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If we let & = 7/2 we obtain
0.236

In

¢ = 0954 — (31)

2mp® .
23

All electrons incident on the ion within a cone with a cone angle of
approximately 108°, whose axis is parallel to the electric vector of the
stimulating radiation field, contribute to stimulated emission.

The number AN of emitted photons per second is obtained if we mul-
tiply o7 by the number N, of electrons which per second penetrate the
unit area containing the nucleus with the charge Ze. If there is more than
one nucleus interacting with the electron stream, we obtain the total
number of emitted photons per second by multiplying the total number
of nuclei N, with the electron flux density N, which per second interacts
with them, provided the density of nuclei is low. For electrons incident
parallel to the electric field vector ¢ = 0 or 7, and § = 7/2 we obtain
from (29)

(32)

AN _ 8¢'Z’N.N, [m 2m’ 1]
N i hf '

III. DISCUSSION

Equation (32) shows that the ratio of emitted photons per second to
the stimulating photon density decreases rapidly as the electron velocity
v increases. Within the limits set by (mv®/hf) >> 1 and by 2x(Zé*/fv) K 1
we obtain more emission with slower electrons. The number of emitted
photons increases also with decreasing frequency.

It may be useful to remark on the coherence of the process. We have
to keep in mind that (32) gives the number of photons added precisely
to the radiation mode which stimulates the emission. Let us assume that
all other possible radiation modes are empty, N = 0. If we ask for the
number of photons emitted into one of the empty modes, our results
would be proportional to 1/L® but it is proportional to (hf/mv?)- (n/L?)
in case of emission into the radiation mode filled with n photons. (Re-
member the remark about (n + 1)/L* following (18). The factor if/mv’
arises by taking the difference o, — o0, . The zero-order term drops out
and the result is proportional to ae = hf/mv’.) The radiation from the
electron occurs preferentially into the occupied mode with a probability
ratio equal to [(hf) /(mv*)In (nis a big number even for moderate power).
The power added to the occupied radiation mode is coherent with the
radiation present in that mode because each photon adds precisely the
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energy hf. We have here the same situation which exists for stimulated
emission from bound states, with the difference that the spontaneous
emission of bound electrons has a well defined frequency while the free
electron radiates into a very wide frequency band. Because of the ratio
of spontaneous to stimulated emission, we would assume that the process
discussed here is inherently noisier than stimulated emission from bound
states. Ifor the latter, the ratio of stimulated to spontaneous emission
into the occupied mode is n while it is only [(Af)/(mv*)In in our case.
Apparently we get better results for slow electrons.

We want to state the oscillating condition for achieving self-sustained
oscillation if the radiation is confined in a cavity. The cavity has a
loaded @ defined by

3 NVhf _ NV
n'hf n’
with cavity volume V, photon density N, and n’ dissipated photons
per second. The cavity oscillates if n’ = AN. With the help of (32), this
leads to an expression for the minimum product necessary to achieve

oscillation if we assume again that the electrons are incident parallel to
the E-vector.

QL = (33)

'V

N.N, = -
1652°0, [(m 2mv) B 1]. (34)

h

The oscillating frequency is determined only by the cavity. If many
cavity modes can exist, oscillation will start in the mode with the smallest
value of °/Q., .

For use as an amplifier the bandwidth could be much larger than the
bandwidth of conventional masers because there is no built-in resonance
in this process to limit the frequency.

To build an amplifier or oscillator using stimulated emission from free
electrons, we want to shoot dense electron beams of low energy through
as dense an ensemble of ions as possible. This can be done by using ion
beams rather than ions in a plasma because in a plasma scattering of the
thermal plasma electrons by the plasma ions would have an adverse
effect.

It is also possible to use electron scattering due to ionized impurities
in a crystal to obtain stimulated emission. To apply our theory to
electrons moving in conduction bands of crystals, we have to replace
the electron mass m by the effective mass mes of the electron in the
crystal. Furthermore, we have to multiply the scattering cross section
o by 1/ with e being the dielectric constant of the crystal.
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Experimentally, one has to take care that the conduction electrons
move predominantly in the direction of the electric vector of the radia-
tion field. This is achieved, for example, by lifting electrons into the
conduction band with the help of the photoelectric effect using a erystal
which in the dark is an insulator. The electrons will move predominantly
in the direction of the electric vector of the pump light provided that
this is polarized.

Another way of generating electrons moving in preferred directions
is by the use of de electric fields which exceed the breakdown voltage
of an insulating or poorly conducting crystal.

The crystal will have to be cooled to increase the collision time for
electron collisions with the vibrating lattice which have an adverse
effect on the ordered electron motion and may not give rise to stimulated
emission.*

Another way to achieve stimulated emission of Bremsstrahlung is the
use of crossed electron and ion beams. These two beams can be made to
cross in a capacitor which is part of an LC resonant circuit. The use of
beams in vacuum will limit the application of our effect to low-frequency
amplifiers and oscillators because of the limitation in available ion densi-
ties.

Equation (34) can be applied to the case of an LC circuit. In this
case, V is the volume of the capacitor and Q. the loaded @ of the LC
circuit. An independent calculation has shown that (34) can be obtained
if the voltage and current in the LC circuit rather than the electric and
magnetic field in the capacitor are quantized. The photons in this case
are the units of energy Af which are stored in the resonant circuit.

IV. NUMERICAL EXAMPLES

1. We assume an LC circuit with @, = 30 tuned to 70 me, a capacitor
volume V = 12.5 em®. The electrons are assumed to be accelerated by a
potential of 10 volts, corresponding to a velocity of 2 X 10° ¢m/sec and
to drift through the capacitor plates, which are made out of a wire mesh.
To obtain oscillations, we obtain from (34) (Z = 1 is assumed)

N.N, = 4.6 X 10® sec” em™®

If we assume that an electron beam with 10 ma/em® current density,
corresponding to N, = 6.3 X 10" se¢”' em ™, is employed, N, = 7.3 X
10" ions are needed in the interaction region to make the circuit oscillate.

* So far we have studied stimulated emission in the presence of Coulomb
potentials. Whether other scattering potentials can be used will have to be de-
termined by another study.
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Assuming that the capacitor is made of a mesh of 5 X 5 ¢m® with a
spacing of 0.5 cm, and assuming further that the ions are accelerated by
a 10-volt potential, we find that the ion current of 54 ma has to pass
through the capacitor (Cs ions assumed) in order to provide N, =
7.3 X 10" ions in the capacitor at any instant of time.

12. We consider a solid with a dielectric constant ¢ = 10, an effective
electron mass me;; = 0.1 m and assume that the material is contained in
a cavity with volume ¥V = 20 e¢m® which is resonant at 10 kme with a
Q. = 10,000. The electron velocity is assumed to be » = 10" cm/sec.
We obtain, taking Z = 1,

N.N, = 2.8 X 10® sec™* em™.

If we take the electron current density equal to the one used in the
first example, N, = 6.3 X 10" sec " em ™, we obtain as the number of
ions in the interaction region necessary to sustain oscillations, N, =
4.45 X 10" or a density of 2.2 X 10" ions/cm’.

The frequency could be increased further if it were possible to increase
the ion and electron densities. Increasing the frequency to 100 kme
increases the product N.N, by a factor of 1000. It may be possible to
increase N, as well as N, by a factor of 30 and push the operating
frequency to 100 kme. Increasing the @ of the cavity would also help.

V. A COMPARISON WITH CLASSICAL THEORY

It is interesting to assume that electrons are incident from all possible
directions with a uniform distribution over all angles of incidence.

We obtain from (28)

i i 32re’NZ"*
&=v£ sin 040 | dery = — “ene (35)

Tlectrons incident with a random distribution over all directions lead
to a net absorption of radiation. This absorption process gives rise to
attenuation of waves traveling' through plasmas or semiconductors.
However, in a semiconductor our process gives only the contribution
of impurity scattering but not of lattice scattering. Equation (35) does
not contain & any more and must be equivalent to classical theories.

Equation (35) could be used to derive an expression for the attenua-
tion constant « in an ionized gas. However, the approximations implied
in this work do not allow the electron velocity to become arbitrarily
small. We will, nevertheless, use (35) to derive the attenuation constant
per centimeter of a plane wave in a plasma with electron density n. and
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ion density n; with the assumption that the electrons obey the Maxwell-
Boltzmann velocity distribution.

3/2 o
_ 2 m _ muy
f(v) = 4m [2—_7rkT:| exp( 2lcT>' (36)
It is
AN
=N (37)

where AN is the number of photons created per centimeter per second,
¢ is the velocity of light, and N is the photon density.
We obtain with
AN = "8 [ of (0) 6 do (38)
4r Jo

from (37) with the help of (35), {(36) and (38)
= 672 Py 0
@ = {‘f 1/ 2r 1 nineZ }4\/3 L do. (39)

3V 3 Ty mirfe [ 2 ooz

The integral in (39) cannot be evaluated since it requires an integration
over

/m
v = v A/ spp

starting from zero. The integral is logarithmically divergent. However,
our theory does not allow us to apply (35) for arbitrarily small electron
velocities. Nevertheless, it is interesting to note that the part of (39)
inside the brackets equals exactly equation (5-48) of Ref. 5 if we follow
Spitzer’s indication and multiply his formula with

%
-t

kT

to take stimulated emission into account. The divergent factor outside
the brackets should be one. We cannot derive its value because of the
limitations of our approximation.

VI. SUMMARY

We have presented an approximate theory of stimulated emission of
Bremsstrahlung. The theory considers the process of stimulated emission
which occurs if a stream of electrons is scattered by one individual ion
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or nucleus in the presence of a radiation field. The approximations require
that

. 2
o1, Mo« and 20%% « 1.
v my? fw

We have found that stimulated emission oceurs if the directions of the
incident electrons lie within a cone whose axis is parallel to the electric
vector of the stimulating radiation and whose cone angle is approximately
108°.

The effect is fairly weak, so that rather high ion and electron densities
are required to achieve substantial amplification or oscillation.

It is predicted that the effect will work best in a solid when the condue-
tion electrons are scattered by ionized impurities.

It may be that this effect is responsible for the recently reported
oscillations which were obtained with the use of semiconductor diodes
and which seem presently to be unexplained.®7:8

It is possible that other scattering potentials may lead to stimulated
emission. We have restricted ourselves to Coulomb scattering. It may
be worthwhile to study other scattering potentials, for example electron
scattering by the vibrating lattice in semiconductors.

VII. LIST OF SYMBOLS

« used as azimuth of the scattered electron
relative to the incident electron; also at-
tenuation constant

8 = w/c propagation constant of electromagnetic
wave

c phase velocity of electromagnetic wave

¢ = 4.803 X 107" e.s.u. charge of the electron

f frequency of the electromagnetic wave

@ azimuth of the incident electron

h = 6.624 X 107" erg-sec. Planck’s constant

fi = h/2r = 1.054 X 107" erg-sec.

Hy matrix element of radiation field

k propagation constant of electron wave; also
Boltzmann’s constant = 1.38 X 107*°
erg-degree™ (appears only in the combin-
ation k71"

L length of fictitious box used for box nor-
malization
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m = 9.107 X 107® gram  mass of the electron
g ion density
Ne electron density
N, number of electrons penetrating the unit
area per unit time
N. number of ions or nuclei
N photon density
Q solid angle
w = 2xf angular frequency of the electromagnetic
wave
p =Tk momentum of the electron
¥ polar angle of the scattered electron
Qe loaded @ of the resonant cavity
pr density of physical states per unit energy
o interaction cross section
T absolute temperature
6 polar angle of the incident electron
v electron velocity
Vo matrix element of the Coulomb potential
w differential transition probability per unit
time
w transition probability per unit time
Z number of elementary charges of the ion.
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Diffusion Length Measurement by Means
of Ionizing Radiation

By W. ROSENZWEIG

(Manuscript received June 6, 1962)

Penelrating radiation in the form of high-energy electrons, heavy par-
ticles, and gamma rays may be used to determine minority-carrier diffusion
lengths wn semiconductor materials containing junctions by measuring the
radiation-induced short circuit current. The electron-beam method yields an
accurate absolute determination of diffusion length once the carrier-genera-
tion rate as a function of depth in the material has been measured. A series
of such experiments is described for silicon solar cells utilizing electrons
ranging in energy from 0.61 Mev to 1.16 Mev. A resultant maximum
generation rate of 2.25 X 10% &= & per cent carriers/cm per incident 1 Mev
electron s obtained at a depth of 0.096 gm/cm?®. Measuremenis with 16.8
Mev and 130 Mev protons, and Co% gamma rays are found to be in good
agreement with the electron-beam measurements. An experimental ar-
rangement 1s described which yields rapid and accurate diffusion-length
measurements -of solar cells under conditions in which radiation damage s
negligible.

I. INTRODUCTION

The minority-carrier diffusion length is an important quantity char-
acterizing the properties of a semiconductor material or device, par-
ticularly in any situation involving the transport of charge by minority
carriers. It is related to the steady-state minority carrier lifetime through
the expression L = +/Dr, in which D is the diffusion coefficient and =
is the lifetime. A variety of methods have been employed to measure
diffusion length in the steady state, or lifetime under transient condi-
tions and are reviewed by Bemski.! The steady-state methods have a
particular advantage in that the measurement is uncomplicated by
trapping effects. One particular steady-state method suggested by
Gremmelmaier? involves the use of gamma radiation to generate excess
carriers at a known rate in a pn junction device. The radiation-generated

1573
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short-circuit current may then be used to calculate diffusion lengths
when the device geometry is known.

It is the purpose of this paper to discuss, more generally, the use of
penetrating ionizing radiations for diffusion-length measurement. Ex-
perimental results will be presented for energetic electrons and protons
as well as gamma rays. It will be shown that of the three, electrons lend
themselves readily to an accurate absolute determination, with an ac-
curacy of =5 per cent having been achieved. Even though the method
is quite general it will be treated in terms of one device, the silicon solar
cell. It is the radiation damage study of this device which led to the
development of the technique.

In the text which follows, Section IT will be devoted to the theoretical
background for the diffusion-length determination. Section III will be a
description of the energetic electron measurements and the analysis
which yields the absolute calibration. Sections IV and V will deal with
protons and gamma rays, respectively, and give experimental results
which are compared with the electron beam measurements. A brief
discussion of the radiation damage problem will be given in Section VI
along with some quantitative information which shows that measure-
ments can be made in most practical cases with negligible damage.

II. THEORY

Radiation incident on the surface of a material having a shallow
diffused junction, such as a solar cell shown schematically in Fig. 1,
will generate excess carriers at a rate which is a function of the depth
from the surface. The function depends on the nature of the radiation.
That portion of the carriers which is produced deep in the bulk of the
material can be collected only if the carriers diffuse to the junction.
Thus, for deeply generated carriers, the bulk diffusion length is of
primary importance in determining the collection efficiency. In fact,
because of the very shallow junction in solar cells, the diffusion length
is the only parameter which governs the coliection efficiency for pene-
trating radiation, the front layer becoming important only for non-
penetrating radiation. For the case in which excess carriers are gen-
erated uniformly throughout the material at a rate of gy carriers per
em? per second, the collected current density, J.., under short circuit
conditions is given by

J,w = egoL (1)

where e is the electronic charge. (Derivation can be found in the Ap-
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Fig. 1 — Schematic representation of the silicon solar cell.

pendix.) Equation (1) indicates that the quantitative determination of L
requires a measurement of current, under short circuit conditions, when
a known area of the device is “illuminated” with radiation which is
capable of producing excess carriers uniformly throughout the bulk of
the material and at a known rate. Light which has been filtered with
material which is identical to that of which the cell is made (silicon in
this instance) would satisfy the requirement of uniform generation rate.
However, the requirement of knowing quantitatively the generation
rate is difficult to meet, because the amount of reflection of the incident
light depends on the condition of the surface, and the generation rate
due to the transmitted beam depends strongly on the exact width of
the energy band gap of the filter relative to that of the device.

The types of radiation which satisfy both needs are energetic nuclear
particles, electrons, and gamma rays. As these radiations penetrate the
material, a major portion of their energy is spent in causing transitions
of valence electrons to the conduction band, i.e., the generation of hole-
electron pairs. A small fraction of the energy produces damage by
creating lattice vacancies and interstitials through nuclear collisions
resulting in a reduction of carrier lifetime and change in carrier con-
centration and mobility. The rate at which silicon is damaged by the
various types of radiation will be briefly discussed in Section VI with
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the conditions necessary to produce negligible damage during a meas-
urement of diffusion length.

The average amount of energy required to produce a hole-electron
pair in silicon has been measured to be 3.6 ev, a number which appears
to hold well over a wide range of particle energy and types.* The de-
termination of go for a particular case thus requires a knowledge of the
rate at which energy is given up to the material. Moreover, to assure
oneself of the uniformity of the generation rate, it is also necessary to
know its rate of change with depth into the material. If the latter
quantity be designated by g1, then it is shown in the Appendix that the
nonuniformity can be neglected to the extent that (gi/ge)L is small
compared to one.

Tor the cases of the charged particles it is convenient to introduce
one other quantity, the average specific ionization, which is the average
spatial rate of hole-electron pair production per incident particle. If the
generation rate, at some depth in the material, is g, due to N charged
particles normally incident per second per cm? of surface, then the
average specific ionization, S, at that depth is given by

S = = pai . 2

¥ palrs/ cm (2)
For the situation of uniform carrier generation, (1) may be rewritten in
the form

Je = JSL 3)

where J is the incident current density for singly charged particles, and
So is the uniform specific ionization.

III. ELECTRONS

Of the charged particle radiations, electrons can be handled most
casily experimentally. This is due to the fact that accelerators for 1
Mev electrons, which are sufficiently penetrating for the purpose at
hand, are relatively simple in design and can be operated quite reliably.
Beam intensity calibrations can be carried out accurately, for electrons,
with Faraday cups of not too complicated design. This situation is in
contrast to heavy particle accelerators which are large and complex
installations.

The theoretical calculation of the average specific ionization as a
function of depth per incident electron is difficult.* However, it is easy
to evaluate this function experimentally, as was done, in the following
way: A pre-bombarded silicon solar cell was exposed to a broad beam of
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monoenergetic electrons normally incident to its surface. The reason for
the pre-bombardment was two-fold: () the diffusion length of the
minority carriers was reduced to only a few microns so that the spatial
variation of ionization in the sensitive layer was negligible, and (¢7)
the diffusion length did not change appreciably during the measure-
ments. The solar cell short-circuit current density, J., was measured
and the electron beam calibrated to obtain the incident electron current
density, J. . By forming the ratio J,/J. one has determined the average
ionization per incident electron in the spatial interval a distance L from
the junction. This quantity was then obtained as a function of depth by
placing absorbers, approximately equivalent in atomic number to the
cell material, on top of the cell and measuring the resultant short circuit
current. The placing of the absorbers on the cell was equivalent to mov-
ing the sensitive layer, in which the ionization was measured, through
the volume of the material. Care was taken in this procedure that the
absorbers overlapped the edges of the cell sufficiently so that electrons
scattered out at the periphery of the cell were compensated by equivalent
electrons scattered in.

The results of a series of such experiments are shown in Figs. 2-5 for
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Fig. 2 — Ratio of collected current density to incident electron current density
vs depth for 1.16 Mev electrons in a silicon solar cell of 8.75 u diffusion length.
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Fig. 3 — Ratio of collected current density to incident electron current density
vs depth for 0.98 Mev electrons in a silicon solar cell of 8.75 u diffusion length.

incident clectrons of 1.16 Mev, 0.98 Mev, 0.80 Mev and 0.61 Mev
energies respectively. They are plots of the ratio Js./J. versus depth in
silicon. (The actual absorbers used were made of aluminum, which is
sufficiently close in atomic number to silicon to require only a density
correction to yield equivalent thickness of silicon.) Since the integral
over-all depthsof the average specific ionization, S, , per incident electron
is equal to the total ionization which the electron produces in the silicon,
then by means of (3) one gets the following result:

” 1 (“Je , _E
[()Sed@—z-/() Jedm—— (4)

€

where I is the average energy absorbed in the silicon per incident elec-
tron and ¢ = 3.6 ev/pair.

