








































































































































































































































































































































































































































































































































































































































































RELAY CORES 2933 

relays whether the core laminations are welded or not. Therefore, the 
ultimate design in this respect will be determined by manufacturing 
considerations. 

XV. SUMMARY AND CONCLUSIONS 

(1) Wire spring relays made with laminated 1010 steel cores are at 
least as good as and in some respects better than the present standard 
1 per cent silicon steel core relays. 

(2) Operate times of the proposed laminated 1010 steel core relays 
are in general slightly faster than those of the present one-piece silicon 
steel core relays (1.3-3.4 per cent). 

(3) Release times of the proposed laminated low carbon steel core 
relays are considerably faster than those of the present silicon core 
relays (13-27 per cent). 

(4) Heat studies indicate slightly better heat dissipating qualities in 
the laminated core relays than in the present silicon steel core relays. 

(5) Core plates are tighter on the laminated 1010 steel core relays 
than on the present silicon steel core relays. 

(6) Resistance to corrosion with the present finish (zinc chromate) 
is as good on the laminated 1010 steel core design as on the one-piece 
silicon steel core design. 

(7) Life tests show that the laminated low carbon steel cores are at 
least as resistant to wear as the present silicon steel cores. 

(8) Substantial manufacturing savings can be realized by changing 
to the laminated 1010 steel core for the general-purpose wire spring 
relay. 
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A Model For Mobile Radio Fading Due 
to Building Reflections: Theoretical 

and Experimental Fading 
Waveform Power Spectra 

By JOSEPH F. OSSANNA, Jr. 

(Manuscript received May 20, 19(4) 

Fluctuations in received signal amplitude occur during mobile com­
munications because of the motion of the mobile station through the spatial 
standing-wave pattern resulting from the interaction of direct and reflected 
signals. A model is presented whz"ch permits a theoretical calculation of the 
power spectrum of these fluctuations and satisfactorily predicts the features 
of spectra computed from experimental fading data except for an observed 
rise at low frequencies. 

The model is based on the geometry of the reflections from nearby ran­
domly placed vertical plane reflectors. Vertical polarization is assumed. 
Both the standing-wave pattern and the Doppler shift view of fading are 
used to obtain nearly identical results. The detailed shape and in particular 
the shw'p cutoff frequency of the spectrum are shown to depend crucially on 
the angle a between the direction of vehicle motion and the direction to the 
fixed station. Detailed comparisons are made of theoretical spectra with 
experimental spectra representing a range of the angle a. 

The collection, digitization, calibration, plotting, and digital processing 
to obtain power spectra of actual recorded fading waveforms are described. 

1. INTRODUCTION AND SUMMARY 

The 1110bile radio fading phenomenon discussed herein is the fluctua­
tion in the received signal amplitude during mobile communication due 
to the motion of the mobile station through the spatial standing-wave 
pattern resulting from the interaction of direct and reflected signals. 
Knowledge of the statistical behavior of such fading signals can permit 
more meaningful mobile communication system studies and design 
effort. For example, it can aid in the choice and design of automatic 
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gain control systems and systems involving data transmission. The par­
ticular statistical description of fading to be discussed is the power 
spectrum of the signal amplitude. 

First, this article presents a theoretical model for mobile radio fading 
due to building reflections, which permits a theoretical calculation of the 
power spectrum of the fading waveform. Second, the collection, digital 
processing, and power spectral analysis of actual fading waveforms are 
described. Then detailed comparisons are made between the theoretical 
and experimental spectra. Limitations and extensions of the model are 
explored. 

Historically, the evolution of the model followed a study of the power 
spectra of fading waveforms recorded on one particular street. These 
spectra had an unexpected and interesting shape. The model indicated 
that the shape of the spectrum and particularly the frequency at which 
the power density fell abruptly would depend on the vehicle's direction 
of travel with respect to the direction toward the fixed station. Subse­
quent fading waveforms, recorded on other streets having various rela­
tive directions, produced power spectra which collectively exhibited all 
the features predicted by the model. 

1.1 Characteristics of Experimental Power Spectra 

Fading waveforms were recorded on 13 streets in New Providence, 
N .. J. on Sept. 13, 1962, using a carrier frequency of 838 mc and a nomi­
nal vehicle speed of 15 mph. Vertical polarization was used. The fade 
rate corresponding to motion through standing-wave minima a half­
wavelength apart is 37.5 cps. After digitization, calibration, and smooth­
ing, power spectra were computed. Almost all of these spectra exhibited: 
(1) a very sharp cutoff at a frequency somewhere between 20 and 40 
cps, followed, after a drop of between 10 and 20 db, by a 12 db/octave 
fall-off; (2) a narrow peak between 3 and 10 db high just prior to the 
sharp fall; (3) a broader, shorter intermediate peak; and (4) a rise at the 
low-frequency end of 10-15 db. Many spectra exhibited a shelf in the 
frequency range between the sharp fall and the gradual fall-off which 
extended to about twice the sharp-fall frequency. Other sometimes 
subtle features were noted which will be mentioned later. 

1.2 The l}! odel 

The simple model to be described predicts a theoretical power spec­
trum for the fading waveform having all the features of a corresponding 
experimental spectrum except a low-frequency rise. In particular, the 
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frequency, shape, and size of two peaks, the sharp fall, the following 
shelf, and the subsequent gradual fall-off are satisfactorily predicted. 

The model is based 011 the geometry of the reflections from nearby 
ralldomly placed, vertical, plane, good reflectors. Vertical polal'iz;atioll 
is assumed (the use of horizontal polarization is discussed in Section 
XIV). The vehicle is assumed to move through the standing-wave 
pattern caused by the reflections. A virtually identical result obtains if 
the vehicle is assumed to encounter appropriate Doppler shifts for each 
reflected signal. The computed spectrum depends on: (1) the radio 
carrier frequency, (2) the vehicle speed, and (3) the angle a between 
the vehicle direction of motion and the direction to the fixed station. 

If f m is the fade frequency which would be experienced by the vehicle 
moving directly across standing-wave minima spaced "Xc/2 apart ("Xc = 
carrier wavelength), the model indicates that the spectrum will peak 
and then fall sharply at some frequency fp betweenfm/2 andfm and that 
an intermediate peak will occur at a frequency f m - fp . In terms of the 
angle a defined in the previous paragraph, fp is equal to the larger of 
f m sin2 a/2 or f m cos2 a/2. As a varies between 0 (or 180°) and 90°, fl) 
varies between fm and fm/2. 

1.3 Comparison between Experimental and Theoret'ical Spectra 

Because the angle a varies during a typical data run along any street, 
theoretical spectra were determined by averaging spectra computed 
for sample a'S along the run. The agreement between experimental and 
theoretical spectra is generally quite good. The sharp-fall frequency 
agrees perfectly in almost all cases. Other details are in good agree­
ment in nlany cases. The main discrepancy is the absence of a theoretical 
forecast of the rise in the observed spectral density at low frequencies. 
One street which, unlike all the others, had few buildings produced 
experimental spectra only vaguely similar to theoretical expectations. 
lVlechanisms not considered in the theoretical model which would con­
tribute low-frequency energy include: (1) shadowing by buildings, 
(2) variations in and the shadowing of ground reflections, (3) the inter­
modulation of concurrent reflections and (4) nonrandom reflector 
orientation. 

1.4 Usefulness of AIodel 

The model in the form offered successfully predicts fading waveform 
power spectra in a suburban residential environment. The possibility 
certainly exists that an extension of the model can be made to work 
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elsewhere. The usefulness of power spectra is not unlimited, and many 
statistical properties of fading cannot easily be deduced from spectra. 
One of the main values of the agreement between these theoretical 
and experimental spectra is its verification of the physical basis of the 
model. 

II. THE MODEL 

We will begin by considering the fading experienced by a m.obile 
receiver moving through a standing-wave pattern due to a single reflec­
tor when the transmission is vertically polarized. Reciprocity will insure 
application of the results to the case where the receiver is fixed and the 
transmitter is moving. First, the fade rate will be related to the vehicle 
trajectory. Then the same result will be obtained using the Doppler 
point of view. Then the relative contribution from reflectors in differ­
ent directions will be determined. Next, a theoretical spectrum will be 
constructed for the case of many reflectors; its shape will depend strongly 
on the vehicle direction relative to the fixed station. 

III. S'l'ANDING-WAVE PATTERN DUE TO A SINGLE REFLECTOR 

If the mobile antenna is a fixed height above the ground, only the 
larger (many wavelengths) vertical plane reflectors in the vicinity of the 
mobile station are of major importance in determining the local standing­
wave pattern fluctuations. Reflectors of ordinary size which are not in 
the vicinity of either the mobile or fixed stations are of lesser importance 
because their reflected signals will be of smaller amplitude. Reflectors 
near the fixed station can contribute large amplitude reflections, but 
their effect is more that of modifying the directivity pattern of the 
fixed antenna; their effect is to put slow mUltiplicative trends into the 
standing-wave pattern at the mobile station. Furthermore, fixed station 
antennas are usually mounted above local obstacles that would not only 
reflect but shield some direction. 

We will assume that the transmitting and receiving antennas are 
vertically polarized. Then the local standing-wave pattern due to a 
single vertical plane conducting reflector is as shown in Fig. 1 where: 

cp = angle between the direction to the fixed station and the direc­
tion to the reflector as seen from the mobile antenna, 

a = angle between the direction to the fixed station and the direc­
tion of vehicle travel, 

e = angle of incidence at the reflector, 
d = perpendicular distance between null planes, 
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Fig. 1 - Vehicle moving through standing-wave pattern due to single reflector. 

d' = spacing between null planes observed along direction of mobile 
station travel, 

L length of reflector, 
L' length of vehicle path in reflected beam, and 
Ac carrier frequency wavelength. 

The fixed station is assumed to be far enough away to permit taking 
the incident waves on the mobile antenna and on the reflector as parallel. 
The reflector is assumed to be large compared to a wavelength (L » Ac) 
and close enough to the mobile station to neglect divergence of the 
reflected beam. 

3.1 Null Plane Spacing 

Note that a reflector in a direction cp must be oriented such that 

e + (cp/2) = 90° (1) 

for the reflected beam to be directed toward the mobile station (for the 
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angle of reflection to equal the angle of incidence). To determine the 
spacing d between null planes, refer to Fig. 2 and observe that 

a - b = Ac , 

b/a = cos cp, 

and 

d/a = sin (cp/2). 

From (2) and (3), a is found to be 

Ac Ac 
a = - -----

1 - cos cp cp 
2 sin2 -

2 

Then (4) and (5) yield 

or, using (1) 

d . cp Ac = aSlll- =--
2 ' 

2 sin ~ 

d=_A_c _. 

2 cos e 
This is of course a common result (see Ref. 1, p. 293 ff.). 

9+!£..= 90° 
2 

a+b=A 
b/a = cos!p 

d/a= SIN!£.. 
2 

TO FIXED 
STATION 

Fig. 2 - Portion of Fig. 1 in vicinity of reflector. 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 
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3.2 Fading Rate 

Because of its direction of travel, the mobile antenna observes a 
null spacing d', which from Fig. 3 is 

d 
d' =-----

sin (a - ;)' (8) 

which by using (6) becomes 

. cp . ( cp) , 
sm 2 sm ex - 2 

d' 
(9) 

which holds for the case where ex > cp/2. Consideration of various values 
for ex and cp/2 leads to the general relation 

, Xcl2 
d = . 

I sin; sin (a - ;) I 
If the vehicle speed is V, the fading frequency is 

)" V 2 V I . cp . ( cp) I = (1' = Tc sm 2 sm ex - 2 . 

Then f' has the maximum value f m' = 2V IXc , where cp 

d'= d 
sIN{a-f) 

~ _ SIN rp/2 
L - SIN (a-rp) 

TO FIXED 
STATION 

----

Fig. 3 - Portion of Fig. 1 in vicinity of receiver. 

(10) 

(11) 

1800 and 
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a = 0° or 180°, when the vehicle moves perpendicularly across null 
planes spaced Ac/2 apart. For fe = 838 mc and V = 15 mph, f m' = 37.5 
cps. For convenience, we will usually usc a normalized fading frequency 
f = f'/fm'. When a ~ 0° or 180°, f is zero at cp = 0, 2a, and :360°, and 
has the maximum valuesfI = sin2 (cp/2) atcp = aandf2 = cos2 (cp/2) 
at cp = 180 + a; note that fl + f2 = 1. Thus, for a particular a, the 
maximum possible fade rate is fmax = max (jl , f2) * and is due to a ve­
hicle motion either toward or away from a reflector. The minimum 
possible value for fmax occurs when fI = f2 = t, which corresponds to 
a = 90°. The variation of f with cp is shown in Fig. 4 for a = 0°, 30°, 
CO°, and 90°. 

3.3 Fading Waveform 

If the reflector is perfectly conducting as assumed above, the actual 
waveform observed at the output of an envelope detector in the mobile 
vehicle would be the familiar result of beating two frequencies of equal 
amplitude - a full-wave rectified sine wave. Thus, in addition to the 
fundamental fade rate discussed above, significant harmonics will also 
be present. If the reflector is not perfectly conducting or is only a 
dielectric, minima will occur instead of nulls; the spacing between them 
will remain the same as for the nulls, and the waveform will tend to be 
more nearly sinusoidal. 

IV. THE DOPPLER POINT OF VIEW 

We can instead consider fading as due to the beating within the 
receiver of different carrier frequencies arising from the different Dop­
pler shifts occurring for the directly incident and reflected waves. The 
carrier frequency observed at the vehicle will in general be 

(12) 

where fe and Ac are the transmitted carrier frequency and wavelength 
and v is the relative velocity of closure between the two stations. From 
Fig. 1, the observed frequency of the directly incident signal is 

f . = f + V cos a 
t C Ae' (13) 

where V is the vehicle speed. 

* Max (a,b,c, ... ) = the algebraically largest of the sequence a,b,c, .... Simi-
larly, min (a,b,c, ... ) = the algebraically smallest of a,b,c, .... 
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~:;;rnrn~~ 
Fig. 4 - Variation of fade frequency f and weighting function TV with relative 

vehicle direction a and relative reflector direction cpo 

The observed frequency of the reflected signal is 

r = f + V cos (a - ~) 
r c Ac . 

The fading rate will then be the beat frequency between Ji and j,.: 

V J = IT - Ji = ~ [cos (a - ~) - cos a] 

= ~ [sin a sin ~ - cos a(1 - cos ~)] 
Ac 

~ ~ (2 sin ~) [sin a cos ~ - cos a sin ~J 

2 V [. ~ . ( cp) ] 
= >:: sm '2 sm ,a - '2 . 

(14) 

(15) 

(16) 

After absolute value signs are added to (16) to account for the various 
relative values of a and ~, the result is identical to (11). 

The Doppler point of view has one important advantage over the 
standing-wave pattern point of view. It is easier to see what fade rates 
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will occur when more than one reflector is involved; when n reflectors 
are simultaneously effective, n(n + 1) /2 beat frequencies are possible. 

V. THEOUE'fICAL POWEH SPECTUUl\1 

Since the observed fading rate is a function of the parameters ex and ({J 

discussed above, the power spectrum of the fading waveform at the 
output of an envelope detector in the mobile vehicle will evidently be a 
function of time, even if the vehicle speed is constant. In this section, 
we will develop an approximation to the power spectrum of a finite 
duration of fading waveform. We will assume: (1) the vehicle speed is 
constant; (2) the transmission is vertically polarized; (3) an unmodulated 
carrier is being transmitted; (4) the reflectors are large, stationary, 
vertical, plane conductors: and (5) only reflectors in the vicinity of the 
mobile vehicle are important. Other assumptions inherent in the de­
velopment will be stated when appropriate. 

5.1 1110re Than One Reflector 

A major step in simplifying the analysis is to assume that, although 
many reflected beams will be encountered by the vehicle during the 
finite run, only one such beam is important at anyone time. This elimi­
nates the necessity of considering beats between reflections. The effect 
of this assumption on the theoretical spectrum will be discussed later. 
Actually, there is a strong tendency for this assumption to be true in a 
suburban residential environment because the houses are well spread out. 

5.2 The Relative Importance of Different Reflectors 

The energy in a particular small frequency band in the finite sample 
of fading waveform will be proportional to the time that frequencies 
in that band are present. The corresponding power spectral density 
will be proportional to the corresponding fraction of the total run time. 
Thus the contribution of a particular reflector to the appropriate fre­
quency band will be proportional to the time it takes the vehicle to 
cross the reflected beam or, if the vehicle speed is constant, proportional 
to the length of its path through the beam, which is the length L' in 
Fig. 1. 

If we assume that all the reflectors are the same size (L in Fig. 1), 
then the contribution of a particular reflector to the power spectrum 
will be proportional to a weighting function W = L' / L. The assump­
tion of equal-size reflectors is another assumption that has a strong 
tendency to be true in suburban residential areas, where all the houses 
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in a given locale tend to be the same size. From Fig. 3 it is evident that 

W = L' sin (cp/2) (17) 
L sin (a - cp) . 

Consideration of the various values of a and cp yields the general result 

W = L' = I sin cp /2 I 
L sin (a - cp) . 

(18) 

Because L' cannot exceed the total run length LT , the physical maximum 
value of W is W max = LT/ L. Fig. 4 shows the variation of W with cp 
for a = 0°,30°,60°, and 90° ; the plots of W, which are in db (10 loglo W) 
are shown directly below corresponding plots of the fade rate f. W has 
the value zero (- 00 db) at cp = 0° (and 360°), except when a = 0 
where W = 0.5 (-3 db) at cp = 0°. TV = 1 (0 db) at cp = 2a. And TV 
is truncated to TV max at cp = a and 180° + a; the peaks of Ware coin­
cident with the peaks of the fade rate f. Not only do the reflectors 
directly ahead or behind the vehicle cause the most rapid fades, but 
they are the most important contributors to the power spectrum. 

It is interesting to note that the weighting function W can be arrived 
at in another way. Consider the portion of the f vs cp curve between 
cp = 0° and cp = a. The small range of reflector directions dcp contribut­
ing to a small frequency band df can be found by differentiating (11) 
to get 

df / dcp = ! sin (a - cp). (19) 

The projected length of a reflector in a direction cp is Lp = L cos () = 
L sin cp/2 (assuming L constant). Suppose that the contribution to the 
power in a band df due to the reflectors in a range dp is 

P(J)df= C~~·7, (20) 

where C is a constant. Substituting for dcp/dl and Lp/L then gives 

pC!) = q . sin cp/2 , 
7r sm (a - cp) 

(21) 

which except fer the constant is identical to (17). 

5.3 The Theoretical Spectrum ill ethod 

Consider again the plots of fade rate 1 vs cp shown in Fig. 4. For any 
particular f < 1 max = max (11, f2), there are either two or four cor­
responding values of reflector directions cpo For each of these cp's the 
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corresponding value of the weighting function can be found from (18) 
and is seen on the W vs <P plot directly under the f vs <p plot. We will 
assume that the mobile station is under the influence of one reflector at 
a time; this condition has a strong tendency to be true in suburban 
residential areas. Then, if we further assume that all reflector directions 
are equally likely, the power density at the frequency f will be propor­
tional to the sum of the two or four values of W. 

The basic procedure for generating a theoretical spectrum for com­
parison with a spectrum computed from experimental data is, if a is 
constant: 

(i) Select a list of frequencies f = n~f, where ~f = (frold/Iv!)/ 
(2V /Ac) and n = 0,1,2 ... ; froId is the folding frequency (Ref. 2, p. 
117 ff.) of the experimental data, M is the number of lags (Ref. 2, p. 
120 ff.) used in computing its spectrum, and (2V /Ac) is the correspond­
ing f m'. In other words, select the same frequencies, normalized by di­
viding by fm', at which spectral estimates were computed for the ex­
perimental data. The reason for this matching of frequencies will be 
discussed below. 

(ii) For each frequency, determine the two or four reflection direc­
tions <p, using (11) or Fig. 4. Then for each frequency determine the 
corresponding two or four weighting functions W from (18); each W 
should of course be limited to W max • 

(iii) At each frequency, sum the two or four corresponding values 
of the weighting function W to get the spectral power density. 

The solution of (11) in step (ii) above can be accomplished by Newton's 
iteration procedure. Also, the symmetry of the f vs <p function about 
<p = a and 180 + a can be used; if <Pl < a is a solution, <P2 = 180 - <Pi ; 

and, if 2a < <P3 < 180 + a is another solution, <P4 = 360 + 2a - <P3 • 

In the case where a = 0 (or 180°) an explicit so]ution for the two cp's 
and the sum of the two W's can be obtained. Setting a = 0 in (11) gives 

L = f = sin2 
'!!.. 

fm' 2' 
(22) 

and the solution cp/2 arcsin t. Setting a o in (18) gives 

w = 12 co~ '1'/21· (23) 

Because (23) is symmetrical about <p = 7r/2, the two W's are equal, and 
(22) and (23) combine to give the spectral density as 
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(24) 

where the physical1imit on lV is included. 
Implicit in the procedure thus far is the assumption that fading 

waveform contributed by each reflector is sinusoidal. The resulting 
power spectrum is zero above fmax. Actually, the fading waveform due 
to a single reflector has an harmonic content which depends on the 
relative amplitudes of the direct and reflected signals; when one is much 
smaller than the other the fading tends to be sinusoidal, and when they 
are equal the fading waveform is a full-wave rectified sine wave. This 
can be seen by superposing the incident and reflected electric field com­
ponents; in terms of the z coordinate of Fig. 1, the resultant electric 
field of a vertically polarized wave has the form (see Ref. 1, p. 296) 

(25) 

where I( is a constant and e is the angle of incidence. The spectra of the 
experimental data all exhibit fall-offs subsequent to the fall corresponding 
to fmax. The harmonic content of the fading can be included in the 
theoretical spectrum by determining the harmonic power corresponding 
to each original theoretical spectral estimate and adding this power in 
at the corresponding set of harmonic frequencies. Arbitrarily, the coeffi­
cients for a full-wave rectified sine wave were used to determine the 
relative power at the harmonic frequencies; this will provide a maximum 
of harmonic power. It is an interesting fact that inclusion of harmonic 
power does not significantly alter the shape of the theoretical spectrum 
at frequencies below fmax . 

The final step in generating the theoretical spectrum is to smooth 
it in an appropriate way. Because the spectra computed from experi­
mental data are estimates of smoothed versions of the true power spectra 
(see Ref. 2), the theoretical spectra should be smoothed in a correspond­
ing way. Therefore the theoretical spectra to be shown will have been 
smoothed by hanning.2 This is the reason for matching the theoretical 
and experimental spectral estimate frequencies. 

Finally, if the relative path angle a varies during the run, its varia­
tion can be represented by a weighted list of sample a'S. The spectrum 
for each a can be determined and the resulting spectra averaged. The 
smoothing can be done after averaging. 
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5.4 Theoretical Spectra for Various Constant a's 

Fig .. 5 shows theoretical spectra for a'= 0°, 30°, 60°, and 90°, V = 

15 mph, fe = 838 mc, and W max = 15. The corresponding f m' = 37.5 
cps. Consider first the curve for a = 60°. The peaks corresponding to 
the relatively heavily weighted frequencies in the vicinity of fl and f2 
U/ = 9.4 cps, f2' = 28.1 cps) are clearly evident. Following f2" the 
power density falls sharply and levels off abruptly to form a shelf. The 
shelf, which arises primarily from second-harmonic power, peaks around 
56 cps prior to a second sharp fall. Following the second-harmonic shelf 
is one due primarily to third harmonics which ends at about 84 cps. 
Because the points in the fundamental frequency portion of the spectrum 
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were computed at I-cps spacings, the harmonic shelves get increasingly 
jagged-looking at higher frequencies. The dashed line sloping down 
through the shelves is a least squares straight-line fit to the portion of 
the spectrum following the first sharp fall. The falloff line in the a = COo 
case has a slope of -13.0 db/oct. 

The peaks in the a = 30° case correspond to h' = 2.5 cps and h' = 
35.0 cps. When a = 0, h' = 0 and f2' = 37.5 cps. And when a = 90° 
the peaks unite at fl' = f2' = 18.75 cps. The least square fall-off lines 
have slopes that generally fall between 12-13 db/oct. 

5.5 Theoretical Spectra for a Uniformly Eistributed 

Fig. 6 shows the result of averaging the spectra for a'S uniformly 
distributed 0-360° (spectra for a = n2°, n = 0, 1, ... , 45, were aver­
aged). The spectral density is quite flat out to 37.5 cps, where it drops 
abruptly about 16 db to the second-harmonic shelf. The harmonic 
shelves in this case are also quite flat. The least squares fall-off line is 
shown and has a slope of -13.2 db/oct. 

VI. DATA COLLECTION 

The fading waveforms due to vehicle motion were recorded (on FlVI 
tape with an Ampex FRI00) for 17 runs on 13 different streets (runs on 
some streets were made in both directions) in New Providence, N. J., 
on Sept. 13, 1962. Transmission at 838.032 mc was from the mobile 
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vehicle (a Volkswagen Kombi) traveling nominally 15 mph, to a fixed 
station at the l\1urray Hill Laboratories. The range was between 1 and 2 
miles and varied little during any run. The duration of the recorded 
waveforms ranged from about 20 to 150 seconds. Values obtained for 
the parameter angle a ranged from 6 ° to 90°. All of the streets were in 
suburban residential areas except Central Avenue, which serves open 
fields and a few single-story industrial and commercial buildings. The 
weather was clear and dry. 

The vertically polarized transmitting antenna atop the vehicle was a 
stack of 2! coaxial dipoles with a net gain of about 4.5 db. The interac­
tion with a second similar antenna several wavelengths away is not 
known, but is believed to be small. The receiving antenna was a verti­
cally polarized 13-element coaxial array mounted atop a rooftop ele­
vator house. It had about 11 db gain and a 3-db beamwidth of about 
GO. 

A voice channel was recorded simultaneously with the fading signal 
on a second F.l\1 tape channel. This channel carried a running com­
mentary describing the data and included start- and end-of-data an­
nouncements. Also recorded on this same channel were tone bursts 
triggered every nominal 0.01 mi by a cam attached to the speedometer 
cable. The exact vehicle speed was ultimately recovered from these 
bursts. 

To permit over-all calibration of the static transfer characteristic 
of the system, calibration levels 3 db apart over a GO-db range were 
recorded both prior and subsequent to the recording of the fading sig­
nals. The two stations were directly connected by coax for calibration. 
Each level was recorded for a few seconds along with appropriate voice 
announcements. 

A complete set of Visicorder records were then made from the F1VI 
magnetic tape of both the fading signals and the tone bursts for a pre­
liminary examination of the data and for later determination of the 
vehicle speeds. 

The pertinent parameters for data runs whose power spectra are shown 
in this article are given in Table 1. The system bandwidth was limited 
by the receiver, which was 3 db down at 310 cps. The angular elevation 
above the horizon of the fixed station as viewed from the mobile station 
was usually between] ° and 3°. 

G.1 Vehicle Speed 

Four timed test runs were made in the vehicle over a fixed, level 
course of 1443 ft., to determine typical speed variations during a run and 
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TABLE I-PARAl\IETERS OF RECORDED DA'rA FOR WHICH 

COMPARISONS ARE SHOWN BETWEEN THEORETICAL 

AND EXPERIMENTAL SPECTRA * 

Avg. Alpha (deg) I I 
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Case No. Street Speed fmax fm Fig. No. 
mph 

min max avg. 
cps cps 

---------
I Common weal th 15.8 82.2 84.5 83.3 22.4 3\).5 10 
2 Charnwood 15.8 73.0 75.8 74.4 25.5 3\).5 11 
3 Whitman 15.2 G7.8 80.4 74.2 2G.2 3S.0 12 
4 Elkwood 1().2 41.0 42.G 41.S 35.4 40.4 13 
5 Ridgeview 15.S lG7.S IGS.4 lGS.l 3\).2 3\).G 14 
G Ridge 15.\) 15.0 15.S 15.4 3S.\) 3\).7 15 
7 Central lG.O GS.7 72.\) 70.S 27.2 39.9 lG 

* All spectra were computed using 5000 sample points (20 sec at 250 points/sec). 

to calibrate the tone burst rate. The nominal speed for each run was 
15 mph = 22 ft./sec. Visicorder recordings were made of the bursts 
from the Fl.'vI tape to enable counting them and measuring their spacing; 
the Visicorder paper speed was determined to be 1.019 in.jsec using a 
10-cps square wave (set by frequency counter). The tone burst rate 
was found to be 51.98 ± 0.16 ft. between beginnings of bursts. Using 
this burst rate, the averages and standard deviations of the speed during 
these four runs are shown in Table II. 

The actual average vehicle speed during each data run or part of a 
run was determined from the Visicorder records which have the tone 
bursts plotted alongside the fading signal. Let N B be the number of 
bursts occurring during a part of the run and DR (inches) be the corre­
sponding length of Visicorder paper. The average vehicle speed SR 
for that part of the run was then computed from SR = 53.0 N B/DR 
ft.jsec. 

