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to apply rules to the random selection which would prevent these
clusters. Also, a useful monocular cue could be provided by regulating
the occurrence of certain brightness levels in & manner dependent upon
the z-level of the point domain. Thus, there are many possible refine-
ments to the basic procedure of giving texture to the surface by ran-
domly assigning brightness levels.

The object has been defined and its surface has been invested with
brightness levels, albeit random and uninformative when viewed mon-
ocularly. It remains now to produce a stereo pair in which the point
domains are given the proper parallax shift. The calculations for two
such pictures follow the simple formulas for projection, which are shown
in Ifig. 4. The center of projection is considered at a distance H from the
base plane of the object. The centers of projection for the stereo picture
pair are separated by a base distance B and are positioned symmetrically
about the z-axis. The plane of the pair is at a distance I from the centers
of projection. The projections for each point (z,y,2) of the surface where
z = f(x,y) onto the left and right members of the pair are then given by

the relations
S ~+B . F_ Q T —Zi . F
n=\te)m= =) m=

Y

and

r
?/L=?/'H_Z Ur

The total parallax for the point (x,y,2) is seen to be A = BF/(H — 2)
and is shared equally by the two pictures.

It should be pointed out that binocular parallax alone constitutes
only the perception of relative depth. Without other depth cues it is
not possible to determine absolute depth when fusing the pair obtained
by the above projections. That is to say, the perceived z-scaling, which
is some monotonic function of A = const./(H — 2z), is obtained by some
arbitrary selection for the value H. (In stereoscopic viewing the sup-
plementary depth cues determine the absolute distance of the plane of
the stereo pictures from the observer, which is subjectively substituted
for H.) If the function A = const./(H{ — 2) is used, the parallax shifts
will be similar to those experienced by the human optical system and
thus will give rise to familiar percepts of z-scaling. Inasmuch as the
perceived depth is some monotonic function of the binocular parallax,
which is in turn a monotonic function of the height of the surface, it
suffices to choose any monotonic function A = f(z). IFor example, if the
range of z is limited, the function A = z gives a good approximation to



STEREOSCOPIC PRESENTATION OF FUNCTIONS 669

T
| i
I
I |
| F
! I
]
I A
|
I Yc
|
!
t
|
|
|
! \
! |
| |
| |
l
| | \\
! |
| t
| |
: [ -wy,2)
|
|
|
|
! z=f(x,y)
|
|
|
?
v 1o x X
i Te_Ye_ E
X T Yy H-z

Fig 4 — Projection of an object onto a stereo pair.

the projection of IFig. 4. This function merely provides a different sub-
ective z-scaling. If a numerical z-scale is provided, which can be per-
ceived in depth together with the surface to be presented, and if both
are generated according to the same projection rules, then the problem
of a correctly labelled stereoscopic projection is solved.

Consequently, the parallax shift can be computed, having selected a
function A = f(z), which gives a new position to each point, and an
identical brightness level can be assigned at random to the corresponding
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points in the left and right fields. The stereo pair then results by use of a
suitable output medium, that is, a video transducer in which the z,y
positions correspond to the deflection, and in which the brightness values
correspond to the intensity of the beam in a cathode-ray tube display.
Inasmuch as a digital system is used, the video transducer generates a
sampled display. Since the projection can produce expansions and con-
tractions of point domains on the surface or parallax shifts which are not
integral multiples of the sampling intervals, over-sampling is required.
This, however, results in great strain on the storage capacity of available
computers and on the resolution requirements of video transducers.
Therefore, it is nceessary to make compromises by trading resolution in
object definition for resolution in depth. In the present state of tech-
nology, however, there are devices available which will satisfy this
requirement.

III. INSTRUMENTATION

The above steps were carried out by quantizing the base plane into
10,000 points with the scale on the = and y axes running from 1 to 100.
An IBM 7090 computer was used to generate an array of corresponding
values z = f(z,y) and to assign a random number designhating the bright-
ness for each of the points. F'or simplicity, the function A = z was chosen
for the parallax shift instead of the geometric projection and was ap-
plied in the z-direction only. That is, the coordinates of the point z,y
in the left and right pictures were

z, =22+ 2/2 =1z — 2/2
and
Y =Y Yr = VY.

This corresponds to projecting the stereo pair with a cylindrical lens,
the axis of which runs parallel to the y-direction. This position and
brightness information was then written on digital magnetic tape and
put into a General Dynamics S-C 4020 microfilm printer, which served
as the output device for the stereo pair. Different brightness levels were
achieved by randomly employing each of the sixty-four type characters
available on the microfilm printer. The variation in density of each of
the characters gave sufficient variation in brightness level and provided
an efficient means for plotting brightness information. The grid size of
the microfilm output was 1024 x 1024 and provided, therefore, an
oversampling of ten to one for the chosen picture size. This oversampling
gave enough stereo resolution for most applications. In order that the
type characters did not overlap and totally obscure each other, the
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maximum shift permitted between two points was taken to be six micro-
positions. This limited the total parallax shift to twelve units. That is,
the maximum angle of rise between two points on the surface which could
be displayed was approximately 85°. The total range of the surface was
further restricted by the locations of the peaks and valleys relative to
the side boundaries of the grid. IFor the examples to be shown, a scaling
on the z-values of about 60 levels running from —30 to +30 was chosen.

An alternative semi-automatic method of output using an optical
system was also investigated. This technique resulted in the production
of a solid model of the surface to be displayed, which was then photo-
graphed by a stereo camera to obtain the desired picture pair. The model
was prepared in layers by printing the points belonging to each of the
quantized z-levels on transparent glass slides as black and white dots.
The slides were then stacked together in register to form a solid cube,
where the width of the glass plates determined the scale factor for the
z-axis. The prints for each level were obtained by writing the picture
information on magnetic tape in digital form as computer output and
by using a digital-to-analog converter and a slow-speed television moni-
tor to produce oscilloscope displays, which were then photographed.-4:
A secure mounting of the stack of glass slides in which the entire stack
remained transparent was achieved by making an air-tight seal between
each plate with a polyester resin having an index of refraction suffi-
ciently near that of the glass.* This technique results, therefore, in a
stereo pair in which the parallax shift corresponds to the geometric
projection, and furthermore, gives rise to a solid model which is a de-
sirable by-product.

IV. RESULTS

Example 1, generated and displayed automatically, is shown in Fig. 5,
and can be perceived in depth when viewed stereoscopically. Viewing
may be facilitated by use of Fresnel lenses accompanying the article
cited in Ref. 2. The following three surfaces are presented:

1) the hyperbolie paraboloid,

x—50>2_<y—50>2_i
30 20 307

with saddle point at (50, 50, 0),

* The slide mounting techniques were developed by R. A. Payne of Bell Tele-
phone Laboratories.
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2) the elliptical paraboloid,

<x — 50 “‘+ (y - 79)2 _ —(2—20)
10 20 B 50 ’
with vertex at (50, 79, 20), and
3) the torus,

(Vv (x — 502 + (y — 50)2 — 42)* + 2 = ¢,

centered at (50, 50, 0) and having a radius of 6. (Conventional two-
dimensional digplays of Example 1 were given in Figs. 1 and 2.)

The reduction required for reproducing the stereo pictures here has
made the resolution of individual type characters very difficult. For
this reason, a presentation in depth of the numerical z-scale was omitted.
However, a very effective display can be achieved, including the z-scale,
by using a larger picture size. '

In Fig. 6 the same surface is displayed by the optical method. Two

Fig. 6—(a) Semi-automatic stereoscopic presentation of a function (Example
1); (b) same as (a), but with increased z-axis scaling.
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views are presented to show that variable scaling on the z-axis is possible.
The amount of depth is determined by both the width of the glass
plates and the base distance between the two lenses of the stereo camera
(or distance between two positions of a single-lens camera). Fig. 6 (b)
was produced with greater base distance, and consequently the surface
has greater stretching in the z-direction. The numerals on the right edge
of the displays indicating the z-levels were applied to the appropriate
slides by hand and were not generated as picture material. It will also
be pointed out that in this method, the points of the two pictures are
more clustered and less uniform in distribution. This demonstrates the
expanding and contracting of point domains produced by the trans-
formation of projection and provides a helpful monocular cue. All dis-
plays are far more evenly filled with brightness elements, however, than
if the contour-line method had been used.

Example 2 shown in Fig. 7 is that of a spiral given by the parametric
equations

xz = pcosf + 50.5
y = psin 8 + 50.5
10

z2=-—6 — 30
™
with
0=0=6r
15
=50 — 2.
p=50 2w

This presentation is another display from the microfilm printer, illustrat-
ing the procedure in its completely automatic form. Approximately one
minute of time is required to generate and display the stereo informa-
tion.

V. SUMMARY

A method for automatically presenting three-dimensional information
in depth has been described. The advantages are threefold in that (7)
such presentations make possible displays which are very difficult if not
impossible to obtain by other means, (77) they carry the spatial impact
enjoyed by human observers, (7¢7) and they are suitable for the printed
page. The technique has been outlined in three steps: definition of sur-
face, texturing of the surface with brightness elements, and generation
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of stereo projections of the surface. By use of digital computers and the
special-purpose output” devices now available, this procedure can be
carried out in a completely automatic fashion, thus making possible a
simple and effective demonstration of three-dimensional data.
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Maximization of the Fundamental
Power in Nonlinear Capacitance

Diodes

By J. A. MORRISON
(Manuscript received October 6, 1961)

In this paper we consider the problem of determining the maximum
Sfundamental power in a monlinear capacitance diode, when the charge
waveform has a given pertodictty and (1) varies between prescribed maxi-
mum and minimum values, (it) has a prescribed maximum and a pre-
scribed mazimum slope. Under (2) the maximum obtainable fundamental
power s first determined. The charge waveform is then further restricted to
contain no higher than second harmonics, so that the diode is being used as
a frequency doubler, and the maximum power transfer is determined. The
mazrmum power transfer is also determined under (it). Particular diodes
considered are the abrupt-junction and the graded-junction ones, with oper-
ation in the forward conduction region being permitled.

1. ENGINEER'S SUMMARY

This section of the paper is a summary which stresses some of the
contents of the introduction and summary that follow. It is hoped that
this will make it easier for the engineer who is involved in parametric
amplifier and varactor design to deduce the relevant applications of the
results contained in this paper.

In the first instance it should be emphasized that an idealized problem,
based on a mathematical model, is considered. The nonlinear capacitor
is assumed to be isolated from any external circuits, and we do not dis-
cuss how the power is fed into or taken from the device. Clearly there
will be some power lost in the external circuit, and the maximum ob-
tainable fundamental power determined in this paper is only a theoretical
maximum, but it would seem to be worthwhile to understand this
theoretical maximum. When the maximum power transfer from the
first to the second harmonic is considered, the charge waveform, and

677
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hence the current, giving this maximum is determined. Clearly there is
some relative phase between the first and second harmonics in the cur-
rent, and the reactance of the output circuit must be adjusted so as to
obtain this relative phase.

It is also important to stress that some of the results obtained hold
for a general, i.e., arbitrary single-valued, voltage-charge relationship,
and are accordingly applicable to any particular such voltage-charge

relationship in which the engineer may be interested. We have, for
- simplicity, considered just the abrupt-junction and the graded-junction
diodes as special cases, and have idealized the voltage-charge relation-
ship in the forward conduction region, but other particular diodes can
be considered as special cases of the general results. We discuss below
the results which are pertinent to the general voltage-charge relationship.

Tirstly, we have derived the functional form of the charge waveform
(of given periodicity and varying between prescribed values) which gives
the maximum power in the fundamental. The charge waveform is
composed (see (33) below) of intervals in which it takes on either the
maximum or minimum prescribed value, or else follows a certain curve.
The form of the curve depends on the voltage-charge relationship and
involves parameters which are functionals of the charge waveform
throughout the entire period, and hence are not known a priori. These
parameters have to be determined for each particular voltage-charge
relationship, by solving simultaneous transcendental equations. It is also
necessary to allow for finite jumps in the charge waveform, and (36)
below must hold at such a jump. Of course, a jump is not physically
realizable, since it would correspond to an infinite current, and this
makes it evident that the maximum is a theoretical one, quite apart
from losses in the external circuit. It does, however, provide an upper
bound on the maximum realizable fundamental power.

In view of the fact that the maximum fundamental power has to be
determined separately for each specific diode, we derive upper and lower
bounds for the maximum fundamental power, (11) to (13), which apply
to a general voltage-charge relationship. For a wide class, the ratio of
the upper to the lower bound is 1.54. It turns out that, for the particular
diodes considered, the lower bound is quite close to the actual value.
Further use is made of the charge waveform giving this lower bound,
when the power transfer from the fundamental to the second harmonic
is considered, subject to the charge waveform containing no higher than
second harmonics. A good approximation to the maximum power
transfer is obtained by taking the Fourier approximation, up to second
harmonies, and suitably normalizing so that the approximating charge
waveform has the prescribed maximum and minimum values.
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In connection with maximizing the power transfer from the funda-
mental to the second harmonic, we consider the diode to be a harmonic
generator, there being input power in the fundamental only. In order to
make the mathematical problem more tractable, it is supposed that the
entire output is in the second harmonie. Equations (18) and (19) simply
state that the maximum power output in the second harmonic, when
there is input power in the fundamental only, is not greater than the
maximum obtainable fundamental power without such restrictions,
and is not less than the maximum fundamental power when there is no
output or input power in the third and higher harmonics. It is assumed
here that the charge waveform is continuous. We have already discussed
the maximum obtainable fundamental power.

The problem of determining the maximum fundamental power when
there is no output or input power in the third and higher harmonics is
still not very tractable, without additional restrictions on the charge
waveform, and it is thus further supposed that the charge waveform
contains no higher than second harmonics. The maximum subject to
this additional restriction is obviously not greater than the maximum
without it. The significant point about this restriction is that there is
then no power output or input in the third and higher harmonies, what-
ever the voltage-charge relationship. We thus determine a canonical
representation of the charge waveform which contains no higher than
second harmonics and has preseribed maximum and minimum values.
By suitable choice of the time origin, this representation contains just
two parameters which lie in a bounded region.

Now, it is a straightforward matter to compute numerically the funda-
mental power for any given voltage-charge relationship and a given
charge waveform. The numerical maximization of this power with re-
spect to the two parameters in the above canonical representation is
also a straightforward process. Thus it is clear that the above procedure
has general applicability. We add that in the numerical maximization
process, the two parameters which give the approximating charge wave-
form (obtained from the charge waveform giving the good lower bound
to the maximum obtainable fundamental power) are used for starting
values.

Consideration is also given to the current-limited diode, in which the
charge waveform has a prescribed maximum value and a prescribed
maximum slope (corresponding to maximum current magnitude).
Again, we determine a two-parameter canonical representation for the
charge waveform containing no higher than second harmonics, and the
numerical maximization of the fundamental power, for any given volt-
age-charge relationship, proceeds along the same lines as in the previous
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case, except that we no longer have predetermined starting values for
the two parameters. Lack of space has prevented inclusion of the de-
termination of the functional form of the charge waveform which gives
the maximum obtainable fundamental power (without restrietion on
the harmonic content of the charge waveform) in the current-limited
case.

II. INTRODUCTION AND SUMMARY

2.1 Introduction

We will be concerned with various nonlinear capacitance diodes, these
being characterized by a nonlinear voltage-charge relationship. Specific
examples are the abrupt-junction diode and the graded-junction diode,
which are composed of diffused p-n junctions. In the former case the
voltage difference, », across the diode is proportional to the square of
the stored charge (per unit area), ¢, i.e., v « ¢’, while in the latter case
v « ¢*, provided, in both cases, that ¢ = 0, which implies that operation
of the diode does not take place in the forward conduction region. Now
as electric field strength and barrier width increase, creation of electron-
hole pairs through secondary impact ionization by both holes and elec-
trons leads to avalanche multiplication, resulting finally in an cffectively
infinite increase of current with added applied voltage, and this is termed
reverse breakdown. There is thus a maximum voltage vm.x , and a cor-
responding maximum value ¢m.. of the charge density (which may be
related to vmax through the actual voltage-charge relationship), above
which it is not desirable to operate the diode.

We define the normalized voltage 7 and the normalized charge @ by

v

v=-—"; @=-1. (1)

Umax Imax

Hence the normalized voltage-charge relationships for the abrupt-junc-
tion and graded-junction diodes, operated in the region between forward
conduction and reverse breakdown, are

¢*,  (abrupt)
@, (graded)’
It is also possible to operate the diodes partially in the forward conduec-
tion region, corresponding to @ < 0. The voltage is not very dependent
on the charge in this region and as an idealization we may assume that

it is zero throughout. A physical restriction is placed on the maximum
possible current magnitude, in that the electron velocity is limited by

I
)
IA
—

(2)
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lattice scattering. Throughout most of our analysis we replace this
condition by a limitation on the minimum charge, so that

Z Gmin = —M(Gmax)- (3)
Thus, in the forward conduction region,

V=0 -m=<Qz0. (4)

We do, however, give some consideration to the current-limited diode
in which, instead of (3),

7] S Zoax - (5)

We will consider charge waveforms that are periodic in time, ¢, with
angular frequency w. We define the normalized time 2 and the normalized
current I by

)
T = ot I = . (6)

WGmax

Thus Q(x) is periodic in 2 with period 27 and, since ¢ = dg/dt,

dQ '
I === x). 7

o = Q@) (7)
The average real and reactive powers (per unit area) in the nth har-
monie, p, and r, , are given by

. 1 w 2 e . —jwnt prle junt
(Pn+Jrn)=§<7—r> <]; ie’ dt)(]; ve dt)- (8)

We define the normalized real and reactive powers in the nth harmonic,
P,and R, , by

2 .
(Pn + ]Rn) _ 2 (pn + ]Tn) . (9)
WmaxVmax
We will be concerned with the maximization of the real fundamental
power, under various conditions, and summarize the results below. We
note that P, is not affected by a time shift in the charge waveform, but
it is reversed in sign by a time reversal of the waveform.

2.2 The Mazimum Oblainable Fundamental Power, When the Charge
Waveform is Subject to Bounded Variation

The functional form of the charge waveform which, subject to the
restriction —m =< Q(x) = 1, maximizes the fundamental power, P, , is
found for the general voltage-charge relationship, ¥V = V(Q). The
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specific form is determined for diodes of interest and the corresponding
value of max P;, the maximum obtainable fundamental power, calcu-
lated. Thus, for the abrupt-junction diode operated in the region between
forward econduction and reverse breakdown, (2), max P, = 0.687 and
the charge waveform Q(a) giving rise to this value is depicted in Fig. 1.
The corresponding value of the reactive fundamental power is R; =
2.43. For the graded-junction diode, operated in the region between
forward conduction and reverse breakdown, it is found that max P; =
0.408, with R, = 2.48. The charge waveform giving rise to these values
is depicted in Fig. 2. The abrupt-junction diode is also considered when
the region of operation includes forward conduction. Thus, from (2)
and (4), V(Q) = max(0,Q)), —m =< Q(z) = 1. Fig. 4 depicts max P,
and the corresponding R; as functions of m. The charge waveform Q(x)
which gives these values when m = 1 is shown in Ifig. 5. The somewhat
idealized voltage-charge relationship given by V(Q) = max(0,Q),
—-m £ Q(z) £ 1, m > 0, may be treated analytically. It is found in
this case that

max P; = %ﬁ m; R, = g (m + 2). (10)
The charge waveform giving these values is composed of Q(z) = 1, 0
and —m in consecutive intervals of = of length 27/3.

It is observed that the charge waveform which gives rise to max Py ,
for the various diodes, contains at least one discontinuity (or jump) in
a period. A jump, of course, is not physically realizable, since it would
correspond to an infinite current, so max P; cannot actually be attained.

Finally, upper and lower bounds are obtained on the maximum ob-
tainable fundamental power, max P;, for the general voltage-charge
relationship V = V(Q), with —m = Q(z) =< 1. Thus, it is shown that

3\_2/§L < max Py < 4(1 4+ m)U, (11)

where

L= max [(p=7)V(e)+ (r=a)V(p) + (¢ = p)V(r)i, (12)

—mZ (o,p7) 1
and

U =min { max A — V(¢)] — min Ao — V(o)]}. (13)

A —m=<o<1 —mgoL1

Moreover, it is shown that

L<0+mUEs 2L (14)
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The bounds in (14) cannot be improved without restriction on V(Q),
but if [(p + m)V (1) — (m + 1)V(p) + (1 — p)V(—m)] does not
change sign in —m < p £ 1, then L = (1 + m)U and the'ratio of the
upper to the lower bound in (11) becomes 1.54. The class of voltage-
charge relationships

V(Q) = max (0Q)F, —m < Q=<1; m=0 »=1 (15

which includes the particular diodes considered, satisfies the above
condition, and in this case

L—m+ (1 - ) [(1 4 m)s] e, (16)

For the particular cases considered, the lower bound in (11) is falrly
close to max P; .

A lower bound is also obtained, for a general voltage-charge relation-
ship V = V(Q), with —m = Q(x2) = 1, for P; such that P, + P, =
It is shown that

max [Py | Py + P» = 0] = (1.87)L. (17

2.3 The Maximization of the Power Transfer in a Frequency Doubler,
With Bounded Charge Waveform

Here we are interested in maximizing the power transfer from the
fundamental to the second harmonic, when the diode is being used as
a harmonic generator. Thus there must be input power at the funda-
mental frequency only, i.e.,, P > 0 and P, = 0,n = 2. In order to make
the problem more tractable we suppose that the entire power output is
put is in the second harmonic, so that P, = 0, n = 3. It follows that
P, + P, = 0, provided that the charge waveform is continuous, since
then Dy P, = 0. We observe that

max [—P; | P, £0, n = 3]
(18)
Smax [P | P, £0, n=3] £max Py,
and
max[—P;|P, =20, n=3]=2max[—P,|P, =0, n=Z3

(19)
=max [P, | P, =0, n = 3].

Even the problem of determining max [P, | P, = 0, n = 3], that is,
max P; subject to P, = 0, n = 3, is not very tractable, without addi-
tional restrictions on the charge waveform. Thus, it is supposed that
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the charge, and hence the current, contains no higher than second har-
monics. The conditions P, + P, = 0 and P, = 0, n = 3, are then iden-
tically satisfied, independently of the voltage-charge relationship V =
V(Q).

Now, a change in the time origin does not affect the power transfer.
Hence, the canonical representation of a charge waveform which con-
tains no higher than second harmonics and is such that Q(7) = Qunin =
—m and Q(2 tan™' 5) = Qmax = 1, is constructed. In addition to the
parameter s there is the parameter y which is subject to the restriction
0 <y = (1 —5), which of course also implies that s < 1. It is found
that P, = Oony = Oand ony = (1 — §°), independently of the vol-
tage-charge relationship. Moreover, Pi(s;y) = —Pi(—sy) and in
particular P, = 0 on s = 0 also, so that it is sufficient to consider only
the region —1 £ s =<0,0=2y = (1 — §') and to maximize | Py |. The
abrupt-junction diode, operated in the region between forward conduc-
tion and reverse breakdown, may be treated analytically, and it is found
that the maximum power transfer is 0.281, as compared with the max-
imum obtainable fundamental power of 0.687. The corresponding re-
active fundamental powers are 1.46 and 2.43, and the charge waveform
giving the maximum power transfer is depicted in Fig. 6, which should
be compared with Ifig. 1.

