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Using the assumptions in 4.3, we write in the SANOR system 

X = cpI3k 

where 

cp = the satellite spin rate. 

From this, it follows that (see Fig. 10) 

where 

(143) 

(144) 

w = angular velocity of the SANOR system referenced to IS co­
ordinates. 

We may express w in the SANOR system as (see Fig. 10) 

(145) 

or 

w = Oi + ~ sin OJ + ~ cos Ok (146) 

where 
W x , Wy , W z angular velocity about the a, y, and z axes respectively. 

COlnbining (142), (144), and (146), after performing the indicated 
operations 

Expressing (146) as x, y, and z torques in the SANOR system, 

T x = I 3CP~ sin 0 

(146) 

(147) 

(148) 

(149) 

Quite obviously it is the x and y torques which produce precession. 
These torques, by the assumptions of Section IV, are the sums of the 
x and y components of the gravity and magnetic torques expressed by 
(43) and (141). Tz is zero as a result of assuming zero magnetic moment 
transverse to the spin axis and mass symmetry about that axis. We 
note that a nonzero Tz implies a change in the spin rate. For the Telstar 
I and II satellites this takes place principally because of induced eddy 
currents which produce transverse moments. * 

* The general equations of motion referred to the center of mass for a rigid 
body spinnlng about the z axis, and symmetrical about this axis, are 
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4.8 Alternate Inertial Coordinate System 

Clearly, (143) is valid only if the angular momentum vector, X, 
coincides with the satellite spin axis k. We note in (147), which 
was derived from (143), that the above assumption will be approxi­
mated only if tf sin () is small as compared to <p. Otherwise the direction 
of X shall certainly be influenced by that term as well as <p. We note 
too that a valid condition within the bounds of the assumption is for 
tf sin () to be small even with large tf provided only that () itself be ap­
propriately small. That is, solutions to the equation of motion exist 
for large tf, and those will occur only for small () because of (143). * 
But if () be near 0° or 180°, a singularity exists in (147), for tf, as a 
result, approaches infinity. An exit from this dilemma may be secured 
simply by transforming to a new reference set of inertial coordinates in 
place of the IS system whenever () becomes small. Naturally, the new 
set should be chosen so that the equivalent () then existing will be 
large. This is accomplished by redefining IS so that 

X 2 corresponds to Y 

Y2 corresponds to Z 

Z2 corresponds to X 

as shown in Fig. 15. Let us call this new inertial frame the IS2 system. 
Transformation equations to relate IS to IS2 are quite simple and 

are given below: 

T x = 1 jj + (13 - I)j.2 sin 8 cos () + 13Cpj; sin 8 

Ty = 1;;' sin 8 + (21 - 13)fO cos 8 - 13CpO 

Tz = 1 3 (;;' cos () - cPO sin () + ~). 

(150) 

(151) 

For cases where cP dominates, Of sin 8, and J; cos (), these torques reduce to 
those given by (147), (148) and (149). We note principally that a change in spin 
rate reflects a Tx processional torque, from the above equations, but this is 
generally small and is neglected in this paper. For Telstar I, this torque compo­
nent is estimated at least two orders of magnitude below the magnetic torques 
considered herein. (See also Ref. 17.) 

* This is the case for precession through or near the north or south celestial 
pole, where even small changes in attitude, or (), can produce large changes in 1/;. 
The situation is quite analogous to an azimuth-elevation antenna tracking a 
satellite that passes through or near the zenith, where the azimuth rates become 
extremely high even for small changes in satellite position. 
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where 

and 

'",----------- tf; ------/ 

Fig. 15 - Euler rotations in the alpha-gamma system. 

Q 
010 
001 
100 

001 
Q = 1 0 0 

010 

(152) 

(153) 

Relationships between the other coordinate systems and the 1S2 system 
may be obtained using equations of Section 4.4 and applying the Q 
matrix as appropriate, except that in the expanded matrices 

where 

ex corresponds to 1f; 

'Y corresponds to (j 

ex = The Euler angle measured from X 2 to the intersection of the xy 

and X 2Y2 plane, which defines a new x axis called the X2 axis in 
a SANOR 2 system. (See Fig. 15.) 
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'Y = The Euler angle measured from Z2 to k in a plane perpendicular 
to the X2 axis. (Rotation is about the X2 axis.) 

Quite obviously, the steps leading to the mean gravity and mean 
magnetic torques may be retraced using the Q matrix and the new 
a,'Y Euler angles. This would lead to torque expressions as functions 
of these desired angles. The same result may be obtained by transforming 
the final torques expressed in the tf;-O system to expressions in the a-'Y 

system by using explicit relationships between these two systen1s. vVe 
shall choose this later route and the needed relationships will now be 
derived. 

We note in Fig. 15 that the k (satellite spin) vector remains in the 
same spatial position whether expressed in the 18 or 182 system. It 
seems reasonable then to proceed to relate a-'Y to tf;-O by observing the 
projections of the k vector on the XY and X 2Y2 planes, respectively. 

Referring to Fig. 16, we see that 

tan a = 
- sin 0 cos tf; 

-cos 0 

cos 'Y = sin 0 sin tf; 

sin'Y = (1 - sin2 0 sill tf;)!. 

k SIN B SIN '~\ k SIN Y SIN a 
't'~ '1/\A-------

cP// \ 
'f-/ \ 

K Y \ 
10 \ 
1 \ 
1 \ 

'::tl' \ 
If) 1 \ 
01 \ 

If) 

o 
v 
;-.. 
z 
(j) VI \ 

~I \ L 
1 \Q 
I k SIN 0 COS lJ1- \ 

------r------L:T---~-::~~------X2 OR Y 
I / l/J ___ --, / ----

k COS Y I", // -------8 
1 ~ __ -----'" s\~ 
l?~-- \' 

Fig. 16 - Theta-psi and alpha-gamma geometric relationships. 

(157) 

(158) 

(159) 
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Quite obviously, inverse relationships may be developed. These are 

tan 1f; = cos 'Y (160) 
-sin a sin 'Y 

cos e = -cos a sin 'Y (161) 

sin e = ( 2. 2 ) 1. 1 - cos a sm 'Y 2. (162) 

4. 9 11;[ ean Gravity and lk[ agnetic Torques - Alternate Euler Rotations 

Using (157) through (159) it can be shown that the mean gravity 
torque expressed in the a-'Y system is 

( ) 
67l"2 t11 ~ (. .. 

T G mean = Tr?(l _ e2)t i -sm Q sm ~ cos 'Y 

+ cos Q sin i sin a sin 'Y + cos i cos a sin 'Y) } 

[i2 (sin Q sin i sin 'Y + cos Q sin i sin a cos 'Y 

+ cos i cos a cos 'Y) + j2(COS Q sin i cos a 

- cos i sin a)] . 

Likewise, the mean magnetic torque can be expressed as 

(T m) mean = 7l"ml cos f3[b{-2 cos a cos 'Y + 3 sin i(sin i cos a cos 'Y 

- sin Q cos i sin 'Y - cos Q cos i sin a cos 'Y) } 

+ h 12 sin a - 3 sin i (sin i sin a 

+ cos Q cos i cos a) } ] 

where 

+ ml sin f3[b{-A sin 'Y 

- B sin a cOS'Y + 3G1(sin Q sin a cos 'Y 

cos Q sin 'Y) + 3G2 ( -sin i cos a cos 'Y 

+ sin Q cos i sin 'Y + cos Q cos i sin a sin 'Y) } 

+ h ~ - B cos a + 3G1 sin Q cos a 

+ 3G2(sin i sin a + cos i cos Q cos a) ~ ] 

(163) 

(164) 

G1 = El sin Q + E3 cos Q 'cos i - C1 cos Q + C3 sin Q cos i (165) 

G2 = E2 cos Q cos i + E3 sin Q + C2 sin Q cos i - C3 cos Q. (166) 

All other terms have meanings described previously. 
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V. EXPEHIMENTAL HESULTS - GENERAL 

Using the methods described herein, the attitudes of the Telstar I 
and II satellites have been predicted, determined, and these two results 
compared. In the case of the Telstar I satellite, the maximum angular 
deviation between predicted and determined attitude is 0.90° with the 
special-case exception of pass 2154, which is covered in detail later. * 
The average angular deviation is 0.38°. The predicted attitude of the 
Telstar II satellite deviates from that determined by optical flashes and 
solar sensors by a maximum of 0.5° and an average of 0.09°. These 
results are tabulated in Tables II and III. Here the deviation in right 
ascension and declination is displayed by subtracting the predicted 
values from the determined values. The angular deviation between pre­
dicted and determined attitude is also given as the celestial great circle 
arc G. When this value is followed by N, this indicates that no attitude 
fix has been determined by loci intersections (see Section II), and so 
the shortest arc distance between the corresponding attitude locus and 
the prediction is quoted. The T preceding an attitude determination indi­
cates the selection of that point as a target toward which a magnetic 
moment program embodying the above analysis attempts to converge. 

5.1 Experimental Results - The Tclstar I Satcllitc 

The Telstar I satellite entered orbit on July 10, 1962. Its attitude, 
calculated by combining nominal third-stage burnout parameters and 
stage 1 and 2 telemetry data, is given in Table I. Between launch and 
pass 16, there were a number of instances when the orientation coil was 
inadvertently energized by misinterpreted command signals sent to the 
satellite at extreme ranges and/or low elevations. This orientation coil 
(often referred to as a "torque coil") is located in the equatorial plane 
of the Telstar satellite just under the outer skin. Its purpose is to enable 
attitude adjustments by the production of a magnetic moment whenever 
current is sent through the coil. A fixed amount of current may be caused 
to flow in either direction through the coil so as to produce a magnetic 
moment, in addition to the residual moment, of ± 7.8540 microweber­
meters. Fig. 17 diagrams the sense of the magnetic vectors which are 
called positive, indicates the resulting north and south magnetic poles 
of the satellite, and shows the corresponding positive direction of the 
current flow in the orientation coil. The relative magnetic directions and 
current flow are in accord with established standards. 

* There are apparent exceptions on passes 16, 72 and 1657, but these relate to 
antenna pattern techniques (see Section 5.1) which have an expected accuracy 
of±1°to±2°. 
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TABLE II-TELSTAR I SATELLITE-AT'l'ITUDE COMPAIUSON 

Attitude Deter- \Type 
mination Data 

Pass Number for 
De-

RA DEC term. 

-- -

Burnout 
16 84.2 -65.8 SM 
16 83.0 -66.0 A 
72 
72 86.0 -67 A 
135-136 91. 7 -66.0 M 
199 single locus M 
271 100 1-65 A 
272 single locus M 
272 1 1-19.84 

S 
472 
931 T100.5 M 

j 
1051 TIe IT 1069 

1114 
1430 
1567 T96.2 -64.2 M 

1657 99.2 -67.0 A 

1695 
1909 
2154-55 T104.0 -53.5 M 
2200 TIe lor 

1 
2264 
2464 
2482 
2509 
2582-83 105.2 -40.2 M 
3340, 41, 42 106.3 -43.7 M 
3476-7 112.30 -46.32 M 
3495 
3476-7 T112.30 -46.32 M 

M = Mirror flash data. 
A = Antenna pattern data. 
S = Solar sensor data. 

t Connects 3340 to 3476. 

Attitude Prediction Deviation 
(Det. - Predict.) MAG 

MOM 
(MWM) 

RA DEC RA DEC G 

-- -------

83.7 -66.8 
84.2 -65.18 0 0 0 -0.86328 
84.2 -65.18 -1.2 -0.82 1.4 
87.78 -66.27 0.5N 

-1.3 -0.73 1.2 
92.19 -66.36 -.49 0.36 0.6 
96.49 -65.95 0.4N 

100.80 -64.92 -0.8 -0.8 0.5 
100.90 -64.90 0.6N 
100.90 -64.90 0.2N 
107.50 -59.80 0.2N 
100.74 -49.93 -0.24 0.09 0.18 

-0.8G328 
97.25 -50.21 0.9N +6.9907 

-0.86328 
98.42 -49.70 0.6N -8.7173 

95.92 -51.01 O.lN -0.71103 
92.62 -59.55 O.lN 1 96.71 -64.21 -0.51 -0.01 0.33 

-0.71103 
102.81 -66.64 -3.61 0.36 1.7 7.14297 

-0.59101 
78.58 -57.01 
90.59 -59.71 0.7N 

104.71 -54.81 -0.71 -1.3 1.5 
106.03 -53.28 O.lN 
107.20 -50.74 0.4N 
107.09 -43.65 0 N 
106.88 -43.04 0 N 
106.57 -42.33 0 N 
105.44 -40.53 -0.24 0.38 0.4 
103.68 -61.54 -2.62 17.8 18.0 
120.21 -66.21 7.91 19.9 22.0 
123.16 -66.41 
112.30 -46.32t 0 0 0 -0.40945 

Data relating to the inadvertent uses of the orientation coil are insuffi­
cient to reconstruct the detailed precessional motion of Telstar I from 
launch to pass 16. Cn pass 16, however, an attitude determination was 
made by reducing optical and solar sensor data. This along with an 
attitude fix on pass 135-136 made from mirror flash data indicated a 
magnetic moment of about - 0.7 microweber-meter. This was later 
refined to - 0.86328 microweber-meter by causing the magnetic moment 
program to connect, by the precessional theory herein described, the 
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TABLE III-TELSTAR II SATELLITE-ATTITUDE COMPARISON 

Attitude Determin- Attitude Deviation 
ation Type Prediction (Det.-Predict.) MAG 

Pass Number MOM Data (MWM) 
RA DEC RA DEC ARA ADEL G 

--- - ------------

Burnout 82.23 -57.31 
62, 63, 63 87.75 -55.08 M 87.75 -55.08 0 0 0 -0.48375 

100 88.55 -55.05 0 0 0 -0.48375 
132, 133, 133 88.75 -55.34 M 89.23 -54.97 -0.48 -0.37 -0.5 

281 92.17 -54.10 ON 
293, 293 92.3 -54.05 M 92.38 -53.99 -0.08 -O.OG 0.1 
324,25 92.40 -53.71 M 92.90 -53.71 0 0 0 

331 93.01 -53.66 0.08N 

490 94.95 -51.81 
49G T95.00 -51.73 M 95.00 -51. 73 ON 
541 95.34 -51.10 ON 
573 95.49 -50.74 ON 
611 95.63 -50.20 O.13N 
643 95.71 -49.80 O.WN 

M Mirror flash data. 
S Solar sensor data. 

attitude on pass 16 to a point on the pass 931 attitude locus. The con­
vergence is within 0.18°, as shown in Table II. Using this latter magnetic 
moment, the precessional motion from passes 16 to 10,51 was established. 
This precessional history is given in Fig. 18, where both the predicted 
curve and the attitude loci data are displayed. 

When an optical flash series is recorded at the Holmdel Laboratories, 
the midpoint of that series can be determined with a time accuracy of less 
than ±20 seconds when using visual observation through the on-site 
telescopes and within ±10 seconds photoelectrically. The early data 
recorded on the Telstar I satellite did not indicate the expected accuracy 
at the midpoints, so in Fig. 18 only central loci are plotted. We must 
therefore think of these loci as having possible tolerances up to ± 10 
seconds, since photoelectric data were reduced. A tolerance of ±10 
seconds can cause the maximum locus limit to be displaced as much as 
±0.7° on either side of the plotted central loci. Considering this, the pre­
dicted attitude curve passes through every loci and every loci intersec­
tion on Fig. 18 with the single exception of pass 1051. The prediction 
curve would miss the lower limit of this locus by 0.3°. 

Extended attitude predictions were made on October 1, 1962 (around 
pass 800) and covered the period through January 22 (pass 1800). 
These indicated that attitude adjustments should be initiated during 
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January, 1963. This was needed to prevent the solar offset from exceed­
ing about 15 0 as required (see Section I). In order to check the attitude 
correction procedures, a test maneuver was initiated on pass 105l. It 
began by turning on the orientation coil, so as to produce a magnetic 
moment of +7.8540 microweber-meters to oppose the -0.86328 residual 
moment and yield a resultant of +6.9907 microweber-meters. This was 
continued through pass 1058, whereupon the coil was turned off until 
pass 1069. On 1069 the coil was turned on in the opposite sense so as to 
produce a moment of -7.8540 microweber-meters, giving the satellite 
a net moment of -8.7173 microweber-meters. On pass 1075, the coil 
was turned off. All told, the coil was positive for about 18 hours and 
negative for about 16 hours, a fact which approximately nullified the 

MAGNETIC POLE FOR 
+MAGNETIC MOMENT 

N 

S 
MAGNETIC POLE FOR 
+MAGNETIC MOMENT 

MAIN 
",_ TELEMETRY 

/' ANTENNA 

Fig. 17 - Direction of positive magnetic moments for Telstar satellites. 
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Fig. 18 - Telstar I precessional history - passes 16 through 1051. 

precessional effect of the coil as intended for this test. Details of this 
maneuver are shown in Fig. 19. 

Table II summarizes the agreement of loci to prediction during this 
period. Giving loci of unknown tolerances a ±O.7° spread and using the 
known tolerance for pass 1114, the residuals shown in Table IV are 
produced. 

The magnetic moment program connected the attitude on pass 1075 
to that determined by mirror data on pass 1567 within 0.23°. In so 
doing, it calculated a residual magnetic moment of - 0.71103 micro­
weber-meter for that era. Using this calculated moment, predictions are 
extended to pass 1657 where, on January 7, 1963, the main orientation 
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Fig. 19 - Details of the trial torqueing maneuver. 

TABLE IV - TELSTAR I SATELLITE - TEST MANEUVER 

Pass Number 

1051 
1069 
1114 

Deviation of Prediction from Optical Locus 
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maneuver began. The region from pass 1075 to 1657 is shown in Fig. 20 
along with the attitude loci. Predictions fit the determinations through­
out within about 0.2°. 

In addition to using mirror flash and solar sensor data to determine 
attitude, W. C. Jakes, Jr. and group at the Holmdel Laboratories 
deduced the attitude for a number of passes in this period by analyzing 
antenna pattern data.18 Some of these determinations are included in 
Table II. Since their expected accuracy is ±1°, these data also serve 
to corroborate the predicted attitude. 

The orientation coil was energized for the major attitude maneuver 
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Fig. 20 - Telstar I precessional history - passes 1075 to 1657. 
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beginning on pass 1657, January 7, 1963, and ending on pass 1695, 
January 11, 1963. During this time the residual magnetic moment of 
-0.71103 microweber-meter had superimposed upon it a 7.8540 micro­
weber-meter moment as a result of the coil. The attitude of the Telstar 
I satellite was changed by over 20° during this maneuver. The attitude 
and curve for this period are given in Fig. 21. The slight ripples in these 
curves are due to the inclination of the earth's dipole. Because of the 
small scale of this plot, these ripples are more noticeable than in the 
previous graphs. 

At this point, we might well insert a brief discussion of the planning 
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behind this attitude maneuver and why pass 1657 was chosen for its 
commencement. First of all, it can be shown that for any angular offset 
in the spin axis from a fixed, desired orientation there exists, for each 
instant in time, a determinable polarity of voltage for the equatorial 
coil which will tend to decrease the offset. To utilize this principle fully 
would require turning on the orientation coil on many occasions when 
the Telstar I satellite entered the Andover skies. While such a procedure 
would tend to decrease the angular offset generally in the most direct 
fashion, there are occasions in the lifetime of the Telstar satellite when 
leaving the coil on for a number of revolutions will produce faster cor­
rections than pulsing the coil continually at Andover. This is because the 
instantaneous torque produced by the continuous magnetic moment of 
the coil in the earth's magnetic field varies during an orbital period in 
such a way that, in general, the average value exceeds the torque obtain­
able by energizing the coil only in the Andover skies. The optimum pro­
cedure then is for a period of continuous operation and this was under­
taken. Fig. 22 shows the results of turning on the coil for steady torqueing 
at various dates. The heavy spiral shows the predicted position of the 
spin axis in right ascension and declination if the coil is never energized 
(the trial maneuver is omitted here for simplicity). The diverging curves 
indicate the motion due to the torqueing coil. Examination of Fig. 22 
shows rapid precession us a result of the torque coil field, so that no mode 
of continuous coil operation will long permit the spin axis to point close 
to the south ecliptic pole. The solar offset also must ultimately increase 
with the enlarging ecliptic angle. It therefore follows that if a simplified 
mode of coil operation exists, it must begin with a relatively short period 
of coil operation. 

Two factors concerning the precessional motions are noted in Fig. 
22. They are: 

(i) All precessional motions involving the orientation coil lie outside 
the spiral of residual precession for many orbits, because the net mag­
netic moment existing when the coil is actuated exceeds the residual 
magnetic moment. 

(ii) Torque coil precession for both positive and negative coil polarity 
begins incrementally at the spiral in opposite directions. 

We see that the torque coil should be used sparingly, because of the 
relatively rapid motion it produces. The problem that remains is to 
determine the times to turn on and turn off this coil and also to investi­
gate whether or not future coil use is required. Because the spin rate of 
the satellite is decreasing, equal magnitudes of satellite magnetic mo­
ments will cause greater and greater precessional motion as time passes. 
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Fig. 22 - Telstar I predicted attitude showing steady torqueing. 

It is to be expected that after the coil is actuated and then turned oft" 
a spiral of larger excursion than that occurring for passes 16 through 1655 
will result strictly because of the lower spin rate existing at the later 
time. There is no way to avoid this except by repeated coil pulsing. 

To avoid, or at least minimize, repeated coil usage, the procedure is 
to try to keep the maximum ecliptic angle as small as possible. If this 
value is expected to exceed the allowable solar oft"set, it is advantageous 
to time the operation so that the maximum ecliptic angle will occur at 
the time of minimum solar oft"set. This criterion governs both the selec­
tion of the day for coil turn-on as well as the duration of the attitude 
maneuver. As may be guessed from Fig. 22 and from the precessional 
motion factors stated above, only short torqueing operations during the 
month of January would result in the next precessional spiral (after coil 
turn-oft") returning anywhere near the initial spiral shown in Fig. 22. 
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To cause the maximum ecliptic angle and the minimum solar offset to 
occur together, orientation coil use had to begin in the period from 
.January 1 to .January 7, 1963. As shown above, the maneuver which 
did begin on .January 7 placed the attitude at right ascension 78.6° and 
declination at 57.0° by pass 1695. 

