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Fig. 2—Monte Carlo estimates of LAP.-u(P,). The components are truncated
normal; p = 0, truncation at =3.50.
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normality. The table shows that g; and g» are very small for o-values
up to four over the range of n-values considered. The table also shows
that g, is, in general, positive. This indicates that the power sum dis-
tribution is positively skewed. Moreover, g; considered as a function
of the number of components n has definite maxima around n = 32
for all sufficiently large values of o. In particular, this means that the
magnitude of ¢g; decreases as n becomes large enough. This behavior
is consistent with the asymptotic behavior of the measure of skew-
ness as expressed by relation (14).

The results of the previous section show that both LAP, — wu(P,)
and «(P,) converge to 0 as n becomes infinite. From these two facts it
follows that the distribution of P, — LAP, converges to a distribution
degenerate at 0. Fig. 4 illustrates this convergence by plots of the
Monte Carlo estimates of the distribution function of P, for n = 1, 4,
16, 64, and 256. This convergence is also illustrated in Fig. 5 where the
1 percent and 99 percent points of the distribution function of P, are
plotted in addition to the mean m (P,) and the level of average power
LAP,, for ¢ = 10. It is seen that the slope of the 1 percent point with
a doubling of the number of components can be considerably larger
than 3 dB, while the 99 percent point changes by somewhat less than
3 dB whenever the number of components is doubled. LAP, does not
represent a fixed percentage point on the distribution function as
n is changing. It is, therefore, seen that the plots in Fig. 5 of some
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0.1
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PROBABILITY THAT Pp IS LESS
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Fig. 4 — Monte Carlo estimates of distribution function of P.. The components
are truncated normal; u = 0, ¢ = 10, truncation at +3.5¢.
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percentage points would actually cross their asymptote LAP, from
below before approaching it asymptotically from above. This is true
for all percentage points of the component distribution that lie be-
tween 0 and LAP;. In other words, the fact that all percentage points
approach LAP, asymptotically does not imply that the approach is
monotone.

IV. COMPARISON BETWEEN ANALYTICAL AND
MONTE CARLO RESULTS

At this point it is natural to examine the relative agreement be-
tween the various analytical approximations and the Monte Carlo
cstimates. Figs. 6 and 7 contain plots of the asymptote (16), the
Wilkinson approximation (18), and the Monte Carlo estimates of
LAP, — p(P,) for ¢ = 6 and 10, respectively. Both figures show the
asymptote as an upper bound for LAP, — p(P,). The plots also in-
dicate that the Wilkinson expression gives a better agreement with the
Monte Carlo results than the asymptote, and they illustrate the de-
gree of agreement between the Monte Carlo results and the analytical
expressions for various values of n. Finally, a comparison between the
two figures shows that the analytical approximations are better for
low values of ¢ than for high values. Figs. 8 and 9 present similar
comparisons between Monte Carlo results and analytical approxima-
tions for ¢(N,). The figures contain plots of the asymptotic expression
(17), the Wilkinson expression (19), and the Monte Carlo estimate

40
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aoil/’ |
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[} n
_ //
® 10/ ]
v m(Pn)
(a)
o T
/’/o
-10 L
-20 /
1 2 5 10 20 50 100 200 500

n

_Fig. 5—LAP, and Monte Carlo estimates of u(P.) and of two points on the
distribution function of P,.. The components are truncated normal; x = 0, ¢ = 10,
truncation at #£3.50.
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Fig. 6— Comparison between three estimates for LAP,-u(P,). The components
are truncated normal; p = 0, ¢ = 6, truncation at ==3.5s.
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Fig. 7— Comparison between three estimates for LAP,-u(P.). The components
are truncated normal; g = 0, ¢ = 10, truncation at +3.50.
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TFig. 8— Comparison between three estimates for o¢(P,). The components are
truncated normal; p = 0, ¢ = 6, truncation at =+3.50.

of ¢(P,) for ¢ = 6 and 10, respectively. The figures serve as a basis
for conjecturing that the asymptote provides an upper bound for ¢ (P,).
Furthermore, the figures indicate as above the degrec of agreement
between the analytic approximations and the Monte Carlo results,
and they show that the analytical approximations are better for low
than for high values of o.

V. INFLUENCE OF TAILS

The results discussed thus far are all based on a truncation of the
component distributions at +3.5¢. Truncations at other points can
casily be studied with the tools used. Thus, Table II summarizes results
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Fig. 9— Comparison between three estimates for ¢(P,). The components arc
truncated normal; u = 0, ¢ = 10, truncation at +3.50.
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of Monte Carlo evaluations for symmetric truncations at 420, +£2.50,
and &30 for ¢ = 1, 6, and 10 dB, respectively, and with the same range
of n-values as considered previously. A study of the table reveals that
the truncation point can have a considerable influence on the distribu-
tion of the resulting power sum. To exemplify this, Fig. 10 shows plots
of the standard deviation of the power sum of 256 components as a fune-
tion of the truncation point c. The plots cover a wider range of c-values
and ¢-values than found in Tables I and II. The extensions are based
on the Wilkinson approximation.

The plots in Fig. 10 exhibit the important trend that the influence
of the truncation point increases with an increase of the component
standard deviation ¢. The same conclusion can be drawn from a study
of the c-dependence of the mean u(P,) or of the quantity LAP, —
I"(Pn)~

Table II contains several cases of negative skewness of P,. Hence,
the earlier observation that P, is in general positively skewed does not
apply for c-values below 3.5.

VI. CONCLUDING REMARKS

The extension of the results given here to an even larger number of
components (n > 256) is straightforward, but the computer time
needed can easily become excessive. The agreement betweent asymp-
totic expressions and Monte Carlo results for large enough n does, how-
ever, indicate that the Monte Carlo technique is not necessary for
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Tig. 10— Estimates of ¢(P:s6). The components are truncated normal; p = 0,
truncation at ==co.
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power sum evaluations beyond a certain n-value, namely, the one
where the asymptotic expressions become sufficiently accurate.

Finally, we note that the problem of evaluating the distribution of
the power sum of nontruncated normal components has not been
brought closer to its solution by the results presented here. This prob-
lem is certainly of mathematical interest even though it represents a
physically unrealistic situation. Some Monte Carlo studies with larger
values for the truncation points have indicated that the convergence
of the power sum to normality is much less rapid in this case, and that
considerably larger values of the measures of skewness and excess can
occur than those contained in Table I.

VII. ACKNOWLEDGMENTS

Miss M. L. Chubb and F. P. Duffy wrote the computer programs
leading to the numerical results presented here. R. J. Christie sug-
gested the method for converting the random numbers from uniform
to truncated normal distribution. The proof of the Lemma in Appendix
A is due to N. A. Marlow with whom I had several interesting discus-
sions. D. A. Lewinski made several valuable comments. I thank them
all for their contributions.

APPENDIX A

Let X,, X,, -+, X, be independent identically distributed random
variables. Put

S = 10X1/10 + - + 10Xn/10

and let § = E[10¥*/*°]. In order to prove the asymptotic results in the
main body of the paper, we need the following.

Lemma: Suppose
Yot dt ]"
— l
Q(x)_xl:ollxt’ z> —1

where 1, j, m are nonnegative integers. If E10*'*/*° qnd E107°/*° gre
bounded, then

EI:Q(M)] =0m"%) as n— .

neo

Proof: Let

1 tm
1.() _fo i o> -l
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Then Q(z) = «'[I,,(x) ], and it follows from the Cauchy-Schwarz in-

equality that
2 _ 21 _ 25
< E(———-—S" "0) L[I(S "—"ﬂ .
no no

o]

The asymptotic behavior of the central moment of S, of order 21 is
found from Cramér.!® Hence,

ol ] - o524 o

no
To complete the proof, it suffices to show that

EI:I,,,(W)]M =0(1) as n— .

To show this, we again apply the Cauchy-Schwarz inequality. Thus,

! ot 1 1
2 < 2m = °
I(z) = f; e fo Q4+zt) 2m+1z+1

[H5]  etote)
E[['"< né = 2m + 1 B S,/

Consider now the function u(z) = 1/2’, which is convex on (0, ») for

§ = 0. By Jensen’s inequality it follows that if e, , -+ , @, Y1, ** , Un

are non-negative real numbers such that oy + -+ 4+ @, = 1, then
wWayy + -0+l S auly) + o0+ aulyl).

In particular,

n/S,)’

Hence,

u(sﬂ/n) é (1/n)[u(10X‘“°) -|— e __I_ u(lo.\’n/ln)]
(1/n)[10"'X‘“° 4+ ..o+ 10——an/10].

Il

Hence,
Em/S,) £ E[1077%/1],

The right-hand side of this inequality is finite by assumption, so the
proof is complete.

APPENDIX B
Derivation of the Wilkinson Results for Truncated Normal
Components '

As in Appendix A, let Xy, Xo, . .., X, be independent, identically
distributed random variables, and assume further that they all have a
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truncated normal distribution. The density function of X; is then
z < u — co, x> pu+co
)

() = 1 1 , <_
T =80 — ®(—0) \/2r o P 25

0,

p—c¢ce =z =p+tco

where ® stands for the standardized normal distribution function.
Now let W; be the nonnegative random variable that expresses the

power corresponding to X;, i.e.,
W, = 10%/10,
The density function of W is

0, W<

S S
B — ¥(—0) vVaromw V

+co)/10
w > 10%

_ (log w — )xu)2>
<

J(w) =

2
AN

10(u+rv)/lt)

lo(u—ca)/lo < w

The moments of W, are therefore,
EW = f W) dw = exp (e + N (ko),
0

where
, _ ®lc — o) — ¥(—c — \o)
o) = =50 = e(=0)

accounts for the effect of the truncation. We note that T.(¢) = 1 as

c— 0.
The mean and variance of Wy are found to be

8 = EW, = exp O + I\¢*)T.(0) (21)

and
. = Var (IV,) = exp 2\u + V)T (o) exp \'e))U, (o) — 1], (22)

where
. . Z'_C(QU).
v =1y

Now let P, be the power sum of X, , X,, -+-, X, and take p = 0.
TFurthermore, let P, be approximated by a normally distributed random
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variable P,,, . The independence of the X,’s then allows us to establish
two equations by adding the means and variances of the W.’s to get
the mean and variance, respectively, of

Snw = 10P”w/10 = W1 + M + W—.,, .

Relations (21) and (22) allow mean and variance of S,, to be ex-
pressed in terms of mean and variance of P,,. Hence, we get

n exp (N°0")T.(0) = exp Mu(Prw) + 3N'0*(Pru)]
and
n exp (N’o”)Te(o)[exp No*)U(o) — 1]

= exp [2Mu(Pw) + No*(P.w)]lexp No*(P,.,) — 1].
Solving these two equations for u(P,,) and ¢(Pyy,) we find

1 )\2 2 Uc -1
w(P,.) = LAP, — T log [1 + exp (WVo)U. (o) :|

n
and
1 exp (We*)U,(o) — 1
O_Z(in) = log [1 + Xp ( g )U (0') ,
A n
where
1 1y 2 1
LAP, = N logn 4+ 3xe” + 5\' log T.(0).
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Random Packings and Coverings of
the Unit n-Sphere

By A. D. WYNER
(Manuscript received July 13, 1967)

It is well known that the quantity M,(n, 6), the mazimum number
of nonoverlapping spherical caps of half angle 0 (a “‘packing”) which
can be placed on the surface of a unit sphere in Euclidean n-space is not
less than exp [—n log sin 20 -+ o(n)] (6 < w/4). In this paper we give a
new proof of this fact by a “random coding” argument, the central part of
which is a theorem which asserts that if a set of roughly exp (—n log sin 26)
caps 1s chosen at random, that on the average only a very small fraction of
the caps will overlap (when n is large).

A related problem s the determination of M ,(n, 6), the minimum num-
ber of caps of half angle 0 required to cover the unit Euclidean n-sphere.
We show that M.(n, ) = exp [—n log sin 0 + o(n)]. The central part
of the proof is also a random coding argument which asserts that <f a set
roughly exp (—n log sin 0) caps is chosen at random, that on the average
only a very small fraction of the surface of the n-sphere will remain un-
covered (when n s large).

I. INTRODUCTION

A problem in coding theory for the Gaussian channel is the deter-
mination of M,(n, 8), the maximum number of points which may be
placed on the surface of a unit n-sphere such that the spherical caps
with centers at these points and half angle 8 are disjoint (the “pack-
ing” problem). This quantity, though unknown, has been estimated
by upper and lower bounds.®? In this paper, we give a proof of the
known lower bound by a “random coding” argument. It is felt that
this new method is of interest in itself.

A related problem is the “covering” problem, the determination of
M.(n, 6), the minimum number of caps of half angle 4 required to
cover the surface of a unit n-sphere. This problem is of interest when
one wants to quantize an n-dimensional Gaussian vector with inde-

2111
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pendent components (which with very high probability lics near the
surface of an n-sphere). In this paper, M, (n, 6) is estimated with upper
and lower bounds which are “exponentially” tight. The upper bound
is also proved by a “random coding” argument.

The random coding arguments owe much to Shannon.® * The ran-
dom covering theorem in particular is similar to his approximation
theorem in the latter reference. R. Graham has called my attention to
the work of Rogers,>* who has considered the problem of covering a
large n-dimensional cube with spheres of a unit radius. Rogers’ meth-
ods and result parallel those given here.

Let z, y with and without subseripts denote points on 8, , the surface
of a unit sphere in n-dimensional Euclidean space. Let a(z, y) be the
angle* between z and y, and note that a(x, y) satisfies the axioms of
a metric. For 0 £ 6 £ , let €(x, 6) = {y : a(z, y) < 6}, the open
spherical ecap of half angle 6 centered at x. A set S C 8, is said to be a
f-covering (0 < 6 = =) if UL.s © (z, 6) covers 8,, and S C 8, is said
to be a @-packing if C(x, ) M C(y, 0) is empty for z, y e S, = = y.
Let M.(n, 6) be the minimum number of points which can constitute
a f-covering of 8, and let M ,(n, ) be the maximum number of points
which can constitute a 6-packing. These quantities are related by

Lemma 1: M (n, 20) < M,(n, 6).

Proof: Wesay that S C 8, is a mazimal §-packing if S is a 8-packing, and
for all y ¢ S, the union {y} \J Sis not a -packing. We establish Lemma 1
by showing that every maximal §-packing is a 26-covering. Let S be a
maximal 6-packing. If S is not a 26-covering then there exists a y such
that a(z, y) = 20 for all z £ S. Thus, from the triangle inequality for
a, Gz, ) N\ ey, ) = dforallze S, and {y} \U Sisa f-packing con-
tradieting the maximality of S. Hence, the lemma.

The quantity M,(n, 6) is well studied.’ In particular, it is known that
(for 6 < =/4)

exp [nPL(6)(1 + B.(6))] = M,(n, ) < exp [nPy(O)(L + v.(6))], (1a)

where 8,7, —> 0 as n— 0 and

P.(6) = —logsin 26, (1b)

*The angle is defined as follows. Say that the center of the unit sphere is the
origin of coordinates in n-space. Then 2 and y may be thought of a unit vectors.
The angle a(z, ) between them is defined by cos « = inner product of = and ¥,
where0 = a = 7.

1 The fact that it does not seem possible to obtain a reverse inequality relat-
ing M. and M, may lead one to suspect that covering and packing are, in fact,
not dual problems. This may account for the fact that random coding appears
“better” for covering than for packing,
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and

Py(8) = —log V/2 sin 6. (1c)
Thus, roughly speaking M,(n, 6) increases exponentially in n (as n
— o) with exponent between Py, and Py.

In Section III we give another proof of the lower bound in (1). The
central part of this proof is a theorem that asserts that if a packing
with roughly exp [nP.(8)] points is chosen at random, that on the
average only a very small fraction of the caps will overlap (Theorem
1). The lower bound of (1) is a corollary to this theorem. It is felt that
Theorem 1 is of interest in itself.

Now consider M,(n, 6). We will show that it too increases roughly
exponentially in n (as n —> «). But here we can find the exponent
exactly, viz., (for 8 < #/2)

M.(n, 6) = exp [nR.(0)(1 + e(6))], (2a)
where ¢, — 0 as n — o« and
R.(6) = —logsin 6. (2b)

The central part of the proof of the existence of a covering satisfying
(2) is a theorem which asserts that if a covering with roughly exp [nR,(6)]
points is chosen at random, that on the average only a very small frac-
tion of 8, will remain uncovered.

II. THEOREMS

In this section we give precise statements of our theorems, leaving
the proofs for Section III. We begin with some definitions.

Assign the usual ““area’” measure to 8,. If A C 8, is measurable, let
u(A4) be its measure. In particular, let

— (n—1)/2 a
(n Dr sin2

Il + 1)/2] Jo

be the area (measure) of a cap of half-angle «, and let

Cule) = pe(x, @) = o do (3a)

n/2

niw
0 = T + 2)72] o
be the area of §, . It is easy to show that (for « < 7/2)
C, 1
C EZ; = exp {n log (éﬁ) + o(n)}- 4

asn — «©,
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In connection with the packing problem, let S = {z;}iL, € 8.,
and consider {C(z;, 0)}L, the corresponding caps of half-angle 6.
Define

1 M
F(S, 0 = 37 2. 9:(8, 9), (5a)
i=1 -
where g; (¢ = 1, 2, --. , M) is defined by
g:(S, ) = {1, Cle:, ) N eClx;, ) =& all j=t1, (5b)
0, otherwise.

Thus, F,(S, 6) is the fraction of the caps which do not overlap. Notice
that S is a ¢-packing if and only if F,(S, 8) = 1. We now state

Theorem 1: (Random Packing) Consider a random experiment tn which
the M members of S are chosen independently with uniform distribution
on S, . F(8S, 0) is then a random variable. Let 0 be fixed and let M increase
as n — o, then

. C (20)

if M C(W) — 0, EF,(S, 6 —0 (6a)
and

g M 552)9) 0,  EF,S, 0 —1, (6b)

where E denotes expectation.

Thus, in particular, if M = ¢ (p fixed), we have from (4) that
EF,(8, 6) — 1 or 0 according as p < —log sin 20 = P (6) or p > P.(6).
Further, since there must be a set S such that F, (S, §) = EF,, we
conclude that for any p < P.(8) and any ¢ > 0 there exists an n suffi-
ciently large and a set S C 8, with M = ¢ members such that

Fp(‘Sr 0) = 1 —e (7)

If we delete the (eM) members of S with overlapping caps we obtain
a f-packing with M = ¢”"(1 — ¢) points. This is equivalent to the lower
bound of (1).

Let us now turn to the covering problem. We can easily establish a
lower bound on M,(n, 6) as follows. Let § = {z;}}, € 8, be a 6-
covering, so that \_J, e,(x;, 6) covers 8, . Hence,

M

Cn(ﬂ') = :u(sn) = u \;}1 e(xi ) 0) _S_ Z .u(e(mi H 0)) = ]‘[Cn(o) (8)

i=1
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Thus, we have proved
Lemma 2: M, (n, 6) = C,(7)/C.(6).

In the light of (4), Lemma 2 implies that M, is not less than the right
member of (2a) for § < =/2.
Let 8 > 0 and S C 8, be given. Define the set

B(S,B) ={yeS,:y¢eC(x,B) forallze S}. (9a)
Then
F (S, B) = w(B(S, B))/Culm) (9b)

represents that fraction of §, not covered by the caps C(z, 8), z « S.
We now state

Theorem 2: (Random Covering) Consider a random experiment in which
the M members of a set S are chosen independently with uniform distribu-
tion on 8, . Then F (S, B) is a random variable. Let 8 < w be fized and let
M increase as n — o, then

i M :Eﬁi w,  EF)—0, (10a)
and
i M g:—g -0, EF)—1. (10b)
Further,
B(F) < exp {—M Cﬁg‘?} (1)

In particular, if M = ¢ (p fixed) and B8 < =/2, we have from (10)
and (4) that E(F,) — 0 or 1 according as p > —log sin 8 = R.(8) or
p < R.(B). Further, since there must be at least one set S for which
F.(S,B) = EF,, we conclude from (11) and (4) that for any 8 < =/2
and any p > RE,(8) there exists for each n = 1,2, --- a set S C 8,
with M = ¢ members such that

E(B;Y_i‘(sﬂy-)_ﬁl)_ < exp {_exp [(p - Rc(ﬂ))n(l + 7\()8))]}’ (12)

where A(8) — 0 as n — «. The following corollary (also proved in
Section III) follows from (12).

