 7.2210 7.2161
0.360 | 7.2724 | 7.2545 7.2481
0.370 | 7.2998 | 7.28G7 7.2785
0.380 7.3265 7.3179 7.3072
0.390 7.3524 7.3485 7.3345
0.400 7.3778 7.3778*% | 7.3004

0.410 7.4025 7.4025* | 7.3851**
*U(z) ** U(z) — 0.0155 *U(2) ** U(z) — 0.0173

K = 5000.0 K = 10000.0
z Ulz) Uy(z) U_(2) z U(2) U.(z) U_(2)
0. 0. 0. 0. 0. 0. 0. 0.

0.010 4.6053 0.6118 0.6118 0.005 4.6053 0.4051 0.4050
0.020 5.2983 1.2187 1.2187 0.010 5.2083 0.8089 0.8089
0.030 5.7038 1.8157 1.8157 0.015 5.7038 1.2102 1.2102
0.040 | 5.9915 2.3981 2.3981 0.020 5.9915 1.6078 1.6078
0.050 6.2146 2.9610 2.9610 0.025 6.2146 2.0005 2.0005
0.060 6.3969 3.4999 3.4998 0.030 6.3969 2.3870 2.3870
0.070 6.5511 4.0105 4.0104 0.035 6.5511 2.7662 2.7662
0.080 | 6.6846 | 4.4889 4.4888 0.040 | 6.6846 | 3.1368 3.1368
0.090 | 6.8024 | 4.9318 4.9317 0.045 | 6.8024 | 3.4977 3.4977
0.100 6.9078 5.3367 5.3366 0.050 6.9078 3.8478 3.8477
0.110 | 7.0031 5.7021 5.7020 0.055 7.0031 4.1860 4.1859
0.120 | 7.0901 6.0276 6.0275 0.060 7.0901 4.5112 4.5111
0.130 | 7.1701 6.3139 6.3137 0.065 7.1701 4.8226 4.8225
0.140 | 7.2442 6.5629 6.5627 0.070 7.2442 5.1193 5.1192
0.150 | 7.3132 6.7774 6.7772 0.075 7.3132 5.40006 5.4005
0.160 7.3778 6.9607 6.9605 0.080 7.3778 5.6659 5.6658
0.170 7.4384 7.1169 7.1166 0.085 7.4384 5.9149 5.9148
0.180 7.4955 7.2496 7.2492 0.090 7.4955 6.1472 6.1472
0.190 7.5496 7.3626 7.3622 0.095 7.5496 6.3630 6.3629
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TasLE IT— Concluded

K = 5000.0 K = 10000.0

z U(z) Uy(z) U_(2) 2 U(z) Uy(z) U_(2)
0.200 | 7.6009 | 7.4595 7.4589 0.100 | 7.6009 6.5622 6.5621
0.210 | 7.6497 | 7.5431 7.5424 0.105 | 7.6497 6.7453 6.7452
0.220 | 7.6962 | 7.6161 7.6151 0.110 | 7.6962 | 6.9128 6.9126
0.230 | 7.7407 | 7.6805 7.6792 0.115 | 7.7407 | 7.00653 7.0652
0.240 | 7.7832 | 7.7382 7.7364 0.120 | 7.7832 | 7.2038 7.2036
0.250 | 7.8240 | 7.7907 7.7882 0.125 | 7.8240 | 7.3290 7.3289
0.260 | 7.8633 | 7.8390 7.8355 0.130 | 7.8633 | 7.4421 7.4419
0.270 | 7.9010 | 7.8841 7.8792 0.135 | 7.9010 | 7.5440 7.5438
0.280 | 7.9374 7.9270 7.9200 0.140 | 7.9374 | 7.6358 7.6355
0.290 | 7.9725 | 7.9685 7.9583 0.145 | 7.9725 | 7.7184 7.7181
0.300 8.0064 8.0064* | 7.9947 0.150 8.0064 7.7929 7.7926
0.310 | 8.0392 | 8.0392* | 8.0292 0.155 | 8.0392 | 7.8602 7.8598
0.320 | 8.0709 | 8.0709* | 8.0623 1.160 | 8.0709 | 7.9212 7.9207
0.330 | 8.1017 | 8.1017* | 8.0939 0.165 | 8.1017 | 7.9765 7.9760
0.340 | 8.1315 | 8.1315% | 8.1243 0.170 | 8.1315 | 8.0270 8.0264
0.350 | 8.1605 | 8.1605* | 8.1535** | 0.175 | 8.1605 | 8.0733 8.0726
0.180 | 8.1887 | 8.1159 8.1151
0.185 | 8.2161 | 8.1554 8.1543
0.190 | 8.2428 | 8.1921 8.1908
0.195 | 8.2687 | 8.2265 8.2249
0.200 | 8.2940 | 8.2589 8.2569
0.205 | 8.3187 | 8.2896 8.2871
0.210 | 8.3428 | 8.3187 8.3157
0.215 | 8.3664 | 8.3466 8.3429
0.220 8.3894 8.3735 8.30688
0.225 | 8.4118 | 8.3995 8.3936
0.230 | 8.4338 | 8.4248 8.4174
0.235 | 8.4553 8.4496 8.4402
0.240 | 8.4764 | 8.4740 8.4622
0.245 | 8.4970 | 8.4970* | 8.4833

0.250 | 8.5172 | 8.5172* | 8.5036**

* Ul(as) ** U(z) — 0.0070 * Ul(z) ** U(z) — 0.0135

They have been rounded off and retabulated from the original IBM re-
sults, which were at shorter intervals and nominally to eight significant
figures.

It goes without saying that one must be wary of roundoff and trunca-
tion errors when trying to integrate a stiff differential equation numeri-
cally. Even if one could start with exactly the right initial conditions,
accumulated errors would shift the computation to a neighboring inte-
gral curve which would ultimately diverge rapidly from the desired
solution. Strictly speaking, we cannot even be sure of the upper and
lower bounds computed by stepwise integration of the differential equa-
tion, since roundoff errors could make two numerical solutions with
nearly equal initial slopes cross each other and tend to infinity in the
wrong directions. (No such crossing was observed in the present study.)
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Unfortunately it is not easy, especially for the Runge-Kutta method,
to obtain error bounds which are both rigorous and realistic. We there-
fore fell back on the usual test which is made to judge whether the error
in a numerical integration is tolerable; namely, we ran the integration
again with a double interval and compared results. This test was ap-
plied to most of the upper and lower bounds included in the tables. The
difference between the two integrations was found to increase rapidly
toward the end of the range, but always to be small compared to the
difference between upper and lower bounds. In the worst case (K = 0.1)
the difference between the two integrations for a given bound was less
than one-tenth of the difference between upper and lower bounds; and
for larger K the discrepancies were considerably smaller. We therefore
feel quite confident that the tabulated results really are upper and lower
bounds for the exact solution.

The range of the calculations shown here was chosen to bridge the
gap between available approximations for small K (the “neutral” case)
and large K (the “space-charge” case). For K < 0.1 the present method
begins to run into instability trouble, though it could probably be mod-
ified to work for smaller values of K in the unlikely event that such cal-
culations are wanted. For large K, on the other hand, there is no indi-
cation that K = 10,000 marks the upper limit of what can be handled
with this technique.

In summary, then, a program has been written for the IBM 704 which
will produce in a few minutes, for any value of K between 0.1 and some-
where above 10,000, very close upper and lower bounds for the potential
distribution in a linearly graded p-n junction. A minor modification of
the program would permit similar calculations for a junction with any
reasonable distribution of fixed charge. So far as numerical techniques
are concerned, therefore, the problem may be regarded as completely
solved.

APPENDIX B

Numerical Capacitance Calculations

The neutral capacitance of a junction of normalized width z; is given
by (23) of the text as

_Co _ o 9(z,K) -
Cn At I{%[I(zl,K) 3m + Zle I], (Bl)

where

2
I(z,K) =f e vER gn (B2)

0



GRADED p-h JUNCTION 1601

The value of I may be calculated numerieally from Table II, which
gives U(z, K) for 16 values of K ranging from 0.1 to 10,000. Iixtension
to arbitrarily large values of z; is straightforward, since for sufficiently
large z the tabulated functions differ by at most a constant from the
asymptote U(z, K) = sinh 'Kz If U is replaced by U — e for
2 = zp = 0, where ¢ is constant, then provided that z; = 2z and U is
continuous at 2o, the expression for I(z;, K) becomes

—Upg

2y € . —~Ur __
I(z,K) =f0 ¢ Udz + ¢ (U‘2K Uo) , 2e . 0 . (B3)

When K is small (the neutral case), then U = U for all 2, and (B1)
and (B3) yield the approximation (26).

The numerical evaluation of C,/Co was carried out by evaluating
I(z;, K) for each value of K using Simpson’s rule. The function log 7
was then fitted at three adjacent values of K by a quadratic polynomial
in log K, and the derivative of I was found approximately by differ-
entiating the polynomial at the middle value of K (except, of course,
at K = 0.1 and K = 10,000, where the end value had to be used). The
value of 2, was chosen to make U(z;, K;) = 10, where K; is the point
at which the derivative is evaluated. The value of z; is supposed to be
held constant during the differentiation.

Table IIT shows the values found for C,/C, as a function of K. These
values are actually averages of the results found by taking for U(z, K)
the upper and lower bounds given in Table II. The two numbers aver-
aged differed from each other by less than 2 per cent in all cases, and
usually by less than 1 per cent. As is well known, numerical differentia-

TABLE 11T — NORMALIZED CAPACITANCES

K Cn/Co Cp/Co
0.1 432 0.423

0.2 171 0.608

0.5 50.5 0.889

1 20.1 1.052

2 8.05 1.139

5 2.44 1.156

10 1.02 1.123

20 0.436 1.082

50 0.152 1.020
100 0.0721 0.972
200 0.0360 0.931
500 0.0153 0.883
1000 0.00834 0.850
2000 0.00468 0.822
5000 0.00225 0.790
10000 0.00132 0.762
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tion magnifies the errors in inaccurate data. One may hope, however,
that the values obtained for C, are accurate to about 1 per cent. Com-
parison with the approximate formula (26) is shown in Fig. 6. Agree-
ment is good for K < 5, but the approximation gives too low a value
for C,, when K is large.

The space-charge eapacitance is given by (24) as

Gy N _
= [ e~ 5] o
where
S = U0, K) (B5)

is the initial slope of the potential function. The initial slope is given, as
a function of K, to five significant figures in Table I. Logarithmic differ-
entiation, using a three-point interpolating function, leads to the values
of C,/Cqshown in Table IIT (the difference between the upper and lower
bounds of the slope rarely affects the third decimal place). Again the
accuracy is not precisely known, but is presumed to be 1 per cent or
better.
TFor the neutral case, say K < 0.2, one has S &~ K and

C, ~ 2C,K2. (B6)

When K >> 1, the initial slope according to the space-charge approxi-
mation is

. = (3Um leh Um>’ (B7)

where U, is defined in terms of K by (28). A straightforward if some-
what laborious substitution of (B7) and (28) into (B4) leads to

_ 2(3U,,)C,
" 3U, coth U, — 1’

as in (27). The approximation to C,/C given by (B8) is plotted against
K in Tig. 6. It is seen that the approximate value of C, lies above the
correct value for K less than about 6, and below it, by amounts ranging
up to nearly 10 per cent, for larger K.

Co (B8)
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Transverse Electron Beam Waves in

Varying Magnetic Fields

By E. I. GORDON
(Manuscript received June 23, 1960)

The properties of electron cyclotron and synchronous waves tn varying
magnetic fields are discussed. Magnetic field variations in space and time
are considered. The preblem is treated by establishing the wave excitation
from knowledge of the macroscopic beam motion. It s shown that the cyclo-
tron wave zs coupled to the synchrenous wave and that both waves are al-
ways amplified in a changing field. Unless the charge denstty is an appre-
ciable fraction of the full Brillowin value, however, the individual electron
orbits will be amplified along with the waves causing beam expansion.