The magnetic moment program, in connecting pass 1695 attitude to 
that determined by mirror data on passes 2154 and 2155, determined a 
residual magnetic moment of -0.59101 microweber-meter. This differs 
by about 0.1 microweber-meter from the residual moment going into the 
torqueing maneuver, but appears to be borne out by the closeness of 
fit to the mirror data from pass 1695 through pass 2583 (see Table II). * 
Fig. 23 plots this trajectory along with the mirror loci. The fit of attitude 
predictions to determinations is very good from passes 1695 through 
2583 (see Table II). The largest deviation of 1.5° on passes 2154-2155 
may be somewhat misleading. Referring to Fig. 23, we see that the 
predicted attitude on pass 2154 is easily within 0.1 ° of the 2154 locus. 
The interaction of the 2154 and 2155 loci however, produces a common 
area, or attitude box, 1.5° from the pass 2154 prediction. This box is 
produced by a somewhat grazing intersection of the loci, and its location 
is therefore affected by the precession which took place between these 
two passes. Antedating the 2155 locus to account for this would place 
the attitude box within 0.05° of the 2154 and 2155 prediction, so this 
fit is quite valid. 

We are not in so comfortable a position for passes 3340 and there­
after. Attitude boxes for 3340-1 and 3476-7 are shown as dashed lines 
on Fig. 23. They are about 20° from the corresponding predicted atti­
tudes, and the reason for this discrepancy is at present unknown. We 
note that the Telstar I satellite ceased its transmission on pass 2065 
(February 20, 1963) because of radiation damage, but that the attitude 
remained predictable at least through pass 2583. The region from pass 
2,'583 to 3340 is devoid of attitude data because no telemetry could be 
received to report solar aspect and no mirror flashes were recorded. This 
was due to the increased activity on Telstar II, a certain proportion of 
Telstar I passes occurring in daylight hours, and prevailing weather 
conditions at Holmdel. 

Interestingly enough, it is noted that the attitude determinations on 
passes 3340-1 and 3476-7 can be connected by the magnetic moment 
program even though they cannot be sensibly joined to the preceding 

* It is possible that coil usage can alter the residual moment of the satellite, 
which was made small in the first place by appropriately balancing much larger 
magnetic fields.1 9 
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Fig_ 23 - Telstar I precessional history - passes 1695 to 3500. 

120. 

data. Fig. 24 shows this union. The magnetic moment of -0.59101 
microweber-meter used in these last three plots cannot be considered too 
reliable, since it is one of a number which can connect the two attitude 
boxes shown in Fig. 24. However, it is the same as previously used in the 
1695 to 2583 region and may tend to be valid because of this. In any 
event, more attitude data are required to resolve this issue. 

As to what may have caused the anomalous behavior of Telstar I 
somewhere between pass 2583 and 3440, we offer the following, taken 
singularly or in combination, as possibilities: 

(i) the orientation coil has been energized during this period (from 
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Fig. 24 - Telstar I precessional history and prediction - passes 3340 to 5000. 

the present precessional motion, it appears to have been turned off 
between 3340 and 3477) ; 

(ii) the residual magnetic moment has changed a multiplicity of 

times; 
(iii) meteoric collision has taken place; 
(iv) pressure leakage from instrument canister has occurred m a 

manner to alter the attitude by reaction forces. 

5.2 Experimental Results - The Telstar II Satellite 

The Telstar II satellite entered orbit on IVlay 7, 1963. Its initial 
attitude calculated from the third-stage burnout parameters is shown 
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in Table III. The predicted burnout attitude proved inaccurate because 
the third stage of the Thor-Delta vehicle did not perform nominally. 
This is evidenced by the fact that the orbital period calculated from 
such assumed nominal performance differed from the actual period by 
as much as four minutes. 

The first attitude fix of the Telstar II satellite occurred on passes 62 
and 63, when a total of three flash series were observed. Connecting 
this determination to that of pass 496 requires a residual magnetic 
moment of -0.48375 microweber-meter. The fit through pass 643 is 
given in Table III, and some typical attitude loci are plotted along with 
the attitude prediction in Fig. 25. Corresponding ecliptic angle, solar 
aspect, X and Y torques appear in Figs. 26 through 29. 

-46. 
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88. 
*2140. 

90. 94. 91". 98. 100. 102. 104. 106. 108. 110.. 112. 114. 

SPIN AXIS RIOtiT ASCENSICN IN DEGREES 
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Mo\G/'.ETIC ..... "MENT=- •• 8375 M-IoI-M, OTl301NITlAL ATT F'M FLASHES PASS 62,63 

Fig. 25 - Telstar II precessional history and prediction - passes 62 to 3000. (See foot­
note, p. 1713.) 
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Fig_ 26 - Telstar II ecliptic angle - passes 62 to 3000. 

2000. 2800. 3000. 

The solar offset is due to exceed the 15 ° limit dictated by temperature 
balance considerations (see Section I) by pass 1250 (see Fig. 27). Since 
the maximum offset which occurs on pass 1400 is only 18°, no plans are 
contemplated to reorient the Telstar II satellite strictly to prevent this 
mild excursion. 

There is, however, another excursion beyond the 15° limit, around 
pass 2670. Besides this excursion being more serious than the former, 
some interesting differences between these two events exist, as Fig. 
25 illustrates. 

On pass 1400, the attitude will be returning to a region nearer the 
south ecliptic pole (located at right ascension 90°, declination 67.5°) 
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Fig. 27 - Telstar II solar aspect - passes 62 to 3000. 

thereby limiting the solar offset to values below 15°. On pass 2670, 
however, the attitude is moving away from the south ecliptic pole, and, 
in fact, because of its now lower spin rate is entering a spiral of greater 
excursion than that previously traversed. It therefore behooves us to 
correct the attitude before that latter spiral occurs. 

The question remaining is to determine the most profitable time for 
such a correction. Ideally, a well-chosen time would meet the following 
conditions: 

(i) It would take place just after a good optical attitude fix was 
established to verify the predictions. 
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Fig. 28 - Telstar II X torques - passes 62 to 3000. 

(ii) The attitude maneuver would result in as many mirror flashes 
as possible during correction to indicate its progress. 

(iii) The attitude maneuver would end with the satellite in a posi­
tion to guarantee a suitable attitude for as long a time in the future as 
is possible. 

At the time of this writing, suitable attitude corrections are under 
study. Most probably the orientation coil will be energized sometime 
between passes 1300 to 1500 in a negative sense or in a positive sense 
near pass 2400 so as to drive the attitude downward and to the left in 
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the sense shown in Fig. 25. This permits the next attitude spiral to occur 
near the south ecliptic pole. * 

VI. CONCLUSIONS 

Techniques for both attitude determination and prediction for spin­
stabilized satellites have been developed. Their use has been demon-

* The attitude of the Telstar II satellite was successfully reoriented by energiz­
ing the coil on pass 2402 (May 17,1964) and leaving it in that state until pass 242l. 
Thus attitude predictions given in Fig. 19 beyond pass 2402 are no longer valid. 
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strated using Telstar I and II satellite data. It has been shown that an 
inclined dipole model of the earth's magnetic field and the method of 
averaging the gravitational and magnetic torques over each anomalistic 
period of the satellite permit attitude predictions to within a few tenths 
of a degree of determined values in most instances. In those few cases 
where departures are above one degree, explanations have been pre­
sented to show the reason for such discrepancies. The reasons are (1) 
unknown time errors in determining the midpoint of the optical flash 
series and (2) grazing intersections of the attitude determining loci. 
There remains but one anomaly in the precessional motion of the Telstar 
I satellite which, for the moment, is unexplained. Possible reasons for 
this anomaly are given in Section 5.1. 

It has further been shown that the seemingly crude approximation of 
letting the mean anomaly of the satellite equal the true anomaly for the 
purposes of determining the mean torques produces attitudes in close 
agreement (0.01 ° over 1000 orbits) with more sophisticated approxima­
tions for orbit eccentricities up to 0.9 and perigee radii above about 
4500 miles. (See Section 4.6, case II.) 

The comparisons made herein of the precession given by the magnetic 
moment program and the attitude determinations substantiate the 
simplifying assumptions made in Sections 4.1, 4.2, and 4.3. These 
assumptions are most instrumental in producing a working technique 
for both attitude prediction and residual magnetic moment determina­
tion which is amenable to analytic solution and conservative of com­
puter time. 

Furthermore, the usefulness of combining optical flash and solar 
sensor data for attitude determination and their inherent accuracy is 
shown. Optical flash data can provide loci with a resolution of 0.1°. 
Solar sensor loci are resolved to within 1°. While it is clearly straight­
forward to determine analytically the boundaries of the attitude boxes 
from intersecting loci exhibiting estimated time tolerances, this paper 
indicates the decided advantage of graphing the individual loci to 
determine the angle of intersection and thereby gain an estimate of the 
validity of the boundaries in the presence of precession (see, for ex­
ample, Section 4.1). 

Finally, the techniques described have all been consolidated into 
working computer programs which follow closely the analysis presented. 
In addition, a number of important supporting calculations such as the 
solar position, sidereal time, orbit updating, etc. are developed. Because 
of the complexities of the mean torque and gyroscopic equations, the 
precessional analysis is most useful when embodied in suitable computer 
programs. 
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APPENDIX A 

Derivation of Equation (40) 21 

Beginning with (39) of the main body of the paper, it is certainly 
evident that 

It will be shown that the following identity exists 

Rewriting (39b), one obtains 

and 

= Xg 

where 

Xg , yg , Zg = components of k along the ORDEFaxes. 

(39d) 

(3ge) 
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In like fashion 

(k· jg) = yg 

(k·kg ) = Zg • 

Substituting (3ge,f,g) into (39c), we obtain 

Therefore 

(xgig + ygjg + zgkg) X k == 0 

kXk=O 

0==0. 

(39£) 

(39g) 

(39h) 

(39i) 

(39j) 

- (k·kg)(kg X k) == k· (igig + jgjg) X k, (39k) 

and (40) follows from (39). 

APPENDIX B 

Evaluation of the II Integral of Equation (73)21 

Copying the II integral from (73) of the main body of the paper, we 
have 

1
271" 

II = (cos ,B)k X 0 {K - 3(is·K)is} (1 + e cos v) dv. 

Split (74) into two parts by letting 

and 

But 

1
271" 

IIA = cos,Bk X K 0 (1 + cos v) dv 

1
271" 

= cos,BK X 0 (1 + e cos w cos P + e sin w sin P) dw 

= (211" cos ,B)k X K 

IIB = (-3 cos,B)k X K· i27r isis(1 + e cos w cos P 

+ e sin w sin P) dw. 

is = cos wig + sin wjg 

(74) 

(75) 

(76) 

(77) 
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therefore 

It follows that 

IIB = (-37r cos,B)k X K· (igig + jgjg). (79) 

So that, combining IIA and IIB 

II = (7rcos,B)k X [2K - 3K· (igig + jgjg)] (80) 

= (7rcos,B)k X [2K - 3(K·jg)jg] (81) 

= 7rcos,B[2k X K - 3(K·jg)(kXjg)]. (82) 

We shall now proceed to express (82) in the SANOR system. From 
Fig. 10, 

K = sin OJ + cos Ok. 

From (22) and (20) we write 

or 

Xg = (CD)i(DC)x 

jg = (sin 1f; cos ~ cos i-sin ~ cos 1f; cos i)i 

+ (sin i sin 0 + sin ~ cos i sin 1f; cos e 

(83) 

(84) 

+ cos ~ cos i cos 1f; cos 0) j ( 85 ) 

+ (sin i cos 0 - sin ~ cos i sin 1f; sin e 
- cos ~ cos i cos 1f; sin O)k 

or, simplifying 

jg = [- cos i sin (~ - 1f;)]i 

+ [sin i sin 0 + cos i cos 0 cos (n - 1f;)]j (86) 

+ [sin i cos 0 - cos i sin e cos (n - 1f;)]k. 

Substitute (83) and (86) into (82) to obtain 

II = 7r cos ,B[ ( -2 sin O)i - 3[{sin i sin2 0 

+ cos i sin 0 cos 0 cos (n - 1f;) + sin i cos2 
0 

- cos i sin 0 cos 0 cos (n - 1f;)}{ ( - sin i sin 0 ( 87 ) 

cos i cos 0 cos (n - 1f;)) i 

+ (-cos i sin (n - 1f;) )j}] J. 
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Finally, 

II = 7r cos ,a[{ -2 sin e + 3 sin2 i sin e 
+ 3 sin i cos i cos e cos (Q - If)} i 

+ 3 sin i cos i sin (Q - If )j]. 

APPENDIX C 

Case I Expansion 

(88) 

Refer to integrals of (91), (92), (93), and (94) of the main body of 
the paper: 

A = (27r sin 1]0(1 + e cos v) dv = (211" sin 1]0 dv + e (27r sin 1]0 cos v dv 
Jo '0 Jo 

(109) 

1
211" 1211" 

= sin 1]0 0 cos (bv) dv + cos 1]0 0 sin (bv) dv 

+ e [Sin ~o f." cos (bv) cos v dv 

(110) 

+ cos 1]0 i27r sin (bv) cos v dV] 

= sin 1]o(Dl + eD3) + cos 1]0(D2 + eD4) (111) 

~ G - 1 ~ b2) [sin ~o sin 2".b + cos ~o(1 - cos 2".b) 1 (112) 

where the D factors are listed in Appendix E. In similar manner, 

B = cos 1]o(Dl + eD3 ) - sin 1]0(D2 + eD4) (113) 

= [~ - 1 : b2] [cos 1]0 sin 27rb - sin 1]0(1 - cos 27rb)]. (114) 

The C integral is expanded as follows 

1

211" 
C = 0 isis sin 17 (1 + e cos v) dv (115) 

but 

(116) 
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Therefore 

isis = COS2 wigig + sin2 wjgjg + sin w cos w (iaja + jllig). (117) 

Let 

c = iaiaCI + jajaC2 + (illjll + j{li~.)C3 
and evaluate C1 , C2 , C3 separately. 

1
211' 

C1 = 0 cos
2 

w sin 1](1 + e cos v) dv. 

(118) 

(119) 

Letting w = v + P, expanding cos2 wand collecting terms, we have 

C1 = sin 770[COS
2 P(D5 + eD7) + sin2 P(D9 + eDn) 

- 2sinPcosP(Dl3 + eD1f»] 

+ cos 1]0[cos
2 P(D6 + eDs) + sin

2 P(D10 + eD12 ) 

- 2 sin P cos P(DI4 + eDI6)]. 

in like fashion 

(120) 

C2 = sin 1]0[sin
2 P(D5 + eD7) + cos2 P(D9 + eDll ) 

+ 2 sin P cos P(DI3 + eDI5 )] 
(121) 

+ cos 1]0[sin
2 P (D6 + eDs) + cos

2 P (D IO + eD12 ) 

+ 2 sin P cos P (D 14 + eDI6 )] 

and 

(h 
C3 = J

c 
sin w cos w sin 1](1 + e cos v) dv 

= sin 1]0 [ (cos2 P - sin2 P) (D 13 + eD15 ) 

Since 

+ sin Peas P (D5 - D9 + eD7 - eD ll )] 

+ cos 1]0[ (cos
2 P - sin2 P) (D 14 + eD 16 ) 

+ sin Peas P (D6 - DIO + eDs - eDI2)]. 

1
211' 

E = 0 isis cos 1](1 + e cos v) dv 

we expand as with C, to yield 

E = igigEI + jgjgE 2 + (igjg + jgig)E3 

(122) 

(94) 

(123) 



1720 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1964 

SO that 

1
211" 

E I = 0 cos
2 

W COS ?] (1 + e cos v) dv 

= cos ?]o[cos2 P(D6 + eD7) + sin2 P(D9 + eDn) 

- 2 sin P cos P(DI3 + eDI6 )] 

- sin ?]o[cos2 P(D6 + eD8 ) + sin2 P(DlO + eD12 ) 

- 2 sin P cos P(D14 + eD16 )] 

and 

1
211" 

E2 = 0 sin2 
W cos ?](1 + e cos v) dv 

= cos ?]o[sin2 P(D6 + eD7) + cos
2 P(D9 + eDn) 

+ 2 sin P cos P(DI3 + eDI6 )] 

and 

- sin ?]o[sin
2 P(D6 + eD8 ) + cos

2 P(DlO + eD12 ) 

+ 2 sin P cos P(D14 + eDI6 )] 

1
211" 

E3 = 0 sin w cos w COS?] (1 + e cos v) dv 

= cos ?]o[(cos2 P - sin2 P) (D13 + eD16 ) 

+ sin P cos P(D6 - D9 + eD7 - eDll )] 

- sin ?]o[(cos2 P - sin2 P)(D14 + eD16 ) 

+ sin P cos P(D6 - DIO + eD8 - eDI2 )]. 

APPENDIX D 

Case I I Expansion 

(124) 

(125) 

(127) 

(128) 

(129) 

We will now evaluate (91), (92), (93) and (94) once again in a manner 
similar to Appendix C, but this time using the approximation 

M = v - (Alb) sin v. (102) 



ATTITUDE DETERMINATION AND PREDICTION 1721 

The sanie notation will be used for the integrals 

r27r 
A = J 0 sin 77 (1 + e cos v) dv 

1
27r 

= sin 770 0 {cos bv cos (A. sin v) + sin bv sin (A. sin v)} 

. (1 + e cos v) dv 

1
27r 

+ cos 770 0 {sinbv cos (A. sin v) - cos bv sin (A. sin v)} 

. (1 + e cos v) dv. 

Using the approximations of (107) and (l08), we have 

A = sin 77o[D I + eD3 + A.(D17 + eDI~) - (A.2/2) (D9 + eDn) 

- (A.3/G)(D I8 + eDI9 )] 

+ cos 770[D2 + eD4 - }..(D2C + eD13 ) - (A.2/2) 

(DlO + eD12 ) + (}..3/G )(D2l + eD22 )]. 

In like manner, 

r27r 
B = J 0 cos 77 (1 + e cos v) dv 

= cos 77o[Dl + eD3 + }..(DI7 + eD14 ) - (}..2/2)(D9 + eDll ) 

(A.
3
/6)(D I8 + eDI9 )] 

(143) 

(144) 

(145) 

2 (14G) 
sin 770[D2 + eD4 - }..(D20 + eDl3 ) - (}.. /2) (DlO 

+ eD12 ) + (}..3/6 ) (D2I + eD22)]. 

Similarly, 

Cl = i27r 
cos

2 
w sin 77(1 + e cos v) dv 

Cl = sin 770[COS2 P{ (Ds + eD7) + }..(DI6 + eD26 ) - (}..2/2 )(D23 

+ eD2S ) - (A.
3
/6) (D3I + eD33 )} + sin2 P{ (D9 + eDll ) 

+ A.(DI8 + eD19 ) - (A.
2/2) (D30 + eD38 ) - (A3/G) 

. (D35 + eD4I )} - 2 sin Peas P{ (D13 + eDIS ) + A(Dl2 

(147) 
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+ eD24 ) - (A2/2) (D 22 + eD32 ) - (A3/6) (D37 + eD39 )} ] 
(148) 

+ cos '170 [ COS2 P{ (D6 + eD8) - A(DI5 + eD28 ) - (A2/2) 

. (D24 + eD27 ) + (A
3
/6) (D32 + eD34 )} + sin

2 P{ (D IO 

+ eD12 ) - A(D2I + eD22 ) - (A2/2)(D29 + eD37 ) 

+ (A
3
/6) (D36 + eD42 )} - 2 sin P cos P{ (D14 + eD16 ) 

- A(Dll + eD23) - (A 2/2)(D19 + eD:l1 ) + (A il/6)(D38 

+ eD40)} J. 
To simplify the writing of the mean magnetic torque equation, let 

FI = (D5 + eD7) + A(D I6 + eD26 ) - (A
2
/2)(D 23 + eD25 ) 

(122) 
- (A 3/6) (D31 + eD33 ) 

F2 = (D9 + eD 11 ) + A(DI8 + eD19 ) - (A
2/2)(D 30 + eD38 ) 

- (A
3
/6)(D35 + eD41 ) 

- (A 3/6 ) (Da6 + eD39 ) 

(123) 

(124) 

F4 = (D6 + eD8) - A(DI5 + eD28 ) - (A
2
/2)(D24 + eD27 ) 

(125) 
+ (A

3
/6) (D32 + eD34 ) 

F5 = (DlO + eD12 ) - A(D2I + eD22 ) - (A2/2) (D29 + eD37 ) 

+ (A
3
/6 )(D36 + eD42 ) 

F6 = (D14 + eD16 ) - A(Dll + eD23 ) - (A2/2) (D 19 + eD31 ) 

+ (A
3
/6) (D38 + eD40). 

(126) 

(127) 

By the similarity of G2 and G3 integrals to GI and of E I , E 2 , E3 to CI , 

C2 , C3 we immediately write and summarize the following: 

GI = sin 'l7o[FI cos2 P + F2 sin2 P - 2F3 sin P cos P] 

+ cos 'l70[F4 cos2 P + F5 sin2 P - 2F6 sin P cos P] 

C2 = sin 'l7o[Fl sin2 P + F2 cos
2 P + 2F3 sin P cos P] 

+ cos 'l70[F4 sin
2 P + F5 cos

2 P + 2F6 sin P cos P] 

G3 = sin 'l7o[(Fl - F 2 ) sin P cos P + F3(COS2 P - sin2 P)] 

+ cos 'l70[(F4 - F5) sin P cos P + F6(COS2 P - sin2 P)] 

(128) 

(129) 

(130) 
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El = COS 7]o[F l COS
2 P + F2 sin2 P - 2F3 sin P cos P] 

- sin 7]o[F4 cos2 P + F5 sin2 P - 2F6 sin P cos P] 

E2 = cos 7]o[Fl sill P + F2 cos2 P + 2F3 sin P cos P] 

- sin 7]o[F4 sin2 P + F5 cos2 P + 2F6 sin P cos P] 
(132) 

E:\ = cos 7]o[(Fl - F 2 ) sin P cos P + F3(COS
2 P - sin2 P)] 

- sin 7]o[(F4 - F5) sin P cos P + F6(COS
2 P - sin2 P)]. 

