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Fig. 8 — A comparison of the theoretical and experimental results for a ruby
with & = 67°. The solid line is the theoretical curve and the points are the experi-
mental measurements.

fingers where there is no ruby, and therefore F, < %. If F, becomes
less than %, the experimentally determined value of F, would corre-
spondingly increase and approach the calculated one.

The assumed chromium concentrations compare very well with those

determined by chemical analysis. In fact, in the case where « = 20°
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Fig. 9 — A comparison of the theoretical and experimental results for a ruby
with @ = 20°. The solid line is the theoretical curve and the points are the ex-
perimental measurements.
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TABLE I — CoMPARISON OF AssuMED CONCENTRATION TO
CONCENTRATION DETERMINED BY CHEMICAL ANALYSIS

« Assumed Conc. Chemical Analysis
(Cr/Al Atomic %) (Cr/Al Atomic %)
67° 0.032 0.030
20° 0.028 0.028

the concentrations are the same and therefore I'ig. 9 can be considered
to be free of all adjustable parameters. However, the concentrations
determined by chemical analysis cannot be considered highly accurate
on an absolute basis, and therefore this agreement could be fortuitous.

III. ISOLATOR PERFORMANCES

The isolator consists of thin ferrite disks imbedded periodically in-
side the ruby slab as shown in I'ig. 10. The dc magnetic field is applied
in the y direction, and it is normal to the plane of the ferrite disks. The
ferrite disks are usually thin and have square cross sections. The ratio
of the side dimension to the thickness of the square (aspect ratio) is so
adjusted that the ferrite resonates at the same de magnetic field as ruby
for a given frequency.

In Section 3.1, the analysis and the result of the machine computation
will be presented. The calculation is compared with the measurements
in Section 3.2.

3.1 Analysts and Discussion

Since the dielectric constant of the ferrite is about the same as the
surrounding ruby. the ferrite disks are thin, and the plane of the pre-
cessing spins coincides with the plane of the RF magnetic field before
the introduction of the ferrite disks, then the disturbance of the RF
fields due to the presence of the resonating ferrite disks should be small.

kY X

L)
[{) —d—sl 7Y
——FERRITE DISK ——-
LN e R -
Ll ez -
V a A W‘RFINGERS" ﬁ ]
| e-L-—J |
e L——-> e —————— h———— |

Fig. 10 — Ferrite disk isolators imbedded in the comb structure.
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Perturbation theory, which assumes the R fields inside the ferrite to
be the same as those present if the ferrite were replaced by the ruby,
should be appropriate for the analysis here.

We shall regard the ferrite square block as an approximation to an
ellipsoid. Then the demagnetization factors N,, N, and N, in the z,
y and z directions, respectively, can be defined in the usual manner.
In this approximation, the demagnetization factor of a square disk
will be approximated by the demagnetization factor of a circular disk,
ie.,, N, = N, . Even if the disk is not square, N, = N, = 0 if the disk
is sufficiently thin. In such cases, the imaginary part of the external
susceptibility tensor x.” becomes diagonal when the RF fields are
expressed in circular components.

From (2) and (3), the positive and negative circular components
of the RF magnetic field can be defined as

1
— - Bu(D—2) ,—ibuZ Ty
H, = NG (H, — jH,) = \/2 n_z 3 A, ¢ cos 5 (31)

H_

i

) .
e (H, + jH.) = \3/2 ; A, ¢ PP g7 oo 2—}{ (32)

Let x,” and x_” be the diagonal elements of the diagonalized x.”.
They can be expressed as’

” wn Tt
X+ = (we _ w)2 =+ 2 (33)

” o_ "-’mT_l
= T e F o+ T (34)
we = y[Ho + (N, — N,)4xM] (35)
wm = vdrM (36)
= %, v = 2.8 mc/oe (37)

where 47M is the saturation magnetization, H, is the externally ap-
plied de magnetic field and AH is the linewidth of the ferrite. In terms
of the circular components the absorption due to the ferrite is given
by [see (7)]

oLy f HyHo* dv + x f H_H_* dv
oy = 2T neper  (38)

Vs f (H Hy* + H_H_¥) dv
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X" f H.H *d + x" f H H.* d

(.OLT
Vg

Aa_. =

neper (39)
f (H H.,* + H_H_*) do

where o, and «_ are the reverse and the forward absorption of the
isolator, respectively. For most of the ferrites used in TWM’s, x_.” <
x.+”. Therefore, the terms containing x_” can be neglected. Substituting
(31) and (32) into (38) and (39) and performing the integrations, one

obtains
Ly ( s )
=273— =) db 40
o vy \Qx (40)
where f is the frequency and @ is defined as
1/Q4 = t/h [cos (wy/2R)]2 x,” A (41)
1/Q_ = t/h [cos (wy/2h)] x,” B. (42)

A and B are ratios of the energy of the RI' magnetic field due to the
positive and the negative circular components over the area occupied
by the ferrite disk to the total RF magnetic field energy contained over
the area in the z-z plane per period, respectively. They can be expressed
as

A} _ 1
Bl & » sinh 28,D
n_;m | 4| 28,D
i Bn = Bn)(d—c)  (Bn—Ba)(d+c) (43,44)

o © Sin

. 2 2
Xm;oo n=z—eo AﬂAm (Bm2 - 6”2) LD

X lexp £ (Bn + B.) (D — &)[=£1 F exp F(Bm + Ba) (b — a)]

where the upper and the lower signs are for A and B respectively. The
notations a, b, ¢ and d are defined in I'ig. 10. In (43) and (44), the RF
field energy contained in the region between the fingers (region 1 in
TFig. 1) is neglected, since this is usually small compared to the RF
field energy contained in the ruby.

Equations (43) and (44) were computed and the results are shown
in Tigs. 11-14. Note that A is a quantity proportional to the reverse
absorption and A /B is the ratio of the reverse to the forward absorption
of the isolators. Large A and A/B over a large range of 6 are desirable
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for the isolators. Since Figs. 11-14 are shown in terms of 6/x rather
than the frequency, the frequency-phase relation (w-8 diagram) of
the structure has to be known in order to convert 6 into the frequency.
All the dimensions involved were normalized by the length of a period
of the structure L. In order to provide an easier understanding of the
numerical data, we shall assume L = 0.08 inch (the commonly used
size in our laboratory) and discuss the data with the parameters ex-
pressed in inches.

Since the isolation ratio becomes worse when the width of the wave-
guide housing gets narrower, we shall study the structure with small D
first (D/L = 0.75). In Tig. 11, A and A/B vs 6/r are shown when
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Fig. 11 — A and 4/B vs 6/« for the following parameters: D/L = 0.75, [/L =
0.5; ferrite size, (b — a)/L = (d — ¢)/L = 0.125 (0.01 X 0.01 inch); solid curves
for (D — a)/L = 0.6875 (a = 0.005 inch); broken curves for (D — a)/L = 0.625
(a = 0.01 inch).
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Fig. 12— A and A/B vs 6/ for the following parameters: D/L = 0.75, /L
0.5; ferrite size, (b — a)/L = (d — ¢)/L = 0.125 (0.01 X 0.01 inch); (d + ¢)/L
1.0 (ferrite on an axis midway between the adjacent fingers).

ferrite disks of 0.01 X 0.01 inch are placed in different positions of the
structure. Solid lines are for the case where one edge of the disk is 0.005
inch away from the surface of the fingers, i.e., ¢ = 0.005 inch (see Tig.
10). If the center of the disk is exactly at the position midway between
the adjacent fingers [(d + ¢)/L = 1.0], the isolation ratio A/B can be
as large as 140 over a small range of 6. If the disk is shifted in the 2
direction by 0.01 inch [{d + ¢)/L = 0.75], the isolation ratio decreases
to values less than’20 while A remains almost the same. Next, let us
take a = 0.01 inch (see the broken lines). At the position (d+¢)/L = 1.0,
the isolation ratio again reaches over 140. Again, shifting the position
in the z direction by 0.01 inch decrecases the isolation ratio to about 20.
One sees readily that the isolator disks have to be positioned carefully
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at the position midway between the adjacent fingers. A small displace-
ment from this position deteriorates the isolation ratio rapidly. This
has been known experimentally for a long time, and indeed the position
of the largest A /B for a given a dimension is found in practice by moving
the bar imbedded periodically with the isolator disks until the minimum
forward attenuation results. Hence we shall assume the center of the
ferrite disk to be on the line midway between the adjacent finger (z =
L/2) in all of the following discussions.

Next, let us consider how the isolator performs as a is increased
further. Fig. 12 shows A and A/B vs 8/x for 0.01 X 0.01 inch isolator
disk as @ is increased to 0.005, 0.01, 0.015, 0.02 and 0.03 inch [corre-

ol4
I | FERRITE SIZE:
0.12 D[a =0.6825 b—ia=gz—c=o.25
o0 / 0.625
A 0.08 //// YT \\
Y e ~_

0.06 4 - -
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e —
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0 0! 02 03 04 05 06 07 08 08 1.0
-0/

Fig. 13— A and A/B vs 8/x: D/L = 0.75, [/L = 0.5; ferrite size, (b — a)/L =
(d — ¢)/L = 0.25 (0.02 X 0.02 inch).
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sponds to (D — a)/L = 0.6875, 0.625, 0.5625, 0.5, 0.375]. The maximum
isolation ratio A/B is about the same from a = 0.005 to 0.015 inch
and then it decreases for a larger a. This can be understood by noting
that the RI magnetic field becomes linearly polarized at the wall of
the waveguide housing, and hence A/B approaches one if the ferrite
disk is placed near the wall. The value of 6 at which the maximum
A/B occurs gradually increases with the increase in a. If this were not
50, a large value of A/B would still be maintained for ferrite disks of a
larger cross section. Due to the spread of the peaks of A/B the ferrite
disks of a larger cross section give small values of A/B. Larger values
of a also reduce the reverse absorption (smaller A) since the RF energy
is concentrated near the fingers.

In practice, the isolator disks of 0.01 X 0.01 inch cross section are
too small to fabricate and also too small to provide enough reverse
absorption. In order to see to which direction the size of the ferrite
disks should be enlarged, let us consider two rectangular disks of 0.01 X
0.03 inch. One of them has a longer side parallel to the z axis and the
other has a shorter side parallel to the z axis. Both disks have ¢ = 0.005
inch. Then one can show from Figs. 11 and 12 that for the former case
A =9 %107 B=232X10"at 6§ = 0.3r where 4/B is maximum,
and for the latter case 4 = 8.1 X 107, B = 1.08 X 10" at § = 0.357
where A/B is maximum. Apparently the latter is the better way to
place rectangular ferrite disks.

Tig. 13 shows A and A/B vs /= for the ferrite disks of 0.02 X 0.02
inch. The edge of the ferrite disks is placed ¢ = 0.005, 0.01 and 0.015
inch away from the surface of the fingers. As the ferrite disks are moved
away from the surface of the fingers, the isolation ratio improves and
then gets worse again. The reverse absorption steadily decreases at the
same time. The sharp reduction of the isolation ratio by enlarging the
size of the ferrite disks can be understood from the following considera-
tions. At a given 6 (or frequency), part of the ferrite disk at the position
where B is small contributes little to the forward absorption, while the
rest, located at the position where B is large, absorbs much of the for-
ward-wave energy. Hence the forward absorption of the whole ferrite
disk is larger. In another words, the peaks of A/B vs 6/ curve occurs
at a different 6/ for different portions of the ferrite disk (see Fig. 12)
The ferrite disks of this size are still not large enough to provide suffi-
cient isolation for the high electronic gain attainable in present TWM’s,

Fig. 14 shows 4 and the isolation ratio A/B vs /7 when the size of
the ferrite is increased to 0.03 X 0.03 inch (see the solid lines). The
constant A increases almost twice from the value for 0.02 inch square
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ferrite. Assuming the thickness of the ferrite ¢ = 0.1 (d — ¢) (aspect
ratio of 10), the reverse absorption of the isolator increases about
2 X 1.5 by increasing the size of the disk from 0.02 inch square to 0.03
inch square. However, the isolation ratio reduces from the maximum
of 29.5 to 19.5 (the forward absorption increases 4.5 times).

It is clear by now that the isolation ratio of the isolator improves
rapidly as the size of the ferrite disks gets smaller. On the other hand,
the size of the ferrite has to be large to provide enough reverse absorption.
Thus in order to improve the performance of the isolator, one faces
contradicting requirements. One approach to circumvent this difficulty
is to look for a ferrite of much larger susceptibility. Another solution
is to look for a proper dimension of the structure to provide a larger
area of circular polarization of the RI' magnetic field. In TFig. 14 A
and A/B vs 6/7 are shown with a larger spacing between the fingers
(ferrite size is 0.03 inch square). It is increased from [ = 0.04 to 0.05
and to 0.06 inch while L is kept at 0.08 inch. The isolation ratio improves
gradually. '

Next consider the effect on the isolator performance when D/L is
increased from 0.75 to 1.0. This will in general increase the group veloc-
ity.? From (7) and (40), the net db gain of TWM @, is

1 14 1
G, « = <F x| - > (45
Lrxl -5 )
where I is the filling factor and | x” | is the susceptibility of the inverted
spin system of the ruby. IFor the TWM to be short-circuit stable,

1/Q. > 2F | x" |. (46)

The isolator incorporated in the TWM should satisfy the condition (46)
first, and then comes the consideration of how to reduce 1/Q_. The
change in v, will change the net gain and the reverse and the forward
isolator absorption but not the stability condition (46). Hence, we shall
confine our discussion here to the effect of @, as D/L is increased.
Suppose the condition (46) is satisfied with the isolator of 0.03 X 0.03 X
0.003 inch, a = 0.005 inch, I/L = 0.5 and D/L = 0.75. If D/L is in-
creased to 1.0, one sces from the irregular dashed curves in Fig. 14
that A remains almost the same, while the ruby filling factor reduces
(see Tig. 4). Thus the TWM is still stable. However, the isolation
ratio A/B increases from 19.5 to 25 (i.e., 1/Q— decreases). Therefore
the isolator performs better with larger D/L. Unfortunately, D/L is
usually made small to provide a small group velocity near the center
of the passband instead of being sized for the consideration of the
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optimum isolator performance. Even if the forward absorption of the
isolator increases with a smaller D/L, the net gain of the TWM may
inerease.

3.2 Comparison of the Calculation with Measurements

Isolators of 0.02 X 0.02 X 0.002 and 0.03 X 0.03 X 0.003 inch
polycrystalline YIG disks were made and imbedded inside the comb
structure of the dimensions shown in TFig. 15. The forward and the
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Tig. 156 — Measured and calculated forward and reverse losses. Ferrite disks
0.02 X 0.02 X 0.002 inch (71 pieces). L = 0.08 inch, D = 0.06 inch, ! = 0.04 inch,
@ = 0.016 inch, AH = 223 oe, 4vM = 1750 oe. Solid lines are the calculated a.
and the circled points are measured. Broken line is the calculated o, /a_ and
the triangles are measured points.
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reverse absorption were measured and shown as diserete points in
Figs. 15, 16 and 17. The polyerystalline YIG has 47#M = 1750 oc at
room temperature. Its linewidth AH was determined by measuring the
de magnetic fields at which the reverse isolator loss in db is one-half
of the maximum. It is more than twice the usual linewidth. This is
presumably due to the variation of the aspect ratio among the YIG
disks and also partly due to the shape of the ferrite disks being square
instead of ellipsoidal. The finger length of the structure was 0.198 inch
but in the calculation of «. it was assumed that & = 0.22 inch to correct
for the fringe capacitance at the finger tips.

The -8 relation of the comb structure was measured by a phase
bridge technique deseribed in the previous section. This makes it possible
to relate w to 6 and also gives the group velocity.
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Fig. 16 — Measured and calculated forward and reverse absorption. Ferrite
size: 0.02 X 0.02 X 0.002 inch (71 picces). L = 0.08 inch, D = 0.06 inch, [ = 0.04
inch, a = 0.01 inch, AH = 223 oe, 4=#M = 1750 oe. Solid lines are the calculated
ax and the circled points are measured. Broken line is the calculated «y/a_ and
the triangles are measured points,
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Figs. 15 and 16 show the calculated and the measured data with
0.02 X 0.02 X 0.002 inch ferrite disks. Fig. 15 is for the case ¢ = 0.016
inch and Fig. 16 is for ¢ = 0.01 inch. The curves of Fig. 13 show that,
by decreasing a from 0.016 to 0.01 inch, the reverse absorption increases
more strongly at large 6 than at small 6, and that the maximum value
of ay/a_ oceurs at a smaller 6. These theoretical predictions are con-
firmed by the measurements, as can be observed from the data in Figs.
15 and 16.

The measured and the calculated «y and «,/a_ for the ferrite size
of 0.03 X 0.03 X 0.002 inch are shown in Fig. 17. «, for the 71 pieces
of ferrite disks was too large to be measured in our equipment. There-
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fore every other ferrite disk was removed to reduce a,. by half. Com-
paring the measured data shown in Figs. 16 and 17, one notices that,
by increasing the size of the ferrite disk from 0.02 to 0.03 inch square,
the reverse absorption «, increases about 1.6 times while the maximum
isolation ratio «,/o_ decreases by a factor of 2.4. These are approxi-
mately the values expected from the caleculation.

The measurements agree well with the caleulation in general. It should
be mentioned that in calculating «, , use was made of parameters
which can be measured only within an accuracy of 10 per cent.

IV. CONCLUSIONS

It has been shown that the filling factor increases as the ¢ axis of the
ruby approaches the z axis of the structure for the usual 90° operation
in ruby. The increase is more significant near the § = 0 end of the
passband of the comb structure than near the § = = end. For the for-
ward-wave structure (df/d0 > 0), this corresponds to larger increase
of the filling factor near the lower cutoff frequency than near the upper
cutoff frequency. The increase in I, as the ¢ axis of the ruby becomes
parallel to the z axis of the structure is more pronounced at lower
frequencies, since the transition probability of the spin is more linear
at those frequencies.

The ratio of the reverse-to-forward absorption of the isolator in-
corporated in the TWM can be over a hundred if the size of the ferrite
disks is very small compared to the width of the waveguide housing,
2D + d, and the size of the fingers. At present, the isolation ratio is
far from the best due to the necessity of using large-size ferrite disks
to provide enough reverse absorption. The size of the ferrite disks can
be kept small and yet provide a large reverse absorption if the imaginary
part of the susceptibility of the ferrite, x”, can be increased. Since at
resonance x” = 4wM/AH, one should look for a material with a large
47M and a smaller AH. The saturation magnetization, however, can-
not be made arbitrarily large, since the dc magnetic field, which is
fixed by the ruby resonance, must be greater than 47M in order to
saturate the isolator disks. AH of the ferrite should be about 20 oe,
which is approximately the linewidth of ruby. AH of polyecrystalline
YIG at the temperature of 4.2°K is over 200 oe. This can be reduced
to a certain extent by minimizing the scattering in the aspect ratios of
the ferrite disks and the use of round disks instead of square disks,
since the internal field of a round disk is more uniform than that of a
square one. A single-crystal YIG with AH enlarged to about 20 oe
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has good possibility as an improved isolator material for TWM ap-
plication.

The analysis also shows that the isolation ratio gradually improves
and then gets worse, while the reverse absorption steadily decreases,
as the ferrite disks are moved away from the surface of the fingers
toward the waveguide wall. Also, the optimum isolation ratio gradually
shifts to a higher value of 6.

In order to provide enough reverse absorption, more than one iso-
lator deck is usually stacked on top of another. It may seem as if the
forward insertion loss of the isolator can be kept small over a wider
range of 6 if a composite isolator with different a’s is used instead of
one with the same a. However, by adding the curves of different a’s
in Fig. 12 one will find that this is not so.

The analysis and the curves provided in this paper enable one to
estimate the increase in electronie gain obtained by a proper orientation
of the ¢ axis of the ruby and by the use of ruby slabs on both sides of
the comb. The size of the ferrite disks necessary to provide sufficient
isolation and the dependence of the isolator performance on the position
of the ferrite disks are also discussed. Together with the Refs. 1 and 2,
this paper constitutes part of an effort to reduce the experimental work
involved in developing traveling-wave masers.
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The Comb-Type Slow-Wave Structure For
TWM Applications*

By F. S. CHEN
(Manuscript received December 5, 1963)

The space harmonic analysis of the dielectrically loaded comb structure
as used in traveling-wave masers (TWM) is presented. The frequency-phase
characteristics (the w-8 diagrams) are computed by regarding each finger
of the comb structure as a capacitive loaded transmission line. The impedance
of the line is based on the space harmonic analysis. Computed data are found
lo be in agreement with experimental results and, in particular, it s con-
firmed that the w-B relation depends very critically on certain dimensions
of the dielectric loading. The resulls of the analysis are used to derive pre-
scriptions for the design of dielectrically loaded TWM comb structures,
especially of structures with low group velocity which are suitable to pro-
vide stmultaneously large gain and large instantaneous bandwidth.

I. INTRODUCTION

The comb-type structure has been used successfully as a slow-wave
structure for traveling-wave masers (TWM).! In a TWM the small-
signal gain in db is inversely proportional to the group velocity. Gener-
ally the gain obtainable from present maser materials is small. Therefore,
a great deal of effort in developing a TWM is concerned with deriving a
comb structure design with small group velocity at the frequency of
interest. Both the group velocity and the passband of the comb structure
can be found from the w-8 diagram. The shape of the w-8 diagram of the
comb structure loaded with “masing” crystal depends very critically on
the various dimensions of the structure as well as of the crystal. In this
paper, an analysis of the comb structure will be presented. It should
serve as a guide for a reasonably accurate determination of the dimen-
sions of the comb structure, of the active maser material and of other
dielectrics which give rise to a required w-g diagram. Some additional

* This work was supported in part by the U. 8. Army Signal Corps under Con-
tract No. DA 36-039-SC-89169.
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experimentation may be needed in practice for small corrections of the
resulting -8 characteristic.

