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Therefore, in this case,
h(z) < g(x) (zel).

If
h(xa) = g(xa)
and
QZ— < F(zh) (wel)
(g£>, < F(%a, h(22)) = F(2a,9(2.)) = (g%)z‘

Consequently, h(z) < g(z) over some portion of 7. Ruling out addi-
tional intersections by (87), we obtain the general result

hz) < glx) (ta <o = ).

The alternative set of inequalities is shown to be valid in a similar
manner.

APPENDIX C

First Domain Trajectories in the Sawtooth Case

For treating the sawtooth comparator-lag filter case, we seek here
solution trajectories of (71) which span the initial state line and saddle
points in the first domain, viz., 0 < z =< 1. As defined in (66),

0z <1)

C(x) = {x (88)

0 (z=1).

Hence, by (21 et seq.) the only saddle present in the first domain is that
at the point (z = 1, g = 0). We intend, therefore, to determine a solu-
tion ¢g;(x) spanning the two points (0,£/k) and (1,0). It is noted that
in the simple RC case, g.(x) is identical to go(x) and &, , to & (cf. (43)
and preceding).

Restricted to the interval (z £ « = 1) and solution g.(z), (71)
becomes

%f_%g_nwﬁu—1)(0§xén-<%>

£L =2+ Bkgr + g5
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However, since gr(x) is required to vanish as ¢ — 1, ¢:6(z — 1) = 0;
consequently,

L= + Bkgr + gu dgL. (90)

Setting 2 = x — £, and v = g¢,/2 reduces (90) to the form

2@__ 2v dv

z 0+ Bkv + 1
S | S T o (91)
(v_l_ﬁk) +%2 ® + Bkv + 1

where
T12 = (4 - ﬁ2k2).

Integrating, we have

In{g:” + Bk(x — &g + (& — £,)7]

= Pt
71

28k [QQL + Bk(x _) EL):' + ¢ (92)

T1(.’U — EL

where C; = const. At the saddle point (g, = 0, x = 1), (92) becomes

' (1 — £,)° = "i’“ (“) + . (93)

71
Therefore, ¢, is given implicitly by the relation

+ ﬁk(fv - EL)QL + (x - EL)2
(1 — £&)*

o 8 (=) e (8]

An explicit expression for £, is derived by inserting the initial condition
g.(0) = £/k in (94);1. e,

£ l:l—k(ﬂ—l)J
2 (1 — &)?

2
= exp {Zik litalfl <6k — 2) — tan”" <B—k>:|} .
T1 T1]C T1

(94)
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Tor &, £ 1 (ef. 23) and Bk < 2 (cf. 91), the argument of the first arc-tan
function in (94) takes on an infinite value at only one point in the
interval (0 £ © £ 1);1.¢.,

B =0 (x —1)
T3
2, + Bk(x — &) _ | T (z— £)
iz — &) — w0 (z — &)
gE* — 2\ < .
< le ) = 0 (IL 0)

Thus, the arc-tan difference in (95) must be such that

0 < tan™" (ﬁkn; 2) — tan™! (%) = tan’ [(-2—:—”5)—]] < (96)

Equation (95) can then be written as

£.(1 k—<1702_(»8&3 Ny = exp {f—f [tanAI <(2—:%7c>:|} (97)

or
- k
L= ‘ e 3 Gk -1 71 _ I
k+ 11 — k(B — D] exp {;; [tan (m) "]j (98)

(Bk < 2)

where 0 < tan™'(-) < «. That £, = 1for Bk = 2 isshown by considering
two values of gk, say Bk, — 2 and Bk; > 2, and two trajectories with re-
spective initial conditions &/k = 1/k and &/k. = 1/k.. Since from
(98), &, — 1 = & = & as Bk — 2, the former trajectory is a capture
type. However, 1/k; > 1/k,; therefore, the latter initial point and
trajectory lie below those of the former. This implies that relations
% = 1 and Bky > 2 correspond to capture conditions. On the other hand,
if £& > 1, noncapture trajectories result. Hence, £, = & = 1 for gk > 2.
Finally, capture criteria in the simple RC case are given by

k
? 17'0 (k< 2)
£, s By = k + exp |:T—0 (tan— P 7r>:| (99)

1 (k= 2)
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where
102 = (4: — ]{)2)
and
0 < tan™ () < w/2.

APPENDIX D

List of Symbols
¢; — input phase
o — output phase

€ = ¢; — @o— phase error

x = - — normalized phase error

€

T

s, — normalized steady-state phase error in the syn-
chronous state

f(€e) — comparator output

fm—sup | f(e) |
C(z) = f_(}r_x) — normalized comparator function

p=f010(z)dz

w, — free-running frequency of the local oscillator

Aw(t) — input frequency deviation

Aw() N e
Q(t) = 0; — normalized input frequency deviation
C: = const. — magnitude of input frequency step
Cy ..
£ = 7 — relative input frequency step

¢, , £ —relative positive and negative capture ranges, re-
spectively
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£, = £, — . — relative capture range

£ — relative input step corresponding to separatrix
go()

Cy = const. — magnitude of asymptotic input frequency step

C
v = 072 — relative asymptotic input frequency step

Y4 ,v— — relative positive and negative pull-in ranges, re-
spectively
Y., = v+ — v—— relative pull-in range

H(t) — filter impulse response
S(t) — filter output
_bds
o1 dt
go(2) — primary first domain separatrix, as defined by the
description prior to (43)
§(t) — Dirac delta function

a — gain constant; viz., % = w, + aS(1)

o1, o2 — filter parameters (cf. Ifig. 1(b))

k = m)i
(%

g=1+%n

Ta

— normalized system parameters

* — convolution

s — Laplace transform variable; i.e., £-f(t) = F(s)

REFERENCES

1. Jelonek, Z., Celinski, O., and Syski, R., Pulling Effect in Synchronized Systems,
Monograph No. 79, The Institution of Electrical Engineers, 1953.

. Mc Aleer, H. T., Proc. I.R.E., 47, 1959, p. 1137.

. Temple, G., Proe. Roy. Soc. (London), A228, 1955, p. 175.

. Sti)ker, J. J., Nonlinear Vibrations, Interscience Publishers, Ine., New York,

950.

. Minorsky, N., “The Theory of Oscillations,” in Dynamics and Nonlinear
Mechanics, Vol. 2, John Wiley & Sons, Inc., New York, 1958.

. Goldstein, A. J., to be published.

. Celinski, O., Investigation of Synchrontzation tn Phase Lock Oscillators, unpub-
lished Diploma Thesis, Polish University College, London, 1950.

i K2 %13 H= GO D



Ultimately Periodic Solutions to a Non-
Linear Integrodifferential Equation

By V. E. BENES
(Manuscript received July 6, 1961)

Tychonov’s fixed point theorem s used to study the existence of ultimately
pertodic solutions of an integrodifferential equation that arises in the theory
of the phase-controlled oscillator. The principal result describes conditions
under which solutions of the equation exist which have a given ultimate period
T, not necessarily the minimal period.

I, INTRODUCTION

Let h(-) be an integrable function of integral unity, vanishing for
negative argument; let «, w, and 2(0) be constants; and let f(-) be a
periodic function of period (say) 2w. It is of interest to know what
choices of h(:), a, w, x(0), and f(-) give rise to asymptotically
periodic solutions of the equation

r=w—a«a /.th(t — w)f(x(u)) du (¢ = 0). (1)

This equation arises in the theory of various synchronization phe-
nomena. (Cf. Refs. 1, 2, and 3 and references therein.) For example, the
synchronous motor and the phase-controlled oscillator are devices often
described by (1). For a specific physical application, we consider the
phase-controlled loop depicted in Fig. 1 and described in detail by
Goldstein,” q.v.

The system is described by the equations, in ¢ = 0,

Sbo(t) = w, + al)(t)
2i(t) = we + (1)
x(t) = i(t) — oo.(t)

v(t) fot Rt — w)f(x(u)) du

257
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VOLTAGE-
PHASE CONTROLLED
COMPARATOR OSCILLATOR

PLt)

£o(t)
= ¥ — AV

£lx@) FILTER v(t)

—

TRANSFER FUNCTION H(+),
IMPULSE RESPONSE h(+)

Fig. 1 — Phase-controlled loop.

where o, is the center or “free-running” frequency of the oscillator,
¢.(+) is the instantaneous phase of the output of a voltage-controlled
oscillator, ¢;(-) is the instantaneous phase of an input signal (driving
function, A(-) is the impulse response of a filter with de gain unity,
f(+) is a periodic phase comparator characteristic, and « is a gain con-
stant. If the initial phase difference x(0) is given, w(¢) = 0 for t < 0,
and w(t) = wfort = 0, we obtain (1); these conditions describe a sud-
den step of size w in the frequency of the input signal.

Since the system described by (1) is autonomous, one may conjec-
ture that a solution z(-) of (1) is always ultimately periodie, if we count
identically constant functions as periodic. The present paper attempts
to shed light on the question: what choices of w give rise to an z(-)
satisfying (1) with a given ultimate period 7'? We shall investigate
solutions of (1) that are wltimately periodic in the following sense: a
function y(-) is ultimately periodic with period T if there is a periodic
function p,( ) of period T such that

lm y(nT +8) = p(t) (22 0O,T).
In this case we say that y(+) is u.p. [T], and write p,(-) for the periodic
function approached by y(-). The number 7 is not necessarily the
mintmal period.

If h(-) is the Green’s function of a differential operator of low order,
the nature of solutions of (1) can be studied by the classical phase-plane
method, as by Barnard.” To retain maximum generality and to exhibit
(to some extent) the core of the problem, however, we shall use Tych-
onov’s fixed point theorem. The possible novelty of our approach lies in
using Tychonov’s theorem to obtain specific asymptotic information
about solutions x(-) of (1) by finding a fixed point {corresponding to a
solution) in a relatively small region of a function space. This is achieved



INTEGRODIFFERENTIAL EQUATION 259

by verifying some local properties of the operator whose fixed point is
sought, and ensuring that a particular set is mapped into itsclf. A similar
method has been used on (1) by the author in a previous paper* discuss-
ing the question whether ©(¢) approaches zero for large .

II. PRELIMINARY CONSIDERATIONS

We rewrite (1) as the functional equation

g(t) = f(x(O) + ot — afo 2(t — wgluw) du) (tz0) (2)

where

1%

(1) =]:h(u) du (t=0)

n(w) =1
g(t) = f(x(t)) (t=0)

and we seek an ultimately periodic solution g(-) of (2) in the space
B ~ C of bounded continuous functions. However, what periods 7' > 0
should be considered? If we choose a period T arbitrarily and define an
operator J by

Jolt) = {f(x(O) 4+t —a j;‘ 7(t — u)g(u) du) (t = 0)

\f(2(0)) (t=0)

then even if g( - ) is ultimately periodic with period 7', we have no guaran-
tee that the image function Jg(-) is u.p. [7], or that it is ultimately
periodic at all. This circumstance is due to the presence of the constant
w in the definition of J, which has no immediate relation to g(-) or to a
specific period T of interest.

We next observe heuristically that if g(-) is u.p. [T], then Jg(:) can
be u.p. [T] only if w bears a suitable relation to both the period 27 of
f(+) and the desired period T. Roughly speaking, one effect of the
integration in (2) is to subtract a linear term cof from the linear term
ot already present; the coefficient ¢y will be proportional to the mean
(over a period T') of the periodic function p,(-) to which g(-) is asymp-
totic; the remainder of the contribution of the integral will be u.p. [T].
It is intuitively clear that ¢, should have the form

T
o
Co = Tfo p,(u) du.
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Let a(+) be a function of period T. Then certainly the function de-
fined by

flowt — et + a(t))
will have period T if

w=co + 2%'- (n an integer). (3)

For in such a case

o =)t + (0 — )T + alt + T)] = fl (e — )t + a(t)].

In view of this, we shall allow the “constant” w in (2) to depend on
the function ¢g(-) being mapped according to (3), for a fixed choice of
n. That is, we define a transformation 4(-) of g(-)’s that are u.p. [T
by

[f 2(0) + af — o [ n(t — wglu) du) (¢ 2 0)
Agt) = ( I ) (@)

1]’(90(0)) (=0

w, = 2—%3 + % fOT py(u) du (n fixed).

By this device we shall be able to consider an arbitrary period 7.

1II. SUMMARY OF HYPOTHESES AND RESULTS
If h(-) is the impulse response of a physically realizable network then
t
7(t) = f h{u) du is its response to a unit step-function, and () is
0

its de gain, here taken to be unity. The function ¥(2) = n(«) — (i),
t = 0, is basic to much of our discussion, and is assumed to be absolutely
integrable. The integral

[ wte) —ataw = [y au (5)
can be invested with physical meaning as follows: a partial integration,

ft uh(uw) du = tn(t) — ft n(u) du

0

n(t) — n(=)] + f w(u) du
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and the observation that n( ) — 5(t) = o(t™") as t = «, show that
(5) is the “mean” of h(-), i.e.,

f: Y(u) du = fow uh(u) du.

The integrable function 2(-) has a Fourier transform H(-) defined by

0

H(@s) = (20)7 | ™ h(u) du (s real)
0
and the absolute convergence of (5) implies that
H(0) = i20)™ [ p(u) du.
0

The derivative of H(-) at s = 0 is closely related to the phase character-
teristic of the network whose impulse response is A(-). For upon repre-
senting H(-) as

H(s) = A(s)e™?
we find

H'(s) = A'(s)e™® 4 ip'(s)H(s).

The amplitude characteristic A(-) is a real, even function, so A’(0) =
The phase characteristic is representable as an arctangent, so ¢'(0) =
in general. Since 4(0) = 7(*)(27)™" = (dec-gain)(27)?, we have

0.
0

; X de-gain X coefficient of s in Taylor’s expansion

of ¢(+) around zero
— i(2m)" fo () du.

We shall call ¢’'(0), the derivative of the phase characteristic of H(-)
at the origin, the delay of the network, so that

[w Y(u) du = (dc gain)(delay) .

0

A condition on the function ¥( ), stronger than integrability, will be
used. This is that

G+ T
b= s [ [p du (G2 0) ()

0St<T Yi+iT
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be an absolutely summable sequence. The magnitude of () measures
to a certain extent the speed of the response of the network whose im-
pulse response is h( - ) ; our condition requires that this speed be sufficient
to make Y h; finite.

izo
We shall assume that the non-linear function f(-) is Lipschitz of
order 1 with a constant 8,

[f(@) = fy) 1 =Bl —y]l.

To obtain an estimate of the rate of convergence of a solution z(-)
of (1) to a periodic funetion, and to verify the compactness condition
needed for use of Tychonov’s theorem, we shall assume that a positive,
absolutely summable sequence {k;,7 = 0} exists, satisfying the integral
inequality

[T ;ki + sup | f(u) | ;hi + Zi)_okj_ih,-] <8 % (G=0). (7N

Under these hypotheses we shall prove that for each =, there exist a
value of w, a corresponding solution z(-) of (1), and a function g(-)
that is ultimately periodic of period 7', such that

fla(t)) = g(t)
[fa(GT + 1) —p, ()| =k (el0,T) (7=0)

Wy = 2n7r + = f po(u) du.

l

w

In a corollary we give a condition under which the constants » for various
n are all distinet and lie roughly on a lattice.
IV. TOPOLOGY

In the linear space B ~ C of bounded continuous functions we intro-
duce a topology by means of the metric (distance function):

dgrr02) = 227" _max |u(2) = ga() |

4+ sup lim supl gi(nT 4+ t) — g(nT + 1)} |.
ostsT n-=>
The sum term defines a metric for the topology of uniform convergence
on compact sets, and the other term (so to speak) “strengthens” the
topology at infinity. The number 7' > 0 occurring in the metric is a
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parameter, the period of interest. The d-topology so defined is convenient
for studying solutions of (1) that are u.p. [T'].

Since the metric d(-,-) depends only on the difference function
g1 — ge, it is invariant under translation to zero

d(g1,g9:) = d(g1 — g2,0).
Also it can be verified that for ¢ > 0,
d(agy, ag:) = ad(g1, go).
Let Se(g) denote an open sphere of radius e about an element gin B ~ C,
8(9) = {gld(g,9) < 6.
Let g; and g» be elements of S.(g) and consider a convex combination
mgr + ayge (a1, as = 0, o+ a; = 1).
Then
d(agy + azg2, 9) = d(mgs — g + agp — a29,0)
d(agr — a:9,0) + d(axgs — asg,0)
ad(g1,9) + ad(ge,g)

€.

A 1IA

A

Hence S.(g) is convex. The family of such spheres is a base for the d-
topology consisting entirely of convex sets. Hence with the d-topology.
B ~ C is a locally convex, linear, topological space (Cf. Ref. 5).

V. PRELIMINARY RESULTS

We define a modulus m(+) of continuity by the equation
2nw

m(|e|) = B|e] {7 + 2asup | f(u) | sup | n(u) l}

+ 8 sup [t +0) — w(t)] dt.

18] e] ¥0
Lemma 1: If g(-) is u.p. [T], and
sup | g(u) | < sup | f(w) |

then Ag(-) has modulus of continuity m(-).
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Proof: The mean value (first Fourier coefficient) of the limit function
p,(+) is at most sup | f(u) | in magnitude. Hence

. t+e
| Ag(t + ) — Ag(t) | éﬁlelwg-{—ﬁyft n(t+ e — w)g(u) du

+ BUO It 4+ e —u) — 90t — wlg(w) du

(
< 5 || {557 = 2asup | 10] sup [ 01

+ 8| [ Wt e =) — vl — wlglw) du

= m(|e])

by a known result of Lebesgue (Ref. 6, p. 14).

Let S be the subset of B ~ C consisting of the functions g(-) with
the properties

() There is a continuous funection p,(-) of period T such that

lgGT +8) —p() | = ks (tel0,T] (52 0).
(4) sup | g(u) | < sup | f(u)|
(%) ¢(-) has modulus of continuity m(-).
Lemma 2: S is compact.
Proof: To show S is closed, let {z.} S be a sequence converging to
x. The second term of the d(-,-) metric ensures that p., (f) converges

as m — o, uniformly for ¢ ¢ [0,7']. Denote the continuous limit function
by p-(-). Then

2GT + 8 — p(8) | £ [2GT + ) — (T + 1) |

+ | 2n(GT + 1) — s, (1) |
+ | 92, (0 — pa() |

With j and ¢ ¢ [0,7] fixed, let m — o ; the first and third terms on the

right go to zero; the second is at most k; , for all m. Hence

2GT + 1) — ()| =k (Le[0,7) (2 0).
Also ‘
|2t + &) —a(®) | £ |2(t+ &) — wu(t + o |

+1a(t) — 2a(t) |
+ |zt + ) — za(l)|.
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Letting m — o for fixed ¢, the first two terms on the right vanish; the
last is at most m(e) for all ¢ = 0. Thus 2(-) has modulus of continuity
m(-), and so belongs to S. Hence S is closed.

Also, for y & S and t ¢ [0,7),
It + &) — ()] =Mt + & —yGT + 1+ €|
+ Ip(t) = y(GT + 1) |
+1yGT +t+ o) —yGT + 1) |.

With ¢ and e fixed, let j — o ; the first two terms on the right vanish,
and the last is at most m(e) for all j = 0. Hence, for y ¢ S, the limiting
period function has modulus of continuity m(-).

Now let z,, be an arbitrary sequence of S. I'rom the associated se-
quence p.,, of periodic functions we can pick a subsequence converging
uniformly on [0,77] to a function p(-). From the x,’s associated with
this subsequence we can pick, by a standard diagonal argument, a fur-
ther subsequence zx;y ¢ = 1, 2, -+ - such that for some z ¢ S

Zrsy — @ uniformly on any compact set
Pzyi) — P uniformly on [0,7].

Then @) converges to @ in the d-topology, so that S, being closed and
sequentially compact, is compact.

Lemma 3: AS C 8

Proof: In view of Lemma 1 and the form of A4, it sufficies to show that
A preserves the defining property (z) of the set S. Accordingly, let
g(+) € S, and define the periodic function p4,(-) of period T by

pan®) = £ (0 + 224 + o [ ) = g00)

+a fot (Mp, — p,(u)) du + f: po(t — w)y(u) du)

where Mp, is the mean value of p,(-). We shall show that
N AgUT + 1) — pag(D) | = k5 (¢e[0,T]) (5 2 0).

'

Let us rewrite

wgl — ozfo n(t = wg(u) du
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in the form, for ¢ = 0,

2n”t + f Yt — w)pg(u) du + af Yt —w)lg(u) — py(w)] du
(8)
+a f o) — g()] du + a f [(3p, — py()] du

From the Lipschitz condition satisfied by f( - ), we obtain
40T+ = 9] 5 84 17000 = o] +
1

f,:H | Pt — w)[-| ¥ (u)| du

T+t
—I—ozf0 [9(jT + 1 — u) —pg(t—u)l'l'ﬁ(u)ldu}.
Since g(-) belongs to S, it is true that for ¢ £ [0,7

[ 1m0 = gl dus 7 T,

[ 1= il vl du < sw 1)1 b,

T+t
[ 10+ 0= w) = e = 0]y du

IIA

[ 10GT + ¢ = w) = put = W] 9] du

i—1

(i+1) T+t
+ 2 fi”t lg(GT + ¢t — u) — po(t — w)|-| ¢(u)| du

i=1
7
Z: C]—'L i
Lemma 3 now follows from the integral inequality (7).

VI. PRINCIPAL RESULTS
Theorem 1: If 3 h; < o and Y k; < o, where {h;} is given by (6)
iz0 i=0
and {k;} satisfies (7), then for each integer n there exist a value of w, a
(corresponding) solution x(-) of (1), and a function g(:) that is u.p.
[T], such that
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1. Ag = g, l.e., g(+) satisfies (4),

2. g(t) = f(x(t)), for all ¢,

ii. | fz(GT +8) = (O | < k5 (tel0,7]) (52 0),

2. the periodic function p,(-) is a solution on [0,7] of the equation

2mn

po(t) = f(%(O) + 7 tta fw [po(u) — g(w)] du

+ aj; Mp, ~ p,(u)] du + « fow p,(t — w)yp(u) du) ,

2
I 27m + = f p(u) du = —;r,—n + aMp, .

Proof: We first show that 4 is a continuous transformation on the
set S. Let g, — g with ¢, ¢ S; then g ¢ S, because S is closed. Let L
be a compact set of the line and set z = sup | ¢| . For ¢ ¢ L we have

teL

[ Agn(t) — Ag(D)] < B|t(wn, — wp) + a f n(t = wWlg(u) — gu(w)] du

< o8 (21 M. = Mp, | + sup [ 160 [ ow) — gu(0) ).

Since p,y,, — p, uniformly, and ¢, — ¢ uniformly on compact sets, it
follows that Ag,, — Ag uniformly on compact sets. It remains to show
that p4g, — pa, uniformly. Now for ¢ ¢ [0,77],

(M, = Mp)t+ [ "o () — gu(w)]
(9)

| Paon(t) — Pag(t)| < B

—fow[pg(u) — g(w)] du + fow[pgm(t —u) — po(t — wlp(u) dul.

The first and fourth terms on the right of (9) obviously converge to zero
uniformly in ¢, by the uniform convergence of p,,, to p, . The middle two
terms on the right are together at most

]; | Pon (1) — pg(u)| du + f [g(u) — gn(w)| du + 2T Z: ks
1217
in magnitude; this bound can be made arbitrarily small by first choosing
7 large, and then m large.
The set S is compact and convex, and 4 is a continuous map of S into
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itself. Hence by Tychonov’s fixed point theorem (Ref. 5, p. 456) there
is a fixed point g £ S with Ag = g. Define z(-) by

2(0) + wit — « ft n(t — w)g(u) du (& = 0)

z(0) (t£0).

