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For fd < 0 the situation is reversed of course. We note that the effect of 
the clicks on a modulated carrier is to tend to make the measured fre­
quencies appear closer to the carrier frequency than the transmitted 
frequencies. That is, confining oneself for the moment to only errors 
caused by clicks, frequencies transmitted higher (lower) than the carrier 
will be measured to be at that frequency or a lower (higher) one, when 
the noise is small. 

Since we shall use approximation (26), the distribution (20) for 
z = N(T) may be replaced by the simpler Poisson one, where the proba­
bility of getting exactly N (negative) clicks in time T is given by* 

[N(T)] = exp (-N_T)(N_T)N(T) 
p [N(T)]! 

(27) 

Also the probability of getting M or more clicks is, for large signal-to­
noise ratios, approximately the probability of getting exactly M clicks. 

V. DISTRIBUTION OF OUTPUT AND PROBABILITY OF ERROR 

Equations (14), (17), (26), and (27) provide the information required 
to calculate the distribution of q, (12). In principle we simply convolve 
the continuous density of [tan-1 reT) - tan-1 reO)] with the discrete 
density of n(T)7r. In Fig. 5, we have given a qualitative sketch of the 
result, neglecting end effects. This picture is intended to show that the 
density consists of a central lobe about the transmitted frequency ex­
tending to ±7r on each side, which is the density of [tan-1 reT) -
tan-1 r(O)], plus identically shaped lobes displaced by integral multiples 
of 27r toward lower frequencies (assumingfd > 0). These displaced lobes 
are weighted by the probability of getting the appropriate number of 
clicks to effect the displacement. Thus, the lobe occupying the space 
- 2n7r ± 7r is weighted by the probability of getting exactly n clicks in 
time T. For n = 0 the weighting is essentially one, for large SIN. There 
are, strictly speaking, similar lobes and weightings on the opposite side 
as well, but these weights are, for large SIN, negligible compared to the 
corresponding lobe we have drawn. That is to say, the first lobe on the 
right (not shown in Fig. 5) has small probability compared to the first 
lobe on the left, but has a large probability compared to the second lobe 
on the left. Nevertheless, we have neglected to include it because we will 
generally be concerned with probabilities like Pr[ I q - fdT I > so], and 
thus corresponding weights are important. We dwell on this point be-

* We confine ourselves tofd > O. Exactly analogous consideration apply to fd < 
O. The casefd = 0 occurs if an odd number of frequencies are allowed. 
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Fig. 5 - Qualitative sketch of density of q' (neglecting end effects) for!d > O. 
The dashed lines are for reference in the text. 

cause it is conceivable that for some practical or conceptual application 
the neglect would not be justified. 

The discussion given above is still not quite correct; it is modified 
when we include end effects. The principle correction that inclusion of 
end effects will cause is to add two more side lobes, one over the interval 
[-27T,O] and the other over the interval [0,27T]. The weightings of these 
lobes certainly should not exceed the estimate given in (14), and this 
will be enough to exclude them for our purposes. 

We now apply our results to some typical calculations. Consider the 
case of narrow band * FIVI (defined by D..jdT < 7T), where one has J 
equally spaced frequencies of separation D..jd crowded into a bandwidth 
W. The probability of error for anyone of the frequenciest (not situated 
at the ends) is the area outside of the interval bounded by lines L2 and 
L3 in Fig. 5. If L2 and L3 are defined by I q I = ({) then the probability 
of error for such a frequency is, from (17 a), 

1 cot cp/2 exp [-2p sin2 (cp/2)] 
Pe - -- --== ---.:'-----;:---"-

- V27T VCOS({) Vp 
(28) 

where, if one assumes that the bandwidth W = J Md , one would take 

7TWT 
({) =-y-. (29) 

Our requirement that D..jdT < 7T implies J > 2 for the narrow-band 
formula to be applicable (assuming WT = 1). Note sin2 ((()/2) is less 
than !, and thus the exponent in (28) is exp [-kp], where k < 1. Now 
the contribution of the clicks to P e is essentially the area A L of the 
first side lobe which is by (26) and (27) 

AL = jdT exp (-p). (30) 

* Note the special sense in which the term is uesd here. 
t The P e for· a frequency at the end is one-half the expression (28). 
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But expression (30) is, asymptotically, exponentially small compared to 
(28). Likewise, the area due to the side lobes caused by end effects is 
exponentially small, and the probability of error for narrow-band FM 
is given by (28). The result that the clicks do not asymptotically con­
tribute to errors in narrow-band multilevel FM lends justification to a 
previous evaluation of this type system by Salz,lI who considered the 
special narrow-band system with WT = 1. It is both interesting and 
gratifying that this result is in agreement with the result given in Ref. 
11. In a later paper, Salz and KollI9 report on experimental results which 
agree with the earlier theoretical results. 

Next, consider the asymptotic evaluation of P e for the case of orthog­
onal signals; this ease corresponds to (t::.wd)T = 7r, and we assume that 
the thresholds are spaced midway between the frequencies. Thus, (for a 
frequency not on the edges) we have that the error probability is given 
by the area outside of that bounded between the lines LI and L4 . The 
contribution from the maj or lobe is, from (17b), 

! exp (-p). 

In addition, the area of the first side lobe is asymptotically comparable 
to this and is 

being weakly dependent on the frequency sent. In fact, for the nth signal 
(J = 2n) we have for orthogonal signals that 

J 
n = 1,2,,,,, 2"' 

The average error rate is then, for orthogonal signals (J of them, J 
even, and equally spaced signals and thresholds), 

P e = (!) exp [-p] + (t)(J /2 + 1) exp (-p). (31) 

Equation (31) is indeed a surprising result. The first term of (31) is the 
probability of confusing the transmitted frequency with one of its 
nearest neighbors. The second term is the (average) probability of con­
fusing it with its second nearest neighbor closest to the carrier. This is 
because the area from (- 7r) to (- 37r /2) is, by application of (17b), 
negligible compared to the area from (-37r/2) to (-57r/2). Thus, it 
states that for the multilevel scheme considered here (a not unreason­
able one) one is less likely to confuse a transmitted frequency with its 
nearest neighbors than one is to confuse it with a particular one of its 
second nearest neighbors. We see from (31) that the error rate from the 
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continuous part of the output is comparable to the error rate caused by 
clicks. 

As a final remark about the orthogonal system we see comparing 
(31) and (14) why end effects are neglected again. 

For a final example, consider the wide-band situation where the signals 
are loosely packed in the band; i.e., (jj.Wd) T > 7r. Now no errors will be 
caused by the continuous part of the output; only clicks will cause errors. 
If the frequencies are widely spaced a single click may not cause an error; 
several clicks during the time interval T may be required. Thus, suppose 
that the frequencies are spaced so that the phase differences of nearest 
neighbors is (jj.wd)T = 2n7r, n being any positive integer. The probability 
of error will then be the probability of getting n (or more) clicks in time 
T, which from (26) and (27) behaves as 

CfdT)n exp (-np) > (n/2)n exp (-np) 

n! = n! (32) 

~ ! exp (-np). 

The coefficient in (32) is at least as bad as for the orthogonal case, but 
the important item is the exponent. Superficially at least it appears that 
we have gained in performance by spacing the frequencies widely, since 
the exponential has changed from e -P from the minimum orthogonal 
case (jj.wdT = 7r) to e-np

• One must realize, however, that one is talking 
about different p's here. The bandwidth for the case under consideration 
is essentially 2n times the minimum orthogonal one and therefore, for 
the same signal power, the nominal value of p has decreased 2n, and one 
has in fact not gained a factor of n in the exponent. In addition to the 
bandwidth penalty, error performance has actually suffered too. 

VI. COMPARISON WITH OPTIMUM 

One can demonstrate how the FIVI discriminator compares with the 
optimum detector when used to detect orthogonal signals; i.e., when 
jj.wdT = 7r. It is known that when optimum detection is used for any 
orthogonal set of signals, the (exponential part of the) error rate behaves 
as exp [-E/No], where E is the signal energy (assumed common to all 
J levels) and N 0/2 is the (two-sided) spectral density of the noise. If we 
let S denote the average signal power, write E = ST, and estimate the 
total bandwidth W for large J by W = J / (2T), we see that the ideal 
exponent becomes exp [-J p/2]. However, we had seen that, regardless 
of the number of levels, the discriminator error rate for jj.wdT = 7r be­
haves as exp [- pl. Thus, we have lost a factor of J in the error exponent 
by substituting discriminator detection for matched filter detection. 
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An important conclusion may immediately be drawn concerning the 
performance of conventional FM receivers or detectors of orthogonal 
signals. Our results show that the receiver is indeed inferior in perform­
ance when compared with the optimum. This fact has been stated by 
W ozencraft and J acobs12 and the reasons are clear from our analysis. The 
F1VI receiver admits too much noise at its front-end which cannot be 
cleaned by the post-detection filter because of the nonlinear anomalies, 
namely the clicks. As a matter of fact, the amount of noise grows in 
direct proportion to the number of orthogonal signals, hence the inferior 
exponent. * The optimum detector is a bank of matched filters. The noise 
power at the output of each filter does not grow with the number of 
signals; it is a fixed constant determined by the bandwidth of the filter, 
which roughly needs be no broader than the symbol rate, liT. 

This poor performance of conventional FM receivers when used to 
detect data might be remedied by employing an FM with feedback 
system such as described in Refs. 20 and 21. The physical argument to 
support this contention is often stated as follows. In the absence of the 
feedback loop, the IF filter must be wide enough to pass the total swing 
of the incoming signal. However, since the feedback loop tracks the in­
coming frequency, this IF filter, whose width determines the noise vari­
ance, could be narrowed and less noise would be admitted. 

This possibility of making use of F1VI with feedback to improve the 
error rate in digital systems has been suggested by W ozencraft and 
Jacobs.12 Unfortunately a mathematical treatment of this difficult. 
problem does not exist at present. 

VII. EFFECT OF POST-DETECTION FILTER 

In the previous sections we have discussed in detail the performance 
of an FM discriminator followed by a low-pass filter. The low-pass filter 
was approximated by an ideal integrator whose integration time was 
taken to be equal to the duration of an individual signaling interval. 
Formulas sufficient to evaluate the performance of multilevel FM with­
out the post-detection filter have recently been developed by Mazo and 
Salz ;10 comparison of the results of the present paper with Ref. 10 will 
show the influence of filtering. 

* Actually, these qualitative conclusions may be arrived at by the Gaussian 
approximation to the output noise. The reason why this works is apparent from 
(31) which gives p. for orthogonal signals. The first term of (31) is not due to clicks 
but arises from the continuous part of the output noise. This is the part that the 
Gaussian approximation would tend to duplicate. The second term of (31) is due 
to clicks and has tho same behavior with regard to p. Even if one could keep p 
constant as the number of levels J increased, the factor of J in the click contribu­
tion to (31) would still degrade performance. 
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Suppose that the angular frequency ~ is sent and we ask for the proba­
bility that the observed output is less than z, where (~ - z) > o. It is 
shown in Ref. 10 that the probability P is essentially given by* (for 
large p) 

1'0..1 [ (~_Z)2J 
P = exp - p 2 + ·2 / 2 • 

Z (J'j(J' 
(33) 

Consider the situation for orthogonal signals, or in fact for any signal 
set where the frequency spacing between the individual frequencies is 
fixed. One expects the ratio iJ2/ (J'2 to increase as the square of the total 
input bandwidth, hence as J2, the square of the number of levels. Thus, 
for a large number of orthogonal levels the post-detection filter does 
very well in improving the error performance, changing the error rate 
fromt (roughly) exp (_p/J2) to exp (-p). One would certainly expect 
something like this to be true since, for a large number of levels, the noise 
bandwidth before the post-detection filter is much greater than the 
signal bandwidth at that point. 

Another qualitative effect of the post-detection filter may be noted. 
From (33) we see that the distribution of output noise without the post­
detection filter depends on the frequency sent, because of the factor 
(Z2 + iT2 / (J'2) in the exponent; the "spread" of the probability density 
will be roughly twice as great at the ends of the band than at the center, 
and thus without a post-detection filter one would not choose the fre­
quencies to be equally spaced. We have seen that there is no such de­
pendence of the error rate exponent on the transmitted frequency when 
the post-detection filter is present. 

VIII. AN APPARENT PARADOX 

At this point we have basically concluded our discussion of error rates 
in digital FIVI, based in part upon the theory of "clicks" in F1VI receivers. 
In particular, we have seen in Section VI that even when frequencies 
were widely spaced so that wdT is many multiples of 27r the error per­
formance did not improve. The reason was noted to be that although the 
distance between frequencies increased, the noise admitted to the system 
increased by a corresponding factor. The latter is predicated on the 
assumption that the input bandpass filter is essentially a fiat filter up 
to some cutoff frequency determined by the signal spectrum. It may be 
possible, however, to shape the front-end filter so that increasing the 
frequency separation does not cause a proportionate increase in the 

* Equation (33) represents only the exponential part of P. Also (33) is true [see 
Ref. 10] only if (if; - Z)2/[Z2 + 0-2/(7"2] < 1. 

t Set (if; - Z)2 ~ (11f) 2, (0-2/(7"2) ~ J2(11f)2. 
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noise power admitted. We know that the power spectrum of the trans­
mitted signal will have peaks at the transmitted frequencies of width of 
the order (liT). Suppose we have a notch filter then, with transmittance 
peaks at the possible frequencies of the appropriate width. The input 
noise power will be constant and therefore by choosing a large enough 
separation one can force the probability of error to be arbitrarily small, 
contradicting optimality considerations for reception of signals against 
a white Gaussian noise background. 

Before giving what we feel is the correct answer to the stated paradox, 
we wish to explore some other considerations which, on the surface, 
might resolve the paradox without changing the basic assumptions of the 
model. One might first object that our argument was too heuristic; is 
the noise power really constant as the frequency separation increases? 
To answer this we have performed the following calculations. We have 
chosen transmitting and receiving filters so that the FM signal is strictly 
undistorted and then optimized the filters to minimize the variance of 
the noise admitted. This procedure is discussed in Ref. 11, and the results 
depend on the power spectrum of the noise. We then specialize to a 
binary system and, using (48) of Ref. 13 for the spectral density of a 
binary FSK wave train, calculate the noise admitted. The result shows 
that while the noise admitted does, in fact, increase as the frequency 
separation increases, it does so only logarithmically with the separation. 
Thus, the error probability still will decrease to an arbitrarily small 
value as the separation increases and from this point of view the question 
is still unresolved. 

A second consideration is the following. The probability of error that 
we have calculated was based on asymptotic approximations to formulas 
given in Ref. 6. The results depended only on the amplitude of the re­
ceived Fl\1: wave and the average noise power (12 at the input to the 
limiter-discriminator; if one allows transmitting and receiving filters 
the more relevant parameters are the average signal power on the line, 
P line , and (12. However, the exact formulas of Rice also involve the 
quantity 0-2 which is the average power in the derivative of the noise at 
the input to the limiter-discriminator (after the receiving filter). * Let 
Sew) be the signal spectral density and F(w) the transmittance of the 
receiving filter. Further, let us insist that the signal at the input to the 
limiter-discriminator be exactly the FSK wave described, t so the trans­
mitting filter is the inverse of the receiving filter. We then have for a 
white noise background of Not 

* Rice, Hef. 6, uses the parameter r = (1/211") (u/u). 
t We emphasize that continuous phase at frequency transition is demanded, but 

nothing more. 
t It is for such a noise background that the optimum results are known. 
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(i = ~ L: 1 F(w) 12 dw 

0-2 = No 100 

w2 1 F(w) 12 dw 
27r -00 

1 100 

Sew) 
P

line = 27r -00 1 F(w) 12 dw. 

1529 

(34a) 

(34b) 

(34c) 

When one realizes that the spectrum of an FSK wave decreases at 
infinity like the fourth power of the frequency,13 (34b) and (34c) imply 
that 0-2 and the line power Pline cannot both be finite. Thus, suppose 0-2 

is finite. The convergence of the integral in (34b) implies that 1 F(w) 12 
must decrease at least like l/w3+E

, e > o. The integral for P line will, 
for large w, look like 

which diverges. Likewise, the assumption of finite line power implies 0-2 

is infinite. An infinite 0-2 certainly violates the conditions under which 
the asymptotic results of Rice's formulas hold. In particular, these 
formulae show that an infinite 0-2 corresponds to an infinite average 
number of clicks per second (assuming such a language is still possible) 
and the Fl\1 discriminator will not work, in the strict sense. On the other 
hand, if we choose the evil of infinite line power then perfect performance 
is not surprising. 

While the above theorem about (J,o-, Pline is true from a mathematical 
point of view, it is almost irrelevant from an engineering point of view 
because it involves discussions of infinitely large frequencies, and does 

. not really eliminate the paradox at all. We need merely precede the 
limiter-discriminator with a fiat filter with a cutoff so high that the 
signal is almost undistorted. Since real discriminators work, this is not 
an unreasonable thing to assume. Now 0- is finite, and although we may 
have to go to extremely large SIN ratios, the paradox is as entrenched as 
ever. 

The resolution of the problem lies in a reinterpretation of Rice's 
calculation of the average number of crossings of the negative x-axis. 
We had assumed each crossing corresponds to an encirclement of the 
origin which is independent of all past and future encirclements. This is 
reasonable when the receiving filter is essentially fiat across the whole 
received spectrum and the correlation time out of the receiving filter is 
small (",-,l/W). However, if the input noise spectrum is chopped into a 
few slits or notches, correlations in the noise being processed in the de-
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tector will persist for a longer time and multiple encirclements of the 
origin can occur with essentially the same probability that one would 
normally associate with a single large excursion close to the origin. 

To make our arguments more precise we consider a binary situation 
at almost zero rate, i.e., we have very narrow filters Fl and F2 about the 
frequencies (We + Wd) and (We - Wd), respectively. The bandwidth of 
these individual filters is of order liT. The noise out of Fl and F2 can 
be written as 

nlX(t) cos (We + Wd)t - nly(t) sin (We + Wd)t 

n2x ( t) cos (We - Wd) t - n2y (t) sin (we - Wd) t , 
(35) 

where nlX(t), etc., are independent baseband noise currents. If we assume 
that the frequency (we + Wd) is being transmitted with amplitude A, 
then in a "coordinate system" following that frequency we have 

where 

x = A + X 

y = Y, 

X = nIx + n2x cos 2Wdt + n2y sin 2wdt 

Y = nly + n2y cos 2wdt - n2x sin 2wdt. 

(36) 

(37) 

A typical portion of the path that the noise traces out in the xy plane 
can be calculated from (36) and (37) and is shown in Fig. 6. Neglecting 
the time variations of rt]x(t) , etc., which vary on a time scale comparable 

t 
y 

R = .y(n2X) 2+(n2y)2 

ANGULAR VELOCITY= 2Wd 

ANGULAR VELOCITY= 2Wd 

A 

Fig. 6 - Small portions of some noise trajectories when receiving filter has two 
transmittance peaks. 
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to T, we see the path is a circle centered at (A - nIx, -nIY ), of radius 
V n2x 2 + n2y 2, and counter-clockwise angular velocity of (2Wd). If ai 
and CT22 denote the average noise powers out of FI and F2 , respectively, 
then the probability P that the circle is appropriately situated with a 
large enough radius to encircle the origin is given exactly by 

2 

P=2jd 2~ 2exp (-P), 
<Tl CT2 

(38) 

where p = A2/2(CT12 + <T22). For the case of a symmetrical spectrum 
about the carrier (CT12 = CT22) , (38) is comparable to (26). However, our 
circle is rotating with frequency 2jd and will have a constant radius for 
about T seconds; thus, it will complete 2jdT revolutions in time T. As 
the frequencies are spread and notched filters are used the noise indeed 
does not increase proportionally, but the number of multiple encircle­
ments of the origin that a click will make does increase as the separation. 
Thus, the filter shaping under discussion will affect the statistical struc­
ture of the clicks, preventing a violation of optimality. 

Note added in Prooj. A discussion of the click contribution to the error 
rate has been given very recently by J. Klapper in the RCA Review, 
June, 1966. 

APPENDIX 

Asymptotic Behavior oj Pcp 

We wish to record here an outline* of the details of the evaluation of 
(16) for large S/N so as to obtain the results given in (17). If we set 

p (x) = ~ exp (- p) + · ~ cos x exp (- p sin 2 x) 
II 11 ;. (39) 

. erf (-yip cos x), 

then according to (16) the required probability is written as 

1 
(1I"/2-cp) 1(11"/2) 

Pcp = dy dxp(y)p(x). (40) 
-(11" /2) (y-t-cp) 

If we define the distribution function 

P(~) = 1~ p(y)dy 
-(11"/2) 

(41) 

* We do not explain the techniques used here for the asymptotic evaluation of 
integrals. The interested reader may wish to consult the subjects "saddle point 
method," "Laplace's method," "Watson's lemma" in Ref. 22. 
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and perform and integration by parts, (40) becomes 

(7r/2-<P 

P <p = L P(y)p(y + cp)dy. 
-(7r /2) 

(42) 

Our evaluation will be based upon approximating the functions P(y) 
and p(y) when p is large. In particular, from (39) we see 

p(y) rv I~ cos yexp (-p sin
2
y), 

provided 11 is not close to ±7r /2. Integrating (43) yields 

P(y) "-' ![erf VP + erf (Vp sin y)], 

(43) 

(44) 

which will be a good approximation for large p except when y is near 
- 7r /2. These exceptional points will receive special consideration. 

As a first example consider the case when cp < 7r /2. The integrand for 
(42) is shown symbolically in Fig. 7. Consider the contribution first from 
negative y. This is from (42), (43), and (44) 

o /-

2
! ( dy[erfVp-erf (Vpsin\y\)] j/f!.cos(y+cp) 

L (7r /2) 'V 7r ( 45) 

·exp [-p sin2 (y + cp)]. 

N ext, approximate erf VP by unity to obtain 

Fig. 7 - Symbolic representation of the factors in the integrand of (42) drawn 
for cp < 7r/2. 
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-211° dyerfc (Vp sin 1 y I) • Ii. cos (y + <p) 
- ( 1r /2) V7r ( 46 ) 

. exp [- p sin 2 (y + <p)] 

and use the asymptotic expansion 

1 2 
erfc x "-' _ /- exp (-x ). 

-v 7rX 
(47) 

The resultant integrand has a saddle point at y = -<p/2, and a routine 
saddle point evaluation will yield (17a) of the text. It is easy to verify 
that the error made by replacing erf Vp by unity in (45) creates an 
asymptotically small error. Likewise the neglect of positive y is asymptot­
ically small for 

f."/2>-- dyP(y)p(y + ,,) ~ {'/2>-_ dyp(y + ,,) ~ [~ - "J G) 
"exp (-p) + {'I2l-_ dy V~ 

'cos (y + <p) exp [-p sin2 (y + <p)] 

exp [- p sin2 <p] 
"-' 2V 7r P sin <p , 

by Laplace's method. For <p < 7r /2 we have 

2 sin2 (<p/2) < sin2 <p 

(48) 

which proves our point. The addition of the term (1/7r) exp (- p) in 
(48) provides a strict upper bound to p(y + <p) and thus takes care of 
special considerations at the right end of p(y + <p). At the left end point 
of the range of integration, (- 7r /2), p(y + <p) is still well approximated. 
The function P(y) is, however, approximately 

P (y) ~ exp ; - p) [~ + y ], (49) 

Using (49) it is easy to obtain an estimate of the contribution of the 
left end point behaving as exp (- p) and this is asymptotically small. 
This ends our discussion for <p < 7r /2. 