The phase velocity of the waves s shown to be approximately independent
of space charge. In the case of a spatially varying field, one of the waves
must be fast, carrying positive kinetic power, and the other slow, carrying
negative kinetic power. The total kinetic power carried by the two waves is
conserved. When the magnetic field varies in time, the kinetic power of the
twe waves 1s not conserved but the Manley-Rowe relation is satisfied. When
the field varies at a rate greater than the signal frequency, both modes may
carry positive kinetic power.

I. INTRODUCTION

The electron cyclotron wave has received a great deal of attention in
the past year, since it forms the basis of a successful beam-type traveling-
wave parametric amplifier. As was first demonstrated by Adler et al.)'2:3
the fast cyclotron wave is actively coupled to a fast cyclotron wave idler
by the action of a high-frequency transverse electric quadrupole field.
It was shown by Gordon*'® that space periodic quadrupole fields actively
couple a fast and slow cyclotron wave.

The purpose of this paper is to demonstrate that cyclotron waves will
also be amplified in varying magnetic fields. It will be shown that the
idler mode associated with the eyclotron wave is a synchronous wave
associated with the spatial configuration of the beam. Analogous to the
quadrupole case, pumping in a time-varying magnetic field with the

1603
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pump frequency greater than the signal frequency leads to active cou-
pling of two fast modes. When the pump frequency is lower than the
signal frequency one mode must be fast and the other slow. Pumping in
a spatially varying magnetic field will be seen to correspond to the limit-
ing case of zero pump frequency.

In Section II the cyclotron and synchronous waves will be described
and some simple points of view established. Then the results of an earlier
analysis,® in which a general solution for charged particle orbits in
arbitrarily varying magnetic fields is given, will be utilized to determine
the properties of coupled cyclotron and synchronous waves. The analysis
is done in such a way as to include the possibility of pumping with time-
and space-varying fields and succeeding sections will be devoted to each.
Space-charge effects will be shown to be significant in preventing beam
expansion.

II. CYCLOTRON AND SYNCHRONOUS WAVES

A wave description of the motion of an electron beam is appropriate
only to the extent that it can describe the energy exchange between the
beam and the electromagnetic field. In the case of transverse beam waves,
the beam may be thought of as made up of thin discs with no longitudi-
nal coupling. The appropriate wave variable is the center-of-mass of the
disc. The validity of this model is justified by considering the significant
coupling term between the electromagnetic field and the beam, namely
the time average value of [J-Ed’r, in which J is the electron conduction
current and E is the rF electric field. In a given unit-volume cross
section of the beam, the significant quantities which contribute to the
time average value are

N
JE= —e¢ Z (t;-E, 4 vjr;-grad.Fo.),
J=1

in which N is the electron density, »; is the z-directed drift velocity and
r; is the transverse coordinate of the jth electron. It is assumed that the
z-axis of the coordinate system is at a maximum of the transverse field
and a zero of the longitudinal field. For a thin beam placed along the
z-axis, E, and grad,E, are constant over the cross section of the beam to
within terms that are of order (8r;)* < 1, in which 8 is the wave prop-
agation constant. To the same degree of approximation, variations in
the drift velocity resulting from longitudinal forces also may be neglected
and v; may be assumed to be equal to the unperturbed drift velocity.



TRANSVERSE ELECTRON BEAM WAVES 1605
Hence, the quantities

N N
R=N" er and R=N" Z;fj,
i= j=
i.e., the position and velocity of the center-of-mass of the dise, are
sufficient to describe the interaction. Since the external transverse forces
on each electron in the cross section are identical and the internal forces
between electrons cancel exactly, the motion of the disc is exactly the
same as that of a single electron and is independent of the internal mc-
tions of the electrons within the disc or the beam density. Hence, we
may conclude that the transverse waves are independent of the beam
space charge.

In the uniform coupler fields the internal motion of the electrons with
respect to the center-of-mass proceeds as if no external forces were ap-
plied. In pump fields the significant forces vary over the cross section
of the beam. As a result the individual electron trajectories measured in
the center-of-mass coordinate system may also be pumped. This can be
avoided by making the beam sufficiently dense that the internal mo-
tions of the electrons within the beam are sufficiently different from the
motion of the center-of-mass itself. This point will be discussed in detail
later.

In the earlier paper,® it is shown that the position of a charged particle
in a plane transverse to the applied magnetic field is conveniently de-
scribed in terms of a complex vector quantity r = 2 + iy = r, + 13,
in which # and y are the rectangular coordinates of the charged particle
in the transverse plane. The quantity r, represents the instantaneous
center of curvature of the charged particle orbit, called the guiding
center, and 1, , called the radius vector, denotes the instantaneous radius
of curvature of the trajectory and the position of the particle with re-
spect to the guiding center (see Fig. 1). In a uniform magnetic field,

I = Iy -|— l'boewc(t;to), (1)

in which ryp and ry are the appropriate values at ¢ = # and w, is the
cyclotron frequency. The motion of the beam disc is precisely the same.
The four independent quantities, z, &, ¥ and ¥, of the beam disc center-
of-mass make possible four transverse waves on the electron beam.
These are the fast and slow cyclotron and synchronous waves. It will be
seen that the radius vector and guiding center of the beam disc are the
appropriate quantities to express the cyclotron and synchronous wave
excitation of the beam. R ‘ i

The cyclotron wave is excited by a circularly polarized transverse
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Ly —>

Fig. 1 — Particle coordinates for motion in a magnetic field dirccted along the
z-axis,

clectric field. The electric vector may rotate in the same or the opposite
direction to the natural cyclotron motion of the dise. If the exciting
electric field has a signal component at a frequency w, then we may say
that w, is positive if the electric field rotates with the disc and is nega-
tive if the electric field rotates in the opposite direction (see Tig. 2).
The initial phase of the field-excited rotation of the disc depends on
the phase of the field at the time of entry. As a result, a cyclotron wave
excitation at a signal frequency «, can be described in the following way:
TFach disc rotates about the axis with an angular velocity . . An observer,
standing at a fixed plane, will note that the phase anglé of rotation of
successive discs as they pass through the plane will change at o rate w;
because of the spatial twist of the beam. If w, is positive, the excitation
is a fast cyeclotron wave. The slow wave is associated with a negative
value of w,. If a cyclotron wave excitation exists, the phase angle of
rotation of any dise which passes some plane, say z = 0, at a time
t = ty can always be written as w, . The radius vector of the rotational
motion can then be written

RbO = Rboeiwsto, (2)
in which Ry is a real number representing the radius of the disc orbit.

Thus the radius vector of any disc along the beam, with arbitrary ¢,
can be written for a uniform static field as

foog (t—t forg (=
Ry, = Ry = Rype™e#/") (3)
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in which we have used the relation, ¢ — t, = z/v, » being the electron
drift velocity. Clearly this isa wave motion for which v, = ww/(w; — w,)
is the phase velocity. Note that when o, is positive, v, is either greater
than » or negative, and the wave is said to be “fast.” When w, is nega-
tive, v, is always less than » and the wave is said to be “slow.”

In Tig. 2 the cyclotron wave is assumed to be in synchronism with a
circularly polarized electromagnetic field of phase velocity . The Dop-
pler-shifted frequency in the frame of reference moving with the beam
is ws(1 — v/u). Equating v, = u yields w, = w;(1 — v/u); hence, syn-
chronism implies that cyclotron resonance occurs at the Doppler-shifted
frequency and the rotating disc remains in phase with the rotating
uniform electrie field, E. .

The longitudinal forces on the rotating disc arise from the uniform
transverse magnetic field, . , and longitudinal electric field, [} , which
increases with distance from the axis. The forces excited by these fields
are proportional to the rotational velocity and radius respectively.
Since the electromagnetic fields in free space are related by Maxwell’s
equations, and the transverse velocity and radius are related by the
cyclotron frequency, the changes in rotational and drift energy of each
disc are uniquely related independent of the structure propagating the
electromagnetic wave.

Fig. 2 — Beam motion for (a) fast and (b) slow eyclotron waves excited at a fre-
quency w.
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Each disc experiences precisely the same forces and hence undergoes
the same changes in rotational and drift energy. As a result, the total
power carried by the beam changes. The power change is called the
kinetic power of the beam wave and for the cyclotron wave it has two
components:

Py = tm(lo/e)w. Ry,
Pk” = %m(IO/e)wc(ws - wc)Rf,

in which I is the beam current. The total kinetic power Py = Pi. +
Py has the value”®?

(4)

Pk = %m(lo/e)wschf. (5)

The longitudinal kinetic power of the slow cyclotron wave is always
negative (w, < 0) and larger in magnitude than the transverse kinetic
power. The longitudinal kinetic power of the fast cyclotron wave may
be positive or negative depending upon whether the fast wave is a for-
ward wave (ws > w.) or & backward wave (w, < w.). When it is negative
its magnitude is always less than that of the transverse energy. When
ws = ., the longitudinal part of the kinetic power is zero since the
phase velocity becomes infinite. Such a wave is excited by electromag-
netic waves of infinite phase velocity which do not have a longitudinal
component of electric field nor transverse magnetic field. In this limit
ww Ry’ becomes just the transverse velocity squared.

Now consider the average position or guiding center of the beam discs.
Suppose that the guiding centers of the dises are correlated in such a
way that we may write

— t
Rgo = Rgoe twsto

_ R oe—iw,(t—z/v)
- g

(6)

for the discs which pass the plane z = 0 at ¢ = ¢, . This represents a
wave motion with phase velocity equal to ». It implies that the beam is
shaped in the form of a helix which translates forward with a velocity v
without rotation. To an observer standing at a fixed plane, the phase
angle of position with respect to the axis of the helix of each successive
disc, as it passes the plane, changes at a rate —w, even though the discs
themselves may not be executing orbital motion. When w, is positive
the discs form a right-handed or clockwise helix in space; when w; is
negative the discs form a left-handed or counterclockwise helix, as shown
in Fig. 3. The excitation associated with such a spatial configuration is
known as a synchronous wave.
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The synchronous wave is also excited by circularly polarized electro-
magnetic fields. Synchronism requires » = u, so that the Doppler-shifted
frequency as observed by the drifting discs is zero and they remain in
phase with the exciting field always. Hence the dises will drift radially
outward with a velocity E,/B, in which B is the pc magnetic, flux den-
sity, in a direction depending upon the phase of the field Z.. When
the field is removed, the discs stop drifting outward and there is no net
change in the transverse energy. The change in drift energy comes from
the longitudinal electric field. The kinetic power is given by **

Py, = m(Io/e)ww.R,". (7)

The synchronous wave which forms a left-handed helix carries nega-
tive kinetic power, while the wave which forms a right-handed helix
carries positive kinetic power, as can be seen from Fig. 3. Consequently,
a convention of positive frequencies referring to positive kinetic power
waves and negative frequencies to negative kinetic power waves is
pertinent to both cyeclotron and synchronous waves. Henceforth, the
terms “fast” and “slow” synchronous waves will be used in reference to
their kinetic power, although the phase velocity of both waves is always
synchronous with the drift velocity of the beam.

The kinetic power carried by the synchronous wave is proportlona] to

Fig. 3 — Beam motion for (b) fast and (a) slow synchronous waves excited at
a frequency w.
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R, In this case the guiding center plays the role that the radius vector
plays in the cyclotron wave. Tor either wave the important quantity is
the transverse displacement associated with the disc as has been shown
by Bobroff’ [see Eq. (50)], and more recently by Siegman® and Kliiver.’

III. AMPLIFICATION IN SPATIALLY VARYING MAGNETIC FIELDS

Suppose that the initial excitation of the beam at z = 2, consists of a
cyclotron wave of frequency w, with normalized amplitude a.o{w;),

ao(ws) = | wsweo [% Rye™" o
= | wweo I% Ry ()
and a synchronous wave of frequency w,, with amplitude asp(wn),
as0(0m) = | Wmweo |'% Ryoe "0
(9)

= ] WmWeo I% RgO .

