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cancel yields the following equation for é:

a0\ 1 _ a0 0 — Ty 06
2a5(a£> £ =y, o -+ 26, ot

The locus of the minimum of the temperature 7'(z) is of particular
interest, for this is the optical center of the distorted lens profile. Fig.
2 shows that this center occurs at a distance

d= 5(TW - 9)£=o (19)

below the tube axis. Using for 6 the undisturbed temperature profile
given in (1) and solving (18) for 86(Tw — 6) at ¢ = 0 yields

(18)

d=—" . (20)
Vso a
2=+4+8+
s a
By inserting (2) and (3) into (20) one finally finds

1 ga* AT ¢
T 500 T, s — g

(e7** — e79). 1)

The diffusivity « and the viscosity » for perfect gases are related by
Eukens formula’

§=1@—5%, (22)

¢, being the specific heat at constant volume. As Table I shows, the
decay lengths s and ¢ given by (2) and (14) differ very little. Since (21)
is not defined for s = ¢ it is more convenient to use the following ap-
proximation for (21):
4
d = L_g_q_g%e—z/ﬂ’ (23)

which is valid for 2 < 2sq |¢g — s].
In Fig. 3 the displacement of the center of the lens profile is plotted

TaBLE I
cp/Co alv q/s
He 1.66 1.55 1.03
N, 1.41 1.35 0.93
CO, 1.31 1.30 0.89
CH, 1.31 1.30 0.89
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Fig. 3 — Displacement of the profile center in a tubular gas lens of Js-inch i. d.
for flow rates of 0.5, 1, and 3 liters per minute using air. (a = 0.22 cm®/s). Meas-
ured data by DeGano.®

versus the distance from the tube input for flow rates of 0.5, 1, and 3
liters per minute. A tube of Z-inch diameter and 100°C wall temperature
is assumed. The gas enters at room temperature. The mean temperature
during the process is assumed to be 7, = 50°C. The gas is air with a
diffusivity e = 0.27 ecm®/s.

All curves show a linear increase of the displacement at the tube input,
determined by the transverse acceleration of the gas. Further from the
input the displacement follows the exponential decay of the temperature
profile. The maximum displacement occurs at z = s. Measurements-at
the end of a 16-cm gas lens using the mentioned parameters are in fair
agreement with the theory.®

In Fig. 4 the displacement is shown for a tube of :-inch diameter
and two different gases: CO, with « = 0.125 cm®/s and N, with & =
0.25 cm’/s. The temperatures are the same as in Fig. 3. The flow rate
is 1 liter per minute. In this case, data are available for various tube
lengths.’ They show an excellent agreement with the predicted behavior
of d versus z.

The focal length of the tubular gas lens has a minimum if the flow
rate is chosen in such a way that s equals the tube length. The maximum
displacement occurs at the end of such a lens and has the value

4
e = o2 12 AT (24)

A more useful measure for the gravity effect is the distance D by
which a light beam has to be displaced off the tube axis to pass the lens
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without deflection. Integrating at x = D over the tube length L one
finds D from the requirement that the total deflection cancels:

I
o O
The development of the (disturbed) temperature field 7' about the axis
yields for small distortion

dz = 0. (25)

z=D

L
f[D—dWF“&=m 26)
0
and finally, by using (23) one has

2L —2L/s
1 ga* 1- (—S—_l- 1>e "

D = 3500 o7 1 — oL

27)

In Fig. 5 the displacement D is plotted versus the flow rate for CO,
in a 7-inch tube assuming the same temperatures as in I'igs. 3 and 4.
Data measured by Steier® show good agreement with the theory. For
L>s

4
R qo0s T (28)
is a good approximation. According to this formula, the optical center

of a CO, lens of optimum design would occur outside the tube if the
tube diameter is larger than 1 cm.
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Fig. 4 — Displacement of the profile center in a tubular gas lens of ¥%-inch i. d.
for a flow rate of 1 liter per minute using CO: (¢ = 0.1 cm®/s) or N» (a = 02
cm?/s). Measured data by Steier® -
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Fig. 5 — Displacement of the optical center of a tubular gas lens usmg CO-:
and a tube of 7 inches long and %-inch diameter. Measured data by Steier®

IV. CONCLUSIONS

The calculations show that the temperature distribution in a gas-
filled tube undergoes a distortion which increases with the fourth power
of the tube radius. A square law dependence on pressure is predicted for
the range of 0.05 to 50 atmospheres where the thermal conductivity is
independent of the pressure and therefore, the diffusivity « « 1/p.

As a measure of the distortion, the displacement of the effective
optical center in a tubular gas lens is calculated. Using CO, at room tem-
perature and a tube of 10-mm diameter at 100°C wall temperature the
optical center occurs at the bottom of the tube.
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Acoustic Light Modulators Using
Optical Heterodyne Mixing

By R. W.DIXON and E. I. GORDON
(Manuscript received September 21, 1966)

Acoustic light modulators are discussed in which the optical carrier
1s reinserted in the diffracted, frequency-shifted light beam. Reinsertion s
accomplished in anovel fashion using a Kdstersprism. Incontrastiothe usual
acoustic modulator, the diffracted light is power modulated at the acoustic
frequency. Modulation bandwidth and depth are each calculated as a func-
tion of the optical and acoustic beam parameters, assuming a Gaussian
optical beam and rectangular acoustic beam. It is shown that the modulation
bandwidth increases proportional to the optical beam diffraction angle and
equals the inverse of the transit time of the sound across the waist of the
optical beam. The optimum modulation depth, for a given acoustic power,
corresponds to approximale equality of the optical and acoustic diffraction
angles. Confirming experiments in the frequency range 250/360 M Hz are
described.

I. INTRODUCTION

Detection of optical radiation using heterodyne mixing was pio-
neered in the classic experiments of Forrester, Gudmundsen, and
Johnson.* They successfully detected the microwave beat between two
Zeeman components of a mercury arc. With coherent light sources the
technique was utilized initially in the investigation of the mode struc-
ture and frequency stability of the helium-neon laser.? Subsequently,
optical heterodyne mixing has been used as a sensitive, high-resolution
detector of frequency shifts in the study of Brillouin scattering® and
of the frequency broadening of Rayleigh scattered light.*

It is well known that under the correct circumstances an optical
beam, passing through a transparent material containing a traveling
acoustic wave, has part of its energy diffracted by the refractive index
variations associated with the acoustic wave. In the proper range of
parameters, known as the Bragg region, the diffracted light is con-

367
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fined around a single direction. The system acts as a single-sideband
suppressed-carrier modulator in which the diffracted light is intensity
modulated with the envelope of the modulation subcarrier. Depending
on the relative directions of the light and sound the diffracted light
frequency is increased or decreased by the frequency of the modulation
subearrier.

One may arrange to have the diffracted light fall into the same solid
angle as a portion of the original light, and thereby allow detection
of the diffracted beam by heterodyne mixing with the undiffracted
beam. Heterodyne mixing of light in which the signal frequency is
shifted by diffraction from sound in a liquid cell ultrasonic modulator
has been demonstrated by Cummins and Knable,® and the increased
sensitivity of this technique has been briefly pointed out by Goodwin
and Pedinoff.®

Optical heterodyne procedures in combination with Bragg scattering
can also be used as a sensitive detector of sound. For example,
Lastovska and Benedek® have shown that thermal sound (thermal
Brillouin scattering) may be detected in this way. In fact, in some
applications—e.g., at very high frequencies—this technique can be a
more sensitive detector of sound than the best available transducer.
The advantages of optical techniques for investigating sound beam
intensity profiles, angular distributions, etc. at any point in the me-
dium in which the acoustic wave propagates have been pointed out
earlier” and may now be supplemented by the increased sensitivity and
spectral range which the utilization of optical heterodyne detection
affords. An additional advantage of this method of optical detection is
that solid-state photodetectors may be used instead of photomulti-
pliers, without compromising sensitivity, whenever sufficient light is
available that the shot noise associated with the optical local oscilla-
tor limits detector sensitivity.?

This paper is concerned with the detailed properties of an acoustic
modulator when optical heterodyne detection of the modulated light
is employed. A coherent optical source is assumed. The range of useful
modulation frequencies for this technique extends at present well
into the microwave region. Present limitations of efficient thin-film
transducers limit operation to below 10 GHz. Acoustic loss for some
applications becomes important at lower frequencies than this. The
frequency response of commercial photodiodes extends to about 30
GHz.

The analysis includes a discussion of modulation bandwidth and
optimum modulation conditions and concludes with the prediction that
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very large dynamic bandwidths may be obtained using optical hetero-
dyne mixing in conjunction with an acoustic modulator. A series of
experiments involving a novel beam splitter and various modulat-
ing materials confirm this prediction. It is shown that bandwidth is
related to the diffraction angle of the optical beam and may be varied
over a large range by changing this angle. Experiments have been
restricted to solid modulating materials, but the results are applicable
without modification to liquids if their higher acoustic loss can be
accepted. It is concluded that large modulation depths should be prac-
tical at modulation frequencies well into the microwave region and at
optical frequencies throughout the visible and infrared. It is also
pointed out that for small diffracted light intensities, proportionately
much larger modulation depths are possible using this technique than
if the transmitted light beam alone were monitored.

The relation of modulation depth and bandwidth for a given acoustic
power is discussed, and experimental confirmation of the conclusions
is presented. In addition, it is shown that with these acoustic light
modulators frequency and phase information, as well as power modu-
lation, may be transferred to the light with large dynamic bandwidth.

II. DISCUSSION

2.1 Optical Beam Geometry

In order to obtain two beams for use in optical heterodyne mixing
experiments, it has been common practice to use a beam splitter and
mirror assembly similar to that shown schematically in Fig. 1. The con-
figuration shown would be appropriate for coherent detection of light
modulated by Bragg diffraction from an acoustic wave.? In the experi-
ments described here it has been found very useful to replace the mirror
and beam splitter of such an experiment with a Kosters prism.® These
prisms have been commonly used in Michelson interferometers and
similar apparatus where ease of alignment is desired.?® Probably this
prism has not received the attention it deserves for applications in
modern physical experiments.

Fig. 2 shows ‘the general construction of a Kosters prism. Two
accurately constructed 30-60-90° prisms are carefully cemented to-
gether with a dielectric beam splitter between them. Because the two
exit beams travel symmetrical paths to their intersection with any
plane perpendicular to the beam splitter, they are optically identical.

The experimental apparatus used in the present series of experiments
is shown schematically in Fig. 3. The two beams from the Kosters
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Tig. 1 — Mirrors and beam splitters arranged for optical heterodyne detection
of Bragg diffracted light (after Cummins and Knable, Ref. 5).

prism are set to intersect within the acoustic beam at an angle equal
to twice the Bragg angle so that Bragg diffracted light from each of
the incident beams falls into the diffraction angle of the other beam.
The Kosters prism assures symmetrical paths for the diffracted and
undiffracted light and thereby makes alignment very easy. A lens of
appropriate focal length is positioned so that the optical beam waists
intersect with the desired convergence angle in the center of the modu-
lator’s acoustic beam.

Consider, in Fig. 3, an acoustic traveling wave originating from the
transducer. The frequency of the light diffracted from beam 1 into
beam 2 is increased by the acoustic frequency while the light diffracted

INCIDENT / EXIT

OPTICAL—" BEAM 1
BEAM

—~~-BEAM
2 SPLITTER

\ - i

TOTAL >
INTERNAL—=" BEAM 2
REFLECTION

Tig. 2— A Kosters prism or double image beam splitter.
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Fig. 3 — Schematic diagram of experimental apparatus.

from beam 2 into beam 1 is decreased by the same amount. The
diffracted and transmitted beams interfere at the photodiodes after
which the difference frequencies are amplified and detected. Since the
difference frequency signal from diode 1 is 180 degrees out of phase
with that from diode 2, the two signals may be fed, if desired, into a
hybrid and will add at the port for which the output is the difference
between the two inputs (the push-pull output). This has the advantage,
which was not important in the present experiments but which might
be for some applications, that amplitude noise on the incident optical
beam (such as the beating of various laser modes) does not appear at
the same output as the detected signal if the two sides of the detection
system are balanced. In some of the experiments discussed only one
diode was used, in others the balanced system worked very well and
was no more difficult to align than the system employing a single diode.
Modulation frequencies were normally near 300 MHz.

2.2 Modulator Bandwidth

In order to appreciate the limits on modulation bandwidth, it is
instructive to consider qualitatively several special cases. For simplicity,
assume that only photodiode 2 is used and that only an outgoing acoustic
wave is present. The Kosters prism is positioned so that the two light
beams of frequency » which are incident on the acoustic modulator have
their point of intersection at the center of the acoustic beam. They
intersect at twice the Bragg angle, 26,, [sin 8, = 3f,\/v], which is a
function of the desired modulator center frequency f,, the acoustic
velocity v, and the optical wavelength in the medium \. The optical



372 THE BELL SYSTEM TECHNICAL JOURNAL, FEBRUARY 1967

Fig. 4 — A k-vector diagram of the Bragg diffraction process in which optical
and acoustic diffraction angles are assumed negligibly small.

velocity is ¢’. The wave vector relation (momentum conservation)
among the three waves may be writtenk, + K = k’, where | k, | = 2mv/¢’
and [k’ | = 2x(v + {,)/c’ are the incident and scattered optical k-vectors,
and K is the k-vector of the ultrasonic wave. Since to order | f,/v | K 1,
|k, | = |k |itis possible to make the elementary but useful construction
shown in Iig. 4. The dotted circle has radius | k, | and defines the locus
of allowed [k’ |. Only a phonon of precisely the correct | K | will scatter
k, if one assumes that neither the optical nor acoustic beam has any
angular width.

In order to appreciate the effect of nonzero diffraction angle, consider
the limiting case in which the diffraction angle of the acoustic beam is
large compared with the diffraction angle of the optical beam (Fig. 5);
K has a well-defined magnitude but an angular width Ag. Only those
acoustic k-vectors near the direction of K, scatter light into spatial
coherence with the heterodyning beam k’. Thus, the detected signal
amplitude is lower than if the same acoustic power were confined to a
smaller diffraction angle.

If the acoustic frequency is increased to a new value, | K | is increased
and the construction shown dashed is appropriate. No signal will be
observed on the photodiode because no K can scatter into k;. This
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modulator therefore, not only produces low modulation intensity but
also possesses small bandwidth.

Now consider the other limiting case in which the diffraction angle
of the optical beam is much larger than that of the acoustic beam (Fig.
6). In this case, only that portion of the optical energy near the center
of the diffraction angle can be scattered by the acoustic wave of vector
K, and heterodyned with the other optical wave. Therefore, the scat-
tered intensity is much less than it would be for the same optical and
acoustic powers, if the diffraction angle of the light were decreased.

If the frequency f, is changed slightly, a new K is defined which is
slightly different in magnitude but which has the same direction as
K, . In this case, however, the detected optical signal at the photodiode
is essentially unchanged as long as the deviation AK is such that K, -+
AK still connects two points on the dashed circle which are within the
diffraction angles of the incident and hetrodyning optical beams. By
varying f one traces out the angular profile of the optical beam. A
bandwidth may be approximately defined by the condition

{ | Knax | = | K | } & V2 A8,F, cos 6, (1)
from which it follows that the bandwidth Afy is given by
Afz & V2 W/N) A8, cos 0, 2
~

Fig. 5—A k-vector diagram of the Bragg diffraction process in which the
acoustic diffraction angle is large compared with the optical diffraction angle.
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in which X is the optical wavelength. The center frequency f, is defined
by sin 8, = 3f#/\. The optical beam diffraction angle A8, may be ex-
pressed in terms of the beam waist diameter w, ,'' corresponding to a
Gaussian beam for which w, is the full width at half intensity,

w, 20, ~ A(2102). @
T
Substituting for A6, yields for the bandwidth
' 21n2
Afnm<2\/d In d>vcos 8, @
™ w,

which approximates the reciprocal of the transit time of the sound across
the waist of the gaussian light beam. This important result shows how
acoustic modulators with large bandwidths are made possible by in-
creasing the diffraction angle of the optical beam. The fact that the
diffraction angle A6, of the optical beam must be less than the Bragg
angle requires that the fractional bandwidth of the modulator obeys
the inequality, using (2) and (3),
afy _ 1

. <3 6))

-E‘ = Kuax
\
VKoo

Kl”KMIN
1/

Fig. 6 — A Ek-vector diagram of the Bragg diffraction process showing the origin
of acoustic modulator bandwidth; the optical diffraction angle is large compared
with the acoustic diffraction angle.
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Thus, fractional bandwidths as large as 70 percent are possible if trans-
ducer bandwidths can be made compatable with this requirement.

It should be clear now for the situation depicted in Fig. 6 that increas-
ing the acoustic diffraction angle would increase the detected signal
without affecting the bandwidth. Likewise, from TFig. 5, in the other
extreme the beat signal increases but the bandwidth is unchanged when
the acoustic diffraction angle is decreased. It is therefore, plausible on
the basis of the foregoing comments that the choice of acoustic diffraction
angle approximately equal to optical diffraction angle is the optimum
choice for a given bandwidth. The bandwidth is determined entirely
by the diffraction angle of the optical beam. This conclusion is given
quantitative expression in Appendix A.

III. THEORY AND COMPARISON WITH EXPERIMENT

In order to check the preceding ideas quantitatively, the photodiode
current which would be expected with the geometry shown in Fig. 3
was calculated for the case of light beams with identical Gaussian pro-
files and an acoustic beam with rectangular cross section. It was known
that these beam profiles could be accurately approximated experi-
mentally. The lens was positioned in the incident optical beam so that
the optical beam waist occurred at the center of the modulator. The
diode photocurrent was computed as the far-field interference integral
of the product of the acoustically diffracted optical amplitude and the
heterodyning optical amplitude. Details of the calculation are presented
in Appendix A. The expression for the component of photocurrent at
the modulating frequency f, apart from material and numerical con-
stants, is

f) = —(Sl—ljﬂ PouiPrconsi )t exp [i27f(t — R/)]
Bt (@) Brf () [_ e f,,)zwi] ©

41n2 v° cos® 4,

where
- (m2)
e=\"2 W,
y Lsin 8,
w,

for

v

b=(In2)

DN =

sin 4, =
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Again w, is the full width at half intensity of the Gaussian beam, 26,
is the intersection angle inside the modulating medium and f, is the
acoustic frequency for which 6, is the Bragg angle. The acoustic beam
height is A and its width (dimension in the plane formed by the acoustic
and optic propagation directions) is L. The distance to the detector is
R. Equation (6) is the basic relation which is subject to experimental
verification.

The first experimental checks of (6) confirmed that the acoustic and
optical power dependences are correct. xperimentally, a 3-dB decrease
in optical intensity or a 6-dB decrease in acoustic power as expected
decreased the detected current by one-half. The other most interesting
predictions made by (6) are contained in the terms Erf(b)/b* and

2 2 2
7 =1) w]
exp [ 41n 2 v cos® 6,
The former is concerned with the maximum detected signal amplitude

and the latter with the dynamic modulation bandwidth, both as func-
tions of the diffraction angle of the incident light.

3.1 Bandwidth vs Beam Waist Diameler
Consider first the term
~ (= f.,)zwi]
exp [:_ 41n2 ¥ cos? 6, |
When the modulating frequency f changes from the value f,, this
term describes the decrease in detected signal. An acoustic half-power

bandwidth, Afz , for which the detected current is greater than 1/v2
below its maximum value, may be defined and is given by

2\/§1n2)
- v cos 6, .

o s - (2VED2

@

The beam waist diameter times the bandwidth is thus a constant for
a given material at a given center frequency f,(6,). By making the beam
waist smaller, e.g., by focusing the incident optical beam, the dynamic
bandwidth may be increased. As indicated earlier the bandwidth is
intimately related to the transit time of the acoustic wave across the
optical beam. In fused quartz for longitudinal waves at frequencies low
enough that cos 8, &~ 1, (7) becomes

w, Afy = 3.70 X 10° cm/sec. ®

In Fig. 7 the measured bandwidth Afy , for modulation in fused quartz,
is plotted against w;' and (8) is shown plotted as the solid line. The
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Tig. 7— Experimental dynamic bandwidth plotted against the reciprocal of the
optical beam waist diameter. The solid line is the theoretical expression, (8).

value of w, was varied by placing lenses of different focal lengths F
in the incident optical beam. The relation between w, and F was assumed
to be of the form given by Kogelnik'' except that w, is defined as the
full width at half intensity of the Gaussian beam. In the limit appropriate
for the present experiments

2 In 2\ F},
°N< T )Wo’ ©)

in which W, is the beam waist of the incident laser beam and w, is the
beam waist of the beam in the scattering medium following its trans-
formation by a lens of focal length F. Here, A, is the free space wave-
length. Equation (9) was used to convert from values of F to values of
w, . Using a scanning slit and photomultiplier the value W, = (1.00 &
0.01)mm was found. These measurements incidentally verified that the
intensity profile of the laser beam was approximately Gaussian.

The experimental points in Fig. 7 were obtained using apparatus
which is shown schematically in Fig. 3. The Microdot oscillator produced
repetitive pulses of RF energy with each pulse having about 1l-psec
duration. Cadmium sulfide thin-film transducers converted these elec-
tromagnetic pulses into acoustic energy.’” The deflected light pulses
were detected in the indicated photodiode geometry followed by a stand-
ard microwave superheterodyne receiver. In order to avoid IF detector
diode nonlinearity the IF output of the system was usually viewed di-
rectly on a broadband oscilloscope. Data were taken from the amplitude
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of the first deflected light pulse (due to the initial outgoing acoustic
wave) and were therefore, independent of acoustic resonance effects
which would be associated with long acoustic pulses. The RF power
incident on the transducer was kept the same at each frequency. A
small amount of each RF pulse was fed, using a beyond cutoff attenuator,
from in front of the transducer to the input of the receiver. This pulse
served as a calibrating signal for the receiver and helped to correct for
changes in receiver sensitivity as the frequency was changed. The
transducer response in the 100-MHz region around 300 MHz was flat
to within 1 dB. The scatter of the experimental points can be attributed
to several causes, the most important of which is the unavoidable small
changes in optical alignment between the time that each bandwidth
curve was taken. It is believed that the largest observed value for any
given value of w, is the most appropriate and the agreement is considered
to be good.

3.2 Signal Amplitude vs Beam Waist Diameter

Now consider the amplitude terms in (6) which involve the error
functions. When f = f,

Erf (a) Erf ()

uf,) = 5 (10)
where
om(m2) 1
T\ 2 w,
3 Lsin | 6,
b=(In2)7—— w

4

In the experiments, the acoustic beam height & was made sufficiently
large (3 mm) compared with the largest beam waist (=1 mm) that
Erf(a) ~ 1 for all values of w, of interest. Thus, the signal current as
a function of w, is given by

y Lsin 6,
el g

o

A@w,) = Aw, Erf [(m 2}

This equation is plotted as the solid curve in Fig. 8; A, has been con-
sidered an adjustable normalizing parameter but the argument of the
error function is determined using the experimental acoustic beam width
of L = 7.00 mm. The experimental points were taken using the con-
figuration shown in Fig. 3 and the beam waist diameter was obtained
using (9). Again the agreement is quite good.
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Fig. 8 — Experimental relative modulation frequency photocurrent vs beam
waist diameter. The solid curve is the normalized theoretical expression, (11).

