



















































































































































































































































































































































































RESTORATION OF PHOTOGRAPHS 2357

An alternate restoration method suggested by (8) sheds some light
on a filtering technique previously reported in the literature.! Let us
define for all x

TCEDWEED (10)

with f defined everywhere by (7).
For z £ z, + pa, § will coincide with ¢, but for x > 2, + pa it gives
values different from g. From the Fourier representation

1@ = [ e™re) an
if follows that -
o —go) = [ : MINF()E M d)
so that (10) can be written
i@ = f_ Z d\ e ™INFQ) Ee‘”“
= fw d\ e ™MAF(N) Sifl (\pa/2) et @D Qa2

sin (Aa/2)

which shows that §[x + (p — 1)(a/2)] can be obtained from the extended
blurred photograph f by processing with a filter having transfer function

7\ sin (A\pa/2)
sin \a/2)

A different filter for restoration in the present case can be derived
as follows. Recall our assumption that

g=0 for < —L and z> L — a. (12)

Y(N = 11

Then

1@ = [ oa)dy
‘/.::—a (13)

= f_: hx — y)g(y) dy

holds true for all z. Here

—a <z <
h(x)={1’ a<z2z=<0
0, otherwise.
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Taking the Fourier transform of (13) yields

A

_ —(iaa/2)
GO = me s (\a/2)

FQ\) (14)
which shows that gz <+ (a/2)] can be obtained from the extended
blurred photograph by processing with a filter having transfer function

A
Yo=7 S_lil_(m (15)
as has been reported previously.'

The filter (15) has poles at the points N = 2nr/a, [n]| =1, 2, ---
and hence cannot be realized in practice. Some ad hoc scheme for
assigning a finite value at these pole positions must be made. Just
what these modified filters do to picture quality is not easy to analyze.
The filter (15), could it be instrumented, would yield g, that is, a
picture with infinite white skirts. The filter (11), on the other hand,
has no poles and hence can be realized.* It restores g correctly in the
interval z, £ ¢ =< x, + pa where this quantity is different from zero.
It gives uninterpretable values for x > z, + pa and the value zero
for # < z,. It would appear that the infinities in (15) with their at-
tendant difficulties are due to insisting that the processed picture yield
the value zero over an infinite region where from a priori knowledge
one would accept no other value anyhow.

It is worth noting that if (12) is violated, then (13) does not hold
for all z and one cannot write (14). These edge effects have been over-
looked in past treatments of the problem based on (14).’

III. ESTIMATION OF MOTION PARAMETERS

The restoration technique of the preceding section presupposed
knowledge of the direction and amount of the image displacement
during exposure. We now consider how these quantities might be
determined from the blurred photograph itself.

We suppose the blurred photograph density to be given by

M) = [ oo —uty—wa [z]SL, [y <L, (9

where g¢(z, y) is the image that would result if there were no motion.
Again to avoid edge effects we suppose g(z, y) defined everywhere

* Because of the growing factor A, both (15) and (11) must ultimately be cut off
at some point beyond the largest spatial frequency of interest in the photographs.
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and different from zero only in the rectangle —L, < « £ L, — T,
—L, £y £ L, — vT, so that defining f = Ofor [z | > L,, |y | > L,
we can write

e, 9) = fOTg(x —uby —vf)dt, —o Zzyse. (17
Into (17) now introduce the Fourier representation
o) = [ de [~ dn G, mee,
There results

oo : 18

= [ [ anerermg, peeenm LA/

on performing the ¢ integration. Here
a = uT, b =T,
Since (18) holds for all z and y, we see that the Fourier transform of f

is given by -

7 _ —i[(Fa+qb)/2 sin (fa + Wb)/2_
P ) = G, e oo S Gat oD/ (19

As seen from (19) the transform of the blurred photograph is zero
on the family of parallel lines

(o + 9b = 2n¢ n==4+£1, +£2, -,

These lines of zero density in F should provide a reasonable means
of estimating the parameters a and b. Due to noise, the curves of zeros
of F will not appear as straight lines. The job of fitting straight lines
to these curves of zeros should be greatly simplified however by the
knowledge that the lines are parallel and uniformly separated. Once
the fitted lines are drawn, value of @ and b are readily found.

IV. MORE GENERAL MOTION

In the present model, the blurred photograph that results from the
general nondistance-distorting motion of a small object is
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fo,0) = [ dtgle =) cose — (g — ) sine,

“(x —wsing + (y —v) cospl.  (20)

Here g(z, y) is the illuminance that would result if the object were
at rest with respect to the film during the exposure, 4 and v are functions
of ¢ giving, respectively, the x and y coordinates of the origin of a
coordinate system fixed with respect to the body, and ¢ = o) is
the angle that this second coordinate frame makes with respect to the
22—y frame. In the case of most immediate interest

u=x0+'Izt
v = yo + ot (21)
¢ = wl.

One finds without difficulty that the Fourier transform of f and ¢
are related by

T
FE, q) = fo dt e "™ MQlE cos o — nsin g, £sin g + 7 cose]. (22)

This equation appears somewhat simpler in polar coordinates. We write
£E=pecosf 7 = psin §
u=7Vcosa v=Vsinea
and set
FE ) = F(p, ) GE ) = Glp, 0).

Then (22) becomes

T
mm®=LMfWWWW%J+@. 23)

Here V, « and ¢ are functions of ¢. '

Under these general conditions, I have been unable to find a practical
method for obtaining the undistorted scene g from f, either in the space
domain, or from the transform statements (22) and (23). Even in the
case of combined uniform translation and uniform rotation given by
(21) no method is as yet evident.

The case of pure uniform rotation, @ = # = 0 can, however, be
treated and complements the case of pure translation (v = 0) already
discussed in Sections IT and ITI. Working directly in the space domain,
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(20) becomes
T
J@, y) = f dt glx — @) coswt — (y — Yo) sin wi,"
1]

-(x — x,) sin wf 4 (¥ — Yo) cos wi].
Introduce polar coordinates located at the center of rotation
' T — Zy = pcost
Y — Yo = psin
i, 0) = f(=,v),  d(p, 6) = g(p cos 6, psin 0). (24)

We now have

7(p, 6)

f dt §(p, 6 + wt)

f+wT
L 7Y 4(p, 0")

8

€

which is basically of the form (3) already treated. The basic restoration
equation is

0o, ) = =0 % fto, 0) + 4o, 6 + o), (25)

where p is to be regarded as a parameter, ¢ and F are periodic in 6
with period 27 and the equation holds for all values of 6.

If G(p, 6) is known a prior: as a function of 8 along an arc of angular
extent 7T radians, (25) can be used successively to determine ¢ for
all 6. It is not hard to show that <f § 7s not known a priori on a 0 set
of angular measure wT, unique restoration is impossible. Indeed, there
exists a scene with values assigned arbitrarily (except for an additive
constant) in a wedge of angle »T which, when rotated, will give rise
to any preassigned blurred photograph.

In the case of a blurred photograph of a rotating unknown object,
for example, if the center of rotation is within the body, unique restora-
tion is impossible in the neighborhood of this center. If restoration
is to be made, one must use some form of a priorz knowledge to specify
¢ or an estimate of ¢ in some angular interval of amount w7

Restoration by means of the difference equation (25) presupposes
knowledge of w and [from (24)] the center of rotation z,, ¥, . We have
not found a simple way of estimating these parameters. Unlike the
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case of pure translation, the Fourier transform of the blurred picture,
-~ . . T A
F(P, 0) — e—w(zo cos B+yo 8in 8) f dt G(p, 0 + (J)t),
0

does not seem to offer special clues. If the object has some straight
line edges, their initial and final positions may show clearly enough
in the blurred photograph to allow estimates of z,, ¥, and T to be
made. For example, if [, and I{ are the lines along the initial and final
positions of some edge of the body, the angle between I, and { is clearly
wT. Let I, and I} be lines along the initial and final position of some
other straight line feature of the object and let P be the intersection
of I, with I, and P’ be the intersection of I{ with I; . The center of rota-
tion O must lie on the perpendicular bisector of the segment PP’, and
its position is chosen so that £ POP’ = oT. It is likely that, in practice,
restoration with several different trial values of the parameters will
have to be made and the best result selected.
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Cathode Activity Measurement:

a Modification of the Dip Test

By D. W. MAURER
(Manuscript received August 17, 1965)

A method of cathode activity measurement which yields fundamental
cathode parameters has been developed. Basically, it is a modified dip test
and consists of plotting cathode current vs cathode temperature. A simple
geometric analysis of the data plot yields data that can be related from one
tube to another and to the cathode work function. Thus, experience gained
by this simple and rapid technique may be translated from one tube type
to another.

This technique can be used to obtain the work function as a funciion
of cathode temperature and a method is suggesied for obtaining work
function as a function of current density.

I. INTRODUCTION

The activity measurement technique to be described, was developed
to fill the need for a standard technique to be used on a rather large
diode program. The requirements of an activity measurement for this
program which are common to any tube development, may be stated
briefly as follows:

(?) The measurement must cause a minimum disturbance to the
chemical equilibria existing in the tube, in other words not interrupt
the life processes.

(1) The measurement should be rapid, to permit regular study of a
large number of tubes.

(i17) The parameter (s) measured should be related to some funda-
mental property of the cathode, independent of the tube.

(7v) The technique should not require complicated or specialized
electronies which are subject to break down or drift.

A review was made of the currently available techniques. All of them
suffer from one or more shortcomings when evaluated by the above

2363
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requirements. Child’s law plots or perveance measurements are use-
ful but tend to substantially upset the tube equilibrium especially
when data are taken at higher cathode loading than the normal op-
erating point of the tube. The higher power invariably leads to deac-
tivation, especially in close spaced diodes. If data above the operating
point are taken with short (1 to 2 psec.) pulses this problem is
eliminated but the process is very time consuming and involves com-
plex electronics. Use of single high-voltage pulses to obtain the cur-
rent at a fixed point in the Schottky region yields good information so
long as equipment is stable and capable of precise calibration. How-
ever, it gives no information on uniformity of emission or possible
changes in the shape of the Schottky line. The use of short pulses is
also difficult without elaborate precautions in the life rack to eliminate
stray capacitance and high voltage breakdown. Any of the above tech-
niques are inappropriate in gun-type tubes because of high-voltage
breakdown in the tubes and, in the case of traveling-wave tubes, be-
cause the beam current is limited by the magnetic field strength. Shot
noise measurements are useful and give information on uniformity as
well as aetivity, but require complicated equipment.

Dip testing as first described by Bodmer! would satisfy all the re-
quirements previously stated if the data taken could be related to
fundamental cathode parameters. That these techniques are effective
given good cathodes has been demonstrated. However, for the proposed
Bell Laboratories diode program, in which at least some of the
cathodes would be of poor activity, and probably of nonuniform
emission, this method did not appear suitable. The relationship to
basic cathode parameters had also not been shown. Another concur-
rent and independent piece of work on the dip technique was de-
seribed by Dominguez, Doolittle and Varadi.? They have explained
the shape of the curve and used the data to follow the activation of
production tubes.

This paper will describe a modification of the dip technique which
is based on a method first used by A. J. Chick? in connection with the
life study of the Telstar® TWT in 1962. Instead of measuring the
usual dip in cathode current in a given time, he substituted a dynamic
recording of cathode current and temperature to facilitate the study
of the transition region between space charge and temperature limited
emission, i.e., the knee. Plotting the knee temperature during life, he
found it to be an accurate indication of cathode activity.

The technique has now been further improved and a simple and re-
liable method will be deseribed to establish the knee even if the transi-
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tion is poorly defined. An extensive diode program has been evaluated
with this technique and its utility is shown by following tube activity
on life. It will also be shown how data taken in this way can be used
to determine basic cathode parameters and to obtain measurements
of these under conditions not previously obtainable. Examples will
also be shown of its use in analyzing the effects of cathode tempera-
ture on work function.

II. THE TEST METHOD

In this section the experimental technique and the method of data
analysis will be discussed followed by an example of its use. Then
the details of several experimental problems will be discussed.

2.1 The Measurement Technique and Data Analysis

In the modification of the dip test developed here, an X-Y recorder
is used to plot cathode current vs cathode temperature when the
heater power is turned off. The experimental apparatus is shown in
Fig. 1. The cathode current of the tube on test is recorded on the Y-
axis of the X-Y recorder. The temperature, monitored by the infrared
pyrometer, is recorded on the X-axis. A typical curve obtained by
this technique is shown in Fig. 2. This consists of two regions: on the
right is the current vs temperature in the space-charge limited region
and on the left is the current vs temperature in the temperature
limited region. These two regions are separated by a knee. The round-
ness of the knee is caused by nonuniformities of emission and the
energy distribution of the electrons. The deecrease in current with
temperature in the space-charge limited region is caused by changes
in spacing with cathode temperature and by a movement of the space-

B+
SUPPLY
L

_______ ‘Ej IR PYRO-
METER HEAD

IR PYRO-
METER

L 1 T

Y-AXIS X-Y RECORDER X=-AXIS

Fig. 1 — Apparatus for IR dip measurement.
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charge minimum in front of the cathode towards the cathode as the
temperature decreases. The decrease in current in the temperature
limited region depends on the work function and is exponential in
shape. Experimentally, the upper part of the exponential region can
be approximated by a straight line over a short range, as shown in
Tig. 2. This is extrapolated up to the initial current and is used to
define the knee. The temperature at the knee which is characterized
in this way (T'7z) corresponds roughly to the temperature at which
the tube could be operated and just maintain space charge limited
operation at the operating current density. Higher values of Tz
derived from this plot imply lower activity and lower values, higher
activity.

2.2 A Life Plot

An example of the use of this technique to make a life plot is shown
in Fig. 3. This is a plot of data taken after activation on a set of six
diodes with experimental cathodes. The curve is the average of data
from six diodes. As the end of life approaches, (due in this case to
coating depletion), the dip temperature rises to approach the operat-
ing temperature, i.e., there is no space-charge limited region at the
operating temperature at the failure time.

2.3 Experimental Problems

A difficulty in the use of an infrared pyrometer to monitor tem-
peratures in tubes containing borosilicate glass (Kovar sealing glass)

Iyb/m———— — e
=
z TEMPERATURE
o LIMITED
o REGION
juo]
; |
u SPACE-CHARGE
o REGION
=
° |
o

Tir To

CATHODE TEMPERATURE

Tig. 2— Typical data obtained by the IR dip technique,
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Fig. 3 — Life plot of the average of six diodes operating at 850°B.

envelopes is that the glass has a relatively high infrared absorption.
Therefore, flaws and variations in thickness of the glass, ete., would
have relatively large effects on the temperature measured. To circum-
vent this problem the temperature of the cathode is adjusted with an
optical pyrometer. This technique allows the infrared pyrometer to be
calibrated each time the tube is read. That is, glass flaws, variations
in the thickness of the glass, ete., enter as correction terms to the
emissivity., To demonstrate that these factors would have no effect
on the dip temperature, this was measured with the infrared pyrometer
in these various situations:

(¢) The infrared pyrometer at various angles to the axis of the tube
and at various distances from it.

() The pyrometer sighted on the cathode base nickel or on the
molybdenum cathode heater sleeve.

(#2) The pyrometer sighted on the image of the cathode nickel in
a gold-backed mirror.

In all cases the dip temperatures were identical.

Another difficulty in the use of an infrared pyrometer is that the
scale reading, and thus, the X axis of the plot, is not a linear function
of temperature and a conversion chart must be used to obtain the
temperature. Since most of our diodes are operated at one of three
temperatures we have alleviated this problem by making a plexiglass
ruler which has the three temperature scales for the X axis cor-
responding to each tube temperature. In this way, it is a simple proe-
ess to measure the knee temperature directly from the plots.
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Thermocouples may also be used to measure cathode temperature;
however, these are often unreliable over long periods of time. In
some cases thermocouples are not pratical and the cathode cannot
be directly viewed with a pyrometer. This is usually the case for a
traveling-wave tube in its magnetic circuit. In this case, we have
obtained a temperature vs time curve for a dip outside the circuits;
then a current vs time plot was taken in the circuit. The current-time
curve is analyzed in the same manner as current-temperature curves
to give a knee time. The temperature can then be obtained from the
temperature-time calibration. This calibration must be checked pe-
riodically due to changes in cathode support welds, heater resistance,
ete.

III. OTHER APPLICATIONS OF THE TEST METHOD

In this section the analysis of the data will be extended to show
how the information obtained from the dip plots is related to the
work function ¢. First, the method of obtaining ¢ from the test data
will be described. Then the description of the method of obtaining it
as a function of temperature independently of the A constant will be
given. Finally, a method will be proposed for the determination of
work function as a function of current density.

3.1 Measurement of Work Function

In the temperature limited region shown in Fig. 2, the current
follows the well-known Richardson equation modified due to the
Schottky effect caused by the field on the cathode.* The equation for
the combination of the two effects is easily obtained by substitution:

J_ ( o Ef) 1
In = In A 4+ |0.44(GV) 5 )T

where

J = current density,

T = absolute temperature,

A = the Richardson Constant,
@ = geometry factor,

V' = voltage,

= electronic charge,
Boltzman constant,

= work function.

| = a
Il
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According to this equation, in the temperature limited region at con-
stant voltage, if the log of J/T*? is plotted against 1/7, a line should
be obtained whose slope is a combination of the work function and
the geometric factor. A calculation shows that the geometric term
should be negligible for planar diodes with respect to the work fune-
tion term at the voltages used.* Under these conditions this equation
reduces to the Richardson equation. Originally, a series of dips were
taken at various tube voltages and the knee temperatures (T;z on
Fig. 2) were used to make a Richardson plot. These plots were always
straight lines. This was taken as confirmation of the utility of the
knee temperature as a significant measure of cathode activity.

Data have also been taken from a single dip curve below the knee
and fed into a computer to determine a least squares fit, calculate the
work function and plot the data. An example is shown in Fig. 4.
There is a very good fit to a straight line. The slope corresponds to
a work function of 1.2 eV,

—-6.50

-6.75 \h

-7.25
-7.50 \

Re)

-7.00

Loc J/ T2

-1.75
8.5 90 95 10.0 10.5 1.0 1.5

/T x10™4

Fig. 4 — Richardson plot for tube 370.

3.2 Work Function as a Function of Temperature

As as basis for discussion in this section and the following onc
(Section 3.3) several points from the generally accepted hypothesis
of cathode operation are pertinent:

(2) The cathode is a semiconductor with mobile donors which mi-
*The term GV is the field at the cathode. For parallel plane geometry, G =

1/D where D is the separation distance. Other geometric configurations may be
caleulated appropriately, see Ref. 4, p. 30.
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grate under the influence of fields. The time constant for donor redis-
tribution is of the order of milliseconds.®

(i1) The lifetime of donors in the coating is much longer than their
transit time across the coating. Usually the lifetimes are of the order
of hours.® ¢+7

(iz) The work function of the cathode is a slowly varying func-
tion of donor concentration at the surface down to a critical value,
whereupon 1t rises rapidly with further decrease in concentration.

The fact that donors redistribute themselves within milliseconds
under the influence of fields means that the work function measured
by the dip technique will not contain the effect of current density.
Therefore, measurements should be made at low current densities
where these effects are small; otherwise an average of the donor dis-
tribution will be obtained and the effect will be difficult to analyze.
On the other hand, the fact that donor loss is quite slow, means that
the total donor concentration (not the concentration gradient) within
the cathode will be essentially “frozen in” as the cathode cools and
the effect measured will be that of a cathode as it exists at the start-
ing temperature. Thus, with this technique, we can measure the work
function and the A constant independently at a given cathode tem-
perature. This point is important. The usual technique of getting the
temperature dependence of the work function is to measure J and T,
insert them into the Richardson equation and solve for ¢ assuming
A = 120. This assumption is not a good one for oxide cathodes. The
A constant contains a term which is the “effective” emitter area, i.e.,
that area which is actually emitting electrons. It has been widely
demonstrated in the literature that oxide cathodes are composed of
an aggregate of small areas of high and low work function. Further-
more, measured 4 values for oxide cathodes determined by the con-
ventional plotting techniques mentioned above vary widely (1072
10 2.8 X 10%) .3 '

The advantage of this technique in measuring work function is
demonstrated from data taken on two similar diodes. The work fune-
tion of one was measured by the usual technique of taking Schottky
data at various cathode temperatures. A plot of these data is shown
in Fig, 5. Data from these curves were then replotted according to
the Richardson equation to give the plot shown in Fig. 6. This plot
has a straight line section with a slope which corresponds to a work
function of the order of 1.5 eV. The points deviating from this line at
the higher temperatures are characteristic of what is observed on
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Fig. 5 — Schottky plot of tube 246.

many cathodes and represent a changing cathode system in these
regions which results in an increasing work function and probably a
changing A value. The most likely explanation is that the donor
depletion at the higher temperature increases faster than the donor
production rate. This results in cathodes of higher work function at
the higher temperature. This was confirmed on another tube where
the work function was measured by the dip technique described above.
The work function measured at an initial cathode temperature of
750° brightness was 1.5 eV in good agreement with the results of the
Schottky plot. However, the work function measured at 850° bright-
ness was 1.7 eV.

EAN
LN
I N\
il \\

80 8.5 90 9.5 100 10.5 1.0
/T x1074

[e]

Fig. 6 — Richardson plot of data from Fig. 5.
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Fig. 7— ¢ (T) for an experimental cathode.

This technique has been used to demonstrate electrolytic activation
in an experimental cathode which is deseribed clsewhere® In this
case the work function was measured for various cathode temperatures
using both de¢ and 500 psec pulses. The results are shown in Fig. 7.
Notice that the values obtained by using de follow what might be
considered the normally expected pattern and are relatively con-
stant. The pulse values, however, are constant only up to about
750°B where they increase rapidly with further increase in tempera-
ture. The explanation for the pulse results is the same as for the plots
previously presented: The donor loss increases faster than donor
production. The dc¢ values remain constant because electrolysis is
contributing to the donor production, and therefore, ¢ remains low in

Bl L DC POWER
I gL ™ SUPPLY
HIGH VOLTAGE 1
I SEC =
PULSER
_ IR PYRO-
T~/ ~~~—~ METER HEAD
L
[ V] IR PYRO-
PULSE TO DC = METER
CONVERTER
l— X-Y RECORDER
Y-AXIS X-AXIS

Fig. 8 — Apparatus for measurement of ¢ vs J.
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value. It may be expected that the de values would increase if the
temperature were taken higher.

The utility of this technique in measuring work function in an
operating temperature range where the work function of the cathode
is changing as a function of cathode operating temperature has been
demonstrated. The possibility of measuring work function independ-
ently of A at a set temperature in a region where ¢ is changing as a
function of temperature was not recognized before. Thus, it is a new
tool for the investigation of the mechanism and operation of cathodes
in this region.

3.3 Proposed Measurement of Work Function as a funcizon of Current
Density

If one wanted to observe the variation in work function with cur-
rent density, the following technique could be used. The apparatus is
shown in Fig. 8. Here, microsecond pulses are to be superimposed on
a de operating level. The pulse current is to be used to make dip
measurements. In this way the temperature limited region well above
the operating current density can be monitored to define the work
function while the de operating current density is still in the space-
charge limited region. By this means, the point at which the work
function begins to rise rapidly with current density, i.e., the de cur-
rent density at which donor depletion at the surface becomes appreci-
able, can be determined. This limiting current density is a measure of
the minimum donor concentration required in the surface of the
cathode under given de conditions.