Various tape structures with the tapes perpendicular to the direction
of signal propagation have been proposed and analyzed?3-4-% in the past.
The space harmonic analysis originally introduced by Iletcher? was
used to obtain the w-8 diagrams of these tape structures. It assumes no
RYI field components in the direction of the tape (TEM wave approxima-
tion); that is, the tape can be regarded as a transmission line supporting
the TEM wave in the direction transverse to the direction of signal
propagation. An impedance matching condition for the TEM lines in the
transverse plane can be derived (transverse resonance). The resulting
equation implicitly contains the -8 relation. The authors mentioned
treated only the case where the structure is immersed in a uniform di-
electric, that is, mostly vacuum. For the TWM application, the structure
is alway partially loaded with dielectric and the TEM approximation no
longer holds. However, when the structure is nearly filled with dielectric,
as in TWM’s for a large gain and simultaneously large instantancous
bandwidths,® one finds that the TIEM approximation can also be success-
fully used to calculate the w-8 diagram of the dielectric-loaded tape
structures. An “‘effective dielectric constant” is then defined to take into
account the fact that the structure is only partially loaded with dielec-
tric. This approach was used in earlier calculations of the upper and
lower cutoff frequencies of the comb structure by Harris, DeGrasse and
Schulz-DuBois.” The analysis to be presented here extends their work to
cover the entire w-8 diagram.

The -8 diagram of the comb structure! and the “Karp structure’’® for
TWM applications had also been discussed previously, using the
equivalent circuit method. However, the field analysis to be presented
here gives a more detailed understanding of the structure. For instance,
the filling factor of the active crystal and the performance of the isolator
embedded in the structure are readily obtained by this analysis.

In the next three sections, the w-g diagram of the comb structure, the
impedance of the tapes (or fingers) and the effective dielectric constant
will be derived. This is followed by a more detailed discussion of various
properties of the comb structure, including the techniques available for
reducing the bandwidth of the passband, higher-order transmission
bands of the structure and practical design considerations. The calcula-
tions are usually compared with experiments, and they are found to be
in good agreement.

The impedance of the finger and the effective dielectric constant are
defined as a function of 6, the phase angle between adjacent fingers. The
phase angle 6, or equivalently the phase propagation constant B, are
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related to the frequency w by the w-g relation which is obtained from the
transverse resonance matching condition. Only the ruby-loaded comb
structure is treated here up to and including numerical details. It is
easily possible, however, to extend the same type of analysis to other
types of tape structures. This is particularly easy since both the im-
pedance and the effective dielectric constant are evaluated here as
functions of § and not of w.

II. THE w-B DIAGRAM

Let us consider first a comb structure without dielectric loading
(empty comb). The open end of the fingers has fringing electric fields
terminating at the surrounding conductors. The effect of these fields can
be expressed by a capacitance C' (Fig. 1) which in general is a function
of §, C = C(8), where 9 is the phase angle between the adjacent fingers
and takes values from zero to = radians over the passband. It will be
assumed that the RI" electric and the magnetic fields vanish in the
direction of fingers (y direction) except at the finger tip. Then the finger
can be regarded as a TEM transmission line with a characteristic im-
pedance K and supporting a wave propagation in the y direction with
velocity ¢, the velocity of light in free space. K is a function of 6, K =
K(8). At the finger tip (y = k), the impedance looking in 4y and —y
directions must have the same magnitude and the opposite sign; there-
fore there exists a matching condition

1 wh
FO) = K(8) tanT. (1)

According to this equation, the grounded finger presents an inductive
reactance at the finger tip. The length of the finger 4 is therefore limited
by

€ N
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¥ Y ¥ 2 Y _v
o § T -
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Fig. 1 — Cross sections of the comb structure.
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(m— Dr <whfc < (m— 37w, m=1,23 . (2

For a given 6, one can find the frequency from (1), provided the func-
tions K(6) and C(6) are known, and in this way the w-g8 diagram (or
w-0 diagram) may be derived. For m = 1, the finger acts essentially as
a quarter-wave resonator and (1) gives the lowest passband for a given
geometry of the comb structure. For m = 2, the finger behaves as a
three-quarter wave resonator and the next higher passband appears.
Thus the comb structure provides a series of passbands separated by
stop bands.

When the comb structure is partially loaded with dielectric as in Fig.
1, there appear components of RF fields in the y direction, and the finger
no longer behaves as a TEM line. However, when the structure is al-
most completely loaded with the dielectric, the fields are again approxi-
mately TEM waves in the y direction. We will adopt this TEM approxi-
mation for the loaded structure and modify the impedance K and the
propagation constant w/c of (1) by a factor \/e(0). e(8) is called the
effective dielectric constant and it will be defined more rigorously in Sec-
tion IV. Then the dispersion equation for the loaded comb can be ex-
pressed as

1 _ K(0) wh\/@
O~ Ve T e

for the case where the structure is loaded with dielectric of uniform thick-
ness from y = 0 to ¥y = h as in Fig. 1. For simplicity K(8), C(6) and
¢(8) will be abbreviated as K, C and e from here on. The TEM approxi-
mation offers a further advantage, since it enables one to analyze the
various ‘“finger tip loadings’ in a simple way.

It turns out that, in practical realizations of the comb structure, the
fringe capacity C is always small, so that whn/e/c is close to (m — %)=
withm = 1, 2,3, --- . Hence (3) can be simplified by defining a quan-
tity Ah through

(3)

wVe(h 4+ AR) /¢ = (m — $)r. (4)
Substituting (4) into (3) and using the fact that Ah < h, one obtains
AR = (KCc/e) (5)

where it should be noted that Ah is also a function of 6. Equation (4)
becomes

2m — 1)2& \/E<h+£i—cc> (6)
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where A = ¢/f is the free-space wavelength. For the empty comb, the
w-B3 diagram can be obtained from (6) by letting ¢ = 1. Equation (6)
states that, in the passbands, the finger length % plus the correction due
to the fringe capacitance at the finger tip should be (2m — 1)A/4 when
measured with the scale \/e. ‘

III. IMPEDANCE OF THE FINGER, K(0)

The admittance of a single finger as a TEM line is a somewhat ab-
stractly defined quantity. One considers transmission lines having the
cross section shown in Fig. 1(b), but without dielectric and infinitely long
in the =4y directions, or alternatively suitably terminated. On this set of
identical transmission lines one considers waves of equal amplitude
traveling, for example, in the +y direction and phased by 6 between
adjacent lines in the 4z direction. Under these conditions, the admit-
tance of a single finger is defined as the ratio of current to voltage on a
finger and is a function of 4.

Consider a comb structure as in Fig. 1, but without the dielectric and
with the structure divided into three regions as shown. Then the current
on a finger is the sum of the current on the surface of the finger in region
1 (between the fingers) and the current on the surface of the finger in
regions 2 and 3. Thus the admittance of the finger is the sum of two
admittances:

Y(6) = Y1(6) + Ya(0) (7)

where Y1(60) is the admittance due to the current on the surface of the
finger in the region 1 and Y,(6) is the admittance due to the current on
the surface of the finger in the regions 2 and 3.

The current on the finger can be found by a line integral of the RF
magnetic fields, which in turn can be found by matching boundary con-
ditions in the z-z plane.

The potential on the mth finger may be written as

Vi =Ve'™ (8)

where 8 is again the phase angle between the adjacent fingers and may
vary from O to =. Then, as will be shown in Appendix A, the potential
along the z axis between the mth and the (m 4 1)th finger can be ex-
pressed as

V(6z) = Ve Imthe l:g(z) cos% — jf(2) sin g] (9)
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where ¢g(2) and f(z) specify the symmetric and the antisymmetric part
of the potential distribution respectively. g(z) is also the potential dis-
tribution when 6 = 0, and f(z) is also the potential distribution when
0 = w. It should be added that the representation of the 6-dependent
potential distribution by a combination of 6-independent symmetric
and antisymmetric functions, g(z) and f(z), is at best a good approxi-
mation or, to use a more appropriate term, a guess. The representation
is strietly correct only for 8 = 0 and 0 = x. However, it is bound to be
a good approximation near § = 0 and near 6 = = where one of the func-
tions dominates. The calculations show that the detailed shape of the
potential distribution assumed is of little influence in the midband re-
gion near § = 7/2 and in fact up to § = «. It is in this sense that the
expression into a symmetric and an antisymmetric part, which is a power-
ful tool in other electromagnetic problems, is justified here.
The RF electric field on the z axis becomes

E, =0, mL-—P—;—l<z<mL—|—LT_l

(on the fingers)
E, = ——, (11L+%)L—§l<z<(m+%)L+—£

(between fingers).

The E, field in region 2, F., , may be expressed by a space harmonic or
generalized Fourier sum

Es= 2, F.sinh B, (W — )¢ ™ (11)
where 8, L = 6 + 2nw, W is the height of the waveguide as shown in
Tig. 1, and F, is the amplitude of the nth space harmonic component.
Each term of the sum is the electric field of a TEM solutionto Maxwell’s
equations, and the z dependence, exp (—jB.z), assumes periodicity of
the resulting field pattern from finger to finger as required by (8). The
as yet unknown amplitude coefficients F, are determined by letting
x = 01in (11) and equating the resulting expression with the field on the
z axis (10). Thus,

Ve ~imADE  contbIan P
g cos

o . 0 Bz
= —C — - — " d 12
F L sinh 8, W Jmivyo—ar2) af sin ] ¢ = (12)

2 2
where ¢’ = dg/dz and f’ = df/dz. The current on the surface of the mth
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finger facing regions 2 and 3 can be found from the line integral of
the z component of the RT magnetic field there, and finally ¥, becomes

l 2
Y2(0) = 2V, Z (— 1)"—————coth B W

n=—oco WL — 1
6(2 ) (13)

(L+1)]2 0 (L+1)/2 ,
l:cos = f g’ sin Bazdz + sin 3 f f cos Bnz dz]
(

L—1)2 (L—1)/2

where Yy = 5#7 mho.
In the case of constant-field approximation, as has been assumed by
Fletcher,’

g=1
[ = (2/1) — (L/1).

The integration in (13) can be readily performed. For the case where
L — 1 = L/2 and d = [ (square finger cross section),

(14)

sin B.L\"
Y2(0) 0 n
7= 2sm~"_z_w( 1) N3 coth 8, W. (15)
1

Y1(6) becomes, in the same constant-field approximation

—Y;,(f) =4 dL sin’ % (16)
The impedance of a finger K(0) = (Y1(8) + Y4(8))™" in the constant-
field approximation is plotted in Fig. 2 in dashed lines as a function of
6/7 for W/L = 1.25 and 0.75.

The constant-field assumption does not take into account the singu-
larity in the field at the corner of the finger. It will be shown later that
the calculated w-8 diagram using the impedance thus obtained disagrees
severely with the measured one for § < 0.57. Harris et al.” used the con-
stant-field approximation for region 1 only and assumed the field pro-
duced by an infinitely thin tape for regions 2 and 3. This will be referred
to as the thin-tape approximation. The calculation used conformal map-
ping and it is applicable directly only for § = 0, 7/2 and . The thin-tape
approximation assumes a 180° singularity at the corner of the finger and
thus exaggerates the actual 90° singularity there. A further difficulty in



1042 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1964

320

\ ——FROM THIN TAPE APPROXIMATION

———FROM CONSTANT FIELD

300 v
\\ APPROXIMATION

280

\
\
260 Y
N ‘\\

240

220

200

v/x/

180

K(8) IN OHMS

\
160 —

140

120

100

80

60

40

W

Fig. 2 — The impedance of the finger vs 0. It is assumed that L — [ = [ = d.

this approach is that the fields on the boundaries between the regions
2, 3 and the region 1 are not matched.

A third alternative would be to base the calculations on experimental
data. The potential distribution functions g(z) and f(2) in (9) may be
measured directly with a large scale two-finger model in an electrolytic
tank. This is probably the most reliable method, although data are ob-
tained with only limited accuracy and only numerically. In addition,
the data are applicable directly with good accuracy only for § = 0, =.

The second (thin-tape) approximation will be used here, and it will
be extended to cover the whole range of 6. With the thin-tape approxi-
mation, the functions g and f, which specify the potential distribution
along the z-axis, for § = 0 and = respectively, can be found by Schwarz-
Christoffel transformation. They have a quite complicated form involv-
ing elliptic functions, and therefore the integrals in (13) are difficult to
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evaluate. Tortunately, at 6 = 0, n/2 and =, K(8) can be found directly
by Schwarz-Christoffel transformations without resort to (13). One can
arrive at a good approximation of Y,(8) for the whole passband of the
structure from (13) and the knowledge of Y, at 6 = 0, 7/2 and = with-
out evaluating the integral. The procedure is described in Appendix B,
and the result is shown in Fig. 2 with solid lines for various values of
W/L. Both the constant-field and the thin-tape approximations give
about the same K(6) for § = /2 but there is a large difference near
6 = 0. It will be shown later that K(6) resulting from the thin-tape ap-
proximation yields a reasonably good agreement with experimental data.

IV. THE EFFECTIVE DIELECTRIC CONSTANT e(6)

If the comb is not entirely immersed in an isotropic medium, some
RF field components appear in the direction of the fingers. The TEM
assumption which has been used in Section II no longer holds. However,
if the medium is only slightly nonuniform, the TEM assumption is still a
good approximation. Fortunately, TWM’s designed for high gain and
large instantaneous bandwidth are so heavily loaded with an active
crystal that the TEM approximation is reasonably valid and may be
used in the structure analysis. In this section, an effective dielectric
constant is defined. It is a function of § — that is, of the details of the
RF electric field configuration. At a particular value of 6, the effective
dielectric constant of €() is defined as the dielectric constant of a uniform
medium filling the same comb structure, which results in the same total
charge per comb finger as that produced by the true, incomplete diclec-
tric loading (this definition is meaningful only for heavy dielectric loading
such that the TEM approximation holds). It is obvious that this quantity
€(9) is a very helpful one for the analysis.

Referring to Fig. 1, a slab of dielectric of thickness D is placed in the
regions 2 and 3. Its dielectric constant is assumed to be isotropic and
equal to e. TEM-type solutions of Maxwell’s equations are assumed in
regions 2 and 3, both inside and outside the dielectric slab. The com-
ponents of the field vary as

exp [£8.2 — jky — 7Bn2]

where k is the plane wave propagation constant for the respective media.
Boundary conditions have to be matched at x = 0, D and W in the y-z
plane. The constant-field approximation expressed in (14) is explicitly
used for the boundary condition at 2 = 0.
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Then the charge per unit length on a finger is given by

@-n2 —d
Q=2 Bade + 2 [ Hade (17)
—(L—1)]2 Jo

where E,» is the  component of the electric field in region 2 at x = 0
and E, is the z component of the electric field in region 1. An effective
dielectric constant e(4) is now defined by requiring the same amount of
charge @ to exist on the finger as if the whole structure were immersed
in a medium of dielectric constant ¢(8). The resulting formula can be
given for combs with rectangular fingers; however, for simplicity, only
the result for equally spaced square fingers (L — [ = d = L/2) is given
here

2

. B.L
.6 € — sin
sm§+§n=2_w (=1 5L
4

% <1 4 € coth 8,(W — D) coth B.D

18
1 + € coth ﬁn(W —_ D) tanh 6nD> tanh BnD ( )

e(8) =

. B\’
1= [ sin
sin 5 + 5 n;w (—1) 5L coth 8, W
4

The result of machine computations of €(6) using (18) and assuming a
dielectriec constant of the loading dielectric of ¢ = 9 (approximately the
value of ruby) is shown in Fig. 3(a), (b), and (c¢). To facilitate other
computations which will be discussed later, the square root \/¢(6) is
shown in these graphs rather than e(9). For a fairly complete loading
(D/W > 0.8), e(8) approaches 5 near § = 7. Near 8 = 0, ¢(6) varies
widely, depending on D/W. This can be understood by noting that near
6 = = the RF fields concentrate near the fingers and hence () is little
changed by a change in the width of the air gap near the waveguide wall.
On the other hand, near § = 0 more of the fields reach the waveguide
wall. Thus the width of the air gap there affects the magnitude of €(0)
more drastically than that of e(=).

V. PROPERTIES OF THE COMB STRUCTURE

With the knowledge of K(6), C(6) and ¢(9), one can calculate the
w-B diagram of both the empty and the loaded comb structure. The
calculation reveals a number of interesting properties of the comb strue-
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ture and also suggests various techniques for narrowing the passband
of the structure.

5.1 Empty Comb Structure

As a maser structure, the comb is always loaded with one or more
dielectrics. However, the study of the empty comb is of some interest to
us, since it offers the possibility of checking the accuracy of our im-
pedance calculations by measurements.

The fringe capacitance C(0) for 6 = 0, and § = 7 has been measured
in the electrolytic tank. Values for C(0) and C(w) are shown in Fig. 4.
They were obtained by resistance measurements on a large scale model
of a comb finger in a tank. The values are plotted versus the distance
between the finger tips and the opposite waveguide wall, s. The data are
valid for fingers of square cross section, L/2 X L/2 = 0.040 X 0.040 inch,
spaced center-to-center by L = 0.08 inch and contained in a housing of
width 2W + L/2 = 0.240 inch (aspect ratio W/L = 1.25). It should be
mentioned here that these data can be applied to dimensions other than
those indicated if one observes two facts. First, if all linear dimensions
are scaled simultaneously by some factor, the capacity is scaled by the

0.1
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0.04 \\\\
\
0.03
0.02
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Fig. 4 — The fringe capacitance at § = 0 and 6 = = vs the spacing between the
finger tip and the waveguide wall for the case where L — [ = [ = d = 0.040 inch.
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same factor. Second, experience has shown that the fringe capacity is a
very slow function of the ratio W/L; no noticeable errors were found
when these capacity values were used for W/L values ranging from 0.75
to 1.5. Unfortunately, C'(8) for 6 other than 0, #/2 and 7 cannot be
measured in a simple tank model. However, some indication of how C(#8)
changes with 6 may be obtained experimentally. One would start with a
measured dispersion curve of an empty comb; one would assume that the
values K(6) in Fig. 2 for the thin-tape approximation are sufficiently
accurate; then (1) offers a possibility of evaluating experimental values
of C(6). In practice it turns out, however, that this approach does not
yield values C'(8) of sufficient accuracy to determine the exact shape of
the C(6) function.

In Fig. 5, calculated dispersion curves of several empty comb strue-
tures with dimensions as shown are given in solid lines. The calculation
is based on K(8) of Fig. 2 using the thin-tape approximation. C'(8) is
assumed to change linearly with 6 from 6 = 0 to 8§ = 7. Measured points
of the dispersion curves are also shown in Fig. 5. The measurements and
calculation agree well.

One case of a dispersion curve caleulated by using K(68) from the
constant-field approximation is also shown in Fig. 5 by the dashed line.
It deviates considerably from the measured points for § < 0.5 7.

One may conclude that both the impedance of a finger calculated by
using the thin-tape approximation and the assumption that C(6) changes
linearly with 6 are sufficiently accurate for the present analysis.

The passband of the empty structure can be narrowed by reducing the
width of the waveguide housing 2W -+ d. Then the impedance values
K(6) at § = m approach ecach other more closely and so do the Ak
values at § = 0 and 6 = =. From (6), one readily sees that a narrower
passband results.

5.2 Loaded Comb Structure

In this section, the discussion is restricted to the case of dielectric
loading on both sides of the comb. Both loading slabs are parallelepipeds
of equal thickness D. Both slabs cover the full finger height from the
root to the tip, i.e., the height & of the fingers is also that of the loading
slab. In addition, a comb of equally spaced square cross section fingers
(L — 1 =1=d) is assumed.

Sinee (3) is only an approximation and also since the dielectric con-
stant of ruby is neither a scalar nor exactly 9, one cannot expect to
obtain a close quantitative agreement between the measured and the
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Fig. 5 — Calculated and the measured »-8 diagram of the empty comb. L — ] =
i = d = 0.040 inch.

calculated w-8 diagrams. However, the effects of various loading dimen-
sions on the w-8 diagram are correctly predicted by the theory, and the
present analysis provides a reliable basis for an initial choice of design
parameters.

It will be convenient to define f(#) and f(0) as the frequency at which
6 = = and 0, respectively. For a forward-wave structure (df/d6 > 0),
f(x) > f(0), and for the backward-wave structure (df/d6 < 0) f(x) <
f(0).
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In Fig. 6, calculated dispersion curves are shown for W/L = 1.25,
K(m)C(w)c/h = 0.05 and various values of D/W. The frequency scale
1s normalized to fo(), where fo(7) is the frequency of the empty comb
(D/W = 0) at 6 = 7. Without loading (D/W = 0), the structure is a
forward-wave structure. Relatively thin slabs of ruby loading (see the
curve for D/W = 0.2) make it a backward-wave structure of a compara-
tively wide bandwidth. This can be understood by observing that the
RT fields near § = = are more concentrated near the fingers than the
RYF fields near 6 = 0. Hence, the RF fields at 6 = = see more of the pres-
ence of the thin ruby slab than the fields at 6 = 0. In this way f(x) is
reduced while f(0) remains essentially unchanged. Further increases in
the width of the loading (see the curves for D/W = 0.4 and 0.6) reduce
the bandwidth of the backward-wave structure. This happens because
the RF fields near § = 0 begin to interact with the dielectric slab, while
the fields near § = 7 are almost completely contained in the initial thin
slabs. This again changes the frequencies at § = = and 0 to a different
extent and thus reduces f(0) more than f(=).

At a still greater diclectric slab thickness (see the curve for D/W =
0.9) the structure is forward with a fairly narrow band and finally, with
complete loading (see the curve for D/W = 1.0), it is forward with a
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Fig. 6 — Calculated w-8 diagram as the thickness of the dielectric is changed.
It is assumed that L — [ = [ = d, W/L = 1.25, K(z)C(x)c/h = 0.05, and ¢ = 9.
The frequency scale is normalized to fo(x), the frequency at § = = for the empty
comb,
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somewhat wider band. The explanation is again based on the fact that
increasing the dielectric width reduces the lower cutoff frequency while
leaving the upper one the same.

The most important aspect of this behavior is seen by comparing the
curves for D/W = 0.6, 0.8, and 0.9 in Fig. 6. It is apparent there that
the transition between backward and forward structure does not involve
backward-wave structures of gradually decreasing bandwidth, and then
forward-wave structures of initially very narrow and eventually wider
bandwidths. If this were so, it would be very easy to design comb struc-
tures with extremely high slowing of the group velocity. Instead, it is
seen that the transition from backward to forward-wave structures
takes place via intermediate structures showing ‘fold-over.” By this,
we mean a structure which for some range of 6 is forward, whereas it is
backward in the remainder of the 6 range. It has been pointed out® that
such a situation leads to instability and oscillations in a traveling-wave
maser amplifier in spite of the incorporated isolator. Thus, for all
practical applications, the occurrence of fold-over has to be avoided.