In order to determine the maximum power transfer for a general
voltage-charge relationship, recourse must be made to numerical com-
putation. However, a prior step is the determination of a charge wave-
form which provides a reasonable approximation to the maximum power
transfer, and hence provides starting values for s and y in the numerical
maximization process. A good lower bound was obtained for the max-
imum obtainable fundamental power. Ifurthermore, for a wide class of
voltage-charge relationships V' = V(Q), the charge waveform @Q(x)
giving this lower bound satisfies Qun.x = 1 and @Quin = —m. The class
of voltage-charge relationships (15) falls within this class. Thus it would
seem feasible that a reasonable approximation to the maximum power
transfer will be obtained by taking the I'ourier approximation, up to
the second harmonics, of the charge waveform giving the good lower
bound for the maximum obtainable fundamental power, and suitably
shifting and expanding (or contracting) the Fourier approximation so
that the resulting charge waveform Q(z) satisfies Quax = 1 and Quin =
—m. This is the procedure adopted and, for the abrupt-junction diode,
operated in the region between forward conduction and reverse break-
down, it actually yields the charge waveform that gives the maximum
power transfer,
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The results of the numerical maximization process are tabulated in
Section 5.4. Tables IT and III, for the cases v = 2 and » = £, in (15), show
the values of max P, , the maximum power transfer, and the correspond-
ing values of R; and R, , the reactive powers in the fundamental and
second harmonic, .y, the maximum normalized current magnitude,
and (0® + ¢*) and (d° + ¢°), the squares of the amplitudes of the first
and second harmonies in the charge waveform, for several values of m.
Tables IV and V show the values of —s and y which give max P, and
also ¥ and P, the value of P, corresponding to the starting values
y? and —s® = 1/4/3. Tt is interesting to observe how close P;® is
to max Py, particularly for the smaller values of m. Table VI compares
max Py with the maximum obtainable fundamental power, max P;, in
the case » = 2, for several values of m. It is also worth noting that in
the case v = %, m = 0 we have max P; = 0.162, whereas max P; =
0.408.

2.4 The Mazimization of the Power Transfer in a Frequency Doubler,
for the Current-Limited Diode

We finally turn our attention to the current-limited diode in which
(5), instead of (3), holds. Thus, from (5) to (7),

Q)| = mx =8 (20)
(&Gmax) &)
Tor the P™N abrupt-junction diode of germanium'*
Pmax = 1.03 X 10°(N) ™™ volts,
(21)

Tmax = 1.6 X 107N amps/cm?,

where N is the donor concentration in e¢m . But, from the voltage-
charge relationship,

Qmax2 = 2¢ € NVmax ) (22)
where ¢ denotes electron charge. Hence,
Imax =~ 2.16 X 107°(N)"*" coulombs/em®, (23)
and
K = zqm’”‘ ~ 0.74 X 107°(N)*** gec ™. (24)

For N = 2 X 10", a reasonable value, « = 10" sec*

range of angular frequencies of interest.

, which is in the
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We consider the problem of maximizing the power transfer from the
fundamental to the second harmonic, when the diode is being used as
a frequency doubler, and, as previously, the additional assumption is
made that the charge waveform Q(x), and hence the current, contains
no higher than second harmonics. The first step is the construction of
the canonical representation of Q(x) such that Qu.x = 1, @ (7) =
Quin = —kand Q' (2 tan™' s) = Qumax < k. In addition to the param-
eter s there is the parameter y which is subject to the restriction 0 <
y £ (1 — &), which of course also implies s* < 1. It is found that
P, = 0ony = (1 — &), independently of the voltage-charge rela-
tionship. Since, if @(z) = Q(x — z), then Quex = 1, Onax = k and
Qumin = —Fk, it is sufficient to consider the above canonical representa-
tion and to maximize | P; |, in order to maximize P; subject t0 Qmax =
1, | @ |max = k. We denote this maximum by II(%k). For the abrupt-
junction diode operated in the region between forward conduction and
reverse breakdown, the determination of II(k) is carried out analytically
for k sufficiently small that Qum = 0. It is found that TI(k) = 0.731%",
for 0 £ & < 0.681. Combining this result with that obtained when the
charge waveform is subject just to bounded variation, 0 < Q(z) = 1,
it is shown that, from the viewpoint of maximizing the actual funda-
mental real power p; , the optimum operating frequency lies in the range

1209 < (Wlmx) < a8 (25)

7/m:1x

and that

< Mmaxp) 24" g0 (26)
( zmaxvmax ) 3

TFor the abrupt-junction diode which is allowed to operate partly in the
forward conduction region, the maximization of the power transfer is de-
termined by numerical computation. For the values of s and y which give
max | Py, ie., II(k), the reactive powers R; and R., and Quin, ie.,
— M (k), were calculated, the results being given in Table VII (Section
6.4). It is shown that max P; subject to Quax = 1and | Q' |nax = ks at-
tained with Qua.x = 1 and | @ |max = k. For k < 0.681 it can also be at-
tained with 1.468% < Qumax < 1and | Q' |max = k. Optimizing with respect
to the frequency it appears that 20(max p1) ~ %maxVmax - Thus a consider-
able improvement is obtained by permitting operation in the forward
conduction region. The optimum frequency in this case is roughly one-
fiftth that in the case when operation is not allowed in the forward con-
duction region, although close to max p; may be obtained at one-third
the frequency.

1
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In conclusion, we add that lack of space has necessitated the omission
of several aspects of this problem, and in particular of the determination
of the maximum obtainable fundamental power when the periodic
charge waveform is restricted only to have bounded slope.

III. THE CHARGE WAVEFORM WHICH, SUBJECT TO BOUNDED VARIATION,
MAXIMIZES THE POWER IN THE FUNDAMENTAL HARMONIC

3.1 The Functional Form of the Charge Waveform

From (1), (6), (7), (8) and (9),
P, + jR. = ( fo T Q) dx) ( fo T VI0@)] ¢ d:z:) @D

It is noted that P, is not affected by a time shift in the charge waveform
Q(x), but it is reversed in sign by a time reversal of the waveform. On
the other hand, R, is not affected by either a time shift or a time re-
versal in the charge waveform. Integrating by parts the first integral
in (27), and remembering that Q(z) is periodic with period 27, and
then separating real and imaginary parts,

P, = n(a115n - Bn'Yn); R, = n(an')’n + ﬁnan)) (28)
where
2r 27
a, = f Q(z) sin nx dz; Bn = Q(z) cos nx dz;
(20)
Y= VIQ(x)] sin nx da; 6, = | ViQ(x)] cos nx dz.

Trom (28) and (29) we may express P, as a double integral,
2w 2T
Lro= [ [ e@viawisin e — g dedy. (30)
o Jo

To find the functional form of @(x) which, subject to the restriction
—m = Q(z) £ 1, (31)

maximizes Py, we set
Q(z) = [(1 + m) sech R(z) — m], (32)

so that the inequalities in (31) are satisfied. A variational procedure
applied to (30) then shows that for stationary values of P, we have,
for each z, ' Ce
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Q(z) = —m, or Qz) =1, or

nony _ (vicosa — 8 sin @)
Vi@ = (a1 cosx — Bisinz)’

(33)

where «;, 81, 71, and 8, are as defined in (29). This, then, is the func-
tional form of Q(z) which maximizes P;. Evaluation of the integrals
in (29) will lead to four equations for the four unknowns ey, 81, 71,
and §; . Note, however, that

d [(')/1 cos & — & sin x):, (0w — Biv1)

dx " (azcosx — Bysin x)?

cosz — Bisinz) |
(a1 B ) (34)
—P,

B (a1 cos x — Bysin z)?’

from (28), is of one sign. Since we are not interested in P; = 0, which
case arises in particular if Q(x) = const, it follows that allowance must
be made for discontinuities in @(a), since we require that @(z) be peri-
odic. Supposing that Q(z) is discontinuous at x = ¢, we obtain a con-
dition by integrating the equation

V0020 () = (y1cosx — 6 sinz) Q'(z), (35)

(a1 cos & — Bysin x)

from 2 = ¢ — 0 tox = ¢ 4 0. This gives

40 (y1 €08 @ — 81 8in @) 040
VIQE)]i% = (arcos o — Br o) [Q(=)]%%5 . (36)

3.2 The Charge Waveform for the Abrupt-Junction Diode

In normalized form the voltage-charge relationship for the abrupt-
junction diode operated in the region between forward conduction and
reverse breakdown is

VQ) =@, 0=Q) =1, (37)

so that m = 0 in (31). We make use of the fact that P, is invariant
under the transformation Q(x) = Q(x — 6), and choose 8 so that 8, =
0, since this leads to a simplification of the analysis. Let us define a and
b by the equations

Y1 = 2aa;, 6 = 2ba; B = 0. (38)

Then, from (28),
Py = 2ba/’. (39)
It is clear that max P; > 0, and hence that b > 0. The functional form
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of @(x) for max P, is, from (33), (37) and (38),
Q(x) = 0, or Qz) =1, or Q(z) = (a — btanz). (40)

Rejecting combinations which lead to P, = 0, we are led to the con-
clusion that, within a cycle, @(z) = 1 for an interval, it then follows
the curve Q(z) = (a — b tan z) and then @(x) = O for an interval,
after which it jumps from 0 to 1 and the cycle is repeated.

Let ¢ be a value of z at which a jump in @(z) from 0 to 1 occurs.
Then (36), (37), and (38) give

tan ¢ = %. (41)
Thus we obtain max P; by taking
1, for p <2 <7+ tan'[(a — 1)/b];
(¢ — btanz), for = + tan™ [(a — 1)/b] £ z
Q) = B (42)
< 7+ tan™ (a/b);
L 0, for =+ tan™' (a/b) £ 2 < 2r + o,
where
—5 <tan”'[(a — /] <o <tan” (a/b) <T,  (43)
and
Rz + 27) = Q(z), all z. (44)

Now a;, 81, 71, and &, may be calculated from (29), (37), (42) and
(44). Substitution into (38) then leads to

2b{[(a — 1)* + V' — (a’ + 0")Y;
20 cos ¢ + sin g + 3br = {(a + 1)[(a — 1)* + b7}

— a(d® + b°)};
{[(a= 1)+ b7 — (a + 1)},

(2a — 1) cos ¢

(45)

sin ©
where
r = bltanh™ {a(a® + b))} — tanh ™ {(a — D(a — 1)* +b77}].  (46)

It would appear that we now have one too many conditions on a, b and
© because of the relationship in (41), which was obtained from the jump
condition at & = ¢, but it is observed that the first and last equations
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in (45) are consistent with (41). Since | ¢ | < #/2 and b > 0, (41) gives
cos ¢ = 2b[(2a — 1) + 40775

. . - (47)
sing = (2a — 1)[(2a — 1) + 47"

Substituting into the first equation in (45), we obtain
(2a — 1)[(2a — 1)* + 467

A solution to (48) is a

2

{lla— 1)+ b — (@ + )},

(48)
and, moreover, this is the only solution
since if a >3 the L.H.S. > 0 and the R.H.S. < 0, and vice versa. Thus,

a =1 e =0. (49)
The second equation in (45), using the definition of 7 given in (46),
now leads to an equation for b, namely
30° tanh™ [(1 4+ 40) 7} = [L(1 + 4p°)! — b],

and (39) and the expression for a; give

(50)
Py = 2b{1 + 2b tanh'[(1 4+ 4b®)7H])? = 1_513.1) 20 + (1 + 4D, (51)

using (50). Equation (50) was solved numerically and it was found that
b = 0.14136;

max P; = 0.6868.
The shape of @(z) which gives this maximum value of P; is shown in

(52)
Fig. 1. From (28) and (38) the corresponding reactive fundamental
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reverse breakdown.

Fig. 1 — Charge waveform for maximum obtainable fundamental power in
abrupt-junction diode operated in the region between forward conduction and
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power is given by

P e
Ry = 2aa;" = @ = 2.429. (53)
Note that the reactive power is about three and a half times as large
as the real power.

3.3 The Charge Waveform for the Graded-Junction Diode

We now turn our attention to the second diode of interest, namely
the graded-junction diode, and suppose that it is operated in the region
between forward conduction and reverse breakdown. In normalized
form the voltage-charge relationship is

V(Q) =@, 0=Q@) =1 (54)

The determination of the maximum obtainable fundamental power,
max P;, is carried out along the same lines as for the abrupt-junction
diode, although the details are more involved. The analytical form of
the charge waveform @Q(z) which gives max P; is

J 1, for ¢y <a ==+ tan'[(a— 1)/b];
(a — btanz)’, for =+ tan'[(a — 1)/b] = x
Q(z) = . (85)
< 7+ tan" (a/b);
0, for =+ tan'(a/b) £z < 2r + ¢,
where
—g < tan™ [(a — 1)/b] < ¢ < tan"'(a/b) < ; (56)
and (44) holds. Here
Y1 = g aoy 51 = g bal; Bl = 0, (57)

which leads to three equations for a, b and ¢. These equations are con-
sistent with the jump condition (36) which gives

tan ¢ = (3a — 2)/(3D). (58)

Elimination of y leads to two equations for @ and b which were solved
numerically, giving

b = 0.11098; a = 0.67375. (59)
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These values lead to
max P; = 0.4084; R, = 2479. (60)

The corresponding charge waveform Q(«) is depicted in Fig. 2.

3.4 The Abrupt-Junction Diode When the Region of Operation Includes
Forward Conduction

In this case the normalized voltage-charge relationship is, from (2)
and (4),

V(@) = max (0,Q)F, -m=<Q(z) =1, m>0. (61)

As previously, we translate Q(x) so that 8; = 0 and again define a and
b by (38), so that (39) for P; also holds. From (33), (38), and (61),
the functional form of @(x) for max P; is

Q(.”C) = —m, or Q((II) = 1)
or max [0,Q(x)] = (a — b tan z).

Thus we are led to the conclusion that within a cycle Q(x) = 1 for an
interval, it then follows the curve @(z) = (¢ — b tan z) until the point
at which @(2) = 0 where it jumps to the value —m, and after Q(x) =
—m for an interval it jumps to the value 1 and the cycle is repeated.
Thus in this idealized case there are two discontinuities in @(z) in one
cycle. Note that according to (36), together with (38), the jump of

(62)
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Fig. 2 — Charge waveform for maximum obtainable fundamental power in

graded-junction diode operated in the region between forward conduction and
reverse breakdown.
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Q(z) from 0 to —m occurs at x = ¢ where (¢ — b tan ¢) = 0, since
V(0) = 0 and V(—m) = 0. Hence we obtain max P, by taking

1, for o <2 =7+ tan '[(a — 1)/b];

0z) = (e — btanz), for = -+ tan™' [(a_? 1)/b] £ x (63)
< 7 4+ tan (a/b);

—m, for =+ tan™' (a/b) <z < 27 + ¢,

IIA

where (43) and (44) hold. In this case the jump condition at x = ¢,

gives

2a(1 + m) — 1]
2b(1 + m)

tan ¢ = (64)

The caleulation of «;, 81, v1, and §,, and substitution into (38),
leads to three equations for a, b, and ¢, which are consistent with (64).
The elimination of ¢ leads to two equations for ¢ and b, which quan-
tities of course are functions of m. It was found to be possible to elim-
inate m analytically from these two equations, so that instead of solv-
ing the two simultaneous equations for ¢ and b for given values of m,
the single relation between a and b which did not involve m was solved
for b for given values of a. Thus a parametric solution was obtained in
the form b = b(e), m = m(a). From this ¢ and b were plotted graph-
ically against m and the results are shown in Fig. 3. It was shown ana-
lytically that

1 <da(l+m) €2, (65)

the upper bound being attained for m = 0 and the lower bound being
approached for m = «. Also, as m = o« it is found that

33

2

b~ 3a; max P; ~ 3 m, (66)

m; R]N‘)

where R, is the reactive power in the fundamental. TFig. (4) shows
max P; and the corresponding R, as functions of m. It is interesting to
note that the ratio (max P;)/R; increases with increasing m from its
initial value of 0.28, its asymptotic value being /3, from (66). The
charge waveform Q(x) giving rise to max P; is shown, for m = 1, in
Fig. 5.

3.5 The Charge Waveform for an Idealized Voltage-Charge Relationship

We now consider a special voltage-charge relationship which may be
handled analytically. Thus we suppose that the capacitance has a finite
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Fig. 5 — Charge waveform for maximum obtainable fundamental power in
abrupt-junction diode operated partly in forward conduction region.

constant value for reverse bias and is mﬁmte for forward bias, and
hence in normalized form

V(Q) = max (0,Q), —-m=Q(x)<1; m>0. (67

Since V’(Q) is constant except possibly at @ = 0, where it is indeter-
minate, we deduce from (33) that Q(z) has one of the values 1, 0, and
—m at each point. Omitting further details, it is found that max P, is
given by

1, 0 <z <27/3;
Q(x) = <0, 2r/3 <z < 47/3; (68)
—m, 4r/3 <z < 2.
Also,
max P; = 3—\2/5 m; R, = g (m + 2). (69)

Note that, as might be expected, these values are asymptotically, as
m —> «, the same as for the voltage-charge relationship in (61), as is
seen from (66).
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IV. BOUNDS ON THE MAXIMUM OBTAINABLE FUNDAMENTAL POWER

4.1 Lower Bounds

We now derive some lower bounds for the maximum obtainable power
in the fundamental, for a general voltage-charge relationship, by the
simple expedient of choosing specific charge waveforms. Any P; which
we obtain is, of course, a lower bound for max ;. Thus we consider
the charge waveforms

g, onTIy;
Q(x) = {p, onTy; (70)
Lr, on I's,

where each T';(7 = 1,2,3) is a finite collection of nonintersecting inter-
vals, open at the left and closed at the right, and furthermore

3
F]‘ ﬂ Iy = 0, j = ]C, U I‘j = (0,21r] (71)
j=1

From (28), (29), (70) and (71),

P, = nL(a,p,7) [([ cos NI d:c) </ sin nx dx>
I\ Iy
- ([ sin nx d:c) <f coS Nx dx)],
r, Ty
where

L(g,p,r) = [(p — 1)V(e) + (1 = a)V(p) + (¢ = p)V(r)]. (73)

The significant point here is that we can choose the intervals T; and
I's to make P; as large as possible, for the waveform class of (70), in-
dependently of the functional form of the voltage-charge relationship,
T = V(Q). This is still true if we wish to make P; as large as possible
subject to the condition P; 4+ P, = 0, say, since the factor containing
V, namely L(o,p,7), occurs in each P, . Note, from (73), that L(zs,0,7)
vanishes unless ¢, p, and 7 are unequal. Also, if (o,0,7) undergo a cyclic
permutation then L(s,p,7) is unaltered, but if (o,0,7) undergo an anti-
cyclic permutation then L(e,p,7) is reversed in sign. We suppose that
the charge waveform has bounded variation as in (31) and define

L = max [L(o,0,7)] = 0. (74)

—mZ(opT)S1

(72)
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Also from (72) it is seen that P, changes sign if Ty and Ty are inter-
changed, which is equivalent to an anticyclic permutation of (o,p,7).

Thus we are interested in making the modulus (or magnitude) of the
bracketed expression following the factor L(o,p,7) in (72) as large as
possible, in order to obtain as large as possible a lower bound for
max P;. We will restrict ourselves to special T'; and find the maximum
modulus of the bracketed expression in (72) for these subelasses. In par-
ticular, we consider

I = (0,A]; To = (pyp], 0 <NZ=p<v<2m (75)
Then, from (72),

P, = = L{o,pr) F(m\nuny) , (76)

S =

where
F(Au,v) = [sin (» — X) — sin (g — X) + sin g — sin v
= 4sin [(» — u)/2]sin (A/2) sin [(v + u — N)/2].

We first set A = u and determine g and » to maximize F(u,u,v) which
from (75) and (77) is seen to be positive. The stationary values of
[sin (v — u) + sin u — sin »] are given by

(77)

cos p = cos (up — v) = cos (78)
Hence F(u,u,») is a maximum for u = 2x/3, » = 4x/3 and from (74),
(76), and (77) the corresponding maximum of P; is

P, = 3‘9/3 L. (79)

Now for the voltage-charge relationship (37) it is readily verified that
L(a,p,7), as defined in (73), has a maximum value of 3 which is attained
for ¢ = 1, p = %, + = 0, and hence in this case we obtain the value
P, = 0.650, which is quite close to the value of max P, given in (52).
We now consider the maximization of F(Au,») subject to the con-

dition
F(\p,p) + 30(20,2p,2v) = 0, (80)

corresponding to P; + P; = 0. Using the second part of (77), (80)
becomes

14 4dcos[(v— u)/2] cos (N/2) cos [(v +nun —N)/2] =0, (81)
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supposing that F(\u,») # 0. It is interesting to note that (81) cannot
be satisfied with A = p. It is found that #(\u,») 1s maximized, subject
to (75) and (81), by

N=2(r—0); w=0; v=(2r—0), " (82)
where
cos = —(3), (2r/3<0<m), (83)
and the corresponding value of P;, with P; 4+ P, = 0, is
Pi/(4L) = [1 — (3)F = 0.468. (84)

4.2 An Upper Bound, and its Relationship to a Lower Bound

In Appendix A we give the derivation of an upper bound, for a gen-
eral voltage-charge relationship, on the maximum obtainable funda-
mental power, using the fact that the charge waveform is of bounded
variation, (31). It is shown that

max P; £ 4(1 + m)U, (85)

where

U= m)\in{ max [Ae — V(a)] —_min 1[}\0 — V{o)l}. (86)

—m=Zo<L1

In the previous section we showed, by example, that
max P; = %—;Q L, (87)

where L is defined by (73) and (74). IFrom Appendix A, we have
1= (1 +mU/LE2, (88)

and these bounds cannot be improved without restriction on the voltage-
charge relationship. However, there is a large class of voltage-charge
relationships for which the lower bound is attained, namely those for
which [(p + m)V(1) — (m + 1)V (p) + (1 — p)V(—m)] does not
change sign in —m £ p < 1. From (85) and (87) it follows that

Wi m Py i L=Q4mU.  (89)
Also, for the above class, L in (74) is given with ¢ = 1, 7 = —m, or

vice versa, and U in (86) is given with X = [V(1) — V(—m)]/(1 4+ m).
A class of voltage-charge relationships of interest is

V@ = [max (0,Q)F, —m =@ =1 mz0, »z1, (9)
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of which we have already considered the cases v = 2, v = 1, and v =
2 (with m = 0). It is readily seen that this class satisfies the above
condition, and hence

L= max {(p+m) — (1 4+ m)[max (0,0)]'};

U= —2?,,};1 {—(1 _i o [max (()’p)]l'} (91)

. {me) — [max (o,p)]”}.

Thus,

L=m+ (1 - l) (1 +my) P = 1 +m)U,  (92)

v

and the bounds on (max P;)/L in (89) hold. From (69) and (92) it is
seen that the lower bound is exact for the case v = 1, m > 0. For v =
$and m = 0, 34/3 L/2 = 0.385 as compared with max P, = 0.408.
For v = 2, L = (2m + 1)°/[4(1 + m)], and Table I shows the ratio
2(max P;)/(3V/3L) for several values of m, and it is noted that the
lower bound improves with increasing m.