6.2 Location of Data Runs 

The precise location of each run was carefully marked on a set of 
topographic maps (100 ft = 1 inch) which showed actual street and 
house shapes. Typically, street intersections and poles were used as 
starting and ending points. Except in the case of Whitman Road, 
which is slightly S-shaped, the vehicle was driven in a straight line. 

VII. PATH TRAJECTORY DATA 

The set of topographic maps referred to previously have a common 
coordinate grid. By determining the coordinates of the starting and 
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TABLE II - AVERAGES AND STANDARD DEVIATIONS OF SPEEDS 
DURING FOUR TEST RUNS 

Test Run 

1 
2 
3 
4 

Average 

Avg. Speed (ft./sec) 

23.15 
23.08 
23.1G 
23.43 

23.21 

Std. Dev. (ft./sec) 

0.G3 
1.0D 
0.54 
0.41 

0.G7 

ending points of each run, and the coordinates of the fixed station, it is 
possible to compute the vehicle azimuth (path azimuth), the azimuth 
of the direction from the fixed station to the mobile station (fixed azi­
muth), the angle a between the direction of the vehicle and the direction 
to the fixed station (positive if fixed station is to the left of the vehicle), 
and the range at various points along the run. Except in the case of 
Whitman Road, the end points were connected with a straight line 
which was then divided into 50-ft. intervals (the last interval usually 
extending past the original end point). The value of a was then tabu­
lated for the distances n50 ft. (n = 0,1,2, ... ) along each run. It 
should be noted that even with a straight path a varies because of the 
finite distance to the fixed station. 

In the case of Whitman Road, where the path trajectory follows the 
shape of the road and is not straight., a larger map (50 ft. = 1 in.) was 
used which showed the actual azimuth variation along the street. 

VIII. DIGITAL PROCESSING 

Following digitization of the fading data, the calibration, plotting, 
filtering and spectral analysis were accomplished on an IBM 7094. 
Many computer programs and subroutines were written for these 
purposes as well as for such auxiliary purposes as calibration curve 
fitting, magnetic tape searching (subroutines that can conveniently 
retrieve requested data pieces), spectra equalizing and plotting, and 
vehicle path angle determination. An available set of time series process­
ing subroutines3 was extensively used; this set included subroutines 
for tapering and detrending data, and for computing auto- and cross­
covariances and Fourier transforms. A large arsenal of subroutines was 
eventually amassed, and writing a program for some particular task 
became the relatively simple job of writing a program to call appropriate 
subprograms. 
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IX. INl'l'IAL DATA PROCESSING 

9.1 Digitization 

Both the fading waveforms and the recorded fixed calibration levels 
were digitized on an analog-to-digital converter within the Laboratories,4 
using 11 bits/sample and sampling at 500 cps. The procedure for digitiz­
ing consisted of playing back the analog tape, listening to the voice­
channel announcements, and manually triggering the digitizer on and 
off at the indicated times. Approximately 2-second intervals of each 
calibration level were digitized. The signals were filtered prior to sam­
pling by a passive filter which was 3 db down at 250 cps, 10 db down at 
300 cps, and subsequently fell 36 db/octave. The folding or Nyquist 
frequency (see Ref. 2, p. 30 ff.) of 500/2 = 250 cps was chosen to safely 
contain the expected power spectra. 

9.2 ]11 icrofilm Plotting 

The digital data was read into the 7094 and completely plotted on 
microfilm on a peripheral General Dynamics 4020 microfilm printer. 
This provided a good visual record of the raw data as well as a check 
on the digitizing process. A computer subroutine was developed which 
generates a long continuous plot down the length of the microfilm. 
Such plots were produced for monitoring after every step in processing 
or transcribing the data. The comparative ease with which large quanti­
ties of digital data can be monitored by viewing microfilm considerably 
reduces the chance of the accidental processing and use of data con­
taining errors. The 17 runs of recorded fading waveforms, which totaled 
over 920 seconds, yielded over 460,000 data points when digitized at 
500 cps. When plotted at 480 points per 35 mm frame, the complete 
data comprising 960 frames could be viewed in detail on a roll film viewer 
in about an hour. Fig. 7, which exhibits a typical data section, was traced 
from a print from one frame of microfilm. 

9.3 Calibration 

The communication system nonlinearities, including that of the 
linear-to-Iog converter used during analog recording, had to be removed 
to obtain true signal amplitude. The before and after (the data) sequences 
of calibration level records were read on the 7094, and each record was 
averaged to remove noise and obtain a calibration point. Any system 
net drift during original data recording or during digitization would 
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make the before and after curves different. Fortunately, they were 
quite similar and they were averaged to obtain the adopted calibration 
curve. A suitable function was then fitted, using a least squares criterion, 
to the list of calil?ration points. The adopted calibration function is 

Y = -60.255 + 0.8282 (X - 170.6)! - 0.01614 (X - 170.6) 

+ 8.474.10-6 (X - 170.6)2 - 9.658.10-10 (X - 170.6)3, 
(26) 

where X is the digital sample value and Y is the true signal in relative 
db. This function, which has a maximum error of 0.47 db near Y = -3 
db and rms error of 0.21 db, is shown in Fig. 8 plotted along with the 
original calibration points. Input values outside expected limits of 
X = 170.60 and 4041.06 were clipped to these values. The calibration 
program kept a statistical history of any clipped regions. The signal 
amplitude is then exp (0.11512926Y). 

X. INITIAL ANALYSIS AND SECOND-STAGE PROCESSING 

10.1 Preliminary Power Spectra 

These were computed for several pieces of the data to determine 
whether any smoothing and decimating [Ref. 2, pp. 129-135] was 
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necessary or desirable. The power spectra computation will be dis­
cussed later. Being sure to pick runs expected to have the widest band 
spectra, it was determined that the significant portions of the spectra 
were safely below one-half the folding frequency of 250 cps. Decimation 
by two (retaining every other point), which would reduce the folding 
frequency to 125 cps, would be safe and would reduce computation 
time. Suitable smoothing prior to decimating can also remove or reduce 
the 120-cps and higher hum peaks which were observed. Removing this 
hum is not essential for the spectral analysis, but doing so makes the 
data more suitable for level crossing analysis. 

10.2 Smoothing and Decimating 

The decimation of data retaining every Jth point, symbolically indi­
cated by F J , multiplies the folding frequency by 1/ J. To prevent power, 
including noise power and hum power, at frequencies above the new 
lower folding frequency from folding over and appearing below this 
frequency, the data must be smoothed (or filtered) before decimation 
(see Ref. 2, pp. 129-135). 

The most economical type of smoothing in digital analysis is to com­
pute straight running means of L consecutive values. Usually, simple 
sums which differ from the means by a factor are used to obviate division 
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by L. This smoothing, symbolically indicated by SL , is then 
i 

Y i = LXi, 
j=i-L+! 

and has the power transfer function 

SL(j) ~ s~n!f ' 
[

. L7rf]2 

SIn 2JF 

(27) 

(28) 

where J is the frequency and JF is the folding frequency. SL(f) has 
periodic transmission nulls at (f/JF) = 2n/L, where n = 1, 2, .... 
Because the loss between nulls is usually not too great, a common proce­
dure is to smooth twice with SL followed by SL±l (indicated by SL±lSd; 
the second smoothing will have nulls tending to fall between those of 
the first. 

The processing chosen for the present data was F 2S3F 4 - smoothing 
by threes and fours and then retaining every other point. The new 
folding frequency is 250/2 = 125 cps. The smoothing loss is plotted in 
Fig. 9 as a function of the fraction of the new folding frequency; the 
folded portion of the loss curve is also shown. Maximum loss occurs at 
125 (near 120), 167 (near 180), and 250 cps. The loss peak at 125 will 
make it impossible to obtain accurate spectral estimates close to the 
folding frequency, but this is not serious. Spectra can now be computed 
with the same resolution, stability and duration of data, for one-fourth 
of the computer time. 

XI. POWER SPECTRA 

The method employed in determining power spectral estimates is that 
described by Blackman and Tukey;2 another good reference is Ref. 5. 

11.1 Spectral Computation Parameters 

The spectra to be shown were computed using 5000 points (20 seconds 
at 250 samples/second). The mean and a least squares linear trend was 
removed from the data sections used, and the first and last 5 per cent of 
each section were raised cosine tapered to zero. The autocovariances 
(mean lagged products) were determined for 100 lags (i.e. for lags of 
nD.t, where n = 0, 1, ... , 100, and D.t is the sample spacing). A finite 
cosine transform of the autocovariances then provides spectral estimates 
125/100 = 1.25 cps apart from zero to the folding frequency. The spectra 
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were smoothed by hanning (see Ref. 2, p. 98). Under these conditions, 
each estimate has a 90 per cent chance of being within about a 2-db 
range of the true spectrum. Or, the difference between the estimate and 
the true spectra has a variance of about (0.3 db )2. 

11.2 Computed Spectra 

Almost fifty different spectra were computed from the data collected. 
A representative set of these are plotted (circles) on Figs. 10-16, where 
they may be compared to corresponding theoretical spectra. The com­
parison will be discussed later. All of the plotted spectra were equalized 
for the smoothing loss before plotting. It may be noted that most of 
the curves are not plotted beyond some frequency between 80-100 cps. 
The smoothing and decimating (F2SaS4 ) produced an infinite-loss notch 
in the spectrum at 125 cps. When the spectrum is subsequently computed 
this hole is filled in by computation noise. The plot was automatically 
ended at the frequency where equalization of this noise started to pro­
duce a meaningless result. Even so, the last few points plotted are 
inaccurate and tend to be lower than they should be. 
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Fig. 10-Experimental fading waveform spectrum compared with corresponding 
theoretical spectrum. Relative amplitudes are arbitrary; see discussion in text. 

11.3 Spectral Density Curve Shapes 

The spectra all exhibit significant power density out to some frequency 
between about 20 to 40 cps, where the density falls sharply between 10 
and 15 db and then more gradually at about 12 db/oct. Many show a 
distinct shelf between the sharp-fall frequency and the subsequent slow 
fall-off. The shelf generally ends with a noticeable sharp drop at a fre­
quency about twice the earlier sharp-fall frequency. The shelf in Fig. 14 
has a noticeable peak prior to its fall at about 75 cps. The peak at 60 
cps in all the plots is power supply hum. Another significant common 
feature is the relatively narrow peak immediately preceding the sharp­
fall frequency. Many of the spectra exhibit a noticeable broad peak 
below the narrow one. All of the spectra rise 10 to 15 db at low frequen­
cies. 

XII. COMPARISON OF THEORETICAL AND EXPERIMENTAL SPECTRA 

To compute a theoretical spectrum corresponding to a particular 
experimental spectrum, it is necessary to know the carrier frequency 
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and vehicle speed in order to compute f m , and to know the variation 
in the parameter angle a. For the present comparisons, the carrier fre­
quency is 838.032 mc, and the average vehicle speed and corresponding 
1m' are shown in Table r. The range of a's represented in the comparisons 
is from about 12° to 83°; remember that the spectrum for a = 90° + X 

is the same as one for a = 90° - x. The weighting function W was 
limited to W rna). = 15 (compatible with the typical run length of 450 
feet and typical house side length of 30 feet). 

For each theoretical spectrum, the corresponding list of a's was used. 
Spectra were computed for each a and the final spectrum was the hanned 
weighted average. Harmonic power was includcd in each a'S spectra 
before averaging. A value of W max = 15 was used in all cases. Table I 
also lists the f max' corresponding to the value of a occurring during run 
that is nearest to 0° or 180°. As an example of how the list of a'S was 
used, consider Commonwealth Avenue (case 1). These data are actually 
points 1-5000 (250 pts/sec) of a longer piece. The vehicle speed accord­
ing to Table I was 15.8 mph; thus the run was (20 sec)(15.8 mph) (22 
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Fig. 12 - Experimental fading waveform spectrum compared with corresponding 
theoretical spectrum. Relative amplitudes are arbitrary; see discussion in text. 

ft./sec)/(15 mph) = 463 ft. in length. The angles an are values com­
puted for distances dn = 50 n ft., where n = 0, 1, 2, ... and may be 
considered to represent the distance ranges dn ± 25 ft. Thus the relative 
weights for the an and the corresponding spectra are WI = 0.5, W2 to 
W9 = 1.0, and WIO = 0.76; the latter is (463 - 25 - 8.50)/50. When 
the data section does not begin at sample 1, the distance between sample 
1 and the starting sample must be determined using the proper average 
vehicle speed for that interval. 

The change in a during the data section is small enough in many cases 
to permit using the average a to compute the spectrum. For example, 
during the run of case 4 the angle a varies only from 41.0 0 to 42.6°; a 
spectrum computed from the average value of about 41.8 0 differs little 
from one determined by averaging. In other cases - Whitman Road 
for example - the spectrum determined by averaging has much broader 
peaks than one corresponding to the average a. All the theoretical 
spectra to he shown were determined by averaging, whether this was 
necessary or not. 
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Fig. 13 - Experimental fading waveform spectrum compared with corresponding 
theoretical spectrum. Relative amplitudes are arbitrary; see discussion in text. 

12.1 Comparing Theoretical and Experimental Curves 

Figs. 10-16 show theoretical spectra (solid curves) superimposed on 
experimental spectra (circles); Table I lists the data sections involved 
and gives corresponding figure numbers. The only thing arbitrary in 
comparing the theoretical and experimental spectra is their relative 
amplitude. Thus the theoretical curve has been shifted vertically to 
produce some sort of fit. In all cases a transition is shown from the basic 
theoretical spectrum to a fall-off line fitted by least squares to the portion 
of the theoretical spectrum above f max'; this fall-off typically has a slope 
of -12 to -13 db/oct. The last few points of each experimental curve 
are not very accurate and tend to be low, as previously discussed. 

12.2 General Results of the Comparison 

Before reading further, the reader should make a superficial scan of 
Figs. 10-16. The agreement between the theoretical and experimental 
spectra is generally quite good. The main discrepancy is that the ob-
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served rise in spectral density at low frequencies is not predicted by the 
theory. The sharp-fall frequency agrees very well in almost all cases. 
The peak prior to this sharp fall fits well in many cases. In cases where 
intermediate peaks are predicted (ex not too close to zero), the experi­
mental spectra usually exhibit them. The second harmonic shelf is 
well formed in many cases. The following are some comments on specific 
comparisons: 

12.2.1 Case 1; F,t'g. 10 

This street had an average ex of about 83°. The two peaks have nearly 
merged and have formed a double peak which the experimental spectrum 
exhibits in agreement. The second-harmonic shelf is higher than pre­
dicted and ends somewhat early; more will be said about this later. 

12.2.2 Case 2; Fig. 11 

Here ex averages about 74°. The upper peak and the sharp fall agree 
welL The intermediate peaks are in only fair agreement. Because of 
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Fig. 15- Experimental fading waveform spectrum compared with corresponding 
theoretical spectrum. Relative amplitudes are arbitrary; see discussion in text. 

the absence of a second-harmonic shelf in the experimental spectrum, 
the theoretical fall-off line is plotted beginning with its intersection 
with the first fall. A slight rise above this line occurs out to nearly 40 
cps; a second-harmonic shelf would have to extend to about 50 cps. 

12.2.3 Case 3; Fig. 12 

The comparison here is similar to that discussed for case 2. This street, 
however, has an a which varies between 67.8° and 80.40 and averages 
74.7°. The comparatively broader theoretical and experimental peaks 
may be noted. 

12.2.4 Case 4; Fig. 13 

This street has a averaging about 42°. The intermediate peak at 
about 5 cps is discernible. The sharp fall occurs at about the right fre­
quency but is not as steep as expected. The second-harmonic shelf is not 
noticeable. The theoretical fall-off line is picked up at its intersection 
with the theoretical shelf. 
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Fig. 16 - Experimental fading waveform spectrum compared with corresponding 
theoretical spectrum. Relative amplitudes are arbitrary; see discussion in text. 

12.2.5 Cases 5 and 6; Figs. 14 and 15 

These streets have a small a (about 12° and 15° respectively) and the 
intermediate peak is too close to zero frequency (below 1 cps) to show up 
with the present resolution. The main peak and the sharp fall agree 
exceptionally well and the second harmonic shelves are well exhibited. 
Furthermore, the predicted peak on the shelf appears in the experi­
mental spectrum of Fig. 15 (and to a lesser extent in Fig. 14). 

12.2.6 Case 7; Fig. 16 

The agreement between the theoretical and experimental curves is 
in this case relatively poor. This street, however, is not in a suburban 
residential area, and has only a few low industrial buildings spaced well 
back from the curb. The section of the street corresponding to Fig. 16 
had an average of a of about 71°. It was observed that, if experimental 
spectra were computed for other portions of the street with different 
a's, these spectra were quite similar if their ripples were ignored. 
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12.3 Additional Observations 

It has been observed that the streets having the best agreement be­
tween experimental and theoretical spectra in the vicinity of the higher 
peak, sharp fall, and harmonic shelf are those with a near 0° or 180°. 
A good reason why this is not too surprising is offered in Section XIII 
under a discussion of nonrandom reflector orientation. 

A cause for the small but discernible drop in Figs. 10, 11, 12 and 16 
at the frequency corresponding to 1m' is offered in Section XIII under a 
discussion of simultaneous reflections. 

vVhen the harmonic content was included in the theoretical spectra 
it was assumed that the reflectors were perfect conductors. The obser­
vation of second-harmonic shelves at the predicted amplitude level in 
many cases indicates that the assumption was reasonable. The use of an 
aluminum foil vapor barrier integral with outside wall insulation is 
common In current house construction and may explain their good 
reflectivity. 

XIII. LIMITATIONS OF THE MODEL 

In the preceding section it was seen that a major deficiency of the 
theoretical model is its failure to forecast the rise in spectral density at 
the low-frequency end of the spectrum. Some of the mechanisms that 
can contribute low-frequency energy are discussed in the following 
paragraphs. 

13.1 Shadowing by Buildings 

The shadowing of the direct signal by buildings introduces into the 
fading waveform a low-frequency multiplicative function (likely with 
some harmonic content) with a fundamental spectrum probably not 
extending much beyond about 3-4' cps (houses spaced 80-100 ft. apart 
and a vehicle speed of about 15 mph). The resulting fading waveform 
spectrum would be the convolution of the spectrum without shadowing 
with that of the low-frequency function. Such a low-frequency multi­
plicative function was observable in some portions of microfilm plots 
of recording fading waveforms. It is not likely that this effect explains 
the entire extent and shape of the low-frequency rise. 

13.2 Ground Reflections 

These cause standing-wave patterns which normally vary only in a 
vertical direction. But as the vehicle moves the point on the ground 
causing the ground reflection moves and the reflectivity will vary. This 
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and the shadowing of ground reflections by buildings introduce low­
frequency variations in the direct signal. 

13.3 Simultaneous Reflections 

An assumption inherent in the construction of the theoretical spectra 
was that the mobile vehicle was under the influence of one reflector at 
a time. The simultaneous presence of more than one reflected signal 
will give rise to additional beat frequencies in the fading waveform 
between the reflected signals (see Section IV). Here the Doppler point 
of view is useful. From (14) the Doppler-shifted reflected signal is seen 
to lie in the frequency range fT = fc ± V lAc; thus, if all possible reflec­
tions are always present, the radio frequency spectrum would have a 
bandwidth 2V lAc = f m'. The Doppler shifted direct signal has from 
(13) a frequency of fi = fc + (V lAc) cos a. The shape of the spectrum 
is not symmetrical about fc. This shape can be obtained by picking 
frequencies f1 between f c - V lAc and f c + V lAc, solving (14) for the 
two values of <p corresponding to each frequency, and then summing the 
two corresponding values of the weighting function TV obtained from 
(18). The result is a spectrum having a broad minimum at f1' = fi = 
fc + (V lAc) cos a and peaks at fT = fi ± V lAc. Thus, as a varies from 
a = 0 to 90° to 180°, the direct signalfi moves from the upper-frequency 
end of the spectrum to the center and to the lower end. Fig. 17 shows 
the radio-frequency spectrum as a function of a (the peaks appear sharp 
because no smoothing has been applied). If the direct signal is large in 
amplitude compared to all the reflected signals, the spectrum of the 
envelope would essentially be that obtained previously (Section V), 
except for the lack of harmonic content. If the direct signal is ignored, 
the spectrum of the envelope would be the convolution of the radio­
frequency spectrum with itself (see Ref. 6, Chap. 12); this spectrum, 
which would vary from a maximum at zero frequency to zero at 2V lAc, 
would be virtually independent of a. The fact that the convolution 
would carry the spectra only out to 2V lAc suggests that beats between 
reflections may be responsible for the partial filling in of the second­
harmonic shelf when a is not near 0 or 180°. This effect is noticeable to 
various degrees in Figs. 10, 11, 12 and 16, where a perceptible drop 
occurs at f m' independent of any termination of the second-harmonic 
shelf at 2fmax'. Similarly, this effect probably decreased the steepness of 
the observed steep fall in Fig. 13. It remains a fact that in a suburban 
residential environment, the spacing of houses is such that there is a 
very strong tendency for a mobile vehicle to experience only one domi-
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nant reflection at a time. There certainly is some continual overlap of 
reflected beams and this may in part be responsible for the low-frequency 
rise in the experimental spectra. 

13.4 Nonrandom Reflector Orientation 

Houses are generally built with their larger flat sides parallel and 
perpendicular to the street. It has been shown from (11) that a zero 
fade rate obtains when <p = 0°, 2a, and 180°; low-frequency fades obtain 
when <p is near these values. The weighting function W is zero for <p = 0° 
and 180° (except when a = 0° or 180°), but is unity at <p = 2a. Clearly, 
it is the reflectors whose flat sides are roughly parallel to the direction 
of vehicle travel that contribute the low-frequency fade rates; each such 
reflector makes its contribution when the vehicle position is such that 
its <p ~ 2a. Conventional house orientation obviously increases the 
supply of reflectors causing low-frequency fades above that under ran­
dom conditions. It is felt that this effect may be the most important 
reason for the low-frequency rise in experimental fading spectra. 

The same nonrandomness will affect the experimentally observed 
spectral peaks. These peaks occur when <p = a and a + 180°; the corre­
sponding required reflector orientations, relative to the direction a, 

are a/2 and 90 - ex/2. When ex is small or near 180°, these required 
relative orientations are near 0° and 90° - i.e., near parallel and per­
pendicular to the direction of travel. When a is near 90°, the required 
relative orientations are both near 45°. Thus observed peaks for a'S 

near 90° may be relatively subdued by the relative absence of required 
reflectors. This effect has been observed in several comparisons of 
theoretical and experimental spectra. 

13.5 Other Low-Frequency Effects 

N onuniformity of the fixed station antenna pattern and reflectors in 
the vicinity of the fixed antenna can produce some very low-frequency 
variations in the standing wave pattern. Motion of the fixed antenna 
and trees due to wind are additional sources of low frequencies in the 
standing wave pattern. 

XIV. ADDITIONAL TOPICS 

14.1 Moving Reflectors 

All of the preceding discussion was concerned with fixed reflecting 
objects. The experimental data were taken with the streets devoid of 
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other moving vehicles. vVhat effect will the motion of other vehicles have 
on the spectrum? Let us limit this discussion to vehicles moving in the 
same or opposite direction on the same street as the mobile station; 
let VI and V.! be the speeds of the mobile station and moving reflector 
respectively with a positive V 2 corresponding to closure between the 
vehicles. The moving reflector encounters and reflects a frequency 

f = j. - V 2 cos a 
2 c Ac' (29) 

where fe, Ac , and a have their previous meanings, and V2 has a com­
ponent away from the fixed station. The mobile station encounters a 
reflected beam of frequency 

(30) 

where A2 corresponds to f2, and encounters a Doppler shifted direct 
signal of frequency h given by (13). The beat frequency f between fi 
and h is then 

(31) 

VI + V2 ( ) ~ 1 - cos a , 
Ac 

where c is the velocity of light. This result corresponds to (16) with 
cp = a. Thus an oncoming vehicle with V 2 = VI could double the maxi­
mum observed fade rate. 

14.2 Horizontal Polarization 

In terms of the x and z coordinates of Fig. 1, the electric field com­
ponents in the reflected beam region will take the form (see Ref. 1, p. 
295) 

E 'K . (27rZ ) (. 27rX sin e) 
1 x = J cos e 15m ~ cos e exp - J Ac (32) 

. (27rZ) (. 27rX sin e) E z = K 15m e cos Tc cos e exp - J Ac ' (33) 

where I{ is a constant and e is the angle of incidence. If a nondirectional 
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receiving antenna is used, such as is approximated by a "turnstile" 
consisting of two perpendicular dipoles connected together by a Ac/4 
stub, the received signal can be shown to be proportional to 

I E I = I K sin e;,z cos 0 - 0) I (34) 

irrespective of the angular orientation of the turnstile. This result has 
the same form as (25) except for the spatial phase shift e. Thus the use 
of horizontal polarization together with the assumed antenna produces 
an effective standing-wave pattern that is identical to that for vertical 
polarization except for the spatial translation. Thus the fading situation 
would also be identical. 

14.3 Field Component Diversity 

Equations (32) and (33) show that Ez is a maximum where Ex is 
zero and conversely. Suppose the two dipoles of the turnstile antenna 
are not connected together with a stub but are offered simultaneously 
to the receiver. Then, if the receiver electronically switched to the dipole 
offering the greater signal, the receiver would in many cases never experi­
ence a null. However, when the direction to the reflector cp approaches 
1800

, e approaches 00 and the component Ez becomes smaller and van­
ishes; likewise, Ex vanishes when cp approaches O. Thus any diversity 
scheme dependent on choosing between Ex and Ez would be most suc­
cessful near cp = 90 0 (e = 45 0

) and unsuccessful near cp = 00 or 1800 

(e = 900 or 00
). 

At every point in the reflected beam region it would be possible to 
rotate a dipole to a position where a maximum signal is picked up. This 
is not possible only when cp = 00 or 1800 exactly. It is possible, therefore, 
for a mobile dipole that is mechanically or electronically rotated con­
tinuously to receive a maximum signal, to reduce the amplitude of the 
fading due to vehicle motion, if horizontal polarization is employed. 
If the angular position of a mobile single dipole is fixed, the fundamental 
fading rate experienced is still the same function of a and cp as before, 
except that the amplitude of the fading will vary because of the direc­
tivity of the dipole. For example, if cp = 900 and the dipole is physically 
oriented perpendicular to the fixed station, the mobile dipole may be 
translated anywhere in the reflected beam region without any fading. 
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Digital Data Signal Space Diagrams 

By J. R. DAVEY 

(Manuscript received April 20, 19(4) 

Signal space diagrams are described which show the pattern of amplitude 
and phase variation for severallcinds of modulated carrier signals commonly 
used in digital data transm'ission. Such diagrams illustrate important 
similarities and differences among the various modulation methods. Oscil­
loscope pictures of actual data signal patterns are presented, and it is shown 
that these patterns can be used to detect the presence of amplitude and delay 
distortions in the transmission channel. 

I. INTRODUCTION 

lVIany different kinds of modulated carrier signals are being used in 
digital communication systems. All these various data signals can be 
expressed in the general form A (t) cos [Wet + ¢(t)] where a carrier cos wet 
is varied in amplitude by A (t) and in phase by ¢(t). The various modu­
lation methods impart different patterns of amplitude and phase varia­
tion. The characteristic pattern of a given modulation method can be 
portrayed by a polar plot of A and cp in which the angular reference is 
wet. This type of plot will be referred to as a "signal space diagram." 

Signal space diagrams will be described for several kinds of carrier 
modulation. Only synchronous signals consisting of sequences of evenly 
spaced symbols will be considered. In each case the received symbols 
can be thought of as a sequence of carrier pulses or bursts, each with an 
envelope shape determined by the channel characteristic. In such a view 
the differences among the types of modulation are due to the number of 
pulse amplitudes and phases which are used, the particular phase se­
quences used, and the spacing between pulses. In order to obtain the 
simplest signal space diagram it is desirable to choose the reference We 
as the center of the received pulse spectrum so that the phase variation 
of a single isolated pulse will be minimized. With a symmetrical pulse 
spectrum and a linear phase characteristic this reduces the pattern of 
a single isolated pulse to a radial line. vVhcn the phase of the carrier 
varies from pulse to pulse and the pulses overlap, more complicated 
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patterns are formed. By transmitting a random sequence, a pattern of 
all the permitted amplitude and phase variations of that particular type 
of modulation is obtained. 