The phase of a. and a. at z = 2, is included. The longitudinal magnetic
field is assumed to be azimuthally symmetric but varying with both 2z
and ¢. The cylotron frequency at z = 2, has the value w, . The purpose
of the following analysis will be to find the amplitude of the cyclotron
and synchronous waves at some plane z > 2. It is not difficult to see
that the cyclotron and synchronous waves are coupled by a changing
magnetic field. In Ref. 6 it is shown that the radius vector and guiding
center are coupled by field variations. In particular, if we make use of
(29) of the Appendix of this paper, which describes the transverse
trajectory of the disc for an azimuthally symmetric but otherwise ar-
bitrarily varying magnetic field, and the definition of the instantaneous
radius vector and guiding center, R, = R/iw, and R, = R — R,. (see
Fig. 1), it follows that

1

dc(“’S) - iwcac(ws) =% i} as(")m)’
2we | W
. : (10)
ds(‘*’m) = e | On a/a(‘—"s):
2‘*’., s
in which @, = | ww, |'R, and @, = | wnw. |'R, . The dot denotes the total

time derivative. It is assumed that w. % 0. These equations are in the
coupled-mode form. The coupling disappears for a constant magnetic
field, @, = 0.

The solutions of (10) become somewhat more transparent if use is
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made of the solutions of (29) for the quantities R; and R, , which are
given in Ref. 6 and are included in the Appendix:

Ry = (wo/w.)}! [ReoF*e™ — RXF),
R, = (we/we)[—Reo(XF)*e™ + RyF].

For a static field the quantities X, F' and ¢ are functions of z which are
dependent only on the spatial variation of w, between 2z, and 2z and the
drift velocity of the discs. Their values are determined from (31), (32)
and (33). For a spatially varying field, (31) takes the form

dX  dw(2)X d n [w(2)/weol
dz v(z) dz

(11)

+31(1 - X%

=0 (12)

with X (2,) = 0. The quantities ¥ and ¢ are obtained from the integrals

F ~ exp <_% j;z {X(zl) dhl [w:i(zzl’)/wc()]} dZI) (13)

z wc(z,)] ’
= = | dz. 14
o= [ 155 (1
In (12), (13) and (14), v can be considered to ke independent of z
for the small-signal case in the absence of static longitudinal electric

and

fields. If we choose w, = —w,, then we may rewrite (11) as

| e PRy = | o |* [F¥eRuge™ — XFR ™", (15

1 1 . . - - 15

I Wae li Rg — | ©sWe0 [7 [—‘(XF)*GWIi‘boewsto + FRQQGWSM],

which can finally be written in the form
a/B(wS) F*ei‘p *XF acﬁ(ws)
= ) (16)
as(_'ws) _(XF)*GZW F asﬂ(_ws)

We see that, if w, > 0, the fast cyclotron wave is coupled to the slow
synchronous wave. The determinant of the transformation has the value
| F[’(1 — | X |)e*, which, in view of (34), has the value ¢”. Equation
(35) shows that the total kinetic power, | a, |* — | a; > = | @ |* — | aw [%,
of the two waves is conserved. The quantity | ' |* represents the kinetic
power gain of each wave and | XF |* represents the kinetic power gain
of one of the waves as a result of an initial excitation of the other.
Equation (34) expresses the conservation of kinetic power and the
fact that | F | = 1 and | X |* < 1. Thus, one may conclude that varia-
tions of any kind will always amplify existing eyclotron or synchronous



1612 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1960

waves. If both waves exist coherently, one fast and the other slow, then
field variations may deamplify the waves. Inspection of (12) shows that,
when o, is a slow function of 2z, then X will remain very small and F
must remain very close to unity. Hence, for slow changes in the magnetic
field strength the kinetic power of each wave is conserved.

Tt follows that the noise temperature of the eyclotron and synchronous
waves is invariant under slow changes in the magnetic field strength.
Solutions for X and F for monotonically changing fields are given in
Ref. 6. Under the appropriate conditions, X returns periodically to zero.
Hence, the noise temperature of the waves may be preserved even for
rapid changes in the field if the contour is designed properly.

Sinusoidal field variations of the form w = w,[l + A sin 27z/L] lead
to exponentially growing values of F if 27v/L = w0 . Thus, large amplifi-
cation is also possible.

IV. AMPLIFICATION IN TIME-VARYING FIELDS

In time-varying fields the quantities X and F will depend upon the
initial or entry phase of the disc. An example will be given to demon-
strate the phase dependence. It is assumed that the varying component
of the magnetic field is a traveling wave, so that one may write

we = weof 1 + A sinfwyt — Bo(2 — 20)]}, (17)

in which w, is the pump frequency and 8, the pump propagation con-
stant. The field near the axis of a cylindrical TEy mode structure is
appropriate for this case. It is assumed that A < 1, so that one may
rewrite (31) as

X — iweX + 2A(w, — Bv)cosfwgt — Bp(z — 20)] = 0,  (18)

in which terms in A’ have been neglected. This corresponds to very
weak coupling. Equation (16) has the solution, using the boundary
condition X (%) = 0 and z — z = v(¢ — k),

T

X(r) = —1A(w, ~ pr)ei”“°’f[’ coslwy, (7' +t0) — Bpor'le ™ dr’, (19)

in which 7 = ¢ — # is the elapsed time in the pump field. Performing
the integration, one obtains

i (wp—Bpv—weo)T 1 . .
Twptg

X(r) = —1A(w, — By0) [e

1(wp — Bpl — Weo)

—i(wp—Bprtwe)T 9
4 P T — 1 —iwpto] eiwco‘r

- 1(wp — Bt + we)

(20)
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In the limiting case w, — B0 = ww, wor 3> 1, one can approximate
(20) by
X = —LAwqre™ee™r (21)

It can be seen that X is a function of the time the electron enters the
pump field and increases linearly with drift time. In this limit it can be
shown that

1(A 2
PtV (22)

which satisfies (34), and that ¢ =& w7,
In this case, choosing w, = w, — w,, (11) takes the form

l WsWe |%Rb = F*@w I WsWeo l% Rboeiwsto
—| w/wm |P XF, Ryt ™™ | e |
l WmWe l% Rg = _'| wm/ws l% (XF)*GW l WsWep I% Rboei%to

1 .
+ F ] WmWeo Ii Rgoe tamlo .

(23)

Notice that the combination Xe “m" has a dependence on # of the

form ¢ and X*¢™*" has a dependence of the form ¢ ™" . Conse-
quently, one may write
PACH) F*e'® —l wo/eom |F XF| | aco(ws) (
= N . . , (24
as(wm) _I wM/‘-"s Iz (XF)*ew r aso(wm) )

and one may note that the cylotron wave of frequency w; is coupled to
the synchronous wave of frequency wn, = wp — ws. If w, > w, > 0
then w,, > 0 and both waves may carry positive kinetic power. Both
may also carry negative power when w, < w, < 0. If | w,| < | w,| one wave
must carry negative kinetic power. Notice first that the transformation
represented by (24) reduces to the transformation for the space-vary-
ing case given in (16) in the limit w, = 0, w, = —w,. The transforma-
tion still has a determinant of magnitude unity because of the condition
given in (34). The significance of this fact can be understood from the
following considerations. One may write for the kinetic power output
at the signal frequency for unit power input, Py, = | F |* and the power
output at the idler frequency as Pi» = | wn/w, | | XF |*. Note that the
Manley-Rowe relationship' for a three-frequency reactive enegry con-
verter

(Prs = 1) = | ws/wm | Prm = 0 (25)

1s satisfied as a result of the relationship given in (34).
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Equation (34) has been seen to play a major role in both stationary
and time-varying field pumping. As a result of this condition the kinetic
power is conserved in the coupling of a fast (slow) cyclotron wave and
a slow (fast) synchronous wave by a spatially varying static magnetic
field. In the case of high-frequency pumping, (34) is equivalent to the
Manley-Rowe relationship. In fact, conservation of kinetic power and
the Manley-Rowe relationship are the same in the special case w, = 0.
In Ref. 6 it is shown that the condition expressed by (34) is merely a
statement of the fact that the momentum canonically conjugate with
the angular coordinate is time independent. This implies that the con-
servation of angular momentum of the total system, beam plus field, and
the Manley-Rowe condition are analogous. In line with this fact one
may note that the constraints which were placed on the solution,
wp — Bt = we and w,, = w, — ws, in combination with the unperturbed
propagation constants of the eyclotron and synchronous waves, 8, =
(05 — wew)/v and B, = wa/v, yield the more commonly known con-
straints

ws + wn = wp,

Bs + Bm = Bp.

It is interesting to note that there are only two coupled modes in the
space-varying (w, = 0) pumping independent of the degree of coupling,
whereas in the high-frequency case there are two modes only in the
limit of weak coupling. As the coupling is made stronger, inspection
shows that sidebands of mixing between multiples of the pump fre-
quency and the signal frequency are introduced. The idler waves will
be both synchronous and cyclotron waves, but the most important waves
will be those discussed there. Clearly the difference arises because there
can be no multiples of the pump frequency in w, = 0 pumping.

(26)

V. INFLUENCE OF SPACE CHARGE

In the presence of space charge the motion of a beam electron in the
center-of-mass system of a uniform beam can be written approximately
as

b — i(wp + 3op) — 3osp =0, (27)
in which o, is the plasma frequency of the beam. Compare this to (34)
for the beam disc. In the limit w, = 0 this leads to two natural motions
of the electron, one at a frequency o,/ = 3wl — (1 — 2w, /w.)}] and
the other at w,” = 3w[1 + (1 — 2wq2/wc2)%]. In the limit of zero space
charge, w, = 0, these motions correspond to the guiding center and orbi-
tal motion.
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In order to amplify the internal motion of the electrons it is necessary
to pump at either o’ or w,” rather than w,. Hence, if 2w, /0, is suffi-
ciently close to one, then both w,” and w,” are appreciably different from
w. and pumping at a frequency equal to w, will amplify the beam motion
and consequently the beam waves without amplifying the electron orbits
as has been shown by Adler et al. for quadrupole pump fields."”

VI. CONCLUSION

The cyclotron wave associated with the rotational motion of the beam
electrons and the synchronous wave associated with the spatial configu-
ration of the beam have been shown to be coupled by varying magnetic
fields. Spatial variations of any kind in the strength of the magnetic
field always amplify existing cyclotron or synchronous waves. One of
the coupled modes is fast and the other slow, and the total kinetic
power is conserved. Sinusoidal variations in the field strength such that
2mv/L = wy, in which v is the drift velocity and L is the periodicity,
are particularly effective in coupling the modes. The kinetic power in
each mode is conserved when the field varies slowly.