Then (- ) satisfies (1) almost everywhere in ¢ £ 0, and ¢(¢) = f(x(t)).
Since g ¢ S, there is a function p,(-) of period T such that

Lg(T + 1) —po() | £ k5 (te[0,T)) (52 0).

The limit equation for p,(-) is obtained by taking the limit as j — o«
in the equation

g(GT + 1) = Ag(GT + 1) (t£[0,T1)

and using (8) to expand the right-hand side. The second term of (8)
approaches

[ nate = wwtw) au

while the third term of (8) goes to zero, by an elementary Abelian result.
Finally the value of w associated with the solution z(-) of (1) is given
by (v) because flz(-)] is a fixed point of A.

Corollary: If h(-) is bounded, and

7> esup | ()] =
then each interval (2n7/T) = v, n an integer, contains a value of w
for which the (unique) solution of (1) is w.p. [T].

Proof: The condition stated guarantees that the values of (v), The-
orem 1, for various integers n, are all distinct. Uniqueness of the solu-
tion z(-) of (1) can be proved from the boundedness of h(-) and the
Lipschitz condition on f(-) by standard methods.
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Single Server Systems — I. Relations
Between Some Averages

By S. 0. RICE
(Manuscript received April 13, 1961)

This is the first of two papers dealing with single server systems. Two
subjects are discussed in the present paper, (¢) relations between such items
as the probability of loss, probability of no delay, and the average number of
customers served in a busy period, and (1) the statistical behavior of a
single server system in which no watting for service is allowed.

I. INTRODUCTION

A typical but rather homely example of the systems considered here is
a barber shop in which there is only one barber, the ‘“single server.”
Let N — 1 be the number of chairs provided for customers waiting for
service so that the ‘“‘capacity’” of the system is N. When the shop is
full, one customer is being served and N — 1 are waiting. A prospective
customer (a “demand” for service) arriving when the shop is full is
turned away and is said to be “lost.” If the shop is not full, he waits and
is eventually served.

The demands arrive at an average rate of a per unit time. The server
would serve b customers per unit time (on the average) if he were to work
steadily. It follows that the average interval between arrivals is 1/a and
the average service time is 1/b. It is assumed that the rates a and b do
not, change with time. ‘

The first part of the paper is concerned with several quantities of
interest, including the fraction L of demands lost and the average length
of the busy periods, i.e., the periods during which the server is continu-
ously busy. The values of these quantities are expressed in terms of a,
b, and two other quantities po and 7. Here p, is the probability that the
server is idle (at an instant selected at random) and 7 is the average
duration of an idle period. Both pe and = depend upon N and upon the
probability laws governing the arrivals and service times. However, only
the simplest cases of this dependence are mentioned in the first part of
the paper. The results are summarized in Table I.

269
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The second part of the paper is concerned with the single server “loss
system’” in which no waiting is allowed (N = 1). The input is now as-
sumed to be “recurrent,” i.e., the distances between arrivals are inde-
pendent and have the general distribution function A(t). The service
times have the distribution funection B(¢) and are independent of each
other and of the arrivals. The functions A (¢) and B(t) are such that the
interarrival distances and service lengths have the respective average
values

ot = fow [1— A(8)]dt
» (1)
bl = fo [1 — B(®)]di.

Further conditions are imposed on A(#) and B(t) in the course of the
derivations. The principal items of interest are (7) the loss L, (d¢) the
probabilities po and p; that the server is idle or busy, respectively, at a
time selected at random, and (#¢¢) the distribution of the lengths of the
idle periods. The expression for the loss is equivalent to one obtained in
a different manner by T. Pollaczek.! A discussion of how the loss in-
creases with the variability of arrival has been given by P. M. Morse.

Results for a Type I counter, i.e., one in which the registration of an
arrival is followed by a “dead time,” may be applied to the single server
loss system by identifying the dead time (supposed variable) with the
intervals the server is busy. IFor example, results obtained here are
closely related to some for counters given by R. Pyke® and earlier workers
to whom he makes reference.

The infinite capacity system (N = ) is discussed in a companion
paper.’ In this case there is no loss, and attention is focused on the
distributions of the waiting times and busy period lengths. Some of the
results of Section II of the present paper find application there.

I am indebted to John Riordan for many helpful discussions on the
subject matter of these two papers and for numerous improvements in
presentation.

II. AVERAGES OBTAINED FROM FIRST PRINCIPLES, GENERAL INPUT AND
LIMITED CAPACITY

Several important averages associated with a single server system may
be readily obtained by considering its behavior over a long period of
time 7', statistical equilibrium being assumed, and then letting 7 — .
The input and service are assumed to be general with respective arrival
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and service rates ¢ and b. The capacity of the system is N, so that de-
mands arriving when N — 1 are waiting are lost.

The probability p, that the server is idle (at an instant selected at
random ) and the average duration 7 of an idle period are supposed given.
For Poisson input, i.e., one in which the probability that a demand will
arrive in the interval ¢, ¢ -+ dt is adt + 0(dt®) (irrespective of the arrival
times of the other demands), the value of 7 is 1/a.

Let »(7T) be the number of arrivals in 7" and let ¢ be a given, arbi-
trarily small, positive number. The input and service are assumed to be
such that the probability of 1 — ¢ < »(7T)/aT < 1 + e may be made
as close to unity as desired by choosing T large enough. For recurrent
input this restriction is satisfied, by virtue of the law of large numbers,
when the first integral in (1) gives a finite value for a™". We shall refer
to the above inequality by saying that the number of arrivals in the
long interval 7' is “equal” to a7'. Similar statements made below regard-
ing total idle and busy time, number served, ete., in the interval T are
to be interpreted in a similar way.

The total idle time of the server is T'po , the total busy time is 7 — T'pq ,
and the total number served is b(7T — Tp). The number lost is the
number of arrivals less the number served, and the fraction of arrivals
lost is

L =[aT — (T = Tp)l/aT =1 — (1 — po)p ' (2)

where p = a/b. L is the “probability of loss.” Loss occurs only when the
waiting room is filled, i.e., when the system is in state N (probability
py and average duration ry). The number of times state N occurs is
pxT/7x , and the average number of demands lost during such a period
is 7v[a — b(1 — po)]/p~. For exponential service the service time
lengths have the distribution function B(¢) = 1 — ¢ ", and the value of
T~ is 1/b

The number served in 7' without delay is equal, to within one, to the
number of idle periods. The number of idle periods is poT’/7; hence po/ar
is the probability W (0) that a demand will be served upon arrival. Thus,

W(0) = po/ar. (3)
Because a demand is either served without delay, delayed, or lost, the
probability of delay is
1 — L — (p/ar) = (1 — po)p " — (po/ar).

Since busy and idle periods alternate, the number of busy periods is,
to within one, the number of idle periods, namely po7'/r. Dividing this
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into the total busy time T — Tpo gives 7(1 — po)/po for the average
length of a busy period. Similarly, the total number served gives br(1 —
Do)/ e for the average number served in a busy period.

- When N is infinite, statistical equilibrium requires p < 1, and all
demands are eventually served. Equating the number of arrivals aT to
the number served b(T — Tpo) gives po = 1 — p.

These results and the forms they assume for N infinite and 7 = 1/a
(Poisson input) are summarized in Table I. The results for Poisson
input are well known.

When the capacity of the waiting room is infinite, the average number
7 of demands served in a busy period is

A = 1/W(0). (4)

In this case L is zero, demands are either delayed or not delayed, and
W(0) becomes the probability of no delay. This follows from (3), Table
I, and the fact that both sides of (4) are equal to ar/(1 — p). For limited
capacity

= (1— L)/W(0) (5)

which follows from Table I. Here W(0) is the chance that a demand
chosen at random will be served upon arrival.

III. SINGLE SERVER LOSS SYSTEM

In a single server loss system any demand arriving when the server is
busy is lost. The system capacity N is 1, there is no waiting line, and
every busy period consists of a single service interval. As mentioned in
the introduction, the input is assumed to be recurrent, the service is

TaBLE I — STATIONARY AVERAGES FOR A (GENERAL SYSTEM

Infinite Capacity, po =1 — p
Aversge Liited Caoacits —~
General Input O’isc:’ :Plp“t’
Rel. number lost 1 — (1 — po)p? 0 0
Rel. number not de- polar)™! 1 — p)lar)? 1 —»
layed
Rel. number delayed | (1 — po)o — polar)™' | 1 — (1 — p)(ar)?
Length of busy period (1 — po)po? T0(1 — p)71 b — a)?
Number served in br(1 — po)po? ar(l — p)? d - p)t
busy period

Notation: a = arrival rate, b = service rate, p = a/b, r = average length of
idle period, po = fraction of time server is idle.
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general, and the principal items of interest are (¢) the loss L, (#) the
probabilities po and p: that the server is idle or busy, respectively, at a
time selected at random, and (#z) the probability ¢(u) du that the
length of an idle period will lie between » and « + du.

3.1 Values of L, po and p;

Tor general input and service, the results of Section IT for N = 1 and
the relation 1 — py = p; show that

L=1- plP—l7 Po = prl; p = a/b (6)

where the second relation is obtained by equating the average busy
period length 7(1 — po)/po to the average service length 1/b, 7 being
the average idle period length.

Tor Poisson input, 7 = 1/a and (6) gives

Pr=opp0, Po=(14+p7", L=p=p/(l+p. (7)

In this case, the loss is independent of the service distribution, a property
also possessed by the many-server loss system for Poisson input. -

For recurrent input and general service, the ratio L/(1 — L) of the
number of demands lost to the number served is equal to the expected
number of demands arriving while the server is busy serving one de-
mand, i.e., during one service interval. Thus

2= [ ww asw (®)
where 7.(7) is the expected number of arrivals during a service of length ¢
(not counting the one starting the service) and B(?) is the service time
distribution function. As ¢ becomes large, n(7) is 0(at) and the integral
converges because the average service time is finite.

It will be shown that

- 1 [T a(s)e™ ds

n(d) = 27t Jomio [1 — a(8)]s (c>0) (9)

where a(s) is the Laplace-Stieltjes transform of the distribution function
A(t) for the separation between arrivals:

a(s) = fow AL, (10)

It is assumed that «(s) and ¢ are such that the integral in (9) converges.
Equation (9) is but one of a number of similar results; see, for example,
D. R. Cox and W. L. Smith.’ :
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To obtain (9), note that the service starts with an arrival, and the
probability that n» or more additional arrivals will occur in the ensuing
interval of length ¢ is the probability that

S,=Xi+X+ -+ X =t (11)

Here X; is the separation between arrivals ¢ — 1 and 7. Since the X’s
are independent and have the distribution function A(t), the rules for
determining the distribution.of the sum of n random variables may be
applied to find the chance that S, < {. In particular, the Laplace trans-
form of the probability density for S, is [a(s)]", and the Laplace trans-
form of Prob [S, = 1] is [a(s)]"/s.

The probability of exactly n arrivals in an interval of length ¢ which
starts just after an arrival is

P,(t) = Prob[S, £ t) — Prob[S,1 = 1]

" C4-1%0

= 0= a@]lals)]s e ds. 1

27t Joiw
Multiplying P.(¢) by n, noting that | a(s) | < 1 on the path of integra-
tion, and summing from n = 0 to n = « then gives (9).

When 7(t) is known as a function of ¢, either from (9) or otherwise,
and is used in (8), the result is an equation which may be solved for the
loss L. When L is known, (6) gives

pr=p(1—0L), p=1-—np. (13)

A few cxamples follow.
1. Poisson input. Here 1 — A(t) = ¢ * and a(s) = a/(a + s). Then

n(t) = L[ ase’tds = at
27 i N
__1 — = f atdB(t) = a/b = p

and the results given in (7) are again obtained.
2. Arrivals spaced 1/a apart. By inspection

n(t) =n, na ' <t<(n+ a’

and (8) becomes

fd (n+1)/a 0
S f dB(t) = Zn[B ("+ 1) —B(ﬁ)]. (14)
1 - 0 nla 1 a a
14t. When «(s) is 0(1/s) as s — ¢ & ¢0, ag it is when the probability
density A'(t) = dA(t)/dt exists and is of bounded variation, and when

II
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B'(t) exists and is 0(¢ "), e > 0, as t — «, substitution of (9) in (8)
gives

L “[ dB(t) me a(s)e’ ds
1 - L B 0 c—1%

[1 — a(s)]s

(15)
1 [T a(s)B(—s) ds
= 2_7‘-_1 i m (0 <c< e)
where
B(s) = fo e dB(1). (16)

In (15) the singularities of 8(—s) lie to the right of the path of integra-
tion and those of a(s)/s[l — a(s)] to the left. The conditions imposed
on «s) and B’(¢) are sufficient to ensure the absolute convergence of
the double integral and hence to justify the inversion of the order of
integration. The result (15) is equivalent to one obtained by F. Pollac-
zek' by a different method.

#. Exponential service. Here, 1 — B(t) = ¢ and g(—s) =
b/(b — s). Substituting this value of 3(—s) in (15), closing the path of
integration by an infinite semicircle on the right, and evaluating the
residue at the pole s = b gives

L a)
I1—L 1—a(b)’
This expression for p; is a special case of the stationary state probabilities
(determined by both I. Pollaczek® and L. Takécs’) for the many server
system with recurrent input and exponential service.

v. Let a(s) satisfy the same condition as in example 7% and in addi-
tion, suppose that (9) may be written as

W = )+ 5 [ e

where the only singularity of e‘a(s)/s[l — a(s)] to the right of Re(s) =
—c (s ﬁnite) is a double pole at s = 0 with residue R (). Then (8) gives

It should be noticed that not all cases can behandled by (15) and (17).
An example to the contrary is furnished by

Aty =1 -1 +at)?
B(t)y =1— (14+b)

L =ab), p=pl—abd)]

(e>0)

(18)
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where the averages @ and b™" exist but the corresponding variances are
infinite. In this case

a(s) =1—x+ xzexf ety dy (z = s/a).

As|s|— « in Re(s) = 0, a(s) is 0(s™"). Near s = 0,
a(s) =1 —sa' — saIns + 0(s%).

Since B(s) is similar to a(s), both 8(—s) and a(s)/s[l — a(s)] have
branch points at s = 0. Equation (17) fails in this case because s = 0
is not a double pole. Equation (15) fails because it is impossible to draw
a path of integration which separates the singularitics of 8(—s) from
those of a(s)/s[l — a(s)]. When A(t)and B(¢) are given by (18) it
seems necessary to work directly with (8) and (9), or else use some sort
of limit.

3.2 Lengths of Idle Pertods

Now turn to the distribution of I/, and I;, the lengths of a busy period
and the following idle period, recurrent input and general service being
assumed. The probability that I, < ¢ is simply B(¢), the service length
distribution function. The distribution of the idle period length I; is more
complicated. Its average length is, from (6),

7 = po/bpr = a'(l =LY —p" (19)

where L is given by (8). The first step towards obtaining the probability
q(u) du that v < I; < v 4+ du is to determine the conditional prob-
ability q(u; t) du that v < l; < u + du given [, = .

Consideration of the arrival patterns which give no arrivals in
(t, t + u) followed by one in (t + u, t + u + du) leads to

qu;t)du = 2 Pr(S, <tjt+u < Sup <t-+u-tdu] (20)
n=0

where Sy is 0 and S, for n > 0 is the sum (see (11)) of n interarrival
intervals X, . An expression for the joint probability density of S, and
S.41 may be obtained by inverting its double Laplace transform

ave exp [—rS, — sS,4]
=aveexp [—(r + )(Xi + -+ + X.) — sX.44]
= [a(r + 8)]"a(s).
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Integrating the density over the region 0 < S, < t, u + { < Spq1 <
u + t 4+ du shows that the nth term, n > 0, in (20) is

c+i® o1
du f dse“”“a(s)/ e(r 4+ Ot - Drtdr (21)

(27Ti)2 c—1% c—i®

where ¢ > 0.

Txpression (21) holds only for n > 0. However, replacing the factor
(¢"* — 1) by € gives an expression which holds for n = 0. Indeed, clos-
ing the path of r-integration on the right shows that the integral of
[a(r 4+ s)]"" is zero for n > 0. Closing it on the left shows that the
integral of ¢"r " is 24 for ¢ > 0 and leads to the correct value for n = 0.

Setting the modified form of expression (21) in the series (20) and
performing the summation shows that ¢(u; t) du is equal to an expres-
sion obtained by replacing [a(r + s)]"(¢” — 1) in (21) by
[1 — a(r + s)]%*. The joint probability density of I, and I; is
q(u; t)B'(t) where B'({) = dB(t)/dt. The probability density ¢(u) is
the integral of q(u; t)B’(t) taken from ¢ = 0 to t = <. Assuming B’(¢)
to be 0(e ) as t — o and choosing the paths of integration ¢ &£ 7w
so that 0 < 2¢ < e makes the integral of B’(¢) exp [t(s + r)] converge
and have the value 8(— s — r). Changing the variable of integration
from r to z = r + s and, for convenience in writing (22), taking «(s) to
be such that the path of integration for s may be shifted to —y &£ i
(this implies that A’ (t) is 0(e™) as t — o) gives finally

_ 1 \2 i o 7+i® 6(_2) dz
q(u) = (2?) f_,,_m dsea(s) f,,_,-w 0= a5 22

where « = 0 and 7 is an arbitrarily small positive number.
It may be shown that (22) reduces to a ¢ * for Poisson input, as it
should, and to

g(u) = b1 — ()" fow A (uw + v) dv (23)

for recurrent input and exponential service. Multiplying ¢(u) by
exp (—s'u), integrating u from 0 to «, closing the path of integration
for s on the right, and dropping the prime from s’ shows that the Laplace
transform of g(u) is

ave e—su = ave C-SZ‘ _ i fﬂ+iw 18(_2) [a(s) - 0((2):, de. (24)

C2m i 2 — s | 1 — al2)
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We also have

avee T — 1 fﬁiw Blr — 2) l:a(8> — a(z)] dz (25)

27t Jymie 2 — s 1 — a(z)

which may be regarded as a double Laplace transform. In (24) and (25)
the singularities of 3( —z) and B(r — z) are supposed to lie to the right
of the path of integration and the remaining singularities of the inte-
grands to the left.
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Single Server Systems — II. Busy Periods

By S. 0. RICE
(Manusecript received July 10, 1961)

This 1s the second of two papers dealing with single server systems.
Statistical problems assoctated with the busy periods, t.e., the periods during
which the server 1s continuously busy, are considered in the present paper.
The input and the service time distributions may be quite general, and the
length of the watting line ts unrestricted. Among the new resulls s an
asymptotic expression for the probability density of the lengths of the busy
pertods. This expression holds when the arrival rate s almost equal to the
service rate and when the busy periods tend to be long. It is hoped that the
methods used here will throw additional light on known results.

I. INTRODUCTION

This is the second of two papers dealing with single server systems.
In the first paper,’ two subjects were discussed, (¢) a method which
led to the average values of several quantities of interest and (#7) the
statistical behavior of a single server loss system. The present paper is
concerned with the busy periods (the periods during which the server is
continuously busy) in a single server system when no restrictions are
placed on the queue length.

The distribution of the busy period lengths has been studied by a
number of investigators, among them E. Borel? D. G. Kendall,® F.
Pollaczek,*® L. Takécs,”” and B. W. Connolly.*”

A closely related problem is that of the storage of water behind a dam.
An interesting survey of this subject has been given by J. Gani."” The
moving server problem treated by McMillan and Riordan'' and by Kar-
lin, Miller and Prabhu is also related to the busy period problem. Again,
for Poisson input, the distribution of the busy period lengths is related to
the distribution of the delays in “last come, first served” type of service
(see Riordan® and the references to earlier work given there).

The most general results are those due to Pollaczek. His work leads to
the joint distribution function of n,S8,y where n is the number of services

279
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comprising the busy period, S the length of the period, and y the length
of the following idle period.

The object of the present paper is to obtain, in another way, results
equivalent to those derived by Pollaczek. Integral equations similar to
Lindley’s™ equation for the waiting time distribution are first set up.
These equations are then solved by methods similar to the Wiener-Hopf
technique used by W. L. Smith" to solve Lindley’s equation. The aim of
the presentation is to illustrate the methods; the discussion is heuristic;
and no claims are made for completeness or rigor. On the other hand, it
is hoped that the different point of view will add something to the
understanding of the earlier results. '

In Section II a brief review of some of the earlier results is given. In
Section IIT the length of the busy period, as measured by the number n
of customers served, is considered. The results of Section III are gen-
eralized in Section IV to apply to the joint distribution of n, S, and ¥.
Special attention is paid to the distribution of S. The transient behavior
of the queue length is considered in Section V. Since the method used
here to study the busy times is closely related to Smith’s method of
dealing with waiting times, a review of the waiting time problem is
given in the Appendix. Some changes are made in Smith’s method in
order to make it fit in better with the busy problem.

Throughout the paper, except possibly for (2), the intervals between
arrivals are considered to be independent of each other and of the serv-
ice times (recurrent input). The service times are also taken to be inde-
pendent of each other and of the input.

As mentioned in the companion paper, I am indebted to John Riordan
for much help in the preparation of this paper. I am also indebted to V.
Benes and L. Takécs for helpful discussions and a number of references.

II. PRELIMINARY REMARKS

In this paper, A (¢) will denote the distribution function for the inter-
vals between successive arrivals, B(t) the service time distribution, and
A’(t),B’(t) the respective probability densities. The arrival rate is a,
the service rate is b, the average interval between arrivals is

al = f [1 — A(t)]dt
0
and the average service time is

b= fow [1 — B(®)]du.
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The Laplace-Stieltjes transforms defined by

wls) = f:eﬂ’dA(t)
» (1)
8(s) =f0 ¢ dB(1)

play an important role.

Some information on the average length of a busy period (chosen at
random from the universe of busy periods) may be obtained from the
general results of the companion paper.' Thus, from Table I of that
paper, when the service rate b exceeds the arrival rate a so that statisti-
cal equilibrium exists, the average length S of a busy period and the
average number 7 of customers served (during a busy period) are given
by

_ar 1 i = 1
" b—a bW(0)’ IRAON

Here the system capacity N is infinite, 7 is the average length of an idle
period, and W(0) is the chance that a customer is served immediately
upon arrival (zero waiting time). For Poisson input 7 is 1/a and

1 1 _a
—a’ n—l—p’ =% (3)

S (2)

S:

<

irrespective of the service time distribution. For inputs Other_ than
Poisson, one must know either 7 or W(0) in order to compute S from
(2).

For the sake of orientation we state the following known results.

i. Tor Poisson input, general service and ¢ < b, Kendall® has shown
that the transform

ve) = [ e aos) )

of the distribution function G(8) of the busy period lengths satisfies the
functional equation

v(2) = Blz + a — ay(2)]. (5)

Here B(s) is defined by (1). For Poisson input and exponential service,
this leads to the probability density

¢(8) = D _ sy nesva) et (o)
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where I;(z) denotes a Bessel function of the first kind for imaginary
argument,.

#. Suppose that we are given a busy period which has just begun.
Let f, be the chance that it will end after exactly n services. For Poisson
input, Takécs® has shown that the generating function

must satisfy the functional equation

f(z) = aBla — af(z)]. (8)
For exponential service this leads to

~(2n — 2)! "t

In = nl(n — 1)1 (1 + p)nt (9)
and for constant service time (Borel®) to
n—1 c—np
Jo = (pn) T (10)

When a < b, all busy periods end eventually and D7 f, = 1. When
a > b, the customers arrive faster than the server can handle them, and
sooner or later a busy period will start and never end. Given a busy
period which has just begun, the probability that it will never end is
1— > 7 f., where now D_; f. is less than 1. For Poisson input, expo-
nential service, and a@ > b, the probability that the busy period will not
endis1 — (b/a).

