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Setting Do(z,w) = 1, which is not a restriction of the generality, we
obtain, using (9):

DT+1(£U,’LU) = DT(.’IJ,'IU) + [Dl(x)w) - I]Dr(x)w + 1), T g 1. (10)
We note that:

ax

w+a

i

No(zw) = fow ez dFy(t) = ax j:o exp [—t(a + w)] dt

so that: Di(z,w) = (w + a)/ax.
Solving now (10) recurrently, we find:
i3

Dn(zw) =1 + ;Y;: (’;1) <al—x> [Tle(i —2) +w+ (& - 1)

k=1

TFrom this, it follows that the probability generating function, H,(-),
of the number of successful calls between two consecutive c-overflows, is

Ae(,0) _ 1 D.(z0)
T 2 Deya(x,0)

H.((z) =

with

Date0) = 1+ 35 (") (&) et = ) + & = 1

axr k=1

These relations can be expressed in a simpler mannér. Indeed (cf
Ref. 2, p. 83):

axDp1a(2,0) = (m + a)D,(2,0) — mD,,_1(2,0)

and, with the notation N,(z) = (ax)"D,(x,0), we have, therefore:

(x
) = o s
where:
No(z) =1, Ni(z) =a
and

Nm+1(x) = (7n' + a)Nm<x) - arm Nm—l(x)' (11)

The polynomials N,,(-) have the following properties which are im-
mediate consequences of (11):

7. No(z) > 0forz £0,m=0,1,2,---.

#i. the degree » = y»(m) of N,(-) is the integral part of m/2.

#ti. The coefficients of 2°, 21, - - - , 2" in N,.(z) are alternately positive



OVERFLOW PROCESSES 391

and negative. Taking (i) into account, it then follows, as z tends to
o, that N,.(x) tends to « if v(m) is even and to — « if »(m) is odd.
Repeated application of (11) yields:

(m + a — 2)Npu(z) + {azim(m + a — 2) + (m + a) (m — 1)]
—(m4+a)(m+a—1)(m—+a— 2)}Nupa(x) (12)
+ (m+a) (m — 1) (m — 2) (a2)’Nus(z) = 0.
Using (12) and the properties (7)—(#i%) of the polynomials N, (), it
is easily shown by consideration of the signs that N,(-) has »(m)
distinet roots which are positive and separated by the »(m) — 1 roots

of Npo(-),m = 4,5, --- . Let now 2; < 22 < -+ < Zyeyqn be the
roots of N,1(-). Then the generating function H,(-) is of the form:

v (c+1) x -1
Hi@) =mw+ 2w (1 — 5)

1,

where v, = 0 if ¢is odd and v, > 0 if ¢ is even, and where the constants
vi,1 =1, v(e + 1) are strictly positive.

Consequently, i the distribution of the number of successful ecalls is
a mixture of y(m) distinet geometric distributions when ¢ is odd; when
¢ is even, the distribution of the number of successful calls is a mixture
of v(m) 4 1 distributions, one of the latter being the distribution with
probability mass 1 at the origin and the remaining ones being distinct
geometric distributions.

Finally, we note that the recurrences

axD,p(zw) = (m + w + a)D,(z,w) — mD,_1(2,w)
and
Dp(zw) = Dy(zw) + [Di(z,w) — 1]1D,(zw + 1)
allow us to write (7) in the simpler form
e(zw) = azlc + a + w — Aey(x,w)]. 7
Hence, we also have
H(z) = alc + a — cxH. ()]

which may be used to compute the moments of the distribution of the
number of consecutive successful ealls recurrently.

t Since H.(-) is analytic for |z | < 1, it follows that the roots z;, zo, -+,
Zye41) are all larger than 1.
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IV. COVARIANCE BETWEEN INTEROVERFLOW INTERVALS

Under the assumptions made here, the overflow process of a single
trunk group is of the renewal type. The processes obtained by super-
posing two or more such processes (called here composite overflow
processes) do not, however, have this property because suceessive inter-
overflow intervals are no longer independent. We shall now prove
that the correlation between two consecutive interoverflow intervals
of a composite overflow process is always positive.

Let us consider n trunk groups Gy, G», -+, Gu(n = 2), of sizes ¢,
¢z, "+, Cn, respectively, and let A; be the (random) load offered to G; .
Let us now place ourselves at an overflow epoch and suppose that the
overflow call in question comes from group G . Let also U and V be the
two consecutive interoverflow intervals separated by the overflow under
consideration. Then, by an argument similar to one used by Cox
and Smith,”* it follows that:

PriUzuVzv=I[1—F(u)

2 (e 1R (13)
RO f ==L

=2
where F;(-) is the cumulative interoverflow distribution of G; (con-

Mz = xd} : (Z).

[Equation (13) implies that the process obtained by superposing con-
tinuous renewal processes is itself a renewal process if and only if all
the distributions F;(-) are negative-exponentials. An overflow process
is therefore of the renewal type if and only if n = 1.]

Under the present assumptions we have:*

ci+1

Fi(z) = 2 ayll —exp (—siw)l, 220
=t (14)
F’b(x) = 07 Z < 0
where a;; > 0,8; > 0,7 =1,---,¢;i+1,¢=1,2,--- ,n,and
ci+1
2 ai; =1
P
citl ai; .

=1 8ij

Upon substituting (14) into (13) we find that:
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PriUzuV =
1 c1+1 c1+41
=L I: D ai; exp (—sl,u)] [Zl ai; exp (—sl,-v):l
J=
c1+1
1_12 fuw [E ai;exp (— s,,a:):| dz
1 c1+1 c1+1
=T [,Z; ay; exp (_Slju):l I:Z_; a1j exp (—sl,-v):l (15)
n ci+1 s
H2 [Z; 7 exp [—si(u + v)]:|
i= j= ij
1 c1+1 c1+1
=i |: Zal, exp( —-sl,u):| I:Zl ay; exp (—sl,-v)]
j=
# D00y 7" Dnin oxpy [ (sagy + S3iy A =+ v+ 80) (u + 0)]
Szjzssjs RIS Snjn
where the summation Y * is to be extended over all (n — 1)-tuples

(ja, *++ , jn) arising when multiplying out

1[5 2]
=2 | j=1 Sy ’
From here on we shall use the letter J as a generic symbol for any one

of these (n — 1)-tuples.
Integrating now (15) with respect to u and v yields:

j:ofPr[U ZuV =uldu-dv = Mi Z* my(J)RE(T)

with:
my(J )= u, J = (Ja, -+ .dn)
S2ja *** Snjn
and
il 15 . .
RI(J) = Z J=(]2,"',]n)

j=1 815 -+ (82;'2 + e+ -S‘m',.) ’
We also note that:

_ fow [ — Fi(w)] I;Il f; 1_“—F;"(x)dx;:| du

- Ml— S*ma(J)Ba(J).
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When the overflow call separating the two intervals U and V is from
group G;, 1 % 1, we define M, m,(J) and R;(J) to have the meaning
corresponding to M;, mi(J) and Ri(J), respectively. Let also P; be the
probability that the separating call is from group G; . Then with x denot-
ing the average length between successive overflow calls and Cov(U,V)
standing for the covariance between U and V, we have:

n

M= Z _]l% E* 7ni(J) ‘Ri(-f)

=1

and

COV(U V) = i -Ii- Z* m.,-(J)Rf(J) il #2.

=1 i

We note now that:

=R [F2 -]

. . (16)
= > Posw (DR — 22 + 2 X LT ).
i M; i1 M;
Therefore, since:
0 ci+1
D FEmi(J) = H[ [akj exp (—spz)) de = M;
Ic;éz
we obtain, upon substituting this last expression in (16):
Cov(UV) = 3. L% 3 2 ml DIR(T) — ul’ 2 (17)
=1

In order to complete the proof, we have to show that the equality
sign in (17) cannot hold when n > 1. This, however, is an immediate
consequence of the fact that the s;s occurring in F;(-) are then all
distinct.

V. SOME ADDITIONAL PROPERTIES

It is stated in Ref. 4 that the processes obtained by superposing »
identical renewal processes tend usually to renewal processes with
negative-exponential distributions as » tends to infinity. To get an idea
about the speed of that convergence, we shall examine how fast the
correlation between two consecutive intervals, U, V, determined by
three consecutive arrival epochs tends to zero (arrival epoch = epoch
at which a renewal occurs in any one of the n processes).

Let F(-) be the cumulative distribution function of the intervals
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separating pairs of consecutive renewal epochs from the same process.
Under some mild restrictions, namely that F(-) and its first derivative
are continuous in some closed interval [0, 6], & > 0, it can be shown that:

lim 2’Cov(U,V) = v (18)

n—->w

where v, a constant, is strictly positive if F'(0) > 1, strictly negative
if 7(0) < 1, and zero if F'(0) = 1. [Here I'’(0) has to be understood
as being the right-hand derivative of F(-) at 0.] Further:

Cov(U, V) = O(n™"), n— o, whenF (0)=1. (19)

Let Var(X) stand for the variance of X and p(X,Y) for the coeffi-
cient of correlation of X and Y.
We have here Var(U) = Var(V) and

lim n*Var(U) = ¢

n->00

where ¢ is a strictly positive constant.
We have, therefore:

limn-p(U,V) =k (20)

n—->w

where k, a constant, is strictly positive if F’(0) > 1, strictly negative
if F/(0) < 1, and zero if F'(0) = 1. Further:

p(UV) = 0(n?), n— o, when F’(0) = 1. (21)

We proceed now with the proof of (18) and (19). Assuming that
EU = EV = 1, we have:

Cov(U,V) +n~ = ./:o f 1 — Fwlll — F(w)lexpl(n — 1)H(u +v)]

-du-dv
with

H(z) = log /w {1 — F@)]dt.

Let now v = (y + 2)/2,v = (2 — 3)/2. Then:
Cov(U,V) + n~*

= ["ewin = vuen [[1-r(FD)[1-r(25Y)]

-dz-dy.
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We note, however, that:

z log f:um [ —F@)ldt = — |0G@)], 02e<d z—
so that:

(n—1)— (te)
Cov(UV) + 0 ~ f exp [(n — 1)H(2)]

L) - r (59w

(n—1)—G+e)
= fo ) exp [(n — 1)H(2)] [z — F'(62)2" + 0(z*)]-dz

0<6<1, O0=<e<Lk

Upon expanding exp (n — 1)H(z) and making the substitution ¢ =
(n — 1)z, we find:

Cov(U,V) +n~*
1 fm—m—e - {1 + F'(et/n —1) — 1
0

T =1y 2

tZ
n—1

tZ
n—1

+ t30(n—2)} I:t — F'(6t/n — 1) + tsO(n_z)]-dt

where 0 £ ¢ £ 1.
We can therefore conclude that:

1 ZF'(O) 3[F'(0) — 1] 1
R T ) e L O S
-4 _ F’(O) - 1 —q4
+O(’n ) —m+0(n )

This relation implies (18) and (19)

Finally, we shall state the following three properties:

i. If F(-) is the uniform distribution, then Cov(U,V) < 0 for all
values of n(=2).

#1. For any given n(=2), it is always possible to choose F(-) in such
a way that the correlation between U and V vanishes while the variables
U and V are not independent.

121. Let n = 2 and assume that:
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F(z) = 0, T <a
F(x)=p) a§x<ﬁ
F(z) = 1, az=f

where ap + 8(1 — p) = 1.
Then Cov(U,V) = 0 if and only if
6pa(l — a)* + 8(pa)*(1 — @) + 2(pa)’(pa — 1) — 1 =10

When this condition is satisfied, o(U,V) = 0 although U and V are
dependent.
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Solar Cell Degradation under 1-Mev

Electron Bombardment

By W. ROSENZWEIG, H. K. GUMMEL and F. M. SMITS
(Manuscript received July 23, 1962)

The effect of radiation damage on the important parameters of solar cells
has been evaluated for groups of blue-sensitive n-on-p, normal p-on-n, and
blue-sensitive p-on-n cells using 1-Mev electrons. The outer space short
circutt current, maximum power, junction characteristic, and spectral
response are presented quantitatively as a function of radiation flux along
with the bull: minority-carrier diffusion length.

The rate of change of inverse squared diffusion length with flux ts found
to be 1.22 X 1078 for the p-on-n cells, as compared to 1.7 X 10710 for the
n-on-p. The degradation of the spectral response s consistent with the meas-
ured diffusion length for both types of cells if one assumes a total effective
Jront layer of 1 u thickness for the p-on-n cells.

As a result of the less rapid degradation of their minority-carrier life-
time, the m-on-p cells exhibit a greater resistance to radiation than the
p-on-n cells. Comparing only the two types of blue-sensitive cells, after pro-
longed bombardment, the flux ratios required to achieve equal values of
short-circuit current and maximum power are 17 and 9.5 respectively.

I. INTRODUCTION

The high-energy electron and proton radiation in the Van Allen Belt
produces defects in semiconductors which cause a reduction in solar
cell power output. This raises immediately the problem of assessing the
expected useful life of the power plant of a satellite that passes through
this radiation belt. The life is the time for which the power plant is
capable of delivering the electrical power necessary for successful
operation of the satellite.

For an evaluation one has to determine the maximum power point
under outer space solar illumination after various amounts of bom-
bardment by protons of differing energies and by electrons of differing
energies, with various thicknesses of shielding over the cells. Such

399
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information may then be synthesized to yield the expected performance
for a given Van Allen Belt spectrum under given shielding conditions.
An attempt at a direct experimental investigation of these relations
has the disadvantage of being exceedingly complex and involved. How-
ever, the complexity of this problem can be significantly reduced by
recognizing that the solar cell performance is strongly dependent on the
minority-carrier lifetime in the bulk of the material. This minority-
carrier lifetime is ordinarily the most radiation-sensitive parameter in a
semiconductor, and a solar cell will, practically speaking, be useless
due to minority-carrier lifetime degradation before any of the other
determining parameters are significantly affected by radiation.

The performance of a given type of solar cell after irradiation is deter-
mined almost entirely by the minority-carrier lifetime remaining after
the irradiation, rather than by the type of radiation responsible for the
lifetime degradation. The different radiations might cause degradations
that lead to differences in temperature dependence of the solar cell per-
formance. However, such differences, if present, can be expected to be
unimportant for most practical applications.

These considerations imply that relative damage rates can be estab-
lished for protons and electrons of various energies, from which the
radiation damage due to the complex particle spectrum in the Van
Allen Belt can be related to the radiation damage under any one mono-
cnergetic radiation.

The problem can thus be divided into two broad studies. One is the
detailed study of the solar cell characteristics, i.e. short-circuit current,
maximum power, etc., as a function of exposure to a conveniently
available monoenergetic radiation. The other is an investigation of the
relative damage rates for the various radiations, from which a mono-
energetic flux can be derived which is equivalent in radiation damage
to the complex Van Allen spectrum.

With the over-all solar cell performance depending on a variety of
process variables, a statistical experiment is advisable for the first part
so that the effects of variations in solar cell structure are averaged.

For the investigation of the relative damage rates for the various
radiations it is desirable to study the degradation of the minority-
carrier lifetime, or of a quantity that is directly related to the minority-
carrier lifetime, such as the minority-carrier diffusion length. Since this
quantity is a bulk property of the material one is concerned with only
one variable. In addition, since all the solar cell parameters are smoothly
varying functions of the diffusion length, and the diffusion length varies
with flux in a known way [see (1) below], one can perform useful inter-
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polations and extrapolations on the values of the parameters to extremely
low and high radiation fluxes.

This paper is devoted to the first part of such an over-all evaluation,
i.e. the determination of the degradation of the important cell parame-
ters on bombardment with radiation of one kind. It describes an experi-
ment in which solar cell performance as a function of 1-Mev electron
irradiation was investigated for samples large enough to give good sta-
tistical results. For comparison blue-sensitive n-on-p solar cells, blue-
sensitive p-on-n, and normal p-on-n solar cells were studied.

First the details of the electron irradiations are given, followed by a
general description of the performance tests at the various stages of the
bombardment. The final sections summarize the results and give the
conclusions of the experiment.

II. ELECTRON IRRADIATIONS AND DIFFUSION LENGTH MEASUREMENTS

The evaluation of solar cell performance was carried out with a 1-Mev
electron Van de Graaff generator with the external beam scattered by a
total of 5.5 mils of aluminum and 5 inches of air. Groups of 16 or more
solar cells of the following types were used:

1. Blue-sensitive n-on-p cells produced by the Western Electric
Company. These cells were randomly selected from a lot of 10,000 cells
having an efficiency greater than 7.5 per cent under outer space light.

2. Normal p-on-n cells secured from a commercial source and rated
as 14 per cent efficient under tungsten light.

3. Blue-sensitive p-on-n cells secured from a commercial source
rated as 12 per cent efficient under outer space light.

To achieve uniform exposure for all cells, the solar cells were mounted
near the perimeter of an aluminum disc which was continuously rotated
during the irradiations in such a way that the cells passed through the
center of the beam. The electron beam intensity was calibrated with a
vacuum Faraday cup located on the beam axis at the same distance from
the beam exit window as that at which the cells were irradiated. The
irradiation duty cycle on the rotating wheel was measured by using a
prebombarded solar cell as radiation intensity monitor! measuring the
integrated exposure per turn referred to the center of the beam. The
purpose of the prebombardment was to keep the cell diffusion length
from changing during the measurement. The exposures were monitored
with the Faraday cup positioned near the edge of the wheel off the beam
axis.

The cells were irradiated in five steps to integrated fluxes of 1.8 X 10%,
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9.0 X 1018, 5.4 X 10%, 2.7 X 10, and 1.8 X 10'¢ electrons/cm?2. Before
the first and after each successive bombardment the cells were subjected
to optical and electrical measurements by methods described in the next
section. In addition to these measurements the minority-carrier diffusion
length was also determined for each cell by measuring the short-circuit
current response of the solar cells under a low intensity 1-Mev clectron
beam filtered by 12 mils of aluminum placed directly over the cell.?
Under this condition excess carriers are generated uniformly throughout
the bulk of the cell at a rate of 225 pairs/u per incident electron. Iixcept
at very short diffusion lengths as discussed below, the short-circuit
current thus obtained is proportional to the diffusion length.

These diffusion length measurements permit a correlation between
the results reported here and the radiation damage effects of other
radiations.

III. MEASUREMENT OF SOLAR CELL PARAMETERS AND OUTER SPACE
CALCULATIONS

The ultimate criterion for the performance of a solar power plant is
the power it can deliver after a substantial exposure to radiation,
regardless of the initial performance. This requires that the absolute
performance of the solar cells under outer space illumination be studied.
To permit the performance of such tests in the laboratory a solar cell
test facility has been developed which is described in detail elsewhere.?

Prior to bombardments and after each bombardment step, all cells
were tested in this facility. A set of control cells was kept with the cells
under study and received the same handling except for the bombard-
ments. These control cells were tested, interspersed among sample cells,
each time the sample cells were tested. In this way, the stability of the
test facility was monitored and corrections for small drifts could be
applied. The largest corrections necessary amounted to about 1 per cent.

In the test facility the quantum efficiency, defined as electrons
delivered into a short circuit per incident photon, is measured at eight
wavelengths between 0.4 and 0.95 u. Also, under a “white light” source
of intensity approximately equal to outer space sunlight, short-circuit
current, open-circuit voltage, and voltage across a 10-ohm load are
measured. These quantities define the forward current-voltage charac-
teristic of the diode. Some additional tests, such as a reverse leakage
measurement, and the cell voltage for a 50-ma injected forward cur-
rent in the dark are also performed.

The results of these measurements are automatically recorded on
IBM cards and processed on an IBM 7090 computer.
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Fig. 1 — Diffusion length versus 1-Mev electron flux.

The outer space short-circuit current is computed from the quantum
efficiencies. The remainder of the measurements are used to obtain the
output characteristics of the cell corresponding to the outer space
illumination and the maximum power point. Averages of the results are
formed for each group. Generally, only these averages are quoted in
the following section.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

The results of the various measurements are presented in Figs. 1-11.
A plot of the mean diffusion length in microns as a function of the
integrated electron flux is given in Fig. 1. The limits placed around each
point indicate not the experimental error-but the rms deviation from
the mean of the measured quantity for the given sample. It is to be
noted that the deviation for the n-on-p_cells becomes smaller as the
flux is increased, indicating that the damage rates are quite similar for
the cells in the entire sample.
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The diffusion length is expected to decrease according to the equation

1 1
ikl + K& (1)
in which & is the bombardment flux in em™, L is the diffusion length in
cm for that flux, and L, is the initial diffusion length. Equation (1) is an
expression of the fact that the recombination rate of the excess minority
carriers at any point in the bombardment is proportional to the initial
number of recombination centers present plus the number introduced
during the bombardment, the latter being proportional to the flux.
The solid curve passing through the points for the n-on-p cells was com-
puted using (1) with Ly = 119 pand K = 1.7 X 101,

The experimental points for the p-on-n cells can be fitted, as shown
in the dashed curve, by assuming a sensitive thickness consisting of
the bulk diffusion length, as given by the solid line, and a one-micron
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Fig. 2 — Statistical distribution of the degradation constant K.
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thickness which represents the sum of the depletion layer and the
sensitive region of the front layer. The solid curve was computed from
(1) with L, = 146 w and K = 1.22 X 10~°. Capacitance measurements
indicate a depletion layer thickness of 0.5 u, leaving 0.5 u for the front
layer, which appears reasonable.

It is instructive to plot the deviation of the degradation constants K
for the individual cells as compared to the median value. Such a plot is
shown in Fig. 2. It can be seen that the n-on-p cells show a tighter
distribution than the p-on-n cells. This suggests that there may be an
uncontrolled variable in the bulk n-type material which affects the
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Fig. 3 — Outer space short circuit current versus 1-Mev electron flux.
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sensitivity to particle radiation. This variable could possibly be the
oxygen content of the material.

For the three types of solar cells the predicted mean outer space
short-circuit current as a function of electron flux is given in Fig. 3.
The results show that the radiation resistance of n-on-p cells is higher
than that of p-on-n cells. The two types of cells reach the same short-
circuit current for more than a factor of fifteen in electron exposure,
which holds in spite of the fact that the n-on-p has initially a lower
short-circuit current. This may be understood, qualitatively, by noting
the greater rapidity with which the quantum efficiency, TFigs. 4-6,
degrades at the red end of the spectrum for the p-on-n cells as compared
to the n-on-p. These curves also point out the significance of the spec-
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Fig. 4 — Per cent quantum efficiency versus wavelength after various levels of
bombardment for blue-sensitive n-on-p cells.
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trum of the light source used to evaluate short circuit current
degradation.

A Dbetter insight into the short-circuit current degradation may be
obtained from the plots in Figs. 7-9. These show the measured contri-
butions to the total short-circuit current for outer space sunlight falling
into the indicated wavelength intervals as a function of bombardment
flux. Since these contributions were measured by means of narrow-band
filters centered in the indicated intervals one can compare the results
with theoretical computations for monochromatie light.* The solid curves
are the results of such computations carried out by means of (2) nor-
malized to the initial experimental short circuit current contribution.
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—Ty
Iz' = INi (1 —_ e—aiZF) + ¢ 1 (2)
1 —|— — ¢ + Ko
I; = short-circuit current contribution for the sth wavelength.
a; = absorption coefficient for the 7th wavelength.
zr = the effective front layer thickness for the collection of carriers
produced by penetrating radiation.

z; = junction depth.

Iy: = normalization factor for the sth wavelength.
In (2), the first term within the large brackets represents the contri-
bution due to carriers collected from the total front layer, and the second
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Fig. 6 — Per cent quantum efficiency versus wavelength after various levels of
bombardment for blue-sensitive p-on-n cells.
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Fig. 7 — Contribution to outer space short-circuit current by sunlight in vari-
ous wavelength intervals for n-on-p cells as a function of 1-Mev electron flux.

the contribution from the bulk. The effective thickness xr is expected
to be independent of wavelength only as long as aizr << 1. Thus, a
comparison of the experimental points with (2) was made only for
wavelengths greater than 0.65 u. This wavelength region is the one in
which the greatest changes are produced by radiation. The agreement
between the theoretical model and the experimental points is noted to
be good.