It may be added here that dispersion curves of combs with other di-
mensions vary in a similar fashion as the thickness of the dielectrie slab
is varied. It is of interest, however, to find out how the onset of fold-over
is related to the comb geometry, i.e., to the ratio W/L, and to the finger
end capacity. Here it is particularly desirable to have analytical data
which indicate what choice of the W/L and D/W ratios and of the finger
end capacity will result in the greatest slowing of the group velocity
near the center portion of the passband, but still avoid fold-over. For this
purpose, a number of dispersion curves normalized to f(«x) were calcu-
lated and are shown in I'ig. 7. One notices that fold-over takes place
rather abruptly for D/W < 0.9 for all cases. In addition, one sees that
the minimum group velocity [«(df/d6)] attainable near the center of the
passband without fold-over decreases by reducing W/L and Ah(w)/h.
The group velocity near the center of the passband is more or less ar-
bitrarily defined as

7 20(f locote — f lo—n.3x)
vy =L 0.4r (19)

It is shown as a slowing factor S = ¢/v, in Fig. 8 vs W /L for D/W = 0.9
and for different values of Ah(w)/h. The largest slowing is obtained for
the smallest W/L. It should be pointed out, however, that our present
calculations were not carried out for W/L ratios of 0.5 or smaller, al-
though such values would inecrease the slowing still further. Values of
W/L < 0.5 appear unsuitable for practical maser designs for various
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reasons, among them the difficulty of incorporating an isolator into a
comb structure with such dimensions. Larger slowing results also from
reducing Ah(w)/h. Ah(x) can be varied over a narrow range by varying
C, which is a function of s, the distance between the finger tip and the
opposite waveguide wall. IFor the comb geometry used for measuring the
fringe capacity, C(w) does not appreciably decrease for s beyond
s 2 0.040 inch. More generally, this would be done if s exceeds a value
comparable to the finger “diameter.” This therefore sets a minimum for
Ah(m)/h at a given operating frequency.

To illustrate the significance of Fig. 8, consider two TWM’s A and B
with exactly the same dimensions except that the finger length h of A
is twice that of B. This difference in & makes the operating frequeney of A
about onec-half of that of B. For the time being, assume also that the
magnitude of the magnetic @ of the active crystal is independent of fre-
quency. With the values W/L = 1.0 and Ah(w)/h = 0.02 for A, Fig. 8
shows that SL/\(x) = 3.2. For B, Ah(w)/h = 0.04, so that SL/\(w) =
2.5. The db gain of a TWM is proportional to £S/Q.. , which in turn, for
constant @, , is proportional to SL/\(7). Thus one should expect that
the db gain of maser A is larger than that of maser B by a factor 1.28
(= 3.2/2.5). In practice, however, | Q. | usually increases toward lower
frequencies, so that the gain of the lower-frequency maser A tends to be
lower.

It should be added that the slowing itself, S, is inversely proportional
to a secale factor L/N(w) where A7) = ¢/f(w) is the free-space wave-
length of f(#). Thus for combs with a given period length L, the slowing
is greater for lower frequencies. It follows that the slowing factor Sis a
meaningful parameter in comparing different comb structures only if
they have essentially the same period length, L, and operating frequency
range, f.

Consider another hypothetical case. Suppose the fringe capacity
vanishes, C(m) = C(0) = 0, so that Ah = 0. Experimentally, this situa-
tion could be realized by a A/2 ladder structure where fingers of twice
the comb structure finger length are anchored at both ends in a wave-
guide enclosure. Without dielectric loading, this ease would be that of the
Fasitron structure (see Ref. 7) which is characterized by a zero pass-
band. With dielectric loading, however, a finite passband results never-
theless. This is due to the variation of ¢(6) with 6, and in particular the
difference between e(7) and ¢(0). Under these circumstances one might
expect that the bandwidth is smaller and hence the slowing greater than
in the case of a structure with finite fringe capacity and finite Ah. This
is indeed the case. There is no curve shown in Tfig. 8 for the parameter
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Ah = 0, but it is obvious that this curve would lie above that for
Ah(m)/h = 0.02.

Measurements of dispersion curves of several comb structures loaded
with alumina (e = 9.3) were made and they are shown in Iig. 9. Those
parts of the dispersion curves where 6 = w/2 depend very little on W /L
and D/W. The fold-over takes place at D/W between 0.85 and 0.90.
The maximum slowing factor near the center of the passband which is
attainable without fold-over increases with smaller 1V /L. These general
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Fig. 9 — Measured w-8 diagrams of loaded comb structure. L — | = [ = d =
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features agree with the results of the calculation. There is a deviation
of typically about 4 per cent near 6 = 7, and of about 10 per cent near

= 0 between the absolute values of measured and calculated frequen-
cies. These discrepancies are not too disturbing, however, since (3) is
only an approximation; the fringe capacitance data derived for an empty
comb change when the comb is loaded up to the tip of the fingers, and the
dielectric constant of alumina is not exactly 9 as used in the calculations.
The slowing factors calculated from these measurements are also shown
in Fig. 8 as circled points. The measured slowing factors are about 30
per cent smaller than those calculated, but the dependence of S on W/L
is correctly predicted by the theory.

VI. TECHNIQUES FOR REDUCING THE STRUCTURE BANDWIDTH

Since a structure with smaller bandwidth gives a larger slowing factor
and thus a larger maser gain, the bandwidth of the structure should be
kept as small as possible. It is necessary, of course, that the structure
bandwidth exceed the required instantaneous or tunable design band-
width of the maser amplifier by some reasonable, safe margin. This
restriction was not important until recently. In earlier phases of travel-
ing-wave maser development, it was difficult to design comb structures
for sufficiently high slowing without running into the fold-over condition.
More recently several techniques were developed which make it possible
to design loaded comb structures with almost arbitrarily narrow band-
widths, down to structure bandwidths of only twice the instantaneous
amplifier response.® These techniques were derived both by experimenta-
tion!® and by the theoretical considerations reported in this paper. They
include the following: (7) Near the tip of the fingers, the ruby may be
shaped as in Fig. 10(a) or (b) by a step or bevel undercut. (7z) A strip of
dielectric material of a high dielectric constant may be added next to
the finger tips as in Fig. 10(c). (2#7) The thickness of the comb fingers, d,
may be reduced (see Iig. 1). These three techniques may be applied
either independently or together to reduce the bandwidth of the strue-
ture.

By shaping the dielectric near the finger tip as in TFig. 10(a) and (b),
the effective dielectric constant e(#) is reduced. The reduction is not
uniform across the band, but ¢(f) is more drastically decreased for 6 near
0. Thus, for a forward-wave structure where the lower cutoff frequency
occurs at & = 0, the lower cutoff frequency increases without much
change to the upper cutoff frequency. The bevel shape of Fig. 10(b) can
be considered as a series of small steps, as indicated by the dashed line.
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Fig. 10 — Techniques of ‘‘shaping’ and ‘K34 loading’’ near the finger tip to
reduce the bandwidth.

The dielectric shapes of Fig. 10(a) and (b) are approximately equiv-
alent in their role of narrowing the bandwidth.

The finger tip loading may take the form shown in Fig. 10(¢). A thin
slab of dielectric material with high dielectric constant is imbedded in
alumina or ruby near the finger tip. In our experiments, a ceramic with
e = 34 manufactured by American Lava Corporation was used. This
material will be referred to as K34. This type of finger tip loading in-
creases the effective dielectric constant ¢(8) near § = = faster than near
6 = 0. For the forward-wave structure, this means that the upper cutoff
frequency can be decreased faster than the lower cutoff frequency, and
thus a narrowing of the bandwidth results.

Let 2’ be the length of the stepped dielectric (Fig. 10a) or K34 (Fig.
10¢), C’ be the capacitance looking toward the finger tip at the plane
A-A, ¢ be the effective dielectric constant of the section 2’, and D’ be
the thickness dimension as shown. The eapacitive impedance looking
toward the right side at the plane A-A, 1/wC’, can be found by regarding
the section A’ as a TEM transmission line with the characteristic im-
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pedance K(6)/A/€(0) and a propagation constant w+/¢(8)/¢c and
terminated by C at the end. If the electrical length of the modified sec-
tion of finger line (which has the physical length /') is small compared to
a quarter wavelength,

tan w\/jw) = w\/ce’(e) h',

and if the fringe capacity loading at the finger tip is small,
1 0
— > L
wC ™" /€ (6)
then the effect of the stepped dielectric can be cxpressed by an effective
capacity C’

C' ~ C[1 + (€r'/KC¢)) (20)

which effectively terminates the regular TEM finger transmission lines
of length h-A’. From (6) and (20) one obtains the following formula,
which contains implicitly the «-g relation

!’
—-—(2’”4‘ D\~ /a0 (h + Kl e eh'). (21)

For the stepped ruby as in Fig. 10(a) where D > D', (¢ — ¢)/V e
is negative. This quantity can be calculated from Fig. 3 and it is shown
in Fig. 11 in solid curves. Measured values are also shown as circles.
The measurements and calculations of (¢ — ¢)/A/e agree well except
near § = 0. In practical design work, it is often convenient to keep one
of the cutoff frequencies unchanged while shifting the other cutoff fre-
quency by shaping the dielectric. This requires a large ratio of

(¢ — €)/V/el

at the two cutoff frequencies. In Fig. 11, the curves for D/W = 0.95
and 0.4 = D'/W = 0.6 satisfy this requirement. As a special case of
stepped ruby, the value D’ = 0 may also be considered. This corresponds
to a ruby loading of rectangular cross section which does not cover the
full finger height k. Then ¢’ becomes unity and the value (1 — €)/4/¢
is also plotted in Fig. 11 in the top curve marked D’/W = 0.0. Since the
ratio (1 — €)/+/e at both cutoff frequencies, that is at 6 = 0 and at
8 = m, is not large, the reduction of the ruby height does not appear a
promising way to narrow the bandwidth of the comb structure.

Tor K34 loading, (¢ — ¢)/A/e becomes positive and can be evaluated
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Ve
from measured data with the help of (21). Two of the measured curves
of (¢ — €)/A/e are shown in Fig. 11 in broken lines. (¢ — ¢)/+/e is
larger near 6 = = than near § = 0. For the forward-wave structure this
causes the upper cutoff frequency to decrease while leaving the lower
frequency almost unchanged.

The upper cutoff frequency of the forward-wave structure can also be
reduced by using thin rectangular fingers (i.e., d < L — I). ¢(8) of the
comb structure with fingers of square cross section was shown in Fig. 3.
It was also shown that D/W = 0.9 - -. 0.95 is usually the best choice to
reduce the bandwidth of the passband and yet avoid fold-over near
6 = 0. For this value of D/W, one notices in Fig. 3 that ¢(0) > e(7).
In order to reduce the bandwidth further, one may increase ¢(7) so that
it approaches ¢(0). This can be done by reducing the dimension d of the
fingers. Since the fields between the fingers are almost negligible at
6 = 0, the thickness dimension of the fingers does not affect ¢(0). On
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the other hand, near ¢ = = the fields see more of the ruby with thin
fingers than with square fingers; thercby e(w) increases.

In Fig. 12, v/e(7) vs d/(L — 1) using the expression given by Harris
et al.” is shown. Three measured points are also indicated. The expression
of e(w) in Ref. 7 assumes a uniform field between the fingers. This ap-
proximation is less justified as the fingers become thin, although it should
be qualitatively correct even for d/(I. — 1) < 0.5.

Both the K34 loading and the choice of finger thickness affect the fre-
quencies near § = =, Band narrowing by thin fingers has the additional
advantage that the filling factor improves somewhat compared to the
use of {34 loading and of square fingers.

All the three techniques described here can be combined to narrow the
passband very effectively in such a way that fold-over is still avoided.

VII. HIGHER-ORDER MODES

It has been shown in Section IT that there exists a series of higher-order
passbands for a comb structure.

Let us compare the first and the second modes of operation from two
different approaches. Equation (6) shows that for a given 6 the free-space
wavelength of the first mode is three times longer than that of the second
mode when all of the dimensions of the structure are kept the same. Thus
the percentage bandwidth of the passbands is approximately the same
for all modes. By using a frequency scale for the first mode which is
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Fic. 12— The square root of the effective dielectric constant at 8 = = for ‘“thin
fingers.” It is assumed that ¢ = 9.
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one-third that for the second mode, the w-8 diagram of the first and the
second modes should coincide. This is indeed verified from measured w-8
diagrams of the first and the second modes of the structure designated as
A in Fig. 13.

On the other hand, when W/L, D/W and s are kept unchanged while
the length of the finger % is made three times longer, the passband of the
smaller structure operating in its first mode will be in about the same
frequency range as that of the larger structure operating in its second
mode. However, the bandwidth of the smaller structure in the first mode
is larger than that of the larger structure in the second mode. This is due
to a larger Ah/h for the structure with the smaller h. A structure B with
a finger length of one-third that of structure A was built, and the »-8
diagram of its first mode is also shown in Iig. 13. One notices that the
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Fig. 13 — Comparisons of the first and the second passbands of the loaded
gonllb structures. The fingers are 0,040 X 0,040 inch in cross section and I = 0.040
meh.
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first mode of B has a larger bandwidth than the second mode of A. The
larger slowing factor associated with the smaller bandwidth is one of the
advantages of higher-order modes, but it is not an essential factor, since
there are more efficient techniques of reducing the available bandwidth.
However, the higher-order modes may be advantageous when the re-
quired microwave frequency of the passband is so high that it becomes
difficult to fabricate comb fingers of a quarter-wave electrical length,
provided the waveguide modes which may propagate in such a strue-
ture can be suppressed. Then the larger structure would permit reduced
mechanical tolerances.

VIII. DESIGN CONSIDERATIONS

Since the gain of the maser increases as the bandwidth of the passband
of the structure is reduced, it is preferable to design a structure having
the narrowest bandwidth compatible with the requirements on the useful
bandwidth of the maser.

The choice of various dimensions of the structure to obtain a given
center frequency and to approach the narrowest bandwidth possible
without fold-over will be discussed here.

TFrom the curves in Fig. 8, a small value of W/L is preferred. Other
design considerations may dictate the smallest permissible W/L value.
In all our experiments, for example, a period length L = 0.080 inch was
chosen. Tor W /L smaller than 0.7 it would seem rather difficult to in-
corporate a high-performance isolator into the structure. Thus W/L =~ 0.7
is a compromise optimum valuc.

With given dimensions of the empty comb and without ruby shaping
near the finger tip, the bandwidth is reduced by gradually reducing D/W
until fold-over sets in near & = 0. This happens at about D/W = 0.9.
Fold-over appears more readily if additional “ruby shaping” is applied
to the structure. Thus D/W should be larger than 0.9 in order to allow
for some latitude in ruby shaping. From our experience D/W = 0.95 is
a suitable value.

For the step in the ruby near the finger tip (Fig. 10a), D’/W may be
taken between 0.4 and 0.6. Then | (¢ — €)//¢| at 8 = 0 is large, and
the ratio of its magnitude at 8 = 0 and @ = = is also large.

The frequency near the 8 = 7 end can be easily controlled by using
thin fingers. The curve in Fig. 12 may serve as a guide in the choice of a
suitable finger aspect ratio d/(L — I).

The final parameter yet to be determined is the length of the fingers,
h. TFor an initial design, one may use the midband value of \/e(#/2)
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from Tig. 3. Then

A
Ve
where N\ is the free-space wavelength of the given center frequenecy.
The three techniques discussed above for narrowing the bandwidth affect
primarily the frequencies near § = 0 and 6 = m, i.e., close to both cut-
offs; but the frequencies near § = /2, i.e., close to midband, remain
nearly unchanged.

Following the suggestions given here, one should arrive at a first-order
design for a TWM which will perform fairly close to the theoretical ex-
pectation. Experience has shown that a small additional amount of fine
adjustment is needed in order to have the traveling-wave maser perform
according to the specifications. This may involve control of the center
frequency, adjustment for more or less slowing in order to obtain the
design gain, or adjustment of the curvature in the w-g diagram so as to
realize a flat gain-versus-frequency characteristic. The theoretical data
provided in this paper make it rather easy to determine the appropriate
design modifications.
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APPENDIX A

The Potential Distribution on the z Axis

Consider the coordinate axes shown in Fig. 14. The potential on the z
axis for —(1/2) < z < (1/2) can be expressed as

X

| (mith (m+nth

Fig. 14  The coordinate system used in Appendix A.
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V(02) = Vi(0)g(2) + Va(0)f(2) (22)

where V,(6) and V,.(6) are those parts of the potential which are sym-
metrical and antisymmetrical with respect to the x axis, respectively,
and ¢(z) and f(2) describe their variation along the z axis. They are

defined so that
l 1
—— —14 —_— —3 2
1(=2)= ()= )

D e

Substituting (23) and (24) into (22), the potentials of the mth and
(m + 1)th finger become, respeetively,

A =V, =V, (25)
A7 =y oY, (26)
TFrom (25) and (26),
Ve = A7 ™™ cos (6/2) (27)
Ve = —jde P sin (0/2). (28)

Then (22) becomes
V(62) = A" g(2) cos (6/2) — jf(2) sin (6/2)].  (29)

Assuming the fingers to be infinitely thin, ¢g(2) and f(z) can be found
from a Schwarz-Christoffel transformation. This transformation is de-
seribed in Ref. 7. The result can be given in closed form for the derivatives
¢ = dg/dz and f' = df/dz:

cos;r—iz
r_ T
g—L . o TR ,.”_W_’_l \/Q 30
sin 5~ 0.5 T n
= T 1
L 4/sin27r—z — 05 1.854 (31)
21 )

where it is assumed that /L = 0.5. In deriving (30), an elliptic function
has been approximated by a sine function. This approximation becomes
better with larger W /L. The origin of the z coordinate for (30) and (31)
is the same as originally indicated in I'ig. 1, which differs from that shown
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in Fig. 14, It is scen that an infinity occurs both for ¢’ and f/ at the finger
corners, 2 = =4=1/2.

APPENDIX B

Impedance of a Finger Based on the “Thin-Tape’’ Approximation
) pp

It was shown in Section IIT that the admittance of a finger can be
found by adding the admittance between the fingers Y3 , and the admit-
tance between the finger and the waveguide Y, . Y, can be expressed in
terms of the potentials f and g along the 2z axis of Fig. 14. f and ¢ are the
potentials at § = 7 and 6 = 0, respectively. We shall assume f and ¢
to be those obtained by conformal mapping of the thin-tape geometry.

By separating the term with n = 0 from the remaining summation,
(13) may be rewritten in the following form

9
= sSin — 12
o 6400th <9 K) X %[Smg J' cos %z de

Yo 0 n) L™zl L
4
+ -OSQflm('sine—z—dz]—l— i (=)t Y
%3 —z/z‘/ L "o (32)
n#=

sin (0 + n1r>

& - ~ /2

2/ (Sin ﬂ) 2 [ f" cos (6 + 2nm) Zae
6 nr L Ly L
it

for
where

r=0 for n>0
1 for n <O.

r

The terms involving ¢ are omitted exeept for n = 0, since usually ¢’ < f”.
The coordinate origin used in this equation is at the position shown in
Fig. 14.

Let Yo, Y and Yy be Y2(8)/Yo at 8 = 0, #/2 and =, respectively.
These quantities can be obtained directly by conformal mapping. Y,
and Y are shown in Ref. 7. Y is obtained by a similar procedure and
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TFig. 15— The impedance K (6) of a finger at 0 = /2.

the result is shown in Fig. 15. Tor 6 other than these three values, (32)
should in principle be used to find Y.(6). Fortunately, Y»(8) can be ex-
pressed approximately in terms of ¥, and Y or ¥y in an interpolation

formula, and thus the tedious evaluation of (32) can be avoided.

Letting 6 = 0 and then 6 = #/2 in (32), one obtains,

1 /2 ie ,
YL=W[_”fd +L/ 2g dz}

. T
sin = U2
YM——ScothW—u—/(sm )g[f f cos;—zdz

™ 2L L
8
L2
—l-f g sm—dz:l-l- Z (=)™
—1/2 n;;—ooo
nw
s1n< + ) 12
—\8 2/ f_ff o z
e Sty —uzf cos (2 —|—2n7r>Ldz.
st 2

We shall assume that approximately

/2 /2
f f'dz*f fcoszdz

—1/2 2

(33)

(34)

(35)
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. (0 nw . fm | nw
sin (E + 7) . sin <~8— + ?>

forn # 0 (36)

0 nw T nw
ity g2
/2 /2 i 2
L, f cos (6 + 2n7r) — dz = _mf/ ¢OoS <§ + 2n7r> T dz, (37)
forn 0
L2 0z /2
f g sm dz = f g zde. (38)
L1e Ly
Then (32) becomes
sin ~ sin 6 sin <
L2 4 w 8 =W | 2w
sin — — T
4 4 8
(39)
sin b
.0 4 W 0 .0 4]”2,
sin 5 Y. + . (c th0f>< 085 sin )ﬁ ”2g zdz.

4

The last term of (39) is small compared to the other terms, and it can
be found by numerical integration of ¢’ in (30).

One notices that Y,(8) of (39) becomes Y, and Y5 when § = 0 and
6 = w/2, respectively., One may estimate the error involved in (39) by
letting 6 = = and compare it with Yy obtained by conformal mapping.
TFor W/L = 1, Yy(x) obtained from (39) gives a value 10 per cent smaller
than that obtained directly by conformal mapping. The admittance of a
finger which is the sum of ¥; and Y, thus has an error of about 4 per cent
at 6 = m. For other values of 6, the error would be even smaller.
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A Comparison of Permanent Electrical
Connections

By G. W. MILLS
(Manuseript received February 10, 1964)

A study has been completed which compares four types of permanent
electrical connections (soldered, solderless wrapped, percussive welded, and
reststance welded) under environmental conditions of vibration, shock, tem-
perature extremes, corrosion, humidity, and bending. Only good-quality
conneclions were included in this study, and they represented the current
state-of-the-art for each type. Under these conditions the connections showed
no signtficant degradation in their electrical characteristics as long as they
remained mechanically secure. Differences in the four types of connections
were therefore assessed in relation to their mechanical characteristics. Con-
sequently, one of the more important results of the study was the recognition
of fatigue life as the most important mechanical connection characteristic
when comparing connections which meet the high standards of the Bell Sys-
tem for electrical stability. Using fatigue life as a basis for comparison and
soldered connections as a reference standard, the magjor conclusions with
regard to general wiring (the connection of wires to terminals, such as sur-
face and local cable wiring) are as follows for the conditions that existed in
this study:

(@) mondtored percussive welded comnections are superior to soldered
connections;

(b) over-all, solderless wrapped connections are essentially equivalent
to soldered connections;

(c) resistance welded connections are significantly inferior to soldered
connectrons.

Although differences were found among the types of connections, no evi-
dence was obtained that any of the connection types are not satisfactory as
presently used in normal Bell System applications.