Corollary: Let 600 < 6 < w/2) be arbitrary and let p > R.(8). Then for
n sufficiently large there exists at 0-covering of 8, with M = €™ points.
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It remains to show that 17, is not more than the right member of (2a).
For 6 < /2 let

*(6) = lim sup % log M.(n, 6).
Say p* > R,(0). Let o’ = (R(6) + 0*(8))/2 < p’. We conclude that
there is an infinite sequence of 7’s such that any set of ¢ points in
8, cannot be a #-covering. But since p” > R.(6), application of the above
corollary yields a contradiction. Thus, p* < R.(6). This taken together
with Lemma 2 gives

1im}z log M(n, 6) = R.(6),

n—oo

from which (2) follows.

III. PROOFS

Proof of Theorem 1: Let the points z,, @, -+ , s £ S, be chosen in-
dependently with a uniform distribution on §,. The random variables
g; ¢ =1,2, ---, M) defined in (5b) may be rewritten

o> ..
T {1, alz, ,z;) 2 20, j§#1, (13)
‘ 0, otherwise.
Thus, the random variable I, of (5a) has expectation
1 M 1 A
EF,,=M‘Z=;Eg,~=H;Pr{g;=1}. (14)

Let < be fixed. If z; = z then ¢g; = 1 if and only if the (4 — 1) inde-
pendent choicesof 2y, ++* , ®i—1, i1, * + + , Tar do nOt belong to C(z, 26).
Since the z; are uniformly distributed on 8, we have

B B 3 3 C”(ZG) -1
Pri{gi=1|zx: =2} = (1 ——C,.(‘rr)> ,

independent of x. Thus, from (14)

E(Fp) _ (1 _ %i?_))ni*l _ (1 _ i)#n[(nl—l/pn)l’ (15)

where y, = C,.(%)/C,(26). Our result follows on noting that as n — «,

(1 — 1/w)" — e’ and (M — 1)/uy &~ MC,(260)/Co(r).
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Proof of Theorem 2: Let the points z,, 2., -+, ) £ 8, be chosen in-
dependently with a uniform distribution on 8, . The random variable
F, may be written

1
Fc = m .. h(y, Xy g Ty y v,y lel) dﬂ(?j)? (16)
where
: . > <1< M
Wy 2 e ) ={1, if al@;,y) =20, 1=i=M

0, otherwise.

Since & = 0 we may interchange the expectation and integration opera-
tions and obtain

) 1
EF, = ) fs dp(ER(y, 1, <+, Tu),

where as indicated Eh is computed with y held fixed. Now

M

Ehy, z,, -+ ,2y) = Pr {h = 1} =Prn{a(x,-,y)g 6}

(- 50)" < o

from which (10) and (11) follow.

)" = e (CaC.0)/C),

Proof of Corollary to Theorem 2: Let p > R.(f) be given. Let v be
defined by R.(y) = p. Since p > R.(6) a decreasing function, we have
v < 8. We will apply Theorem 2 with 8 = (8 4+ v)/2, so that p > R(8).
Let S, (n = 1, 2, ---) be the sets which satisfy (12). By (4) and (12),
C.[(6 — v)/2]/C.(7) decreases much more slowly (as n — =) than
[w(B(S,, B)1/C.(x) & 5,, so that we can find an N sufficiently large
such that forn = N,

C.[(6 — v)/2],
C.(m)

We claim that for n > N, the sets S, are #-coverings of 8, . To show
this observe that if y ¢ \U.,.s, €@, 6), then a(z;,y) = 6, allz, ¢ S, .
Thus,

5, < =

(J,6_2_>r\e( ~0—2_|_—'Y>=<I>f0rallx,~sS,.,
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which in turn implies

Thus,

(s 50} el 50 el
) =T 0w G

a contradiction. Thus, there is no such y and the corollary follows.

0, =
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Slope Overload Noise in
Differential Pulse Code
Modulation Systems

By E. N. PROTONOTARIOS
(Manuseript received June 12, 1967)

In differential pulse code modulation (DPCM) systems, often referred
to as predictive quantizing systems, the gquantizing noise manifests itself
in two forms, granular noise and slope overload notse. The study of overload
noise in DPCM may be abstracted to the following stochastic processes
problem. Let the input lo the system be a Gaussian stochastic process
{x(t)} with a bandlimited (0, fo) spectrum F(f). Denote the output of the
system by y(t). Most of the time y(t) is equal to x(t). During ttme initervals
of this kind, the absolute value of the derivative x'(t) = dx(t)/dt is less
than a given positive constant z,. (In a DPCM system, x}, = kf, where
k is the maximum level of the quantizer and f, is the sampling frequency.)
There are time inervals, I,(t§” , 1) (+ = 0, =1, +2, ---), for which
y(@) # z(t). These time intervals begin at time instants t° such that
| 2/ (t) | increases through the value xj. For t ¢ I, y(t) = z(@?) +
t — )} . The interval ends at 1{* , when z(t) and y(t) become equal
again. The overload noise in the DPCM system s defined to be n(t) =
x(®) — y@). The problem is to study the random process {n(t)}. In the
present paper, we will give an upper bound to the average noise power
(n*(t)Ya» which at the same time is a very good approximation to the noise
power itself.

Two previous attempts have been made to find (n*(t)),, . One, due to Rice
and O'Neal, involves an approximation valid only for very large xl .
Another approach to the problem, due to Zetterberg, includes an ingenious
way of avoiding the determination of ¢\ . A new approach is given here
that combines the best features of the two methods. The present result s a
better approximation for slope overload motse than has been previously
obtained. The result differs from previous results but is asymptotically
equal to that given by Rice and O'Neal for x} — . In the region where
overload noise 18 1mportant, the present result is in very good agreement

2119
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with computer simulation and experiment. The technique used could be
applied for the determination of other statistical characteristics of the
error random process.

I. INTRODUCTION

This paper is concerned with the slope overload noise in Differential
Pulse Code Modulation (DPCM) systems, often referred to as predictive
quantizing systems. Delta Modulation (AM), the simplest member
of the DPCM family, is a European invention of the mid-forties.'
DPCM was first revealed in a Phillips Company patent® in 1951 and
as a predictive quantizing system in a patent by C. C. Cutler’ of the
Bell Telephone Laboratories in 1952. AM and DPCM are receiving
renewed attention due to the present trend toward digital communica-
tions and general efforts aimed at redundancy reduction® in picture
transmission. The present work was motivated, to a large extent, by
the application of DPCM to Pic’curephone® signal transmission.

Work on AM and DPCM was reported in the early and mid-fifties.
Most representative are the papers by (7) DeJager’ on AM, mainly
of introductory and descriptive nature, (7) Van de Weg® on uniform
DPCM—we will refer to it in the sequel, and (¢iz) Zetterberg’ whose
long paper on AM is the most detailed study of the subject to date.
Recent publications note the beginning of a “renaissance’” period for
AM and DPCM.®*0*

In DPCM systems the quantization noise manifests itself in two
forms, the granular noise and the slope overload noise. The granular
noise is essentially uncorrelated with the input signal and has a more
or less flat power spectrum and an approximately uniform amplitude
probability distribution, resembling the granular noise in standard
PCM. The granular noise for single integration DPCM systems with
a uniform quantizer has been studied by Van de Weg.®

In contrast with a straight PCM system, which overloads in ampli-
tude, a differential PCM system overloads in slope. Consider a DPCM
system (Fig. 1) with a single integrator in the feedback path and a
symmetric quantizer which is not necessarily uniform. Practical DPCM
systems have leaky integrators. For simplicity, we are considering only
perfect integrators here. Let k& be the maximum level of the quantizer
and f, the sampling frequency. Then the maximum slope that the system
can follow is &} = kf,, corresponding to the emission of a string of
impulses of strength & by the quantizer of Fig. 1. For a fixed value of
z} = kf, and for k — 0 the granular noise tends to zero, and the total
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QUANTIZER

SAMPLER L’Jk_
| CODER —+{DECODER|—+{ - o
I

yit) s

Fig. 1 — Single integration DPCM with a symmetric quantizer.

noise is due to slope overload alone. In this paper, we concentrate on
certain statistics of the overload noise defined precisely in Section III.

II. SUMMARY OF RESULTS AND COMPARISON WITH PREVIOUS WORK

There exist two previous papers concerning overload noise in DPCM
systems. Approximate results are given for the slope overload noise
N, in terms of the slope capability x; of the DPCM system and the
power spectrum of the input signal, assumed to be Gaussian. The
result due to Zetterberg” (with some corrections) is as follows

A el
Noz = g5t b, \op ) AW &P\ =g, )+

Zo

where b, and b, are the variances of the first and second derivatives
of the input signal, respectively, and they are given in terms of the
spectrum in (1) of the following section. The quantity A and the func-
tion A(\) are defined in (31) and (32), respectively. The second result
is due to Rice and O’Neal.® Their basic approximations are: (¢) a trunca-
tion of the Taylor series for x(f), around a transition point, including
terms through the third derivative; and (7¢) the assumption that the
third derivative of z(t) at the transition points has, as a random variable,
a very small variance compared to its mean value. Therefore, the third
derivative is taken to be a deterministic constant with value equal to
its mean. With these assumptions, (22) of Ref. 8 results in

Nor = 7= (B)) o0 (-55).
OF = UN/2m \bo/\zp ) TP\ T2,

There are two points that we want to make here:

() When the formula above together with an expression for the
granular noise given in Ref. 8 are used to compute S/N we see that the
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agreement with computer simulation is not very satisfactory in the
region of severe slope overload. This formula does, however, identify
the peak of the S/N ratio quite successfully (see Fig. 11).

(27) When we compare Zetterberg’s and Rice’s results by considering
the ratio Ny, z/No.z we get

Noz _ 32 _ 1
Now 350 AN =357 40)
10 Jogy %” ~ —5.36 4 10 logs A(\) dB.
0.R

Thus, we see that the two results differ substantially.

Hence, the question of the average slope overload noise power cannot
be considered settled since the two results above are different and they
both differ from computer simulation and experiment. The present
paper sheds further light on the question of the slope overload noise. Our
principle result is the approximation

1 b7\(3b})° x4’
0 4 \/ﬂ x5 x5 eXp 2 bl (X)

where the quantity x and the function A(x) are defined in (64) and
(66), respectively. This expression, like the previous ones, is a function
of only two things—the maximum slope capability z) of the DPCM
system and the power spectrum of the input signal. Indeed all the varia-
bles appearing in this formula are calculated directly from these two
quantities only [see (1) and (64)]. The present formula gives better
agreement with computer simulation than the one by Rice and O’Neal,
when used to compute S/N (see Fig. 11).

We might also point out here that the present work applies to any
system which is slope limited, not just to DPCM or digital encoding
systems.

III. PROBLEM DEFINITION

With reference to Fig. 1 let the input {x(¢)} be a stationary band-
limited Gaussian random process. Let ¢(r) be the autocorrelation func-
tion of z(t) and F(f) the one-sided power spectrum. Let f, be the band-
width of z(t) and F, = {,/f, the normalized sampling frequency. The
random process {z(f)} is assumed to be zero mean. Let b, be the variance
of the nth derivative of z(f) (n = 1, 2, - -+). These numbers (b,) will be
extensively used in the sequel. They are given by the relation
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fo
b= [ expra af )

The output signal %(¢) follows the input signal 2(¢) during certain time
intervals. Within these time intervals

dz(t)
dt

The rest of the time y(¢) follows segments of straight lines having slope
zh or —zf . If , is a time instant at which a transition from the input
signal to the straight line segment takes place, we have

< xf .

2 (t) = d: Z_(tto) =z}, ' (t) > 0
or
z'(t) = —af, z'"(t) < 0. @
For
/(b)) = b @)
y(t) = x(to) + (t - to)x{) te (to , tl)
and for x'(bo) = —
y@) = x(te) — (t — to)ah te(to, t), 4)
where ¢, is the smallest time ¢, > ¢, for which
z(t) = y(t) = x2(ty) + (& — ty)a'(ty). 5)
Since the overload noise is defined to be
n(t) = z() — y(@, 6

the problem boils down to the study of the random process {n(f)}.
We will concentrate on the derivation of an upper bound to the average
noise power {(n*(f)),, which at the same time is a very good approxima-
tion to the noise power itself. Other statistical properties of n(f) can
be obtained, but we will only mention them at the conclusion of the
paper.

In contrast with straight PCM the evaluation of the overload noise
in DPCM systems is not easy. The beginning of a slope overload burst
can be defined statistically in a clear manner. Difficulties arise in
defining a valid tractable procedure for determining the duration of
the burst and its end point ().
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As pointed out before two previous attempts have been made to
find (n*(t)),, .”® One, due to Rice and O’Neal,® involves a Taylor series
approximation for determining the end point ¢, of the burst valid only
for very large zj, i.e., in a region where slope overload noise is not
dominant since it is over-shadowed by the granular part of the quantiza-
tion error. Another approach to the problem is due to Zetterberg.” His
approach includes an ingenious way of avoiding the determination of
t: . Unfortunately, his work contains a conceptual error in the averaging
procedure. The error resides in his interpretation of continuous con-
ditional probability density functions in the vertical window sense.

A new approach is given here that combines the best features of the
two methods. The result is asymptotically equal to that given by
Rice and O’Neal for #; — c. In the region where overload noise is
important, the present result is in very good agreement with computer
simulation and experiment. As noted above, the technique can also
be applied to the determination of other statistical properties of the
error random process.

In Section IV, we give a critique of Zetterberg’s work. It must be
cmphasized that Zetterberg’s valuable work contains concepts and
techniques on which our improved results are based. The wedding of
the best in the methods of Rice and Zetterberg is accomplished in our
Section V. Theoretical results are compared with computer simulation
in Section VI and agreement is seen to be excellent.* Finally, in Section
VII we indicate how other statistical properties of n(¢) may be obtained
by utilizing some of the approaches developed herein.

1V. CRITIQUE OF ZETTERBERG'S APPROACH

Using an argument based on the ergodicity of the random process
{x(t)} Zetterberg” states that

@) = () = s< [ T + 9 ds>T, @

where
8§ = t - to

®)

S = tl - to
and S,-, is the average number of points of transition per second. In
what follows, we summarize his procedure deviating slightly from his
notation and arguments to clarify a few points. Consider the ensemble

* Comparison with experiments will be given in another paper.11
1 ( ) denotes ensemble average and ( )a» time average.
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of the sequences {¢;(0)},f2 = 0, £1, £2, --+ , of time instants such
that «'(4:(5), §) = 23 and 2”(((), §) > 0 or 2'((F), §) = —af and
2@(6), ) £ 0fori =0, £1, 2, - - - . Zetterberg avoids the definition
of the end point of the burst by defining a sequence of random processes
{mi(s, ©)} (see Fig. 2), with index corresponding to the above time
instants, in the following way:

mi(s, §) = [e(t:(0) + s, ) — x(t(9), O — als]-u()
w@t(6) + 5, 8) — at(D), §) — xis) 9)

t T
|
|
|

mi(s) } |

Tig. 2— An overload noise “burst” n:(s) and the approximating function m.(s).

for
a'(t:(5), §) = af and 2(L(5), §) > 0,
and
mi(s, §) = [(li +5,8) — alt , §) + a6slu(s)
w(—alt 45,0 a2l , ) —ats) (10
for
o, 0 = —ab, 2,0 <O0.
(u(s) is the unit step.)

T For clarity we show in this paragraph the input random process as generated
by an experiment with outcome ¢.
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For brevity, we drop the index ¢ and the argument {. We denote, as
before, the beginning of a burst by ¢, , the end by £, and by s, its duration,
such that for a “positive burst,” i.c., 2’(¢,) > 0 we have

m) = [z(te + 8) — x(to) — aislu@nule(t + ) — x(t) — x4s). (11)

In general, as shown in Fig. 2, m(s) contains not only noise burst cor-
responding to the transition point ¢, but also some additional “bursts”
cut from the function x(f) by the straight line starting at the point
(to , z(t:)) and having slope xj . This makes

fw m(s) ds = fs’ n*(ty + s) ds (12)

<fow m’(s) ds> = <f0 n(ty + 9) ds>. (13)

Tor sufficiently large values of x}/V/b, , (b, is the variance of 2/(f)),
however, the probability is small that the situation depicted in Fig. 2
will occur. Also, generally the additional sections in m(s) occur in
reduced amplitude and the squaring reduces the introduced error still
further. Denote by R,., the average number of points for which

a'(t) = b, 2"(t) >0

and

or
a’'(t) = —ab, z’(t) < 0.

It is seen from Fig. 3 that R,., = S.., , since a burst cannot start when
another is taking place even if the conditions on the first and second
derivative are satisfied. But again, for sufficiently large z}/ Vb, , R,
is a good estimate of S,.,. It follows from the discussion above that
the quantity

SLOPE 2o —

(U~

~SLOPE g

Fig. 3— Ky, K» C R, whereas Ky C Sy, but Ko C Sz, .
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R< f ) m*(s) ds> (14)

is an upper bound and actually under certain conditions a good estimate
of (n*(t)), .
When one defines

Q., = <f m*(s) d8> = f (m*(s)) ds, (15)

0 0
where the equality above holds provided that the integrals exist, then
NO = R:’on’o (16)

is Zetterberg’s upper bound to the overload noise.
At this point Zetterberg takes the ensemble average (m*(s)) in the
following way:

] o0
(m*(s)) = / f (wy — 2 — xb8)’p(xs , 2 | B = 24 ;8) da, da,
— Yri+z'os

+ f f (o — & + @l9)°play , @ | & = —al ;) day dvy , (17)

where p(z,, z2 | #:; s) is the conditional joint probability density
function of the random variables X, = x(t,) X, = z({, + s) given the
value of the random variable X, = dz(t,)/dt, understood in the vectical
window sense. It turns out that the averaging procedure as described
by (17) is wrong for two reasons:

() The joint probability density of X; and X, should be subject
not only to the condition X, = du(l)/di = = z!, but also to the
condition X, = d*z(t,)/dt* 2 0. If we do not impose the above con-
dition on the second derivative at the beginning of the burst, then an
m(s) of the form depicted in Fig. 4 would erroneously add to the ap-
proximation of the average slope overload noise power per burst.

(#) It is known' that conditional probability densities must be
treated with great caution. M. I{ac and D. Slepian in Ref. 12 have il-
lustrated with examples how different the expression for conditional
probability densities might be, depending on the way we understand
them. From the ensemble viewpoint quantities like the conditional
joint probability density for the rv X, = z(t) and X, = (o + ) given
that X, = dx(t,)/dt = = are not clearly defined since the set of sample
functions with dz(i,)/dt = 2} has probability zero. We can of course
give meaning to the conditional densities by means of limiting proce-
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to x'(to) = xp x"(te)<o

Fig. 4 — Consequences of not requiring z”(f.) to be positive.

dures. As Kac and Slepian point out, a condition like dz(t,)/dt =
would be replaced by a condition, 4, with nonzero probability, depend-
ing on parameters, such that when these parameters tend to limiting
values A becomes the condition dx(t,)/dé = zj . It turns out that, in
general, the resulting conditional probability density function depends
on the manner in which A approaches the condition dx(t)/dt = =} .
Two window conditions are considered below.
(2) A vertical window condition is a condition of the form

dx(ty)

o <

< xf + 6. (18)

Then, with reference to Fig. 5(a),

p(xl ’xZ ["i/.(tﬂ) = :C(,) ;s)vw
z'0+8
p(E, , @2, &1 5 8) dily N
= lsim Tl - = P, ';(Zr})l() ) , (19)
—0 Q)
f (&) diy

’
o

where p(z, , 7., 4, ; s) is the joint probability density function of the
random variables X, = z(t) X; = z(t + s) and X, = du,(t)/dt and
p(#,) is the probability density function of the derivative X, = dz(f)/dt.
Note that the time argument of the density functions above are written
taking into account the stationarity of the input process {z(f)}.