(133) 

APPENDIX E 

The D Integrals22 

1
211" 1 

Dl = 0 cos (bv) dv = b sin (27rb) 

D2 = 1211" sin (bv) dv = ~ [1 - cos (27rb)] 

1211" b sin (27rb) 
D3 = 0 cos (bv) cos v dv = - 1 _ b2 

211" b 
D4 = 1 sin (bv) cos v dv = -1 _ b2 [1 - cos (27rb)] 

1211" 2 2 - b2 
• 

D5 = 0 cos (bv) cos v dv = b(4 _ b2) sm (27rb) 

1211" 2 2 - b2 

D6 = 0 sin (bv) cos v dv = b(4 _ b2 ) [1 - cos (27rb)] 

1211" b(7 - b)2 . 
D7 = 0 cos (bv) cos

3 
v dv = (1 _ b2 ) (9 _ b2) sm (27rb) 

1211" b(7 - b2
) 

D8 = 0 sin (bv) cos
3 

v dv = (1 _ b2 )(9 _ b2) [1 - cos (27rb)] 

1211" (). 2 2 sin (27rb) 
Dg = 0 cos bv sm v dv = b (4 _ b2) 

DlO = f'Sin (bv) sin' v dv = b(4 ~ b') [1 - cos (2 .. b)] 

Du = 1211" sin2 v cos v cos (bv) dv = 2b sin (27rb) 
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D" = {' sin' v cos v sin (bv) dv = (1 _ b~~~ _ b2 ) [1 - cos (2"b)] 

1211" . ( 1 - cos (27rb) 
D13 = 0 sm v cos v cos bv) dv = 4 _ b2 

D 1211". . (b) d sin (27rb) 
14 = 0 sIn v cos v sIn v v = - 4 _ b2 

1211" . 2 (3 - b2
) 

D 16 = 0 sm v cos v cos (bv) dv = (9 _ b2)(1 _ b2) [1 - cos (27rb)] 

1211" . 2. ( ) (3 - b2) sin (27rb) 
D16 = 0 SIn v cos v sm bv dv = - (9 _ b2)( 1 _ b2) 

D17 = 1211" sin v sin (bv) dv = _ si; ~2~~) 

1211" . 3 . ( ) 6 sin (27rb) 
D I8 = 0 sm vsm bv dv = -(9 _ b2)(1 _ b2) 

1211" . 3 . ( ) 6 sin (27rb) 
D I9 = 0 sm v cos v sm bv dv = - (16 _ b2) (4 _ b2) 

1211" . 1 - cos (27rb) 
D20 = 0 sm v cos (bv) dv = 1 _ b2 

1211" . 3 () 6[1 - cos (27rb)] 
D21 = 0 sm v cos bv dv = (9 _ b2) (1 _ b2) 

1211" . 3 () 6[1 - cos (27rb)] 
D22 = 0 sm v cos v cos bv dv = (16 _ b2)(4 _ b2) 

1211" . 2 2 () 2 sin (27rb) 
D23 = 0 sm v cos v cos bv dv = b(16 _ b2) 

1211" . 2 2. () 2[1 - cos (27rb)] 
D24 = 0 sm v cos v sm bv dv = b( 16 _ b2) 

1211" . 2 3 () 2b(I3 - b2) sin (27rb) 
D26 = 0 sm v cos v cos bv dv = - (25 _ b2) (9 _ b2) (1 _ b2) 

1211" . 3. ( ) (10 - b2) sin (27rb) 
D 26 = 0 sm v cos v sm bv dv = - (16 _ b2) (4 _ b2) 

1211" . 2 3. ( ) 2b(I3 - b2)[1 - cos (27rb)] 
D27 = 0 sm v cos v sm bv dv = - (25 _ b2) (9 _ b2) (1 _ b2) 

[
211" (10 - b2)[1 - cos (27rb)] 

DZ8 = sin v cos 3 
V cos (bv) du = ----;--------=---:---:----------:---:---

• 0 (16 - b2 ) (4 - b2 ) 
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D _ r
27r 

. 4 , . () _ 24[1 - cos (27rb)] 
29 - J 0 SIn l sm bv dv - b (16 _ b2) (4 _ b2) 

D _ r 27r • 4 () _ 24 sin (27rb) 
30 - J 0 sm v COS bv dv - b (16 _ b2) (4 _ b2) 

r27r 6(5 - b2) sin (27rb) 
D31 = J 0 sin 

3 
v cos

2 
v sin (bv) dv = (25 _ b2) (9 _ b2) (1 _ b2) 

r27r 6(5 - b2)[1 - cos (27rb)] 
D32 = Jo sin

3 

v cos
2 

v cos (bv) dv' = (25 _ b2) (9 _ b2) (1 _ b2) 

r
27r 

. 3 3. ()' 6 sin (27rb) 
D33 = J 0 sm v cos v sm bv dv = - (36 _ b2) (4 _ b2) 

i27r '. 3, . 3 (') 6[1 - cos (27rb)] 
D34 = 0 sm" v cos v _cos bv dv = (36 _ b2) (4 _ b2) 

r 27r 
5 120 sin (27rb) 

D35 = J 0 sin v sin (bv) dv = (25 _ b2) (9 _ b2) (1 _ b2 ) 

(7r 5 120[1 - cos (27rb)] 
D36 = J 0 sin v cos (bv) dv = (25 _ b2) (9 _ b2) (1 _ b2 ) 

D = r27r . 4 • () _ _ 24b[1 - cos (27rb)] 
37 Jo sm v cos v sm bv dv - (25 _ b2) (9 _ b2) (1 _ b2) 

D38 = r 7r . 4 (' ) 24b sin (27rb) 
J 0 SIn v cos v cos bv dv = - (~5 _ b2) (9 _ b2) (1 _ b2) 

D39 = r 7r 
• 4 2. (.) 24(6 - b2)[1 - cos (27rb)] 

J 0 sm v cos v sm bv dv = b (36 _ b2) (16 _ b2) (4 _ b2) 

r
27r . 4 2 ( 24(6 - b2) sin (27rb) 

D40 = Jo sm v cos v cos bv) dv = b(36 _ b2)(16 _ b2)(4 _ b2) 

r27r . 5 • ( ) 120 sin (27rb) 
D41 = Jo sm v cos v sm bv dv = - (36 _ b2) (16 _ b2) (4 _ b2) 

r 27r 120[1 - cos (27rb)] 
D42 = Jo sin

5 

v cos v cos(bv) dv = U~6 _ b2)(16 _ b2)(4 _ b2)' 
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Directional Control in 
Light-Wave Guidance 

By s. E. MILLER 

(Manuscript received May 11, 1964) 

The transmission of light waves for communication in a medium sheltered 
from atmospheric effects requires wave guidance providing frequent changes 
in direction of propagation. This paper shows that, in any electromagnetic 
waveguide having transverse planes in which the field is essentially equiphase, 
the transverse width of the field distribution 2a and wavelength A determine 
the order of magnitude of the direction-determining parameters, R min , the 
minimum bending radius, and omax, the maximum abrupt angular changes, 
according to the relations 

Rmin = 2(a
3
/A

2
) 

omax = !CA/a) 
which are valid in the region A < a. The significance of R min is apparent, 
with the note that in a system containing a multiplicity of bends, an appropri­
ate way of summing the effects of the individual bends should be used to es­
tablish an over-all equivalent bend radius for the complete transmission 
path, which must be larger than R min • The quantity Omax may be regarded as 
the maximum value of the accumulated angular errors (rms sum, for ex­
ample) in a transmission line including reflecting or refracting elements for 
directional control. For a light beam at A = 0.6328 microns having a diame­
ter of 1.0 mm, Omax = 0.036° and R min = 600 meters. 

Small-diameter beams ease the problem of directional control. There is no 
fundamental reason why small beams should not be achievable with low loss 
in the straight condition, but many guiding structures do have an inverse 
relation between beam diameter and straight-condition attenuation coefficient. 
To explore the direction-controlling properties of specific media and the in­
teraction of R min and Omax with straight attenuation coefficient, the following 
waveguides and associated criteria for establishing Rmin and Omax were 
studied: 

(1) sequence of lenses: criterion, beam deflection from nominal axis by 
one beam radius, 

1727 
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(2) hollow dielectric waveguide: criterion, added bend loss equal to 
straight condition loss, 

(3) round metallic circular-electric waveguides: for helix guide, criterion 
is bend loss equal to straight loss; for simple metallic tube, criterion is a 
transmission ripple (due to mode conversion) of about 1.7 db. 

In all cases the functional dependence on a and A. for R min or Omax was the 
same (given above) as derived for the generalized electromagnetic waveguide, 
and the associated constants were in most cases of similar magnitude. 

I. INTRODUCTION 

In research on techniques for transmitting light waves over appreciable 
distances for communication it has become evident that control of direc­
tion of propagation is an important and difficult problem. Electromag­
netic waves in free space travel in a straight line. In a medium that is 
sheltered from atmospheric effects, frequent changes in direction are 
necessary to follow vertical terrain contours and to conform to a hori­
zontal path avoiding physical obstacles and regions of high-cost installa­
tion. The wave guiding medium must provide these direction, changes. 

In this paper some simple relations are derived to give the order of 
magnitude of the direction-determining factors, bending radius and 
abrupt tilt angle, for any wave guiding structure as a function of wave­
length and the transverse dimension of the guided electromagnetic 
wave beam. These simple relations are then compared to the correspond­
ing more precisely defined quantities for specific waveguides: (1) a se­
quence of lenses,! (2) the hollow-dielectric waveguide,5 and (3) round 
waveguides for circular electric waves. 

II. DERIVATION OF GENERAL WAVEGUIDE DIRECTIONAL SENSITIVITY 

In Fig. 1 we show a generalized waveguide for electromagnetic waves, 
with an abrupt open end radiating into free space. We assume the field 
at the aperture is essentially equiphase, which implies ending the guide 

WAVEGUIDE 
BEAM 

{ 

I 2a I 

k-------zc-------~ 
Fig. 1 - Waveguide with abrupt open end. 
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only at certain longitudinal locations if a periodic form of guidance (such 
as a sequence of lenses) is employed. Let the field strength variation 
across the aperture be approximately sinusoidal. Then, approximately, 
the far-field beam angle 0 is 

o = A/a radians (1) 

in which we require a > A. Other aperture distributions would give the 
same order of magnitude for o. In the near-field region the radiated beam 
remains collimated in a width approximately 2a out to a distance Zc from 
the aperture, where 

zcO = 2a 

Zc = 2a
2
/A. 

(2) 

(2a) 

The key inference on directional sensitivity is introduced here. Since in 
the absence of the guide the beam remains confined to essentially the 
same region as in the presence of the guide, it is concluded that the guide 
has little influence on the beam over the interval Zc • Thus any appreciable 
change in direction of wave propagation must not be made in a distance 
less than Zc • 

With reference to Fig. 2, the departure of a circular arc from the 
tangent is 

(3) 

We now require that ~ = a when l = Zc. Using (3), (2) and (1), we 
obtain the minimum bend radius Rmin 

( 4) 

R 

/ 
Fig. 2 - Departure of a circular arc from the tangent. 
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Alternatively, this same relation may be arrived at by specifying that 
the change in direction shall be one beamwidth e after traveling a dis­
tance Zc in the minimum bending radius Rmin ; i.e., Rmine = Zc • 

Equation (4) gives the order of magnitude of bend radius at which 
the wave propagation will change character. At longer bend radii the 
wave propagation will be essentially as in the straight guide, and at 
shorter bend radii something drastic will happen. Just what changes oc­
cur in the latter case depend on the nature of the medium in detail. If 
the medium is enclosed in a perfect conductor the change will be large 
mode conversion. If it consists of a sequence of infinitely wide lenses we 
will see that the change is a wide oscillation of the beam about the nomi­
nal axis of propagation. Note that in neither of these cases is energy lost 
due to the bend. Nonetheless, we regard either change as undesirable. 

Consider an abrupt angular change in the guide direction, O. Following 
a line of reasoning analogous to that given above, we can say that the 
character of wave propagation will change rapidly in the region where 

Omax = e /2 = A/2a. (5) 

Smaller values of 0 will cause progressively less change in wave character, 
whereas larger values of 0 will cause violent changes. 

If we consider the relation of these quantities to a wave guiding me­
dium, it is apparent that Rmin is intended as the smallest radius at which 
the otherwise uniform medium can be bent. When a multiplicity of bends 
is included in a single transmission link, some way of summing their ef­
fects is needed to form an equivalent bending radius which must be 
greater than Rmill . 

The angle 0 is somewhat different. In many media where a » A it is 
possible to insert a large plane reflector and introduce a change of direc­
tion of arbitrary size. As long as the guides at both approaches to the 
reflector are perfectly aligned according to geometric optics, the dis­
turbance on wave propagation may be negligible. However, there will be 
an error in such angular alignment and Omax tells us how large that error 
may be. When many random angular errors are made, Omax is approxi­
mately the rms accumulation of such errors. 

The numerical values of Rmin and Omax have been plotted for A from 
0.6328 to 10 microns and beam radius a from 0.1 to 100 millimeters in 
Figs. 3 and 4, respectively. For example, at A = 0.6328 microns and 
2a = 1.0 cm, Rmin = 600,000 meters and Omax = 3.6 X 10-3 degrees. 
Dropping to 2a = 1.0 mm, Rmin = 600 meters and Omax = 3.6 X 10-2 

degrees. 
We consider next certain specific wave guiding structures to compare 
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the results of directional changes in those structures to the generalized 
conclusions drawn above. 

III. SEQUENCE-OF-LENS WAVEGUIDE 

G. Goubau has proposed l a waveguide for electromagnetic waves con­
sisting of a series of lenses, and D. l\1arcuse has used geometric optics to 
determine the effects of bends in such a waveguide.2 

If the input to a lens waveguide is a ray which is inclined at an angle 
o to the longitudinal waveguide axis (Fig. 5) the departure of the ray 
from the longitudinal axis has a magnitude at successive lenses which is 
contained within an envelope which is a sinusoidal function of distance 
along the longitudinal axis. Starting with the work of Marcuse, one can 
show that there is an optimum strength of lens which minimizes the de­
parture of a ray from the axis; the optimum focal length f is related to 
the lens spacing L by 

2f ~ L (G) 

and under that condition the maximum deviation of the ray from the 
longitudinal axis is 

rmax-l = oL. (7) 

Consider a region of bend radius R following a straight region of lens 
waveguide. For a ray incident on the curved region from the axis of the 
straight region l\1arcuse has also calculated the ray's departure from the 
axis in the curved region; for the casef = L/2 the maximum departure is 

r max-2 = L2/R. (8) 

We now relate these departures from the guide axis to the transverse 
dimension of the beam. It is convenient to consider the beam radius to 
be that value of radius beyond which a completely negligible amount of 

Fig. 5 - Sequence of lenses. 



LIGHT-WAVE GUIDANCE 1733 

field exists. We define this beam radius as 

rb = (NoL A)!. (9) 

Here No is the Fresnel number which previous work3.9 shows is on the 
order of unity for negligibly small diffraction loss when all energy out­
side the radius rb is absorbed at the lenses.* 

As a criterion of the maximum permissible abrupt angular change, we 
somewhat arbitrarily set it to be that angle at which rmax-l is equal to 
the transverse beam radius rb : 

(10) 

Since No r--.J 1, this specific guide and criterion gives a permissible angular 
change of twice that prescribed by (5). This may be considered an ex­
cellent agreement. 

As a criterion of the minimum permissible bend radius, we set the re­
sulting beam deflection rmax-2 equal to the transverse beam radius rb : 

(11) 

Since No r--.J 1, this specific guide and criterion gives a permissible bend 
radius of one-half that prescribed by (4), which again may be considered 
excellent agreement. 

The most important aspect of the comparison between (4) and (5), 
(10), and (11) is that the corresponding equations have the identical 
dependence on A and a, which determines in a broad way the magnitude 
of the direction determining parameters. 

In this form of guide we can readily relate the beam radius to the as­
sociated lens spacing and the losses. Fig. 6 shows the lens spacing L 
versus beam radius in the 0.5- to 4-micron wavelength region. As before, 
No will be about unity, but where extremely low losses per lens are re­
quired may have to be slightly greater than unity.3 For the 1.0-mm beam 
diameter referred to above, the lens spacing is about 0.4 meter for 
A = 0.63 microns. 

In principle, vanishingly small transmission loss could be obtained by 
appropriate choice of lens diameter (i.e., choice of No), if the reflection, 
absorption, and scattering losses were negligible at the lenses. In practice, 
sueh losses may be very real. Fig. 7 shows the total losses per lens re­
quired as a function of lens spacing with net transmission loss as a 
parameter. For 3 db/mile net loss and the O.4-meter lens spacing, a power 
loss per lens of about one part in 104 is required. 

* Further discussion of No and rb is given in the Appendix. 
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In general, of course, the smaller beam diameters which permit rapid 
direction changes require more tight guidance (closer lens spacing) and 
tend to increase the losses. Note, however, that the only inherent losses 
associated with tight guidance for the lens guidance system are due to 
scattering or reflection at lens surfaces or bulk lens absorption loss, both 
of which may conceivably be made very small. 

IV. HOLLOW DIELECTRIC WAVEGUIDE 

E. A. J. Marcatili and R. A. Schmeltzer have proposed a waveguide 
for light waves consisting of a hollow dielectric tube in which the useful 
energy is entirely confined to the central hole. 5 When the guide is 
straight, loss takes place through very slow radiation into the dielectric, 
which is completely absorbing for the light energy. 

The bending radius for such a guide which makes the extra loss due to 
bending (also a radiation loss) exactly equal to the straight-guide at­
tenuation coefficient has also been determined. 5 They find, for the lowest­
order mode (ERn), in which the field varies roughly cosinusoidally 
from the axis to the inner wall of the tube, 

(12) 
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where a is the inner radius of the tube. Once again, the functional de­
pendence of R min- D on a and A is identical to that in (4). 

The straight-line attenuation coefficient for the lowest-order mode 
can be reduced t05 

(13) 

for an index of refraction of the dielectric tube equal to 1.5. As l\ifarcatili 
and Schmeltzer have pointed out, the dependence of as on a and A is the 
exact inverse of that for Rmin- D ; hence for any prescribed straight-guide 
loss there is a minimum permissible bending radius, which for the lowest­
order mode is 

Rmin- D = 2.03/ as • (14) 

For fixed as this is independent of A. For Rmin- D = 1000 meters, as = 

0.002 nepers/meter or 27.9 db/mile, and at A = 0.6328 microns, the 
inner radius of the tube a = 0.35 mm. 

v. CIRCULAR ELECTRIC WAVEGUIDES 

We consider now the directional control relations for round waveguides 
designed for the TEOl circular electric wave. Helix waveguide and smooth-
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walled metallic waveguide involve quite different criteria for tolerable 
bending radius and will be discussed separately. 

Consider first metallic guides in which the losses are negligible com­
pared to the mode coupling coefficients. We assume the degeneracy be­
tween TEO! and TIVln is broken with a dielectric lining or other guide 
modification. Then the limit on bending radius or abrupt tilt is the inter­
fering effect between the unperturbed TEol energy and the energy which 
is converted to an undesired mode and reconverted back to the TEol 
wave. 

For an abrupt tilt, the amplitude conversion coefficient from TEol 
to TEI2 was found by S. P. l\tIorgan 4 to be, approximately 

p = 1.935 (a/'A)o (15) 

where 0 is the tilt angle in radians. When converted energy from one tilt 
strikes another tilt (presumed for simplicity here to be the same angle), 
energy is reconverted back to the TEol wave with the same conversion 
coefficient given by (15). The amplitude of the reconverted wave com­
pared to the unperturbed wave is then p2. Depending on the relative 
phase of the reconverted vector, it may add at any phase angle to the 
unperturbed wave. Hence the amplitude transmission coefficient varies 
with wavelength between (1 + p2) and (1 - p2). Letting a transmission 
fluctuation of 1.7 db, corresponding to p2 = 0.1, be the criterion of limit­
ing tilt angle, we find 

Omax-M = p'A/1.935a = 0.164 A/a. (16) 

Comparing this to the generalized relation for Om ax in (5), we note the 
identical dependence on A and a and a somewhat smaller constant multi­
plier. In practice, the existence of coupling to other modes would tend 
to make somewhat smaller values of Omax-M needed, but the dependence 
on 'A and a would not be affected. 

Still considering guides with negligible losses, we examine the effect 
of a constant-radius bend. It may be shown that the reconverted vector 
has the magnitude 

(17) 

where k t is the distributed coupling coefficient between TEol and an un­
desired mode and r l and r 2 are the propagation constants for TEol and 
the undesired modes, respectively. For TEol to TEl2 

k t f'..I j(2a/'AoR) 

where R is the bend radius and a is the radius of the guide. Also, 

(rl - r 2) f'..I j({3I{32) = j AO/a2. 

(18) 

(19) 
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Hence 

(20) 

As a criterion for minimum bend radius we set P12 equal to 0.1, giving 
the same ripple in transmission loss as noted above, with the resulting 
bending radius from (20) 

Rmin- M = (4/p 2 )!(a3/A 2
) = 6.3 a 3/A2

• (21) 

Comparing (21) to (4), we again find the identical dependence on a and 
A with a slightly different constant. 

Turning now to the case of helix waveguide in which very strong loss 
is introduced for the undesired mode, we find we do not have explicit 
forms for the coupling coefficient. We take advantage of some numerical 
evaluations carried out in the 30- to 100-kmc region on guide varying in 
diameter from 0.25 inch to 3 inches. It was found that the bend loss 
coefficient is given by the expression * 

(22) 

The TEolloss of the guide when straight is very nearly that of a copper 
cylinder, given by S. A. Schelkunoff as6 

as = 4.46 X 10-6 Al/a3
• (23) 

In (23) we have assumed a2 » (A/2)2, so that the cutoff effect is negligi­
ble. As our criterion for minimum bending radius we equate the bend 
loss aB and the straight-line loss as , yielding 

(24) 

The functional dependence of Rmin- H on A and a is very nearly the same 
as in (4), but the constant multiplier is much greater. This is a conse­
quence of the criterion as = aB, which is thereby proven much more 
stringent than the rather lax transmission ripple criterion used above for 
the metallic tube guide in which dissipation was negligible. Since as of 
(23) and Rmin- H of (24) have different dependence on A, a change of 
wavelength will influence R min- H even though as is held constant. We 
can express this by sUbstituting (23) into (24), giving 

R. = 128 X ~ = 5.71 X 10-
4 

(25) 
mlll-H Ao.6 A! Ao.6as 

At longer wavelengths, smaller bending radii are tolerable even though 

* This is the result of unpublished calculations by the author, based on cou­
pling coefficients derived by methods due to Unger9 and using coupled-wave 
theory.lo 
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as is held constant by increasing a. At a wavelength of 5 mm and a 
straight attenuation coefficient of 1 db/mile, Rmin-H = 191 meters. This 
result and the numerical constant in (22) are dependent to some extent 
on the wall impedance to the undesired modes used in the numerical 
evaluations referred to above, which was on the order of one-half the free­
space intrinsic impedance. 

