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D = {(@./K,)’ + (ww/K,K,)}*sin® 2K,w,w)
+ (w./K,)(w:i/K; + w./K.)* cos® (2K ,w,w). (208)

To summarize, the spectrum for the 7'M waves of the asymmetric
model consists of the (possibly empty) set of points »; , I = 1,2, ---, S,
and the interval —%’K, < » £ . The transmitted field can be written

as
S 2

hx(/”(x; z) = Z Z {5‘711(”:')}—%sow('/i)hk(”i) exp {—1V —v; 2}¥(x, ;)

i=1 k=1

L[ e =iV )2 ) 866 6K A0 d

[ e =iV, D)ot dv

k=1

>
+ ) :=1 fow exp {_ \/;Z} Ebj(dl, V)hk(v)a';k(v) dv. (209)

The time averaged, transmitted power is

S

P, = (2&’150)_1 E \/—_V:fl \/0'11(1'1) h() + {Ulz(Vt)/\/Ull(Vl)}h2(Vz) IZ

=1

+ @™ [V 566 + 80k [ (56)/KiAG) d
+ (2we)™ f_ VD O HOHE) b (210)

IV. APPROXIMATE SOLUTION OF THE INTEGRAL EQUATIONS

In Section II we obtained general expressions for the reflected and
transmitted fields for the TE fields in (18) and (27) and for the TM
fields in (41) and (51). In (27) and (51) there appear the functions
¢;(x, ») and ¢;(z, v) and the spectral density matrices p(v) and o(»).
A technique for determining these quantities in certain cases was
illustrated in Section III by explicitly calculating them for the sym-
metric and asymmetric step models. In order to complete the determina-
tion of the reflected and transmitted fields, the functions &7 (1), 3¢5 (1),
g:(»), and h,(») must be calculated. In Section II we showed that
these functions were determined by the integral equations (30)-(31)
and (54)—(55).

We have been unable to solve these integral equations exactly for
the general case. However, there are certain cases of great physical
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interest, such as the electro-optic diode modulator, where excellent
approximate solutions can be obtained. Let

M, = max K,(z), m, = min K,(z), =292 (211)

and assume that
M, — m)/m, K1 (n=2uy,57). (212)

Then the incident field impinges on an essentially uniform, plane
dielectric interface, and the reflected field can be calculated as if the
region z > 0 were a uniform dielectric. Let K, (n = =z, y, 2) be suitably
chosen, constant values for the dielectric tensor for z > 0. Then it is
readily shown that for the TE fields

&8,"°(l) = R.(D8&,” (1), (213)
and for the TM fields
5¢,”(D) = Ru(D3C,” (D), (214)
where the reflection coefficients are
R = {e0) — kel/k)} {20 + kQQ/k)} 7, (215)
Ryl = {k.Q0) — Q/k.)} (k.20 + @W/k.)} 7, (216)
k, = (K (n =z,y,2), (217)

and Q(!) is defined in (16). In this approximation, the total fields at
2z = 0 for the TE and T'M fields are, respectively,

e,(x, 0) = 51; f_ T.()&y” (e ™™ dl, (218)

W@, 0) = 5 [ T 0 dl (219)

where the transmission coefficients are
T.h) =14+ R,(D), n =e,h. (220)

Now that e,(z, 0) and &, (x, 0) are known, ¢;(») (j = 1, 2) can be cal-
culated from (28) and 4;(») (f = 1, 2) can be calculated from (52),
since e,(z, 0) = e{”(z, 0) and h,(z, 0) = A" (z, 0).

We illustrate some features of the calculation of g,(v) and h,(v) with
the symmetric and asymmetric step models. We first note that if these
models are used to study an electro-optic diode modulator, typical
values of the parameters defining the dielectric tensors in (1) through (7)
are’n = 3,31, A= 107% 5,222 X 107" (n = x,y, 2), A, = 0.964,
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A, = 1.04 A. Then M, — m, = 1.4 X 107% m, ~ 10.9. Condition
(212) is thus well satisfied.

For the symmetric step model we let K, = K, (n = z, y, 2). If the
functions &{” (1) and 5¢{”(I) are sharply peaked about I = 0, then
(218) and (219) can be further approximated by

oo, 0) = 7.0) o= [ 690 dl = 706w, 0, (221)

hy(z, 0) = T,(0)hy" (z, 0). (222)

The calculation of g;(v) and hy(v) is now reduced to quadratures. If
the incident field is not sharply peaked, we define

20,0 =5 [ i oi(, e dz, (223)
w00 = o= [ e k@) d, (224)
o that
56 = [ 108 0,0,9 d, (e2)
hi() = foo To(D)3es? (D)w,(1, v) dl, i=1,2. (226)

—o0

If v is in the continuous spectrum, ®;(l, v) and ¥;(l, ») are distributions
which are easily determined with the aid of the relation* ‘

[ " dn = 1/(0) + 7(0), @27)

where 6(c) is the delta function and when 1/¢ appears under an integral
sign, it is assumed that the Cauchy prineipal value is taken. If v is in
the point spectrum, ®;(l, ») and ¥;(l, ») are ordinary functions.

For the asymmetric step model welet K, = 3(K, + K.), (n = =z, 9, 2).
For this model, a straightforward application of (28) and (52) fails
in general if v is the point spectrum or if » ¢ I, because ¢;(z, ») and
¥;(x, ») now grow exponentially as x tends to either plus infinity or
minus infinity. This apparent difficulty is merely a reflection of the
manner of convergence of the integrals defining g.(v) and A,(v). For
our purposes here, it is enough to note from (169) and (209) that
when » is in the point spectrum, the functions g.(») and %,(v) do not
appear independently, but only in the linear combinations
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2 ]
k==21 {6911(”:’)}_%5P1k(Vi)gk(”i) = _/; 6,,(23, 0)‘13(51), Vi) dx) j =1, 2,---, R7
(228)

2 ©
E {6011(Vi)}_%aa’lk(”i)hk(”i) = f bz, 0)¥(z,v;) dz, j=1,2,--+, S.

k=1 —c0
(229)

The integrals on the right of (218) and (219) are now well defined.
Similarly, if » ¢ I3, the relevant quantities to calculate are

2 o

kz;l @) g:) = f_ _ al@, 0Al, v) dz, (230)
kZl shi(v) = f_ i h,(z, 0)E(z, v) dx. (231)

Ifvel,, (28) and (52) can be applied directly. Now, all the techniques
discussed in the case of the symmetric model can be applied here.

V. SUMMARY

In Section I we have defined a class of dielectric waveguide models.
The waveguide is formed by an anisotropic, nonuniform dielectric
filling the half space z > 0. The dielectric tensor is diagonal in the
fixed coordinate system of Fig. 1, and the diagonal matrix elements
are functions of z only, K,.(x) (n = z, y, 2).

Integral representations for the incident, reflected, and transmitted
fields were given in (15), (18), and (27), respectively, for the TFE fields,
and in (39), (41) and (51), respectively, for the TM fields. These rep-
resentations are very general, holding for a large class of functions
K,(z) and incident fields. These integral representations, however, con-
tain the unknown functions ¢;(z, »), ¥;(z, v), pi(v) and o4 (v) (j, k = 1, 2),
which are determined solely by the dielectric tensor, K,(z), and the
unknown functions ¢,(»), h(»), (k = 1, 2), & (1), and 3¢{” (), which
also depend on the incident field and the boundary conditions at z = 0.
It was shown that this latter group of unknown functions are the solu-
tions of two sets of integral equations, (30)-(31) for the TE fields
and (54)—(55) for the TM fields. These equations are very complicated,
and we have been unable to solve them exactly for any specific models
of interest.

In Section ITI we gave a detailed calculation of the functions ¢;(z, v),
¥i(z, ), pa(), and o,.(») (5, ¥ = 1, 2) for both the symmetric and
asymmetric step models. These calculations are important in their own
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right, since the symmetric and asymmetric step models have been
used extensively in the study of the electro-optic diode modulators.*™*
However, these computations also illustrate the technique for treating
the whole class of piecewise constant models. This is important, for
it is not yet completely established which is the correct model to use
in exploring the behavior of the electro-optic diode modulator, and
it is felt that any actual physical situation can be well approximated
by a piecewise constant model.

It should be noted that the success of the techniques used in this
paper depends on being able to obtain exact analytic solutions of (21)
and (43), or at least good analytic approximations to these solutions.
There are a number of other models for which the exact solutions of (21)
can be obtained, for example the continuous dielectric constant models
described in Section III of NM. It is, however, much more difficult
to find models, other than the piecewise constant models, for which
(43) is solvable in terms of known functions. Nevertheless, the pos-
sibility remains of investigating the TE fields for a fairly wide varity
of models.

The caleulations of Section III provide a method of determining
the discrete modes which is different from the methods used in earlier
treatments.®'®® These calculations showed also that the asymmetry
of the background light is accentuated in the asymmetric step model
by total internal reflection at the junction region boundary.

Finally, in Section IV it was shown that good approximations can
be found for the functions g,(»), hi(v), 3 (1), and &{”(l) in certain
cases of physical interest. In particular, these approximations are valid
for the electro-optic diode modulator. These approximations do not
depend on a particular choice of the incident field.

The final results of this paper then are integral representations for
the fields for both the TE and TM fields. Of the various functions in
the integrands, some have been determined exactly and good approxi-
mations have been found for the remainder for a number of important
models and for arbitrary incident fields.

These integral representations are complicated in appearance, but
when 2z is large enough, asymptotic expansions of them can be found
which lend themselves to numerical analysis. In a subsequent paper
asymptotic expansions of the transmitted fields will be presented for
the symmetric and asymmetric step models in the case that the inci-
dent field is Gaussian and numerical results for cases of experimental
interest will be presented.
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Demagnetizing Fields in Thin
Magnetic Films

By D. B. DOVE
(Manuscript received January 31, 1967)

Demagnetizing fields play an important role in the operation of many
thin magnetic film devices. A requirement of high packing density leads fo
strong localization of induced changes in magnetization; and, therefore, to
correspondingly large demagnetizing fields and drive currents. A treatment of
the demagnetizing field problem for thin film materials is given here for
Jfilm properties and fields which are nonuniform along the hard anisotropy
axis. Spectfically considered are saturating fields, variations in film thick-
ness and anisotropy constant, interaction between films, and the effect of
easy direction bias fields.

I. INTRODUCTION

The behavior of the magnetization in thin magnetic films of large
lateral extent subject to a uniform applied field may be calculated
directly from a knowledge of film properties and field strength. The
calculation of the behavior of magnetization in the presence of non-
uniformity of film properties or of applied field, however, must take
into account the demagnetizing field that arises from a local non-
uniformity of magnetization. Such a situation occurs in many problems
of practical interest. Internally generated fields give rise to a number
of effects when nonuniform fields are applied to thin uniaxially ani-
sotropic films."# For example, the hard axis field required for satura-
tion may be several times the anisotropy field and the induced mag-
netization component may spread to regions where the applied field
is very small. The occurrence of such effects in thin films has been
considered by Rosenberg?® using a calculus of variations approach and
by Kump and Greene* and Kump® using an iterative numerical pro-
cedure. More recently Dove and Long® have shown that there is a
simple solution to the nonuniform field problem in the case of non-
saturating spatially periodic applied fields, and have treated localized

1527
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fields by using a Fourier series technique. Good agreement was found
with Kerr-effect probe measurements on flat and cylindrical permalloy
films.

The purpose of the present work is to show how the Fourier series
technique permits straightforward solution of a number of thin film
magnetostatic problems. Flat and cylindrical film geometries are
treated; however, the results are of special interest to the case of
cylindrieal films with axial hard direction, owing to the circumferential
flux closure. Specifically, we consider the cases of;

() nonuniform hard axis field,
(1) nonuniform saturating field,
(77) variation in film thickness,
(tv) variation in anisotropy constant,
(v) external fields due to magnetization distribution in film, flux
linkage with conductors, magnetic shielding,
(vt) interaction between parallel films, keepers, and
(vit) nonuniform hard axis field in presence of casy direction bias

field.

It is assumed that the quantities of interest vary along the film hard
axis only and that properties and fields are uniform along the easy
axis. Film thickness is taken to be sufficiently small that the direction
of magnetization always lies in the plane of the film, exchange forces
are neglected, being insignificant for cases considered, and anisotropy
dispersion effects are not included.

II. GENERAL CONSIDERATIONS

We consider demagnetizing field effects that arise in thin uniaxially
anisotropic films when relevant parameters vary only along the hard
anisotropy axis. Many applications fall within this category and will
be treated in following sections. Many of the results may be applied
to thin films of other types of magnetic materials in the range where
they exhibit a constant permeability, if the effective anisotropy field
is taken to be equal to the saturation magnetization divided by the
permeability.

Although the demagnetizing field may be found if the magnetization
distribution is known, and conversely a knowledge of the field enables
the distribution to be found, there is considerably greater difficulty in
determining both distribution and field directly. In the thin film case,
the Fourier series technique provides a means of representing the field
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distribution for which the demagnetizing field can be found quite
generally. The rotation of magnetization within a film may then be
found by balancing, for example, (for nonsaturating fields) anisotropy
torque versus the torque due to applied field and demagnetizing field.
This leads to equations relating the coefficients of the various series
which in a practical application may be most conveniently evaluated
by computer.

The number of terms included in the series determines the resolu-
tion with which a particular curve may be delineated. However, a
series with, say, 100 terms may be made to fit ordinates at 100 loca-
tions exactly, with oscillations about the required curve elsewhere.
The procedure followed here is to use the series to calculate ordinates
at the 100 locations, and a smooth curve is then drawn through the
calculated ordinates. Refs. 7 and 8 have been found of value for the
evaluation of integrals occurring in the following sections.

Numerical examples, where given, refer to nonmagnetostrictive 80/20
NiFe films. The films are finely polyerystalline and are characterized
by a uniaxial anistropy. The easy direction is taken to be circumferen-
tial in the cylindrical film case.

III. NONUNIFORM HARD AXIS FIELD

This case has been discussed previously® but is included here briefly
for completeness. Let = represent distance along the film hard direc-
tion, M is the value of saturation magnetization, T’ the film thickness,
K the anisotropy constant and 6(z) the angle which the direction of
magnetization (at x) makes with the film easy anisotropy direction.
We now assume that the applied field H (z) may be adequately repre-
sented over a range —\/2 to +A/2 by the series

H(z) = g h. exp (2rinz/\) )

and that the resulting hard direction component of magnetization
M (x) may be similarly represented,

M@ = M S m, exp @ring/\). @)

The distribution M (x) gives rise to a local (positive) pole density at
location (X, Y) of amount —div M(X, ¥). This gives rise to a field
dH at (x, y) distance R from (X, Y) given by

dH(z, y) = —div M(X, y).<%§).@)(é>
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Fig. 1—A divergence of magnetization at (X,V) gives rise to a field dH at
(z, y). The z direction is taken to coincide with the film hard (anisotropv) direc-
tion. Under no applied field the direction of magnetization lies along the ¥, or
easy, direction.

where dH is parallel to R, as in Fig. 1. Since the only variation of mag-
netization is along the z direction, variation with thickness being ne-
glected, then div M reduces to dM (X)/dx where M (X) is the x direction
component of M, at X.

The field dH has both easy and hard direction components, however,
symmetry ensures that the resultant field H,,(z), obtained by integrating
over the film volume, lies along the hard direction. Then, we find, for a
flat film

H,,.(x)=—fw fw aMX) @ —X) yx gy T, 3)

Y=—0 YX=—c0 dx R

where T is the film thickness. Substituting R = [(z—X)? + (y—Y)2]?
and integrating over Y we have

aM(X) 1
Ho(z) = —2T f R oax
Now substituting for M (X) in terms of the Fourier series, we have

Hoa(@) = +2TM f ) "_z_;w (27””) exp fwm}? M gy

and evaluating the integral,

H,.(x) = i a,m, exp (2rinz/N), 4)
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where o, = 4x*TMn/A, n > 0, and @, = a,. A similar result holds for
cylindrical films having a circumferential easy direction, where  now
refers to distance along the cylinder axis. In this case, we find

a, = 4xM(T/a)(2mna/\)’Io(2rna/ K (2rna/N),

where a is the cylinder radius and Iy, K, are modified Bessel functions.

The local rotation #(z) of magnetization away from the easy direc-
tion due to the applied field is determined by balancing the torque due
to the applied field against the torques due to anisotropy and the
demagnetizing field

2K sin 6(x) cos 8(z) + MH ,(x) cos 6(z) = MH(x) cos 6(x), all z. (5)

We note that sin 8(z) = M (z) /M, and providing cos 8(z) = 0, we
may rewrite (5) as

2K M() _

LA 4 H@) = H). ©)

If the field is sufficiently large that §(x) becomes equal to =/2 then the

film is said to have saturated (at ) and the torque equation (5) is

replaced by M (x) = M. In the nonsaturating case the series represen-
tations (1), (2), (4) are now substituted in (6) giving

Hy D m, exp Crinz/N) + X axm, exp (2rinz/)\)

= > h, exp (2minz/N),
where Hr = 2K/M. Equating coefficients of corresponding terms gives
the result,

My = hn/(HK + an)o
Hence, the series for the M (x) distribution may be obtained in terms

of the coefficients of the applied field and geometrical parameters a,
which automatically take into account the demagnetizing field,

M@) = M i BK—Z—J exp (ming/\). %

As an example, we consider a wire at distance d from a flat film,
lying parallel to the film easy direction. A current I along the wire
produces a hard direction field component given by H(z) =
CdI/(d*+a*), where the origin for x is taken directly beneath the wire,
and C is a calibration constant whose value depends on the units used,
(C = 78.8 for d and z in mil inches, I in amperes, H in oersteds). It is
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next assumed that the field is repeated at intervals A along the hard
direction in such a way that the field over one wavelength is given by

Cdl A A
—_ —_——<< < —.
&+ 2="=9
To determine the Fourier coefficients we proceed in the usual way, and
find that for A sufficiently large H (z) is given to a good approximation

by the cosine series,

H(x) =

H(zx) = Q% + ~—2(’;\I7r e 2" cos 2mnx/\.
n=1

Substituting into (7) we have

CIM#x , 2CIMr & ¢ 2™

If such a drive wire arrangement is used to apply a field to a
cylindrical film, there is some variation in axial field strength across
the cylinder. In many ecases of interest, the cylinder diameter is
small compared with axial dimensions and there is very tight magneto-
static coupling around the circumference. We therefore take the ef-
fective axial field as that applied along the wire axis, a reasonable
approximation for many cases. The result (8a) then applies to the
cylindrical film case provided «, is given the appropriate value.

When a field is applied by a circular loop of radius d around the
film (of radius a), it may be shown that the axial field at the surface
is given by the series, for A sufficiently large,

CI 2 2 2rnd 2 2
e, ) = F 4 2le 3 200 g (0)1,(222) cos 22

where Kj, I, are modified Bessel functions. The field is defined over
—A/2 to +A/2 and d > a. The axial component of magnetization in
a cylinder excited by such a field is then,

2mnd K (27md> 7 (21rna> . 2mrnx
CIMx | 20TMx 5~ 2 T\ 2 /N ) SR

M(x) = >\HK + )\ n=1 HK + 229

Similar results may be derived for fields applied by more complicated
drive wire or drive strap arrangements. It can be noted that the effect
of superimposing several applied fields results simply in superimposing
the magnetization distributions obtained for the fields separately.
Hence, one approach to designing a magnetization distribution of a re-
quired shape is to approximate the shape by superimposing a set of

cos 2mnz/\. (8a)

(8b)
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known distributions. Many distributions of practical interest may be
described by a cosine series and discussion in the following sections is,
for clarity, limited to the cosine rather than the full series. Results for
the full series may be readily derived, if required.

Fig. 2(a) to (f) shows the relative fall off in applied field H ()
and in axial magnetization component M (z) for a range of drive
strap geometries. The plots are for a 1 pm thick cylindrical permalloy
film of 5.0 mil diameter. Curves a, b, ¢, d correspond to drive strap
half widths of 1.0, 5.0, 10.0, 20.0 mils, respectively. In Fig. 2(a),
(b) the distance between drive strap (or return strap) and film axis
is 3.5 mils. Fig. 2(¢), (d) and (e), (f) correspond, respectively, to a
distance of 5.0 and 10.0 mils. It can be noted that the magnetization
distributions extend to a considerable distance and do not vary as
strongly as the applied field. The fields of Fig. 2(a), (c), (e) are
shown to normalized scale, however, the peak field or drive current
required to just saturate the axial component at x = 0 varies signifi-
cantly with geometry, and is shown in Fig. 3.

In a plated wire memory, the local state of a region of film may be
assigned as positive or negative depending on the remanent circum-
ferential component of magnetization. To read out the circumferen-
tial component in a nondestructive manner, a local axial field is
applied by a drive strap surrounding the wire at the location of in-
terest, and the signal appearing across the ends of the plated wire
is measured. The signal is due to the circumferential flux change
integrated along the wire (neglecting capacitive or other emfs). The
circumferential component distribution is obtained simply from the
axial component using the relation, M (circumferential) = (M2 — M
(axial)?)?, The total area under this curve is proportional to the signal
obtained when the circumferential component has been set completely
into one direction. It is convenient to equate the integrated circum-
ferential component to an equivalent length of film that has every-
where a 90° rotation of magnetization. Fig. 4 shows the equivalent
lengths of film for the curves of Fig. 2.

If now a locally reversed region is established and the readout field
applied again, the signal will have decreased, since the reversed region
contributes to the signal with reversed sign. It has been found previ-
ously® that the presence of a domain wall has little effect on the macro-
scopic magnetization distribution; hence, the curves of Fig. 2 may be
used to estimate the new signal. In this case, the area under the cir-
cumferential plot is taken negatively over the length of the reversed
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region and positively for the remainder. Fig. 5 shows curves of net
equivalent length versus width of reversed region. Curves a, and b
correspond to strap half width of 1.0 mil but half separations of 3.5
and 5.0 mils, respectively. Curves ¢ and d correspond to strap half
width of 10.0 mils, and half separations of 5.0 and 10.0 mils, respee-
tively.

IV. NONUNIFORM FIELDS LARGE ENOUGH TO PRODUCE LOCAL SATURATION

When the local effective field reaches the value Hj then the loecal
magnetization rotation has the value =/2; hence, M (z) = M, the
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Fig. 2 — The curves denoted a, b, ¢, d refer, respectively, to a parallel drive strap
arrangement of half widths 1.0, 5.0, 10.0, and 20.0 mils. (a) and (b) correspond
to a strap-to-film axis distance of 35 mlls, (¢) and (d) correspond to 5.0 mils and
(e) and (f) to 10.0 mils. (a), (c) and (e) give to normalized scale the field
H(z)/H(0) applied along the axis of a 5.0 mil diameter, lum thick cylindrical
permalloy film with Hx = 3.0. (b), (d), and (f) show the resulting axial mag-
nﬁtléaftll(ig components M (z)/M due to the actual (i.e., non-normalized) ap-
plied field.

saturation value. A further increase in the field cannot therefore, pro-
duce any further increase in M (x) and it is necessary to modify the
preceding discussion to take the effect of saturation into account.

We assume that the magnetization distribution is monotonie, and
the width of the saturated region is specified at the outset. The cur-
rent required to produce this degree of saturation may then be found
for a given drive strap geometry, and the resulting magnetization dis-
tribution is calculated. This somewhat arbitrary procedure renders

the problem tractable.
If the film has saturated over a region —R = x = R then the
material within this region has M(x) = M a constant; hence,

dM (z) /dx vanishes within this region. It is convenient to introduce a
modifying function S(z), having period A, that is zero over the range
—R =z = R, but is otherwise unity. The product S(z)dM (z)/dz
then has the property of being zero over —R = z = R but is otherwise
equal to dM (x) /dz. By introducing this product into the integral for
the demagnetizing field in place of dM (z)/dx, we have effectively
modified the integral without changing the limits of integration. Let



1536 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1967

¢

0.7

o
@

N\

/
"

STRAP-TO-FILM
AXIS DISTANCE

o
ES

CURRENT IN STRAP, AMPS
od
n

03 | |
5 10 15 20
HALF WIDTH OF STRAP, MILS

(o)

Fig. 3— Current in drive strap required to just saturate the film of Fig. 2 at
z = 0, for the several drive strap geometries of Fig. 2.

H (z) and M (z) be represented by the finite series
N N
H(z) = X h, cos 2wnz/\, M) = M Y m, cos 2rnx/\,
0 0
also let S(z) be represented by a cosine series, then

S(x) = D s, cos 2rnz/\,

n=0

where for the required step function

_ _ _4R (sin 27rnR/)\>
—L-erm, s (IR o,

Differentiating the series for M (x), we have

dM (x) _2zM
dx A

Z nm, sin 2rna/\.