This average absorbed energy is very nearly equal to the energy of
the incident clectron. The latter quantity was measured with a com-
bination vacuum Faraday cup-calorimeter, under scattering conditions
of 2 mils of aluminum and 2 inches of air. The absorption measurements
were made with additional scattering of 3.5 mils of aluminum and 3
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Fig. 4 — Ratio of collected current density to incident electron current density
vs depth for 0.80 Mev electrons in a silicon solar cell of 8.75 u diffusion length.

inches of air. The extrapolated ranges obtained from these curves, when
corrected for the additional air and aluminum, give initial electron
energies, through the range-energy relationship,” which agree with the
calorimeter measurements within 3 per cent. Using the energies ob-
tained by the extrapolated ranges and evaluating the integrals under
the smooth curves, one obtains a set of . values for the cell used in
these measurements as in Table I under the heading Uncorrected values.
One observes that the calculated L values decrease with decreasing
energy. The cause for this is not clearly understood, but it is possible to

TaBLE I — DirrusioN LeENGTH VALUES COMPUTED FROM ABSORPTION
CurveEs For LELEcTRONS OF VARIOUS LENERGIES

Electron Energy (Mev) Uncorrected L{u) Backscatter Corrected L(u)
1.16 8.34 8.54
0.98 8.25 8.48
0.80 7.84 8.15
0.61 7.64 8.04
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Fig. 5 — Ratio of collected current density to incident electron current density
vs depth for 0.61 Mev electrons in a silicon solar cell of 8.75 u diffusion length.

enumerate two contributing factors. The average energy of the incident
electrons is less than that determined by the calorimeter under less
severe scattering conditions. Similarly, the extrapolated range is only a
measure of the range of the most energetic components, the less energetic
ones manifesting themselves only in the shallower portion of the ab-
sorption curve. Secondly, a certain fraction of the incident energy flux
is reflected back by way of secondary electron emission. The latter
effect can be taken into account quantitatively by making use of some
recently published data by Wright and Trump.® They give curves for
the fraction of the incident electron beam energy which is scattered
backward as a function of energy. When one makes use of the curve
for aluminum, one arrives at L values shown in Table I under the head-
ing Backscatter Corrected values. The variation with energy has been
reduced but the trend still remains. If one makes the assumption that
the correct L value is approached as the electron energy goes to infinity
then one can attempt to obtain this value by plotting L against the
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reciprocal of the energy and extrapolating to zero. Such an extrapolation
yields L = 9.0 p which is about 5 per cent higher than the value at
0.98 Mev. If one now takes a value halfway between these two, namely
8.75 p, any remaining uncertainty will introduce errors of less than 43
per cent.

With the L value of the experimental cell thus determined, it is
possible to normalize the ordinates of the curves in Figs. 2-5 to give
the average specific ionization as a function of depth for the various
initial electron energies. For example, 0.98 Mev electrons have a maxi-
mum average specific ionization in silicon of 225 pairs/p and, for the
scattering conditions of this experiment, have a surface ionization of
152 pairs/u. The initial slope of the curve is 2.85 pairs/u® so that for a
cell of 100 p diffusion length, ¢:L/go = 0.3 (see Appendix).

The above nonuniformity in the carrier generation rate is large
enough to make it desirable to make diffusion length measurements in
the vicinity of the maximum where the variation in the generation rate
is less than 2 per cent over a range of 250 u. An experimental arrange-
ment for readily doing this has been developed and takes the form of a
double-aperture Faraday cup, which is shown schematically in Fig. 6.
The cup is placed in the 1 Mev electron beam in a position such that

UNIFORM ELECTRON BEAM

ELECTROSTATIC

AND RADIATION ~_ BEAM-DEFINING
SHIELD S - e APERTURES OF
\ v v EQUAL DIAMETERS
77 Tz %2 7 %
2
V4
ooi2" Pl -~ FARADAY
ALUMINUM 77 -—— CUP
ABSORBER COLLECTOR

SOLAR CELL ELECTRON _J:_
CURRENT CURRENT -
METER METER

Fig. 6 — Schematic representation of the double-aperture vacuum Faraday
cup for measuring Joc/J. .
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equal electron fluxes enter both apertures. This is assured by making
repeat measurements with the cup rotated 180° around its own axis.
Under one aperture is a 12 mil aluminum foil, bringing the carrier
generation rate near the maximum in silicon, which is followed by the
cell whose diffusion length is to be measured. The beam entering the
other aperture is collected in a Faraday cup. The ratio of the cell short
circuit current to the cup current when divided by 225 will give the
diffusion length in microns. Such measurements are carried out with suf-
ficiently sensitive amplifiers so that an L determination can be made
with an exposure of 10 electrons/em?. The ratio is formed electroni-
cally and is displayed in digital form. The measurements are reproduc-
ible to within 3 per cent.

1V. HEAVY PARTICLES

Tor the case of energetic protons, deuterons, and alpha particles the
situation is fairly simple. Since the particle mass is much greater than
the eclectron mass, the incident particle passes through the material
with only negligible deflection except for the extremely rare instance in
which it undergoes a large angle nuclear collision. At any depth in the
material, the specific ionization may be obtained by dividing the rate
of energy loss, dE/dz, by the average energy required to produce a pair;
1.e., 3.6 ev for silicon.

As an example, Fig. 7 is a plot of the specific ionization and its spatial
rate of change in silicon as a function of proton energy. The values were
computed from a tabulation of dE/dx versus energy in aluminum as
given by Sternheimer.” These curves show that for minority carrier
diffusion lengths of the order of 100 microns, a proton of initial energy
greater than about 18 Mev will generate carriers uniformly to within
2 per cent in a depth of one diffusion length from the surface. This im-
plies a 2 per cent accuracy in (1) when a uniform generation rate of gc
is used. The uniformity of carrier generation is improved with increased
proton energy.

Similar considerations may be applied to other heavy nuclear par-
ticles. For quantitative information on dE/dx and range-energy rela-
tionships, references such as Bethe and Ashkin® or Allison and Warshaw®
are useful.

Diffusion length measurements were made with 16.8 Mev protons
(Princeton Cyclotron) and 130 Mev protons (Harvard Cyclotron). The
ionization currents were measured on cells of 1 ecm? area and the beam
current densities measured with Ifaraday cups available at each of the
two installations. When (3) is solved for L with Sy = 1.46 X 10 pairs/
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Fig. 7 — Specific ionization and its spatial rate of change vs energy for protons
in silicon.

cem at 16.8 Mev and Sy = 3.03 X 10° pairs/em at 130 Mev, the results
in Table II are obtained. For comparison, the table also contains the
diffusion length measurements obtained with the electron beam. As
may be seen, agreement is obtained between the two methods for a
large range of diffusion length values for both conductivity types and
at two greatly different proton energies.

V. GAMMA- AND X-RAYS

Measurement with this type of radiation is discussed in the previously
mentioned article by Gremmelmaier.2 He shows that to a good degree of
approximation,

E
go = N,K = (5)
where
N, = incident radiation flux in quanta per em?-sec,
K = the absorption coefficient,
E = the average electron energy per absorbed quantum,
e = average energy per pair (3.6 ev for silicon).
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TABLE IT — DirrFusioN LENGTH MEASUREMENTS OBTAINED BY MEANS
ofF ProTroNs CoMPARED WITH 1 MEV ELECTRON MEASUREMENTS

(
Cell Type Cell No. Prot?ﬁgr)lergy by %%gons by Ellll\e"::irons
nonp 211 16.8 21.0 21.5
non p 622 16.8 86.0 88.0
nonp 1112 16.8 29.3 32.5
nonp 1021 16.8 13.8 11.5
ponn 5011 16.8 5.2 4.8
ponn 5021 16.8 22.4 19.5
ponn 280R 16.8 8.7 7.9
ponn 283R 16.8 5.6 3.9
nonp 8112 130 5.4 5.5
nonp 10802 130 5.4 5.35
non p B-1 16.8 41.2 40.4
nonp 6112 16.8 12.0 11.5
nonp C-2 16.8 20.4 21.2
nonp D-2 16.8 8.2 7.8
nonp 7112 16.8 2.3 2.3
nonp 7111 16.8 2.14 2.36
non p 6911 16.8 2.2 2.4
nonp 7012 16.8 2.5 2.4

Tor a given quantum energy, K and E can be calculated from tabulated
absorption and scattering cross sections.!® However, the determination
of N, for a given source and particular geometry is quite difficult.

The use of this radiation does offer definite advantages. The rate of
degradation by the radiation is substantially lower than for the case of
energetic particles since the secondary electron flux is weighted toward
the low energy end, with a sizable portion below the damage threshold
energy. It is highly penetrating, so that measurements can be made
through appreciable thicknesses of absorber. For the same reason, the
carrier generation rate is uniform to great depth. The advantages of a
gamma- or X-ray source can be utilized without the evaluation of the
various constants in (5) by calibrating with a cell of known diffusion
length, the latter quantity having been determined with electrons.

Solar cell short eircuit currents were measured in a 10 kilocurie Co®°
source. The radiation level within the source was about 0.87 X 106 r/
hr. A number of cells whose diffusion lengths had previously been de-
termined using the electron beam were placed inside the source and
their short circuit currents measured. The ratio of current to diffusion
length for each of the cells is shown in Table III. As may be seen, the
ratio undergoes variations up to 20 per cent. This is caused primarily
because the cells did not occupy positions of equal intensity in the y-ray
source. It is thus reasonable to conclude that there is good agreement
between a diffusion length measurement in the y-ray source and under
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TaBLE III — Gamma RapratioN INpuceEp SHorRT CIRcUIT CURRENT
NorMALIZED TO 1 MV ErLEcTRON BEAM DETERMINED
DirrusioNn LENGTH

Cell Type Cell No. Liw) (’{g//";)
nonp 2A 18.6 174
n on p 2B 19.0 .159
non p 3A 17.7 141
non p 3B 17.9 154
ponn 5A 4.3 .176
ponn 5B 4.4 171
ponn 6A 7.0 .163
ponn 6B 5.2 .170

the electron beam, regardless of whether the minority carriers are holes
or electrons. Since the area of each of the cells used was 1 cm?, the average
value of the ratio gives a calibration for the particular y-ray source of
0.162 wa/p-cm?. This number may be converted to an absorbed dose
rate!! and yields 0.88 X 10° rad/hr. By means of the definition of the
rad and the roentgen, and using the mass stopping power of air relative
to silicon one can convert this number to correspond to 0.81 X 10¢ r/hr
which is in reasonable agreement with the existing calibration.

VI. RADIATION DAMAGE

The damage produced by energetic radiation causes the minority
carrier diffusion length to decrease in a well defined way. Fig. 8 gives
the experimental results for the measured diffusion length as a function
of 1 Mev electron flux for an n-diffused, p-type 1 Q-ecm base silicon solar
cell. The solid curve is a plot of the theoretical formula

1 1
o= o+ Ko (6)
in which L is the diffusion length after some bombardment flux &, and
Ly the initial diffusion length, with L, = 140 p and K = 1.8 X 1010,
The value of K depends on many parameters such as the energy and
type of bombarding particle, the resistivity and conductivity type of
the material, the temperature, and the impurity concentration. The
variation of K with particle type and energy will be the subject of other
papers. Table IV summarizes some of the results for the radiations
mentioned in this paper and for silicon solar cells made from pulled
crystals and irradiated at room temperature.
From this one can determine, for example, the per cent change in
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Fig. 8 — Degradation of diffusion length vs electron flux.

diffusion length of an n-type base solar cell (1 © em) during a measure-
ment with 1 Mev electrons for an exposure of 10!° em™2 when the initial
L value is 100 g. Differentiation of (6) yields

dL

L

which gives, for the above case, a change of less than 0.2 per cent.

—é{_ L2 dd )

VII. CONCLUSION

It has been demonstrated that the method for measuring diffusion
length by means of ionizing radiations is particularly suitable for the
case of the solar cell and is expected to be useful for devices of similar
geometry. Measurements with three types of radiations—electrons, pro-

TaBLe IV — RapiatioNn DaMAGE ParameTer K = (d/d®)(1/L?) ror
SoME Rapiations AND Conpuctivity TYPES IN SILICON

B Conductivity T: 1 M 16.8 M 130 M

aseangnR:scislg}ilvi};;y pe ElCCt:O‘:lS Protor?: Protoi‘; Coft y-rays
p-type | 1Qcem | 1.8 X 10710 8.3 X 1077 | 3.3 X 1077 2.6 X 10~%~lem™?
p-type | 10Qem | 5.8 X 10711
n-type 1Qcm | 2.6 X 1079| 5.1 X 1075} 2.0 X 1076 4.0 X 107> lem~2? .
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tons and gamma rays—are shown to give consistent results over a wide
range of diffusion lengths and for both conductivity types in silicon.
The electron beam technique is shown to lend itself most readily to an
absolute calibration and to routine measurements of diffusion length.
By this technique the average specific ionization of electrons as a func-
tion of penetration depth is measured. IFor 0.98 Mev electrons in silicon
this ionization reaches a maximum value of 225 pairs/u = 5 per cent
at a depth of 0.096 gm/cm?.

The consistency found among the various types of radiation allows
one to reverse the argument and suggest that calibrated solar cells be
used as solid-state ionization chambers for measuring radiation intensity.
A range of 10° rad/hr to 10° rad/hr should be achievable.
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APPENDIX

For a solar cell of the type shown in Fig. 1, for which the junction
depth is much smaller than the diffusion length of the minority carriers,
one needs to solve the diffusion equation only in the semi-infinite region
beyond the junction for the case of penetrating radiation. If the junction
is assumed to be located at x = 0 and the carrier generation rate as a
function of distance from the junction to be given by ¢(z), then the
steady-state excess carrier concentration will be given by the solution
of the equation:

pln_n ) 8)
da? 1 .
where
D = minority carrier diffusion coefficient,

7 = minority carrier lifetime,
n = excess minority carrier concentration.

Under short circuit condition, i.e., zero bias on the junction, the equa-
tion is solved with boundary conditions n = 0, x = 0, and dn/dxz = 0,
x = o, If the carrier generation rate is reasonably uniform within a
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diffusion length, L. = +/Dr, of the junction, then g(z) may be repre-
sented by the first two terms of its Taylor series expansion as follows:

g@) = go + gz (9)

The solution to (8) with g(z) given by (9) under the above boundary
conditions is given by:

n(z) = gor(1 — ") + gur (10)

which yields for the magnitude of the short circuit eurrent density:
Joo = egol. <1 +-§—‘L>. (11)
0

From (11) it may be seen that under strictly uniform carrier generation,
ie., g1 = 0, the short circuit current density is given by J.. = egoL.
This magnitude is increased or diminished in the nonuniform case by
an amount eg L depending on whether the generation rate increases or
diminishes with depth in the material, i.e., depending on whether g, is
positive or negative.
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Imperfections in Lined Waveguide

By H. L. KREIPE and H. G. UNGER*
(Manuscript received May 11, 1962)

Thickness variations of the lining and deformations of the cross-section cou-
ple circular electric waves to unwanted modes and degrade transmission char-
acteristics. Generalized telegraphist’s equations for lined waveguide with
these tmperfections are found. The most critical tnteraction vs caused by
lining variations of circular symmetry between TEqy and higher circular
electric waves. Because of such interaction the average T'Eo, loss is increased
and signal transmission is distorted. More sertous than signal distortion
1s the increase in average loss. In 2” I1.D. copper waveguide with a 0.01”
lining, the rms of a typical thickness variation should stay below 0.002” for
the T'Eo loss at 56.6 kme not to be raised more than 10 per cent. Cross-sec-
tional deformations in lined waveguide cause nearly the same increase in
loss and signal distortion as in plain waveguide. Tolerances for such defor-
maitzons should therefore be the same as in plain waveguide.

I. INTRODUCTION

Lined waveguide shows promise as a communication medium.! Cir-
cular electric wave loss in bends is reduced by a low-loss lining. A lossy
lining reduces the degrading effects of mode conversion and reconver-
sion.

In straight circular waveguide with a perfectly uniform lining, circu-
lar electric waves will only suffer a slight increase in attenuation due to
the loss factor of the lining and the slightly increased wall currents.
Also, the phase constant will be only slightly shifted. Otherwise the
transmission characteristics will remain smooth and undistorted.

A perfect waveguide with a perfectly uniform lining, however, can-
not be realized in practice. The waveguide will be slightly deformed,
and any lining as it is applied by spraying, dipping, or other methods,
will show variations in thickness along the circumference as well as
longitudinally. These variations will, in general, be distributed ran-
domly.

* Technische Hochschule Braunschweig; work done under letter contract.
1589
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Deformations of the cross section or an imperfect lining couple the
circular electric wave to other unwanted modes and by mode conversion
and reconversion further increase the loss and otherwise degrade the
transmission characteristics. To keep these degrading effects small, the
waveguide has to be made sufficiently round and straight and the lining
uniform. In order to specify tolerances, a theory is needed of circular
electric wave propagation in a deformed waveguide with varying thick-
ness of the lining.

Attempts at such a theory have been made elsewhere, but they were
limited to a first-order approximation®®*. These approximations are
by far not adequate to describe the cases of practical interest.

Imperfect lining in a perfect waveguide will be analyzed first. Subse-
quently, the effects of cross-sectional deformations will be taken into
account.

II. GENERALIZED TELEGRAPHIST'S EQUATIONS FOR A WAVEGUIDE WITH
IMPERFECT LINING

The lined waveguide, Ifig. 1, will be considered in cylindrical coordi-
nates (r, ¢, 2). The thickness ¢ of the lining will for the moment be as-
sumed a function of ¢ only. Any such function, being periodic in ¢, may
be expanded into a Fourier series

t = 4l 4+ Z v, cos qo). 1
q

The sine terms have been omitted in (1); they would only add terms of
orthogonal polarization. ¢, is the nominal thickness of the lining.
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Fig. 1 — Round waveguide with lining of varying thickness.
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The relative permittivity will be written
a1 e

where ¢, is the relative permittivity of the waveguide with a perfectly
uniform lining. €, takes into account the actual permittivity distribution
in a waveguide with varying thickness of the lining,.

More specifically:

e =1 0 < r < a
2
€1 = € a < r <D
where ¢, is the relative permittivity of the lining. Moreover,
6+ e = € ; e = ¢, — 1 inareas A (Fig. 1) @)
3

g+ ee=1; e2 =1 — ¢, in areas B.

In other cross-sectional areas ez = 0. Only the thickness of the lining
varies; the permittivity is assumed to be constant.

The electromagnetic field in the waveguide is described in terms of
normal modes of the round waveguide with a perfectly uniform lining.
These modes are derived from two sets of scalar functions 7', and 7',
given by (6.1) and (6.2).*

The transverse field components are written in terms of the follow-
ing wave functions:

a7, aT,
B = ?V”[W”" raJ
’
E, = zvn[a_T" - dnaT”]
n rdp ar
aT. hat 0T, )
Hrz—flnlir—a;_dnel—ké 67':|61
oT, hat oT,
H¢—§In[—5r+dnmra¢]el.

The individual terms in (4) represent normal modes of the lined wave-
guide when d, is chosen according to (6.26). & = w\/jue is the free-
space wave number; h, is the axial propagation constant; and

kn = Xnlo = aO(k2 - hnz)% (5)
is the radial propagation constant of the mode 7.