We give a somewhat more condensed outline for <p = 7r/2. The contri­
bution of the middle of the range of integration is again approximated 
by (46) with <p = 7r/2. Using (47) and (46) immediately evaluates to 

[exp (-p)]/4. 
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N ext, consider the error made at the right end point. Equation (43) 
holds to within a strip of order l/Vp from 0, after which p(y + ~) 
behaves like [exp (- p)]j,r. Therefore, the error behaves like 

1 exp (-p) 1 
2' 7r 'VP' 

which is asymptotically small. 
The left end point error is bounded by 

_ r 0 exp (- p) (7!:2 + y) . ~ sin y exp ( _ p cos2 y) dy "" exp .j - p) , 
1-(11"/2) 7r 11 ;. 7r 7rp 

which is again asymptotically small. 
Our final case is ~ > 7r /2, and this time end point contributions will 

not be small. The reason is that if one examines the integral representing 
the contribution from the middle of the range of integration, i.e., 

1 [(11"/2)-'" _ ~ 
-2 dy[erfc vIP sin I y I - erfc vp1 ~ cos (y + ~) 

- ( 11" /2) 7r ( 50 ) 

X exp [-p sin2 (y + ~)], 
it is exponentially dominated by contributions near the end points. But 
in (50) our approximation to P(y) vanishes faster than the correct P(y) 
at y = -7r /2, and our approximation to p(y + ~) vanishes at y = 
(7r/2 - ~) while the true p(y + ~) does not. This implies that the asymp­
totic evaluation of (50) will be asymptotically smaller than the correct 
contributions from the ends of the interval. The contribution from the 
right end is 

1 [( 11" /2)-", ' e ( ) 
-2 dy [erf VP - erf vIP sin I y \l xp -p 

-(11"/2) 71' 

exp [- p (1 + cos2 ~) ] 
(51) 

"" 47r V 71' P V p sin ~ cos2 ~ • 

The lower limit of integration (51) is immaterial, as will be the upper 
limit in (52). For the contribution from the left end we have 

-p [(11"/2)-'" [ ] 1-~ dy !!2 + y e cos (y +~) exp [-p sin2 (y + ~)] 
7r -(11"/2) 7r 

exp -p(l + COS2~)] (52) 

"" 471" V 7r P vIP sin ~ cos2 ~ • 

The sum of (52) and (51) yields (17c) of the text. 
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Noise in an FM System Due to an 
Imperfect Linear Transducer 

By M. L. LIOU 

(Manuscript received February 23, 1966) 

A n approach to the calculation of intermodulation noise in F M systems 
due to impelject transmission media is presented in this paper. The tech­
nique is essentially that originating with Carson and Fry. In this paper we 
extend a formulation due to Rice to include an arbitrary continuous pre-em­
phasis characteristic as well as an arbitrary gain and phase shape transmis­
sion medium which are representable by low-order polynomial series in radian 
frequency. Series approximations are carried out far enough to ensure ac­
curate results for transmission characteristics normally encountered in 
broadband microwave radio systems. In many cases, only the second- and 
third-order noise is significant in broadband microwave radio systems. Hence, 
the analysis carried out in this paper considers only the second- and third­
order distortion terms. A digital computer program concerning the inter­
modulation noise has been written. This analysis and the digital computer 
program are of aid in the design of microwave radio systems. With a slight 
modification, the calculation of noise due to AM -to-PM conversion caused by 
transmission deviation can also be accomplished. An optimum design of 
the pre-emphasis network may be achieved by using the computer programs 
through an iterative approach. 

1. INTRODUCTION 

In the course of designing Fl\1 systems, intermodulation noise is an 
important factor which deserves special attention. Many people have 
made contributions to this subject. I - IO In this paper, we extend their 
results to include an arbitrary continuous pre-emphasis characteristic 
as well as an arbitrary gain and phase shape transmission medium which 
are representable by low-order polynomial series in radian frequency. 
Series approximations are carried out far enough to ensure accurate 
results for transmission characteristics normally encountered in broad­
band microwave radio systems. The multichannel baseband signal of an 
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FM system is represented by a band of gaussian random noise with flat 
power-density spectrum. The noise due to imperfect transmission me­
dium can be calculated at any frequency in the baseband. In many 
cases, only the second- and third-order noise is significant in broadband 
microwave radio systems. Hence, the analysis carried out in this paper 
considers only the second- and third-order distortion terms. Extension 
to a higher-order distortion becomes unmanageable. A digital computer 
program concerning the intermodulation noise has been written. A 
typical problem can be solved at a very low cost. This analysis and the 
digital computer program are of aid in the design of microwave radio 
systems. With a slight modification, the calculation of noise due to 
AM-to-PM conversion caused by transmission deviation can also be 
accomplished. An optimum design of the pre-emphasis network may be 
achieved by using the computer programs through an iterative approach. 
Several examples are given for illustration. 

II. DESCRIPTION OF SYSTEM 

A portion of an FIVI system can be represented by the block diagram 
shown in Fig. 1. An FIVI baseband signal, cp/ (t) = dcpi(t)/dt, is fed into 
a pre-emphasis network. The output of the pre-emphasis network is 
the pre-emphasized signal cp' (t). This signal passes through an FIVI 
modulator to yield the Fl\1 wave, cos [Wet + cp (t)] where We is the angular 
carrier frequency. When this FM wave goes through an imperfect 
transmission medium, the output is distorted and becomes V (t) cos 
[Wet + cpo(t)]. Let the transfer function of the transmission medium be 

Y (w) = exp [-a (f) - i{3 (f)], (1 ) 

where W = 27rf. Its impulse response is 

BASEBAND 
SIGNAL 

cpL (t) 
\ 
\ 
\ 
1 
'II 

get) = L: yew) exp (iwt) df· (2) 

PRE- EM PHASIZED 
BASEBAND SIGNAL 

cp' (tl 

FM WAVE 

COS [wet + cp(tfl 
DISTORTED FM WAVE 

v(t) COS [wct+<J'o(q 
\ \ 
\ \ \ 
\ \ PRE-EMPHASIS 1 TRANSMISSION 

NETWORK 1 \ 
MEDIUM 

\ 
I I \ 

~ 
.. FM t 

r~~ 
y 

MODULATOR 

Fig. 1-Block diagram of a portion of an FM system. 
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Using the complex notation, the input and output of the transmission 
medium can be written, respectively, as 

(3 ) 

and 

Vo(t) = Vet) exp [iwet + i~o(t)], (4) 

where V (t) is taken to be positive and ~o(t) is determined to within 
2n7r, n is an integer. 

The output and input of the transmission medium are related by the 
convolution integral 

Vo(t) = L: ViCt - x) g(x) dx. (5) 

From (3), (4), and (5) 

Vet) exp [i~o(t)] = L: exp [icp (t - x) - iwex] g(x) dx. (6) 

Let 

V (t) = exp [a (t ) ]. (7) 

Then 

aCt) = Re In L: exp [icp(t - x) - iWex] g(x) dx (8) 

cpo(t) = Im In L: exp [icp(t - x) - iWexJ g(x) dx. (9) 

The AM distortion term expressed in dB is 20 X 0.4343 a (t) and the 
PM distortion term expressed in radians (or degrees) is ~o (t) - cp (t). 

Assume that the transmission medium passes only frequencies in 
the neighborhood of the carrier frequency, ±Ic ± b, with bile « 1. 
Thus, to a high degree of approximation, we have 

exp (-iwex) g(x) r-v Lbb Y(wc + w) exp (iwx) df. (10) 

Let 

k(x) = Y(~e) exp ( -iwcx) g(x). (11) 

Substituting (1) and (11) into (8) and (9) we obtain 
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aU) = -a(!c) + Re In L: exp [irp(t - x)] k(x) dx (12) 

rpo(t) = -(3(!c) + 1m In L: exp [irp(t - x)] k(x) dx. (13) 

The quantity If,(x) may be regarded as the normalized envelope func­
tion of the impulse response g(x). We shall discuss now the logarithm 
of the integral in (12) and (13) in detail. 

III. DERIVATION OF DISTORTION TERMS 

Let 

exp [irp(t - x)] = M(t,x). (14) 

A delay td is often introduced in order to improve the degree of approxi­
mation of various series with the first few terms. Then M(t,x) can be 
expanded about x = td as 

M(t,x) = M(t,t,,) + (x ~! t,,) [:x M(t,x) t" 
(15) 

+ (x - td)2 [a
2

2 
M(t,x)] +. ". 

2! ax x=td 

One choice of td is 

100 1 [d(3(j)] td = Re xk(x) dx = - -- . 
-00 211" df J=Jc 

(16) 

Using (14) and (15), the integral in (12) and (13) can thus be expressed 
as 

rOO 00 [ an ] 
J-oo exp [irp(t - x)] k(x)dx = ~o:t axn M(t,x) X=td' (17) 

where mn is the nth moment of k (x) defined as 

mn = l: (x - td)n k(x)dx, mo = 1 (18) 

or equivalently, 

(19) 

The series (17) is equivalent to the Carson-Fry series with delay td. 
It may not converge in certain cases. However, when the characteristic 
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of a transmission medium can be truly represented by a polynomial, 
from (19), the higher moments become zero and the series reduces to a 
polynomial. The logarithm of (17) can be written as 

In L: exp[icp(t - x)] k(x)dx = icp(t - td) 

+ In [1 + i;, (_~;nm. Fn(t - tal]' 
(20) 

where 

Using Taylor's series expression, we have* 

In (1 + ~ a,,(tlxnln!) = ~! a, + ~; (a, - a,'l 

3 

+ ~ 1 (a3 - 3a]a2 + 2al3) 

4 
X ( 2 2 2 4) + 41 a4 - 4ala3 - 3a2 + 1 al a2 - 6al + .... 

With x = -1 and an (t) = mnFn (t - td), substituting the above series 
into (20), after considerable algebra, one obtains an asymptotic series 
which has been written by S. O. Rice in an unpublished work as 

100 • )] ( ) • [ ml' m2 II m3 "' In -00 exp hcp (t - x k x dx = 1, cp - IT cp + 21 cp - 3T cp 

+ m4 "" + 1 A '3 41 cp -. . . "6 3CP 

- 1 (m4 - 2mlm3 -m2
2 

+ 2ml'm,lq/'q/' + ... ] 

+ [-! A2rp'2 + ! (m3 

- mlm2)cp'rp" - i (m4 

- mlm3)rp'cp''' -1 (m4 

- m22)rp"2 + -zh: A4cp'4 + ... ], 

(21) 

* Notice that this is not the approximation In (1 + y) ~ y which can be a poor 
approximation and yet has been quite widely used in FM work. 
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where cp stands for cp (t - td) and An'S are the semi-invariants which 
are related to the moments by 

A2 = m2 - m12 

A3 = m3 - 3mlm2 + 2m13 

A4 = m4 - 4mlm3 - 3m22 + 12m12m2 - 6m14. 

Taking the real and imaginary parts of (21) and substituting the result 
into (12) and (13) gives, respectively, 

aCt) = (1.) + ' m2i II + m3i "' m4i 1111 + - a c mliCP - 2! cp 3T cp - 4! cp 

(22) 

(23) 

where the subscripts rand i denote the real and imaginary parts of the 
corresponding coefficients and 

II = m4 - 2mlm3 - m22 + 2m12m2 , 

l2 = m3 - mlm2, 

l3 = m4 - mlm3, 

l5 = m4 - m22. 

From (22) and (23), amplitude and phase distortions are divided into 
linear, second- and third-order terms and are shown in Table 1. The 
terms -a(fc) and -(1(fc) in (22) and (23) do not appear in Table 1. 
This is due to the fact that they are constants and introduce only con­
stant amounts of amplitude and phase distortions. 

IV. PRE-EMPHASIS CHARACTERISTIC 

The multichannel baseband signal of an FM system is rep res en ted 
by a band of random noise. Assuming that the bottom baseband fre-
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TABLE I - AMPLITUDE AND PHASE DISTORTIONS DUE TO 

IMPERFECT TRANSMISSION MEDIUM 

Order of Distortion Amplitude Distortion a(t) 

Linear 

Second-order 

Third-order A3i '3 + Iii '2" + --<p -<p<p ••• 
6 4 

Phase Distortion ~o(t) - ~(t) 

Linear 

Second-order 

Third-order 
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quency is much smaller than the top baseband frequency, the power­
density spectrum of the baseband FM signal is expressed as 

S"'i' (w) = Po, 

where jb is the top baseband frequency. 
A pre-emphasis network is used in an FM system in order to optimize 

the noise across the baseband. Let Z(w) be the transfer function of the 
pre-emphasis network, we write 

where the a's are real constants either given a priori or determined by 
the least squares fitting from an actual curve. The power-density spec­
trum of the pre-emphasized baseband FM signal is 

S",,(w) = 1 Z(w) 12 S"'i'(W) 
(24) 

In the case when the pre-emphasis coefficients ao, a2, a4, and a6 
are determined by the least squares fitting from an actual curve, the 
following weighting function of normalized scale has been found useful 
for better approximations near the bottom channels 
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W(f Ifb) = 10-Cz/IO)[Cflfb)-1) , 

where Z is the difference of relative power (in dB) of top and bottom 
channels of the given pre-emphasis characteristic. 

The rms frequency deviation, (T, due to noise loading can be expressed 
as 

Using (24), the relation between Po and (T can be expressed as 

Po = 2fb [ao + (af) + (af) + (aof") J' (rad/sec)2/Hz, 

where the units of (T and fb are Hz. 

v. TRANSMISSION MEDIUM 

Within the band of interest, fe ± b, let the gain and phase of the 
transmission medium be, respectively, 

exp [-a(f + fe)] = 1 + glW + g2w2 + g3w3 + g4w4 

N (25) 
+ L Uk cos (PkW + Ok) 

k=l 

N 

-(3(f + fe) = b2w
2 + b3w

3 + b4w
4 + L Vk sin (qk W + (Tk), (26) 

k=l 

where the g's and b's represent coarse shape transmission deviation; 
the u's and v's represent fine shape transmission deviation. It should be 
emphasized that the fine shape transmission deviation is restricted to 
be a slowly varying ripple characteristic, hence this analysis does not 
apply to the noise due to single echo in general. The fine shape representa­
tion is useful when we study the effect on the noise of a given system 
due to the shift of the carrier. Since a constant delay does not introduce 
intermodulation noise, the linear term in W is not included in (20). The 
transmission medium coefficients g, b, u, v, p, q, 0, and (T in (25) and (26) 
are either given directly or obtained approximately by a curve-fitting 
computer program. 

Substituting (26) into (16), we have 

N 

fd = - L Vkqk cos (Tk • 
k=l 
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From (19), we can evaluate various moments, hence, the coefficients 
associated with the distortion terms in Table I in terms of transmission 
medium coefficients, as given in Appendi-x A. In the following sections 
we shall derive expressions for intermodulation noise calculation due to 
second- and third-order distortion terms. 

VI. NOISE POWER DUE TO SECOND-ORDER DISTORTION TERM 

Since 

d 12 _ 2 1 " 
JiCP - CPcP, 

d
2 

12 _ 2 1 III + 2 112 
dt2 cP - cP cP cP, 

the second-order PM distortion in Table I can be written approximately 
as 

(27) 

where 

The second-order Pl\1 distortion term of (27) can be represented by the 
block diagram shown in Fig. 2, where 

Hl(W) = (/2l3iW2 - tA2i) + i(ibw), 

H2(W) = l4l4i. 

The power-density spectrum of CP2 (t) isH 

S<P2(W) = H 1 (-w)H1 (w)S<p'2(W) + H 1 (-w)H2 (w)S<p'2<p"2(W) 

+ H 2 (-w)H1 (w)S<p"2<p'2(W) + H 2 (-w)H2 (w)S<p"2(W), 

fIJ,2 

(28 ) 

Fig. 2 - Block diagram representation of the second-order PM distortion term. 
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where S<p'2(W) and S<p"2(W) are the power-density spectra of cp/2 and 
cp"2, respectively, and S<p'2<p"2(W) [or S<p"2<p'2(W)] is the cross-power­
density spectrum of cp/2 and cp"2 (or cp"2 and cp/2). These quantities can be 
derived as12 

S<p'2(W) = ~[2R<p,2(r) + R<p,2(0)], 

S<p'2<p"2(W) = ~[2R<p'<p,,2(r) + R<p,(O)R<p"(O)], 

S<p" 2<p'2 (w) = ~[2R<p"<p' 2 
(r) + R<p' (0 )R<p" (0)], 

S<p"2(W) = ~[2R<p,,2(r) + R<p,,2(0)], 

where R<p,(r) and Rrp,,(r) are the autocorrelation functions of cpl and 
cp", respectively, and Rrp'rp,,(r) [or Rrp"<p,(r)].is the cross-correlation func­
tion of cpl and cp" (or cp" and cpl), and ~ stands for "the Fourier transform 
of". 

The Fourier transform of a constant function is a delta function at. 
zero frequency. In the situation of evaluating noise power in the base­
band, this quantity is not of interest. Also, it can be shown that 

Srp'2rp" 2 (W) = S<p"2<p'2 (w). 

Thus, (28) can be simplified as 

S<p2(W) = 21 Hl(W) 12~[Rrp,2(r)] + 21 H2(W) 12~[Rrp,,2(r)] 
(29) 

The intermodulation noise to signal power ratio due to the second- order 
distortion term expressed in dB is, therefore, 

(30) 

VII. NOISE POWEH DUE TO THIRD-ORDEH DISTORTION TEHlVI 

Since 

d 13 _ 3 12 " 
dt cp - cp cp , 

the third-order PM distortion in Table I can be written approximately as 

",,(t) = (liA" - n l,. :t) .,". 
The above equation can be represented by the block diagram sho"\vn in 
Fig. 3, where 
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~,_'3 ______ ~'~1 ___ H_3(_W_) __ ~ ______ '_3_(t_J) 

Fig. 3 - Block diagram representation of the third-order PM distortion term. 

H3(W) = ClAar) + i( - /2l1rW). 

The power-density spectrum of SOa (t) is 

Srp3 (w) = / Ha(w) /2Stp13 (w), 

where Srp/a(w) is the power-density spectrum of SO'3 which can be derived 
as12 

S rp /3(W) = 65"[R tp1a(r)] + 9RtpI2(0)Srp/(w). 

In the above equation, the term 9Rrp/2 (0) Stpl (w) is merely a scaled pmver­
density spectrum of the input baseband FM signal, hence, it does not 
contribute to the intermodulation noise and can be neglected in the 
computation. 

The intermodulation noise to signal power ratio due to the third-order 
distortion term expressed in dB is, therefore, 

(31) 

where 

(32) 

In (29) and (32), the Fourier transforms of Rrp/2(r), Rtp,,2(r), Rrp/rpIl2(r) , 
and Rtp/3(r) may be obtained by taking the convolutions in the frequency 
domain. However, this requires numerical integration. For given pre­
emphasis characteristics and Po (or a), these Fourier transforms can be 
expressed in algebraic forms as shown in Appendix B. Hence, no nu­
merical integration is necessary. A digital computer program has been 
written to calculate the second- and third-order intermodulation noise 
due to second- and third-order distortion terms in dB. A typical problem 
can be solved at a very low cost. 

VIII. EXAMPLES 

Several examples are considered in this paper. Calculated results are 
compared with measured data when they are available. Expressions for 
noise calculation are derived for simple cases. For more complicated 
situations, the noise calculation is best carried out by using a digital 
computer. 
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8.1 Example 1 

In this example, we wish to demonstrate how the intermodulation 
noise across the baseband can be optimized using an appropriate pre­
emphasis network. To simplify the calculation, we assume that the 
transmission characteristic consists of linear delay distortion (b2) only. 
From Appendix A, we obtain 

X2i = - 2b2 , lir = -8b22 

and all the other coefficients are equal to zero. Hence, 

In practical cases, the third-order distortion term [H3(W)] is negligible 
(say, 50 dB less) compared with the second-order distortion term. From 
(30) we write 

N2 (dB) 
S 

For simplicity, we let 

Scp,(w) = Po(1 + ad2) , 

From Appendix B, we obtain 

where 

fJ(f) -S\A22S1S - ~A2S13 + (~A2 + 2)A2S12 

(1 + A2)2S1 + (165 A22 + ! A2 + 2) 

Since 

consequently, 

N2 (dB) 
S 
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Specifically, we let 

b2 = 7.962 X 10-17 (linear delay of 1 nanosec/MHz) 

fb = 1 MHz 

(T = 1 MHz. 

1549 

After several computer runs, the optimal choice of a2 is 7. The inter­
modulation noise with no pre-emphasis and with the optimal pre-empha­
sis are plotted in Fig. 4. The noise has been reduced to more than 5 dB 
and is evenly distributed across the baseband by using the optimal pre­
emphasis network. 

(j) 
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Fig. 4 - Intermodulation noise due to linear delay with and without pre­
emphasis. 

8.2 Example 2 

In this example, we use a typical radio system pre-emphasis charac­
teristic shown in Fig. 5. The top baseband frequency isfb = 5.772 MHz. 
Since the given pre-emphasis characteristic is expressed as relative 
power in dB versus baseband frequency, it is first converted to ratio 
versus normalized baseband frequency, n = f/fb. 

The weighting function is 

Wen) = 10-(9.5/10) (n-l). 

A least squares approximation program is used to obtain the approxi­
mating polynomial 
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where 

ao = 0.99894166 

a2 11.944252/jb2 

a4 -5.5771705/jb4 

as = 1.4396088/jbS
• 

Consider a transmission characteristic consisting of a linear, a parabolic, 
and a slowly varying sinusoidal delay as shown in Fig. 6. The expres­
sions for the noise due to second- and third-order distortion are too com­
plicated to write down. However, by using a digital computer, the 
results are plotted in Fig. 7 for (J' = 0.771 MHz. Clearly, a better 
pre-emphasis network should be used to optimize the noise across the 
base-band for this particular transmission characteristic. 

8.3 Example 3 

As a final example, we consider a single pole IF filter with 

1 
yew + We) = ---

I + i 1. 
w 

where w is the 3-dB half-bandwidth of the filter. Using a least squares 
approximation with appropriate weighting function, the magnitude and 
phase of Yew + We) are expressed by 

to 

(/) 

iil 8 
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Fig. 5.-Pre-emphasis characteristic of a typical radio system. 
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exp [-a(f + fe)] I"'V 1 + g2w2 + g4w4 = 1 + G2(f/W)2 + G4(f/w)4 

-(3(f + fe) I"'V b1w + b3w3 = B1(f/w) + B 3(f/W)3, 

where 

G2 = g2(27fw)2 = -0.4209, 

Bl = b1(27fw) = -0.9529, 

G4 = g4(27fw)4 = 0.08027 

B3 = b3(27fw)3 = 0.1294. 

The actual and approximated transmission characteristic are plotted in 
Fig. 8. Since a constant delay does not introduce intermodulation noise, 
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b1 is not included for calculation. Using the expressions in Appendix A, 
the coefficients associated with the second-order distortion term are 

Au = 0, l2i = 0, l3i = 0, 

Hence, 

The noise contribution due to second-order distortion is, therefore, zero. 
The coefficients associated with the third-order distortion term are 

Assuming no pre-emphasis, that is, a2 = a4 

B, we have 

where 

Using the relation 

a6 = 0, from Appendix 

the intermodulation noise to signal power ratio due to the third-order 
distortion term can be derived from (31) as 

~3 (dB) = 10 log~(7;Y (~)' fl' (3 - fl') [Eo' + (£)' (2G4 - ~2),J. 
Forib = 1 MHz and w = 1.25 MHz, N31 S (dB) is calculated ati = 0.084, 
0.36, and 1 MHz as a function of (a/ib). The dotted lines in Fig. 9 repre­
sent the calculated value (SIN3) while the solid curves represent the 
measured data taken by W. F. Bodtmann.13 The discrepancy between 
the measured and calculated values can be attributed to several reasons: 
(i) The power-density spectrum of the multichannel baseband signal 
used in the experiment was not perfectly rectangular, (ii) During the 
measurement, a non-ideal limiter was used which caused some AM-to­
PM conversion, (iii) The actual transmission characteristic was approxi­
mated by few parameters in a limited region, and (iv) the formulas (30) 
and (31) derived in this paper involved approximations. Nevertheless, 
the measured and calculated results are close enough to show the utility 
of the analysis even for cases beyond the application for which it was 
originally intended. 
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Fig. 9 - Measured and calculated intermodulation noise due to tho single 
pole filter. 

IX. DISTORTION DUE TO AM-TO-PM CONVERSION 

Let [( be the AM-PM conversion factor of a device expressed in de­
grees/dB, then the phase distortion due to AM-PM conversion is 

Phase Distortion due to AM-PM Conversion 

where aCt) is given by (22). 
Similarly, 

20 X 0.4343[( aCt) 

8.686K aCt) degrees, 

Frequency Distortion due to AM-PM Conversion = 8::6 [( ~t aCt) 

d 
= 1.382 [( at aCt) Hz. 