Then the produet may be written,

S(z) dM(x) —% E > smm, cos 2mjxe/\ sin 2rnz/\
i=0 n=0
M & & .
= - > > smma(sin 20 (f + n)x/N — sin 2n(j — n)z/N).

N &

=)

n=0
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This represents a series of the form Ay + Ajsin 2z2/A + ... and we
may rearrange by grouping the coefficients to obtain

aM M <
S(x) —O—Z—ix—) = —T—)\— ; DS,M,,

M & Y . .

~ N I::L;l (Sip=nl — Spin + soo,,)pm,,:l sin 2rna/\,
where 8 = 1 when p = n, but is otherwise zero, and the series for S(z)
is terminated for subscripts greater than 2N. Using this final series in
place of the series for dM (z) /dz in the integral (3) for the demagnetizing
field we obtain,

N N
Hm(x) = E {2]’;71 E (sln—pl = Satp T So 52)1”"1:}% CoS 271’71&3/)\, (9)
n=1 =1
where the «, have the values caleculated previously for the nonsaturat-
ing case. There are now several conditions that the magnetization dis-
tribution must satisfy: it has the value M(z) = M over the range
—R = z £ R and satisfies the torque equation (6) outside this range,
and finally, the amplitude of the applied field is such that M (x)
determined from (6) has also the value M at + = =4R. The required
field value is given by the calculation for any particular drive strap

40
2 /
>3 y _A
>4
g % / 5.0 /
i - /
(I
° K
I
g 20f———F= 4
p4
1

4 " STRAP-TO-FILM
- AXIS DISTANCE
é 10
£
2
o
w

0

o 5 0 5 Z0

HALF WIDTH OF STRAP, MILS

Fig. 4 — The change in circumferential component of magnetization averaged
along the film is proportional to the signal obtained during readout. This is ex-
pressed in terms of equivalent length of film that would produce the same signal
when uniformly excited to saturation. The plots are derived from the axial com-
ponent distributions of Fig. 2.
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configuration. We now substitute the series (1), (2), and (9) into
the torque equation (6) and gathering coefficients, we obtain,

Hymy = hy for n =0
and the set of N equations,’
N
Him, + z;l % (Sin=pi — Sasp)My, + 82—°a,,m,. = R, ,

n=1,2 ---,N. (10

These N equations constitute a set of linear simultaneous equations in
the N unknown coefficients m,. These equations may be expressed,

chﬂmv=hn7 n=172:"';N;
p=1
30
20
"
=
2N
~ 10
T
=
0
z
i
- \
E o
& N
g
s
5
& -10 =~
up: \\&\ a
Z \ ——
—D2_|
-20 c
——C_|
\d
-30
(o} 20 40 60 80 100

WIDTH OF REVERSED REGION, MILS

Fig. 5 — Change in net equivalent length of film (proportional to output signal
during NDRO), versus width of reversed domain established beneath drive strap.
Curves a, b refer to strap half width of 1.0 mils, and strap to film axis distances of
3.5 and 5.0 mils, respectively. Curves ¢ and d refer to strap half width of 10.0 mils
and strap to film axis distances of 5.0 and 10.0 mils, respectively. The curves are
derived from the axial distributions of Fig. 2.
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Fig. 6 — (a) Theoretical curve and experimental points taken with the Kerr

effect probe® for a saturated cylindrical film. The broken curve shows the relative
fall off of the axial applied field. (b) The field is applied by a parallel drive wire
1.14 A.

arrangement shown in cross section. The current I applied in the drive wires is

where the c,, are given by

_ P2
Cnw = {Qn

(s[n—pl - sn+p) + (82_0 xy, + HK>6:}'

Such a set of equations may be conveniently inverted by computer

for any particular case giving the m, coefficients in terms of the &,’s.
Since the m, and &, coefficients are linearly related, a scale factor, e.g.,
current in drive strap, is applied to H(z) to ensure that the distribu-
tion has a value M at z

= #R. The resulting series indicates a non-
uniform distribution for A/ (x) within the range —R < 2 < R, but, by
the action of S(z), this produces no demagnetizing field and therefore
does not influence the distribution obtained outside the range. The

value of M (z) is therefore set equal to M inside the saturation range.
The plot obtained within this range reflects instead the value of
(H - H,)/Hg.

Fig. 6(a) shows a plot of the axial magnetization distribution where
the film has saturated over a length of 30 mils, for a cylindrical film
of 5.2 mil diameter, 0.69um thickness and Hr = 3.1 Oe. The broken

1539
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Iig. 7— Axial component of magnetization for the cylindrical film of Fig. 6
when driven to different degrees of saturation.

curve of Fig. 6(a) shows a normalized plot of the applied field. The
field is applied by a drive wire, and the separation between drive and
return wire is 20 mils as shown in 6(b). The calculation indicates a
current of 1.14 amps to produce this degree of saturation. The points
represent measurements made previously® using the Kerr Effect probe.

Fig. 7 shows the axial magnetization component for the geometry
of Fig. 6 where the film has saturated to widths of 0, 10, 20, 30, 40 mils.
The applied field is shown in Fig. 8, curve a, versus width of saturated
region produced by the field. Curve b is for a drive strap of half width
10 mils and strap to film axis distance of 10 mils. The shape of the
curve does not appear to vary markedly with drive strap geometry.
It can be noted that little increase in current is required to extend the
saturated region from 1 to 10 mils, but that saturation to greater
widths requires increasingly larger currents.

V. FILM THICKNESS VARIATION

Now let T'(x) be the variable film thickness and assume that T (x)
and H (z) have the same periodic distance A, then we may write

T(x) = i t, cos (2rnzx/N).
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In the thin film approximation, magnetization variations within the
thickness of the film are neglected and demagnetizing fields are cal-
culated from the net pole density per unit area of film. To take into ac-
count a variation in thickness we take the product 7T (x)M (x) as the
total magnetization component in the hard direction and evidently the
pole density is then given by — (d/dz) [T (z) M (z)].

Taking the product of the series, we obtain

M ut
T@)M(zx) = 5 \tomo + > t,m,

p=0

+ 22 2om[(taen + tiaem) + £57] cOS zrnx/x},

n=1 p=0
hence, replacing M (x) by T(z)M (x) in (3), the demagnetizing field
is given by

N N

Ho@) = 2% > Myltarn + bincer + 1007) cos 2mnaz/x,  (11)

n=0 2 p=0

1.75

/
/
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o
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CURRENT IN DRIVE STRAP, A
o T
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Fig. 8—Current required to produce a given width of saturated region along
a cylindrical film of radius 2.6 mils, thickness 0.69um, Hx = 3.1 Oe. Curve a is for
the arrangement of Fig. 6. Curve b is for a parallel conductor drive strap of width
20 mils situated at =10 mils from the film axis.
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where 8, = 1 when n = p but is otherwise zero. Substituting into the
torque equation (6), and equating coefficients we have finally

Himy = hq

and

Y Q.

2 [2— (tusp + binopi + 1o87) + HKBZ:Im,. =h, n=12--,N
ie.,

N

a” P Y4

> 5" (turp + tinep + 680 + Hxd® |m, = by — cutiho/Hx . (12)
=1

This last expression represents a set of linear simultaneous equations
which may be solved numerically to give the coefficients m,, in terms
of t, and h,. The calculation, when applied to the case of a flat film
strip having an ellipsoidal cross section along the hard direction, sub-
jeet to a uniform field, predicts a uniform demagnetizing field of
magnitude very close to that indicated by the tables of Osborne® based
on the solution of Maxwell’s equation for the general cllipsoid. Fig. 9
shows the magnetization distribution near an edge of a uniform thick-
ness (0.22 pm) flat film with Hr = 2.62 Oe. The points represent data
taken with the Kerr effect probe.

R E——

0.8 °
M(x) /
™ (o)

0.6
Hyk =2.620¢€
T=o0.22um
UNIFORM FIELD
0.4
0.2
[ 20 40 60 80

X, MILS FROM EDGE OF FILM

Fig. 9 — Magnetization component near the edge of a flat film of thickness
0.22um, and Hr = 262 Oe. The applied field is uniform and equal to Hx. The
edge runs parallel to the film easy direction. The points show measurcments
taken with the Kerr effect probe.
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Fig. 10— Axial magnetization component for cylindrical film segments of differing
length due to the field from a parallel wire drive strap at distance 4=7.5 mils from
film axis. Curves a, b, and ¢ refer to segments of length 40, 80, 160 mils, respectively.
d refers to a continuous film. The current in the drive wire is 0.5 A. (b) shows a
cross section of the drive wire arrangement.

Fig. 10 shows, for comparison the magnetization distribution for a
nonsaturating hard direction field applied to 5.2 mil diameter cylindri-
cal film segments of differing lengths, but uniform thickness of 0.7um,
and Hy = 3.0. The field is applied by a parallel drive wire arrangement
of separation 15 mils. Finally, Fig. 11 shows the axial magnetization
distribution for a uniform field applied to a cylindrical film having a
circumferential cut. Film radius is 2.6 mils, thickness is 1.0 pm and Hy
= 3.0 Oe. It is to be noted that the present technique has a spatial
resolution limited both by the number of terms of the series that can
be retained for computation, and by the basic limitation that exchange
forces are neglected. We cannot, therefore, expect to obtain detail of
magnetic behavior very close to an edge, for example, or for an ex-
tremely narrow scratch.

VI. ANISOTROPY MAGNITUDE VARIATION

Let us assume that the anisotropy econstant is represented by a
cosine series, i.e.,

K@) = >k, cos 2rnz/\.
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Fig. 11 — Plot of axial magnetization component for a 5.2 mil diameter cylindri-
cal film with a circumferential gap. The curves show the result for a 4 mil, 6 mil
and wide gap. The axial applied field is uniform and equal to 3.0 oc. Film thickness
18 1.0um and Hx = 3.0 Oe.

Then substituting into the torque equation (6), and gathering terms
we find

N
> 2 Gk, + kotf)m, = ho (13)

p=0

and

N
Z {—ﬂl—l (kn+z7 + kln—pl + IC()B:) + apa;‘},]np —_ h” ,

=0

n=1,2--,N. (14

Together these equations represent N 4 1 linear simultaneous equations
in N + 1 unknown coefficients m, , and may be solved by computer.
This calculation may be used for example to find the local behavior of M
at the junction between two regions with differing anisotropy constants,
or to find the effective permeability of a film having some systematic
variation in anisotropy constant. A simplified discussion of this latter
problem has been given previously.'® Fig. 12 shows the effect of using a
high Hy buffer region surrounding a normal Hx section of film. Curve a
shows the distribution for a uniform wire with Hx = 3.0, b shows the
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modification when H is increased to a value Hy = 15 for all distances
beyond x = 10 mils and ¢ shows the result when Hy is further increased
to 30 oe in the buffer region. The effectiveness of the high Hj buffer
region in sharpening the distribution can be noted. This is achieved,
however, at the expense of greater current required to just saturate at
x = 0. For curves a, b, ¢ the currents are 0.50, 0.79, and 0.93 A, re-
spectively. I'ig. 12(b) shows a cross section of the parallel conductor
drive strap arrangement.

VII. FIELD EXTERNAL TO FILM

Combs and Wujek!! have calculated the field external to a thin film
rectangular slab assuming a pole distribution concentrated at the
edges of the slab. We now calculate the field external to a continuous
film subject to various applied field conditions where the details of the
effective pole distribution form the essential part of the problem. The
results of previous sections may be adapted to find the field external
to films which have a hard axis variation in thickness or anisotropy

10 1 I I

25
<o >
"X MILS
}\ 1 &1{5.2
0.8 _v. MILS
(b)
0.6 l {
Miz) (a)
M Hk=3.00e T=1oum
0.4 \ a b c ]
a I =05 079 093 A
c k Hka= 3 15 30 Oe
* \ \
Hk HKZ\\\ I
D e s
0

20 40 60 80 100 120
X, MILS ALONG WIRE

Fig. 12— (a) Effect of high Hx buffer region surrounding a normal Hx section of
cylindrical film. Curve a shows the magnetization component for a uniform
film with Hg = 3.0. Curves b and ¢ show the result when Hx is increased to 15 and
30 Oe, respectively for distances greater than 10 mils to either side of the drive
strap centerline. (b) Details of drive strap arrangement. The currents required to
just saturate the film at x — 0 are 0.5, 0.79, and 0.93 A for the cases a, b, and ¢,
respectively.
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but these cases are not considered in detail here. Consider the field at
some distance d from the surface of a flat film and at distance x
along the hard axis. The external field H,, parallel to the film due to
the distribution of poles over the film surface may be found by evalu-
ating the integral

WD, — xyaxav T
Hmc(x d) f f [dz + Yz + (X x)2]§ * (15)
Substituting for M (x) and performing the integration we find

2 0
H,.(z,d) = —%I—T > nme” 2™ cos 2mnz/\. (16a)
n=1

This is the external field parallel to the plane of the film given as a
function of distance d from the film. For a eylindrical film the result is

0 2
H,(x,d) = —4zaTM Y. (g’;ﬂ> Ko(2mnd/N)
n=1

I,(2rna/N)m, cos 2mnx/\, (16b)
where a is the eylinder radius, and d is the distance from cylinder axis
to the location at which the axial component of field is measured,

(d > a). The field inside the cylinder may be similarly derived, the
result is

H,.(z,d) = —4zaTM Z ( ) K, (2rna/NI(2rnd/\m, cos 2rnx/\,

where now d < a. Along the cylinder axis I,(0) = 1. Fig. 13 shows a
plot of the axial component of the demagnetizing field for several values
of distance from film axis. The cylindrical film is assumed to have a
diameter of 5.2 mils, Hx = 3.0 Oe, thickness is 1.0um, and is excited by
a one turn loop of radius 7.5 mils.

The flux coupling a parallel wire loop parallel to a flat film surface
and to the film easy direction with the conductors at =D from the
surface may now be found. The flux F per unit length of the parallel
conductor loop is then

D
F=daM@T =2 [ Hofa,2) dz.
0
Substituting for H,. and rearranging, we find

N
F = 4aMT ) m.e*™"" cos 2rnz/A. 17)

n=0
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Fig. 13— External axial component of field due to the distribution of mag-
netization along a cylindrical film. (The field due to the drive strap is not in-
cluded.) The field is plotted along lines parallel to the film axis, at several dis-
tances from the axis. The film has a thickness of lum, Hx = 3.0 Oe, diameter
5.2 mils, and is subject to the field from a one turn circular loop of diameter 15
mils. Curves a, b, and ¢ refer to distances of 2.6, 5.0, and 10 mils from the axis,
respectively.

If the magnetization distribution is due to the field from a parallel
wire loop with conductors at ==d from the film surface, then using ex-
pression (8a), we have

F(z) _ =CIM i 2nCIM e 2™ P cos 2mna/\
47I'T )\HK )\ HK + ay

(18a)

It can be noted that F(x)/4xT is formally equivalent to the magneti-
zation component in the film at the plane of the loop due to a current
I in a loop with conductors at &(D + d) from the film. The mutual
inductance between two loops (not necessarily enclosing the film) may
then be found directly from the above results.

The flux linkage between the film and drive loop is obtained by set-
ting x = 0 and D = d. A current I in the loop gives rise to a magneti-
zation component M (0, I, d) at = 0, and the flux linking the loop is
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given by M (0, I, 2d), using (18a). The fractional flux linkage is there-
fore M (0,1,2d)/M(0,1,d).
At x = 0, the expression (18a) may be evaluated in closed form; the
result is,
FO) 2IC
4T —  4xMT

Hence the fractional flux linkage (FFL) is

FFL = exp (ud)lB.(—2pd)/E.(— ud),
where p = 2Hg/4xMT and E; is the exponential integral. This is a
useful parameter which shows the degree of coupling between loop and
film, and is plotted in Fig. 14 as a function of d, for a flat film of thick-
ness 0.1um, Hy = 4.0 Qe.
The result for cylindrical films is more complicated. In this case it
can be shown that

F(x) _ 2CI=M
4T — A

2rn\? (21mD> <27ma> <27rnd) (21rna> 2rnx
aod<>\>K0 N I, X K, N I, N ) cos

5 :
q 4-MT (27rna>2 (27ma> (27ma>
Hg + a N K, X I, N

exp (2dH x/Ax MT)E ((—2dH /4= MT).

(18b)

o
®

N
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(o] 4 ; 1

d, MILS
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o

Fig. 14 —Fractional flux linkage between a flat film of thickness 0.lum, Hx
= 40 Oe, and a pair of parallel wire conductors as a function of distance from
film to the conductors. The parallel wire conductors serve as both drive and
sense windings.
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where the cylinder has radius a, thickness 7' and is exeited by the field
from a circular loop of radius d. F(x) gives the amount of flux picked
up by a loop of radius D at an axial distance z from the drive loop.

VIII. INTERACTION BETWEEN PARALLEL FILMS

Consider two plane parallel films (denoted 1 and 2) of thickness T
and 7" and anisotropy fields Hy and H}?, respectively, separated by a
distance w along a normal to the film’s surface. A nonuniform field is
applied along the (parallel) hard directions by a drive strap. Let the hard
direction fields be H(x) and H'(z). The field acting on film 1 due to the
distribution within film 2 we denote by H(z),, , and similarly the field
acting on 2 due to film 1 is H(x),, . These fields are taken to act along the
film’s common hard direction, and the films are assumed to be sufficiently
thin that fields normal to the surface have negligible effect.

The torque equation determining the local rotation of magnetization
within the two films may be written

Hgsin 0(x) = H(zx) + H,.(z) + Hi5(x), film1 (19)
Hisin 6'(x) = H'(x) + HL(z) + H;(x), {film 2. (20)
Let M (z), M’ (z) be the hard direction components of magnetization

in the two films, then from previous sections we have (assuming cosine
distributions)

H() = Y h, cos 2rnz/\
H'(z) > hl cos 2rnz/\
H,.(x) = —BT Y nm, cos2rnz/\, H,() = —BT" X nm/ cos 2rnz/A
H.(x) = —BT > nml exp (—2rnw/)\) cos 2rnz/\
Hy(x) = —BT > nm, exp (—2rnw/\) cos 2rnz/\,
where 8 = 4=2M /A. Noting that sin 6 (z) = M (z) /M and sin ¢’ (z) =

M’ (x) /M, we substitute the above series into the two torque equations
and equating coefficients, we obtain,

Hygm, = h, — fnT'm, — fnT’'m}, exp (—2rnw/ )\)}_
Him) = h} — gnT'm), — BnTm, exp (—2rnw/N)
Solving for m, and m/ , we have finally

- __ BnT"h; exp ( —27rnw/)\)]
i = [h" Hy + gnT’

_ _ BWTT exp (—47rnw/)\)]"
[HK + BnT 7+ pnT” @1

Il
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+ _ |, _ BnTh, exp (—27rnw/)\)]
m, = [hn H. + pnT

B8'n’*TT’ exp (—47rnw/)\)j|"1
Hy + BT - @)

These expressions can be compared with the results when the films are
present singly, i.e., at large separations,

Mo = (h)(Hx + BnT)™!
my, = (hi)(Hx + BnI")™".

Bvidently the calculation can be extended to a greater number of layers
and it is immaterial whether the drive fields are applied positively or
negatively provided the fields are appropriately assigned, that is, the
field may be generated by conductors located between or completely
to one side of the films. The equations relating the coefficients m, , m/,
may be concisely expressed in matrix form,

U5 ] =S ] - oo czmoml ST ] - 3]

(23)

The three matrix terms of the left-hand side represent in turn the effect
of anisotropy, demagnetizing field, and interaction between films. The
extension to three or more films is straightforward. Iig. 15 shows the
effect of flux closure between two films only 2 mils apart subjected to the
field from a drive wire sandwiched between them. The films have equal
thickness of 0.1 yum and anisotropy field Hx = 4.0 Oe. Since the fields are
applied in opposite directions in the two films the demagnetizing fields
tend to cancel and the magnetization distribution widths are smaller
than for similar films well spread apart. Curve a shows the coupled
distribution, and b shows the distribution with one film removed. The
current required to just saturate the films is 0.127 A, with one film re-
moved the current required rises to 0.170 A. With films of thickness
1000 3, separations of order a few mils are essential for this effect to be
appreciable.

We may use the results (21) and (22) to examine the effect of a keeper
layer. The action of the keeper is to modify the field applied to the film
and to provide some degree of flux closure. Consider the case of a flat
film situated between two drive wires, distance d from the film, with a
keeper layer distance w > d from the film. Let primed quantities refer
to the keeper, and unprimed refer to the film. The keeper typically has a

-[H% + fnl" —
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Fig. 15— (a) Effect of flux closure between two identical flat films, separated by
a distance of 2 mils. The field is applied by a single wire placed between the
films as shown in (b). The films have a thickness of 0.lum and Hx = 4.0 Oe.
Curve b shows the result when one of the films is removed. The current required
to just saturate the films at 2 = 0 now rises from the bifilm value 0.127 A to 0.170
A for a single film.

thickness of mils or tens of mils and hence 4z°MT"’/\ >> H}. for reason-
able values of M and X. Equation (21) then reduces to,

m, = [h, — b} exp (—27mnw/N))/[Hx + BnT(1 — exp (—4mnw/N)]. (24)

The field applied to the film in the absence of the keeper is H(z) = Y, h.,
-cos 2wnz/\, where for the present case

_2CI7r _40171'
oo DY

ho h, exp (—2xnd/N).

I is the current in the drive wires. The field applied to the keeper is
given by Z Al cos 2mnx/N where b} = 0,

_ 2CIr
A

Then, m, = 2CIzr/\Hx , and
m, = CI2x/N)[2 exp (—2mnd/N) — exp (—2rn2w + d)/N)
+ exp (—2mnQw — d)/N)/[Hx + AnT{1 — exp (—4mnw/N))]. (25)

hl {exp (—2mn(w -+ d)/N) — exp (—2mn(w — d)/N)]}.
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It can be noted that the terms in the numerator are equivalent to the
coefficients of the field due to the drive strap directly, and to images
of the drive straps, with the keeper as mirror. The image property of
the keeper layer is well known and has had considerable application
to the discussion of keepers, see, for example, Refs. 12 and 13. The
effect of the mutual interaction between keeper and filim is to modify
the a, factors (a, = BnT for a flat film) by a term 1 — exp (— 4=nw/A).
The influence of this term is two fold, (i) the spreading of the mag-
netization component is reduced and (%) the drive field required is
reduced.

Fig. 16 shows the effect of a keeper layer on the distribution in a
flat film of thickness 0.2um, Hy = 4.0 Oec. Field is supplied by a pair
of drive straps of width 10 mils carrying a current of 0.22 A, at a dis-
tance of 5 mils from the film. The keeper layer is taken to be 6 mils
from the film. Curve a shows the hard direction component in the
absence of the keeper, b shows the effect only of the image fields
due to the presence of the keeper, and ¢ shows the final result when
image fields and partial flux closure are taken into account.

1.0

C z %~ KEEPER

e~10-->] | EGMILS

N

: AR
a |
\\ ———Y (b)
06
\

\(a)

0.4 \

0.8

M(x)

Hk=4.0 Oe T=o0.2um
FOR CURVES a,b, ¢

I=0.22A
0.2 ‘\
\\
. \'\\“—
0 10 20 30 40 50 60

T, MILS

Fig. 16— (a) Effect of a keeper layer on the magnetization distribution in a flat
film of thickness 0.2um, Hx = 4.0 Oe. Field is applied by parallel drive straps of width
10 mils at =5 mils from the film. The keeper layer is taken to be 6 mils from the
film as shown in (b). Curve a shows the hard direction component in the absence
of the keeper, Curve b shows the effect of the image fields only when the keeper
is present, and Curve ¢ shows the final result when image fields and flux closure
are taken into account.
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The effects of a flat keeper layer on the response of a cylindrical
film are not amenable to calculation by the present method owing to
the mixed geometry.

The case of a cylindrical film with a concentric cylindrical keeper
is next considered. The discussion closely parallels that for flat films
and leads to a result analogous to (24), '

-1
IO<27ma> 7 (27rna> Kﬂ(ZamA)
, ) A\ A
n o~ | He Fan|l —
7 (QMA) 7 (27mA) Je (27ma>
DY L AP VARADY
where for cylindrical geometry o, = 4xM(T/a)(2mna/\)*I(2rna/\)
-K,(2rna/N). The field is applied by a loop (of radius d) around the
cylindrical film (of radius a), and &, , k! are the Fourier coefficients of
the field at the surface of the film and at the keeper (radius 4), respec-

tively. The axial field from a circular loop of radius d, at distance a from
the axis and » from the plane of the loop, is given by'*'*®

My = |hy — h

(26)

2

He, o) = O K@) + =52 59 o + o + 27,
where K and E are complete clliptic integrals of the first and second
kinds, respectively, and k* = 4da/[(a + d)* + 2?].