* These equations are listed in Ref. 6; the terminology (6.1) refers to Ref. 6
equation (1), (6.2) to Ref, 6 equation (2), ete.
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In Maxwell’s equations the distribution of permittivity (& + e)
must be taken into account:

%[% (E.) — a% (rE\,)] = —jeuoH, (6)
2 ) =2 )] = —jonet, (1)
_1[%( B,) — 2 (E,)] = juuH. 8)
2 (,;i 1) | = juta + ek (9)
[ 2 ) = 2 ()] = ot + e, (10)
:[a% (rH,) — % (H»] = jola + e)eoll: . (11)

Substituting for the transverse field components from (4) into (8) and
(11) and taking advantage of (6.3), the longitudinal field components
are obtained:

H, = joe 2 Vadn ’]‘c’; T, (12)
. €1 Zf_
Hz = Jwlo E In ——-—€1 + p ) Tn . (13)

To find relations for the current and voltage coefficients, the series
representations (4) and (12) and (13) for the field components are sub-
stituted into Maxwell’s equations. Then by multiplying with orthogo-
nal field functions, combining some of these equations, and integrating
over the cross section, generalized telegraphist’s equations are obtained.

For example,

2 ’
(aT J B 0T

e O FR >51 times (6)

is added to

8T, B 0T, .
<7r— +d, o 790 > € times (7)

and the result is integrated over the total cross section. Using the or-
thonormality condition (6.29)° and the wave equation (6.3), one obtains:
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AV | P 2 . €2 Xn X
dz + N ]wm%]n se + e k2

Similarly,

TwTw dS. (14)

( 4 d aT > times (9)

is added to
aTs, aT,,,’) :
o — 1
<ra¢ o times (10)
and the result is integrated over the cross section
ﬂ + JoweoVim

AT, [ 9T AT
= —jweoE Va f€2 {I: ™ dn mp:“: +d aga:l (15)

T, aT, [ aT oT ]
— d, n =" — dn m i
+ |:7‘ago ror :I [rago ar a8
Tquations (14) and (15) are generalized telegraphist’s equations for

round waveguide with imperfect lining.
Introducing traveling waves,

V= V Km(am + bm)

I, = 1 (am - bm) <16)

3

with the characteristic impedance

K="= (17)

weQ
the more convenient form of generalized telegraphist’s equations in
terms of amplitudes of forward (a..) and backward (b,) traveling waves

1s obtained:

o 4 o = 2 lenn*an + un b

dby, " (18)
s + -

dZ Jh b - J E: [Cmn bn + Cmn an]-

The coupling coeflicients in (18) are
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K’ f €162 Xn Xmo
mﬁ — °___ 1€2 nXm opom 8
¢ + 2'\/hmh" s€ + e k2
\ Tomhin f [aT,, aTn’} [aT,,, aTm’]
Lo TR e T | 9

aT, o, 1 aT,, T,
+[ra¢ n a][T ’"7]}‘*&

To analyze circular electric wave propagation, it is sufficient to con-
sider only coupling between circular electric and other waves. Let m
denote the TI, wave, then

T.=0
and
E. =E, =H, =0.
In this case the coupling coefficients reduce to

. _ dmx/ohmhn [62 [aTn g g] ' 1o
V4 S

n 2
rd@ ar ar (20)

mn

Also the generalized telegraphist’s equations may now be written
shorter:

B 4 ot = 52 Cunlan + b2)
db. n (21)
% - l7hmbm =17 % Cmn(a'n + bn)

To find the z-dependence of the wave amplitudes a,, and b, for cer-
tain initial conditions requires the solution of the generalized teleg-
raphist’s equations (18) or (21). They are a system of simultaneous
first-order and linear differential equations and can be solved by stand-
ard methods.

III. COUPLING COEFFICIENTS FOR LINING IMPERFECTIONS

First of all, the coupling coefficients have to be evaluated. Under prac-
tical conditions certain approximations may be made. The maximum
deviation of the lining from its nominal thickness or also any of its
Tourier components are assumed to be small compared to the nominal
thickness:

v, K 1. (22)
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A first approximation is obtained by substituting for the wave func-
tions T, and T, in the range of thickness deviations their values at
the nominal boundary » = a,. Thus the integration in (20) is facilitated.
e 18 different from zero only in regions A and B of Fig. 1, and in these
regions the integrand is assumed independent of 7.

According to the boundary condition at » = ao for the internal and
external field components

7 % e e
Eﬁ"n Esom = E,, E‘Pm

and consequently, because of (4):

or,’ T, oT " oT,* oT "] T,
n _ " n m — m — dn n m .
[ranp d or ] ar [ rdo or or (23)
The various terms of the integrand in (20) are:
oT," _ P
o0 NoJ o (kn) o oS pe
[
6aT_: = Nuxutp (kn) cos pe (24)
17
L Nl ().
ar

Introducing these terms into (20) and using (23), the coupling co-
effiicients are:

Con™ = % N T, AN N e 1 () T p (i) (p-diaken®yn)

1 fmr b—t (25)
(e —1) — drd
(e ) @ s [ZO cos pe drde
TS (k) 5
where ¥, = o () (26)

Integrating over the radial coordinate r, the upper limit b — ¢ is a
function of ¢. According to (1)

b—t=a — t2v,cos qp. 27)
q
Integrating in (25) over r and ¢ the contributions from all Fourier

components of (27) disappear except those with ¢ = p. One obtains for
the coupling coefficients:

Cun = =5 N Tonkin AN N wlime 1(k) T 5 (Kn) (P — dikin’yn)

(& — 1)b, (28)
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where for the nominal thickness the relative measure

has been introduced.

For a thickness deviation described by a single coefficient v, , there is
only coupling between circular electric waves and waves of circumferen-
tial order p = ¢.

For the term corresponding to ¢ = 0 the integration results in

Com = — 15 Tt N uN wimon 1 (o) J1 () (67 — Déivo.  (30)

This uniform thickness deviation only causes mutual coupling between
circular electric waves.

For a very thin lining, the modes of lined waveguide may be considered
perturbed modes of plain waveguide. It has been found elsewhere’
that a first-order perturbation of this kind is a good approximation
only in a very limited range. Nevertheless it will be quite informative
to study the approximations for the various expressions when this
first-order perturbation is introduced.

The asymmetric modes are either perturbed TE or perturbed TM
modes. The coupling coefficient between circular electric and perturbed
TE modes reduces to

. -

2 _ 14
I lemoleno [1 e k2 (1 N Eno? )
rivnQ 2 272 —
hao k*b* (e 1) (Gr — 1)6131/1, (31)

Conn — — e —
- 2
/2ol 1/ 1 -2

kn02

where the second subscript 0 indicates the value of the corresponding
quantity in plain metallic waveguide.

The coupling coefficient between circular electric and perturbed TM
modes reduces to

_ hnO € — 1 3
Cmn = /‘/2—h—m~0 ]C]Cmop . 51 Vp. (32)

The uniform thickness deviation causes coupling only between circular
electric waves. Ifor a very thin lining the corresponding coupling co-
efficients (30) reduce to

k*hmokono

B iy —— — 3
Cmn \/hmohno (Er 1)51 Vo . (38)
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In all approximate expressions (31) to (33) the coupling coefli-
cients vary with the third power of the relative thickness §; of the lining
and are proportional to the relative deviation », of the thickness.

To evaluate the exact expressions (28) and (30) for the coupling co-
efficients as well as the approximate expressions (31) to (33), the prop-
agation characteristics of the coupled modes must be known first. The
characteristic equation for the normal modes in lined waveguide of
perfect geometry has been solved numerically by an iterative procedure.
The evaluation was programmed for automatic exccution on a digital
computer.

Also included in this program was an evaluation of the exact formula
(28) for coupling between Ty and any asymmetric mode.

For the typical values b/A = 4.70 and 7.62 corresponding to 2”7 1.D.
waveguide at 55.5 kme and 90 kme, and for a permittivity e, = 2.5, the
phase constants of a number of modes are plotted versus the relative
thickness of the lining in Figs. 2 to 5.

The lining changes phase constants most effectively for TE,; modes
and all TM,, modes. All TE,, modes with n > 1 show very little
change for a thin lining. First-order approximations for the phase con-
stants in case of very thin lining would be represented in these plots
by straight lines tangent to the curves at §; = 0. Note that these first-
order approximations are gravely in error for most modes and any sub-
stantial thickness of the lining.

Some of the coupling coefficients for thickness deviations have been
plotted in Figs. 6 to 9 as a function of the thickness of the lining.
In the log-log plot of these figures the first-order approximations for
thin lining appear as straight lines with slope 3. Note that these straight
lines are fairly good approximations for coupling between TEy and
TE,. modes with n > 1 and a relative thickness of the lining smaller
than 1 per cent. For coupling between TEgy and all other modes, how-
ever, these approximations are again seriously in error.

Note also that coupling between TEy and TI,, modes is always
larger than coupling between TEq and TM,, modes. IFurthermore,
coupling between TEy and TE,, increases with increasing order n of
the radial dependence of coupled modes, while it decreases in case of
TM,, modes.

In Fig. 10 the coefficients of coupling between TEy and higher circular
electric waves for circular symmetric components of lining imperfection
corresponding to p = 0 have been plotted. Iirst-order approximations
for thin linings are shown in this diagram only. They are adequate for
the entire thickness range to be considered. As in the general case of
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Fig. 2 — Phase constants of TE, and TM;, modes in lined waveguide. b/x =
4.70, . = 2.5. :

coupling to TE,, the coupling coefficient increases with the radial order
n of the higher circular electric modes.

1IV. MODE CONVERSION AT IMPERFECT LININGS OF VARIOUS PERMITTIVI-
TIES AND AT VARIOUS FREQUENCIES

Lined waveguide will be used for circular electric wave transmission
over wide frequency bands extending up to 100 kme and more. In
addition, for technological reasons the lining might be made of materials
of various permittivities.



IMPERFECTIONS IN LINED WAVEGUIDE 1599

0.6 7
0.4 /
0.2 /J
0
Ty, |
a _
g -o2
<
>
—0.4
¢ —
(]
£ -0.6
< : —
I /—""
3 -os8 L
w i
< /
T ~-1.0
z
w
g -2
w
['4
w
ll.ll.- /
a —h4 ——
TE,
~-1.6
1.8 ]
- //
-2.0 ]
M,
-2.2
0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

THICKNESS OF LINING IN PER CENT OF RADIUS

Fig. 3 — Phase constants of TEs, and TM., modes in lined waveguide. b/x» =
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A first indication as to how the coupling coefficients depend on fre-
quency and permittivity of the lining is obtained from the approximate
formulae (31), (32) and (33) for coefficients of coupling at lining imper-
fections.

For interaction between waves which are sufficiently far from cutoff
we have



1600 THE BELL STSTEM TECHNICAL JOURNAL, SEPTEMBER 1962

0.6 /
0.4 /’
0.2
/ﬁea.
o]
/
2 -02
Q
E %/
°
-0.4
E 0. =
o
[
'E —0.6
RS
1)
z I
S -o0s8
u TEaz
<
T -10
z /’,.—-—-
w L]
% —1.2 ‘/
o T Maz
w .
o —lLa4p
—-1.6
-1.8
——/
2.0 ___'——,'/
! TEas
-2.2
[¢] 0.5 1.0 1.5 2.0 2.5 3.0 3.5

THICKNESS OF LINING IN PER CENT OF RADIUS

Fig. 4 — Phase constants of T'Ey, and TM;, modes in lined waveguide. b/ =
4.70, ¢, = 2.5.

hoo =2 hpo =2 I
and
(e, — DE2a2 > ket
so that for interaction between TEy, and TE,, (31) may be replaced by
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Equation (32) for interaction between TEy, and TM,, may be replaced
by

C7Il n -

s (e — 1)81°,. (34)

Cmn = i kmO]c &= 1

V2 &

Equation (33) for interaction between circular electric waves may be
replaced by

513Vp. (35)

Comn = — ]Cm()](}n()]{)(er —_ 1)6131/0. (36)

These approximate expressions indicate a linear dependence on fre-
quency of all coupling coefficients. As functions of the permittivity the
coupling coefficients are proportional to (e, — 1)/e, for interaction be-
tween TEg, and TM,, waves, but nearly proportional to (¢, — 1) for
interaction between TEq, and all TE waves. The term p?/ekn? may for
most TE modes be neglected with respect to unity.

For substantial linings the normal modes cannot be regarded as per-
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Fig. 6 — Coefficients ¢, of coupling between TEg and TE;, and TM;, waves
at lining imperfections of order p = 1. b/N = 4.70, ¢, = 2.5.

turbed modes of plain waveguide. In this case an indication of the
dependence of mode interaction on permittivity and frequency can be ob-
tained only by evaluating the exact expressions.

Comparing the curves of Figs. 6 and 9, it is found that the exact
values for coupling coefficients show nearly the same dependence on
frequency and permittivity as indicated by the approximations. Only
for interaction between TEy and lower-order TM modes are the cou-
pling coefficients appreciably larger at higher frequencies even for thin
linings.
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Fig. 7 — Coeflicients ¢, of coupling between TEy and TE,, and TM,, waves
at lining imperfections of order p = 2. b/N = 4.70, & = 2.5.

All these characteristics of coupling due to imperfect linings will have
to be considered when the coupled line equations are solved for TEg
propagation.

V. LINING TOLERANCES

In manufacturing lined waveguide, tolerances for irregularities must
be specified. These irregularities are randomly distributed, and at best
some of their statistical properties are known. By solving the generalized
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telegraphist’s equations, statistics of the transmission characteristics
may be expressed in terms of the statistics of lining imperfections.

In particular, the average added loss for circular electric waves due
to mode conversion at lining imperfections is’

L
{Aan> = L Ef R(2)(L — 2) Cun’ 0S ABpmz dz (37)
Ln 0

where
R(2) = <vy(21) - vy(z1 + 2)>

is the covariance of a component »,(2) of thickness deviation. »,(2) is
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assumed to be a stationary random process in z. C,,, is a coupling factor
defined according to

Com = Comvyp(2).

L is the total length of the waveguide. AB., is the difference in phase
constant between the circular electric wave m and the mode n coupled
by cum to m. The difference in attenuation Ac,., between mode m and
7 is assumed small enough so that

¢t ]

for all 2 for which E(z) has any substantial values.
The covariance will be assumed to drop off exponentially
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12|
R(z) = &b o (38)

where L, is a correlation distance. Substituting (38) for R(2) into (37)
and performing the integration for Ly << L the average added loss is:

2
Aoy> = <V1,2> % 27Can Lo

n 477'2 + AﬁnmzLO2 ) (39)

To evaluate (39) for the average added loss in the range of relative
thickness § to be considered here, coupling to all TI,, which are propa-
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Fig. 10 — Cocfficients cny of coupling between TEo; and TEg, waves at lining
imperfections of circular symmetry. b/A = 4.70, ¢» = 2.5.
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gating must be taken into account. Of the coupling to TM,, modes
only lower-order modes with n < 4 need be taken into account. The
contribution of coupling to TM,, modes with n = 4 to the average
added TEq, loss is small enough to be neglected.

For the coupling to TE,, modes, first-order approximations for phase
constants and coupling coefficients may be used in case of higher-order
modes with n > 4. The contributions from coupling to these higher-
order TE,, modes to the average TE, loss is small enough so that small
errors in these approximations will cause no appreciable error in the
final result.

For a numerical evaluation of (39) the phase constants of Figs. 2, 3
and 4 and coupling coefficients of Tigs. 6, 7, 8 and 10 have been used.
For higher-order TE,, modes the approximate expression (31) is ade-
quate. Interaction between circular electric waves at lining imperfections
with no circumferential dependence may be described for all modes by
approximation (33).

As a result of numerical evaluations, the diagrams in Figs. 11 and 12
have been drawn. They show as a function of the correlation distance
Ly the rms value of », , the particular component of the thickness devia-
tion, which by itself would increase the average TEy; loss by 1 per cent
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Fig. 11 — TEy, loss in lined waveguide with random lining imperfections of
exponential covariance: 2-inch inside diameter, at 55.5 kme, lining ¢, = 25,8 =
1 per cent.
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in Fig. 11 and 0.1 per cent in Fig. 12 of its value in perfect copper wave-
guide. s

All curves show a minimum. Among all the », the strictest tolerance
is imposed on », by the interaction between circular electric waves. In
this case for the critical correlation distance Lo = 0.6” the rms of thick-
ness deviations of a lining of § = 1 per cent should, according to Fig.
11, be less than 6 per cent. In absolute values the 0.01” thick lining
should be made uniform to 40.0006”.

When the lining is thinner, the tolerances are considerably eased. Ac-
cording to Fig. 12 and noting that the extra loss varies as the square of
the thickness deviations, a 0.005” thick lining needs only to be made
uniform to #:0.0025” for the circular electric wave interaction to in-
crease the average TE, loss not more than by 1 per cent.

Mode interaction at lining imperfections not only increases the aver-
age TEy loss, but also degrades the transmission characteristics which
in perfect waveguide would be smooth functions of frequency. Signals
transmitted through imperfect waveguide will suffer amplitude and
phase distortion.

A radio-frequency pulse of rectangular shape might be considered a
standard signal. Mode conversion-reconversion effects will cause recon-
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version forerunners to precede the output pulse and tails to follow it.?
If too large in amplitude, these forerunners and tails will in a PCM sys-
tem produce errors in regeneration.

The rms amplitude of the reconversion tail is largest after a long
signal pulse. Immediately after this pulse, the contribution to the rms
value by reconversion from one coupled mode is given by?®

4/ Tal _ Con” &(DBuan) L (40)

2800 mn

In (40) Ao, is the difference in attenuation constant between TE,
and the coupled mode n. ¢ is the spectral distribution of v, given in
terms of the covariance by

+%

o(£) = R(2)e™™ de. (41)

I—oQ

For the exponential covariance of (38) the spectral distribution is

47l

o(£) = <> EL'_—EOQL—OQ .

The contributions to the reconversion tail from different modes are

caused by components of the spectral distribution ¢(§) at the corre-

sponding £ = AB,,, . From one coupled mode to the next these are quite

different spectral components. Their contributions might therefore be

assumed to be uncorrelated. Then the total contribution to the rms

value is obtained from the sum of the squares of each single contribu-
tion:

(42)

L
20cmn

(43)

(¢ 2= 2 Con’ ¢"(8Brn)

The most critical signal distortion will undoubtedly be caused by
circular electric wave interaction at lining imperfections of order p = 0.
Not only does this interaction increase the average TEy loss most
strongly, but higher circular electric waves are also propagating with
extremely low loss. They will, therefore, contribute terms to the sum
of (43) which are large because the denominator Aq,, is small. Signal
distortion due to circular electric wave interaction should therefore be
considered first.

2
In Fig. 13 the quantity |Lq:_02|2 has been plotted as a function of the
correlation distance L, . Mode interaction between TEy and TEg con-
tributes most strongly to the reconversion tail. Therefore the curve has
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a maximum where the TEy — Ty, term in (43) has its maximum value.
Since in (42) the spectral distribution assumes its largest value when

Ly = 2—‘;—", the terms in (43) will show their largest value when

2

A

that is, when the correlation distance is equal to the beat wavelength
between the two coupled modes. In Fig. 13 the maximum occurs at the
beat wavelength between TEq and TE, .

For this most critical spectral distribution of random imperfections
the total reconversion tail is still quite small. For example, let /v =
0.2 be the rms of thickness deviations; then for a waveguide length of
L = 20 miles the rms of the reconversion tail amplitude is still more
than 30 db down compared to the signal pulse. Tolerances on lining im-
perfections, therefore, need not be as strict for signal distortion as
they must be for the increase in average Ty loss. In the present ex-
ample the increase in average Ty loss would be nearly 4 per cent.

At higher frequencies an increase of mode conversion is indicated by
the linear frequency dependence of coupling coefficients according to
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. Fig. 13 — TEq — pulse distortion in lined waveguide with random imperfec-
tions of the lining. Mode conversion causes a reconversion tail of rms amplitude

V| q. |2 to follow the pulse. b/A = 4.70, ¢, = 2.5, = 1 per cent.
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(34), (35) and (36). In addition the beat wavelength between coupled
modes increases linearly with frequency. The coupling coefficients will
also be larger for higher permittivities of the lining.