797. As mentioned in the Introduction, the results most closely related
to the work of the present paper are those due to Pollaczek.*® In particu-
lar he has shown the following. Given a busy period which has just
begun, let @,(y,S)dy dS be the chance that it will consist of exactly n
services, have a length between S and S + dS, and be followed by an
idle period whose length lies between y and y 4+ dy. Let

wlsz) = [ as [ e 6 (,9) (11)

where ¢” appears instead of ¢”® for later convenience. Then, for rather
general input and service distributions,

—~ n o 1 [ In[l — 28(z + $)al—¢)]ds|
n;lm va(82) = 1 — exp {2—7”]; s | (12)

where 0 £ 2 < 1, Re(s) < Re(¢) < 0 < Re(z), Re(z + ¢) > 0, and
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the path of integration for ¢ runs from —3w to 4z in the strip speci-
fied by the foregoing incqualities. In writing (11) and (12) it has been
convenient to change from Pollaczek’s notation to a notation resembling
that used by Smith.™

III. NUMBER SERVED IN A BUSY PERIOD

3.1 Derivation of Integral Equation

Consider the busy period to start with the arrival of customer num-
number 1 at time 0, and let the service time of the rth arrival be s, and
i, the interval between the arrivals of customers r and » 4 1. The busy
period consists of one service if s; < t, i.e., if w3 = 8 — & < 0. It con-
sists of two services if s, = tyand s; + 82 < & + &, ie., if u; = 0 and
ur + up < 0. In general, n demands (customers) are served in a busy
period if Uy, Uz, -+, U,y = 0 and U, < 0 where

Un=ul+u2+"'+un

Up = & — Lr.

(13)

Since the u,’s are independent random variables whose distributions
are known (indeed, ave exp(—su,) = B(s)a(—s)) one may, in prin-
ciple, find the joint distribution of U,, U., ---, U, . Then the proba-
bility f. that » demands are served may be obtained by integration over
the proper region in U, , --- , U, space. However, it is more convenient
to use an indirect method which depends upon the solution of an integral
equation similar to that for the waiting time distribution.

Let p1(V)dV be the probability that V < U, < V 4 dV, and p,(V)dV
the probability that Uy, ---, U,y =2 0and V < U, < V + dV, where
V may be either positive or negative. Then

n(V) = (V)
® 14
pen(V) = [ p)C(V — ) o (14)

where C'(t) = dC(t¢)/dt is the probability density of w, = s, — ¢,.
Equations (14) lead to

J(@V) =20 (V) + fow J(@p)C'(V — v) dv (15)

J@V) = X a"pa(V) (16)
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where the series and the integral are assumed to converge for0 < 2 £ 1.
Equation (15) is the integral equation which must be solved to obtain
J(z,V).

The integral of p,(V) from V = — e« to 0 gives the probability f, that
n demands are served and hence

0

0

J(x) = 25 2 = f J(x,V) dV. (17)
n=1 —c0

When a < b, we expect all busy periods to end. Therefore

]

0
Sh=1=[ J0,7)av. (18)
1 —o0

On the other hand, when the arrival rate a exceeds the service rate b
we expect the queue length to increase with time, on the average. At
the beginning of operations there may be a few busy periods, but even-
tually a busy period starts which does not end. This state of affairs is
indicated by the fact that D1 f, is less than 1 when a > b. Thus, given
a busy period which is just beginning, the probability that it will never
end is

o«

0
DA f J(LV) av. (19)

The length of the idle period following a busy period of length n
(services) is — U, . The chance that a busy period will be of length n
and will be followed by an idle period whose length lies between y and
y -+ dy is p.(—y)dy. This is true for all values of a/b. When a < b, the
chance that the length of an idle period picked at random from the
universe of idle periods lies between y and y + dy is

i;pn(—y)dy = J(1,—y)dy. (20)

3.2 Solutton of Integral Equation

The procedure used in the Appendix to solve Lindley’s integral equa-
tion (95) suggests writing J(z,V) as the sum of J_(z,V) and J (x,V)
where J_is O for V' = 0 and J, is 0 for V < 0.Multiplying (15) by
exp( —sV) and integrating with respect to V from — « to + « gives

P_(2,8) + Pi(2,8) = 2B(s)a(—=s)[1 + P4 (x,5)] (21)

where Re(s) is confined to some suitable range and @, is the Laplace
transform of J, and @_ is similarly related to J_ [ef. (97)].
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Assume functions ¥, (z,s), ¥_(x,s) and positive numbers D, D,
(which may depend on ) may be found such that

Ty (w,s) .
where
(2) ¥4(z,s) is analytic in s and free from zeros in Re(s) > D; = 0,
(i2) ¥_(x,s) is analytic and free from zeros in Re(s) < D; with D; >
Dy when0 <2 < 1and
(7i1)
T, (2,s) —s as |s|—> e« in Re(s) > D
V_(z,8) > —s as |s|— « in Re(s) < D,

It is seen that ¥, (xz,s) and ¥_(z,s) reduce to ¥.(s) and ¢¥_(s) of the
Appendix when 2 = 1.
When zB8(s)a(—s) is eliminated from (21) and (22) one obtains

¢V — V¥ — s = q)+‘1’+ + ‘I’+ — 8 (23)

where s has been subtracted from both sides in order to keep them finite
at infinity. Considerations of analytic continuation and the analogy
with (101) suggest that both sides are equal to some quantity K(z)
independent of s. When this turns out to be the case

[K(x) — ¥y(x,8) + s
‘I’+(£II,S) )

Suppose for the moment that b > a. To determine K(z) note (1)
that ®.(x,s) is analytic in Re(s) = 0, and (2) that ¥, (2,s) has a zero
at s = sy = so(x) where sp = 0 whenz = lands, ~ (1 — 2)/(a”" —
b') when z is near 1. Also note that s, is positive when b > a and z is
slightly less than 1. Statement (1) is true since ®.4(z,s) is the Laplace
transform of J4(z,V) and the integral

lI>+(9:,s) =

f Jo(z,V) dV = aPr(Uy = 0) + 2" Pr(Uy, Us = 0)
0

+ o<l =)t

converges. Statement (2) follows from relation (22) and the fact that
the expansion of z8(s)a(—s) — 1 in powers of s shows that it is zero
at s = s . Hence either ¥ (x,8) is zero or ¥_(z,s) is infinite. The second
possibility is ruled out if 1 — =z is small enough to make s, < D, since
¥_(z,s) is analytic in Re(s) < D,. Thus K(z) must be taken to be
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—sp in order to keep ®.(x,s) from having a pole in the region Re(s) =
Oats = s.
Equating the left-hand side of (23) to —s; and solving for ®_ gives

R _ _ s — 8
f_ @V dY = Bae) = 14 5 (24)
ct-io
J_(z,V) = = f ¢ ®_(x,5) ds (25)

c—i%

where ¢ is chosen so that the path of integration in the s-plane passes
to the left of the singularities of ®_(x,s). Comparison of (24) and (17)
leads to

np I (I — a)s
n2=1:cf,,—<l>_(x,0)—1 W_)_I-FW' (26)

In this result, ¥_(x,s) and ¥ («,s) are obtained from (22); and sy, a
function of z, is that zero of x8(s)a(—s) — 1 which approaches s = 0
as £ — 1. In the foregoing definition of sy, b is supposed to exceed a.
When @ and b are in any ratio, the statement is amended to read, “s =
8o 1s the one and only zero of ¥ (z,s) in Re s > O when 0 £ 2z < 1.7
When a £ b, sp tends to 0 as x — 1, and when a > b, s, tends to a posi-
tive number as * — 1. These statements about s, are made on the
strength of the examples given below in Section 3.3 and hence cannot
be regarded as proved in general.

When a < b, (26) gives ®_(1,0) = 1 in agreement with (18). When
a > b, s is not zero for x = 1, ®_(1,0) is less than 1, and (19) shows
that the probability that a busy period will not end is

1 — &_(10) = iﬁ (a > b) (27)

The relations corresponding to (24) and (25) for J.(v,V) are

[ e re vy av = au(as) = =1 + 2= (28)
0 \I/+( Z,8 )
1 cti0
Jiu(z,V) = 5 ¢ ®, (x,8) ds (29)
'Tr c—1i%0

where ¢ is chosen so that the path of integration passes to the right of
the singularities of ®,(x,s).
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3.3 Lzamples

The special cases used as examples in the Appendix to illustrate the
waiting time distribution will be used here for the busy period length.
It has been pointed out earlier that ¥, (x,s) reduces to y.(s) for x = 1.

Example a. Potsson Input, Exponential Service. Equation (22) to de-
termine the ¥’s becomes

Vi(zx,s)  zab — (a — s)(b + s)

V_(z5) <:t = s)(b+s) (30)
s+ (b—a)s— (1—x)ab=(s—80)(s—sl)
- (a — s)(b + s) (@ —s)(b+s)
where
Zj} -5 b+ 3/ T a)F = dabr. (31)

As x runs from 0 to 1 the roots sp and s; move along the real axis in
the s-plane as shown in Fig. 1.
The conditions for (22) lead us to take, as in (109),

(s — s)(s — &1)

(s +0b)

with D; = s;and D, = a. Expressions (26) give the generating function
for the probability f,. that, given a busy period which has just begun,
it will consist of exactly n services. Setting s = 0 in (32) to obtain
V_(x,0) leads to

¥, (2,8) = , V_(z,8) =a—s (32)

S R . N B
2 @' =1 ey - T
(33)
a+b_1

54 % V(b + a)? — 4abz.

The coefficient of 2" in the power series expansion of the last expression

S—-PLANE

Fig. 1 — Ranges for s and s; as « runs from 0 to 1.
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gives the value (9) for f,. When 2 = 1, the sum > ¥ fais equal to 1

when a < b and to b/a when a > b. Thus, from (19) or (27) the proba-

bility that the busy period will not end is 1 — (b/a), with b < a.
Inserting the expression

(I)_(LL',S) =1+ §_—_80 = (i_—_So (34)
a — S a — S

obtained from (24) in the integral (25), and evaluating the integral
by closing the path of integration on the right when V' < 0, shows that

(a — so)e™” (V<0
(Vzo)

From (20), the probability density for the lengths of the idle periods
when a < b is

J_(z,V) = (35)

J_(1,—y) =ae ™

as expected for Poisson arrivals. When a > b, the idle period probability
density is still given by the expression on the right, but now J_(1,—y)
has to be divided by the normalizing factor 1 — (s/a) in which z = 1,
i.e., by b/a, the probability that the busy period will end.

Although &, (z,s), J.(x,V) are not needed to calculate the probabili-
ties given above, their values as obtained from (28) and (29) will be
stated for the sake of completeness

q)+($,8) = i) _l— ::i
b v V=0
T.(@V) = ( + s1)e (Vz )

(V <0)

Note that b 4- 81 = @ — 8.
Example b. Poisson Input, General Service (Takécs®). In this case,
(22) and the related conditions are satisfied by the analogue of (110)

V. (x,8) = s — a + axB(s), v_(x,8) =a — s (36)
with D; = sy and D, = . With the help of Rouche’s theorem it may be
shown that ¥, (z,s) has only one zero, s = s, in Re s > 0 when 0 <
x < 1. Furthermore, since ¥, (,0) is negative and ¥, (x,a) is nonnega-
tive, 0 < s; = a. Equations (24) and (25) show that ®_(z,s) and

J_(z,V) are given by (34) and (35), just as for Poisson input and ex-
ponential service, and we still have

Zfﬁ=1—?. (37)
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However, s, no longer has the simple form (31), but it still tends to 0
if @ £ b and to a positive number if a > basxz — 1.

When Lagrange’s expansion theorem is applied to 1 — (so/a) it is
found that (see Pollaczek,’ p. 102, Eq. (8.37))
_ (__a)n—l [dn—l n:,
Jn= ol | g {B(s)} — (38)

which gives (9) and (10) as special cases. It should be recalled that from
(3) the average number served in a busy period, for Poisson input and
a>bisn = 1/(1 — p).

Example c. Recurrent Input, Exponential Service. When one takes the
steps leading to (111) (which pertains to the waiting time distribution
for this case) as a guide, he is led to

(s — s)(s — &) (s — s0)(s — s1)

\I’+(CC,S) = b + S 3 ‘I/__(.”C,S) = QJbOL(—S) S — (39)
where s; is the only zero of
h(s) = s + b — zba(—s) V<<l (40)

which lies in Re(s) > 0 and sqis the left-most zero of A(s) in Re(s) > 0
when z is close to 1. The existence of s; may be established with the help
of Rouche’s theorem. Then 2(0) = (1 — 2)b > Oand A(—b) = —za(b)
> 0 show that —b > s > 0. To make the existence of s plausible,
consider the case when a is nearly equal to b and 2 is close to 1. When s
is small, the series (114) for a(—s) gives

wbass’
2

his) = (1 — 2)b + s(1 — aba™) — + - (41)

[t is seen that A(s) has a double zero at s = 0 whenx = 1 and a = b.
When 2 = 1 — ¢, with e small and positive, and 1 — ba™' = 7 is small,
the double zero splits into two simple zeros given approximately by

bass’
0= —eb — sn+ 5

The two roots of this equation are small, real, and of opposite sign. The
positive root corresponds to s, and the negative one to s; .
From (26)

ix"f"=1+(1—x)s°=1+(l_x)b

1 ‘I’+(CC,O) S1 (42)
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and Lagrange’s expansion theorem gives (see Pollaczek,” p. 103, Eq.
(8.42))

fa=Ca—¢ (0=1)

L e IR (43)

When a < b, the average number served in a busy period may be ob-
tained either by differentiating (42) and setting = 1, or using the value
of W(0) obtained just below (111). Both methods give

Example d. Erlangian Input, Erlangian Service. Let f(s) denote the
same polynomial in s as in Example d of the Appendix. Then

xB(s)a(—s) — 1 = x(l + b_sk>_k (1 - (%>_l — 1= ”i}—(SJ;ﬁ

When z = 0 the polynomial & — f(s) has a zero of order & at s = —bk
and a zero of order ! at s = al. Now let 0 < & < 1. From Rouche’s
theorem and the fact that | f(s) | > « on the imaginary s axis, it may
be shown that 2 — f(s) has & zeros in Re(s) < 0 and [ zeros in Re(s)
> 0. Denote the zeros in Re(s) < 0 by s1, -, s, the left-most zero
(when z is close to 1) in Re(s) > 0 by s, and the remaining zeros in
Re(s) > Oby Sky1, - -* , Seqr1 - Then (22) takes the form
x — f(s) (s —s0)(s — 1) -+ (8 — spq11) Y, (2,8)

O (s — al)(s & bk)F =¥ (nsy )

and the conditions on the ¥’s are satisfied by

(s — s0)(s — &) «-+ (s — &)

Vy(zs) = k
(sf( + bk)l)l (46)
S —a
V_(z8) = — (s — se31) - (8 — Spri1) |

From (26) the generating function for the number served in a busy
period is
anfn i 1 — (al)—l303k+18k+2 s Spple1 = 1 — u{ﬂ.
1 81 ... S]C

where s5, 81, « -+, Sk+1 are functions of 2.
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IV. DURATION OF BUSY PERIOD

The distribution of the busy period lengths for recurrent input and
general service may be obtained by an extension of the foregoing analy-
sis. A number of the steps will be omitted here because of the similarity
with the work of Section III. For the sake of simplicity, throughout this
section it will be assumed that a < b and hence that all busy periods
eventually end.

4.1 Derivation of Integral Equation

Let p.(V,S)dV dS be the probability that Uy, -+, Upu1 2 0, V <
U, <V +dVand S < 8, < S + dS where U, is defined by (13)
and S, is the sum s;+ s; + - -+ + s, of the first n service times. It may
be shown that p,(V,S) is zero for V> S and

n(V,8) = B'(8)A'(S — V)
prar(VS) = fo do fo dopu(0,0)B'(S — )VA'(S = V — o + ).

These may be combined to give the integral equation

J(@,V,8) = aB (8)A'(S — V)

S 4 7
-I—xfo dafo dvJ (zp,e)B' (S — 6)A'"(S — V — ¢ + v) (40

where
J(@,V,8) = 2_ a"p.(V,8). (48)
n=1

The probability that a busy period will consist of exactly n services,
have a length between S and S -+ d5S, and be followed by an idle period
of length between y and y + dy is

Pa(=u,8)dS dy = G,/ (y,8)dS dy (49)

where G,/(y,8) is the density function introduced in Section II. The
probability that a busy period will consist of exactly n services and
have a length between S and S + dS is dS times

@) = [ V.8 av. (50)
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Summing with respect to n shows that the probability of a busy period
length between S and S + dS is dS times

G(8) = f_o J(,V,8) dV. (51)

Tfurthermore, the probability the busy period consists of exactly n serv-
ices is

fo = fow ds f_: pa(V,8) dV.

4.2 Solution of Integral Equations

Multiplying (47) by exp[—2zS — sV], and integrating V from —
to S and S from 0 to « gives

(I)_d(.’U,S,Z) + <I>+(x,s,z) = $ﬁ(8 + Z)a(—'S)[l + @4,(2?,8,2)]

0 S .
— 7 —2z8—sV
B (152) fo is fo VTGS
© 0
b_(2,52) = f as f AV eI (,V,9).
0 '— o0
I'rom the last equation
0 1 e+t s
[ evi@ys) av = o [ w52 a2 (53)

where ¢ is such that the singularities of the integrand lie to the left of
the path of integration.
Assume the factorization

~ W(wse)

T W_(z,82) (54)

xB(s + 2)a(—s) — 1
where the ¥ functions satisfy conditions (), (#2), (¢47) set forth in con-
nection with (22), z being regarded as an imaginary constant (or is at
least on the path of integration Re(z) = ¢ in (53)). When z = 0,
¥, (2,5,2) reduces to the ¥ (x,s) of (22) and when z = 0 and © = 1,
to the ¥, (s) of (99). The analogue of (24) turns out to be

s — so(,2)

q>_(x,8,z) =1 + m

(55)
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where s = s(a,2) is that root of
2B(s + 2)a(—s) — 1 =0 (56)
which tends to s = 0 asz — 1 and z — 0.

The various probabilities of interest may be computed, at least in
theory, from ®_(z,s,2). The relations are indicated in Table I. The
Laplace transforms v, (s,2), v.(2), v(z) are the same as those introduced
in Section II.

Trom (55) and the last two entries in the table it follows that the
Laplace transforms of ) 2"@,’(S) and G/(S) are respectively

so(ze) 1+ 1 — 28(2)]so(x,2)

N & w07
_ 1 so(lg) 1 — B(2)]so(1,2)
'y(Z) = @_(1,0,2) =1 ‘IT,O,Z) =1+ W . (58)

Furthermore, the generating function (26) for f, may also be written
as ®_(2,0,0).
4.3 Examples

The special cases used earlier will again serve as examples. The results
of Examples b and ¢ are equivalent to results given by Pollaczek.

TaBLe I
Probability Function Laplace Transform
G (y,8) = pu(—y,8) va(8,2) = Expression (11)
© 0
- f a8 f AV 57 p,(V,8)
0 —o0
Z ann'(y:S) = J(xy—y)s) Z x"’Yn(S:z) = fI)_(:L‘,S,Z)
1 1
G./(9) [ eesaits) as = 1,02 = e
0
©® ] n
> G/ (S) = f J(,V,8) dV > 2rya(2) = o_(20,2)
1 o 1
0 o0
G'(8S) = f J(1,V,8) dV f e~8G'(S) dS = v(2) = & (1,0,2)
. . 0
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Example a. Poisson Input, Exponential Service. In this case (54) be-
comes

Vi(zs2) 8 +s(z+b—a) —alz+ b — xb)

V_(z,52) (s+ b+ 2)(a—s) (59)
__(s=s)(s—s1)
(s+b+2)(a —s)
where s; = s;(z,z) is given by
—p—
:} == é VO + a + 2)? — dzab. (60)

When z is fixed and z runs from —7w to 4+iw, sy traverses an oval-
shaped path in the s-plane. The oval lies in Re(s) = 0, it starts and
ends at s = a (corresponding to z = i), and when z = 0 it crosses
the real s-axis between s = 0 and s = ¢ as indicated by TFig. 1, case
a < b. At the same time, s, traverses a path roughly parallel to the
imaginary axis. The path lies in the region Re(s) < 0, is asymptotic to

the line Re(s) = —b at z = i, and crosses the real s-axis between
s= —band s = a — b. As x — 0, the oval shrinks to the point s = a
and the path of s; tends to the straight line Re(s) = —b.

This behavior of s, and s; and the similarity with (32) lead us to take

(S—So)(S— 81)
s+b+z ’

Y, (z,52) = V_(z,s82) =a —s  (61)

From (57)

so(zz) 1
a2

d_(z02) =1— b+a+z—(b+a-+2)?—4zabl. (62)

Inverting this Laplace transform (see, for instance, Pair 556.1, Camp-
bell and Foster'®) gives (Takécs®)

6 (8) = S 1/ 2 31, (S Frah) (63)
1

where I;(2) is a Bessel function of the first kind for imaginary argument.
Putting = 1 in (63) gives Kendall’s’ expression (6) for &'(S).

Example b. Poisson Input, General Service (Prabhu'’). In analogy
with (36)

Vi(z,s2) =8 — a -+ zaB(s + 2), V_(z,82) = a. — s (64)
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and (57) gives

d_(2,02) = 1 — a 'so(,2) (65)
where s = s(z,z) is that root of
s—a-+aaB(s+2) =0 (66)

which tends to zero as @ — 1 and z — 0. Rouche’s theorem may be used
to show that if 0 < = < 1 and Re z = 0, then (66) has one and only
one root (namely, ss(z,2)) in Re(z + s) > 0.

When s in (66) is replaced by se(z,2) = ¢ — ad. (from (65) with
®_. = &_(2,0,2)) one obtains

~ = a28(z + a — ad_). (67)
This is a functional equation satisfied by the generating function
= 2 a"u(2). (68)

Setting = 1 gives Kendall’s equation (5)°

v(2) = B(z + a — ay(z))

for the Laplace transform of G'(S).
Ezxample ¢. Recurrent Input, Exponential Service (Connolly,® Takqes ).
The analogue of (39) is

(s — s0)(s — s1)

\Il+(x,s,z) = s+ btz )
( )( ) (69)
_ § — )\ — &
V- (22) = xba(—s) —s—b—z
where s = s is the only root of
zba(—s) —s—b—2=0 (70)
which has a negative real part when Re(z) = 0and 0 < 2 < 1, and
s = & is the root which tends to s = 0 whenz — 0 and 2 — 1.
Equations (57) and (58) give
CI)_(x,O’z) =1 -I- ZL_(I___:B)_Z.)
si(x,2)
(71)
P
y(2) = 1+ ew)

which may be used in Table I. The coefficients of —z and 2°/2 in the
power series expansion of y(z) give the first and second moments of the
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distribution of the busy period length S. With the help of (70) it is
found that

IS 1
S10

variance S _ [1 - ba,(—sl())]
[SI? 1 + b/ (—s10)

where sy denotes s,(1,2) for z = 0 and o'(s) = do'(s)/ds. This value
of Sis equal to 1/bW(0) where W(0) may be obtained from Example ¢
in the Appendix.

Example d. Erlangian Input, Erlangian Service (special case of Con-
nolly”). In this case the value of ¥_(x,s,2) is given by the ¥_(z,s) of
(46) where now sy, -+, 8411 are the roots of

s\ s+ 2\
o= (1-3) (14 55) -0

Replacing (s + bk) by (s + 2z 4+ bk) in the denominator of expression
(46) for ¥ (w,s) give ¥ (x,82). As x — 0, the k zeros s, -+, s
cluster around s = —z — bk while thel zeros sy, S41, * * + , Sk11 cluster
around s = al.