IV. CONCLUSIONS

The modified dip test deseribed here yields data which can be re-
lated to a fundamental cathode parameter, namely the work function.
This permits quantitative studies of cathode activity throughout life.
The technique can further be used to determine information about
the concentration of the donors in the cathode. The method deseribed
is of general practical utility; the data can be obtained rapidly and be
directly compared from one tube type to another.
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The CPC: A Medium Current Density,
High Reliability Cathode

By D. W. MAURER and C. M. PLEASS

(Manusecript received March 1, 1967)

The coated powder cathode is an tnexpensive, reproductble emiiter which
combines the virtues of various conventional cathode types, and is suited
to use in modern high-power, high-reliability eleciron tubes. It is best
considered as a modification of the classic oxide cathodein which each particle
of the emissive coaling is covered with a thin layer of nickel. Inherent
advantages of this cathode over the oxide cathode include the>ability to
sustain current densities up to 1 amp/cm® over long, calculable lifetimes,
tncreased flexibility in time and temperature during processing, and
tmproved coating adhesion. This paper describes the concept, fabrication
and mechanism of the cathode and presents data obtained from a diode
evaluation program.

I. INTRODUCTION

Modern requirements for high-power microwave tubes having very
high reliability have accentuated the demand for cathodes capable
of de¢ or long pulse emission in the range 0.5 to 1.0 amps/cm? over
lifetimes up to 50,000 hours. The best oxide cathodes available func-
tion only at the lower end of this range over relatively short lifetimes,
and in consequence metal matrix types are normally used. The most
widely used of these is the tungsten matrix, but this demands oper-
ating temperatures of the order of 1000°C,* and the reliability of the
tube then begins to depend on factors such as the integrity of the
cathode heater and its radiation shielding. Nickel matrix cathodes,
prepared from powder compacts of nickel and active oxides, and

* Throughout the remainder of this paper, °C will be used to mean degrees
Centigrade true temperature. The abbreviation °B will be used to mean degrees
Centigrade brightness on nickel as measured by optical pyrometer on the side
of the cathode button.

2375
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capable of operating at temperatures between the tungsten matrix
and oxide cathodes, are limited in high-reliability applications by
their shrinkage, residual gas context, and local inhomogeneities. The
conventional oxide cathode, with its low operating temperature and
“clean” structure, would normally be the best choice if it were pos-
sible to modify it in such a manner as to permit emission of the order
of 1 amp/em? over lifetimes in excess of 20,000 hours.

The coated powder cathode (CPC) can be regarded as a modified
oxide cathode in which the active coating is prepared from particles
of conventional electron tube grade carbonates, each lightly coated
with nickel. The nickel normally constitutes only 1 to 3 percent by
weight of the carbonate. Its primary effects are to change the electrical
resistance, sintering behavior, and emissivity of the coating. The im-
proved performance of the coated powder cathode can be interpreted
in terms of these primary effects.

If an oxide cathode coating is permeated by metal {forming electrical
contacts between the base and the vacuum interface, the field lines
along which electron donors drift during high current density operation
are modified. The major component of the field will become transverse
when the distance between metal “electrodes” in the coating becomes
substantially less than the coating thickness. The donors will then re-
main in the surface layers of the cathode coating, keeping the work
function low. This situation exists in metal matrix cathodes, where
relatively small particles of oxide are embedded in nickel or tungsten,
an analogy being one of metal tubes filled with oxide extending to the
surface. The donors in such systems would be expected to move toward
the metal-oxide boundary at the surface as current density is increased,
giving an oxide-vacuum surface having a nonuniform but essentially
constant concentration of donors. Despite the nonuniformity, the
average or effective work function remains low.

The CPC is constructed with a novel distribution of nickel in the
active coating, which achieves the surface donor retention mentioned
above with only 0.5—3.0 wt percent of metal.* This should be com-
pared to 70-80 wt percent metal normally required to provide a con-
ducting path through a conventional matrix cathode. In reducing the
amount of metal involved in the surface one approaches the lowest

* Normal oxide cathodes have resistances of the order of 1-10 Q/cm’. Assum-
ing the bulk resistivity of nickel, the nickel coating of a CPC particle could in
theory be of the order of 10™ c¢m thick to have a resistance comparable to the
activated oxide. Therefore, films of the order used (001 x) should have sub-

stantial effects even if the resistivity of the film is substantially greater than
the bulk resistivity.
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practical work function—that of the classic oxide cathode. Thus, the
operating temperature of the CPC (700-800°C) is comparable to that
of the oxide cathode, and is essentially unaffected by the emission
level in the region studied. Operating temperature is, however, in-
fluenced by the vehicle employed, in proportion to the rate of poison-
ing reactions. Thus, a close-spaced diode normally requires a cathode
temperature of the order of 800°C, while a travelling-wave tube with
a slow wave structure and remote collector will operate in the 700-
750°C region.

The nickel film around each particle also inhibits the growth of
relatively inactive, large single crystals of (Ba, Sr)O during high
temperature outgassing. In this respect, note that Eisenstein® has
shown (Ba, Sr)O crystallite growth in oxide cathodes to be relatively
rapid above 900°C and many workers have observed the degraded
high current density characteristics of oxide cathodes that experienced
appreciable time at temperatures above 900°C. This is consistent with
the suggestion? that donor movement in single erystal material is very
fast, leading to deep donor depletion layers.

CP cathodes can be processed at temperatures as high as 1150°C
without detectable degradation in subsequent emission. This has
practical advantages in the reduction of time on the tube processing
station, and in the thorough degassing afforded the heater-cathode
assembly.

The inhibition of erystallite growth extends to the reprocessing of
an activated CPC which has been exposed to room atmospheres. Al-
though X-ray diffraction photographs taken before and after exposure
show that water and carbon dioxide are indeed reabsorbed, the coating
does not lift or “bloom,” and if reprocessed by a conventional schedule
will normally reactivate. This implies that the mixture of barium and
strontium hydroxides and carbonates formed within each nickel shell
is largely retained within the shell during reprocessing, reducing the
tendency to form a glassy phase.

When sprayed onto a nickel base with a conventional nitrocellulose
binder, the CPC coating shows excellent adhesion, resisting a Scotch
Tape test. This appears to be related to the slight roughness of the
particle surface. This is visible in Fig. 1, which shows representative
photomicrographs of coated and uncoated powders. During breakdown
‘of the carbonate to oxide, the nickel film is split to allow the escape
of carbon dioxide, and at the same time, nickel-to-nickel sintering be-
gins. The latter is effective in increasing the adhesion to the base and
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Fig. 1— Electron micrographs of nickel coated and uncoated double carbonate
particles.
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the cohesion of the coating still further. The oxidation of the nickel
shell during carbonate breakdown is found to be very slight. In tubes
requiring ultra-smooth coatings (ultrafine powder), excessive cohesion
between particles can give rise to surface cracking known as “mud-
flatting” unless care is exercised during the processing. However,
through the particle size range normally used in oxide cathode tech-
nology, the integrity and adhesion of the processed coating is excellent.

The nickel network responsible for the improved performance of the
CPC is maintained during life by sublimation of nickel from the base
alloy into the coating. An equilibrium is attained, wherein nickel is
lost by evaporation from the surface of the coating, and replenished
from the base. Thus, a CPC coating, applied to a low vapor pressure
metal such as platinum, would slowly lose its metal network during
life, and transform into a simple oxide cathode. This transformation
has been observed, but has not been studied quantitatively. However,
many of the advantages of the CPC are gained by establishing nickel-
to-nickel contact between each particle prior to breakdown and activa-
tion, and use on substrates other than nickel to gain processing ad-
vantages is not unreasonable. Notice that the overall rate of nickel
sublimation from a CPC is identical to that of an oxide cathode
operating at the same temperature.

II. PREPARATION OF THE NICKEL COATED POWDER

A useful technique for the preparation of metal coated powders in-
volves the decomposition of a thermally unstable metal compound in
a “fluid bed.” In conventional nickel coating, the powder is normally
maintained “fluidized” by the passage of hydrogen through a sintered
disc at the foot of a vertical tube containing the powder. Nickel
carbonyl, Ni(CO),, is introduced to the hydrogen stream and ther-
mally decomposed to nickel on contact with the heated powder. This
method is excellent for use with metal powders or insulating materials
of particle size >50 p. However, in the range 50 p. — 5 n the agglom-
eration of insulating particles as a result of the accumulation of
static charge becomes increasingly serious, and it has previously been
considered impractical to coat each individual particle of an insulating
powder of particle size <5 p.? Since most cathode powders are sub-
stantially <5 p, and the coating of individual particles was most
desirable, a new technique was required. This was found in a method
we choose to call “wet” fluid-bed coating. The powder is maintained
suspended in a suitable inert liquid and Ni(CO), introduced through
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a bubbler. This eliminates agglomeration, at the expense of an addi-
tional processing step—the removal of the liquid.

Since we are dealing with a cathode material where trace contami-
nation may poison the emission and cause tube failure, extreme care
in handling under ultraclean conditions is imperative. All vessels and
handling devices must be cleaned according to normal oxide cathode
preparation specifications, and all materials used must pass oxide
cathode specifications for impurity content. Once cleaned, vessels
must be protected from contamination prior to use.

The powders used in these experiments were coprecipitated from
nitrate solutions with ammonium carbonate and have been extensively
used for conventional cathode coatings. For the present study the “as
received” powders were reduced in particle size by ball milling to give
very smooth “high density” cathode coatings.* This procedure does
not improve emission, and is, therefore, only required where electrode
spacings require tight tolerances on coating uniformity and smooth-
ness. Where the particle size of commercially available carbonate is
appropriate for the tube requirement, “as received” powder may be
nickel-coated without any preconditioning.

Fig. 2 is a schematic of the nickel coating apparatus. The apparatus
is composed of a reaction vessel and a flow system. Hydrogen is the
carrier gas used during the reaction. Nitrogen is used for flushing to
keep the system free of contamination while on standby and to purge
the hydrogen at the termination of the reaction.

A modified 500 cc gas wash bottle is used as the reaction vessel. It is
modified to bring a gas entry tube down the wall inside the vessel to
within 1 inch of the bottom. The center of the vessel is then free for a
nickel stirring rod adapted to the vessel through a nickel taper fitting
in the ground glass joint at the top. The nickel taper is, in turn,
fitted to a rotary vacuum feed-through coupled to an electric motor.
All of the joints are vacuum tight and only nickel faces the inside of
the vessel, thus avoiding foreign contamination. The entire vessel is
immersed to just below the gas inlet tube in an oil bath and the con-
tents of the vessel brought to the reaction temperature of 110°C with
a hotplate. A suspension of the carbonate in amyl acetate is added
to the reaction vessel before sealing the system. A condenser is in-
stalled at the exhaust end of the reaction vessel to allow reflux of the
amyl acetate that vaporizes at 110°C, thus keeping the solution level
constant.

* Particle size: 90 percent <1.6',u,; coating density: approximately 2 g/cc.
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Tig. 2 — Nickel coating apparatus.

The Ni(CO), chamber is made of metal, with a gas inlet tube run-
ning to within % inch of the bottom, and an inlet port that can be
opened for filling and sealed during the reaction. A measured excess
of carbonyl is added before every reaction and the chamber emptied
and flushed with nitrogen at the completion of every run.

After the system is sealed and purged with nitrogen, a flow of hydrogen
is established, bypassing the carbonyl chamber, such that vigorous
bubbling occurs in the reaction chamber, and a hydrogen flame is
established at the exhaust. Some hydrogen is then diverted through
the carbonyl chamber and this proportion increased until the hydrogen
flame at the exhaust become luminous with green fringes, indicating
that excess carbonyl is being burned. Under these conditions of excess
carbonyl and constant bath temperatures, with a given system and
powder particle size distribution, the percent nickel deposited depends
on the reaction time. For our system and particle size distribution,
we achieved 2.5 4 0.3 weight percent nickel in 3% hours, although
this is not a linear function of time (the reaction is autocatalytic).

The thickness of nickel on each particle will be constant under the
above conditions regardless of the particle size distribution. The per-
cent nickel in the lot, however, will vary with the particle size. Thus,
the operating parameters of a given system must be determined em-
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pirically. Note that since the powder used in the study described here
was very fine, values of approximately 1.0 wt percent Ni would cor-
respond to comparable Ni thickness on coarser, conventional powder.

During the coating reaction there is essentially no agglomeration
of the coated powder; however, pure nickel is deposited on some parts
of the reaction vessel and flakes off into the mix. To remove these
flakes the coated suspension is sieved, first through a 37 p sieve and
then through a 20 p sieve. Concentrated nitrocellulose solution is then
added to bring the suspension to a condition suitable for spraying.
Spray mix prepared from nickel-coated powder has similar settling
characteristics to conventional oxide cathode mixes. If long shelf-life
precedes use, ultrasonic agitation should be used to resuspend prior to
transferring to spray equipment. '

Fig. 3 shows the effect of nickel coating on the particle size of the
carbonate crystallites and indicates the change to be of the order of
10 to 15 percent of the initial size. This may be accounted for by
slight agglomeration rather than particle size growth. This conclusion
is supported by the many photomicrographic comparisons made be-
tween coated and uncoated double carbonates. (Fig. 1) It ean be seen
that the coated powder has a rougher surface than the uncoated pow-
der. This roughness may account for the superior adhesion character-
istic of the coated powder.

Data shown in Table I indicate an analysis representative of a
CPC surface ready for activation compared with an analysis of the
as-received powder. No pick-up of undesirable elements should occur
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Fig. 3 — Effect of nickel coating on particle size.
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TABLE I —SPECTROGRAPHIC ANALYSIS OF BARIUM-STRONTIUM
CARBONATE BEFORE AND AFTER NICKEL COATING

Before After

Element (as received) (Ni coating)
Barium Major Major
Strontium Major Major
Nickel 0.00X Major low
Calcium 0.X high 0.X high
Sodium L0X 0.0X
Copper 0.00X 0.0X low
Silicon Not found Not found
Magnesium 0.00X 0.00X
Iron 0.00X low 0.00X
Lead 0.00X low 0.00X
Potassium 0.00X low 0.00X
Manganese 0.000X 0.000X
Silver 0.000X low 0.000X low

Elements checked but not found: zine, cadmium, indium, bismuth, antimony,
arsenic, tin, thallium, gallium, germanium, zirconium, cobalt, chromium, moly-
bdenum, vanadium, tungsten, lithium.

Note: Major = >59%, Estimated

0.X, 0.0X, 0.00X, ete.
decimal place, e.g., 0.0X

Concentration of Elements estimated to nearest
0.01 — 0.099%, estimated.

as a consequence of the coating operation. Infrared spectrographic
analyses were made of the amyl acetate before and after the coating
process. No contamination or change in the amyl acetate absorption
spectrum was observed.

It is important to determine carbon introduced by the coating process,
since carbon activation of the cathode would result in premature loss
of oxide. Control analyses performed on nickel coated MgO of similar
particle size shows that the carbon introduced (corrected for intrinsic
carbon and absorbed amyl acetate) is of the order of 0.1-0.2 percent
by weight of powder. This carbon appears to be completely removed
during the breakdown of the carbonate to the oxide, probably through
the high temperature oxidation-reduction reaction C + CO, =2 2CO
which favors the production of CO at temperatures above 800°C.
This view is supported by the fact that there is no immediate activation
in diodes, and that mass spectrometer analyses of platinum-based
cathodes show no CO tail after breakdown.

III. EMISSION AND LIFE TESTING

3.1 Cathode Preparation, Vehicle, Processing and Testing

The application of the coated powders to cathode bases used in the
study described was carried out by conventional spray techniques.
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Binder burnout* was used throughout diode testing. However, this has
been found undesirable in processing large area cathodes coated with
powder of a conventional particle size, since the coating coherence
after binder burnout was minimal and did not allow good yields in
assembly. Cathode bases were preconditioned by a rigorous method
based on volatile acid cleaning® and including a liquid honing of the
surface by caleium oxide. The base metal was high purity 0.1 weight
percent zirconium/nickel alloy (see Table IT) unless otherwise stated.
This alloy is used to obtain long life, and is relatively inactive by
comparison to standard alloys such as 220 grade nickel.

The test diode is illustrated in Fig. 4. It features a 0.085-inch
cathode in a ceramic insulator, mounted on a massive anode heat sink,
which includes a nickel button anode. The diode contained conven-
tional tube materials including Kovar, steel, molybdenum, copper,
nickel and ceramic. The final closure of the tube was done by heliarc
welding. Pieceparts and subassemblies were cleaned by rigorous
processing techniques and were atomizer clean.®® Minimum grade:
3. These techniques were designed to eliminate activation or deactiva-
tion by extraneous variables and permit the study of deliberate
changes in processing or material variables with a minimum of
samples. The success of this ecan be estimated from the narrow spread
in activity of “identical” diodes (Section 3.2.5) and the fact that the
vield of tubes in the entire program was approximately 98 percent
seal-in.

Tubes were processed in groups of six on individual getter-ion pump
stations. Bakeout was for 16 hours at 425°C, at which point, the pres-
sure was normally in the 10-° torr range. All tubes then passed through

Tasre II—IMPURITY SPECIFICATION FOR HigH PuriTY
ZIRCONIUM-NICKEL CATHODE ALLOY

Element Percent max. Element Percent max.
Copper 0.005 Iron 0.005
Manganese 0.005 Carbon 0.003
Silicon 0.005 Sulphur 0.001
Titanium 0.005 Magnesium 0.005
Tungsten 0.005 Oxygen 0.001
Hydrogen 0.001 Nitrogen 0.001
Cobalt 0.005 Each Other Metal 0.005

All other impurities than those listed shall not exceed a total of 20
ppm and no individual impurity shall exceed 1 ppm.
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Fig. 4 — M-4059 diode.

a standard processing cycle which is deseribed in Appendix A. They
were then placed on aging racks with the cathodes at 900°C and with
de voltage applied. After 16 hours at this condition, the cathode
temperature was lowered to 810°C and emission current adjusted to
0.3 amps/cm? This was the predominant current density throughout
the diode program, and was based on past experience of adverse “diode
effects” observed in the diode used at higher loadings. In addition,
it represented a cathode design objective at the time.

The test method used for all of these tubes was the IR dip.” This
is a modification of the dip test in which the cathode current-tempera-
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ture transient is plotted on an X—Y recorder when the heater power
is turned off. Cathode activity is given by the temperature of the
transition from space charge limited emission to temperature limited
emission. Unless otherwise noted, all measurements were made at 125
mA /em? rather than the operating level, to be assured of an activity
measurement in extreme cases where the emission is not space charge
limited at the operating level. With this analysis, high temperature
indicates low activity, and low temperature high activity.

3.2 Results of Diode Program

Except where noted, each of the curves of diode activity shown in
this section represent the average of six identical diodes. Since the
significance of the difference between two such curves is difficult to
assess without a knowledge of the spread in the data, the values of the
probability that there is a difference between two curves are shown at
significant points on the plots. The probability, P, is based on Student’s
t-test.

3.2.1 Reproducibility

Fig. 5 shows the individual “IR dip” temperatures on a batch of six
diodes processed according to the standard technique (Appendix A).
The spread is rather wide early in life, and becomes much smaller
after about 1000 hours as the tubes “age in.” This allows an estimate
of the spread inherent in the data to be illustrated in subsequent
figures.
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Fig. 5 — Typical spread in the data for six “identical” diodes.
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3.2.2 Reproducibility of Coating Batches

Fig. 6 shows the results of three groups each containing six diodes
processed by standard technique, sprayed from three independent
coating batches which were prepared in an “identical” manner. There
is approximately 35°C spread in temperature initially, but by 1000
hours this spread is completely insignificant. This indicates that while
there are some differences, perhaps in the small details of the process-
ing cycle, or in the trace amounts of impurities within the system,
these are lost after approximately 1000 hours.

3.2.3 Percent Nickel in the Coating

Fig. 7 shows the average dip temperatures for two groups of six
diodes each made from the same coating batch which had been
divided into two parts to permit different exposure times to nickel
carbonyl. Batch 15b has 7.26 percent by weight of nickel,* and batch
15a 2.58 percent. As nickel content is reduced, we approach the oxide
cathode which represents the lowest attainable work function in the
system, useful as such when the required current density causes no
appreciable donor depletion. Note that these measurements were
carried out at a life condition of 0.3A/cm?, where the detrimental
effect of excessive nickel coating is accentuated. At higher current
densities where donor depletion in the uncoated oxide is more signifi-
cant, the beneficial effect of nickel coating tends to dominate even if
nickel is applied in thicknesses substantially greater than the optimum.

*This cannot be considered a representative batch since it was deliberately
created with an excessive nickel content to produce a pronounced effect,
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Tig. 7 — The effect of the percent nickel in the coating batch.

3.2.4 The Effect of Cathode Coating Thickness

This effect is shown in Fig. 8 in which we have plotted the data
from cathodes coated with batch 15b which was discussed above.
One group is sprayed 2-mils thick, the other 0.65-mils thick. The
thicker spray coating yields a higher activity level. These effects may
be explained as follows. The thin coating would be of the order of
five particle diameters thick. The likelihood of a barium atom pro-
duced at the coating-base interface simply evaporating from a pore-
end is relatively high. However, in the thicker coating there is a
larger cross section for adsorption of the barium atom into the oxide
lattice. Hence, the donor concentration in the surface of the thicker
coating is likely to be higher than the concentration in the thinner
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coating, and the activity level higher in the former. One would expect
this effect to be less pronounced with coatings which have a lower
percentage nickel since there would be a higher probability of barium
adsorption in the latter case.

3.2.5 Coatings Applied by Electrophorests

A technique for applying the nickel-coated carbonate to cathode
bases by electrophoresis was developed by M. Hanes® using a nickel
nitrate activator. Diodes were made from six cathodes coated by this
technique. These were processed by the standard technique and the
results are shown in Fig. 9. These results are essentially the same as
those obtained by other coating techniques and demonstrate that the
nickel nitrate used as an activator in the electrophoresis process does
not have an appreciable deleterious effect on the emission. This ap-
proach could prove useful in cases in which spray coating proved
difficult, such as on very large radiused cathodes or filaments.

3.2.6 Dependence on the Base Alloy

Fig. 10 shows the results of two batches of six diodes based on two
different cathode alloys. One group is on the alloy, used throughout
the program, 0.1 percent zirconium/nickel the other is on a com-
mercial alloy called “RM No. 8” which is essentially a magnesium/
nickel alloy. The latter alloy is quite active. As expected, the “RM No.
8”7 activity is higher than the zirconium/nickel activity early in life
since the former produces large initial amounts of reducing agent.
Eventually, after approximately 1000 hours, the tubes are completely
activated and give essentially the same result. Choice of base alloy
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Fig. 10 — The effect of the base alloy.

would, therefore, normally be made on the basis of desired life, since
high initial activity is reflected in shortened lifetimes.

3.2.7 The Effect of Processing

Fig. 11 shows the results of three groups of six diodes each, pro-
cessed by different techniques. One set is processed by the standard
technique already described. Another group marked “matrix,” was
processed according to a schedule originally developed for a nickel
matrix cathode which features activation at 1050°B for 20 minutes.
The detailed schedule is given in Appendix B. The third group marked
“standard and bake” used the standard processing up to the point at
which de voltage had been applied. The de voltage was turned off after
about one hour and the cathode temperature reduced to approximately
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Fig. 11 — The effect of processing.
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750°B. The tubes were then replaced in the oven and baked at 425°C
for an additional 16 hours. The filaments were then turned off, the
getters flashed, and the tubes pinched off.