Space diagrams will be presented for a number of commonly used data 
signals. In these examples the pulse envelope has been taken to have a 
raised-cosine shape in time in order to make the diagrams consist of 
circles and straight lines. This is a close approximation to the case of 
a raised-cosine pulse spectrum which is often typical in actual data 
systems. The pulse spacing, T, for the double-sideband examples is 
equal to the reciprocal of the half-amplitude width of the pulse spectrum. 
This corresponds to the maximum rate which avoids intersymbol inter­
ference as described by Nyquist. Pulse spacings of T /2 are used in FM 
and VSB methods where special conditions are established to avoid 
intersymbol interference. 

II. SIGNAL SPACE DIAGRAMS FOR VARIOUS TYPES OF MODULATION 

2.1 Amplitude NIodulation 

The first example is for on-off A1Vl where mark is represented by a 
pulse and space by no pulse. The carrier phase remains the same from 
pulse to pulse, thus resulting in a straight-line pattern as shown in Fig. 
1. The signal positions at the mid-symbol sampling instants are indi­
cated by points 111 and S which are separated by the pulse amplitude A. 
The shape of the pulses is indicated at the right in the figure. 

The diagram for suppressed-carrier AIVI or two-phase signals is shown 
in Fig. 2. In this case a pulse is sent for both mark and space, but the 
carrier phase for space is opposite to that for mark. Again the diagram 
is a straight line, but the mark and space sampling points are separated 
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Fig. 2 - Suppressed-carrier AM or binary PM with 0 0 and 180 0 changes. 

by twice the distance of the pulse amplitude. The positive half of the 
envelope and the carrier phase for each pulse are indicated at the right. 
A minimum separation of A is obtained with a pulse amplitude of A/2. 
As compared with the on-off case of Fig. 1, the same margin against 
noise is obtained with 3 db less average power and 6 db less peak power. 

2.2 Phase Jl![ odulation 

Binary phase modulation where the choice of phase change is 0° 
or 1800 results in the diagram of Fig. 2, as noted above. Alternatively, 
the choice of phase change can be ±90°. This has the advantage of 
symmetry and less amplitude variation. The diagram for this type of 
signal is a square, as shown in Fig. 3. The signal can move in either 
direction around the square and at the centers of the symbols is at one 
of the corners. Since there is always a 90° change between symbols, the 
signal alternates between corners marked with dots and those marked 
with circles. For a peak signal of A/2 there is a minimum separation 
between dot positions or circle positions of A, as was the case in Fig. 2. 

M M S M 

'TV\/V\/\ ±~ 
k--T--~ HALF ENVELOPE 

M=MARK 

S = SPACE 

Fig. 3 - Binary PM with ±90° changes. 
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Note that the separation of interest is that between alternative choices 
for a given pulse rather than that between successive pulses. 

Diagrams for two cases of quaternary phase modulation are presented. 
When the phase change between symbols is 0°, ±90° or 180° the diagram 
is a square with diagonals as shown in Fig. 4. The signal can progress 
around the square in either direction, go across a diagonal or remain at 
one corner with no restrictions. The four possible positions at the centers 
of the symbols are indicated by dots. For a minimum separation, A, 
between states the pulse peak becomes A/V2. This indicates that for 
this quaternary system to have the same noise margin per decision as 
the two-phase signal of Fig. 2 the power must be increased 3 db. This 
type of signal is equivalent to the sum of two AM suppressed-carrier 
signals at quadrature phase. 

When phase changes of ±45° or ±135° are used between symbols 
there are eight possible phases for the pulses. The possible positions of 
the signal vector at the symbol centers are shown as dots and small 
circles on the diagram of Fig. 5. There is always a phase change between 
symbols, and the signal must alternate between dot positions and circle 
positions. With a peak pulse amplitude of A/0 the minimum separa­
tion between dots or between circles is again A, as in the previous case. 

2.3 Vestigial Sideband 

It is assumed that the pulse spectrum for vestigial sideband has the 
same raised cosine shape used in the previous examples. It is also assumed 
that the pulse rate is twice the Nyquist rate for double-sideband opera­
tion and that the pulses originate from the modulation of a suppressed 
carrier higher in frequency than midband by an amount equal to one 
quarter of the pulse rate, as indicated in Fig. 6. This results in a phase 
change between adjacent pulses of ±90°. As shown in Fig. 6, the pulses 
overlap to the extent that at the peak of one pulse the adjacent pulses 
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are each at half amplitude. This severe interference is at quadrature 
phase to the wanted pulse and is eliminated by the use of coherent de­
tection. The signal phase at the center of a symbol is not affected if the 
two adjacent pulses are of opposing quadrature phases but is perturbed 
±45° if the adjacent pulses are of the same quadrature phase. For 
example, on the diagram of Fig. 6 the center of a marking symbol can 
occur at any of the three dot positions at the top of the diagram de-
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pending on the adjacent symbols as indicated. The phase of the coherent 
carrier used for detection advances around the diagram by 90° each 
symbol in the point sequence 1, 2, 3, 4. A continuous marking signal 
consequently follows this same sequence. A continuous spacing signal 
likewise advances 90° during each symbol but remains opposite in phase 
to the coherent reference. 

For continuous mark-space alternations each sym.bol pulse is retarded 
by 90° from the preceding pulse, and the signal moves around the circle 
in the opposite direction from steady mark or space. The signal always 
alternates between dot and small circle points. The corners of the square 
portion of the diagram are both dot and eircle points, and the signal 
may rest at such a point continuously and represent a MMSSMMSS 
sequence. All changes in direction of rotation about the diagram occur 
at the corners of the square; otherwise, the only restriction is for the 
alternation of the dot and small circle positions. Here again, with a peak 
signal of A/0, a minimum separation of A between mark and space 
dots or mark and space circles is obtained. Thus the speed is doubled at 
a cost of 3 db more power, as in the case of quaternary phase modulation. 
Note that the individual pulse amplitudes are A/2, as for the two-phase 
case, but that the pulse spacing is halved. For vestigial sideband opera­
tion these pulses are sent serially, while for the quaternary phase case 
of Fig. 4 the pulses can be considered to be of amplitude A/2 sent two 
at a time. 

2.4 Frequency Modulation 

The binary rectangular wave frequency modulation case to be pre­
sented here is the ideal one where the bit rate is equal to the frequency 
shift between mark and space. For a continuous mark or space signal 
this results in the signal changing phase 1800 between successive symbols. 
Again it is assumed that the signal is shaped to give a raised cosine 
pulse spectrum. Such an FM signal can be resolved into two components, 
a two-phase signal carrying the binary information and a quadrature 
component consisting of steady mark and space as indicated by the 
vector diagram of Fig. 7. This quadrature component can be con­
sidered to consist of alternating ±90° carrier pulses located between the 
0° and 1800 pulses carrying the information. The diagram for such an 
FM signal is shown in Fig. 7. A continuous mark condition (lower 
frequency) causes the signal to move around the circle clockwise. A 
continuous space causes a counterclockwise rotation. At the center of 
the symbols the signal is at either point A or B. A frequency transition 
causes the signal to swing out to one of the points "x" and reverse the 
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direction of rotation. For continuous reversals the signal swings back 
and forth through point A or B along a horizontal line. For such a se­
quence of reversals the phase swing is ±45°. 

Although the steady mark and space frequency components which 
impart the horizontal component of motion in the diagram carry no 
information, they do permit the detection of the signal on a frequency 
basis. The mark and space conditions are indicated by the direction of 
rotation at points A and B. The quadrature component of the signal 
represents half of the total power. Consequently an FM signal requires 
twice the power of a two-phase signal to produce the same minimum 
separation of the points A and B. The two-phase component of the Fl'vI 
wave can be detected by a coherent carrier to determine whether the 
signal is at point A or B. It will be seen, however, that this leads to a 
polarity ambiguity because of the nature of the encoding. Reversals of 
either phase can be represented by the signal being at point A or at 
point B for successive symbols. A change from point A to point B indi­
cates no transition of the information wave. 

2.5 Duobinary Frequency M odulation1 

The duobinary technique developed by Lender is a means of doubling 
the rate of sending binary information. The data are first differentially 
encoded so that a transition is made for a space symbol and no transi­
tion for a mark symbol. The resulting double-speed binary signal is then 
passed through a frequency shift channel of the type just described for 
ordinary binary operation with no change in frequency shift or channel 
shaping. The signal can change phase a maximum of ±90° during these 
half-length intervals. This results in both the in-phase and quadrature 
pulses carrying information. The diagram of Fig. 7 applies in part, but 
because of the double rate we are interested in more points of the pat­
tern. For instance, for steady mark the signal moves around the circle 
in either direction and the receiver samples the signal not only at points 
A and B but also at points C and D as shown in Fig. 8. The occurrence 
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Fig. 8 - Duobinary FM. 

of a space symbol causes a frequency transition and the signal leaves the 
circle and reverses direction at one of the points labeled S. If there are 
two successive space symbols causing two frequency transitions, the 
signal pauses at an S point for one symbol interval and then continues 
on in the same direction of rotation. An odd number of successive space 
symbols leads to a reversal of rotation while an even number does not. 
The signal can thus proceed around the circle clockwise or counter­
clockwise or pause at one of the S points. The rotating conditions repre­
sent the high- and low-frequency states while the pausing represents 
the midband frequency. When the signal is detected on a frequency 
basis, a three-level baseband output is obtained, with the outer levels 
representing mark and the center level space. 

The complete duobinary diagram of Fig. 8 is seen to be the same as 
that of Fig. G for a vestigial sideband signal. This indicates that the two 
kinds of line signals are of the same form although the encoding is 
different. Experimental verification of this identity has been demon­
strated by transmitting a vestigial sideband signal to an F1\1 receiver 
and obtaining a three-level baseband signal such as received in duobinary 
FM. Fig. 9 shows a photograph of the received eye pattern. 

III. OSCILLOSCOPE PRESENTATION OF SIGNAL SPACE DIAGRAMS 

Signal space diagrams of actual data signals can be displayed by 
coherently detecting both the in-phase and the quadrature components 
with respect to a midband reference frequency and applying them to 
the X and Y deflection circuits of an oscilloscope. Such an arrangement 
was constructed in the laboratory and used to obtain the signal pattern 
photographs shown in Fig. 10. Three kinds of signals arc shown, (a) 
binary F1\1, (b) quaternary PIvI, (c) binary VSB. These were all voice­
band data signals within a band centered ncar 1800 cps. Appropriate 
filters were used to shape the pulse spectrum closely to a raised cosine. 

To appraise the possible value of such signal patterns as a measure of 
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Fig. 9 - Oscilloscope picture of three-level eye obtained by receiving a VSB 
signal on a 202B FM receiver. 

signal quality, the effects of amplitude slope and delay distortion were 
observed. Examples of the results are shown by the oscilloscope pictures 
of Fig. 11. The simulated line distortion characteristics which produced 
these patterns are given in Fig. 12. The effect of amplitude slope is 
readily apparent for FlYI and VSB, where portions of the transmitted 
sequence result in the signal resting at the high-loss end of the band. 
This accounts for the smaller inner circular portion of the patterns. 
In the case of PlYI the pattern is changed but not at the mid-symbol 
sampling points. The effect of high-end delay distortion shows up as a 
rotation of one part of the pattern with respect to others. This is readily 
seen in the PlYI examples, where the portion of the pattern formed by 
repeated phase advances is rotated with respect to the portion formed 
by repeated phase retardations. 

IV. CONCLUDING REl\IARKS 

Signal space diagrams have been described for a number of commonly 
used data signals. These diagrams are useful in comparing data signals 

iii 
(a) (b) (c) 

Fig. 10 - Oscilloscope pictures of signal space patterns for a 53-bit pseudo­
random sequence: (a) binary FM, 1000 bits/sec, (b) quaternary PM, 2000 bits/sec, 
(c) binary VSB, 2400 bits/sec. 
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Fig. 11 - Oscilloscope pictures of signal space patterns showing effect of 
amplitude slope and envelope delay distortion. 

on a common basis without regard to specific detection techniques. 
Similarities and differences are revealed which may not otherwise be 
apparent and various possible detection methods can be visualized. The 
margin against noise with ideal detection methods is also indicated by 
t.he spatial separation of the sampling points. The signal power is indi­
cated by the pulse amplitude and repetition rate. 1;'or example, the fore­
going diagrams illustrate that binary FlYI, quaternary P1VI and binary 
VSB signals all give the same margin against noise for a given trans­
mitted power. The binary FM system, however, operates at half the 
speed of the other two for a given bandwidth. It has also been shown 
that a duobinary F1VI signal has the same pattern as a binary VSB 
signal. The relative simplicity afforded by Fl\'I detection of such a signal 



SIGNAL SPACE DIAGRAMS 

1o.o.----------------------~ 
If) 
If)c/) 

gul 7.5 

w~ 
:::~ 5.0 
~O 
ill ~ 2.5 
a: 

o~ __ ~ __ ~~ __ ~ __ ~ __ ~ __ ~ 

z 2.0.--------------------------, 
22 
~5 1.5 
Ou 

~~ 1.0 
0:] 

>-:::! 
j::E 0.5 

~~ 0 
0~--5~0-0---10~0-0--~1~5LOO---20~0-0---25~0-0--3~000 

FREQUENCY IN CYCLES PER SECOND 

2983 

Fig. 12 - Amplitude and delay distortion characteristics used to distort the 
signal patterns shown in Fig. 11. 

as against coherent detection is accomplished at a loss of approximately 
6 db in margin against noise. 

Considerable information about the nature of the channel charac­
teristic iG also indicated by the signal diagrams. The use of signal dia­
grams as an indication of signal quality is primarily limited, however, to 
the laboratory. The required synchronization with the midband fre,­
quency and symbol rate of the signals to be observed tends to make the 
method unsuitable for field measurements. 
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Using Digit Statistics to Word-Frame 
PCM Signals 

By J. R. GRAY and J. W. PAN 

(Manuscript received June 5, 1964) 

Framing of PCNI signals can be accomplished by statistical means. For 
signal samples whose probability distribution tends to be concentrated at 
the center of the coding range, the second digit of the Gray code generated has 
a probability of mostly l's. This information can be used to frame PCM 
words. Three circuits are proposed that test this probability. Reliability and 
reframe time for each circuit are obtained either analytically or experi­
mentally. The first circuit uses a pair of racing counters: one counts O's in 
the second digit and the other 0' s in the third digit of the Gray code. When the 
system is in-frame, the first counter seldom reaches full count before the 
second, whereas during out-of-frame either counter can reach full count 
first with equal probability. The second circuit uses a reversible counter 
which advances on a 0 and retards on a 1. When connected to the second 
digit of the Gray code, the preponderance of l' s will keep the counter at or 
near zero count; when connected to any other digit, where the probability of 
a 1 is at most 0.5, the counter will reach full count in a finite time. The 
third circuit uses an RC integrator in place of the reversible counter: each 
o of the second digit generates a pulse to charge the capacitor and each 1 
permits the accumulated charge on the capacitor to decay. The action is 
similar to that of the reversible counter but is difficult to analyze. Experi­
mental framing performance is given for this circuit. 

I. INTRODUCTION 

When a signal is transmitted by PCM, the receiver must be able to 
group the serial pulse train into code words before it can properly re­
cover the original signal. This process is called "framing." It is also 
called "word synchronization," as distinguished from bit synchroniza­
tion where the time base of the individual pulses is sought. When the 
pulse train contains several PCl\I signals multiplexed together, there is 
also the task of multiplex framing or frame synchronization whereby 
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the individual channels must be identified. Word synchronization can 
be derived from frame synchronization if the words are always arranged 
in a definite order within a multiplex frame; otherwise, word synchroniza­
tion is acquired independently. This article will consider only the 
problem of word synchronization, hereafter simply called "framing." 

Framing is ordinarily accomplished by using supplementary framing 
pulses inserted among the information-bearing pulses at predetermined 
intervals. The receiver will then find these framing pulses by searching 
and testing for the unique pattern of these pulses. If the framing pulses 
are inserted between every word, a substantial loss of channel capacity 
will result; on the other hand, if framing pulses are inserted only oc­
casionally, the PCM words will not be uniformly spaced, which is 
inconvenient for a sampled-data system. 'Vhen the PCM signal contains 
known redundancies, it is possible to accomplish framing without the 
use of supplementary pulses. The signal is then said to be framed 
"statistically." The receiver now searches for the word grouping which 
will yield the expected statistics for the signal. A simple example of such 
a statistic is the intelligibility of voice. Voice transmitted by PCM is 
intelligible only when the PCM words are grouped correctly. Other 
criteria, easier to instrument than intelligibility, are available. Most 
signals have amplitude distributions other than the uniform distribution 
or have frequency spectra other than the flat spectrum. Both of these 
properties will be altered when framing is incorrect. One of the easiest 
statistics to measure is the average occurrence of l's and O's in the code 
words. Measurement of this statistic for the case of a linear coder operat­
ing on a Gaussian signal source will be the main theme of this article. 
The next section will elaborate on the digit probabilities, followed by 
descriptions and analyses of framing circuits which acquire framing by 
comparing the probabilities of 1 's and O's in the second digit of the 
Gray code. 

II. PROPERTIES OF THE GRAY CODE 

If the amplitude of the signal before PCM encoding is centrally dis­
tributed - Gaussian, for example - and the Gray code is used to convert 
this signal into PCM, then the individual digits of each code word will 
not have equal probability of being either a 1 or a O. This fact can be 
demonstrated by observing the Gray code assignments illustrated in 
Fig. 1. Because the signal amplitudes are centrally distributed, the center 
codes \vill be used more frequently than the codes at the extremes; the 
second digit, being a 1 for the center codes, will thus be dominated by 
l's. It should be noted that this redundancy is the result of a linear coder 
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Fig. 1 - Gray code digit assignments. 

operating on a Gaussian source. If a more efficient digitizer is used for 
this source, as for example (1) a nonlinear coder or (2) a linear coder 
followed by a digital processor to produce variable length codes or 
block codes, then this redundancy can be removed. The amount of 
redundancy in question is approximately one bit. Efficient coding would 
therefore exclude the use of statistical framing. 

Fig. 2 illustrates the probabilities of 1 's for all the digits; we can see 
that the probabilities of each digit being a 1 obey the following inequali­
ties: 

P(D3 = 1) < P(D 4 = 1) < ... < P(D t = 1) < P(D2 = 1) (1) 

or, equivalently, the probabilities of each digit being a 0 conform to 

P(D3 = 0) > P(D4 = 0) > ... > P(Dt = 0) > P(D2 = 0). (2) 

Any out-of-frame condition is represented by a cyclic permutation of 
the digits so that one of the inequality signs in (1) will be reversed and 
similarly for (2). Any circuit which examines the validity of (1) or (2) 
is therefore a framing detector. A few such circuits will be listed here. 
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(1) Racing counters. In this scheme two counters are connected as 
shown in Fig. 3. When either counter reaches the full count of N, both 
counters are reset to zero. Now if the upper counter is connected in 
such a way that its count is advanced for every 0 in digit 2 and the lower 
counter is similarly connected for digit 3, then according to (2) the lower 
counter will reach full count and reset both counters most of the time. 
However, if the signal is out-of-frame, the counters will be actually 
counting the O's of the digit pairs 3-4, 4-5, ... or 1-2, and according to 
(2) the upper counter will now be able to reach full count and reset both 
counters much more frequently. The reset signal from the upper counter 
can thus be used as an out-of-frame signal. The probability of a false 
out-of-frame signal can be made small by increasing N, the size of the 
counters. 

(2) Reversible counters. A single reversible counter, shown in Fig. 4, 
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Fig. 3 - Racing counters. 
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Fig. 4 - Reversible counter. 

can also be used to detect the framing status. The count is increased by 
a 0 and reduced by a 1. When digit 2 is connected to this counter, the 
preponderance of l's will keep the counter at or near the zero-count 
state and prevent it from reaching full count. When the receiver goes 
out of frame, this counter will be controlled by pulses of some other 
digit which, as can be seen from Fig. 2, has at least 50 per cent zeros; 
therefore full count will be reached within a finite time. Framing can be 
accomplished by searching for a word grouping such that the counter 
does not reach full count in a certain time interval. 

(3) RC circuit. If a random pulse train is connected to an RC circuit, 
shown in Fig. 5, then the presence of a pulse will charge the capacitor 
and the absence of a pulse will permit the accumulated charge on the 
capacitor to discharge somewhat. The process is similar to that of the 
reversible counter, except that the charge and discharge rate is now a 
function of the accumulated charge. A threshold circuit monitoring the 
voltage on the capacitor can be used to indicate the framing status. A 
pulse train derived from the received signal such that each pulse indi­
cates a 0 and each space indicates a 1 in the second digit of the Gray 
code is used as an input to the RC circuit. When the receiver is in frame, 
the pulse pattern at the input to the RC circuit will be sufficiently 

RANDOM PULSE TRAIN INPUT TO THE CIRCUIT BELOW 

~ ~I 
PULSE, WHEN 
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Fig. 5 - Framing with RC circuit. 

TO THR~SHOLO 
CIRCUIT 



2990 'l'HE BELL SYS'l'EM 'l'ECHNICAL JOUHNAL, NOVEMBER H)(34 

sparse so that the accumulated charge will result in an output voltage 
that seldom builds up to the threshold. However, an out-of-frame con­
dition will result in at least 50 per cent pulses present at the input, and 
the output of the RC circuit will reach threshold in a finite time. 

III. FRAMING CIRCUIT CHARACTERIZATION 

Two figures of merit are commonly used to characterize framing circuit 
performance, (1) misframe rate and (2) reframe time. Misframe rate is 
measured in terms of the probability that the circuit will indicate an 
out-of-frame condition when in fact the receiver is in frame. Reframe 
time is characterized by the probability distribution of the time re­
quired for the receiver to achieve correct framing; this includes the time 
taken to detect the out-of-frame condition. In a conventional framing 
circuit, wherein a known framing pulse pattern is monitored, misframe 
rate and reframe time are sensitive only to the error rate of the trans­
mission medium. Performance is degraded due to masking of the fram­
ing pulses by noise. With statistical framing, performance is more de­
pendent on signal statistics. Let the probability of a 0 in digit 2 be 0.05 
at the transmitter; with an error rate of 10 per cent, the probability of 
a 0 will increase to about 0.14, which is still different enough from 0.5 to 
keep the circuit in frame. The signal itself, of course, will hardly be 
usable at this error rate. On the other hand, a significant change in signal 
statistics at the transmitter may cause a collapse of framing. Care must 
therefore be exercised when the performance of statistical framing 
circuits is to be compared with that of conventional circuits. 

To evaluate the misframe rate and the reframe time of the statistical 
framing circuits, the response of these circuits to random inputs must 
be determined. Unfortunately, the statistical properties of the transient 
response of analog circuits such as the RC circuit excited by a random 
signal have not yet been completely solved. Therefore analytical results 
for framing schemes using only digital counters will be presented here; 
even with these circuits the results are approximate. 

An experimental approach is used to determine the performance of 
the framing scheme using RC circuits. The instrumentation proves to 
be rather simple and some results will be given. 

IV. ANALYSIS OF THE RACING COUNTERS 

To lend some physical meaning to the analytical results, the analysis 
will be accompanied by numerical results for a typical application, 
namely, transmission of a mastergroup of telephone channels by PCM. 
A mastergroup carries 600 voice-grade channels frequency-multiplexed 
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together, and its amplitude distribution is very close to Gaussian if the 
signal load is predominantly message service. l With normal busy hour 
loading the rms value of the signal is approximately ;!-~ of the system 
overload voltage. Under extreme conditions the rms may rise to ;!--s of 
the overload voltage. These figures will be used to calculate the per­
formances of the framing circuits. A nominal sampling rate of 6 X 106 

samples per second is assumed for the mastergroup. This rate will be 
used to translate misframe rate into misframe interval, the mean time 
between misframes. 

We can consider the two racing counters as a sequential machine hav­
ing eN + 1)2 possible states. In Fig. 6 the eN + 1)2 states are depicted 
in a square array A; each of its elements aij represents a state where 
the upper counter has count i and the lower counter j. From aij transi­
tion is possible to 3 adjacent states ai+l,j , ai+l,HI , or ai,HI upon re­
ceiving as inputs 01, 00, or 10 respectively. In this notation the first 
digit represents the input to the upper counter and the second digit 
the input to the lower. Since the counters count only O's, an input of 11 
will not advance the counters and the state will remain at aij . Starting 
from the initial state aoo, the problems are (a) to find the probability 
of reaching the bottom row when digits 2 and 3 are connected to the 
counters (this yields the misframe rate) and (b) to find the probability 
distribution of the time required to reach either the bottom row or the 
right-hand column when other pairs of digits are connected to the 
counters; this leads to the distribution of reframe time when the result­
ing distributions are convolved. 

A convenient technique for finding these probabilities is to use signal 

o o 

o o 

o 0 

o 0 

Fig. 6 - State diagram for racing counters. 
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flow graphs.2 Using x = e-s as the time delay operator, the transitions 
indicated in Fig. 6 are as follows: 

down d = _x_P_(-=0--,-1)-.,-
1 - xP(11) 

xP(OO) 
diagonal g = -1---xP-(1-1-) 

xP(10) 
1 - xP(11) . 

and to the right r = 

(3) 

The denominator [1 - xP(11)] is due to self-loops at each state when 
neither counter advances. In principle, this flow graph can be solved for 
the transmission from the initial state to either the bottom row or the 
right-hand column as rational functions of the delay operator x. From 
these rational functions the total probability of reaching the bottom row 
can be calculated by letting x = 1, and the probability distribution of 
the waiting time can be obtained by a power series expansion of the 
rational functions. However, in a practical situation with counters 
counting up to 16, the calculations become extremely involved, and even 
with 20 decimal digits round-off errors become excessive. Approximations 
are therefore used to estimate the misframe rate and the framing time. 

To calculate the average misframe rate, the substitution x = 1 can 
be made before solving the flow graph of Fig. 6. This reduces complexity 
considerably and one can calculate the probability of reaching the bot­
tom row before the right-hand column. Information about time delay 
is lost and must be estimated independently. 

The flow graph can be solved by observing that 

Q(i,j) = dQ(i - 1,j) + gQ(i - 1,j - 1) + rQ(i,j - 1) (4) 

for 

1~i~N-1 and 1~j~N-1 

where Q(i,j) is the probability that the state aij is reached at any time 
starting from aoo. The d, g, and r are now numerical quantities calcu­
lated from (3) with x = 1. The above iteration formula is valid for all 
states except the border states of the array A. To complete the picture 
we have 

Q(OO) = 1 (5) 

since aoo is the initial state, and going straight down 

Q(i,O) = dQ(i - 1,0) 1 ~ i ~ N. (6) 
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To the right we have 

Q(O,j) = rQ(O,j - 1) (7) 

For the bottom row we have 

Q(N,j) = dQ(N - 1,j) + gQ(N - 1,j - 1) 1 ~ j ~ N - 1 (8) 

and the rightmost column 

Q(i,N) = gQ(i - 1,N - 1) + rQ(i,N - 1) 1 ~ i ~ N - 1 (9) 

and, finally, the lower right state has probability 

Q(N,N) = gQ(N - 1,N - 1) (10) 

since it can be reached only by way of aN-l,N-l • The special treatment 
given the bottom row and right-hand column is necessary because they 
are the end states; from here we start anew at aoo • 

The probability of reaching the bottom row is the sum 
N 

U = L Q(N,j) (11) 
i=O 

which is the probability of an output pulse from the upper counter be­
fore the lower counter reaches count N. This is the probability of a false 
out-of-frame signal when digits 2 and 3 are connected to the counters. 
The recurrence formulas are valid for signals that are independent with 
respect to the past, so that d, g, and r are the same for all states. Statis­
tical dependence of the two digit inputs is considered in their joint 
probabilities. This iterative procedure has been carried out, and some 
numerical results are presented below. 

Assuming a Gaussian distributed input signal the joint probabilities 
of digits 2 and 3 can be determined for normal loading with an rms input 
at >i of the system overload and for extreme loading with an rms input 
at V3 of the overload. The various probabilities are shown in Table I: 

TABLE J - PROBABILITIES OF DIGITS 2 AND 3 

01 00 10 

RMS 3-::1 overload 0.0428 0.0026 0.6826 
RMS .Y3 overload 0.1092 0.0244 0.5468 

substituting these numbers into (3), we have for x 
probabilities shown in Table II. 

11 

0.2720 
0.3196 

1 the transition 
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TABLE II -- TRANSITION PROBABILITIES 

Transition Down Diagonal To the Right 
d g r 

RMS 74 overload 0.0588 0.0037 0.9375 
RMS ~ overload 0.1605 0.0359 0.8036 

The strong tendency to go to the right is quite evident here. The 
probabilities of reaching the bottom row before the right-hand column 
can be calculated from these data using the iteration formulas developed 
above. To translate these probabilities into mean time between misframes 
we proceed as follows. When the signal is in-frame, the lower counter 
almost always attains full count before the upper. For counters of size 
N, the lower counter resets both counters on the average of every N j P 
PCM words, where p is the probability of a 0 in digit 3. The mean time 
between misframes is then N jpU. The results are shown graphically in 
Fig. 7 for various counter sizes. At normal loading and N = 16, the 
mean time between misframes is 1.2 X 1012 words which, at a sampling 
rate of 6 X 106 per second, amounts to 2 X 105 seconds or a little more 
than 2 days. When the rms signal is increased to Ys of overload, this 
mean time deteriorates rapidly to fractions of a second, so that the 
counter size has to be more than 32 to insure adequate reliability under 
severe overload conditions. 