TaBLe I— (v = 2)

0.589
T 1.042

0
1.058

1.20
1.027

1.89
1.018

3.07 5.50

m
2(max Py 1.012 1.006

3v/3L

V. THE MAXIMIZATION OF THE POWER TRANSFER FROM THE FUNDA-
MENTAL TO SECOND HARMONIC, WITH BOUNDED CHARGE WAVEFORM

5.1 The Canonical Representation of the Charge Waveform

We wish to consider the problem of maximizing the power transfer
from the fundamental to the second harmonic, when the charge wave-
form contains no higher than second harmonics, so that

Q(z) = a-+bsinz + ¢cosz + dsin 2¢ + e cos 2z. (93)
We also impose the conditions
Qmax = 1; Qmin = —m. (94)

Note that it does not follow a priori that the maximum power transfer
subject to (94) is equal to the maximum subject t0 Qmax = 1, Qmin =
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—m. We observe, however, that for the voltage-charge relationship
(90),
max [Pl l Qmax =r, Qmin = —q]
= r(hLl) max [Pl ' Qmax = 1, Qmin = _Q/T], 0o<r = 1;

as may be deduced from (28) and (29). Thus it is sufficient to deter-
mine max [P | Qmax = 1, @min = —m], that is, max P, subject to the
conditions of (94), for a range of values of m.

A canonical representation of @(x) is found in Appendix B. In addi-

tion to the two conditions in (94) it is supposed, by a suitable choice
of time origin, that

(95)

Q(ﬂ') = Qmin = —m. (96)

Thus the five coefficients in (93) are given in terms of two parameters
and it is found that '

[(c — ) —m]; b=2d = (14 m)sy;
¢c=(1+mil —s) ~ syl (97)
e =1+ myl —s) — 31+ )

The parameter s arises from the equation

a

Q(2tan™"s) = Quax = 1. (98)
The parameter y is subject to the condition
0sys=s(1-¢), (99)

which of course also implies that s* < 1. Thus we have a two-parameter
canonical representation of Q(z), and these two parameters lie in a
bounded region. Moreover, it is shown in Appendix B that, independ-

ently of the voltage-charge relationship V = V(@Q),
Py lym = 0; Py |yma-ey = 0, (100)

so that P; vanishes on the boundary of this region. Also it is seen, from
(93) and (97), that changing the sign of s is equivalent to the trans-
formation Q(x) — Q(27 — x), and hence

Pi(=sy) = —=Pi(sy);  Pilimo = 0. (101)
5.2 The Abrupt-Junction Diode

We now consider the abrupt-junction diode operated in the region
between forward conduction and reverse breakdown. IFrom (28), (29),
(37), (93) and (97), with m = 0, it follows that

P, = —%s(l + W1 — &) — gl (102)
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The maximum of (102) subject to (99) is
4o
= —— = 98] :
max P, §1/3 02814, (103)

being given by s = —(1/4/3), y = % Thus a charge waveform giving
max P; is

Qlz) = % 4 ﬁg |:2 sin (‘L + %) + sin 2 <x + %)jl, (104)

and the corresponding fundamental reactive power is found to be

R = Z—Lf = 1.462 (105)
57 462,
Q(z) = Q(x — (2x/3)) is depicted in Tig. 6. It is interesting to com-
pare (52) and (103), and Tigs. 1 and 6. We comment that the above
results may be obtained quite elegantly, without using the canonical
representation of the charge waveform.

5.3 A Charge Waveform Which Provides an Approximation to the Maxi-
mum Power Transfer

In Section IV we obtained a lower bound to the maximum obtainable
fundamental power, (87), and it was seen to be a close bound in the
particular cases considered. The charge waveform giving this lower
bound is one which has values ¢, p, and 7 on consecutive intervals of
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Fig. 6 — Charge waveform for maximum power transfer from fundamental to
second harmonic in abrupt-junction diode operated in the region between forward
conduction and reverse breakdown.
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x of length 27/3. Here o, p, and 7 are those values which, subject to
—m = (o,p,7) = 1, maximize L(o,p,7), as defined in (73). It was also
pointed out that if [(p + m)V (1) — (1 +m)V(p) + (1 — p)V(—m)],
ie., L(1,0,—m), does not change sign in —m =< p < 1, then L(a,0,7)
is maximized with ¢ = 1, 7 = —m (or vice versa) and a suitable value
of p. The class of voltage-charge relationships given in (90) satisfies
this condition and then

p = [( 1+ m)y e, (106)

Now the IFourier coefficients, up to the second harmonic as in(93), of
the charge waveform giving the close lower bound to the maximum
obtainable fundamental power, arc

a=%(0+p+7); b=2d=z(c—1);
V3

c=—2e="22(c4+7—2p).
2w

(107)

We will restrict ourselves to that class of voltage-charge relationships,
¥V = V(Q), for which L(s,p,r) in (73) attains its maximum, subject
to —m = (g,0,7) < 1, when

o =1, T = —m, —m < p < 1. (108)

It would seem feasible that we might obtain a reasonable approxima-
tion to the maximum power transfer from the fundamental to the second
harmonie, by suitably shifting and expanding (or contracting) the
above T'ourier approximation, so that (94) is satisfied. Setting ¢ = 1,
7 = —m in (107) and carrying out this procedure, we obtain the ap-
proximating charge waveform

\/3 (1 +m)(2sinz + sin 2z)

Q(z) —~(1+p—m) + ==
(109)

—I—l(l —m — 2p)(2 cosz — cos 2z) .

If we define Q(z) = Qv + (2x/3)], then (96) is satisfied and in the
canonical representation of Q(z), (97), we have

_ _ 24 —p
TV YTy

For the abrupt-junction diode operated in the region between forward

conduction and reverse breakdown, p = %, setting m = 0, » = 2 in

(110)



POWER IN NONLINEAR CAPACITANCE DIODES 703

(106)+ Hence, from (110), s = —(1/4/3) and y = 1/3, so that, from
the previous section, the approximating. charge waveform is actually
the one which gives the maximum power transfer.

5.4 The Numerical Computation of the Maximum Power Transfer, for
Particular Diodes

We have already obtained a two-parameter canonical representation
of the charge waveform containing no higher than second harmonics
and satisfying (94). The two parameters s and y lie in the bounded
region given by (99), and P, vanishes, independently of the voltage-
charge relationship, on the boundary of this region. Also, since P; is
antisymmetric in s, it is sufficient to consider only half the region and
to maximize | P; |. The maximization was carried out numerically for
particular diodes, by means of the iterative process of fitting a quadric
surface. As a starting point sy in the process, that point correspond-
ing to the approximating charge waveform, derived in the previous
section, was used.

The results of the numerical computations for the voltage-charge
relationship of (90), with » = 2 and » = 3, and several values of m,
are tabulated below. Tables IT and III give the values of the maximum
power transfer, max P, , together with the corresponding values of the

TaBie II—(» = 2)

" max Py Ry R2 I'max b2+ ¢?) (d2 + e2)
0 0.2814 1.462 0.7310 0.7698° 0.1482 0.0370
3 0.7773 1.966 1.060 1.160 0.3289 0.0865
1 1.284 2.300 1.300 1.549 0.5947 0.1573
2 2.198 2.921 1.561 2.310 1.451 0.3484
1 3.366 3.854 1.679 3.422 3.616 0.7414
5 4.371 4.788 1.642 4.515 6.869 1.250

7 5.544 6.020 1.474 5.951 12.92 2.097

9 6.586 7.228 1.230 7.372 20.95 3.096

TasLe III—(p = 3)

m max Py R Ra Imax (b2 4+ ¢2) (d2 + e2)
0 0.1623 1.514 0.7389 0.7684 0.1499 0.0366
3 0.6782 2.137 1.182 1.162 0.3257 0.0878
1 1.246 2.428 1.529 1.560 0.5635 0.1652
2 2.271 3.023 1.882 2.330 1.367 0.3682
5 3.575 4.034 2.006 3.445 3.479 0.7703
5 4.691 5.115 1.907 4.533 6.710 1.277
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reactive powers in the fundamental and second harmonic, R; and R»,
and the maximum current [,,.. associated with the charge waveform
Q(z), that is the maximum value of | @ (x) |. It is worth noting that
R, does not continue to increase with m. Also included are the squares
of the amplitudes of the first and second harmonics in the charge wave-
form, (b* 4+ ¢*) and (d&® + €°). These, together with the real and re-
active powers, determine the normalized impedances. Tables IV and V
give the values of —s and y which given max P, , and also y* and P,
the value of P, corresponding to 4 and —s = 1/4/3 = 0.5774. It
is interesting to note how close P, is to max Py , except for the larger
values of m. Table VI compares max P; with the maximum obtainable
fundamental power, max P;, as obtained in Section III, for the case

= 2 and several values of m. It is also worth comparing the value of
mazx P; = 0.162 for the case » = £, m = 0 with the corresponding value
of max P; = 0.408.

TaBLe IV—(» = 2)

m —s ) ¥ P max Py
0 0.5774 0.3333 0.3333 0.2814 k 0.2814
31 0.5839 0.2963 0.2942 0.7770 0.7773
1 0.5848 0.2500 0.2426 1.283 1.284
2 0.5716 0.1852 0.1782 2.192 2.198
i 0.5465 0.1317 0.1301 3.307 3.3066
5 0.5246 0.1019 0.1046 4.199 4.371
7 0.5008 0.0781 0.0844 5.197 5.544
9 0.4816 0.0633 0.0717 6.047 6.586

TaBLE V—(» = 3)
m -5 y v P max Py
0 0.5742 0.3704 0.3704 0.1622 0.1623
3 0.5871 0.3566 0.3562 0.6775 0.6782
1 0.5977 0.2963 0.2829 1.241 1.246
2 0.5875 0.2112 0.1989 2.262 2.271
I 0.5591 0.1449 0.1419 3.518 3.575
5 0.5331 0.1097 0.1130 4.536 4.691
TaBLE VI— (v =
m l 0 3 y 1 ‘ 2 3 ‘ 5
max P 0.281 0.777 1 3.37 4.37
max P 0.687 1.83 9.33 13.15
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5.5 On the Power Transfer From the Fundamental to the Third Harmonic

Breitzer et al’ were also concerned with the abrupt-junction diode
operated in the region between forward conduction and reverse break-
down and considered charge waveforms containing no higher than third
harmonics. They treated in detail the power transfer from the funda-
mental to the third harmonic, subject to P» = 0, and obtained a max-
imum value of

Py = (0.0242)7" = 0.238 = — P, (111)

making allowance for the difference in notation. This value of P; arose
from two distinet charge waveforms. One was

Q(z) = (0.5) + (0.310) sinx + (0.168) sin 2x + (0.155) sin 3z, (112)

and the other was quite close to this. We saw previously how by taking
the Fourier approximation, containing up to second harmonics, of a
charge waveform which gives a good lower bound for max P; subject
only to restrictions on Quax and Quin, and suitably shifting and ex-
panding (or contracting) so that the restrictions on Qu.x and Qi are
satisfied by the approximating charge waveform, we could obtain a
good approximation to the maximum power transfer from the first to
second harmonic, when no higher than second harmonics are allowed.
In the case of the abrupt-junction diode operated in the region between
forward conduction and reverse breakdown, which is the diode that
we will consider in this section, it was found that the charge waveform
so derived was precisely one that gives the maximum power transfer.

Now, it is found that the best mean square approximation containing
up to third harmonics, and subject to P, = 0, to the charge waveform
which gives the good lower bound to the maximum obtainable funda-
mental power is

o) =[5+ 25w, (113)
where

f(x) = [(0.4) sin 2 + (0.25) sin 2z + (0.2) sin 3z].  (114)
We shift and contract Q(x) by setting

Qz) = %[1 +Jij(1331—):|; M = max [f(2)], (115)

50 that Quax = 1 and Quin = 0. For this charge waveform,
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Py = (0.0075)x"/M* = —P;; P, = 0. (116)
It is found that
M = 0.680; P, = 0.235, (117)
and Q(z), as given by (114) and (115) is plotted in Fig. 7(a). The value
of Py in (117) is very close to the maximum value obtained by Breitzer

et al, (111), and it is interesting to compare Fig. 7(a) with Fig. 7(b)
which depicts Q(z) as given by (112).

N\ "
J\ A

;: /\\ (b)
A
\
AW
o \J

E AT sm 2w
3 3 3
T

vl

Fig. 7— Charge waveforms giving (a) approximately, and (b) exactly, the
maximum power transfer from fundamental to third harmonic in abrupt-junction
diode operated in the region between forward conduction and reverse breakdown.
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VI. THE MAXIMIZATION OF THE POWER TRANSFER FROM THE FUNDA-
MENTAL TO THE SECOND HARMONIC, FOR THE CURRENT-LIMITED
DIODE

6.1 The Canonical Representation of the Charge Waveform

We are concerned with charge waveforms as in (93) and impose the
restrictions

Qmax = l, lQ’ Imax = k. (118)
We observe that, for voltage-charge relationships of the form given by
(90),
max [Pl [ Qmax = P,l Q, Jmax = l]

; (119)

= 7" mas [ Pi Qe = 1,1 @ = L], 0 <p 51,

In Appendix C we determine a canonical representation of @(x), sub-
ject to the conditions

Qmax = 1; Qr’nax é k; Qr,nin = —k) (120)

by making use of the canonical representation obtained in Scetion 5.1,
when the charge waveform has prescribed maximum and minimum
values. Note that if Q(z) = Q(zr — z), where @(x) satisfies the con-
ditions of (120), then
Qmax = l; Q~r,nax = k, Q~1,nin g _'k- (121)
Trom Appendix C, the five coefficients in (93) are given in terms of
two parameters s and y. It is found that

b — kw : od kz ¢ — ksy e
(w — 2)

“w-w T Tmop o 0P

M

where
w= 31— = 2= - ) — 31+ T, (123)
and that

a=[1—max (bsinz + ccosz + dsin 2z + e cos 22)], (124)

which in general has to be determined numerically. The waveform is
translated so that
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Q(r) = =k = Quin. (125)
The parameter s arises from the equation
Q(2tan™'s) = Quax < k, : (126)

and the parameter y is subject to the condition
0=y =3(1-—¢), (127)
which of course also implies that s* < 1. It is shown in Appendix C that
Pi=0 for y=1(1—5). (128)

In order to maximize P; subject to (118), it is sufficient, in view of
the correspondence between Q(z) and Q(z) = Q(r — =z) given by
(120) and (121), to use the above canonical representation and to
maximize | Py |.

6.2 The Abrupt-Junction Diode

We now consider the abrupt-junction diode operated in the region
between forward conduction and reverse breakdown, for which the
voltage-charge relationship is V(@) = @°, 0 < @ < 1. We first maxi-
mize | Py | subject to the conditions of (120), and suppose that & is
sufficiently small that Qmin = 0. Using the canonical representation ob-
tained in the previous section, P; may be expressed in terms of s and y.
Omitting the details, it is found that | P; | is maximized, subject to the
restriction (127), for s = %, = 0. The charge waveform giving this
maximum is

Q(z) = 1 4+ k[S(x) — Suaxl, (129)
where '
S(x) = (4 sin » (? sin 2x) . (130)
It is readily verified that Suax = ¢ = — Sumin, Where
(1+4/3)
=l = (.734. 131)
g 24/2(3)% (

Thus Quin = (1 — 2¢k), so that Quin = 0 for 29k < 1. This Q(x) ac-
tually gives a negative value of P, so that Q(z) = Q(= — x) maxi-
mizes P;, and it is found that
2
max P; = 22l7 k= 0.73111°, for k £

Fig. 8 depicts S(x — x).

L oesi. (132)
29
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Fig. 8 — Shifted and normalized charge waveform for maximum power trans-
fer from fundamental to second harmonic in current-limited abrupt-junction
diode, with maximum current less than a eritical value.

The fundamental reactive power corresponding to max P is
R, = 8% (1 — gk)K~ (133)

But, for the voltage-charge relationship V(Q) = @, the addition of a
constant to the charge waveform does not affect P, . Hence, if instead
of requiring Qm.x = 1 we just require 0 < Q(z) < 1, we have

8’

R = ?alf = 8.78ak’; gk £ a £ (1 — gk). (134)

6.3 The Optimum Operating Frequency

So far, no discussion has been made of the angular frequency w of
the actual periodicity of the charge waveform. We here consider this
factor in the case of the abrupt-junction diode operated in the region
between forward conduction and reverse breakdown. Now the physical
limitation placed on the maximum current magnitude takes the form

1Q'(2) | =

from (20). Also, the actual fundamental power p, is, from (9), propor-

tional to wP;. We thus consider the maximization of wP; as w varies,

where the charge waveform @Q(x), containing no higher than second

harmonices, is subject to 0 < @(x) = 1 and the condition in (135). We

make use of results from Section V, as well as from the previous section.
Thus, we define

max [Pl | Qmmx = 1, Qmin = _m] = P(m), (136)

, (135)

K
w
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and let the value of | @ |max for the charge waveform which gives P(m)
be denoted by K(m). Then, remembering that the addition of a con-
stant to the charge waveform does not affect P, , since V(Q) = @, we
obtain from (95) and (103), :

4:1!‘2 3
and also, from (104),
K(m) = (1 + m)K(0) = 3% (1 + m). (138)

Similarly, we define
max [Pl I Qmax = 1, | Q, lmt\x = ]C] = H(lC), (139)

and let the value of Qumi, for charge waveforms which give II(%) be de-

noted by — M (k). Then, from the previous section,

27°

(k) = 5

B, M&E) = —(1 — 2gk), (140)

where ¢ is given by (131).
Now if Q(z) is subject to just the restriction 0 < Q(x) =< 1, then

max P; = P(0), from (137). But, from (138), if (w/x) < (34/3)/4
then the @(x) which give this value of max P, satisfy (135). Hence,

(‘3> max P, = 02814 (i’> 0< ("-’> <1200,  (141)
K K K

Note that if (w/k) > 1.299, then this gives an upper bound on
(w/k) max Py . Also, if (w/x) > 1.299, then max P, = P(m) if K(m) =
(k/w), and hence, from (137) and (138),

2
(9) max Py = 0.617 (5) , <‘—”> > 1.299. (142)
K w K

Irom (140), setting k£ = («x/w), we have

N\ 2
(‘3> max P; = 0.731 (5> , (‘_"> > 1468, (143)
K w K

and if 0 £ (w/k) < (1.468) = 2¢, then this provides an upper bound
on (w/k) max P;. Also, if 0 £ (w/x) < 2g, then max P, = TI[1/(2¢)],
from (140). Hence,

(‘;") max P; = 0.231 (g) 0= (;_") < 1.468. (144)
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Iig. 9 shows (w/x) max P; as a function of (w/k). Tor
1299 < (‘—”) < 1468, (145)
K

the curve lies between the dashed lines. Thus, from the viewpoint of
maximizing the actual fundamental real power, the optimum operating
frequency, when the diode is not allowed to operate in the forward
conduction region, lies in the range given by (145). Also, we can assert
that

ND

' 2 12
3655 = ™ < @\ p, | < 2w _
0.3655 57 = max [<K> Pl:, =~ 0‘.387. (146)
6.4 Maximization of the Power Transfer, When the Region of Operation
Includes Forward Conduction

In a previous section we obtained a canonical representation of a
charge waveform Q(z), containing no higher than second harmonics,
for which Qumax = 1, Q,’mx < k and Q:nin = —k. This canonical repre-
sentation is given by (93), (122), (123) and (124), and involves two
parameters s and y which lie in a bounded domain given by 0 < y <
1(1 — . Tt was shown that, independently of the voltage-charge
relationship, P; = 0 on y = 4(1 — §°). Moreover, it was seen that in
order to maximize P; subject t0 Qumax = 1 and | Q' |max = &, it is suffi-
cient to consider this canonical representation and to maximize | P, |.
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Fig. 9 — Maximum power transfer from fundamental to second harmonic in
current-limited abrupt-junction diode operated in the region between forward
conduction and reverse breakdown, vs. frequency.
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The maximization was carried out analytically for the abrupt-junction
diode when £ is sufficiently small that the diode does not operate in the
forward conduction region. We treat here, by means of numerical com-
putation, the abrupt-junction diode when partial operation in the for-
ward conduction region takes place, the normalized voltage-charge
relationship being given by (61).

Again, the maximization process was that of fitting a quadric surface,
and this time it was also necessary to calculate @ in (124) numerically.
Further, it was desirable to first compute the value of P; over a rough
erid, and then to pick appropriate values s® and y@, as a starting point
in the maximization process. Thus, for several values of k, max | P |,
i.e., II(k) in the notation of (139), was computed in the manner de-
scribed above. For the values of s and y which gave max | P, |, the cor-
responding values of R; and R, , the reactive powers in the fundamental
and second harmonic, and of Quin , i.e., —M (k) in the notation of the
previous section, were calculated, together with (b° 4 ¢°) and (d* + ¢),
the squares of the amplitudes of the first and second harmonics in the
charge waveform. The results of the numerical computations are tabu-
lated in Table VII. We note that the values of P; corresponding to the
given values of s and y are negative. If Q(x) is the charge waveform
corresponding to s and ¥, (93), (122), (123), and (124), then the posi-
tive value of Py, that is II(k), is obtained from the charge waveform
Q(z) = Q(r — ), or any translation thereof.

Now, from (119) with » = 2, and from (139),

max [P1 | Quax = 7, Q' lnex = 1] = p'IT (}3) 0<p <l (147)

For @umax = 0 we have P; = 0, from (61). We may write

(i) () n Ga),nu) (148)

(k)  ~ =u)  nk)”

The quantity % °II(k) is depicted in Fig. 10(a), and it is seen to be a
nonincreasing function of k. It follows, from (147) and (148), since
II(k) is a strictly increasing function of k, that max P; subject t0 Quax <
1 and | @' |max < £k is attained with Quax = 1 and | Q |max = k. For
k < 1/(2¢g) = 0.681, it can also be attained with 2gk < Quax < 1 and
| Q lmax = k. We comment that for the voltage-charge relationship
V(Q) = max (0,Q), max P, subject t0 Quax = 1 and | Q' |mex = k is
not, attained with Qun.x = 1, for sufficiently small k, since in this case
Py = 0if Quin = 0.
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Let us now consider the frequency factor, as we did at the end of the
previous section, so that (135) holds. Hence, setting & = (x/w).

max [KQ P1:| = max I:H(Ick)] . (149)

The curve in Fig. 10(b) depicts II(k)/k and it is seen to be an increas-
ing function of % in the range shown, although it is to be expected that
it tends to zero as k —> . It appears that max (II(k)/k] ~ 1, so that,
from (146), a considerable improvement is obtained if the diode is per-
mitted to operate in the forward conduction region. We must bear in
mind, however, that we have idealized the voltage-charge relationship
in the forward conduction region.
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Fig. 10 — Maximum power transfer from fundamental to second harmonic
divided by (a) the cube of the maximum current, and (b) the maximum current,
for current-limited abrupt-junction diode with operation in forward conduction
region permitted, vs. the maximum current.
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TaBLE VII

k II(k) Ry R2 M(k)
0.75 0.3058 2.167 0.3033 0.0896
1.0 0.6159 2.440 0.5075 0.3980
1.5 1.265 2.840 0.8274 1.027
2.25 2.169 3.483 1.058 2.013
3.0 2.979 4.153 1.135 3.024

k —s y (0t + ) @+ e)
0.75 0.5988 0.0018 0.2404 0.0169
1.0 0.6647 0.0288 0.3653 0.0393
1.5 0.7035 0.0834 0.7159 0.1124
2.25 0.7058 0.1354 1.613 0.2775
3.0 0.6996 0.1663 3.006 0.5039
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APPENDIX A

From (28) and (29), for any A (which we take to be real),

b= <f02” Q@) = VIQ()} sinx dx> ( :” Q(z) cos @ d;v)
- ([:" NQ(z) — VIQ(x)]} cos :cdx) ( :r Q(z) sin xdx) (150)
=4 _[:T AQ(z) — VI[Q(»)]} sin (z — 0) dz,
where

27 o

Asin g = Q(x) sin x dx; Acosf = f- Q(zx) cosx dx. (151)
0 0

Hence,

2T

A= Q(x) cos (x — 0) da. (152)
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Now, max P, = max | P, |. Since
27
l f f(z) sin (x — ¢)da | £ 2(max f — min f), (153)
0

(31), (150) and (152) lead to (85) and (86) in Section 4.2. We next
derive the inequalities (88), where L is defined by (73) and (74). Now,

Lz max L(ol,—m)

= max [(1 +m)V(e) — (m+ o)V(1) + (¢ — 1)V(—m)]
ek ' (154)
— mV(1) + V(—m)l.
Also,
L= I”ILLmil L(1,0,—m)

— 4+ m) _Ezl{p[V(l()I;T;()—m)] B V(p)} (155)

+ [mV (1) + V(—m)].
Hence, from (86), (154) and (155),
2L z (L + m)U. (156)
Also, from (73) and (74),
L= max {(r—=p)e—=V(a)]+ (¢ =7 — Vip)]

—m= (o,p7)<1

. (157)
+ (p = o) — V(D)]},

for any (real) A. In view of the remarks preceding (74) we may assume
citherthat —-m £ o £ p =7 = l,orthat - m £ 7 £ p £ ¢ £ 1,
without loss of generality. In the former case

(r = p)ha = V(a)] + (¢ — 7)o — V(p)] + (p — o)Ar — V(7)]
< (v —p) _f:lsa‘il[)\x — V)] 4+ (e — 1) —n{gi.(na e — V()]

+ (p— o) _max [ — V()] (158)

(r — a){_maxSI[)\x — V()] —

m=K —m

<in<1 A — V(]

=‘=
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Hence
(r =0 = V(o) + (6 — 7)Ao = V(p)]+ (p — o) A7 — V(7)]
< (1 4+ m){ max [)\:c — Vix)] — mln [)\K — V().