3.3 Signal Amplitude vs Transducer Width

The main interest thus far has been in determining the result on the
signal amplitude of varying the optical diffraction angle and demonstrat-
ing that it is solely responsible for the bandwidth. It is instructive to
re-emphasize the effect of the acoustic diffraction angle by calculating
the detected signal variation as a function of acoustic beam width L.
For a given w, , %, 6, and acoustic power the detected signal amplitude
at f = f, is given by

Ay = 4,220
(12)
b= (gt Lo L,

o

It should be noted that b can also be written as 0.85 X (diffraction angle
of light/diffraction angle of the sound).
In the region of small L, (b < 1)

AL) = A,©2/mHb « L. (13)

Therefore, for a given acoustic power, the signal may be increased by
increasing the transducer width. The diffraction angle of the sound is
too large for optimum scattering from the given optical beam. In the
opposite limit of large L, (b > 1)
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AL) = A,/bF « L7F, (14)

Increasing L decreases the signal. Here, the acoustic diffraction angle
is too small to use all of the incident light.

The signal amplitude has a broad maximum at b = 0.99 corresponding
to approximate equality of the acoustic and optical diffraction angles for
optimum modulator efficiency. This conclusion is expected to depend
only weakly on the actual beam geometries.

IV. MODULATION DEPTH

Consider now the modulation depth which one would expect from an
acoustic modulator. A simple computation of modulation depth is
possible only when the waves are considered in a plane wave approxi-
mation in the Bragg region. This situation should approximate qualita-
tively the behavior expected with the present experimental configura-
tion. In the Bragg region, there exists a well-defined angular relationship
among the beam directions. Furthermore, all of the light diffracted
from the main beam is diffracted into a single Bragg order. Under these
circumstances, the solution of the problem of the generation of an optical
beam by parametric coupling with an acoustic beam shows that the
amplitude of the diffracted beam can be written'

P} = F(P}, sin 4! exp 2r(v = f)1, (15)
while the transmitted beam has the form
P} = P!, cos n? exp i2mt (16)

in which 5 is a scattering parameter defined for a rectangular acoustic

beam by
6 2
o(n°p’\(__LP, )
T ( ov° )()\ﬁh cos® 6,/ ' 17)

where L is the beam width, P, the acoustic power, & the acoustic beam
height, p the appropriate photoelastic component, v the acoustic velocity,
and p the mass density, and n the refractive index.

For conventional acoustic modulation, a square law photodetector
placed in the transmitted beam will produce a photocurrent proportional
to |P,| which has a maximum value of P,,, for no acoustic signal and
a minimum value P,,, cos’s! when the acoustic signal is present. Hence,
a modulation depth

B[

'qE

m, = sin® ¢! (18)
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may be defined which is some measure of the ability to detect the in-
fluence of the acoustie energy on the light.
Similarly for the superheterodyne case, the photo-current has the form

| P+ P} |* = P,,.(1 % sin 2¢* sin 2xf?)
and

" — 2sin 29}
* 7 1 4 sin 29

Clearly, this modulation depth is superior to that obtained when the
carrier is simply intensity modulated. This superiority is most dramatic
when small deflected intensities are involved. Fig. 9 shows a comparison
of the two modulation depths each plotted as a function of the scattering
parameter n (which for » € 0.1 is quite accurately equal to the de-
flected intensity). It is seen that when 10 percent deflected intensity is
obtained, the modulation depth with the optical heterodyne system is
75 percent. For the very small deflected intensity of 0.01 percent, one
still has a usable modulation depth of 4 percent in the optical heterodyne
detector.

(19)
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Fig. 9— Theoretical curves, valid for plane waves, of the ordinary optical
modulation depth 7, and the optical heterodyne modulation depth m. both
plotted vs acoustic scattering parameter 7.
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Modulation depth was experimentally investigated using a modula-
tion frequency of 20 MHz which was chosen instead of a frequency near
300 MHz as in the other experiments described in this paper in order
to display the modulation depth directly. At 20 MHz one photodiode
could be directly connected to an oscilloscope with amplifiers having
sufficient baseband bandwidth and gain to display both the de¢ diode
photocurrent and the 20-MHz modulating photocurrent. Fig. 10 shows
a typical oscilloscope trace of the diode output for longitudinal acoustic
waves propagating in KRS-5 when the relative diffracted light intensity
was about 20 percent. The baseline corresponds to no light. Fig. 11
shows a comparison of the modulation depth measured from such photo-
graphs compared with the total intensity diffracted from the incident
beam under the same experimental conditions. KXRS-5 was again the
modulating medium. The very large modulation depths obtained for
small diffracted intensities are, of course, the most interesting feature
of these curves and qualitatively verify the ideas just discussed.

There is some disadvantage in working at a frequency as low as 20
MHz, viz., that the optical-acoustic interaction is not strictly in the
Bragg region and a significant amount of light from the main optical
beam is diffracted into orders other than that satisfying the Bragg
condition. For this reason, the curve of m, against acoustic power does
not reach 100 percent as it would if the modulating frequency were
high enough (greater than about 60 MHz) that Bragg diffraction was
dominant. At these increased frequencies a direct display of the modula-
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Fig. 10 — Oscilloscope trace showing 80 percent modulation depth at 20 MHz
obtained using optical heterodyne detection. The relative diffracted intensity was
about 20 percent.
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Fig. 11 — Experimental comparison of ordinary modulation _depth ma. and het-
erodyne modulation depth m. for logitudinal acoustic waves in KRS-5.

tion depth, such as that shown in Fig. 10, becomes difficult for the small
photocurrents used experimentally.

V. MEASUREMENT OF ACOUSTIC DIFFRACTION PATTERN

It is known that Bragg diffraction can be used to determine the angular
distribution or diffraction pattern of the acoustic beam.” Using a light
beam sufficiently collimated that the diffraction angle of the light is
much less than that of the sound, measurement of the scattered light
power as a function of the angle of incidence of the light relative to
the Bragg angle yields directly the angular distribution of acoustic
energy. The angle of incidence is changed by slowly rocking the acoustic
medium.

A similar experiment can be performed using the arrangement of
Fig. 3. In this case, the component of photo-current at the acoustic
frequency measures the amplitude of the acoustic angular distribution.

Typical results are shown in Fig. 12. Photograph (a) illustrates the
case of a well-collimated light beam with diffraction angle much smaller
than that of the acoustic beam, (b) and (c) are for progressively larger
optical diffraction angles. In (c¢) the optical diffraction angle is large
enough that the curve illustrates the Gaussian character of the light
beam. The deviations from the expected sin X/X behavior relate to
the lack of antireflection coatings on the acoustic medium.”

Homodyne detection of the photocurrent using the acoustic input



384 THE BELL SYSTEM TECHNICAL JOURNAL, FEBRUARY 1967

(a)

(b)

(©

Fig. 12— Oscilloscope display of the modulation frequency photocurrent vs
angle of rotation of the modulating medium (cf., Fig. 3). Traces (a), (b), and
(¢) show results for increasing values of the optical beam diffraction angle.
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signal as a reference would allow determination of the phase of the
acoustic angular distribution as well as the amplitude. Thus, this
technique has some significant advantages over the original experi-
ments described in Ref. 7. The increased sensitivity of this technique
should also be noted.

VI. CONCLUSION

A novel type of acoustic modulator arrangement has been described
which allows superheterodyne detection of the diffracted light.

Distinet from electro-optic modulators, the optical modulation side-
bands of acoustic devices are well separated in angle from the optical
carrier and intensity modulation at the subcarrier modulation frequency
is not possible. It has been shown that the optical carrier may be rein-
serted in the appropriate direction in a simple and convenient fashion
allowing intensity modulation at the modulation frequency.

Optimum modulator configurations, corresponding to approximate
equality of the optical and acoustic diffraction angles have been derived
and the modulation bandwidth has been shown to be proportional to
this angle or alternately to be equal to the inverse of the acoustic transit
time across the optical beam waist. Confirming experiments in the
frequency range 250-350 M Hz have been described.
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APPENDIX A

Calculation of Photodetector Output

The photodetector is usually placed in the focal plane of a collecting
lens. For the purpose of calculation, one may assume that the surface
of the photodetector is hemispherical, centered on the interaction
volume, and sufficiently large that detection occurs in the optical far-
field. The photocurrent is proportional to the instantaneous integrated
intensity or power falling on the surface. The component of the power
or photo-current at the acoustic frequency is proportional to the inter-
ference integral of the transmitted and diffracted optical beams.

The calculation is performed by determining the angular dependence
of the transmitted and diffracted beams and integrating the product
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Lo

Yo

Fig. 13 — Coordinate system used in the calculation of the heterodyne photo-
current.

of the two functions on the surface of a sphere of radius R. The observa-
tion point (X, ¥, Z) in Fig. 13 has coordinates

X =Rsin 8
Y = R cos 8 cos ¢

7 = R cos @ sin ¢.

The near-field amplitude distribution of the transmitted Gaussian beam
which is incident in the z, — ¥, plane at angle 6, is given by

¢(x0 ? yD ? zD ’ 00)

= Y, exp— [2 %102 2 [(x, cos 6,—y,sin 0,)°+25]4ik(y, cos 8,4z, sin 00)] ,

[

(20)

in which w, is the half-power beam diameter and & is the propagation
constant. The amplitude on the sphere is given by
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1 [ e | exp — dhr <_§£>
4 f_w o f_w (h"[ r 9y,

0 exp — i/cr:|
+ ¢(x0 ’ yo b Zo) ayo r om0

r=1X -2)+ ¥ —y) +(Z—2)T
corresponding to the usual Green’s function solution for an outgoing
wave from a source in the z, , 2, plane. Making the far-field approxima-
tions z,/R, z,/R <K 1 and kR >>>> 1, where applicable, and performing
the integration yields for the far-field amplitude

WX, Y, Z)
ey

_, thexp — kR ( Wi )
Y = ¥, — s [cos 8, 4+ cos 0 cos o] 03 cos 6.
kzwi . 2 . . 2 2
X exp — 31In2 [(cos 6sin ¢)° + (sin 6, — sin 6)°/cos” 6,] (22)

which can be recognized as the angular dependence of a Gaussian beam
including the obliquity factor. The time-dependence is exp 72mt.

The diffracted beam of frequency » -+ f arises from a perturbation in
the optical polarizability of the medium interacting with an optical beam
moving at angle —6, . The perturbation is proportional to the strain
amplitude of the acoustic beam through the appropriate components of
the photoelastic tensor. The volume polarization, at frequency v + f,
in the limit of scattering sufficiently weak that the local field amplitude
of the incident beam is essentially unchanged by the presence of the
acoustic wave, may be written

P, Yo » 2,) exp 12x(v + f)t
= %@, , Yo , 2, , —0,) exp (i2mt)S, exp 1@2rft — Kz,)
— 1L <y, <1iL —th =<z <1k (23)

and zero otherwise. A rectangular acoustic beam of width L and height
h, moving along the x,-axis, has been assumed. The constant S, rep-
resents the perturbed susceptibility which is proportional to the strain
amplitude. The function ¢,.(z, , ¥, , 2,, — 0,) is given by (20) with the
appropriate change in the sign of 6, . The diffracted beam amplitude at
frequency » 4 f and propagation constant &’ = 27(v 4 f)/¢’ may be
written

+oo +3L +3h — gk

WX, ¥, 2) = [ dn [y [ dente, ., 2) ST (o)
—o0 —iL —in

corresponding to the volume Green’s function solution for an outgoing

wave.
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The integral in (24) may be evaluated in a straightforward but
lengthy fashion to yield

_ exp — k'R <7££> I:l 5( __ k' cos fsin ¢>]
Yo = S, 7 8 ReErf | 38°( h 5

sin (¢ — g tan 6,)L/2 _ @fl: 2 .2 7’ :|
X (¢ — ntan 6,)L/2 X 45 | °*® fsin” ¢ + k' cos® 8, ]’ (25)
in which
21n2
ﬁ - w§ ’

7 ==Fk'sin 0+ ksin 6, — K,
E=%"cos fcosp — k cos 8, ,

and ReErf(z) is the real part of the error function of complex argument.
It may be shown that for the parameters of interest one can make
the approximation

__tk" cos fsin ¢

5 )] ~ Exf [8°h]

ReErf [—;-ﬁ%(h

with negligible error.
Except for constant factors the photocurrent may be written

2T /2
() = B f do [ 40 cos 09Vt - 26)

The integral in (26) may be evaluated using (25) and (22). After ap-
propriate manipulations the expression for the photocurrent takes the
form

_ 7 7 >% 3 3 ,
L(f) - _8 ln 2 <Sin 00 Popticul(Pacoustie) eXp 74271'f(t - R/C)

Erf [(2 In 2)*h/w,] || Exf [(In 2)}(L/w,) sin 6,]
X[ [GIn 2)h/w, I ][ [(in 2)'(L/w,) sin 6,1 ] @n

= (f — ),

X exp — 4 In 2° cos® 6, ’

in which

fo = (2v/)) sin 6,
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is the optimum frequency for Bragg diffraction and

Poptica] = Wwf l ])bo I2

Pucoustic = Lh l So 12-
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Water Vapor Permeability of
Polyethylene and Other
Plastic Materials

By R. L. HAMILTON
(Manusecript received October 6, 1966)

Low-density polyethylene sheathing materials have water vapor per-
meabilities on the order of 10™% at 22°C. High-density polyethylenes have
permeabilities about one-third to one-sixth that of the low-density poly-
ethylene. Copolymers of polyethylene have higher permeabilities than the
homopolymer. As an example, 15 percent ethyl acrylate comonomer in-
creased the permeability by a factor of 10 over that of straight low-density
polyethylene. The nonolefinic polymers tested have higher permeabilities.
For example, polyurethane plug compound has a permeability more than
80 times higher than low-density polyethylene. Finally, it was found that
the addition of carbon black decreases the water vapor permeability roughly
in proportion to the amount of carbon black, and that the permeability
of these materials increases with increasing porosity.

To make these measurements, two types of laboratory apparatus have
been constructed. The first of these makes the permeability measurement
on a tubular sample of the material, and the other on films. Both methods
used an electrolytic moisture monitor, which is commercially avazlable, to
make necessary determinations of water transfer rate through the plastic.

I. INTRODUCTION

The post war years have seen a phenomenal proliferation of plastic
materials throughout industry, and the Bell System has been no ex-
ception. At least part of the reason for this widespread and ever in-
creasing use is the attractive ease of fabrication of plastic materials
and their relatively low cost. Their inertness to certain environmental
factors and their chemical and physical stability also add to their
value in a great number of applications, including environmental pro-
tection. Not only are these plastics used to enclose and isolate an en-
tire apparatus or structure from its environment, they are also used

391
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as protective coatings and as seals such as O-rings in metal containers.
One of the undesirable and detrimental factors in the environment is
water, and consequently, a need developed for information on the
water resistant characteristics of the many plastics in use. This water
resistant characteristic is the water vapor permeability (WVP) of the
material, and has been measured for several materials of interest. This
paper discusses the need for the measurements, the method of making
and correlating measurements, and the significance of the results.

Several problems have been documented involving moisture transfer
rates in complicated, composite plastic materials. Water in small
amounts, particularly in pulp insulated cable, has detrimental effects
on the electrical characteristics of the core. Splicing an Alpeth cable
into a paper insulated cable results in moisture acecumulation in the
latter cable, presumably as a result of moisture diffusion through the
Alpeth sheath and subsequent migration into the paper core. Air fed
into pulp cable through polyethylene air tubing also results in mois-
ture accumulation in the pulp because of water transmission through
the tubing walls.

Most of the design and investigational calculations made in regard
to these problems were based on sparse data for more or less idealized
systems. Unfortunately, for the materials of interest, there are no
moisture transfer rate data available to the engineer. The studies de-
scribed in this report were motivated by this paucity of data and it
was planned to acquire such data for practically pertinent systems
for the design engineer. Although the work is directed toward prob-
lems arising in the cable plant, the data and results of this study may
be of use in other areas employing plastic materials.

In order to correlate and understand the effects of different parame-
ters on permeation, it was necessary to include in the investigation
measurements on systems far removed from practically applicable
systems. For example, an investigation of the effect of carbon black
loading on permeability must include measurements on natural (un-
loaded) polymers as well as actual sheathing materials which con-
tain carbon black.

The reader will not be subjected to a long and detailed review and
analysis of the previous literature in this field. There are two reasons
for this; first, recent reviews? have been given of the literature on
permeation processes in plastics. Secondly, the previous literature is
principally concerned with purified materials and is not highly perti-
nent to the problems and information dealt with in this paper. Previous
papers®® have indicated that the permeabilities of polyethylenes to
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water vapor are quite low, on the order of 2 X 10~ scc*/sec-cm-cm
Hg. Also, the previous work has shown that permeability decreases
with increasing polymer density.® In addition, it has been found that
the permeability is an exponential function of reciprocal absolute
temperature®* and that the activation energy for permeation ranges
from some 6 kilocalories to almost 10 kilocalories.®*

Water vapor permeabilities of other materials have also been given
in the literature. It is generally found that the permeabilities of ma-
terials such as nylon, cellophane, and other nonolefinic polymers are
much higher than permeabilities of polyethylene.t-2*

There is some disagreement®* among previously published values of
permeability of polyethylene, and this has been explained® in terms
of differences in the samples of materials used, but all the previous
work agrees on one point: The transport of water vapor through
polyethylene obeys Fick’s and Henry’s laws. Fick’s law relates mass
transfer rate M to a concentration gradient and in finite difference
form is

AC
M = DA NG (1)
where D is the diffusion coefficient, A is an area, and AC is a concen-
tration difference across an increment in length, AX. Henry’s law is

C = Sp, (2)
where S is solubility and p is the vapor pressure of penetrant. If
Henry’s law and Fick’s law are combined

) Ap
M = DSA X 3
Usually,

DS =P, @

the permeability.

These laws are used to correlate moisture diffusion rates by cal-
culating P from the definition and data on transfer rates. These data
must include, of course, M, Ap, AX. The principal experimental prob-
lem is measuring these factors on practically pertinent systems so
that P can be calculated.

Essentially, the plastic sample separates two chambers, one of which

*The term scc refers to cubic centimeter of vapor at standard temperature
and pressure.
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contains water at a known temperature. As this water permeates the
sample, it is swept from the other chamber (with a carrier gas) and
into a water measuring instrument. From the geometry of the sample,
4 and AX in (3) can be determined and from the water temperature,
Ap can be obtained. The problem is in measuring M, the mass flow
through the sample. The water measuring instrument must be capable
of measuring very small amounts of water: for example, if a plastic
tube is 10 em long, 2.5 cm in diameter with a wall thickness of 2 mm,
there will be only 5 ug of water per hour permeating through the wall.
Previous workers have indicated the rather large amounts of water
that can accumulate in some of the older cable designs but this is in
terms of miles of cable and years of time. Obviously, for experimental
facility we must use shorter lengths of eable and must be able to work
on a much shorter time scale and this, in turn, forces one to work
with very minute quantities of water. So there is no inconsistency in
the larger amounts of water in the cable plant problems and minute
amounts encountered in the laboratory experiments.

II. DESCRIPTION OF EXPERIMENTAL APPARATUS

Moll? has described some of the morc widely used techniques of
measurement of permeability. Most of these methods were not directly
applicable to water permeation in the materials of practical engineer-
ing interest. One such earlier method uses a thermistor (to detect
water) which can become fouled from plasticizers and other volatile
additives in sheathing material. The “cup method” is usually used on
materials with higher permeabilitics. Moreover, both methods are more
suited to very thin samples—Iess than 5 mils and sometimes as low as
1 mil.* At these thicknesses, surface imperfections (holes, pits, ete.)
can account, for a large part of the water transferred across the film.
For these reasons, it was felt desirable to construct a new apparatus
based on an electrolytic water measuring technique which has proved
reliable.

An instrument capable of making the necessary water measure-
ments is available commercially (Consolidated Electrodynamics Cor-
poration). This “moisture monitor” operates as follows: A glass cell
is coated with phosphorus pentoxide which is a tenacious absorbent
for water. The coat of phosphorus pentoxide is interspersed with
platinum electrodes and a carrier gas sweeps the moisture from the
test sample and into the cell. As the water is absorbed by the phos-
phorus pentoxide it is clectrolyzed to hydrogen and oxygen and the
current necessary for electrolysis is directly related to the amount of
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water so that the detector is calibrated essentially by the definition of
electrical current. The precision of measurement depends on the preci-
sion of a microammeter. The detector also has the advantage of being
specific for water: other materials (such as antioxidants and light
oils) which diffuse through the plastic or out of it do not interfere
with the water measurement.

Several factors are involved in deciding on size and form the sam-
ple should have. Considerations of accuracy determine the size of the
sample; the larger the sample area the greater the rate of water
penetration which, in turn, permits more accurate measurement.

The apparatus should be capable of making measurements on tubu-
lar samples such as cable sheath and air tubing, for example, but
certain test materials are not available in quantities sufficient to ex-
trude tubes and certain others (e.g., polyurethane) cannot be extruded
easily so that it was necessary to make measurements on films of
these materials. Obviously, two different methods must be used—one
for tubes and one for films.

III. TUBULAR APPARATUS

Briefly, the tube apparatus (Fig. 1) consists of one or more tubes
of plastic material submerged in a tank of water and connected at
one end to the “moisture monitor.” Dry carrier gas is forced through the
tube to sweep out water which has permeated the tube wall. The rate
at which moisture is registered on the moisture monitor gives M in
pg/sec and from this and the geometry of the tube P is calculated.

3.1 Carrier Gas Supply

The water is swept out of the plastic tube and into the moisture
monitor with an inert carrier gas and it is imperative, for accuracy,
to have the carrier gas enter the tube dry as possible. The carrier gas
used has a water content of approximately three parts per million
which is in the order of the water content of the gas in the tube. Thus,
it is necessary to remove even this small amount. This operation is
accomplished with an electrolytic drier cell as shown in the upper left
of Fig. 1. The “wet” carrier gas from the supply cylinder is passed
through the cell and the water is absorbed on the phosphorous pent-
oxide and electrolyzed. This gives a carrier gas free of moisture.

3.2 End Seals

The ends of the plastic tubes are sealed into the apparatus with
“Swagelok” fittings. These fittings were originally designed for metal
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tubing but they were adapted to plastic tubing by inserting a support-
ing element inside the tubing. These end seals were thoroughly tested
and proved very effective as discussed below.

The seal consists of an anvil and chuck and two swaged ferrules
supported by an insert inside the plastic tube. When the anvil and
chuck are tightened together, the ferrules deform inward against the
tubing which is supported by the insert. The ferrules also make a
tight metal-to-metal seal against the chuck and anvil, respectively,
so there is no path for vapor leakage through the fittings.

3.3 Fittings and Other Equipment

Stainless steel tubing is used in parts of the apparatus which could
contain water to minimize sorption of water on the tubing walls. In
other parts of the apparatus which contain only dry gas, copper tub-
ing is used because it is much easier to fabricate.

The outlet from the moisture monitor is connected to a flow meter to
insure that the carrier gas is not flowing so rapidly as to “flood” the
electrolytic cell and permit water to escape electrolysis.

