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tures and the resulting diffraction losses will allow one to state which
combination of asymmetric spot sizes is a unique mode of the system.

Boyd and Gordon have computed surfaces of constant phase within
and without the confocal resonator. These surfaces have approximately
a spherical shape. Any of these surfaces may be replaced by spherical
reflectors to form a new resonating structure of arbitrary spacing and
curvature. Except for the obvious special case, such a resonator was
termed nonconfocal. Boyd and Gordon have shown that each confocal
system of radius of curvature and separation equal to b generates a set
of surfaces of constant phase of radius b’ and separation d linked by the
relation®

d* = 2db’ + v = 0. (1)
For a given b and 0’ there are two possible reflector separations, d; and
d2 .

di =V 4+ b2 =12,
and (2)

de =V — /0% =12
The field distribution of the modes of these nonconfocal systems is
symmetric with respect to the system center (as are the fields of the
generating confocal system). The fundamental modes of all these

nonconfocal systems have a spot size of radius w, at the center of the
resonator, given by

I

_ /b
W, = §;‘r’ (3)
where \ is the wavelength. The spot size of the fundamental mode of
the confocal system at the reflectors is w, = w,1/2. In general, the

spot size at a distance d/2 from the center is given by

d2
ws’=w04/1+l§- (4)

The surface of constant phase at the center (z = 0) is a plane, and
the whole family of surfaces is symmetric with respect to it. So far we

* The notation used here is consistent with that of Boyd and Gordon but unfor-
tunately not with that of Fox and Li, who use b for the spacing of the plane paral-
lel resonator. We use d for the spacing of the reflectors, b for the confocal radius
of curvature and thus its spacing, and b’ for the radius of curvature of a surface
of constant phase and for the radius of curvature of the reflectors of a nonconfocal
resonator with identically curved reflectors. For the nonconfocal resonator with
unequal radii of curvature we use b; and b, .
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have arranged the reflector pair symmetrically to this plane, and sym-
metric mode configurations have resulted. It is possible, however, to
construct a field configuration which is asymmetric with respect to the
reflector system by placing one of the reflectors (with radius of curvature
b’') at z = di/2 and the other at z = —d»/2. At these locations both
surfaces of constant phase have the same radius of curvature b’. This
is indicated in I'ig. 2(a). The resulting reflector separation can be
computed from (2) as

d=3(d+dy) =V (5)

Since the spacing d equals the reflector radius of curvature b, it is
apparent that a new confocal system has been formed. Apart from the
surfaces of constant phase, consideration of spot sizes assures us that the

L" [ -
! [ e s I
i s S | Iz
! ! J - :'l
\ ] \—dedpt -~ — > ‘ !
‘( —————————— d=b —————————— >‘
(a)
A
Wo

-b/2 b/2

2, w—

(b)

Fig. 2 — (a) Surfaces of constant phase including asymmetric confocal sys-

. . ws 42
tems; (b) relative spot s1ze1;— = 1+ T
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modes obtained for this confocal system are, indeed, asymmetric. As
indicated in I'ig. 2(b) the spot size reaches its minimum value of w,
at z = 0 and is not by any means in the center of the reflector system.
The spot sizes at the new reflectors can be computed from (4) as

2
w1=’w0/‘/1+(§)_12,

o d? ©
Wy = W, 4/ 1+ b—i
This combined with (2) yields the relation
Wiwe = —, (7)
T

where /b’ /= is the spot size at the reflectors, which we would expect
for the symmetrical set of modes of a confocal system of spacing b'.

The resonance condition for this system is obtained via Boyd and
Gordon’s equation (20) after some computation as

Wt (1wt ), (®)

where m, n, and ¢ are the mode numbers as defined in Boyd and Gordon’s
work. By comparing their equation (14) with our result, we find that
the resonance conditions for the symmetric and the asymmetric modes of
the confocal system are identical, as expected.

By suitably choosing b for a given reflector curvature b’, almost any
ratio of reflector spot sizes w;/w, can be obtained. Thus, for a given
lossless confocal system, the confocal geometry allows an infinite number
of sets of modes (characterized by the spot sizes at each aperture). It is
the finite size and shape of the reflector that selects one particular set,
as we shall see in the following section.

III. MODES OF A CONFOCAL RESONATOR WITH REFLECTOR SIZES UNEQUAL

Consider a confocal resonator. Assume that the reflectors A, and A,
are, in general, of different sizes and/or shapes. With this asymmetry
in mind, it is no longer reasonable to postulate that the field pattern
on A; be reproduced on 4, when looking for self-consistent field con-
figurations. Instead, as a more generalized definition of a mode let us
require that an energy distribution launched with a certain pattern on
A, reproduce this pattern on A, after bouncing back from A, . No con-
dition on the pattern on A4, is imposed.
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To express this mathematically we use the approximations of Boyd
and Gordon’s paper and the scalar formulation of Huygens’ principle.
A wave leaving reflector A; with a field pattern E(x, y) arrives at A,
with a pattern E'(2/, y') given by

B, y) = 2 f dz dj B(z, §)e", (9)
2xb J 4,
where b is the mirror separation, k = 2x/A, and
1 _
p=0b—3 @ + g (10)

Most of the energy is reflected from A, and travels back to 4,. The
radii of curvature of the reflectors are assumed very large compared to
the wavelength A, and we can therefore assume that laws for the reflection
of plane waves apply locally. Then we find that the reflected wave
leaves A, with the pattern —E’ (2, y’). It will arrive at A, with a certain
distribution pattern which we shall call —¢,.’ o,” E(x, y). At this point
we have introduced the postulate that the field patterns be reproduced,
except for the amplitude factor ¢, o,’, after one complete return trip.
Again, the energy is bounced back and leaves reflector A; with a field
distribution which can be expressed in terms of E’(2/, y') as

ik

Umz 0'n2 E(x; ?/) = 271_1)

f do’ dy' B' (', 9 Ye ™", (11)
Az
with
7 1 7 ’ ¢
p=b—l—)(wx + yy). (12)

Substituting (9) into (11) to eliminate £’, then inserting the expressions
(10) and (12) for p and p’, and, finally, interchanging integrals, one
obtains an integral equation

1326-2ikb

b | #iPE DKE s, 03)

amzaan(x, y) = —
with the kernel
- - ’ ’/ . k 14 - -
K(z,%;y,9) = fA dx’ dy’ exp (t g[x (@43 +y'+ y)]>. (14)

This is the fundamental integral equation that yields as its solution
the modes of our system and their diffraction losses. The kernel K (z, %;
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y, §) depends on the shape and size of reflector A, and will be evaluated
for some special cases in the following sections. i

Integral equations for the modes of asymmetric nonconfocal systems
can be derived on the basis of arguments similar to the ones used in
this chapter, but solutions for them are in general not available.

IV. CONFOCAL RESONATORS WITH UNEQUAL SQUARE AND RECTANGULAR
APERTURES

In this section a confocal resonator with two reflectors of finite but
unequal size is considered. Let reflector 4, extend from —a; to +a; in
the z direction and from —A; to +A4; in the y direction as shown in
Tig. 3(a). Reflector A4, is chosen to be of a rectangular shape 2a2 by
24, correspondingly.

TFor the above reflector dimensions, the kernel of integral equation
(13) takes the form

ag A2
K (x,%;v,9) =[ da’ fA dy’ exp (i,—g[x'(erﬁ) +y'(y+ﬂ)]>. (15)
az —Ag

g ’
\U
A
|
|
A A
| A,
I D
fe——— @y ——>
€ ——ay-->
REFLECTOR A,

REFLECTOR A, (a)

(b)

Fig. 3 — (a) Reflectors with rectangular aperture; (b) reflector 4. blocked in
center.
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These integrals can be evaluated analytically and the kernel rewritten as

A sin = az(x 4 z) sin > Ag(y 4+ ) (16)

K(z,&;9,9) =

2 (x-l-x) ' (y+y)
Assume that the field pattern of a mode can be written in the form
E(z,y) = Eofn(2)ga(y), (17)

with E, a constant amplitude factor, f(x) a function of z only, and
g(y) a function of y only. Under these conditions integral equation (13)
can be rearranged as

sin k ax(zx + )

2D o b
O'm On fm(x)gn(y) ' j: dif}fm(i) W
a1 ] d (18)
a sin Ec As(y + 7)
Lo 09—

An integral relation satisfied by the angular prolate spheroidal wave
functions So,(c, s) 1s°

1 sin ¢(t —
2 (7,9 (6, OF (e, ) = [ s S2EE=0)

where Ron(l)(c, 1) is the radial prolate spheroidal wave function of
nth order. Because

SOn(C 3) (19)

SOIL(Ca S) = (—1)"807:(0: _3); (20)
it holds that

sin ¢(¢ + s)
w(t + s)

We can compare this relation with integral equation (18) (with ¢ =
(k/b)asa: and C = (k/b)A1A.) and conclude that the field patterns of
the TEM .., mode of the system are

2—;[R0n(1>(c,1)]2 Sne, ) = (=" [ jl ds Sonlc, ). (21)

on Aj: E(z,y) « Som (c, f_) Son (C, l) :
ax Al
xl ’ (22)
7 i’
on A,: E'@,y) « Som (c, 5;) Son (C, i) )

As pointed out in Boyd and Gordon’s work, the prolate spheroidal
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wave functions Sy, can be approximated by orthogonal Hermite func-
tions if the apertures are large enough. This enables one to derive an
approximate formula for the dimensions of the “spot’” of the funda-
mental, which indicates the location where the field of this mode has
decreased by a factor ¢ ' with respect to its maximum. For rectangular
reflectors these quantities will, in general, be different for the x and the
y directions. One obtains

/BB /B
on reflector Ay : s 021 ol Ys 4, !

on reflector A, : x, = /‘/‘2 b_)‘; Y, = A b_)\
a T A T

(23)

Note that

zx = Yy = w = =, (24)

bA
Fa
which agrees with (7). IFrom the above we see that, compared to a
confocal resonator with equal apertures, the patterns of all modes on
reflector A; are now magnified by a factor v/a;/a, in z direction and
a factor \/A,/A, in y direction, if @ > as and 4; > A,. The patterns
on reflector A, are compressed correspondingly.

The center of the reflector system is no longer the position of maxi-
mum energy density. The position of maximum energy density will,
in general, be different for the concentration in the « direction as com-
pared to the concentration in the y direction. One computes displace-
ments D, and D, of the positions of maximum concentration from the
center in the direction of the smaller reflector:

_b(l22_(l12 _bAzz—Alz

T 5‘022 + a12; v Q.Af -+ Alz. (25)

Comparison of (18) and (21) also yields the eigenvalues of the integral
equation (20):

0_m2 O'n2 = ( _1)n+me—21'kb 4_;? [Rom(l) (C, 1) .Ron(l)(C, 1)]2‘ (26)

This shows that
(7) the resonance condition

Dot 4 m ) (27)
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is not changed by making the apertures of the reflectors of a confocal
system unequal, and
(¢) the diffraction losses of a confocal system with unequal reflector
apertures of dimensions a; , A1, a2, and A, are equal to the diffraction
losses of a confocal system with equal aperture dimensions a,, A4, if
2 2
ay = aaz and 4,7 = A1A,.

V. CONFOCAL RESONATOR WITH ONE REFLECTOR PARTIALLY BLOCKED

In this section we would like to quickly sketch the analytical treatment
of a confocal reflector system in which one reflector —in our case
A, —1is blacked out in the center as shown in Fig. 3(b). The other
reflector dimensions are assumed to be the same as in the previous
section. The effective shape of reflector 4, is now that of two rectangles
of width Aa, extending from 2’ = —a, — (Aa/2) to —a: + (Aa/2),
and from 2’ = a; — (Aa/2) to a: + (Aa/2). If we insert the corre-
sponding limits into (14), we obtain the kernel

N 8b’
KeHuD) = e e+ 9 Sm[ o )] (28)

-cos[% (x + i)jl sin [% As(y + ﬂ):l

for the integral equation describing the system.
For very small reflector width Aa <« bA/a, the kernel is given with
good approximation by

4bAa ka2
e

With this kernel, integral equation (13) can be separated into one
equation containing functions of « and one containing functions of y
only, as in the previous section. While the latter is the same as the
integral equation treated in Section IV, the equation for f(x) is of the
form

K(x,&;y,5) = (x + 1) sm— (y+ 9. (29)

+ay
vf(x) = 2Aa .L dz f(Z) cos (x + ). (30)

Applying standard procedures, this integral equation can be solved
elementarily. The solutions are

flz) = cosk%t?x, (31)
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with the eigenvalue

b .k
v = 2Aa <a1 + has sin 2 5 alag) , (32)
and
f(z) = sin k—l()lfx, (33)
with the corresponding eigenvalue
b . 2k
vy = —2Aa (al by sin 5 a1a2) . (34)

The eigenvalues, of course, determine the diffraction losses and the
resonance conditions for the reproducing patterns, as in the previous
section. The resonance formula is

‘%d =2¢+1+n (35)
for the even cosine-function, and
4‘)\_‘1:2q+2+n_ (36)

for the odd sine-function.

One should note that the field distribution on reflector 4, is simply
the two-slit diffraction pattern one would expect from coherent excita-
tion of the two narrow reflectors comprising 4. .

VI. RESONATORS WITH REFLECTORS OF UNEQUAL CURVATURE

To investigate resonator systems with concave reflectors of unequal
radii of curvature, let us return to the consideration of a lossless system.
From this model one can obtain information on spot sizes and resonance
conditions. Diffraction losses will be estimated using the same approxi-
mation previously used by Boyd and Gordon for the nonconfocal resona-
tor of equal eurvature.

6.1 Surfaces of Constant Phase

Let reflector A; have a radius of curvature b;, and reflector A, a
radius of b, . We shall base our argument on Boyd and Gordon’s picture
of surfaces of constant phase (Fig. 2), which we have already used in
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Section II. In a set of surfaces, characterized by the confocal parameter
b, reflector A, can be placed at the distances di/2 from the center,
and A, at =dy/2 correspondingly. These distances can be computed from
(2) as

dl = b1 =+ ’\/b12 - bz,
d2 = b2 =+ V b22 - b2.

With given concave reflectors, therefore, four different resonator systems
can be found which fit this particular set of surfaces of constant phase.
The four different reflector separations d = %(dy + d») are given by

2d = by + by £ V0E — b2 £ Vb2 — b (38)

To obtain various other resonator systems the parameter b can be
varied. But the range of this variation is restricted, since only real
valued distances have physical meaning in this context. If we assume
that by > by, it follows from (38) that b can be varied in the range from
0 to by . One can thus obtain reflector separations d in the range from
0 to by and from by to b; + b2 as shown in Fig. 4. No information on
resonators with reflector separations in the range from b, to b can be
obtained. It is of interest that the confocal system for reflectors of
unequal curvature, with d = 3(b; 4 b2), is just in this “unstable region.”

Let us restriet our discussion to systems of given b, , by, and d in the
range covered by the picture of surfaces of constant phase. We can

(37)

Low HIGH LOwW HIGH
LOSS LOSS LOSS LOSS

o b1 bz b1 +b2

Fig. 4 — Spot sizes and high- and low-loss regions for a resonator with reflec-
tors of unequal curvature and variable spacing.
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inquire into the spot sizes w; on A; and w. on 4,. Combining (1), (4),
(37), and (38) we obtain the rclations

w1 b1 l)g - d
<Ez) be b= d’ (39)
2 )\ 2 b]bzd
= (3) 5= (0

It also follows that the maximum concentration of energy occurs
at the distance
di b, — d

2 = =2 (41)

from reflector 4,, and at

dz_d by —d

2 b+ b, —2d (42)

from 4, .

In IFig. 4 we have shown for a special case how the spot sizes w; and
wy vary as a function of the reflector spacing d. In this figure the spot
size on each reflector is normalized in terms of w,; = 4/b\/7 and w, =
v/bA/m. These are the spot sizes at the reflectors of equal-radii con-
focal resonators with radii of b; and b, respectively.

Note that as d approaches by , the spot size w; on 4, approaches zero,
while the spot size w; on A4, increases beyond limit. The corresponding
effect occurs if d approaches b, from above. It should be remembered
that the information obtained here can be applied usefully only so long
as the spot sizes are somewhat smaller than the corresponding reflector
dimensions.

The diffraction losses of the nonconfocal resonator of equal radii of
curvature and aperture were previously estimated by Boyd and Gordon
on the assumption that the diffraction loss is equal to that of its equiva-
lent confocal resonator with reflector dimensions scaled up by the ratio
of their spot sizes.

For the nonconfocal resonator of unequal radii of curvature and
square apertures of sides 2a; and 2a, respectively, the equivalent Fresnel
numbers at reflectors A; and A, , which determine the diffraction losses
at each reflector, are obtained from Boyd and Gordon’s equation (29) as

(). 5[4
(0 O]

(43)
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where d; and d; are determined by (41) and (42). The diffraction loss
at each reflector is then obtainable from Fig. 3 of Boyd and Gordon as
ap1 and aps .

The resonator @ is given by

=2, (44)
ah
where
o = %(Oém + am) + (273 (45)

and ap represents the reflection loss per bounce at a reflector plus the
single-pass scattering and absorption loss between the reflectors.

On the basis of this estimate, one concludes that the diffraction losses
increase sharply if the separation d approaches an ‘“unstable’” region.
No similar estimate of diffraction losses is available for the “unstable”
regions. However, a ray optical analysis which we present in the next
section shows the divergent nature of ‘“‘unstable” resonator systems.
This indicates relatively high diffraction losses.

With results obtained here and the help of Boyd and Gordon’s equa-
tion (20), the resonance condition for the resonator with reflectors of
different curvature can be computed as

2_;i=q—l—%(l—}—m-{—n)cos_l‘/(l—g)(l—gl—). (46)

To compare this with Boyd and Gordon’s resonance formula for reso-
nators with equal curvature I’, we rewrite their equation (31) in terms
of d and b’:

2 _

A v

q—|—11—r(1—|—m+n) cos_1<1—d>. (47)
We have found this to be a very convenient form in which to rewrite
their resonance formula (31). But due to well known relations between
the trigonometric functions, various other formulations are possible.
One of these formulations was given by J. R. Pierce.t

A half nonconfocal resonator may be formed by a plane reflector and
a spherical reflector of radius of curvature b, and spacing d between the
reflectors with d < by < «. The resonant condition may be obtained
from (46) by letting b, — . The result is given by

2 _

S q+~217r(1+m+n)cos“<1—2—d>- (48)

by
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6.2 Equivalent Sequence of Lenses

Let us call the regions b, + b; > d > boand 0 < d < by “stable”
or “low loss,” and the regions d > b; + b. and b; < d < b “unstable”
or “high loss.” We can understand these stable and unstable regions
of a resonator system with reflectors of unequal curvature from another
point of view if we replace the resonator by an equivalent sequence of
lenses. These lenses are spaced at distances d and have focal lengths of
fi = b/2 and f» = b./2 respectively. Lens systems of this type have
been used in periodic focusing of long electron beams and instabilities
have been observed.

Stability investigations of sequences of lenses of equal focal length are
readily available.” These systems are stable if

0< L < 4, (49)
f
where L is the lens spacing and f the focal length.
A pair of lenses of focal lengths fi and f. spaced at the distance d can
be replaced by an equivalent optical system® of a focal length f given by

1 1,1 d
fh + Lo Ah
The system’s principal planes are found to be spaced at distances By =
d(f/f.) and hy = d(f/f1) from the corresponding lenses (see Fig. 5).
If we substitute such a thick lens for each pair of unequal lenses of

our system, we obtain a sequence of equal optical systems of focal
length f. If, furthermore, we define as their “effective’” spacing

L=d+h+h, G

the arguments of Pierce’s treatment? are applicable to our case.

(50)

k——————d————-)_e———'—d——-—--)(— ————— de—— e —aa—- o [ES— >

\_ J)‘?

fa fi

Fig. 5 — Sequence of lenses of alternating focal length
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Combining equations we obtain

L 2 2 d

—=d{=+ == —. 52

7 {f t5 flfz} 52
From (49) and (52) one can show that the boundaries of the stable re-

gions are given by
() (@) s o
1 b2

GG w

These relations define the stable and unstable regions in agreement with
the preceding discussion, but they are also valid for negative values of
b, and by . If one allows for convex reflectors, one can also obtain this
somewhat generalized result from the picture of surfaces of constant
phase.

and

6.3 Stability Diagram

A. G. Fox and T. Li have suggested a two-dimensional diagram of
the stable and unstable regions which is very instructive. Several choices
of coordinates are possible. In Fig. 6 we have plotted d/b; and d/b, as
coordinates. In this diagram the boundary lines deseribed by (54) ap-
pear as straight lines, and the curve represented by (53) as a hyper-
bola, as shown. For confocal systems, i.e., systems with coinciding
reflector foci, we have 2d = b, -+ b, , which may be written:

d 1 d 1 1
G-GE-9-1 (55)

In our diagram, therefore, these systems are represented by points on
another hyperbola and fall within the high-loss region. A transition from
a ‘“stable” to an “unstable” region means an extremely sharp increase
of diffraction losses for reasonably large Fresnel numbers.

- The confocal system with reflectors of equal curvature is represented
by a rather singular point in our diagram. We see that certain deviations
from the ideal dimensions d = b = b, will greatly increase the system
losses. This should be taken into account when designing maser reso-
nators or optical transmission systems, and it' may be advisable to
choose points of operation at a safe distance from the unstable region.
The degenerate frequency characteristics of the confocal system can be
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LOW LOSS \ :
d= b(‘f‘ bz

“““““ _

d
b

N

HIGH LOSS HIGH LOSS

Fig. 6 — Two-dimensional diagram of stable and unstable regions.

obtained, if desired, by using a concave reflector (b; = 2d) and a flat
one (by = o) spaced at the distance d = b;/2. This system is in a sta-
ble region.

6.4 quivalent Systems

One may ask whether operation in one of the two low-loss regions is
to be preferred to the other. We have found that the two regions are
absolutely equivalent as far as diffraction losses, spot sizes, and resonance
conditions are concerned. For a given reflector spacing d, we can find
a corresponding pair of resonator systems, one operating in the lower
stable region with reflector radii b:; and b.;, < d, and one in the upper
region with reflector radii by and vy > d. Spot sizes, diffraction losses,
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and frequency response of both systems are the same if the conditions

1,1 _2
b by d
and (56)
1 1 2
b By d

hold. In this case the mode patterns of one resonator correspond to the
complex conjugates of the mode patterns of the other.

Some of these conclusions can be drawn on the basis of (39), (40), and
(46) alone. To prove the correspondence of diffraction losses and mode
patterns, however, the integral equations of the resonator systems have
to be investigated using a procedure suggested by T. Li for the ana-
lysis of nonconfocal resonators with equal reflectors. Examination of
the integral equations shows that unstable systems also are equiva-
lent under the conditions given above.