It can be noted that the effect of the keeper is to modify the applied
field and to reduce the demagnetizing field. Fig. 17 shows a practical
approximation to such a keeper geometry. Fig. 18 shows a plot of axial
magnetization component in a lpym thick permalloy film with Hy =
3.0 Oe plated on a 5.2 mil diameter wire, subject to the field from a one
turn circular loop of diameter 7.5 mils carrying a current 0.3 amps.

_KEEPER
-~~~ LAYER

S\ DRIVE
STRAP

“~CYLINDRICAL FILM

Fig. 17 — A possible practical approximation to a cylindrical keeper geometry.
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Fig. 18 — Effect of a cylindrical keeper layer on the axial magnetization dis-
tribution in a cylindrical film of thickness 1.0um, Hr = 3.0 oe, diameter 5.2 mils.
Field is applied by a one turn loop of radius 7.5 mils. Keeper radius is taken to
be 10 mils. Curve a shows the distribution with no keeper present, curve b shows
the effect of the keeper in modifying the applied field, and curve ¢ shows the final
result when field modification and flux closure are taken into account.

The keeper radius is taken to be 10 mils. Curve a shows the distribu-
tion with no keeper present, b shows the effect of field modification
alone when a keeper cylinder of diameter 20 mils is in place, and ¢
shows the final result when field modification and flux return are taken
into account.

IX. NONUNIFORM HARD DIRECTION FIELD IN PRESENCE OF EASY
DIRECTION BIAS FIELD

In this case the torque equation has to be modified to include the
easy direction field Hg (x), then
2K sin 6(z) cos 8(x) = M (H(z) — H ,.(x)) cos 8(x) — M Hy(x)sin 6(x). (27)
Providing cos 6 +~ 0, we may write,
Hysin 6(x) = H(z) — H,.(x) — Hg(x) tan 6(z), (28)

where Hr = 2K/M and it is assumed that Hjy is parallel to the easy
direction component of magnetization. It is convenient to represent
Hy(x) tan 6(z) by a series
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N
Hy(z) tan 6(x) = 2 d, cos 2rna/x.
n=0

Substituting into the torque equation (28), and gathering coefficients,
we have

Hgx + a)m, = hy—d,, n=0,1,2,---,N.
The coefficients d, are now complicated functions of the m,’s and this
equation cannot be solved directly. Instead we use an iterative proce-
dure as follows: H(x) is given a peak value insufficient to produce

saturation in the case Hy = 0 and then successive approximations are
found for the m, coefficients. In the first approximation we take

ho
HK + (249
tan 6(x) may now be found from sin §(x) = M (z) /M, and the Fourier

coefficients d,, of the product Hp(x) tan 8 (x), may be obtained. In the
next approximation, we take

m, =

1.0 I i I |
———
120 MILS
08J—N\ sef E 3
U
\\ (D) —— X
\ le--20 --»|
N 1
0.6 |
M) N\ @ Hy=3.0 Oe
' =troum
M I= 0.5'12,4 A
0.4 N BIAS FIELD = 1.0 Oe
\ \
b \
0.2 \ N
\
00 20 40 60 80 100 120

T, MILS

TFig. 19— (a) Axial magnetization component for a cylindrical film with
uniform easy direction bias field of 1.0 oe. The nonuniform hard direction field
is applied by the drive strap arrangement shown in (b). In curve a, the bias field
aids the rotation of magnetization for large z. A reverse domain is assumed to
have been written into a width 20 mils, for z < 10 mils therefore the bias field
opposes the rotation of magnetization. Curve b corresponds to zero bias field.
Curve ¢ corresponds to a reversal of bias field where it is assumed that the re-
versed region has been erased.
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h, — d
m, = q—n

B HK+an.

We now find, as before, new coefficients d, ; hence, new coefficients m,, ,
until the m, coefficients change by less than, say 5 percent per iteration.
The curves for H(z) and M(x) are then plotted. The whole procedure
may be repeated as necessary. The bias field may be a constant H or be
a step function changing from Hz to —Hy at some location z = R. The
step function corresponds to the case of a domain wall being present at
2 = R. The use of the step function provides a formal way of treating
the modification to the torque equation, due to H; and the easy com-
ponent of M being parallel for 2 < R, and antiparallel for z > R.

It is to be noted that the torque balance becomes unstable for certain
combinations of applied fields. The critical fields are related by [H (x) —
H,(x)]} + H} = H}, where it is assumed that Hj is antiparallel to the
easy direction component of M. This limitation does not apply when
Hy and the easy direction component of M are parallel.

Fig. 19 shows a typical axial magnetization distribution for a cylindri-
cal film, and corresponds to the procedure of ‘“writing’’ into a region of
film. A current in the plated wire produces a uniform easy direction bias
field of 1.0 oe and an external drive strap produces a nonuniform hard
direction field. The greater spread of the curve a compared with the
zero bias field distribution [shown by curve b] is due to the bias field
lowering the effective anisotropy to Hx — Hjy for rotations less than
about 40°. The attempt to “erase’” by reversing the bias field, curve
¢, raises the apparent anisotropy to Hx 4 Hy over much of the curve,
and hence the film response is generally reduced. In curve ¢ it is as-
sumed that the reversed region has been erased. It will be appreciated
that the present calculation assumes at the outset that a domain
wall has some given location. The resulting distribution must then
be inspected to decide whether the location chosen was appropriate
or even stable under the applied field. In a practical case, wall location
is affected by additional factors such as dispersion and creep, and is not
discussed further here. Experiments on flat films show that the reversed
region is not totally erased by simple reversal of bias field. Fig. 20(a) is a
Kerr effect picture showing a reverse domain of width 20 mils, written
in by a bias field of 1 Oe and a peak drive field of 5.0 Oe (11 mil strap,
10 mils from film). Fig. 20(b), shows the result of reapplying the fields
with reversed bias. Fig. 20(c) shows the result of first demagnetizing
the film into a fine domain structure, the width of the domain established
is now much wider. In this case, the effect of the bias field changing the
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(a)

(b)

FILM

(d)

== DRIVE STRAP

Fig. 20— (a) Kerr effect picture showing reversed domain (light) in a flat
film written in by an 11 mil drive strap situated 10 mils beneath the film. (b)
When bias field is reversed, the domain is not completely erased. (¢) Width of
domain written after first demagnetizing film with a large uniform hard axis
field. (d) Shows the drive strap arrangement to the same seale.

apparent anisotropy is much reduced, but the film now has an appre-
ciable remanent state; hence, significant hard direction local demag-
netizing fields exist in addition to the field introduced by the effect
of the external fields. The relevance of such considerations to domain
wall creep processes, under practical operating conditions, warrants
further study but is not pursued here.

X. CONCLUSION

Demagnetizing fields play an important role in the operation of
many thin magnetic film devices. The requirement of high packing
density as in a memory, leads to strong localization of induced changes
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in magnetization, and to correspondingly large demagnetizing fields
and drive currents.

In an open flux structure attempts to confine magnetization changes
by using segmented films or high anisotropy buffer regions are suc-
cessful only at the expense of a considerable increase in drive field
requirement. To some extent flux keeper layers may be used to modify
applied fields and to permit partial flux closure, with in consequence,
both a lowering of drive currents and a reduced spread in induced
magnetization component.

The method of calculation given here permits a detailed examina-
tion to be made of the effectiveness of such procedures, and has been
applied to a variety of thin film demagnetizing field problems. Kerr
effect probe measurements® are in good agreement with calculation
although relatively little data is at present available. The results have
particular applicability to eylindrical film problems, where axial varia-
tion of field or properties is of primary concern.
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Some Properties and Limitations of
Electronically Steerable Phased
Array Antennas*

By D. VARON and G. I. ZYSMAN
(Manuscript received April 4, 1967)

This paper is a treatment on linear and planar phased arrays of current
sources, whose amplitudes are uniform and scan-invariani. By recognition
that the radiation impedance of an array element is an analytic function
of a complex scan variable, a powerful mathemaiical tool becomes avail-
able for the investigation of some important properties of the tmpedance
as a function of scan. For example, it is proven that in a finite array the
impedance seen by such a scan-invariant current source cannot be per-
fectly maiched over a continuous scanning range using lossless, linear,
passive and time-invariant elements. This result ts extended to the infinite-
array case by treating the latter as a pericdic siructure, and assuming
that the Green's function of the unit cell is analytic with respect to the
scan variable. The theory includes both linear and planar arrays. Among
other results it is shown that the element impedance in an infinile array
must be of a specific mathematical form. It is hoped that by recognizing
the limitations imposed thereby, useful guidelines will be established for
achieving optimal match of an array inio space.

I. INTRODUCTION

The class of antennas widely known as phased arrays includes es-
sentially two types of radiators: stationary and steerable ones. The
first operates at fixed amplitude and fixed relative phase between the
array clements. Consequently, the antenna characteristics, such as ra-
diation pattern, input impedance, and mutual coupling between ele-
ments, remain unchanged during the entire operational lifetime of the
antenna. The steerable antenna is characterized by time varying ex-

*This work was supported by the U. S. Army under contract DA-30-069-
AMC-333(Y).
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citation. The relative phase between adjacent elements is varied either
mechanically or electronically to bring about a variation in the orien-
tation of the beam. In most instances scanned arrays are large in size
and may contain several thousand elements. Their illumination has a
linear phase taper. As a result the antenna characteristics become scan
dependent. The relationship between scan angle and various param-
eters of interest such as gain, element impedance, and mutual coupling
between elements have been the subject of intense investigation in re-
cent, years.» 2 One particular direction has been towards improvement
of the impedance match over wide scanning ranges.* At present the
merit of a matching technique can be determined only relatively to
other techniques. To the best of the authors’ knowledge an absolute
mathematical criterion, based on physical realizability requirements,
has not been formulated. Some investigators®® claim that a perfect
match of an infinite array for all scan angles (at which the active im-
pedance is not infinite, zero or purely reactive) can be achieved by an
infinite set of interconnecting network elements. However, the proof
is based on the assumption that the scan-dependent equivalent load
impedance at the array-space interface remains unchanged after the
sources have been interconnected by coupling elements. Although this
assumption has been successfully applied® ® to improve the matching
capability of an infinite array, it is incorrect to use it in a perfect
matching scheme.

In this paper a new mathematical approach to phased array anal-
ysis is presented. The model for the analysis is a phased array of ideal
current sources (electric or magnetic) of scan-invariant uniform am-
plitude. This model is further discussed in Section II. The analysis
itself is based on the general laws of antenna theory and on those
properties which are common to all phased arrays represented by the
model.

The first part of the theory is devoted to finite arrays and is treated
in Section IIT. The starting point of the theory is a theorem which
establishes that the radiation impedance of an element in a finite array
is an analytic function of the scan angle. Further, it is shown that an
element in a linear or planar phased array cannot be perfectly matched
over a continuous scanning range by using lossless, linear, passive and
time-invariant elements. Then it is demonstrated that the directions
in space of the beams’ maxima are eigenvalues of a Laplacian differ-
ential operator with periodic boundary conditions which are related to
the phase taper of the array, and several useful properties of those
eigenvalues are derived.
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The second part of the theory appears in Section IV and is devoted
to infinite arrays, which play an important role in the analysis of large
phased arrays. The investigation is based on a transformation between
the scan angle and a complex variable s = « -+ j8, which can be in-
terpreted on 0 < o £ 1, 8 = 0 as the trigonometric sine function of the
angle between the plane of the array and the direction in which a chosen
grating lobe propagates. It is subsequently shown that the element
impedance, as a function of s, is restricted to a specific mathematical
form. Recognition of the limitations imposed thereby may provide new
insight into the behavior of such arrays.

II. PRELIMINARY REMARKS

The model chosen for the following treatment is a linear or planar
phased array excited by a set of ideal current generators of uniform
amplitude and linear phase taper. The description ideal implies that
the sources have no internal impedance and are invariant under any
loading. This means that except for the relative phasing between con-
tiguous generators the currents are scan independent. Frequently in
antenna analysis induced currents are replaced by equivalent sources
by application of the equivalence principle.® Such currents are not part
of the sources. The induced currents are accounted for automatically
by fulfillment of the requirement that the tangential component of
the electric field has to vanish on all conductors. In general, the source-
current amplitude in each element of the array may be a function of
scan. However, this dependence is generally unknown and is often
neglected in theoretical work. The types of excitations commonly used
are the “free excitation” and “forced excitation”.* The first assumes a
generator with a secan-invariant internal impedance which is capable of
delivering scan-invariant incident power. In the latter a constant termi-
nal voltage or current is maintained. As pointed out by Oliner and
Malech free excitation is easier to realize in high-frequency technology
than forced excitation. The latter, however, is more tractable here.
The results of this study remain valid for scan-dependent excitation
as well, provided the current density of the source is a smoothly vary-
ing function of scan angle and can be analytically continued into a
complex scan-angle plane.

Under the assumption that the array is excited by a uniform ampli-
tude and a linear phase taper, the current density excitation function

* A, A. Oliner and R. G. Malech, Ref., 1, pp. 209-211.
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of an M-element linear array (Fig. 1) is given by

Jolx — ma, y, 2)e'™?, ma £z = (m+ Da,

J, y,2, ¥ = m=0,1,---, M — 1, W

0 otherwise

and that of an M X N element planar array of rectangular symmetry
(Fig. 2) is given by

Jolx — ma, y — nb, 2)e’ Y=Y

ma £z = (m+ a,

nb £y = (n+ b,
m=20,1,2,---,M — 1,

0,1,2,---,N — 1,

Iy, 2, 0 ) = S @)

n

10 otherwise.

The above currents can be either electric or magnetic the latter being
regarded as equivalent to ideal electric voltage sources.

Note that the spherical coordinate systems in Fig. 1 and 2 differ
from those commonly used in phased array analysis. The poles are
located at endfire instead of broadside and the ranges of colatitude and
azimuth are such that the upper hemisphere is spanned by 0 < 6 < ,
0 = ¢ < w. This convention is chosen for reasons of mathematical
convenience. The results derived in Section IIT are valid for linear
as well as planar arrays. The inclusion of both cases in a single
treatment is facilitated by a generalized notation for the current
density excitation function. The steering phases my and my, +
ny, are replaced by an equivalent “steering coefficient” o¢,.(¢,,) in
the plane of scan oriented at azimuth angle ¢,, . The steering coefficient

...Joe—jZ!P JO;-J-./, o Joej,p. Joejsz...

Tig. 1 — Linear phased array.
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Fig. 2—Planar phased array.
is derived by its relationship to the direction of a beam’s maximum,
which is determined for linear arrays by the equation
V¥ + 2pr = ka cos 6, p=0,=+1,+2, .-+ £ 3)
and for planar arrays by
V. + 2pr = ka cos 6,, oS ¢, p=0,=x1, £2, .-+ & = (4a)
¥, 4 2¢r = kb cos 6,, sin ¢, qg=0, %1, £2, --- & =, (4b)

where k is the wave number in the medium, and 6,, is as shown in Fig.
1 and 2. The steering coefficient is then defined by

Cmn@pe) = k(ma cos ¢,, -+ nb sin ¢,,)
p,q=0,=xl, &2, -+ & «, (5)

Equations (1) and (2) can now be written as
(Jo@ — ma, y — b, 2) exp (jom cOS 6,4),
mae £z = (m 4+ a,
nb <y = (n+ 1D,
m=20,1,--+,M — 1,
n=20,1,--+-,N—1,

J(xv Y, %, 0pq) = J (6)

0 otherwise

at ¢,, = const.
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Under the above generalization the excitation function for the
linear array becomes a special case, ¢ = 0, N = 1, ¢,, = 0, and the
period in the y-direction extends from — « to =+ «; or alternatively
p =0, M =1, ¢, = w/2 and the period in the z-direction extending
from — o« to -4 . Since the phase constant exp {jo,.(¢n) €Os O}
is independent of (p, ¢), any 6,, may be chosen as the independent
variable of scan. The subscript pq will henceforth be omitted whenever
the mathematical expressions are independent of (p, q).

The time dependence e¢’®‘ is assumed throughout the analysis. In
a steerable array the phase taper is time dependent. However, it is
understood that the rate of change of the phase taper is very small
in comparison to the angular frequency, i.e., d¢/di < w, since only
under that condition do the classical concepts of directivity and radia-
tion impedance remain meaningful. If ¥(f) is a step function it is as-
sumed that the time interval is long enough to allow all transients
to reach negligible values before a new step is initiated.

The formal solution of the array problem is obtained from Max-
well’s Equations via a vector potential A(z, y, 2, 6) which is a solution
of the inhomogeneous reduced wave equation

VZA + kZA = —“J(xy Y, %, 0)) (7)

where u is the permeability of the medium. The magnetic field is given by
H= VXA, (82)

and the electric field (under Lorentz gauge) by
E - —jw(A o vv-A). (8h)

The solution to (7) over infinite space V can be written in closed
form in terms of a dyadic Green’s function”

A(CE, Y, 2, 0) = F/;é(x’ Y, 2 IE, n, g‘)J(E: m, f-, 6) dfdﬂ d§', (9)

where G(z, y, 2 | £, », ¢) is a solution of
PG, G | 0G| e g s s
py + ayz + Py + kg = —Iéx £é(y )8z ), (10

1 being the unit dyadic a,a, + a,a, + a.a,. The boundary conditions
which G has to satisfy are derivable via the Vector Green’s Theorem*

* P, M. Morse and H. Feshbach, Ref. 7, p. 1767.
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by imposition of the requirement that the tangential component of
the electrie field has to vanish on all conductors. This guarantees that
all induced currents are accurately determined.

It can be shown® that the average complex power delivered by the
mnth element in the array is

P, = —% E-J, d, (11)

Vin

where

J"m(xr y,z, 0) = J(a:r yy 2, 0)1
ma = ¢ = (m+ Da, b2y s+ Db (12

the asterisk (*) denotes complex conjugate, and V., is a simply con-
nected volume occupied by J,... If S,.. is a surface obtained by taking
a cross section through V., the total current, I,,,, flowing through
the cross section S,,, is

T = f J-ds. (13)

Smn
The element radiation impedance, Z,u,, is defined in terms of the com-
plex power by

Po=3 1L " Zn . (14)

By (10) and (13) via (8b) and (9), the element radiation impedance
can be defined directly in terms of the array geometry and the excita-
tion:

1 =
Zmn(o) = W ‘/‘, fVJtm(x, Y, 2, G)G(xy Y,z [ £, S‘)

JE m, ¢, 0) drdv,  (15a)
where dr = dédyd¢, dv = dzdydz, and

= = 1 -
G,y 161, 0 = jaul T + 15 79) 801, 2 18 9, 0. (13)

Operator v operates on (2, y, 2). The quantity |I..|? is introduced for
the purpose of normalization, and may depend on the choice of the
cross section Sma.

The definition of the impedance includes both linear and planar ar-
ray elements. It is consistent with the commonly known definition of
impedance?® if the latter is viewed as a relation between the average
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complex power delivered by the generator and the rms current flowing
into the load. The definition given by (15) is necessary in view of the
fact that in a system excited by distributed currents, a terminal volt-
age in the time domain is not always uniquely defined. In a system
excited by magnetic currents, (15) defines the element admittance if
the permeability p is replaced by the permittivity ¢ and the electric
currents by their magnetic counterparts.

In the following theoretical discussion, it is assumed that the phased
arrays are excited by a uniform amplitude and a linear phase taper.

III. FINITE ARRAYS

Theorem 1: The element radiation impedance in a finite, steerable, linear
or planar phased array of scan-invariant current sources, radiating into
a linear, lossless, passive and time~invariant system, is an entire function'
of the scan angle 8 in any given plane of scan, with an essential singularity™®
at § — =,

Proof: By (15a)

1L Zo = [ [ Ja@ 0.2 0-Ga v,z 180, 0:36 1,8, 0) dr o,

(16)
On expanding (16) in a double sum of integrals over all cells {(m, n)},
m=0,1,---M—1;n=0,1, ---, N — 1, and using the relationships
of (6) followed by a change of variable in each term of the sum, one
obtains

M—-1 N-1

Z(0) = 22 2 Zmurs €XD [§(0mn — 0,4) cOS 6], (17a)

m=0 n=0

where

Gz +ra,y + b, 2 [ &+ ma, n 4+ nb, O-JoE, 1, ) dr dv. (17b)
In any given plane of scan ¢ is constant, so that
Omn — 0y = k[(m —1P)a coso + (n — )bsing] = ¢pyes (18)

is independent of 4. Both cos 6 and the exponential function are entire
functions.t Consequently, the exponential function appearing in (17a)

* R. V. Churchill, Ref. 10, Sec. 68, p. 157; Sec. 112, p. 270.
T R. V. Churchill, Ref. 10, Sec. 21, p. 47; Sec. 23, p. 50.
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is an entire function of an entire function, which is likewise entire*
(entire functions are also called integral functions). Z,s(6) is a finite
sum of entire functions and is also entire.

The nature of the essential singularity at § — oo is obtained by first
expanding cos ¢ in the complex #-plane

cos (0, + 70,) = cos 6, cosh 0, — jsin 6, sinh 6, . (19)

Then, if | 8, | — e« in such a way that (¢,, — o,,)80; > 0, the mnth
term behaves as exp {| o, — o, | sin 6, exp [| 6; |]} Q.E.D. Note
that even when J(z, v, 2, 6) is scan dependent, Z,,(6) is analytic pro-
vided Jo(z, ¥, 2, 6) is analytic. However, other isolated singularities
may exist.

Corollary 1a: Re {Z..} and 565 Re{Z,,} are entire functions of 6 each
with an essential singularity at § — <. Proof appears in Appendix A.

Theorem 2: The power radiated by an element in a finite, steerable, linear
or planar phased array of scan-invariant current sources, radiating into
a lossless, linear, passive and time~invariant system cannot be kept con-
stant over a conttnuous scanning range with lossless, linear, passive and
time-invariant network elements and scatterers only.

Proof: Let G(z, y, z| ¢ n, ¢) be the dyadic Green’s function of the
entire system including all equalizing elements. The radiation impedance
of the mnth element of the array is given by (15a) for a lossless, linear,
passive, time-invariant system. If the array is radiating constant power
over a continuous scanning range, the real part of the radiation im-
pedance, R,,(6) = Re{Z,,}, must remain constant in that range and

0
55 [Rr8<0)] = Ov 01 é 07

IIA

02 y oi = 0 (20)

where 8 = 0, + j6;. By Corollary la, % [R..(0)] is analytic in the

closed #-plane and has an essential singularity at § — «. However,
if the derivative vanishes along the line 6, < 6. = 6, it must vanish
everywhere in the 0-plane*. Hence, it cannot have an essential singu-
larity at infinity., The contradiction implies that R,,() cannot be
constant over a continuous scanning range. Q.E.D.

Equations (3) and (4) specify the directions of the beams’ maxima,
however, not all of them correspond to real directions in space. Whereas
epq 1 real for all (p, q), 6,, can be either real or imaginary, as may be

* P, M. Morse and H. Feshbach, Ref. 7, Vol. I, p. 390.
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seen from the solution of (4):

— tap-t B+ 2¢ma
¢y, = tan (¢z + 2}77r)b ’

—1 sz + 2p7|' — OS—I ¢y + 2q7r
ka cos ¢,, kb sin ¢,, ’

0=¢,<m (2a)

0, = cos 06, = (21b)
If 6,, is real it is said that the beam is in real space. By way of mathe-
matical generalization it is said that all those beams having an imaginary
6,, are in “imaginary space”. If 6,, = 0, or 6,, = , it is said that the
beam is in a grazing position between real and imaginary space. It
can easily be verified from (21) that for a given phasing (¢, , ¥,) every
pair (p, ¢) corresponds to a unique direction (g,q, 6,,) in the complex
domain 0 £ ¢ < 7, 0 = Re{0} = . These directions are the char-
acteristic directions of the system. They are directly related, through (4),
to the eigenvalues of

°F | o'F 2
gcf+a—1/z+FF(x,y)=0 (22)

with the following periodic boundary conditions

F(Cl?, y) = F(x + a, y) exp (_]‘Pz)v (233')
B =Lt a,) e (-ig), (23b)
F(z,y) = F(z,y + b) exp (—j¥,), (23c¢)
% @ 1) = %—’; @,y + b) exp (—jd). (23d)

The eigenfunctions, which form a complete orthogonal set in the
interval 0 S 2 = q,0 = y =< b are

Foo(z,y) = exp I:j(z,lx, -+ 2pm) Ejl exp I:j(gbu + 2¢m) %:' ,
p,q=0,xl, £2, -+ & o, (24)
By (4) they can also be written as

Fo(x, y) = exp {jk cos 6,,(x cos ¢, + ¥ sin ¢,)}. (25)

The eigenvalues {T',,} are

Iy, = k cos Ore p, g =0, +1, £2, .-+ £ w. (26)
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The results thus derived lead to several interesting conclusions which
are summarized in the following lemmas.