3.4 Temperature Control

Temperature affects permeability and the temperature of the water
must be controlled accurately. This is accomplished with a large, con-
stant temperature heat sink consisting of a glycol bath cooled con-
tinuously with a refrigerator. The water is circulated continuously
(two gallons per minute) from the sample tank through coils in the
cold glycol bath and then back into the tank. This gives a large heat
sink and effectively isolates the sample tank temperature from room
temperature variations. The temperature of the water is regulated by
heating with a temperature controller. Temperature variations can be
kept below 0.1°C at 30°C or above. The water in the tank is stirred
to keep a uniform temperature throughout. A ten gallon per minute
pump, located outside the tank, pumps water from the tank and
directly back to the tank through a tube with holes. This effectively
stirs and distributes the water and keeps it at a uniform temperature.

3.5 Measurements

To calculate P from the measurements on tubes, (4) must be put in
cylindrical coordinates. This form of the equation has been given
previously®

p _ Mln(D./D)
2r(p, — p)L
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where L is the sample tube length and D; and D, are inside and out-
side tube diameters. p; and p, are water vapor pressures inside and
outside the tube. Because the dry carrier gas sweeps water from inside
the tube, p; is small and can be neglected in comparison to p,.

The inside and outside diameter required care in measurement be-
cause the calculated values of P are sensitive to errors in D, and D;
of the tube samples. These diameters were measured accurately in
the case of clear plastic by means of water displacement. A measured
length of the sample tube L (usually one meter) was filled with an
accurately measured volume V of distilled water. Obviously,

7DiL

V=4,

or
D, = V4V /rL.

D; can be calculated from the volume of water V, contained in the
length of tube, L. The thickness of the tube wall was measured by
encapsulating a short segment of tube in epoxy resin and polishing the
mount down until the tube cross section was exposed. The wall thick-
ness was then measured with a stage micrometer. D, can be obtained
from D; and the wall thickness. The outside diameters of opaque tubes
are measured by inserting a sample tube (sealed at one end) into a
graduated glass column and measuring the volume AV, of water dis-
placed by a given tube length, L. The outside diameter, D, can then
be calculated from

D, = V4AV /rL.

The inside diameter, D; = D, — 2 X wall thickness.

3.6 Preliminary Measuremenis and Tests of Apparatus

Initial measurements were made to prove the feasibility of the ap-
paratus. It was necessary to check the seals at each end of the tubes
to assure that they were watertight. This was done as follows: The
permeability was measured for samples of different lengths (67.95
cm, 113.64 c¢m, and 154.31 cm) of the same material. If the end seals
are secure, there should be no difference in permeability for these
three samples because P is a property of the plastic and should not
depend on the experiment. Fig. 2 gives the results of this test and the
good agreement in P for three samples indicates the integrity of the
end seals. These tests were made on low density (p = 0.917) poly-
ethylene tubing supplied by Hydrawlik, Inc., Roselle, New Jersey.
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Fig. 2 — Permeability as a function of temperature for various lengths of sample.

IV. FILM APPARATUS

The film apparatus (Fig. 3) consists essentially of two aluminum
dises; one on each side of the circular test film. The two dises are
identical so that it is necessary to describe only one of them. Two
cavities are machined in each disc: one of these is covered with an
aluminum plate to form a reservoir for temperature controlled water;
the other cavity is adjacent to the test film when the apparatus is as-
sembled. The test film is clamped between the two discs with 6 bolts
(see Fig. 3). Water, which is to permeate the test film, is put in the
cavity immediately below the film; electrolytically dried N, is passed
over the film to expel the permecated water. The “wet” gas is then
run through the moisture monitor and the rate of water permeation
is measured. From this permeation rate, and the thickness and the
diameter of the film, the permeability can be calculated.

The diameter of the film exposed to moisture transfer is 5.75 inches.
Several considerations influence this dimension of the cell. The first is
precision of measurement of water vapor permeation rate. If the diame-
ter of the film is too small, the rate at which water permeates the
film will be low and the moisture monitor will be unable to measure
accurately the permeation rate. On the other hand, if the diameter of
the cell is large (greater than 8 or 10 inches), it becomes difficult to
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Fig. 3 — Cut-away view of film cell.

make films of uniform thickness. Moreover, large diameter dises are
difficult to machine accurately and hard to handle in assembling the
cell. The choice of diameter is a compromise between these factors.
Consideration of the sensitivity of the moisture monitor and the
other factors noted above indicated a 5 to 6-inch diameter film would
be optimum. A film of this diameter can be pressed to the necessary
uniformity and a cell of this diameter would not be difficult to machine
or handle in the laboratory.

The films were made by compression molding and their thickness
was measured in two ways. First, the thickness was measured at
several points with a micrometer and averaged. In the second method,
a circle, 63 inches in diameter, was cut from the test film and weighed
on an analytical balance. The density of this material was then meas-
ured with use of density gradient columns. The volume of this eir-
cular sample would then be given by the weight, w, of the 6%-inch
circle divided by the density, p, of the material
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V01=E,
p

and this volume would also be given by the relation
=Tpe
Vol = 1 Dt

(where D is diameter of the circle and ¢ its thickness) so that by com-
bining these two equations and eliminating volume the thickness of the
sample can be calculated. In one case, the first method (micrometer)
gave an average thickness of 11.9 mils, and the second method a thick-
ness of 11.85 mils. This agreement indicates that the micrometer
measurements, which are uncomplicated and much more convenient,
would be as reliable and accurate as necessary.

4.1 Tests of Film Apparatus

Tests were made to determine the effect of film thickness on meas-
ured permeability. If the films are extremely thin, say 1 mil or so,
surface imperfections such as pits could contribute substantially to
the total moisture transfer rate through the film. These tests were
carried out with two materials—a sample of low-density polyethylene
(10- and 12-mil films) and a sample of high density polyethylene (7-
and 13-mil films). The comparison of the two film thicknesses for each
material respectively is shown in Fig. 4 and indicates that the per-
meability is not dependent on film thickness in the range of film thick-
nesses (9 to 12 mils) used in these experiments.

4.2 Additional Tests of Apparatus—Comparison of Films and Tubes

In Fig. 5 the measured permeability for tubes of the polyethylene
materials are compared with the data obtained on films. The perme-
ability of the polyethylene films is about 4 percent lower than for
tubes of the same material, while the permeability of the PE-Butyl
copolymer film is about 10 to 12 percent lower than that for the
tube of this material. These differences are probably due to the dif-
ferences in processing since the tubes were extruded and essentially
quenched, while the films were compression molded and cooled more
slowly (about 5°C per minute). The slower cooling anneals the films
and they become more highly ordered. Because the permeability of
the highly ordered regions is less than the amorphous portion, the
permeability of the entire film would be less.
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Fig. 4 — Measured permeability is not a function of film thickness.

V. RESULTS AND DISCUSSION

5.1 A Few Words About Organization

The discussion will be divided into two categories: the effects of
chemical composition and of physical parameters. This is an his-
torical classification rather than a logical one. In this study it was
first desirable to measure WVP’s of cable sheathing materials, both
those in use and proposed. These were all basically polyethylenes but
some contained varying contents of comonomers, viz. vinyl acetate, ethyl
acrylate, and acrylic acid. Polymers of other chemical types (polyester,
polyvinyl chloride, et al.) are also of interest because they, as sealing
and plugging materials, help bear the brunt of nature’s attack on the
outside plant segment of the Bell System.

As a consequence of this work, it was found that physical parame-
ters such as porosity and other heterogeneities influence WVP and
will be discussed last.

5.2 Effect of Chemical Nature

Fig. 6 contains the WVP’s of representative samples of polyolefins
to give an overall picture of these materials and to orient the reader.
The point to be noticed in Fig. 6 is the greater WVP’s of low-density
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polyethylene materials compared to those of high density. The ratio
of WVP’s of high- and low-density polyethylene ranges from 4 to .

The water vapor permeability of low-density polyethylene has been
reported earliert® as 2 X 1073, whereas the values found here for 0.92
density polyethylene were on the order of 10-%. This difference is most
probably due to the differences in the types of polyethylene used and
the differences in the thickness of the film samples used. In the previ-
ous measurements, the sample films were on the order of 1 to 2 mils so
that surface irregularities such as pits could contribute substantially
to the overall moisture transfer rate across the film. In the present
measurements, the sample films were on the order of 10 to 12 mils
thick, and at these thicknesses surface irregularities, if they are pres-
ent, would not contribute substantially to the moisture transfer rate.

The WVP’s of cable sheathing materials (shown in Fig. 7) were
of the order of 108 scc/sec-cm-cm Hg. The homopolymers, in general,
have lower WVP’s than either copolymers or materials containing
low molecular weight additives. This greater WVP is probably due to
several factors. Copolymers and additives, even in small amounts, can
affect molecular and morphological factors such as branching in the
polymer chain, molecular weight, and crystallinity among others.
Because all these factors influence permeability, it is not surprising
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Fig. 5 — Permeabilities of films are slightly lower than tubes.
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that copolymers and other additives should cause an increase.

The WVP of polypropylene is intermediate to that of high- and low-
density polyethylenes (Fig. 8). This is of interest for two reasons, one
of them of practical interest, the other academic. In the first place,
polypropylene and low-density polyethylene compete for use in some
protective applications. If other factors are equal, advantage should
be taken of this lower permeability of polypropylene.

A second point of interest in the findings of polypropylene perme-
ability concerns the effect of density. In the case of polyethylenes,
increasing the density decreases the permeability. However, this ob-
viously does not hold true for polyolefins as a class because poly-
propylene has a density of 0.91 and yet has a lower permeability than
low-density (0.92) polyethylene. The lower permeability of poly-
propylene can be attributed in part to its high crystallinity (about 80
percent). Crystalline regions are much less permeable®** than the
noncrystalline regions, hence, the material as a whole has a lower
permeability. Moreover, it would be expected that the intermolecular
friction would be higher in the case of polypropylene which would, in
turn, decrease the diffusion rates through the amorphous regions of
the polymer.
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Fig. 6 — Comparison of high-density with low-density polyethylene.
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Finally, the measurements of permeability of polypropylene bring
home another point. In searching for materials for use in environ-
mental protection, we would like to find an inexpensive material with
an extremely low water vapor permeability, and if possible, we would
like to say that this material is impermeable to water vapor. We
must be brought up short in this search, however, in view of the find-
ings in the case of polypropylene. Here is a material that is about 80
percent crystalline so that only 20 percent of the polypropylene con-
tributes to moisture transfer, and even this 20 percent gives the
polymer an overall permeability greater than some of the higher
density polyethylenes. It is not likely that we could obtain a flexible
usable olefinic material with any higher degree of crystallinity, and
in this direction polypropylene represents a limit in lowering the water
vapor permeability of materials by increasing crystallinity.

5.3 Copolymers

Interest in copolymers of olefins stems from two areas. In the first
place, with even small percentages of copolymers such as vinyl acetate
or ethyl acrylate the polymer is much more flexible and less suscepti-
ble to mechanical failure from stress. In the second application, these
copolymers are used to compound semiconducting materials by load-
ing them with up to 40 percent carbon black.

These copolymer materials have higher permeabilities than the
straight polyethylene homopolymers. The permeabilities of the acrylic
acid copolymers are shown in Fig. 9 as a function of acrylic acid copoly-
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mer content. These data indicate that the permeability increases with
added acrylic acid in the polymer chain. The increase in permeability
with the addition of these comonomers is due to morphological fac-
tors: the comonomer interrupts the regularity of the polymer chain
and thereby reduces the crystalline content of the polymer and in-
creases the amorphous content. The amorphous, disordered regions are
more permeable; hence, the permeability of the material is increased.
In the case of ethyl acetate copolymers, the permeability increased by
almost a factor of ten with incorporation of 15 percent copolymer.

5.4 Ozxidized Polymers

The oxidized materials were made by atmospheric oxidation of
unstabilized homopolymer. After oxidation and before the film sam-
ples were made the materials were stabilized with Santonox.

The permeability of these materials (Fig. 10) indicates that the in-
troduction of polar groups, such as carbonyl groups in this case, does
not necessartly cause an tncrease in permeability. Other faectors can
play a part. Table I compares permeability, density, and earbonyl
content of these three materials.

As the carbonyl content goes up the density also increases, and the
permeability decreases. Winslow? has shown that this increase in den-
sity is due to an increase in molecular order in the polymer and be-
cause the more highly ordered regions are less permeable, the denser
material would have the lower permeability. This reduction in perme-
ability with increased carbonyl content is of interest in cable sheath-
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TaBLE I—ErrEcT OF OXIDATION ON DENSITY
AND PERMEABILITY AT 25°C

Percent carbonyl Density Permeability
0 0.944 2.20(10)~°
0.3 0.956 1.57(10)-
0.6 0.964 0.82(10)°

ing applications for obvious reasons and more materials of this type
will be obtained to investigate this effect in more detail.

5.5 Nonolefinic Polymers

The results on polyester are compared with low density polyethylene
in Fig. 11. The permeability of polyester films was reported* several
vears ago as 1.3(10)* at 25°C. The value measured with the present
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apparatus on polyester commercially available today was 2.3 (10)~* at
25°C. The older sample of polyester was unplasticized whereas that
used in the present study was plasticized slightly and because of
these differences a direct comparison is not entirely valid.

The permeabilities of plasticized poly(vinyl chloride) and poly-
urethane are also shown in Fig. 11; both are over an order of magni-
tude greater than typical low density polyethylene.

VI. EFFECT OF PHYSICAL PARAMETERS

One is not likely to find pure, homogeneous plastic materials used
in the telephone plant. In addition to the deliberately added and nec-
essary heterogeneities such as earbon black, these materials have in-
advertent imperfections such as pores or solid particles. To give an
example a cross-section of polyurethane cable plugging compound is
shown in Fig. 12. The black areas represent pores formed in poly-
merization and indicate a porosity of up to 20 percent by volume al-
though, superficially, the material usually appears to be homogeneous.
Another example of porous material is the foamed polyethylene dielec-
trie used in some coaxial cables.

6.1 Porosity

The effect of pores on permeability might not be straightforward:
permeability involves both diffusion and solubility and although dif-
fusion would be expected to increase with porosity, solubility decreases,

Fig. 12— Photomicrograph (50X ) showing pores in polyurethane.
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because water is more soluble in the polymers of interest than in air
or gas in the pore. First, the effect of pores on P will be calculated from
a model for transport properties of heterogeneous, two-phase materials.
These will then be compared with measurements of the effect with
foamed silicone rubber.

If we can calculate the effect of pores on diffusion coefficient D and
on solubility S, we can calculate the effect on P because

P(V) = D(V)S(V) ®)
where V is ‘porosity’ or volume fraction pores.

In calculating D(V), use is made of models developed originally by
Maxwell® in connection with the electrical transport properties of
heterogeneous materials, With the analogies between Ohm’s law and
Fick’s law, Maxwell’s model can be used to calculate the diffusion
coefficient of plastics containing small amounts of gas-filled cavities
or pores. From Maxwell’s work, the diffusion coefficient of a porous
polymer is given by

])P[Dn + 2Dw _ 2V(Drl —- Dn)] (6
D. + 2D, + V(D, — D,y ' )

where D, and D, are, respectively, the diffusion coefficients of the
penetrant in polymer and in air (or the gas in the pore). It should be
understood that the model from which (6) is derived ignores the inter-
actions between adjacent pores so that for the case of porous plastics
the value of D would be somewhat low. For polyethylene

D=

D, =~ 107" em®/sec (7
and for air
D, =107 em’/sec. (8)
Negleeting D, in comparison to D,, Maxwell’s relation reduces to
D(v) = 220, )
The solubility S(V) decreases linearly with V:
S(V) = (8 — 8)V + 8, , (10)

where S, is solubility of penetrant in the pore or in the gas within the
pore; S, is solubility of penetrant in the polymer.
Putting these last two equations into the definition for P

PV)y =[(S. — S,V + S,.][D,, TT—V—iI (11)
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For the case of silicone rubber foam S, > S, and (11) becomes

a+2v)|

PV) = [ — V)S,,][D,, =% :l (12)
The factors (1—V) cancel so that P is proportional to V and a plot of
P(V)/D,8, vs V will have a slope of 2 and intercept (V = 0) of unity.
Such a plot is shown in Fig. 18 for foamed silicone rubber and as
anticipated the measured WVP’s are somewhat greater than those
calculated from the model.

As Maxwell noted:®

“When the distance between the [pores] is not great compared with
their radii . . . other terms enter into the result, which we shall not
now consider.”

For the time being, we will follow his 70 year old cue and use the
result in a qualitative manner only. Pore interaction in moderately and
in highly foamed materials and its effect on diffusion is the subject
of continuing research and will be reported on in a subsequent paper.

6.2 Effect of Carbon Black

Two magnitudes of carbon black content were investigated. Those
used in cable sheath materials (about 2.5 percent by weight) and those
higher contents (up to 40 percent) proposed for semiconducting sheath-
ing materials. Fig. 14 shows some representative data for materials
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containing about 2.5 percent carbon black compared with the natural
materials. The carbon black at these contents lowered the permeability
only slightly. Note also, that at these low percentages, the temperature
dependence of the filled and unfilled material are essentially identical.

Materials highly loaded with carbon black also showed a linear
decrease in permeability with increasing carbon black content. Fig. 15
gives some representative data. Qualitatively, this decrease in per-
meability with increasing carbon black content is not difficult to ex-
plain. The carbon black particles are most probably impermeable to
moisture; hence, their presence in the polymer decreases the volume
available to moisture diffusion. Again, we can use Maxwell’s model
discussed earlier to describe this decrease in permeability with increas-
ing carbon black content. For the case of a polymer interspersed with
umpermeable particles, Maxwell’s equation for the diffusion coefficient
is given by

_2D,(1 = V)

T2V, 13)
where D, is the diffusion coefficient of water vapor in the polymer and
Ve 1s the volume fraction of carbon black.
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The solubility of the loaded polymers decreases linearly with carbon
black content

S(Va) =0 — Va)S,. (14)
Combining the equation for D and S with the definition of P gives

2D,8,(1 — V).

2+ V., =

P(V.,) =

This equation is shown as a dotted line in Fig. 15 and is slightly
lower than the experimental values for WVP. In the equation for
S(Ve) above, it was assumed that the solubility of water on the car-
bon black was negligible, but as shown below there is some interaction
and to be precise, we would be justified in assigning some contribution
to 8(V,) due to the carbon black. This would increase the calculated
values of P to agree more closely with the data.

At higher carbon black contents (10 percent and above) the tem-
perature dependence of filled and unfilled materials is markedly
different. Fig. 16 gives an example of this behavior and shows that the
activation energy for permeation, E,, is decreased by carbon black.
The decrease in E, for the case of water sorption in polyethylene
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Fig. 16 — Effect of adding 41 percent carbon black to poly (ethylene ethyl
acrylate) copolymer.

highly loaded with carbon black is not unexpected. For the water-
polyethylene system,

D = D, exp (—E,/RT), (16)

S = 8, exp (—AH/RT), a7
and

P =P, exp (—E,/RT), (18)

where D,, S,, and P, are constants; Ep and E, are activation energies
for diffusion and permeation, respectively, and AH is the heat of sorp-
tion. Substituting these equations into the definition of P (4) gives

P, exp (—E,/RT) = D,S, exp [—(E, + AH)/RT]. (19)
From this

E, = Ep, 4+ AH. (20)

For the case of water sorption on carbon black, AH is negative and
increasing the carbon black to 41 percent gives a greater negative con-
tribution and E, is therefore decreased. ’
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VII. SUMMARY

In general, the low-density polyethylene sheathing materials have
permeabilities on the order of 108 scc/sec-cm-cm Hg at 22°C. High-
density polyethylenes have permeabilities from 1/3 to 1/6 that of low-
density polyethylene. The permeability of polypropylene is intermedi-
ate to high- and low-density polyethylenes. Copolymers of polyethy-
lene (for example, vinyl acetate, ethyl acrylate, and acrylic acid) have
higher permeabilities than the homopolymer; in one case 15 percent
ethyl acrylate increased the permeability by a factor 10.

Nonolefiniec polymers, in general, have higher permeabilities; for
example, polyurethanes have permeabilities more than 80 times higher
than low-density polyethylene.

Heterogeneities in the plastic such as carbon black and pores in-
fluence permeability. Addition of carbon black decreases the WVP
roughly in proportion to the amount of carbon black. The permeability
of these materials increases with increasing porosity.
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Statistical Analysis of the Level Crossings
and Duration of Fades of the Signal
from an Energy Density Mobile
Radio Antenna

By W. C.-Y. LEE
(Manuscript received September 30, 1966)

A theoretical analysis of signal fading using an energy density antenna
s developed and compared with that from an tsotropic antenna. The
energy densily antenna provides a signal proportional to the energy density
of the mobile radio field. The number of crossings that the stgnal makes of
a given signal level and the average duration of fades below a given signal
level have been dertved theoretically for these two cases using a simple sta-
tistical model. Comparing the number of level crossings of the electric field
with that of the energy density, it is shown that the energy density fades less
frequently than the electric field by at least a factor of two. The average
duration of fades of the electric field is greater than that of the energy density
only for lower signal levels. These results are in reasonable agreement with
expertmental measurements.

I. INTRODUCTION

The study of signal fading appears to be very important to mobile
radio systems. When a steady sine wave is sent out from a fixed station,
the signal received by a mobile receiver in motion fluctuates, or, in
radio jargon, fades. The received signal fluctuates more rapidly as both
the frequency of the transmitted wave and the speed of the mobile
radio increase. For a field received by a moving isotropic antenna, the
maximum fading frequency f,, as Ossanna' has pointed out, is f, =
2V /X, where V is the speed of the mobile radio and N\ is the wavelength
of the steady sine wave. For instance, at 836 MHz and a speed of 15
miles/hr, the signal fades at a rate of about 40 times every second and
is a serious disturbance to the mobile radio communication.

There have been many investigations of the fading problem. Aikens
and Lacy® made a test using 450-MHz transmission to a mobile receiver

417
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in an urban area. Bullington® investigated radio propagation variation
at VHT and UHF. Young* pointed out that for the test samples of signal
strength taken over a small area, the amplitude follows a Rayleigh
distribution to a fair approximation. Also S. O. Rice’ pointed out that
the fluctuations of a received radio signal have the same behavior as
the envelope of a narrow-band Gaussian noise. Recently, Ossanna’
measured the power spectra of a mobile radio fading signal. They all
treated the signal as obtained from an isotropic antenna.

In this paper, a theoretical analysis of fading using an energy density
antenna’ is developed and compared with that from an isotropic antenna.
The concept of using the energy density antenna to reduce the effeet
of signal fading was suggested by J. R. Pierce.” It will be discussed in
detail later. The number of crossings n(¥) that the signal makes of a
given signal level ¥, and the average duration of fades t(¥) below a
given signal level ¥, have been derived theoretically from a statistical
model using Gaussian random amplitudes and equal angles of arrival
of an infinite number of incoming waves. The two statistical factors, n
and t, first expressed by Rice,® can describe the property of individual
signal fading very well. In this paper, » and t for the isotropic antenna
will be compared with the values for the energy density antenna. These
theoretical results also will be compared with the experimental data.