VI. CONCLUSION 

For any guided electromagnetic wave, the order of magnitude of the 
direction-determining parameters Rmin (the minimum bending radius) 
and Omax (the maximum abrupt angular change) are uniquely determined 
by the wavelength and transverse beain dimension. Equations (4) and 
( 5) were derived, determining R min and omax for a general guided elec­
tromagnetic wave by inferring the tightness of guidance from the be­
havior of a wave radiated from the open end of the waveguide. Investiga­
tion of specific forms of waveguide with precise criteria for setting limits 
on Rand 0 (as outlined in the abstract) lead to identical functional 
forms for Rmin and Omax , with similar constant multipliers. 

APPENDIX 

Previous workers3
,7 have calculated the diffraction loss at a reflector 

in a maser interferometer, and the same loss per lens would be expected 
in a sequence-of-Iens waveguide if the entire plane outside the edge of the 
lens (of radius equal to that of the maser reflector) were absorbing. These 
losses are plotted vers'us N = a2/LA (where a is the reflector radius) in 
Fig. 3 of Ref. 7 and in Fig. 15 of Ref. 3 for focal length f = L/2. We 
chose No to be that value of N which gives satisfactorily low loss per lens; 
for example, for No = 1, Ref. 7 gives a power loss per lens of one part in 
104 for the lowest-order wave, and for No 1'-.1 1.4 the power loss is one 
part in 106

• Fig. 3 of Ref. 1 shows that 99.8 per cent of the energy of the 
normal mode for infinite lenses lies within the radius r = (LA)! at the 
lens. In practical cases, therefore, No will differ little from unity. 

Another item of interest is the relation between rb of (9) and the field 
amplitude given by previous workers. 7 ,8 The field varies as a function of 
radius r from the axis of the guide according to 

(26) 

where w is the radius at which the field drops to e -1 of its maximum (on 
axis) value. The value of w varies with longitudinal position between 
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lenses; at midway between lenses W = Wo, where 

Wo = (DA/27r)!. 

At the lenses, W = Ws , and for our cases of f = L/2 

WS = (L'A./7r)!. 

It is apparent from (9) and (28) that 

fb = Ws (No7r)!. 

In terms of Ws (10) becomes 

Omax = (No/7r) \'A./ws) 

and (11) becomes 

Rmin 
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Alternating-Gradient Focusing and 
Related Properties of Conventional 

Convergent Lens Focusing 

By S. E. MILLER 

(Manuscript received June 8, 19G4) 

A series of lenses whose focusing properties are alternately convergent and 
divergent (alternating-gradient focusing) is of potential interest in the guid­
ance of light waves, and has previously been used to focus electron beams and 
high-energy particle streams. New information is provided herein on such 
focusing for the case of equal focal length f (but alternating-gradient) lenses 
equally spaced a distance L. 

The alternating-gradient system formed by adding diverging lenses between 
the lenses of an all-converging sequence of lenses is found to have the same 
stability condition as the original system for 0 < L/f < 2. A physical argu­
ment leads to the conclusion that weaker divergent lenses would also leave the 
stability criterion unchanged. 

The focusing effect of the alternating-gradient system is surprisingly close 
to that of an all-converging lens system. After the focal length of each has been 
adjusted to an optimum value, the ray departure from the system axis is only 
1.67 times as great for the alternating-gradient system as for an all-convergent 
lens system with the same spacing of convergent lenses. 

For weak lenses (i.e. 2f / L » 1) the output ray departure due to input ray 
displacement is independent of both the f ocallength and spacing of the lenses, 
and is independent of lens spacing but proportional to focal length for input 
ray slope. 

Both the alternating-gradient system and all-convergent lens focusing ar­
rangements exhibit discontinuities in the maximum ray displacement ver­
sus focal strength relation. 

Viewed over-all, alternating-gradient focusing for light guidance does a 
surprisingly efficient job and may be advantageous over all-convergent lens 
systems if the alternating-gradient arrangement has structural or economic 
advantages. 

1741 
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I. INTRODUCTION 

In research on guidance of light waves for communication we are con­
sidering use of a sequence of lenses of alternately convergent and diver­
gent types. For example, a guidance system using tubular thermal gas 
lenses might employ continuous flow of gas through a tube whose walls 
are alternately warmer and cooler than the gas within. Thus, the mech­
anism used to cause the focusing may have the alternating character, 
and the quest jon comes to the fore - how well can one focus with such 
a structure as compared to the use of a sequence of all-convergent lenses? 

Alternating-gradient focusing has previously been used on electron 
beams! and on particle accelerators.2 The present study discovered an 
error in the previous determination of stability conditions and revealed 
some little known but interesting properties of alternating-gradient focus­
ing. A comparison is made with conventional focusing using all-conver­
gent lenses. 

II. ANALYSIS OF ALTERNATING-GRADIENT SYSTEMS 

One might wonder whether a series of equal-focal-length and alter­
nately converging and diverging lenses would give any net focusing at 
all, since the average dielectric constant along all paths parallel to the 
axis would be the same. It is well known, however, that a divergent 
lens followed by a convergent lens of equal focal length, spaced a finite 
distance less than the focal length, gives a net converging lens, and the 
same is true if the order of the lenses is reversed. Thus, a net focusing 
is to be expected for an infinite series of such lens pairs.! 

We consider a sequence of alternating convergent and divergent lenses 
equally spaced a distance L and of equal focal lengths, f. We follow the 
method of analysis used by Pierce.1 There are two cases to cover, one in 
which the first lens of the array is a divergent lens (obtained by starting 
at n = 0 in Fig. 1) and the other in which the first lens of the array is a 
convergent lens (obtained by starting at N = 0 in Fig. 4, below). 

With reference to Fig. 2, and taking the input ray at plane a to have a 
slope ra' and a displacement ra from the longitudinal axis, the output ray 
from the lens at plane b will be 

rb' = ra' + (l/f)rb. 

At plane c this ray will be described by 

(1) 

(2) 

(3 ) 

(4) 
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n-t m-t n m n+l m+l 

I I I I I I -r-E- --~---E-t-lt 
I~---L---~---L ---+---L---~-- -L ---~---L ---~ 

Fig. 1 - Sequence of lenses - first case. 

Eliminating rb and rb' from (3) and (4) gives 

r, ~ (1 + ~) ra + L (2 +~) r: (5) 

, ( L)' ra rc = 1 + 1 ra + f . (6) 

Hence, with reference to Fig. 1, we can write 

( L) (L)' r n+l = 1 + Y r n + L 2 + 1 r n (7) 

, = (1 +~) '+ ~ _ r n +l rn+l .f rn f f· (8) 

These two equations lead to 

rn+2 - [2 - (1)2J rn+l + Tn = O. (9) 

The solution to (9) is 

Tn = A cos nO + B sin 11 0 (10) 

abc 

I I I 
I I I 

[ ]( I 

1----L----lc---L---J 
Fig. 2 - Lens subsection for Fig. 1. 
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where 

o = cos -1 [1 - ~ (7)'] (11) 

and where A and B are constants to be determined. 
Equation (11) differs from the corresponding equation on page 200 of 

Ref. (1), which is believed to be in error. The correct condition for 
stability, from (11), is 

o < !(L/f)2 < 2 

or 

o < L/f < 2. 

We put in the boundary conditions, at n = 0 

(12) 

(13) 

(14) 

We make use of a general theorem * stating the orthogonality of the effects 
of ro and ro' and seek a solution with those quantities as factors. This 
leads to the following form for rn , using (10), (7), (13) and (14): 

rn = rOkI cos (nO - 'PI) + ro'L k2 sin nO 

where 

[ 
2 ]! 

kI = 1 - (L/2f) 

'PI = I cos-I kI-
I I 

J, _ [(2j/L) + 1] _ [2 + (Llj)] 
~2 - [1 - t(Llf)2]! - sin 0 • 

(15) 

(16) 

(17) 

(18) 

The general form of kI and k2 versus Llj is shown in Fig. 3. Further dis­
cussion will be postponed to a later point in this paper. 

We are also interested in the displacement rm at the output of the 
mth diverging lens (Fig. 1). Using the relation 

(19) 

and using (7) for rn', (15) for rn with appropriate trigonometric rela­
tions, it can be shown that 

rm = rOk3 cos (mO - 'P3) + ro'L k4 cos (mO - 'P4) (20) 

* See Appendix B. 



ALTERNATING-GRADIENT FOCUSING 1745 

7.0 

6.5 
\ 

1.5 

\\ 
1\ \ 
\ \ \ 
\\ \ I 

\ ~ II 
\\ '\ VI "'- MINIMUM 

./ 

\ ' '- 1-" V 
~ / 

\ \ ~1 AND k7 
./ 

1\ "" V 
/ 

~ ~ I~ k4 AND ks ----- i\. "'" r=::::=. -- ~ ................. 
k3 AND k5 

.......... ------""'" ~ ~6 
................... 
~ 

6.0 

5.5 

5.0 

4.5 

4.0 

3.5 

3.0 

2.5 

2.0 

1.0 

0.5 

o 
o 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 

L/f 

Fig. 3 - Coefficients relating input ray slope and displacement to ray displace­
ment at the nth, mth, Nth, and Mth lenses of the alternating-gradient lens sys­
tems of Figs. 1 and 4. 

where 

k, = [1 + ~L/2f)J (21) 

I -1 k -1 I <.pa = cos a (22) 

k4 = 2f/L (23) 
I -1 k -1 I <.p4 = cos 4 (24) 

and () is again defined by (11). Plots of ka and k4 are given in Fig. 3. 
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Equations (15) and (20) give the ray displacements at any lens in the 
system when the input is at a plane adjacent to a converging lens (i.e. 
at n = 0, Fig. 1). Before discussing interesting features of such ray prop­
agation we will give the corresponding solutions for the case where the 
input is adjacent to a diverging lens (i.e. at N = 0, Fig. 4). 

With reference to Figs. 4 and 5, and following a derivation similar to 
that carried out in connection with equations (1) to (9), it is found that 

rN+2 - [2 - (L/f)2] rN+I + rN = 0. (25) 

Note that (25) is identical to (9) and with the change of n into N the 
solution for (25) is again (10) and (11). When the initial conditions are 
put in, at N = 0, rN = ro and rN' = ro', we get 

(2G) 

where 

(L/j)[2 - (L/j)]! = [ 2 J~-
sin () 1 + (L/21) 

(27) 

(28) 

k6 = [(2j/L) - 1] _ [2 - (L/j)] 
[1 - 1(L/f)2]! sin () 

(29) 

Note that k5 is identical to ka in (21). 
For r AI we find 

r AI = rOk7 cos (M () + C(7) + ro'Lks sin (]1 () - cps) (30 ) 

where 

k, ~ L - ~L/2f)J 
CP7 = 1 cos-I k7-

I 
1 

ks = 2j/L 

CPs = 1 cos-I kS-
1 I. 

(31) 

(32) 

(33) 

(34) 

Note that ks and CPs are identical to k4 and CP4 , and that k7 is identical to 
ki . Plots of k5 , k6 , k7 , ks are given in Fig. 3. 

III. RELATIONS FOR A SEQUENCE OF CONVERGING LENSES 

For comparison purposes we will want to refer to the case of a se­
quence of identical convergent lenses equaUy spaced. The analysis is 
similar to that above for the alternating gradient lenses. The results are 
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N-f M-f N M Ntf 

I I I I I 

~---4---t---~--t 
l---L---JL---L---JL---L---~---L---j 

Fig. 4 - Sequence of lenses - second case. 

as follows. Let the lens spacing be s, and the focal length be f. Then the 
displacement rp at the pth lens is 

where 

rp = rOk9 cos (po - 'P9) + ro's kIO sin po 

Iv, ~ [(4fJ!;S_ J 
'P9 = I cos -1 k9-

1 I 
(j/s)! 1 

kw = [1 - (s/4f)]! sin 0 

o = cos-1 [1 - (s/2f)] 

s/f = 2(1 - cos 0). 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

The system is stable in the sense that an input displacement ro or slope 
ro' will remain bounded as p is increased if 

o < s/f < 4. 

Fig. 6 shows the values of k9 and kIO for comparison to Fig. 3. 

ABC 

I 
I 

I ~ I 
I I I 
k---L--~--L--j 

Fig. 5 - Lens subsection for Fig. 4. 

(41) 
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Fig. 6 - Coefficients relating ray slope and displacement to ray displacement 
at the pth lens of an all-convergent lens system;! = focal length, s = lens spacing. 

IV. S'rABILI'l'Y COMPARISON 

Since the converging lenses in Fig. 1 or Fig. 4 are spaced a distance 2L, 
a comparison of (41) and (12) shows that the alternating-gradient system 
formed by adding a divergent lens halfway between the convergent lenses 
of an all-convergent lens system has the same stability condition as the 
original system. At a later point it will be shown that this is reasonable 
physically. 

v. TIlE WEAK LENS CASE 

When the lenses are weak, i.e., when 2J/L » 1, the general expres­
sions may be simplified to show some remarkable properties of alternat­
ing-gradient focusing. When the first lens is a diverging one, (15) and 
(20) yield 

rm = rn = ro y2 cos [nO - (7r/4)] + ro'2JsinnO (42) 

and when the first lens is a converging one, (26) and (30) yield 

rN = r M = ro V2 cos [NO + (7r/4)] + ro'2J sin NO. (43) 

These expressions show that for an input ray displacement without 



ALTERNATING-GRADIENT FOCUSING 1749 

slope the maximum displacement of the transmitted ray (as n or N 
varies) is y2 times the input ray displacement, independent of both 
focal length and lens spacing! Also, for an input ray of zero displacement 
but finite slope ro', the maximum displacement of the transmitted ray 
is 21ro', independent of lens spacing L. The angle () is dependent on 1 
and L and goes to zero as 1 ~ 00. 

In an all-convergent lens system the similar condition 41/8 » 1 leads 
to [from (35)] 

rp = ro cos po + ro' VTs sin po. (44) 

In comparing the alternating-gradient system to the all-convergent 
lens system for weak lenses, we see that for an input ray with zero slope 
ro' but finite displacement, ro, the maximum output displacement for 
the alternating-gradient system is y2 times that of the all-convergent 
lens system. For input ray displacement ro = 0 but finite ro', we see that 
the maximum output displacement for the alternating-gradient system 
is larger than for the all-converging lens system by the factor [see (42) 
and (44)]: 

2jro' ( )i 
( .();I. , = 4j /8 . 
J8 2ro 

(45) 

Our assumption of weak lenses made 41/8 » 1, so (45) is a factor of two 
or more. 

In this weak lens case both () and 0 are small angles, and from (11) 
and (39) 

() I'.J L/j 

o I'.J (8/f) i. 

(46) 

(47) 

Using the case of 8 = 2L, which is the alternating-gradient system formed 
by adding a diverging lens between the lenses of an all-convergent lens 
system 

(48) 

Since 4j / s » 1 by our weak lens definition, () /0 is less than unity and the 
period of the alternating-gradient system encompasses a great many 
more convergent lenses than does the all-convergent lens system with 
the same spacing of convergent lenses. This is as would be expected. 

VI. OPTIMUM FOCAL LENGTHS 

We now inquire as to whether there is a best value for the lens strength 
in order to minimize output ray displacement. On the assumption that 
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the sine and cosine terms of (15), (20), (26), (30) and (35) go through 
unity for some number of lenses, the question is whether or not the 
coefficients kl , k2 ... klO have any minima. 

For the all-convergent lens system Fig. 6 illustrates that k9 has no 
useful minimum but that klO, relating input ray slope to output ray 
displacement as in (35), does have a minimum. By setting 

(49) 

we find 

s I - 2 f opt -
(50) 

at which condition klO = 1.0. We note that the displacement rp due to 
ro' is ro'sklO sin po, so we have a minimum in this displacement when kw 
is a minimum provided sin po goes through unity for some number of 
lenses p. This is the most typical case, but there are notable exceptions. 
Suppose, for example, that 0 of (39) is 7r/3, corresponding to s/f = 1; 
then po = 7r/3, 27r/3, 7r, 47r/3, etc., as illustrated in Fig. 7, and I sin po I 
never exceeds sin O. Hence the maximum value of ro's klO sin po is ro's 
for s/1 = 1. It is shown in Appendix A that there is an infinite series of 
such discrete values, but the largest departure of the maximum value of 
ro'skw sin po from klO is 15 per cent, occurring at s/f values of 1 and 3, 
as illustrated in Fig. 14 (see Appendix A). 

Turning now to the alternating-gradient system, the only coefficient 
having a useful minimum is k2 of (15), relating input ray slope to ray 
displacement at the converging lenses of Fig. 1. We find the minimum in 
k2 by setting 

o (51) 

which leads to the equation 

(L/f)3 + 4(L/f)2 - 8 = O. (52) 

Fig. 7 - Diagram of sin po, p = 1,2,3 ... , when 0 = 7r/3. 
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The appropriate root of this equation is 

~ I = 1.237 f opt 
(53) 

at which we calculate 0 = 76.4°, and le2 = 3.33. Fig. 3 shows this mini­
mum is sharper than the corresponding one for lelO of the all-converging 
lens system, Fig. 6. vVe note that le2 sin nO of (15) contains the sin nO/sin 
o factor, so once again (as described in Appendix A) for 0 =,71'/3 and other 
values, the maximum value of k2 sin nO will be somewhat less than the 
value of le2 • 

It is important to compare the optimized focusing effect of the alter­
nating-gradient system to that for the all-convergent lens system. We 
make the comparison on the alternating-gradient system formed by 
adding a divergent lens of equal focal length in between the lenses of an 
all-convergent lens system; then we have s = 2L. The optimized maxi­
mum displacement due to input ray slope is 

ro's = 2ro'L 

for the convergent lens system, and is 

3.33 ro'L 

for the alternating-gradient system. It is remarkable that the focusing 
effect of the alternating-gradient system is so nearly the same as that of 
the all-convergent lens system. In practice it may be advantageous to 
get the focusing action in a manner that inherently reverses itself period­
ically. This analysis shows that such structures are nearly as effective as 
those wherein the focusing effect is always convergent. 

Fig. 3 shows that the focal length which is optimum with respect to 
the input ray slope (le2 ) is also an acceptable region with respect to input 
ray displacement (leI and le3). 

VII. RAY PATHS 

One can get a useful physical feel for the wave propagation by tracing 
the rays in a few of the important cases. 

For the all-convergent lens system optimized according to (50), Fig. 
S shows the ray paths for a zero-slope finite-displacement input ray and 
for a zero-displacement finite-slope input ray.* Here 0 = 90° [see (35)] 
and a period is completed in 4 lenses. As proved in Appendix B, the 

* Note that kg = V2, with 8 = 2f in (36), but kg cos (po - ~g) is always ±1 
for any p. (The angle ~g = 45°.) This is an example of the caution that must be 
exercised in regarding the k's as maximum values of the various terms in rn , rm , 
rp , etc. 
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response to an arbitrary input ray can be obtained by a linear super­
position of the responses shown in Fig. 8. 

For the alternating-gradient system the optimum according to (53) 
corresponds to an angle e in (15), (20), (26) and (30) of 76.4°, which 
makes the ray path periodic only at a very large number of lenses. How­
ever, a very useful feel can be obtained from the ray paths for e = 90°, 
corresponding to L = V2j and giving a value of k2 only slightly larger 
than the minimum value (3.414 compared to 3.33). These ray plots are 
shown in Figs. 9 and 10 for the two types of input rays at the two pos­
sible points in the alternating-gradient system. We note that input ray 
displacement causes the same maximum displacement in the response 
regardless of where it occurs. Input ray slope is much more serious when 

p=o P=I P=2 P=3 P=4 ,--5 --t--s--t--s--l I 
r- __ I I 1-----+1 

l:~I/'~~//_L:~"1-----L-
. I I I """ v/ 

I I 
Fig. 8 - Ray paths in the confocal all-convergent lens system, 8 = 2f. 

it occurs in front of a diverging lens than when it occurs in front of a 
converging lens. Again, the response to arbitrary input rays can be ob­
tained by adding the plotted responses. 

One can gain a little feel for the stability comparison made previously 
by looking at Figs. 11 and 12. Even though the ro term and the ro' term 
of (35) for the all-convergent lens system go to infinity individually 
when s = 4j, a suitable combination of input ray slope and displacement 
remains bounded and this is illustrated in Fig. 11. * Any reduction in 
focal length j causes instability, and any increase in j leaves the system 
completely stable. It is clear that adding a lens of any kind at the mid­
point between lenses in Fig. 11 will not alter the propagation of that ray. 
In Fig. 12 we see that adding a divergent lens in between the converging 

* One can obtain these values of rp from (35) by a suitable limiting process. It 
is helpful to start with the alternative form of (35): 

_ { 1. l+'k . rp - ro cos po + [(4f/8) _ l]t sm po J ro 8 10 sm po. 
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n=o m=o n=l m=l m=2 n=3 n=5 

I I 
I I 
I I 

Fig. 9 - Ray paths for system of Fig. 1, L = v2j. 

lenses will cause reductions in the focal length of the p = 1 converging 
lens to nlake the ray sent on to the p = 2 lens diverge even more; for 
increases in the focal length of the p = 1 lens, the divergent lens reduces 
the angle of the ray sent on to the p = 2 lens. Hence, it is plausible that 
the addition of the divergent lens between the convergent lenses does 
not alter the stability requirement on the focal lengths. 

Given the mathematically-derived condition that divergent lenses of 

Fig. 10 - Ray paths for system of Fig. 3, L = v2j. 
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Fig. 11 - Ray path for 8 = 41 in all-convergent lens system. 

focal length f added to a chain of convergent lenses of focal length f do 
not change the stability criterion as described above, the physical argu­
ment just outlined leads to the conclusion that weaker divergent lenses 
would also leave the stability criterion unchanged. * 

P=I P=2 

r---------s----------r------------------, 
1-------s/ 2 --------1 

,-17 
I \ I 

Fig. 12 - Ray path for I near 8/4 to illustrate effect of divergent lens. 

VIII. CONCLUSION 

Alternating-gradient focusing is surprisingly close to an all-convergent 
lens system in focusing ability, and may be preferred if practical matters 
such as structural features or cost favor the alternating-gradient system. 

* When reading this manuscript, Mr. J. P. Gordon commented that this con­
clusion is in agreement with the work of Boyd and Kogelnik3 which can be shown 
to yield the relation 12 > II - L/2 for the required focal length h of the diverg­
ing lens in terms of the focal length 11 of the converging lens and the spacing L. 
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APPENDIX A 

We examine here the maximum value that the term ra' 8 klO sin po of 
(35) can take as a function of lens number p when our objective is to 
nlinimize the term through appropriate choice of focal length. In the 
body of the article it has been shown that klO has a minimum at 8 = 2f. 
This corresponds to a value of 0 = 7r/2 from (39) and it is evident that 
sin po = sin p 7r /2 is either zero or unity for all integral values of p. 