Example e. Arrival Rate Almost as Large as Service Rate. For this case
some of the busy periods tend to be long. An idea of the behavior of the
probability density G'(S) for large S may be obtained by the following
heuristic procedure.

Inverting the first of expressions (58) for the Laplace transform v(z),
taking S > 0, and deforming the path of integration gives

(72)

’ 1 f 28 80(1 Z) :I
= 1 — 202/
@GS =5z ).c [ (1,07 ] (73)
where C is a large loop starting and ending at 2z = — « and enclosing

the singularities of the integrand. The right-most of these singularities
determine the form of G/(S) when 8 is large. For the special case of
Poisson input and exponential service, (62) with z = 1 shows that the
singularities of the integrand are branch points at z = — (/b — Va)*
and —(v/b + 4/a)". Since the right-most branch point approaches
z = 0 as a — b, we assume that the principal contribution to G’(S) in
(73) comes from the region around z = 0 when S is large. This rules
out the case of constant service time. For constant service time, the
busy period lengths are multiples of b, and G’(S) is given by D f.5
(S — nb™") where 8(t) is the unit impulse function. A special case is
illustrated below by (76).



SINGLE SERVER SYSTEMS — II 297

When 2 = 1 and z — 0, s(1,2) tends to zero. To determine s,(1,z)
when @ is nearly equal to b, consider the expression obtained from the
first few terms of the power series (114). As in Example e in the Ap-
pendix

B(s+ 2)a(—s) — 1~ —biz + (a1 — bi)s + 276" (vs + vs)  (74)

where a; = @', by = b and v, , v denote variances. All three terms in
(74) are assumed to be of the same order of magnitude. Taking v, + vs
to be 0(b7%), it follows that s is 0(b(1 — p)) and z is 0(b(1 — p)*)
where p = a/band (1 — p) K 1.

The expression on the right side of (74) vanishes for two values of s.
The value which approaches s = Qasz —0is

(ar — b)) + V/(as — b1)? + 201(vs + v5)2
va + vs )

When this is substituted in (73), only the radical contributes to the
value of the integral. Upon replacing ¥_(1,0,z) by ¥_(1,0,0) and using

oy [ VAT B e = =L sy B
21t Je 2

™ )

so(lz) = —

v_(1,00) = ¢_(0) = (a7 — 7H)TW(0)

where W(0) is the probability that a customer does not have to wait,

it is found that
fan o ST (D gy

Here S is supposed to be large, 1 — p < 1, and

(e — by)* _ (1 = p)* =l—p
2b1(va + vs)  2ap(vs + vs) 4pw

where @ is the approximate average waiting time —1/s; given by (113).
From (2) it is seen that 1/bW(0) may be replaced by S, the average
length of a busy period.

For Poisson input and arbitrary service W(0) = 1 — p and for recur-
rent input and exponential service W(0) is —s:1/b where s, is the negative
root of s + b — ba(—s) = 0. However, as Example e in the Appendix
shows, there appears to be no simple expression for W(0) in the general
case as @ — b.

It is interesting to note that for Poisson input and constant service
time (10) gives

G'(8) = i;&(S — b ™) (pn)" e " /nl (76)

D:
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where §(t) is a unit impulse. Since the right-hand side of (75) is a con-
tinuous function of S, it cannot hold in this case. However, formal cal-
culation of (75) gives

G'(S) =~ 8 ~2(2nb)he U2, (77)

By using n! ~ 4/2rn n"¢ " and p & 1 it may be shown that (77) be-
comes a smoothed version of (76) when &8 is replaced by nb™". A better
approximation to (76) may be obtained by noting that the Laplace
transform y(z) of (76) is of the form > f, exp(—znb™"). Hence v(z)
is a periodic function of z with period 27b, and contributions to (73)
may be expected not only from the region around z = 0 but also from
regions near z = #2xkb where k = ---, —1,0, 1, 2, --- . It may be
shown that the sum of these contributions does indeed approximate
(76) when n is large and p =~ 1.

The approximation (75) holds for large values of S. One may obtain
an idea of the behavior of G'(S) for small values of S by noting that
now the busy period contains only a small number of services. In particu-
lar, the assumption that the very short busy periods consist of a single
service leads to the approximation @' (8) = Gy (8) = B'(8S)[1 — A(S)].
Higher-order approximations may be obtained by computing p:(V,S),
p2(V,S), - -+ step by step and using (50). The first step gives the result
cited, namely

G/ (S) = f_: B (S)A'(S — V) dV = B(S)[1 — AS)]. (78)

V. GROWTH OF QUEUE

In Section III the functions ¥, (x,s) were introduced to obtain the
chance f, that a busy period will consist of n services. It is interesting
to note that these functions may also be used to determine W,(¢), the
waiting time distribution for the rth customer. Only a sketch of the
procedure is given here. More complete information on W,(t) is given
by Pollaczek,’ Spitzer,”® and Lindley."”

5.1 Solution of Integral Equation

Upon setting

Lial) = 3 Wit (79)



SINGLE SERVER SYSTEMS — II 299
so that L, (z,t) = Ofort < 0, it is found from (94) that
Ly(a) = Wot) + f Lzt — 1) dC(r). (80)

This holds only for ¢ = 0. To solve the integral equation, let L_(z,t)
denote the value of the right-hand side for ¢ < 0 and set L_(z,t) = 0
for ¢ = 0. It is found that

o-(2,8) + o4(a,s) = 5 + wei(2,5)B(s)a(—3) (81)

where ¢, is the Laplace transform of L. and ¢_ is similarly related to
L_ (cf. (97)). Equation (81) is similar to (21). When the functions
T, (x,s) appearing in (22) are introduced, the analogue of (23) turns

out to be
o (2,8)W_(2,8) — s V_(x,5) + s¥_(2,0) (82)
= ¢+($,S)\I’+(.’1),8) + S_I\II_(x,O)

where s™W_(2,0) is added to both sides in order to cancel the pole of
s W_(x,8) at s = 0. Setting both sides of (82) equal to a quantity K(x)
independent of s leads to

[s — so(2)W_(2,0)
s (,8)s0()

¢+(x7s) =

where s = s() is the one and only zero of ¥ (x,s) in Re(s) > 0.
Inversion gives the required result:

oy = @0 L = sl

0 so(x) 2—71-1 e—ico S‘I’+(x,s) ds (e>0). (83)

5.2 Poisson Input and Exponential Service

For the special case of Poisson input and exponential service, the val-
ues of ¥ (x,s) are given by (32). Insertion in (83) gives

0 . _ 1 fe+z'oo a(s+b)est

—{00 808(8 — 81)

1 (a + b)e™ — (84
_ _la e _ — Y
T2 (1 =2) (1 — V1 = cx)e
where ¢ > 0,¢ > 0 and
c 4ab . = b + a) ' (85)

Nk 2
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Upon using

1 e (ex)™(2n — )Wk + 1)25"
U= Vi=—)™ =2 = =&

— 1 (ex)™ 50
(1 — V1 — e)explr—rV1 — ¢z} = 5 ;0( jgf i P(n,r)
it is found that
B ae—bt r—1 c"P(n,T)
O =1 = & D (87)

where P(n,r) is the polynomial
= (2n = Bk A+ 1)(20)"
P(n;r) = ’; Fl(n = k)1 (88)
= (27‘)"7L2 ! _7[(1 + 1) Kpy(7) — 7K,3()]

and K denotes a Bessel function of the second kind for imaginary argu-
ment.” It may be shown that P(n,r) is 0(4"n!//n) asn — « with =
finite.

Setting = 1 in (86) and using the result to transform (87) leads to

Wot) =1 —pe @ L ae™F(t) (a=ZDh)
Wo(t) =0+ aeF.(t) (a = D)

where

1 ¢"P(n,r)
F(t)-’(a‘l‘b) nz—r(+—)'4"
The value of F,(t) is unchanged when the values of a and b are inter-
changed.

When a = b = 1, differentiation of the generating function (84) leads
to expressions for the probability density W,'({), r > 0:
, - (20\!
W/ - L (—) [Koas() — Koy(0)]
ri\m
5 (2r—n—1)1020)"
20190 rinl(r — m — 1)!

_2 wcostudul: 1 __t:l
Crd (@A) L 4+1 2]

(89)
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5.3 Queue Behavior as r — o

Return now to the case of recurrent input and general service, When
r becomes large W,(t) approaches the limit W(¢) discussed in the Ap-
pendix if @ < b. Questions related to this approach have been studied
by Lindley, Pollaczek, Spitzer and others.

When a > b, the customers arrive faster than the server can handle
them and the waiting line tends to grow steadily. An idea of the behav-
ior of W,(¢) in this case may be obtained by using the notation of the
Appendix. The rth customer arrives at time 7, = &, + & + -+ + £,
and his service begins at S, + I, where S, = s + st + -+ + s,
and 7, is the total amount of time the server is idle in the interval (0,7’,).
The waiting time of the rth customer is w, = S, + I, — T, . Since the
‘server may be expected to be continuously busy after a few initial idle
periods, we expect I, to approach some constant value as r — . Thus,
I, becomes small in comparison with S, — T, = o+ w + -+ + u,_1.
Upon making the approximation w, =~ S, — 7, and using the central
limit theorem, it is found that, fora > band r > 1

ey _ AWL() 1 (=)’
W, (t) = pr NG\/% exp[ —%Zv] (90)

Here u = b" — a " is the average value of u, = s, — t, and ¢° = vy +
v, 1s its variance, vz and v, being the respective variances of s, and ¢, .

When a = b, the approximation (90) no longer holds. However,
Pollaczek® has shown that, at least for Poisson input, in place of (90)
we have

2

S 2 £
W, (1) ~ o/2m exp I:—ﬁ] (t>0). (91)

This agrees with the asymptotic form of the integral in (89).
APPENDIX

Waiting Time Distribution™

In Sections IIT and IV the busy period problem has been investigated
by a method similar to the Wicner-Hopf technique used by Smith* to
deal with the waiting time distribution. The application of the method
to waiting time problems is reviewed in this Appendix. Smith’s approach
has been changed slightly in order to make it fit in better with the busy
period problem.

* Here the “‘waiting time’’ of a customer is the interval between his arrival and
the instant his service begins.
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A.1 Derivation of Integral Equation

The basic integral equation is due to Lindley.” Suppose the single
server system (with unrestricted queue length, recurrent input, and
general service) starts operations when the Oth customer arrives at time
0. IFollowing Lindley, write w, for the waiting time of the rth customer,
s, for his service time, and ¢, for the interval between the arrivals of
customers 7 and r 4+ 1. The rth customer stays in the system for an
interval of length w, 4+ s,, and the (r + 1)th customer arrives ¢, units
of time after this interval begins. If w, + s, < ¢, the (r + 1)th cus-
tomer does not have to wait and w, 1 is zero. When w, + s, > ¢, , the

(r 4+ 1)th customer has to wait w, 4+ s, — ¢, units of time. Thus
Wy = 0 (w, + s =)
(92)
Wepr = Wr + & — & (w, + s > t,).

It is assumed that the s, are independent random variables with the
common distribution function B(#), and also that the ¢, are independent
(of each other and of the s.) with common distribution function A4 (t).
The rule for combining probability distributions shows that the distri-
bution function C(¢) of the variable u, = s, — ¢, is given by

ct) = f: Bl + 1) dA(r). (93)

Since w, and u, are independent random variables, it follows upon re-
writing (92) as

Wy = 0 (wr +u £0)

Wry1 = Wr + Uy (wr + Ur > 0)

that the distribution function for w,; is
t
W) = [ Wit—mac)  @zo). (99

By starting with Wo(¢) = 1 for ¢ = 0, which states that the Oth cus-
tomer is served immediately, one may compute Wi(t), Wa(t), -+, in
succession from (94). When the service rate b exceeds the arrival rate
a, i.e., when p = a/b < 1, W,(t) tends to W(¢) as r — « where W(¢)
satisfies Lindley’s integral equation

W) = [; W(t — r)dC(r) (tz0). (95)

W (i) is the distribution function for the waiting time when statistical



SINGLE SERVER SYSTEMS — II 303

equilibrium prevails. Note that (95) holds only for nonnegative {. When
¢ is negative, W (¢) is zero but the integral on the right does not vanish.

A.2 Solution of Integral Equation

Let W_(t) be the value of the integral for { < 0 and take W_(t) = 0
fort = 0. Since W (¢ — ) is zero for r > ¢, (95) may be written as

W_(t) + W(t) = f_: W(t — 7)C'(+) dr (96)

which holds for all real values of . The derivative C'(7) = dC(7)/dr
is the probability density of the random variable u, = s, — ¢, .

Multiply both sides of (96) by exp(—st), where 0 < Re(s) < D
with D such that the following integrals converge. The existence of D
is ensured by assumptions made below. Integrate from ¢ = — to
t = « and introduce the transforms

ei(s) = [o e W (t) dt = f» e W () dt

o_(s)

f_ T W) di = [ RO

fw e*'C' (1) dr = ave exp [—ss, + st.] = B(s)a(—s)

where B(s) and «(s) are the respective Laplace-Stieltjes transforms of
the service and interarrival distribution functions B(¢) and A (t). This
carries (96) into

2—(8) + o4(s) = ¢4 (8)B(s)al—s)
e (s) = ei(s)B(s)a(—s) — 1].

Since W(t) and B(¢) are distribution functions, both ¢, (s) and B(s)
are analytic in the region Re(s) > 0. To ensure convergence of the inte-
grals in (97) involving W_(¢) and C’(7), assume that the probability
density A'(¢t) = dA(t)/dt exists and is Olexp(—Dt)] as ¢ — «, where
D is positive but may be arbitrarily small. It may then be shown from
(93) that C(t) is Olexp(Dt)] as t — — « and, using this in (95), that
W_(t) is also O[exp(Dt)] as ¢ — — . It follows that both ¢_(s) and
a(—s) = ave exp(st,) are analytic in the region Re(s) < D.

Now suppose that functions ¢, (s) and ¢_(s) may be found such that

(98)

ls)a(=s) = 1 = 02 (99)
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where (2) ¢,.(s) is analytic and free from zeros in the half-plane Re(s) >
0, and (27) ¥_(s) is analytic and free from zeros in Re(s) < D. Although
these functions may be expressed as integrals when suitable conditions
are satisfied (see, for example, Smith™) their expression in tractable
form is usually the most difficult step in obtaining W(¢). Tor future
convenience assume that ¥ ,(s) and ¢_(s) may be chosen so that

vi(s) =s as |s|— w in Re(s) >0
. (100)
Y_(s) > —s as |s|— « in Re(s) < D.
The difference in sign is required by the fact that the left-hand side of
(99) tends to —1 as s — 7o (unless both A(¢) and B({) have dis-
continuous jumps, a case we shall rule out).
When the resolution (99) is possible, (98) becomes

e (s)¥-(s) = e+(s)¥4(s), 0 < Re(s) < D.  (101)

The right-hand side is analytic for Re(s) > 0 and the left hand for Re(s)
< D. Equality in the strip implies that each is the analytic continuation
of a function which has no singularities in the finite part of the s-plane.
It turns out that when conditions (100) are satisfied, this function may
be taken to be a constant K. Indeed, conditions (100) were imposed to
make this so. Then the Laplace transform of W(¢) is

K
¢+(s) = 7:0s) (102)

which is analytic in Re(s) > 0 by virtue of the requirements on ¥ ,.(s).
Sinece

0

lim sp,(s) = lim [ ¢**dW(t) =1

s=>0 §->0 v—0

it, follows that ¥, (0) is 0 and K is given by

K = lim ‘”8(8) = [dw(s)l:o = ¢, (0). (103)

s>0 ds

The constant K is also equal to W(0), the probability that a customer

will not have to wait for service. One way to see this is to note that from
(102) and (100)

K = ¢, (s)¢Y,(s) = lim ¢,(s)s = lim s/ e W) di
8> 0

8§—>00

. (104)
= limf e "W (?) du = W(0).
§=>0 V()



SINGLE SERVER SYSTEMS — II 305

The limit exists since 0 < W(¢) < 1 and W(¢) decreases monotonically
as t decreases to 0. Although W (¢) is discontinuous on the left at ¢ = 0
and may have discontinuities for positive values of ¢ (as it does when
both A(t) and B(t) have discontinuities), we take it to be continuous
on the right at ¢ = 0.

Thus when ¢, (s) is known, ¢.(s) is determined and W(¢) may be
obtained by inversion,

K [T ¢t ds

T = ol 0

(¢ >0). (105)

The Taplace-Stieltjes transform of W(t) is

sK
Yi(s)
As s — o, w(s) tends to W(0) = K. The value of —dw(s)/dsats =0
is equal to the average waiting time.

In some cases ¢_(s) is simpler than y(s) and in place of (102) one
may use

wis) = fw AW (L) = spo(s) = (106)

K
%) = Bat=s) = W) (107
where differentiation of (99) gives
K =¢(0) = (a" = b)y(0). (108)

A.3 Kxamples

The results just obtained will be illustrated by several special cases,
all of which have appeared in the literature.

Example a. Poisson Input, Exponential Service. Here a(s) = a/(a +
$),B(s) = b/(b+ s),and ¢, (s), ¥_(s) are to be determined from (99),
which now takes the form

ba s(s+b—a) _ yYu(s)

GFoa=—5 | OFsa—s  v(s)
Inspection shows that when D = a
¥u(s) = %“—) y(s) =a~—s (109)

satisfy the requirements set forth in connection with (99). Then (103),
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(102) and (105) give

I{=llm‘//+(8)=(b—a)=1—p
s b
K _(Q-p0b+s)
N E) s(b—a-+s)
W) =1 — pe O

§=>0

1
€0+(8) = s P

—b—a—l—s

Incidentally, for this case the probability density of u, = s, — ¢, is
ab(a + &)™ e™ (u <0)

C'(u) = -1 _—b :
abla + b) ¢ ™  (u=0)

Ezxample b. Poisson Input, General Service. In this case (99) becomes

Bls)a _ | _s—a+aB(s) _ yy(s)
a— s a—s v_(s)’
With the help of Rouche’s theorem (Titchmarsh," p. 116) and the fact
that [1 — B(s)}/sis the Laplace transform of 1 — B(t), it may be shown
that s — a 4+ aB(s) has no zero in Re(s) > 0 when b > a.
Then, with D = a,

Yi(s) = s —a+aB(s), ¢(s) =a—s,
K= (7' =b)y_(0) =1 —p = W(0), (110)

sK s(1 — p)
va(s)  [s — a+ aB(s)]’

The expression for w(s) is sometimes called the Pollaczek-Khinchin
formula. The coefficient of —s in the power series expansion of w(s) is
equal to the average waiting time.

Ezxample ¢. Recurrent Input, Exponential Service. Replacing B(s) by
b/(b + s) in (99) gives

ba(—s) —b—s _ [ba(~s) —b— s] I:s(s — sl)J _yy(s)
b+ s B s(s — s1) b+ s Ty (s)
where s; is the one and only zero of s + b — ba( —s) which lies in Re(s)
< 0 when b > a. The existence of s; may be established with the help
of Rouche’s theorem." If s = 0 is the only new zero of s + b — ba(—s)
introduced when the region Re(s) < 0 is extended to Re(s) < D, one
may take

w(s) = spi(s) =

s(s — s1) _ s(s — s1)
S Es y_(s) = . (111)

vals) = ba(—s) — b — s
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These functions satisfy the conditions stated just below (99). Then

K = lim ‘/’+T(S) = =2 = W)

80
(s) = K _ _slb+s) _ 1 _ 14sp7"
AN O bs(s — s1) s s — 8

W) =1 — (1 4+ s e

Ezxample d. Erlangian Input, Erlangian Service. In this case the input
and service time probability densities are

A0 = {gi(a—}_t)l;! c, B(t) =

and have the Laplace transforms

als) = (1 + Esl)_l, 8(s) = (1 + 5)_k

It is found that (99) becomes
(ll b]u

bE(bk) ™
& =1 °

7(s) ¥-(s)’
For @ < b (the only case considered here), the polynomial F(s) =
1 — f(s) has a zero at the origin, zeros s;, - -+, s; in Re(s) < 0 and
ZETOS Spy1, - * , Sk in Re(s) > 0. This may be shown with the help
of Rouche’s theorem. It turns out that s;, --- , s lie inside a circle of
radius bk centered on s = —bk, and Sg41, -+, Sk;1a lie inside a circle

of radius al centered on s = al. Hence

u(s) = s(s = 81) -+ (s — &)

(s F bk)* ’
L (s — al)t
v-(s) = (8 = Spg1) =+ (8 — Spyp11) (12)
o sieees (a7t =) (al)!
WO = K= oy =

For the case of regular arrivals and constant service time, inspection
shows that W(¢) = 1. It appears that in this case letting & = I — =
should give

1lb-f"(s) =S, Hb—(s) = S[esa_l_gb—‘ _ 1}—1.
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Ezxample e. Arrival Rate Almost as Large as Service Rate. It often
happens that when the arrival rate a is almost as large as the service
rate b, most of the customers have to wait a long time for service. In
such cases one may obtain an approximation for the waiting time dis-
tribution function W (¢).

Let a3, a2, by, by be the first and second moments, and v, , v be the
variances (which are assumed to exist in the following discussion) asso-
ciated with A(¢) and B(¢). Then a; = 1/a is the average spacing be-
tween arrivals and b; = 1/b is the average service time. I'rom the inte-
gral (105) for W(t) it is seen that the behavior of W (¢) for large values
of ¢ is determined by the right-most singularities of K/¢,(s). In Exam-
ple a (Poisson input, exponential service), these are poles at the zeros
of ¥, (s) which occur at s = 0 and s = s; = @ — b. Note that s; is nega-
tive and s; — 0 as a tends to b. IF'urthermore, the value of ¥_(s) near the
origin does rot change markedly as @ — b; and the same is true for the
remaining factor (b -+ s)™' appearing in ¢, (s).

Many other cases show the same type of behavior as @ — b. In gen-
eral, the function (99)

(s)

()a(—~s) — 1 = s

has a double zero at s = 0 when a = b. When a becomes slightly less
than b, and a, slightly greater than b;, one of these zeros remains at
s = 0 and the other moves to s & s, where

_2((11 —b)

< 0. 113
P ( )

S =
This may be seen upon using

B(s)

I

b282 2
1 —bls-l-7+0(s)
(114)

Il

2
a(—s) =1+ as + % + o(s")

and assuming that (a; — by) is negligible in comparison with v, + 5 .
The approximation (113) for s; is given by Smith™ who points out its
importance in the present case.

An examination of the earlier examples leads us to take

vi(s) & s(s — s1)C (115)

when s is near the origin. Here C is a constant equal to the value of
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the remaining portion of ¢ (s) at s = 0. Equations (103) and (105)
then give

K = lim ‘“T(S) — —sC (116)

80

I( ~ —8 =:l _ 1
Yi(s) s(s—s) s s—s (117)
W(t) ~1— ¢

Thus, when ¢ — b and v4 + vs does not tend to zero, W(t) is given by
the approximation (117) where s is given by (113). The average wait-
ing time is —1/s;. It should be noted that this approximation gives
W(0) ~ 0 instead of the true (small) value W(0) = K = —sC. Un-
fortunately, there appears to be no simple expression for €' correspond-
ing to (113) for & .