The matrix processing results in tubes of much higher activity than
either of the other processes; however, the rebake results in tubes of
higher activity than the standard processing. In the case of standard
plus bake, the substantial improvement in activity is attributed to
reduction in “diode effects” such as gas on the anode. A rebake after
the standard processing technique drives off a large amount of this
gas and results in cathodes of higher activity, though this effect
would not be so pronounced in an open structure. Matrix processing
also achieves this by heating the anode to much higher temperatures
than are encountered during the standard processing technique.
Whether the cathodes processed by the matrix technique are inherently
better than those processed by the standard technique other than be-
cause of diode effects is not clear. It is certainly evident that the
matrix technique has no great detrimental effect on the cathode
activity (as would be the case for an oxide cathode) and this con-
firms the function of the nickel network in inhibiting sintering. This
property is of considerable practical importance. The fact that high
temperatures are not detrimental means that temperature control
during processing is no longer critical. More importantly, high tem-
perature processing means more rapid outgassing of the cathode and
its environment and more rapid activation. Together, these advantages
can lead to greatly reduced processing and aging time.

3.2.8 Anode Power and Current Density

Fig. 12 shows the results of three groups of six diodes each at dif-
ferent anode powers and current densities. All diodes were processed
by standard technique and placed on life at 800°B. One group was
set at 0.3 amp/em? with 0.9 watts anode dissipation. A second group
was at 0.3 amp/em? and 1.8 watts anode dissipation. A third group
was set at 0.6 amp/cm? and three watts anode dissipation. These anode
powers and current densities were achieved by varying the voltage and
the cathode-anode spacing. In the two groups operating at 0.3 amp/
em?, the higher the anode power, the lower the activity. This is due
to outgassing of the anode and represents a “diode effect,” as men-
tioned in the previous section. The third group, operating at twice the
current density and at higher anode power has the highest activity
level of all, This indicates that high current density per se is bene-
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ficial to CPC activity and in this case was apparently sufficient to
overcome even the effects of a higher power level on the anode. This
activity enhancement by higher current density is probably a result
of electrolytic activation. This effect will be discussed further in
Section 4.3.

3.2.9 The Effect of Breaking the Coated Carbonates

As discussed above, we postulate that a large proportion of the
barium atoms in the top layer of the cathode coating arrive there
by a process of diffusion through the pores of the intervening coating.
Upon arrival, they must contact an oxide particle to be useful as
donor precursors. A continuous nickel film surrounding these particles
would obstruct entry of the barium atoms into the oxide lattice and
make the effective donor production rate low. It is reasonable to sup-
pose that during the breakdown, (BaCO3; —> BaO + CO.) numerous
fractures occur in the nickel film originally placed on the carbonate
particles. These would be sites through which donor precursors ecould
enter the surface particles.

If the coated particles are fractured by milling, the area of exposed
oxide would be substantially larger and the number of Ba atoms
absorbed might be expected to be higher. At low current densities,
where donor depletion effects are insignificant, one would prefer the
extreme configuration—the classic oxide cathode. At intermediate
current, densities, an optimum degree of fracture should be observed.
We have shown this at 0.3 amp/cm? by ball milling the coated carbo-
nate particles for 20 to 40 hours to fracture them and increase the
exposed carbonate area. The results of these experiments are shown in
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Fig. 13 — The effect of breaking the coated carbonates.

Fig. 13. The 20-hour rolling yields the highest activity level; the 40-
hour rolling has caused some degradation. These rolled particles would
not be expected to have as good high current density properties since
the nickel network will be less complete.

3.2.10 The Effect of Using Double or Triple Carbonates

Fig. 14 shows the curves for two groups of six diodes prepared from
nickel-coated double and nickel-coated triple carbonates, respectively,
and processed by the standard technique. Both have the same amount
of nickel in the coating. Obviously, the triple carbonates give much
higher activity levels. Since one would expect the advantages due to
the presence of nickel films to be common to any active oxide configu-
ration, further experiments have been initiated.
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Fig. 14 — Comparison between double and triple carbonates.
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3.2.11 High Current Density Behavior

The test diode used showed significant “diode effects” at current
densities above approximately 0.5 amps/cm?, and these were pro-
nounced around 1 amp/cm? These effects are difficult to analyze and
assign, and in proving the ability of the cathode to withstand current
drain up to 1 amp/em? it was necessary to rely on the IR dip
characterization previously described.” The validity of this approach
can be illustrated by the following example. When cathodes were
operated at 810°C and 0.6 amps/em? in the diode, classic I2/3 vs V ac-
tivity plots entered the “knee” into temperature limited emission below
the operating voltage. However, IR dip temperatures remained con-
stant with time, and <700°C, implying that space-charge limited
operation at 0.6 amps/cm? should be attained near 700°C in a “clean”
structure. When the cathode was used in a traveling-wave tube oper-
ating at 0.6 amps/ecm?, the absence of anode effects allowed space-
charge limited operation at temperatures as low as 700°C, and life is
currently beyond 7000 hrs. with no sign of deterioration.

Fig. 15 illustrates the variation in IR dip temperature with time
for a group of six diodes operated at 810°C, all at identical anode
voltages, but with diode effects causing variations in available current
between 0.7 and 1.0 amps/em?. Stability out to 25,000 hrs. is demon-
strated, with a 100°C margin between the operating temperature and
the maximum IR dip temperature observed.

IV. LIFE EXPECTANCY

This section describes evidence that the mechanism of operation and
the life limiting factors of the CPC are similar to those of an oxide
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Fig. 15 — The effect of current densities up to 1 amp/em?.
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cathode operated in a low current density regime where donor deple-
tion effects are insignificant. Coating depletion and reducing agent
arrival rate are demonstrated to be life determining processes. The
theoretical basis for life prediction and its experimental verification
are also included.

4.1 Activation Mechanism

In the studies described here, the zirconium/nickel base alloy was
given an extensive wet hydrogen firing to reduce the initial zirconium
arrival rate at the coating base interface and to reduce the total carbon
content and hence its coating depletion effects (cf. Section 4.2). It is
presumed that the cathode activation, defined as the increase in
donors in the coating to a maximum level of cathode activity, involves
an equilibrium between (¢) the production of donors by zirconium at a
relatively low and constant rate over the activation time, (i2) the pro-
duction of donors by carbon at a relatively high initial rate which
then falls off exponentially over a few hundred hours, and (:i7) the
loss of donors or reducing agent by oxidation in the initially poor
environment which will improve with the arrival of reducing agents
and the consequent irreversible consumption of oxidizing agents.

To demonstrate this and to show that zirconium is the ultimate
activator during the life of the cathode, two cathodes were processed,
one on 0.1 percent zirconium nickel and the other on a “pure” nickel
similar in all impurity levels other than the omission of zirconium.
These were set to operate at 850°B to accentuate the effect. Both
alloys had 0.002 percent carbon. The results are shown in Fig. 16. The
“pure” nickel alloy was quite active initially but declined very rapidly.
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Fig. 16 — The activation profile on zirconium nickel and “pure” nickel.
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It reached end-of-life at about the same point as the maximum in the
zirconium nickel curve. It is reasonable to assume that the particular
balance of the three factors mentioned above made carbon the domi-
nant activator initially; as this was exhausted the cathode began to
show signs of deactivation in both cases. During this period, oxidizing
agents were scavenged to a sufficient degree to allow the relatively low
zirconium arrival rate to build up the donor concentration beyond
200 hours—eventually completing the activation.

It should be emphasized that much faster activation can readily be
obtained by such techniques as reducing or omitting the wet hydrogen
prefiring of the cathode base. However, for maximum life in a system
limited by eventual coating depletion, excessive initial donor produe-
tion is undesirable. In such a case, the minimum donor production
rate consistent with the tube meeting operating specifications as it
leaves the processing station would normally be preferred.

4.2 Coating Depletion

If the arrival rate of reducing agent at the base remains above the
emission cut off rate® for the operating current density for a sufficient
time, the life of the cathode will be limited by coating depletion.
Coating depletion is the result of several effects, some of which we
can only estimate:

() Reaction of the coating with the reducing agent in the base.
This can be calculated from the well-known diffusion equations. In-
cluded here must be the effect of prefiring on the zirconium and carbon
profiles and the depletion during the activation cycle.

(1) Evaporation of the coating at the operating temperature. BaO
is the only major active component of the coating which evaporates at
an appreciable rate. Since coprecipitated carbonates were used, the
oxides form mixed crystals, and the vapor pressure of the BaO will
be reduced. As an approximation we have assumed that the vapor
pressure of BaO will be proportional to the mole fraction of BaO in
the mixed crystal. Furthermore, to be conservative, we have not as-
sumed that the vapor pressure decreases because of the decreasing net
mole fraction of BaO as it evaporates. This is partially valid because
many individual erystallites are involved (i.e., a large surface area)
but the vapor pressure must decrease to some extent later in life.
Therefore, the results of these calculations must be considered some-
what pessimistic as life considerations. Fig. 17 shows the results of a
coating depletion calculation for cathodes given standard processing
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Fig. 17— Calculation of coating depletion at 850°B on alloy CA703. Coating:
1.0g/cc, 0.6 mil thick.

and accelerated through life at 850°B. They were sprayed 1.0 g/cc,
0.6-mil thick on cathodes based on an alloy which had 0.1 percent Zr
and 0.002 percent carbon. The curve marked “reaction” is the percent
depletion due to earbon and zirconium. The eurve marked “evapora-
tion” is the corresponding percent depletion by evaporation. The
latter curve has a point marked “100 percent BaO depletion.” This
assumes that the “reaction” proceeds at an equal rate for BaO and
SrO and the “100 percent BaO depletion” point is reached when the
sum of 14 the “reaction” curve plus the evaporation curve equals the
total amount of BaO. From this point on, the cathode is assumed to
be pure SrO. Fig. 18 shows the IR dip temperatures for these six
diodes. It can be seen that the agreement between theory and experi-
ment is good.

Fig. 19 shows similar results on a set of diodes lifed at 800°B. The
uncertainty shown results from assuming the thickness to be 0.6 4+
0.1 mils. This gives some indication of the expected errors. As mentioned
above, the calculation is somewhat pessimistic; therefore, the fact
that the diodes run somewhat longer than the calculation predicts is
not unexpected.

4.3 Electrolytic Donor Production

If the surface donor depletion under the influence of current in-
duced emf is inhibited by a nickel network in the coating, the effect
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Fig. 18— Coating depletion—comparison between theory and experiment at
850°B.

of electrolytic activation should be enhanced because donors will be
trapped in the surface layers. We have observed the effect of electro-
lytic activation several ways:

() By activity measurement on a set of eight diodes using the IR
dip technique with 5, 50, and 500 usec pulses at 0.5 amp/em? The
duty cycle was maintained the same for each pulse length by varying
the pulse frequency. In this way, the anode power level remained
constant. The results are shown in Table III. The enhancement in
activity with longer pulses is caused by the inereasing concentration of
donors induced in the coating by electrolysis.

(¢) With the IR dip technique, the work function, ¢, may be deter-
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Fig. 19 — Coating depletion—comparison between theory and experiment at
800°1.
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TaBLE III—AVERAGE AcTiviTY MEASUREMENT ON II1gHT DiopES
As A T'uncrioN oF PuLsE LEnGTH FOr ConsTANT DUty CYCLE

Pulse Length (usec)
IR dip Temperature, °C

5
725

50
681

500
672

mined as a function of temperature independent of the Richardson
constant A.” When this is done for de operation and for 500-micro-
second pulse operation on a CPC cathode at 0.3 amp/cm?, the result
shown in Fig. 20 was obtained. As the temperature increases, the donor
concentration decreases because evaporation loss increases faster than
the production rate. Since electrolysis augments production more in
de operation than in pulse operation, ¢ remains constant over this
temperature range for dc operation whereas it increases for the pulse
operation.

(72) By the apparent lowering of the emission cut-off rate as will
be discussed in the next section.

4.4 Emission Cut-Off Rate, ECOR

ECOR is defined as the minimum donor production rate from the
reactions of reducing agents in the base which is necessary to sustain
emission at a given level. This rate varies with current density be-
cause: (¢) the number of donors required in the cathode surface is a
function of current density and temperature, and (%) at current
densities above about 0.2 amp/cm?, electrolysis of the coating adds
to the donor concentration. Data shown by Kern® for the ECOR of
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oxide cathodes indicates that it varies rapidly with current density.
His highest value is 1 X 10-® pmoles/cm?/sec at 200 ma/cm?.

ECOR for the CPC at medium current densities would be expected
to be lower than for the oxide cathode because electrolysis will con-
tribute to the net concentration of donors in the surface. Experimental
results to date have established an upper limit on ECOR for coated
powder cathodes at current densities up to 1 amp/ecm? as 1.5 X 1078
pmoles/cm?/sec confirming the stability of the CPC in this operating
range.

4.5 Typical Life Calculation

In Fig. 21 we have plotted, for a typical cathode configuration, the
barium production rate at 800°C as a result of zirconium diffusion in
micromoles/em®/sec vs time in hours for a cathode alloy of 0.07 ==
0.01 percent zirconium, and for two different thicknesses of base metal.
The higher percent zirconium results in a higher barium production
rate. Thicker base metals yield the same barium production rates ex-
cept that the “knee” occurs further out in time. For the 0.1-inch thick
base the knee does not occur in the time interval shown. Since the
ECOR is less than 1.5 X 107° umoles/ecm®/sec a lower limit on the
lifetime set by this mechanism is of the order 100,000 hours for the
0.06-inch thickness, and will increase with base thickness.

Coating depletion calculations have already been discussed. Fig. 22
shows the results of such a calculation on a typical cathode. The
cathode considered is based on a 100 mil thick 0.08 percent zirconium,
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Fig. 21 — Ba production rate.
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Fig. 22 — Calculation of coating depletion at 800°C on 0.08% Zr, 0.001% C/Ni
0.1 inch thick, coating: 1.1g/ce, 1.5 mil thick.

0.001 percent C alloy, sprayed with coated double carbonate at 1.1
g/ce, 1.5 mil thick. The base alloy has been pretreated in wet H. at
1050°C for Y4 hour. The cathode is activated by the schedule; 800°B,
1 hour; 950°B, 6 minutes; 850°B, 17 hours, and operated at 800°C.
Following the analysis described in Section 4.2, BaO is 100 percent
depleted after 40,000 hours. It should be emphasized that while opera-
tion at 800°C is reasonable for diodes, tubes such as TWT’s with more
open structures can normally run at substantially lower temperatures,
thus improving life expectancy still further.

4.6 Life Prediction

The lifetime of a typical CP cathode operating at less than 1 amp/cm?
on a 0.10 inch thick 0.07 + 0.01 percent zirconium/Ni at 800°C is
therefore limited not by ECOR but by coating depletion, and in the
typical examples described, BaO would be 100 percent depleted in
>40,000 hours. The assumptions made in this prediction are supported
by: (?) The failure of groups of diodes, on schedule, (Figs. 18 and 19)
and (7z) 28 diodes currently on life, beyond 25,000 hours.

V. SUMMARY

Examination of the theory of operation of the oxide cathode sug-
gests that in order to improve the high current density properties of
oxide cathodes, the movement of donors under the influence of cur-
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rent-induced emf’s should be inhibited. To do this a method of coating
each individual particle of carbonate powder with a thin nickel film
has been successfully developed. Carbonates coated in this manner
have been used to prepare cathodes by conventional techniques.

Extensive diode experiments made mainly at 0.3 amps/cm? have
outlined the general character of such cathodes and the major factors
affecting their performance. Definitive comparisons of maximum per-
formance with other cathode types were in general not attempted
because diode effects were shown to obscure the interpretation of
deliberate variations in cathode parameters at high current densities.

It has been shown that the new coating can be prepared reproduci-
bly. The nickel film around ecach particle inhibits sintering of the
oxide, enhances the beneficial effects of electrolytic activation, and
allows operation of the cathode at temperatures in the range 700-
800°C over lifetimes which are essentially independent of the current
density up to 1 amp/em? The cathode has been demonstrated to
activate quickly and efficiently through high temperature processing
schedules. Faster outgassing of the structure is therefore possible, and
faster activation can be achieved. Direct substitution of CPC for
oxide cathodes in production sequences is practical, since conventional
activation schedules may also be used. In this case, the tolerance of
the cathode to aceidental overheating is helpful.

Activation and life determining mechanisms operative in the CPC
have been defined as reducing agent diffusion and coating depletion,
with the latter determining end-of-life in most practical configura-
tions. Good agreement was obtained between theory and experiment
for coating depletion, and a lower limit on reducing agent arrival
rate of 1.5 X 10=° uwmoles/cm?/sec has been established for current
densities up to 1 amp/em?2 On this basis lifetimes of 40,000 to 50,000
hours are entirely feasible for CPC operating up to 1 amp/cm?.

The coated powder eathode, therefore, appears to combine many of
the advantages of the standard oxide cathode with those of the matrix
type. The system variables have been thoroughly explored, indicating
its utility, particularly in the operating range 0.2 to 1.0 amps/cm?,
where diode life tests have presently reached 25,000 hours.
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APPENDIX A

Standard Cathode Breakdown and Activation Schedule
(°B Represents Optical Pyrometer Measurement on Cathode Base)

1. Bake out 16 hours at 425°C.

2. Outgas the getter. '

3. Outgas the heater by slowly raising the cathode temperature to
ca. 500°C keeping the pressure below 5 X 107° torr on the getter
ion pump.

4, Raise the cathode temperature as rapidly as possible to 800°B
keeping the pressure <5 X 107° torr.

5. Hold until P £ 1077 torr.

6. Raise the cathode temperature rapidly to 950°B and hold for five

minutes then lower the temperature to 850°B.

. Apply 25 Vde and age ca. one hour.

8. Turn off anode voltage and heater voltage and flash getter. Pinch
off tube within 30 seconds after getter flash.

-3

APPENDIX B

High Temperaiure Processing Schedule
(°B Represents Optical Pyrometer Measurement on Cathode Base)

1. Follow the standard schedule (Appendix A) through step 3.

2. Raise the cathode temperature as rapidly as possible to 850°B
keeping the pressure <5 X 107° torr on the getter ion pump.

. Hold until P £ 1077 torr.

4. Rise the cathode temperature rapidly to 1050°B and hold for 20
minutes.

5. Apply dc voltage to the anode to draw 1 amp/cm® (40 mA).

6. When the activity reaches 1 amp/ecm?® (usually immediately) lower
the cathode temperature in 50° steps holding at each step until
1 amp/cm?® is attained. Continue until 850°B is reached.

(V]
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7. Turn off anode and heater voltage and flash getters. Pinch off the
tube within 30 seconds after the getter flash.
REFEREN CES
1. Eisenstein, A., A Study of Oxide Cathodes by X-Ray Diffraction Methods,
J. Appl. Phys., 17, 1946, pp. 434-443.
2. Frost, H. B., Transient Changes in the Oxide Cathode, Thesis, M.I.T., 1954.
3. Goldberger, W. M. and Nack, H., Novel Uses of Fluidized Beds in Chemical
Processing, Battelle Technical Rev, 13, No. 11, 1964, pp. 3-9.
4. MacNair, D., A Method for Eliminating Binder Contamination from Oxide

6
7
8.
9

%%atl%% Cathodes, Advances in Electron Tube Technology, 2, 1962, pp.

. See Feder, D. O. and Koontz, D. E. Detection, Removal and Control of
Organic Contaminants in the Production of Electron Devices, ASTM
Symposium on Electron Device Components and Materials, STP 246,
1058, pp. 40-63.

. Bodmer, M. G, et al, Satellite Traveling-Wave Tube, B.S.T.J., 42, July 1963,

pp. 1703-1748.

. Maurer, D. W, Cathode Activity Measurement: A Modification of the Dip

Test, B.S.T.J., this issue, pp. 2363-2374.

Hanes, M., private communication.

. Kern, H. E, Emission and Life of Practical Oxide Cathodes as Limited by
Diffusion and Chemical Reaction Phenomena, Rep. 23rd Annual Conf.
Phys. Elec., 1963, pp. 106-113.



Contraction Maps and Equivalent
Linearization*

By J. M. HOLTZMAN
(Manuscript received July 26, 1967)

This study vs primarily concerned with the question: If the method of
equivalent linearization indicates the existence of a periodic solution, is
there actually a periodic solution mear the approximation of equivalent
linearization? To answer this question, we use a modification of the con-
traction mapping fixed point theorem. We discuss applications to differential
equations and difference-differential equations (with forcing functions).
Also, we show that our use of contraction maps is not applicable (without
modification) to aufonomous systems because the mapping evaluated in
the neighborhood of a periodic solution to an autonomous system is not a
contraction in a space of periodic functions.

I. INTRODUCTION

The method of equivalent linearization is a most valuable tech-
nique to investigate nonlinear phenomena, particularly nonlinear
oscillations. It has its roots in the method of Krylov and Bogoliubov
and is related to (or equivalent to, depending on the specific defini-
tions) the method of harmonie balance, Galerkin’s method, and the
describing function method used by control engineers. The purpose
of the present study is to develop a new technique for investigating
the method of equivalent linearization.

We shall be primarily concerned with the following question: If
the method of equivalent linearization indicates the existence of a
periodie solution z,, is there actually a periodic solution near zo,? To
answer this question we first introduce a convenient modification of
the contraction mapping fixed point theorem which is actually more
general than just applicable to the question posed above.f We apply

* Taken from a dissertation submitted to the Faculty of the Polytechnic In-
stitute of Brooklyn in partial fulfillment of the requirements for the degree of
Doctor of Philosophy (System Science), 1967.

T Appendix A contains some reading suggestions for engineers interested in
this work but who are not familiar with the mathematics used.
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our approach to systems described by nonautonomous differential
equations. Then we show that there is no essential difficulty in also
handling difference-differential equations.

We shall try to clearly indicate what our method can and cannot do.
The discussion of autonomous systems is particularly important in
this regard. The relation of the present study to previous work is dis-
cussed in Section VIII.

II. THE METHOD OF EQUIVALENT LINEARIZATION ¥
Consider the following vector differential equation

&(l) = fx(0), 1) = A@2(1) + (i, 2(D), ey,

where

fw, ) = f(o, t+ T) - ®
for all (z, t) of interest. This, of course, includes the case of f(z, t)
independent of ¢, i.e.,

1z, 1) = f(2). ®3)
We shall be concerned with the situation that permits an equivalent
representation of (1):

z = LN(z), 4)

where  now represents a vector function, L is a linear operator, and
N is a nonlinear operator (these terms will be made more precise
later). If it is assumed that LN (z) has the following Fourier series,

LN(x)(t)N%Q—I— kEI(ak coskg,;—,rt—l-bksinkz%t)- %)

Then we define LN (z) as follows:

2

T

That is, L extracts the fundamental component of the Fourier series.
The method of equivalent linearization seeks a solution of the equation

x = LN(z). 7
This study will be primarily concerned with the following problem:

LN@)(t) = a, 0082% t + b, sin 55 ¢. (6)

* See Minorsky,! p. 350, for a discussion of the relationship of the method of
equivalent linearization to the method of Krylov and Bogoliubov.
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Given an x, satisfying (7), is there an a* satisfying (4) and if there is,
how are xz,, and 2* related?

Note that (4) is a functional relation more general than (1) and
our method will be correspondingly applicable to a more general
problem.

The above discussion is now related to the method of describing
functions* as commonly used by control engineers. They are con-
cerned with the feedback loop shown in Fig. 1. The linear operator L

n Hlw)
+ T..

