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Substituting (27) and (28) into (25) and averaging over a random
collection of blobs gives

fan § = 3<(AT’;°;)2 o) + 20 “A”‘) ) or(o), (29)

which is just (1) of Section II.
The funections ¢o(x) and ¢;(x), which were defined by (22) and (23),
may be expressed either as infinite series or in closed form; thus,

(=)"(42)" (0 — n + 2)
eolw) = E_z on(n + 1)2 (2n)'

5 z  sin dr
=& +5- o 64x3 (1 — cos 4z) (30)

1 1 .
+ (gﬁ - —) Cin 4z,

e ()W) W —n+2) (n—2
(@) = ;3 on(n + 1) @) (n T 2>

= _%_64&:34— 'I‘ +(%— x)Cll’l 4z (31)

3 11 3 3 .
-+ (?EI" 64x3> cos 4o + (82:“ — 1—6903) sin 4z,

where
Cinx = f 1—_$—tdt. (32)
[1]

The functions ¢o(x) and ¢1(2) are tabulated in Table I and plotted in
Tigs. 1 and 2 (note the difference in scale of the two figures).

IV. RESONANT CAVITY TECHNIQUES FOR TESTING DIELECTRIC BLOCKS

In practice, the dielectric blocks are tested in an oversize resonant
cavity” before being assembled into the lens. A typical cavity is shown
in Fig. 3; the cavity dimensions are [ X 21 X 3l, and a cubical block of
edge [ is placed with one face against the center of one of the long sides
of the cavity. If the block were perfectly uniform and isotropic, a single
measurement of resonant frequency would suffice to determine its
permittivity, with the aid of an experimental or theoretical calibration
curve which could be derived once for all. The dissipation, which we are
neglecting in the present paper, could be deduced from the change in
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of the loaded cavity. Actually the frequency shift when a cubical block
is placed in the cavity depends on the orientation of the block. Twelve
orientations altogether are possible for a block in the location shown
in Fig. 3, and from the measured frequency shifts one attempts to deduce
something about the nonuniformity and/or anisotropy of the given
block.

Ideally one would like to have a simple correlation between the re-
sults of cavity resonator measurements and the total power scattered
by a given block in the lens. In a real block, however, the permittivity
is a (possibly tensorial) function of position, having in principle an
infinite number of degrees of freedom. A single measurement of fre-
quency shift yields a weighted average of the dielectric deviations,
according to (33) below. On the other hand, the total power scattered
by the block in the lens is a different and nonlinear functional of the
dielectric deviations, given by (7) and (18) of Section III. In the general
case it is obviously impossible to write the scattered power as a function
of the results of any finite number of resonant cavity measurements.

In order to make any sort of connection between cavity resonator
experiments and the performance of blocks in the lens, one has to adopt
some model of the dielectric deviations in the blocks, describe the model
in terms of a small number of parameters, express the parameters in
terms of the results of cavity measurements, and finally caleulate the
scattered power as a function of the parameters. The parameters which
have been used in the present work are the quantities Any and An,
defined in Section II. It is assumed that each block is isotropiec but
nonuniform, with a small constant gradient of the refractive index (or
the permittivity) in an arbitrary direction. We now consider how the
parameters of such a block might be deduced from cavity resonator
measurements.

The average index of the block is taken as the mean of the twelve
measurements corresponding to the different orientations of the block
in the oversize cavity; An, is the difference between the average index
and the index called for by the lens design. The theoretical dependence
of resonant frequency on the permittivity of a uniform block in the
cavity can be computed numerically using the Rayleigh-Ritz variational
procedure.

The difference An; between the average indices of the “heaviest’” and
“lightest”” halves of the block cannot be determined quite so directly,
since the direction of dielectric gradient is not necessarily parallel to
any edge of the cube. An experimentally measurable quantity, however,
is the “half-block spread” H, i.e., the difference between the maximum



TasLe I — THE ScATTERING FFUNCTIONS ¢o(2) AND ¢ (z)

4 @ () @ (%) k4 2o (%) @1 (%)
0.0 0. 0.
0.1 0.00029512 | 0.00000024 6.1 2.8440 0.85496
0.2 0.0023328 0.00000746 6.2 2.8966 0.87218
0.3 0.0077182 0.00005556 6.3 2.9492 0.88947
0.4 0.017795 0.00022784 6.4 3.0016 0.90692
0.5 0.033547 0.00067025 6.5 3.0538 0.92456
0.6 0.055537 0.0015960 6.6 3.1057 0.94243
0.7 0.083883 0.0032751 6.7 3.1574 0.96048
0.8 0.11828 0.0060134 6.8 3.2088 0.97869
0.9 0.15805 0.010125 6.9 3.20601 0.99697
1.0 0.20225 0.015896 7.0 3.3113 1.0153
1.1 0.24975 0.023547 7.1 3.3624 1.0335
1.2 0.29940 0.033205 7.2 3.4130 1.0515
1.3 0.35009 0.044880 7.3 3.4649 1.0694
1.4 0.40087 0.058451 7.4 3.5164 1.0871
1.5 0.45105 0.073672 7.5 3.5680 1.1045
1.6 0.50021 0.090192 7.6 3.6197 1.1219
1.7 0.54820 0.10758 7.7 3.6715 1.1391
1.8 0.59515 0.12537 7.8 3.7234 1.1564
1.9 0.64140 0.14311 7.9 3.7752 1.1737
2.0 0.68742 0.16039 8.0 3.8269 1.1910
2.1 0.73375 0.17689 8.1 3.8784 1.2085
2.2 0.78091 0.19243 8.2 3.9298 1.2261
2.3 0.82932 0.20695 8.3 3.9811 1.2439
2.4 0.87929 0.22064 8.4 4.0322 1.2617
2.5 0.93092 0.23338 8.5 4.0831 1.2796
2.6 0.98416 0.24580 8.6 4.1341 1.2975
2.7 1.0388 0.25812 8.7 4.1850 1.3154
2.8 ' | 1.0944 0.27073 8.8 4.2359 1.3331
2.9 - 1.1507 0.28396 8.9 4.2870 1.3507
3.0 1.2072 0.29809 9.0 4.3381 1.3682
3.1 1.2634 0.31328 9.1 4.3893 1.3855
- 3.2 1.3190 0.32961 9.2 4.4406 1.4028
3.3 1.3739 0.34702 9.3 4.4920 1.4200
3.4 1.4278 0.36537 9.4 4.5434 1.4371
3.5 1.4809 0.38443 9.5 4.5947 1.4544
3.6 1.5333 0.40393 9.6 4.6460 1.4716
3.7 1.5851 0.42357 9.7 4.6972 1.4890
3.8 1.6367 0.44308 9.8 4.7482 1.5064
3.9 1.6883 0.46225 9.9 4.7992 1.5240
4.0 1.7401 0.48094 10.0 4.8500 1.5416
4.1 1.7923 0.49907 10.1 4.9008 1.5592
4.2 1.8450 0.51667 10.2 4.9515 1.5768
4.3 1.8081 0.53382 10.3 5.0023 1.5944
4.4 1.9517 0.55069 10.4 5.0530 1.6119
4.5 2.0055 0.56743 10.5 5.1039 1.6293
4.6 2.0594 0.58424 10.6 5.1548 1.6466
4.7 2.1133 0.60127 10.7 5.2068 1.6639
4.8 2.1669 0.61864 10.8 5.2568 1.6810
4.9 2.2201 0.63640 10.9 5.3079 1.6982
5.0 2.2729 0.65456 11.0 5.3590 1.7153
5.1 2.3252 0.67307 11.1 5.4100 1.7324
5.2 2.3772 0.69182 11.2 5.4610 1.7496
5.3 2.4288 0.71070 11.3 5.5119 1.7668
5.4 2.4803 0.72955 11.4 5.5627 1.7842
5.5 2.5318 0.74827 11.5 5.6135 1.8015
5.6 2.5833 0.76674 11.6 5.6641 1.8190
5.7 2.6350 0.78491 11.7 5.7148 1.8364
5.8 2.6869 0.80278 11.8 5.7654 1.8539
5.9 2.7391 0.82036 11.9 5.8160 1.8713
6.0 2.79156 0.83772 12.0 5.8666 1.8886
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Tig. 1 — The scattering function ¢q(z).

and minimum of the twelve measurements of apparent index for each
block, taken in all possible orientations. Intuitively one feels that the
half-block spread of a linearly-varying block must be approximately
proportional to An;. To get an estimate of the proportionality factor
we proceed as follows.

Tirst let the cavity contain a uniform, isotropic block of permittivity
& . Let the corresponding resonant frequency be f, and let the electric
field be E¢(z,y), perpendicular to the broad faces of the cavity. If the
relative permittivity is nearly unity, then E, is nearly the field of the
lowest mode in the empty cavity. Coeficients of the expansion of E,
in terms of the modes of the empty cavity can be obtained numerically,
if desired, for any given permittivity by the Rayleigh-Ritz method.

In any case, if the permittivity of the block is now taken to be & + ¢,

2.0 /
s / i
. "
— /
8 1.0 /
A
L
0.5
/
o ]
o) 1 2 3 4 5 6 7 8 9 10 11 12
X

Fig. 2 — The scattering function ¢;(z).
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Fig. 3 — Oversize resonant cavity for testing dielectric blocks.

where ¢ is an arbitrary small dielectric deviation, it is well known® that
the shift in resonant frequency is given approximately by

Bl dV
ﬁ_f - _f__ ) (33)
° 9 f B? dV

The upper integral in (33) is taken over the volume of the block, since
e vanishes elsewhere. The lower integral is taken over the volume of
the whole cavity, with € = ¢ in the block and ¢ = ¢, (free space) else-
where. Equation (33) could be generalized to apply to anisotropic
media if desired.

Let us define the effective index deviation An, to be equal to the
uniform deviation which would give the same shift from the frequency
associated with the nominal block. From (33),

[ AnE? dV
Amg =t | (34)

f B AV

where An is the pointwise deviation from the nominal value and both
integrals are taken over the volume of the block. We shall consider two
cases: (a) a linearly varying block with the index gradient parallel to
one edge, and (b) a linearly varying block with the index gradient
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parallel to a body diagonal. In the present calculation we shall take
E, to be the field of the lowest mode of the empty cavity; the extra labor
involved in using a more accurate field would not be justified, because
of the crudeness of the approximations which have already been made
in treating the scattering problem. If the origin is taken at the center
of the cavity, so that the block fills the space 0 < a = [, |y | < i,
| 2| £ 41, then the electric field is in the z-direction and is proportional to

E, = cos % cos g—iy . ‘ (35)

If the index gradient is in the w-direction and An, is the difference
between the average indices of the heaviest and lightest halves of the
block, then

an = T3 - 2). \ (36)
2 .

The maximum effective index deviation is

Anl /l (1 2 7|'.’l;
= 11 — 2) cos” = dx
1 2
An, = 3 Jo : 21 _ 4A;n1’ (37)
f cos® T¥ dx N
0 2[
corresponding to a half-block spread of
H =8™ _ os11am, . (38)
™

When the index gradient is parallel to a body diagonal of the block,
the calculation is a little more complicated. We shift the origin to the
center of the block, so that the block occupies the space |2 | < 3,
|y | € 3, |2 | £ i, and write the electric field as

(2’ + iD 1ryl

Ey = cos —— S 57 - (39)

Let the index deviation be
An = —cs=—c<_x'i\%l—i), o (40)

where ¢ is a constant and

x-i—\?;g-i-z:s L (41)
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is the equation of a plane normal to the diagonal ' = y’ = 2’ and at a
distance s from the origin. The area of the part of the plane which lies
inside the cubical block can be shown by a little geometry to be

3VEQEE — ), 0 < s < 3U//3,
PV
) VB (v - 9% VE S5 S 1L (42)

The difference between the average index of the heaviest and lightest
halves of the block is

Vil 13/3cl

Any = = f— csA(s)ds = 15 (43)

13

From (34), the effective index deviation is

1l Y ’ 1 !
f f f o’ + y * z)cos”———(x 2—; 3l) cos2%dx'dyldz'

An, = — —
1
fiz ./;llf 27r(x + l) Oszﬂdx dy dz (44)

2cl  32Am
/3~ 1322’

where we have used (43) to express ¢l in terms of An, . It follows that
the half-block spread is

64An1

H = 1o

= 0.499An, . (45)

It is reasonable to expect that, whatever the orientation of index
gradient in a linearly varying block, the proportionality constant relat-
ing An; to H will lie between the values given by (38) and (45). When
in the present approximate treatment it is necessary to express An; in
terms of H, we shall take an intermediate value of the coefficient and set

H~0625An, A~ 1.6H. (46)

In view of the universal temptation to substitute numbers into any
formula which appears to be written in terms of measured quantities,
it must be emphasized that the linearly varying block model used in the
foregoing analysis is known to be incorrect, at least for sufficiently large
blocks produced by current manufacturing techniques. Experiments
in which 2-foot cubes of loaded polystyrene foam were sawed up into
smaller cubes and individually measured have shown the presence of
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marked short-range fluctuations in permittivity which contribute very
little to the half-block spread. If the properties of a typical block do
not vary linearly but in a more complicated way with position inside
the block, it is difficult to know what, if any, significance to attach to
the “effective scattering loss tangent” given by (29).

V. NUMERICAL EXAMPLES

We shall use the present theory to compute some numerical examples
of scattering loss in Luneberg lenses, in order to get an idea of the size
of the numbers involved, even though we have just observed that the
linearly varying block may in many cases be an unrealistic model.

If we assume that the probability distribution of Ang is uniform
between — (Ano)max and + (Ang)max , and that H is uniformly distrib-
uted between 0 and Hpax , then expressing An; approximately in terms
of H by (46), we find that (29) becomes

ANg) max Houox'
tan ¢ = —('—no—()’z—ﬁ’«'o(x) + 1.5 Py 501(90), (47)
where
r = 271'(17’1«0/)\,;, (48)
a = 0.620], (49)

and A, is the vacuum wavelength.

In a companion paper,’ numerical formulas have been given for the
attenuation of electromagnetic energy by a uniformly illuminated Lune-
berg lens in which the loss tangent of the lens material is any linear
function of the refractive index. In the reference cited, the loss tangent
was supposed to be due to dissipation, but it can equally well be due to
scattering so far as the effective power loss is concerned. It is assumed
that the loss tangent can be written in the form

tan § = An + B, (50)

where A and B are constants determined by passing a line through the
values of tan § corresponding to the surface and the center of the lens,
or by a least-squares fit to more than two points if desired. Then, for
example, the fractional power loss in a lens of radius R, whose focal
point is at a distance 0.1R outside the surface, is given by

AP R

by [15464 -+ 13.13B]. (51)
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In the following examples we shall assume that (Ang)max and Hpayx
are constant throughout the lens. For any given ratio of block size to
wavelength, it is simple to calculate tan & at the surface of the lens
(n = 1) and at the center (n = 1.36) from (47), and then to determine
the values of A and B in (50). Finally the fractional power loss may be
written in the form

AP
a5 = I_g‘ [FO(AnO)max2 + Flenx2]- (52)
P, Ao

The dimensionless coefficients Iy and F; are given as functions of I/A, in
Table II, and are plotted in Fig. 4.

As a first example, consider a lens 40 wavelengths in diameter, made
of one-wavelength dielectric cubes. If we take

R/\, = 20,
I/ =1,
(AN0) max = 0.005, (53)
Hpox = 0.020,
then (52) and Table II yield
AP/Py = 0077 or 0.35db loss. (54)

The loss would be the same if the frequency were doubled and the block
size halved, while the lens diameter and the values of (Ang)msx and
H ,..x were held constant. :

TasLe II—ThE FuNcrioNs Fo AND I7;

/A Fo F 17293 T Fo Iy
0.0 0. 0.

0.1 0.248 - 0.007 1.1 22.05 9.553
0.2 1.544 0.160 1.2 24.42 10.69
0.3 3.625 0.765 1.3 '26.76 11.89
0.4 5.798 1.777 1.4 29.05 13.12
0.5 7.960 2.837 1.5 31.36 14.31
0.6 10.23 3.833 1.6 -33.67 15.47
0.7 12.59 4.848 1.7 35.97 16.65
0.8 15.01 5.906 1.8 38.25 17.84
0.9 17.42 7.075 1.9 40.53 19.02
1.0 19.73 8.344 2.0 42.82 20.19
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Fig. 4 — The functions Foand F; .

As a second example, consider a lens with

R/\, = 40,
I\, = 2, 55
(ARG)max = 0.005, ) ~
Hox = 0.020.
The loss computed from (52) and Table II is “ ‘
AP/Py = 037 or 2.0 db loss. (56)

This would correspond to the lens treated in the first example if it were
used at double the frequency with no alterations in physical structure.
Of course it is hardly legitimate to apply (52), which was derived on
the assumption that the scattering loss is a small perturbation, to predict
a loss of 2 db. We can conclude from (52), however, that to reduce the
scattering loss in the second lens to 0.35 db, it would be necessary to
hold H ax down to 0.0065 if (Ang)max Were still equal to 0.005.

Finally we note that the examples just given refer to blocks whose
dimensions are comparable to or greater than a wavelength, and for
which the assumption of linear index variation is very likely to be in-
valid. If the formulas were applied to blocks of fractional wavelength
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size, as can easily be done using Table I or Table II, the half-block
spread might be a more significant parameter, since very short-range
fluctuations scatter so little energy, and the computed results might be
more meaningful. The working out of additional numerical examples,
however, is left to the reader.

Vi. ACKNOWLEDGMENTS

I am indebted to W. A. Yager for numerous discussions of the prob-
lems of losses in foam Luneberg lenses. Miss M. C. Gray derived the
expressions (30) and (31) for go(z) and ¢:(z), and Miss P. A. Hamilton
computed the tables.

REFERENCES

1. Warren, C. A., NIKE ZEUS, Bell Laboratories Record, 41, March, 1963, pp.
78-86.

2. Yager, W. A., Edelson, D., and McMahon, W., The Theory of Loaded Foam
Dielectries, 1960 Annual Report, Conf. on Elec. Insulation, National Re-
search Council Publ. 842, pp. 181-185.

. Booker, H. G., and Gordon, W. E.; A Theory of Radio Scattering in the Trop-
osphere, Proc. I.R.E., 38, April, 1950, pp. 401-412.

. Staras, H., Scattering of Electromagnetic IEnergy in a Randomly Inhomogene-
ous Atmosphere, J. Appl. Phys., 23, Oct., 1952, pp. 1152-1156.

. Van de Hulst, H. C., Light Scattering by Small Particles, John Wiley and Sons,
New York, 1957, Chap. 7.

. Schelkunoff, 8. A., Electromagnetic Waves, D. Van Nostrand Co., New York,
1943, pp. 331-333.

. Edelson, D., Yager, W. A., and McMahon, W., Some Novel Resonant Cavity
Techniques for the Evaluation of Artificial Dielectrics, 1960 Annual Report,
National Academy of Sciences, National Research Council Publ. 842, pp.
31-34.

8. Berk, A. D., Variational Principles for Electromagnetic Resonators and Wave-

guides, Trans. I.R.E., AP-4, April, 1956, pp. 104-111; Eq. (24).
9. Morgan, S. P., Microwave Heating of a Luneberg Lens, B.S.T.J., this issue,
pp. 659-678.

N o Ot o W



The 1962 Survey of Noise and Loss on
Toll Connections

By INGEMAR NASELL
(Manuseript received October 14, 1963)

The 1962 sample survey of message circutt noise and loss on Bell System
loll connections is described and discussed in this article. The resulls are
presented in lerms of the distribution of notise levels on toll calls as estab-
lished in the present system, the distribution of end-office to end-office losses
on these calls, and the distribution of airline distances between end-offices.
1t is shown that the noise distribution referred to the subscriber’s set has a
mean of 19.7 dbrnc with a standard deviation of 7.8 db, that the mean of the
destribution of end-office to end-office losses 1s 7.7 db with a standard devia-
tion of 3.0 db, and that 50 per cent of all toll calls are shorter than 30 males,
while only 10 per cent span a distance of more than 250 miles. The noise
level versus distance and loss versus distance relationships are investigated
and analyzed. The noise level is found to increase by 2.2 db for each doubling
of the airline distance between end-offices, while the loss shows an increase
of 0.6 db for each doubling of the distance. Finally, present performance of
the Bell System toll plant is evalualed in terms of noise and volume grade-of-
service estimates.

I. INTRODUCTION

Most transmission engineering studies require some knowledge
about the noise and loss performance of the telephone plant. When
transmission objectives are being reviewed and new ones are to be set,
such knowledge is of particular importance. Because of the significance
of decisions in this area, it is necessary that the data used be representa-
tive and give an accurate systemwide picture of the performance. Recog-
nizing these needs in the current work of setting new message circuit
noise objectives, a nationwide sample survey of noise and loss on toll
connections in the Bell System toll network has been undertaken. It is
the purpose of this article to describe the survey and discuss its results.
The application of the findings of the survey to the setting of new over-

697
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all message circuit noise objectives is treated in an accompanying
article.!

II. DEFINITION OF POPULATION

As in any sample survey, it is important that a precise definition be
given of the population, in order that the extent and limitation of the
survey results be known.

The population was defined to consist of all toll calls made during the
busy hour of an ordinary business day and originating from Bell System
central office buildings within Continental U.S.A. However, only those
central office buildings were included that were in service at the begin-
ning of 1960, while all Bell System and independent company central
offices in Continental U.S.A. were included as terminating points for
the toll calls. The busy hour was defined as the “official”’ busy hour of
the toll office on which the originating central office homes. It was not
considered practical to study the variation with time of the noise dis-
tribution on toll calls, and therefore the arbitrariness introduced by
not specifying one or more particular “ordinary business days” was
accepted.

All calls terminating within Continental U.S.A. were considered to be
toll calls if they satisfied the following two criteria: () the customer was
detail billed for the call; i.e. an operator ticket was issued or the call was
recorded by automatic message accounting (AMA) equipment, and
(#7) the originating and terminating central offices did not home on the
same toll office. The latter criterion was introduced because, in areas
with extended area service (EAS), the customers are in general not
detail billed for those short-haul calls where originating and terminating
central offices home on the same toll office. However, in areas where
TEAS has not been introduced, the opposite is in general true. This
accounts for large deviations in the apparent toll calling patterns be-
tween central offices. Since these deviations are only artificial, and
since they contribute toward a decrease in sampling precision, criterion
(i) above was introduced in order to make such deviations less pro-
nounced.