For operation at higher frequencies or with linings of larger per-
mittivities, tolerances will have to be chosen correspondingly tighter.

VI. GENERALIZED TELEGRAPHIST’S EQUATIONS FOR DEFORMED WAVEGUIDE

Cross-sectional deformations of the lined waveguide will couple eir-
cular electric waves to unwanted modes and like imperfections of the
lining degrade the transmission by mode conversion and reconversion.

To analyze wave propagation in deformed waveguide, a wall imped-
ance representation will be used to formulate the boundary conditions
at the surface of the lining.® In perfectly normal waveguide the bound-
ary conditions of a perfectly uniform lining are

E,= —Z.H, (44)

E,=ZH,. (45)

Small deformations cause the radius a of Fig. 14 to be a function of ¢,
o= all + o). (46)

Any function ¢, being periodic in ¢, may be expanded into a Fourier
series:

a = afl + =,0,cos gyl ¢

Fig. 14 — Lined waveguide with cross-sectional deformation.
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Sine terms have been omitted; they would only add terms of orthogonal
polarization. The deformation is assumed to be small and smooth:

oL 1, g_‘f« 1. (48)

Tor the deformed waveguide the boundary conditions will now have
to be satisfied at r = a and not at the nominal radius ao . In (44) and
(45) the tangential components of the magnetic field require the tan-
gential electric field to have a certain value. The magnetic field may be
considered to excite the electric field. In the deformed waveguide this
excitation stays nearly the same, but due to the slight displacement of
the wall it now occurs at r = a.

The electric field at r = a can by Taylor series expansion be written
in terms of the field at » = a, . Neglecting higher-order terms

1(a) = B(a) + %) (49)

and the boundary conditions are:
B.(a0) + 20 oo — 7.0 (a) (50)
Bo(a) + 220 g 4 B a) O = Za). )

Maxwell’s equations for r < a are given by (6) to (11) with ¢ +
es = 1. Also, the representation of the transverse field components for
7 < a in terms of normal modes of the perfect lined waveguide is
as in (4). Substituting for the transverse field components from (4) into
(11), the longitudinal electric field is obtained:

2
Ez =jw#021n% Tn- (52)
The longitudinal magnetic field, however, cannot be obtained from (8)
since the series expression for E, in (4) is nonuniformly convergent and
must not be substituted for differentiation into (8). We only substitute
for E, from (4), multiply (8) by T/, and integrate over the cross section.
After partial integration:

2T

— s f HT, dS = | E,T.ade | (53)
s 0

2w ’ ’
—-3V.| Ta [aT , T ] ao do + = Vadaz,® f T,' T, ds.
n 0 rop ar n 's
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To find relations for the current and voltage coefficients, substitute
(4) for the field components into Maxwell’s equations. Then add

aT., by 3T

e + d. e times (6)
and
67,,, +d mh a—T"‘ times (7)
rde

and integrate over the nominal cross section. The result is

AV

v 47 f(gradE)(é,ladT ) dS

hm ’
+d, = f (grad E,) (flux T\,") dS
(54)
—JwyOE I,%% I:f (grad T,)(grad T,) dS

hm ’
+d, b [ (grad T,) (flux T,) dS.

After partial integration on the right-hand side of (54),

AV |l _f” < do b’ 0T,
W_HEZOI"‘_ 0 E: ar +ao 2 ap dolp

2 2w
2 . X f A hon” 0T,
+ Xm ./;EzTnz A Jw#O?In 2 I: 0 T < ar + % k2 agﬁ Ao dﬁa

4 x / 71, ds]. (55)

In special cases when the lining is very thin or when there is no lining,
the individual terms for E, in (52) are zero for r = ao, while E, itself,
because of the boundary condition (50), is different from zero. Then
(50) is a nonuniformly convergent series, which describes E. only in
the open interval 0 < r < ao. Term-by-term differentiation will make
the series diverge. Therefore the series had not been substituted for E,
in (54). In (55) it may now be substituted in the integral over the cross
section. In the line integral, E, from the boundary condition (50) may
be substituted. Thus, instead of (55),

dT iy h2 o f” OB, [0Ty | dwhw' 3Ts
*Jo ar ar ao k? do

Jdgo. (56)
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Similarly, add

<6T,,, n 8T> times (9)
do
— (l 0T _ maT”> times (10)
r do ar

and integrate over the cross section. The result is

I, | . 3 f“ AT aTm’>
Ez—+]w€0Vm = Qo . H, <;£ dm—(—,’r de

2

+ dn f X, 2T, dS + jweo S Vady %
S n

27T Y 7’
'[ao Tn, (aflm —d, aTm> do — d,, xszn/Tm'dS] ‘
0 rdep ar s

(57)

The boundary condition E£,, = Z,H ., of the perfect waveguide may be

used for the normal mode term (35 " —d, 9%"—) in (53) and (57), and
17

(53) may be substituted into (57). The result is

dlﬂb . WL2 a
+ jweVm jwegagdm% 0 T, [E, — Z,H. do. (58)

Introducing the boundary condition (51) for I, we get instead of (58)

2 2w
dL—l—JweoI = —jweotody X T, [ 6E*"+ F]dgo. (59)

]2

Partially integrating the last term under the integral

2 !
'@Edgo——f UI:aErTm’—l-EraTm:ld(p
0 do dp

0 de

and substituting for E, and E, from (4) and for [ o n T :lfrom
dy dp dp

the boundary condition in perfect waveguide, the other set of generalized
telegraphist’s equations is obtained:

27 2
Yo 1 jueaVn = 522 d 5 E,aT b
WHo 0

wiolo®
2T Z o (60)
. f [1 —j2¢ } T, T, ade.
0 Wi
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The interest is limited here to propagation characteristics of circular
electric waves. Therefore, only terms that describe direct interaction
between circular electric and other waves need to be retained in (56)
and (60). When V,, and I,, are amplitudes of other modes, then E.,,
H, and £, of circular electric waves are zero. Thus (56) and (60) reduce
to

AV | R
+ 1,

dz weo

I. =0

(61)

27, 2 2T
W otV = =52 Vadudy Bl (1 - j_Z-"L> [ orim.de.
n wioQo Qowpo, 0
Introducing traveling waves as in (16) and (17), the more convenient
form (18) of generalized telegraphist’s equations is obtained.
The coupling coeflicients are

ko'l . 2, B Iyt
Con = = \/h B Gl 1 —j=> o) T do  (62)
]o 2 ka@
where z, = \e/mo Z, is the wall impedance with respect to free
space.

Substituting from (6.1) for T, and T’ and from (47) for o(p),
bk . 2 o
T W AUSVATSIN (B ). )

A component ¢, causes coupling only between circular electric waves
and waves of circumferential order p.

The wall impedance in (63) may for all cases of present interest be
approximated by:

- tan kag\/e, — 1 8. (64)

For a very thin lining the expression (63) for the coupling coefficients
reduces to the coefficient for coupling at the corresponding deformation
in plain metallic waveguide. We obtain ¢,, = 0 for interaction be-
tween TEg, and TM,, . For interaction between TEy, and TE,, the
coupling coefficients are

kml)kno knO
a02\/2hm0hn0 \/krz02 - p2
The numerical evaluation of the general expression (63) has been in-

cluded in the program for automatic execution. Typical results have been
plotted in IFig. 15 for a waveguide with a continuous axial offset (p = 1),

op. (65)

Cloml[pn] =
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Fig. 15 — Coefficients c¢.n, of coupling between Ty and TE;, and TM;, in
axially offset lined waveguide. b/A = 4.70, ¢, = 2.5.

in Iig. 16 for elliptical deformation, and in Fig. 17 for trifoil deforma-
tion.

In all three cases the coupling coefficients have the following charac-
teristics in common: The coupling between TE( and TM waves is
much weaker than the coupling between TEy and TE waves even for a
substantial thickness of the lining. For a particular deformation the
coeflicient of coupling between TEy and TE,, waves increases with the
index n of the waves. Higher-order waves are coupled more strongly.
The relative change of coupling between TRy and TE,, with the thick-
ness of the lining is only slight in particular for coupling to higher-order
waves.

The most significant consequence of these general characteristics is
that mode conversion effects due to coupling at waveguide deformations
will be nearly the same in lined waveguide as they are in plain wave-
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guide. Lined waveguide should therefore be manufactured to the same
cross-sectional tolerances as is plain waveguide.

VII. CONCLUSIONS

TEq transmission in lined waveguide is degraded by thickness varia-
tions of the lining and cross-sectional deformations. These imperfections
couple the TEy wave to unwanted modes. The coupling to higher cir-
cular electric waves at thickness variations of circular symmetry is
strongest. Asymmetric thickness variations couple TEqy to the corre-
sponding asymmetric modes.

Random thickness variations increase the average TEq loss and cause
signal distortion. The increase in loss is much more pronounced than
signal distortion. In a typical example of random thickness variations of
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2 0.01” lining of ¢ = 2.5 in a 2” I.D. waveguide at 55.5 kme, the rms of
the symmetric component of this variation should remain smaller than
0.002” for the average TEy, loss, not to be raised by more than 10 per
cent of its value in perfect copper pipe. Under these conditions a pulse
signal after traveling through 20 miles of this waveguide is distorted
only by a reconversion tail nearly 30 db smaller than the signal. The
signal distortion, being caused by circular electric wave interaction, can
not, however, be reduced by ordinary mode filters.

Cross-sectional deformations in lined waveguide cause nearly the
same interaction of TE, with unwanted modes as corresponding defor-
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mations in plain waveguide. Lined waveguide should be manufactured
to the same cross-sectional tolerances as plain waveguide.
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Characteristics of the Service Provided
by Communications Satellites in
Uncontrolled Orbits

By J. D. RINEHART and M. I. ROBBINS
(Manuseript received May 22, 1962)

In a communications system which uses satellites tn uncontrolled orbits,
there would be times when the communication between two stations would
be interrupted because no satellites would be tn view. This paper provides
material which can be used to describe the service which a random system
of satellites would provide. An example system which could be used to pro-
vide tnitial world-wide service is also discussed. This system has certain
nonrandom characteristics, and the effect of these characteristics on the
service to various parts of the world is examined by computer simulation.
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I. INTRODUCTION

One of the several types of systems which have been proposed for
world-wide communications would use numerous satellites in circular
orbits 3000-8000 miles* above the earth’s surface. The satellites would
contain active repeaters through which any pair of stations on earth
could communicate whenever a satellite is mutually visible to the sta-
tions. In this system, the satellites would move independently of each
other, and the motions of the satellites relative to the earth’s rotation
would not be controlled. The manner in which the satellites are dis-
tributed about the earth at a time chosen at random would be much
the same as if the satellites were randomly placed into position at that
time.

Two ground stations will be able to communicate a large part of the
time if a random system of satellites is used, but there will be times when
no satellites will be mutually visible. This paper describes the service
which satellites in random, or uncontrolled, orbits would provide. Serv-
ice, in this context, refers to the availability of satellites for communica-
tion and does not pertain to the type or subjective quality of communi-
cation. Some of the material in this paper is an extension of a study
reported earlier by Pierce and Kompfner.!

Sections II and III describe the geometrical properties of satellite
orbits and satellite visibility. Section IV presents some methods and
results which have been used to describe the service provided by a
random system. Section V discusses a particular system of satellites,
which approximates a random system, and describes the service which
would be furnished to points throughout the world. The nonrandom

* The nautical mile is used throughout this paper.
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characteristics which this system might have and the effect which these
characteristics would have on the service are studied in Section VI.

II. SATELLITE ORBITS

This section describes some basic geometrical properties of satellite
orbits. The discussions of service in later sections are based on the orbit
properties defined here.

2.1 Orbit Altitude

The general orbit of an earth satellite is an ellipse which has the
earth centered at one focus. Two quantities which are popularly used
to describe the altitude of the elliptical orbit are the height of perigee
and the height of apogee. As shown in Fig. 1, the perigee height is the
distance of closest approach to the earth’s surface, and the apogee height
is the maximum altitude reached by the satellite. The circular orbit,
which is of prime interest here, is a special case in which the apogee and

perigee heights are equal. The circular-orbit altitude will be designated
by H.
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Fig. 1 — Elliptical and circular orbits.
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2.2 Satellite Period

The period of an earth satellite, i.e., the time required for a satellite
to move through 360° in its orbit, is given by

P=27r4/1% (1)

where M is the mass of the earth, @ is the universal gravitational con-
stant, and a is the semimajor axis of the orbit. The period is plotted as
a function of H in Tig. 2.

2.3 Orientation of the Orbit Relative to the Earth

A satellite in an equatorial orbit moves in a plane which contains
the earth’s equator, and the plane of a polar orbit contains the earth’s

800 - /

/
700 - /
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400 74

300 /

SATELLITE PERIOD IN MINUTES

/
200
/

100

o
o 2000 4000 6000 8000 10,000 12,000
CIRCULAR ORBIT ALTITUDE IN NAUTICAL MILES

Fig. 2 — Satellite period vs circular orbit altitude. The period of elliptical
orbits is found by using a circular orbit altitude which is the average of the apogee
height and the perigee height of the elliptical orbit.
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rotation axis. The orientation of other orbits relative to the earth is
defined by the inclination angle between the equatorial plane and the
orbit plane.

As shown in Tfig. 3, the inclination angle is measured counter-clock-
wise from the equatorial plane to the orbit plane. The direction of the
motion of the satellite is important, so the measurement is specified at
the point at which the satellite crosses the equator from south to north
(the ascending node). Satellites in orbits with inclinations less than 90°
move in the direction of the earth’s rotation. These orbits are easier to
achieve than retrograde orbits (inclination larger than 90°) because of
the inertial velocity added by the rotation of the earth.

The plane which contains a satellite orbit remains fixed in space

POLAR
,~"ORBIT

INCLINED

EQUATORIAL
~~ ORBIT

ORBIT

\
INCLINATION
N ANGLE

\
ASCENDING
NODE

Fig. 3 — Polar, inclined, and equatorial orbits. The orientation of the orbit
plane relative to the earth is given by the inclination angle.
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while the earth rotates under the orbit.* The orientation with the earth’s
axis is constant, but the orientation of the orbit relative to a point on
the earth continually changes.

2.4 Relative Orientation of Orbit Planes and Relative Positions of Satellites

The orientation of a system of several orbit planes is not adequately
described by the inclination angle, for the planes can have any relative
orientation around the earth’s axis. This orientation will be specified by
giving the angular position of the ascending nodes. The angle is meas-
ured in the equatorial plane from an arbitrary reference. Thus, if the
ascending nodes of three polar orbits are at 0°, 120°, and 240°, the
planes are uniformly spaced.

The position of a satellite in its orbit at a particular time will be
given by a phase angle. This phase is the angular separation between
the ascending node and the satellite. The angle is measured at the center
of the orbit and is positive in the direction of satellitc motion. A satel-
lite over the north pole would thus have a phase of 90°.

The relative positions of several satellites can be completely described
by giving an altitude, inclination, relative ascending node, and phase
for each satellite. In a random system, all satellites usually have the
same altitude, and one or several inclinations may be specified. At a
time chosen at random, all ascending nodes and phases would be equally
probable. In some systems one degree of randomness is removed by
specifying the relative ascending nodes. Also, several satellites with the
same inclination may have the same ascending node and would there-
fore be in the same plane.

III. SATELLITE VISIBILITY

Satellite communication can take place between two ground stations
only if a satellite is visible simultaneously.from both stations. Thus,
mutual visibility conditions determine the service which a system of
satellites provides to the stations.

3.1 Visibility Geometry

A satellite is considered usable for communication if its elevation
angle above the theoretical horizon is larger than some specified .1 This

* This is true only for polar and equatorial orbits. The effect of the small motion
of inclined orbits will be taken up in Section VI.

1 For convenience in terminology, the satellite will be said to be visible only
when this condition is met.
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angle limitation is influenced by local terrain, performance of the radio
system,! and considerations of interference with terrestrial systems.2 A
value of 7.5° will be used for « in the studies presented here, since this
value has been used in most previous discussions.

The angle « defines a cone of satellite visibility as shown in Fig. 4a.
The orbit of a satellite at altitude H intersects this cone in the two
points at which visibility begins and ends. If the orientation of the orbit
relative to the ground station is arbitrary, the locus of all possible ex-
tremes of visibility is a circle on the cone. Projecting these points radi-
ally onto the earth results in a circle with angular-great-circle radius ¢
as shown in Fig. 4b, where

¥ = cos " <E§H cos a) —a (2)

A station could see a satellite which is at an altitude H whenever it is
over this circular region. Two stations can communicate only if their
circles of visibility intersect and form a mutual visibility region.

Some mutual visibility regions for 6000-mile orbits are shown in Fig,

————
-

(b)

Fig. 4 — Satellite visibility geometry: (a) Plane view of the cone of visibility
for a ground station at A. « is the minimum usable elevation angle. (b) Circle of
visibility. A satellite of altitude H would be more than « degrees above the horizon
at the ground station whenever it is over this circular region centered on the
ground station.
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5. Because of the polar projection used, the parts of the regions which
are south of the equator are not shown. Satellites in polar orbits could
pass over any part of these regions, but those with lower inclinations
would not move further north than the latitude corresponding to the
inclination angle. Thus if the motion of the satellites is also considered,
the area of mutual visibility would be reduced for lower-inclined orbits,
and it would degenerate to a line for equatorial orbits.

TFig. 5 shows a region in which a satellite in a polar orbit could be

o*

«001 o0

Fig. 5 — Mutual visibility regions for 6000-mile polar orbits. « = 7.5°. Portions
of the visibility regions below the equator are not shown on this projection.



SERVICE PROVIDED BY SATELLITES 1629

seen simultaneously by all three pairs of stations. This region and the
other regions of overlap present a problem of competition for the use
of satellites which are over these regions. A discussion of this problem
is given in Section 4.1.3.

3.2 The Probability that a Satellite s Mutually Visible

The description of random-orbit service requires a knowledge of the
probability that a satellite in a particular orbit is mutually visible to
two stations at a randomly chosen time. A numerical method is used to
obtain an estimate of this probability, which will be designated as p.

3.2.1 Numerical Determination of p

Tig. 5 can be used to determine p for Seattle and Tokyo for 6000-mile
polar orbits. The earth rotates under the orbit, so at a randomly-chosen
time the orbit plane can intersect the earth along any meridian. The
meridian lines in the figure thus represent a uniform sample of all orien-
tations of the plane. All phases are equally likely for the satellite at the
chosen time. Tor a particular orientation of the plane, the fraction of the
corresponding meridian line which is contained in the mutual visibility
region is the probability that the satellite can be seen. The average of
the fractions determined for all meridians in the sample is an estimate
of p.

For an equatorial orbit, p is simply the fraction of the earth’s equator
which is contained in the visibility region. The value of p for the general
inclined orbit was determined by a computer program which uses a
method similar to the one deseribed for polar orbits. A method which
uses numerical integration of an expression for p is given in Ref. 3.

3.2.2 Variations in p

For a given orbit altitude and inclination, p is a function of the lati-
tudes of the two ground stations and the distance between them. For
pairs of points whose mutual visibility regions include one of the earth’s
poles, polar orbits provide a higher p than do other orbits. Regions which
are centered on the equator are best served by equatorial orbits. Inter-
mediate inclinations give the highest p for regions which are between
these extremes.

For a given pair of ground stations and a given inclination, p increases
with the altitude of the orbit. An example of the nature of this increase
is shown in Fig. 6 which gives p vs altitude for Maine-London for
polar orbits. The rate of increase of p with altitude begins to diminish
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Fig. 6 — Fraction of time (p) a satellite in a circular polar orbit of altitude H
is visible to Maine and London. o = 7.5°,

rapidly at altitudes above about 8000 miles. The reason for this is ap-
parent from (2). For high altitudes in this equation, the radius of the
visibility region is approaching (w/2) —a which is the maximum value
which can be attained, and the size of the visibility region directly in-
fluences the value of p. The maximum value of p for this pair of points
is 0.368.