I. INTRODUCTION

The Bell System uses many types of electrical connections. The best
connection for a specific application is chosen on the basis of the relative

1067
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merits of the connections in the following general areas:

(1) adaptability of each connection for the application under consider-
ation,

(2) reliability or life required from the connections under the environ-
mental conditions in which the equipment must operate, and

(3) relative cost of each connection.

This study was concerned with obtaining information on the compara-
tive reliability or life of the four main types of permanent connections
(solderless wrapped, soldered, percussive welded, and resistance welded)
under various environmental conditions. The probability of the occur-
rence of substandard connections was recognized as a factor in deter-
mining the reliability of a given type of connection. However, only good-
quality connections of each type were compared in this study, and all
present manufacturing standards were followed in making them.

All four types of connections are considered adequate for the applica-
tions in which they are presently used, and the results of this study should
not be construed as a recommendation to change to a different type of
connection in these applications.

The scope of the program is illustrated by Fig. 1. It shows general
wiring application (the connection of wires to terminals such as surface
and local cable wiring) and the environments considered.

Some of the environments chosen are more severe than those normally
encountered in a central office. This was necessary to produce a measura-
ble effect in a reasonable time and should not alter the results, because
this was a comparison study.

GENERAL WIRING APPLICATION

DESCRIPTION:
CONNECTION OF SUBASSEMBLIES
EXAMPLE:
LOCAL CABLE AND SURFACE
WIRING
CONNECTIONS COMPARED:
1. SOLDERED ,
2. SOLDERLESS WRAP
3. PERCUSSIVE WELD
4. RESISTANCE ‘'WELD

ENVIRONMENTS

1. VIBRATION

2. SHOCK

3. TEMPERATURE EXTREMES
4. CORROSION

5. HUMIDITY

6. BENDING

Tig. 1 — Test program for permanent connection comparison.
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The end result from each of the environmental tests was the establish-
ment of an “order of merit” for the four types of connections in that
particular environment. Thus the connection which suffered the least
degradation in an environment would be placed at the top of the “order
of merit” list and the connection which showed the greatest degradation
would be on the bottom.

Early in the test program, it was observed that none of the test en-
vironments caused any electrical failures and that very few of the test
environments caused mechanical connection failures. Thus, it was con-
cluded that the establishment of an “order of merit” would have to be
obtained from some observed mechanical degradation in destructive
tests. Two types of tests always led to conncction failure, i.e., breakage,
and these were the vibration and bending fatigue tests. The establish-
ment of an “order of merit”” for these tests was very simple: the connec-
tions which lasted the longest were the best and those which failed first
were the poorest.

Since both of these tests are essentially fatigue tests, it was realized
that the fatigue life of a connection could be a better basis of comparison
than an ultimate-strength test, since all the test connections had met the
rigid Bell System standards for electrical stability. Further analysis, as
described in Section 3.1, led to the conclusion that fatigue life should be
used as the comparison basis throughout this study for the following
reasons:

(1) A comparison based on fatigue life offers an absolute comparison
scale for the types of connections studied.

(2) Electrically stable permanent connections can be characterized by
their fatigue life.

II. TEST PROCEDURES AND RESULTS

2.1 General

The quality and uniformity of each group of connections was deter-
mined by destructively testing approximately half the group and thus
establishing the strength distribution of the remaining half, or test con-
nections. The destructively tested or control connections were generally
selected alternately by order of manufacture, from the whole group of
connections. The destructive strength control data are presented in the
Appendix along with a description of the destructive strength method
used for each type of connection.

Because of the statistical nature of the data collected in a program of
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this type it is necessary to present the data in the form of probability
distributions, as shown in Fig. 2. The ends of the bar represent the 10
per cent and 90 per cent points on the distribution and the projecting
line between represents the 50 per cent point,.

2.2 Environmental Tests

Typical examples of the four types of connections compared in this
study are shown in Fig. 3. Since this study is basically a comparison of
the four types of connections, every effort was made to hold all of the
unknown parameters to an absolute minimum, and this was accomplished
to a great extent by subjecting all of the connections to the same en-
vironment at the same time. The connections were mounted on fixtures
to facilitate the handling and the mounting during exposure to the vari-
ous environments. These mountings were of two types, as shown in Fig.
4: (a) connections with insulation, consisting of 3-inch loops of wire con-
necting two terminals, the group thus containing forty connections, i.e.,
20 loops of wire; (b) connections without insulation, the wire having a
90° bend near the terminal and being fastened directly to a standoff
insulator. This last type was designed for the resistance change measure-
ments (AR) which were required for the temperature, corrosion and
humidity test environments.

This study consisted of the sixteen gencral wiring tests listed in Table
I. Most of these were of the comparison type, but a few were studies con-
cerned with only one type of connection. All of the vibration fatigue

50
40
30 //
DATA POINTS~_ -
H‘_] \ﬂ o]
5 20
J STRAIGHT LINE
< REPRESENTATION n//o
OF DATA N
o \ Lo
= \
Nl
9 101 - REPRE -
S 8 SENTATION
g - ON GRAPH
6 Sl
>~
5
4

0.01 0.05 051 2 5 10 20 3040 6070 80 90 95 9899 99.8
PER CENT LESS THAN OR EQUAL TO ORDINATE

Fig. 2 — Typical test data.
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SOLDERED SOLDERLESS WRAP

PERCUSSIVE WELD RESISTANCE WELD

Fig. 3 — Typical examples of general wiring connections.

tests, with the exception of test 14, used the vibration configuration
shown in Fig, 5.

The first footnote of Table 1 requires some explanation. The vibration
fatigue life determinations in this study were spread over a considerable
number of months because of the long exposure times for some of the

3-INCH LOOP
~OF INSULATED
WIRE

P

Pros
STANDOFF
INSULATORS

(a) (b)

Fig. 4 — Typical general wiring connections: (a) with insulation, (b) without
insulation.
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TaBLe I — LisT or GENERAL WIRING TESTS

Insulation Fatigue Method & -
8 o
§63 | 3
Test Description N}l‘ﬁlséer o ot E—;E‘;g ZS -
; -8 %%:5 .2.’-8"5 Baw ,,,'";
9 < sag|lgag| Qo8& P
2 8| 5 [ESR| 83K E&& | Em
= = S a m Z [
Vibration test without insu- 1 X X 80 6
lation
Vibration test with insula- 2 X | X 40 6
tion
Shock test, laboratory (fa- 3 X | X 40 7
tigue life)
Shock test, laboratory (de- 4 X 40 8
structive test)
Shock test, railroad non- 5% X | X 20 9
cushioned
Shock test, railroad cush- 6* X X 20 9
ioned
Temperature test, central 7 X X 40 10
office conditions
Temperature test, outside 8 X X 40 10
plant conditions
Three months corrosion test 9 X X 20 11
Six months corrosion test 10* X X 20 11
Humidity test 1 X X 40 12
Lightly loaded bending test | 12 X X 40 14
(30° angular displace-
ment)
Heavily loaded bending test | 13 X X 40 16
(45° angular displace-
ment)
Configuration test 14 X | X 40 17
Ultimate strength as a func- | 15 X X 120t 18
tion of fatigue life
Inferior weld test 16 X X 201 19

* Test conducted after recalibration of the vibration machine.
1 Only percussive welded connections tested.

tests. Toward the end of the testing, the mounting springs on the table
of the vibration machine had to be replaced and the machine recali-
brated. This recalibration seems to have affected the fatigue life deter-
mination of some or all of the subsequent tests; however, it has not been
possible to determine the extent of this difference or even to prove that

(= (=

SOLDERED (S)

SOLDERLESS

WRAP (sw)

PERCUSSIVE
WELD(P)

Fig. 5 — Standard vibration configuration.

RESISTANCE
WELD (R}
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it does or does not exist. If a difference does exist, it would introduce an
error in the comparisons between the vibration fatigue life data of some
of the later tests and the control fatigue life data (test 1 or 2) but would
not affect the comparison among the four types of connections on a
particular test, since they all experienced the same vibration environ-
ment.

2.2.1 Vibraiton Tests

The vibration tests have been divided into two general classifications:
(a) those for wires without insulation and (b) those for wires with insula-
tion.

The results of these two tests are shown in Fig. 6, and they cover the
fatigue life of the four types of connections, with and without insulation.
The connections which were connected with a loop were grouped in
pairs. They were vibrated according to the schedule listed in Table 11
and used the vibration configuration illustrated in Fig. 5. The actual
motion of the wires was a function of the mass of the loop as well as the
acceleration of the connection; therefore all loops were made as close to
the same size as possible.

In test 1 (without insulation) it was necessary to solder loops on the
connections, since these were set up for resistance change (AR) measure-
ments as shown in Fig. 4(b) and therefore had no loops. Care was taken
to control the size and weight of these loops so that they would closely
approximate the loops with insulation in test 2, shown in Fig. 4(a).

40
1. PERCUSSIVE WELD (P) 1. SOLDERED (S)
2. SOLDERED (S) 2.SOLDERLESS WRAP (Sw)
35 3.S0LDERLESS WRAP (SW) 3.PERCUSSIVE WELD (P)
4. RESISTANCE WELD (R) 4. RESISTANCE WELD (R)
30 2-5
w ISR 2-SW
3 25}~ I
<
w
20}
2 1-P
@ 1-S . £
= |
T 1-SW l 2-$ 2-R
10| 1—p 1-R 2-P N
s Eb £ g3
sl 1-SW EH 2-R
1-R
€] (b)
0

Fig. 6 — Vibration fatigue life results. (a) Test number.1 (without insulation);
order of merit, based on vibration fatigue life. (b) Test number 2 (with insula-
tion); order of merit, based on vibration fatigue life.
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TABLE II — VIBRATION SCHEDULE

The vibration was sinusoidal in wave shape and its frequency varied from 5
cps to 500 cps and back to 5 cps in 2 minutes. The displacement, acceleration,
and running time schedules were as follows:

Displacement (Inches) Acceleration (G’s) Running Time (Hours)
0.1 5 2
0.2 10 2
0.3 15 2
0.4 20 2
0.5 25 to destruction

Note: The cross-over frequency was approximately 30 eps: that is, 5 to 30
eps controlled displacement and 30 to 500 ¢ps controlled acceleration.

Since the connections were grouped in pairs and the weakest connection
of the pair failed first, no usable fatigue data could be obtained from the
remaining connection and it was clipped off, leaving a stub which could
be destructively tested.

2.2.2 Shock Tests

The shock tests can be divided into two general classifications: (a)
laboratory shock and (b) railroad shock. Two laboratory shock tests
were conducted, one using the vibration fatigue life after the shock test
as a measure of the connection degradation, and the other using the
destruetive strength as an indication of any degradation suffered by the
connections. These tests consisted of subjecting all four types of con-
nections to 90 high-level shocks. All of the shock test connections were
mounted on a fixture and experienced the same shocks at the same time.
Half sine wave shocks were used with a peak amplitude of 500 to 600
G’s and a duration of 2 to 3 milliseconds. There were no connection
failures due to this shock environment. In the case of the fatigue life
part, test 3, the connections were then subjected to the vibration sched-
ule (Table II) and their fatigue life determined. The results of these
tests are presented in Fig. 7.

In the case of the destructive strength part, test 4, the connections
were destructively tested after the 90 shocks, each in accordance with
the method preseribed for it, as described in the Appendix. The results
of these tests are compared to a destructive strength control and are
shown in Fig. 8.

It should be noted that the order of merit for test 4 could not be based
on any absolute strength scale because of the differences in the destruc-



PERMANENT ELECTRICAL CONNECTIONS

WEIGHT OF
WIRE LOOP
0.18 TO 0.20

(a)

ARROWS INDICATE THREE
MUTUALLY PERPENDICULAR
DIRECTIONS OF ACCELERATION
FROM LABORATORY SHOCK
TEST. 30 SHOCKS IN EACH

DIRECTION, 90 TOTAL

GRAMS
35
1. SOLDERED (S)
0 2.SOLDERLESS WRAP (SW)

w25l £
x 2-p
| N
& 200 (b)
e |
1
2 3-s L 2-
T 1ol 3-swW l é—\‘a
3-p
sk
3-R
0

2-5 3.PERCUSSIVE WELD (P)
SN p_gw  4RESISTANCE WELD (R)

1075

Fig. 7 — Vibration fatigue life after laboratory shock tests. (a) Typical con-
nection orientation during shock tests. (b) Test number 3 (with insulation);
order of merit, based on vibration fatigue life.
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o
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Fig. 8 — Destructive strength after laboratory shock tests (test number 4);
order of merit, based on percentage of destructive test degradation.
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tive strength tests. It was therefore based on the percentage degradation
indicated by the difference between the mean of the control sample and
the mean of the sample which had been exposed to the shock.

Therailroad shock tests were of two types: (a) noncushioned, test 5, and
(b) cushioned, test 6. These tests consisted of sending the four types of
connections in a rigid plywood box from Columbus, Ohio, to New York
City by railway express for a total of ten round trips. The connections
from both tests, numbers 5 and 6, were shipped in the same container;
however, the noncushioned connections were fastened directly to the
plywood box, whereas the cushioned connections were supported by
rubberized hair in the center of the container. The fatigue life of the con-
nections was determined after the ten round trips by vibrating them ac-
cording to the vibration schedule (Table II). The results of both tests
are presented in Fig. 9. There was very little difference in degradation
observed for the two tests, and they resulted in identical orders of merit
based on the vibration fatigue life.

The vibration fatigue life determination for these two tests was con-
ducted after recalibration of the vibration machine as discussed in Sec-
tion 2.2, and this could affect the comparison between these tests and the
control; however, it will not affect the comparison of each type of con-
nection within tests 5 and 6.

40

{. SOLDERED (S)

2. SOLDERLESS WRAP (5W)
354 3. PERCUSSIVE WELD (P) -
4. RESISTANCE WELD (R)

30 -

2-S 2-s
w A Y N aosw
S 25| £ -
2 2-P
uw L
o 20} B i
N
@
oL [ LY T
I
= | J& 2-R 6-s !
or S-Sw - 5-p i 6-5W
Eod
5 5°R -

0

Fig. 9 — Vibration fatigue life after railroad shock and vibration. (a) Test
number 5 (noncushioned); (b) test number 6 (cushioned). The order of merit,
based on vibration fatigue life, was the same for both tests.
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2.2.3 Temperature Tests

The conncctions were subjected to two types of temperature tests:
(a) central office conditions, test 7, and (b) outside plant conditions,
test 8.

The central office temperature test consisted of subjecting forty con-
nections of each type to a temperature of 105°C for a total of 154 days.
Once a week the connections were removed from the oven and allowed
to come to room temperature (20°C). Iivery two weeks the connections
were mechanically disturbed (plucked) and the change in resistance,
AR, was measured. After the 154 days, loops were carefully soldered to
the connections and they were subjected to vibration according to the
vibration schedule (Table IT) and their fatigue life determined. The re-
sults are presented in I'ig. 10. All forty connections of each type sur-
vived the 154-day test without developing a change in resistance, AR,
of 0.001 ohm, which would have constituted an electrical failure. The
solderless wrap connections, however, did develop a considerably higher
number of AR’s, as shown in Table III.

The soldered, solderless wrap, and resistance welded connections
showed a small but significant loss in fatigue life due to test 7. The
percussive welded connections, however, showed a larger, more signifi-
cant loss in fatigue life due to the temperature test.

The outside plant temperature test, test 8, was very similar to the
central office condition temperature test. The differences were that test
8 ran for 168 days and that when the connections were removed from the

30
1. SOLDERED (S)
2. PERCUSSIVE WELD (P)
25— 3. SOLDERLESS WRAP (SW) -

4. RESISTANCE WELD (S)

n
(=]
T
I

1-P
1-s ;

HOURS TO FAILURE
o)

10 LN S\
= Epd » £
sl s 7w 7P EEJ-H 8-S 3' EB
7-R 8-R
o (a)

Fig. 10 — Vibration fatigue life after temperature tests. (a) Test number 7
(central office conditions); (b) test number 8 (outside plant conditions). The order
of merit, based on vibration fatigue life, was the same for both tests.

1) [ . : ,
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TABLE IIT — NUMBER oF AR VALUES OBSERVED FOR
Eaca Tyre or CONNECTION

Soldered Solderless Wrap Percussive Weld Resistance Weld
AR Values in
Milliohms
CO op CcOo oP Cco oP CcO [0)34
0.2 6 none 42 44 1 1 3 1
0.3 none none 8 9 none none none none
0.4 none none 1 2 none none none none
0.5 none none 4 1 none none none none
0.6 none none none 1 none none none none

Note: CO = central office conditions, OP = outside plant conditions.

oven at 105°C they were immediately placed in a cold box at —40°C
and allowed to stabilize at this temperature. After approximately an
hour at —40°C, they were removed and allowed to come to room tem-
perature (20°C). Resistance change data and vibration fatigue life in-
formation were obtained in the same manner as the central office tem-
perature test; the results are presented in Table IIT and Fig. 10. The
changes in resistance and fatigue life data for the outside plant condi-
tions were similar to the results obtained from the central office condi-
tions, except that the soldered and solderless wrapped connections sus-
tained less degradation. Both temperature tests yielded the same order
of merit.

2.2.4 Corroston Tests

The corrosion tests were of two types: (a) three months, test 9, and
(b) six months, test 10. These tests were identical in all respects with the
exception of the exposure time, as indicated in Fig. 11. They consisted of
exposing all four types of connections to the corrosive atmosphere of
New York City on the roof of the Bell Laboratories building at West
Street. Resistance change measurements were made on all of the con-
nections before and after exposure. All corrosion test connections sur-
vived the environment without developing the 0.001-ohm resistance
change which would have constituted an electrical failure.

The apparent increase in fatigue life of all the conncctions, except
for percussive welded connections, in the six months corrosion test is
unexplainable except for the recalibration of the vibration machine dis-
cussed in Section 2.2. This is the most probable cause of this incon-
sistency, since there is no reason to expect that exposure to a corrosive
atmosphere can improve the fatigue life of any type of connection.
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30
1. PERCUSSIV(E )WELD P) 1. SOLDERED (S) )
2. SOLDERED (S 2. PERCUSSIVE WELD (P
251~ 3. SOLDERLESS WRAP (SW) - 3. SOLDERLESS WRAP (SW)
w 4, RESISTANCE WELD (R) 4. RESISTANCE WELD (R)
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Fig. 11 — Vibration fatigue life and orders of merit after corrosion tests. (a)
Test number 9 (three months); (b) test number 10 (six months).

2.2.5 Humadity Test

The humidity test, test 11, consisted of subjecting all four types of
connections to controlled temperature and humidity conditions accord-
ing to the following schedule: they were exposed to 90 per cent relative
humidity and 85°F dry bulb temperature for six consecutive days, then
dried at 140°T for two days. This cycle was repeated eight times for a
total test time of 64 days. Resistance change measurements were made
before, during, and after the test with no electrical failures being ob-
served. The fatigue life of the connections was determined by carefully
soldering loops of wire to the connections and vibrating them according
to the vibration schedule (Table I1). The results are presented in Fig. 12.

25
1. SOLDERED (8)

w 20} 2. PERCUSSIVE WELD (P)

@ 3. SOLDERLESS WRAP (SW)

3 1-5 4. RESISTANCE WELD (R)

<15 4

w

o |

[

n 10~ L] 1-R

o 11-S N

2

o | Ezd
11-R

o]

Fig. 12 — Vibration fatigue life and order of merit after humidity test, test
number 11.
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2.2.6 Bending Tests

All four types of connections were subjected to two bending tests:
(a) the lightly loaded bending test, test 12, and (b) the heavily loaded
bending test, test 13.

Bending, in the lightly loaded bending test, took place in a horizontal
plane as shown in Fig. 13. The load on the connections came from the
tension in the wire and varied from approximately 0 to 4 grams. The wire
was moved 30° in one direction from its equilibrium position and then
returned, and then moved 30° in the other direction and returned to its
equilibrium position. This constituted one cycle. The number of such
cycles to failure for each connection was the fatigue data. Forty con-
nections of each type were tested and the results are presented in Fig. 14.

The heavily loaded bending test consisted of determining the bending
fatigue life of all four types of connections by bending in a vertical plane
with 300 grams hanging on the connection, as shown in Fig. 15. At a
relatively slow rate the terminal was rotated 45° from its originally hori-
zontal position and then returned. This constituted one cycle. The
number of such eycles required to cause failure of each connection was the
fatigue data. Forty connections of each type were tested for all connec-
tions except solderless wrap, of which 32 were tested; results are presented
in Fig. 16.

2.2.7 Additional Tests

There were three additional tests conducted in this study; (a) con-
figuration test, test 14, (b) ultimate strength as a function of bending
fatigue life for percussive welded connections, test 15, and (c¢) inferior
weld test, test 16.

The configuration test consisted of determining the vibration fatigue
life of the four types of connections, using a different configuration. The
90° bend used in the configuration shown in Fig. 5 was eliminated and the
wire was brought straight from the terminal as shown in Fig. 17(b). Vi-

SOLDERED (S) SOLDERLESS WRAP PERCUSSIVE WELD  RESISTANCE WELD
(sw) (P) (R)

Fig. 13 — Lightly loaded bending configurations.
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Fig. 14 — Lightly loaded bending fatigue life, test number 12 (with insulation);
order of merit, based on bending fatigue life.
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Fig. 15 — Heavily loaded bending configurations.
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Fig. 16 — Heavily loaded bending fatigue life, test number 13 (with insula-
tion); order of merit, based on bending fatigue life.
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Tig. 17 — (a) Vibration fatigue life with configuration omitting 90° bend in the
lead-off wire, test number 14 (with insulation); order of merit, based on vibra-
tion fatigue life. (b) Vibration configuration omitting 90° bend.

bration still took place in a vertical plane and the vibration schedule
(Table IT) was followed. The results of this test are also shown in Tig.
17(a). All four types of connections showed a deterioration in their fa-
tigue life when the 90° bend was omitted. This bend apparently partially
isolates the connections from external wire movements and thercfore
improves their fatigue life.