The predicted maximum power for outer space sunlight as a function
of flux is given in Fig. 10. The decrease in maximum power with bom-
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bardment is caused not only by the decrease in short-circuit current,
but also by the degradation of the junction. A measure of the amount
of this degradation is the decrease in the open-circuit voltage corre-
sponding to a fixed short-circuit current. Fig. 11 is a plot of the open-
circuit voltage corresponding to a short-circuit current of 50 ma as a
function of 1-Mev electron flux.

These results may be analyzed by noting that over a limited range,
the voltage-current relationship for the cell can be expressed by the
formula

I = IOQ(QV/nkT) - Isc (3)

where I, is the short-circuit current, n is some number equal to or
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greater than one, and I, is a saturation current. I, increases as the
minority-carrier lifetime decreases, causing the maximum power to
decrease even for a fixed short-circuit current. I, varies as +— with
m = % or m = 1 depending on whether the saturation current is dif-
fusion limited or due to space charge recombination, respectively.

At sufficiently high fluxes the inverse lifetime is proportional to the
flux, so that the slopes in Fig. 11 yield the values 2.3 mnkT. The slope
for the n-on-p cells is 27 mv/decade and for the p-on-n 30 mv/decade.
Both of these values are consistent with the pair of values m =~ 1,

n = 1. One can thus conclude that as far as the variation of diode
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Fig. 9 — Contribution to outer space short-circuit current by sunlight in
various wavelength intervals for blue-sensitive p-on-n cells as a function of 1-
Mev electron flux.
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characteristics with radiation damage is concerned, the solar cells
behave as ideal diodes with diffusion-limited saturation currents (at
current densities comparable to outer space short circuit currents).
Since the diffusion length variation with radiation follows a simple
functional relation, its study is very suitable for finding relative radia-
tion damage rates among different radiations. In essence, one needs to
measure the K-values, as defined above, for protons as a function of
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Fig. 10 — Maximum power versus 1-Mev electron flux.
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versus 1-Mev electron flux.

energy, and for electrons as a function of energy and shielding thickness.
The irradiation flux for each particle energy and shielding condition
can then be converted to an equivalent 1-Mev electron flux by multi-
plying by the ratio of the K-values. This ratio can be termed as the
“relative effectiveness” of the radiation with respect to the reference
radiation, 1-Mev electrons in this instance. Thus, for example, if R(¥)
is the ratio of K for n-on-p cells as a function of proton energy to K
for 1-Mev electrons, and ®(%) is the Van Allen Belt proton spectrum,
averaged over some satellite orbit and shielding condition, in protons/
(cmZsec Mev), then

®, = f: R(E)®(E) dE (3)

where ®. is the equivalent 1-Mev electron flux density in electrons/
(ecm? sec). All the figures contained in this report may then have their
flux scales converted to time scales. It is to be noted, however, that such
a conversion is not the same for n-on-p and p-on-n cells, because the
ratio of proton to electron damage is different for n-type and p-type
material.

V. CONCLUSION

The effect of radiation on the important parameters governing the
performance of solar cells has been evaluated for three classes of cells
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using 1-Mev electrons. The outer space short-circuit current, maximum
power, junction characteristics, and spectral response have been pre-
sented quantitatively as a function of radiation flux along with the bulk
minority-carrier diffusion length. The importance of the latter quantity
is stressed as the unifying parameter which allows one to reduce fluxes
of other types of radiation to equivalent fluxes of 1-Mev electrons.

In addition to supplying detailed engineering information, the results
allow one to conclude the following:

The degradation in quantum efficiency at the longer wavelengths is
quantitatively explained by the decrease in bulk minority-carrier
diffusion length. The relatively small change in quantum efficiency at
the short wavelengths suggests that surface recombination velocity and
minority-carrier diffusion length in the front layer are not changed
significantly by the radiation. The decrease in maximum power output
is mainly due to the decrease in collection efficiency but to a smaller
degree also to a degradation of the junction. The latter varies under
forward bias with lifetime as an ideal diode with diffusion limited
saturation current at current densities comparable to outer space con-
ditions. The average relative fluxes required to achieve equal values for
some of the parameters after prolonged bombardment, comparing only
blue-sensitive cells, are shown in Table 1.

TaBLE 1
Flux Ratio
Parameter (n-on-p relative to p-on-n)
Maximum power 9.5
Short circuit current 17
Diffusion length 72
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A Further Discussion of Stimulated
Emission of Bremsstrahlung

By DIETRICH MARCUSE
(Manusecript received December 10, 1962)

In an earlier paper' we proved the existence of stimulated emission of
bremsstrahlung for elecirons moving in the vicinity of nuclei. However, no
estimate of the avatlable power was given at that time.

This paper extends the theory to the fourth order of perturbation theory,
which allows one to esttmate the available power from this process. We find
that the available power tncreases proportional to the fifth power of the fre-
quency, and that one might obtain power in the order of one wall at a fre-
quency of 1000 gigacycles. The oscillation condition at these high frequencies
1s met by the passage of many slow electrons through a dense assembly of
tons or atoms. Although these conditions are uncommon, stimulated emisston
of bremsstrahlung may play a role at microwave frequencies in very high
current semiconductor experiments.

I. INTRODUCTION

In an earlier paper! we showed that stimulated emission of bremsstrah-
lung exists. This statement has the following meaning. Bremsstrahlung
is the radiation which an electron emits by passing in the vicinity of a
nucleus. We demonstrated that the emitted power into a specific mode
of the radiation field is proportional to the energy density in that mode,
which shows that we have indeed stimulated emission of radiation. It
has to be expected that the emitted power can not be strictly propor-
tional to the energy density, but that it must depend on the energy
density in some nonlinear fashion. If this were not the case, the oscilla-
tion would not reach saturation and the energy density in the cavity of
the oscillator would build up indefinitely. If we knew the nonlinear
dependence of the emitted power on the energy density, we could predict
the power output of a practical device.

Since it is very hard to find an exact solution of the problem, we will
give an approximation by finding the next higher approximation of the
perturbation theory, which will give us a term proportional to the square

415
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of the energy density in addition to the already known linear term. This
approximation will allow us to calculate the available power for electron
currents which just barely exceed the current necessary to satisfy the
oscillation condition. For higher electron currents this approximation
will give not more than an order of magnitude estimate of the available
power.

The result so obtained shows that the available power is proportional
to f5 (f = frequency) and is very low below 10 gigacycles (ge). However,
the available power increases very rapidly, and a circuit designed to
satisfy the oscillation condition at 1000 ge would deliver power in the
order of one watt.

Since the use of a Coulomb potential appears to be an unnccessary
restriction, we use a potential ¥V = ¢ "/r which is an approximation
to the potential of a neutral atom. The shielding effect of the electrons
orbiting around the nucleus is taken into account by the factor ¢ 7", It
turns out that stimulated emission will oceur if y/mv < 1 (with 277% =
h = Planck’s constant, m and v mass and velocity of the incident elec-
tron). This treatment neglects the interaction of the incident electron
with the bound electrons in the atom. It is conceivable that additional
emission or perhaps absorption of radiation may occur which is not in-
cluded in this analysis. The bound electrons will certainly decelerate the
free electron in flying through solid matter so that their presence poses
additional serious problems.

Finally, in Section VII we discuss the advantages of using periodically
distributed scattering centers. Periodic structures have the advantage
that the emitted power becomes proportional to the square of the number
of elements in the periodic arrangement. However, to utilize these at
frequencies of 100 gc or higher requires the use of monoenergetic elec-
trons, which are not easily available.

The utilization of stimulated emission of bremsstrahlung requires an
arrangement which allows slow electrons to pass through dense assem-
blies of atoms or ions. This effect, most likely, plays a roll in semicon-
ductor crystals to which high de currents or current pulses are applied.

The following sections II to IV outline the fourth-order perturbation
theory. Instead of the second quantized relativistic theory of the elec-
tron used by the authors of most textbooks, the problem is simplified
by using a nonrelativistic approximation and first quantization only.
The theory is presented with the purpose of showing the particular
approximation used in deriving (34).

The reader who is not interested in the derivation of the theory may
skip over sections II to IV and continue with section V. The expression
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for the available power in section V is derived under the assumption
that the incident electrons move parallel to the electric vector of the
stimulating radiation field.

II. PERTURBATION THEORY

We will use quantum electrodynamics to derive the equation for the
emitted power.

We simplify the problem by assuming that only one mode of the radi-
ation field exists. The interaction of the electron with the photon vac-
uum will be neglected. This is justified as long as we are only interested
in the stimulation effects and not in the spontaneous emission of brems-
strahlung. The state of the system including the electron and the radia-
tion field will be described by a state function ®(n,k); n designates the
number of photons in the radiation mode while % refers to the electron
propagation vector, which is related to the momentum mv of the elec-
tron by

ik = mv. (1)
The system is described by the Hamiltonian
H = H 0 + H [ (2)

H, is the Hamiltonian of the electromagnetic field plus the free electron.
H; is the interaction Hamiltonian, which is related to the interaction
energy between the field and the electron.

According to Heitler®

Hi=H, +H+V (3a)

2
€

2me?

—YTr
se

Hy = — micpA, o= A* V= —Z (3b)
The meanings of the symbols used are explained in the list of symbols
at the end of this paper, Section VIII.

The vector potential is given by *

2

\/7_rC iBz % —ifz

i (ge™ + g% ™). (4)
It is assumed that the z-direction coincides with the direction of the
incident electron and the direction of the vector A, which means
that the electrons are incident parallel to the electric vector of the radia-
tion field. The symbols ¢ and ¢* are the absorption and emission opera-
tors, respectively.
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We assume that box normalization is being used. That means that
the propagation constant & of the electron wave can assume only the
values

;= %gf (u = integer). (5)

The electron wave function is given by

1 ker

‘//=\/IT*"C . (6)

Using the unperturbed wave functions of plane eclectron waves as
zero-order approximation corresponds to the Born approximation.
The state function ® is the product of the photon state function and the
electron wave function y. The time dependence of the state function is
given by the Schroedinger equation.

9% — (1, + Ha. (7)

It is more convenient to introduce interaction representation by mak-
ing the transformation

, )
® = exp <ﬁ Hot) ® (8)
H = exp <3 H0t> H; exp (—1 H0t> (9)
7 fi
With these transformations (7) goes over into

e ‘oo

— = H/'v.
ih T H (10)

The interaction energy is small compared to the energy of the noninter-
acting fields. We can therefore use an approximate iteration solution
of (10). (We write henceforth H instead of H)

®r(t) = SB(0) = (So+ S+ S+ -+ )B(0) (11)
where
Se =1
¢ ¢ 71
Sy = %‘/(; d‘l‘lI{'(Tl) Sy = (1/;)2 /‘; dr /; dTZH’(Tl)H’<T?)
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1 [t T T2 , , .
S; = —(iﬁ)3f0 dn/ﬂ drzfo drsH (1) H (r2) H'(73)

Sy = (zﬁ)4f drm f drs ] drs f drsH' (1) H' (r2)H' (73)H ' (14).
The operator S is called the scattering matrix. The probability of
finding a system, which at ¢ = 0 is described by the wave function &, ,
after time ¢ in the final state described by @, is given by the absolute
square of the matrix element between these two state functions:

= | (5%, S®0) [, (12)

In order to evaluate the matrix element of the S-matrix it is necessary
to convert the operator products H'(7:)H’(7:) into matrix produets.
This can be done with the help of a complete set of state functions which
are assumed to be eigenfunctions ®, of the unperturbed Hamiltonian H,
with the eigenvalues

2
B = 1k nio. (13)
2m
Making use of
(d* H'(r)®,) = exp [% (B, — ES)T} (®,* H®D,) (14)

which follows from equation (9), we obtain, for example, for S,

(@4 800) = b 3 (@, Ha) (@4 1) [ dn [ e

(i#)* ﬁ) (15)

-exp [% (Ey — E,)Tl] exp [% (E, — EO)TZ].

Corresponding expansions hold for all the other S;. The summation
extends over all possible combinations of the products of all the free
photon and free electron states.

III. EVALUATION OF THE MATRIX ELEMENTS OF THE S-MATRIX

It can easily be appreciated that for higher-order approximations the
matrix elements of S; become very complicated. Not only will an in-
creasing number of nonvanishing terms appear in the summation but
also the products of the individual matrix elements of H become in-
creasingly involved since each H according to (3a) consists of three
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terms, so that each term in the sum corresponding to S; will contain 3:
terms.

Luckily, however, not all of these terms give a contribution. Let us,
for the moment, assume that we are interested in the process of the emis-
sion of one photon. We see immediately that all terms containing only
products of matrix elements of V give no contribution, since V does not
change the photon number and since the scalar product of state fune-
tions with different photon number is zero. Also, all those products dis-
appear which contain one term with the matrix element of H, and all
others with V. H, changes the photon number either by 2 or 0, so that
no state with one additional photon can result. These considerations, if
applied to all possible products, reduce the number of those terms con-
tributing to the matrix element S; considerably.

In addition we will make one more approximation. Since we are in-
terested in obtaining the nonlinear effects (nonlinear with respect to n),
we do not want to improve the approximation of the result given in Ref.
1 as far as the potential V is concerned. In other words, we have ob-
tained previously a result which was proportional to e’nV. By considering
all terms in the higher-order approximations which contain one factor
H, and an arbitrary number of factors containing V, we could obtain
improvements in the previous calculation in the (symbolic) form

efn(V + V41V + S

However, these terms improving the previous approximation as far
as the potential V is concerned will not give any information concerning
nonlinear effects with respect to n. What we want instead is an approxi-
mation which results in

EVn(l + én + e'n? + - 2).

Therefore, we will consider only terms containing one factor V and
neglect all those containing more than one.

Without going further into the details of the calculation, we will im-
mediately quote the results of the calculation of the matrix elements
which differ by one photon in the initial and final states. This fact will
be indicated by a subscript 1 on the matrix elements. The matrix ele-
ments for the operators H,, H, and V are given by:

(3*(n = 1,x), Hid(nk)) = _\l/% & 1/ 2%7‘ Fhde ibey e, v (16)
T e

(®*(n £ 2, k), Hd(nk)) = T o Meaikdey, 005, 728 (17)
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2
(@*(nx), Hd(nk)) = 2 ]% %gnéxz,k&y,o&,_g (18)
% _ _Z_e2 47
(8*(nx), Vo(nk)) = T EF T (19)
With these matrix elements we obtain
% _ 4 Ze3n% 2Tﬁ Kz — k
@58 = F e A o =P T 7
Y
: 20a.)
exp [% (Ey — Eo)t:l -1 (
' r — E,
47" Zen} /‘/273 1
(63 * - — - -
(®r*, SsPo)1 () meah o [k KP4
( i
- F2iwt(k, — k) il [% e Eo)t:l : (20b)
e Ep - E()
— 22'% (ky + k — k™™ — ke:Fi”t)}
Ax® Zeén? onth i
* Sydp)y = = —— —_—
(®r*, Sado)1 (L‘”’)gm"w“/‘/w [« — K[+ +°
. {(51«%2 — 3 — &k — )
(20¢)

exp% I:(EF — Eo)t] -1
’ Er — Eo

+ 21‘% 2x, — 2Kk, + 2kx,(k — k) cos wt]}.

Of the two signs given in these equations, the upper sign refers to the
case of emission and the lower sign of absorption of one photon. The

value of k = | x| is also dependent on whether emission or absorption
of one photon is being considered
£k =kA/1F 2 (21a)
with
e = fio (21b)
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The equations (21) follow from the conservation of energy Ly = E,
with the help of (13).

The matrix elements (20b) and (20¢) include the process of the virtual
emission and absorption of one photon. While the final state &, differs
from the initial state ®; by one photon, states with two additional pho-
tons appear in the intermediate steps of the calculation leading to (20b)
and (20c). One may say, therefore, that these matrix elements corre-
spond to a process either by which one photon is being absorbed and two
photons are emitted, or by which two photons are emitted and one is
absorbed. The final state has gained a photon in either case. In contrast
to this, the matrix element (20a) corresponds to the simple emission
or absorption of one photon without virtual emission and absorption
processes taking place.

However, we have also to consider the case that two real photons are
emitted or absorbed. This process leads to transition probabilities which
are of the same order in e as the contributions which (20b) and (20c¢)
will give to the emission or absorption probability of one photon.

The matrix elements corresponding to the emission or absorption of
two real photons are given by:

27 Ze4niiaz 1

B, * = 4 2T
(®p*, Sabo)s =+ I miwc [6 — K[+ 7

: (22a)
exp I:% (Er — Eo)t] -1
) Er — E,
4a* Zé'nh  (op — k)*
(®r*, Ss®g)2 = ~IF it (6 — k[ + 42
(22b)

exp I:% (Er — Eo)t] -1
' Er — E, )

The subscript 2 on the matrix elements indicates that two photons
have been emitted or absorbed. In (22) ¢ is the propagation vector of
the final electron with the energy

2
Er = 7 + (n =% 2)fiw. (23)
2m
From Er = E, follows
o =k/1F 4e (24)

with e of equation (21b).
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IV. THE PHOTON CREATION RATE

We can now calculate the probabilities for the emission of one and
also for the simultaneous emission of two photons. More important
than the transition probability is the transition probability per unit
time. According to Heitler* this is obtained by summing the transition
probability P over all possible values of the energy of the final state and
dividing by the time ¢.

w =12P=1fprpdEp. (25)
t F t Yo

pr is the number of states per unit energy. We keep the energy of the
radiation field fixed and allow the final energy of the electron to vary,
disregarding conservation of energy for the moment. It turns out that
conservation of energy is automatically assured since P contains a é-
function, as will be shown.

The number of states in the box of size L’ (box normalization) turns
out to be

mL’ks

pr = %2—(-2——71_)3(19. (26)

kr is the magnitude of the electron propagation vector, which is either
k or ¢ depending on whether we consider the one- or two-photon process.
dS is the element of solid angle into which the electron is scattered.

The probability P; for the emission of one photon is given by (12)
and (20)

Py = | (&% SiBo)r + (255, Ssdo)1 + (6%, So)1 . (27)

We neglect all terms of orders higher than ¢*. Two important terms will
oceur in (27). One is

exp [% (Er — Eo)t] -1

! Ep — Eq

21t exp [% (Ey — Eo)t]

. ¢ (28)
sin (Er — Ep) 7

Er — By
2nits(Er — Ey).

Il

The other one is
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. 2 .
<exp [% (Ey — Eo)t:| — 1) exp [% (Ep — Eo)t:i -1
= 27¢

Ly — B, Iy — E,
7
- exp [Eﬁ_, (Er — Eo)t:l (29)
¢ 6(Ei‘ - Eo)

- 27ri%6(Ep — BY).

The limiting process

fim S0 _ e
K->
can be taken since, even for relatively short times, we will have E, % > 1.

The somewhat daring calculation in (29) is suggested by Heitler* and
Mandl.5

The same calculations have to be performed with Ps , the probability
for the emission of two photons.

We see that P is proportional to ¢, so that w = 1/t(Y_ P) will be
independent of time. P is also proportional to a é-function which guaran-
tees the conservation of energy. If we write

P= %%me 5(Er — Eo)
we obtain
2
w = % | Kpo IZPF . (30)
This equation was taken as the starting point of the previous paper
[Ref. 1, equation (1)].

We will not write down the explicit expressions for w; and w, but will
go immediately to the photon creation rate AN’. AN’ denotes the num-
ber of emitted photons per second and, according to equation (15) of
Ref. 1, is given by:

L3
AN’ = (w, + 2w») ;NEN,, . (31)

By substituting (30) and (27) and its equivalent for the two-photon
process in (31), we obtain:
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. SrZ SN { ki, — k)°
AN = o N\ Te = EE + 79
n 2w’ N [K(k — Kz)[?)(/(,s — ks) + Bkro(k — xz)]
s (e —KF + 77 )
F2me ke —8) 1 oo — k)

(e —kF+9) " 2(Je — k[P 4 )

1 Booslo, — k)?
* R

Terms proportional to cos wt have been neglected in (32) since, if the
time average over one period of the oscillation is taken, no contribution
from these terms would result.

AN/ is the number of emitted photons if we ask only for the probabil-
ity of photon emission and take the corresponding values for « and o
and the upper signs. AN,’ is the number of absorbed photons. In order
to obtain the net number of actually emitted photons, the difference
AN’ = AN,/ — AN, has to be taken.

AN/ of equation (32) implies also that we are interested only in

those photons which are emitted while the electron is scattered into a
certain direction of space given by x or ¢ into the solid angle dQ. In
order to get all the photons, we have to calculate

AN = f (AN, — AN,') dQ. (33)

It is interesting to note that the last two terms in (32), stemming from
the two-photon process, give only a negligible contribution to (33) and
can be neglected.

We obtaint
AN _ 8Z%'N.N, 2 ( e2N02>
N M In Ve + 7 W (34)
with n = v/k < 1 and ¢ = hf/mv* < 1. Equation (34) holds as long as
ENY

Equation (34) is identical to equation (32) of Ref. 1 if » = 0 in the
limit N — 0. [In (2/¢) — 1 has been approximated by omitting the 1.]
However, we now have obtained an expression for the photon creation

t All equations in this paper are written in electrostatic ¢.g.s. units.
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rate AN /N, which depends on the energy density AfN of the radiation field.
I'or increasingly larger N, the creation rate AN /N becomes decreasingly
smaller. We therefore have the possibility of computing the available
power.

V. ESTIMATE OF THE AVAILABLE POWER

The power P, radiated from a cavity is given by

1 1
P, = 2rh 2NV<~——). 35

VNG T @ (35)
The energy density AfN in the cavity will build up to the point where
the number of created photons AN equals the number of photons which
are radiated from the cavity and absorbed by its walls. We obtain for
the oscillation condition

N Qr

Substituting (34) into (36), solving for ¥, and substituting into (35),
we obtain

AN _ 27er‘ (36)

2 f°V ( 1 1) 1 amivifV }
QA Q B 2 (37)
4 2Z2 wdVe 1 —_—
e Z QNN n\/62 e

(e.g.s. units are being used).

Because of (34a), this equation holds if the expression in the brackets is
much smaller than 1 (but larger than 0).

As soon as the product N, N, is large enough to make P, = 0, the cavity
oscillates. The oscillation condition is, therefore

amitf3V

>
NeNn = (37&)

4 2Z2Q 1 ._2_
e Ve 1y

It is understood that the power carried by the incident electron beam

must be substantially larger than the power calculated from (37).

The most surprising fact about (37) is its dependence on the fifth
power of the frequency. This means that at low frequencies the power
obtainable from stimulated emission of bremsstrahlung is small.

Table I illustrates the situation for a practical example. We assume
that we use bare nuclei with charge Z = 1. Correspondingly, we have to
take n = 0. Furthermore, we assume that the expression in the bracket
of (37) has the value of 0.1 and that Q, = 10%, Q: > Q.,» = 2 X 10°
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TaBLE I
s P, : NeNa No/V
10 ge 10710 w 10%% em™2 sec™! 1015 em—3
100 ge 1075 w 10%7 ¢cm™2 sec™?! 108 ¢m™3
1000 ge 1w 10%° ¢cm~2 sec™! 102! ¢m—3

em/sec corresponding to an accelerating potential of 10 volts. The cavity
volume is taken as V = 10 em®.

The values for N.N, given in Table I are the products of nuclei and
electron density current necessary to satisfy the oscillation condition
(37a). N,/V in the last column of Table I is the density of nuclei
which results from NN, with ¥V = 10 ecm® if N, is chosen to equal a
current density of 0.1 amp/cm®.

We see that the available power is very low at f = 10 ge and reaches
interesting values for f = 1000 ge. However, the required density of
nuclei (or ions) also increases very rapidly with increasing frequency.
Equation (37), which was used to compute the values for the available
power in Table I, is an approximation. It does not hold for NN, — .
However, it seems reasonable to believe that the results of Table I are
correct to the order of magnitude. We can not hope to obtain one milli-
watt of power if our theory predicts 107" w.

VI. USE OF NEUTRAL ATOMS AS SCATTERING CENTERS

We derived (37) under the assumption that the electrons are scattered
by a potential

e

r

V= -7

According to the Thomas-Fermi statistical model of the electron®
(38)

Equations (37a) and (38) allow us to calculate the required minimum
number of atoms necessary to achieve selfsustained oscillations. Tt has
to be remembered, however, that we have completely neglected the
interaction of the incident electron with the bound electrons in the
scattering atom. The only way the bound electrons enter the picture is by
effectively shielding the Coulomb potential of the nucleus. In reality,
the incident electron will excite the bound electrons into higher energy
states and will also ionize some of the atoms. It might be that the process
of ionization is accompanied by either stimulated emission or absorption
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of radiation, just as the process of scattering is accompanied by a net
stimulated emission of radiation if the incident electrons fly more or
less parallel to the electric vector of the stimulating radiation field.!