II. THE METHOD OF OBTAINING THE EXPECTED NUMBER OF LEVEL CROSS-
INGS AND AVERAGE DURATION OF FADES

From Kac’s” and Rice’s® paper, a brief derivation of the expected
number of level crossings n(¥) of a given signal level ¥ and average
duration of fades below a given signal level ¥ is as follows. We assume a
random function ¢ which is statistically stationary in time, and for
which the joint probability density function of ¢ and its slope ¢ is
p(¢, ¥). Any given slope ¢ can be obtained by

, = W
\l/ - T ’ (1)
where 7 is the time required for a change of ordinate dy, as shown in
Fig. 1. The expected number of crossings of a random function ¢ in

the interval (¥, ¥ — dy) for a given slope ¢ in time dt is

the expected amount of time spent in the interval
dy for a given  in time di

the time required to cross once for a given ¢ in
the interval dy at ¢=¥
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[
AN A A
1 N
! —dt \il
I | t
T

. Fig. 1 —The notation used in obtaining the expected number of level cross-
ings n(¥) and the average duration of fades t(¥).

_ EQ) _ p(¥, d)dydydi _ L
=, dy = yp(¥, H)dydt. (2
¢ at ="

The expected number of crossings for a given ¢ in time T is
[ dntr, paga = gpie, pagr. ®
The total expected number of upward crossings in time T is
N =7 [ o, Py, @)
The total expected number of crossings per second is

N ° o
@ = 0~ [y, pay. ®)
Since the expected number of crossings at a particular level ¥ per second
can also be stated as

the expected amount of time where the
function ¢ is below level ¥ in one second

n(¥) = ;
the average duration of fades below level ¥
_ Py <y
Tt ©)
hence, the average duration of fades below level ¥ is -
Py < T
) = 2L =D, ™

n(¥)
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Hence, the results will be derived from the joint probability density
function p(¢, ¥), and the problem is to derive this probability density
function for the various signals.

III. THE EXPECTED NUMBER OF LEVEL CROSSINGS AND THE AVERAGE
DURATION OF FADES FOR A VERTICALLY POLARIZED WAVE

In order to obtain the expected number of level crossings of a given
signal level B and the average duration of fades below a given signal
level R for the three field components of a vertically polarized wave,
first we need to specify the forms of the three field components. Then a
statistical model of the field components is assumed. From such a
model, we find the joint probability density functions of amplitude R
and its slope R for the three field components. Finally, we use (5) and
(7) to obtain the result for each field component.

TFollowing Gilbert'® a vertically polarized plane wave E, traveling
in a direction u in the (z, y) plane is assumed. The three field compo-
nents referenced to a receiver moving with velocity vector V can be
written

E, =¢, = A, exp (—jBu-Vi) exp (jwi) volt/m
= pn(h, amp/m) = A, sin 8, exp (—jBu- Vi) exp (jwi) volt/m

=
|

= q(h, amp/m) = — A, cos 6, exp (—jpu-Vt) exp (jwt) volt/m,

=
1

where 8 is a wave number and 4, is a complex amplitude of an electric
wave propagating at a direction u. u is a unit vector related to an angle
6, between the positive z-axis and the unit vector itself. » is free-space
wave impedance. The time variation exp jwt can be dropped out of
three field components for simplifying the derivation. Moreover, from
now on, we will treat the units of all three components E,, H,, and
H, in volt/m which will also simplify the calculation.

When N vertical polarized waves coming from N directions are re-
ceived by an isotropic antenna of the mobile radio, the three components
become

N N
E, = > A,exp (—jpu-Vi) = > A, exp [—j8V cos (6. — )] (8)
u=1 u=1
N
H, = > A,sin 6, exp (—jsu-Vi)
u=1

N
= Y A,sin 6, exp [—j8V¢ cos (6, — a)] 9

u=1
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N
H,= > — A, cos 0, exp (—jsu-Vi)

u=1

N
= — >, A, cos 6, exp [—j8Vtcos (6, — )],  (10)
u=1
where 6, is the angle between the positive z-axis and the direction of
uth wave u, and 0 £ 0, £ 2. « is the angle between the z-axis and the
velocity V, and 0 £ o £ 27. Both 6, and « are shown in Fig. 2.

In this paper, a statistical model is used as follows: The complex
amplitude A4, can be separated into a real and an imaginary part 4, =
R, + j8., hence N incoming waves have N real values of R, and S, .
We suppose all those 2N real values are Gaussian independent variables
with mean zero and variance one. Also, we assume the N waves have
uniform angular distribution, i.e., the kth wave u; has an angle of arrival
0, = 2nk/N. Moreover, in this paper an infinite number of multiply
reflected waves (N — =) are assumed for finding the expected number
of level crossings n(R) of a given signal level B, and the average duration
t(R) of fades below a given signal amplitude R.

3.1 Finding the Values of n(R) and t(R) from the E, Field

First of all, we need to obtain the joint probability density function
of signal amplitude R and its slope R for the electric field component
E, using the statistical model we mentioned previously. We start from
(8). The alternate form of (8) can be written as

E, = ﬁ (R, + jS.)[cos {8V cos (6, — @)} — jsin {8V cos (6, — )} ].
(11)

V = VEHICLE VELOCITY

U = DIRECTICN OF PROPAGATION OF
A RANDOM FIELD COMPONENT

Fig. 2— The coordinate system.
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Equation (11) can be separated into real and imaginary parts

E, =X, +jY,. (12)
The real part of E, is
= “ZNI (R, cos ¢, + S, sin ¢,) (13)
and the imaginary part of E, is
Y, = uzill (S, cos p, — R, sin ¢,), (14)
where
¢, = BV cos (6, — ). (15)

We assume that all N values of R and S in (13) and (14) are time in-
dependent. Then the derivatives with respect to time of (13) and (14)
are

N

X, = 8V X (—R.sin ¢, 4 8, cos ¢,) cos (6, — a) 16)
u=1
N

=BV Y (=8, sin g, — R, cosg,) cos (6, — a). (17

The mean values, variances, and covariances of X, , Y, , X, , and Y, are
my = (X;) =(Y) = (X1> = <Y1> =0
un = {(X}) = (Y = N forany N (18)

: N
2

= (X} = (¥ =@V) 5 for N3 (19)

and
<X1Y1> = <X1X1> = <Y1X1> = <Y1Y1> = <X1Y1> = <X1Y1> = 0.

The above results are shown in the Appendix.

From the central limit theorem, it follows that X, , Y, , X, , and Y,
are four independent random variables which are distributed normally
as the value N approaches infinity. The probability density function
of four independent real random variables X,, Y,, X,, and Y, is"

p(Xl ’ Yl ' Xl ’ I“71)

1(X:4 18 ﬁ+ﬁ»
(2) I,“I exp{ ( K11 + #;1 ' (20)
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where the determinant |u| of the covariance matrix is

ol = Gt = L vy

We may introduce the concept of the envelope

E,=Xi+ijYi=r /1.

The quantity r, is the envelope and 7, is the phase, both of which are
slowly varying functions of the time. Then,

X, =7, cosy, ; Y, = r, sin g, (21a)
X, =, €os n, — 7.7, Sin 7, ; Y, = #,sin g, + r.45. cos 1, . (21b)
The Jacobian of the transformation from (X,, ¥,, X,, ¥,)-space to
(e, ey e, fo)-space is' | J | = 7.

Therefore, the change of variables gives the probability density the
form

p(Xl ’ Yl ¥ Xl k) Yl) = qu(?"c i ns )7.‘0 ) ﬁe)

p(re y Me s 7", ’ 77:)

_ (e )]

B (277')2’ I I% exp{ 2 <N11 T H{l ' (22)
where q(r., 7., 7., 7.) is the density obtained on substituting for
X,, Y,, etc., their values in 7, , 7,, etc., obtained from (21a) and its
time derivative (21b). To obtain p(r., 7.), the probability density of
the envelope and its rate of change, we must integrate over 7, and %, ,
the range of which are, respectively, (0 to 27) and (— « to + ). From
(22) we obtain

. r, 1 (rf i >}
ey Te) = —/—— S\ . 23
P i) \/27r,uu,uu P {2 M1 + M1 3)

It is observed that the expression on the right of (23) is independent
of . Hence, the expected number of level crossings n(R,) at a given signal
amplitude (r, = R,) can be obtained from (5) by using p(R, , 7,) in (23).

0 4 R RZ
R) = ["ra@. mydr, = BT o (“B).
n@) = [ ip®. i)k, = A2 en (5 ) @y

Now the variance of r, is

<7'3) = <X§> + <Y$> = 2u;;, = 2N.
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Let
B, = R/V{2) = R/reemsy = R/ V2N. (25)

Substituting the values of variances u;, and pf; from (18) and (19) into
(24), also applying the relations in (25), we obtain

5y~ BV p .

n(R,) = —— R, exp (—£K,). 26

(&) N p (—Lk.) (26)

Equation (26) is plotted in Fig. 3 where the abscissa is /2, in dB (20 log
R.) and the ordinate is (\/27/8V)n(R,).

The average duration of fades t(R,) of E, can be obtained as follows:

The probability that the envelope r, is less than a given amplitude level
R, is

Pe) <R) = [ o), @)

100
THE ELECTRIC FIELD 4

AR apZaa N

. r /
THE
ENERGY
DENSITY
1073 \

Lsusc")

gv/Nazm

1074
o n(¥;) THE EXPECTED NUMBER
OF LEVEL CROSSINGS OF FADES
. OF TOTAL ENERGY DENSITY/SEC.
10-8}—

a4 n(Re) THE EXPECTED NUMBER
OF LEVEL CROSSINGS OF FADES

THE EXPECTED NUMBER OF LEVEL CROSSINGS

OF THE ELECTRIC FIELD/SEC.

N——
I 1076
c| & ' \
b
1077
-20 -15 -10 -5 [9) 5 10

SIGNAL LEVEL IN dB WITH RESPECT TO RMS VALUE

Fig. 8 — Comparison of the level crossing rate of the electric field with that of
the energy density.
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where p(r.(t)) is the probability density obtained from p(X,, Y,). By
changing the variables, we obtain p(r.(t), 7.(t)) from p(X,, Y,). Then
we integrate p(r,(t), 7.(t)) over from 0 to 27 to obtain®®

() [ r‘:’<t>]
f) = =2 -2 2
po) =7 Cexp| =5 | (28)
where u,; is obtained from (18). Substltuting (28) into (27) we get

Pe.() <R) =1~ exp(—Ri/2u) = 1 — exp (=F).  (29)

The expected number of times per second that r,(¢) passes upward (or
downward) across the level R, is obtained from (24). The average dura-
tion of fades during which r,(f) < R, may then be obtained by sub-
stituting (24) and (29) into (7)

P@.(H) <R, P(r(l)<R) Vorl

tR,) = (&) () sV L [exp (B?) — 1] (30)

which is shown in Fig. 4.

3.2 Finding the Values of n(R;.) and t(Rs.) from the H, Field

Following the same steps as above, we are going to find the joint
probability density function p(r., , #..) of the envelope r,, and its slope
4. of the H, field component first. From (9) we find the real and imagi-
nary parts of H, which are expressed in the Appendix. The means,
variances, and covariances of four real Gaussian random variables
shown in the Appendix are

my, = (X,) = (¥,) = <X2> = <Y2> =0

poy = X3 = V3 = for any N

®|Z =

e = X3 = Y= "0 @BV)

-[cos2a—l— 3sina] for N =3 and N =5
<X2Y2> = <X2X2> = <X2Y2> = <Y2X2> = <Y2Y2> = <X2Y2> = 0.

The probability density of the envelope of H, field and its rate of change
p(Thz, T1.) 18 then obtained by following the same procedure used in
deriving p(r. , 7,).

2 .2
p(rhz ’ i‘hZ) 1 rhz exp {_% <£}i + L?)} (31)

\/27”1-22 M2z Moz Moo
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105 »

)

e t(¥,) THE AVERAGE DURATION
OF FADES BELOW A GIVEN LEVEL
¥, OF THE ENERGY DENSITY

104+— ~
A t(Re) THE AVERAGE DURATION 3
OF FADES BELOW A GIVEN LEVEL
Re OF THE ELECTRIC FIELD
103 [
2
10 THE
ENERGY
DENSITY
10! /
/ THE
ELECTRIC

; { A FIELD
|17
° b

vl

-20 -15 -10 -5 o 5 10
SIGNAL LEVEL IN dB WITH RESPECT TO RMS VALUE

THE AVERAGE DURATION OF FADES BELOW A GIVEN SIGNAL LEVE
ya7 /BV

X

t
[

Tig. 4— Comparison of the duration of fades of the electric field with that of
the energy density.

Hence, the expected number of level crossings n(R,,) at a given signal
amplitude (r,, = R;.) can be obtained from (5) by using p(Rh., )
in (31)

o0 ’ 2
— o . . — ##22 ha ) (_th ). 32
n(th) f; Tth(th yrhz)drhz Uoa <'\/§r[.}.—22- eXp 2“22 ( )
The variance of r;, is

(Ti,,) = <X§> + <Y§> = 2us = N.

Let

Bo = T B B
: \/<rlznz> The (rms) VN

(33)
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Substituting the values of the variances u.. and uj, into (32) and replac-
ing N by (r;,) we get
s _ BV Jeosa + 3sin’a 5 e
n(th) - \/Zr 2 ha eXp th
A4
vV 2r

Equation (34) is the same form as (26) except for a multiplying factor
which is a function of « shown in Fig. 5. Hence, n([,,) is also a function
of angle o. Thus, when the mobile is moving along the z-axis « = 0 or
m, and

V1 — 1 cos 2a B, exp -, . (34)

BV 1
V2r V2

which is the minimum value of n(£,,). When the mobile is moving on
Hy-axis @« = /2, and

ﬂ(th =

n(R..) = R, exp — R}, (34a)

\/3;;_ \E R, exp —Ri, (34b)
w

which is the maximum value of n(R,.). The ratio of level crossings for
these two cases is

n(By) (@ = 0°,180%) _ 1

D@ = £90° V3 (34¢)

o
©
|

LOOP WHICH
RECEIVES Hy

ENERGY |

DENSITY

ANTENNA

n{Rhg) /n(Re)
T ®

o
o
I

o°
o
i

TOP VIEW OF -7 T ‘LOOP WHICH

THE VEHICLE RECEIVES H
0.4 d
0.3 1 | | | !
180 165 150 135 120 105 90
(o} 15 30 45 60 75 90

a IN DEGREES

Fig: 5— The effect of the angle « on the ratio of level crossing rates of the
electric field to the z-component of the magnetic field.
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For a = 445° and £135°,

n(Br) = %R exp —I22, (34d)

which is the same expression as (26) for B, . However, although (34d)
and (26) are the same form, the magnitudes B, and E,, are different,
since {(r?) in (25) is equal to two times (r3,) in (33).

The average duration of fades t(R,,) of H, can be obtained without
difficulty. Tt is easy to prove that the expression for the average length
of the intervals during which r,, < R,, will have the same form as
t(R.) in (30), except for a multiplying factor that depends on «, as
follows:

2 1
5V V=T Rh, lexp (B}.) — 1]. (35)

t(]?:ha) =

When o = 0° and 180°:

\/ﬂ\/

t(R,) = ~ [exp &) — 1] (352)

which is the maximum value of t(R,.), and when o = +90°:

t(ﬁhx) = \/% 2

exp (B;.) — 1] (35b)
which is the minimum value of t(R,.). The ratio of level crossings for
these two cases is

t(Ry) (@ = 0°, 180°)
t(B,) (@ = +90°)

= V3 (35¢)

which is the inverse of (34¢). This tells us that when n(f£,.,) reaches a
maximum value, the average duration of fades reaches a minimum value
and vice versa.

For o = 445° +£135°

2r 1

t(th) V R

) — 11 (35d)

which is the same form as the expression for t(%2,) in (30). We may say
at these angles @ = £45° and 4135°, the E field and the H, field have
the same average duration of fades below the level B, = &, .
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3.3 Finding the Values of n(R,,) and t(R;,) from the H, Field

Similarly, we obtain n(R,,), the expected number of level crossings of
a given signal level R,, from the H, field. It is very easy to see that
n(R,,) and n(R,,) are the same forms of distribution as expressed in
(34), except for the multiplying factor that depends on a. The average
duration of fades t(R,,) during which r,,(f) < R,, is also of the same
form as t(R;,) in (35) except for the multiplying factor depending on .
The variances us; and uj, are given in the Appendix. We may thus write
directly

w(B,) = BY V1 4+ 1§ cos 2a B, exp — 173, (36)

27

b

o 1

1
BV /14 % cos2a R,

() = [exp (B},) — 11, (37)

where

Ry, Ry,

M \V (riy> B rhu(rms).

=

It is obvious that
n(Rhy)a=0°,180° = n(ha «=£90°

71(Ehy)a=190° = n(ﬁhz) «=0°,180°

when B,, = R,, .

IV. THE EXPECTED NUMBER OF LEVEL CROSSINGS AND THE AVERAGE
DURATION OF FADES OF THE SIGNAL FROM AN ENERGY DENSITY
ANTENNA

J. R. Pierce’ has suggested utilization of the energy density concept
as a possible means for reducing the signal fading in mobile radio. If
we pick up the electric field e and the magnetic field % in free space and
amplify the two fields by their appropriate relative gains, square and
add these two fields, we obtain a signal proportional to electromagnetic
energy density

= 3(e® + ph®), (38)

where ¢ is dielectric constant, and p is permeability. This idea can be
realized by using a special antenna’ which receives three field compo-
nents e, , h,, and h, simultaneously. The three signals enter separate
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square-law detectors, and the three detector outputs are added to obtain
the energy density,

W = %(e |6112 + u |h1]2 + u |hv|2)

We may express W in a different form

W= [(ye,P +E R +E [h,,|2) voltz/m{l

= 5‘ LE.[? (volt*/m®) + |H.|* (volt®/m®) -+ |H,|> (volt’/m?)]
= 5 . (volt’/m®)] = E—"g—‘ Joules/m®. (39)

We define ¢, as a normalized energy density
V. = |E.|* + |H.|* + |H,|* volt*/m
=Y.+ ¥+ ¥u (40)
=X+ +EE+ YD+ &+ V). @D

Gilbert'® has done some work on finding power spectra in energy re-
ception for mobile radio. His work provides very useful background
for this paper.

In this section, we are attempting to derive the number of crossings
n(¥,) at a given level of signal magnitude ¥, using (5) in Section II.
Tirst of all, we need to find the joint probability density function
p($., ¥.) of signal ¢, and its slope ¢, . Since ¢, is a function of
(X, Y, X,,Y,, Xy, Y3), and , is assumed to be a function of
(o, ¥ns, ¥ay), we will find out that the variables (X,, Y, X,, ¥,,
X,, Y;) and ($,, ¥s., ¥n) are two independent Gaussian variable
groups. Then,

pl(Xy, V1, Xo, Vo, X, Vi), Yi(¥e , ¥e s )]
= plXy, Y1, Xo, Yo, X5, V)] X plde(de 5 Yo, )]
= p(¥Ip(¥). (42)
A brief sketch of the method of finding p(¥,) and p(¥,) is discussed below.
4.1 To get p(¥,)
Since we know from (41) that

Y= X1+ Y+ X5+ Vi) + (X3 + Y3
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and since X,, Y,, --- are independent Gaussian variables, it is easy
to get p(¥,) from the Fourier transform of the characteristic function
M, (v), where My, (v) = My My My .My, --- ete., and we can get
these M'’s very easily.

4.2 To get p(J,)

All the terms in the summations of equations (79), (80), and (81)
which represent ¢, , ¥,, and ¢,,, respectively, in the Appendix are
statistically independent. Then by the central limit theorem these
three variables ¥, , ¥, , and ¥,, are Gaussian distributed. Hence, the
joint probability density function p(¥. , ¥s., ¥u,) can be established.
Since ¢, = ¥, + i + ¥, We can get p(¢,) from the Fourier transform
of the characteristic function M, , but M ;, must now be obtained from
the general definition

M) = B = [[[ ¢Vt e s ddadindin, @3)

since we have no simple way of getting M , M;,, and My, , separately.

Let us introduce a new variable ¢ which can be any one of the above
Gaussian random variables. It has a zero mean and variance u. Then
the probability density function of the square ¢ is"

1
2y

1
=¢) = ex (—— ) 44
ply = €) P37 (44)
for v > 0. The characteristic function corresponding to this probability
density is

)

ML) = [ empady = (1~ j2u. (45)

From the Appendix we know all six variables X, , Y, , X,, V,, X; and
Y, are independent Gaussian variables. It is not hard to see that the
Xi, Y3, X5, Y5, Xi, Yi are independent variables by obtaining
p(X?,Y:,X;,Y:, X;, Y3 from the Jacobian of the transformation'
of p(X,, Y1, X,, Y2, X5, Y;). Then X? and ¥7 have the same char-
acteristic function (1 — 2ju,w) "% Also X2, Y2, X2, and ¥? have the
same characteristic function (1 — 2 u,.v)"*. Thus, by the addition theo-
rem'’ the sum ¥, which is defined in (41) has the characteristic function

1
(1 — 2juw)(l — 2jupat)®

My () = (46)
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Then the probability density function p(y¥,) can be obtained from the
Fourier transformation of the characteristic function

p(¥y) = in f_w ¢ My ()dv

v
- oot e () — e (~2) | + ZT<TD(——2p>)
(47)

The joint probability density p(¥., ¥u., ¥4,) has been derived in
the Appendix

p(‘/;e ’ \Lhz 1 \Lhy)

T A 13 €Xp {_%(l A I ‘K + I A, [ ¢ir + I Asg I lj/hy

+ 2| Ao | Yothie + 2| Aia | oty + 2 | Asa | b)), (48)

where [A] is the covariance matrix of ¥, , ¥, , ¥4, and the |A,,| are the
cofactors of |A|, given in the Appendix. From (40), ¥, is the sum of
the three random variables ¢, , ¥,., and ,, . Then the characteristic
function for ¢, is

M () = Elexp {p(¥e + ¥1: + ¥ }]

= [[] e ot + b + 00, b, brddbdbdb,
- 49)

The details of this computation are given in the Appendix with the
result (92)

My () = exp {—3pi°}, (50)
where
pt = ply + ph2 + pis + 2pi2 + 2005 . (51)
The probability density of total ¢, is then

. 1 ® SN —foy 1 1 2
p(¥y) = % f_w M%(fv)e Vidy = \/Eﬂ'—p? €xp ('_2—'0: \I/:) (52)

The joint probability density p(¥. , ¥:) of ¥, and ¢, can now be ob-
tained by substituting (47) and (52) into (42).
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The expected number of crossings n(¥,) at a given signal level ¢, =
¥, made by the total energy density signal in one second can be ob-
tained from (5)

nw) = [ v, g, = o) [ vt

- Z M1 _ _ v, > _ (_ v, >:|
\/277 {2(#22 - Mn)z I:exp ( 2.“11 exp 2#22

T, exp —V,/2u00
4#22(#22 — i)

} N GE)

where p/ is given by (51) and xy, = N, s = N/2 as shown in the Ap-
pendix.
Also we know from Gilbert'’

(Y1) = 22N°.
In addition, p} = pl; + p} + pis + 200> + 2o{; = 2N*(BV)" and
letting
- T, v,

¥, = =
V <¢/f> ‘lbt(rms)

we can simplify (53) as follows:

n(¥,) = \B/Z_T {2 \/§[exp (—@ \Tf,) — exp (— \/E\If,)]

_ on/TTF, exp (= \/2—2\@} 5

Equation (54) is a distribution which is independent of the angle
a. When ¥, = 1, it means that ¥, is equal to its rms value. Equation
(54) then becomes

Wi, = \B/Z—w X 0.1839.
Also let B, = 1in (26):
(B, = —\67—1;—” X 0.3678.