Fig. 1 — Feedback Loop.

is represented in this case by a transfer function H(w) (see Kaplan*
for a definition and discussion of transfer functions) and the nonlinear
operator N is represented by a nonlinear funetion,

y = nle; — ),

where e; is an input function. The engineer replaces the nonlinear
function n by its deseribing function which is defined loosely as the
complex ratio of the fundamental component of the output to a
sinusoidal input. That is, if}

n(4 sin wt) = Z a;, sin kot + b, cos kot {w = 2m
=1 T,

then the describing function of n is

VETT [t b
1

A

Note that while the describing function may be dependent on both 4
and w, it is still a relatively simple matter to replace n by its describ-

*For further discussion of the use of describing functions by engineers see
e.g., Truxal® or Graham and MecRuer.? They give further references and historical
background. The describing function method is associated with the names of
Tustin, Goldfarb, Oppelt, Kochenberger, Dutilh, and Nichols and Kreezer. Also
see Minorsky,! Chap. 17 for a discussion of the work of Theodorchik and Bla-
quiére. The work of E. C. Johnson is discussed in Ref. 2.

+ The constant term is assumed zero.
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ing function, then to consider it as a ‘“linear” (or quasi-linear) op-
erator and then use standard techniques for linear systems. Of course,
such a procedure should be mathematically justified and, in fact, that
is the purpose of this study.

Before we embark on our investigation, it is well to review the argu-
ments used by engineers in their justification of the method. These
arguments seem to be plausible and they are suggestive of what may
be expected of a more rigorous investigation. If it is assumed that the
combination of n and H(w) operating on a sinusoidal function is pri-
marily fundamental (i.e., the harmonics are “small” compared to the
fundamental) then it would be expected that the describing function
method might not be too inaceurate. The harmonies will be small if
one or both of the following are satisfied:

(%) the nonlinearity » is “not too nonlinear”

(%) the transfer function H(w) is low-pass, i.c., it attenuates har-
monics much more than the fundamental. (It is assumed that no sub-
harmonies arise).

We shall use Duffing’s equation,

7+ ay + by’ = f cos wt,

as a running example to illustrate the methods discussed. We show
here how this differential equation corresponds to a feedback control
problem and then make no further explicit reference to feedback sys-
tems. The appropriate feedback system is shown in Fig. 2.

The next section contains an approach to a problem much more
general than the problem of equivalent linearization posed in this
section. The remainder of the study will be primarily devoted to
adapting the more general approach to the specific problem of equi-
valent linearization.

It may be noted that we are not getting more abstract in the next
section just for the sake of abstraction. It should be clear to the reader

Hlw)

fcos (l)ot —~ 1 y

+y- a- v

b93

Ny

Fig. 2 — Feedback equivalent of Duffing’s equation.
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that the method of equivalent linearization leads to an integro-differ-
ential equation rather than an ordinary differential equation because
Fourier coefficients are determined by integration (this is also pointed
out in Bass®, p. 898). We then cannot expect the theory of ordinary
differential equations to answer our questions and we are led quite
naturally to considering more general equations. In particular, the
theory of operator equations in a Banach space is shown to provide
the tools appropriate to the task. As an added bonus for the abstrac-
tion, we develop an approach which is applicable to problems unre-
lated to equivalent linearization.

III. THE USE OF THE CONTRACTION MAPPING FIXED POINT THEOREM WITH
DERIVATIVES IN A BANACH SPACE

Let X be a complete metric space (with metric d) containing the
the closed set @ and let P map Q into itself. P is a contraction map-

ping if
d(P(z), P(@")) £ ad(z, )  (v,2"¢ Q) ®)
with « < 1. The contraction mapping theoremt states that if P is

a contraction mapping then thereis a unique z* £ Q such that z* = P(x*),
i.e., #™ is a fixed point of the operation P. x* is the limit of a sequence

{x,} where
Tpsy = P(x,) ©)

and 2, is any clement of Q. Furthermore,

d(xl ,xo) _ d(P(x0>a xO) n=1.92 ... . (10)

l —« 1 —«

d(xn ) xO) é

In order to use the contraction mapping fixed point theorem it has
to be shown that some neighborhood of x, is mapped into itself and
that in this neighborhood the operation is contracting. Our approach
will be simultaneously to determine a set containing x, which is mapped
into itself along with the contraction constant « for the operation on
that set. This is possible because of relationship (10). The use of opera-
tor derivatives will be seen to be convenient. The method will result
in g relation in « for which 1t is desired to find solutions with « ¢ [0, 1).
The following is proven in Kantorovich and Akilov® (p. 661).

T See Kantorovich and Akilov® p. 627,
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If X is a Banach space and P maps a convex closed subset @ of X
into itself and if P has a derivative* at every point of Q, then

sup || P'@) || = a <1 (11)

implies that P is a contraction on Q@ (and thus, there is a unique fixed
point of P in Q).

The object then is to find a neighborhood of xy mapped into itself
and in which the norm of the derivative is less than one. The follow-
ing simple theorem is a help in this direction.

Theorem: Let B be a Banach space. F maps B inito itself and z, ¢ B.
It zs assumed that

(?) F has a derivative at all x ¢ B
(%) There is a nondecreasing function g such that if x ¢ B, then

@) || < g(llz — 2 [])
(%2%) Thereis an a ¢ [0, 1) such that

=)
g(l—a = o

kz || Flzo) — x|
Then there 1is a unique x* £ Q such that

o = Fa),

where

where

1l —«a

Q={x:xeB,||x—xoll < b }

Proof: We will show that || F'(z) || £ « for all z ¢ @ and that F maps @

into itself and thus, there is a unique fixed point in Q. If z ¢ Q, we have
from (¢7)

@) || = gl — 2 )

g<1 = a)

«.

lIA

A

*8ee Kantorovich and Akilov,?® chap. XVII, for a general discussion of dif-
ferentiation in Banach spaces. For convenience,” Appendix B of this study repeats
the definitions.
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F maps Q into itself because if z ¢ ©, then
[| Fl@) — a0 || = || Fl@) — Fo) || + || Flwo) — 2o ||

éa“m—xﬂllx—*-k

k
1T«
kE__

l —a
We further discuss the use of the contraction mapping theorem in
Ref. 7. This modification of the contraction map theorem is less gen-

eral than some other modifications but is simpler to apply when ap-
plicable.

+k

lIA

1IV. THE CHOICE OF BANACH SPACE

In order to use the result of the previous section, an appropriate
Banach space must be chosen. For most of our investigation it will
be found convenient to use the space of continuous periodic functions.
Another space worth considering is the space of periodic functions
square-integrable over a period. Before discussing the desirable char-
acteristics of this space, a restrictive factor will be mentioned. The
nonlinear operator of interest y = N (z) is often defined by the ordi-
nary function (satisfying the Carathéodory condition)

y() = n(t, z(1)). (12)

A necessary condition that this operation map L.(0, T) into L.(0, T
is (see Krasnosel’skii,’ p. 27) that for some b > 0 and some a(?) & L,(0,T)

|n(t,w) | £ a(®) +blu|  tel0, T]. (13)
It is thus seen that the allowable nonlinearities are quite restricted.
This is, in fact, the reason the present investigation will be carried out
in a space of continuous functions where the requirement that a
function map a continuous function into a continuous function is
much more convenient. It should be noted, however, that in some
cases one may focus attention on some subset of the Banach space
and less restrictive requirements on the nonlinearities might be im-
posed. Also, for many control engineering problems the nonlinearities
are Lipschitzian and the problems can be attacked in L. '
The attractive feature of Lo is that Fourier series results can be
fully utilized (in particular, Parseval’s relation). More generally, L.
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is a separable* Hilbert space with many useful properties and the
trigonometric functions are a complete orthogonal system in Ls. The
norms can often be conveniently evaluated in terms of quantities as-
sociated with the “transfer function” or “frequency response”. For
example, L may be defined by the set of complex numbers {. . ., Lo,
L, Ly, Ly, Lo, . . .} (i.e., the transfer function evaluated at the fun-
damental and harmonic frequencies). A simple sufficient condition for
L to map L, into itself is that

sup | L, | < «.
The evaluation of || LN (xy) — @y || may be done as follows:
H LN(z) — =, H = “ LN(xz,) — LN () H
WL — L[] Nxa) |
sup | L, |.

IIA

L]

The last relationship is proven in Appendix B of Sandberg.*

Despite the above mentioned attractive features of L., we chose
to work in the space of continuous functions primarily because of the
first-mentioned restriction placed on the nonlinearities in Ls. Also,
the sup norm (uniform norm) in the space of continuous functions
seems more appropriate in error analysis (the error between an ap-
proximation and an exact solution) than does the L, norm. The sup
norm provides a bound on the magnitude of the error while the L,
norm gives the integral of the square of the error.

Section V will give the details of working in the space of continuous
periodic functions. First (in Section 5.1) an integral equation equi-
valent to the differential equation of interest will be derived. Then
in Section 5.2, the derivatives will be determined and finally in Sec-
tion 5.3, the quantity || F(zo) — o || will be evaluated. Application of
the results will then be seen to be rather straightforward.

V. APPLICATION TO DIFFERENTIAL EQUATIONS

5.1 The Equivalent Integral Equation

Halanay* shows how to convert the quasi-linear differential equa-
tion

*1t is, of course, assumed that the measure is Lebesgue. Then L is separable;

see Kolmogorov and Fomin,” Vol. I, p. 88.
f No confusion should arise because of the double use here of the symbol L.



EQUIVALENT LINEARIZATION 2413
da()
dt

into an integral equation which is convenient for examination of pe-
riodie solutions. First, consider

= A(z(t) + n(t, (1) (14)

da(t) _

50 = AW + 10, (15)

where A (t) and f(¢) are both continuous and periodic of period 7.
The following theorem is proven in Halanay,'* p. 223.

Theorem: A necessary and sufficient condition in order that, for any
periodic function f(t) of period T, system (15) admuits pertodic solu-
tions of period T s that the corresponding homogeneous system

WO _ sy (16)
dt
does not admit a non-trivial periodic solution of period T'.

It is to be noted that if Y () is the principal fundamental solution
matrix for (16) then the existence of the inverse of [I — Y (T)]* is
equivalent to the non-existence of a non-trivial periodic solution (of
period T) to (16). Then the following proposition is proved in
Halanay ** p. 225.

Proposition: If [I — Y (T)]~* exists, the unique periodic solution of
the system (15) can be put in the form

o) = [ 6t 919 ds, a7)

)

where

IIA
1A

YOU — YOI Y™, 0 =T g

Yt + D — Y'Y (s), O0=<t<s=<T.

Since this reformulation into an integral equation is quite important,
a sketch of the proof given in Halanay!* will be given here. Solution
of (15) is

S

G(t,s) = {

() = V(00 + [ YO Y1) ds. (19)

* ] is the identity matrix.
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For periodicity,

A1) = 2(0) = V@R + [ CYOYUOIds @)

or

1= YORO = [ Y@ b. 1)

Since [I — Y (T')] is assumed invertible, we can solve for 2(0) and get
T
o) = YOU ~ YOI [ YOT 66 ds

+ j; ‘ YO Y ()f6) ds.  (22)

The form of G(t, s) given in the statement of the proposition results
from algebraic manipulation of (22).
Now suppose that
dz(d)

= A(®)z(t) + n(t, 2(1) (23)

with A (¢) and n(¢, ) both being periodic of period T and [I — Y (T)]
invertible. It is assumed that n(¢, x(t)) is continuous if z(f) is con-
tinuous. Then, from the previous discussion, if we can find a continu-
ous periodic z of period T satisfying

(l) = fo "Gt 9nGs, 2(e) ds, (24)*

we have a periodic solution of (23). (It is easily shown that such an
x satisfies (23) ; see Halanay,'* p. 237).

The problem is thus reduced to finding a continuous solution of a
nonlinear integral equation. We need only consider the interval [0, T]
because G (£, s) was constructed so that x(0) = z(T).

5.2 Computation of Derivatives
It is shown here how to evaluate the Fréchet derivativet of the

* The nonlinear integral operation represented by the right hand of (24) is of
the form sometimes referred to as a Hammerstein operator which is a special case of
Uryson’s operator defined by [T K(¢, s, z(s)) ds (see Krasnosel'skii,® pp. 32, 46).

1 The Fréchet derivative is actually more than what is required. The Gateaux
derivative (which does not require uniform convergence) would suffice for much
of what follows. However, since the convergence is indeed uniform in most cases
of interest and since the uniformity is easy to demonstrate, we shall derive the
Fréchet derivative. Furthermore, Fréchet derivatives are needed in Section VI,
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mapping y = F(2) defined by

() = fo G s, @) ds te [0, T, 25)

This operation is assumed to map into itself the Banach space of
real-valued n-vectors continuous on [0, 7'] with norm

||z 1] = max max |z | (26)
i=1,+++,n te[0,7T]

To determine the derivative of the operation y = F(z) it is con-
venient to express it as y = LN (z), where N (z) is defined by the
nonlinear function n(¢, z(t)) and L is the linear integral operator.
Then F"(xy) = LN’(x;) (see Kantorovich and Akilov,® p. 659). Thus,
consider the mapping y = N (z) defined by

y() = n(t, 2(8)
n(t, (1))
= . . 27)

na(t, (1))
It is assumed that n(t, (¢)) is continuous whenever z(t) is continu-
ous on [0, T']. For simplicity, the derivative will be determined for
the case of

n(t, z(t)) =0 1=1,2,---,n—1
na(, 2() = p(Oh(x.(1) + (),

where p(t) and r(¢) are continuous functions of ¢ with period T and
h(u) is a twice continuously differentiable function of . This special
case which covers our examples may arise, for example, when the
matrix differential equation is actually derived from a scalar differen-
tial equation. The more general case offers no other difficulties than
much more complicated notation (e.g., one must deal with matrices
of partial derivatives).
The derivative operation z = N’ (zo)z is defined by

(28)

( 0 )
0
2(f) = : , (29)
0
POR (@ (§)2: (1))
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where
2ot = @u(®, -+, 2®)”,  al®) = @), -+, wW@),
(superseript 7 denotes transpose) and

W (@o(t) = %’lg"—) (30)

u=zo01(t})
To prove this, it must be shown that
lim N@o + p2) — Nlxo) _ Pz, 31)
u—0 I
that is,
lim max PR () + pxi(t)) — p(Oh(re, (1)
u—0 tef[0,7] M
— p(OW (@ (D)2:i(8) | =0,  (32)
with that convergence being uniform with respect to all @ with ||z || =
1. Since
Hh i 1) — p()h(xe,(t
l 2O () + p0a®) = pOIE®) _oprre e ] ()|

m

() s (DR n(0) + P G (-4 000 ()~ i)

U

— b/ (xo,(8)z:(1)
0<6(t) <1

= [p() |-} § |12 [ | 1/ @al) + 6@Que,) |
=< g— sz | p(t) lmzzx | B (2) | (for |p| = land ||2]| = 1),
(33)

where

Z={zz=w+ov;w=2,0),te[0,T];|v]| = 1} (34)

the uniform convergence relationship is seen to be satisfied.
To summarize the result, the first derivative operation y = F/(x¢)x
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is defined by

y() = f "6, ) : ds. (35)
PE)A (01(8)).1(5)

Loosely speaking, the derivatives of the integral operators are ob-
tained by differentiating under the integral.

5.3 Evaluation of || LN (zs) — a ||
A bound on || LN (xy) — || is given here. The relationship
l| LN (o) — o || = || LN(zo) || + || 2o || (36)

is too gross an estimate. The evaluation is simplified if the following
relation is used:

LN(z,) — x = (L — L)N(). 3n*

Recall that the operation L suppresses all frequency terms except
the fundamental.
Consider the same system as in Section 5.2 and assume that

p(OMz, (D)) + () = D ax cos k gTLT t+ bgsink 2% t. (38)
k=1 .
and also, for simplieity, that A is a constant matrix. Then,

| LN (o) — o ||

T [~ )
f Gty s) D (a,; cos k= s + besink 2753) ds
0 prd T T

= max max
i=1l,++*,n tel0,T]
T
Z (lax | + | b& |) max nilax f | G2, 9) | ds. (39)
W ote Q
5.4 Example
Consider Duffing’s equationt
4+ ay + by® = f coswt (a > 0). (40)
Equivalent linearization indicates that
= A cos wt (41)

*From this expression, it is seen that || LN(2) — o {|may be regarded as a
quantitative measure of characteristics (:) and (%) mentioned in section II

1 Duffing’s equation is discussed in great detail in Stoker.* Also see Graham and
McRuer?® for a treatment of Dufﬁngs equation as a feedback control problem.
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with

3pA* + (@ — o)A — [ =0
is an approximate solution of the equation.

§ [ 2]
T

T =Y
x2=:i:1

the corresponding vector differential equation is

=L d -
—a 0 f cos wt — ba?

The fundamental solution matrix for
. 01
y = [ ] Yy
—a 0

sin Vit
Y(t) - COS ’\/Et ‘—\/a_ .

—+Vasin Vat cos Vat

is

G (t, s) is given by
G, s)

1

1 _
sin Va (g—t—l—'a*) 75 cos Va (g——t—l—s

(42)

(43)

(44)
(45)

(46)

(47)

(48)

. (VaT _
2 sin ( 2 ) —Va cos Va (g—t-{-s) sin Va (_ij_t_l_s)
= J 0=ss=st=sT (49)
1 —sin \/a <§+t—s) ——1—a cos a (g—i—t—s) ’
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The integral operation of interest, y = F(z), is defined by

0

y(t) = f " s)[ ()] ds. (50)
S

f cos ws — ba}

The approximate solution (obtained from harmonic balance) is @,
ie.,

2o(l) = lxm(t)] _ { A cos wit ] (51)
Zo2(t) —wA sin wi

with w and 4 being related by (42).
From Section 5.3 we have that

3
[| LN(zo) — 2 || £ Tmax max | Gyt s) ||_%__I
i=1,2 t,8¢[0,7T]
3
s 7oLt (52)
where
o 1

2

=

= ————————— max {1, 1/Va}. (53)
o (V57)

The derivative operation z = F'(xo)z is given by (see Section 5.2)

z(t)=fTG<t,s>[ 0 ]ds
0 —3bx31(3)x1(s)
_ [T{_Gmu, 93b22.(6) 0}%@1 ds. (54)
Y0 —Ga(t, 8)3bxa(s) O sz(S)J

The norm of the derivative operation at an arbitrary point = (not
necessarily at ¥, as above) is evaluated as follows:

v
|| F/(z) || < max max f | Gia(t, $)3bx1(s) | ds
V]

+=1,2 te(0,7T]

IIA

3|b|CT(max |z(¢) |)?
tel0, 7]
£3|b|CT(max |z,(®) | + max |2,() — zo(?) |)°
te[0,T] tef0,T]

<3[0]CT( AT+ lla — a0 [D (55)
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The above relation defines the nondecreasing function g such that

1 F'@) || = g(ll @ — o [D- (56)
to use the theorem of Section II, let
k
Q={x:l|x—xol|§1_a} 67
where
3
E=CT L‘il (58)
(see (52)).
If an a £ [0, 1) can be found satisfying
op LoA% 1
slvjer||4]+——| <a (59)

then there is an a* &  such that z* = F(z*), i.c., Duffing’s equation
has a periodic solution in the neighborhood of the approximation obtained
by harmonic balance.

Rather than just solve the cubic relation (59) for particular numerical
values of @, b, f, and » (which is, of course, the thing to do if one is
given a particular equation of interest) we shall obtain some general
results. Consider q, f, and w fixed and f # 0. Sincet for any « ¢ [0, 1)

3 2
lim3 | b|CT||A |+ ———]| =0 (60)
b—0 1 —a
it is seen that for b sufficiently small, there will be an « ¢ [0, 1) satis-
fying (59) (and thus a periodic solution neighboring the approxima-
tion). Note that while the result has been stated as an asymptotic
result, it is possible to determine quantitatively what is meant by

“sufficiently small”. This is in contrast to most asymptotic analyses
based on “‘small nonlinearities’.

5.5 Special Cases

In many cases, it is not necessary to convert the differential equa-
tion into a vector integral equation. For example, let the system be

T See Appendix C for details,
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described by the equation

ox(M)(t) + alx(m—l)(t) + - -+ amx(t) = n(t7 x(t)), (61)
where the a,, . . ., @, are constants, n(¢ , ) is continuous in ¢ when
2 is continuous in ¢, and

n(t 4 T, u) = n(l, u). (62)

A periodic solution to the differential equation will satisfy the follow-
ing integral equation

() = f WAt — wntu, 2() du, 63)

where Wy (t—u) is the appropriate convolution kernel (see Kaplan,*
chap. 4 for details). All the manipulations of previous sections will
be somewhat simplified as a result of not having to deal with matrices.
In particular, the example of Section 5.4 could be repeated with some
simplification. We omit the details because they exactly parallel the
previous case. We felt it would be more useful to work out the details
of the more complicated case. As the order of the differential equation
increases it clearly becomes more advantageous to avoid the use of
matrices.

It may be noted that there is a finite Fourier transform Y (tnw)
(again see Kaplan,* chap. 4) associated with the differential equa-
tion (61)

Y(inw) = (64)

ay(tnw)”™ + -+ + an
This Y (p), considered as a function of a complex variable p, evidently
can only have poles and cannot have finite zeros. In many electrical
engineering applications (e.g., control systems, networks) the relevant
transfer function has both poles and zeroes. In these cases, we would
start with the transfer function, rather than a differential equation of
the form (61), find the corresponding convolution integral and then
apply our method. For other applications it must, of course, be verified
that the appropriate conditions are satisfied.

5.6 Autonomous Systemst
The describing funetion method has been used by control engineers
primarily for the prediction of self-oscillations (i.e., with no foreing
T Since the actual oscillation of an autonomous system may have a different

period than that of the approximation, it is usually convenient to normalize the
time variable and have the period be a parameter.
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functions). It would seem at first glance that our approach should be
appropriate for analysis of this problem. Suppose the describing
function method indicates that there exists a non-trivial periodic
solution, z, to the operator equation

xo = LN(z,). (65)

Usually, N(0) = 0, so that it is of interest to investigate whether
there is any non-trivial solution to the exact equation near z,. If our
method is successful, then we can guarantee that @ does not contain
the trivial solution (z = 0) if

G = 2o ll g, (66)

a

since the fixed point x* satisfies

”x*_%llé HF(TO)_%H. (67)
—

Unfortunately, an attempt to use the approach in the autonomous
case will be unsuccessful. The reason for the failure of our approach
is due to the nature of the fixed point: the mapping is not a contrac-
tion in a neighborhood of the fixed point.t The discussion below will
clarify this point.

Assume that the differential equation of interest is

i(t) = Ax(t) + n(=z()) (68)
with A a constant real valued matrix and n(z) is a real-valued func-
tion having continuous partial derivatives with respect to all of the
elements of the vector x. Suppose that there is a continuous periodic
x* of period T satisfying (68). Then z* satisfies the equivalent
integral equation:

T
2 (f) = f G(t, (™ (s)) ds. (69)
0
The equation of first variation corresponding to (68) is
. d
90 = Ay + 5y, (70)

where on/dx* is a matrix with entries 9n;/0x; evaluated along the
g

1 Actually, this should not be surprising since if z(¢) is a periodic solution, then
so is z(t 4+ ¢).
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trajectory defined by x*(t). As is easily shown (by differentiation;
see, e.g., Hochstadt,*® p. 251) the time derivative of a* () satisfies the
cquation of first variation and thus the equivalent integral equation

(1) = fo "6, 9 ;ci*x*(s) ds. (1)

Now consider the derivative operation y = LN’(x*)z associated with
the integral operation of (69). The derivative operation is defined by

’ n
w0 = [ 6,9 3% o) ds. (72)
We have shown above that #* satisfies this last equation or
&* = LN'(z*)&*. (73)
Then
I[a* || = [} LN"@*) [|-[| 2* []. (74)
Since || ¢* || > 0, we must have that
| LN"(z*) || = 1 (75)

or LN cannot be a contraction in a neighborhood of z*. We leave open,
however, the possibility that the contraction mapping theorem might
be applicable in a subspace.