VII. SUMMARY

The effects of unequal reflector apertures on the modes of a confocal
resonator have been discussed. It was found that unequal apertures at
the two reflectors have a large effect in determining the mode patterns.
The resonant condition, however, is not changed by an asymmetry of
this kind. Boyd and Gordon’s picture of surfaces of constant phase does
not contain nonconfocal systems (of equal curvature) with similar asym-
metries in spot size. This is because lossless nonconfocal resonators are
not, except for special cases, degenerate in frequency. This shows that
the mode patterns of nonconfocal systems are not significantly changed
if the reflectors are of unequal size but are larger than the spot size at
the reflectors.

Tor resonators formed of two reflectors of unequal curvature, unstable
regions of high loss are shown to exist in that an equivalent sequence of
lenses becomes defocusing. The true confocal resonator is on the border
of such unstable regions, though in fact it has minimum diffraction
losses. Unfortunate deviations from the dimensions of the ideal confocal
resonator can produce a system of high loss. The implications for the
design of resonators for gaseous or solid optical masers or of long distance
optical transmission systems are that the “equal” radii of curvature
should be made slightly larger (or smaller) than the reflector spacing.
One can also choose to simulate a confocal resonator with one curved
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and one flat reflector spaced at half the radius of curvature. This system
is stable.
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APPENDIX

Cylindrical Coordinates

In this paper and in the paper of Boyd and Gordon! the mathematical
analyses were based on a system of Cartesian coordinates. Resonators
with reflectors of square or rectangular aperture have been investigated.
Tor large apertures the authors were able to obtain approximations for
the properties of the resonator modes on which many arguments of this
paper are based. They showed that the mode patterns are describable
in terms of Hermite-Gaussian functions.

TFor certain classes of problems, for instance if it is desired to obtain
diffraction losses for circular apertures, it is preferable to use a eylindrical
system of coordinates. Approximate solutions for the modes of resona-
tors with reflectors of large circular apertures can be obtained from the
work of Goubau and. Schwering.? The results of these authors are pre-
sented in terms of hybrid waves, but by suitably combining two hybrid
waves one obtains modes which for our purposes can be regarded as
linearly polarized TEM waves. Goubau and Schwering show that the
mode patterns are describable in terms of associated Laguerre-Gaussian
functions. Fox and Li® have given asymptotic solutions for the mode pat-
terns in terms of Sonine’s polynomials, which can be shown to be equiva-
lent to the above results.

One can obtain asymptotic solutions for the modes of the confocal
resonator in c¢ylindrical coordinates by making a scalar wave approxima-
tion and using Huygens’ principle. This leads to an integral equation
for the modes of the confocal resonator with reflector spacing and curva-
ture b in .cylindrical coordinates, which has been given in Appendix C
of Fox and Li.2 For an infinitely large aperture their result may be
written in the form

VIR ()] = exp'[—ﬂcbwg L+ 1)]
" (b7
. fo VIR () - Jo(t) A/ dt,
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where ¢ = r+/(k/b) and r is the radial distance in the plane of the
aperture. As the solution of the above equation the function R,(¢)
describes the radial dependence of the modes and the angular depend-
ence is ¢**". The resonance condition for the individual modes is ob-
tained from the eigenvalue x of (57). '

TFrom Magnus and Oberhettinger'® one observes that the associated
Laguerre-Gaussian function is self-reciprocal under the Hankel trans-
formation. Thus the solution of (57) is given by

Rp(t) « E'LNE) - (58)

where L,'(¢) is the associated Laguerre polynomial. The associated
eigenvalue is found to be

X = exp [—ilcb + z’Qf (2p+1+ 1)] (59)

which leads to the resonance condition for the confocal resonator with
g as the longitudinal mode number:
s R (60)
The field distribution of the modes inside and outside the confocal
resonator can be derived from the mode patterns on the reflectors by
using Huygens’ principle, as in Boyd and Gordon’s paper. The field
distribution can of course be obtained from Goubau and Schwering’s
work. Comparing Goubau and Schwering’s equation (5a) with Boyd
and Gordon’s equation (20), one finds that the surfaces of constant
phase of a Cartesian TEEM,,,, mode are identical with the surfaces of
constant phase of a cylindrical TEM,;, mode if

m-—+n=2p+1L (61)

The fields and therefore the spot size of the fundamental TEMqg,
Cartesian mode and the fields of the fundamental eylindrical mode
are identical throughout the resonator.

The resonance conditions and spot sizes of the modes of resonators
with large circular apertures can therefore be deduced for nonconfocal
resonators and resonators with reflectors of unequal radii of curvature,
in exactly the same fashion as has been done for square apertures.

We do not propose to present this derivation again, but list as a
reference some characteristic properties of the modes of resonators with
large circular apertures, together with properties of the modes of reso-
nators with large square apertures. It may be worth repeating that an
aperture is considered “large” for a particular mode if the mode’s
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energy, as calculated from the approximations below, is well concen-
trated within the aperture. Only under this condition are the mode’s
characteristics reasonably well described by the formulae listed below.

A.1 Approximations for Resonators with Large Circular Apertures.

A system of cylindrical coordinates (r, ¢, z) is used, where the z-axis
coincides with the resonator’s optical axis. The corresponding modes are
designated TEM,,, .

A.1.1 Nonconfocal Resonators with Reflectors of Equal Radius of
Curvature b’ and a Reflector Spacing d.

At the reflectors the spot size w,’ of the fundamental TEMg, mode

is given by
r /N d Y
w, = 1/7 <2b___d> _ (62)

The relative field distribution (mode pattern) at the reflectors (z =
+d/2) of a TEM,,, mode is given by

! 2
P k2 <wL v é) Ly <2 m m)'e—mw" “eoslp (63)

E, s
where L, are the associated Laguerre polynomials. The mode resonates
at a wavelength given by
2d
by

=q+7—1r(2p+l+1)cos_l(1—;). (64)

A.1.2 Resonators with Reflectors of Unequal Radii of Curvature by
and by and a Reflector Spacing d.

The spots of the fundamental mode are in general of different size on
the two reflectors. We have a spot size w; on the reflector with radius of
curvature b; and vice versa. In (39) and (40) these quantities have
been expressed in terms of A, d, b, , and b. . The TEM,;, mode patterns
on the reflectors are obtained from equation (63) by substituting for
w;’ the corresponding w; or w; .

The resonance condition is

X +71-l_(2p+l+1)cos—l1/(1—b%>(l—b%)- (65)




GENERALIZED CONFOCAL RESONATOR THEORY 1369

A.2 Approximations for Resonators with Large Square Apertures.

A system of Cartesian coordinates (z, y, 2) is used with the z-axis
coinciding with the resonator axis. The corresponding modes are desig-
nated TEM,,,, .

A.2.1 Nonconfocal Resonators of Ilqual Radius of Curvature b and a
Reflector Spacing d.

The spot size w,” of the fundamental mode at the reflectors is again
given by (62). The mode pattern of a TEM,,,, mode at the reflectors
is given by

By, £4/2) _ p, <@.__\/,2> H, <W,2> I (66)
E, Ws W
where the H,, are the Hermitian polynomials. The resonance condition
for this mode is given by (47).

A.2.2 Resonators with Reflectors of Unequal Radir of Curvature b, and
b and a Reflector Spacing d.

The spot sizes w; and w. of the fundamental mode at the two reflec-
tors are the same as those discussed in Section A.1.2. The mode patterns
of the TEM .., mode at the corresponding reflectors are obtained by
substituting w, or w, for w,’ in (66). The resonance condition is given
by (46).
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A Unidirectional Traveling-Wave
Optical Maser*

By J. E. GEUSIC and H. E. D. SCOVIL
(Manuscript received March 20, 1962)

The basic ideas leading to a unidirectional traveling-wave optical maser
are presented. Experimental data on the performance of pulsed ruby am-
plifying sections and high density PbO glass Faraday rotation tsolators
are given. Feasibility tests on a two-section device have been made and are
in agreement with predictions. Some remarks are made concerning image
definition, channel capacity, noise and pump power requirements.

I. INTRODUCTION

Net gain at optical frequencies was demonstrated by the successful
operation of maser oscillators.!2 The first direct measurements of gain
at optical frequencies were made by Javan, Bennett and Balik® for the
helium-neon gas maser and by Kisliuk and Boyle* in a ruby solid state
maser. The optical amplifiers described by these investigators were low-
gain devices. Since at optical frequencies the maser is the only available
amplifier which at present preserves amplitude and phase information,
it may well have to provide extremely high stable gains of between 30-60
db in many applications, as for example in an optical communications
system.

It is well known that to realize a stable high-gain amplifier it is essen-
tial to make the amplifier nonreciprocal. This has been accomplished
in the case of the microwave traveling-wave maser® but has not pre-
viously been reported at optical frequencies. The objective of this paper
is to discuss the basic principles which are necessary for realizing a non-
reciprocal optical amplifier and to report the successful operation of a
pulsed unidirectional traveling-wave optical maser (TWOM) using
ruby.

Also the image amplifying ability of the TWOM is discussed and
demonstrated.

* This work was supported in part by the U. S. Army Signal Corps under Con-
tract DA-36-039-sc¢-87340.

1371
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I1I. BASIC PRINCIPLES

Consider a multimode transmission line containing active maser
material as shown in Fig. 1. Over the length shown, assume that the
single-pass power gain is Gy, that it is reciprocal, and that at each end
the power reflection coefficient is r. If Gyr < 1, the amplifier is stable.
For a ruby optical maser with an air interface, &~ 0.07; hence such a
device will exhibit a stable gain if @ < 14. If an r & 0.07 is accepted as
typical (it may be made much smaller by the use-of antireflection coat-
ings), then it is evident that a simple optical maser with a gain of X6
db is a very stable amplifier with very little regeneration. On the other

hand if a gain of 30 db is required, then r must be <0.001. This is ex-
tremely difficult to ‘achieve, and it is evident that a stable gain of GO
db is essentially impossible from such a device.

The optical traveling-wave maser (TWOM) shown in Fig. 2 is a de-
vice capable of achieving extremely hlgh stable gains. The device con-
sists of a succession of amplifying sections, each of which has a gain of
6 db for the typical figures given above. These sections are separated
by nonreciprocal elements or isolators so that power is easily transmitted
in the direction of the arrows but strongly attenuated in the reverse
direction. In fact the reverse loss in db of the isolator is chosen to exceed
twice the single-pass gain in db of an amplifying section.

A simple way to realize isolation is to use the optical equivalent of a.
microwave IParaday rotation isolator. The main differences are the fre-
quency, the material used, and the fact that our transmission line can
support many modes. One may use numecrous materials for the non-
reciprocal rotator. Although transparent ferromagnetics, ferrimagnetics
or anti-ferromagnetics may be considered, many other classes of mate-
rials could also be used; for instance it is not even necessary to use a
material with a permanent magnetic dipole moment. Diamagnetics may
be employed since they also exhibit IFaraday rotation. In fact, non-
reciprocal rotation was first observed by Faraday in a diamagnetic glass.

In the microwave Faraday rotation isolator the plane of polarization
is determined by the rectangular waveguide. In the optical counterpart
a polarizing medium can be used to fulfill the same function. In addition
to having nonreciprocal rotation and defining the plane of polarization,

_

Fig. 1 — Transmission line containing an active maser material.
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Fig. 2 — Schematic diagram of a unidirectional traveling-wave optical maser.

we need to be able to absorb waves with the unwanted polarization.
In the microwave equivalent this is done by using a sheet of loss film
placed so that its plane is parallel to the electric field of the wave which
we wish to absorb. In the optical version this absorption may be com-
bined in the polarizing medium itself if we use a material which has
dichroic characteristics. The construction of an isolator is now straight-
forward and is shown in I'ig. 3. In Fig. 3 a wave enters from the left-hand
side with its plane of polarization defined by the dichroic polarizer as
shown in the end view. The plane of polarization is rotated by 45° in the
clockwise direction by the Faraday medium and passes through the
right-hand polarizer. However, a wave entering the right-hand polarizer
has its plane rotated 45° in the clockwise direction and hits the left-hand
polarizer with its plane of polarization in the low transmittance or ab-
sorbing direction of the polarizer. The direction of the axially applied
magnetic field with respect to the forward direction must be chosen in
accordance with the sign of the Verdet constant of the I'araday medium
used.

A TWOM may be built as shown in Fig. 4. In the figure the active
medium is illuminated with pump power in one of several known ways.
A two-section maser is shown; however, additional sections can be added.

[ FORWARD DIRECTION >

MAGNET COIL fe450

AAAAAAAARAAAQ LY

R 0838880088880 A4 ‘
END VIEW S - END VIEW
SHOWING -~ e
A OWES DICHROIC POLARIZERS S LOWED
POLARIZATION POLARIZATION

Fig. 3 — An optical Faraday rotation isolator.
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Fig. 4 — Elements in a two-stage TWOM.

For best operation, of course, all interfaces would have antireflection
coatings. In the TWOM, alternate polarizers can be eliminated for
simplicity.

An obvious application of the TWOM is as a power amplifier for an
optical maser oscillator. Another application may be to obtain very
high peak optical powers. It is well known that because of its energy
storage the peak power of a maser may greatly exceed its average power.
In fact some of the pulsed characteristics of a TWM have been ana-
-lyzed.® The interaction of high optical power levels with matter will
certainly allow many new and interesting phenomena to be studied. A
focused beam with these peak intensities should have application to
microwelding or micro-cutting of materials. Finally the TWOM may
find application-to amplify received signals in an optical relay system.

This concludes the discussion of the general ideas relating to a uni-
directional traveling-wave optical maser. The concepts apply to either
a CW amplifier or a pulsed amplifier. It now remains to discuss in more
detail the theory and design of the individual amplifying sections and
the optical isolators which have been used and tested in a pulsed ruby
TWOM.

III. THE AMPLIFYING SECTION

Consider two levels 1 and 2 as shown in Fig. 5 with populations N,
and N, and degeneracies ¢; and g, respectively. Also assume that the
sample interacts at the transition 1 & 2 with a beam incident in a di-
rection 8 and ¢ having an energy density per unit frequency range per
unit solid angle given by p(»,0,0,P). Here v is the frequency of the
radiation, P is a vector which defines an independent state of polarization
of the radiation and 6 and ¢ are the polar and azimuthal angles of a
spherical coordinate system fixed in our sample. For this situation
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Condon and Shortly’ give the net rate of emission for transitions 1= 2 as
,0,P

% (92 = WaeP) {22 (0N, — i) + Ve ) (1)

where W(6,0,P) is the probability per unit time per unit solid angle of a
spontaneous transition from 2 — 1 with emission in a direction
0,0 and polarization P.
g(v) is the normalized line shape for the transition.
N, and N, are the number of atoms per unit volume in levels 1
and 2, and
v is the velocity of wave propagation in the medium.
Equation (1) gives both the stimulated emission and the spontaneous
emission per unit solid angle in a direction 8 and ¢. Equation (1) takes
into account the anisotropy of the transition probability.
In order to find the gain or loss through the medium in a direction
f,p at the 1 & 2 transition, the portion of (1) due to stimulated emission
is integrated in the following manner,

fp dp(v, G,ga,P) fl(a"’)/v W (6,0,P)*
oo P(20,0P) 0 v
where po(7,0,0,P) is the incident energy density and [(6,¢) is the length

of the medium in the direction considered. Hence the gain in db is given
by

(1N2 — ¢:N1)g(v) dt

Aol(8

Gay (v8,0,P) = (10 log ¢) [W(0,¢,P) A Ubep) (N2 — gle)g(v):l

where g is the free-space wavelength and e the dielectric constant at

N2 g2

e —— e N

Ny

¢}

Fig. 5 — Two typical energy levels.
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X . Ior a Gaussian line shape, (approximately true for the ruby R; line
at room temperature), the gain is given by

Gun(o0e) = (10 log o) [ W(ae2) M0 (g, — v | 2
In 2 (v — w)* ®
n — W
—— exp — At 4In2

where Ay is the linewidth and » is the frequency at the center of the line.
Using (2), the bandwidth B over which the gain is within 3 db of the
peak gain is given by

10 Gdb max
B = BM g Gdb max 3 (3)
log 2

where By = Av (cf. equation (25) of Ref. 5). If the transition considered
is isotropic (i.e. W(6,p,P) = W = constant) then the gain given by (2)
becomes

2
Gun(r0,e,P) = (10 log ¢) [M] <N2 — g—2N> ln 2
8wer Ay

i

( — Vo)

-exp — & 41n2
where 7 is the spontaneous emission lifetime for the transition and is
equal to (8rg,W)~". T'rom (2) or this last expression it is observed that
the medium exhibits gain if (¢:Ns — gaN1) > 0 and loss if (¢:N2 — ¢2N1)
< 0.

In the case of ruby at room temperature, inversion at the R; line
(14,400 ¢m™) is obtained by maser operation as shown in Fig. 6. Here
we have lumped the blue and green bands as one level; this is of course
an obvious oversimplification. Also the ground state is treated as a
single level with degeneracy g1 = 4. At room temperature this is a valid
assumption since the linewidth of the R, and R, transition is large com-
pared to the separation of the two zero field levels in the ground state.
At lower temperatures the linewidths of the R, and R, transitions are
small, so that the two zero-field levels of the ground state are resolved;
then it is necessary to consider the ground state as two levels each with
degeneracy 2. FFor ruby the time spent in the pumping states is negligible
compared with the normal lifetime of the two metastable states shown,
and the efficiency for atoms getting to the metastable states upon
pumping into the green or blue bands is near 100 per cent. Based on this,
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and assuming that pumping power is supplied for times short compared
to the normal or stimulated emission lifetimes of the two metastable
states, we can write

dN,

— ~ —fPN 4

A —fPN )

where P is the incident pumping power and f is a pumping efficiency
factor, which depends on the pump transition probability and the
properties of the electromagnetic structure used in the pumping process.
Since we assume that the pump power P is supplied for a short time, (4)
can be integrated to obtain

¢
N, = N exp —ffo Pdt )

= Ne'*
where N is the total number of Cr’* ions/ce in the ruby sample and F is
the total energy absorbed by the material at the pumping transition.

Now sinee it was assumed that the time spent in the pumping levels is
negligible compared to the spontancous lifetimes of the metastable

BLUE BAND

GREEN BAND. Ta3

3 14,430 cM!

2 14,400 cM7! Lk‘

jraz 9=

I~

Ra Ry

1 gi=4

Fig. 6 — Optical energy levels of Cr** in Al,O; .
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states, the following relation holds,
Ni+ N:+ N;=N (6)

and N3 = yN, where v is determined by 74 , 743 and 75 . Using (2), the
power gain G of the ruby material at the center of the ruby R; line when
inverted is ’

Gy = A [N2 - ngl:l (7)
1

2
A = (10 loge) [ng(0,¢,P) )‘Ll.w’_‘p)] 2 1 /n2
€ Ay T

Upon substitution of (5) and (6) into (7) we obtain

o ___ 1 [1 hirea +7)}e_m:|
(Ldb)ma'x‘ %f (1 + 'Y) L g1 (8)

where

where (Lab)max 18 equal numerically to the loss in db at the center of the
line if all ions are in the ground state. To a good approximation this is
equal to the loss through the unpumped material for a temperature I'
such that kT << hvg, , which is the case for the ruby R, line for tempera-
tures 300°K and lower. Since (8) is derived for the case where the gain
is measured in a time T'me.s after the pump power has been supplied,
which is short compared to 75 and 73 but long compared to 743 and 742,
the value of ¥ can be simply given for two limiting cases:

(a) 7o3 < 742 and 743 < Tmeas
v = exp hve, — vg,) /KT.
At room temperature for ruby v = 0.865
(b) 7a2 and 743 < Tineas < 723

y =2,

T43
At present no accurate data are available for ruby on the times 72,
712 and 74 ; however, the measurements of Wieder® give upper limits
for these times which indicate that case (a) is satisfied at room tem-
perature. Also the gain measurements to be presented are consistent

with the assumption v = 0.865.

To determine what values of fE could be achieved and what gains
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could be obtained for a pulsed ruby amplifying stage, gain measure-
ments were carried out on an amplifying test scction at room tempera-
ture. This test section consisted of a 3-inch long, 0.250-inch diameter,
c-axis oriented (0.065 per cent by weight of Cr,O; in Al,O3) ruby rod
and a G.IE. 'T-91 Xenon flash tube located at the foci of a 3-inch long
elliptical cylinder, as shown in Fig. 7. The gains were measured as is
shown schematically in Ifig. 8. The beam from a ruby oscillator was
used as the signal source, and the gain or loss through the amplifying
section was determined by measuring the ratio of the signal at the photo-
multiplier with and without the amplifier in the oscillator path. The
measured loss through the unpumped amplifier at the peak of the R;
line was 12 db. Because the ends of the ruby were not coated with anti-
reflection layers, the measured gains had to be corrected to obtain the
single-pass gain.

The expression for the numerical gain G of a reciprocal amplifier with
feedback is given by
G = (1 —r )2Go

1 + 72Ge® — 2rGy cos ¢
where r is the power reflection coefficient at each end and ¢ is the rela-

tive phase shift of a wave making one complete, round-trip traversal of
the amplifier. Since the length of the ruby amplifier is not known to an

(9)
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/
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Fig. 7 — Ruby optical amplifier section.
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Fig. 8 — Schematic description of optical gain measurements.

accuracy better than a wavelength, the value of ¢ to be used in (9) to
obtain the single-pass gain Gy is not known. In the gain measurements an
interference filter was used which had a passband larger than the ruby
amplifying linewidth. Further, the measured bandwidth of a ruby
oscillator is 1-2 kme, whereas the separation of Fabry-Perot modes in
our amplifying rod is

c
Av & 2\/; i ~ 0.83 kme.

Hence it is reasonable to correct the data by assuming the proper gain
formula to use in determining Gy is one where @ has been averaged over
all possible values of ¢. Ior the case where G is averaged we obtain
5 (1 - 7")2G0
G = =G (10)
The experimental data corrected in this manner for the 3-inch long
amplifying section are plotted in Fig. 9 along with the theoretical curve
given by (8) for « = 0.865, g = 4 and ¢, = 2. Also plotted are data
obtained on a 1-inch long ruby where the measured gains were smaller
and the regeneration corrections needed to obtain the single-pass gain
were less important. It is seen from Fig. 9 that our measured gain varia-
tion versus the input pumping parameter f£ is in good agreement with
the theory developed.
It remains to explain how the correlation between the values of fE
on the abscissa of I'ig. 9 and the measured light intensity at the green
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and blue bands was obtained. IFor this purpose, the relative intensity at
the green and blue bands versus electrical energy input to the flash lamp
was measured photoelectrically. The absolute relation of this relative
intensity to fE was then determined by observing at what value of light
intensity unity gain (0 db) was achieved with the amplifier in place.
The maximum measured net gains for the amplifiers tested depended
rather critically on the FT-91 tubes used; however, by selecting FT-91
flash tubes and operating them at input energies of 250 joules (which is
approximately twice their rating) net gains of 10 db and 6 db were ob-
tained respectively for two different amplifiers. All the measurements
were made at room temperature. Higher gains per unit length could
have easily been achieved by cooling, for it is known from the measure-
ments of Schawlow and Devlin® that the linewidth of the ruby R, line

1.2
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/L 0 EXPERIMENTAL POINTS

FOR 1IN.RUBY
-0.6 f
-0.8

0 05 10 15 20 25 30 35 40
fE

1
o
n
0\.