(%) A horizontal window condition is a condition of the form dx(t) /dt =
z} for some ¢ such that

fo £t =1+ 6.
Then,

P& , T2 lx'(to) = 26 ;) hw
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Il

) x’o
lim {f dxy’ f plry , s, 2t , &l ;8) dof
0 z )

50 Tomz’'y

0 z’o—x"'"18 :
+ f dx?’ f plxy , 20,2zl , 21" ;) dx{}
-0 z

.
°

1) z’y
1’ ’ n o
. f dx! f pll , a1 dxf
0 z'o—z""18
0

z’q—z",6 _1
+ [ aatr [ p(l , 2t dx:}

-0 ‘o

]
[Vt 1p w w5 dat
= =2 , (20)

0
| et Ut 2t dat
~

dx(t)

_| -stoPe @< 0
SLOPE X~ /.\
2Ly A
x5H-xid / \&/\
S s 7

le-— § — >
x>0 Ti<o0

dx(t)
dt

o] to to+d to to+d

o
TIME,L —>
(b)

TFig. 5— (a) A “vertical window” condition. (b) A “horizontal window”
condition.
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where p(z,, x., z{, z!’; s) is the joint probability density function
of the random variables X, = z(t,), X, = z(t, + s), X{ = dz({,)/dt and
X' = d’z(t,)/dt® and p(z!, z!’) the joint probability density of the
random variables X/ and X{’. Equation (20) follows from the fact
that the “horizontal window” condition is equivalent (within first
order in small quantities and for a given second derivative, say z’ > 0)
tox) — xi & £ da(ty)/dt = xf. For 27’ < 0 condition A is satisfied
only if zf = da(ty)/dt = xf — =z}’ & [see Fig. 5(b)].

Consider now according to Kac and Slepian an ‘“‘empirical or time
derived joint probability density for x; and z, given that z'(f,) = =z}’
resulting from taking one sample function of the process and observing
the values of (f) and x(¢ + s) at each value of ¢ for which dz(f)/dt =
(s is of course a given number). It turns out that the empirical or time
derived density thus obtained is equal to the conditional density defined
in the horizontal window sense.

Note that if we impose the additional condition 2''(f,) > 0 we have

ply , T2 | 2'(t) = x5, 2" (te) > 0;8)nw

f xi'p(xy , @, xf, xl’ ;s dxi’
= 0 . (20a)

0
[ atntat, 2ty dat
0

It will become clearer in a later section where the averaging is done
carefully that one should interpret the conditional probability densities
in the horizontal window sense.

Zetterberg defines the conditional densities in the integrals of (17)
in the vertical window sense; this follows from the way that he computes
them.

But let us overlook for a moment these shortcomings of Ref. 7 and
continue with the approach presented there. For a Gaussian input
process {z(t)} Zetterberg derives the following expression for Q,., .

Qo= 2 [ [ ko exp (=300 + 060} s, 2

where
KO = 200 — ¥) ~ £ {0 22)
el [, 1 dve
o) = VEk(s) {1 + bis ds | 23)
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b,(n = 1,2, ---) is defined in (1) and
Yo = ‘P(O)

The following asymptotic expressions are valid (noted in Ref. 7).
For

s—0

k() A bff 24)
.. Vb,
9(8) ~ x8 35, (25)
For

S— ®©
k(s) ~ 2y, (26)
o3 @7

s) ~Y .
o6 V2,
(Note the meaning of the symbol & as used here:
z(s) =~ y(s) for s— s,
if

. a(s)
mye =t )

An approximate caleulation of the integral for Q.., as given by (21)
is based by Zetterberg on the following simplifications. He uses the
asymptotic formula for g(s) for small s. This is a justificable approxima-
tion since the smaller values of g(s) are more important in the evaluation
of the integral (21) and in any case the slopes of g(s) for s — 0 and s —
do not differ drastically.

For k(s) he sets

4
b;s , for s <s
k(s) = (28)
2¢,, for s> s,

where s, is determined such that

4
bosy

4 =2¢0!
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5= A /Sb‘f (29)

The evaluation of the integrals (21) for @.., are not correct as reported
in Ref. 7.* In Appendix A the evaluation of the 1ntegral is made and
the result is [see (90)]

i.e.,

2 4 b¥% (36177
0o = N2 i () o, @0
where
W
and
AN = 14 PN — QM2() (32)
with
P\ = ;—ZAG + % A — % -1 (33)
17 85,
B() = f e db. (35)
A

For the number R,., both Rice and Zetterberg agree since the formula
comes from one of Rice’s classic papers;'’ namely

_1 ﬁf (_ﬁg. :
B = (b1 exp \ ~gp, (36)

Therefore, the overload noise according to Zetterberg is

_ _4V2 (b2><3b*)" <_ :c(’,?)_
NO,Z - Rz'on’o — 3571_% b A()‘) €X 2b1 (37)

To

V. OVERLOAD NOISE—THE NEW APPROACHT

In this section we will determine the overload noise using an approach
which combines the more accurate model of Zetterberg with the correct
averaging procedure given by Rice.

* Zetterberg’s expression corresponding to the A(\) given in (32) was not posi-

tive for all values of X — clearly a nonphysical situation. .
1 In the present section we assume, without loss of generality, ¢v(0) = ¢2 = 1.
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This formulation proceeds as follows:

(?) The average noise energy per burst is approximated by
ave {[< m*(s) ds}, as per Zetterberg. This approach avoids Rice’s ap-
proximation of n(f) during a burst with a third-order polynomial and
does not refer to the end point of the burst. On the other hand it yields
clearly an upper bound on the overload noise, whereas in Rice’s ap-
proach the sense of approximation is not clear.

(7z) The averaging process is done the “correct” physical way in the
following paragraph. This paragraph is a paraphrasing of the lucid
lecture given to us by Rice.

Consider a very long record of the input signal (Fig. 6) of time duration
NT, where N is a very large positive integer and T is an extremely long
time interval compared with the time unit. Mark on this time record
of the input signal all points for which a positive burst begins—all
points for which the derivative da(t)/d! increases through xf . Mark on
the record of the signal all time instants s time units following the
beginnings of the bursts and measure the value of m(s). Let K be the
average number of “positive’”’ bursts per unit time. Then the total
number of “positive” bursts in the time interval NT will be: NTK.
The average value of m*(s) over all these positive bursts will be

NTK
i 2 (mie)}

ave {m’(s)} = NTKE (38)
Now break up the total signal record into N equal records of duration
T and imagine them placed one below the other such that their begin-
nings lie on the same vertical line as shown in Fig. 6. Divide the time
interval into T'/At equal small time intervals of length At and imagine
vertical lines drawn at the dividing points. Consider a vertical strip
of width At around time ¢ and sum up the values of m’(s) over all
members of the ensemble that have a “positive” burst which began in
the time interval of duration At and around the time point ¢ — s = ¢,
i.e., s time units before ¢. This sum is independent of the vertical strip
we consider and it is denoted by Y, m°(s).

If follows that

NTK T

2o mi) = 55 2 m(). (39)
i=1 At At

When a member z(f) is picked at random from the ensemble of the
N z(t)’s we denote by p the chance that the following three things
happen:
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(#) A “positive’” burst begins in the interval (¢ — s, t — s + A?)
or equivalently the derivative dx(f)/dt increases through z} during
t— st — s+ Al

(72) The slope of dz(f)/di at t, = ¢t — s lies between z” and z{’ + dz{’.

(7%7) In the time interval (¢, t + Af), m(s) lies between m(s) and
m(s) + d(m(s)). Since m(s) = z(t) — xz(t — s) — x}s, this is equivalent
to asking that X, = z(t — s) lie between z, and z, + dz, where z; is
any real number and X, = z(f) lie between z, and z, 4+ dz, where

Z2 & (T, + xS, o).
Then we have
p = ai'plx, , 2o, xb, zl’ ;8) day dxe dxt’ A,
where
p(@: o, xb, 2l ;8

is the joint probability density function of the random variables

.m, (s) s Mals)
1
| P\ matss
LS| ma(si—~ | ts /
ty t|+5 tz; \tz‘l'S ta tats W\t4+ S \
- = NT--—————————————— —— ————— — — S
—~m(s)
il [N/
to-7 | [N-tets S
At fe> AL )
B e e T >

>
i

Fig. 6 — Illustration of the averaging procedure.
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X, =z2( —s) = 2(t)

X2 = x(t)
dx ()
o AT
Y= .,

x(t
X;'=——d”§§)| :

t=to

2135

(40)

For an extremely large number N of members of the ensemble of
2(t)’s the number of members satisfying the three conditions above

will be
pN = (NAt)x{Ip(xl ) x2 y x(’) ) x{, ;s) dCL'2 dxl dx;,

and therefore,

2 mi(s) = f f f (x2 — 2 — 248 (NADzY

At 0 —0 Yzi+zo's

oy, 22, 26, x5 s) da, dxy dxl’ .
Consequently,
SDIPRO

ave {m’(s)} = I vallihis

NTK
— 1 ® ® ® 1Q)2.17
B —IE ‘/(‘) >/:-oo /; +zo’s8 (x2 - xOS) o

(@, Ty, xh, 2} ;5 8) das dxy dxi’ .
Make the change of variables

T, = + xls + u.
Then

(41)

(42)

(43)

ave {m*(s)} = %fo fo f sup(ey , x4 als +u, af, 2l ;)

«dz, dz!’ du.
Remark:

Note that®

K = f z''p(xh , 2'') dz’’,
0

(44)

(45)
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where p(z’, 2”) is the joint probability density function of the random
variables X’ = dx(t)/dt and X" = d°x(t)/dt’. Using (20a), therefore,
and substituting into (44) we can write

ave {m*(s)}

= f [ U@y, Ty + als + u | (k) = b, 2" (k) > 0;5)
o -0

M dxl du . (46)

Hence, the present “physical’” averaging procedure amounts to taking
conditional densities in the horizontal window sense.

_ R, _ 1 Z_> , {__}
K===5 (bl P\ Tgp, (47)

On the other hand,

1 _
pley , 2+ xfs +u, 28,20’ ;8) = G [} O {—3x'M7'x}, (48)
where

X1

x, + xls +u

s

!’
x!’

and x' is the transposed vector. M is the 4 X 4 cross-correlation matrix:
{mii}, 4,7 =1, 2,3, 4 and it is given in Appendix B. | M | is the deter-
minant of M.

After some very lengthy algebraic manipulations which are summarized
in Appendix B we find [see (137)]

= -]i% : 2" exp [~3(+g:()"] @d&) dz (49)

ave {m’(s)}
where k,(s), ¢.(s), and \(s) are complicated functions of s, expressed
in terms of the signal autocorrelation function and its derivatives. They
are given in Appendix B, (138), (135), and (128), respectively. Note
that they do not coincide with Zetterberg’s k(s) and g(s) as given by
(22) and (23). Other symbols in (49) are defined below.

_ )
§= VI——XQ(_S)  + 9.(9) (50)
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o)) = ¢ + £B(—8) (51)
with
B(x) = f e e, (52)
Consequently,
Q., = ave {fw m*(s) ds}
1 V1=

©Q «© 2 —l 2 V1 =AY
T [ 80 [ ew =eta @ Y e deds. 69
Up to this point we have made no approximations beyond those in-
herent in the initial model. In the following, additional approximations
are required to evaluate (53). In Appendix C it is seen that at s = 0,
z=0

(54)

and for s and z large

= vz + 908,
where v, and §, are positive constants defined in Appendix C. The
function ¢(¢) is plotted in Fig. 7. It is easily seen that, for ¢ > 0

—£3/2

@(g) _ 1 + 4 {1 . Eef’/’z@(g)}.

Vor§ E\/27r
6
51— tVer—~
|
|
4= |
|
" |
&,L |
& |‘
|
2 ! \ |
| Y/
| SLOPE —22'" |
| |
1 1 |
| |
| |
(o] | |
9 1 2 3
¢

Tig. 7— The function ¢ ().
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For £ > 0 we have
gB(E) < 1

and for £ large

1 — &%) = 5—12- (1 1y )

Hence, for £ large

o) et ( 1 )
8 — (1 -5+ ... )
'\/21r £ + g \/27r £ +

The derivative of ¢(£) is very close to V/2r for large £ Namely,

RCIE )
V2r Vor

Note also that

TONS 1.08, @ _y 004, 2B)_ ~ 10002

V'or 2vor 3V 2r
Hence, for £ = 2 the approximation
o®) X EV2r (55)

is very good (error less than 1 percent). The approximations hold good
even for ¢ somewhat larger than 1, as seen in the calculations above.
So that if & > 1, as given by (54), it is justifiable, for the sake of sim-
plicity, to substitute £ v/2r for ¢(£) in the integral (53).

Another interesting comment here is that &, as given in (54), is
equal to the ratio of the absolute value of the mean of the third deriva-
tive of the input process z(f) over its standard deviation. Indeed, the
mean of 2 (f,), where i, is the beginning of a positive burst, is —b,z}/b,
and the standard deviation v/ ®/b, , where

&= Vblbg_bg

[see Rice’s comments above (18) of Ref. 8]. Rice assumed that this
ratio is large compared to unity. Here the approximation is good even
with &, close to 1. With the approximation introduced in (55) and using
(50) we get

V1 — N9

o POt @) Vor
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and consequently,

Q.- " I [ 26+ 0 e =16 + 0@V dds. (50

Integrating in the inside integral by parts we get the simplified expres-
sion

e.=2 e / "2 exp [~4G + 0:9)°] de ds. 37)

5.1 Approxzimate Evaluation of the Noise Energy per Burst

The following asymptotic expressions for k,(s) and g,(s) are found in
Appendix C, for s small

o) 2 225 (%)
=4
~ Vb,
9i(s) = 35, 108 (59)
and for large s
b V2
B~ by = ‘fb—z (60)
s

(61)

The function g(s) has an approximately linear variation for small
and large values of s.

To calculate Q,., according to (57) we will use essentially the same
approach used by Zetterberg; namely, use the asymptotic expression
for g,(s) near 0 [see (59)] and for k(s) the expression (58) when s < s,
and (60) when s = s, . Here, s, is the value of s for which the two ex-
pressions are equal; namely,

4 ukw 25/sb1/4
S = b_2 = bg/s1 (62)

gl(s) = as,

and

where

a= xh (63)
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sct,

X = asy = Y_f (2;’) \:;bf (64)

The nature of approximation of the functions k,(s) and ¢,(s) by their
values for large and small s is indicated in the Figs. 8 and 9.

The evaluation of the integral (57) for Q,-, is done in Appendix D and
the result is

0 = Y2 () 151400, (©5)
where
AG) =1 - \;— P + —— \/— B60QG) (66)

Pk = 2(%% x" + éx?—i- x)
00 = (185 +x - 1) (o7

B(x) = f e dz.
X

The average overload noise power is obtained by multiplying Q.., by
the average number of bursts per unit time, given approximately in (36).
The average overload noise is, therefore,

()
Mo = 73= ()& o (-25)aw, 9
-ky(s)
—~F
kOO I/ = N —— —— S

/'|‘\APPR0><|MATE
']

|
)

0 Sq

S —a

Fig. 8 —ki(s) and the approximation used for the evaluation of Q..
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9,
1 //"—\\‘t/ I’b S
—_— —_— ~. —_ -
vz 7 ==
7
//
- VbZ .«
T \ 3bl :1!'0
— \
0 | APPROXIMATE
l-o
o8

S —>

Trig. 9— Approximation to gi(s) used for the evaluation of Q., .

where x and A(x) are given in (64) and (66), respectively. This result
is equal to Rice’s result [see (22), Ref. 8] times A (x). For x large com-
pared to unity A(x) is very close to 1 and thus, in this case (equivalent
to x4 being large compared to V/b,) the two results are identical. This is
very interesting when we note that the route taken in the two approaches
differ markedly.

The factor A(x), for x > 0 is a positive monotonically increasing
function of x varying between 0 and 1. The function A(x) is studied
in Appendix E and —10 log;,A (x) is plotted in Fig. 10.

VI. COMPARISON WITH COMPUTER SIMULATION AND EXPERIMENTS

The new formula for the average slope overload noise power gives
results for both, flat low-pass Gaussian, and band-limited RC Gaussian
input signals, that agree in a very satisfactory manner with O’Neal’s®
computer simulation. For flat low-pass Gaussian input signals we have

_ @rf)’
b, = 3

— (27"fn)4_
b, = 5

Using (64) we get, in this case,

(= B0

= (kF.) = 0.153(kF,
LD (kF)

so that for kFF, = 2, 4, and S we have, respectively,
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30

n
(%
I

n
(<]
I

-10LOG A(x) IN DECIBELS
5 o
T T

[&)
T

o

[
(M ol
w

X

Fig. 10 — The function —10 logw A (x).

x1 = 0.306 x2 = 0.612 x: = 1.224
AG) =253 X 107 A(x) = 4.95 X 107°  A(xs) = 0.270
and the corresponding corrections in O’Neal’s curves (Fig. 4 of Ref.
8) would be
—10 log,, A(x) =2 23 dB

—10 log;o A(x.) = 13dB
—10 logyo A(xs) = 5.7 dB.

With these significant corrections the present analytical points pass
through the computer simulation points, as seen in Fig. 11. Note that
the slope overload noise as defined depends only on (kF,) and not F, .

Excellent agreement with computer simulation also occurs for RC
shaped bandlimited input signals. For RC-shaped signals with spectrum
given by (6) of Ref. 8 we have

27rf0a P

bl = T, T T«
tan™' (2—7@)

_ (2_7rf0)3acj— Brrfoct
3 tan™ <g-2&>

so that for a = 0.25f,(=1/RC)

b2 + a4
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b, =2 0.94f;
by = 13.2f; .
And from (64)
x =2 0.744(kF )

so that for kF, = 1 and 2 we have, respectively, x, = 0.744 and x, =
1.488 yielding a correction to Rice’s result of about 10.6 and 4.2 dB,
respectively. A comparison with Fig. 5 of Ref. 8, reveals the agreement
with computer simulation. '

For RC-shaped signals (Gaussian and bandlimited) with « = 0.068
[corresponding roughly to the envelope of a black and white entertain-
ment, TV signal (FCC standard)]

b, = 0.267f2
b, = 3.57f;
x = 1.62(kF,)

so that for kF, = %, 1, and 1 the corrections are, respectively, 18.6,
9.7, and 3.4 dB. Good agreement with computer simulation in this
case may be noted by applying these corrections to Fig. 6 of Ref. 8.

30

GRANULAR

/
]
25— 320// _~ NOISE

20~ NEW 16
OVERLOAD I
NOISE - I
FORMULA /|

(o] ot
J
| RICE AND O'NEAL
-5 | v | i | | !
0 2 4 8 16 32 64 128 256

kFs

Fig. 11 —Flat bandlimited Gaussian signals—comparison of the new results
with previous analytic results and computer simulation.
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Comparison of the new analytical result with experiment will be
covered elsewhere.

VII. OTHER STATISTICAL CHARACTERISTICS OF THE OVERLOAD NOISE

7.1 Probability Density

The technique used in the present paper, i.e., the substitution of
m(s) for n(t) and the application of the averaging procedure presented
in Section V, can be used for the determination of other statistical
characteristics of the slope overload noise.

For example, let g(m, s, x}) be the probability density of m(s), where
s is a given number, i.e., a parameter, taking on nonnegative values.
Let us define the following auxiliary probability functions ¢* (m, s, z}) ds,
the conditional probability that z(f) — z( — s)F zjs lies between
m and m 4+ dm given that the derivative of x(-) increases (decreases)
through x} between ¢ — s and ¢ — s 4+ ds, where m 2 0 and s > 0.
Clearly,

g (m,s, xl) = ¢ (—m,s,z5) for m < 0.

Also using the same averaging procedure as in Section V and the defini-
tion of conditional probability densities in the horizontal window sense,
we find that [see (20a) and (46)]

q"(m, s, zf)

o0
= f Pro(® 2 = Fals +m |2’ =al,2” > 0)du,

— 00
0 o0
f f a’plr, , & = & + afs + m, &b, &’ ;9 det’ day
—_ — o0 0

]
f a"pt , 2f’) dat’
0
1 o0 0
= jﬁ_ff f p@y , @ =z + xis + m, xb, 2} 1 8) dat duy .
—~00 0

From (100) and (101) we see that

1
—l——_; P
@20 K Va(s) (

P(-, +) is defined in (101) and is determined in (116), Appendix B.
It is easy to verify that

m, s).

g'(m,s, al) =



SLOPE OVERLOAD NOISE 2145

+ w4
q(m, s, al) = {q (m, s, 2), for m >0
g (m,s,af), for m <O.

Note also that there is a finite probability that m(s) = 0. Hence, the
density g(m, s, x}) contains an impulse at m = 0 with strength p(s)

pis) =1 — 2f q*(m, s, xt) dm.
0

The probability density of m, i.e., without specified s, is clearly

Py (m, z}) = f g(m, s, xb) ds.
0

Clearly, P,/ (m, z;) contains an impulse at m = 0 of strength

fow p(s) ds.