To complete the picture on the racing counters, the framing time will 
be estimated. During search for the correct framing we observe that the 
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Fig. 7 - Reliability of the racing counters. 
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upper counter will be advanced, with O's occurring with probability at 
least 7~, and that it will be able to reach full count without first being 
reset by the lower with probability at least Y2. Thus with M digits in 
each PGM word and assuming the worst case of searching through all 
M - 1 positions, the counters will be reset on the average of 2(M - 1) 
times. Each reset requires on the average of 2N words to either the upper 
or lower counter. A conservative estimate of the average framing time 
for the worst case is therefore 4N (M - 1) words. 

As mentioned earlier, the exact distribution of the framing time is 
difficult to obtain; however, the variance of this distribution can be 
estimated. The framing time distribution can be considered as a com­
pound distribution, where the number of times n either counter reaches 
full count during framing is governed by one distribution and the wait­
ing time t for each reset is governed by another distribution. It is known 
that such a distribution has mean E(n)E(t) and Variance E(n)Var(t) 
+ Var (n)E2(t).3 The distribution of the number of times either 
counter reaches full count before the upper counter reaches full count 
.NI - 1 times is governed by the negative binomial distribution. * With 
the upper counter having probability 7~ of reaching full count, n has 
average 2(111 - 1) as mentioned before and variance 2(lVI - 1). The 
waiting time for each reset is similarly governed by the negative bi­
nomial distribution. With probability 7~ of receiving a 0, the waiting 
time t has mean 2N and variance 2N. The variance of the framing time 
is therefore 2(111 - 1 )(2N) + 2(1l1 - 1) (2N)2; for large N this is ap­
proximately 8(111 - I)N2

• 

For a 9-digit PCM system Jl;I = 9, and if we use N = 32, the average 
framing time for a sampling rate Fs = 6 X 106 per second is 

8 (ll! - 1) N _ 4 X 8 X 32 - 171 
Fs - 6 X 106 - psec 

the standard deviation is 

[8(1l! - 1)N2]! 
Fs 

(8 X 8)! X 32 
6 X 106 

43 psec. 

Since the distribution is the result of many convolutions, it can be ap­
proximated by a normal distribution; with this assumption we can use 
three standard deviations as the confidence limit and estimate the maxi­
mum framing time as 300 psec. During out-of-frame conditions the upper 

* See Ref. 3, p. 253. Actually the negative binomial distribution governs the 
number of times the lower counter reaches full count. This average is Al - 1; 
the total average waiting time is therefore (M - 1) + (M - 1) = 2(M - 1). 
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counter actually receives O's with probability greater than 72, so that 
the estimates are conservative. 

V. ANALYSIS OF 'rIlE HIDVIDW:HllLlD UOUN'rIDH 

The use of a reversible counter allows greater reliability without re­
sorting to large-capacity counters as is necessary for the racing counters. 
The analysis is also simpler, since only one counter is involved. The flow 
graph for a reversible counter is shown in Fig. 8. The probability of a 0 
which increases the count is p, and q = 1 - p is the probability of a 1 
which decreases the count. The count cannot go below zero. The gain 
of the graph for any counter size N can be obtained by standard tech-

q:x: o p:x: p:x: p:x: p:x: p:x: . p:x: 
o~~~ .------?V,-~ 

1 2 3 4'- /~N-l 
q:x: q:x: q:x: q:x: N-2 q:x: 

Fig. 8 - Flow graph for reversible counter. 

niques. The result can be expressed conveniently in the form of a re­
cursion formula for the denominator polynomial 

DN(X) = DN- 1(X) - pqiDN- 2 (X) 

where 

Do(x) = 1 and 

The numerator is simply N N(X) 
are 

pNXN. Some representative results 

and 

Qs(X) 

4 4 px 

s s px 
1 - qx - 7 pqx2 + 6pq2x3 + 15p2q2x4 

- 10p2q3x5 - 10p3q3x6 + 4p3q4x7 + p4q4x8 

(12) 

(13) 

The average time between misframes can be determined from the 
above by differentiation. Thus* 

(14) 

* See Ref. 4. 
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when p and q are for the second digit of the Gray code. The results for 
various counter sizes and for system overload at 4 and 3 times rms are 
shown in Fig. 9. It is seen that with a counter of size 16 and worst-case 
loading the misframe interval is still sufficiently long, 1000 hours at a 
6-mc sampling rate. 

One disadvantage of using the reversible counter is the slow reframing 
process. When the receiver is out of frame the counter can be assumed 
to receive l's and O's with equal probability. Using formulas developed 
above for N = 16 but SUbstituting 0.5 for p and q, one obtains an 
average of 272 words to reach full count. For a 9-digit PCIVI system 
sampled at 6 mc, this amounts to 360 }1sec for the average framing time. 
To shorten the framing time a dual-mode scheme applied frequently in 
conventional framing circuits can be used. The scheme is described in 
more detail below. 

The framing circuit is designed to have two modes of operation. In 
the in-frame mode, the counter size is set at 16 for maximum reliability; 
once the out-of-frame signal is received the counter size is reduced to 8 
to secure fast framing. The logic is depicted in Fig. 10. 

The flip-flop determines the mode of operation. When in frame, the 
flip-flop is reset and the counter must reach count 16 excess O's over l's 
of the second-digit Gray code. When the system goes out of frame, the 
probabilities of l's and O's are equal, and an output from the N = 16 
lead of the binary counter chain sets the flip-flop to the out-of-frame 
mode. In this mode the output from the N = 8 lead of the binary chain 
is used. At the same time a timer is turned on to reset the flip-flop after 

rn w 

10 20 r-----r-------,---.,....----r--. 

~ rn 101St-----+-----.---r-+----l 
a:w 
u.:::E 
u.<{ 
O~ 
a: rn . 
~ ~ 10101-----t----A------:,.jL----1 
:::Ez 
=>w 
Zw 
w3: 
(!)I-
~ ~ 10 5 t-------,A-~""--___+----,------t 
W 

~ 

10~--~4---~8---1~2---7.1( 

N-SIZE OF REVERSIBLE COUNTER 

Fig. 9 - Reliability of the reversible counter. 
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DIGIT 2=0 rA-D-V-AN-C-E--------~N--=-16~r_----------~~ 

DIGIT 2=1 

REVERSIBLE 
COUNTER 

RETARD 

OUT-OF-FRAME 
SIGNAL 

RESET 

N=8 

RESET 

Fig. 10 - Dual-mode reversible counter framer. 

a certain elapsed time. This elapsed time is selected such that it is longer 
than the maximum time required to get an output from the N = 8 
lead when the system is searching but shorter than the minimum time 
required to get an output from this same stage when the correct frame 
is found. "lVlaximum" and "minimum" are used here in a probabilistic 
sense to be defined later. Thus during recovery the timer is reset before 
it reaches the preset time, thereby preventing the flip-flop from resetting 
back to the in-frame mode. When the system cycles back into frame, 
the timer will return the system to the in-frame mode. Each time a 
signal appears at the counter output, the framing counter is inhibited 
one time slot in order to examine the next bit position; the reversible 
counter is also reset automatically to zero. With the proper preset time, 
the system is almost always prevented from cycling past the true in­
frame position. 

To estimate the framing time for this scheme, we again use the exam­
ple of a 9-digit PC1Vl system sampled at 6 X 106 per second. For the 
worst case of searching through all 9 digits the average framing time 
is given by 

(15) 

The effect of incorrect decisions by the timer which cause recycling is 
ignored here. The first term corresponds to detection and the second 
term corresponds to the search through the next 7 positions. The time 
spent in verifying that the last position is the correct one is not included, 
because the system will already be in frame. The above equation is 
evaluated for p = q = Yz and yields the worst-case average framing 
time of 130 fJ.sec. This estimate is again conservative, since O's occur with 
probability greater than Yz in some digits of the Gray code. 
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The exact distribution of the framing time for the worst case may be 
determined by expanding Q16(X )Qs7 (x) in a power series. Again, this is 
difficult to do accurately. To get around this problem an approximation 
to the inverse transform of Qs(x) is determined by noting that the decay 
in the tail of the distribution is dependent mainly on the singularity of 
Qs(x) closest to the unit circle (1.01728 in this case). On this basis the 
inverse transform is approximately 

and 

1.6986 X 10-2 

qs (Ie) = (1.01728 )k-S 
for 

qs(k) = 0 0~k<8 

where 1.6986 X 10-2 is selected so that 
ao 

L qs(le) = 1. 
k=S 

U sing the result and returning to the x domain 

Qs (x) ~ 1.6986 X 10-
2
x

s 

( 1 - 1.0~728) 

k ~ 8 

(16) 

We now make the further approximation of replacing Q16(X) by Qs(x) 
in the product mentioned above. We can therefore deal with the simple 
result given by (16) raised to the 8th power. On this basis a somewhat 
optimistic expression for the distribution of the framing time can be 
readily obtained: 

(1.6986 X 10-2)S(n - 57)! 
pen) = 7!(n _ 64)!(1.01728)n-64 

pen) = 0 0 ~ n < 64. 

The upper tail of p (n) is shown in Fig. 11. 

for n ~ 64 
(17) 

Taking the 10-3 point as the confidence limit and multiplying by the 
sampling period, we get 200 ,usee as the maximum framing time. Since 
the framing process is dominated by the Qs\x) term, the error intro­
duced by the substitution of Qs(x) for the Q16(X) term should not be 
significant. 

Finally, we note that an optimum time must be chosen for the timer 
in Fig. 10 to reset the flip-flop back to the in-frame mode. Selection of 
this time is based on the distributions of waiting time5 for an output 
from the N = 8 lead of the counter, first under the out-of-frame condi-
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Fig. 11 - Distribution of framing time for reversible counter. 

tion and second under the in-frame condition. Summing the first two 
columns of Table I we obtain 0.13 as the probability of a 0 for the second 
digit when the rms input is at Ys of the system overload. For the other 
digits a probability of 0.5 is assumed. Expanding Q8(X) in a power series 
when p = 0.5 and when p = 0.13 yields the desired result. This is plotted 
in Fig. 12. If the time is chosen to be 560 frames, the framing detector 
will be in the wrong operating mode only 0.01 per cent of the time, 

10-1 ~--+-~-+--+----+---~---l 

100 200 300 400 500 
n-NUMBER OF FRAMES 

Fig. 12 - Selection of optimum time for the timer. 
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which means that the framer will seldom cycle past the true frame 
position during the framing process. 

We note for future reference that the distribution of the waiting time 
in Fig. 12 for 1) = 0.5 is a straight line 011 semiiog paper, which indicates 
that it has an expollentiai tail. 

VI. MEASURED FRAMING PERFORMANCE FOR THE RC CIRCUIT 

vVe introduce this section by defining the problem. Illustrated in Fig. 5 
is a typical input to the RC circuit, a random pulse train 

00 

x(t) = L ang(t - nT) (18) 
n=O 

where an is a sequence of independent random variables assuming values 
1 or 0 with probabilities p and (1 - p), and get) is a rectangular pulse 
of height E and width w. When this pulse train is applied to the circuit 
of Fig. 5, the capacitor will charge when a pulse is present and discharge 
otherwise. The charging time constant is 

Te = RIR2 C 
RI + R2 

and the discharge time constant is 

Td = R2C. 

It is also convenient to refer to the attenuation constant 

K= R2 =1-~. 
RI + R2 Td 

(19) 

(20) 

(21) 

Weare interested in the transient response of the circuit y (t), particu-
1arly at times t = w, t = T + w, ... , t = MT + w because they are 
the local maxima. We can proceed step by step: 

y( w) = aoKE[l - exp (-wi Te)] (22) 

yeT) = aoKE[l - exp (-wITe)] exp [-(T - w)ITd]; (23) 

at t = T + w, the charge due to al is added, the charge due to ao de­
cays further with a time constant of either TeOI' T d depending on the 
value of al 

yeT + w) = alKE[l - exp (-wITe)] 

+ {aoKE[l - exp (-wITe)] exp [- (T - W)Td]) (24) 

[al exp (-wITe) + (1 - al) exp (-wITd)]i 
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in general 
lit 

y(AIT + w) = KE[l - exp (-wire)] L: an 
n=O 

exp [-(M - n)(T - w)/ra] (25) 
lit 

IT [am exp (-wire) + (1 - am) exp (-wlra)]. 
m=n+l 

The framing performance of this circuit is related to the probability 
distribution of the first time that the output of the circuit exceeds a 
certain threshold. It is the distribution of the smallest AI such that 

y(MT + w) > threshold. (26) 

To find the distribution analytically from (25) appears difficult. 
Some simplification can be obtained by assuming that the widths of the 
pulses are small or hy assuming that the charge and discharge time 
constants are the same. Under either of these conditions the product in 
(2t1) disappears and the output is essentially of the form 

M 
" (3(lIt- n l Z = L.-J an 0<(3<1. (27) 
n=O 

The behavior of the random variable z when AI ~ 00 has received some 
attention,4 but the distribution of the first passage time of z with respect 
to some threshold is still difficult to obtain. 

Here the experimental approach is taken; the circuit used is depicted 
in Fig. 13. The input is derived from an analog-to-digital converter with 
a Gaussian signal as input. The output of this converter is in Gray code. 
By adjusting the level of the input signal and by selecting the various 
digits of the Gray code, a pulse train with any desired pulse density may 
be obtained. The digital timer measures the waiting time; it is started 
at the closing of the input switch and stopped by the threshold circuit. 
The threshold circuit also opens the input switch and signals the re­
corder to write the timer 'output on tape. A delay circuit resets the digital 
timer and initiates the next cycle of measurement after the RC circuit 
has returned to the rest condition. Each timing and recording operation 
takes about one msec; about a million measurements were made and 
recorded in a matter of minutes. A simple computer program reads the 
data and compiles the cumulative distribution of these data as well as the 
mean and standard deviation. 

Some qualitative results concerning the effects of the various parame­
ters will be given below. First, for all of the combinations of the parame-
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Fig. 13 - Measuring distribution of first passage time. 

tel'S chosen, the measured distributions tend to have an exponential tail; 
they plot as straight lines on semilog paper (see, for example, Fig. 15 
below). An intuitive argument can be given for this result. If we suppose 
that the threshold is set very low compared to the average output of the 
circuit, at voltages below this threshold the circuit acts more like an 
integrator than an RC circuit because it charges almost linearly and 
discharges very little between pulses. The distribution should therefore 
be similar to the distribution of the waiting times for the nth success in 
a sequence of Bernoulli trials, which has an exponential tail. Now we 
suppose that the threshold is set high compared to the average output 
of the circuit. Near this threshold, the circuit decays rapidly between 
pulses, so that a succession of many pulses in a row is necessary to drive 
the circuit over the threshold. The problem is now similar to the first 
occurrence of n consecutive successes in a sequence of Bernoulli trials, 
which again has an exponential tail. Finally, we can suppose that the 
threshold is set about equal to the average output of the circuit when the 
probability of a pulse at the input is 0.5. Near this threshold the decay 
due to an absence of a pulse is about equal to the charge contributed by 
a presence of an input pulse. The circuit therefore behaves much like a 
reversible counter in this region. In the previous section this has been 
shown to have an exponential tail. All of these arguments are of course 
approximate, but, lacking a complete theory, they serve to provide some 
insight. Knowledge that the distribution of the waiting time has an 
exponential tail enables us to use the techniques developed for the re­
versible counter to estimate the framing time distribution of this circuit. 
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The second qualitative result is that the measured distributions of the 
first passage time for the various circuits are very much the same as long 
as their composite time constants and relative threshold settings are the 
same. By "composite time constant" is meant the time required for the 
output to reach (1 - e-1

) of the maximum output when all pulses are 
present at the input. By "relative threshold" is meant the threshold as 
a fraction of the aforementioned maximum output. The different situa­
ations are illustrated in Fig. 14. 

The composite time constant and the maximum output can te com­
puted from (25), setting all an's to 1. 

y(l'JI[T + w) 

= KE[l - exp (-wl'Tc)] t exp - [(111 - n) (T - w + ~)J. (28) 
n=O Td Te 

Letting 111 approach infinity we obtain the maximum output 

Ymax = KE [1 - exp (-wITe)] . 

[1 - exp - (T ~ w + ~) ] (29) 

The expression inside the summation in (28) can be rewritten as 

exp - [T(M - n) C ~d W' + ~J ] (30) 

where w' = T Iw, the duty cycle of the pulses. From this we can see that 
the composite time constant is 

(
1 - w' Wl)-l --+- . 

Td Te 
(31) 

The third qualitative result is the following. For circuits and threshold 
settings such that with equal probability of pulses and spaces at the 
input the distributions of the first passage time are the same, the average 
first passage time for low probability of input pulses is longer when the 
relative threshold is higher. Relative threshold is defined as above. 
This result can be explained by using arguments similar to the first re­
sult. At low threshold settings, the circuit acts as an accumulator so 
that the average first passage time is inversely proportional to the aver­
age pulse density. On the other hand, for high threshold settings, the 
first passage time depends on the occurrence of many consecutive pulses; 
the probability of this occurrence decreases exponentially with the 
average pulse density. This result is directly applicable to the framing 
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MAXIMUM OUTPUT WITH ALL PULSES PRESENT 

MAXIMUM OUTPUT WITH ALL PULSES PRESENT 

TIME~ 

Fig. 14 - Two situations depicting different parameter settings but with sub­
stantially the same distribution of the waiting time to first passage of the thresh­
old voltage. 

problem. For the RC circuit, the dual-mode operation controlled by a 
timer used for the reversible counter is not necessary. With appropriate 
choice of circuit parameters and threshold, one can achieve fast framing 
and low misframe rate at the same time. To what extent the threshold 
can be adjusted to improve framing performance depends on the stability 
of the circuit. When the threshold is set near the level corresponding to 
all pulses present, a small drift in any of the parameters will cause a 
large change in reliability. 

The framing performance of a typical RC circuit will be given here. 
Again we assume a 9-digit PC1VI system with 6-mc sampling rate. The 
parameters are as follows: 

pulse width = 50 per cent duty cycle 
charging time constant = 0.44 Itsec 

discharge time constant = 1.2 Itsec 
composite time constant = 0.64 Itsec. 

With the probability of a pulse set at 72, the variation of the distribu­
tion of the waiting time with threshold setting is illustrated in Fig. 15. 
The variation of the misframe interval and average framing time with 
threshold setting is illustrated in Fig. 16. If the threshold is chosen such 
that the misframe interval is 105 seconds (about one day), the average 
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Fig. 15 -- Distribution of the first passage time. 
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Fig. 16 -- Performance variation of the RC framer with threshold settings. 
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first passage time is about 20 tLsec. This yields an average framing time 
of 160 tLsec if 8 positions are to be cycled through. Using the results of 
the reversible counter as a guide, the maximum framing time with 99.9 
per cent confidence is about 250 tLsec. 

VII. SUMMARY 

This paper has considered the possibility of framing a PCM signal 
by utilizing the statistics of the code digits. Three schemes for testing 
digit statistics have been proposed and their performances analyzed or 
measured. Statistical framing is shown to be feasible and effective 
whenever the signal statistics satisfies cert.ain weak conditions. 

The authors wish to acknowledge the help of H. H. Henning and 
F. P. Rusin for design and construction of equipment used and assistance 
given in obtaining the experimental results. The encouragement of M. 
R. Aaron is also appreciated. 

REFERENCES 

1. Holbrook, B. D., and Dixon, J. T., Load Rating Theory of Multichannel 
Amplifiers, B.S.T.J., 18. Oct., 1939, p. 645. 

2. Huggins, W. H., Signal Flow Graphs and Random Signals, Proc. I.R.E., 47, 
Jan., 1957, pp. 74-86. 

3. Feller, W., An Introduction to Probability Theory and Its Applications, John 
Wiley & Sons, New York, 1957, pp. 268-277. 

4. Aaron, M. R., and Gray, J. R., Probability Distributions for the Phase Jitter 
in Self-Timed Reconstructive Repeaters, B.S.T.J., 41. Mar., 1962, p. 503. 





Prolate Spheroidal Wave Functions, 
Fourier Analysis and Uncertainty 

-IV: Extensions to Many 
Dimensions; Generalized 

Prolate Spheroidal 
Functions 
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In two earlier papers* in this series, the extent to which a square-integra­
ble function and its Fourier transform can be simultaneously concentrated 
in their respective domains was considered in detail. The present paper 
generalizes much of that work to functions of many variables. 

In treating the case of functions of two variables whose Fourier transforms 
vanish outside a circle in the two-dimensional frequency plane, we are led 
to consider the integral equation 

')'cp(x) = 10
1 

J N(CXY) Vcxycp(y)dy. 

It is shown that the solutions are also the bounded eigenfunctions 
diiJ erential equation 

( 
2) d

2
cp dcp ( 2 2 i - N

2
) I-x --2x-+ x-cx +--- cp=O 

dx2 dx x2
' 

(i) 

of the 

(ii) 

a generalization of the equation for the prolate spheroidal wave functions. 
The functions cp (called "generalized prolate spheroidal functions") and the 
eigenvalues of both (i) and (ii) are studied in detail here, and both analytic 
and numerical results are presented. 

Other results include a general perturbation scheme for differential equa­
tions and the reduction to two dimensions of the case of functions of D > 2 
variables restricted in frequency to the D sphere. 

* See Refs. 1 and 2. 

3009 



3010 THE BELL SYSTEM TECHNICAL JOURNAL, NOVE~mER 1964 

1. INTRODUCTION 

In two earlier papers1
,2 in this series, the extent to which a square-in­

tegrable function and its Fourier transform can be simultaneously con­
centrated was considered in detail. In that analysis, the eigenfunctions 
and eigenvalues of the finite Fourier transform played a key role. These 
functions, defined for 1 x 1 ~ 1 by the integral equation 

aj1/1i(x) = L: eiCXlI1/;j(y)dy, (1) 

can be continued analytically throughout the complex plane. They 
possess a number of special properties that make them most useful for 
the study of bandlimited functions. The functions are complete in the 
class of bandlimited functions; they are orthogonal in (- 1,1) and also 
in (- 00,00 ); the 1/;j are also the eigenfunctions of the integral equation 

X1/;(x) = r1 
sin c(x - y) 1/;(y)dy 

Ll 7I"(x - y) 

X = ~ 1 a 12 
271" 

(2) 

whose kernel is positive definite; 1/;0, the eigenfunction of (2) belonging 
to the largest eigenvalue, is in an appropriate sense most concentrated 
among bandlimited functions of given energy. These and other proper­
ties are discussed in detail in Refs. 1 and 2. Some familiarity with these 
papers will be assumed in the following. 

In the present paper we consider certain aspects of the generalization 
of this earlier work to functions of many variables. Many of the structural 
results of Refs. 1 and 2 (as was pointed out there) depend only on the 
fact that the operator defined by the right of (2) is completely con­
tinuous and positive definite. The generalizations to D dimensions are 
perfectly straightforward: we comment briefly on some of them in Sec­
tion II, but do not belabor them. Our main concern here is with details 
of the explicit solution of some of the integral equations that are multi­
dimensional generalizations of (1). An unexpected dividend of this work 
is that one of these equations is of interest in the theory of masers. 

In Section III, we point out some general features of the integral equa­
tions to be considered. Section IV treats the case of functions of two 
variables whose Fourier transforms vanish outside a circle in the two­
dimensional frequency plane. The analog of (1) is shown to be the in­
tegral equation 
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O~r~1. (3) 

This integral equation also describes the modes in a maser interferometer 
with confocal spherical mirrors of circular cross section (Ref. 3, p. 488). 
The eigenfunctions of (3) are shown to be the bounded solutions of 

2 d
2
cp dcp ( 2 2 .1 - N

2
) (1 - x ) - - 2x - + X - c x - 4 cp = 0 

dx2 dx X2 
(4) 

that vanish at x = O. 
We call the solutions of (4) generalized prolate spheroidal functions. 

Section V is devoted to their study: 5.1 treats the case of small c; 5.2 
and 5.3 treat various asymptotic cases. * 

In Section VI, the results of Section V are used to discuss the eigen­
values of (3). Various asymptotic forms for these quantities are derived. 

Section VII treats the case of functions of D > 2 variables whose 
Fourier transforms vanish outside a sphere in the D-dimensional fre­
quency space. It is shown that this more general problem can be reduced 
completely to the case already treated in Sections IV, V and VI. 

Finally, in Section VIII we present some numerical detail about some 
of the eigenfunctions and eigenvalues encountered. Applications of these 
results will be presented elsewhere.9

• 10 

II. GENERALIZATIONS OF EARLIER WORK 

We denote points in Euclidean space of D dimensions, ED, by vectors, 
x = (Xl, X2 , ••• ,XD). A square-integrable function of D variables, 
lex), is said to be R-limited if it can be represented as a Fourier integral 

lex) = (27r)-D L exp (ix·y)F(y)dy (5) 

over the bounded region R. Here X· Y = L XiYi is the usual scalar 
product and we write dy for II dy i . If f is of total energy A, then by 
Pal'seval's theorem 

A = r l.r(x) 12dx = (27r)-D r I F(y) 12dy, 
'MD 'R 

whereas the energy of f in the bounded region S is 

* Some of the results of Sections IV and V have been developed independently 
by J. C. Huertley,ll who was led to consider (3) from its laser applications. 
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i \ fez) \2dz 

= Is dz(27r)-2D L dx exp (iz·x)F(x) L dy exp (-iz·y)F(y) 

= (27r)-D JR dx L dy Ks(x - y)F(x)F(y) 

where 

Ks(x - y) = (27r)-D Is exp [iz· (x - y)]dz (6) 

and an overbar denotes complex conjugate. The largest fraction of energy 
that an R-limited function can have in the region S is therefore the 
maximum value of the fraction 

taken over all functions F square-integrable through R. This maximum 
is the largest eigenvalue of the integral equation 

Aif;(x) = f Ks(x - y)if;(y)dy, 
R 

x E R, (7) 

which is the analog of (2). 
The kernel (6) of (7) is positive definite, since 

JR dx JR dy Ks(x - y)f(x)J(y) 

= (2.T
D is dz I 1. dx cxp (izox)f(x) r > 0 

whenever 

By well-known theorems (see Ref. 4, Chap. 6), the eigenvalues of (7) 
are real and positive and the eigenfunctions, orthogonal on R, are com­
plete in the class of functions square-integrable in R. A complete dis­
cussion of the silnultaneous concentration of square-integrable functions 
in ED and their Fourier transforms can be given in terms of the largest 
eigenvalue of (7) as in Hef. 2, Theorem 2. 

The right member of (7) can be used to extend the domain of defini-
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tion of if;. vVe define 

if;(x) = ~ In Ks(x - y)if;(y)dy, x E ED. 

Then for two different eigenfunctions of (7) 

= "\ ~, . f dx f dy if;i(X)if;i(y) f dz Ks(z - x)l?'s(z - y). 
I\tl\J R R ED 

To evaluate the innermost integral here, we observe from (6) that J{s is 
given as a Fourier transform, so that from Parseval's theorem, 

f !{s(z - x)l?'s(z - y)dz 
ED 

= (27r)-D Is du exp [-iu· (x - y)] = Ks(x - y). 

One then finds 

The orthogonality of the if;i over R thus implies orthogonality over ED 
as well. 

Other results of the one-dimensional case extend as easily to D di­
mensions, but we do not dwell further here on this general structure. 

III. SYMMETRY CONSIDERATIONS 

In what follows, we shall be concerned with the explicit solution of a 
number of instances of (7). Considerable simplification occurs when the 
region R is symmetric, i.e., when x E R implies -x E R, and when S is a 
scaled version of R. We write S = cR where x E cR if and only if xl c E R 
with c a positive constant. We restrict our attention henceforth to this 
case. 

Somewhat simpler than (7) is the integral equation 

aif;(x) = In exp (icx· y)if; (y)dy, xER (8) 
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which is a natural generalization of (1). We shall show in this section 
that solution of this equation is completely equivalent to solution of (7) 
when the symmetries just discussed maintain. We shall accordingly here­
after take (8) as our equation of fundamental concern. 

From the symmetry of R, it readily follows that if 1/J(x) is a solution of 
(8), so also is 'if; ( -x), so that both 'if;e(X) = 1/J(x) + 1/J( -x) and 
'if;o(x) = 'if;(x) - 'if; ( -x) are solutions as well. The eigenfunctions of (8) 
can be chosen to be either even or odd functions of x. 