For all practical cases we will have

e L7
and therefore we obtain as the oscillation condition from (37a)
amPifiV

47%°Q;, In (%&) . (39)

NeNn %
A

Table II lists the product N.N,, of (39), the atom density for an elec-
tron current of 100 ma/cm” and the velocity v as well as the correspond-
ing accelerating potential U as a function of frequency for three different
values of Z. The velocity is chosen so that 4 = 0.2 [equation (38)]. Z
is equivalent to the order number of the atom in the periodic table of
elements. We have again assumed Q. = 10* and V = 10 em®.

VII. DISCUSSION OF THE FEASIBILITY OF A BREMSSTRAHLUNG OSCILLATOR

The examples given in the last section show the problems involved
in building an oscillator utilizing stimulated emission of bremsstrahlung.
At low frequencies, where it is easy to satisfy the oscillation condition,
the available power is very low. The available power reaches useful
proportions in the region of 100 ge and becomes abundant at frequencies
higher than 1000 ge. However, the required number of scattering nuclei
or atoms becomes very high.

There is a possibility of using periodic arrangements of scattering
centers rather than the randomly distributed atoms or nuclei considered
here. The author has considered scattering by a string of nuclei (or
atoms) which are arranged on a straight line parallel to both the direc-

Tasre 11
f z NeNp Nu/V v U
10 ge 3 X 1037 cm™2 sec™!| 4.8 X 1019 ¢cm™3
100 ge| 1 3 X 104 em2 sec™!| 4.8 X 102 em™3 | 1.1 X 10° sec| 345 volts
1000 ge 3 X 10%3 em2 sec!| 4.8 X 1028 ¢cm™3
10 ge 6.5 X 10% ¢m™2 sec™?! 1 X 10 em™2
100 gec| 10| 6.5 X 10%° cm™2 sec™! 1 X 102 em™3 | 2.37 X 10° sec|1600 volts
1000 gc 6.5 X 10’2 cm™2 sec™! 1 X 10%* cm™3
10 ge 2.2 X 1038 ¢em™2 sec™!| 3.5 X 107 cm™3
100 ge| 50| 2.2 X 103 em™2 sec™!| 3.5 X 1020 cm™3 | 4.05 X 109 sec|4660 volts
1000 gc 2.2 X 10%2 em~2 sec™!| 3.5 X 1023 e¢m™3
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tion of the incident electrons and the electric field vector of the stimulat-
ing radiation field. The result was that, if the distance between successive
atoms is d = v/f, the number N, of scattering centers entering (34), or
(389) in case of a random distribution, is replaced by N,2. Scattering by
periodically arranged atoms thus greatly enhances the effect.

However, if the atoms are not aligned in one straight line but rather
are in periodically arranged planes, N, has to be replaced by nN,, , where
N, is the total number of atoms, while » is the number of planes. If 100
periodically arranged planes filled with scattering atoms were used, the
number N, quoted in Tables I and IT would be reduced by a factor of
100, and the corresponding atoms would have to be distributed over
these 100 planes. Using a frequency of 100 ge¢ and atoms with Z = 50
would require a total number of 4 X 10" atoms or 4 X 107 atoms in
each plane. If a plane of 10 cm? area is used, its thickness would have
to be of the order of 1000 angstroms.

There is a limit to the number of planes which can be used in practice.
This limit is set by the requirement that all electrons have to pass the
distance between all these planes in the same time interval. The spread
in electron velocities which can be tolerated decreases in inverse propor-
tion to the number of planes used.

One could use electrons moving in conduction bands of solids rather
than free electron beams and let them scatter from impurities in the
crystal. Since the concentration of ionized impurities in semiconductors
can be very high and since extremely high current densities can be
applied, it appears that stimulated emission of bremsstrahlung should
oceur.

VIII. LIST OF SYMBOLS

A=(4,,00) vector potential of the electromagnetic field

¢ = 3 X 10" em/sec  velocity of light

Ok Kronecker § symbol equals 1 if x = k and is 0
otherwise

E energy of the physical system composed of RF
field and electron exclusive of the interaction
energy

e = 4803 X 107 electron charge (or base of natural Logarithm)

dyn"* cm

e = hf/mv’

n=/k

f frequency of the stimulating RI' field

® state function of the physical system

v shielding factor of the potential of the neutral

atom
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h = 27% = 6.624 X
107" erg-sec

H,

H;
i=+/=1
k =k,

= ViE T T

™~

m= 9.11 X 10 * gram

n
N = n/L}

e

Z 2

w = 2xf
= mv = hk
11(9/9x)

*

RR T I
I

Qs
Q:
r

pr

g = \/022 + 0'1/2 + O'zz

Planck’s constant

Hamiltonian of the noninteracting system

interaction Hamiltonian

or sometimes used as subscript

propagation constant of the incident electron

magnitude of propagation constant of the scat-
tered electron after the emission of one photon

length of the fictitious box used for box normali-
zation

electron mass

number of photons in box of volume L’

photon density

number of electrons per second per em’

total number of scattering nuclei or atoms

momentum of the incident electron

momentum operator

absorption operator

emission operator

loaded @ of the resonant cavity

intrinsic @ of the resonant cavity

radius of polar coordinate system

number of electron states per unit energy inter-
val

magnitude of the electron propagation vector
after the emission of two photons

S scattering matrix
¢ time
U acceleration voltage of the electron
v velocity of the incident electron
14 volume of the resonant cavity, also used to de-
seribe the shielded Coulomb potential
Z number of elementary charges on scattering
nucleus
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Engineering of T1 Carrier
System Repeatered Lines

By H. CRAVIS and T. V. CRATER
(Manuscript received December 10, 1962)

The repeatered, lines for the T1 carrier system (24 voice channels, PCM)
are cable pairs equipped with transistorized regenerative amplifiers. The
line signal is a train of 1,544,000 bipolar pulse positions per second. The
line engineering methods, which tell how to select cable factlities and where
to place repeaters, are based on the theory and measurements reported here.
Using typical cable data, specific examples are given of the design limaits
imposed by the principal types of interference: crosstalk from other T1
systems and noise originating in central offices.

I. INTRODUCTION AND PROBLEM STATEMENT

1.1 System Description

The T1 carrier system transmits 24 voice channels over two cable
pairs, one for each direction of transmission. The channels are time-
division multiplexed and encoded by PCM, so that the line signal is a
train of 1,544,000 bipolar pulse positions per second. Transistorized
regenerative amplifiers, powered directly over the transmission pairs,
detect the pulses and retransmit them along the line. The amplifiers
are placed in manholes or on telephone poles at a nominal spacing of
6000 feet, for 22-gauge paper-insulated cable. This conforms to the com-
mon “H” loading spacing. General equipment features have been de-
scribed for an experimental system,! and further aspects of the T1 sys-
tem are described in another paper.?

In this paper we give the underlying theory for engineering the re-
peatered lines. The emphasis is on the principles that affect the system
layout. Although some specific objectives are developed, we have not
tried to list all of the factors that may affect a specific layout.

1.2 Repeatered Line Engineering

1.2.1 The Span as a Line Engineering Unit

A major departure in T1 line engineering, compared to previous short-
haul carrier systems, is the design of routes in units called spans, as com-

431
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Fig. 1 — Spans.

pared to complete systems from terminal to terminal, or from one office
served by the voice circuits to another. Referring to Fig. 1, a spanis a col-
lection of repeatered lines* between office repeater bays. A repeatered
line for a particular system (terminal to terminal) is made up by intercon-
necting span lines at the offices along the route. It is simpler to admin-
ister, operate, and maintain the large numbers of telephone circuits that
are needed in typical central office areas if the T1 lines are thought of as
composing the spans to which they belong, rather than identifying the
lines by their ultimate terminals. For example, any line in a span may
serve as a spare for another, irrespective of the terminals served by the
trunks using the spans. By building up the network on the span basis,

* Two regenerative amplifiers, with common power circuitry, make up a plug-in
package called a repeater. Each repeatered line consists of two pairs of wires, one
for each transmission direction, and the necessary amplifiers. Our ““amplifier”’ is

the same functional unit called a ‘“‘repeater’”’ by Mayo® and a “‘reconstructive re-
peater’’ by Aaron.*
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it is also easier to provide order wires for communication by maintenance
personnel along the lines, to plan the fault-location requirements,? and
to supply de power for the repeaters. Our point of view, then, is to assure
satisfactory pulse transmission in the lines of each span.

The prime markets for the T1 system are areas of high telephone de-
velopment, such as the large networks in metropolitan areas. The ma-
jority of systems will provide trunks, e.g., local, tandem, and toll con-
necting trunks, between central office buildings in these areas. Typical
cable lengths between buildings, corresponding to span lengths, are 2
to 10 miles. Terminal-to-terminal system lengths may be as great as 50
miles. ‘

Message channels are needed in large numbers along T1 routes. Re-
peaters will be installed in a case suitable for location in manholes or on
telephone poles. ach case will mount 25 repeaters, that is, 50 regenera-
tive amplifiers as packaged. If the case is spliced into the main cable as
in Fig. 2(a), 25 amplifiers serve as many pairs in one direction of trans-
mission, and 25 the other; all 50 pairs are in the same cable, and this is
called one-cable operation. In Fig. 2(b), all 50 amplifiers serve as many
pairs for only one direction of transmission, and 50 more pairs in a second
cable sheath, spliced to a second case, are needed for the opposite direc-
tion; this is ftwo-cable operation.* Each fully-equipped repeater case
thus serves the lines in both directions of transmission for 600 message
channels in one-cable operation, or in one direction for 1200 channels
in two-cable operation. To allow for flexibility in pair assignment and to
accommodate growth, pairs not immediately needed as T lines may be
used for voice-frequency circuits by plugging into the repeater case spe-
cial load coil cases or through connectors, which are interchangeable with
the repeaters.

1.2.2 Objective

In T1 lines fidelity of transmission is measured by the error rate, which
is the fraction of received pulse positions in which a pulse is present when
none was transmitted, or vice versa. The error rate objective for a
terminal-to-terminal line is based on two desiderata. First, the noise
power in a speech channel caused by line errors must be negligible com-
pared to noise and distortion from other sources. The performance of the
terminal then is controlling.? Second, the distinctive, low-level noise
pulses in a speech channel which result from line errors must occur infre-
quently enough to be unobjectionable to the user. The second is more

* A repeater case is never spliced into more than one cable.
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Fig. 2 — One- and two-cable operation.

difficult to satisfy than the first. Some tests conducted by W. L. Ross
indicate that errors occurring at a rate of 10~° are very difficult to detect
by listening, and this rate has been made the system objective.!

The goal of line engineering is satisfactory transmission over the lines
of each span. The span objective is an error rate of 3 X 107"; this allows
three span lines in a system to have the maximum error rate. Since most
span lines will have substantially lower error rates, the system objective
will almost always be met, even in long systems. The system error rate of
107° is a conservative figure; an error rate of 107° will not seriously im-
pair speech quality.

1.2.3 Further Requirements

Many aspects of the T'1 system are novel; for example, the application
of PCM. We wish to explore the theory that is relevant to line engineer-
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ing, and then to reduce its results to manageable procedures for the lay-
out of lines. Studies of the existing plant and trunk forecasts will show the
numbers of voice channels needed between particular terminals and the
available routes and cables. Starting with these, the procedures must tell
how to lay out the T1 lines, or more specifically, how to choose the one-
or two-cable mode (Fig. 2), how to choose the cable and pair assignments,
and where to place the repeaters.

System layouts must come reasonably close to an economic optimum
in the installed cost of repeaters. Measurements of cable properties, such
as noise levels or crosstalk coupling losses, should not be necessary to
proceed with the design. It should be possible to arrive at a workable
layout without extensive calculation. In specific cases, the procedures
may allow a number of alternatives, and the selection can be assumed
to rest on the economics of the complete trunk plan.

1.3 Types of Cables

T1 carrier continues a trend in carrier telephone transmission toward
the greater utilization, in terms of bandwidth, of cable originally installed
in the outside plant for the transmission of voice frequencies. Prior exam-
ples are the N and ON systems.?-®* Bach new system places its own de-
mands on the cable plant. A natural development is that additions to
this plant will be more and more influenced by potential carrier-frequency
applications.

The present system is specifically intended for use on paired cables
with paper strip, pulp or plastic conductor insulation. Load coils, build-
ing-out capacitors, and bridged taps must be disconnected from the
pairs intended for carrier use. Cables of layer or unit construction with
staggered pair twists will have satisfactory crosstalk properties, as will
be seen below, but cables with nonstaggered twists are not acceptable.
The preponderance of T1 applications will be on cables of larger sizes,
say 200 pairs or more, although smaller cables will occasionally be used.
A majority of installations, particularly in metropolitan centers, will
utilize underground cable in ducts. In the outlying sections of cities,
aerial cable is encountered; a field trial is presently under way to test
the system performance in such cables, especially as regards the greater
exposure to lightning and the wider temperature variations.

A considerable amount of 22-gauge cable is in place along the trunk
routes involved; this gauge is therefore the design center for T1. Sec-
tions of gauges 19, 24, and 26 are also possible, and of mixed gauges
where necessary.
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More detailed cable characteristics that are desirable for T1 purposes
are mentioned in the following sections.

II. AMPLIFIER PROPERTIES AFFECTING LINE ENGINEERING

2.1 Required Signal-to-Noise Ratio

An ideal binary pulse detection system’-® can operate with noise ampli-
tudes as great as half the received pulse amplitude. An error is made
only when the noise value at the sampling instant is more than this
amount and occurs with appropriate sign. A practical regenerative am-
plifier® as built for the T1 system cannot operate with such a low signal-
to-noise ratio. We assume that the probability of an error, that is, of
retransmitting a pulse when none is received or vice versa, is the proba-
bility with which the noise amplitude exceeds one-fourth of the received
pulse height. Production amplifiers are, of course, not all identical, and
the required signal-to-noise ratio is taken as 12 db with a standard de-
viation of 1 db, based on observations of a number of samples.

2.2 Operating Signal Range

In discussing signal levels and line lengths, a convenient short cutis to
replace the random pulse train, Fig. 3, with the periodic train of Fig 4.

BIPOLAR CONSTRAINT: SUCCESSIVE PULSES,
WHEN THEY OCCUR,MUST BE OF OPPOSITE

SRS POLARITY
P——T— ,I TIME =—>
| PROBABILITY (PULSE PRESENT
lPosmorql POSITION IPOSITION | IN ANY POSITION)=1/2

1 2 3 puUTY CYCLE=T7/T =1i/2

14

y POWER SPECTRUM

H

&l/)

55

=

<
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o

1 L L
1/2T /T 3/2T 2/T

FREQUENCY =3

Fig. 3 — Random bipolar pulse train.
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Fig. 4 — Continuous bipolar pulse train.

The random train, assuming balanced pulses, has no discrete frequency
components.* The maximum of its power spectrum is at about half the
pulse repetition frequency, or 772 ke.* The continuous train has 81 per
cent of its power at this frequency and the balance at its odd harmonics.
The peak amplitude of the 772-ke component for the wave of Fig. 4 is
0.90 V, or 2.7 volts for V' = 3 volts at the amplifier output. For engineer-
ing purposes, the received pulse height may be found by calculating the
peak amplitude of the received 772-ke component. Suppose, for example,
that the cable pair between the output of one amplifier and the input of
the next has 20 db attenuation at 772 ke. Then the pulse height at the
sampling point, viz., at the equalized preamplifier output,® is 0.27 volts,
increased by the preamplifier gain at 772 ke. We shall refer always to the
attenuation at 772 ke and 65 F (degrees fahrenheit), when the term ‘‘loss”
s used.

The amplifier operates most effectively over a range of losses centered
at 31 db, the loss of 6000 feet of 22-gauge paper insulated cable. In Fig.
5, the relative signal-to-noise ratio, at a constant error rate of about
10-¢, is plotted against the loss, for the particular case of near-end cross-
talk interference. If we set a goal of 1 db departure from optimum, the
figure shows that the loss may be 27 to 35 db. A wider range of line losses
is made possible by building out shorter sections.? Each amplifier has a
buildout network at its input, selected on the basis of pair loss measure-
ments at the time the repeater case is installed. The networks simulate
the attenuation-vs-frequency characteristic of 22-gauge cable pairs, and
are identified by their losses at 772 ke. For practical reasons, networks
are supplied only in multiples of 2.4 db, as explained below.

The size of the loss steps for the networks is dictated by the loss range
allowable for line and buildout together, 27 to 35 db, and by the varia-
tions due to temperature and to pair-to-pair differences. The increase in
attenuation from 55 F to 100 F, the maximum temperature expected for

* The maximum is at 711 ke; the spectrum level at 772 ke is 98 per cent of this
maximum.
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Fig. 5 — Effect of line loss on amplifier performance.

underground cable, is 1.3 db for 6300 feet* of 22-gauge cable. A com-
parable decrease in attenuation occurs when the temperature drops from
55 I to zero F, the minimum expected for underground cable. The stand-
ard deviation of pair losses is 0.6 db for this kind of section; therefore,
the one per cent highest loss pair has an additional 1.5-db loss. So far we
have accumulated a variation of 4=2.8 db. If the buildout networks are
made in steps small enough to have the line plus network loss 31 + 1.2
db, i.e., steps of 2.4 db, the desired range of 31 =+ 4 db is achieved. Thus,
networks of loss 0, 2.4, 4.8, . . . db are needed. In the experimental sys-
tem,? coarser steps of buildout loss were used. The list of networks for
the commercial system has been filled in with the intermediate steps,
to a maximum of 26.4 db. Line sections shorter than 32.2 db are built
out to 31 4= 1.2 db. Generally all amplifiers in one direction in the same
repeater section are equipped with the same buildout.

In making the preliminary layout, section losses are calculated from
plant records showing the cable lengths and types. The average losses of
common exchange cables are listed in Table I1.91%1! For T1 calculations,
we use the “engineering loss,” which is the average loss increased by a
small amount to account for month-to-month variations in cable produc-

* Maximum ‘“H”’ loading spacing.
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TasrLE I — AveErace CaBri LossEes, 772 xc, 55 F

Gauge Insulation m?cz;g?:rlzt;cll:(/:;;il R Loss, db/mile
19 polyethylene 0.066 11.8

19 polyethylene 0.083 15.1

19 paper strip 0.066 15.2

19 paper strip 0.084 19.1

22 polyethylene 0.083 21.9

22 paper pulp 0.082 26.5

24 paper strip 0.072 29.5

26 paper pulp 0.079 39.2

tion. For 22 gauge cable with average loss of 26.5 db per mile, as an ex-
ample, the engineering loss is 27.0 db per mile, or 32.2 db per 6300 feet.
When a section is composed of mixed gauges of cable, or of high- and
low-capacitance types of the same gauge, a ‘“junction loss” is added to
the engineering loss. The junction loss is based on the reflection loss at
the junction, suitably reduced if only a short section of different gauge
is present. It is not more than 0.3 db for common cable types.

2.3 Minimum Section Loss

The amplifier output and input impedances are not perfectly matched
to the characteristic impedance of the cable pairs over the band of fre-
quencies needed for pulse transmission. As a result, reflections of pulses
may travel back from an amplifier input to the output circuit of the
previous amplifier and interfere with the regeneration of pulses there, in-
creasing the error rate. Experience has shown that this is serious only for
amplifiers separated by less than 9 db of cable loss, a situation that may
arise adjacent to central offices (cf. Section 4.5). FFor this reason, central
office amplifiers are equipped with fixed pads of 100 ohms impedance and
3 db loss, at both input and output. These pads also reduce reflections
from cable plugs and terminating cable discontinuities at the cable vault.
Further, a minimum line loss of 6 db is required between the central
office main distributing frame and the nearest outside repeater point.
Sections not adjacent to central offices must have a minimum line loss of
9 db; in practice, these sections are normally long enough to meet this
limit without special consideration. Operation with these minimum sec-
tion losses* also helps in fault locating,? during which the amplifier is
especially sensitive to interference from reflections.

* The two highest buildouts (Section 2.2) of 24 and 26.4 db were originally pro-

vided to complete the series. With a minimum line loss of 9 db, these buildouts are
not used.
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III. SOURCES OF INTERFERENCE

3.1 General Remarks

In the experimental system,* a choice of fundamental importance was
made: the transmission of bipolar pulses (see I'ig. 3) with timing wave
extraction at half the pulse repetition rate. A simplified model of erosstalk
was assumed in Ref. 4 to estimate the relative effects of crosstalk on the
timing wave that is derived at a disturbed amplifier, for various pulse
transmission schemes. Experience with the experimental and prototype
systems has confirmed the value of the earlier choice. In this paper, we
deal with the effects of interference on the pulse detection process. In
practical installations, errors due to additive interference at the decision
point of the amplifier, rather than those due to timing wave jitter, limit
the accuracy of transmission of the pulse train.

We have stated the performance criterion in Section 1.2.2 in terms of
amplifier error rate. For ideal pulse detection, this rate may be found if
we know the amplitude of the received pulses and the amplitude dis-
tribution of the interfering voltage at the point where the regeneration
decision is made. As an experimental observation, the T1 amplifier op-
erates closely enough to this ideal amplitude-sensitive fashion that we
may base error rate calculations on this model (cf. Section 2.1). In this
section the major sources of interference are identified, and in Section IV
the limits placed on repeatered line layout by the controlling sources are
derived.

Internal sources of noise are principally thermal noise and disturbances
introduced by the power supply. It is apparent that voltages from these
sources are too small to enter into line engineering.* For example, the rms
thermal noise voltage™ in a band from zero to two megacyles per second,
at a temperature of 300 degrees Kelvin and resistance 100 ohms (the
characteristic impedance of 22-gauge cable at 772 ke) is 2 microvolts.
The signal level (see Section 2.2), or received pulse height as equalized,
at the end of a line section of 32.2 db loss is 0.066 volts, more than 90 db
above the rms noise.

External sources induce voltages directly into the repeatered lines and
indirectly via crosstalk coupling paths.* I'or example, central office noise
affects T1 lines principally via crosstalk paths from noisy non-T'1 pairs.
Also, atmospheric static, lightning and radio transmitters induce voltages
in exposed parts of the wire plant such as open wire extensions or sub-
"% The term “‘crosstalk’’ refers to voltages induced in T1 pairs from nearby con-

ductors. The resulting interference is not in general audible speech or even “bab-
ble,”” as in voice-frequency usage.
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scriber drops, which, in turn, may join pairs in T1 cables. A further
interference problem is the coordination of T'1 with other transmission sys-
tems on cable pairs or other conductors in the same sheath. The possi-
bility of mutual interference exists between T1 and other systems with
similar frequency bands, particularly type N carrier (48 to 256 ke), type
L carrier (308 to 8320 ke) and type A2A television (baseband to 4500 ke).

3.2 Controlling Types of Interference

To proceed in an orderly fashion, we must know the relative import-
ance of the several sources of interference and then develop line en-
gineering procedures which assure us of satisfactory operation under the
most adverse amounts to be expected, of the controlling types of noise,
in any combination. At this point, we draw heavily on experience in field
trials of the experimental and prototype T1 systems, the former between
Summit and South Orange, New Jersey,! the latter between Newark and
Passaic, New Jersey, as well as on data gathered at Bell Telephone
Laboratories and in operating telephone company areas. The conclusion,
in brief, is that crosstalk from other T1 systems in the same cable and
central office noise are the forms of interference that require specific en-
gineering measures to combat.

Other sources do not seem at present to cause serious levels of inter-
ference. If future applications warrant it, these other sources may be
taken into account in line engineering by methods similar to those given
here for office noise and intersystem crosstalk. The effects of atmospheric
electricity will be better known quantitatively after the aerial cable trial,
mentioned in Section 1.3. To date, no instance of interference from radio
transmitters has occurred. With regard to other transmission systems,
coordination with type N ecarrier is excluded in existing plans for T1,
primarily to avoid crosstalk to type N. Studies are now being made of
T1 interference to or from type L carrier or type A2A video systems in
the same cable sheath. The latter two systems operate on coaxials and
shielded pairs, respectively, in the cores of some paired cables.