In magnetic pumping with a time-varying field, a fast cyclotron wave
and a fast synchronous wave are coupled if the signal frequency is lower
than the pump frequency. If the signal frequency is larger than the
pump frequency one of the modes must be slow. The Manley-Rowe
condition is satisfied by this interaction. The space-varying magnetic
field is seen to be a special case of parametric pumping at zero pump
frequency. Conservation of kinetic power in this case is a special case
of the Manley-Rowe relationship.
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APPENDIX

The azimuthally symmetric fields are derived from a vector potential,
A, with rectangular components (—3yH (z,t), 3cH((z,t), 0) which give
rise to an electric field, E = —¢ '0A/d¢, with components (i¢ 'yoH/
at, —ic'xdH/at, 0) and a magnetic field, H = curl A, with components
(—3xdH/dz, —3ydH /dz, H). The equation of motion for the beam disc
is

mi = —(e/c)[ty(aH/dt + 20H /dz) + yH],

(28)
(e/e)3z(8H /ot + 20H/dz2) + H].

mj
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Multiplying the second equation by ¢z and writing R = & -+ 7y yields
R — i(wR + L&.R) = 0, (29)
in which w,(z,t) = eH(z,)/mec. Assuming that the time dependence of

the z-coordinate of the disc can be specified the solution for (29) may
be written

Ry(t) = R(t)/iwe = (wuo/we) [RuoF*e™ — R, XT,

L A (30)
Rg(t) = R(i) - Rb(t) = (wco/wc)z[—Rbo(XF)*Gw -I— RgoF],
in which X satisfies the first-order differential equation
X — dwX + 30.(1 — X*)/w, =0 (31)
with initial conditions X (f) = 0, Ry = Ry(to), Rpo = Ry(4),
t
o(t) = [ wlt) dt (32)
to
and
1 t
F(t) = exp {_éf [9:X /o] dt'} . (33)
to

Multiplying (31) by X* and the complex conjugate equation by X,
adding and integrating yields

|FPQ—[X[) =1 (34)
Combining (30) and (34) yields
coc(Rg2 - sz) = wco(Rgo2 - RbOZ)- (35)
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“Ionic Radii,” Spin-Orbit Coupling and
the Geometrical Stability of
Inorganic Complexes®

By ANDREW D. LIEHR

(Manuscript received December 24, 1959)

The van Santen and van Wieringen theory of “‘lonic radit” is briefly
reviewed and extended to include spin-orbit influences. It is noted that,
although for the most part spin-orbit forces have little effect upon stereo-
chemical predictions made for the first transition series, noteworthy excep-
tions to this rule occur for octahedral complexes of Cott and tetrahedral
complexes of Ni*+ and Cu™™. Indeed, it is found that spin-orbit coercions
render the ground states of these molecules Jahn-Teller resistant. Diagrams
are displayed and tables compiled to illustrate the variation of ionic radii
with atomic number for the second and third transition series. Paths for
future theoretical research are indicated and an exhortation for closer theo-
retical-experimental alliance ts promulged.

Now, although the ligand field theory is in its 30th year, it has only
been within the last decade that its chemical fruits have been earnestly
harvested. One of the earliest pickings of its ripened orchards was ac-
complished by van Santen and van Wieringen.' These researchers noticed
that the enigmatic irregularities of the existent transition metal “ionic-
radii’”’ tabulations could be neatly rationalized on the basis of the Bethe-
Kramers-Van Vleck™** crystalline field formalism. I now wish to extend
their argument to include metals which possess a nonnegligible spin-
orbit interaction and to point out certain modifications (due to Jahn®)
of the Jahn-Teller stability rules’ which such interactions engender.
But before we may embark upon this tour of the crystallographic im-
plications of the existence of spin-orbit forces in inorganic complexes,
it 1s necessary to review briefly the basic precepts of ligand (or crystal-
line) field theory.

* Presented at the 137th meeting of the American Chemical Society, Symposium

on the Synthesis and Properties of Inorganic Compounds, Cleveland, April 5-14,
1960.
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If a positive rare gas core is placed in the midst of an octahedral ar-
rangement of negative (or neutral) ligands (see Fig. 1), a mutual elec-
trical polarization of these two sets of charge clouds occurs. With the
concomitant shifting of ligand electrical charge toward the central metal
ion, driven by the ‘“‘charge neutrality” forces, the ligand molecular
orbitals attain a partially metallic character. Conversely, the central
metal ion orbitals, both occupied and unoccupied, partake of the surround-
ing ligand charge density distribution (Ifig. 1).* This reciprocity of elec-
tronic charge induces a separation of the as yet unoccupied nd-like, (n =
3, 4, &), orbitals of the central (rare gas-like) ion. In covalent bonding
terminology these latter orbitals become antibonding in nature, dividing
themselves into two groups: the c-antibonding e, molecular orbitals,
which originate from the nd,2_,2 and nd.» atomic electron distributions,
and the w-antibonding f,, molecular orbitals, which proceed from the
atomic nd, , nd,. , and nd,. charge dispositions (see Fig. 2).

When the atomic number of the metallic core is increased so that addi-
tional electrons become available to the complex, the empty antibond-
ing fy, and ¢, orbitals are sequentially filled. Now, from general electro-

| 2

Fig. 1 — Geometrical disposition of an octahedral complex.

* We should here like to suggest the use of the words addend (that which adds)
and augend (that which augments) as appropriate synonyms for ligand (that
which ligates).
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Fig. 2 — Energy levels of a o-bonded octahedral complex. When #-bonding is
added, the empty #», orbital becomes r-antibonding in character.

static considerations we would expect an attendant smooth (monotonic)
decrease of ‘“‘lonic radii” with the increasing charge of the core, as is
shown in Fig, 3. But this is not the case in actuality! “Real” ionic radii
vary in the jagged fashion pictured in Iig. 4. What van Santen and van
Wieringen were able to show is that the observed irregularity of the
“4onic radii” behavior was due to the serial occupancy of the antibond-
ing #y, and e, orbitals: that the occupancy of the weakly antibonding
xy, x2, and yz-type orbitals allowed a contraction of the bonding radii
and that the population of the strongly antibonding 2~ 3~ and 2*-type
orbitals forced an expansion of the bonding radii for octahedral com-
plexes. This situation is emphasized by the registration of their results
given in Table I. In addition, the theorem of Jahn and Teller, in the
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Fig. 3 — Expected variation of “ionic radius”’, r, with effective nuclear charge,
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Fig. 4 — Variation of “‘ionic radius” with effective nuclear charge for octa-
hedral geometries. The maxima and minima of the curves are states of perfect
cubic (‘“‘pseudo spherical’’) symmetry.

TaBLE 1

Free Ion Ground

State.......... IS | 2D | 3F | F | 5D | 88 | D | 4F | 3F | D | 1S
Configuration....| d° | d! d? dd | dt | db | dé | d das | d° | d\°
Crystal Ground

State in an Oc-

tahedral Field..| Ay, 2T sy 3T, 4Asy| 3E, | Ay, 5T Tyl 342, 2E, | Ay,
Number of e,

Electrons. .. ... 0 0 + |0 1 2 2 2: | 2 3 4
Number of

Electrons...... 0 1 14 | 3 3 3 4 44 6 6 6
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Fig. 5 — Variation of ‘““ionic radius” with effective nuclear charge for tetra-
hedral environs. The maxima and minima of the curves are states of perfect cubic
(“‘pseudo spherical’’) eurythmy.

TaBLE 11

Free Ton Ground
State. ......... 1S | 2D [ 3F | 4F | SD |88 | 3D | 4 | 3F | 2D | 18
Configuration....[ d® | d' | d® | d® | d* | d® |d® | d" |d® | d® | d
Crystal Ground
State in a Tet-
rahedral Field.. 1A1 LI 34 2 4T1 5T2 GAl 5K 4A 2 3T1 3T2 14 1
Number of s

Electrons...... 0 0 0 1% | 2 3 3 3 4t | 5 6
Number of e
Electrons...... 0 1 2 14 | 2 2 3 4 3t {4 4

hands of Van Vieck’ and others, predicted that octahedral complexes
with an odd number of electrons in the antibonding e, shell [e.g. Cr™*
and Mn*t(d") and Cu™"(d?)] should be permanently distorted. Con-
clusions of a similar nature were also obtained for tetrahedral complexes
(Fig. 5 and Table IT).

How does the complication of spin-orbit coupling modify these results?
Simply in this way: The linkage of the spin and orbital magnetic mo-
ments serves to split the six-fold degenerate t,, states [three possible
orbital motions and two possible spin directions] into a four-fold level
called vs(ts,) (by Bethe’) and a two-fold level called v:(ts,). The four-
fold multiple of spin-orbit states, e, , remains intact, and also takes on
the new label vs(e,). The sequence of antibonding orbitals in octahedral
and tetrahedral complexes then becomes as shown in Fig. 6.*

* At this juncture, we should like to propose that the Mulliken notation,

(a, e, t, ete.), be reserved for pure orbital states, and the Bethe notation, v;,
j=12,...,8), for spin-orbital configurations.
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Fig. 6 — Correlation of the orbital and spin-orbit states of (a) octahedral
and (b) tetrahedral inorganic complexes.

For the most part, the entrance of spin-orbit correlations has no effect
upon stereochemical predictions made for the first transition series.
Notable exceptions to this rule oceur for octahedral complexes of Co*™
and tetrahedral complexes of Nit* and Cu™™. Both octahedral Co*™,
which subsumes the configuration vs(fs,)*y:(t2g) "vs(¢,)* in our naive
theory, and tetrahedral Cu*™, which takes on the assignment

vs(eq) vs(tzg) *y1(teg) ",

exist in the Jahn-Teller resistant electronic dispositions, I's and T'; respec-
tively [according to Jahn,’ the doubly degenerate (cubic) spin-orbit states
of Bethe, I's and I';, the so-called Kramers doublets, can not exhibit
(pure) Jahn-Teller conformational instability]. Since the nearest-lying
electronic states are ~400 (Shulman®) and ~1000 em™ (Liehr?) away
for Co™* and Cutt, respectively, their ground electronic states are also
not susceptible to large pseudo Jahn-Teller coercions, and should thus
be stable in the regular polyhedral arrangement. Similarly, tetrahedral
Ni*™ which has the electron distribution vs(e,)*vs(fy)* in the simple
one-electron scheme, exists in the totally symmetric (nondegenerate)
state, Ty, in which the Jahn-Teller forces are again inoperative. Since
the closest electronic disposition, which under nuclear displacements
might perturb the ground state conformational regularity, is ~300 cm™!
distant (Liehr and Ballhausen™), Ni** should also not exhibit any large
pseudo Jahn-Teller distortions, and thus should be stable in the regular
tetrahedral form. Moreover, since the Bethe states Ty, I's and T'7-
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are “pseudo spherical” (and the only Jahn-Teller impotent states pos-
sible for cubic environs), they should fit into such selective erystallo-
graphic structures as the garnets, into which only the most highly sym-
metric ions may enter. Garnet structures of this type have been prepared
by Seymour Geller and Alten Gilleo at Bell Telephone Laboratories;
however, a complete analysis of the ionic site symmetries is still in prog-
ress, and so no definite conclusions are yet available.* It is interesting to
note, though, that CoO and Co*™ dissolved in MgO are perfectly octa-
hedral (Low"), and that single crystals of KCoI; (recently character-
ized by Kerro Knox of Bell Telephone Laboratories) also contain regular
octahedral Co™™ clusters.

A much different story unfolds for complexes of the second and third
transition series. Here the separation of the y;(ly,) and vg(f,) levels
which arise from the r-antibonding (orbital) ¢, state of octahedral
complexes may become large enough so that electronic repulsions do not
disturb the orderly filing of the levels. Hence, the orbitals tend to fill
up with the first four electrons going into the lowest vs(fs,) level, the
next two into the v:(fs,) orbit, and the next four into the highest vs(e,)
level, for octahedral complexes; and the two vs(e) and ys(#:) trajectories
are occupied first for tetrahedral complexes and the y7(i:) level last. In
Irigs. 7 and 8 and Tables III and IV we summarize the structural chem-

INCREASING Zpprecmive —>

I INCREASING =>

Fig. 7 — Variation of ““ionic radius’ with effective nuclear charge for medium-
strong spin-orbit coupled octahedral complexes. The configurations d?, (n =
0,4,5,6,7,10) are states of perfect cubic (‘‘pseudo spherical’’) symmetry. The states
d? and d® are but slightly asymmetric due to their spin distributions.

* Co** is now known to enter into octahedral garnet sites (Geller!?).

t The large reduction in magnitude of the Jahn-Teller forces in FeO and Fet+
dissolved in MgO (Low!!), and in KFeF; (KKnox!?) is also explicable on the basis
of a (partial) spin-orbit stabilization (Van Vleck!?).
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Fig. 8 — Variation of ‘“lonic radius’’ with effective nuclear charge for medium-
strong spin-orbit coupled tetrahedral complexes. The configurations d», (n =
0,4,8,9,10) are states of perfect cubic (“pseudo spherical”’) eurythmy. The states
d? and d” are but slightly asymmetric due to their spin distributions [the same may
be said for d’ if it exhibits mazimum spin].

ical expectations for ions of the second and third (especially the third)
transition series. The ups and downs of the radii plots in these figures
follow immediately upon the determination of the population of the
ty-like and eg-like spin-orbitals vs(tz,), v7(fe), and vs(e,),; just as was
the case for the original van Santen and van Wieringen theory.