In Table I, the second- and third-order terms of amplitude distortion 
cause intermodulation noise while the linear term causes video roll-off 
or enhancement. Using the same approach discussed previously in this 
paper, noise calculation due t.o AM-to-PM conversion which is caused 
by transmission deviation can also be accomplished. 
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APPENDIX A 

Coefficients Associated with the Distortion Terms 

The moments defined in (19) can be expressed as 

mo = 1 

where 

. (AI) ml = ~ A 

m, = ( - ~') + i (-B") 

m, = (B'" + 3A}'') + i ( - :") 

m. = ( -3B'" + ~") + i (B"" + 4A1'" + 6A~B"), 

N 

A 1 + 2: Uk cos (h 
k=l 

N 

A' = gl - 2: UkPk sin Ok 
k=l 
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N 

B" = 2b2 - L: Vkqk 
2 sin (J'k 

k=l 

N 

B'" b "'" 3 = 6 3 - L.J Vkqk cos (J'k 
k=l 

N 

B"" = 24b4 + L: Vkqk 
4 sin (J'k • 

k=l 

The coefficients associated with the second-order distortion are 

A2i = -B" 

Alii A'A" 
l2i= --+--A A2 

3A'B'" 6A"B" 3A'2B" 
l3i = B"" + A + -A-- - ~ 

12A"B" 
l4i = B"" + A 

A'2B" 
12~. 

The coefficients associated with the third-order distortion are 

A3r = B'" 

"2 A"" A"2 A' A'" A'2A" 
llr = -2B + A - 1[2 - 2 A2 + 2 A3' 

APPENDIX B 

Fourier Transforms of R",,2(r), R""",,,2(r), R",,,2(r) and R",,3(r) 

The Fourier transforms of R",,2(r), R""",,,2(r) , R",,,2(r) and R",,3(r) can 
be derived in a straightforward manner. However, considerable amount 
of algebra has been involved during the derivation. Without writing out 
the details here we merely present the final results. 

ff[R",,2(r)] = Po2fb{DI(f - 2fb) + 2D1(f) + D1(f + 2fb) 

- D2(f - 2fb) + 2D2(f) - D2(f + 2fb) 

+ 2D3(f - 2fb) - 2D3(f + 2fb)} 

ff[R",,3(r)] = Po3fb2{3E1(f - fb) + E1(f - 3fb) + E1(f + 3fb) 

+ 3E1(f + fb) + 3E4(f - fb) - 3E4(f - 3fb) 

- 3E4(f + 3fb) + 3E4(f + fb) + 3E3( f - fb) 
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+ 3E3Ci - 3fb) 

- 3EaCf + 3fb) - 3E3(f + fb) + 3E2(f - fb) 

- E 2(f - 3fb) + E 2(f + 3fb) - 3E2(f + fb) } 

5=[R~,~,,2(T)] = 47r2P02fb3{ J 1(f - 2fb) + 2J1(f) + J 1(f + 2fb) - J 2(f- 2fb) 

+ 2J2(f) - J 2(f + 2fb) - 2J3(j - 2fb) + 2J3(j + 2fb)} 

5=[R~,,2(T)] = 167r4 P02fb5{1(1(f - 2fb) + 21(1(f) + 1(1(f + 2fb) 

- 1(2(f - 2fb) + 21(lf) - 1(2(f + 2fb) + 21(3(f - 2fb) 

- 21(3(f + 2fb)}, 

where 

6 d (f)2n-1 
D1 (f) = ~2 ( -1) n 2 (2n ~ I)! h sgn f 

7 d (f)2n-l 
D 2(f) = ~1 (_1)n 2(2n ~ I)! ~ sgnf 

D,(j) ~ tl (_1)n+l 2(~~)! (if sgnf 

9 (f)2n-1 
E 1(f) = ~3 (_1)n 2(2ne~ I)! ~ sgnf 

I _ _ n+l~ _ 10 (f)2n 
E 2(f) - ~1 ( 1) 2(2n)! fb sgn f 

i' . _ _ n+l~ _ 9 (f)2n 
E 3(f) - ~2 ( 1) 2(2n)! fb sgn f 

10 (f)2n-l 
E 4(f) = ~2 (_1)n 2(2ne~ I)! ~ sgn f 

7 • (f)2n-l 
J 1(f) = ~1 (-1) n 2(2;'1:. I)! h sgn f 

8 k (f)2n-l 
[(1 (f) = ~2 (_l)n 2(2n ~ I)! h sgnf 
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9 k (f)2n-1 

~I (- 1 t 2 (2n ::. I)! ~ sgn f 

K,(J) = tl (_1)0+1 2/~~)! (jJ sgn f· 

The coefficients in the above equations are given as 

d12 = C12, dI3 = 2CIC2, d14 = C22 + 2 CIC3 

dIS = 2C2C3, dI6 = C32 

d21 = C4
2

, d22 = 2C4CS, d23 = Cs
2 + 2C4C6 

d24 = 2C4C7 + 2CSC6, d2S = C62 + 2CSC7 

d26 = 2C6C7, d27 = C72 

d3l = CIC4, d32 = CICS + C2C4, ¢33 = CIC6 + C2CS + C3C4 

d34 = CIC7 + C2C6 + C3CS, d3S = C2C7 + C3C6, d36 = C3C7 

CI3 = C1
3

, C14 = 3C12C2, CIS = 3CIC2
2 + 3CI

2
C3 

C23 3C4CS2 + 3C42C6, e24 = 3C42C7 + 6C4CSC6 + Cs
3 

C2S 3C4C62 + 6C4CSC7 + 3CS
2
C6, C26 = 6C4C6C7 + 3CSC6

2 + 3CS
2
C7 

C27 3C4C72 + 6CSC6C7 + C63, e28 = 3CSC7
2 + 3C62C7 

e33 2CIC2C4 + CI
2
CS, C34 = C22C4 + 2CIC3C4 + 2CIC2CS + CI

2
C6 

e3S 2C2C3C4 + C2
2

CS + 2CIC3C5 + 2CIC2C6 + CI
2

C7 

e36 C32C4 + 2C2C3CS + C22C6 + 2CIC3C6 + 2CIC2C7 

e37 C32C5 + 2C2C3C6 + C2
2
C7 + 2 CIC3C7 
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J11 = C42
, j12 = 2C4(C5 - 2Cl) 

"la = (C5 - 2Cl)2 + 2C4(C6 - 4C2) 
J 
j14 = 2C4(C7 - 6C3) + 2(C5 - 2Cl) (C6 - 4C2) 

j15 = (C6 - 4C2)2 + 2(C5 - 2Cl) (C7 - 6ca) 

J16 = 2(C6 - 4C2) (C7 - 6c~), j17 = (C7 - 6Ca)2 

j22 (Cl + C4)2, j23 = 2(Cl + C4) (C2 + 3C5) 

J24 (C2 + 3C5)2 + 2(Cl + C4) (Ca + 5C6) 

j25 = 14c7(Cl + C4) + 2(C2 + 3C5) (Ca + 5C6) 

J26 = (Ca + 5C6)2 + 14c7(c2 + 3C5), j27 = 14c7(c3 + 5C6) 

J28 = 49c7
2

, jal = C4(Cl + C4) 

Ja2 = C4(C2 + 3C5) + (Cl + C4) (C5 - 2Cl) 

Jaa = C4(Ca + 5C6) + (C2 + 3C5) (C5 - 2Cl) + (Cl + C4) (C6 - 4Cz) 

j34 = 7C4C7 + (C5 - 2Cl) (Ca + 5C6) + (C6 - 4C2) (CZ + 3C5) 

+ (C7 - 6Ca) (Cl + C4) 

J35 = 7C7(C5 - 2Cl) + (C3 + 5C6) (C6 - 4Cz) + (C2 + 3C5) (C7 - 6C3) 

J36 = 7C7(C6 - 4C2) + (C3 + 5C6) (C7 - 6C3), j37 = 7C7(C7 - 6C3) 

k12 = (Cl + 2C4)2, k13 = -2(Cl + 2C4) (6C1 - Cz - 6C5) 

k14 = (GCl - Cz - 6C5)2 - 2(Cl + 2C4) (20C2 - C3 - 10c6) 
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le15 = 2(6cl - C2 - 6C5) (20C2 - C3 - 10c6) - 2(Cl + 2C4) (42c3 - 14c7) 

k16 = (20C2 - C3 - 10c6)2 + 2(GCl - C2 - 6C5) (42c3 - 14c7) 

k17 = 2(20C2 - C3 - 10c6) (42c3 - 14c7), k18 = (42c3 - 14c7)2 

lc2l = C42, lc22 = - 2C4 (4Cl - C5 + 2C4) 

k23 = (4Cl - C5 + 2C4)2 - 2C4(8c2 + 12c5 - C6) 

k24 = 2( 4Cl - C5 + 2C4) (8C2 + 12c5 - C6) - 2C4( 12c3 + 30C6 - C7) 

k25 = (8C2 + 12c5 - C6)2 - 112c4c7 + 2(4cl - C5 + 2C4) (12c3 + 30C6 - C7) 
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le2S = 112c7(4cl - Cs + 2C4) + 2(8c2 + l2Cs - C6) (12c3 + 30cs - C7) 

le27 = (12c3 + 30cs - C7)2 + 112c7(8c2 + 12cs - C6) 

le28 = 112c7(12c3 + 30cs - C7), le29 = (5GC7)2 

k3l = C4(Cl + 2C4) 

k32 = - (Cl + 2C4) (4Cl - Cs + 2C4) - C4(GCl - C2 - GCS) 

less = - (Cl + 2C4) (8C2 + 12cs - C6) + (GCl - C2 - GC5) (4Cl - C5 + 2C4) 

- c4(20C2 - C3 - 10c6) 

k34 = - (Cl + 2C4) (12c3 + 30C6 - C7) + (GCl - C2 - GCS) (8C2 + 12Cs - C6) 

+ (20C2 - C3 - lOc6) (4Cl - Cs + 2C4) - c4(42c3 - 14c7) 

le35 = -5GC7(Cl + 2C4) + (GCl - C2 - GC5) (12c3 + 30C6 - C7) 

+ (20C2 - C3 - lOc6) (8C2 + 12cs - C6) 

+ (42c3 - 14c7) (4Cl - C5 + 2C4) 

le36 = 5GC7(GCl - C2 - GC5) + (20C2 - C3 - 10Cs) (12c3 + 30cs - C7) 

+ (42c3 - 14c7) (8C2 + 12c5 - C6) 

k37 = 5GC7(20C2 - C3 - IOcs) + (42c3 - 14c7) (12c3 + 30cs - C7) 

le38 = 5GC7 (42c3 - 14c7), 

where 

Cl = 2(adb2 + 2a4jb4 + 3asfbS
) 

C2 = - 24 (a4fb4 + 5a6fbS) , C3 = 720a6fb6 

C4 = ao + adb2 + adb4 + a6fbs 

Cs = -2(adb2 + Ga4fb4 + 15adbS
) 

C6 = 24(a4fb4 + 15a6fb6), C7 = -720a6fb6. 
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Bounds for Certain 
Multiprocessing Anomalies 

By R. L. GRAHAM 

(Manuscript received July 11, 1966) 

It is known that in multiprocessing systems composed of many identical 
processing units operating in parallel, certain timing anomalies may 
occur; e.g., an increase in the number of processing units can cause an 
increase in the total length of time needed to process a fixed set of tasks. 
In this paper, precise bounds are derived for several anomalies of this type. 

I. INTRODUCTION 

In recent years there has been increased interest in the study of the 
potential advantages afforded by the use of a computer with many 
processors in parallel. While it is generally true that a set of tasks may 
be processed in less time by this type of multiprocessing, it has been 
pointed out that certain anomalies!,2 may occur, even though the proces­
sors are used in a very "natural" way (e.g., it can happen that increasing 
the number of processors can increase the time required to complete a 
given set of tasks). 

It is the purpose of this paper to derive precise bounds on the extent 
to which these anomalies can affect the time required to process a set 
of tasks, given certain rather natural rules for the operation of the 
multiprocessing system. 

1.1 Description of the System 

Let us suppose that we are given n identical processing units Pi, 
1 ~ i ~ n, and a set of tasks T = {Tl' '" , Tm} to be processed by 
the Pi. We are also given a partial-order* -< on T and a function }.L: 
T ~ [0,(0). Once a processor Pi begins a task T j , it works without 
interruption on Tj until completion of that task, taking altogether 
}.L(Tj ) units of time. It is also required that if Ti -< T j then T j cannot 

* See Ref. 2. 
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be started until Ti is completed. The Pi execute the T j in the following 
way: We are given a linear ordering L: (Tk1 , ••• , Tkm ) of T called a 
task list (or priority list). In general, at any time taP i completes a 
task, it immediately (and instantaneously) scans the list L (starting 
from the beginning) until it comes to the first task T j which has not 
yet begun to be executed. If all the predecessors of Tj (i.e., those Ti < T j) 
have been completed by time t then Pi begins working on T j • Otherwise 
Pi proceeds to the next task Tjl , in L which has not yet begun to be 
executed, etc. If Pi proceeds through the entire list L without finding 
a task to execute then Pi becomes idle (we shall also say that Pi is 
working on an empty task). Pi remains idle until some other P j com­
pletes a task at which time Pi (and of course Pj) immediately scans the 
list L as before for possible tasks to execute. If two processors Pi and 
P j , i < j, simultaneously attempt to begin the same task Tk , it will be 
our convention to assign Tk to Pi, the processor with the smaller index. 
The processors all start scanning L at time t = 0 and proceed in the 
above-mentioned fashion until some time w, the least time for which 
all the tasks have been completed. 

It will be helpful here to consider several examples. We shall indicate 
the partial-order < on T and the function f.J. by a directed graph G( < ,f.J.). 
In G( < ,f.J.), the vertices will correspond to the T j and a directed edge 
from Ti to T j will indicate that Ti -< T j . Each vertex of G( < ,f.J.) will 
actually be labelled with the symbol Tj/f.J.(Tj ), the f.J.(T j ) indicating the 
time necessary to execute T j • The activity of each Pi is conveniently 
represented by a timing diagram 9 (also known as a Gantt diagram; 
see Ref. 1). 9 will consist of n horizontal half-lines (labelled by the Pi) 
in which each line is subdivided into segments* and labelled according 
to the state of the corresponding processor. 

'1\/4 Td3 

1'~J T s/3 
G( <,f.J.): .... 

T6/2 T7/2 T8/3 
~. ...... 

* We always consider the segments as being closed on the left and open on the 
right. 
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I\ 
1\ rp'2 lPi 
4 3 2 

g: P2 
T4 T3 T5 

5 1 0) 
,) 

P3 
T6 T7 Ts lP'2 
2 2 0) 2 .) 

The symbollPi indicates a processor is idle (i.e., working on the empty 
task lPi) but not all the T j have been completed. The indexing of the lPi 
is arbitrary. Thus, for 9 we have w = 9. 

Example 2: n = 4, L: (Ti, T 2 , T:>., TJ, T 5) 

G( -< ,).1.): Ttl4 T5/4 

PI 
Ti T'2 T5 
4 5 

I 

4 
I 

P2 lPi T3 lP5 lP7 lPiO 
4 I 1 I 2 2 4 

g: 

P3 
lP'2 T4 lPs lPn 
4 :3 I 

2 4 

P4 
lP3 lP4 lP6 lP9 lP12 
4 1 2 2 4 

Here, ,w = 13. Note that in this example, w is independent of L. We 
should also point out here that we are using the convention that when­
ever any T j is completed, then all current empty tasks lPi are also termi­
nated. Processors still idle are then given "new" empty tasks to com­
plete (e.g., P4 in Example 2). 
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TIll 

Td1 T5/l 
G( -< ,p,): 

T3/1 T6/l 

T4/1 T7/3 

PI 
7\ 7\ 
I 3 

g: P2 
T2 T5 CPI 

W = 5 
1 I 3 

P3 
T3 T6 CP2 
I I 3 

Suppose we use a different list L' given by L': (TI , T2, T7 , T3, 
T4, T5 , T6). We then have 

PI 
7\ T3 T5 

1 

gf: P 2 
71

2 T4 T6 
W' = 3 

1 1 1 

P 3 
T7 
3 

Hence, by simply using a different list L', we have shortened w by nearly 
a factor of two. The significance of this and similar examples wm be 
brought out in the next section. . 
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We see that, in general, w is a function of the task list L, the "time" 
function /-L, the partial-order -<, and the number of processors n (in 
addition to the rules under which the Pi operate). In this note, we 
investigate the factor by which w can increase if we simultaneously: 

(i) Change* the task list L; 
(ii) Decrease the function /-L; 

(iii) Relax the partial-order -<; 
(iv) Change the number of processors from n to n'. 

While it might first be expected that (ii) , (iii), or (iv) (with n' > n) 
would cause a decrease in w, easy counterexamplest show that is not 
always the case. In the next section we obtain an upper bound on the 
factor by which w can increase because of (i), (ii) , (iii), and (iv) (cL 
Theorem, p. 1571). This bound is just the expression 1 + n - lin'. We 
also show that this bound is the best possible in the sense that it cannot 
be replaced by any smaller function of nand n'. 

II. THE MAIN RESULTS 

We begin this section by considering a special case of the general 
problem. We include this here in order to acquaint the reader with the 
basic ideas which will be used later. Suppose we are given a set of tasks 
T = {TI, ... , T m} and a directed graph G( -< ,/-L) giving a partial-order 
-< and a time function /-L on T. We execute these tasks twice, each time 
using two identical processors PI and P2 • The first time the tasks are 
executed we use a task list L while the second time the tasks are exe­
cuted we use another task list L'. Suppose the corresponding finishing 
times are wand w'. The question we consider now is this: How much 
can the ratio w' I w vary? This is answered by the following 

, 
Proposition: 1 ~ Ww ~ !. 

Proof: By the symmetry of wand w' it suffices to show that w'lw ~ j. 
The basic idea we shall use is a simple one. Consider the timing diagram 
9 obtained when the tasks are executed using the list L. We want to 
show that there is a chaint of tasks Tq -< TC2 -< ... -< Tcr which 
has the property that whenever a processor is idle (i.e., executing an 
empty task 'Pi) then the other processor is executing one of th(; TCk . 

* By "change" we mean "possibly change", etc. 
t As far as the author is aware, these facts were first pointed out by Richards. 3 

t i.e., a linearly-ordered subset using the partial-order -<. 
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To define the TCk we proceed as follows. First, let Til be defined to 
be the task which has the latest finishing time in S (if there is more 
than one such task then we choose the task which is executed by the 
higher-indexed processor). Let 'Ptl be the empty task which has the 
latest finishing time of all those empty tasks which finish at a time not later 
than the starting time of Til . By the construction of g, there must be a 
task Tu which has the same finishing time as 'Ptl . Define T j2 to be Tu . 

In general, suppose we have defined T jk for some k ~ 2. To define Tik+l , 

let 'Ptk be the empty task which has the latest finishing time of all those 
empty tasks 'Pi which finish at a time not later than the starting time 
of T jk . (If there are no such 'Pi then we are done, i.e., Tik+l is not de­
fined.) By hypothesis, there must be a task Tv which has the same 
finishing time as 'Ptk+l and which has a starting time not later than the 
starting time of 'Ptk+l . Define T jk+l to be Tv. We continue this algo­
rithm for as long as possible, say, until we have defined Til , •.• , Tjr • 

We first note that since no processor works on one empty task 'Pi 

whHe the other processor works on more than one task, then at any time 
a processor is executing an empty task, 'Pi , the other processor is executing 
one of the Tik . We next claim that Tik+l -< Tik for 1 ;£ k < r. Suppose 
this is not the case. If to denotes the time at which a processor Pi started 
executing 'Ptk+l then by the hypothesis concerning the operation of the 
processors, Pi should not have been idle (i.e., working on 'Ptk+l) since 
at least one task, namely Tik , was eligible to be executed at that time. 
Thus, the timing diagram 9 is not valid and we have a contradiction. 
Hence, we must have T jk+l -< Tik for 1 ;£ k < r. By defining TCk == 
Tjr+l_k for 1 ;£ k ;£ r, the first assertion is proved. It follows at once 
that if we let J.I.('Pi) denote the length of time a processor spends executing 
'Pi, then 

( 1) 

The proof of the proposition now follows directly. Let Til -< Ti2 -< 
... -< Tis be chosen (by the assertion just established) so that 

8 

L J.I.('P/);£ L J.I.( T ik ), (2) 
<Pi,Eg, k=l 

where the 'P/ are taken from S' (the timing diagram obtained when the 
list L' is used). Note that w' can be written as: 

(3) 
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From (2) and (3) we have 

w' ~ ! (L p.(Tk ) + t p.(¢/)). 
TkE T k=l 

(4) 

Since the following inequalities hold: 

w ~ ! L p.(Tk ) (5) 
TkET 

8 

W ~ L P.(Tik ) (6) 
k=l 

(where (6) follows from the fact that Til -< Ti2 -< ... -< T i.), then we 
have from (4), (5), and (6) 

3w 
w' ~ ! (2w + w) - 2 

and the proposition follows. 
The following example shows that the upper bound of ~ cannot be 

replaced by any smaller value. 

'1\ 
1 

g: w = 2 

2 

PI 
'1\ 

: 

T3 

I 

1 2 
C" w' = 3 
LJ' 

P 2 
T2 sal 

2 

Therefore, wi w = ~ and the upper bound of the proposition is achieved. 
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Before stating the main theorem we introduce some notation. Let 
T = { Tl , ... , T m} be a set of tasks. Let G = G( -< ,p,) and G' = G'( -< ',p,') 
be two directed graphs for T with the partial-orders -<, -<' and the time 
functions p"p,' . We say that G ~ G' if: 

(i) p,' ~ p" i.e., p,'(Tj) ~ p,(Tj) for all T j E T. 
(ii) -<' C -<, i.e., Ti -<' T j implies Ti -< T f for all T i , T j E T. 

Finally, suppose we execute the tasks tuice, one time using the graph 
G, a task list Land n processors, the other time using the graph G', a 
task list L' and n' processors. Let wand w' denote the respective finish­
ing times. We then have the 

Theorem: If G' ~ G then 
, 
~~I+n-:l. 
w n 

Proof: By a slight modification of the argument used in the proposition, 
it follows that if cp/, 1 ~ i ~ v, denote the empty tasks of S' then there 
exists a chain of tasks Til -<' Ti2 -<' '" -<' Tis of tasks in T with 
the property that whenever a processor is idle then some other processor is 
executing one of the T ik . From this we conclude 

8 

L P,'(cp/) ~ (n' - 1) L P,'(1\k)' (7) 
<pi'ES' k=l 

As before we note that 

w' = -\( L p,'(Tj) + L p,/(¢/)) 
n TiE T <pi'ES' 

~ -!,( L p,'(T j ) + (n' - 1) tP,'(Tik )) n TiET k=l 

(8) 

where the inequality follows by (7). Since 

(9) 

and 

8 8 

W ~ L p,( Tik ) ~ L p,' (Tik ) ( 10) 
k=l k=l 
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then by (8), (9), and (10) we conclude 

Hence, 

w' ~ ..; (nw + (n' - l)w). 
n 

, 
~~l+n-l 
w n' 

and the theorem is proved. 

1571 

To show that this bound is best possible, we give several examples, 
which show that the bound can be attained (to within c) by varying 
anyone of the four parameters L, J.L, -<, or n. 

Example 5: L is varied. 

n = n', J.L = J.L', -< = -<'. 

L' = (Tl, Tn , Tn+1 , ••• , T2n- 2, T2, T3 , ••• , Tn-I, T 2n- 1) 

.Tdl 

. T2/1 

G( -< ,J.L): • Tnln - 1 
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PI 
TI Tn 

1 1 
r 

n-

P2 
T2 TnH 

1 n- 1 
I 

g: .......... w =n 

Pn- I 
T n - I T 2n- 2 

1 n- 1 

Pn 
T 2n- 1 

n 

PI 
Tl T2 T n - I T2n- 1 

1 1 
I 

1 n 

P2 
Tn I CPI I 

n- 1 n 

g': .......... w' 2n - 1 

Pn - I 
T 2n- 3 CPIl-2 

n- 1 n 

Pn 
T 2n - 2 CPn-1 

n- 1 n 



Tn+l 
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Thus, 

w' 1 
- = 2 -­
w n 

which is the value of 1 + (n - 1)/n' when n = n'. 