The above reasoning also shows that there would be difficulty asso-
ciated with using Newton’s method for the problem. To seek a zero
of P(x), Newton’s method uses the following iteration:

Tny1 = Tp — [P,(xn)]—1<P(xn)) n=0,1,---. (76)
Letting
P@) =2 —F@®  (F(x) = LN(2)), 7)
we are led to investigating the inveritibility of I — F’(z) where I is
the identity operator. Consider the operation
y = P@a*e = I — F'(a*))z. (78)

If £ = 0, then y = 0. But because F’(z*) is associated with the equa-
tion of first variation there is also a nonzero = (the time derivative
of z*(£)) which results in y = 0. There is thus not a unique z satisfy-
ing y = 0 and P’(z*) is not invertible (see Kantorovich and Akilov,s

p. 168).
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5.7 Properties of the Fixzed Poinl—Dependence on Paramelers; Stability

The method of this investigation is to obtain a relation for « in terms
of parameters of the differential equations. If certain conditions are
satisfied and 0 £ o < 1, then « represents a contraction constant.
If « is a contraction constant and, also, « depends continuously on a
parameter then for sufficiently small changes of that parameter o
will still be a contraction constant and a periodic solution is still guar-
anteed. Once again note that “sufficiently small” can be quantitatively
determined if one wishes to do that. As an illustration, in the Duffing
equation example, a depends continuously on b.

If our method indicates the existence of a periodic solution of period
T then there is no neighboring solution of period T' (for a sufficiently
small neighborhood). This condition does not imply stability of the
periodic solution. With a perturbation of the initial conditions, stabil-
ity is concerned with closeness to (asymptotic stability is concerned
with the eventual approaching of) the original periodic solution. A
perturbation of the initial conditions of the period solution of period
T may result in a solution not of period T and thus, not even con-
sidered in the Banach space used.

A sufficient condition for the asymptotic stability of a periodic
solution (of period T') to a nonautonomous system is the asymptotic
stability of the null solution of the corresponding equation of first
variation (Hochstadt,®® p. 251). We are only able to show that the
equation of first variation may not have a (nontrivial) periodic solu-
tion of period T if the fixed point is a contraction. The nonexistence
of a periodic solution to the equation of first variation is (along with
a continuous differentiability requirement) a sufficient condition for
the continuous dependence of the periodic solution on a parameter.
This result is not identical to but is compatible with our initial com-
ments on the continuity of the contraction constant with respect to a
parameter.

5.8 Perturbation Analysis

A very common approach to nonlinear problems is to solve a linear
problem ignoring the nonlinearity and then to use a series expansion
or a perturbation about the linear solution (see, e.g., Hochstadt,*® Sec-
tions 6.5, 7.4). As useful as these procedures are, they usually suffer
from the defect of not providing adequate quantitative information
about the nonlinear solution, i.e., it may not be possible to determine
quantitatively what is meant by “sufficient small”, Our use of
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the contraction mapping theorem may prove useful in this regard.

As an illustration, again consider Duffing’s equation and assume
that z, was obtained by ignoring the nonlinear term (by®). In this
case, £y = F'(z,) is defined by

T
Lo () = f (71:(2, 8)f cos ws ds. (79)

Then arguments similar to (but simpler than) those of Section 5.4
show that if b is “small enough” there is a continuous periodic solu-
tion to (40) which is “close” to the linear approximation

f cos wt

To(t) = (80)

Note that “small enough” and “close” may be quantitatively eval-
uated.

VI. DIFFERENCE-DIFFERENTIAL EQUATIONS*

Our use of the contraction map fixed point therom is not limited
to ordinary differential equations or integral equations. As a further
example, consider the difference-differential equation represented by

z = LN(D,x), (81)
where y = D,z is defined by

y(&) = x(t — h). (82)
If the Banach space B of interest is the space of continuous periodic
functions, then

Il Dull = 1. (83)
This follows easily from
l| Du{l =sup {|| Dz ||:zeB, || || = 84)
= sup {max | z({ — h) |:zeB, max | z(t) | =

Assume that N maps B into itself. If N is differentiable (i.e., has a
Fréchet derivative) at x, then N(Djz) has a derivative at xy (Kan-
torovich and Akilov,® p. 658) given by N’(Dxo)D;. Then LN (Dy)
has a derivative at z, given by LN’(Dyxo)Ds. The norm is easily

* An interesting discussion of the ploblems of oscillations in difference-dif-

ferential equations is given in Chap. 21 of Minorsky.! Halanay™ contains much
information (and references) on difference-differential equations.
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evaluated:

H LN,(tho)Dh H = H L [IH N,(tho) “ (85)

Conceptually, the introduction of the time delay offers no great dif-
ficulty as compared to the case without the time delay. However,
it will generally complicate the arithmetic involved in examples, in
particular, in obtaining the solution to z, = LN(x,). This relative
lack of complication going from differential equations to difference-
differential equations is not typical. In existence, uniqueness, and
stability considerations one must consider initial function conditions
in difference-differential equations while the initial conditions for dif-
ferential equations are merely at one time (or perhaps boundary con-
ditions at several times).

To illustrate the above remarks, consider the following difference-
differential equation:

i+ ay -+ byi = f cos wt (86)
y(t) =yt — h) (87)

This is Duffing’s equation but with the argument of the cubic term
retarded. The corresponding operator equation is

z = LN(z) = L[N,(Dwz) + FJ, (88)

where y = N;(x) is defined by the cubic nonlinearity, L is the same
linear operator as in Section V, and

F() = L 0 ] (89)

cos wi
It is clear that

Il LN"(@o) || < || Lz|] || NiCzo) I (90)

and that the analysis will be completely analogous to that of Section
V, except that the approximate solution, x,, will be different. Note
that the Banach space is the space of continuous periodic functions,
not the space of functions continuous on one period.

To obtain the equivalent linearization approximation let

y(t) = A cos wt + Bsin wl
= (Csin (wt + 6),

(91)

where
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/TR
C=VA+B 02)
I 4),
0 = tan ( B
Substitution of this function into (86) yields
—w°C sin (wt + 6) + aC sin (wt + 6) + 3C°b [cos wh sin (wt + 6)
— sin wh cos (wt + §) + third harmoniecs] = f cos wi. (93)

The approximation is obtained by neglecting the third harmonics and
equating coefficients of cos wf and sin wt. It is interesting to compare the
equivalent linearization solution obtained for the difference-differential
equation with that obtained for the following differential equation
(Dufling’s equation with a damping term):

g+ ky + ay + by® = f cos wt. (94)
Substituting (91) into (94) yields

—w’C sin (wt + 6) + koC cos (ot + 6) + aC sin (wf + 6)
+ 2bC® sin (wt + 6) + third harmonics = f cos . (95)

Comparing (93) and (95) it is seen that, as far as harmonic balance
is concerned, the effect of the lag is to introduce a damping term
with damping coefficient k,

k= —(sin wh)3C*b/w (96)

(Also, one other term is multiplied by cos wh).

For some parameter values, the equivalent damping is negative.
Because of the negative damping, it appears that the periodic solu-
tion is not asymptotically stable. We say “‘appears that” rather than
making a more definite statement for the following reason. While it
seems plausible that the stability properties of the solution of the
equation of equivalent linearization should carry over to the actual
solution, the mathematical proof does not seem so obvious.

VII. RELATION TO PREVIOUS WORK*

As mentioned previously, the method of equivalent linearization
has its roots in the method of Krylov and Boguliubov. For an ac-

*The literature on equivalent linearization is vast. We shall thus discuss only
those references which seem most pertinent. Even in those cases, we shall discuss
only those aspects which are directly related to the present study. The reader
should consult these references for many other interesting ideas.
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count of the very important work of Krylov, Boguliubov, and Mitro-
polsky in this area, see Minorsky.! Their work is primarily of the
asymptotic type, ie., leading to statements of the form, “for suf-
ficiently small p, there exists . . . .” We may view our approach as
using a fixed point theorem to be able to determine quantitatively
what is meant by “sufficiently small” for a somewhat different but
related problem.

Bass® considers the justification of the method of equivalent lineari-
zation in the autonomous case. In view of our comments on the inap-
plicability of the contraction map fixed point theorem, it is of interest
to note that Bass uses a much more sophisticated fixed point theorem.
Much of his analysis is interesting and important but his final results
are unfortunately difficult to apply (as Bass himself points out).

Sandberg!® considers the operator equation®,

z=LN( + ) 97)
and the equivalent linearization approximation
% = LN(zo + ). (98)

Sandberg’s analysis is carried out in the space of periodic functions
square integrable over a period. He presents conditions under which
there exists a unique periodic response to an arbitrary periodic input
with the same period as well as an upper bound on the mean square
error in using equivalent linearization. He also gives conditions under
which sub-harmonics and self-sustained oscillations cannot occur.
Sandberg’s method is to determine conditions that guarantee that
LN is a contraction mapping in the whole space. As mentioned pre-
viously, we do not try to obtain a contraction mapping in the whole
space but only in a neighborhood of x,. We thus free ourselves from
Lipschitz type requirements. It may be noted that many nonlinearities
encountered in engineering are non-differentiable and Lipschitzian
(e.g., piecewise linear functions such as saturation-type nonlineari-
ties). For these, Sandberg’s analysis is applicable while ours is not
because we have required differentiability. Thus, Sandberg’s work
and ours complement each other in this regard. Also, Sandberg very
fruitfully uses Fourier transform results in his analysis of feedback
systems.

* This is the same notation as in Section II except that in Section II we did
not explicitly show the dependence on a forcing function. That is, v = N(z)
could be defined by y(¢) = n(z(t)4f(¢)) or by y(¢) = n(z(t)) + f(2).

T Actually, an operator related to LN.
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Cesari'* considers the real differential system

z = gz, i)
x=(xl;"':xn) (99)
a':,~=g,~(x1,---,x,.,t) j=1:"'7n'

(For the specific conditions imposed on the above functions see Ref.
14). If

z;(f) ~ a0 + 2 (a;, cos swt + b;, sin swi) (100)
8=1
and m is a positive integer the vector function Pr = (Pyx; . . . , Pus)

is defined by

P.z(t) = a;0 + 2 (a;. cos swt + b;, sin swt)
s=1

j=1,--+,n. (1o1)
The operation H (z) = (X1,...,X,) is defined by
X = > élfo(_b" cos swt + a;, sinswt) j=1,---,n. (102)
a=m+1

The operation F (z) is defined by

F(z) = H(I — P)g(x), (103)
where I is the identity map and

g(x) = (9139, ) g,.x) (104:)

g = gi[x(t): t] (] = 1) e 777')-

Letting T = P + F, Cesari determines conditions for the existence
of fixed points of x = Tz. He uses both Banach’s fixed point theorem
(contraction mapping theorem) and Schauder’s fixed point theorem
(which does not give uniqueness but requires weaker conditions). He
then shows that if y is a fixed point, it satisfies

¥ = g,(y@®, ) + P;(y; — 9:9). (105)
If
P(y; — g;y9) = 0, j=1,-,n (106)
then ’
y(8) = g(y(0), 1) (107)
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Cesari discusses the solution of (106) which may be reduced to deter-
mining a Galerkin approximation. Cesari worked in the space of
square integrable (periodic) functions and Knobloch®s adapted his
approach to the space of continuous functions.

While the above method has the use of truncations of Fourier
series in common with our approach, there seems to be a closer rela-
tionship between Urabe’s approach and ours.

Urabe® considers the real nonlinear periodic system

dx
E = X<x7 t):

where X (z, t) is periodic in ¢ of period 2x. If

z.(0) = ao + V2 > a, cosnt 4 b, cosnt, (108)
n=1

a Galerkin approximation® of order m is obtained if one can deter-
mine the 2m + 1 coefficients ay, a1, by, - . . , @u, b, that satisfies the
following equation:

dz, _ 1 f
at ~2n ). X[z..(s), s] ds

m 2T
=+ }r Z {cos nt X[z..(s), s] cosns ds
0

n=1

+4- sinnt f ’ X{x,.(s), s] sin ns ds}- (109)

Urabe considers the problem of determining whether there is an exact
periodic solution near an approximate (Galerkin) solution, x,. He
determines conditions under which an iteration starting at x, converges
to an exact periodic solution. His proof, while not explicitly mention-
ing a fixed point theorem, is closely related to the contraction mapping
fixed point theorem and uses the fact that a contracting iteration
sequence must stay within a certain sphere centered about the initial
point.§ Our approach is in the same spirit but we take a more general
viewpoint at the beginning. The basic theorem is derived in an arbi-

*The method of equivalent linearization is essentially a first-order Galerkin
approximation.

It may be shown that Urabe’s result (Proposition 3, p. 125 of Ref. 16) is
essentially equivalent to rcquiring that the operator derivative have norm less
than one (a contraction) in the appropriate sphere. -
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trary Banach space where derivatives of operators are fruitfully
used. The more general viewpoint is very simple conceptually and
also permitted the easy extension to difference-differential equations.
Urabe in Ref. 16, and also in Ref. 17 and 18, considers many aspeects of
Galerkin’s method for differential equations not touched on in our
study. Also, see his comments on Cesarl’s method on p. 121 of Ref. 16.

VIII. CONCLUDING REMARKS

The development of analytical methods (other than asymptotic
methods) for the equivalent linearization technique with autonomous
systems remains a very important area for investigation.* Whether a
modification of the contraction mapping theorem (perhaps using a
subspace) might be applied to this problem remains to be seen. In con-
nection with autonomous systems, a question perhaps more important
than the one we have considered (if equivalent linearization indicates
a periodic solution, does there actually exist one?) is the following: If
a non-trivial periodiec solution exists, will the method of equivalent
linearization indicate it? A typical engineering use of the describing
function is to determine conditions under which no self-sustained oscil-
lations are predicted. The engineer would like these same conditions to
also imply that there are no oscillations in the original (exact) system.
Urabe!® has shown that the existence of a periodic solution will (un-
der certain conditions) imply the existence of a Galerkin approxima-
tion of sufficiently high order. The equivalent linearization technique
is essentially a first-order Galerkin approximation and the first-order
approximation may not be high enough to indicate the existence of
a periodic solution according to a result of the type of Ref. 16. It
would be very useful to determine conditions that would answer the
question. This question is related to that rased by Aizerman’s con-
jecture.

Leaving the problem of autonomous systems we find our adaptation
of the contraction mapping theorem to be quite convenient in ana-
lyzing equivalent linearization in forced systems. The calculations are
straightforward and require no difficult mathematical argument in
the execution of the basic idea. It is hoped that the method may prove
useful in justifying and refining approximations. |

It should be clear that our approach is easily adapted to the dual-

* A theory of autonomous systems, due to Urabe, is outlined in Chap. 3 of
Halanay.®
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input describing function approximation (see, e.g., Gibson,® p. 402).”
The remarks in Section VI concerning difference-differential equations
apply in that case also. That is, the only essential difficulty is in ob-
taining the dual-input describing function solution (which has nothing
to do with our method of investigating the accuracy of such a solu-
tion). It should be noted that the dual-input describing function
method has been used primarily for two sinusoids with commensurate
frequencies (one an integral multiple of the other) and is actually
equivalent to a Galerkin approximation. When the ratio of the two
frequencies is irrational, we are in the realm of almost-periodic func-
tions where analysis can get much more complicated. Boyer has
presented an interesting approximate method of analysis (an account
of which is given in Gibson,*® p. 408ff.) for an input consisting of two
sinusoids with incommensurate frequencies but with one much larger
than the other. Analysis of this method would be of interest.
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APPENDIX A

Guide to Some Mathematical Background Reading for Engineers

The purpose of this appendix is to make reading suggestions to en-
gineers interested in this work but who are not familiar with the
mathematics used. The primary reference on functional analysis used
for this work is Kantorovich and Akilov.® A more elementary intro-
duction is given in Kolmogorov and Fomin.’} Lucid introductions to
the theory of differential equations are given in Hochstadt*® and
Struble.2 The theory of oscillations is extensively covered in Minor-

* The dual-input describing function was apparently first used by J. C. West,
J. L. Douce, and R. K. Livesly. In Ref. 7 there is an example of the existence of
a subharmonic solution to Duffing’s equation. This is actually an example of the
dual-input describing function.

T The reader should be cautioned that some of the terminology is not stand-
ardized among American and Russian writers. For example, Kantorovich and
Akiloy do not require a compact set to be closed while most American authors
do. Also, a linear operator is necessarily bounded according to Kantorovich and
Akilov but not necessarily bounded according to most American writers (Kolmo-
gorov and Fomin’s definition agrees with American writers on this point).
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sky! which also has a discussion on difference-differential equations.
Kaplan treats Fourier series and finite Fourier transforms on an ele-
mentary level.* Further information on Fourier series (but still on an
elementary level) can be found in Tolstov.**

APPENDIX B

Derivatives in a Banach Space

The following material is abstracted from Chap. XVII of Kantoro-
vich and Akilov.®

Let P map an open subset Q of a Banach space X into a subset A
of another Banach space Y. Let z, ¢ © and suppose that there exists
a linear* operation U mapping X into Y such that for every z ¢ X

tim 2010 = P _ 7). (110)
t—0

The linear operation U is said to be the derivative of the operation P
at the point x,. We write this

U = P'(z,). (111)
The derivative thus defined is the Gateaux or weak derivative and
U (z) is the Gateaux differential.

If the convergence relationship of (110) is satisfied uniformly with
respect to all x ¢ X with || z || = 1, then the operation P is differentiable
at the point x, and the derivative P’(x,) is called the Fréchet or strong
derivative.

APPENDIX C

To disecuss the satisfaction of (59), let

op 1241V

Z=31b|Cr||A|+———

[41

Consider a, f, and o fixed with f # 0 and let « ¢ [0, 1). To show that
IimZ =0
=0
we must show that
lim | p4® | =0
b0

* Kantorovich and Akilov® include boundedness in their definition of linear.
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since
CcT
,[ e 1 bA? [2 2 2 31
_ . 2 ( cT ) | bA4” [
Z—3CT1|bA |+t ==) 6 f
From (42) we have that
bA? =§<§1-+w2 -—a>
Also
lim 4 = ——,
b—0 a—w
so that
lim b4* = 0.
b—0
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Power Density Spectrum of the Sum of
Two Correlated Intermodulation Noise
Contributors in FM Systems

By T. G. CROSS
(Manuscript received August 15, 1967)

In the recent literature, two novse contributors in FM sysiems have
been analyzed:(i) intermodulation noise due to itransmission deviaiions,
and (1) AM/PM intermodulation moise. Even though different, these
two contributors have the same property of being functions of the baseband
signal. Hence, one would expect them to be correlated to some degree.

In this paper, we derive the expression for the power density spectrum
for the sum of these two noise contributors. The resulting expression has
been programmed on a digital computer. It has been found that, under
certain conditions, the correlation can be quite significant. In fact, an
example using a representaiive FM radio relay sysiem shows that the
correlation can result in greater than 4 dB error if the two coniributors
are assumed to be uncorrelated.

I. INTRODUCTION

Two noise contributors in FM systems are: (z) intermodulation
noise due to transmission deviations, and (1) AM/PM intermodula-
tion noise. The first noise contributor is generated when an FM
signal is passed through a linear transmission medium which has
transmission deviations. The second noise contributor is generated
when an FM signal is passed through such a medium which is fol-
lowed by an AM/PM conversion device. These two noise sources
are different, in general, but have in common the property that they
are a function of the baseband signal. Therefore, one would expect
that they are correlated to some degree. This would mean that com-
bining the two noise power density spectra together assuming random
addition (uncorrelated random variables), i.e., power addition, might
not be sufficient in general.

2437
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In this paper, we will derive the power density spectrum for the
sum of these two noise contributors. We will then examine the results,
with the help of a digital computer program, for the conditions under
which the two noise contributors are correlated. We will also present
an example using a representative FM radio relay system. However,
before considering the correlation problem, we will first briefly con-
sider the two noise contributors individually.

II. INTERMODULATION NOISE DUE TO TRANSMISSION DEVIATIONS

Intermodulation noise is produced in FM systems whenever the FM
signal is passed through a linear transmission medium which has
transmission deviations.* This situation is depicted in Fig. 1 where

en(t)=Cos[wet +@ (1)) —— Y (@) f—— €our (t) =V (t) COS[wet +@ (1) +@r(t)]

Fig. 1 — Generation of intermodulation noise due to transmission deviations.

the transmission medium, Y (o), is represented by power series gain
and phase transmission deviations up to fourth order, or

Y(w + wc) = [1 + g + gzwz + 930’3 + 94‘*’4]
°6Xp i[bzwz + b3w3 + b40)4]. (1)

where o, = carrier frequency in radians per second. The output
signal is phase modulated by the desired signal, ¢(t), as well as the
phase modulating distortion function ¢r(¢). This distortion function
consists of first- (linear), second-, third- and higher-order functions
of the input phase modulating function ¢(t). Because of their signifi-
cance in FM radio relay systems, we will concentrate on the second-
and third-order terms which will generate second- and third-order
intermodulation noise once the signal is demodulated. In other words,
we will let

SDT(t) = ﬂaz(t) + ¢3(t); (2)

where ¢2(f) and ¢3(¢) represent the second- and third-order intermodu-
lation noise components produced by the transmission deviations in
Y (0). In Ref. 1, these components were derived and are given by

* Transmission deviations are defined as any deviation in the gain and phase
characteristics from the ideal characteristics of constant gain and linear phase
for all frequency components of the FM wave.
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2
o) = [ ~p+ 1L = 2 Ll + g0 ©

(p3(t) = Ii%)\lir - %fllr %iilv’s(t) (4)

with the prime (’) notation depicting the derivative with respect to
time. The A and [ coefficients can be expressed in terms of the trans-
mission deviation coefficients of the transmission medium by the ap-
propriate equations in Ref. 1. Equations (2), (3), and (4) can be
represented as shown in Fig. 2 where

Hl(w) = [-1-1-2-l3,-w2 - %>\2i] -+ i[%lziw] (5)
H 2(&’) = '21_4l4i (6)
Hyw) = [§Ns,] + i[—72li0]. @

The autocorrelation function of ¢r(f) is given by
R,.(7) = er(fealt + 7)
le2(t) + @a(Dllez(t + 7) + @5t + 7)]
e:(Dea(l + ) + es(Des(t + 7)
+ os(Dea(t + 7) + e(Oes(t + 7)
=R..(r) + R,.(n) + Ro.0u(r) + R,.0u(7), @)

where the bar notation depicts the time average of the function over
an infinite interval, and e.g., R,,,,(r) is the crosscorrelation of ¢;(f)
and ¢,(£). In the Appendix of Ref. 2, it was shown that

R, ,.(r) =R,..(r) =0 )

SO
R«M‘(T) = Rsoz('r) + Rw,(’r)- (10)

92t

2 t
LA Pr (V)

@'3(t)

Fig. 2—Block diagram of total intermodulation noise due to transmission
deviations.
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Taking the Fourier Transform of (10) gives
8o, = 8,.() + 8,.), (11)

where S, () is the intermodulation noise power density spectrum due
to transmission deviations. We see from (11) that the second- and third-
order noise contributions are additive on a power basis since they are
not crosscorrelated. It can be shown that'

8y,(0) = 2| Hy(w) [ SIRS (1] + 2 | Ha(w) [ SRS (7)]
+ 2[Hy(—w) Hy(w) + Ho(—)H\(@)I5RY, . (7)]
+ 6 | Ha(w) |*5[RS (0], : (12)

where § denotes the Fourier Transform.