The exact nature of the distribution of electrons amongst the various
tetrahedral levels depends upon whether the ligand field is very strong
or not. We have therefore listed both the maximum and minimum spin
cases for some of the “ions” (all electron populations are taken to be
integral). One interesting result of the above tabulations is that the
introduction of spin-orbit interactions geometrically stabilizes the regu-
lar polyhedral structure for a larger number of compounds than does
the absence of such influences. In passing, it should be mentioned that

TasLe II1
Free Ion Ground
State.......... 1S | 2D | 3F | F 5D | 58S 5D iF 3F | 2D | 18
Configuration....{ d° | dt | d% | &3 dat | ds ds d? ds | d® | dro

Crystal Ground
State in an Oc-
tahedral Field.. T, | T | T5 | Ts T, { Ty T Ts or T'g| I's I's | Ty

Number of ys(e,)

Electrons...... 0 /0 10 |0 0 |0 0 20orl |2 |3 |4
Number of y7(¢2,)

Electrons...... 0 (0 |0 |O 0|1 2 lor2 |2 [2 |2
Number of y5(£2)

Electrons...... 0112 13 4 14 4 4 4 |4 14
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TasLE IV
Free Ion Ground
State. ......... 1S | 2D | 3F | 4F 5D | &S 5D 4R 3F | 2D | 18
Configuration....| d° | d* | d® | d® dt | ds ds d’ dé | d? | dro

Crystal Ground
State in a Tet-
rahedral Field..|T; | T's | T | T's Iy [Tg | TzorTy I's ' |7 | Ty

(®
Number of v¢(t2)
Electrons. ... .. 0 (0 |0 |O 0 {0 0 lor0 |0 |1 2
Number of vs(iz2)
Electrons. . .... 0 /0 |0 [lor0j0O |1 2 20or3 |4 |4 |4
Number of vs(e)
Electrons...... 0 1 2 (20r3/4 |4 4 4 4 |4 |4

a possible test of the foretold octahedral “ionic radii” demeanor would
be afforded by the structural determination of the gaseous WF; , ReFy,
ete., series of compounds.

To firmly pin down the stereochemical deportment of transition metal
complexes, a good deal more work must be done, especially upon the
d®, (n = 3, 4, 6, 7), configurations for strong spin-orbit forces. Carl
Ballhausen and myself are presently investigating the d*” case; we hope
that others will extend our results to encompass the d*° situation also.
At this point we are in a position to witness a veritable mushrooming of
theoretical and theoretically inspired experimental research in the field
of transition metal, rare earth and actinide complex chemistry. I sin-
cerely hope that this close collaboration of the theoretical and experi-
mental inorganic chemist will indeed come to pass.*
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mulated by Geller,'5 and for M+*2 ions by Knox,'® which agree quite nicely with
the theory outlined in this paper. Mr. Geller informs me that the Ti*3 radius re-
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Molecular Structure in Crystal Aggregates
of Linear Polyethylene

By R. D. BURBANK
(Manuscript received July 6, 1960)

Crystal aggregates of linear polyethylene have been studied in the electron
macroscope. Twinning has been observed to occur across (630) planes, and
possibly across (120) planes. Crystal morphologies have been observed which
exhibit (630) and (640) faces. Electron interference effects have been observed
which give rise to contrast lines and figures which frequently are parallel to
crystallographic directions. These observations, and those of others, have
been interpreted in terms of recently proposed ideas on molecular chain fold-
ing. It is suggested that chain folds may lie in a variety of fold planes or
fold surfaces which are normal, or nearly normal, to the crystal lamellae.
It is shown that a continuity of fold structure ts necessary and posstble across
a wide variety of boundaries delineating regions of different fold structure.
It is shown that these structural concepts are compatible with recently pro-
posed ideas on the growth of lamellar polymer crystals and can suggest new
detarls of the growth process.

I. INTRODUCTION

A variety of properties — chemical, electrical and mechanical — have
combined to make polyethylene an extremely important material in the
telephone system. The sustained attempt to improve the characteristics
of polyethylene for different applications depends very much on further
understanding of the fundamental structure and behavior of high pol-
ymer molecules. Unfortunately, high polymers manifest a tremendous
range of structural organization, almost comparable in complexity with
the simpler biological systems. Any simplification that can be obtained
in the structural organization of a polymer is of inestimable value if the
material is to be used for fundamental study.

The discovery that well-developed crystals of linear polymers can
readily be obtained from dilute solutions was made independently in
several laboratories.!'2* A lamellar-like habit and spiral growth terraces

1627
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were found to be ubiquitous features of the crystals. It was recognized
that three-dimensional crystal growth must occur by the Frank screw-
dislocation mechanism. In addition, Keller? concluded that the molecules
in linear polyethylene crystals must sharply fold back on themselves
with a chain length of about 100 angstroms between folds. A similar
deduction concerning molecular folding in films of gutta percha* had
long been forgotten until Keller called attention to it. Keller and O’Con-
nor® postulated that the molecular folds in linear polyethylene lie in
(110) planes in erystals which are bounded by (110) faces. They also
obtained electron diffraction patterns showing twinning on (110) planes.

With improved techniques to minimize electron beam damage, Agar,
TIrank and Keller® obtained a profusion of electron interference effects
with linear polyethylene crystals. Moiré fringes, Bragg extinction con-
tours, and other contrast effects were obtained in bright field and dark
field illumination. The surface morphology of some crystals bounded by
(110) faces indicated a distinet division into four quadrants. It was pro-
posed that the molecular folds are arranged in four different sets of (110)
planes in the various quadrants. Consistent with this proposal was the
observation that adjacent quadrants satisfied different conditions of
diffraction. Meanwhile, Sella and Trillat” reported electron diffraction
patterns showing twinning of polyethylene on both (110) and (310)
planes, a variety of multiple diffraction effects and striking contrast
periodicities in microfibrils.

Bassett, Frank and Keller® and Niegisch® independently proposed
that lamellae of linear polyethylene grow as hollow, nonplanar pyramids
which collapse upon drying to leave planar lamellae with a characteristic
surface morphology involving a central triangular pleat or fold. Bassett
et al. observed that in crystals bounded by both (110) and (100) faces
a structure may be observed in the electron microscope with dark field
illumination which divides the erystal into six sectors. It was suggested
that, in the sectors bounded by (100) faces, the molecular folds were
parallel to (100) planes. This concept was supported by the observation
that the (100) sectors have a different melting point or transformation
temperature than the rest of the crystal.

Niegisch and Swan!® and Reneker and Geil!! observed polyethylene
lamellae which have folded over along the short diagonal parallel to the
b axis. The fold edge is angular rather than straight. This is consistent
with a hollow pyramid interpretation and permits a direct measurement,
of the inclination of such a pyramid to the basal plane. Both Niegisch
and Swan and Reneker and Geil have shown that there is an arrangement
of folds in (110) planes which forms a (111) surface. The hollow pyramid
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formed by four (111) surfaces has an inclination in agreement with that
deduced from observations of folded lamellae. Reneker and Geil!! have
extended the argument considerably, however. They show that there are
other fold arrangements in (110) planes which form (001) or (112) sur-
faces. They have interpreted other lamellar morphologies in which
corrugations along (310) planes and (530) planes are prominent.

Recently the writer had access to a portion of the operating time on
a Siemens Elmiskop I electron microscope for a period of several months.
A number of observations were made on crystal aggregates of linear
polyethylene. Certain crystallographic relationships were found that
have been interpreted in terms of the recently developed ideas on fold
structures. Many speculations concerning fold structures have been
made in a systematic way that should be useful in discussing molecular
configurations of crystalline polymers in general.

II. EXPERIMENTAL

The linear polyethylene used throughout was Marlex 50, melt index
6.0. Crystals were grown from xylene solutions at 0.04 and 0.07 per cent
weight concentrations. Cooling rates were not carefully controlled. The
heat under a small oil bath was simply removed and the solutions cooled
to room temperature over a period of about 60 to 90 minutes. Specimens
were prepared by stirring up the crystal-liquid suspension, removing a
small quantity of suspension in a fine dropper, and depositing a few
small drops on a specimen support. The specimen supports consisted of
evaporated carbon films which were mounted on fine copper mesh.

Experimental details given by Agar et al.,® were most helpful as a
guide to minimizing electron-beam damage in the Siemens Elmiskop I.
The double condenser was used throughout the work. In general, one
would not expect a reciprocity law to hold between intensity and time.
Rather, one would expect low intensities and long times to produce less
damage than high intensities and short times. Belavtseva!? has verified
this by experiment, and he has also found higher energy electrons to be
less damaging. However, 100-kv electrons never gave as good contrast
as 80-kv electrons. Consequently, 80-kv beams were used for most of the
work. Best results were obtained with 100u or 50u condenser apertures,
50u or 20p objective apertures, 2500 X magnification, completely de-
focused condensers and very long exposure times. Specimens exposed
for a 3-minute dark field micrograph, 45-second diffraction pattern and
2-minute bright field micrograph still gave excellent interference effects.
Instrumental stability appeared to be adequate at all times. Consider-
able darkroom adaption was necessary for the low intensities involved.
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An interesting diffraction pattern obtained early in the investigation
is illustrated in Fig. 1. Discounting some very fine spots which are clus-
tered on (110) and (200) rings, all of the reflections can be accounted
for by twinning on (530) and extensive double diffraction. The measured
angle between the twinned lattices is 83°55’. Measurement was made
with a circular measuring device capable of reading to 2.5', such as is
used for X-ray precession camera photographs. The calculated angle is
83°58’, assuming an a/b axial ratio of 1.5. The axial ratio was measured
on all diffraction patterns, and angular relations were not sought unless
the measured ratio was 1.5. As the crystals deteriorate in the electron
beam the axial ratio increases and values up to 1.65 were observed. Axial
ratio measurements could conceivably form an empirical yardstick for
quantitative studies of electron beam damage. Iig. 2 is a bright-field
micrograph of the (530) twins. Unfortunately, this specimen was de-
stroyed in the beam. The crystals are “dead” and give no interference
effects. There is a confused area in the center of the micrograph where
both orientations are intergrown.

Fig. 3 is a bright-field micrograph of interpenetrant crystal growth.
There are two large branches which form a cross. A smaller branch has

*
*

Fig. 1 — Electron diffraction pattern given by crystals twinned across (530) plane.



MOLECULAR STRUCTURE OF POLYETHYLENE 1631

Fig. 2 — Bright-field micrograph of crystals twinned across (530) plane.

grown out from the upper right area of the cross. Fig. 4 is the diffraction
pattern of this aggregate. Discounting a scattering of very fine spots,
there are two intense arrays of reflections and a third array of moderate
intensity. The measured angle between the lattices of intense spots is
68°40’. The calculated angle for (110) twinning is 67°2’. The measured
angle between the lattice of moderate intensity and the right-hand lat-
tice of high intensity is 35°22’. The calculated angle for (120) twinning
is 36°38’. A variety of weaker reflections caused by double diffraction
can be recognized. The crystals illustrated in Figs. 3 and 4 were obtained
from 0.07 per cent xylene solution; all the other specimens under dis-
cussion were obtained from 0.04 per cent xylene solution.

Tig. 5 is a dark-field micrograph of a type of crystal aggregate which
is very common in 0.04 per cent solutions. Many of the specimens il-
lustrated by Agar et al.,® are of this type. Similar interference effects
may be noted throughout. We should like to direct attention to the Bragg
extinction contours which occur in profusion; they may appear as curves,
loops, parallelograms, quadrilaterals, or straight lines. The contours of-
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Fig. 3 — Bright-field micrograph of interpenetrant twin growth on (110) and
(120) planes.

ten appear to be parallel to crystallographic planes. Certain patterns
appear so consistently that it is difficult to aseribe them to mere acci-
dent. In the dark field of Fig. 6 some of the prominent loops in the upper
part of the figure have sides which are parallel to (110) and (310) planes.