3.3 Crosstalk from Other T1 Systems

Near-end, far-end, and interaction crosstalk must be considered. Pre-
liminary measurements’® by the Outside Plant Systems Engineering
Department at Bell Telephone Laboratories showed that interaction
crosstalk coupling losses are extremely high in multipair cables. For this
reason, this kind of crosstalk has not been dealt with further.
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3.3.1 Near-End Crosstalk

Near-end crosstalk was recognized as a significant problem in one-
cable systems during the development and testing of the experimental
system.* Referring to Fig. 2(a), the high-level outputs of one set of
amplifiers are coupled to the inputs of another set via near-end crosstalk
paths, the most damaging of which are in the cable near the repeater
case. It was primarily to lessen the effects of near-end crosstalk on ampli-
fier timing that the bipolar pulse train of Fig. 3 was introduced. Its
power spectrum peaks at about 772 ke (see Section 2.2), whereas a uni-
polar pulse train contains relatively more energy at higher frequencies,
as well as certain discrete components. A secondary advantage is that
the absence of a de component in the bipolar case eases low-frequency
transmission requirements.

The nature of near-end crosstalk interference has been studied with
the laboratory setup*'® of Fig. 6, in which crosstalk from random bi-
polar word generators is added to the input of a test amplifier to deter-
mine its effect on error rate. The disturbing word generators have inde-
pendent random pulse train outputs; a typical one is shown in ideal form
in Fig. 3. Each generator is timed by its own crystal oscillator. The signal
word generator of Fig. 6 can be set to give a fixed repetitive pattern or a
pseudo-random pattern in which every eighth position and the position
following it are, respectively, a forced mark and a forced space. Patterns
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Fig. 6 — Laboratory setup for near-end crosstalk tests.
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with very long runs of spaces must be avoided, as they may lead to self-
oscillation in the receiving amplifier.’ In the present paper, our conclu-
sions are not significantly affected by the choice of pattern for the
received signal.

In Appendix A, a theory is developed for predicting the interfering
power that arises when n systems operate in a cable. A knowledge of the
mean value of this power, and of its standard deviation as we select
combinations of n pairs, allows us to develop line engineering procedures,
as is done in Section IV. As further pointed out in Appendix A, the lab-
oratory tests have shown that the near-end crosstalk interfering voltage
has a Gaussian amplitude distribution, out to several standard devia-
tions.!s This is the reason we may calculate error rates in Section IV us-
ing only the rms value of the interference.

It is largely a result of experience with frequency-division carrier sys-
tems that many measurements of crosstalk losses in multipair cables
have been made at selected frequencies in the band of interest. The
near-end crosstalk coupling loss between typical cable pairs varies ir-
regularly with frequency, as illustrated in IFig. 7. In fact, measurements
across the frequency band on one pair combination are almost valueless;
the statistical properties must be found by measuring a large number of
pair combinations.” In Table II, we have summarized data available on
coupling losses at 772 ke in cables with staggered pair twists. Losses are
given for pairs in 100-pair splicing groups, to correspond to pair selections
in actual cables planned for T1 use. Using these data with the theory of
Appendix A, as explained in Section 4.2, line engineering tables have
been compiled to aid in the layout of one-cable systems.
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Fig. 7 — Near-end crosstalk loss vs frequency.
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TABLE II — NEAR-END CrossTALK CoUPLING LOSSES AT 772 KC
FOR 22-GAUGE CABLES WITH STAGGERED Pair TwisTs,
100-Pa1r Srricing GROUPS

Cable Construction Mean, db Standard dlgeviation,

Unit

Pairs in same group 82 11

Pairs in adjacent groups 90 9

Pairs in alternate groups 103 7
Layer

Pairs in same group 75 9

Pairs in adjacent groups 83 8

These data apply, without correction for length, to sections at least 1000 feet
long. The data were taken on sections about 6000 feet long.

3.3.2 Far-End Crosstalk

Far-end crosstalk coupling paths are always present among cable pairs
in the same transmission direction. Three situations, illustrated in Fig. 8,
are critical in T1 engineering. In Fig. 8(a), there are lines for the same di-
rection of transmission in which the amplifiers are slightly misaligned.
This may happen in one- or two-cable operation when repeater cases are
spliced into the main cable at different points along the main cable. In
Fig. 8(b), a greater misalignment is shown. This can occur when systems
are added along a two-cable route, and there is not enough space at exist-
ing repeater locations to accommodate the additional repeater cases. It
may be necessary, for example, to use the next manhole along the line for
an underground installation. In parts (a) and (b) of the figure, the most
damaging far-end crosstalk exposures, shown by arrows, are in the cable
between an amplifier output and the nearest amplifier input. In Fig. 8(c),
we have a junction, where lines from different systems enter the same
cable; the figure shows only one direction of transmission. If L, and L
are unequal, say Ly > L, , signals from the “A” amplifier output inter-
fere more seriously with the “B” system than viee versa, by way of the
coupling path shown.

The theory of far-end crosstalk is developed in Appendix B. As in the
near-end case, we find the statistical properties of the interfering power
when n systems are present in a cable. The assumption that the crosstalk
voltage has a Gaussian amplitude distribution again allows us to estimate
error rates based on interference power. The theory is applied to the
layout of two-cable systems in Section 4.3, and to junctions in Section
44,
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3.4 Central Office Noise

In a telephone switching office, a variety of devices and circuits create
transient and repetitive currents with energy spread over a wide fre-
quency band. The more common sources are relays and switches that
interrupt direct or alternating currents, rectifier power supplies and ac
power wiring, and lines carrying ringing signals and other plant and test
tones. Carrier wiring inside the office, e.g., from main distributing frame
to carrier equipment bays, can be isolated from these disturbances by
shielding and by physical separation. Office noise can also find its way
into carrier lines by secondary induction. That is, voice-frequency pairs
within the office are exposed to office noise, and a number of these pairs
may enter cables which contain carrier pairs in the outside plant. The
noise voltages are coupled from the voice-frequency pairs into the carrier
pairs by crosstalk, chiefly near-end and far-end.

ARROWS SHOW CRITICAL FAR—END
CROSSTALK COUPLINGS

>lLute ,
> >
L

(a) '

oo

|
L

i

Fig. 8 — Far-end crosstalk situations: (a) sections with repeaters almost
aligned, Ly small; (b) sections with greater misalignment of repeaters, Ly large;
(c) junction.
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Such secondary couplings are important in T1 lines only in the vi-
cinity of central offices, as the noise on the noncarrier pairs, which is ef-
fective in the T1 band, is rapidly attenuated further out. In Appendix C
some of the properties of office noise are described, and in Section IV a
simple application of these facts is made to arrive at line engineering
methods.

IV. DETAILED ENGINEERING OF REPEATER SECTIONS

4.1 Error Rate Objectives for Repeater Sections

In engineering a repeater section one has to take account of errors due
to erosstalk and office noise so as to produce a sufficiently small contribu-
tion to the span error rate objective (Section 1.2.2) of 3 X 107, while
achieving nearly maximum economy in the use of repeaters.

The error rate caused by a combination of crosstalk and office noise
is very nearly the sum of the error rates caused by the two kinds of in-
terference separately (Appendix C). It is therefore possible to set an error
rate objective for noise and one for crosstalk, and to find the separate
design limits (cf. Section 4.5) that will meet these objectives. We have
set, the objective for error rate due to office noise in one section at 1077;
assuming two sections in a span to be fully exposed to noise, this assigns
two-thirds of the span error rate. The remainder is assigned to crosstalk.
Because of the extreme sensitivity of error rate to small differences in
crosstalk loss or section loss, error rates due to crosstalk will vary radi-
cally from one section to the next. The section objective is an error rate
of 1077 for the worst one per cent amplifier. This means that in a five-
section span about 95 per cent of the lines will meet the span objective.
This is a reasonable performance level. Marginal lines may be set aside
for use as spares, and the investment in still poorer lines may be salvaged
by reusing the repeaters elsewhere and returning the cable pairs to voice-
frequency use.

4.2 One-Cable Systems

4.2.1 Design Section Loss

We have mentioned in Section 3.3.1 that one-cable installations are
subject to near-end crosstalk effects. We must limit the number of sys-
tems installed in a given cable, or the repeater section loss, or both, to
stay within the error rate objective of Section 4.1. The quantitative
limits are obtained as follows.
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Suppose a repeater section has cable loss L db. Then the received
pulse height at the preamplifier output is equivalent to S + G — L
dbm,* where S is the peak value of the 772 ke signal component at the
transmitting amplifier output (cf. Section 2.2) in dbm, and G is the
preamplifier gain at 772 ke. Let P, be the instantaneous noise power
in dbm which is exceeded with probability e. Then, for a required signal-
to-noise ratio of A db (ef. Section 2.1), the error rate will be ¢ when
S+G—L — A — P, = 0. For near-end crosstalk, the interfering
voltage has a Gaussian amplitude distribution (cf. Section 3.3.1). If its
rms value for n interfering systems is equivalent to P, dbm, then

P.= P, + 20 log y(e) dbm (1)
where y(¢) is the (positive) quantity such that

€ = (2#)—]/2 '/‘°° exp (—t2/2) di. (2)

Actually, S, L, A, and P, are statistical quantities. The mean value
of Sis 8 = 10log (2.7)*/100 -~ 30 = 18.6 dbm, and its standard devia-
tion is os = 0.5 db, owing to variations in the amplifier output circuits.
The mean pair loss, L, is a design parameter to be found here; we use a
standard deviation ¢, = 0.6 db for L about 30 db. The mean amplifier
signal-to-noise ratio A, as mentioned in Section 2.1, is 12 db, with
o4 = 1.0 db. As to P., its mean value, introducing the mean P, as in
(34), is

P.= P, 4+ 20log y(e)

3
=48 — m + ¢ + 10 log (n/25) + 20 log y(e) ®)

where m and ¢ are the mean and standard deviation, respectively, of the
near-end crosstalk coupling losses at 772 ke, in db. The standard de-
viation of P., which is the same as that of P, , is underestimated by
the theory of Appendix A. A value of ¢, = op. = 3.2 db has been
determined experimentally.'®

Accordingly, we now define another statistical quantity, the margin
at error rate e,

Mi=S+G—L—-A4-—-P,. (4)

Substituting in (4) the values given, with G = 23.7 db, and y = 5.2
for e = 107" as in (2), we find

* dbm = decibels relative to one milliwatt.
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I

M.=186 4237 — L — 12 — 48 + m — ¢ — 10 log (n/25)
— 20 log 5.2 (5)
=m—o¢ — L —10log (n/25) — 32.
Also,
on. =05 + ol +oi + or ,
= (0.5)" 4+ (0.6)" + (L.0)" + (3.2)°
or
ou, = 3.4 db, (6)

the standard deviation of M .. The random variable M . is a measure of
system performance which depends upon the statistical variations of
signal level, pair loss, required amplifier signal-to-noise ratio, and near-
end crosstalk interference. If, for a particular choice of the variables on
the right side of (4), M. is positive, the amplifier operates at an error
rate less than 107"; if M, = 0, the rate is 107"; and, if M. is negative,
the rate exceeds 107 ". Assuming that M, has a normal distribution, 99
per cent of the amplifiers will operate with error rate less than e( = 1077
here) provided that

M, — 2330y, = M.— 80 =0 (7)

using (6). If we have equality in (7), i.e., if we place the one per cent
point of the cumulative distribution of M. just at zero db, we will meet
the error rate objective. Then from (5) and (7), rearranging, we have

L 4+ 101og (n/25) = m — o — 40. (8)

This equation gives upper bounds on both L and n. That is, the mean
section loss, L, and the number of systems, n, must both be kept low
enough so that the left side of (8) does not exceed the right side. If it
does, we violate the error rate objective. Conversely, we may regard (8)
as placing a lower bound on m — ¢, derived from the properties of the
cable, for a given L and n.

As an example of the use of (8), assume n = 200 and 22-gauge unit
cable, with pairs for the two transmission directions in adjacent splicing
groups. Although Table IT gives m = 90 db and ¢ = 9 db, we shall
use the more conservative value m = 84 db. With this 6-db allowance
we recognize that crosstalk measurements at 772 ke have been made
on only a few of the many sizes and types of eable in the plant, and
that some cables may have lower crosstalk losses than given in the
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table. For n = 200 systems, (8) shows that L must not exceed 26
db. If we accept this value of loss at 100 I*, the loss at 55 I is 25 db.
The latter figure, then, is the design section loss for this type of 22-gauge
cable. That is, it is the maximum loss allowable for one-cable operation
with 200 systems. For an engineering loss (Section 2.2) of 27 db per
mile, a length of 4900 feet has 25-db loss, so this is the maximum dis-
tance allowable between repeater points for such an installation.*

We do not have data comparable to Table II for cable gauges other
than 22. To estimate the near-end crosstalk losses for other gauges, we
note that the near-end crosstalk coupling ratio varies, for the lengths
and frequencies involved here, directly with the attenuation in db
(Appendix A). For example, to estimate m for 19-gauge cable with
average loss 19.1 db per mile, as in Table I, we use the corresponding
m in Table II, and add 10 log (19.1/26.5) = —1.4 db. I'or 19-gauge
layer cable, adjacent splicing groups, then, m = 8 — 1.4 = 81.6 db.
Lacking more specific information, we may assume the standard de-
viation figures in Table II to hold for other gauges.

A value of L from (8) which leads to a design section loss greater than
32.2 db simply means that the section loss may be 32.2 db, as we cannot
exceed this value in any circumstances (Section 2.2). Using (8), with this
limitation and with the correction for gauge described above, engineering
tables have been prepared that give the design section losses for the
various types of cable to be found in the field, for any number of systems.

4.2.2 Selection of Cables and Pairs

We would like to be free to assign systems to cable pairs as they
are available along spans, without selecting individual pairs within the
cable sections. Such assignment is possible with voice-frequency cir-
cuits, but T1 systems need more careful consideration. For one-cable
operation, the two directions of transmission must be assigned to groups
of pairs with a satisfactory range of near-end crosstalk coupling losses.
More exactly, we wish to be sure that the mean loss and the standard
deviation of losses are in accordance with Table II, or better,f in de-
signing sections according to (8).

In large cables of unit construction, pairs are stranded into units of

* Amplifiers in one-cable sections are also exposed to far-end crosstalk from
coupling paths among the pairs in the same transmission direction. To simplify the
exposition in this section, the far-end crosstalk interference power, which adds to
that due to near-end crosstalk, has been neglected. The far-end power may be
calculated using the results of Section 4.3. When this is done, the result is equiva-

lent to reducing the 6-db allowance slightly.
t Le., a greater mean loss, or smaller standard deviation.
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25 or 26 pairs for 19-gauge, 50 or 51 pairs for 22-gauge, and 100 or 101
pairs for 24- and 26-gauge cables. The units are identified by position
and color coding. Measurements' on a 900-pair, 22-gauge cable with
paper pulp insulation, as in Fig. 9, show that the mean near-end loss
at 750 ke for pairs in adjacent units, e.g., one pair in unit 1, the other
in unit 2 of Fig. 9, is 13 db greater than for pairs within the same unit.
The mean loss for pairs in alternate units, such as units 1 and 3 of Iig.
9, is 30 db greater than the within-unit value, and even greater differ-
ences are possible for pairs in, say, diametrically opposite units of a
cable of this size. The standard deviations of the losses are not so dra-
matically changed by pair location, but are usually smaller for the more
widely separated units. Similar remarks apply to cables of layer con-
struction.

The common splicing group in large multipair cables is 100 pairs, i.e.,
two 50-pair units or four 25-pair units. For orderly administration of the
outside plant, T1 pairs are assigned by splicing groups. There are three
principal ways in which pairs for the two directions of transmission may
be chosen, as given in Table III. The table also contains examples of
the three configurations that apply to the unit cable of Fig. 9. If pairs
for both directions are in the same splicing group, the design section
losses from (8) are undesirably low. Placing the two transmission di-
rections in adjacent groups increases the near-end crosstalk loss, and
a reasonable number of systems can be operated in the same sheath
with full repeater spacing. Going over to alternate-group separation,

50-PAIR OR
=77 51-PAIR UNIT

Fig. 9 — 900-pair, 22-gauge unit cable.
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TaABLE IIT— ASSIGNMENT OF SpLICING GrRoUPS IN ONE-CABLE
OPERATION

Example for Unit Design Section Loss in
Cable, Fig. 9 db, 22-gauge Unit Cable

Short Description Explanation

E-W Pairs | W-E Pairs | 25 Sys- | 50 Sys-~ [100 Sys-
in Units | in Units tems tems tems

Same group Pairs for both direc- | 1 &2 | 1 &2 |24.0|21.1 | 18.2
tions are in the same
100-pair splicing
group.

Adjacent group | Pairs for the twodirec- | 1 &2 | 4 &5 | 32.2 | 30.7 | 27.9
tions are in separate

groups that are next
to one another.

Alternate group | Pairs for the two diree- | 1 &2 | 6 &7 | 32.2 | 32.2 | 32.2

tions are in separate or
groups that have no 8 &9
units or layers touch- ete.
ing.

there is a further increase in near-end crosstalk loss, and in the al-
lowable number of systems. Therefore, to accommodate more systems
in a given sheath, we may reduce repeater spacings or ass1gn the systems
to groups of pairs with greater separation.

It is not always possible, merely by examination of the usual outside
plant records, to be sure that pair separation is maintained over a span
length. In specific instances, especially where older cables are involved,
it may be necessary to open some splices to determine the splicing pattern
and to make rearrangements. If enough measurements for statistical
validity can be made, it may be helpful to measure the near-end losses
at or near 772 ke. In placing new cables where it is likely that T1 systems
will be installed, modern splicing practices will be followed, including
complete color-coded pair-to-pair splicing, as is possible with poly-
ethylene-insulated cables.”” This will generally make rearrangements or
measurements unnecessary.

4.2.3 Slaggered-Repeater Operation

Situations arise in planning T1 installations where one-cable opera-
tion is needed, but the crosstalk properties of the cable are not up to
the requirements outlined above. For example, it may be doubtful if
the pairs are in separate 100-pair splicing groups and inconvenient to
open up enough splices to find out. In such cases, staggered-repeater
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operation, as shown in Tig. 10, may be possible. Pairs for both trans-
mission directions are in one cable, but the repeater cases are installed at
staggered points so as to reduce near-end crosstalk interference. Ifor
example, the outputs of the amplifiers at repeater location A no longer
face the inputs of those at B directly through the near-end crosstalk
paths, but are first attenuated by L, db, the loss between the two loca-
tions. In effect, the mean near-end crosstalk coupling loss is increased by
L;, and we are able to meet the interference objective, even though
the same cable is unsuitable for one-cable operation as in Fig. 2(a).

The optimum layout for staggered-repeater operation is that in which
all losses Ly , Lz, L3, etc. are exactly the same and are equal to half the
design section loss. In a practical layout, it may not be possible to
locate repeater cases in this way. Suppose the design section loss for
one-cable use, without repeater staggering, is D db. If we require that
each loss L; , Ly, etc. (Fig. 10) be at least 10 db, then we have a mini-
mum near-end loss improvement of 10 db. The design loss D, , between
amplifiers in the same direction, is thus D + 10, or, if this number
exceeds 32.2, D, = 32.2. Of course, L, , L, etc. must each be less than
D, — 10.

At a constant value of design section loss, more systems may be in-
stalled in a given cable with staggered-repeater operation than in the
usual one-cable mode.
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Fig. 10 — Staggered-repeater operation.
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4.3 Two-Cable Systems

The general far-end crosstalk exposure of Fig. 11 is analyzed in Appen-
dix B. The mean interfering power, @, , at the preamplifier output of
amplifier 2, due to crosstalk from amplifier 1, is given by (47), and the
standard deviation of this power, oo, = ¢;. by (44). By selecting the
values of L, L; and L, , we may determine limiting conditions for various
layouts.

TFor example, let L = L; = 32.2 db, and L, = 0. This is the far-end
coupling arrangement in an ordinary repeater section of maximum loss,
with repeater locations aligned. Let us further assume that we have
paper-insulated, 22-gauge cable with the properties listed in Table IV
(Appendix B). As a worst case, suppose that there are 50 systems in
the same cable unit, all but one of which may be regarded as interfering
with the remaining one, or, closely, n = 50. The mean interfering
power Qs , and its standard deviation, o, , are calculated in Appendix
B as —33.2 dbm and 5.2 dbm respectively.

Our calculation of error rate due to this interfering power is quite
similar to that for near-end crosstalk, Section 4.2.1. As in (1), the power
level exceeded by the interfering voltage with probability ¢ = 1077,
assuming again that the interference has a Gaussian amplitude distribu-
tion, is P = @, + 20 log 5.2 = @, + 14.3. The mean over various
selections of n crosstalk couplings is thus P, = —33.2 + 14.3 = —18.9
dbm. We may find the mean margin 3, by substituting in (4) the values
S =186,G =237, L = 322, A = 12, and P, = —18.9; the result is
M. = 17.0 db. For the standard deviation of M., we take only that due
to P., or 5.2 db, as contributions from the variances of S and 4 are
small. Thus 99 per cent of the amplifiers will have a margin at least

L — L mmmmmmmm e >/ _-AMPLIFIER
.

2
| FAR-END
CROSSTALK
N PATH

~~AMPLIFIER
1

Fig. 11 — General far-end crosstalk exposure.
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M. — 233 X 52 = 4.9 db, again assuming a Gaussian distribution for
M..

- The effect of far-end crosstalk is more severe for an equivalent ex-
posure in 19-gauge cable of lower loss per mile. Specifically, if we assume
that the cable loss is 15.9 db per mile, and also that its crosstalk proper-
ties are the same as those used for the 22-gauge cable, the 99 per cent
margin is 2.9 db for a 32.2-db section.

Neither of these values is quite as favorable as the 6-db reserve margin
called for in our near-end crosstalk calculations (Section 4.2.1). As the
32.2-db section of 19-gauge cable, more than two miles in length, is
rather an extreme case, we conclude that the line loss of ordinary re-
peater sections for one-or two-cable operation is not seriously limited
by far-end crosstalk.

The calculation above relates to far-end interference within a single
group of 50 systems in one cable unit. A different situation is shown in
Ifigs. 8(a) and (b). Here we have far-end crosstalk between two groups
of systems in two-cable operation, when the repeater locations for the
two groups are different. This may come about, for example, when the
number of repeater cases at each location is limited by manhole space,
for underground systems. In Figs. 8(a) and (b), we have far-end paths
between one set of amplifier outputs, and the inputs of another set,
separated by a line section of loss L . To apply the theory, we allow L,
of Tfig. 11, which corresponds to L of Figs. 8(a) and (b), to vary from
small values to 32.2 db, and again find the 99 per cent margin, My =
M.— 233 0j ., for Ly = 0 and L = 32.2 db. For purposes of illustra-
tion, we select the cable properties as follows. A 600-pair, 22-gauge unit
cable may have 400 systems in outside units surrounding 200 systems in
interior units, in two-cable operation. We therefore use n = 400 inter-
fering systems. The other cable parameters are taken from Table 1V,
choosing the adjacent-unit value, m;, = 77 db. This is pessimistic, since
many of the far-end crosstalk coupling paths are between more widely
separated pairs, in this instance. When we calculate Mg on this basis, we
find a variation with L; as shown in Fig. 12.

For low values of L, Fig. 11, the output of amplifier 1 is coupled to
the input of amplifier 2 by a short far-end crosstalk path. This corre-
sponds to the situation of Fig. 8(a), with Lj small. We see from Fig. 12
that L; must be less than 0.05 db in order to have My, at least 6 db. We
conclude that splices of apparatus cases to the main cable should be
within 10 feet. Greater distances are tolerable for numbers of interfering
systems less than 400.

The curve of Fig. 12 clearly shows that higher values of L less than
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24 db will not provide the necessary margin. Ifor sections spaced as in
Tig. 8(b), then, we find that the interfering amplifier output must be
at least 24 db from the disturbed amplifier input. This requirement
cannot be met for sections limited to a maximum loss of 32.2 db. The
reason is that interference in the opposite direction, i.e. from the 200-
system group into the 400-system group in our example, also requires a
minimum spacing, which we can estimate to be about 3 db less, or 21 db.
This leads to a 45-db section loss. We conclude that misalignment of
sections as in Fig. 8(b) is ruled out. More lenient spacing requirements
result for cables of higher loss per mile, but the amount by which sec-
tions may be offset is still controlled by far-end crosstalk.