A.4 Conclusion

Finally, it will be mentioned that when a customer departs after be-
ing served, the chance p, that n customers remain in the system is equal
to the chance that an arriving customer will find » in the system. Iur-
thermore, for0 < 2z < 1

el

S ', = (1 —'x) fc'“m a(—s)p(s) Kds

271 e—in (1 — za(—s8)] ¥i(s)
where ¢ > 0 and is such that the singularities of 8(s)/¥(s) and a(—s)/
[1 — 2a(—s)] lie on opposite sides of the path of integration (this re-
stricts A(¢) and B(t) somewhat). The right-hand side may be replaced
by one of several integrals which differ slightly from the one shown.

n=0
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Delay Distributions for Simple Trunk
Groups with Recurrent Input and
Exponential Service TimesT

By LAJOS TAKACS
(Manuseript received June 16, 1961)

At a telephone exchange, calls appear before a simple trunk group of
m lines in accordance with a recurrent process. If every line 1s busy, calls
are delayed. The call holding times are mutually independent random
vartables with common exponential distribution. In this paper, methods are.
gwen for the determination of the distribution of the delay for a stationary
process and various orders of service. Three orders of service are considered.:
(1) order of arrival, (2) random order, and (3) inverse order of arrival.

I. INTRODUCTION

In the theory of telephone traffic, the following process is of consider-
able interest. In the time interval 0 < ¢ < o, calls appear before a
simple trunk group with m lines at instants 7, , 72, - -+, 7., - -+ where
the interarrival times 7,44 — 7.(n = 1, 2, ---) are identically distrib-
uted, mutually independent, positive random variables with distribu-
tion function

P{Tn+1-‘ 'rnéx} =F(x) (n= 1,2, ---). (1)

We say that the call input is a recurrent process. If an incoming call
finds a free line, a connection is realized instantanecously. If every line
is busy, the incoming call is delayed and waits for service as long as
necessary (no defections). Denote by x. the holding time of the nth
call. Tt is supposed that {x.} is a sequence of identically distributed,
mutually independent, positive random variables with distribution func-
tion

T An address presented on September 14, 1961, at the Troisiéme Congrés Inter-
national de Télétrafic, Paris.
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and independent of {7,}. We shall consider only those systems of service
which satisfy the requirements that there is no free line if there are calls
waiting and that the same principle of service applies to every call (no
priorities). Such a service system can be characterized by the symbol
[F(x),H(x),m] provided that the order of service is specified.

The ideal order of service, “order of arrival” or “first come — first
served,”’ is not always realizable, particularly at times of heavy traffic;
therefore it is important to consider other orders of service also. One of
these is “‘service tn random order” which often describes the practical
situation with high accuracy. In this case, waiting calls are chosen for
service at random. Every call, independently of the others, and of its
past delay, has the same probability of being chosen. Further, it is of
great informative value to consider the extreme case, ‘“¢nverse order of
arriwal,”’ or “last come — first served.” (At present we are not concerned
with “priority systems” in which “last come — first served” service is
the natural order, e.g., the last information to be received may be the
most important in the process of the arrival of messages.)

In what follows we shall consider the system [F(x),H(x),m] in the
particular case when call holding times have the exponential distribu-
tion

Hiw) — 1—e* (x = 0) (3)
@ =10 (z < 0)

and the process is stationary. We shall give methods for finding delay
distributions for the three service orders mentioned.
We introduce the notation

o) = [ o ar) @)

for the Laglace-Stieltjes transform of the distribution function of inter-
arrival times,

o« = f:xdF(x) (5)

for the average interarrival time, W(x) for the delay distribution func-
tion, i.e., W(x) is the probability that the delay is =<z, and

a(s) = f: e AW () (6)

for the Laplace-Stieltjes transform of W(z).
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If R(s) = 0 then denote by z = v(s) the root with the smallest ab-
solute value of the equation

2= o(s + mu(l — 2)).

Wehave |y(s) | £ landforr = 1,2, ---
(o) = r 3 G [ i ap ) ()

where F,(z) denotes the nth iterated convolution of F(x) with itself.
Let «w = v(0); then

f e " " AR, (). (8)
0
If map £ 1, then w = 1 while if map > 1, then wisreal and 0 < w < 1.

II. GENERAL THEORY

A. K. Erlang' was the first to consider the process [F(x),H(z),m] in
the particular case F(z) = 1 — ¢ ¥(x =2 0), H(z) = 1 — ¢ * (2 = 0).
The case of general F(x) has been treated earlier by D. G. Kendall,*
F. Pollaczek,’ and the author.*

Denote by £(f) the number of calls in the system at the instant ¢;
ie., £(t) is the total number of calls either waiting or being served.
Denote by x(¢) the time difference between ¢ and the arrival of the next
call after t. Let &, = &(7. — 0), i.e., the nth call finds &, calls in the sys-
tem, and denote by 7., the delay of the nth call. The initial state is given
by £(0) and x(0).

The vector process {£(¢),x(t); 0 < t < o} is a Markov process and
has the same stochastic behavior for each order of service provided that
there is no free line if there are calls waiting. In Ref. 4 it is proved that if
mapu > 1, then there exists a unique stationary process. By choosing
the suitable distribution for {£(0),x(0)} we arrive at the stationary proc-
ess. For the stationary process, {£(¢),x(¢)} has the same distribution
for all ¢, and the distribution of £, is independent of n. Let P{¢, = k} =
Py(k = 0,1, --+). As shown in Ref. 4

m—1
JZ (*l)r—k<2> U, (lc=0,1,-'-,m—1)
r = r=k

(9)
A (k=mm-+1,---)
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where

U, = AC, 2, ( )c,-[l — e(iW]m(1 = w) — o

R Y AN e e D )
=it EO) e =gy v

¢ =11 (M) (12)

and w is defined by (8).

" Remark 1 — In the particular case when {7,} is a Poisson process of
density A, ie., F(z) = 1 — ¢ if ¢ = 0, we have o(s) = N/(A + s)
and thus

and
i)
A = m! \u
m—1 i m —1°
TORRION Y
=0 7! \u m! \u mu

Also for the stationary process the distribution function of », is inde-
pendent of » but depends on the order of service. We shall use the nota-
tion P{y, < a} = W(x) for all cases. It is to be noted that the expecta-
tion E{#,} is independent of the order of service if the same principle of
service applies to every call. We shall see later that in each case, the

mean waiting time is given by

A

(1 = o 1)

fowxdW(x) =

III. SERVICE IN ORDER OF ARRIVAL

The following theorem has been proved earlier by D. G. Kendall,’
T. Pollaczek® and the author.*

Theorem 1 — The delay distribuiton function for order of arrival service
s given by

W(x) = 1= 2™ (g 2 0) (14)

where w ts defined by (8) and A by (11).
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Proof — We have for z = 0 that

m~—1 0 z I
W) =2 P+ > Py f e (mpe) mu du (15)
k=0 k=0 0

k!

where {P;} is defined by (9). For, if an arriving call finds a free line,
which has probability

m—1 © A
kZ)Pk=1—ZPm+k=1—
=0

k=0 l—ow

then its service starts without delay; if it finds every line busy and &
(k= 0,1, ---) calls waiting, which has probability P, = Aw*, then
its service starts at the (k + 1)st departure after the arrival. Since the
departures follow a Poisson process of density my, under this condition,
* the probability that the delay <z is

T k
— muu
[
0 k!

Thus (15) follows from these and (14) agrees with (15).
It follows from (14) that the average delay is

Y|

and the second moment of the delay is
® _ 24
[ v - Gt =y i

IV. SERVICE IN RANDOM ORDER

In the particular case of Poisson input this process has been investi-
ated by S. D. Mellor, E. Vaulot,® C. Palm,”*t T. Pollaczek,’ J. Rior-
dan,” R. I. Wilkinson," and J. LeRoy."” Now we shall consider the case
of recurrent input.

Denote by W;(z) (j = 0, 1, ---) the probability that the delay of
a call is =z, given that on its arrival all lines are busy and j other calls
are waiting. For the stationary process the probability that an arriving
call finds all m lines busy and j calls waiting is P;, . = Aw’. If there is
a free line when a call arrives, which has probability

m—1
Z P]' =1- A 3
i=0

1 —w

then there is no delay.

t Ref. 8 is an English version of the material in Ref. 7.



316 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1952

Thus we have

m—1 0
W(x) = ZO Pj + Zo Pm+jTV,-(x), (18)
j= i=
that is,
W) =1 = 2 b A3 W) (19)
- w =0
Let us introduce the notation
() = [ e dWy(x) (20)
0
and
(s2) = 2, %uls)7 (21)

which is convergent if R(s) = Oand |z| < 1.
Theorem 2 — The Laplace-Stieltjes transform of the delay distribution
function for random service is given by

0(s) =1 = A + Aa(s0) (22)

where w = v(0) is defined by (8), A by (11), and

~ mu z du
s2) = S+ mall — (s)] P {fws) e(s + mu(l —u)) — “}

+ ma f [1 — ¢(s + mu(l — u))]

o T =G T ma(l — )l — (s + ma(T = w))] 2

? dv
P {fu o(s + mu(l —v)) — v} du

where v(s) is the only root in z of the equation , ‘
= o(s + mu(1 — 2)) ’ (24)

in the unit circle | z | < 1. The explicit form of v(s) is given by (7) with
r=1.
Proof — For j =0, 1, -+ we can write that

7 1 z — (m,uu)k B
’;ﬂj +1 j(; ¢ k! (1 — F(w)lmp du

(25)
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where * denotes convolution. If an arriving call finds every line busy
andj (7 = 0,1, ---) calls waiting, then the event that the delay is <=z
can occur in the following mutually exclusive ways: either in the sub-
sequent interarrival interval & (kK = 0, 1, ---, j) services terminate
and the service of the given call does not start during this time interval
or, in the subsequent interarrival interval at least ¥ + 1 (k = 0, 1,

-, J) services end and the service of the given call starts at the termi-
nation point of the (k 4+ 1)st service.

Forming the Laplace-Stieltjes transform of (25) we get

G+ D%i(s) =,§,<j+1 Do) [ @ g

(26)

/' —(s+mp)z (mlw) (1 — F(z)]mu dx

k=0

whence
2 ;0 (j + D2(s)Z = o(s + mu(l — 2)) ;jﬂj(s)zj

muz (1 — o(s + mu(l — 2))]

Ta-9 Grmi-=2)

that is,

6<I>(s 2)

[z — o(s + mu(l — 2))] + &(s2)

(27)
i (1= o(s + mu(l ~ 2)]

T (=2 (st mal —2)

If mpee > 1, then | o(s + mu(l — 2)) | £ ¢(mpe) < 1 — ewhen |z| =
1 — e and e is a sufficiently small positive number. Consequently by
Rouché’s theorem it follows that

2 =o(s+ mu(l —2))

has one and only one root z = y(s) in the circle | 2| < 1 — ¢ where
e is a sufficiently small positive number. The explicit form (7) for
[v(s)]" can be obtained by Lagrange expansion. By definition ®(s,2) is
a regular function of zif | 2| < 1 and R(s) = 0. If we put z = y(s) in
(27), then we get

_ mu
Bsi7(s)) = . (28)

The solution of the differential equation (27) which satisfies (28) can
be written in the form (23). Finally, (22) follows from (19).
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Remark 2 — Let us introduce the notation
A(sz) =2 — o(s -+ mu(l — 2)) (29)
and
omp 1 — (s + mu(l — 2))]
Bed) == Grma -2 (30)

Then (23) can be written in the following equivalent form
_ z * dv | aB(su)
®(s,z) = B(sz) /7(9 exp{ _/; m} Tdu. (31)

The function ®(s,z) can also be expressed in the form of an infinite
series as follows

#(s2) = L 0s(5)f — 1) (32)
which is convergent if | 2z — y(s) | is small enough. If

A(s) = T AL(0)l = 7()) (33)
[note that A (s,y(s)) = O by definition of y(s)] and

Bls2) = 3 By — v(o)Y (30

then ®;(s) (7 = 0, 1, ---) can be obtained by the following recurrence
formula

kz;:)kq)k(s)Ai+l—k(s) + ®,(s) = Bi(s) (= 0,1, ---). (35)

This follows from (27). In particular by (35) we obtain

Bs) = Buls), ) = 2,
Bs(s) Bi(s) A (s)

208) = T4, T T F AMIN T 240

Formula (32) can conveniently be used to determine the moments of
the distribution function W(z). The rth moment

fow ' dW(x)

can be caleculated by the aid of the derivatives

(cl%sﬁﬂ) (i +j=).
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By using the relation v(s) = ¢(s + mu(1l — y(s)) we can write that

s¢ (mu(l — w))

v(s) = o + (1 + mpp’ (mu(l — w))] (36)
+ Sng”(m,U- (1-w)) + .-
201 4+ mug’ (mp(1 — )P ’
Now in particular we have fow zdW(z) = MTli—w—)é (87)
) P : . 2A 2
&lldjo x dIV(x) - (mu)2(1 — w)3 I:Q + m[.upl(?n[.L(I - w))] (38)

V. SERVICE IN INVERSE ORDER OF ARRIVAL

The particular case when {r,} is a Poisson process was investigated
earlier by E. Vaulot,” J. Riordan,” and D. M. G. Wishart.”” The case
of recurrent input can be treated in a similar way. As noted by J. Rior-
dan™ the problem can be reduced to finding the distribution of the length
of the busy period for the process of type [F(z),H(x),1] where F(z) is
defined by (1),

e (x =2 0)
H(z) = {0 (z < 0) (39)

and there is only one server. In this case denote by G(x) the probability
that the length of the busy period is <z. The busy period is defined as
the time interval during which the server is continuously busy. Evi-
dently G(z) is independent of the order of service, provided that the
server is idle if and only if there is no waiting customer in the system.

If mua > 1, then there is a unique stationary process, and for the
stationary process W(z) is given by

Theorem 4 — The delay distribution function for last-come, first-served
service 18

W) =1—-—2 4+ A G) (40)
l—w 1 —w

where w ts defined by (8), A by (11), and for z = 0
© n—1 z
Gx) = mu X = PO [T gl (a1)
n=1 - 0

with F,(u) the nth iterated convolution of F(u) with iiself.

Proof — If a call arrives and finds a free line, which has probability
1 — A(1 — )7, then its service starts without delay; if on its arrival
every line is busy, then we can remove all the calls waiting without
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affecting the distribution of the delay of the call in question. The service
of this call starts when the queue size decreases to m for the first time.
The waiting time of this call evidently has the same distribution as the
length of the busy period for the queueing process of type [F(z),H(x),1]
with H(z) = 1 — ¢ ™ (x = 0). For, in both cases the arrivals have
identical stochastic law and the departures follow a Poisson process of
density mpu. Thus we get (40). In Ref. 16 it is proved that

* _ ompll — y(s)]
[ o) = (42)

where v(s) is the root with smallest absolute value in z of the equation
2= o(s + mp(l — 2)). (43)
v(s) is given by (7) with r = 1. By Lagrange expansion we find that

f‘w e—sx dG(x) — mu + s = (‘Un(mﬂ)n
0

s + mp n—=1 n!

(44)

! <[§o(8 + n’m)]")
ds"t\ (s + mp)?
whence (41) follows by inversion.

By using the expansion (36) we get from (42) that

A

(1 — o) (45)

fowxdW(fv) =

and
24
(mp)2(1 — w)’[1 4+ mpe’ (mp(l — w))]’

fw 22 dW () = (46)
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The Transistorized A5 Channel Bank
for Broadband Systems

By F. H. BLECHER and F. J. HALLENBECK
(Manuscript received April 27, 1961)

This article presents a brief historical background to the A-series of
terminal unats, used extensively in long-haul and short-haul transmission
facilities to provide the first step of modulation from voice to carrier and the
Jinal step of demodulation from carrier to voice. Most of the paper is devoted
to a description of the latest unit of this series — the A5 channel bank, which
through the use of transistors and other modern components achieves sig-
nificant tmprovements in stze, power requirements and operating charac-
teristics.

I. INTRODUCTION

All of the long-haul, broadband transmission facilities of the Bell
System, and many of the short-haul microwave radio systems, employ a
common unit in their terminal multiplexes. This is the A type channel
bank which provides the first step of modulation from voice to carrier
spectrum and the reverse function of demodulation. From its inception
over twenty-five years ago, the channel bank has undergone a humber of
size reductions primarily utilizing new types of crystal filters. This paper
describes a radically new version, the A5 Channel Bank, with a detailed
discussion of the new circuit feature — the transistorized voice-frequency
amplifier.

II. HISTORICAL BACKGROUND

2.1 General

Over many years, the threads of the “channel bank” story have been
woven into papers of much broader scope. It is the aim of this section
to combine these pieces into one background picture.

In the middle 1930’s, Bell System research and development effort in
long-distance communication was focusing on the expansion of frequency-
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division, single-sideband carrier systems.! The invention of the negative-
feedback amplifier by H. S. Black had made feasible the development of
transmission media capable of carrying multi-channel, high-quality
systems across the country.? Other important advances in both the elec-
tronic art and the network art opened the way to the realization of
practical multiplexes to translate many voice or other information
channels to spectra suitable for line transmission,
At this time, many important decisions were made on multiplexing
methods. Since that time, they have set the broad pattern for the
terminals of long-haul carrier systems, both for wire and microwave
radio. Inclusion in the recommendations of such bodies as the CCITT*
made the general pattern worldwide. The decision of greatest interest to
this paper involves the first step of modulation from voice frequency to a
carrier spectrum and its counterpart of demodulation at the receiving
end.
Actually, not one, but many considerations were involved. The funda-
mental ones concerned carrier spacing, the number of voice channels to
be handled in the modulation process, and the frequency spectrum to be
used. The answers did not evolve without much thought directed toward
the future long-distance plant and the carrier systems which would make
it a reality. The development trend was toward the utilization of much
higher frequencies for line transmission than had previously been at-
tempted.? Three high-frequency broadband systems were being con-
ceived for application to:
1. Available 19-gauge toll cable, both underground and aerial (Type
K) .48

2. Open-wire lines then carrying the three-channel Type C system.
The new system (Type J) would lie above Type C in frequency
and require extensive retranspositions of the line.®

3. A new medium — coaxial cable —with much greater potential for

high-frequency transmission. This would be the transmission
medium for the L1 and L3 systems of the future.?-8:9:10
As the study progressed, it became more and more obvious that, if
possible, the same terminal arrangements should serve all of these
systems.

2.2 Carrier Spacing

Of primary importance in the pattern for the new systems was the
question of carrier spacing. Assuming that the new broadband transmis-

* Comité Consultatif International Téléphonique et Télégraphique.
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sion media did not have sharp cut-offs, the penalty for wide carrier spac-
ing was more repeaters per link. Of course, the open-wire and cable sys-
tems did have practical limitations such as crosstalk, which presented
economic but not insurmountable restrictions. Contrariwise, the new
coaxial line seemed restricted only by attenuation due to thermal noise
and by repeater spacing. Under these circumstances, the cost penalty
per voice circuit due to wide spacing would not be controlling. For short
systems where terminal costs predominate, the cost was insignificant;
even for very long systems, it was quite small.l!

The standardization of 4000-cycle spacing for broadband systems was
based primarily on other considerations. The Bell System was striving to
improve the over-all quality of the service it was offering. Subscriber
sets, telephone instruments, and end links were all being developed to
provide better quality. It seemed logical to make the backbone carrier
circuits good enough not to be limiting in the over-all effective net loss.
The 4000-cycle spacing made this possible. With advances in the filter
art, the width of the frequency band could be extended at both low and
high ends. The former helped to maintain the naturalness of the voice;
the latter helped to improve articulation. At this time it was also decided
to make the carrier intervals exactly uniform — in other words, to
relate all carriers harmonically to 4 ke. This was not a matter of quality
of voice transmission, but one of terminal equipment.

A corollary of high-capacity broadband systems is heavy concentra-
tions of equipment at major terminal offices. Under these circumstances,
supplying of carrier power poses an economic problem. Needed are many
frequencies of high precision both initially and with time and changing
environment. Economic feasibility of producing many harmonically
related frequencies of approximately equal amplitudes had been demon-
strated.’? For the new broadband systems the circuit took the form of a
highly stable 4-ke source driving a pulse producer. Odd harmonics were
directly generated; even harmonics were provided by rectification.
Sufficient power was derived to feed many systems from common bus-bar
arrangements.

2.3 The Modulation Process

Of prime importance in devising a multiplexing plan is the decision as
to single- or multi-stage modulation from voice to line frequency. Sys-
tems prior to the broadband development employed a single stage. For
the new systems, several factors influenced the choice of multi-stage
modulation.
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It was known early that the line frequencies of the three systems —
cable, open-wire and coaxial — would be quite different. Economic
restrictions rather than technical feasibility imposed by crosstalk and
line equalization set a practical limit for the long-distance, cable-pair
system between 10 and 60 ke. Since the new open-wire system was to be
placed above the standard Type “C”’, the lower limit was about 35 ke;
the upper limit of about 150 ke was dictated by the costs of line trans-
positions. The coaxial cable system seemed to have a reasonable lower
limit of about 60 ke, but an upper limit in the order of one megacycle.
The latter was soon to become three megacyecles, and finally, for 1.3, about
eight megacyeles. For the open-wire and cable-pair systems, single-stage
modulation was possible but the terminals, except for an overlap region
between 30 and 60 ke, required different channel filters and carrier
supplies. Single-stage modulation was out of the question for the high
channel capacity coaxial system. It would mean hundreds of different,
closely spaced channel filters not yet feasible even with the rapidly ad-
vancing network art. Also, for every channel a different carrier frequency
would ke needed with resultant terminal complications.

The answer to these problems was the provision of a group of channels
common to all three systems. With 4-ke spacing, both the cable-pair
and open-wire systems could economically accommodate 12 channels.
Of course, the coaxial system did not have this restriction, but 12 chan-
nels seemed a good common denominator.

This resolved the technical differences; in addition, the choice of a
common group would mean (1) flexibility of interconnection of systems,
(2) large-scale production of one major equipment unit, and (3) mini-
mum development effort in system areas and in the supporting network
and component areas as well.

2.4 The Group Spectrum

The foregoing discussion on the size of the group might seem to imply
a completely free choice. Perhaps, at the present time, it could be made
independently of the spectrum to be employed. This was not true in the
1930’s. The limitations of available inductor-capacitor filters in the low-
frequency ranges made a 12-channel group impracticable, even starting
at a low frequency such as 12 ke. The first experimental cable system
had demonstrated the difficulties above about 40 ke. It had provided nine
channels with this top frequency.

Of course, as was done later in certain Ituropean and U. S. systems,
another stage of modulation could have Leen introduced and the sub-
group technique used, i.e., three or four channels for instance, operating
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in the most cfficient low-frequency range translated to a 12-channel
group.

However, the expanding art had provided another answer. Intensive
research and development in the Laboratories by Mason, Sykes, and
Lane had culminated in successful application of the piezoelectric effects
in quartz crystals to wave filters.'®:14:15 These were the same effects which
had been studied by Langevin and applied to submarine detection in
World War I and by Cady, Pierce, and others.

The decision was made to employ such crystal filters for the selection
of the desired single sideband. They offered many advantages. The trans-
mission bands could be positioned in the frequency spectrum with high
precision. Steeply rising attenuation characteristics, low distortion and
low flat loss could now be achieved rather easily.

The actual choice of 60 to 108 ke as the standard group frequency
range of the channel bank was mainly based on economics. Lower fre-
quency crystals were physically possible. They were large and expensive
and, if high production was envisioned, might be difficult to obtain from
the raw Brazilian quartz available. Crystals at frequencies higher than
108 ke were small and easily available, but their fabrication and frequency
adjustment posed difficult problems in the 1930’s. Thus, the final fre-
quency choice of 60 to 108 kc as the group spectrum to provide 12 chan-
nels was an economic and technical compromise.

2.5 Microwave Radio Usage

As deseribed, the channel bank was developed in the 1930’s, long
before the potentialities of the microwave radio band were realized.
However, when radio systems at frequencies in the 4-kme range (TD-2
Radio) were being developed, their high channel capacities could utilize
the available coaxial system terminals based on the channel banks.18-7
Interconnection with wire systems was thus made easy, and the high
production needs of the new radio systems further proved the value of a
standard and basic group of channels. Later microwave radio systems,
TH and TJ, also employ the standard ““A’’ type bank.1s:1

III. OBJECTIVES OF A5 DESIGN

From these beginnings, the channel bank has progressed through
several previous redesigns. Aimed specifically at size reduction, they
were based mainly on advances in the crystal filter art. These had led to
smaller filters as well as to much improved crystal arrangements.?