—~m K

(159)

Equation (159) may be derived, in a similar manner, when —m =
7 = p = o £ 1. Thus, from (157),

L= (14 m{max Adx— V(xk)]— min [« — V(«)]}. (160)

—m<k<1 —m<Lk<1
But this is true for all (real) A. Hence, from (86)
L<(14mU. (161)

If we do not restrict the voltage-charge relationship then the bounds
given by (156) and (161) cannot be improved. This is demonstrated
by considering the (somewhat artificial) relationship

I, @ =I[1+m)a—m];
V(@) =4¢—1, @=1[1—(1+ma; (162)
0, otherwise; m > —1, 0<a<i
It may be verified that in this case
L=((14m)=(1—-ea)(l+mU. (163)
We now find a class of voltage-charge relationships for which the
bound in (161) is attained. If ¢ = 7, then, by the definition of U in
(86),
(¢ = 7)U == max {[V(e) = V(r)lp — (¢ — 7)V(p)}

—mZp=l

. (164)
— _min {[V(e) = V() = (s = DV (o).
Let —m < 7 = ¢ = 1. Then,
Lz _171133(<1[(p — )V(e) + (r = a)V(p) + (¢ — p)V(7)]
= _I:Lljlziﬂ{[V(U) — V(D — (¢ — n)V(p)}
+ [6V(r) — 7V (0)]
= (e — 1)U+ [oV(r) — 7V(0)] (165)
+_7£Ili§1<l{[V(0) = V(D)le = (¢ = 7)V(p)}
= (¢ — 1)U

+min_[(p = 1)V(e) + (7 = )V (p) + (¢ = p)V(r)].

—m<p<
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Hence
min {(p = 1)V(e) + (- = )V(p) + (¢ = V()] = 0,
—m<ps
and —m£Lrfe1=>L2 (6o — 1)U (166)
Since, as may be readily deduced from (73), (74) and (86);

L[-V] = LV]; Ul=V]= UV], (167)
it follows, by replacing V by —V in (166), that
max [(p — 7)V(e) + (v — a)V(p) + (¢ — p)V(r)] = 0, (168)

—m=p=l

and —m £ r=2e=21=L 2 (¢c — 1)U
In particular, we deduce from (166) and (168) that if

[(p+m)V(L) — (m + 1)V(p) + (1 — p)V(—m)] does not change
sign in —m < p < 1, then
Lz (14+mU=L=>1+mU, (169)

using (161). Note that, for this class, L in (74) is given with ¢ = 1,
T = —m, or vice versa, and U in (86) is given with

A= [V(1) = V(=m)]/(1 + m).
APPENDIX B
We here determine the canonical form of
Q(z) = a4+ bsinz + ¢ cosz + dsin 2¢ + e cos 2z.  (170)
such that
Q2tan™'s) = Quax = 1;  Q(7) = Qui = —m.  (171)
Now, (171) implies that
Q(2tants) = 0 = Q' (=). (172)
Substitution of (171) and (172) into (170) leads to
a=[(c—e) —ml b=2d, (173)
and, after substitution for a and d, and some reductions,
2e(1 + ') — 8es” = [(1 + m)(1 + 59" — 4bs];

2 2 p) (174)
es(1 4 87) 4+ des(1 — §°) = b(1 — 3s°).
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From the second equation above it follows that b = 0 if s = 0. Con-
sequently, we introduce a new parameter y and set

b= (14 m)sy. (175)
Solving (174) for ¢ and e, we then obtain
c=(1+mpiE1 —s") — Yl
e =11+ my(1 —s) — 31+ )7

Equations (173), (175) and (176) express the five coefficients in
(170) in terms of the two parameters s and y, and the given quan-
tity m. By satisfying (172) we have ensured only that * = = and
x = 2 tan ' s are stationary points of Q(x). We now proceed to deter-
mine the restrictions on the parameters s and ¥ so that Q(m) = Qmin
and Q(2 tan™' s) = Quax . We observe that in passing from a region in
the (s,y)-plane in which Q. = 1 and Qumin = —m to one in which both
these conditions do not hold, either Q(x) has equal maxima or equal
minima. We therefore determine the condition for Q(x) = 1 to have a
second double root and the condition for @(z) = —m to have a second
double root. From (170), (173), (175) and (176), setting ¢ = tan (z/2),
the condition @(x) = 1 becomes, after some reduction,

(t — 8)’[* + 2st + (&' + 2y)] = 0. (177)

(176)

Hence, the condition that @(x) = 1 should have a second double root
is just

y = 0. (178)
Similarly, the condition @(x) = —m becomes, after some reduction,
(2001 + 8" — gyl + 4syt + [(1 = &) = 25%]}/(1 + £)* = 0, (179)

of which ¢ = o« is a double root. The condition for a second double
root is

y = (1— &) (180)

Thus, from (178), y = 0 separates the region Q.= > 1 from the re-
gion Qmax = 1 and, from (180), ¥ = (1 — s°) separates the region
Quin < —m from the region @i, = —m. Now, on s = 0 we have, from
(170), (173), (175) and (176),



POWER IN NONLINEAR CAPACITANCE DIODES 719

Qr/2) =B =21 +m) —m] =1 — £(1 + 2y)(1 +m)], (181)
50 that Quax > 1fors = 0,y < —% and Quin < —mfors = 0,y > L

Hence Quax > 1fory < 0, and Quin < —m fory > (1 — s°). The re-
gion of interest, i.e., Qmax = 1 and Quin = —m, is given by

0y = (1-3sY. (182)
We next consider the fundamental power when the charge waveform

Q(x) contains no higher than second harmonics. From (28), (29) and
(170),

2T
P = 7rf VIQ(2)1(b cos x — ¢ sin z) dx. (183)
0

We determine conditions under which P; = 0, independently of the
voltage-charge relationship V' = V(Q). This is clearly the case if
b =0 =¢ orif Q(x), as given by (170), is a single-valued function
of (b sin & + ¢ cos z), for then the integrand in (183) is the derivative
of a periodic function. Noting that

2(bsinz + ccosz)® = (b* 4+ ¢) 4 2be sin 2z + (¢* — b*) cos 2z, (184)
it follows from (170) that the latter condition holds if
d=2\be; e =\c —b), (185)
for some A. Combining this condition with b = 0 = ¢,
2bce + d(b* — ) = 0= P, = 0. (186)

We now consider the canonical representation of Q(z), with Qua.x = 1
and @Qmin = —m, wherein the coefficients in (170) are given by (97).
Then condition (186) becomes, upon reduction,

y =0, or y = (1 —§), or s=0= P = 0. (187)

APPENDIX C

We here determine the canonical form of Q(z), as given by (170),
such that

Qmax = 1; Ql,nax < k; Qx,nin = Q’(‘ﬂ") = —Fk. (188)

_Now, when the charge waveform Q(x) is subject to Qumax = 1 and
Qmin = —m, the five coefficients corresponding to those in (170) are
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given in terms of two parameters s and y, from (97), by

2d = (1 + m)sy;

I

a=1[G—¢& —m; b

¢ = (1 + mw; g = (14 m)z, (189)
where
w=[3(1 —s) =y, 2 =iy - &) — 31+ ) (190)
The charge waveform is translated so that Q(x) = —m, which may be

done without loss of generality. The parameter s arises from the condi-
tion Q(2 tan~' s) = 1, and the parameter y is subject to the condition
0 <y =< (1—5s), which of course also implies s < 1. If, in addition,

a = 0, then
(1 +m)(w—2) =m, (191)
and hence, from (190),
(1 + 35°) = [(1 + (5 — 35°) — 8m/(1 + m)]. (192)
Now 0 < y £ (1 — &), but if we require m = 1 then
0=sy=<3(1-¢), (mz1). (193)

Turning to a charge waveform Q(z), as given by (170), which satis-
fies the conditions of (188), we may write

Q'(x) = ]T;Q(x), m = 1, (194)

where (191) and (193) hold. Hence,
Q'(z) = klsy(sin & + 3 sin 2z) + w cos & + 2 cos 2]

=2 (195)
Integrating, and remembering that Qu.x = 1,
Q(z) = {1 + k[S(z) — Smaxl}, (196)
where
. 2
I:w sin z + = sin 2 — sy(cosx + 1 cos 2x)]
SG) = 2 | (197)

(w —2)

In general, Smax = max[S(x)] is determined numerically.
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We now turn to the fundamental power, P; , when @(2) has the above
canonical representation. From (170), (186), (190), (196) and (197),
we find that P, = 0, independently of the voltage-charge relationship,
if

(1 — &) — 2y){(1 — &)(L + 3¢") — &[(1 — §*) — 2y} = 0. (198)

In view of (193), the second factor vanishes only if s* = 1, y = 0.
Hence we conclude that

P=0 for y =31 = §). (199)
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The Design and Analysis of Pattern

Recognition Experiments

By W. . HIGHLEYMAN
(Manuseript received March 2, 1961)

A popular procedure for testing a pattern recognition machine is to
present the machine with a set of patterns taken from the real world. The
proportion of these patterns which are misrecognized or rejected is taken as
the estimate of the error probability or rejection probability for the machine.
In Part I, this testing procedure is discussed for the cases of unknown and
known a priory probabilities of occurrence of the pattern classes. The differ-
ences between the tests that should be made in the two cases are noted, and
confidence intervals for the test results are tndicated. These concepis are
applied to various published pattern recognition results by determining the
appropriate confidence interval for each resull.

In Part I1, the problem of the optimum partitioning of a sample of fixed
stze between the design and test phases of a pattern recognition machine 1s
discussed. One tmportant nonparametric result ts that the proportion of the
total sample used for testing the machine should never be less than that
proportion used for designing the machine, and in some cases should be a
good deal more.

PART T— ON ANALYSIS

INTRODUCTION

There are two distinet and consecutive processes usually involved in
the feasibility study of a pattern recognition method or machine. The
first process is the actual design of the machine. This might be based
upon a set of sample patterns which the experimenter has gathered,
from which he estimates the parameters of the machine. Alternatively,
the experimenter may base his design on some a priort knowledge con-
cerning the pertinent characteristics of the pattern classes under study.
The second process is then the testing of this machine either in its hard-
ware form or by its simulation on a general purpose computer. A differ-

723
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ent set of sample patterns from that used in the design is used in this
stage.

The popular procedure for interpreting the test results is to take the
proportion of patterns in the test data which have been misrecognized
or rejected by the machine as the estimates of the error probability and
rejection probability, respectively, for the machine. There are several
questions which might be raised concerning this testing procedure, such
as:

1. Are these estimates the best estimates?

2. If so, how good are these estimates?

3. How does the estimate improve as the sample size is increased?

Questions such as these are discussed in Part I of this paper. Two
cases are considered; one is the case in which the a prior: probabilities
of class occurrence are unknown, and the other case assumes full knowl-
edge of the a prior: probabilities.

Case 1. Unknown a priori Probabilitiecs — Random Sampling

Let the number of allowable pattern classes be c. It will be assumed
that, for each allowable class 7, there exists an a prior? probability of
oceurrence w; , a probability of error e¢;, and a probability of rejection
r; . (For the rest of this paper, the term ‘“‘error” will refer to an unde-
tected error; all detected errors will be assumed to be rejected.) These
probabilities are unknown to the experimenter, who is interested in esti-
mating the overall probability of error for the machine.

e = Zwiei, (1)
=1

and the over-all probability of rejection,
r= 2 Wil . (2>

Let him perform the following experiment, which will be called random
sampling. Consider the patterns to be randomly generated by a “pattern
source’ according to the a prior: probabilities of occurrence. He takes a
pattern from the source, identifies it, and then lets his pattern recogni-
tion machine attempt identification. He notes which of the three possible
outcomes occurs: correct recognition, misrecognition, or rejection. This
experiment is repeated n times, resulting in m, samples which have been
misrecognized and m. samples which have been rejected.

Since these outcomes are mutually exclusive, and each experiment
independent, then the resulting random variables, m. and m,, clearly
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are distributed according to the multinomial probability distribution.
That is, the joint probability distribution of m. and m, , P(m, ,m,), is
given by

Plme, my) = (me"m,)e’"er'"fu Co—pyTrem . (3)

The maximum-likelihood estimates for ¢ and r, denoted by é and #, are
then'

2|8

(4)

SE

f ,
which are the estimates in common use. Ifurther, each of these estimates
is proportional to a single random variable having a binomial distribu-
tion; therefore, né and n# are themselves binomially distributed. The
mean value of each estimate is the parameter for which it is an estimate;
the variance of each is'

2 1 e(l —e

P= = (,mf = _(_2 (6)

gg =
n

0_;2 - 7'(1 - 7') . (7)
n

Because it is known that né and n# are binomially distributed, con-
fidence intervals can be applied to these estimates.* These confidence
intervals require rather involved computations, but fortunately have
been plotted for several values of n by various people.’* In Fig. 1 is
shown such a plot of intervals for a 95 per cent confidence level computed
by C. 8. Clopper and E. S. Pearson. The use of this graph is fairly simple.
A vertical line extended upward from the observed value of the estimate
given on the abscissa will intersect the pair of curves pertaining to the
particular sample size used. Projecting these two intersections horizon-
tally onto the ordinate axis gives an interval for the parameter being
estimated. The probability is 0.95 that the interval drawn in this manner
includes the parameter. For instance, if a sample size of n = 250 yielded
50 errors, then the estimate of the probability of error is 0.20. Using
Fig. 1 it can be stated that, with probability 0.95, the true probability
of error is included in the interval from 0.15 to 0.27.

* Mattson? has used a similar argument for determining convergence of an
adaptive system. However, he used Tchebycheff’s inequality to obtain confidence
intervals which are necessarily larger than if he had used such intervals pertaining
to the binomial distribution.
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Fig. 1 — 95 per cent confidence intervals for a binomially distributed variable.

Case 2. Known a priori Probabilities — Selective Sampling

It is now assumed that the a prior: probability of occurrence for each
class, w;, is known. To take advantage of this knowledge, the experi-
menter takes n; samples from each class ¢ such that

n;
= = w, (8)
n
where n is the total number of samples. This process will be referred to
as selective sampling.* (It will be assumed that the w; are such that (8)
can be fulfilled with the desired sample size, n.)
* This sort of sampling dichotomy has been previously noted by others. For

instance, Bowley® and Neyman® have referred to these two methods as ‘“‘unre-
stricted”” and “‘stratified’’ sampling.
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The machine is again allowed to attempt recognition of these patterns,
resulting in m,, samples from class ¢ being misrecognized, and m,, sam-
ples from class 7 being rejected.

For any class ¢, the joint probability distribution for m., and m,, again
is multinomial:

P(m,, ,m,;) = (n’ein"mri>eim”fr/"'i (1 — e — r)" e e (9)

Since each of these distributions is independent of the others in this ex-
periment, then the joint probability of the outecome for all ¢ classes is
the product of the individual probabilities (9):

P(mey,y -y Me, y My y =00 M)

° (10)
= H (’lnei?%m,i)eimee T,;mri (1 — €; — Ti)ni—mei-m”.
=1
This is no longer a multinomial probability distribution. However, since
the maximum-likelihood estimate of a sum of independent variables is
the sum of the maximum-likelihood estimates, then these estimates for
e and r are

s = & e (11)
n 2

. _ 2 me, (12)
n 3

which again agree with the popular practice of using the proportions as
estimates. The random variables of which né and n# are values are not
now binomially distributed, since a sum of binomially distributed vari-
ables is not itself a binomial distribution in general.

The mean of each estimate is again the particular parameter being
estimated. The variance of each of these estimates can be computed:

1< 1< 1<
ot = ; Ouy,” = E;mei(l —e) =~ ; wiei(1 —e;), (13)

in which use of (8) is made, and the prime distinguishes this variance
from that for random sampling. Similarly,

6;,2 = -1—2 wm-(l ol 7'1'). (14:)
n =1

It is of interest to compare these variances for selective sampling
with those obtained for the case of random sampling. Since the variance



728 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1962

for # has the same form as é in both cases, it is necessary to consider
only one of them, say &. First note that ¢;” can be written, using (1) and
(6), as

c

o = % (Z wiei) (1 - ]; wkek> . (15)

i=1

From (13),

c c 2
1732 — a'é/2 = % Zl w56i2 - % (Z wi€i> . (16)

=1

Noting that Z;’;l w; = 1, (16) can be written as
c c 2 c
Ué2 — 05/2 = -I—Zwi (e,- —_ Zwkek> = 1 Zwi(ei —¢)lf=3¢l20. 17
n ;=1 k=1 N i=1

Hence, the variance in the case of random sampling is greater than
the variance in the case of selective sampling, the difference being what
might be interpreted as the variance of the class errors. That is, if e; is
treated as a random variable with probability distribution «;, then
o. is the variance of e;. (A similar derivation holds for the variance
of the rejection probability estimates.) That the selective sampling
variance should be smaller than the random sampling variance might
be expected, since in selective sampling more information is used, namely
the a prior: probabilities.

Although statements have been made concerning the mean and
variance of the estimates in the selective sampling case, nothing has
been said yet concerning confidence intervals. This is 2 much more
complicated problem than that in the case of random sampling, since
the estimates do not have a simple distribution function. In fact, the
confidence intervals will in general depend on the particular set of
e’s (or r’s) pertaining to the machine, and not simply on ¢ (or r).

However, for small probabilities, the binomial distribution is quite
closely approximated by the Poisson distribution, the fit becoming
perfect as the probability approaches zero. For any reasonable recog-
nition machine, one would expect the probabilities of error and rejec-
tion to be small; consequently, the marginal form of (9) for m., or m,,
may be approximated by a Poisson distribution. The estimates given
by (11) and (12) are now sums of random variables with Poisson
distributions (approximately) which are then themselves Poisson
distributed. If the over-all error is also small, as is usually the case, the
binomial-Poisson approximation can now be used in reverse, and one
may state that, for small error rates, the error and rejection estimates
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(11) and (12) are approximately binomially distributed. Consequently,
one can use T'ig. 1 to obtain 95 per cent confidence intervals for the
error and rejection probabilities. I'urther, from (17), we would expect
this confidence interval to be on the safe side, that is, the actual 95
per cent confidence interval should be slightly smaller than this.

APPLICATION TO PUBLISHED RESULTS

To illustrate the ease of determining these confidence intervals, some
published results in pattern recognition are listed in Table 1 along with
the 95 per cent confidence intervals as determined from Fig. 1. It should
be emphasized that Table I is not meant to compare one method against
another, since the methods obviously treat problems of various com-
plexities. Rather, the table is meant to compare the accuracies of the
various evaluating experiments.

Three points of caution should be noted concerning the validity of the
confidence intervals in this table. First, the author is not positive that
the test data is different from the design data in every case. Second, to
the best of the author’s knowledge, in every case the number of samples
taken from each allowable pattern class was predetermined. This is
selective sampling; therefore, it is assumed that the proportion of samples
taken from each class represents its a prior: probability of occurrence.
The third assumption is that the patterns used to test the machine are
a reasonable sampling from the real-life world of patterns, and are not
biased toward either well-formed or poorly-formed (noisy) patterns.

CONCLUSION

Two important cases concerning the testing of pattern recognition
methods or machines have been considered: Random sampling for the
case of unknown a priori probabilities of class oceurrence, and selective
sampling for the case of known a priori probabilitics. The most pre-
dominant form of testing in the present day art is to assume that the
pattern classes have equal a priort probabilities of occurrence, and conse-
quently to use equal sample sizes for each class; this is a special case of
selective sampling.

It has been shown that, for both cases, the maximum-likelihood esti-
mate for the error probability or rejection probability is simply the
proportion of samples misrecognized or rejected. In the case of random
sampling, the estimates are binomially distributed, and accurate confi-
dence intervals can be obtained. In the case of selective sampling, tighter
estimates are obtained which are approximately binomially distributed
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TABLE I —95 PER CENT CONFIDENCE INTERVALS FOR SoME PuBLISHED RESULTS

Author Pattern Classes Charatiastics R tion SERC | Emor g0t oo
Baran, Estrin? Machine Printed Num- | Presence of ink in elements | Maximize a posterior: prob- 480 9% | 7%-12%
bers of 30 x 32 matrix ability (Bayes’ Equation)
Bledsoe, Brown- | Hand - Printed Alpha-| Presence of mark in ele- | Matching 2-tuples of matrix 180 | 21.6% | 13%-29%
ing? Numerics ments of 10 x 15 matrix elements against table
Bomba? Hand - Printed Alpha-| Topological features (ori- | Decision tree 112 0% | 0%-4%
Numerics entation of straight lines,
intersections, etc.)
Doyle® Hand - Printed Simply measured topologi- | Maximize a posterior: prob- | ~450 | 12.5% | 10%-16%
AEILMNORST cal features ability (Bayes’ Equation)
Frishkopf!! Handwritten words Extremes, and interconnec- | Cross-correlation  against 160 68% | 57%-77%
tions between extremes dictionary
Harmon!! Unsegmented Hand- | Topological features (cusps, |Decision tree 412 | 41.1% | 37%-46%
written Letters closures, special marks,
ete.)
Mathews, Denes!? | Spoken digits Frequency vs time spectra | Cross-correlation  against 99 6% | 29,-129%,
previous averaged spectra
from same speaker
Marill, Green!3 Handwritten  A,B,C | Distance of character from | Likelihood function assum- 90 3% | 19-10%
(done as example field edge along eight dif- ing normal distribution of
only) ferent line segments measures
Sebestyen?* Spoken digits Frequency vs time spectra | Minimization of non-Eucli- 20 0% | 0%-18%

dean distance measure to
average spectra
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for small error rates. Conservative confidence limits may then be ob-
tained for these estimates.