In the more general case we want to know the value of 

k la sin po = sin po/sin o. (54) 

When it is recognized that p may take on all integral values greater than 
zero it follows that the maximum value of [(sin po)/sin 0] as p varies 
can never be less than unity for any fixed o. 

It is possible for [(sin po)/sin 0] to have a maximum value which is 
smaller than klO = l/sin o. That is to say, sin po does not necessarily go 
through unity even though p ranges from 0 to 00 in integral steps. 

Referring to Fig. 13, the maximum value of sin po will be less than 
unity if 

o (q + !) = 7r /2 (55) 

or 

o = 7r/(2q + 1) (56) 

where q = 1, 2, 3, .... It also is true that sin po will have a maximum 
value less than unity for 

o = r[7r/(2q + 1)] (57) 

where r = 1, 2, 3, 4, ... 
The values of 8/f corresponding to these values of 0 and the resultant 

values of maximum k la sin po are given in Table I. Column 5 shows the 
ratio of klO to the maximum of klO sin po, and is a measure of the error 

Fig. 13 - Diagram of sin po yielding I sin po I < 1 for all p. 
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TABLE I 

1 2 3 4 5 

0 s/1 klO Max. Value of Column 3 ..;-
klO sin po Column 4 

7r/2 2 1.0 1.0 1.0 
7r/3 1 1.15 1.0 1.15 

27r/3 3 1.15 1.0 1.15 
7r/5 0.38 1. 70 1.G2 1.05 

27r/5 1.38 1.05 1.0 1.05 
37r/5 2.G2 1.05 1.0 1.05 
47r/5 3.G2 1. 70 1.G2 1.05 

7r/7 0.194 2.31 2.255 1.023 
27r/7 0.750 1.28 1.25 1.023 
37r/7 1.554 1.023 1.0 1.023 
47r/7 2.444 1.023 1.0 1.023 
57r/7 3.22G 1.28 1.25 1.023 
G7r/7 3.80G 2.31 2.255 1.023 

made in assuming sin po goes through unity. That ratio is l/cos (0/2) 
where 0 is given hy (56). All values for a given q in (57) result in the same 
error, but the various values of r indicate the values of 0 and s/1 at which 
that error will appear. Fig. 14 summarizes the data of Table Ii for p 
ranging up to infinity it is only at the discrete values of 0 given by (57) 
that the maximum of klO sin po differs from klO . 

2.6 

2.4 

"'0 2 .2 
0-

Z 
iii 2.0 
o 

::Z 

~ 1.8 
w 
:::l 
..J 
~ 1.6 

:E 
:::l 
:E 1.4 
x 
4: 

:E 1.2 

1.0 
I 

I: o 

\ 

\ 
_\ 
~-ktO 

1\ 
\ 

J 

I 
L 
I 

/ 
/V 

1: h kL tL 1--.-
I 

: 
o 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6 4.0 

s/f 

Fig. 14 - Maximum value of k10 sin po vs s//. 
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If p were finite and the ratio 8/i was varied, the plot of Fig. 14 would 
presumably show finite-width dips of the same over-all depth as those 
plotted. 

APPENDIX B 

It is the purpose of this appendix to point out that the "thin lens" de­
scription of light ray propagation leads to the following conclusion (see 
Fig. 15): 

The slope and displacement of the output ray of an arbitrary sequence 
of lenses for an input ray of slope ro' and displacement rl is exactly the 
algebraic sum of the slopes and displacements of the output ray found 
(i) for an input ray of slope ro' with zero displacement from the axis, 
and assuming all lens displacements dn = 0, (ii) for an input ray of dis­
placement rl with zero slope and assuming all lens displacements dn = 0, 
and (iii) for an input ray of zero slope and zero displacement and as­
suming one lens displacement at a time is nonzero, summing the ray 
output slopes and displacements thus found over all lens displacements. 

The proof is as follows: For the nth lens in a sequence of lenses (see 
Fig. 1): 

, ,(rn - dn) rn = rn-l - in (58) 

where rn' is the slope of the ray immediately following the nth lens and 
rn is the displacement at the nth lens. We note that the angular lens 
rotation 'Pn does not affect the ray propagation, an approximation which 
implies that 

(59) 

or 

'Pn « 1. 

NO.3 NO.4 
f3 f4, 

I SLOPE=r; I SLOPE=r~ 
I / I I 

~T'. AXIS OF 
__ ~_ LEt'!S SX.STEM 

Fig. 15 - Light-ray path in an arbitrary lens system. 
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We may expand (58) to form 

I I (rl - d1 ) 
rn = ro - ---:--

11 
(60) 

Similarly, the displacement rn at the nth lens is 

r n = r n-l + Sn-lr n-l' (61) 

which may be expanded to 

{
, (rl - d1) 

rn = rn-l + Sn-l ro - 11 
(62) 

which is valid for n ~ 2. 
We may examine each term of (GO) and (62) and find that 

(63) 

m=n d 
rn = Cnro' + Dnrl + ~ {3m I: (64) 

in which An, En, Cn , Dn and the am and {3m are all independent of 
ro', rl and the dm • 

We have thus proven the above-stated conclusion. 
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Analysis of a Tubular Gas Lens 

By D. MARCUSE and S. E. MILLER 

(Manuscript received June 8, 1964) 

If a cool gas is blown into a hot tube, it acts as a positive lens which will 
focus a light beam passing through the tube. 

Using a theory presented in Ref. 3, we give curves which show the temper­
ature distribution in the tube as a function of the distance from the tube axis 
and also as a function of the distance along the axis. 

The focusing power of the lens is described by the difference in phase angle 
between a rayon the tube axis minus a ray at arbitrary distances from this 
axis and also as the second derivative of the phase angle on the axis of the 
tube. The phase curves, as a function of distance r from the tube axis, follow 
very closely an r2 dependence. Expressions are given for the focal length of 
the lens. 

The power consumption of the lens is discussed, and a figure of merit is 
defined as focusing power per watt. The gas used for this lens should be se­
lected such that (n - 1) jk is as large as possible (where n is the index of 
refraction, k the heat conductivity of the gas). 

Using CO2 and a i-inch ID tube 5 inches long heated 20°C above the in­
coming gas, a focal length of 5 feet with a power consumption of 0.325 watt 
is calculated; the focal length is inversely proportional to power consumption 
within certain limits. 

1. INTRODUCTION 

A communications system using light as the carrier of intelligence 
needs an efficient medium to propagate light from transmitter to re­
ceiver. Among the several alternatives, the idea of Goubau and Schwer­
ingl of confining and propagating an electromagnetic wave with a system 
of lenses appears promising. However, in a lens-waveguide system there 
is a wide range of possibilities as to what types of lenses to use. Conven­
tional glass lenses present problems, since they may not only absorb 
light in the glass medium itself, but furthermore present important re­
flection losses which can be only partially avoided by special techniques 
such as coating the lens surfaces or making use of the Brewster angle. 

1759 
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Even if such corrective measures are used, there is still residual reflection 
and scattering of light due to unavoidable surface irregularities. 

It appears that most of the problems connected with glass lenses could 
be overcome if, instead of a high-index medium such as glass, a very low­
index focusing medium were used. If the transition from air into a dense 
medium could be avoided, the problem of light reflection would not exist. 
Gases present themselves as an obvious choice of a low-index dielectric 
medium. Their dielectric constant can be influenced by changing their 
density. A change of density is most easily effected by varying the gas 
temperature. 

D. W. Berreman2 built a successful gas lens by maintaining a tempera­
ture gradient between a hot helix and a cold cylindrical enclosure. Al­
ternatively, D. W. Berreman and S. E. Miller proposed a gas lens formed 
by blowing a cool gas into a hot tube (Fig. 1). Since the gas heats up first 
at the wall of the tube and remains cool longer at its center, it has a 
density distribution of higher-density gas in the center of the tube and 
decreasing density towards the wall. Since an increase in density is ac­
companied by an increase in dielectric constant, it is easy to understand 
that the cool gas flowing through the hot tube acts as a positive lens and 
tends to focus a light beam traveling along the axis of the tube. 

We present in this article some theoretical results of the temperature 
distribution in the gas and the difference in phase angle between two 
light beams, one traveling along the tube axis and the other traveling 
closer to the wall of the tube. This phase difference is a measure of the 
focusing power of the lens. For an economical lens we want maximum 
phase shift with a minimum of thermal power. We present curves show­
ing the power consumption of the lens as well as the ratio of phase differ­
ence to power consumption. These data allow the construction of an op­
timum lens. Different gases give different lens properties. A gas is most 
efficient if the ratio (n - 1)/k is large, where n is the index of refraction 
of the gas and k is its heat conductivity. 

II. TEMPERATURE DISTRIBUTION 

The theory of temperature distribution in a cool gas which is blown into 
a hot tube of constant temperature is presented in Ref. 3. 

WARM TUBE 

COOL GAS (TEMPERATURE, Tw) WARM GAS 

~ (~) ~~~~) ~ 
z=o ~ 

z 

Fig. 1 - Gas lens using forced flow in a tube. 
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It is assumed that the gas flow is laminar and has the radial velocity 
distribution of a viscous fluid 

where 

vCr) = vo[l - (r/a)2] 

r = distance from tube axis 
a = radius of tube 

Vo = gas velocity at r = O. 

The temperature T of the gas is given as 

() = Tw - T 

(1) 

where T w is the temperature of the wall of the tube. It is normalized with 
respect to 

()o = Tw - To 

with To being the temperature of the cool gas before it enters the hot 
tube. ()/()o is expanded in terms of functions Rn(r/a) , which are shown in 
Fig. 2 for n = 0, 1 and 2. Values of Rn(r/a) are listed in Table I. The 
temperature depends on the distance z measured from the beginning of 
the hot tube, the gas velocity Vo , and the following material parameters 

k = heat conductivity measured in caljcm sec deg) 
(deg = degrees Kelvin) 

p = gas density in gram/ cm 3 

Cp = specific heat at constant pressure in caljgram. 

All these parameters depend somewhat on the temperature but are con­
sidered constant in the derivation of the theory. They enter the equations 
in the combination 

() = k/avopcp • (2) 

TABLE 1- R FUNCTIONS OF FIG. 2 

x Ro(x) F(x) Rl(X) R2(X) 

0 1 1 1 1 
0.1 0.9819 0.9805 0.8923 0.753 
0.2 0.9290 0.9261 0.6067 0.206 
0.3 0.8456 0.8432 0.2367 -0.290 
0.4 0.7382 0.7382 -0.1062 -0.407 
0.5 0.6147 0.6175 -0.3399 -0.204 
0.6 0.4833 0.4880 -0.4317 0.104 
0.7 0.3506 0.3535 -0.3985 0.278 
0.8 0.2244 0.2244 -0.3051 0.278 
0.9 0.1069 0.1041 -0.1637 0.144 
1.0 0 0 0 0 



1762 THE BELL SYSTEM TECHNICAL JOURNAL, JULY 1964 

1.0 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 

-0.1 

-0.2 

-0.3 

-04 

~ ~ "'-
\ 1\ " " 1\ \ 

"'RO(~) 
'\. 

\ \ \ 
\ \ ~ 
\ \ \ 
\ \Rl(~) \ 

l\. 
\ \ / \ ~ 

R2~h i\ / ~ :\ 
\ \ / , 
\ \ / / 
\ \ II / 

/ 

\ \j / 
1\ j\ 

'" / - '" f----"" 
-0.5 

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

ria 

Fig. 2 - Functions Ro , Rl and R2 vs ria. 

The first three terms of the infinite series describing the temperature dis­
tribution in the tube are 

() 

(}o 
1.477 exp ( - 7.316u ~) Ro (~) - 0.810 exp (-44.36" ~) 

·R. W + 0.385 exp ( -106U~) R, (~) ± 

(3) 



ANALYSIS OF A TUBULAR GAS LENS 1763 

The approximation is fairly poor at z = O. However, the exponential 
factors in the higher terms of the series drop off very rapidly as z in­
creases so that the approximation is already very good for values of 

(j(z/a) > 0.01. 

Fig. 3 shows 0/00 at r = 0 as a function of (j(z/a). It is apparent that for 
(j(z/a) > 0.05, the distribution of 0/00 drops off exponentially. Fig. 4 
shows the r/a dependence of 0/00 for different values of (j(z/a). 

To make Figs. 3 and 4 more meaningful, we list in Table II the material 
parameters for several gases at 20°C and a pressure of 760 mm Hg. 

III. POWER CONSUMPTION 

The principle of operation of our gas flow lens requires that we heat 
the cool gas inside the hot tube. Even if we neglect all power losses to the 
environment, we have to spend a certain amount of heat power to oper­
ate our lens. For a subsequent study of lens efficiency we need to know 
this basic power consumption. At any given length z of the tube we ob­
tain the power absorbed by the gas as 

1.0 

0.8 

o 
~ 0.6 

a:: 
o 
LL 

~I..g 0.4 

0.2 

o 

P(z) = loa [T(r,z) - To]pcp v(r)27rT dT 

t [ (r)2J [ 0(1' z)J = 27rpcp VoOo 10 l' 1 - ~ 1 - To dr. 

(4) 

-....... 
1\ 

\ 
'\.. 

"" ~ '" ~ r--.. 
-------r---r--- -

o 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0040 0.45 0.50 

ub. 
B 

Fig. 3 - Normalized gas temperature on tube axis vs normalized distance 
along tube. 
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In order to be able to perform the integration easily, we restrict our­
selves to values of 

u(zja) > 0.05 

which allows us to express e j eo by the first term of (3). In addition, we 
replace Ro(x) by 

Ro(x) "-' F(x) = 1 - 2.06 X2 + 1.06 X3. (5) 

This approximation deviates no more than 2.5 percent from the actual 
value of Ro(x). The values of F(x) can be compared to those of Ro(x) 
in Table 1. The integration can now be performed easily, and we obtain: 

p = ~ a2
pcpvoeo [1 - 0.820 exp ( -7.316u ~) ] . (6) 
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TABLE II-GAS PARAMETERS VS TEMPERA'l'URE 

k Cp avoo = k/pcp 
(n - l)/k 

Gas (cal/cm sec p (cal/gram n - 1 (em sec deg/ 
deg) (gram/cm3) deg) (cm2/sec) cal) 

CO 2 3.93 10- 5 1.84 10-3 0.199 0.107 4.20 10-4 10.7 
NH3 5.90 10-5 0.72 10-3 0.523 0.157 3.48 10-4 5.9 
CH4 7.80 10-5 0.67 10-3 0.528 0.220 4.13 10-4 5.3 
Air 6.28 10-5 1.21 10-3 0.240 0.21G 2.73 10-4 4.35 
H2 41.0 10-5 0.084 10-3 3.39 1.44 1.23 10-4 0.30 
He 35.0 10-5 0.166 10-3 1.25 1.69 0.34 10-4 0.097 

Using p and Cp from Table II, P is in calories/sec. Fig. 5(a) shows the 
power consumption as a function of normalized lens length, az/ a. An 
alternative form of (6) brings out the dependence of P on the flow 
velocity Vo more clearly: 

p = ~ /czOo V [1 - 0.820 exp ( -7.316 ~) J. (7) 

The quantity 

(8) 

has the dimension of velocity and is characteristic of the gas and the tube 
geometry. Fig. 5(b) shows the power consumption as a function of nor­
malized gas velocity, vol V. 

The ratio of V /vo can be related to the time to = z/vo which it takes the 
gas particles on the axis to traverse the tube of length z with the velocity 
Vo and to a time 7 which is defined by 

1 
7 

dT(O,t) 
dt 

Tw - T(O,t)' 
(9) 

7 is characteristic of the heat diffusion rate in a gas which rests in a tube 
whose wall temperature is T w • At t = 0 the gas has the uniform temper­
ature To < Tw . Its temperature at a given radius r and time t is T(r,t), 
so that T(O,t) is the gas temperature at the tube axis at time t. 1/7 is 
the time rate of temperature rise on the axis per degree of temperature 
difference between wall and axis. 

I t is shown in Appendix A that 

V /vo = az/a = 0.173(to/7). (10) 

This shows that V /vo expresses the ratio of the time it takes the gas par­
ticles (on the tube axis) to flow through the tube of length z to the heat 
diffusion rate on the tube axis. Equation (10) may be used to replace 
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v /vo in (7) and in the other places where V /vo or (Tz/a appears, resulting 
(for example) in 

exp ( -7.316 ~) ~ exp (-7.316 !.) ~ exp ( -1.265 ~). 
The parameters lens length z and gas velocity Vo are important variables 
for other reasons, and the first two forms of the exponential may be pre-



ANALYSIS OF A TUBULAR GAS LENS 1767 

ferred. We may note, however, 

T = 0.173(a2pcp lk) 

and typical values are 0.161 second and 0.08 second for CO2 and air, re­
spectively, when a = 0.125 inch. It is surprising that this time constant 
is so short. 

Another physical meaning one can give V is that it represents that 
velocity of gas flow along the pipe axis which assures that () I ()o drops from 
its initial value of one at the beginning of the tube to 

()I()o = 9.910-4 ~ 10-3 

on the axis at its end. 

IV. FOCUSING ACTION 

A lens focuses because the optical path length varies for rays traveling 
at different distances from its axis. 

We describe the focusing action of our lens by the phase angle of a ray 
traveling parallel to the axis of the structure. The phase angle is given by 

cJl(r,z) = /30 i Z 

n(r,x) dx. (11) 

Here, /30 = 27l" lAo is the frce-space propagation constant of thc light beam, 
and n is the index of refraction of the gas. 

n(r,x) To 
1 + (no - 1) T (r ,x) (12) 

Thc last step is an approximation for ()ol'Po « 1. The temperature in 
( 12) has to be expressed in degrees Kelvin. 

We decompose cJl(r,z) into two parts: 

cJl(r,z) = cp + l/;(r,z). (14) 

The first part 

" ~ f30 [1 + (no - 1) (1 - ~~) ] z (15) 

is independent of the position r of the ray in the gas lens, while the sec-
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ond part 

if; = (3o(no - 1) ~ r O(r,x) dx 
, To Jo 00 

= !3oz(no - 1) ~:; V {0.202Ro W [1 - exp ( -7.316 :,) ] 

- 0.0183R, W [1 - exp ( -44.3 :,) ] 

(16) 

+ 0.00363R, W [1 - exp ( -106 :,) ] + .. -} 
accounts for the different amounts of phase shift in different parts of the 
lens. 

The difference between the phase angle of a ray traveling along the 
lens axis and the phase angle of a ray traveling at a distance r from the 
aXIS IS 

d<P = !3oZ(no - 1) ~o V{0.202(1 - Ro) [1 - exp ( - 7.316 :,) ] 

- 0.0183(1 - R,) [1 - exp ( -44.3~) ] (17) 

+ 0.00363(1 - R,) [1 - exp ( -106~) ] + .. -}. 
This form of .1<1> shows clearly its dependence on flow velocity for a fixed 
tube length z. To study the dependence of .1<1> for fixed flow rate and vary­
ing length, the following form is preferable . 

.1<1> = (3o(a/cr) (no - 1) (Oo/'Po) {0.202(1 - Ro) 

. (1 - exp(-7.316crz/a» - 0.0183(1 - R 1 ) (1 - exp(-44.3crz/a» (18) 

+ 0.00363(1 - R 2 ) (1- exp(-106crz/a» + ... }. 
Fig. 6 shows a plot of .1<1> versus length of lens for r / a = 0.4. That 

means that we compare the phase difference between a rayon the axis 
and another at distance r = O.4a from the axis of the lens. 

Fig. 7 shows the phase difference at a fixed length z as a function of 
gas velocity. In this case, .1<1> goes through a maximum which for 
ria = 0.4 occurs at vo/V = 6.9. The position of this maximum depends 
somewhat on the radius r of the ray used for phase comparison with the 
axial ray. Appendix B gives the theory and Table III gives the values of 
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Fig. 6 - Phase difference between ray at r = 0 and ray at r = OAa vs longitu­
dinal position. 

the position of the maximum volV for different values of ria. Table III 
shows that the position of the maximum does not change much with the 
radial position of the reference ray. 

We can explain physically this maximum in ~cp versus Vo as follows. At 
very low gas velocity the majority of the gas in the tube is at the same 
temperature - the temperature of the walls, T w • It is heated up in a time 
T [see (9)] after entering. With little temperature difference between the 
gas at r = 0 and at r > 0 there is little ~CP. As Vo increases, the gas on 
the axis remains at or near To , but that nearer the walls is heated because 
it flows more slowly [see (1)] and larger ~cp develops. Beyond some ve­
locity, further increases in velocity cause the gas at r = OAa (for ex­
ample) to leave the tube at lower and lower temperatures - i.e., less 
temperature difference will exist between r = 0 and r = OAa because the 
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transit time of the gas through thc tube becomcs less than the thermal 
diffusion time constant T. Thus, at high velocities the Llcp decreases. Note 
that this explanation (and the theory) depends upon laminar flow of the 
gas. If there is radial mixing of the gas, less Llcp would be expected than 
predicted above, and the maximum in Ll<I> versus Vo might not occur. 

The second derivative d2cpjdCrja)2 is a good measure of the effective­
ness of the lens for light rays close to its axis. For a glass lens 

<I> = nf30 dCr) 

where dCr) is the thickness of the lens as a function of the distance from 
its axis. The radius of curvature R of the glass lens is given by 

1 1 d2cp 
Ii - nf30 dr2 . 

In order to be able to take the second derivative of <I> we have to express 
the functions Ro , R1 , and R2 by power series with respect to r j a. For 

TABLE III - MAXIMUM Vo j V FOR VALDES OF r / a 

r/a 
vo/V 

0.2 
6.73 

0.4 
6.9 

0.6 
8.26 
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the second derivative on the axis at r = 0, it is sufficient to know the 
coefficient of (r/a)2 in the expansion. Jakob3 gives a series expansion of 
the R-functions. 

Rn = 1 - i;f3n2(r/a)2 ± 

with f30 = 2.705, f31 = 6.66, and f32 = 10.3. 
We get these values 

(d d(~)'t.= fJ.z(n. - 1) ~. ~~{0.738 [ 1 - cxp ( -7.316 :)] 

- 0.405 [1 - exp ( -44.3 f)] 
+ 0.192 [1 - exp (-106 :)] + ... }. 

(19) 

(20) 

The maximum of this curve as a function of vo/V appears at vo/V = 6.75. 
Fig. 8(a) is a plot of a normalized value of d2ip/d(r/a)2 as a function 

of vo/V, while Fig. 8(b) shows it (with a different normalization) as a 
function of u(z/a). 