The objective of test 15 was to determine the ultimate strength of
percussive welded connections as a function of the bending fatigue life.
The fatigue method selected was the lightly loaded bending type. A
total of 240 percussive welded connections were used in this test; they
were divided into two groups of 120 each. The first group was destruc-
tively tested immediately after manufacture to determine their strength,
and these data are included in the destructive strength control presented
in the Appendix. The remaining 120 connections were divided into eleven
groups: one group of 20 connections and 10 groups of 10 connections
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TaBLE IV — ScHEDULE FOR TEST 15

Number of lightly | 500] 600 700 800| 900 1000 1100| 1200 1300| 1400
loaded bending cy-
cles
Surviving connections 10( 10 9 10 9 9 7 3 6} 2
Average strength of | 11.1| 11.1} 11.1} 11.2( 10.8] 10.9| 11.1] 10.7| 10.5| 10.7
surviving  connec-
tions in pounds

cach. The 20-connection group was fatigued to failure by the lightly
loaded bending method to establish the fatigue life of the connections.
The other ten groups were each fatigued to a predetermined number of
bending cycles according to the schedule shown in Table IV. After the
connections in each group had been fatigued for the number of cycles
assigned to that group, the connections remaining were destructively
tested using the combined test.

The results of this test, presented in Fig. 18, indicate that at 100 per
cent of the average fatigue life the surviving connections show only an
approximate 5 per cent reduction in their ultimate strength. This indi-
cates that the mechanical quality of a percussive welded connection is
characterized better by its fatigue life than by its ultimate strength.

The object of the inferior weld test, test 16, was to determine the ulti-
mate strength and fatigue life of inferior percussive welds and to com-
pare these characteristics with those of good welds. The welds were made
inferior by using insufficient capacitance in the welding power supply
during their manufacture. The results are presented in Fig. 19. The

I
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PER CENT OF AVERAGE FATIGUE LIFE

Fig. 18 — Ultimate strength as a function of bending fatigue life for percussive
welded connections, test number 15 (without insulation).
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Fig. 19 — Inferior weld test, test number 16: (a) destructive strength — in-
ferior welds show 55 per cent of the strength of good welds, based on the means
of the distributions; (b) bending fatigue life (without insulation, lightly loaded
bending) — inferior welds show 17 per cent of the bending fatigue life of good
connections, based on the means of the distributions.

combined destructive test was used to determine the ultimate strength of
the connections, and the fatigue method selected was of the lightly loaded
bending type.

The welds used in this test showed only 55 per cent of the strength of
good connections, and the fatigue life of the inferior type welds showed
17 per cent of the fatigue life of good connections. These results indicate
that, for percussive welding, bending fatigue life is a much more sensitive
indicator of weld quality than the strength of the connection as measured
by the destructive combined test.

III. DISCUSSION

3.1 Importance of Fatigue

The measure of life expectancy chosen for this study was the fatigue
life of the connections. The effect of the various nondestructive environ-
ments was measured by determining the loss of fatigue life caused by
them. During testing, no significant electrical degradation was observed
on any of the test connections as long as they remained mechanically
secure. Comparison of the four types of connections was therefore made
on the basis of their mechanical characteristics. Fatigue life was found
to be the most important mechanical characteristic of permanent elec-
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trical connections, as well as being one of the most sensitive indicators
of connection degradation.

Fatigue life was measured in both vibration and bending. The vibration
fatigue life was measured by the number of hours the connections sur-
vived a specified vibration schedule, and the bending fatigue life was
measured by the number of cycles to failure of the connections in the
lightly loaded and heavily loaded bending configurations. A comparison
based on fatigue life offers an absolute comparison scale for all types of
connections and facilitates the determination of an order of merit.

A given connection is better than another if, under identical environ-
mental conditions, its life is longer. The life of a connection has ended
when for any reason it fails to provide an adequate path for electrical
current. In general, a connection may fail in two ways, electrically or
mechanically. An electrical failure occurs when the connection develops
an electrical characteristic such as a large constant or variable resistance
which is incompatible with the equipment in which it is used. This type
of failure is generally important only for pressure type connections;
with properly designed and applied connections of this type it poses no
serious threat to long life.

A mechanical connection failure occurs when the conducting path is
physically broken. Most of the failures that are found in normal use fall
into this group, and these are very small in number. Mechanical failures
can be further divided into two groups, excessive force failures and fatigue
failures. An excessive force failure is defined as a failure due to the appli-
cation of a destructive force greater than that which a new, average, good
connection can withstand. The probability of such a failure for good
connections is directly related to the care with which the connections
are handled and is generally very low.

A fatigue failure is defined as any mechanical failure in which the re-
duction in fatigue life was the primary cause of failure. If a connection
is repeatedly stressed to a value below its breaking point, by definition
it is being fatigued, and its time of ultimate failure will have been signifi-
cantly influenced by its fatigue history. Thus most mechanical connec-
tion failures are due to fatigue, and since most connection failures are
mechanical, it is apparent that most of the connections which fail in
service do so because of fatigue.

The basic measure of quality of a permanent connection is its life.
Any adverse environment to which the connection is subjected usually
results in a reduction in either its electrical or mechanical life. There is
no environment present in a typical central office which will cause a
significant reduction in the electrical life of connections of the types and
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qualities considered in this study so long as the connection remains
mechanically secure. Two of the most severe environments in a central
office are the small-amplitude vibrations due to equipment operation and
the occasional bending of the connection during testing and wiring
changes. These are both of a fatigue nature, and if the connection pre-
maturely fails, it will probably be due to fatigue. Other environments
such as temperature, corrosion, and humidity will in general not cause
connection failure but will reduce the fatigue life, as shown in this study,
and thus hasten the failure of connections. It follows, therefore, that
most connection failures in service will be fatigue failures and that the
basic measure of mechanical quality of a permanent connection is its
fatigue life.

The results of this test program offer a number of arguments support-
ing the hypothesis that fatigue life is the most important mechanieal
characteristic of a good econnection. These will be presented in the form
of statements and then the supporting data and reasoning will be dis-
cussed.

(1) The ultimate mechanical strength of a connection is a poor meas-
ure of the fatigue life remaining in the connection.

Test 15 (Fig. 18) illustrates the above statement for percussive welds.
In this test, connections were fatigued a predetermined number of cycles
by the lightly loaded bending method and then the surviving connections
were destructively tested. The results show that, at 100 per cent of the
average fatigue life, the average strength of the surviving connections
was approximately 95 per cent. In other words, when almost all of the
fatigue life of the connection was expended, it showed only a 5 per cent
loss in strength. The surviving connections were actually in bad shape,
but a destructive strength test would have indicated hardly any degra-
dation.

A second statement, closely associated with the first, is as follows:

(2) Loss in the ultimate mechanical strength of a connection is gener-
ally coincident with an even greater loss in its fatigue life.

Test 15 supports this statement. Further support is provided by the
inferior weld test, Fig. 19. Inferior percussive welds were manufactured
on purpose by using insufficient capacitance in the welding power sup-
ply, and the destructive strength and bending fatigue life distributions
determined for these inferior welds. The results show that the destruc-
tive strength average dropped to 55 per cent of the good weld value and
the bending fatigue average dropped to 17 per cent of the good weld
value. Thus the fatigue life is approximately three times as sensitive an
indication of inferior welds as destructive strength tests.
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3.2 General

The most important factor affecting the fatigue life of a permanent
connection is the manner in which the wire is brought from the terminal
or its configuration. The configuration test, test 14, showed that when the
90° bend in the standard configuration was omitted, the fatigue life of all
four types of connections was drastically reduced. The configuration
used in test 14 may or may not have been the worst possible fatigue life
configuration for the connections, but there can be no doubt that it is
possible for the configuration to alter the fatigue life by approximately
a factor of two. The results of the configuration test lead to the conclu-
sion that the 90° bend in the standard configuration apparently partially
isolates the connection from external wire movements and therefore
improves the fatigue life of connections.

In general, the results of the shock tests indicate that all of the con-
nections suffered some mechanical degradation from this environment.

The laboratory shock test (fatigue life) and both railroad shock tests
show that in general it is the high fatigue life connections, i.e., those on
the high end of the distribution, which are most affected by the shock
environment.

Laboratory shock tests 3 and 4 afford one of the few opportunities for
a direct comparison of the fatigue life and destructive strength test
methods of measuring the degradation of the connections. The connec-
tions of both tests were exposed to the same shock environment and the
degradation due to this environment was measured in two ways, (1)
vibration fatigue life (Fig. 7) and (2) a destructive test (I'ig. 8). Table
V summarizes the results of these two tests and presents the degradation
as a percentage of the control value.

Inspection of Table V indicates that for all four types of connections
fatigue life is the more sensitive indicator for the measurement of shock
degradation. This table thus further substantiates the statement that the

TABLE V — SHoCK DEGRADATION AS MEASURED BY FATIGUE LIFE
AND DEsTRUCTIVE TESTS (PERCENTAGE DEGRADATION DUE

TO SHOCK)

Connection Type Fatigue Life Destructive Test
Soldered 23% 159,
Solderless wrap 249, 109,
Percussive weld 23% 197

Resistance weld 229, 8‘72
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mechanical strength of a connection is a poor measure of the fatigue life
remaining in the connection.

The results of the central office and outside plant temperature tests,
7 and 8 respectively, showed, in general, a small but significant loss in
fatigue life for all types of connections except for percussive welded
connections. The degradation experienced by percussive welded connec-
tions from both temperature tests was greater than that of the other
three types and amounted to approximately 30 per cent of the control
fatigue life. Even this significant loss, however, did not prevent percus-
sive welded connections from placing second in the order of merit.

3.2.1 Composite Vibration Fatigue Life

The vibration fatigue life data from all of the tests without insulation
have been added together to form a composite or summary for each type
connection. This summary is presented in Fig. 20 and Table VI; the
table contains a list of the tests and the number of connections of each
type which were included. The order of merit based on the vibration
fatigue life for the connections without insulation is as follows:

1. percussive weld
2. soldered

3. solderless wrap
4. resistance weld.

A similar summary for the connections with insulation is presented
in Fig. 21 and Table VII. 1t should be noted that the data scatter, as
indicated by the length of the bar in the soldered and solderless wrap
distributions, has increased, compared to the distribution without in-
sulation, whereas the scatter of percussive and resistance welded data

25
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Fig. 20 — General wiring vibration fatigue life summary (without insulation);
order of merit, based on vibration fatigue life.
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TaBLE VI — ViBraTIiON TEST DATA SUMMARY (WITHOUT INSULATION)

Number of Data Points From Each Test
Test Description Test Number
Soldered So{%islrc)ess Pe{g:/ls(siive Re%isetance
Vibration 1 40 40 37 40
Temperature
central oflice 7 20 20 20 20
outside plant 8 20 20 20 20
Corrosion
3 months 9 10 10 10 10
6 months 10 10 10 10 10
Humidity 11 20 20 20 20
Totals 120 120 117 120
30
1. SOLDERLESS WRAP (SW)
25| 2.SOLDERED (S)
w 3.PERCUSSIVE WELD (P)
x 4.RESISTANCE WELD (R)
= 20F
<
w
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o SW
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Fig. 21 — General wiring fatigue life summary (with insulation); order of
merit, based on vibration fatigue life.

TaBLE VII — ViBraTioN TustT DaTA SUMMARY (WITH INSULATION)

Number of Data Points From Each Test
Test Description Test Number
Solderl P I Resi
Soldered bo‘ 1‘}irearpess er’?;sswe emztance
Vibration 2 20 20 20 20
Configuration 14 20 20 20 20
Shock
Laboratory 3 14 20 18 20
Railroad
Noncushioned 5 10 10 10 10
Cushioned 6 10 10 10 10
Totals 74 80 78 80
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has remained about the same. This is probably due to the insulation
effect on the soldered and solderless wrapped connections. These con-
nections were manufactured with the insulation in close proximity to
the terminal, which is the normal wiring procedure; however, the exact
location of the insulation was not accurately controlled and this resulted
in a somewhat random insulation effect.

The order of merit based on the vibration fatigue life of the connections
with the insulation is as follows:

1. solderless wrap
2. soldered

3. percussive weld
4. resistance weld.

It is the opinion of the author that the “without insulation” data is
more important than the “with insulation” data, because the presence
of insulation close to the connection cannot be depended uponin the case
of soldered and solderless wrap connections. The worst case, without in-
sulation, is therefore the most important. Inspection of the bar graphs in
Trig. 20 and 21 shows that there is very little difference in the low end of
the soldered and solderless wrap distributions, which indicates that the
low fatigue life connections in the ‘“with insulation” distribution were
essentially without insulation. Since it is the low fatigue life connections
which are most vulnerable to early failure, it follows that the most mean-
ingful comparison should be based on the ‘“without insulation” data.

If the presence of insulation could be assured, as in the case of the
modified solderless wrap which has one turn of insulated wire as part of
the connection, the fatigue life would undoubtedly be consistently higher
and the “with insulation’ data would be more meaningful.

The above two summaries were obtained by adding the fatigue life
data of the tests involved to form a composite distribution. This pro-
cedure weights the final distribution according to the number of connec-
tions in each type of test, and this is certainly not the only way to treat
the data. However, all four types of connections were treated equally,
and so a comparison between them is meaningful.

3.2.2 Orders of Merit

An order of merit based on vibrational fatigue life statistical distribu-
tions was obtained from all environmental tests which compared the
four types of connections and which used vibrational fatigue as a meas-
ure of degradation. It is also possible to obtain an order of merit for these
tests from the number of stub connections of each type which survived
the complete vibrational fatigue life determination. When one connec-
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tion of a pair failed during the vibration test, the loop was clipped off,
leaving the remaining good connection with a wire stub long enough to be
destructively tested. Then the vibration test was continued until all
pairs of connections had at least one failure. This additional vibration
caused some of the stubs from the surviving connections to fail. Since all
four types of connections initially had the same number of test connec-
tions, an order of merit can be obtained from the number of surviving
stub connections by assigning the first pesition to the connection type
which had the highest number of surviving stubs, second place to the
type having the next highest number, and so forth. This procedure has
meaning because all stub connections remained on the vibration machine
until the end of the vibration period. Table VIII compares the orders of
merit obtained from the number of stubs remaining with those obtained
by consideration of the fatigue life distribution of the four types of con-
nections.

In combining the orders of merit in Table VIII, it seems reasonable to
assume that the soldered and percussive welded connections are of ap-
proximately equal merit and should share the number 1 position in an
over-all vibrational order of merit as follows:

1 [soldered
'1percussive weld

3. solderless wrap

4. resistance weld.

It scems desirable to establish an over-all order of merit, shown in
Table IX, for the four types of connection considered in the general
wiring portion of this study. It is possible to do this because approxi-
mately equal numbers of all four types of connections were subjected to
the various environments at the same time and under identical condi-
tions. It should be remembered, however, that the best connection in the

TABLE VIII — OrpErR oF MERIT COMPARISON

Order of Merit

Based on Number of Surviving

Stubs Based on Fatigue Life

First | Second | Third | Fourth| First | Second | Third | Fourth

Percussive weld (P) 6 2 3 0 2 6 3 0
Soldered (8) 4 6 1 0 8 2 1 0
Solderless wrap (SW) 1 3 7 0 1 3 7 0
Resistance weld (R) 0 0 0 11 0 0 0 11

Numbers represent the number of firsts, seconds, thirds, and fourths for
each rating method.
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TasLe IX — Over-ALL ORDER oF MERIT

Order of Merit
Nmbesot
First Second Third Fourth
Vibrational fatigue 1600 S&P — SW R
Lightly loaded bending fatigue 160 P SW S R
Heavily loaded bending fatigue 152 SW P S R
Over-all order of merit based on 1912* P S SW R
fatigue

lI.(.legend: 8, soldered; SW, solderless wrap; P, percussive welded; R, resistance
welded.
* Sum of above three groups of connections.

over-all order of merit was not necessarily the best under every environ-
mental test, but was best only in an average sense.

Percussive welded connections were assigned first place because they
shared first place with the soldered in the most important group of
tests, vibrational fatigue (1600 test connections), and were also first
in the lightly loaded bending tests. Soldered connections were assigned
second place on the basis of their sharing first place in the vibrational
fatigue tests. Resistance welded connections were assigned last place
for obvious reasons, leaving third place for solderless wrapped connec-
tions.

It should be remembered that the soldered and solderless wrapped con-
nections used in this study were of the same quality as those in wide-
scale use in the telephone plant today. These connections have given
and continue to give satisfactory service in the central office environ-
ment.

On the other hand, the percussive welded connections used in this
study were of higher quality than those which have been used in special
applications. This higher quality results from the use of the monitoring
technique described in Ref. 1. These monitoring criteria are strongly
recommended for all applications of percussive welding to assure the
high quality of which the process is capable.

3.2.3 Summary

Table X, connection suitability as a function of environment (based
on fatigue life), attempts to present the results of the general wiring
portion of this study in a manner which would aid in the selection of a
connection for a given environment. A rating number, based on the
fatigue life of the connections, is assigned to each type of connection for
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TABLE X — CONNECTION SUITABILITY AS A 'UNCTION OF ENVIRONMENT
(BasEp oN Fartigue Lirg)

Without Insulation With Insulation

Test Description ’%f(f_t lr{‘f‘ettlﬁgg* Sol- | Per- |poco sal Sol- | Per- |poio
ol-

Sol- | der- | cus- der- | cus-
dered | less | sive {sgﬁf dered | less | sive %‘%Ielfg

Wrap | Weld Wrap | Weld
Vibration test 1&2 | VIB 7 5 8 4 10 8 8 4
Shoek test labora- 3 | VIB 8 7 6 3
tory
Shock test railroad 5 | VIB 9 7 6 3
noncushioned
Shock test railroad 6 VIB 9 7 7 3
cushioned
Temperature test 7 | VIB 6 4 6 3

central office con-

ditions
Temperature test 8 | VIB 7 5 6 3

outside plant con-

ditions
Three months cor- 11 VIB 7 5 8 4
rosion
Six months corrosion| 12 | VIB 7 5 8 4
Humidity tests 13 | VIB 7 5 7 3
Configuration test 14 | VIB 4 6 41 2
Composite — | VIB 7 5 8 4 7 7 6| 3
Lightly loaded | 12 | LLB 3 51 10 2
bending test
Heavily loaded | 13 | HLB 8 | 10 8 5

bending test

* Fatigue method: VIB — vibration; LLB — lightly loaded bending; HLB —
heavily loaded bending.

each test conducted. The table is divided into three general areas defined
by the double lines. The top area is concerned with the vibration fatigue
life both with and without insulation, the middle area is concerned with
the lightly loaded bending fatigue method, and the last area at the bot-
tom is concerned with the heavily loaded bending fatigue method. The
rating numbers within any of the three areas are consistent among
themselves. However, comparison of rating numbers from different
areas has no meaning.

The rating system used is as follows: the number 10 was assigned to
the highest value of fatigue life in a given area. The other rating numbers
in the same area were generally assigned according to the percentage of
fatigue life they had, compared to the highest value. Some adjustment of
the rating numbers has been made to take into consideration the orders
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of merit. In general, the rating numbers are closely associated with the
fatigue life of the connections involved and offer a reasonably good index
as to how well a connection will perform in a given environment.

Table X should be particularly valuable in seleeting a connection for
a given environment. The value of Table X is derived from the fact
that, within a given fatigue area, valid cross comparisons can be made.
Thus it is possible to get an idea of the degradation caused by shock on
a percussive welded connection as compared to that caused by tempera-
ture or humidity or some other environment totally different from shock
on, say, a soldered or solderless wrapped connection. These cross com-
parisons are possible because the common parameter chosen to measure
degradation was fatigue life.

The “composite” listed under test deseription in the vibration fatigue
area of Table X was obtained from the results of the vibration fatigue
life summaries of Section 3.2.1.

The effect of insulation on the wire in the vieinity of a connection is
apparent from the vibration portion of Table X. The percussive and re-
sistance welded connections are relatively unaffected by the presence or
absence of insulation. This result was expected, since the manufacture
of these connections requires the insulation to be removed from the
area near the welds. The soldered and solderless wrapped connections
show a significant increase in their fatigue life when insulation is close
to the connection.

Since improved vibration fatigue life is obtained when a soldered or
solderless wrapped connection has insulation close to the terminal, it
scems reasonable to inquire about the possibility of manufacturing
these connections with the insulation always close to the terminal in
order to take advantage of the increased fatigue life. It seems unlikely
that this could be done for the soldered connections, because of the ad-
verse effect of the heat on the wire insulation. In the case of the solderless
wrapped connection, however, modified wrapping bits are available
which place a turn of insulated wire around the terminal. The average
vibration fatigue life of these modified wraps would undoubtedly be
greater than either the “with” or “without” insulation connections
tested in this program. It is the opinion of the author that the modified
solderless wrapped connections could show enough improvement in
their fatigue life to take over first place in the order of merit as opposed
to third place without the modified wrap. In summary, it can be stated
that a significant improvement in vibration fatigue life could be obtained
on solderless wrapped connections by using a modified wrap.

It should be pointed out, however, that the need for this increased
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fatigue life in normal Bell System field applications appears unnecessary
in view of the fact that billions of solderless wrapped connections are in
use in the telephone plant today and have given excellent service sinee
their introduction ten years ago.

IV. CONCLUSIONS

4.1 General

The following three conclusions apply to all four types of electrical
connections covered in this study. These connections were made with
one size and type of terminal (0.025 by 0.062 inch nickel-silver) and
with one type of wire (24-gauge solid copper); consecquently, the con-
clusions may not hold for all types and sizes of terminals and wire.

(1) Assuming adequate electrical stability, a permanent electrical con-
nection can be characterized by its fatigue life. Thus, if the fatigue life
of a connection is well defined for various fatigue methods and the effect
of adverse environments is determined on these fatigue lives, the me-
chanical quality of the connection has been established.

(2) A bend in the wire in the vicinity of the connection partially iso-
lates it from external wire movements and significantly improves its
fatigue life.

(3) The ultimate mechanical strength of a connection is a poor meas-
ure of the fatigue life of a connection,

4.2 Specific

(1) Using fatigue life as a basis of comparison and soldered connections
as a reference standard, it is concluded that:

(a) monitored percussive welded connections are, in general, superior
to soldered connections for the conditions which ecxisted during this
study,

(b) over-all, solderless wrapped connections are essentially equivalent
to soldered connections, for the conditions which existed during this
study, and

(c) resistance welded connections are significantly inferior to soldered
connections for the conditions which existed during this study.

These conclusions represent over-all averages for all of the conditions
tested. In some specific environments they may be interchanged or re-
versed. See Table X for details.

(2) Table X gives a good estimate of the comparative fatigue life which
can be expected from the four types of connections under the various
environmental test conditions.
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(3) All four types of connections show loss in fatigue life and destruc-
tive strength due to repeated high level shocks.

(4) The shock and vibration experienced by all four types of connec-
tions when shipped by railroad express can result in loss of fatigue life.

(5) In general, all four types of connections show some loss in fatigue
life due to the temperature tests environment. Percussive welded con-
nections show the most significant loss.

