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N (D] L
A Tk

have appeared in the previous equations, such as in (30). It is obvious
from Fig. 1 that [N1(f)1%/|4¢(f)| may be interpreted as the noise-
to-signal ratio of the first analog link, [Na2(f)]%/]|A:(f)| as the
noise-to-signal ratio of the second analog link, and so on. A similar
noise-to-signal ratio has* % appeared in optimizing the transmitting
and receiving filters for a given channel (see Section II). Since such
noise-to-signal ratios are usually not periodic functions in f, it is
customary to assume that for any f and k we have either

Vs [N iy - %ﬂ
LA | ]Al(f‘%)l :

[Non (D] [N ol - %ﬁ
40 [ < ‘&O_%l

This assumption is valid for most practical cases.

In the following we assume that (31) or (32) holds simultaneously
for ! =0, 1,..., L. Physically, this means that the pass and attenua-
tion bands (valleys and peaks of the noise-to-signal ratios) of the
analog links coincide. Important applications where this assumption
is valid are considered in Part IT of this study.? It should be em-
phasized that this assumption is usually valid because carrier modula-
tion can and should be used at the analog repeaters to shift the fre-
quencies so that the pass and attenuation bands of the analog links
coincide and the transmission media are best used.

From the above assumption, it is easily seen that

-]

4fi-1)]

for any f and k £ 0, regardless of the values of the A\;’s. Comparing
(33) with (19) to (21), we see that (21) is not satisfied. Therefore,

@31

or

(32)

E D]t DenDS V(D1 i Z N

4.0 | (33)
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from Section V, (15) and (25a) cannot be satisfied at both f and f —
k/T for any f and k # 0. Consequently, the set of integers &, defined
after (25a) cannot contain more than one element, and (26a) beecomes

-2 )

Substituting (34) into (25b) gives

w6y DL B

- a0 - Z P50] gy res

=0

=0, for me@®,;, kE# 0. (34)

From this the transmitting filter is determined as

TIN.(H)
MO | Aof) [N

{map — EWe s

For the solution of the optimization problem to be valid, the solu-
tions of |B;(f) | must satisfy the conditions

|B.(fyl =0, l=0,1, --,L+1.

These conditions can be used -to determine the appropriate signs of
(\)} 1 =0, ---, L. Consider first the possibility that (\)* < 0. It
can be seen from (8) that (\)* < O and |B,() |*= 0,1 =1, ---, L,
together require

| Bo(f) I =

(wr<o, =1, , L
But, from (35), the conditions
(ai<o, =01, ,L,
would imply that ‘
| Bo(f) I* = 0,

which is not a valid solution. Therefore, (\o)? cannot be negative and
must be positive. It can be shown from (35), (8), and (9) that (\o)! > 0
and | B;(f) |* =0,1=0, L + 1, together require that*

* D(f) defined in (36) is an abbreviation used later.
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D(f) = [TM (]’

L Ll -9)]

- 2N
= a3

and that (\)¥» > 0,1 = 1, ..., L. From these and the fact that
(Xo) ¥ must be positive, it is concluded that the solution is valid only
when (36) is satisfied and

()\l)% > Oy [ = 0; e )L- (37)

The necessary conditions in (36) and (37) are used later in determining
g and ®; .

By substituting (26b), (35), and (8) into (3), together with some
algebraic manipulation, it can be shown that the power constraints
in (3) can be expressed as:

=0

- )

fed; me ®, (36)

L
)\%PIZBI—Z)\iaM, l=0,1,"‘,L (38)
r=0

Toulo- 5]
a3

T [C ) B

)] el

Clearly, if 9 and ®, are known, 8, , ay;, and (\;)? can be computed,
the validity conditions in (36) and (37) can be checked, and the filter
characteristics can be computed from (35), (8), and (9). Thus, the
optimization problem is reduced to that of determining the g and ®,
which minimize the mean-square error & in (30), subject to the power
constraints in (38) to (40) and the validity conditions in (36) and (37).

where

B = [ rugy d, (39)

6.1. Mean-Square Error versus G,

Before a design procedure can be proposed, it is necessary to under-
stand the relationships among &, J, and ®,. Such are the subjects of
this section and the next, and Section 6.3 gives a simple design procedure
based on the results.
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From (30) and (39), the mean-square error can be written as
L
§ = mo— [ TM() df + 2 N
=0
From the definition of M (f) in (2), it is easily shown that
1/2T
| e df = m, .
-1/2T

From (41) and (42), we may decompose & into
&§ =8 + &

where

&

[ moep o~ [ maap o

-1/2

and

L
& = Z )\%51 .
=0

(41)

(42)

(43)

(44)

(45)

Since T and M(f) are given, &, depends on g, but not on the integer
in @&, . Therefore, for any d, the integer in &, must be chosen to minimize
&, subject to the power constraints in (38) and (40) and the validity

conditions in (36) and (37),

If we define
Y Bo
>\}
A= '1 ’ g = ["31 ’
N z
Po -+ Qoo 22T e Qro
Q — 225} P1 +oyy - )
QoL ayr, PL + aLL.J
then the power constraints in (38) take the compact form
QA =3

and (45) becomes
& = A8 = A’'QA.

(46)

(47)

(48)

(49)
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It can be shown that Q is positive definite; hence, Q™' exists and
we may combine (48) and (49) to obtain
8 = §'A = §'Q7'6. (50)
For each f, one may choose m to minimize the ratios
Nilf — m/ /| Au(f — m/T) | .

When this is done, 8, and «;, decrease—see (39) and (40)—and the
elements of § and Q decrease—see (46) and (47). However, it is difficult
to see from (50) whether &, would decrease or increase (the elements
of 8 and Q decrease, but the elements of Q™' may increase).

We resolve this difficulty by first considering the increment in &,
resulting from arbitrary changes in the ratios

[l =)
a(-5)]

For brevity, we use the abbreviations

[l -5)] o

, l=0,.--,L; meQ®; .
4(-4)]

Let T';(f) denote the inerement in C,(f), I = 0, - -+ , L. The resulting
increments in A}, &,, A, §, and Q are denoted, respectively, by A;,
d, A, 8, and Q.

Notice that the increments T',(f), I = 0, --- , L, are not necessarily
small.

Replacing Q, A, 8, and &, by (Q + Q)) @A+ 11): ©¢ + 6)1 and
&; + d, respectively, one has from (48) and (49)

Q+PA+A) =6+8 (52)
8 +d=(A+ A)G+ B (53)

1=0,--,L

Cz(}l) =

From (52) and (48)

QA =§ — QA — QA. (54)
From (53) and (49)

d= A8+ A3+ A'B. (55)
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Multiplying (48) by A’, transposing A’QA in the resulting equation,
noting that Q is symmetric, and using (54), one obtains

AB = A8 — A'QA — A’QA. (56)
Substituting (56) into (55) gives
d=A%+ 3 (A + A) —A'QA + A). (57)

By the definitions of 8; and ap; in (39) and (40), and by the defini-
tions of the increments, one can show after some manipulation that

ABA+ A = S+ A [ [Z x%cz(ﬁ]rh(f) af

k=0

+ Z A fg {E N+ AdlC) + m(f)]}n(f) df  (58)

h=0

L

Ba+X) = 20+ a [ M) of (59)
aG= 2N [ i o (60)

We are looking for a condition to determine the sign of d. We must
decompose or combine the terms in such a way that the condition, if
it exists, can be detected. This is done by substituting (58) to (60)
into (57) and casting the resulting equation in the following form:

d= é M+ Al /; {[TM N — ;) X?Cz(f)}l‘h(f) df

L L
+ g M f, {[TM nk - ;} N+ AdlC + I‘z(f)]}I‘h(f) df. (61)
From (61) we can prove a theorem about the selection of ®, for any
given 4.

It has been shown after (35) that the solution of the optimization
problem is valid only when (36) and (37) are satisfied. From the defini-
tion of C,(f) in (51), (36) can be written as

L

D) = [TM(N]* — X MC:(H 2 0, for fes. (36)

1=0
For any given 4, let us define:

{®,}s = the set of all the choices of &,

which, together with the given d,
satisfy (36) and (37). (62)
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We have assumed that (31) or (32) holds for all I; therefore, there is a
choice of & in {®,}, which simultaneously minimizes C;(f),l =0, - -+, L.
For later use, let us define:

®.s = the ®, in {®,}, which minimizes C,(f), 1 =0, ---, L. (63)

If we change ®, from ®; 4 to &,.s, which is also in {®,}s, C',(f) will
be increased, say, from C,(f) to C,(f) + T.(f), where

Pl(f): ’ l=0;,L

We have shown that if C,(f) is increased to C,(f) + I'.(f),l =0, --- , L,
&, is changed to &, 4 d, where d is given in (61). Since @,.4 is in {®,}4,
(36) and (37) are satisfied. Since @,,s is also in {®,}s, (36) and (37)
are again satisfied, but in the form

MY~ 3 04+ Al + T0) 2 0, for fes

and
M4 A >0, =0 ---,L

because C,(f) is increased to [Ci(f) + T.(f)] and (\,)! is changed to
()Y 4+ A,]. Substituting (36), (37), and the two inequalities above
into (61) shows that

d>0.

Therefore, &, and & increase when @&, is chosen instead of ®,.s (&
is fixed for a given 9). This proves:

Theorem 1: For any given 9, the mean-square error & is minimized by
selecting Ry.s tn {Rylg .

Clearly, ®;.¢ is the optimum ®, for the given g because it minimizes
the mean-square 8, subject to the power constraints in (38) to (40)
and the validity conditions in (36) and (37).

6.2 Mean-Square Error versus 4

We now consider the variation in the mean-square error when a set
of frequencies is deleted from a given d. Let us define a frequency set
g as

g = {f : ——1— <f= 2T and ®; is an emptyset}

Clearly, 9 M g is an empty set and 9 |J J is the frequency set —1/2T <
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f < 1/2T. Equation (43) can be written as
& = f TM() df + A’S. (64)
s

Let @ be a set of frequencies in 9. By deleting € from 9 we mean that
®, is changed to an empty set for f € @, but remains unchanged for
f ¢ @. When Q is deleted from ¢ (that is, when 4 is changed to 9 — @),
9, Q, A, B, (\)}, and & are changed to (§ + @), (Q — Q), (A — A),
B — B), [(\)} — A}, and (& + e), respectively. Equation (64) is
changed to the form

&4 e= j; T+ (A = A6~ B (65)

Since @ C 9 and 9 (N J is an empty set, @ N g is an empty set. From this
we may subtract (64) from (65) and obtain

¢ = fn TM() df — A§ — A’8 + A'B. (66)
It is seen from (48) that
A8 = A’QA. 67)
When g is changed to 9 — Q, (48) is changed to
Q- QA —A) =8-6 (68)

Subtracting (48) from (68) and combining the resulting equation with
(67)‘yields

A'B = A3 — A'QA + A’QA. (69)
Substituting (60) into (66) gives
o= fﬂTM(f) df — AF — (A — A)F + A’0A — X).  (70)
The sth element of the vector § is
[wapre. . .

The 7th element of the vector A is A;_, . The element in the ith row
and the jth column of Q is

jﬂ Cea(NCa(P) df.
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Using these element values, it can be shown from (70) that

e = L{[TMOH* - ot Az)Cz(f)}{[TM(f)]* > mm} daf.

=0 =0
(71)
We have shown in Theorem 1 that C,(f) should be minimized. Thus,
®, should be selected to avoid those frequencies where C,(f) = =

(for instance, where discrete tone interferences exist). Furthermore,
the validity conditions in (36) and (37) cannot be satisfied at such
frequencies. Therefore, we may assume, without loss of generality,
that C,(f) ¢ e for the given ®,. The variation in (\;)}, A,, then
approaches zero when the variation in 4, @, approaches zero. There-
fore, if Q@ is replaced by an infinitesimal frequency set 0, A, becomes
negligible and (71) becomes

o= [{mnep — $cof o @)

We have defined in (36) the abbreviation

L

D(j) = [TM(} — ;’ NC.(f). (73)

It is seen from (71) that if
D) =0, forall feQ, (74)

then e is zero and & is unchanged when @ is deleted from 4.

If D(f) # 0 for some f ¢ Q, there is, in ©, an infinitesimal frequency
set 0 in which D(f) £ 0. If 0 is deleted from 4, ¢ is given by (72). The
integrand of (72) is [D(f)}* and is positive; therefore, when © is deleted
from g, e > 0, and & increases. Repeating the deleting process we see
that & can only increase when any frequency set Q is deleted from ¢
and D(f) £ 0 for some f ¢ Q.

The above proves the theorem:

Theorem 2: For any given 9 and ®, which may or may not satisfy the
validity conditions in (36) and (37), and for any Q@ C 9, deleting Q from
g will not change the mean-square error & if D(f) = 0 for all { € Q, and
will increase & ©f D(f) = 0 for some | € Q.

6.3 A Design Procedure

The ambiguity in (50) is resolved in Section 6.1. It is proven in
Theorem 1 that, for any given 4, the &, which minimizes C,(f), I =
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0, -+, L, is the optimum choice among all the solutions of &, which
satisfy the validity conditions and power constraints. Theorem 2 shows
that deleting a frequency set € from a given d will increase or not change
the mean-square error (never decrease). It is clear from these results
that, in searching for the optimum ¢ and ®,, one should begin with
the largest possible 9 and with the ®&, which minimizes C,(f), I = 0,
-+, L. From the definition of g in (27), the largest possible g is seen
to be

o = {1 S 12 ) 75)

Thus, we can propose the following simple design procedure:

Choose § = 9,y - For each f in J,,,, , choose the ®; which minimizes
¢,(f),l =0, .-+, L. Compute 8, , an; , and (\,)* from (39), (40), and
(48), respectively. If the resulting values of (\,)* satisfy the validity
conditions in (36) and (37), the above choice of 9 and &, is optimum.
The power constraints are satisfied by computing (\;)} from (48).
The mean-square error & is minimized.

Increasing C,(f) or deleting some frequencies from 9., will increase &.
See Theorems 1 and 2.

The optimum filter amplitude characteristics are given by (35),
(8), and (9). The over-all phase of the system, 6(f), is given by (24)
(the system may have an additional time delay). As discussed previously,
6(f) may be distributed arbitrarily among the repeaters. The minimum
mean-square error is given by

L
& = Z X%Bt .
1=0
Thus closed form results are obtained if the choices of 4 and &, in
the above design procedure satisfies the validity conditions in (36)
and (37). As illustrated by the applications in Part II, such validity
conditions are usually satisfied under normal operating conditions.

VII. CONCLUSION

The joint optimization problem is solved in closed form for deter-
ministic sampling under two conditions:

(7) The pass and attenuation bands of the transmission media must
coincide: (31) or (32) holds for all I. This is usually the case, because
similar transmission media are usually used. Moreover, carrier modu-
lation can and should be used at the repeaters to shift the frequencies
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so that the pass and attenuation bands coincide and the transmission
media are best used.

(7) The validity conditions in (36) and (37) must be satisfied (see
Section 6.3). As illustrated in applications in Part II, such conditions
are usually satisfied.?

The closed-form expressions for the optimum repeater character-
isties and the minimum mean-square error can be computed using the
procedure in Section 6.3.

Two theorems are proven in Section VI for resolving the ambiguity
in the selection of the transmission band. These theorems hold regard-
less of the second condition above.

Timing error is also considered. It is shown that in the transmission
band, the jth analog repeater (j = 1,..., L) should have an ampli-
tude characteristic proportional to the given function (see Fig. 1).

[Nz('iig)]%[l 00 |]

This simple specification holds regardless of the timing jitter distri-
bution, the message sequence spectral density, and the two conditions
above. These conclusions are deduced from this result:

(7) Since the above given function is in general well-behaved, and
since the analog repeaters may have arbitrary phases, the optimum
analog repeaters can be closely realized.

(&z) It is not only economical, but also optimum, to use identical
analog repeaters (which may have different gain factors) in many
systems where the repeater noise spectral densities differ only by
multiplicative constants (but are not necessarily flat with frequency),
and the amplitude characteristics of the transmission media differ
only by gain constants.