Equation (2) shows that the size of the visibility circle is also influ-
enced by the value of «. Thus the minimum elevation angle affects the
value of p for a given orbit and a given pair of ground stations. Fig. 7
gives p vs « for Maine-London and 6000-mile polar orbits. The
value of p is read from the left scale. If « is zero, i.e., if the satellite were
used whenever it was above the theoretical horizon, p would be 0.28.
An « of 20° would result in a p of about half of this maximum value.
So if a were 20°, the satellite could be used during only half of the time
it is visible. The use of an « of 7.5° results in about 82 per cent utiliza-
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Fig. 7 — The effect of the minimum elevation angle on the usefulness of a
satellite in a 6000-mile polar orbit. Ground stations at Maine and London.

tion of the visible time, so there is something to be gained in reducing
this angle if it is possible.

3.2.3 A Partial Table of p

During the course of previous studies, values of p have been deter-
mined numerically for many ground-station locations, orbit altitudes,
and inclinations. These values are given in the table in the Appendix.
The table is by no means complete, but many of the pairs of points
which are of interest are included.*

The first two columns in the table are the colatitudes of the ground
stations. These numbers may be measured from the north pole or the
south pole of the earth as long as the same convention is used for both
points. The third column is the longitude separation of the two stations.

* Ref. 4 gives values of p in a more general form.
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The other columns are headed by altitudes and inclinations. Linear
interpolation may be used between successive altitudes and successive
inclinations with reasonable accuracy.

IV. SERVICE PROVIDED BY SATELLITES IN RANDOM ORBITS

4.1 Quality of Service, q

A random-orbit system will use a multiplicity of satellites to provide
service to many pairs of ground stations. For a particular pair of sta-
tions, the quality of service is defined as the fraction of time the re-
quired number of satellites is available for use. The symbol ¢ is used to
denote the quality of service.

4.1.1 Satellites in Orbits of the Same Altitude and Inclination

(7) Single-Satellite Visibility
Since p is the probability that a satellite in a certain orbit will be
visible to a pair of ground stations at a time chosen at random, (1 — p)
is the probability that the satellite will not be visible at that time. If
there are n satellites with identical p’s, and if the satellites have random
ascending nodes and phases, the probability that none of these satellites
would be useful at a random time is (1 — p)™ The fraction of time at least
one satellite would be useful is then
n=1-=(0-p" 3)
Trig. 8 gives values of ¢; for a range of values of n and p. If p is known,
the number of satellites needed to furnish a certain quality of service
may be found. For example, for stations in Maine and London, and 6000-
mile polar satellites, p = 0.23. For a quality of service of 0.999, Fig. 8
shows 27 satellites would be required. For ¢; = 0.99, n = 18; and for
g1 = 0.90,n = 9.
Equation (3) may also be written
n = log (1 — q1)
log (1 — p)
If n is changed to n’, ¢ would change to ¢/, and the ratio of n’/n is
given by
n _log (1 —q)
n log (1 — q1)
which is independent of p. This equation was used to derive a table (next

page) which contains the number of satellites needed for various ¢; rel-
ative to the number needed for ¢; = 0.999.
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(%) Multiple-Satellite Visibility

Some pairs of ground stations may require more than one satellite at
a time if the traffic between the two stations exceeds the capacity of one
satellite. If m ground antennas were used at each station, m communica-
tion paths could be established by way of separate satellites. The qual-
ity of service on path m, which is the fraction of time m or more satel-
lites are usable by the ground stations, is given by

=1 -2 (})r - o

=0

Figure 9 gives values of ¢, as a function® of ¢; . For a value of ¢, =
0.999 on the abscissa, the intersections of the ordinate line with the
curves give g2 = 0.991, ¢; = 0.964, ete. ¢1, ¢2, and ¢; would be the
qualities of service for three paths between Maine and London if the
paths were operated on a priority basis, i.e., if path 3 operated only
when three or more satellites were visible, path 2 only when two or
more were visible, and path 1 when one or more was visible. IFigs. 8 and
9 may be used to determine the number of satellites needed for a par-
ticular ¢, . Suppose ¢s = 0.98 is desired. From Fig. 9, g1 = 0.9975. If
we again use the example of p = 0.23, I'ig. 8 shows 23 satellites would
be needed.

Multiple paths between two points may be operated with equal pri-
ority simply by assigning periods of no service to the paths in turn. The
lengths of these periods are not equal, but over a long period of time
all paths would get equal qualities of service. Suppose there are three
paths (m = 3). One of the paths would be out of service whenever only
two satellites are visible, two would be out whenever only one satellite
is visible, and all would be out when no satellites are visible. The frac-
tions of these times for which a particular path would be out of service
arc 3, 2 and 1 respectively. The general fraction is (m — 7)/m, where m
is the number of paths and 7 is the number of satellites visible (z < m).
The average quality of service on cach of m paths with equal priority is

D D @ p'(1 = p)" (5)

=0

* This relationship varies slightly with p. The curves in Fig. 9 result from using
p = 0.18. The values of p which are of interest in this work range between 0.05
and 0.30. The changes in the curves of Fig. 9 for these extreme values of p would
be very small, so the curves can be used with reasonable accuracy for any p in
this range.
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Fig. 10 gives values ¢, as a function® of ¢;. IFor ¢ = 0.999, ¢, =
0.995, s = 0.985, ete. A previous example showed 27 satellites in 6000-
mile polar orbits would provide ¢; = 0.999 between Maine and London.
The above results show three equal-priority paths between these points
would have qualities of service of 0.985. If 0.999 service were desired
on each path, Fig. 10 shows ¢ = 0.99996, so 39 satellites would be
needed (Fig. 8 with p = 0.23 and ¢: = 0.99996). This procedure can be
used to determine the service from one point to several other points
when the mutual visibility regions are almost identical. For example,
stations in England, France, and Germany could be considered to be at
about the same latitude and longitude, so 39 satellites would provide a

* The previous comment on the effect of different values of p also applies here.
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Fig. 10 — Quality of service g» on each of m paths with equal priority. The
number of satellites needed to furnish g, is found by entering Fig. 8 with ¢: and p.

¢ of about 0.999 to each of these points with a separate satellite for
each path.

4.1.2 Mized Orbits

A previous section indicated that no single orbit inclination is best
for all pairs of stations. This may be verified by examination of the
table in the Appendix. Miami-Rio de Janeiro, for example, would have
a quality of service of only 0.80 if the 27 polar satellites discussed before
were used. Equatorial orbits are best for this pair of stations, but these
orbits provide little service to Maine-London. This implies that satellites
should be placed in both kinds of orbits if both pairs of stations are to
be served equally well. It is also possible that a single intermediate in-
clination would be best.

Suppose a system consists of a total of n satellites distributed in &
different orbits. Let the jth orbit contain n; satellites, and let p; be the
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fraction of time a satellite in this orbit is visible to a pair of stations.
The quality of service for a single satellite is then

G=1- I=I (1 — p)™ ©)

where n = Y n;

A solution of (6) for the above Miami-Rio de Janeiro example shows
that 22 satellites in 6000-mile equatorial orbits would need to be added
to the polar satellites to make ¢; = 0.999. However, Maine-London also
gets some service from the equatorial satellite, so less than 27 polar
satellites are now required to give 0.999 service to this path. Thus the
solution must be adjusted until it converges to the point where 0.999
service results for both paths.

The problem of mixed orbits is concerned with the specification of
the number of satellites which should be placed in each of & different
orbits in order to satisfy the usability requirements of several ground
stations. If the satellite altitudes are the same, the best set of orbits
might be considered to be the one which requires the smallest number
of satellites.® The solution may be approximated by determining the
number of satellites in each orbit individually and in sequence as in the
above example. This method is difficult and time-consuming for complex
problems; and a more direct approach is to use a linear-programming
model. Such a model has been developed, but it is beyond the scope of
this paper.

A more general problem of mixed orbits involves the determination
of the set of satellites, in orbits of all possible altitudes and inclinations,
which will furnish required qualities of service for a minimum cost. The
linear-programming model represents a large step toward the solution
of this problem; however, other problems related to costs and functional
relationships between other system parameters must be thoroughly in-
vestigated before the problem can be solved.

4.1.3 The Effect of Overlap of Mutual Visibility Regions

In Fig. 5, nearly all of the mutual visibility region for Seattle—Tokyo
is contained within the regions for Maine—London and Seattle—Hawaii.
When a satellite is mutually visible to Seattle and Tokyo, this satellite

* This is really an oversimplification. Depending on the location of the launch-
ing sites, the payload which a given vehicle can put in orbit depends on the in-
clination angle. With the possibility of launching several satellites with a single
vehiizle, minimizing the number of satellites does not necessarily minimize the
total cost.
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may already be in use by one of the other pairs of points. The previous
discussion on multiple-satellite visibility indicates the problem could
be solved most of the time by using other satellites which are also visi-
ble. The effect of this overlap on the qualities of service for each pair
of points will be determined to illustrate the magnitude of the problem.
Tror simplification, the overlap of the Seattle-Hawaii region with the
Maine-London region will be ignored.

The Scattle-Tokyo path would be out of service if either of the follow-
ing three conditions prevails:

(7) There is no satellite in the Seattle-Tokyo region. The fraction of
time this would occur is given by (1 — pg.1)* where the sub-
script identifies the region.

(72) There is exactly one satellite in region A (the area common to
the Maine—London and Seattle-Tokyo regions) and there are no
satellites in the remainder of the Maine-London region and there
are no satellites in the remainder of the Seattle-Tokyo region.
The fraction of time the event occurs is

[npa (1 — pA)n_l][l — (Pm — PA)](n_l)[l — (Psr — pA)]mﬂ)
If all paths have equal priority, Seattle-Tokyo would get the
satellite in onc-half of the situations. Thus one-half of the above
expression is the fraction of time the path is out of service be-
cause of overlap with Maine—London.

(7¢7) Same as condition (¢7) except region B (the area common to the
Seattle—Hawaii and Seattle-Tokyo regions) replaces region A
and the Secattle-Hawaii region replaces the Maine—London re-
gion.

As a numerical example, a system of 27 satellites in 6000-mile polar

orbits was considered. Table I summarizes the effect of the overlap.

The effect of overlap is difficult to determine in a more complex

situation; but because the effect is small, one can usually account for

it by nominally reducing the quality of service or nominally increasing
the number of satellites. In this example, the addition of one satellite
would compensate for the overlap, i.e., ¢: for 28 satellites with overlap
considered would be as good as ¢ for 27 satellites with overlap not in-

TasLe 1
if Overlap i t including th Fracti f Service Lost
Path o CO\;eri;e]zeﬁ ne ]::I&;Igg tl)lf 81‘§erlacp r%(:eégzsg ofegifl::lapos
Seattle-Tokyo 0.9876 0.9841 0.0035
Seattle-Hawaii 0.9904 0.9874 0.0030
Maine-London 0.9991 0.9987 0.0004
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cluded. Complex overlap situations can better be evaluated by a com-
puter simulation which has been developed to describe the service fur-
nished by systems of satellites.

4.2 Description of the Periods of Service and No-Service by Stmulation

Knowledge of the fraction of time a path is out of service is not suffi-
cient to evaluate the service provided by a system of satellites. The de-
scription of the length and frequency of these periods of no service is at
least equally important. For a given quality of service, the no-service
periods could be seconds long and occur frequently, or they could be
days long and oceur only occasionally. Certainly the way the no-serv-
ice periods would be evaluated and administered would be different for
these two extremes.

To describe the periods of service and no service, a computer program
which simulates a world-wide satellite communications system was
used. The program assigns satellites to the several ground-station pairs
in a system in a way which maximizes the service on a priority basis (the
paths may have equal or ordered priority). The motions of the system
may ke simulated for any length of time, and periods of several years
may be studied with modest amounts of computer time. The periods of
no service are recorded for each ground-station pair, and a statistical
description of the service periods and periods of no service is provided.
Both random and nonrandom systems can be studied. The results pre-
sented in this section assume random ascending nodes and phases for
the satellites.

4.2.1 Description of Service for Various Qualities of Service

Tig. 11 displays the periods of no service on a path from Maine to
London for a system of 12 satellites in 6000-mile random polar orbits (a
quality of service of 0.95). This figure covers a representative 30-day
period from a one-year simulation. The darkened areas, which are
drawn to scale, represent the times when the path is out of service be-
cause no satellites are visible. The average length of the periods of no
service (,) and the average time between these periods (#;) are given
for the one-year period. Fig. 12 presents the periods of no service for
the Maine-London path if the 6000-mile polar orbit system has 18
satellites (¢ = 0.99), and Fig. 13 gives the same information for a sys-
tem of 27 satellites (¢ = 0.999).

The communication system will probably need to be operated in such
a way that periods of no service do not interrupt communication which
is in progress. This would be accomplished by keeping new traffic off
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Fig. 11 — Maine-London service from 12 satellites in 6000-mile polar orbits.

the system during a “guard interval’” which precedes the no-service
period. The guard interval would be long enough to insure, with a
reasonable probability, that all customers would be finished by the time
the no-service period starts.

With this method of operation, the no-service periods can be inter-
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preted simply as delays in service to new customers. The periods are
predictable weeks in advance, and they are short; therefore, they are not
the same as catastrophic system failures such as cable breaks and re-
peater failures.* As far as ordinary toll customers are concerned, a short
no-service period is the same as a temporary saturation of the system
by heavy traffic.T In view of the above comments, the no-service periods,
which are popularly called “outages,” might more appropriately be
called “service delays.”

The daily period of heavy traffic between most countries is only
several hours long. The service delays which would occur during the
busy period would probably be of primary importance, and those out-
side this period would be secondary. As an example assume the busy
period is four hours long. Then, for the 0.99 service shown in Fig. 12,
there would be no days in which more than one service delay would
occur during the busy period. The absolute time in the figure is arbi-
trary, so the busy period could occur at any time. If all possible loca-
tions of the busy period are considered, the 30-day period shown could
have as many as eight or as few as zero service delays during busy
periods. The maximum number for the 0.95 service shown in Fig. 11
would be between six and twenty for that 30-day period, and the 0.999
service of Fig. 13 would have between zero and two delays during busy
periods. In comparing these three services, the numbers of satellites
needed in each case should also be considered since the cost of satellites
in orbit will be a large part of the total system cost.

4.2.2 The Effect of Orbit Altitude on the Service

Fig. 14 is a representative display of the delays which would occur on
the Maine—London path if a system of 18 satellites in 3000-mile ran-
dom polar orbits were used. The quality of service is 0.95, which is the
same quality as that of Fig. 11. In the 3000-mile system the service
delays would be more frequent but of shorter duration. These differences
are caused by the shorter orbital period and shorter visibility times of
the 3000-mile satellites.

If the operational method discussed previously is used, a fixed guard
interval would be added to each of the delays in the figures. The length
of the guard interval is determined by lengths of telephone calls, so it
would be the same for all cases. It is apparent that the effect of adding

* There will also be repeater failures in satellites, but the effect of these fail-
ures is only to reduce the quality of service. For example, if a system started
with 27 satellites and 0.999 service (Fig. 13), failure of one-third of the satellites
would only reduce the service to 0.99 (Fig. 12).

t The effect may be more severe for private line customers who require a circuit
continuously.
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Fig. 12 — Maine-London service from 18 satellites in 6000-mile polar orbits.

the guard interval to each of the delays in Fig. 14 would be more severe
than if it were added to the delays of Fig. 11.

Although it may appear that for a given quality of service a high
orbit would always give better service than a lower orbit, this is not
strictly true. As the satellite periods and visibility times become longer,
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Fig. 13 — Maine-London service from 27 satellites in 6000-mile polar orbits.
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Fig. 14 — Maine-London service from 18 satellites in 3000-mile polar orbits.
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the delays occur less frequently, but they also become longer. Even-
tually a point would be reached where the delays in service would be
excessive and would approach the severity of catastrophic failures.

4.3 Analytical Description of Pertods of Service and N o-Service

A number of persons have made analytical studies of the lengths of
service delays (outages) and the time between these delays. Some of
these expressions are included here for completeness. Additional results
are given in a companion paper by S. O. Rice® who makes use of a traf-
fic model. The results predicted by the model compare favorably with
simulated results described in the previous section.

The average length of the service delays is given by

_(Q-=pT
n

t (7)
n and p have been defined previously, and 7T is the average time between
successive appearances of a particular satellite. If the visibility region
were-circular and centered on the north pole, T for polar orbits would
be equal to the orbital period P, which is given in Fig. 2. For polar or-
bits, P is a good approximation for 7' for regions which include one of
the earth’s poles such as the Maine-London region in Tig. 5. FFor other
regions, such as Seattle-Hawaii, only a fraction of all possible orienta-
tions of the orbit plane with the earth result in visibility, so there will
be some times longer than P between successive appearances. An ex-
pression for 7" for these cases has not been determined. For equatorial
orbits, T would equal P if the earth were not rotating. For the kind of
equatorial orbits assumed here, the satellite moves in the direction of
the earth’s rotation, so the time between successive appearances above
a point on the earth is longer than P. In this case, the expression for T
is

_ P~ (8)

The average time between service delays is given by

q1
t; = . 9
—a | (9)

Some useful approximations for the distribution of the lengths of delays
and times between delays have also been given by Ref. 5. The fraction
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of delays which would be longer than ¢ is approximately exp(—t/t,), and
the fraction of delays which are separated by a time longer than ¢ is
approximately exp(—t/1;).

Equations (7) and (9) and the exponential approximations for the
distributions have been compared with many simulated results, and the
agreement testifies favorably for the usefulness of these expressions in
describing random-orbit service analytically.

V. AN EXAMPLE OF A WORLD-WIDE SYSTEM

The material given in the previous sections discusses techniques which
can be used to describe the service provided by a set of satellites. The
application of these techniques is illustrated in this section by describing
the world-wide service which would be provided by a particular system
of satellites in 6000-mile orbits. This example system provides essen-
tially uniform service throughout the world with a modest number of
satellites.

5.1 Description of the Orbits

This system would consist of 24 satellites in 6000-mile circular orbits.
It is assumed that four satellites would be placed into orbit with a
single rocket, so cach plane would contain four satellites. Three of these
planes would be polar, and three would have an inclination of 28°.*
The three planes in each group would be uniformly spaced (their ascend-
ing nodes would be 120° apart) as shown in Ifig. 15. The lines on the
figure represent the intersections of the orbit planes with the surface of
the earth at an arbitrary time. A discussion of the motion of the orbit
planes and its effect on service is given in Section VI. A possible scheme
for effecting the separation of the multiply-launched satellites is also
discussed in Section VI. FFor the present, it is assumed that the 24
satellites are randomly phased.

5.2 Service from the Uniled Slates

Tig. 16 shows the qualities of service which would be provided by
the system of 24 satellites if stations were placed in Maine, Seattle,
Puerto Rico, and Guam. A point within the 0.99 contour would be able

* Equatorial orbits would be more useful in this system than 28° orbits; how-
ever, a rocket launched from Cape Canaveral must use difficult, power-consuming
maneuvers to achieve an equatorial orbit. It is shown in Ref. 6 that the Atlas
Agena can place about 1300 pounds into a 6000-mile, 28° orbit but can place only
about 200 pounds into an equatorial orbit of the same altitude. About 1000 pounds
can be placed into a 6000-mile polar orbit from the Pacific Missile Range.
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Fig. 15 — Orientation of the orbit planes of the 24-satellite system. The dotted -
lines are the intersections of the polar planes with the surface of the earth, and
the solid lines are the intersections of the 28° planes with the earth’s surface.
The planes are numbered at the ascending nodes of the orbits.

to communicate with one of these stations more than 0.99 of the time.
A point north of the 0.95 contour would have service with one of the
stations more than 0.95 of the time, ete. These contours were deter-
mined by using (6) in Section 4.1.2 for values of p from the table in the
Appendix. The location of the ground stations in the figure were chosen
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in an attempt to reach as much of the world as possible from points in
the United States and its outlying territories.