III. AM/PM INTERMODULATION NOISE

We see in Fig. 1 that the output signal from the transmission me-
dium is both envelope and phase modulated. If the transmission
medium shown in Fig. 1 were followed by an AM/PM converter®, i.e.,
a device that converts envelope variations at its input to phase per-
turbations at its output, then the signal at the converter output will
possess an added phase modulating distortion function along with
that shown in Fig. 1. This situation is depicted in Fig. 3. The added

t, AM/PM
e (t)=cos [t +@ ()] — v (@) Gour (1) CONVERTER  t—» Eoyr(t)
K (DEGREES/dB)

Bour (1)=V(t) cos [wct+@(t)+ @ (4D + 67 (1))
Fig. 3 — Generation of AM/PM intermodulation noise.

distortion term, 6r(t), is similar in format to ¢r(¢) and analogously
we will concentrate on the second- and third-order AM/PM inter-
modulation noise components. That is,

aT(t) = ez(t) + 03(t), (13)
where 6;(t) and 63(¢) are the second- and third-order AM/PM inter-
modulation noise components. These components were derived in Ref.

* The characterization of the AM/PM converter is discussed on pp. 1750-51 in
Ref. 2.
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2 and are given by

2
00 = ~bhe + 10, 2 = o, T o) + M0 (19
05(¢) = kl:“%)\xi + Tl g‘t]tp'a(t), (15)

where the A and [ coefficients can be determined from Ref. 2, and k is
the AM/PM conversion parameter which is defined as the phase
modulation index in radians divided by the amplitude modulation
index. Equations (13), (14), and (15) can be represented as shown
in Fig. 4 where

Gi(w) = [kielsw® — kINy,] + i[kLl0] (16)
Gyw) = kezl, an
Gilw) = [—kins] + ilki=lw]. (18)
Since 62 (t) and 6;(¢) are uncorrelated, we can write
Ry (1) = R, (7) + Ro(7) (19)
or
Sar(w) = Sa,(w) + So.(w), (20)

where Sp,(w) is the AM/PM intermodulation noise power density
spectrum. It can be shown that®

Sir(w) = 2 | Gi(w) P[RS (1] + 2 | Golw) |” SRS (7)]
+ 2[G(— )Gy () + G —w)Gi(@)IF(R ()]
+ 6 | Ga(w) 125[R3¢'(T)]. 21)

¢'2(t)—

n2

?

Tig. 4 — Block diagram of total AM/PM intermodulation noise.
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IV. POWER DENSITY SPECTRUM OF THE SUM OF TWO NOISE CONTRIBUTORS

The previous two sections presented basic system models which were
used to describe the two noise sources under study. In this section,
we will treat the more general case whereby the signal to be demodu-
lated, after passing through a transmission system, will be given by

e(t) = cos [wt + () + o2(t) + 0:(8)].

composite distortion

The power density spectrum for each noise contributor has been de-
rived in Refs. 1 and 2, as previously discussed. However, adding these
two spectra together on a power basis, i.e., assuming that they are
- uncorrelated, may yield a result which is grossly in error. In order
to determine the degree to which ¢r(f) and 6r(f) are correlated, we
must derive the crosscorrelation function and examine its effect.

To examine the effects of crosscorrelation we combine Figs. 2 and 4
as shown in Fig. 5. The autocorrelation function of the sum of the two
noise contributors, ¢r () and 05 (%), is

R¢+0(7'> = [‘PT(t) + oT(t)][ﬂoT(t + 7') -+ 0T(t + T)]

=R, (1) + Ror(7) + 0r(Oer(t + 7) + ¢2(D)0:(¢ + 7).
The first two terms are given by (10) and (19), respectively. Sub-

(22)

G Pr(6)+07 (1)

Fig. 5 — Block diagram of composite intermodulation noise.
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stituting (2) and (13) into (22) gives

Rowo(r) = B, (1) + Ror(7) + 6:(Dee(t + 7) + 8:(Des(t + 7)
+ 0:(Des(t + 7) + 0:(Dee(t + 7) + () 0:(¢ + 7)
+ es(D0:(t + 7) + (D0t + 7) + @s(D0(E + 1) (23)
which can be written
Roio(r) = Ry (1) + Ros(7) + Roopo(7) + Rospu(r) + Ro,p.(7)

Tt Royou(r) + Boo(7) + Rouoi(r) + Bouon(7) + Rop (7). (24)

Using the same approach as in the Appendix of Ref. 2, it can be
shown that

Rﬁz‘Pa(T) = Row,(T) = Rg&zoa(T) = R(pzex(T) =0 (25)

so
R,.o(r) = R, (1) + Ro(7) + Ro,..(7)
+ Roou(r) + Booou(r) + Royuu(7). (26)
Hence,
Sero(@) = 8, ,w) + Sorlw) + So.p.(w)
+ Sopul@) + Sp.0.(0) + Seunw). @7)

4.1 Consideration of Ss,,,(w) and S, s, (w)

To examine S,,,,(w), the cross-power density spectrum of 6;(¢) and
es(t), we reduce I'ig. 5 to the block diagram shown in Fig. 6. Using
the relationship for the crosscorrelation of linearly transformed random
functions, we have

Ste0, (@) = Gs(—w)H(w)S,(w). (28)
It can be shown that'
R,.«(r) = 6R%.(7) + 9R%.(OR, (7). (29)

The term 9R>.(0) R, () is mefely a scaled power density spectrum
of the input baseband signal and hence can be neglected since it does
not contribute to the intermodulation noise distortion. Therefore,

Sosp:(0) = 6G5(—w) Hy(@)FR, (7). (30)
By inspection, we can write

Se0.@) = 6Hy(—w)Gs(@)F[RS (7)) 3D
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¢’3 (t)——s Gzl (——s065(t)

Fig. 6 — Third-order noise correlation.

4.2 Consideration of Se,,,(w) and S,,s,(w)

To examine Sy, ,,(w), we reduce Fig. 5 to the block diagram shown
in Fig. 7. Now

I

Ro,m(T) 02(t)¢’2(t + 7')
[x(®) + y(Olut + 7) + o(t + 7)]

= R.(7) + R..(7) + R..(7) + R.u(7). (32)

Taking the Fourier Transform of (32) and referring to Fig. 7, we
can directly write

So.0.(@) = Gi(—w)H ()8, () + Go(—w)Hyw)S,r:(w)
+ Gy (—w)H )80y 2(w) + Go(—w)H (@)S, 2y s(w). (33)

Now it can be shown thatt-?

8yra(w) = 25[R%.(7)] (34)

Sprrsl) = 25TR%. ()] 35)

S‘,,uq,m(w) = 25[R2¢'¢H(T):[ = Se,nzg,u(w) (36)
<p’2(t) x(t)

" Tig. 7 — Second-order noise correlation.
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neglecting the dc components. Hence,
80,0:() = 26, (=) H,(@)F[R5(7)] + 26— ) Ho()FRS. (7)]
+ 2[G (=) Hy(w) + Go(—o)H (@)]FIR o (D] (B7)
Similarly,
8p.0:(w) = 2H (=) G (@SR’ (1)] + 2H(—w)G@)FRS (7))
+ 2H(—0)Gi(0) + Hi(—0)Go@)IF[RE o (7)].  (38)
Substituting (12), (21), (30), (31), (37), and (38) in (27) gives
Spro(@) = 2{| Hi(w) " + | Gi(w) I
+ Gi(—)H\() + Hi(—w)Gy(w)}S(E; (7)]
+ 2{| Ho@) [ + | Go0) " + G —0)Haw) + Ho(—w)Ga(w) }SIRS(7)]
+ 2{H((—w)H,(@) + Hy(—)H,() + Gi(—0)Ge(w) + Go( —w)Gi(w)
+ G(—w)H,(w) + Go—w)H,(0) + Ha(—w)G ()
+ H(=0)G:(@) SR o (D] + 6{] Hyw) |* + | Ga(w) |°
+ G(—0)Ha() + Hy(—w)Ga(w) SRS (1] (39)

This expression, (39), gives the baseband power density spectrum
for the sum of two intermodulation noise sources: (i) intermodula-
tion noise due to transmission deviations, and (:2) AM/PM inter-
modulation noise. The effect of the crosscorrelation relationship shows
up as cross products of the defining transfer functions for each noise
source as would be expected. The second and third order distortions
of the summed noise spectra are additive as was the case for the two
individual noise contributors.

4.3 Signal-To-Novse Ratio
The signal characterization is the same as in Refs. 1 and 2, or

S«p'(w) = Pyla, + a2f2 + a4f4 + aﬁfG]y I f l =f (40)
= pre-emphasized multichannel baseband signal power
density spectrum at the input to an FM modulator.

The constant P, is given by
2
P, = (270) - (rad/seq)?/Hz, (41)

2 4 6
ono0 + %5 o 4o
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where o = rms frequency deviation, in Hertz, due to the multichannel
baseband signal; the a’s are the pre-emphasis coefficients; and f, is
the top bascband frequency, in Hertz. Hence, the signal-to-noise
ratio is

Sso'(w)
w28¢+9(w) !
where the signal and noise are defined by (40) and (39), respectively.

10 log (42)

V. SOME BASIC TRENDS

The power density spectrum for the correlated sum given by (39)
does not readily lend itself to any generalized remarks as to the con-
ditions under which correlation exists and to what degree. In order
to derive some useful information on the subject, (39) was pro-
grammed on a digital computer. The computer input consisted of the
fundamental system parameters, e.g., peak frequency deviation, num-
ber of message channels in the baseband, etc., as well as the trans-
mission deviation values to be used for “AM/PM intermodulation
noise” and those to be used for “intermodulation noise due to trans-
mission deviations. Note that the transmission medium may be dif-
ferent for the two cases. For example, we could have the case where
the “AM/PM intermodulation noise” is created by a quartic gain
transmission deviation prior to an AM/PM converter, and the “inter-
modulation noise due to transmission deviations” is caused by a linear
delay distortion. The transmission functions for the two cases would be

YVilw + o) = exp ibe’, Yoo + o) =1 4 94(')4- (43)

As a clarifying point, it should be remembered that the AM/PM
theory of Ref. 2, and associated computer program, are set up so that
we only obtain the “AM/PM intermodulation noise” due to quartic
gain, and not the “intermodulation noise due to transmission devia-
tions” caused by a quartic gain transmission deviation.

Both of the noise sources discussed in Sections II and III have
transfer functions associated of the basic form given in (1). Each
transfer function can have seven transmission deviations, so the prob-
lem of permuting all possible combinations to see which are correlated
becomes unreasonably cumbersome. However, a potentially useful test
is to evaluate the correlation between ¢r () and 6,(¢) when Y;(w) and
Y sy/pu (o) each have only one transmission deviation for each com-
puter run. There are 49 possible combinations, one of which is given
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by (43). Any results one obtains will depend on the inputs used, and
because of the format of (39), one cannot make one run using nor-
malized results and then scale all future runs according to some pre-
determined rules. For that reason, the results to be given can only
be used to indicate trends.

The 49 runs previously mentioned yielded eight significantly cor-
related combinations. The evaluation of the results was made by adding
the individual power density spectra S, .(vw) and Sp,(w) on a power
basis and comparing the results with those obtained from S,.,(w),
i.e., the power density for the correlated sum. Only top channel noise
was used in the comparison. A combination was considered to be
significantly correlated when the power sum and correlated sum dif-
fered by more than a few tenths of a dB. The amount that they differed
depended on the inputs, but for the values used,* some cases had
the correlated sum up to 3 dB above the power sum, in the top channel,
and some combinations caused the correlated sum to be as much as
15 dB below the power sum, in the top channel.

The eight significantly correlated combinations are shown in Table I,

TABLE I— CoRRELATED COMBINATIONS

Conditions under which the
correlated sum is higher than
the power sum (assuming k& is

Transmission deviation in positive)
Yi(w) Yam/pn @)

1. g3 bs g3 or by is negative

2, by o b, is negative

3. by g2 b, and g. positive or
b, and ¢» negative

4. 123 g4 b. and g4 positive or
b» and g4 negative

5. b3 g3 b; and g; positive or
b; and g3 negative

6. by 0 ba is negative

7. by g2 by and g» positive or
by and ¢ negative

8. by gs by and g4 positive or
by and g4 negative

We see from Table I that the sign of the transmission deviations
determine if the correlation is positive or negative, i.e., whether the

*Same values as those used in Section 322 of Ref. 2: all gain transmission
deviations have 1 dB distortion, relative to the carrier, at 10 MHz away from the
carrier; all delay transmission deviations have 1 nanosecond distortion, relative
to the carrier, a 10 MHz away from the carrier.
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actual noise power is larger or smaller than the power one would obtain
from power addition of the two individual contributors. Also, we see
that all eight cases have the same format, i.e., if one transfer function
has a delay transmission deviation, the other transfer function has a
gain transmission deviation and vice versa.

Referring back to (39), we see that all of the correlation terms have
the same format, ie., a G,(ztw)H;(+w) product. Since these terms
have k as a component, the sign of k& will play a role in determining
if we have positive or negative correlation.

The results of Table I give us an idea of when to expect significant
correlation, that is, when power addition should not be used. These
results should prove useful for the more complex problems which are
confronted in practice.

VI. SYSTEM EXAMPLE

In Section 3.3.4 of Ref. 2, a representative FM radio relay system’s
repeater characteristics were used in deriving the noise responses shown
in Fig. 11 of Ref. 2 and reproduced here as Fig. 8. The radio system
carried 1200 message channels, had a peak frequency deviation of 4
MHz and a top baseband frequency of 5.772 MHz, and had an rms
frequency deviation of 0.771 MHz. The system was pre-emphasized
by the function shown in Fig. 5 of Ref. 2. The basic repeater was

30
25 ]
*_ [ INTERMODULATION NOISE
P ~/ DUE TO TRANSMISSION
20 — DEVIATIONS, UNEQUAL—  —
IZED REPEATER
g ts
c AM/PM INTERMODULATION |
[ NOISE DUE TO THE BP N ]
@ 10] BEFORE THE TWT(2. 5°/dB) P
z 5 / L
w ul
(2]
S 7 A
\| INTERMODUL ATION NOISE
N INTERMODUL o
/ “DUE TO TRANSMISSION
-5 DEVIATIONS, EQUALIZED
/ REPEATER
-10 4
-15
0 1 2 3 4 5 6

BASEBAND FREQUENCY IN MHZ

Fig. 8 — Representative radio system noise responses.
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g - = Y@ - e
+2.5 DEGREES/dB )l
ey =cos[wct +@ (X)) = Yam/pm (@) | v ——
BANDPASS TWT
FILTER AMPLIFIER

TFig. 9 — Repeater model.

gain and delay equalized and, from an analytical point of view, could
be represented as shown in Fig. 9. The transmission characteristics
for the equalized repeater, Y (), and for the bandpass filter, ¥ , y/p m (),
are shown in Fig. 10 of Ref. 2 and reproduced here as I'ig. 10. The
associated least squares fitted transmission deviations are as follows

Transmission deviations Yilw + w) YViupem(lo + o)
9 —9.67 X 107" 3.81 x 107"
ge 7.09 X 107" 9.17 X 107"
Js 1.17 X 107% 9.04 X 107
G —2.57 X 107% —1.97 X 107%
b, 6.50 X 107*° —482 x 107'®
bs 5.58 X 107*¢ 8.09 X 107
b, -3.16 X 107% —335 X 107*

The power sum of the AM/PM intermodulation noise and the inter-
modulation noise due to the equalized repeater’s transmission deviations
(both are shown in Fig. 8) is shown in Fig. 11. Also shown is the power
density spectrum which includes the effects of correlation between
the two contributors. We see for this example that the actual noise
is 4.5 dB lower in the top channel than that obtained from power addition
alone.

Another interesting result is the curve shown in Fig. 12. This figure
shows how the sign and magnitude of the AM/PM conversion factor -
can affect the noise response of a given system.

In Table I, eight correlated combinations were given. Of these
eight possibilities, the first combination is probably responsible for
the correlated sum being smaller than the power sum as shown in Fig. 11.
There are three reasons for this observation: (i) the parabolic delay
in Y,u/pm(w) is quite large, and the cubic gain in Y ,(w) is a significant
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Fig. 10 — Gain and delay characteristics.

part of the equalized repeater gain shape; (#2) this combination causes
negative correlation when the transmission deviations are both positive
and the AM/PM conversion factor is positive; and (7¢7) a negative
value for K causes positive correlation,* for this combination, which
is consistent with the results shown in Fig. 12. Hence, the trends given
in Table I can be useful for more complicated problems and may serve
as a tool for optimizing a system’s noise performance.

VII. CONCLUSIONS

In this paper, we have studied the correlation which exists between
two noise contributors in I'M systems: () intermodulation noise due
to transmission deviations, and (4) AM/PM intermodulation noise.
The first contributor is generated when an I'M signal is passed through
a linear transmission medium which has transmission deviations. We
denoted this medium by Y;(w). The second contributor is generated
when an FM signal is passed through a similar medium, denoted by
Y s /e m(w), which is followed by an AM/PM conversion device. These

* When the transmission deviations are both positive.
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0 /4/
POWER
SUM L
5 //- e
CORRELATED
/) SUM

0 [ 2 3 4 5 6
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15 /’
/I

NOISE IN dBrncO

Fig. 11 — Comparison of power sum and correlated sum for a representative
radio system.

two media may or may not possess the same transmission deviations
in practice.

Even though these two contributors are different, they do possess
the same property of being a function of the baseband signal. There-
fore, one would expect that they would be correlated to some degree.
This would mean that combining the two noise power density spectra
assuming random addition (uncorrelated random variables), i.e., power
addition, might not be sufficient in general.

To study the amount and character of this correlation, the power
density spectrum was derived for the sum of the two noise contributors.
The resulting equation was programmed on a digital computer and
evaluated. Because of the format of the equation, no generalized re-
sults could be obtained. However, it was found that certain conditions
exist under which the correlation can be significant. These conditions,
even though not all engrossing, should prove useful in the complex
problems which occur in practice.

—

L]

N

AMOUNT THAT
CORRELATED SUM
"EXCEEDS" POWER

SUM IN TOP
CHANNEL IN DECIBELS
]

[&)

-3 -2 -1 o] 1 2 3
AM/PM CONSTANT K IN DEGREES PER DECIBEL

Fig. 12 — Affect of sign and magnitude of AM/PM constant on correlated sum
for a representative radio system.
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A representative FM radio relay system was examined, and it was
found that the power density spectrum for the correlated sum of the
two noise contributors was substantially different than the power ad-
dition of the individual noise spectra. In the top channel, the corre-
lated noise power was about 4.5 dB lower than the noise resulting
from a power sum.

It was also shown that a simple change in sign of the AM/PM
conversion factor k, or certain transmission deviations, can cause the
correlated noise to be substantially higher or lower than the power
sum of the individual spectra.
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Phase Progression in Conical Waveguides

By ELLIOTT R. NAGELBERG
(Manuscript received August 10, 1967)

We studied the phase progression properties of normal modes in a
conical waveguide in order to develop techniques for analysis of multimode
macrowave antennas. We found that the large-order asymptotic expansions
of Bessel functions developed by F. W. J. Olver are most appropriate
for such calculations by virtue of their simplicity and uniformity with
respect to argument. These expansions are applied to analysis of the conical
TE,, and conical TM,, modes and, in addition, to an examination of
the ‘“quasi-cylindrical approximation’’ in which the conical waveguide
18 regarded as a cylindrical waveguide with gradually changing cross section.

I. INTRODUCTION

For most applications to microwave communication systems, wave-
guides are designed in such a way that only the dominant mode can
propagate. This has been the case principally for practical reasons, as
evidenced for example by problems encountered in the development
of millimeter-wave systems using the higher-order TES mode." Since
the waveguide in this case must be oversized, small geometrical asym-
metries due to errors in fabrication, bends, and other structural perturba-
tions cause coupling to unwanted modes, which can result in a sig-
nificant degradation in performance.

On the other hand, there has been considerable interest during the
past several years in techniques which require the controlled excitation
of higher-order modes combined with the dominant mode in, for ex-
ample, a conical waveguide. Two such applications have been the
TE,; — TMg* precision autotrack system for the Telstar® satellite,’
and the TE; — TM dual mode conical horn® which has been suggested
as a primary feed configuration for low-noise satellite communication
antennas.

* The notation TES, or TMZS

. will be used to designate conical waveguide
modes.

2453
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A common feature of these techniques is the necessity for maintain-
ing a high degree of phase coherence among the various modes of
propagation. It is therefore required, in order to design such systems
and predict the effects of frequency, temperature and structural varia-
tions, to accurately determine the phase progression properties of the
guided wave fields.

The paper’s contents may be summarized as follows: We first de-~
scribe the conical waveguide modes, which are vector eigenfunctions
of Maxwell’s equations in what is essentially spherical geometry. We
note that although these solutions are well known in principle, the
actual computation of their phase progression properties is not
straightforward. It is, therefore, necessary to consider the problem of
numerically evaluating both the eigenvalues and vector eigenfunc-
tions so that we can apply these results to actual antenna problems.
In order to do this we utilize certain uniform asymptotic expansions
due to F. W. J. Olver* which are found to be well suited to such cal-
culations. We thereby observe that a very common method of deter-
mining phase progression, which might be termed the quasi-cylindrical
approximation, is not particularly accurate, and the errors associated
with this method are evaluated.

Rationalized MKS units and the (suppressed) harmonic time de-
pendence e7*! will be used throughout.

II. MODES IN A CONICAL WAVEGUIDE

The normal modes characteristic of a conical waveguide are derived
in the usual manner by finding separable solutions to Maxwell’s equa-
tions in spherical coordinates, subject to the boundary condition that
the components of electric field tangent to the lateral surface must
vanish. The solutions thus derived may be partitioned into two types,
TE< modes for which the electric field is transverse to the direction
of propagation (the r-direction), and TM< modes for which the mag-
netic field is transverse to the direction of propagation. In terms of
the coordinate system shown in Fig. 1, the components of electric field,
for example, are given by,’

TM=
™M = 4 &il—) H®, (k)P (cos 6)¢™

o= (k ) [Vr Hﬁi);(kr)] 5 Pi(cos 0)e™* 1)
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Fig. 1—Conical horn geometry.

™ mA d

® 7 Lrsin 9 d(kr)

[VEr H®,(k)]P7%(cos )™,

TE<
BT =0

mB
sin 0V kr

— 'I:B (1) i m ime
= \/E"HH%(M) 70 [P (cos B)]e™.

Ej" H{Y\(kr)Py(cos 0)e™*® 2)

I

TE
Etp

In (1) and (2), P (cos 8) denotes the associated Legendre function
(m = integer) and H'" (z) represents the Hankel function of the first
kind, corresponding to outgoing waves under the assumed time de-
pendence e”*“*. The constant k is the free-space wave number.

The eigenvalues » and p are found as solutions of the respective
characteristic equations

[% P (cos 0)]6=8° =0 3

P (cos 6,) =0 4

for a specified horn half angle 6,.