Using these notions, the experimenter can now determine the sample
size required to obtain results which he deems significant. Alternatively,
if he has a limited sample size, he can determine the significance of his
results. Note that in both cases considered, the variance is inversely
proportional to the sample size. This does not mean that the confidence
interval is inversely proportional to the square root of the sample size,
however, since a binomial rather than a normal distribution pertains,
However, perusal of Tig. 1 seems to indicate that this is a good rule of
thumb. Note also that the total number of samples required to obtain a
certain confidence in the results seems to be independent of the number
of allowable pattern classes. This is an interesting philosophical point
to ponder.

PART II — ON DESIGN

INTRODUCTION

Part 1 of this paper was concerned with the estimation of the per-
formance of a given pattern recognition machine. There it was shown
how confidence intervals could be found for these estimates. These
results are nonparametric in that they hold for any categorization
machine (or procedure) regardless of its structure.

We now consider the following problem. An experimenter desires to
solve a particular pattern recognition problem. He has at his disposal a
set of different methods for solving this problem, but it is not clear to
him which is the best to use. Consequently, he desires to estimate the
performance of each method when applied to this problem, and choose
the best. Let us assume that each method is characterized by certain
key parameters which, when known, completely determine the recogni-
tion machine. To evaluate any particular recognition method, the experi-
menter plans to design the corresponding machine by estimating its
parameters on the basis of one sampling from the real world of patterns,
and then to test this machine based on another sampling (either by
constructing the machine or by simulating it).

However, in many practical applications, the total sample size avail-
able to the experimenter for design and test purposes is limited. For
instance, he may be interested in building a machine to read hand-
printed numbers, but he may not have an automatic scanner available
to him. Since simulating a secanner by hand is very tedious, he may not
be willing to scan more than a certain number of samples.
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Or, he may be interested in distinguishing between radar returns
caused by missiles and those caused by decoys. Since it is expensive to
actually run the sort of experiment required to gather data for this
problem, budget limitations will certainly place a limit on the number
of available samples.

Another example is in the field of automatic diagnosis of diseases.
The experimenter may, for instance, be interested in building a machine
which would determine the presence of cancer based on a list of symp-
toms. However, records have been maintained for only a certain number
of people who have contracted this disease, and the sample size is thus
definitely limited.

The following problem then arises. If the total sample size is fixed,
what is the optimum partitioning of this sample between the design and
test phases? This is a rather loose, but concise, statement of the problem.
A more accurate one follows.

Assume that the experimenter is concerned with the study of a par-
ticular pattern recognition method as applied to some particular prob-
lem. The optimum pattern recognition machine based upon this method
would have an error probability ¢, . The experimenter is interested in
estimating e, so that he can decide whether the particular method
under study is adequate for the solution of his problem, or alternately
whether it is better than another method. To do this, he takes a sample
of a certain size ¢ from the real-life world of patterns. He desires to use
part of this sample to design a machine according to the particular
method under study. The machine which he thus designs will have an
actual error probability e = e, (both quantities are unknown to the
experimenter). He then uses the remaining part of his original sample
to test the machine (according to the procedures of Part I). He thus
obtains an estimate of e, which will be denoted by &. It will be shown
that é is a biased estimate of e, , and that the bias can be computed.
Consequently é can be adjusted so that it gives an unbiased estimate,
&, , of ¢, . The optimum partitioning of the total sample will be defined as
that partitioning which minimizes the variance of &,. Thus, if the
experimenter follows this procedure, he will obtain an unbiased minimum
variance estimate of ¢, , the optimum error probability. Of course, if he
finally decides that a particular method is applicable, he can then re-
design the corresponding machine with the entire sample size.

OPTIMUM SAMPLE PARTITIONING
We are intercsted, then, in minimizing the quantity

os,. = Elé, — )] = B[] — e/, (18)
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where E[z] and o.° denote the expected value and variance of z, re-
spectively.

Let us first digress and consider the biased estimate &. Since é is
discrete (it is the proportion of test samples misrecognized), its expected
value can be written

Ele] = 2 ép(8),

where the summation is over all values of ¢, and p(z) denotes the proba-
bility of z. But

p() = [ pe]Ip(e) de,

where p(é| ¢) is the probability of é given e, and the integral is over all
(continuous) values of ¢ (by definition ¢, < ¢ < 1). Hence

B = X ¢ [ ple] dp(orde = [ [T epe| )] plede.

Let us henceforth consider only the case of random sampling. Then é
is proportional to a binomially distributed variable (né) with parameter
e. Therefore the term in brackets, which is the expected value of é
given the parameter e, is just e. Then

Ble) = [ eple)de = Bldl. (19)

Ele] is a function only of the parameters of the problem and the design
sample size; it is not a random variable.
We next determine E[¢’]. By going through a process analogous
to the above, and by making use of (19), we obtain
_ Ele(1 — )]

o' = Bl(2 — Ble))’) = Bl&'] — (Blel)® = —————,

where 7 is the size of the test sample. Hence

E[&) = + (Ele))™ (20)

Ele(1 — ¢)]
n

We now determine Ele]. Let the optimum machine be described by .

¢ different parameters 8,;, 1 = 7 = ¢. The design of the machine con-

sists of estimating the parameters §,; by making measurements on a

set of sample patterns (the design sample). Let the estimates of these

parameters be denoted 8;, 1 =< ¢ = c¢. Then the error probability e
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of the resulting machine is a function of the estimates of the true param-
cters:

c = 0(61 ,52 5 ",60).

One can now expand e in a Taylor series expansion about its minimum
point, ¢,. Since this is a minimum point, all the coefficients of the
linear terms will be zero. If the error deviation (e — e,) is small, terms
above the second order term may be neglected:

c c 2
cmeti Dl

61,’ — 80:) (85 — 005).
Eo 65@'651’ 8, ( )( J ])

The expected value of the error for the resulting machine is then

c c 628
Ele] = e, + 1
[e] = co+ 3 ; ; 5.9,

8, E[(ai 601‘)(61' - 501')]-

If it is assumed that the estimates are unbiased, i.e., /£(8;) = 8. , then
the above equation may be written as

Ele) = e, + % 2 D aijoi; (21)
=1 j=1
where
d’e
a;; =

Qji = 36.:98; L

oi; is the covariance of the estimates for 8,; and &, , and ¢y = o,° is the
variance of the estimate for 8,;. (21) is valid for small values of the
quantity (e — ¢,).

It may be worth-while to digress here to a simple example which may
. help to clarify the definitions of the above terms. Zachary Oglethorpe
is not only a crafty fisherman, but is also a good gadgeteer. He has
decided to try to build equipment which will determine each day
whether he should use a surface bait or a deep water bait in order to
catch the maximum number of fish. He has means available to meas-
ure the water temperature, the magnitude of surface ripple, and the
atmospheric pressure, and therefore decides to use these as his measure-
ments. He denotes values of these measurements by mi, ms, and ms
respectively.

Mr. Oglethorpe has been recording values of these measurements
every day for the past six months, and has noted on each day whether
he was more successful with surface or deep water bait. He thus has a
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total sample size of roughly 180 samples, some from one pattern class
(surface bait), and some from the other pattern class (deep water bait).
Since each sample was taken without a priori knowledge of the class
to which it belonged, then this constitutes random sampling; that is,
the proportion of samples in each class is an estimate of the a prior:
probability of occurrence of that class.

Our crafty fisherman decides to build a decision making, or pattern
recognition, machine by building a correlator for each of the two possi-
ble decisions (or pattern classes). That is, the machine will make the
following two calculations:

il

Surface bait oymy -+ ame + d3ms

Deep water bait = sy -+ 8sme -+ dems .

The class achieving the highest value represents the desired decision.
Let us assume that, according to some theory, the optimum values of
the §; are the means for each measurement within the appropriate pat-
tern class, normalized so that the sum of the squares of the coefficients
of each linear form is unity. That is, 6, is proportional to the mean
water temperature when surface bait should be used, and so forth,
and is normalized with 8, and §; so that §,° + 8 + 8" = 1

Thus the parameters §; completely characterize this pattern recogni-
tion machine in that, given values for each §;,1 < 7 £ 6, the machine
may be built. The optimum values for each §; are the appropriate nor-
malized means, which are the §,; of the previous equations. Mr. Ogle-
thorpe obtains estimates of these optimum parameters by taking
normalized averages over a portion of the appropriate data. These
estimates are the 8; of the previous equations, and are the actual num-
bers on which he would base the construction of his machine. Note that,
in this case, these estimates are unbiased and efficient, and may very
well be independent of each other (e.g., the probability distribution of
the water temperature when surface bait should be used may be inde-
pendent of the values of surface ripple magnitude and atmospheric
pressure).

Having thus designed his fisherman’s aid with a portion of his data,
he now tests it with the remainder of the data to determine its accuracy.
He does not want to use it if there is a good probability that it is less
accurate than he has found his own intuition to be. This then leads
us to the basic problem being studied: How should Zachary Oglethorpe
split his total sample between the design and the testing of his machine
to obtain the best estimate of the accuracy of the machine? Again, if
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the estimated accuracy of his machine were sufficient, he would then
be wise to redesign it, basing the new design on the entire sample.

We now return to the study of this sample partitioning. Let each
parameter be estimated with m samples.* If each of these estimates is
an efficient and unbiased estimate, and if the estimates are independent
(either because the estimates are statistically independent, or because
different samples are used to estimate each), then all ¢;; = 0, 7 # 7,
and all ¢;® will be proportional to 1/m. Hence one can rewrite (21) as

Ele) = e, + 2, (22)
m

where b is some constant calculated from (21). (Often, Efe] is in the
form (22) even if the estimates are not independent.)

Let ¢ be the total sample size, and p be the number of sets of m sam-
ples used to design the machine. p is chosen to be the smallest number
which insures that Ele] is of the form (22). It is often simply the num-
ber of allowable pattern classes, since, of course, parameters of different
classes must be estimated with different samples. If n is the test sample
size, then

t=n -+ pm. (23)
Trom (19) and (22),

Ble) = Blel = e+ 2. (24)
m
Conscquently, & is a biased estimate of e,. The adjusted estimate &,
given by

b
A oA .
b=108— ", (25)
is an unbiased estimate of e, , with variance given by (18). This variance
can now be rewritten using (25):

b 2
o, = B8] — ¢ = El:(é - ——> :| — e,
m
2
— B — 22 mp + <ﬁ> —er.
m m

* This is not always desirable, since some parameters may be easier to estimate
than others, or there may be more data available for some parameters than
others. However, this condition is assumed here for simplicity, as are the following
assumptions of efficiency, unbiasedness, and independence.
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From (20) and (24),

2 =EL(1___3)J+ (Ele])* — 23%— <E>2_ e
n m m

0'@0

= HO = gy (e 2
n m

Thus, from (24),

el = M (26)
n
If b/m <« 1 (which will certainly be true for any reasonable design),

then

o _ Hle(1 — ¢)]

b pb
T2, —T—=(1—eo)e"+ e+

%=(1_60) t"'") (27)
_T. ____n__

where the relation (23) was used.
We wish to choose n such that (27) is minimized. Differentiating
(27) and equating to zero, one obtains

Mo
el 2—15_—

P ) (28)
(1-1%)

where n, is that value of n satisfying (28); it is the optimum test sample
size in the sense previously discussed. n,/t is of course the proportion of
the total sample used for the test. One interesting rasult is immediately
obvious: n,/t must be greater than 0.5 for all cases. The equation (28) is
plotted in Ifig. 2, from which the following general statements can be
made.
1. The proportion of the total sample that should be used to test
the machine should never be less than 50 per cent.
2. If et/pb < 0.1, then the proportion used for design should be
about 50 per cent.
3. The proportion of the total sample that should be used to test the
machine becomes larger as:
a. The total sample size inecreases,
b. the error of the optimum machine increases,
c. the cffectiveness of the design increases (pb decreases).
Here 1/pb is taken as a measure of the effectiveness of the design,
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Fig. 2 — Optimum sample partitioning.

since pb is the product of the expected deviation from optimum, E[e — ¢,],
and the design sample size, pm.

These results indicate just how a sample should be split between the
design and test stages of a feasibility study of a pattern recognition
method. If the experimenter follows this procedure, he will obtain an
estimate &, of ¢, which is unbiased and has minimum variance.

The value of this minimum variance can be expressed as

o

7 = o~ ) 14— t_,
n

‘min

X3

which was obtained by climinating pb between (27) and (28). Note that
this is the variance that would have been obtained if the optimum
machine were tested with n samples, increased by a factor which accounts
for the design error.

AN EXAMPLE OF OPTIMUM SAMPLE PARTITIONING

As an illustration of these ideas, consider the following example
(perhaps the simplest of the n-dimensional problems). A pattern recog-
nition machine is to be designed using the optimum decision function™**
which will distinguish between ¢ classes. The occurrence of each class is
equally probable a priors, and all costs of misrecognition are the same.
The receptor makes a set of & measurements m;, 1 < j < k, on each
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input pattern. It is known that each measurement is normally dis-
tributed with variance o, and that all measurements are independent.
Jfurther, it is known that the distances between the mean vectors in
measurement space® are all equal. (Consequently, there can be no
more than & + 1 pattern classes. The tips of the mean vectors are the
vertices of a regular polytope.)

It can then be shown that the optimum decision function partitions
the measurement space into polytopes which are bounded by those
hyperplanes which are the perpendicular bisectors of the line segments
joining all pairs of means. The hyperplane scparating two classes, say
classes 1 and 2, is the set of all points (2;,- - -,xx), represented by the
vector X, which satisfy

(o — f2) = 5(f- Ay — P2 fi2), (29)
where f; is the mean vector of class 7.**

The design procedure consists of estimating each mean vector from
a sampling; denote the estimated mecan vector for class 7 by #;. The
distribution of the estimate of a mean vector from a normal distribu-
tion with covariance matrix [V] is also normal with covariance matrix
1/m [V], where m is the sample size used in the estimate.'” Since the
measurements are independent in this case, then so will be the estimates
of the means of the various measurements. Furthermore, each estimate
will have a variance of ¢°/m. Consequently, only one set of samples of
size m from each pattern class is required to insure that the form (22) is
valid, and p is hence equal to the number of allowable pattern classes, ¢.

It is shown in the Appendix that b is given by

_qlg—1) Au (A_u
b= 4 20N2¢r7

where Ap is the distance between any pair of mean vectors, and N (Ap/20)
is the value of the standard normal density function for the variable
Au/27. The equation (28) then becomes

Mo
460t 2 T 1

g — 1) %‘N(Q—i‘) ) (1 - ’%) (30)

* A geometric interpretation of categorization problems is often useful. By
measurement space, we mean a k-dimensional space in which each coordinate
represents one of the k receptor measurements. Thus any set of measurements
which have been made on an input pattern may be represented as a point in
measurement space. The decision function may be thought of as partitioning the
measurement space into regions corresponding to the different allowable pattern
classes and into rejection regions.
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Fig. 3 — Optimum sample partitioning for symmetric Gaussian case.

Some curves representing (30) are plotted in Fig. 3 in which the pro-
portion of the total sample to be used in the test, n,/¢, is shown as a
function of ¢, the total sample size, with the number of allowable pattern
classes, ¢, as a parameter. e, was held constant at 0.05 (which involves
the choosing of the proper value of Au/20 for each ¢).

T'rom Tig. 3 it is seen that, for many cases, the sample should be split
evenly between design and test, as one might intuitively suspect. How-
ever, there are some drastic deviations from this. For instance, if the
categorizer is to separate only two classes, and 1000 samples are avail-
able, then only 50 of these should be used to design the machine, and
950 should be used to test it. Consequently, it is seen that intuition may
go wrong in some cases.

CONCLUSION

This paper has begun an analysis of some of the problems which arise
in the design and analysis of pattern recognition experiments. In Part IT,
the problem of optimum sample partitioning between the design and
test phases of a pattern recognition machine was investigated for the
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case of a fixed total sample size and no overlap between the design and
test samples. The general relation between the optimum partitioning
and the total sample size, optimum error rate, and design efficiency was
derived. From this, it was apparent that the test sample size should
never be smaller than the design sample size. These results are non-
parametrie in the sense that they do not depend on the detailed structure
of the recognition machine. It is only necessary that the deviation of the
designed machine from the optimum machine be small, and that the
design of the machine be done in such a way that (22) holds.

However, the actual computation of the optimum sample partitioning
does depend strongly on the detailed structure of the machine through
the quantity b. Since this computation is quite difficult even in the
simplest of cases, the interesting question arises as to the possibility of
estimating b from the sample. Another interesting phase of this problem
which has not been attacked here concerns the case when the design
sample and test sample overlap — that is, some of the sample patterns
from the design sample are also used in the test sample. In the limit,
this reduces to using the total sample for both design and test purposes.
In this case, the results of the test are usually not very reliable. Conse-
quently, there may be some sample partitioning with overlap which is
better (in the sense discussed in this paper) than for either the case of
no overlap or the case of total overlap.
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APPENDIX

We determine here the coefficient b in (22) for the example discussed
in this paper. If the mean vectors are more than about 3¢ apart, then
only a small error is made if the total error is approximated by adding
the errors of each hyperplane taken alone. That is, the integrals on the
wrong side of the hyperplane that are counted more than once will be
quite small compared to the integrals counted only once.

Due to the symmetry of the problem, the error associated with each
hyperplane for the optimum decision function is identical, and the deriva-
tives of (21) will also be identical for each hyperplane. Since there are
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g(g — 1)/2 hyperplanes, b may be expressed (from. (21) and (22)) as

_b__Q(Q* 1)~1_ = [0% e
m 2 23 [ 8z’

2 2
d e

2 ]i’-, (31)
p1ee_| M

prue 0T

where the hyperplane separating classes 1 and 2 is taken as typical,
and the independence of the estimates is used. e; is the error associated
with this hyperplane, u; and ps are the mean vectors of these classes,
and #; and %, are the estimates of the mean vectors.

There is no loss in generality if w; is taken as zero, and all the com-
ponents of w2 (w2, -+ - ,ure) are taken as zero except for u, . That is,

M1 = (070) e ;0)
M2 = ("70) o ,O),

where u2 is denoted p, ¢ > 0. Consequently, the optimum boundary is
given by

= u/2.

A sampling of size m is taken from each class, and the mean vectors
are estimated, giving

1 = (T ,Tar, * - ,Tw1)
Ty = (Zro, T2, ++* ,Tka).

A boundary given by (29) is computed based on the above estimates,
and this, together with the other estimated boundaries, determines
the structure of the machine.

The error e, associated with this particular boundary for class 1 is

1 1:,')2
exp —=({Z2) dx;
J=2 ‘/;00 '\/27“7 p 2(0’ ’
” 1 1 x1>2
: exp —= =) dzy,
'£1(xz,--~x1k) 270 P 2(0’ !

where £ (22, - -- ) is the value of 2; on the boundary, and is given by
(from (29))
k-
Ti1 — X; xz
El(x2,---,xn)=—2—_1—— Z( 1 2)
=2 T — 12 i=1 L1 — T2

Tu + -%12 1 E 2(5&,1 - xﬂ)xz - (xz] - sz)
2 2= T — Ti2
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||/\
II/\

n.

=
2mo 2 \o L1 — T2
de, d f“’ 1 1 (xj>2 ( 1 1 (g))
= exp —={=2) dw; exp —= | =
IO g —0 A/ 25g P 2 \o ! \ 2o P 2 \o
(6= (2]

Ty — T2 Tn — T

qEm—)
B11K2 2wo 2 o

SN U US|
‘;N<z—a>[ é?”[”“u]

=171er<§%> 2<i{=n,

where N(u/20) is the value of the standard normal density function
for the variate u/2¢. In a like manner,

de, 1 u 1 “
- __N<__> = ——N(—>, 2=<i=n,
o2 uo 20 uo 20

AT o?
where e; is the error associated with this boundary for class 2. Since the
total error for this boundary is e = e; + e, then

2
d €1
B1.B2 63—91’12

|I/\
S

AT i?

2 2
0 €12 des
9T i1

A like result holds for 8%, 2 < % < n. Going through this same

=0, 2<isn

.2
u1.b2 OTir® |y pe

procedure for &, Ao
1 -4 (9]
b-fl_l_ ;I=I2 —o 271' exp — 2 l
el () a5 @)y (B)]
5{12- ]I=I2 —oc mUeXp 5 ; 40’ a? N a

661

e (5)
=__N i
(91311 B1,H2 8 g8 2
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Similarly, ‘
Tl _ley <i> :
6.13112 K12 8 ¢ 20
Hence
2
Ten|  _Llry (i ,
63}11" K1, 4 a3 20

It would also be found that

2
de 12
0T 19°

i ()
~Le (2.
B1,82 4 o8 20,

This analysis is perfectly general for arbitrary mean vectors. providing
that u is merely interpreted as the distance between a pair of mean
vectors (all such distanees being assumed identical). This distance will
henceforth be written Ax to indicate that it is a difference of means.
Therefore, from (31), we find that

_glg—1) Ap (A_ﬂ>
b= 4 2aNza‘
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Lined Waveguide™

By H. G. UNGER
(Manuscript received October 19, 1961)

The existing approximate analysis of wave propagation tn lined wave-
guide s, under practical conditions, limited to linings thinner than 0.026
per cent of the waveguide diameter. A more exact analysis is presented
here for the straight and curved waveguide and for all practical linings.
In the case of anisotropic or sandwiched linings, the boundary value problem
s formulated using wall tmpedances. The single isotropic lining s taken
as an example to prove this formulation useful for typical cases.

The exact analysis shows that neither the thickness nor the permitizvity
of the lining can increase the phase difference between TMy and TEy
beyond a certain limit. The curvature coupling between these two waves s
enhanced slightly by the lining.

I. INTRODUCTION

Round waveguide with dielectric lining shows promise as a communi-
cation medium." The circular electric wave loss in perfectly straight
and round metallic waveguide decreases steadily with frequency. Any
deformations of the cross section or curvature of the guide axis degrade
these ideal transmission characteristics.

The TMin waves in particular are coupled by curvature to TEy,,
and since they propagate with nearly equal phase velocity, there will
be large mode conversion. A dielectrie lining close to the wall changes
the TM;i, waves appreciably with almost no change to TE,, . The phase
velocities are now different and, despite curvature coupling, mode con-
version stays small.

When the lining is made lossy it will serve still another purpose.”
Circular electric wave loss is increased only very little, while all other
waves suffer an effective dielectric loss. This mode filtering loss will
reduce the degrading effects of mode conversion and reconversion.

* This work was performed under a Letter Contract with Bell Telephone Labo-
ratories at the Institut fuer Hoechstfrequenztechnik, Technische Hochschule
Braunschweig.
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To serve both purposes best, the lining should be made anisotropic
or sandwiched from different materials.® The circular electric wave loss
will then remain very low, yet all other waves will suffer high loss and
also curvature loss will stay small.

Wave propagation in straight and curved lined waveguide has been
analyzed elsewhere.!* Likewise, imperfections in the lining and cross-
sectional deformations have been calculated.*® However, the lining was
always assumed to be very thin, and so far only a first-order approxi-
mation has been found.

On the other hand, it has been shown both theoretically and experi-
mentally that these approximations do not in general hold for any
practical linings." Linings which are designed optimally change wave
propagation much more than could be described by a first-order ap-
proximation.

An analysis of wave propagation in lined waveguide will be presented
here which is sufficiently general and accurate to hold for all practical
cases. Sandwiched and anisotropic linings will also be considered.

Circular electric wave transmission is most strongly degraded in curved
waveguide. Therefore, the lined waveguide will be assumed to have
curvature. Cross-sectional deformations and imperfections of the
lining will be analyzed with corresponding aceuracy in another paper.’®

II. NORMAL MODE FIELDS

Normal modes of straight round waveguide with a single isotropic
lining have been analyzed before.' To adapt this analysis to an investi-

Fig. 1 — Lined waveguide with curvature.
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gation of bends in lined waveguide and of waveguides with an irregu-
lar lining, the boundary value problem will be repeated and generalized
here.