Fig. 9 — Gain versus input pump energy curve for a pulsed ruby maser at
room temperature. (Lgp) max is 12 db and 4 db for the 3-inch and 1l-inch ruby, re-
spectively.
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decreases quite rapidly with decreasing temperature between 300 and
80°K.

IV. THE OPTICAL ISOLATOR

To complete the discussion of the individual elements in the TWOM,
it remains to discuss the basic principles involved in the design of an
optical isolator and to report some performance data.

It is well known that the plane of polarization of a light beam, when
passing through a IFaraday medium, will be rotated by a magnetic field
H applied to the material in a direction parallel to the direction of light
propagation. The angular rotation ¢ of the plane of polarization is re-
lated to the strength of the magnetic field and the path length [ in the
medium by the expression

0=V-H- (11)

where the angle 8 is chosen in the positive screw sense along the applied
magnetic field. The constant of proportionality V is known as the Verdet
constant and is a function of the material and the wavelength of light
used. The Verdet constant is related to the material properties in the
following manner

V = mve(Ny — N_)/He

where N and N_ are the refractive indices for right- and left-handed
circularly polarized light of frequency », . In the case of ferromagnetics
and antiferromagnetics, large Verdet constants have been measured.
The large Verdet constant measured in each of these materials is due to
the fact that the ions which produce the rotation see, in addition to the
applied field, an internal field which is of the order of magnitude of the
exchange field. Ferromagnetics would then be especially attractive. For
the visible region of .the optical spectrum, however, for ferromagnetics
known to the authors, this large rotation is accompanied by large at-
tenuation per unit length of material. This is because the absorption
bands which give rise to the rotation in the ferromagnetic material usu-
ally extend from the ultraviolet well into the visible. However, ferro-
magnetic materials should be useful rotators in the infrared —i.e., be-
yond about 1u.

The problem of building a good isolator in the visible (particularly at
the R line) depends upon finding a material which has a Verdet constant
large enough to produce 45° rotation with reasonable fields and lengths,
and which has low attenuation in the length of material which must
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be used. For the ruby R; line at 14,400 em™, known ferromagnetics are
at present unsatisfactory. However, two diamagnetic materials appear
to be good choices. One of these, ZnS(8), has a Verdet constant of 0.22
minute/cm/gauss at the R; line in ruby and is essentially transparent at
this wavelength. For ZnS(8) a rotation of 45° requires a magnetic field
of 3100 gauss for a 4-cm length. The second material, high-density PbO
glass, also is attractive since it has a Verdet constant of 0.09 minute/
em/gauss at the R, line and an attenuation of 0.08 db/cm. Because of
the commercial availability of the PbO glass from Corning Glass Works,
this material was chosen for use in the optical isolator. In both the ZnS(8)
and the PbO glass it is the Zn** and Pb** ions which are probably re-
sponsible for the rotation. In the PbO glass the absorption band which
produces the rotation rises sharply at 4000 A, and extends to shorter
wavelengths; this band is probably composed of the 'S, to *Py , *Py , °P
transitions in the free-ion notation. Since the configuration which gives
rise to °Py , *P; and ®P, states in the free ion contains bonding electrons
in the solid state, the transition observed beyond 4000 A should more
properly be referred to as a charge transfer band. This tentative assign-
ment seems supported by measurements made on Pb** in CaO by
Ewles as discussed by McClure.” The Verdet constant and the at-
tenuation per unit length have been measured for Corning # 8363 high
PbO content glass as a function of wavelength and are shown in Fig. 10.
The data in Fig. 10 indicate that PbO glass is a useful Faraday rotator
for optical isolators in the wavelength range 50007000 A.

To define the plane of polarization in the isolator and to provide
reverse loss, as was discussed earlier, dichroic polarizers such as Tour-
maline and Polaroid sheet or erystal polarizers such as Nicol prisms and
Glan-Thomson prisms can be used. At the R, line, type HN-38 Polaroid
sheet is a good choice, having a transmittance of 0.86 for the parallel
orientation and a transmittance of approximately 0.01 for the perpen-
dicular orientation. -

An optical isolator was constructed in the manner as depicted in Fig.
3. A 4-inch long, 1-inch diameter PbO glass rod was used as the rotator,
and Type HN-38 Polaroid polarizers were used to define the plane of
polarization and to provide reverse loss. A water-cooled solenoid provided
the necessary field to produce 45° rotation. The reverse loss of the iso-
lator was measured at the R; (14,400 em™) line and was found to be
approximately 16 db. The measured insertion loss of the isolator was 3
db. In this isolator, optimized operation has not been realized; however,
measurements on the individual components were made to determine
the best performance that can be achieved with a more carefully con-



1384 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1962

™~

0.22

e
®

VERDET CONSTANT
(MIN/CM/GAUSS)
o
I

[

0.06
0.6

L

0.2

INTERNAL LOSS
IN DB PER CM

[
4500 5000 5500 6000 6500 7000
WAVELENGTH IN ANGSTROMS

Fig. 10 — Variation of the Verdet constant and the internal loss of PbO glass
versus wavelength.

structed isolator. These measurements on the individual components
indicate that an isolator with an insertion loss of 1 db and a reverse loss
of 15 to 17 db could be realized if antireflection coatings are used on all
isolator surfaces.

V. OPTICAL TRAVELING-WAVE MASER PERFORMANCE

To test the feasibility of a high-gain (30-60 db) optical amplifier a
test TWOM was assembled, consisting of two amplifiers separated by an
isolator section. The two individual amplifiers had net gains of 10 db
and 6 db respectively, and the isolator had an insertion loss of 3 db.
A net gain of 13 db was expected. The measured net gain was 12.2 db;
the discrepancy of 0.8 was probably due to the lack of perfect align-
ment. The oscillogram presentation of the gain of the amplifier is shown
in TFig. 11. The top trace is the signal due to the oscillator alone as ob-
served with the photomultiplier, with the TWOM out of the beam path.
The middle trace shows the signal after amplification by the first am-
plifying stage with the isolator and second amplifier out of the beam
path. Taking into account the changes made in the gain of the oscillo-
scope, the second trace indicates a net gain of 10 db through the first
amplifier. The bottom trace shows the signal after passing through the
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Fig. 11 — Oscilloscope photographs showing gain in the TWOM: (a) upper
trace shows the signal at the photomultiplier due to the oscillator alone with the
TWOM removed from the beam. Scope gain is 2 volts/cm (b) Middle trace is the
received photomultiplier signal with the first amplifier in the beam. Scope gainis
10 volts/em. (¢) The lower trace shows the oscillator signal as amplified by the
entire TWOM. Scope gain is 10 volts/em with 3 db of optical attenuation added.
The sweep time is 100 microseconds/em in all three traces.
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entire TWOM. For this measurement 3 db of optical attenuation was
introduced, and if this is taken into account the net galn of the TWOM
was found to be 12.2 db.

In making all the gain measurements reported, a t,lme constant was
used so that individual oscillator spikes were not observed A measure-
ment of the gain with a shorter time constant did not contradict the
measured peak gains observed (over the oscillator duration) with the
longer time constant and also did not reveal any new spikes that were
not, present in the oscillator. In all the measurements the firing of the
oscillator flash tube was delayed with respect to the firing of the amplifier
pumping tubes; this was done so that the amplifier could build up to
full gain before the probing signal was sent through the amplifier. In
Fig. 11 this delay was approximately 400 microseconds. There was about
a, #=50-microsecond jitter in firing the oscillator, and this accounts for
the difference in position of the signal in the three traces shown in Iig.
11. The total physical length of the test TWOM was approximately 20
inches, with the isolator solenoid presently being the most space-con-
suming element. A shorter physical length is possible with a more careful
and sophisticated design.

Inasmuch as the diameter of the ruby rods used in the amplifiers is
0.250 inch, the TWOM that has been described is a multimode amplifier
capable of handling approximately 10° spatial modes. The fact that it
can support 10® spatial modes suggests that image information can be
sent through the amplifier. That is to say, the TWOM can be considered
to be a limited aperture, infinite focal length lens with gain. To show
that an image could be sent through a TWOM and amplified, a projec-
tion slide having on it a number of dark lines was placed before the input
of the TWOM (in this case the second amplifier was removed for sim-
plicity) and illuminated with the oscillator beam. The slide was then
viewed with a lens and a camera as shown in Fig. 12. In Fig. 13 are shown

1ST AMPLIFIER
SCILLATOR STAGE

o]

ISOLATOR IMAEGE CAMERA -

]
|
LENS v

<0 4
\

| \

[ \ Y
1 \ / : POLAROID SR //
TOTALLY PARTIALLY POLAROID” PbO GLASS .PHOTOGRAPHIC
SILVERED SILVERED FILM

END END

Fig. 12 — Schematic description of the image amplification experiment.
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Fig. 13 — Photographs showing image amplification in the TWOM: (a) This
photograph shows the observed image of two lines on the object slide as observed
with unity gain. (b) This photograph shows the image when observed with the
TWOM at a gain of approximately 5 db.

two pictures of this slide as taken through the TWOM. Only two bars
on the slide were illuminated by the oscillator. The left photograph was
made with the amplifier operated at unity gain, and the right photo-
graph was made with an amplifier gain of approximately 5 db. It is seen
that there is greater contrast in the amplified image than in the unam-
plified image. A quantitative measurement of the photographic negative
with a densitometer showed a gain of approximately 4 db in the amplified
image over the unamplified image. Although admittedly the observed
image amplification is quite crude, it is nevertheless felt that the image
amplification properties of a TWOM have been shown and that this
property of the TWOM may be of importance in a communication sys-
tem.

VI. IMAGE DEFINITION, CHANNEL CAPACITY AND NOISE

The capacity of a communication system depends upon the total
number of unit phase-space cells which the system can handle. The usual
communication system has a spatial width of only one cell (it is single
mode), and information is conveyed only in the longitudinal direction —
i.e., the frequency and time domain., At optical frequencies however,
it may be convenient to use many cells in transverse space. A discussion
is therefore given of the channel capacity of a multimode image-am-
plifying maser.

We define channel capacity as the product of the number of cells in
transverse space and the bandwidth. The latter has been discussed
carlier; it remains to consider the former.

Lvidently if we are dealing with an infinitely long cylindrical amplifier
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with perfectly reflecting walls — i.e., a multimode waveguide with gain
— then the number of modes for a unidirectional, single-polarization
amplifier is w4 /N, where A is the cross-sectional area and the channel
capacity C'is

where the bandwidth B is given by (3) for a Gaussian line shape.

In practice, the amplifier is not infinitely long, and in fact the device
described here has a length < (A/\). Under these conditions one is
concerned with the near field region of the amplifier aperture, and image
transmission is possible (i.e., some modes can be transmitted from input
to output independently of the boundary conditions).

Consider an idealized, unidirectional, single-polarization, cylindrical
amplifier as depicted in Fig. 14 of length [ and cross sectional area A.

We consider first the image space. A transmitted image can occupy in
transverse (i.e., z,y,P., P,) space an area equal to AQ where Q is the
angular aperture A/I> and P = (hv/c) is the photon momentum. The
aperture A and its associated diffraction solid angle w = A\’/A define
the transverse dimensions of a unit cell." Consequently the total num-
ber of image cells available is

Q A

= BAt = 5 BAY (12)
where At is the time over which the observation is made. Equation (12)
may be interpreted to mean: (7) that Q/w identifiable image points can
be amplified (this also follows from classical diffraction considerations)
and (#) that the image channel capacity AC = (@/w)B. The device
whose operation has been described here has a AC &~ 3 X 10'° cps.

One can classify cells into groups according to the behavior of their
corresponding rays of geometric optics. Those used for transmitting an
image consist of A%/I"\* rays which pass directly from the input to the

GAIN —> _
L L =T —
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INPUT [~==TTT77 n == a' ouTPUT
AT T S S
T 1 T i
P U————- > -
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Fig. 14 — An idealized image amplifier.
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output. The next group consists of 3(A4 /I°A%) rays which undergo a single
internal reflection at the wall before reaching the output and fall within
the solid angle 4Q minus the image core Q. Successive groups undergo an
increasing number of internal reflections. The reason for the 4* depend-
ence in (12) is now clear — the area and consequently the total number
of cells which the transmission line can support is proportional to A4,
and out of this total number, that fraction which can pass directly from
input to output is also proportional to A. If the length of the amplifier
is greater than A /A, then all rays arc reflected from the walls and, in
this limit, one is concerned with waveguide propagation.

In principle, and to a certain extent in practice, the “off axis” rays are
available for transmitting information. The internal reflections will
result in image distortion, but cylindrical symmetry is preserved and
spatial coding can be used. At the present time, however, the channel
capacity using only the image core is embarrassingly large and there
seems little advantage in using the “off axis” rays.

The limiting noise of a maser (or for that matter any coherent ampli-
fier) corresponds to one noise photon per unit cell of phase space, (noise
number” N = 1). Optical masers can come very close to this limit and
in fact the ruby amplifier described in this paper has a calculated N ~ 2.
The number of noise photons associated with the signal is consequently
N AC.

In the frequency domain it is well known that there is an optimum
bandwidth for a given signal and that excess bandwidth gives excess
noise. Similarly in the transverse domain there is an optimum spatial
bandwidth; in particular the angular aperture @ used should not exceed
that required for the necessary definition, as this would add excess noise.
If the amplifier has excess angular aperture, the optics should be ar-
ranged so that the transmitted image and the following receiver occupy
only the necessary solid angle.

In practice, additional noise is produced at the output, and proper pre-
cautions should be taken to eliminate this excess noise. Consider first
only the noise associated with image rays. A cross section along the
amplifier, shown dotted in Fig. 14, may be considered as the input of the
remaining part of the amplifier with a new angular aperture @' = A*/l'
which is larger than Q. We have therefore an amplifier whose bandwidth
(spatial) increases (to a limit Q' = 27) as we travel along the device.
IExcess noise will appear at the output in this larger solid angle but will
of course see less gain than that in the useful angle Q. A detector, insensi-
tive to angle, placed at the output will see this noise, which can be se-
vere in some designs. This excess noise, which is not intrinsic to the
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signal band, can perhaps most easily be eliminated by focussing the
input plane on the detector and using an aperture stop which passes only
the focused image.

Even though one may not intend to use the “off axis” rays they may,
unless special precautions are taken, be available at the output. Com-
monly used solid-state maser materials have large indices of refraction
and, consequently, internal reflections may occur for large angles of in-
cidence (for ruby the critical angle is &60°). It is evident, therefore,
that an appreciable fraction of the spontaneously emitted photons can
be amplified and reach the output. These can be separated from those
in the signal image core by the method mentioned above.

One should differentiate between presently available image intensifiers
and maser image amplifiers. Unlike the maser, the former are not co-
herent amplifiers and are perhaps better described as image quantum
detectors. The quantum detector preserves the intensity of the signal
but not its phase (and in practice it is difficult to preserve the momen-
tum ). The maser preserves both amplitude and phase and easily pre-
serves the frequency and direction of the signal. It is a direct consequence
of uncertainty that a coherent amplifier has a noise number N = 1.
The detector which preserves only one variable can in principle be noise
free, although this does not mean that it is more ‘‘sensitive’” than a
maser in some systems applications.”

At wavelengths of < 1u the black body temperature of an object
must be >10"XK before the phase-space density can exceed unity. As a
consequence, the phase of the radiation is indeterminate for objects
illuminated by usual incoherent light sources. There appears little object
in using a coherent amplifier with such an image, and in fact its noise
can be a serious disadvantage.

If an object isilluminated by a maser oscillator, however, then densities
>>1 can be obtained, and in fact densities >1 are necessary in a com-
munication system in order to make full use of channel capacity. In such
systems a coherent image amplifier which can also easily preserve the
frequency, phase and direction of a signal may be of value.

VII. PUMP POWER REQUIREMENTS

One of the principal practical difficulties associated with optical
masers is that of providing the pump. Minimum pump power and mini-
mum pump color temperature are mutually exclusive, and in practice
a compromise must be reached. In this section we are concerned with
the effects of signal circuit design on the pump requirement of a CW
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amplifier. It is clear that with the use of materials whose quantum effi-
c¢iency is near unity (ruby has a Q.E. &~ 0.9) pump photons are required
only to replace those photons dissipated at the signal transition. In
practice, signal circuit design can affect the pump requirements by sev-
cral orders of magnitude.

The total number of photons emitted at the signal transition from an
uncertainty-limited (N = 1) maser amplifier is

C3 Go— 1n .
Ne =2 <§ﬁ ln G, ;+ GOD)° (13)

Here Gy is the numerical gain for a given cell and D the dynamic range
(equal to the maximum number of photons per cell in the input signal).
n is the density of particles per unit volume per spectral interval, and
from the previous equations n/r is related to Gy. The first term is due to
spontaneous emission and amplified spontaneous emission, and the
second is due to the amplified signal. Equation (13) may conveniently
be regrouped as

J Go—1n > ¢ Go—1n
Nr = All'Signal <87r1/2 In Gy +GD)+ sz 82 In Gy 7 (14)

Cells AC Remainder

The first term is determined entirely by the specifications placed on the
amplifier; i.e., it has a channel capacity AC, a gain Gy, and a dynamie
range D over this band. The first part accounts for the noise from an
uncertainty-limited amplifier. The second part is due to the signal. When
Gy&D >> 1, the first term becomes GoACD. The second term is the sum,
over all other cells into which the particles can radiate, of the spon-
taneously emitted and amplified spontaneously emitted photons. This
term, which is concerned with cells outside the signal band, represents
wasted encrgy. If AC contains only a small fraction of the total number
of cells, this term may be approximated as K(N/7) where N is the total
number of particles at the signal transition and K is the average of
(Gh — 1)/(In Gy). Evidently if the gain for these excess cells is unity,
then the second term is just N /7, the total spontaneous emission.

In a practical amplifier it seems likely that the specifications and the
design will be such that (14) will be represented to a good approximation

by

Certainly it is likely that a Go&D >> 1 will be required and hence the
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first part is a good approximation. If Go&D > 1, then an insignificant
amount of pump power will be saved by designing so that AC occupics
an appreciable fraction of the total phase space and further, since such
a design would appreciably increase the pump color temperature
requirements, it seems likely that the fraction will be kept small. Under
these circumstances, the second part is also a good approximation. A
signal circuit efficiency 5, may then be defined as

e = GoACD/(GoACD + K N/7). (16)

The preceding discussion is now applied to a single-mode transmission
system — i.e., one where the information is to be sent only in the
longitudinal domain. An obvious design for an amplifier in this application
might be a single-mode, single-polarization waveguide TWM using fibre
optics. A material with a quantum efficiency near unity, an inversion
near 100 per cent, and a signal linewidth just sufficient to give the re-
quired bandwidth might be used. As far as the material and signal struc-
ture is concerned, such a design has 100 per cent photon efficiency; i.e.,
every photon absorbed from the pump is available for amplification at
the signal frequency and in the signal mode. (To be strictly correct, the
efficiency is 25 per cent if it isa single-polarization, unidirectional ampli-
fier.) The ratio of stimulated to spontaneous emission is = [(Go — 1)/
In Gy) for high gain in the absence of a signal. If the requirement was for
a gain of 30 db then this ratio is &~20 db. Further since one-half of the
stimulated emission photons will be produced in the last 3 db (10 per
cent of the length) of the amplifier, the rate at which photons are pro-
duced at the output section is =210’ times that from spontaneous emis-
sion alone. This means that the idler relaxation time must be <107 of
the spontaneous emission lifetime and that the pump density must be
10 greater than that required to produce the same inversion in the
absence of gain. So far we have considered only the contribution from
amplified noise. If in addition we require that the device be able to
amplify a signal D X noise, the above figures of 10> and 10° become
10~° and 10° respectively, for D = 20 db. These perhaps impossible
requirements on the idler relaxation time and pump color temperature
have arisen because the device is too efficient.

A less efficient alternative design is now considered for the above ap-
plication. Consider an image amplifier of the type depicted in Iig. 14.
Since we are concerned with only one transverse mode, we need the
definition for only one image point —i.e., Il = A/A.

Equation (15) is a good approximation in this case. The first term,
which represents essential energy, is
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10 Gdb max
GOACD = GODAV & Gdb max ~ 3.
log 2

The second term, which represents wasted energy, is given by

N

K2 = K™ % volume = K\ ".
T T T

Also, if TV is isotropic and we have complete inversion, (2) gives

_ GapeAy go1
0.16\2 g1 n
and hence
N Gdb262AV2 <g2>2 T
K—=K — (<)
T KX 0.0256N% \g1/ n

As in the last example we assume the amplifier is required to have a
gain of 30 db and a dynamic range of 20 db. If 0.05 per cent ruby is used
at room temperature, if complete inversion is obtained and if further we
assume that, contrary to the device described in this paper, the isolators
use a negligible fraction of the total length, then

AC = 10" cps

giving
Gy ACD = 10'° photons per sec
also
~ 16 cm
giving

K N ~ 0.85 X 10” K photons per sec.
T
From (16) the structure efficiency is

1 —4
s =12 X107,
i R X 10
Since the signal is capable of interacting with almost all of the spins,
the signal photon density has negligible effect upon the required pump
color temperature with this value for », . It is essential to keep K small
since it has a direct effect on the required color temperature as well as
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on the required pump power. The index of refraction of most solid-
state maser materials is so large that unless special precautions arc
taken to prevent internal reflections, a large fraction of the off-axis rays
will see the full amplifier gain. This could casily lead to a value for
K =~ 100 for a 30-db amplifier with a corresponding two order-of-magni-
tude increase in the required pump power and energy density. An esti-
mate indicates that it should be possible to keep K < 2 with correspond-
ingly little effect on the power and density of the pump.

The two amplifiers just described represent design extremes. The
single-mode waveguide amplifier has a minimum pump power but an
excessively high pump density requirement (in this example 5 orders of
magnitude above that for spontancous emission alone). Conversely the
single-cell image amplifier has a minimum pump density but an excessive
pump power requirement (in this example 4 orders of magnitude above
that intrinsic to the specifications). A reasonable compromise objective
might be for n, & 50 per cent, in which case both the power and density
requirements would both be increased only by a factor of 2 from the
minimum.