The ria dependence of ~cp is shown in Fig. 9. 
In order to show what values the phase difference might actually as­

sume, and also to compare different gases, we have plotted ~ip in Fig. 
10 for several gases and the following geometry and flow rate: 

2a = 0.25 inch 
Vo = 212 em/sec, corresponding to 2 liters/minute or 4.77 miles/hr. 
f30 = 1.07 X 105 em -\ corresponding to ~o = 5890A 
Tw = 343°K 
To = 293°K 

and with the values of no - 1 and u as listed in Table II. These curves 
assume a tube length z so long that no further ~ip would be realized with 
a longer z (i.e., outgoing gas at uniform temperature). 

It is interesting to compare the r / a dependence of ~<p to the simple 
function c(r/a)2. For this purpose we use (17), which is written so that 
~ip = 0 at r = O. Fig. 11 gives the normalized value of ~ip as a function 
of r / a for several values of the gas velocity volVo For comparison the 
function c(r/a)2 is shown by dotted lines. The constant c is adjusted so 
that both curves coincide at r / a = 0.4. The actual curves of.; ~ip are 
surprisingly close to the simple square law dependence in all cases. If the 
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gas lens could be treated as a thin lens, it would act very similar to a 
glass lens with spherically curved surfaces. 

However, the gas lens is not thin and the question presents itself: 
how do different sections of the lens contribute to the over-all focusing 
effect? Fig. 12 shows the phase difference Ll<I> between a rayon the axis 
at r = 0 and a ray at r for a fixed value vo/V = 6.9 for different sections 
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of the lens. The curve showing ~cI> for the section 0 ~ z has already been 
shown in Fig. 11. The other curves show ~cI> in the first i of the lens 
[curve 0 ~ (i )z], the second i[curve (i)z ~ (i )z], and the last i[curve 
(i)z ~ z]. The contributions are surprisingly different at different radii 
and do not resemble simple (r / a) 2 dependences. However, they all add 
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up to the 0 ~ z curve which does resemble the (r/a)2 dependence very 
closely, as was shown in Fig. 11. 

V. FIGURE OF MERIT 

The focusing action of the gas lens becomes independent of the length 
of the lens if cr(z/a) > 1, as Figs. 6 and 8(b) show. We also know that, 
for a fixed length of the lens, there is an optimum flow velocity, as shown 
by Figs. 7 and 8. 

For practical applications one would like not only to obtain an effective 
lens but also to do so with a minimum expenditure of power. It is, there­
fore, interesting to study the lens action, that is, d2CP/d(r/a)2, per unit of 
applied power. We may introduce the ratio . 

(21) 
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as the figure of merit of the lens. From (6) and (20) we obtain 

M - 2{3o no - 1 f F ~ 
- 7rTo' -lc-l1 - 0.820 exp ( -7.316 ~) J (22a) 

with 

F = 0.738 [1 - cxp ( -7.316 :) ] - 0.405 

-[ 1 - cxp ( - 44.3 ~) ] + 0.192 [I - exp ( -106~) J. 
(22b) 
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For a given value of vojV, the figure of merit is proportional to 
(no - l)jk. It is advantageous to make this number as large as possible. 

The figure of merit M, given in (22b), is plotted in Fig. 13. 
The gases in Table II are arranged in decreasing order of (no - 1) /k. 

Of all the gases listed in that table, carbon dioxide is best suited for a gas 
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lens. This does not mean, however, that gases with larger values of 
(no - l)/k cannot be found. 

VI. FOCAL LENGTH 

We have seen that L\cI> varies nearly as (r/a)2. In the region where the 
lens is weak, we may treat it as a thin lens and obtain directly a simple 
expression for focal length. 

For any thin lens it may be shown that the focal length f is given by 

f = !(3o(r
2

/ L\cI» (23) 

where 
L\cI> is the phase shift added on axis as compared to that for a ray at 

radius r 

{3o = phase constant of the region surrounding the lens. 

We obtain L\cI> from (17), which is given by the following for the gas 
velocity set to maximize L\cI> at (r / a) = 0.4 - i.e., at (vo/V) = 6.9: 

L\cI> = 0.839(r/a)2(lh/To){3oz(no - 1). (24) 
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Putting (24) into (23) we obtain the following expression for the focal 
length of a weak gas lens: 

x,2 To 
f = 0.596 - 0 ( 

Z 0 no - 1) . (25) 

If a = 0.125 inch, Z = 5 inches, To = 293°K, and 00 = 20°C, we find 
f f"./ 5 feet using CO2 as the gas and f f"./ 8 feet using air as the gas; the 
power transferred to the gas with CO2 would be 0.0775 caI/sec = 0.325 
watt. 

When the gas lens is not weak, one should take into account that the 
refractive index varies both with radial position and with longitudinal 
position. Work is under way to analyze this very difficult situation. A 
simpler approach, and one which should give a first-order answer for 
gas lenses operated near the velocity producing maximum A<P [see (17)], 
is to assume a medium within the lens 

where 

x = distance (within lens )from start of lens 
r = radius 

na = index of refraction on the axis. 

For the gas velocity (vo/V) = 6.9 it may be shown that 

a2 = 1.6~ ~ (no - 1). 
naa To 

(26) 

(27) 

In other unpublished work the authors have shown that the radial posi­
tion of a ray (or of the axis of a Gaussian beam mode) is 

where 

r = r i cos vll;x + ~ r;~ sin vll;x 
V a2 

r i = displacement of ray at lens input 
r / = slope of ray at lens input. 

(28) 

We can use this general result to specify the focal length of a strong (or 
weak) gas lens with reference to Fig. 14. All input rays with zero slope 
will converge to a point on the axis a distance d beyond the output face 
of the lens (Fig. 14), where 

1 _ /_ 
d = _ /- cot (v a2 t) , 

va2 
(29) 
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LENS 

d = ~ COT({ii2 t) 

I f = 1 
{c92 SIN (y1a2 t) 

I -T---
I 
I I 

r---- -t----+--d--~ 
r------ f-------1 
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Fig. 14 - Diagram defining focal length and position of the equivalent thin 
lens for a thick gas lens. 

t is the length of the lens, and na has been taken as unity. An equivalent 
thin lens may be located a distance f back from the focal point, where 

1 
(30) 

This expression for focal length is valid up to (~t) = 7r/2, at which 
point d = O. For (ya;t) > 7r/2 the rays cross within the lens, per (28). 
For (va; t) « 1 it may be shown that (30) passes into (25) and the 
location of the equivalent thin lens is in the center of the distributed lens. 

E. A. J. Marcatili4 has solved Maxwell's equations for a medium 
characterized by (26) and has found the normal modes for a sequence of 
lenses composed of segments of such a medium. This work relates closely 
to a sequence of gas lenses described in this paper. Experiments with 
tubular thermal gas lenses are reported by A. C. Beck. 5 

VII. CONCLUSION 

When a cool gas is blown through a warmer tube, the gas at the axis 
has a lower temperature than that near the walls. Thus the density and 
refractive index is larger at the axis and a converging lens is formed. If 
the tube were at a lower temperature than the input gas, a diverging lens 
would be formed. 

There is an optimum gas velocity for maximizing the focusing power 
of such lenses, and expressions are given for this velocity. It turns out that 
the optimum transit time for gas through the tube is approximately the 
time constant for temperature changes in a gas at rest in the tube, which 
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for typical gases (air and carbon dioxide) is about 0.1 second in a i-inch 
ID tube. Although not discussed in this paper, it is found that a i-inch 
tube 6 inches long yields (at the optimum velocity for focusing power) a 
Reynolds number well below that at which turbulence is expected. 

Expressions are given for focal length and a figure of merit expressed 
as focusing power per watt of power transferred to the moving gas. 

The best gas is one with a maximum (n - 1)/Ie, where n is the refrac­
tive index and Ie is the heat conductivity. 

APPENDIX A 

Derivation of (10) 

The relation (10) 

can be derived as follows. 

v /vo = 0.173(to/r) (31) 

The time development of a cool gas resting in a tube of wall tempera­
ture Tw can be described as follows 

(32) 

with 

An = (lc/a2pcp )Wn
2 and JO(wn ) = O. 

At t = 0, (32) becomes T(r,O) = To, which is constant throughout the 
tube's cross section. 

As time progresses the exponents Ant become large, so that very soon 
the first term of the series is the only contributing factor. Neglecting all 
the terms except the first, we get 

dT(O,t) 
1 dt I"'V '\ _ Ie 2 5.79 Y 

Tw - T(O,t) = 1\1 - a2pc
p 

WI = Z 

(33) 
T 

and SUbstituting z = voto we get (31). Since we neglected all but the first 
term in the series, (33) repre~ents the asymptotic value which l/T as­
sumes after the initial transients have died down. 

To obtain a feeling for the accuracy of the approximation involved in 
deriving (33), we write down the ratio of the second to the first term in 
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the sum (32) for r = 0: 

WlJ1 (WI) [( ) ] 0 ( t) 
( ) 

exp - A2 - Al t = .666 exp - 4.26 - . 
W 2J 1 W2 T 

This ratio is 10-2 for tl T = 0.986 and is 10-1 for tl T = 0.45. The approxi­
mation is excellent for times t ~ T and is quite good for t > 0.5T. 

For the special example used in Fig. 10 we get for 

APPENDIX B 

The Maximum of (17) 

CO2 : T = 0.161 sec 
aIr: T = 0.08 sec. 

We seek an expression for the value of volV which brings ~CP, equation 
(17), to a maximum: 

d(~<I» 00 

d(v.:J/V) = (3oz(no - 1) To 

{0.202(l - Ro) {1 - exp (-7.316~) (1 + 7.310 ~)} 
- 0.0183(1 - RI ) {1 - exp ( -44.3~) (1 + 44.3~)} 

+ 0.00363(1 - R2 ) {1 - exp ( -106~) (1 + 106~)}]. 

(34) 

We set (34) equal to zero, and noting that the second and third exponen­
tials are small, we neglect them (to be justified by the solutions thus ob­
tained) yielding 

exp ( -7.316 r) (1 + 7.316 r) 
(1 - R1) (1 - R2) 

= 1 - 0.0906 (1 _ Ro) + 0.018 (1 - Ro) . 

(35) 

Equation (35) gives the approximate value of volV at the maximum of 
~<I> for any chosen radius, ria. Additional terms in (34) can be taken if 
more accuracy is desired, which was done in computing the volV for 
ria = 0.2, as given in the body of the paper. 
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Hollow Metallic and Dielectric Wave­
guides for Long Distance Optical 

Transmission and Lasers 

By E. A . .T. MARCATILI and R. A. SCHMELTZER 

(Manuscript received June 12, 1964) 

The field configurations and propagation constants of the normal modes 
are determined for a hollow circular waveguide made of dielectric material 
or metal for application as an optical waveguide. The increase of attenua­
tion due to curvature of the axis is also determined. 

The attenuation of each mode is found to be proportional to the square 
of the free-space wavelength A and inversely proportional to the cube of the 
cylinder radius a. For a hollow dielectric waveguide made of glass with 
v = 1.50, A = lJ.L, and a = 1 mm, an attenuation of 1.85 db/km is predicted 
for the minimum-loss mode, EHll • This loss is doubled for a radius of 
curvature of the guide axis R ~ 10 km. Hence, dielectric materials do not 
seem suitable for use in hollow circular waveguides for long distance optical 
transmission because of the high loss introduced by even mild curvature 
of the guide axis. Nevertheless, dielectric materials are shown to be very 
attractive as guiding media for gaseous amplifiers and oscillators, not only 
because of the low attenuation but also because the gain per unit length of 
a dielectric tube containing H e-N e "masing" mixture at the right pressure 
can be considerably enhanced by reducing the tube diameter. In this applica­
tion, a small guide radius is desirable, thereby making the curvature of 
the guide axis not critical. For A = 0.6328J.L and optimum radius a = 0.058 
mm, a maximum theoretical gain of 7.6 db/m is predicted. 

It is shown that the hollow metallic circular waveguide is far less sensitive 
to curvature of the guide axis. This is due to the comparatively large complex 
dielectric constant exhibited by metals at optical frequencies. For a wave­
length A = lJ.L and a radius a = 0.25 mm, the attenuation for the minimum 
loss TEO! mode in an aluminum waveguide is only 1.8 db/km. This loss 
is doubled for a radius of curvature as short as R ~ 48 meters. For A = 3J.L 
and a = 0.6 mm, the attenuation of the TEol mode is also 1.8 db/km. The 
radius of curvature which doubles this loss is approximately 75 meters. The 

1783 
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straight guide loss for the EHll mode for A = lp. and a = 0.25 mm is 57 
db/km and is increased to 320 db/km for A = 3p. and a = 0.6 mm. 

In view of the low-loss characteristic of the T EOl mode in metallic wave­
guides, the high-loss discrimination of noncircular electric modes, and the 
relative insensitivity to axis curvature, the hollow metallic circular wave­
guide appears to be very attractive as a transmission medium for long 
distance optical communication. 

I. INTRODUCTION 

During recent years the potentially large frequency range made avail­
able to communications by the development of the optical maser has 
stimulated much interest in efficient methods for long distance trans­
mission of light. The most promising contenders for long distance optical 
transmission media consist of sequences of lenses or mirrors, highly 
reflective hollow metallic pipes, and dielectric waveguides.1-1o 

In this paper we present an analysis of the field configurations and 
propagation constants of the normal modes in a hollow circular wave­
guide which, because of its simplicity and low loss, may become an 
important competitor. The guiding structure considered here may con­
sist of an ordinary metallic pipe of precision bore whose inner surface 
is highly reflective, or of a hollow dielectric pipe - i.e., one in which 
the metal is replaced with dielectric. Although the transmission charac­
teristics of metallic waveguides are well known for microwave fre­
quencies, this theory is invalidated for operation at optical wavelengths, 
because the metal no longer acts as a good conductor but rather as a 
dielectric having a large dielectric constant. In the subsequent analysis, 
therefore, both the dielectric and metallic guide are considered as special 
cases of a general hollow circular waveguide having an external medium 
made of arbitrary isotropic material whose optical properties are charac­
terized by a finite complex refractive index. If the free-space wavelength 
is much smaller than the internal radius of the tube, the energy propa­
gates not in the external medium but essentially within the tube, bounc­
ing at grazing angles against the wall. Consequently, there is little energy 
loss due to refraction. The refracted field is partially reflected by the 
external surface of the tube and may, in general, interfere constructively 
or destructively with the field inside the tube, decreasing or increasing 
the attenuation. Because of the difficulty of controlling the interference 
paths, it seems more convenient to eliminate the effect completely by 
introducing sufficient loss in the dielectric or, in the case of a glass di­
electric, by frosting the external surface. The field in the hole of the 
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tube is then unaffected by wall thickness. We shall therefore simplify 
the analysis of the hollow circular waveguide by assuming infinite wall 
thickness, as depicted in Fig. 1. 

This structure will be shown to be attractive as a low-loss transmission 
medium for long distance optical communication as well as for optical 
gaseous amplifiers and oscillators. It is known, for example, that in a 
tube containing a He-Ne mixture such that the product of radius and 
pressure is roughly a constant, the gain per unit length is inversely 
proportional to the radius of the tube. l1 On the other hand, we find in 
this paper that the attenuation of the normal modes is inversely propor­
tional to the cube of the radius. Hence there is an optimum tube radius 
for which the net gain per unit length is a maximum. Furthermore, 
because the guidance is continuous, there is no need for periodic focusing. 
Consequently, no restriction need be imposed on the length of the 
amplifying or oscillating tube. 

We begin by analyzing an idealized guide having a straight axis and 
a cylindrical wall. The results are then extended to include the effects 
of mild curvature of the guide axis by finding a perturbation correction 
for field configurations and propagation constants of the idealized 
straight guide. 

II. MODAL ANALYSIS OF THE GENERAL STRAIGHT CIRCULAR WAVEGUIDE 

Consider a waveguide consisting of a circular cylinder of radius a and 
free-space dielectric constant EO embedded in another medium of dielec­
tric or metal having a complex dielectric constant E. The magnetic 
permeability f.lo is assumed to be that of free space for both media. We 
are interested in finding the field components of the normal modes of 
the waveguide and in determining the complex propagation constants 
of these modes. 

The problem is substantially simplified if it is assumed that 

ka = 27ra/X » I v I Unm 

Fig. 1 - Hollow dielectric waveguide. 

T 
I 
I 

2d 
I 
I 
I 

....'t. 

(1) 
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and 

I ("Ilk) - 1 I « 1 (1) 

where k = wYeof..LO = 27r/A is the free-space propagation constant; Unm 

is the mth root of the equation I n- 1(Unm ) = 0, and nand m are integers 
that characterize the propagating mode; v = yel eo is the complex 
refractive index of the external medium; and "I is the axial propagation 
constant of the mode under consideration. The first inequality states 
that the radius a is much larger than the free-space wavelength A. In 
the case of metalization of the external medium, I v I may be quite large 
but is finite at optical frequencies. The second inequality restricts our 
analysis to low-loss modes, which are those whose propagation constants 
"I are nearly equal to that of free space. 

The field components of the natural modes of the most general circular 
cylindrical structure with arbitrary isotropic internal and external media 
have been determined by Stratton.12 This structure supports three types 
of modes: first, transverse circular electric modes whose only field com­
ponents are Eo , Hr and Hz ; second, transverse circular magnetic modes 
whose components are Ho , Er and Ez; and third, hybrid modes with all 
the electric and magnetic components present. The approximate field 
components of these modes are written below. They have been derived 
using the inequalities (1) and neglecting terms with powers of AI a larger 
than one. The superscripts i and e refer to the internal and external 
media, respectively. 

1. Circular electric modes TEom (n = 0) 

(2) 

UOm 

i kyar(v2 _ 1) JO(uom ) 

-i yv2 - 1 
exp i[l);e(r - a) + 'YZ - wt] I 

J 



2. Circular magnetic modes TMom (n = 0) 

E rOm i = J 1 (Ie iJ' ) I 
E zOm

i 
= i ~,aom_Jo(leir) ( ) 

1\ exp i ')'z - wt 

. • lEO J HOOm~ = 11 J:o J 1 (leiT ) 

3. Hybrid modes EHnm (n ~ 0) 

E'nm
i ~ [.1 n-1 (Ie,,.) + ~~;: V v' - 1 .!' n (k,1') J1 

·cos nCO + 00 ) I 

E rnm
i = [In-1 (kiT) + i~~; Vp2 - 1 In(leir) J exp i(')'z-wt) 

. sin n (0 + 00 ) 

I
-

i EO i 
HOnm = - E rnm 

J1.0 

H rnm
i 

- • ~ Eonm
i 

11~ 

H znm
i 

- • I; Eznmi ctn nCO + 00 ) 11 J1.0 

EOnm
e = cos nCO + 00 ) I 

Ernm' ~ sin n(O + 00) ( i kvar~; _ 1) .1n (Unm ) I 
E znm

e = - V p2 __ 1 sin nCO + 00 ) J . exp i[ke(r - a) + ')'z - wt] I 

H e 2 lEO E e Onm = p - rnm 
J1.0 

H znm
e = - · I;: E znm

e ctn nCO + 00 ) 11 J1.0 
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. (3) 

(4) 



Jt(3.832%)0~ Jt(7.016%)~~ 
TEm TE~ 

Jt(3.832~)pl £ Jt(7.0t6~)p t r 
a "'"""'a 

TMOI TMo2 

(a) CIRCULAR ELECTRIC MODES (b) CIRCULAR MAGNETIC MODES 

"»:;,,,:-;:: .. , 

J_4(11.065~)~~ J2(5.'36~)I~ ~ 
EH-32 EH31 

(c) HYBRID MODES 

Fig. 2 - Electric field lines of modes in hollow dielectric waveguides: (a) circu­
lar electric modes, (b) circular magnetic modes, (c) hybrid modes. 
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where the complex propagation constant "( satisfies the relationships 

k/ = k2 
- "(2 

k/ = J,2k2 
- "(2 

and U nm is the mth root of the equation 

1789 

(5) 

(6) 

As usual, I n I is the number of periods of each field component in the e 
direction, and m is both the order of the root of (6) and the number of 
maxima and minima of each component counted in the radial direction 
within the internal medium. The constant eo appearing in (4) will be­
come of interest later on when we study the waveguide with curved 
axis, because it will admit any orientation of the transverse electric 
field relative to the plane of curvature of the guide axis. 

For n = 0, the modes are either transverse electric TEom (2), or 
transverse magnetic TlVIom (3). The lines of electric field of the TEom 
modes are transverse concentric circles centered on the z axis. The lines 
of magnetic field are in planes containing the z axis. Similarly, the lines 
of magnetic field of the TlVIom modes are transverse concentric circles 
centered on the z axis with the electric field contained in radial planes. 
The electric field lines of the modes TEol , TEo2 , TlVIol and TMo2 are 
shown in Figs. 2(a) and 2(b); each vector represents qualitatively the 
intensity and direction of the local field. 

For n ~ 0, the modes are hybrid, EHnm (4); therefore, the magnetic 
and electric field are three-dimensional with relatively small axial field 
components in the internal medium. Thus the hybrid modes are almost 
transverse. 

Let us examine the proj ection of these three-dimensional field lines 
on planes perpendicular to the axis z of the waveguide. The differential 
equations for the projected lines of electric field in both media are 

1 d1' _ E rnm
i 

r de - EOnm i 

1 d1' E rnm
e 

r de - EOnme • 

(7) 

E rnm i as well as EOnm i contain two terms as given in (4). Both are neces­
sary to satisfy the boundary conditions. If we neglect the second term, 
however, no substantial error is introduced except very close (a few 
wavelengths) to the boundary, where the second term dominates as 
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the first tends to zero. With this simplification, the differential equations 
(7) in both media become identical 

(l/r )(dr/dO) = tan nO. 

Upon integrating, one obtains an equation for the locus of the projected 
electric field lines 

(r/ro) n cos nO = 1 (8) 

where ro is a constant of integration that individualizes the member 
of the family of lines. The electric field of an EHnm mode is different 
from that of EH-nm mode. 

The proj ection of the magnetic field lines is determined in a similar 
way. These equations are 

(r/ro)nsinnO = 1 

for the internal medium and 

(r /ro) nv
2 

sin nO = 1 

for the external medium. 

(9) 

The proj ections of the internal electric (8) and magnetic (9) field lines 
are identical for any given mode except for a rotation of 7r/(2n) radians 
around the z axis. In Fig. 2 ( c) the lines of the electric field in the internal 
medium are depicted for the first few hybrid modes. Again the vectors 
represent qualitatively the field intensities and directions. 