In order to be useful, the stations in Puerto Rico and Guam would
have to be connected to circuits in the United States. IFor Puerto Rico,
this connection could be made with Maine by way of a satellite or with
Florida by submarine cable. The length of the path through a single
satellite link, i.e., the distance from one ground station through the
satellite to another ground station, can be as much as 17,000 miles for
certain positions of a satellite at a 6000-mile altitude. Thus a circuit
from South America to Maine consisting of two satellite links in tandem
could be as long as 34,000 miles. It is well known that the performance
of telephone circuits is adversely affected by the time delay associated
with long path lengths, and ideally the path should be as short as possi-
ble. Thus for telephone communication with South America and Africa
by way of Puerto Rico, the cable connection from Puerto Rico to Ilorida
would probably be more desirable than a satellite connection with
Maine; however, both alternatives may be desirable to provide diver-
sity.

Guam could be connected to the United States by using a satellite
link from Guam to Hawaii and another satellite link from Hawaii to
Seattle. Circuits from Asia to the United States would then consist of
three satellite links in tandem which could be as much as 50,000 miles
long. A submarine cable which will connect Guam to the United States
is presently planned for service in 1964. This cable would probably be
a more attractive way of relaying telephone circuits to the United States
than would the two satellite links, but again it may be desirable to have
both means available. .

The plan of Fig. 16 resulted from an attempt to reach as much of the
world as possible through facilities under control of the United States.
Most of the world could be reached with reasonably good Gualities of -
service, but the service to Africa is probably not adequate. A plan which
results in better service to this area will be given in Section 5.4.

5.3 8Service from Europe

Fig. 17 shows contours of constant g, from an arbitrary point in west-
ern Europe. Much of the Pacific area cannot be reached from Europe
by a single satellite link because the two regions are on opposite sides
of the world. Africa could be served from Europe about as well as South
America could be served from the U. S., and Europe—South American
service would be limited to about the same extent as U. S.—African serv-
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ice. Service to all of these areas could, of course, be improved by estab-
lishing additional ground stations at appropriate points and using
multiple satellite links in tandem.

Other contours could be drawn with respect to other parts of the
world; however, the contours in I'igs. 16 and 17 are probably adequate
to describe world-wide service. These contours can be moved in longi-
tude or they can be inverted and centered at the corresponding latitude
in the southern hemisphere. The next section presents a plan in which
consolidation of traffic could be used to provide more efficient communi-
cation between all parts of the world.

5.4 A Possible Method of Operation for World-Wide Service

North America has an extensive land-line network which would en-
able all points to communicate with overseas points through one of the
assumed ground stations in Fig. 16. Europe also has an extensive net-
work, but land lines between countries on other continents are not as
well developed. Each of these countries would need a direct connection,
by way of a satellite, with a network through which other countries of
interest could be reached.

A possible scheme for world-wide communication is shown in Fig. 18.
In this plan, countries within the encircled regions would communicate
with stations in western Europe, Guam, Seattle, Maine, or Miami.*
Since these stations would be interconnected by submarine cables and
land lines, any of the encircled regions could be reached from any of
these stations by using cable facilities and one satellite link, e.g., U. S.—
African circuits could go by cable to Ifurope and then by satellite to
Africa. Any two encircled regions could communicate by using two
satellite links which would be connected by cable facilities, e.g., circuits
from Asia to South America could go by satellitc to Guam, then by
cable and land lines to Miami, and then by satellite to South America.

The ranges in quality of service shown for cach path in the figure
assume that all countries within the encircled region could use the same
satellite. The South American service will be discussed to point out
some implications of this kind of operation. In Fig. 18, stations A, B,
and C in South America would always use the satellite which i1s mu-
tually visible to Miami and station A. If no satellite satisfied this con-
dition, station A would be out of service, and a satellite which was

* This plan does not require direct communication by satellite between the
U. S. and Africa, and the service to South America from a station in Puerto Rico

would not be greatly different than the service from Miami would be. For this
reason, Miami was chosen as the U. 8. station for this part of the world.
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mutually visible to Miami and B would be used, ete. Thus stations close
to Miami would have high qualities of service and those further from
Miami would have lower qualities of service. As shown on the figure,
the range of ¢ from Miami to countries in South America is 0.90-0.99.

Communication between countries in South America could also be
accomplished by way of the satellite which is used to reach Miami. The
quality of service between two countries would be approximately the
product of the qualities which the individual countries would have with
Miami. The service between these countries could be improved if they
also used mutually visible satellites which were not visible to Miami,
but this would require each country to have another ground antenna.

According to Fig. 18, South America and Africa would communicate
over a long network of land lines, cables, and two satellite links, but it
is apparent that direct communication by way of one satellite link be-
tween these regions would be possible. However, this direct communica-
tion would require all South American countries and all African coun-
tries to have another ground antenna specifically for this purpose. This
would not be true if each of these areas had a land-line network which
interconnected all countries. Direct communication between Europe
and South America could also be achieved if each South American coun-
try had still another ground antenna. The discussion of South American
service can be extended to the other regions which are encircled in Fig.
18.

The method of operation illustrated in Fig. 18 minimizes the number
of ground antennas needed by individual countries by consolidating
traffic through central points which are interconnected by terrestrial
facilities. With this method, routes which are frequently used could be
served by single-satellite links, and other routes which are used less fre-
quently could be served by two satellite links in tandem.

5.5 Alternate Routing by Way of Two Satellite Links

During the times when no satellites are mutually visible to a pair of
stations, each station will often be able to see a satellite which is out of
view of the other station. If there were a relay point which could see
both of these satellites, a path with two satellite links could be estab-
lished by way of therelay station. For example, Anchorage, Alaska might
be a useful relay point for Maine and Europe. Figs. 16 and 17 give quali-
ties of service of about 0.95 and 0.90 for Maine—Anchorage and Anchor-
age—Furope respectively. Another location' which is well-situated for
relays between Maine and Europe is the Cape Verde Islands off the
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west coast of Africa. This relay point could also provide an alternate
route for Miami-South America and ISurope—Africa.

The 24-satellite system was simulated for a four-month period in
order to obtain an appreciation for the usefulness of the alternate-rout-
ing concept. In this simulation the Maine-IEurope path had 98 periods
during which a satellite was not mutually visible. During 53 of these
periods, satellites were mutually visible between Maine and Anchorage
and between Anchorage and Europe, so an alternate route could have
been established. A relay in the Cape Verde Islands would have been
useful during 31 of the remaining 45 periods. Thus about 86 per cent of
the service delays during this simulated period could have been avoided
by using these two relay points. Of course some penalty would remain,
during these periods, in the form of degraded communication perform-
ance, but it is possible that this degradation could be tolerated for the
short and infrequent intervals which would be involved.

5.6 System Growth and Service Improvement

It is expected that over a period of years an increase in demand and
a desire to improve qualities of service would require the expansion of
an initial system. The orbits in which satellites are added to the system
would depend on the global distribution of the increase in demand for
service. It is likely that polar satellites would be added at a faster rate
than would 28° satellites, and if this were the case, the shapes of the
contour lines would change from those given in Tigs. 16 and 17. The
service improvement offered by increases in the number of satellites
will be illustrated by a simple example in which the satellites in each
orbit are increased by equal numbers.

As noted in Section 5.2, the contours of Ifigs. 16 and 17 represent
qualities of service for the 24-satellite system determined by the equa-
tion

l—qa=({0—-p)21 — p)™

If the number of satellites in each of the two orbit inclinations is changed
to n, it follows that

1—q)=Q1-g"",

where ¢:” is the new quality of service for a contour line. Therefore,
these contours remain valid, with the appropriate changes in ¢, for
different numbers of satellites in this type of system. The following
table presents the values of ¢; for each of the contour lines for several n.
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n 12 16 20 2}

Inner contour = 0.99 0.998 0.9995 0.9999
Second contour = 0.95 0.982 0.9934 0.9975
Third contour = 0.90 0.954 0.978 0.99
Outer contour = 0.75 0.842 0.901 0.937

An increase in ¢; which results from an expanded system may be con-
sidered solely as an improvement in service quality. However, this in-
crease also affects the number of paths which can be made available
between two points. IFor example, from the above table, for n = 20,
g1 = 0.9995 for the inner contour. Inspection of T'ig. 9 shows that 2
paths could be established with ordered priority with ¢; = 0.995; simi-
larly, for three paths, g3 = 0.978 ete. I'rom Fig. 10 similar information
may be obtained for paths with equal priority. FFor the above example
g = 0.9973, §; = 0.9915, ete.

The communication scheme of Fig. 18 is also valid for an expanded
system of an equal number of satellites in 28°-inclined and polar orbits.
The qualities of service indicated would be changed by replacing them
by their corresponding values in the above table.

VI. SOME NONRANDOM CHARACTERISTICS AND THEIR EFFECT ON SERVICE

The system deseribed in the previous section would be nonrandom in
two respects. In the first place, the four satellites in each plane are not
controlled in phase, so these satellites could bunch together. If this
should occur, the four satellites would be of little more use than a single
satellite. Secondly, the orbit planes will rotate slowly about the earth’s
axis at different rates, so the three orbit planes in each inclination could
coincide after a long period of time. Certain parts of the world could
then see the satellites only during parts of the day. This section dis-
cusses these two nonrandom characteristics and presents simulation
results which show their effect on service.

6.1 Relative Satellitc Velocities and Phasing of Successive Launches

If several satellites were placed into the same orbit plane, the most
uniform coverage would result if the satellites were uniformly spaced.
However, even if uniform spacing could be achieved initially, it is not
possible to give all satellites exactly the same velocity. Thus the satel-
lites would drift from the desired relative positions, and to preserve the
uniform spacing, a propulsion system would be needed on each of the
satellites. This would probably represent a severe requirement on a
system which must have an appreciable lifetime.

TFig. 19 illustrates one method of separating four satellites in such a
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Fig. 19 — Geometry of satellite separation: (a) Incremental velocities relative
to satellite #1. (b) Relative positions after 3 months in orbit.

way that the effect of future bunching of the satellites would be small.
In Tig. 19(a) the satellites initially would be moving counter-clockwise
with the same velocities (they would be placed into orbit as one pack-
age). Then the satellites would be separated by springs in order to give
three of them the indicated velocities relative to satellite number 1.
Irigure 19(b) shows the relative directions of motion and the relative
positions after three months in orbit. A satellite which is given an in-
crease in velocity goes into a slightly higher elliptical orbit with a
slightly longer period, and its angular velocity therefore decreases. This
is the reason satellites 2 and 3 fall behind satellite 1 even though they
have higher velocities. The reverse is true of satellite 4.

The relative velocities were determined by a computer simulation.
Many combinations of velocities (all small enough to be within the
capability of springs and large enough to effect early separation) were
tried, and the relative positions of the satellites were followed for a
period of ten years. The set shown in IFig. 19 is the one which resulted
in the most uniform coverage over the study period; however, errors of
+3 per cent could be tolerated in each of these velocities without sig-
nificantly changing the coverage.

The three planes of satellites in each group would no doubt be
launched a month or so apart because of preparation time and availa-
bility of launch facilities. There is also a coverage advantage to be
gained from phasing the launchings. Some pairs of stations could see
all polar orbits at all times, and other pairs could see all 28° orbits at
all times. If the satellites in each of the planes were given the set of
velocities shown in Tig. 19 at different times (different launch dates),
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the satellites in one plane could be made to be well-spaced at times when
the satellites in another plane were bunched.

The desired intervals between launchings were also determined by
computer simulation. The first set of satellites was allowed to disperse
for one month, and then many combinations of second and third launch-
ing times over a six-month period were tried. For each combination, the
coverage was examined for a ten-year period. The best combination
which was found specified launching the second plane 1.5 months after
the first, and the third plane 4.5 months after the first. If either attempt
were to fail, there would be other times several weeks later which would
serve equally well. The two groups of planes would be handled separately
from different launching points, and no phasing between groups would
be attempted.

The above procedures are not necessarily optimum, but they do repre-
sent a way of achieving orbits which do not result in severe bunching of
the satellites within the planes.

6.2 Motion of the Orbit Planes

The plane of the orbit of an earth satellite will not in general maintain
a fixed orientation in inertial space. Instead, there will be a slow rotation
of the plane about the earth’s axis. This rotation is caused by the non-
spherical shape of the earth, and for circular orbits the rate of rotation,
in radians per orbit, is given by’

_ 2xJ R cos i

M =TRr oy

(4)

R = radius of the earth
H = altitude of the satellite above the earth
1.625 X 107°, the first oblateness coefficient?

~
[

12 = inclination of the orbit plane.

The direction of the rotation of the plane is opposite to that of the
earth’s rotation for inclinations less than 90°, and is in the same direc-
tion as the earth’s rotation for inclinations greater than 90°. The rota-
tion vanishes for true polar orbits (cos ¢ = 0), and a 6000-mile, 28°
orbit rotates at a rate of about 100° per year.

In the system shown in Fig. 15, the three orbit planes in each group
would have no relative motion if each plane has the same inclination.
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Small errors in inclination can be expected, however, and the resultant
relative motions could cause the planes to bunch together after a num-
ber of years. The magnitudes and dircctions of the inclination errors
which are made will determine the extent of the bunching and the time
of its occurrence.

If it is assumed that the accuracy of the inclination angle will be
within 5°, which is probably a pessimistic assumption, the most severe
bunching of the near-polar planes would result for inclinations of 85°,
90°, and 95° respectively for planes 1, 2, and 3 in Ifig. 15. With these
inclinations, plane 2 would not rotate, plane 1 would rotate clockwise at
a rate of about 10° per year, and plane 3 would rotate counter-clockwise,
also at a rate of 10° per year. Thus the three planes would be nearly
coincident* after about 6 years.

The worst combination of inclination angles for planes 4, 5, and 6
would be 33°, 28°, and 23° respectively. All of these orbits would rotate
in a clockwise direction, but plane 4 would rotate about 5° per year
less than plane 5, and plane 6 would rotate about 5° per year more than
plane 5. The planes would be closest to coincidence when their ascend-
ing nodes were at the same position. Since the ascending nodes would
be 120° apart initially, nearest-coincidence of the three planes would
oceur after 24 years.

The bunched system which will be discussed here is shown in Fig. 20.
The orbits have the inclinations discussed in the preceding paragraphs,
and the figure represents the orientation of the planes six years after
the satellites are placed into orbit. Note that the assumed inclinations
represent a rather pessimistic example since 5° errors would need to be
made in exactly the right combination. The maximum error may also
be pessimistic, and a maximum error of one-half this value would delay
this bunching until twelve years after the system was started.

Lven if the original system bunched together in this way after six
years, it is quite likely the effect would not be severe if satellite failures
and system growth are considered. The logical way to replace satellites
which fail would be to establish a new plane with four satellites in it
rather than try to replace individuals in the original planes.t The new
plane could be placed in a gap which was caused by bunching. It is
quite likely that more than 24 satellites would be needed by this time
to improve the quality of service and to establish multiple paths be-
tween some stations. These additional satellites would provide another
way to fill gaps caused by bunching of planes. If one considers such

* The planes would not be exactly coincident because they would have different
inclinations.
1 Assuming one rocket will place four satellites into orbit.
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Fig. 20 — Orientation of the orbit planes of the 24-satellite system for a severe
case of plane bunching. This bunching would occur after six years if a certain
combination of 5° errors were made in the inclinations of four of the planes.

things as satellites failing at random, new satellites being added with
random errors in inclination, and motions of orbit planes in different
directions and at different rates, it is not difficult to postulate the evolu-
tion of a random system after a number of years.

6.3 A Study of the Effect of Plane Bunching

This section presents simulation results for three different systems of
satellites. The first of these is the uniformly spaced system represented
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by Fig. 15, the second is the bunched system of Fig. 20, and the third
is this same bunched system with four satellites added in another 28°
plane (the ascending node of the plane is 180° from that of plane 5).
The services each of these systems would furnish to Maine—London,
Seattle-Hawaii, and London-Johannesburg were simulated for six-
month periods.

In the uniform system, the phases of the satellites were specified by
using the relative velocities and phasings of successive launches dis-
cussed previously. The bunched system was described by advancing
these phases through six years and arranging the ascending nodes and
inclinations to correspond to those of Fig. 20.

6.3.1 Maine~London Service

Fig. 21 shows ten-day portions of the simulated services of the three
systems for the Maine-London path. Fig. 21(a) is a representative
ten-day period for the uniform system. The statistics ¢1, &, , and ¢; (see
Section 1V) are given for the ten days and for the six months to provide
a means of comparing the services quantitatively. It can be seen from
these statistics that the ten-day period shown for the uniform system
has longer periods of no service and longer times between these periods
than the averages for the six months.

Fig. 21(b) shows the poorest service which resulted for the bunched
system. The poorest ten days were chosen so that the effect of bunching
of satellites within the planes would also be included. Although this
group of days cannot be compared directly with the first group, the
six-month statistics can be compared. For the six-month periods, ¢; is
0.984 for both systems, and the periods of no service are longer but less
frequent for the bunched system than for the uniform system. The ten-
day statistics for the two systems differ by similar amounts from the
six-month statistics of the uniform system. From these comparisons, it
is difficult to say that one system is better than the other for this path.

It is not surprising that this path would be only slightly affected by
the bunching because most of the service is furnished by the near-polar
satellites and Maine and London always have mutual visibility of these
three orbits as shown in Fig. 5. Because the earth rotates under the or-
bits, there would be two times (12 hours apart) each day when the por-
tions of these orbits which could be seen by Maine and London would
be a minimum. The periods of no service would most likely occur during
these times, and a 12-hour pattern in these periods would result. This
pattern is evident in Tig. 21(b).
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Service during the period shown in Fig. 21(b) if four satellites in a 28° plane were
added to the bunched system.
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It will be shown later that the other two paths in the study would be
more seriously affected by the bunching, and the third system with 28
satellites will be studied as a means of relieving the effect of the bunch-
ing. This system was also simulated for the Maine-London path for
completeness, and the results are given in Fig. 21(c¢). The same ten-day
period is shown for Figs. 21(b) and 21(c), so a direct comparison can be
made. It is clear from this comparison that the four additional satellites
more than compensate for the possible, small effect of bunching on this
path.

6.3.2 Sealtle—Hawazi Service

Tig. 22 gives similar ten-day displays for the Scattle—Hawaii path.
Comparison of the six-month statistics for the first two systems shows
the service to be affected considerably by the plane bunching. In Figure
22(b), the periods of no service tend to occur during the same part of
each day, and this again is caused by the rotation of the earth under the
orbits. Consideration of Fig. 20 and the visibility region of Fig. 5
shows there would be a part of each day for which only orbit plane 6
would be over the visibility region and it is during this time that the no-
service periods would most likely occur. Twelve hours later orbits 4 and
5 arc over the visibility region but orbits 1, 2, and 3 are not; since the
service at this time is still rather good, it is apparent that the effect of
the bunching of the polar orbits is not large.

These characteristics suggest the addition of another 28° plane with
an ascending node 180° from that of plane 5, and the service which would
result from this system of 28 satellites is shown in Fig. 22(c). In this
figure the no-service periods are considerably reduced from those of
Tig. 22(b), and they occur during the two parts of the day when the
polar orbits are not visible. Comparison of the six-month statistics for
the 28-satellite system with those of the uniform 24-satellite system sug-
gests that both systems would provide about the same service to the
Seattle—Hawaii path. It might be said, then, that the four added satel-
lites represent the penalty of the bunching for this path.