The single-cell image amplifier just described is very inefficient because
only a small fraction of the total phase space is available to the useful
image core. A somewhat different gecometry can improve this. As an
example, one could break up the amplifier into say 10 sections, cach with
a gain of 3 db. Kach section is now capable of amplifying one image
point if /10 &~ A/\;i.e., A and hence K(N/7) can be reduced a factor
of 10 with a corresponding increase in 5, . Of course with this decrease
in A, the diffraction angle is larger and unity magnification lenses must
be placed between sections to reform the image at the input plane of
the next section. The extent to which this subdivision can be continued
is in practice limited by the fact that electronic gain per section decreases
with the number of sections while the circuit loss per section will be
substantially constant, leading to an eventual decrease in the net gain
of the entire device.

This section has been concerned primarily with amplifiers for use in
a single-mode transmission system, and the information has been con-
veyed in the longitudinal domain. It has been shown that pump density
and power can vary over wide ranges by signal circuit design. In prin-
ciple, analogous arguments apply to an image amplifier where informa-
tion is to be conveyed primarily in the transverse domain: in practice,
the problem is primarily one of increasing the efficiency and would ap-
pear to depend largely on obtaining narrow linewidth materials. Narrow-
frequency band filters are probably also necessary to obtain high effi-
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cieney. It is perhaps worthwhile noting that filters of the IFabry-Perot
type are narrow in entire momentum space and as such inhibit image
transmission.

VIII. RECIRCULATION

Since the amplifiers described here are traveling-wave devices, they
may be folded to achieve a more desirable geometry. An extreme case
of folding is to send successive signal passes through what is otherwise
a single section; i.e., an amplifier is designed so that its transverse ca-
pacity exceeds that required for the signal, which may then be recircu-
lated in this otherwise excess image space.

If, for example, one is concerned, as in the last section, with an ampli-
fier for a single-mode transmission system, then each pass must occupy
a region Ax Ay AP, AP, ~ h’. Further it is essential to make efficient use
of this transverse space if 7, is not to deteriorate. It may be necessary to
provide image guard bands to inhibit feedback: the resulting decrease
in 7, may in practice be more than compensated by an increase in the
pump circuit efficiency with this geometry.

The recirculating optics can take many forms. Rectilinear reflections
can produce the simple single-cell image amplifier described in the last
section in compact form. The addition of lenses can produce the folded
equivalent of the third type of amplifier described in the last section.
If a Faraday rotation isolator is used, an optically active material such
as quartz in the recirculating path can restore the polarization. The
number of passes is limited by the losses in the optics and by the amount
of feedback which can be tolerated.

IX. TRANSIENT BEHAVIOR

The fact that a TWM can store energy and release it on demand is
well known. This property has been of only academic interest at micro-
wave frequencies but may be one of the most important characteristics
of an optical device. The transient behavior of a TWM has been in-
vestigated by Schulz-DuBois® and may be summarized as follows. If a
strong signal in the form of a step function is applied, then the leading
edge will see the full amplifier gain and, in the process, will drain off
active particles so that successive portions of the signal experience less
gain. As the signal travels along the amplifier, it assumes somewhat the
shape of a shock wave where the sharp leading edge sees the full gain,
and the integrated energy in the pulse is essentially equal to the original
stored energy in the preceding portion of the amplifier. The output pulse
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width is limited by the rise time of the amplifier. This theory is valid
as long as the material characteristics at the signal frequency can be
described in terms of the rate equations.

The rise time of a ruby TWOM at room temperature is &2 X 10-12
sec. By using the pulse-sharpening property of the device, it may be
possible to produce light pulses shorter than any available by conven-
tional clectronies. .

It is easy to design a TWOM of cross section less than 1 ¢cm? whose
stored energy is greater than one joule. With such a device, rise time is
unlikely to limit the peak power; instead, the limitation will probably
be material breakdown. In the present design the Polaroid is believed
to be the most susceptible component but could be replaced by, say,
Glan-Thomson or Brewster angle polarizers. We expect that peak powers
of 107 watts/cm? can be achieved quite easily without focusing and that
considerably higher power densities are realizable.

Once the limiting power density and cross-scztional area are reached,
the beam can be divided into parallel channels forming a phased array.
If phase stabilities approaching that of the microwave TWM can be
achieved, several divisions will be possible.

X. CONCLUSION

The feasibility of an image-amplifying optical traveling wave maser
has been demonstrated. Since each section is short circuit stable, they
may be cascaded to produce any desired gain.

The experimental data on the gain as a function of pump power are
in good agreement with theory.

The loss and Verdet constant of high density PbO glass has been
measured and is such that in combination with dichroic polarizers it leads
to a satisfactory isolator. Materials with higher Verdet constants would
be preferable.

The theory shows that, in order to build an amplifier which is low
noise and which has a minimum pump requirement, one must use high
quality optics which are diffraction limited.

It is believed that very high peak powers and very short pulses can
be produced with the device.

An effective channel capacity ~10'5 ¢cps has been obtained and one
is faced with the rather unusual problem of reducing the bandwidth
of an amplifier.
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The recorded error data from a field testing program reported on by Alex-
ander, Gryb, and Nast have been further analyzed. New methods of analysis
have given more tnformation on the causes and nature of errors experienced
by data in the switched telephone plant. The results obtained will enable
workers in the field of error control to use the field test data more effectively.
The ideas presented will be useful to designers of future field tests.

TaABLE oF CONTENTS

I Introduction. ... .. ... .. . . 1399

I1. The Task Force Testing Program. ................................. 1400
II1. The Effect of Dropouts. ... ... ... ... ... . i i, 1401
IV. The Effects of Noise................ . ... 1402
V. Methods of Determining Bit Phase................................. 1403
VI. Methods of Finding Short Dropouts................................ 1408
VII. Analysis of the Dropouts......... ... ... . ... ... ... ... . ...... 1408
VIILI. Analysis of Errors due to Noise................................... 1409
IX. The Case of Call N0.2390......... .. ... ... . . i, 1409
X. Some Special Results. ....... ... .. .. ... ... 1410
XTI. The Role of the Test Word............. ... ... ... .. ... ... 1411
XII. Relation to Error-Control Schemes................................. 1412
XITL. Conclusions. . ............ ..o e 1413
XIV. Acknowledgments. ....... ... ... ... ... 1414

I. INTRODUCTION

The purpose of this paper is to describe certain characteristics of
errors affecting digital data in the switched telephone network. The
present results are based on an analysis of error data recorded in a field
testing program conducted by the Data Transmission Evaluation Task
Force of the Bell System. These data are summarized in a previous
paper by Alexander, Gryb, and Nast!' which sets forth numerous con-
clusions about the telephone plant, based on the test program. The
present paper reports the results of a sequence of statistical investiga-

1399



1400 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1962

tions which have made it possible to classify most of the errors into
several populations. The effect of the test equipment on the time-dis-
tribution of errors is also discussed.

II. THE TASK FORCE TESTING PROGRAM

This section contains a description of those aspects of the test pro-
gram which bear on the present discussion. Test calls were made by the
Task Force over a wide variety of circuits. Both local and long distance
calls were made over the switched telephone network and the perform-
ance of the circuits was recorded. Data concerning 1010 test calls were
gathered and used for analysis. The test calls were of three categories:
10-minute calls at 600 bits/second, 10-minute calls at 1200 bits/second,
and 30-minute calls at 1200 bits/second. Ifach of these categories was
further subdivided into “Exchange Calls’’ which used no long distance
switching facilities, “Short Haul Long Distance Calls” which were made
over distances of less than 400 miles, and “Long Haul Long Distance
Calls” which were made over distances of between 400 and 3000 miles.

The source of the transmitted data was a word generator which pro-
duced a sequence of marks and spaces repeating with a period of thirty
bits. This word generator was used to drive an FM modulator. (The
terms “mark’ and “‘space’ designate the two states of the FM channel.
The convention here is that the lower of the two frequencies used is
called mark and the higher is called space.) At the receiving end of the
circuit, the I'M signal was demodulated and compared with the output
of another word generator identical to that at the transmitting end.
When the output of the word generator at the receiving end agreed with
the received signal, the bit was accepted as correct; when they differed,
an error was noted. The two generators were kept in step by electronic
clocks. The sequence of marks and spaces produced by the word gen-
erators was as follows:

SSSSMSSSSMMSMSSMMMMSMMMMSSMSSM.

The sequence of bits received correctly and bits received in error was
recorded serially on a magnetic tape with two channels, as follows: The
first channel contained only clock pulses, one pulse per bit. The second
channel contained a pulse opposite the corresponding pulse in the first
channel every time an error was noted, and was blank whenever no error
occurred. The relative bit phase of the word generator, i.e., the position
in the 30-bit word where the call began, was not recorded for any of
the calls. The methods deseribed below made it possible in most cases
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to determine whether a particular error changed a mark into a space or
a space into a mark, and to determine which, if any, of the thirty posi-
tions in the test-generator word were most susceptible to errors.

The demodulator contained what is known as a zero-crossing detector,
which counted the number of times the received signal crossed a neigh-
borhood of zero. This detector delivered an output which was propor-
tional to the number of zero crossings per unit time. A threshold was
established and when fewer zero crossings were detected, a mark was
scored; when more zero crossings were detected, a space was scored.
Thus when no signal at all was received, the absence of signal was in-
terpreted as a mark.

With a detector of this type, impulse noise would be more likely to
add zero crossings to the received signal than to subtract them if the
impulse noise were of higher frequency than the signal frequencies used
in the tests. On the other hand, disturbances of lower frequency would
tend to change spaces into marks by subtracting zero crossings. As it
turned out, most errors caused by noise were mark-to-space errors, but
the fact most important to our methods of analysis was that a single
type of disturbance during a call caused one of the two types of error
predominately. By a “single type of disturbance” we mean any statis-
tically recognizable pattern of errors.

Much of the remainder of the discussion of this test program will de-
pend on three of the properties of the system mentioned above, namely:

(1) a eyclic 30-bit word generator was used,

(2) any particular kind of disturbance on the line caused errors asym-
metrically, i.e., either a majority of mark-to-space errors or a
majority of space-to-mark errors,

(3) loss of signal caused all bits to be received as marks.

During some of the calls in the test program, the circuit was lost and

a new attempt was made. On other occasions, the clock which kept
the receiving word generator in phase got out of step, sometimes because
of loss of signal. In either case, the error tape was erased and a new
error recording was started from the beginning. Some of the calls en-
countered one or both of the above difficulties. Only the calls which were
suceessfully completed were reported.

III. THE EFFECT OF DROPOUTS

Rather early in the study it became obvious that, in some of the test
calls, errors were caused not by noise but by loss or serious attenuation
(“dropout”) of the received signal, often for very short periods of time.
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When this occurred, all bits were received as marks and errors were re-
corded only when the receiving word generator produced a space. When
the receiving word generator produced a mark, the bit was recorded as
being received correctly even though the mark that was received was
completely independent of what was transmitted. The pattern of errors
recorded during such a period was:

111101111001011000010000110110,

where a 0 stands for a bit accepted as correct, and a 1 stands for a re-
corded error. Thus, when the line was open or for some other reason no
signal was being received during the tests, 16 errors were recorded for
every 30 bits transmitted. The error rate observed during a dropout is
evidently dependent on the proportion of spaces transmitted, which in
many systems of error control differs widely from 16 out of 30; for in-
stance, in the so-called 2/8 code, 2 marks and 6 spaces are sent in every
block of 8 bits.

Computer programs were written by the author which could detect
the pattern shown above in those cases where the dropout extended
over more than about twelve bits. A dropout occurring in the first nine
bit-positions of the test word would have caused eight errors, and, since
the computer program was adjusted so as to find dropouts causing more
than five errors, this dropout would be found. A dropout which covered
the sixteenth through the twenty-fourth bit-positions would not be
found, sinece it would have caused only one error and could not be dis-
tinguished from other error-producing cffects. Because of the distinctive
pattern of errors, the bit phase of the word generator could easily be
determined in calls with long dropouts.

IV. THE EFFECTS OF NOISE

During some test calls, the nature of the disturbances on the trans-
mission facilities was such that there were many more mark-to-space
errors than space-to-mark crrors. On other test calls, the reverse was
true. A computer program was written by the author which made it
possible to determine which calls were of these two types and to decide
the bit phase of the word generator in those cases. The exact methods
by which this was done are described in Section V.

In some calls, there were ten to twenty times as many mark-to-space
errors as there were space-to-mark errors. In these calls, errors did not
fall on all of the mark positions with even approximately equal frequency.
Some mark positions were more vulnerable to errors than others, al-
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though the vulnerable positions were not always the same in different
calls. In certain calls, the average number of errors on the four exposed
mark positions (a single mark between spaces) exceeded by a factor of
ten the average number of errors on the remaining mark positions.

V. METHODS OF DETERMINING BIT PHASE

Three different methods were used by the author to determine the bit
phase of the word generator in the test calls. None of these was effective
on calls with less than about fifty errors; in fact they occasionally failed
on calls with as many as several hundred errors. However, the bit phase
was determined for enough calls to account for somewhat more than 65
per cent of all the errors reported in the test program.

The first method was by far the simplest. The error data were visually
scanned for the characteristic pattern of a dropout. In only a few calls
were there long enough dropouts for this method to produce results.

The second method used the IBM 7090 computer to divide the se-
quence of good bits and bits in error into consecutive blocks of thirty
bits each. The positions in these blocks were numbered from 1 to 30 and
the number of errors corresponding to each numbered position was
totaled over all of the blocks in the call. This produced a sequence of
thirty numbers such as the one in Iig. 1, which is the result actually
obtained for one of the test calls, Call No. 2330; this was a 30-minute
Exchange Call at 1200 bits/second. This call had a total of 678 errors,
and if the errors fell randomly at each bit position, then more than half
of the thirty numbers in IMig. 1 would be expected to lie in the range
19-26 inclusive. This is far from being the case, since only three of them
do so. About half of the numbers are surprisingly small and most of the
rest are surprisingly large. There is a wide gap between the two collec-
tions of numbers. When the relative bit phase of the word generator in
this call is assumed to be that of IFig. 2, which is correct, the numbers
of errors corresponding to the fourteen bit-positions of the test generator
word which are marks are:

25, 31, 20, 85, 27, 40, 28, 79, 46, 55, 43, 22, 66, 44

and the numbers of errors corresponding to the sixteen bit-positions
which are spaces are:
9,1,11,2,3,8,2,2,6,4,7,1, 1,6, 4, 0.

It is difficult to ignore the fact that this choice of the relative bit phase
of the word generator divides the thirty numbers in Fig. 1 into two dis-



9 25 31 20 8 1 27 40 28 79 11 2 4 3 8 556 2 2 6 4 43 7 1 1 6 22 66 4 44 O

Fig. 1 — Output of computer program for call No. 2330.

9 25 31 20 8 1 27 40 28 79 11 2 46 3 8 55 2 2 6 4 43 7 1 1 6 22 66 4 44 O
SMMMMSMMMMS S MSSMSSSSMSSSSMMSDMS

Fig. 2 — Correct choice of word generator phase.

9 25 31 20 8 1 27 40 28 79 11 2 46 3 8 556 2 2 6 4 43 7 1 1 6 22 66 4 44 O
MSS S SMS S S S MMSMSSMMMMSMMMM S SMS S

Fig. 3 — Incorrect choice of word generator phase.
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tinct populations; the smallest number in the first list is 20 and the largest
number in the second list is 11. Another (but erroneous) choice of the
bit phase of the word generator is represented in Fig. 3. With this choice,
the numbers of errors corresponding to marks are:

9,1,11,2,3,2,2,6,4,7,1, 1, 6, 4
and the numbers of errors corresponding to spaces are:
25, 31, 20, 85, 27, 40, 28, 79, 46, 8, 55, 43, 22, 66, 44, 0.

Two of the numbers in the second list (the 8 and the 0) seem to stand
out as belonging more naturally to the first list.

Because of the pattern in Fig. 1 of four large numbers, then one small,
then four large, followed after an interval of six bits by four small, then
one large, then four small, the only choices of word-generator phase
which make sense are those shown in Figs. 2 and 3. The choice between
them is not difficult in this case. This pattern is repeated in dozens of
calls; often it shows up even more clearly than in the example given
here.

Calls in which there were numerous dropouts too short to be recog-
nized by eye had an excess of space-to-mark errors. These calls were
found and analyzed by the same method, but in this case high numbers
corresponded to spaces.

These two methods failed to determine the bit phase in many calls
which had very large numbers of errors. It was suspected that some of
these calls had both short dropouts and, in addition, enough mark-to-
space errors so that neither of the two kinds of error was in large excess.
To handle this situation, a computer program was written which pro-
duced sequences of thirty numbers as above, but this time the first line
included only the single errors, the second line included only the double
errors, ete. Two examples of this presentation are given in I'igs. 4 and 5.
Now, errors caused by noise most commonly occurred one by one, and
errors during a dropout occurred primarily in two’s and four’s as can be
seen by reference to the test-generator word. Therefore the first line of
this presentation could be scanned for any great preponderance of mark-
to-space errors caused by noise, and the other lines could be scanned
for evidence of short dropouts, which were also made more visible by
this presentation. Many of the remaining calls succumbed to this double-
barrelled attack. Iig. 4 gives an example of a call in which the errors
were mostly due to dropouts, and Tig. 5 gives an example of a call in
which the errors were mostly isolated mark-to-space errors.



3 1121 2013 2 2@ 213 421 2@ 2 103313 2 43
00011606 02 2 100 0@ 1000010010 o0 171 2
0 2 10000001 00020000 O0O0O0O0O0O0100TO0O0 0
®o0o 00 0@® o0oo000000000GO0O0O0O0O0O0O0TO0O0O0O0O0 0 1
100 000O0O0G®OOOUOOTOTOTOTOOOOOOOO0 2 00 0 0 0
0 00001 000O0O00O0O0OTOO0O OO OO0 O0O0O0IO0O0O0O0O0 000
000 0O0OOOO OGO OOOO0O0OO0OOTO0O0O0OIO0O0O0O0IO0 0 000
000 0O0O0O0OOUO OO O OOO OO OO0OO0OO0O0O0OO0O0O0O0O0O0 000
2 0000 00O0O0GO0OGO0OO0OO0OOIO0OOO0IO0O0O0O0O0O0O0IO0O0 000
$ $ 8 8SMSSSSMMSMS SMMMMSMMMMSSMS SM

Fig. 4 — Output of second computer program for call No. 2249. The top line of this presentation contains the total number
of isolated errors corresponding to each bit-position in the test word. The second line contains the total number of double errors
corresponding to each position, with an entry made only once for each double error at the first of the two bit-positions it covers.
That is, a double error on the first and second bit-positions would contribute 1 to the count in the first entry of the second line.
Third and following lines are similar displays of triple errors, ete. In this, the circled entries constitute strong evidence of drop-
outs.
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23 2131 0 41
00022000
00010000
0006O0OO0O0OO
SSSSMSSS

Fig. 5 — Output of second computer program for call No. 1607. In this call there is no evidence of
any dropout, but the first line indicates many more isolated errors on the marks than on the spaces.
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VI. METHODS OF FINDING SHORT DROPOUTS

Even though the last method mentioned was able to reveal short
dropouts in a call; it gave no indication of their exact lengths or where
they were located in the call. Another computer program was written
which went bit-by-bit through each call of known bit phase, and counted
up how many marks had been received out of the previous thirty bits.
If no errors were recorded in the previous thirty bits this number was
at all times 14. If mark-to-space errors were occurring, the number was
less than 14. But, if a dropout occurred, even over a few bits, the number
rose dramatically and made it clear where the dropout probably began
and ended. By this method, combined with visual inspecction of the
original data, every dropout which caused more than five errors in any
call of the test program was found, except for the remote possibility
that during a dropout noise simulated the transmitted word.

Another interesting phenomenon was discovered by means of these
computations; namely, that often there was a dropout during which a
few spaces would be received, but there was no correlation between
these spaces and the spaces actually sent by the transmitter. This in-
dicates that on occasion, even when the line was open, there was enough
noise received to simulate a space, so that some bits which were recorded
as correct in the field trials were actually the result of two potential
errors in the same bit-position whose effects cancelled. Short periods of
time during which the transmitted signal was absent, but during which
impulse noise caused several spaces to be received, are not classified as
dropouts, since the resulting error patterns are not distinctive.

VII. ANALYSIS OF THE DROPOUTS

In the test calls, a total of 58 dropouts extended over more than 12
bits, and these were analyzed. Of these, none were in Exchange Calls,
3 were in Short Haul Calls, contributing 110 errors, and the remaining
55 were in Long Haul Calls, contributing 3400 errors. The longest drop-
out was 1129 bits long (approximately 1 second). It is estimated that
dropouts lasting 12 bits or less contributed at least 1500 additional
eITOrS.

In addition to those discussed above, many dropouts occurred during
the tests and were not reported because these dropouts caused a loss of
synchronization between the transmitting and receiving word genera-
tors or were long enough to cause the test personnel to terminate the
call. The recording of errors in these cases was abandoned and a new re-
cording started.
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It is difficult, therefore, on the basis of the reported data, to specify
quantitatively the contribution of dropouts to the total error rate. This
contribution was negligible in the case of Exchange Calls and Short
Haul Calls. In Long Haul Calls, dropouts were a major source of error.
Even after the omission of records of many dropouts, as explained above,
about 10 per cent of all Long Haul Calls had one or more dropouts, and
these dropouts contributed over 20 per cent of the errors in Long Haul
Calls. :

Since there were no dropouts in the final data on Exchange Calls,
and only negligible ones for Short Haul Calls, and since a very large
number of calls were made in these categories, it seems safe to assume
that the causes for dropouts lay in long-distance transmission or switch-
ing facilities, or at least that these facilities formed an essential link in
the chain of causes leading to a dropout.

VIII. ANALYSIS OF ERRORS DUE TO NOISE

There were 36 calls in which the bit phase of the word generator was
established and in which there were no errors that could be attributed
to dropouts. In these calls, the number of mark-to-space errors was
slightly more than four times as great as the number of space-to-mark
errors. This statement, though true, is somewhat misleading, because
this was just the kind of call in which the bit phase was easy to deter-
mine. It is certain that none of the remaining calls with more than about
50 errors has any such discrepancy between the two kinds of error, or
else its bit phase would have been determined. What can be deduced is
that some transmission paths favored this kind of error very much.

In some calls, an abnormally high number of errors fell on those bit
positions which corresponded to single marks between spaces; in others,
an abnormally high number fell on the positions corresponding to marks
immediately preceding spaces. These effects may have been caused by
conditions on the line, such as high delay distortion; or they may have
been caused by characteristics of the test equipment, as illustrated in
Section IX.