What happens at the boundary? Consider, for example, the projected 
electric lines of mode EHn , as shown in Fig. 3 (a). These field lines 
satisfy (8), an equation which is valid everywhere except near the 
boundary. The boundary conditions are violated in Fig. 3(a) because 
there is continuity not only of the tangential electric component but 
also of the normal component. The internal normal component must be 
v

2 times larger than the external one. Consequently, the electric field 
line must be discontinuous. This result is shown qualitatively in Fig. 
3(b). 

A three-dimensional representation of the field lines is far more com­
plicated than the two-dimensional one depicted in Fig. 2. As a typical 
example, the electric field lines of the EH22 mode are shown in Fig. 4 in 
a three-dimensional perspective. 

The propagation constants of the TEom , TMom and EHnm (n ~ 0) 
modes are determined below (21). It is found that the hybrid mode 
EH_ I n I ,m is degenerate (same propagation constant) with the 
EH I n I +2,m ; i.e., for every hybrid mode with negative azimuthal index 
there is a degenerate hybrid mode with positive aximuthal index. The 
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(a) (b) 

Fig. 3 - (a) Electric field lines of ERn mode violating boundary conditions; 
(b) same ERn mode with electric field lines qualitatively corrected. 

transverse modes TEom and TMom and the hybrid modes EHlm and 
EH2m have no degenerate counterpart. 

If the field components of the degenerate EH_ I n I ,m and EH I n I +2,rn 

modes (4) are added, we obtain new composite modes whose electric 
and magnetic field lines proj ect as straight lines on a plane perpendicular 
to the z axis. Some of those composite modes are shown in Fig. 5. 

It should be noted that if the refractive index of the external medium, 

1il;111 

'::.~:.:~::::'::-::::::':':' .. : .. ).:::::>': 
: ::.~:;: ~: ;":".,:;:"; : .. ' . 

FIG. 4 - Cutaway view of electric field lines of ER22 mode. The axial period 
is grossly exaggerated. 
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EH-zt + EH4! EH-zz + EH 4Z 

Fig. 5 - Electric field lines of composite modes EH_,nl,m + EH 1nl+2 ,m . 

v, is very close to unity, then for each value of m, the TEom , TMom and 
EH2m modes also become degenerate (17), (21) and the sum of the 
components of TEom (2) and EH2m (4) yields a new composite mode, 
as shown in Fig. 6. This mode, together with those in Fig. 5 and the 
EHlm of Fig. 2(c), form a complete set that closely resembles the set 
found for interferometers with plane circular mirrors or for sequences 
of circular irises. l 

Let us now consider the field intensity distribution outside and inside 
the hollow dielectric waveguide. The external field (2), (3) and (4) 
has the radial dependence 

exp [ike(r - a)] 

vr 



LONG DISTANCE OPTICAL COMMUNICATION 1793 

TEoI + EH21 

Fig. 6 - Electric field lines of composite modes TEom + EH 2m • 

From (5) and (20) we obtain, neglecting terms of order (Ala)2 and 
higher, ke = ky p2 - 1. The radial dependence is then 

exp [ik v~(r - a)] 
yr 

If the dielectric is lossy, the refractive index p has a positive imaginary 
part. The external electric and magnetic fields then oscillate with period 
of the order of AI I y p2 - 1 I and decay exponentially in the radial 
direction. The maximum field intensities in the external medium occur 
at the boundary r = a. Being proportional to AI a, these maxima are 
small. 

The field intensity inside the hollow waveguide is more interesting. 
Again if we substitute l' (20) into (2), (3) and (4) and neglect terms 
of the order AI a, only the internal transverse components remain. 

For TEom modes 

(10) 

For TlVlom modes, 

(11) 
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For EHnm modes, 

Eonm
i 

= -/~ Hrnm
i 

= I n-1 (Unm~) cos nO 

Emm' = I~ H'"m' = J"-l (Unm~) sin nO. 

(12) 

The field components of each mode have approximately the same radial 
dependence, varying as Bessel functions of the first kind, and tending 
to negligibly small values at the boundary (6). This approximate radial 
dependence (10), (11) and (12) is reproduced under each mode pattern 
in Figs. 2(a), 2(b) and 2(c). 

III. PROPAGATION CONSTANTS FOR THE GENERAL CIRCULAR CYLINDRICAL 

GUIDE 

In this section we shall determine the propagation constants 'Y, of 
the TEom , TlViom and EHnm modes in the straight hollow guide at optical 
wavelengths. The propagation constants are the roots of the following 
characteristic equation for the general circular cylindrical structure. 12 

They are related to ki and ke by expressions (5). 

[
In'(kia) ki Hn(l) , (If,ea)][Jn'(kia) _ -lki H n (l) , (kea)] 
.In(lcia) - ,---;; Hn(l)(kea) .In(kia) ke Hn(I)(kea) 

( 13) 

This equation is simplified substantially when the approximations in 
(1) are introduced. Since kea » 1, the asymptotic value of the Hankel 
functions may be used 

Hn (1)' (kea) . 
H

n
(l) (kea ) ~ 1 + O(1/kea), (14) 

Since 

~ ~ __ v
2 

__ (~) « 1 
kea (v2 - l)t 27ra 

(15) 

powers of -l/kea larger than one shall be neglected. The characteristic 
equation then simplifies to 

(16) 
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where 

1 
for TEam modes (n = 0) v'v2 

- 1 

v2 

for TlVIam modes (n = 0) (17) Vn v'v2 - 1 

~(V2 + 1) 
for EHnm modes (n ~ 0) . v'v2 - 1 

To solve the characteristic equation for leia we notice that because 
of (1) and (5), the right-hand side of (16) is close to zero. Using a 
perturbation technique and keeping only the first term of the perturba­
tion, 

(18) 

where U nm as before is the mth root of the equation 

(19) 

The validity of (18) is assured provided that the order of the mode is 
low enough so that I Vn I U nm « lea. The propagation constants 'Y can 
then be obtained from (5) 

(20) 

The phase constant and attenuation constant of each mode are the real 
and imaginary parts of 'Y, respectively, 

(3nm = Re ('Y) ~ 2: {I - ~ [~~~J [1 + 1m (~~)]} 
(21) 

"'nm ~ 1m ('Y) ~ (':;;)' ~ Re (vn ) • 

IV. PROPAGATION CONSTANTS FOR STRAIGHT DIELECTRIC GUIDES 

For guides made of dielectric material, Vn is usually real and inde­
pendent of A, so that the phase and attenuation constants arc 
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~nm = 2: {I _ ~ (~::A)'} 
1 
~' for TEom modes (n = 0) 

Vv2 -1' 
!(v2 + 1) 
Vv2 -1' 

for TMom modes (n = 0) 

for EHnm modes (n ~ 0) 

. (22) 

The phase constant of modes in hollow dielectric waveguides have the 
same frequency dependence as modes in perfectly conducting metallic 
waveguides when operating far from cutoff; both transmission media 
are then similarly dispersive. 

The attenuation constants are proportional to )...2ja
3
• Consequently, 

the losses can be made arbitrarily small by choosing the radius of the 
tube a sufficiently large relative to the wavelength ).... 

The refractive index v affects the attenuation of each of the three 
types of modes (22) in different ways. This fact is reasonable on physical 
grounds. TEom modes can be considered to be composed of plane wave­
lets, each impinging at grazing angle on the interface between the two 
media with polarization perpendicular to the plane of incidence. It is 
known from the laws of refraction that the larger the value of v, the 
smaller the refracted power. 

TMom modes may also be thought of as consisting of plane wavelets, 
but with the electric field of each now contained in the plane of incidence. 
For v very close to unity, there is little reflection and the refracted loss 
is high; as the value of v is allowed to become large, each wavelet gets 
close to the Brewster angle of incidence and again the refracted loss is 
high. The minimum occurs for v = 0. 

ERnm modes are composed of both types of plane wavelets. Therefore, 
as is reasonable from the above argument, the attenuation constant 
Cinm has a v dependence which is an average of those of TEom and TMom 
modes. The value of v that minimizes Cinm is v = V3 = 1.73. 

The attenuation constants (22) are proportional to Unm
2

• Some values 
of U nm (19) are presented in Table 1. For a fixed value of n the attenua­
tion constant increases with m. This statement is not true for m fixed 
and n variable. 

Comparing the attenuation constants (22) of the different modes, 
we find that the mode with lowest attenuation is TEol if v > 2.02 and 
ERn if v < 2.02. Most glasses have a refractive index v ~ 1.5, and 
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TABLE I - SOME VALUES OF Unm 

n/m 1 2 3 4 

1 2.405 5.52 8.654 11. 796 
2 or 0 3.832 7.016 10.173 13.324 
3 or -1 5.136 8.417 11.62 14.796 
4 or -2 6.380 9.761 13.015 16.223 

consequently for hollow glass tube EHll should be preferred. The attenu­
ation of this mode (8686all in db/km) has been plotted in Fig. 7 as a 
function of A/a for v = 1.50 using A as a parameter. Typically, for a 
wavelength A = IJL and radius a = 1 mm, the attenuation of the EHll 
mode is 1.85 db/km (~3 db/mile). If the radius of the guide is doubled, 
the attenuation is reduced to 0.231 db/km. 
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Fig. 7 - Attenuation of EHll modes (1.85 ,,2/a3) versus wavelength/radius 
(I' = 1.5). 
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v. HOLLOW DIELECTRIC WAVEGUIDE FOR OPTICAL MASER AMPLIFIERS 

AND OSCILLATORS 

A mode traveling in a hollow dielectric waveguide filled with "masing" 
material experiences a net gain which is given by the difference between 
the amplification due to the active medium and the loss due to leakage 
through the walls. It has been shownll that in a tube filled with the 
right mixture of He and Neat the proper pressure, the gain G is in­
versely proportional to the radius a of the tube. Then 

G = (A/a) db/m (23) 

where the radius a is measured in meters and the constant A is 

A = 0.00066 db. 

On the other hand, we have found that the transmission loss of the 
EHn mode in the hollow waveguide with a refractive index 71 1.50 
is L = 8.686all. From (22) 

L = B(}..2/a3
) db/m (24) 

where the constant B is 

B = 1.85 db. 

The net gain pel' unit length is then 

passing through a maximum at the value of the radius for which 

a(G - L)/aa = o. 
The optimum radius and the maximum net gain are respectively 

aopt = V3 ~ }.. = 91.7}.. 

2 A! 1 10-6 

(G - L)max = 3! B! ~ = 4.81 T db/m. 

For the He-N e mixture, ).. = 0.6328 10-6 m. Consequently 

aopt = 0.058 mm 

(G - L)max = 7.6 db/m. 

(25) 

(26) 

(27) 

Although the diameter of the tube is quite small, the gain per unit length 
is sufficiently large as to make hollow dielectric amplifiers and oscillators 
attractive for experimentation. 



LONG DISTANCE OP'l'ICAL COMMUNICATION 1799 

Present-day confocal He-Ne masers employ tubes whose approximate 
length and radius are 1 m and 3 mm. respectively. The gain per passage 
(23) is 0.22 db (~5 per cent). If a hollow dielectric waveguide with an 
optimum radius 0.058 mm were used, the same gain would be achieved 
with a length of only 0.22/7.6 = 29 mm. This presents an excellent 
possibility for a very compact maser. 

Even for radii larger than the optimum, the hollow dielectric wave­
guide is still attractive. For example with a = 0.25 mm, the gain is 2.6 
db/m, a value far larger than the gain 0.22 db/m obtained for the 3-mm 
radius tube commonly used for masers. 

Nevertheless, for long-wavelength masers the optimum values (26) 
are not practical. Consider for example a tube containing an active 
material which amplifies at A = 10-4 m. Let us assume that the constant 
A is still 0.00066. Then from (26), the optimum radius and maximum 
gain are 

aopt = 9.14 mm 
(28) 

(G - L)mux = 0.0481 db/m. 

The gain is very small. It could be enhanced by reducing the radius and 
by increasing the refractive index v of the walls to a value much larger 
than 1.5. This can be accomplished if metal is used instead of dielectric, 
as is shown in the next section. 

VI. ATTENUATION CONSTANTS FOR 'l'HE STRAIGHT METALLIC GUIDE 

In order to discuss the attenuation characteristics of metallic wave­
guides, we shall need to have some quantitative information about the 
behavior of metals at optical frequencies. We examine as a typical 
example the optical properties of aluminum, even though this may not 
be the most suitable metal. The dispersion characteristics of the con­
ductivity and relative dielectric constants of aluminum have been 
studied extensively by Hodgson/3 Beattie and Conn/4 and Schulz.I5 

The data used below have been taken from a compilation of the results 
of these studies/6 and is presented graphically in Fig. 8. It is evident 
from these dispersion curves that the dielectric constant for aluminum 
is much larger than for ordinary dielectrics and increases monotonically 
with wavelength in the range 0.3JL < A < 4.0JL. 

The circular electric modes have the lowest loss in metallic wave­
guides, while the circular magnetic and hybrid modes are rapidly 
attenuated even for a wavelength as short as 0.3JL. The attenuation con­
stant aO! for the lowest-loss TEOl mode is plotted in Fig. 9 for wave-
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lengths in the range 0.3j.L < A < 4.0j.L for a = 0.25 mm, 0.50 mm and 
1 mm. These data show a considerable improvement over that cor­
responding to the lowest-loss mode EHll for the dielectric guide. We 
saw that for a hollow glass dielectric waveguide, the EHll mode has a 
loss of 1.8 db/km for a radius a = 1 mm and wavelength A = Ij.L. The 
attenuation for the TEol mode for the aluminum guide with the same 
radius and wavelength is only 0.028 db/km. For a wavelength A = Ij.L 
and a radius a = 0.25 mm, the minimum-loss TEol mode for the alumi­
num waveguide has an attenuation constant 0'01 = 1.8 db/km. The 
same attenuation is achieved for A = 3j.L and a = 0.6 mm. The attenua­
tion constant for the TE02 mode under the last two conditions is 0'02 = 
6.05 db/km. For a wavelength A = Ij.L and a = 0.25 mm, the straight 
guide losses for the TMol and EHll modes are approximately 145 db/km 
and 57 db/km, respectively. 

VII. FIELD CONFIGURATION AND ATTENUATION OF MODES IN THE CURVED 

GUIDE 

In order to achieve a more realistic evaluation of the hollow circular 
waveguide for long distance optical transmission, it is necessary to 
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evaluate the effects of mild curvature of the guide axis. This is most 
easily accomplished by determining a perturbation correction for both 
the field configuration and the attenuation constants for the idealized 
straight guide whose characteristics have been described above. 

VIII. FORMULATION OF THE PROBLEM 

Consider the toroidal system (r, 0, z) with metric coefficients 

er = 1 

eo = r (29) 

ez = 1 + r / R sin 0 

as depicted in Fig. 10. In this system of coordinates, a differential 
length is given by 

(30) 

where R is the radius of curvature of the toroidal system and is chosen 
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Fig. 10 - The curved hollow dielectric waveguide and the associated toroidal 
coordinate system (r, 0, Z). 

equal to the radius of curvature of the guide axis, so that the guide wall 
is located at r = a, and the axis of the guide coincides with the curved 
z-axis. In this toroidal coordinate system, Maxwell's equations are 

:0 {(1 + rlR sin O)JCz} - i'YcrJCo + iW€1'(1 + rlR sin 0)0e = 0 

i'YcJCr - ~ {(I + rlR sin O)JCz} + iWE(1 + rlR sin 0)00 = 0 
ar 

~ (rJCo) - ~ JCr + iWET0z = 0 
ar ao 

:0 {(I + rlR sin 0)0z } - i'Yc0o - iw~r(l + rlR sin O)Xr = 0 

i'Ye0r - ~ {(I + rlR sin 0)0z} - iw~(1 + rlR sin O)Xo = 0 
ar 

a () a . 0 ar r00 - ao 0r - 'tw~rXz = 

where we have omitted the common factor 

exp i( 'YeZ - wt) 

in which "Ie is the propagation constant along the curved z-axis. 

(31) 

The toroidal system (r, 0, z) and the curved waveguide degenerate 
into a cylindrical system and a straight guide, respectively, as R ap­
proaches infinity. Maxwell's equations for the straight guide are there­
fore obtained from (31) by letting R -7 00. 
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i'YHr - i Hz + iweEr = 0 ar 

.i (rHo) - .i Hr + iwerEr = 0 ar ae 

.i E - i'VrEo - iwerH = 0 ae z I r 

1803 

(32) 

where "I is the propagation constant for the straight guide, and the 
superscript i and subscripts nm are suppressed. 

IX. SOLUTION FOR THE CURVED GUIDE 

We proceed to solve (31) for the field vectors 8, X and obtain the 
propagation constant "Ie for the curved guide as functions of the field 
vectors E, H and the propagation constant "I of the straight guide. The 
latter quantities are known [(2), (3), (4) and (20)]. We introduce a 
parameter 

u = _k_.~~2(27ra)2~. 
"I - k R UnmA R 

(33) 

The range of interest is that for which the radius of curvature R is so 
large that u « 1. 

Using a first-order perturbation technique, the solution of (31) is 

80 = (1 + ur/a sin O)Eo 

8r = (1 + ur / a sin 0) Er 

8 z = (1 + ur/a sin O)Ez + (iu/lca)(Er sin 0 + Eo cos 0) 

Xo = (1 + ur/a sin O)Ho 

Jer = (1 + ur/a sin O)Hr 

Xz = (1 + ur/a sin O)Hz + (iu/lca)(Hr sin 0 + Ho cos 0). 

(34) 

The effect of curvature of the guide axis is to make unsymmetrical the 
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transverse field configuration of the straight guide. Each transverse 
component is enhanced in the half cross section farthest from the center 
of curvature. 

To a first-order perturbation of (J, the propagation constants of the 
curved and straight guide are identical; i.e., I'c ~ 1'. Nevertheless, know­
ing the field components of the mildly curved structure, it is possible 
to calculate its attenuation constants Ci.nm(R) = Re I'c . 

X. ATTENUATION CONSTANTS Ci.nm(R) 

The mean radial power flowing into the dielectric per unit length 
at the surface of the guide is 

1 },27r 
P r = 2 0 Re [8oXz * - 8zXo*L~1 + aiR sin e]a de. (35) 

The power flow in the axial z direction within the internal medium 
r < ais 

l1 a 127r P z = 2 0 0 Re [8rXo* - 80Xr *]r de dr (36) 

and decreases along z at a rate equal to the radial flow per unit length 
Pr ; i.e., 

(37) 

where Ci.nm(R) is the attenuation constant of the mode under considera­
tion for the curved hollow dielectric waveguide. Consequently 

Ci.nm(R) = !(PrIPz). (38) 

To compute P r we substitute the known field quantities into (35), 
This yields 

j /;- unm2J n2
( U nm ) 127r . 2 . 

Pr = Re 11 J.l.°O 2k2avv2 _ 1 0 11 + (J sme I (1 + aiR sm e) 

.,,2 de r 1 } 

tv' sin' n(e + eo) + cos' n(e + eo) 

for TEom modes (39) 
for TMom modes 
for EHnm modes. 

Terms with powers of AI (27ra) larger than two have been neglected. 
Upon integrating, 

P 
_ R I; unm2Jn2(Unm) 

r- 7r e -1.2-~1 
J.l.o Iii av v- - 1. 
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(1 + !i) 
v2(1 + !(l) 

for TEam modes 

for TMam modes 

1 ~ (v' + 1) [1 + ~ ,/ (1 +on(~l):: ~ ~I 
l ·cos 280)] 

for EHnm modes 

where 

n = ±1 
n ~ ±l. 

(40) 

(41) 

The power P z flowing radially in the guide is obtained by substituting 
(34) into (36) and integrating 

P, = ";' I~o In'(unm) {I + ~ [1 + 2n(n - 2)/unm']}. (42) 

Hence 

(43) 

[ 
1 - n (n - 2) + ~ ~ ( 1) Re y~ 28 J\ 

• 2 4 Un ± 2 + 1 cos a Unm v 
Re -y--==v2=-=1 J 

where <Xnm( (0) = <Xnm is the attenuation constant for modes in the 
straight guide (R = (0) given by (21). The attenuation constant 
<Xnm (R) can also be written in the following form 

(44) 

where 

1 

yv2 - 1 

Vnm(v) 
4 v2 C"y 3 yv2 - 1 U mn 

(45) 
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The values of ReVnm(v) are always positive. Some of them have been 
calculated in Table II for a refractive index v = 1.50. 

The attenuation constant of any mode consists of two terms (44). 
The first coincides with that of the straight guide and is proportional 
to U nm

2A? / a3
; the second term represents an increase in attenuation due 

to curvature of the guide axis and is proportional to a3/'J\2R2unm2. There­
fore the lower the straight guide attenuation constant (small Unm

2'J\2/a3) , 
the larger the loss due to bends and vice versa. From (43) or (45) we 
find that only for the ER±l,m modes, the orientation of the field with 
respect to the plane of curvature influences the attenuation. If 00 = 0, 
the electric field in the center of the guide is in the plane of curvature 
and the attenuation is a maximum. For 00 = ±7r /2, the electric field 
is normal to the plane of curvature and the attenuation is a minimum. 
The ratio of maximum to minimum is mild, however. For the lowest 
attenuation mode ERn and v = 1.50, it is 

Vnm(OO = 0) = 1.6.5. 
V nm(OO = 7r/2) 

(46) 

If I v I » 1, that ratio is 

Vnm(OO = 0) = 4.6. 
V nm(O = 7r/2) 

From equation (43) we find that the radius of curvature which doubles 
the straight guide attenuation is 

_ ~ (271")2 a
3 

Ro - V3 umn 'J\2 

'[1 - n(n -2 2) + ~ On(±l) 
U nm 4 Re 

Re Vv2 
- 1 J! 

2 1 cos 290 
v + . 

VV2 - 1 

(47) 

This value of Ro is only approximate since (43) was derived by assum­
ing (j « 1. 