7.2 Other Statistical Characteristics

Another useful attribute of the noise is its covariance (z(#)n()).. with
the input random process. This quantity is of interest in comparing
results obtained by a particular measured procedure with those obtained
analytically. This will be discussed further in the paper referred to pre-
viously. The evaluation of (zn),, has been performed applying the
method presented in Section V. The calculations are even more com-
plicated than the ones employed in the evaluation of (n*(f))., and we
will not consider them here. Moments of any order could be worked
out. The expected value of | n(f) | has also been determined. There
are many statistical problems that may be generated by the study of
slope overload noise in DPCM. These problems have their counter-part
in the theory of level-crossings of random processes, but they are even
more complicated.

VIII. ACKNOWLEDGMENT

I wish to thank M. R. Aaron, S. O. Rice, and Miss E. G. Cheatham
for the assistance provided by them during the development of the
present, work. M. R. Aaron introduced me to the subject and suggested
the problem. In addition, he contributed substantially with insight
and ideas and checked the manuscript in all stages of the development
of the present work. S. O. Rice gave us a lucid lecture on the averaging
procedure. Miss E. G. Cheatham wrote the computer program for the
evaluation of A (x).



2146 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1967

APPENDIX A

Correction of Zetterberg’s Q..

The evaluation of Q,., (@, with the notation in equation 4.26 of
Ref. 7) is not done correctly in Ref. 7 since A(z) in Equation (4.32)
attains negative values. The integral to be evaluated is

Q. = \E [ [ ko ew 136 + g@1duds @)

with
@) g(s) = as, (70)
where
0= @b Vb
T
[see (25) and the following comments] and
4
%s_ , for s < s
(%) k(s) = (71)
2¢,, for s> s,
where
4
5 = A, (72)
b,
Make the change of variable
U+ as = 0.
Then
R N 2 B A Ol 1) WV
Q... = a\/;fo fo k( — )ue du db. (73)
Set
X0) = f k(” — “>u du = f k(f)(v — 2% de for v € as; = N (74)
0 a 0 a
X(U) _ - fﬂ a2 . Y
ST SR N A T (75)

*\ here corresponds to Zetterberg’s x. (\ is introduced to avoid confusion with
the input z(¢).)
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Forv = \
X@ _ _f) L A2e 4fv XY
2%/)\4——1/}— 0(v D% dz + A R(v 2)° dz
SO VP
= 105)\ + Ao® 4 A%, (76)
Hence,

212¢0U e U
Qur. = \[ax AT

+ f - /2( A5 2 + AG 1964;5 )\7) d ]

Consequently,
2 1 2
Qor = A2 2 25 7,00 + N0
—3NLLO) + 3BCLO) — ENN], (77)
where
B\ = f 2 (78)
A
and
Lo = f e de (79)
A
) 2
T.0) = f e . (80)

Integrating by parts we find the following recursive relations for I,
and J, , respectively,

LM = N7 + (0 — DLV, (81)
Clearly,
L) = &N (82)
and
L) = e (83)

T.) = =N (0 — 1)) (84)
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with

V/or

2

A
To0\) = fo ey = — a0\

J(N) =1 —¢eM"2,
Applying these recursive relations we find
L) = 72 + a0,
13 — )\2e—)\=/2 + 26—)\2/2

and
J; = 48[1 — e‘x’”(l‘—ﬁ + LY + M + 1)]
T 48 8 2
Substituting in (77) we get

Q... — \/21 240 1+ PV — QNI

ra3d N\
where

PN = i\

Qi) = #0N

APPENDIX B

Algebraic Manipulations with the Statistical Parameters

Denote by
]u- = {uii}(iyj = ]-! et 14)
the cross-correlation matrix of the random variables

X, = z(f)

Xz = x(to + 8)
dz(1,)

r — @\

X di
d’x(t,

xp = 22,

Then we have

M1 = E(Xf) =1

(86)

(87)
(88)

(89)

(90)
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pz = pn = B(X,X,) = E(x(ly — 8)2(k)) = ¥(s)

pa = pu = B(X,X7) = 0
d?
s = = BEXY) = (-7 22—,
T o0
MH22 = E(Xf,) =1 (91)
d .
s = s = EQGXY = P oy
. d’ ;
oy = e = BT = (=17 2D g
Mgz = E‘(XQQ) =0
Hie = Mgz = E(X{X{’) =0
Mg = E(X{'Q) = b, .
Therefore,
1 ¥(s) 0  —b
= | YO 1L =¥ 6| 02)

0 —¥( b 0

Call | M | the determinant of M.
It turns out that

| M| = (b — b){b:(1 — ¥*() — ¥} — bu{¥@ + g}, (93)

Denote by M;;(7,j = 1, --- , 4) the co-factors of the matrix M. Since
M is a symmetric matrix, M " is also symmetric and M;; = M;; and

L1
M T M

{M,;}. (94)
These co-factors are given in terms of the statistics of the input process
as follows:

My, = biby — bi*(s) — bof’(s)

My = —=bi(ba¥(s) + Dii(s))

Mz = —§()(b2¥() + bii(s)

My = by(by + $E¥6) — ¢*6)
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M22 = b1(bz - b?)

(95)
Mo = $(e)(b: — b))
Mz = —bi(¥(s) + bi(s))
My = (1 = @) (b — B) — (F6) + b))’
My = =4 ) + bi¥(s))
My = b1 — ¥*() — ¥9)-
It is easily seen that
xM'x = TJ%_I (a? + 2b, + 0), (96)
where
a=a(s) = My + 2M:;, + M, , (97)

a funection of s only
b= M+ Moz’ + Mz + Mo + 258) + (M + Mog)as , (98)
a linear function in z’ and (u -+ z}s)
¢ = Mauxi” + 2[Mu(u + 245) + Mas] + Mo(u + x45)°
+ 2Mosi(u + wts) + Mgzl (99)

quadratic in z{’ and (v + {s).
Integrating with respect to z, in (44) we get

K ave {m*(s)}

N S RN 1 __(i .
= (27)%m£ u fo ] eXp{ T ] (c a)} dz!’ du
R SR R
@0Vl [, wre s a (100)

where

) ;i bz)}
— r7 — — 4
P(u, s) fo z! exp{ ST ( p dz{’ . (101)
It is seen that

I]}J i ( - %) = A(s)zi” + 2B(s, u, i)zt + C(s, u, zt), (102)
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where

_ 1 _ (M + M)
A = |JVI | {M44 a(s) } (103)

is a function of s only and
B(s) = Bi(s)(u + xfs) + Ba(s)zs
= Bi(9)u + (sB:(s) + Ba(s))xs (104)
is & linear funection in u, with

1

_ 1 (M + MMy + Mn)}

By(s) = [ | {M24 a(®) (105)
_ 1 (M + Mo)(Mys + M)\

B2(s) - I M ’ {M:M a(s) } (106)

Further,
C(s, u, 28) = Ci( @ + z6)° + 2C,()zi(u + als) + Cols)at®  (107)

is quadratic in «, where

_ 1 _ (O, + M)

6 = 17\ M= «® } (108)
0 =k { s = s+ M)y + Mm)} (109)
0 = ﬁ{ - Qs D), (110)

Substituting in (101) we get

P(u,s) = exp {—-;— (C - %f)}

0 A B 2
fo 2!’ exp {——2— (x{’ + Z) }dx{’ . (111)

Make the change of variables

VA (x{’ + E) = . (112)

Then
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> S D B Y VR S O B\ e
1@“®“A@°W{ 20’ IJ}LMG(" —VZ% 4

_L_ _l( . Ej)}[ —B2/24 _1_ * -72/2 :l
A(s) e"p{ 2 \¢ = A/ A fmv:e dn

I

(113)
Set,
_ _Bws _ _ B _ sBis) + Bis) ,
T TVAe T Vae T vaw o W
and
o) = 7 + £p(-p), (115)
where
B(zr) = /w e de.
Hence,
1 1 B?
P, s) = m exp {—5 (C — Z)}go@) (116)
Clearly,
Clu, s) = Cy(s)u + 24s)* + 2C(s)(u + zbs) + Ca(s)zxy’
= @V + ¢* @) + .».;52[03@ - 5—8] ,
where
*(Q — sCy + C,
g (S) Zo _\/a (118)

and C,, C,, and C; are given in (108), (109), and (110), respectively.
Using these equations and the definition of a(s) in (97) we find

| 3 | [Cs@ - %%] = o — Qe I

_ {Mzs(]l[n + M12) - M13<-n[12 + ]Wn)}?.
(M1, My, — M3)a(s)

(119)

We also note that
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My My lp(s)

My My ¥) 2
My, Mo, b, (120)
[use (95)].
From (119) and (120) it follows easily that
} c:;’(s)] o My
| M| [Cs(s) aol = My, -
Substituting the expressions for M, and M3, from (95) we find
M,oi® M
Zl[ss - T3z = :
bi by
Hence,
o _ 1
Cy(s) o — (121)
Set
v = uVC(s). (122)
Then we have
C =@+ g"®)° + TTI (123)
and from (114)
Bi(s) { VTG < Bz(s>) }
= ——— C, o 124
£ ~Vapee U T VOO st ) (124

Using (120), the definitions of B,(s), B.(s), C,(s), and C.(s) in (105),
(106), (108), and (109), respectively, and the relation

My _ ¥
=5 (125)

resulting from (95) we find

By(s) _ C5() _ ¥0) (120)

Hence, (124) becomes

£ = —% —AQO + ¢*6), e

where
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Bi(s)

\E) = REVoTETIC) (128)
and ¢* is defined in (118). Note also that
7*® = VGO (s + L0)es (129)
From (123) and (125) we get
¢ ~B =0 - v+ o+ L (130)

Using the value of K given in (47) we find for the quantity P as given
in (116) that

2_ A% (g_) oxp [=3(1 — X))@ + ¢ @) e®. (13D

Substituting in (100) and using the change of variable as given in
(122) we get

o (by/y)?
ave {m'(s)} = Vor A@) Vas) (VCi(s)

[ e =30 = N6 + FON® v, (132)

where £ and ¢(£) are given in (127) and (115), respectively.
Now make the following change of variables:

V1 — N(s) =2 (133)
and set
g*O V1 — N(s) = 0:(9) (134)

so that from (129)

_ % - VAGCE — B
g:(s) = b, (b:s + ¥(s)) VA® (135)
Then
_ )
£= \/‘1—_7@ (z + 9:(9)) (136)
and

ave (m@) = 2L [7 2 exp [~ + pi0)') g e e,

(137)
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where

— ﬁ% —BI(S) '\/FS)- .
he = <b> VA {ABCs) — Bi)* (1s8)

Finally, the average energy per burst becomes

Q= =[5 [ e (=16 + 001 5 @ asas

(139)

APPENDIX C

Asymptotic Behavior of Several Functions of s for s — 0 and s — «

Assume that f"F(f) is integrable for n less than or equal to 8. For
bandlimited signals, the usual case ‘in practice, this requirement is
automatically satisfied.

For small s the following Taylor expansions hold:

2 4 6 8
W) = 1 = byiy+ ba gy — ba gy + 57 ¥ (09),

where 6 is a number such that 0 < 6 < 1 and ¢® (8s) is the Sth deriva-
tive of ¥(s) evaluated at 6s.
For a signal bandlimited to the band (0, f,) we have

| ¢®(8s) | < by < (2f0)?bs .

Therefore, the absolute value of the remainder term satisfies the fol-
lowing inequality:

iﬁ.(Qﬂ'fnS)2
6! 56

so that this term will be negligible if (27f,8)® < 56, i.e., if fos << 1.2.
In the expansion for the first and second derivatives of ¥(s) the first
three terms are included and the remainder terms may be disregarded
for the same values of s.

Consequently, we have

s ¥ (6s) ! <0
8! = 3

3 5 7
U = —bis + bagy — bo 5y + 7 ¥ (69

2 4 6
U6 = =bi 4 by = bo gy + 5 V(09
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with
O _S: 01 ) 02 é 1-

We, now, obtain the asymptotic behavior of some expressions -fs
which appear in the functions of s involved in the integral for @Q.., .
Note that

0 I g = b = ey b 06)
G) 1 = b - (12 Bt e (B g 2oy oy
G P = it - ey (e g Be o
(i) 0o + b= 22 - B o
6 + by = 2 BB gy
O IO+ by = e g Bl ey o)
©) 6 + by = LBl gy G BB = b
+ 0(s).

Using these formulas and the formulas of definition of the different
functions of s we find after a considerable amount of algebraic manip-
ulations, the following asymptotic expressions for s — 0. Set

® = b1b3 - bg .
0 a() ~ 2
(1) | M |~ =g
~ 2
(¢it) Al ~ 5z
(@) By ~ — 180

®s’
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Q B = 9 o B
(v) O 200
(i) C.9) = ‘“f’ a0~ -5
(viti) AGCH) - B ~ 5
(i) A =~

\/A(s)C ) ~1

V1IN 1 [®
(@) o U 3Nb *

Using the formulas above we find that

b, Bi(s) V A(s)
b Va(s) (AQC) — Bi) 4

k() = —

and

C,9)\ VAEC:(s) — Bis) _ , Vb
gi(s) = CL‘o( C,(s)) '\/Z(_S)— ~ ) 30,

i.e.,
gi(s) =2 as for ssmall
with
a = x} b .
3b,

Tor s — o, ¥(s), ¥(s), and {(s) approach zero.

The following asymptotic expressions are easily derived for s — o

) a(w) = by (2b, — 1Y)
(¥7) ' | M| = by(b, — b))
(43) A(w) = 5—= =
(i) By(w) = —5 2
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) By() =0
) C() = g2
i) Ca(@) = 0
i) A(@)C:() = BY() = 55—
by

(i) A(w) = /25,
V1= N(») _ V2b, — bi

@ M=) b
Using these expressions we find
ko = 1im k(s) = bin| >
800 b2

and
‘ xhs
) ~—= for s— w,
gl() _\/5

Note also that for ¢ as defined in (50) we have

(#) For z = 0 and s small

Cp oA g ftubel VD,
F= b= 1—>\2(s)gl(s)=3 ® 5735 &
Hence,
o _ bab
* Ve,

(#7) For s large

V' 2b, — b?z—l- V2b, — b}
bl bl'\/i

A
2hs = vo2 + Bes.

R

£

APPENDIX D

Approximate Evaluation of Q,,
From (57) we have

Q=2 [ hO [ zonl-le+ @) dds, (140
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where
g:(s) = as 0<s< »

4
kw(-£> , for se(0,sy)
k](S) = 2
ky , for se(sy,, «).

The symbols e, s, , and k., are defined in the relations (63), (62), and
(60), respectively.
Make the change of variables

(141)

Yy =2+ as.

Q. = gf e v? f lcl(y — z)z dz dy.
a Jg 0 (64
_ v y - _ v _ ﬂ
Xy = A 2k, ” dz = | (y — )k, - dny.

2 [” -y
Q.. = Ef X(ye™”* dy.
1]

We then have

Set

Then

Fory < x = as,

X _ _f”4 _ _L.s
]Cw/X4—Y1_ o"](y ﬂ)d'ﬂ—3oy-

Fory z x

X(?/)_;_LG 4fy _ _§X__6_5 ﬁ

iyt Vo =45+ x ) y—mdn=7—xy+75
Consequently,

Qx’o »__ __1_ l 4 I .§. 6
2]000/00(4 =30 JG+2XI2 xI, + 15X(I’(X)y (142)

where ®(x), I.(x), and J,(x) are defined in (78), (79), and (80), respec-
tively.

Applying the recursive relations (81) and (84), we find
Il(X) = X
L{x) = xe™ " + ()

J, = 15V 2n — Xy 4 Bx* + 15x) — 150(x).

2
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Substituting in (142) the values of J¢, I, I, , we get

Q..  Vor { X2
Tty — 4 T \/—POO + \/—‘P(X)Q(x)} (143)

where
Px) = 28" + 3" + %) (144)
and
QX =23 +x' — 1), (145)
ie.,
'\/27r ko
Q:’o X A( )$
where
A0 = 1 = = PO + = 200000. (140)

Using the expressions (63), (64), and (60) for «, x, and k., , respectively,
we get

Q... = { (ib) b AG) = (Rice’s Results)- AG).  (147)

APPENDIX E

The Function A(x)

The function A(x) as defined in (66) is a monotonically increasing
function of x in the interval (0, «) with A(0) = 0 and A(x) =

The computation of A (x) for different values of x was performed using
the computer and 10 log,, 1/A(x), the correcting factors of Rice’s
result, is shown in Fig. 10.

Expanding into Taylor series we can find that for x small

: 2 113 1
A) ~x'—2 \/}rxs + (m + l—g—)xs = x* (L — 1.6x + 1.44x%);

whereas, for x large, using the asymptotic expansion for

1
Vor

5 erfe (%) ,
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we get

3 —-x2/2 3
A ~1 — X8 (1 - —‘)-
00 5\/21r x*
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A Generalized Nyquist Criterion and
an Optimum Linear Receiver for
a Pulse Modulation System

By D. A. SHNIDMAN
(Manuscript received June 27, 1967)

A pulse modulation system is modeled with M waveforms {s,,({)}1" , each
of which is amplitude scaled and stmulianeously transmitted over a single
physical channel. An infinite pulse train is assumed with signal interval
T, which s determined by bandwidth consideration of the channel. We
restrict the receiver to be linear with M outputs, one for each signal wave-
form.

At a high signal-to-noise ratio the main sources of interference at the
nput to the recewer are the intersymbol interference and crosstalk; by
crosstall we mean the interference between the different waveforms. It
18 desirable, therefore, for the receiver to eliminate both types of interference
and to minimize the remaining error due to additive noise in the channel.
This constraint on the iniersymbol interference and crosstalk is defined as
the generalized Nyquist criterion.

The receter which accomplishes the above is determined for a mean
square error criterion. Finally, some examples are presented which de-
monstrate the ease with which the generalized Nyquist criterion can be
used to design waveforms without intersymbol interference or crosstalk.

I. THE MATHEMATICAL MODEL

The mathematical model for a pulse modulation system is shown in
Tig. 1. The M waveforms {s,(f)};*, which are assumed linearly in-
dependent and of equal energy, are simultaneously transmitted over
a single physical channel. Information is carried on each waveform by
amplitude scaling the waveforms s,,(f) by the real numbers {a,.}{* which
are random variables. An infinite pulse train is assumed with signal
interval T so that the resulting transmitted waveform is

) A

> 2 tusalt — nT). o))

n=—00 m=1

2163
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a 0 M
{ "‘} 3 apmSmlt-nT) |
a } PULSE | N=-00 m=1 TRANSMISSION |
{ n2f T MODULATOR NETWORK
{enm)
- N —o/o—{bm}
p S apnmImit-nT
n o0 meey mTm(E-nT) R\ unear O O {bnef
\"t'/ RECEIVER .
—0—"0— ibnm
7(t) SAMPLE { }
ATt =nT

Fig. 1 — Model of the pulse modulation transmission system.

Characterizing the linear time invariant channel by its impulse re-
sponse, h(t), we define r,(f) as the convolution of s,(f) with k() so
that the received signal waveform is

0 M
> Qo m(t — nT). 2)
n=—cw m=1
To this the channel adds stationary zero mean noise, %(f), with cor-
relation function n(r) and spectral density N(f). The received waveform
is processed by a bank of receivers {w,}}" whose M outputs are sampled
at timest = nT,n =0, £ 1, £2, - - - to give b,,, which are the estimates
of the a,,, . .

If we consider the set {s,(t)}}* with our one physical channel as
comprising M different channels then we can refer to the interference
of the waveform due to s,(t) with that of s,(t) (m # k) as crosstalk.

Restricting our attention to linear time-invariant receivers then we
can characterize the receivers {w,}{’ by impulse response {w.(f)} so
that the output of the receivers can be expressed as

0 M ]
bu(f) = Z E it — pT) + f n(@)w(t — 2) de, @)

p=—00 m=1

where

0

p(l) = f_ it = D) do. @)

The sampled outputs are designated by b, ,
bnk = bk(nT). (5)
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At high signal-to-noise ratio (S/N) where

A

2 Vnn(0)
S/N = - . , (6)

[ [t = oo s ay

the main sources of interference at the input to the receivers are inter-
symbol interference and crosstalk. It is desirable, therefore, for the
receiver to process its input so that the output eliminates intersymbol
interference and crosstalk; i.e., that

0 M

Z Z apmvmk(nT) = Quk (7)

p=—w m=1

for all possible sequences of the a,,. This is equivalent to requiring
that

m, k=1, ,M
n =0, +1, £2, ...,

vmk(nT) = amk 6710 (8)

where the §; are Kronecker delta functions. Further justification for
imposing this constraint at high S/N is provided in the Appendix.