III., SAMPLING PLAN AND SAMPLE SIZE

The sample was selected in two stages in the following way :*
From a listing of the 7878 Bell System central office buildings in

* Detailed discussions of the sampling plan used and of methods for determin-
ing the sample size and selecting the sample are found in standard works on the
subject of sample surveys. See Refs. 2 and 3.
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service at the beginning of 1960, 17 were selected at random. The prob-
ability of selecting any one office was made proportional to an estimate
of size, where the size of the office is defined as the number of outgoing
toll calls in the busy hour of an ordinary business day. The number of
lines per office served as an estimate of this size, and the assumption
was made that these two numbers were approximately proportional.
Randomness in the selection was assured by the use of tables of random
numbers. After these offices had been chosen, information was acquired
from each of them about its outgoing toll traffic. This information had
the form of lists of all outgoing detail billed toll ealls during the busy
hour of one ordinary business day. It was, however, estimated that in
some offices the total outgoing toll traffic would be less than the sample
size. Ifor these cases the lists contained the outgoing toll traffic during
the busy hour of several consecutive business days. The data for the
lists were obtained from operator toll tickets and AMA printouts. The
main information given for each call was the terminating central office.
By the use of information in the Long Lines Dept. dial routing pamphlet,
it was then possible to exclude from these lists all calls that terminated
in a central office that homed on the same toll office as the originating
central office. Furthermore, information in the Long Lines Dept. dis-
tance dialing reference guide was used to exclude all calls that did not
terminate inside Continental U.S.A.

To test the whole procedure for the survey, a pilot survey was per-
formed at Dover, N. J., in the spring of 1962. Among other results, this
survey showed the ratio of the number of long-haul calls to the number
of short-haul calls to be quite low. However, in order for us to be able to
perform an analysis of noise level versus distance, it was necessary that
the sample contain a reasonably large number of both short-haul and
long-haul calls. In view of this, the findings at Dover indicated that the
sample size would have to be made very large in order for the sample to
contain a reasonably large number of long-haul calls, and this would
imply making an unnecessarily large number of measurements on short-
haul ecalls. To solve this problem, it was decided to perform two separate
surveys, one on toll calls terminating inside the originating numbering
plan area (NPA), and the other on calls terminating outside the originat-
ing NPA. These two surveys will be referred to as subsurveys of the
connection survey.

All entries on the lists of outgoing toll calls were therefore referred to
one of the two categories defined above. After this had been done, the
total number of calls to be included in the sample for each subsurvey and
each central office was determined. Finally, this number of calls was
selected from the corresponding list by the use of random number tables,
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In this selection, all entries on a list had the same probability of being
included in the sample.

Table I lists the 17 central offices included in the sample as well as
the corresponding number of inside-NPA and outside-NPA calls. The
table shows that the sample contained a total of 514 inside-NPA calls
and 727 outside-NPA calls. For each of the 17 central offices, the sample
size was determined in such a fashion that the resulting sample is self-
weighting. This means that all measurements taken carry equal weight,
and it leads to convenient and straightforward methods of data analysis.

The sample sizes were determined from estimates of variability of
noise level readings within and between central offices, combined with
the precision criterion that the mean of the noise distribution be stated
within 1 db at the 90 per cent confidence level.

IV. METHOD OF MEASUREMENT

The measurement phase of the survey consisted of setting up the
toll connections selected in the sample and measuring the noise and
loss at the originating end; see Fig 1. The connections were set up so as
to duplicate as closely as possible the conditions prevailing at the time
the original eall was made. All of the original calls were made during the
busy hour of an ordinary business day. The probabilities of alternate

TABLE I — CONNECTION SURVEY SAMPLE SIZES

Sample Size
Central Office Location
Inside NPA QOutside NPA

Boston, Mass. 72 126
Brooksville, Fla. 24 88
Cheshire, Conn. 33 20
Dallas, Tex. 2 23
Detroit, Mich. 9 28
El Paso, Tex. 0 8
Fairfield, Conn. 40 50
Fort Lauderdale, Fla. 21 13
Hyattsville, Md. 3 8
Keyport, N. J. 100 22
Kingston, Pa. 17 23
Knoxville, Tenn. 11 21
Niagara Falls, N. Y. 77 30
Queens, N. Y. 0 137
Richmond, Va. 11 15
Riverside, N. J. 61 96
Selma, Cal. 33 19

Total sample size: 514 727
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Fig. 1 — Connection survey measurements in a Boston central office.

routing and of high loading of the transmission facilities are then high.
To keep these probabilities at the same levels, all measurements were
performed during the busy period of ordinary business days.

The conditions at the time the original call was set up differed from
those during our measurements in one respect: all measurements were
made from the originating central office and they all terminated in the
distant central office; in other words, the loops were excluded from
consideration. This was done deliberately in order to isolate the trans-
mission characteristics of the toll plant from those of the loop plant.
In addition, any other procedure would have been very impractical
and time-consuming, since it would involve subscribers at least at one
end of the connection. In considering a toll connection from subscriber
to subseriber, the influence of the loop plant must be taken into account;
its performance is reported on in the accompanying article.

For each sample call two measurements were made. In the first one,
the near-end noise level was recorded on a toll connection terminated in
the distant central office. The distant termination was made either in
the quiet or balanced termination of the central office, or in the ‘hold”
circuit of a telephone set in that office, or by a telephone set itself — in
the latter case with the transmitter covered so that room noise was ex-
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cluded from the connection. The use of the quiet termination of the
distant office was avoided in all cases where ‘“‘on-hook” supervision of
that termination was known or could be suspected, since this condition
results in the in-band signal on some types of carrier being left on. Such
a tone would tend to give an erroneously high noise reading on the
connection. As can be seen by this example, care was exercised to ensure
that all noise measurements gave the noise level that would occur in the
silent intervals between speech on actual telephone connections.*
Termination in a telephone set, with the transmitter covered, was used
only in those cases where no telephone set with “off-hook’ supervision
in the distant central office was equipped with a “hold”” feature. In
these cases, monitoring at the receiving end ensured that room noise was
effectively kept out of the connection.

The second measurement for each call in the sample was made to
record the end-office to end-office loss. For practical reasons a standard-
level tone could not be supplied from the far end on the noise measure-
ment calls. Therefore a new connection was established, terminating in
the 1000-cycle milliwatt supply of the distant office. In this way, it is
entirely possible that the two calls were routed differently. No effort
was made to find out what route was used in any particular case. There-
fore the route length of the connections is not known. However, distance
is an important parameter. The airline distance between the end-offices
was therefore associated with each measured connection.

Both types of connections mentioned above were established from
an ordinary telephone set connected to a “zero” loop in the originating
central office. This set was located in the same building as the central
office equipment.

After a particular connection had been established, the set was
switched out of the circuit and replaced by a 900-ohm resistor across
which a 3A noise measuring set* was connected in the bridging position.
The time average during 10-30 seconds of the level indicated by the 3A
set was taken as the noise level reading of the circuit. The noise measur-
ing set was always used with C-message weighting, and hence the meas-
ured levels are expressed in dbrne. Since the C-message weighting
introduces no loss at 1000 cycles, it was used also in the measurement of
end-office to end-office loss.

Routing of outgoing toll calls could in general be expected to be
different for operator-handled versus direct-dialed (DDD) calls. This

* When compandors are present in a connection, the noise level during speech
is higher than in the silent intervals. The subjective rating of the noise is there-

fore poorer than that based on the measured noise level. This compandor effect
will be ignored.
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fact was taken into account in the natural way; connections were set up
by operators or direct dialed depending on whether the original calls
were operator-handled or AMA-recorded.

All of the terminating central offices were not equipped \Vlth milliwatt
supplies or balanced terminations, nor were all of them attended. This
meant that some measurements could not be made with distant termi-
nations as given by the calls in the sample. The method used to treat
these cases was to make measurements on a toll connection terminated
in a central office geographically close to the desired one. The errors
introduced by this procedure were judged to be negligibly small for
long-haul calls and small enough to be disregarded even for short-haul
calls. FFor calls terminating inside originating NPA, 1.9 per cent of the
noise measurements and 8.8 per cent of the loss measurements had to be
made with a substituted terminating central office. For outside-NPA
calls, the corresponding figures are 1.1 per cent and 3.9 per cent.

V. CONNECTION SURVEY RESULTS

All data were punched on IBM cards, and most of the analysis re-
ported here was made on the IBM 7090 digital computer at the Murray
Hill, N. J., location of Bell Telephone Laboratories. One card was
punched for each call in the sample; each card gives the originating
and terminating central offices of the corresponding toll connection, the
measured noise level, the measured end-office to end-office loss, and
the airline distance between the central offices. The latter were com-
puted by the use of geographical coordinates given in the Long Lines
Dept. distance dialing reference guide.

In the discussion to follow, a set of measurements called the “pooled”
data will be referred to several times. In particular, it will be used
whenever the performance of all toll calls is discussed. This set of data
consists of 998 toll calls, of which 514 are inside-NPA and 484 outside-
NPA calls. In this way, all inside-NPA calls and part of the 727 outside-
NPA calls are included; the percentage of outside-NPA calls included
was chosen to make the pooled data representative of all toll calls. This
percentage reflects the fact that 52 per cent of all toll calls terminate
inside and 48 per cent outside the originating NPA.

5.1 Noise

Evaluation of grade of service! cannot be made directly from the
survey noise distributions. The reason is that subscribers’ reactions are
given in terms of opinion curves for noise measured across their subset,



704 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1964

while all measurements in the survey were made at the end of a ‘“zero”
loop. The conversion from this point of measurement to the subscriber
set is, however, quite simple. The equalizing properties of the 500 set
imply that the combined response of loop and receiver is essentially
constant for loop lengths up to 15,000 feet. A recent survey of loop
characteristics has shown this to account for about 83 per cent of all
Bell System loops.® For these loops, then, an increased loop loss is
compensated for by a higher sensitivity of the receiver. For the opinion
curves to be applicable, the connection noise should therefore be trans-
formed to the end of a loop equipped with a subset having the same
sensitivity as the subsets used in the subjective tests that established
the opinion curves. The sensitivity is determined by the de current,
which was 55 ma in the above-mentioned tests. A regression analysis
of loop loss vs de current, using data from recent loop surveys,! showed
the average loss of a 55-ma loop terminated in a 500 set to be 5 db.
Therefore the conversion to the subset is made by subtracting 5 db from
the noise levels measured in the connection survey, and after this
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Fig. 2 — Scatter diagram of noise level vs distance: toll calls terminating
inside NPA.
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Tig. 3 — Scatter diagram of noise level vs distance: toll calls terminating
outside NPA.

conversion the opinion curves can be applied directly to evaluate noise
grade of service.

For loops longer than about 15,000 feet the combined loss of loop and
receiver is larger than for the shorter loops. The received noise levels are
therefore lower and the percentage of calls classified good or better is
higher. However, the received volumes are also consistently lower, and
therefore it would be incorrect to regard the service provided to these
subscribers as superior to the service provided to subscribers on short
loops. These arguments justify the use of one loop loss figure for all
loops in the conversion of noise levels to the subscriber set. In the dis-
cussion to follow, all noise levels are referred to the subset.

The relation between noise level and distance is shown in Figs. 2 and
3, which are scatter diagrams wherein the abscissa gives the airline
distance in miles and the ordinate gives the measured noise level re-
ferred to the subset. From these figures we observe that the noise levels
increase with distance and that the variability of the noise levels de-
creases with distance. The scatter diagrams cannot be used directly
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for quantitative analysis, since two observations with coineiding distance
and noise level are recorded by just one point. However, the above
observations form the basis for regression analysis of noise versus dis-
tance discussed later.

Tig. 4 shows the cumulative distribution functions for noise levels
on inside-NPA calls, outside-NPA calls, and all toll calls. The mean
and standard deviations of these three noise distributions are given in
Table II. This table also shows the precision achieved in terms of the
90 per cent confidence limits of the true mean for each of the three
distributions. These confidence limits have been estimated from the
sample by methods discussed in Ref. 3.

The present noise performance of the toll system in terms of the
over-all objective can be estimated from Fig. 4. The “classical” over-all
noise objective states that noise from all sources in a subscriber-to-
subseriber connection should seldom exceed 26 dbrne at the line termi-
nals of the station set. Fig. 4 shows that on 23 per cent of all toll calls
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TaBLE IT — DistriBUTIONS OF NoOISE LEVELS ON Torn CaLLs,
REFERRED TO THE SUBSET

Mean in dbrnc Std. Dev. in db
Inside NPA 17.4 4= 2.7 7.2
Outside NPA 23.6 = 3.4 7.5
All toll calls 19.7 £ 2.6 7.8

this limit is exceeded even before the influence of loop noise has been
considered.

A nationwide survey of transmission conditions in the switched mes-
sage network, with special regard to their influence on data transmis-
sion, was undertaken in 1959.° In this survey, various transmission
characteristics, among them message circuit noise, were measured on
two classes of toll calls, short-haul calls of up to 400 miles airline distance,
and long-haul ecalls 401-3000 miles long. The results of this survey have
found wide application; a comparison with the results of the connection
survey is therefore of interest. In this comparison, the distinetion be-
tween calls terminating inside and outside originating NPA is nonessen-
tial. Therefore, the pooled data have been used to compute mean and
standard deviation in the noise distribution on toll calls spanning 0-400
miles and 401-3000 miles, respectively. Table IIT gives these figures as
well as those from the data survey, where the latter have been converted
from dba to dbrne. The deviations between the two sets of results are
regarded as moderate in view of the different scopes and objectives of the
two surveys.

Using regression analysis, the pooled data have been used further to
analyze quantitatively the relation between toll noise level and distance
between central offices. The independent variable z is defined as the
logarithm to the base 2 of the airline distance in miles, and the dependent
variable y as the toll noise level referred to the subset. The model used

TasrLE III — CompaRISON OF NOISE DISTRIBUTIONS OF THE 1959
Data SurvEy wiTH THOsE oF THE 1962 CONNECTION SURVEY;
Norse LEVELS REFERRED TO THE SUBSET

Short-Haul Long-Haul

Mean, dbrnc | Std. Dev., db | Mean, dbrnc Std. Dev., db

1959 data survey 22.0 4.
1962 connection survey 19.1 7.
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in the analysis is that the mean noise level E(y | z) for given distance is
a linear function of z. The slope of the regression line will then be ex-
pressed in db per double distance (db/dd). An additional assumption
must be made concerning the variance of y corresponding to a given
value of z. The first assumption made here was that this variance is
constant. The hypothesis of equality of the variances of y in the different
length classes into which the data were grouped was then subjected to
a statistical test. (In all regression analyses made of the connection
survey data, these classes had length « = 1, or one double distance.)
The outcome of this test (Bartlett’s test) showed that the probability
of the hypothesis being true was less than 0.1 per cent. On the basis of
this the hypothesis of equality of the variances was rejected. The next
step was to investigate the reason for this inequality of the variances.
To this end a regression analysis was made with the same independent
variable = as above, but with the variance of y for given values of z as
the dependent variable. This analysis showed the variance to decrease
with z according to the formula

EiVar (y) | 2] = —6.6z + 80.7 (1)

(valid for 3 £ z =< 11); i.e., the average variance decreases at a rate of
6.6 for each doubling of the distance. The slope of the regression line
(1) deviates significantly from zero; this fact is a good reason for using
(1) rather than equality of the variances as an assumption in the re-
gression analysis of y on z. Carrying through a regression analysis on
this basis gave the result

E(y|z) = 220 + 7.9, @)

i.e. the average noise level increases by 2.2 db for each doubling of the
distance. The hypothesis of linearity of the regression curve was tested
and accepted. Therefore (1) and (2) give together in condensed form a
description of the behavior of noise on toll connections as a function of
the airline distance between originating and terminating central offices.
A plot of these two regression lines is found in Fig. 5. The two dashed
curves in this figure are confidence limits for the mean and will be dis-
cussed later.

The precision achieved in the survey is shown in Table II in terms of
the 90 per cent confidence intervals for the true mean. These intervals
are considerably wider than the required ==1 db. It is therefore of interest
to consider possible alternate ways of stating the precision. One reason
for the poor precision achieved was the unexpectedly large variability
of the mean noise levels between central offices. This is illustrated in
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Fig. 5 — Regression lines of noise level and noise variance vs airline distance.

Table IV, which shows pooled data results for each of the 17 central
offices in the sample as given by the mean of the measured noise levels,
the mean of the end-office to end-office losses, and the distance in miles
that corresponds to the mean of the distribution of the logarithm of the
distances. One factor that contributed to this variability was the varia-
tion in calling habits and traffic patterns from one office to another.
Because of the variation of noise level with distance, it seems likely that
these variations should have a less pronounced effect on the precision if
the latter were stated for the mean of a noise distribution on calls that
are confined to a particular mileage stratum. That this is actually the
case is shown in Table V, where the precision is given for the pooled
data grouped into length classes, each of which is one double distance
wide. Although the number of observations in each length class is
considerably lower than the total, it is seen that the precision is in
several cases increased, the reason being a decrease in the variability of
the data.

Still another way of stating achieved precision is by way of the re-
gression analysis. The confidence interval of the mean of y can be given
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TaBLE IV — ConnNEcTiON SURVEY REsULTs: MEAN NOISE LEVEL,
MeaN Enp-Orrick To ENp-OFFicE Loss, ANp DisTANCE CORRE-
SPONDING TO MEAN OF DIsTRIBUTION OF LoG DiIsTANCE

. Distance Corr, to
Central Office Location g{egﬁblgcorlﬁfefgéﬂ t(lrw E%E}E)I;{'}cgggss, Mi‘m %.D‘S“' of
dbrne d og Distance,

Miles

Boston, Mass. 18.5 9.3 58
Brooksville, Fla. 32.5 8.3 62
Cheshire, Conn. 20.7 8.3 37
Dallas, Tex. 23.2 6.0 203
Detroit, Mich. 21.7 9.1 129
El Paso, Tex. 28.0 7.8 508
Fairfield, Conn. 18.0 7.4 28
Fort Lauderdale, Fla. 21.9 6.7 75
Hyattsville, Md. 20.9 10.3 136
Keyport, N. J. 14.1 7.3 21
Kingston, Pa. 18.2 11.5 48
Knoxville, Tenn. 25.3 6.1 121
Niagara Falls, N. Y. 24.7 6.6 33
Queens, N. Y. 16.8 8.0 36
Richmond, Va. 24.6 7.6 99
Riverside, N. J. 14.6 6.1 15
Selma, Cal. 16.8 6.2 41
Total 19.7 7.7 40

for any particular value of z. In the determination of such a confidence
interval, all observations made for all x values are used. It can therefore
be expected that these confidence intervals are narrower than those
given in Table V. That this is true is shown by the dashed curves in
Fig. 5 — the 90 per cent confidence interval has width £0.3 db for
z = 6.2, and this width increases to no more than #+0.8 db when the
deviation of x from its mean value 6.2 is maximum. Looked at in this
fashion, the achieved precision can certainly be regarded as satisfactory.

TABLE V -—— CONNECTION SURVEY PRECISION

Distance Class, Miles Width of go%gé’:t}%e;t'gfb}xitgz‘:‘ngor Mean Of
6-11 +4.0
11-23 +2.7
2345 +3.8
45-91 ) +2.9
91-181 +2.4
181-362 +1.4
362-724 +1.4
724-1448 +2.1
1448-2896 +2.2
All pooled data +2.6
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As a conclusion of the discussion of noise results, it is of interest to
examine present performance as expressed by noise grade of service. The
over-all grade-of-service figures for all toll calls made are 97.0 per cent
good or better and 0.3 per cent poor or worse. These figures indicate
that the over-all noise performance of the present toll plant is quite good.
However, a detailed study of the relation between grade of service and
distance shows that the performance is less satisfactory on toll calls
spanning large distances. This is discussed in some detail in the accom-
panying paper,' and the concept is actually used as a basic tool in the
derivation of new over-all noise objectives.

5.2 Loss

The end-office to end-office losses are shown as a function of distance
in the scatter diagrams of Figs. 6 and 7. It is apparent from these dia-
grams that the variation of loss with distance is only moderate. This
variation is the subject of the regression analysis discussed later.

The cumulative distribution functions for end-office to end-office

20
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Tig. 6 — Scatter diagram of loss vs distance: toll calls terminating inside NPA.
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Fig. 7 — Scatter diagram of loss vs distance: toll calls terminating outside NPA.

losses on inside-NPA calls, outside-NPA calls, and all toll calls are
shown in Fig. 8. The mean and standard deviations of these three loss
distributions are given in Table VI.

The 90 per cent confidence intervals for the true mean loss are seen
to have a width of 20.6 or 4-0.7. This indicates that the precision of
the loss data is considerably higher than that of the noise data. The
reason is that the loss distribution variances are much lower than the
variances in the distributions of noise levels.

In the 1959 data survey, loss measurements were made from which
the distributions of end-office to end-office losses on short-haul and

TABLE VI — DistriBUTIONS OF END-OFFICE TO END-OFFICE
Losses oN Torn CarLs

Mean, db St. Dev., db
Inside NPA 6.9 & 0.7 2.7
Outside NPA 8.3 £ 0.6 3.1
All toll calls 7.7 &£ 0.7 3.0
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long-haul calls have been established.” Again, we compare these results
with the corresponding distributions of the pooled data of the connection
survey. The comparison is made in Table VII, which gives means and
standard deviations of the corresponding distributions.

Both parameters are seen to be lower for the connection survey dis-
tributions than for those of the data survey. The difference between
the means could be taken as a measure of the decrease of the average
end-office to end-office losses in the toll plant between 1959 and 1962

TasLE VII — CoMPARISON OF DISTRIBUTIONS OF END-OFFICE TO
EnD-OrFicE LossEs oF THE 1959 DaTA SURVEY WITH
THosE oF THE 1962 CONNECTION SURVEY

Short-Haul Long-Haul

Mean, db Std. Dev., db| Mean, db Std. Dev., db

1959 data survey 9.5 3.7 10.
2.7 9.

.0
1962 connection survey 7.8 .5

SN

9
3
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as a result of the continuing conversion to low-loss operation. However,
this quantitative interpretation of the data is dangerous, since the con-
nection survey was based on probability sampling techniques, while the
data survey was not.

In the regression analysis of end-office to end-office loss versus
distance, the independent distance variable « was defined in the same
way as for the noise analysis, while the dependen, variable y was the
measured loss. The pooled data were used for this™ analysis. Bartlett’s
test showed in this case that the hypothesis of equality of the variances
of y corresponding to given values of « was true with probability smaller
than 0.1 per cent. Therefore this hypothesis was rejected, and a re-
gression analysis of variance versus x was performed. This analysis
showed that the variance increases with z aceording to the formula

EVar(y) | 2] = 1.5z — 0.7 3)

(valid for 2 £ & = 10); i.e., the average variance increases with 1.5
for each doubling of the distance. This slope deviates significantly from
zero, so again we take this as a strong indication that the systematic
variation of the variance with @ according to (3) was the prime reason
for the inequality of the variances. Proceeding with the regression

analysis of ¥ on z on this basis gave the result
E(y|z) = 0.6z + 4.5; 4)

i.e., the average loss increases by 0.6 db for each doubling of the distance.
The hypothesis of linearity of the regression curve was tested and
accepted. It follows that (3) and (4) give, in condensed form, a descrip-
tion of the behavior of end-officc to end-office losses on toll connections
as a function of the airline distance between the offices. A plot of the
two regression lines is found in Fig. 9. The two dashed curves give the
90 per cent confidence intervals for the mean of y corresponding to
given values of x. The confidence interval has its minimum width of
40.1 db at & = 4.7. For low values of = the width increases to 4-0.3 db,
while for high values of # the maximum width is £0.5 db.