(6) A significant improvement in the fatigue life of solderless wrapped
conncctions can be expected through use of a modified wrap which
places one turn of insulation around the terminal.
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APPENDIX

Connection Manufacture and Quality Control

This appendix describes the destructive strength testing methods used
for each type of connection. It also presents the data resulting from these
tests in the form of statistical distributions.

A.1 General Wiring

All of the connections were made using one type of terminal and wire
from two spools.
The terminal was of the solderless wrapped type shown in Tig. 22, It

|
0.0625"

Fig. 22 — General wiring terminal; material is nickel-silver.
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was made of nickel silver 0.025 inch thick and 7% inch wide in the area
of the connection. The soldered and solderless wrapped connections were
made to this terminal in the conventional manner and the percussive
and resistance welded connections were made on the 7% inch wide side.
The wire used in all general wiring connections was standard switch-
board wire, 24-gauge, solid, tinned copper wire with polyvinyl chloride
insulation. Toward the end of the test sequence, the first spool of wire
was exhausted and it was necessary to use another spool. The elongations
of the two wires, measured over a 10-inch length, were as follows:
1. first spool 16 to 19 per cent elongation
2. second spool 15 to 18 per cent elongation.

A.1.1 Soldered

The soldered connections were manufactured in accordance with the
present standards. They were actually of the wrapped and soldered type,
since more uniformity could be obtained by wrapping three to three and
one-half turns on the terminal with a wrapping tool and then soldering.

In the case of the soldered connections, there was no generally accepted
method for determining the strength of a connection, so a testing pro-
cedure was devised. The testing procedure consisted of mounting the
test terminal in a universal joint type of arrangement as shown in Fig.
23 and measuring the peak force required to pull the wire completely
off the terminal.

This procedure for determining the strength of soldered connections
was evaluated by using it to measure the strength of the extreme condi-
tions of soldered connections: (1) a good connection and (2) an extremely
poor soldered connection made by wrapping 3 to 3% turns around the
terminal and applying no solder to the connection. Twenty-five connec-
tions of each type were tested, and the results are shown in Table XI.

A total of 1040 soldered connections was manufactured for this test
program under conditions which assured high quality and uniformity.
Half of these were used in determining their vulnerability to various
environmental conditions, as described in the main body of the report,

TaBLE XI — STRENGTH OF SOLDERED CONNECTIONS

Force Reading in Pounds

Type Connection

Maximum Minimum Mean
Good connection 7.5 4.8 5.76
Poor connection 3.5 2.6 3.04
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Fig. 23 — Destructive tests.

and the other half were destructively tested according to the procedure
outlined above. The results of these destructive tests arc presented in
Fig. 24.

A.1.2 Solderless Wrap

The solderless wrapped connections were manufactured according to
present standards, using qualified wrapping bits and wire of the proper
elongation. The operator and wrapping bit effect on connection quality
was minimized by having half the connections made by each of two oper-
ators, who in turn made half of their connections with one qualified bit
and half with another. A total of 1040 connections was manufactured,
half of which were destructively tested immediately after manufacture
in order to determine the quality of the remaining connections, which
were used in the comparison tests. The destructive tests were of two
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Fig. 24 — Soldered connection destructive strength distribution, general wir-
ing; 590 data points.

types: (1) a standard strip-off test, shown in Fig. 23, which measures the
maximum force required to strip the conneection from its terminal and
(2) a standard unwrap test, which requires that the wire shall be capable
of being unwrapped completely from the terminal without breaking.

The distribution of strip-off values for the 260 connections destruc-
tively tested in this manner is shown in Fig. 25.

A.1.3 Percussive Welded

All of the general wiring percussive welds, with the exception of the
inferior weld test, were made using the monitoring criteria developed by
J. C. Coyne and reported in Ref. 1. These criteria resulted in welds of
high quality, and a quantitative measure of this quality was obtained by
destructively testing alternate welds (by order of manufacture). The
destructive test used was the combined test, illustrated in Fig. 23, which
consists of bending the vertical weld 90° to a horizontal pesition and de-
termining the peak force necessary to break the connection. A total of
1540 welds (not counting the inferior weld test connections) was manu-
factured for this test program, and the destructive test data are pre-
sented in Fig. 26.
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A.1.4 Resistance Welded

Although resistance welding has been used for electrical connections
for a number of years, no generally accepted quality requirements or
standard method of measuring the weld strength could be found. The
resistance welds used in this test program were the best which could be
produced after a reasonable amount of experimentation with the process.
The destructive strength test chosen was similar to that used for percus-
sive welds — that is, the horizontal wire was bent 90° to a vertical posi-
tion and the peak force necessary to break the connection was deter-
mined. This procedure is illustrated in Fig. 23. Some consideration was
given to a test which consisted of pulling the wire horizontally along its
original manufactured direction. This type of test yielded very little in-
formation about the weld, however, because the connections almost al-
ways broke in the wire, well away from the weld area. The destructive
test chosen always broke at the weld and thus gave a much better indi-
cation of the weld strength.

The weld quality was evaluated by destructively testing alternate
connections, by order of manufacture, and thus assuring the quality of
the remaining connections for the environmental testing program. A total
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Fig. 27 — Resistance welded connection destructive strength distribution,
general wiring; 520 data points.
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of 1040 resistance welds was manufactured for this test program, and the
destructive test data are presented in Fig. 27.
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Evaluation of Solar Cells by Means
of Spectral Analysis

By H. K. GUMMEL and F. M. SMITS*
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An approach toward testing of solar cells is outlined, and a test set and
evaluation procedure of test results are described. Quter space short-circuit
current s calculated from spectral response measurements performed on the
cells. From this and additional measurements that determine the forward
diode characteristic, the maximum obtainable power and the voltage at
which maximum power is delivered are computed. The accuracy of outer
space short-circuit current prediclions is =2 to 3 per cent when suitable
standards are employed.

I. INTRODUCTION

The solar cell is a device which converts light energy into electrical
energy. The electrical output of the cell, or response, depends on the
spectral composition of the incident light. For space applications, de-
termination of the response of solar cells to sunlight not filtered by the
atmosphere is of great importance.

In characterization of the performance of a solar cell under outer space
illumination, the most important parameter is the short-circuit current
under such illumination. Once this current is known, the current-voltage
output characteristic can be measured under a light source of arbitrary
spectral distribution but of an intensity adjusted to produce the outer
space short-circuit current.

This paper shows that it is practical to obtain the outer space short-
circuit current from measurements of the spectral response of solar cells.
Of the alternative approaches, one method relies on measurements under
terrestrial sunlight while another method attempts to simulate the
spectrum of the sun. Each of these two methods has practical difficulties
that offset its inherent simplicity.

The direct sunlight measurements must be made outdoors unless

* Sandia Corporation, Albuquerque, New Mexico.
1103
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special buildings or sun tracking facilities are available and should be
made at high mountain altitudes. Only a few hours around noon on clear
days can be used for precision work. These requirements constitute a
considerable difficulty, especially for laboratories located on the East
Coast. Even if measurements are made at high altitudes, corrections
must still be applied for the alteration of the spectrum and the reduction
of over-all intensity by atmospheric absorption and scattering.

Direct solar simulation requires a light source which is constant in
time and which has a spectral composition equivalent to that of the sun.
Absolute spectral measurements of high accuracy are required for
calibration and maintenance. This problem is eased, however, if cali-
brated solar cells are available against which the calibration of the
simulator can be checked.

The only information available from a solar simulator, as well as from
direct sunlight measurements, is the total current of a solar cell; detailed
spectral response information is not obtained.

In the method which is described here, spectral response measurements
are performed on the solar cells themselves. The spectral response at a
given wavelength, multiplied by the sun’s intensity at the same wave-
length, gives the contribution to the short-circuit current at this particu-
lar wavelength. The total short-circuit current is obtained by integration
of these contributions over all wavelengths. The spectrum of the sun is
thus introduced only in caleulations; the problem of building and main-
taining a sun simulator is avoided. The accuracies with which the spec-
tral response of the cells can be measured are, in principle, comparable
to the accuracies with which the spectral distribution of the output of a
solar simulator can be measured. However, if appropriately calibrated
standard solar cells! are used, the accuracy of the outer space currents as
determined by the test equipment can be considerably higher than that
of the spectral measurements themselves.

An automatic testing facility based on such principles has been de-
veloped which, in addition to the spectral measurements, evaluates the
current-voltage characteristic of the solar cell under test. The measure-
ments are recorded on IBM cards to facilitate data handling. Evaluation
of the measurements and any statistical analysis of the results is then
easily done on an electronic computer.

This paper gives a description of the test equipment and the testing
procedure. First, a description of the theory is given that relates spectral
information and short-circuit current. There follows a detailed account
of the design of the test set. The procedure for evaluation of the test
results is described in the last section.
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II. THEORY

In the derivation of the relation between the spectral response of solar
cells and short-circuit current it is convenient to represent spectral re-
sponse in terms of quantum efficiency, defined here as the number of
electrons delivered into a short circuit per photon incident on the solar
cell. This represents an over-all efficiency and includes the effects of light
reflection at the surface, internal carrier-pair generation efficiency, and
loss of carriers due to recombination.

If the quantum efficiency is known, the outer space short-circuit cur-
rent, 1. , can be calculated by integration over all wavelengths of the
product of the incident outer space photon flux density? ¢(\) and the
quantum efficiency Q(A) of the cell

Lo = Ag [ Q0200 ) ()

where A is the cell area and ¢ the electronic charge. The quantum effi-
ciency of a solar cell is a smoothly varying function of wavelength. IFor
this reason it is adequate to sample the quantum efficiency only at a
small number of diserete wavelengths. The integral can be approximated
by a sum

I = Aq Z Q\)e(N:)A; (2)

where the photon flux entering the sum must be smoothed according to
the intervals at which the quantum efficiency is sampled.

The A; are the wavelengths at which the quantum efficiency is meas-
ured, and the A; are determined by the wavelength intervals between
these points and the integration scheme used, e.g., trapezoidal approxi-
mation, Simpson’s rule, Gaussian quadrature, ete.

The quantum efficiencies are measured as shown schematically in
Fig. 1. Light from a tungsten light source is passed through interference
filters which are mounted on a turntable. To eliminate the influence of
fluctuations and drift in the light level, the ratio of the response of the
cell to be measured to that of a monitor cell is taken. In terms of such
ratios, R, the quantum efficiency of the sample cell ecan be expressed as

Q()‘) = RiQref()\i) (3)

where Qret(N;) is the quantum efficiency of the monitor cell. The sum (2)
can thus be written:

Toeos = Z R{AqQret(Ni)e(N:) Adl. (4)
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Fig. 1 — Method of measuring ratio of quantum efliciencies.

Defining the quantities in the brackets as “weighting factors”

Wi = AqQret(Ni)e(N) Ay, (5)
one obtains for the outer space short-circuit current
Iscas = ZRi}{fi . (6)

The weighting factors include the spectral composition of outer space
sunlight and the quantum efficiency of the monitor cell. In the deriva-
tion, outer space sunlight served only as an example. Clearly, the method
i1s not restricted to outer space illumination but can be applied, with
appropriate weighting factors, for any illumination of fixed spectral
composition and intensity. Practical schemes for obtaining the weighting
factors in connection with the calibration of a set of solar cells will be
discussed below.

As a preliminary step in obtaining weighting factors for outer space
current prediction, a set of weighting factors referred to as terrestrial
weights was determined for the short-circuit current of solar cells
measured on a clear day near noon at a high altitude. The set of solar
cells which were to be calibrated as standards had a wide range in spec-
tral response, as shown in Fig. 2. It included cells bombarded with
various fluxes —up to 2 X 10'°/em’ — of 1-Mev electrons and virgin
cells.

To find the terrestrial weighting factors, first the quantum efficiency
of the monitor cell at the various wavelengths is measured on a relative
scale by comparison of the monitor cell output with that of a speetrally
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flat detector, such as a thermocouple. Combining this information with
relative spectral intensities of the sun under which the observation was
taken, one obtains the short-circuit current to within a common constant
factor for all cells. This factor is readily determined from the actual
measurements of the short-circuit currents. It is significant that only

80

70

60

o

50

40

30

QUANTUM EFFICIENCY IN PER CENT

20

o] | ] ! | 1
04 0.5 0.6 0.7 0.8 0.9 10

WAVELENGTH, u

Fig. 2 — Quantum efficiencies of set of cells used as standards.
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the current measurements determine the absolute scale, while all other
measurements need to be performed on a relative seale.

However, if the set of solar cells used in such measurements has a suf-
ficiently wide spread in spectral response characteristies, it is possible to
find the weighting factors even without any prior information on the
quantum efficiency calibration and on the spectral composition of the
sun. The appropriate weights are simply those which reproduce the cur-
rent of all cells with the least error.

In the present work, the terrestrial weighting factors were determined
by a judicious combination of the two methods. IFig. 3 shows the result-
ing comparison of the measured short-circuit current and the calculated
current. In this figure the most heavily prebombarded cells appear at the
lower left-hand corner.

To convert the terrestrial weighting factors into outer space weighting
factors, it is necessary to increase the weighting factors at each wave-
length by the ratio of outer space solar intensity to terrestrial solar in-
tensity at this particular wavelength. Such information is readily avail-
able from solar spectral recordings performed by the Smithsonian
Institution.! T'or the set of solar cells shown in Ilig. 2 an outer space
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Fig. 3 — Comparison of directly measured current with current calculated
from spectral information.
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extrapolation was performed by this procedure. Thus, weighting factors
were determined for the prediction of outer space short-circuit currents
from the spectral measurements performed on the test set.

The calibrated cells serve as standards for the weighting factors. Thus,
the monitor cell in the test equipment need not provide the long-time
standard. It serves only as a short-time standard that can be compared
readily with the calibrated cells.

For further characterization of solar cells, additional measurements
under tungsten light filtered through heat-absorbing glasses, later referred
to as ‘“white light,” are performed. These are the short-circuit current,
the open-circuit voltage, the current delivered into a 10-ohm load, and
the current delivered into 0.45 volts. The reverse leakage and the forward
voltage with 50 ma passing through the solar cell are measured in the
dark.

In a special mode of operation the test equipment can form the
weighted sum, thus giving the short-circuit current directly. In general,
however, it is preferred to evaluate all the test results on a digital com-
puter.

The obtained outer space short-circuit current is then used in con-
junction with the measurements under the white light to calculate the
over-all output characteristic for outer space illumination, in particular
the maximum-power point and the voltage at maximum power.

In addition, the short-circuit current under the white light source is
also calculated from the spectral response with an appropriate set of
weighting factors. The percentage difference between the calculated and
the measured short-circuit current is determined and recorded. Gener-
ally, this difference is small, indicating that the outer space short-circuit
current calculation can be trusted. Occasionally, solar cells are observed
in which the calculated current deviates substantially from the measured
current. This indicates that the particular solar cell has a nonlinear
response, e.g., its quantum efficiency is light level dependent. The results
for the outer space short-circuit current obtained on such solar cells are
correspondingly in error. Alternative methods of calculation that are
applicable to such nonlinear cells are described in Section IV.

III. TEST EQUIPMENT

As mentioned, two groups of measurements are performed in the test
set. One group of eight measurements evaluates the spectral response of
the cells, while the measurements in the other group evaluate the cur-
rent-voltage characteristic of the solar cell.
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For those tests in which the output is porportional to the incident light
intensity, the ratio of the response of the sample cell to that of a reference
cell is measured. This eliminates the effect of drift and fluctuations in
the light source and the interference filters.

The set consists of the following major components:

1. optical system comprising light source and interference filters,

2. mechanical system providing for optical filter transport and actua-
tion of control switches,

3. electronics and ratio-formation,

4. control system, giving control commands for operation of counters
and punch-out, and providing for the routing of the signals through
appropriate amplifiers and attenuators, ete., and

5. output channels: printer or translator and card punch.

3.1 Optical and Mechanical System

The optical system is shown schematically in Fig. 4. A 1-kw incan-
descent projection lamp (General Electric type PH/1M/T20MDP) serves
as the light source. The light is focused by a spherical mirror (diameter
12 inches, focal length 5% inches) and directed by a plane mirror towards
the sample and reference cells, which are placed adjacent to each other
in a light-tight box. To insure uniform illumination of both cells, dif-
fusing glass is interposed into the light beam. Long-wavelength light is
attenuated by heat-absorbing glass and nearly monochromatic light at
various wavelengths is selected by narrow-band interference filters.
These filters are mounted on a disk that is driven intermittently by a
Geneva motion and interposes the filters sequentially into the optical
path. The filters have transmission bandwidths of the order 0.01 k. For
the evaluation of silicon cells, filters at the following wavelengths are
used: 0.4, 0.45, 0.5, 0.6, 0.7, 0.8, 0.9, and 0.95 u. For measurements on the
solar cells in the dark, four positions are blocked; the remaining four
positions admit white light for measurements of additional solar cell
characteristics. The white light intensity is adjusted to generate in a
typical solar cell a short-circuit current that is comparable to the short-
circuit current expected in outer space.

The important factors of the mechanical system are also shown in
Fig. 4. A 1-rps motor drives the Geneva motion, which advances the
filter disk. Thus the time available for any individual test is 1 sec. The
motor axle contains a set of adjustable ecams that actuate microswitches
for the timing of various functions within a single test cycle. The wipers
of a set of 16-position rotary switch decks are driven by the filter disk
axle to permit the selection of the different types of tests to be performed.
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Fig. 4 — Optical and mechanical system.

3.2 Klectronics and Ratio Formation

The various signals encountered are measured by a combination of
voltage-to-frequency converter (Dymee 1122B) and counter. This com-
bination, when used in both the sample and reference channel, makes
fast and accurate ratio formation possible.

If the input voltage at the sample channel is V; volts (see I'ig. 5), and
if the voltage-to-frequency converter (vfe) gives A cycles per second
per volt, the total count N, obtained in ¢ seconds is

N, = V. At (7)
Similarly one obtains in the reference channel

N, = V., Ai. (8)
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Fig. 5 — Method of ratio formation.

To form the ratio V,/V, the reference counter is used as a scaler, in
such a way that it gives an output pulse for every 1000 input pulses. The
time between output pulses is then

1000

t=AVr.

(9)

The output pulses from the scaler gate the counter in the sample
channel in such a way that one pulse turns it on and the next one turns
it off. Thus ¢ in (7) is identical to that in (9). This leads to

N, = 1000 (V,/V,) (10)

i.e., the count in the sample channel counter gives the desired ratio of
the voltages with adequate resolution.

The voltage-to-frequency converter and counter combination, when
used as a voltmeter, gives an output that represents the input voltage
averaged over the time of measurement. Thus fluctuations are smoothed
out. The effective noise bandwidth is therefore the reciprocal of the time
of measurements. In spite of the small noise bandwidth, however, this
combination has a fast transient response. Thus, high-resolution, low-
noise measurements during short time intervals are possible. With a
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wideband amplifier (Kintel type 112) preceding the voltage-to-fre-
quency converter, the equivalent noise at the input that actually has
been observed is of the order of 1 uv for 0.1-second measurement in-
tervals even after an estimated 750 hours of operation of the system. The
chopper at the input of the preamplifier deteriorates with time; for a
new chopper the noise may be considerably below 1 pv.

The signals to be measured are in the range 0.5 mv to 10 mv except
for the spectral response measurement at the shortest wavelength, 0.4 u,
where the output of the light source is low and the signal is about 100 uv.
For all other wavelengths the amplifier noise thus contributes less than
0.2 per cent to the measurement error. Since the contribution of the
0.4 p spectral region to the total short-circuit current is small, the
error contributed by the amplifier to the total short-circuit current is
also below 0.2 per cent.

The short-circuit current is obtained from the measured voltage drop
across a shunting resistor. The resistor has to be of sufficiently low value
that the voltage developed across it would result in a forward current in
the dark that is negligible compared to the short-circuit current. For the
spectral measurements, a resistor of 10 ohms is adequate, while for the
white light measurements a 0.1-ohm resistor is used. The switching of
resistors at the low signal levels has to be done carefully to prevent in-
troduction of spurious thermal emf’s. Mercury relays are employed in an
arrangement shown in Fig. 6. For the measurement of the open-circuit
voltage (=% volt) and other voltages of comparable magnitude, the pre-
amplifier is bypassed and the signal is fed directly into the voltage-to-
frequency converter.

3.3 The Control System

The programming of the various tests is accomplished through the 16-
position switch coupled to the axis of the drive motor. Microswitches
control reset commands at the beginning of each test; approximately
in the middle of each test, (after the amplifier transients have died down)
a new counting cyecle is initiated. The last operation within each test is
the print command to the printer or IBM punch.

The switching of the signal paths for the various tests is accomplished
by relays which are activated from the 16-position switch through a
diode matrix as shown in Fig. 7.

The following quantities are measured in the tests: in the eight spec-
tral readings, the ratio of the short-circuit currents of sample cell and
reference cell at eight wavelengths,
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Fig. 6 — Switching of signal paths.

I;v , the current flowing through the cell when a reverse voltage of
5 v is applied through an 800-ohm resistor,

V., the voltage developed across a load resistor B, (=10 ohms) when
the cell is illuminated by white light (see optical system),

V;, the voltage across the cell when a forward current I;, normally
50 ma, is passed through the cell in the dark,

I, , the short-circuit current measured directly under white light.

Iicr , the ratio of the short-circuit current of the sample cell under
white light to that of the reference cell (In this measurement the ampli-
fier gains are set such that for proper adjustment of the light source the
numerical value of I is the same as that of I,,.),

15, the current delivered by the cell under white light illumination
into a 0.45-volt voltage source, and

Voo , the open-circuit voltage of the cell under white light illumination.

The short-circuit current is measured both directly (/) and nor-
malized (I;.z). In the linearity test, the normalized current is to be used,
as it is compared with the normalized spectral readings. In the evalua-
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tion of the output characteristics, the unnormalized short cireuit current
is used in conjunction with the open-circuit voltage and the voltage
across a load resistor.

IV. EVALUATION OF THE SHORT-CIRCUIT CURRENT

The short-circuit current is evaluated from the raw data according to
(6). This evaluation can be performed either directly by the test equip-
ment concurrently with the measurement of the R; or by a separate
calculation, preferably on an electronic computer.

For the evaluation in the test set the counter is not reset between the
spectral response measurements R, . The multiplication by W, is carried
out by interposing attenuators between the preamplifier and voltage-
to-frequency converter of the sample channel. Such attenuators are
switched by the 16-position switch, which is coupled with the axle of
the filter disk. The number added into the counter at each filter position
equals the current contributed by the wavelength band represented by
the filter, and the final number on the counter gives the total short-circuit
current.