IX. THE CASE OF CALL NO. 2390

Call No. 2390 was a 30-minute Long Haul Call at 1200 bits/second
with 4565 errors. This call had more errors than any other call in the
test program. In spite of the large number of errors, the three methods
described did not reveal the bit phase of the word generator in this call.
Therefore, the pattern of errors in the call was subjected to close scru-
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tiny. It was discovered that the sequence of good bits and bits in error
at the end of the call was precisely that which would be recorded if the
receiving word generator were one bit out of step with the transmitting
word generator. Somewhat further back in the call the pattern corre-
sponded to the two generators being two bits out of step. This was traced
back through the call step by step until finally a place was reached where
the two word generators were out of step by fifteen bits. By this time,
several thousand errors had been accounted for. The search was not
carried beyond this point.

Lvidently the bulk of the errors in Call No. 2390 were caused by a
failure of the terminal equipment to keep in step. These 4565 errors make
up 12 per cent of the errors observed during the entire testing program
and 17 per cent of those observed in Long Haul Calls.

It does not seem justified to let these pseudo-errors contribute to the
reported error rate on the telephone network. And it is certain that this
call should not be used in a study of error control or of the burst struc-
ture of errors, since not only the pattern of errors but the errors them-
selves were caused by the nature of the test equipment and not by the
characteristics of the telephone plant.

X. SOME SPECIAL RESULTS

During Call No. 1568, a Long Haul Call at 1200 bits/second, the field
test personnel noted that four bursts of errors which caused a total of
about 400 errors coincided with audible multifrequency keypulses. A
direct inspection of these errors failed to reveal much regularity in the
pattern of errors within the bursts. After the bit phase of the word gen-
erator in this call was determined, the sequence of received marks and
spaces was inspected. During the four keypulses, the received signal
conformed to the following four patterns, respectively:

MMMS SSMMMS SSMMMS 88
MMMMMSMMMMMSMMMMMS
MMSMMSMMS MMSMM S MMS
MMMMSSMMMMSSMMMM S S

with occasional errors superimposed, presumably arising from noise. These
patterns have periods of 6, 6, 3, and 6 bits, respectively, which corre-
spond to frequencies of 200, 200, 400, and 200 cps. These frequencies
may be related to the fact that the two tones transmitted simultaneously
during an MF pulse are always separated by a multiple of 200 cps.

In parts of some calls, remarkably many errors were separated by
exactly 57 good bits. On investigation, these all turned out to be calls
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at 1200 bits/second which terminated in a few particular step-by-step
central offices. Most probably, these errors were caused by some switch-
ing mechanism in the telephone plant which, when it operates, produces
a 21-¢ps disturbance.

In Call No. 1420, a Long Haul Call at 1200 bits/second, there were
four long dropouts and their lengths were 301, 302, 329, and 337 bits.
The closeness of lengths of these four dropouts suggests that all of them
had the same cause.

In Call No. 2429, a Long Haul Call at 1200 bits/second, there were
eight long dropouts and their lengths were 33, 33, 67, 67, 94, 95, 97, and
126 bits. All of these lengths are close to being multiples of 32 bits, again
suggesting a common source of the dropouts.

X1. THE ROLE OF THE TEST WORD

The choice of a eyclic word generator as the source of the transmitted
data did not affect the measurement of error rate significantly. However,
its characteristics were strongly reflected in the final error recordings be-
cause of the considerable contribution of dropouts to the total error
rate. The fact that the length of the test word was 30, a number with
many small factors, again did not affect the measurement of error rate;
but if the data were used in simulation experiments — for example, to
test an error-detecting code whose length was a divisor of the number
30 — the results could be biased by this choice of length of test word.

After the bit phase of many of the calls was revealed by analysis of
the error recordings, it was possible to resolve the following questions:

(1) whether any particular error changed a mark into a space or the

reverse,

(2) which, if any, of the 30 bit-positions were most susceptible to

errors,

(3) to what extent errors were caused by dropouts, and

(4) the contribution of terminal-equipment malfunction to the ob-

served error rate.

Using the bit phase to study the distribution of errors among the 30
bit-positions of the test word, it was discovered that the most vulner-
able positions were different in different calls. It would be instructive
to be able to compare these differences in vulnerability with the meas-
ured characteristics of the transmission medium. There were a number of
calls in the series for which almost all of the errors fell on a single bit-
position in the test word. It is not known either why this occurred or
which bit position was affected, since it is impossible to determine the
bit phase for such calls.
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XI1I. RELATION TO ERROR-CONTROL SCHEMES

Onc of the results of this study is the knowledge that with the modu-
lation scheme used in the testing program, the mark-to-space and space-
to-mark errors were not evenly mixed with each other. Ifor a long period
of time the mark-to-space variety was more abundant by a large factor,
owing to noise; at other times the reverse was true, because of dropouts,
interfering tones, and the like. An error-detecting code which counts
the number of marks per block is much more efficient in this situation
than when mark-to-space errors and space-to-mark errors are well mixed.

Tror example, in the 2/8 code, which has been suggested for error de-
tection, bits are transmitted in blocks of eight, and in every block there
are exactly two marks and six spaces. A received block with more or less
than two marks is detected as an error. This scheme will always detect
an error condition if a single error occurs in a block. If a block contains
two errors (which is likely because of the burst character of the errors)
then an error condition will be detected if both errors are in the same
direction but not if they are in opposite directions. Assuming that the
two kinds of error are well mixed and that sent marks are four times as
likely to be in error as sent spaces, we find that a double error in a block
will be detected only 39 per cent of the time. The truth is that, because
of the lack of mixing, a double error in a block would be detected over 90
per cent of the time by this code. During a dropout the situation is even
more striking. A message using this code would experience a bit-error
rate of 75 per cent during a dropout but every one of these errors would
be detected. The relative advantage of this code and of other codes of
this type would go unnoticed if the codes were evaluated by a direct
simulation using the field test data.

A useful technique in studying error-control methods is the construc-
tion of mathematical models of the occurrence of errors. Several such
models have been constructed using the field test data,?® and have been
used to study the effectiveness of error-control procedures.* To test the
validity of such models and to evaluate the parameters used in the
models, it is necessary to study the manner in which errors are distributed
in time, e.g., to what extent they occur in bursts. One way of doing this
is to determine the distribution of lengths of runs of consecutive errors
and the distribution of lengths of runs of good bits between errors.? Be-
cause of the structure of the test generator word, every run of consecu-
tive errors in the field test data during a dropout had length 1, 2 or 4
and every run of consecutive good bits during a dropout had length 1,
2, or 4. These distributions of run lengths depended only on the choice
of test-generator word. Also, repetitive patterns of errors in Long Haul
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Calls were often produced by causes other than dropouts. I'or instance,
the single event described in Section IX contributed 17 per cent of all
the errors in these calls, and occasions (described in Section X) when the
signal was overridden by tones contributed about another 10 per cent.
Thus, including dropouts, about half the errors in Long Haul Calls oc-
curred in repetitive patterns, and these patterns reflected the nature of
the test equipment and the modulation scheme rather than that of the
telephone plant.

Also, when short spikes of impulse noise caused bits to be received as
spaces regardless of what was transmitted, errors were recorded in the
field test data only when the occurrence of a spike of noise coincided
with a transmitted mark. Those which coincided with transmitted spaces
were not recorded as errors. Therefore, the mean length of runs of good
bits in the data is about twice the mean distance between spikes of im-
pulse noise. If the mark-counting code described above were tested
against these data, it would appear to experience twice as many errors
as it would have experienced if it had been used on a real-life channel.

XIII. CONCLUSIONS

With no knowledge of the bit phase of the word generator, the only
error statistics which could be reliably deduced from the field test data
were the error rates themselves. With the recovery of the bit phase, the
proportion of mark-to-space errors could be determined, dropouts were
revealed, and certain malfunctions of the test equipment were discovered.
Now a considerable amount of additional information is available about
the causes and nature of errors experienced by data in the switched
telephone network. This information makes the existing data more use-
ful for simulation and analysis.
The analysis reported in this paper confirms some results of Ref. 1
and modifies some others. It is unrelated to most of the material dis-
cussed in Ref. 1. Specifically:
(1) The subject matter of this paper has no bearing on Iigures 1-25
of Ref. 1.

(2) The reported error rates and the distributions of error rates by
classes of calls are essentially as indicated in Iigures 26-29 of
Ref. 1.

(3) The time distribution of errors over large blocks (e.g., more than
50~100 bits), as shown in the right-hand portions of Figures 30,
31, 32, 34, 36, and 38 of Ref. 1, is not changed.

(4) The validity of the time distribution of errors over very short
blocks, (e.g., 2-10 bits), as represented in Figures 33, 35, 37, 39
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and the left-hand portions of FFigures 30, 31, 32, 34, 36, and 38 of
Ref. 1, has not been confirmed.
(5) The problem mentioned in (4) throws doubt on the data used
to construct I'igures 40-43 of Ref. 1.
The results whose validity is questioned in (4) and (5) follow from ar-
bitrary choices made in designing the field tests. The effects of such
choices are considerable and hard to evaluate. It is therefore difficult
to assess the nature and extent of the changes that should be made in
the figures named in (4) and (5).

Because line dropouts (and the loss of word-generator synchronization
in one call) contributed significantly to the error rate, the choice of the
test word influenced the time distribution of errors, as noted in (4)
above. This must be considered in evaluating schemes for error correc-
tion and detection.

In most of the calls with high error rates not caused by dropouts, the
errors had a distinet tendency to change marks into spaces. This also
must be considered in evaluating error-control schemes.

It must also be borne in mind that the property of receiving all bits
as marks in the absence of signal and the property that impulse noise
usually changes marks into spaces are not themselves characteristics of
the telephone plant, but are dependent on the particular devices used
for modulation and demodulation (Ref. 1, pp. 435-6). The important
point is that the methods and point of view of this paper can be applied
to data obtained with any system of modulation. One cannot hope to
devise a good method of controlling errors without a deep knowledge
of the nature of the errors and of how the terminal equipment is affected
by them.
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Grade of Service of Direct Traffic Mixed
with Store-and-Forward Traffic*®

By JOSEPH OTTERMANY
(Manusecript received November 28, 1961)

The dual use of trunks for both direct and store-and-forward (S/F) traffic
makes high trunk efficiency possible. The resultant trunk savings are im-
portant in communication systems in which long-haul trunks contribute
heavily to the cost of the system. This paper reports work on the computa-
tion of trunking tables that could be used to engineer trunk requirements
for prescribed loads and distributions of direct and S/F traffic.

A method of computation and some specific results in terms of grade of
service of direct traffic and traffic capacity for S/F traffic are presented.
The numerical results are for lwo to forty-eight trunks. The results apply
to the case of exponentially-distributed holding times of both the direct and
the S/F traffic.

I. INTRODUCTION

Direct traffic is a user-to-user service (generally voice) requiring a
connection to be established promptly on demand. Store-and-forward
(8/T) traffic, on the other hand, is stored at or near the originator’s
location and is later sent to its destination, either directly or through
further intermediate storage. If S/I" traffic is sent only when the direct
traffic load is light, large amounts of S/F traffic can be accommodated
with very slight degradation of direct traffic service. This can be es-
pecially important in a long-haul communication system where the
trunk group cross sections (number of trunks in a group) are small.
Such trunk groups are notoriously inefficient if used only for direct
traffic, but they have a substantial ability to handle additional S/F
traffic.

* This work has been carried out under U. S. Army Signal Corps Contract
DA-36-039-SC-78806.

t IT.T Federal Laboratories, Nutley, N. J., (work performed for Bell Tele-
phone Laboratories). Present affiliation, General Electric Company.
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The basic operating method analyzed in this paper is as follows. The
occupancy of the trunks in a trunk group is monitored, and whenever
the occupancy drops below a certain level, the S/I' traffic is allowed
access to the idle trunks. The sending of an S/IF message is not inter-
rupted in order to service arrivals of direct traffic, but when transmis-
sion of an S/I" message is begun, a specified number of trunks is always
held in reserve for direct traffic. Under the foregoing rules, the present
analysis establishes (¢) the grade of service of direct traffic and (é7) the
amount of S/I traffic that can be accommodated. Direct traffic conges-
tion discipline is assumed to be governed by the lost-calls-cleared assump-
tion,* which means that direct calls which encounter an all-trunks busy
condition do not reappear in the busy hour.

The statistical nature of traffic is first summarized. The problem of
dual use of trunks is formulated as a probabilistic net representing a
Markov chain. It is assumed that a queue of S/F traffic exists at all
times. Using cut-sets in the state graph, this probabilistic net is ana-
lyzed to derive expressions for the steady-state probabilities of trunk
occupancy. I'rom the expressions of trunk occupancy for a given load
of direct traffic, the grade of service of the direct traffic and the amount
of the S/If traffic that can be accommodated are determined. A glossary
of symbols is given in the appendix.

II. MATHEMATICAL ANALYSIS

2.1 Statistical Properties of Traffic

The direct calls are assumed to be generated individually and col-
lectively at random. The expected number of arrivals per hour is denoted
as n. The expected number of arrivals during a fraction of an hour dr
is simply given by n dr. When dr is short enough so that multiple events
are improbable, the probability of an arrival during dr is equal to the
expected number of arrivals: i.e., equal to n dr.

In the following discussion it will be more convenient to measure
time in fractions, dt of the average holding time of the direct traffic,
which is denoted 7'. Then the probability of an arrival during a short
time, di, is therefore:

Probability of an arrival during dt = »nT dt = a dt. (1)

* The assumption of lost-calls-cleared is especially appropriate when an alter-
nate route is provided for calls that encounter the all-trunks-busy condition.
When an alternate route is provided, the probability of loss should be interpreted
as the portion of calls that overflow, seeking the alternate route.



DIRECT AND STORE-AND-FORWARD TRAFFIC 1417

The product nT, which is denoted a, denotes the offered direct traffic
measured in erlangs. It represents the expected number of calls in prog-
ress on a fully served basis. Equation (1) indicates still another signif-
icance of a: it is the expected number of arrivals during one holding
time.

The holding times of both the direct and the S/T traffic are assumed
to be exponentially distributed (with average T for the direct and ¢,
for S/F traffic). Under the assumption of exponential holding times,
the probability of termination of a call with average holding time 7T
during a differential interval dr is given by dr/T plus terms negligible
in the limit dr — 0. In fractions dt of the holding time 7', this probability
is simply dt. When « calls are in progress, the probability of the termina-
tion on one of these calls during a differential interval d¢ is given by:

Probability of a termination out of x calls = « dt. (2)

Similarly, the probability of a termination out of z S/F messages in
transmission is rz dt, where r is the ratio T'/t, .

The probability of a termination during dt depends on the present
status of the trunk group: i.e., the number of calls in progress. Neither
the probability of an arrival (1), nor the probability of a termination
(2), depends upon the past history of the calls. This demonstrates the
fact that under the above conditions the trunk occupancy is a Markov
process.

The assumption of lost-calls-cleared is used; that is, a direct call that
encounters a condition of all-trunks-busy is cleared from that trunk
group and does not reappear in the busy hour. In the absence of S/IF
traffie, the trunk occupancy is a relatively simple Markov process, which
is shown in the flow diagram in Ifig. 1. Statistical equilibrium considera-
tions lead to the following formula for the probability G, of exactly z
trunks being busy:

a*
x!

G, = c—y; (3)

a
y=0 y'

The probability of loss (probability of all-trunks-busy) is the well known
Erlang B formula 2
aC

Bleg) — —c'—a (4)

=0 y!
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a
—_——
X

a
—_—
X+

Fig. 1 — Markov chain for trunk occupancy under lost-calls-cleared assumption, no S/F traffic.
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2.2 Trunk Occupancy by Direct and S/F Traffic on a Lost-Calls-Cleared
Basis

2.2.1 One Trunk in Reserve, s = 1

The queue of S/I' traffic is given access to the trunk group only when
the occupaney is such that one trunk will remain idle after transmission
of an S/I' message is initiated. An S/F queue is assumed to exist at all
times, which means that whenever two trunks in the trunk group be-
come idle, one of them is taken for S/I' transmission. When the reserve
trunk becomes busy with direct traffic, S/IF transmission is stopped on
the trunk on which the next (in time sequence) termination of an S/T
message occurs. This last-mentioned trunk then becomes a reserve
trunk.

The occupancy of trunks can be regarded as a Markov process, which
is shown in the flow diagram of Fig. 2. The circles in the bottom row
represent states in which one trunk is available to accommodate possible
arrivals of direct traffic. Conversely, the circles in the top row represent
all-trunks-busy conditions. Trunk occupancy by S/ traffic is repre-
sented by the index z, which, in Fig. 2, increases from left to right. S,
represents the steady-state probability of z trunks busy with S/T traffic
(in the bottom row):ie., (¢ — 2z — 1) trunks busy with direct traffic
and one trunk in reserve. R, represents the steady-state probability of
z trunks busy with S/F traffic (in the top row): i.e., (¢ — z) trunks busy
with direct traffic and no trunks idle.

In the steady state, the transition probabilities out of S, during dt
are: a dt S, through a new arrival (transition into R.) and (¢ — 2z — 1)
dt S, through a termination of one of (¢ — z — 1) direct calls in progress
(into S,y since, as soon as two trunks are recognized as idle, one of
them is seized for S/F transmission).

Transition probabilities into S, are: (¢ — 2z)dtR, through a termina-
tion of one of (¢ — z) direct calls in progress in state R. (in the time
interval after an arrival of a direct call and before the next termination,
in time, of an S/¥ message); (z + 1)r dtR.y; through a termination of
one of the (2 + 1) S/I messages in progress in state R,y ; and (¢ — 2)
dt S.—; through a termination of one of the (¢ — 2) direct calls in prog-
ress in state S._;. Equating the transition probabilities out of S, to
transition probabilities into S, results in the following equation:

(at+ec—2z2—1)8:=(c—2)Scuu+ (2 + 1)r Beps + (¢ — 2)R.. (5)
The transition probabilities out of R. during df are: (¢ — z) dt R,
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Fig. 2 — Markov chain for trunk-occupancy under lost-calls-cleared assumption, dual use of trunks, one trunk in reserve.
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through a termination of one of (¢ — z) direct calls in progress (into
S:) and zr dt R. through a termination of one of z /1" messages in prog-
ress (into S._;). The transition probability into R, is adt S. through an
arrival of a direct call.

It should be pointed out here that if a new, direct arrival occurs when
the chain is in state R., one call is lost (or takes another route), but
transition to another state does not occur under the assumption of lost-
calls-cleared.

Equating the transition probabilities into R, to transition probabil-
ities out of R, results in the following equation:

aS. = (¢c — 2+ 2r)R, = [e + 2(r — 1)]|R.. (6)
Subtracting (6) from (5) results ‘n
(z+ 1)R.py=(c—2—1)S:.— (¢ —2)8.a+2rR,. (7)
This relation is satisfied if the following holds:
(z 4+ DrR. = (¢ —z2—1)8, (8)
and therefore,
arR, = (¢ — 2)S,;. 9)

Actually, the recurrence relation of (8) and (9) can be observed directly
by equating the transition probabilities through the appropriate cut-set
in I'ig. 2.

We will express first B, and S,,0 £ 2z < (¢ — 1), in terms of Ry,
the probability that all trunks are busy with direct traffic. Combining
(6) and (8) shows that

ar(z + )R.u = (¢ — 2 — 1)[c + 2(r — 1)]R. (10)
and therefore,
arzR, = (¢ — 2)[c + (z — 1)(r — 1)]R. . (11)
Tteration of (11) results in the following expression for R, :
e+ 00 — Dlle + 10 — Dlle + 2(r — 1)]

e+ (2 —1)(r —1)]
2l re (12)

(e=1)(c—=2) -+ (c—2) Re
a )

R, =

From (12) and (6),
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[c+0(r — Dlle + 1(r — Dllec + 2(r — 1)]
S, — cee e +2(r — 1)]
? 2l r: (13)

le=1)(c~2) - (c—z)R0

a*tl

Now, R, can be determined for a given load a by noting that the sum
of probabilities R, and S, adds up to unity:

c—1

ZR + 2.8 =1 (14)

z=0
Introducing R, and S, from (12) and (13), respectively,

fe +0(r — Dlle + 1(r — Dlle + 2(r — 1)]
e+ (z—=1)(0r — 1)]

zlre

1 _$

Ry

I
<

(e=1)(c—=2) - (c—2)
aZ

e+ 0(r — Dlle + 1(r — D]lc + 2(r — 1)]

— s e+ 2(r — 1))
+z;0 zlre
Lle=1(—=2)--- (c—2) (15)
az+l

=Zo{a+c+z(r—1)}

2=

le+0 —Dlle+1(r =] ---[e + (¢ — 1)(r — 1)]

zlre

(le=1)(c—=2) - (c —2)
az+1 *

The probability of loss corresponds to the probability that all trunks
are busy: i.e., the sum of the probabilities B, . This can be referred to as
the dual-use-of-trunks formula, D(e,a,r,1) for ¢ trunks, e erlangs of
offered direct load, ratio r of holding times, and one trunk in reserve.
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D(eca,r,l) = ZRZ
e + 00 — Dllc + 1(r — 1)]
= e+ (2 =D = 1)]
=0 2l r
(le=1(c—=2) - (c—2)
= al . (16)

c

0[a+c+Z(r—1)]

z

[

[c + 0(r — Dlle + 1(r — 1)]
e+ (2 —=1)(r —1)]

zlr?

(c—1)(c—2) - (c —2)
az+l

.

The amount of S/F traffic in erlangs that can be accommodated is
denoted b. It is given by

c—1 c—1
b =228 4+ 2 2R.. (17)
z=0 z=0

Equations (16) and (17) constitute the results sought.