The A5 design had broader objectives. Modernization and miniaturiza-
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tion were important, but equally so were transmission improvement and
maintenance simplification. The introduction of new services such as
Direct Distance Dialing and data transmission has imposed new re-
quirements on the long-distance plant. Specifically, the circuits must
maintain better net loss stability. This must be true in the face of office
voltage variations and changes in the performance characteristics of the
active devices employed.

With the ever-expanding, long-haul toll plant, the maintaining of
performance within close limits becomes a problem of large proportions.
Improved circuit designs and deviees can in the long run avail little if
proper maintenance is made difficult. The A5 bank design aimed at facili-
tating this important feature of Bell System service. Accessibility of ad-
justment and ease of interchanging parts were important factors in the
design. Circuit compatibility with existing long-haul terminal gear was
another important requirement.

IV. GENERAL CIRCUIT FEATURES

For the channel banks, the general cireuit arrangements have remained
unchanged through the several equipment redesigns, including the A5.
The channel bank equipment does not include circuits for signaling or
for the conversion from two-wire to four-wire operation. This permits
greater flexibility in circuit arrangements. As shown in Fig. 1, the trans-
mitting circuit starts at the voice-frequency input transformer, whose
leakage reactance also offers high impedance to carrier frequencies. A
simple shunt varistor bridge employs copper oxide as the modulating
element. The modulator operates at a nominal carrier power level of 0
dbm. The high-pass filter following the modulator provides high imped-
ance to voice frequencies, thus increasing the modulator efficiency. The
desired lower sideband is then selected by a crystal band-pass filter
operating in parallel with eleven others. A compensating network in
parallel with the common output improves the transmission characteris-
tic of the channel filters. The hybrid output coil provides an alternate
output to facilitate switching a working bank to an alternate group
facility without interruption. It also provides a means of inserting a
program terminal occupying the frequency space of two or three regular
voice channels.

The receiving circuit operates in much the same fashion as the trans-
mitting circuit except, of course, in reverse. The high-frequency line
terminates in a hybrid transformer, which provides for connection to a
program receiving terminal. The twelve channel filters are paralleled at
this hybrid. The individual sidebands are then demodulated in a bridge
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similar to the modulator. The demodulator, however, is poled oppositely
on the carrier supply to neutralize the de components of the modulation
process in the two units. High-pass and low-pass filters terminate the
demodulator to improve its efficiency.

Following the low-pass filter is a voice amplifier with sufficient gain
to establish the correct received voice level. The potentiometer for gain
control is remotely mounted at the four-wire patching bay in the test
area of the toll office.

From their inception, as described previously, the Bell System channel
banks have been based on a single modulation process from voice to
carrier output and upon the crystal filter as the sideband selecting
medium. Other methods are feasible and have been used in this country
as well as in Europe. Pregrouping both at low and high frequencies has
been used, with the standard 60- to 108-ke group spectrum being ob-
tained by a second stage of modulation. With the availability of high
efficiency ferrite inductors, it is also possible to obtain good LC filter
performance, usually with the addition of some band equalization.
Economic studies indicated that, with Western Electric’s highly de-
veloped capabilities in crystal filter production, the single modulation
step using such filters was still the least expensive procedure.

Design choices had to be made regarding two other major circuit
units — the modulator-demodulators and the only active unit for each
channel, the voice amplifier at the output of the demodulator. In previous
banks the modulating unit, a quad of copper-oxide varistors, had proved
generally satisfactory. During the A5 development, newer devices such
as silicon diodes were studied. However, problems of incompatibility
with the carrier power available at existing offices and other considera-
tions made it advisable to employ the standard copper-oxide varistors.

In previous banks, the demodulator amplifier employed a single elec-
tron tube and provided approximately 35 db of gain in each channel over
the voice range. Only modest feedback was used with a maximum value
of 7 db at minimum gain. This was reduced to zero at maximum gain.
With the small amount of feedback, the tube amplifier was sensitive to
tube aging, battery variations, and component changes. The resultant
variations in net loss were tolerable for the voice plant with switching
under operator control. The introduction of Direct Distance Dialing
and the need to transmit various data signals impose more severe re-
quirements. It is difficult to meet these consistently without frequent
and very careful maintenance.

An important part of the A5 development was the improvement of
this demodulator amplifier. The main focus, of course, was on the
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provision of sufficient feedback to overcome the instabilities of the exist-
ing design. Two design approaches were available, a multi-tube or a
transistor amplifier. With well-established techniques, the former offered
no particular design problems; however, it did mean heavier power con-
sumption, more heat to be dissipated, and a definite restriction on the
degree of miniaturization possible.

On the other hand, a transistor amplifier offered a reduction in power,
a, cooler operating environment, and the possibility of a high degree of
size reduction. In addition, the promise of very long life could mean a
large reduction in maintenance cost. On the basis of these considerations,
the decision was made to proceed with a transistor channel bank.

V. TRANSISTOR AMPLIFIER

The design specifications for the amplifier were:

1. Voltage gain between 600-ohm terminations should be adjustable
between 30 to 40 db.

2. The voltage gain should have a 5-db rise at 200 cycles in order to
compensate for the low-frequency rolloff of the crystal band-pass filters
in the modulator and demodulator.

3. A particular gain adjustment should not change by more than 40.1
db over a period of years and for 410 per cent variations in the —24-
volt central office battery.

4. Amplifier should provide 80 milliwatts of output power into a 600-
ohm load with less than 1 per cent second and third harmonic distortion.

5. Output noise power should ke less than 1.4 X 10~ milliwatts (6.5
dba at zero-level point).

6. Return loss at input and output circuits should be greater than 40
db over the frequency band of 200 to 4000 cycles.

In addition to the above requirements, it is desirable that the amplifier
be as simple as possible and employ the minimum number of compo-
nents.

5.1 Basic Design Considerations

In order to satisfy the requirement that the gain of the amplifier be
constant over a relatively long period of time, it is evident that a feed-
back amplifier is required. A hybrid feedback or a series feedback con-
nection at the output of the amplifier appears to be most attractive.
Hybrid feedback has the advantage over other types of feedback in per-
mitting a 50 per cent reduction in de power dissipated in the output stage.
Series feedback, on the other hand, has the advantage that for a given
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amount of negative feedback, it yields a somewhat better return loss
than hykrid feedback. In addition, the series feedback circuit is simpler
than the hybrid circuit and permits the use of a less expensive output
transformer. For these reasons, it was decided to use a series feedback
connection at the output of the amplifier rather than hybrid feedback.
Similar considerations of return loss and circuit simplicity applied to the
input of the amplifier indicate that series feedback is again the optimum
connection.

It is demonstrated in Appendix A that the voltage gain of the series
feedback amplifier shown in IMig. 2 is given by the expression

_ B 4B
Zyr 1 — AB

where R, is the load resistance, Zir 1s the open-circuit transfer imped-
ance of the feedback network (R1, R2 and Z3) and Ag is the loop cur-
rent transmission. (In the case of transistor feedback amplifiers, it is
convenient to define feedback zs a loop current transmission.?!) It is
evident from (1) that if the magnitude of AB is much greater than one,
the voltage gain is determined by the load resistance and the feedback
network. In order to achieve the desired voltage gain and distortion per-
formance, Ry, is of the order of several hundred ohms, and the magnitude
of the transfer impedance | Z1ar | is of the order of several ohms. There-
fore, R1, R2 and Z3 are relatively small impedances, and R2 (a po-
tentiometer) can be mounted at a considerable distance from the am-
plifier without introducing excessive electrostatic pickup.

It is shown in Appendix A that the input and output impedances of
the series feedback amplifier are equal to

Gy (1)

ZIN = (ZIN, + an) [1 - AB(RG = 0)] (2)
ZOUT = (ZOUTI + Z22F) [1 - AB(RL = 0)] (3)
1 2
2 —> A < 20,7

4

Y % 4’

Fig. 2 — Equivalent circuit of a series feedback amplifier.
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where Z1x’ and Zoyr’ are the input and output impedances respectively
of the amplifier A (refer to I'ig. 2) with the feedback loop opened, Zyx
and Z,er are the open-circuit input and output impedances respectively
of the feedback network, and AB(R; = 0) and AG(R,, = 0) are the values
of loop current transmission with Rs and R, respectively set equal to
zero. Since the magnitude of the loop current transmission is much
greater than one and Zx’ and Zgyr” are of the order of 1000 ohms, a
good return loss can be obtained by shunting the input and output
circuits of the feedback amplifier with 600-ohm terminating resistors.

In order to satisfy electrical requirements 3, 4 and 6 in the above list,
a minimum of 30 db of negative feedback is required. This amount of
feedback and 40 db of external voltage gain can be obtained with three
common-emitter connected junction transistors in the amplifier A. If
two transistors are used in the amplifier, one of the transistors would
have to ke connected in the common-collector configuration and the
other in the common-emitter configuration in order to provide the phase
reversal necessary for negative feedback. Under these conditions the
design would be marginal, and severe electrical requirements would have
to be placed on the alphas of the transistors (alphas in excess of 0.995
would be required).

Trig. 3 shows a simplified circuit diagram of the amplifier. The dc bias-
ing and the feedback shaping networks have been omitted. Strictly
speaking, this structure is not a “pure’ series feedback amplifier because
the emitter of the transistor in the second stage and the interstage net-
works are returned to the common connection between the input and
output transformers instead of to the emitters of the input and output
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,NETWORKS ~C
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Fig. 3 — Simplified circuit of emitter feedback amplifier.
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transistors. This type of feedback structure is defined as an emitter
feedback amplifier and is analogous to the cathode feedback circuit for
electron tubes.2 In the case of the series feedback cireuit, the network 1,
R2, and Z3 provides feedback only around the main loop. In the case
of emitter feedback, the network provides local feedback for the first and
third stages of the amplifier in addition to feedback around the main
loop.

The principal advantage of emitter feedback over series feedback, in a
transistor amplifier, is that emitter feedback often makes possible a
simpler biasing circuit. Emitter feedback, however, has two disadvan-
tages. TMirst, since it introduces local feedback into the first and third
stages, it increases the alpha requirements on the transistors in order to
obtain the necessary amount of loop feedback. This disadvantage is
partially compensated for by the fact that the local feedback improves
the return loss at the input of the amplifier and the distortion perform-
ance of the output stage. Secondly, emitter feedback stabilizes the
emitter current of the output stage instead of the collector current (refer
to Appendix A). As a result, the expression for voltage gain (1) must be
multiplied by the alpha of the output transistor. This is not a serious
limitation in the case of the demodulator amplifier since the gain of the
amplifier is initially set by the use of a potentiometer. In addition, it is
expected that alpha will not vary by more than 42 per cent over the
life of a transistor.

5.2 Magnitude of Feedback in the Useful Operating Band

In order to calculate the feedback, it is convenient to redraw the cir-
cuit as a series feedback amplifier, as shown in Fig. 4. The local feedback

1

O

1
i OUTPUT
o - - 600 N 600 N
—
INPUT —
6000 6000 )
—
Zye Zo2F

L [

Fig. 4 — Series feedback amplifier equivalent to emitter feedback amplifier.
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introduced by the feedback network is taken into account (to a good
approximation) by the impedances Z11r and Zsor in the emitters of the
first and third transistors respectively. It is evident from (2) and (3)
that if the magnitude of AB is sufficiently large, the input and output
impedances of the amplifier will be equal to 600 ohms, and the load
resistance, R , is equal to 300 ohms. Since the voltage gain of the am-
plifier must be adjustable from 30 to 40 db, and allowing for a 2-db
loss in the input and output transformers, the transfer resistance of the
feedback network must be adjustable between 7 and 2.2 ohms as deter-
mined by (1) for R, = 300 ohms. The open-circuit transfer impedance
of the feedback network is equal to

R1-Z3
Rl 4 R2 + Z3~

The resistance R2 is used to control the flat gain of the amplifier while
the impedance Z3 controls the shape of the gain-frequency characteristic
which is required to have a 5-db rise at 200 cycles. With reference to (1)
and (4) it is evident that if | Z3 | is much less than (R1 4+ R2), then the
voltage gain of the amplifier is proportional to 1/| Z3 |. An additional
requirement on B1 and | Z3 | is that they be as small as possible in order
to minimize the amount of loop feedback lost through local feedback.
R1 was chosen as 68.1 ohms while the flat-gain value of | Z3 | was chosen
as 10 ohms. From (4), the maximum value of B2 (corresponding to maxi-
mum gain) is equal to 270 ohms.

In Appendix A it is shown that the loop current transmission of the
amplifier shown in Ifig. 4 is equal to

_ —GiZouvr' Zior
(ZIN' + Zur + RG)(ZOUT/ + Zor + RL) - Zmr2

where G; is the short-circuit current gain of the amplifier A. In the fre-
quency range of 200 to 4000 cycles per second,

Z12F' = ‘ (4>

Ap (5)

o @01 . Qo2 . 1 %
Gl 1 — a1 1 — Qo2 1 — Qo3 (6)
ZINI — 7'b1/ + Ta + Zur (7)
1 —ag
ZOUT, = Tca(l - aos) (8)

* With reference to Fig. 3, the feedback network is driven by the emitter cur-
rent of the output stage, and as a result this transistor acts as a common collector
stage as far as the feedback is concerned. Therefore, the current gain of the third
stage is equal to 1/1 — ag; instead of aes/1 — @o; as determined from the equivalent
series feedback amplifier shown in Fig. 4.
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where ag , aos , and ag; are the low-frequency common-base current gains
(alphas) of the first, second, and third transistor stages respectively, 7.
and 7y, are the emitter and base resistances respectively of the transistor
in the first stage and r.; is the collector resistance of the output stage.
Substituting (6) to (8) into (5) yields the expression for mid-band feed-
back:

_a01a02Z12F
1 — ap
ABy = .
’ [(Tb1/ + Zur + RG)(l - am) + ra + Zup] (9)
l:l — a4+ Ry + Z22F:| _ Z12p2(1 — an)
Te3 Te3

It will be evident that for all practical designs, the second term in the
denominator of (9) can be neglected. As previously discussed, & minimum
of 30 db of negative feedback is required in order to satisfy the clectrical
requirements. The loop feedback is a minimum when the amplifier is
adjusted for its maximum gain (| Zi2r | = 2.2 ohms) and the transistors
used have the minimum allowed values of alpha.

Qon = Qo2 = Qo3 = 0.975
rp1’ = 100 ohms*

re = 13 ohms

res = 50,000 ohms.

If the above transistor parameters are substituted into (9), the resulting
magnitude of AB, is 30 db. Consequently, the minimum magnitude of
feedback is about 30 db over the frequency range of 400 to 4000 cycles
per second. Due to the increase in voltage gain at frequencies between 200
and 400 cycles per second, the minimum magnitude of feedback in this
frequency range can be less than 30 db.

5.3 DC Biasing and Low-Frequency Shaping of the Negative Feedback
Amplifier

Tig. 5 shows a complete circuit diagram of the transistor amplifier.
The first stage is biased at two milliamperes of collector current. This
value of current is a compromise between low noise figure (requiring a low
collector current) and a large magnitude of feedback [requiring a large

* The values stated for the transistor parameters ru1’, ra_and re; are average
values for the particular transistors used in the amplifier. Refer to Section 5.3
below for a discussion of the transistors used and the dc operating points.
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Fig. 5 — Complete circuit diagram of the transistor amplifier.

collector current for low emitter resistance — refer to (9)]. The second
transistor stage is biased at 4.7 milliamperes of collector current while
the third stage is biased at 45 milliamperes of collector current in order
to satisfy the output power requirement of 80 milliwatts into a 600-ohm
load. The first and second stages are biased at 2.5 volts collector-to-
emitter voltage, while the third stage is biased at 14 volts collector-to-
emitter voltage. The collector currents are stabilized by use of dec feed-
back provided by resistors in the emitter circuits of the transistors.
Type 12B alloy germanium PNP transistors are used in the first and
second stages of the amplifier, and a type 9D alloy germanium PNP
transistor is used in the output stage. The 12B is a low-power device
limited to about 100 milliwatts of de power dissipation at a 60°C am-
bient, while the 9D is a medium-power transistor capable of handling 1.5
watts of de power with an adequate heat sink at a 60°C ambient. Since
the 12B transistors in the first and second stages are biased at 5 milli-
watts and 12 milliwatts of de power respectively, and the 9D is biased at
630 milliwatts of de power, good transistor reliability should be realized.
One of the most important considerations in the design of a feedback
amplifier is shaping the negative feedback at high and low frequencies
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Fig. 6 — Plot of low-frequency loop current transmission with transistors as
characterized in Table I.

in order to insure stability for all transistors that will be used in the
amplifier. A detailed analysis of the low-frequency shaping of the nega-
tive feedback is presented in Appendix B. Fig. 6* shows a plot of the
low-frequency loop current transmission calculated for transistors with
the electrical parameters listed in Table I and for maximum negative
feedback (| Zwr| = 7 ohms). At the frequency 25 cycles, the phase of
the feedback makes its closest approach to the critical phase angle of 0
degrees. It is evident that the amplifier has a low-frequency phase margin
of 40 degrees. If transistors with alphas of 0.99 are used in the amplifier,
the phase margin is reduced to 25 degrees. Since the phase of the feedback
does not reach 0 degrees, it is not possible to define a gain margin.

5.4 High Frequency Shaping of the Negative Feedback

A detailed analysis of the high-frequency feedback shaping is pre-
sented in Appendix C. The results of that analysis will be used to show
* In this figure it is assumed that Z3 is equal to its flat gain value of 10 ohms.

The variation of Z3 with frequency has negligible effect on the low-frequency
stability.
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TasLe T
ag = aex = ao3 = 0.975
a1 = fa2 = a3 =3 megacycles
Cel = Cp2 = = 35
rer = Tp2 = 753 = 100 ohms
re = 13 ohms
res = 5.5 ohms
7.3 = 0.6 ohms
re3 = 50,000 ohms

M me = m3 = 0.2 radian

that the amplifier is stable at high frequencies for all transistors for
which

Co £ 35 puf (|Ver | = 2.5 volts) (10)
f. = 3 megacycles. (11

Trig. 7 shows a plot of the high-frequency loop current transmission cal-
culated for transistors with electrical parameters listed in Table I and
for maximum feedback. At the frequency 133 ke, the magnitude of the
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Fig. 7 — Plot of high-frequency loop current transmission with transistors as
characterized in Table 1.
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feedback is 0 db while the phase of the feedback is —317 degrees. At the
frequency 800 ke, the phase of the feedback is —360 degrees while the
magnitude is —24 db. The phase and gain margins against instability
are 43 degrees and 24 db respectively.

Except for the first two cutoff frequencies fa2 and fa3 , all of the other
cutoff frequencies are essentially independent of the low-frequency
common-emitter current gain (ao/(1 — a,)) and are determined by the
transistor parameters f, , 75/, and C, and the circuit elements in the two
interstage shaping networks, B2, C2, and R3, C3, L3. The cutoff fre-
quency feo is equal to the frequency at which the reactance of the
capacitor C2 is equal to the input resistance of the second transistor
stage, while the cutoff frequency fs3 is equal to the frequency at which
the reactance of C3 is equal to the input resistance of the third stage.
To a good approximation, the input impedance of a common emitter
stage is directly proportional to the current gain of the stage.* Since the
current gain of a common-emitter stage may vary from 39 to 200 (cor-
responding to alpha variations of 0.975 to 0.995), the cutoff frequencies
fo2 and fo3 may be as small as one-fifth the values shown in IFig. 7. For-
tunately, this variation in cutoff frequencies f22 and fo3 is almost exactly
compensated for by the variation in current gain of the second and third
stages respectively, and the asymptotic loop current gain is independent
of the common emitter current gain at frequencies above fs3 . The first
stage of the amplifier acts as a common-base stage as far as the feedback
is concerned. With reference to (9), it is evident that the magnitude of
the feedback is essentially independent of the factor (1 — ao) if | (ra +
Zur) | is much greater than | (ry’ + B¢ 4+ Zur) | (1 — ao). These results
are important since it means that the high-frequency stability of the
amplifier is essentially independent of the low-frequency common emitter
current gain.

If transistors are used that have high-frequency parameters superior
to those listed in Table 1, then the high-frequency stability of the ampli-
fier is improved. In particular, an increase in alpha cutoff frequency or
a reduction in collector capacitance or base resistance will tend to increase
cutoff frequencies fu1 , fi2 , and fi3 , thus providing larger gain and phase
margins against instability.

5.5 Electrical Performance and Gain Conirol Circuit

The amplifier satisfies all of the electrical requirements (1) to (6).
Tig. 8 shows a plot of the closed loop voltage gain of the amplifier. To
* This approximation assumes that the component of input resistance due to

emitter resistance is much larger than rp’. This approximation is valid for the
transistors in the amplifier.
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Tig. 8 — Closed loop voltage gain of the amplifier.

a good approximation, the shape of the gain-frequency characteristic is
independent of the flat gain.

The gain control circuit consists of a 950-ohm potentiometer in series
with the resistance of a 22-gauge wire with a length that may vary be-
tween 0 and 1000 feet. The resistance of the connecting wire has a maxi-
mum value of 16 ohms which can ke neglected. In Section 5.2 it was
pointed out that R2 had a maximum value of 270 ohms. This is obtained
by placing a 383-ohm resistance across the remote gain control circuit
as shown in Tig. 5. A 0.015-microfarad capacitor is also placed across the
remote gain control circuit in order to minimize the effect of undesirable
impedance variations introduced ty the connecting wire acting as a
transmission line at high frequencies.

VI. EQUIPMENT DESIGN

The equipment features of the A5 bank differ greatly from those of
any previous long-haul carrier arrangements. In achieving the new for-
mat the chief objectives were: (1) miniaturization, (2) economical manu-
facture, (3) economical installation, and (4) simplified maintenance.

Taking advantage of the transistor amplifier and newly available
passive components such as ferrite transformers, a substantial size re-
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duction is achieved. The new bank, which is now a single equipment
unit rather than a grouping of panels, is designed for 19-inch rack mount-
ing. Tt occupics 123 inches of vertical height and has an over-all depth
of 10 inches. Fig. 9 shows an A5 unit compared to an A4 bank. With
presently available fuse arrangements and inter-bay cables, nine A5
banks can be provided on an 11-foot 6-inch bay. This represents a 3:1
improvement in space utilization over the A4 bank. It is expected that
with development now in progress on new fuses and on smaller cables,
ten A5 banks will be mounted in the 11-foot 6-inch bay. A picture of
the size reductions from the first designs until now is given in Tig. 10.
A close-up front view of the A5 bank is shown on Tig. 11. An A5 bank
weighs about 70 pounds as compared to 270 pounds for the A4.

Consideration of the factors of repetitive manufacture and simplifica-
tion of maintenance led to the particular arrangements of the A5 bank.
Essentially, a channel bank provides twelve distinet circuits. These are
basically the same in purpose, but each differs in one respect — operat-
ing frequency of the sideband produced. In the A5 design the circuit
portions of each channel which are not frequency-sensitive are combined
in identical units. Thus there are twelve exactly similar packages for
cach bank which contain the modulator and demodulator, the voice
amplifier, and the level adjusting pads. TFig. 12 shows this “modem”
unit. This twelve-fold increase in repetitive manufacture of a major
portion of the bank leads to manufacturing simplification and economy.
Also, for the first time it will be possible for the Operating Telephone
Companies to stock a few spares of the active units which can be used
in any channel. :

As illustrated by Fig. 13, ease of installation and maintenance was
carefully considered in the A5 design. Essentially the bank is comprised
of two main sections. The main mounting frame contains the twelve
channel filters and the common units such as the hybrids and the net-
work which improves the operation of the end channels. All of these
units are removable from the front of the assembly. Simple terminal
strips are provided on both sides of this frame for the input and output
cables. These are arranged for solderless wire-wrapping.