(t2¢) If the repeater noise spectral densities differ only by multipli-
cative constants (and are not necessarily white), each analog repeater
will be required to provide amplitude equalization for its adjacent
transmission media (with arbitrary phase equalization). This specifi-
cation for digital transmission is the same as the requirement for
analog repeaters in a voice system.! Thus, by installing a digital as
well as an analog repeater at the (L-1)th repeater location, a hybrid
system can be used for either digital or voice transmission without
changing the L analog repeaters between.
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Hybrid Digital Transmission Systems
Part II: Information Rate of
Hybrid Coaxial Cable Systems

By S. L. FREENY and ROBERT W. CHANG

(Manuscript received March 11, 1968)

The information rate of a hybrid coaxial cable transmission system using
multilevel pulse amplitude modulation is studied, assuming that the additive
repeater noise has a flat spectral density and that statistically independent
message symbols are transmitted. Questions considered theoretically are:
(7) Reduction in information rate when some repeaters in an “all digital
repeater” system are replaced by analog repeaters, (it) Number of digital
repeaters required for converting an analog system to digital service, (44t)
Information rate versus number of added analog repeaters in a fixed digital
repeater section, (1v) System sensitivity to repeater output power and noise
spectral density variations, and (v) Bit rate versus baud rate and achieving
the greatest bit rate. Curves and tables answer these questions.

It is economical and theoretically optimum fo wuse identical analog
repeaters and uniform repeater spacing for the coaxial cable systems con-
sidered. The optimum gain-frequency characteristic for the analog repeaters
1s the same for both analog and digital transmission. Analog cable systems
can be adapted directly to hybrid digital service with no compromise in
theoretical performance.

I. INTRODUCTION

In Part I} the general problem of optimizing the parameters in a
hybrid (combination digital and analog) transmission system was
considered. Closed form expressions were obtained for the transmit-
ting, receiving, and analog repeater filters which would minimize the
total mean square error at each digital regenerator. In this part these
formulas are applied to the important special case where the transmis-
sion medium is coaxial cable, under the assumption that the additive
repeater noise has a flat spectral density and that statistically in-

1687



1688 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1968

dependent message symbols are transmitted. No attempt was made
to include practical details of circuit and filter design.

II. A COAXIAL CABLE HYBRID DIGITAL TRANSMISSION SYSTEM

A hybrid digital transmission system is illustrated in Fig. 1. In-
formation symbols {a;} are transmitted from one digital repeater to
the next through L analog repeaters. Multilevel pulse amplitude
modulation is considered. Each symbol a; can assume any one of v
equally spaced levels with probability 1/v. The spacing between two
adjacent levels is denoted by d. The levels are assumed symmetrically
spaced about zero; hence,

Lla;] =0

Blag) = =1, 1

Notice that v can be an odd as well as an even integer. As usual, the
ax’s are assumed to be statistically independent.

The a;’s are transmitted sequentially at T second intervals. The
baud rate of the system is 1/7, and the bit rate is

R = (1/T) log, v bps. 2)
It is assumed that the input amplifiers of the analog and digital

SENDING
DIGITAL |
REPEATER P COAXIAL R coAxIAL P coAxIAL
\l CABLE \ CABLE \ CABLE
{ak} TRANS-|} \ \
MITTING Yo A(F) + B, (f) LXs] Yol A(F) b=
FILTER | |
£ I FIRST SECOND
Bo(f) ANALOG ANALOG
l REPEATER REPEATER
l NOISE No
No
l RECEIVING
LrH DIGITAL
ANALOG COAXIAL ’ REPEATER
REPEATER CABLE
TO
- BL(®) A(8) (D) RESENING XM f1} pecision
P CIRCUIT
I | BL+(f)
No No I

Fig. 1 — A hybrid coaxial cable digital transmission system.
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repeaters introduce zero mean thermal noise of constant spectral den-
sity Ny watts per hertz over the frequency band of interest. The av-
erage signal powers at the analog and digital repeater outputs are
constrained to be P.

As in all linear pulse amplitude modulation systems, the signal at
the decision circuit input—X (¢) in Fig. 1—is sampled sequentially
at T second intervals, and the kth time sample by is used as an esti-
mate of aj. The system’s performance is measured by the familiar
criterion of mean square error between by and a;, that is, by the
quantity

& = E[(bx — a)’]. 3)

The system is said to be optimum if & is minimized by jointly designing
the analog and digital repeater characteristics.

It is shown in Appendix A that for the coaxial cable systems con-
sidered the mean square error & is further minimized if the analog
repeaters are equally spaced along the cable. Therefore, uniform repeater
spacing is henceforth considered. The transfer function of the coaxial
cable between each two repeaters is denoted by A(f) (see Fig. 1). Over
most of the useful frequency range one may assume® '

LA | = R nZaY “
where

S = cable length in miles

fo = frequency at which one mile of cable has attenuation of one
neper (a cable constant).

The analog and digital repeater characteristics that minimize &
can be determined using the general results in Part I (see Appendix B).
The main purpose of this part is to explore the interesting characteristics
and potentialities of hybrid cable systems. Let us define

N = (L + 1)N,

& = The minimum value of & that can be attained by jointly de-
signing the analog and digital repeater characteristics.

S
b= Gt ®

Notice that u is the cable attenuation in nepers measured at a fre-
quency equal to one half the symbol rate. Using results in Part I, it
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is shown in Appendix C that if
L,
No -

then the bit rate of the optimum system can be related to all other
system parameters by

1 ]. 2u 2u #
(L-I—l)ﬁ?[z;xe — 3¢ + 4¢" — 1] (6)

J SP L 9u— e + 1 [
&

1 + 2 .? .

342 [(w — De + 1) [
The condition in equation (6) requires that the signal-to-noise ratio
of the system be larger than a certain value. This condition is satis-
fied under normal operating conditions for the following reason. It
can be shown that the quantity

1
R = o7 log, )

% [2ue™ — 3¢ + 4¢* — 1]

in equation (6) is zero when u is zero, and increases with u. There-
fore, the right side of equation (6) increases with the number of
analog repeaters, the symbol rate 1/T, the repeater spacing 8, and
the attenuation in the cable (that is, 1/f,). It can be shown that if
L, 1/T, §, and 1/f, are made so large that equation (6) is not satis-
fied, the optimum system will be forced to use a bandwidth less than
the Nyquist bandwidth 1/27 to reduce thermal noise. A system should
not be designed to operate under such an extreme condition since
intersymbol interference increases rapidly as the bandwidth is reduced
to less than the Nyquist bandwidth 1/27.

For equation (7) to be useful one must assume something about the
probability distribution of the total interference (intersymbol plus
noise). This allows one to relate the ratio &/d® to the average probability
of error. In the remainder of this paper the natural and useful assump-
tion will be made that the total interference is normally distributed.
Evidence to date indicates that this assumption is actually conservative
and that average error probabilities even less than those stated would
actually be obtained in most cases.’

III. SELECTION OF SYMBOL RATE

To facilitate comparing bit rates of systems which have different
values, we ignore the variation of error probability with number of
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levels, which can be at most a factor of two (for details see Ref. 4,
pp. 114-118), and assume that it depends only on &/d°. Specifically,
a value of d°/& = 126 gives an error rate of 10° for binary transmission.
Unless stated otherwise, this value for the ratio will be used throughout.
Consider now the system parameters. The cable constant f, is usually
a given parameter. Values which the thermal noise spectral density N,
and the power constraint P may assume are restricted in most cases.
As already discussed, if the error rate is specified, the ratio d*/8& is also
approximately fixed. Thus, the factors over which the system designer
may exercise the most control are the symbol rate 1/7T, the number of
levels v, the number of analog repeaters L, and the repeater spacing S.
Let us consider the selection of 1/7.

R = (1/T) log, » bps (2)

where logov is the number of bits per symbol. It is proven in Appendix
D that under the normal operating condition represented by equation
(6), logov decreases when 1/T increases. Thus, usually there exists a
symbol rate which maximizes the bit rate K. To illustrate this and the
significance of selecting the symbol rate, we consider a typical sys-
tem in the following.

Consider a system using standard 34-inch coaxial cable which has

fo = 5 X 10° hertz. (8)
The analog or digital repeater output power is constrained to be

P = 0.1 watt. )

The thermal noise spectral density depends on the noise figure of the
amplifiers. A reasonable assumption*® is that

N, = 1 X 107" watts/hertz (10)

corresponding to a noise figure of 13.8 dB.
Let us assume a repeater spacing S of 1.25 miles. (11)
Consider the case L = 9, that is, nine analog repeaters are used

between each two digital repeaters. The ratio d°/& is fixed to 126,
corresponding to an error rate of approximately 10™* per 12.5 miles.

If we vary the baud rate 1/T, we obtain the results in Fig. 2. When
the baud rate 1/T increases from zero, the bit rate R first increases
and then decreases. There is a peak of R at 1/7 = 2.8 X 10°. Also

* A thermal noise spectral density of 167 X 10 watts per hertz was used
in Ref. 2 based on a noise figure of about 162 dB,



1692 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1968

9
1.4 x10 14

1.2\>\ / a 2
IENV

4 \ \ 8
0.6 i &
// \
4
a \

0.2/ \ 2
LOWER BOUND ON

BITS PER SYMBOL |
e e o 0 t — t llllo
2 4 6 8 o

/

7
N
/

BITS PER SECOND
BITS PER SYMBOL

I
ES

o : !
107 2 ST
/T

Fig. 2 — Bit rate and number of levels vs symbol rate 1/7.

shown in Tig. 2 is the quantity “bits per symbol”’ (that is, log, ») which,
as proven in theory, decreases when the baud rate increases. Notice
that the results are meaningful only when » is an integer. Therefore,
one should consider only those points where » is an integer, or commonly
used integers such as 2, 3, 4, 8, and 16.

Two observations are made from Fig. 2:

(4) If a low symbol rate such as 1/T =2 107 is selected, not only is
the resulting bit rate too low (about 1/10 of the maximum R), the num-
ber of levels must also be extremely large (approximately 2'* levels)
in order to attain this very low bit rate.

(#%) At the maximum bit rate » is approximately 32, an impractically
large number. However, reducing » to 16, 8, or 4 levels only reduces
R from 1.38 X 10° to 1.35 X 10°, 1.21 X 10°, or 0.96 X 10°, respectively.

These observations clearly show the significance of selecting the
baud rate and how a baud rate can be chosen for best use of a given
system. ’

Notice that the above results are computed from equations (7)
and (2) and that equation (7) is valid if equation (6) holds. By re-
arranging the terms of equation (6) together with some algebraic
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manipulation, it can be shown that equation (7) is valid if the R
computed from equation (7) satisfies the inequality

1 6u’ 8:|
> — Y —_— e —
R z 57 log, [1 + PR (62)
of if » computed from equations (7) and (2) satisfies the inequality
6u’ é]
> 1 — 1|.
log, » = % log, l:l + h—14+e* &2 (6b)

Notice that equations (6a) and (6b) represent lower bounds on bit
rate and bits per baud, respeetively. The lower bound on bits per
symbol is plotted in Fig. 2. Tt is seen that, as discussed in Section II,
equation (6) is easily satisfied in practice.

IV. REPLACEMENT OF DIGITAL REPEATERS

‘What happens if some of the repeaters in an all-digital repeater
system are replaced by analog repeaters? Because in multilevel trans-
mission analog repeaters might be less expensive than digital repeat-
ers, this may reduce the cost of the system.

Since analog repeaters introduce thermal noise, replacing digital
repeaters with analog repeaters decreases the bit rate of the system
(assuming a fixed error rate), but the reduction might not be much.

Let us consider the same system specifications (8), (9), (10), and
(11), as in Section III, and let us consider three cases:

() The repeaters in the system are all digital.

(1) 90 percent of the digital repeaters are replaced by analog
repeaters (10 percent digital).

(t2) 99 percent of the digital repeaters are replaced by analog
repeaters (1 percent digital).

The ratio d*/& is set to 144, 126, and 108, for cases 1, iz, and 74,
respectively. As discussed in Appendix E, this gives an error rate of
approximately 10”7 over a distance of 125 miles for all three cases.

Under the above conditions, the bit rates of the three cases are
computed using equations (7) and (2). The results are compared in
Table I and plotted in Fig. 3.

In comparing cases ¢ and 7, we see that the bit rate decreases only
18 to 28 percent when 90 percent of the digital repeaters are replaced
by analog ones. From cases ¢ and 1, we see that the bit rate de-
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TaBLE I— CoMPARISON OF Brr RATES

Bits per second (X 109)

Type of Transmission Case © Case it Case 111
Binary 0.71 0.58 0.46
Ternary 1.02 0.82 0.63

4-level 1.21 0.96 0.74
8-level 1.56 1.21 0.91
16-level 1.77 1.35 0.98
32-level 1.86 1.38 0.98
64-level 1.85 1.33 0.91

creases 35 to 50 percent when 99 percent of the digital repeaters are
replaced by analog ones. The reductions in bit rate are moderate
compared with the amount of replacement.

It is important to observe that the bit rate of case ¢ is best at 32-
level transmission, but it is difficult, if not impossible, to realize a
32-level transmission system. Therefore, one is forced to consider a
reduced bit rate. If one uses only digital repeaters, there is only one
choice, reducing bits per symbol. However, hybrid systems give an-
other degree of freedom: one may consider various combinations of
transmission levels and numbers of analog repeaters.

2.0
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Fig. 3 — Comparison of bit rates of three arrangements.
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For example, consider the two choices from Table I:

(¢) Repeaters all digital, ternary transmission used, bit rate reduced
to 1.02 X 10° bits per second.

(12) 90 percent of the repeaters are analog, 4-level transmission,
bit rate reduced to 0.96 X 10° bits per second.
Since the bit rates are very close, the selection depends largely on
the cost of the repeaters, installation, maintenance, and so on.

V. HYBRID SYSTEM FLEXIBILITIES

We have considered a digital system and computed the reductions
in bit rate when digital repeaters are replaced by analog repeaters.
But in other applications, the system may be originally built for voice
communication with all analog repeaters. As is well known, the
analog repeater gain-frequency characteristic for voice communica-
tion is shaped to match the loss-frequency characteristic of the coaxial
cable.’ Appendix B shows that such shaping is also optimum for multi-
level digital transmission. Thus, an analog system is basically suited
for digital transmission provided that digital repeaters are inserted;
the question is how many.

Tables such as Table I can be helpful in making such decisions.
Case 1 in Table T corresponds to inserting one digital repeater after
every nine analog repeaters, and case 7 corresponds to inserting a
a digital repeater after every ninety-nine analog repeaters. Bit rate
can be easily computed for other values of L, v, S, fo, P, Ny, and er-
ror rate using equations (7) and (2). The results reveal the capacities
of various systems.

A hybrid system can be used for either digital or voice communica-
tion by installing a digital as well as an analog repeater at the (L +
1)st repeater location. The L analog repeaters between can be used
for both services without sacrificing the system performance because
of common gain-frequency shaping requirements.

VI. INSERTION OF ANALOG REPEATERS

Replacing digital repeaters with analog ones or inserting digital
repeaters into an analog system amount to changing the parameter
L of a hybrid system. The repeater spacing S is unchanged.

In certain cases, one might wish to fix the distance between two
digital repeaters, and vary the number of analog repeaters between.
In these cases S varies with L.
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Let the distance between two digital repeaters be # miles. Then
S = /L 4+ 1. Thermal noise spectral density at the input of the re-
ceiving digital repeater is N = (L + 1)N,. When L increases, ther-
mal noise increases, but S and cable loss decrease. Hence, the bit rate
may increase or decrease depending on thermal noise and cable loss.
For instance, if Ny and f, are both very small, increasing L will in-
crease the bit rate; if Ny and f, are large, increasing L will decrease
bit rate. The following shows that for typical values of Ny and fo, in-
creasing L increases bit rate.

Let fo = 5 X 10%, P = 0.1 and Ny = 10~ as considered earlier, and
assume a distance n of 100 miles. Table II shows L for each of the
following:

(1/T),. = The baud rate that maximizes the bit rate
R, = Maximum bit rate in bits per second at (1/7T),,
* (log; ), = bits per symbol baud at (1/7),, .

Tor all L, d*/8& is set to 126 (error rate =2 107° for each digital repeater
section). Notice that the table contains values of L which are both
impractically small and impractically large, which are included only
for completeness.