The load b can be determined by a simpler formula when the grade
of service D(c,a,r,1) has been caleculated. This formula can be arrived
at by the following rcasoning. The load in terms of trunks occupied is
¢ — 1 at all times, plus one additional trunk with probability D(c,a,r,1).
The erlang load in terms of traffic carried is b for the S/F traffic and
a[ll — D(c,a,r1)] for the direct traffic. [The portion aD(c,a,r,1) is
cleared under the assumption of lost-calls-cleared.] Equating the two
results yields the following equation,

b+ a[ll — D(ca,r,1)] =c¢ — 1+ D(ca,r,l) (18)
and therefore
b=c—1—all — D(carl)] + D(canrl)
=c¢— (a+ 1)[1 — D(eca,r,1)]. (19)

It should be pointed out that for r — o« the probabilities R, — 0
as 1/r (except for Ry). In this limiting case the probability of loss tends
to B(c,a) with the difference—i.e., the impairment due to the S/I" traf-



1424 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1962

fiec—being of the order of 1/r. This can be written

lim [D{(c,a,r,1) — B(ca)] =0 (;) . (20)
The probabilities Ry, Sy, Si, -+- S, tend to become, respectively,

Gc,Gc—lch—-Z"‘G()-

2.2.2 Two Trunks in Reserve, s = 2

In this case, the queue of S/F traffic is denied access to the trunk
group unless two trunks will remain idle after transmission of an S/I?
message is initiated. A queue of S/I traffic is again assumed to exist at
all times, which means that as soon as three trunks in the trunk group
become idle, one of them is taken for transmission of an S/F message.
When one (or two) of the reserve trunks becomes busy with the direct
traffic, S/I transmission is stopped on the trunk on which the next (in
time sequence) termination of an S/F message occurs. The flow diagram
of the process is shown in Fig. 3. In states S, two trunks are idle; in
states W, one trunk is idle; in states R, all trunks ase busy. Thus, in
state S., z trunks are busy with the S/T" traffic and (¢ — z — 2) with
the direct traffic; in state W, , z trunks are busy with the S/I¢ traffic and
(¢ — z — 1) with the direct traffic; in state R, , z trunks are busy with
the S/I" traffic and (¢ — 2z) with the direct traffic. The transition prob-
ability coefficients are as given in the Fig. 3.

Three basic equations are presented now, which state that the net
transition flow through three cut-sets is zero under the steady-state con-
ditions. The three cut-sets are indicated in Fig. 3 by lines of dots.

aS; + 4+ 1)Rpyy=(c—2—1W. 4+ (¢c —2z—1)S,., (21)
(c —2—1)S,y = 2rR, + 2rW, (22)
(c—z+ezr)R. = [c + 2(r — DR, = aW.. (23)
On the basis of (23), (22) can be rewritten as follows:
(c—2z—1)S,, =c2r [1 + (Lz((::—lz:l R.

(24)
a
o1+ oo —T)] ke

and similarly,
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two trunks in

>

calls-cleared assumption, dual use of trunks

Fig. 3 — Markov chain for trunk occupancy under lost-

reserve.

&
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(c—2—2)8, = (2 4+ l)r[l yot (e +al)(r - 1)] R

(25)
a
c+ z+ D(r — 1)] W

Introducing the relation from (25) into the left side of (21) and the
relation from (24) into the right side of (21), we obtain

c—2z2—2
a[1+a+c+(z+1)(r—1>]s‘

_ [(c —r—1) +oer (1 +c+z(aTl)>:| W. (206)

=[C+Z(T—1)—1+ET~:ZTa_—U:|Wz.

= (Z+1)r[1+

We assume R, is known and proceed to derive the other probabilities in
the following manner: ¥, is determined from R, through the use of (23),
which is rewritten in a convenient form as (27). S, is determined from
W through the use of (26), which is rewritten in a convenient form as
(28). R, is determined from S, through the use of (25), which is
rewritten in a convenient form as (29):

w, = etz = 1] z(; = Ulp 27)
zra
S=[c—l—z(r—1)—l-l-c———_'_z(r_l)]W o5)
: a [1 + c—2z—2 :I :
a+c+ (z+1)(r—1)
_ (c—2z—2)a
Ren = e Dlater Grno -
We obtain, using (27), for z = 0,
Wo = Mf__l_)] Ro. (30)

(23

Using (28), for z = 0,
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[~ Ora
c—l—O(r——l)—l—i——————]
S, = L c+0(r—1) W,

i c—0—2
a_1+a+c+l(r—l)] a0
[ Ora
:_“’0(“1)‘1+c+o'<r—1>][c+0<r—1>1R
—1 c—0—2 :l a? 0
| +a—|—c+1(r—1)
Using (29), for z = 0,
_ (¢ =0 — 2)a
R‘_lr[a+c+1(r—1)]s"
Ora
=[C+O(T—1)_1+c+0(r—1>][c+0<r—1)] (32)
[1+ c—0—2 } a
a+c+1(r — 1)
. c—0—-2 R
la+c+1(r—10] "
Using (27), for z = 1,
W1=[ci1(—ar‘—1>]&. (33)
Using (28), forz = 1,
1ra
c+1(r—1) =14+ —"7——
S, = c+ 1(r — 1) W (34)

c—1—-2
a|:1+a+c+2(r—1):|

Trinally

. kra
R :ﬁc-l-k(r—l)ﬁlic-'_k(r_l) _1+c+lc(r—1)]

k=0 a k=0 c—k —2
“[1+a+c+(k+1)(r—1)] (35)

.Z*I (c =k —2)a
kI=IO (k=4 Drle+ (k+ 1)(r — 1)

j fo
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[c+lc(r—1)—1+—km—]

CTre+ k(r—1) 57 c+ k(r —1)
W/Z—_k=HU a ;I:Io |:1+ c—k—2 ] (36)
“ atect (k+ D(r—1)
I;I (¢ — k — 2)a

k+ Dyrle + (k+ 1)(r — 1)]

kra
Hc—i—k(7—1)zl_+ b(r = 1) = c+lc(r—1)]
k=0 a l: c—k—2 :I
TeTcrarne=1] ©)
(¢ —k — 2)a
=0 (b + Drle+ (K + 1)(r — 1)]

Now Ry can be determined, since

“:1_

c—2 c—2

ZR +ZW+TS_1 (38)

The probability of loss D(c,a,r,2) is equal to the probability that all
trunks are busy

c—2

D(car2) = 2 R.. (39)
z==0

When values for R, obtainable from (35), (36), (37), and (38) are used
in (39), it can be regarded as the dual-use-of-trunks formula D{c,a,r,2)
for ¢ trunks, @ erlangs of offered direct load, ratio of holding times r, and
two trunks in reserve.
The amount b of the S/I" traffic in erlangs that can be accommodated
is given by
c—2

b_ZzR +ZzW +Zzs (40)

It should be pointed out that for r — o, the probabilities B, — 0 as
1/r* (except for R,) and the probabilities W, — 0 as 1/r (except for
Wy). In this limiting case, the probability of loss tends to B(c¢,a) with
the difference — i.e., the impairment due to S/F traffic — being of the
order 1/7":

lim [D(car,2) — Blea)] = 0 C_) (41)

7T>%0

The probabilities Ry, Wy, So, S1, +++ S.—e tend to become, respectively,
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G, Gy, Gy, Gy -+ Gy. The load b becomes
b=c¢c—2—a[l — D(canr2)]+ 26+ G._. (42)

This can be seen by the following reasoning. The load in terms of trunks
occupied is (¢ — 2) trunks at all times, one additional trunk with the
probability G._; and two additional trunks with the probability G..
The erlang load in terms of traffic carried is b for the S/I* and a[l —
D(e,a,r,2)] for the direct traffic. Equating the two results yields (42).

III. RESULTS AND CONCLUSIONS

The recurrence relations for trunk occupancy probabilities as derived
above were programmed on an IBM 704 computer by Miss B. Berman.
Two types of programs were written:

1. The grade of service of direct traffic and the amount of S/IF traffic
accommodated are calculated for a given amount a of direct traffic, a
given number of trunks in a trunk group, and either one or two trunks
in reserve.

72. The amount a of direct traffic and the amount of S/I® traffic are
calculated for a given grade of service assigned to direct traffic, a given
number of trunks in a trunk group, and either one or two trunks in re-
serve. This computer program is similar to (¢) except that it involves
successive approximations in the amount of direct traffic to obtain the
desired grade of service.

These computer programs were used for trunk groups ranging in size
from 2 to 48 trunks. Special attention was given to one ratio of the aver-
age holding time of direct traffic to the average holding time of S/IF
traffie, r = T/t, = 300/3.6 = 83.3. This ratio was selected to correspond
to the average holding times which were originally expected in the
UNICOM system, for which the study was initially done. For the direct
traffic, T = 5 minutes = 300 seconds, and for the S/T traffic, {, = 3.6
seconds. This last figure was obtained by assuming 150 words for the
average message length, 42-bits-per-word digital coding, and 2400-bits-
per-second transmission speed. Approximately one second is allowed in
the total for the average time required to establish the connection. Thus,
on the average, for one fully loaded trunk, 1000 S/F messages per hour
is the equivalent of only 12 direct calls.

Calculations in the first type of program above were made for offered
loads of direct traffic determined by the formula B(c,a) = 0.05. The
resulting grade of service of direct traffic and the amount of S/I' traffic
carried for r = 83.3 are presented in Table I. (The grade of service is
plotted as a solid line in IFigs. 4 and 5.) It can be seen that substantial



Tasre I — D(c,a, 83.3,s) AND b For B(c,a) = 0.05

One Trunk in Reserve Two Trunks in Reserve
[4 a
D(c,e,83.3,1) b D(c,a,83.3,2) b
2 0.38132 0.05255 0.69127 — —
3 0.89940 0.05477 1.20463 0.05003 0.41676
4 1.52462 0.05670 1.61853 0.05008 0.79092
5 2.21848 0.05842 1.96954 0.05014 1.11664
6 2.96033 0.05996 2.27714 0.05021 1.40371
7 3.73782 0.06137 2.55294 0.05028 1.66049
8 4.54297 0.06267 2.80439 0.05036 1.89308
9 5.37025 0.06387 3.03662 0.05044 2.10599
10 6.21572 0.06500 3.25327 0.05052 2.30257
12 7.95007 0.06704 3.64998 0.05069 2.065643
16 11.54361 0.07053 4.34111 0.05105 3.25047
20 15.24928 0.07344 4.94398 0.05140 3.74232
24 19.03073 0.07592 5.49001 0.05176 4.16546
30 24.80184 0.07908 6.23847 0.05229 4.71144
36 30.65736 0.08173 6.92986 0.05279 5.18284
48 42.53693 0.08598 8.20641 0.05374 5.98058
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Fig. 4 — Grade of service D(c,a,r,1) with a given by B(c,a) = 0.05, vs number
of trunks c.
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amounts of S/I traffic can be carried. When one trunk is held in reserve,
the amount ranges from 0.7 erlang (700 messages per hour) in the case
of a trunk group with 2 trunks, to 8.2 erlangs (8200 messages per hour)
in the case of a trunk group with 48 trunks. When two trunks are held
in reserve, the amount ranges from 0.42 erlang (420 messages per hour)
in the case of a trunk group with 3 trunks, to 6.0 erlangs (6000 messages
per hour) in the case of a trunk group with 48 trunks.

The impairment in grade of service to direct traffic — i.e., the differ-
ence between the grade of service under the dual use of trunks and the
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grade of service when no S/F traffic is sent (for the same amount of
direct traffic) —is rather small when 1 trunk is held in reserve and
practically insignificant when 2 trunks are held in reserve. The impair-
ment increases from 0.003 for the 2-trunk group to 0.036 for the 48-trunk
group when 1 trunk is held in reserve, and from 0.00003 for the 3-trunk
group to 0.0037 for the 48-trunk group when 2 trunks are held in reserve.

Similar calculations were carried out for different ratios r of holding
times, ranging from 100 to 1. The grade of service to the direct traffic
is plotted, with » as a parameter, as dashed lines in I'igs. 4 and 5. The
impairment increases rapidly with decreasing r. If the impairment were
plotted as a function of r, it can be seen that for » > 10 the impairment
obeys closely the asymptotic functional relation 1/r of (20) for s = 1
and 1/7% of (41) for s = 2. For lower r, the impairment increases more
slowly than 1/r for s = 1, or 1/7% for s = 2. The capacity b for carrying
S/I" traffic increases slowly with the increase of probability of loss,
which is indicated for s = 1 by (19).

Calculations in the second type of program were used to obtain the
offered amount of direct traffic, which will result in grade of service
0.05 under the dual use of trunks: i.e., load a in erlangs determined by
D(c,a,83.3,1) = 0.05 and by D(c¢,0,83.3,2) = 0.05. The amount b of
S/T traffic was computed at the same time. These results are presented
in Table IT and I'ig. 6. Comparing dual use of trunks having 1 trunk in
reserve with use of trunks for direct traffic only at the same grade of
service, it can be seen that for the 2-trunk group, 0.7 erlangs of S/I

TaBLE II — a AND b FOR D(c,a,83.3,5) = 0.05

One Trunk in Reserve Two Trunks in Reserve
D(c,,83.3,1) = 0.05 D(c,a,83.3,2) = 0.05
¢
a b a b
2 0.36953 0.69894 — —
3 0.85954 1.23344 0.89912 0.41686
4 1.44427 1.67795 1.52364 0.79143
5 2.08803 2.06637 2.21629 1.11790
6 2.77203 2.41657 2.95642 1.40608
7 3.48519 2.73907 3.73167 1.66431
8 4.22041 3.04060 4.53409 1.89868
9 4.97292 3.32572 5.35812 2.11369
10 5.73925 3.59771 6.19983 2.31268
12 7.30392 4.11127 7.92525 2.67221
16 10.52058 5.05545 11.49555 3.28063
20 13.80962 5.93086 15.17145 3.79025
24 17.14272 6.76441 18.91730 4.23396
30 22.19328 7.96639 24.62530 4.81501
36 27.28129 9.13277 30.40758 5.32546
48 37.51678 11.40906 42.11484 6.21013
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traffic (700 messages per hour) can be sent at the cost of decreasing the
offered direct load from 0.381 erlang to 0.369 erlang: i.e. by 0.012 erlang
(a fraction 0.14 of the average holding time of a direct call). For the
48-trunk group, 11.4 erlangs of S/F traffic (11,400 messages per hour)
can be sent at the cost of decreasing the offered direct load from 42.5
erlangs to 37.5 erlangs: i.e. by 5.0 erlangs (60 direct calls). Making a
similar comparison when two trunks are held in reserve, it will be noted
that if the offered load a determined by B(c,a) = 0.05 were to be plotted
in Fig. 6, it would virtually coincide with the plotted offered load a
determined by D(¢,a,83.3,2) = 0.05. Thus, the decrease in direct capacity
is negligible. In Table III an example is presented of trunk occupancy
probabilities which result from a calculation in the second type of pro-
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TaBLE IITl — TruNK OccuraNcY PROBABILITIES

One Trunk in Reserve Two Trunks in Reserve
D(5,a,83.3,1) = 0.05 D(5,a,83.3,2) = 0.05
z z
R, Sz R, W, Sz

0 0.03912 | 0.09368 0 0.04977 | 0.11229 | 0.19610
1 0.00450 | 0.18807 1 0.00018 | 0.00688 | 0.27160
2 0.00338 | 0.27508 2 0.00004 | 0.00322 | 0.24702
3 0.00220 | 0.26559 3 0.00001 | 0.00098 | 0.11190
4 0.00080 | 0.12758

Total 0.05000 | 0.95000 0.05000 | 0.12337 | 0.820663

gram; probabilities R, and S, for D(5,a,83.3,1) and the probabilities
R., W., and 8, for D(5,a,83.3,2) are given.

These calculations were repeated for different values of r ranging
from 100 to 1. The capacity a for carrying direct traffic determined by
D(c,a,r,1) = 0.05 is plotted in T'ig. 7 and by D{c,a,r,2) = 0.05 in Fig. 8.

The following conclusions can be drawn from the numerical results.
The dual use of long-haul trunks for both direct and S/I" traffic can be
economically attractive. The calculations indicate that when one or two
trunks are held in reserve for possible arrivals of direct traffic, it is pos-
sible to send large amounts of S/F traffic on the same trunk groups as
direct traffic with little or negligible impairment of the direct traffic,
provided the parameters of group size and the number of trunks held
in reserve are properly selected. The dual use of trunks is especially
attractive if the average holding time of the S/I® traffic is short compared
with the average holding time of the direct traffic. When the holding
time of the S/T" traffic approaches the average holding time of the direct
traffic, the capacity for carrying direct traffic deteriorates sharply, unless
two trunks (or more, for large trunk-groups) are held in reserve.

The potential economies are believed to be of greatest importance in
systems with small trunk groups. A manipulation of the data (1 trunk
in reserve) will serve to point out that the gain in trunk group efficiency
is very substantial in the smaller groups and decreases as the number
of trunks increases. The trunk efficiency is the load carried divided by
the number of trunks. The load carried is [l — B(c,a)]la = 0.95a (from
Table I) when no S/I traffic is present, and

1 — D(ca,r,Dla + b =095a + b

(from Table II) under the dual use of trunks. The 2-trunk group increases
in efficiency from 18 to about 52 per cent, the 10-trunk group from 59



DIRECT AND STORE-AND-FORWARD TRAFFIC 1435

50 }
40
5 T NUMBER T
bl =—— ,\OF TRUNKS:
\\\\} C=48
20
5 TN\:\\G\
(o] 30 \
TI‘L 10 = \X\\\ N
FaNe RN
g 6 R N \\\ \\
S N e 12— A NN
; st L L TS D N \\\ —
o 2/ N \\\
@ ‘ NG
g “\:‘\ \\%
é 1.0 ‘ < I \‘ N
§ 0.8 3 N \\
% 0.6 B \ \\ w
5 os NG \\
&
a 04 . \
I — 2
0.3 = N
\\\ \
0.2 ™~ \1\
ot Ll | | |

{00 80 6050 40 30 20 i0o 8 6 5 4 3
HOLDING TIME RATIO, T

n

Fig. 7 — Offered load of direct traffic a defined by D(¢,a,r,1) = 0.05, vs ratio
of holding times r.

to about 90 per cent, and the 48-trunk group from 84 to about 98 per
cent. These advances are significant in terms of possible savings in long-
haul transmission plant.

This method of operating circuit groups at such a high level of occu-
pancy remains to be evaluated in terms of the grade of service of the
S/T user. The grade of service of the S/I traffic has not been discussed
here.

The analysis given here was confined to a single trunk group carrying
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traffic between two points. The problems of alternate routing and
through-switching of traffic are yet to be explored.
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Glossary of Symbols

a Offered amount of direct traffic, in erlangs, during busy hour.

b Amount of S/I traffic per busy hour that can be accommo-
dated, in erlangs.

c Number of trunks in a trunk group.

s Number of trunks held in reserve.

to Average holding time of S/I' traffic.

T Average holding time of direct traffic.

r Ratio of the average holding time of direct traffic to the
average holding time of S/F traffic, T/t .

B(c,a) Grade of service to direct traffic on lost-calls-cleared basis,
with ¢ trunks in the trunk-group and an offered load a.

D(c,a,r,s) Grade of service to direct traffic on lost-calls-cleared basis,
with ¢ trunks in the trunk-group, offered load a of direct
traffic, ratio of holding times r, and s trunks in reserve for
possible arrivals of direct traffic.

G, Probability of exactly x trunks being occupied by direct
traffic.

n Txpected number of arrivals of direct traffic during the
busy hour.

R. Probability of, or state of, all-trunks-busy, with S/I' traffic
on z trunks.

S. Probability of, or state of, specified number of trunks (one
when s = 1, two when s = 2) in reserve, with S/I traffic
on z trunks.

W, Probability of, or state of, one trunk in reserve, with S/If
traffic on z trunks (under the operating method where
s = 2).

x Number of trunks occupied by direct traffic.

2 Number of trunks occupied by S/F traffic.
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Over-All Characteristics of a TASI System

By J. M. FRASER, D. B. BULLOCK, and N. G. LONG
(Manuscript received September 19, 1961)

TASI (Time Assignment Speech Interpolation) has been in service on
transatlantic submarine cable channels since mid-1960. Measurement of
service quality on one TASI system (White Plains—London) indicates
that system performance equals or exceeds the original engineering objec-
tives in all but a few cases. Field modifications now being made should
bring these exceptions into closer agreement with objectives.

A companion papert discusses in detail the design considerations for
TASI speech detectors and describes subjective tests made to determine the
maximum permissible loading of TASI circutls without impairment of
service.

TASI, an abbreviation of Time Assignment Speech Interpolation, is
a high-speed switching and transmission system which uses the idle time
in telephone calls to interpolate additional talkers.!? In a normal tele-
phone conversation each subscriber speaks less than half of the time.
The remainder of the time is composed of listening, gaps between words
and syllables, and pauses while the operator or subscriber leaves the
line. Measurements on working transatlantic channels, Ifig. 1, show that
a TASI speech detector with a sensitivity of —40 dbm is operated by
speech from one talker on the average about 40 per cent of the time the
circuit is busy at the switechboard. Since long distance circuits use sep-
arate facilities for the two directions of transmission, each one-way
channel is, on the average, free about 60 per cent of the time.

In order to take advantage of this free time to interpolate additional
conversations, a considerable group of channels must be available. An
attempt to interpolate two independent conversations on a single channel
would result in a large percentage of the speech being lost, since the
probability of both talkers speaking at the same time is high. However,
with a large group of channels serving a larger group of talkers, the vari-
ations in demand become much smaller. Even with 74 talkers on 37
channels, the percentage of speech lost (freeze-out fraction) is reduced to
a point where there is no noticeable effect on continuity of conversation.

1439



1440 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1962

99.9

99.5 \
99 \\
98

95 \\

% AN
w0 \\
o AN
50 \\ n
40 - AN

30 \\
20

PERCENTAGE OF CALLS WITH ACTIVITY
EQUAL TO OR MORE THAN ABSCISSA

0.1

0.01

(o] 10 20 30 40 50 60 70 80
ACTIVITY IN PER CENT

Fig. 1 — Circuit activity.

The increase in channel capacity with TASI is illustrated in Fig. 2,
which gives the TASI advantage (ratio of switchboard positions, or
trunks, to channels) for a range of activities and number of channels.
A freeze-out fraction of 0.5 per cent has been assumed for each curve,
since this amount of speech loss has been found from tests to have a
negligible effect on transmission quality.

It will be noted in Fig. 2 that a TASI advantage of at least two can
be obtained on a 37 channel group as long as the average activity is not
significantly greater than 40 per cent. TASI is designed to use 36 chan-
nels for speech interpolation and one additional channel as a control
channel for transmitting disconnect and error checking signals. This
fits the needs of present day submarine cable systems, since 37 is close
to the maximum number of channels that can be made available for
TASI out of the total 48 channels derived by submarine cable type
channel equipment? employing 3-ke filter spacing. The remainder of the
channels are required for special services such as program material and
certain types of data which are ordinarily not transmitted through TASI.
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The first TASI system was put in service in June, 1960 on the trans-
atlantic cable system between White Plains and London (TAT-1) and
the second followed a few months later on the cable between New York
and Paris (TAT-2). TASI is well suited to submarine cable application
for several reasons. Although TASI requires considerable expensive ter-
minal equipment, it is an economical means of doubling the number of
conversations that can be handled on expensive submarine cable facil-
ities. In addition, TASI is easier to apply to long submarine cables than
to the land plant with its many branching points and alternate routes.