It is shown that the expected number of crossings of the total energy
density is one half the expected number of crossings of the envelope of
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E field at their rms levels (¥, = R?). In other words, the energy density
fades less frequently than the Z field by at least a factor of 2.

n¥) = @)

for ¥, = R? with respect to their rms values. The theoretical values
of n(¥) and n(R,) are in Fig. 3.
The average duration of fades below a given level ¥, is given by (7)

Py <¥,)
n(¥,) ’

where P(y,(t) < ¥,) is the probability function obtained from p(¢.(t)).

t(\I/t) = (55)

PO < ¥) = [ p(p0)avo

= 1—4 exp <—\/—\I/> + 3B+ \/22\11,) exp (— \/—\I/,) (56)

where
- v,
v, = ———-
¢t (rms)

Substituting (54) and (56) into (55), we obtain the average duration
of a fade below a given level ¥, :

Vaar 1

t(‘i’t) =

BV V2
J 1— 2exp <—l/§_2—2— ¥, —i—) exp (—V/22%))
. Vs —1
12[exp (——% \If,) —exp (—V228,)]— V22¥, exp (— V228,
(57)
When ¥, = 1, (57) becomes
 Em
When B, = 1, (30) becomes
sy Vo

It is shown that the average duration of fades of the energy density
below a level ¥, is larger than the average duration of fades of the ¥
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field below a level R, where ¥, = B2 = 1. The curves of t(¥,) and
t(R.) have been plotted in Fig. 4 for comparison.

V. DISCUSSION OF THE THEORETICAL RESULTS

From the above derivation we know that ¢, and ¥, are two independent
variables as shown by (42):

p(Kbt ’ lAl’t) = p(‘pz)p(J/t),

and therefore (5) can be written as follows:
n(w) = p(v) [ dap(Ias

= p(¥,) {¥.} (58)

where {y,} represents an integral. Equation (58) simply shows that
the expected number of crossings n(¥,) at given level ¥ can be obtained
from the probability density of level ¥, times the integral {y,} . The
average duration of fades, then, turns out to be

Py, <¥,)
n(¥,)

{4} p(@)
We emphasize that (58) and (59) are valid only when , and . are two
independent variables.

The two curves, n(f,) and n(¥,), are plotted in Fig. 3, normalized
by the common factor \/2—7/ BV. Both curves are plotted as functions of
the signal level normalized to their own rms values. The value of n(&,)
is, as shown, always higher than the value of n(¥,) for any signal level.
From these two curves, it may be said that the fading of the energy
density is less frequent than the fading of the envelope of the electric
field. The maximum expected numbers of crossings of both n(&,) and
n(¥,) are at the —3 dB level, which means for signal level at 1/v2 and
1 of their rms values, respectively, we will count the most fades. The
curve of n(\¥,) has dropped faster on both sides of 0 dB than the curve
of n(R,), which means that the range of the signal amplitude ¢, is
less than the range of the signal amplitude 7, .

The average duration of the signal below a given amplitude level
is another way of looking at the fading problem. IFig. 4 shows that the
average duration of fades of the energy density t(¥,) is always larger

t(¥) =
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than the average duration of fades of the electric field t(£,) when the
given signal levels are above —3 dB with respect to their rms values
(¥, = B2 > —3 dB). The value of t(¥,) is less than t(,) when the
given signal levels are more than 3 dB below the rms values ¥, = R? <
—3 dB. When the given signal level is at —3 dB (¥, = B2 = —3 dB),
the average duration of fades t(—3 dB) of both the energy density and
the electric field are the same.

VI. COMPARISON OF THE THEORETICAL PREDICTION WITH THE EXPERI-
MENTS

The three field components E, H, , and H, have been received by a
special antenna®’ mounted on a mobile van moving at a speed of 15
mile/hr. All the figures shown in this section were taken on Common-
wealth Avenue, New Providence, New Jersey, from a transmitting

~—~ |OO
O —T TN
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Fig. 6 — Comparison of the predicted level crossing rates to the observed rates
for the electric field on Commonwealth Avenue, New Providence, New Jersey.
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Fig. 7— Comparison of the predicted average duration of fades to the observed
average duration of fades for the electric field on Commonwealth Avenue, New
Providence, New Jersey.

antenna at 836 MHz at Bell Laboratories, Murray Hill. After adjusting
the appropriate relative gains of the three fields, the energy density
can be obtained by squaring and summing these three fields by computer

Y. = |E|"+ |H. "+ |H,|°,  volt®/m’.

Since the distance between the transmitting antenna and the mobile
unit is relatively short, the angle swept out by the radius vector from
the base station to the mobile unit varies considerably over a typical
length of run. To reduce the variation of this angle the data for the
entire run were cut into sections 8 seconds long, corresponding to 175
feet of travel, for computer processing. Each section, either the en-
velope r, of the F field or the energy density ¢, , was used to obtain the
number of level crossings n and the average duration of fades t by com-
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Tig. 8 — Comparison of the predicted level crossing rates to the observed rates
for the energy density on Commonwealth Avenue, New Providence, New Jersey.

puter program. However, since the experimental curves of n and t were
almost all alike for all sections, we used only one for comparison with
the theoretical curve.

Fig. 6 shows a comparison of the curves of the expected number of
crossings n(R,) at any level &, for both experiment and theory. The
shape of the experimental curve is in fairly good agreement with the
theoretical curve. Since the receiving antenna on Commonwealth
Avenue is in line of sight with the transmitting antenna at Bell Lab-
oratories, a small direct wave component may be introduced. This
small direct wave component is not, considered in our theoretical analy-
sis, hence the values n(f2,) from the experiments should be less than the
theoretical results as we would predict.

Fig. 7 shows a comparison of the curves of the average duration of
fades t(,) for both experiment and theory. They are quite alike. Since
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a small direct wave component does exist, the average duration of fades
for the experimental data should be higher than the theoretical results.

Irig. 8 shows a comparison of the curves of the expected number of
crossings n(¥,) at any level ¥, for both experiment and theory. The
shape of the experimental curve is very much like the theoretical curve.
It shows that the theoretical model used in this paper is quite acceptable.

Fig. 9 shows a comparison of the curves of the average duration of
fades t(¥,) for both experiment and theory. The difference between the
experimental curve and the theoretical curve may be caused by the
small direct wave component. A small direct wave component intro-
duced into our theoretical model may cause a little higher average dura-
tion of fades than it might expect, but does not affect the number of
level crossings.
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o EXPERIMENTAL
——— THEORETICAL /

%)
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Fig. 9— Comparison of the predicted average duration of fades to the observed
average duration of fades for the energy density on Commonwealth Avenue, New
Providence, New Jersey.
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VII. CONCLUSIONS

Comparing the expected number of level crossings and the average
durations of fades of the energy density with that of the E field, we see
that the fading of the energy density is much less severe than the fading
of the envelope of E field.

Referring to Iig. 5, which shows the fading rate related to the orienta-
tion of the energy density antenna and the direction of vehicle motion,
we see that when the two orthogonal loops are at 45° to the direction of
motion, the fades of all three field components are the same. When one
loop is lined up with the direction of motion and the other normal to
it, the H field component received from the loop normal to the motion
has less fading than either of the other two field components.

The expected number of crossings/second of fades at a given signal
level, n, for both R, and ¥, is proportional to the carrier frequency j,
and the mobile speed V, as shown in (26) and (54). They have the com-
mon factor, (8V/V2r = V/2r(V{./c), where c is the velocity of light.
Hence, if either V or f, goes higher, n becomes greater.

The average duration of fades, t, is inversely proportional to the
carrier frequency f. and mobile speed V, as shown in (30) and (57).
Hence, if either V or f. goes higher, t becomes smaller.

The foregoing theoretical analysis is based on a Gaussian model and
does not include a direct wave component. Even so, this analysis is
compared with the experimental results in Section VI with fairly good
agreement.
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APPENDIX

A1 Finding the mean values, variances and covariances of nine variables
(le YI;XZ; Y2yX37 Y3,¢e)¢hz;\bhy)'

From (8), (9), and (10) we may express in the following forms
E, =X, + i1,
H,=X,+jY,
H, = X;+ Y,



where

also

SIGNAL FADING

X,

I

N
E R, cos ®, + S, sin &,
u=1

N
Y, = Z S, cos &, — R, sin &,
u=1

N

X, = > (R, cos ®, + 8, sin &,) sin 6,

u=1

N
Y, = D (S.cos®, — R,sin ®,) sin 6,
u=1

N
X; = — 2, (R, cos ®, + S,sin &,) cos 6,
u=1

N
Yy = — > (S, cos ®, — R,sin ®,) cos 6,
u=1

®, = BVt cos (6, — @)

441

(60)

(61)

(62)

(63)

(64)

(65)

(66)

and the angles 6, and « are shown in Fig. 2. The time derivatives of
X.,,Y,,X,,Y,,X;,and ¥; are

X, =
Y, =
X, =
Y, =

X,

I

Y,

BV > (—R,sin &, + 8, cos ®,) cos (6, — o)
BV > (—8,sin &, — R, cos ®,) cos (6, — a)
BV Z (—R,sin &, + 8, cos ®,) sin 6, cos (6, — )

' Z (=8, sin ®, — R, cos ®,) sin 4, cos (6, — @)

(67)
(68)
(69)

(70)

—8V X (—R,sin &, + S, cos ®,) cos 6, cos (6, — ) (71)

—BV 2. (—8,sin ®, — R, cos &,) cos 6, cos (6, — a). (72)

The mean values of all above random variables are zero (X,) = (¥,) =

(Xo) = (¥a) = (Xy) = (Vo) = (X,) = (Y1) = (Xo) = (Vo) = (Xy) =

<Y3> = 0.

The variances of all above random variables are
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i1 = (XD = <Yf> =N

e = (X3) = (73 = &
poo = (X3 = (79 = &
why = (X3 = (7)) = X gvy?

e = (X2) = (Y3) =

uhy = (X5) = (V5) =

Remark: The values of uf,
mations of sine and cosine

N
> sin kz
k=1

N
> cos kz

k=1

Then in (67)

and

>

u=1

DO | —

EN: cos’ (0, — a) =

u=1

N
5 T

% BV)’[cos’ a + 3 sin® a]

%@m%mﬁa+ﬁﬁﬂ

cos 2a
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(73)

forany N (74)

(75)

for Ny= 3 (76)

N =3 (77)

for

N = 5.(78)

for N = 3 is derived as follows: The sum-
functions can be expressed

z x
cos 5 — cos @eN + 1) 5

. X
2sm2

. x .z
sin 2N 4+ 1) 5~ s1n2.
2sin§

27U
0, = N

l:l 4+ cos (u%r — 2a>:|

N

> cosu

u=1

N

>

u=1

. 4
Sinu =5

N

4r  sin 2a

2 NT 3
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But,
N . sin(47r+ )-sm—
;cosuﬁ= 2Sin2_
N
and tfor N = 3.
2 e (1 4+ 20
i 4_7r=COSN cos47r+N—0
SN 2sin2-1 -
N

Thus, the average value of X7 or Y7 is

N
uz:; cos® <2%u - a>>“ = ]—;7— for N =

Following the same derivation, we obtain the valid range of N for u},
and pj; . Later on we will obtain the range of N for p{, , pss , pis , pl2 , Pl3
and p}; in the same way.

QLD.

Now we are going to find the relations between all the six variables
X, X., X5,Y,,7Y,, Y; and their time derivatives. Since we know
if two variables @ and b are Gaussian, and also uncorrelated, (ab) = 0,
then a and b are independent.'® Therefore, the covariance of X, , ¥, , X,
and Y, are

(X, 7)) = (X,X)) = (X,Y)) = (V. X)) = (V,Y) = (X, V) =0
hence, the four variables X, , ¥, , Xl , and If'l are statistically independ-
ent. The covariances of X, , ¥, , X,, and Y, are

(XY3) = <X2X2> = <X2Y2> = <Y2X2> = <Y2Y2> = <X2Y2> =0
hence, the four variables X, , ¥, , X 2, and If'z are statistically independ-
ent. The covariances of X;, Y, X;, and Y, are

(X Yy) = (XoXa) = (X, V) = (Y, X,) = (Y, Y3) = (X, V) = 0

hence, the four variables X, , ¥, X, , and Y are statistically independ-

ent.
Also we may show that

X,Yy=0 for all m and n
XX,y =Y, Y.)y=0 for m #= n,
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where

m}=1,2,3,
n

hence the six variables X, , X, , X5, Y,, Y,, Y; are independent. The
rate of change of energy densities of three fields £, , H,, and H, are

d d 2 2
g, = AR TR L)
= BV X [~(R.R. + 8.8, sin (&, — &,)
+ (S.R, — R,S,) cos (&, — ®,)] X [cos (6, —a) — cos (8, —a)], (79)

. d d
Yo = akbhz = %(X; + Yg)

BV X [—(R.R. + 8.8, sin (@, — ®,)

+ (SuRv - RuSv) co8 ((bu - (tv)]

-sin 6, sin 6,[cos (6, — a) — cos (6, — a)],  (80)
d d s
hy = 7 Yny = Zl_t(X3 + Y3)
= BV 2 [—(R.R, + 8.8, sin (&, — ®,)

+ (S.R, — R,S,) cos (&, — ®,)]
-cos 6, cos 6,[cos (6, — «) — cos (8, — a)]. (81)

The only terms that exist in (79), (80), (81) are those for which u # v.
There are N(N — 1)/2 different terms which are all statistically in-
dependent in (79), (80), and (81). Hence, by the central limit theorem,
Ye , ¥ay , and ¥, are Gaussian random variables.

The variance of i, , ¥4, and ¥, are

ol = (i) = BV)* 4NN — 1) for N'z3 (82)

: NIV —
2

oh = (92) = (8V) Vlood et 3ain'al {N _, ®

\

N =

P = (¥, = (BV) ——2—1) [3 cos® @ + sin® a]
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The covariances of ¥, , ¥4, and ¥y, arc
r _ P _ 2 _ .« 2 -
plr = ph = (duths) = —(BV)2N(N — Dsin® @], 3 (89
ol = b = (foih) = —(BV)2N(N — 1) cos’ (36)
Pés = Péz = <¢hz\i/hu> = O' (87)

It is very easy to show from (60) to (66) and (79) to (81) that the covari-
ances of the variables between two groups (¢, , ¥4 , ¥a,) and (X, , Y,
X,,Y,, X;,Y,) are zero. We may write

Xy = (fnY.) =0  foralln and m (88)

m}=1,2,3
n

hence (¢, , ¥u, ¥n,) and (X, , Y, , X,, Y,, X;, Y;) are two independent
variable groups.'®

A2 Derivation of M ;,(jv) in (50)

The mean values of all three Gaussian random variables ¢, , .,
and ¢, we observed from (79) to (81) are zero. Also (87) gives the
covariance (Y5.44,) = 0. The joint probability density function of three
variables , , 1. , ¥», can be obtained"!

, . 1
p(¢¢,¢hx,¢hy)=WeXp{ 2|A[(IA11|¢9+IA22|¢“
+[A33|¢:y+2lA12|¢e¢h:+2IAI3I¢e¢hy

+ 2 I Aoy | ¢ht¢hy)} y

where

[A] is a covariance matrix, and
| A is a cofactor of p,., in the covariance matrix [A]

pii Pl Pls
[A] = |pi2 p32 O (89)

pla 0 pis
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lAl = determinant of [A] = P:§3(P{1P:;2 - Pi;) - P£2Pf32

| A l = P§2P§3

| Ay, l = P{1P§3 - Pfs2

| Aws | = pliphe — plo”
[A | = | At | = —plapis
[ Az | = | At | = —plepls
| Ass | = | Asz | = plapis .

From (38), ¢, is the sum of three Gaussian random variables ¥, , Y. , ¥ay

¢t=¢e+]}[/hz+¢lm-

The characteristic function for ¢, is then

M) = Elesp (o + Ve + Un)]
= [ e it + e+ e s i ) B,

1 N Fo(de+Png)
O

*exp {_ﬁ ([ Ay l ’1&3 + l Ass | ¢}21:c + 2 ’ Ay I 3&@%;)}
X f_w eiu\h,, exp{ Ajp (‘Phu 2(' Ay l ')Le + I Ags | \Lhz) ¢hy>}

2[4 | Ass |
'd‘i/hydkbhzdsbo . (90)
The last integrand of , is

A | Y F | s | Y IA%IOAw|¢+4A%!%ﬂ?
“p{ [ A | v+2|A| [ Ass |

b . . 13 A23 hz
X f exp l:_ﬁ)(l//ly [ Aus | ¢| 1—33[] L4 >:|
_IA33I( IA1311//+|A23|¢M) i
eXp{ 2 | AI 3//14 |A33 l dt!/;w

_ IAml¢+4A%|mﬂ
- exp ( ﬁ)< [ A33 l

A

l

33 I (' A13 | ¢e + I A23 ’ ¢hz>2}

| Ass |
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From Cramer,'® p. 99 we obtain
" o = B =\ enp 2
f_w exp (]DE 5 £dt = h exp oy !

h - A33

PTOlA]

where

Then following the same techniques we find

. 1 « . hs .2
My () = G AT f_ exp (jvzfs — Egs)d&
® - 2 .2 * . hl 2
'f_w exp (.7”252 - %52)‘1& f_w exp (]1)151 - E El)dfl
_ 1 @’ { [_1 <g 2 g)}}
=G AT Vi &P L 72, T T/l O

h _|A33I
1

where

| 4]
B
h2=—
FAT] Ass |
Al A B
v =0

A23>
v, = (1 — v
: < | Ags |

vy = [1 SN <1 Ags >A]v

A |~ "7 A |/ B
A=]Au||As| = [As]|As|=—plz|A]
B= Ao ||As|— || =0pli|A]
C=]An]||Asms|=Asl"=0pb|Al|

BC — A” = | Ay | | A ]
The constant value outside the bracket of (91) is

21 (2m)° _ 1 |A|3|A33,=1
@m* | A [% hyhohs | A [% BC — A
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and the expression inside the bracket of (91) is

1|2 o2 v§:|
exp‘z[hf’ . Tl

_ f_l A (| Ass | — | Ass )
‘eXp121A33|1+ B

+ BC — A7 v

= exp {—3(ols + ph2 + pis + 201> + 2pl:0°} = exp —3p’.

[0 1= 181 = (4 = 20 8 [ }

Thus,
M; () = exp —3pi’. (92)
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Some Simple Self-Synchronizing
Digital Data Scramblers

By J. E. SAVAGE

(Manuseript received July 28, 1966)

Two types of self-synchronizing digital data scramblers and descramblers
are introduced and examined. The descramblers recover synchronization
quickly after the insertion or deletion of channel bits, and they are relatively
insensitive to channel errors. The scramblers act to increase the period of
pertodic data sequences, and the periodic channel sequences produced have
approximately half as many transitions in one period as there are bits in a
period. These circuits find application in common carrier systems where
short-period data sequences produce high-level lones in the transmission
band and, as a consequence, interchannel interference. And they have appli-
cation when recewver clocks derive synchronization from transitions in the
channel signal. A number of variations and modifications of the scramblers
which affect their cost and size are considered.

The scramblers and descramblers are stmilar in construction and consist
of linear sequential filters with either feed-forward or feedback paihs,
counlers, storage elements and peripheral logic. The counlers, storage
elements and peripheral logic monitor the channel sequence but react in-
frequently so that the scramblers and descramblers behave principally as
linear sequential filters.

I. INTRODUCTION AND SUMMARY

In this paper, we present two basic types of self-synchronizing digital
data scramblers and descramblers. A scrambler is a digital machine
which maps a data sequence into a channel sequence and, when the
data sequence is periodie, into a periodic channel sequence with period
which is many times the data period. When the source is periodic, the
channel sequence produced by the scrambler also has many transitions.

A simple secrambler and one which is often used is a machine which
adds a maximal-length shift-register sequence"'® to the data signal.

449
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The scrambled data signal is then descrambled by the subtraction of
the same maximal-length sequence. While this procedure is simple and
easily implemented, it suffers from the serious disadvantage that the
insertion or deletion of bits in the channel signal results in a descrambled
sequence which is a garbled version of the data signal. The scramblers
presented in this paper have the self-synchronizing property* and
recover quickly from the insertion or deletion of channel bits.

There are two important applications for our scramblers. In common
carrier systems small nonlinearities are present in modulators and
demodulators which are used to frequency multiplex a bank of channels.
Consequently, high-level tones in one channel may produce interference
in other channels as a result of the nonlinearities in the mixing process.
TPor this reason, systems engineers place limits on the levels of isolated
tones in a customer’s transmission band. Tones, in turn, are produced
in digital data transmission systems by periodic data sequences and
the limit on tone levels is then translated into a lower bound on the
period of periodic channel sequences. Thus, our first application is to
insure that any periodic source sequence is mapped by a scrambler
onto a periodic channel sequence with sufficiently large period.

The second application for our scramblers concerns the need for
transitions in the amplitude of the channel signal so that receiver clocks
can derive bit or frame synchronization from the channel sequence.
Receiver clocks often derive synchronization by passing the received
signal through a filter tuned to the spectral component corresponding
to the basic baud length and then observing the zero crossings of the
filter output. Since the amplitude of the filter output will decrease to
the background noise level if no transitions occur in the amplitude of
the received signal or if the density of transitions is small, it is clear that
in this application it is desirable to guarantee many closely spaced
transitions in the amplitude of channel sequence when the source is
periodic.

We introduce two basic types of self-synchronizing, digital data
seramblers called multi-counter scramblers and single-counter scramblers
and they are discussed in Sections IV and VI, respectively. Each
scrambler consists of a ‘“basic scrambler” and a ‘“monitoring logic”
which consists of additional storage elements, counters and incidental
logic. We show in Section II that the “basic scrambler,” which is a
linear sequential filter with feedback paths and tap polynomial Z(z),
responds to a periodic data sequence of period s by producing a periodic

* R. D. Fracassi and T. Tammaru introduced the self-synchronizing descrambler
in a special scrambler for which they have a patent pending.3
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channel sequence whose period is either s or the least common multiple
of s and p™ — 1, where m is the number of stages in the basic scrambler
and p is a prime greater than or equal to the number of elements in
the source alphabet. The basic secrambler responds in this way to periodic
inputs when its tap polynomial h(z) is primitive over the modular
field of p elements, GF(p). The counters, logic, and storage elements
of the monitoring logic monitor the channel sequence and respond
whenever this sequence has as periods, one of the known data periods.
The monitoring logic then reacts and changes the state of the basic
scrambler, forcing it to have the long-period output.