4.4 System Junctions

In an extensive area with T1 systems connecting several central
offices, junctions such as those in Iig. 13 will oceur. In the figure, systems
connect office A with office C, and C with B, but for simplicity no
through systems from A to B are included. The controlling far-end
crosstalk exposures are in the cable sections incoming to amplifiers in
office C, i.e., in cable section 3 for the two-cable case, I'ig. 13(a), and
in the incoming pairs of cable section 9 for the one-cable case, Fig. 13(b).

Assume in Fig. 13(¢) that Ly > L, , and that there are n interfering
systems in the A branch which join systems from the B branch at the
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junction. The far-end exposure has loss L¢, which corresponds to L, ,

Tig. 11. For L in Fig. 11 we have Lp 4+ L, the loss in the signal path

of the disturbed systems. For L. of Fig. 11 we have L, , the loss in the

disturbing pairs between the disturbing amplifiers and the junction.
The 99 per cent margin My is again given by

Mg =M.— 2330y, = M. — 2330, »
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where 7 is the number of cable reels in the exposure, or C, section. We
may find . as in (4), with § = 18.6, G = 23.7, L. = Ly + L., and
P. = @, + 14.3 as before. The necessary value of Q, , the mean far-
end disturbing power in dbm, is obtained from (47) forj = 1, 2, 3,...
reels, or from (48) when the exposure section is shorter than one reel in
length. When the required substitutions are made, again using the data
of Table IV, and defining A as the maximum loss difference Lz — L,
which will keep My at least 6 db, we find that A varies with L¢, the
exposure section loss, as in IMig. 14. The number of systems, n, is a
parameter in this figure. The curves are plotted on the assumption that
systems entering the junction from the A side have at least adjacent-
unit separation in the exposure section from systems entering from the
B side, i.e. a mean equal-level far-end crosstalk loss at 772 ke, m;, , of
77 db is used.

The value of A from Fig. 14 is the maximum permitted when far-end
crosstalk is controlling, e.g., for an exposure as in cable section 3, Fig.
13(a). Other limits must also be taken into account. For example,
suppose n = 200 systems are in the A branch, and the exposure length
is Le = 10 db. The value of A from TFig. 14 is 13.4 db. If L, = 12 db it
would seem that Lz might be as much as 12 + 13.4 = 25.4 db. But the
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Fig. 14 — A versus L¢ , 22-gauge cable.
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total loss of the disturbed section, Lp -+ L¢, would then be 254 4+
10 = 35.4 db, more than the maximum possible loss of 32.2 db. For one-
cable operation with design section loss less than 32.2 db, the restriction
is based on this loss rather than 32.2 db; further, the margin My, is
affected by both near-end and far-end crosstalk interference power.
Similarly, if the junction forms an entrance into a central office, the
section losses Ly + L¢ and Ly + L are limited as described in Section
4.5.

The curves of I'ig. 14 may be used for mean far-end losses other than
77 db by addingm;, — 77 db to the indicated values of A, since A varies
directly with this loss. For example, if there are 25 systems entering a
junction of exposure length L, = 10 db, and they are spliced into the
same cable unit as the disturbed systems, we may estimate m;, = 63,
so that A = 19.2 + 63 — 77 = 5.2 db.

4.5 Sections Near Central Offices

Repeater sections that terminate in central offices, and others in which
switched telephone pairs share a cable sheath with the T1 lines, are
subject to office noise interference (Section 3.4). The fundamental in-
formation for engineering these sections is in Appendix C. As shown
there, the signal-to-noise ratio, and hence the error rate, of an amplifier
is determined by the difference between two losses. The first of
these is the loss in the path by which the noise reaches the amplifier in-
put. It is convenient to imagine that the noise originates at the office
termination of the switched voice-frequency pairs. Thus, the noise path
loss is a sum, in general, of a crosstalk coupling loss and a direct trans-
mission loss. For the latter, it is adequate to substitute the loss at 772
ke of the pairs over which the noise travels. The second loss we need is
that in the signal path, exclusive of the buildout network loss (Section
2.2), office pad loss (Section 2.3), and office cable loss. This is simply the
cable loss incoming to the amplifier. In Fig. 20, error rate is plotted as a
function of the difference in noise and signal path losses. An error rate
of 1077 is attained if this difference is at least 52 db. As explained in
Appendix C, the error rates of Fig. 20 prevail under very severe noise
conditions, so that we adopt this objective.

Fig. 15(a) shows the incoming T1 pair in a simple entrance section.
Tor the office amplifier, the signal path loss is L; , the pair loss between
the nearest outside amplifier and the main frame. The noise path loss,
for the near-end crosstalk coupling path A, may be taken as 75 db (see
Appendix C). We therefore must have 75 — Ly = 52, or L; = 23 db.
For the first outside amplifier, the signal path loss is L, and the noise
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path loss is L; + 75, for the near-end path B. We thus have L, + 75 —
Ly = 52, or L, = L; + 23. Notice that L, must be less than 9.2 db before
any reduction in L, is needed, as L, cannot exceed 32.2 db. Sections
farther from the office are not affected, owing to the increasing loss in
the noise path.

In Fig. 15(b), one direction of T1 transmission is shown in an arrange-
ment where the T1 lines do not enter the office, but are exposed to dis-
turbing pairs which do enter it. The amplifier operating with signal loss
L, has a total noise path loss, for path C, of Ls + L;, where L, is the
mean equal-level far-end crosstalk coupling loss at 772 ke for the cable
section between points X and Y in the figure. [The distance from X to
Y in feet may be substituted for I in (49), to approximate L;.] The
losses L, and L must satisfy the relation Ls + L; — Ls = 52. For
near-end path D, we have a noise path loss of L; + 75, for the amplifier
that operates with signal loss Ly , so we require Ly 4+ 75 — Ls = 52, or
Ls = L; 4+ 23. For one-cable operation, with oppositely-directed ampli-
fiers at the same points as those in Fig. 15(b), a similar set of inequalities
applies, relating to noise paths not shown in the figure.

A third arrangement is that of FFig. 15(e), in which the T1 lines are
cross-connected at the main frame, for flexibility in installing a terminal
at the office later. I'or noise path E, we have Ly + L; — (Lg + Lyo) = 52,
or Ly — Ly = 52; here Ly is the far-end coupling loss for the entire L,
section. For near-end path ¥, we find Ly -+ 76 — Ly = 52, or Ly <
23 + Ly . For one-cable operation, a comment similar to that above
applies.

In arriving at the section limits due to office noise, we have not in-
cluded a 6-db safety margin, as was done for near-end crosstalk in Sec-
tion 4.2.1. The reason is apparent from Fig. 16, in which curves of error
rate vs section loss are shown for (a) an end section, as in Fig. 15(a),
designed with L; = 23 db, and (b) a one-cable section for which the de-
sign loss is 23 db. In the latter case, the error rate on the curve is that of
the one per cent poorest amplifier; notice that this amplifier will not have
an error rate greater than 10~7 until the section loss is 6 db more than
the design section loss, or 29 db. The error rate due to crosstalk increases
catastrophically beyond the 6 db margin. Since a section error rate of
10-% is probably tolerable, while an error rate of 10~ is not, there is as
great a margin of safety for noise as for crosstalk. The steep slope of the
curve of crosstalk error rate vs section loss in the critical error rate re-
gion necessitates considerable care in design.

In one-cable systems, the sections near offices are subject to interfer-
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in a one-cable section with design loss 23 db (poorest one per cent).

ence from near-end crosstalk, as discussed in Section 4.2, and also to
office noise. For any such section, two losses may be found: the design
section loss for one-cable operation (Section 4.2.1), and the maximum
loss permitted by operation in the presence of central office noise. If we
always choose the lesser of these two losses, we are assured of meeting
the span error rate objective of Section 4.1. This simplifies the design,
and we incur only a very small cost penalty in the number of repeaters
needed.

The assignment of the T1 lines to cable pairs for either one- or two-
cable operation may effectively isolate them from office noise disturb-
ances, and the restrictions above may be relaxed. For example, in Ifig.
15(a) the carrier pairs may be part of a splicing group in which the non-
carrier pairs do not enter the office, but are cross-connected to outgoing
pairs at the main frame. The prime source of office noise in the carrier
systems is then coupling from noisy pairs in the same sheath which do
enter the office, but are found in a different splicing group, with cor-
respondingly greater crosstalk coupling losses to the carrier pairs. A
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similar situation occurs when an entire splicing group, say a 50-pair unit,
is initially equipped for T1, and the integrity of the group is maintained
by unit-to-unit splicing, at least in the repeater sections near the office.
Still another favorable case, for a layout like Fig. 15(b), is that in which
the T1 pairs are in a group containing pairs spliced to an entrance cable,
but to a complement of the entrance cable that does not enter the office.
As described in Appendix C, noise measurements in these more favorable
situations have shown that the effective crosstalk coupling losses in the
noise paths are increased by 10 db. For example, in Fig. 15(a), we would
use a loss of 85 db for near-end path A, instead of 75 db. As a result,
there is no restriction arising from office noise, since the calculated
maximum section loss exceeds 32.2 db.

Recalling the minimum line loss requirement for end sections of 6 db
(Section 2.3), we find that these sections will lie in the range of 6 to 23
db, or, for 22-gauge cable, 1200 to 4500 feet. The advantage against
office noise is great enough that the carrier wiring inside the office need
not be physically separated from other wiring, e.g., by special cable
racks or hangers. In most installations, the noise exposure inside will not
be as great as that for which we have made allowance, by shortening the
sections, in the outside plant.

V. CONCLUSION

In Sections II, I1I, and IV, we have given in piecemeal fashion the
limitations on line layout that arise from the amplifier properties, and
those that are needed to meet the error rate objective (Section 1.2.2) in
the presence of interference. We conclude with a general description of
how a system layout is made, taking into account these limitations.

Let us assume that the local trunk forecasts have shown the numbers
of circuits needed and their allotment among various interoffice routes.
These routes define the T1 spans. As far as possible, forecasts are made
for a long growth period; each span must be designed for the ultimate
number of T1 lines it will contain, rather than for the initial number of
systems installed. A survey of the cable maps and circuit assignment
records will show what cables and pairs are available for carrier use.
With the present 25-repeater case, counts of 50 pairs must be cleared in
each cable, for a minimum of 50 systems in two-cable operation or 25
systems in one-cable operation.* At this point, the decision as to the type
of operation for each span may be made. When cables with assured

* As mentioned in Section 1.2.1, pairs may be equipped with through con-
nectors or load coils instead of repeaters, when they are not needed immediately
for carrier systems.
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splicing characteristics (Section 4.2.2) are available, one-cable operation
is attractive. Otherwise, and especially when very large numbers of sys-
tems are to be placed in a span, two-cable operation may be used. Splic-
ing rearrangements and installation of new cable particularly suitable
for carrier may also be considered at this stage.

A preliminary layout of each span is now made. Tentative repeater
locations are selected so that repeater section lengths fall within the basic
limits of 32.2 db, for two-cable operation, or the design section loss (Sec-
tion 4.2.1) for one-cable. For simple spans directly between offices, sec-
tion losses near the offices may readily be kept within the minimum and
maximum limits of Section 4.5. Some estimates of office cabling losses
are made at this point, as the office equipment bays are not yet installed.
In two-cable operation, the outgoing section near an office is not limited
in the same way as the incoming section, and they may be designed in-
dependently. It is quite possible to have the two directions in two-cable
systems in different types of cable, or even along different routes.

When junctions occur, some revision of the preliminary layout may be
called for, to meet the limits of Section 4.4. A common situation is a
junction of two systems near an office, so that the section carrying inputs
from both systems is subject to the end-section limits (Section 4.5) as
well. Usually there is enough latitude to find a satisfactory layout with-
out changing the fundamental plan. In exceptional cases, staggered-re-
peater operation (Section 4.2.3) may provide an alternative.

During the early stages of planning, a detailed examination of the
cable routes, including manholes (for underground cable) and pole lines
(for aerial cable) is essential. The results will show if some repeater loca-
tions must be shifted for traffic or other practical reasons. Further, it
may be necessary to enlarge some manholes, or build auxiliary manholes,
when many repeater cases are to be installed. Again, the necessary lay-
out changes can most often be made well within the design limits.

For the convenience of operating telephone company engineers, the
theoretical material developed here has been summarized in tables, e.g.
for design section loss (Section 4.2.1). Along with the tables, general
procedures for line layout, similar to those above, are given. Experience
so far has shown that this information enables these engineers to plan
line layouts in a simple and straightforward way, and that the resulting
lines meet the transmission objective of Section 1.2.2. Unusual situations
will arise in the field, as with any new system, that are not covered by
the engineering information already supplied. As more experience is had
with such situations, the theory here can be applied to them, and addi-
tional experimental data collected, with the goal of making the tables
and recommendations more complete.
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APPENDIX A

Near-End Crosstall

Consider two pairs in a cable section of length I and propagation con-
stant v, terminated in the characteristic impedance Z, at each end. A
current [, is applied to one pair at one end. Let the mutual impedance
unbalance at a distance x from this end be Z(«) per unit length and the
admittance unbalance be Y(z). Then it can be shown'® that the in-
cremental crosstalk current dI on the disturbed pair at the transmitting
end, due to an incremental length of cable dz at distance x is given by

dl _ %Y | 7 | o
T, = [1—6 + 420] e " du. (9)

The mutual impedance unbalance Z is due to inductance unbalance. The
admittance unbalance Y is due primarily to capacitance unbalance. To
a first-order approximation these effects are independent of frequency.
At the frequencies of interest here Z, may be assumed to be a constant
resistance. Equation (9) may therefore be written

dI

2= gwC(z) € da (10)
Iy

in which C(z) is a real function of z, independent of frequency, which
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will be called here the unbalance function.'” The statistical properties to
be ascribed to C'(z) are as follows. Consider a large number of similar
cables of length [. Each has, among others, two pairs, numbered 1 and 2,
which are always similarly located with respect to each other. For each
cable there is a C(z) for these two pairs. The following assumptions are
made for C(z):

(7) When the length [ is large enough, any kind of average for C(x)
over all values of x for one cable is equivalent to the same average taken
at one value of x over all cables.

(#2) C(z) is normally distributed in amplitude, with mean zero.
Most of the following discussion does not depend on assumption (7).
In view of the first assumption, the autocorrelation function S(r) and
the power spectrum G(s) may be defined as follows:

S(r) = ave [C(z)C(z + r)] (11)
G(s) =4 fow S(r)cos 2wsr dr. (12)

The response R(w) is defined as the ratio of the total near-end crosstalk
current to the current 7o, and is obtained by integrating (10):

Rlw) = 1w fol C(z) e ™ dx

or
14

R(w) = iwfo C(z) ¢ (cos 28z + 4 sin 28z) dz (13)

in which « and 8 are the attenuation and phase constants respectively.
Since § is nearly proportional to frequency at video frequencies, R(w)
will fluctuate rapidly in a random way with frequency. The in-phase and
quadrature components of R(w) tend strongly to be normally distributed
with mean zero regardless of the distribution of C' because they are sums
of many random components.

The “average’” behavior of B(w) is most easily examined by comput-
ing the average value of |R|°. Denote this function by p(w). Then

p(w) = ave {wzfo fo C(x)C(y) exp [—2(a + i8)x

— 2(a — B8)y] dy dx} .

The averaging may be done inside the integral and (11) used to give
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11 l
pw) = wzfo fo S(z—y) exp [—2a(z + y) —2i8(x — y)] dydz. (14)

Letz + y = u, x — y = v. Equation (14) becomes

2 l u .
plw) = g—f f S() ¢ dy du
0

(.02 21 2l—u )
+ = f f S() e dy du.
2 1 Jogigu

Making use of the fact that S(v) is even and changing variables in the
second integral leads to

l u
plw) = w2f (7% 4 ot f S(v) cos 26v dv du.
0 0
This can be integrated by parts to give

2 1
p(w) = = f (€ — &8 (u) cos 26u du.
2a Jo

It will be seen shortly that at video frequencies S(u) is extremely small
for values of u large enough to make ¢ *** substantially different from

unity. Using this fact and (12), we have' for I greater than a few feet,
Cd2 4
P(w) = 3a (1 — e G(8/n). (15)

Over the video range 8 is approximately proportional to frequency and
may be replaced by 2xf/c where ¢ is the propagation velocity in miles
per second. The length factor 1 — ¢™**' is unity for frequencies and

spacings prevalent in T1 applications so (15) becomes
2
p(w) = g G(2f/v). (16)
[04

The function p(w) has been found empirically by averaging many cross-
talk measurements to increase 15 db per decade over the range 100 ke
to 10 me (above the latter frequency its behavior is unknown). There-
fore, since « is approximately proportional to the square root of w,
G(2f/c) is nearly constant over this range. This yields some information
concerning S(r). This function is required to take its maximum value
at the origin.
If we assume the function

S(r) = S(0)e ™" 17)
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then @ is given by
G(z) = 48(0) f e cos 2mar dr
0

_ 48(0) k.
dr2? + k2’
Consequently G(2f/c) is given by
4S (O)]Cz()2
16722 + Jopc?

The departure of p(w) from the 15-db per decade line is of the order of
the measurement inaccuracy, about 1 db. The value of % can be esti-
mated by assuming G(2f/c) falls off 1 db at 10 me from its value at the
origin. Assuming ¢ = 1.2 X 10° miles per second, this leads to the result

1/ky = 5 X 10* miles. (19)

G(2f/c) = (18)

Consequently the correlation function S(r) has decreased to ¢ " times
its value at the origin when r is about 2.6 feet; in other words, the cross-
talk unbalances at points further apart than this are essentially uncor-
related. The object of staggering pair twists is to make this correlation
range small, i.e., to increase ks, since as (18) shows, the crosstalk power
is inversely proportional to k. in the frequency range of interest. It ap-
pears that further improvement in near-end crosstalk by this means will
be difficult to achieve.

Having found the average behavior of the crosstalk function |R(w)|
with frequency, it is worth while to look at its amplitude distribution.
For the ensemble of cables pictured earlier, the average value of |R(w)!|®
for a particular pair combination is given by (16), but a given cable will
generally have a different value, and the distribution of these values
enters into crosstalk calculations. The distribution of |R(w)| may be
investigated by dealing with the real and imaginary parts of R(w),
denoted by X(w) and Y (w), respectively. Let

— =5 .
X =m11,Y =m22,XY=m12.

Since X and Y are normally distributed, the joint probability distribu-
tion p(x,y) of X and Y is given by

p(zy) = (21r)_1(mum22 - m122)—%

exp —maz® — muy’ + 2my| (20)
2(mnm22 — m?)
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From this the desired distributionof |R| = (X* + Y*)"* can be obtained.
From (13), for a long cable section,

= —wf ¢ C(z) sin 28z dz
0

Y = “’f e C(z) cos 28z da.
0
Multiplication and averaging leads to the results

2 © u
_w —~2au
My = 'z_j; e cos 2{3uf0 S() dv du

+ (4a) 7%’ f e S(u) cos 28u du

0
Moy = — ——f ¥ cos 2Buf S() dv du
+ (4a)'w f 2% S(u) cos 268u du

. 0

2 0 u
My = ,Lif ¢ ““ sin Zﬁuf S(v) dvdu .
2 Jo 0

Substitution of an estimate of S(r) such as is given by (17) and (19)
shows that my is approximately equal to my and my, may be neglected
over the range 100 ke to 10 me. Equation (20) then becomes

(z,y) = (2rmy) ™" ex [—M]

AT, 11 p o |

The probability that the point (X,Y) lies in the differential area dz dy is
given by p(z,y) dz dy. By making the change of variable x = r cos 6,
y = r sin 6 the probability density of |RB| may be found to be

n(r) = 7—,%1eXp [— 7*/2my),  (r = 0).

The phase angle 8 is uniformly distributed over (0, 2r).

The discussion of near-end crosstalk may be summarized as follows.
For a given pair combination in a reel of cable which is long enough
so that ¢ *' is small in comparison to unity, the magnitude of the
near-end crosstalk response R(w) to a one-volt sinusoid of frequency
/2w has the probability density

2r

PO g (21)
p(w)

prob (r < |RI <r4dr) = p(r)dr =
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Over the frequency range 100 ke to 10 me, p(w) for multipair cables is
given quite accurately by

p(w) = kot (22)

in which % is a constant which varies from one combination of two pairs
to another.

The statistical properties of the values of k corresponding to the
many possible combinations of two pairs in a cable may not be pre-
dicted from this theory but must be estimated from measurements of
crosstalk loss. The analysis up to this point permits only the prediction
of the statistical properties of measurements made at different fre-
quencies on a single combination of two pairs. Let L(w) be the crosstalk
loss in db for a particular pair combination at a frequency /2. Then
L(w) is a random function of frequency, with an amplitude distribution
and therefore a mean and standard deviation at each frequency. It will
be convenient in what follows to use the probability density of |R|®
rather than of |R|; this is found from (21) to be

prob (u < [RI2 < u+ du) = p(u) = —1——6"“/"(“’).
p(w)
For a given k corresponding to a particular choice of disturbing and dis-

turbed pairs, the expected value of the crosstalk loss L(w) in db as a

function of frequency is given by
(L(w)) = —(10 log|R[") (23)
= —101log e (In |R]*.

From (21),
2y __ 1 ” —ulp(w)
(In |R|*) = p——(w)fo In ue du

= ¢(1) + In p(v)

in which ¥(z) is the derivative of the logarithm of the gamma func- -
tion,™" and ¢(1) = —0.577. Using (22), (23) becomes

(L(w)) = —10¢(1) loge — 10 log &k — 15 log w. (24)
The variance of L(w) is given by
(L (@) — (L(w))" = 10°%/(1) log®
from which the standard deviation ¢ is found to be

o = 10 log en/¢/(1) = 5.56 db. (25)
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Equation (25) shows that the standard deviation of the loss in db is
independent of frequency. If the same pair combination in many differ-
ent cables is tested at a given frequency, or in other words if the loss in
db is measured at one frequency on many pair combinations having the
same value of k, the standard deviation of all the readings will be 5.56
db at any frequency in the range of 100 ke to 10 me. The average value
at any frequency w will be given by (24).

In practice, crosstalk loss measurements have been made at relatively
few frequencies, often at only one frequency which is of particular inter-
est in a given application, but on many pair combinations. The mean
value of the losses in db of all the pair combinations decreases 15 db per
decade in the band from 100 k¢ to 10 mec. The standard deviation is
always greater than 5.56 db, due to the contribution of the variation
in the value of k from one pair combination to another. Measurements'
of near-end crosstalk loss in a 22-gauge cable of unit construction yielded
standard deviations of about 9 db for pair combinations in which both
pairs were in the same unit, 7.5 db for combinations in which the two
pairs were in adjacent units, and 6.5 db for combinations in which the
two pairs were separated by one unit. The distribution of the loss in db
at any frequency fits the normal law quite well and the normal distribu-
tion is usually assumed in making calculations.

In order to complete a picture of near-end crosstalk which will be
adequate for repeatered line engineering, it is only necessary to find the
distribution of the k’s which together with the distribution

po(u) = % exp — (u/kw?)
wz

will give the empirically obtained normal distribution of crosstalk losses.
The latter distribution is assumed to have a mean loss of m db at a
reference frequency wp and a standard deviation of ¢ db at all frequencies.
At an arbitrary frequency w, the probability density of loss L(w) in db
is given by

prob (z < L(w) < z + dz)

1 o\’ 2]
= Voo exp — [(x — m — 15 log Z;B) /20 dz.
Since L(w) = —10 log |R(w)[’, the density of |R|” is given by

prob (z < |RI® < = + dx)

10 log e w 2/ 2
= — ‘ - R ld .
o oz &P (10 log x + m — 15 log 0) 20" | dx
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If we set C = (10 log ¢)™" the density becomes

1 -\ 2
—-—\/2—()” exp — l:(ln xz + mC — ;—)ln g-) /2020'2] dzx.
Y 0

It is convenient to redefine k& in (22) so that

o) =k (2)" (26)

Now what is needed is a probability density px(z) for & such that
1 3. w\ / 2 2
_—’\/2_71'00'15 exp — |:<ln x4+ mC — 5 In ;—()) 2C°0

- [ sl =[()/ Q)

However, an accurate solution of this equation is not necessary. The
lognormal distribution itself is only a convenient approximation to the
actual distribution. For p; we require a function which is a probability
density, whose convolution may be expressed in elementary functions,
which possesses at least two arbitrary parameters, and which, applied to
the right side of (24), permits the calculation of the first and second
moments of (L(w)). A satisfactory function is

14

R = g v -~
pr(x) = Ol 27 e (v > 0,N 2 0).