The direct test set evaluation of the short-circuit current is of impor-
tance if no computing facilities are available or if results are needed

RELAY

POWER +
SUPPLY A Géa DéE Cé Fé Hé é K Né M

B gaTIoNS A A A

- A X
, Veon X

v A
e A A
~ s f/
AN AA |
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Fig. 7 — Diode matrix for activation of relays.
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immediately. On most other occasions, it is preferable to have the com-
puter process the raw R; data, since one set of data can then be analyzed
for cell response under various light sources.

In addition to providing short-circuit current under outer space il-
lumination, the computer program, as used for routine evaluation of
solar cells at Bell Telephone Laboratories, evaluates the short-circuit
current for the white light that is used in some of the tests of the output
characteristic, as discussed in Section II. For a check of consistency, the
program then computes the percentage deviation of this current from the
short-circuit current measured directly under white light. This check is
important for the detection of cells whose short-circuit current changes
nonlinearly with light intensity.

As an additional feature, the program computes the ratio of the com-
puted outer space current to the computed white light current. This
quantity, CC, is of interest for a number of reasons. If the maximum in-
tensity of the white light falls at a different wavelength than the maxi-
mum intensity of outer space sunlight, then CC provides a “color index”’
for the cells. In the test set described here the white light is deficient in
infrared and red light due to filtering with heat-absorbing glass. There-
fore, red-sensitive cells have large CC' numbers while blue-sensitive ones
have smaller CC numbers.

In the standard procedure for calculating the outer space short-circuit
current, the measured R; values are multiplied by proper weighting
factors W; and summed as in (6). Fluctuations in intensity and spectral
composition of the light source cause no first-order error, since the R;
are ratios. However, if the cell current varies nonlinearly with light in-
tensity, the current at full solar illumination, as calculated from spectral
measurements at low light intensity, is in error. From the comparison of
measured white light response and calculated white light response one
knows whether or not a cell is linear. Nonlinear cells are encountered
rarely enough so that they present no serious problem. Nevertheless, the
program can be used — if required — in such a way that errors due to
cell nonlinearity are minimized; however, errors will be introduced if the
spectral content of the white light changes. The procedure is to multiply
the measured white light current 7.z by the factor CC. Since nonlineari-
ties cause errors in both numerator and denominator, the influence is re-
duced to second-order effects.

V. THE OUTPUT CHARACTERISTIC

As discussed before in connection with the short-circuit current for
outer space illumination, the output characteristic of the solar cell could
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be established under a light source of arbitrary spectral composition but
adjusted in intensity to produce the known outer space short-circuit
current. To do this, however, would be a very tedious and time-consum-
ing procedure. As an alternative, one measures the output characteristic
under a light source that generates a short-circuit current close to, but
not necessarily equal to, the outer space short-circuit current. It then is
possible to calculate the outer space response from these measurements
and the known outer space short-circuit current.

For such calculations of the output characteristic the following model
of a solar cell is used:

I=1I,-1 {exp [2%7%1“] _ 1}. (11)

Here I is the output current at voltage V, I,. is the light induced cur-
rent (under the given illumination) and corresponds to a current gener-
ator in parallel with the solar cell diode. R, is a lumped resistance ap-
proximating the contact resistance and sheet resistance in the front
layer of the cell. I, , the diode forward-current constant, is orders of mag-
nitude smaller than I, ; therefore the term (—1) in (11) can be neg-
lected. With this simplification one can express I, in terms of the open-
circuit voltage, V.., i.e. that voltage for which the left side of (11) is
zero, which leads to

Q(V + RsI - Voc)]

nkT (12)

I=1, l:l — exp
An ideal diode would have a value of 1 for the coefficient n in the
exponent. A number of effects” cause deviations from this simple be-
havior, and frequently the output curve cannot be fitted by a constant
value of n over the entire voltage range and for different light intensities.
However, one may fit the output characteristic over a limited range near
the maximum power point with a constant »n for a particular light in-
tensity. Only small errors are introduced if one uses the same value of n
near the maximum power point under slightly different illumination.
Similarly the value of the resistance R, in (12) is not strictly a con-
stant, since it involves a spreading resistance in the thin diffused layer.
Nevertheless, in general R, will be a very weak function of current and
light level so that, for this calculation, it can be treated as a constant.
With these assumptions the output characteristic under outer space
illumination is determined by the four quantities I,,, V.., n, and R,,
which must be established by measurement. The first two of these de-

* Among these effects are space-charge recombination and sheet resistance. See
also Ref. 3.
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pend on the particular light level. From the measurements of I, V..,
and V¥V, under the white light, and from the measurement of 7, in the
dark, all four quantities can be extracted. By replacing I, in (12) by
the known outer space short-circuit current I, and setting I = 0, one
obtains the open-circuit voltage V. for outer space illumination. The
parameters Igs , Vows , 7, and R, are now used to characterize the output
characteristic of the cell under outer space illumination. This permits a
calculation of all quantities of interest according to (12), in particular
the maximum power point. An approach for performing these calcula-
tions on an electronic computer is given in the Appendix.

Most of the measurements on the test are reproducible over periods of
hours with an rms deviation from the mean of about 0.5 per eent. If
calibrations on the test set are to be made to an accuracy approaching
0.5 per cent or less, the fine adjustments become very tedious, as the
criterion has to be the result of a statistical analysis of several measure-
ments.

A preferable procedure is to make adjustments on the test set to a
moderate accuracy and to have the computer apply fine corrections.
Two modes of operation are used. In one mode these corrections are ap-
plied manually as parameters that are entered with the data. In the
other mode, a set of standard cells is measured along with the cells to
be evaluated. The data cards of the standard cells also contain their
calibrated outer space short-circuit current value. The computer can
then determine the percentage deviation of the calculated value of the
outer space short-circuit current from the calibration value for each of
the standard cells. The calculated values of I,.s for the cells under test
are then corrected on the basis of the average of these deviations. A
similar correction is applied to the white light current.

With the latter mode of operation, the long time standard is provided
by a group of standard cells, and the built-in monitor cell serves only as
a short-time reference. If there are no uncertainties introduced by long-
time drifts of the standards, absolute accuracies of outer space short-
cireuit current predictions of 2 to 3 per cent should be realizable. Com-
parison of preflight predictions with flight data on the Telstar satellites
and the Anna 1B satellite* confirm that an accuracy of 3 per cent or
better has been achieved.
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APPENDIX

A.1 Method of Calculation of n and R,

The quantity n is determined by fitting the output characteristic be-
tween Vi, and V,, . As one has to make allowances for R, , the series re-
sistance, an iterative scheme is convenient. Assume for a moment that
the series resistance R, is zero. One can then compute the value of n or
nkT/q from (12)

’IL]CT _ Voc - VL
q RAY (13)
In (1 RLI“)

Using this value of nkT /¢ one can compute the value of the voltage
across the cell for a current I, — I; through the illuminated cell

Ve = Vo + MLT In <I—f> . (14)
q Iy

If there were no series resistance, then the measured voltage V, should

be equal to V.. . Because of the series resistance, the voltage V; is higher

by R;-I;. One thus obtains an initial estimate of the resistance

Vi— V.
I, -

Now this value of R, is used for an improvement of (13). During the
measurement of Vp, current is flowing out of the cell, and the junction
voltage is the measured voltage V. increased by the voltage drop
(Vi/R.)/Rs . Thus one obtains

R,
Voc - VL <1 + E)

Ve
In <1 RJs)

The new value of nkT/q thus obtained can be used to compute an im-
proved value of V., and in turn, of R, , and so on. The convergence of
this procedure is quite rapid, since nkT/q in (14) is multiplied by
In (I,/I,.) and I, was chosen to be near I,, .

R, = (15)

(16)

nkT
q

A.2 Method of Calculation of OQuter Space Quantities

Using the quantities I,,, Vo, (nkT/q) and R,, as determined in the
previous section, the outer space quantities are evaluated as follows.
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Outer space open-circuit voltage:

M In ISCOS
q I~

Tor further evaluation of the characteristics it is convenient to introduce
the following normalizations:

qV

Vocos = Voc + (17)

v= nkT (18)
U = I
ISEO&
— Iscos _ 1
x—Iscos_I_ 1 —u (19)
- qucos
¢ nkT (20)
— quIscos
nkT ~ (21)

The normalized current u at the normalized voltage y is obtained from
a solution of the equation

w=1— ¢ (22)

In the computer program, this equation is again solved by iteration.
The power at the voltage corresponding to ¥ is now given by

P = (nkT/q)10syu. (23)

To obtain the maximum power, (22) is rewritten so that the normal-
ized voltage appears as a function of the normalized current

y=2—PBu-+In(l—u. (24)
The normalized power 7 is obtained by multiplying (24) by u
= ulz — Bfu~+In (1 — u)l. (25)

The maximum is obtained by equating the derivative to zero. This
yields the condition

u
1 —u

+ 28u — In (1 — u). (26)

Z =

In (25), w is required as a function of 2 and 8. Again, on the computer
a solution is conveniently found by iteration. To get (25) into a form
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suitable for this, a switch is made to the variable «, defined in equation
(19). Then

x=z+1—26<1—%>—lnx 27)

and in this form the equation can be solved by iteration, starting with
& = 1 on the right-hand side. One now obtains for the maximum power

2
Pmax = ISCOSVOL‘OS u (1 + é) ; (28)
x z
and for the voltage at which maximum power is delivered

Vm,,=-’1’@x—1)<1+§>. (29)
q x
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A Theory of a Unilateral Parametric

Amplifier Using Two Diodes

By J. HAMASAKI
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This paper describes the theory of a unilateral parametric amplifier which
contains two variable-capacitance diodes separated by a quarter wavelength
at the signal frequency and a half wavelength at the idler frequency. It is
shown that a broadband signal circuit is essential in order to obtain uni-
lateral gain, and that matching conditions are oblainable even with a high
gain. The optimum noise figure is slightly worse than that of a single-
diode reflection-type amplifier; however, this amplifier has advaniages if it
is refrigerated at liquid helium temperature, because it does not require a
circulator in front of its input port. The amplifier usually requires an
isolator atl tis oulput port, stnce it does not have substantial loss in the
reverse direction.

I. INTRODUCTION

The performance of a single-diode reflection-type parametric amplifier
is often limited by the availability of a good circulator, which is essential
to a practical amplifier. This becomes a more serious problem when the
amplifier is to be refrigerated down to liquid helium temperature, since
satisfactory circulator performance is then difficult to obtain.

A unilateral parametric amplifier with two diodes, originally proposed
by Baldwin,! does not require any circulator or isolator in front of the
amplifier if the signal source impedance is reasonably well matched.
Therefore, this amplifier might avoid the difficult circulator problems.

This paper is prepared to show the theoretical characteristics of a
unilateral parametric amplifier with two diodes separated by a quarter
wavelength at the signal frequency. In Section II, an exact expression
for the scattering matrix of a simplified model of the amplifier is ob-
tained. In Sections III and IV, expressions for power gain, noise figure
and bandwidth are calculated. In Sections V and VI, the optimum noise
figure and some design considerations of the amplifier are desecribed.

1123
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II. PRESENTATION OF THE SCATTERING MATRIX OF THE AMPLIFIER

Fig. 1 shows a basic configuration of the unilateral parametric ampli-
fier. The black box shown in Fig. 1 is a symmetrical lossless reciprocal
two-terminal-pair network whose image impedance Z and phase con-
stant 6 are assumed to be real quantities. Stationary susceptances of the
diodes are considered as a part of the black box, and losses in the diodes
are included in the external loads. C and C” in Fig. 1 represent the sinus-
oidally varying shunt capacitances which play an essential role in the
mechanism of amplification. Parameters concerned with the right-side
arm of the black box are indicated by primed letters, and those of signal
and idler frequencies are indicated by suffixes 1 and 2 respectively.

5 |
p— <—bL bl—» bl—> , |
a—» ai, —» - 3], <—aj—o
—° — N4 -~ -7
L e e, e
, T z z K l
(e, C C’ -0

Tig. 1 — Basic configuration of the unilateral parametric amplifier.

Currents and voltages of the varying capacitance C are related by the
following equations:

= jwl(c/2)02*
o = —jwz(c*/Q)Ul

where o is angular frequency and the asterisk indicates a complex
conjugate. The terminal currents and voltages of the capacitance C are
expressed in terms of incident and reflected waves a, b, a;, and b; normal-
ized by Z as follows:

v = \/Z(a-l- b) = '\/Z(ai'l‘ bi)
(@ — b) (2)

=
s
I

(1)

e
R
|

Z—\/Z
\/Z(az_b)
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The directions of flow of these waves are indicated by arrows in I'ig. 1.
The continuity cquation of current at the terminal C is given by
1 =1+ ;. (3)
Combining (1), (2), and (3), we obtain the following equations:
a1 = ay — jwlkaz* —_ jwlkbz*

ba = by + jowas” + joiiby™

ait = a)" + ngic*al + jwzk*bl )
b = by — jusiay — jeni™by
where « is a complex number defined as:

Equations similar to (4) are obtainable for the varying capacitance C’
by replacing unprimed parameters by primed ones in (4).
Waves of the lossless reciprocal two-terminal-pair network are related

by the following equations.

by = ¢ a;

b — i, (6)
Substituting (4) and the similar equations for €’ into (6), we obtain the
following set of equations:

b1 + jwlkbz* + jwlk’e_ﬁ‘bg'* =

. . —J0 ¥ . . * . . -
l)ll —I— Jwike ! lbg + ]le'l)Ql =€ ay — Jwike

S « .y —j0 k
(11' — JwiKkGy — lex’e ! 1(12’
70y %k . *
1(12 b _70)1/(/(12/

(7)

- . b, * R R 0y pk
—jusk by — Joak’ ey + by = jwk @y + Jook € ay + € tay

.. 6o YL 3 * R 1] .k 0. *
—ngh’*e] "bl e ijKI bll + bgl = Jwek CJ 2&1 + ijKI a; + €] 2(12

Assuming the same magnitude for the complex quantities £ and £, and
solving (7) with respect to by, b/, b,*, and by*, we obtain an exact form
of the scattering matrix for the circuit shown in Fig. 1. The matrix is

as follows:
by Su S Si Su 5]
b/ _ Sar See Sz S ay
- ' (8)

tbg*J \\Sm 332 S33 S34 {0’2*
by'* Su Se Ss Su a’™
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Su-A = Sep-A = 2ewek” exp (—j6;) [cos 8; + exp (j62) cos 6,)
— 4wwr’k* exp [j(6; — 6,)] sin 6, sin 6
Ss3: A = Si-A = 2wk’ exp (§6) [cos O + exp (—j6:1) cos 6,)
— 4owlwk* exp [7(6; — 6;)] sin 6, sin 6,
Sip-A = exp (—j81) {1 + j2wiwek’
-exp [7(6: + 6,)] sin 6,}
Sor-A = exp (—j8;) {1 + j2wenk’
-exp [j(6: — 0,)] sin 6}
Sss-A = exp (j6) {1 — j2wiwer’
rexp [—j (61 + 0,)] sin 6}
Sus- A = exp (j8:) {1 — j2wionk’ ©)
-exp [—j (61 — 0,)] sin 6:}
S A = — (w1/w2)Sep- A = —jwnk exp (70,/2)
AL + exp [j(6 — 61 — 6,)] — dwnen’
-exp [7(6: — 6,)] sin 6; sin 6,}
Sar A = — (w/w2)Ss-A = —jwik exp (—j0,/2)
A1 4 exp [(8: — 61 + 0,)] — donen’
-exp [j(6: — 61)] sin 6; sin 6,}

Su-A = — (w/we) Sz A = —juw exp (76,/2) {GXP (70:)
+ exp [—7(6: + 6,)]}
Sgg'A = — (wl/wz)S41~A = _jle exp (—Jop/z) {exp (.702)

+ exp [—j(61 — 0,)]}
and

A=1— 2wwi’ (1 + exp [j(6. — 6;)] cos 6,) (10)

+ 4w’k exp [j(6: — 6:)] sin 6; sin 6,
where « and 6, are real numbers, and represent the magnitudes of # and
#', and a difference of pump phases at two diodes respectively as shown
in the following equations:
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10p/2
K@j pl

i (11)

i =
& = ke
Assuming the following phase relationships
6, = (2m + 1)(n/2)
6, = nrw (12)
0, = (2m + 2n + 1)(w/2),

we obtain the following special relations for the waves:

b, = (—)m+lj(11,

Il

m+1. 1 + 2w wycz ntl- lexe_jep/2
b = (—)mty L Swwk _ _2wike T
! (=" 1 — 2wiwor? v+ ()7 1 — 2wi09?
. 2w1KeLjop 2
—J 1 — 2wiwok? o

%

Qe

. 2001091 n 1 e (13)
bo* — * _ *
? 1 — 2wiwor? n 1 — 2w00%2 a* + (=) 1 — 2wiwok? a
n. 2wke 1
(=) ==

[t )~ aq.*
1 — 2wiwek? o+ (=) 1 — 2wiwek? 2

’
by *

2
+ 20.!1002)( Iy

1 — 2wiwak?

In (13) it is found that signal waves are completely matched in each
direction, and that the signal incident wave a) propagates from the
right to the left with no gain nor loss and has no interaction with the
other three waves. When both idler ports are properly terminated, the
transducer gain of this amplifier for the incident wave a; — that is,
| o1 |° — equals the square of the ratio (1 + 2wiw’)/(1 — 2wiw’). If
the surge impedance of the circulator of the reflection-type amplifier at
the signal frequeney equals the image impedance Z;, and the idler load
impedance at the idler frequency equals the image impedance Z., the
gain formula is identical to that of a single-diode reflection-type ampli-
fier, | (1 + 4wwn’)/(1 — dwwi’) |*, except for a factor of 4 in the
pumping term 2wywk’. Thus, a perfectly matched and unilateral para-
metric amplifier can be achieved by means of the phase synchronization
shown in (12).

If all frequency characteristics of 6,, 6, Z; and Z, are known, it is
possible to calculate the frequency characteristic of the amplifier from
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(9) and (10). Since this method is rather tedious, a simplified method
will be developed in the following sections.

III. EFFECTS OF REFLECTIONS, BANDWIDTH

For the sake of analytical simplicity we first assume that phase con-
stants are frequency independent and satisfy the condition given by
(12), but we introduce the frequency-dependent reflection coefficients of
the external loads. These reflection coefficients can be modified to include
the effects of frequency-dependent phase constants.

The incident and reflected idler waves are related by the idler reflection

coefficients T, and Ty as follows:
* kg 3k
ay = T by
£ 3 k *
(1,2, = le bz’ .

(14)

Substituting these relations into (13) and eliminating a,*, a)’*, b.* and
by from the equation, we obtain the following equations:

b = Sv'ay (15)
b/ = Su'as
where
Sp' = (=)""
s = (| g
(16)

1/1 1
Swiwak’ {1 -+ 5 (—ﬂ; + m)}

1 — 2w’ 1 — 2wwe’
(2(01402:{2 — %) <2w1wzxz — %) -1

+

Equation (15) shows that any reflection in the idler circuits does not
deteriorate the unilateral characteristic of the amplifier. (A change in
idler phase, 6., however, causes deterioration in the unilateral charac-
teristics of the amplifier: see Appendix.)

Next let us consider a special case in which the amplifier has sym-
metrical idler terminations, Ty = T,. Substituting this condition into
the second equation of (16), we simplify the equation as follows:
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1+ 2ok’ 1y
Sl = (o) L Zed (17)
1 ¥ 1 4+ 2wywer’
- 12 T

1 — 20)10)2!(2

The reflection coefficient T'; is expressed in terms of the image impedance
Z, and the idler load admittance Y7, as follows:

R S (18)

where
YT2 = GTz + jBrz . (19)

This admittance may include parasitic elements of the diode. Substitut-
ing (5), (11) and (18) into (17), we obtain the following relation:

Yro* 4 %wlwz I c |2 Zy

Yopo* — %&hwz l c \2 Z

This equation shows that the idler image impedance Z, does not affect
the gain. Only the idler load admittance, Y, is of primary importance
for transmission gain of the amplifier. Therefore, we can assume here-
after that the idler image impedance equals 1/Gr. in order to avoid the
reflection at the center frequency of amplification. The square root of
the power gain at the center frequency, v/ PG, is given by the following
relation:

S’ = (=)™ (17")

1 2
_\/ngEGn‘F 8w1w2[c| Z1 (20)

Gre — Forws | 4 12 A

and a half-gain bandwidth, (Af)sab, is approximately determined from
the frequencies where the susceptance component of the idler load equals
the denominator of (20), i.e.,

IBrzl = Qg — %w1w2 IC I2Z1 (21)

where the right-hand side of (21) is a slowly varying function of fre-
quency in comparison with By, .

Now let us consider effects of small reflections in the signal circuit.
We assume that both the signal source and load admittances are repre-
sented by (1/Ruy) + 7B: as shown in Fig. 2, and waves an , bat , @’ and
bay’ are normalized to Ry; instead of Z; . Expressing voltages and currents
in terms of waves as was done in (2), we obtain the following equations
from the equations of continuity of currents and voltages:
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a1 = (kb — jum)an + (L — juj)ba (22)
b = (b + jw)aor + (b + Jr)ba

“ () Ty
o = 2( 7 R01>
/R 7,

b= %Wz - R—) (23)

B —
o= 71 \/Rle .

where

Substituting (23) into (15), we obtain the following relations:

(V] )
bor = Su aor + S ol

(24)
b = 821(0)(101 + Szz(o)am'
8@ = §p® = ky — ju —Tr* 4+ Si'Se'Ty
I+ j,ul 1 — Sp/Sa'T?
Iy = g S’ (1 — [ Tu[) (25)

8" =
ki + jﬂl 1 — Si/Sa/T2

S = by — J:NI.SZII(I — |1
ky + T 1 — Si/Su'T'2

where T, is a reflection coefficient of the signal source and load normalized
to Z, , and is defined as follows

1 1
. — —\—+jB
_ I — Jur Zy <R01 tJ 1>
I = — = . (26)
ky -+ jm 1+(—1—+'B>
Zl ROI J !
Equation (25) reveals that any reflections in signal circuits cause an
‘—bm ‘—b| bl|—> bz)i“"
ag—» Ay -—aj <—apg

l A
Rot JBy  Zy| SHOWNIN |2y  jBi== Roy
l FIG. 1

Fig. 2 — Forward and reverse waves in the signal circuits.
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Fig. 3 — Normalized forward gain for various values of a%/g vs normalized
idler reflection coefficient gvs .

internal feedback and deteriorate the unilateral characteristic. To sim-
plify the analysis, we assume that T is proportional to T'; and that both
of them are small imaginary numbers, i.e., Ty = jy2, Ty = jay,, | T |* <
1, and | I, | < 1. Substituting the first equation of (16) and (17) into
(25), we obtain the following scattering matrix elements, which charac-
terize the frequency dependence of the amplifier if g > 1:

reflection:

ISn(O)l _ [322(0)|N [0‘||972l

4/{1 - 5; (972)2}2 + (g72)?

lslz(o) ‘ ~ V14 (gye)?
o 2 27)
1/{1 Yy (972)2} + (g72)?

reverse gain:

forward gain:

| 821(0) I ~ g

1/{1 - %2 (972)2}2 + (972)2'
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Fig. 4 — Reverse gain for various values of a?/g vs normalized idler reflection
coefficient gv. .