We show in Sections IV and V that a multi-counter scrambler exists
for binary as well as non-binary sources and we find the smallest thresh-
olds required on counters in the monitoring logic of this scrambler.
The single-counter scrambler is considered in Sections VI and VII and
because of analytical difficulties we are only able to show the existence
of this scrambler when the source is binary (p = 2) and the source
periods are all prime to 2™ — 1, where m is the size of the basic scrambler.
Mixtures of the scramblers for binary sources are examined in Sec-
tion VIII.

In Section IX we show that the scrambler output, when the input
is periodic, contains many closely spaced transitions and that there
are half as many transitions in one period as there are digits in that
period. In Section XI we perform representative calculations to de-
termine the spectrum of the serambler output and find when the source
is periodic that the output spectrum has P times as many tones as the
unscrambled spectrum and each tone has 1/Pth the energy, where P
is the factor by which the source period is increased.

The descramblers for each of the scramblers are discussed in the
sections in which the scramblers are introduced and they are also
discussed separately in Section X. In that section, we show that the
descramblers recover synchronization rapidly after the insertion or
deletion of channel digits and we observe that the principal effect of
infrequent channel errors on the descramblers is to multiply the number
of channel errors by w(h), where w(h) is the number of nonzero terms
in the tap polynomial A(z). In Section X we also note that the monitoring
logics at the scrambler and descrambler reach threshold infrequently
when the source is random and at most once when the source is periodic
so that the descrambler monitoring logic may be removed and the
descrambler considerably simplified as long as thresholding in the
monitoring logic occurs at a tolerably low rate.

An example is given in Section XII of the application of the scramblers
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and descramblers and representative calculations are performed to
determine which scrambler configuration is least expensive. Section
XTIII closes with conclusions.

II. BASIC SCRAMBLER AND DESCRAMBLER

The shift register circuit shown in Fig. 1(a) is a linear sequential
filter with feedback paths* and is an example of the scrambling circuit
which is basic to the multi-counter scrambler and to the single-counter
scrambler discussed in later sections. The linear sequential filter with
feed-forward paths* shown in Tig. 1(b) is the complementary circuit
to that shown in Fig. 1(a) and regenerates the data sequence from the
channel sequence. We assume in these two examples that data is
presented as a binary sequence, that addition is taken modulo 2 and
that the storage elements provide one bit of delay.

Examination of the circuits of Fig. 1 show that they have the re-
quired synchronization property since the effect of a bit lost or added
in the line sequence is felt only as long as the values stored in the
descrambler disagree with those stored at the scrambler, which is five
bit intervals in our example.

A more general form for the basic scrambler when the data is assumed
to be a sequence of digits from the modular field of p elements, GF(p) =

{0, 1, - -+, p — 1}, where p is prime, is shown in Fig. 2. Here, addition
0
DATA
LINE
(a)
LINE
L
> ~ &
DATA
(b)

Fig. 1 —(a) A basic scrambler; (b) a basic descrambler.
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4/_1,\_\ f_P e m

DATA—>{—-)—1 . . . ————

LINE

Fig. 2— General basic scrambler.

is taken modulo p and the outputs of the storage elements are mul-
tiplied by the tap constants {c,, ¢, ---- , ¢,} drawn from GF(p).
Here, multiplication is also taken modulo p. The tap constants must
be constrained in a particular way if our scramblers are to extend the
period of periodic sequences in the desired manner. Namely, the tap
polynomial A(z) in the indeterminate z given below

ha) = 2" — ™ — or — e 6}

must be a primitive polynomial* over the field GF(p). This condition
will guarantee that the sequence generated by the basic scrambler in
the absence of input will be either all zero or a maximal length sequence,
that is a sequence which repeats but once every p™ — 1 digits. In
the example given in Fig. 1, the tap polynomial is primitive over the
binary field and it will generate a maximal length sequence of period
2° — 1 = 31. (h(z) is a primitive polynomial of degree m over the field
GF(p) if it is irreducible, that is, has no factors except 1 and itself,
and if it divides 2" — 1 for n = p™ — 1 but does not divide it for any
smaller n.)

Theorem 1: The basic scrambler described above when excited by a pertodic
sequence of pertodt s will respond with a periodic line sequence which
has esther period s or a period which is the least common multiple (LCM)
of s and p™ — 1 (LCM (s, p™ — 1)). The period with which the scrambler
responds 18 a function of the initial values stored in the scrambler storage
elements, that is, vis initial state, and there s but one such state (for each
phase of the input sequence) for which the line sequence has period s.
For all other such initial states the line sequence has the larger period.

This theorem is basic to all later results. It states that for only one
starting state will the basic scrambler respond with period s to a data
* A nonprimitive polynomial may produce more than two output periods for an

input period (see Theorem 1).
1 A sequence will be said to be of period s if it has no smaller period.
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sequence of that period. Thus, our objective, which is to extend the
period of periodic sequences, is equivalent to detecting whether data
preceding a periodic sequence has left the scrambler in the critical
state for that sequence. Two basic methods of detecting the presence
of the critical starting state when sequences of different periods are
expected in the data are given in later sections.

III. PROOF OF THE BASIC SCRAMBLER THEOREM

Model a periodic input to the basic scrambler with a circulating
register, as shown in Fig. 3 for an input of period 3. The initial state
of the circulating register will be the first period of the periodic sequence.
We let the vector y represent the state of the new circuit. Thus, if
the input has period s and the basic scrambler has m stages, then y
has s + m components where the first s represent (in reverse order)
the first period of the periodic input and the last m components rep-
resent the values stored in the corresponding storage elements when
the periodic sequence begins. For example, y = (101101001) if the
basic scrambler has the stored values 01001 when the sequence
1101, 1101, 1101, - - - arrives.

The circuit of Fig. 3 is linear since the next set of stored values
is a linear combination of the preceding set. Thus, the state y’ following
y can be found by a matrix operation on y by the matrix 7" given below,*
that is, ¥/ = Ty where y and y’ are taken to be column vectors.

0 0 1/0 0 0 0 0]
100/00000
01000000
T = : @)
00 1/1 1101
0001 00GO0O
000(01000
000[00100
0 0 0/000 1 0

For the general basic scrambler and an input of arbitrary period,

* For an excellent discussion of the matrix approach to linear sequential switching
circuits see B. Elspas, The Theory of Autonomous Linear Sequential Networks,
IRE Trans. Circuit Theory, 6, pp. 456-60, 1959, which is reprinted in Ref. 13.



DIGITAL DATA SCRAMBLERS

e —

455

o T

LINE

Fig. 3—Model of basic scrambler with periodic input.

say s, the matrix 7' has the following form

o= &l
where R is s X s and is shown below
000 - 1]
100 --- 0
E=010 - of
[0 O --- 0]
T, 1sm X m and is given as
(e, ¢ -+ ¢
1 0 oo O
Ti=lo 1 - 0
0 0 --- 0

@

@

©®)

Since the state ¥’ is found from y’ = Ty, all succeeding states are

found by taking powers of T, that is, the ¢th state succeeding y is

y: = T"Y-

(6)

The line sequence generated by a periodic input to the basic scrambler
is periodic of the same period as the state y; of the circuit which models
the basic scrambler and periodic input. Thus, we prove Theorem 1

by studying the cycles of (6).

There is an indirect approach® that one can take to study the cycles
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of (6). It amounts to a proof that these cycles are isomorphic to cycles
of a matrix 7'* obtained from T by eliminating the solitary 1 shown
in (3). This amounts to disconnecting the circulating register from
the basic scrambler and observing that the basic scrambler, which is
a maximal length sequence generator,® has period 1 or p™ — 1, m =
deg h(z), so that cycles of T* have period s or LCM (s, p™ — 1). The
proof that the register can be disconnected amounts to showing that
the minimal and characteristic polynomials of 7" are the same and equal
those of T*. Then, the elementary divisors of T and T* are the same
and their eycles are isomorphic.

Since there is a direct proof of Theorem 1 which contains many
results important to the remainder of the paper, we present it here.
If the basic scrambler with periodic input starts with state y, then
it has a cycle of length ¢ if 7°y = y. The basic scrambler output will
then be periodic with period g. We now ask for those values of ¢ for
which 7’y = y has a solution. We begin by writing

Y=Y+ Vn, )

where y, is such that its first s components equal those of y and its
last m components are zero. The vector y,, is zero in its first s com-
ponents and is equal to y in its last m components. We can interpret
Y. as the “starting state” of the basic scrambler and y, as the state
of the model for the periodically driven basic scrambler when the
starting state is zero.

If
Ty =y ®

then
Iy, + ¥ =TV — ¥u ©);

since 7' is a linear operator. We assume that the periodic input is fixed
and has period which is strictly s. Then, the left-hand side of (9) is
fixed and we ask whether a solution y,, for it exists for a given value

of g. We note that
. _[B] 0
! ‘[* |T;'.]’ 10

where the asterisk indicates some submatrix. Therefore, 7°y,, — ¥.. is
a vector whose first s components are zero. The left-hand side of (9)
has its first s components zero only when g is a multiple of s because
in that case R’ = I, , the s X s identity matrix, and otherwise R’ —
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I, # 0 which means that a cyclic shift of the first s components of y,
when added to y, is nonzero unless ¢ = ks for some integer k = 1.

If we use the notation (y)’ to indicate the last m components of y
we have for (9) the following when g = ks

(=T"y, +y.) = [T%" — 1I(y.)’ (11
where [ is now m X m. We use the following theorem on (11).

Theorem 2: The matrix T, has characteristic polynomial h(x) which s
assumed primitive over GF(p). Therefore, T; — I is nonsingular for
t=1,2 -, p" —2and T" = I forn = p" — L.

Proof: See appendix.

Since T; = I forn = p™ — 1, we can reduce ks modulo n so that 73"
can be written as a power of T, less than n. In particular for k < k,

where kys is the least common multiple of s and n, which we call e,
that is,

e = ks = LCM(s, p" — 1), (12)
the matrices 77 can be written as T';* where 0 < 7, < n. We have
;c'us — T: — (T: e/n — (I)e/n — I (13)

Returning to (11) we see that 7% — I is nonsingular for 1 < k < k, .
Therefore, when & = 1, (11) possesses a unique solution y,, . That is,
there exists a unique starting state y, for each periodic sequence
(modeled by y,) having period strictly s such that 7°(y,, + ¥,) = ¥ + Vs -
Similarly, there exists a unique solution to (11) for each 2 = k < k, .
However, if T°y = ¥, ¥ = Y. + V., then T*y = y so that the cycles
having period ks are really repetitions of the single cycle having period s.
Also, when k& = k, , T*° = I and T*°y = y for all y. We conclude
that for a prescribed input having period siricily s, the basic scrambler
will respond with period s for only one starting state y,, and for all other
starting states will respond with period e given by (12). This proves
Theorem 1.

We have finished our discussion of the basic scrambler. We now
consider the techniques used to detect the presence of a periodic sequence
of low period on the line and present the first of two methods for altering
the starting state of the basic scrambler. This first method is more
general than the second and allows for the simultaneous detection
of sequences of several periods. The second method applies only when
the sequences expected on the line have periods which divide one of
two numbers.
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IV. THE MULTI-COUNTER SCRAMBLER

The general form of the multi-counter scrambler (MCS) is shown
in Fig. 4. (The descrambler is shown in Tig. 5.) There are N counters,
one for each period s; , 1 = 7 = N, and the 7th counter will generate
41 if it reaches its threshold ¢,,. A counter is reset whenever the
reset lead is nonzero so that {,, consecutive zeros on the reset lead
of the 7th counter will cause it to reach its threshold. All counter out-
puts are fed to the OR circuit shown so that a 1 is generated at the
exclusive OR and added to the “tap sum”* whenever a counter reaches
threshold. At the same time, all counters are automatically reset.

VN
P—P—-—F
Cq
s SN
-+ : —— — — : _————
DATA —|
! COUNTER
) THRESHOLD
/ =tg,
/ .
RESET : OR\
\
\
LINE ! 1 | CounTER
0 OR THRESHOLD
=ts,

Fig. 4— Multi-counter scrambler.

The input to the 7th counter is the difference between the present
line digit and the digit transmitted s; clock intervals earlier. If the
line sequence has period s;, then these two digits agree and the dif-
ference is zero. Then, the ¢th counter will reach threshold, the tap
sum will be altered and the state of the basic scrambler changed.t
The line sequence will then be changed from period s; to period
LCM(s;, p™ — 1) where p is the size of the modular field GF(p) and
m is the number of stages in the basic scrambler.

* We define the “tap sum’ as the quantity added to the next data bit at the input
to the basic scrambler.

1 If the starting state of the basic scrambler is critical for a sequence of period s;,

then the state after j clock intervals is critical for the jth cyclic shift of the input
sequence. Hence, a change in the tap sum will force the next state to be noncritical.
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We observe, then, that the multi-counter scrambler for any choice
of thresholds {¢,,, 1 <1 < N} will force the basic scrambler to switch
from a critical state to a noncritical state whenever the input has
period s;, 8y, - -+, or sy or some period which divides an s; . It should
be clear, however, that it is not necessary and perhaps not desirable
to change the tap sum and the next state of the basic scrambler when
the output does not have period s;, 1 = ¢ < N, or some period which
divides an s; . The next theorem specifies the minimum values of the
thresholds ¢,, , 1 < 7 < N, so that the tap sum is changed only when
“necessary.” (Note that random data may generate line sequences
which resemble periodic sequences and in such cases it will be “necessary”

to change the tap sum.)

Theorem 3 (MCS Theorem): The multi-counter scrambler shown in
Fig. 4 will scramble a periodic sequence of period s if s divides s; for
some i, 1 = ¢ = N, and will produce a periodic line sequence of period
LCM (s, p™ — 1) ¢f the following two condilions are met:

(2) The tap polynomzal h(x) of degree m s primitive over GF (p) where
data sequences have components from GF (p).

LINE

_|_ dla>o| 1 COUNTER
a=o[ o THRESHOLD |—
B i =t51
. i

1] .
RESE\T : . OR
b Jb>ols v [ counter
d‘/ b=o[0 OR THRESHOLD —
B0
\/ N4
DATA

Fig. 5— Multi-counter descrambler.
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(%) The thresholds t,, , 1 = ¢ = N, are chosen as

t, =2 (m—1) 4+ maxs; .
157N
it
If all input periods divide s, , then the theorem holds when condition (z) s
met and a threshold of t,, = m s used.

The descrambler for the MCS, shown in Fig. 5, has the self-syn-
chronization property as long as line errors do not occur. When line
errors occur, the counters in the descrambler may not read the same
levels as the corresponding counters in the MCS. However, as seen from
the MCS theorem, the counters must reset at least once every (m — 1) +
max §; clock intervals when the input is periodic so that counter syn-

chronization is easily established in this case. With random data the
situation is not quite so clear. The question of descrambler synchroniza-
tion, including the effect of channel errors, is considered in detail in
Section X.

V. PROOF OF THE MCS THEOREM

We use the notation developed in Section III for the proof of The-
orem 3. Iig. 6 shows the basic scrambler with periodic input of period
s and one counter. The only input to the basic scrambler other than
the data input is the lead from the counters which is used to change
the tap sum. The counter shown is assigned to the detection of line
sequences whose periods divide s; .

To prove Theorem 3 we must show that ¢,, can be chosen such that

COUNTER
THRESHOLD b= ——
| =tsL

1 -
RESET

Fig. 6—One counter of the MCS with periodic input.
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the 7th counter does not reach threshold when the data sequence is
periodic unless the line sequence has period s; or some period which
divides s;. Before we begin our proof we introduce some notation.
In Fig. 6, we use [; to indicate the jth line digit calculated with data
from a periodic input of period s. The basic scrambler is shown and we
indicate with the vector y the state of the linear sequential filter com-
posed of the circulating register of s stages and the m stages of the
basic serambler. Call this filter of s + m stages the driven basic scrambler.
Then, from (6) the next state of the driven basic secrambler, y’, is

y =Ty 8)

provided that the monitoring logic is not active. If it is active, that is,
if one or more counters reach threshold, then

y =Ty +7. (14)

where y, contains a single one in its (s + 1)th position.
The first line digit calculated with the periodic input, I, , is

I, = [Ty + ulYt]s (15)
where
[Z]s = Ze+1 (16)
the (s + 1)th component of the vector z, and
[1 monitoring logic active at first calculation,
10 otherwise.
In general, the jth line digit is
i 0
I, = [T"y + Zuk'l"““ytJ (18)
k=1 s
where
Jl monitoring logic active at kth calculation,
Up, = (19)
10 otherwise.

Now consider the sequence {a;} calculated at point A of Fig. 6.
If a run of consecutive zeros in this sequence is large enough, the 7th
counter will reach threshold unless some other counter reaches threshold
before it. When the periodic input begins, the counters in the MCS
will be at unknown levels and the (max s;) stored values will be, in
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general, unrelated to the input; thus one or more counters may reach
threshold before I, reaches the s,th storage element of the MCS.* We
now wish to show that the sequence {a; , j = s; + 1} will contain a

run of no more than max (m — 1 + s;) zeros if the line sequence is periodic
i#i
with a pertod which does not divide s; .
We have forj = s; + 1

a; = —1l; + Ly, (20)

and

a; = —-[T"'“(T“y -y + ;ukTi"‘ . — hzukT""“"y,jl . (21
=1 =1 s
If u,,,, = 0thenlet jo be such that u; = 0,s; +1 =< § < joand u;, = 1,
that is, the most recent thresholding occurs at j = 4,. (The case u; = 0
for all j = s; 4 1 is trivial, so we assume that u;, = 1 for some j,.)
Then, if we write z; as

fo—s7i

Z; = Eu,ﬂwh_k ¢ Z ukTi"—“—ky, (22)
k=1

k=1

and if we ignore all counters except the 7th, we have
a; = — [T Ty =y} +2)l, (23)

for jo £ § = jo + t,, — 1. For this range of j the a; can be viewed as
the values appearing in the (s + 1)th storage element of the driven basic
scrambler with starting state y*

yE=T0"Ty -y} + 2 29

Now, assume that input period s does not divide s; . Then, the first s
components of T7°"**{7T*'y — y} are not all zero. Since z; is zero in
its first s components, the starting state y*% is nonzero in some of its
first s components. Consequently, the state of the driven basic scrambler
(of s + m stages) can never be completely zerot so that the sequence
{a;, 7 = jo} cannot contain more than s + m — 1 consecutive zeros
if s does not divide s; .1 We shall now show that, in fact, the sequence
{a;,7 = jo} cannot contain more s 4 m — 2 consecutive zerosif s [ s; .
We shall also show that there exists an input of period sif s; = ks = 1

* Note that the lead from the counters will be active at most once during the first
s; calculations if §; £ min £, .

t Note that the matrix operator 7' just circulates the first s components of y*.
1 We will use the notation s } s; to mean s does not divide s; .



DIGITAL DATA SCRAMBLERS 463

for some integer & = 1 such that the sequence {a;, j = j,} will have
this many consecutive zeros.

In (24) the first s components of y% are a cyclic shift of the first s
components of 7"y — y. Recalling the definition of 7' from (3) we see
that these s components are the components of the vector (R** — I)(y,)”
where R is s X s and is given by (4) and (y,)”” is the vector containing
the first s components of y, . The vector (R** — I)(y,)” cannot contain
a single nonzero element if s f s; as seen below by example: Let s = 4,
s; = 5 and (y,) have components y, , ¥=, ¥z, ¥s . Then, we have

—1 0 1 0l b
R A o N b P
1 0 —1 0|lys 0
0 1 0 —1]ly. 0
where b is the single nonzero element. Thus,
—hty=b#0
Y+ % =0 26)
+y—ys =0
+y. —ys = 0.

It is clear that two equations, the first and third, cannot both be satis-
fied. This will be true regardless of the location of the single nonzero
element. Hence, there must be at least two nonzero elements in the first s
components of y*% . Consequently, {a;, j = j,} cannot contain a run
of more than s + m — 2 consecutive zeros. If y, contains a single non-
zero element and if s; = ks &= 1 then (R** — I)(y,)”" will contain two
consecutive nonzero elements. Also, since y, is in general arbitrary,
1t can be chosen so that the first s + m — 2 digits generated with y*
as the starting state will be zero.

At this point, we have shown that a periodic input of period s, where
s | s;, some j 5 ¢ but sts,;, will not cause the ith counter to reach
threshold more than once after the s;th line digit is transmitted if
we choose ¢,, to be

4, = (m — 1) + maxs; . 27

I
This is true since the sequence generated at point 4 of Fig. 6 will not
show more than {,; consecutive zeros after the first time the monitoring
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logic is active following the transmission of the s,th line digit. We
also note that a threshold of the size given above may be necessary
if therc exists an s such that s; = ks &= 1, some k = 1, where s | s;,
some j.

Consider next the case where s | s; . If the line sequence is periodic
of period s (see Theorem 1) at any time after the periodic sequence
begins, the sequence at point A will contain an indefinite number of
zeros so that the ¢th counter will definitely reach threshold (unless
s|s;, somej # 4 and t,, < t,,, in which case the jth counter may
reach threshold first). Since there is only one critical state for each
periodiec sequence, the change in the tap sum resulting from the detection
of the period s line sequence will cause the output to have period
LCM (s, p™ — 1). In this case the vector y*% in (24) cannot be entirely
zero (its first s components are zero, however) because it would then
result in an all zero sequence at point A. Thus, the last m components
of y* must contain at least a single nonzero component. But {77~ °y*],
(which generates {a; , = 7,}) then is just the output of a maximal
length sequence generator (see appendix) so that no more than m—1 con-
secutive zeros will be seen at point A if s | s; and the output has period
LCM (s, p™ — 1).

In conclusion, if s | s; but the output does not have period s or if st s;
but s | s; some j 7= <, then the ©th counter will reach threshold at most once
after the transmission of the s th line digit if the ith threshold t,, is chosen
as

t,, = (m — 1) + maxs; . (28)

i¥d
Of course, the same is true for any threshold larger than ¢,, .

VI. THE SINGLE-COUNTER SCRAMBLER

The single-counter scrambler (SCS) is shown in Fig. 7 (and the de-
scrambler is shown in Fig. 8). This scrambler is designed to scramble
periodic binary sequences whose periods divide either s, or s, or both.
It has a single counter and for some applications may be less costly
to build than the multi-counter scrambler. And while we consider
the SCS when the input periods divide either s, or s, or both, one may
be able to design for the case of many more input periods.

The SCS has two circuits for detecting periodic sequences. If either
or both of the two detecting circuits produces 0 at any one time, one
cannot with a single measurement determine whether the line sequence
has period s; or s, . On the contrary, if both circuits produce a nonzero
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Fig. 7—Single counter scrambler.
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output, it is clear that the line sequence does not have period s, or s,
and that the counter should be reset. A 2-input AND gate has a non-
zero output only when both inputs are nonzero, consequently, we use
it as input to a counter, as shown in Fig. 7. This counter will reach
threshold after ¢ line transmissions if each of ¢ consecutive pairs of
outputs of the detecting circuits contains one or more 0’s.