From Table II, we see that when L increases from 1 to 10, 100, and
1000, R,..x increases 17, 550, and 12,700 times, respectively. Similarly
rapid increases in bit rate are also obtained for 5 as small as 10 miles
or as large as 200 miles. It is concluded that, for the typical values
of No and f, considered, the insertion of analog repeaters inereases
the theoretical bit rate rapidly. The number of analog repeaters, how-

TaBLE II —Bir RATE vErsus L ror 1 = 100 MILES

Bits per second
L 1/ T)m Rmax (logz ¥)m
1 3.68 X 108 2.58 X 108 7.00
2 7.60 X 108 5.10 X 108 6.71
5 2.60 X 10° 1.62 X 107 6.22
10 7.53 X 108 4.37 X 107 5.80
20 2.32 X 107 1.24 X 108 5.35
50 1.06 X 108 4.99 X 108 4.73
100 3.31 X 10® 1.41 X 10° 4.25
200 1.02 X 10° 3.85 X 10° 3.77
500 4.30 X 10° 1.36 X 10w 3.16
1000 1.22 X 10 3.27 X 101 2.68
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ever, is limited by such practical considerations as misalighment,
equalization, and economy.

VII. BIT RATE, POWER, AND NOISE

We have assumed a repeater output power, P, of 0.1 watt and a
thermal noise spectral density, N, , of 107*° watts per hertz. Although
these are conservative figures, it is nevertheless interesting to ask how
sensitive the system is to variations in P and N, .

Let us consider the coaxial cable system specified by (8), (11), and
d?/& = 126. Notice from (7) that we need to consider only the ratio
P/N,, not P and N, separately.

£ _ 0L
N, 1077

It is very unlikely that P/N, will vary by a factor of 107, but let us
consider such a range.

Since N = (L + 1) N, and since L appears only in the ratio P/N
in (7), we may vary P/N instead of P/N, so that the results can be
used for all L. For instance, when L = 9, varying P/N from 10 to
10 corresponds to varying P/N, from 10*° to 102

In Fig. 4, P/N is varied from 10*® to 10**, For each P/N, bit rate
is shown versus bits per symbol (that is, versus the logarithm of the
number of levels of transmission). We see that the reduction in bit
rate is moderate compared with variation in P/N. For instance, when
P/N reduces from 10*® to 10*¢ (by a factor of 10%), bit rate reduces
only 37 percent at binary transmission, or 40 percent at 4-level trans-
mission. Thus, the system can tolerate a reasonable amount of varia-
tion in P/N. However, as one should expect, an extremely severe re-
duction in P/N is not tolerable. For example, if P/N reduces from
108 to 10!, the maximum bit rate would be reduced to 6 x 107,

Figure 4 shows that binary transmission is the least semsitive to
variation in P/N. As P/N decreases, the peak of the curve shifts to
the left, reducing the theoretical advantage of multilevel transmis-
sion over binary.

= 10"

VIII. CONCLUSIONS

The information rate of a hybrid coaxial cable digital transmission
system has been evaluated theoretically. Because of the assumptions
made, the various curves involving information rate are to be inter-
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Fig. 4 — Bit rate vs bits per symbol for P/N from 10" to 10",

preted more in the nature of upper bounds than actual performance
curves to be attained in practice. Taken as such, the curves never-
theless illustrate the interesting characteristics and potentialities of
hybrid cable systems. Among the more important results of the study
are:

(7) In general it is not only economical but also optimum to use
uniform repeater spacing and identical analog repeaters. Moreover,
the optimum gain-frequency characteristic for the analog repeaters
is the same for both analog and digital transmission. Therefore, an
analog system can be adapted directly to hybrid digital service with
no compromise in theoretical performance over the frequency band
that the analog repeaters were originally designed for.

(%) In general, hybrid systems give system designers an additional
degree of freedom. For example, the curves of Fig. 3 show that, for
the particular system illustrated, the sacrifice in theoretical informa-
tion capacity for binary transmission between a system using all
digital repeaters and one in which only one in ten repeaters is digital
is about 20 percent. In order to remove low frequency energy from
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the transmitted pulse spectrum, it is customary in present binary
PCM systems to actually use some form of 3-level transmission, thus
incurring a sacrifice of 37 percent of the information capacity. There-
fore, another method of solving this dc problem (for example, some
form of amplitude modulation) which is too expensive for use in each
repeater might profitably be used here where it would appear in only
every tenth repeater.

(v7) System parameters which have a first order effect on informa-
tion capacity are the symbol rate, repeater spacing, and cable diam-
eter. On the other hand, the hybrid cable system is relatively insensi-
tive to variations in repeater output power, repeater noise figure and
average probability of error.

APPENDIX A

Best Untform Repeater Spacing

& denotes the minimum value of & attained by jointly designing the
analog and digital repeater characteristics as pointed out in Part I.!
Some terms in & are extremely small for the coaxial cable systems con-
sidered. With such terms neglected, & can be further minimized by using
uniform repeater spacing.

Minimum notations are used in the text for clarity, but it is necessary
to add a rather large number in the appendices.

Part I showed that under two conditions we have

& =608 (12)
where
Bo l>Po + Qoo [251) et &ro
1 Qo1 Pl it (241
@ - B' ’ Q = -l.- “ ?

L)BL QoL 23797 o PL -+ aLLJ

1/2T [Nl+l f - m)]f

so= [ o b= af, 1=0,-,L
—-1/27T m
’ A’<f - 7) |

L
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In the above, m is the integer that minimizes the ratios [Nyp1(f —
m/T)]1%/ | A4i(f — m/T) | (notice that m may vary with f), 1/T is
the symbol rate, and M (f) is the spectral density of the stationary
random message sequence {a;}. Furthermore, as illustrated in Fig. 1
of Part I, N;(f) is the spectral density of the noise at the input of the
Ith analog repeater B;(f), Nr..1(f) is the spectral density of the noise
at the input of the receiving filter By, 1(f), 4:(f) is the transfer func-
tion of the transmission medium between B;(f) and B;.:(f), and P,
is the average output power of B;(f).
Equation (12) is valid under the two conditions:

(2) For any frequency f and integer K, and for I = 0, ..., L, we
have either
K\ |t
3 I:Nz+1(f - "'?)]
PRI T2l goran 1 (13)
(4.0 | \AG_EH
! T
or
K\
1 I:Nl+l(f - _—):I
NP L7 forall 1. (14)
(A | \A<f_£)'
! T
(i) Let
A
A -
A= ""=Q78 (15)
oY

then we must have

- [Nm(f -

[TMHE — Zox -~ ] >0, for —51? =/ =55 (16)
4 -4)]

P!

and

[)‘l]%>0, l=0,---,L (17)
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where m, as defined previously, is the integer that minimizes the ratios
[Noss (f = m/T) 1%/ |44(f — m/T)|.
Notice that condition ¢ guarantees that m does not vary with L.
Now we consider the coaxial cable systems. We assume in Section
IT for the coaxial cable systems that

Ela] = 0, (18)
&6 — 1
nlaf) = £ =1 (19
E[aiac‘+i] = 0, ] # 0, (20)
Nl(f)=NOy l=11yL+1v (21)
and
P,=P, 1=0,---,L. (22)
By definition?
M({f) = E[ef] + 2 > Ela:a:.;] cos 2xfiT. (23)
i=1

Substituting (19) and (20) into (23) gives

& — D,
12
In order to consider repeater spacing, let us define

M) = (24)

S, = length of the cable (in miles) between the repeaters B;(f)

and B;o1(f), 1 =0, ..., L Over most of the useful fre-
quency range one may assume?
I Az(f) l — e-Sx(Ul/fo)” ] = 0, - ,L (25)

where f, is a cable constant.
From (21) and (25),

[Nl+1(f)]% — (NO)%GSz(lfI/fo)” 1 = 0, . ,L. (26)

| 4.(f) |
Since the right side of (26) increases monotonically with f, condition
1 is satisfied (that is, for any f and K either (13) holds for all I, or
(14) holds for all 1).
Notice from (26) that, in general, the ratios [N,.1(f)]1%/| Ai(f) |
will inerease monotonically with f even if the repeater noises are not
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white (the variation in the exponent usually outweighs possible varia-
tions in the noise spectral densities). Thus, condition 7 will usually be
satisfied even if white noises are not assumed.

The second condition in (16) and (17) serves as a final check. It is
not used in any computation, and we only have to show that our re-
sults satisfy it. This is done at the end of this appendix.

As already discussed, for each fin —1/2T =< f < 1/2T, we should
choose the integer m in 8; and «;; to minimize the ratios

[veali-9)]
‘Al(f_%> , l=0,---,L.

It is clear from (26) that these ratios are minimized by choosing

. 1 1
m =0, for all f in ~57 =f= 57 27
Substituting (24), (21), (25), and (27) into the definition of 8; gives
1 '
61—'—"-\1/;%‘[1—"(}11—1)6“], l:()y"'vL (28)
where
[N =1 T
V= |: 5T
—_— Sl .
M = [2Tf0];
Substituting (21), (25), and (27) into the definition of au gives
2 htpl
Mo [ oo — D™, B 1=0, -, L.

= Tl + w)®
(29)

Substituting (22) into (12) gives
&= §'[PI+ o8 (30)
where I is the identity matrix and
Gos @0t Qo

Qo1 O R 45 A1

O, G " Qg
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The total distance between the two digital repeaters Bo(f) and
BL+1(f ) is

71=So+sl+"'+sl,» (31)

Clearly, we should regard 5 as fixed when varying the repeater spacings
S, to Sz to minimize &.
It is customary to use uniform repeater spacing, that is,

S, S, l=0,---,L (32)

=1 _

L+1
where S is the common repeater spacing. It is shown in the following
that:

(¢) Uniform repeater spacing minimizes the mean square error &
if a is negligible in (30).
(#) « is indeed negligible for the coaxial cable systems considered.
(Therefore, uniform repeater spacing is considered in the text.)
Let us prove the first statement. When « is negligible in (30), we have

&~ g, = @'[PII"'B (33)

where &, is an abbreviation.

Substituting (28) into (33) yields

1 2 = 1 K172
R 4 > 5 [+ (e — DT (34)
1=0 M1

We now determine the repeater spacings S, to S; which minimize
& in (34), subject to the constraint in (31). Since there is a one-to-one
correspondence between S; and u; , the problem is equivalent to deter-
mining the values of u, to pz which minimize &, in (34), subject to the
constraint

o+ + -0+ ML = Hiotal (35)

where piota1 18 a fixed constant.
A necessary condition for y; to minimize &, subject to the constraint
in (35) is

& =\A=0, =0 ---,L (36)

where A is a Lagrange multiplier and

xr, =

[+ (o — Detlet — f 0+ — DF. (37

E o
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Clearly (36) requires that

We may solve (35) and the L equations in (38) for p, to pr. Clearly,

_ _HMrotm . . J
#I—L_{_lv Z—O, v] (39)
is a solution. It is also the only solution because since repeater spac-
ing S; > 0, we have w; > 0. It can be shown for alll = 0, ..., L that

z;, =% when u, =0,

and that z, increases montonically with u, when g; > 0. From this it
is clear that z,’s cannot be all equal as required by (38) if w,’s are not
all equal. Therefore, (39) is the unique solution of the constraint (35)
and the necessary conditions (38). It can be easily established that
& is a minimum, not a maximum, at (39). Therefore, (39) minimizes
& , or, uniform repeater spacing minimizes &, .

Next we must show that « is so small that for all practical purposes
minimizing &, minimizes &. Notice that it is not necessary to show this
for all possible repeater spacings. Clearly we do not have to show this
for classes of nonuniform repeater spacings which we know will produce
& larger than the & of uniform repeater spacing. One such class is that
which calls for

S, > Y8, for at least one I,

or equivalently
w > Yo, for at least one [,

where
S
k= T (0
and Y is given by the equality
sz(l'2 —_Q Yu 2
3(Y,u)4Tz [(YH - l)e + 1]
L e 0V — D™ + 1)
N, o (@Yr — e
L = D (4 — e+ 17
_ 3u'T ) @1
L4 L4l o, — nev + 1)

N, U 2,T
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The right side of (41) is the & of uniform repeater spacing (see Ap-
pendix C). The left side can be easily shown to be a lower bound of &
for the class of nonuniform repeater spacings which calls for S; > Y'S
for at least one I. Hence, this class produces an & larger than that of
uniform repeater spacing, and should be ruled out. Consequently,
it is only necessary to show that « is negligible when

S = Y85, foralll =0, ---, L. (42)

This can be easily shown for the coaxial cable systems considered. For
example, consider the typical system parameter values (Section III):
fo = 5 X 10° hertz, P = 0.1 watt, N, = 107" watts per hertz, S =
1.25 miles, L = 9, and 1/T = 2.8 X 10°. Substituting these values into
(41) gives

y = 1.2.

Notice that it is not necessary to specify d and » because they cancel
out in (41). Furthermore, it can be shown that the left side of (41)
increases monotonically with ¥ under the conditions in (16) and (17).
Hence, the solution of Y is unique. Substituting the above values into
(42) and (29), one can show that the largest element in « cannot exceed
0.00003, which is extremely small compared with 0.1 for the diagonal
elements of PI. Thus, « is neghglb]e in (30), and, for all practical
purposes, minimizing &, minimizes &.

Finally, before adopting uniform repeater spacing, we must show
that it satisfies (16) and (17) in condition 72. As shown in Appendix C,
for uniform repeater spacing, (17) is automatically satisfied and (16)
is equivalent to (6). As discussed in Section IT and demonstrated in
Section III, (6) is easily satisfied. Therefore, uniform repeater spacing
easily satisfies (16) and (17) in condition 7.

APPENDIX B

Optimum Repeater Characteristics

Part T showed that,’ under the same conditions—(13) to (17) in
Appendix A—the analog and digital repeater characteristics which
minimize the mean square error & are:

I B:(f) I*

Z_L[M]_{ ,Nmmﬁ} .
0 g T mor = 2 el o e

0, for f¢¢o (43)

1
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Ao (f)]% 1
B, 2 _ [ 1 1 . f F,
BOV=15ve 1 Tasoan] T
= arbitrary, for f¢ 7, j=1,2,---,L (44)
AA Fladp | M@ 2
B, P = [ L ] B , forall
| L l(f) | Nl(f)NL+1(f) | AL(f) | T I 0(f) | or a f
(45)
and the repeater phases neced only satisfy the condition
e =1, for fe®,
= arbitrary, for f¢ & (46)

where 6(f) is the over-all phase of the system that is defined by

L+1

g A.(NB:(f) =

i

+

L+1

g A(NB:(f)

e—iﬂ(ﬁ.

A time delay may always be added to 6(f). Furthermore, 6(f) may be
distributed arbitrarily among the repeaters. The notations above are
all defined in Appendix A after (12) except F which is the frequency set

where m is also defined after (12).
Now apply these general equations to the coaxial cable systems
considered. Substituting m in (27) into (47) gives

1 1
5={f¢—§,_71_f_2T} (48) .

The best uniform repeater spacing has been discussed in Appendix
A. In this and the following appendices, we adopt uniform repeater
spacing. Therefore,

S, =5, l=0,--,L 49)
and
] Al(f) | _ e—S(lfI/foﬁ’ I = 0, - ,L. (50)
Substituting (49) into (28) and (29) gives

Bl_"p [1+(/J,—1)6] l=0v"'1L (51)

N,

= 5 T[1+(2,1—1)e2“] hyl=0,---,L (52)

[299]
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where

-5
SFTUNE
Notice that now 8; and ap do not vary with 2 and I. Substituting
(51), (52), and (22) into (15), one obtains

w%u+w—mq

N,
Now A; does not, vary with L.
Substituting (21), (24), (48), (50), and (53) into (43) to (45)
gives the repeater amplitude characteristics which minimize the mean
square error as:

[7\11% =

l=0,---,L. (53

1+ (2u — 1e]

- 12TN§es(f/f°)*]%{|:Td2(v2 — 1):|% 1 S(f/fo)i}%
lBﬂ(f) I - l: d2(1/2— 1) 12)\0 - (L + l)NOe ]
1
for 0 é f g ﬁ ’
=0, for > —21? (54)
A d2 2 __ 1 % _
Bea) | = [ 29O 5y |, foral 1 G
and
. 8/t _1_
| Bi() | =7, 0=f<g5,
. 1 .
= arbitrary, f> o7 i=12,.--,L. (56)

Several observations are made from (54) to (56). First, | Bo(f) |
and | Br4+1(f) | differ only by a multiplicative constant. Therefore,
identical filters may be used for the transmitting and receiving filters
in the digital repeaters. [As discussed after (46), an all-pass network
may be used at any point of the system to adjust overall phase of
the system.]

Second, the |B;(f)], 7 =1, ..., L, do not vary with j; hence, iden-
tical analog repeaters may be used. Furthermore, |B;(f)| in (56) is
just the reciprocal of |4;(f)| in (50); therefore the analog repeater
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gain-frequency characteristic is shaped to match the loss-frequency
characteristic of the coaxial cable.