The characteristics of these elements with various values of the parame-
ter o’/g, as a function of gy, , are shown in Figs. 3, 4, and 5.

It is shown that the amplifier has a maximally flat gain characteristic
when o?/g = 1, as follows:

| 8@ | v ——=L—.
(g72)° (28)
4/ L+

A half-gain bandwidth is determined from the frequencies where the
following relation is held:

[gve | = V2.

Similarly, for the amplifier with a matched signal source and load, the
bandwidth is derived from the following equation:

[gv: | =~ 1.

Therefore, by introducing a proper mismatch in the signal source and
load and assuming that v, is proportional to a frequency change, we can
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obtain about +/2 times larger bandwidth than that of the matched
amplifier. But this enlarged bandwidth is obtainable only at the expense
of deterioration of unilateral characteristics, as shown in Fig. 4.

IV. EFFECTS OF LOSSES; NOISE FIGURE

In the previous discussions, losses in the diode have been considered a
part of the external circuits. However, in order to study the noise per-
formance of the amplifier the diode losses have to be separated from the
external circuits.

In Fig. 6, G4 and G4 represent the equivalent loss conductance of the
diodes, and they are accompanied by the noise current generators 7,q
and ¢,s’. G, and G, represent the load and signal source conductance,
respectively.

In order to eliminate feedback effect due to mismatches at the signal
ports, we assume that the signal output port is perfectly matched to its
image impedance Z; . Thus, we can eliminate any feedback effect even
if there is mismatch at the signal input port. The matching condition at
the signal output port is expressed as follows:

(GL '|‘ Gd/)Zl = 1. (29)

In order to feed the maximum power into the black box A shown in Fig. 6,
the signal source impedance has to be matched to the input impedance
of the amplifier, which includes the diode loss conductance G;. This
matching condition is expressed as follows:

o
4 -25
w
o
(9]
w
o
z
_= -s0
o
o®
[L]
9
o -75
\)
-10.0
0 0.5 1.0 1.5 20 2.5
97,

Fig. 5 — Normalized input reflection coefficient for various values of a?/g vs
normalized idler reflection coeflicient gvs .
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Fig. 6 — Noise sources of the unilateral parametric amplifier.

L5r>

G2y = 1 + GuZy. (30)

Note that the condition in (30) does not nceessarily mean that the signal
source impedance is matched to Z; .

The maximum power available into the black box A of Fig. 6 is given
by
_ Pa _ P,
 GZy 1+ GiZy’

la [ (31)
where P, is the maximum available power from signal source. The power
delivered to the load, denoted by Py, is given by the following equation:

Py = G 7, | b " (32)

Therefore, from the second equation of (13), and assuming no input
signal at the idler frequency, we obtain the following gain expression:

Po_ Gt
P. 1+aG6z 7

where ¢ is given by (20). [In (20) we assumed that the idler loads are
not necessarily matched. However, as stated there, we can assume the
matched idler loads without loss of generality.] This gain expression is
very similar to that of a single-diode reflection-type amplifier, as men-
tioned in Section II.

Assuming noise sources are thermal and the temperatures of the am-
plifier, the signal source and the load are the same, denoted by 7T°
Kelvin, noise currents and noise wave are expressed in the following
relation:

PG = (33)

Ind _ Tnd?

4G; 4G/

where k& = 1.38 X 107 joule/°Kelvin is Boltzmann’s constant and Af
is the infinitesimal bandwidth concerned.

Though we have a mismatched signal source with respect to Z,, the

difference between the noise power from a matched signal source and

that from the mismatched signal source is exactly the same as the noise

=la[ =&l =|a'|"=kTAf (34)
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power reflected at the terminal of this mismatched signal source. This
reflected noise power is originally from the perfectly matched signal out-
put network through the amplifier without gain nor loss in the reverse
direction. Therefore, the resultant incoming noise wave into the
amplifier is the same as mentioned in (34)

la; [P = ETAS. (34")
Substituting (34) and (34’) into the second equation of (13), we

obtain
lo) = ¢ {1 + ﬂ(l - %)} kT Af.
we g

Therefore, the noise output power due to | by’ |* is given by

Py = G 2" { 142 <1 - %)} I Af.
w2 g

The directly radiated noise power into the load from G/ is also the other
part of the noise output power. We obtain the following equation for
this noise output power:

Pog = GLZ1G‘1/Z1]GT Af

Therefore, we obtain the following expression for the noise figure of the
amplifier:

F = Py + Py
(PGYLT AJ 35
= (1 + GaZ) {1 4G o <1 - 1)}
g w2 g

It is shown in (35) that G4Z, and w;/w. should be smaller in order to
obtain a better noise figure. And the expression for the noise figure is
very similar to that of a single-diode amplifier. Note that (35) was ob-
tained on the assumption that the temperature of the resistive load
or isolator after the amplifier is 7° Kelvin, and the noise figure is also
normalized to 7'° Kelvin. If the load temperature is 0° Kelvin, we have
to subtract GSZ,°GLZ1/(1 + GuZ;) from the right-hand side of (35),
which comes from the noise power from the load at 7° Kelvin.

If the load or isolator temperature, 7;, is higher than T, the noise
power generated in the isolator travels toward the input side of the
amplifier, reflects back at the input diode, and is amplified. Therefore,
the higher the isolator temperature is, the smaller reflection must be
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kept at the input diode. If the isolator temperature is much higher than
the amplifier temperature, a matched condition to Z; at the input diode,
i.e.

G 7y + GaZyi~ 1 (30')

must be held in order to keep the effect of the hot isolator small. In this
case, the power gain and the noise figure normalized to 7° Kelvin are
approximately obtained in the following equations:

PG ~ G1Z.G,7%.g" (33")
Fa— L 1+G"Z‘+_<1_l>
1 — Gle w2 92 ’
(35")
T[ GLZ1

+ 1t (GZl—l-Gle—l)} it Trsn

T
The last term in parentheses represents the deterioration of noise figure
due to input mismatching.

V. OPTIMUM NOISE FIGURE OF THE AMPLIFIER WITH LOSSY DIODES

To simplify the analysis, we assume that a variable-capacitance diode
is represented by an equivalent circuit shown in Fig. 7(a). The junction
capacitance C; is the only variable element and is given by the following
equation:

C; = C; + ¢ cos wy (36)
where w, denotes the pumping angular frequency and equals w; + w;.

The characteristic quantities of the diode, w,,, wo and @ are defined as
follows: the critical angular frequency

_ 1 1 Jel
Yo T SR, C; «d,

where @ is a dynamic quality factorof the diode; the self-resonant angular
frequency

(37)

1

wp = \/E—j; (38)

and the diode @ at the resonant frequency

_ woLs
Qo = 7 (39)
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Fig. 7 — Equivalent circuits of a variable capacitance diode.

Transforming the circuit of Fig. 7(a) into the form shown in Fig. 7(b),
where c.is is an equivalent sinusoidally varying shunt capacitance, the
new circuit parameters at frequencies away from the self-resonant fre-
quency fo are given by the following relations:

TTRQCia o _ w

(&) w
1 1

Gy & R.Q¢ 0 _ w 2 (40)
wWq w

2
o

Cott R it c.

w1 o (&) wo
wWq (6] wo w2

Figs. 8 and 9 show the frequency characteristics of By and Gy re-
spectively for various values of a parameter Co/C; .
From (40), we obtain the following relation:

2

2
wie I Ceif ‘ — Wer Gled2 . (41)
4 wilve

For a high-gain amplifier, the following condition should be satisfied
from (20):

Gro = (1 + L)Gay & Fonws | Cest |2Z1 (42)
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where L, is an external idler loading factor of the amplifier.* Substituting
(41) into (42), the high-gain condition is expressed as follows:

_1_ wcr2 Gd IZ 1

S ol + I o 0 (42)
10 — /""—'/://
N ° ° 2
2 <,\°f// /% / /| /// / /
0 2 o
A Yol
os|— /| A/ EARYARyaw.
0.6 [ /'/o- l / / LY/ /
0.4 / // // // I /Al/ °/
VY~ N /s
7 W N Vival
cc—0.2 - / / o
e
:2.2& MAX. RsQoBqgq =2 g—:’ + 922 II [l/ /%//
B PSP S A7 /74
AROUND T =1, //

1.0
/1o

Fig. 8 — Frequency characteristics of an equivalent shunt susceptance of a
diode.

From (35), a noise figure expression for a high-gain amplifier is approxi-
mately given by the following equation:

F~ (14 GuZ) (1 + ﬂ) . (35”)
w2

Eliminating G4Z; from (35”) by using (42’), and differentiating (35”)
* Originally introduced by M. Uenohara.
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with respect to wy/w;, we obtain the optimum ratio of idler-to-signal
frequency for the optimum noise figure, and the optimum noise figure
for a given signal frequency f; , a diode eritical frequency f., and an idler
loading factor L.

Fopy = {1 + ::—‘ va A {1 + é; V2(l + L2>}2 (43)

(&), - I S (1)
wifos V2 F+ L)~ A2 F L)

Fig. 10 shows the numerical values of (F)op: and (we/wi)ops -

It is shown in (43) that the optimum noise figure is fairly good but
slightly higher* than that of a single-diode parametric amplifier. The
reason for the higher noise figure is attributed to the fact that, to obtain
the same amount of gain with a given ratio of reactance swing, the
quarter-wave coupled amplifier needs a lower idler frequency than that
of a single-diode reflection-type amplifier. However, for reflection-type
amplifiers it may not be possible to use the optimum idler frequency in
order to obtain a wide bandwidth, and a small difference in thermal noise

* For a single-diode parametric amplifier, the optimum noise figure and the
optimum ratio of idler-to-signal frequency are obtained in terms of a critical fre-
quency and idler loading factor, as follows:

Fop, = {4/1+<ﬂ>2<1+m+§‘~m}

Wer

~ 140, 1 ,— ¥
~ 1 ~ -
(4/ + G +Q1 \/1+L2)

G /)
w1/ opt wy 1—|—L2+

~_ O 1
1 L
V1+ 21/1+1—|:L2+\/1~+' L:
Q1 (

If Q, > 1, these equations yield

1 . 2
Fom%<1+7\/1+ L2>
O

Wy ~ (:;1
- ~Y .
w1/ opt V14 Ly
These are the same shown in (43) and (44) if @, is replaced by /2.
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Fig. 9 — Trequency characteristic of an equivalent shunt conductance of a

diode.

becomes negligible in comparison with the noise contribution from
antenna circuit losses when the amplifier is refrigerated at a very low
temperature; therefore, the disadvantage of slightly higher noise per-
formance of the unilateral amplifier seems to be not always a serious
problem in practical applications.

VI. DESIGN CONSIDERATION OF THE AMPLIFIER

In previous sections, we discussed the amplifier characteristics in
general terms. Now we have to consider what kind of diode is necessary
and what image impedance we have to choose in order to obtain a pre-
scribed gain at a preseribed impedance of the system. And also we have
to consider what characteristics the amplifier should have without pump-
ing in order to have gain with pumping. ;

From the equivalent eircuit of the diode shown in Fig. 7, the equivalent
change in shunt susceptance AB due to a static change in the junction
capacitance AC; is given as follows:

AB~ g_gj AC; = QiG> AF(’;J : (45)
If the static change in the junction eapacitance AC; equals the amplitude
of sinusoidal variation, |c¢|, (45) yields the resultant change in the
equivalent susceptance as follows:

AB = 2(we/w)Gy . (46)
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Multiplying (46) by Z; and substituting it into (42’), we obtain the
following equation:

ZAB, & 4 :i (1 + L). (47)
It is seen in (47) that in order to obtain a high-gain amplifier, when the
diode bias is varied over the entire range for making a passive test of the
amplifier, the susceptance change normalized by the image impedance
Zy at the signal frequency should be twice as much as the amount given
in the right-hand side of (47). Also, the amplifier network should be a
piece of matched transmission line if it is not pumped, and the two diodes
in the amplifier should have the opposite direction of change in suscept-
ance at the signal frequency when the bias voltage is changed in the
same direction. If we have external idler ports for loading the amplifier,
the two diodes should have the same direction of change in susceptance
at the idler frequency. In Fig. 11 are shown required amounts of suscept-
ance, which are twice the amount shown in (47), to fulfill the condition
of unilateral amplification, as functions of idler to eritical frequency ratio
for various idler loading factors.
The bandwidth problem of this amplifier is not so straightforward as
the noise figure problem. As mentioned in (21) of Section III, the ap-

(wa/wy)ort
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Fig. 10 — Optimum noise figure of the unilateral parametric amplifier.
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Fig. 11 — Required susceptance change at the signal frequency for high-gain
amplification.

proximate bandwidth is determined by the idler circuit that can be im-
proved by a multiple-tuning technique. However, in order to utilize a
broadband idler circuit, the signal network should have a broad enough
bandwidth to prevent any oscillations. The reason for this is as follows:
in order to obtain a unilateral amplification a larger capacitance swing
is needed than for a reflection-type amplification. Thus, wherever im-
pedance conditions outside the signal frequency band become favorable
for ordinary reflection-type amplification, the amplifier tends to change
its mode of operation and breaks into oscillation. For this reason, not
only must the image impedance of the network at the signal frequency be
flat, but the phase constant also must be less frequency-sensitive in the
frequencies where the amplifier has a gain. [IFor a closer investigation of
the stability problem, we have to study (9).]
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If both signal and idler frequencies are far from the self-resonant fre-
quency of the diode, an unloaded @ of the diode at a given angular fre-
quency w, which is approximately given by

w 6Bd
wd R s —— 48
Qua 50, 9 (48)
is an important factor in determining the bandwidth of the amplifier.

This factor is expressed by the following equation:

Qum%’{%Jr"ﬁJrg—‘”i(i—ﬂ)}. (48")

w Ciwp \wo @

Fig. 12 shows the frequency dependence of Q.q for various values of
Co/C;. In Fig. 12, it is shown that the idler frequency should be clese
to the self-resonant frequency in order to obtain a large bandwidth. If
the idler circuit is a single-tuned eircuit with a loaded Q of @ .., the gain-
bandwidth product is roughly given by

_A;f> PG ~ * 2
(fl w VPG5 oo (49)

6.1 Numerical example

Suppose the signal and idler frequencies and diode parameters are
given as follows:

i& 7

NS R /- /’, A

IR IR\ N 5 ;/%s/ o/

SI\NNEE I/,

| AN\ // y
N\

0 0.2 0.4 06 08 10 5 2 3 4 6 10 00
/1o

~NN
~

V=g

<
e
C°C
Ry
\

Fig. 12 — Frequency characteristic of a normalized unloaded @ of a diode.
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From (38),

fi=4ge
fo=8¢ge
C; = 0.65 pf
L, = 0.6 nh
Co = 0.15 pf
fer = 30 ge
lel _
Tj = 0.5.

1

fO = or \/Es_a, = 8.07 gce.

Therefore f, is very close to f, .

From (37),
30 gc = 2%—;-6—]1-1?-8 ](Zl
s Ry = 2.05 ohms.
From (39),
Qo = 14.8.
From the values of Cpand C;,
Co/C; = 0.231.
From the values of fi, fo and fo,
fi/fo = 0.496
fo/fo = 0.992

Fo/fo = (fi + f2)/fo = 1.488.

From Figs. 8 and 9,

RsQoBdl = 0.80 S Bdl = 26.3 m mhos
R.QoBsy, = —0.85 . By = —28.0 m mhos
RQyGsn = 046 .. G4 = 1.02 m mhos

R.Q’Gs = 144 . Ggp = 3.20 m mhos,
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where the subscript p denotes a quantity for the pumping frequency.
From (46),

AB; = 15.3 m mhos.
Assuming L, = 0, the right-hand side of (47) yields
4(wy/wer) = 1.07,

Therefore, in order to have a good gain, the following condition should
be held

ZiAB; > 1.07
. Zy > 70 ohms.

Suppose we use 80 ohms for Z, , which satisfies the above condition. The
expected noise figure at room temperature is obtained from (35”) as
follows:

F =1081 X 149 = 1.61 = 2.1 db.

If the amplifier and isolator are both refrigerated at 78° Kelvin, the
noise temperature defined by

T, = (F — 1) X 290°K
becomes
T, = 48°K

If the amplifier is further refrigerated at 42°K, the amplifier noise tem-
perature is

T, = 2.6°K.
If the input mismatching VSWR normalized to Z; is 1.2, the noise
temperature of the amplifier increases by 1° Kelvin even with the
isolator refrigerated at 78° Kelvin [ef. (357)].

When we use a single-tuned idler circuit without external loading,
Q12 = Qo , the percentage gain bandwidth product obtained from (49) is

(Af/f)san /PG =~ 27 per cent.
If we choose 16 db gain, the bandwidth is calculated as
(Af/f1)san = 4 per cent  or (Af)zapr X 160 me.

With a double-tuning technique, the bandwidth may be improved up
to 300 me.
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VII. CONCLUSION

Performance characteristics of a unilateral parametric amplifier with
two diodes separated by a quarter wavelength at the signal frequency
have been theoretically investigated on the basis of a scattering matrix
representation. It is shown that a broadband signal circuit is essential
in order to obtain a unilateral gain; otherwise, the amplifier may easily
oscillate. The reason for this is that a unilateral amplifier requires a
larger capacitance swing than an ordinary bilateral amplifier. It is shown
that it is possible in principle to obtain any amount of low noise ampli-
fication without adjusting an input and output matching network of
this amplifier, though the optimum noise figure is slightly higher than
that of an ordinary reflection-type amplifier. This higher optimum noise
figure does not always present a serious problem for practical applica-
tions, because the idler frequency is often determined by other factors
such as broadbanding or pump availability. The bandwidth is primarily
determined by the idler circuit. Broadbanding by introducing a mismateh
in the signal circuit is not practical because it deteriorates the unilateral
characteristic. A numerical example is given to show the potentiality of
building an amplifier at 4 ge which has a 2.1 db noise figure and more
than 300 me bandwidth at 16 db gain. Since this amplifier does not have
substantial reverse loss, it usually requires an isolator at its output port.
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APPENDIX

Substituting the following relations

6, = (2m + 1) 721 + &

02 = nw + 62 (50)
6, = (2m + 2n + l)g—l—ﬁp

into (10), and assuming &’s are small quantities, each coefficient of the
scattering matrix is modified as follows:
A=1— 2wk — ]'2w1w2K2(2w1w2x262 + 45,) (51)

SicA = Sap- A = 720wk’ (81 + 2eyw0k’82 + 85)
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S]Q'A = (__)m+1]-[1 - 2(})10)2!{2 o ]{51(1 - 20)1602}{2)
+ 2601602!(2(52 + 51,)}]
S-zl‘A = (—“)m+lj[1 + 26010)2!(2 - j{ﬁ](l + 26010)2'{2)

— 200 (02 — 8,)}]

Sz A = — (wi/w)Se-A = — wixexp (70,0/2)

{81 4+ 8o(dwrwak’ — 1) + &}
SurA = — (/) S A = (—)"wik exp (J0p0/2) (61 + & + &,) (52)
ete., where

B0 = (2m + 2n 4+ 1)(w/2).

Equation (52) shows that the unilateral characteristic is deteriorated
by the imperfect phase synchronization. And the amount of coupling
between the signal wave in the reverse direction and the other three
waves Is determined by & + 8, + 8, for a high-gain amplification where
2wiwok” &% 1. An imperfect pump synchronization represented by é, shifts
the center of the amplification band as shown in (51). It is also shown in
(51) that the bandwidth is affected mostly by a frequency-dependent
idler phase constant if x is kept constant.
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B.S.T.J. BRIEF'S

The Use of Wollaston Prisms for a
High-Capacity Digital Light Deflector

By W. J. TABOR
Manuseript received March 23, 1964

A digital light deflector was recently proposed by T. J. Nelson! in
which n optical modulators and n uniaxial erystals were used to provide
2* positions of the beam. Each uniaxial crystal was used to deflect a
beam of light into either of two beams, with the light at the output
remaining parallel to the input but displaced by an amount proportional
to the thickness of the crystal. For a large number of positions it was
found that a lens had to be employed in order to focus the beam into a
small spot. The use of the lens requires that converging or diverging
light must pass through the uniaxial crystal. In this brief we point out
that this converging beam, when passing through the crystal as an
extraordinary ray, is subjected to an index of refraction which varies
rapidly with angle. The digital light deflector using this type of deflection
therefore has appreciable image distortion, and the limiting spot densities
that can be achieved are less than would be predicted if only diffraction
were important.

A system which has less image distortion than the above can be con-
structed by using Wollaston prisms? (similarly Rochon or Senarmont
prisms) and parallel light. (See Fig. 1.) Only the first two prisms are
shown in Fig. 1. A Wollaston prism has the property that a collimated
beam incident to its first face will be deviated, depending on its polariza-
tion, into either of two collimated beams. In this case the output beams
will have an angular separation, whereas in the Nelson proposal the
two output beams were laterally displaced without a change in angle.
In general, n prisms will be used to provide 2» resolvable angles, and
these angles can be displayed as 2" focused spots of light by means of
a lens. This system has several advantages: (1) the parallel bundles of
light contain only the angular variation implied by diffraction theory,
which can be made small; (2) the light rays are always either nearly
parallel or perpendicular to the optic axis where the index varies only
slowly with angle and (3) the Wollaston prism contains much less mate-
rial than the equivalent blocks of uniaxial crystal.
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Fig. 1 — Use of Wollaston prisms in a digital light deflector.

One disadvantage of the Wollaston prism is that the deviation angle is
not constant as the incident angle of the parallel bundle of light is varied
from the perpendicular direction. This may necessitate placing the Wol-
laston with the smallest deviation first, the next largest second, etc. With
this arrangement no Wollaston prism will have an incident angle differing
from the perpendicular direction by amounts as large as the deviation
angle of that prism. In this way the problem of the varying deviation
angle should be minimized.
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