It is of interest at this point to compare (1) and (3), which show that
noise variance decreases and loss variance increases with distance. It
can be seen from the scatter diagrams of Figs. 1 and 2 that the reason
for the decrease of the noise variance with distance is the fact that a
“noise floor’” exists, below which no noise level occurred, and that this
noise floor increases with distance, while the apparent upper limit for
the noise levels is essentially constant. On the other hand, the reason for
the increase of loss variance with distance is that long connections in



1962 CONNECTION SURVEY 715

MILES
4 8 16 32 64 128 256 512 1024
15 T T — T 15
a
Q I~ ]
zZ L MEAN LOSS B
VARIANCE
(9]
3 T \)/ ’J
3 -
o100 == 10
Q /// ,—”’ w
o S 48
s 25 <
o =~€->90% CONFIDENCE- &
5 LIMITS J <
>
r4
w 9]
o 1 3
= 2
w 5 5
Q
2 L _
w
° L -
a r _
z
w
(o] 1 | ! 1 0
2 3 4 5 6 7 8 9. 10

BINARY LOG MILES

_ Fig. 9 — Regression lines of end-office to end-office loss and loss variance vs
airline distance.

the present toll network may contain between one and seven intertoll
trunks, (ITT), in tandem while for short ones the maximum possible
number of ITTs is lower than seven. Over the range of distances where
(1) and (3) are both valid (3 < = = 10), we find that the noise variance
is always greater than the loss variance. It should be observed that these
variances are not the squares of the standard deviations that appear in
Tables II and VI. The latter are standard deviations of noise and loss
distributions over all distances, while the former are the variances that
appear when the distance is kept constant.

A nationwide survey of speech volumes, measured at the originating
end of Bell System toll calls, was performed by Bell Telephone Labora-
tories in 1959-1961.8 The data of that survey can be used in conjunction
with our loss data to evaluate volume grade of service and thus give an
insight into customer satisfaction of present toll plant loss performance.
The distribution of speech volumes on toll calls, referred to the originat-
ing central office, has a mean of —16.8 VU with a standard deviation of
6.4 db. By applying volume opinion curves,® we find that the present
distribution of losses on all toll calls gives a received volume grade of
service of 87.1 per cent good or better and 1.2 per cent poor or worse.



716 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1964

These figures can be compared with the grade-of-service estimates of 83
per cent good and 3 per cent poor or worse that were made on the basis
of a 1950 volume survey.” The comparison indicates a substantial im-
provement in satisfaction of received volumes over the time period
1950-1962.

5.3 Distance

The airline distance between originating and terminating central
offices is known for each call in the sample. The distributions of these
distances for inside-NPA, outside-NPA and all toll calls, respectively,
are shown in Fig, 10. It is seen from this figure that 50 per cent of all
toll calls are shorter than 30 miles, and that only 10 per cent are longer
than 250 miles. The distance scale used in Fig. 10 is logarithmie, and in
this way the distributions plotted have reasonably low skewness. Had
a linear scale been used instead, the distributions would have been ex-
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Fig. 10.— Distributions of distances spanned by toll calls.
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TasLe VIII — DDD CarLs EXPRESSED AS A PERCENTAGE OF ALL
ToLr CaLrs IN DIFFERENT DisTANT CLASSES

Distance Class, Miles Proportion of T?:l&s?:rlrléglrect-Dmled by
3-6 73
6-11 84
11-23 66
2345 58
45-91 45
91-181 33
181-362 38
362-724 27
724-1448 17
1448-2896 20
All toll calls 55

tremely skew, and a plot would reveal very little about their true charac-
ter.

The proportions of toll calls that are direct-dialed by customers
(DDD calls) have been evaluated from the connection survey data.
Table VIII shows the results of these evaluations as a function of dis-
tance. It can be seen that although an average of 55 per cent of all toll
calls (as defined in Section II) are DDD calls, this percentage is not
constant with distance. Thus, about 80 per cent of the short-haul toll
calls are direct-dialed by customers, and this percentage decreases with
distance to a value of about 20 in the longest category.

Some questions related to the routing of toll calls in the present Bell
System toll network can be answered on the basis of connection survey
data. Two examples are: (¢) the average number of intertoll trunks and
(72) the relation between circuit length and airline distance, both given
as a function of the distance spanned by the toll connection. Further
studies would, however, be required to answer any of these or similar
questions.

VI. CONCLUDING REMARKS

The feasibility of performing a statistically sound sample survey of
the very complex Bell System toll plant has been satisfactorily shown by
the survey deseribed in this article. The prime importance of the survey
lies in the information it gives about noise and loss performance of the
present toll plant. However, a significant and very important part of
the result is the experience that has been gained in carrying through a
systemwide sample survey. Specifically, it should be pointed out that
the two-stage sampling plan used is extremely well suited for surveys of
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transmitted and received speech volumes, as well as noise, loss, and
composition of loops, of facilities and of trunks. The acquiring of data
of these types is vital in the present work of building a statistical model
of the Bell System plant.
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A New Objective for Message

Circuit Noise

By D. A. LEWINSKI
(Manusecript received October 14, 1963)

The reduction and control of noise on message circuits must be based on
sound noise objectives. For many years the Bell System over-all performance
objective has been <26 dbrnc (20 dba) seldom to be exceeded at the telephone
station set.” In this article the derivation of a more flexible and operationally
feasible noise objective is presented. This objective specifies a limit of 20
dbrne not to be exceeded on subscriber loops, and stipulates various distribu-
tions for noise originating beyond class & offices on built-up comnections.
The objective is such as lo provide Bell System customers with a noise grade
of service ranging from 99 per cent good or better on short connections to 90
per cent good or belter on interconlinental connections spanning distances up
to halfway around the world.

I. INTRODUCTION

For many years the Bell System over-all performance objective for
message circuit noise has been as follows: “Noise from all sources in a
subseriber-to-subscriber connection should seldom exceed 26 dbrne*
(20 dba) at the line terminals of the station set.” Since its inception
this objective has been a primary influence in the design of broadband
transmission systems, and it has served as a guide for the engineering
and maintenance of the message network. But improved and new serv-
ices have gradually changed the makeup and the performance require-
ments of the plant. Thus, work was recently undertaken to establish a
new performance objective — one better suited to the noise conditions
imposed by a changing communication network.

The new objective provides a long-range Bell System goal and, as
such, serves as a guide for the design of future systems and for establish-
ing maintenance procedures. In addition, it indicates those areas where

* The new unit for noise measurement with the 3-type noise measuring set is

dbrne.! Reference noise, ‘‘rn,” is 1072 watts of 1000-cps power, whereas “c”’ re-
fers to C-message weighting.
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efforts to improve the noise performance of existing systems should be
directed. For economic and technical reasons, however, it appears to be
impractical to upgrade the performance of all existing equipment, most
of which was designed to earlier standards. Therefore, it will probably
be a number of years before the level of performance and customer
satisfaction associated with the new objective can be fully realized in
the Bell System plant.

Derivation of the new objective necessitated two major systems
engineering projects: () subjective tests to establish a quantitative
description of the effects of noise experienced by telephone users in terms
readily translatable into an over-all transmission standard; (¢7) noise
surveys to provide data on Bell System noise performance. I'rom this
information, system noise performance estimates were made and exam-
ined from the telephone user’s standpoint. In addition, a model of
system noise behavior was constructed. These steps were necessary in
order to (z) establish a framework for the statement of the objective,
and (¢7) provide insight for the derivation of the associated numerics
so that a desired level of customer satisfaction could be realized. In
accord with present philosophy, customer satisfaction is stated in terms
of “grade of service.”’?

We begin by discussing the work on the subjective effects of noise
and emphasize how the results lend themselves to noise grade of service
estimates. We then use the latter tool to evaluate system noise perform-
ance and show in turn that this requires the new objective to be com-
prised of two parts, (Z) a limit for noise attributable to the customer’s
loop, and (¢¢) distributions for noise on toll connections where the aver-
age values and standard deviations of these distributions are length-
dependent. Last, we derive the actual numeries which constitute the
new over-all objective and are the basis for new noise objectives for
design and maintenance.

1I. SUBJECTIVE EFFECTS OF NOISE

2.1 General

In setting performance objectives for speech transmission it is im-
portant to have a quantitative description of the subjective effects of
the transmission parameter under consideration. Instead of deseribing
these effects on a psychological scale, experience has shown that simple
expressions of attitude such as absolute judgments are adequate when
the experiment is properly designed. Assessments made on an absolute
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basis can be readily transformed into satisfaction criteria, which in turn
can be used as a foundation for over-all transmission objectives.

2.2 Description of Tests

To get a comprehensive picture of telephone user attitude toward
noise, three subjective evaluations were actually undertaken. In addi-
tion to noise effects, the effects of received speech volume and signal to
noise were also evaluated. IExcept for the relevant test instructions,
each of these evaluations was conducted similarly by asking observers
to appraise a series of simulated telephone calls in terms of a given set of
response categories: excellent (E), good (G), fair (F), poor (P), and
unsatisfactory (U).

The noise tests were conducted using 500-type station sets with
received volume at a constant level of —28 VU,* and noise (a composite
of power hum, switching office and thermal noise) varied between 18
and 62 dbrne (set input) in 4-db steps. Three presentations consisting of
different random permutations of the 12 test conditions were given to
each participating group of observers.

The volume tests were conducted using both 302 and 500-type sets,
the former being used primarily to tie in with previous work carried out
by Coolidge and Reier.* Noise level was held constant at 26 dbrne (set
input) with received speech volume varied between —24 and —60 VU
in 4-db steps. As in the noise tests, three different random permutations
of the 10 volume conditions were given to each group of observers.

The signal-to-noise tests were conducted with 500-type sets with
both noise level and received volume varied over 44 randomly given
conditions compatible with the range of values used in the noise and
volume tests.

In each of the above tests, the simulated speech-noise conditions
consisted of two short sentences of spoken material mixed with the noise.
The spoken material and the noise were taped on separate recorders
and played simultaneously to the observers at the required levels through
a network equivalent to 6000 feet of 24-gauge cable, representing a
subscriber loop. Groups of six to eight observers were accommodated in
a specially constructed subjective test room, comprised of individual
cubicles equipped with telephones, as shown in Fig. 1. A loudspeaker
placed in the center of the oval array supplied recorded room noise at a

*VU (volume unit) is the unit for expressing the magnitude of a complex
electric wave when measured with a standard volume indicator.?
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Fig. 1 — Observers at multiple listening positions during subjective test.

sound pressure level of 48 db re 0.0002 microbar. The line current in the
test circuit was adjusted to 55 ma direct current to each station set.*

The test period for each group of observers fell into two parts: a
preliminary period of introductory remarks which included instructions
and a 15-t0-25 minute period for the particular evaluation.

A total of 666 observers, both male and female, took part; all were
chosen at random from among Bell Laboratories employees. None was
required to participate more than once.

2.3 Test Results

While all three of the above tests are necessary to gain insight into
customer attitude towards noise in the presence of speech transmission,
only the noise test data are used in setting noise objectives. This reflects
the present practice that transmission parameters be treated independ-
ently when deriving transmission objectives. As such, the data deseribing
noise effects rather than the data on signal-to-noise are considered basie
when deriving message circuit noise objectives. In general, however, the
interdependence between noise and volume effects is recognized, and

* The significance of this choice of line current as it influences noise at the line
terminals of the station set is discussed in Appendix A.
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therefore the results of the noise-volume tests are potentially more
useful for the evaluation and specification of over-all performance.’

The results of the noise tests plotted as “noise opinion curves” ‘in
cumulated categories are shown in Iig. 2. Presented in this way, the
set of curves show the proportion of I (excellent), E + G (good or
better), E 4 G + T (fair or better) and B 4+ G 4+ I 4 P (poor or better)
judgments at particular noise levels over the range of values tested. In
essence, these curves are estimates of p(R | z), the conditional probability
of placing a given noise level x in cumulated category R. A good model
of opinion is obtained by fitting normal ogives, i.e., normal distribution
functions, to the data points. As such, each curve can be defined by
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EXCELLENT BETTER BETTER BETTER
N N
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Fig. 2 — Noise opinion curves.

stating the 50 per cent point and the parameter “‘0,” which is computed
in the same way as the standard deviation of a normally distributed
random variable.

The data shown are comprised only of second-presentation judg-
ments, adjusted™ for each observer where necessary to conform with

* The adjustment compensates for the uncertainty in judgment found in the
neighborhood of the transition levels. As an example, consider a typical observer
response

dbrne l 18

22|26|30|34 38|42|46.50[54 58|62

Category | E leclalrlalrlFlP|luU | ©.
Here the first transition level is 24 dbrne, since_this value of noise is equally
likely to be judged excellent or good. The second is 36 dbrne since this level 1s
equally likely to be judged good or fair and so on for 48 and 56 dbrne. Thus the
corresponding adjusted judgment would become

dbrne | 18 22‘26‘30‘34 38142’46'50|54 58’62
E |G Flrlr U | U

Category I E
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the four noise “transition” levels at which he essentially changed his
judgment from one category to the adjacent one.

Many of the initial judgments in the first presentation appeared to
be influenced by the lack of an “anchor.” The observer’s first judgment,
for example, is either made at random or based on past experience.
Thereafter his judgment is modified, so that in a short period of time his
judgments tend to be made relative to the range of the stimuli presented.
Thus the first set of data were the least reliable. During the third presen-
tation it appeared that judgments were unduly biased, due to observer
adaptation to the experiment. The second presentation data, between
these extremes, seemed to be the best choice.

Collectively, these curves indicate that, in the presence of the desired
received speech volume, noise levels up to about 30 dbrne at the line
terminals of the station set are quite acceptable. At 30 dbrne, about 47
per cent of the subjects gave a rating of excellent, 47 per cent — good,
and about 6 per cent — fair. Thereafter, degradation becomes increas-
ingly evident: for example, notice the rapid decrease in per cent good
and excellent response, as clearly indicated by the rate of change of the
good-or-better noise opinion curve.

III. NOISE GRADE OF SERVICE

If it is assumed that the noise opinion curves p(R | z), Fig. 2, are
indicative of customer reaction to any particular telephone connection
within the bounds of the noise levels tested, then for any probability
density function f(z) of noise levels on subseriber-to-subscriber telephone
calls, the integral

f_: p(R | 2)f(x) dx

evaluates the proportion of calls placed in category R, giving the ex-
pected value of customer opinion.* As such, this integral is very useful
as a noise performance evaluation tool. It is also useful for specifying
a desired “noise grade of service”” which can be regarded as a statement
of noise objective. Given a statement of objective in terms of a desired
proportion of telephone connections assignable to a particular category

* Once category R is defined, p(R | z) is simply treated as a function of z, say
g(z), called “‘opinion.” Hence

f p(R|2)f(z) dz = fw g@)f(z) dz = Elg(X)]

—00 — 0

that is, the expected value of ¢(X) where the random variable X is noise level.
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R, ie., a desired level of noise grade of service, one can solve for the
noise density function f(z) which, in turn, can serve as the objective
“numeric.” ‘

It can be shown, however, that the correspondence between noise
distribution and noise grade of service is not one-to-one. Infinitely
many noise distributions yield the same noise grade of service. This
means that there is considerable leeway in choice of distribution to
satisfy a given grade-of-service requirement. Choices of requirement,
on the other hand, are fairly narrow if customer preference is to be
satisfied.

IV. NOISE SURVEYS

4.1 General

Having conducted tests to describe the subjective effects of noise and
having established a means for using the results in an evaluation scheme
such as grade of service, the next step in the derivation of an over-all
noise objective is to obtain estimates of system noise performance. The
determination of which estimates are pertinent is obviously an opera-
tional one. While subscribers are aware only of the total hoise from all
sources, there are two distinct types of plant which contribute: loops and
trunks. Hence noise performance information is needed on the two
basic parts of an over-all connection: that part which is assigned to the
customer at all times (the loop including subset) and that part between
end-offices (i.e., connections) which he shares with other customers.

A series of noise surveys were therefore made in the loop plant in
1960 and 1961, and in the toll plant on toll connections between end-
offices in 1962. Toll, rather than toll-plus-local, connections were chosen
for the population of “connections,” so as to associate connection noise
performance with that part of the plant which is more complex in
makeup and which has the most costly noise problems.

4.2 Loop Plant

The loop plant was surveyed® by selecting six end-ofﬁces with at
least one in each of five central office size strata characterized by offices
having 1 to 999 lines, 1000 to 9999 lines, 10,000 to 19,999 lines, 20,000 to
29,999 lines and 30,000 lines or more. Using the known stratum statis-
tics,” this approach enabled an extrapolation of the individual sets of
data to provide a reasonably accurate estimate of noise on loops for the
entire Bell System.
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TABLE I — SuMMARY DATA — ExcHANGE AREA Loop NoisE SURVEYS

Location of Survey.......... Marshall, |Enola, Pa. Waltham, Kenosha, | Trois- |Cambridge,
Va. Mass, Wis. Rivieres, | Mass.
ue.
Type office .................. SxS SxS #5 x-bar SxS SxS #1 |panel
b}:r
¥ Lines........ooooiiiiia. 400 2,200 14,600 19,800 22,700 67,600
Sample size.................. 148 158 149 123 178 109
Nm (all lines) m 18.4 3.5 1.3 2.8 2.7 | 3.5/14.4
dbrne s 14.1 8.3 9.8 7.7 10.8 | 5.4| 4.3
max. [ 53 33 32 27 38 14 135
Nm (ind. lines) m 11.0 0.1 —5.0 1.5 | —2.3 _
dbrne s 11.1 5.8 4.2 7.2 6.5
Nm (party lines) m 25.4 9.9 8.7 8.4 7.6 _
dbrne 8 13.0 8.5 9.2 7.4 11.9
Ng (all lines) m 31.4 27.2 24.4 17.6 18.5 9.3
dbrne s 13.3 6.3 8.2 7.3 9.8 5.9
max. | 62 47 42 37 58 25
Nyg (all lines) m 65.0 63.3 53.4 49.5 53.5 | 38.5
dbrn 3 ke s 14.8 8.3 8.4 7.5 7.7 6.2
max.| 84 83 76 66 78 52
* Party line m | —51.6 | —57.8 |—58.3|—52.5| —47.7 | —53.9 .
balance, db S 6.4 6.7 6.1 6.2 6.2 6.4
Loop loss, db m 6.4 6.1 5.2 6.6 5.3 4.9
s 3.1 2.0 1.8 1.9 2.2 1.3
max. 15.5 11.7 9.2 11.3 11.5 7.2
Transmitter m 60.4 55.6 44.9 46.3 46.5 |47.8[42.7
current, ma. s 13.5 15.9 12.2 13.4 16.5 |11.8(16.2

m = mean.

s = standard deviation.

* Balance for tip and ring party flat rate lines except Waltham, Mass., where
balance is for ring party flat and tip party message rate lines.

The offices chosen were Waltham and Cambridge, Massachusetts;
Kenosha, Wisconsin; Trois-Rivieres, Quebec; Marshall, Virginia; and
Enola, Pennsylvania. For each office a simple random sample of approxi-
mately 150 loops was selected for measurement. The loops were termi-
nated in the central office “quiet-termination” and at the customer’s
location with a 500-type set. Measurements of “noise metallic’” (Nm)
were made with the 3A noise measuring set bridged across the line ter-
minals of the station set and also from line terminals to ground (Ng) at
the customer’s location. Table I summarizes the results.
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As is seen, the noise on loops in general is very low. However, it was
found that there is considerable difference (7 to 14 db) between party
line noise and the noise on individual lines. Except for the influence of
some open wire lines in Marshall, Virginia (not uncommon for offices
in stratum % 1) the reason for this difference is that party lines are
inherently more unbalanced than individual lines due to grounded ringers
in party station sets. This is certainly evidenced by the party line balance
row in Table I. Balance™* is seen to be about —55 db on the average for
party lines compared to —75 db for individual lines. Thus for noise
induction from neighboring power lines one would expect, on the aver-
age, about 20 db more hum on party lines than on individual lines.}

Since it was found that loop noise at the higher levels is predominantly
power line hum, noise-to-ground and balance data rather than actual
Nm measurements were used to characterize noise in each central office
area. Noise metallic (hum) distributions were derived from the expres-
sion Nm = balance + (Ng -+ 40). To get best estimates of mean and
standard deviation, regression analysis was performed over the six
offices in their respective strata. Weighting these regression estimates
by the corresponding stratum statistics” resulted in the over-all loop
noise distribution of the Bell System shown in Fig. 3.

4.3 Toll Plant

Estimates of the noise levels that subscribers are currently experienc-
ing on end-office to end-office toll connections were supplied by the
1962 connection survey described in a companion paper.® For complete-
ness the sampling plan and the results will be summarized.

A sample of connections was selected using two-stage sampling.
Sample size was determined on the basis of a desired precision of 1 db
in the over-all mean at the 90 per cent confidence level. The population
contained the toll calls originating in all end-offices in Bell System
service as of January 1, 1960. Seventeen offices were selected by sam-
pling proportional to estimated size, the size estimates being defined by
the number of customer lines served. For each of these offices, a self-
weighting sample of previously made toll calls was chosen. The frames
for the second-stage sample consisted of listings of all toll calls made
during the busy hour of one business day. The sample calls were dupli-

* Balance is defined to be Nm — (Ng + 40). This is consistent with 20 log
Vm/Vg; Ng, as measured with a 3-type noise measuring set, is 40 db below the
total voltage to ground.

1 This can be remedied by the use of station sets with gas-tube isolators which
essentially remove the ringer from ground during the talking condition. Such sets
are often employed in severe cases.
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TFig. 3 — Loop survey data, 1961: estimated loop noise (power hum) distribu-
tion.

cated either via operator placement or by dialing between terminating
class 5 offices. Noise and end-office to end-office loss were measured at
the originating end-office with a 3A noise measuring set on a zero loop
terminated in 900 ohms.

The results indicate that at the station set the toll connection noise
distribution has a mean of 19.7 dbrnc and a standard deviation of 7.8
db. The data are accumulated in Fig. 4. In addition, it was found that
the mean of the distribution of end-office to end-office loss is 7.7 db
with a standard deviation of 3.0 db. Analysis of the relationship between
noise level and airline distance indicates a linear increase in average
noise level of 2.2 db per double distance, with variance decreasing with
increasing distance.

V. EVALUATION OF NOISE PERFORMANCE

Once pertinent estimates of noise performance are in hand, the next
step is to evaluate noise performance. Consider first an evaluation from
the point of view of the present standard: 26 dbrne (20 dba) seldom
exceeded at the line terminals of the station set. From Fig. 4, it is seen
that in the absence of loop noise approximately 23 per cent of the toll
connections in the sample had noise in excess of 26 dbrne at the line
terminals. Whether or not this is satisfactory performance in terms of
the present objective depends on the interpretation of the phrase “seldom
exceeded.”
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Fig. 4 — Connection survey data, 1962: distribution of noise levels on cus-
tomer-placed toll connections. Mean = 19.7 dbrnc; standard deviation = 7.8 db."