These eigenvalues can be computed by a variety of numerical meth-
ods. For example, one can represent the associated Legendre function
in terms of the hypergeometric function® as

P7(cos 6) = C'sin™?9 F <1 +m+v,m—r;m+1; l_—_zcos 0) , (5)
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where C is a constant. The v- or u-zeros for a given 6, can then be
found by a variety of root finding techniques. It is, however, worth
noting that a first-order approximation may be determined from the
formula

Py(cos 0) &= J.(Vr@ + 1) 6) 4 0(6), (6)
where J,, denotes a Bessel function. Since the roots of Bessel functions
are well tabulated,” (6) can be conveniently used to provide either
an estimate of the eigenvalue or a starting value for an iterative algo-
rithm. The phase errors associated with this approximation will be
discussed in a later section.

To indicate the behavior of the zeros and to provide helpful in-
formation for design of dual mode conical horns, a partial list of v
and p values, computed using (5), has been prepared and is given in
the Appendix.

III. BEHAVIOR OF THE RADIAL FUNCTIONS. PRECISE CALCULATION OF PHASE
PROGRESSION.

Having obtained the appropriate eigenvalues as defined by (3) and
(4), we may then proceed to the more interesting calculation of the
radial dependence. In principle, the phase shift between the two
spherical surfaces r = r; and r = 75 is given by

aaTE

ang [H(kr)] — arg [H(kr)] @
arg {;’—x Vs H;:e@n}

z=krg

6lXT M

It

— g {L (Vz B0 ®)
z=kry
for the TE and TM modes, respectively, where arg ( ) denotes the
phase angle associated with a complex number.

The difficulty which arises when one attempts to utilize these ex-
pressions is essentially one of computation, due to the particular
regime of order and argument frequently encountered in analysis of
conical horn waveguides. We are particularly concerned here with the
so-called transition region where the argument and order of the Hankel
functions are large and comparable. For example, when 6, = 5°, v =
20.6155 and p = 43.4109 (see Appendix), which means that we must
allow for a range of arguments increasing from these values.

Asymptotic formulas for Bessel functions have, of course, been
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studied in great detail. Asymptotic forms in the transition region kr
> v have been given, for example, by Watson and Langer.® Although
of mathematical interest, these typically give only the limiting be-
havior of the function, with the remainder specified within some order.
However, engineering design generally requires more precise results,
which can be obtained only with the aid of complete asymptotic ex-
pansions.

Expansions particularly appropriate for our problem have been
given by Olver.* These formulas represent the Bessel functions as
asymptotic series in terms of reciprocal powers of the order, and are
valid asymptotic expansions for all values of argument. Although
their derivation is very complicated, and will not be discussed here,
we shall state the general form of the result and indicate several sim-
plifications which are valid for most problems involving phase pro-
gression in conical horns.

The complete asymptotic expansion for the Hankel function of the
first kind, following Olver’s notation, is given by

HO0) ( 4 ‘)*{Ai(ﬁn — iBi(*)
’ 1 —2a° v?

A A6 — sz’(vf@ B(r)}

Sn 2n
V

n=0 n=0 V7

)

In this expression, Ai, A7, Bt, and Bt represent Airy functions and
their derivatives,® and ¢ is a constant related to « by the formula

¢ = —{3a" — D} — §sec! 2}’ (10)

The coeflicients A, (¢) and B, (¢) are determined through an auxi-
liary sequence {U,(t)} defined by the recursion formula

Ut) =1
21—
2

(11)

ULD) = U + 5 [ (= 5B UL d,

.Where the prime denotes differentation. The A, and B, can then be
found using the relations

A = ”—%—“ (12)

m=0

BJ(¢) = Z nUsnnss (1) (13)
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where » = (1—2*)-* and {a,}, {b,,} are given by

a, = bo = 1 . (14)

an(m > 0) = @m + 1)(21:; !4{12 ).m - (6m — 1) 15)
b.(m > 0) = —g:z—i_—i Ay . (16)

Since for the range z > 1, which is of interest here, ¢ is negative and
r 1s imaginary, it is also necessary to define the proper branches, which
are as follows:

r =i — 1)7* (17)
1
Rk s
1 il (19)

R R
Using a table of Airy Integrals,® one can proceed to evaluate the
required Hankel functions to whatever accuracy is needed. As an in-
dication of the number of terms required in a typical calculation, it
has been observed by J. A. Cochran and C. M. Nagel* that for + > 10,
four decimal place accuracy can be obtained simply by using terms
including By and A;. The coefficients required for most horn calcula-
tions are thus given by

4, =1 (20)
817 + 46271 + 3857%  7(3r, + 57)) 455
4= - 1152 1528 T 26088 1)
_ 3n t 573 5
B, = 244 48¢3 22)
where r; = (22 — 1) tand & = —¢

IV. APPLICATIONS

In this section we shall discuss several applications of the preceding
results. After presenting examples of phase progression for different
modes we consider the phase errors introduced by approximating the
eigenvalues p and v. Finally, we examine what might be called the

* Private communication.
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“quasi-cylindrical approximation,” in which phase progression is
calculated by considering the horn to be a eylindrical waveguide with
slowly varying cross section,

4.1 Phase progression of the TEY, and TM7, modes. Effect of errors
n v and u.

A qualitative understanding of the phase progression properties of
conical waveguide modes can be achieved by regarding a horn as a
cylindrical waveguide with gradually increasing cross section. Although
such a model has limitations, which will be discussed later in Section
4.2, it correctly predicts the fact that the phase progression rates
for both classes of modes begin at relatively low values and increase
monotonically toward that corresponding to the far field of a spherical
wave in free space. This limiting behavior is reached when the conditions
kr > v or kr 3> u are satisfied, corresponding to conical TE or conical
TM modes, respectively.

Fig. 2 shows, for example, a direct computation of the phase shift as
a function of kro—kr; for the conical TE;; mode for half angles 6, =
3°, 10°. The value kry is in each case taken to be that corresponding
to the cut-off cross section of a cylindrical waveguide, i.e.,

b, = % 23)

~ sin 8, "’
where ¢ & 1.84118. Fig. 3 shows analogous results for the TM7; mode,

40
= //
z e T
k20 /’/
z
n
2 10 //?/
I
/
x ) é
[o] 5 10 15 30 35 40 45

20 25
kr- §TE/S|N 6o

Fig. 2—Phase shift for the TEF mode relative to the cross section at which cut
off would occur for a cylindrical waveguide. {rr =~ 1.84118.
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Fig. 3—Phase shift for the TM{; mode relative to the cross section at which cut
off would occur for a cylindrical waveguide. {pry =~ 3.83171.

the principal difference being in the more gradual increase in phase
near kr, .

In view of the difficulty in computing the v- and u-zeroes of the
Legendre functions, as required by (3) and (4), it is of practical in-
terest to determine how an error in the eigenvalue will effect the cal-
culation of phase shift. If, for example, we denote by ATE the error in
phase shift due to a small error 8v in the eigenvalue, then from (7) we

TABLE I—MaxiMmuMm PHASE ERrROR DU To 0.10 PERCENT
MISCALCULATION OF » OR u

k(rz -_ 7‘1) = 100 :

TE1n mode
8o oy ATE = (x/2) év ATE gctual
3° 0.035 3.15° 2.04°
5° 0.021 1.89° 1.26°
10° 0.010 0.90° 0.61°
TMu mode

6o S ATM = (x/2) ou ATM actual
3° 0.073 6.87° 4.68°
5° 0.043 3.87° 3.14°
10° 0.021 1.89° 1.16°
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have that

ATF = {§ arg [H{Yy(kr)] — 2 arg [Hit@(krl)]} o, @0

where v, denotes the correct eigenvalue. Although the calculation
required by (24) is, in general, very difficult, it is relatively simple to
obtain an upper bound to A™E, First, it can be shown (see Ref. 7, p.
368), that at the cutoff radius r;, the argument kr; is approximately
equal to the eigenvalue v (or p) and furthermore that the partial
derivative at that value tends toward zero as v or u becomes very
large. It follows that an upper bound on the error A™ can be obtained
by neglecting the second term on the right side of (24) and letting
kra = co. In this way we find, from the asymptotic behavior of the
Hankel functions (see Ref. 6, p. 85), that

max | A" | = | & | (25)
and, in a similar way for AT,

max | A™

i
= lal% (26)

In Table I we present a comparison between the actual computed
error in differential phase shift, for an assumed relative 0.1 percent
error in the eigenvalue, and the upper bound as determined by (25)
and (26). The results indicate that the predicted estimates are quite
reasonable. Note that the larger phase errors for smaller angles are due
simply to the fact that the eigenvalue and hence the absolute error
is greater.

The principal purpose of the previous exercise was to determine
what error might be expected from using (6), which expresses the
Legendre function in terms of a Bessel function. Results for the TMy,
mode show that (6) is sufficiently accurate in predicting the u-zeroes
that the maximum differential phase error for horns up to 30° in half
angle should be less than 1°. As might be expected, however the same
approximation applied to the v-zeroes of the derivative of the Legendre
function is not as accurate. Nevertheless, as shown in Fig. 4, for a horn
with half angle equal to 30° the maximum phase error is approxi-
mately 6°, which would ordinarily be acceptable.

4.2 Evaluation of the Quasi-Cylindrical Approximation
The difficulty of making precise calculations of phase progression in
conical horns has led to the use of an approximate formula derived
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Fig. 4— Maximum error in phase shift using Bessel approximation to the Legendre
function.

by assuming that the horn behaves as a cylindrical waveguide with
gradually increasing cross sectional radius. The phase shift is then
determined simply by integrating the local waveguide propagation
constant, with the result that

T2

B t_;a—lia [n AV (krsin 65)° — ¢ — ¢ cos™* [c— sfn Go:l ,
where { is the characteristic value for the particular mode (e.g., for
the TES mode ¢ &~ 1.841 and for the TM S mode { / 3.832). This
formula is, in fact, asymptotic to the true phase shift in certain limits.
For example, let (kr sin 6,) be fixed and let 8, — 0. Then it can be shown
that (26) becomes essentially equivalent to the simple Debye approxi-
mation. (See Ref. 7, p. 366.) However, this formula is known to be
invalid in the range where order and argument are comparable. Never-
theless, it is useful to investigate the properties of (26) in order to
determine what errors accompany its use.

Fig. 5 shows the resulting error in differential phase shift when the
quasi-cylindrical approximation is applied to the TE,; mode, with
kr, = {¢/sin 6, (corresponding to the cut-off diameter) and 6, = 5°.
The error is seen to grow very rapidly at first, showing that the quasi-
uniform approximation predicts too slow an increase in propagation
constant with increasing cross section. Eventually, the error curve
approaches a linear variation. This asymptote can actually be predicted
fairly well by using the large argument behavior of the Hankel function,
combined with the fact that for large » (see Ref. 7, p. 368),

arg HY () = —r/3. 27)

(26)
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By letting kr sin §, — « in (26) and using (6), which relates ¢ to v,
we find that in the limit of large kr

TH _ TE ~ T l_____l____)E < _Sill@o)_
da S TR “‘”(00 tan 6,/ 2 +\1 tan 6, i (28)

which, for small 6, reduces to

2
da™ — o T — 11T g, 4 2. 29)
This result, shown in Fig. 5 as the dotted line, is seen to predict very
accurately the asymptotic behavior of the error.

Fig. 6 shows the corresponding error for the TM; mode. In con-
tradistinction to the previous example, the quasi-eylindrical approxi-
mation at first predicts too high a phase progression rate, but eventually
also conforms to the linear error predicted by the last term of (28).
The formula analogous to (29) is given by

2
sa™ — 5™ = ™ {omm 6, + %—0 kr. (30)

This result, shown in Fig. 6 as the dotted line, is also seen to cor-
rectly describe the asymptote.

A salient feature of these results is that the linear portion of these
curves is quite independent of the type and order of the mode being

25
EXACT ERROR._ B
20 /-/L/ %f
=T ASYMPTOTIC APPROXIMATION (EQ. 29)
15 ]

1/

8a"® - 88" |N DEGREES

o 5 10 15 20 25 30 35 20 a5
ke—¢TE /siN 6,

Fig. 5—Error in phase shift due to quasi-cylindrical approximation for the
TE[ mode. {rp =~ 1.84118.
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Fig. 6 — Error in phase shift due to quasi-cylindrical approximation for TMy;
mode. ¢ty =~ 3.83171.

considered. This immediately implies that the error in differential
phase shift between modes resulting from the quasi-cylindrical ap-
proximation is always bounded at a value easily predicted by (29)
and (30). This latter result is considered to be one of the more sig-
nificant conclusions of this study.

V. SUMMARY AND CONCLUSIONS

In this paper, we have considered the phase progression properties of
conical waveguide modes. The principal difficulties have been in com-
puting Bessel functions over their so-called transition region. It is
suggested that, in view of the typically large orders involved, the
asymptotic expansions due to Olver are the most applicable. An exam-
ination of the quasi-cylindrical approximation has shown that this
latter formula, although not necessarily accurate for evaluating phase
progression of a particular mode, can be used to determine differential
‘phase shift between modes with an error which is bounded over the
conical region.

VI. ACNKOWLEDGMENTS

The author would like to thank Dr. J. Alan Cochran for helpful com-
ments on the properties of Olver’s expansions, and Miss Eileen Foley
and Mr. C. M. Nagel, who were responsible for the computational
aspects of this study.



PHASE PROGRESSION 2465

APPENDIX

Roots of P} (cos 8) = 0 and d/d6 P} (cos §) = 0 for a Given Value of 6

In order to assist in design of dual-mode conical horns, we have
prepared an accurate table of the roots of the associated Legendre
Function and its derivative for a given value of the horn half angle 6.
These values of v and u may then be used to evaluate the vector wave
functions which characterize the propagation of the TES and TMg
modes in the horn section.

The computational program consisted of using the hypergeometric
series representation for the Legendre function, and determining the
zeroes by a standard root finding method. The program was termi-
nated when the value of the function was less than 10-% in amplitude.

TasLE II—Roors oF P, (cos §) = 0

[} n [} n

3.00° 72.6819 17.00° 12.4239
3.50 62.3379 17.50 12.0552
4.00 54.3874 18.00 11.7070
4.50 48.2893 18.50 11.3777
5.00 43.4109 19.00 11.0657
5.50 39.4196 19.50 10.7697
6.00 36.0935 20.00 10.4885
6.50 33.2792 20.50 10.2211
7.00 30.8669 21.00 9.9664
7.50 28.7764 21.50 9.7235
8.00 26.9471 22.00
8
9
9

10

10

11

11

9

.50 25.3332 22.50 9

.00 23.8985 23.00 9

.50 22.6110 23.50 8

.00 21.4597 24.00 8

.50 20.4146 24.50 8

.00 19.4645 25.00 8.

.50 18.5970 25.50 8.1241
12.00 17.8019 26.00 7
12.50 17.0704 26.50 7
13.00 16.3952 27.00 7
13.50 15.7700 27.50 7
14.00 15.1894 28.00 7
14.50 14.6490 28.50 7
15.00 14.1446 29.00 7
15.50 13.6728 29.50 6.
16.00 13.2304 30.00 6.8354
16.50 12.8149
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TasLE III—Roors oF d/d6 P,' (cos 6) = 0

[ v [ v
3.00 34.6743 17.00 5.7637
3.50 29.6526 17.50 5.5881
4.00 25.8867 18.00 5.4224
4.50 22.9581 18.50 5.2657
5.00 20.6155 19.00 5.1174
5.50 18.6992 19.50 4.9768
6.00 17.1026 20.00 4.8432
6.50 15.7518 20.50 4.7163
7.00 14.5943 21.00 4.5955
7.50 13.5913 21.50 4.4804
8.00 12.7139 22.00 4.3706
8.50 11.9400 22.50 4.2658
9.00 11.2522 23.00 4.1656
9.50 10.6370 23.50 4.0697

10.00 10.0835 24.00 3.9779
10.50 9.5828 24.50 3.8900
11.00 9.1279 25.00 3.8056
11.50 8.7126 25.50 3.7246
12.00 8.3321 26.00 3.6467
12.50 7.9822 26.50 3.5719
13.00 7.6593 27.00 3.4999
13.50 7.3605 27.50 3.4306
14.00 7.0831 28.00 3.3638
14.50 6.8250 28.50 3.2995
15.00 6.5842 29.00 3.2374
15.50 6.3591 29.50 3.1775
16.00 6.1481 30.00 3.1196
16.50 5.9500
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Mode Conversion in Lens Guides
with Imperfect Lenses

By D. GLOGE
(Manuscript received August 16, 1967)

A coherent Gaussian beam transmitied through many tmperfect lenses
suffers a distortion of its profile. Particularly smooth polishing errors
generate parasitic modes which travel with a slightly different propagation
constant and about the same low loss as the beam. While the two modes
of lowest order essentially influence position and width of the beam, all
higher-order modes deform the profile and may hamper position control
and detection if they build up to sufficient power. The calculations show
that this effect can be reduced to a negligible amount if the beam cross-
section ts of the order or smaller than the dimenstons of the irregularities.
This is in agreement with experiments. The perturbation of the beam
in the air path between the lenses ts also investigated and t is shown from
experimental data that this effect is negligible in a properly shielded under-
ground lens guide.

I. INTRODUCTION

There has been much uncertainty about the optical quality re-
-quired for the components in an optical transmission link. Particularly
for a lens guide with thousands of lenses, this is a major cost factor. It
has been shown that systematic lens aberrations may lead to a severe
degeneracy of a transmitted laser beam,® but hardly anything is
known about random errors. Previous work in this field dealt with
antenna or imaging problems,* % * but none of these theories can be
applied to iterative structures.

The theory presented here was developed in parallel with experi-
ments in a half-mile underground lens guide designed to gain data
about the required component quality.® This guide employed antire-
flection-coated quartz lenses separated by about 140 m. A loss of
roughly 1 percent per lens was measured, so that a transmission over
100 miles without amplification seems feasible. Systematic aber-

2467
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rations are negligible as compared with random surface irregularities.

These irregularities are of various nature and origin. There arc
minute scratches in the polished surface and tiny holes or craters in
the antireflection coatings. Both cause a wide angle scattering and
part of the measured overall loss without considerably changing the
intensity profile or the phasefront of the transmitted light beam.

On the other hand, the polishing process achieves a spherical sur-
face only to a certain degree, so there are always small smooth pro-
tuberances and recesses called “polishing errors.” They show up in an
interferometer check and their magnitude is usually given in fringes
or wavelength of the light used in the interferometer. This magnitude
defines the quality of the lens.

It is this imperfection which will be of interest here, for, without
introducing immediate loss, it distorts the light beam in a way that
may lead to complete deformation of the intensity profile when oc-
curring repetitively. The consequence may eventually be an additional
loss. Furthermore, it influences the choice of the receiving technique
used at the end of a long lens guide because the efficiency of a hetero-
dyne system will depend on how well the signal and local oscillator
beams can be matched. Thirdly, it affects the applicability and de-
sign of beam position control systems which probably will have to be
employed in some sections of the lens guide to provide for occasional
realignment.® 7

Refractive index variations in the atmosphere between the lenses
are of course an additional source of beam distortion. Though weak
in a shielded underground lens guide the influence might be comparable
to that of imperfect optical components. The calculations in the last
part of this work consider these index variations using the model of an
imperfect waveguide.® Though not as general or accurate as previous
work?® this approach has the advantage that it yields simple formulae
for the case of weak coupling. By inserting some experimental data
the influence of the air paths and the optical components will be
compared.

II. THE STATISTICAL FEATURES OF IMPERFECT LENSES

Restricting the following calculations to smooth irregularities has
two consequences. First, in the proximity of the lens surface the ap-
proximations of geometrical optics may be applied, which means that
the wavefront emerging from the surface exhibits a phase deviation
but no amplitude change.



LENS GUIDES 2469

If there is, for example, a protuberance of magnitude § at a certain
point of a lens surface, the phase retardation of a light ray passing
this point will be

o =kAn s, @
where k is the propagation constant of the light outside the lens and
An is the refractive index change at the surface.

Second, the surface irregularities and consequently also the phasc
deviations may be described by a random function which is both
well-behaved (with at least the first derivative being finite) and
homogeneous over the whole surface, since the irregularities were
generated everywhere by the same process.

To proceed in the mathematical description, some assumptions
must be made which seem to be reasonable for the random function
under consideration, but will not be proved as valid here. One may
conceptually construct an ensemble of identical optical surfaces
which exhibit different point-by-point deviations, but are statistically
equivalent. It is assumed that averages over the surface are replace-
able by ensemble averages, and that § and therefore ¢ are Gaussianly
distributed, have zero mean, and variance A% and ®2, respectively.
Obviously, the correct lens surface can always be defined in such a
way that the mean value of 8 is zero.

For simplicity, the two-dimensional model shown in Fig. 1 is used
at the beginning. § and ¢ are now functions of the surface coordinate
z only. The covariance

Fla, — @) = (p(@)e(z2)) @

TJ:

\

Fig. 1 — Two-dimensional model of an imperfect lens.
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can be shown to exist and be a function of the distance x; — z; only
because of the assumed features of ¢(z). For later calculations the
identity

(exp tfo(x,) — ¢lx,)]) = exp (F — %) )]
is needed, which can be derived from those assumptions also.?
The fact that ¢ is smooth and stationary suggests a Gaussian
covariance

F = & exp [—(x, — z,)°/v"], 4)

where v is a correlation length determined by the dimension of those
protuberances and recesses on the optical surface.

II. COUPLING TO PARASITIC MODES

A coherent light beam with Gaussian field profile conserves itself
from lens to lens in a lens guide if it enters with the right phasefront
curvature and the right half-width w of the field profile.* This
“Gaussian beam” is the lowest order of an infinite set of modes which
can propagate in such a lens guide. All these modes have the same
phase fronts, slightly different propagation constants and a field
profile that can be deseribed by the orthogonal set of hyperbolic
cylinder functions

D,,(z g) = e-=’/W’He,,<2 5) , (5)

where He, are the hermite polymonials.’®1* Note that Hey = 1 and,
therefore, Dy describes the Gaussian beam profile.

The higher the mode number, the further the profile extends about
the lens area. As will be shown, the smooth irregularities under con-
sideration here generate mainly low order modes and those to an
amount that the comparatively small losses at the lens apertures are
negligible. Tt seems justified, therefore, to consider the lenses as un-
bounded.

Assume that a perfect Gaussian beam traverses the optical surface
in Fig. 1. Then the emerging wave function is

u(@) = Do exp [1e(z)] (6)
which, on the other hand, can be expanded into the infinite series

u(x) = Zj: ¢.D, . )
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The expansion coefficient ¢, describes the coupling or scattering from
the Gaussian beam to the nt* mode. Using (6), (7), and the orthog-
onality relation given in Ref. 10, one finds

_ V2/x

n!w

f DoD, exp (i¢) d. ®)

Ca

Multiplying this by its conjugate complex and averaging over the
ensemble yields the average power coupled to the n™ mode from a
Gaussian beam of unit power passing one distorted surface. The calcu-
lation is shown in the Appendix. The result is

_ M2/

nl 2w

[ DD e r(vay —wa O

n

For a Gaussian correlation function F' as defined in (4), the most useful
representation is an expansion in powers of the variance @2

@)t N B (qul )
= ex d L TS 10
D 22n(') p( )Zq| (1+qw/v);- ()
This formula is valid for any value of ® and ». In practice, the con-
verted power is only a small part of the total beam power and there-
fore,

dw/v L 1. 11)

In the case of a lens guide, this is a necessary condition for recon-
version from parasitic modes into the beam to be negligible.