If we now redefine & in (24) to agree with (26), and denote expectations
relative to pi(z) by E, then

E(L(w)) = m — 15 log <_w_>

wo,

~10log e [$(1) + ¥(»)] + 10 log \ — 15 log (_“’_)

Wo,

Similarly the variance in db may be calculated for each distribution to
yield

E((L(w)))* = (E{L(w)))* = (10 log e)* [¥'(1) + ¢'(»)] o"
Consequently we set
¥'(v) = (10log e)~%" — /(1)
10logA = m + 10 log e[¢(1) + ¥ (»)].

The results so far may be summarized as follows. Suppose the dis-

(27)



472 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1963

tribution of near-end crosstalk losses between two groups of pairs in a
given type of exchange cable is found empirically to possess a mean of
m db and a standard deviation of ¢ db at a frequency wo . Then for each
combination consisting of a pair in each group, the probability density
of |R(w)[’, the squared amplitude ratio of crosstalk voltage to trans-
mitted voltage, is

prob (z < | R(w) P <z +dx) = k™ (w-‘i())_ exp [—xk“ (_EO)_] dz. (28)

The distribution of the &’s for all the pair combinations is given by
x]’

v—1 —A\z
P(V)x e “dx  (29)

prob (z < k < z + dzx) = pi(z) dx =

2

in which X and » are given by (27). In (28), the average value of |R(w)|
is k(w/wo)?.

We may now calculate the mean and standard deviation of the inter-
ference power at the preamplifier output when there are n systems in
operation. Let r(f) be the Fourier transform of the preamplifier impulse
response, and W (f) the average power spectrum of the pulse train at
the amplifier output in watts per cycle. Consider a hypothetical inter-
ferer coupled to the disturbed amplifier by a near-end crosstalk path
whose power ratio at frequency f is just k(f/fo)%. If the expected value
of the interference power due to this interferer is denoted by w,(k), then

w(®) =k [ orwen (£) 4

The actual interference power will be close to this value because in sum-
ming |R (w)|* over a range of frequencies the variation tends to be
averaged out. The standard deviation of w, for a given value of k is
taken to be zero.

The total interference power is the sum of many contributions w.(%)
with &’s chosen at random from the distribution given by (29), in which
M\ and » are determined from the mean m and standard deviation ¢ in
db of the crosstalk loss distribution. The distribution of interference
power due to n interferers depends upon the distribution of the random
variable which is the sum of n values of % chosen at random, say k, . This
is the nth convolution p,™ () of pr(z) and is given by

(n) _ )\nv ny—1 —Az
" () -————P(m)x e, (30)

The mean and standard deviation of the interference power w, in dbm
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at the preamplifier output may now be determined. I'rom (30) one finds
ave (10 log k,) = 10 log ¢ [ (nv) — In A]
ave (100 log® k,) — [ave (10 log k,)]* = (10 log )™/ (nv).

The mean interference power in dbm at the preamplifier output is there-
fore given by

P, = ave [10 log w.(k,)] + 30
= 30 4+ 10 log e [y (nv) — ¢(v) — ¢(1)]
© R f 3
— m + 10 log {fo Ir(HF W(f) ()70> df}-
The standard deviation is
op, = 10 log e [¢/ (nv)]"2. (31)

The value of » must be determined from (27).
The quantity

30 4 10 log { [Cirnrwen (Jé) df} —10logew(l)  (32)

is the interference in dbm at the preamplifier output due to one amplifier
when m = 0 at frequency fo = wo/27. This frequency will be taken to be
half the repetition frequency of the pulse train, or 772 ke. The pre-
amplifier response in db is given in Fig. 17. The expression for W (f) may

30
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Fig. 17 — Preamplifier response.
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. 4
be written” as

W) = 2V e (af/age) (1 — cos 1f>. (33)

100722 fo

This assumes rectangular pulses of height V volts base-to-peak, 1/4f,
seconds long at an impedance level of 100 ohms, with probability %
for pulse and % for space, each time slot being independent of pre-
ceding ones. It also takes into account the polarity constraint that each
pulse is of opposite polarity from the preceding one; see Fig. 3. When
V = 3 volts is substituted in (33), and (32) is integrated numerically,
the result is 39.4 dbm. The mean interference power in dbm at the pre-
amplifier output due to n interfering amplifiers is therefore

P, =394+ 10loge [y(ny) — ¢(v)] — m

in which m is the mean crosstalk loss in db at 772 ke and » is to be de-
termined from the standard deviation o of crosstalk loss in db by

P (v) = o’(10log e)~* — ¥/(1)
0.05300° — 1.645.

Tor engineering calculations, a convenient approximation to P, is

P, =48 — m + ¢ + 10 log (n/25). (34)

This equation, based on well-known properties of the ¥-function,™" is

valid within 0.2 db for ¢ between 6 and 14 db.

These results for P, are in good agreement with experiment, but (31)
has been found to yield too small a value for op, . This may be traced
to the neglect of the variance of w.(k) and the use of its average value
only. The exact analysis has not been attempted, but an experimental
value® of op, is used in engineering (Section 4.2.1).

A crucial point in the application in Section 4.2 of these results on
near-end crosstalk is the Gaussian amplitude distribution of the inter-
fering voltage. This was established experimentally’® with the setup of
Fig. 6, as follows. A fixed crosstalk output was obtained by choice of
the connections at the cross-connect terminal. The variable gain in
the crosstalk path (see Fig. 6) was adjusted to cause an error rate of
1.2 X 107° a convenient value for measurement, in the receiving T1
amplifier. The interfering power for this condition was taken as a refer-
ence value. Next, the interfering power was varied from the reference
level, by changing the gain setting, and the variation of error rate ob-
served. The resulting points, for 3 and 25 interferers, are plotted in Fig,.
18. Quite similar results were found for 1, 6, 12, and 50 interferers.
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Fig. 18 — Error rate versus relative power.

The solid curve of Fig. 18 is the theoretical result that would be ob-
tained if the crosstalk had a Gaussian amplitude distribution and a
power level such as to cause an error rate of 1.2 X 107° in the reference
condition. As a Gaussian signal exceeds an amplitude of 4.85 times its
standard deviation (rms value) with probability* 1.2 X 10~° we have
plotted ¥y = 4.85 on the upper horizontal scale of Fig. 18, to coincide with
0 db on the lower scale. IFor a value of power G db greater than the
reference, the value of y is 4.85 X 10~%*. For example, if the gain is
set to give 2 db less power than in the reference condition, or G = —2, the
Gaussian interference must exceed 4.85 X 10**° = 6.1 times its rms value
to cause an error, an event with probability 1.1 X 107°.

Measurements of the near-end crosstalk amplitude distribution out to

* This is the ‘““double-tail’’ probability, or twice the value e in (2), for a given
number of standard deviations, y, because the data were taken with a one-out-of-
eight pulse pattern as the transmitted signal, and most errors are insertions of
pulses. The probability of such errors is 2e.
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two or three standard deviations have been made with a conventional
amplitude distribution analyzer. These measurements confirm the
Gaussian distribution to a probability level of 107 or so. The con-
firmation we have described for the lower probabilities that occur for
five or six standard deviations is essential in line engineering calculations
with error rates as low as 107",

APPENDIX B

Far-End Crosstalk

Consider again two pairs of propagation constant y(f) in a cable sec-
tion of length I, which are terminated in their characteristic impedance
Zy at each end. A current I, of frequency f is applied to one pair at one
end. Let the mutual impedance unbalance at a distance @ from this end
be Z(x) per unit length and the admittance unbalance be Y (z). Then it
can be shown'® that the incremental crosstalk current dI on the dis-
turbed pair at the receiving end, due to an incremental length of cable
dz at distance z, is given by

dI ZY ZN\
— == - = dzx.

To ( 16 4Z0> ¢ (35)
At frequencies of interest we may make the approximation that Z, Z,,
and Y are independent of frequency. Equation (35) may then be written

dI /Iy = twC(x)e "'dx

in which C.(z) may be interpreted as the unbalance per unit length.
It is convenient to deal with “equal-level” crosstalk loss, that is, with
the ratio dI/I, = iwC,(x)dz where I, is the current on the disturbing
pair at its receiving end. If we define F(f) as the response of the dis-
turbed pair at the receiving end of the cable to a sinusoid impressed on
the disturbing pair at the sending end which is large enough to produce
unit amplitude at the receiving end, then

F(f) = i2af fo ") dn. (36)

The quantity of immediate interest is the expected value of |F|".
From (36), and setting (C,.(z)C.(y)) = S,(x — y) we get

(F(NHP = 24" fo (1 — 2)8,(z) da.
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If lis very much larger than the range over which S,(x) is non-negligible,
the above equation becomes

(F(HFy = 207 fo i S(z) da. (37)

This result shows the well-known 6-db per octave average slope of the
response with frequency and the proportionality to cable length."”

Trom (36) we expect the function s 'F(f) to be normally distributed
with mean zero since C,.(z) has mean zero. This would be true even if
C, were not normally distributed, provided that { is large compared to
the range over which C, is self-correlated. Thus for a particular pair
combination, 7 'F(f) will have a value in the range (z, @ + dz) with
probability

(2m) 77 exp { — [Y/26°(f)]}dw,

where yu is the standard deviation. From this the probability density of
[F(f)|* is found to be

(21r:v)"’:';f1 exp — (2/24°%).

The first moment of this distribution is x*(f), which may therefore be
equated to the right-hand side of (37). It is convenient to set

* k
zfo S de = L

Then ©(f) = klo'/ws and kl is the expected value of the power on the
disturbed pair at the receiving end, per watt of received power in the
disturbing pair, at a frequency o . As in the near-end case, k is a random
variable, a particular value being associated with each pair combination.
We assume that the value of k possessed by a pair A in combination with
pair B is independent of its value in combination with any other pair.
For the probability that % for a pair combination chosen at random lies
in the range (u, u + du) we assume

Pi(u) = %) W™ (v > 0,2 0). (38)

2

The probability that the equal-level far-end crosstalk response | F(f)
of a pair combination chosen at random at a frequency f lies in the
range (z, ¢ + dz) is therefore given by

wWo

N fw v—1 ' 2 2
. " 1 du.
P(z) dz = dx () Jo U T €XP (—Au — woz/2wul) du
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The equal-level far-end crosstalk loss in db is given by —10 log |F|*.
For the above distribution we have the mean loss

2
my = — (10 log e) [¢z(v) + ¥ (%)] + 10 log A 4+ 10 log% — 10log !,

and the standard deviation in db

= (10 log ¢) [wu) + v (%)}

A repeater section is usually made up of several reels spliced together.
Tor a given pair in a cable section of j reels the far-end coupling is there-
fore made up of 7 couplings in parallel, each having a value of k chosen at
random from the distribution (38). Each coupling may be thought of as
a lumped capacitance which may be positive or negative and is equal to
the integral of C.(z). The currents therefore add linearly. The density of
the resultant current, relative to the received current is, therefore, the
j-fold convolution of the density function of i'F (), i.c.

NirG)) ™ ]:0 W (wo/eo/27luw) exp (—Mu — wo'x’/20ul) du.

Multiplying by exp 7zz and integrating over z first, we get for the char-
acteristic function ®(z)

B(z) = (AN + (2/200)]7}.

Taking the jth power of this function merely replaces » by jv and we see
that the convolution is given by
v

— N p—1 @0 _ 2.2 2
Pi(z) = f u’ o2l exp(—\u — woz 2w ul) du. (39)

R
T(gv) Yo

TFor this distribution we have for the mean loss in db and the standard

deviation in db
—(10 log e) l:xb(jv) + v <%>]

m; =
\ (40)
+ 10 log X + 10 log == — 10 log I
2w
o = (010g.0) [ +v' (3) ] (a1)

We may now apply these results to the general far-end crosstalk situ-
ation of Fig. 11. Suppose that the cable section in which the far-end
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exposure takes place has loss L; and length L;/K miles, where K is the
loss in db per mile, and that it consists of j reels of length [ miles, i.e.,
jl = ILy/k. The ratio of the power at the input of amplifier 2 to that
arriving at the exposure section on the disturbing pair at frequency f,
for a pair combination giving the mean dbm power, is

@M/ exp [ win) + v () — 2l (L0 |

where «(f) is the cable loss in nepers per mile. Taking into account the
preamplifier characteristic r(f), the power spectrum W(f) of the ampli-
fier output signal as in (33), and the loss, L , of the section of cable from
amplifier 1 to the exposure, the total interference power at the preampli-
fier output for one disturber is

i) e [ v + v (5) | [ v

-exp [—2a(f) (L1 + L»)/K] df.

The interference power in dbm for this mean interferer is

@ = 10 log (2Li/AjK) + 10 log e [W”) Y (%)}

£ 30+ 1000g [ RWCD (P (42)

‘€exp [—2a(f) (L1 + Lz)/K] df.

The standard deviation of @, is given by (41).

To determine the interfering power for n interferers, we can obtain
from (39) the density for the square of the current and find its n-fold
convolution. To obtain an approximate result we may use the Edson-
Alford formula,” which gives an approximation to the distribution of the
power sum expressed in db, of » quantities whose distribution in db is as-
sumed to be Gaussian. The increase in the mean power in dbm for n in-
terferers as compared to one interferer is

ajn = 5llog (n* exp C%;*) — log (exp C%ci +n — 1)] (43)
and the standard deviation is
oin = 6.593 [log (exp C’c/ 4+ n — 1) — log n]t (44)

where C = 1/(10 log ¢). Performing the numerical integration in (42)
with the assumption that a(f) = «(fo) (f/fo)}, we find that the integral
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is very closely given by 7.0 — (I; + L). Thus the mean interfering
power in dbm for n systems is

Qn = 10 log (2In/NK) + 10 log e [¥(jv) + ()]
+ 370 — (Iy + L) + ajn

with standard deviation ¢;, as in (44).

The values of A and » in (45) must be determined by substituting in
(40) and (41) the measured mean, m;, , and standard deviation o, ,
of the equal-level far-end crosstalk losses at a single frequency (fo is
convenient) for a cable made up of j, reels of length I miles each. If the
loss m;, is measured at fo, we find that

10log A = mj, + 10 log e [Y(jor) + ¢¥(3)] + 10 log 2L, . (46)
Substituting (46) in (45),
Q. = 10 log (In/jKly) — m;, + 10 log e [Y(jv) — ¥(jov)]
+ 370 — (Ta+ In) + ajm.

Instead of L,/jKl, , the equivalent expression I/ly may be used.

Equation (47) gives the mean interfering power, @, , strictly speak-
ing, only when the exposure section is made up of j reels, for j = 1, 2,
3, - -+ . For exposure sections of arbitrary loss L;, and an assumed reel
length of [ miles, we may use 7 = L;/KI, which will not in general be
an integer. The results for Q, and ;. will be interpolations between
their values for the nearest integer j’s. I'or small values of L; when we
would have j < 1, we cannot apply the convolution results (40) and
(41); instead, the one-reel distribution applies. Thus, for L;/KIl < 1, we
have, putting 7 = 1in (47),

Q. = 10 log (Li/Kly) — mj, + 10 log e [¥(») — ¢(jov)]
+ 370 —_ (Ll + Lz) + [25

The standard deviation of Q, is 1,5 .

To illustrate (47), suppose we have n = 50 systems in 22-gauge paper
cable with L = L, = 32.2 db and L, = 0 in Fig. 11. If we take 900 feet
as the reel length, the 32.2 db section will contain j = 7 reels. IFor the
cable crosstalk parameters, we use the data of Table IV, choosing m;, =
63 db for pairs in the same unit. Other measurements”™ on a single recl
of cable gave a standard deviation ¢y of 11 db. Substituting oy = 11 in
(41) shows that » = 1, and we adopt the value » = 1 for convenience
(01 = 11.2 db)

(45)

(47)

(48)
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TaABLE IV —FAR-IEND CrOSSTALK DATAB

Type of cable: 22-gauge, paper-insulated, 900 pairs

Length: 6106 feet

Number of reels, 7o : 9

Reel length, Io : 6106/(9 X 5280) = 0.13 miles

Loss per mile, K: 26.5 db per mile (772 ke, 55 F)

Mean equal-level far-end ecrosstalk | (a) for pairs in same unit, 63 db
coupling loss, at 772 ke, m;, : (b) for pairs in adjacent units, 77 db

Estimated parameter » (see text) 1

From (41), we find that oz = 9.8 db; putting this in (43), ar,50 =
25.0 db. The mean interference power Qs is then =33.2 dbm, from
(47). Further, its standard deviation gq,, = 5.2 dbm, using (44).

APPENDIX C

Central Office Notise

The operation of electromagnetic relays in telephone offices produces
electrical transients which propagate down the pairs.??2 Through cross-
talk in the cable, these disturbances may appear on pairs not connected
to switches. The energy distribution of this noise is very broad, reaching
frequencies well in excess of two megacycles. The transients are of several
types and are quite complex. If T1 lines were operated at a lower signal
level they would cause bursts of errors, each burst lasting less than a
millisecond and containing from one or two to several hundred errors.
Since the noise is primarily due to switching, the error rate is strongly
dependent upon office activity, being highest during the busy hours and
disappearing in the early hours of the morning. Since a crosstalk path is
involved, the levels of the noise transients reflect the approximately log-
normal distribution of crosstalk loss and vary widely.

Because of the complexity of the office noise phenomenon, it is neces-
sary to lean heavily on experimental results. The feature of the noise
which is of most interest in T1 carrier work is the error rate which it
produces in the office amplifier, as a function of the length of the repeater
section. The error rate is predictable from the amplitude distribution of
the noise at the output of the linear preamplifier, that is, at the point in
the amplifier at which the decision is made whether a pulse has been re-
ceived or not. The amplifier may be assumed to make an error if the noise
amplitude is greater than one-fourth the pulse height (Section 2.1). The
error rate to be expected on a typical office repeater section has therefore
been studied by means of a sampling and comparison device which is
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connected to an otherwise idle pair at the main frame. A noise sample
increases the count on a register by one if the amplitude is greater than a,
preset level.

Since the repeater section is always built out to full length (Section
2.2), the signal pulse shape and amplitude at the preamplifier output are
always the same, within the allowable 44 db limits. The noise, on the
other hand, is attenuated by whatever buildout is used. Since the build-
out loss is a function of frequency and the noise transients are quite
variable in structure, the relation between section loss and error rate
must also be found experimentally. The noise may also be attenuated by
pair loss* in the disturbing pair if the amplifier is not in the office but near
it. Since the buildouts are designed to imitate pair loss, the effect on the
error rate of adding pair loss in the noise path is the same as the effect
of shortening the repeater section.

In some cases the noise exposure occurs via far-end rather than near-
end crosstalk. The dependence on the crosstalk mode may be estimated
from the relative near-end and far-end crosstalk losses. Again, if the dis-
turbing pairs are in a different unit or layer of the cable than the T1
pairs, the loss in the crosstalk path is greater than if both are in the same
unit, and this may be taken into account in engineering end sections.

Since both crosstalk interference and impulse noise are generally pres-
ent in sections near offices, the error rate due to any combination of the
two must be determined.

To summarize, the following questions must be answered in order to
estimate the restrictions which should be placed on repeater sections ex-
posed to office noise:

(a) What is the worst noise level to be expected in cable pairs entering
an office?

(b) How does noise error rate depend upon section loss, distance of
the repeater from the office, crosstalk mode, and segregation in the
sheath?

(e¢) If office noise and crosstalk separately produce error rates R, and
R, , what error rate will both together produce?

Considering the first of these questions, amplitude distributions for
positive noise voltages were measured at the output of a T1 preamplifier on
several pairs at their main frame terminations in one office. Curve 1 of
Fig. 19 is for the median pair. The ordinate is the normal probability
scale, while the abscissa gives the instantaneous level at the output of the
preamplifier in dbm, with no buildout in the amplifier. Thus a level dis-

* Noise in the disturbing pair is found in both the longitudinal and metallic

modes. At T1 frequencies the losses in the two modes may be taken to be the same
for the present purpose.
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Fig. 19 — Noise amplitude distribution at preamplifier output with 9.6-db
buildout (curve 2) and without (curve 1).

tribution which was normal in db would appear as a straight line. Of sev-
eral offices involving step-by-step, panel, and crossbar switching ma-
chines, this office gave as high a noise level as any. We have, therefore,
taken curve 1 of Fig. 19 to be representative of noise levels in noisy offices.

Considering the second question, if section loss is decreased, the noise
level is reduced by the presence of the buildout. Curve 2 of Fig. 19 shows
the effect of the 9.6 db buildout on the noise distribution of curve 1. The
effect is quite closely the same as the introduction of the same amount of
flat loss. Thus reducing the section loss or moving the repeater away
from the office affects the noise level by the number of db represented by
the change, measured at 772 ke.

For calculations based on Fig. 19, we assume that the mean near-end
coupling loss is 75 db at 772 ke, a figure that is typical for pairs in the
same unit or layer of large cables.”® In the case of far-end coupling, the
approximation

L, ~ 63 — 10 log (1/6106) (49)
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may be used; L, is the mean equal-level far-end crosstalk coupling loss
at 772 ke for a cable of length I feet (cf. Appendix B). To this loss is
added the direct loss of the pair between the office and the disturbed
amplifier.

The additional loss in the crosstalk path due to segregation of T1 pairs
in a unit or layer of the cable containing no switched pairs can be
estimated from the relative mean crosstalk losses. Near-end crosstalk
loss in unit cables is about 8 to 13 db greater in mean value for pairs in
adjacent units than for pairs in the same unit. Far-end crosstalk loss is
about 10 to 15 db greater for pairs in adjacent units than for pairs in the
same unit. These are metallic-to-metallic losses, whereas longitudinal-
to-metallic couplings may be dominant. Some noise data is available
which indicates about a 10-db reduction of office noise for pairs in an
idle unit in the sheath as compared with pairs in working units. This
estimate has been used for both near-end and far-end noise coupling.

Curve 1 of Fig. 19 may now be translated into a curve of error rate as
a function of the difference between loss in the noise path and loss in the
signal path. For example, the curve shows that a noise level of —1.5 dbm
at the preamplifier output is exceeded with probability 107°. Therefore,
the amplifier error rate will be 10™° when the signal-to-noise ratio at
this point is 12 db (Section 2.1), i.e. when the signal level is —1.5 4
12 = 10.5 dbm. The signal level (Section 2.2) at the preamplifier output
is § + @ — L, where these symbols have the same meaning as in Section
4.2.1. Substituting S = 18.6 dbm and G = 23.7, we find that the mean
pair loss, i.e. the loss in the signal path, is L, = 31.8 db for a signal level
of 10.5 dbm. We have assumed a mean loss in the noise path of 75 db
in Fig. 19. The difference between noise path loss and signal path loss is
thus 75 — 31.8 = 43.2 db. In Fig. 19, error rate 107° is plotted above
the abscissa 43.2 db. Correspondingly, each abscissa of T'ig. 19 is in-
creased by 43.2 4+ 1.5 = 44.7 db to obtain a point of Fig. 20. When the
losses in the noise and signal paths for a particular amplifier are known,
the error rate in the presence of severe office noise may be read from
Tig. 20.

Finally, the error rate resulting from a combination of crosstalk and
noise must be examined. This requires choosing a mathematical repre-
sentation of the office noise amplitude probability density p. and finding
its convolution with the normal distribution, which applies to crosstalk
voltage amplitudes.