A more specific statement for noise evaluation is obviously desirable.
In terms of noise grade of service, discussed in Section III, 97.0 per
cent of the measured values in Fig. 4 (i.e., connections) would be con-
sidered good or better and only 0.3 per cent poor or worse.* This may
appear to be in contradiction to the finding that 23 per cent of the meas-
urements do not meet the 26-dbrne objective. The fact, however, is that
when the average noise level is low, over-all grade of service is very
impressive. But this does not assure satisfactory noise performance on
all toll calls. I'or example, the noise on close to 1 per cent of the connec-
tions was found to exceed 39 dbrne, which essentially defines a bound on
the levels that telephone users consider good or better [i.e. for z > 39

* Grade of service for measured connection noise does not reflect the subjective
effects associated with compandored links. In the absence of speech (i.e. when
noise is measured) compandor action is such that the listener perceives a lower
noise level. On the whole this effect is small. Estimates show that the above

good-or-better noise grade of service figure is affected by less than 1.0 per cent
and the poor-or-worse figure by less than 0.1 per cent.
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dbrne p(F + @ |x) < 0.5]. Furthermore, from Fig. 5, we see that these
higher values (the tail of Fig. 4) are attributable mainly to noise on the
longer and thus more costly connections. Hence it is misleading to look
only at grade of service for noise on all toll calls. The customer who
primarily makes calls spanning long distances is apt to get poorer per-
formance; for example, the connection survey showed that grade of
service on calls within a 100-mile radius is 97.8 per cent good or better
whereas on coast-to-coast calls it is only 86.5 per cent good or better.
In order to avoid this shortcoming, it appears necessary to have a
particular noise requirement for various physical lengths of connections,
instead of a single number seldom exceeded for all lengths.

Consider next the noise contribution from the loop plant. On the
basis of data in Fig. 3, close to 2 per cent or an estimated 800,000 cus-
tomers (main stations) have loop noise in excess of the present 26-dbrne
objective. While this is only a relatively small percentage, loop noise is
a problem to the affected customers because the same level tends to be
present at all times. As stated carlier, the principal source of audible
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loop noise is power line induction, appearing as hum in the telephone
circuit. The hum level is determined by the extent of the power system
influence (which is fairly constant in any particular location) and the
degree of balance of the line and terminal equipment. Party lines,
because of the use of grounded ringers and other unbalanced station
set circuitry, are found on the average to be much noisier than individual
lines. If a telephone user has excessively high loop noise, it is almost
certain that he is on a party line and that the noise is power line hum.
TMig. 3 shows that an estimated 0.2 per cent of Bell System customers
have 39 dbrne of power hum loop noise. Since they can expect nearly
this level on every call, their grade of service on both local and toll calls
collectively will be only about 40 per cent good or better and as much
as 10 per cent poor or worse.

VI. REQUIREMENTS FOR AN OVER-ALL NOISE OBJECTIVE

The present noise objective is not so formulated as to focus attention
on substandard noise performance on the longer toll connections and
the existence of power line hum on loops. To direct attention to areas
of inadequate noise performance and emphasize the need for improve-
ment of loops and trunks that are now substandard, we must select a
noise objective that is not only satisfactory from the grade-of-service
point of view, but is also in harmony with actual system noise behavior.

Fig. 5 shows that the average noise level on toll connections is posi-
tively correlated with airline distance. This implies that for noise con-
tributed by the toll plant, the objective should be length-dependent.
Short connections therefore should meet more stringent requirements
than long ones, making the objective consistent with actual system
performance. In addition, the objective should incorporate the inherent
variability of noise level on connections spanning the same over-all
distance and recognize that this variability decreases with distance, a
fact also shown by Fig. 5. The most expedient way to incorporate these
length dependencies is first to divide distance into a number of classes
or categories (that is, short, medium, long, and intercontinental), then
to establish for each class a suitable noise distribution, wherein mean
noise increases and variance decreases with distance. A study of the
connection survey data shows that the distributions may be assumed to
be normal within each distance class.

With regard to the form and statement of the objective as it pertains
to loop noise, Table I and Fig. 3 indicate that each central office area
can be expected to have a small percentage of loops which will be quite
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noisy. Furthermore, because the noise is predominantly power hum it
may be assumed that if a customer has a noisy loop then his noise level
can be expected to be about the same on every call. To alleviate this
situation, it would appear desirable to adopt one universal loop limit —
a limit which would insure all telephone users the same noise grade of
service on a long-term average basis.* The latter requirement is satisfied
by a limit having the property that the desired grade of service assigned
to any class of end-office to end-office connection is not significantly
altered when a noise level equal to the limit is “added” to the numerie
requirement for any of the connection classes.

VII. DERIVATION OF THE NEW OBJECTIVE

From the foregoing discussions, it may be concluded that an over-all
noise objective should incorporate both a connection and a loop noise
objective: for connections, it should state requirements on mean and
standard deviation for noise as a function of distance; for loops, a limit
not to be exceeded. The actual numerics, viewed in terms of grade of
service, should assure high customer satisfaction and be economically
feasible for the telephone company.

From the evaluation of the connection survey data, Section V, it was
evident that noise grade of service could be impressive on the whole
and yet not be acceptable on the longer connections. We stated, for
example, that the grade of service on coast-to-coast connections is only
86.5 per cent good or better. In general, it will be found that grade of
service 7s less satisfying on the longer connections, because of the in-
crease in connection noise level with increasing airline distance.
However, the number of toll calls established by customers decreases
rapidly with increasing airline distance, so that a subeclass such as all
coast-to-coast connections will have a negligible influence on over-all
grade of service. It follows therefore that: (7) it is insufficient to simply
satisfy one over-all grade of service requirement; (iz) the same grade of
service level cannot be expected on all lengths of connections, since the
length-dependent increase in connection noise must be recognized.
Appropriate adjustment for grade of service is therefore necessary.
A study of various promising adjustments showed that “balance” may
be achieved if grade of service does not vary with distance more than
from near 100 per cent good or better to a minimum value of 90 per
—T’I—‘h—is assumes all customers to be ‘‘average’’ in their calling habits. Despite
variability which is known to exist, this assumption is justified from a practical

standpoint. Without it each customer could have a loop limit depending on his
particular calling habits. This would be impossible to administer.
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cent on the longest connections and, in the same way, from near 0 per
cent poor to a maximum of 0.5 per cent.

The first step then is to satisfy the extreme requirements, that is, a
grade of service of at least 90 per cent good or better and at most 0.5
per cent poor on the longest connections, i.e., on the class of intercon-
tinental calls. On the assumption that noise on such connections is
normally distributed, there exist many well-defined choices of mean
and standard deviation that will satisfy these conditions. However, the
choice can be narrowed, since the objective for the longest conneetions
is constrained by our noise model to large values of mean and small
values of standard deviation. While it is desirable to have as large a
value of mean as possible, there cannot be too small a standard devia-
tion beeause of the variation in circuit losses. The praetical limit for
standard deviation in view of the latter appears to be a value between 3
and 4 db. With a choice of standard deviation of 3.5 db, Fig. 6* implies
that a mean of 30 dbrne is permissible for the noise at the line terminals
of the station set on the class of longest possible connections spanning
an airline distance halfway around the world. Using these two param-
eters as an anchor at the upper end, we may now assign noise require-
ments to the remaining shorter connections. A satisfactory breakdown
is shown in Fig. 7. Using binary log-mile cells, distance is divided into
the four broad categories defining short, medium, long and interconti-
nental connections. The corresponding allowable values of mean and
standard deviation for noise in these classes and the resulting grade-of-
service values are indicated. It can be seen that all of the previously
mentioned requirements are fulfilled.

Fig. 8 shows the 1962 connection survey noise data for each distance
category and Fig. 9 shows the desired noise distribution functions in the
same coordinates. Comparison of the two demonstrates that existing
and desired performance are fairly compatible and that the assumption
of normality is justified. Except for whatever improvement is required to
overcome the subjective impairment due to compandors, little or no
noise improvement is needed on short connections other than in the
tail of the distribution, while on medium and long connections noise
should be decreased respectively by about 3 and 4 db on the average and
somewhat more in the tails. Since these improvements seem economically
feasible in future system designs, the parameters in Table II were
established as the new noise performance objective for customer-to-
customer connections referred to the line terminals of the station set.

* A discussion of how grade-of-service curves may be readily constructed for
normal distribution is given in Appendix B.
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Having this basic breakdown for the new objective for connection
performance, we can now make a choice of loop limit. Fig. 10 shows
grade of service for the range of loop noise levels up to 30 dbrne in com-
bination with the new noise requirements for each distance category. It
is seen that no significant deterioration in grade of service results with
loop noise less than 20 dbrne. Above this value, however, there is a
definite downward trend in per cent good or better and an upward
trend in per cent poor. Hence, it is appropriate to choose a loop limit
at 20 dbrne. On the basis of I'ig. 3, we see that an estimated 5 per cent,
or approximately 2 million main stations, are above this value; hence
corrective measures for reduction of noise on loops will be required
throughout the system.
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Finally, it is of interest to compare the new objective with the current
26 dbrne seldom exceeded objective. We see from Fig. 9 that for con-
nection noise 26 dbrne may be exceeded on 12 per cent of the short
connections, on 27 per cent of the medium connections, on 60 per cent
of the long connections, and on 88 per cent of the intercontinental

TABLE II — NEw NoisE PERFORMANCE OBJECTIVE

L. Grade of Service
Airline Distance, miles Mean, dbrnc Standarddlgevmtlon,
Good or Better Poor
Up to 180 19.0 6.0 99% 0.03%,
181-720 23.0 5.0 98 0.07
721-2900 27.0 4.0 95 0.2
2901 and above 30.0 3.5 90 0.5
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connections. This implies that for connection noise the new performance
objective is more lenient, in that it allows noise levels above 26 dbrne
for an appreciable per cent of calls. Notice, however, that the range is
“restricted” to around 39 dbrne, the 50 per cent point of “good-or-
better” response, which is highly desirable. On the other hand, approxi-
mate evaluations show that the present design objective of 44 dbrnc at
0 TLP for a 4000-mile circuit would have to be made more stringent in
order for the new over-all objective to be satisfied. Lastly, we note that
for loop noise the limit of 20 dbrne not to be exceeded is more stringent
than the present objective would indicate.
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APPENDIX A

Noise Opinion and Noise at the Line Terminals of the Station Set

Noise “at the line terminals of the station set” refers to noise across
the line terminals of a 500CD type telephone set on a loop drawing 55
ma. While rather specific, this choice of customer reference is a natural
one, since the noise opinion curves (Iig. 2) refer to noise level measured
across the line terminals of a 500CD set on a 55-ma test circuit. More-
over, there is no loss in generality in having this type of customer ref-
erence as a standard.

In the evaluation of message circuit noise, we are concerned with two
main noise sources: that originating on connections beyond class 5
offices and that originating on receiver loops. Consider the noise origi-
nating on connections. The first step in its evaluation is to decide on a
point of measurement. Operationally, the best point is at the end-office
at the input to a zero loop terminated in 900 ohms. Take any level
measured there, say a2 dbrne. What will be the subjective effect of this
level on customers? It will be slightly different for customers on short,
medium, and long loops, yet the difference is small enough to be neg-
lected because of the “equalizing” properties of the 500 set. The com-
bined response of a receiving loop and 500 set is reasonably constant for
the majority of customers; hence it may be assumed that “received
noise volume” (for noise originating beyond class 5 offices) is indepen-
dent of loop length. Thus to evaluate x dbrne, we must determine what
this level will be across the line terminals of a 500 set drawing 55 ma.
From loop loss data it is estimated that the average loss of a 55-ma
loop terminated in a 500 set is 5 db. Hence, we may postulate that the
subjective effect of z dbrne of connection noise is the same for all cus-
tomers, and that it is given by referring to (zx — 5) dbrne on the noise
opinion curves. As a consequence, a statement of objective for noise on
connections referred to ‘“‘the line terminals” (in our sense) really means
that at the point of measurement, that is, the class 5 office, the require-
ment is 5 db less stringent.

Consider now the evaluation of noise originating on loops. If meas-
ured across the line terminals of a 500 set, we would expect a different
acoustic response for the same value of noise level on short, medium,
and long loops. Fortunately, the difference is hardly noticeable. Noise
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originating on loops is predominantly power line hum concentrated at
180 and 300 cycles. At these frequencies the 500 set input impedance
is essentially constant over the range of loop currents encountered in the
field. Hence we can assume that the subjective effect of a particular loop
noise level at the telephone set is the same for all values of loop current,
which suggests that for loop noise the noise opinion curves are directly
applicable to any line terminal measurements, whether on short, me-
dium, or long loops. Therefore, an objective for noise on loops can be
applied equally to all customers — even though specified “at the line
terminals’ in our sense. Finally, we note that to evaluate the combined
(over-all) effeet of x dbrne of noise originating on any connections and y
dbrne originating on any loop, it suffices to refer to the opinion assigned
to a noise level equal to the power sum of (x — 5) and y dbrne in Fig. 2.

APPENDIX B

Grade of Service for Normal Noise Distribution

In Section 2.3 we stated that normal ogives can easily be fitted to
the response data which result from evaluating the subjective effects
of noise by absolute judgment. As such, opinion in category R

‘___ exp (—#/2)

dt
f \/21:'

where a is the value of x such that p(R | a) = 0.5 and b is a parameter
equal to the “standard deviation” of the ogive curve. With this model
for opinion, grade of service for any probability density function f(z) of
noise levels is given by

f f"_'_“exp( 2/2) ) dl d.

If f(z) is normal with mean & and standard deviation ¢, we have

[ [,

On the assumption that o is fixed, the above integral is a function of
z only, say F(£). Changing variables

p(R|z) =

rT — X
[

=Y

and differentiating under the integral sign we get
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P - f: exp{ [y _|_2:+ crby2 - a) ]} N

Turthermore letting b’ = Vb2 + o2 and v = V' /bly + o[(& — a) b}
we find

SRICCER L

Finally integrating between — « and Z, we get

_ # exp [— (¢t — 0&)2/2b'2 e exXp (—t2/2)
Fz) = f_w /270’ f Vo

which is the value of grade of service for a normal probability density
function f(x) having mean & and constant standard deviation ¢. The
above integral is easily constructed with the aid of normal probability
paper. Simply plot F(Z = a) = 50 percent and F(& = a + Vb + ¢2) =
15.9 per cent, for the given category E, and join the two points by a
straight line.
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Propagation of Light Rays through a
Lens-Waveguide with Curved Axis

By D. MARCUSE
(Manuseript received November 7, 1963)

The problem of the propagation of a light ray in a lens-waveguide with
arbitrarily bent axis is solved. The solution can convenienily be expressed
in form of an integral if the waveguide is bent sufficiently gradually.

In general, @ ray which is incident on the axis of the straight lens-wave-
guide follows an undulating path after traversing the bend. The undulations
can be kept arbitrarily small if the bend is tapered and if its curvature is
suffictently gentle. By properly dimensioning the bend, the undulations can
be made to cancel out completely, so that a ray which follows the axis of the
straight waveguide can be made to leave the bend on the axis of the outgoing
straight waveguide.

The cases of circular and tapered bends as well as tilts and offsets are
discussed.

I. INTRODUCTION

The invention of the laser has revived interest in light as a communica-
tions carrier. One of the many problems which have to be solved before
a light communications system becomes feasible is the propagation of a
light beam from transmitter to receiver. It is well known! that a sequence
of converging lenses can guide a light beam and keep it from spreading.
The losses of such a lens-waveguide can be calculated only by means of
wave optics. However, even geometric optics can demonstrate the guid-
ing properties of a lens-waveguide.2 It can show that a light beam, once
it is injected into a sequence of lenses, follows an undulating path without
wandering away from the axis of the lens-waveguide.

The present paper is limited to describing the behavior of a light beam
in a lens-waveguide whose axis is not straight everywhere, but which
is allowed to follow bends of the transmission path or exhibit abrupt
changes like tilts of its axis or an offset of one of its lenses from the axis
on which all the other lenses are centered. The description is given in

741
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terms of geometric optics, so that no information about the losses of
light transmission through a lens-waveguide with bent axis can be ob-
tained. It is clear, however, that the loss of power from the light beam
is caused partly by diffraction losses at the edge of the lenses. These
losses are certainly minimized if the center of gravity of the light dis-
tribution in the beam, which is described as the light ray, remains as
far from the edges of the lenses as possible. It is desirable, therefore, that
the light ray follow the axis of the structure as much as possible. The
mathematical description of the light ray presented in this paper shows
that a ray which follows the axis of the straight lens-waveguide will be
forced into an oscillatory trajectory whenever the axis of the lens-
waveguide deviates from perfeet straightness.

It is necessary, at times, to lead the lens-waveguide through a bend
to circumvent obstacles which might lie in its path. If it is possible to
design a bend such that a beam which is incident on the axis of the
straight incoming waveguide will leave the bend on the axis of the out-
going straight waveguide, we will call such a bend one of optimum
design. It is, of course, equally desirable also to keep the deviations of
the beam from the waveguide axis on the bend as small as possible.

We show in this paper that one can inject a light beam into a circular
section of the lens-waveguide in such a way that it travels through the
bend at a constant distance from the waveguide axis. It can, further-
more, be readmitted into the outgoing straight section of the lens-wave-
guide so as to continue along its axis. An optimization of a circular
bend is thus possible.

Another way of reducing the oscillations caused by a bend is to taper
its radius of curvature gradually from its infinite value on the straight
section to a minimum value and back to the infinite value of the out-
going straight section.

The theory of ray optics in a lens-waveguide with curved axis is a
gencralization of Pierce’s theory.2 The solution of the difference equation
can be approximated by a convenient integral expression in the limit
of a lens-waveguide whose axis changes direction only gradually.

II. RAY OPTICS OF THE CURVED LENS-WAVEGUIDE

The light ray is deseribed by its distance r from the center of the lenses
at the position of each lens (see Fig. 1). The lenses are spaced a distance
L apart and have a focal length f = 1/C. The quantity C is known as
the “lens power.”

If we assume that all angles are so small that tan « can be taken = «,
we obtain the following relations between the radii r, and r,; of the
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ray at the positions of the nth and (n 4 1)th lens
Tntl = Tn + anL (1)
Crn—H = Yn+1 + Ay — Opy1 . (2)

ay is the angle between the ray and the straight line connecting succes-

sive lenses taken to the right of the nth lens. v, is the angle at the nth

lens between the two straight lines connecting the lenses. The geometrical

relations (1) and (2) can be read off Fig. 1(a) through (c¢).
Eliminating «, and a,4; from (1) and (2) results in

Tnye — (2 - LC)Tn+1 + 1 = DYn+l = Ynt2 . (3)
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Equation (3) agrees with Pierce’s equation for the straight lens-wave-
guide in the case v,4+1 = 0. In this case the equation has the solution
r, = A cos nd + B sin né (4)
with
cos =1 — (LC/2) (5)

or equivalently
Sin6=\/L_C/‘/1—%q. (6)

This solution shows that, in general, the ray oscillates around the axis
of the lens-waveguide.

From Fig. 2 it is apparent that the quantity y.4» occurring in (3)
is given by

Ynte = L2/ By (7)

Equation (3) is the mathematical description of the ray optics of the
curved lens-waveguide. It allows the successive calculation of the
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Fig. 2 — Definition of the quantities yny2 and Rpya .
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distances r, of the ray from the centers of the lenses for any distribution
of lenses and suitable initial conditions.

III. SOLUTION OF THE RAY EQUATION

By standard methods for solving difference equations,® a rigorous
solution of (3) was obtained:

. L’ Esing(n—m — 1)
. = A 0 - .
7 cos n6 + B sin nf + e ;0 -

(8)

The sum in (8) is defined only for n > 1. The constants A and B are
determined from the initial position of the ray at r, and r,

A= To (9)
1 — 79 cOS 0
—emo (10)

The validity of (8) can be checked by substitution into (3).
Equation (8) can be converted to a convenient integral expression.
We use the identity

[’
2 sin ¢

m+2
sinf{n —m — 1) = f sin 8(n — z) dx (11)

and obtain instead of (8)
e = A cos nf + B sin né

0L2 n—2 1 fm+2 . (12)
T TS i R d SO @) A
Now let us assume that R,, varies so slowly that we can write
R, = R(z). (13)

The value R.. defined in Fig. 2 has become the radius of curvature R(x)
of a curve f(z) which smoothly connects the centers of the lenses. With
the use of (13) the sum of (12) can be changed into an integral, and we
obtain

r, = A cos nd + B sin nf
I? {cos(n — 1) —cosnf ., 1 — cos

+ i s (14)

"'gin 0(n — x)

2 sin? 6 +
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Equation (14) holds for arbitrary values of L and C as long as
0<|1—-(LC/A)| <1 (15)

Its validity is restricted to the extent to which the approximation (13)
holds. That is, (14) holds as long as the lens-waveguide is bent only
gradually.

FFor completeness let us state the result in the limit L — 0. It follows
from (6) that § — A/LC in that case. If we introduce the length s = nL
or ¢ = zL as the new coordinate, we obtain from (14) in the limit of
closely spaced lenses

. 1/ 1 . .
r(s) = A cos ks + B sin ks + Efo Bo) sin k(s — o) do (16)

with
£ = lim (C/L). amn
L->0

The solution (16) could have been obtained by first converting the
difference equation (3) into a differential equation. Equation (16) is
the solution of this differential equation.

IV. BENDS, TILTS AND OFFSETS

We study first the problem of transmitting a light ray along two
sections of straight lens-waveguide which are connected by a circular
bend. To make the problem more general we assume that the straight
scctions are not tangents of the circle at the point of contact and that
the axis of the straight section of the guide does not go through the cen-
ter of the first lens which is located on the cirele. In other words, we as-
sume that the circle is tilted by an angle « and offset by an amount ‘“a”
with respect to the incoming and outgoing straight lens-waveguides (see
Fig. 3). For the solution of this problem we go back to the exact equa-
tion (8) and limit ourselves to a beam which enters the bend on the axis
of the incoming straight guide (A = 0, B = 0). A study of the geometry
shows that

12 2L°R
Bo= B =35 o= B = s TR — 9aR
m#=1,2, N —1,N — 2.