We use as our error criterion the mean square error averaged over
the receiver outputs

S

'

L { (anm - bnm)z} ’ (9)

J. =+

Mz

It
-

where the expectation is with respect to the random variables a,; and
the noise.

We are now in a position to specify the problem concisely: to de-
termine the linear receiver which minimizes the mean square error
under the constraint that there be no intersymbol interference or
crosstalk.

II. A GENERALIZED NYQUIST CRITERION

A waveform v(t) is said to satisfy the Nyquist criterion* for the
signal interval T, if

oT) = 8,0 n=0,=xl, %2, ---. (10)

Denoting the Fourier transform of v(¢) by V(f) (upper case letters
will be used throughout to denote the Fourier transforms of the func-
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tions represented by lower case letters), we can state that (10) is true,
if and only if,

B2 rlr-g) - (1)

This is easily shown using Poisson’s sum formula (Papoulis)?

5> <I>(f— %) = 3 ). (12)

If we associate ¢(f) with v(f) then (10) implies and is implied by
(11).

Our constraint that the v,,,(t) satisfy (8) requires not only that the
V,m (1) satisfy (10) but also that the M (M — 1) waveforms v,,.() (m = k)
be zero at t = nT. We refer to (8) as the generalized Nyquist criterion.
The equation analogous to (11) is

= Z mG< - —) = B - (13)

This will be used 1nterchangeably with (8) in solving the optimiza-
tion problem. Since the {V,.(f)} can be checked almost by inspection
to see if they satisfy (13), the equation is very simple to use.

III. THE CONSTRAINED OPTIMUM RECEIVER

The object of this section is to determine the linear receiver which,
subject to the constraints of (8), minimizes the error expression (9).
Because of the constraint of (8) we have

b — aw = [ a@wilt — ) da (14)

so that the error becomes

7=L 5 [ waowiong g (15)

which is independent of n.
We are now left with the interesting variational problem of mini-
mizing J with respect to all linear receivers W, (f) such that

LS rfi-wli-2) - o 0

a==—0c0

i.e., which sat1sfy the generalized Nyquist constraint. In order to do
this, we vary each W (f) by an amount ¢ I'x(f), where the T\ (f) must
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be such that (16) is still valid. We require

L a5+ ali-5)]

1 & « « > o a\)
=72 Rm(f“ T)Wk(f - T) te 2 R“(f - T)Fk(f_ T> = O
k,km=1,2,---, M 17
s0 that T';,(f) must satisfy the condition

iRm(f—%)l‘k(f—%>=0 m k=12 -, M. (18)

a=-c0
The error with variations becomes

M

7@ =3 2 [ 070 + eI + O e df
-5 2 [ maowioNg 4
+35 3 [ mowi) + riow.eWa o

2 M

+5 2 [ noroNg . (19)

J(0) is minimum if (the w;(f) are constrained to be real)

fw THWEONG df = 0 (for each kb =1 --- M), (20)

where I';(f) must satisfy (18).
In order to solve for Wy (f) we manipulate (20) as follows:

[ raowsong a

0

== [T nowoNg a

a==0w v—~=1/2T+a/T

30 =gl - (- 5)

f/ P [W’?(f - (i - %)]H(f ~ S =0. e

I
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Comparing (21) with (18) it can be recognized that (21) is satisfied

by a W;,(f) such that

wi) = 25Dz w-1, 0,

c=1

where the Z.(f) are arbitrary periodic funetions of f with period 1/T.
In order to completely specify Wy (f) we must determine the Z(f).

Substituting (22) into (16), we obtain

r > R(f - TQ) ZM Zcﬁ(f - 12)

| i)

-L1yz.0 3 rs = geels — 5)

oal-4)
mk=12 -+ ,m

since Zg, (f) 1s periodic with period 1/T. Let

bt = 5 & i =gl = 5) /(- )

a=-—0

= O

then (23) becomes

Ar
1? > LudZal) = b m k= 1,20 m

or in matrix form

Lz = 1,
where

L{) = [Li;(N]
and

Z(f) = [Z;(N]
are M by M matrices.

Thus, we have, if L is nonsingular for all f, that

Z(f) = [LOI™

(24)

27)
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so that | I | # 0is a neeessary and sufficient eondition for a solution to
exist. W, (f) is now completely specified and a realization of the optimum
constrained receiver is shown in Fig. 2.

A simple expression for the resulting mean square error is obtained
from a manipulation similar to that of (21):

1/2T

Tw =3 2 [z (28)

/27T

IV. EXAMPLES

In this section examples are presented which demonstrate the ease
with which the generalized Nyquist eriterion can be used to design
waveforms without intersymbol interference or crosstalk.

4.1 Lzample

We start out by making the simplifying assumption that N(f) =
In addition, if the transmitted waveforms {8,.(f)}’ are chosen such
that R,.(f), where R,.(f) = S,.()H(f) satisfy the equation

> Rm(f - %)R’i(f - :,3) = d, 6o , (29)

a=—0

then a solution exists since the L matrix becomes a diagonal matrix

ds
L=1d; d=|- (30)
dm
ZII (f)
R*(f) :
N(F) : bny
Z(f)
: Zy (F)
Ry (f) .
N (f) . o brw
Zym (f)

Fig. 2 — A realization of the optimum constrained receiver.
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and
[1/d1' 0
Z=1L"= - (31
0 1/d,
with the resulting error
_%i% (32)

Under these conditions the outputs of the matched filters satisfy the
generalized Nyquist constraint except for scale factors and the Z, (f)
functions need only perform the appropriate scaling. We consider next
two cases where (29) is satisfied.

4.2 Casel

Only the case of M = 2 is presented here in detail although other
values of M can similarly be handled.

First, note that since matched filters are used the actual phases of
the R;(f) are not important since the output depends only on phase
difference between R;(f) and R;(f). We use the phase of B,(f) as a
reference phase.

I

0, [fl>1T
R2(f) _ {Ceilm(!)ﬂqs(/)l, l f | l/T
0, [f|> I/T

where A¢(f) = Ap(—f) &= for | f| £ 1/T. The sign is chosen so that

lag(f) | = =
To simplify matters we can choose

Mmz{ﬂﬂ, f>0
—r/2, <0
SO
RADRA() = {”2""“"” Ifl= T
0, f1>1T
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J—jci 0f=UT

= jcQ, —1/T =<0
1 0, elsewhere.
Therefore,
> Rl(f — %)R(i - ;) =j’—j =0 (Fig. 3).
Similarly,
£ nly- o) - o
and
0 2
> Rm<]‘—%> = 2¢ m=1,2
$0
— % 0 2c°1
0 2
and
1
Z = %E I
1
Jo = 2_62'
[R,(")? = [R, (F)]?
c2 I
-4 N
T T
’ LR RF ()
1
L T
JRy(F-
_____ -4

TIME,

Fig. 3 — Case I transforms at the output of the matched filter.
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In the time domain we have

va(l) = CQ(COS 2;,15 - 1)/7rt

and it is easily seen that

n(nT) =0 for n =0, &1, £2,--- .

. 4.3 Casell

Consider a set of band-limited frequency multiplexed signals {R.,.(f)}" .
The bandwidths are (1 + v» + Ym_1)/T where the v,,(0 = vy, = 1)
are parameters associated with the excess rolloff bandwidth, and the
signals are separated in frequency by 1/7 hertz so that the waveforms
overlap the adjacent signals only. As in Case I, the actual phases are
unimportant because of the matched filters so only phase differences
¢.(f) from a reference phase ¢(f) will be important.

B.(f) = | B.(f) | exp jlo(f) + éu(h)]
R, (NR%n(f) = | Bu(DRmsr(f) | exp jlén() — dmu(D].

We define roll-off characteristics as a real funection @,,(f) such that

Qu() = 0 for |f|>3%

and

_ A, . Ym_,
Qm(f) - Qm( f)) fOI l f [ é 2T
We can specify the R,,(f) as follows:

| R.(f) |
A.() = ¢ulf) = ¢n-s(h)

and

AM(f) = Am(_f) =+ 7.
With the R, (f) specified it is easily checked that

R~ )

2
.2
_Cm

0

=

a=—w
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Rl Ror()

Il

c,,.cm_,{Bm(f —

+

m
T

2173

[ B(f) | | RBes(f) | exp [—jAn(D)]

1
2

) exp (i.(0)

m — %

YY

Bm<f + ) exp [—jA,,,(f)]} :

where B,,(f) is an even real function with bandwidth 2vy,,-;/T.

B,() = VQu( 1D = @u(=1[1DI"

We can specify A,,(f) as

o1y

A1) =

NIE ]

without really restricting ourselves

f>0

f<o0

. The resulting R,R*_, is shown

in Fig. 4. Looking at Fig. 4, we see by inspection that the {R,,} satisfy

(29).
|
|
| l {
|Rm—1(f)|2 Qm(f m-’/Z)/V \}\ m+ Y
- G (P 222
_m-1)
| 4 v m-1 F
T
Cmeve, SRmOIRAL ()] LB (F -2
T N
V v v mlT1/2 f

Fig. 4 — Case II transforms at th

e output of the matched filter.
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APPENDIX

The Optimum Mean Square Error Receiver

In this appendix the optimum mean square error receiver is obtained
and it is shown that as S/N — oo this receiver and the optimum con-
strained receiver of Section III converge to the same receiver when the
{anx} are stationary.

The general expression for the mean square error is

1 Ar 0 M
J, = i }_; { A = 2 D D Qi@ — 1)

p=—0 k=1

— %, f 1@ wn(nT — 2) do

+ 2 i Z AT — pT) f n@w,mT — x) dx

p=— b=1

[ 2@ = Duwater = 1) do dy
T SEEY

0

1 A
= M ~ [pmm 2 Z Z pmkykm(nT - pT)

p=—c0 k=1

0 A 0 M

Z Z Z Z v’»m(ny - p )Unn(nT - TT)

p=—0 k=1 r=—w0 i=

+ [ NOw.owi df] ,
where
prte = E{Gunye} ' (34)
Since the {a,;} are stationary we can write

purl = pi . (35)
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Defining

M) = 5 o exp (—2nfnl), (36)

n=—c0

then J, can be written as

1 M M ©
J =13 [p;‘ii —2 3 [ aaveo i
m=1 k=1 Y -0
M

2> [ wmovok S ovifi-2)a

+ [Cwomone o] (31)

which is independent of n so the index has been dropped.
Using variational calculus we obtain as a necessary condition on the
optimum {W,.(f)};' that they satisfy the equations

S| Lok £ R - 2wlr-2) - 0.0

+WHNFH =0 k=1,2 ---,M. (38)
The solutions for the {W,(f)}: are
v = 8D v.e  k-vzew @

where the Y,.(f) are periodic functions of f with period 1/7. In order
to see that the {W,(f)}3* of (39) satisfy (38) for the appropriate deter-
mination of the {Y..(f)}, substitute (39) for W,.(f) in (38) to obtain

> R:ﬁ(f)[ S ML 3 Rl - /D)
3 e Yl = @/ Mmk(f)]
+ iRt(f) Yo(f) =0 k=1,2,--- , M (40)

or since the Y, (f) are periodic

mZ R:*:,(f)[Ymk(ﬁ — M,.(f) + Z M. Z L,.(f) YN)] =0

k=1,2,--+- , M, (41)
where L;,(f) is as defined in (24).
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Defining M (f) and Y (f) as matrices whose clements are, respectively,
M;;(f) and Y;;(f) and a column vector R (f) whose clements are R,,(f)
(41) can be written as

RMN"(Y() — M) + MOLHY() = 0, (42)

where L(f) is as previously defined. Unless R (f) = 0 we require that
I+ MLY =M (43)

= +ML™7M. (44)

With Y so specified (39) satisfies (38) and the resulting mean square
error is

T =L S0 - 5 [ 0w SED vng 4] o

Manipulating as in (21) and using the periodicity of M (f) and Y (f)
we then obtain

Tm=g 2 [ [0t = £ E a0z v | ar. 6o

Lastly, recognizing that the 1n’cegrand is Y% _(f) we get

o= Z 5 [ vep (47)

1/2T

Finally, we wish to show that the optimum and constrained optimum
receivers approach the same limit as /N - .

We define U to be the resulting L matrix when the S/N is unity,
and we write for any other S/N

L = aU, (48)

where a is proportional to the signal energy. Since both receivers are
of the same form, we need only show that ¥ —> Z as ¢ = .

=ML+ 1M

= (@MU + I)7'M

= (/UM — 1/a® (UMY + 1/a Y UMY = --- 1M
= (1/a)U™" + 0(1/a"), (49)

where O(1/a?) indicates terms dropping off at least as fast as 1/a.? As
a = oo the terms of order 1/a® become negligible with respect to the
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1/a term. Using the fact that Lt = 1/a U-*, we obtain the result
limY = L' = Z, (50)

a—
and the two receivers converge and the constrained optimum is opti-
mum.,
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An Automatic Equalizer for
General-Purpose
Communication Channels

By R. W. LUCKY and H. R. RUDIN
(Manuseript received June 19, 1967).

The restriction tmposed by linear distortion on the flow of information
m a communication channel is well known. In the past, the effects of this
distortion have been alleviated through the use of manually adjusted equaliz-
ing or compensating networks. The adjustment of these networks is too
cumbersome a process for the user of a switched communication service
to perform each time a new connection is established. Therefore, in present
switched metworks, control of linear distortion is tmposed only on the in-
dwvidual links. Variation between links and variation of the number of
links in tandem result in channels with distributed performance. Lower
distortion can be achieved by equalizing the overall connection.

Recent developments have made automatic linear distortion removal
(equalization) practical for synchronous dala communication systems.
Here an implementation is described wherein these techniques have been
generalized so that automatic equalization can be provided for a communica-
tion channel independent of the signal format used in that channel. For a
number of applications the speed of automatic equalization makes effictent
end-to-end equalization practical in a switched network.

The tmplementation described affords automalic minimization of the
discrepancy between a specified response and the actual response of a
linear transmission medium. Thus, on the one hand, it permats the automatic
reduction of transmission defects such as signal dispersion and echoes,
and, on the other hand, it permits the mechanized synthesis of filters with
specified transfer functions.

This paper reviews the general aspects of automatic equalization, de-
scribes an implementation of a general purpose automatic equalizer, dis-
cusses the theoretical performance of such an equalizer as determined
from computer simulations, and lastly presents results for the equaliza-
tion of real channels using the implementation described.

2179
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[. INTRODUCTION

Recent years have witnessed an increasingly intensive investigation
of automatic equalization techniques.* Equalization, itself, is neces-
sary because of the increased demand for efficient use of communica-
tion channels. Fixed compromise equalizers have been used in terminal
equipment but they cannot remove all of the distortion because of
variation between connections in a switched service. Two factors
contribute to the distribution of distortion on different connections—
differences in the characteristics of the individual links that may be
switched together and differences in the number of links in a connec-
tion. Better equalization and, therefore, greater transmission efficiency
can be achieved by individually equalizing each connection after it
has been established. Automatic equalization provides a practical
means for rapidly and efficiently equalizing each connection.

Several automatic equalization schemes have been published which
provide equalization for specific, usually synchronous, communication
systems. Some of the techniques for synchronous data transmission
systems are those of Coll and George,>® DiToro,* Funk et al? and
Lucky and Becker et al.% ™ # These techniques are very powerful for
the synchronous data transmission systems for which they are in-
tended. Furthermore, the implementations of these equalization strat-
egies possess considerable economy of design because they rely upon
the peculiarities of the particular synchronous transmission systems
for which they are intended. But, their use is restricted to such systems.

The present paper is concerned with an equalization technique which
is essentially independent of the transmission format to be used on the
channel. The inclusion of such an equalizer in a communication chan-
nel is shown in Fig. 1 in the simplest form. A test signal is transmitted
through the channel and the equalizer controller adjusts the equalizer
until optimum equalization has been attained. The equalizer adjust-

TEST SIGNAL EQUALIZER

TRANSMITTER —L\C— AN _O/f CONTROLLER
CHANNEL —{ EQUALIZER
DATA | | DATA

TRANSMITTER RECEIVER

Fig. 1 — Preset mean-square channel equalizer.
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ments are then locked and the equalized channel used for communi-
cation.

“Optimum” equalization is here defined as the minimization of the
mean-squared difference between a specified channel response and the
actual equalized channel response. Much work has been done on
the problem of optimization under a mean-squared error criterion. The
most famous of these is Wiener’s classic paper.® A paper by Narendra
and MecBride!® also relates to the present work.

In the equalization schemes for synchronous data transmission,?®
the data receiver is inside the equalizer control loop and the actual
data transmitter is used to generate the test signal. Here, the equalizer
can correct for distortion introduced by imperfections in the trans-
mitter and receiver as well as in the channel, resulting in very effec-
tive equalization. A general purpose equalizer of the type described
does not have this capability (by intent) but instead has the advantage
that it is not tied to a single communication system. The equalized
channel can be used by arbitrary information transmission systems.
The equalization is generally carried out at passband frequencies and
the control circuitry could be shared by a number of communication
channels. Thus, the technique described may be an attractive one
when it is necessary to provide equalization for a variety of customers
whose communication channels terminate at a common location.

The equalizer described here uses a transversal filter to operate on
the channel response so that the equalized channel response approxi-
mates the desired response in an optimum fashion. Again, the criterion
used to determine this optimum fashion is the minimization of the
mean-squared error.

In summary, this paper reviews some of the general aspects of auto-
matic equalization, describes an implementation of a general purpose
automatic equalizer, discusses the theoretical performance of such an
equalizer, and presents results for the equalization of real channels
using the implementation described. Some laboratory results are also
presented for the application of these techniques to a network synthesis
problem.

The present paper expands on two previous brief disclosures in the
literature.? 12

II. THE TECHNIQUE

2.1 The Basic Mathematics
The notion of the mean-square equalizer starts in the frequency
domain. Here, the channel transmission characteristic is equalized so



2182 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1967

that it best resembles the ideal transmission characteristic. This “best”
fit is made using a mean-square error criterion. Thus, the distortion
to be minimized is

I, = f | Hw) — G) ° dw, (1)
where H (w) is the equalized channel characteristic and G () is the
ideal channel characteristic. Notice that this error criterion includes
both phase (and consequently delay) and amplitude information in
‘the goodness of fit.

The error criterion given in (1) can be made more general by adding
information concerning the relative importance of errors at various
frequencies. For example, in most information transmission schemes
the major portion of the signal energy is placed near the center of the
band, so that the equalization should be most perfect there. Since rela-
tively little signal energy is put near the band edges, the quality of
equalization is not of as great concern in this region. Therefore, a real,
nonnegative weighting function |W(w)|?, which assigns a relative
weight [W(0)|* to the equalization error at each frequency o, is in-
cluded in the criterion. The resultant eriterion is

m= 18 - 6@ I 176 P d. @

Usually the ideal characteristic G (w) would have flat amplitude and
linear phase within the band of interest, while the spectral weighting
function |W(w)|* would resemble the spectral density of the signal
likely to be transmitted, if this spectral density is known beforehand.
The system is shown in block diagram form in Fig. 2.

The equalized channel characteristic is the produet of the unequal-
ized channel characteristic X (v) and the equalizer characteristic C (o).

Hw) = X(@)0@). @)
The frequency characteristic function of a (2N+1) — tap transversal
equalizer with tap gains ¢,,n = —N,..... , N spaced at r second in-
tervals is
N .
Clw) = D ce”™ . 4)
n=—N

Notice that this response is periodic with period 27 /7, the real part of
the response being even about frequencies 2nw/7 and the imaginary
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H(w)
I

hit) * w(t
GEZEE%\?OR_— \\;VV“(F%) | CHANNEL —= EQUALIZER (t) )

ERROR

T T
X (w) Clw)

f Gl(w)
|G(w)] IDEAL g(t) * w(t)

0 I

W (w)
WTG

T

W ()l PULSE
GENERATOR

w

Fig. 2— Mean-square equalizer.

part odd about these frequencies. Thus, the transversal equalizer offers
independent control of the overall frequency response of the system
over only one of the frequency intervals nr/r £ o £ (n + )7/,
The value of the tap spacing 7 must be picked such that the desired
equalization frequency range is included in one of these intervals. A
frequent case is that where the channel is essentially low-pass in nature.
Here the tap separation 7 will be the Nyquist period 1/2W, where W
is the highest frequency of interest. For bandpass channels, = will
generally have to be less than a Nyquist period.