Attached to this frame is a hinged panel carrying the twelve identical
“modem”’ units. Connection to these is by multi-pin connectors, and
the units themselves are easily demountable. Thus, any “modem’ unit
can te removed from a channel without disturbing other working units.
Seen on the rear of the door are small inductors which form part of the
terminating filters for the modulators and demodulators. Since these
differ for certain groups of channels they, too, have been isolated from
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Fig. 9 — Comparison of A5 and A4 channel banks.
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Fig. 10 — Size reductions in A-type channel banks since the Al.

the common “modem’ units. The new equipment arrangements of the
A5 bank provide for easy front-side maintenance and make even more
attractive the common practice of mounting bays back to back.
Maintenance of the transistor amplifier has been made very simple.
Pin jacks are provided on the front of each modem unit which permit

Fig. 11 — A5 bank with hinged panel closed.



TRANSISTORIZED A5 CHANNEL BANK 343

Fig. 12 — Modem unit of A5 bank.

measurements to indicate any degradation in the transistors. With the
expected very long life of transistors, it is hoped that field experience
will prove that no maintenance tests of this kind are needed. In this
event it is likely that the pin jacks would no longer be provided.
From a power basis, the A5 bank offers substantial operational sav-
ings. It dissipates only 17 watts as compared to the 59 watts of an A4
bank, better than a 3:1 reduction. This means that even with miniaturi-
zation, there is no heat problem. A full complement of nine or ten A5

Fig. 13 — A5 bank with hinged door open showing rear of modem units and the
filters mounted on rear frame.
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units dissipates less than the present full bay of three A4 banks. Of
course, an additional favorable factor is that a 130-volt power plant is
not needed; the only voltage used is standard office 24 volts.

VII. CHANNEL FILTERS

From the very start of channel bank development, its filters have
been a most important component. As previously described, they ac-
tually set the pattern which has since been followed. Each of the re-
designs from A1 to A4 were also based mainly on filter changes, including
reductions in their size. Tor the Al, the filters were quite large and
expensive.” Later filters based on newly developed inductors and im-
provements in quartz crystal mounting and encasement were much
smaller and led the way to the over-all equipment size reductions pre-
viously shown on IFig. 10.2

In the A5 development the filters represent mainly a packaging re-
arrangement of the A4 design. The main components, crystals and in-
ductors, had already been very substantially reduced in size. To obtain
minimum volume, the transmitting and receiving filters, each having
the configuration shown in Ifig. 14, are combined in one container. By
careful placement of the two units and the wiring, and by individual
shielding of the inductors, acceptable crosstalk coupling has teen
achieved. The filter mechanical arrangements are shown on Fig. 15.

Suppression characteristics of a typical filter are shown on Fig. 16
and the performance over the transmission band on Fig. 17.

VIII. OTHER COMPONENTS

The impressive reduction in size of the channel bank cannot be at-
tributed solely to the transistor. True, the transistor itself, by virtue of
its over-all size and low power consumption, contributed markedly to
the miniaturization of the active circuitry. And the low impedances and
voltages of the transistor amplifier circuit aided, as, of course, did effi-
cient equipment design.

Full advantage could not have been taken of these factors, however,
without the parallel advances that had been made in various passive
components. These are effective not only in the active circuit but in
other portions of the over-all transmission path. Outstanding in this
field are the contributions of the ferrites. Their availability made pos-
sible extreme reductions in the size of transformers in all categories.
Fig. 18 shows a comparison between some of the old and new units.
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Similar reductions were achieved in the capacitor field. Small Mylar
units are used in many instances. In addition, in the amplifier circuitry
the very high capacitance values demanded by the low-impedance levels
are furnished by miniature solid tantalum units. Without the latter the
miniature equipment design would not have been possible.

IX. OVER-ALL PERFORMANCE

The over-all performance of the A5 channel bank meets its develop-
ment objectives. For convenience in depicting the various characteristics
they are discussed under two general headings: (1) those factors which
were considered satisfactory in the earlier banks and are essentially un-
changed, (2) those in which improvement was sought.

A\l
!
\
1T

-
0

Fig. 14 — Configuration of a crystal channel filter.
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Fig. 15 — Crystal channel filter assembly comprising a transmitting and a
receiving unit.
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Fig. 16 — Typical loss-frequency characteristic of a channel filter.
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Fig. 17 — Typical pass-band characteristic of a channel filter.

In the first category are frequency response and modulator limiting.
Since the chief determinants of the frequency response are the channel
band filters, and since they are unchanged in electrical design, the same
frequency performance is to be expected. A typical over-all channel
characteristic is shown on I'ig. 19. The gain-frequency behavior of a
demodulator amplifier is shown on Iig. 8.

Fig. 18 — Comparison of transformers and inductors used in A5 and A4 banks.
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The channel envelope delay is shown on Ifig. 20. In terms of delay
distortion, the following is derived from the curve:

Frequency Range Delay Distortion
(cyeles per second) (microseconds)
1000-2500 100
850-2700 200
750-2900 300
600-3100 500

Modulator limiting is the same for both A5 and A4 and is shown on
Tig. 21.

Temperature cycling tests indicate only very slight effect on tand
distortions; the largest effect is on channel net loss. From a nominal
temperature of 80°F the bank was subjected to variations as great as
+60°F. The net loss variations are as follows:

Temperature Swing Net Loss Change
+20°F 0.05 db
+40°F 0.25 db
+60°F 0.50 db

Karlier this paper outlined certain desired improvements in operating
characteristics. These were particularly concerned with the behavior of
the demodulator amplifier, primarily due to its lack of sufficient feed-
back. A very important aim was the stabilizing of net loss. In the A4
with normal battery variations, changes of two or three db were not
uncommon. This situation was, of course, aggravated by aged tubes
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Fig. 20 — Typical channel delay-frequency characteristics of A5 bank.

and maximum gain settings. With 30-db minimum feedback, the aging
of active elements should have negligible effect. Also, tests indicate that
battery variations cause changes of only about 0.01 db per volt.

A4 channel banks require careful placing with regard to 60-cycle
power sources in order to reduce noise pickup. The trouble arises in the
amplifier input transformer which has a very high-impedance secondary
and a large air gap. In the A5, the transistor circuitry requires a low-
impedance transformer with a small air gap. Noise tests indicate that
the pickup has been reduced to almost unmeasurable levels.

The intermodulation products created in previous banks make them
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Fig. 21 — Typical channel overload characteristic showing modulator limiting.
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unusable for certain special serviees, such as telephoto, without extreme
lowering of levels and the addition of special amplifiers. The A5 amplifier
has greatly improved this characteristic. Measurements show that for
0-dbm outputs of each of two frequencies, the A — B product is —063
dbm and the 24 — B is —59 dbm. The requirement for telephoto, for
example, is —48 dbm.

The amplifier, as designed to meet all of the requirements and em-
ploying the 9D power transistor, has a power-handling capacity superior
to the older amplifier by about 6 db. The output characteristic as shown
on Fig. 22 indicates a break point at about 22 to 23 dbm.

X. CONCLUSION

The A5 channel bank introduces the transistor into the long-haul
wire and radio plant of the Bell System. Undoubtedly it is the forerunner
of transistor circuitry in other portions of this equipment.

At about the same first cost of equipment, the A5 bank provides defi-
nitely improved service to meet the needs of today’s communications.
In the over-all it means savings to the Operating Telephone Companies
through its reduced space and power requirements and its easier mainte-
nance. With the expected high reliability and long life of transistors,
the new bank should give many years of service without replacement
of its active elements.
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APPENDIX A
Voltage Gain and Feedback Analysis for Transistor Amplifier

A1 Sertes Feedback Amplifier

In this part of Appendix A, the expressions for voltage gain, feedback
and input and output impedances for the series feedback amplifier shown
in Fig. 2 are derived. It will be assumed that the amplifier A has no
internal feedback and that the Z-parameter matrix for the amplifier is
equal to

—_

[ZINI 0 J (12)
Z21 ZOUTI

where Z1x' and Zoyr” are the input and output impedances of the ampli-
fier (without external feedback) respectively. The short-circuit current
gain of the amplifier is related to the elements of this matrix by the ex-
pression

G = 22 (13)

— -
ZOUT

The Z-parameter matrix for the feedback network is

[ZHF Z12F:| (14)
Z12F Z22F
where
g R1-(R2 + Z2)
TR+ R2 ¥ 73
P R1-Z3
BT R+ R2 + 73
P 7Z3-(Rl + R2)
22F

T R1+R2+2Z73
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Since the amplifier A and the feedback network are connected in series,
the over-all matrix for the series feedback amplifier is

Zn + Zur  Zagr
, . (15)
Z21 + Z12F' ZOUT + Z22F

The voltage gain of the series feedback amplifier is equal to

G — (Z21 + ZIQF)RL
" (Zw + Zur + Re)(Zovr' + Zynr + Ry) " (16)
— Znar(Zn + Zinzr)

At this point in the analysis it is convenient to introduce the loop cur-
rent transmission, which is a convenient measure of feedback for a tran-
sistor amplifier. The current transmission is evaluated by opening the
fecedback circuit at terminals 1-1’, terminating the left-hand pair of
terminals in an impedance equal to Z;x’ and applying a unit input cur-
rent to the right-hand pair of terminals. The loop current transmission
is equal to the current in Z;y'. The positive direction for this current is
chosen so that if the original feedback circuit is restored, the current
flows in the same direction as the unit input current. By straightforward
calculation

G:Zovr Zusr
g (Zix' + Zur + Re)(Zovr' + Zar + Ri) — Zuor' (17)
Aﬂ - — GiZOUT,ZmF
1 - AB (ZINI + leF + RG)(ZOUT, + ZZ?F + RL) ’ (18)

- Z12F2 + GiZOUT,Z12F
If (13) and (18) are substituted into (16), then

_[R. R, [ 48
G = [Z GiZOUT'] [1 - Aﬁ]' (19)
In practice | G;| > 1 and | Zoyr' | 3> | Zier |- To a good approximation
Ry AB
G, = —- 2
Z12F 1 - Aﬁ ( 0)

The expressions for input and output impedances for the series feedback
amplifier are readily obtained using Blackman’s formula.?

_ Zo(1 — ABo)

Z = 0= 4p) (21)
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In this formula, Z is the driving point impedance between two points
in a circuit, Z, is the driving point impedance when one of the transistors
in the amplifier A is in a reference condition so that G; = 0 (feedback
circuit is opened), ABo is the loop current transmission when the two
points between which the impedance is measured are shorted, and 4B«
is the loop current transmission when the two points are open circuited.
In the case of input impedance, Zy = (Z' + Zur), the input imped-
ance of the amplifier A with the feedback loop opened plus Zyr . AB
is equal to the loop current transmission with the input terminals to
the series feedback amplifier, 1-3’, shorted. This value of loop current
transmission can be calculated from (17) with R set equal to zero, and
will ke designated as AB(R¢ = 0). AB= is equal to the loop current trans-
mission with the input terminals, 1-3’, open. Obviously AB. = 0.

Zix = (Zs' + Zun)[l — AB(Re = 0)]. (22)

Similarly the expression for output impedance measured between termi-
nals 2-4/ is

ZOUT = (ZOUT, + Z22F)[1 - AB(RL = 0)] (23)

where Zoyr' is the output impedance of the amplifier A with the feed-
back loop opened and AB(R;, = 0) is equal to (17) with R, set equal to
Zero.

A.2 Ematter Feedback Amplifier

The emitter feedback amplifier shown in Fig. 3 differs from the series
feedback amplifier in that the emitter of the second transistor and the
interstage networks are returned to the common connection between
the input and output transformers instead of to the emitters of the first
and third transistors. As a result of this connection, the collector current
of the first transistor must pass through the feedback network (R1, B2
and Z3) in returning to the emitter and, therefore, the network intro-
duces local feedback to the first transistor stage. This feedback is present
even when the main feedback loop is opened. Similarly, the base current
of the third transistor stage must pass through the feedback network in
returning to the emitter. The feedback network, consequently, intro-
duces feedback to the third transistor stage.

The emitter feedback amplifier also differs from the series feedback
amplifier in that the feedback network is driven by the emitter current
of the output stage instead of by the collector current. Since the small
signal collector current of a junction transistor is equal to the small
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signal emitter current multiplied by the alpha of the transistor, expres-
sion (20) must be modified for the emitter feedback amplifier.

_ RL(lg Aﬁ

G, = 57— .
Zpr 1 — AB

(24)

In order to calculate the feedback developed by an emitter feedback
amplifier, it is convenient to use the circuit shown in I'ig. 4. This circuit,
to a good approximation, takes into account the local feedback intro-
duced by the feedback network. Expressions (17), (22) and (23) are
valid for the emitter feedback amplifier if Z;' and Zoyr” are calculated
for the circuit shown in Fig. 4.

APPENDIX B

Low-Frequency Stability Analysis of Transistor Amplifier

All of the low-frequency feedback shaping is introduced by the three
capacitors in the emitter circuits of the transistors (refer to Fig. 5). Tig.
6 shows a plot of the low-frequency loop current transmission. The gain-
cutoff at the frequency f4; is introduced by the capacitor Cy;z, in the
emitter circuit of the last stage. At the cutoff frequency, the input im-
pedance of the third stage is equal to the total shunt resistance, Rgs,
between the base of the transistor and ground. To a good approxima-
tion

1
= 925 )*
fA3 27rCE3R,s3(1 — Qo3 + 5) ( 5)
where
5 = Bx,
Te3

The cutoff introduced by s is terminated at the frequency fz3 at which
the reactance of Cg; is equal to Rgz; .

1

= 5rCoilin” (26)

Jms

The gain-cutoff at the frequency fs» is introduced by Cgzs . At this
cutoff frequency, the input impedance of the second stage is equal to

* The first subscript for corner frequencies refers to the type of cutoff, while the
second subseript refers to the transistor stage.
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the total shunt resistance, Rgs , between the base of the transistor and
ground. To a good approximation

1
_‘27TCE2R32(1 - aog).

Jaz (27)
The cutoff introduced by Cpg, is terminated at the frequency fzs at which
the reactance of Cye is equal to Rg, .

1

- 27rREQCE2 ) (28>

f32

With reference to (9), it is evident that C'z will introduce a gain cutoff
at the frequency where the reactance of the capacitor is equal to

[(ra + Zur + Re)(1 — ag) + ra + Zis]

1
B 277031[%1' + Rur + RG)(l - a01) + ra + RIIF] )

This cutoff is terminated at the frequency fz; at which the reactance
of Cpg is equal to Rg; .

fa (29)*

1

fBl = 2—7TRE10E1. (30)

APPENDIX C

High-Frequency Stability Analysis of Transistor Amplifier

In this Appendix we will calculate the high-frequency characteristic
of the loop current transmission. Expression (17) is valid for the emitter
feedback amplifier if Z;x' and Zyyr” are calculated for the circuit shown
in Fig. 4.

ay Qo 1

Gi - 1 —(11.1 '—az.l—ag (31>

ZINI — Tbl/ + Tel + leF (32)
1 — 1

ZOUT, = Zc3(1 — a3) + Zor. (33)

In practice, the term Zsqr in the expression for Zoyr' can be neglected.

* At the frequency f41 , Zur is real and has the value Rup .
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If (31), (32) and (33) are substituted into (17), then

0109 212w
Aﬂ - e 1 - (1/2
[ra + Zur + (0 + Zur + Re)(1 — a1)] , " (34)
Ry 4+ Zosr Zar (1 - fll)
[(1 —a3) + 7 :I — 7

In all practical designs, the term Zy2p2(1 — a4)/Z .3 in the denominator
of (34) can be neglected. In the following high-frequency analysis, it is
assumed that the transistor parameters ¢ and Z. have the following
frequency characteristic

(%)

agexp | —j—

a = ff” (35)
1+ 5

Zea fed (36)

T 1F 2rfraCa

where a, is the de value of the device parameter q, f, is the frequency
at which the magnitude of a is 3 db below its de value, m is the number
of radians by which the phase shift of & exceeds w/4 (45°) at f,, C.3 is
the collector capacitance and r.; is the collector resistance of the third
transistor. In practice, m is of the order of 0.2 for alloy types of tran-
sistors. If expressions (35) and (36) are substituted in (34), then to a
good approximation

48, (1 n i)
AB — fa3

() 0 i) (i)

where 48, is equal to the mid-band value of Ag given by (9),

Ta + Rur :I

s’ + Bur -+ Re
ra + Bur

ry’ + Rur + Re

@7)*

fa1 [1 —~ an +
f11 =

1 + agm: +

fie = faz(l — aoz)

* At high frequencies, Z1r , Z12r and Zsop are real with values Rup , Riep and
Rs.r respectively.
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f . (1 — Qog + 6)
13 =
1 4 apms 4 6 =
fa3 fc3
fip = 1 5= Ry + Rop
<8 QW(RL -+ R22F)Cc3’ T3 )

Expression (37) represents the high-frequency behavior of the loop cur-
rent gain of the circuit without high-frequency shaping. In order to
insure adequate margins against instability, two interstage high-fre-
quency shaping networks are employed as shown in Fig. 5. These net-
works modify the high-frequency current gain of the second and third
stages. In Ref. 21 it is shown that if a series RC circuit is placed in the
base circuit of a transistor (B2, C2) the current gain of the stage can be
represented by the following expression:

G = -t z020&02 (1 +j7£2>
(esg) (i

(38)

where
1
.f22 bt
[rbo + R2 + ] Cc2
1 — ap
1
Jo T 2xR2-C2
; e [sz + R2 + 5 _amJ
. 7 + R2 .

The corner frequency fa2 corresponds to the frequency at which the re-
actance of C2 is equal to the input impedance of the second transistor
stage. The corner frequency f;. is equal to the frequency at which the
reactance of C2 is equal to R2.

In Ref. 21 it is shown that if a series RLC circuit is placed in the base
circuit of a common emitter transistor (R3, L3 and C3), the current
gain of the stage can be represented by the following expression:

S — ( + f>2
Gi _ 1 — aps+ 6 fas

(i f)r )0 57)

(39)
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where
! ¢ 3 2F

2#[?03 + R3 + T ]03

Ji = fu [Tbsl + R3 + (res 1+_R220)3(j_';' 5)]
res’ -+ R3

o= —

27/ L3C3
fi = T+ B3
BT T oxL3

The corner frequency fo3 corresponds to the frequency at which the re-
actance of C3 is equal to the input impedance of the third transistor
stage. The corner frequency fi; corresponds to the frequency at which
the magnitude of the input impedance of the third stage plus R3 is
within 3 db of (ry3” + R3). The corner frequency fi3 corresponds to series
resonance of the RLC circuit and fe; is the frequency at which the re-
actance of L3 is equal to (rss’ + R3). In order for (39) to be valid, R3
in the series resonant circuit must be chosen so that the circuit has a Q
of one-half at fs; .

-1
7f53C3°

The complete expression for the high-frequency characteristic of A8 for
the amplifier shown in Ifig. 5, is

A8, (1 + in) (1 + 37%)2 <1 * ]fi> (a1)
(DD () |

(i) (i) 0 +7)

The magnitude and phase of A is plotted in Ifig. 7 for the transistor
parameter values listed in Table I and for | Zi2r | = 7 ohms.

R3 (40)

AB =
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On the Use of Passive Circuit Measure-
ments for the Adjustment of
Variable Capacitance

Amplifiers

By KANEYUKI KUROKAWA
(Manusecript received April 12, 1961)

In the field of microwave tubes, the cold test plays an important role.
Hcwever, no attempt in this direction has been made for the variable ca-
pacitance amplifier. It is the purpose of this paper to present the theory of
a cold test procedure for parametric amplifiers. The cold test is essentially
the measurement of the tmpedance locus of the input, the output and the
pump circutts under the no-pump condition, with the diode bias voltage as
the variable parameter. From these impedance loci one can evaluate all the
tmportant circuit paramelters of the equivalent circuit of the parametric
amplifier, including the value of the dynamic quality factor of the diode.
Using these data, it 1s relatively easy to design or adjust the circuit so as to
give the best noise performance. Since the theory of the cold test procedure
neglects the effects of (1) higher harmonics, (2) any parallel conductance
of the diode, and (3) circuit losses, the validity of the theory can be estab-
lished only by experiment. For this reason, this paper also presents some
of the experimental results obtained with a 6-kmc degenerate amplifier.
The correlation between theory and experiment has proved to be excellent.

I. INTRODUCTION

Although variable capacitance amplifiers have been built and operated
successfully, their design has been an art practiced by the individual
designer rather than a systematic construction. The designer generally
provides various adjustable components in his amplifier and obtains the
final optimum result on a trial and error basis. However, the designer
can never ke free from the fear that just one more adjustable component
may considerably improve the noise figure. Furthermore, when the
measured noise figure is not as good as expected from some previous
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experience, there is no simple way to determine which circuit is the main
cause of the poor noise figure, i.e., the signal, the idler or the pump cir-
cuit. The poor result might also be due to a poor diode. The cold test
procedure goes a long way towards resolving this uncertainty.

In microwave tubes, such as the klystron and magnetron, the cold
test plays an important role. However, no attempt in this direction has
been made for the variable capacitance amplifiers. It is the purpose of
this paper to present both the theory of a cold test procedure for para-
metric amplifiers and some experimental results on a 6-kme degenerate
amplifier showing the validity and the limit of applicability of the the-
ory. It can be shown! that the minimum noise figures of lower-sideband
idler-output and circulator type amplifiers, degenerate amplifier and
upper-sideband up-converter are all basically determined by a dynamic
quality factor of the diode and that, for optimum noise figure operation,
cach type of amplifier requires certain values of R,/R, and R,/R . , where
R, is the series resistance of the diode, R, the internal resistance of the
generator and R, the load resistance. The cold test is essentially the
measurement of the impedance locus of the input, the output, and the
pump circuits, under the no-pump condition with the diode bias voltage
as the variable parameter. From these loci all the important circuit
parameters of the equivalent circuit of the parametric amplifier, includ-
ing the diode dynamic quality factor, can easily be evaluated. Using
these data, it is quite straightforward to design or adjust the circuit so
as to give the best performance under the restriction of a three-frequency
assumption. Further, should a poor noise figure be obtained, one can
easily detect from the equivalent circuit where the main trouble lies.

The cold test procedure thus has a large advantage over the conven-
tional trial and error method. It must be pointed out, however, that the
cold test checks only the necessary conditions which must be satisfied
to obtain a low-noise amplifier. Sufficient conditions are far beyond the
scope of this paper, since the present theory of parametric amplifiers
completely neglects the effect of higher harmonics. Also, it must be
mentioned that if, in addition to the series resistance, there is an appre-
clable amount of parallel leakage conductance in the diode, the tech-
nique discussed here is not directly applicable. Such a diode is regarded
as poor and would generally not be used; the theory of minimum noise
figure for such a diode has, therefore, not yet been fully developed.

II. EQUIVALENT CIRCUIT OF PARAMETRIC AMPLIFIER

The parametric amplifier which we shall consider is a network with a
variable capacitance, and an input (w1), an output (ws), and a pump



MEASUREMENTS FOR PARAMETRIC AMPLIFIERS 363

REACTANCE
a b c a c
o= —o o- /00 o
TRANSMISSION LOSS-LESS
LINE NETWORK g é%TRANSFORMER
ar bl c’ a’ c’

Fig. 1 — Equivalence of two networks.