A convenient representation for this purpose is:

V2

s

pala) = (! + 2™ (50)
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This function fits typical noise curves quite well. The fit is not as good
for the rather extreme case of curve 1 of Fig. 19, which shows a relatively
higher probability of very large amplitudes, but it is satisfactory for the
present purpose. For large values of the ratio of the random amplitude
variable X to the standard deviation « we have

X V21 1 1

For an error rate of 107" all terms except the first can be ignored and we
find w = 114.5. The probability density of the amplitude of the cross-
talk interference at the preamplifier output is given by

1 —X g
pe(z) = \/ﬂa’e i 2- (51)

If Y is the crosstalk interference amplitude variable, solving the equa-
tion

Prob (—If = u) =107
ag

yields 4 = 5.2. Thus an error rate of 10" will occur if the error threshold

(one-fourth the pulse height) is 5.2 times the rms crosstalk interference

or if it is 114.5 times the rms office noise. We are interested in the error
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rate if these amounts of noise and crosstalk interference occur in the
same amplifier. This may be calculated by finding the distribution of the
sum Y 4 X of the two variables. Let

52
¢ T 145"

By working with the characteristic functions corresponding to the
probability densities of (50) and (51) it may be shown that

Prob (X + Y = 520) = 2.31 X 107"

Thus the error rate due to the sum of the two types of interference is
approximately the sum of the error rates due to the two interferences
separately. For practical purposes, design requirements for office noise
and crosstalk may therefore be considered separately.
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Delay Distributions for One Line with
Poisson Input, General Holding Times,
and Various Orders of Service

.
By L. TAKACS
(Manuseript received December 14, 1962)

At a telephone exchange, calls appear before a single trunk line in ac-
cordance with a Poisson process of density \. If the trunk line ts busy, calls
are delayed. The call holding times are identically distributed, mutually
independent, posilive random variables with distribution function H(x). In
this paper the distribution function of the delay and its moments are given
for a stationary process and for three orders of service: (t) order of arrival,
(#7) random order, and (i12) reverse order of arrival.

I. INTRODUCTION

Let us suppose that in the time interval (0, ) calls appear before a
single trunk line at times 71,72, -+, 7a, - -+ where the interarrival
times 7, — 7,1 (n = 1,2, --- ; 7 = 0) are identically distributed,
mutually independent random variables with the distribution function

1—e™ ifz =0,
F(z) = {0 ifo <0, (1)

that is, the input is a Poisson process of density A. If an incoming call
finds the line free, a connection is realized instantaneously. If the line
is busy, the call is delayed and waits for service as long as necessary (no
defection). The holding times are identically distributed, mutually in-
dependent, positive random variables with distribution function H(z)
and independent of the input process. Such a service system can be
characterized by the symbol [F(z),H(z),1] provided that the order of
service is specified. In this paper three orders of service are considered:
(2) order of arrival (first come-first served), (#7) random order (every
waiting call, independently of the others, and of its past delay, has the
same probability of being chosen for service), and (¢#) reverse order of
arrival (last come-first served).

487
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We are interested in finding the distribution function of the delay for
a stationary process and for the three orders of service. We shall prove
that if Ae < 1, where « is the average holding time, then there is a unique
stationary process.

Throughout this paper we shall use the notation

v = [ aFaG) () 2 0) (2)
and
? k
ar = f 2" dH(z) (k=0,1,2,---). (3)
0
In particular, oy = « is the average holding time.

II. THE STATIONARY PROCESS

Let us denote by &, the queue size at time t = 7, — 0, i.e., the nth
incoming call finds £, calls (either waiting or being served) in the system.
Denote by x. the time needed to complete the current service (if any)
at time ¢t = 7, — 0. If £, = 0 then x, = 0. The vector sequence

(En;Xn)) ’I’l/=1,2,"‘,

is a Markovian stochastic sequence and has the same stochastic behavior
for each order of service. We shall prove that if Ae < 1 then there exists
a unique stationary distribution, whereas if A& = 1 then a stationary dis-
tribution does not exist. If A« < 1 and (&, x1) has the stationary dis-
tribution, then every (., x.) has the same distribution as the initial
distribution. For the stationary process, let us introduce the following
notation

P{t, =j} = P; (G=01,--) (4)

and

]

() = [ emap@ ()

v

0,j=12---).  (6)

We shall prove the following theorem, due to D. M. G. Wishart:'

Theorem 1: If A < 1, then the stochastic sequence (En, Xxn), n = 1, 2,
-+ +, has a unique stationary distribution which is given by Po = 1 — \a
and
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U(s,z) = iﬂj(s)z"

(1 = ae(l —2) <\I/(s) —v(\M1 — z)))
Tz —=v(A(1 — 2)) s — A1 — 2)

for R(s) =2 0and | 2| £ 1.

Proof: If we express the distribution of (£.41, Xa41) with the aid of
the distribution of (&., x.), and assume that both (£.41, x.41) and
(£, X=) have the same stationary distribution, and if we form Laplace-
Stieltjes transforms, then we obtain that Poand II;(s) (j = 1,2, ---)
must satisfy the following system of linear equations:

(7)

Py = PV + 3 OO,

ms) = MO ¥ p, 1 55 owoor,
() — ()] - ®
I,(s) = " Py AL
+ 2 =¥ 5 ywor
fory =2,3, --+ and
Pot 2 10,0) = 1. (9)

To prove (8) we use the following two facts: First, the probability that
during a holding time no call arrives is given by

(\) = fo " aH ().

Second, let p and 6 be mutually independent, positive random variables
with distribution functions P{p < &} = P(z), and P{f = z} = F(x)
defined by (1). Write 4 = {6 < p}. Then

P{AJE(¢""" [ 4} = fow /o ¢ GydP(x) = E(?:—xn(m

where

I(s) = fo " AP (),
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TForming generating functions in (8) we obtain

[s — A(1 — 2)]U(s,2)

UNT(N)) — U()x,z)}. (10)

= 2eU0,) + 2 (0) — (o] {po + TOTOD) !
If s = A\(1 — 2) in (10) then we get

UNT(N)) — UN2)
T(N) — 2

UOnz) + 0D =¥ (1 —2))) {Po+ }=o. (11)

The comparison of (10) and (11) gives
N[F(s) — TN = 2))]
[s =M1 — 2)][¥(N) — ¥(M(1 = 2))]

By the first equation of (8), U\,¥(N)) = Pl — ¥(N)], and if we put
this into (11) we get

U(s,z) =

U(\z).  (12)

Py(1 — 2)[F(N) — ¥(\(1 — z))]'

Uhz) = 2 — YOI = 2)) (1)
Thus by (12) and (13)
Uls,2) = APz(1 — 2)[W(s) — (A (1 — 2))] (14)

e — ¥(MI = 2)lls — M1 —2)]

Since by (9) Py 4+ U(0,1) = 1, it follows from (14) that Py = 1 — Aa.
Thus if A\e¢ = 1, then the assumption that a stationary distribution
exists leads to a contradiction, i.e., a stationary distribution cannot exist
if A = 1. If Aa < 1, then there exists one and only one stationary
distribution which is given by Py = 1 — Aa and by (14). This proves

(7).
Remark. From (7) we obtain by inversion that for x = 0
2 Pi(x)?’
j=1
(1 —Na)ne(1l —2) (7 (15)
_ — Aa)Az(l — 2 —A(1—z)u _
= YO =) e € [H(u + 2) — H(uw)] du.
Hence forz = 0
S P =2 [ [ — Hw)du. (16)
j=1 0

Accordingly if (¢, x.), 7 = 1,2, - -+, is a stationary sequence, then we
have for x = 0 that
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PlwSaltez ) =1 [0 —H@Id, (1)

i.e., if an incoming call finds the line busy, then the distribution function
of the time needed to complete the current service is given by

1fﬂp[l—H(u)]du ifz =20,
[ 4]

H*(z) = (18)

0 ifz <0.

Finally we also remark that the stationary distribution of ¢, , 7 = 1, 2,
-+, is given by the following generating function

S, (1 =2)1 =271 = 2))
UG = 2 P’ = YOI = 2)) — 2 :

This follows from (7), because U(z) = Py + U(0,2).

(19)

III. THE DISTRIBUTION FUNCTION OF THE LENGTH OF A BUSY PERIOD

A busy period is defined as a time interval during which the line is
continuously busy. The stochastic law of a busy period is obviously
independent of the order of service. Every busy period (except the
initial one, if the line is busy at time ¢ = 0) independently of the others
has the same stochastic law. Denote by G(z) the probability that the
length of a busy period (other than the initial one, if any) is <z and
define

7o) = [ Temaz) (9is) 2 0). (20)

In Ref. 2 it is proved that v(s) is the root with smallest absolute value
in z of the equation

2 =Y(s+ A1 — 2)). (21)
By Lagrange’s expansion (cf. Ref. 3, p. 132) we obtain that
0 n—1 0
3(s) = DA [ O, (2) (22)
=1 n! Jo

where H,(z) denotes the nth iterated convolution of H(x) with itself.
From (22) it follows by inversion that

© § n—l1

6z = 21 fo "l (), (23)

n=1

If A\ < 1 then G(») = 1, whereas if A > 1 then G(«) < 1.
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In the case of Aa < 1 the rth moment of G(z) is defined by

r= [ $d6) (=012 -). (24)
0
If A < 1 and a is finite then Ty, Iy, ---, T, are also finite and we
have Ty = 1, T, = /(1 — Aa), and
n 1 v—1
Top1= 2 _(n )N Y. (25)

S i1 — rayrerr T ™

forn = 1,2, .-+, where

L

i d2 7
V. — nl ey 0 anyr’
n,v

O P A EE TG 6D R (TR IS

J1t2ia+- - Anjn=n

(26)

—z/a

If, in particular, H(z) = 1 — ¢ (z = 0), then «, = 7rla” and

. n! nlfn— 1\ .
Yo, =« Z —_— = a .

J1tizte s Ain=r j1!j2! e ]n! il \v — 1
J1+2igte s e tnin=n

Formula (26) can be proved as follows. If we define
u = s+ ML — y(s)],

then by (21) s = u — A1 — ¥(u)], whence by Biirmann’s theorem
(cf. Appendix) forn = 0, 1, - - - we have

dn+lu dn w n+l dn 1 n+l
(dan)s:o - [W‘ (g) :|u=o B |i(%t—’: <1 - 1— \I/(u)> :| (27)
u u=0

and the nth derivative can be calculated by using Faa di Bruno’s formula
(ef. Appendix). On the other hand

du ’ _
<%>s=0 =1—M(0) =142y, (28)

and
d" (n+1) n
(dsﬂ+l> =0 = _)\’Y (0) = (_1) >\I‘ﬂr+1 (n = 1) 2) e ) (29)

Comparing the above formulas we obtain T, for every n.
Finally we remark that, by (25)

a2

T = (1 — Aa)?’

(30)
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T = o3 + 3)\“22 (31)
N I P TR F I P LY
o 10N asas 15Ny’
A R vs G G vo L g v (32)

IV. THE DISTRIBUTION FUNCTION OF THE DELAY

Let us denote by 7. the delay of the nth call. If the order of service is
specified then the distribution function of 7, is uniquely determined by
the distribution of (&., xx). If (&, xs), n = 1, 2, ---, is a stationary
stochastic sequence, then 7, has the same distribution for every n. In
the case of the stationary process write P{7n, < 2} = W(z) and

E{e™™ = Q(s)

for each order of service. Define

Wo=[ aW(@) (=012 ), (33)
0
In each case W, is finite if .44 is finite. For each order of service
_ )\0(2
]/Vl = m . (34:)
For service in order of arrival
Y Nag®
We=aa e T 20 = 2a)®’ (35)
for service in random order
. 2 a3 )\2a22
W, = 3(1 — 2a) (2 — \a) + I = )2 — N’ (36)
and for service in reverse order of arrival
_ ?\as )\2(122
We = sa 3ar T30 — et (37)

(2) Service in Order of Arrival. This case was first investigated by F.
Pollaczek® and A. Y. Khintchine.” Cf. also D. V. Lindley.6

Theorem 2: If Ao < 1, if the process is stationary and if service is in
order of arrival, then the distribution function of the delay of a call is
given by

W(z) = (1 — ra) k:—f; () H*(x) (38)
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where Hy*(x) denotes the k-th iterated convolution of

i[:[l—-H(u)]du if ¢ = 0,

H*(2) = (39)

0 ifx <0,
with dtself; H*(x) = 1¢f x =2 0 and Ho*(z) = 04if z < 0.
Proof: Evidently
W(z) = Po+ ZIP]-(x)*H,._I(x)
j=

where Hj(z) (j = 1, 2, ---) denotes the jth iterated convolution of
H(z) with itself; Ho(z) = 1if x = 0 and He(z) = 0 if z < 0. The
symbol * denotes convolution. Hence

a(s) = Py + 2 I(9)(2)l = Py 4+ L&EED gy,
i=1 ¥(s)
where U(s,z) is defined by (7) and Py = 1 — Aa. Thus
1 — A
qs) = ————————,
11— 1- 8‘1’(8) (42)

whence (38) follows by inversion. FFormula (38) was found by V. E.
Benes.”
If a4 is finite then W, is also finite and is given by

z Nl
W =2, Ty 1o (43)
where Y, , is defined by (26). IYor,
ds® s=0

and the nth derivative of 2(s) can be obtained by Faa di Bruno’s
formula (ef. Appendix).
In this case W is given by (34), W. by (35), and

)\(14 )\2a2a3 3)\3(123

= I0 = T =y T30 = re)?

Remark. Let T(xz) = W(x)*H(z), i.e., T(z) is the distribution func-
tion of the sum of the delay and the holding time of a call for a stationary
process. Define

W (45)
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T, = f 2" dT(z) (n =012 ---). (46)
0
If apys is finite then T, is also finite and is given by T, = Wy + « and
=W, + - W,,_l (n=23,---) (47)

where W, is defined by (43). Conversely, if we know T'; for j = 1, 2,
-, n then we can obtain W, by the following formula

w, = (D' 1) nl [7\ + Z ("IW ] (n=1,2--). (48)
Formulas (47) and (48) follow from the relationship

[ ar) = agrae = L=y (1 - ;) a(s). (49)

Finally we also note that the rth binomial moment of the stationary

distribution of the queue size, i.e., that of {P;} defined by (19), is given
by

Br=E<J>Pf=“T’ (r=0,1,---). (50)
=T r 7'1
Tor we can easily see that
_ —\z ()\11)
Pj_foe 2L ar), (51)

whence

B, =f ("5‘) AT (z) = f . (52)

0 .

(#7) Service in Random Order. The case of exponentially distributed
holding times was investigated by many authors (cf. Ref. 8), the case
of constant holding time by P. J. Burke,’ and the general case by J. F.
Kingman."” The following theorem is due to J. F. Kingman.

Theorem 3: If \a < 1, if the process is stationary and if service is in
random order, then the distribution function of the delay of a call has
the following Laplace-Stielljes transform:

\ ! ! dv
2(s) = (1 =) {1 *s me"p[‘ [.= TICENCE v))]

u—1
[+ o =my) o) @
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where y(s) s the root with smallest absolute value in z of the equation
2 =W(s + N1 — 2)) (54)

and s given by (22).

Proof: Under the condition that j(j = 1,2, ---) calls are waiting in
the system when a service is about to start, denote by W;(z) the prob-
ability that the service of a given call among the j calls starts within
time x if time is measured from this instant. Define

o) = [ Taw@ @) 2 0) (55)

The distribution functions W;(x) (j = 1, 2, ---) can be obtained by
using the following relationships: Wy(z) = 1 and

L) z k
i =L (=D E[ [ O ) | Wit o)
J J/ k=0 LYo k!

forj = 2,3, --- and forx = 0. To prove (56) we take into consideration
that if the given call will be chosen for service among the 7 waiting calls,
then its service starts immediately; if the given call is not chosen for
service at this time then it must wait during the holding time of the call
chosen for service, and if during this holding time & new calls arrive,
then there is an additional delay which has the distribution function
W jsia(2). Forming the Laplace-Stieltjes transform of (56) we obtain
the following system of linear equations for the determination of Q;(s)
(G7=1,2 ---):Q(s) = 1 and

0 © k
) = 14+ G = D X0l [ O amy (an)
=0 .
forj = 2,3, - -+ . The solution of this system is given by J. F. Kingman"
in the following form:

Qi(s) = f:(s) exp [— f: —Y _}fiv)\(l - v))]

j—1
uJ

w — (s + A1 — u)) du

where y(s) is defined by (22). By integrating by parts (58) can be
written in the following equivalent form:
1

(58)

G(s) =1—-(G -1

7 (8)

. . (59)
.exp[— fu pTE —ifivk(l — v))] W du.
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Now the distribution function of the delay is given by

wia) = ot 23 [ O ap, ) | wonta). (o0

=1 k= k!

For, if a call arrives and finds the line free, then its service starts without
delay. If an arriving call finds j (7 = 1, 2, ---) calls in the system, then
its delay is composed of the time needed to complete the current service,
and if during this time &t new calls arrive, then there is an additional
delay that has the distribution function W ;x(x). Forming the Laplace-
Stieltjes transform of (60) we get

o) = ro+ Z 3 [ O ap ) o). @)

=1 k=0 k!

Putting (58) into (61), we obtain

Q(s) = Py + f:(s) exp [— f:v = (s _fvy\a — v)):l

UG+ ~w),u)
ulu — ¥(s + A (1 — u))]

where Py = 1 — Aa and U(s,z) is defined by (7). Thus

Q(s) = (1 — \a) {1+2—‘fm)

-exp I:_ /:v — ¥(s —ic—h))\(l — v)):| (63)

[ u— 1 — w1 ]d}
u—¥N1 —u) u—¥(+A1—u) e

whence (53) follows by integrating by parts and by using the fact that
v(s) satisfies (54) in 2.
If a1 is finite, then W, is also finite and can be expressed by

(62)
du

f 2" dWi(z) = (=1) (dﬂ"(s)> (64)
0 dST s=0
forr =1,2,---,nandj = 1,2, -+, and by
(0T U(s z))
Y o= (= E Nt B
Un = (1) ( 38’ 828 Js—o, 21 (65)

for j + k < n. By using the following formulas we obtain (34) and (36):

f:x dWi(z) = %(]T):a—) (66)
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® _ 2 -1)G =2 | (6 —2ra)a(j — 1)
fo v W) = TR E ey T @)@ — ey 07

and further Uoo = )\a, U10 = )\012/2, U20 = )\013/3,

Ut = \ +L
w= AT —ha)’
)\aa >\a2 7\3a22
Ul]. = -0 + + m,
and
Uss = )\3013 + 3\ + Moo .
3(1 — ) 2(1 — )

(191) Service in Reverse Order of Arrival. The case of exponentially
distributed service times was investigated by E. Vaulot' and the general
case by J. Riordan” and D. M. G. Wishart."”” Now we shall prove

Theorem 4: If N\a < 1, if the process is stationary and if service is in
reverse order of arrival, then the distribution function of the delay of a call
for x = 0 s given by

W(z) = (1 —a) + 23 6 A2 _lf [l — Hw]du (68)

7=1
where H ;(x) denotes the jth iterated convolution of H(x) with itself.
Proof: Denote by G(x) the probability that the length of a busy

period in the queueing process considered is <. G(z) is given by (23).
Then we can write that

W) = Po+ (= P 2| " Ok amea) [ 6wy (0

where Gy (x) denotes the kth iterated convolution of G(x) with itself;
Go(x) = 1if ¢ = 0 and Go(z) = 0if z < 0; H*(x) is defined by (18)
and Py = 1 — Aa. For, if an arriving call finds the line free, which has
probability P, , then its service starts without delay; if the line is busy,
which has probability 1 — Py, then its delay is composed of the remain-
ing holding time of the call being served, which has the distribution
function H*(z), and if during this time interval k new calls join the
queue, then there is an additional delay that has the same distribution
function as the total length of % independent busy periods. Thus we
obtain (69). Forming the Laplace-Stieltjes transform of (69) we obtain



DELAY DISTRIBUTIONS 499

a(s) = Py + L= 20 S o |

« k=0 0

“eom 0 ) o

(70)
1 —=¥(s 4+ A1 —v(s)))
s+ A1 — v(9)]

where y(s) is defined by (22). Since y(s) satisfies (21) in 2z, we get from
(70) that

= (1 —Xa) + A

Al — y(s)]

(s) = (1 = Xa) + - Y g e (71)
By using Lagrange's expansion (cf. Ref. 3, p. 132) we obtain
A
Q(s) = (1 — Aa) +>\—+s
(72)

— (=)W ™ <[‘I'(8 + NP
LR A CES VI R
whence (68) follows by inversion.

If opys is finite then W, is also finite and we have forn = 2, 3, - ..
that

& (=2 N
W = A= DT =y (73)

where Y, is defined by (26). If n = 1 then W, is given by (34). For,

arQ(s)
ds*

W, = (—1)“( >8=0 (n=0,1,2,--). (74)

If we use the notation v = s + A1 — y(s)] and s = v — A1 — ¥(w)],
then we can write that

Qs) = (1 — ) + Al—"—;’L“), (75)

whence by using Biirmann's theorem (cf. Appendix) we obtain for
n =23, - that

. (_l)n-—l dn 1 n—1
Wn = n—1 <d_u7'|:1_>\1—;1/(u)i| > (76)

and the nth derivative can be calculated by Faa di Bruno's formula
(cf. Appendix).
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In this case W, is given by (34), W, by (37) and

_ Aoy 3N asas N’
s = t0 —ap T 20 =)t T 201 = e

Remark. If Py(t) denotes the probability that the line is free at time
¢t given that it was free at time ¢ = 0, then we can write that

W(.’B) =1 — [PQ(CL‘) et Po(w)] (78)

where Py() = 1 — Aa.

If G*(x) denotes the probability that the length of a busy period is
<z for the dual process [H(z),F(x),1], i.e., when the interarrival times
and holding times are interchanged, then we can write that

W) =1 = [*(») — G*z)] (79)

where G*(» ) = Aa.

(i) Ar Extreme Case. Suppose that in the stationary process the
service of a particularly chosen call starts when and only when no other
calls are in the system, i.e., its service is delayed until it becomes the
only call in the system. Denote by W*(x) the distribution function of
the delay of this particular call.

Theorem §: If Aa < 1, if the process is stationary, and if a particularly
chosen call will be served only when no other calls are in the system, then the
distribution function of the delay of this call is given by W*(0) = 1 — e
and for x > 0

(77)

dI/I;*(x) = (1 — M)Al — G()], (80)
X

where G(x) s the distribution function of the length of a busy period and
s given by (23).

Proof: Denote by G,.(x) the nth iterated convolution of G(x) with
itself. Now we have

W) = Py + 20 5 [ [ ) de(u)] *Gle). (81)

j=1 k=1 k!

For, if the particularly chosen call finds the line to be free, then its
service starts without delay; if it finds j calls (7 = 1,2, - - -) in the system
and if during the remaining part of the current service k (k = 0,1, ---)
more calls arrive, then its delay is composed of the remaining holding
time of the call being served at its arrival and an additional delay which
has the same distribution as the sum of j + k& mutually independent
random variables each of which has the same distribution as a busy
period.
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Denote by Q*(s) the Laplace-Stieltjes transform of W*(z). By (81"

2*(s) = Py + Z I (s+ A = M ()y(s))’
N (82)
=Py + U(s + X — Ay(s),v(s)) = Po [1 - 1 "'S:Y(S):I’

where Py = 1 — Ae and v(s) is given by (22). We obtain (80) by inver-b
sion.
If @41 18 finite then

W.* = f 2" dW*(x) (83)
0
is also finite and is given by
>\(]~ - )‘a)]-_‘n-H
n+1

where I',44 is defined by (25). This follows immediately from (82). In
particular we have

W,* = (n=12--") (84)

Ao

* = eee——
W = s ey (85)
Aag )\20122
* —
W= s e T T =) (86)
A 5N o 15N’
-
W = e T o = ey T 21 — eyt BT
APPENDIX

A.1 Biirmann's Theorem

(Cf. Ref. 3, p. 128.) Suppose that the first N derivatives of f(z) and
the first N — 1 derivatives of ¢g(z) exist at z = 0. If s = u/g(u) and
g(0) £ 0, then

F(u) = 5(0) + gi—, <MM)= +o(s™).  (88)

dvn—l

A.2 Faa di Bruno's Formula

(Cf. Ref. 14, p. 33.) If z = f(y) where y = g(x), then the nth deriva-
tive of z = f(g(x)) with respect to  at x = 0 is given by the following
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TasBLE I

n v 5 72 73 Ja Js Ciraseeniin
1 1 1 b}
2 1 0 1 14
2 2 2 0 A
3 1 0 0 1 %é
3 2 1 1 0

3 3 3 0 0 i%
4 1 0 0 0 1 %
4 2 1 0 1 0 b3
4 2 0 2 0 0 15
4 3 2 1 0 0 15
4 4 4 0 0 0 U
5 1 0 0 0 0 1 18
5 2 1 0 0 1 0 15
5 2 0 1 1 0 0 %
5 3 2 0 1 0 0 5%
5 3 1 2 0 0 0 %
5 4 3 1 0 0 0 %
5 5 5 0 0 0 0 132

formula
dxn =0 =1 U\ Ay Ju—o
where
n![g(l)(o)]h[g&)(o)]iz .. [g(n)(o)]in
Yo, = (90)

irkiototin=y  Jilgel oo Jul(LD)(21)72 - - (n])

J1+2iat e Anin=n
provided that the derivatives in question exist.
Forn = 5 Table I contains all the n-tuples (ji,72, - - -, ) satisfying
the requirements j; + jo + - -+ + 4, = vandji + 2o + -+ + nj, = n,
and in addition the coefficients

n!
Ladgeessdn = T : . : . 91
C]h]z. sIn ]1']21 ---jn!(2!)“(3!)” A ((n + 1)!)]n’ ( )

which we need in using formula (26).
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A Single-Server Queue with Feedback

By L. TAKACS
(Manuseript received December 14, 1962)

Let us suppose that customers arrive at a counter in accordance with a
Poisson process of density N. The customers are served by a single server in
order of arrival. The service limes are identically distributed, mutually in-
dependent, positive random variables with distribution function H(z).
Suppose that after being served each customer either immediately joins the
queue again with probability p or departs permanently with probability q
(p + q = 1). In this paper we shall determine for a stationary process the
distribution of the queue size as well as the Laplace-Stieltjes transform and
the first two moments of the distribution function of the total time spent in
the system by a customer.