The complex conjugate of (8) is 

ex~(X) = i exp (-icx·y)~(y)dy, x E R. (9) 

Multiply (8) by ~(x) and integrate over R. Multiply (9) by 1/J(x) and 
integrate over R. Combining these equations, one finds on using the sym­
metry of R that 

(a ± ex) L 'if;(x)~(x)dx 
= i dx i dy exp (icx·y)~(x)['if;(y) ± 'if; ( -y)]. 

If then 'if; is even, by choosing the negative sign in this equation, one 
obtains a - ex = 0, whereas if 'if; is odd, by choosing the plus sign, one 
finds a + ex = O. The eigenvalues of (8) associated with even eigenfunctions 
are real: the eigenvalues of (8) associated with odd eigenfunctions are pure 
imaginary. It follows then that (8) is equivalent to the pair of equations 

(3e'if;e(x) = L cos CX,y'if;e(y)dy 

(3o'if;o(x) = L sin cx·y'if;o(y)dy 

(10) 

(11) 

in which (3e and (30 are real. These equations have real symmetric kernels 
and we can fall back on the extensive theory in the literature treating 
such equations. We observe that the eigenfunctions of (10) must be 
even and that (3e = 0 cannot be an eigenvalue of this equation, for by 
Fourier theory the only even square-integrable function in R for which 

L cos cx·y'if;(y)dy = 0, xER 

is'if;(y) == O. It follows then from the theorem on page 234 of Ref. 4 that 
the eigenfunctions of (10) are complete in the class of even functions 
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square-integrable in R. A similar argument shows that the solutions of 
(11) are complete in the class of odd functions square-integrable in R. 
The solutions of (10) can be chosen real and orthogonal in R, as can the 
solutions of (11). Solutions of (10) are automatically orthogonal to solu­
tions of (11) by symmetry. 

We have now shown that the solutions of (8) are complete in the class 
of functions square-integrable in R. The eigenfunctions can be chosen 
real, orthogonal, and either even (in which case the eigenvalue a is real) 
or odd (in which case a is pure imaginary) . We henceforth assume the 
'if; so chosen. 

By iterating (8), one finds that the 'if; also satisfy 

A'if;(X) = L Kc(x - y)'if;(y)dy (12) 

A = UJ lal' (13) 

with 

K,(x) = c:r L exp (icz'x) dz = (2,1T
D L ,"'x dz (14) 

which is (7) in slightly altered notation and is the D-dimensional ana­
log of (2). Since the solutions 'if; of (8) are complete, it follows that they 
are also a complete set of solutions of (12). As was asserted, to solve (12), 
it suffices to solve (8). 

The eigenfunctions of (8) can be extended by demanding that equa­
tion to hold for all x E ED . It is then easy to show that the extended 'if; 
are orthogonal in ED and that they are complete in the class of cR-limited 
functions. 

IV. THE CASE D = 2, R A CIRCLE 

We now treat in detail the equation 

a'if;(xl ,X2) = L eic (XIYl+X2Y2)'if;(Yl ,Y2)dy1dY2 (15) 

where R is the unit circle y12 + y22 ~ 1. Change to polar coordinates 
gives 

(16) 
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on making the usual Bessel function expansion. Here 1/;(r,O) is exhibited 
as a Fourier series in o. A simple argument then gives for the eigenfunc­
tions of (15) and their corresponding eigenvalues 

where 

cos NO, 
1/;N,n(r,() = RN,n(r) . NO 

sm , 

N = 1,2, ... , 

lXo,n = 27r{3o,n 

n = 0,1,2, ... 

1 

(3N,nRN,n (r) = 10 J N(crr')RN,n (r')r' dr', o ~ r ~ 1, 

n, N = 0,1,2, .... 

(17) 

(18) 

All the eigenvalues of (15), except possibly the lXo,n have at least a two­
fold degeneracy inherited from the symmetry of the circle. 

Our task now is to study the integral equation 
1 

(3R(r) = 10 J N(crr')R(r')r' dr', 0 ~ r ~ l. 

It is convenient to make the substitutions 

"I = VC{3, ep(r) = v'TR(r) 

to obtain the symmetric equation 

"Iep(r) = 10
1 

J N(crr') Vcrr'ep (r') dr', O~r~l. 

(19) 

(20) 

Note that ep(O) = o. We shall show that the eigenfunctions epN,n(r) of 
(20) can be obtained as the solution of a Sturm-Liouville differential 
equation. 

Let 

](N(X) = IN(x)v'x 

and let the operator M be defined by 

[M1/;](x) = 10
1 

KN(CXY)1/;(y)dy. 

Denote by Lx the differential operator 

d 2 d (1. - N
2 2 2) Lx = dx (1 - x ) dx + 4 x2 - ex. 

(21) 
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Consider now 

. K/ (Cxy)"'(y)l:~o + J.' ",(y) [C'X'(l - y')KN"(cxy) 

- 2cxyK'(cxy) + (t ~,N' - C'y') KN(CXY) ] dy 

(22) 

where the right member is obtained by integration by parts. Here primes 
denote differentiation of the function in question with respect to its 
argument. The integrated expression vanishes if 1/;(0) = 0, since from 
(21), KN(O) = O. Also from (21) and the differential equation satisfied 
by Bessel functions, one has the identity 

( 
1 N

2
) KN"(CXY) = - 1 + 4 :2 2 KN(CXY). 

cxy 

Substitute this expression in (22) to yield 

[111L1/;](x) = 11 1/;(y)[ -2cxyK' (cxy) 

(23) 

+ Ci - N 2 + c2x2y2 - C2X2 ~ c2y2)K(cxy)]dy, (24) 

1/;(0) = O. 

On the other hand, by direct calculation and use of (23), one has 

[LL111/;] (x) = Lx 11 KN(CXY)1/;(y)dy 

~ J.' ",(y) [(1 - x')c'y'K/(cxy) 2xcyK/ (cxy) 

(
1. - N

2 2 2) J' + 4 x2 - ex KN(CXY) dy 

~ { "'(11) [ - 2xcllK / (CTY) + { - (1 - x')c'y' 

( 
1. - N

2
) 1. - N

2 2 2} ] . 1 + 4c2X2y2 + 4 x2 - ex KN(CXY) dy 
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= fo
l

1f;(y)[-2CXYK/(cxy) + (1- N 2 + c2x2y2 

_ C2X2 - c2y2)KN(CXy)]dy 

[ML1f;] (x) 

on comparison with (24). 
Let C be the class of functions square-integrable in (0,1) and twice 

differentiable there that vanish at the origin. Operating on functions in 
C, the operators M and L commute. It follows that solutions of 

Lxcp(x) = - xcp(x) 

in C are also solutions of (20). Consequently, we next turn our attention 
to the differential equation. 

( 2) d
2
cp dcp (1 - N

2 
2 2) ( ) 1 - X dx2 - 2x dx + x2 - C X + X cp = O. 25 

V. GENERALIZED PROLATE SPHEROIDAL FUNCTIONS 

When N = ! in (25), this equation reduces to the equation for pro­
late spheroidal functions of order zero. We shall refer to bounded solu­
tions of (25) for arbitrary values of N as generalized prolate spheroidal 
functions. These functions are similar in many respects to prolate sphe­
roidal functions, as the development that follows shows. Bounded solu­
tions of (25) exist only for discrete values of X, say XN,n , n = 0,1,2, ... 
which we label so that XN,o ~ XN,l ~ XN,2 ~ .... We denote the corre­
sponding eigenfunctions by CPN,n(X). 

5.1 Expansions in Powers of c 

Consider first the case when c = O. Substitution of the series 
00 

"'" a+2j cp = L...J ajX 
o 

into (25) shows that we must have 0: = ! ± N. If N ~ 0, the negative 
sign leads to solutions having a singularity at x = O. If N = 0, a second 
solution can be found, but it has a logarithmic singularity at x = o. 
We must have therefore 

0: = ! + N. 

The coefficients are given by the recurrence 

(0: + 2J) (0: + 2j + 1) - X 

aj+1 = aj (0: + 2 j + 2)( 0: + 2 j + 1) + 1 - N2' 
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For large j, ai+l/ai ~ 1, so unless the series terminates, this solution 
becomes unbounded as x ~ 1. Choosing X to terminate the series at 
x a +2n, we have 

X = XN ,n (0) = (N + 2n + !) (N + 2n + V (26) 

for the eigenvalues of (25) when e = O. The series solution now becomes 
(when ao is set equal to unity) * 

N+.l 
cp = TN,n(x) = X 2RN,n(x) 

RN,n(x) = F(-n,n + N + l;N + 1;x
2
) 

(27) 

where 

F (a b· e' z) = 1 + ab ~ + a (a + 1) b (b + 1) Z2 + ... 
" , e 11 e(e + 1) 2! 

is the usual Gaussian hypergeometric function. The polynomial RN ,n (x) is 
readily expressed in terms of Jacobi polynomials Pn (a,f3\x) (Ref. 5, 
Chap. IV). Adopting the notation of Szego, we have 

RN,.(x) = (n ~ Nr1 

p.(N,O) (I - 2x') , (28) 

From (27), (28) and the known properties of the Jacobi polynomials, 
one finds 

TN,.W = (-1)" (n ~ Nf 
{ 7'N,.(x)TN, •• (x)dx = 0".' ( + N) 
° 2 (2n + N + 1) n 

n 

2(n + N + 1)2(2n + N)RN,n+l 

(2n + N + 1) [( 2n + N) (2n + N + 2) (1 - 2X2) 

+ N 2
]RN,n- 2n2(2n + N + 2)RN,n-l 

(2n + N)x(1 - x
2
) d~ RN,n (x) 

= n[(2n + N) (1 - 2X2) - N]RN,n(x) - 2n2RN,n_l(X) 

(29) 

(30) 

x2TN,n(X) = 'YN,/TN,n+1(x) + 'YN,noTN,n(X) + 'YN,n-1TN,n_l(X) (31) 

* It has been called to our attention that our TN,n(x) are closely related to the 
Zernike polynomials. These latter arise in the diffraction theory of aberrations. 12 
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1 "(N,n = 
(n + N + 1)2 

(2n + N + 1 )(2n + N + 2) 

° 1 ( N
2 

) 
"(N,n = 2 1 + (2n + N)(2n + N + 2) 

-1 
"(N.n 

2 n 
(2n + N) (2n + N + 1) 

I TN,n(X) I ~ 1 for 0 ~ x ~ 1. 

(32) 

The function TN,n(x) has n zeros in (0,1]. We define TN,n(x) = 0 if 
n < o. 

Returning now to (25) for arbitrary values of c, we attempt a power 
series solution in c2 by writing 

(33) 

00 

'"' 2j X = XN,n(C) = XN,n(O) + L...J C aj(N,n), (34) 
i=1 

where the Q's and a's are independent of c. When this latter quantity is 
zero, this solution reduces to that already found. As is shown in Appendix 
A, the Q's and a's can be determined recursively in an elementary man­
ner. We have 

i 

Qj(N,n,x) L: A/(N,n)TN,n+k(X) (35) 
k=-i 

with 
1 

ai(N,n) = L: A_/-1(N,n)"(N,n_/, j = 1,2, ... (36) 
k=-1 

i 1 

= L: ak(N,n)Amj-k(N,n) L: A_k+mj-\N,n)"(N,n-k+m\ (37) 
k=l k=-1 

m = -j, -j + 1, ... ,j; j = 1,2, .... 

Here A/(N,n) is defined to be zero if I k I > j, or k < -n or k = 0 
and j ~ O. In addition we have Am\N,n) = 0, m ~ 0, Aoo(N,n) = 1, 
ao(N,n) = O. For use in (36) and (37), the ,,('s of (32) must be defined 
so that for n < 0, "(N,n1 = "(N,n ° = "(N,n+1-1 = O. 

To terms of order c2 the eigenfunctions and eigenvalues of (25) are 
explicitly 
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XN,n(C) = (2n + N + 0 (2n + N +~) 
1 ( N

2 

) 2 ( 4) + 2" 1 + (2n + N) (2n + N + 2) e + 0 e 

(38) 

'PN,n (x) T () + ( n
2
TN,n_l(X) 

N,n X 4(2n + N)2(2n + N + 1) 

(n + N + 1)2TN,n+l(X) ) 2 ( 4) 
- 4 (2n + N + 1) (2n + N + 2) 2 e + 0 e . 

(39) 

In view of (35), the series (33) can be formally regrouped to give 
co 

'PN,n(X) = L d/,n(e)TN,j(x). (40) 
o 

Substitution in (25) yields the three-term recurrence 

This recurrence can be used to determine the d j N, n and the eigenvalues 
in a manner quite parallel to that used in the study of prolate spheroidal 
wave functions. The method of Bouwkamp6 can be adopted and used 
advantageously for the computation of the d/,n and the eigenvalues for 
values of e too large to permit effective use of (33) and (34). The d's 
can, of course, be expressed in terms of the A's of (35). One has 

co 

dn+/,n(e) = L A/(N,n)e2Z, j = -n, - n + 1, .... (42) 
l=liI 

The series solutions (40) or (33), (35) for the generalized prolate 
spheroidal function are, of course, valid only for 0 ~ x ~ 1. To obtain 
a series valid for x > 1, we use (20) and the fact (established in Appendix 
B) that 

J,' IN(cxy) Vexy TN,n(y)dy = (N : nf IN+~:;CX), (43) 

The solution (40) then extends for all x by the series 

( ) _ 1 t d.N , n J N Hi+! (ex) 
<{:N,n X - 'YN,n ;~o' (N : j) Vex (44) 
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which is obtained by inserting (40) in the right of (20) and integrating 
term by term. 

The eigenvalue 'YN,n can be expressed in terms of the d/,n. Divide 
both sides of the equation 

'YN,nCPN,n(X) = 11 IN(exx') yexx' CPN,n(x')dx' (45) 

by xN +! and take limits as x ~ O. From (27) and (40), we see that the 
left member of (45) becomes 

'YN,n L: d/,nRN,n(O) = 'YN,n L d/,n. 
i i 

Since IN(x)Yx,-.v (X/2)Nyx/ r (N + 1), the right of (45) becomes 

1 [1, NH " 
r (N + 1) 2N 10 (ex) CPN,n (x )dx 

N+! 1 
_ e '" N ,n ['N+! (')' 
- r(N + 1)2N f=o dj 10 X TN,j X dx 

N+! 1 

= r(N
e+ 1)2Nkodt,n i TN,o(x')TN,j(x')dx 

r (N+ 2)2N+1 

where we have used successively (40), (27) and (30). The combined 
result is 

'YN,n = 2N+1r(N + 2) L d/,n' 
1=0 

(46) 

The integral equation (45) is also useful for obtaining the asymptotic 
behavior of CPN,n(X) as x ~ CI'J. We have 

( ) _ 1 l cX 

d N+IJ ( ) CPN,n(u/ex) 'YN,nCPN,n X - - u U N U N+ 1 

~ 0 u • 
(47) 

on letting exx' = u. Now (UN+1JN+l)' = (UN+1J N) , so that (47) can be 
integrated by parts to yield 

'YN,nCPN,n (x) = ~ [UN+1J N+1(U) CPN,n S~ex) ICX 
ex u 2 0 

_l CX 

d N+1J ()!!:... CPN,n(u/ex)] U U N+l U d NH 
o u u 
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1 
= - vex CPN,n (1)J N+l (ex) - R. 

ex 

For large x, this becomes 

12 cos [ex - (N + 1) (77"/2) - (77"/4)] 
"(N,nCPN,n (x) = CPN,n (1) 11 ;. ex 

(48) 

This of course is consistent with (44). If now we define CPN ,/ (x) to be a 
generalized prolate spheroidal function normalized so that for large x 

cpN,n * (x) I""'<o.J _co_s_k_x_-_(_N_+_l_)_( 77"_/_2_) __ (77"_/_4_)] 
ex 

( 48) gives us 

"(N,n = ~ CPN,n *(1) 

a relation that will be useful to us later. 

5.2 Asymptoties for Fixed n and Large e 

(49) 

(50) 

The behavior of generalized prolate spheroidal functions for large c 
can be determined by methods quite parallel to those used in Ref. 7 in 
discussing the prolate spheroidal functions. Five different asymptotic 
forms for CPN,n(X) are found, depending on the x range under considera­
tion. These are properly joined to furnish a solution for all x. For most of 
these regions, we content ourselves here with writing only the leading 
term of the asymptotic development. 

In (25) we make the substitution t = xyc. There results 

Lcp - (1/c)Mcp + (x/c)cp = 0 (51) 

where the operators are given by 

d2 
1 N 2 

L=_+4- _t2 

dt2 t2 

2 d2 d 
M = t dt2 + 2t (it • 

(52) 

Now the equation 

LU + AU = 0 
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has solutions 

An = 4n + 2N + 2, n = 0,1,2, ... 
(53) 

(see Ref. 5, p. 99) where Ln (a) (x) is the Laguerre polynomial of degree n 
in Szeg6's notation. The function UN ,n (t) has n zeros in (0,00). This 
suggests attempting solution of (51) for large c by the series 

00 

({IN,n l = UN,n(t) + L (l/ci )Si(N,n,t) (54) 
i=1 

00 

XN,n(C)/C = 4n + 2N + 2 + L (l/c i)bi (N,n). (55) 
i=1 

We now note that 

MUN,n(t) = }.LN,1/UN,n+2 + }.LN,noUN,n + }.LN,n-1UN,n_2 (56) 

where 

}.LN,n1 = (n + 1) (n + 2) 

}.LN,no = -[(2n + 1) (n + N + !) + 1] (57) 

}.LN,n-1 (n + N) (n + N - 1), 

a fact which can be readily derived from (52), (53) and the properties 
of Laguerre polynomials. The perturbation scheme of Appendix A applies 
therefore, and we find at once that 

i 

Sj(N,n,t) = L: B/(N,n) UN,n+2k(t) 
k=-i 

where the B's and b's are given by the recurrence 
1 

bi(N,n) = L: B_/-\N,n)}.LN,n-2k\ j = 1,2, ... 
k=l-1 

i 
8mBm

i (N,n) L bk(N,n)Bmi-k(N,n) 
k=1 

1 

L B_k+mi-\N,n)}.LN,n+2k(m - k) 
k=-1 

m = -j, -j + 1, ... ,j; j = 1,2, ... 

(58) 

(59) 

with the convention B/(N,n) == 0 if I k I > j, or k < -n or k = 0 
andj =F- O. We take Bmo(N,n) = 0, m =F- 0, Boo(N,n) = 1, bo(N,n) = O. 
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In this manner we obtain explicitly 

XN,n(e) = (4n + 2N + 2)e - [(2n + l)(n + N +!) + 1] 

_ (N + 2n + 1) [2n2 + 2n(N + 1) + N + 2] + 0 (~) 
4e e2 

(60) 

which gives the behavior of XN,n for large c. 
We write the solution just found as 

00 1 i . 
C{'N,n

1
(X) = UN,n(t) + L i L B'/(N,n) UN,n+2k(t) , 

i=1 e k=- i ( 61 ) 

t = xVc. 

The right side of (61) is ordered in powers of e -1 when expressed in terms 
of the variable t. However, if t = xVc is substituted, the terms are no 
longer so ordered since UN,m+2(XVc)/UN,m(XVc) = O(c). The range 
of x values for which the first few terms of (61) furnish information 
about C{'N,n vanishes as e gets large. We shall use (61) only for 0 ~ x ~ 
l/cl . 

To obtain an asymptotic form for C{'N,n(X) for e-l ~ x ~ 1 - (l/e) 
it is convenient to write C{'N,n(X) = xN+!if;N,n(X) and set y = ~. 
Equation (25) now becomes 

(1 - 12) d
2
if; + [~ - (2N + 3) ] dif; 

y dy2 Y Y dy 

+ [XN,n - C' - (N + ~)( N + ~) + cVJ,p = 0, 

(62) 

Into this equation, substitute XN,n(C) as given by (60) and set 

eCY (1 - y) n 

One finds then for v, 

dv +0 (~)= O. 
dy e 

Accordingly we write 

2 XN+~ (1 - y) necy 

C{'N,n (x) I"'-' yy(l + y)N+n+l (63) 
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To obtain an asymptotic form for CPN,n(X) valid near x = 1, set 
y = sic in (62) and again use (60) for XN,n • There results 

d
2

1/; + ! d1/; _ 1/; + 0 (!) = o. 
dy2 S ds c 

Accordingly we write 

cP N} ( x) t-v xN +! I 0 ( cy ) 

y = V1 - X2, 1 - (l/c) ~ x ~ 1 
(64) 

where Io(x) is the modified Bessel function. (See Ref. 8, Vol. II, p. 5). 
When x > 1, we set z = ~, and have y = iz. The solutions 

CPN,n
2 and CPN,n

3 then give rise to two more asymptotic forms. We write 

(65) 

N+! eicz (1 - iz) n 

CPN,n
5
(X) = x Re 0z(1 + iz)N+n+I , 1 +! ~ x, 

c 
(66) 

z=~l. 

We now determine the joining factors for these five solutions. In 
1 2 1 d 0 CPN,n and cpN,n we set x = ulc' and let c become large for fixe u. ne 

finds 

( ) n (2n+N+~)!4 
I( I i) -1 c 2n+N+~ -u2 yc/2 

CPN,n U C t-v ! U e 
n. 

c -(2n+N+!)/4 _ 
2( I ,\.) e c 2n+N+~ -u2 yc/2 

cpN,n X = U c' t-v 2N+2n+I U e 

where we have used the fact that 

Ln
N

(U
2
Vc) t-v (_1)nu

2n
c

n
/
2InL 

When y = vlVc, one finds for fixed v and large c 

CPN,n 2(y = vlVc) t-v clevY"Clvv 

3( 1_ r.) _1_ VycI_ r. 
CPN,n Y = V V C t-v V27rc1 e v v 

where to obtain this last expression we have used the known asymptotic 
formula Io(x) t-v eX IV27rx (see Ref. 8, Vol. II, p. 86). Finally, when 
z = vlVe we find 
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4( /_ r) 12 -i cos (vVc - 71"/4) <(IN,n Z = v -v C t-...J - C 
71" Vv 

s( /_ r..) i cos (vVc - 71"/4) 
<(IN,n Z = v v C t-...J C Vv 

where we have made use of the formula (see Ref. 8, Vol. II, p. 85) 
Ju(z) t-...J (7I"z/2)-~ cos (z - 71"/4). 

All these results can be summarized in the following statement: 

where 

e-t2/2tN+!Ln (N) (t2), 

xN+!eCY (1 _ y) n 

k2 yy(1 + y)N+n+l' 

N+.! 
k3X 2 10 ( cy ) , 

N+.! ( k4x 'Jo cz), 

N+l eicz (1 - iz) n 

ksX 2 Re viM(1 + iZ)N+n+l , 

t = xyc, y = v'1=X2, 
( -1) n2N+2n+lcn+NI2+1e-c 

k2= -----------------n! 

1 - C-
1 ~ X ~ 1 

1 ~ x ~ 1 + c-1 

1 + c-1 ~ x (67) 

z = yx2 - 1 

( -1) ny;2N+2n+3/2cn+NI2+!e-C 
k3 = k4 = -----------------­

n! 
( -1) n2N+2n+2cn+NI2+1e-C 

ks = -----------------
n! 

is the asymptotic form for large c of a bounded continuous solution of 
(25) belonging to the eigenvalue (60). 

We next calculate the normalization constant 

N
1 2 = [1 [$N,n(X)]2 dx. 
N,n • 0 



3028 THE BELL SYSTEM TECHNICAL .JOURNAL, NOVEMBER 19G4 

where we have used the fact that 

roc> ,-:r,.'1[1 a(,.)]:! z,. = r(n + a + 1) Joe .l: ,In X ( X r (n + 1) 

(see Ref. 5, p. 99). It is not hard to show that the contribution to liN N,n
2 

from integration over the region c-i ~ x ~ 1 is O(cpe-Vc ) for some p > 
O. We have then 

N 2 2vcr(n + 1) 
N,n /'-Jr(n+N+1)' 

5.3 Asymptotics for nand c Both Large 

(68) 

The techniques employed here again follow very closely those used 
in Ref. 7 . We accordingly give a minimum of detail. 

We assume that when nand c are both large X can be written 

XN,n r-..J c2 + 28c + bo + bt/c + ... . (69) 

The ranges of nand c for which this is valid will appear in the analysis 
to follow. 

In (25) make the su bstitu tion x = t / c and replace X by (69). One 
finds 

d
2

cp + (1 + i - N
2

) + 0 (~) = 0 
dt2 t2 cp C 

and hence for large c, cp(t) r-..J ytJ N(t). We write 

(70) 

Returning to (25) with X replaced by (69), we observe that the sub­
stitution 

exp [i (ex - ~ log ~ ~ ~) ] 
cp = v VI - X2 

yields : + 0 (~) = 0, so that for large e, v becomes constant. After 

multiplying this solution by a complex constant, we take its real part 
for the next section of cpo Explicitly we define 

'PN.:(X) = • / ~ cos [ex - ~ log m - (N + D ~J (71) 

1!7rC v'f--=-X2 
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Note that when x = ulvc and c is large (71) becomes 

'PN.: (;;c) ~ ,(!c cos [uvc - (N + t) ~J. 
The asymptotic formula for J N (see Ref. 8, Vol. II, p. 85) shows that 

'PN.n'(X ~ u/VC) ~ ,( ;c cos [ uvc - (N + t) ~J 
also, so that CPN,n

6 and CPN,n
7 agree for large c in the neighborhood of 

x = live. 
To find an appropriate asymptotic form for cp valid near x = 1, 

substitute cp = xN+1eic(1-x)u into (25) with X given by (69). Now make 
the substitution x = 1 - i~/2c. There results 

~ ~; + (1 - ~) ~~ - G - i D u + 0 G) = O. 

Accordingly, we are led to define 

8( ) N+! ic(l-x),T,. [~ - . ~ l' -2' (1 - )J CPN,n X = X e 'J:' 2 1, 2" 1,C X (72) 

where 

a x a(a + 1) x
2 

cp (a,b;x ) = 1 + b 1! + b (b + 1) 2! + ... 

is the confluent hypergeometric function in the notation of Ref. 8, Vol. 
I, Chap. 6. 

The solution (72) is real. Its asymptotic form for large c when x = 1 ± 
v I Vc can be found from the known t asymptotics for the cp function. 
One finds 

V2e±5(-lr/4) 

1± vlvc) t'J vv 1 () 
vc"R 0 

cos [vVc =F ~ log (2vVc) ± (J(o) - iJ 
where the real functions R(o) and (J(o) are defined by 

r (~ + i~) = R(o)eiO
(5). 

(73) 

(74) 

This latter definition is made precise by requiring (J(o) to be continuous 
with (J(O) = O. 

Now when x = 1 - vlvc, (71) shows that 

t See Ref. 8, Vol. I, p. 278, Eq. (2). 
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7 _ r. 1 
'PN,n (x = v/ve) I"'V L 12 

e v 7rV 
(75) 

cos [vvc + ~IOg 2~C + (N + !) ~ - cJ. 
Comparison of this expression with (73) shows that 'PN,n7 and (-I)Q· 
R(o)eOrr/4'PN,n8/2V;' are asymptotically the same for x = 1 v/Ve 
provided 

e + 0 log(2VC) - e(o) = (N + 1)(7r/2) + 7rq (76) 

with q an integer to be determined shortly. 
Quite analogous to (71) is the solution for x > 1, 

, _ e"./2) cos [ ex - ~ log: ~ ~ - (N + 1) ~ -~] (77) 
'PN,n (x) - - 1- V . 

V 7re x2 
- 1 

When x = 1 + v / Ve and e is large, this solution becomes 
eO(1r/2) 

'PN,n
9
(X = 1 + v/VC) I"'V l-VZ;V e 7rV 

cos[c + vvc - ~log2~ - (N + 1) ~ - iJ. 
Comparison with (73) shows that this is the same as (-1)Q(R(o)e° 1r /4/2. 
V;)CPN,n8(X = 1 + v/VC) when account is taken of (76). 

Our results thus far can be summarized as follows; 

o ~ x ~ e-! 

1
- cos [ex - ~ log 1 - x - (N + !) ~2J 
2 2 1 + X 

7re VI - x2 ' 

j 
(-I)QR(o)eO(1r/4) N+! ic(l-x) 

_ 1 X e 
2v 7r 

'PN,n (x) I"'V (78) 

I <I> [! - i~ l' -2ie(1 - x)J 2 2" , 

I x-I I ~ e-! 

eoC1r/2) cos [ex - ~ log ~ - (N + 1) ~ - iJ 
y.;;:c V x2 - 1 

x ~ 1 + e-! 
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is the asymptotic form for large nand c of a continuous solution of 
(25) provided 0 and q are chosen to satisfy (76) and the requirement 
that 'P as given by (78) has n zeros in the open x-interval (0,1). The 
corresponding eigenvalue is given by XN,n r-..J c2 + 20c + 0(1). Higher­
order terms can be found by methods analogous to those presented in 
Ref. 7. 