Third, it is much more difficult to realize the transmitting and
receiving filters in the digital repeaters than it is the analog repeater
filters. This is because |Bo(f) | and |Br.11(f) | must be zero for f > 1/2T
(usually requiring a vertical cutoff, or discontinuity, at f = 1/27T),
while the analog repeater filters B;(f) to B.(f) may have arbitrary
amplitudes for f > 1/2T (no discontinuity is required at f = 1/2T
and the filters may cut off in any convenient manner).

APPENDIX C

Information Rate
Substituting 8; in (51), oy in (52), and (22) into (12) yields

dc0' -1 1 . 2
r LD L - v 41

N'I-m[(?u— De* + 1]
where
N = (L + 1)N,.
Solving (57) for »?, yields
2
?’S"FP‘}‘(Z‘»‘— 1)92”+1 &
=14 i (58)

37 (v — De* + 1]

The bit rate B is therefore given by

R=1Tlog2v
J f—NB+(2u—1)e2"+1 81
= ﬁlogg 1 + 0 2 .[? .
| Zw-verw 7
"

which is (7) in Section II.

Equation (12) and hence (7) are valid under the conditions stated
in (13), (14), (16), and (17). Appendix A showed that the condition
in (13) and (14) is satisfied. Furthermore, it can be easily shown
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from (53) that (17) is satisfied. Hence, the only condition remaining
is (16). From (21), (24), (27), and (50), it is clear that now (16)
is satisfied if and only if it is satisfied at f = 1/27T, or (rearranging
the terms) if and only if

P _L+1 > 2
_— = = v ” Ho__
N, Z oTw [2ue 3¢ + 4¢ 1]

which is condition (6).

APPENDIX D

Symbol and Bit Rates

This appendix proves that under the normal operating condition
in (6), the number of bits per symbol, log, », decreases monotonically
when the baud rate increases.

Clearly, log, v decreases if »* in (58) decreases. For a given system,
the quantities S, fo, P, L, and N, do not vary with the baud rate 1/7.
The quantity &/d® is fixed to obtain an approximately constant error
rate. The quantity u, however, is a function of 1/T. Therefore, we have

o) _ o) ou

oT ou oT
SZP 2u
_éajf_ol\_f—l-(z”_l)e +116 g
T o) 2 ., [oT (2T}
d ”155[(#-1)6“-{-1] JT(2 fo)
= —07‘22“—T (ue* — ¢ + 1)~y (59)
where
2
o = [—3u%" + 3ue* — 3¢* + 3] %\Il,—’ + a (60)

o, = 3u’e™ 4+ 6p’e™ — 3u’e”
— Que®™ 4+ 6ue®™ + 3ue* - 3™ — 3™ — 3¢ -+ 3. (61)
Clearly, p = 8/(2Tf,) * > 0. It can be shown that
pe* — e +1>0 for pu>0.

Therefore, from (59), if «; < 0 for g > 0, then 8+*/0T > 0 and logsy
decreases when baud rate 1/7 increases.
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We now prove that, under the normal operating condition in (6),
a3 < 0 for uw > 0. It can be shown that

—3p’e" 4 3pue* — 3" +3 <0 (62)
for p > 0. The condition in (6) can be written as

S°P

20 21 .
N 2ue 3¢t + 4¢* 1. (63)
From (62) and (63)
S’P -
N [—3ue" + Bue* — 3¢ + 3] +a; =0 (64)

where

az = [2ue® — 3™ 4 4de* — 1][3p’e" — 3pe” + 3¢* — 3].
It can be shown that

[27) < a3 fOI‘ M > 0 ) (65)
Therefore, from (60), (65), and (64)

2
o = [—3u20“ + 3ue* — 3¢* 4 3] f—]\? + @,

S
fo
Inequality (66) shows that oy < O for u > 0. From previous discus-
sion, this implies that the number of bits per symbol, log.y, decreases
monotonically when symbol rate 1/T increases. The proof is complete.

2
< [—38u%e" + 3ue* — 3¢" + 3] P 4+ a; =0 for > 0. (66)

APPENDIX E

Error Rates

The system from one digital repeater to the next (including L analog
repeaters—see Fig. 1) is referred to as a “digital repeater section” in
the following.

In case 7 of Section IV, I = 0 and each digital repeater section covers
a distance of 1.25 miles. There are 100 digital repeater sections in 125
miles. If d°/& is set to 144, error rate is approximately 107° for each
digital repeater section, or approximately 10™" over a distance of 125
miles.

In case 77, L = 9 and each digital repeater section covers 12.5 miles.
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If d*/8 is set to 126, error rate is about 107° for each digital repeater
section, or approximately 10~7 over a distance of 125 miles.

In case i, L = 99 and each digital repeater section covers 125 miles.
If d*/8& is set to 108, error rate is approximately 10~ for each digital
repeater section, that is, a distance of 125 miles.

The bit rates in Table I are not sensitive to variations in d*/&. For
instance, if one sets d°/& to 126 for all three cases (comparing the three
cases with the same mean square error at decision circuit inputs), the
bit rate of case 7 increases only about 1.5 percent from that in Table I,
the bit rate of case 4 is unchanged, and the bit rate of case 7t decreases
only about 2 percent.
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The Binary Regenerative Channel*
By RICHARD I. McCULLOUGH

The nature of the errors in a regenerative digital transmission system
1s such that a memoryless channel is a poor model for predicting the error
phenomena. In this paper we present a model which provides a reasonable
approximation lo observed error phenomena. The memory of the channel is
represented by a Markov model. This model is similar to the model de-
veloped by E. N. Gilbert, but several important modifications greatly
simplify the estimation of parameters, and make the model correspond
more closely to the physical phenomena involved.

Bounds for the channel capacity of the binary regenerative channel are
obtained. Error separation, block error, and burst statistics are derived.

Error model parameters are derived from available experimental data
on the T1 digital transmission line and the switched telephone network.
The Markov model is shown to provide a good representation of the observed
error phenomena.

I. INTRODUCTION

The Gilbert burst-noise channel introduced the idea of error states.
The error states represent different error processes, each of which
generates independent errors. Gilbert’s model yields a “renewal er-
ror process,” that is, an error process for which the gaps between
successive errors are independent random variables with the same
probability distribution. Elliott? introduced a generalization which
yields what we shall call a “Markov error process,” that is, an error
process for which the gaps between errors are dependent random
variables with probability distributions which depend only on the
last gap between errors. More recently, Elliott used a renewal error
process, with component error processes which do not generate in-
dependent errors.® In order to match experimental data for block

* This paper is based on material taken from a dissertation submitted to the
Polytechnic Institute of Brooklyn in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in 1967.
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error distributions, he found it necessary to introduce three empiri-
cally derived error separation distributions.

Berger and Mandelbrot proposed a renewal error process in which
the error separation follows a Pareto distribution.* Sussman has used
the Pareto distribution to model the switched telephone network.®

Gilbert’s model and Elliott’s model both assume that the transition
probabilities for the error states are independent of the occurrence of
errors. In this paper we drop that assumption to define a general
Markov error process. We then consider a particular Markov error
process in which transitions between error states are allowed only
when an error occurs. We associate this error process with the
“binary regenerative channel.” Error scparation, block error, and
burst statistics are derived for this latter process. Error model param-
eters are calculated from available data for the T1 digital transmis-
sion line, and for the switched telephone network. We discuss briefly
the possible usefulness of the Pareto distribution for approximating
a many-state Markov error process, or for approximating a non-
stationary error process.

This author extends this model to apply to a ternary channel.®

II. ERROR MODEL

An error model must be able to reproduce the burst error phe-
nomena which are known to occur in digital channels. Real channels
seldom appear to be memoryless, and it is common for a large frac-
tion of the errors to be burst errors. To reproduce the burst phe-
nomena, we have chosen to use a Markov model similar to Gilbert’s.*
Our model differs from his in two important aspects. First, we have
attempted to make the model correspond more closely to the physical
phenomena involved by introducing several error-producing states,
each with different error rates. Second, transitions between states are
allowed only immediately following an error. This assumption greatly
simplifies estimation of the parameters of the model, since the num-
ber of digits between adjacent errors is determined by a single error
state.

The similarities and differences between these models are most
easily understood by examining the transitions between error states.
We shall restrict our present discussion to two-state error processes.
We define:

=, = error state for the nth error digit
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Z, = nth error digit = 1 for error and 0 for no error

pi; = Prob {2, = §| Z,-, = 4, Z,-, = 0}

qi; Prob {2, = j| 2w = ¢, Z,oy = 1}

P, = Prob {Z, = 1| Z, = ¢} = average error probability (for the
binary symmetric channel) of state 1.

The state diagram of the general Markov model is shown in Fig. 1.
A renewal error process is obtained if ¢;; is independent of 7 (so that
the next error state is independent of the state which produces the
error), or if P; or P, is zero (so that only one state produces errors).

The Gilbert burst-error process' assumes that p,; = ¢;; and P, = 0.
The assumption that P, = 0 makes this process a renewal error process.
Elliott’s generalization® assumes p;; = ¢;; but P, ¥ 0. This process is
a renewal error process only if ¢;; = ¢y (and ¢,z = ¢s2). Our model, the
“binary regenerative channel,” assumes that p;; = 6,; , the KXronecker
delta. This process is a renewal error process only if ¢, = ¢ (and
G2 = 922)-

Our assumption that state transitions can occur only after errors
(py; = &;) seems reasonable for two reasons. First we hold the opera-
tional viewpoint that all our information comes from the occurrence
of errors, and we might as well assume that nothing changes between
errors. This also provides a practical technique for estimating transi-
tion probabilities from error separation data. Furthermore, this model
seems to be quite “stable” in that extremely small transition proba-
bilities are not encountered in practice, so that statistical estimates
are relatively easy to obtain.

Fig. 1— State diagram of general Markov model.
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Second, this is exactly the model we would choose for an error process
consisting of random errors plus signal-correlated errors, where a certain
fraction of the random errors produce a wake of closely spaced errors.
In the case of bursts which are not correlated with random errors, our
physical intuition suggests something like p,;, = 1, p1x = 0 and p., =~
g2 < 1 would be more appropriate. Operationally, however, it really
does not matter if the first error in a burst is “incorrectly’’ identified
as a random error.

Although the mathematical deseriptions of the Gilbert model, the
Elliott model, and our new model are different, we suspect that the er-
ror separation, block error, and burst statistics obtained from the
three models will be quite similar. (We show that the form of the
error separation statistics is identical for the Gilbert model and our
new model.) We contend, however, that the new model is more use-
ful because the parameters of the model are easily determined from
experimental data and are easier to interpret in terms of physical
noise processes.

In the above discussion we have considered the two error states to
correspond to different physical error processes in a single channel. How-
ever, this single channel is clearly equivalent to a two channel trans-
mission system where the “error’” state indicates which channel is
being used. We use this latter interpretation in the next section. Notice
that the two channels are simply binary symmetric channels with
different error rates. In practice we have P, < P; & 1/2; therefore,
we refer to state (channel) 1 as the burst error state (channel) and state
(channel) 2 as the random error state (channel).

III. CHANNEL CAPACITY

Closed form expressions for the capacity of the Markov channel have
not yet been found* so that we are limited to determining the capacity
for specific numerical values of the parameters. On the other hand, we
can find reasonably simple and tight bounds on the capacity which
are quite useful. Therefore we consider only bounds on the channel
capacity.

Let the sequences of input, output, and error digits be denoted by
X;, Y;, and Z;, respectively, with ¥, = (X; + Z,) mod 2 and ¢ =
1,2, --- . Since the noise sequence is independent of the input sequence,

* Note that the method used by Gilbert! is valid only for a renewal error
process, and did not yield a closed form solution,
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the channel capacity is given by

C = max [H(X) — H(X|Y)]
»(X)
= max [H(X) — H(Z)] = 1 — H(Z)
»(X)

where H denotes the entropy of the sequence and p(X) is the prob-
ability of the sequence X. Following Ash? we define the entropy of
the noise sequence by

HZ) = Vim H(Z, | Zoer , -+, Z4).

We shall find bounds on the channel capacity by bounding the en-
tropy of the noise, using the steady state probabilities of the Markov
noise sequence.

Consider the state diagram in Fig. 1. There are really only four
states which we shall designate by S; = 11, 10,21, 0r 20,t=1,2, ...,
where the first digit indicates which of the two binary symmetric
channels is being used (3; = 1 or 2) and the second digit gives the
value of the error digit (Z; = 1 or 0). Thus the state diagram may be
redrawn as shown in Fig. 2 (using p; = 8;). The steady state proba-
bilities r;; are the solutions of the equations

gy ¢l — Py qieP: q(1 — Py)

P 1—-P 0 0
[”'117'107'217'20] = [7'117"107"217'20] ! ! .
0Py gu(l — Py)  gooP: (1 — Py)
0 0 P, 1-P,
It can be shown that
rn = R.P,
ro = By(1 — Pl)
Ty = [P,
Too = R2(1 - Pz)
where
Q, g21
R, =P, 2 S |-
! P, & Q2 + G
Q. G2
R,=P, 2 S -
? P, Q2 12 + Qo
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Qi Py q22P2

qui-Py)

Fig. 2 —State diagram of binary regenerative channel.

P,=~L — —RP, +RpP,.
Q. "
P, P,
We notice that R; and R, are the steady state probabilities of 3, @,
and @2 are the steady state probabilities of 3; given that Z;; = 1, and
P, is the steady state probability that Z; = 1 (that is, P, is the av-
erage error rate).
We are now ready to compute upper and lower bounds on H (Z).

An upper bound is
H(Z) < lim H(Z, | Z,-)

n—e

= PAQP + QP+ (1~ PO ;2o 4 - 0Py - Py |
where A (P) = —P log P — (1—P) log (1—P). A simpler (and looser)
upper bound is
lim H(Z, | Z,-,) = lim H(Z,) = h(P,).

Since 8, is determined by a first order Markov process, a lower
bound is

H(Z) 2 Yim HZ, | Zoey , -, Z1 ; Sucy)

n—e0
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lim H(Zy | Su-r)

R1P1h(Q11P1 + (I12P2) + B,(1 — P)K(Py)
+ R2P2h(q21P1 + szpz) + Rz(l - Pz)h(Pz)-

Using the fact that h(P) is a convex function we obtain a simpler
(and looser) lower bound

lim H(Z, | Su-1) = R,P\[quh(P) + ¢:20(P5)] + B,(1 — P)W(P,)

n—oo

+ R2P2[q21h(Pl) + 922h(P2)] + R.,(1 — Pz)h(Pz)
= th(Pl) + th(Pz)
= lim H(Z, | Z.).

From the loose bounds we see that the capacity of the binary regen-
erative channel is greater than the capacity C = 1—h(P,) of a binary
symmetric channel with the same average error rate, and is less than
the capacity C = Ri[1—h(P;)] + R2[1—h(P:)] which could be
achieved if we always knew which component channel was being used.

A convenient way to deseribe the channel capacity is to give the
probability P, of the binary symmetric channel with capacity C, that
is, H(Z) = h(P;). From the bounds given above it follows that

L [RA(PY) + R:h(P2)] = R (lim H(Z, l S.-)] = P,

< h™'lim H(Z, | Z,-)] < P. .

n—0

For the practical case where P, < P, =~ 1/2 and Q, ~ Q. =~ 1/2 the
above inequalities are approximately

PzSPzSPcS(l_QlPl)PaSPe
or
Q2P¢SPcS(1_QIPI)Pn-

The loose bounds given above can be generalized to apply to any
finite number of memoryless, nonsymmetric channels in the form

B(R,P, + -+ + R,P,) = C £ RB(P,) + -+ + R,.B(P,)

where R; is the steady state probability of using channel ¢ and B(P;)
is the capacity of channel 7.
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Digital transmission systems may use many digital links, with
regeneration of the transmitted signal at the end of each link. For a
system of N identical links where NP, << P,, we can approximate the
over-all system by a single digital regenerative link with the same g;;
and P, but with P, replaced by P} = NP,. This substitution yields

P! ~ NP, R! ~ NR, R~ R,
which agrees with one’s intuitive notion of how the over-all system
should behave. That is, the number of random errors and burst errors

both increase by a factor of N, and the length of the bursts remains
the same.