The objective is the minimization of the distortion E as a function of
the (2N + 1) variables ¢, in automatic fashion. Because this minimiza-
tion is more easily carried out in the time domain, Parseval’s theorem
is used to obtain an equivalent form for (2):

B = [0 - ) * w0} at )

In (5), h(t), g(t), and w(t) are the impulse responses corresponding to
the frequency responses H (o), G (o), and W (o), respectively, and the *
symbol is used to represent convolution.

If z(t) is the impulse response of the unequalized channel, the
equalizer output response is

N

hY) = 22 calt — nr) (6)

n=—N



2184 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1967

and (5) can be written

E = f: {ﬁi_}v c,x(t — nr) * w(t) — g(t) * 'w(t)}2 dt. )

It can easily be demonstrated that E is a convex function of the tap
gains ¢,; » = —N, N. Thus, there is a single minimum of E and this
occurs when the (2N+1) derivatives dE/dc, are zero. Setting these
derivatives to zero gives (2N+1) simultaneous linear equations which
can be solved to effect a minimization of E. If the partial differentia-
tion is carried out with respect to a particular tap setting (say c;), the
following relation is obtained:

‘-35 =2 f {h(t) * w(t) — g(t) * w(®)} f2(t — jr) * w()} dt,

-N=j=N. @

The set of (8) contains all the information required for automatic
optimization. First, if these equations are set equal to zero and solved
for the c¢,’s, the desired tap coefficients are obtained. Second, if arbi-
trary values are chosen for the ¢,’s, the set of (8) dictates the direc-
tion in which the coefficients must be changed to reduce the error E.
Further, a comparison of the set of (8) with Fig. 3 yields a technique
which facilitates the calculation of the partial derivatives which, in

EQUALIZED
CHANNEL
RESPONSE

hit) * w(t)
T
@ ATTENUATORS

|
71 [ 1—1 _ DELAY LINE
DISTORTED g i g Kl SECTIONS
CHANNEL * TAP
RESPONSE I [sieNaL
P = [=lt-j7)* w(t)
I\
SLICER CORRELATOR -
ERROR
SIGNAL
glt) * wi(t)
IDEAL CHANNEL
RESPONSE

Tig. 3 — Mean-square transversal equalizer,
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turn, provides the basis for an algorithm for automatic cqualization
under the mean-square error criterion.

2.2 Basic Implementation

The tapped-delay line structure which forms the basis of a trans-
versal filter is shown in Fig. 3. The “attenuators” have the capability
of supplying both positive and negative weights. The first term in the
set of (8) is simply the error signal, or the difference between the
equalized channel response and the ideal channel response. The sec-
ond term, which multiplies the first, is the signal at the jth tap when
(8) is written for dE /dc;. Thus, the partial derivative of the distortion
with respect to a particular attenuator setting is given by the time-
integral of the product of the error signal and the signal at the par-
ticular tap being considered. In other words, the partial derivative is
given by the cross-correlation of the error signal with the tap signal.

Coincident with the start of the equalization process, the various
cross-correlation coefficients for all of the delay-line taps are ecalcu-
lated by the correlators. The polarity of a particular cross-correlation
coefficient indicates the polarity of the partial derivative of the dis-
tortion with respect to the corresponding tap weighting coefficient.
Because of the convexity of the criterion this polarity information
indicates the direction in which the tap weight must be changed to
reduce the distortion. When all cross-correlation coefficients become
zero, no further adjustment of the weights can lower the distortion
and the desired equalization is achieved.

Some feeling for the algorithm can be obtained from the following
argument. The signals at the various taps contribute to the error
signal in linear fashion. The best that the equalizer can expect to
achieve is the elimination of any systematic contribution between the
tap signals and the error signal. Under a mean-squared error criterion
the measurement of such a systematic contribution is cross-correla-
tion. When all the cross-correlation coefficients are zero, nothing fur-
ther can be done to reduce the error.

2.3 Related Applications

In the course of equalization, an automatic equalizer is called upon
to perform a network synthesis. Specifically, it synthesizes that net-
work within its repertoire which results in the minimum mean-squared
error. It is possible to use the automatic equalizer simply as an auto-
matic network synthesizer.
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The distinction between these two cases (channel equalization and
network synthesis) is made in Fig. 4. Fig. 4(a) shows the conventional
application of the equalizer wherein the equalizer strives to first deter-
mine and then synthesize the function

Cl) =2 1/X(w), ©)

where X (o) is the frequency response function of the distorting chan-
nel. If the equalizer could perfectly synthesize 1/X (») (plus an arbi-
trary flat time delay) the distortion would be completely removed.
The use of the equalizer for network synthesis is shown in Fig. 4(b).
Here, the transversal filter with complex frequency response C (o)
strives to approximate 4 (o) directly so that the quantity

B = f_ i | Aw) — C@) [ deo (10)

is minimized. As in the case of channel equalization the error can be
given a frequency sensitive weighting, W (o).

So far, the discussion has centered upon an equalizer of the trans-
versal filter type (as in Fig. 3). This is by no means the only possibil-
ity, and a more general equalizer/synthesizer is shown in Fig. 5. The
common ground shared by the schemes (as shown in Fig. 3 and §) is
that both rely upon the sum of weighted responses. The parallel net-

DISTANT

TRANSMITTER X (w) C(w)
PULSE TRANSVERSAL
GENERATOR CHANNEL EQUALIZER
h ERROR
PULSE DESIRED CHANNEL
GENERATOR RESPONSE
LOCAL
TRANSMITTER (a)
C (w)
TRANSVERSAL
TRANSMITTER FILTER
PULSE ERROR
GENERATOR Alw)
MODEL OF
DESIRED FILTER
(b)

Fig. 4 — (a) Channel equalization. (b) Filter syntheses.
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Y, (w ) EQUALIZED
DISTORTED (@) N SIGNAL
CHANNEL s
RESPONSE
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— Y;(w) Cy
I
|
i
________ P S |
i
i
IS e
|
|
]

ORRELATOR
SLICER C ERROR IDEAL
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Fig. 5— Generalized mean-square equalizer/synthesizer.

work layout of Fig. 5 has greater flexibility than the series network
layout of Fig. 3. The series layout has the advantage that much of the
filtering necessary for one particular response is performed by the
preceding networks.

For practical reasons only it is required that the responses of the
various networks shown in Fig. 5 be linearly independent; it is
desirable (but by no means necessary) to have network responses
orthogonal to each other so as to minimize the interaction between the
setting of the various weighting coefficients. The desirable orthogonal-
ity results when (11) is satisfied.

0= f_: | X(@) |* Vi) Y;() do, i (11)

In (11) the Y;(0) are the transfer functions of the various networks
and X (o) the Fourier transform of their common input. A discussion
of various sets of such orthogonal networks may be found in Lee.!3

If X (o) is constant from de to f; Hz and if the taps on a delay line
are spaced at 1/2f; second intervals, the desired (but again not neces-
sary) orthogonality is obtained. In the case of the equalization of a
communication channel, orthogonality can not usually be obtained.
Here X (o) is affected by the amplitude response of the distorting
channel and this of course is unknown, a priori.

An application closely related to network synthesis is that of a
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relatively new technique for echo suppression: echo cancellation. This
problem most commonly occurs in long-haul voice communication.
Here the possibility of an improperly terminated hybrid makes un-
desirable returned echoes probable. These echoes are generally dis-
persed in time by the transmission medium. Previous techniques have
introduced attenuation into the echo path. The recently developed
technique uses, instead, principles identical to those developed here
to generate a replica of the echo. The actual echo and its replica are
then added together in such a fashion that they cancel. This can be
achieved automatically and adaptively as discussed in Refs. 14
through 17.

2.4 Performance in the Presence of Noise

In the network synthesis problem, the environment is largely under
the control of the designer and as a result noise represents a negligible
problem. This is not the case for equalization, where noise is definitely
to be reckoned with. Noise effectively alters the equalized channel’s
frequency characteristic. It will be shown in what follows that the
change in the frequency characteristic is a desirable one, i.e., the total
mean-square error is minimized.

Noise also increases the settling time in a very complicated fashion.
However, in the implementation discussed, this increase is very small
and for that reason will not be further discussed here.

2.4.1 The Mean-Square Criterion in a Noisy Environment

In the process of equalizing a communication channel to approach
the desired flat amplitude and linear phase-frequency responses, care
must be taken that the noise in the channel is not increased to harmful
levels. Ideally, when noise is present the equalizer should mini-
mize the average total error consisting of both the component result-
ing from the imperfect channel frequency characteristic and the com-
ponent resulting from noise. If the spectral weighting function W (o)
is chosen properly, the equalizer described here attains this objective.
The noise in the channel is assumed to be the same during and after
equalization. It will be shown that the proper choice (in the sense
above) is a W(e) function which makes the equalizer test signal’s
power spectrum duplicate the information signal’s power spectrum.

Consistent with the notation used previously, let the channel [with
impulse response x(¢)] be used to transmit information w(t). (The
square of the amplitude frequency response of the error weighting
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filter is thus picked to be identical with the power spectral density of
the transmitted signal.) The received noise 5(f) will be taken as a
sample from a stationary random process. Thus, the received signal,
y(t),is given by

y(@) = w(d) * z() + 2(). (12)

The error criterion E, is again taken as the average mean-square error
between the equalized received signal 2 (t) and the transmitted signal
passed through the ideal, noiseless channel G (o).

E, = (W8 — w(®) * g)F). (13)

The brackets ( ) denote a time average. The equalized signal h(t) is
given by

N

Rt = 2 cln(t —nr) + w(t) * 2(t — nn)] 14)
n=—N

using the transversal filter equalizer of Fig. 3. As before, the partial

derivatives of the distortion are computed with respect to the various

tap gains c;.

%% = 2(() — w(t) * g())n(t — jr) + w(@) * 2(t — jn).  (15)

When this relation is compared with Fig. 3, it is seen that the expected
value of the output signal of the cross-correlator is given precisely by
(15). Thus, the equalizer does minimize the total expected mean-
squared error in the presence of noise. Again, this is true provided
that the test signal used for purposes of equalization has a spectral
density identical to that of the signal to be transmitted over the
equalized channel.

Often the power spectrum of the information transmission signal is
not known beforehand. In this instance a flat weighting can be used.

Examples of the effect of various weighting functions are given in
Section IV.

III. IMPLEMENTATION

This section is devoted to the description of an implementation of a
general-purpose automatic equalizer. The discussion of the imple-
mentation will be broken down into three parts: The automatic
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transversal filter itself, carrier recovery, and timing recovery. The
first part is of general interest and pertinent to both the problems of
automatic equalization and network synthesis; the second and third
parts are peculiar to the equalization process. The need for carrier
recovery arises because of the incidental modulation which can occur
in some transmission channels (notably those involving carrier facili-
ties). Timing is needed to ensure the proper synchronization of the
desired signal generated at the equalizer with the signal received from
the distant transmitter.
Throughout this discussion, reference will be made to Fig. 6.

3.1 I'mplementation of the Automatic Transversal Filter

Many sets of functions could have been used as the basis functions
for the equalizer. Only one set, the set of functions generated at regu-
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Fig. 6 — Equalizer block diagram.
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larly spaced taps on a delay line, will be discussed here. There are
two reasons for this, the first being that the transversal filter has been
found to be a reasonably efficient means for the removal of distortion
and the second being that considerable experience with the use of
tapped delay lines is available.?

In the selection of an appropriate delay line, three parameters must
be established: bandwidth, tap spacing, and number of taps. Because
the equalization is earried out at passband, it is clear that the usable
bandwidth of the delay line must be at least coincident with the chan-
nel’s bandwidth. Often, as in a telephone voice channel, the passband
extends sufficiently close to de that it is reasonable to use a line which
provides delay from de to the upper frequency limit of the passband.

The tap spacing has already been touched on in Section 2.1. For the
case just mentioned, the tap spacing = was chosen equal to the recip-
rocal of twice the upper band-edge frequency, thus making the tap
spacing slightly smaller than the Nyquist interval. The alternative in
this casc would be separating the taps by the Nyquist interval and
providing additional, frequency-independent phase shifting networks
at the various taps. This is equivalent to translating the passband
into a comparable low-pass channel, equalizing, and retranslating to
passband.

The number of taps necessary depends on the nature and degree of
the dispersion (or distortion) likely to be found in the channel and
on the precision of the equalization desired. A very rough approxima-
tion can be obtained from paired-echo theory.’® This estimate equates
the necessary number of taps to four times the number of cycles in the
highest frequency Fourier series component needed to represent the
distorting frequency characteristic function. The accurate determina-
tion of the necessary number of taps can be made only by case-by-
case calculation. Examples showing the effect of a varying number of
taps will be given later.

The attenuators associated with each tap on the delay line are
capable of providing both positive and negative weights to the tap
signals. The attenuators are controlled by digital counters composed of
a number of binary memory elements. These are connected in such a
fashion that the total count can be increased or decreased by one at
any time and are therefore given the name up-down counters. All the
attenuators are changed at the same time by a common clock. The
outputs of the binary elements control the solid-state switching of
constant-resistance ladder networks. A full count corresponds to a
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normalized tap weight of -1, a zero count to —1, and a half-full count
to 0. Each attenuator is thus a kind of granular potentiometer with
constant inerements. The number of increments is determined by the
number of binary elements and for K elements is equal to 2%,

The number of steps in the attenuator and the relative ranges of
the attenuator determine an upper bound on the accuracy of the
equalizer. Taking into account the required polarity information and
assuming the attenuator settings to be off by half an increment, the
accuracy to which an attenuator may be set is 1/(2)E. If there are
(2N+1) taps, then the maximum signal-to-noise ratio (considering
the residual distortion as noise) attainable is

2K

_ JU ) N
$/N)ris = 10 log,, (2N + 1)

dB (16)
or

S/N)nes = 6K — 10 log,o (2N + 1) dB. 17)

In the implemented equalizer of 19 taps and 10-bit attenuator-counters
this residual signal-to-noise ratio is about 54 dB. The relations above
assume the ranges of all attenuators to be the same. Often the char-
acteristics of the channels to be equalized permit the ranges of the
various attenuators to be tapered as one moves from the center to-
wards the ends of the delay line. This would make the above estimate
somewhat pessimistic.

The settings of the attenuators are controlled by the cross-correla-
tors whose inputs are the error and delay line tap signals. The
multiplying function necessary in measuring cross-correlation is ac-
complished through the use of a switched modulator driven by a
pulse-width modulated signal. The output so obtained is directly pro-
portional to the normalized cross-correlation coefficient and the magni-
tudes of the two input signals. This particular scheme was selected
from the many available because first, it is capable of handling the
very large dynamic ranges of the two input signals and second, it
determines the true cross-correlation, thereby guaranteeing conver-
gence for all reasonable input signals.

The measurement of cross-correlation also requires integration in
time, in fact, integration over the infinite interval. This is, of course,
simply too long to wait. A simple resistor-capacitor low-pass filter
provides a suitable approximation to real integration.

The outputs of the low-pass filters in the correlators are sliced about
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the zero level. The polarity of the output signals from the slicers deter-
mines whether the corresponding counter is inercmented or decre-
mented when a repetitive clock pulse oceurs.® (The repetition rate of
this clock pulse will be discussed later.) When the equalization
reaches equilibrium, the clock pulses are removed and the attenuator
weightings are retained permanently by the binary memory elements.

An equalizer consisting of the elements just described is shown in
Fig. 7. The tapped delay lines are shown clustered in the top left-
hand corner. The remaining cards in the top row are the resistive-
ladder attenuators. There are 20 attenuators, 19 associated with the
19 delay-line taps and the remaining unit serving as part of the au-
tomatic gain control loop which regulates the signal level on the delay
line. The two rows below the attenuators serve only as lamp indicators
for the attenuator settings. The two rows below the lamps contain
the binary memory elements and associated logic. The bottom row of
cards consists of the cross-correlators. This equalizer was constructed
for voiceband use; the delay line has a usable bandwidth in excess of
3,000 Hz, and the tap spacing is 150 microseconds. Examples of its
performance will be given in a subsequent section.

3.1.1 Seltling Time

The settling time (the time required for the equalizer to reach
equilibrium) is determined in large measure by the time-constant of
the low-pass filter in the correlators and the frequency of the clock
which controls the counters.

Nothing has been said to this point about the nature of the test
signal used to determine the equalizer settings. The test signal is a
passband signal obtained by modulating a smoothed pseudo-random
sequencef into the passband frequency range. The pseudo-random
sequence®® was used because this facilitates the generation of identical
signals at the transmitter and receiver. The smoothing is done in ac-
cordance with the error spectrum weighting filter W () ; the modula-
tion is necessary because of the likelihood of frequency offset on car-
rier transmission facilities. These subjects will be treated in greater
detail later.

The pseudo-random sequence has a periodic auto-correlation func-

* The magnitude of the cross-correlation coefficients can be used to control the
rate of change of the attenuator settings as in Refs. 10, 15, and 16.

t The pseudo-random sequence is a repetitive sequence of binary digits chosen
in a random manner. The sequence can be generated by a binary shift register.
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Tig. 7— Photograph of 19-tap equalizer.

tion. The sequence generator must be designed in such a manner that
the period of this auto-correlation function is larger than the length of
the expected dispersion in the channel. If this were not the case, the
correlator would react to properties of the test signal, rather than to
properties of the channel. It is then necessary to integrate, in the cor-
relator, for a length of time corresponding to several periods of the
pseudo-random sequence. In the implemented equalizer, the integra-
tion is performed in a simple resistor-capacitor low-pass network; the
RC-product was established at about four times the pseudo-random
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sequence period. The polarity of the output of the correlator must be
sampled at a still slower rate so that time is provided for the integra-
tors to reach the steady-state after a change in the attenuator set-
tings. Again, ‘several time constants must be allowed for this to take
place. The ratio of the repetition rate of the pseudo-random sequence
to the sampling rate of the correlators is about 20 for this particular
implementation.

Thus, in general, the length of the dispersion of the channel in time
(i.e., the length of the significantly nonzero portion of the channel’s
impulse response) determines the repetition rate of the pseudo-random
sequence and, in turn, this repetition rate determines the rate at which
the attenuators are adjusted. The settling time for the equalizer can
then be calculated by dividing the number of steps the attenuator must
change by the rate of change.

As an example consider a voice channel wherein most of the dis-
persion is confined to a five millisecond interval. If the repetition rate
of the pseudo-random sequence is established at 10 milliseconds, then
in accordance with the above comments the clock rate for the pulse
controlling the attenuators should be 20 times slower or about 5 Haz.
In an equalizer using 10-bit attenuators and starting from the reset
condition of zero attenuator weights, the longest travel of an attenua-
tor would be some 500 increments. It would take 100 seconds to tra-
verse the full range. This is a rather long time to wait, even for an
equalizer used in such a manner that it is divorced from the communi-
cating modems. There is, fortunately, an easy remedy and this involves
letting the attenuators run rapidly to their approximate values and
then slowly to their exact values. This dual-mode operation of the at-
tenuator clock can decrease the settling time by a considerable factor.

The settling time for this particular implementation is 10 seconds.
This is achieved by running the attenuator clock at a high rate for a
fixed initial period and then by continuing operation at a slower rate.

3.2 Carrier Recovery

The implementation was designed for use on all voice-frequency
channels, including carrier channels. The nature of carrier channels is
such that the channel may introduce a slight frequency shift. If such
a frequency shift were not compensated, the output of the correlators
would be modulated by the shift frequeney, ruling out the possibility
of satisfactory operation. There are two equivalent means of dealing
with this frequency shift. The first is to remove the frequency shift
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from the received channel signal and the second is to alter the modulat-
ing frequency of the generator of the comparison or desired signal as
indicated (“carrier + offset”) in Fig. 6. In either case, the frequency
offset generated by the channel must be detected; the latter scheme
was selected here.

A technique suggested by F. K. Becker?® was used to recover both
modulating frequency and the frequency necessary to drive the ran-
dom sequence generator. In this approach, two pilot tones are added to
the transmitted signal, one each at the upper and lower edges of the
band of interest. These tones can then be combined in such a fashion
that the transmitted carrier plus frequency offset can be recovered. At
the same time, by combining the two pilot tones in another manner,
the sequence generator clock can be recovered. In the case of the
equalizer shown in Fig. 7, the modulating carrier frequency (2400 Hz)
plus carrier offset (8 Hz) is obtained from the two pilot tones at 600
Hz and 3000 Hz as indicated by (18).

(3000 + 8) — (600 + &)
4

(2400 4+ 6) = (3000 + &) — (18)

Once the proper modulating frequency is obtained, it remains to
establish the proper phase. This is achieved by transmitting energy at
the carrier frequency. The phase of the carrier generated at the
equalizer is adjusted until it agrees with the received carrier phase as
it appears at the output of the “main” equalizer tap. This is achieved
through the use of a cross-correlator. After the proper phase has been
established, the variable phase shift element is locked.