Example 6: f..L is decreased. 

n = n', f..L ~ f..L', < = <' 

L = L': (T1 , T2, ..• , T3n ) 

f..L(Ti) f..L'(T i) Tl 
2E E 

2[' E T2 

G: 
2£ 

1 1 

1 1 

T 2n+2 

1 1 

T 2n+3 

T 2n+1 n - 1 n 1 

n - 1 n - 1 

n - 1 n - 1 

Tn+l 
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T 2n+1 

(In G, 
Ti < T ... < T 2n+1 

for 1 ~ i ~ n 
< j ~ 2n.) 
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n - 1 1 n - 1 c 

P2 
T 2 I T 2n+3 CPt I CPn 

c nIl n-l 

g': 
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T3n Tn""""! ¢n-2 ¢2n-3 

I 
C n - 1 1 n - 1 

Pn 
IT 2n-l , ¢n-! Tn ,Tn+1 Tn+2 CP2n-2 

2c ' 1 n - 1 1 1 1 - c 

w' 2n - 1 + c 
~ 
q 
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>-< 
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Thus, 

w' 2n - 1 + e 

w n + 2e 

which is arbitrarily close to 2 - (lin) for e sufficiently small. We 
should note the interesting fact that w' ~ 2n - 1 + e for any list L' 
which may be used. 

Example 7: < is relaxed. 

n = n', < :::> <', 

G(<.,p,): Tde 

.Tde 



PI 
Tl T2 Tn+l Tn (n-2l+3 ~ 

I I 1 I 1 I I 1 ( Ci 
c t" 

8 ,.... 
n '"d 

~ 
Tn (n-l)+2 <Pn-l 0 

P 2 0 
I I trJ n c UJ. 

UJ. 

Z 
T3 Tn+2 Tn{n-2)~4 

0 
Pa I <PI I > c 1 I 1 I I 1 ~ 

0 

~ 
t" 

w=n+c 
~ g: .......... UJ. 

P n- 1 
I CPn-3 T n-l T 2n-2 

c' 1 I 1 I 

T n (n-l) 
I 1 

I CPn 2 Tn T 2n- 1 Tn (n-ll+l '"""" P n 
Cll 

c' 1 I 1 I I 1 I "" "" 
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8 
t::1 
~ 
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8 .......... t::1 
Q 
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Z ...... 
Q 
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I Tn-I, T 2n- 1 Tn (n-I)-I, lPn-2 . 

~ 

Pn-l 11 I f I ~ 1 n 0 
c:::1 
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lPn-1 > 

I 1 I. I' ~ 

1 1 n ~ 
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0 
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t:O 
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C'l 
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Thus, 

w' 2n - 1 

w n + c 

which is arbitrarily close to 2 - (lin) for c sufficjently small. 

Example 8: n is varied. 

Case 1: n < n', -< = -<.' 

_-----~l~. T nn'-n'+n+2/n' 

G: 

Tn+dc ~------ Tnn'-n'+n+dl 

PI 
Tl T n+1 T n+2 11

nn'_n'+3 
c c 1 1 

n' 

P 2 
T2 1\m' -n' +n+2 f;?n-l 
. 

c l n' c 

g: P 3 
T3 f;?l T n+3 T nn'-n'+4 
c I c 1 I 1 

Tnn'-n'+n+l 
c c 1 1 

w = n' + 2c 



I\ 

P2 

g': 

Pn+1 
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TI T Il +2 T lln '-2n'+//+2 'PI 
[ 1 1 n' 

n 1 
T2 T n+3 T nn '-2n'+n+3 'P2 

[ 1 1 n' 

.......... 

Tn+! T 2n+2 T nn'-2n'+2//+2 'Pn+1 

C 1 1 n' 

Tn+n'+1 Tnn'-n'+n+1 T nn '-n'+n+2 

1 1 n' 

w' n' + n - 1 + c 

Thus, 

w' n' + n - 1 + 8 

w n' + 28 

which is arbitrarily close to 1 + (n - lin') for 8 sufficiently small. 

Case 2: n > n'. The construction in this case is similar to that of Case 1 
and will not be presented. 

We should note that in Example 8 we took L = L'. If it is of some 
consolation to a possibly battered intuition, it should be noted that if 
n ~ n', J.L = J.L', and -< = -<' then for any L which is chosen, it is 
possible to choose a suitable L' for which w' ~ w. 

III. CONCLUDING REMARKS 

It should be pointed out here that we have not considered models of 
the multiprocessor system in which the priority list L is "dynamically 
formed" (as opposed to the fixed lists we have used thus far). For ex­
ample, one seemingly quite reasonable way of doing this is as follows: 
At any time a processor is free, it immediately begins to execute the 
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"ready" task (i.e., one which has all its predecessors completed) which 
currently heads the longest chain of unexecuted tasks (including itself). 
Suppose by following this algorithm in choosing tasks, we have a finish­
ing time of w*. If we denote by Wo the least possible finishing time 
(minimized over all lists), then we would like to assert something about 
the ratio w*lwo • It follows from what has been proved in this paper 
that w*lwo ~ 2 - (lin), (where n is the number of processors) and 
we would hope that, in fact, we could show w* I Wo is considerably closer 
to 1 than this. Unfortunately, this is not possible since it can be shown 
that the best possible bound on this ratio is given by 

w* 2 
Wo ~ 2 - n + 1 . 

It is interesting to note, however, that in the case in which the partial­
order -< on the tasks is empty, then this bound can be improved* to 

w* 4 1 
Wo ~ 3 - 3n' 

which, again, is best possible. 
In conclusion, one might ask just how "typical" the examples are for 

which w' I Wo is close to the upper bound 2 - (lin). While very little 
work has been done on this aspect, empirical results (using computer 
simulation (see Ref. 1)) indicate that examples in which w'lwo ~ 1.1 
are quite common. 
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Phase and Amplitude Measurements of 
Coherent Optical Wavefronts 

By JOSEPH T. RUSCIO 

(Manuscript received March 24, 1966) 

A phase-locked laset loop has been used as an amplitude and phase l1was­
uring device for coherent optical wavefronts. A relative phase resolution on 
the order of one degree and an mnplitude resolution accurate to one dB or 
better were obtained. The system, and measuring techniques used are de­
scribed, and the results obtained are illustrated by several eXaJnples. 

1. INTRODUCTION 

A laser phase-locked loopl consisting of two laser oscillators has been 
used to measure the relative phase and amplitude of the wavefront of a 
laser beam. A phase resolution on the order of one degree and an ampli­
tude accuracy better than one dB have been obtained. This system was 
used to analyze the optical qualities of devices placed in the beam's 
path by measuring their effect on the wavefront. The system and tech­
niques used along with the results obtained are described and illustrated 
in this paper. 

II. DESCRIPTION OF THE l\IODIFIED PHASE-LOCKED LASER LOOP 

The phase-locked system is shown in Fig. 1. It consists of controlled 
and uncontrolled optical oscillators which are single-frequency helium­
neon lasers operated at 6328A. Details of the oscillators' characteristics 
are shown in Figs. 2 and 3. The beam waists and spot sizes are defined 
and calculated in Appendix A. The two lasers used initially are shown in 
Fig. 2; however, tube replacements required a different combination of 
mirrors to maintain a single transverse mode, so the final measurements 
were made with the lasers shown in Fig. 3. Results are identified with the 
lasers used. 

Prior to combining the two beams (Fig. 1) on the surface of the photo­
multiplier by means of a mirror and a beam splitter, the output beam of 

1583 
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\ FEEDBACK 
TRANSDUCER 

f= 1 CM f= 30CM 

x y 

FEEDBACK PATH TO 
CONTROLLED LASER 

Fig. 1-Phase-locked optical maser system. 

the controlled laser, which will be referred to as the reference beam, is 
collimated by a telescope. 

III. THEORY OF OPERATION 

The beam splitter in Fig. 1 provides two outputS: Port 1 to phase-lock 
the system and Port 2 for making the phase and amplitude measure­
ments. The photomultipliers are square law detectors. Thus, if the field 
at the photosensitive surface is 

E = Ee cos wet + Eu cos Wut 

where 
Ee is the controlled oscillator field amplitude, 
Eu the uncontrolled oscillator field amplitude, 

and 
We, Wu the respective angular frequencies, then since Ee and Eu have 

the same polarization, the resulting photocurrent is proportional to 

(1) 
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which consists of a dc term !(Ee2 + Eu2
) plus the difference frequency 

term [EeEu cos (We - wu)t]. 
In the original phase-lock loop,! the two lasers were locked at the same 

frequency with a dc error voltage proportional to their phase difference. 
When the loop locks, the controlled laser tracks the frequency of the un­
controlled laser in a manner such that the instantaneous phase error a 
remains smaller than 90° in absolute magnitude. A discussion of the phase 
relationships in the loop is given in Appendix B. 

To improve the measurement of phase and amplitude, the laser oscil­
lators were phase-locked at a fixed frequency difference of 2 IVIHz by using 
an additional phase detector with a 2-MHz crystal-controlled oscillator 
as a reference. When the lasers are tuned so that their difference fre­
quency is 2 l\1Hz, the 2-l\1Hz output from the photomultiplier is ampli­
fied and applied to the phase detector. The phase detector output is a 
dc error voltage proportional to the phase difference between the 2-l\1Hz 
beatnote and 2-l\1Hz reference signal (Appendix B). This error voltage 

MANUAL TUNING 
TRANSDUCER' /RMIRROR ..--MIRROR 

\ / 1 = 100 M I R = 2 M 
W \ I I 2 

(APPA~ENT) if' vy"o W~ I I I L Wo=0.336MM t--- ~-Pr-------------r-I --:~::::::~~ 
~ __ 6 CM __ --!0.318CM ~------_17.45 CM ______ ~ 

d1 d2 

PHASE-LOCKED LOOP FEEDBACK 
DISC TRANSDUCER 

(a) 

I ,,_MIRROR __ MIRROR 
I I R1 = 00 /" R2 =3M 

Wo I / / 

(APPARENT) I , Wo W2 _ 
I I £ Wo= 0.375MM 

~---i)d--------------.~- -- W, =Wo=U375MM 
I I I I I W2 = 0.388MM 

~--6.8 CM __ ~ ________ 17.8 CM ________ J \'MANUAL TUNING 
. d2 TRANSDUCER 

(b) 

Fig. 2 - Initial lasers ; (a) uncontrolled laser oscillator (signa!), (b) controlled 
laser oscillator (reference). 
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Fig. 3 - Replacement lasers; (a) uncontrolled laser oscillator (signal), (b) 
controlled laser oscillator (reference). 

is fed back through a differential amplifier to a piezoelectric disc trans­
ducer. A mirror mounted on this transducer forms one end of the con­
trolled laser cavity. There is an additional transducer-mounted mirror 
on the other end of the laser cavity; this is used for initial tuning (see 
Figs. 2(b) and 3(b». The error voltage causes the cavity length and 
hence the frequency to change in a direction such that the phase error 
is decreased. When the loop locks, the controlled laser tracks the fre­
quency of the uncontrolled laser in a manner such that the instantaneous 
phase error between the two 2-J\i{Hz signals remains less than 90°. The 
loop tracks over a frequency range of ±50 MHz, based on a feedback 
voltage of ±80 volts and a piezoelectric transducer having a sensitivity 
of 0.6 J\i{Hz/volt. This means that the phase difference between the refer­
ence signal and the beatnote signal remains less than 90° in absolute 
magnitude as long as the frequency of the uncontrolled laser does not 
vary more than ±50 MHz. 

IV. TECHNIQUE OF MEASUREMENT 

Port 2 of the beam splitter provides an output which is utilized for 
phase and amplitude measurements; this permits scanning the com-
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Fig. 4. - Beatnote (2 MHz) Lissajou; (a) 2-MHz Beatnote, (b) lissajou pattern 
indicating phase difference between two 2-MHz signals, (c) zero phase shift be­
tween two 2-MHz signals. 

bined beams without interfering with the phase-locked loop. A circular 
collection aperture of a few mils diameter is used to scan the supe~im­
posed wavefronts, selecting the "point" area detected by the photo­
multiplier. The phase of the 2-MHz beatnote obtained from the photo­
multiplier is dependent on the position of the "point" area on the 
wavefronts. Frequency selective circuits, including a 2-MHz tuned cir­
cuit in the photomultiplier output and a crystal filter (2-1VIHz center 
frequency, 4-kHz bandwidth), assist in maintaining a signal-to-noise 
ratio that is better than 40 dB. The result is a well-defined 2-MHz signal 
(Fig. 4(a)), which with the 2-MHz reference can be used to produce 
Lissajou patterns, as in Figs. 4(b) and 4(c), on an oscilloscope. By this 
means relative phase measurements between the two beams are possible. 
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Distortion of the pattern in Fig. 4(b) is due to limitations in the hori­
zontal amplifier of the oscilloscope. l\1:easurement of the beatnote ampli­
tude as a function of the pro be position from the beam axis is used to 
determine the relative amplitude of the wavefronts. The techniques and 
theory used for both phase and amplitude measurements will be de­
scribed. 

V. PHASE MEASUREMENT 

The phase measurement is based on the fact that each of the two 
spherical wavefronts of radii RI and R2 can be expressed approximately 
as 

where 

<PI = (kd2/2RI) , 

d is the distance from the beam axis, and 

k = 27r/A. 

E 2 = exp (jkd2/2R 2) + 'Y = exp (j<P2) + 'Y, 

where 

and'Y is the phase difference between the two wavefronts on the axis. 
Thus, the phase difference between the two wavefronts is given by 

A<P = <P2 - <PI + 'Y = (kd2/2) (1/R2 - l/RI) + 'Y. 

The telescope reduces the divergence of the reference beam so that its 
radius of curvature, * R I , can be considered infinitely large, therefore, 

and 

From Fig. 5, it can be seen that if the phase shift as indicated by the 
Lissajou patten is adjusted to be zero at the center of the beam (by means 
of an auxiliary phase shifter), all measurements can be made relevative 
to this reference and the relative phase shift becomes 

A<I> ~ (kd2/2R 2). 

* Calculations for the radii of curvature involved using the telescope are given 
in Appendix C. 
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PHASE FRONT 
OF 

SIGNAL LASER 

PHASE FRONT 
OF 

REFERENCE BEAM 

------Jjf----- BEAM AXIS 

Fig. 5 - Phase relationship between spherical and planar wave fronts. 
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IVleasurement of A<fJ as a function of distance (d) from the beam axis 
provides a means of determining R2 . 

The experimental layout for measuring the relative phase between the 
two beams is shown in Fig. 1. The movable collection aperture positioned 
directly in front of the photomultiplier can be moved in 5-mil increments 
along the horizontal or vertical axis. Changes in phase with position is 
plotted as shown in Figs. 6(a), (b) and 7(a), (b). 
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Fig. 6 - Optical wavefronts (laser in Fig. 2(a)). 
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The curves in Figs. 6(a) and (b) are for the laser shown in Fig. 2(a). 
lVleasurement of the optical wavefront was made at a distance of 3 meters 
from the apparent beam waist using a 0.OI5-inch diameter collection 
aperture. Similar data for the laser in Fig. 3(a) are shown in Figs. 7(a) 
and (b) in which case the collection aperture diameter was 0.009 inch. 
Theoretical curves indicate radii of curvature less than the measured 
values for all cases. The radius of curvature at a distance z from the ap­
parent beam waist location is given by2 

where Zo = 7rW02 lA, Wo being the beam-waist radius, and A = 0.6328Jl. 
The disagreement between the theoretical and experimental values 

has not been resolved. This problem remains under consideration as work 
continues in this area. 

VI. FIELD AMPLITUDE MEASUREMENTS 

In a similar manner, observing the 2-MHz beatnote amplitude as a 
function of pro be distance perpendicular to the beam axis provides a 
means of determining the field amplitude distribution of the combined 
beams. With the reference beam enlarged, in this case to 30 times its 
initial size, the amplitude of the reference beam over the distance 
scanned is relatively constant; therefore, the amplitude distribution 
measured is, in fact, the relative amplitude of the signal beam. The ac­
curacy is governed by the variation in intensity of the reference beam 
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over the area scanned as shown in Fig. 8. With a beam reference spot 
size of I-inch diameter, scanning a distance of 0.2a (a = beam radius) 
from the beam axis introduces an error of 0.4 dB in the relative measure­
ments. 

Examples of the measured amplitude distribution as a function of 
distance from the center of the beam are shown in Figs. 9(a), (b) and 
IO(a), (b). In Fig. 9(b), which applies to the laser shown in Fig. 2(a), 
the theoretical Gaussian curve (exp (-r2/a2), a being the beam radius 
where the field amplitude falls to 1/ e, and r the distance from the beam 
axis) agrees quite closely with the measured values. Figs. IO(a) and 
(b) show amplitude distribution curves for the laser in Fig. 3(a); III 

these an unexplained lack of symmetry appears. 

VII. DETERMINATION OF PROPERTIES OF OPTICAL ELEMENTS 

In addition to measuring the signal laser's optical wavefront, it was 
also possible to determine the effects of putting a lens in the signal beam. 
Results of this experiment are described. 

To facilitate measurement of lenses, the signal beam was also colli­
mated so that now both beam wavefronts were planar. Under these 
conditions, placing a glass lens in the signal laser beam produced a 
phase-front at the collection aperture dependent on the focal length of 
the lens. The experimental arrangement is shown in Fig. 11 and the 
results of measurements on a 86.6-cm focal length lens are shown in 
Fig. 12. The measurements agree quite closely with the theoretical 
values. 

If) 
-I 

o 

~ -0.2 

U 
w 
o 
Z 
- -0.4 
>-
l-
i/) 
Z 
w 
~ -0.6 

w 
> 
~ 
-I - 0.8 
w 
a: 

-1.0 
o 

'" "\.. \ 
\ 
\ 
\ 

O.la 0.2a 0.3a 0.4 a 
DISTANCE (r) FROM BEAM CENTER 

2Poe-2r2/a2 
I(r) = '1Ta 2 

Po = TOTAL POWER OUTPUT 

l(r) = INTENSITY (WATTS/CM2) AT 
DISTANCE r FROM BEAM CENTER 

a = BEAM RADIUS AT WHICH 
INTENSITY FALLS TO l/e2 

2a = BEAM DIAMETER 

Fig. 8 - Intensity distribution of Gaussian curve. 



1592 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1966 

or-----.-----~~----._----_, 

w 
§ -4t------+--+------j---~__+_---___l 
bll 
...J...J 
~ ~ -8 t------+----,I-----4------I 

~u 

~ ~ -12 t----t--+------j---__+_-\--___l 
;::z 
~-

uj -16 /---1----1----If----+--_\_~ 
0:: 

-20~L_ __ ~ ____ _I~ ____ ~ __ ~_...J 

0.08 0 0.04 0.08 0.08 0.04 o 0.04 0.08 
DISTANCE FROM BEAM CENTER ALONG 

VERTICAL AXIS IN INCHES 
DISTANCE FROM BEAM CENTER ALONG 

HORIZONTAL AXIS IN INCHES 

Fig. 9 - Optical wavefront-amplitude (laser in Fig. 2(a), O.OOg-inch collection 
aperture). 

VIII. POSSIBLE IMPROVEl\'IENTS 

In Fig. 11 it can be seen that the lens being tested is common to both 
the phase-lock loop branch and the phase and amplitude measuring 
system. To phase-lock the loop, the two beams must be made coincident 
at the photomultiplier. A fixed device, such as glass lens, can be inserted 
in the system, the beams aligned and the loop locked. However, if the 
item under test introduces random variations which displace the beams 
relative to each other, the phase-lock loop is affected and meaningful 
measurements are not possible. To eliminate this problem, the setup 
shown in Fig. 13 is preferable. Under these conditions, the phase-locked 
loop is independent of the component under test and is therefore, not 
affected by any instability introduced. This method may require lasers 
with greater output powers because of the additional beam splitters re­
quired. 
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Fig. 10 - Optical wavefront-amplitude (laser in Fig. 3(a), O.009-inch collec­
tion aperture). 
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f2 = 30 CM 

The system as it stands is sensitive to acoustic noises and for accurate 
phase measurements the laser must be maintained within a vault.1 

Enclosure in the vault permits phase-lock to be maintained for periods 
of 2 or 3 hours, with occasional tuning adjustments of the laser by means 
of the transducer-mounted mirror. Under these conditions the phase­
lock is sufficiently stable to permit measurements without too much 
difficulty; however, it would be desirable to have portable lasers that 
could be used under less ideal conditions than a closed vault. Use of a 
transducer with a higher resonant frequency and additional gain in the 
feedback loop should increase the phase-lock stability. 
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Frazee's assistance on mechanical design was very helpful. The laser 
tubes were provided by E. 1. Gordon of Bell Telephone Laboratories. 

APPENDIX A 

Calculation of Beam Waists and Spot Sizes 

The following notations, some of which have already appeared, will 
apply in the following development: 
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W = spot radius, defined as the radius at which the field ampli­
tude falls to 1/ e of its maximum value on the z-axis. 

Wo = beam waist, which is the minimum spot radius. 
WI , W2 = spot radii at their respective mirrors. 
R1 , R2 = radii of curvature of the two laser mirrors. One of the refer­

ences4 uses bl and b2 as the notation for the radii of cur­
vature of the mirrors. 

d = separation of two laser mirrors. 
dl , d 2 = distances to mirrors as shown in Figs. 2 and 3. 

A = wavelength = 63281. 
The beam waist Wo is given by the followjng3 : 

wo
2 

= A Vd(RI - d)(R2 - d)(RI + R2 - d) 
7r(RI + R2 - 2d) 

Output spot sizes were calculated using4 

and 

( )2 (X)2 R1R2d 
WIW2 = w RI + R2 - d· 

Locations of the beam waists were obtained from4 

and 
(dRI = d) 

d2 = RI + R2 - 2d· 

(2) 

(3) 

(4) 

(5) 

(6) 

To compute the apparent beam waist location, it is necessary to first 
correct for the negative lens effect of the output mirror.5 The output 
mirror acts like a negative lens transforming the phase front of the light 
wave emerging from the mirror. A mirror with a radius of curvature 
R and an index of refraction n transforms the phase front so that the 
radius of curvature is R/n. In this case (Fig. 2(a», R = 2 m, n = 1.46 
(quartz) so that the new radius of curvature 

R' = R/n = 2/1.46 = 1.37 m. 

With this radius of curvature, using5 

R' 
en 



1596 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1966 

the apparent beam waist appears to be at distance z = 23.8 cm from 
the output mirror; this places the apparent beam waist 6 cm outside the 
laser as shown in Fig. 2(a). Similar computations produce the apparent 
beam waist location for the other lasers as indicated in their respective 
figures. The radius of the apparent beam waist is obtained using the 
value of Rdn rather than R2 in (2). 

APPENDIX B 

Phase Relationships of Phase-Locked Loop 

It has been shown when the field at the photomultiplier is E = 
Ee cos wet + Eu cos wut that the difference frequency term is E(Eu 
cos (we - wu)t where We and Wu are the respective angular frequencies of 
the controlled and uncontrolled laser beams. To determine the phase 
relationships in the dc system, the field amplitudes are omitted and the 
angular frequencies and their phases are expressed as 

Let 

(We - wu) = Aw and CPI - CP2 = Acp 

then the error signal from the photomultiplier is 

cos (AW·t + Acp). 

When the system is phase-locked, the frequency difference Aw· t is equal 
to zero, therefore, 

cos (AW·t + Acp) = cos Acp. 

This, in turn, can be written as sin (90 0 
- Acp); the error signal for the 

phase-lock laser loop. At phase-lock, this error voltage approaches zero 
and Acp, the phase difference, is equal to 900 ± a, where a is the instan­
taneous phase error of the loop. The output of the phase detector is 
proportional to sin a and since a is small, sin a == a, the dc error voltage 
is proportional to the phase difference. 