When c becomes large and 0 remains fixed, i.e., 0 = 0 (1), the number 
of zeros of 'PN,n(X) in 0 < x ~ 1 can be estimated roughly from (78). 
Using the asymptotic expansion for J N, we find that <PN,n6(X) contributes 

Z6 = Cvc/71") + 0(1) 

zeros as x ranges from zero to liVe. From 'PN,/(X) we find 

Z7 = (l/71")[c - 2-vc + (0/2) log ve] + 0(1) 

zeros for l/Ve ~ x ~ 1 - l/ve. Finally, by using the asymptotic 
form (73) for 'PN}, the number of zeros of 'P for 1 - 1/-vc ~ x ~ 1 
is estimated as 

Zs = (1/71" )[VC + (0/2) log Ve] + 0(1). 

Since we must have n = Z6 + Z7 + Zg , the last three equations show 
that 

n71" = C + 0 log 2-vc + 0 (1). 

Combined with (76) this implies that as C ~ C(), 

0(0) + (N + 1)(71"/2) + 71"q - n71" = 0(1). (79) 

The equation just established can be used to obtain a limiting result. 
Let N be fixed and suppose that n grows with c according to 

n = (l/71")[c + b log (2ve)] (80) 

where b is a fixed number (independent of c). Multiply this equation 
by 71", add to (76) and rearrange to obtain 

(0 - b) log (2Vc) = 0(0) + (N + 1)(71"/2) + 71"q - n71" = 0(1) (81) 

where the last equality comes from (79). Divide (81) by log(2VC). We 
then obtain the limit result: if n grows with c according to (80), then 

lim 0 = b. (82) 
c-+oo 

VI. ASYMPTOTICS OF "IN ,n AND AN ,n 

6.1 Fixed Nand n. Large c 

The asymptotic solution ~N ,n (x) given in (67) has the values 
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rPN,n(1) = k3 

"( ) (1)n7 cos [ex - (N + 1) (7r/2) - (7r/4) cpN,n X ~ 00 ,......., - /{;5 • 
X 

On recalling the definition given in (49), we see that for large e 

so that for fixed nand N as e becomes large 

*(1),......., (-l)nk3 = (_l)n V7r 
CPN,n 7. I 2· 

e~6 c 
(83) 

Equation (50) then gives 

(84) 

We now proceed to use (84) and the useful formula (to be established) 

a'YN,n = 'YN,n [.I-. 2(1) - 1] 
ac 2c o/N,n (85) 

where 

(86) 

to get a much stronger statement regarding the asymptotic behavior 
of 'YN,n . First we establish (85)-(86). 

For simplicity of notation let us write (45) as 
1 

'YnCPn(X) = i K(cxx')CPn(X') dx' (87) 

where we have suppressed dependences on N. Differentiating, we find 

[1 (1 a (') 
= J

o 
xx'K'(cxx')CPn(X') dx' + J

o 
K(exx') CP~cx dx'. 

Differentiating (87) with respect to x gives 

'YnCPn' (x) = £ 11 xx'K' (CXX')CPn (x') dx', 
x 0 

so that (88) becomes 

(88) 
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a"ln (,.) + aCPn(X) = ~ '( .) + 11 T.(( ",1) aCPn(X') d" 
a CPn'C "In a "I IICP " x l' ex.!; x . e e e u ac 

IVlultiply this equation by CPn (;c) and iutegrate. One finds 

a"ln (1 2() (1 () aCPn(X) ac 10 CPn x dx + "In 10 CPn X -ac- dx 

(1 X d 2 ( ) d + (1 (') acpn (X') d ' 
= "In Jo 2c dx CPn X X "In Jo CPn X aC X , 

where the last term has been obtained by interchange of orders of inte­
gration and use of (87). Equation (85) then follows by integrating the 
first term on the right by parts and by using (86). 

To use effectively (85)-(86) it is convenient to introduce KN,n == (-1) n. 
YC"IN,n' We then have 

_1_ aKN,n = ! CPN.n2(1) 
KN,n ae 2c 

(89) 

lim KN,n = 1 (90) 
C-+OO 

from (85) and (84) respectively. From (67) and (68) we see that 

22N+4n+4 N+2n+2 -2c 
2( ) 2 2 7r e e 

CPN,n 1 r-.J le3 N N,n = r(n + l)r(n + N + 1) . 

Using this expression in (89) and integrating, we obtain 

00 7r22N+4n+3 100 N+2n+l -2t 
10gKN,nic = r(n+ l)r(n+N+ 1) c t edt. 

Integrating by parts and using (90), we finally find 

_ (_1)n _ (_1)n7r22N+4n+2cN+2n+!e-2c [ (l)J 
"IN.n - vIC r(n + l)r(n + N + 1) 1 + 0 C . (91) 

In terms of A of (13), we find from (17) and (19) 

(92) 

so that 

1 - 7r22N+4n+3eN+2n+le -2c [1 0 (.!)J . 
AN,n = r(n + l)r(n + N + 1) + c 

(93) 

6.2 Fixed Nand n. Small c. 

We use (46) to obtain an expression for "IN,n for small c. From (42), 
it follows that 
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00 

d/,n(c) = L A_nl(N,n)c21 = A_nn(N,n)c2n [1 + O(C2)] 
l=n 

= (_1)nr(n + 1)r(n + N + l)r(N + 2) 2n[1 + O( 2)] 
22nr(2n + N + 1)r(2n + N + 2) c c 

where we have used (124), (26) and (32). From (42) one has 

L d/,n = dnN,n + O(c2) = 1 + O(c2). 
1=0 

Equations (94), (95) and (46) now give 

(_1)nr(n+ 1)r(n+N+ 1) 2n+NH 
"(N,n = 22n+N+1r(2n + N + 1 )r(2n + N + 2) c . 

(94) 

(95) 

(96) 

Higher-order terms could be obtained in a similar manner. An alterna­
tive route, however, is to use (85) and (86). From (39) and (30), one 

sees that [2(2n + N + 1)]~ (n ~ N) (-1) n [1 + O(e4)] is the normaliza­

tion factor for (39). Using (39) one then finds for a normalized solution 

<PN,n(1) = (-1) ny2(2n + N + 1) 

[ N
22 

] 
1 + 4(2n + N)2(2~ + N + 2)2 + O(e

4
). 

Inserting this expression in (85) and integrating, we find 

(-1) nr(n + l)r(n + N + 1)e2n+N+~ 
"(N,n = 22n+N+1r(2n + N + 1)r(2n + N + 2) 

[ N
22 

] 
. 1 + 4(2n + N)2(2~ + N + 2)2 + O(e

4
) . 

6.3 Asymptoties for nand c Both Large 

(97) 

To obtain an expression for "(N,n valid for nand e both large, we use 
(77) and (49-50). For the asymptotic solution (77) we have 

R(o)eO(7r/4)( -l)q 
<PN,n(1) /"o.J 2y 7r (98) 

and for very large x 

eO(7r/2) cos [ex - (N + 1)(7r/2) - (7r/4)1 
<P N ,n (x ---7 00) /"o.J _ /-

~7re x 

Comparison with (49) shows that <PN,n* = Y7r/ee-O(7r/2)<PN,n, and (98) 
and (50) now give 
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( - 1 ) q R ( 0 ) e-o (11" / 4) 

"/N,n'"" _ / 
V 211"c 

(99) 

Now (91) and (97) show that for large and small c the sign of ,,(N,n 

is the same as the sign of (-1) n. As c varies, "( N ,n cannot change sign, 
for by (92) if "(N,n were to vanish for some value of c ~ 0, so would 
AN,n. Since, as we have noted in Sections II and III, the kernel Kc of 
( 12) is positive definite, this is impossible. We can therefore replace 
q by n in (99) and we have 

q = n(mod 2). (100) 

From the definition (74) of R ( 0), one has 

[R(o)]' = r G + i~) r G - i~) = cosh ;(1r/2) . (101) 

Here we have used the functional relation [Ref. 8, Vol. I, p. 3, Eq. (7)] 
for the gamma function 

r (! + z) r (! - z) = 11" sec 1I"Z. 

Equations (99), (100), (101) and (92) combined are 

( -1) n 1 
"/N,n '"" V c (1 + e1l"o) , AN,n'"" 1 + e7ro , (102) 

Finally from (80), (82) and (102) we have the limiting result: if 

n = [(1/11") (c + b log 2VC)] 

where the brackets denote "largest integer in" and b is a fixed number, 
then 

1
. 1 
1m AN,n = 1 7rb' 

c-+oo + e 
(103) 

VII. THE CASE D > 2, R THE UNIT SPHERE 

In the previous sections, we have treated the important special case 
D = 2, R the unit circle in considerable detail. lVIost of the analysis there 
was concerned with solving the integral equation (20). Fortunately, as 
we shall now see, the solution of that equation also affords a complete 
solution of the case R the unit sphere centered at the origin in ED , 
D = 3, 4, ., .. In treating this general case, we shall draw freely on the 
theory of D-dimensional spherical harmonics as given, for example, in 
Ref. 8, Vol. II, Chap. XI. We follow the notation of this work and set 

D = p + 2, p = 1,2, .... (104) 
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Let x = r~ and y = r'n where ~ and n are unit vectors in E p +2 • Equa­
. tion (8) now becomes 

ay;(r,~) = i1 

dr'r,p+l In exp (ierr'~'n)y;(r',n) drl(n) (l05) 

where rl is the surface of the unit sphere in Ep +2 • 

Now let 

h (N p) = (2N + ) (N + p - 1)! 
, P pIN! ' N = 0,1,2, ... , (106) 

and let SNl(~), l = 1,2, ... , h(N,p), be a complete set of orthonormal 
surface harmonics of degree N. The Funk-Hecke theorem (Ref. 8, Vol. 
II, pp. 247-248) asserts that 

where 

HN(err') 

In exp (ierr'~'n)SNl(n) drl(n) = HN(crr')SNl(~) (107) 

27r(p+!)/2NI (p - 1) I {I . . L eicrr'uCNP/2(u)(l_u2)(P-O/2du (l08) 
r (p ~ 1) (N + p - 1)! -1 

is independent of land CN"(u) is a Gegenbauer polynomial (Ref. 8, Vol. 
II, p. 235). By expanding 1/I.insurface harmonics, 

00 h(N,p) 
y;(r,~) = 2: 2: RN,I(r)SNl(~), 

N=O 1=0 

we find from (l05) and (107) 
1 

aN,lRN,1 (r) = i dr'r'P+lH N(err')RN,I(r') , (l09) 

from which it is seen that RN,I(r) and aN,1 are independent of l. We have 
the expected degeneracy of eigenvalues due to spherical symmetry. 

Now [Ref. 8, Vol. II, p. 236, Eq. (25)] 

C N P
/' (u) - (-;;) N (~) N N! (1 - u') -(p-l)/2 ::N (1 - u') N+(p--l) /, , 

where (a)N = a(a + 1) (a + N - 1), so that from (108) 

H N(err') 
(P+O/2( l)N .1 dN 

r (~) 2N (~\ L du e,m' u duN (1 - u') N+(p--l)/2 . 
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Integration by parts gives for the integral here 

(_I)N 11 d'U,(I _ 'U,2)N+(P-l)/2 ~ eicrr'u 

-1 duN 

(-i)NV;;:r (N + p ~ 1) 2N
+P/'(crl',)-p/2J N+P/'(CI'I") 

where we have used the Poisson formula 

[Ref. 8, Vol. II, p. 81, Eq. (7)]. We have then, finally 

HN(err') = iN (27r) Hp/2 J N+P/2( err') / (err'y/2. 

We see now from (lOY) that the eigenfunctions and eigenvalues of 
(105) are 

where 

1/;N,l,n(r,~) = RN,n(r)SN\~)' l = 1,2, ... ,h(N,p) 

aN,n = iN (27r) HP/2{3N,n 

N,n = 0,1,2, ... 

(110) 

(3 R ( .) = 11 J N+p/2(err') .,p+lR (.,) d" (111) N,n N,n 1 ( ') p/2 1 N,n 1 1. 
o err 

These equations are the analogues of (16), (17) and (18). Set 

(112) 

Equation (111) becomes 
1 

'Yso(r) = i J N+p/2(err')yerr'so(r') dr'. (1I:~) 

This, however, is (20) with N replaced by N + p/2. The formulae of 
Section IV for the solutions of (20) can be taken over exactly replacing 
N by N + p/2 throughout. (Expressions involving factorials must be 
replaced by the appropriate ones in terms of r functions when p is an 
odd integer.) Together with (110), (111) and (112), they provide solu­
tion of (105) for all D ~ 2. 

It is interesting to note that the one-dimensional case treated in Refs. 
1 and 2 can be obtained as a special case of the present theory by ap-
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propriate interpretation. The parameter N of this section is the degree 
of the homogeneous polynomial solution to Laplace's equation in D 
dimension afforded by the spherical harmonic SNl when expressed in 
rectangular coordinates. When D = 1, Laplace's equation d2tf;/dx2 

= 0 
has only two homogeneous solutions, tf; = k and tf; = x, respectively of 
degrees zero and one. For D = 1, i.e., p = -1 from (104), we have 
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only two allowed values, N = ° and N = 1. The quantity N + p /2 
occurring in (113) then has values -! and !. The kernel becomes 
vi 2/ 7r cos err' and vi 2/ 7r sin err' respectively in these two cases, and we 
retrieve the integral equations for the even and odd prolate spheroidal 
functions of zero order. Note that when N = ±!, (25) reduces to the 
prolate spheroidal equation. 

VIII. NUMERICAL RESULTS 

A program for the IBlVI 7090 has been written to compute generalized 
prolate spheroidal functions using formulae (40) and (44). Trial values 
for the XN,n were obtained from (34) and (55) and the recurrences 
(36)-(37) and (59). The method of Bouwkamp6 was then used to cor­
rect these estimates and obtain the dt,n. Values of "(N,n were obtained 
from (46) and these were converted to values of A by AN ,n = e"( N ,n 

2
• 

Fig. 1 shows plots of XN,n versus e. Fig. 2 gives the behavior of the 
first few AN,n • By definition of the labe]s, XN,n+l ~ XN,n for N,n = 0, 1, 
... and if e > ° the inequality is strict. From Sturmian theory, it follows 
that XN+l,n > XN,n' For the A's, one can show correspondingly that 
AN,n+l < AN,n and AN+l,n < AN,n for N,n = 0, 1, '" . The problem of 
ordering the A's and x's for all Nand n appears to be a difficult one. Some 
values are listed on Table 1. 

Figs. 3 and 4 show plots of l{JN,n(X) versus x for N = 0,2, n = 0,1,2,3 
and e = 2,10. Values of the l{JN,n for a larger set of parameter values are 
given in Table II. Normalization is as in (86). 
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TABLE I - NUMERICAL VALUES OF XN,n AND AN,n 

c X ~ c X ~ 

N = 0 n=O N = 1 n = 0 
0.1 7 .5499895 - 1 2 .4968775 - 3 0.5 3.9163765 + 0 9 .4982658 - 4 
0.5 8.7434899 - 1 6 .0585348 - 2 1.0 4.4119661 + 0 1.3986168 - 2 
1.0 1.2395933 + 0 2.2111487 - 1 2.0 6.3394615 + 0 1.6123183 - 1 
1.5 1.8225178 + 0 4.2951906 - 1 3.0 9.3427678 + 0 4.8326866 - 1 
2.0 2.5857968 + 0 6 . 2963045 - 1 4.0 1.3086855 + 1 7.8473505 - 1 
3.0 4 .4622709 + 0 8 .8705036 - 1 5.0 1.7170130 + 1 9.3671678 - 1 
4.0 6.5208586 + 0 9.7495117 - 1 6.0 2.1310500 + 1 9 .8534266 - 1 
5.0 8.5869176 + 0 9 .9534230 - 1 10.0 3.7555900 + 1 9.9998314 - 1 

10.0 1.8690110 + 1 9.9999957 - 1 

N = 0 n = 1 N = 1 n = 1 
1 9 .2562398 + 0 1.0829815 - 4 1 1.6255011 + 1 7.4672551 - 7 
2 1.0847476 + 1 6.7214485 - 3 2 1:7912353 + 1 1. 8549511 - 4 
3 1.3698728 + 1 6.6745424 - 2 4 2 .4832293 + 1 3.8313651 - 2 
4 1.7898720 + 1 2.6742780 - 1 5 3.0401459 + 1 1.6818804 - 1 
5 2.3241561 + 1 5.7877057 - 1 6 3.7326440 + 1 4.2912557 - 1 
6 2.9277622 + 1 8.3060712 - 1 7 4.5219234 + 1 7.1473948 - 1 
7 3 . 5550580 + 1 9 .4973850 - 1 8 5.3565692 + 1 8.9618892 - 1 
8 4.1805821 + 1 9 .8782700 - 1 9 6.1976089 + 1 9.7041388 - 1 
9 4.7985976 + 1 9 .9738554 - 1 10 7.0297509 + 1 9.9279210 - 1 

10 5.4108072 + 1 9.9947801 - 1 

N = 0 n = 2 N = 1 n = 2 
1 2.5751488 + 1 1.8834675 - 9 1 3.6265101 + 1 4.6976877 - 12 
2 2.6773866 + 1 1.9235204 - 6 2 3.7820310 + 1 1 .9082396 - 8 
5 3.8241737 + 1 1.6017987 - 2 5 4.9160037 + 1 1.0305314 - 3 
6 4.4846367 + 1 8.1254764 - 2 6 5.5464880 + 1 8. 3652966 - 3 
7 5.3021146 + 1 2.5847455 - 1 7 6.3286568 + 1 4.4641026 - 2 
8 6.2527715 + 1 5.3544699 - 1 8 7.2759605 + 1 1.6080875 - 1 
9 7.2854528 + 1 7.8635574 - 1 9 8.3789365 + 1 3. 9082845 - 1 

10 8.3461406 + 1 9 .2600949 - 1 10 9.5955815 + 1 6.6399691 - 1 
11 9.4019226 + 1 9.7915064 - 1 11 1.0867089 + 2 8.6120123 - 1 
12 1.0443896 + 2 9 . 9484586 - 1 12 1.2145589 + 2 9 . 5495434 - 1 
13 1.1474313 + 2 9 .9882732 - 1 13 1 .3409696 + 2 9.8759852 - 1 
14 1.2496987 + 2 9.9974793 - 1 14 1.4657506 + 2 9 .9692509 - 1 
15 1.3514611 + 2 9 . 9994820 - 1 
16 1.4528810 + 2 9 .9998984 - 1 

N = 0 n=3 N = 1 n = 3 
1 4 .9250694 + 1 6.0066949 - 15 1 6.4258409 + 1 7 .6540787 - 18 
2 5.0761114 + 1 9.8333952 - 11 2 6.5789319 + 1 4.9988893 - 13 
5 6.1688709 + 1 3 . 5422330 - 5 5 7.6749767 + 1 1.1190662 - 6 
7 7 .4995083 + 1 3 . 5278392 - 3 9 1.0834214 + 2 1.0298512 - 2 
8 8.3823340 + 1 2.0130790 - 2 10 1.2001776 + 2 4.5573797 - 2 
9 9 .4336396 + 1 8.2918248 - 2 11 1.3350648 + 2 1.5017502 - 1 

10 1. 0659367 + 2 2.4212641 - 1 12 1.4872078 + 2 3.5789707 - 1 
11 1.2034708 + 2 4 .9658387 - 1 13 1.6522672 + 2 6.1969392 - 1 
12 1 .3504432 + 2 7 .4660703 - 1 14 1.8237982 + 2 8.2818634 - 1 
13 1.5007176 + 2 9 .0244395 - 1 15 1.9961900 + 2 9 .3866345 - 1 
14 1 .6502439 + 2 9.6944048 - 1 16 2.1666412 + 2 9.8150785 - 1 
15 1.7977291 + 2 9.9165294 - 1 17 2.3347382 + 2 9 .9500835 - 1 
16 1 .9433894 + 2 9.9791376 - 1 
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TABLE I - Continued 

x x 

N=2 n=O N=2 n=2 

1 9.4976317 + 0 3.9517707 - 4 
2 1.1710916 + 1 1.9088335 - 2 
3 1.5291960 + 1 1.3627864 - 1 
4 2.0048498 + 1 4.0298411 - 1 
5 2.5667098 + 1 7.0317221 - 1 
6 3.1747966 + 1 8.9417071 - 1 
7 3.7952889 + 1 9.7092917 - 1 
8 4.4125829 + 1 9.9324606 - 1 

1 4.9292042 + 1 1.0614368 - 14 
2 5.0922802 + 1 1.7074109 - 10 
5 6 . 2566028 + 1 5.5396960 - 5 
7 7.6509011 + 1 5.0165514 - 3 
8 8.5676381 + 1 2.7077307 - 2 
9 9.6519700 + 1 1.0455606 - 1 

10 1.0904728 + 2 2.8443961 - 1 
11 1. 2295597 + 2 5.4626700 - 1 
12 1.3768257 + 2 7.8216583 - 1 
13 1.5265435 + 2 9.1919613 - 1 
14 1.6752489 + 2 9.7528766 - 1 
15 1.8220066 + 2 9.9334500 - 1 

10 5.6324064 + 1 9.9972026 - 1 

N=2 n=l N=2 n=3 

1 2.5333581 + 1 4.1659113 - 9 
2 2.7088321 + 1 4.0530517 - 6 
5 3.9788041 + 1 2.5787154 - 2 
6 4.6842565 + 1 1.1592915 - 1 
7 5.5371030 + 1 3.2573165 - 1 
8 6.5067655 + 1 6.0754452 - 1 
9 7.5425367 + 1 8.3161633 - 1 

1 8.1275289 + 1 9.2115325 - 21 
2 8.2854667 + 1 2.3940665 - 15 
5 9 .4065006 + 1 3 .2594658 - 8 

10 1 .3679420 + 2 5.8064778 - 3 
11 1 .4973956 + 2 2 . 6682390 - 2 
12 1.6450899 + 2 9.5057491 - 2 
13 1.8113152 + 2 2.5380401 - 1 
14 1.9931616 + 2 4.9785798 - 1 
15 2.1846670 + 2 7.3845601 - 1 
16 2.3793070 + 2 8.9389256 - 1 
17 2.5727411 + 2 9.6462917 - 1 
18 2.7635393 + 2 9.8968676 - 1 

10 8.5969115 + 1 9.4455397 - 1 
11 9.6442775 + 1 9.8484078 - 1 

TABLE II-VALUES OF 'PN,n(X) 

x 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 

c = 1 

4.74638 - 1 
6.68776 - 1 
8.14070 - 1 
9.31948 - 1 
1.03044 + 0 
1.11351 + 0 
1.18341 + 0 
1.24157 + 0 
1.28896 + 0 
1.32627 + 0 
1.35405 + 0 
1.37278 + 0 
1.38285 + 0 
1.38464 + 0 
1.37853 + 0 
1.36489 + 0 
1.34410 + 0 
1.31655 + 0 
1.28264 + 0 

N=O n=O 

c = 2 

5.55421 - 1 
7.74706 - 1 
9.27095 - 1 
1.03607 + 0 
1.11011 + 0 
1.15353 + 0 
1.16921 + 0 
1.15957 + 0 
1.12695 + 0 
1.07383 + 0 ' 
1.00285 + 0 
9.16840 - 1 
8.18791 - 1 
7.11797 - 1 
5.98995 - 1 
4.83499 - 1 
3.68328 - 1 
2.56332 - 1 
1.50130 - 1 

c = 5 

9.15662 - 1 
1.22032 + 0 
1.35165 + 0 
1.35103 + 0 
1.24626 + 0 
1.06660 + 0 
8.43474 - 1 
6.07845 - 1 
3.86969 - 1 
2.01532 - 1 
6.38588 - 2 

-2.24980 - 2 
-6.18395 - 2 
-6.43066 - 2 
-4.32142 - 2 
-1.22744 - 2 

1.68342 - 2 
3.61314 - 2 
4.20554 - 2 

c = 10 

1.31455 + 0 
1.62247 + 0 
1.57689 + 0 
1.30428 + 0 
9.31637 - 1 
5.70325 - 1 
2.91331 - 1 
1.17077 - 1 
3.19741 - 2 
3.00159 - 3 

-1.09501 - 3 
4.23236 - 4 
6.58696 - 4 

-2.21883 - 4 
-5.95391 - 4 
-1.21194 - 4 

4.20886 - 4 
3.79898 - 4 

-8.00341 - 5 
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x 

2.0 
2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 
3.0 

c = 1 

1.24281 + 0 
1.19748 + 0 
1.14713 + 0 
1.09221 + 0 
1.03322 + 0 
9.70655 - 1 
9.05010 - 1 
8.36800 - 1 
7.66537 - 1 
6.94735 - 1 
6.21906 - 1 

x c = 1 

0.1 7.57682 - 1 
0.2 1.00189 + 0 
0.3 1.08562 + 0 
0.4 1.02660 + 0 
0.5 8.24694 - 1 
0.6 4.76162 - 1 
o . 7 - 2 . 29984 - 2 
0.8 ' -6.75867 - 1 
0.9 -1.48414 + 0 
1.0 -2.44790 + 0 
1.1 -3.56556 + 0 
1.2 -4.83382 + 0 
1.3 -6.24769 + 0 
1.4 -7.80051 + 0 
1. 5 -9.48401 + 0 
1.6 -1.12884 + 1 
1. 7 -1.32026 + 1 
1.8 -1. 52139 + 1 
1. 9 - 1. 73086 + 1 
2 .0 -1. 94720 + 1 
2 .1 - 2 . 16882 + 1 
2.2 -2.39406 + 1 
2.3 -2.62120 + 1 
2.4 -2.84846 + 1 
2.5 -3.07405 + 1 
2.6 -3.29612 + 1 
2.7 -3.51286 + 1 
2.8 -3.72245 + 1 
2.9 - 3 .92310 + 1 
3 .0 - 4 . 11308 + 1 

x 

0.1 
0.2 

c = 1 

9.39351 - 1 
1.08208 + 0 

TABLE II - Continued 

N=O n=O 

c = 2 

, 5.20429 - 2 
-3.59472 - 2 
-1.12245 - 1 
-1.75666 - 1 
-2.25459 - 1 
-2.61300 - 1 
-2.83289 - 1 
-2.91927 - 1 
"':"2 :88082 - 1 
-2.172956 - 1 
~2.48005 - 1 

N=O n=l 

c = 2 

7.49125 - 1 
9.78062 - 1 
1.03485 + 0 
9.38690 - 1 
6.94825 - 1 
3.08610 - 1 

-2.11235 - 1 
-8.51754 - 1 
-1.59571 + 0 
-2.41297 + 0 
-3.30607 + 0 
-4.22107 + 0 
-5.13836 + 0 
-6.02868 + 0 
-6.86308 + 0 
-7.61390 + 0 
-8.25574 + 0 
-8.76628 + 0 
-9.12711 + 0 
-9.32424 + 0 
-9.34869 + 0 
-9.19674 + 0 
-8.87007 + 0 
-8.37588 + 0 
-7.72616 + 0 
-6.93789 + 0 
-6.03209 + 0 
-5.03334 + 0 
-3.96899 + 0 
-2.86785 + 0 

N=O n=2 

c = 2 

9.35161 - 1 
1.06262 + 0 

c = 5 

3.52268 - 2 
1.94309 - 2 
1;30129 - 4 

-1:71274 - 2 
-2.80628 - 2 
-3.05323 - 2 
-2.47697 - 2 
-1.30522 - 2 

1.07933 - 3 
1.38275 - 2 
2.20781 - 2 

c = 5 

7.51850 - 1 
8.84348 - 1 
7.51864 - 1 
4.08540 - 1 

-7.50154 - 2 
-6.10130 - 1 
-1.10302 + 0 
-1.47075 + 0 
-1.65550 + 0 
-1.63388 + 0 
-1.41956 + 0 
-1.05901 + 0 
-6.20954 - 1 
-1.82563 - 1 

1.85537 - 1 
4.31871 - 1 
5.32289 - 1 
4.92313 - 1 
3.43349 - 1 
1.34214 - 1 

-8.02848 - 2 
-2.51019 - 1 
-3.44099 - 1 
-3.46476 - 1 
-2.66729 - 1 
-1.31077 - 1 

2.39279 - 2 
1.60443 - 1 
2.48208 - 1 
2.70290 - 1 

c = 5 

8.84844 - 1 
9.01678 - 1 

c = 10 

-3.67577 - 4 
-2.42458 - 4 

1.44876 - 4 
3.08117 - 4 
1. 76068 - 4 

-1.11428 - 4 
-3.05239 - 4 
-6.14275 - 5 

1.53741 - 4 
6.59394 - 5 
1.15331 - 4 

c = 10 

1.11517 + 0 
9.64135 - 1 
2.39045 - 1 

-6.68891 - 1 
-1.35733 + 0 
-1.58691 + 0 
-1.36404 + 0 
-8.87374 - 1 
-4.07419 - 1 
-9.25172 - 2 