IV. ERROR STATISTICS

We shall now derive error separation, block error, and burst statis-
ties for the two-state Markov error process. We assume two com-
ponent error processes which generate independent errors with dif-
ferent average error rates, P;, ¢ = 1, 2. Transitions between error
states are allowed only after errors, with the probabilities given by

¢:; = Prob {state ¢ — state jjlast digit was an error}.

For the error separation statistics we shall make use of several re-
sults for independent errors. We begin by deriving the basic equations
for an independent error process. Let P be the probability that any
digit is in error. The error sequence then contains a 1 with probability
P and O with probability 1-P. Given an error, the probability that
the next error occurs on the kth digit is

p(k) = Prob {0*'1]1} = Prob {0*7'1} = P(1 — P)*.
The average error separation is
F= >t =P > k1~ P} =2
k=1 k=1

The probability that the number of good digits between errors is
greater than or equal to n (that is, the error separation is n+1 digits
or greater) is given by the cumulative distribution

Q@)

Prob {k >n} =1 — ip(k)

I

1 =P > —PF =( - Py
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Tor P < 1 the following approximation is quite useful
(1 - P)n — en log(1—P) ~ e—nP.
The probability of getting m errors in n digits is

n!

P(m,n) = POy P— o — !

PT"(1 — P)*™.

The probability that a block of n digits contains an error is

P(z1,n) =1 —P0,n) =1— (1 — P ~nPfor P K 1, n<<j)1—-

Let Q;, 7 = 1, 2, be the unconditional probability of being in state
7 at the first digit following an error. Making use of the results for
the independent error process, we have

P(k) = Q,P,(1 — Pl)k_l + Q,P,(1 — Pz)k_l
P, %1

P, " P, P,
Qn) = Q(1 — P)" + @Q.(1 — Py)”

where P, is the average error rate.

The expression for P(m, n) for the Markov error process is a very
complicated function of the parameters of the process. However, the
form of the dependence upon 7 is easily found through an appropriate
set of recurrence relations. The recurrence relations are also useful
for computing numerical values on a digital computer.

Let A;(m, n) be the probability that m errors have occurred (that
is, m occurrences of state 11 or 21) in n digits and that channel 7 is
used for the n+1st digit (that is, 3,41 = ). Then

P(m, n) = 4,(m, n) + Ay(m, n).

Considering all possible events which may occur at the nth digit we
obtain the following pair of recurrence relations.

Al(my 'ﬂ) = Al(myn - 1)(1 - Pl) + A1(7n - Ln- 1)'PIQ11
+ Az(m -1, n— 1)'P2Q21
Az(?n, n) = Az(m, n — 1)'(1 _ Pz) + Az(m - ]., n — 1)'P2Q22

+ Aiim — 1, n — 1)-Pigys .
Solving the equations for successive values of m we find that the
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general solution has the form®

P(m, n) = G,m)1 — P)""" + GEm)A — P)"™"

where Gy, (n) is a polynomial of degree m in the variable n, and the
asterisk denotes a cyclic permutation of the parameter subscripts,
that is, 1 = 2 and 2 — 1. Assuming that the Markov process is in the
steady state at digit “zero,” the first two polynomials are

Go(n) = R,

1-P
G\n) = 2<PT__ Pll)Rlplqlz + [B.Pigu]n.

It is possible to determine the functional dependence of P (m, n) upon
n because we assumed that the error state changes only after an er-
ror occurs. This effectively decouples the set of recurrence relations
so that A;(m, n) and Az(m, n) can be determined separately. For
larger m the explicit expressions for the coefficients of G,,(n) become
so complicated that they are of little use. Thus one can only hope to
gain some insight into the behavior of P(m, n) as a function of m by
numerical evaluation for a typical case.
The average number of digit errors in a block of n digits is

m = ., iP@,n) = nP, .
i=0
Given that the block contains one or more errors, the average number
of digit errors is
m _ n .
P(zl,n) Q1 —Q —P)'V/P, + Q.1 — 1 — P)"l/P,

In practice we usually have P, K P, &~ 1/2 and R, < R, &~ 1. There-
fore, we have

P(m, n) &~ Gx(n)e”""™F* for n —m > 1/P,.
Specifically, we find that

e =

P, n) ~ e
P(z1l,n)~1—¢""

é ~J _]'_____npz___.
Q:1— ¢

The burst error behavior of the channel is indicated by the num-

for n>1/P, .
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ber of successive occurrences of state 1, the burst error state. Let

p(b) = Prob {leave state 1 after b errorsjnow in state 1}
=‘111)1_1(1—(Iu) b= 1) 2) Tt

Notice that b occurrences of state 1 implies b + 1 “closely spaced”
errors.

In the next section we calculate error model parameters from avail-
able data on transmission of binary information over the T1 digital
transmission line, and over the switched telephone network. A three-
state model is required to provide a reasonable match in some cases.
Therefore, we digress briefly to generalize our results to apply to a
three-state model. (Actually, we give the results in a form which is
suitable for any finite number of states.)

We assume three component error processes which generate inde-
pendent errors with different average error rates, P;, ¢ = 1, 2, 3.
Transitions between error states are allowed only after errors, with
the probabilities given by

¢:; = Prob {state 7 — state j|last digit was an error}.

Let Q;, j = 1, 2, 3, be the unconditional probability of being in state
j at the first digit following an error. The Q; are the solutions of the
following set of equations:

Q1 = Qg1 + Qa1 + Qsgsn
Q: = Quqiz + Qua + Qsgae
Qs = Qiqis + 2@z + Qslss -
Corresponding to the previous results we now have
p(k) = QPi(1 — P)"" + QoPy(1 — Po)*™" + QuPy(1 — Py
R S
Q@) = Q1 — P)" + Qx(1 — Pp)" + Qs(1 — Py)"
where P, is the average error rate. The recurrence relations become
Aimyn) = (1 — Pd,(m,n — 1) + Py di(m — 1, n — 1)
4+ Pogad.(m — 1, n — 1) 4+ Pygads(m — 1, n — 1)
Ay(m,n) = (1 — Py)Ay(m, n — 1) + Pygeedy(m — 1, n — 1)
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+ Piygssds(m — 1, n — 1) + Pygd,(im — 1, n — 1)
Ag(m, n) = (1 — P‘;)Ag(m, n — 1) + P3Q33A3(m —_ 1, n — 1)
+ P1q13A1(7n - 1, n — 1) + PgQQgAz(m - 1, n — 1)

where A;(m, n) is the probability that m errors have occurred and the
error process is in state 7 after n digits. The solution of the recurrence
relations gives

P(m,n) = A,(m,n) + A,(m,n) + A;(m,n)
= G )1 —P)"" + GEm)(1 — P)" ™™ + G*m)(Q — Py)"™

where G,.(n) is a polynomial of degree m in the variable n. The coeffi-
cients of G,(n) are complicated functions of the model parameters.
G%(n) is G,(n) with the parameter subscripts cyclically permuted,
that is, 1 — 2, 2 — 3, 3 — 1. G**(n) is G*%(n) with the same cyclic
permutation. We again have G,,(n) = R, so that

PO,n) = R(1 — P))" + R,(1 — P2)" + Ry(1 — Py)"

P(z1,n)
=1 — PO, n)
F 1—@q-—pr) 1— (1 — Py 1—(1— Pa)"]
= Pel-Ql P, + Q. P, + Qs P, :
The probability of being in state 1 at any digit is
R‘ — _ Qilgi _ = Pz — P _(L‘
! Q1k1+Q2792+Q33 &'l‘&‘l‘% °P;
P, " P, P

V. EXPERIMENTAL PARAMETERS

5.1 T1 Digital Transmission Line

TFor the T1 digital transmission line* (see Refs. 8 and 9), the error
data was obtained by measurements® on three different lines, each
looped to obtain an equivalent system length of about 24 miles. In
total, there were five runs of approximately one hour duration, that
is, about 5 X 10° digits each. The transmitted pattern was 10000000
repeated. Each run produced about 100 errors. The data were proc-

* Manufactured for Bell System use only, by Western Electric Co., manufac-
turing and supply unit of the Bell System,
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essed in real time with an IBM 7094 computer equipped with a
direct data device. The results (a sequence of numbers aj, as, . . .
where a; is the number of good digits between the jth and [7 + 1]st
errors) were recorded on a magnetic tape.

To determine the parameters of the Markov error process model,
we processed the experimental results as follows.

() Add 1 to each a to get k, the error separation.
(2) Classify each k as state
1 = “burst error state” 1 = &k < 10
2 = ‘“intermediate error state” 10 < k < 10°
3 = “random error state” 10° < k.
(773) For each state 4, find the average error separation, k; = 1/P; .
(v) From the sequence of states find the relative frequency of
occurrence of state ¢, @, , and the relative frequency of occurrence of a
transition from state ¢ to state j, ¢;; .

Steps #t and v were carried out for each run individually, and
with all runs together (considered as one big sample). Table I lists
the parameters (rounded to two significant digits) which were ob-
tained by the above procedure. Notice that the conditions g1 = ¢a; =

TaBLe I— Markov MopeL ror T1

Run qij Qs P; P,
.35 .00 .65 .23 .46
1 43 .07 .50 | .19 | 3.2 X 1073 | 1.5 X 1078
120 .31 .57 | .58 | .86 X 1078
.35 .26 .39 | .36 .46
2 .67 .08 .25 | .19 | 4.0 X 1073 | 1.4 X 108
.24 17 .59 | .45 | .61 X 108
.29 .33 .38 | .35 .37
3 .62 .19 .19 | .23 | 49 X 1073 | 1.0 X 10-8
.24 17 .59 | .42 ] 44 X 1078
.53 .22 25| .38 .53
4 .60 .15 .35 .20 | 3.6 X 1073 | 2.4 X 1078
19 .20 .61 | .42 | 1.0 X 108
.47 .13 .40 | .19 .26
5 .31 .31 .38 | .17 ] 3.7 X 1073 | 1.6 X 1078
.08 .14 .78 | .64 | 1.0 X 1078
42 .21 .37 1 .31 .43
All runs together .61 .16 .33} .20 | 3.7 X 107% | 1.6 X 10~
16 .20 .64 | .49 | .77 X 1078
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Qs1 and gi2 = Qo2 = @32 and @13 = Qa3 = @33 are not satisfied. Hence,
the T1 error process does not appear to be a renewal error process.
(This does not mean that we should discard the renewal error process.
In essence, it is a first approximation to a real error process, the
Markov error process is a second approximation, and higher order
Markov processes are higher order approximations. The first approxi-
mation may be satisfactory in some applications.) Using the param-
eters of Table I, the validity of the model was checked in three ways.

First, the theoretical cumulative distribution of the error separation,

Qn) = Q1 — P)" + Q1 — Py)" + Q:(1 — Py)"

was plotted for each run. The theoretical and experimental curves
matched within approximately =40.05, for all five runs. Typical curves
are shown in Fig. 3a (semilog plot) and 3b (log-log plot). Notice that
we could have derived rough values for the @; and P; by inspection
of the experimental Q(n) curve.
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@)

o
= 0 EXPERIMENT
= (129 EVENTS)
[¢] o -
4 o T dy o %%
0.2 TIRN
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1(5 ™ -——O%
o O 9] Qt{‘ﬁ'@ (b)
1071
=
< o]
(o]
(o] L——TWO EVENTS o
102 5
le— ONE EVENT \
1073
1074

1 10 102 103 104 105 108 107 108 109
N=ERROR SEPARATION IN DIGITS

Fig. 3 — Error separation statistics for T1 digital transmission line.
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1 2 3 4 5 6 7
bD=NUMBER OF SUCCESSIVE OCCURRENCES OF BURST STATE

Fig. 4 — Burst statistics for T1 digital transmission line.

Second, to check the burst error behavior of the channel, we compared
the experimental and theoretical probability densities, p(b), of suc-
cessive occurrences of the burst error state

p(d) = qI{I‘(l — qu)-

The agreement is excellent as illustrated in Fig. 4. (Since our sample
size is only 49, we should not expect the experimental points to follow
the theoretical curve for probabilities of about 1/49 ~ 0.02.) The ex-
perimental and theoretical curves matched within approximately 0.02
in all five runs. Notice that the procedure for caleulating ¢,, simply
provides an exact match at b = 1.

Third, to check the adequacy of the model for predicting block error
statistics, we compared the theoretical and experimental (averaged
over all possible phases) curves for P(m, n). Figures 5 and 6 show
P(m, n) versus n and m, respectively. The agreement is excellent for
m = 4. For m = 5 the experimental curves are somewhat erratic owing
to the small sample (the quantum of probability is approximately
2 X 107 in this case), which happened to contain two unusual error
patterns.

The excellent match between the experimental data and the model
indicates that a three-state Markov error process with independent
transitions is a good representation of the T1 error process. Since
this is the case, it is useful to consider a physical interpretation of
the mathematical model. The three different error states correspond
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Fig. 5 —Block error statistics (digits per block) for T1 digital transmission line.

to different sources of error, of which only one is controlling at any
given time. Allowing state transitions only at error digits corresponds
with the fact that we cannot identify the controlling error process
except by the error (and error separation) which it produces.

As for the sources of error, we can make several speculations. Fur-
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P (m,n) vs. m
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TFig. 6 — Block error statistics (errors per block) for T1 digital transmission line.

ther experimental data will be required to determine which of the
suggested possibilities is correct. “Burst errors” may result from signal
correlated errors (generated in successive regenerators) following a
random error, or from burst-like interferences such as impulse noise
(all errors of the burst generated at the same regenerator). ‘“Inter-
mediate errors” may be caused by looping effects (outgoing and
incoming regenerators are packaged together and are thus subject to
the same interference), or by slowly propagating interferences such

TaBLE II—S1e6NAL DEPENDENCE OF T1 ERRORS

Run Number of errors for each signal digit Total
1 0 0 0 0 0 0 0

1 0 31 13 6 8 5 4 7 74

2 1 19 8 12 6 7 6 6 | 65

3 1 26 13 7 5 9 7 2 70

4 2 63 15 11 10 11 8 10 130

5 1 54 7 3 4 4 1 4 78

All runs 5 193 56 39 33 36 26 | 29 | 417

Percent all

runs 1.2 46.3 [13.4(9.47.9(8.6 (6.2 7.0} 100.0
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as teletype or other de signaling. “Random errors” are assumed to
come from thermal noise.

We have thus far ignored the question of whether the error sequence
is really independent of the transmitted signal sequence. Table II
summarizes the available experimental data concerning this point.
We observe that the average probability of error is roughly 5 to 40
times greater when the signal digit X; = 0, depending on the number
of digits since the last 1. (Notice, however, that Table II does not
really tell us the number of digits since the last 1 because errors
cause the “signal” to be different in successive regenerators.) Over
all, the average probability of error is roughly 10 times greater when
Xi = 0.

What does this imply about our model? First, since there are so
few errors when X; = 1, our component channels are nonsymmetric
and the model parameters derived above essentially apply only when
X; = 0. In fact, it is possible that the error rate for X; = 1 is the same
in all three component channels, so that no burst phenomena occurs
if X; = 1 for all 7. Second, the dependence of the error rate on the
number of digits since the last 1 probably results from intersymbol
interference. This suggests that bursts might very well be signal cor-
related errors which are generated in successive regenerators, in which
case the average length of a burst should increase with the number of
regenerators. Unfortunately, the available data are not sufficient to
verify or disprove these conjectures.

How do we correct our model to take into account the data presented
in Table II? As a first approximation we would replace the three com-
ponent binary symmetric channels with memoryless nonsymmetric
binary channels with error probabilities P, , P,, and P; for X; = 0,
and P!, P}, and P} for X; = 1. With the limited data available the
best we can do is to use the previously calculated values for P, , P, , and
P, , and let (using the figures for all runs)

P} = P} = P} = 537(1.6 X 107°%) = 1.9 X 107"°.

The computation of channel capacity and error statistics now becomes
more difficult because we must consider the joint probability densities
of the source and channel. However, we can still use the bounds for
channel capacity given at the end of Section III.

To get any better approximation we must replace the three channels
with three nonsymmetric binary channels with memory. The memory
would contain d, the number of digits since the last 1, and could probably
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be limited to three states:d = 1, d = 2, and d = 3. (As already dis-
cussed this memory would also generate burst phenomena so that we
might possibly require only two channels for this model.) This approach
is intuitively appealing for modeling the effects of intersymbol inter-
ference, but we should use ternary channels with memory because the
T1 digital transmission line actually transmits ternary signals.