The dark field of Fig. 7 contains extinction contours that appear to
be perfectly linear over distances of 5 to 10u. Some of the erystallographic
planes involved are illustrated in Fig. 8. There is one lamella which is
bounded at a corner by (530) and (530) faces, while another lamella is
bounded by (540) and (540) faces. These particular planes have been
observed in a number of instances, either forming a corner or an edge
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of a crystal aggregate. Thus, in the bright field of Fig. 9 there is a hori-
zontal edge on the upper boundary which is parallel to (540).

Many diffraction patterns were recorded of crystal aggregates. I'ine
structure was invariably detected in the reflections if they were not ex-
posed too heavily. The reflections appear at a casual glance to be more
or less circular patches. Closer examination reveals a distinct mosaic
structure in both radial and tangential directions. It is quite possible
for moiré patterns to arise from tilts as well as rotations, and from com-
binations of both.!® Tilts are likely to be operative in the cases of widely
spaced fringes of 1000 angstroms or so.

III. CHAIN FOLDING — GENERAL CONSIDERATIONS

The types of chain folding discussed by Reneker and Geil'! are given
a simple representation in Fig. 10. A small rectangular patch of crystal
is viewed along the ¢ axis. The a axis is horizontal and the b axis vertical
in the plane of the figure. (This crystallographic orientation is used
throughout the remaining figures in this paper.) The molecular chains
are normal to the plane of the figure. The molecules themselves are not
indicated. The folds are situated in (110) planes. The distance that is

Fig. 4 — Electron diffraction pattern of crystals twinned on (110) and (120)
planes.
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Fig. 5 — Electron interference effects in dark-field micrograph of crystal aggre-
gate. Note the profusion of extinection lines and curves.

bridged by a fold from one chain to another we call the fold width. When
a fold is on the upper surface of the crystal it is indicated by a solid line
in a (110) plane with a length equal to the fold width. When a fold is
on the lower surface there is a blank space in a (110) plane with a length
equal to the fold width. When all the folds are identical, containing say
three carbon atoms per fold, the packing requirements put restrictions
on the folds in successive fold planes.

According to Reneker and Geil,! in the arrangement of Fig. 10(a)
the folds in successive fold planes must be displaced by ne. For n = 0,
the folds form upper and lower crystal surfaces which are tangent to
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(001) and (001). For n = 1, if the displacement is always in the same
direction, the folds form upper and lower crystal surfaces which are
tangent to (111) and (111), or tangent to (111) and (111). In the arrange-
ment of Fig. 10(b) the folds in successive fold planes must be displaced
by (n + %)c. For n = 0, if the displacement is always in the same direc-
tion, the upper and lower crystal surfaces are tangent to (112) and (112),
or tangent to (112) and 112). For n =" I, if the displacement is always
in the same direction, the upper and lower erystal surfaces are tangent
to (332) and 332), or tangent to (332) and (332). Reneker and Geil also
suggest that, if all the folds are not identical—for example, if there is an

Fig. 6 — Dark-field micrograph. Some of the loops in the upper part of the
figure have sides that are parallel to (110) and (310) planes.
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Fig. 7. Fig. 8.

Fig. 7 — Dark-field micrograph with linear extinction lines along well-defined
directions.
Fig. 8 — Identification of some of the crystallographic planes observed in Fig 7.

alternation between three atom folds and five atom folds in successive
fold planes—then surfaces tangent to (001) are possible.

In the remainder of this paper attention will be directed to two-dimen-
sional aspects of chain folding. However, it should be clear from the pre-
ceding paragraph that whenever there is a change from one folding struc-
ture to another the crystal surfaces formed will generally change their
inclination to the (001) plane. It is essential to develop some kind of
notation to describe the various chain folding arrangements. The no-
tation (110)[010] desecribes the folding in Fig. 10(a). The folds lie in
(110) planes. The shortest vector displacement from a fold in one plane
to an equivalent fold in the next plane is b, or, in our notation, [010].
There is another orientation of the Fig. 10(a) structure which can be
written (110)[010]. The symbol (110)[310] describes the folding in Fig.
10(b). Here the shortest vector displacement from one fold to an equiva-
lent in the next plane is a/2 4+ b/2, or [330]. There is obviously another
orientation of the I'ig. 10(b) structure, which can be written (110)[310].
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In principle, a crystal formed of (110)[010] folds might have a dif-
ferent melting point from a crystal formed of (110)[320] folds. In sub-
sequent discussion we shall refer to such different arrangements as
different phases. (The thermodynamicist, of course, would insist on ad-
ditional criteria to define different phases.) The arrangements (110)[310]
and (110)[220] do not represent different phases since they are mirror
images of each other.

The observations of Bassett, Frank and Kellers on six-sector crystals
with (100) faces indicate another type of fold structure. The most rea-
sonable interpretation is that there are folds lying in planes parallel to
the (100) faces. If the folds are situated in (200) planes the fold width
increases by about 10 per cent relative to folds in (110) planes. Fig. 11
illustrates the folding structures that might be expected for this type

g. 9 — Bright field micrograph. Note horizontal edge on upper boundary
whlch is parallel to (540).
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of fold. In Fig. 11(a) the structure can be written as (200)[130]-[310],
since the folds lie in (200) planes and the vector displacements of suc-
cessive planes alternate between [110] and [320]. In Fig. 11(b) the struc-
ture is written as (200)[320]. There is another orientation of Fig. 11(b),
which can be written as (200)[320].

In addition to the simple, repetitious fold structures there are many
other possibilities that should be considered. Fig. 12(a) illustrates a
situation that is analogous to the “twin boundaries” of Agar, Frank
and Keller.® The more appropriate terms fold domain and fold domain
boundary were introduced by Reneker and Geil! to describe the arrange-
ment. There is a (110)[310] fold domain on the left, and a (110)[310]
fold domain on the right. In the middle, parallel to (100), is a fold do-
main boundary. In this figure a few of the folds on the lower surface
have been indicated by broken lines instead of blanks to emphasize that
there is a continuity of the folds across the domain boundary. Such a
continuity is certainly necessary to permit the formation of a domain
boundary. Otherwise, one would have to impose the requirement that
all the fold planes in a doman arbitrarily terminate at a common bound-
ary. One might visualize a domain boundary as a place where, during
crystal growth, growing fold planes change their orientation from one
crystallographic direction to another. However, there is no discontinuity
in the addition of molecules to the growing fold planes. The domains and
the boundary of Fig. 12(a) might be symbolized (110)[310]:(110)[%20].

Fig. 12(b) illustrates a different type of boundary, which would occur
if the stacking arrangement of successive fold planes were altered. In
the lower left of the figure the structure is (110)[010], and in the upper
right it is (110){330]. There is a boundary parallel to (110). In this in-
stance it is a phase boundary that delineates two different structures
and not merely two different orientations. Fig. 12(b) might be symbol-
ized as (110)[010]:(110)[330].

In Fig. 13(a) a more general type of phase boundary is illustrated.
In the lower left the structure is (200)310]. The fold planes change
orientation along a (110) boundary, as in a domain boundary. However,
in this instance the change in orientation involves a change in fold struc-
ture to (110)[210]. Note that the element of continuity across the bound-
ary prevails exactly as in the domain boundary of Fig. 12(a). The ar-
rangement can be written as (200)[310]:(110)[320].

In Tig. 13(b) a more complex possibility is suggested. The folds are
not confined to a fold plane but lie in a corrugated surface, the fold sur-
face. Successive folds in the fold surface alternate between (200) and
(110) planes. Hence the fold surface might be symbolized as (200)-(110).
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The identity displacement from one fold surface to the next is [£10].
The structure of fold surfaces might be written as (200)-(110)[330]. A
new type of domain boundary has been introduced into the middle of
the figure parallel to (310). The fold structures in the two domains are
identical except for an inversion or reflection across the (001) plane. On
the left the (200) plane folds are on the upper surface, on the right they
are on the lower surface, etc. There may be an array of inversion points
along the boundary, and this possibility is indicated by asterisks in Fig.
13(b). If the domains are related by an inversion they will both have
the same inclination to the basal plane. If the domains are related by
reflection across (001) they will have opposite inclinations to the basal
plane. In the event that the fold surfaces have a stacking sequence which
forms a crystal surface tangent to (001) then, of course, there would be
no distinction between inversion and reflection. There is a difference in
surface energies between the upper and lower crystal surfaces. What-
ever the difference in energies may be in the left-hand domain it will be
reversed in the right-hand domain. Also, the binding energy between
the two fold surfaces that comprise the domain boundary should be dif-
ferent from the binding energy between adjacent fold surfaces within a
domain. The relation between the two fold surfaces at the boundary
can be written as [£30]i. The fold surface on the left is translated by
[330], followed by inversion between top and bottom, symbolized by 1.
The structure of Fig. 13(b) can then be written as

(200) - (110)[330] :[£301::(200) - (110)[330].

IV. CHAIN FOLDING AND TWINNING

At the present time it appears that crystal aggregates of linear poly-
ethylene may exhibit twinning on the (110), (310), (530) and (120)
planes. There may well be other, as yet unobserved, twin planes. This
remarkable versatility in twin formation must have a rational interpreta-
tion in terms of fold structures. In the preceding section it was required
that the folds exhibit continuity at either domain boundaries or phase
boundaries. The same condition of continuity must prevail at twin
boundaries. However, the fold structures provide an additional variable
that is not ordinarily encountered in twinning. Hence, for this discussion
we define a twin to be a crystal aggregation that gives a diffraction pat-
tern which is based on two identical reciprocal lattices with a definite
crystallographic relation between them. This definition is used because
we will consider aggregations in which there are two space lattices re-
lated by a twin law. The crystal structure with respect to the chains
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and chain packing is identical on the two space lattices, but the fold
structure is different on the two space lattices. The boundary between
regions of such an aggregation will always be a twin boundary with
respect to the space lattice and crystal structure inside the folds. How-
ever, with respect to the surface folds the boundary may be a domain
boundary (a true twin boundary) or a phase boundary.

In the preceding section it was shown that boundaries in the fold
structure may be formed either by an alteration in the stacking sequence
of fold planes or by a change in orientation of the fold planes. Investiga-
tion of (110) twinning shows that each of these mechanisms can produce
both domain boundaries and phase boundaries in the fold structure.
Thus, there are four types of twinning to consider across a (110) bound-
ary.

In Tig. 14 is illustrated an example of a change in stacking sequence
to form a domain boundary. Expanding our previous notation, this can

Fig. 14 — (110)[320]: (110): (110) [310] domain boundary in (110) twin.
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be written as (110)[330]:(110):(110)[%20], the middle (110) entry being
added to indicate that the space lattices are twinned across the (110)
plane.

In Fig. 15 the stacking sequence is altered to form a phase boundary.
In this case the appropriate symbolism is (110)[010]:(110):(110)[330].

In Tfig. 16 the fold plane changes orientation to form a domain bound-
ary. The fold structure can be written as (110)[330]:(110):(110)[%10].

In Fig. 17 the fold plane changes orientation to form a phase bound-
ary. In this case the notation is somewhat more complex because of the
stacking sequences: (200)[310]-[220]:(110):(110)[010]-[320].

All told we have found 11 distinet fold structures across a (110) twin
plane when we confine the original or left-hand member of the twin to
the simple stacking sequences described in Section ITI. To save space,
these structures are summarized in Table I in fold structure notation.
It is possible to reconstruct a line drawing of any of these structures
from the notation and the condition of continuity of the folds.

Fig. 15 — (110)[010]: (110): (110)[130] phase boundary in (110) twin.
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Fig. 16 — (110)[330]: (110): (110)[430] domain boundary in (110) twin.