Rn =R

Using the identity

k sin (n - 129)0 sin% k+ 1)8
> sinb(n —m) =

m=0

.1
=0
sin 5
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CURVED
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Fig. 3 — A circular bend to which the straight lens-waveguide is connected

by an offset ¢ and a tilt .

we obtain from (8) on the circular bend

12 [ a cot 10
Ty = sin(i{ 72 Sin 0 — —5 |8 0(n — 2)
1 a cot %0 (18)
+ E[a -7 (1 — cos(?):l sin(n — 2) + 5h
2=<n=<N-2
and on the straight outgoing section
ot =0
L . 1 a . ©or3
. = 9 —_ — o« .
T -Sinosma(n 2N>{ T sin 0 5L
. 1 1 a
-sin @ éN—Z +Z a—Z(l—cosa) (19)

-cos0<—;N— ) N =n< o,
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By properly adjusting tilt and offset we can assure that the beam will
continue to travel on the axis of the outgoing straight lens-waveguide
without undulations. We adjust @ and « so that both expressions in
brackets in (19) vanish simultaneously. This leads to

1
t =0
Lz CO 5 L
¢ =5psmd — RC (20)
and
a = (a/L)(1 — cos 8) = L/2R. (21)

These values for the tilt and offset, by which the circular bend is con-
nected to the two sections of straight line, provide us with an optimum
circular bend — that is, one which guides the light ray around a curve
without causing it to undulate. It is apparent from (18) that these
optimum values for tilt and offset assure simultaneously that the light
beam traverses the circular section of the bend at a constant distance
from the center of the lenses which is equal to the amount of offset (20).
It is clear that the offset injects the beam into the circular bend just at
the spacing at which the beam can travel around the circle without
undulating. x '

There are other ways to design a bend to guide a light beam without
introducing undulations of the outgoing beam. For example, if we con-
nect the circular bend smoothly to the straight sections (¢ = 0 and
a = 0) we can still suppress undulations by choosing the length of the
bend and the properties of the lenses such that sin (AN — 2) = 0.
However, such a design is more complicated and depends on the length
of the bend.

As a second example, we consider the case of a bend with tapered
radius of curvature:

45 N
_ < <

. i 0=v=3

& By Ney<w
D? v g =YY=

Here, N is the number of periods L which fit on the bend (Fig. 4), 8
is the angle through which the bend leads, and D = NL is the total
length of the bend.

The trajectory of the ray can be computed with the help of (14). We
assume that the ray is incident on the axis of the incoming straight
waveguide (A = B = 0).
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Fig. 4 — A tapered bend of the lens-waveguide.

For2 £ n £ iIN + 2,

2L

Tn
) (23a)
+5 [sin @ — sin 6(n — 1)]};
forg N+2=n=N+2
2sL°
T _D2—si112—0{(N —n 4+ 2)(1 + cos 6)
0 . I (23b)
-I—§|:2sm0(n -1 —§N> — sin 0(n — 1) — smﬁ]f;
forN +2 =2n < o,
28L° 2, . 1
Tn —m5{28m0<ﬂ— 1 —§N>
(23¢)

—sinf(n —1—N) — sinf(n — 1)}.

Equation (23¢) can be rewritten to show the amplitude of the undula-
tion more clearly
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16sL°
D20 sin? 6

As in the case of the circular bend, the undulations can be made to
cancel out if we design the lens-waveguide and the length of the bend
such that sin 61N = 0. It is also apparent that the amplitude of oscilla-
tion decreases rapidly if the length D of the bend is increased.

Tinally, we state the equations for the case of a tilt and for an offset
of one lens in the waveguide (see Tigs. 5 and 6). Assuming, as always,
that the incident ray follows the axis of the incoming straight waveguide,
we obtain from (8) in case of a tilt which is spaced a distance from the
lens,

Tn =

.o, 1 . 1
sin Ostm@(n 1 §N). (24)

Ty = si_:i@\/(L —a)? 4 a4 2a(L — a) -cosfsin [0(n — 1) — 3] (25)

with
a-sin 0

(L—a) +acosf’ (26)

¢ = arctan

If one lens is offset by an amount A and if the incident ray follows the
axis of the incoming straight waveguide
4A .

21 .
= — = = -2
7 Rl 20s1n o(n ) 27

describes the ray on the outgoing straight waveguide.

V. DISCUSSION AND NUMERICAT: RESULTS

In the preceding section we have found that a light ray which is
incident along the axis of the incoming straight waveguide, in general
leaves a bend, an offset or a tilt undulating around the axis of the
straight outgoing waveguide. We have found that these undulations
can be suppressed by properly designing the bends. In this last section
we will discuss the maximum undulations of the outgoing light ray if
no provision for canceling the undulations has been made.

If one does not intend to use an optimum design, one would not
include a tilt or an offset in the bend but would connect the circular
bend smoothly to the straight sections. If we take ¢ = « = 0 in (19)
we see that the maximum amplitude which the undulations can reach
is given by

1
12 cot 5 [’} I (28)

Tmax = B “5in 0 RC"
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Fig. 5 — The lens-waveguide tilted by an angle § a distance a from a lens.

The same equation describes the maximum deviation of the beam on
the circular section of the bend.

The maximum deviation of the ray from the axis on the tapered bend
can be obtained from (23). We assume that N 3> 1 and find that the
maximum deviation on the tapered bend is

SL’N 2L}

Tmax R w——— (1 4+ €08 0) = ——"— 29
T D sin? 6 + ) D4 — LC) (29)
!
/ \
/Ra \
/ \
1 ;& \ ! ]
| LY Vo |
R e
| I | ! ‘\ | I i
o A i \ 3 Ioa
i /2 \ |
Jot -4 I / 4 |
Ri Ry 2 R, / \ ER3=R1
l /
| / \ |
J 24 ; / \ |
R, 12 :‘_“\NI \\ :
[ \ !
| I/ ‘:(“7
|
I

Fig. 6 — One lens of the waveguide is offset by an amount A.
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while the maximum amplitude of the undulations on the straight out-
going section is given by (24)

A 166L° 648L°
max — D®sin? 0 = - . 30
SIEY pe [arccos (1 _ L2—0>:l (4 — LO) (30)

A comparison of (29) and (30) shows that the maximum deviation on
the tapered bend is considerably larger than the maximum amplitudes
of the undulating beam after it has left the bend. The maximum devia-
tion on the tapered bend is larger than the maximum amplitude of the
undulating beam leaving the bend by a factor of roughly #DC. The
taper has the effect of canceling some of the oscillations which build
up in the bend.

Equations (29) and (30) show that the amplitudes become infinitely
large if LC = 4. This failure to guide the beam around a bend is not
apparent from (28) for the circular bend. In fact, a beam which enters
the circular bend on the axis of the incoming waveguide tangentially to
the circle does not experience such a catastrophe. However, we see
from (18) or (19) that this geometry is rather unique, since in general
both (18) and (19) become infinite for sin 8 = /LC(1 — LC/4) = 0.
Only in the case considered (¢ = o = 0) can the beam be confined even
if LC = 4.

Table I lists the values of rm., for the circular and the tapered bend
for the case LC = 2 (confocal geometry). It is further assumed that
both bends lead the waveguide through an angle of § = 90°.

The maximum amplitude of undulation of a ray which has traversed
a tilt is, according to (25),

VI — aLC(L — a)

Tmax = 28 — 31)
- VIC V4 = LC
and the amplitude after an offset is, from (27)
AVILC
Tmax — 2 ———\—/: (32)
V4= ILC
TABLE I — VALUES OF Tmax FOR CONFOCAL (GEOMETRY
D/L
*max/L
10 100 1000 10,000
Circular bend 1.57 10! 1.57 102 1.57 103 1.57 10+
on bend 1.57 107! 1.57 102 1.57 10—3 1.57 10~
Tapered bend | 0 hend | 1.60 10~ | 1.60 10-2 | 1.60 10-5 | 1.60 10~
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Both of these amplitudes become infinite for LC' = 4. However, if the
tilt is placed exactly halfway in between two lenses (2¢ = L), (31)
becomes rmax = 8L/2 if LC = 4. In this way even a lens-waveguide
with concentric geometry can be tilted without loss of the beam.
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Circular Electric Wave Propagation
in Periodic Structures

By G. W. LUDERER and H.-G. UNGER
(Manuseript received November 7, 1963)

TE propagation in helix waveguide and spaced-ring guide is ana-
lyzed for frequencies where the wavelength is comparable to the period of the
structures. By conformal mapping the boundary value problem is reduced
to that of @ waveguide with smooth walls but tnhomogeneous dielectric lining.
The lining modifies the magnetic field near the wall and changes the dis-
tribution of eddy currents and heat losses in the wires. As frequency in-
creases, the field penetrates more tnto the space between wires, the eddy
currents are more evenly distributed and the heat loss decreases from its
quasistatic value of, for example, 10 per cent more than in plain waveguide
to only & per cent more. Any substantial increase in heat loss occurs only
when the wavelength is shorter than the period of the structure. Due to the
periodicity, there are stop-bands when any number of half wavelengths
just fit into the period. The relative width of the stop-band and its maxi-
mum attenuation per period are independent of waveguide diameter and
period length and are only functions of the relative geomelry of the section.
Because of the stop-bands being so narrow and their attenuation being
quite modest, one may well accept them within the range of operating
frequencies.

I. INTRODUCTION

Low-pitch helix waveguide closely wound from insulated wire has
been shown to be a good transmission medium for circular electric
waves.! Likewise, spaced-ring or spaced-disk guides have been con-
sidered for TEy transmission.? All these structures are periodic along
the axis of propagation. In analyzing them, however, the period has
always been assumed short compared to the wavelength of propagation
and the periodic structure then replaced by an anisotropic but homo-
geneous model.3-¢

Recently, measurements have indicated that the TEg loss is low

755
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enough at very high frequencies — perhaps up to 300 gc — for the helix
waveguide to be operated there.” At these frequencies the period could
no longer be assumed to be short compared to the wavelength. Further-
more, a detailed study of the optimum jacket for most efficient unwanted
mode absorption over wide frequency bands has indicated that the
helix wire diameter and spacing should be nearly a third of the wave-
length at the upper band limit.? Both these results point out the need
for a more accurate analysis of circular electric wave propagation in
periodic structures, taking into account a period comparable to the
wavelength of propagation. It is to be expected that the distribution
of electric surface currents around the helix wires or rings and disks
will depend on frequency. The losses associated with these eddy cur-
rents will therefore also depend on frequency. Furthermore, a stop-
band of propagation is:to be expected when the wavelength becomes
half the period of the structure. Both the eddy current losses and the
width and height of the stop-band will be studied here.

II. MATHEMATICAL MODELS FOR PERIODIC STRUCTURES

2.1 Spaced-Ring Guide

Helix waveguide for TE,, transmission is of very low pitch. For pres-
ent purposes the pitch may be neglected entirely and the helix wave-
guide replaced by a spaced-ring guide. Furthermore, the dielectric
material in between the wires and the lossy structure surrounding the
helix are of very little influence on TEq propagation. They and the
helix pitech may be taken into account separately.*® The spaced-ring
structure of Iig. 1 embedded in a homogeneous and isotropic medium
will be used as a model for the present study. While this model with
rings of round cross section refers in particular to helix wires of round
cross section, it may readily be modified to refer to other wire cross
sections or to other spaced-ring and spaced-disk guides. The gencral
method of analysis will always be the same.

Dimensions and coordinates (z,0,y) in Fig. 1 are chosen with respect
to a mean radius a of the rings. The structure being periodic, it suffices
to consider a section I/II/III/IV of the guide. Because of symmetry
even only one-half (I/11'/II1’/IV) of this section may be considered.

2.2 Round Waveguide with Inhomogeneous Dielectric Lining

2.2.1 Maxwell’s Equations

Corresponding to a circular electric wave in: round waveguide, the
electromagnetic field in the spaced-ring guide will be assumed to have
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Fig. 1 — Spaced-ring guide.

only components:
E,,H,, H,.

For perfectly conducting rings the tangential component E, of the
electric field and normal component H, of the magnetic field vanish
on the surface of the rings

Eg = Hn = 0. (1)

It is therefore expedient to use orthogonal and curvilinear coordinates
which have the conducting boundaries as coordinate surfaces. Wire
radius and spacing in practical structures are much smaller than the
waveguide radius

b Kaq, cKa. (2)

The curvilinear coordinates should therefore approach rectilinear co-
ordinates as the distance from the wires increases. The coordinate
ae may be assumed rectilinear throughout.
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Fig. 2 — Section of spaced-ring guide in Z plane with curvilinear coordinates
u and v.

Fig. 2 shows a basic section I/II'/II1”/IV’ of the spaced-ring line
in the (x,y) plane. The curvilinear coordinates are indicated by w and v.
Regarding « and y as real and imaginary coordinates in the plane of
the complex variable,

Z ==z +jy,

the curvilinear coordinates v and » may be regarded as real and imagi-
nary parts of the complex variable

W(Z) = ulzy) + jo(zy). (3)

The transition from Z to W constitutes a conformal transformation.
W being an analytic function of Z, the Cauchy-Riemann equations are
satisfied

dr 9y dx dy
— T e— — — — 4
u  ov’ v u )

and the derivative may be written
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dZz _dz |, .9y
av " au T

2@ o

The elements of length in the Z plane of Fig. 2 are

(5)

C (4 52)
du <6u 4 3 du (7)
| du*| = M du
(8)
| dv* | = M db.

The metrical coefficients of the curvilinear coordinates u*, ¢, v* follow
from
hyse = M, hy = 1, hee = M. (9)

Maxwell’s equations written in the curvilinear system are

i} .
a—u (E¢) = jwuo]WH,,*

d .
(—9; (E¢) = —]w/.toMflu*

5 (10)
o (ML) — g’_v (MH,) = joed®B,
9 mwy + 2 (rHW = o,
av u
Substituting
H,= MH,., H,= MH,u, e = M (up) (11)

Maxwell’s equations for a fictitious W plane of rectilinear coordinates
u and v obtain

é] .
a—‘u (Eq’) = JwﬂOHv

P .
% (Ego) = _]w#OHu
(12)
S 1) — 2 1) = joad
U N ¢

a a
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Comparing (10) and (12), the problem of finding the electromagnetic
field between curved boundaries has been transformed into the problem
of finding the field between straight and parallel boundaries in a me-
dium of varying permittivity e(u,»). The transition from one plane
to the other ensues by conformal mapping. The analytic function of
this conformal transformation by (6) and (9) determines the per-
mittivity e(wu,). This method was first developed by Routh,’ who stud-
ied the vibration of a membrane of irregular shape by transforming it
into a rectangle. The method was first applied to electromagnetic bound-
ary value problems by Meinke' and Rice." While in the more general
field problem a fictitious inhomogeneous medium of anisotropic char-
acter has to be dealt with, at present, due to the axial symmetry
(8/0¢ = 0) of the fields, the fictitious inhomogeneous medium is iso-
tropie.

2.2.2 Conformal Transformation

A suitable analytic function to effect the desired transformation
approximately was found by Richmond” and used by Morrison®” to
calculate the heat loss of circular electric waves in helix waveguide.
The function is in parameter form

_ _2(b/a) aVE =1 aVi+1
) I:tanh ——\/§_+_; -+ ¥ tanh —\/g‘_—l-—u] (13)
W= bz/: [sm (&) + s <Qi:r+—”1_l>] (14)

The plane of the complex variable Z = & + jy is by means of an auxil-
iary variable { = £ 4 jn mapped onto the plane of the variable
W = wu + jv. The parameter ¥ is the smallest positive root of

sin [72’_5 1+ \p)] = tanh[ <1 + >] (15)

and » is given by

y = coth?® [217 (1 + )] + cot? [g—g 1+ \If)]. (16)

The derivative of the above analytic function is

dz .2 A+ 14TV -1 (17)

A IR ) Y/ RNV

The transformation of the Z plane boundaries via the ¢ plane into
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straight lines of the W plane is shown in Fig. 3. The waveguide radius a
has been set equal to one and is the unit of length in the Z and W planes.

The transformation by (13) and (14) is only approximate and will
give circular contours (D,C,B) in the Z plane only if ¢ is somewhat
smaller than b. For ¢/b — 1 the transformation will be into a square

A HI
_clp Z=x+jy
a B
y
C G, —>
1b
a
<
a|b
=)
E F
7)T §=é+.j77
F G C D E £
——< —_
H -y - +1 A
B
o
b b
~2a -z U
B C D
AH
G
W=u+jv
lv
F E|

Fig. 3 — Conformal transformations by (13) and (14).
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contour. For ¢/b < 0.5 the largest deviation from a circle is 2 per cent
of ¢. In a closely wound helix the wire spacing will be determined by

its insulation. Presently used helix wires have ¢/b = 0.70 --- 0.85.
The maximum deviation from a circular radius is here between 8 and
20 per cent.

Fig. 4 shows three contours for different ratios ¢/b. They are obtained
from (13) by letting

-l=t=+1, n = =£0.
The resulting equations are

b
2= —
tanh™ E+1

x=sn()L
B T+ v) £t s

18

0 - (18)
y-—_-—____i_tan—l }._—-_g.
(1 + %) v+ &

The deviations from a circular contour will be neglected subsequently.

The inverse trigonometric and hyperbolic functions in (13) and (14)
are multiple valued. To obtain the rectilinear boundaries in the W plane
a suitable combination of principal and other values of these functions
has to be chosen (see Appendix, Section A.1).

In Fig. 5 a number of elementary cells BDEF of Fig. 3 have been
arranged back-to-back to form a round waveguide filled with periodi-
cally varying permittivity. The waveguide is bound by the conducting
surface BCD of the rings transformed into a straight contour.

Asymptotic values of the permittivity are obtained from (17).

a -y

olo
Il
o
~
o

oo
1]
o
@
o

olo
I
o
[+
(1]

Fig. 4 — Wire contours according to (13) and (14).
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Fig. 5 — The smooth-wall waveguide formed by arranging transformed sec-
tions of Fig. 3 back-to-back.

Moving from the spaced rings towards the center of the guide:

. dz [
iy )
lim | T (19)
Moving outwardly in the opposite direction
2
Jim | 7| = )

According to (19), inside the guide sufficiently far from the rings, the
permittivity is uniform and as in free space.

Because of (2) it differs from free space only close to the walls and
may therefore be regarded as a thin dielectric lining.

According to (20), at A,H in Figs. 3 and 5 the permittivity is infinitely
large. Because of (11) the region outside the rings is therefore practi-
cally free of magnetic fields.

The mathematical model thus obtained for the spaced-ring guide is a
closed round waveguide with inhomogeneous dielectric lining. The
permittivity of the lining may be found from (14) and (17) anywhere
in the W plane.

2.3 Approximate Model for Closed Structures

As it is, the present model is not suitable for perturbational analysis
of loss and wave interaction. Such perturbational analysis requires the
relative permittivity to be distributed in the guide such that
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%f];(Mz—-l)ds«l

for any cross section. In cross sections containing the pole 4,H of per-
mittivity this condition will not be satisfied. The pole at A,H is of such

a nature that not even the integral f f M? du dv over an area in the

W plane including 4,H is finite.

Actually, one should expect such poles in the transformed structure.
The original structure extends to infinity in cross-sectional direction.
Circular electric waves in the original structure cannot be lossless nor-
mal modes but must be leaky waves, since there is some leakage of
power, however small, through the gaps between the helix wires. The
transformed structure, on the other hand, is bound by conducting sur-
faces and cannot support leaky waves.

In order to get around this difficulty and still meet the objectives of
this analysis, the original structure is according to Fig. 6(a) surrounded
by a magnetically conducting shield (¢ = 0, u = «) close to the wires.
In the transformed structure of Fig. 6(b) the shield will appear as a thin
wire of magnetic conductor located at A,H. This magnetic wire, being
so very thin and so close to the wall, will not change the field distribu-
tion very much. It will only displace the electric field somewhat and
modify the magnetic field so that it has no tangential components on
its surface. For all wire spacings of practical interest this magnetic wire
will be of so little influence that it may be neglected entirely and the
small cross-sectional area of the wire be assumed to havee = ¢ = 1.

The mathematical model thus obtained no longer represents the open
structure of spaced wires but is an approximate representation of the
magnetically closed structure. It will serve well to calculate eddy cur-
rent losses and stop-bands but will not show the leakage of power through
the gaps. The latter has been calculated approximately elsewhere.?

In all subsequent calculation the magnetic shield will be assumed at
e = b. The corresponding small area near A,H in the transformed struc-
ture will be assumed to have e = x4 = 1 and will be excluded from inte-
grations over the W plane.

III. HEAT LOSS IN HELIX WIRES

3.1 The Magnetic Field near the Conducting Surfaces

In round waveguide with smooth walls a dielectric lining will modify
the tangential magnetic field of circular electric waves near the wall.
In general, the field will be increased and will therefore add to the heat
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MAGNETIC CONDUCTOR (e=0, t=00)
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Fig. 6 — A magnetic shield (a) transformed into thin magnetic wires (b). For
¢/b = 0.5 and e¢/b = 1 the wire size is s/b = 0.015 and its distance from the wall
is d/b = 0.009. For larger values of ¢/b, wire size and spacing decrease rapidly.

loss of circular electric waves. In helix waveguide this effect has to be
taken into account in addition to the eddy current loss of the current
distribution around the wire.

The change in magnetic field at the wall due to a lining, the per-
mittivity of which is only a function of guide radius, has been calcu-
lated before'

AH,
Hu()

= oo fo ") = 1lla — 1 dr. (1)

H,, is the longitudinal magnetic field at the smooth wall of a waveguide
filled with a medium of uniform wave number w\/ e . The relation
may readily be generalized to take into account also a z-dependence
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of permittivity (Appendix, Section A.2). Introducing the free-space
wavelength

2w

@V mogo

and coordinates © and » = (1/a) (a — r), the u-dependent change in
magnetic field may be calculated from

= G) [ 0 - 1o (22)

>\=

According to (11), the actual magnetic field H, tangent to the con-
ducting surfaces of the spaced-ring guide can now be written as

7]
Iluﬂ BCD

1 AL \
= M w0) {1 + 4r (X) j(; (M7 (up) — 1o dv} = f(u).

No closed-form solution of the integral in (23) is available. Evalua-
tion of (23) requires (14) to be solved numerically for £ and 5. M may
then be computed from (17). Representative distributions of magnetic
field around the wire surface are plotted in I'ig. 7. ¢, is the azimuthal
angle of a slightly deformed wire cross section.

At low frequencies the space between the rings forms a waveguide
below cutoff for circular electric wave fields. The magnetic field decreases
rapidly with increasing ¢, . For a/N — 0 the quasistatic approximation
obtains from (17) with

aw
A

(23)

o

ou s ou
Huﬁ

= | grad (u) |. (24)

As the frequency increases the magnetic field penetrates more and
more into the space between the rings. Eventually, at very high fre-
quencies substantial circular electric wave loss will result from radia-
tion through the rings.

3.2 Heat Loss at High Frequencies

Assuming the skin depth 6 to be small compared to the curvature
radius of a conductor surface, the power P, lost as heat through a sur-
face F with conductivity ¢ may be found from the tangential magnetic
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field according to

- L[ my
Py = s | |H.[aF. (25)

In a waveguide section of length 2b and radius a with uniform magnetic
field H.,o at the walls, the power lost as heat is

P,,o = LZ;/G) Hu02a2. (26)

g
The power lost in one section of the spaced ring guide is
% 2 s f+(b/2a) [Hu ]2
P, ="Hya du.
g 0 - (b/2a) H,,

The attenuation constant is proportional to these power losses. The
ratio of attenuation due to heat loss in the spaced-ring guide to attenua-

1.8 T I N

2b/A = 1.C/ \
1.6 /
1.4

\ 0.55
/z

/
) "\
\ Y
1Y

0.2 \ >
[~ \ ~

0

0O 10 20 30 40 50 60 70 80 90
ow = TAN"'(y/T) IN DEGREES

Fig. 7 — Magnetic field at the wire surface: ¢/b = 0.70.
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tion in plain waveguide is therefore

+(b/2a) 2 ) .
Py bf(b/ga) M-I: + 4r <)\> j[; (M - l)vdv] du

which by substitution of v = (b/a) @ is independent of b/a

P,, _ + 1 a2 ! 2 ¥ -
P—vo_[-- M2|:1+47r (X) ]; (M* — l)vdv:l di. (27

As in (23), no closed-form solution of the integrals is available. From a
numerical evaluation of (27) representative curves of loss ratio versus
frequency are plotted in Fig. 8. From its quasistatic value at low fre-
quencies the loss ratio decreases a few per cent with inereasing frequency.