The fact that the average error probability is always greater for
X; = 0 (that is, even for d > 3) probably is because of long term
intersymbol interference, which in the case of T1 may persist for
hundreds of digits. This interference is approximately proportional to
the running sum of the digits W; = X; + X» + ... + X;. The Bipolar
Code used in the T1 digital transmission system guarantees that W,
can assume only the values 0 or —1 in the absence of errors.* We
assume that the output of each regenerator is recoded into Bipolar
so that the W, satisfy the same constraint in successive links, and
the channel can be described using a finite memory. Recoding allows
one to localize errors to a particular digital link and reduces the
error rate in successive links., If the output is not recoded, the W;
are theoretically unbounded which requires an infinite memory to
describe the channel.

To summarize our thoughts on the T1 error process, we may say
the following. The Markov model analyzed in the preceding sections
of this paper provides a good representation of the signal-independent
error phenomena, and reproduces all the gross error statistics. The
extension of the model suggested in this section shows promise of
providing a good representation of the signal-dependent error phe-
nomena, and should reproduce the fine grain error statistics; addi-
tional data are required to determine the parameters and validity of
the suggested extension. Notice that the signal-dependent memory is
realized as a simple Markov process when the source digits are inde-
pendent random variables.

5.2 Switched Telephone Network

We now consider the error model for the switched telephone net-
work, Gilbert* has shown that a fwo-state Markov model provides a
good approximation to the cumulative error separation distribution
for an individual digital channel. Although Gilbert used a different
model, his theoretical results for error separation are identical in

* McCullough® treats the general class of ternary restricted sum codes for
which the digit sum is bounded (—a = W. = b) for every code sequence.
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form to the results of Section IV, that is,
Qm) = Q1 — P)" + Q(1 — Py)".

We notice, however, that if we choose @; and P; so that the error
separation distributions are identical, the ‘“‘equivalent’” binary regenera-
tive channel will have a higher average error rate. When P < hq Gilbert’s
equation (14) becomes

am ~ (1 - g2 )oar + (G2 )a - Py

Q — hg
so that
P,~1—hq
P,~P
~_ P
QzNQ""hq
or
1—P
1"‘Q2P1
PP,
P = QP
and

1 — Qz -P_z ~ 1 - Qz
1—Q2P1Q2 1"Q2Pl
In our notation, the parameters for his examples (see Gilbert’s Fig.
3) are

P(1) ~ P, .

Channel 1146: @, = 0 P, arbitrary
Q. =1, P, =54% 10

Channel 1296: @, = 0.816 P, = 0.190
Q, = 0.184 P, = 257 X 1072,

For an average of many digital channels, a three-state Markov
model can provide a reasonable numerical fit. Q; and P; were deter-
mined for samples of the Alexander-Gryb-Nast,** Townsend-Watts,?
and Kelly*® data on the error performance of the switched telephone
network. Table III lists the parameters, which were determined by
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TasLe III—Marxov MobpEL FOR SWITCHED TELEPHONE NETWORK

Qn) = Q11 — P)» 4 Q2(1 — Pa)» 4 Qs(1 — P3)»

Alexander-Gryb-Nast Townsend-Watts Kelly
(4} 0.46 0.58 0.75
Q: 0.22 0.10 0.10
Qs 0.32 0.32 0.15
P, 0.544 0.567 0.56
P, 102 102 103
P, 10 <103 5 X 108

trial and error matching of the Q(n) curves. It should be obvious
that the Q; and P; were quantized rather coarsely. Figure 7 shows
that the maximum difference between the experimental and theore-
tical curves is about =*=0.05. ,

Although the numerical fit is reasonably good, it is evident that
the sharp transition of a single independent-error process is not a
good match to the gradual slope of the experimental curves at larger
error separations. However, the experimental curves represent an
average over many different channels. The parameters of the model
will vary from channel to channel, resulting in an over-all error process
which contains many states. Each state will have a small probability
of occurrence (Q;) and a slightly different average error probability

0.8
—— THEORY
o7 ‘\\\ —— EXPERIMENT
N\
06 \\\\\
\
osf R 4
,, \ N\ ==l
€ 0.4\ T =
d \ TW\%
03 \:% — \\
~Seme N
s KELLY ~==mwel R
‘\,_\\ ]
NS ~L
0.1 ~ =~
[o} \\-

1 2 % 40 % % 22 5 32 3 4542 5 552 5 446
N'= ERROR SEPARATION IN DIGITS

Fig. 7 — Error separation statistics for switched telephone network.
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(P;). Q(n) for such an error process will exhibit a gradual slope at
larger error separations.

It is obvious that we could use a larger number of states in the
Markov model, and match the experimental @ (n) curves to any
desired degree of accuracy. At this point we should consider whether
it is an individual channel or an average of many channels that we
wish to match. Usually it will be the former, in which case a three-
state (or perhaps even a two-state) Markov model will be satisfac-
tory. If it is the latter, it makes sense to seek a single (noninde-
pendent) error process which provides a better match for the gradual
slope observed at larger error separations. A likely candidate is the
Pareto distribution proposed by Berger and Mandelbrot.* They also
give statistical evidence which supports the renewal error process
hypothesis. Sussman® has shown that the Pareto distribution pro-
vides a good fit to the Alexander-Gryb-Nast data. It is interesting
that Sussman hypothesized that the Pareto distribution may be the
limiting form of “the superposition of many unrelated error-causing
events,” which is exactly what our model suggests.

To incorporate the Pareto distribution into our model, we would
represent the cumulative distribution of error separation as

Qn) = Q1 — P)" 4+ Q:(n 4 1)7°

where « is 2 parameter which would be chosen so as to give the best
match to the experimental data. It should be recognized that the
above distribution will not be a good approximation for the Markov
error process for very large values of n. As n = 0 the Markov dis-
tribution approaches

Qn) = Qu(1 — Po)"

where Q. and P, describe the channel with the smallest average
random error rate.

In some situations the Pareto distribution may also be a good
representation of an individual channel. We have implicitly assumed
stationary channels. A nonstationary channel whose parameters vary
rapidly with time is essentially equivalent to the average of a large
number of stationary channels, each with different parameters. Such
a model may be appropriate for digital communication systems using
radio links. On the other hand, a slowly varying nonstationary chan-
nel is essentially equivalent to a single stationary channel, since the
parameters will not change appreciably during any message of rea-



REGENERATIVE CHANNEL 1735

sonable length. This kind of model appears to be appropriate for
digital communication systems using paired cable or coaxial cable.

To summarize, we feel that the Markov model is a good representa-
tion for the error process of an individual digital channel. The Markov
model also explains the observed measurements for the average of a
large number of digital channels, and leads naturally to the idea of
using the Pareto distribution to approximate the behavior of a
Markov error process with many states.
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Quantizing Noise and Data
Transmission

By JAMES E. MAZO
(Manuscript received February 20, 1968)

Methods for calculating the power in the quaniizing noise on digital
transmission facilities have been known for some time. A more difficult
but unavoidable problem is the effect that this notse has on data signals
intended for analog transmission. This paper demonstrates that to assume
that the noise will behave as a white Gaussian noise process will always
(except for a simple factor) yield an upper bound on the probability of
error when no companding is present. We assume that linear detection will
be used, as for a PAM system, and the result is true whether or not filtering
or demodulation ts involved. Results are illustrated by applying them
to a model of an existing V. SB modem whereby the additional degradations
resulting from data set tmperfections are included as added baseband noise.

A modem operating perfectly would make no errors at all at the higher
transmission levels. For example, with no companding, a set with an eight-
level eye closed by even 30 percent would not yield errors for tnput powers
down to — 16 dBm. Thus quaniizing notse s not a basic limiting factor in the
error rate for all tnput levels. A similar rigorous theory is not available for
compandored systems, but for special situations reasonable estimates can
be made. For logarithmic companding and etght-level VSB transmission,
worst case estimates indicate error rates about 107° for one link of T1
carrier.

I. INTRODUCTION AND SUMMARY

The T1 carrier system is a digital transmission scheme for analog
signals.® Even though the digits in the coded bit stream might be
transmitted without error, when the analog signal (which may in
fact be a data signal designed for analog facilities) is reconstructed
at the receiving terminal, quantizing noise is inevitably added and
can be large enough to cause errors in the customer’s data.

1737
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We show that, under some simple constraints between sampling
rates and bandwidths which are satisfied in practice, and independent
of the particular data signal used, an upper bound on error rates is
obtained if the quantizing noise is assumed to be a white Gaussian
process of power A2/12 and bandwidth 1/2T:.* We assume that linear
detection will be used, and the result is true even if additional filter-
ing is done (as one might do with a receiving filter). And it is true
whether or not a demodulation process takes place. Using the model
in Fig. 1 for the digital transmission scheme, results are specialized
to obtain error rates for eight-level VSB transmission (Fig. 2).
Imperfections of the data set are included as added baseband noise.
If it were not for these imperfections, error free transmission would
result over an appreciable range of power levels (see Table I). For
a logarithmic compandor and VSB data, even using worst case esti-
mates, the error rate for one link is quite low, about 10-°,

II. QUANTIZED TRANSMISSION SCHEME

Let us consider a transmission scheme for a single channel that,
for our purposes, typifies the T1 carrier system. As suggested in Fig.
1, the signal to be transmitted is assumed not to have any power
beyond B Hz. The signal is sampled at the Nyquist rate Ty = 1/(2B)
and these samples are passed through an instantaneous nonlinear
device with characteristic vouy = F (v1,). The compressed samples are
then quantized by a uniform quantizer of step size A, and coded into
binary sequences. The binary sequences are assumed to be trans-
mitted without error and the process is reversed: sequences are de-
coded into pulses, expanded according to the inverse function F(x)
and the impulses are used to excite an ideal filter of bandwidth B
and amplitude T,.7 A receiving filter G generally follows the ideal
filter and we include this in our description, although it would not
be part of a T1 transmission system. If the bandwidth of G is en-
tirely contained in B then one may consider the impulses to excite

T,G directly.
To be more specific, we are concerned with two particular com-
pandor characteristics F(x). One is F(z) = , that is, quantizing

* Here A is the quantizer step size and 1/7i is the sampling rate. Also this
statement is true only modulo a simple factor given in the text.

T The amplitude gain of the ideal output filter for the carrier system is chosen
to be 7% in order that the signal component will undergo no gain relative to
its sampled values at the transmitter.
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Fig. 2— Model of back-to-back transmission of VSB modem. The noise added
at baseband represents imperfections of the modem.
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TABLE I — QUANTIZING NOISE*

Mean

square

P(dBm) Mmax
-5 0.221
—10 0.394
—-15 0.698
—20 1.245
—25 2.21
-30 3.94
—-35 6.98
—40 12.45
—45 22.1

* Peak values of quantizing noise as a function of input power P. The noise scale is
such that a perfect receiver would make no errors for nm.= < 1. The power scale is
such that the quantizer overloads at an instantaneous power of +6 dBm.

without compandoring. The other case is (in normalized units)

@) = —F(~a)
Fo) = pa ), 0ses1 M
=1 z>1,

where p, the degree of compandoring, is large. Typically, p = 100
for a good approximation to existing devices.

Finally, when specific values are required, we assume 7 bit coding
to be used for the quantized samples and use A = 1/63.

We hasten to add that quantizing noise is not the only degrading
factor for the existing T, facilities. Apparently mismatch and mis-
tracking of compressor and expandor cause nonlinearities which are
responsible for peculiar behaviors of error rate versus signal power
curves.?

III. GENERAL THEORY

Let us represent the signal I(f) which is to be sampled and quan-
tized by

() = z() cos w.t — y(t) sin w,t, (2)
and the sampling wave as

; 8(t — kT, — 1), (3
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where the random timing phase is uniformly distributed over the interval
0 = 7 £ T,. The pulse trains representing (2) immediately after
sampling, compression, and quantization are given by expressions (4),
(5), and (6), respectively.

ST, + 76t — kT, — 7); 4)
loomp&Ty + 7)8@ — kT, — 7); (5)
Zloomp& Ty + 7)8(t — kT, — 7), (6)

where

loomp(KTy + 7) = FI(kT) + 7)]

is the compressed sample value and I omp(?) is the particular one of the
(2" — 1) levels that the quantizer output gives as the value for L, om,(£).
If we let the subscript “exp” stand for the result of operation of the
expandor at the receiving terminal, then the impulse associated with
time (k7 -+ 7) has area

eomp Ty + Dlep = UET, + 7) + (kT + 7). (7)

Because the expandor has as its input an estimate of the compressed
pulse area, the error term e(kT, + 7) is not zero but may take any
value in an interval, that is,

(e | A0 20|, ®

The spread A(f) that the quantizing error may take is not neces-
sarily equal to the quantizer step size A when companding is present,
but is given by the formula (see Appendix A)

A
V0N ©

In (9), F’[I(t)] is the derivative of the compressor characteristic
evaluated at that input amplitude of the signal at the time of the
sampling. The error signal generated at the output of the receiving
filter is obtained by convolving the impulse train

A(l) =

Ze(kT, + 7)6t — kT, — 7) (10)
with the impulse response T1g(t) of the receiving filter.* Denoting

* Again, g(f) is associated with the receiving filter of the data set and the
constant 74 is the gain of the ideal output filter of the carrier system.
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this noise by n;(¢) we have

m(t) = T'2e¢kT, + 7)g(t — kT, — 7). (11)

To proceed further we make the assumption that the quantizing
error €(f) of the output sample in (10) is uniformly distributed over

the interval
=30 4]
2 2 ’

thus having mean zero and variance A?(t) /12, and that different sam-
ple errors are independent. Notice that the latter assumption is not
the same as assuming that different sample values are independent.

IV. SUMS OF UNIFORM VARIATES

As (11) illustrates, a basic problem which must be dealt with is
the probability distribution of sums of independent and uniformly
distributed random variables. We will obtain an upper bound on the
tail probabilities of interest by applying the technique of the Chernoff
bound.** This bounding technique states that if a probability den-
sity p(z) has a moment generating function (mgf) M (s), where

M = [ e (9@ d, (12)

then
Q = Prob [z = a] £ M(s) exp (—sa), s 0. (13)

Thus to obtain an upper bound one simply multiplies the moment
generating function by an exponential, both evaluated at an arbi-
trary positive s. Actually it is known that there is a best s to choose,
and it is that one, if it exists, which satisfies the equation

d
s In M(s) = a. (14)
Equation (14) assures a stationary value for the right side of (13)
and it can be shown that such an s in fact minimizes M (s)e™**

For example, for a Gaussian variate of mean m and variance o7
the moment generating function is well known to be given by

M(s) = exp [ms + 8%72-] - (15)
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Thus the best s to choose is, using (14),

s = (_0;21"_). (16)

ag

Notice that only if & = m is this s = 0. Thus, as long as a is greater

than the mean, we have for the Gaussian case

05 ep| - O], (1)

where (17) results from using (15) and (16) in (13). For the Gaus-

sian variate under discussion the exact answer is also well known to

be given by

(@ — m)
@)

where erfe x is the coerror function.® In addition, equation (7.1.13)

of Ref. 5 states that

exp (—2%) = (M¥r + * + 2)! erfe 2], (19)

and hence the difference between the Chernoff answer (17) and the
exact answer (18) for the Gaussian case is no more than the multiplicative
factor (m)}[(0)} + (p + 2)*] where ()} = (¢ — m)/[(2)%].

We modify this procedure for our problem with the following obvious
lemma.

Q = 1 erfe (18)

Lemma 1: If G(s) is an upper bound for the moment generating function,
that s, M(s) < G(s) for all s, then

Q = ¢ *°G(s), s = 0. (20)
In particular, a positive s = s which satisfies

d
7 In G(s) T a (21)

is legitimate.

Next consider a random variable x which is uniformly distributed
over [—A/2, A/2]. The variance of this variable is A?/12, and it has a
moment generating function M (8) yni

sinh‘Eé
2 2 (sA)™ 1
lwl(s)unif = SA = E (?) (2’ﬂ + 1)1

n=0
2

(22)
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Now the nth term of the sum in (22) is positive and upper bounded by

&) 5]

M(S)unic = Zw; [(%A)z %:I % = exp [f—; 8—22] (23)

Thus we have shown that the moment generating function of a zero-
mean uniform density is upper bounded by that of a zero-mean Gaussian
having the same variance.* If the uniform variable has mean m the
theorem is still true if we use instead the moment generating function
of a Gaussian with mean m.

We are now ready to write down a whole class of random variables
which have moment generating functions upper bounded by those of a
Gaussian of the same variance. Suppose the result is true for two inde-
pendent random variables, z and y, of variances ¢ and ¢, namely

2 2
M.(s) < exp [s;‘,]

2 2
M(s) = cxp [82‘7”].