When the system was modified to permit the use of a 2-MHz inter­
mediate frequency, an additional phase detector was utilized to develop 
an error signal based on the output difference frequency term of the 
photomultiplier and a 2-MHz reference signal. Computations similar to 
the above show that the output error voltage of the IF phase detector is 
also proportional to the phase difference between the 2-MHz beat 
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frequency from the photomultiplier and the reference frequency of 
2-MHz. 

APPENDIX C 

Beam Transformation Using A Telescope 

The location of the output beam waist after passing through a tele­
scope consisting of two lenses with focal lengths !I and h , spaced at a 
distance d = fl + h ± d, is as follows,2 where it is assumed the telescope 
is adjusted so that the misadjustment IJ.d is approximately equal to zero. 

S, = - [CS1 -f,lj;>f,] 
where SI is the distance from the input beam waist to the first lens and 
S2 is the distance to the output beam waist from the output lens. Since 
we know SI, substitution of the values for the reference telescope 
[jl = 1 em and f2 = 30 em] gives us a value of 270 m for S2 . 

The radius of curvature of the wavefront is2 

where Zo = 7rWo2/A and z is the distance from the output beam waist to 
the photomultiplier [in this case z = S2 - 3 m = 267 m]. Thus, Rz is 
determined to be approximately 2000 m which for our purpose is con­
sidered to be a planar phase front. Since there is a good possibility that 
the lens arrangement is not well adjusted, it is wise to observe the out­
put beam of the telescope over an extended distance to insure that 
there is no noticeable divergence or convergence of the beam diameter. 
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State of the Art in GaP 
Electroluminescent J unctions* 

By M. GERSHENZON 

(Manuscript received June 10, 1966) 

Quantum efficiencies and brightness values for green and particularly 
for red light emission from currently available GaP p-n junctions in 
forward bias at room temperature are sufficiently high to merit con­
sideration in electroluminescence applications where the human eye is 
the detector. 

1. INTRODUCTION 

Although the recombination radiation from forward-biased GaP 
p-n junctions could be used for the same applications as the emission 
from lower band-gap materials (e.g., in photon-coupled circuitry), 
the GaP emission occurs mainly in the visible portion of the spectrum 
and is thus more appropriate for applications where the human eye is 
the detector. To obtain emission in the visible from a forward-biased 
p-n junction, one needs a semiconductor with a band gap greater than 
1.8 eV. The II-VI compounds that meet this requirement cannot be 
made into simple p-n junctions (although some of their alloys can). 
Hence, only GaP, BP and the various polytypes of SiC are considered. 
(These are all indirect gap semiconductors so that stimulated emis­
sion is not normally expected.) Of these three, GaP (band gap 2.26 
e V) is characterized by the simplest materials technology. 

II. RADIATIVE RECOMBINATION MECHANISMS 

Fig. 1 shows a typical room temperature forward-bias emISSIOn 
spectrum from a diode prepared by Zn diffusion into an n-type crystal 
containing Te and O. Two emission bands appear in the visible, sepa­
rated both spectrally and spatially. A weak green band is generated 

* Presented at the Seminar on Electroluminescence and Semiconductor Lasers 
sponsored by the New York Section IEEE at Stevens Institute of Technology, 
May 11, 1966. 
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Fig. 1-Emission spectrum from a forward biased Zn-diffused diode at room 
temperature. 

close to the junction proper, while a much stronger red band seems to 
originate on the p-side of the junction. Infrared emission seen in Fig. 1 
will not be discussed. 

2.1 The Red EJrLission 

Mostly by comparison with photo-luminescence, it has been shown 
that the red band is due to donor-acceptor pair recombination in­
volving shallow Zn acceptors and deep 0 donors.1 External photo­
luminescence quantum efficiencies of up to 11 percent have been 
reported at room temperature in p-type samples.2 Zn-O pair band re­
combination in a p-n junction is sketched in Fig. 2. On the p-side of 
the junction the Zn level (N A ~ 2 X 1018 cm- 3 ) is about half full of 
holes in thermal equilibrium. Inj ected minority carrier electrons are 
captured efficiently by the ionized compensating 0 donors and, because 
the 0 donor is relatively deep, the electrons remain trapped, with little 
thermal ionization back to the conduction band, until they recombine 
radiatively with holes on the Zn acceptors. This situation is identical 
to the Zn-O pair emission in photoluminescence and should lead to 
high efficiencies. On the n-side of the junction, the 0 donors are always 
filled with electrons. Injected minority carrier holes may be captured 
by the empty Zn acceptors, but, because the Zn acceptor level is quite 
shallow, they are thermally released back to the valence band, from 
where they may find other means to recombine. In the space-charge 
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Fig. 2 - The Zn-O pair band mechanism in a forward-biased p-n junction. 

layer, the 0 donors are below the electron quasi-Fermi level from the n­
side to deep into the depletion layer, and these donor states can be 
populated by electrons. However, the Zn acceptors lie above the hole 
quasi-Fermi level only very close to the p-side. It is only these ac­
ceptors that contain trapped holes. Hence, there is no region in the 
space-charge layer that contains both trapped electrons and trapped 
holes, and therefore, the Zn-O pair band should not be an efficient re­
combination mechanism in the depletion layer. Thus, we expect the 
red Zn-O band to originate predominantly from the p-side, beyond the 
space-charge layer. 

2.2 The Green Emission 

Among the many types of recombination leading to photolumines­
cence near the band edge at low temperatures there are (i) pair transi­
tions involving a shallow donor and a shallow acceptor (e.g., Te and 
Zn) ,3,4 and (ii) the "A" line and its phonon replicas due to exciton 
recombination at an N atom substituting isoelectronically for a P 
atom.5 ,6 The green emission at low temperatures observed from junc­
tions prepared from such material can be identified as due to these 
transitions by simply comparing electroluminescence and photolumi­
nescence spectra.7 As the temperature of the diodes is increased, the 
pair band becomes weaker and the "A" line grows at first but then 
also diminishes in intensity and, at the same time, it broadens and 
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merges with its phonon replicas. Above approximately 200oK, only a 
broad green emission band remains. It is, therefore, not clear whether 
the room temperature green band is due to isoelectronic N traps, or 
to shallow pairs, or to some new mechanism. The possibility of simple 
band-to-band recombination can be eliminated because the observed 
efficiency is several orders of magnitude greater than the efficiency 
(on the n-side, on the p-side, and in the space-charge layer) calcu­
lated using the band-to-band rate constant derived from a detailed­
balance analysis of the absorption edge. 

III. INJECTION - RECOMBINATION KINETICS 

3.1 Dominant Current 

The current-voltage characteristics of Zn-diffused diodes can be ex­
plained quantitatively by assuming that there are several current 
generating mechanisms, each of which dominates in a different range 
of forward bias.1 These mechanisms are summarized in Table 1. We 
assume that the current J can always be written as exp q V jnkT, 
where n will depend upon bias. At the lowest applied bias, surface leak­
age predominates and the effective n (at room temperature) is about 
four. In the next bias range the dominant current is due to recombina­
tion at deep levels in the space-charge layer. Here n = 2, but with in­
creasing bias, preexponential terms (W is the junction width and V D 

the built-in potential) cause the effective value of n to decrease. In the 
next bias range, not observed in all diodes, recombination at a shallow 
level in the space-charge layer dominates. Although n is nominally 
equal to unity here, again pre-exponential terms perturb its value 
somewhat. Here the effective n lies between one and two and slowly 
decreases toward unity with increasing bias. Thus, in the space-charge 
regime, n starts at two, and approaches one at high bias. Finally, at 
the highest biases, simple injection beyond the depletion layer domi­
nates with n = 1. (Conductivity modulation which should set in at 
even higher biases has so far not been observed.) 

3.2 Red Emission 

We have already noted that the red Zn-O emission seems to origi­
nate from the p-side of the junction. From near-field spatial distribu­
tions on a surface cleaved perpendicular to the junction plane it is 
evident that the green emission, at least at high biases, is centered at 
the junction itself, as defined by observations of the junction electro-
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TABLE I - DEPENDENCE OF CURRENT (J) AND OF Zn-O 
PAIR BAND EMISSION (L) UPON BIAS (V) AND 

THEIR COMPARISONS 

Surface Leakage 

Ja exp "V 

" = q/4kT 
n=4 

Dominant Current, J 
qV 

J a exp nkT 

Space Charge Recombination 

Deep Levels Shallow 
Levels 

W qV 
J a V D _ V exp 2kT 

n~2 n~l 

r~_j __ J 
III 

m = 1 m = 2 n qV qV m=--LaexPkf La exp 2kT n+l 

Linear Range Diffusion Diffusion and 
Drift 

Diffusion Current on n-Side 

Linear Range Conductivity 
Modulation 

qV 
Ja exp kT 

n = 1 n = 2 

J 
tit = 2 

Conductivity 
Modulation 

Saturation 

Light Emission from p-Side, L 
qV 

La exp mkT 

optic effect.! However, the red emission is not centered on the junction 
but lies on the p-side. At high biases the emission closest to the junc­
tion saturates and the emission volume simultaneously expands deeper 
into the p-side. This observation is inconsistent with n-side or space­
charge layer recombination.! Thus, the red emission is generated on 
the p-side beyond the space-charge layer, as expected from Fig. 2. 
The spatial motion at high biases is due to the saturation of the recom­
bination centers on the p-side.8 The injected carriers, therefore, must 
travel beyond the normal diffusion length in order to recombine. We 
again assume that we can write the red light intensity L in the form 
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exp qV /mkT. At low bias, with simple injection into the p-side and 
recombination at Zn-Opairs, m = 1. However, in the saturation range 
at high bias, with minority carrier transport limited by diffusion only, 
m = 2.8 

3.3 Green Emission 

It is an experimental result that m is always equal to unity for the 
green emission, independent of the bias. 

3.4 Light versus Current 

In Table I the J-V and L-V data (for the red band) are combined 
to show the dependence of light intensity upon current. At low bias, 
where surface leakage predominates, the light emission varies as ~ J4. 
In the space-charge regime the relationship is quadratic, but it ap­
proaches linearity at high bias. At the highest biases, with saturation 
on the p-side, and with the current due to injection beyond the space­
charge layer (hence, into the n-side), the relationship becomes sub­
linear. Thus, the quantum efficiency of the Zn-O red band increases 
rapidly at first, then slowly levels off and finally decreases at the 
highest biases, thus exhibiting a maximum in the linear range. For 
the green emission m = 1 always. Hence, the quantum efficiency rises 
rapidly, then slowly levels off and remains constant up to the highest 
biases measured. 

IV. DIODE STRUCTURES 

The various types of GaP p-n junctions that have been reported in 
the literature are summarized in Table II. The circled structures were 
prepared expressly to exhibit the Zn-O red band. A typical in-diffused 
diode is made by diffusing Zn into an n-type crystal containing Te 
and O. A typical out-diffused diode is made by heating a p-type crys­
tal doped with Zn, Te, and 0, so that some Zn diffuses out, leaving an 
n-Iayer near the surface. Grown junctions may be prepared by fioating­
zone,9,10 by vapor phase epitaxy10,l1 or by solution-growth epitaxy.12,13 
For example, in the latter case one can grow (by "tipping") an n-type 
Te-doped layer from solution onto a p-type seed containing Zn + 
0.12 A typical alloyed diode is made by alloying a Sn ball onto a p­
type sample containing Zn + 0.14,15,16 Finally, surface structures may 
be prepared by evaporating a metal on a cold p-type substrate con­
taining Zn, Te, and 0.16 

The diffused structures and the grown junctions are simple p-n 



TABLE II - GAP DIODES (CIRCLED) DESIGNED TO EXHIBIT THE ZN-O RED PAIR EMISSION 

GaP Junctions 

DitIused Grown Alloyed Surface 

In-DitIused Out-Diffused 
Method Doping Substrate Alloy Substrate 

Substrate DitIusant Substrate 

n @ p Float-zone Mg-S p @) p 

(Te + 0) Cd (Zn + Te + 0) Cd-S (Zn + 0) Ag-Te (Zn + Te + 0) 
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junctions, where injection is due to thermal activation over the normal 
junction barrier.1 In the surface diodes injection arises from tunneling 
through a thin surface layer.16 Three injection mechanisms can occur 
in parallel in the alloyed diodes.16 In the regions where Sn alloying 
produces an n-type regrowth layer on the p-type substrate, a simple 
p-n junction is formed. In regions where no n-type regrowth layer is 
produced, the metal is in intimate contact with the p-type substrate. 
This is a surface barrier junction which at forward bias can only ex­
tract maj ority carrier holes. Since it cannot inj ect minority carriers it 
results in an excess nonradiative current component. In regions where 
a thin layer of insulator (perhaps an oxide) separates the metal from 
the substrate, it is also possible to inject minority carriers by tunnel­
ing. 

V. RADIATIVE EFFICIENCIES 

5.1 Quantum Efficiency 

Table III summarizes the maximum reported external quantum effi­
ciencies of the red Zn-O band at room temperature in the five classes 
of diodes described previously. Note that while the highest measured 
efficiency, 1.5 percent, corresponds to an alloyed diode,17 the maximum 
efficiencies observed in the other four classes are all within less than a 
factor of ten of this value. The table also lists some "average" effi­
ciencies,12,14 which is the range obtainable with high yields with pres­
ent technology. The highest quantum efficiency reported for the green 
emission is 0.015 percent,18 or 100 times less than the corresponding 
figure for the red. Since the external quantum efficiencies for spon­
taneous emission in GaAs diodes at room temperature are usually one 
to five percent, it is obvious that the red emission from GaP, only 
slightly less efficient, might be useful in applications where spontane-

TABLE III - EXTERNAL QUANTUM EFFICIENCIES OF Zn-O 
PAIR BAND IN GaP DIODES AT ROOM TEMPERATURE 

Maximum Average Source (%) (%) 

In-diffused Zn/Te + 0 0.2 BTL 
Out-diffused Zn + Te + 0 0.7 BTL 
Solution-grown Te/Zn + 0 0.75 0.3-0.5 IBM 
Alloyed Sn/Zn + 0 1.5 Philips 

0.01-0.1 SERL 
Surface Au/Zn + Te + 0 0.4 BTL 
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ous GaAs emitters are considered, as in optoelectronic devices. How­
ever, the significant distinction is that the GaP emission lies in the 
visible range. 

5.2 Luminous Efficiency 

By integrating the product of the emISSIOn spectrum of the Zn-O 
red band and the visual acuity curve, it is found that one watt of 
Zn-O red light is equivalent to 20 Lumens as far as the eye is con­
cerned. The GaP green emission corresponds to about 650 Lumens/ 
watt. (For comparison, the emission from GaP xAs1 - x , where x cor­
responds to the maximum P concentration before the band structure 
becomes indirect, is equivalent to approximately 100 Lumens/watt.) 
Consider a typical diode, available with current technology, as sum­
marized in Table IV. It may operate at 20 rnA with a dc bias of 2 
volts emitting red light with an external quantum efficiency of 0.5 per­
cent. (Since the energy of the emitted photon is 1.77 eV, the power 
efficiency is only slightly less than the quantum efficiency.) With a 
junction area of 10-3 cm2 the current density is 20 amps/cm2, which is 
close to the maximum in quantum efficiency. Table IV also notes the 
output in normal power units as well as in luminous units. By assum­
ing that the light leaves the diode from only one surface in the active 
junction area of 10-3 cm2 , the predicted brightness is 3600 foot-Lam­
berts. (Although present measurements are about a factor of ten lower, 
the discrepancy might be decreased by using large ratios of active 
junction area to inactive surfaces, or by using special geometries 
or index-of-refraction-matching glasses to increase the light output 
from a given region.) The maximum reported efficiency for the green 
emission is only 0.015 percent but the luminous equivalent of the 

TABLE IV - TYPICAL LUMINOUS EFFICIENCY FOR THE 
Zn-O RED BAND (20 LUMENS/WATT) 

Typical diode: 20 rnA 
2V 
0.5% external quantum efficiency 
10-3 cm2 area 

Output: 2 X 10-4 watts 
4 X 10-3 Lumens 
3 X 10-4 candles 

Brightness: 4 lamberts 
3600 foot-Lamberts 
1200 candles/square foot 
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green band is more than 30 times greater than that for the red band. 
Thus, the brightness currently available from the best green diodes 
are approximately equal to that available from current average red 
diodes at biases where the red efficiency is a maximum. (At higher 
biases the green emission of course will increase more rapidly than 
the red emission.) For comparison, the brightness of the green emission 
from a ZnS: Cu electroluminescent cell is about 1 foot-Lambert (at 
60 Hz, and up to 10 foot-Lamberts at higher excitation frequencies, 
but with significant deterioration during aging). Thus, with present 
technology, the red emission from GaP diodes corresponds to much 
higher brightness values than for standard ZnS EL cells, and this oc­
curs in the bias range corresponding to maximum efficiencies - 0.3 to 
0.5 percent quantum efficiency. Similarly, the brightness of the GaP 
green emission is also higher than that available from ZnS panels. 

5.3 Efficiency Outlook 

Since the quantum efficiency of the Zn-O red band is as high as 11 
percent in photoluminescence of p-type samples, it might be possible 
to obtain similar electroluminescence efficiencies from p-side injection 
in junctions. At low to moderate biases the dominant competing mech­
anism is due to space-charge recombination at deep levels. Thus, a 
reduction of this current component could increase the red emission 
efficiency. Since the room temperature green emission mechanism has 
not been established, similar predictions for the green band cannot be 
made. Finally, it is noted that a number of other deep pair combina­
tions exhibit donor-acceptor pair recombination in the orange and red 
in 'photoluminescence at room temperature with efficiencies of several 
percent.1!),20 These may eventually provide useful recombination cen­
ters in GaP diodes. 

VI. SUMMARY 

Currently available p-n junctions in GaP emit in the red with an 
external quantum efficiency (roughly equal to a power efficiency) 
which exhibits a maximum (with bias) of 0.1 to 0.5 percent. The 
brightness at this maximum is within a factor of 10 of 3600 foot-Lam­
berts, far greater than that from a normal ZnS EL cell. The best green 
emitting diodes available correspond to a similar brightness value, but 
the efficiency does not drop with increasing bias. Such diodes should 
possess the normal advantages of semiconductor devices: low dc 
operating bias, small size, probably cheap to manufacture and hope-
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fully little deterioration with aging. Special diode geometries or the 
use of index-of-refraction-matching glasses might be used to increase 
the external quantum efficiency (although the red band falls in a re­
gion of low internal absorption, the green band, near the band edge, 
does not) or to focus the emitted light, thereby increasing the apparent 
brightness. 
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Schottky Barrier Photodiodes with 
Antireflection Coating 

By M. V. SCHNEIDER 

(Manuscript received July 19, 1966) 

Schottky barrier diodes can be used for fast and efficient photodetectors 
if the incident light is coupled into the depletion layer of the diode and if 
electron-hole pairs are created by the internal photoelectric effect in the 
depletion layer. Fast response of the diode is achieved by designing a Schottky 
barrier with a small RC product. High quantum efficiency is obtained by 
coupling the light through a thin metal layer into the depletion region of 
the diode and by using an antireflection coating on the metal layer for 
matching the incident light beam. 

Schottky barrier photodiodes have been made u'ith thin semitransparent 
gold layers on n-type epitaxial silicon and uith zinc SUlfide as an antire­
flection coating. A net quantum efficiency of 70 perCf'nt has been achieved 
at the H e-N e laser wavelength of 6328 A. The pulse response of packaged 
diodes with 0.5-nanosecond wide pulses shows a symmetrical pulse shape 
with only small distortion due to carrier diffusion and reactance in the 
completed package. 

The diode structure is suitable for detector arrays. It is also useful for 
optical time domain rfjlectometry. The technique of coupling light through 
metal layers can be extended to other optical devices which require efficient 
transfer of radiation into a semiconductor through conducting electrodes. 

I. DEFINITION OF THE SCHOTTKY BARRIER PHOTODIODE 

A Schottky barrier is a rectifying metal-to-semiconductor contact wjth 
certain properties which have been originally described by Schottky.l,2 
The main feature of the Schottky barrier is that it has the properties 
of an ideal step junction and that only majority carriers are involved 
in the rectification process. Schottky barriers have been used for various 
devices in the microwave region. A few examples are the Au-n-type 
GaAs and the Au-n-type Si varactors described by Kahng and D'Asaro3,4 

and the honeycomb mil1imeter diode by Irvin and Young. 5 The Schottky 

1611 
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barrier has not been used to any great extent for optical devices because 
of the difficult problem of coupling optical radiation through the metal 
contact into the semiconductor. The purpose of this paper is to present 
a solution to this problem and to describe the properties of a completed 
diode which will be defined as a Schottky barrier photodiode. 

The Schottky barrier photodiode is a rectifying metal-to-semicon­
duct or contact in which electron-hole pairs are created in the semicon­
ductor by the internal photoelectric effect under incident illumination. 
The separation of the pairs is accomplished by the built-in electric field 
in the barrier or by an externally applied field across the barrier. The 
separation of the carriers leads to a photo current in the external circuit 
which may be amplified and detected. Internal amplification by ava­
lanche multiplication cannot be achieved in a Schottky barrier photo­
diode because of nonuniform. field intensities at the boundary of the 
metal-semiconductor interface. 

II. STRUCTURE OF OPTICAL JUNCTION DETECTORS 

Photodetectors with a high frequency response consist usually of a 
semiconductor p-n junction or a semiconductor p-i-n structure. A sche­
matic drawing of such a detector is shown in Fig. 1. The incident radia­
tion is absorbed in the intrinsic layer which is sandwiched between a 
p and an n-Iayer. Electron-hole pairs are created by the internal photo­
electric effect and are separated by an applied electric field across the 
junction. Metal contacts are required on both sides of the structure in 
order to apply the electric field and to collect the carriers. The contacts 
on top of the p-Iayer shown in Fig. 1 are made in the form of stripes in 
order to transmit the incident radiation between adjacent stripes into 
the p-i-n region. 