2.0

|
|

1.0 .
(o] 0.2 0.4 0.6 0.8 1.0 1.2 1.4
2b/A

Fig. 8 — Heat loss of TE( wave in helix waveguide compared to heat losses
in smooth-wall waveguide.
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There is a minimum of loss ratio when the free-space wavelength is
nearly twice the period (A = 4b). This minimum in loss ratio is due
to more evenly distributed currents around the wire surface, when the
magnetic field penetrates more into the space between the wires.

Any substantial inerease in loss ratio will only occur when the free-
space wavelength is less than the period of the structure (A < 20).
But here the present approximations are beginning to fail.

At low frequencies for a/A» — 0, heat loss in the quasistatic case ob-

tains from
+(b/20)
b f(bl2a) ]lp (28)
The integral in (28) has been evaluated by Morrison:*

P, 1 — Ao (sin™! ¥yx)
on_‘(l_{'_\l’){ \/1—\1’2

+ cos [;Llf 1+ \If)] cot [—~ (1+ xp)] K(Q}

vO

(29)

where
2 _ 1 wc
Kk =1 '\fCOS[Q—b(].-I“I’):I.

Here K(«) is the complete elliptic integral of the first kind and modulus
k, Ao (B,x) is Heumann’s lambda function.

IV. PROPAGATION CHARACTERISTICS OF SPACED-RING SECTION

4.1 Transmission Line Equations

Wave propagation in the mathematical model of round waveguide
with periodically inhomogeneous lining may be represented in terms of
normal modes of the round waveguide without lining. The effect of
the lining is to introduce coupling between these normal modes.??

Interaction will be strongest between those modes the beat wave-
length of which is near the period of lining variations. As the frequency
increases, such interaction will first occur between forward- and back-
ward-traveling components of the circular electric wave when the
guide wavelength is near twice the period length of the structure.
When it is exactly twice this period length, reflections from each section
will add in phase and propagation will suffer from destructive inter-
ference. Interaction with all other modes may be neglected in this
range.
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Coupled line equations for forward-traveling components A and
backward-traveling components B of one and the same wave are written
aSIG

d_A — —v()A — k(2)B
5 (30)
o= k(2)A + v(2)B.

A and B are the amplitudes of traveling waves normalized with respect
to power. v(z) is the propagation factor v, of the wave in empty
waveguide modified by the presence of the lining’

W o (2)

e (31)

v(2) = v —
k(2) is the coupling or reflection coefficient between forward- and back-
ward-traveling components of the wave®

2
k(z) = “Hoed(z) (32)
2vc
A(z) depends on the permittivity of the lining and its distribution
over the cross section as well as on the particular wave under con-
sideration. Tor TEq with eylinder coordinates (r,,2)

2@ =~ el ;Jl]zp;p” )’ ar

The relative permittivity differs from unity only close to the wall.
The Bessel function in (33) may therefore be replaced by its linear
approximation at its first zero po; .

In normalized coordinates v and v, one obtains instead of (33)

(33)

Au) = —2p0° fol [M*(up) — 1] 0°(1 — v) dv. (34)

The coupling coefficient may now be written as

ak(z) = dnpu f I — 101 — 1) dv

WE-0

(35)

where
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2
o = % — @’Hoeo (36)
and u has been replaced by z.
Since | k| < | v | the modification of v from (31) may be neglected
in (30). Thus simplified, the transmission line equations written in
matrix notation are

al4 ek —L@) ][ A
%u—[uz) y J[B] )

A = [v(2)] - [4]. (38)

In Fig. 9 the coupling coefficient k(z) is plotted for representative
values of ¢/b. As ¢/b — 1 the coupling disappears because of deformation
of the round wire into a square cross section by the conformal trans-
formation.

or

x1077

2.0

If AN
" VAN

N o5

LN
/ ‘ X\T
| KK

b/2a b/a _3pb/2a 2b/a
z/a '

Fig. 9 — Coeflicient of coupling between forward- and backward-traveling
TEwn waves in spaced-ring waveguide.
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4.2 The Transmission Malrix

The matrix [y(z)] in (38) is almost diagonal for all values of z.
An approximate solution to (38) is therefore easily found by iterative
integration. Thus without specifying any initial values the general
transmission matrix of (38) will be calculated.

Formally integrating (38), one obtains

A@) = AO] + [ W46 de (39)

in form of an iterative procedure
l
Aen®] = [AO] + [ (@] 4.()] d (40)

After two iterations, as shown in Section A.3 of the Appendix, a suitable
approximation is found for the transmission matrix [T] in

[A)] = [T1-[A(0)]. (41)
[T] [Tll Tu:l 49
| Ta T 42)

l z
— —~l 1 — ] 2vz I\ —2vyz! ’ ]
Tu=c¢e |: ]; :(2) e _/; k(2 e d?' dz

The elements of
are

1
T = —e " f k(2)e™ dz
0
. (43)
Ty = e"lf E(2)e™™ dz
0

1 z
Ty = " [1 — f k(z)e™™" f B a7 dz:l .
0 0

Substantial interaction between forward- and backward-traveling
components A and B will be found only in a narrow band of frequencies
centered about A = 4b. Of all the Fourier components contained in
k(z), only the component k; of first order will contribute to the elements
of the transmission matrix at frequencies near N = 4b. Replacing £(z)
in (43) by this Fourier component according to
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(z) & N I cos <%z> (44)

where

N = — J 4r® pu
/G - () (45)

is therefore indicated.

The integrals in (43) have been evaluated with this substitution and
v = a -+ jB. In case of perfectly conducting walls for a period 2b cor-
responding to one section of the spaced-ring line the transmission

[ ] ( 11) 12 ( )

+3728b j28b
e 728 021 e+1ﬁ (1 _022)

where

_ 46 _ - 4621)2 + q2"2 Iy pZ <4B2b2 + q2) 2
Co= @ =D | Pagi—] ~ 555 (a7 — )
— 4)821)2 _|_ q2—2 + i (4B2b2 + (12) 2
| Pagr — 2| T 7 280 (4807 — )
r 4,821)2 + qz-
|7 150~ 2

i 48 2
oo [

Ca = (e — 1)
(47)
012 — (6+j4ﬂb _ 1)

It

Cau

*k
= _”“171 (48)

b
q 2 ) pot . (49)

In case of 28 = 7/b when the section is just half the guide wavelength

2 2 27712 2 2 27]2
O _%[r +q] iji’_[”_i_@l_]
22 i T s T

012

2 2
. +
21 ™

Il

(50)
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4.3 Transmzission Factor

To evaluate wave propagation in the periodic structure, its normal
modes should be considered as they are composed of forward- and back-
ward-traveling components of modes in plain guide. The normal modes
propagate along the structure, changing their fields only by a constant
factor from section to section. This transmission factor G of normal
modes is found by looking for solutions

AQ) = GA(0)
B(l) = GB(0)

of (41). Substituting (51) for A(l) and B(l) into (41), a homogeneous
system of linear equations obtains which can have nontrivial solutions
only for

(51)

det ([T] — GLU]) = 0 (52)

where [U] is the unit matrix. Values of G solving the characteristic
equation (52) are

1
G; = 5 [Tu + To & \/(Tu — Tw)* + 4T Ta). (53)

They are eigenvalues of the transmission matrix [7] and transmission
factors of normal modes of the periodic structure. Substituting from
(47), (48) and (49) for the elements of [T]:

4ﬁ2b2 + q2
4322 — 7

2 2; 2 2\2 272 2712

G, = cos (28D) + 4;72[ ] sin® (280) cos (480)

4:621)2 + q2

4
4_3%73?] sin® (28b) cos® (48b)

— sin® (28b) — 4 l:p
B p4(462b2 + q2)4
4621)2(462{)2 — 11.2)2

272 2772
+ 4 I:p i—gzll;—f—%] sin® (28b) cos (48b)

cos” (26b) (54)

2 27 2 2\ 2
(460" + ¢°)" .
= SR = ) S (460)

4040212 2\ 4 )
+ 2 5 g — s S (46D) cos (451))} .
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Since for b < a, | p | K< 1, also, the terms of second order in p may be
neglected. The transmission factors reduce to

27 2 27)2
G; = cos (28b) =+ {4 l:p i‘—?%i—i] sin® (28b)
4621)2 + q2 2 .
B p2(4ﬁ2b2+ q2)2
280 (4877 — %)

In case of 26b = =:

sin (4[31))}%.

2
G = —1q=p<7r+i>
T

1
2

b\ (56)
Toon.? 2k, <E> por’
= —1 o4 TR :
2 T
4.4 Fvaluation of the Transmission Factor
Writing G = e_“"l, attenuation factor
2¢'b = In | @ | (57)
and phase factor
28'b = 4G (58)

of one section of a spaced-ring guide obtain.

Frequency ranges for which G is real constitute stop-bands of the
periodic structure. There is no phase change from section to section
in stop-bands, but only a decrease in amplitude by G. Stop-bands are
characterized by a positive quantity under the square root of (55).
Outside of stop-bands this quantity is negative. The stop-bands ex-
tend to the zeros of the square root.

Since | p | < 1, the square root will be zero only when | sin 28b | <1
also; letting 280 = = — 6 with | 6| < 1, (55) may be approximated
near the stop-band by

G~ —1 £ \/prt — 6. (59)

2
Within the stop-band for

2
pot a

2

[0 <lpr|=
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the attenuation constant is:

— Poi’kr\? .
da=2 <i2 ) _ g

With

o4 b/a

for waves sufficiently far from cutoff, the deviation 6 from the half-
wavelength condition may be expressed by

0=1r<1—-i—b>

and the attenuation constant be written

z 3
Jda = % V(pm;kur) o (1 _ %\l_}) . (60)

Tor & = 0 the center frequency of the stop-band obtains, corresponding

to .
a _ a\ por)’
A"V(@)Jf(ﬂ)

; (61)
a
~ - - 1.
i when P <
Here the attenuation constant is
! p012k17ra
= . 2
= "Ib/a (62)

With § = = (po’kyr)/2, for the stop-band limits the relative width of
the stop-band is

A_w = Po12701 . (63)
W

In the present approximation, neglecting heat losses in the conductors,
there is no attenuation outside of stop-bands.
Taking these heat losses into account, 280 in (55) has to be replaced
by 28b — j2ab, where
p,

a = ag 55—

P‘DO

according to Section II. Since 2ab < 1, the attenuation constant at
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the center of the stop-band is in this case

’ p012/€1(1r —_ 4ab)a
aaq =
4b/a

The numerical evaluations in Section IT and plots of Fig. 8 show
a & ag well beyond the first stop-band. Since 4ab < 7 also the stop-
band attenuation and width will not be affected noticeably by the finite
conductivity of the wires.

For numerical evaluation of stop-band attenuation and Wldth the
Fourier coefficient k; according to (44) has been computed and plotted
in Fig. 10 versus ¢/b. k; is larger the smaller the ratio ¢/b. For ¢ — b
the present conformal transformation is into square wires without
spaces. In this case &k, — 0. But for ¢/b < 0.80 the approximation of
round wires is satisfactory.

Stop-band attenuation 2«'b per sectlon and relative stop-band width
Aw/w according to (62) and (63) are both proportional to k;. Fig. 10
has therefore been provided with additional scales to also represent
these two quantities as a function of ¢/b.

(64)

x10"6 x1077 x10~8
175+ 1.2
1.4 \\ =250
1.50 L N
10 \ J2.25
0.9 AN
\ - 2.00
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08 N
Aw K, \ —1.75
w 0 N\ 2bot’
ool
1.00 \ — 1.50
06 \
‘ \ 1.25
075 s
\ 1.00
04
0.50 o3 0.75

0.50 055 060 065 070 075 0.80 0.85

olo

Fig. 10 — First-order Fourier coefficient of TEo coupling in spaced-ring guide;
addltlonal scales indicate stop-band width and attenuation.
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It is most important for practical purposes that the stop-band at-
tenuation reach only quite modest values and that the stop-band be
very narrow. 2¢/b and Aw/w being only functions of ¢/b, the absolute
quantities ¢’ and Aw of the stop-band will both be smaller the larger
the length 2b of the section, provided of course one stays within the
range where present approximations hold.

Take for example a helix wire spaced by 2b = 0.15 mm with ¢/b =
0.75, corresponding to present design practices.”” The stop-band would
oceur at A = 0.3 mm, corresponding to f = 1000 ge. The width Af =
925 ke and attenuation o’ = 35 db/mile of the stop-band would not be
objectionable because it is well beyond the frequency range where the
helix waveguide will be operated.

Helix wires spaced by 2b = 0.3 mm with ¢/b = 0.75 corresponding
to an optimum design for wideband unwanted mode absorption8 would
have a stop-band at 500 ge of width Af = 462.5 ke and attenuation
o’ = 67 db/mile. Both quantities are smaller but also not objectionable
since still outside the operating range.

If, however, no other limitation is imposed on the wire geometry but
the space between to be cutoff for circular electric wave fields at the
highest operating frequency, then with ¢/b = 0.75 and ¢, = 3 for the
space between wires:

2(b ) —l—k
— C <2'\/€—r min

2
2h < \_/e: Amin

To utilize the full range of mm-waves Amin = 1 mm. Then 2b = 1
mm will keep the space between wires sufficiently below cutoff.

The stop-band will now occur within the operating range at f = 150
ge but it will only be Af = 139 ke wide and have the attenuation o’ =
20 db/mile. Both values are small enough not to be objectionable.

V. CONCLUSIONS

Helix waveguide, spaced-ring or spaced-disk guides or other periodic
structures for circular electric wave transmission may well be operated
close to or beyond the frequency where the wavelength of propagation
is twice the period of the structure. The nonuniform but periodic struc-
ture of the conducting boundaries in such waveguides will cause an
increase in wall current losses due to nonuniform distribution of the
eddy currents. From its quasistatic value at low frequencies this distri-
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bution will become more even as the frequency increases and the
magnetic field penetrates more into the grooves or spaces between
wires, rings or disks. The relative loss with respect to smooth wall guide
will thus decrease by up to 5 per cent before it shows any substantial
increase when the wavelength of propagation becomes smaller than the
period of the structure.

The periodic structure causes a stop-band in circular electric wave
transmission, when the wavelength of propagation is twice the period
length. The stop-band attenuation is, however, quite modest and, what
is even more important, the stop-band is very narrow. The relative
width of the stop-band and the stop-band attenuation per section are
independent of waveguide size and frequency and are functions only of
the ratio of wire size to wire spacing or of corresponding dimensionless
factors describing the geometry. Deviating from present design prac-
tices, one may therefore make the structure of relatively large period,
accepting a very narrow stop-band within the operating range. In 2-inch
L.D. helix waveguide of optimum design for unwanted mode absorption
the wire size is 2¢ = 0.225 mm and wire spacing 2b = 0.300 mm. The
stop-band occurs near 500 gc; its width is Af = 462.5 ke and maximum
attenuation &’ = 67 db/mile. Keeping the ratio ¢/b = 0.75 the same,
but increasing the spacing to 2b = 1 mm, the stop-band will occur at
150 ge but will be only 139 ke wide and have a maximum attenuation
of 20 db/mile.

APPENDIX

A.1 Conformal Transformation

Parameter ¥ of the transformation was found for several values of
¢/b by solving (15) numerically using Newton’s formula. Subsequently
v was calculated from (16). Both quantities are listed in Table I. Also
listed in this table for all values of ¢/b is the largest deviation of the

TasLe I

c/b A2 v rmax/¢ Py/Pyy

0,5 0.653 257 600 1 1.155 982 500 1.018 1.225
0,6 0.528 077 816 1 1.034 531 436 1.039 1.170
0,7 0.391 940 793 8 1.003 248 064 1.078 1.126
0,8 0.247 192 783 0 1.000 024 889 1.149 1.082
0,85 0.176 268 291 6 1.000 000 146 1.199 1.060
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contour DCB in Fig. 3 from a circle as it is found from (18) and

== |y [emmmm] * [omm) e @

For further reference the loss ratio P,/Po in the quasistatic case
according to (29) is likewise listed in Table 1.
The area in the Z plane to be mapped on to the W plane is multiple-
connected. Hence care has to be taken to select suitable values of the
multiple-valued functions in (13) and (14). From (14)

2ra

+ (u + jv) = sin™ (¢) + sin™ (x) (66)
X = LL___;l (67)

To obtain rectilinear boundaries in the W plane, principal and other
values of sin™" ¢ and sin™" x must be combined. Suitable combinations
are listed in Table II.

TasLE II
Phase range of X = Re [sin! (¢)] Y = Im [sin™? ()]
0 < ¢ < 7/2 /2> X >0 Y>0
/2 < L < 7w 0> X > —n/2 Y>0
—m/2 < L <0 > X > n/2 Y>0
—r < L < —7/2 3r/2 > X >« Y >0
X = Re [sin™! (x)] Y = Im [sin~? (x)]
0 < 4x < 7/2 /2> X >0 Y>0
/2 < fx < 7w 0> X > —n/2 Y >0
—7/2 < x < 0 —27 < X < —3x/2 Y <0
—r < dx < —7/2 —5r/2 < X < —2r Y<o

Of the inverse hyperbolic functions in (13) the principal value is
used throughout, but both values of the square roots of the arguments
are taken alternatively.

Likewise, suitable values of the square roots in the derivative (17)
must be selected as well as in

iz ba 1 v
d7_7r(1+‘1’)[\/s“—1'\/§+v+\/§+1'\/§’+v:| (68)
and

AW _ .b/a 11

" [x/r—l-x/r+v+x/r+1-x/§TJ (69)

i 'on
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where { = £ + jn, which are subsequently used in numerically solving
(13) and (14).
Since only areas of the Z plane with ¥y = 0 are being mapped, the

square roots v/¢ — 1 and v/ + » in Z(¢) according to (13) must be
chosen of equal sign in case of » = 0 and opposite sign in case of n < 0.
This choice will insure the proper asymptotic values of |dZ/dW |* in
(19) and (20).

A.2 Magnetic Field and Wall Current of Circular Ilectric Waves in Lined
W aveguide

From Maxwell’s equations in cylindrical coordinates

0H, _ oH,
9z ar

= juweell,.
For the difference of magnetic field AH = H — H, in lined waveguide
and empty waveguide

dAH,
ar

0AH,

= ——jweo(eE,, - E‘oo) + oz

(70)

may be written.

The radial component H, of magnetic field vanishes at the wall; close
to the wall it is small. In order to find the change in magnetic field at
the wall due to a thin lining (70) may be approximated by

AH, .
aaf[ = —jw(é _ 1)€0E¢0 (71)

and the change in magnetic field at the wall ecalculated from the relative
permittivity e(r,z) and the electric field

Epo = jA,uowpmJol(me)G—W (72)

of a circular electric wave in empty guide.
Substituting for K, from (72) into (71) and integrating

AH, = szlioeof (e = 1)pad o (pur) dr e ™. (73)
0
For a thin lining

AH, = Aw*uscopnTo(pnia) f (e=1)(a—r) dre™  (74)
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which, when compared to the magnetie ficld
Hy = APOIZJ o(porr) e
at the wall of the empty guide, gives

AHz 2 “ _ .
7 w#oéoj; (e 1)(a — r) dr.

The relative change in wall current is given by the same expression.

A3 Integration of Coupled Line Fquations
By substituting
A =", A0) =0(0), A1) = s ™
B = we™ , B(0) = w(0), B = u(l)e”

for A and B in (37) the following system of equations for » and w ob-

tains:
d v 3 0 — ke** v(0)
dz l:w(z)} B [ke“z“” 0 ] [w(o)]' (76)

Integrating according to the procedure (40), the first-order approxima-
tion to a solution is

v(2) _] 1 - ]: k™™ dz_‘ [U(O) —l
= . .
w(z) J j; ke * dz 1 J Lw (0) J

Another iteration results in the second-order solution

(75)

v(2) 1 - f lee®™ f ke di'de | — f ke* dz
0 0 0
w(z) f ke?dz 11— f ke 2" f ke® da'dz (78)
0 0 0

o)
w(0)

which is adequate for present purposes. Replacing v and w by 4 and
B, the transmission matrix is contained in
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Al
B(1)

l 2 l
I:l — f ke™™* f ke ¥ dz'dz] et i~ f ke’ dz e_Vl"
0 0 0
1 ! z ,
f ke ™ dz e i [1 — f ke f ke*”* dz'dz] e
0 0 0

o)
B(0) |
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The ALPAK System for Nonnumerical
Algebra on a Digital Computer —II:

Rational Functions of Several
Variables and Truncated Power
Series with Rational-Function
Coeflicients

By W. S. BROWN, J. P. HYDE and B. A. TAGUE
(Manuscript received November 13, 1963)

This s the second in a series of papers describing the ALPAK system
for nonnumerical algebra on a digital computer. The first paper, Ref. 1, is
concerned with polynomials in several variables and truncated power
series with polynomial coefficients. This paper ts concerned with rational
Sfunctions of several variables and truncated power series with rational-
Sfunction coefficients. A third paper, Ref. 3, will discuss systems of linear
equations with rational-function coefficients.

The ALPAK system has been programmed within the BE-SYS-4
monilor system on the IBM 7090 compuler, but the language and concepts
are machine-independent. Several practical applications are described in
Ref. 1.

This paper s divided into five sections. The first deals with basic con-
cepls, the second defines canonical forms, and the third describes ALPAK’s
greatest common divisor algorithm. These three sections do not presuppose
any knowledge of compulers or computer programming. Section IV de-
scribes the use and the implementation of the algebraic operations relating
to rational funciions of several variables and truncated power series with
rational-function coefficients. The reader of this section is assumed to be
Sfamiliar with the basic concepts of computer programming and with Ref. 1.
Finally, Section V discusses very briefly some of our plans and hopes for
the future.
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I. SUMMARY OF THE AVAILABLE RATIONAL-FUNCTION OPERATIONS

1.1 Introduction

The ALPAK system is a programming system for performing routine
manipulations of algebraic expressions on a digital computer. The
system operates on rational functions of several variables and on trun-
cated power series in several variables with rational functions of several
other variables as coeflicients. It is capable of performing the operations
of addition, subtraction, multiplication, division, substitution and
differentiation. In the present version of the program the coeflicients
of the rational functions are integers, but the change to coefficients
from any other integral domain can be made without major program
reorganization. ALPAK is also capable of solving systems of equations
linear in certain variables with coeflicients which are rational functions
of other variables (see Ref. 3). The ALPAIX system as described in this
paper has been programmed for the IBM 7090 computer.