XI. EFFECT OF CURVATURE ON ATTENUATION OF MODES IN THE HOLLOW 

DIELECTRIC WAVEGUIDE 

For a straight hollow glass waveguide with v = 1.5 and a radius 
a = 1 mm operating typically at a wavelength 'J\ = 1M, the attenuation 
of the lowest-loss mode ERn is an = 1.85 db/km. This loss is doubled 
for a radius of curvature Ro ~ 10 km. For long distance optical trans­
mission a radius of curvature of at least a few hundred meters would 
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TABLE II - SOME VALUES OF Vnm(V) 

n/m 1 2 3 4 

-1 2.57 (1 + 0.326 1.034 (1 + 0.301 0.553 (1 + 0.295 0.347 (1 + 0.293 
cos 200) cos 200) cos 200) cos 200) 

o I TE 
3.22 0.955 0.455 0.265 

TM 7.22 2.145 1.022 0.596 

1 15.5 (1 + 0.246 2.60 (1 + 0.279 1.034 (1 + 0.284 0.554 (1 + 0.286 
cos 200) cos 200) cos 200) cos 200) 

2 5.22 1.55 0.735 0.432 

3 2.57 1.034 0.553 0.347 

4 or -2 1.51 0.737 0.430 0.287 

be tolerable. Therefore hollow dielectric waveguides do not seem suita­
ble for long distance optical transmission. 

On the other hand, the curvature in hollow dielectric waveguides for 
application in gaseous amplifiers and oscillators is not critical. For 
example, if a = 0.25 mm and A = l.u, the straight guide attenuation is 
0.12 db/meter. The radius of curvature which doubles this quantity 
for the lossiest polarization - i.e., with the electric field at the center 
of the guide contained in the plane of curvature - is approximately 
150 meters, a value well within the limits of laboratory precision. Con­
sequently, the hollow dielectric waveguide does remain very attractive 
as a guiding medium for optical amplifiers and oscillators where a small 
guide radius is desirable, thereby making the guide less sensitive to 
curvature of the axis. 

XII. EFFECT OF CURVATURE ON ATTENUATION OF MODES IN THE METALLIC 

GUIDE 

The attenuation constants cxom(R) for the lowest-loss TEom modes 
in the curved metallic guide are given by 

(48) 

where CXom( 00) is the attenuation constant for the TEom mode in the 
straight guide, R = 00. For a radius a = 0.25 mm and wavelength 
A = l.u, the straight guide loss for the lowest-loss TEol mode, CX01( 00) = 
1.8 db/km, is doubled for a radius of curvature of only Ro ~ 48 meters. 
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For A 3JL and a = 0.6 mm, the straight TEo} loss is also 1.8 db/km 
and the radius of curvature that doubles that loss is 75 m. 

XIII. CONCLUSIONS 

The hollow dielectric waveguide at optical wavelengths supports a 
complete set of normal modes that are either circular electric, circular 
magnetic or hybrid. They resemble the modes found in a sequence of 
circular irises not only in field configuration but also in loss discrimina­
tion among them. For hollow metallic waveguides the mode discrimina­
tion is far larger. 

The field configuration and propagation constants have been de­
termined. The attenuation is practically independent of the loss tangent 
of the dielectric but depends essentially on the refraction mechanism 
at the wall. Assuming refractive index of the dielectric, 1.5 for hollow 
dielectric waveguides, the ERn mode exhibits the lowest power attenua­
tion, viz., 1.85 (A2/a3

) db/m. For a wavelength A = IJL and a tube 
radius a = 1 mm, the attenuation is only 1.85 db/km. 

The hollow dielectric waveguide does not, however, seem suitable for 
long distance optical transmission because of the high loss introduced 
by even mild curvature of the guide axis. Nevertheless it remains very 
attractive as a guiding medium for optical amplifiers and oscillators, 
since here a small radius of the guide is desirable. Consequently, curva­
ture of the guide axis is not critical. Filled with "masing" material, the 
hollow dielectric waveguide provides not only guidance but also gain 
which is almost inversely proportional to the radius. For the right 
Re-Ne mixture, the maximum theoretical gain attainable is 7.6 db/m 
provided that the radius is 0.058 mm. But even if the radius is 0.25 mm, 
the predicted gain is still large, viz. 2.6 db/m. 

The metallic waveguide is superior to the hollow dielectric waveguide 
for use in long distance optical transmission. Because of the relatively 
large dielectric constant exhibited by aluminum at optical frequencies, 
the attenuation constant for the lowest-loss mode TEOl is comparatively 
small and less sensitive to curvature of the guide axis. For a radius 
a = 0.25 mm and a wavelength A = IJL, the attenuation constant for 
TEot modes in the straight aluminum guide is only 1.8 db/km, which is 
doubled for a radius of curvature of about 48 meters. For a = 0.6 mm 
and A = 3JL, the TEot straight guide loss is also 1.8 db/km but is doubled 
if the radius of curvature of the waveguide axis is 75m. 

We have considered some of the theoretical problems of the hollow 
dielectric or metallic waveguide. The results are promising. Neverthe­
less, the usefulness of these guides has yet to be proven experimentally, 
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and furthermore the attenuation constants discussed here do not include 
scattering losses due to surface imperfections. 
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A Condition for the ,coo-Stability 
of Feedback Systems Containing a 

Single Time-Varying Nonlinear Element 

By I. W. SANDBERG 

(Manuscript received May 14, 19G4) 

I II the automatic control literature, a feedback system is frequently 
said to be stable if, regardless of the initial state of the system, each 
bounded input applied at t = 0 produces a bounded output. The pur­
pose of this brief is to present a sufficient condition for the feedback 
system of Fig. 1 to be stable in this sense. 

Our discussion is restricted to cases in which g1 ,j, u, and v (in Fig. 1) 
denote real-valued measurable functions of t defined for t ~ O. The 
block labeled 1/; is assumed to represent a memoryless time-varying 
element that introduces the constraint u(t) = 1/;[f(t),t], in which 1/;(x,t) 
is a function of x and t with the properties that 1/;(O,t) = 0 for t ~ 0 and 
there exist a positive constant {3 and a real constant a such that 

a ~ 1/; (x,t) ~ (3, ~ 0 
X 

for all real x ~ O. 
The block labeled K represents the linear time-invariant portion of 

the forward path, and is assumed to introduce the constraint 

vet) = it k(t - r)u(r)dr - g2(t), t ~ 0 (1) 

in which k and g2 are real-valued measurable functions such that 

i oo 
! k (t) ! dt < 00, sup !g2(t)! < 00. 

t~O 

The function g2 takes into account the initial conditions at t = O. We 
do not require that u and v be related by a differential equation (or by a 
system of differential equations). 
Assumption: We shall assume that the response vet) is well defined 
and such that for all finite y > 0 

sup! vet) ! < 00, 
O;£t;£y 

1815 
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Fig. 1 - Nonlinear feedback system. 

for each initial-condition function 92 that meets the conditions stated 
above and each input 91 such that 

sup I 91(t) I < 00. 
t~O 

Definition: We shall say that the feedback system of Fig. 1 is "J.\o-stable" 
if and only if there exists a positive constant p with the property that the 
response v satisfies 

sup I vet) I ~ p sup I 91(t) + 92(t) I + sup I 92(t) I 
t~O t~O t~O 

for every initial-condition function 92 that meets the conditions stated 
above and every input 91 such that 

sup I gl(t) I < 00. 
t~O 

Clearly, if the system is .,coo-stable, then the response is bounded 
whenever the input is bounded. 
Theorem: Suppose that 

(i) with K(s) = roo k(t)e-st dt for Re[s] ~ 0, 
• 0 

1 + !(a + (3)K(s) ~ ° for Re[s] ~ 0, and 
(ii) with h( . ) the inverse Laplace transform of 

K(s) * 
1 + !(a + (3)K(s) , 

!({3 - a) fooo I h(t) I dt < 1. 

Then the feedback system of Fig. 1 is £oo-stable. 
It is of interest to note that condition (ii) is satisfied whenever 

condition (i) is met, a > 0, h(t) ~ ° for t ~ 0, and 

fooo k(t) dt > 0, 

* Condition (i) and our assumption regarding k(· ) imply that h(·) exists, and 
that its modulus is integrable on [0,(0) [see Ref. 1]. 
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for then 

1 100 

!({3 - a)K(O) 
2({3 - a) 0 1 h(t) 1 dt = 1 + !(a + (3)K(O) < 1. 

The theorem can be proved with the techniques discussed in Refs. 2 
and 3. More specifically, consider the relation between J and (gi + g2): 

gl(t) + g2(t) = J(t) + it k(t - r)1f'[j(r),r]dr, t ~ 0 (2) 

and suppose that 

Arguments very similar to those used to prove Theorem 1 of Ref. 2 
and Theorem I of Ref. 3 show that if (a) J satisfies (2), (b) 

sup 1 J(t) 1 < 00 
O;;£t;;£y 

for all finite y > 0, and (c) conditions (i) and (ii) of our theorem are 
satisfied, then there exists a positive constant PI (which does not de­
pend upon gi or g2) such that 

sup 1 J(t) 1 ~ PI sup 1 gl(t) + g2(t) I· 
t~O t~O 

Our theorem is a direct consequence of this fact, in view of (1) and the 
relation between u and f. 
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Thermal Gas Lens Measurements 

By A. C. BECK 

(Manuscript received June 12, 1964) 

The refractive index of a gas is an inverse function of its temperature 
under isobaric conditions. Therefore a cool gas flowing into a heated tube 
will have a lower refractive index near the heated walls than in the 
center, and the combination becomes a convex lens which will focus a 
light beam transmitted through the tube.1 ,2 

A simple arrangement was built to get some information about the 
behavior of such a device. It is sketched in Fig. 1. The gas flowed through 
a 5-inch long electrically heated brass tube with a i-inch inside diam­
eter. The tube was mounted in a large polyfoam cylinder to reduce 
external heat losses. A single-mode light beam from a helium-neon gas 
laser oscillating at A = 0.63 micron was collimated at a dianleter of 
about i inch with glass lenses and then sent along the axis of the heated 
tube, through which a gas was flowing. The light was intercepted on a 
screen about 10 to 20 feet away. When this system, acting like a convex 
lens, is placed in such a collimated beam, the light goes through a focus 
at the lens focal length, and then expands to form a llluch larger area of 
light on the screen. A Foucault knife edge cutting the beam at the focus 
was used for measuring the focal length of the lens. 

The reciprocal of the lens focal length in meters (often called the 
focusing power or convergence of the lens, and usually expressed in 
diopters) is plotted as a function of wall temperature rise on Fig. 2. 
Measurements were made with air and with carbon dioxide at the 
indicated flow rates. Helium was found to give very small effects, as 
expected.2 

It will be noted from Fig. 2 that the lens power increases more slowly 
with flow rates at the higher values. At somewhat higher flow rates it 
flattens off and stops increasing, but at these very high flow rates, gas 
turbulence sets in and laminar flow is no longer present, so accurate 
measurements become impossible. At the flow rates shown on Fig. 2, 
constant and steady light patterns and focal lengths are observed when 
heated gas emerging from the tube is kept out of the light beam. This 
indicates that when laminar flow exists, the gas is very stable in a tube 
as small as this one; therefore steady optical lens effects are obtained. 
At higher temperatures the lens power continues to increase, at least 
up to the temperatures obtainable with this equipment. At the highest 
lens powers there is an effect that appears like spherical aberration, 
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Fig. 1 - Experimental arrangement for thermal gas lens. 
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shown by a concentric pattern of light rings beginning to appear on the 
screen,3,4 but this is very slight in the ranges shown on Fig. 2. 

The brass tube was heated with direct current, and the input electri­
cal power was measured for all points. The electrical power required 
with no gas flow was also measured as a function of temperature. The 
heat power taken away by the flowing gas was the difference between 
these two values at the measured temperature rise. From this informa­
tion, a "figure of merit," defined as the reciprocal of the focal length in 
meters divided by the watts of heat extracted by the flowing gas (diopters 
per watt), can be calculated. 

Representative data, and some comparisons with theoretical values, 
are summarized in Table 1. The theory, notation, and gas constants 
are given by Marcuse and Miller. 2 

Agreement between calculated and measured values is fair for heat 
power consumption of the flowing gas, but not as good for focusing 
power, particularly at large flow rates of the heavy gas. 

The focusing power and figure of merit of these lenses can be im­
proved by using longer sections of tubing, since this one was not op­
timized. They may also be improved by using other gases having a 
higher (n - l)/k ratio, where n is the refractive index and k is the heat 
conductivity of the gas, and by operating at higher gas pressures. 

Thermal gas lenses have short focal lengths with low power consump­
tions, and the effects are remarkably steady. The focusing power can 
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Fig. 2 - Lens focusing power versus wall temperature rise. 

be adjusted easily by changing the gas flow rate. Such devices may find 
applications to long distance optical communication systems. 

The assistance of W. E. Whitacre in constructing and setting up the 
equipment is gratefully acknowledged. 

TABLE I - REPRESENTATIVE DATA AND THEORETICAL VALUES 

Figure of 
Flow Rate 1/F (diopters) Power (watts) merit (diop-

Gas (liters/ V vo vo/V ters/watt) 
min) (em/sec) (em/sec) 

calc. me as. calc. meas. calc. meas. 
-- ---- ------

Air 1 27.24 105 3.87 1.67 1.3 1. 74 1.8 0.96 0.72 
Air 2 27.24 211 7.74 1. 95 2.1 2.75 2.9 0.71 0.72 
CO2 1 13.52 105 7.80 3.00 3.8 1.73 2.0 1.73 1.90 
CO2 2 13.52 211 15.6 2.02 4.7 2.49 2.9 0.81 1.62 
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Gas Mixture Lens Measurements 

By A. C. BECK 

(Manuscript received June 15, 1964) 

Different gases have different refractive indexes. If two different 
gases are introduced into different parts of a straight hollow tube and 
allowed to continue in laminar flow, they diffuse into each other slowly 
but remain sufficiently separated so that a refractive index gradient is 
maintained for some distance. It has been suggested by A. R. Hutson, G. 
E. Conklin, and the author that various optical components such 
as prisms and lenses can be obtained by using such gaseous structures. 
These components have very low losses and reflections, with no solid 
surfaces to cause matching or cleaning problems. For these reasons they 
may have important applications in optical communications systems,l,2,3 

A simple structure, sketched in Fig. 1, was built to test this principle 
and to get some information about the performance of a gas mixture 
lens. A cylindrical porous-walled tube with an inside diameter of i inch 
and an exposed length of 3 inches was mounted inside a larger phenolic 
cylinder with its ends blocked to form a gas reservoir. A single-mode light 
beam from a helium-neon gas laser oscillating at A = 0.63 micron was col­
limated at a diameter of about i inch with glass lenses and then sent 
along the axis of the porous tube through which one gas was flowing. 
The second gas was introduced into the tube through the porous walls. 
The light beam was then intercepted on a screen about 10 to 20 feet 
away. If there were no optical refractive effects on this beam, a spot 
about i inch in diameter was seen at these distances, since the beam 
was collimated. A diverging lens increases the spot size without the 
beam going through a focus between the lens and the screen. A con­
verging lens causes the beam to become smaller, go through a focus, 
then expand, forming a much larger spot on the screen at distances of 
many focal lengths. When measuring converging lenses, a Foucault 
knife edge cutting the beam was used to determine the focal point and 
thus the focal length of the lens. 

With this system, diverging lenses are obtained if the gas of higher 
refractive index is introduced through the walls of the porous tube while 
the gas with the lower index flows down the tube parallel to the light 
beam. Conversely, sending the less refractive gas through the porous 
wall of the tube through which the more refractive gas and the light 
beam are passing gives a converging or positive lens. The reciprocal of 
the lens focal length in meters (often called the focusing power or con-
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Fig. 1 - Experimental arrangement for gas mixture lens. 

vergence of the lens, and usually expressed in diopters) is plotted for 
various gas flow rates in Figs. 2 and 3. Three different gas mixtures are 
shown, although other gas mixtures might have even greater focusing 
power. With carbon dioxide-helium and air-helium, focusing power in­
creased with increased flow rate in the range of Fig. 2, but Fig. 3 shows 
that this is not the case for the carbon dioxide-air mixture in the range 
shown there, since focusing power at first increased, reached a maximum, 
then decreased as the carbon dioxide flow rate was increased. For these 
curves, Dextilose paper, No. 17V, was rolled up with about five thick­
nesses to form the porous tube. Other materials work equally well or 
better, porous ceramics, sintered metals, fritted glass and fine copper 
screen showing similar results. 

At the indicated flow rates, the patterns and focal lengths are constant 
and steady when the mixed gases emerging from the tube are kept out 
of the light beam. This shows that the gas mixture is quite stable when 
laminar flow exists in the tube. The tube continued beyond the porous 
region exposed to the second gas for about 1! inches, but greater focusing 
power than that shown here was obtained with longer exit tube lengths. 
This indicates that the gases were still in laminar flow and were not 
completely mixed in this short length, so that focusing continued with 
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Fig. 2 - Lens focusing power versus gas flow rates, air-helium and carbon 
dioxide-helium. 

more length. At higher flow rates, particularly of the gas first introduced 
into the system, turbulence appeared. This broke up the light beam 
and gave unsteady and flickering patterns on the screen. 

Some photographs of patterns observed with gas mixture arrange­
ments are reproduced on Fig. 4. At the upper left, the image of the beam 
is shown with no gases flowing in the tube. The diameter of this spot 
on a screen at any distance was about 1 inch. At the upper right is the 
enlarged spot formed by carbon dioxide flowing down the tube and 
helium introduced through the porous tube walls at rather high flow 
rates so that a short focal length (approximately 6 inches) was obtained. 
This pattern, of course, increased in size as the screen was moved farther 
away. At lower flow rates, giving longer focal lengths, the light pattern 
is quite uniform, but as the focal length is made short, concentric rings 
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Fig. 3 - Lens focusing power versus gas flow rates, carbon dioxide-air. 

of light begin to appear, as can just be seen here. These rings are similar 
to those which appear when spherical aberration forms a light inter­
ference pattern.4 With a 3-inch porous tube, this effect is slight until 
very short focal lengths are produced. However, when the porous tube 
was replaced by two solid brass tubes in line with a gap of about lo inch 
between them at the center of the second gas reservoir, the light pattern 
shown in the photograph at the lower left was obtained. When the 
porous tube was replaced by a solid brass tube having six lo-inch diam­
eter holes drilled symmetrically every 60 degrees around its circum­
ference in a plane located at the center of the second gas reservoir, the 
pattern at the lower right was observed. The use of tubes with different 
numbers of equally spaced holes produced patterns similar to this, having 
an n-fold symmetry where n is the number of holes. The steadiness and 
stability of these patterns of light interference are graphic indications 
of the stability of the gas flow, and the stability of gas lenses. 

There are ways of separating the mixed gases, if desired, by permeable 
membranes or other means so that they can be mixed again in a later 
lens farther along a transmission system. Complete separation is not 
necessary to give lens action. 
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Fig. 4 - Observed patterns. 

Gas mixture lenses can have short focal lengths with moderate gas 
flows. The effects are remarkably steady and constant. The focal length 
is easily changed by changing the gas flow rates. Such lenses may have 
possible uses in optical transmission systems. 

The assistance of W. E. Whitacre in constructing and setting up the 
equipment is gratefully acknowledged. 
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A Circle Diagram for Optical Resonators 

By J. P. GOnDON 

(Manuscript received June 16, 1964) 

A graphical representation of the relationships between the param­
eters of Hermite Gaussian light beams has been introduced recentlyI,2 
by S. A. Collins, .Jr. T. Li has pointed oue that Collins' chart has two 
equivalent forms. Collins' chart relates the spot radius and phase front 
curvature at any position on the beam to the position and spot radius 
of the beam waist. In this note we point out that a similar chart can be 
made which relates the curvature parameters4

,5 of any two phase fronts 
along a Gaussian beam and the spot radii on those phase fronts. The 
curvature parameters are defined as gi = 1 - dIR I , g2 = 1 - d1R2 , 

where Rl and R2 are the radii of curvature of the phase fronts, and d 
is their separation. This new chart directly relates mirror curvatures 
and spot radii in a spherical mirror resonator. 

The equations on which the chart is based are5
,6 

(1) 

(2) 

where WI and W2 are the spot radii on the two phase fronts. If we elimi­
nate W2 and g2 , respectively, from these two equations we get 

( 
1 )2 ( Ad )2 (1 )2 

gl - 2g
2 

+ 7rW12 = 2g
2 

(3) 

and 

(~ _ 7rW22)2 + 2 = (7rW22)2 
7rW12 2Ad gl 2Ad 

(4) 

On a graph whose Cartesian coordinates are Adl7rwl and gi , these two 
equations represent circles of diameters 1 I g2 and (7rW2 2 lAd), respec­
tively, as shown in Fig. 1. The point of intersection of the two circles 
gives the values of WI and gl which satisfy both (3) and (4). A more 
complete chart, similar to. Collins' chart, can be used to read off spot 
radii in a resonator whose mirror curvatures are known, or to find mirror 
curvatures from measurements of the beam spots. As does Collins' 
chart, this new chart has two equivalent forms, which in our case differ 
only in having the subscripts 1 and 2 interchanged. 
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FIG. 1 - Circle diagram for spherical mirror resonators. Cartesian coordinates 
of the important points are indicated, along with some geometrical relationships. 
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Gas Pumping In Continuously Operated Ion Lasers 

By E. I. GORDON and E. F. LABUDA 

(Manuscript received June 26, 1964) 

Gas ion lasers! operate at discharge currents of several amperes in 
small-bore tubing. Under these conditions the discharge acts to pump 
gas from the cathode to the anode2 and pressure differences in excess of 
10: 1 can be established in less than one minute of discharge operation. 
Since the optimum pressure range for laser operation is narrowly defined 
relative to the range of pressures existing in the discharge tube (see Fig. 
1), laser action usually deteriorates or goes out shortly after turn-on. 
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Fig. 1 - Laser output vs pressure at various discharge currents. 

When the discharge is turned off for several seconds to allow the pressure 
to equalize and then turned on again, the output returns to its initial 
value only to deteriorate again. 

By placing a connecting tube of high gas flow conductance between 
the anode and cathode as shown in Fig. 2, the pressure difference between 
the anode and cathode can be virtually eliminated. Tubes operated with 
the connecting tube show no deterioration over long periods of time. 
The tube length and bore are chosen so that the sustaining voltages for 
the two paths are comparable. 

The connecting tube is fashioned in the form of a helix to relieve any 
strains that might develop from differential expansion and because a 
helix provides a convenient means of getting a long length of tubing 
into a small volume. 

The connecting tube also serves to eliminate gas separation or cata-
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Fig. 2 - Photograph of laser illustrating the connecting tube. 

phoresis that occurs when using mixed gases. This is of particular im­
portance in dc-excited laser discharges such as helium-xenon.3 Cata­
phoresis is no special problem in the helium-neon discharges in the current 
range at which they are operated, and the side tube is unnecessary. 

We are indebted to J. T. Bannon, who constructed the experimental 
tubes. 
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