I. INTRODUCTION

Although the problems discussed in this paper arose in the theory of
telephone traflic, we use the terminology of queues. Thus instead of calls
and holding times we shall speak about customers and service times
respectively.

Let us suppose that in the time interval (0, ) customers arrive at a
counter in accordance with a Poisson process of density A. Denote by
™ (n = 1,2, ---) the arrival time of the nth customer. Then the inter-
arrival times 7,40 — 7, (n = 0, 1, --- ; 70 = 0) are identically distrib-
uted, mutually independent random variables with distribution function

1—e™ ifz = 0,
Fz) = {0 if 2 < 0. (1)

The customers are served by a single server in order of arrival. The
server is idle if and only if there is no customer in the system. The service
times are supposed to be identically distributed, mutually independent,
positive random variables with distribution function H(z), and inde-
pendent of the input process. Suppose that after being served each cus-
tomer either immediately joins the queue again with probability p or
goes away permanently with probability ¢ where p 4+ ¢ = 1. The event

505
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that a customer returns is independent of any other event involved and,
in particular, independent of the number of his previous returns.

The process defined above is said to be of type [F(z),H (x),p]. If p = 0,
then there is no feedback.

Let us denote by £(¢) the queue size at time ¢, that is, £(¢) is the num-
ber of customers (either waiting or being served) in the system at time ¢.
Let £, denote the queue size immediately before the arrival of the nth
customer, that is, £, = £(7. — 0). Denote by 6, the total time spent in
the system by the nth customer.

We are interested in finding the distribution of £(¢) for a stationary
process, i.e., when £(¢) has the same distribution for all { = 0 and the
distribution of 6, for a stationary process, i.e., when 6, has the same
distribution for every n = 1,2, - - .

It is easy to prove that the limiting distribution lim P{&(¢t) = k}

t—>0

(k=0,1, ---) exists and is independent of the initial state if and only
if £(¢) has a stationary distribution and the limiting distribution is
identical with the stationary distribution. Similarly the limiting dis-
tribution lim P{#, < «} exists and is independent of the initial state if

and only if 8, has a stationary distribution and the limiting distribution
is identical with the stationary distribution.
Throughout this paper we use the following notation:

ws) = [Teman@) () 2 0) (2)
for the Laplace-Sticltjes transform of H(x),
o= [wan@ =01, (3)
for the rth moment of H(z), and
. f: © dH () (4)
for the average service time, i.e., @« = oy .

Further denote by H*(z) the distribution function of the total service
time of a customer. We have

H*@) = ¢ 3 ' Hi(a) (5)

where Hi(z) denotes the kth iterated convolution of H(z) with itself.
For gp*™* (k = 1, 2, ---) is the probability that a customer joins the



SINGLE-SERVER QUEUE WITH FEEDBACK 507

queue k times, and if he joins k times, his total service time is equal to the
sum of & mutually independent random variables each of which has the
distribution function H(z). If we introduce the notation

TH(s) = f:’ e dHY ) (R(s) 2 0), (6)

then by (5) we obtain that
N Q¥ (s)

V*(s) = ¢ Z Y4 ‘I’(S) ——p‘I/Q . (7)
Let

a,*:fowxrdH*(x) (r=0,1,---) (8)
and o* = oy*. By (7), o™ = a/q,

@* = + 2”“1 (9)
¢

and in general «,* can be obtained by the following recurrence formula

w* = o+ P < > ajan_;*. (10)

q =1

II. THE STATIONARY DISTRIBUTION OF THE QUEUE SIZE

If we know the stationary distribution of the queue size for a process
of type [F(z),H (2)0], then that for a process of type [F(z),H (), p] can
be obtained immediately.

Theorem 1: If Aa < g, then the process {£(1),0 = t < «} has a unique
stationary distribution P{E(t) = j} = P*(j = 0,1, ---)and for |2| £ 1

* _ N E A A (1 - 2)‘1’()\(1 Z))
U = ép’ “= < ) (¢ + p)¥(N(1—2)) — 2 (11)

If Na = g, then a stationary distribulion does not exust.

Proof: To find the distribution of the queue size we may assume with-
out loss of generality that the customers join the queue only once and
are served in one stretch; however, their service time is equal to the total
service time that they would have if they were served in the original
manner. Accordingly the distribution of the queue size for the process

of type [F(x),H (z),p] is the same as for the process of type
(F(2),H*(z),0].
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Tor the latter a stationary distribution { P j*} exists if and only if Aa* < 1,
that is, Aa < ¢, and is given by A. Y. Khintchine's formula:

ey B (1= a®)(1 — 2T — 2)
U(z)—j;oP,z = o0 =2 = .

(Cf., e.g., Ref. 1 or 2.) This proves (11).
Remark 1. Denote by B*(r = 0, 1, - - -) the rth binomial moment of
{P*, that is,

(12)

B =3 (Jr) P~ (13)

J=r
If «,4, is finite, then B,* is also finite. We have By* =1,

2 % 2 2 1 —
S et = A Bl S ha) gy

2(q — dau)
and forr = 2,3, ---

B*—*—r[i LSS D CO, ](15)
r = (1 ) Y PN (1 " *) r—1,»

Bl* =

where
V= marle™ e ()
jubiske ki Jalgale - (2171317 o ((n + 1)1

J142ie4 A nip=

The proof of (14) and (15) can be found in Ref. 3.

III. THE STATIONARY PROCESS

Let us denote by x. the time needed to complete the current service
(if any) at the instant ¢t = 7, — 0, i.e., immediately before the arrival of
the nth customer. If £, = 0, then x,, = 0. It is easy to see that the vector
sequence {&, , x» ;m = 1,2, -} is a Markov sequence. We shall prove
that if Aa < ¢, then {£., x.} has a unique stationary distribution,
whereas if Ao = ¢, then a stationary distribution does not exist. For a
stationary sequence {£,. , x,} introduce the following notation:

P,(x) = P{Xn Sk = .7} (.7 =1,2, ) (18)

and

w) = [Cemape)  G=1200. (9)
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Theorem 2: If Na < gq, then the M arkov sequence {£, , xn ;0 = 1,2, - -}
has a unique stationary distribution, for which P; = P;* defined by (11)
and

U(sp) = 21’[,(3)2”

_ (1 _ %_a> Ne(1 — 2)[T(s) — T(A(1 — 2))]
q) 2z — (¢ + p2)¥(N(1 — 2))][s = A1 — 2)]°

If Na = q, then {£. , xa} has no stationary distribution.

Proof. First consider the process of type [F(z),H*(x),0]. It is proved
in Ref. 3 that in this case {£,., x»} has a unique stationary distribution
if and only if Ae < ¢. Namely P{¢, = j} = P#* (7 = 0,1, ---) given by
(11) and the generating function corresponding to (20) is given by

* (1 = da)e(l — 2)[¥*(s) — T*(N(1 — 2))]
UHsr) = — 551 = o)l = 31 = 2]

(20)

(21)

The distribution of the queue size is the same for both the types
(F(x),H(x),p] and [F(x),H*(2)0].

The only difference between the process of type [F(z),H(z),p] and
[F(x),H*(x),0] is that in the latter x, the remaining length of the cur-
rent service at the arrival of the nth customer is replaced by the remain-
ing part of the total service time of the customer just being served at
the arrival of the nth customer. The time added to x, is independent, of
the queue size and has the distribution function

() = ¢ 2 ' H@), (22)

because the probability that a departing customer will join the queue
k more times is gp* and in this case the additional total service time has
the distribution function Hy(x); Ho(z) = 1if 2 = 0 and Hy(z) = 0 if
x < 0. The Laplace-Stieltjes transform of (22) is

V(s) = fo ¢ dl(z) = qu:%p’“[W(s)]" = JL—QW' (23)
Accordingly we have
U*(s) = U(s2)¥(s), (24)

whence (20) follows.
Remark 2. If x(&) denotes the time needed to complete the current
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service (if any) at time ¢ (x(¢) = 01if £(t) = 0), then the vector process
{£(6),x(1);0 £t < o} is a Markov process. {£(2),x(t)} has a stationary
distribution if and only if A < ¢ and it agrees with the stationary
distribution of {£, , x.}.

IV. THE STATIONARY DISTRIBUTION OF 6,

If the joint distribution of £, and x, is known, then the distribution of
6, is determined uniquely. If {£, , x.| has a stationary distribution, then
every 0,(n = 1,2, ---) has the same distribution. In case of a stationary
process let

E{¢ " = &(s) (RN(s) = 0). (25)
Theorem 3: If Na < g, then 6, has a unique stationary distribution
P{6, < a}, which is given by the following Laplace-Stieltjes transform
2(s) = ¢ L9 V51 (RGs) 2 0), (20)
where
Ui(s,z) = Po¥(s + A1 — 2))
+ U(s + N1 = 2),(qg + p2)¥(s + M1 — 2))) (27)

for RN() =0 and |z| =1, Po = 1 — Aafq, U(s,z) is defined by
(20), and

Urn(sz) = ¥(s + M1 — 2)) Ur(s,(¢ + p2)¥(s + M1 — 2))) (28)

fork =1,2,--.
Proof: The probability that a customer joins the queue exactly k
times (including the original arrival) is ¢p*~" (k = 1, 2, ---). Denote

by 6," the total time spent in the system by the nth customer until his
kth departure (if he joins the queue at least & times). Denote by ¢,%
the queue size immediately after the kth departure of the nth customer.
Let

Ui(s,2) = Efexp [—s6,712"%} (b =1,2,---).  (29)
We can easily see that for a stationary sequence {£, , X}
Ui(s,z) = P¥(s + N1 — 2))

+ zﬂj(s—kk(l — ) (g + p2) (s +7(1 — 2))) 0

= P¥(s + A1 — 2))
+ U(s + N1 = 2), (¢ + p2)¥(s + M1 — 2)))
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where Py = 1 — Aa/q and U(s,z) is defined by (20). Now we shall
prove that (28) holds for & = 1,2, - - - . Under the conditions {,*® = j,
6,") = 2 and that after the kth service the nth customer joins the queue
again, the difference 6, %" — 0, ® is equal to the length of j + 1 ser-
vices, the distribution function of which is H; (). If 6,%™ — 6,% = 4,
then ¢,**" is equal to the sum of two independent random random vari-
ables: the first is the number of customers arriving at the counter during
the time interval of length y, which has a Poisson distribution with
parameter Ay, and the second is the number of returning customers, which
has a Bernoulli distribution with parameters j and p. Thus

E{exp [—sﬁn(kﬂ)]zf"(kﬂ) |6 =7,0." = a} = (¢ + p2)’. (31)
fo expl—sy — M1 — 2)yl dH ;41 (y)

= ¢ (g + p2)’[¥(s + N1 — 2)) )",
or
Efexp [—s6, 1" | 1, 9,0,%)
= ¥(s+ N1 —2)) exp [—s0,L[(¢ + p2)T(s + N1 — 2))]
and unconditionally
Uin(s,z) = ¥(s + M1 — 2))Usls,(¢ + p2)¥(s + M1 — 2))) (33)

which proves (28). It is to be noted that stationarity has been used only
in the determination of Ui(s,z). The recurrence relation (28) is valid for
any process. Finally,

e (32)

Efexp [—s6.]} = ¢ > 9" 'Blexp [—0.")} = ¢ 2 p"'Ui(s,1)  (34)
k=1 k=1
which was to be proved.

V. THE MOMENTS OF 0,

Although it seems very complicated to find a closed formula for ®(s),
the moments of 6, can be determined explicitly. We shall prove that
$(s) = &(s,1) where ®(s,z) satisfies a functional equation. This observa-
tion makes it possible to find explicit formulas for the moments of 4, .

Theorem 4: If \a < q and 0, has a stationary distribution, then

_ ez + 20 (1 — Aewr)
2(¢ — )

E{6,} (35)

provided that o, ts finite, and



512 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1963

2
2y _ g —2q
Bl = S =S — 402 + har) F da]
{2¢[6hay’ — 6c® — G + 32 + A (36)

— [12\y’ — 1205" — GAeyar + 2V s — 3N’ar'l},

provided that as is finite.
Proof: Let

B(s2) = ¢ 3 9 Uilsy) (37)

where Ui(s,z) is defined by (27) and (28). By using the recurrence
relation (28) we obtain that

‘I)(S,Z) = qu(-S',Z)

(38)
+ p¥(s + M1 — 2))2(s,(¢ + p2)¥(s + N1 — 2))).
Let
_ 0 d (s, 2)
P = < 99z >s=0.z=l ) (39)
If we form ®,; by 38) forz + 7 =7 ( = 0, 1, --- , r), then we obtain
r 4+ 1 linear equations for the determination of ®;; . These equations can
be solved successively for r = 1, 2, --- . By (26)
E{6,} = (=1)"®0 (r=0,1,--) (40)

for a stationary process.

VI. A PARTICULAR CASE

If we suppose, in particular, that the service times have an exponen-
tial distribution

1—e™ forz = 0,
H(z) = {0 for z < 0, (41)

then H¥(z) = 1 — ¢ *“forxz = 0, ¥(s) = p/(n + s) and ¥*(s) =
pq/(pg + s). In this case (27) and (28) reduce to

n w(q + p2)
p+s+)\(1—z)Uk<s’u+s+)\(1—z)) (42)

fork = 0,1, ---, where

=D/ w

Uk+1(8,2) =
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By (42) we obtain that

ey - )

In
—_——— 44
) = b() ()
where a;(s) and bi(s) (kK = 0, 1, ---) are given by the following matrix
equation
k
ak(s) L‘_—I—_)\LS’ —q 1
u
= (45)
bk(S) é Y4 A
K 1q
Now by (26) the Laplace-Stieltjes transform of P{6, < x} is
AN
& ={1 - = . 46
@ =(-2) Ean e (46)
In this particular case
1
Efg,} = 47
(0} = o (47)
and
2
E(0.’} — 2n(29 — ¢) (48)

(ug — M)2p(2¢ — ) — A1 — 9]
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APPENDIX—BY W, S. BROWN

Calculation of the Second Moment of 6,

If A\a < ¢ and if 6, (the total time spent in the system by the nth
customer) has a stationary distribution, then the moments of 6, are
determined by (38)—(40) as explained in Section V. The first moment
can be calculated by hand without serious difficulty. The calculation of
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the second moment, with the aid of an IBM 7090 computer,’ is de-
seribed in this appendix.

It is convenient to replace z by t = 1 — z and U, by W = qU,/
(¢ — Aay). Then the rth moment of 6, is

B = (—1)®, (49)

®,; = [(aﬁs) <(§2>jq>(s’t)j|s=o, i (50)

The function ®(s,t) is implicitly defined by the equation
B(s,t) = (g — M) W(s)t) + py(s + M)®(s,0(s,t)) (51)

where

where*
o(s) = ; (—lr)!’ars'

w(st) =1 — (1 — pt)y(s 4+ \b) (52)

W(st) = (s 4+ M) + S(s + MAw(s)) T (w(s,))
with

S(ay) = Y& —¥W)
Y (53)
T(w) = doll = @) ,
1—o— (1 - po)¥()

This last pair of equations can be rewritten in the more useful form

o 1)+t
S(zy) = ZMCT(W)

= 1!
0 (T' -+ ) (54)
T(w) = — M1 — w)
g — M1 — pw)e(Aw)
where
41 _ r+1 T
Clay) =2 Y = S aby*
T =Yy k=0
(55)

o) = L) s (D e
x r=0 (T + 1)'
* For convenience we have assumed that all of the service moments «. [see (3)]

are finite. However for the calculation of 8, it is clearly sufficient to require only
the finiteness of ary1.




A SINGLE-SERVER QUEUE WITH FEEDBACK 515

It is now clear that

\b(o) = Q= 1
S(00) = —u
() = — 2 (56)
q — Aoy
_ q
w(0,0) = =
so from (49)—(51)
Bo = Py = $(0,0) =1 (57)

as is required by the definition of the zeroth moment.

Now suppose all of the quantities ®¢; for ¢ + j < r, where r is some
positive integer, have been calculated and are expressed as rational
functions of A and p (or ¢) and the service moments oy . Then by differ-
entiation of (51) we can obtain a system of » + 1 linear equations in the
r 4+ 1 unknowns, ®,; with ¢ 4 j = r. These equations will also contain
the quantities ®;; with ¢ 4+ 7 < r, which can be replaced by their known
values. The solutions of this linear system will again be rational func-
tions of A and p (or ¢) and the service moments oy . Theoretically this
procedure permits the calculation of arbitrarily many of the moments,
but in practice the calculations are extremely lengthy. The reader may
wish to try the first moment as an exercise.

We shall now outline the computation of the first two moments, 8
and B:. The first step was to fix the time scale by setting » equal to
one. The next step was to express ®(s,t) as a Taylor series with coeffi-
cients ®;; and expand (51) to second order in s and ¢. Since rational
function operations were not yet available, all denominators had to be
eliminated by suitable premultiplications. The result obtained by the
computer was a gigantic polynomial in s, , ®o , Por , P10, Poz, P11, Po,
a1, as , a3, and q. We chose to view it as a polynomial in s and ¢. Setting
$g9 = 1, all the terms independent of both s and ¢ vanished as expected.

The equations for &y and ®y0, obtained by setting the coefficients of
¢ and s to zero, are

2A‘I)01 + B = 0

(58)
20‘1’10 + 2Dq>01 + E = 0
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where
A= (¢— a)lg" — g(an + 2) + ai]
B = — (20" — 201 — )¢’ — q(as + 2) + o
C = —qlqg — ) (59)
D= —a(g —1)(¢ — 1)
E = (20" — 201 — ao)[(as + 1)g — aul.

These expressions were factored by hand. From (58) we have

By = —2—];:
(60)
s — BD — AE
10 24C
so, using (59)
2
By = By = 2B 2 — o (61)

2(¢ — o)

Thus the mean time spent in the system (waiting time plus service
time) is

. a l—m oz
fr=—t0=m (q - a1> + 2(¢ — o)’ (62)

In the absence of feedback (p = 0, ¢ = 1) this reduces to

ag

50— o) (63)

0
B = a; +

where the first term is the mean service time and the second term is
the familiar expression® for the mean waiting time in a single server
system. :

The equations for &g, ®;;, and Py, obtained by setting the coeffi-
cients of #, st, and s? to zero (and replacing &, by ®y,), are

Aide + BPa +C1 =0
Ao®y + As®os + Beboy + Co = 0 (64)
AuPy + AzPy + Au®e + Bsdy + C; =0
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where

Ais = 6(g — a)’l¢’ — ¢"(2n + 3) + g(a” + 401 + 3) — en(en + 2)]
An = —12(¢ — a1)l@® — g(en + 2) + ]

A = —12a1(q — 1)(q — a1)2(q —a — 1)

A = 69(g — @)’

Az = 12a1(q — 1)(g — a1)®

Ag = 6ar"(¢ — 1)(q — @)’

I

(65)

and
By = 6(¢ — 1)(q — a1)’[4ges — (2on" + 4o + av)]
B = 12(q — 1)(¢ — a1)’[2qa1 — (2e1" + By + a)] (66)
By = —6(g — 1)(g — 1)*(2e® + 201 + @)

and finally .

Oy = — 2¢"(6a® — 6oy’ — 6y + 3 + a35) + 30°(8ar’ — 8o’

— 8ar® — bayas + 2a505 — )’ + 6 + 203) — 2¢°(6as’
+ 120 — 6a’y — 60’ — 2lafen + 3o’a; — 12a5°
— 3y’ + Tawaz — 3ag° + 92+ 3a3) + (12 (67)
— 18a’as + 200’0y — 3’ — 120 ay + 10ar’as
— 120" — Yoy’ + 120500 + 10cie; — 6as”)
+ ar(ba’ar — 201" + 3onas — by — daya 4 3as?)
C. = 2¢°(1201* — 18" — 1201’ + 60y’ + 6asar + 20105 + 3
+ a3) — ¢*(240° + 120" — 240’y — 480y — 48as’ery
+ 8ay’as + 120" — by’ + 30amae + 12405 + 3oy’
+ 18z + 6a3) + ¢(24ar’ — 124" — 3601 °az + 4a’a;  (68)
— 1207° — B’ — 12an%y + 140y’ — oners’ + 3000
+ 1203 — 307’) + o1(12a°0 — 4og’az + Goyas’
— 12a107 — 6oz + 30z”)
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Cy = —¢' (120" — 120" — 120’y — 6es’or + 200’05 + Bouan
+ 205 + B + baz + 203) + gon(12a0" — 12a°
—18a’ay + 2003 — 3oner” + donas + 120 + 4day)
+a?(Boyas — 20na3 + 3o’ — 6oz — 2a3).

(69)

These expressions were factored by the computer using the “divide if
divisible” subroutine and a long list of trial divisors including all factors
appearing in (59). The complete solution of (64) was obtained in three
passes through the computer with some assistance from the author
between passes. On the first pass the quantity

Bidy + G

was calculated [using (61) for &y] and an attempt waé made to divide
it by each of the factors of A;;. The division by the cubic factor was
successful, and there followed the result

@oz = e (70)

where

F = 60113 — 60112 - 6a1a2 + 36!2 + a2
5 . . (71)
G = 12(1{1 - ].20(1 - 60(1(1/2 + 20[10'3 - 30(2 .

On the second pass the quantity
Ax®os + Bado, + C,

was calculated [using (70) for @ and (61) for ®y] and an attempt was
made to divide it by each of the factors of 45 and by the numerator of
®g; . The latter division was successful, and the result

oy = 1207 = Gllg" — g(as +3) + ol
12(¢ — an)’lg* — q(en + 2) + o

was thereby obtained. On the third pass the quantity
[ — q(an + 2) + allAady + Aude + Bido + Ci

was calculated (the first factor being introduced in order to cancel the
corresponding factor in the denominator of ®;;) and an attempt was
made to divide by each of the factors of As . Only the division by q
was successful. This yielded the final result

(2¢F — @) (¢ — 2)
6(q — a1)?¢g® — q(a1 + 2) + a

(72)

Bz = Py = (73)
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where F and G are the expressions defined in (71). Note that &, appears
as a factor in ®;; and &y . In the absence of feedback (p = 0, ¢ = 1)
(73) reduces to

2

) __ a2 [22] [e%]
B = 1 — o + 2(1 — a)? T 3(1 — o) (74)

which is the correct result. To see this we use the law of composition
to obtain

62(0) = as + 20101 + ws (75)

where oy and a. are the service moments while w; and w, are the waiting
moments. The latter are given in Ref. 5 as

[¢%]

Tl =)

w1

) (76)
(7] 3

Sl —a) T30 =)

Substituting (76) into (75) we obtain (74) as expected. To obtain
(36), substitute (71) into (73), replace each a; by Nay , and divide the
resulting expression by \°.

w2
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