3.3 Timing Recovery

In conjunction with the discussion of settling time, it was stated
that the test signal is derived from a pseudo-random sequence gener-
ator. It is necessary to synchronize the remote and local generators
(which are identical) so that near-optimum use is made of the trans-
versal filter.

Like the modulating carrier, the clock frequency required to drive
the sequence generator at the equalizer is derived from the two pilot
tones. In the implemented equalizer shown in Fig. 7, the clock fre-
quency of 2400 Hz is obtained via the relation

(2400) = (3000 + &) — (600 + o). (19)
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In addition to obtaining the proper phase for this clock, it is necessary
to synchronize the random 63-bit scquences. These ends are attained
in a sequence of two steps.

It is known that the autocorrelation function R,,(v) of a pseudo-
random sequence of the variety used here has a shape like that of Fig.
8(a). (In the equalizer, the W (») weighting function causes a smoother
function to be generated for the autocorrelation function of the desired
signal.) The timing recovery circuitry is built upon this fact.

What in essence is needed is an estimate of the arrival time T of the
received signal x(t). Knowing this, the desired signal g(tf) can be
properly synchronized. A maximum likelihood estimate of T’ is devel-
oped using a correlation detector.®® Under the assumption that the
noise is Gaussian, white, and additive, it can be shown?! that the
maximum likelihood estimate of 7' can be found by adjusting 7' so that

o) = [ ott+ Thalt) de (20)

is a maximum. Because of the noise component in z(¢) there will be
some ambiguity in deciding exactly where the maximum of g(7) is,
but this ambiguity can be reduced by increasing the length of the
observation time ¢;. In fact, when ¢, is very large g(T') approaches
the R,,(T) shown in Fig. 8(a), assuming no spectral weighting, band
limiting, or channel distortion.

It is known that the effect of linear distortion in a bandlimited
channel can be represented in terms of pairs of echoes of the impulse
response in the time domain.'® An estimate of T is obtained for the
distorted x;(¢) just as it was in the distortion-free case but because of

63 e ———63BITS —— - —>]

THRESHOLD

Rpp (V) —>
Q(T)—

00— o] = He———

(a) TIME, V =—> (b) TIME, T —>

Fig. 8 — Synchronization waveforms. (a) Autocorrelation function of pseudo-
random word generator (63-bit length). (b) ¢(7) function for pseudo-random
word generator in presence of linear distortion.
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the distortion only an approximation to the maximum likelihood esti-
mate is obtained. Again

o) = [ ot + D0 at @1)

is maximized. As in the distortion-free case the ambiguity in ¢ result-
ing from noise can be made vanishingly small by making ¢; very large.
However, the distortion echoes do contribute systematically to q(T')
and an increase in the observation time does not diminish their con-
tribution. If the distortion were such that a single echo were introduced
by the channel, the ¢(T") function might have the appearance of Fig.
8(b), again ignoring the effects of band-limiting and smoothing by the
filter W(w). It can be seen, then, that linear distortion makes the
search for the absolute maximum of ¢(7') more difficult by introduc-
ing greater undulations in the ¢(7) function. Because of the com-
plexity of the q(7) function, the search for its absolute maximum
is made in two successive modes.

In the first mode, gross synchronization is attained. This means
that the timing of the desired waveform sequence is shifted until it is
roughly lined up with the received signal as it appears at the “main”
tap. This coarse alignment is obtained by cross-correlating the two
signals just mentioned and comparing the result with a fixed threshold.
Until the output of the cross-correlator, ¢(T), reaches the threshold,
the phase of the timing signal is continuously increased (over an inter-
val which may be as large as 63 symbol periods in the case of the 63-
bit sequence). When the threshold is reached the phase is locked. The
threshold is determined empirically so that only the one large spike
(corresponding to the undistorted pulse) penetrates the threshold.
Thus, in the first mode the proper “spike” of ¢(T) is found; in mode
2 the maximum of this spike is found.

The maximum of ¢(7") can be found by partial differentiation of
(21) with respect to T and setting the result equal to zero.

£y
3 _ o = [7 gt + D) a, (22)
aT 0
where ¢g’(t) is the time derivative of ¢(¢). This approach could not
be used from the start because ¢(7") can be assumed to be a convex
function only over a small region. The operation indicated in (22) is
achieved through yet another cross-correlator.

A few words are in order about what has been called the “main”
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tap—that tap which is used for both carrier and timing reference. The
main tap would normally be the center tap on the delay line. It turns
out empirically, however, that most distorting echoes lag the undis-
torted impulse. Hence, lower residual distortion is obtained by shift-
ing the main or reference tap to a position about two-thirds down the
delay line.

1V. PERFORMANCE

4.1 Computer Simulations

In order to determine the theoretical performance of this equaliza-
tion technique, a computer simulation was made. Fig. 9 shows results
for a voiceband channel. The unequalized channel characteristic was
taken as a typical Direct-Distance-Dialed connection as given in
Alexander, Gryb, and Nast.?? The amplitude characteristic has a 15
dB/octave falloff starting at 240 Hz, is flat from 240 to 1100 Hz, has
a linear logarithmic slope to 7.6-dB loss at 3000 Hz and an 80 dB/
octave loss commencing at 3000 Hz. The delay characteristic is para-
bolic, centered at 1500 Hz, with a maximum delay of 1 millisecond at
0 and 3000 Hz. In the simulation, the error spectral weighting function
W (o) used was of raised cosine shape, symmetric about a peak at 1650
Hz and zero at 300 and 3000 Hz. The tap spacing was established at
150 microseconds. In Fig. 9 the amplitude and delay frequency-response
curves for both unequalized and equalized channels are shown. Three
cases are shown, those of 9, 13, and 25 taps. -

A simulation was also made for a baseband channel with group
bandwidth.t Only the amplitude frequency responses are shown be-
cause the delay distortion was not significant in this particular case
and remained essentially invariant throughout the equalization proc-
ess. Both uniform and nonuniform spectral weightings were investi-
gated. In the cases where a nonuniform spectral weighting W (o) was
used, W (o) was selected as a half-cosine rolloff shape, essentially flat
to 12.5 kHz, and then falling to zero at 37.5 kHz as a cosine. Energy
at very low frequencies was given small weighting by a simple high-
pass filter with 2-kHz corner frequency. Fig. 10 displays the ampli-
tude characteristics on both linear and logarithmic frequency scales
as the number of taps is increased from 13 to 51, all with the half-cosine
rolloff weighting. Performance improves with the number of taps but

. £ A “group” is twelve voice channels with a bandwidth of about 12 X 4 or 48
<Hz.



2200 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1967

AMPLITUDE DELAY
1.2
(a) 1.25— / ( b)
9% /
ool N 1.00
AN
ool ~ 075
\\ 0.50
03 \\ 0.25
o | 0
12 1.25
u ©|g"
ool 8 100
\ )
x N J 075 —\
w06 \\ = | /
> o - 0.50 \ /
%0 . \\ § 0250~ \ /
o} | | ° o | | ]
1.2
@] /] )
ook \\ 1.00( /
N 075 /
0.6 \\ _\ /
~N 0.50}— \ /
03 \ 0.25
[} | | ] \ o \I\ /l |
0 1000 2000 3000 4000 0 1000 2000 3000 4000

FREQUENCY IN Hz

Tig. 9 —Simulated voiceband performance (a) Amplitude characteristics, 9
taps, raised cosine weighting, (b) Delay characteristics, 9 taps, raised cosine
weighting (c) Amplitude characteristics, 13 taps, raised cosine weighting. (d) De-
lay characteristics, 13 taps, raised cosine weighting. (e¢) Amplitude characteristics,
25 taps, raised cosine weighting. (f) Delay characteristics, 25 taps, raised cosine
weighting.

the change is rather subtle compared with the voiceband case. Fig. 11
illustrates the effects of error weighting (weighted and unweighted)
and the effect of signal-to-noise ratio for the case of white noise. Note
that in the case of very small noise, the equalized channel character-
istic may behave erratically in the region where the error has very
little weight (i.e., hear 37.5 kHz). The addition of noise or the use
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of a more uniform weighting prohibits this behavior. Note also that
the use of weighting forces the best equalization to oceur in the region
of highest weight, i.e., 2 to 25 kHz.

It may also be seen that in the case of abnormally high noise the
equalizer minimizes the total error energy consisting of both dis-
tortion and noise as predicted in Section 2.3.

4.2 Measurements on Real Facilities

Measurements have also been made with the experimental equip-
ment operating over real facilities, Fig. 12 shows the equalization of
an actual L-carrier looped facility from Holmdel, N. J. to Chicago
and return. Both the unequalized and equalized delay and amplitude
frequency responses are shown. The results are those for thirteen taps
with a raised cosine error spectral weighting function with zero weight
at 600 and 3000 Hz. Fig. 13 shows the binary eyes resulting from

1.6
2_
1.0f—
g
0.5 /‘_"—// (a)
0.2 /
o | 0.1 ! [ I |
§1.6
1] 2
a2
a 10— —
o - (b)
0.8 B ———
w 05 //——— \
=l
50.4 02 |
;( o] 0.1 | [ | | |
1.6
2_
1.2
1.0}—
-—
08 05 e — (c)
04 o2l
0 o.1 | [ [ |
0 8 16 24 32 40 0f 02 05 1 2 5 10 20 50 100

FREQUENCY IN kH2z

Fig. 10 — Effect of number of taps.—group band, weighted error, S/N=25dB.
(a) 13 taps. (b) 25 taps. (¢) 51 taps.
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transmission of an FM data signal on a DDD looped facility from
Holmdel to Denver and return. A 19-tap equalizer was used for the
rms-equalized case. As an example of asynchronous transmission over
similar facilities, Fig. 14 shows facsimile transmission, equalized and
unequalized. Fig. 14 was obtained using the Bell System pATA-PHONE®
Data Set 602A which contains an FM modem.

The nineteen-tap equalizer shown in Fig. 7 was used to equalize a

* Service mark of the Bell System.
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looped facility from Holmdel, N. J. to Omaha and return. The results
of this test are shown in Fig. 15 with the requirements for a schedule
4B line. The weighting function is identical to that used for the equali-
zation obtained in Fig. 12. As can be seen, the 4B requirements are
met by the equalized channel except at the band edges.

4.3 Filter Synthesis

As an example of automatic filter synthesis, the curves in Fig. 16
were obtained. The system configuration is that of Fig. 4(b). The de-
sired or model amplitude response is shown for comparison with 5-,
9-, and 19-tap approximations to it.

V. CONCLUSION

Automatic Equalization is a powerful tool for increasing the ef-
ficiency of communication channels. The implementation described is
of general utility and need not be married to a particular modem. It
functions conveniently in the passband and is especially suited to
the equalization of a large number of communication channels termi-
nating at a common location where the adjustment circuitry can be
shared. In addition, the principles of the techniques seem applicable
to a wide class of problems.

Much work remains to be done before generalized automatic equali-
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Fig. 13 — Actual performance—eye patterns for the Bell System Data Set 202D.
—unequalized, partially equalized using a fixed compromise equalizer, auto-
matically equalized, back-to-back operation,



AUTOMATIC EQUALIZER 2205

1600 BPS 1800 BPS

BACK TO BACK

UNEQUALIZED



2206 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1967

zation becomes practical. In addition, the equalizer described here
does nothing for the problem of nonlinear distortion or for the time-
varying channel. However, the results obtained thus far are encour-
aging,

The authors gratefully acknowledge the encouragement and contri-
bution of their colleagues, especially F. K. Becker, L. N. Holzman, and
E. Port.
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Minimum Cost Communication Networks

By E. N. GILBERT
(Manuscript received July 21, 1967)

Cities Ay, «-- , A, in the plane are to be interconnected by two-way
communication channels. N (i, j) channels are to go between A, and A; .
One could install the N (7, j) channels along a straight line, for every pair
1, 3. However it is usually possible to save money by rerouting channels over
longer paths in order to group channels together. In this way, large numbers
of channels share such preliminary expenses as real estate, surveying, and
trench digging.

The geometry of the least expensive network will depend on the numbers
of channels N (i, j) and on the function f(N) which represents the cost per
mile of installing N channels along @ common route. If the preliminary
expenses are the only expenses then f(N) is a constant, independent of N.
In that case the best network is oblained by routing channels along lines
of the " Steiner minimal tree”’, a graph which has been studied extensively
and which can be constructed by ruler and compass. In part, this paper
generalizes Steiner minimal trees for the case of an arbitrary function
f(N). One again obitains a ruler and compass construction for a minimizing
tree, which 1s likely to provide a best or good solution when preliminary costs
are a significant part of the total cost. However the minimezing tree need
not be the best solution in general because further cost reductions may now
be possible by using graphs which have cycles. Other properties of Steiner
manimal trees generalize only part way, and some examples illustrate the
new complications.

The remainder of the paper considers functions {(N) with special prop-
erties. A convexity property

fN+2) —2f(N+1)+fN)=0,N=1,2,---

ensures that there is a mintmizing solution in which all N (i, j) channels
between A; and A; take the same path (no split routing). If f(N) is a
linear function (f(N) = a + DN), one can obtain simple bounds on the
minimum cost. The lower bound s fairly accurate.

2209
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I. INTRODUCTION

Let points Ay, --- , 4, in the plane represent n cities which require
a communications network. Let N (¢, j) denote the number of channels
which the network must supply between A; and A;. The network
sought must provide these channels at minimum cost. In calculating
costs suppose that a monotone function f(N) represents the cost in
dollars per mile to install N channels together along a common route.

One possible network just connects each pair 4;, 4; by N (1, j) chan-
nels installed along a straight line path. This network will be called
the complete network because the routes used form a complete graph.
Fig. 1(a) is the complete network for a case with n = 4; the numbers
on the lines are the N (1, ).

The complete network makes each channel as short as possible; it
is the cheapest network if f(N) = N. However, most situations have
more complicated functions f(N). In particular, there are usually some
preliminary costs for surveying, obtaining the right-of-way, digging a
trench, etc. These items have a non-zero cost f(0) dollars per mile
regardless of how many channels are to be installed.

In some cases preliminary costs may be so high that a network which
merely minimizes preliminary costs is a reasonable choice. Such a net-
work must minimize the total number of miles of right-of-way. For the
example in Fig. 1(a), the network which minimizes preliminary costs
is Fig. 1(b) [or, more simply, Fig. 1(c) ]. Such networks can be drawn
with a ruler and compass in a finite (possibly large) number of steps
(see Ref. 1,2).

‘When f(N) is not constant, the cheapest network is harder to find.
Still the methods which minimize only the preliminary costs generalize
far enough to be useful. Sections I1I and IV develop these generaliza-
tions. In particular, if preliminary costs are a large fraction of the

(a) (b) (c)

Fig. 1 — Networks.
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total cost one has a good chance of constructing the cheapest network
by these methods.

In many problems the cost function is linear, f(N) = a + bN. A
linear cost function is obtained if the incremental cost f (N) — f(N—1)
of adding an Nth channel to a group of N—1 channels is a fixed amount
b dollars per mile, independent of N. The cost of ‘additional copper
wires, channel filters, or repeaters usually does not depend on N. By
contrast, consider waveguide systems. Each guide can supply thousands
of channels. The incremental cost is small for most values of N but is
large when adding channel N requires adding another guide; f(N)
is a staircase function. Section VI obtains some bounds on the cost of
the cheapest network when f () is linear. Section V finds a property of
the minimal cost network when f () is merely convex.

II. STEINER MINIMAL TREES

A network may be represented, as in Fig. 1(c), as a set of lines (the
routes or right-of-ways) connecting 44, - -+ , A, and perhaps some other
points where lines join. This representation will be called the graph
of the network. Figs. 1(b) and 1(¢) illustrate the distinction between
a network and its graph. A Steiner point is a junction point of the
graph which is not one of 4y, ---, 4,. Fig. 1(c) has two Steiner points.
The minemal graph is the graph of the cheapest network. A graph is
relatively minvmal if its Steiner points are located so that no small
displacement of the Steiner points reduces the cost. If a graph is
relatively minimal there is no guarantee that a more violent perturba-
tion, altering the topology of the graph, may not secure a reduction;
i.e., relatively minimal graphs need not be minimal.

The procedure to be described here finds relatively minimal graphs
which are trees having exactly three lines incident at each Steiner
point. The cheapest of these relatively minimal trees will be called
the Steiner minimal tree for Ay, -+, A,. The procedure in question
is a modification of one which applies when the cost function is simply
f(N) = 1. In order to have an easy terminology by which one may
compare a given problem against the corresponding problem with f(N)
= 1, I use the adjective ordinary freely to mean “having f(N)= 1".
Thus, “ordinary minimal graph, ordinary relatively minimal graph,
ordinary Steiner minimal tree, - --” mean “minimal graph, relatively
minimal graph, Steiner minimal tree, « -+ in the case f(N) = 1”.

The ordinary case is a simpler one than the general case because the
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ordinary minimal graph is the ordinary Steiner minimal tree. In gen-
cral, the minimal graph nced not be a tree (rccall that the complete
graph is minimal if f(N) = N). Moreover, even the cheapest tree need
not be a Steiner minimal tree. For example, consider four cities 4;,
---, A4 at the corners of a unit square as shown in Fig. 2. For the de-
mand matrix N (¢, j) take

0 11 1
o 1 0 1 10
I NG, 5 || =
0 1
1 10 1 0

and let N channels cost f (V) = I+ N dollars per mile. Fig. 2(a) shows
the cheapest tree. It is not a Steiner minimal tree because four lines
meet at its Steiner point. Fig. 2(b) shows a typical tree in which three
lines meet at each Steiner point. However, Fig. 2(b) is not relatively
minimal; its cost decreases when the two Steiner points are displaced
toward the center of the square. If one continues to displace these
Steiner points, in hopes of finding a relatively minimal tree, they
finally merge together as in Fig. 2(a).

I1I. GENERALIZATIONS FROM THE ORDINARY CASE

In Ref. 1 we gave some simple properties of ordinary relatively
minimal trees and ordinary Steiner minimal trees. Some of these
properties generalize directly while others do not. This section will
discuss the simplest generalizations. In some cases the proofs are
omitted because the arguments of Ref. 1 apply with only trivial
changes.

3.1 Mechanics
A graph of a network may be interpreted as a mechanical system

of elastic bands (the lines). 4, +-- , A, are fixed supports for the
A Az Ay Az
3 12 3 i2
13
12 3 12 3
Ay As A, Az
(a) (b)

Fig. 2 — Four cities problem.



MINIMUM COST NETWORKS 2213

bands incident there but the bands at a Steiner point are merely
joined together and left free to move. Let each band have a tension
equal to the cost per mile of the channels in the corresponding line.
Then the mechanical system has a potential function equal to the cost
of the graph; the system is in stable equilibrium if and only if the
graph is relatively minimal.

3.2 Angles at a Steiner point

At a Steiner point S let vectors v, v/, v”, + - - denote the forces (ten-
sions) exerted by the elastic bands. The condition for mechanical
equilibrium (relatively minimal graph) isv + v +v” + -+ = 0. The
magnitudes |v], [v/], |v”], - -+ are the costs per mile of the lines at S.
When S has only three lines, the law of cosines determines the angles
between the lines. For instance,

cos 0, 0") = ([o " = [v [" = [o" [)/@ o' | [0 ]. ¢y
The analogous condition on ordinary relatively minimal trees, which
stated that three lines meet at 120° at S, is an instance of (1) with
|v] = |v’| = |v”|. When four or more lines meet at S the equilibrium
condition does not determine the angles at S.

3.3 Number of Steiner points

Consider any tree joining 44, --- , A, and let s be the number of
Steiner points. It is no restriction to assume that no Steiner point has
less than three lines; for clearly such Steiner points can save no cost.
Then (see Ref. 1, Section 3. 4)

s=n—2

with equality holding if and only if each Steiner point has three lines
and each A; has one line.

3.4 Uniqueness

Suppose a graph, not necessarily a tree, is given for a network con-
necting 4y, -+, A,. The numbers of channels are also supposed pre-
seribed for each line of the graph. Now perturb the positions of the
Steiner points trying to reach a relative minimum cost for graphs
with the same topology. As illustrated by Fig. 2, it can happen that a
relative minimum may be only approached but not attained. In the
ordinary case, when one does find a relatively minimal graph one can
conclude that there are no others with the same topology.