1.2 Input-Output

Rational functions can be entered into the machine from punched
cards, and the output can be printed and/or punched. The polynomial

P(zy,z) = 8ay’z + 20y°2 — 102%y2

can be entered into the machine by punching the following array of
coefficients and exponents one term per card:

8 1,2,1
2 1,2,2
—10 3,1,3

0
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The zero coefficient is an end-of-polynomial signal. The subroutine
which reads these cards must have access to a polynomial format state-
ment (previously read from cards) containing the names of the variables
and the number of bits to be allocated for the exponents of each. One
full word (35 bits plus sign) is allocated for the coefficient of each term,
thus permitting coefficients up to 2% — 1 in magnitude. Rational func-
tions which are not polynomials are entered by punching the numerator
and denominator polynomials successively and calling the rational-
function reading subroutine.

The punched and printed output consists of arrays of coeflicients and
exponents similar to those that are accepted as input. Input and output
are accomplished by simple commands such as

RENRDF FMT read format statement FM T
RFNRDD R,FMT read rational function R
REFNPRT R print rational function R.

1.3 An Example of the ALPAK Language

The simplicity of ALPAK programming is illustrated by the following
example. Suppose rational functions 4, B, C, and D and a format state-
ment FMT have been punched on cards, and we wish to compute and
print the rational function

F = (A%B/C) + D,

where the asterisk denotes multiplication.
The required program is

RIFNBEG 10000 begin (reserve 10000 words of storage
for data and working space)

RIFNRDT FMT read polynomial format statement FM T
from cards

REFNRDD AFMT read polynomial A from cards

RIFNRDD @ B,FMT read polynomial B from cards

RFNRDD C,FMT read polynomial C from cards

RFTNRDD D,FMT read polynomial D from cards

RFNMPY F.AB replace F' by AxB

RFNDIV F.F.C replace F by F/C (C must not be
Zero)

RENADD F,F.D replace F by F + D

REFNPRT F print F

TRA ENDJOB go to ENDJOB.



788 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1964
II. CANONICAL FORMS

2.1 Introduction

All rational functions stored by the program are kept in a unique
canonical form which is the subject of this section. The read routines
place the input functions in canonical form and all operations leave
their results in canonical form. The uniqueness of the canonical form
ensures that two equal rational functions with the same format are
precisely identical in storage and that, in particular, zero is uniquely
represented.

2.2 Polynomial Canonical Form

A polynomial is always represented as an ordered list of its nonzero
terms. It is convenient to order the terms according to the magnitude
of the first exponent, and to order those terms having the same first
exponent according to the magnitude of the second, etc. The order of
the variables is the order in which they appear in the format statement.

2.3 Rational-Function Canonzical Form

A rational function is represented as an ordered pair of polynomials,
namely its numerator and denominator respectively. These must be in
polynomial canonical form, and they must be relatively prime. In addi-
tion, the sign of the numerator must be chosen so that the first term of
the denominator is positive.

III. THE GREATEST COMMON DIVISOR ALGORITHM

3.1 Introduction

Since rational functions in canonical form must have numerator and
denominator relatively prime, the ALPAK program must be capable
of finding the greatest common divisor (G.C.D.) of polynomials in
several variables. This is the essential ingredient in the extension of
ALPAK from polynomials to rational functions. Since each rational-
function operation must leave its result in canonical form, the G.C.D.
operation will be performed very frequently in most programs involving
rational functions.

Let a1, as, -+, a, be a set of nonzero polynomials. A G.C.D. of
a1, Qs+, @, is defined to be a polynomial g such that

(2) g divides each of a;, @, -+ , @, ; and
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(¢2) any polynomial ¢’ that divideseach of a;, as, - - -, @, also divides g.
We denote a G.C.D. of a1,0a2, -+, @, by (a1, 02, -+, a,). Since every
polynomial has a decomposition into primes that is unique up to sign, this
definition implies that a G.C.D. is unique up to sign. In the special case
of integers, the positive value is often referred to as the G.C.D.

The next three subsections discuss the Euclidean algorithm for in-
tegers, ALPAK’s generalization of it for polynomials, and some special
strategies which make the latter more effective. The final subsection
attempts to present a balanced picture of the present capabilities of the
ALPAK algorithm.

Algebraic background relevant to the following discussion can be
found in Chapter 1 of Ref. 2, or almost any other algebra text that
treats polynomial rings.

3.2 The Euclidean Algorithm

The G.C.D. of a set of n nonzero integers can be obtained by a series
of pairwise computations, because

(al, e ;a‘n) = ((( e ((al 7a2);a’3): U ):a’"-l);a")' (1)

The Euclidean algorithm obtains the G.C.D. of two nonzero integers a
and b. Without loss of generality we can assume that both arc positive
and that ¢ = b. By the division algorithm we can write

a=qgb+4+c (2)
with

0<c¢<b. (3)
If ¢ = 0, then b divides a, so (a,b) = b. Otherwise the common divisors
of ¢ and b are the same as those of b and ¢, so (a,b) = (b,c). Since

b+ ¢ < a + b, the process terminates in a finite number of steps.

3.3 The ALPAK G.C.D. Algorithm

We shall consider a polynomial in » variables as a polynomial in one
variable, to be called z, with coefficients from the integral domain of
polynomials in the remaining v — 1 variables. We shall represent these
v — 1 variables by the vector y. If p(x,y) is such a polynomial, then
d.(p) denotes the degree in z of p.

Now let @ and b be a pair of nonzero polynomials. We shall present
an inductive definition of the ALPAXK algorithm, to be called POLGCD,
for obtaining their G.C.D. Let v’ be the number of variables in the pair.
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If ' = 0, then a and b are both integers and the Euclidean algorithm
is used. Assume POLGCD works for v' < v. We shall define it for &/ = ».
To begin, we write

a(z,y) = a(y)a" + ara(y)2™ + -+ + ao(y)

(4)
b(z,y) = bo(y)2" + bama(m)a™™ + -+ + bo(y).
Our first task is to rewrite this as
a(z,y) = «°f(y)a’(xy)
(5)

b(zy) = 2"g(y)V (2,)

where a’ and b’ are primitive in x; that is, neither is divisible by x or by
any polynomial independent of z except &1. Clearly, « and 8 are the
largest integers such that z* divides a(z,y), and 2” divides b(z,y); while
f(y) is the G.C.D. of the nonzero a;(y), and g(y) is the G.C.D. of the
nonzero b;(y). Since the a; and the b; depend on fewer than v variables,
our induction hypothesis implies that POLGCD will obtain f and g¢.
Next we observe that

(a,0) = («"2") (f,9) (@' V). (6)

(The proof of this depends on the fact that &’ and b’ are primitive.) It
is obvious that

z*a’) = a” (7

where v is the smaller of @ and 8. Since f and ¢ depend on fewer than »

variables, our induction hypothesis implies that we can use POLGCD
to obtain (f,9).

We shall now define a subalgorithm, to be called PRMGCD, for

obtaining the G.C.D. of the primitive polynomials a’(z,y) and b'(z,y).
To begin, we write

@ (zy) = ' ()" + ans/(y)2"" + oo+ al ()
b (2y) = ba'(y)x" + bud ()2 + o + b (y),

where @, ,ad,b.’,by’ are all nonzero. Without loss of generality we can
assume that d.(a’) = 0.(b"). If 3,(b') = 0, then b’ = b = +1,% so
(a’,b") = 1. Otherwise, we use POLGCD to compute

h = (amlybnl)- (9)

(8)

Then we form

_ e @) [ @) , men
o) = [ D) ¢ eg) - [ 2D ¥y, (0

* Here we have used the definition of primitivity which is given following (5).
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in which the bracketed fractions are polynomials. If ¢ = 0, then o’ =
4b';* so (a/,b") = b'. Otherwise, let ¢/(x,y) be the primitive part of
c(x,y), defined as in (6). Then the common divisors of a’ and b’ are
the same as those of b’ and ¢/,* so (a’,’) = (V',¢’). (Note the similarity
of this algorithm to the Kuclidean algorithm, which was defined in the
preceding subsection.) By construction

3.(c") = 3.(c) < d.(a). (11)
Hence
3:(0") + 3z(c’) < 9z(a’) + 9z(V'), (12)

and so the process terminates in a finite number of steps.

3.4 Special Strategies

From a practical point of view the POLGCD algorithm leaves much
to be desired. As the degree in @ is reduced, the coefficients grow. This
phenomenon is vividly illustrated by the following example. It is desired
to find the G.C.D. of the primitive polynomials

{—39x4 + 1252° — 152 — 1350 — 44

—122* — 892* 4 1922° — 62 — 85. (13)

The successive pairs of primitive polynomials produced by the
PRMGCD algorithm are:

—122* — 892" + 1922 — 6z — 85

—16572° + 25562 + 462¢ — 929

1781452° — 3126002 — 1206z + 140845

—16572° + 25562° + 462x — 929

(—16572° + 25562% + 462z — 929
15219965:8 — 6692054x — 5656955

22534970622 — 69619506050 — 4849347485
52199652° — 669207 ‘v — 5656955

(14)

To proceed farther would require double-precision coefficients, which
are not now available in ALPAX. For polynomials in many variables
this problem is even more acute. If POLGCD were programmed to
handle coefficients and exponents of arbitrary size, the time it would

* Here we have used the definition of primitivity which is given following (5).
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require to find the G.C.D. of two general polynomials in n variables,

each having degrees d;, ---, d, respectively and each having coeffi-
cients of modest size, can be shown to be proportional to
(¢")
: (15)
(¢™ 1)
(c™)

where ¢ & 2.6 is the square of the Fibonacci ratio, (1 + /5).

It is apparent that any real solution to the problem of coeflicient
growth would require a fundamentally different algorithm. However,
many of the G.C.D. problems which arise in practice exhibit special
properties which can be exploited.

The most important of these special properties is variable independ-
ence. If one of the inputs to POLGCD is independent of one or more of
the variables, then the other can immediately be broken into subpoly-
nomials, and we obtain a set of subproblems each involving only those
variables which both of the original inputs depend on. For example, it
is clear by inspection that the G.C.D. of the pair

22(2x¢" — 172" + 652° — 144a + 72)
— 3y%(22° — 172" + 66 — 72)

6z — 412 + 1042* — 1162 + 48
is equal to the G.C.D. of the triple

20t — 1728 + 652° — 144z + 72
22" — 172 4 662 — 72
62" — 41a® + 1042 — 116z + 48,

and the POLGCD algorithm will discover this provided that x is the
Jast variable in the format statement. Unfortunately POLGCD does
not now optimize the order of the variables. If the preceding example is
attempted using the variable ordering (z,y,2), disaster ensues. The in-
puts are viewed as

dzrt — (6y° + 342)a’ + (51" + 1302)
— (198y" + 2882)x + (216" + 1442)
62" — 412 + 1042 — 116z + 48,

and it is easily seen that both are primitive in x. The next two pairs of
primitive polynomials produced by PRMGCD are
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6a* — 412° + 1042” — 1162 + 48

(187 + 202)2* — (153)° + 1822)a”

L + (59y" + 4522)x — (648y" + 3362)
\

(457 + 682)2® — (423y° + 1582)a”

+ (4504° — T62)x + (216" + 2402)
(18y* + 202)2* — (153y° + 1822)a°

+ (59)° + 4522)x — (648y° + 3362).

The variable independence has now been lost, and the subsequent
pairs will have progressively higher degrees in y and 2, and progressively
larger coefficients.

Both POLGCD and PRMGCD test their inputs to see whether
either divides the other. Since a given G.C.D. problem may involve
many recursive calls to POLGCD and PRMGCD, this strategy pays
frequent dividends. POLGCD and PRMGCD also make full use of
the fact that the G.C.D. of the set of terms of a polynomial, and simi-
larly the G.C.D. of a monomial and a polynomial, can be computed
simply and directly.

Finally, we remark that the PRMGCD process is terminated as soon
as the degree in x of either input is zero or one. A primitive polynomial
of degree zero is obviously equal to &1, while a primitive polynomial
of degree one is irreducible. At the last variable level the PRMGCD
process is terminated as soon as the degree in x of either input is three
or less. A quadratic polynomial can be factored, if it is reducible, with
the aid of the quadratic formula. A reducible cubic must have at least
one rational root. A simple change of variable produces a related cubic
which must have at least one integral root, and it is easy to test for this
numerically.

3.5 Concluding Remarks

As we have already stated, the G.C.D. operation is the essential
ingredient in the extension of ALPAK from polynomials to rational
funetions. The weakness of the ALPAK G.C.D. algorithm is apparent
from (15). Tts strength lies in the fact that most G.C.D. computations
which arise in problems of practical interest have a degree of immunity
from that formula because of their special structure.

As an example we wish to mention the problem of a single-server
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queue with feedback. The computation of the first two moments of the
total time is outlined in Section II of Ref. 1 and in the Appendix of
Ref. 5. We recently obtained the third moment in a six-minute run on
the 7090. This involved solving a triangular linear system of nine
equations in nine unknowns. The equations, expressed as polynomials
in the nine unknowns and five additional parameters, have over 900
terms. The result is a rational function of the five parameters with a
numerator of 200 terms and a denominator of 39 terms. The coefficients
of largest magnitude are 1896 in the numerator and 1460 in the de-
nominator. The degrees are 1, 1, 3, 7, and 9 for the numerator and
0,0,0,7, and 9 for the denominator.

IV. INFORMATION FOR THE ALPAK PROGRAMMER

4.1 Introduction

This section is an extension of Section III of Ref. 1. The use and
implementation of the ALPAK polynomial operations are described
there, while the use and implementation of the rational-function opera-
tions are described here. The loading instructions are unchanged except
that an additional binary deck, called ALPAI3, must be included for
a run.

A nonpolynomial rational function is stored as an ordered pair of
polynomials, namely its numerator and denominator, as illustrated in
TFig. 1. It consists of a pointer, a rational-function heading, and two
polynomials stored in the usual way (see I'ig. 2 of Ref. 1). The rational-
function heading contains pointers to the polynomials, which must
have a common format.

Integers and polynomials are always recognized as special cases of
rational functions. If a rational-function operation is used where a
polynomial operation might have been used, the only penalty will be a
fraction of a millisecond of additional overhead.

A rational function can be constructed from its numerator and de-
nominator polynomials by using RFNDIV (divide) or RFNI'RM
(form). RFNDIV duplicates the two polynomials and constructs the
rational funection from the copies. RENFRM constructs the rational
function from the given polynomials and clears their pointers. RENFRM
has an optional argument which can be used to indicate that the numera-
tor and denominator are known to be relatively prime.

4.2 Input-Output Operations

REFNRDF F read format (a)
F RFNCVF (X,15,Y,21,Z,36) convert format  (b)
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DATA BUFFER

R POINTER — "Fﬁﬂé’#’éh'
HEADING
|
| NUMERATOR DENOMINATOR
HEADING HEADING
L., |

l \
F FORMAT NUMERATOR DENOMINATOR

I DATA DATA

i ;
+
Fig. 1 — A rational function R with format F.

RFNRDD RF read data (e)*
RFNCVD R,F,HN,HD convert data (d)
REFNCLR R clear (e)
RFNSTZ R store zero (f)
REFNSTI R store identity (g)
RFNSTC RAB store constant (h)
REFNSTV R,X,F store variable (1)
REFNPRT R,CC,(NAME) print ()
RFNPCH  R,(NAME) punch (k)*
RFNPRP R,CC,(NAME) print and punch (1)*
RFNRDP R,F,CC,(NAME) read and print  (m)
RFNCVP R,F,HN,HD,CC,(NAME) convert and print (n)

A = numerator of constant
B = denominator of constant; if omitted, the denominator is un-
derstood to be one ‘

* RENRDD reads two polynomials from cards, interpreting the first as the
numerator and the second as the denominator of a rational function. If a poly-
nomial is to be read by RFENRDD, a unit denominator with a complete set of

zero exponents must be

rovided. A rational function with a constanf numerator

(denominator) punched by RFNPCH or RFNPRP cannot be read by RENRDD
unless a complete set of zero exponents is added to the numerator (denominator).
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CC = control character for printer
F = format (symbolic address of /for format statement)
HN = Hollerith data for numerator (symbolic address of data)
HD = Hollerith data for denominator (symbolic address of data);
if omitted, the denominator is understood to be one

NAME = alternative name for rational function (not exceeding 21
characters)
R = rational function (symbolic address of pointer)

X = variable (specified in the manner indicated by the last previ-
ous VARTYP declaration. See Ref. 1, Section 3.5).

(a) RFNRDF F

Same as POLRDF. See Ref. 1, Section 3.2.

(b) F RFNCVF (X,15,Y,21,%,36)
Same as POLCVYF. See Ref. 1, Section 3.2.

(c) RFNRDD R

Read the rational function R from cards according to format F. R is the
address of a pointer for the rational function and F is the address of a
format statement. & must consist of a polynomial numerator and poly-
nomial denominator punched in cards in that order as specified by Ref. 1,
Section 3.2.

(@) RFNCVD  R,F,HN,HD

Same as RIF'NRDD except that the numerator and denominator poly-
nomials are to be found in core in blocks of no more than 12 BCI words
each starting at HN and HD, respectively.

(e) RFNCLR R

Clear the rational function R. This clears both numerator and denomi-
nator polynomials as well as the R heading if R is not itself a polynomial.
If the R pointer contains zero or points to an idle heading, then RFNCLR
1S & no-op.

(f) RFNSTZ R
Same as POLSTZ. See Ref. 1, Section 3.2.
(g) RFNSTI R

Same as POLSTI. See Ref. 1, Section 3.2.
(h) RFNSTC R,CN,CD
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Same as POLSTC if CD is omitted. See Ref. 1, Section 3.2. If CD is
present, then CN and CD are the addresses of constants which become
the numerator and denominator, respectively, of the rational constant
R = CN/CD.

® RINSTV R, X,
Same as POLSTYV. See Ref. 1, Section 3.2.
6); RENPRT R,CC,(NAME)

Print the rational function R using CC for the control character of the
first line of print and NAME (not more than 21 characters) for the name.
If NAME is not provided, “R”’ will be used for the name; and, if CC is not
provided, a minus (for triple spacing) is used for the control character. A
rational funetion not a polynomial is printed by printing the name on the
first line, followed by two polynomial prints with the names “NUMER-
ATOR” and “DENOMINATOR” respectively

(k) RFNPCH  R,(NAME)

Punch the rational function R on cards using NAME (no more than 21
characters) for the name. If NAME is not provided “R’’ will be used for
the name. A rational function not a polynomial will be punched as two
polynomials, numerator and denominator in that order. .

() RFNPRP R,CC,(NAME)

Same as RIFNPRT followed by RENPCH.

(m) RFNRDP R,F,CC,(NAME)

Same as RENRDD followed by REFNPRT.

(n) RENCVP R,F,HN,HD,CC,(NAME)
Same as RFNCVD followed by RENPRT.

4.3 Arithmetic Operations

RFNADD RP,Q R=P+4Q add (a)

RIFNSUB R,P,Q R=P—4Q subtract (b)

RFNMPY R,P,Q R = PxQ multiply (e)

RFNDIV R,P,Q R = P/Q divide (@*

RFNSST G,F(LISTR) G = F(LISTV  substitute  (e)
(LISTV) = LISTR)

* RFNDIV can form the quotient of any two rational functions provided the
divisor is not zero. In contrast, POLDIV has a ‘‘no divide’’ return which is used
whenever the quotient is not a polynomial.
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RFNDIF Q,P.X Q = dP/0X differentiate - (f)
RFNZET R Skipiff R =0 zero test (g)
RENNZT R Skipiff R # 0 nonzero test (h)
RFNEQT PQ Skip#ff P = @ equality test (i)
RFNDUP QP Q=P duplicate i)
RFNCHS R R=—R change sign (k)

I ,G,P,Q,R = rational functions (symbolic addresses of pointers)
X = variable (specified in the manner indicated by the last
previous VARTYP declaration) f
LISTR = list of rational functions.
LISTV = list of variables (specified in the manner indicated by the
last previous VARTYDP declaration) f

4.3.1 Notation

In the following descriptions, if 2 denotes a rational function, we de-
note its numerator by RN and its denominator by RD. In particular, if
R is a polynomial, RD is the constant polynomial 1.

4.3.2 Descriptions

(a) RFNADD  R,P,Q

The inputs P and @ are rational functions in canonical form. First
POLGCD is used to obtain

G = (PD,QD).
Then the polynomials

AN

[

PN+(QD/G) + QN+(PD/@)
and

AD

(PD/G)x(QD/@)xG

are computed. Note that the parenthesized fractions arc polynomials.
Next,

I = (ANG)
is obtained and

5 AN/

(AD/H)

T See Ref. 1, Section 3.5.
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is formed. RN and RD are now relatively prime (the proof of this is an
exercise for the reader), so POLGCD need not be used when placing R
in canonical form.

(b) RINSUB R,P,Q
RENCHS [see (k) below] and RENADD are applied to compute
R =P+ (—Q).
() RFNMPY R,P,Q
First the functions
A = PN/QD
and
B = QN/PD

are formed and placed in canonical form. Then
R = AN+BN/ADxBD

is formed. RN and RD are already relatively prime, so POLGCD need
not be used when placing R in canonical form.

() RENDIV R,P,Q

RINDIV is identical to RFENMPY except that @ must be not zero and
the roles of QN and QD are interchanged. If @ is zero, the diagnostic re-
mark “ZERO DENOMINATOR” is printed and the job is termi-
nated.

() RENSST G,F(LISTR) (LISTV)

RINSST is exactly the rational function equivalent of POLSST; in par-
ticular, the format constraints on F and G are identical. If I’ is a poly-
nomial, the rational functions of LISTR are substituted for the varia-
bles in LISTV term-by-term to accumulate the final result. If F is a
rational function, this procedure is applied to the numerator and de-
nominator polynomials of I in succession and the resulting rational func-
tions are divided (using RIFNDIV) to obtain G.

() RENDIF Q,P, X
Trirst POLDIF is used to compute
PN’ = 9(PN)/oX
PD’" = 9(PD)/éX,
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and POLGCD is used to obtain 7
G = (PD,PD’).
Next the polynomials
AN

(PD/@)*PN’' — PN«(PD'/@)
and
AD

PD«(PD/@) = (PD/G)*G

are computed. Note that the parenthesized fractions are polynomials.
Finally

H = (AN,@)

is obtained, and
Q= (AN/H)
~ (AD/H)

is formed. Since QN and QD are relatively prime, POLGCD need not
be used when placing @ in canonical form.

(2) RFNZET R
Same as POLZET. See Ref. 1, Section 3.3
(h) RFNNZT R
Same as POLNZT. See Ref. 1, Section 3.3.
@) RFNEQT P.Q

If P and @ are both polynomials, POLEQT is applied. If only one of
them is a polynomial, they are not equal. If neither is a polynomial,
POLEQT is applied to both numerators and both denominators. If the
rational functions are unequal, the next instruction is executed, if they
are equal, then the next instruction is skipped.