Lemma 1: Every steerable linear or planar phased array with a linear
phase taper has only a finite number of beams in real space. Proof appears
in Appendix B.

For every pair of phasing (¢., ¥,) there exists an infinite set of
characteristic directions {6,,, ¢,,}. As the array is scanned by varying
the values of (¢, ¢,) in the intervals -7 = ¢, =7, -7 £ ¢, = 7
some characteristic directions will go through a grazing position going
from imaginary to real space or vice versa. We shall call such char-
acteristic directions ‘““transitive characteristic directions”.* Since the
condition for a grazing position is | cos 8,, | = 1, it follows from Lemma 1
that the number of transitive characteristic directions is finite.

Lemma 2: The radiation impedance of an element in a linear or planar
phased array can be expanded by an infinite series over all characteristic
directions of the system. Proof appears in Appendix C.

IV. INFINITE ARRAYS

In analyzing large arrays it has been found uscful to approximate
the behavior of the center elements by the behavior of identical ele-
ments in an infinite array of the same geometry.** This approximation
is motivated by the fact that the performance of the center elements
is strongly affected through mutual coupling by contiguous elements,
but very weakly by elements far away.!?

The formulation of the infinite array problem may be obtained from
the results derived for finite-size arrays by letting the number of
elements M and N approach infinity. The infinite array problem can
also be treated as a periodic structure by application of Floquet’s
theorem. In the following, the latter approach is adopted, but first it
is demonstrated that both methods are consistent.

The electric field of an infinite array as given by (8b) must satisfy
the same periodicity conditions as the source function, i.e.,

E(x + ma, y + ndb,2) = E(z, y, 2) exp [jom.(o) cos 6]. (27)

* Note the distinction made between “grazing position” and “transitive charac-
teristic direction”. A beam associated with a transitive characteristic direction
(rinay attain a grazing position for a particular phasing, but may also point in other

irections.
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On the other hand, the electric field

E(IL‘, Y, %, 0) = _j; é(x) Y, 2 I Ev 1, f)'J(gy 7, g-r 0) dr (28)

can be expanded in an infinite sum of integrals using the relationships
of (6):

E(x,y,2,0 = — 2, 2. exp (jo, cos 6)

m=—c0 n==00

[ G,y z e+ man b, O T m O, (29)
where Vg, is the volume occupied by J, . Define a new Green’s function

Golw, y, 2 | £ 1, 9)
= miw n:ﬁ-:w exp (jonn, cos 0)G(x, y, 2 | & + ma, n + nb, ) (30)
and notice that
Go(e, y,2 | & + Ma, 1+ Nb, §) = exp (=jouy cos 0)Go(x, 4,2 |£, n 0
since by (5) o
Tmi Moty = Omn + Oan (32)

From (27) and (31) it follows that C=r’0(;r;, ¥, 2| & 1, {) can be expanded
by the eigenfunctions (25) as

C_30 = - _Z_: gma(z [ f)qu(x, y)F;‘;(E, 77): (333*)
where
- 1 a b =
i =25 [ [ GFue DPG ) dvdy dedn. (33)

Substituting (30) via (33a) into (15a) for the center element, m =
n = 0, one obtains

ZOO = Z E Zpa » (3431)

p=—c0 g==o

where

1
Zpg = lIoo |2]; j;’ Jﬁk(x, y,z)
'apa(z I ?)qu(‘sv U)qu(x, y)'JO(E! 1, 5—) dr dv. (34b)
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Equation (34) is an alternate representation to (86) for the radiation
impedance of the infinite array element and it demonstrates that
Lemma 2 is valid for infinite arrays as well.  _

By substituting the new representation for G,, (30), (33), into (29)
and noting that the electric field satisfies the homogeneous reduced
wave equation in the source-free region, one obtains for the unbounded
space

o

B, 1,9 = 3 3 Eulioel@, 1) oxp (—voo [2]) 12| > dume , (350)

P=—0W ¢=—0

where

Yoo = VTag — k* = jksin 6, (35b)

8,0 = — [ Goaz | ©)Jole, n, OFXGE m) dr,  (350)

and dp,y is the projection on the z-axis of the largest distance between
two points on the surface enclosing V. It can be seen that the electric
field in the source-free region, above the central area of a large array
may be approximated by a finite number of homogeneous plane waves
propagating in the real characteristic directions, and an infinite num-
ber of nonhomogeneous plane waves, exhibiting exponential decay in
the direction perpendicular to the plane of the array. The latter are
interpreted as waves propagating in the imaginary characteristic di-
rections.

In an infinite array all elements are embedded in an identical en-
vironment, and therefore the power radiated by each element is the
same. There is no net power flow into a unit cell through the “side
walls”. Consequently, the quantity Re{|Igo|*25,} of (34b) is equal to
the power propagated by the plane wave (p, ¢) within a unit cell in
the direction perpendicular to the plane of the array. By Lemma 1
there is only a finite number of plane waves with transitive charac-
teristic directions (see footnote p. 1571). Let them be distinguished
from all other plane waves by assignment of the subscript (p, q) =

(7: v).

1

Erv Sanv(x’ y) exp (—]k lZ l Sin 0”); IZ | > dmax (36)
H, = %&.,F.(x,y) exp (—jk |2 |sin 0,,), |2]|> duw, B7)
where F,,(z, y) is given by (26), and &,, by (35¢). If

., = jk[cos 6., cos ¢,,a, + cos b,,sin ¢,,a, — sin §,,a,] (38)
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then

%, =12, xe,. (39)

Wy

The power radiated by a (r, ») plane wave per unit cell into the upper
hemisphere is

a b
P,=3Re [ [ ®.xHYa dudy. (40)
0 0
Substitution of (36) through (39) into (40) gives
P =a—bsin0*[[8 a, |+ |8&,,-a |2+Sﬁ—n—‘9—’~"|a ‘a |2] (41)
TV 770 TV TV x TV v Sin 0:'; TV z
where 7, = (u/€)}. From (41) a radiation resistance per wave is defined as
P
R, = 75" 42
[IOO |2 ( )

Since the entire system is passive and lossless, then by conservation
of energy, the power P,, must originate from the element itself. Hence,

R., = Re {2,,}, 6,, real, (43)

where z,, is given by (34b).

From (41) it follows that when a wave (r, ») is in real space R,,
is real, and when it is in imaginary space R,, is imaginary (in which
case Re{z,,] = 0). Hence, of all the elements comprising the source’s
load, R,, appears either resistive or reactive, depending upon the
scan angle. Such properties of a load, which are unknown in lumped
network theory, are a consequence of the losslessness postulate. When
propagation is possible power is carried away from the source. When
propagation is inhibited there is no net loss of power and the load
must be reactive. By Lemma 1 only Ref{z,} has those properties.
All other z,,, (p, ¢ % (r, ») and Imf{z,} always retain their dis-
sipative or reactive characteristics. Further, there is only a finite
number of terms having Re{z,,} > 0. In practical phased arrays the
spacing between the elements and the scanning range are such that
only one such term exists at a time.

The following two definitions summarize the properties deseribed
above:

Definition 1: An O-type network function is a scan-dependent immit-
tance (impedance or admittance) which is seen by the source as resis-
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tive when the beam is in real space and as reactive when the beam is
in imaginary space, and it behaves like an open circuit for impedance
and like a short circuit for admittance in the grazing position.

Definition 2: An E-type network function is a sean-dependent immit-
tance (impedance or admittance) which remains either resistive or re-
active when the beam passes through the grazing position.

The motivation behind the nomenclature introduced by the two defi-
nitions will become clear later, in Theorems 4 and 5. The O-type and
E-type immittances are of distinct mathematical form. To arrive at it
consider first the following transformation:*

s = sin .., (44)

X = COS @mn , (45)

where (m, n) is one particular transitive characteristic direction out
of all (s, v). Given s and x all other characteristic directions are
uniquely determined. By (4)

Y. = kaxV'1 — 8¢ — 2mnr (46)
¥, = kbV1 —x* V1 — s — 2nn, (47)

where (1 — x°)* = 0 for all possible x and (1 — s*)! > 0if0 < 4, < 7/2,
and 1 — s < 0if v/2 < 6,, < = Then by substitution of (47)
into (22) all other characteristic directions are found:

_ kab( =DM = + 2(¢ — W)ma

B0 220 = T habx(l — ) F 2 — mywb (482)
oS 0,, = f,4(5), (48b)
where

ka cos ¢,

This suggests that when characteristic direction (m, n) is scanned in a
plane x = const, each of the components z,, of the total input impedance
as given by (34) can be expressed as a function of the same variable s.
The conformal mapping between the 6,.,-plane and the s-plane is shown
in Fig. 3. In view of the branch cut —1 =< « = 1 it will be understood
that s = a denotes s = @« — jOIf 0 £ 6, < /2 and s = o + jOif
/2 £ 0,, £ 7 Let s = s,, be the value at which characteristic direc-

* Recall that 0m. and gms are not in the conventional spherical coordinate sys-
tem (sce p. 1564).
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Fig. 3 — Conformal mapping § = sin 6mn.

tion (7, ») is in grazing position. At this value

ff6s) = 1. (49)

Of all values {s,,} there is at least one which satisfies (49) for s,, = 0.
TFrom (48) it is obvious that f2,(0) = 1, and there may be other transi-
tive characteristic directions (7, ) 5% (m, n) which attain their grazing
positions at s,, = 0.

Theorem 3: In an obstacle-free space, the tmpedance function z,.(s),
associated with the characteristic direction (p, q), is an analytic function
of the complex variable s = « -+ j§B, with branch points at s = s,, and an
essential singularity ot |s| — . If (p, @ = (m, n) then z,,(s) may
have a simple pole at s = s,,, = O.

Proof: The general definition of z,, is given by (34b) in which the
0,, dependence is contained in the Green’s function component
0oa@ | OF %, 7)F,.(x, y). The Green’s function is derived from (10)
via (15b). Green’s function G(z, y, 2 | £ n, ¢) satisfies the same periodic
boundary conditions as Go(z, ¥, z | £ #, {) and can be expanded in a
series similar to (33a):

[Sol]

= 3 3 Gule | OFule, DFAG 0. 0
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By substitution of (50) into (10) and use of the orthogonality property
of FF,.(x, y) one obtains a differential equation for C,.(z | )

@G,y -5 —
d 'Yzw I"l(z I f-) = —[(ZTQ)-

2y

Il

Yoo = Jk sin 6,

with the additional requirement that as |z | — <, C,, behaves as an
outgoing or evanescent wave. The solution of (51) for free space is

Coe | 0) =1 {—jk |2z — ¢|sin 6,  (52)

2jabl sin 6,, O
gra(z | §) is obtained from 6’,,4(2 | ¢) through an operator G, :
Grae | §) = jontg- Coale | 9), (53a)

where

G =1+ 22,3, (53D)

D,, being given by (38). Substitution of (52) into (53a) followed by
substitution into (34b) gives

= Wi *
¢ = 2abk | Lo, |°sin 6, fv fV Ji, y,2)
.G?FQ.JO(Ev m g‘) exp {]k coS qu[(x - E) COS ©,q
+ (y — n)sing,] — jk |z — ¢ |sin 6,,} dr dv. (54)

The integrand is an entire function of 6,, with an essential singularity
at | Im {6,,} | — . Hence,* if Jo(z, y, 2) is piecewise continuous,
the integral is also an entire function with the same essential singularity.
By (48)

sin O = [1 - fia(s)]lj' (55)
By Lemma 1,
foul® #= 1 if (p, @) = (7, 7). (56)

From Fig. 3 it is readily seen that |[s| < o« when |6,,| < % which

implies, via (48), (55) that | cos 6,, | < » and |sin 6,, | < % as long

as | s| < . Thus, the singularities introduced by the transformation

(44), (45) are the branch points at s = s,,. Also if (p, ¢) = (m, n)T
*E. J. Copson, Ref, 11, Sec. 5.5, pp. 107-109.

T Recall that (m, n) is "the characteristic direction which defines the transforma-
tion from (y«, ¥y) into (s, x), (44)—(47).



1578  THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1967

Z,, may have a simple pole at s = 0. (Note, for example, that for hori-
zontal polarization, J, = a,J,, there is a simple zero in the plane of
scan corresponding to ¢,., = 0, at s = 0.) Q.E.D.

The above proof can be applied separately to the real and imaginary
parts of the right-hand side of (54). If z,, = R,.(s) + jX,.(s), then R, (s)
and X, .(s) are analytic functions of s, real on the real axis of s, with
an essential singularity at | s | — «, branch points at s = s,,, and
possibly simple poles at s = 0.

In systems other than obstacle-free space, the normalized complex
power z,,(s) has different forms. Except for isolated values of s, the
radiated power and the stored energy per unit cell are bounded and
continuous functions of s over those portions of the real and imaginary
axes of the s-plane which have physical meaning. Hence, it is reasonable
to postulate that an analytic continuation of z,, as a function of scan
can be made into a region of the complex s-plane which includes por-
tions of both the real and imaginary axes. It may be of interest to
note that the impedance function z,,(s) derived by L. Stark' for the
planar dipole array over a ground plane is analytic. The regularity
of 2,,(s) depends directly on the regularity of g,.(z | ¢; s). The singu-
larities of z,, in the s-plane are determined by the boundary conditions
which g,.(z | ¢; s) satisfies.

Theorem 4: An E-type immittance function V(s) s an even function of s.

Proof: Let the complex variable s be defined with respect to the transi-
tive characteristic direction (m, n). Once (m, n) is chosen, the proper
branch of (1 — s°)* in (48) is uniquely determined. Let (k, I) denote
all other transitive characteristic directions which reach their transitive
position simultaneously with (m, n). Formally, this implies

20 =1 (7,9 = (m,n), &, D). (57)
As a consequence of Definition 2 and Lemma 1, V(s) is recognizable as
e = {Rm@ @, g) % (m,n), (&, D), 59)

Xoo®  all (p, 9,

where Rpq(s) + jX,q(8) = 25¢(8), 2pq given by (54). Thus, (58) estab-
lishes the connection between the defined E-type function and physical
quantities corresponding to R,,(s) and X,q(s). Consider Definition 2
which states

V{s) — V*@s) =0 s
V() — V*s) =0 s

]

a 0<a<l, (59a)
iB. (59b)
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Since V (s) is analytic and also real on the real axis of s, (59) may be
rewritten as®

Vi) — V(s*) =0 s=a 0<a<l, (604a)
Vis) — V(s*) =0 s = jB. (60b)
On the real axis
Vi) — Vi) = 0. (61a)
On the imaginary axis
V(i) — V(—jB) = 0. (61b)

By analytic continuationt of (61b) from the imaginary axis to a point s
in the complex plane one obtains

V(s) — V(—s) = 0. (62)
Hence, V(s) is an even function of s. Q.E.D.

Theorem &: An O-type immaitiance W(s) is an odd function of s. The
proof is similar to that of Theorem 4 and it appears in Appendix D.

It has been shown in Theorem 2 that a finite phased array cannot
be perfectly matched over a continuous scanning range. The proof is
limited to finite arrays and cannot be directly extended to infinite ar-
rays since the representation of the element impedance by (17a) does
not guarantee convergence in the complex 0-plane if the limits of the
summations are extended to infinity. In treating the infinite array, the
element impedance is derived by symmetry considerations from which
it is concluded that the net complex power radiated from each element
is conserved entirely within the unit cell of that element. It has been
shown that the two definitions are consistent. Although the problem of
whether an infinite array can be perfectly matched is of academic in-
terest only, it is worthwhile noting that as for finite arrays, the answer
in this case is also negative. To show this the reader may recall that
the impedance has been defined as normalized power and postulated to
be an analytic function of the scan variable s = « + jB8. The normaliza-
tion constant is |Ige|? given by (13). If the complex power as a func-
tion of scan is represented by

P = | Lo I” [R() + X, (63)

* P, M. Morse and H. Feshbach, Ref. 7, Vol. I, p. 393.
T Morse and Feshbach, Op. Cit., p. 389.
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then by Lemma 1, the term R (s) is a finite sum of analytic functions
of the complex variable s. Consequently, R(s) is an analytic function
of s. In general, it may be represented as

R(s) = E(s) + o), (64)

where F(s) is an even function of s and 0(s) is an odd function of s.
Under conditions of perfect match over a continuous range, constant
power, P, , is radiated over that range. Since R(s) is analytic it implies
R(s) = P, | I, | everywhere in the s-plane. Since a constant is even,
9(s) = 0. Further, £(s) must have a branch cut on the real axis of the
s-plane in the interval [—1,1]. But the branch cut does not exist if
E(s) = P, | I |*. The contradiction implies that P(s) in (63) cannot
equal a constant over a continuous range of s.

Theorem 6: The resistance and reactance junctions of an element, or their
derivatives, tn an infinile linear or planar phased array of current sources
are disconttnuous when a grating lobe is in a grazing position.

Proof: In an infinite array the grating lobes are plane waves propagating
in the characteristic directions. By Theorems 4 and 5 the element
impedance Z(s) in an obstacle-free space can be written as

26 = P(s) + %Sl- (65)
For real values of s, P(s) is an even complex function of s bounded at

= 0, and @ (s) is an even real function of s nonzero at s = 0. On the
real axis of s

2 = Pl + 4. (66a)
On the imaginary axis of s
2(8) = PG) ~ § L. (661

A grating lobe is in its transitive position at s = 0. The pole discon-
tinuities are established by showing that

Re {lim Z(c) — lim Z(j8)} = lim 9;(1"‘—) - w (67a)
a—0 B—0 a—0

Tm {lim Z(@) — lim Z(j8)} = lim Q—g@ - w (67b)
a—0 B—0 B—0
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The pole discontinuity has to be interpreted as an invalid mathe-
matical solution at the transitive position. It is & result of the idealiza-
tion introduced by the concept of an “infinite array.” If R,.,(s) has a
simple zero at s = 0, as is the case when a horizontally polarized array
is placed above a ground plane, then the active impedance in the
neighborhood of s = 0 can be written as

Z(s) = R(s) + jX(), (68a)
where R (s) and X (s) are real functions of s (real for s real).
R@) = X2 as’ (68b)
=0
X() = 2 bas™. (68¢)
i=0

When the beam whose transitive characteristic direction is in real
space, s = «

Ry & R@) = 2 a« (69a)

and when it is in imaginary space, s = j8

Ry & Re [R(jB)) Z (—1)'aB™, (69b)
The discontinuity in the derivative of the resistance is

R, _ . dR _
im =57 1,9-.0 B a. (70)

Similarly, the reactance

X, 2 X(@ = D by (71a)
i=0

Xs = Im {Z(jB)} = 5:,; (=17 [028" + @2i0aB8” ] (71b)

dX, . dXg
G “
The proof can be generalized for any order algebraic singularity or
zero at s = 0. For example, if there is a zero of multiplicity N the dis-
continuity will be in the Nth derivatives of the resistance and react-
ance. A noninteger order zero yields a discontinuity after a sufficient

number of differentiations. Q.E.D.
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V. SUMMARY AND CONCLUSIONS

A new mathematical approach to phased arrays has been adopted
to investigate and discover various properties of the radiation imped-
ance of an array element as a function of scan angle. The underlying
idea of the method is the treatment of the impedance as an analytic
function of a complex scan variable, which enables one to prove that
an array element subject to the model chosen cannot be perfectly
matched over a continuous scanning range by using lossless, linear,
passive and time-invariant elements.

The first half of the theory is devoted to finite arrays. It is shown
that the directions (in space) of the beams’ maxima are eigenvalues
of a Laplacian differential operator with periodic boundary conditions,
which are related to the phase taper of the array. It is proven that
there exists only a finite number of real eigenvalues. The known con-
cept of imaginary space is then adopted to accommodate the imagi-
nary eigenvalues. Furthermore, it is demonstrated that all beams except
a finite number are completely confined either to real space or to
imaginary space, and that only a finite number of beams may attain
a grazing position. The unique properties of the latter beams have
been found to play an important role in the investigation of infinite
arrays, to which the second half of the theory is devoted.

The interest in infinite arrays, apart from its academic aspect, stems
from the good approximation it provides for the behavior of the cen-
ter portion of a large finite array. It has been found that the infinite
array element impedance as a function of scan is restricted to a spe-
cific mathematical form. It is the authors’ hope that recognition of the
limitations imposed by that form may provide useful guidelines in
achieving optimal match of an array to space.
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APPENDIX A

Proof of Corollary 1a

Corollary 1a: Re{Z,,} and %) Re{Z,.} are entire functions of 8 each

with an essential singularity at 6 — o,



STEERABLE PHASED ARRAY ANTENNAS 1583

Proof: Denoting

Zmnrs = pmnre + ijnrs (73)
one obtains from (17a)
Re{Z..(0)} = R,.(6)
M-1 N-1
= 22 {Prnrs €OS [Brunro(0)] = Xomnrs SIN [Brnr (0]},  (74)
where
an,,(ﬁ) = (0',,,,, — a,,) €08 6 (75)
and

M-1 N-1

LR = = 22 3 Blurs(®)[pasrs 50 B (0]

+ Xonrs €08 [Brar(0)]]. (76)

Since cos 6 is an entire function of 6, cos[Bnrs (0) ] and sin[ B (6) ]
are entire functions of an entire function, and are therefore entire. The
existence of the essential singularity can be demonstrated in a similar
fashion to that in Theorem 1. Q.E.D.

APPENDIX B

Proof of Lemma 1
Lemma 1: Every steerable linear or planar phased array with a linear
phase taper has only a finite number of beams in real space.

Proof: A beam (p, g) is in real space if | cos 6,, | < 1. Dividing (4a) by
ka and (4b) by kb, squaring and adding, one obtains

R
or
LA ) w

Necessary conditions for the above inequality to be satisfied are

1 (79)

Il/\

= 1. (80)
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Since
—%§2£;§% and —%g%g%,
lp| = % +% 81)
lgl = ;lz + % (82)
Hence, both p and ¢ are bounded. Q.E.D.

APPENDIX C

Proof of Lemma 2

Lemma 3: The radiation impedance of an element in a linear or planar
phased array can be expanded by an infinite series over all character-
istic directions of the system.

Proof: The current density excitation function of a finite-size array
given by (1), (2) satisfies the periodic boundary conditions (23) in
the finite domain occupied by the array. Let this domain be denoted
by D. The current density can, therefore, be uniquely expanded in D
in terms of the eigenfunctions (25):

I3, = U, g, D) 3 2 in@Foae, 1), 83)

P=—0w q=—0

where
a b
@ =22 [ [ TG,y AT, 9) da dy (84)
ab Jo Jo
and U(z, y, D) is a two-dimensional unit step function
Um%m=¥ @w o D, (85)
0 otherwise.

Substitution of (31a) into (15a) yields

Zmn = Z Z émnpq ’ (863‘)

p=—ow g=—0

where

0, 1 =
z”’"l’q = l I |§‘/;, j; J:l"m(x! yv Z)G(xy yy Z | Ev 7, g‘)

'jpa(g-)Fpa(sy 77) U(sy 7, D) dr dv. (86b)

QE.D.
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APPENDIX D

Proof of Theorem &
Theorem 5: An O-type tmmittance W(s) is an odd function of s.