Then using the theorem that the moment generating function of a
sum of two independent random variables is the product of their
individual moment generating functions, we have

Hence

(24)

It

M. = MLOM,6) < exp [’%} exp [%]

2 2 2
exp I:‘;— (@3 + ai)] = exp [s%] :

I

where

Oaey = 05 + 0y
is the variance of (z + ¥). Thus the moment generating function of
a sum of any number of independent uniforms of arbitrary means
and variances is upper bounded by the appropriate Gaussian one
(same mean and variance as the sum), and thus use of (17) through
(21) provides a rigorous upper bound for tail probabilities of the sum.

* A similar theorem was discussed by Saltzberg for the case of equally spaced
delta functions.® We have followed his method of proof here.
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V. FURTHER ANALYSIS WITHOUT COMPANDING

When no companding is present, the independent random variables
e(kT, + 7) have variance A?/12 and the variance of the noise (11) is

2 0

o2 = mi(l) = Tf.%.kzw gt — kT, — 7). (25)

We evaluate the infinite sum in (25) by using the Poisson sum for-
mula, namely

s _ I > [27ri'm(t— T)] ( _2_7:)
k;w gEt—kT,—7) = T, m;ec exp ————Tl G.\m T.) (26)
where G5 (w) is the Fourier transform of ¢2(¢). Now since the band-
width of the filter G is assumed not to exceed 1/2T7; Hz, only the

m = 0 term of (26) contributes and we obtain
A2
o) = T,-EGQ(O). (27)

Equation (27) implies that the noise power measured before the
receiving filter is A?/12. This result has been obtained by Bennett”
who also showed that the spectrum of this noise is flat across the
band. Further, equation (27) is consistent with filtering white noise
since

0

= 217 [ : | G [ do. 28)

An important fact about (27) is that the received passband noise
power without companding is independent of many properties of the
signal. Thus it is independent of signal power and multilevel strue-
ture. It is not independent of rate, however, since this enters implicitly
into the factor G2(0), and likewise it is not independent of roll-off.
By halving the speed and doubling the number of levels, one decreases
the noise by 3 dB, but loses 6 dB in noise margin, thus leaving one
with a net loss of 3 dB in noise margin. Thus it is best to use as few
levels as possible consistent with given speed objectives, at least if
the quantizing noise behaves anything like Gaussian noise.

Let us discuss further some statistical aspects of the quantizing
noise at baseband. The “line” signal must be demodulated as in VSB
transmission by multipling the (filtered) received signal by cos ot
and eliminating double frequency components. We represent the
impulse response g(t) of the passband receiving filter G by

g(t) = g.(t) cos w.t — g,(t) sin w,t. (29)

G,(0) = f
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Further we specialize to the practical constraints® o, > B; and 2x/T
> 2(w; + B;). The demodulated noise is

n,(f) = %l Ze(kT; + {g.(¢t — kT, — 7) cos (wkT; + w.7)

+ 9,0t — kT, — 7) sin {0 kT + w.r]}. (30)

The general expression (29) can be simplified for a VSB receiving
filter which is symmetric about midband frequency oy, and linear
phase characteristic, by writing

g(t) = ¢:(f) cos w,?
w, — w, = x/2T,

62))

where 1/T is the symbol repetition frequency. Of course a ¢, and a g,
may be immediately written down from (31).

From (30) we derive in Appendix B, equation (32) for the baseband
variance a2 ():

Ui(t) = é (i %)Tl [G2z(0) + G?y(o)]y (32)

where G;(w) is the Fourier transform of ¢3(t). We now will show that
this result is identical to the baseband noise power that would appear
if flat Gaussian noise of power A?/12 were on the line. We do not regard
this as obvious; in fact it is not true that the signal power at baseband
is the same as if one had Gaussian noise of the same power and spectrum
on the line that the signal has. The proof depends on a few simple
observations. If passband Gaussian noise is represented by

n) = n.(t) cos wt — n,(t) sin w.di, (33)
then
o = (") = md) = (ny), (34)

and so baseband noise power is ¢2/4. Next we notice that white Gaussian
noise, having same total power as quantizing noise over the band
(—1/2T,,1/2T,) Hz, has two sided spectral density

2
N(w) = No/2 = IA—2-T1 watts per cycle. (35)

* By is the bandwidth of g.(t), 2 =z, v.
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Thus the Gaussian noise power out of the receiving filter G would be

A® * dw 2
=t f_w%mw
AZ

_ A7 ® gi(t) + ga(d f“" g:() — gt
=1 T,|:f_co ) dt + B 5 cos 2w, t di

=I§T1fwg@ at

+ f_ i 9:(0g,(}) sin 2w,¢ dt]- (36)

Since neither ¢,(t) nor g,(t) are assumed to have any frequencies as
high as w, the last two integrals above vanish. The final remark that
completes the proof is

.Cﬁ®w=@m»

Thus noncompandored quantizing noise behaves, at least concerning,
its power, as zero mean white Gaussian noise, flat over the band
(—1/2T,, 1/2T,) Hz, and total power A%/12. This statement is true
with or without demodulation.

One would like to go further and treat the baseband noise as zero
mean Gaussian of variance given by (32). There is a justification
for making this additional step. Recall the result of Section IV, which
stated that if

2= EA,
(& = 2(A) 37
o’ = varz = {53A’

is a sum of independent and uniformly distributed variates A, , then
(provided ¢® = 1/122A? < ) for all 4 such that 4 > Z(A,),

Prob (z > 4) £ (M + (0 + 2))|1P,(4). (38)

In (38), (p)% = A/[(2)*0s], and P,(4) is the probability that a
Gaussian variate of the same mean and variance as z is greater than
A. Since P,(A) depends exponentially on p, the coefficient structure
in (38) is not nearly as important as P,(4). We would like to argue
(but not prove) that ignoring the coefficient in (38), that is, simply
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assuming Gaussian behavior, is quite accurate for the baseband noise
(30) for the error rates of practical interest.

Thus consider eight-level, 50 percent roll off, transmission over
our hypothetical “noncompandored T,” transmission facility. From
(30) and (31)

naf) = % T + Dt — KT, — 7

ceos [(w. — w)(f — kT — 7) + w.(6Th + 7], (39)
where, according to an appropriate normalization,

COST—t
4o, T
h(t) = 1:;" —Et—; (40)
1= (?)

Notice that since h, &2 1/t?, t large, the sum in (39) is bounded.
A computer study of (39) for various values of ¢ and 7 shows this bound
to be not too sensitive (about 5 percent variations) to choices of ¢ and 7.
Numerieally we find

(0 | = %-25(%)(5.31). (41)

From the sum formula (26) the variance of (39) is obtained. We
calculate

T

18° T
412 T
Thus a peak-to-mean square ratio of the baseband noise power may
easily be shown to be 15 dB. To obtain some insight from this value,
consider the question of how many (N) identical independent, zero-
mean uniform densities one would have to convolve to get a peak to
rms value of 15 dB; the answer is N = 10. Ten uniforms generate,
we feel, a reasonable approximation to a Gaussian curve. As a check,
consider that our ten uniform densities each have range [—0.5, 0.5].
To check (not prove) the approximation on the tails we calculate

Prob [sum = 4.5] = 11?.1

The Gaussian assumption gives 4.46 X 107, Thus we will assume
that for error rates > 10~ the Gaussian assumption will yield rea-
sonably accurate answers, not just being a bound in the sense dis-
cussed above.

2
b

oy, =

(42)

= 2.75 X 107".
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The above theory showing that noncompandored quantizing noise
may be considered to be additive white Gaussian noise with zero
mean, variance A%2/12, of 4 kHz bandwidth has been compared with
the experimental results of Gustafson on the performance of the VSB
(203) data set which operates at 5400 bits per second. Fortunately
an experimental curve is available for error rate versus signal-to-
noise ratio without companding and this is shown in Fig. 3 along

1072 I
THEORY
(UPPER BOUND)
\
</
1072 /
_4 I
u‘_J 10 /
<
@ THEORY
o« GAUSSIAN
e} 7
el MEASURED / —
w =5 // /,
10-6 /5: /
1077
0 -10 -20 -30 -40

AVERAGE INPUT POWER IN dBm

Fig. 3 — Comparison of experimental and theoretical error rates for one link
of noncompandored transmission. Theory neglects overload distortion. Instan-
taneous input power of -6 dBm is the onset of overload.

with the results of present theory* (for one link of T1.) The rise in
the experimental curve at high input signal power results from over-
load distortion of the quantizer which has been neglected for the
present analysis. Overload occurs at a peak power of +6 dBm on the
scale used in Fig. 3, and thus the peak power to average power for
the eight-level VSB set (including pilot tones) appears to be around
11 dB. In general the observed error rate is higher than the theoret-
model the performance of the actual 203 receiver, an additional noise
source is included at baseband, as suggested by Saltzberg® and shown in Fig. 2.

The baseband S/N for this noise is chosen to be 28.08 dB. This noise alone
would yield an error rate of 2.5 X 10-°.
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ical prediction, and for low P, is even higher than the theoretical
upper bound. Perhaps this is caused by other distortions in the system
not considered here.

For multiple links of transmission one should take the quantizing
noise to have the same properties as above, but the total noise power
is N - A%/12, where N is the number of links.

We wish to emphasize that the curve drawn in Fig. 3 does not
represent any theoretical ideal; we have tried to understand the
performance of an existing data set and its imperfections. Actually,
if the data set were functioning perfectly, there is a range of input
power where no errors would be made. We have normalized units so
that no errors can be made if the baseband noise is less than unity
in magnitude. Table I shows the peak value of quantizing noise cal-
culated from equation (41) as a function of input power measured
in the same units as in Fig. 3. An input power of —15 dB would be
near typical operating levels. If the data set were imperfect but the
eight-level eye were no more than 30 percent closed (but one had
perfect timing), then one would still not make errors down to —15
dBm. In general we see that quantizing noise is not a basic limiting
factor on the error rate for all input power levels.

VI. ANALYSIS WITH COMPANDING

Equation (9) indicates that the derivative of the compressor char-
acteristic is an important quantity. For the logarithmic curve given
in equation (1),

1

’ _ b .
@) - mar it ul] (43)
The average of A%(t) now is not A2/12 but is
2 _ ey o AT 1
= 0 = 5 ()
&[0t D g ouap + ), (@)

where the average power P = (z?). Now (|z|) cannot be less than zero
nor more than (P)*. Hence

k(1 + p°P) < o2, < k1 + p(@)'T (45)
where

_A A+
K~12[ p ] (46)
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The lower and upper bounds in (45) indicate that for large u(P)}
the average noise power is not a sensitive function of the probability
density of the input signal. The knowledge of ¢7, cannot be used here
to obtain a strict upper bound for the probability of error as was done
in the uncompandored case, for the “instantaneous’” noise variance is
correlated with signal values. Thus large input signals “‘see” bigger
step sizes, in effect, than smaller inputs would. One concludes from this
that for multilevel transmission the outermost levels would have the
greatest noise associated with them.

To make exact calculations on this matter is a difficult task, and we
confine ourselves to some estimates of the effects. Estimates can be
obtained by restricting attention to special sequences. Thus for an
eight-level PAM system let an arbitrary sequence consisting only of
the outer levels (£7) be transmitted, and compare this with another
sequence consisting of (45) transmitted in place of (&7). Then the
quantizing noise will be—considering the u* term in (44) to be of prin-
cipal importance—in the ratio 7°/5°. Thus the outer level will have,
in this circumstance, 3 dB more noise than the next inner level. The
contrast between these levels will be somewhat lessened in a random
sequence using all levels, but it is clear that the 3 dB number quoted
here provides an upper bound to the difference.

Worst case estimates of error rate in the compandored case may be
made by replacing A?/12 in (42) by the upper bound for ¢?, given in
(45), and finally using peak power instead of average power in (45).

For the eight-level VSB system considered previously, operating
on T1 facilities, this procedure yields error rates of 107° — 107° over
one transmission link (for the interesting ranges of input power).
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APPENDIX A

Derwation of Quantization Error

Equation (9) of the text relating the output sample error A(¢) to
step size A, compressor characteristic F(z), and signal amplitude
I(t) at time of sampling is easy to derive if the chain rule is used
to differentiate the relation

FF@)] == (47)
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to obtain
dF{v)

u=F(z) dU

dF
—d';l,(_l = 1. (48)

Now clearly, if the error made when leomp is quantized is small, that is,
if A is small, then

output dF™!
sample ~ © Ceoms) + 270 untoomp (49)
or
output _ A
sample + F'y”’ (50)

where (48) has been applied to (49) to obtain (50).

APPENDIX B

Derivation of o
Squaring (30) and averaging over {e¢} gives
T2 A2
i) = s T UGt — Ty — 1)
-cos® [w kT, + w,7] + g5t — KTy, — 7)
sin? o kT + w,r] + 20,0 — KTs — 2)gu(t — kT' — )
-sin [w kT + w.7)] cos [w kT, + w.7]} (51)

or,

0 -1 (EL) 5 g4 g

( 7 12>{ > (g% — gb) cos 2w kT + 20,7]

+ 2 > 9.9, sin [2w.kT, + 2w,7]}. (52)

All the sums in (52) may be evaluated using the Poisson sum formula
quoted in equation (26). The first term on the right of (52) is simplest
to handle. Since ¢; has no frequencies higher than 1/2T, , the Fourier
transform G.;(w) of ¢g°(t) has support contained in [—2x/T,, 27/T,],
and further, since it is a convolution, G,;(2=2x/T,) = 0. Thus

(4 12) 2@+ ) =3 (?i 12)T1[G%(0) + G.,0].  (53)
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The other sums in (52) are all zero, for a typical sum is (where ¢ =
20)0 Tl)

> f(t —nT — 1) cos [nd + o]
ECOSI}T%-{WD-—;—?]E)‘(t*nT—T) cos(t—nTl——r)Til

+Sin|:t%+ —Til:lZ]‘(l—nT—r)Sin(i-—nTl—r)To—l-

(54)

The sum formula is now directly applicable to the functions

f{t) cos 2w.t and () sin 20, The functions have Fourier transforms
which, according to the discussion following equation (29), vanish at

w

= #2x/T,-k, where k is any integer, including zero. The results

claimed follow.
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On the Solutions of Equations for
Nonlinear Resistive Networks

By A. N. WILLSON, JR.
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Several theorems are proved concerning the solutions of equations that
arise in the study of resistive nonlinear electrical networks. The first, an
existence and uniqueness theorem, applies to equations describing an
interesting class of networks which includes certain active and nonreciprocal
networks for which the existence and wuniqueness of solutions has not
previously been established. A method of computing bounds on the location
of the solutions s given, and two iterative techniques are presented for
computing the solutions. It is proved that the iterative techniques converge
for a subclass of the equations which also includes equations describing
certain active and nonreciprocal networks. Finally, the rate of convergence
of the tterative techniques is compared with that of another well-known
wterative technique and some practical computational aspects are pointed
out. Computations for two example problems, not reported here, were carried
out to show the practicality of applying these iterative techniques to the
equations of spectfic networks.

I. INTRODUCTION

In this paper we consider the solution of the equation

F(x) + Az = B ¢))
T,

where z = is a point in the n-dimensional Euclidean space E",
T
fi(z,)

F) = is a nonlinear function mapping E" into E", A is an
ful@n)

1755
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b,
n X n matrix of real numbers, and B = is an arbitrary point

bn
in E". We prove (Theorem 1) that there is a unique solution of (1) if:
(?) Each §; is a strictly monotone inereasing function mapping
E' onto E',
and
(72) The elements a,; of the matrix A satisfy the inequality

a: > X lay|, for i=1,--- n.
i

We then demonstrate a straightforward method of computing bounds
on the location of this solution. Finally, we present two iterative tech-
niques for computing the solution; and prove (Theorem 3) that the
two additional assumptions:

(7#Z) Either all of the functions f; are convex, or else all f; are concave,
and

() a;; £ 0if 7 £ 4,
are sufficient to guarantee that the iterations converge to the solution.

Equations of type (1) occur often in the study of nonlinear electrical
networks. For example, if a linear n-port containing resistors, inde-
pendent sources, and dependent sources has a two-terminal device
whose V vs I curve is specified by I; = f;(V;), forz =1, --- , n, con-
nected across each port, then the port voltages may often be expressed
as the solution of an equation of type (1). In this case the matrix 4
will be the y-parameter matrix of the n-port, the constant vector B
will account for the presence of the independent sources, and the com-
ponents of the vector z will be the desired port voltages.