CONNECTED 
CONTACT, 
STRIPES \ 

\ 

'If 

INCIDENT ;; 

WAVE ~ 
EXTERNAL 

CONTACT WIRE 

r-----------p----------~ 

i.. 

n 

Fig. 1 - p-i-n photodiode with contact stripes on p-layer. 
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High quantum efficiency and fast response are achieved by proper 
choice of the semiconductor material and the physical dimensions of 
the layers including the contact stripes. Design criteria have been 
discussed by Anderson,6 Lucovsky and Emmons,7 and Riesz.8 Internal 
multiplication with uniform and microplasma-free junctions with a 
guard ring has been achieved by Anderson, McMullin, D'Asaro and 
Goetzberger9 and by lVlelchior and Lynch.l° 

A different approach is necessary for the case of a Schottky barrier 
photodiode shown in Fig. 2. A semitransparent metal is deposited on 
the surface of a semiconductor in order to create a surface barrier. The 
light is matched into the barrier by an antireflection coating which is 

INCIDENT> 
WAVE ) 

EXTERNAL 
CONTACT WIRE 

THIN METAL / THERMOCOMPRESSION 

ANTIREFLECTION FILM '" /// BOND 

COATING -', \ / ./_---CONTACT DOT 

~~~~~\~~~~~~ 

n- LAYER 
OR 

n ON n+ LAYER 

Fig. 2 - Schottky barrier photodiode with antireflection coating on metal 
film. 

deposited on the semitransparent metal. A thick metal dot or a metal 
ring with a contact wire serves as an external contact for applying the 
dc back bias and for collecting carriers. The semiconductor material 
and the applied back bias are chosen in such a way that most of the 
carriers are created within the depletion layer. The net quantum effi­
ciency of the device is determined mainly by the transmission loss in 
the metal film and by the quality of the antireflection coating. The 
response time is determined by the transit time of the carriers through 
the depletion layer and the RC product of the diode. Design criteria for 
achieving a small RC product will be discussed later in this paper. 

Coupling of the incident light beam into the Schottky barrier can 
also be achieved by other means. Fig. 3 is a cross-sectional view of the 
Sharpless photodiode.1l •12 A point contact is formed on epitaxial mate­
rial and the light is focused into the Schottky barrier through an etched 
dome in the semiconductor. An antireflection coating is not necessarily 
required because the semiconductor surface does not present a serious 
optical mismatch to the incident wave. 
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Fig. 3 - Point contact Schottky barrier photodiode with etched dome in epi­
taxial semiconductor. 

Another way to build a Schottky barrier photodiode is shown in Fig. 
4. A thick metal coating is applied to the semiconducting material. 
An array of slots or holes are etched into the metal. The holes are close 
to resonance at the wavelength of the incident radiation, e.g., they are 
approximately a quarter wavelength wide and are spaced approximately 
a half wavelength apart. The thickness of the metal has to be much 
smaller than a wavelength because the excited mode in the hole or the 
slot is under cutoff. The remaining reactive part of the surface impedance 

ANTIREFLECTION 
COATING 

SUBSTRATE 
\ 

~ 

INCIDENT ~ 
WAVE ~ 

Fig. 4 - Photodiode or photodetector with metallic surface reactance sheet 
and antireflection coating. 
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of this structure is compensated by a suitable antireflection coating. 
This coating is only required for improving the final match of the device 
because a reactance sheet can be designed with a high return loss without 
any further matching elements. 

Photo diodes of the type shown in Fig. 2 have been made on n-type 
epitaxial silicon for maximum response at the 6328 A line of a He-Ne 
gas laser. Gold has been used for formation of the Schottky barrier and 
zinc sulfide for the antireflection coating. The results are discussed in 
the following sections of this paper. Various technological improve­
ments in the technique of fabricating microarrays will have to be 
achieved in order to fabricate the photodiode shown in Fig. 4. 

III. TRANSMISSION OF LIGHT THROUGH METAL FILMS 

Metal films are characterized by high reHectivity and low transmission 
in the visible range of the spectrum. The transmission through the film 
can be increased by reducing its thickness. The reflection can be de­
creased by a dielectric film acting as a quarter wave transformer on top 
of the metal film. These two simple steps make it possible to transmit 
light into an optical device which requires metal electrodes. 

Optical constants of thin metal films are listed by Schopper,13 Heav­
ens,14 and Mayer.15 The physical theory and measurements are described 
by Parker Givens16 and by AbelesP A marked dependence of the optical 
constants on film thickness is observed. Other parameters of importance 
include the technique used in the deposition process, the substrate 
temperature, deposition rate and surface properties of the substrate. 
A typical example of steps taken in substrate preparation, purity of 
materials and pressures observed in the vacuum chamber is described 
by Bennett and Ashley18 and a review on nucleation and film growth 
as a function of various parameters is given in a paper by Behrndt.1 9 

What complicates matters for device applications is the fact that the 
films may not be continuous and that the index of refraction depends 
on the angle of incidence as described by Hall.20 

These difficulties do not prevent the fabrication of an antireflecting 
metal-semiconductor surface. Fairly consistent results can be achieved 
with gold evaporated from tungsten or molybdenum boats under high 
vacuum or ultra-high vacuum conditions. The optical surface impedance 
of the structure can be measured and from this one can determine a 
unique dielectric constant and a unique·thickness which will allow optical 
matching at a specified wavelength. The steps in this procedure are 
similar to matching microwave networks by using the Smith Chart. 
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The reflectance and the transmittance which one can expect from a 
thin gold film at A = 6328 A are shown in Fig. 5. Reflectance, transmit­
tance and loss are plotted as a function of film thickness for an unsup­
ported Au film with an index of refraction N = n - j . k = 0.30 - j. 3.0. 
The only assumptions used in this plot are that one deals with normal 
incidence and that this particular index of refraction is independent of 
the film thickness. The index N = 0.30 - j. 3.0 is an approximate 
value for bulk gold obtained from measurements described by Parker 
Givens.I6 Other data for gold deposited under various conditions and 
listed by SchopperI3 cover an approximate range of n = 0.30 ± 0.10 
and k = 3.0 ± 1.0 at wavelengths in the range from 6000 A to 6600 A. 

The exact thickness of a thin metal film is usually of secondary im­
portance for many device applications. What one needs to know for 
devices described in this paper is reflectance, transmittance, and loss 
for a specified surface resistance (sheet resistance) of the film. The 
surface resistance of the film limits the frequency response of the device 
because it will contribute to the resistive part of the device. The rela­
tionship between the surface resistance and the RC product will be 
discussed later. 

Fig. 6 is a plot of reflectance, transmittance and loss measured for 
Au films at A = 6328 A for surface resistances in the 3 to 6 ohm/square 
range. The Au films are deposited on fused quartz slides under the 
following conditions: 

(i) The substrates are cleaned ultrasonically in successive baths 
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WAVE 

Fig. 5 - Transmittance, reflectance, and loss for thin metal film with N = 0.30 
- j·3.0. 
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Fig. 6 - Transmittance, reflectance, and loss of evaporated gold films on fused 
quartz substrates. 

of a detergent, distilled water and alcohol. They are dried with 
tank nitrogen and vapor degreased in isopropyl alcohol in the 
apparatus described by Holland.21 

(ii) The substrate is transferred into a VE-400 (Vacuum Electronics, 
Inc.) vacuum system which is pumped down to a pressure of 
2.10-7 torr. Due to the location of the ionization gauge, which 
is between the diffusion pump and the liquid nitrogen cold 
trap, the pressure in the bell jar is an order of magnitude higher. 

(iii) Gold is evaporated from a tungsten coil located 6 inches from 
the substrate with estimated deposition rates in the range of 5 
to 10 A/sec. The quartz substrate is not heated. 

(iv) The dc resistance of the film is continuously monitored during 
evaporation with two silver contacts shown in Fig. 6. Additional 
silver contacts are applied immediately after the gold evapora­
tion in order to sandwich the gold layer between two layers of 
silver. This method insures minimum contact resistance between 
the silver and the gold. All three layers (Ag, Au, Ag) are applied 
consecutively without opening the vacuum system. 

The thickness of the films is measured with a multiple beam inter­
ferometer; e.g., the film with a 5.7 ohm/square sheet resistance has a 
thickness of 180 ± 15 A. This particular sheet resistance is approxi­
mately 4.5 times higher than that which one would obtain from the 
resistivjty p of bulk gold for a thickness of 180 A (p = 2.44 X 10-6 ohm 
cm at room temperature). One of the reasons for this discrepancy is the 
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fact that conduction in thin films depends upon the scattering from the 
film boundaries. This means that bulk resistivities cannot be achieved 
for thin films. Another effect of importance is that the film may be 
discontinuous; that means the film consists of a number of islands with 
partial bridging between adjacent islands as described by Chopra22 

and Francombe and Sato.23 The optical properties of such a film can 
be characterized by a complex index of refraction provided that the 
average distance between neighbouring islands is a small fraction of the 
optical wavelength. 

The reflectance and transmittance curves shown in Fig. 5 are calcu­
lated for a metal film which is not supported by any substrate. Fig. 7 
is a similar plot for a film supported by a substrate with an index of 
refraction N = 3.75. This particular index corresponds approximately 
to silicon with N = 3.75 - j·0.18 at X = 6328A. Comparison with Fig. 
5 shows that the reflectance for a specified film thickness is higher. The 
loss in the metal film is lower because of the increased reflectance. 
Reflectance, transmittance, and loss are the same for very thick films as 
shown by the calculated points for d = 1000 A. 

IV. OPTICAL MATCHING OF A METAL-SEMICONDUCTOR CONTACT 

A metal-semiconductor contact can be optically matched at a speci­
fied wavelength if the reflection coefficient or the surface impedance is 
known for that particular wavelength. 
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Fig. 7 - Transmittance, reflectance, and loss of metal film on dielectric sub­
strate. 
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The reflection coefficient 1'1 at the interface of two media in Fjg. 8 is 
given by 

gi - go 
1'1 = . 

gl + go 
( 1) 

The quantities gk (Ie = 0, 1) are generalized impedances or admittances 
(immittances) of the two media and Jl.k (Ie = 0, 1) is the permeability 
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Fig. 8 - Plane wave reflected and transmitted from plain boundary. 

of the medium. The immittance is directly related to the index of refrac­
tion of that particular medium. The transmission coefficient tl , is 

tl=~. 
gl + go 

(2) 

Equations (1) and (2) are exactly identical with the equations used 
for computing the voltage or current reflection coefficient and the trans­
mission coefficient for two adjacent RF transmission lines at different 
impedance levels. 

A sequence of plane parallel films can be treated by applying (1) 
and (2) with a recursion formula which takes into account the phase 
shift between two adjacent media. The exact procedure is derived by 
Wolter.24 The result with a sequence of three media for the reflection 
coefficient 1'2 and the transmission coefficient t2 is 

(g2 - gl) (gl + go) exp (PIdl ) 
+ (g2 + gl) (gl - go) exp (-Pldl ) 

r2 = -------------------------------------------------
(g2 + gl) (gi + go) exp (Pldl ) 

(3) 

+ (g2 - gl) (gl - go) exp (-PIdl) 
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t2 = (g2 + gl) (gl + gO) exp (Pldl ) (4) 
+ (g2 - gl) (gl - go) exp (- Pldl ) 

with the notation shown in Fig. 9. The quantities gk are again the im­
mitances of the media. The exponential term exp (±Pldl) represents the 
phase shift between the two adjacent boundaries shown in Fig. 9. 

Equations (3) and (4) are valid if the impedance or admittance of 
the center medium is complex; e.g., if it is a metal. A plane wave launched 
in medium 2 will excite a hybrid wave in medium 1; that means planes 
of equal phase and of equal amplitude will not coincide unless one deals 
with normal incidence. A wave with parallel planes for equal phase and 
equal amplitude can be propagated in an absorbing medium. Such a 
wave, however, cannot be excited by a plane wave coupled into the 
absorbing medium through a plane boundary at an oblique angle. This 
property leads to an index of refraction which is a function of the angle 
of incidence. Further details may be found in the original work by 
Fry.25.26 

The reflection coefficient r2 in (3) should be made as small as possible 
for building devices with a high transmission into the substrate. This 
cannot be achieved for a metal-semiconductor structure. It is possible, 
however, to deposit an additional film on the metal and to compensate 
the complex reflection coefficient by proper choice of the index of refrac­
tion and the thickness of this antireflection coating. The surface im­
pedance on top of medium 1 in Fig. 9 which represents the metal is 

. 1 - r2 
Go=U-J'V=--

1 + r2 
(5) 

with U being the real part and jV the complex part of the surface 
impedance. Go can be matched to an impedance G2 by a dielectric layer 
with a proper thickness D and a proper impedance GI if 

(6) 

(7) 

The notation is shown in Fig. 10. The quantity n is the index of refrac­
tion of the dielectric material. For an interface with a real surface 
impedance Go = U, one obtains with V = 0 from (6) and (7) 

(8) 
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Pt = C 

Fig. 9 - Reflection and transmission for 3 media. 

(9) 

This is the well-known relationship for a quarter-wave transformer 
connecting microwave transmission lines at different impedance levels. 
The wavelength A is the vacuum wavelength. 

A practical example is treated in Fig. 11. Reflection coefficients for 
a Au-Si structure are plotted in the complex plane for a gold layer with 
a thickness of 100 A and 200 A. The example refers to normal incidence 
at a wavelength of A = 6328 A. It is assumed that the index of refrac­
tionis Nl = 0.28 -j·3.01forgoldandNo = 3.72 -j·0.18forsilicon. 
The index of refraction and the thickness of the antireflection coating 
are listed in Table 1. 

IMPEDANCE G2 
ANTIREFLECTION 

COATING 

Fig. 10 - Impedance matching with antireflection coating on medium No. 1. 
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Fig. 11 - Surface impedance of gold-silicon Schottky barrier at A = 6328 A. 

The loss in the gold film and the reflectance and the transmittance of 
the complete structure is shown in Fig. 12 and Fig. 13. All three quan­
tities are plotted as a function of the thickness of the gold film for two 
fixed antireflection coatings with n = 2.30, D = 500 A and n = 3.30, 
D = 240 A. Minimum reflectance is achieved as predicted in Table 1. 
All curves are obtained by applying (3) and (4) with a recursion formula 
for one additional layer. 

The conclusion from the results of Figs. 12 and 13 is that transmission 
with low loss into the silicon substrate is feasible. 

The reflectance achieved for three evaporation processes with zinc 
sulfide deposited on a Au-Si surface barrier is shown in Fig. 14. Gold 
layers with sheet resistances in the range of 6 ohm/square are first 
evaporated on epitaxial silicon. Zinc sulfide is evaporated on the gold 
layer. The return loss at A = 6328 A is continuously measured with an 
optical refiectometer and a He-Ne laser as a signal source. The re­
flectometer is similar to the one described by Perry.27 The measured 
return loss is calibrated in dB. The evaporation is continued after 
reaching the first minimum in one case in order to show the periodicity 
of the process. One concludes that an improvement of 8 dB to 9 dB in 
return loss is possible with a single layer of zinc sulfide. The return 
loss without the matching layer is 3 dB. The total return loss is therefore, 
11 dB to 12 dB. 

Thickness of Au Film 

100A 
2001 

TABLE I 

Index n of Coating Thickness ot Coating Thickness of Coating 

2.28 
3.33 

in A in Terms of Phase Angle 

5101 66° 
2421 46° 
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Fig. 12 - Reflectance, transmittance, and loss from Au-Si surface barrier with 
500 A thick ZnS antireflection coating. 

It is difficult to measure the transmittance or the loss in the metal 
for a ZnS-Au-Si structure. Some indication may be obtained from the 
measurement of the net quantum efficiency of the device if all the carriers 
can be col1ected and if there is no internal multiplication. Another direct 
method is to use the fact that the losses in the metal will increase its 
temperature and change its resistance. The resistance changes could be 
simulated by obtaining the same increase with a dc current flowing in 
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Fig. 13 - Reflectance, transmittance, and loss from Au-Si surface barrier with 
240 A thick ZnS antireflection coating. 
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Fig. 14 - Return loss from Si-Au surface barrier during deposition of antire­
flection ZnS layer. 

the Au film. The same procedure is used for power detector calibrations 
in the microwave frequency range. 

The transmittance through Au-ZnS has been measured for a slightly 
modified case shown in Fig. 15 using a 1-mm thick quartz slide as a 
substrate. A 5-ohm/square Au film is evaporated on the quartz. The 
reflectance is 40 percent and the transmittance is 43 percent at 6328 A 
as shown in Fig. 6. Zinc sulfide is then evaporated on the Au. The return 
loss and the transmission are continuously measured with a double 
reflectometer at A = 6328 A mounted inside the vacuum system. The 
double reflectometer records transmitted and reflected power simul­
taneously as shown by the coincidence of maxima and minima on the 
time scale in Fig. 15. The calibration in dB is obtained with a set of 
standard optical attenuators. The results from this experiment are 

(i) The transmittance is improved by 2.5 dB. This means that 76 
percent of the incident light is transmitted. 

(ii) The reflectance is decreased by 10 dB which means that the 
reflectance is reduced from 40 to 4 percent. 
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Fig. 15 - Return loss and transmission of gold film on quartz substrate during 
deposition of ZnS antireflection coating. 

(iii) The process is periodic which means the losses in the ZnS are 
small. 

(iv) The evaporation process can be interrupted at any time and 
resumed later without changing the periodicity of the process 
and the levels of the minima and the maxima. 

v. DESIGN OF THE SCHOTTKY BARRIER PHOTODIODE 

5.1 Optical Absorption and Carrier Generation in the Schottky Barrier 

The absorption coefficient a of the semiconductor and the width of 
the depletion layer ware important parameters for designing a Schottky 
barrier photodiode. The reason for this is as follows. The photocurrent 
through the depletion layer consists of two contributions. One is due to 
the carriers created within the layer, the other is due to carriers gen­
erated in the adjacent bulk material which diffuse later into the junction. 
Minority carriers which enter the junction by diffusion will be swept 
across the junction by the applied external field. This diffusion current 
may lead to delay distortion if the incident wave is pulsed or rf modu-
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lated. The diffusion current is small if most of the optical power IS 

absorbed within the depletion layer. This requires 

1 w» . ( 10) 
ex 

The upper limit for w is determined by the transit time which can be 
tolerated for the carriers. 

The absorption coefficient ex of Ge and Si as a function of wavelength 
is given in Fig. 16. The width of the depletion layer in a uniformly doped 
material with a carrier concentration N under an applied external voltage 
V is given by Rahng3 •28 as 

z 
o 
i= 
Cl. 
a: 
o 
(f) 

aJ 

4 

2 

4 

« 103 

4 

w ( 11) 
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Fig. 16 - Optical absorbtion coefficient of silicon and germanium at 3000 K. 
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where V D is the diffusion potential, E the dielectric constant and q the 
electron charge. The diffusion potential is the potential difference of 
the conduction band level between its value at the surface and its value 
inside the bulk material. Diffusion potentials of various metal-semi­
conductor combinations can be obtained from data supplied by Cowley 
and Sze.29 The diffusion potential in a Schottky barrier photodiode is 
usually much smaller than the applied back bias V because of the re­
quirement w » l/a. With q = 1.60 X 10-19 coulomb and E = 8.85 X 
10-14 Er farad/em one obtains 

w = 1.05 X 107 vi Er (V DN + V) micron. ( 12) 

N is the doping level in carriers/cc and w is measured in ,urn or micron 
(1 ,urn = 10-4 em). The ratio of capacitance C to junction area A is 

C E j / EqN 
A = W = 'V 2 (V D + V) . 

(13) 

The width of the depletion layer for Ge and Si as a function of the 
total voltage V D + V is shown in Figs. 17 and 18. The breakdown limit 
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Fig. 17 - Depletion layer width in n-type silicon as a function of potential 
difference V + V D across depletion layer. 
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Fig. 18 - Depletion layer width in n-type germanium as a function of poten­
tial difference V + V D across depletion layer. 

refers to an abrupt junction in the bulk. It is desirable that the deple­
tion width satisfy (10). Moreover, for any particular application, the 
thickness w should be no thinner than is necessary to achieve a cutoff 
frequency which is twice the maximum operating frequency since the 
maximum available power from a photodiode depends inversely upon 
the square of the diode capacitance. It is not always possible to sa tisfy 
these requirements because of transit time considerations or because of 
material properties. The drift current for a specified depletion layer 
width w is 

J Drift = qCjO(l - e-aw
) (13) 

where CjO is the incident photon flux at the front of the depletion layer 
and q the electron change. One obtains e.g., for w = 2/a a value of 0.86 
for the reduction factor 1 - exp (-aw). The total current will be larger 
because 14 percent of the radiation will be absorbed beyond the deple­
tion layer in the bulk material and create diffusion current. The exact 
amount of diffusion current under static condition may be found in a 
paper by Gartner.30 
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5.2 Frequency Limitations of the Photodiode 

The frequency limitations for Schottky barrier photodiodes are de­
termined by the transit time of the carriers through the depletion layer, 
the sheet resistance of the metal film, the resistance of the bulk material 
and the capacitance of the junction. 

The transit time for a carrier depends on the type of carrier and the 
location of its origin within the depletion layer. The carriers may reach 
saturation velocities for sufficient high :Eeld intensities; e.g., 107 cm/sec 
for electrons in silicon. The holes will move at lower velocities. One has 
to remember, however, that holes are created predominantly in the high 
field region in the vicinity of the metal and will travel only a short dis­
tance to the metal electrode. Electrons will have to travel over a much 
longer distance and through a region of low field intensities as shown in 
Fig. 19. The electron transit time Tel will thus be the predominant factor. 
This transit time has been calculated by B. C. DeLoach31 by assuming 
that 

(i) electrons reach the saturation velocity Vs at the maximum field 
in the junction, and 

(ii) the transit of the carrier through the junction is completed when 
it reaches the field Eo = leT, that means when it joins the free 
carriers with an average energy leT (0.026 e V at 3000 K) to ~he 
right of the swept space charge. 
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Fig. 19 - Pair creation under incident illumination with electric field intensity 
E in depletion layer. 
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The result for the electron transit time Tel is 

w (14) Tel = 
Vs 

Typical values which may be achieved in a silicon surface barrier are 
w = 5 microns and Vs = 107 cm/sec. This leads to an electron transit 
time Tel = 5.10-11 sec. The corresponding cutoff frequency isfe = l/Tel = 
20 GHz. 

The frequency response of a photodiode with a capacitance C per 
unit area and a sheet resistance Rs has been calculated by Lucovsky 
and Emmons.32 The cutoff frequency depends on the geometry of the 
diode and in particular on the location of the ohmic contact. Three 
types of contacts shown in Fig. 20 have been discussed by the authors. 
The 3-dB cutoff frequencies for the short circuited diodes are 

3 
We = R

s
Cb2 

linear contact (15 ) 

8 
We - R

s
Ca2 

ring contact ( 16) 

4 
We = 

RsC·F(a,b) 
dot contact ( 17) 

with 

F(a,b) 
a2 3b2 2b4 b 
2 - 2 + b2 - a2 log a . (18) 

The dimensions a,b are defined in Fig. 20. The formulas have been 
derived for a p-n photodiode with the p-layer as the conducting layer. 
They remain fully valid if the p-layer is replaced by a thin metal film 
with a sheet resistance of Rs ohm/square. The cutoff frequency for the 

STRIP RING DOT 

Fig. 20 - Contact shapes for ohmic contacts on thin metal film of Schottky 
barrier photodiode. 
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linear contact shown in Fig. 20 is independent of the dimension L be­
cause identical diodes connected in parallel will display the same fre­
quency response if they are operated under short circuit conditions. 

All three types of contacts can be used for Schottky barrier photo­
diodes. Ring contacts will give the highest cutoff frequencies for a speci­
fied diode area and given material properties. The fabrication of dot 
contacts is simpler because the ring contact has to be deposited by mask­
ing off the center area of the diode for the deposition of the contact ring. 
Dot contacts can be evaporated through an ordinary metal mask with 
an array of holes. This makes dot contacts particularly useful for photo­
diode arrays or for the fabrication of a large number of photodiodes on 
a single wafer which can be sliced up later. It is convenient to set the 
contact dot off center in order to facilitate the attachment of an external 
connection without interfering with the incident light beam. This is 
shown in Fig. 21. The large dots are semitransparent gold films on Si 
with a diameter of 10 mils and a sheet resistance of 5 to 7 ohm/square. 