Proof: Let the complex variable s be defined with respect to the tran-
sitive characteristic direction (m, n). Let (k, I) be all other transitive
characteristic directions which reach their transitive position simul-
taneously with (m, n). Then as a consequence of Definition 1 and
Lemma 1

W) = Ryls) (0,9 = (m,n), (%, D), (87)
where R,,(s) = Re{2pq}, 2pe given by (54). Thus, (87) establishes the
connection between the defined O-type function and a physical quan-
tity corresponding to R,,(s). From Definition 1

W(s) — WH(s) = 0 s = a, 0<a<l (88)
W(s) + W(s) = 0 s = jB. (89)
Since W (s) is real on the real axis of s, (88), (89) may be rewritten as
W(s) — W(s*) =0 s =a (90)
W) + W(s*) =0 s = jB. 91)

On the real axis
W) — W{a) = 0. (92)

On the imaginary axis

W) + W(—jB) = 0. (93)
By analytic continuation of (93) from the imaginary axis to a point
s in the complex plane one obtains

W(s) + W(—s) = 0. (94)
Hence, W (s) is an odd function of s. Q.E.D.
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An Energy-Density Antenna for
Independent Measurement of the
Electric and Magnetic Field

By W. C.-Y. LEE

An energy-density antenna which can measure both the E field and H
field of a plane wave simultaneously has been developed, consisting of two
small orthogonal semiloops over a ground plane. Hybrids were used to take
the sum and difference of the loop outputs, giving voltages uniguely pro-
portional to the E and H fields. The loop dimensions and optimum con-
Jfigurations were experimentally determined by measurements at a frequency
of 836 MHz in a man-made free-space environment. Energy-density com-
putation from the measured E and H fields of a standing wave in free space
showed that the maximum-to-minimum range of the energy density is much
less than that of either the E or H fields alone.

I. INTRODUCTION

A new way of reducing the signal fading encountered on a mobile
radio transmission path is being investigated.* One source of fading
is due to the fact that plane waves propagating in opposite directions
at the same frequency produce a standing wave with nulls in the elec-
tric field every half free-space wavelength. The magnetic field also
has nulls like the electric field but displaced a quarter wavelength
from the electric field nulls. The electromagnetic energy density of
such a pure standing wave is constant. If we sample £ and H in free
space and amplify the signals by the appropriate relative gains,
square and add them, we obtain a signal proportional to electromag-
netic energy density

w = YE® + uH?). )
The resulting output would be constant as we move through this
idealized standing wave pattern. This method of energy-density uti-
lization may be helpful in overcoming the rapid fading due to motion
through the more complicated standing wave patterns in the mobile
radio electromagnetic field. To utilize the energy concept, we need an

1587
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antenna that has three outputs independently proportional to the
field components E., H,, and H, at any point in the field (assuming
vertical polarization). Since neither the ordinary loop antenna nor the
shielded loop antenna can be used in this particular case, an investiga-
tion was undertaken to develop a suitable antenna.

This paper describes a particular antenna® which satisfactorily meets
these requirements. The antenna consists of two small orthogonal loops
and will be described later. Measurements on such an antenna and
several other comparable ones were made in a simulated free-space
environment.

II. METHOD OF TESTING THE PROBES

. First of all, we need a method of test which tells us how well the
antenna is responding to the H field alone. As mentioned before, the
nulls of the £ and H field in an ideal standing wave pattern are /4
apart. Therefore, if we can establish such an ideal pattern, the £ nulls
can be located accurately by a whip antenna; then the positions of the
H nulls are known. Then we can test the magnetic probe in this en-
vironment, looking for nulls at these H-null positions.

A conducting ground plane 16 feet X 3 feet was surrounded with
commercially available absorbers (minimum absorption is 17 dB one-
way) to provide a man-made free space. Two waves traveling in
opposite directions were produced by exciting two identical trans-
mitting antennas from a common source. These two transmitting
antennas “S” -and “N,” approximately 12 A apart, were A/4 whip
antennas operdting at 836 MHz over the ground plane as shown in Fig.
1(a). The receiving antenna under test could slide in a slot about 2 A
long which is in between the two transmitting antennas. E fields were
first tested separately from the two transmitting antennas in order to
make sure that the reflections in the man-made free space were small,
and that the individual fields were sensibly constant along the length
of the slot. The two curves shown in Fig. 2 are the amplitudes of the
signal from each of the transmitting antennas. The field from the “N”
antenna had a maximum-to-minimum variation range of about 2.5 dB,
and that from the “8” antenna a variation range of about 3.5 dB.

*A brief description of this antenna appears in two papers: (1) Theoretical and
Experimental Study of the Properties of the Signal from an Energy Density
Mobile Radio Antenna, presented at the IEEE Vehicular Communications Con-
ference on December 2, 1966, in Montreal, Canada. (2) Statistical Analysis of
the Level Crossings and Duration of Fades of the Signal from an Energy Density
Mobile Radio Antenna, B.S.T.J., 46, February, 1967, pp. 417-448,
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Fig. 1— (a) Experimental set-up. (b) Energy-density antenna—double orthog-
onal loop antenna.

These variations, due to residual reflections, were felt to be acceptable.
Since the average amplitudes of signal strength of two transmitting
antennas were not quite the same, 11-dB attenuation was put on “S”
antenna, and 10 dB on “N” antenna in order to get a good standing
wave. The peak-to-null value of the standing wave produced when
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Fig. 2— Amplitude of signal strength along the slot receiving from one trans-
mitting antenna only.

both transmitting antennas were excited was then 23 dB, as shown in
Fig. 3. We should remember that the measured standing wave was ob-
tained from two E fields. Then we know a standing wave of the H
field exists which will have the same peak-to-null value but a r/4
shift from the standing wave of the E field.

III. TYPE OF ANTENNAS TESTED

3.1 Single-Ended Loop

A semiloop with one end grounded and the other end as output can
be used as a magnetic field probe. However, the size of the loop is
critical. Large errors are obtained in measuring the magnetic fields
unless its diameter is less than 0.01 A (about 0.14 inch diameter at
836 MHz).?

3.2 Double-Ended Loop

A semiloop with two output ends can be used as a combined electric
and magnetic probe? If the double-ended loop is in the field of a plane
wave, the sum of the two outputs of the semiloop is proportional to the
E field, and their difference to the H field. If the plane of the loop is
in line with the direction of propagation the output is proportional to
the total H field, otherwise only to a component of H field. This would
be a limitation in using this type of probe for general purposes.

3.3 Two Orthogonal Loops

This antenna has been proposed for receiving a linearly polarized
wave coming from a remote source which may not necessarily be in
line with the plane of the loop. It consists of two double-ended loops
with their planes perpendicular to each other. The “orthogonal loop
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antenna” has two pairs of outputs. Adding two pairs of outputs sep-
arately gives two values which should be identical and expressed
theoretically as proportional to the total E field. Subtracting two pairs
of outputs separately gives the two components of the H field. These
two components are the components along the rectangular coordinates
which have been defined by the planes of the two loops. The orthogonal
loop antenna is an electric and magnetic field probe which appears to
be promising for probing the energy density of the total field. Hence,
it is called the energy-density antenna.

3.3.1 Connected Loops

The two loops are electrically connected at the top point. Since this
configuration can allow the two loops to be identical, the two values of
E field obtained from the two loops are expected to be equal, the cur-
rents in the two loops are correspondent to the two components of the
H field which are normal to the planes of two loops. However, the
connection at the top points is not exactly at the middle, which may
introduce some errors,
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3.3.2 Unconnected Loops

The two loops are not connected electrically at the top points. In this
configuration the two loops cannot be identical. One loop must be bent
at the top in order to disengage the top point from that of the other
loop. Therefore, the E field obtained from two loops may be different;
also the two H component fields. However, the current in one loop
may not be affected by the other due to the fact that the two loops are
unconnected.

IV. EXPERIMENTAL RESULTS

4.1 Single-Ended Loop

The standing wave along the slot was measured by using different
sizes of the single-ended loop. Investigation of three loops, 1, 1.5, and
2 inches in Fig. 4 shows that a 1.5-inch loop is better than the other
two. The nulls of H field of the 1.5-inch loop are located more like the
true H field though the amplitude of H field is 2 dB less than the 2-inch
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Fig. 4 — Standing wave of H fields along the slot by using a semiloop as a
receiving probe (one end output).
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loop. Comparing the 1.5-inch loop with the 1-inch loop, the amplitude
of the 1.5-inch loop is 3 dB higher and the nulls are still located slightly
better than in the 1-inch loop. Hence, the 1.5-inch loop is chosen even
though it is 1/36 A off the true H field (the standing wave of the true
H field should be exactly a A/4 shift from the E field). This was due
to the effect of the electric field. The 1.5-inch loop is approximately
0.1 X in diameter. This size of the loop was selected and used in the
other types of loop configurations.

4.2 Double-Ended Loop

The standing wave along the slot was measured by using a semiloop
as a receiving probe. The two outputs from the 1.5-inch semiloop were
connceted to a hybrid ring where the sum port gave the E field, and
the difference port gave the H field. Since the plane of the loop was in
line with the two transmitting antennas, the H field was a total H field.
The E field and the H field outputs are shown in Fig. 5. The first null
of the H field on the right had a slight disturbance which was prob-
ably due to the imperfect free space.

4.3 Two Orthogonal Loops (unconnected)

This probe consisted of two semiloops 1.5 inches in diameter. The
size of the loop was chosen from Fig. 4. The circuit arrangement is
shown in Fig. 1(b), except the top points of two loops were not con-
nected.

4.3.1 46° Orientation

A double orthogonal semiloop was tested at an orientation of 45° to
the line between the two transmitting antennas. Fig. 6 shows the two
components of A field: Hy and H». The two H components should be
equal since the two loops were oriented 45° to the axis. However, the
two loops, due to the fact they were roughly hand-made, were not
precisely 45° to the axis. They were also not connected at the top
points. So the fact that H. was higher from loop 2 than H; was from
loop 1 was not a surprise. Fig. 6 also shows the F fields from the
two loops, and we note that the nulls of the E field from loop 2 were
lower than loop 1. The difference between the two loops was that
loop 2 had more cross section area than loop 1.

4.3.2 90° Orientation

A double orthogonal semiloop was oriented at 90° to the line be-
tween the two transmitting antennas. In this case, H, should equal
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Tig. 5 — Standing waves of £ and H fields along the slot by using a semiloop
as a receiving probe.

the H field and H; should read zero output. From Fig. 7 we sec that I,
is 18 dB down compared with Hs, but has apparently picked up some E
field since the peaks of H; are almost located at the nulls of H, and
viee versa. H, in Fig. 7 is almost equal to the vector sum of the two
components, Hy; and H., in Fig. 6 (45° case) as one would expect. E;
and E, in Fig. 7 should be identical. They both represent the E field.
In an ideal situation, E1 and E. in Fig. 7 and in Fig. 6 should all be
the same. Since the two loops were not connected at the top point, the
maximum output from loop 1 was slightly lower than loop 2. Hence,
the nulls of the four E’s were not the same.

4.4 Two Orthogonal Loops (connected) — Energy-Density Antenna

The two orthogonal loops (1.5 inches in dia.} were connected at the
top point of two loops, shown in Fig. 1(b).

4.4.1 45° Orientation

A double orthogonal semiloop was oriented at 45° to the two trans-
mitting antennas. Fig. 8 shows the two components. H; and H.. Since
the loops, due to the fact they were roughly hand-made, were not
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oriented precisely 45° to the axis and were not actually quite sym-
metrical to the center, the two components II; and I, were not equal.
There was no remarkable difference between Fig. 8 and Fig. 6. Fig. 8
shows the two E fields: E; and F.. Their peaks are almost the same,
which might be due to the fact that the two loops were connected at
the top points, but the nulls did not coineide with each other due to
the two unsymmetrical loops. Comparing Fig. 8 and Fig. 6, we found
that we had better results when there was a connection at the top
points of the two loops in that the nulls of E; were somewhat deeper.

4.4.2 90° Orientation

A double orthogonal semiloop was oriented at 90° to the two trans-
mitting antennas. Fig. 9 shows H, which is the amplitude of the total
H. Loop 1 picked up some E field, as H; shows, of about the same value
as in the unconnected case. H; was almost 20 dB down compared with
H,. There was no remarkable difference between Fig. 9 and Fig. 7
except that H; in Fig. 9 picked up more like a pure E field although
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it has small field strength. Fig. 9 shows that E; and E, almost coin-
cided, but in Fig. 7 they did not. Hence, it is better when the two loops
connect at the top points than when they do not.

V. ENERGY-DENSITY COMPUTATION

We used the H and E components of two connected orthogonal loops
oriented at 45° (Fig. 8) and 90° (Fig. 9) to compute two sets of
energy density from the measurements made in the free-space environ-
ment. Since both E and H were measured in volts, the energy density

we computed from (1) is
=3l O
2 €

% [E*(volts’/m®) + (377 ohm)* X H*(amp®/m®)]
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Fig. 8 — Standing waves of H fields and E fields along the slot by using a
double orthogonal semiloop antenna connected at the top point—an energy-
density antenna (oriented at 45°).

where

H =

E2

o =

= %[E’Z(VOlts/m)2 + H*(volts/m)*]

=5 @), (@)

a i + aH
Elor E;,

a weighting factor (a factor relating the level of average peak
values of H; and H, components to the E field), and

w’ = the energy density in our calculation.

From Fig. 8 we found that the maximum value of H; was about
1 dB less than Hs. Also from Fig. 9 we found that the maximum value
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Fig. 9— Standing waves of H fields and E fields along the slot by using a
double orthogonal semiloop antenna connected at the top point—an energy-
density antenna (oriented at 90°).

of either of two E fields was about 2 dB less than H.. Hence, we might
suggest the following equation representing the energy density obtained
from this particular antenna:

(1.122H,)* + H2 + (1.26E,)?
(1.26)°[(0.89H,)* + (0.795H,)* + E3], ®3)

wl

where oy = 0.89 and a2 = 0.795. From (3) we can calculate two energy-
density curves, one shown in Fig. 10 for the orientation of antenna at
45° and another also shown in Fig. 10 for the orientation of antenna at
90°. From both curves, the maximum-to-minimum range was only
about 2.4 dB, compared to 1820 dB in Fig. 8 and 9 for the E and H
fields alone.
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Fig. 10 — The energy-density calculation of an energy-density antenna (oriented
at 45° and 90°).

VI. CONCLUSION AND COMMENTS

An energy-density antenna with loops of 1.5 inches in diameter was
selected from the measurements as the one to test in the mobile radio
field. The connected orthogonal loops were somewhat better than un-
connected ones. For two orientations of the loop in the standing wave
field in the test environment, the computed energy density varied
much less than any of the field components. The configuration of the
energy-density antenna could be used at other frequency ranges by
scaling the diameter of the loops. After an energy-density antenna was
made, a calibration to obtain the weighting factors «; and a» was
needed to set up a proper energy-density equation for this particular
antenna.

I wish to take this opportunity to thank W. C. Jakes, Jr., for his
advice and suggestions.
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Error Probability for Binary Signaling
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Error probability is considered for binary signaling through a multipath
channel in which (v) the receiver observes a waveform comprising while
Gaussian noise and the sum of (perhaps several) time-delayed, frequency-
shifted, Rayleigh-faded versions of the transmitted waveform, (i) the
recetver decides with minimum error probability which of the two possible
transmissions was sent. Results given herein for the exact minimum error
probability necessarily depend upon a number of parameters and are
cumbersome to use. By introducing bounds on the error probability, de-
pending upon bounds on specira of certain matrices, the number of param-
eters 1s reduced and the less cumbersome results become applicable to any
one of a set of channels rather than fo just one channel. The error-prob-
ability bounds are presented in terms of values of the distribuiton function,
derived herein, of the difference of two chi-square random variables. The
bounds are sharp when the specira are narrow. For the case of widely
orthogonal signals, any version of one possible transmission being orthogonal
to any version of the other transmission, the bounds are given as a set
of universal curves plotted versus signal-to-notse ratio for various values
of the number of paths and of the spectral width of certain mairices. Spectral
bounds can easily be computed when the versions for each transmission
are nearly orthogonal. Returning to the general case, another bound is
derived, by a technique due to Chernoff, which does not explicitly require
spectral bounds which may neither be readily available nor be accurate
approximations of eigenvalues. This bound s not as sharp as the previous
bound for the case of small speciral width, but has promise for the large-
width case.

I. INTRODUCTION

This paper considers error probability for the optimum reception
of binary signals transmitted through a multipath channel having

1601
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P paths.* One of two possible signals is transmitted; the received
waveform is the sum of P Rayleigh-faded, time-delayed, frequency-
shifted versions of the transmitted signal, plus white Gaussian noise.
That is to say, if the complex signal V/2F,, z,,(f) is transmitted, m = 1, 2,
the contribution to the received waveform from the pth path is

Unll;p) = V2B, a,0.(t — 7,) exp [i@nfil + )],
where a,, ¢p, 7, and f, are the Rayleigh-distributed amplitude, the
uniformly-distributed phase, the fixed time delay, and the fixed fre-
quency shift associated with the pth path. The received waveform is
P

za() = 2 ya(t; p) + n(Y),

=1
where n(t) is white Gaussian noise.

The above multipath situation is a special case of a more general
communications situation in which a receiver observes a sample z(t)
of a zero-mean complex Gaussian process on the time interval [O, T],
the covariance function (z(s)z*(¢))» having been selected from a set
of two distinet functions by chance according to the prior probabil-
ities {an}, m = 1, 2, and the other second-moment function (z(s)z(f))n
being zero. The receiver is to be designed so that its decision
upon one of the two possible hypotheses is made with mini-
mum average error probability P,, where P, = 3a,P.(m) and
P.(m) is the probability, when covariance indexed m 1is true, of
deciding otherwise.

The receiver-design problem has been treated in Ref. 1, rigorously
demonstrating that optimum processing involves quadratic filtering.
However, the filter kernels, being the solutions of integral equations,
are difficult to determine in general; moreover, the error probability
is not evaluated. For the multipath channel, the first difficulty is over-
come in Ref. 2 and the evaluation of binary error probability is
considered in the present paper.

Section II presents the theory of a method that can be used to
calculate error probability exactly. However, it is quickly appreciated
that error probability depends in a cumbersome fashion upon a
large number of parameters including the path strengths and the
scalar products of the versions. To simplify this situation, this paper
introduces bounds on the error probability which depend upon bounds
on the spectra of certain matrices, the eigenvalues of which determine

* Each path could comprise a multitude of randomly phased subpaths having
essentially the same delay and frequency-shift parameters.
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error probability exactly. Thus, the bounds are applicable to any one
of a set of channels rather than to just one channel.

Section IIT presents these error-probability bounds in terms of
values of the distribution function of the difference of two chi-square
random variables and then derives this distribution function. More
specific results are obtained in Section IV for the case of widely
orthogonal signals, any path’s version of one of the two possible trans-
mitted waveforms being orthogonal to any path’s version of the other
waveform. Here, easily computed spectral bounds can be given for
the case in which the versions under each hypothesis are nearly
orthogonal. Section V considers the case of well-resolved paths, making
contact with diversity theory (Ref. 3, Chap. 7), and the case of on-off
keying.

The error-probability bounds considered above require spectral
bounds which may not always be easily computed and which may not
be accurate approximations of the eigenvalues. A bound that circum-
vents these difficulties is obtained in Section VI with a technique due
to Chernoff. Comparison of this bound with previous bounds is car-
ried out analytically only for the case of well-resolved paths, but
qualitative comparison is made for more general cases.

II. PROCEDURE TO OBTAIN ERROR PROBABILITY IN THE GENERAL CASE

2.1 Notation

The binary situation is a specialization of the case of M-ary
signaling through the multipath channel in which the received process
2(t) can have one of M possible covariance functions, (z(s)z* () )m,
m=1,2,...M, of the form

»
OF,, > o,b,(s, m)bi(t, m) + Nod(s — 1),

=1
a degenerate kernel plus a white-noise kernel (Ref. 2). Here b,(t, m) =
exp (2rfD)z,( — 7,) is a time-doppler-shifted normalized version of
the transmitted signal /2E,, z,(t); the path with index p has an
average cross section of ¢, units, a delay of 7, seconds, and a doppler-
shift of f, Hz. We put

[atta = [atsempe=1,

so that the average energy received from the medium is
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%fdtQE,,,Za,,lb,,(t,m) P=E Yo =E,,

since we put ) o, = 1.
The above covariance function can be written
2E,.b(s, m)ab*(t, m) + Nod(s — 1),

where b(¢, m) is a vector with pth component b, (¢, m) and ¢ is the diagonal
matrix with pth entry o, , with &r ¢ = 1.

The optimum receiver decides according to the value of m that
corresponds to the largest of M test statistics computed as follows.
For each value of m, the receiver first generates the column vector
Z(m) = Nj [ dt 2(t)b*(t, m) and then evaluates a test statistic com-
prising a Hermitian form in Z(m) plus a bias constant. This test statistic
is

[(No/2E)! Z(m)] @E../NoH(m)[(No/2E,)} Z(m)] + (No/2E)0(m),
where the Hermitian combining matrix is
(2E,/No)H(m) = (2E,/Ny)[2E,/N)B(m) + o717,
the bias is given by,

a,, det [(2E,/N,)B(1) + ¢}
a, det [(2E,./No)B(m) + ¢7'1"’

B(m) is the correlation-function matrix [ dt b*({, m)b(t, m), and the
hypotheses are ordered so that £, = max FE,, . The above test statistic
is obtained from that given in Ref. 2 by subtracting log [, det™ o
det™ H™'(1)] and multiplying all resulting terms by No/2E, .

The above test statistic has a certain intuitive appeal. The components
of the vector Z(m) are the correlations of the received signal against
the noise-free versions of the transmitted signal that would occur
when message m is sent. That is to say, Z(m) provides a measure
of the projection of z(¢{) on the P-dimensional subspace spanned by
these versions. Moreover, the test statistic is a measure of the likelihood
that this P-dimensional subspace is in fact the correct subspace. Then
the optimum receiver strategy is decision according to the most likely
of the M possible subspaces. Also, since P dimensions are involved,
it might be anticipated that the results are related to the case of P-fold
diversity, cf. Section 5.1.

Henceforth, only the binary case, M/ = 2, is considered. In this
case, decision according to the larger of two test statistics is equivalent

6(m) = log
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to decision according to the sign of their difference. The decision events
can then be written in terms of one Hermitian form in a composite
Gaussian vector

e

as follows. Let

2F
~ H(l) Opxep
. 0
Q= 2K, !
0p><p —W‘; H(2)

where Opxp is the p X p zero matrix. Then the receiver decides upon
m = 2 when Z'QZ is less than (N,/2E,)8(2), and decides upon m = 1
otherwise.

The conditional error probabilities are thus

P(l) = Pr {Z'QZ < (N,/2E)0 | 1} = F[(gﬁ)ﬁ:l ,

P.2) = Pr (Z'QZ > (No/2E)0 |2} = 1 — F2[<2—°>0] ,

where £ = FE,, 0 = 0(2), and F,(z) is the distribution function of
Z'QZ conditioned upon the mth hypothesis.

2.2 The Fundamental Mairices

Since Z'QZ is a function of a Gaussian vector, the distribution
function F,(z) is determined by the conditional mean, (Z),,, which is
the zero vector, and by the conditional covariance L(m) = {(ZZ%),,
the other second-moment matrix (ZZ),, being the 2P X 2P zero matrix.

The conditional covariance matrix L(m) is evaluated as follows. Let

LY (m) L¥(m)
L*'(m) L*”(m)

L(m) =

b

where L™*(m) = (No/2E,){Z(§)Z'(k)),, . Then, by the definition of Z(j)
and interchange of operations, we obtain

FOZ W) = 5 [[ ds dt b6, DEE0)b, 1
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= ]—Vl— ff ds dt b*(s, 1)2E,.b(s, m)ab*(t, m)b(t, k)M

+ [ [ as aivs6s, i o — 0601, B

= 2L2 B, m)aB(im, 1) + BG, ),

0

where B(j, m) = [ ds b*(s, 7)b(s, m) is a cross-correlation matrix.
Hence,

L™(m) = (Bn/E)B(j, m)oB(m, k) + (No/2E,)B(, k).

Similarly, it is found that (ZZ),, is the 2P X 2P zero matrix.
For future computations, it is convenient to write

=% )

Q" = B (I + WNo/2E)[B(M)a] ™} 7,
Q* = —(B:/E)B){(E:/ENI + (No/2E)[B@2)e] ™} 7.

where

2.3 The Characteristic-Function Method

To obtain the distribution, consider the conditional characteristic
function

en(l) = (exp GLZ'QZ))n .
It is well known, e.g., Ref. 4, that

en(t) = det™ [I — itL(m)Q] = II (1 — an(m)™,

where {N\.(m)} is the set of eigenvalues of the matrix L(m)Q. The
eigenvalues are real, since L(m)Q is similar to the Hermitian matrix
Li(m)QL(m).