The formation of twin boundaries by a change in stacking sequence
of fold planes is only possible for (110) twinning. In the case of (310)
twinning both domain boundaries and phase boundaries can be formed
by a change in orientation of the fold plane. Iig. 18 gives an example
of a domain boundary. The change in orientation is extreme and an
acute angle of 53°8’ is formed between a fold plane and its twinned ex-
tension. There is a pair of chains symmetrically disposed across the twin
plane, one in the original fold plane, the other in the twinned extension,
which are separated by 98.8 per cent of the normal packing distance.
This slightly short packing distance occurs in all the (310) twins that
will be discussed. In terms of the previous notation, the structure of
Fig. 18 can be written as (200)[310]:(310):(200)[430].

Tig. 19 is an example of a phase boundary. Here the change in orienta-
tion of the fold planes is almost negligible. In the usual notation, the
structure is written as (110)[010]:(310):(200)[430].



Fig. 17 — (200)[3£0]- [320]: (110): (110)[010]- [210] phase boundary in (110) twin.

TABLE I —SoME GEOMETRICALLY PossiBLE FFoLD STRUCTURES
v (110) TWINNING

Change in Stacking Sequence of Fold Planes

To form domain boundary 1. (110)[330]:(110): (110)[340]
2. (110)[010]: (110): (110)[010]

To form phase boundary 3. (110){010]: (110): (110)[330]

Change in Orientation of Fold Planes

To form domain boundary . (110)[320): (110): (110) [530]
. (110)[010]: (110): (110)[010]
. (200) [330]: (110): (200) [330]
- (200)[%30]: (110): (200) [330]

- (200)[330]- [330]: (110): (200) [330]- [330]

. (200)[330]: (110): (110) [010]
(200) [330]: (110): (110) [$30] _
(200) [310]- [430]: (110): (110)[010]- [330]

To form phase boundary

ool waounk

-
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Fig. 18 — (200) [%%0]:(310):(200)[%%0] domain boundary in (310) twin.

Fig. 20 is still another phase boundary, which involves a new detail.
Alternate fold planes contain a fold which does not terminate at the
twin plane. Instead, this fold straddles the twin plane and has a fold
width that is 98.8 per cent of the width of a (110) fold. The previous
notation suffices to cover this detail as long as it is understood that the
condition of continuity must be satisfied, and the structure is written
as (110)[010]:(310):(110)[210].

Nine distinet fold structures have been found when we confine the
original or left-hand member of the twin to the simple stacking sequences.
These structures are summarized in Table II.

An entirely different possibility for twin boundaries arises if we con-
sider structures based on fold surfaces instead of fold planes. Some of



MOLECULAR STRUCTURE OF POLYETHYLENE 1649

the properties of a fold surface structure were discussed in connection
with Fig. 13(b), and a more generalized structure is shown in Fig, 21.
The twin on the left can be described by the symbol (200)-(110)[330}:,
where the notation [330]¢ indicates that the displacement from a fold
in one fold surface to an equivalent fold in the next fold surface involves
the translation [330] followed by an inversion between top and bottom.
Since the folds of a given fold width alternate between top and bottom
at alternate fold surfaces, there is no difference in the upper and lower
crystal surface energies.

The twin on the right is described by the notation (200)(110)[330],
where now there 7s a difference in the upper and lower crystal surface
energies. The relation between the two structures at the twin plane can

Fig. 19 — (110)[010]: (310): (200)[330] phase boundary in (310) twin.
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Fig. 20 — (110)[010]: (310): (110)[{10] phase boundary in (310) twin.

be described by the symbol (310)[010]:. The terminal fold surface in the
left-hand twin is reflected across (310), placing it in the right-hand twin.
This is followed by translation. along [010] in the right-hand space lat-
tice, and then by inversion between top and bottom. Each fold in the
terminal fold surface of the left-hand twin has now been displaced to an
equivalent fold in the terminal fold surface of the right-hand twin. The
structure of Fig. 21 can then be written as

(200) - (110)[220]2:(310)[010]¢:(200) - (110)[220].

A total of six distinet fold structures are found when transformations
of fold surfaces are considered. These are also summarized in Table 11,
making a total of 15 distinet fold structures across a (310) twin plane.

For (530) twinning, only one example has been found of a boundary
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formed by a change in orientation of a fold plane. This example is il-
lustrated in Fig. 22. It is similar to the structure of Fig. 20 in that it is
a phase boundary and two thirds of the fold planes contain a fold which
straddles the twin plane. The widths of these straddle folds are 145 per
cent and 98.7 per cent of the width of a (110) fold. The latter slightly
short packing distance oceurs in all the (530) twins that will be discussed.
In contrast to the structure of Iig. 20, there are pairs of vacant lattice
sites which straddle the (530) boundary at regular intervals. These va-
cancies are inevitable if, in addition to the condition of continuity, we
require that neighboring chains cannot be appreciably closer together
than the width of a (110) fold. The structure of Fig. 22 can be written
as (200)[210]:(530):(200)[%10]-2[210], where the notation [210]-2[310] in-
dicates that a displacement of [110] is followed by two successive dis-
placements of [330].

When transformations of fold surfaces are considered, six more (530)
boundary structures are obtained. An example of a domain boundary
is given in Tfig. 23. The fold surface is defined by a sequence of one fold
in a (200) plane followed by three folds in a (110) plane. Thus, the fold
surface might be written as (200)-3(110). The transformation across
the boundary involves reflection across (530), a translation of [110] in

TasLE II —SoME GEOMETRICALLY PossiBLE IFFoLD STRUCTURES
IN (310) TWINNING

Change in Orientation of Fold Planes

(110) [330]: (310): (110)[330]
(110)[010]: (310) : (110){010]
(200)[330]: (310) : (200) [%110]

(200) [3301: (310) (200) 35

(200)[320]- [330]: (310): (200)[ 30]- [310]

(110) [330]: (310) : (200) [330]
(110)[010]: (310): (200) [330]
(110)[010]: (310): (110) [}30]
(200) [320]- [340]: (310): (110)[010]- {330]

To form domain boundary

To form phase boundary

PPN S| Ce OO

Transformation of Fold Surfaces

To form domain boundary | 10. (200)-(110)[4%0]: (310)[010]: (200) - (110)[410]
11. (200)- (110)[450]:: (310)[010 (200) - (110)[420]¢
12. (200)- (110)[230]: (310)[010]:: (200) - (110) {430]
13. (200)- (110)[30]s: (310)[010]:: (200) - (110) [320]:

To form phase boundary 14. (200)-(110)[330]:: (310)[010]: (200)-(110)[;50]
15. (200)- (110)[320]:: (310){010]:: (200) - (110)[430]
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Fig. 21 — (200)- (110)[+10]i: (310)[0I0):: (200)- (110)[330] phase boundary in
(310) twin.

the right-hand space lattice, and inversion. Hence the structure of Fig.
23 can be written as (200)-3(110)[310]:(530)[110]¢:(200)-3(110){30}].
There are four domain boundaries and two phase boundaries based on
fold surfaces, exactly as for the (310) boundaries listed in the lower part
of Table II.

There is good evidence in Fig. 7 for the existence of (530) erystal faces.
The existence of fold surfaces seems quite likely, both in terms of ob-
served morphology and observed twin relations. The experimental evi-
dence for (120) twinning is perhaps somewhat weaker. However, if (120)
twin boundaries do exist the possibilities are quite analogous to the (530)
case. One phase boundary has been found based on a change in orienta-
tion of a fold plane. There are boundary folds whose widths are 21.5
per cent and 5 per cent larger than the width of a (110) fold. The struc-
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ture may be described as (110)[310]:(120):(110)[220]-2[010]. There are
four domain boundaries and two phase boundaries based on (110)-3(110)
fold surfaces. IFor example, one of the domain boundaries is written as

(110)-3(110)[010]:(120)[100]:(110) - 3(110)[010].

V. CHAIN FOLDING AND CRYSTAL GROWTH

In the previous sections various types of structures involving fold
planes, fold surfaces, domain boundaries and phase boundaries have
been discussed as they might arise in either a single space lattice or a
pair of twinned space lattices. In all instances a small crystalline region
has been abstracted out of a larger crystal. To place these geometrical
abstractions in proper perspective, it is necessary to consider how fold
structures develop during the process of crystal nucleation and growth.
The three-dimensional aspects of crystal growth, especially the relatively
constant chain length between folds, and the variation of fold length
with temperature, have been treated in meticulous detail by Lauritzen
and Hoffman.!* In what follows attention will be directed to various
factors whose significance is practically independent of lamellar thick-
ness.

There are two basic ingredients in the formation of a two-dimensional
crystal (i.e., a crystal which essentially covers a surface instead of filling
a volume) with a chain fold structure. First, there must be a continuity
of the fold structure which permits any molecule to add its folds to the
existing fold structure without any special restrictions on the molecule
as to its total unfolded length or its time sequence in the growth process.
Second, the structure must develop in a way that permits each chain to
possess the maximum number of nearest-neighbor chains consistent with
the chain packing in the crystal structure.

The simplest lamellar structure that is consistent with the basic con-
ditions laid down above is illustrated in Iig. 24. A dot at the center of
the figure marks the initial fold at one end of a molecule. The fold plane
changes orientation at the second fold, again at the third fold, fifth fold,
seventh fold, and so on to maintain the maximum number of nearest-
neighbor chains. As successive revolutions or loops are formed around
the nucleus, a single spiral structure evolves in a clockwise direction.
In Tig. 24 three molecules have been indicated, each containing 100
folds. A dot at the end of the fifth loop indicates the end of the first
molecule and the beginning of the second. A dot at the end of the seventh
loop indicates the end of the second molecule and the beginning of the
third. Somewhat over half way around the ninth loop the third molecule
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ends. The crystal contains four domains of the (110){010] type, two do-
main boundaries of the (110)[010]:(110)[010] type, and two domain
boundaries of the (110)[010]:(110)[010] type. This is the type of crystal
that was described by Reneker and Geil'* as forming either (001) or (111)
crystal surfaces. It is apparent that there must be both a spiral struc-
ture and a continuity of the fold planes from one domain to the next.
There is no good reason why the starting point of a crystal might not
be a fold at some other point than the end of a molecule. In this case,
a double spiral structure will be formed at the center. This will have
consequences for the subsequent structure of the crystal which will be
discussed below. Both single-spiral and double-spiral crystal nuclei were
among the possibilities recognized by Lauritzen and Hoffman.

The structure of Fig. 24 provides a convenient model for some simple
calculations that are not without physical insight. From the geometry
of the fold structure, if the number of loops around the spiral at a given
point in the growth be designated n, then the number of folds in the
last or outer loop is 4(2n — 1). Assume a weight average molecular weight
of 130,000 for the polymer; then an average molecule contains 9285 CH,
units. Suppose there are 93 CH, units per chain plus fold, with 3 CH,
units per fold and 90 CH; units per chain. Then with 2.53 angstroms
along the ¢ axis per pair of CH. units, the fold length is 114 angstroms.
There are approximately 100 folds per molecule. With these assump-
tions the total number of molecules in the crystal at any stage of the
crystal growth is determined by a count of the number of folds. In addi-
tion, the number of molecules in the outer five loops is (2n/5) — 1.

The rate of addition of molecules to the crystal will be proportional
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Fig. 24 — Single-spiral crystal containing (110)[010]-type fold domains. Dots
indicate terminal points of three molecules included in figure.
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to the average number of molecules in contact with the growing surface.
This average number of molecules in turn is proportional to the area
of the growing lateral faces of the crystal. The lateral area is propor-
tional to the number of folds in the outer loop of the spiral. Thus, we
can state that the average time for the formation of a fold on the grow-
ing surface is inversely proportional to 4(2n — 1), or

K
Ien—1)"

Now assume that a crystal grows to 30u in length along the a axis in
30 minutes. The number of loops encountered at various stages of the
growth to 30u size is listed in Table III, along with other time-inde-
pendent quantities. The number of loops has grown to 20,480 when the
crystal is about 30u long. Now the constant K can be evaluated, since
the time required for all the folds to form is

time/fold =

n=20,480 K
1800 seconds = gl on =) [4(2n — 1)] = 20,480K,
or
K = 2399 _ 08789 second.