The major design problem of the SCS is the choice of the counter
threshold. This is not an easy problem, unfortunately, and all that we

LINE

S S2

m
! ————

&

JL RESET| COUNTER
AND THRESHOLD

&

=t

DATA

Fig. 8—Single counter descrambler.
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have been able to say about it is that counter thresholds do exist when
p = 2 (the source is binary) and the input periods are relatively prime
to 2™ — 1 and then to only give a gross upper bound on the smallest
permissible threshold. The following theorem states what is known about
the threshold for the SCS.

Theorem 4 (SCS Theorem): A single-counter scrambler which will
scramble all periodic binary sequences with periods which divide s, or s,
(81 < 82, 8k s,) exists if

(z)  the tap polynomial h(z) of degree m s primitive over GF(2),
(12) s, and s, are relatively prime to 2™ — 1, and
(271) a counter threshold, t, t < s,(2" — 1) — 2" + 2 s chosen.

This theorem does not rule out the possibility that an SCS exists
when s; and s, are not both relatively prime to 2 — 1 nor does it
rule out an SCS for nonbinary data. It simply states that when condi-
tions (i) and (ii) are met, one can show that a counter with threshold
it < 8,(2" — 1) — 2"7' 4 2, will not reach threshold when the output
of the basic scrambler has period s X (2" — 1) where s divides s,
or s, or both. In fact, the bound on the threshold required to prevent
the counter from reaching threshold prematurely is many times larger
than necessary. In the example given in Section XII the bound is
more than 35 times too large.

VII. PROOF OF THE SCS THEOREM

For the proof of Theorem 4, we recall the proof of Theorem 3. In
particular, it is instructive to review the discussion surrounding equa-~
tions (20) through (24). We recall that a; of (20) is the jth digit cal-
culated (after the arrival of the periodic data sequence) at the input
to the 7th counter of Fig. 6. We argued that if the ¢th counter reaches
threshold on the joth calculation, j, = s; + 1, then a; could be cal-
culated from

a; = —[T""""y*], (29)

for j = j, and until the next time the 7th counter reaches threshold.
Here [y,] indicates the (s -+ 1)st component of y and y* is given by (24).
Thus, the sequence generated at point A of I'ig. 6, namely a;, , ¢;o+1, * **
can be viewed as generated by the basic scrambler with periodic input
and y* as starting state.

In Theorem 4 we assume that the data sequence is binary so that
the above equations apply if we interpret subtraction as addition since
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they are equivalent on the binary field. In Fig. 7 the sequences {b;}
and {c;} are generated at points B and C, respectively. We wish to
show that the largest run of consecutive zeros in the logical AND of
{b;} and {¢;} after a certain transient period cannot exceed s,(2™ — 1) —
2"7' 4+ 1 when s, < s, and s, and s, are both relatively prime to 2" — 1.

Consider the sequences {b; ,j = s, + 1} and {¢;, j = s, -+ 1}. Then,
if the counter reaches threshold at* j, , j; = s, + 1, these two sequences
will cause the counter to reach threshold only once more if the line
sequence has period s, s | s, or s | s, or both. If the line sequence has
periodt s X (2" — 1), then neither {b;,j = j;} nor {¢;, j = j,} can
be all zero since this would imply that the line sequence has period
8 Or' s, .

We now consider two cases, case I when s divides both s, and s,
and case IT when s divides s; but not s, or vice versa. From (24) it
is clear that in case I both {b;, 7 = 7,} and {¢;, j = j,} are the outputs
of basic scramblers with no input and with nonzero starting states
so that they repeat with period 2" — 1. In case II when s | s, , say,
but not s, , {b;, 7 = 4,} is the output of a basic scrambler with nonzero
starting state and has period 2™ — 1 while {¢; , 7 = 7:} is the output
of a driven basic scrambler with input period s. (The input may not
be strictly of period s, however, as we shall see later.)

The logical AND of the sequences generated at points B and C
of Fig. 7 can be interpreted as the sequence generated by the normal
arithmetic multiplication of b; and ¢; . Thus, the sequence at point D
of Fig. 7 has period 2™ — 1 in case I and period s X (2" — 1) in case II.
Let B, and C, be n component vectors with B; = b;,,; and C; = ¢;,41 -
Then, at point D, the vectors B, and C, generate the n-vector D, = B,,-C,
where multiplication of B, and C, is term-by-term, i.e.,

Dn = (BICl yBZC2 y Tty BnCn)- (30)

Let w(y,) be the Hamming weight’ of the n-vector y, , that is,
the number of 1’s in y, . Then we have®

w(B,) + w(C,) — wB, + C.)

w(D,) = w(B,C,) = o

@31)

where addition is modulo 2. We now wish to use this last equation to
find a lower bound on the number of 1’s D, . I'rom this we can obtain
an upper bound on the number of consecutive 0’s in D, and an upper

* It may indeed reach threshold for 1 < 7, < s»but this does not affect our analysis.
t 51 and s, are relatively prime to 2» — 1 so that the line sequence has period
s X (2 — 1)if s | sy or s | sz as seen from Theorem 1.
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bound to the threshold required to prevent the counter of Fig. 7 from
making unnecessary changes in the tap sum.

In case I we let » = 2™ — 1, which is the period of the sequence
generated at point D. Thus, D, is one period of this sequence. B, and C,
are each one period of the output of the basic scrambler (which is a
maximal length sequence generator). Thus, B, can be obtained from
C. by a cyclic shift and they both have the same Hamming weight.
Then, we have the following result.

Lemma 1: If n = 2™ — 1 and B, and C, are periods of a maximal length
sequence with B, = C,, then w(D,) = w(C,) = 2""'. If B, % C,, then
w(D,) = w(C,)/2 = 2",

Proof: We need only show that w(C,) = 2"7'. From the comments
at the end of the appendix we have that the state of the autonomous
basic scrambler, as a binary m-tuple, ranges through all 2" — 1 nonzero
binary m-tuples. Since the first digit of each m-tuple is a line digit,
there will be exactly 2"7* 1’s in one period of the line sequence generated
by the autonomous basic scrambler. (Note that the scrambler does not
start with the zero state.) Q.E.D.

In case I, then, the number of consecutive zeros in the sequence
at D cannot exceed 2" — 1 — 2™7% and a threshold of 2" — 2”7 will
guarantee unnecessary tap sum changes in this case.

Consider now case II where {b;, j = 4,} has period 2" — 1 and
{c; , 7 = 7.} is the output of a driven basic scrambler characterized by

Cc; = [Ti_hyﬂa]s 1 (32)
where y% is an (s 4+ m)-vector which from (24) has the form
yi =T"""{T"y +y} + z (33)

where y is an arbitrary (s -+ m)-vector, except that its first s components
model a periodic sequence of strictly period s, and z is zero in its first
s components and arbitrary in its last m components. The first s com-
ponents of 7°*y + y cannot be all zero if s } s, . It may model a periodic
sequence of period s, , however, where s, < s and s, | s. In particular,
we may have s, = 1 in which case the first s components of y% may
be 1’s and {¢;, j = j,} may have an output of period 1 consisting of
the all 1 sequence. If this is true D, = B,-C, = B, and D, will have
no more than m — 1 consecutive zeros. If {c¢;, j = j;} has period
8o > 1 it will contain no less than a single nonzero component in each
period nor no more than s, — 1 nonzero components in each period.



DIGITAL DATA SCRAMBLERS 469

Thus, if n = s, s, > 1, and C, represents one period in the output
of period s, , we have

I =w) = (s — D). (34)

When {¢;, 7 = j,} has period s, X (2" — 1) let n = s, X 2" — 1)
in (31). We now show that for this case

@™ = 1) S w(C) S s X 27 (35)

The state of the driven basic scrambler with input of period s, can
be represented with an (s, + m)-vector. There are s, X 2™ admissible
state vectors since the last m components are arbitrary and the first s,
components must be a cyclic shift of the first s, components of some
other state vector. The last m components of these s, X 2™ vectors
range through each of the 2™ m-tuples s, times. Since the (s 4 1)st
component of each state vector is a line digit w(C,) < s, X 2" which
is the number of 1’s shown in these positions. We also have w(C,) =
s X 2"7' — s, since the components of C, are generated by only
sg X (2" — 1) of the s, X 2™ admissible state vectors and the missing
state vectors may all contain 1 in the (s 4+ 1)st components.

Returning to (31) we see that the vector B, + C, appears. It represents
the first » components of {b; 4 ¢; , 7 = j.}. This is the output sequence
of a driven basic scrambler driven with period s, and which has as
a starting state the state which produces {¢; , j = 7.} and which is
modified by the addition in its last m components of the starting state
of the autonomous basic scrambler which produces {b; , j = j.}. Since
this last state is arbitrary, B, 4+ C, can be expected to have period
8 or s X (2™ — 1) and the bounds on the weight of C, for these two
periods apply to B, + C,, .

We now combine our bounds with (31) to obtain a lower bound
to w(D,) for case II. Remember that n = s,(2" — 1).

() Let C, have period s, , then B, + C, has period s, X (2" — 1) and

X2 4@ 1) —s X2 2 -1
= 2 -T2

w(D,) (36)

where w(B,) = s, X 2”7 from Lemma 1.

() Let C, have period s, X (2" — 1) and B, + C, have period s, .
Then

S X 2" 52" =D = (so — DE" = 1) _ 2
2

w(D,) = e cy
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(¢22) Let C, and B, 4+ C, have period s,(2" — 1). Then

S() X 27!1—1 + 30(27"_1 - ].) - S() X 27"—1
2

w(D,) z zF@ - 1. @)
Therefore, the number of 1’s in the sequence D, of n = 5, X 2" — 1)
components for case II must exceed (2" — 1)/2 — % and the number
of consecutive zeros cannot exceed s, X (2" — 1) — (2" — 1)/2 + 3.

Combining the results for cases I and II we find that the number
of consecutive zeros at point D of Fig. 7 when s; < s, , s; /' s, and the
input has period s, s | s; or s | s, or both, will not exceed s,(2" — 1) —
(2™ — 1)/2 + % unless the line sequence has period s. The threshold
then need not be any larger than s,(2" — 1) — 2"7! 4~ 2 to prevent
unnecessary changes in the tap sum. Q.E.D.

VIII. MIXTURES OF THE SCRAMBLERS

The two types of scramblers given above are distinguished by the
structure of their monitoring logics. The MCS has one counter for each
of the input periods s,, s,, --- sy and the SCS has a single counter
to detect the presence of one of two periods, s, or s, . We have found
the smallest threshold required on each counter of the MCS so that
they change the tap sum only when necessary. Also, we have shown
the existence of a finite threshold on the single counter of the SCS
when the source is binary and input periods are relatively prime to
2" — 1, where m is the number of stages in the basic scrambler.

Since the monitoring logic for both counters acts to detect the pres-
ence of periodic sequences of known periods in the line sequence,
it should be clear that a monitoring logic containing a mixture of the
MCS logic and the SCS logic may be used. We know of an SCS monitor-
ing logic only when the source is binary, however, so that the mixture
must be restricted to the binary source case. Thus, we may now con-
sider a scrambler with a monitoring logic, a portion of which has counters
detecting the presence of one of a pair of periods and another portion
consisting of individual counters for single periods. The outputs of
all counters are fed to an OR gate which in turn is added modulo 2
to the tap sum. The output of the OR gate is also used to reset all
counters.

IX. TRANSITIONS IN A SCRAMBLED SEQUENCE

The basic scramblers described above may have applications in
situations where bit framing at the receiver is derived from transitions



DIGITAL DATA SCRAMBLERS 471

in the line signal. In this section we show that transitions occur fre-
quently in a scrambled periodic sequence and that in one period of a
scrambled sequence there are approximately half as many transitions
as there are digits. These results are shown when the source is binary
and the scrambler input periods are relatively prime to 2™ — 1, where
m is the size of the basic secrambler.

Let 1 represent one period of the line sequence generated by the basice
scrambler when the input has period s. If the source is binary, if the
basic scrambler has m stages and if s is relatively prime to 2™ — 1, then
lis an (2" — 1) component vector. If we assume that the binary line
sequence is converted into a line signal by the mapping1 — 10— —1,
and if it is linearly modulated, then transitions in the channel signal
occur whenever transitions in the line sequence appear. Thus, we should
like to know the number of transitions in ! and the maximum separation
between transitions.

Theorem &: The binary vector 1 of length s(2" — 1) represeniing the
response of a binary scrambdler to an tnput of period s, when s and 2" — 1
are relatively prime, has at least one transition every s + m digits and has a
total of Tr(l) transitions where

1(2" =2 Tr (1) ;( P >
2(2"’—1>§s(2”—1)§2 7 _1 (39)
We begin by showing that every set of s 4+ m consecutive line digits
must contain at least one transition. The scrambled sequence is the
response of the basic scrambler of Fig. 2 to an input of period s. We
note that if the basic scrambler is in the all zero state then the tap
sum (which is added to the data bit) is zero. Similarly, if it is in the
all 1 state the tap sum is zero because if not, (1) = 0 and h(z) is
divisible by z — 1 which is impossible since A(x) is irreducible. Then,
if s + m consecutive outputs of the scrambler are identical, the last s
of the (s + m) corresponding tap sums are zero so that s consecutive
data bits must be identical. This cannot happen if the source is periodic
with period greater than 1. When s = 1, the line sequence must have
period 1 if s 4+ m consecutive line digits are identical, which also cannot
happen since the line sequence has period 2" — 1 in this case.

We now bound Tr (1), the number of transitions in one period, I,
of the line sequence. We use the notation of Section V so that the jth
digit of 1, namely [; is written

L = [T'yl. (40)
where 7 is given by (3) through (5) and y is the state of the driven
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basic scrambler at the beginning of a period of the data sequence.
Let us now observe that a transition occurs in between two digits in 1 if
they sum to 1 modulo 2. Thus, the number of 1’s in I -+ ' (where V' is
one cyclic shift of ! and addition is term-by-term) is the number of
transitions in I. For example, if I = 10110, I/ = 01011 and I 4 ¥ = 11101
then the number of transitions in [, including the implicit transition
at the first digit is the Hamming weight of I + 7.

In the process of proving Theorem 4 we have shown (see (35)) that
the Hamming weight of one period of the output of the basic serambler
when the input is binary of period s, and s, and 2™ — 1 are relatively
prime lies between s,(2"7' — 1) and s,2""'. Hence, if we can show
that 7 + 2 is one period of the output of the scrambler with input
period s, , we will have established Theorem 5.

We note that

LA = [Ty + T"l, (41)
so that we now examine 7"y 4 T'y. We have
T'y + Ty = T"7'(T + I)y. (42)

Asin (7), let y = y, + y,. where y, is zero in its last m components,
V. is zero in its first s components and they represent the periodic
input and starting state of the basic scrambler, respectively. Then,

(T+1)Y=Y3+Yi+((_),ys,Q_)l-i-ym-l-Tym, (43)

where ¥ is a single cyclic shift of y, in its first s places and (0, y. , Q)
is a vector with a single component y, in the (s + 1)st position. If we
use (z)’ to represent the last m components of z, then

 n + Ty)" = (T + L)(F)" (44)

In the appendix it has been established that 7', -+ I,, is a nonsingular
matrix. From this we deduce that the last m components of (T + Iy
range over all 2™ m-tuples as y,, ranges over all m-tuples.

Now consider y, + y’, which represents the first s components
of (T 4 I)y. While y, models one period of a data sequence with period
exactly s, y. + y, may model a sequence with period s, , s, | s. For
example, let y, = (1001000), then y, + y; = (0101000) and its first
4 components represent two periods of a period 2 sequence. Thus,
we must view (7" + I)y as the starting state of a driven basic scrambler
with input period s, where s, | s. We then ask if the sequence generated
by this state has period s, or s,(2" — 1). Since y is noncritical, the
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sequence generated by (7" + I)y must have the larger period because
if y were critical (7° 4+ I)y = 0 for some 7, 1 < ¢ < (2" — 1) — 1
and (7% 4+ I)(T 4+ Dy = 0 as well for some ¢ in this range so that
(T + D)y is a critical state. But we have shown in Theorem 1 that
there is only one critical state for each periodic input. In the last para-
graph we have seen that there is a one-to-one mapping between the
last m components of y and the last m components of (T + I)y, hence
if y is noncritical, (T + I)y is nonecritical and the line sequence gen-
erated by (T + I)y has period s,(2" — 1) where s, | s.

The vector I + I’ contains s/s, periods of a sequence of period s, .
Let C, represent one such period. Then from (35), the number of 1’s
in C, , w(C,), is bounded by

52" — 1) £ w(C,) < 527" (35)
Then,
Tr () = wl+ )
and
s@"' —1) = Tr(l) < 2! (45)
which gives the desired result after division by s(2” — 1).

X. THE SELF-SYNCHRONIZING DESCRAMBLERS

In this section, we show that the descrambler for each of the scramblers
given above has the self-synchronizing property, that it is relatively
insensitive to channel errors and that in some applications it can be
considerably simplified by removal of the monitoring logic.

Each scrambler is of the form shown in Fig. 9. Each descrambler can
be represented as shown in Fig. 10. The output marked ‘“data’” in
Fig. 10 is indeed data if the scrambler and descrambler are both started
in the same state and no channel errors occur since (z) the line sequence
will then pass through both basic scramblers and (¢2) the modulo p
sum of a data bit, tap sum, line bit, and monitoring logic output is
zero at both the serambler and descrambler.

If there are no channel errors we would like to show that the de-
scrambler will synchronize itself should it ever lose synchronism. The
descrambler will be said to be out of synchronism with the scrambler
if either the values stored in the basic scrambler and the delay elements
differ from those stored in corresponding sections of the scrambler
or if the counters in the monitoring logic are not at the same levels as
those at the scrambler or both. It is clear that the sy stages (if the largest
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Fig. 9—Block diagram of the scrambler.

expected period is sy) of the basic scrambler in the descrambler and
delay section will be purged after sy clock intervals and replaced with
accurate information if there are no channel errors. Then, after sy
clock intervals the monitoring logic at the scrambler and descrambler
both are fed the same information. The monitoring logics will then
reach synchronism when either (¢) counters at the scrambler and de-
scrambler reach threshold together in which case all counters are reset
simultaneously or (iz) the last sy + 1 digits of the line sequence is
found to be inconsistent with a periodic sequence of period s,, s,, -+
or sy and the counters at the descrambler are reset individually but
in synchronism with those at the scrambler. When the data sequence
is pertodic of period s,, s,, -+ or sy the ¢th counter of the MCS is
reset (following the transient interval associated with the arrival of

LINE
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SCRAMBLER DELAY
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MONITORING
LOGIC
PH—
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Fig. 10— Block diagram of the descrambler.
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the periodic sequence) at least once every ¢,, = m — 1 4+ max s; clock

iFi
intervals. With the SCS the single counter is reset at least once every
s,(2" — 1) — 2" 4 2 clock intervals when the input has period
8y 0r sy, s; < 8. Should the input sequence be random, the monitoring
logics may be brought into synchronism because one of the counters
reaches threshold and all counters are reset, which is unlikely, or because
the counters are reset individually in synchronism with the serambler
counters, which is very probable and increases in probability very
rapidly to one. (If the source is binary with independent, equiprobable
outputs, the ith counter of the MCS descrambler is resynchronized
in the second manner after n clock intervals with probability 1 — 277;
similarly, the counter of the SCS descrambler is resynchronized with
probability 1 — ($)".)

Channel errors can affect the process of resynchronization. However,
if we assume that they are relatively few in number, say, occurring
once in every 10° transmissions, there will be long intervals during
which resynchronization can take place. Since the descrambler re-
quires at most sy + max ¢,, (which equals 2sy + m — 1 in the MCS
case when s; < sy and is at most §,2" — 2"' 4 2 in the SCS case)
clock intervals to resynchronize when the source is periodic, resyn-
chronization will not be a problem with periodic inputs if m and sy
(or s,) are reasonable in size. When the source output is random and
is a sequence of independent, equiprobable binary digits, the average
number of clock cycles required by the ith counter of the MCS de-
scrambler to resynchronize (in the second way described in the preced-
ing paragraph) is two so that the MCS descrambler will resynchronize
on the average in sy + 2 clock intervals. The counter of the SCS de-
scrambler will require four clock intervals on the average to resyn-
chronize so that the SCS descrambler will be resynchronized on the
average in sy + 4 clock intervals. Hence, we may conclude that re-
synchronization in the presence of channel errors which are relatively
few in number will not be a problem when the source is random. In
fact, it may be easier to resynchronize when the data is random than
it is when the data is periodic.

Now assume that the scrambler and descrambler are operating in
synchronism and consider the effect of channel errors on the descrambler
output. If we neglect the monitoring logic for a moment, it will be
be seen that an isolated channel error, as it passes through the basic
scrambler, will cause w(h) output errors, where w(h) is the number of
nonzero terms in the tap polynomial 4(x). The monitoring logic, however,
may fail to act when it should or act when it should not and thereby
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introduce additional errors. If we consider the effect of a single channel
error on the monitoring logic, we see that this error has a direct effect
on the ¢th counter of the MCS at two occasions, when it enters the basic
scrambler and when it reaches the s;th storage element. A single channel
error has a direct effect on the counter of the SCS three times, once
when it enters the basic scrambler and again when it enters the s;th
and s,th storage elements. When the channel error effects a counter
of the descrambler, it may cause it to reset when it should not, which
will not cause any harm if the counter is about to be reset before
reaching threshold, as is the case for the known periodic inputs or as
frequently happens with a random source. A channel error which
causes a counter to continue to count when it should reset may indeed
be harmful since it may result in its reaching threshold and introduce
an unnecessary change in the descrambler output. This event is un-
likely to happen for the known periodic source sequences since the
counters reset frequently, and the number of clock intervals between
a set of three normal counter resets is often less than a given counter
threshold. It is also unlikely that a channel error will eliminate a reset
and cause a counter to reach threshold when the source is random.
For example, when the source is a binary, equiprobable, independent
letter source the average separation between three resets on the MCS
counters is four clock intervals and is eight clock intervals on the SCS.
We may conclude then that channel errors have a small effect on the
monitoring logic and thus affect the descrambler primarily by producing
approximately w(h) as many output errors as channel errors.

The descrambler can be considerably simplified, the problem of
synchronization loss in the descrambler monitoring logic eliminated,
and the problem of output errors due to the monitoring logic solved,
all by the removal of the monitoring logic at the descrambler. This
is not the drastic solution that it might seem for the monitoring logic
reacts infrequently on random data and at most twice on known
periodic inputs (if counter thresholds all are larger than the largest
expected input period). With a binary, independent, equiprobable
letter source, one or more of the N counters of the MCS reaches thres-
hold in n transmissions with a probability, P (n), which is less than
or equal to

N

Puln) £ D (n — t; + 127", (46)

i=1

where ¢; is the threshold on the ¢th counter and ¢; = ¢,, . The single
counter of the SCS reaches threshold ¢ in #» transmissions with prob-
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ability Pg(n) where

Ps) = (n — t+ D™ (47)

Hence, if the thresholds are large enough so that P,(n) or P,(n) is
less than 0.1, say, when n equals the average number of transmissions
between channel errors, then we may safely say that the monitoring
logic at the descrambler is not necessary on random data inputs.