The small contact dots have a diameter of 3 mils. The capacitance of 
each diode for a substrate material with a resistivity of 2.7 ohm cm at 
a back bias of 60 volt is 0.9 to 1.0 pF. The cutoff frequency cannot be 
calculated from (17) for the dot contact because the contact in Fig. 21 
is off centered. A good approximation is obtained by applying (15) for 
the linear contact with b being the diameter of the semitransparent gold 
film. The cutoff frequency obtained for this particular diode at the speci­
fied back bias of 60 volt is Ie = wc/27r = 22 GHz. This cutoff is of the 
same order as the cutoff frequency obtained from transit time considera­
tions. 

Fig. 21 - Array of Schottky barrier photodiodes on epitaxial silicon wafer 
before deposition of antirefiecting coating. The diameter of the large semitrans­
parent gold dots is 0.25 mm, the diameter of the small gold contact dots is 0.075 
mm. 
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VI. FABRICATION AND PACKAGING OF Si-Au-zns PHOTODIODES 

The combination of materials for Schottky barrier photodiodes de­
pends on the frequency range of the incident radiation and the metal­
lurgical properties of the'metal-semiconductor system. Silicon and ger­
manium are both suitable for the visible range of the spectrum. Stable 
Schottky barriers can be formed with a number of other metals, e.g., 
Ag, AI, Pt, and Ni. The eutectic temperatures of the various metal­
semiconductor combinations determine the maximum device tempera­
ture. The eutectic temperature of Au-Si is 370°0. The choice of the 
matching coating is governed by the optical surface impedance of the 
metal-semiconductor combination, A total optical return loss of 12 dB 
can be achieved with ZnS which has a dielectric constant tr = 2.3. A 
higher return loss may be desirable; however, the stability of ZnS and 
the good adherence to the Au is an advantage compared to other di­
electric materials. 

The surface preparation of the semiconductor substrate is relatively 
simple. Epitaxial silicon wafers n on n+ with alloyed gold antimony 
back contacts are rubbed with a clean cotton swab under methanol, 
boiled in distilled water, etched in HF, washed in distilled deionized 
water, washed in methanol and finally dried with nitrogen. The wafer 
is covered with a molybdenum mask with an array of 10-mil diameter 
holes. Only j of the wafer are covered by this mask. The remaining t 
of the wafer is later used for test purposes of the optical return loss dur­
ing the evaporation of the antireflection coating. The unit is transferred 
into the vacuum system which is pumped down to a pressure of 2-3 X 
10-7 torr measured at its pumping port. Gold is evaporated from a tung­
sten coil. The sheet resistance of the gold is measured on a I-mm quartz 
slide which is located adjacent to the silicon wafer. The evaporation is 
discontinued when the sheet resistance measured on the quartz slide 
is in the range of 5 to 7 ohm/square. Separate measurements have shown 
that the sheet resistance of the Au on the Si wafer is also in the 5 to 7 
ohm/square range. 

A second deposition of Au through a molybdenum mask with an array 
of 3-mil holes is made on the wafer. The 3-mil Au dots are needed later 
for contacting purposes. A photograph of the semitransparent Au dots 
and the contacting 3-mil dots is shown in Fig. 21. The second mask is 
removed after the Au evaporation and the unit is mounted in a vacuum 
system which is equipped with an optical reflectometer at A = 6328 A. 
Zinc sulfide is evaporated on the wafer. The reflectance from the test 
area on the wafer is measured continuously and the evaporation is 
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stopped at the first maximum of the return loss. Typical results obtained 
from the refiectometer recording are shown in Fig. 14. 

The step of depositing 3-mil Au contacts is repeated in order to facili­
tate thermo compression bonding to the contact area. The second mask 
is mounted in exact registry with the first evaporation of contact dots. 
This means that a ZnS layer is sandwiched between two identical con­
tact dots. This layer is shorted out after completion of the thermocom­
pression bonding process of a I-mil Au wire to the contact dot. Fig. 22 
is a photograph of the wafer surface after completion of all evaporation 
processes. The wafer surfaces shown in Figs. 21 and 22 are both illu­
minated from a standard tungsten lamp for obtaining the photographs. 

A cross sectional view of the detector packaged into a modified type 
N connector body is shown in Fig. 23 and a photograph of the completed 
structure in Fig. 24. A metallized quartz washer is used for electrical 
separation of the diode terminals. A bypass capacitor provides an RF 
short between the outer conductor of the connector body and the ter­
minal which is connected to the metal side of the Schottky barrier. 
Various parts of the package are identified in the figure caption. 

VII. MEASUREMENT OF PULSE RESPONSE AND NET QUANTUM EFFICIENCY 

The pulse response of packaged Schottky barrier photodiodes has 
been examined by phase locking the TEMooq modes of a 6328 it He-N e 
gas laser with an internal phase modulator. The laser output consists 
of pulses with a half width of approximately 0.5 nanoseconds separated 
by 11 nanoseconds. The average optical power is 0.3--0.4 milliwatt. 

A typical pulse response obtained with a completed photodiode dis-

Fig. 22 - Array of Schottky barrier photodiodes on epitaxial silicon wafer 
after deposition of the antirefiecting coating. The dot dimensions are the same as 
in Fig. 21. 
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Fig. 23 - Cross-sectional view of diode package. (1. Silicon wafer. 2. Thin gold 
film. 3. Thermocompression bond on gold contact. 4. Contact wire to quartz 
washer. 5. Quartz washer, top and bottom are metallized. 6. Brass pin. 7. Brass 
adapter ring. 8. Bypass button capacitor 1000 pF. 9. Inside metal connection of 
button capacitor and external lead for applying dc bias to photodiode. 10. External 
metal connection of button capacitor. 11. Brass pin forming part of center con­
ductor of the connector. 12. Steel spring. 13. Teflon spacers. 14. Connector body. 
15. Steel washer.) 

Fig. 24 - Completed diode package showing connector body and external 
lead wire for dc bias. 
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played on a Tektronix sampling oscilloscope Type 661 with a rise time 
of 0.1 nsec is shown in Fig. 25. The diode is made on 2.7 -ohm cm epi­
taxial silicon with the 10-mil diameter dots shown in Figs. 21 and 22. 
The half width of the pulses is 0.45 nsec at a back bias of 50 volts. The 
net quantum efficiency measured with an Eppley thermocouple ~ 4952 
as a reference is 70 percent. This efficiency is obtained by graphical 
integration of the pulse shape shown in Fig. 25 and by assuming that 
the diode acts like an ideal current source into the 50-ohm broadband 
load of the sampling oscilloscope. 

A close inspection of the pulse shape shows that the leading edge is 
slightly steeper than the trailing edge. The distortion in the trailing 
edge is due to diffusion current and to case capacitance in the package. 
The influence of the diffusion current can be examined by observing the 
pulse shape for various back bias conditions. Fig. 26 is the pulse re­
sponse of the same diode at a back bias of 0, 4, 15, and 50 volt. A diffu­
sion tail is clearly visible at a back bias of 0 volt and 4 volt. The diffu­
sion tail is depressed at higher back bias because more carriers are created 
within the depletion layer. 

An important property required for many practical applications is a 
uniform response of the photodiode over the entire area of the junction. 

Fig. 25 - Pulse response of packaged diode at 50-volt back bias into 50-ohm 
load obtained from phase locked modes of He-Ne gas laser. Horizontal scale 0.5 
nsee/em, vertical scale 20 mvolt/em. 



1636 THE BELL SYSTEM 'rECHNICAL JOURNAL, NOVEMBER 1966 

Fig. 2G - Pulse response of Schottky barrier photo diode at O-volt, 4-volt, 
I5-volt, and 50-volt back bias. Horizontal scale 1 nsec/cm, vertical scale 25 mvolt/ 
cm. 

Fig. 27 - Pulse response for 9 points on the same photodiode obtained by linear 
scanning of a focused laser beam over diode area by O.025-mm increments. Hori­
zontal scale 2 nsec/cm, vertical scale 25 mvolt/cm. 
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Fig. 27 shows the pulse response of a Schottky barrier photodiode at 
various locations of the diode. A laser beam is focused on the front sur­
face of the diode and is scanned across the diode. The pulse response is 
measured on an axis at discrete points which are spaced 1 mil apart. 
The peak variation is less than 3 percent over a totaJ distance of 7 mils. 
The reduced pulse response in the vicinity of the boundaries is due to 
the fact that there is a small thickness change of the antireflection coat­
ing close to the boundary. This change of thickness is due to different 
sticking coefficients and different surface mobilities of the zinc sulfide 
on gold and on silicon during the evaporation process. One cbserves 
therefore a reduced amplitude response with no degradation of the pulse 
shape. 

VIII. CONCLUSIONS 

Schottky barrier photodiodes can be used for fast and efficient optical 
detectors. The high efficiency is obtained because radiation can be 
coupled through thin metal films with relatively low loss at optical fre­
quencies. The small reflectance of the diode is achieved by proper choice 
of the matching layer. A diode with a fast response is obtained by design­
ing junctions with a small RC product. The problem is similar to build­
ing high cutoff Schottky barriers for microwave and millimeter wave 
circuits. Additional limitations are due to transit time effects which 
are common to all solid-state radiation detectors based on carrier gen­
eration. 
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Topology of Thin Film RC Circuits 

By F. W. SINDEN 

(Manuscript received August 31, 10GG) 

Integrated RC circuits can be made by depositing exceedingly thin 
Jrwtallic and dielectric fil1ns in suitable patterns on an insulating substrate. 
Resistors are strips of conduct01~· capacitors are patches on which conducting, 
dielectric, and conducting layers are superimposed. Since conductors can 
cross at capacitor patches, RC networks need not be strictly planar to be 
realizable in thin fil1n. 

Determining which RC circuits are realizable poses new problems in 
topology which are remarkably simple to state but are as yet unsolved. The 
results reported here are fragmentary, but they do cover smne cases of small 
order that llwy be of practical interest. 

I. INTRODUCTION 

Integrated RC circuits can be made by depositing exceedingly thin 
metallic and dielectric films in suitable patterns on an insulating sub­
strate. A resistor is made by depositing a long, narrow strip of conductor 
(usually in a zag-zag for compactness); a capacitor is made by super­
imposing conducting, dielectric, and conducting layers. Because the 
dielectric is thin, the capacitance per unit area is high. Fig. 1 shows a 
typical thin film pattern. 

Ordinarily printed circuits are strictly planar; crossovers are made 
only by leading one of the conductors entirely out of the plane of the 
circuit. In the thin film technique, however, conductors can be separated 
by thin insulating layers within the plane of the circuit. Thus, cross­
overs can be permitted provided a nonzero capacitance between the 
crossing conductors is acceptable. If an RC circuit can be laid out so 
that conductors cross only if the circuit requires a nonzero capacitance 
between them, we will say the circuit is realizable in thin film or just 
realizable. 

An example of a realizable nonplanar circuit is shown in Fig. 2. In 
this case, the schematic thin film layout brings out intrinsic symmetries 
not displayed by the circuit diagram. 

1639 
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1-<------------- 0.62 INCH ------------~ 

Fig. 1 - Thin film layout for a notch filter (courtesy W. H. Orr). Black region 
is bottom conductor; shaded region is dielectric; white region is top conductor. 

Finding feasible layouts, or even determining when they exist, leads 
to unsolved problems in topology. The results presented here give 
answers only in special cases. l\1oreover, these results concern only the 
topological side of the problem; electrical equivalences are not taken into 
account. It is assumed that the network is given topologically and that 

(a) (b) 

Fig. 2 - (a) Nonplanar circuit ("twin-tee", Ref. 3, p. 309); (b) schematic 
thin film layout for the circuit in (a). 
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terminals to the outside are located in given fixed positions on the 
periphery of the board. 

II. SEPARATION OF THE RESISTIVE AND CAPACITIVE PARTS 

Given an RC network N, let RN be the purely resistive network ob­
tained by replacing every capacitor by a direct connection. Clearly N 
is not realizable in thin film unless RN is. RN is realizable only if its 
graph (a vertex for each conductor, an edge for each resistor) is planar 
under the restrictions imposed by the locations of the terminals to the 
outside (see Fig. 3). This observation provides a first check: if RN is not 
planar, there is no need to proceed further. 

Each vertex in the graph of RN replaces a purely capacitive network. 
In Fig. 3, for example, the vertex V in RN replaces the network shown 
in Fig. 4. 

One way to construct a realization of N is to construct realizations 
for the individual vertex-networks, and then to fit these into the planar 
layout of RN . Since the layout of RN may not be unique (there may be 
more than one ordering of edges about a vertex) the conditions on the 
vertex-networks may not be unique. 

Another approach, discussed briefly in the final section, is to modify 
algorithms for purely capacitive networks to take account of resistors. 
In either case, one needs to study the purely capacitive networks first. 

III. PURE C NETWORKS 

A pure C network is a set of zero-resistance conductors Cl, ..• , Cr 

some pairs of which are connected by capacitors. The problem of finding 
a feasible layout for such a network is the following: 

For each conductor Ci find a connected region Ri in the plane such that 
(i) Ri and R j have common points if and only if Ci and Cj are con­

nected by a capacitor, and 

N 

Fig. 3 - Nonplanar RC network N and reduced purely resistive network RN . 
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VERTEX-NETWORK FOR VERTEX V REALIZATION 

Fig. 4 - Capacitive network for vertex V of Fig. 3 and realization of this 
network. 

(ii) no point belongs to more than two regions. 
Condition (ii) says that no more than two conductors (separated by 

dielectric) may be superimposed. If, contrary to condition (ii), conduct­
ing and dielectric layers can be stacked up indefinitely, then every con­
nected C network has a feasible layout. (The network is connected if any 
conductor can be reached from any other through a sequence of capaci­
tors.) This is not quite immediately obvious; a proof is given in Appendix 
A.I. 

Indefinite stacking offers other advantages as well.I Unfortunately it 
also presents technical difficulties. To date most thin film circuits have 
been limited to two conducting layers. 

It does not change the problem to replace the connected regions Ri 
by curves C i of finite length, since a connected region can be nearly filled 
by a curve of finite length, and a curve of finite length can be approxi­
mated by a narrow region. When convenient, the curves can have 
branches, although this is not necessary, since a branch can be approxi­
mated by letting the curve double back. In some cases, a pair of curves, 
whether branched or not, have to cross more than once (examples later). 
Such multiple crossings will be permitted on the assumption that a 
capacitance, if need be, can be distributed over several crossovers. Some­
times the curves are more convenient and sometimes the regions. I will 
use both. 

In addition to satisfying conditions (i) and (ii) the regions (or curves) 
may have to satisfy constraints associated with the terminals to the 
outside. l\1ore specifically, R1 , " • , Rr may be required to lie within a 
given region R and certain of the Ri may be required to contain specified 
points Pion the boundary of R. I will consider mainly the two extreme 
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cases where (a) there are no such terminal constraints and (b) every 
region Ri satisfies a terminal constraint. 

IV. UNCONSTRAINED CASE 

The problem is simply stated: It is specified which pairs of a set of 
curves (or connected regions) in the plane cross and which pairs do not. 
When are such specifications consistent? 

To get a feeling for the problem, the reader may wish to try the ex­
amples in Fig. 5. 

The crossings are conveniently specified by means of a graph G. 
Associate a vertex with each curve, and let two vertices be joined by an 
edge if and only if the corresponding curves are required to cross. If a 
set of curves satisfying the crossing specifications exists, we will say 
that the graph G is realizable. 

If G is planar, then it is realizable. In a planar representation of G 
one has merely to replace each vertex Vi by a star-shaped region R 
whose points extend out along the edges emanating from Vi far enough 
to overlap the points of neighboring regions. 

The converse is not true; some nonplanar graphs are realizable. For 
instance, any complete graph (nonplanar if the order is greater than 
four) is realizable, for in this case every curve Ci crosses every other. 
(Let the Ci be straight lines in general position; i.e., no two parallel, no 
three through a point.) 

(a) (b) 

Fig. 5 - Examples of unconstrained case. With the exception of the dashed 
curve, a pair of curves must cross if and only if they cross in the figure. The dashed 
curve must make only the encircled crossings. One of these examples has a solution; 
the other does not. Answers are given in Appendix A.2. 
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Although nonrealizable is different from nonplanar there is a class 
of nonrealizable graphs that is related to nonplanar graphs. If G is non­
planar, then the graph G* obtained by inserting a new vertex into each 
edge of G is nonrealizable (see Fig. 6). If G* were realizable, one could 
construct a planar representation of G as follows. In a realization of G* 
let each of the curves Ci corresponding to an original vertex of G shrink 
to a point in such a way that no new crossings are generated. This is 
always possible. Since by assumption the remaining curves (correspond­
ing to edges of G) do not cross each other, the resulting figure is a planar 
representation of G. 

A theorem of Kuratowski2 states that any nonplanar graph can be 
reduced to one of two minimal nonplanar graphs Gl or G2 (Fig. 7) by 
(i) deleting edges and (ii) combining adjacent vertices. t 

G G* 

Fig. G - G is nonplanar; G* is nonrealizable. On the right is a nonrealization of 
G*; crossings marked with dots are required, no others are permitted. 

The two operations (i) and (ii) clearly preserve planarity. Operation 
(ii) also preserves realizability, but (i) does not. (If it did, all graphs 
would be realizable, since any graph can be constructed by deleting edges 
of a complete graph, which is realizable.) To preserve realizability it is 
necessary to replace (i) by the weaker operation (if): deleting vertices 
(together with attached edges). To see that (if) and (ii) do indeed 
preserve realizability one has only to interpret them as operations on the 
curves Ci • 

Using operations (if) and (ii) and Kuratowski's theorem we can 
identify a class of nonrealizable graphs as follows. 

Let G1* and G2* be the graphs obtained by inserting a new vertex 

t G1 is the graph involved in the familiar problem of connecting three utilities 
(e.g., the gas, water, and electric plants) to three houses without crossing lines. 
Since G1 is nonplanar there is no solution. In Fig. 7 vertices 1, 3, and 5 can be taken 
as the utilities and 2, 4, and (3 as the houses. 
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Fig. 7 - Kuratowski graphs. 

into each edge of the Kuratowski graphs G1 and G2 • A graph is non­
realizable if it can be reduced to G1 * or G2 * by application of (i') and 
(ii). G1 * and G2 * are themselves irreducible. In Appendix A.2 one of the 
examples in Fig. 5 is shown to be reducible to G1 *, hence nonrealizable. 

The analogue of Kuratowski's theorem which would say that every 
nonrealizable graph can be reduced to G1* or G2* is false. An example of 
a nonrealizable graph that cannot be so reduced is given in Appendix 
A.3. 

V. CONSTRAINED CASE 

In addition to satisfying the conditions (i) and (ii) in Section III, 
the curves Ci (or the regions R i ) will now be required to lie within a 
simply-connected region R (which we shall take to be a disk) and each 
Ci will be required to contain a specified point Pi on the boundary of R. 
(This covers the case where a single conductor is required to join two 
or more separate terminals. One has only to require that the correspond­
ing curves cross each other; their union represents the conductor.) 

Before proceeding further, the reader may wish to try the examples 
in Fig. 8. 

In passing, we observe that any constrained problem can be imbedded 
in an unconstrained problem. The constraints can be simulated by 
means of a ring structure containing 2r curves, where r is the number of 
curves in the constrained problem. This is proved in connection with the 
example discussed in Appendix A.3. Unfortunately, this observation is 
of little use in the absence of more information about the unconstrained 
case. 

We will regard the vertices VI, .•• , Vr of graph G as residing at the 
terminal points PI, ... , P r • We will often make use of the complement 
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(a) (b) 

Fig. 8 - Examples of constrained case. Curve C. must contain point Pi and lie 
otherwise within the circle. The dashed lines show the edges not in G, i.e., if Pi 
and P f are connected by a dashed line then curves Cj, and C f may not cross j other­
wise Cj, and Cf must cross. One example has a solution, the other does not. Answers 
in Appendix AA. 

G of G, where (j consists of all edges not in G. Edges in G will be shown 
as solid lines, edges in G as dashed lines. 

A subset of vertex points Pil , ... , Pin such that i1 < i2 < .'. < in 
will be called a cycle if all the pairs 

(Pi! , P i2),(Pi2 ,Pi3 ), ... , (Pin' Pil) 

are joined by edges. A cycle will be called empty if no other pairs are 
joined by edges. We will be primarily concerned with empty cycles in 
the complementary graph G. (See Fig. 9) 

Theorem, 1: A necessary condition for a constrained graph G to be realizable 
is that G contain no empty cycles of order four or l1wre. 

Proof: (i) If G is an empty cycle of order four, then G is not realizable. 
This is easily verified by inspection. If, therefore, G contains an empty 
cycle of order four, then G is not realizable. 

(a) 

Fig. 9 - (a) Empty cycle in G, (b) non-cycles. Dashed edges belong to OJ 
edges not shown belong to G. 
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(ii) Suppose the theorem is known to be true for cycles of order 
4, ... , m - 1 and suppose, contrary to the theorem, that G contains 
an empty cycle of order m and that G is realizable. The realization of G 
can be generated in the following way: let curve CI grow continuously 
out of point PI until it reaches its full length, then let curve C2 grow 
out of point P 2 until it reaches its full length, and so on until all curves 
are complete. 

Let G(t) be the corresponding complementary graph at time t. At 
the beginning, G(t) is the complete graph (no crossings); as the crossings 
are generated one by one, edges are deleted from G(t). At some stage the 
postulated empty cycle of order 1F/" which is contained in the final form 
of G, must have just one internal edge left. But this last internal edge 
forms two empty cycles inside the final cycle, at least one of which 
must be of order four or more (since 111, > 4) and less than order 111,. 

Therefore, by the induction hypothesis, there can be no realization at 
this intermediate stage. Contradiction. 

For some time it appeared to me that the empty cycle condition was 
not only necessary for the realizability of a constrained graph, but suffi­
cient as well. Recently, though, I found a counterexample of order eight. 
This example is discussed in Appendix A.5. 

Following are a number of results that help to identify and construct 
special classes of realizable constrained graphs. Taken together these 
seem to cover most cases of small order. 

If no two edges of G cross, then clearly G is realizable. Less obvious 
is a similar result for G: 

Theorem 2: A sufficient condition for a constrained graph G to be realizable 
is that G contain no empty cycles of order four or l1wre and that no two edges 
of G cross. 

An example of such a G is the triangulated polygon of Fig. 8(b). This 
example, typical of the genre, has a complicated solution with unavoida­
ble multiple crossings. 
Theorem 2 is proved in Appendix B. A more general result, also proved 
in Appendix B, is the following: 

Theorem 3: (i) If (PI, P k ) is an edge of G that crosses no other edges of G, 
and if the subgraphs G' with vert'ices PI , P 2 , ••• ,Pk , and Gil with vertices 
P k , ••• ,P r , PI are both realizable, then G is realizable. 

(ii) If (PI, P k) is an edge of G that crosses no other edges of G, and 2j 

subgraphs G' with vertices PI, P 2 , ••• , P k , and Gil with vertices P k , ••• , 

P r , PI are both realizable, then G is realizable. 



1648 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1966 

The following two theorems describe circumstances under which a 
new curve C r+1 can be added to an existing solution. In many cases 
the entire solution can be generated by adding curves one at a time. 

Theorem 4: Let G be a constrained graph with vertices PI, . . . , P r , P r+l • 

G is realizable if (i) the subgraph of G with vertices PI, ... ,P r is realizable, 
and (ii) there do not exist three vertices Pi, Pj, P k , i < j < k < r + 1 
such that Pr+IP i and Pr+1Pk are edges of G and PiPk and Pr+IPj are 
edges of G. (See Fig. 10.) 

Though cumbersome to state, this theorem is usually easy to apply. 
The following special cases are often useful by themselves. Let S be the 
set of vertices joined to P r+l by edges of G. Special case 1: the vertices 
of S are an adj acent string. Special case 2: every pair of vertices in S 
is joined by an edge of G. Special case 2, for instance can solve examples 
like 8(b) in which G is a triangulated polygon. One has only to add new 
vertices one at a time in such a way that each additional vertex forms 
one new triangle in G. The set S always has just two members. 

Theorem 4 is proved in Appendix B. Though somewhat involved 
when worked out in detail, the idea of the proof is simple. In the situa­
tion of Fig. 10 the curves Ci and Ck (emanating from Pi and P k ) form 
a barrier which Cr+l cannot cross. This does not necessarily prevent 
Cr+l from intersecting Cj , for it is possible that Cf could cross the barrier. 
If, however, the barrier is not there, then Cr+l can reach Cj on its own 
without Ci's help. If there are no barriers of the Fig. 10 type, then 
C r+l can reach all of the curves it is supposed to cross no matter how 