In the general case, there is no such uniqueness. For example, sup-
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pose A, As, As are at the vertices of an equilateral triangle and sup-
pose N (¢, j)= 1 for all pairs (7, 7). Let f(N) = 1 + (3*—1) (N—1).
Fig. 3 shows a possible graph and gives the angles, obtained from (1),
which suffice for a relative minimum. These angles do not determine
the locations of the Steiner points. Tt suffices to put each Steiner point
S; at the same distance from the center O of the triangle and on the
line OA,.

Fig. 4(a) shows that one may encounter non-uniqueness even when
searching for a relatively minimal tree. To perturb S into a position
of minimum cost, place S anywhere on the line segment A,A;. The in-
dividual channels [N (7, j) = 1 for all 4, j] appear in Fig. 4(b). Steiner
points, such as S in Fig. 4(b), at which all incident lines meet at
either 180° or 360° have no real interest. Any channel which makes a
180° turn at S ean be rerouted away from S over a shorter path using
only existing right-of-ways. After the shortening [Fig. 4(c)] the
Steiner point is gone.

In spite of examples like Figs. 3 and 4, a weak kind of uniqueness
holds even in the general case. Any relatively minimal tree is either
the unique relatively minimal tree with the given topology or else it
has a Steiner point, like S in Fig. 4(b), at which all lines meet at angles
of either 180° or 360°. An outline of the proof follows. As in Ref. 1 the
argument uses an “‘averaging’ operation for graphs. If G and G’ are two
graphs with the same topology, the averaged graph pG@ + G’ (where
p = 0,¢g = 0,and p + ¢ = 1) has vertices of the form pV + ¢V’ where
V, V' are corresponding vertices, V ¢ G and V' £ G’. For each line V,V,
of G (and correspondingly, VIV}4 of @) pG + G’ has the line joining
pVi+ qVitopV, + ¢V} . If Lisaline V,V,; of G and L’ the correspond-
ing line of @, let pL + ¢L’ denote the corresponding line of pG + ¢G’.
The lengths | L |, | L' |, | pL + gL’ | of these lines satisfy

fu)=1
f(2)=y3

Fig. 3 — Example of non-uniqueness.
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S
3 . 3
3 3
(a)
Al Az Aj Aa
S
S
3 4 3

I'ig. 4 — Non-uniqueness for trees.

|pL + gL’ | Ep|L |+ q| L | @)

with equality holding only if the directions of the line segments V,V,
and V!V} are the same.

One can now prove that all relatively minimal graphs with the same
topology have the same cost. For suppose, on the contrary, that graphs
G, G’ have the same topology and have costs ¢, ¢’ with ¢ < ¢’. Because
of (2) the cost of pG + ¢G' is no greater than pc + ¢c¢’. Then, taking
p to be small, pG + ¢G’ is a slight perturbation of G’ and costs less than
¢’. Then G’ cannot have been relatively minimal, a contradiction.

If G and G’ are two different graphs which both attain the relative
minimum cost, then (2) shows that an average graph pG@ + ¢G’ will
cost even less (a contradiction) unless every line of G’ is parallel to
its corresponding line in G. Note that the graphs obtained from Figs.
3 and 4(b) all had that property. Now suppose G and G’ are relatively
minimal trees. If @ and @’ differ some Steiner point S in @ is connected
to vertices V, and V, such that V{ = V,, V] = V,, but §’ = S. For
instance, V, and V, might be two of 4,, --- , A,. But, to avoid the
contradiction noted above, SV, and S'V,; must be parallel, as must
SV, and 8V, . That can be true when S = S only if S, S, V,, V,
are colinear, whence V,8 makes a 360° angle with V,S.

3.5 Number of choices

In Ref. 1 the solution to the ordinary case is found by constructing
a relatively minimal tree, if one exists, for each of the topologically
distinet ways of interconnecting 4,, .-+ , A, . Because of 3.3 there
are only a finite number of cases to consider. Fors = 0,1, -+ , n — 2,
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the number of cases with s Steiner points turns out to be

2_“<s _:i 2)(77, + s — 2)I/sl.

In the general problem, each of these cases is again a candidate for
the Steiner minimal tree. The total number of cases for n = 3,4, 5,6, 7,
-+ are 4, 27, 270, 3645, 62370, - - -. Of course the minimal graph may
not be one of these trees; in general, there will be many more cases.

Fortunately, it seems to be easy to guess topologies which, if not ac-
tually best, cost only slightly more than the minimal cost. In Ref. 1, for
example, we were unable to invent a problem in which the minimum
cost was less than 86.6 percent of the cost of the (easily constructed)
best tree having no Steiner points. The four cities in the unit square of
Fig. 2 illustrate the same thing. Again let f(N) = 1 + N and let
[|N (i, j)|| be the same as in Section II. Table I compares the cost of
the cheapest graph, Fig. 2(a), with some other simple ones.

These comparisons suggest that one should be willing to accept a
good network (perhaps the best relatively minimal network obtained
for several reasonable topologies) even though it is not proved to have
absolutely minimum cost. There are usually too many cases to find
the best network by exhaustion; also the saving in cost is apt to be
slight.

1V. CONSTRUCTION ALGORITHMS

The ruler and compass construction of relatively minimal trees is
similar to the construction in the ordinary case.

Consider first the case n = 3. Fig. 5(a) shows a typical case with
given points 4;, A,, A3 to be joined to a Steiner point S. The costs ¢;
per mile of the three lines SA; are supposed known. The angles a1, as,

TaBLE I
Cost
Graph (in dollars)

Fig. 2(a) 24.04
complete graph 26.38
ordinary Steiner min. tree 25.55
13 27.80

3 3
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a3 at which lines meet at S are now determined from the equilibrium
condition,”* e.g., by (1). A ruler and compass construction for o, as,
a3 is easy because these angles are the exterior angles to a triangle
with sides ¢y, ¢2, ¢3 [Fig. 5(b)].

In general, ¢, ¢s, c3 might have any values, including some which
are not constructable by ruler and compass (e.g., perhaps ¢; = 23,
€s = m, c3 = ¢). Then Fig. 5(b) is itself not constructable without first
using the ruler as a “scale” to lay off segments of lengths ¢y, ¢z, ¢3. I as-
sume that these segments have already been drawn. Then all other

Ay
Q3
S/ Cy aj
@2 Qs Cs
ay a;
\
A2 A3
) (b)

A
3 @

Fig. 5 — First construction with n = 3.

constructions, such as the one for oy, as, a3, can use the ruler and com-
pass in the manner intended by Euelid.

Since angle A;84s = a3, S lies on a circular arc of angle 20 —2as
through 4, and A,. By constructing this arc, and a similar arc for
A2A3 or AzA;, one constructs S as an intersection of circular arecs
[Fig. 5(c)]. The same construction appears in Ref. 4.

In Tig. 5(c) consider the line A;8 extended to meet the circle through
A, and A, again. Let A4, ., denote this new point of intersection [Fig.
6(a)]. The point A, , has interesting properties which are needed for
solving cases with n = 4.

First note [Fig. 6(b)] that the exterior angles of the triangle
A1Az4,, » are a1, a2, a3. Then this triangle is similar to the triangle of
Tig. 5(b)and so can be constructed by ruler and compass (if |4;4,]

*If one of the ¢; exceeds the sum of the other two, say ¢1 4+ ¢2 < ¢, no choice
of angles satisfy the equilibrium condition. The minimal tree consists just of two

lines (4145 and A.4s in the case cited). In many cases the function f(N) is convex,
as defined in (3), and then ¢ 4 ¢: < ¢; cannot happen.
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=d, then |44, 2! = dcg/c3). The important fact used later on is that
this construction will produce 4, 5 from ¢;, c2, ¢z, 45, and As, with-
out using As.

Another construction for the case n = 3 proceeds as follows. With
A142 as a base erect a triangle® with sides |414s| = d, dco/cs, and
dci/cs to construct A4, 5. Circumscribe this triangle in a circle Cj..
If A; lies inside Ci» there is no Steiner point (the cheapest solution
consists of two lines 434, and A34,). If A; lies outside Cqo draw the
line segment A; 243. Observe whether this segment crosses the arc
A1As of Cy2 which does not contain 4, . If there is a crossing point

dca/cs

(a)

Fig. 6 — Construction of A4,, 2.

S, then S is the desired Steiner point. If not, then there is no relatively
minimal tree with the given topology. The best solution consists of
A4, and A1A; if A2 and Az are on opposite sides of the line 4,4, 5;
use A4, and A.4; if AyA,, » separates A; from As. Fig. 7 shows how
the cheapest tree depends on the location of Az.

When the construction produces a legitimate Steiner point [Fig.
7(d)], Ref. 1 showed, in the ordinary case, that the length |S4| +
|SAs| + |SAs| of the tree is just |A3Ay, o|. The appropriate generaliza-
tion here is that the cost of the tree is the same as that of 434, o]
miles of circuit costing c; dollars per mile, i.ce.,

CIISAI[+CZISA2I+CSISA3[=C3IA3A1.2 I. (3)

The proof of (3) will follow from a thcorem in Ptolemy’s Meydin
Yivrakic stating that the product of the diagonals of a quadrilateral

* In general, there are two such triangles. Construct the one which places Ay, s
and A; on opposite sides of the line 4:4..
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A3 A
__\ : A2

]

(d)

Tig. 7— Second construction with n = 3.

equals the sum of the products of opposite sides.> When applied to the
quadrilateral 4;8424; » in Fig. 6 the theorem becomes

| SA, ., |-d = | SA, | deyfes + | SAs | desfes
or
e | SA; | +eo | SAs| =c | SAys |.

Add ¢; | SA5 | to both sides to get (3).

The construction of Fig. 7 may be used iteratively to find relatively
minimal trees with » = 3 when each Steiner point is restricted to have
only three incident lines.

The details are similar to the ordinary case® and so it suffices here
to give an illustrative example. Fig. 8 shows cities 44, -+ , 45 to be

interconnected by a graph having Steiner points S;, Ss, S3.To locate
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Fig. 8 — A construction with n = 5.

the S; one begins by finding a pair of cities which are to be connected
to a common Steiner point; Az and A4 will serve in Fig. 8. Construct
A;, 4 as in Fig. 6(b), and draw the circle circumscribing As, A4 and
Aj 4. Ss will be obtained ultimately by intersecting this circle with the
line 8,43, 4 [compare Fig. 7(d)] but at the moment the position of S,
is unknown. Nevertheless, the problem is now reduced to drawing a new
tree for Ay, As, Az, 4, and A; with Steiner points S; and S, (the cost
per mile for the new line S;4;, 4 is taken to be the same as the original
cost per mile of 8.,S;). Again pick a pair of cities with a common
Steiner point, say As and Aj 4; draw the triangle with base AzA3 4
to construct a new point 4s, (s, 4. Now the problem reduces to drawing
a tree for Ay, Aa, and As (3, 4). This is a case with » = 3 which is
solved as described above. The solution locates S;. One can then locate
Sz on the line S;A 3, 4y, 5 and finally, S; on the line Sed s, 4y -

In general, one has n cities A;, <+ , 4, and at most n—2 Steiner
points. By iterating the construction of Fig. 6(b) at most n—2 times
one ultimately reduces the problem to a solvable case. There are three
cautions to observe.

First of all, there are two triangles having a given base A;4; and
given sides. The correct choice of triangle, and hence the correct A;, ;, is
clear if one knows the location of the third point which shares the
Steiner point of A4; and A;. If this third point is itself a Steiner point
and not yet located, one may have to try both possibilities for A; ;.
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However, if one can guess the correct choice of 4; ; and then find a
relatively minimal tree, the uniquencss result of Scction III shows
that one need not try the other choice.

Secondly, at some stage in the construction, one may find the situ-
ation shown in Fig. 7(a), (b), or (c¢) and so be unable to locate a
Steiner point. This can happen either because no relatively minimal
tree exists with the topology sought or because one of the A; ; was
chosen wrong.

Thirdly, the construction described here produces only trees which
have three lines at each Steiner point. A tree having Steiner points
with four or more lines or a graph which is not a tree may be cheaper
than the Steiner minimal tree in some cases.

V. SPLIT ROUTING

Unlike trees, which provide just one path between each pair of
points, graphs with cycles offer a choice of paths. Then the N (3, j)
channels from 7 to j may be distributed over two or more paths (split
routing). The example in Fig. 9 shows that split routing is sometimes
economical. The three cities are at the corners of a unit equilateral
triangle and the demands are N(1,2) = 13, N(1,3) = N(2,3) = 1.
The cost per mile for N channels is

fV) = (N + 2)/3].

Such a cost function might be encountered if channels are available
only in cables containing 3 channels each; then f(1) = f(2) = f(3),
f(4) = f(5) = f(6), ete. In Fig. 9(a) all channels follow direct paths
in the complete graph. In Fig. 9(b) one of the channels from 4, to A»
has been rerouted through A;. This reduces the cost of the line 4;4,;

A3
2
i 1 2 2
2 2
A 13 A, 12 12
cosT=17 COST =6 COST =5.732
(a) (b) (c)

Fig. 9 — Split routing.
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it increases the number of channels in the other lines but does not in-
crease their cost. Fig. 9(c) shows the minimal graph, which also uses
split routing.

The remainder of this section will show that split routing gains
nothing if f(N) is a convex funection, i.e., if

N +2)—2[(N+1)+fN) =0 (4)

for all N. Suppose f(N) is convex and consider a network which uses
split routing. Then one can find two channels, say « and g3, which join
cities 4;, 4; by different routes. To make cost comparisons easy, sup-
pose that all other channels of the network have been installed and that
the two channels for « and g have been installed on those lines of the
graph which belong to both o« and 8. Now for n = 0,1,2 let I,(n) be
the incremental cost of installing n channels in each of the remaining
lines of & and let Ig(n) be a similar incremental cost for B. The cost
to finish constructing the network is

cost = I,(1) + I,(1). %)

However, I,(n) is the sum of incremental costs of adding n channels
to certain existing lines. If the kth line has Ny [«] channels

I.m) = 2 {J(Nile] + n) — {(Ni[a])}.

k

Then (4) shows f(N 4+ 2) — f(N) = 2{f(N 4+ 1) — J(N)}, so
1.(2) = 21.(1),

and similarly,

I5(2) = 2I4(1).

Now (5) shows

%

312 + 152)}
Min {1.(2), I42)}.

The last inequality shows that it would be as cheap to complete two
copies of one of the channels « or 8 as to complete one of each.

cost

v

VI. LINEAR COST FUNCTIONS

Suppose f(N) is linear, f(N) = ¢ + bN. Consider any graph. Let
L; denote the length of the ith line of the graph and N; the number of
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channels along that line. The cost of the network is
cost = al + X7 N.Lb, ©)

where L = L; + Lo + ... is the total length of the graph.

A simple lower bound on the cost of networks which satisfy a given
demand for channels may be obtained by bounding the two terms in
(6) separately. The preliminary cost term al is at least as large as
aLy, where Ly is the total length of the ordinary Steiner minimal tree
connecting the given cities. The remaining cost in (6) would have been
the cost of building the network if f(N) had been bN. This cost is
minimized by the complete network. Then

cost = aL, + b 2 | 4:4; | NG, j). )
i<i

Another way of writing (7) uses two new quantities,

L. = Z | 4.4, |,
1<y
(the length of the complete graph) and
v =L 25 | 4:4; | NG, j)

1<
(the average of the numbers of channels required between pairs of
cities with the distance between cities as a weighting factor). Then
(7), combined with the observation that the cost of the complete
graph is an upper bound, becomes

aLy + L, £ cost < aL, + WL, . 8

The form (8) of (7) is useful when numbers of channels which will
be required between cities can be predicted only relatively but not
absolutely. Then v is a convenient measure of “traffic level”.

The lower bound (8) is an instance of a more general inequality
expressing a convexity property of the minimum cost function c(v):

cw) Z {2 — »)e) + @ — v)el2)} /e — v)) ©)

for v; £ v £ v,. According to (9) linear interpolation between known
values ¢(»,), ¢(v,) gives a lower bound on ¢(v). In particular, (9) becomes
the left half of (8) in the limiting case », = 0, v, — «.

In the proof of (9) which follows it is convenient to extend the
definition of ¢(v) from a discrete set of » values [at which all N (7, 7)

are integers] to all positive real values. Although a line may require
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a nonintegral number N of channels to satisfy traffic level v exactly,
its cost will be computed still at « + bN dollars per mile. Now let
c(G, v) be the cost of providing channels for traffic level v using graph
@. In specifying G' 1 intend that the location of any Steiner points be
specified and not to depend on v. Then c¢(G, v) is a linear function of
v. Since

¢v) = Min c(@, v), (10

the region below the curve ¢ = ¢(v) is an intersection of the half-
spaces lying below the lines ¢ = ¢(@, v). Then the region in question
is convex and (9) follows.

The lower bound (8) is asymptotic to the minimum cost both for
small v and large v. Even at intermediate values of v the lower bound
is reasonably accurate. For example, when there are three cities at the
vertices of an equilateral triangle and v channels are required between
each pair of cities, the lower bound stays within 11.3 percent of the true
minimum for all ». The worst disagreement occurs when v = (143%)
a/b.

For a more realistic illustration, I took the four citiecs New York,
Chicago, Houston, and Los Angeles and the numbers of channels
given in Table II.

TaBLE II—NuMBER oF CHANNELS BETWEEN CITIES

Separation
Cities (miles) Number of channels
Houst.—L.A. 1374 X
Houst.—Chi. 940 2x
Houst.—N.Y. 1420 4x
L.A. —Chi. 1745 5x
L.A. —N.Y. 2451 10x
Chi. —N.Y. 713 20x

Here z is another parameter to specify traffic level; the average num-
ber of channels per pair of cities turns out to be v = 6.52z. The number
of channels listed is nearly proportional to the product of the popula-
tions of the cities.* The cost function was f(N) = 17,000 + 7N
dollars per mile. The complete graph and ordinary Steiner minimal
tree have lengths

Lo = 8,643 miles

L, = 2,980 miles
*N. Y. population includes Philadelphia; Chicago population includes Detroit.
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so the lower bound is

50,660,000 + 394,400x

dollars. Table III compares this bound with the true minimum cost.
Fig. 10 shows some of the minimum graphs. The upper bound in (7)
differs from the lower bound by

TaBLe IIT—Cost oF MiNniMmuMm GrarHS (M1LLioNS oF DOLLARS)

Minimum Lower Discrepancy

z v cost bound (percent)
30 195.6 63.2 62.5 1.1
50 326 72.0 70.0 2.2
100 652 93.2 90.1 3.4
200 1,304 135.2 129.5 4.2
500 3,260 260.4 247.9 4.8
1000 6,520 466.0 445.0 4.5
5000 [ 32,600 2096.0 2022.7 3.5

a(L¢ — Lg), which in this example is about 240 million dollars. Then,
for values of x larger than those shown in Table III the two bounds
will agree to better than 4.6 percent.

Suppose one kind of technology, say coaxial cable, provides chan-
nels with a linear cost function

f(N) = a + bN

and suppose that a competing technology, say waveguide or micro-
wave relay, has another linear cost function

F(N) = A + BN.

Suppose that a < A but B < b so that the first technology is the more
economical one to use if v is small but the second is the more economi-
cal if v is large. It is interesting to compare the two costs at various
traffic levels and to find a value v = v, at which the two technologies
are equally expensive.

Suppose one computes minimal graphs and minimal costs ¢(v),
as in Table III, using the function f(N). The corresponding minimal
graphs and costs C(v) for F(N) may be obtained immediately by the
following “sealing” argument. First, note that if F(N) were just a
multiple Af (V) of f(N), the minimal networks in the two technologies
would be identical and the costs would satisfy C(v) = Ac(v). Secondly,
note that if F(N) = f(uN) for some multiplier y, then the minimal
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Fig. 10 — Minimal graphs for three traffic levels (ef Table III).

Blédd

L0961 YAAIWHAON “IVNUNOL TYOINHOLL WHISXS TTad HHL



MINIMUM COST NETWORKS 2227

network in the second technology is the same as the one which the
first technology had at the traffic level uv; also C(v) = c(pv). Since,
in general,

F(N) = N(uN),
where A = A/a, and p = aB/(Ab), the two observations above com-
bine to show that

C) = (A/a)c(aBv/(AD)).
Moreover, the minimal graph for the second technology is the one
found for the first at traffic level aBv/(4b).

To get a very rough estimate of the traffic level v at which the two
technologies are equally expensive one might use the lower bound in
(8) as an approximation to the minimal cost. Doing this provides
the estimate

vo = (A — a)Lo/{(b — B)L}.
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