The distribution function can now be obtained from the characteristic
function. As a preliminary, it is noted that the characteristic function
(1 — 4t\)™" corresponds to one of two distribution functions, according
to the sign of \. When X is positive, the distribution function is

' dz Ux) ﬁ—l_fﬁl_(ﬂ - {I(Z//Nn — 1) (y > 0),
f—w o 0 (y < 0),
= U)Iy/\n — 1),
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where U(z) is the unit step function (unity for > 0, zero for z < 0,
one-half for x = 0) and where

1 y n yk
I(y, n) =;;'./; deae™=1—¢" kz_;ﬁ

is the incomplete gamma function. Similarly, when X\ is negative, the
distribution function is

R
_ { 1 Y >0),
1—I(—y|N["n—1 (y<O0),
=1— U(=pIly/xn — 1)

To obtain the distribution function of Z'QZ, the characteristic func-
tion is expanded into its partial fractions. Each term will be propor-
tional to (1 — Zt\)™" for some 7, and corresponds to a term in the expan-
sion of the distribution function. For example, when all eigenvalues
are distinct, the expansion of the characteristic function is

s dm)_
enll) = 2T

k
where
1l )\,-(m))'1
di(m) = E (1 ———)\k(m) .
The expansion of the distribution function F,(z) is then

> AmUIy/ m), 0)

{k Np(m) >0} .
+ 2 dml = U(=2)I(y/N(m), 0]
{k he(m) <0}
In the case of a degenerate spectrum, an eigenvalue N with multiplicity
r contributes the sum D ..., A.(1 — 4\)™" to the expansion of the
characteristic function, and the corresponding part of the distribution
function involves I(-, n) forn = 0,1,2, --- ,r — 1.

It should be observed that the general approach of summing distribu-
tion funections corresponding to partial fractions is fully equivalent to
inverting the characteristic function by contour integration, the ap-
proach used by Turin® for a similar problem. (When all poles are simple,
the expansion coefficients {d.(m)} are residues of the poles.)
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III. UPPER AND LOWER BOUNDS ON THE ERROR PROBABILITY

3.1 Error-probability Bounds from Degenerate-spectrum Variables

Exact computation of error probability involves considerable nu-
merical work in computing eigenvalues followed by evaluation of cum-
bersome formulas. Moreover, an often inordinately large number of
independent parameters must be specified. To simplify this situation,
we consider bounds on the spectrum of L(m)@ rather than the spectrum
itself. With a technique suggested in Ref. 6, we can obtain error-
probability bounds. Although we do not obtain the error probability
itself, the error-probability bounds apply to not just one channel but
rather to any channel for which the spectral bounds are met.

Observe that the characteristic function is precisely specified by
the spectrum of L(m)Q. This spectrum is the same as the spectrum
of I diag [\;(m), + -, Np(m)], where I plays the role of a covariance
matrix and the diagonal matrix plays the role of a matrix of a Hermitian
form. Hence, the distribution of Z'QZ is the same as the distribution of

2P
g(m) = k}: N(m) |z |7,
=1

where {z;} are complex zero-mean Gaussian variates with covariance
matrix (z;2%) = 6, , {z;2:) being zero.

Suppose bounds on the eigenvalues are available. That is to say,
suppose it is known that the positive eigenvalues satisfy

k= M(m) = i, (1a)

and that the negative eigenvalues satisfy
—7 < Mm) £ —, (1b)

where the u’s and »’s are positive numbers that depend on m. Then,
a lower bound on ¢(m) is the degenerate-spectrum random variable
q(m), defined by

2P

P
q(m) = p 2la =5 2 lal.
k=1 k=P+1
Note that we have used the fact that the number of positive eigenvalues
and the number of negative eigenvalues are the same, see Appendix A.
Similarly, an upper bound on ¢(m) is provided by the random variable

2P

Zx [2 .

=P+

.
am) =g 2 |a " —v
. k=1 k
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Since g(m) = g(m) = g(m), it follows that

=<
Pr {gm) £ y} = Fa(y) = Pr {glm) = y} = Pr {glm) = y}.
Evaluation of these bounds requires the distribution function
G(y; P, &) of the degenerate-spectrum random variable
2P

P
Zlal—a 2 lal,
k=1 k=P+1

=P+

which is the difference of two chi-square variables each with an even
number of degrees of freedom. The bounds become

Glm)7'y; P, (@71 = Fuy) = Gl 'y; P, o™,

where we use y = (N,/2E)6 and reiterate that the u’s and »’s depend
on m.

It is anticipated that these bounds are sharp when the spectrum
is narrow, the spread of the positive spectrum being much less than
any positive eigenvalue and similarly for the negative spectrum. Also,
when 6 itself is not precisely known, but bounds § < 8§ < § are available,
the distribution function is bounded by

Gl@®'y; P, v(@7'] £ Fuly) £ Glw™'g; P, 5], @
where y = (No/2E)8 and § = (No/2E)4.

3.2 Distribution of a Degenerate-Spectrum Variable
It will be demonstrated that G(y; P, «) equals

(e ) B =1+ a{(l e -1 -] e

when y < 0, and equals

S P—1+k>( 1 )"[( o >P ot L ]
ST IR (e b I P = 1= | @)
when y > 0.

Before doing so, note that when y < 0, the parameter o serves as
a scale size for y in the argument of I(z, n), but that this is not true
when y > 0. Nevertheless, « does act as a scale size in the following
way. A power-series expansion of I(z, n) yields

k
a

-1y, P —1— k)

14+ @ . ) n
= (1 io) <§> ® - 1 EO(ZLP pIi;f_ny”,
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and when o < 1, the factor (37/a)"™* determines the small-y behavior.
Also, this result exhibits [a/(1 + a)]” as a factor for the case y > 0,
in agreement with the expression for y < 0.

To find G(y; P, «), we consider its characteristic function

A — i) " + ita)”".

Let the partial-fraction expansion of this characteristic function be

P-1 P-1
> Al — i) 4 Y Bpny(L A ita)
n=0

m=0

To evaluate Ap_,, , multiply by (1 — 4£)® and let 1 — ¢¢ = 7 to obtain
P-1 P—-1
I+a-— aT)_P = E Ap_pm™ + 77 ZBP_"(l + a— orr)—(P_").
m=0 n=0

Since the second sum is analytic at + = 0, we have exhibited the Taylor
expansion with remainder. But

(Il+a—a)®=(+ a)-P<1 -5 T)—P

- () EC )
- ]. + (24 k=0 ’C 1 + « T
where we have used (7) on page 2 of Ref. 7. Hence,
A= () O )G
r A\l +a m 1+a °
Similarly, to obtain Bp_, , multiply by (1 + ite)” and let 1 + dta = 7
to obtain

(1+1—1)_P-P§33 S Y (1+1—1>
o a = ~ P-nT T = P-m a a

Reasoning as before, it is seen that

B = () O 7))

Collecting these results, it is seen that the characteristic function is

E (P T 1)(1 i a>k[<1 T a)P(l + it~

k

o (PR |
+ (*1 Y 1 — ) :I

This immediately establishes the distribution function G(y; P, «).

- (P-m)
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IV. WIDELY ORTHOGONAL SIGNALS

4.1 Matrices for the Two Hypotheses

We consider the special case in which the signals are widely orthogonal, -
B(1, 2) = B(2, 1) = Opxp. That is to say, all time-doppler shifted
versions of one signal are orthogonal to all such versions of the other
signal, a situation that would prevail in frequency-shift. keying with
widely separated frequencies. In this case,

Li*(m) = 5,.k[% BG, myeB(m, k) + ZAET? B(, k)].

The “diagonal” form of the covariance matrix L(m) and of the matrix @
implies that the spectrum of L(m)Q comprises the specturm of L''(m)Q"*
together with the spectrum of L**(m)Q. This can be seen by employing
the formulas of Schur (Ref. 8, pp. 45~46) to reduce the determinantal
equation det [L(m)Q — A] = 0 from order 2P to order P. For m = 1,

L"1)Q" = B(1),
L*()Q” = —(No/2E)E:/E) {(B:/E)NI + (No/2E)[B(2)e] '} 7.
Form = 2,
L @Q"
L*2)Q*

(No/2E){I 4+ (No/2E)[B(1)e]7'} 7,
—(E,/E)B(2)o.

It should be observed that the spectra of the above matrices are
simply related to the spectra of B(1)es and of B(2)o. When E, = E, = E,
the spectrum of L**(1)Q* is {—(No/2E)(1 + (N,/2E)8;*)"'}, where
{8,} is the spectrum of B(2)s. Similarly, the spectrum of L''(2)Q"
is {(No/2E)(1 4+ (No/2E)w;*) ™}, where {w,} is the spectrum of B(1)a.

Second, it should be observed that when E, = E, = E, the forms
of the matrices for the cases m = 1 and m = 2 are the same, with the
roles of positive and negative matrices interchanged. To compute
error probability for m = 1, we use the distribution function F,(z);
for m = 2, we use the conjugate distribution 1 — F,(z) which can be
expressed as P{—Z2'QZ < —z |2}, the distribution function of the
negative of the original variable evaluated at —z. Introduction of this
random variable for the case m = 2 reverses the roles of positive and
negative matrices, the net effect being that for bothm = 1 and m = 2
the positive and negative matrices have the same forms. o
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4.2 Bounds on Spectra, 6, and Error Probability

It is clear that spectral bounds on L(1)@ can be obtained from spectral
bounds on B(m)s, m = 1, 2, and similarly for L(2)Q. Consider the
bounds on L(1)Q when E, = E, = E. The positive spectrum is bounded
as follows:

p=o Ssminw £Nl) £ maxw, £ =,

and the negative spectrum is bounded as follows:
—(No/2E)[1 + (No/2E)(5)™']
A1) £ —~WVo/2B)[1 + (No/2E)®))

where § < min §, < max § < 5.

(1)

lIA

- =7

—v,

Moreover, bounds on 8 can also be obtained. When &, = E, = E
and o; = a; = % (equilikely signals),

det [B(Do + (No/2B)]]
det [B(2)o + (No/2E)]

Since a determinant is the product of the eigenvalues of the matrix,
we have

y = (No/2E)0 = (N,/2E) log

[ @t (o/28)

(No/2E)0 = (No/2E) log 1] 5= (No/2E)

Thus, an upper bound is

+ (No/2E)

(No/2E)8 = (N,/2E)P log[_; + (N,/2E)’

and a lower bound is

(No/2E)8 = (No/2E)P log %%

Recall that the distribution function F,[(N,/2E)6] is bounded from
above by G[(z)"'(No/2E)f; P, »(u)”']. Further, suppose that the

spectra of B(l)e and B(2)¢ are narrow about the nominal value
1/P) tr B(m)e = (1/P) tr ¢ = (1/P). We can put

- _;_1+8 _s_1—=8
W= 0= P ) e_é_ P H (4)

where B is the fractional spectral half width. Then, the parameters
required to compute the upper bound on the distribution function are
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14+ 84 (N,P/2E)
1= g (N.p/2E) * O

()" (Vo/2B)F = l%ﬁ (NP/2E)P log

P = — (NOP/2E)|:1 L1 (NOP/2E):|_1- (5b)

1+B

Similarly, the distribution function F,[(N,/2E)6] is bounded from below
by G(z) ™' (N./2E)¢; P, »(z)"']. The parameters required for this bound
are

N2 — — B+ (N,P/2E)
()" Wo/2)0 = Ty (VoP2BDP log 5 2 (50)

-1
W@ =7 T ﬁ(NoP/"L)[l + (N P/2E)] . (5d)
Having considered the case m = 1, the bounds for the case m = 2
are apparent. Considering the random variable —Z'QZ with 6 assumed
known, the positive and negative spectral bounds are precisely the
same as for the case m = 1, and the upper bound is

Gl—( ™ (No/2E)8; P, »(w)"]

whereas the lower bound is G[— (7)™'(N,/2E)8; P, »(z)"']. But 0 is
unknown, and the upper bound is given by replacing —6 by 4, and the
same result is obtained as previously; similarly, the lower bound is
given by replacing —# by ¢. In short, the bounds apply to both cases,
m = 1 and 2.

The numerical values of these bounds are given in Figs. 1 to 3 as
functions of 2E/N,P (the signal-to-noise ratio per path) for various
fixed values of 3 (the fractional spectral half-width) and P (the number
of paths). The curves are nested with respect to values of the fractional
spectral half-width 8; an increase of 8 always yields an increase of the
upper bound and a decrease of the lower bound. A measure of the sharp-
ness of the bounds (given a nominal value of error probability P.)
is provided by the difference of the upper-bound and lower-bound
values of 2E/N,P (in dB) for given values of 8 and P. For P, = 107*
and P = 4, the sharpness is 13 dB for 8 = 0.05 and 21 dB for 8 = 0.1.
This measure of sharpness appears to be relatively insensitive to the
value of P. An alternate measure would be the difference in error
probability for a given value of 2E/N,P, and this measure is indeed
markedly sensitive to P.

In the region of the curves corresponding to high signal-to-noise
ratio, there is an improvement in error probability associated with
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Fig. 1 — Error-probability bounds for widely-orthogonal signaling, P = 2.

larger P; the curves become straight lines since P, becomes proportional
to (2E/N,P)~". However, this improvement is in part attributable
to choosing 2F/N,P, the average per-path signal-to-noise ratio, as
the abscissa rather than 2E/N,, the total signal-to-noise ratio. To
obtain plots vs 2E/N,, one moves the P = 2" curves to the right
by 3n dB; then, the improvement with increased P is less dramatic
in this region of high signal-to-noise ratio.

4.3 Computing Speciral Bounds

It has been observed that bounds on the error probability for the
case of widely orthogonal signals can be obtained from bounds on the
spectrum of B(m)s, m = 1, 2. We now give several easily computed
formulas for these bounds.

Recall that B(m) is defined to be [ dt b*(t, m)b(t, m), a matrix of
scalar products or a Gram matrix. In general, this is uninformative,
since a matrix is a Gram matrix if and only if the matrix is positive
semidefinite. However, we will shortly use the fact that in our case
the diagonal entries of B(m) are unity because of the normalization.
Next, note that B(m)c is similar to o’B(m)s?!, a hermitian matrix
which has real roots (since ¢ is a real diagonal matrix with positive
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entries, the matrices o¢ and o~* exist; then o}[B(m)olo™? = o*B(m)c?).
When B(m) is diagonal or nearly so, the roots of B(m)s should be
close to the entries of ¢; this is justified by the following theorem.’
The characteristic roots of any matrix A lie in the closed region of
the z-plane consisting of all the disks {z: |z — A | < Doiws | Aii |,
1 =12 ---, P}. In our case, the region must be on the real line,
and we obtain a set of not necessarily nonoverlapping intervals centered
about {o;}, the half-widths being {J ;. | B:;(m) | o;} when we take
A = B(m)s. The spectral bounds are then the rightmost right-end point
max (4:: + Z | A 1],

FRak

and the leftmost left-end point
min [4;; — Z | 4: 1]
: i#d
(when it is positive).
A family of spectral bounds is obtainable from this theorem by apply-
ing it to B(m)e and to matrices similar to B(m)s, e.g., o' B(m)o?, e B(m),
and more generally ¢*B(m)¢'™%, 0 < « < 1. Thus, we have the family

1
1071
UPPER BOUNDS
) _-—-f=0.2
% 10 //,—ﬂ:o.l
o
<
9]
O 53
& 10 LOWER BOUNDS __7
@ B=O-2”/ -
8 ﬂ:O.i”’/ -
T o4l B=005-""
1075 P=4
j076l_1 [ | | |
-5 o 5 10 15 20

ZE/NOP SIGNAL-TO-NOISE RATIO PER PATH IN DECIBELS

Fig. 2 — Error-probability bounds for widely-orthogonal signaling, P = 4.
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Fig. 3 — Error-probability bounds for widely-orthogonal signaling, P = 8.

of upper spectral bounds
max {o; + Z of | Buy(m) | oi™}, O0=a

bRk}

IA

1. (6)

The question arises: which is the smallest upper bound? It is not true
in general that a bound is attained for the value of 7 that maximizes
a; , but suppose this is the case when « = 0. That is to say, suppose
o; = max, o, and that

a,v[l + > | Bi(m) lgijl = max ak[l + 2 | Bii(m) Igl:l
ii a; k i=k Ok
Then it follows that this is the smallest bound in the family, for ¢;/o; £ 1
implies that
1—a
2 | Biy(m) I% = Z | Bi;(m) | (%) ,

A

and hence
a,.[l + ; | Bi;(m) I%{l = tn[l + ; | Bism) | (%)M]
o [1e mimw 6]
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Similarly, we have the family of lower spectral bounds

min {o; — > o | Biy(m) | i), 0=l )

imi

The largest lower bound is obtained when « = 1 provided that ¢; =
min; o and that

ol — X |B,(m) ] = mln {o.[1 — Z | By;(m) |1}

bRk

To see this, observe that ¢;/¢; = 1 implies

> 18 1(Z) 7 2 518 |

i=t i#i

and hence

Al = 5Bt N2 o 1 - 3 B0 | (2) ]

i# i#i

b~z ()]

It should be noted that less sharp bounds are easily obtained. For
example, the matrix ¢B(m) yields the upper bound

max {7l + 3 | Ba(m) []) < max oy max [+ 3 | Bu(m) [,

v

[\

and the right-hand side is easily computed. The corresponding lower
bound is

min {o,[1 — > | B:;(m) [1} [mln o.J[1 — max Y | B;;(m) |].

[y ¥t i i#i
These less sharp bounds are easier to compute than those obtained in
a similar fashion from B(m)c or from ¢*B(m)s'~ .

Also, it should be noted that sharper bounds can be obtained by
employing a sharper theorem of matrix theory:’* The characteristic
roots of any matrix 4 lie in the closed region of the z-plane consisting
ofall theovals [z — A | |2 — 4;; | = Qs A Qs Ar), 5 # 4.
We do not pursue these bounds, but note that simple formulas are
obtained only when all paths have equal strength, ¢; = 1/P.

It is now clear that when B(m) is essentially diagonal, with
D iwi | Bij(m) | < 1 for all 4, the path gains ¢; are good nominal values
for the characteristic roots of B(m)e. If, moreover, these path gains
are equal, or approximately equal, then the upper and lower spectral
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bounds are close to one another. When this narrow-spectrum condition
prevails, the positive and negative portions of the spectrum of L(m)Q
are also narrow, and the bounds on error probability are sharp.

V. OTHER SPECIAL CASES

5.1 Well-resolved Paths and the Theory of Diversity

We consider the case in which the signals are resolvable, B(1) =
B(2) = I, ie., the paths are well separated in time and frequency
so that any time-Doppler shifted version of a signal is orthogonal to
any other version of itself. Moreover, we also assume that B(1, 2) =
[ dt b*(t, 1)b(t, 2) becomes a diagonal matrix, B(1, 2) = pI where
p = [ dt z¥()x.(), ie., the paths are sufficiently separated so that
any version of one signal is orthogonal to all but the same-path version
of the other signal.

It is then easily seen that the covariance matrix is comprised of
diagonal submatrices. Tor m = 1,

LY'(1) = o + (No/2E)I L?(1) = plo + (No/2E)I]
L) = p*le + WVo/2E)I]  L*Q) = | p ['0 + (No/2E).
Tor m = 2, assuming £, > 0,
L'2) = (B/E)( o | o + (No/2E)]
L™(@2) = p(ll,/E))[o + (No/2E,)]]
L(2) = p*(E./E)lo + (No/2E)]
L?(©2) = (E,/E)lo + (No/2E)I].
Moreover, the matrix @ is diagonal, being related to
@E,/No)H(m) = QE,/N)2E,/N)I + '] = olo + (No/2E)I]".

It then follows that L(m)Q is comprised of diagonal submatrices.
To find the spectrum, the order of the determinantal equation can be
reduced from 2P to P. Then the argument of the determinant is quad-
ratic in A. For the case E, = E,, a method of Turin [(22)—(23) in Ref. 5]
can be used relating the \; to the eigenvalues (elements) of o.

The above example brings the present analysis in contact with the
theory of diversity combining, see e.g., Ref. 3, Sec. 7.4. Turin,’ for
example, considered the case in which separate waveforms are available
and the fading is nonindependent in general. In our analysis, only one
waveform is in general available. But in the case of well-separated paths,



ERROR PROBABILITY 1619

we may assume P separate signal waveforms have been observed.
However, these separate waveforms must fade independently in keeping
with our general discrete-path model, and the on-diagonal component
matrices of L(m), viz., L'(m) = (No/2E)Z,Z)), and L*(m) =
(No/2B,){Z,Z}),, , are themselves diagonal matrices. It is still entirely
possible that L'*(m), the off-diagonal component matrix of L(m), is
not a diagonal matrix; e.g., when z,(¢) is a delayed version of z,(z),
then time overlap may preclude B(1, 2) being diagonal even though
B(1) and B(2) are diagonal. But when we assume that B(1, 2) is also
diagonal, then we obtain the form for L(m) exhibited above. It can be
observed that this is precisely the result Turin obtained for the case
of optimum diversity combining, where his not necessarily diagonal A
becomes our diagaonal ¢. When B(1, 2) is not diagonal, then our
results do not specialize to the form given by Turin, a reflection of
the fact that the multipath channel is not in general fully equivalent
to a diversity channel.

5.2 On-Off Keying

Another example is the case of on-off keying in which E, = 0. The
test statistic Z1QZ becomes

[(No/2E)'Z(1)) QE,/N)HL)[(N,/2E) Z(1)], since Q% = 0.
Thus, the distribution is determined by the spectrum of the matrix
L' (m)Q", where

L'*(m) = 6,.BQA, m)eB(m, 1) + (No/2E)B(1),
Q" = B ({I + (No/2E)[B()o] '} ™.
Observe that we no longer have the difference of positive-definite

forms, the test statistic now beinga positive random variable. The
threshold (N,/2E,)6(2) is

(N,o/2E)) log det [(—ZZ—E\}—DB(I)U + I:l

which is positive since the eigenvalues of (2E,/N¢)B(1)c + I are

greater than unity.
Assuming that the spectrum of L''(m)(2E,/N,)H(1) lies in the
interval (u, &), where p and g are functions of m, the bounds on the dis-

tribution function are

Gl(a)*(No/2E)0; P, 0] < F[(Q’—E)e] < Gl(W™'(Vo/2E)6; P, 0].
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Recall that G(z; P, 0) is related to the incomplete gamma function,
G;P,0) = I(z, P — 1).

The spectral bounds must exhibit two forms of (2E,/N,)-dependence.
When m = 1, L"(1)Q" = B(1)s, and bounds on B(1)s become y and z.
When m = 2, LY (2)Q" = (No/2E,){I + (N./2E,)[B(1)¢]™*} 7, so that

= (No/2E)[1 + (No/2E)(@)™17,

I=

= (No/2E)[1 + (NO/ZEl)(‘:’)—IJ—I;

where the spectrum of B(1)e¢ is confined to (w, @).
Collecting our results, when m = 1,

F\[(No/2E)6] = I{(e)"'(No/2E)P log [2E/No)a + 1}; P — 1}
F\[(No/2E)6] = I{(@)"'(No/2E)P log [(2E/No)e + 1]; P — 1}.

=

Similarly, when m = 2
F3[(No/2E)6] < I{[1 + (No/2E)(2)”"]P log [2E/No)a + 1]; P — 1}
F3[(No/2E)6) =z I{[1 + (No/2E)(@)"1P log [RE/Nge + 1]; P — 1}.

These results permit the computation of error-probability-bound curves
that would be universal in the same sense as the curves for widely-
orthogonal signaling, i.e., the curves would apply to any element of
the set of channels for which the spectral bounds are met.

VI. CHERNOFF BOUNDS

6.1 General Case

Up to this point, consideration of spectral bounds has lead to error-
probability bounds which are sharp when the spectrum comprises
narrow positive and negative portions. These bounds are easy to employ
when B(1, 2) = 0 and B(1), B(2) are nearly diagonal matrices. But
in more general cases, the estimation of spectral bounds may be difficult
and bounds may be poor approximations of eigenvalues. We turn to
another technique of bounding error probability which does not ex-
plicitly require spectral bounds.

Consider the error probability when hypothesis m = 2 is true,
P.(2) = Pr {Z'QZ > (N,/2E)0 | 2}. Recall that the unit step function
U(x) is unity for x > 0, zero for x < 0, and one-half for x = 0. Then
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P.2) = Pr (U[Z'QZ — (N.,/2E)0] = 1| 2}
&{U[Z'QZ — (No/2E)6]},

where &, denotes expectation under hypothesis m = 2. But since
U(z) < exp (uox) for any u, > 0, we have

P.2) < & {exp wm[Z'QZ — (No/2E)6]}.