these may have been drawn. Thus, the new curve C r+l can be added 
without disturbing the old ones. 

Pj 

Fig. 10 - Configuration forbidden by hypothesis of Theorem 4. Dashed lines 
show edges of 0; solid lines show edges of G. 
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The next theorem concerns an operation which I will call an adjacent 
interchange. Given the circle R with the peripheral points PI, ... , P r , 

let R' be a slightly smaller circle concentric to R with corresponding 
peripheral points PI" ... ,Pr'. Let the primed points have the same 
order as the unprimed points except for one adjacent pair Pk',Pk+I ', 

which is interchanged. The points PI, ... , P r, can be joined, respec­
tively, to PI', ... , P r' by curves C1 ••• , Cr in such a way that only 
Ck and CHI cross. (See Fig. 11.) 

If the operation is repeated by means of a new circle R" inside R', 
then the curves Ci are extended inward and one new crossing is gen­
erated. A sequence of such operations can be specified by giving the pair 
of currently adjacent points that is to be interchanged. 

Theorem 5 states the conditions under which all of the intersection 
requirements of a curve can be satisfied by a sequence of adj acent 
interchanges. These conditions involve cycles in G (not necessarily 
empty) as defined just before Theorem 1. Note that the order of vertices 
in a cycle of G is invariant under adj acent interchanges. 

We will say that a member Pi of a cycle in G is active if it is joined to 
some other member of the cycle by an edge of G. 

Theorem 5: The intersection requirements of a curve Ci can be satisfied 
entirely by a sequence of adjacent interchanges if and only if Pi is not an 
active member of any cycle in G. 

Theorems 4 and 5 tend to be complementary; where one fails, the 
other often works. Fig. 8(b) is an example where Theorem 5 fails (every 
vertex is an active member of several cycles) and Theorem 4 works. 

Fig. 11 - An adjacent interchange. 
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An example of the opposite kind is shown in Fig. 12. In this example 
Theorem 4 fails (every vertex has the forbidden configuration) but 
Theorem 5 works. The whole realization can be constructed by adj acent 
interchanges. 

A realizable example to which neither Theorem 4 nor Theorem 5 
applies is given in Appendix A.6. This is the smallest such example I 
have found (twelve vertices), but I doubt that it is really minimal. 

VI. ORDER OF CROSSINGS 

It is possible to obtain directly from the graph G information about 
the order in which crossings must occur along a given curve Ci • This 
information is contained in configurations I will call empty chains. 

An en"tpty chain is a subset of vertex points P i l , P i2 , ••• ,P1"n in 
cyclic order such that the pairs (P i l , P i 2), (P i2 , P i3)' ... , (P in_l , Pin) 
are joined by edges of G and all other pairs are joined by edges of G. 

An empty chain is just an empty cycle with a gap in it. Since the 
empty cycle is nonrealizable, it is not surprising to find that the realiza­
tion of the empty chain, though not quite unique, is tightly determined. 
(See Fig. 13.) 

Theorem 6: Let PI, ... ,Pn be the vertices of an empty chain. Along 
curve Ck the first crossings with CI , ..• , Ck- 2 must occur in that order; 
the first crossings with Ck+2, ... , Cn must occur in reverse order. 

The proof is given in Appendix B. 
Every empty chain of length four or more yields ordering informa­

tion. If, for instance, PI, P 2 , P 6 , P 7 is an empty chain, then CI must 
cross C7 before it crosses C 6 and C7 must cross C I before C 2 • Since most 

Fig. 12 - No vertex is an active member of any cycle in G, therefore, a realiza­
tion exists. 
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Fig. 13 - Realization of the empty chain of order seven. 

examples of interest contain several such empty chains, this theorem 
is very generally applicable. The example of Fig. 8(b), for instance, 
contains six empty chains of order four and one of order five, which 
together give complete information about first crossings. 

Searching for empty chains is tedious to do by hand, but could easily 
be done by machine. 

A weakness of Theorem 6, evident in the example of Fig. 8(b), is 
that it says nothing about multiple crossings. It is clear in many ex­
amples that multiple crossings are determined by G. A way of extracting 
this information would be very useful. 

VII. CONSTRUCTION OF SOLUTIONS - SUMMARY 

The preceding results are not strong enough to define a guaranteed 
procedure for constructing realizations of constrained graphs. They do, 
however, seem to work in most cases of small order. To apply them one 
can proceed as follows: 

(i) Look for empty cycles in G of order four or more. If any exist, 
G cannot be realized (Theorem 1). 

(ii) Look for edges of G (or G) that do not cross other edges of G 
(or G). Such edges, if internal, permit the graph to be broken 
into two independent parts (Theorem 3). 

(iii) Look for vertices that are free of the configuration shown in 
Fig. 10. Such vertices can be temporarily deleted, since the 
corresponding curves can be drawn in after the remaining curves 
have been drawn (Theorem 4). 

(iv) Look for vertices that are not active members of any cycle in 
G. These are typically on tree-like branches of G. The corre-
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sponding curves can be constructed either at the beginning or 
the end by means of adj acent interchanges (Theorem 5). 

(v) Find all the empty chains of order four or more and write down 
all the ordering relations they imply. Try to locate each crossing 
on both of its curves. This cannot always be done uniquely. 

In a systematic procedure one could combine 1, 4, and 5 since these 
all involve chains and cycles. 

Chains and cycles in (j seem to be important in this problem; they 
certainly yield much information. But apparently they are not enough. 
To set up necessary and sufficient conditions for realizability, some 
other element is needed. 

VIII. LOOSE ENDS 

So far we have considered only completely constrained and completely 
unconstrained graphs, corresponding to networks where none or all 
of the conductors are connected to outside terminals. In general, of 
course, one wants the intermediate case where only some of the con­
ductors are connected to outside terminals. This remains to be studied. 

The preceding results can be used to construct realizations for the 
pure C networks represented by the nodes of the resistive network RN . 
(See Section II.) Alternatively, one can generalize the pure C problem 
as follows to take account of resistors a priori. 

The graph G can be replaced by its associated matrix A, where 
aij = X (for "crossing") if conductors Ci and Cj are connected through 
a capacitor (or a short circuit) and aij = 0 (for "no crossing") if Ci and 
Cj are not so connected. To take account of resistors, we let aij = T 
if Ci is connected to Cj through a resistor but not through a capacitor. 
This will mean topologically that Ci and Cj must touch without crossing. 

T and X can be defined more precisely as follows. Consider instead 
of the curves Ci the regions Ri . We can assume that the R~ are simply 
connected. If aij = T, then the part of R/s boundary that lies inside 
R j must be connected (i.e., a single piece). If aij = X then the part of 
R/s boundary inside R j may (but need not) consist of several pieces. 

A. J. Goldstein has observed that in constructing an algorithm, the 
regions Ri have advantages over the curves Ci • (The ends of the curves 
have an unnecessarily special character.) He suggests that an algorithm 
might be constructed that would keep track of all of the pieces of the 
boundaries of the Ri and take, so far as possible, only steps that are 
topologically mandatory. Such an algorithm could easily take account 
of both T and X connections. This idea has not been worked out in 
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detail and we do not know how often one would be forced to take an 
arbitrary step that might be wrong. 

APPENDIX A 

Examples and Answers 

A.l If indefinite stacking of conducting and dielectric layers is per­
mitted, then any connected G is realizable regardless of the positions 
of the outside terminals. A universal realization can be constructed as 
follows. 

Since G is connected, there is a path in G that contains every vertex 
at least once. In their order along this path let the vertices be VI , • • • ,Vn • 

Over a disk D, stack n layers of conductor separated by layers of di­
electric. Associate the conductors with the vertices of G according to 
their order along the path. This is permissible since the conductors 
have nonzero capacitances only with their neighbors in the stack. These 
capacitances correspond to the edges in the path. An extension of any 
conductor can be brought out of the stack radially in any direction. 
Thus, any pair of conductors required to have a nonzero capacitance 
can be brought out together and superimposed in an arbitrarily long 
radial strip. Similarly, any conductor can be brought out in the appro­
priate direction to connect to an outside terminal. 

Although this construction shows the existence of a topological 
realization, it would hardly do as a practical layout in every case, even 
if indefinite stacking were permitted. Some of the metrical difficulties 
can be overcome by substituting an annulus for the disk D, but even 
so, this construction should be regarded as an existence proof, not as a 
practical solution. 

A.2 Answers to the Examples in Fig. 5. 

The example (a) of Fig. 5, constructed by R. L. Graham, was the 
first nonrealizable example found. It turns out to be of the type dis­
cussed in the text. Its graph is shown in Fig. 14(a). By deleting vertices 
and combining adj acent vertices it can be reduced to the graph shown 
in Fig. 14(b), which is a Kuratowski graph with a vertex inserted into 
each edge. Therefore, the example is nonrealizable. (See discussion 
subsequent to Fig. 5.) 

Example (b) of Fig. 5 has the solution shown in Fig. 15. 

A.3 Fig. 16(a) shows a nonrealizable graph which does not contain 
either of the augmented Kuratowski graphs GI * or G2*. The outer ring 
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(a) (b) 

Fig. 14 - (a) Graph for example (a) of Fig. 5. (b) Reduced graph G1*. 

(B and C vertices) simulates terminal constraints; the inner part (A 
vertices) is a constrained graph (empty cycle of order 5) that is known 
to be nonrealizable. 

Proof: (i) The graph G of Fig. 16(a) cannot be reduced to GI * or G2*. 
The operations (i') and (ii) always reduce the number of vertices. But 
G already has the same number of vertices (fifteen) as G1 * and G2 *. 
(ii) G is nonrealizable. Suppose a realization exists. In this realization 
let C be the union of C-curves (Fig. 16(b)). No A-curve intersects C. 
Therefore all A-curves must lie in the same mesh of C. Call the interior 
of this mesh R. R is (or may be) partitioned into subregions by segments 
of B-curves. We will show that all intersections between pairs of A-curves 
lie within the same subregion of R. 

The A-curves may be indexed so that in the cycle AI, A 2 , ••• , As , Al 
each curve intersects only its neighbors. Let I be an intersection between 

Fig. 15 - Solution to example (b) of Fig. 5. Both triangles can be drawn out­
side the hexagon. 
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(a) (b) 

Fig. 16 - N onrealizable graph which does not contain either of the augmented 
Kuratowski graphs G1* or G2* and a partial realization. 

A i and A i+1(mod 5) and let J be an intersection between Aj and Aj+l(mod 5) • 

There exist two distinct paths along A-curves joining I and J. One path 
PI traverses segments of Ai+I, Ai+2 , ... ,Aj and the other path P 2 
traverses Ai, Ai-I, ... ,AJ+I (indices mod 5). (In case i = j, PI tra­
verses A i+1 and P 2 traverses Ai.) The sets of A-curves represented in 
the two paths are disjoint. Since each B-curve can cross only one A-curve 
and cannot cross any other B-curve it is not possible for a continuous 
boundary made up of B-curves to cross both PI and P 2 . Therefore, I 
and J cannot belong to different subregions. 

Let R* be the subregion to which all A-intersections belong. The 
boundary G of R* is made up of segments of Band C curves. (Every 
B-curve is represented since every A -curve must intersect its correspond­
ing B-curve and could leave R* only at a point belonging to this curve.) 
If bi , b2 , ... ,b5 are any points on G belonging to BI , B 2, ... ,B5 , 
respectively (indexed according to the BC cycle), then the points 
bl , ... , b5 must lie in cyclic order around G. If not, it is possible to find 
a subset of four out of cyclic order, say bi , ba , b2 , b4 • But bi is joined 
to b2 by a path lying within B I , CI , B 2 , and ba is joined to b4 by a path 
lying within Ba , Ca , B4 . These paths cannot cross, yet must be outside 
R*. This is not possible under the postulated ordering bi , ba , b2 , b4 • 

All other noncyclic orderings can be similarly ruled out. 
The points at which the A-curves join G must, therefore, lie in the 

order determined by the BC cycle and all intersections between A -curves 
must lie within R*. But these are the conditions of a constrained case 
known (Theorem 1) to be nonrealizable. 
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AA Answers to Examples in Fig. 8 

Example (a) of Fig. 8 has no solution (empty cycle); example (b) 
has the solution shown in Fig. 17. 

Fig. 17 - Solution to example in Fig. 8 (b). Curves C3 and C6 cross thrice. 
Multiple crossings arc unavoidable in this example. 

A.5 Counterexample to the conj ecture that all constrained graphs 
free of empty cycles of order four or more are realizable. Fig. 18 shows 
the graphs G and G for this example and a near-realization in which 
only one required crossing does not occur. 

The lack of empty cycles of order four or more can be verified by 
inspection; the nonrealizability can be shown as follows. 

Consider curves 4 and 8, which do not cross. Since curve 2 crosses 
both of these, there exists a path from vertex 4 to vertex 8 traversing 
curves 4, 2, and 8. In case of multiple crossings, there may be more than 
one such path. We will assume that the path is chosen so that the seg­
ment of curve 2 contained in it has no crossings with curves 4 and 8 
except at its endpoints. Since this path is to serve as a barrier, we will 
denote it by B 2 • 

There exists a similar path traversing curves 4, 6, and 8. We will call 
this one B6 • 

Since curves 2 and 6 do not cross, the barriers B2 and B6 can have no 
points in common except along a single segment of curve 4 and a single 
segment of curve 8. Thus, the barriers must be related to each other 
in one of two ways shown in Fig. 19. 

Curve 1 cannot cross B2 and curve 5 cannot cross B6. Thus, the 
barriers cannot be oriented as in case (a) of Fig. 19, for if they were 
curve 1 could not cross curve 5. By a similar argument, case (b) is 
eliminated by curves 3 and 7. Thus, neither case can occur; the example 
is nonrealizable. 
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Fig. 18 - Counterexample. G contains no empty cycles of order four or more, 
yet G is not realizable. 

7 3 7 3 

5 

(a) (b) 

Fig. 19 - Proof of counterexample. 
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A.6 Fig. 20 shows the realization for an example to which neither 
Theorem 4 nor Theorem 5 applies. The ordering information supplied 
by Theorem 6 is very complete in this case. Only the order of curves 5 
and 6 along curve 2 (and the symmetric counterparts) is unspecified. 
Indeed this could not be specified since either order is feasible. The 
order 6, 5 however, requires multiple crossings. The realization without 
multiple crossings is unique. 

to 4 

7 

Fig. 20 - Realization for an example to which neither Theorem 4 nor 5 applies. 

APPENDIX B 

Proofs of Theorems 

Theorem 2: A sufficient condition for a constrained graph G to be realizable 
is that G contain no empty cycles of order four or more and that no two 
edges of G cross. 

Proof: The following proof depends on Theorems 3 and 5 whose proofs 
are independent. 

The theorem is certainly true if G has three or fewer vertices. Suppose 
it is known to be true if G has m or fewer vertices. Consider a graph G 
with m + 1 vertices. If G satisfies the hypotheses of the theorem, then 
either G is an empty chain (see discussion preceding Theorem 6) or else 
G has an internal edge. If G is an empty chain, then by Theorem 5 it is 
realizable. If G has an internal edge then this edge separates G into two 
parts as defined in Theorem 3. Each of these parts has m or fewer vertices 
and is free of crossing edges and empty cycles of order four or more 
(by hypothesis), hence by the induction assumption is realizable. By 
Theorem 3, G is realizable. 
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Theorem 3: If (PI, Pk) is an edge of G (G) that crosses no other edge of G 
(G), and if the subgraphs G' with verticles PI , P 2 , ••• , Pic and G" with 
vertices P k , ••• , P r , PI are both realizable, then G is realizable. 

Proof: The method of proof is proof by picture (Fig. 21). Case (a): 
(PI, Pk) is an edge of G crossing no other edges of G. None of the curves 
C2 , • " ,Ck- I crosses any of the curves Ck+I , .. , , Cr. Therefore, 
except for CI and Ck the realizations of G' and G" can be confined to 
separate parts of the disk R. CI and Ck can participate in both parts. 
(See Fig. 21 (a).) Case b: (PI, Pk) is an edge of G crossing no other edges 
of G. Everyone of the curves C2 , ••• , Ck- I crosses everyone of the 
curves CHI, ... , Cr. The realizations of G' and G" can be confined to 
the regions labelled with these letters in Fig. 21 (b). The peripheral 
terminals for these realizations can be connected to the terminals on 
the periphery of the disk as shown in the figure. The connections to G' 
can cross G"'s region since this can only generate allowable crossings. 
The required crossings between curves of G' and curves of G" occur in 
the center of the figure. 

Fig. 21 - Proof of Theorem 3. 

Theorem 4: Let G be a constrained graph with vertices PI, ... ,P r , P r+I • 

G is realizable if (i) the subgraph of G with vertices p] , ... ,P r is realiza­
ble, and (ii) there do not exist three vertices Pi, P j , Pk ,i < j < k < r + 1 
such that Pr+IPi and Pr+IPk are edges of G and PiPk and Pr+IP j are 
edges of G. (See Fig. 10.) 

Proof: We suppose that a realization for the sub graph with vertices 
PI , ... , P r is at hand. It will be convenient to think of this realization 
as made up of regions RI , ... , Rr instead of curves. To simplify the 
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notation later on we will designate the disk R to which the realization 
is confined by the indexed name Ro . We may assume that Ri intersects 
the boundary of Ro only in the vertex Pi. 

Let R* be that connected piece of Ro which contains P r+l but is 
exterior to the regions that Rr+l may not intersect. R* is the set of points 
that can be reached by Rr+l . We will show that the boundary of R* 

contains all the vertices corresponding to regions Rr+l must intersect, 
i.e., all vertices joined to P r+1 by edges of G. 

The boundary of R* can be partitioned into a sequence of segments 
SI, ... ,8n where Si belongs to the boundary of Rk(i) and k(i) ~ 
k(i + 1). The segments 8 1 and Sn adjacent to P r+l belong to Ro , hence 
k(1) = ken) = o. If k(i) = 0, 1 < i < n, then Si is that segment of 
the boundary of the disk Ro which runs from Pk(i-l) to P k (i+l) . (The 
end cases i = 1 and i = n can be included by defining k(O) = ken + 1) = 
r + 1.) 

N ow suppose P r+l P j is an edge of G (i.e., Rr+l must intersect Rj). 
We will show that Pi belongs to the boundary of R*. 

If i > k(i) , i = 1, ... ,n, then P j belongs to Sn , hence to the boundary 
of R*. If not, let i be the first index such that i < k(i + 1). It is not 
possible that k(i) = j because R j as a region that intersects Rr+1 is 
not involved in the boundary of R*. It is also not possible that 0 < 
k(i) < j for this would violate hypothesis (ii). (Rk(i) intersects R k(i+1) 

because segments of their boundaries are adjacent.) Therefore, k(i) = o. 
Hence, Si runs from P k (i-l) to P k (i+1) . Since k(i - 1) < j < k(i + 1), 
Si must contain P j. Therefore, P j is on the boundary of R*, which 
was to be proved. 

Theorem 6: The intersection requirements of a curve Ci can be satisfied 
entirely by a sequence of adjacent interchanges if and only if Pi is not an 
active member of any cycle in G. 

Proof: If: A chain is a sequence of vertices P il , P i2 , ••• , Pin in cyclic 
order such that (Pil , P i2), (P i2 , Pia), ... , (Pin_I' Pin) are edges of 
G. For the duration of this proof a chain must have at least three vertices. 

Let the vertices be numbered in clockwise order and suppose PI is 
not an active member of any cycle in G. Let 8 be the set of vertices 
joined to PI by edges of G. We will show that by a sequence of adjacent 
interchanges the members of 8 can be moved around the circle and 
finally interchanged with PI. 

S can be divided into three subsets: 
(i) The clockwise set Se : P k c Se if PI is joined to P k by a chain 

whose intermediate members have indices between 1 and k. 



TOPOLOGY OF THIN FILM RC CIRCUITS 1661 

(ii) The counterclockwise set See: Pk C See if PI is joined to P k by a 
chain whose intermediate members have indices greater than k. 

(iii) The rest SR . 
Se and See must be disjoint because otherwise PI would be an active 
member of a cycle. Let Pi be that member of Se with highest index. Pi 
can be interchanged with all vertices with higher indices. Thus, it can 
be moved clockwise around the circle past PI . With Pi out of the way, 
the member of Se with next highest index can also be moved clockwise 
past PI. The process can continue until all members of Se have been 
interchanged with PI. Similarly, the members of See can be moved 
counterclockwise past PI. The members of SR can be moved either way. 
Hence, every member of S can be interchanged with PI , which was to 
be proved. 

Only if: Suppose PI is an active member of a cycle. Then it is joined 
to another member P k by an edge of G. PI cannot be brought adjacent 
to P k because the order of vertices in a cycle is invariant under adjacent 
interchanges. Hence, PI cannot be interchanged with P k • 

Theorem 6: Let PI, ... , P n be the vertices of an empty chain. Along 
curve Ck the first crossings with CI , •.. , Ck - 2 must occur in that order; 
the first crossings with Ck+2, ... , Cn must occur in reverse order. 

Proof: It is only necessary to prove the first part of the statement (con­
cerning CI , ..• ,Ck- 2) since the second part follows from the first by 
symmetry. The first part is trivially true if k ~ 3. We assume then that 
k > 3. 

The region bounded by Ck- I and Ck- 3 encloses Ck- 2 . (See Fig. 22.) 
Since Ck cannot cross Ck- I it must cross Ck- 3 before it can cross Ck- 2 . 

k k-4 

Fig. 22 - Proof of Theorem 6. 
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If k > 4, then there is a curve Ck- 4 • The region bounded by Ck- 2 

and Ck - 4 encloses Ck - 3 • Therefore, Ck must cross either Ck - 2 or Ck - 4 

before it can cross Ck - 3 • But by the previous argument it cannot cross 
Ck - 2 before Ck - 3 • Therefore, it must cross Ck - 4 before Ck - 3 • Since this 
argument can be iterated indefinitely, the theorem holds for arbitrary k. 
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Realizability Conditions for· the Impedance Function of 
the Lossless Tapered Transmission Line 

By P. L. ZADOR 

(Manuscript received August 2, 1966) 

In the study of tapered transmission lines or accoustical horns, an 
unsolved problem of great practical interest is the determination of the 
taper function (inductance or capacitance per unit length as a function 
of distance; it is assumed that the product of these quantities is unity) 
for the structure which will possess a prescribed driving point impedance 
function. For the case where the structure may be modeled by a cascade 
of sections of uniform transmission line segments, physical realizability 
conditions and a synthesis procedure have been given by B. K. Kinari­
wala.1 For the case of continuous taper no results of a general nature are 
known. 

In this note, we shall give an almost complete characterization of 
driving point impedances for structures possessing once continuously 
differentiable taper functions. Although the proof of the realizability 
theorem will not be given here, the author wants to point out that the 
sufficiency is, in fact, proved by a construction of the taper function. 
However, this construction is too unwieldly to be of practical use. 

The mathematical formulation of the problem is as follows. 
Suppose that for all complex s y(x,s), ° ~ x ~ l is the solution of the 

Horn equation 

(c(x)y'(x,s))' = S2C(X)Y(x,s) 

satisfying the boundary condition 
. * 

yeo,s) = -i, '() 'tS 
yO,s = c(O) 

If by driving point impedance we mean the function 

s y(l,s) 
Z (s ) = - c (l) y' (l,s) , 

then the following theorem is true. 

(1) 

Necessity: If c(x) is a positive real function continuously differentiable 
on ° ~ x ~ l then 

* Unit terminating resistance at zero is assumed. 
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(i) Z(s) is a positive real function. 
(ii) There exist entire functions of the exponential type* l, N i(S), 

Di(s), i = 1, 2, such that 

(a) Z(s) = Nl(s) + N 2(s) 
Dl(s) + D2(s) , 

(b) NlDl - N2D2 === eUB , 

(c) Nl(S) = N l( -s), Dl( -S) = Dl(S) 

N 2(s) = -N2( -s), D2(S) = -D2( -s). 

(iii) If for real w 

or R -2ilw 1 
e e Z (iw) 

then the function few) has an asymptotic expansionf at ± 00 of the 
following kind 

abc (1) few) ~ 1 + - + - + - + 0 -
w2 w4 w6 w7 

(The constants of course may be different). 

Sufficiency: In order that a complex function Z(s) be the driving point 
impedance of the differential equation (1) for some continuously differen­
tiable positive taper function C(x) it is sufficient that 

(i') Z(s) be positive real, 
(ii') there exist complex functions Ni(s), Di(s), i = 1, 2 of the ex­

ponential type satisfying (2) (a), (b), (c), and 
(iii') the function few) defined in (3) have asymptotic expansion at 

infinity 

abc d (1) few) ~ 1 + 2 + 4 + 6 + 8 + 0 9 . w w w w w 

Remarks: (i) It is conjectured that the existence of the two asymptotic 
expansions are not independent, that is (i') , (ii') , and one expansion 
may be sufficient. 

(ii) A similar result is probably valid for infinite transmission lines. 

* The function h(s) is called exponential type l if e-lrM(r) remains bounded for 
all r > 0 but for any l' < l e-l'rM(r) grows to infinity. Here M(r) = max 1 k(s) I. 

IBI~r 
t This means that lim w2 (f(w) - 1) = a, 

w=±oo 

lim w4 (f(W) - 1 - w~) = b, etc. 
w=±oo 
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Substituting the words "functions of order unity" 2 for "functions of the 
exponential type l" should yield the correct theorem. 

(iii) As a last conjecture we offer the following. Let few) be a positive 
even function possessing the properties 

(a) few) has an asymptotic expansion at infinity as in (iii'). 
(b) The Fourier transform of 1/f(w) - 1 vanishes outside the interval 

(-2l, 2l). 
Then there exists a unique taper function such that if Z(s) is the im­
pedance function of the associated differential equation (1) then 

Re Z( iw)e-
2iwl 

- f(~) . 
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