"~ 20,480

Based on the above assumptions, the average time per fold at various
stages of growth is listed in Table III. Note that identical numerical
values can be obtained by simply assuming that the same time interval
is required to form each loop in the spiral. The quantity 5K = 0.439
second is an interesting one, since it is the time required for an integral
number of molecules to be added to form the outer five loops. The num-
ber of molecules varies from one in the first five loops to 8191 in the last
five loops. The calculations completely ignore the question of the time
required for the initial nucleation. Even so, the estimates of rate of fold
formation or rate of addition of molecules should be reasonable for all
but a few of the innermost loops of the spiral.

There is one detail of the growing spiral structure of Fig. 24 that re-
quires further comment. Four times in every loop it is necessary to
“round a corner.” In each instance a fold has to project beyond the
surface formed by the preceding loop. In Fig. 24 this occurs at the fourth,
sixth, ninth, 12th, 16th, 20th, 25th, ... folds. Clearly there is an energy
barrier that must be surmounted at each of these points. Lauritzen and
Hoffman devoted considerable attention to this question.

However, there is more than one way in which a corner may
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TaBLE III — CrysTaL GrROWTH OF SINGLE-SPIRAL (110)[010]
FoLp STRUCTURE

(Assuming Growth to 30u Size in 30 Minutes)

Number of | " Foldein | 4Number of Moleees | Average Ti
n 't
Loopg,r n Outzr IsA;op, I\Ioclecu:e?‘m Length of Crystal Outec:' %all.ggplg,i Fo‘{grta?i?l sg::)ilgs
4Q2n — 1) rysta (21/5) — 1

1 4 — — —_ 2.2 X 1072
2 12 — — — 7.3 X 1073
3 20 — — — 4.4 X 1073
4 28 — — — 3.1 X 10-3
5 36 1] 67X 107% 1 24 X 1073
10 76 4] 14 X 102 3 1.2 X 1073
15 116 9 21X 102 5 7.6 X 10
20 156 16 | 2.9 X 102 7 5.6 X 10
40 316 64 | 5.8 X 1072 15 2.8 X 10
80 636 256 | 1.2 X 10 31 1.4 X 10—
160 1,276 1,024 | 24 X 107! 63 6.9 X 10°5
320 2,556 4,006 | 4.7 X 1071 127 3.4 X 108
640 5,116 16,384 | 9.5 X 107! 255 1.7 X 1075
1,280 10,236 65,536 | 1.9 511 8.6 X 10-¢
2,560 20,476 262,144 | 3.8 1,023 4.3 X 10-¢
5,120 40,956 1,048,576 | 7.6 2,047 2.1 X 10-¢
10,240 81,916 4,194,304 | 1.5 X 10 4,095 1.1 X 10-8
20,480 163, 836 16,777,216 | 3.0 X 10 8,191 54 X 1077

* Number of folds in erystal = 100 (number of molecules in crystal) + 4, for
all loops with n. > 5.

t Outer five loops are formed in 0.439 second.

I Average time per molecule == 100 (average time per fold), for all loops with
n>5H

be rounded. Consider the situation presented in Fig. 25. Again, there
is a single spiral developing in a clockwise direction. At the fourth fold
the corner has been rounded, not by adding another fold in a (110) plane
but by adding a fold in a (200) plane. It may require more energy to
form a (200) fold. However, the altered arrangement of nearest-neighbor
and next-nearest-neighbor chains will make other adjustments in the
energy balance. There are dozens of configurations that conceivably
might arise in forming the first two or three loops of a single spiral nu-
cleus. In Fig. 25 the spiral has been constructed in such a way that each
loop has one interruption by a (200) fold. The result of this is to produce
a [330] stacking sequence of (110) fold planes. One may protest that a
“jog” is produced in every loop where the (200) fold occurs. In Fig. 26
an alternative way of producing a single spiral (110)[330] fold structure
is shown. There is no jogin the loop pattern, but a sequence of vacancies
has been produced along the (110)[310]:(110)[310] domain boundary.
This may appear to be an even more unlikely structure than the pre-
ceding one. The interesting fact is that it is impossible to produce a
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Fig. 25 — Single-spiral crystal containing (110)[310]-type domains. One (200)
fold is required in every loop to maintain the stacking sequence.

single-spiral (110)[330] fold structure without introducing a (200) fold in
each loop to maintain the [$10] stacking sequence.

In Fig. 27 a clockwise double-spiral structure is illustrated. In this
case a 115-fold molecule has been drawn at the center. The first fold
in the nucleus is the 29th fold in the molecule. One branch of the double
spiral contains 28 folds; the other contains 86 folds. As long as the two
branches parallel each other, a (110)[310] structure is produced auto-
matically. However, as soon as the long branch overlaps the short branch,
the structure reverts to (110)[010]. If a second molecule adds to the
crystal in single-spiral form the (110)[010] structure will continue, as
illustrated in Fig. 27.

To produce an extensive double-spiral structure many coincidences
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Fig. 26 — Single-spiral crystal containing (110)[310]-type domains. When the
l(200) folds are arrayed along the horizontal axis a vacancy is generated with each
00p.
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Fig. 27 — Double-spiral nucleus with first fold located 29 folds from one end of
molecule. Monolayer nucleation and addition of a second molecule.

are necessary. The first fold in the nucleus must occur at the middle of
a molecule. Later molecules must add as double monolayers with the
first fold at the middle of the molecule. However, it is inconceivable
that later molecules would not also add as two monolayers proceeding
in both clockwise and counterclockwise directions. It seems very un-
likely that an extensive (110)[330] structure can be produced from either
single or double spirals, without introducing a systematic array of (200)
folds into the structure as in Fig. 25.

Fig. 28 gives an indication of how complex and interwoven the rela-
tions between molecules may become, depending on their sequence in
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Fig. 28 — Single spiral (110)[010] structure, showing four molecules and spiral

secondary nucleation of third molecule in time sequence.
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time. There are four molecules included in the figure. At the center, a
100-fold molecule commences a single spiral (110)[010] structure. After
five loops a 150-fold molecule continues the structure. By the time the
second molecule has completed a loop and a half a new event occurs.
A third 101-fold molecule has formed a secondary nucleus which has
completed two loops and added on to the structural sequence. Now two
monolayers of folds follow, one after the other, around the perimeter
of the compound crystal. A fourth 100-fold molecule adds on where the
150-fold molecule terminates and continues on past the termination of
the 101-fold molecule. If each molecule could be given a color, the per-
imeter of the crystal would appear like striped candy. Although an in-
tegral (110)[010] phase has been maintained throughout, the addition
of the secondary nucleus is revealed by the presence of four new fold
domains and six new domain boundaries.

If conditions are favorable for the presence of spiral secondary nuclei
it is likely that they would be attracted to the innermost corners of the
re-entrant faces. Hence, if a secondary nucleus adds to a sizable primary
crystal, a whole string of secondary nuclei might be added, one after
another. Such an array would lie in a virtually straight line if the time
sequence were rapid. It is apparent that, as a crystal grows in
size, whether from addition of secondary spirals or monolayers, traffic
jams are bound to develop. Additions will occur in both clockwise and
counterclockwise directions; there will be collisions with adjustments to
make. Under such conditions one would expect a variety of fold surfaces
and other space lattice orientations to become more probable as a cry stal
aggregate develops.

A great diversity of fold structures can occur in a single spiral and
still satisfy the condition of continuity. A suggestion of the possibilities
is indicated in Fig. 29. The figure contains ten molecules varying in
length from 30 folds to 100 folds. Many different phase boundaries h:.ve
arisen within a lamella of relatively simple external shape. The precise
conditions which determine how a corner shall be rounded are the de-
cisive factor in determining the fold structure. The first molecule forn:s
folds in (200) planes at the fourth and eighth folds. A phase domain
based on (200)-(110) fold surfaces develops in a radial direction from
the fourth fold. This domain has boundaries tangent to (110), (130),
and (110) planes. Proceeding in a radial direction from the eighth fold,
a pair of vacancies are followed by a domain based on (200) fold planes.
This domain has boundaries tangent to (110), (110), (110), and (110)
planes. Most of the area of the crystal is filled in with (110) fold planes.
However, the stacking sequences are irregular because of the varying
numbers of (200) folds that occur in the different loops.
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Fig. 29 — Hypothetical single-spiral crystal containing a variety of phase
boundaries and domain boundaries, and showing ten molecules.

A pair of re-entrant faces are developed from the (200) fold domain.
The inner corner formed by these faces would be expected to be a likely
nucleation site. Suppose the experimental conditions are such that sec-
ondary nuclei of the monolayer type are favored. Then, to fill in the re-
entrant area, a molecule would need to develop in a maze-like pattern
such as is indicated in Fig. 29. However, this process should be very
time-consuming because of the frequency with which corners must be
rounded. Such a factor may offer a partial explanation for the widespread
occurrence of re-entrant faces in many crystal aggregates.

VI. ELECTRON INTERFERENCE EFFECTS

The diversity and complexity of fold structures discussed in the pre-
ceding sections suggest an explanation for the types of electron inter-
ference effects which are illustrated in Figs. 5, 6 and 7. Whenever there
is a change from one structure or domain to another, the associated
crystal surface is likely to change its inclination to the (001) plane.

Certain restraints are placed on the morphology by the requirement
of continuity across boundaries combined with a spiral growth process.
The simplest possible loop around a spiral involves crossing four domain
boundaries as in Fig. 24. Each domain is part of the same phase and
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the displacement of successive fold planes along ¢ can be identical in
each domain. Surface forces between crystal and solution are symmetric
on the upper and lower crystal surfaces. Perfect continuity can
be achieved in this simple crystal without imposing any strain.

In a more complicated crystal, such as in Fig. 29, the situation is quite
different. For example, the sixth loop around the spiral involves erossing
four phase boundaries and two domain boundaries. The 12th loop in-
volves crossing five phase boundaries and four domain boundaries. When
successive domains belong to different phases the displacement of suc-
cessive fold planes or fold surfaces along ¢ will not in general be identical
in each domain. In addition, the surface forces between crystal and
solution will vary. There will be a change in surface energy in crossing
a phase boundary at either the upper or lower crystal surfaces. For some
phases there will be a difference in surface energy between upper and
lower crystal surfaces within a single phase domain, as indicated in Figs.
13(b), 21 and 23. In achieving continuity around the loop the changes
in surface orientations that oceur in crossing boundaries must either add
up to zero for a full revolution or be compensated by a strain pattern.
As a complex structure develops, the crystal surfaces are likely to con-
tain both discreet changes in orientation along well-defined crystallo-
graphic directions and continuous warpings or curvatures in both tan-
gential and radial directions.

When a crystal is removed from solution and the solvent is allowed
to evaporate still other changes may be expected. The distribution of
surface tensions will be quite different for a crystal in air as opposed to
those for a crystal in xylene. Adjustments in surface morphology are
inevitable, and such effects as collapsed hollow pyramids and doubled-up
lamellae may arise from such factors.

When electron interference effects give rise to contrast lines along
well-defined directions, it is reasonable to suppose that in many instances
they delineate phase boundaries or domain boundaries. When the con-
trast appears along curves or loops, continuous warpings or curvatures
are being revealed. It is a moot point whether these nonlinear effects
can be directly correlated with the position of boundaries. It is not un-
reasonable to think that they do indicate the occurrence, if not the actual
position, of boundaries. The interpretation is bound to be complicated
by extraneous deformations introduced in the process of drying and
manipulating crystals for examination. With a limited number of experi-
mental observations it is not reasonable to attempt more than a quali-
tative relation between interference effects and fold structure. With
sufficient experimental data it becomes quite plausible that a definite cor-
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relation could be obtained between a given contrast line and a specific
type of phase or domain boundary.
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