This average can readily be computed, since Z'QZ has the same dis-
tribution as 2. M(2) | 2 |°, where {\.(2)} is the spectrum of L(2)Q.
Since &z, = 0, &z;2f = 6;,, and &z;2, = 0, the Gaussian variables
{Re z;}, {Im z;} are independent with zero mean and variance equal
to %. Thus, P,(2) is bounded from above by

exp [—u(No/2E) 0][g & exp (u2Mi(2) ] Re z, |2):| ’

where the outer square appears because the product involving {Im z}
has been suppressed. But a standard calculation shows,

gexp (M2 |Rez, ) = [1 — w2175, when w(2) < 1,

and our bound is
2P
exp [—u(N,/2E) 6] ;[_I L - ,Uz)\k(Q)]_l'
Thus,
P.(2) = exp [—u(No/2E)6] det™ [I — uL(2)Q], ©)

which holds for all s such that 0 < pa < [max A4(2) ]

The above procedure is adopted from the technique due to Cher-
noff (see Ref. 3, Sec. 2.5 and 7.4). Here, we do not have identically
distributed variables; indeed, half are positive and half are negative

random variables.
To find the best value of us, we write the bound as

N 2P
exp {—#2 5;3 6 — In g 1 — MzM(Q)]}

and differentiate the argument of the exponential. A necessary con-
dition for an extremum is that the derivative be zero, and this yields
M@

/20 = i =)

2P 1

= tr {{(L2Q™ — wI]'}.

=1
Ao NG — o
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If the value of . that satisfies this equation lies within the allow-
able interval [0, max~i\;(2)], then this value of pp minimizes the
upper bound. A minimum occurs because the second derivative of the
argument of the exponential is positive, being

2P 2
M(2) ]
k; [1 - #27\k(2) )
In a similar fashion, the error probability for m = 1 can be over-
bounded.
Pr {—2'QZ > —(N,/2E)6 | 1}
&{exp m[—Z'QZ + (No/2E)0))
P,(1) £ exp [m(No/2E)6] det™ [T + w L(1)Q].
The best value of u; satisfies
(No/2E)6 = tr {L)QII + wmL(1)Q]™'},

provided this value lies in the allowable interval [0, max*(—x;(1))].

P.(1)

IIA

6.2 Widely-orthogonal Signals

Consider the case in which the signals are widely orthogonal,
B(1,2) = 0, but have equal energy, E, = E, = E, and are equilikely,
a1 = a2 = %. The overbound on P, (1) is obtained from the spectrum
of L(1)Q which comprises the spectrum of L' (1)@ together with
the spectrum of L22(1)@?2. Thus,

P.(1) £ exp [m(N,/2E) 0] det™ [T + w, L' (1)Q" ] det™ [I + p, L*(1)Q%].
But the matrices used here were related in Paragraph 4.1 to B(1) e and
B(2) e, and our bound becomes

exp [m(No/2E) 6] det™ [I + wB(1)o]
det™ {T — wm(No/2E)I + (No/2E)(B(2)o)™'] }
After some manipulation, this bound becomes

)" o [ () o}
. det [3(2).7 + (N °> ]
O [ P 7 i A PR 2 e 2 P
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where

oo _ Jdet [BDa + (No/2B) 1]\ 2P
P B o/20)00 = {det [B)o + (No/2E)I]} :

The maximum allowable value of p; is determined by the largest
eigenvalue of L**(1)Q** which in turn is determined by the largest
eigenvalue of B(2)0:

0<u < ?’V—E + max™ (61,
0

where {8;} is the spectrum of B(2).
The best value of u, is found from the relation

(D)
I+ (1)

— tl‘ {Lll(1>Q11[I + #lLll(l)Qll]Al}
+ tr {LQQ(I)Q”[I + #1L22(1)Q”]_1}7

where we again have exploited the decomposition of the spectrum of
L(1)Q. After some manipulation, we find

(No/2E)6 = 3

(No/2E)6 = tr {B()o[I + w,B(1)e]™"}

— tr {B(2)a[[ + (%—i - ,‘1>B(2)0:|_1}.

An approximate solution can be obtained for the case of high signal-
to-noise ratio. Let u, = 7,(2E/N,); the relation becomes

Wy 6lc

(No/2E)0 = 3. 1+ (2E/Ny)pmw; - X 1+ QE/No(1 — Ao

Suppose & (2E/Nyw, > 1 and (1 — 7,)(2E/N,)é, > 1. Then the
right side becomes approximately

P _ P )
(2E/N o), QE/N)(1 — m)

Equating this to (V,/2E)6 and solving the resulting quadratic for the
root applicable for the case § = 0 yields

e b )+ (e ST
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When 6/2P is small, this value of g, is approximately

1 [/}
5[1*@]’

and the corresponding value of u, is (E/N,)[1 — (6/P)] which is ap-
proximately at the midpoint of the allowable interval.
In a similar fashion, the overbound on P,(2) is

exp [—u(No/2E) 0] det™ [I — p.L'"(2)Q""] det™ [I — p,L*(2)Q™],
which becomes
exp [—pa(No/2E) 8] det™ {I — w(No/2E)I + (No/2E)B(1)o)™'] 7"}
-det™ (I + u:B@2)d],

or

CAREICD)
| det [B(l)a + (;%) I:|
det {2[1 — (;LE‘:)B@)U + <%) 1} det [2,‘2 (%) B@)o + (%) 1] ’

where

nal — ddet [B@o + (No/2E)I]\* /"
P (o200 = {det [(BQ)s + (No/2E)I]}

The maximum allowable value of g, is determined by the largest eigen-
value of L' (2)Q" in turn determined by the largest eigenvalue of
B(1)e:

2F
N,

where {w,} is the spectrum of B(1)s. The best value of u, satisfies
(No/2E)0 = tr {L"(2)Q"[I — wL"(2)Q"]™}
+ tr {L*(@2)Q”[I — wL*2)Q"]™"}

Wo/2)0 =t {B (1)"[<'2N—E0 - w)B(l)a I ]}

— tr {B(2)o[I + pn.B(2)s]™'}.
Let p,=p,(2E/N,) and suppose ,(2E/N )6, > 1, (1—f2) (2E/N oo >> 1.

0 < p < + max”' (wk):
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Then the right side becomes

i P
(QE/NO)O - 172) (QE/No)ﬁz !

and the approximation of the best value of g, is

me (=) () |

which is approximately 1[1 — (6/4P)] when (0/2P) < 1.

The foregoing results can be specialized to the case in which the
paths are resolvable, B(1) = B(2) = I. Then 6 = 0, and it is easily
seen that the best value of z,, is 1. Both overbounds become

det [0 + (No/2E)I]
det’ [o + (No/EN’

and this agrees with equation 7.134 in Ref. 3.

It should be noted that z,, = 1 is always an allowed value of g, .
For the case of resolvable paths, it is the best value, and whenever
6/P < 1 and 2E/N, is sufficiently large, it is close to the best value.
Using a,, = %, we can obtain an overbound for both error probabilities,
i.e., for P,(m), m = 1, 2. This overbound is

18] det [B(8 — m)o + (N,o/2E)I] )
det [B(1)o + (No/E)I] det [B(2)o + (No/E)I]
(9a)

The factor exp (1 | 6 |) can also be written in terms of determinants.
When det [B(1)e + (NV,/2E)I] is larger than det [B(2)e + (No/2E)I],
we have

(E/2No)™"

(E/2No)™" exp (3

det [B(1)o + (No/2E>I]}* (9b)

1 —
ep G0 = {det (B@o + (No/2B)]]
and when the reverse inequality holds, exp (4 | 6 |) is the reciprocal
of the above.

For the case in which the spectrum of B(m)o lies in the interval
(1—B/P, 1+3/P) where 8 < 1, the overbound can be further over-
bounded. The factor involving determinants is less than

[ +5+ &)
[-s+007)
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and | 6]/2 is less than

1+ 8+ (NP/2)
1 — B+ (N.P/2E)

It follows that the Chernoff bound is less than

r 41 + B + (N,P/2B)) "

(WoP/2E) {[1 “B+ WoP2B)TL — B+ 2<N0P/2E>]2} - (0
Numerical values of this bound are given in Fig. 4, and it has the
same general character as the spectral-related bounds. Rather than
sharpness given a nominal value of error probability P,, we consider
the sensitivity measured by the change in 2E/N P (in dB) vs 8;
for P, = 10~* and P = 4, the sensitivity is 2 dB for 8§ = 0.1. The
sensitivity does not markedly increase with an increase in P, in agree-

ment with the behavior of the sharpness of the previous bounds.
Comparison of the Chernoff bound with the previous bounds is
conveniently done for the case § = 0 (cf. Sec. 7.4 of Ref. 3). The
Chernoff bound does not specify a signal-to-noise ratio (required to
achieve a nominal P,) excessively greater than the previous value;
for P = 4, less than 2.2 dB difference is observed. This excess does
decrease with increasing P. Moreover, it is entirely conceivable that in
a broad-spectrum case with a large number of paths, an exact value of
the Chernoff bound would be better than the spectral-bound result.
Of course, our inexact (overbounded) Chernoff bound is poor in the

P
‘_2 log

1

3
1

2

S
|

BOUND OF ERROR PROBABILITY
5
1
w

i0-4

1075
0 5 10 15 20 25
2E/N,P SIGNAL-TO-NOISE RATIO PER PATH IN DECIBELS

Fig. 4 — Overbounded Chernoff bounds for widely-orthogonal signaling.
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broad-spectrum case, but a Chernoff bound using the proper values
of the determinants should be good for two reasons. (¢) Such a bound
reflects the precise values of the cigenvalues of the matrix L(m)@.
(12) When P is large, the probability density function is bell shaped
with the probability “mass” being concentrated near the mean and
most of the tail mass being at the leading portion of the tail; then
the tail mass can be weighted by the exponential function with little
error. On the other hand, the spectral-bound approach suffers in the
broad-band case since the spectral bounds are not meaningful approxi-
mations of all the eigenvalues.

VII. DISCUSSION

Having observed that exact computation of error probability is
cumbersome and depends upon an often inordinately large number of
parameters, we considered error-probability bounds (2) that are uni-
versal in the sense that they apply to any one of a set of channels
satisfying spectral bounds (1). Our bounds employ (3), the distribu-
tion function of the difference of chi-square variables. For the special
case of widely orthogonal signals, we obtained bounds employing
parameters (5) in terms of the spectral width B, see (4), of the
matrices B(m)o. Plots of these bounds showed that sharpness meas-
ured in dB change of 2E /NP with respect to 8 for a fixed value of
crror probability is not sensitive to the value of P. We presented a
technique for obtaining spectral bounds for B(m)e when it is nearly
diagonal, representative results being (6) and (7). This technique can
also be applied to L(m)Q for the more general case in which the
slgnals are not widely orthogonal.

The case of resolvable signals (B(m) = I) made contact with the
theory of diversity; we found that for the multipath channel to be a
diversity channel, B(1, 2) must also be a diagonal matrix. Of course,
the previous results also were in contact with diversity theory. With
B(1,2) = 0 (a diagonal matrix) but B(m) not necessarily diagonal,
our results generalize those of diversity theory in the following sense.
The special case 8 = 0 corresponds to a diversity channel with equal
link gains, but the general case 8 %= 0 can arise in the nondiversity
situation when the matrix B(m) is not diagonal. (If B(m) were
diagonal, B(m) = I and the diversity case prevails.)

We then turned to the Chernoff bound (8) which does not ex-
plicitly employ spectral bounds. The overbounded form (10) for the
case of widely orthogonal signals was poorer than the previous bound
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when B8 = 0. Nevertheless, there is promise that in a broad-spectrum
case, the original form (9) would be better than the spectral-related
bounds. A further advantage is that once the determinants are eval-
uated, perhaps on an electronic computer, the error-probability hbound
is immediately obtained. In contrast, the spectral-related bounds
require a certain amount of computation involving incomplete gamma
functions even after spectral bounds are obtained.
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APPENDIX A

Here we show that the number of positive eigenvalues of LQ
equals the number of negative eigenvalues.* Recall that L is positive
definite and that @ can be written in the partitioned form

Q=[Q OJy
0 sz

where Q' and —Q** are positive definite. Clearly, the number of positive
eigenvalues of @ equals the number of negative eigenvalues. We can
construct a family of positive definite matrices L,, 0 < ¢ = 1, such
that L, = I, L, = L, and L, is continuous in {. For example, let L, =
(1 — &I + tL; L, has positive eigenvalues {(1 — ¢) -+ ¢y}, where
{y:} are the eigenvalues of L. Now the eigenvalues of L,Q are real,
for L,Q is similar to the Hermitian matrix LIQL} = L7¥(L,Q)L}, where
L} and L;? exist since L, is positive definite, Moreover, the eigenvalues
of L,Q are continuous in ¢, since L, is continuous in ¢ But L,Q never
has a zero eigenvalue, for L, is positive definite and (,Q)™" = Q™'L;?
always exists. Since the eigenvalues are real, continuous in £, and never
zero, it follows that no positive eigenvalue of L,Q can become negative
as ¢ varies on [0, 1], and no negative eigenvalue of L,Q can become
positive. The conclusion is established.

APPENDIX B

This appendix presents another derivation of the distribution fune-
tion of D7 | z, |° — « 225, | 2 |°. This derivation makes contact with

*We are indebted to B. H. Bharucha for the conception of this proof.
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the special functions that have appeared in analyses of diversity chan-
nels; also, this derivation appears to admit generalization to the case
2z, = Re 2, with (z;2:) = §;, . (An odd number of variables in the real
case corresponds to half-integer P in the complex case.)

The density function of Y7 | 2 |* is

P—1 —z

x
T (x> 0)
P — 1! ’
@ =1L~ D
0 (z < 0),
and the density function of —a D 2%, | 2, |* is
0 0),
g(x) — . (.'L' > )
(=2)" e
S — < 0).
Je—n <0

The density of the sum is the convolution of the densities,

W) = fm ;o,,) dy f(g(x — ),

where the first argument of max (- , -) arises from the truncated form
of f and the second argument arises from the truncated form of g¢.
It follows that

"o = e i(pl%?— D! Loy 00 =7 o0 [”(i + l)y]

For the case x > 0, the lower limit is z. For the case < 0, the integral
can be cast into the form of the integral for the case x > 0 by a change
of variable. The result differs only in the exponential factor, i.e.,

M) = — exp (—x)
o (P — P — 1!

.fw dyly — |z D" 7'y" " exp [—(i + l)y] , x<0.
Izl

The integral can be evaluated with the aid of relation (12) on page 202,
Vol. II of Ref. 10, and the common result for the cases z < 0 and z > 01is

1 1 Z
| 2 |77% exp [(— - 1) —]
a 2 K

_ (1 +alz ])
Vie@d + )@ -1 "N« 2/
where Kp_;(2) is the modified Bessel function of the third kind.

hzx)
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The above expression for the density is valid for all P, noninteger
as well as integer. But in our application, P is an integer; a relation
on page 80 of Ref. 11 yields

s @oitm
Kpy() = \/z_ze 2 EIP — 1 — k)12

k=0

The density is then

o= (5 e [ ()5 - 5]

PZ; ® —(11)) !;!(zgtkf - PI (1 :L a)ki (%)Pk

When z < 0, the exponential becomes exp (z/a), and when z > 0,
it becomes exp (—ux).

Observe that when a = 1, the density is symmetric. When « < 1,
the factor exp [(1 — a/a)z/2] shifts the mass to the right. When a — 0,
it can be shown that h(z) — f(z).

To obtain the distribution function G(y; P, «), consider first the
case y < 0. Since [*, dz h(z) equals [, dz h(—z), the following integral
arises in each term of the sum,

£ P—-1-k
d—xe“’/“@) —(P—1—R[—1I(yl|/a,P —1— ).
lyl & o

The case y > 0 is treated by considering [, dx h(z) + [ dx k().
The integral that arises is just (P — 1 — k) (y, P — 1 — k). These
steps establish our final result, quoted above.

Our result could also have been obtained from the Fourier transform
of the characteristic function (1 — 4)™"(1 + 4ta)”". The Fourier
transform of (e + it) “**(8 — 1t)™" is given by relation (12) on page 119,
Vol. I of Ref. 10 in terms of Whittaker functions that reduce to Bessel
functions for the case p = v = P/2 in view of relation (14) on page 265,
Ref. 12. The density function can thus be obtained.
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Precoding for Multiple-Speed

Data Transmission

By ROBERT W. CHANG
(Manuscript received April 24, 1967)

In certain applications, because of noise, compatibility, or other con-
siderations, it is desirable that a data transmission system have the flexibility
to operate at multiple speeds. In this paper, a precoding scheme for multiple-
speed digital or analog data transmission is presented. The scheme has a
flexibility which allows the data rate and overall channel characteristics
to be changed simultaneously by simply changing the data format and some
resistive elements. There 1is no change in the filters, the equalization, the
transmatter signaling inferval, or the receiver sampling time. By wusing
partial response channels, a number of commonly used data rates are
easily obtained, using a physically realizable precoder and correlaior. With
correct timing and the use of orthonormal siginals, the signal-to-notse ratio
18 maximized at each data rate for bandlimited white noise under the con-
straints of fixed line signal power and no intersymbol interference. Timing
error is considered in a two-speed transmission scheme, and the selection of a
precoding matrix using eye opening as the criterton is studied. This study
clearly demonstrates the advaniage of changing the overall channel char-
acteristics when changing the data rate. Eye openings obtained are equal to
or larger than those of two conventional schemes transmitting at the same
data rates.

I. INTRODUCTION

In conventional pulse amplitude modulation (PAM) data transmis-
sion systems (digital or analog), the signal at the receiver input
takes the form

(0 = 3 aft — k9, o

where {a;} are the information symbols, Ty is the signaling interval,
and the signals f(t — kTo), k = 1, --- , N, are time translates of each

1633
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other. It is well known? that in order for these systems to meet the
criterion “Maximize the signal-to-noise ratio in the presence of band-
limited white noise under the constraints of fixed line signal power and
no intersymbol interference,”’ the signals should be designed so that
the overall channel characteristics are in the Nyquist I class and the
overall amplitude characteristics are divided equally between the trans-
mitting and the receiving side. Such a signal design scheme (hereafter
referred to as Scheme 1) is popular and is used even if the system de-
signer is aware that the channel noise may not be white over the fre-
quency band of interest. This is because the practical determination
of the noise statistics and the realization of the corresponding optimum
filters for a general communication complex are nearly impossible. A
block diagram of Scheme I is shown in Fig. 1.

In this paper, a precoding signaling scheme (Scheme IT) is presented
for multiple-speed analog or digital data transmission. Scheme II also
meets the signal-to-noise ratio criterion above. The very distinctive
difference between Schemes I and II is that in I the signals f(t — kT%)
are time translates, but in II the signals are not necessarily so. This
property allows the data rate and overall channel characteristics (such
as represented by the eye opening) of Scheme II to be changed simul-
taneously without changing the filters, the equalization, the signaling
interval at the transmitter, or the sampling time at the receiver.

In Scheme II, a sequence of information symbols is divided into
blocks and the blocks are transmitted sequentially. For clarity, we
first consider in Section II the transmission of a single block at a fixed
data rate and the precoder and the receiver structure. Multiple block
multispeed transmission and the use of partial response channels are
considered in Section III. A two-speed transmission scheme, sampling
time error, and eye patterns are considered in Section IV.

II. TRANSMISSION OF A SINGLE BLOCK AT A FIXED DATA RATE

A block diagram of Scheme II is shown in Fig. 2. The quantities
H (jw) and h(t) are, respectively, the transfer function and the impulse

an
{ } | TRANSMITTING TRANSMISSION | RECEIVING DECISION
-7 FILTER MEDIUM FILTER CIRCUIT

NOISE

Fig. 1 — Block diagram of Scheme I.
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an bn
{ } { } TRANSMISSION DECISION
——»| PRECODER MEDIUM CORRELATOR ERCUT

NOISE

Fig. 2 — Block diagram of Scheme II.

response of the transmission medium. We shall consider H (jw) to be
bandlimited, and

H(jw) # 0, |w| = 24f,

2
=0, otherwise.
The time interval
7 =1 second @)
= 3, seconds

is the Nyquist interval.

Consider the transmission of a block of symbols a,, -+, ax . Each
symbol can be an m-ary digit (m = 2) or a real number. The precoder
converts a,, ++- , ay into a sequence of numbers b, , - -+ , by, and the
number b, , k = 1, --- , N, is transmitted at ¢ = k7. This produces
a signal at the input to the receiver given by

s(t) = i‘ bh(t — KT). (4)

From (2), the impulse responses h(t — kT) are infinitely linearly
independent, i.e.,

N
S bh(t —KT) =0 forallt=b, =0 forallk, (5)

k=1
where N can approach infinity. Equation (5) can be proven by noting
that the equality

N
> bkt — kT) = 0 forall ¢

k=1

and (2) together imply that

N
Sbhe ™ =0 for |w| < 2nf. . (6)
k=1

Equation (6) then implies that b, = 0 for all k.
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As is well known, a bandlimited signal, say ¢(¢), can be represented
by its time samples. The vector whose elements are the time samples of
¢(t) will be referred to as the time sample vector of g(f). For convenience,
we shall use time sample vectors in discussing the precoder and receiver
structures, and use the signals themselves in analyzing the overall
channel characteristics.

Leth; ,a M X 1 vector, be the time sample vector of A{({ — kT"), where
the value of M will be considered later. Then (4) is equivalent to the
vector equation

N
S = kz beh, ©)
=1
The N vectors h,, ¥k = 1, --- |, N, are linearly independent since

the impulse responses i(t — kT) are. Hence, the N vectors h,, k =
1, ---, N, generate a real Euclidean vector space &y of N dimensions.
If the precoder were not used, we would have b, = a; and S = >_>_, a;h,,
and the information symbols @, would be transmitted as coordinates
of the basis vectors h, of &, . It is well known that the basis can be
changed by a linear transformation. A precoder can be used for this pur-
pose so that a suitable set of basis vectors can be chosen for each trans-
mission rate of a multi-speed system based on considerations such as
signal-to-noise ratio and the effect of timing error.

Define
[ a b h{ Vi
A= -1, B=|: |, H=||, V=]
}JlN bN h](r Vi
where V represents a set of basis vectors for &, and the prime notation
represents transpose. Since h,, £k = 1, - -+ , N, generate &y, V is related
to H by

V = HA, ©)

where A = [A;;] is an N X N nonsingular matrix. If a, is transmitted
as a coordinate of V,, then

N
S = > aV, = VA = HAA. (10)
k=1

But, from (7)
S = HB. (11)
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From (10) and (11), the precoder structure is
B = AA. (12)

Since the noise statistics and the statistics of the customer’s data
are usually unavailable, we choose here not to carry out a usual optimiza-
tion study on the choice of V using such statistics. In the sequel, V is
chosen to be a set of orthonormal basis vectors. This enables the pre-
coding signaling scheme (Scheme IT) to meet the following requirements:

() The performance is optimum in the same sense as the popular
Scheme I described in Section I.

(72) The overall channel characteristics are controlled by the precoding
matrix A and hence by resistive elements. (In Scheme I the overall
channel characteristics are controlled by the transmitting and receiving
filters.)

These requirements are met with a simple receiver structure. The
noisy signal at the input of the receiver is

N
X=S+N= > aV,+ N, (13)

where N is the noise vector. A correlator at the receiver computes
the decision statistics X'V, , X'V,, -+, X'Vy . Since V,, V,, «-+ , Vy
are orthonormal, we have

XV, =a 4+ NV, . (14)

Because of orthonormality the decision statistic X'V, depends only
on a, and there is no intersymbol interference. A decision on the symbol
@, can be made from the decision statistic X'V, by a simple, standard
decision rule.