The waveguide structure to be considered is shown in IMig. 1. The
dielectric lining will later on be assumed to be heterogeneous or aniso-
tropic or irregular. At present, however, a single uniform and homo-
geneous lining is assumed.

The electromagnetic field in the waveguide can be derived from two
sets of scalar functions T, and T’ given by:

T, = N, Jp(xar) sin pe

for 0 <r<a (1)
T, = N, Juy(xur) cos pe

and

2 (2) [¢Y)
Xn . (Xn T) - CH (Xn )
=N, 2. J (l\n) H® (h) = ol O (he) sin pe

for a<r<b (2)

L _ M
(x.1) — ¢'H ™ (xa"r )cos vo.
H 2O () — ¢'H, W (k)

2
Tn’ = Nn )%2 Jp(kn)

The T functions satisfy the wave equation:

1 g (2] 6T 1 aT 2
VT = — | — 2 = =T
e16: [8u <el 8u> T a <62 dv x (3)
in a general orthogonal curvilinear coordinate-system (u,p,w), in which
the element of length is:
ds’ = efdu’ + e’dv’ + edw’. (4)

The curved waveguide may be described in these coordinates when,
according to IFig. 1:

u =, v =@, W =2 (5)
e =1, €y =T, es=1+4¢& (6)

where
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The field components are written in terms of the field functions (1) and

(2)
Ba= 37,2 40, 2]
elau 6261}
7
B, =3V, [3T dnaT,.]
6267) elau
oT, hioT.’ (8)
H. = _EI |:623 dn T Zl_aﬂ] ¢
oT, bt aTn’]
o= EI" [e—ﬁ_u + W e |
Maxwell’s equations are:
119 F:} -] ‘
.é273 I:E) (e3Ew) - bTU (e2Ev)_ = —]wyOHu (9)
1 d 9 ] ‘
é;e_l I:au (elEu) - -(_97& (63Ew)_ = —quoHv (10)
1 d F} T ‘
(—?1—82 [(9—’11, (62Ev) - ('9_1} (61Eu)— = —]wpon (11)
1 9 9 - ‘ )
203 I:E) (estl) — Jw (esz)_ = jweeoliy (12)
1 J 9 T '
6_3_(31 l:% (elHu) - EL (CgHw)_ = ]OJGE()Ev (13)
1 d 3 '
(762 Ija_d (GQHv) - w (61Hu):| = ]weeOEw. (14)

o and e are permeability and permittivity of free space. e is the rela-
tive permittivity of the respective cross-sectional part of the waveguide.

Substituting from (8) into (11) and (14) and taking advantage of
(3) the longitudinal field components are obtained:

2
H, = jweeZV, d, % T,
! (15)

2
- Xn
Ew = ]wﬂ0§1n5 .]{)—2. Tn
where & = wv/eeu, is the intrinsic propagation constant of the medium
in a particular cross-sectional part of the guide. ¢ and % have constant
but different, values for the different cross-sectional parts of the guide.
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In (8), this dependence on the cross-sectional part of the guide is
not only true for ¢ and %, but until we learn more, also for d,, .

The quantities d, , ¢, ¢ and the separation constants x, and x,’ must
be chosen so that the boundary conditions of the lined waveguide are
satisfied.

These boundary conditions are, at the surface of the lining:

B, =L, (16)
H, = H, (17)
B =ESf (18)
a} =0, (19)
and at the metal surface
E,=0 (20)
E, = 0. (21)

The superscrips ¢ and e indicate the internal and external field com-
ponents at the surface of the lining.
To satisfy (20):

Hp(2)(Pkne)
=2 77 2
© T LI (ok) =2
where
b
p = - (23)
a
and
]Cn = Xa0
(24)
’Cng = Xnea“
To satisfy (21)
» HL® (k) -
C TGRS =)

The prime at the Bessel functions denotes differentiation with respect
to the argument.

The condition of £, being continuous across the surface of the lining
is satisfied by virtue of the formulation of the T-functions in (1) and
(2). To satisfy (17)
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d, is therefore independent of the cross-sectional area of the guide and
needs no superseript.
To satisfy (18)

L kb [ On) ke H,® (i) = CHY ()] o
dn  pRa(e = 1) LT,(kn)  Fut H,® (k) — ¢H,™ ()

The remaining condition (19) leads to the following (characteristic)
equation of the lined waveguide:

Jo (k) ke H® (k) — c/H,,(D'(lc,,e)]
To(n) — Fut Hy®(ky?) — ¢H,® (k)

[J (ka) _ _ka H,? (k) — cH,,‘“’(k,f)] (27)
J (k) kot Hp® (ko) — cH,® (k°)
hola’k’a’
= p2(e — 1)2~——k ek
The characteristic equation (27), together with
k.l = (oeomo — hy')d*
(28)

k,fg = (wlecomo — hy')a’

determines the separation constants k, and k,°.
The transverse field components of any two different modes are or-
thogonal to each other in that’

L [ (B X Ha) as

VnIm S
B’ 0T,
- f I:(elau dn eﬁ)v) <elau mﬁ ezav> (29)

aT aT,\ (0T B® 8T
t— dn -z o~ m —_ = d = Onm.
+ <6260 elc')u) (egav d k2 edu ):| §=29
The integration is to be extended over the entire cross section of the
guide. The quantity 8., is the Kronecker delta. To satisfy (29) for

n = m requires N, to have a certain value, which is to be determined
from (29).

III. GENERALIZED TELEGRAPHIST’'S EQUATIONS FOR CURVED WAVEGUIDE

All quantities in (8) and (15) have now been determined except the
current and voltage coefficients I,, and V,, . To find relations for them,
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(8) is substituted for the field components into Maxwell’s equations.
Then

m 2 r
—e3 (31’" ; 0T,,,> e times (9)

a —
€200 "™ 12 edu

is added to

e <8Tm + dn P ﬂﬁ) e times (10)

e 0u k2% edv

and the result is integrated over the cross section. Using the orthonor-
mality condition (29), the wave equation (3), and the boundary con-
ditions (16), (19), and (20), one obtains:

2
et 52 1= izt { [ 2 o1, as
R oT,\ (9T h,' oT. ’)
n _n m — dm l m
/ e [(6260 = 616u> <ezav k? e 0u (30)

aT, h,’ dT, B 3T,
+ (@ g T e2av> (elau +d "I e av>:| dS}.

—e3 (GT +d aT”) times (12)

e u ™ esd

Similarly

is added to

—e3 <6T dn T ) times (13)
€20V 10U

and the result is integrated over the cross section:

d[m . . Xn Xm
o juaV o = juei2V, { [ te dudn XX w1, a8

r r
oG- em) (G-eim) @
ezav " edu €90V 10U
oT aT."\ [aT T
9in g Y (Lm0, Z2m ) | dS b,
+ (elau + d 6261)) (elau + 6261),>] S}

Equations (30) and (31) are the generalized telegraphist’s equations
for the curved waveguide with a dielectric lining.
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Introducing traveling waves

Vo = VEu(an + ba)
1 (32)
Im - VE (am - bm)

with

the more convenient form in terms of amplitudes of forward (a,) and
backward (b,) traveling waves is obtained.

631—1;" + Ghnn = FE(Cunt@n + Cun b.)
db (33)
d—il;n - jhmbm = _—jz(cmn+ bn + cmn_an> .

The coupling coefficients in (33) arc

+= _
Cmn

N 2:/% /b e [(‘;ﬁu +d, };—2 ‘Z;) <j£u + dn ﬁﬁz aezTav> .
+ <§£—Z — };02 Zigu,) (agv dm };T"; Zgz’)} a5
S [[CR e B (R ) @

‘/hh fg dd,,,x"x"‘ 7.7, dS.

To analyze circular electric wave propagation, it is sufficient to con-
sider only coupling between circular electric and other waves. Let m
denote the T, wave; then

T =0
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and (34) reduces to
dnh,? T h2aT’)aT‘
.. n_ g 9l ™
Cm + 2V huht fs € < eu S

el R edu
+ ; *\/h—m}lll dm [f Ee (ajn _ dn 6Tn > aTm dS (35)
4 S

6261) e du elau

du

w’poeo

[ etxrr as |
S

To find the z-dependence of the wave-amplitudes a,, and b,, for cer-
tain initial conditions, requires the solution of the generalized tele-
graphist’s equations (33).

They are a system of simultaneous first-order and linear differential
equations and can be solved by standard methods. IFrom this point of
view, (33) with (35) and all the preceding definitions represent the
formal solution to propagation of circular electric waves in round wave-
guide with a single uniform lining. But this formal solution is still to be
reduced to a practical form accessible for numerical evaluation. Also,
heterogeneous or anisotropic linings have yet to be considered.

IV. A FIELD APPROXIMATION IN THE LINING

Before proceeding any further, an approximation will be made, which
is justified for all practical linings in round waveguide for circular elec-
tric wave transmission. In all practical cases, the lining is thin compared
to the radius of the guide

p—1l=5K1. (36)

Ifurthermore, it can be seen from (35) that there is only coupling be-
tween TEom waves and waves of first circumferential order, i.e. p = 1.
For these waves it may be safely assumed that

P xr (37)
for all
a<r<b

within the lining, since | x.,’r | = | k. | and, according to (28),

e2 2 2 hn2
k. =ka [e — F:l

Under conditions (36) and (37), the wave functions (2) for the lin-
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ing may be simplified, by replacing the Hankel-functions by their
asymptotic expressions. The result is:

Io.2 sin (p — 2) ket
Tn = Nn W Jp(kn) m sSin P
(38)
r e
k2 cos (p — :1) k.
e Jo(kn) w05 (o = Do oS Pe.

Tn, = Nn
cos (p —

The characteristic equation may now also be simplified to:
1 e € AN . ha2ktat
(yn I tan & Ln> <y,, + T cot & k"> =p(e—1) L (39)

Yn

where

g, (k)

Un = (k) (40)

Likewise, using (39) and the simplified form of (26), the factor d, may
be written:

2
knlhen®

d, = ol = Dhia <%e cot 8 k.° -+ yn> . (41)

The orthonormality condition (29) determines the normalization
factor N, . Using the asymptotic expressions (38) for the field functions
within the lining, the integration in (29) results in:

2 4 2
gNnﬁlchpz’(k,,) {(l + d, 2;;") (1 - 72:—2 + ky 4 2 ,L)
\ n

Y4 hn2 hn2 ekn4
— 94 P I fon ) Ln
dn k2 I:(l + lc2> <1 T elc2> k. (42)

]n2 € . e 2 e s €
fu® ( 28k,° + sin 26k, ta ha 28k, sin 26 k, )} _ 1

3 - —
2k,* sin? 6 k¢ k2 cos? 6 k¢

Tor circular electric waves with p = 0, the integration results in:
2
7TNm2 dm2km2t]02<km) % l:l + ]‘7m2ym2 + 2ym

(43)

2 S . €
n kw 206k, sin 26 ]\’m] -1

]gmea 2 cos? b ke
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The asymptotic expressions (38) have also been used to calculate
the coupling coefficients (35) for circular electric waves. Instead of
Y» , another abbreviation

J l(kn)

e () (44)

has been used to facilitate numerical evaluation:

]l m dmN N

+ v
Coin = Q '\/hm n kmz —

= J (k) Jo(k,,,) - (1 + %’") 1+d.

. 2 2 _ o9 Xn
n d h 2 < ()knz B —1—> _{y n p Ivn + ]Cm l:l 2 72 :')-lfm
Je.? " s

— ka2 oz, k.2 — kn? Tn

k2 kn? — k2 e o e
et BT (b

k" — ka' kn® tan k,° 6
(45)
. k. k ¢
— d.k, T g tan k,° 6 + d, — — tan k' 8
2 €2
Xn T Ko lc,. — k2
+ d, = [(1 =+ }77; W) kn — kme2 kn’ tan k,’ o

2 h/m 2 " hm, Tm _
+ (’Cm :l: h—n kn) Tm :I: h—" <x'—n 1>:|

Equations (39) to (45) reduce the problem to as simple analytical
expressions as seems to be possible at this time. Any further simplifica-
tion would only be brought about by replacing the trigonometric func-
tions and the Bessel-functions by their Taylor series expansions for
small arguments, respectively arguments k, close to the roots of Bessel-
functions for the empty guide. Such simplification, however, would
lead to a first-order approximation for very thin lining, which has been
studied in detail elsewhere.

The present aim is for a better approximation. Therefore, numerical
methods starting with expressions (39) through (45) will have to do
the rest.

To this end the characteristic equation (39), which in implicit form
determines the separation-constant k,, will first have to be solved.
Tor a lossless or low-loss lining, the relative permittivity is real or may
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be assumed real. Then all the quantities in (39) are real. An iterative
procedure for this solution has been found earlier.'

Ifor the sake of completeness it will be repeated here using the present
symbols. Equation (39) may be written as:

e I 4
cot ok, —§<1 + 4/1-}—17—%) (46)

2p2hn2/c2a4:, _ kaya

ekt ke’

where

F—L[I-I—(e—l)

T

(47)

A value for the relative permittivity e of the lining is now specified.
Ifor a free-space propagation constant & = 2z/\, a wave propagation
constant h, is assumed and in calculating

2 2 2 2
L = Fd® — hla

-2 2 2 2 2
k" = eka — h,a

(48)

for lack of knowing the true radius of the lining, a is replaced by b,
the radius of the guide. Using (47), a first approximation for the rela-
tive thickness is found. In general, according to the two signs of the
square root in (46), there will be two such values of relative thickness
which will lead to the same propagation constant 4, .

The first approximation for § is used to correct the radius a of the
lining in (47) and (48). The calculation is then repeated. Since for
small values of 6, a change in § affects the right-hand side only slightly,
this method converges rapidly.

Tor typical values of b/A and e the phase constants of four normal
modes have been plotted in Fig. 2.* The modes shown in Fig. 2 de-
generate into TEy; TMy, TIE;s and TM;, when the lining is very thin.
Of all the modes, these four are most strongly coupled to TEy by curva-
ture. The broken lines represent first-order approximations as they
have been found earlier.'! Note that the first-order approximations
hold only for extremely thin linings. In the case of the TE; wave, in
particular, the lining should be less than 0.05 per cent of the wave-
guide radius. Here the first-order approximations are of no use what-
soever.

Note also that the TM;j; phase constant does not increase as expected
from the first-order approximation. The curve levels off, and eventually

* These and most of the other numerical results have been obtained by H. P.
Kindermann.8
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Fig. 2 — Change in phase constant of normal modes in lined waveguide, b/\ =
4.70, e = 2.5 — solid line exact; broken line approximate.

a heavier lining will not change the TM,; phase. According to Iig. 3,
at higher frequencies the TM;; phase levels off at even lower values.
Also, a higher permittivity will not change these relations.

This is, of course, very unfortunate since to reduce curvature losses
the TMy, phase should differ most from the TE,; phase.

Having solved the characteristic equation, curvature coupling is
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Fig. 3 — The phase constant of TMj, is, over a wide range, nearly independent
of 8 and e.
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obtained by substituting numerical values into (45). For the TEy
characteristics first-order approximations may be substituted. Even a
very heavy lining does not change these characteristics very much. For
example, with 6 = 0.03 and ¢ = 2.5 the relative change in phase con-
stant of TEq according to this approximation is only:

A _ 9107,

B

The coefficients of curvature coupling between TEy and TE;, , TMy,
and TE,, are plotted in I'ig. 4. Note again that any first-order approxi-
mations hold only for extremely thin linings.

The coupling between TEy, and TMy, is at first increased by the lining
and then stays almost constant. The increase in TEw-7M;; coupling
disagrees with another first-order approximation." The present result
has to be considered correct, however, since the corresponding shielded
helix waveguide curvature coupling is about equally enhanced.’

10 ‘

// TEw-TE2

TEo~TMy

b_
\ X =4.70
. €=25

— EXACT
3
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(COUPLING COEFFICIENT)x(RADIUS OF CURVATURE)

Fig. 4 — Coefficient of curvature coupling in lined waveguide b/A» = 4.70, ¢ =
2.5 — solid line exact; broken line is wall impedance representation.
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Curvature coupling between TEy and TEy; decreases substantially
in lined waveguide as is shown by the solid line in Fig. 4. The broken
line will be referred to later. TEw-TE;; coupling is nearly independent
of the lining.

V. A WALL IMPEDANCE REPRESENTATION

The preceding analysis of lined waveguide considers only the simplest
case, of a single isotropic and uniform lining. Yet this analysis could
only be reduced to analytical expressions which are still quite involved
and require a lot of computation for numerical evaluation. It is even
more difficult to analyze a waveguide with a more complicated lining
by the same methods. Further simplifications are necessary to facilitate
the analysis of anisotropic or heterogeneous linings.

Such simplifications are brought about when the effects of the lining
are described by wall impedances which the lining presents to the
waveguide interior. Looking in radial direction, two wall impedances
may be defined which are associated with the two different polarizations
of the fields:

B B | (49)
o=@ Z=gm, (50)

For a mode n represented by one term 7 of the series expansions (8)
and (15), these wall impedances can be expressed by the field functions
(38):

7o Xa’ 1

YT Y e e P h: (51)
cot k,.°0 + d, s
= 9 o5 — P

Z, =] o [tan k.8 dn/c,ﬁ] . (52)

Tor circular symmetric modes p = 0 and

S Xne e
Zuo = ] tan k,° 8 (53)
(6]

Zy = j%‘; tan k,° 8. (54)

The characteristic equation can be derived with these wall impedances.
Instead of satisfying the boundary conditions (16) through (19), the
two conditions (49) and (50) will now be substituted. The ratio
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—(E,/H,) and E,/H, of the field components in the waveguide inte-
rior adjacent to the lining will be required to be equal to the wall im-
pedances Z,, and Z, presented by the lining:

B, _ 1 ny
TH, . I (55)
Jweo @ (yn —d, ik 767)
E, Kd’ P > _
Ho~ 7’ wea (y" TRea) =7 (56)

After the factor d, has been eliminated from (55) and (56) one equa-
tion, the characteristic equation, remains:

(o +od) (1o + i 2) = 2l (57)
" weotZw " W kot k2 ‘
This equation is still exact to the same order as are the wall impedances.
If expressions like (51) and (52) for the wall impedance were sub-
stituted, the same equation as before, that is (39), would result.

Instead of (51) and (52) wall impedance values for circular symmetric
modes as given by (53) and (54) will now be substituted into (57).
But for the rest, the circumferential index p will be kept general in
(57). One obtains:

2

1 e : € N _ DR -
(yn I tan 6Icn> (yn + i cot & Ic"> =i (58)

This expression is quite similar to (39).
The left-hand sides of (58) and (39) are identical, and there is only
a small difference on the right-hand sides of these equations. The right-
hand side of (39), for example, may be written as:
hap? ktat(e — 1) hp* (e — 1)?
Fk. kS Bk <e _ h,f)”' (59)

2

All modes of interest are those which have nearly the same propaga-
tion constant h, as the circular electric wave. Since under practical
circumstances the circular eleciric wave propagates nearly as in free
space, A, will also be nearly equal to &. If under these circumstances the
right-hand side of (39) according to (59) is compared with the right-
hand side of (58), the difference is found to be very small indeed.

To determine the normal modes in a straight waveguide with a single
dielectric lining, it therefore seems well justified to use (58) as charac-
teristic equation instead of (39).



LINED WAVEGUIDE 761

As further confirmation, this approximation (58) has been solved
numerically and compared with solutions of (39).

Let 6’ be the thickness of the lining. Solving (58) will give a certain
phase constant for a particular mode. To obtain the same phase constant
from (39), the thickness has to be é. Plotted in Fig. 5 for the three modes
is the relative error (8’ — 4)/6 that results from using (58) instead of
the exact form (39).

An analytic expression for this error can be given for a very thin
lining, when the modes in lined waveguide may be considered first-order
perturbations of modes in metallic waveguide. Under these conditions
for TM modes

and for TE,, modes

) _ kno” |:2 _ 79n02]
5 (e — Dk ka?
where J,/(k.o) = 0.
In the numerical example of I'ig. 5 the error is largest for the TEy,
mode and very thin lining, For the other two modes the error stays
generally below 1 per cent.

The wall impedance representation, therefore, holds for single iso-
tropic linings of any practical dimensions. :
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Fig. 5 — For the same phase constant, the thickness of the lining is 6 according
to (39) and ¢’ according to (58), b/N = 4.70, ¢ = 2.5.
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The characteristic equation (58) for the waveguide with a single
isotropic lining is not the only form to which the more general expres-
sion (57) can be reduced. It can be utilized in much more general cases.
As long as we are able to determine the wall impedance Z,, and Z, , we
can use (57) to determine the normal modes of the structure for any
lining such as anisotropic lining or heterogeneous linings.

The example of a single isotropic lining has taught us that it is suffi-
cient to use wall impedance values of the corresponding circular sym-
metric modes. It is relatively easy to find these wall impedances even
for quite complicated jacket structures. We will then be able to determine
the normal modes characteristics of waveguides with such complicated
jacket structures.

To make full use of the wall impedance representation in our analysis
of the curved waveguide, some approximations are necessary for the
coefficient of curvature coupling (35) and the normalization factor
N,.

To obtain these two quantities, products of field components and other
functions had to be integrated over the total cross section. The range of
integration included the lining.

In our present representation we do not explicitly determine the field-
distributions within the lining, but the effect of the lining is taken into
account by only considering the input impedances as seen from the
waveguide interior. In this representation we therefore cannot calculate
the contributions to the various integrals by extending them over the
lining. We will consider the effect of neglecting these contributions.

Under practical circumstances, the area of the lining is always very
much smaller than the total cross section. The components of the mag-
netic field, since they are continuous across a dielectric boundary, are of
the same order of magnitude within the lining as in the empty space of
the waveguide. Except for a possible change of the order ¢, the same is
true for the components of the electric field.

In summary, then, the integrals of products of field components over
the area of the lining are always very much smaller than the correspond-
ing integrals over the total cross section. They consequently might be
neglected.

Under these circumstances, (42) reduces to

T hnz
5 N2k TS (k) [<1 + d,’ F)

2 2
(1P AN hiNg P _
(l ,cn2+2yr.—l-lcn yn> 2<1+k2>dnk"2] 1
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and (43) for circular electric waves to:

2

w NoE o k? T (om) ’;7"' (14 2m + B2gd) = 1. (61)

For the coefficient of curvature coupling we get instead of (45)

+ T dm kmz Nn Nm A a
cmn _— § hm hn —m— J]_ (l\/n> J() (]Cm) R
f - ht( 2k} 1
. ﬁL <1 =+ E) 1 + dn + dn k—2 (l_———cn? — km2 - 5;)
lcz+lcz<1—2x—"2> | (62)
Nrra " LAy L P
" E— z, i m

+d X—’ﬁ[ 1‘2:I:h"'l”2)' + (I h_’”—l
n k2 Vm h: ' Tm T hn_J .

The factor d, in all these equations can be determined from (55) or
(56). IFor example from (55) we get:

d —k_"?’ﬁ<7 + J ) (63)
" p b2 I T adZa)

After the characteristic equation (57) has been solved for a particular
combination of wall impedance values Z,, and Z, , all the other quanti-
ties and eventually the coefficient of curvature coupling cn.,” can be
found by straightforward evaluation of (60) to (63). The wall imped-
ances Z, and Z, may of course be determined from the circular sym-
metric field components.