2.63841 - 2 
2.11679 - 2 

-1.29202 - 2 
-2.10428 - 2 
-2.91179 - 3 

1.47146 - 2 
1.36618 - 2 

-1.33175 - 3 
-1.28433 - 2 
-9.24495 - 3 

2.21756 - 3 
1.09934 - 2 
7.19680 - 3 

'-2.21224 - 3 
-6.65003 - 3 
-7.12403 - 3 

8.00041 - 4 
8.27644 - 3 
1.58822 - 3 

-1.20582 - 3 

c = 10 

9.05937 - 1 
5.16232 - 1 
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TABLE II - Continued 

N = 0 n = 2 

x c = 1 c = 2 c = 5 c = 10 

0.3 8.66349 - 1 8.22287 - 1 5.05390 - 1 -3.42126 -
0.4 3.64401 - 1 2.96652 - 1 -1.35886 - 1 -9.82679 -
0.5 -3.05506 - 1 -3.80932 - 1 -7.81957 - 1 -8.93819 - 1 
0.6 -9.56032 - 1 -1.00914 + 0 -1.16120 + 0 -7.44970 - 2 
0.7 -1.32240 + 0 -1.31928 + 0 -1.03567 + 0 9.85253 - 1 
0.8 -1.05832 + 0 -9.83017 - 1 -2.G4525 - 1 1.65961 + 0 
0.9 2.65717 - 1 3.74968 - 1 1.15147 + 0 1.60911 + 0 
1.0 3.16217 + 0 3.16046 + 0 3.05638 + 0 9.7010G - 1 
1.1 8.22453 + 0 7.79020 + 0 5.16083 + 0 2.03097 - 1 
1.2 1.61238 + 1 1.46703 + 1 7.09600 + 0 -2.55403 - 1 
1.3 2.76035 + 1 2.41735 + 1 8.48753 + 0 -2.G8864 - 1 
1.4 4.34731 + 1 3.661G6 + 1 9.03589 + 0 . -2.22585 - 2 
1.5 6.46001 + 1 5.22386 + 1 8.58154 + 0 1.83653 - 1 
1.6 9.19010 + 1 7.11812 + 1 7.14579 + 0 1. 76198 - 1 
1.7 1.26331 + 2 9.34716 + 1 4.93120 + 0 9.12279 - 3 
1.8 1.68874 + 2 1.19010 + 2 2.28768 + 0 -1.36988 - 1 
1.9 2.20527 + 2 1.47564 + 2 -3.55354 - 1 -1.39402 - 1 
2.0 2.82291 + 2 1.78757 + 2 -2.57167 + 0 -1.18170 - 2 
2.1 3.55155 + 2 2.12083 + 2 -4.02160 + 0 1.05884 - 1 
2.2 4.40084 + 2 2.46904 + 2 -4.51700 + 0 1.18832 - 1 
2.3 5.38002 + 2 2.82468 + 2 -4.05482 + 0 1.72440 - 2 
2.4 6.49779 + 2 3.17933 + 2 -2.81239 + 0 -8.73616 - 2 
2.5 7.76218 + 2 3.52375 + 2 -1.10632 + 0 -7.36407 - 2 
2.6 9.18038 + 2 3.84832 + 2 G.76904 - 1 -2.63630 - 2 
2.7 1.07586 + 3 4.14324 + 2 2.16111 + 0 3.13871 - 2 
2.8 1.25021 + 3 4.39892 + 2 3.05658 + 0 9.47047 - 2 
2.9 1.44146 + 3 4.60641 + 2 3.21902 + 0 7.91312 - 3 
3.0 1.64988 + 3 4.75731 + 2 2.66304 + 0 -5.44166 - 2 

N = 0 n = 3 

x c = 1 c = 2 c = 5 c = 10 

0.1 1.04335 + 0 1.03904 + 0 1.00396 + 0 8.16002 -
0.2 9.41806 - 1 9.22225 - 1 7.82101 - 1 2.80879 -
0.3 2.91804 - 1 2.54987 - 1 1.09411 - 2 -5.85742 -
0.4 -5.66503 - 1 -6.04220 - 1 -8.1961G - 1 -9.01249 -
0.5 -1.16122 + 0 -1.17035 + 0 -1.15387 + 0 -2.96465 -
0.6 -1.04537 + 0 -1.00493 + 0 -6.55699 - 1 7.15663 - 1 
0.7 -6.94405 - 2 3.87818 - 3 5.00576 - 1 1.12898 + 0 
0.8 1.23639 + 0 1.27745 + 0 1.45426 + 0 2.99477 - 1 
0.9 1.17030 + 0 1.12044 + 0 6.85065 - 1 -1.44767 + 0 
1.0 -3.74163 + 0 -3.74119 + 0 -3.72277 + 0 -2.98825 + 0 
1.1 -1.94508 + 1 -1.86263 + 1 -1.36118 + 1 -3.23654 + 0 
1.2 -5.51898 + 1 -5.13331 + 1 -3.01767 + 1 -1.98417 + 0 
1.3 -1.24365 + 2 -1.12506 + 2 -5.34231 + 1 -6.65948 - 2 
1.4 -2.45530 + 2 -2.15895 + 2 -8.18229 + 1 1.27315 + 0 
1.5 -4.43417 + 2 -3.78480 + 2 -1.12269 + 2 1.31011 + 0 
1.6 -7.50023 + 2 -6.20420 + 2 -1.40431 + 2 3.14866 - 1 
1.7 -1.20572 + 3 -9.64812 + 2 -1.61419 + 2 -7.44769 - 1 
1.8 -1.86039 + 3 -1.43724 + 3 -1. 70733 + 2 -1.00264 + 0 
1.9 -2.77451 + 3 -2.06513 + 3 -1.65204 + 2 -4.10716 - 1 
2.0 -4.02027 + 3 -2.87683 + 3 -1.43828 + 2 4.24001 - 1 
2.1 -5.68257 + 3 -3.90062 + 3 -1.08200 + 2 8.04224 - 1 



3046 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1964 

x 

2.2 
2.3 
2.4 
2.5 
2.G 
2.7 
2.8 
2.9 
3.0 

x 

0.1 
0.2 
0.3 
0.4 
0.5 
O.G 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.G 
1.7 
1.8 
1.9 
2.0 
2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 
3.0 

x 

0.1 
0.2 

c = 1 

-7.85998 + 3 
-1.0GG5G + 4 
-1.4227G + 4 
-1.8G902 + 4 
-2.42135 + 4 
-3.09743 + 4 
-3.9lG55 + 4 
-4.899G2 + 4 
-6.0G911 + 4 

c = 1 

G.67799 - 2 
1.88413 - 1 
3.44707 - 1 
5.27637 - 1 
7.31901 - 1 
9.53337 - 1 
1.18837 + 0 
1.43380 + 0 
1.68661 + 0 
1.94398 + 0 
2.20321 + 0 
2.46172 + 0 
2.71702 + 0 
2.96675 + 0 
3.20863 + 0 
3.44053 + 0 
3.66041 + 0 
3.86640 + 0 
4.05675 + 0 
4.22984 + 0 
4.38426 + 0 
4.51871 + 0 
4.63210 + 0 
4.72350 + 0 
4.79216 + 0 
4.83753 + 0 
4.85923 + 0 
4.85708 + 0 
4.83107 + 0 
4.78140 + 0 

c = 1 

1. 78797 - 1 
4.81623 - 1 

TABLE II - Continued 

N=o n=3 

c = 2 

-5.lG340 + 3 
-G.G8939 + 3 
-8.49881 + 3 
-1.0GOGO + 4 
-1.30186 + 4 
-1.57357 + 4 
-1.874G9 + 4 
-2.20322 + 4 
-2.55591 + 4 

N=l n=O 

c = 2 

7.82376 - 2 
2.19147 - 1 
3.96102 - 1 
5.96043 - 1 
8.08G92 - 1 
1.02496 + 0 
1.23G55 + 0 
1.4358G + 0 
1.61605 + 0 
1. 77112 + 0 
1.89606 + 0 
1.98689 + 0 
2.04079 + 0 
2.05612 + 0 
2.03244 + 0 
1.97051 + 0 
1.87221 + 0 
1.74049 + 0 
1.57927 + 0 
1.39322 + 0 
1.18771 + 0 
9.68543 - 1 
7.41814 - 1 
5.13706 - 1 
2.90272 - 1 
7.72847 - 2 

-1.19954 - 1 
-2.96762 - 1 
-4.49226 - 1 
-5.74265 - 1 

N=l n=l 

c = 2 

1.86209 - 1 
4.98465 - 1 

c = 5 

-G.2470G + 1 
-1.27832 + 1 

3.37407 + 1 
7.02754 + 1 
9.1559G + 1 
9.4922G + 1 
8.08334 + 1 
5.29lGO + 1 
1.70562 + 1 

c = 5 

1.75066 - 1 
4.70668 - 1 
7.93680 - 1 
1.08116 + 0 
1.28498 + 0 
1.37488 + 0 
1.34097 + 0 
1.19359 + 0 
9.60016 - 1 
6.78651 - 1 
3.91685 - 1 
1.37762 - 1 

-5.42516 - 2 
-1.69153 - 1 
-2.06531 - 1 
-1.79111 - 1 
-1.08794 - 1 
-2.14572 - 2 

5.85005 - 2 
1.12680 - 1 
1.31527 - 1 
1.15060 - 1 
7.15483 - 2 
1.46127 - 2 

-4.05001 - 2 
-8.05860 - 2 
-9.73081 - 2 
-8.86612 - 2 
-5.89386 - 2 
-1.69513 - 2 

c = 5 

2.26456 - 1 
5.77313 - 1 

c = 10 

4.53989 - 1 
-2.40332 - 1 
-G.90334 - 1 
-3.30234 - 1 

1.3G373 - 1 
2.58923 - 1 
4.73302 - 1 

-7.99752 - 3 
-4.71948 - 1 

c = 10 

3.92683 - 1 
9.77051 - 1 
1.44397 + 0 
1.62479 + 0 
1.49159 + 0 
1.13769 + 0 
7.13592 - 1 
3.52409 - 1 
1.21545 - 1 
1.73276 - 2 

-6.46094 - 3 
-6.17021 - 4 

4.3G117 - 3 
1.77204 - 3 

-2.50040 - 3 
-2.92887 - 3 

5.03281 - 5 
2.47164 - 3 
1.94403 - 3 

-5.40072 - 4 
-2.13282 - 3 
-1.41516 - 3 

6.26047 - 4 
1.92158 - 3 
7.95172 - 4 

-6.86022 - 4 
-7.63503 - 4 
-9.86627 - 4 

1.47764 - 4 
1.50302 - 3 

c = 10 

4.69291 - 1 
1.01396 + 0 
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TABLE II - Continued 

N = 1 n = 1 

x c =1 c = 2 c = 5 c = 10 

0.3 8.11322 - 1 8.30625 - 1 8.81124 - 1 1.10226 + 0 
0.4 1.09167 + 0 1.09943 + 0 1.01214 + 0 5.69582 - 1 
0.5 1.24498 + 0 1.22371 + 0 8.87650 - 1 -3.54754 - 1 
0.6 1.19004 + 0 1.12484 + 0 4.82831 - 1 -1.21477 + 0 
0.7 8.42479 - 1 7.29666 - 1 -l.63619 - 1 -l.61645 + 0 
0.8 1.15744 - 1 -2.61055 - 2 -9.56512 - 1 -1.44879 + 0 
0.9 -1.07772 + 0 -l.19460 + 0 -l.76308 + 0 -9.06520 - 1 
1.0 -:-2.82516 + 0 -2.81285 + 0 -2.43994 + 0 -3.26420 - 1 
1.1 -5.21224 + 0 -4.90037 + 0 -2.86233 + 0 3.12685 - 2 
1.2 -8.32175 + 0 -7.45742 + 0 -2.94990 + 0 1.08983 - 1 
1.3 -1.22323 + 1 -l.04640 + 1 -2.68284 + 0 2.38728 - 2 
1.4 -1.70172 + 1 -l.38798 + 1 -2.10636 + 0 -6.19490 - 2 
1.5 -2.27431 + 1 -l.76444 + 1 -1.32097 + 0 -6.25964 - 2 
1.6 -2.94693 + 1 -2.16792 + 1 -4.62707 - 1 -l.89305 - 4 
1.7 -3.72461 + 1 -2.58893 + 1 3.24280 - 1 5.11365 - 2 
1.8 -4.61145 + 1 -3.01663 + 1 9.15552 - 1 4.39191 - 2 
1.9 -5.61051 + 1 -3.43921 + 1 1.22972 + 0 -3.52397 - 3 
2.0 -6.72374 + 1 -3.84424 + 1 1.24232 + 0 -3.87077 - 2 
2.1 -7.95192 + 1 -4.21912 + 1 9.87598 - 1 -3.49613 - 2 
2.2 -9.29459 + 1 -4.55151 + 1 5.48435 - 1 2.81473 - 3 
2.3 -1.07501 + 2 -4.82978 + 1 3.67863 - 2 3.09193 - 2 
2.4 -1.23154 + 2 -5.04353 + 1 -4.30799 - 1 3.14921 - 2 
2.5 -1.39863 + 2 -5.18371 + 1 -7.57370 - 1 -6.17863 - 4 
2.6 -1.57573 + 2 -5.24330 + 1 -8.84163 - 1 -2.95268 - 2 
2.7 -1.76214 + 2 -5.21739 + 1 -8.00250 - 1 -1.28822 - 2 
2.8 -1.95708 + 2 -5.10350 + 1 -5.41499 - 1 -1.34150 - 3 
2.9 -2.15961 + 2 -4.90184 + 1 -1.79916 - 1 6.07715 - 3 
3.0 -2.36871 + 2 -4.61486 + 1 1.95783 - 1 2.63666 - 2 

N = 1 n = 2 

x c = 1 c = 2 c = 5 c = 10 

0.1 3.17572 - 1 3.23375 - 1 3.58452 - 1 4.61327 - 1 
0.2 7.89038 - 1 7.98456 - 1 8.45034 - 1 8.84405 - 1 
0.3 1.13929 + 0 1.13924 + 0 1.10027 + 0 6.93291 - 1 
0.4 1.16268 + 0 1.13700 + 0 9.09831 - 1 -8.13386 - 2 
0.5 7.46367 - 1 6.88194 - 1 2.60402 - 1 -8.60192 - 1 
0.6 -6.41935 - 2 -1.40156 - 1 -6.18349 - 1 -9.72981 - 1 
0.7 -9.90830 - 1 -1.04501 + 0 -1.27959 + 0 -2.01002 - 1 
0.8 -1.44413 + 0 -1.42980 + 0 -l.15587 + 0 1.02436 + 0 
0.9 -4.43333 - 1 -3.60476 - 1 2.92752 - 1 1.92471 + 0 
1.0 3.46336 + 0 3.46067 + 0 3.41429 + 0 1.94059 + 0 
1.1 1.22761 + 1 1.16998 + 1 8.22613 + 0 1.12202 + 0 
1.2 2.86165 + 1 2.63729 + 1 1.43419 + 1 5.54149 - 2 
1.3 5.57952 + 1 4.98022 + 1 2.09872 + 1 -5.92374 - 1 
1.4 9.78715 + 1 8.45483 + 1 2.71147 + 1 -5.45072 - 1 
1.5 1.59705 + 2 l.33319 + 2 3.15908 + 1 -5.23392 - 2 
1.6 2.46994 + 2 1.98856 + 2 3.34313 + 1 3.78477 - 1 
1.7 3.66308 + 2 2.83810 + 2 3.20166 + 1 4.06284 - 1 
1.8 5.25100 + 2 3.90597 + 2 2.72591 + 1 7.68751 - 2 
1.9 7.31713 + 2 5.21256 + 2 1.96583 + 1 -2.68863 - 1 
2.0 9.95363 + 2 6.77296 + 2 1.02468 + 1 -3.08683 - 1 
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TABLE II - Continued 

N=1 n = 2 

x c = 1 c = 2 c = 5 c = 10 

2.1 1.32612 + 3 8.59566 + 2 4.17984 - 1 -9.67834 - 2 
2.2 1.73484 + 3 1.06812 + 3 -8.32684 + 0 1.95130 - 1 
2.3 2.23316 + 3 1.30213 + 3 -1.46613 + 1 2.53304 - 1 
2.4 2.83336 + 3 1.55981 + 3 -1.76896 + 1 1.16918 - 1 
2.5 3.54832 + 3 1.83831 + 3 -1.71224 + 1 -9.81521 - 2 
2.6 4.39138 + 3 2.13379 + 3 -1.33267 + 1 -2.49959 - 1 
2.7 5.37625 + 3 2.44140 + 3 -7.25156 + 0 -5.82649 - 2 
2.8 6.51688 + 3 2.75538 + 3 -2.34462 - 1 9.65074 - 2 
2.9 7.82726 + 3 3.06921 + 3 6.27542 + 0 5.32562 - 2 
3.0 9.32135 + 3 3.37554 + 3 1.10027 + 1 1.36992 - 1 

N = 1 n=3 

x c = 1 c = 2 c = 5 c = 10 

0.1 4.70292 - 1 4.74792 - 1 5.03663 - 1 5.60653 - 1 
0.2 1.03640 + 0 1.03944 + 0 1.05094 + 0 9.52509 - 1 
0.3 1.15261 + 0 1.13873 + 0 1.02612 + 0 4.75116 - 1 
0.4 5.87098 - 1 5.49119 - 1 2.80849 - 1 -5.29321 - 1 
0.5 -4.34815 - 1 -4.78943 - 1 -7.50431 - 1 -1.03082 + 0 
0.6 -1.22557 + 0 -1.23658 + 0 -1.23879 + 0 -3.74929 - 1 
0.7 -9.49593 - 1 -9.03408 - 1 -5.28507 - 1 8.87232 - 1 
0.8 5.95761 - 1 6.5G832 - 1 1.04428 + 0 1.26903 + 0 
0.9 1.58393 + 0 1.56393 + 0 1.35005 + 0 -3.80514 - 1 
1.0 -3.99973 + 0 -3.99876 + 0 -3.98415 + 0 -3.66768 + 0 
1.1 -2.94218 + 1 -2.82967 + 1 -2.13760 + 1 -6.63805 + 0 
1.2 -9.93028 + 1 -9.31025 + 1 -5.82859 + 1 -7.12958 + 0 
1.3 -2.54877 + 2 -2.33198 + 2 -1.21470 + 2 -4.48170 + 0 
1.4 -5.60512 + 2 -5.00166 + 2 -2.14807 + 2 -1.91044 - 1 
1.5 -1.11157 + 3 -9.66261 + 2 -3.37164 + 2 3.09018 + 0 
1.6 -2.04369 + 3 -1.72812 + 3 -4.80966 + 2 3.47603 + 0 
1.7 -3.54344 + 3 -2.91000 + 3 -6.31861 + 2 1.24407 + 0 
1.8 -5.86049 + 3 -4.66630 + 3 -7.70049 + 2 -1.54042 + 0 
1.9 -9.32112 + 3 -7.18302 + 3 -8.72930 + 2 -2.73125 + 0 
2.0 -1.43431 + 4 -1.06778 + 4 -9.19104 + 2 -1.43583 + 0 
2.1 -2.14517 + 4 -1.53984 + 4 -8.92696 + 2 7.02031 - 1 
2.2 -3.12971 + 4 -2.16194 + 4 -7.87269 + 2 2.14894 + 0 
2.3 -4.46725 + 4 -2.96368 + 4 -6.08384 + 2 1.44329 + 0 
2.4 -6.25326 + 4 -3.97614 + 4 -3.74068 + 2 -1.90745 - 1 
2.5 -8.60136 + 4 -5.23076 + 4 -1.12896 + 2 -1.17683 + 0 
2.6 -1.16452 + 5 -6.75841 + 4 1.40286 + 2 -1.61055 + 0 
2.7 -1.55406 + 5 -8.58796 + 4 3.50030 + 2 -7.92157 - 2 
2.8 -2.04672 + 5 -1.07450 + 5 4.86619 + 2 1.29119 + 0 
2.9 -2.66305 + 5 -1.32504 + 5 5.32282 + 2 3.73378 - 1 
3.0 -3.42633 + 5 -1.61182 + 5 4.83375 + 2 4.32692 - 1 

N = 2 n ='0 

x c = 1 c = 2 c = 5 c = 10 

0.1 8.11214 - 3 9.30928 - 3 2.21477 - 2 8.00048 - 2 
0.2 4.58035 - 2 5.22724 - 2 1.20067 - 1 4.01321 - 1 
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TABLE II - Continued 

N = 2 n=O 

x c = 1 c = 2 c = 5 c = 10 

0.3 1.25827 - 1.42274 - 1 3.07992 - 1 9.01985 - 1 
0.4 2.57171 - 1 2.87029 - 1 5.71015 - 1 1.38094 + 0 
0.5 4.46741 - 1 4.90296 - 1 8.72575 - 1 1.62971 + 0 
0.6 6.99877 - 1 7.52394 - 1 1.16320 + 0 1.54932 + 0 
0.7 1.02059 + 0 1.07049 + 0 1.39112 + 0 1.19392 + 0 
0.8 1.41171 + 0 1.43889 + 0 1.51294 + 0 7.25292 - 1 
0.9 1.87493 + 0 1.84932 + 0 1.50259 + 0 3.16554 - 1 
1.0 2.41089 + 0 2.29129 + 0 1.35656 + 0 6.79148 - 2 
1.1 3.01924 + 0 2.75254 + 0 1.09462 + 0 -2.02873 - 2 
1.2 3.69863 + 0 3.21944 + 0 7.56039 - 1 -1.46045 - 2 
1.3 4.44678 + 0 3.67758 + 0 3.91913 - 1 1.04085 - 2 
1.4 5.26054 + 0 4.11222 + 0 5.55434 - 2 1.52034 - 2 
1.5 6.13588 + 0 4.50887 + 0 -2.07467 - 1 1.29918 - 3 
1.6 7.06802 + 0 4.85377 + 0 -3.67156 - 1 -1.11917 - 2 
1.7 8.05139 + 0 5.13443 + 0 -4.13815 - 1 -9.67213 - 3 
1.8 9.07977 + 0 5.34008 + 0 -3.58514 - 1 1.55354 - 3 
1.9 1.01463 + 1 5.46205 + 0 -2.29434 - 1 9.62330 - 3 
2.0 1.12436 + 1 5.49406 + 0 -6.51947 - 2 6.50298 - 3 
2.1 1.23637 + 1 5.43250 + 0 9.35338 - 2 -2.03792 - 3 
2.2 1.34985 + 1 5.27657 + 0 2.12220 - 1 -8.19124 - 3 
2.3 1.46391 + 1 5.02833 + 0 2.68832 - 1 -5.06774 - 3 
2.4 1.57769 + 1 4.69273 + 0 2.57171 - 1 1.94735 - 3 
2.5 1.69026 + 1 4.27721 + 0 1.86697 - 1 4.94597 - 3 
2.6 1.80072 + 1 3.79179 + 0 7.90086 - 2 5.04030 - 3 
2.7 1.90816 + 1 3.24856 + 0 -3.78705 - 2 -7.03146 - 4 
2.8 2.01167 + 1 2.66139 + 0 -1.36199 - 1 -6.15552 - 3 
2.9 2.11036 + 1 2.04550 + 0 -1.94874 - 1 -1.13042 - 3 
3.0 2.20337 + 1 1.41675 + 0 -2.03218 - 1 1.09442 - 3 

N = 2 n = 1 

x c = 1 c = 2 c = 5 c = 10 

0.1 3.01525 - 2 3.18266 - 2 4.36114 - 2 1.10168 -
0.2 1.63412 - 1 1. 71721 - 1 2.27802 - 1 5.09403 - 1 
0.3 4.17552 - 1 4.35481 - 1 5.46215 - 1 9.75159 - 1 
0.4 7.63468 - 1 7.87547 - 1 9.08386 - 1 1.10096 + 0 
0.5 1.12468 + 0 1.14274 + 0 1.16775 + 0 6.37139 - 1 
D.6 1.37439 + 0 1.36734 + 0 1.16137 + 0 -2.87398 - 1 
0.7 1.33292 + 0 1.28261 + 0 7.56169 - 1 -1.22293 + 0 
0.8 7.66020 - 1 6.71043 - 1 -1.09012 - 1 -1.69212 + 0 
0.9 -6.15776 - 1 -7.14755 - 1 -1.39595 + 0 -1.50113 + 0 
1.0 -3.15683 + 0 -3.14077 + 0 -2.96182 + 0 -8.45332 - 1 
1.1 -7.25498 + 0 -6.87847 + 0 -4.57844 + 0 -1.47679 - 1 
1.2 -1.33591 + 1 -1.21904 + 1 -5.97349 + 0 2.35668 - 1 
1.3 -2.19659 + 1 -1.93150 + 1 -6.88402 + 0 2.24248 - 1 
1.4 -3.36151 + 1 -2.84518 + 1 -7.11308 + 0 3.10851 - 3 
1.5 -4.88847 + 1 -3.97466 + 1 -6.57336 + 0 -1.65861 - 1 
1.6 -6.83847 + 1 -5.32791 + 1 -5.31243 + 0 -1.46461 - 1 
1.7 -9.27502 + 1 -6.90514 + 1 -3.50808 + 0 2.53438 - 3 
1.8 -1.22634 + 2 -8.69800 + 1 -1.43922 + 0 1.23063 - 1 
1.9 -1.58698 + 2 -1.06891 + 2 5.66677 - 1 1.16626 - 1 
2.0 -2.01606 + 2 -1.28518 + 2 2.19548 + 0 3.46739 - 3 
2.1 -2.52012 + 2 -1.51503 + 2 3.20680 + 0 -9.50870 - 2 
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TABLE II - Continued 

N = 2 n = 1 

x c = 1 c = 2 c = 5 c = 10 

2.2 -3.10555 + 2 -1.75404 + 2 3.47937 + 0 -1.00215 - 1 
2.3 -3.77844 + 2 -1.99703 + 2 3.03214 + 0 -1.01271 - 2 
2.4 -4.54453 + 2 -2.23824 + 2 2.01698 + 0 7.86142 - 2 
2.5 -5.40910 + 2 -2.47136 + 2 6.84586 - 1 6.25620 - 2 
2.6 -6.37687 + 2 -2.68987 + 2 -6.69192 - 1 1.86542 - 2 
2.7 -7.45191 + 2 -2.88715 + 2 -1.76387 + 0 -2.83514 - 2 
2.8 -8.63756 + 2 -3.05673 + 2 -2.39029 + 0 -8.09642 - 2 
2.9 -9.93633 + 2 -3.19263 + 2 -2.45263 + 0 -6.05693 - 3 
3.0 -1.13498 + 3 -3.28923 + 2 -1.97549 + 0 4.94337 - 2 

N = 2 n = 2 

x c = 1 c = 2 c = 5 c = 10 

0.1 6.92988 - 2 7.12673 - 2 8.51196 - 2 1.31062 - 1 
0.2 3.52496 - 1 3.60980 - 1 4.18221 - 1 5.67604 - 1 
0.3 8.01544 - 1 8.14659 - 1 8.93117 - 1 9.45356 - 1 
0.4 1.20746 + 0 1.21237 + 0 1.21221 + 0 7.67342 - 1 
0.5 1.27474 + 0 1.25311 + 0 1.05255 + 0 -3.76902 - 2 
0.6 7.57995 - 1 7.02242 - 1 2.84685 - 1 -9.13196 - 1 
0.7 -3.27092 - 1 -3.94312 - 1 -8.22806 - 1 -1.05173 + 0 
0.8 -1.41364 + 0 -1.43709 + 0 -1.49256 + 0 -7.12440 - 2 
0.9 -1.01239 + 0 -9.55456 - 1 -4.82515 - 1 1.57998 + 0 
1.0 3.74003 + 0 3.73507 + 0 3.69332 + 0 2.86776 + 0 
1.1 1.76108 + 1 1.68770 + 1 1.23963 + 1 2.91426 + 0 
1.2 4.78738 + 1 4.45904 + 1 2.64247 + 1 1.66265 + 0 
1.3 1.04979 + 2 9.51393 + 1 4.56130 + 1 -6.78936 - 2 
1.4 2.03280 + 2 1.79119 + 2 6.85921 + 1 -1.18788 + 0 
1.5 3.61809 + 2 3.09537 + 2 9.27854 + 1 -1.12986 + 0 
1.6 6.05086 + 2 5.01768 + 2 1.14715 + 2 -2.05881 - 1 
1.7 9.63954 + 2 7.73357 + 2 1.30538 + 2 7.08003 - 1 
1.8 1.47641 + 3 1.14368 + 3 1.36797 + 2 8.79453 - 1 
1.9 2.18846 + 3 1.63343 + 3 1.31147 + 2 3.17527 - 1 
2.0 3.15489 + 3 2.26396 + 3 1.12984 + 2 -4.11104 - 1 
2.1 4.44006 + 3 3.05647 + 3 8.37540 + 1 -7.13268 - 1 
2.2 6.11858 + 3 4.03107 + 3 4.68923 + 1 -3.71699 - 1 
2.3 8.27598 + 3 5.20576 + 3 7.34290 + 0 2.40288 - 1 
2.4 1.10092 + 4 6.59547 + 3 -2.92519 + 1 6.17233 - 1 
2.5 1.44270 + 4 8.21064 + 3 -5.75607 + 1 2.78319 - 1 
2.6 1.86502 + 4 1.00565 + 4 -7.35509 + 1 -1.46009 - 1 
2.7 2.38122 + 4 1.21320 + 4 -7.52754 + 1 -2.33031 - 1 
2.8 3.00582 + 4 1.44287 + 4 -6.32751 + 1 -4.05877 - 1 
2.9 3.75458 + 4 1.69309 + 4 -4.05587 + 1 1.20902 - 2 
3.0 4.64442 + 4 1.96136 + 4 -1.18748 + 1 4.27288 - 1 