Two cases are of interest: @ is large, say, of the order of 1 rad or
larger, but (11) is satisfied since v is large at the same time. A series
expansion in powers of ®, as in (10), is not very useful in this case.
However, expanding F in powers of w/v and truncating after the
quadratic term yields for (9)

(2n)! (@’ /0°)"
Pr = 22n(n!)2 a—+ ‘1321.02/1)2)“%. (12)

Probably of more importance are optical surfaces which cause a
small rms phase distortion ® but have a correlation length v of the
order or even smaller than the beam width w. Then (10) may be used
and terms with ¢ > 2 in (10) may be neglected. Note that for both
(10) and (12) a summation over all n yields unity. No power is lost
in the conversion process. p, is the power that is left in the Gaussian
beam and 1 — p,, consequently, the conversion loss.
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1IV. THE THREE-DIMENSIONAL REPETITIVE STRUCTURE

To investigate the three-dimensional model, the additional assump-
tion is made that the irregularities are isotropic over the optical area.

The correlation function (4) may then be extended to two dimensions
by

_ 2 _ 2
F = 3* exp I:__ (-’131 xz) ;I; (yl yz) ] (13)
The modes of the new model are defined by two numbers n and m.

It can be shown that groups of modes with the same

r=n-+m : (14)

are degenerate, that is, they travel with the same propagation
constant.**

The coupling coefficients for the three-dimensional model must be
evaluated from double integrals which are separable if higher orders
of ®* may be neglected. One finds for the average power coupled from
a unit power beam

@2
Do =1 — 7732,
1+ °/w 15)
and
2! 2m)! % /w’
pnm - 22n(n!)2 22m(m!)2 (1 + Z)2/,u)2)71+1r|-4-1

Physically more meaningful is the computation of the average power
that is coupled to a complete group of degenerate modes:

for n,m=1,2,---.

(DZ
Po= 1=
(16)
and & /'t
P, = r=1,2,--:

(1 + v2/w2)r+l

It has been shown in Ref. 1 that an optical surface can be adjusted
in such a way that no power is coupled to the first group of parasitic
modes. If this is done, the power loss is a minimum and the power
kept in the beam may be found from (16) to be

_ P2

b=l as oy )
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If, furthermore, one is free to adjust the width of the transmitted
beam at the receiving end, say by a telescope arrangement or by
adapting the local oscillator beam to the width of the signal beam, one
can minimize the losses even further. In this case no power is coupled
to the second mode group either.! The power kept in the beam may be
found from (16) to be

@2

O

It seems reasonable to assume that the irregularities on both sides
of a lens surface are uncorrelated, in which case the powers generated
in both conversion processes simply add. Fig. 2 shows the conversion
loss 1 — 2P, and the powers in the three parasitic modes of lowest
order versus w/v for a lens quality of A/10. For the first approxima-
tion, it is assumed that such a lens has an rms deviation of A = 1/10
though actually the rms value should be somewhat smaller. An in (1)
is 0.5. The loss increases rapidly with decreasing correlation length.
For v < w, the loss approaches the value ®2. For a correlation length
larger than the beam width, almost all the losses are found in the
first parasitic mode.

P, =1 (18)
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Fig. 2 — Average loss and power coupled to higher mode groups by a lens of
quality A/10.



2474 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1967

Proper adjustment reduces the loss by this amount. This is shown
in Fig. 3. For v = 2w, a factor of 4 is gained by adjustment. The loss
decreases by more than an order of magnitude if the beam spread is
neglected also. The lens quality in this example is A/10. Fig. 4 com-
pares the losses for lenses of various qualities. Fig. 5 gives the same
quantities when proper adjustment of the lenses is taken into ac-
count. Fig. 6 in addition neglects spreading of the beam.

For hand-polished lenses, the correlation length can be expected
to be of the order of cm. The beam width in a lens guide depends on
the lens spacing and the wavelength of the transmitted light.'* For
lenses separated by 140 m and red light of 0.63 p, the beam width is
2w = 1 em. Fig. 6 shows that in this case the conversion loss is less
than 0.1 percent and therefore, a negligible amount of the total loss.
Nevertheless, poorly attenuated parasitic modes may build up and
distort the beam profile.

Certainly there is no correlation from lens to lens. So the average
mode power simply increases proportionally to the number of lenses.
The modes under consideration have about the same overall attenua-
tion as the Gaussian beam. Therefore, after N lenses, the average
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Fig. 3— The conversion loss is reduced if the lens is adjusted and a beam
spread tolerated (quality A/10).
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power in the rth parasitic group of degenerate modes is

2NP,
1 — 2NP,

times the power in the Gaussian beam, provided that the conversion
even after N lenses is small enough to permit the negligence of re-
conversion and higher-order loss terms. The average amplitude
ratio is

(19)

V2NP,

1 — NP, (20)
The respective phases even of modes in the same group are undeter-
mined.

To gain a conception of the distortion a situation is assumed in
Fig. 7 to 9 where all modes are in phase. Fig. 7 shows a possible in-
tensity profile after passing a lens of quality A/10 and correlation
length v = 2w. The result is mainly a displacement. In Fig. 8 the
beam passed 10 lenses but these now are adjusted so that the beam
stays on the guide axis. The main effect is a spreading. Fig. 9 is a
sketch of the profile after 100 lenses, all adjusted, and the profile is



Fig. 7—Possible profile distortion caused by a lens of quality A/10.
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reduced to the nominal beam width. There is a slight tilt of the pro-
file and a side lobe, but no basic destruction of the beam.

V. CONVERSION IN THE ATMOSPHERE BETWEEN LENSES

Similar to the mode coupling at certain cross-sections of the lens
guide there can be mode coupling all along the guide if there is a
source of distortion. In the case of a gas between the lenses the source
may be the random fluctuation of the refractive index of this gas.

For simplicity let us return to the two-dimensional model of Fig.
1. Here An, the deviation from the mean index ng, is a function of z
and z. Consider slabs of thickness Az cut perpendicular to the guide
axis. A light beam traversing a slab at z suffers a distortion of its phase
front

o(x,2) = k Az Anz, 2). (21
This causes a conversion into parasitic modes which can be calculated
from (8). The validity of this model has been investigated in Ref. 8.
Its usefulness lies in its physical simplicity which allows controlled

approximations.
Contrary to the lens irregularities §, the index variations An are
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only “locally homogeneous,” which makes it necessary to use struc-
ture functions instead of covariance functions for the statistical de-
seription. In two dimensions the structure function of ¢ is

Slxy — z2 20 — 2,) = ([e(a; ,2)) — o(, 722)]2>- (22)
Instead of (3) the identity
(exp tlp(@: , 2) — e(xs ,2,)]) = exp [—3S]. (23)

will be used later, which may be derived in the same way as (3).?
From Kolmogoroff’s theory for a locally isotropic turbulent flow one
finds??

S = E(A2)0l(x, — z)° + (21 — 2)°)°. (24)

o is called the refractive index structure constant and measures the
strength of the index fluctuations.

If Az, the thickness of the slabs, is made very small the coupling
per slab will be proportional to Az, say c,Az for the nth mode. As-
sume that a Gaussian beam of unit amplitude traverses the air path
from one lens to the next. Then in every slab an amplitude c,Az is
generated in the nth mode. Assume that the coupling to all parasitic
modes is so small that reconversion can be neglected. Then, at the end
of the air path of length L, the amplitude in the nth mode is

a, = f ’ ¢.(2) exp (—inbz/L) dz. (25)

n0/L describes the phase lag between the fundamental and the nth
mode as they travel along the path.' For a confocal system 8§ = /2,
1.e., the phase retardation of the first parasitic mode with respect to
the fundamental is #/2 from one lens to the next. Considering that
the patches of correlated index variations are much smaller than the
lens distance, it can be expected that the phase between low-order
modes changes only a negligible amount within the area of correlated
coupling. In the following, therefore, the phase lag will be neglected.

For the evaluation of (25) it has to be considered also that ¢, is a
function of the beam width w which varies slowly along the transmis-
sion path. In a confocal lens guide the modes are V2 times wider
at a lens than in the center between two lenses.'’ It is by a factor of
this order that the results will deviate from the true values if for the
following w is kept constant and equal to the width at a lens.

With this in mind the expected power coupled to the nth mode can
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be calculated by multiplying (25) by its conjugate complex and taking
the average, which in this case will be an average over an infinite time.
The evaluation agrees with the one outlined in the appendix. Since S
is proportional to the square of the small increment Az the exponential
function in (23) may be expanded up to the linear term of the argu-
ment. The average power in the nth mode is finally

N [ . _
P = nrovw f_w DoDy,[1 — 38,(V'2 9] di (26)
with
L L
Su(e — 22) = fo ‘/; Sy, — x ,2, — 2) dey dzs . 27

Sz, has been calculated elsewhere in connection with the investiga-
tion of a plane wave propagating in a turbulent flow.2® It is called the
phase structure function of a plane wave and describes the statistics
of the phases in a phase front that has traversed a turbulent air path.
Equation (26) states that under the employed approximations the
parasitic power arriving at the path end can be calculated from the
intensity profile of an undisturbed beam multiplied by the phase
structure function of a plane wave at the path end. From Ref. 13
one finds

SL(CL'I - xz) = 2.91]{:2L0(x1 - x2)5/3. (28)

As long as the function Sy, is of the form & for « > — 1 the follow-
ing general solution can be found for (26):

Dn = Gon — SL('\/§ ’LU) ?‘(‘12‘) n

)(_1)n2a/2 (29)
with

{1 for n =20
6071 =
0 for n=1,2, ..

For the three-dimensional case again groups of modes with equal
propagation constants are combined. The expected power in the rth
* group can be calculated from an expression similar to (26) but with
double integrals for the x and y coordinates. It is

P, = 8, — S,(V2 w) g r(%)("‘é 2)(—1)”2*’”’. (30)
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In the case of the plane wave approximation « = 5/3. 1 — P, is
the total average power loss for a Guassian beam. Note that the sum-
mation over all P, yields unity. No power is dissipated.

The application of the waveguide model is no longer useful if the
refractive index variations are so large that reconversion from para-
sitic modes into the fundamental must be considered. The mode con-
version at the path end, however, may then still be calculated from
the undisturbed profile multiplied by the appropriate phase structure
function. Only, the phase fluctuations at the path end will then be so
large that an expansion of the exponential function in (26) is no
longer valid. For a configuration close to confocal the phase structure
function S, of the plane wave will be a good starting point to calculate
the expeeted powers

_ V2r

Tl 2w

[ Db esp as(VIOIE @D

A better approximation would have to consider the amplitude varia-
tions at the path end in (34) as well. It has been shown elsewhere
that its neglection results in an error of the order of two only.'t

The results given in Fig, 10 for the three-dimensional case were
calculated from an expression similar to (31). Fig. 10 shows the loss
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Tig. 10 — Average loss and power coupled to higher mode groups versus the
phase correlation parameter (2.91 k°Lo)-** for a turbulent medium.



2482  THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1967

in the beam and the powers in the first four parasitic mode groups
versus the correlation parameter

v = (2.91k*Lo) ™" (32)

which is a measure for the correlation at the path end. This plot al-
lows a comparison with Fig. 2.

For large v the curves in Fig. 10 turn into straight lines indicating
a functional dependence w*? as given by the approximate formula
(30). Also for large v the ratio between P; and the total loss is a con-
stant close to 1. By measuring P; the total power loss can be found.

This has been done in an experimental underground lens guide
using a photoresistor bridge.” The first mode group consists of two
modes of equal average power orientated in perpendicular planes. The
photoresistor bridge described in Ref. 7 measures the instantaneous
amplitude of one of these modes as compared to the amplitude in the
fundamental. Actually if this ratio is of the order of some percent or
smaller it is equal to the ratio of bridge signal V to bridge battery
voltage Vo (see Ref. 7). The variance of this signal is the ratio of ex-
pected first mode power to beam power and twice that is the loss.
Neglecting a seasonal slow beam drift a variance of 3 10~7 was meas-
ured in a 400-foot section of the underground lens guide. The loss is
consequently of the order of 10-¢ of the total power.

It cannot be asserted here that this loss is indeed due to atmospheric
effects. Microseisms may cause fluctuations of the lens positions that
lead to disturbances of the same order. The measurement must be
understood merely as an upper limit for the conversion caused by a
well-shielded air path. The conversion expected from the lenses is
several orders of magnitude larger, but, being independent of time,
it can only be measured in a large number of sections to represent a
reasonable average. An experiment of this kind is described in Ref. 5.

VI. CONCLUSIONS

In a lens guide with widely separated solid lenses, aberrations are
negligible as compared to random surface irregularities. How much
a Gaussian beam is distorted by the irregularities depends not only
on the rms deviation A, but also very strongly on the dimension of
the irregularities as compared to the beam cross-section.

For a beam of width 2w, which loses no power into the two parasitic
modes of lowest order, the conversion loss is proportional to (w/v)®
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where v is a correlation length defining the dimension of the irregulari-
ties. Consequently, w should be made small enough to assure that the
conversion loss is negligible compared to all other losses and that the
beam profile distortion caused by the generated parasitic modes is
tolerable.

A beam with nominal width of 1 cm seems to satisfy these condi-
tions if lenses with a quality A/10 are used. These calculations are
based on a conservative estimate of 1 cm for the correlation length.
In this case, the conversion losses are smaller than 0.1 percent per
lens and 1/10 of all other losses. The profile after 100 lenses may, at
best, exhibit small side lobes with a peak intensity of the order of
1 percent of the beam peak intensity.

Refractive index variations in the air path between the lenses also
lead to a conversion loss. It grows with w?/3 for weak distortions. In a
400-foot section of the underground lens guide described in Ref. 7 an
upper bound for this loss was measured to be 10-¢ of the total power.

APPENDIX

A meaningful measure for the effect of surface imperfections is the
power coupled from the Gaussian beam into parasitic modes, averaged
over the ensemble of equivalent surfaces:

P, = nl{c,ck). (33)
The coupling coefficients ¢, are given by (8). After changing the order
of integration and averaging process and by replacing the ensemble
average by an average over the surface, one gets

Pn = 2 .[f Do(xl)Dn(xl)Do(xz)Dn(xzxe“wzl)_ﬂzm) dx, dz, , (34)

T oalaw’
where all integrals here and in the following extend from —e to + .
To separate the double integral in (34), it is appropriate to change to
new coordinates
T — T, z + 2,

—* and === 35

V2 T Ve (85)

in the plane of integration. From the properties of the hyperbolic
cylinder functions, the identity

& =

D, (x)D,(x,) = :;) (—2)_”<Z)DZP(E)D2n—2P(1’) (36)
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can be derived. The use of (35), (36), and (3) turns (34) into

" i( 2)*“( > f DoDaray dn f DyDae” VPO gt (37)

p=0
and because of the orthogonality of the D,, this can finally be sim-
plified to

P = V2/x (;!220 f DoDae™ V200" g, (38)

REFEREN CES

1. Marcatili, E. A. J., Effect of Redirectors, Refocusers, and Mode Filters on
Light Transmission Through Aberrated and Mlsahgned Lenses, to be
published.

. Ruze, I, Antenna Tolerance Theory—A Review, Proc. IEEE, 64, April,
1966, pp. 633-640.

. O’lETJeilI, E6 L., Introduction to Statistical Optics, Addison-Wesley Publishing

o., 1963.

. Rowe, H. E., Lenses with Random Imperfections, unpublished work.

. Gloge, D., Pulse Shuttling in a Half-Mile Underground Lens Guide, to be
published.

. Mareatili, E. A. J., Ray Propagation in Beam Waveguides with Redirectors,
BS.T.J,, 46, January, 1966, pp. 105-116.

. Gloge, D., Experiments with an Underground Lens Waveguide, BS.T.J,, 46,
April, 1967, pp. 721-735.

. Matveyev, R. F., Analysis of the Passage of Beamguide Waves Through
an Inhomogeneous Medium, Radio. Eng. Electron. Phys., 11, November,
1966, pp. 1721-1727.

9. Schmeltzer, R. A, Means, Variances, and Covariances for Laser Beam

Propagation Through a Random Medium, Quant. Appl. Math. 24, April,
1967, pp. 339-354.

10. Magnus, W., and Oberhettinger, 1., Formulas and Theorems for the Functions
of Mathematical Physics, Chelsea Publishing Co., New York, 1954, p. 93.

11. Boyd, G. D. and Kogelnik, H. W., Generalized Confocal Resonator Theory,
BS.T.J., 41, April, 1962, pp. 1347-1369.

12. Kolmogoroff A. ., in Turbulence, Classic Papers on Statistical Theory, edited
by Friedlander, 8. K. and Topper, L., Interscience Publishers, Inc.,, New
York, 1961, p. 151.

13. Tatarskl V. I Wave Propagation in a Turbulent Medium, McGraw Hill
Book Co Inc New York, 1961, pp. 93-115.

14. Fried, D. L Statistics of a Geometric Representation of waefront Dis-
tortlon, J. Opt Soc. Amer., 65, November, 1965, pp. 1427-1435.

W NS Gtk W N



Contributors to This Issue

Vicrav E. Bene§, A.B., 1950, Harvard College; M.A. and Ph.D., 1953,
Princeton University; Bell Telephone Laboratories, 1953—. Mr. Benes
has been engaged in mathematical research on stochastic processes,
traffic theory, and servomechanisms. In 1959-60 he was visiting lec-
turer in mathematics at Dartmouth College. He is the author of
General Stochastic Process in the Theory of Queues (Addison-Wesley,
1963), and of Mathematical Theory of Connecting Networks and
Telephone Traffic (Academic Press, 1965). Member, American Mathe-
matical Society, Association for Symbolic Logie, Institute of Mathe-
matical Statistics, STAM, Mind Association, Phi Beta Kappa.

Tuomas G. Cross, B.S.E.E., 1963, California State Polytechnic Col-
lege; M.S.E.E., 1965, Northeastern University; Bell Telephone Lab-
oratories, 1963—. Mr. Cross has been involved in a group responsible
for the system analysis of the new TD-3 Long-Haul Radio System,
and is currently involved in system planning for microwave radio
relay systems.

Derrer Grocg, Dipl. Ing., 1961, D.E.E., 1964, Braunschweig Tech-
nische Hochschule (Germany); research staff, Braunschweig Tech-
nische Hochschule 1961-1965; Bell Telephone Laboratories, 1965—.
In Braunschweig, Mr. Gloge was engaged in research on lasers and
optical components. At Bell Telephone Laboratories, he has concen-
trated in the study of optical transmission techniques. Member, VDE,
IEEE.

Jack M. Hovtzman, B.E.E., 1958, City College of New York; M.S.,
1960, University of California (Los Angeles) ; Ph.D., 1967, Polytechnic
Institute of Brooklyn; Hughes Aircraft Company, 1958-1963; Bell
Telephone Laboratories, 1963—. Mr. Holtzman has worked in various
aspects of systems and control theory. Member, SIAM, Sigma Xi.

GEerALD KronNacCHER, Diploma in Electrical Engineering, Federal In-
stitute of Technology, Switzerland, 1937; professor of physics and
chief of the Meteorological Observatory, University of Potosi, Bolivia
(concurrently associated with the Unificada Mining Company),

2485



2486 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1967

1940-46; Bell Telephone Laboratories, 1953—. He was engaged at
first in the development of analog-to-digital converters. He obtained
several patents including one covering the multi-pole-pair resolver, a
precise angle transducer, and published several technical papers. He is
concerned with shielding electronic equipment from atmospheric elec-
tromagnetic pulses. Senior member, IEEE.

Kanevuki Kurorawa, B.S., 1951, Ph.D., (Engineering), 1958, both
from the University of Tokyo; assistant professor, University of
Tokyo, 1957-1963; Bell Telephone Laboratories, 1963—. Mr. Kuro-
kawa has been engaged in designing and developing microwave tran-
sistor amplifiers. He supervises a group responsible for the exploratory
development of solid state functional devices and circuits. Member,
IEEE, Institute of Electronics and Communications Engineers of
Japan.

MasoN A. Locan, B.S., 1927, California Institute of Technology;
M.A., 1933, Columbia University; Bell Telephone Laboratories, 1927-
1967. His early work included transmission design problems of local
manual and dial circuits and circuit research on alternating current
methods of signaling. During and immediately after the war he worked
on mine fire-control systems, proximity fuses, Nike-Ajax, and other
military projects. Later he was engaged in development of electro-
magnets and relays, followed by development of instrumentation for
semiconductor device process control and evaluation. The article in this
issue is related to his interest in this field. Most recently he has been
supervising the development and design of new four-phase data sets
for world-wide government networks. He retired after more than 40
years of service and now lives in Sun City Center, Florida.

Dean W. Maugrer, B.S. (Chemistry), 1954, Carnegie-Mellon Uni-
versity; Ph.D. (Chemistry), 1959, University of Rochester; Bell
Telephone Laboratories, 1959—. Since joining Bell Laboratories Mr.
Maurer has been concerned with the chemistry of vacuum tube
devices, thermionic emission and life factors, and the development
of new and improved cathode types. In 1964 he became concerned
with the development of new photosensitive materials for hologram
recording media. In January 1967 he became supervisor of the Nickel
Cadmium Battery Applications and Development Group. Member,



CONTRIBUTORS TO THIS ISSUE 2487

American Physical Society, American Association for the Advance-
ment of Science, Sigma Xi.

Erviorr R. Nacesere, B.E.E., 1959, City College of New York;
M.E.E., 1961, New York University; Ph.D., 1964, California Insti-
tute of Technology; Bell Telephone Laboratories, 1964—. Mr. Nagel-
berg has been concerned with problems involving microwave antennas
and propagation. Member, IEEE, American Physical Society, Eta
Kappa Nu, Sigma Xi.

C. M. PrEass, B.Se., 1953, Ph.D. (Chemistry), 1955, both from the
University of Southampton, England. Scientific Officer, Atomic Weap-
ons Research Establishment, England, 1955-1959; Fellow, National Re-
search Council of Canada, 1959-1961; Bell Telephone Laboratories,
1961—. Mr. Pleass was engaged at first in the development of high
reliability electron tube cathodes. Subsequent research involved pho-
tosensitive materials for use in hologram recording. He is responsible
for Picturephone* materials and processing at the Reading Laboratory
of Bell Telephone Laboratories.

Davip SuepiaN, 194143, University of Michigan; M.A., 1947, Ph.D.,
1949, Harvard University; Bell Telephone Laboratories, 1950—. He
has been engaged in mathematical research in communication theory
and the theory of noise, as well as in a variety of aspects of applied
mathematics. Mr. Slepian has been mathematical consultant on a
number of Bell Laboratories projects. During the academic year
1958-59, he was visiting Mackay Professor of Electrical Engineering
at the University of California at Berkeley and during the Spring
semester 1967 was a Visiting Professor of Electrical Engineering
at the University of Hawaii. Member, AAAS, American Math. So-
ciety, Institute of Math. Statistics, IEEE, STAM.

R. D. StanprLeEy, B.S., 1957, University of Illinois; M.S., 1960,
Rutgers University; Ph.D., 1966, Illinois Institute of Technology;
U.S. Army Research and Development Laboratory, Fort Monmouth,
N. J,, 1957-1960; IIT Research Institute, Chicago, 1960-1966; Bell
Telephone Laboratories, 1966—. At Fort Monmouth, Mr. Standley
was project engineer on various microwave component development

* Registered trade mark of the Bell System.



2488 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1967

programs. His work at IITRI included microwave and antenna re-
search, and management of an electromagnetic compatibility group.
At Bell Telephone Laboratories he has been concerned with millimeter-
wave up-converters, local oseillator injection filters, and channel drop-
ping filters. He is investigating millimeter-wave impact ionization
avalanche transit time diode devices, integrated circuits, and time
delay equalizers. Member, IEEE, Sigma Tau, Sigma Xi.