6.3.3 London—Johannesburg Service

The service to the London—-Johannesburg path is represented in Fig.
23. Comparison of the first two groups shows that a severe pattern in
the periods of no service is caused by the bunching of the planes, and
comparison of the six-month statistics shows a definite degradation in
the service to this path. The nature of the reduction in service is the
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Service during the period shown in Fig. 22(b) if four satellites in a 28° plane were
added to the bunched system.
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Fig. 23 — London-Johannesburg service: (a) Representative service furnished
by the uniformly spaced system shown in Fig. 15. (b) Service during the poorest
10-day period from the 6-month simulation of the bunched system shown in Fig.
20. (c¢) Service during the period shown in Fig. 23(b) if four satellites in a 28°
plane were added to the bunched system.
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same as it was for the Seattle-Hawaii path, and Iig. 23(c) shows that
the four additional satellites would be more than adequate to overcome
the effect. This statement is best supported by comparing the six-month
statistics for the three systems.

6.3.4 Summary

The service furnished to Maine-London by the bunched system of
Fig. 20 would be essentially the same as the service furnished by the
uniform system. The services furnished to the other two paths would
be degraded by the assumed bunching of planes, but this degradation
could be compensated by adding four satellites in a 28° orbit. Two of
the paths would have better service from this bunched system of 28
satellites than they would have from the uniform system of 24 satellites.
Thus the penalty of the bunching is less than four satellites.

The assumed bunching would result after six years if large (5°) errors
were made in the inclinations in exactly the right combination. A reduc-
tion of the error by a factor of two would double the time required for
bunching. Also, if errors in the range of 0°-5° were made on a random
basis, the bunching after six years would not be as severe as that which
was assumed.

Satellite failures and system growth were not included in the study,
but they represent important factors in the control of bunching. If four
satellites were to fail from each group of twelve during the six years,
their replacements could easily fill in the gaps caused by the bunching.
These gaps could also be filled by satellites which might be added to
increase the qualities of service from their initial values. Because the
bunching is slow, the constant redistribution resulting from replacements
and additions would be expected to make the bunching of planes of
minor significance, and through these processes a random system would
no doubt evolve.

VII. CONCLUSION

The service which would be provided by satellites in uncontrolled
orbits has been described analytically and by simulation. Section IV
provides equations and graphical and tabular material which can be
used to describe the service of systems which are random, and the same
material can be used to estimate the service which would be provided by
systems which have certain nonrandom characteristics. Results of com-
puter simulations of several systems have been presented to develop an
intuitive feeling for various qualities of service.
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The example system which was studied shows that rather good world-
wide service could be started with a modest number of satellites. The
usefulness of existing facilities in extending this service and in providing
for efficient consolidation of traffic has also been illustrated. A method of
improving the continuity of service by using alternate relay points has
been included.

The nonrandom characteristics of the example system were investi-
gated by computer simulation to determine their effect on service. A
method of phasing multiply-launched satellites was presented, and the
effect of bunching of orbit planes was studied. A severe case of bunching
was shown to degrade the service to some representative pairs of sta-
tions, but this degradation was shown to be more than compensated
by a small increase in the number of satellites. Since the bunching of
planes in ordered systems would occur at a slow rate, it is felt that re-
placements of satellites which fail and the additions of satellites for
growth would provide an adequate means of controlling the effect of
this bunching. 1t is also felt that these replacements and the additions
would result in the eventual evolution of a random system in which
significant bunching would be less probable.
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APPENDIX

Table II presents values of p X 10 for numerous ground station
locations, orbit altitudes and inclinations. The first three columns give
the co-latitudes of the ground stations and their longitude separation
in degrees. Because of symmetry with respect to the equator, two co-
latitudes may be measured from either the south pole or the north pole.
Some ground stations of interest are named next to their corresponding
locations. Where one station is paired with several others, the first
name is not repeated and the second is indented.

The other columns are headed by H, the circular orbit altitude and <,
the inclination. Linear interpolation may be used between successive
altitudes and inclinations with reasonable accuracy.



TasLE II

H = 2500 N. Mi H = 4000 N. Mi H = 6000 N. Mi H = 8000 N. Mi
Colat 1 | Calat 2 F2RERECEI - . . :
‘0o [ 35°]50° | 70°| 90° [ 1)57| 28°| 35°| 50° | 70° | 90° | 27| 28°| 35° | 50° | 70° | 90°| ;57| 28° [ 35° | 50°| 70° | 90°
10 45 0 088 252
20 45 100 037 221
20 45 160 000, 199
Anchorage, Alaska—

Seattle 28 42 28 075| 110| 149| 184 115| 152 198 239, 150; 186} 242} 266 177| 217| 283| 304
Tokyo 28 55 70 033| 059| 088| 075 063| 093( 130| 142 090] 123} 164} 190 114} 149| 192| 230
30 45 130 014 189
30 45 140 007 184
30 45 180 000 176

34 45 108 154 196 222
Lands End, England-
Maine 39 45 65 000 047| 069| 004| 124| 000 078| 102| 137} 187] 030; 060{ 107| 133| 185| 230| 080 127| 154| 220 256
New Delhi 39 62 83 026| 040| 051} 040 052| 069 090| 082 076; 096/ 123| 132 095 115| 152] 180
Leopoldyville 39 94 20 123 161 187
Johannesburg 39 115 30 016| 011| 009] 009 077| 053] 036 029| 027 81| 122| 094| 062| 050 046| 188] 151| 132| 085 066| 062
40 76 0 141
Seattle-
42 48 76 000 086/ 000, 160 200] 085 231
Tokyo 42 55 98 000| 013] 027| 041| 038| 000 036| 053] 076] 102| 000 058| 075 111| 150 033 074 094| 143! 188
Hawaii 42 70 33 000/ 089| 100; 081| 070/ 122 127] 137| 134] 119| 175 158| 166| 171| 148) 219 184| 193| 196) 179
42 71 71 086
42 76 93 060
Maine-
45 45 47 060 196| 116 242] 152 270
Rome 45 48 83 045, 142 080 101} 134] 165 098 170
Madrid 45 49 65 077 143 108 153 122 182
45 55 100 045 150
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TasLe IT—Coniinued

H = 2500 N. Mi H = 4000 N. Mi H = 6000 N. Mi H = 8000 N. Mi
Colat1 | Colat2 [F2REACe)- . . .
! 70°| 90°| go | 28° | 35° 70° | 90° | Yo | 28° | 35° [ 50° | 70° | 90° | \y57| 28°| 35° | 50° | 70° | %0°
Dakar 45 76 52 128 112
45 80 100 041 046
45 90 0 191 107|
45 90 0 200 080} 263 111} 305 131
Rio de Janeiro 45 112 27 018| 017| 138 077 041| 038| 188 119 082| 063| 057| 225 159| 105| 082} 077
45 120 0 138 054
48 51 4 155| 218 237 263 281 302 317
48 58 21 112) 184 171| 228 224| 282 295
51 56 40 093| 136 154 178 207 233 272
Tokyo, Japan~
Guam 55 76 5 193 235 165 277
56 58 23 109] 197 166| 238 223/ 286 291
56 69 41 068] 160, 109| 239 153| 227 180
58 80 27 069 209 105 242 138 266 164
Cairo, Egypt-
Puerto Rico 60 71 98 033 067 052 084
New Delhi, India-
Sydney, Australia 62 123 74 001 068 023 014 013} 100 060] 040{ 032| 029 126 091} 059| 046 043
Miami, Florida-
64 91 2 219 232 140 298
Rio de Janeiro 64 112 37 031| 029] 181 108 058| 054| 214 153| 105| 084| 078] 241 198 134| 103| 097
Santiago, Chile 64 123 9 133 191 077 234
68 76 57 118 155 103 178
Hawali~
San Francisco 70 53 32 089| 076] 181 146 143| 118] 216 182| 178| 178 164| 240 209| 203| 206| 189
Manila 70 75 84 077| 068
Sydney 70 123 53 016| 016| 128 077 039 036 166 121| 079 061| 056| 200 154| 105/ 080| 074
Puerto Rico-
Dakar 71 76 48 140 180 116 202
71 89 63 077
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Leopoldville

Guam-

Bangkok

Sidney

94
100
120
130
150

205

070

150

169

098]

233

102

195

223

045
078
079
079
050

119
121
109
082
099
088
129

120

214

259

154
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Intervals between Periods of No Service
in Certain Satellite Communication
Systems — Analogy with a
Traffic System

By S. 0. RICE
(Manuscript received May 11, 1962)

In satellite systems in which the relative positions of satellites are al-
lowed to vary, there will be periods during which no service will be pro-
vided between given ground stations. Such periods are called “outages,” and
the intervals between successive outages are called ‘“tnnages.” Here the
outage and innage time distributions are studied with the help of an anal-
ogy between a satellite system and a traffic system. The arrival of a cus-
tomer in the traffic system corresponds to a satellite coming into view, and
the service time of the customer corresponds to the time the satellite remains
in view. In particular, the methods of analysis developed for traffic systems
are applied to determine an approximation for the distribution of innage
lengths.

I. INTRODUCTION

Several types of communication systems have been proposed which
would use repeaters orbiting the earth as artificial satellites. The prob-
lem considered in this paper arises in systems employing a number of
satellites at altitudes of several thousand miles. Typically, the orbit
altitude might be of the order of 5000 miles with a period of revolution
of about 5 hours.

The companion paper by Rinehart and Robbins! discusses the condi-
tions under which a particular satellite will be visible to a given pair of
ground stations. Tor the orbit altitudes considered here, the satellite
will be visible intermittently. Conceivably the relative positions of the
satellites could be maintained so that at least one satellite is mutually
visible from the two ground stations at all times. However, at least for
some of the early systems proposed, it is of interest to consider the case

1671
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in which small differences in orbital period cause the relative positions
of the satellites to vary with time. Attention is therefore directed to the
statistical characteristics of satellite visibility.

We are especially interested in those periods during which no satellite
is available for communication between a given pair of ground stations.
For convenience these events are called outages although, as pointed out
by Rinehart and Robbins, these occurrences need not imply an inter-
ruption of calls in progress. By analogy the intervals between outages
are called snnages.

TFor any particular system the most effective method of obtaining
outage information appears to be that of simulation. The course of the
system for a year or more is computed, with the help of a high-speed
digital computer, and the outages and innages recorded. [A method for
doing this and some sample results are presented in the paper by Rine-
hart and Robbins].

The present paper is concerned with determining the distribution of
outage and innage lengths. The theory of outage length distribution has
been studied by a number of people and some of their results, namely
those which are needed here, are summarized in Section II. The traffic
model is described in Section III. Sections IV and V contain results
predicted by the model. In Section VI the predicted results are com-
pared with those obtained by simulation. The work of Appendix B gives
the basis for a model which is simpler but less accurate than the one
described in Section III. The material in both appendices also appears
to be of interest from the standpoint of traffic theory.

The general conelusion is that, for the cases examined, both the out-
age and innage distributions are approximately exponential. Their aver-
ages are related by the rather simple equation (1).

II. PRELIMINARY RESULTS

Tirst note that the average innage length 7; and the average outage
length 7, (“2” for innage and “0” for outage) are connected by the re-
lation

T q -

ti - 1Tq to (1)
where ¢ is the quality of service; i.e., the fraction of time transmission
is possible. This relation is always true and follows almost immediately
from the definition of ¢. Typical values are ¢ = 0.99 and {, = 0.25 hours;
and it follows that the corresponding average innage length is {; =
24.75 hours.
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Next, let & be the number of satellites in the system. Consider a
particular satellite. Every now and then it will pass over the region of
mutual visibility. Let

T = average length of time between its reappearances. For polar
orbits, T is the orbit time if the region of visibility includes
one of the poles.

b~' = average length of time the satellite is visible during one pass.
The quantity b is a rate which occurs frequently in the analysis.

fraction of time the satellite is visible. IFrom these definitions
it follows that

=
I

bt = pT. (2)

The satellite systems considered here are restricted to those for which
T and ™" are almost the same for all k satellites.
With this notation we have

¢=1-(1-pF (3)
zo = (]- - p) T/k; (4)

Il

D — — t - —_ 7] (v‘!'
PO =[1- g2op] s 0sisa-ar G

where P(t) is the probability that the length of an outage will exceed ¢.
Also the expected number of satellites visible at a given time is kp.
These formulas are based upon the assumption that the phase angles of
the satellites are independent random variables and are distributed uni-
formly over the interval (0,27). Equation (3) is due to J. R. Pierce and
R. Kompfner.” Equations (4) and (5) have been given by R. E. Mosher
and R. I. Wilkinson, respectively, in unpublished memoranda. IFor
values of ¢ and k of interest, (5) may be approximated by

P(t) = exp (— /). (6)

It will be observed that the constants of the satellite system enter the
right-hand sides of (3) to (5) only through the three parameters k,p, 7.
Thus, as far as these formulas are concerned, the satellite system is
specified by k,p,T.

IIT. TRAFFIC SYSTEM MODEL

The satellite system will be represented by a traffic system model
which consists of & independent servers, each having an average service
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time b~ and a service time distribution function B(¢). Customers are
supplied to the servers by k independent Poisson sources, each producing
customers at an average rate «. When a source produces a customer, that
particular source is removed from the system while the customer is
being served. Thus, when n servers are busy serving = customers, the
average arrival rate is (kK — n) . This type of input is a special case of a
more general type (the limited source or “Iingset input”) which has
been studied in traffic theory.

The instant a satellite becomes visible from both the receiver and
transmitter corresponds to the arrival of a customer. The length of
time a satellite remains visible corresponds to the time required to serve
a customer. After a customer has been served he leaves the system. This
~ corresponds to the satellite leaving the region of mutual visibility. The
state in which n satellites are visible simultaneously (state n) corre-
sponds to the state in which n servers are busy serving n customers. An
outage corresponds to an idle period (state 0), i.e., a period during which
all servers are idle. An innage corresponds to a busy period, i.e., to a
-period when one or more servers are busy.

Note that the constant orbit time of the satellite may introduce a
regularity in the satellite arrivals. The traffic model has the shortcoming
that there is no corresponding regularity in the customer arrivals.

The analogy between the satellite system and the model is established
by taking k& and b~ to have the same values in both and setting

o« =1/(1 —p)T. (7)

To justify this choice for e, note that if a particular satellite is not visible
at a time ¢ selected at random, the chance that it will become visible in
t, t + dtis di/(T — pT). Comparison with the corresponding proba-
bility « dt for the traffic system gives (7). When the three satellite sys-
tem parameters k,p,T are known, the threc model parameters k, b™', «
follow at once from (7) and b~ = pT.

IV. OUTAGE AND QUALITY OF SERVICE PREDICTED BY MODEL

The values of the quality of service ¢ and average outage length ,
predicted by the model agree exactly with (3) and (4) while the pre-
dicted outage length distribution is the exponential approximation (6)
to Wilkinson’s polynomial expression. A sketch of the proof of these
statements is given in the following paragraphs.

Tirst assume the service distribution B(¢) to be exponential, i.e.,
equal to 1 — ¢ *. Then since the sources are Poisson, the behavior of
the system is governed by the k + 1 state equations (Ref. 3, p. 30)
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Pol = —70aPo+bP1

Py = kaPy — [(k — 1)a 4+ b]P; + 2bP,

Py = (k — 1)aP:1 — [(k — 2)a + 2b]P; + 3bP; (8)
Py = (k — 2)aPy; — [(k — 3)a + 3b]P; 4+ 4bP, ‘
Pkl = lXPk_l - ]CI)P/;

where P, = P,(1) is the probability the system is in state n at time ¢
and primes denote time derivatives. The steady state probability p,
that exactly n customers are present at a time picked at random is

b= (D) @m0 (©)

This follows upon setting the derivatives in (8) to zero, taking P,(t) =
P. , and solving the equations step by step. The expected number 7 of
customers present is kab'/(1 + ab™"') and the average arrival rate is

alk — ) = ka/(1 4+ ab™"). (10)
The quality of service is now
g=1—1mo (11)

and expression (3) for ¢ may be obtained by using « = 1/(1 — p)7,
b~ = pT. Since, (¢) an outage corresponds to state 0, (i7) state 0 can
end only through an arrival, and (¢2) the arrivals in state 0 are Poisson
with rate ke, it follows that exp (— kat) is the probability (predicted by
the model) that the length of an outage will exceed {. This agrees with
the exponential approximation (6), and the average value &, = 1/(ka)
agrees with (4).

It is known that expression (9) for the steady state probability
P, holds not only for exponential service but also for the general service
distribution B(t) (Ref. 3., p. 90). Hence the model predicts that expres-
sions (3), (4) and (6) still hold when the length of time a particular
satellite stays in view has an arbitrary distribution B(?).

V. INNAGE DISTRIBUTION PREDICTED BY MODEL

The average innage length (i.e., average busy period) predicted by
the model when the service distribution B(t) is arbitrary follows from
i = 1/kaand ¢ = 1 — pu
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=1 ; Pog — [(1 + ab™)* — 1)/ka
0

This much is easy. It is much more difficult to get the complete distribu-
tion, as the following work shows.

When the service lengths are exponentially distributed, the busy
period distribution may be obtained by solving a “first passage’ prob-
lem. State 0 is made absorbing and the system is started with an arrival
at time 0. Thus the system starts in state 1 at time 0 and jumps from
state to state in accordance with the arrivals and departures of custom-
ers. The system eventually lands in state 0 and stays there. This cor-
responds to the end of the busy period or innage.

When state 0 is made absorbing, the first two of the k¥ + 1 state equa-
tions (8) are replaced by

Py =P,
(12)
P/ = —[(k — 1)a -+ bP: + 2bP;.
The modified equations (8) are to be solved subject to P; = 1 and
Py, Py, ---, Py = 0 at time 0. The probability that the length of an
innage will exceed the length ¢ is
G(t)y =1—Py. (13)

Step-by-step computation of the derivatives of Py at ¢ = 0 from the
differential equations gives the power series

bt [(k—1) a4+ bJb
1_1+ 21

[k — 1 + 4(k — 1) ab + b bt
3! (14)

4k —1°a"+ (k—1)(9% —11) &b

Gt =1 —

4
+11(70—1)ab2—|—bg]%+

which is useful for small values of .

Since P; is determined by the last k differential equations of the
modified set, and since the coefficients in these equations are constants,
we may expect P; [and hence G(f)] to be expressible as the sum of &
exponential terms. Indeed, when ¢,(s) is used to represent the Laplace
transform of P,(t), the k& differential equations for Py(), --- , Px(¢) go
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into k linear equations for ¢1(s) , - - -, ¢x(s). By introducing the genera-
ting function o

®(x,s) = vei(s) + -+ + 2¥pu(s)
in the usual way, the linear equations may be combined into

b (x, s)

bei(s) — 2= (1 —2)(b + a) o

— (s + ak — alcx)d)(yé, s)‘.