A basic difference between Schemes I and IT is that in I the signals
f(¢ — kT,) are time translates of each other, but in IT the orthogonal
signals V, are not necessarily time translates. A difference in operation
between the two schemes is seen in the second requirement. In Scheme I
the overall channel characteristics are controlled by the transmitting
and receiving filters. But, in Scheme II, they are controlled by the
precoding matrix. To illustrate this and also for use in Section IV,
we derive the impulse responses of Scheme II. As shown in Fig. 3,
the correlator can be implemented with a tapped delay line and N
sets of attenuators. Only the jth set of attenuators is shown. The
attenuation ratios Vj;, - -+, V;ar shown are the values of the elements
of V; , and the decision statistic X'V; is obtained by sampling the output
of the jth summing circuit. For analytical purposes, the tapped delay
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x(t)

DELAY LINE }(_T_)‘

ViM======--- Vja Vit
JjTH
——

SUMMING
CIRCUIT

Tig. 3 —Diagram defining hi; ().

line, the jth set of attenuators, and the jth summing circuit together
are equivalent to a matched filter having impulse response V;(t, — 1),
where {, is the sampling instant and V() is a signal whose time sample
vector is V; . Now define

h.:;(t) = output of the jth summing circuit when
a; = 1is applied to the precoder. (15)

Since q; is transmitted by the signal V; or V,(¢), we have

Bt = [ Z Vilto + 1 — OV (r) dr. (16)
From (8) and (9)
V; = kf)l N an
From (16) and (17)
ha(l) = ,i :1 Nk _: Wt 4+ 7 — £ — EDh(r — IT) dr. (18)

It is seen from (18) that, for a given transmission medium, k;;({) is
controlled by the elements \;; of the precoding matrix. Since changing
the precoding matrix requires only changing attenuation ratios in the
precoder and the correlator, the overall channel characteristics are con-
trolled by resistive elements.

III. PRECODING FOR MULTIPLE-SPEED TRANSMISSION

The transmission of a single block has been considered in Section II.
Now consider the transmission of an infinite sequence of symbols.
In Scheme II, a symbol sequence is divided into blocks with N symbols
in each block. If the vectors h;, --- , hy are M X 1 as assumed in
Section II, the blocks can be transmitted sequentially at M T seconds
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intervals without interference between each other and the data rate is

_N
M

where R, is the Nyquist rate.

Theoretically there is no limit on the block length N; however,
we shall restrict N to be small number such as 3 so that the precoder
and the correlator can be easily implemented. The parameter 2/ must
be restricted accordingly so that R [see (19)] can be a commonly used
data rate such as 3/4 of the Nyquist rate. These requirements are
satisfied by using the popular partial response channels.?:*

Table I of Ref. 3 illustrated five classes of partial response channels.
From the table, it is clear that if A(f) is in Class 1, then a set of sampling
instants can be chosen (sampling time error will be considered later) such
that h(¢ — T), --- , h(t — NT) are simultaneously zero at all except
N + 1 adjacent sampling points. This means that the vectors h, , - - -
hy are each (N 4 1) X 1 so that

R Ruux bauds, (19)

)

M=N+1 (20)
N
R = N1 R,... bauds.

If 2(¢) is in Class 2, or 3, or 4, sampling instants can be chosen such
that M = N - 2. The rule can be easily extended to other classes.

Consider now multiple-speed operation. As will be shown it is de-
sirable to change the overall channel characteristics when changing the
data rate. To make these changes, it is necessary to change the data
format; however, it is desired that the system not be altered signifi-
cantly otherwise (such as changing the filters, the equalization, the
signaling interval, the receiver sampling time, etc.).

The scheme developed allows the data rate and overall channel
characteristics to be changed simultaneously by changing only the
data format and some resistive elements. When the system operates
as above, the data rate is (N /M) R ... bauds and the sequence of symbols

a1a2 D a/NaN-i-l LY
is transmitted. If the particular channel is noisy, one may wish to reduce
the baud rate so that signal energy per baud can be increased to combat
noise (an adaptive technique). The data rate can be changed to

R R..x bauds, 21)

=L
M
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where 7 can be any integer from 1 to N, by inserting N — r zero digits
into each block as follows

al"'ar 0...0 Arsy *°° Aoy O...O a?r-f-l"'

and transmitting this sequence instead of the original symbol sequence.
The 7 information symbols in each block are transmitted to the first
rsumming circuits of the correlator at the receiver, while the N — r
zero digits in each block are transmitted to the other summing circuits.
For convenience, let us refer to the transmission path from the precoder
to the jth summing ecircuit as the jth subchannel. Since there is no
information transmission through the last N — 7 subchannels, it is
no longer necessary to consider their performances. The precoding
matrix A. can be changed to improve the performance of the first
subchannels (such as reducing the effect of timing error). This can be
done by changing the resistive elements in the precoder and correlator.

To summarize, the multiple-speed transmission scheme has the
following properties:

(7) Changing data rate and overall channel characteristics requires
only changing the data format and some resistive elements. There is
no change to the filters, the equalization, the signaling interval 7,
or the receiver sampling time.

(#7) With correct timing and the use of orthonormal signals, signal-
to-noise ratio is maximized at each data rate for band-limited white
noise under the constraints of fixed line signal power and no inter-
symbol interference.

(727) By using partial response channels, commonly used data rates
are easily obtained, using a physically realizable precoder and correlator.

The discussions so far are general. To show how the method can be
applied, and, more important, to demonstrate the advantage of changing
the overall channel characteristics when changing the data rate, we
consider in detail a two-speed transmission scheme in Section IV.

IV. TWO-SPEED TRANSMISSION AND EYE PATTERNS

Consider the following problem: The transmission medium is equalized
for transmission at half the Nyquist rate and

H{jw) = square root of full-cosine rolloff characteristic

=k cos ;}‘fc , | £ 2af. (22)

= 0, otherwise,
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where k is a gain factor and f, is the bandwidth. It is recognized that,
if Scheme I is used, the system is simply the popular full-cosine rolloff
system transmitting at half the Nyquist rate.

The channel can be utilized more efficiently if the transmission rate
can be changed according to the noise level. To compromise between
efficiency and equipment complexity we choose to consider here two-
speed transmission and two common data rates, 3 and 2 of the Nyquist
rate.

We consider in detail how Scheme II can be used for this purpose.
Note that H(jw) in (22) is the Class 1 partial response system function.
Therefore, from (20) and (21)

r
R = N1 R... bauds, (23)

where r can be any integer from 1 to N. To obtain % R... and £ R,
from (23), N can be 3, 7, etc. We choose N = 3 so that the precoder
and correlator can be easily implemented.

To obtain the higher data rate, the sequence of information symbols
is divided into blocks with three digits in each block, where the nth
block contains the symbols @s,s;, @sq42, and @s,.s. The blocks are
applied to the precoder sequentially at 47T intervals. The precoder
converts the symbols @sn+1, @gnsez, and @s..3 in the nth block into
numbers bs,+1, bansz , and bs,.3 and transmits bg,.; at ¢ = @n + )T

Consider the block containing a, , a., and a; . The precoder converts
@,, a;, and a; into b, , b,, and by, and transmits b,, b, and b; se-
quentially at ¢ = T, 27, 3T. This produces, as discussed in the previous
section, a signal at the receiver input as

X = bh, + bh, + bsh; + N (24)

where the time sample vectors h, , h, , and h; can be written as (omitting
a gain factor and the common zero samples)

1 0 0
1 1 0
h, = s h, = ’ h, = : (25)
0 1 1 |
0 0 1

Equation (25) shows that if sampling time is correct (timing error
will be considered later), h, , h, , and h; are limited to a 47" time interval.
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Since each block is transmitted in a 47 .time interval, there is no inter-
ference between adjacent blocks.

The vectors h; , h, , and h; generate a three-dimensional real Euclidean
vector space &; . Let

Vl 1 T721 V31
7
'v1 — I 12 , ‘72 — V22 , V3 — V32 (26)
V13 V23 V33
V14 V24 V34

be a set of orthonormal basis vectors for & and let a,, a,, and as
be transmitted as coordinates of V,, V,, and V;, respectively. Then
the signal X at the input of the receiver must also be

X =aV,+ &V, + aV; 4+ N. 27)

The precoder structure then is

b, N1 Agy >\317 ’5‘117
bl = | N2 Nz A |f) @ } ’ (28)
by Maz Aoz Asa] Lag

where the A;;’s can be easily determined from (24), (25), (26), and (27).
This precoder structure can be easily realized (Tig. 4).

The correlator at the receiver which computes the decision statistics
X'V,, X'V,, and X'V; can also be easily realized (Tig. 3, j = 1, 2, 3;
M = 4).

It is clear from Figs. 3 and 4 that the precoding matrix can be changed
by simply changing the resistive elements (the attenuators) in the
precoder and the correlator.

The transmission rate is 3/4 R,... when the system operates as above.
To change the transmission rate to 1/2 R..., zero digits are inserted
into the original data sequence as follows

’a1a20a3a40a5a60"',

and this new sequence is transmitted instead of the original sequence.
Making use of the reduced baud rate to improve system performance, the
overall channel characteristic is adjusted simultaneously by changing
the precoding matrix. This is the subject of the following section.

4.1 Timing Error and Eye Opening

So far we have not specified which set of orthonormal basis vectors
should be used. This is because with perfect timing the system meets
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y az a3
| , ¥
Pa)M ?)Aa ?))\31
o
b2
2)*13 2}%3 ?)xaa
bs

Fig. 4 — Precoder for two-speed transmission where N\, 4, j = 1, 2, 3, are at-
tenuators.

the signal-to-noise ratio criterion in Section III regardless of which
set of orthonormal basis vectors is chosen.

However, in practice, it is impossible to achieve zero sampling time
error. In general, the receiver will sample the summing circuit outputs
at ¢t = ¢, + 6 instead of the correct time ¢, , where § is a random timing
error. Then the system’s performance depends on the choice of V,, V,,
and V3, i.e., depends on the choice of A. To determine which A should
be used, it is necessary to specify the type of transmission and choose
a, performance criterion accordingly.

In the sequel, we consider digital data transmission. Eye opening
is adopted as the criterion since it is a widely accepted, practical one*
(although considering eye openings in the presence of timing error
leads to a difficult nonlinear mathematical problem).

Let r.(t) be the output of the 7th summing circuit when an infinite
sequence of digits is transmitted at the higher data rate 3/4 R.. . Then

1) = 3 agehiill — 40T) + 33 agurihi(t — 4nT), (29)

n=—c0 i#i n=—o0

where £,;(t), as defined in (15), is the output of the jth summing circuit
when a; = 1 is transmitted alone. From (18) and (22) it can be shown
that

hii(t) = D\u)\n + NioNj2 + >\i3)‘i3]l(t) + D‘i2>\il + )\53)\1'211(': - T)
+ NNz + N ) I8+ T)
+ NN L0 — 2T) + NN I(E 4+ 270, (30)
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where

1 sin 2nf.(t — t,) .
2ol — L — 475 — )] 6L

I(t) =

To evaluate eye opening of r;(f) at {, + 6, we assume that the in-
formation digits {a;} are binary and that each can be % or —% (so that
full eye opening = 1). Then

E.(8) = Eye opening of r,(t) at ¢, + &

Lhistlo + 8) | — 35 [ husllo + & — 4nT) |

n=*1

e

- E Z lh,-;(to+6-—4nT)|

i#i n=—c0

i,i=1,2,3. (32

Similarly, let 7{(¢) be the output of the ¢th summing circuit when
an infinite sequence of digits is transmitted at the lower data rate
1/2 R,,.. . Since zeros are inserted and no information digit is received
at the third summing circuit, we need to consider only the eye openings
E’(8) and E4(58) of 7,(¢) and 7}(f), respectively.

4.2 Selection of Precoding M atrix

It is seen that at the higher data rate, we must consider simultaneously
E,(8), E.(8), and E,(8), while at the lower data rate we need only to
consider E{(6) and E}(8). This suggests that a different precoding matrix
should be selected for each data rate.

The steps in selection of the precoding matrix are lengthy and are
outlined in the Appendix. The results are summarized here.

The precoding matrix selected for the higher data rate is

>\Il = 0.21, )\12 = 0.62, )\13 = _0.5
Nt = —0.68, s = 048, Ny = —0.68 33)
)\31 = _0.5, )\32 = 0.62, A33 = (0.21.

Eye openings obtained with this precoding matrix are given in Table I
for 6 = 0, £0.17, £0.27, +0.37T (it is a reasonable expectation that
the timing error § will amount to no more than =0.27). Also given
in Table I is the eye opening F(8) of the popular “raised cosine’ rolloff
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TABLE I—CoMPARISON oF EYE OPENINGS

Timing Error & E1(8) Es(8) Ea(5) E(8)
-0.3T 0.312 0.418 0.351 0.312
—-0.2T 0.559 0.625 0.575 0.551
—-0.1T 0.790 0.821 0.793 0.783

0 1.000 1.000 1.000 1.000
0.1T 0.793 0.821 0.790 0.783
0.2T 0.575 0.625 0.559 0.551
0.3T 0.351 0.418 0.312 0.312

system® which transmits at the same data rate 3/4 R... (i.e., which
utilizes a 33.3 percent rolloff band). A glance shows that the eye openings
E,(8), E,(8), and E;(8) are equal to or larger than the eye opening
E(5) of the conventional system.

The precoding matrix selected for the lower data rate is

1
)\11=‘_\7§, >\12=0, Az =0

1

>\21 0) )\22 0} >\23 \/5 )

where A;;, A3z, and Az can be arbitrary since no information digit
is transmitted through the third subchannel. With this precoding
matrix, the system is identical with the popular “full cosine” rolloff
system at the lower data rate, and the eye openings E/(3) and Ej}(8)
are both 1.00, 0.955, 0.896, and 0.823, respectively, for & equal to
0, +0.17, £0.2T, and =+0.37. These eye openings are much larger
than %,(8) and E,(38) in Table I. This clearly demonstrates the advantage
of changing the precoding matrix when changing the transmission rate.

V. CONCLUSIONS

A precoding scheme is presented for multiple-speed digital or analog
data transmission. The scheme has the following properties

(#) Changing data rate and overall channel characteristics requires
only changing the data format and some resistive elements. There is
no change to the filters, the equalization, the transmitter signaling
interval, or the receiver sampling time.

(#2) With correct timing and the use of orthonormal signals, the signal-
to-noise ratio is maximized at each data rate for band-limited white
noise under the constraints of fixed line signal power and no intersymbol
interference.
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(747) By using partial response channels, a number of commonly used
data rates are easily obtained using a physically realizable precoder and
correlator.

Timing error is considered in a two-speed transmission scheme. Eye
openings are used as the criterion in selecting the precoding matrix.
Eye openings obtained are equal to or larger than those of two conven-
tional schemes transmitting at the same data rates. The study clearly
demonstrates the advantage of changing the overall channel charac-
teristics when changing the data rate.

APPENDIX

Selection of Precoding Matrix

As can be seen from (32), (30), and (31), the problem of finding a
precoding matrix for maximizing the eye openings in some joint sense
over a certain range of the random variable ¢ is nonlinear and mathe-
matically intractable. In the following, we reduce the dimension and
range of the precoding-matrix space § = {A} to a minimum by using
constraints and properties of 8, then derive a guide for searching the
reduced space. Eye openings are obtained equal to or larger than those
of two conventional schemes transmitting at the same data rates.

Consider the higher data rate. The eye openings E,(5), F.(5), and
E,(5) are determined by the nine parameters \;;, 7, j = 1, 2, 3. We
have from orthogonality of V,, V,, and V;

hii(ts) = 0, 5,j=1,2,3; T . (34

Define fori =1, 2, 3
1 M 1
gi Ci= Niz T3
It can be shown from (30), (81), and (35) that (34) is equivalent to
the constraints

CC; = -WW, — %, 1,7=1,2,3; T # 7. (36)

Equation (36) is satisfied if and only if one of the following condi-
tions holds

(35)

O) w.w, £ -1, W,W, = —1, W,W, £ —3% (37
(#7) wWW, £ —3, W,Wy = —1, W W, =z —3 (38)
(447) wW,Ww, =z —%, WW, = —1, W,W, = —3% (39)
(iv) ww, =z -1, W,W, £ —3, WW, =z —3. (40)
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Each of the four conditions specifies a subspace of 8. Equation (37)
corresponds to a null space because its requirements are conflicting.
Equations (39) and (40) can be obtained from (38) by rotating the
indexes of ; hence, for every point P in the subspace of (39) or (40),
there is a point @ in the subspace of (38) such that P and @ produce
eye openings differing only in indexes (for instance, P produces E,(8) =
a(8), £:(8) = B(5), and E5(8) = v(8); Q produces IZ,(8) = v(3), F2(8) =
a(6), and E3(8) = B(3)). Since they are the same set of eye openings,
we need only to cover the subspace of (38) in searching for A.

The subspace of (38) can be further narrowed. It can be shown that
(38) holds if and only if

W, = %, W,V,20, -1V, <0 (4
or
WaW,< -1 —lsW,W,<0  W,V,=0. (42

Equation (42) can be obtained from (41) by exchanging W, and W, .
Thus, for the reason just cited, we need to search only the subspace
of (41) instead of that of (38). ;

To further reduce 8, we divide the subspace of (41) into two subspaces

(4) wW, < -3 W,W,z0, —-iWW, -1 3
@y WW,=—-% W,W,=0, —-i=sW,W, =0. (44)

From (36), (44) can be written as
C.C; £ —-%, CC;20, —%=0C0C:=—1. (44a)

It can be shown from (32), (30), and (35) that simultaneously exchanging
Wiand C,, W,and C, , and W3 and C; does not change the eye openings.
From this it can be shown that for every point P in the subspace of
(43), there is a point @ in the subspace of (44a) such that P and @
have eye openings differing only in indexes. Since (44a) is equivalent
to (44), this implies that only the subspace of (44) needs to be searched
instead of that of (41).

The space $ to be searched has been reduced to only that of (44).
The W, — W, plane is reduced to a narrow strip for all W, = 0. For
instance, for W, = —1, W, is bounded between 0 and %, and W, and
W3 are bounded in the very narrow strip shown in Fig. 5.

Fach point (W,, W,, W,) in the subspace of (44) determines a
precoding matrix through (36), (35), and the orthonormality condi-
tion h;;(t,) = 1.
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L 7Y
1 2 We

Fig. 5— Region of W.and Vs (shaded) when Wy = —1.

Usually it is desirable that the three eye openings E(8), E.(9),
and E;(8) be approximately equal. It can be shown from (32), (30),
and (31) that E,(8) and E;(8) are approximately equal if

Wl = Cs ) IVZ = 02 ; and .[Va = Cl . (45)
Equation (45) defines the following region in the subspace of (44)
1 2w, _ 1
| Wl l > 2 H W2 - 4*[47? _ 1 y WS - 4W1. (46)

E,(8) islarger than E,(8) and E5(8) at one extreme of the range | W, | > 3,
and is smaller at the other extreme. Therefore, in the region of (46),
there are points at which E,(8), E,(6), and E,(8) are approximately
equal. A simple search of this one-dimensional region gives one of such
points as

W, =084, W,=—092, W,=—03.

This point gives the precoding matrix in (33). Table I in Section IV
shows that by using this precoding matrix for the higher data rate,
the system has eye openings equal to or larger than the eye openings
of a “raised cosine’’ rolloff system transmitting at the same data rate.

After the precoding matrix in (33) was obtained from the region of
(46), the rest of the subspace of (44) was searched. About 5000 points
were covered. It was found that no point had eye openings E,(6), E;(5),
and F;(8) simultaneously larger than those in Table I.

A similar study for the lower data rate produced the result in Sec-
tion IV.
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Axis-Crossing Intervals of Sine Wave Plus Noise
By A. J. RAINAL

I. INTRODUCTION

Let I(t, a) denote the stationary random process consisting of a
sinusoidal signal of amplitude +/2¢ and angular frequency ¢ plus
Gaussian noise, Iy(f), of zero mean and unit variance. Thus,

I(t,a) = V/2a cos (gt + 65) + Ix(D). (1)

6, denotes a random phase angle which is distributed uniformly in the
interval (—m, 7). “a” denotes the signal-to-noise power ratio. When
a = 0 Rice' presented some theoretical results which are very useful
for studying statistical properties of the axis-crossing intervals and the
axis-crossing points of I{¢, 0) at an arbitrary level I. The axis-crossing
intervals and the axis-crossing points of I(f, a) are defined in Fig. 1.
In recent work Cobb® presented some theoretical results concerning the
zero-crossing intervals, the axis-crossing intervals defined by the level
1 =0, of I(t, a). Some experimental and theoretical results concerning
the zero-crossing intervals of I(t, a) were reported by Rainal.’® For the
case when the power spectral density of Iy(f) is narrow-band and
symmetrical about the sine wave frequency, Blachman* presented some

8{ AND @i ARE AXIS—CROSSING INTERVALS

I e R A
| A | |
(AN L~ Vieer

S
WY

/|
| |V
1 |1

AXIS =~ CROSSING POINTS

Fig. 1—The level I defines the axis-crossing points and the axis-crossing
intervals of I(t, a) = \/2a cos (gt + 6) + Ix(2).
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theoretical results concerning the zero-crossing points, the axis-crossing
points defined by the level I = 0, of I(t, a).

The purpose of this brief is to present some theoretical results which
are useful for studying statistical properties of the axis-crossing intervals
and the axis-crossing points of I(t, a) at an arbitrary level I. These
results stem from a straightforward extension of Rice’s' analysis.

II. THEORETICAL RESULTS

Using a notation consistent with Refs. 5 and 6 we define the following
probability functions at an arbitrary level I and arbitrary signal-to-
noise power ratio “a’’:

(%) Q5 (s, I, a)dr, the conditional probability that a downward axis-
crossing occurs between £ 4 7 and ¢t + 7 + dr given an upward axis-
crossing at {.

(i) Q; (7, I, a)dr, the conditional probability that an upward axis-
crossing occurs between ¢ + 7 and ¢t + 7 + dr given a downward axis-
crossing at ¢.

(@r) [Us(r, I, @) — Qq(r, I, a)ldr, the conditional probability that
an upward axis-crossing occurs between ¢t 4 7 and t 4 7 4 dr given
an upward axis-crossing at .

This latter conditional probability is also equal to the conditional
probability that a downward axis-crossing occurs between ¢ + 7 and
{ 4+ 7 4+ dr given a downward axis-crossing at {.

The reader should refer to Rice' for the definition of all notation
which is not defined in this brief. When a = 0, Rice’s' (38) becomes

T © 0
Qe L) = —eN g™ [ a0 [an [ annipa, 1,1, D, @)
T ] -

where N; = Rice’s’ equation (2.6) or (2.7)
p(I, I, I3, 1) = @0 M™

*exp {—2—]15 [(Mo(I?* + I3%) + 2Mooi D15 + 2D41 + 2E,1% + Fl]}
M, S
n = M—zz Q= 2a
+ M,,Qq sin 6 + M1:Qq sin (qr + 6)
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B, = M,[Q cos (qr + 6) — I] + M[I — Q cos 6]
4+ M,:Qq sin (¢gr 4 6) + M.:Qq sin 6
Fy, = M, {2I°—2QI|[cos 6-+cos (gr+0)]+Q[cos’ 6+cos’ (qgr+6)]}

+ 2M,Qq{[I — Q cos 8] sin 8 4+ [Q cos (qgr + 6) — I]sin (qr + 6)}
+ 2M 3Qq{[I — Q cos 8] sin (qr + 6) 4+ [Q cos (¢ + 6) — I]sin 6}
+ 2M, {I[I — Q cos 0] + Q[Q cos 8 — I] cos (g7 + 6)}
+ M,(Qq)°[sin® 8 + sin® (¢ + 6)] + 2M,:(Qq)° sin 4 sin (g7 + 6).
The M’s are given in Rice’s' Appendix I with
m(r) = fw W(f) cos 2xfr df, 3)
where W(f) = one-sided power spectral density of Iy(t). When I = 0,

N,Q%(z, I, a) is equivalent to (9) of Cobb’s® recent work.
Equation (2) can be put in a form analogous to Rice’s' equation (47):

Qs(r, I, a) = [4x°N; "' Mo(l — m?)™F
: f exp (—G./20M) T, e, ) 40, (&)
where

1 ® * z
Too b k) = 5 [ "o [y — b — ke

2 4+’ — 2ray
2(1 — )

.]l[;;[l - 7'12]—1[D1 - l [ 1/122 :|
=1 -1 1 -
k. = —ﬂ[22[1 — 7‘1] [’1 D, ]|: Ji73 ]
22

G, = M1 —ri]"'[2rD\E, — D} —E;] + F, .

2= —

ho

Q; (r, I, a) is obtained from (2) by changing the signs of the «’s in
the limits of integration. We find that Q; (r, I, a) is equal to the right-
hand side of (4) with k., k. replaced by —h,, —k. .

[Usy(z, I, @) — Q.(7, I, a)] is obtained from (2) by changing the lower
limit of integration of I} to + . We find that [U,(r, I, a) — Q:(, I, a)]
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is equal to the right-hand side of (4) with the function J(r,, hs, k)
replaced by the function J,(r;, ks, k,), where

1 —0 0 R
S R Ve yer: fh o fk Y — ) — k. 6)

The funetions J(ry, ks, k;) and J,(r, , ks, k,) are expressed in terms

of Karl Pearson’s well-known tabulated function (d/N) in Ref. 5.
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