The principal purpose of this paper is to describe the application of
TASI to the White Plains—London submarine cable system. The channel
requirements that must be met for TASI operation are detailed along
with measurements of the combined system characteristics, such as
noise, bandwidth, etc. Measurements of the amount of speech lost in
an actual working system are compared with earlier theoretical com-
putations.

I. DESCRIPTION OF OVER-ALL SYSTEM

The message channels on the land portions of the TAT-1 system em-
ploy standard 4-ke channel spacing, and the undersea channels are
spaced at 3-ke intervals. The land and undersea-type channels are inter-
connected at voice frequencies at Sydney Mines, Nova Scotia and Oban,
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Fig. 3 — TASI equipment — one direction of transmission.

Scotland. A typical message circuit between the TASI terminals at
White Plains and London extends from about 275 to 3150 cps.

Tig. 3 shows a block diagram of the TASI equipment for one direc-
tion of transmission; an independent TASI is used in the opposite direc-
tion of transmission. Presence of speech on a trunk causes the speech
detector to operate, initiating a request for a channel. The transmitting
common control equipment selects an idle channel, if one exists, and
assigns it to the requesting trunk. Before the talker is connected to the
channel, a “connect” signal is sent over the assigned channel specifying
the trunk to be connected to that channel at the distant receiving ter-
minal. During the time required to connect talker and listener the initial
part of the talker’s speech is clipped. In order to minimize clipping the
signaling time has been made as short as possible, 17 ms, consistent with
reliable signaling and quiet switching. The signal information consists
of a single burst of 4 tones out of a possible 14, ranging in frequency
from 615 to 2419 cps. Once a talker is assigned a channel he does not
lose the connection as long as he continues talking. When he stops talk-
ing he may still retain the connection unless he has to be disconnected
to provide a channel for another talker. A similar burst of 4 tones out of
15 (615 to 2501 cps) is used to disconnect the talker and the listener,
but this signal is sent over a separate control channel. During periods
when no disconnect signals are being used, the same type of code sig-
nals are used to send information over the control channel as to the
trunk-channel connections existing at the transmitting end. This con-
nection-checking information overrides any earlier information and
determines the connection made at the receiver. In addition, a compari-
son at the receiver between existing and overriding information is used
to detect bad channels.
© As shown in I'ig. 2, the number of trunks which can be served by TASI
depends upon the number of channels available. To prevent excessive
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speech loss when the connecting channels fail, TASI has been designed
to automatically remove bad channels from serviee; trunks are then
removed until the proper trunk-channel ratio is reached.

In addition to the provisions for automatically reducing the number
of connected trunks and channels, TASI contains audible and visible
alarms to identify internal failures. In the event of a major failure in
TASI the terminals automatically switch themselves out at both ends,
reducing the number of connected trunks to the number of available
channels. TAST is also switched out automatically if both the regular
and alternate control channels fail. If only the regular control channel
fails, the disconnect and error checking signals are automatically switched
to the alternate control channel and TASI will continue to operate with
only a momentary interruption.

When TASI is switched out, the voice-frequency amplifiers associated
with TASI are also switched out. The schematic relationship of these
voice-frequency amplifiers and other transmission equipment is shown
for one terminal in Fig. 4 along with typical operating level points. The
combination of VI' amplifiers, TASI, and appropriate attenuation pads
provides a zero-loss device and also provides optimum transmission levels
to TASI.

The echo suppressor shown in Fig. 4 performs the usual function of
preventing echoes, generated at points of impedance mismatch, from
reaching a subscriber’s ear and interfering with normal conversation.

TRUINKS CHANNELS
1

TRANSMITTING -16 =2
| TAS! CHANNEL
TRANSMITTER BANK
MODU-
LATOR

—=— HYBRID ECHO SIGNALING SPEECH
SUPPRESSOR EQUIPMENT DETECTOR
CHANNEL
P l BANK
+7 =20 + DEMODU-
RECEIVING I 7 LATOR

=16 = TRANSMISSION LEVEL

Fig. 4 — TASI and associated equipment.
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On TASI circuits, these suppressors must be of the receiving end split
type at each end of the circuit to prevent the distant talker’s echo from
operating the speech detector. The location of a split suppressor is shown
schematically in I'ig. 4. Speech received from the distant party reaches
the echo suppressor and operates it, causing a large loss to be inserted
in the transmitting path before the speech detector. This large loss pre-
vents most of the echoes capable of operating the speech detector from
reaching the speech detector, but the initial part of the echo may get
through because the existing echo suppressors were designed with a
slow operate time to minimize operation on line noise. On the other
hand, the speech detectors must be relatively fast operating to mini-
mize initial clipping of speech. The result is that the operate time of the
echo suppressors is about 7 ms longer than that of the speech detectors.
During this interval the speech detector may be operated by echoes be-
fore the echo suppressor can operate. To minimize this difficulty, and
still use existing echo suppressors, the speech detectors are equipped with
fast-acting circuits which reduce the sensitivity of the speech detectors
as much as 13 db depending on the energy present on the receiving side
of the trunk. This echo protector function of the speech detector reduces
the probability of operating during the initial part of the spurt; the
large loss inserted later by the echo suppressors prevents operation
during the remainder of the spurt, which usually contains the higher
cnergy.

In addition to the equipment shown in Fig. 4, compandors can be
applied to noisy channels as necessary to meet noise objectives. Tests
have indicated that TASI can signal satisfactorily through Bell System
1A-type compandors or their British equivalent.

1.1 Toll Signaling and Supervision

Because TASI is a time sharing device, there are problems involved
in transmitting supervisory and dialing pulses. TASI can work satis-
factorily with the present ringdown manual arrangement, but it is ob-
vious that the usual method of continuous supervision by means of a
steady tone during the idle time cannot be used. Likewise, dial pulses
cannot compete for a TASI channel on the same basis as a talker, be-
cause TASI clipping would cause signaling errors. A burst signaling sys-
tem is required.

II. ENGINEERING OBJECTIVES FOR TASI

In order that TASI could operate over existing telephone facilities
and would fit in with existing performance standards, certain engineering
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TABLE I — ENGINEERING OBJECTIVES FOR TASIT

Capacity At least 72 message trunks to be operated over 37, 3-ke
spaced cable channels. If the number of available channels
is less than 37, the number of trunks to be provided by
TASI will be less, as illustrated in Fig. 2. If the total busy-
hour speech activity is increased above about 409, the
maximum number of trunks to be provided will be less.

Speech quality With the TASI system fully loaded as defined above, the
degradation to speech quality due to TASI should not
exceed about 1 db. When the number of talkers equals the
number of available channels, the TASI degradation
should be close to 0 db.

Signaling errors | On the average, during the busy hour, no more than 0.019
of the talkspurts transmitted should be lost because of
signaling errors if the transmission medium meets the
objectives noted in Table II. Assuming that the average
activity is 409, this means about one talkspurt lost in
thirty average 10-minute calls.

Reliability The reliability objective is that the amount of time trunks
are removed from service because of TASI failure shall be
less than 0.19, of the total time.

Frequency re- The TASI transmitter and receiver connected back to back

sponse should pass a band of 200-3500 cps. The average variation
from flatness of all the channels should be within 4-0.5 db
over this frequency range. In addition the standard devia-
tion of the variations from the average should not exceed
0.2 db.

Net loss The net loss at 1000 ¢ps through the TASI equipment alone
should be adjustable to within 0.15 db of 0 db and should
stay within £0.15 db of the adjusted value for at least

one month.

Circuit The noise generated by TASI in the transmission path should
not exceed about 12 dba as measured at the zero level
points.

Crosstalk To provide adequate crosstalk performance, an equal level

coupling loss of 70 db should be obtained between talking
paths in TASI. This applies to both near-end and far-end
crosstalk.

objectives were set up to guide the planning and development of TASI.
They were considered as reasonable goals rather than rigid requirements.
These objectives are listed in Table 1.

ITII. CHARACTERISTICS OF CHANNELS FOR TASI

Because of the high-speed signaling used in TASI and because sub-
scribers are switched rapidly between channels, the transmission re-
quirements of the channels connecting TASI terminals are somewhat
tighter than required for the usual telephone message service. The char-
acteristics of importance to TAST are listed in Table II.
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TaBLE II — REQUIRED TrRANSMISSION CHARACTERISTIC OF
CoNNEcTING CHANNELS FOorR TASI

Minimum bandwidth

Flatness of band 565 to 2550
cps

1-ke net loss value of any
channel

IEnvelope delay distortion
565 to 2550 cps

Flat delay

RMS noise

Crosstalk

Frequency stability (565 to
2550 cps)

Working levels for TASI
(excluding pads or ampli-
fiers outside of TASI)

300 ¢ps—2900 cps (10-db cutoff frequencies).

Difference between maximum and minimum loss
should not exceed 2.5 db.

Not more than 3 db from the nominal value.
Not greater than 2 ms.

Maximum difference between channels should be
no more than 10-15 ms at 1000 cps. (The control
channel should be one of the fastest.)

Without compandors, 38 dba at zero transmission
level (38 dba 0). With compandors, noise on line
ahead of compandors should not exceed 51 dba 0.

Difference in output noise between channels
should not exceed 6 db.

Equal level crosstalk loss on all channels should
be at least GO db.

No frequency shifted more than 2 cps.

Transmitting terminal input, —2 with respect to
zero transmission level point. Receiving ter-
minal input, +4 with respect to zero transmis-
sion level point.

IV. MEASURED TRANSMISSION CHARACTERISTICS

After TAST was installed on TAT-1 extensive measurements and tests

were made to determine how closely TASI came to meeting the engineer-
ing objectives and how TASI operated in the environment of the tele-
phone plant. The results of the tests and measurements are given briefly
in the following paragraphs.

4.1 Frequency Response

Fig. 5 shows the frequency response of a TAT-1 message channel,
with and without TASI. Figure 5 applies to most connection channels,
although a few channels differ significantly due to channel bank and
pilot filters. The sharp cutoff frequencies of the channel, about 275 and
3150 cps, are principally due to the 3-ke submarine cable terminal
equipment. It can be seen that TASI does not affect the frequency re-
sponse of the system appreciably.
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4.2 Net Loss Variations

The net loss variations on TAT-1 are kept to a minimum through the
use of pilot-controlled automatic gain controls. An associated alarm re-
porting system informs all important stations automatically if the pilot
levels deviate beyond prescribed limits.

Fig. 6 shows a distribution of the difference in net loss of successive
talkspurts experienced by a typical White Plains—-London subscriber
talking through TASI during the busy hour. These changes are due to
differences in the net losses of the channels and the various paths through
TASI. Only 8 per cent of the changes were greater than about 3 db,
which is just noticeable. There were no changes greater than about 5
db. During periods of light traffic, the number of switches between
channels, and the number of net loss changes, will decrease and cease
entirely if traffic is very light.

4.3 Invelope Delay Distortion

A fixed delay equalizer was added to each of the TAT-1 message chan-
nels to reduce the delay distortion. In addition, the voice-frequency
interconnections between land and undersea channels were arranged
to avoid combinations having excessive delay distortion. The median
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value of delay distortion of the resulting White Plains—London message
channels is under 0.5 ms, with no channel being worse than 1.6 ms, within
the TASI signaling band (565 to 2550 ¢/s).

Iig. 7 shows the delay distortion of a typical message channel before
equalization, and after the addition of equalizers plus TASI. Channels
located in the frequency spectrum near the cutoffs of group connector
filters and pilot-frequency filters have delay distortion characteristics
significantly different from the example on Fig. 7, particularly at the
lower and upper edges of the passband.

4.4 Noise

TASI contributes very little to the over-all system noise; the average
of the TAT-1 channels is about 36 dba at zero transmission level (ab-
breviated “36 dba 0’%), and the average noise generated by TASI plus
amplifiers is less than 12 dba 0. Since noise is increasing slowly on the
transatlantic circuits caused by the change in cable characteristics with
time, compandors have been installed on some channels. This will not
influence the operation of TASI.
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When a channel is disconnected during a conversation, the listener
may notice a change in the background noise, because he no longer hears
the channel noise of the whole system but instead hears only the noise
of the trunk connecting him to TASI. To prevent the subscriber from
feeling that he has lost his circuit due to the sudden noise change be-
tween successive connections, the receiving TASI terminal transmits
random noise of about 33 dba 0 toward the listener whenever his trunk
is not connected to a channel.

V. SPEECH CLIPPING

In addition to the measurements described above, measurements were
made of the amount of speech clipped from subscribers making calls
through the TAT-1 TAST system during the busy hour. The measured
values were compared with computed values which were based on meas-
ured speech activities and talkspurt lengths.

The computations took into account the two major components of
speech clipping in TASI, which are:

1. Signaling clipping, which is the time lost (17 ms) while a new con-
nection is established;
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2. TI'reeze-out, which is the time lost because no channels are available.

The length and frequency of these clips will vary from call-to-call due
to loading, speech habits, or statistical chance.

In addition to signaling and freeze-out, some clipping is also caused
by (a) speech-detector response time and threshold; (b) disconnection
delays caused by control channel crowding during heavy loading. How-
ever, tests? have shown that the TASI speech detector introduces neg-
ligible speech impairment, and as desecribed later it is estimated that
control channel overload contributes very little clipping.

The results of the computations for various trunk-channel combina-
tions are shown in Fig. 8 for the median call, and in Fig. 9 for the worst
1 per cent case. TASI can operate with a maximum of 36 speech channels
plus one for control, but because of the demands for special services, 37
channels are not available on all systems for TASI. Results are shown,
therefore, assuming different numbers of channels are available to TASI.

The right-hand scale in Iigs. 8 and 9 gives the estimated db impair-
ment corresponding to the speech loss shown by the left-hand scale. The
upper solid curves assume that during the busy hours the circuits are
carrying calls 100 per cent of the time (A = 1.0); the lower dotted curves
assume that over the busy hours the average loading of the circuits is
0.85.

As shown in I'ig. 8, for example, a subscriber in a 74 trunk, 36 4 1-
channel fully-loaded system will have 1.1 per cent or less of his speech
clipped during 50 per cent of his calls; Fig. 9 shows that this same sub-
scriber will Jose 2.9 per cent or less of his speech during 1 per cent of his
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calls. In a TASI system with an average loading of 0.85, the median
clipping would be 0.6 per cent or less, and the upper 1 per cent clipping
would be 1.6 per cent or less. The loading factor varies with season, world
events, etc. In order to be conservative, and to provide good quality
speech even during peak periods, the recommended trunk-channel ratios
shown in Table ITI assume 100 per cent loading of all trunks.

TaBLE III — REcOMMENDED OPERATING CONDITIONS

Approximate percentage of speech clipped
Number of connection channels | Normal max. no. of talker
available to TASI trunks

Median-% 1-%
24 + 1 47 19, 3%,
28 +1 56 1 3
3241 65 1 3
36 + 1 74 1 3

The dots in IMigs. 8 and 9 for 47 trunks on 24 4 1 channels represent
measurements made during the busy hours on the TAT-1 TASI sys-
tem. Since the results lie between the A = 1 and A = 0.85 computed
values, the indications are that the loading of this system, during the
busy hours, is between 0.85 and 1.0. Direct measurements of circuit
usage were made and confirm that the average lies in this range.

Tig. 10 shows the complete distribution of the measured speech
loss during subseriber calls caused by signaling clipping and freeze-out
on TAT-1. Both computed and measured curves of the two components
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are approximately log normal. The good agreement shown in Fig. 10
between computed values (assuming A = 0.85) and the measured values
indicates that with respect to freeze-out fraction the operating TASI
behaves statistically as expected.

VI. CLIP LENGTHS

Another important characteristic of TASI clipping is the distribution
of the lengths of clips a talker experiences. The length of clip a talker
receives whenever he receives a new connection is composed of two
major parts; the constant signaling clip (17 ms) and the freeze-out,
which may vary from 0 ms to 500 ms (upper limit for all practical pur-
poses), depending upon the instantaneous load. The computed distribu-
tion of clip lengths a subscriber may experience in a 47/24 4 1 TASI
is shown in I'ig. 11 for A = 0.85 and A = 1 together with measured
values on the New York-London TASI system. The measured 1 per
cent clip length in this system was about 60 ms. Here again the meas-
ured values lie between A = 0.85 and A = 1, indicating the actual load-
ing was between these two values. While the computed distributions
are for a 47/24 + 1 TASI installation, the distributions apply fairly
well to all the trunk-channel ratios shown in Table III.
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VII. CONTROL CHANNEL CAPACITY

As mentioned earlier, control channel crowding under heavy loading
conditions can delay disconnections and in some cases increase clipping
by delaying subsequent connections.

In a 74 talker, 36 4+ 1 channel TASI system in which each spurt re-
quires a new connection, it is estimated that disconnects are delayed, on
the average, about 4 ms each. This results in an estimated increase in
average freeze-out fraction of less than 0.2 per cent. Since a working
system switches less often than every spurt — a fact confirmed by meas-
urement — the actual effect of control channel crowding is believed less
than the above estimate indicates. Although in some rare cases bunching
could seriously effect individual talkers, it appears that control channel
overload contributes negligible clipping.

VIII. CONCLUSIONS

TASI has been operated successfully on submarine cable systems to
provide approximately twice as many good quality message trunks as
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existed before TASI. The measurements made on an installed TASI
system have shown that TASI has come close to meeting its engineer-
ing objectives and that field modifications now going on will bring closer
agreement between performance and objectives. The close agreement
between computations of speech clipping and the measured values show
that TASI theory is well understood and that TASI in the field is con-
forming closely to theory.
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TASI Quality — Effect of Speech

Detectors and Interpolation

By H. MIEDEMA and M. G. SCHACHTMAN
(Manuseript received September 19, 1961)

This article describes tests made to select design parameters for the
speech detectors in the TASI system. Results of subjective tests carried out
lo determine maximum permissible loading of TASI circuits during busy
hours are also described. Finally, conclusions drawn from observations on
a working TASI system are given. These observations indicate that TASI
18 a more satisfactory method of increasing transatlantic cable capacity
than alternate methods, such as the use of 2-kc channel banks.

I. INTRODUCTION

TASI ( Time Assignment Speech Interpolation) is a new component
in the telephone system that can approximately double the message
capacity of existing long submarine cables. With TASI many calls share
the same facilities, each requiring an available channel only when speech
is transmitted. In order to recognize that speech is being transmitted
by the subscriber, a highly sensitive speech detector is required. To
assign the speech to an idle channel and to connect the proper talker
and listener at each end requires a rapid switching system. A description
of the switching system and other related matters can be found in other
sources.!»2® This paper deals with: (a) the work carried out to select the
parameters of a speech detector satisfactory for TASI operation and
(b) the results of subjective tests made to determine the approximate
effect of the type of speech clipping that can occur in a fully loaded TASI
during busy traffic periods.

Some speech is lost whenever the number of individuals talking or
starting to talk in one direction on TAST circuits exceeds the number of
available channels. The amount of lost speech must be kept small so
that the transmission quality is not affected appreciably. On the aver-
age, less than 0.5 per cent of the total speech is lost due to interpolation,
as long as the number of calls in progress is held to no more than twice

1455
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the number of channels. The effect of this loss on transmission quality is
practically negligible.

In addition to the speech lost through interpolation, some speech is
lost during the time required to connect a talker and his listener at the
other end to the assigned channel. In TASI the switching time (17 milli-
seconds) has been kept as short as possible, consistent with reliable
signaling. During the busy hours a subscriber will be switched about
every second talkspurt; however, during occasional periods of peak load,
the subscriber may be switched almost every talkspurt. Consequently,
17 milliseconds will be clipped from a large number of talkspurts during
the busy hours. In order to minimize the amount of speech lost due to
switching time, TASI has been designed so that a subscriber loses his
channel only when it is not needed by that subscriber and when it is
required by another talker.

A third possible source of lost speech results from the operate time of
the speech detector. Whenever a talker has to be reconnected to a
channel, the speech detector must recognize that speech is present and
initiate the proper action. The interval between the time that the speech
starts and the speech detector reacts adds to the amount of lost speech.
The operate time of the speech detector can be kept smaill compared
with the clipping caused by interpolation and connect signaling, but it
should not be made so fast that the detector operates too often on noise.

In order to determine suitable speech-detector characteristics, sub-
jective laboratory tests and field measurements were made on working
transatlantic circuits. Since the demand for transatlantic circuits ex-
ceeded the capacity of the existing cable facilities, the schedule for
developing TASI was of necessity very short for such a complex system.
The tight schedule limited the type and length of test to the minimum
needed for reasonable assurance that a satisfactory speech detector
could be built. Consequently, a straightforward voltage threshold de-
tector was chosen instead of a more complicated type. The first part of
this paper describes the test results that led to the selection of the speech-
detector characteristics. The second part of this paper describes the
results of subjective tests to determine the impairment in speech quality
caused by various amounts of lost speech. This work was needed as a
guide to the maximum number of circuits that can be assigned to TASI
without affecting speech quality adversely.

II. SPEECH DETECTOR CHARACTERISTICS

The ideal speech detector for TASI should operate only when speech
is present and should not operate when noise and extraneous signals
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are present. A practical detector must represent a compromise between
ideal operation on speech signals and ideal rejection of noise signals. In
addition, the activity, or percentage of the total time that a detector
is operated, must be minimized. The parameters of the detector were
chosen to insure that it

2. operates when very low levels of speech are present,

2. operates a minimum amount of time on line noise, and

#14. minimizes the number of times a subscriber must be switched,
consistent with allowing twice as many calls as there are channels avail-
able.

The speech-detector parameters are interrelated and one parameter
could not be selected without considering the effect on all other parame-
ters. In order to choose the best combination, a series of subjective tests
were made in the laboratory to find the speech-detector characteristics
that provided good results under simulated plant conditions. Later,
field measurements were made during a large number of transatlantic
telephone calls to determine the performance of several possible speech
detectors under actual plant conditions for a wide variety of talkers.
The field tests measured speech activities, talkspurt lengths, and number
of talkspurts. The combined results of the laboratory subjective tests
and field measurements led to the choice of speech-detector character-
istics shown in Table I. Each of these parameters will be treated separ-
ately.

When the speech detector is made too sensitive, the detector operates
on noise and thereby reduces the possible TASI advantage. Conversely,
when the speech detector is not sensitive enough, part of the first syllable
is lost before the detector is operated. A sensitivity of the TASI speech
detector of —40 dbm at zero transmission level when combined with
an adequate speech detector hangover (slow release time) results in
satisfactory speech quality with volumes as low as —31 vu and also
results in minimum false operations due to noise. As shown on Fig. 1,
a —31 vu talker has a lower volume than almost all talkers on trans-
atlantic calls.