N = 2 n=3 

x c = 1 c = 2 c = 5 c = 10 

0.1 1.26968 - 1 1.29109 - 1 1.44081 - 1 1.94166 - 1 
0.2 5.91772 - 1 5.99200 - 1 6.48662 - 1 7.75163 - 1 
0.3 1.13308 + 0 1.13787 + 0 1.15991 + 0 1.06828 + 0 
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TABLE II - Continued 

N = 2 n = 3 

x c = 1 c = 2 c = 5 c "" 10 

0.4 1.22242 + 0 1.20735 + 0 1.08268 + 0 4.42410 - 1 
0.5 5.02125 - 1 4 .61442 - 1 1. 72834 - 1 -7.08002 - 1 
0.6 -7.28650 - 1 -7.67417 - 1 -9.99672 - 1 -1.12281 + 0 
0.7 -1.34994 + 0 -1.33947 + 0 -1.20442 + 0 -6.35200 - 2 
0.8 -1.55815 - 1 -9.78895 - 2 3.13440 - 1 1.38983 + 0 
0.9 1.72855 + 0 1.73119 + 0 1.69507 + 0 6.83573 - 1 
1.0 -4.24197 + 0 -4.23990 + 0 -4.22216 + 0 -4.05639 + 0 
1.1 -4.29825 + 1 -4.14973 + 1 -3.22563 + 1 -1.17483 + 1 
1.2 -1.69966 + 2 -1.60436 + 2 -1.05765 + 2 -1.81766 + 1 
1.3 -4.92189 + 2 -4.54612 + 2 -2.55016 + 2 -1.86221 + 1 
1.4 -1.19761 + 3 -1.08177 + 3 -5.12503 + 2 -1.15388 + 1 
1.5 -2.59483 + 3 -2.28970 + 3 -9.05339 + 2 -3.41475 - 1 
1.6 -5.16494 + 3 -4.44652 + 3 -1.44608 + 3 8.52760 + 0 
1.7 -9.62735 + 3 -8.07479 + 3 -2.12354 + 3 1.01259 + 1 
1.8 -1.70216 + 4 -1.38880 + 4 -2.89670 + 3 4.31901 + 0 
1.9 -2.88067 + 4 -2.28281 + 4 -3.69313 + 3 -3.63918 + 0 
2.0 -4.69805 + 4 -3.61016 + 4 -4.41450 + 3 -7.22580 + 0 
2.1 -7.42193 + 4 -5.52126 + 4 -4.94883 + 3 -5.31249 + 0 
2.2 -1.14040 + 5 -8.19885 + 4 -5.18833 + 3 8.57079 - 1 
2.3 -1. 70988 + 5 -1.18598 + 5 -5.05014 + 3 5.14940 + 0 
2.4 -2.50841 + 5 -1.67557 + 5 -4.49592 + 3 5.60742 + 0 
2.5 -3.60853 + 5 -2.31714 + 5 -3.54624 + 3 5.87060 - 1 
2.6 -5.10005 + 5 -3.14232 + 5 -2.28432 + 3 -4.18090 + 0 
2.7 -7.09289 + 5 -4.18531 + 5 -8.50402 + 2 -2.39443 + 0 
2.8 -9.72020 + 5 -5.48229 + 5 5.76599 + 2 -1.90159 + 0 
2.9 -1.31415 + 6 -7.07072 + 5 1.80814 + 3 6.87950 - 1 
3.0 -1. 75464 + 6 -8.98762 + 5 2.67521 + 3 4.80391 + 0 

I am indebted to Mrs. E. Sonnenblick for programming and carrying 
out the computations reported here. 

APPENDIX A 

A Perturbation Scheme 

We treat briefly the following problem. Eigenfunctions Un and eigen­
values An of an operator L are assumed known. That is, we have 

n = 0,1,2, .... (114) 

It is desired to find eigenfunctions 1/In and eigenvalues Xn of the perturbed 
equation 

(L - eM)1/I + x1/I = o. (115) 
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It is assumed that the Un satisfy the boundary condition to be imposed 
on the 1/I's and that the Un are complete in some appropriate sense. We 
proceed further in a purely formal manner. 

Substitute the series 

Xn = An + L: €iaj 
j=l 

(116) 

(117) 

into (115). Here in the notation we have suppressed the dependence of 
the Qj and aj on n. By equating to zero the coefficients of distinct powers 
of €, we find 

(118) 

i 

LQj + AnQj = MQj-l - L: akQj-k , (119) 
k=l 

j = 1,2, ... 

whcre we define Qo = 'l,l'n • 

Now it frcquently happens that the operator M is such that MUn can 
be expressed as a finite linear combination of the u's with constant coef­
ficients. We assume this to be the case and write 

l 

MUn = L: 'YniUn+ia , 
i=-l 

n = 0,1,2, .... 

(120) 

Here ex is a positive integer, l a nonnegative integer, and the superscript 
ion'Y is not an exponent, but a label. 

If the Un are linearly independent, formal solution of system (119) 
is now straightforward. Set 

A/ = 0 
(121) 

j = 1,2, 

The A's of course depend on n, but for simplicity we have suppressed 
this fact in the notation. Again the superscript is a label, not an ex­
ponent. Substitute (121) and (120) into (119). Setting the coefficient 
of Un equal to zero in the resultant expression yields 
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I 

"" A j-I k aj = L...J -k 'Yn-ka, j = 1,2, 
k=-l 

Requiring the coefficient of Un+ma to vanish gives 
i I 

( " " )A j "" A j-k "" A j-I k I\n+ma - I\n m = L...J ak m - L...J m-k 'Yn+(m-k)a 
k=l k=-l 

m = -jl, -jl+ 1, ... , jl; j = 1,2, .... 

Here we have adopted the conventions 

A/ == 0 

if either 

I k I > jl, or (Xk < -n, or k = 0 and j = 1, 2, 

Aoo = 1, A ko = 0, k ~ 0, a o = O. 

(122) 

(123) 

Equations (122) and (123) together with these conventions permit 
successive determination of the a's and A's. The case l = 1 occurs fre­
quently. The first few coefficients for this case are given below where 
we have set 

h j = [An+j - An]-I. 

° al = 'Yn 

A_/ = -ILa'Yn-
I 

A/ = -ha'Yni 

a2 = - [ha'Yn\n+a -1 + lLa'Yn-I'Yn_a
I
] 

A_22 = h-2ah-a'Yn -\n_a-
I 

A-l = (h_a)2'Yn -I[ -'Yn ° + 'Yn-aO] 

A12 = (ha)2'YnI[-'YnO + 'Yn+ao] 

A22 = h2aha'YnI'Yn+a
I 

a3 = (ha)\nI'Yn+a-
I
( -'Yno + 'Yn+lo) + (h_a)2'Yn-I'Yn_a

I
( -'Yno + 'Yn-ao) 

A I3 = ha[A/( 'Yn ° - 'Yn+a 0) + a2A/ - 'Yn+2a -IA22] 

A_I3 = h_a[A_a2('YnO - 'Yn-ao) + a2A_I2 - 'Yn_2a1A_22] 

More generally for this case one finds 
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i 
j j IT ±l 

A±j = (-1) h±ka'Yn±(k-l)a , 
k=1 

i-I 

A±U-l/ = A±U_l)j-l L: h±ka[al - 'Yn±ka 0], 
k=1 

i-2 
A j A j-2 '"' h 

±(i-2) = ±U-2) L..J ±la 
l=1 

X [a2 + h±(l+I)a'Yn±(l+I)a'F
1
'Yn±la±1 

l 

j = 1,2, ... 

j = 2,3, ... 

+ (al - 'Yn±laO) L: h±ka(al - 'Yn±kaO)], 
k=l 

j = 3,4, .... 

APPENDIX B 

Evaluation oj an Integral 

We establish here the formula (43). Let 

FN,n(x) = i 1 

J N(xy)VXYTN,n(y)dy 

= i 1 

KN(xy)TN,n(y)dy 

on using the notation of (21). Then 

[X2 :;2 + 2x :X + (X2 - x) ] FNn(X) 

= Ial 

TN,n(Y)[X2y2K/'(xy) + 2xyK/(xy) + (X2 - X)KN(Xy)]dy 

= Ia1 

TN,n(Y)[( _x2y2 - 1 + N 2 + X2 

- X)KN(XY) + 2xyK/(xy)]dy 

(124) 

(125) 

(126) 

by (23). Here primes denote differentiation with respect to the argu­
ment indicated. 

Now 

~ (1 - 2) dTN.n(Y) + (1 - N
2 
+ ) T () = 0 

dy Y dy y2 X N ,n y 
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with x given by (26). Multiply this equation by KN(XY) and integrate 
from zero to one. There results 

11 [ d 2 dT N (.1 - N
2 

) ] o = 0 KN(XY) dy (1 - y) dy,n + 4 y2 + X TN,n dy 

11 [ d d (1 N
2

) ] = 0 TN,n(y) dy (1 - y2) dy!{N(XY) + 4; ~2 + X KN(XY) dy 

where we have integrated by parts and made use of the fact that 
KN(O) = 'TN,n(O) = O. Carrying out the indicated differentiation, we 
find 

o ~ { TN,.(Y) [(I - ll)x'K/'(xy) - 2xyK/(xy) 

+ (t ~,N' + X) KN (XV) ] dy (127) 

-i1 
TN,n(y)[( _x2y2 - i + N 2 + X2 - X)KN(XY) 

+ 2xyK/(xy)1dy. 

Equations (126) and (127) give 

[x' :;, + 2x :x + {x' - (N + 2n + ~)( N + 2n + D } ] F N,n (x) ~ o. 

The only solution of this equation that vanishes for x = 0 is 

1 J N+2n+1 (X) 
I~ Vx 

Using (125), we then have 

Ie JN4':J';,(X) ~ {IN(xyh/xyTN,n(y)dll. (128) 

To determine k, we have only to compare the coefficients of X
N +2nH 

on both sides of (128). In this way we find 

k 

2N+2n+1 r (N + 2n + 2) 

(_I)n (N+2n+!T ()d 
= 2N+2nr (N + n + l)n! Jo y N,n Y y. 

(129) 
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The integral here can be evaluated by using (27), (28) and known 
properties of the Jacobi polynomials. We have 

i1 N+2nHT ()d Y N,n Y Y 
o 

= (n ! Nr l 

{ y'N+,n+tp.(N.O) (1 _ 2y')dy 

= 2-(N+n+2l (n ! Nr l 1: (1 - u)N(l - u)np.(N.o'(u)du. 

Now the coefficient of un in (1 - u) n is (-1) n and the coefficient of 

un in Pn(N.O,(u) is en ~ N) / 2n [Ref. 8, Vol. II, p. 169, Eq. (5)], 

so 

( 1) n2n n-1 

(1 - u)n = (2: ~ N) p.(N.O'(U) + ~ A;pr·o,(u). 

It follows, then, that 

~1 (1 _ U)N(1 _ u)npn(N,o)(u)du 

( -1) n2n {I en ~ N) -I 

(1 - U)Npn (N,O) (U)Pn (N,O) (u)du 

(2n ~ N) (2n + N + 1) 

where we have used the orthogonality of the Jacobi polynomials and 
the known normalization integral [see Ref. 5, page 68, Eq. (4.3.3), for 
example]. Combining these results, (129) yields 

(
n + N)-l 

k= , n 

and together with (128) this establishes (43). 
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B.S.T.J. BRIEFS 

A Note on a Signal Recovery Problem 

By I. W. SANDBERG 

(Manuscript received July 17, 1964) 

In a recent studyl of the recoverability of square-integrable band­
limited signals that are distorted by a frequency-selective time-varying 
nonlinear system and subsequently are bandlimited to the original bands, 
certain assumptions were made concerning three of the four functions 
of frequency that characterize the linear time-invariant part of the sys­
tem. These assumptions, which are stated in Section 3.4 of Ref. 1, are 
satisfied in most, but not all, cases of engineering interest. The purpose 
of this note is to report on an extension of Theorem I of Ref. 1 that covers 
cases in which the conditions of Section 3.4 of Ref. 1 are not met. l\10re 
specifically, a proof of the following result is outlined. 

Theorem: Let £2Il and CB(Q) be as defined in Section II of Hef. 1. Let A, 
B, C, D, a, 1f;( ',' ), and P be as defined in Sections 3.1, 3.2 and 3.3 of 
Ref. 1, and, for any f E £2R, let 1f;[f] denote the function with values 
1f;(f(t),t) (- 00 < t < (0). 

With Q* the complement of Q with respect to ( - 00, 00 ), and 

E(w) = D(w) for w E: Q 

= 1 for wE: Q*, 

let 

ess sup I [E(C - 1) - PABrl I < 00, 

-oo<w<oo 

and 

(1 - a) ess sup I E[E(C - 1) - PABrl I < 1. 
-oo<w<oo 

Let 83 be an arbitrary element of CB(g). Then CB(Q) contains a unique 
element 81 , and £2Il contains unique elements w, v, and 82 such that 

v = A8l + Cw, 

83 = P82, and v = 1f;[w] 
[i.e., such that (1), (2), (3), and (4) of Hef. 1 are satisfied]. Further­
more, there exists a positive constant k, that depends only on A, B, C, 
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D, and a, such that if 

v = A81 + Cw, 

and v = ,p[w] 

where w, v, 82 C £2R and 81 , 83 c <B(n), then 

II S1 - 81 II ~ k II S3 - 83 II· 
Outline of Proof: 

Let the mapping of £2R into itself represented in the frequency domain 
by multiplication by E (w) be denoted by E, and let x( n) denote the 
Banach space of two-vector-valued functions of t belonging to 

£2R X <B(n), 

with norm 11·11' defined by 

II f [I' = (L: I !JCt) I' dt + 1: !f,(t) II dtY, 

Assume that the hypotheses of the theorem are satisfied. To prove the 
first part of the theorem, it clearly suffices to show that <B(n) contains 
a unique element SI , and £2R contains a unique element w, such that 

if;[w] = ASI + Cw, (1) 

and 

S3 = DS1 + PBw, (2) 

in which P is defined in Section 3.2 of Ref. 1. For this purpose, we may 
replace D in (2) by E and write (1) and (2) as 

[OJ = [(C - I) rAJ[ ~ J .:...- [~[W]J 
S3 PB rE r SI ° (3) 

in which ~[w] = ~[w] - w, r is an arbitrary positive constant, and I is 
the identity operator. 

The operator 

L = [( C - I) rAJ 
PB rE 

is a bounded mapping of X(n) into itself. In view of the first inequality 
of the theorem, it possesses an inverse on X(n), and L-I can be repre­
sented in the frequency domain by the matrix-valued function 

-I( ) 1 [E -A J 
L w = E(C _ 1) _ PAB -r-IpB r-I(C - 1) . 
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In particular, (3) can be written as 

L-!sJ = L-INL-!sJ + L-'[~,] (5) 

in which N is the operator defined on X(O) by 

f = [~:J e Je(IJl-

The second inequality of the theorem implies that there exists a posi­
tive number to such that L -IN is a contraction mapping of X(O) into 
itself for all t > to . In fact, using Parseval's identity and the frequency 
domain representation of L-I, we find that for allf, g c X(O), 

II L -INf - L -lNg 1/' ~ max (CI' C2) /I Nf - Ng II' 

~ (1 - a) max (c] , C2) /I f - g 1/' 

in which 

c] = ess sup I E[E(C - 1) - PABrl I, 
w 

and 

C2 = t-1 ess sup 1 PB[E(C - 1) - PABr l I. 
w 

In view of the contraction-mapping fixed-point theorem, this establishes 
the existence and uniqueness of the functions wand 81 (as well as the 
important fact that these functions can be determined by an iteration 
procedure that converges at a geometric rate). 

The second part of the theorem follows directly from (5), the relation 

and the fact that L -IN is a contraction for t > to. 
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Detection of Weakly Modulated Light 
at Microwave Frequencies 

By M. G. COHEN and E. I. GORDON 

(Manuscript received August 10, 1964) 

Studies of the photo elastic, electro-optic or magnetic-optic properties 
of materials at high frequencies often require the detection of microwave 
modulated light. In many cases, the modulation depth is sufficiently 
small that quantitative measurement becomes difficult if not impossible. 
The purpose of this brief is to describe a homodyne-superheterodyne 
technique which allows measurement of modulation depths of consider­
ably less than 10-6

• 

At such small modulation depths, the light-associated shot noise can 
be large compared to the modulation signal. Under these circumstances, 
it is customary to use synchronous detection techniques following a 
sensitive superheterodyne receiver and to chop the modulation signal at 
some low frequency. This requires extremely good RF shielding between 
the modulation source and the receiver to avoid pickup. The variations 
in amplitude and phase of the pickup produce an unsteady output signal. 
Alternately, one can chop both the light and the modulation and per­
form the synchronous detection at a sum or difference frequency. In 
any case, the limiting sensitivity is determined by noise originating in the 
photodetector and the receiver. 

The technique described here is considerably simpler and more sensi­
tive. Fig. 1 indicates the usual synchronous detection scheme using a 
photodetector feeding a microwave receiver with a 30-mcs IF strip. A 
reference signal for the synchronous detector is derived from the light 
chopping wheel. The added feature is the injection into the line incident 
on the receiver of a small fraction of the CW modulating signal, taken 
from the input line to the interaction region or modulator and passed 
through a variable attenuator and phase shifter. The amplitude of the 
injected signal is kept at least 30 db larger than that of the pickUp. Thus 
the amplitude and phase of the total injected signal, including pickup, 
are essentially independent of fluctuations in the phase and amplitude 
of the pickUp. The mixer and IF strip are operated in their linear regions. 
Thus the signal output Vo from the final stage of the IF amplifier, which 
is an envelope detector, can be written 

Vo = I viCl + r) + Vm + Vs + Vr I time average· (1) 

Here Vi is the injected signal and r < < < 1 represents that part of the 
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Fig. 1 - Block diagram of the homodyne-superheterodyne detection scheme. 

injected signal which, because of imperfect isolation, is incident on the 
photodetector and is reflected with a component at the chopping fre­
quency (because the photodetector RF impedance is dependent on the 
light intensity as, for example, in a photodiode) Vm is the modulation 
signal from the light, Vs is the light-associated shot noise from the 
photodetector and Vr is the receiver equivalent input noise. The tilde 
over some of the quantities indicates that they are chopped at the refer­
ence frequency of the synchronous detector. By far the largest signal is 
Vi, so Va can be written to a very good approximation 

Va = I v£ I [1 + 2 Re f + 2( I Vm III Vi I ) COS () + terms of order 

I Vs 12/1 Vi 12, I Vr 12/1 Vi 12 and higher] 

I Vi I (1 + 2 Re f) + 2 I Vm I cos () + terms of order 

I Vs 12/1 Vi I, I Vr 12/1 Vi I etc. 

(2) 

in which () is the phase angle between Vm and Vi, and Re indicates the 
real part. All other cross terms have a time average of zero; the only 
signals which are coherently related are Vi and Vm . Thus all noise terms 
can be made arbitrarily small compared to I Vm I by making I Vi I large. 
The contribution from the chopped term containing r can be made 
arbitrarily small by using more isolation in the line immediately follow-
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ing the photodetector. In the case of a photomultiplier, this is not nor­
mally necessary. Even when these terms are not completely negligible 
compared to Vm cos 0, their effect can be eliminated by varying the phase 
of the injected signal so that cos e takes on the value ± 1. The only out­
put which depends on 0 is the desired modulation signal. Thus one need 
only take the algebraic difference between the extreme deflections of the 
synchronous detector as 0 is varied. The fact that there is a synchronous 
detector deflection which depends on the phase of the injected signal is 
an unambiguous indication of microwave modulation on the light. 

All aspects of (2) have been verified in the course of photo elastic and 
electro-optic modulation experiments above 150 mc by placing variable 
attenuators in various parts of the circuit to see if the variation of each 
term had the proper dependence. l\1:odulation depths of 10-6 could be 
easily and accurately determined with integration times following the 
synchronous detector of less than one second. No special shielding was 
required. It should also be noted that the output of the synchronous 
detector is proportional to the RF amplitude rather than the square of 
the amplitude as in most other radiometer detection schemes. Thus, the 
output is proportional to the amplitude of the light modulation rather 
than its square. 

An Improved Error Bound 
for Gaussian Channels 

By A. D. WYNER 

(Manuscript received August 18, 1964) 

I. INTRODUCTION 

The problem considered here is that of coding for the time-discrete 
amplitude-continuous memoryless channel with additive Gaussian noise, 
the code words lying on the surface of an n-dimensional hypersphere 
with center at the origin and radius V nP. 

We define a code as a set of lVl real n-vectors x = (Xl, X2 , • • • ,xn ) 

satisfying the ("energy") constraint, 

n 

Lx/=nP. (1) 
k=l 

The transmission rate R is defined by lYI = enR
, so that R = (lin) In M. 
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The code words are transmitted through a channel in which they are 
corrupted by noise, the received word fj = (YI, Y2 , ... , Yn) being the 
vector sum of the transmitted word x and a noise vector Z, i.e., 

fj = (Yl, Y2 , ... ,Yn) = (Xl + Zl , X2 + Z2 , ... ,Xn + zn) = x + Z. (2) 

The components of the noise vector zk(k = 1, 2, ... , n) are assumed 
to be statistically independent Gaussian random variables with mean 
zero and variance N. 

n 

The sl'gnal "energy" IS "" X 2 nP and the expected no s L..J k = , Ie 
k=l 

"energy" is E[Lk z/] = nN, so that the signal-to-noise energy ratio is 
P IN. This quantity is also the signal-to-noise "average power." 

I t is the task of the decoder to examine the received vector y and de­
cide which code word x was actually transmitted. If P ei is the probability 
that the decoder makes an incorrect choice when code word i is trans­
mitted (i = 1, 2, 3, ... , M), and if each of the M code words is equally 
likely to be transmitted, then the over-al1probability of a decoding error 
is 

1 M 

Pe = M LPei . 
i=l 

(3) 

It is not hard to show that the decoding scheme which minimizes P e for 
a given code is the minimum-distance decoder, where the decoder selects 
that code word which has smallest Euclidean distance from the received 
vector and announces that word as the one which was transmitted. 
Thus if y = (Yl, Y2, ... ,Yn) is the received vector, the decoder an­
nounces that code word x which minimizes (with respect to x) 

n 

d(x,y) = L (Xk - Yk)2 = L Xk
2 + L Yk2 - 2 L XkYk. 

k=l k k k 

Since Lk x/ = nP, d(x,y) is minimized when Lk XkYk is maximized. 
Hence minimum-distance decoding is equivalent to selection of that 
code word x which minimizes the angle in n space a(x,y) between x and 
fj, where 

cos a(x,y) (4) 

The behavior of codes for this channel has been investigated in detail 
by Shannon/,2 who has shown the following: 
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Fundamental Coding Theorem: Let R be any number such that 

R < C = !In [1 + (PIN)]. 

For each n, there exists an n-dimensional code with rate R(M = enR
) such 

that the error probability is 

P -nE(R) +o( n) 
e = e , (5) 

where the exponent E (R) (called the "reliability") is positive when R < C 
(so that P e ~ 0). 

Shannon2 also obtained estimates of the best possible exponent 

E(R) = lim - (lin) In Pe • 
n ..... C>J 

In this note we establish the following upper bound on E(R) (i.e., a 
lower bound on P e) : 

(6) 

For small rates R, (6) is sharper than the bounds of Ref. 2. Inequality 
(6) is plotted together with the estimates on E(R) in Ref. 2 in Fig. 1. 

1.0 --,----------------. 
•.• _L __ E e-2R 

0.6 

0.4 

0.2 ,~ 

'\., 
' ...... 

............ C= 0.805 ......... / 

°0~-~~--~--~~-~~-~1.0 

R 

Fig. 1 - New upper bound on E(R) vs R for PIN = 4 (solid line). The bounds 
on E(R) of Ref. 2 are in dotted lines. E(R) lies in the shaded area. 
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II. DERIVATION OF THE BOUND 

Consider an n-dimensional code with J.11 code words Xl , X2, .•. , XM . 

Let 0 be the minimum angle between pairs of code words a(ii' Xj) 
(i ~ j). Denote by On(Al) the largest possible minimum angle 0 in an n­
dimensional code with AI code words, and by 

sn(J1I) = 2y nP sin [On (AI) /2], 

the largest possible minimum distance between pairs of code words in an 
n-dimensional code with M code words. Paralleling an argument of 
Shannon [Ref. 2, pp. 647-648] it is not hard to show that the error prob­
ability satisfies 

P > .!<I> (_ • InP . On(J11/2)) 
e = 2 V N sm 2 ' (7) 

where 

( 1 IX u 2 /2 <I> x) = --= e- du y27r -00 

is the cumulative error function. 
We now employ the following result of Rankin3 to obtain an upper 

bound on On (J.ll ) : 

7r!r (n ~ 1) sin {3 tan {3 

NJ ~ --~~~~~-------------------
2r (~) f (sin '" )n-2( cos", - cos (3)d",' 

(8) 

where (3 = sin- l y2 sin (0/2), and 0 is the minimum angle in an n-di­
mensional code with Nl code words. Taking logarithms of (8) yields 

1 R = - In ]1,1 
n 

I! 1 r (n ~ 1) 
:::::; - In ~ sin {3 tan {3 + - In --....:.....--:----7---'-

- n 2 n r (~) (9) 

1 I if' (. )n-2( (3)d - - n sm cp cos cp - cos cp • 
n 0 

It is shown in the appendix that for large n we may approximate the 
upper bound of (9) by -In y2 sin (0/2), yielding 

. 0 < 1 -R 
sm 2 = y2 e . (10) 
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Since for large n, a code with M /2 points has the same rate as one 
with M points (10) and (7) yield (for large n) 

> 1. _ nP e ( 1- -R) 
Pe = 2<P N y2 . (11) 

Using the well known asymptotic form of the cumulative error func­
tion cp( -x) f"'J (1/xV27r)e-X2/2 (large x) we obtain 

( ) 1 < ~ -2R 
E R = ~i:r! - n In P e = 4N e . (12) 

APPENDIX 

We must show that the limit of the right-hand member of inequality 
(9) as n tends to infinity is - In V2 sin (e /2). The first two terms of 
this quantity both tend to zero as n becomes large, so that we must 
show the following: 

Let 

then 

E = lim! In In = In sin ,8 . 
n-+OO n 

Proof: 

(a) In ~ foP sinn
-

2 ,8 (cos cp - cos ,8)dcp = sinn
-

2,8 [sin ,8 - ,8 cos,8], 

so that 

! In In ~ n - 2 In sin,8 + ! In [sin,8 - ,8 cos (3] ~ In sin {3. 
n n n 

(b) In ~ i P 
sinn

-
2 cp (cos cp - cos ,8)dcp 

p-(Pln) 

~ sin n-2 (,8 - f!.) i P 
(cos cp - cos (3 )dcp . 

n p-(Pln) 

(13) 

Now 
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I = r/3 (COS cp - cos (3) dcp = sin {3 - sin ({3 - ~) - f!.. cos (3 
J/3-(/3/n) n n 

= sin {3 - sin {3 cos ~ + cos {3 sin ~ - ~ cos B . 
n n n 

Expanding sin ({3/n) and cos ({3/n) into power series in ({3/n), we ob­
tain 

• [ {32 ( 1 )] {32. I = sm {3 2n2 + 0 n2 = 2n2 sm (3[1 + 0(1)]. 

Thus 

~ In I = ~ In 2{322 sin {3 + ! In (1 + 0 ( 1)) -2:. o. 
n n n n 

From (13) we have 

! In In;?; n - 2 In sin ({3 - ~) + ! In I ~ In sin {3 • 
n n n n 

Therefore E = In sin {3, which completes the proof. 
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