(wp) circuit. Without any loss of generality, we can assume that the in-
put is in the form of a transmission line with a matched generator, and
the output a transmission line with a matched load. For a properly de-
signed amplifier the network should have negligible losses except for the
diode series resistance. I'urther, the input, the output and the pump
circuits should be isolated from each other except through the para-
metric action. Therefore, the whole circuit connecting the input ter-
minals to the diode is considered as a lossless two-terminal-pair network
at wy, and the whole circuit connecting the output terminals to the
diode as another lossless two-terminal-pair network at w, . By choosing
a proper reference plane along the transmission line, each lossless two-
terminal-pair network can be considered as a simple combination of an
ideal transformer and a series reactance, as shown in Iig. 1 (see Appen-
dix A). Therefore, the equivalent circuit of the amplifier becomes that
shown in Tig. 2. For our purpose, however, the transformer can be elim-
inated as shown in Fig. 3, since only the ratios between the various
impedances are important, and not their actual values. For example,
the minimum noise figure condition requires a certain value of R,/R,
where I, is the internal resistance of the generator looking back from
the diode. R./R, is the diode series resistance normalized to the gener-
ator resistance R, in Fig. 3, and it corresponds to R./(nr,) in Fig. 2,
which is again the diode series resistance seen from and normalized to
the generator resistance r, , i.e., (Rs/n:2)/r, . Thus, there is no difference
between Fig. 2 and Fig. 3 as long as the impedances are all measured
from the transmission lines.

The pump circuit is yet another lossless two-terminal-pair network,
but this circuit does not have to satisfy any stringent requirements.

1=n, np=t

|
9 w, I | wWp T
Rs Rs
g
] [

Fig. 2 — Equivalent circuit of the parametric amplifier.
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X| Xz
7O00 ' 7000
Rg w, w, RL
Rs Rs

Fig. 3 — Elimination of the transformer in the equivalent circuit of Fig. 2.

The function of this circuit is to provide enough pump voltage across
the diode junction without letting the signal and the idler energy escape
into the pump generator. The coupling between the diode and the pump
input is easily checked in a way similar to that used for the w; and w2
circuits.

III. DETERMINATION OF CIRCUIT PARAMETERS

The impedance looking into the network from the input (or the out-
put) is a series connection of a reactance, a variable capacitance and a
resistance. If we change the capacitance value by applying a de voltage
to the diode, the impedance changes but the resistive part remains con-
stant. Thus, the locus of the impedance should be a part of a constant
resistance circle on the Smith chart. If we set the reference plane arbi-
trarily, the circle is generally not a constant resistance circle, but it is
always possible (under the model assumed) to rotate the experimentally
determined circle about the center of the Smith chart until it fits one
of the constant resistance circles. This procedure corresponds to the
proper choice of the reference plane in the previous section. The re-
sistance value of the circle thus obtained gives R./R, (or R,/R.). The
mean value of the reactance gives the additional reactance in the input
(or output) circuit, i.e., the diode average reactance plus the circuit
reactance. The minimum noise figure condition requires that this addi-
tional reactance be zero. The locus should, therefore, be located sym-
metrically on the two sides of the zero reactance line when the bias
voltage changes in the same manner as the pump voltage across the
diode junction.

Making the open ecircuit assumption for the unwanted frequencies,
the diode dynamic quality factor @ is defined by

~ 1
¢= w2K R, (1)
e Total reactance variation _ 2AX ()

4R, 4R,
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The quantity K, is defined through the relationship

1 1 1
W—E‘I‘I—{lcoswpt'*"" (3)
where C(f) is a junetion capacitance which is a periodic function of time.
The value of  is thus easily evaluated from the impedance locus using
2).

In certain cases, the circle of the impedance locus does not come close
to the periphery of the Smith chart, and, thus no appropriate constant
resistance circle can be obtained by a rotation of the experimentally
determined circle. This indicates either that the network is lossy, or
else that the diode has a parallel conductance in addition to the series
resistance. In the former case the network should be redesigned or re-
adjusted to eliminate this additional loss. In the latter case the present
technique is not directly applicable.

IV. MINIMUM NOISE FIGURE ADJUSTMENT

In addition to the condition that the locus be symmetrical about the
zero reactance line, each type of amplifier requires certain values of
R,/R, and R,/R;, for optimum noise figure operation. These values are
detailed in a previous paper! and will be quoted in this section without
further reference.

4.1 Upper Sideband Up-converter

TFor the upper sideband up-converter, the minimum noise figure con-
dition is given by

B _ ——1—.— (4)
By 14§
and
B, _ 1
Ry, 010 ' (5)
1w
14+ V1 +G?

The corresponding noise figure and gain are

T: (1 1 1
F=1 2-—3 =3 —.:-/‘/]. -::—2> 6
+ Tg<Q1+Q1 +Q1 (6)
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where T, and T, (290°X) are the equivalent noise temperatures of the

diode and the source respectively, and

o
“= ( 1, 1 \/——wl 1 )
1 -~ = ‘I‘ e ) 2> (1 _—_..—)
tae e Vi )\ Y o

TFrom (2) and (4),
AX) _ <§> (AXI) _ 20
R, \RJ/\R,) 1+Q; (8)

~ 2, if @ is large.

Combining (4) and (8), a numerical caleculation shows that the two ends
of the locus should be found on the solid line shown on the Smith chart
of Tig. 4. The dotted line is an example of the locus. It is worth noting

!
]
I
| n
!, o)

\ —
1 2 3 4 56
NOISE FIGURE IN DECIBELS

Fig. 4 — Impedance locus of input of up-converter for minimum noise figure
The dotted line is an example. The solid line is the limit of impedance swing.
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that in most practical cases @ is large, and, hence, the locus should
extend nearly from j2 to —j2. Next let us consider the output circuit.
From (5) we have

AX; 2Q,
R, G - (9)
1 —_—
I FAA + G
If ¢y and @, are large, as is usually the case,
AX,
This means that the output impedance locus also should extend from

72 to —j2.

Whenever the succeeding stage has a poor noise figure compared to
the noise figure of the up-converter, the maximum gain condition of the
up-converter gives a better over-all noise performance than the mini-
mum noise figure condition. The maximum gain condition is given by

R, _R, 1

R, " R.~ Vi+ 00 (11)
The corresponding noise figure and the maximum gain of the up-con-
verter are given by

F=1+g< L 1“\/1+6?1Q:2+1> (12)
To\V1+00: V14 00.V1+ 00 -1

and

G=9_2\’1+Q1Q~2—1 (13)
“1V1+ Qi@ + 1
Equation (11) shows that both the input and output impedance loci
should lie on the same resistance circle of the Smith chart. The react-
ance variations are given by

AN, 20 "
R, \/1 + Q~1(:)2
and
AXy _ 20: (15)
R V1 Q:Q»
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When ,Q; is large, they become
AXI ~ w3
R P 4[ (16)

AX, ~ wy
7 2 - (17)
In most practical cases, however, because of the moderate noise figure
of the succeeding stage, neither the minimum noise figure condition nor
the maximum gain condition gives the best over-all noise figure — this
is always obtained somewhere between these two conditions, If the
noise figure of the succeeding stage is given, the condition for the best
over-all noise performance, and, hence, the required impedance loci, are
casily calculated.! Thus the cold test procedure can also be used to ad-
just for the best over-all noise figure adjustment.

and

4.2 Lower Sideband Nondegenerate Amplifiers

For the lower sideband nondegenerate amplifiers (both idler-output
and circulator types), the minimum noise figure condition for large
gain is given by

. (18)
By Q@ — 1
and
R./R;, — . (19)
The minimum noise figure is
Ts
T oL A A - 20
Since §; = AX1/2R, from (2), (18) may be rewritten as
aX, 20 (21)
Ry (G, —1
and so the input reactance should vary from

+520: to —72Q, .
Q1Q~2 - 1 Q~1Q~2 - ]-
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From (19), the output locus should converge to the infinite resistance
circle, keeping the center of the locus on the zero reactance line.

It sometimes happens that because of bandwidth or stability require-
ments, condition (19) can not be satisfied, i.e., the value of R,/R; has
to remain finite. The minimum noise figure condition under this restric-
tion, and the corresponding noise figure, are given by (18) and (20)
respectively, provided that everywhere §y@s is replaced by

~ ~ R,

Q1Q2 <Rs + RL)
and that the load and diode temperatures are equal. The reactance vari-
ations are given by

AX, 20,
R, - R, ) (22)
Q1Q2 (R_—s +:RL -1
and
AX, 2R, ~
R—L = R, Qz- (23)

When R,/Ry is finite, @, must be replaced by

~ R,

Q%/&+RL
to obtain the corresponding noise figure from Fig. 4 of the referenced
paper.!

4.3 Degenerate Amplifier

For the degenerate amplifier, the minimum noise figure for large gain
is

S L. (24)
B + Tu Q -1
and is obtained when
R, 1
Rg - Q -1 <25)
Noting again that §, = AX/2R, from (2), we have
g = 2¢ (26)

R, (-1
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A little calculation shows that the locus terminates on the straight lines
through the (=, j) and (0, #52) points, as shown in Tig. 5. The dotted
line is an example of the locus.

The above discussion is entirely based on two assumptions, (7) that
the unwanted frequencies are open-circuited, and (47) that the reactance
variation of the diode junction is sinusoidal. In practice, however, it is
difficult to satisfy these assumptions completely, and the actual reactance
variation required for optimum performance may be slightly larger than
that indicated above. Nevertheless, experiments on lower sideband
amplifiers have shown that the effect of improperly terminating the
higher sidebands is small as long as the circuit is well detuned at the
frequency of the upper sideband. Iixperiments with an upper sideband
up-converter also support the theory, even though in the actual experi-
mental case the lower sideband was not perfectly open circuited. The
experimental results on a degenerate amplifier will be discussed in detail
in Section VI.

|

!
/
I/
1
k
H
“ NOISE FIGURE IN DECIBELS
\

\

\

Fig. 5 — Impedance locus of degenerate amplifier with large gain and minimum
noise figure. The dotted line is an example. The solid line is the limit of impedance
swing.
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The best starting point for adjusting an amplifier is to provide about
10 to 20 per cent larger reactance variation than that indicated above,
and to test the amplification with reduced pump power. If the amplifica-
tion is satisfactory, one can decrease R,/R, , improving the noise figure.
The normalized reactance variation, however, decreases proportionally
to R,/R, , and accordingly the pump power required for proper amplifi-
cation increases. If the pump voltage across the diode junction increases
too much, additional noise such as microplasma or shot noise becomes
effective and the noise figure deteriorates again. Therefore, the decrease
of R,/R, is stopped just before the noise figure begins to deteriorate.

V. BIAS SWEEPING METHOD

Since a large number of standing-wave measurements have to be made
for just one impedance locus, it is a time-consuming job to get the proper
locus by adjusting the actual circuit. However, the procedure is consider-
ably simplified by modulating the bias and displaying the output from
the standing-wave detector on an oscilloscope. A schematic diagram of
the bias sweeping method is shown in I'ig. 6. The diode bias voltage is
modulated at 60 cps by means of an ac voltage applied through a trans-
former, and this voltage is also applied to the horizontal amplifier of the
oscilloscope. The vertical axis of the oscilloscope shows the output of
the standing-wave detector. Thus, if a square-law detector is used, the
pattern on the oscilloscope represents the square of the length from a
reference point on the periphery of the Smith chart to the locus versus
the bias voltage. This relation is shown in Tig. 7 (see Appendix B). If
one moves the probe position of the standing-wave detector k wave-

PARAMETRIC
KLYSTRON AMPLIFIER

S.W.D
Q") { P a
ATTENUATOR —

1 @ e

-
SQUARE-WAVE v H
GENERATOR o o

OSCILLOSCOPE

i 4

Fig. 6 — Bias sweeping method.
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A .
SMITH CHART OSCILLOSCOPE PATTERN

Fig. 7 — Relation between impedance locus and oscilloscope pattern.

lengths towards the load, the reference point moves k wavelengths
clockwise along the periphery of the Smith chart (in the direction of the
arrow indicating “wavelength toward generator”). Therefore, the pat-
tern changes as shown in Tig. 8. Keeping these relations in mind, ob-
serving the pattern on the oscilloscope and moving the probe position
of the standing-wave detector, one can visualize the shape of the locus
on the Smith chart. After having adjusted the circuit for the proper
pattern on the scope, the usual point-by-point measurement can be
made, if desired.

The pump ecircuit can also be checked by the bias sweeping method.
The proper impedance variation is an indication of good coupling be-
tween the pump input and the diode. No critical adjustment is required

SMITH CHART OSCILLOSCOPE PATTERN

Fig. 8 — Shift of probe position and oscilloscope pattern.
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for the pump circuit; however, it is desirable that the locus be reason-
ably symmetrical about the zero reactance line, and that the impedance
swing be reasonably large.

VI. EXPERIMENTAL RESULTS

Since the theory neglects the effects of (2) higher harmonics, (27) any
parallel conductance of the diode, and (447) circuit losses, the validity of
the theory can be established only by experiment. Ifor such a validity
check, it is best to start with a degenerate amplifier, since this has the
simplest circuit configuration. In this section we shall present some of
the experimental results obtained with a 6-kme degenerate amplifier.

The diode mount and also the noise figure measuring setup are similar
to those described by M. Uenohara.? To make input impedance meas-
urements, a standing-wave detector is inserted between the diode mount
and the circulator. The circuit adjustment is done by the bias sweeping
method. After obtaining the desired impedance locus, the locus is plotted
on the Smith chart by the usual point-by-point measurement. Figs. 9

Fig. 9 — Impedance loci of a gallium-arsenide diode. DC bias voltage is ap-
plied through a 10,000-ohm series resistance.
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Fig. 10 — Impedance loci of a silicon mesa diode.

and 10 show two examples of such loci, one for a gallium arsenide point-
contact diode and the other for a highly doped silicon mesa diode. The
corresponding noise figures and the de bias voltages for amplification
are given in Table I. The accuracy of the noise figure measurements is
believed to be 40.2 db. IFrom each impedance locus, a theoretical noise
figure is calculated using (24) and (25) and is also given in the Table.
The noise figure decreases as the locus moves in the direction of over-
coupling. However, if it goes too far, large gain is no longer obtainable.

TABLE I — NoiseE Figures AND OPErRATION Bias VorrTacn

Diode Type Locus. Nois?dll;i)gure Bia&(Xct)Sage Ca]cu]a‘;le)d N.F.
Gallium Arsenide (% 2499) I 3.1 —-1.75 3.0
II 1.7 —1.00 1.6
ITI 1.0 —2.45 0.9
Silicon (SI-R 73-62) v 3.1 —1.50 3.0
\4 2.1 —1.10 2.0
VI 1.1 —0.95 1.2
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This is shown in Fig. 11 for the same diode as that of Ifig. 9. For com-
parison, the locus III of I'ig. 9 is here given again. The locus VII gave
a maximum gain of 15.4 db, and VIIT a maximum of 5.4 db. An attempt
to obtain larger gain by increasing the pump power failed. Apparently
the loss of the diode increases due to the parallel conductance which
comes in when the applied voltage exceeds cither the contact potential
in the forward bias region or the breakdown voltage in the reverse bias
region. The theoretical limit on the length of the locus for the large gain
condition is given by the straight lines drawn through the points (e, j)
and (0, #j;2), provided that the locus is symmetrical about the zero
reactance line. Ifor a given coupling, if the locus cuts these two lines,
the reactance swing can ke decreased by decreasing the pump power
until the locus terminates on these lines, thus giving the correct condi-
tion for large gain. If the locus does not extend to these lines, large gain
cannot be achieved. The loci VIT and VIII in Ifig. 11 certainly correspond
to this latter case.

The most interesting quantity for a diode is the best noise figure com-

Tig. 11 — Departure from large gain condition. Locus IIT gives more than 20
db gain, VIT 15.4 db and VIII 5.4 db. '
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patible with large gain. This can ke found by changing the locus step-
by-step towards overcoupling and measuring the noise figure for each
adjustment (as has been done in Figs. 9 and 10) until one gets the op-
timum noise figure compatible with large gain: beyond this point either
the gain becomes small (in our case less than 16 db) or the noise figure
becomes worse because of microplasma and/or shot noise. Our final re-
sults for ten different diodes are plotted in Tig. 12 against the measured
dynamic quality factor Q. The quoted values of Q correspond to the
reactance variation for a change of bias voltage up to the points where
the dc current reaches 4=10ua, and these § values are accordingly desig-
nated as Q(=10ua) in the Figure. This choice of 10ua for the limit is
made mainly for convenience, and the question remains whether or not
this choice is appropriate for all diodes. As diodes are improved, the
noise contribution from the parasitic series resistance R, becomes smaller:
the microplasma and shot noise will then predominate, and one may
therefore have to change this current limit to a smaller value. For the
present diodes, however, the 10ua limit secems to give an appropriate
guide.

VII. SOME REMARKS ON NEGLECTED FACTORS

The theory for the cold test procedure neglects the effects of higher
harmonics, the parallel conductance of the diode, and circuit losses.

5
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Fig. 12 — Measured noise figure versus measured dynamic quality factor Q
(£10 pa).
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These effects, however, are actually noticeable in the experiments. Re-
ferring to Figs. 9 and 10, strictly speaking the impedance loci are not
part of constant resistance circles: extrapolating the circles on which the
loci lie, one finds that they do not touch the periphery of the Smith
chart. This occurs partly because the diode has a small parallel con-
ductance in addition to the series resistance, and partly because the
circuit has finite losses. The series resistance R, which is read directly
off the Smith chart includes some contribution from the circuit itself.
It is this R, which is employed for the noise calculation in the previous
section, and, hence, the noise contribution from the circuit losses is
partly included in the calculated noise figure.

It will be noted that the operating bias voltage is not at the center of
the locus. This is due to the effect of higher harmonics of the reactance
variation. To see this clearly, the small-signal reactance of locus III is
plotted against the de bias voltage in Fig. 13. If the pump voltage across
the junction is sinusoidal and the operating bias voltage is set at a zero
reactance condition, the average reactance is inductive as shown sche-
matically in Fig. 14. In actual practice, a distortion of the pump voltage
takes place. As the bias is increased for the forward direction, the ca-
pacitance is increased, and, hence, the impedance is decreased. The
pump voltage across the junction thus tends to decrease, making the
waveform flat. Since it is possible to increase the pump power to produce
the same maximum voltage as before without introducing shot noise or

-4
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-2 \\-«
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\

X/Rg
o
i/

2
\o
3
4
-8 -7 -6 -5 -4 -3 -2 -1 o0 1 2
Voc

Fig. 13 — Small-signal reactance versus bias voltage (Locus III).
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Fig. 14 — Distortion of reactance variation,

parallel conductance, the net result is an increase of the area under the
reactance variation curve in the forward bias region. The opposite ten-
dency appears in the reverse bias region, there increasing the area of
the opposite reactance swing, but this is insufficient to compensate for
the increase in the forward swing. The operating bias voltage must,
therefore, be made further negative to cancel the additional inductance.
This, then, may be the reason why the best bias voltage for amplifica-
tion is always found on the capacitive side of the locus.

A rigorous theory for the minimum noise figure would necessarily in-
clude the effect of higher harmonics and of the parallel conductance.
However, the fruitfulness of further efforts in this direction is doubtful,
since the noise contribution which comes from the microplasma produced
in avalanche breakdown is at least as great, and an analytical treatment
of this is difficult. In our caleulation, this is taken care of implicitly by
choosing a current limit of —10ua when evaluating Q.

In the circuit actually used in the experiments, the upper sideband
impedance is not necessarily infinite. Whenever the upper sideband im-
pedance becomes low, as indicated by the gain being smaller than that
expected from the impedance locus, the shorted plunger or slide screw
tuner in the pump circuit was shifted a half or one pump wavelength,
thereby detuning the upper sideband without affecting the signal and
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pump circuits. The upper sideband is thus expected to be adequately
detuned.

VIII. CONCLUSIONS

We have discussed the principle of the cold test procedure for varia-
ble capacitance amplifiers, the adjustment of the circuit for minimum
noise figure, a simplified method for visualizing the impedance locus on
the Smith chart, and the experimental results on a 6-kme degenerate
amplifier. It has been shown that all the important circuit parameters
of the equivalent circuit of the parametric amplifier can be evaluated
from the cold test result, making the adjustment of the circuit for mini-
mum noise figure relatively straightforward.

For the calculation of the dynamic quality factor, it is suggested that
a limiting value for the de bias current be chosen of =410ua.

Despite the neglect in the theory of higher harmonics, parallel con-
ductance, and circuit losses, the correlation between the measured noise
figures and those calculated from the cold test results is very good, in
fact, surprisingly so.

Brief consideration has also been given to certain factors neglected in
the simple theory. The best operating bias voltage is always found on
the negative side of the locus center, and this is explained qualitatively
by the harmonics of the reactance variation.
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APPENDIX A

Equivalent Circuit of Lossless Two-Terminal-Pair Network with a Trans-
mission Line®

Consider a lossless two-terminal-pair network with a transmission
line on the left-hand side of it. The reflection coefficient at an arbitrary
plane on the transmission line is a bilinear function of the impedance Z
connected to the right-hand side of the two-terminal-pair network.
There are reference planes where the reflection coefficient becomes unity
when Z approaches infinity, since in this case the circuit has no losses
at all. Take one of such reference planes and consider the reflection co-
efficient at this plane with an arbitrary impedance Z. It can be expressed
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Fig. 15 — Equivalent circuit for a lossless two-terminal-pair network and a
certain length of transmission line.

in the form

. Z 4+ C

Z + C,

where Cy and Cs are complex quantities, because this i1s the most general
bilinear expression for Z for which r becomes unity when Z is infinite.

(27)

Suppose Z = jX (pure imaginary), then || = 1, since the circuit is
again lossless. Therefore, we have

‘ﬁ—ig: =1 (28)
for arbitrary real X’s. I'rom this relation, we obtain

ImC; = ImC, (29)

|Ci = [ Ca ] (30)

Therefore, using real quantities C' and 8, C, and C; can be expressed in
the form

Ci= —Ce i (31
Cy = Cef. (32)

7

L

Fig. 16 — Relation between impedance and voltage on Smith chart.
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Iquation (27) then becomes

. Z — C”
Z 4+ Ceft

=Z+j0sin0—Ccos0
Z+ 7jCsind+ Ccos b’

Comparison of this equation and the standard formula for the reflec-
tion coefficient in terms of impedance indicates that the same reflection
would be given by the circuit shown in I'ig. 15. Since Z is arbitrary, this
means that a lossless two-terminal-pair network with a certain length
of transmission line attached to one side of it is always equivalent to a
combination of an ideal transformer and a reactance.

(33)

APPENDIX B

Relation Between Impedance and Voltage on Smith Chart

The Smith chart is a reflection coefficient plane in which the constant
resistance curves and the constant reactance curves are mapped. Sup-
pose an impedance at a reference plane is given by a point p in the Smith
chart shown in Fig. 16, then the vector cp represents the corresponding
reflection coefficient, provided that the radius of the Smith chart is
unity. The voltage at the reference plane is therefore given by the length
of the vector op, i.e., a sum of the incident wave o¢ and the reflected
wave ¢p provided that the incident wave voltage is unity. Xeeping the
incident wave voltage constant, the change in the length of the vector
op is then equivalent to the change in the voltage at the reference plane.
If one moves the reference plane k wavelengths towards the load, then
the whole impedance locus rotates anticlockwise & wavelengths. How-
ever, as far as the length of the vector op is concerned, the same relative
effect is obtained when the locus stands still and the point o rotates %
wavelengths clockwise (in the direction of the arrow indicating “wave-
length toward generator’”). Therefore, depending on the probe position
of the standing-wave detector, the oscilloscope pattern changes in the
manner discussed in the text.
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