To obtain ¢:(s), rewrite this equation as

ber(s) — 2](1 — 2)* (b + ax)™

1
= 21— )b + a) () (15)
ax

where z = s/(a + ). Assume Re (2) > 0 and integrate (15) from 2 = 0
to x = 1. The right-hand side vanishes because ®(0, s) is zero. Changing
the variable of integration on the left-hand side from z to y = (1 — )/
(b + ax) gives ‘ ' ,,

1/b : 1/b . ’
bals) [0 ety = [0 =0 )y (0)

Expanding (1 + ay)* and integrating termwise shows that the coeflicient
of bei(s) is b2F1(2) where

Fu(z) = z= (;) i“lj; ; " (17)

When the integrand on the right-hand side of (16) is replaced by its
equivalent

[1 + MJ 4 ay)t = SR L e g gy
Lo ka dy-

(which is suggested by an integration by parts and adding and sub-
tracting various terms) we obtain

(o) Fute) = (14 ) PG = 2 ay
ka ko
TFrom Py’ = bP; it follows that sps(s) = bei(s) and hence

b1 4 ab™H)™
kasFi(2)

As s — o, Fi(z) tends to (1 4+ ab™)"/z and ¢o(s) is O(1/s). Writing

1 1
900(3) = 's“‘l‘kz
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@o(s) as the sum of partial fractions, inverting to obtain Py(Z), and using
(13) gives the expression we seek:

_ 5 b+ ab ™)™ exp [(a + b)zall

(@) mz=0 kaznl'y' (2m) (18)
where F)/(2) = dF(2)/dz and 20, 21, - -+, 21 are the zeros of Fi(2).
These zeros lie between the poles at 0, —1, —2, --. | —k. When ¢ is

large G() is given, effectively, by the term corresponding to m = 0 in
(18). Usually z, is close to z = 0 and may be obtained by successive
approximations from Fi(z) = 0, i.e., from

1 (RN (b
z _,1;1(7) z+n

The foregoing method is the one originally used to obtain G(f) as the
sum of exponential terms. Subsequently, a more elegant method of ob-
taining (18) for G(f) was suggested by L. Takdcs. His method removes
the restriction that the service time distribution be exponential.

Takdcs’ result is the following: Let 8(s), v(s) be the Laplace trans-
forms of B'(t), —G'(t), the service time and busy period probability
densities, respectively. The equation to determine v(s), given B(s), is

1 ” —st k

s + ka — kay(s) fo ¢ Pu(OF dt (19)
where P..(¢) has the Laplace transform 1/[s + a — «8(s)]. It will appear
later that the subseript a refers to the idle state (state 0). The expres-
sion (18) for G(¢) may be obtained from (19) by starting with 8(s) =
b/(s + b). It turns out that P () is given by [b + a ¢ ““*9/(b + «)
so that the Laplace transform of [P, (¢)]* is not difficult to compute.

One way to establish (19) is to regard the model as composed of &
independent simple systems, each consisting of a source connected to a
server. Consider a simple system. The lengths of the idle and busy
periods have the respective probability densities a ¢ %, B'(t) with
Laplace transforms o/ (a -+ ), 8(s).

From (26) of Appendix A, the probability P..(t) that an idle period
will be in progress at time ¢, given that one is in progress at time 0, may
be determined by inverting its Laplace transform 1/[s + o — aB8(s)].
The probability that all k servers are idle at time ¢, given that they are
idle at time 0, is [P..(t)]*. Equation (19) now follows upon using (26)
again. This time the type (a) intervals correspond to the periods (out-
ages) during which all k servers are idle. The arrival rate is ok and p.(f)
is ak ¢ . The type (b) intervals correspond to the innages with
probability density —@'(¢) and Laplace transform vy(s).
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VI. COMPARISON WITH SIMULATION

It is interesting to compare the results predicted by the model with
those obtained by simulation. As an example, we shall take results ob-
tained by Rinehart and Robbins for a Maine-Western Europe link. This
link was assumed to have 18 satellites in random polar orbits at a
neight of 6,000 nautical miles.

The positions of the orbits, the locations of the receiver and trans-
mitter, and some computations involving a number of representative
passages over the region of mutual visibility lead to

1. the value T = 6.35 hours for the average interval between reap-
pearances of a particular satellite,

2. the distribution function B(#) for [, the length of time it is visible,
3. an average value of ! equal to b™" = 1.46 hours,
4. the value p = b™'/T = 0.230 for the fraction of time the satellite

is visible.

It turns out that the probability density B’(Z) can be approximated by
the rectangle

0o , t < 0.86 hours
B'(t) = <0.833, 0.806 < t < 2.06 (20)
1 0 , 2.06 < t.

The system was required to furnish a quality of service close to 0.99.
This requirement together with the expression ¢ = 1 — (1 — p)* and
the value p = 0.230 gives k = 18 and ¢ = 0.99094. The model param-
eters are therefore taken to be

- 1
t = 1 = = —
kE = 18, b 1.46 hours, a d=p)T
1 (21)
= —_—_————m—m-mm = .2
(0.770) (6.35) 0205

with the understanding that p = 0.230.

The values of g, &, ,{; obtained by simulation are compared with those
predicted by the formulas of Section II (and also by the model) in
Table I.

The second column gives values obtained by Rinehart and Robbins
by a simulation which followed the system for 18 months. The third
column gives values computed from the model parameters (21). It is
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TasLe I
Quantity Simulation Model, = 0.230 Model, p = 0.234
q 0.9918 0.99094 0.9918
to 0.291 hours 1/ka = 0.271 0.270
ti 35.1 hours qg(1—) % = 29.6 32.6
b1 — 1.46 hours 1.48

scen that the values of the average outage length ¢, agree fairly well.
The discrepancy in i; reflects the shortcomings of the model. The last
column shows what happens when we hold k and T at their former values
of 18 and 6.35, and fudge the value of p so as to make ¢ have the simula-
tion value 0.9918. This changes p from 0.230 to 0.234 and ¢; from 29.6
to 32.6. It is seen that the value of Z; is very sensitive to such changes.

Tig. 1 shows three curves for the innage length distribution. The ordi-
nate is G(t), the probability that an innage length will exceed ¢. Curve A
is the curve predicted by the model assuming exponential service, and
is obtained by substituting the parameter values (21) in expressions (14)
and (18) for G(¢). Curve B is the exponential approximation

G(t) = ¢t ’ (22)

with Z; equal to the simulation value 35.1 hours. Curve C is the result
obtained by simulation. During the 18 months simulated there were 122
innages, the longest lying between 250 and 260 hours, the next longest
between 190 and 200 hours, and so on. The average innage lengths cor-
responding to curves A and C are {; = 29.6 and #; = 35.1, respectively,
in agreement with the table above.

The curves shown in Fig. 1 agree moderately well. The agreement
would be improved if curve A could:be shifted so as to give an average
value of 35.1 instead of 29.6. Some of the discrepancy between curves A
and C around ¢ = 0 can be ascribed to the assumption of exponential
service. Better agreement in this region could be obtained by taking the
model to have the (almost) true service distribution (20). The proce-
dure for doing this is indicated by (19) but the task of carrying through the
work seems to be difficult. Again, it should be possible to use the “Erlang
service” approximation 4b% exp (—2bt) for B’(¢) in (19) and also to
solve the corresponding first passage problem [i.e., solve the equations
corresponding to (8) and :( 12)]. However, this was not attempted.

Some idea of the c¢hange produced in G(¢) when exponential service is
replaced by other kinds of service may be obtained from Fig. 2. The
curves of T'ig. 2 show G(¢) for the simplified model based upon the re-
sults of Appendix B. Exponential service (curve D) and constant service
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time (curve E) are assumed, and Poisson arrivals are taken for both
cases. The average arrival rate is a = k/T = 18/6.35 = 2.84 per hour
and the average service time is b~ = 1.46 hours. Substitution of these
values in the expressions for G(¢) given in examples (a) and (b) of
Appendix B give curves D and E, respectively.

The expanded scale at the top of I'ig. 2 shows the behavior of G(¢)
around ¢ = 0. Both distributions predict the same average innage
length, namely

i = [ — 1la™' = 22.0 hours (23)

which is (43) in Appendix B. The discrepancy between 22.0 and the
value {; = 29.6 given by the model of Section III shows the shortcomings

1.0

0.8 \.‘_{ A-PREDICTED BY MODEL OF SECTION 3
o5\ ti=29.6 HRS )
B-APPROXIMATION: G(t)= e-t/ti
0.4 X wiTH 1{= 351 HRS
\
\ C~-SIMULATION - 18 MONTHS
ti=351HRs
0.2 D
L H \\
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Fig. 1 — Innage length distribution for 18-satellite system with random polar
orbits (Maine-Western Europe).
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Fig. 2 — Innage length distributions.

of the simplified model. Nevertheless, it appears that the difference in
shape between curves D and I illustrates the change in G(t) produced
by the different kinds of service. Support for this belief comes from the
fact that curves A and D, both of which correspond to exponential
service, have the same shape.

In view of the inaccuracies of the models and of the relatively good
agreement shown by the curves B and C of Fig. 1, it seems that the
simple exponential approximation for G(¢) is quite good.
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APPENDIX A

Probabilities Associated with Alternaling Sequences

Expressions are recorded here for the Laplace transforms of two con-
ditional probabilities. These transforms are of use in establishing Tak4cs’
result (19).

Consider a sequence comprised of two kinds of intervals which alter-
nate with each other (for example, innages and outages). Let p.(t),
ps(t) be the probability densities for the lengths of the two types of
intervals, and let their respective Laplace transforms be «a(s), B(s).
Suppose that the interval lengths are independent, let an interval of
type (a) start at time 0, and let P,,(¢) be the probability that an interval
of type (a) is in progress at time ¢{. Then the Laplace transform of
Po(t) is

? —st ]- - OL(S)
€ Pult)dt = ————
I A OO
Similarly, if an interval of type (b) starts at time 0, the Laplace
transform of the probability Pu.(¢) that an interval of type (a) is in
progress at time ¢ is

(24)

[t — a()I8(s)
ST = a®BG)° (25)

These results are reminiscent of the relations between generating func-
tions in the theory of recurrent events (Ref. 4, ch. 12).

The expression (24) may be obtained by noting that
Pual(t) = Pr(ta > t) + Prlta + to + tae > ¢
and  fy ity < £) + .-
Pr(ta > t) + [Pr(ta + tu + te > )
— Pr(ty +t > )] 4 -+

where fo, fo1, laz, -+ are the lengths of the successive (a) and (b)
type intervals. The Laplace transforms of Pr(f, > t), Pr(ta + b >
£), - are [1 — a(s)]/s, [1 — a(s) B(s)}/s, - -+, and summation gives

(24) when | a(s) B(s) | < 1 (as it certainly is when Re(s) > 0). Expres-
sion (25) may be obtained in a similar fashion or by convoluting ps(¢)
and P (t).

When p,(t) = a exp (— at), the condition that a type (a) interval
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start at time 0 may be replaced by the condition that a type (a) interval
be in progress at time 0. In this case P,.(¢) is also the probability that
a type (a) interval is in progress at time ¢, given that one was in progress
at time 0. From (24) and a(s) = a/(a + s), the Laplace transform of
this probability is

1

s+ a—aB(s)’ (26)

APPENDIX B

Systems with an Infinite Number of Servers and Recurrent Inputs

This appendix will be concerned with systems containing an infinite
number of servers and a “recurrent’ input, i.e., an input in which the
lengths of the intervals between successive arrivals are independent of
each other and of the state of the servers. In many respects these sys-
tems are simpler than the limited source input introduced in Section
III. Although they do not represent the satellite system as well, their
greater simplicity enables us to estimate the shape of the innage dis-
tribution for cases which are difficult to handle by Takdcs’ result (19).

In the following list of results, A(¢) is the distribution function for
the distances between the arrivals of the recurrent input and B(f) is
the service time distribution for each one of the infinite number of
servers. The expected distance between arrivals is ¢~ and the expected
service time is b

B.1 The Conditional Probability Py (t)

Let all of the servers be idle at time —O0 and let the first customer
arrive at time 0 making one server busy at +0. Denote by Pi,(¢) the
conditional probability that n servers are busy at time ¢. Consideration
of the first arrival following time 40 leads to an integral equation
which (in theory) may, be solved for Po(¢), namely

Po() = 11 — ADIBW) + BO) [ 4= Pu) s, (21)

where A’(u) = dA(u)/du. A corresponding equation for the generating
function for Py, (t) is given by (44).

Example (a). For Poisson input 1 — A(¢) is exp (— at). This cor-
responds to an unlimited source input. Substituting in (27), multiplying
through by [exp (at)]/B(t), and differentiating with respect to ¢ gives a
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differential equation for Pe(f). Using the fact that Py(f) — B(E) as
t — 0 to fix the constant of integration leads to

P1w(t) = B(t) exp I:—a fot 1 — B(\r_)]drjl, (28)

a result given by Refs. 5 and 6. The work may be simplified by starting
with the assumption that Pio(t) is of the form B(¢)P(t).

Example (b). For regularly spaced arrivals, A’ (u) = §(u — a~") where
8(t) is the unit impulse. Equation (27) then gives

Py(t) = B(1), 0<t<al
Pyo(1) = B(t)Pu(t — a™) t>a’

» . , (29)
Pw(t) = B(t)B(t — a™") <t <2

Py(t) = B()B(t — a )B(t — 2¢7") 2¢7' <t < 3a”!

and so on. -
Example (c). The case when A(t) is arbitrary and 1 — B(t) =
exp (— £) has been studied by Takdes” (see also Ref. 3, p. 33 et seq.).
Multiplying (27) by exp (— st), integrating ¢ from 0 to o, and intro-
ducing the Laplace transforms «(s), 6(s) of A’(f), P1(f) leads to a re-
currence relation between 6(s) and 6(s + 1) which in turn gives

_ 1 _ 1 Q541 .
) T AN e T GO ma (30)
M5 410s542 ‘

T GH3)(1 —a)(l —a( = o;s+2) T

where oy, is written for a(s + n). When 6(s) is known Pio(t) may be
obtained by inversion. -

B.2 The Busy Period Distribution G(t) for Poisson Arrivals

Let —G'(t) be the probability density for the lengths of the busy
periods (corresponding to innages) and consider the case of Poisson
input and arbitrary service. The Laplace transform v(s) of —G'(t) is
given by

(s + a)o(s)
1 4 af(s)

where 6(s) is the Laplace transform of Py(t).

v(s) = (31)
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My original derivation of (31) was based on taking the Laplace trans-
form of

—du)=ﬂ0—aﬁdﬁma—ﬁﬂ®
t 8 (32)
@ [ dsPutt— ) [ arputs = pr) — -,

J(t) = Pu'(t) 4 aP(t), (33)

where Py(t) is given by (28) and f(t) dt is the probability that the
system will jump from state 1 to state 0 in (¢, £ + dt), given an arrival
at time O which ends an idle period. The series (32) was obtained by
an application of the method of inclusion and exclusion. Subsequently,
Takécs obtained a formula equivalent to (31) by an elegant method based
upon results of the type stated in Appendix A. When this method is
applied to obtain (31) the type (a) intervals are taken to be idle periods
(outages) with p.(t) = a exp (— at), a(s) = a/(a + s). The type (b)
intervals become the busy periods so that ps(t), 8(s) become —G'(t),
v(s), respectively; and Py (f) goes into Py(¢). Expression (25) of
Appendix A then says that the Laplace transform of Pi(%) is

_ v(s)
6(s) = FR—r] (34)

from which (31) follows.
Example (a). For Poisson arrivals and exponential service with
B =1 — ¢, (28) becomes (Ref. 3, p. 26)

Pu(t) = (1 —e¢"expl—p+pe™, p=ab

The change of variable y = ¢ carries the integral for the Laplace
transform of Pyo(t) into

bo(s) = F(z) — F(z+ 1), z=sb"

where
1
F(z) = e—"f v ™ dy
0

(35)

1_ p + o —
z z2(z+1) zz4+1)(z4+2)
M= P+ 1] =3 P

monl(z + n)’

|
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The Laplace transform of G(¢) may be shown to be

1—v(s) _Flz+1) 1 1
s T U sF(z) azF(2) a (36)
and inversion gives
0 zmbt
G(t) = D, p=ab’ (37)

m=0 pZmF,(zm) ’

where F'(z) = dF(z)/dz. The zeros of F(z) are real and (a) occur at
20,210,220, -, (b)aresuch that — 1 <2 <0, —-2<an< -1, ---,
ete. and hence lie between the poles of F(z) at 0, —1, —2, -- -, (¢) may
be computed by successive approximations with the help of the last
series for F(z) in (35).

A power series for G(¢) may be obtained by expanding [1 — v(s)]/s
in powers of 1/s and then replacing s~ by ¢"/n!. The same series may
be obtained from the corresponding series (5.3) for the limited source
case by letting k — «, @ — 0 in such a way as to keep ka equal to a.
Replacing a by pb then gives

bt (p+ 1) (o 4 4p + 1)(b0)°
G(t)zl_ﬂer 21 - p3z

L9 1+ DY
4!

(38)

Ezample (b). For Poisson arrivals and constant service time, B(t)
jumps from 0 to 1 at time ¢ = b~". Equation (28) shows that Pio(t)
jumps from 0 to exp (— ab™") at ¢ = b~". The Laplace transforms are
readily computed and the one for (¢(¢) gives
1 i [1 . 6—(a+s)b_1]est

G(t) = —

21t Jomi 5 + e @TOV ds, c>0. (39)

Taking ¢ large enough, say ¢ = b, to make |z | < 1 where z is as™*

exp [— (a + s)b'] and expanding the denominator in powers of « leads
to

(bt — )" (bt —n)"
(n—1)p + n!

6w =1+ 3 (=] | o

Here, as in example (a), p = ab ' and the upper limit of summation is
determined from N < bt < N -+ 1. In particular,



1688 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1962

GO)=1, GO '=0)=1, GO'4+0)=1—¢"

G2y =1—(1+p)e” (41)

G(3b™)

Il

1—(14+2)e"+p (1 + S) e 2.
For large values of ¢

(g0 + p) oot
G(t) NEES) e (42)

where ¢y is the rightmost root of
o+ pe” =0.

When p is large o, is approximately — p e™".
The innages corresponding to examples (a) and (b) have the same
average length, namely

= — 1)/a (43)

To see this, note that from traffic theory, or by letting t — « in (28),
the fraction of idle time is pp = 1 — ¢ = exp (— ab™'). The average
outage time is § = 1/a, and (43) follows upon using the relation (1)
between &, , I, , and q.

B.3 Miscellaneous Results for Recurrent Input

Except for the case in which arrivals occur at multiples of some fixed
spacing, Po(t) approaches the steady state probability po as ¢ — o,
and the Laplace transform 6(s) of Pi(t) has a simple pole at s =
with residue py .

If Pip(t) tends to a periodic function the residue gives its average
value. Application of this result to the case of regularly spaced arrivals
and exponential service with B(t) = 1 — ¢ leads to the rather curious
expansion

folﬁ (1—a™) dr

n=0

1 1 1
:1_m[l_z(x—1)+3(x—1)(x2—1) B ]

Both sides represent the average value of the periodic function to which
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Pio(t) tends as ¢t — «. The integral on the left (withz = expa™,z > 1)
is the average value as computed from (29), while the series on the right
is the residue of 6(s) at s = 0 obtained by setting a(s) = exp (— sa™")
in (30) and letting s — 0.

The generating function

Py(a, 1) = ix"Pln(t)

for the conditional probability Py.(¢) that state n exists at time ¢, given
that an arrival at time 0 ends an idle period, [see (27)] satisfies the
integral equation

Pi(x,t) = [v + (1 — 2)B(1)]
.[1 — AQ) + ‘/: A'(t — v)Py(z,v) dv], (44)

A formal step-by-step solution may be obtained by introducing the
binomial moments M, (¢) defined by

Pi(a, t) = io(x — 1)"M.,(¢),
M,.(t) = Ig,; (ﬁ) Py(t).

The value of M,(¢) is one and the higher-order moments satisfy integral
equations obtainable from (44). When the Laplace transforms of
A’(t), B'(t), M,(t) are denoted by a(s), B(s), u.(s) it is found that
the integral equations lead to

_ _ 1 =8(s)
I’LO(S) =38, #1(8) = m
_ 1 [ — 2)] al@)una(2)
pa(s) = I s — 2 1 — als) dz, n>1. (45)

The singularities of a(z)u,—1(2) are supposed to lie to the left and those
of [1 — B(s — 2)]/(s — z) to the right of the path of integration, s
being chosen so as to make this possible. In theory, the successive values
of u,(s) may be obtained step by step and thus ultimately lead to an
expression for Pi(z, t). For exponential service the integrals in (45)
may be evaluated and lead to results given by Takdcs’ (see also Ref. 3,
p. 33).
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