TaBLE I — TASI SpeEEcH DETECTOR CHARACTERISTICS

1000-cps sensitivity —40dbm at zero transmission level point*
Frequency range 500-3000 cps

Operate time 5 milliseconds

Hangover (release time) 240 milliseconds “‘deferred”’

Echo suppression Maximum 13 db

* The zero transmission level point is a point to which all level points in a toll
system can be referred. It is analogous to citing altitude by referring to height
above sea level. The zero level point is at the transmitting toll switchboard of the
system under consideration.
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If the speech detector responded only to speech power within a very
narrow frequency band, the problem of noise activity would be greatly
reduced. However, for a speech detector with a fixed sensitivity to
recognize initial consonants from many talkers, it is desirable to have a
reasonably wide frequency band. Tests have shown that a bandwidth
of approximately 500 to 3000 cps is suitable for telephone speech. If the
bandwidth were extended below 500 cps or above 3000 ¢ps, noise opera-
tions would be increased and the initial speech power seen by the de-
tector would not be increased sufficiently to permit an offsetting decrease
in sensitivity.

To operate the speech detector the power on the line must remain
above —40 dbm for about 5 milliseconds. Laboratory experiments have
shown that when the operate time is made as fast as possible, the detector
sensitivity for equal quality speech can be decreased to about —37 dbm.
However, the faster operate time results in increased operation of the
speech detector by noise spikes which increases the activity even with
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Fig. 1 — Subscriber speech volume distribution on transatlantic telephone
circuits.
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the lower sensitivity. Alternatively, an increase in operate time from 5
to 10 milliseconds requires an additional 3 db increase in sensitivity
(—43 dbm) with no significant reduction in noise activity.

The sensitivity threshold of —40 dbm used for the detector is sub-
stantially above the threshold of hearing; hence, noticeable dropouts may
oceur when the speech power is below the sensitivity threshold. The ear
is particularly sensitive to the loss of weak syllables as well as clips within
words and closely connected phrases. Consequently, the speech detector
should not release until the speech power has remained below the thresh-
old for a period of time that is comparable to the time of one additional
syllable. The hangover required for satisfactory transmission of low
speech volumes varies with sensitivity and amounts to about 240 milli-
seconds for a —40 dbm detector. A much shorter hangover results in a
higher TASI switching rate which increases the amount of speech lost by
connect signaling clipping; a longer hangover results in increased speech
activity and higher interpolation speech loss. Listening tests have
shown that good transmission quality for weak talkers can be obtained
with the combinations of sensitivity and hangover shown in Fig. 2.

Peaks of noise higher than —40 dbm may operate the speech detector
and hence add to the circuit activity. Most of the noise peaks last less
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Fig. 2 — Variation of hangover with sensitivity for constant speech quality.
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than 5 milliseconds and are virtually eliminated by the 5-millisecond
operate time of the speech detector. Once the speech detector is oper-
ated, however, the circuit cannot be released until the hangover time
has elapsed. The effects of those noise peaks, which last from 5 to about
50 milliseconds, are minimized by the use of the deferred hangover
characteristic shown in Fig. 3. The minimum hangover time is about 25
milliseconds. Noise peaks lasting substantially longer than 50 milli-
seconds are indistinguishable from speech syllables and operate the
circuit to the extent of the full hangover of 240 milliseconds. The
combination of 5-millisecond operate time, —40 dbm sensitivity, 240
milliseconds deferred hangover, and 500 to 3000 cps frequency range is
about optimum for the expected telephone speech and noise levels.

In the preceding sections only the operation of the speech detector by
normal speech and noise incoming to the TASI system has been consid-
ered. In the actual telephone plant, another group of unwanted signals,
called echoes, can result in false operations of the detector. Transatlantic
cable circuits have a one-way delay of about 40 milliseconds and this
amount is sufficient to require echo suppressors in the four-wire part
of the plant to prevent subscribers from hearing the echo returned from
the two-wire part. The echo suppressors have an operate time of about
12 milliseconds to minimize false operation by noise. At times, the slowly
operating suppressor will permit small bursts of echo to get past the
suppressor at the beginning of talkspurts from the distant terminal.
The distant listener is unaware of these short echoes which are therefore
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of no consequence in non-TASI circuits. However, on TASI-equipped
circuits, these short echoes can operate the faster acting (5 milliseconds)
speech detector and thereby use valuable channel time. The echo path
is shown in Fig. 4 for an individual trunk in which the TASI terminal is
represented in simplified form.

To prevent these short echoes from operating the detector, an echo
protecting circuit was added to the speech detector and connected to the
receiving trunk output. When the distant talker is active, his speech
reduces the sensitivity of the near-end speech detector at a uniform rate
up to a maximum sensitivity decrease of 13 db as shown in Fig. 5. This
value was chosen after consideration of the existing return losses in the
plant and of the characteristics of the echo suppressors. The objective
was the elimination of nearly all echo operation under all operating
conditions. Measurements on many calls have confirmed that echo oper-
ation of the speech detector is negligible.

III. LABORATORY TESTS AND FIELD MEASUREMENTS ON SPEECH DETECTORS

From the foregoing description of the interaction of speech-detector
parameters, it is apparent that there are several combinations which will
result in a speech detector capable of recognizing the presence of speech
and acting on this signal with hardly any effect on the speech quality.
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Listening tests in the laboratory were made to determine the speech-
detector sensitivity required for each type of detector over a range of
speech levels. These tests were made using tape recordings of a number
of voices, both male and female.

Speech from the tape recorder operated the speech detector, which in
turn operated a gate to connect the observers to the tape recorder. The
arrangement was such that observers could hear the recorded speech
only when the detector was active. The observers were selected from Bell
Telephone Laboratories personnel, both technical and clerical. They
were asked to determine the minimum sensitivity required for accept-
able speech quality. The rapid deterioration of spcech quality when the
speech-detector sensitivity was reduced below a certain minimum made
this adjustment critical for each observer and resulted in a reproducible
relation between speech-detector sensitivity and speech level. While
each observer had a well defined tolerance level, the variation of the
results among individuals was large. The sensitivity selected as satis-
factory for a given speech detector was the value that satisfied 50 per
cent of all observers for the minimum speech level of —31 vu at the
zero transmission level point.

After determining several combinations of speech-detector character-
isties that resulted in equal speech quality, various speech detectors
were connected across transatlantic trunks to determine for each call
the number of operations and the activity. The average activity of trans-
atlantic subscribers, determined from measurements on many calls,
determines to a large extent the possible TASI advantage (ratio of trunks
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to channels). The number of operations affects how often a subscriber
is disconnected from and reconnected to the channels. The results of the
field measurements are shown by the four sloping lines on Tig. 6. On the
same figure, curve A indicates the locus of points for constant and ac-
ceptable quality from Fig. 2. This locus permits the selection of the
detector that provides acceptable quality and minimum activity. It will
be noted that the point of minimum activity on curve A is not very
sharply defined. Two speech detectors, points N (240 milliseconds hang-
over) and M (125 milliseconds hangover), were selected for further
study. The average activity and talkspurt length resulting from each
of these detectors were obtained from the measurements on transatlantic
calls and are summarized in Table II.

It will be noted in Table IT that the activity from the 240-millisecond
detector is higher than for the 125-millisecond detector. However, the
talkspurt length for the customer using the 240-millisecond detector is
almost twice as long as for the 125-millisecond detector. As a guide in
the choice between these detectors, computations were made to deter-
mine the total amount of speech a subscriber would lose during the busy
hour if one or the other detector were used in TASI. The computed
speech loss (interpolation plus switching) associated with each detector
is shown on Fig. 7. The total speech lost is slightly less for the 240-milli-
second hangover detector. Although use of the 240-millisecond de-
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TABLE IT — MEASURED AcCTIVITIES AND TALKSPURT LENGTHS FOR
TRANSATLANTIC SPEECH ORIGINATING IN U.S.

125-millisecond Detector 240-millisecond Detector
Activity
Operator 23% 24%
Subscriber 47% 489,
*Average during busy hour 38% 39%

Duration of average detector operation

Operator 0.4 second 0.7 second
Subscriber 0.8 second 1.3 second
*Average during busy hour 0.6 second 1.1 second

* The results for operators and subscribers are combined in the ratio of 0.375
to 0.625, respectively. This ratio was found to be approximately the division of
operator and subscriber time on transatlantic trunks during the busy hour.
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Fig. 7 — Subscriber speech losses caused by TASI signaling and interpolation.

tector results in a higher activity than the 125-millisecond detector and
a slight increase in interpolation clipping, these disadvantages are more
than offset by the fewer switching operations.

IV. SUBJECTIVE EVALUATION OF CLIPPING

The preceding tests showed that a satisfactory speech detector could
be built whose impairment would be negligible. Additional tests were
needed to determine how much clipping of all types could be tolerated
without a significant impairment in speech quality. These quantitative
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tests were needed in order to specify the maximum number of circuits
that could be used with TASI.

Under normal operation, TASI clipping consists of many segments
which are short compared with an average syllable length. During the
busiest hours of the day, about one-half of the talkspurts will experience
some clipping but in most cases, it will be limited to the 17-millisecond
switching clip. Only one talkspurt in 10,000 will be clipped longer than
about 0.4 second. Since the listener rarely misses a syllable, the result is
a slight abruptness in speech which has a negligible effect on intelligi-
bility.

The initial series of subjective tests to evaluate clipping in TASI was
conducted before an actual TASI terminal became available. Preselected
clips of a fixed length were introduced at the beginning of every Kth
talkspurt, where K was 1, 2, - -+, ete. By eliminating the randomness
of TASI, the testing time was shortened and the data could be analyzed
to discover whether the most significant factor affecting the impairment
of TASI was the total speech lost or the pattern of clip occurrence. In
this series of tests, the percentage of total speech time lost by clipping
was varied from 0 to 6 per cent, which encompassed the expected range
of TASI clipping. A group of observers placed normal business calls
over circuits in which the amount of clipping would be controlled and
measured. The observers were asked to base their replies solely upon
guality considerations and to rate the calls as either “good,” “fair,” or
“poor.” The testing methods are described more fully in the Appendix.

The results of the clipping tests are shown on Fig. 8. Each point rep-
resents the percentage of calls rated “good” out of groups of more than
75 test calls for each condition. The left-hand scale indicates the amount
of impairment found to elicit the corresponding percentages of “‘good”
responses in a previous study of other degradations.* The curve was an
approximate fit with a second-order polynomial using the least squares
method.

Impairment in db has the following meaning: if a telephone subscriber
is given the choice between the transmission system under test and a
reference transmission system, how much loss could be inserted in the
reference path for the subscriber to rate the circuits as equivalent? The
loss inserted is defined to be the impairment, and is usually expressed in
db. This impairment has been determined in the past for such things as
noisy systems, restricted bandwidth, ete., but has not been determined
directly in this study. The rendering of the present data into db of im-
pairment rests on the assumption that ‘“percentage good’” means the
same thing in this and the Coolidge-Reier study. This assumption is
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unlikely to hold with great precision, so the impairment figures given
here (and the implied comparability with other impairments) must not
be considered precise quantities. This reservation also applies to similar
conversions referred to later in this paper including those involving
intelligibility figures. The use of such impairments provides a common
denominator for comparing the effect of these different forms of speech
degradation.

After the initial series of tests had been completed, another series of
tests expanded the measurements to still greater amounts of clipping,
in order to evaluate the loss in intelligibility that might occur with un-
usually high TASI loadings. The sccond series of tests used articulation
methods and measured the degree of successful communication rather
than simply quality as before. By this time a working TASI terminal
was available so the occurrence and duration of the clipping were essen-
tially the same as in normal TASI operation. The tests used ‘“‘phonet-
ically balanced’” words and both the articulation in percentage of correct
words and the percentage of lost speech were measured. The results of
three articulation tests for widely different amounts of lost speech are
shown by the dots on Fig. 9. The upper dotted curve is based on the
three articulation tests, while the lower dotted curve has been taken from
Iig. 8. The combined result is indicated by the solid line. The translation
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from the percentage of correct words to db impairment made use of
previously published results.’ The testing methods are described more
fully in the Appendix.

The foregoing tests indicated that the impairment is determined for
the most part by the percentage of speech lost, at least for the case of
normal TASI clipping which has certain definite characteristics: the
clips are of short duration, they occur only at the beginning of talk-
spurts and they are irregularly distributed throughout a call. Hence,
these results do not necessarily apply to the case where long clips of
many syllables occur very infrequently.

The results on Fig. 9 can be applied to a statistical analysis of TASI
clipping to obtain an estimated impairment for an actual TASI system.
Fig. 10 shows the probable busy-hour impairment for a typical trans-
atlantic TASI system, which uses 36 interpolation channels plus one
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channel for disconnect and error checking signals. The estimates on Fig,.
10 are based on the amount of lost speech which has been computed
from appropriate distributions of subscriber activities and talkspurt
lengths as a function of the number of trunks available for service.

The median curve indicates that in 50 per cent of the calls, the im-
pairment caused by TASI will be less than 2 db as long as the number
of active circuits is no more than 74 trunks on 36 + 1 channels. How-
ever, the impairment amounts to about 4 db for one call in a hundred
and to about 6 db for one call in 10,000. For comparison purposes,
the approximate impairments of 2-ke and 3-kc underseas channel banks
are also indicated on Fig. 10. It will be noted that on nearly every call,
a 2:1 TASI advantage causes less busy-hour impairment than would
have been obtained through the use of 2-ke channel banks. In addition,
the TASI impairment decreases rapidly as the number of talkers de-
creases during non-peak periods, while the impairment caused by narrow
channels is independent of the traffic load.

V. DETERMINATION OF THE GRADE OF SERVICE

The foregoing results are presented in terms of db impairment to
permit an easy comparison between TASI and alternate methods of

IMPAIRMENT IN DECIBELS
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Fig. 10 — Busy-hour subscriber impairment due to TASI.
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obtaining additional channels. It is also of interest from an operating
standpoint to estimate the over-all grade of service on transatlantic calls
when the additional practical factors such as variations in net loss, band-
width and talker volumes are included. For more accurate results, the
effect of each component should be investigated under all possible con-
ditions of the other factors such as noise, volume bandwidth, etec., in
order to look for possible interaction effects. However, in order to find
the small effects looked for in this study, many samples would be re-
quired for each combination, and the amount of work involved would
be almost prohibitive. Past experience indicates that a rough estimate
of the over-all impairment can be obtained by adding together the in-
dividual impairments in db and then expressing the end result in the
“good,” “fair,” and “poor”’ ratings.

On this basis the estimated grade of service on transatlantic calls with
TASI applied to 36 3-ke interpolation channels is shown on Fig. 11 for
loading conditions that are equal to or greater than the normal operating
condition of 74 trunks on 36 4+ 1 channels. For comparison the estimated
grade of service is given for 3-ke underseas channel banks used without
TASI as well as the desired objective for all long-distance circuits. While
this objective is not fully met at present, it is expected that the TASI
grade of service under normal operation will be improved and will ap-
proach the desired objective as the result of the current program to im-
prove local plant transmission. Figures 10 and 11 also indicate that dur-
ing emergency peak periods, TASI can provide a greater number of
higher quality circuits than can be realized with 2-ke¢ channel bank
equipment.

VI. SUBSEQUENT OBSERVATIONS OF TASI IN SERVICE

After TASI systems were put in service on transatlantic telephone
cables, service observations were made on several TASI circuits as well
as on a reference non-TASI circuit. The results indicated that the per-
centage of calls rated “good” by a qualified service observer was prac-
tically the same for TASI and non-TASI trunks.

The grade of service for greater than normal TASI loading was meas-
ured when additional trunks were utilized for emergency service at the
time of a break in one of the transatlantic cables. One transatlantic
system was utilized with TASI to carry traffic normally carried by both
transatlantic systems. Table IIT gives the grade of service for normal
loading and for two conditions of greater than normal loading. With
the exception of a somewhat greater “poor” rating for 90 trunks, the
observations on operating circuits correspond to those predicted in Fig, 11.
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Fig. 11 — Grade of service — TASI plus 3-ke¢ channels.

TABLE IIT — TASI GRADE OF SERVICE FOR NORMAL AND PEAK
PErioD LoADING AS DETERMINED BY TELEPHONE COMPANY
SERVICE OBSERVERS

Trunks on 36 + 1 channels| Per cent Rating “good”’ | Per cent Rating “fair’’ | Per cent Rating “poor”’

74 90 9 1
84 87 11 2
90 74 16 10

VII. CONCLUSION

The data from these service observations combined with the other
results presented in this paper give assurance that most telephone users
making calls through a TASI system with normal load will not be aware
that their conversation is being interpolated. This holds even during the
busy period when any degradation that does exist is at a maximum.
During emergency conditions when service is partially disrupted, TASI
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provides additional circuits with only a moderate decrease in grade of
serviee. This is felt to be preferable to long service delays.
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APPENDIX
Method of Conducting the Tests

A.1 Initial Series of Conversational Tests

The random nature of speech and clipping, and the dependence of the
subjective ratings on the environment in which the clipping occurs in-
dicated that the tests of clipping should be conducted under the most
representative conditions. To implement this requirement, observers at
Bell Telephone Laboratories engaged in normal telephone conversations
in which the TASI clipping was introduced and the bandwidth and net
loss were those of a typical transatlantic circuit. These calls were from
the desks of the observers and consisted of normal business traffic that
corresponded well with typical traffic on transatlantic calls. Following
each call they rated the quality of the circuit as “good,” “fair,” or
“poor.” A total of 45 hours of test calls made by 25 talkers was analyzed.

The results of the tests were analyzed and yielded the percentage of
all test calls rated “good” in over-all quality of transmission. The rating
of per cent “good” for the various clipping conditions was converted to
db impairment by the previously mentioned relation between subjective
ratings and received volume. This step assumes that the impairment is
roughly equivalent to the effect of a decrease in received volume on a
transatlantic circuit.

The individual data points are plotted in Fig 8 and the resulting
curve is repeated as the lower portion of the curve of Iig. 9. The percent-
age of speech lost is determined by the length of the clip, the frequency of
occurrence (every Kth talkspurt) and the average talkspurt length.
For these tests, the 125-millisecond hangover detector was used which
results in an average talkspurt length of about 0.5 second. Thus, for 30
milliseconds, K = 2, a 30 millisecond clip oceurs on every second talk-
spurt of length 0.5 second, and this condition results in a percentage
speech loss of 3 per cent. As indicated in Fig. 8, speech losses of 3 per
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cent and 6 per cent resulted from more than one test condition. These
different conditions were used to determine whether the manner in
which a given percentage speech loss occurs results in a significant vari-
ation in the impairment. Such a significant variation is not apparent
from the results. Rather, the spread that occurred can be attributed
more to variability in the testing than to the different ways of producing
clipping. While each point represents more than 75 test calls rated by
observers, the estimated confidence interval is only +2 db because only
3 separate ratings were possible. The solid curve has been used for TASI
engineering but any use for other purposes should take into account the
testing methods and the variations that are inherent in such subjective
tests.

A.2 Articulation Tests

Articulation tests were conducted to obtain information about the
cffeet of clipping when the amount of lost speech was great enough to
affect comprehension. Single word articulation tests were chosen to
provide the severest type of test of TASI clipping.

These tests were conducted with a list of one hundred ‘“phonetically
balanced’’® words, which have been so chosen that all speech sounds are
represented according to their frequency of occurrence in normal speech.
The list of words was recorded using four different voices which were
combined so that twenty-five words from the list were recorded by each
voice. Two male and two female voices were used.

The recorded lists of words were played through a TASI terminal
which was artificially loaded to insure the desired amount of TASI
clipping. The clipped speech was played back in the laboratory through
standard telephone handsets. Six technical and nontechnical observers
were used for each test. The speech levels at the receivers and the re-
ceiver noise were adjusted to simulate an average transatlantic connec-
tion. The observers wrote down the words as they heard them and their
responses were compared with the original lists to determine the pho-
netically balanced word articulation in per cent.

The approximate impairment in db corresponding to the per cent PB
word articulation can be obtained from previous information that relates
phonetically balanced word articulation to syllable articulation and
syllable articulation to volume above threshold. By this means the
articulation results for the conditions tested are related to the corre-
sponding volumes, and the variation in these volumes from the reference
condition yields the impairment in db.
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Comment on "'Discrimination against Unwanted
Orders in the Fabry-Perot Resonator”

(Manuscript received May 18, 1962)

In the above paper,! Kleinman and Kisliuk state that “Fox and Li
have investigated these configurations and the corresponding frequencies
and losses for interferometers consisting of perfectly reflecting plates in
air. In the usual laboratory interferometer the Fox and Li modes cannot
be resolved because of insufficient reflectivity of the plates. Therefore
the role played by these modes in optical masers is not settled.”

Unfortunately these statements might be interpreted to mean that
there is doubt as to the validity of the normal mode concept applied to
maser interferometers.

We should like to correct the impression that the analysis of Fox and
Li% was limited to perfectly reflecting mirrors. As a matter of fact, the re-
flectivity of the mirrors is completely unimportant in determining the
normal modes, providing only that it is uniform over the mirrors.

It is quite true that in most solid state masers the inhomogeneities of
the medium appear to create so much chaos in the radiation fields that
correlation with a simple theoretical picture is often hard to demonstrate.
However, gas masers appear to behave in a reasonably ideal way, and
both the near-field and far-field radiation patterns for these masers
appear to confirm the normal mode picture. In the case of such a maser
equipped with plane mirrors, Herriott?® has observed 1.3 me beats which
correspond well with the expected difference frequency between the
dominant (even-symmetric) mode and the lowest order odd-symmetric
mode.

An even more striking confirmation is seen in Herriott’s pictures® of
the light distribution across the plane mirrors of his helium-neon maser.
These show fairly symmetrical multi-lobed distributions, which are at
least qualitatively what one would expect for low-order transverse
modes.

Finally the very beautiful pictures of Kogelnik and Rigrod* have
demonstrated convincingly the existence of higher order modes in a
helium-neon maser with concave mirrors.

With regard to passive interferometers, It. H. Scheibe has reported®
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that in 1955 a “spurious’ resonance was observed in a parallel plate
resonator at 9.4 kme. This turns out to have been the lowest order inter-
ferometer mode. Scheibe states that his value of measured Q agrees well
with the loss curves of Fox and Li and with a curve given by Goubau
and Christian. Christian and Goubau® have given a number of measured
values for diffraction loss in a parallel-plate resonator over a range of
values in N and have shown that these all agree closely with the theo-
retical loss curve given by Fox and Li for the dominant mode. Good
evidence for higher order modes exists in a report by Culshaw” on a
millimeter wave interferometer in which small subsidiary resonances (Fig.
6 of Culshaw) appeared at slightly greater reflector separations than the
main resonances. The observed separations agree within a few per cent
with what would be predicted from the results of Fox and Li for a TEMg;
mode.

These findings leave very little doubt that the iterative normal mode
picture does apply to laboratory interferometers, either with loss or
with gain.

A. G. FOX
TINGYE LI

D. A. KLEINMAN
P. P. KISLIUK
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