When the source is periodic of period s however, one of the p™ starting
states™ of the basic scrambler will result in a line sequence of period
s which subsequently will require at least one and at most two outputs
from the monitoring logic. Thus, if the data preceding a periodic input
is random, the monitoring logic at the descrambler will with probability
1/p™ change at least 1 digit in the descrambler output. Hence, if a
customer can tolerate such an error rate and if the thresholds are
large enough, the monitoring logic at the descrambler can be removed
and the descrambler will then simply consist of a basic scrambler.

XI. THE SPECTRUM OF THE SCRAMBLER OUTPUT

In this section, we perform representative calculations to show the
effect of scrambling on the spectrum of a linearly modulated carrier.
Assume that the source is binary and that a binary sequence is con-
verted into a waveform by the mapping 0 — —1, 1 — 41. Let T, be
the time interval alloted to each binary digit and let I(z) be the wave-
form generated by the binary sequence I. Then, we have

o A~
L)L) = — (L + L)(©®) (48)

where addition is taken modulo 2 and multiplication is on the reals.
The autocorrelation function of a waveform I(¢) is defined as

Bi(7) = lTl_IE 51*1; ‘/;T ?(t)l(t + 7) di. (49)

If 1 is the output of the scrambler when the input is an equiprobable,
independent letter source, then I is a sequence of independent, equi-
probable, binary digits. Then, we have

Ri(r) = (1—'—TZOJ> TS To,

0 ITI>T0-

(50)

* p is the input alphabet size and m is the number of stages in the basic scrambler.
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The power density spectrum of I(f), which is the Fourier Transform
of R;(7) is for the random binary source

8,(f) = T&%)

Now let the source be periodic and assume, as an example, that
it has period 8 and that the following sequence is one period of the
source output: 10110010. Then, if I represents this sequence and if
it is transmitted without scrambling, we find using (48) that it has the
autocorrelation function, R,(r), of Fig. 11. The power density spectrum
of I(t), S.(f), is given below and shown in Fig. 12.

_ sin 7fT,\* (sin 21rfT0>2 1 ( g )

Sil) = 2T°[< fTs > - ( 2T, ]f;w s, \l —gp,)r 2
Here 48(-) is the Dirac delta function. Thus, S,(f) contains isolated
tones spaced by 1/T,, T, = 8T, , the period of the data sequence.

If the periodic data source of period s is now scrambled, the line
sequence has period T(LCM (s, 2™ — 1)). Assume now, as an example,
that s and 2" — 1 are relatively prime so that the line sequence has
period PT, , P = 2" — 1, the scale-up factor, and 7, = sT, , the
source period. Now let I represent one period of the binary line sequence.
Then, if I, represents k cyclic shifts of I we have

Y]

1 PT./2 R .
RS = By f ol (53)
When k = &1, +£2, --- , (P — 1), we have
Ru(KT) = —1;";‘; (No. Usin (I + &) — No.0'sin 1+ ). (54
1
Sinee R,;(7) is linear in 7 for (k — 1)Ty =< v < k7T, we need only have
Ri(r)at 7 = kT, ,k = 0, &1, &2, --- . We note that R,(kPT,) = 1,
R
b/ [\ %

Va4 NV = NV

Fig. 11— Autocorrelation function of period 8 sequence.
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Fig. 12— Spectrum of period 8 sequence.

k=0, &1, &2, --. . To further evaluate (54), however, we must
return. to Section I1X.

We have seen in Section IX that I + I, represents several periods
in the output of a basic scrambler driven by an input of period s, , s, | s,
and started with a noncritical state y. The proof of this result amounted
to showing that the operation (7' + I) on y mapped the last m com-
ponents of y one-to-one onto the last m components of (T + I)y.
Thus, if y is critical so is (7 + I)y and since there is only one critical
state for each periodic input (7 -~ I)y is noncritical if y is noncritical.
We can show in a similar manner that (T° 4 I)y is noncritical when
y is noneritical as long as % is not a multiple of 2" — 1. Thus, I + I,
which is produced by the starting state (7 + I)y when y generates
1, is the output of a basic scrambler with input period s, and output
period $,(2” — 1) when k is not a multiple of 2" — 1 and s, | s. Then,
invoking (35), we have

—-1/P £ R,(kTy) < 1/P, knot a multiple of P = 2" — 1. (55)

We note, however, that R;(kT,) for such & may not all be equal.

Next consider I 4 7, when k is a multiple of 2" — 1. If I + [, represents
an output which has period which divides s, then (T* + I)(T* 4 I)y = 0.
We now show that (T° + I)(T" 4+ I) = 0 for all y when & is a multiple
of 2" — 1. We observe that

. ~fol o ]
rer=[§ ©9
and

.. [B+1) 0
T+I‘[ o m] (57)
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since T = I. Because T° - I and 7" 4 I commute, we have
T +nDIT*+10=T"+DT +1) = 0. (58)

Thus, ! 4+ 1, represents a scrambler output of period s, , where s, | s.
It is clear then that the number of 1’s in one period of I + I, is greater
than or equal to 1 and less than or equal to s, — 1. Also, I + 1, is the
same sequence for all multiples of P = 2" — 1 which are not multiples
of sP. Thus, for & a multiple of P which is not a multiple of sP, we have
from (52) that

_(s : 2) - _(Sns: 2) < R,(kTy) < (s; 2) < ; 2 (59)

when s, = 2.

To calculate a representative spectrum of the scrambled data sequence,
we assume that R;(r) has the following form, where u, 2 < u < 2s,
is a function of the scrambler input (the number of I’sinl + I, k a
multiple of P, depends on the input):

1 k=nsP, n=0, =£1,+£2, .-,
RGTY = J2=% Kk =nP, ns0, =s £, ---, (60)

L all other /

P C.

The power density spectrum S,(f) then is

s0 = g+ (it £ - )

=—o

U 1y 1 < j

+ (1 s P) PT, 2. 6<f - PT0>}' (60)
When u is of the order of s we see that the second term in curly brackets
has amplitudes which are proportional to 1/P® and are thus much
smaller than terms in the first sum. We show R, () withu = s, R;(T,) = ¢
in Fig. 13 and S,(f) in Fig. 14. The assumption that u = s is equivalent
to the assumption that ! 4 1, contains an equal number of 1’s and 0’s
when % is a multiple of P.

We deduce from this discussion of spectra that the principal effect
of scrambling when the scrambled sequence is converted to a signal
waveform in the manner given above s to tncrease the number of tones
in a given bandwidth by a factor which is approximately P and to decrease
the level of each tone by approximately the same factor.
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Ry(7) T
1
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-PT, -PT, -To To PTo T—> PT,

TFig. 13— Autocorrelation function of a scrambled periodic sequence.

XII. AN EXAMPLE

We shall now consider an application for the scramblers and we shall
compare the relative cost and effectiveness of the MCS and the SCS.
We will report on a computer simulation directed at the determination
of the smallest SCS counter threshold for our example.

Assume that the source is binary and that it may occasionally contain
sequences of period 1 (there are two—the all 0 sequence and the all
1 sequence), period 2 (there is only one—the 1010 - - - sequence, known
as dotting), period 7 or period 8. Assume also that a line sequence of
period less than 100 is undesirable from spectra considerations. Since
the least common multiple of 1 and 2™ — 1 is 2™ — 1, we will require
that 2" — 1 > 100. The smallest value of m for which this is true
is m = 7 for which 2" — 1 = 127, a prime. We next require a prim-
itive, degree 7 binary polynomial for the tap polynomial. The poly-
nomial A(z) = 1 + 2* + 27 is one such. Given h(z) our basic scrambler
is fixed. We next observe that 1 divides 7 and 8 and that 2 divides 8
so that we may build a scrambler which detects two periods s, = 7
and s, = 8.

We next consider whether the MCS or the SCS should be used
for our problem. We see immediately from Theorem 3 that the threshold

SL(f)T
1/Ps
— T T —— ) DT T ——
-1/T, ot /T, £ o—
1/PT,

Fig. 14— Spectrum of a scrambled periodic sequence.
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on the first counter of the MCS, ¢, , must be at least 14. Similarly,
t,, of the MCS must be at least 13. Since a 4-stage binary counter will
count to 16, we see directly that 8 counter stages, 8 shift register stages,
3 OR gates and some peripheral logic will suffice to build an MCS
for our problem.

From Theorem 4 we see that the threshold on the SCS need not be
any larger than 954 or require more than 10 stages of a binary counter
since 2'° = 1024 > 954. A computer simulation of the SCS, however,
shows that the bound of 954 is more than 34 times larger than the
smallest required threshold, which was found to be 28. The results
of this simulation are tabulated in Table I. The largest run of con-
secutive zeros at counter input was found for all period 7 and period
8 sequences when the line sequences had periods 7-127 and 8-127,
respectively. In Table I we list the fraction of the 384 periodic sequences
which have the gap lengths (maximum run of zeros) shown. (We note
that it is only necessary to simulate the SCS with one starting state
of the basic scrambler when 2™ — 1 is prime since all 2" — 1 noneritical
starting states appear as states of the basic scrambler. Note also that
we can neglect the first eight inputs to the counter following the argu-
ment of the third paragraph of Section VII.)

The SCS will scramble our periodic inputs if we choose a counter
threshold of 32 which can be realized with a 5-stage binary counter.
It will also require eight shift register stages, an AND gate and periph-
eral logic.

As far as random data is concerned, we see from (46) that the MCS

TaBLE I—Gar LeEncTHS FOrR PERIODIC INPUTS

Period 7 Period 8
Gap length No. % No. %
13 14 10.92 0 0
14 28 21.84 16 6.25
15 14 10.92 16 6.25
16 0 0 16 6.25
17 0 0 16 6.25
18 28 21.84 60 23.41
19 14 10.92 18 7.04
21 0 0 56 21.85
22 2 1.56 2 0.78
24 0 0 24 9.38
25 0 0 16 6.25
26 14 10.92 0 0
27 14 10.92 16 6.25
128 256
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for our application reaches threshold at least once in n transmissions
with probability

Pym) < (n — 15)(3.06)107° (61)
and we see from (47) that the SCS reaches threshold with probability
Psm) < (n — 31)10™". (62)

Thus, the MCS has a slight edge on the SCS when it comes to scrambling
random data since it is desirable to keep the frequency of threshold
crossings low.

In sum, it is safe to say that the SCS has the edge for our problem
primarily because it is simpler and less expensive. Also, we note that
the addition of a single-counter stage will reduce Pg(n) to (n — 31)107°.
The autocorrelation function of the scrambled data sequence will be
like that of Fig. 13 with | ¢ | < 0.008.

XIII. CONCLUSIONS

We have introduced two major classes of self-synchronizing, digital
data scramblers called multi-counter scramblers and single-counter
scramblers. We have shown that these scramblers and combinations
of the two will map a periodic sequence of period s into a periodic
sequence of period LCM (s, p™ — 1), where p is the size of the source
alphabet (the SCS results require that p = 2 and that s and 2" — 1
beé relatively prime), if the basic scrambler tap polynomial h(z) of
degree m is a primitive polynomial over GF(p). We have found the
smallest values for the counter thresholds in the MCS and have shown
the existence of finite thresholds for the successful operation of the SCS.

We have shown that there are many transitions in the scrambled
sequence and that they are well distributed. We have shown that the
descramblers possess the self-synchronizing property and we have con-
sidered the effect of channel errors on the descrambling process. We
have seen that the principal effect of infrequent channel errors (occurring
at a rate of one in 10° transmissions, say) is to cause approximately
w(h) as many output errors, where w(h) is the number of nonzero
terms in A(z). Channel errors were shown to have a relatively small
effect on the output of the descrambler monitoring logic.

We have found the power density spectrum of the waveform gen-
erated by the scrambler output for a representative case, namely, when
the source is binary and the scrambled sequence is mapped onto a
+1 sequence. We have seen that scrambling does not affect the spectrum
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of the line signal when the source is random and that its principal
effect when the source is periodic is to introduce P times as many
tones each having 1/Pth as much energy where P is the factor by which
the source period is increased. _

It has been shown that the counters in the scrambler and descrambler
reach threshold infrequently when the source is random and at most
once each time the source becomes periodic. Thus, it has been argued
that the counters at the descrambler might be removed if the rate
at which the counters at the scrambler reach threshold is less than
the rate of occurrence of channel errors, and if the customer can tolerate
oceasional output errors when his data is periodie.
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APPENDIX

Proof of Theorem 2

Let T, be the matrix shown below where the coefficients ¢, , ¢,
-++, ¢, are elements of the modular field GF(p) of p elements, p a prime

rCl Co ' Cpum Cm—
i 0 -~ 0 O
o 0 --- 1 0| \L

Let h(x) be the polynomial shown below in the indeterminate x where
coefficients are those appearing in (63).

h(@) =a™ —ea" ™ — -+ —cn. (64)

Then, one can show by direct calculation that the characteristic poly-
nomial of T, ¢(z), defined by

o) = det (T, — zI), (65)
is related to A(z)*'° by
e@) = (=1)"h(). (66)
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The matrix T, is called the “companion matrix’ for the polynomial A(x).
We assume that A(z) is a primitive polynomial over the field GF(p).
A polynomial A(z) is primitive if

(©) h(z) is irreducible over GF(p), that is, if there is no polynomial
with coefficients in GF(p) which divides h(zx) except 1 and A(z), itself,
and

(%) h(z) of degree m divides 2" — 1 for n = p™ — 1 but for no smaller
integer n.

If we replace the term ¢, in A(z) given in (64) by the matrix c,7,
where 7 is the m X m identity matrix and replace z by T, where
powers of T, are defined as successive matrix products, then we have
the well-known Cayley-Hamilton theorem™

o(Th) = 0, (67)

where ¢(x) is the characteristic polynomial of T, . Thus, a matrix 7',
satisfies its own characteristic polynomial. There is a smallest degree
monic polynomial (coefficient of the highest degree term is 1), called
the minimal polynomial, m(z), such that

m(Th) = 0. (68)
Sinece h(z) is irreducible, we have
mx) = h(x). (69)

We now wish to prove the following theorem.

Theorem 2: The matrices Ty — I are nonsingular for 1 <k < p™ —2.

We first prove the following two lemmas.
Lemma 2: If0 S 4, < p" — 2,7 5 j, then Ty = T}.
Proof: If T® = T’ for the 1, j given above and 7 < j then
T —~1) =0 '
implies
77 ~I=0

since det 7, = ¢(0) # 0. (If ¢(0) = 0 then ¢(z) is divisible by x and
h(z) is not primitive.) Consider now .the polynomial ’~° — 1. Using
the Euclidean division algorithm we have -

27— 1 = h@)ql) + s
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for unique ¢(x) and s(z) and degree s(xz) < degree A(z). Therefore,
=1 =0 = MTeT + s(T)
which implies that
s(T,) = 0.

But m(z) = h(z) is the minimal polynomial of T} so that s(z) = 0.
Therefore, h(z) divides 2" — 1, n = j — ¢ < p” — 1. Contradiction.
Hence, T" 5= 77,71 # j,0 £ 4,] < p" — 2. QED
Lemma 3: All nonzero polynomials in T, with coefficients in GF(p)

and of degree m — 1 or less are nonsingular.

Proof: Let p(xz) be a polynomial of degree m — 1 or less with coe-
flicients in GF(p). Then, using the Kueclidean division algorithm, we
have that the greatest common divisor, d(z), of p(x) and A(z) is given by

d(@) = a(@)p() + b@)h(),

where a(z) and b(z) are unique polynomials. Since Ai(x) has degree
m and is irreducible d(x) = 1 and

1 = a@p() + b@)h().
Taking these polynomials in 7', , we have
I = a(TypT)) + b(THR(T>)

or since h(T,) = 0 we have

I = (l(Th)P(Th) = p(Th)a(Th)y

where the latter equality follows since the polynomials a(z) and p(x)
commute. Thus, the polynomial p(T,) of degree m — 1 or less with
coefficients over GF(p) in the matrix 7T, has both a left inverse and
a right inverse and is nonsingular. QED

Proof of Theorem 2:
Since A(T,) = 0 we have
Ty = el +eTh + - +cal.

Thus, every power of T , such as T can be written as a polynomial
in T, of degree m — 1 or less. Hence, 7; — Ti can be written as a
polynomial of degree m — 1 orlessin T, . From Lemma Al, T} — T} # 0,
1% 4§,0=143j=p" — 2so that T — T} as a polynomial in 7', of
degree m — 1 or less is nonzero. From Lemma A2, T — T4 is nonsingular
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and it follows by choosing j = 0, ¢ = b with 1 = £ £ p” — 2 that
Ty — I is nonsingular. QED

Theorem 2 in effect says that if y is some arbitrary, nonzero column
vector of m components chosen from GF(p) then 7"y runs through all
p™ — 1 nonzero vectors y as k ranges between 0 and p™ — 2. Thus,
the linear sequential filier with feedback paths described by T is a maz-
tmal-length sequence generator. Elspas® comments that these results
were noted by Zierler® and Golomb."
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A Camera Tube with a
Silicon Diode Array Target

By M. H. CROWELL, T. M. BUCK, E. F. LABUDA,
J. V. DALTON, and E. J. WALSH

A variety of electronic cameras have been developed for television
systems.’ Among these the vidicon® and the Plumbicon® have the in-
herent advantages of high sensitivity, small size, and simple mechanical
construction. The operating principles of the vidicon and the Plumbicon
are quite similar since they both utilize a thin photoconductive layer
to convert the optical image to a stored charge pattern which is periodi-
cally scanned and erased by an electron beam. Erasing the charge pattern
creates the video signal. However, there is a distinct difference in overall
device performance since the photoconducting target in the Plumbicon
(PbO) is deposited in a manner to form a single, large area, graded
p-n junction, each layer having high resistivity. In the vidicon, the
evaporated layers of Sb,S; forming the target behave like a semi-
insulating photoconductor.

A new type of target consisting of an array of electrically isolated
reverse-biased diodes, as first suggested by Reynolds,* later discussed
by Heijne’ and more recently by Wendland®, has several valuable
attributes.

(?) The dark current and the light-induced current can be essentially
independent of target (reverse bias) voltage and the response char-
acteristic can have a gamma of unity as in the Plumbicon.

(¢¢) The time constant associated with the charge leakage of an
array of reverse-biased diodes can be very much larger than the in-
trinsic (dielectric relaxation) time constant of the bulk material. This
implies that an infrared responsive camera operating at room tempera-
ture can be realized.

(¢77) The spectral response can cover a wide range including the
visible and consequently much greater and more uniform sensitivity
can be achieved than in the vidicon or Plumbicon.

(%) The target performance is insensitive to electron beam bombard-
ment and is unaffected by intense light sources so that deleterious burn-
in does not occur.
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Fig. 1 — Schematic drawing of the diode array. In practice the perimeter thickness
was made =4 mils to obtain a self-supporting structure.

(v) There is no image persistence due to photoconductive lag.

(vi) The assembled tube may be processed using standard vacuum
techniques including a high temperature bake.

(vit) The operating lifetime can be expected to exceed that of the
vidicon and Plumbicon by a considerable margin.

In this brief, experimental results obtained from targets consisting
of a 540 X 540 array of reverse-biased Si diodes are reported. The sub-
strate is 10 Q-cm, n-type Si, is self-supporting and can be anti-reflection
coated. The p-type islands are formed by diffusing boron through 8u
diameter holes in the SiO, film, the center-to-center spacing between
holes being 20p. This arrangement provides sufficient diode capacitance
~21000 wppfd/cm’) to integrate the diode photoresponse over the time
interval of 1/30 sec (one frame period in commercial television). Ohmic
contact to the array is obtained via the gold ring evaporated onto the
n* region near the perimeter of the Si wafer chip.

In normal operation, the electron beam, the diameter of which is
larger than that of a single diode, periodically charges the p-type islands
down to cathode (ground) potential while the potential of the n-type
material is held at =5 to 10 volts. This potential difference can be
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sustained for a normal television frame time so long as the dark current
is <5 X 107" amps/diode. The SiO, film, also charged down to cathode
potential by the beam, remains there and isolates the substrate from
the beam. The incident light associated with the image is absorbed in
the Si, creating hole-electron pairs. Since the thickness of a self-support-
ing wafer is =210 %cm and the absorption coefficient of Si for visible
light is greater than 3000 cm™, most of the hole-electron pairs will be
generated near the incident surface; the minority carriers (holes) then
diffuse to the depletion region of the diodes, discharging the diodes by
an amount proportional to the light intensity. The recharging of the
diodes by the scanning beam creates the video signal.

An exact analytical evaluation of the performance of the diode array
shown in Fig. 1 is quite complicated. However, with a simpler model
in which the p-regions of the array are replaced by one large homoge-
nious p-region with no lateral conductivity, it is possible to estimate
the loss in light sensitivity and resolution due to minority carrier re-
combination and diffusion. An analysis of this simpler model indicates
that for a minority carrier lifetime of /10 usec, a surface recombination

Fig. 2—Photograph obtained with the 540 X 540 diode array target. The subject
was a black and white transparency illuminated with a tungsten lamp.



494 THE BELL SYSTEM TECHNICAL JOURNAL, FEBRUARY 1967

velocity of &~10* cm/sec, and a wafer thickness of ~107% cm, the
collection efficiency (ratio of collected holes to generated holes) for
uniform illumination with visible light is &80 percent. Lateral diffusion
will degrade the spatial resolution. For example, if the spatial variation
in the visible light were sinusoidal with a period corresponding to
4 X 107 em or twice the center-to-center spacing of the diodes, the ac
signal would be reduced to § of the de signal.

The performance of a Si diode array is illustrated by Fig. 2. This
photograph was obtained from a Kintel” closed circuit system with
commercial television standards. The usual vidicon camera tube was
replaced by a tube using a 540 X 540 diode array target. The defects
in the picture reflect a localized high dark current and can be partly
attributed to defects in the bulk crystal from which the array was
fabricated and to defects in the SiO, film.

The measured spectral response of a camera tube with a diode array
target is given in Fig. 3 for two wafer thicknesses. In these measure-
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Fig. 3— Spectral response without reflection loss corrections of experimental

diode array targets for two wafer thicknesses. The photograph shown in Fig. 2 was
obtained with the 1.2-mil target.
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ments, the whole diode array was illuminated with a uniform light
intensity and the light induced de current (average video signal) in
the target lead was measured. Continuous laser transitions were used
to obtain the absolute response at several wavelengths. The actual
target collection efficiency was better than that indicated in the figure
since no anti-reflection coating was used and no reflection loss corrections
were made. For Si, the reflection coefficient varies from 30 percent in
the near infrared to A265 percent in the blue portion of the spectrum.®
With a single layer anti-reflection coating, the reflection can be reduced
to a few percent. This implies that if such a coating had been used on
the experimental targets a maximum collection efficiency of ~20 per-
cent would have been obtained. At this maximum, the sensitivity would
have been 0.16 pamps/uwatt. Because of its wider spectral response,
the camera tube with a diode array target was R25 times more sensitive
than an 8134 RCA vidicon for illumination with an incandescent lamp
at normal operating temperature. The measured gamma was unity.

The observed dark current for the entire array was &5 X 107° amps
for a reverse bias of 5 to 10 volts. This implies that the leakage current
per diode was &~2 X 107" amps. The resolution was not limited by
leakage between diodes.
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