G) RFNDUP Q,P
@ is replaced by a copy of P.
(k) RFNCHS R

If R is a polynomial, POLCHS is applied to R. If R is not a polynomial,
POLCHS is applied to its numerator polynomial.
4.4 Truncated Power Series Operations

ALPAK contains two macros for dealing with truncated power series
with rational function coefficients. These are RFNTRC (truncate) and



ALPAK SYSTEM 801

RENMPT (multiply and truncate). Addition can be handled with
RFNTRC and RFNADD. Each truncated power series must be stored
as a rational function in a format whose first & variables are the power
series variables. The denominator, if any, must be independent of these
variables. The command

RENTRC P,ORD,K

where K contains the number of power series variables &k and ORD con-
tains an integer n, causes P to be truncated to order n. That is, all terms
of order greater than n in the first k variables are deleted. The command

RFNMPT R,ORDR,P,ORDP,Q,0RDQ,K
is represented by the equation
R = PxQ

where P and @ are truncated power series. XX is the address of the num-
ber of power series variables, ORDP and ORDQ are the addresses of the
orders of P and @ respectively, and ORDR is an address for the order
of R, which is to be comupted. If P(Q) contains any terms of order
greater than ORDP(ORDQ), they will be deleted.

4.5 Miscellaneous Operations

(Caution: read descriptions carefully.)

POLGCD G,AB greatest common divisor of (a)
polynomials
INTGCD greatest common divisor of in- (b)

tegers in AC and MQ
PWVSTO XK,K,W,FA store a power of the Wth vari- (e)

able
VARNUM W, X, FA variable number (d)
RFNTRM R,N,D form (e)
EXPAND N,D,R,IORP expand ()
SUBLCK PJP,JW sub-block (g)
PWVFAC KP,W factor off a power of the Wth (h)
variable
DEGREE K,P,W degree. (1)
(a) POLGCD G,AB

Replace G by a greatest common divisor of the polynomials A and B.

(b) INTGCD
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Replace the integer in the AC by the greatest common divisor of it and
the integer in the MQ.

(c) PWVSTO XKW, FA

Replace XI< by the Kth power of the Wth variable in the format whose
address is at I'A. K is the address of the power, and W is the address of
the variable number.

) - VARNUM  W,X,FA

Replace the contents of W by the variable number of the variable X in
the format whose address is at FA. X is the address of the variable name
in BCI.

(e) RIFNFRM R,N,D

Same as RFNDIV except: (¢) N and D must be polynomials; (#2) N
and D become the property of R, and their pointers in the calling pro-
gram are replaced by zeros; (¢¢) R must be distinct from N and D;
and (7v), if N and D are known to be relatively prime, a fourth argu-
ment NOGCD can be added to the calling sequence in order to save the
time which would otherwise be spent in finding their greatest common
divisor.

@ EXPAND  N,D,R,IORP

This is the inverse of RFENFRM. N and D must initially contain zeros.
They are filled in with pointers to the numerator and denominator of B
respectively. The R heading is marked as idle. If R is an ¢nteger or a poly-
nomial, N is filled in with a pointer to R, the R pointer is replaced by
zero, and control is transferred to IORP. If IORP is omitted, control is
transferred to the next instruction.

() SUBLCK PI,PJ,W

P must be a polynomial independent of the first W — 1 variables, if
any. Then, by the definition of the polynomial canonical form, the terms
of P are ordered according to the powers of the Wth variable. SUBLCK
replaces PJ by the polynomial consisting of that sub-block of P, if any,
whose terms all involve the Jth power (0 < J < degree of P) of the
Wth variable. If P contains no terms involving the Jth power of the
Wth variable, SUBLCK replaces PJ by the zero polynomial.

(h) PWVFAC K,P,W
P must be a polynomial independent of the first W — 1 variables, if
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any. PWVFAC replaces the contents of K by the smallest exponent of
the Wth variable in P, and divides P by that power of the Wth variable.

@) DEGREE  KpP,W

P must be a polynomial independent of the first W — 1 variables, if
any. DEGREE replaces the contents of K by the degree of P in the
Wth variable.

V. OUTLOOK

A new version of ALPAK (to be called ALPAKB) is now being
developed. Its foundation is a programming system (see Ref. 4) called
STGPAK (storage package), which provides () dynamic storage
allocation, (iz) automatic recursion, and (#77) “delayed-decision diag-
nosties.”

The storage allocation orders make it possible to obtain contiguous
blocks of storage of arbitrary length as needed (provided that sufficient
space is available) and to return idle space to the system. A block may
contain sub-blocks and/or pointers to other blocks. This will permit
the introduction of higher level data structures including formal prod-
ucts of polynomials, thereby helping to alleviate the greatest-common-
divisor problem.

The use of a public push-down list for subroutine storage makes
recursive programming fully automatic. That is, a subroutine can call
itself without taking special measures to preserve its arguments and
intermediate results. The diagnostic facilities permit the decision re-
garding what to do about an overflow (shortage of space or time) or
error detected in a given subroutine, to be delayed until control has been
returned to some higher level subroutine or to the main program.

The authors hope that STGPAK together with a macro compiler
now being developed by Miss D. C. Leagus and W. S. Brown will
simplify and expedite the programming of ALPAKB subroutines. The
compiler should also be useful in the writing of main programs.

Apart from these matters, which are not directly related to algebra,
our plans for ALPAKB include multiple precision integer arithmetic,
an improved strategy for finding greatest common divisors, and a
complete set of operations for truncated power series.
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The Theory of Direct Transitions
in Semiconductors

By R. H. PANTELL, M. DIDOMENICO, JR., and O. SVELTO
(Manuscript received November 26, 1963)

The problem of direct inlerband transitions in semiconducting crystals
1s considered in detail. The solution of the problem is shown to lead io a
system of simultaneous coupled nonlinear differential equations. These
equations do nol distinguish belween static and dynamaic fields, and are
obtained without recourse to any approximation procedures. They therefore
apply for electromagnetic fields of arbitrary amplitude. It s shown, finally,
that the linearization of these equations correctly predicts the fundamental
optical absorption edge and the photoconductive rate equalions which result
in photomizing phenomena.

I. INTRODUCTION

Within the past year there has been an increasing interest in semi-
conductor behavior, resulting from the development of the optical maser.
In addition to the fact that the semiconductor can be used as an optically
active medium, this interest results, in part, from a variety of nonlinear
effects which ean ocecur in semiconductors at infrared and optical fre-
quencies.

Optical masers are capable of providing very high-intensity fields at
photon energies corresponding to the energy gap between valence and
conduction bands. Since nonlinear effects generally vary as some power
of field strength, the laser has stimulated keen interest in semiconductor
nonlinear phenomena. Examples of such phenomena are the Franz-
Keldysh!? effect and the multiple-photon process.? Closely allied with
these nonlinear interband effects is the process of photomixing?*:3 (photo-
conductivity), where two coherent optical signals are beat together to
produce a photosignal which is proportional to the instantaneous density
of photoexcited electrons and hence contains sum and difference fre-
quency terms.

The aforementioned phenomena have been analyzed previously by

805
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calculating the interband transition probabilities from time-dependent
perturbation theory!-? for the case where an electrostatic and electro-
magnetic field act on an electron in a crystal. This approach involves
discarding quadratic terms in the vector potential in the Hamiltonian
(the static and dynamic fields are treated differently), and neglecting
higher-order nonlinearities in the population distribution.

In this article, a more general theory of direct transitions in semi-
conductors is presented. A semiclassical approach is used, wherein the
semiconductor properties are quantized and the electromagnetic field
is treated classically. A set of rather simple coupled nonlinear differential
equations is obtained for the equations of motion governing the funda-
mental absorption process, without resorting to any perturbation or
approximation procedures. In contrast to the usual method of analysis,
these equations do not distinguish between static and dynamic fields.
The linearization of the nonlinear equations correctly predicts the funda-
mental optical absorption, and is shown to lead to the photoconductive
rate equation for the generation of conduction band electrons.

II. SOLUTION TO THE WAVE EQUATION

The equation of motion for an clectron in a erystal is the wave equation
3y = ahi(ay/at), (1)

where 3C is the Hamiltonian operator and ¢ is the one-electron wave
function. Without the presence of the radiation or static fields the
Hamiltonian, 3¢ , is '

3 = (p*/2m) + V(1).

Here m is the electron mass, V(r) is the lattice potential, and p is the
momentum operator. With 3Cy as the operator in (1), the eigenfunctions
of 3C are the Bloch functions:

3Co{un(r; k) exp (tk-r)} = ex(k)uy(r; k) exp (¢k-r), (2)
where ‘

en(r; k) = un(r; k) exp (ik-1),

are the Bloch functions, and &x(k) are the energy eigenvalues. The
subseript N refers to the different energy bands, and the function
uy(r; k), which is normalized over the volume of the unit cell, has the

periodicity of the lattice. In the presence of a static and dynamic field,
the Hamiltonian becomes
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=%<p—§A> 4+ V(r) — F-r, (3)

Jc
where ¢ is the electronic charge, ¢ is the vacuum light velocity, A is the
vector potential for the dynamic field (the gauge ® = 0 and V-A = 0
is chosen), and F = ¢E, is the force due to the static field E, . The static
and dynamic fields enter differently in (3), because of the fact that the
vector potential for the static field increases linearly with time. It will
be shown, however, that in the solution there is no distinction between
the two fields.

With the Hamiltonian given by (3), the wave function ¢ is chosen so
that the equation of motion (1) does not contain secular terms, and so
that the solution to the wave equation [(7) and (8) below] takes a
relatively simple form in which the time-dependent and time-inde-
pendent fields both appear. A normalized wave function that satisfies
these two criteria is given by

iZ[d%aN(t; k) uxlr; K(1)]

. (4)
X exp i{k-r + %F-rt - _;zfo &x[K(7)] dr + Sx(t; k)},

where A is the volume of a unit cell, and where, for the sake of sim-
plicity, the function Sy(¢; k) has been defined as

t
Se(t:k) = i % f dr E- f dvo™ (13 K) Vit (13 K). (5)
i Jo

Here Vi is the gradient operator in K-space and the asterisk denotes the
complex conjugate. One result of the added force on the electron, deter-
mined by the total electric field vector

oA
E=E0— —-67,

ol

is to change the electron wave vector from the constant value k to the
time-varying value

K(l) = k + %Ft - 2 A0, (6)

which describes the intraband electronic motion. The integral over k-
space entering in (4) extends over all values of the wave number within
an energy band, and the volume integral over coordinate space appearing
in (5) extends over the volume of a unit cell. It should be noted that
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the de field does not appear symmetrically with the time-varying field
in (4); this is due to the fact that the Hamiltonian has a different form
for static and time-dependent fields. The form of the wave function
given by (4) was suggested by Houston’s choice of wave function for an
applied dc field.’

It is assumed now that the wavelength of the applied radiation is
much greater than the dimensions of the unit cell, and that the electron
wave vector k has the same value for the lowest state in the conduction
band as for the highest state in the valence band. Thus the electron
momentum vector for the final state is the same as the momentum
vector for the initial state (direct transitions). In Appendix A, it is
shown that the substitution of the wave function ¥ from (4) into the
wave equation (1) yields a differential equation for the undetermined
probability coeflicients ax(¢; k). Considering only direct transitions

between valence and conduction bands, there results [see (29)]
da,/dt = —Qa,
N (7)
da,/dt = Qa.,

where

Q=7,'1%E'Mexpi|:j; WerdT — (Sc_sv)]o (8)

Wey

The subseripts ¢ and » refer, respectively, to the conduetion and valence
bands; M is the matrix element for transitions between the two bands,

M = f AV VUy;

and o, is an angular frequency given by

& — 8,
—".

Wep
In taking the complex conjugate of @ it should be noted that the func-
tion Sy defined by (5) is real. This follows from the fact that the electric
field E is chosen to be real, and that the integral

f dUouN*VK'MN

is imaginary, since

Vx / uy*undry = Vgdyy = 0.
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The interaction between the semiconductor and the electromagnetic
field results in the generation of a probability current density in the
crystal. The expectation value of this current, in turn, acts as a source
of radiation in the Maxwell equation for the curl of H. Therefore a
complete solution of the problem of the interaction between the semi-
conductor and radiation field requires an evaluation of this current
source. The expectation value of the probability current density, J,
can be expressed as follows, by noting that the canonical momentum
operator p is Hermitian,

1= —2a), (9)

where V is the crystal volume and the angular brackets denote averaging
over the volume V.
It is now convenient to define a vector j by

y= [ i

such that j is the averaged current density per unit volume in k-space.
In Appendix B it is shown that j satisfies the simple relationship [see
(36)]

i-E = oW/at, (10)
where W is the energy of the system per unit volume, i.e.,
= (1/V)(|ac| & + |a. | %&,). (11)

Equation (10) is just the statement of conservation of power flow, for
the left-hand side of this equation is the power transferred into the
semiconductor, as given by the scalar product of current density and
total electric field. The right-hand side of (10) is, of course, the resultant
rate of increase of energy density in the quantized semiconductor sys-
tem.

Equations (7), (10), and (11) contain the necessary information to
solve various types of semiconductor problems involving direct transi-
tions. The derivation of these equations did not require discarding A*
terms in the Hamiltonian, and the solution for the unknown amplitudes
ay did not necessitate using perturbation or approximation methods. It
should be emphasized at this point that the results do not distinguish
between static and dynamic fields. The set of equations (7), (10), and (11)
is nonlinear and may be solved to any order in the electric field E to
determine the various nonlinear interband phenomena. The remainder
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of this paper will be devoted to a detailed treatment of the linear solu-
tions, which will be shown to lead to the rate equation for the generation
of electron-hole pairs (photoconductivity).

ITT. SMALL-SIGNAL SOLUTIONS AND DERIVATION OF THE PHOTOCONDUC-
TIVE RATE EQUATION

The equations of motion for optical interband transitions [(7), (10),
and (11)] can be greatly simplified by seeking solutions for a. and a,
correct to first order in the electric field E. Under this condition, which
applies when the external electromagnetic force influencing the elec-
tronic motion in the crystal is small, the wave vector K(¢) can be re-
placed by k, so that w,, becomes time-independent. It is then easy to
show from (7) and (8) that the solutions for a. and a, correct to first
order are:

0) 0 1€ fwep
a = a" — a,” Mf Ee' " dt
Mwey

(12)

a = a," — . ie M*[ Ee ' dL.
MWy
The superseript (0) indicates the zero-order solutions which, for this
example, are independent of time. For the case where the crystal is in
thermal equilibrium at 0°K, the constant amplitudes a.” and @, can
be determined by noting that the electrons are confined to states in the

valence band only, i.e.,
la” |* =0, (13a)
and
| a,® | %’k = p(k)d’, (13b)

where p(k) is the density of states. Integrating (13b) over a spherical
shell gives for the number of states in a range dk

|, |*dk = (V/x)KdE, (13c)

in which V is the crystal volume.

A second-order linear differential equation can now be derived for
the crystal current density j. Since the external forces are assumed to be
small, K(¢) & k, whereupon one obtains from (10) and (11)

_ fwe d e[’

FE =5 = (14)
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where use has been made of the relation | a, |* + | a,|* = constant.
By substituting the first-order solution for e, from (12) into (14), it is
found after some manipulation that j satisfies the equation of motion
for a forced harmonic oscillator, i.e., :

3% ) ,
T eed =G (15)
where
_2h fe 2 2 © |2
6= 25 (L) 1MaF1a T, (16)

and Mg is the component of M in the direction of the electric field E.

The validity of (15) may be checked by calculating the absorption
coefficient a(w) for the fundamental absorption edge. It is assumed that
the semiconductor has spherical energy surfaces with the same reduced
effective mass, 1/m* = 1/m," — 1/m,*, along all crystal axes, and that
in consequence

Wer R wo + (H/2m™ ), (17)

where 7iwo is the minimuin energy gap between the two bands. By making
use of (13¢) for | a,” | *and (17) for w, , the observable crystal current
density J can be found by integrating j, as determined from (15), over
k-space. The resultant expression is given by the following constitutive
relation between J and E

1=14/2 (%)2 |0y Py Yo =g, (18)

where  is angular oscillation frequency of the radiation field. The
absorption coefficient can now be found directly by observing that in
the frequency domain the coefficient of E in (18) is the macroscopic
conductivity, o, of the solid and is related to the absorption coefficient by

a = 4rwa/ng,

in which n, is the index of refraction of the crystal. The value for «
obtained in this manner from (18) is the same as that given elsewhere.’

The photoconductive rate equation for generation of conduction
electron-hole pairs also follows from the small-signal solution. If n is
the number of conduction electrons per unit volume (equal to the
number of holes), then one may express n as the k-space integral of
ac|*:
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. 3 Iac|2
n—fdlcT. (19)

The rate of increase of conduction electrons is obtained from (14),
whereby

m _g. f &%

at (20)

ﬁwcv
In order to account for lattice collisions which produce intraband transi-
tions and eventual interband recombinations, it is necessary to add a
phenomenological loss term to (20). This is accomplished by adding a
term n/r, to the left-hand side of (20), where 7, is the lifetime of an
electron in the excited states of the conduction band. Equation (20)
then leads to the photoconductive rate equation

(21)

am , n _ f 3
e -+ o= E a’k oo,

A situation of particular interest is where E is an optical field made
up of several coherent frequencies. Combining (15) and (21) then results
in the rate equation for photomixing

n N e ap

5[+Z,_/E;ﬁw,,E -E,. (22)
In this equation the subscripts p and ¢ enumerate the different frequency
components in the incident radiation. It is seen from (22) that » con-
tains the sum and difference beat frequencies of the incoming radiation.
This equation may be used to calculate the optical mixing properties of
semiconductor crystals, where the mixing process results from photo-
conductivity.?

IV. CONCLUSIONS

The analysis of the problem of direct transitions in semiconductors
has led to several simultancous nonlinear differential equations. Lineari-
zation of these equations correctly predicts the fundamental optical
absorption and photoconductive mixing effects. Nonlinear effects such
as might result from the time dependence of w., (Franz-Keldysh effect),
or from the time dependence of |a,. |2 and |a,|® (multiple-photon
effects) can be predicted by appropriate higher-order approximation
procedures.
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APPENDIX A

Derivation of the Equations of Motion Governing Direct Transitions

LEquation (2) can be rewritten as
2
I:szn + V(r):l uy(r; k) exp (7k-r) = &y(k)uy(r; k) exp (¢k-r), (23)

where ux(r; k) exp tk-r are the stationary Bloch functions, and p is
the operator —iaV. It follows directly from (23) that in the presence of
an electromagnetic field

[21,% (p - -A> + V(r)] uy(r; K) exp i<k + %Ft)r

(24)
= &y(K)uy(r; K) exp z'(k + %Ft) -r

Equation (24) can be verified by performing the indicated operations
and invoking (23). _

The substitution of the wave function ¥(r, t) from (4) into the wave
equation with the Hamiltonian of (3) yields, with the help of (24),

0= E/ds {aaN uy(r; K) + ay [%t{ Vxuy (r; K)
25
-l—ia—&vu (r-K)ilIex #(r,t, k, N) =

ot NAL, f P ) by By )

where exp ¢(r,t,k,N) is an abbreviation for the exponential function
t
exp k-r + 1F-rt — lf &v(K) dr + Sx(t; k)l.
7 7i Jo /

Kquation (25) is now multiplied by
uy (r; K') exp —i(r,t k' N’),

and integrated over all coordinate space. The resulting equation is then
simplified by making use of the lemma’
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I

all space

(QA”)a f ded(r; k),

dv f b (r; kK') exp i(k — K)o =

where ®(r; kk’) is a lattice periodic function. Recall that the volume
integral on the right-hand side of this expression extends over the
volume of a unit cell.

The result of performing the above operations on (25) is

_aa_l‘ _|_ Iiab a_SL = — E ay .a_{f dv()uL*VKuN}
at al N at
(26)

>(exp'il:f0 wLy dr + (SN_SL):I7

where fiwry = & — &y . It can be shown from the definition of S, [see
(5)] that the time derivative, 3.S./dt, is

N . 0K

-a—tL =1 E"f dvouL*VKu,, )
so that (26) may be rewritten as

a ’ oK
S= T2 o a_t{f d”°“L*VK“N}
@n

X expil:fo wry dr + (Sy _SL)],

where D/ indicates that N = L is excluded from the sum.
N

There is a rather simple relationship between the matrix element of
the gradient operator in K-space and in coordinate space, which for
N s L, can be expressed as’
ih

mwrLy

fdvou[,*VKuN = deOuL*VuN° (28)

By combining (27) and (28) and noting from (6) that 0K/dt = eE/#,
the results

da, _ _ .e / 1 f *
Ta-t— = 1771{E ; ax (:L;{ dvouz, Vuy

X exp 1 Uﬂt oy dr + (Sy — SL)]. o

For transitions between valence and conduction bands only, (29) reduces

to (7).
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APPENDIX B

The Relationship between Current Density and Energy
The expectation value, or volume average, of the probability current
density in the presence of an electromagnetic field is given by

J = (p— z-A>- (30)

mV

Considering only transitions between the valence and conduction bands
for the wave function of (4), the current density determined from (30)
becomes

J = —i% d3lc{iK(| a >+ | a, |*) + | a. |* f Aot *Vit,

t
+a, | f dveu,*Vu, + a,*a,M exp 7 [fo wer dr + (S, — Sc)] (31)

' |
— a.a,*M* exp —1 I:‘/; wep dr + (S, — Sc)]f.

Equation (31) can be simplified considerably by making use of the
relationship’

ﬁ2 VKSN(K) = 1K + fd@[)uN*(r K) Vulv(r K) (32)
Combining (31) and (32) results in the expression
. eh 3, | .m
J = —i f dlc{z-f? (| ac |* V& + | a, |* V&&,)
t
+ a.*a,M exp ¢ |:[ wer dr + (S, — Sc)] (33)
0

! I
— a.a,*M* exp —1 ,:f weo dr + (S, — SC):II .
0

The energy density, W, for the quantized semiconductor system is
given by (11). By differentiating W with respect to time, one has

ow 1 26K s 0K
o _T/[‘ ol V8 + | s \vasv

+ <a * aac + aa. )8 + ( aa,, + a M)S :| (34)
° ot %5 ot Yot )t
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Now, from the preceding work in Appendix A the time dependences of
a. and a, are known and, for the present situation, are given by (7).
Thus by combining (7) with (34) and noting that 0K/dt = ¢E/#,
one obtains the following formula for W /d¢:

oW _1e

) 2
ot _VﬁE'{Wcl Vxge + | @y [ V&,

i !
— 1= a*a,M exp 7 I:f wer dr + (S, — Sc):l (35)
m 0

—I—'L'Tfaca *M* exp —i[ftwcvdﬂr—l— (8 —S)jl}‘.
m v 0 v c f

A comparison of (33) and (36) illustrates the desired relationship
between current density and energy density, viz.,

i-E = aW/at, (36)

where J = f d’rj.
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