The approximations which have been made to obtain (60) to (63)
have been examined more closely by numerical evaluation. The coeffi-
cient of curvature coupling has been calculated using these equations
and compared with the plots in Fig. 4. For TM;-TEq and TE-TEq
coupling the differences are small enough not to show in Fig. 4. The wall
impedance representation fails only for TEy-TE;; coupling and § > 0.8
per cent. The corresponding coefficient of curvature coupling is shown
by the broken line in Fig. 4. Fortunately the coupling is then so small
and the phase constants of the waves differ so much that there is no
significant interaction between TEy and TEy .
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The explanation of why the two methods of calculation result in
different values in just this case is as follows:

The TEy wave in round waveguide is most strongly modified by the
lining. Even in a thin lining, the TE,, field tends to be concentrated
within the lining. In the present numerical example, it takes only a
relative thickness of § = 0.4 per cent for the radial propagation constant
k, to become imaginary and consequently the TE;, fields to be evanes-
cent towards the center of the guide. When this happens because
of very weak TEy fields within the guide, the curvature coupling to
TEq will be very weak too.

The wall impedance representation fails for calculating the coupling,
because it entirely neglects any field interaction within the lining,
which is more and more significant for TE;; and a thick lining. This
phenomenon is limited to TE; ; coupling to all other modes is accurately
described by the wall impedance representation.

VI. WALL IMPEDANCE OF ANISOTROPIC AND HETEROGENEOUS LININGS

It has now been established that the wall impedance representation
is a useful method in analyzing wave propagation in straight and curved
sections of lined waveguide. To use this method for waveguides with
anisotropic or heterogeneous linings we need to know the wall imped-
ances of these linings.

6.1 Anisotropic Lining

Flock coating shows promise as a lining for circular electric wave-
guide. Resistive fibers of the flock are parallel to the electric field of
unwanted modes but perpendicular to circular electric fields. A flock coat
is anisotropic, and in an (a,y,2) system identified by

U=z, av =y, w =2z (64)

it may be described by the permittivity tensor

e 0 O
lell =10 e Of-. (65)
0 0 €z

Wall impedances of circular symmetric modes are used in the wall
impedance representation. In our present system of coordinates, cir-
cular symmetry corresponds to d/dy = 0.
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. — jh. r .
Assuming furthermore a z-dependence of ¢ 7, Maxwell’s equations

may be written in the following form:
Jh B, = jouH,
oL,

—jh I, — o —jouH,
or, .
dx JouH, (66)
66
jhH, = jowe I,
. 0H, .
_]hHI_% = ]wezEy
O, _ jowe I, .
ax

Eliminating the field components £, , I, and H,, H, from (66) we
get:

20
T (e =) EB =0 (67)
da? €

O°H,

e + (w2p. € — h2) H,=0. (68)

The general solution of these equations has the form

A 4 Be

€ €
x= xr1/j - 4/‘2' (o'p & — hY)
€z €

X = x: = VoPue, — h?

are the propagation constants in 2- or radial direction.
A wave traveling in positive z-direction or outwardly in the eylindrical
system is represented by the second term. For such waves

where for (67)

and for (68)

9 _
o Ix
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and we obtain from Maxwell’s equations and (67)

] zEzz_.z /EH
Jwe JX/‘G;, y

(69)
7z, = %2
w €€
and from (68)
_jw:“ o, = —j Xz Ez/
7, = ¢, (70)
Xz

Z. and Z, are the wave impedances of an anisotropic medium. The wall
impedances of the anisotropic lining are input impedances of a radial
transmission line of length (b — a) short-circuited at the end. In our
present approximation:

Z = §~2= tan x, % b — ) (71)
(&) €2€; €z

Zy = j;’_“ tan x. (b — a). (72)

To make Z,, and Z, constants of the waveguide, independent of a par-
ticular mode, we consider only modes which are sufficiently far from
cutoff to propagate nearly as in free space. Then

xx=2._7.r .e_z_.l
A €p
(73)
_ 2 & _q.

Xz A €

For circular electric waves only Z, enters the boundary condition.
Note that in (72) Z, is independent of .. Resistive components in
the flock coat will cause a loss factor only of e, . Such resistive com-
ponents leave the circular electric wave loss unaffected.

6.2 Double Lining

A base layer of dissipative material and a top layer of low-loss ma-
terial provide mode filtering for TEy transmission and reduce TEy loss
in bends.?

Let the base lining have a relative permittivity ¢ and thickness b — a,
the top lining ¢; and a; — a.
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Input impedances of the base lining are
Zuy =72 tan (b — @),  Zu = 2 tan x4(b — a)
. WeR€ X1

where
x1=hkVeg—1.

These input impedances are transformed by the second lining accord-
ing to ordinary transmission line theory

po Ve —le Ve — Ltan g, + & Ve, — 1 tan ¢ (74)

Zw = j —
€ €t eb\/e;—l—ét'\/eb—lt&ngabt&n‘pt
Zy =74, y_o_l_\/Et—-ltan%-l‘\/eb——ltangot (75)
€0 ‘\/Et —1 '\/61, —-1—- '\/Et —1 tangob tan @t
where
b—a
©p = 271' € — 1 )\ !
and

§0¢=27I"\/€¢'—1a1;a.

For a thin base layer ¢, < 1 and
tan ¢,

2
= =a) + 77—
Zy =g g/ M V-1 (76)

601—2%(1)—(11) \/et—ltangal

Note that in (76) Z, is independent of the permittivity in the base
layer. Any loss in the base layer will not significantly raise circular
electric wave loss.

VII. CONCLUSION

In previous first-order approximations, normal modes of lined wave-
guide were considered perturbed modes of plain waveguide, and coeffi-
cients of curvature couplings were assumed the same as in metallic
waveguide. In some respects these approximations hold only for ex-
tremely thin linings, thinner for example than 0.05 per cent of the
waveguide radius. The present more exact analysis shows that the
TE.: wave has a phase constant mueh higher than would be expected
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from these approximations. Neither the thickness nor the permittivity
of the lining can increase the phase difference between TM;; and TEq
beyond a certain limit. The phase difference eventually is almost inde-
pendent of § and ¢ and is small for high frequency. '

Curvature coupling between TE;; and TIEy is substantially smaller
in lined waveguide than in plain waveguide, while it is nearly inde-
pendent of the lining between TI;, and TEy . Between TMy; and TE; ,
however, it first increases and then stays constant.

Waveguides with sandwiched or anisotropic linings may be analyzed
by using a wall impedance representation. Wall impedances which the
lining presents to fields of circular symmetry may be used in this analy-
sis. They may easily be calculated for flock coatings and double linings.
The wall impedance representation is found to be accurate for all typi-
cal cases.
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Some Traffic Characteristics of
Communications Networks with
Automatic Alternate Routing

By J. H. WEBER
(Manuseript received August 23, 1961)

As a first step in the investigation of communications networks with
automaltic alternate routing, a simulator has been prepared using the IBM
7090 high-speed digital computer. The stmulator is capable of being applied
to a large class of metworks, the principal restrictions being that blocked
calls are cleared, and no congestion or delay is encountered at the switching
points. Although the first version of the simulation program requires that
the alternate routing plan be fixed in advance (i.e., before a run), the program
destgn ts such that traffic-dependent alternate routing doctrines can easily be
provided.

The simulator has so far been used to examine the behavior of small
networks of vartous sizes, configurations, and alternate routing doctrines
under normal and abnormal conditions of load. Several criteria are intro-
duced and used to evaluate the relative performance of different networks,
leading to conclusions regarding the merits of certain alternate routing
procedures and the areas of profitable application of the networks studied.
The overload capabilities of these networks are of particular interest and are
examined in some detail.

I. INTRODUCTION

The recent rapid expansion of long-distance communications facilities
to serve increasing civilian and military demands, along with the evolu-
tion of cheaper trunking facilities and more sophisticated switching
techniques, continues to bring the problem of network design and engi-
neering to the attention of communications engineers. Although methods
have been developed for engineering certain types of networks for the
most economical distribution of trunking facilities, several critical prob-
lems remain.

769
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One of these is the lack of understanding of the behavior of alternate
routing networks under overload conditions, whether the overload is
local or system wide. Local disasters, such as storms, earthquakes, ete.,
have caused severe deterioration of service in certain regions owing to
increased loads directed toward the affected area. At other times, such
as Christmas Day in the United States, the pattern of traffic shifts
radically, again causing serious overloads and long delays in completing
calls. Iinally, some concern is felt for the behavior of the system under
the impact of some widespread disaster, where overloads may appear
everywhere simultancously.

Such considerations lead in turn to two questions. First, how shall
networks be designed to be efficient during normal operation and yet
not deteriorate catastrophically under overloads, and second, given a
network design, can the switching pattern be altered for the duration of
an overload to improve performance, and if so, how?

Another problem is our present inability to engineer any but the
limited class of alternate routing networks of a “hierarchical” nature
which have been widely used in the Bell System and elsewhere.

Since no analytic techniques appeared to be available or soon forth-
coming to answer these questions, a simulation study was undertaken in
the hope that some insights might be provided into the operation of such
networks which would be helpful in their design and in the development
of theorctical models to predict their characteristics.

Accordingly, a program was written for the IBM 7090 computer
which enables various alternate routing philosophies to be simulated and
compared. In line with the general nature of the problem being studied,
the program was designed to accept a large variety of networks and be
casily expandable to encompass more sophisticated alternate routing
procedures as they evolve.

The capabilities and limitations of the simulator are outlined in some
detail in the next section, followed by a description of the first experi-
ment using the program. Finally the results are presented and analyzed,
and some general characteristics of alternate routing networks of the
types studied are set forth.

II. SIMULATOR CHARACTERISTICS

Although many of the problems which arise when alternate routing
networks are overloaded are caused by switching delays and shortages,
it was decided, as a first step, to consider only the effects of trunking,
since the switching problems are unique to particular systems, and would
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in any event considerably complicate both the program and interpreta-
tion of the results. Accordingly, the program was constructed under the
following restrietions:

(1) No blocking or delay is introduced by any switching point.

(2) Calls which do not receive service immediately are cleared from
the system and do not return. (If setup time is assumed negligible,
and there are no delays, the lack of retrials is not likely to mate-
rially affect the nature of the results.)

If the network is considered to consist of nodes (corresponding to
switching centers) and links connecting them (corresponding to direct
trunk groups), then each link may be assigned an originating traffic, a
trunk group size and an alternate routing pattern. In addition, calls
which overflow the direct route and are to be alternate routed may be
assigned a directionality, or originating node, which allows one of two
alternate routing configurations to be hunted over, depending upon the
direction of the call. Every trunk group is a “two way” group, so no
direction need be assigned to calls which are carried on the direct route.

The simulator will accept systems which contain as many as 63
switching points, each of which may be connected to any other switching
point by up to 511 trunks. Calls which do not find an available trunk in
the direct route may overflow through one of two sets of up to 63 specified
routes, depending upon the direction of the call. Each alternate route
may contain as many as 7 links, which implies switching through up to
6 intermediate nodes. (A modification of the program allows the alternate
routes to be chosen on a “step by step’” basis, where the first node in
the alternate route chain is specified, and the call proceeds from node
to node according to the alternate routing specification at the last node
through which the call was switched. “Ring-around-the-Rosy’” and
“Shuttling” are prevented by keeping records of where the call has al-
ready been switched and not allowing it to use the same node twice.) It
should be emphasized that the program as described here requires that
the entire alternate route be specified at the originating link, and failure
to connect on any link of an alternate route allows an entirely new route
to be selected.

An over-all maximum size of the system, set by the limitations of the
computer memory, is

(18 X Number of links) + Total number of trunks
+ Total number of alternate routes = 22,013.

For example, if a system has 40 nodes, (and therefore 780 links), and if
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there is a total of 3900 trunks in the system, (corresponding to an average
of five trunks per link), then 7973 alternate routes, or about 10 per link,
can be specified. This is a rather large system, and in fact the simulator
allows for experimentation with a wide range of possible trunk, node,
and alternate route configurations.

In order to estimate the reliability of the simulation results, outputs
may be printed out at subintervals of the run. Furthermore, since the
system starts empty, equilibrium may be attained before records are
kept by running the program for a number of subintervals and discarding
their records. The number of subintervals to be printed out, as well as
the number to be discarded, can be specified in the input, along with the
average holding time per call, the total time the simulation should be
run in holding times, and indications as to what sort of alternate routing
scheme is to be used. The holding times of all calls are assumed to be
exponentially distributed with identical means, and traffic levels are
varied by altering the average time between calls offered to each link.
Pseudo-random numbers to specify the input are generated by a multi-
plicative congruential technique which gives a cycle of 2% numbers
before a repeat. The random number generator is not cleared after every
simulation, so that if several experiments are made successively, they
will not utilize the same sequence of random numbers. Thus runs can be
repeated identically if desired, or, alternatively, a different set of random
numbers can be used for the same system configuration by the simple
expedient of reordering the experiments.

The information which is printed out, in addition to that derived .
directly from the inputs, (number of nodes, number of trunks and loads
per link, alternate routing patterns, etc.) is as follows:

(1) An estimate of the probability of loss (blocking) from each link; i.c.,
the proportion of calls directly offered to a specific link which are
unable to be served at all.

(2) An cstimate of the probability of direct overflow; i.e., the propor-
tion of calls which overflow the direct route, although they may
be served on an alternate route.

(3) Number of calls offered to each link, both directly and as an
alternate route.

(4) Load in erlangs carried by each link, both from direct and alternate
routed traffic.

(5) Calls carried by each link, both from direct and alternate routed
trafiic.

(6) Over-all average blocking; i.e., > aips/ 2 a; where a; is the load
i=1 =1
offered to link ¢, and p; is the blocking experienced by a; .
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(7) Total ecarried load, which is really total ealls multiplied by holding
times. That is, a call is assumed to provide the number of erlangs
its holding time would represent, regardless of how many links
are used. This quantity is derived indirectly, by multiplying the
total offered load by one minus the overall average blocking.

TFor moderate sized systems this program will process calls at the rate
of about 1,200,000 calls per hour. A sample output is shown in Iig. 1.
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Fig. 1 — Sample computer output.
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1
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Clearly, the flexible nodal structure upon which the program is based
allows certain things to be done by expending extra nodes which are not
directly programmed. For example, if it is desired to have two one-way
groups in a link, it is necessary merely to assign no trunks to the direct
link, and have each of the alternate route patterns contain one node,
which is assigned for the purpose. So, a single link would then have 4
nodes and 4 links with trunks assigned, as shown below.

4
<y 1 1 AND 2 ARE
1 ., ORIGINAL NODES
3 AND 4 ARE
P <  SUPPLEMENTAL NODES
2 2

3

Another possible use is the simulation of progressive graded multiples.
Suppose it is desired to simulate the simple multiple shown below.

I |

R 1

ay az

This is clearly equivalent in terms of loads carrled and blocking to the
followmg nodal structure.

In this analogue, a; has links 1-4 and 3-4 as an alternate route, while a,
overflows through 2-4 and 3-4. Thus, if links 1-4 and 2-4 are provided
with more trunks than 3-4, they can introduce no blocking and the
system corresponds to the graded multiple above where link 3-4 is
equivalent to the common group. This sort of flexible structure, then,
appears to be useful in many ways, and may in fact come to have applica-
tion beyond its original intent.

This program was primarily designed as a tool for the evaluation of
alternate routing networks and as an aid in formulating principles for
their design and administration, although one of the purposes was to
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assist in the solution of real problems as they arose. Accordingly, studies
have been begun with the aim of codifying classes of networks and deter-
mining the significant parameters, advantages and disadvantages of each.

III. ANALYSIS OF NETWORKS

As a first step in the study of alternate routing communications net-
works it is desired to compare the behavior of several alternative con-
figurations under normal and overload conditions. The variables which
seem most likely to be significant in determining network performance
are:

(1) Number of switching points in the network.

(2) Overall size of the network, perhaps best described as a measure

of the average load or number of trunks per link.

(3) Alternate routing procedure used. Thus, a system which allows all
traffic to overflow in some specified manner will probably perform
differently than one which considers some routes to be “high
usage” and from which traffic is alternate routed, and others to be
“finals,” from which no alternate routing is permitted.

(4) Type of overload encountered. A uniform (system wide) overload,
for example, may cause a behavior quite different from an over-
load which is confined to a particular portion of the network.

In order to estimate the performance of networks when these parameters
vary, and yet keep the results simple enough so that they can be easily
interpreted, eight different networks were studied, each having two
different alternate routing plans. In each case both uniform and non-
uniform overloads were considered.

The eight networks studied consisted of two networks with three,
two with four, two with five, and two with six nodes. The loads were ad-
justed so that the average load per link varied from three and one half
erlangs per link in the most lightly loaded network to about 28 erlangs
per link in the most heavily loaded configuration.

For purposes of convenience, the following terminology will subse-
quently be used:

(1) A link is a connection between two nodes, which may have any

number of trunks, including zero.

(2) A node is a switching center, characterized by two or more links
terminating at it.

(3) If network A is larger than network B, it has more nodes.

(4) If network A is heavier than network B, it has more offered erlangs
per link on the average.
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(5) A hierarchical alternate route network is one in which at least
some of the trunk groups are high usage; i.c., traffic which is not
carried can be overflowed to other groups, at least some of which
are finals, which have no alternate routes.

(6) A symmetrical alternate route network has only high usage groups.

(7) A simple network has only final routes; i.c., no alternate routing
is allowed.

The procedure which was followed in all cases was to postulate loads
offered to each link in the network. For the sake of generality, thesc
loads are ordinarily unequal, although in some cases equal loads are
used in places where it is thought that this will not prejudice the results.
Each network was engineered for a loss of 1 per cent on the worst link
for simple, symmetrical and hierarchical networks. Loads were then
applied corresponding to (a) 25 per cent, 50 per cent, 75 per cent, and
100 per cent uniform overload and (b) 25 per cent, 50 per cent, 75 per
cent, and 100 per cent overload on all routes terminating at node 1.
The selection of node 1, of course, is quite arbitrary, but this choice
appears to be immaterial in the symmetrical case, and is likely to be
most typical for hierarchical networks. (The heaviest loads in the
hierarchical networks were reserved for the final routes, since this will
allow most effective use of the hierarchy and seems to correspond to
actual practice.) The simulations ran for 200 holding times for heavy
networks and 1000 holding times for light networks, with an additional
20 per cent of this time (i.e., 40 or 200 holding times) discarded at the
beginning of each run to remove the initial transient. Results were
printed out at five subintervals of the total run, and examined to deter-
mine that the initial transient had been removed and the run was long
enough to yield results sufficiently accurate for the purposes of this study.

Sketches of the networks are shown in Figs. 2 to 9 along with tables
indicating the link loads and trunks assigned for each of the alternate
routing doctrines. (Two sketches of each network are provided, one of
which can be easily related to a symmetrical alternate routing philosophy
while the other suggests a hierarchical doctrine. The dashed lines in the
hierarchical sketch denote high usage groups, while the solid lines repre-
sent final routes. Since all links are high usage in the symmetrical system
this distinction is not needed, and identical solid lines were used through-
out.) The simple networks were engineered using the Erlang B tables,
while the hierarchical networks were engineered using conventional
methods with the sort of hierararchy used in the Bell System, allowing
about 0.7 erlangs (25 ccs) on the last trunk in a high usage group. The
(hierarchical) configurations were then checked experimentally using the
simulator, and adjustments were made where required. The symmetrical
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NETWORK PARAMETERS, 3 NopmEs — LigHT

. Engineered Trunks
Link Number Engm%?igg gIS‘oads—
Simple Symmetrical Hierarchical
1-2 2 7 6 1
1-3 4 10 8 13
2-3 6 13 11 16
Total 12 30 25 30
Ave/Link 4 10 8.35 10
3
1 2
HIERARCHICAL SYMMETRICAL

. Fig. 2 — Three-node network models with table of link loads and trunk as-
signments for light loading.

NETWORK PARAMETERS, 3 NopEs — HEAVY

. Engineered Trunks
Link Number Engingered Loads-
Simple Symmetrical Hierarchical
1-2 5 11 11 4
1-3 10 18 16 21
2-3 15 24 21 27
Total 30 53 48 52
Ave/Link 10 17.65 16 17.35
3
1 2
HIERARCHICAL SYMMETRICAL

Fig. 3 — Three-node network models with table of link loads and trunk assign-
ments for heavy loading.



NeTWORK PARAMETERS, 4 NopES — LigHT

. Engineered Trunks
Link Number Engmierrlgg gIS,oads— :
Simple Symmetrical Hierarchical
1-2 1 5 4 0
1-3 4 10 8 13
1-4 2 7 5 2
2-3 3 8 6 3
2-4 5 11 9 15
3-4 6 13 10 17
Total 21 54 42 50
Ave/Link 3.5 9 7 8.33
3 4
3 4
~ ~
o
e \\
~ ~
1 2 1 2
HIERARCHICAL SYMMETRICAL

Fig. 4 — Four-node network models with table of link loads and trunk assign-
ments for light loading.

Nerwork PARAMETERS, 4 Nopes — HEavy

. Engineered Trunks
Link Number Engm%errlgtxil gIS,oads—
Simple Symmetrical Hierarchical
1-2 5 11 12 3
1-3 20 30 27 37
1-4 10 18 18 9
2-3 15 24 22 14
2-4 25 36 32 43
3-4 30 42 38 52
Total 105 161 149 158
Ave/Link 17.5 26.8 24.8 26.35
3 a9
3 4
~ ~
b
-~ \\
/ ~
1 2 1 2
HIERARCHICAL SYMMETRICAL

Tig. 5§ — Four-node network models with table of link loads and trunk assign-
ments for heavy loading.

778
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NETWORK PARAMETERS, 5 NODES — LIGHT

. Engineered Trunks
Link Number Engm}gt:f:l(liggoad&
Simple Symmetrical Hierarchical
1-2 1 5 4 0
1-3 5 11 9 17
1-4 2 7 5 1
1-5 2 7 5 1
2-3 3 8 6 2
2-4 4 10 7 3
2-5 6 13 10 19
3-4 6 13 10 21
3-5 4 10 7 4
4-5 7 14 11 23
Total 40 98 74 91
Ave/Link 4 9.8 7.4 9.1
5
4 5
/ = ~. //
/ </ 3 4
// S~
(3 ﬁ—— —_—2>
7 -
-
\[ -
=2
1 1 2
HIERARCHICAL SYMMETRICAL

Fig. 6 — Five-node network models with table of link loads and trunk assign-
ments for light loading.

networks were designed to allow each parcel of traffic to overflow through
all other nodes in turn and were engineered entirely with the simulator by
trial and error. A first estimate of trunk quantities was made using a
fixed differential between the load in erlangs and the number of trunks
in each link, and corrections were then made as required.

Having established this framework, or procedure for evaluation, a
eritical question is, What criteria can be used to compare the perform-
ance of various types of networks? It is desirable to take account of the
efficiency (carried load per dollar of investment) of the network at all
times, as well as the grades of service which are provided to each group
of customers. Although grade of service here can no longer be interpreted
as the small percentage of blocked calls that is ordinarily encountered at
normal engineered loads, it is nevertheless incumbent upon the network
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NEerwoRK PARAMETERS, 5 Nopes — Hravy

5 Engineered Trunks
Link Number E"gm%erligg gI;oads-
Simple Symmetrical Hierarchical
1-2 5 11 13 3
1-3 35 47 43 57
1-4 15 24 23 15
1-5 10 18 18 9
2-3 20 30 28 19
2-4 25 36 33 25
2-5 40 53 48 64
3-4 45 58 53 75
3-5 30 42 38 31
4-5 50 64 58 81
Total 275 383 355 379
Ave/Link 27.5 38.3 35.5 37.9
5
4 5
/ \\\ — 7
/ e 3 4
— S~
( fc] —— -74—-— — 2
7 —
\ // ///
L=
1 1 2
HIERARCHICAL SYMMETRICAL

T’ig. 7 — Five-node network models with table of link loads and trunk assign-
ments for heavy loading.

designer to consider the extent to which service is degraded on any partic-
ular link. Similarly, one would expect the efficiency under overload con-
ditions to be higher than that encountered during normal operation, but
the relative efficiencies of networks using various alternate routing doc-
trines (to carry the same loads) may be rather different. It is clear, for
example, that if a call uses a trunk in each of two links, there is a possi-
bility of lower network efficiency being obtained than if it used a trunk
in only one link. It is one of the purposes of this study to determine at
what overload point such a loss in efficiency takes place and what if any
remedial action can be taken.

Thus, two rather different criteria appear to be important, one of
which is essentially an economic variable, and the other a service vari-
able. They are both further complicated by the fact that the first de-
pends on the relative costs of trunks in different links, and the second
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Nerwork PArRaAMETERS, 6 NopEs — LicHT

i Engineered Trunks
Link Number Engmﬁiﬁg gI;oads—
Simple Symmetrical Hierarchical

1-2 1 5 4 0
1-3 5 11 8 16
1-4 1 5 4 1
1-5 3 8 7 3
1-6 2 7 5 2
2-3 2 7 5 2
2-4 6 13 9 18
2-5 3 8 6 3
2-6 4 10 7 4
3-4 4 10 7 4
3-5 6 13 9 21
3-6 4 10 7 4
4-5 5 11 8 5
4-6 7 14 11 23
5-6 7 14 11 24
Total 60 146 108 130
Ave/Link 4 9.75 7.2 8.67

5 6

5 <]
>~ —
( 3 = € <. — 4) 3 4
\ e <
-~ N
1 2
1 2
HIERARCHICAL SYMMETRICAL

Fig. 8 — Six-node network models with table of link loads and trunk assign-
ments for light loading.

has a different value for every parcel of traffic in the network. In order
to simplify these complexities and reduce the number of variables which
enter into the measure of performance, only the worst blocking in the
network will be considered as the service criterion. This is, of course,
conservative, and reflects the difficulties which might occur when alter-
nate routing is canceled and a small parcel of traffic has no trunks in the
direct path. The blocking on such a parcel would then be unity, and it
would quickly be noticed that a parcel of traffic is isolated.

The problem of assigning costs to trunks is more difficult, of course,
since there is no apparent logical worst or best case. Thus the assump-
tions made here for the relative costs are quite arbitrary and oversimpli-
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Nerwork PARAMETERS, 6 Nopes — HravVy

‘ . Engineered Trunks
Link Number Englnﬁerr:ggléoads-
Simple Symmetrical Hierarchical
1-2 5 11 15 3
1-3 40 53 48 67
1-4 10 18 19 9
1-5 20 30 28 22
1-6 15 24 24 13
2-3 10 18 19 9
2-4 40 53 48 67
2-5 20 30 28 18
2-6 25 36 33 27
3-4 30 42 38 27
3-5 45 58 53 82
3-6 30 42 38 30
4-5 35 47 43 35
4-6 50 64 58 90
5-6 50 64 58 97
Total 425 590 550 596
Ave/Link 28.3 39.4 36.7 39.7
5 6
5 6
Y —
// Ko—e” N
/>\ ><\ \
<3 5 s a) 3 4
\| > < |/
e SN /
ot ~
\\Z: ____>\>V
1 2
. 1 2
HIERARCHICAL SYMMETRICAL

Tig. 9 — Six-node network models with table of link loads and trunk assign-
ments for heavy loading.

fied, but may still be useful in evaluating network performance. Two
different assumptions will be made. The first is that all trunks have the
same cost. This might be a reasonably realistic assumption in a network
where the designers are likely to think of symmetrical alternate routing
doctrines. In effect, it states that the distance between any two nodes is
not sufficiently different from the distance between any other two nodes
to materially affect the cost of trunking facilities between them. Al-
though this may appear to represent an unrealistic geographical situa-
tion, it may not be too far in error if the economics of long haul, large
cross section trunking facilities are considered. In such systems, the ter-
minal costs make up a large portion of the total trunk cost, and these,
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of course, are independent of the length of haul. The second assumption
is that some routes are half as expensive as the others. For example, in
Fig. 4, routes 1-3 and 2—4 are each considered to be half as long as each
of the other routes in the network, all of which are assumed to be vir-
tually the same length (all lengths here, of course, refer to costs, which
are ordinarily roughly proportional to lengths). This assumption is geo-
graphically reasonable, and is, in fact, the kind of layout that is often
encountered and which may well have prompted the development of
hierarchical alternate routing procedures. Although neither of these
weighting schemes may exactly represent an actual case, using each as-
sumption in its logical place may yield more realistic comparative results
than would using the same assumption throughout.

Having reduced the parameters for evaluation to two (worst blocking
and load carried per dollar of investment), they can be combined into
one by the following argument. Both of these parameters, which will be
called B (blocking) and I (efficiency) generally increase with increasing
loads (although F may occasionally decrease in a non-simple network).
A large value of F is generally desirable, but, of course, a large value of B
is not. In fact, quite the reverse is true, and so a high value of (1 — B)
is a desirable goal. Furthermore, the two factors will increase under differ-
ent circumstances. For example, a highly efficient network may readily
yield a very high value of F, but will also cause very high blocking. Thus
B will be high and (1 — B) low. Conversely, a loosely engineered net-
work is likely to provide good service under overloads, yielding a rela-
tively low B and high (1 — B), but in turn be inefficient, with a low E.
In both of these cases, the product E(1 — B), will take on some inter-
mediate value. Accordingly, a figure of merit for networks, called the
Performance Measure, will be defined as M = E(1 — B). This number
may be dimensioned to lie between zero and one and will pass through
a maximum as the load is increased. At engineered levels it will es-
sentially represent the network cfficiency, and as the load is increased
it will indicate when service or efficiency or both are deteriorating. A
high M is clearly a mark of a well performing system, with efficient trunk
usage and at least tolerable service, while a low or rapidly decreasing M
will show a system which is either being inefficiently used or is providing
poor service or both. If M = 0 an intolerable situation exists; i.e., either
some parcel of traffic is unable to be served or no load is being carried
by the network. If a network can be designed to be efficient under nor-
mal conditions and to maximize 3/ during moderate or partial overloads,
and steps can be taken to prevent too rapid a degradation of this quan-
tity during severe overloads, then it is a reasonable assumption that this
design will be satisfactory for its purposes. That is, it will provide
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efficient communications facilities at normal loads, and will also allow
the continuation of at least tolerable service between all points under
adverse conditions.

One more modification was made in the results before analysis was
undertaken. Since large trunk groups are more efficient than small ones,
the group size would naturally affect the values of £ and M, both at
normal loads and under overload conditions. Accordingly, F and M were
then plotted for each network relative to the £ and M of the correspond-
ing simple networks. The simple network was chosen as a convenient
reference point, since it is easily engineered and requires no compli-
cated switching equipment for implementation. Thus, one of the strong
changes in efficiency which is not caused by the alternate routing pat-
tern is largely removed, permitting comparisons among the latter to be
more readily made.

IV. RESULTS

In order to investigate the effects of various parameters on network
behavior, the network efficiencies, £, and performance measures, M,
were calculated for engineered loads and for the various overload con-
ditions which were tested. The relative values of £ and M (relative
to a simple network designed to carry the same loads) were then plotted
versus the degree and kind of overload experienced by the network. Thus
Fig. 11 shows the values of M for symmetrical networks, for loads rang-
ing from engineered to 100 per cent overload where the overloads occur
uniformly throughout the network. Iig. 13 exhibits the same informa-
tion for hierarchical networks. FFigs. 12 and 14 show the behavior of M
with load when the overloads occur only on those links which terminate
at node 1 with all other loads remaining at engineered levels. Finally,
Trigs. 15 through 18 are graphs of efficiency (¥) versus load for the same
situations as pertain to Figs. 11 through 14. The points from which the
(smoothed) curves were plotted are shown in Figs. 12 to 18. They are
omitted in Fig. 11 for the sake of clarity.

In order to keep the comparisons between symmetrical and hierarchi-
cal networks on a somewhat realistic basis, it is necessary to make some
adjustment for the probable differences in geography which are likely
to encourage consideration of one or the other type of network. Accord-
ingly, as was mentioned above, certain trunks were considered to cost
twice as much as others, which introduced a weighting factor into the
values of £ and hence into M as well. For example, in the 4 node case
shown in Fig. 4, trunks in links 1-3 and 2-4 were considered to be only
half as expensive as trunks in the remaining four links in the network.
This reduced the cost of the trunk plant to 0.805 times the value which
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would result if all trunks were assumed to be of equal value in the case
of a simple network, and to 0.720 times its former value for the hierarchi-
cal case. Thus the relative efficiency of the hierarchical network is in-
creased by a factor of 0.805/0.720 or 1.119. This sort of adjustment was
made in all calculations relating to hierarchical networks, while all trunks
in symmetrical networks were assumed to be of equal value. The weight-
ing factors obtained for the various networks are tabulated in Fig. 10.
The symmetrical networks which were studied in detail operated in
the following fashion. Traffic which was blocked from any link was over-
flowed to an alternate route consisting of two links in tandem. If the
call was blocked on this route it was offered to still another two-link
route, and so on until all such routes were exhausted. No call was per-
mitted to use a route which required more than two links in tandem.
Some experiments were made on networks which allowed three tandem
links to be used, but is was found that they were at best marginally more
efficient than the two-link maximum network at engineered loads and
deteriorated much more violently under overloads. Therefore, they are
not considered further in this paper. The order of selection of alternate
routes was arranged to approximately equalize the load overflowed to
each route. Although this is probably not the most efficient arrangement,
it should be adequate to illustrate the behavior of symmetrical networks.
The hierarchical networks operated in a manner similar to the Bell
System toll network, with the difference that whereas in the Bell System
the routes are selected link by link, in the simulation the routes are en-
tirely preselected at the originating node. If a network is drawn as shown
in the hierarchical sketches in Figs. 2 to 9, the route selection is made by

OVERALL SysTEM CHARACTERISTICS

Average Number of Links/Call

Engd. Trunk Value

Case If‘oi?l(li;/ Adlj;ilisetrrle\:cnhtyfor Engineered Load loog“’, glr‘x)i:grm 108?’;{83?1

Hier. |Symmet.| Hier. |Symmet.| Hier. [ Symmet.
3 Nodes, light 4 1.194 1.155( 1.014 | 1.156] 1.128 | 1.203| 1.124
4 Nodes, light 3.5 1.119 1.181] 1.034 | 1.185] 1.229 | 1.251] 1.184
5 Nodes, light 4 1.181 1.288| 1.074 | 1.305| 1.305 | 1.372] 1.210
6 Nodes, light 4 1.194 1.263] 1.117 | 1.328] 1.363 | 1.324| 1.245
3 Nodes, heavy 10 1.121 1.076{ 1.034 | 1.073| 1.164 | 1.138] 1.180
4 Nodes, heavy | 17.5 1.064 1.088| 1.040 | 1.121] 1.271 | 1.140{ 1.202
5 Nodes, heavy | 27.5 1.071 1.100] 1.062 | 1.147| 1.309 | 1.151] 1.274
6 Nodes, heavy | 28.3 1.085 1.134 1.074 | 1.205| 1.364 | 1.203] 1.322

Fig. 10 — Over-all system characteristics.
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hunting up the hierarchy, starting from the terminating office, in the dis-
tant region, and then down the hierarchy in the home region. (A region
can be thought of as all centers whose final routes ultimately terminate
at the same highest level switching center.) Thus, for example, in the
four node network shown in Fig. 4, the alternate routes for traffic offered
to link 1-2 are:

For half the traffic, 1-4-2, 1-3-2, 1-3-4-2; and for the remainder of the
traffic, 1-3-2, 1-4-2, 1-3-4-2.

4.1 General Observations

In order to draw conclusions from this study as to the relative merits
of various types of alternate routing systems under different load condi-
tions, Figs. 10 to 18 will be examined and the significance of the results
discussed.

As a very first step, a cursory examination of all figures reveals the
following:

(1) The relative effectiveness of alternate routing networks, whether
measured by I or M, tends to decrease with overload, with the
decrease occurring more rapidly under uniform than under local
overload. Although in some cases the network remains superior to
a simple network even for 100 per cent overload, the relative per-
formance at such overloads is almost always poorer than at en-
gineered loads. This is due, of course, to the fact that the average
number of links per call increases with overload, causing a de-
crease in efficiency which may outweigh the gains yielded by the
larger effective access provided by the alternate route system.
(See T'ig. 10.)

(2) Light networks (those with less traffic), gain more from alternate
routing than do heavy networks. This seems to occur because
systems designed for large parcels of traffic use large efficient
groups. Thus providing alternate routes in heavy networks, which
increases the effective access somewhat, does not materially
increase the efficiency, while the degradation caused by using
several links per call is nevertheless present. In lighter networks,
the increase in efficiency owing to the larger effective access is
substantial, overriding the degradation and causing a considerable
gain in effectiveness.

Perhaps to this list should be added:

(3) As mentioned above, symmetrical systems do not appear to
benefit from allowing more than two links in tandem to be used
by any call. This effect is apparently caused by the decrease in
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efficiency which results from using many links per call overriding
the gain yielded by increased access. In this situation, of course,
the increase in link occupancy may be substantial, while the
increase in effective access is likely to be small.

_..— 4 NODES LIGHT

4 NODES HEAVY

-_---- 4 NODES LIGHT,
ALTERNATE ROUTING
CANCELLED

-{ ALL H = ALL HEAVY CASES,

ALTERNATE ROUTING
CANCELLED

M SYMMETRICAL
M SIMPLE

RELATIVE PERFORMANCE MEASURE,

|

0.5
ENGINEERED 25 50 75 100
——————— OVERLOAD IN PER CENT ——————

LOAD OFFERED

Fig. 11 — Relative performance measure of symmetrical networks under uni-
form overloads.
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Fig. 12 — Relative performance measure of symmetrical networks under local
overloads.

4.2 Symmetrical Networks

The curves shown in Figs. 11 through 18, when studied closely, reveal
‘much information regarding the characteristics of the networks con-
sidered. In Fig. 11, the high relative performance measure of light
symmetrical networks at engineered loads and the rapid decline as the
load is increased uniformly is clearly indicated. The heavier networks
exhibit a lower relative value of M at engineered loads and also decline
rapidly, bringing their performance measure down to very low relative
values at high overloads. Such a rapid decrease in M, it would appear,
would make it impracticable to install symmetrical systems in many
actual applications, were it not for the fact that M can be kept relatively
high by canceling alternate routing at some appropriate point. The
dotted lines in Fig. 11 indicate the relative performance measure if
alternate routing is canceled, and it is clear that this factor can be kept
above 0.9, regardless of the size of the network and even for 100 per cent
overload. In any event, it does appear that for extremely heavy net-
works the decline is so precipitous that this method of alternate routing
might well prove to be inapplicable. I'ig. 12, however, illustrates the real
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__-- 4 NODES LIGHT
4 NODES HEAVY

M HIERARCHICAL
M SIMPLE

RELATIVE PERFORMANCE MEASURE,

|

0.7
ENGINEERED 25 50 75 100
\N———————— OVERLOAD IN PER CENT ————"

LOAD OFFERED

Fig. 13 — Relative performance measure of hierarchical networks under uni-
form overloads.

strength of the symmetrical routing doctrine. The relative performance
measure is shown to be almost constant under local overloads, and
remains above unity for all but the largest, heaviest networks. Further-
more, this sort of alternate routing structure is likely to be quite efficient
at engineered loads in systems where call setup time and switching
delays are no longer negligible, since it generally uses a relatively small
number of links per call, as evidenced in Tig. 10.

A symmetrical network structure then can be devised which has the
following characteristics:

(1) Performance measure (and thus efficiency) are high at engineered

loads.
(2) Local overloads are well tolerated, with the network remaining
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LOAD OFFERED

Fig. 14 — Relative performance measure of hierarchical networks under local
overloads.

efficient and not allowing any parcel of traffic to suffer excessive
blocking.

(3) If alternate routing can be canceled at the appropriate point,
then the performance measure can be maintained at a tolerable
level even under severe uniform overloads.

(4) The average number of links per call is quite low at engineered
loads, increasing rapidly as overloads are applied.

An important practical question in (3), however, is whether a net-
work control can be devised to cancel alternate routing easily, and how
the control can determine the degree of overload. Another disadvantage
of such networks is the unavailability, at present, of any but the very
crudest methods of trunk engineering. However, this type of network is,
in principle, capable of satisfying the four points listed above, all of
which are desirable and often are difficult to attain concurrently.
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Fig. 15 — Relative efficiency of symmetrical nétworks under uniform over-
loads.

+.3 Hierarchical Networks

In Fig. 13, the relative performance measure of hierarchical networks
under uniform overloads is shown. A comparison with Fig. 11 indicates
that the relative M is higher at engineered loads for symmetrical than
for hierarchical light networks and not too different for heavy networks,
although the decline with uniform overload is more rapid in the former
case. In the hierarchical system, however, the relative M cannot be
increased by complete cancellation of alternate routing, since this in-
creases the blocking on some parcels of traffic which are offered to high
usage groups to a high level. I'ig. 13 then shows that, although light
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Fig. 16 — Relative efliciency of symmetrical networks under local overloads.
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Fig. 18 -— Relative efficiency of hierarchical networks under local overloads.

networks retain their effectiveness up to 100 per cent overload, large
heavy networks show a decline with uniform overloads to a quite low
value of relative M.

The behavior of such networks under local overloads is shown in Iig.
14. In these circumstances the relative performance measure declines
slowly from the value at engineered load as the local overload is in-
creased. The decline is sufficiently gradual to enable the lighter networks
to retain an M greater than unity for all overloads considered. The
heavier networks, however, are unable to do this, and the value of
relative M for the worst network declines almost to 0.8 for the greatest
local overload.

The essential operating characteristics of networks of this basic design
then appear to be as follows:

(1) The performance measure (and thus efficiency) tend to be high
at engineered loads (if the variation in trunk costs is taken into
account).

(2) The performance measure declines at a moderate rate under
uniform overload, reaching rather low values for large, heavy
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networks. No simple corrective measures are available to improve
the situation but no special measures are needed to prevent
catastrophic performance degradation. (Certain more complicated
corrective measures, such as selective cancellation of alternate
routing, might prove effective, but this sort of procedure was not
studied.)

(3) Local overloads are moderately well tolerated, with the relative
performance measure showing a gradual decline with increasing
load, and dipping below unity for some cases.

(4) A relatively large number of links are used per call at engineered
loads, and this number increases gradually with overloads.

This is then essentially a moderately well behaving network, providing
neither superlative nor intolerable service at any level of load. It requires
no complex controls to keep operating reasonably well, and is relatively
simple to implement without the need for sophisticated switching equip-
ment at the tandem points. In a real system, with switching delays and
appreciable call setup time, however, this type of network may behave
badly under overloads, since some calls use many links in tandem, and
therefore can tie up a great deal of equipment when processing a call,
even though the call is not completed. In fact, the large number of links
used per call in hierarchical systems even at engineered loads is a source
of inefficiency in such systems.

An apparent peculiarity in all the curves is the superiority of large
light networks over small light networks at engineered loads, with the
situation reversing as the load increases, so that at 100 per cent overload
the small light networks are generally superior. A qualitative explanation
of this would again involve the average number of links per call, which
increases more rapidly in large networks than in small ones. The heavy
networks do not exhibit this effect at all, and the larger heavy networks
always appear to perform less well than the smaller ones. Since the larger
(heavy) networks were designed to be more heavily loaded than the
smaller ones, however, (see Fig. 10), this effect is more likely to be a
result of network load than size.

4.4 Efficiency Curves

Tigs. 15 to 18 portray the network efliciencies in the several cases
studied. In general, these curves display a somewhat shallower slope
than the corresponding curves for M. This implies that as the load is
increased, not only does the relative network efficiency decrease, but the
blocking encountered by the most poorly served group of customers also
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increases more rapidly when alternate routing is in effect than when it is
not. The only exception to this is the symmetrical system under local
overload (Figs. 12 and 16). In this case the relative efficiency and the
relative performance measure decline at about the same rate, which
implies that in this system the blocking remains at essentially the same
level whether a symmetrical or simple system is in use. This is an im-
portant consideration in favor of symmetrical networks, particularly
since both efficiency and performance measure remain reasonably high
for all types of overloads considered.

V. CONCLUSIONS

The foregoing discussion of various types of alternate routing net-
works may be of use in determining whether alternate routing structures
should be incorporated into particular switching systems and, if so, of
what sort they should be. Many of these factors have long been known
and used by network designers, and the present study should provide
additional documentation. In the case of factors not previously con-
sidered, this study may provide justification for their incorporation into
future designs. Some of these are as follows:

(1) If the overload capability of the system is not important, some
sort of alternate routing system is almost certainly justified on
economic grounds.

(2) I local overload capability is important, then strong considera-
tion should be given to a symmetrical alternate routing network,
since this configuration allows the blocking to be kept to a mini-
mum under local overloads while retaining a high network effi-
ciency.

(3) If uniform overload capability is an important consideration,
then alternate routing structures should be contemplated with
caution, but can still be used if the average load per link is small
and appropriate action, such as cancellation of alternate routing
(either uniformly or selectively) can be taken as required.

(4) If the average load per link is small, alternate routing almost
always is advantageous, while if it is large, the advantage is some-
times questionable.

(5) If the initial efficiency is an important criterion, then the selection
of the type of alternate routing may well depend upon the geog-
raphy of the particular system. Thus, in certain situations, where
small towns communicate primarily with nearby cities, a hierarchi-
cal structure may be preferable, while if there is a large group of
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approximately equal-sized cities spread over the country, then a
symmetrical system could prove to be superior.

(6) If switching equipment is expensive or call setup time is long,
symmetrical networks may prove to be superior to hierarchical
structures at engineered loads regardless of the geography. This
would come about because of the large number of links per call,
and hence the large amount of switching equipment used by
hierarchical networks. Clearly, long setup time in this case would
lead to inefficient trunk usage, since trunks in one link would be
held while the call progressed along a multi-link path.

(7) Although not shown specifically in these results, a multi-alternate
route structure provides service protection, which a simple layout
does not, and a well connected symmetrical network is likely to be
less vulnerable to damage than a hierarchical system.

Most actual systems, of course, must be designed to be efficient at
engineered loads, and yet must also be able to accept either uniform
or local overloads without excessive degradation of service. Furthermore,
real networks usually serve many small towns communicating primarily
with larger cities, which in turn communicate with each other on a
roughly equal basis. Therefore, the network designer must decide which
of these often conflicting criteria are most important, and develop a
system which satisfies these as closely as it can within the limitations
imposed by the switching and signaling equipment and the available
methods of trunk engineering. It is quite likely that the best system in
most situations is some combination of symmetrical and hierarchical
networks, not necessarily of the particular kinds studied here. Further-
more, the advent of electronic switching systems and high speed signaling
devices has made alternate routing doctrines which are dependent on the
state of the system feasible, and these may well prove to be superior than
any system with a completely prespecified alternate routing structure.
However, an analysis of the basic characteristics of simpler networks is
likely to be useful in predicting the behavior and influencing the design
of specific, more complex systems. It was this potential application
which motivated the studies described in this paper.
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