II. ACTIVE AND NONRECIPROCAL 7-PORTS

In case the n-port of the above example contains no dependent
sources and the functions f; satisfy condition (i) above, the existence
and uniqueness of a solution of (1) follows immediately from the
well-known result of R. J. Duffin.* In fact, with the additional as-
sumption that the slope of each f; is bounded by positive constants
the computational technique of J. Katzenelson and L. H. Seitelman
may be used to compute the solution.? This computational technique
is based upon a theorem of I. W. Sandberg which relies upon the
contraction-mapping fixed point theorem.?
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Sandberg’s theorem may, in fact, be used to prove the existence
and uniqueness of a solution of (1), and to construct a convergent
iteration process for computing this solution, whenever the matrix
4 is positive semidefinite* and the slope of each f; is bounded by
positive constants. Other theorems which do mnot require that the
slopes of each strictly monotone increasing f; be bounded by positive
constants also exist. (For example, see Ref. 4.) These theorems guar-
antee existence and uniqueness of a solution of (1) whenever A is
positive semidefinite but do not specify a procedure for computing it.

Suppose, however, that the matrix A is not positive semidefinite;
that is, suppose the n-port in the above example is active. Then the
above results no longer apply. It may often happen that the matrix
A is not positive semidefinite but still satisfies condition (i) above.

The matrix
A= [1 1] ,
5 7

for example, has this property. It is interesting to notice that in this
case the matrix A will necessarily also be nonsymmetric (the corre-
sponding n-port will be nonreciprocal). This follows from the fact
that for symmetric matries A, condition () implies that A is a
dominant matrix® which, in turn, implies that A is positive semi-
definite. It is for this class of active nonreciprocal n-ports that our
work provides entirely new results. Even for the passive case, how-
ever, notice that our computational techniques do not require that
the slopes of the functions f; be bounded. Also, there is reason to
believe that for certain problems our iteration schemes may converge
more rapidly than the ones based upon the contraction mapping
theorem. More is said about this in Section VII.

III. EXISTENCE AND UNIQUENESS

Before proving the existence and uniqueness theorem we first prove
a lemma which is used many times in this and the following section.
Lemma 1: Let the n X n matriz A of real numbers satisfy condition
(%) of Section I. For j = 1, --- , n let p; denote the jth component of
peE" Let ke {1, -+, n} be chosen such that |p,| = mazx {|p;| : j =
1, ---, n}. Then,

*The n X n matrix 4 is said to be positive semidefinite if (z, Az) > 0 for
all z in E™.
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>0 = X aup; 20,

i=1

and
D <0 = Zakip,' éO.
i=1
Proof:
aw [P | 2 Z|ak:‘ o | 2 Zl | auip; | 2 _Zlakipi l
ot o ik
Thus,
Qiere ka l = :*:Z AP -
Tk
But then,
pr >0 = aupe = — Z P = Z aip; 2 0,
Fek =
and,
P <0 = —aups Z 2 aup; = 2 aup; S0 O
i=1 i=1

ik
Theorem 1: There exists a unique solution of (1) whenever conditions
(1) and (i) of Section I are satisfied.
Proof: We first prove that if a solution exists it is unique. Let !
and z? be solutions of (1). Then,

F@®) — F@') = A@ — 2°).

Forj =1, ---, nlet 2} and 27 denote the jth components of =* and 2,
respectively, and choose k e {1, - -+, n} such that
|2y — 2 | = max {|a} —a?|:j=1,---,n}].

If x; > 2} then, by Lemma 1,

If z;, < 2 then, by Lemma 1,

It

2 a( — 23) = 0.
i=1

n

fk(xzzc) - fk(x}c) = 2:1 aki(x:' - 303) = 0.

i=
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Both of these conclusions contradict the fact that f, is strictly monotone
increasing. Thus, z; = zj and hence 2} = 2} forj = 1, --- , n. That is,
the solution of (1) is unique, if it exists.

‘We prove existence of a solution by induction. For k = 1, --- , nlet

fl(xl) Ay ** 0 Qg b,
Fiz) = , Ay =] eeeveenns , B, =
fk(xk) Apy **° Qe b,

Clearly, the matrix 4, satisfies condition (¢Z) of Section I. Also, it is
clear that there exists a unique solution* of F,(x) + A,z = B, for
every strictly monotone increasing function f, mapping E' onto E.

Assume that there exists a solution of Fy(x) + A,x = B, for arbi-
trary strictly monotone increasing functions f;, ¢ = 1, - -+ , k mapping
E* onto E'. Then, for every real number z;.,,, the equation

A1, 5+1
- Fy@) + A - Ty = By
Ak, k+1

has a (unique) solution; since for 2 = 1, --- , k the function f;(z;) +
@ x+1%4s1 1S strictly monotone increasing from E' onto E'. Let the
components of this solution be denoted by x; = m;(z;,,) fori =1, --- , k.
We have thus defined % functions m; on E*.

We now prove that for every x},, , 2., ¢ B,

| 23er — @pan | 2 | mi(@ien) — mi(@aen) |, for j=1,---,k (2

This inequality, incidentally, implies that each m; is continuous.
Let 2;,,, 22,, ¢ E' and choose l £ {1, - -- , k} such that

| mz(win) - ml(x}H»l) ‘
= max {| m;(@}s) — my@ie) | 17 =1, -+, k}.

Assume that | m,(z},,) — m@4) | > |25, — 2341 | - Clearly, then,
'ml(xiﬂ) - ”ll(xzﬂ) #= 0. If 7nl(xz+1) - ml(mllcﬂ) >0 then:

ft[’mz(xin)] - fl[ml(xllc+l)] > 0.

* We take the liberty of using the same symbol z to denote points in any of the
spaces E¥, 1 < k < n. No confusion should arise since the subseripts on ¥ and 4
will make our choice clear. i
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Also, since the matrix Ay, satisfies condition (¢¢) of Section I, letting

It

Pi mi(x:—ﬂ) - mi(x:-n), for j=1,---,F,

2 1
DPre1 = Tr+r — T+,

we have, by Lemma 1,

%
Z au[mi(x:n) - mi(xllc+l)] + az,m(xiﬂ - x;c+l) = 0.

i=1

Thus,
k
fz[mz(xzu)] + Z; aum;(xin) + al,k+1x:+l

k
> fz[ml(x}en)] + 2, alimi(m;nl) + al,k+1xllc+l , 3

which is a contradietion since the quantity on each side of this inequality
is equal to b, . If m;(z},,) — mi(z},,) < O then,

fz[’mz(xzﬂ)] - fl[ml(x}wl)] <0.
By applying Lemma 1 again, as above, one arrives again at (3) with
> replaced by <. This is also a contradiction. Thus, we must have

| 21 — Taar | = | muafe) — ma(@ie) |,

and hence (2) is proved
Now, consider the function

&
E Qps1,iMi(Tir1) F Bosrke1Trsr - 7 4)

i=1

Let z,, , 2., ¢ E' with z},, < 2},, . Then,
b
st pv1 = Z ‘ Op+1,i I
i=1
implies
(lk+1.k+1($:+1 - x;n)
3
= Ok+1,k+1 Ixiﬂ - xl:+1 | = Z (l A+, 4 ll xin - xl:+l l)
i1

But, using (2),

k
ak+1,k+1(xi+1 e xllc+1) = z | ak+l.i[mi(x:+l) - ms’($£+l)] ‘
i=1
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13
= =) G i[mi(ain) — my(ia)l,
i=1
which implies

k x
Z ak+l.imi(xllc+l) + ak+1.k+1$1:+1 = Z ak+1,imi(xlf+1) + ak+1,k+lxk2+1 .

=1 i=1

That is, the function (4) is monotone increasing. Clearly (4) is con-
tinuous. It follows, therefore, that if fy; 1 is a strictly monotone in-
creasing function mapping E* onto E*, then so is the function

3
fk+l<xk+l) -+ Z ak+1.imi(xk+1) + Crirk+1Tsr -
i=1

Thus, there exists a unique solution of the equation

i3
fk+l(xk+1) + Z alc+1,imi(xk+1) + Qrer,p+1Th41 = Dpur -
i=1

If 22,, denotes this solution then

my(Tn 1)

Ma(Thrr)
$2+1

is the (unique) solution of

Fii(@) + A4ir® = B«

Thus, we have proved that there exists a unique solution of (1). O
IV. BOUNDS ON THE SOLUTION

Having established the existence and uniqueness of a solution of
(1) a natural question to arise is: What can one say about the loca-
tion of this solution? It turns out that we can say quite a bit (again
assuming that conditions (¢) and (¢%) of Section I are satisfied). One can,
in fact, with little effort (compared with the effort required, in general,
to actually compute the solution) determine a finite region R in E",
in which the solution must lie. This regionis the cartesian product of
finite intervals I; C E*, fori = 1, -+ - , n, each of which has the property
that if
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0
N

is the solution of (1) then 7 ¢ I; and, as

Z | a:;; | — 0,

o
the length of I, I(I;) — 0. Thus, when the off-diagonal elements of
A are small, the region R will also be small.

In many applications it may be sufficient to know only that there
exists a unique solution of (1) and to know the region R in which it
must lie. If, however, one actually does want to compute the solution
by some iterative technique, the knowledge of R should be useful in
determining a starting point for the iteration. In fact, it will be
shown that if the point z* is the solution of

F(z) + diag [ayq, -+ , @] ¢ = B, (5)

then z* is also in R and thus might be a reasonable starting point
for an iterative computation of x°.

The computation of bounds for the solution of (1) proceeds in two
steps. First, one solves each of the equations

filz) =b;, for i=1,---,n, (6)
Letting o; denote the solutions of (6), and defining

ea=max {{a; |2 =1, -+ ,n},

f n 3
Z | a; |
i=1

%l

B = : :

;lanil

Li#n J

one then solves each of the equations

B — aB/, (7a)

i

F(z) + diag [@y1, *+* , @] T
F(x) + dia‘g [au) Tt awn] T = B + aB,- (7b)
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Denoting the solutions of (7a) and (7b) by

M &

and ¢ = ,

3
N

Mn &
respectively, one has R = I, X --- X I,, where
I, =[9;,&] for ¢=1,--,n
It is clear from the fact that each component of the vector aB’ is a
nonnegative number and from the monotone nature of the left-hand

sides of (7) that z*, the solution of (), is (as claimed) always in R.
It is also clear that, for¢ =1, -+« , n, as

Z | a;; | — 0,
i
the 7th components of both B — «B’ and B + aB’ approach b; , and

hence n; — z* and £ — 2% . Thus, I(Z;) — 0. We now prove that the
solution of (1) is in R.

Theorem 2: If R is constructed as described above, then the solution of
(1) is contained in R whenever conditions (¢) and (i) of Section I are
satisfied.

Proof: Let 2° be the solution of (1) and let k {1, --- , n} be chosen
such that |2} | = max{|z%]: ¢ = 1, --- , n}. Then, by Lemma 1, if

n
z) > 0, D ax;2) = 0 and hence,

i=1

0= fk(xg) + Z aij? — b, = fk(xg) — b

or fu(xl).< by .

Thus, because of the monotonicity of fz,

IIA

|zi | =2t S L a,
and hence | 2} | £ aforz = 1, - -+, n. Similarly, by Lemma 1, if z; < 0,
> a2 < 0 and hence,

=1

fu@) = b,
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and thus
|2i | = —at £ —a £ @,
and hence |z} | < @, for ¢ = 1, --- , n. Thus, in any case, |2} | £ «,
fore =1, ---,n.
Now, for all z with |z;| = « for j=1, --., n, and for each
i¢e{l, ---, n} we have,
n n n
aZlau|= 2(“%‘]“)2 Z;Iaiixila
im1 i= i=

isi ivai i
which implies

n n
aZIaH|§ Zaiixi!
i
and
n a
—a ; la; | = ;aiix,.
FESE i
Thus,

n n ) n

a;t; —a Z | a:iz] = Z a;%; = 0% + Z | ai; |.
f=1 i=1 i=1
i#i i

In particular, for ¢ = 2°, we have

f@) + aia? —a 20 a | £ b S @) + anxl +a D) | ai |
B s
Comparing this result with (7) we have, as a consequence of the
monotonicity of the functions on the left-hand sides of (7),

u S22, for 1=1,.--,m.

Hence, 2° ¢ B. O

Since in the above proof it was shown that |2} | < aforz =1, ---,n
it might seem to some readers that the intervals I; might be reduced
in length if we simply define them to be: I; = [—a, a] M [9,, &]. This,
however, is unnecessary since it is easily shown that —a < 7; £ & = «q,
fore=1, .- ,n.

V. EXAMPLE

We now give an example of the use of the above method for the
computation of solution bounds. Consider the equation
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E,(xl)J +[ 5 4} x] _ 115] |
2(-'132) -3 4 Lo 13
where f; and f, are defined by

4 — 2, =0
fl(xl) _ { T, =

oz, — 1, z, <0,
and
z, + 9, T, = 3
falzs) = 4, , -3 <z, <3
va -9, z, £ —3.

Figure 1 shows the graphs of f, and f, . Since we know that the region
R will be small if the off-diagonal terms of A are small enough, we have
intentionally chosen an example in which these terms are rather large.

The computation of @ by solving (6) may be done by inspection for
this example. One finds that 4** = 17 implies that e, is slightly greater
than 2, and since a; = 4 we have @ = 4. Using this result in (7) one

readily computes
0 2.23
n = [ } = ‘
0.125 3.2

Fy(xq) falxy)

Ly

Fig. 1 — The nonlinear functions f, and f. for the example.
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Actually, it is easily verified that the solution of this example is 2° = (;)
VI. COMPUTATION OF THE SOLUTION

For¢ =1, -+, nwe denote by fi(x,) the right-hand derivative of f; at
the point x; ¢ E". For each 2 £ E" we denote by F’(z) the following matrix:

F'(z) = diag [f{(x)), -+ , fi(za)].

It is easy to prove that if F satisfies condition (Z) of Section I then
F'(z) exists for all x ¢ E". Also, it is clear that each element of the main
diagonal of F’(x) is nonnegative for all z ¢ E". (Each element is in
fact positive if, in addition, F satisfies condition (777) of Section I.)
Finally, we note that

fl—l(yl)
Pl =|
1= ()

is defined for all ¥ ¢ E", assuming again that F satisfies condition (7) of
Section I.

The following two iteration schemes are proposed for the computation
of the solution of (1):

Scheme 1: For given z' ¢ E" the sequence ', z°, 2°, - - - of points in E" is
constructed by use of the formula

= [F'(z") + AT'(B — F(z") + F'(z")a"). )
Scheme 2: For given z' ¢ E" the sequence z', z°, z°, - - - of points in E" is

constructed by use of the formula
= [F'F'G) + AI7'B — o + FEGNFE), 9

where y* = —Az* + B.

In order to explain the origin of (8) and (9) we make the following
observations: If for 7 = 1, --- , n (z}, %) is a given point in E? and
if we draw the graph of each of the functions f; , then each of the points
in the sets {(z}, f:(x}):4 =1, -+, n} and {(f{’ @), yD):i =1, --- ,n}
lies on the graph of the corresponding function f;. Suppose we now
replace (approximate) each f; by the straight line which is tangent to
it at the corresponding point in one of the above sets.* Choosing the

* Qur definjtion of tangent coincides with the usual one, except that the right-
hand derivative is used at those points where the derivative fails to exist.
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first set of points we approximate F by
F@) = F'(@"z + F*) — F'(@")a".

Choosing the second set gives

F@) = P'@F'GMNe + 4 — FFEGNHFG)-
If we now define y* = — Az* + B and compute the solution of the
equation

F(x) + Az = B

and call it «*+1, we obtain (8). Calling z*+* the solution of
F@) + Az = B,

yields (9).

The above remarks have a very meaningful interpretation for problems
arising from nonlinear electrical networks of the type described in
Section I. Iteration Scheme 1 implements the following procedure:
Given the vector 2* of port voltages for the linear n-port, replace each
two-terminal nonlinear device with a linear Thévenin’s ‘“equivalent”
circuit whose V vs I curve is a straight line, tangent to the given curve
at the point (2}, f;(z%)). Compute the port voltages in the resulting
linear network to obtain z***.

Iteration Scheme 2 has a similar interpretation; this time, how-
ever, the vector of port currents, y* = —Ax®* + B, is used to determine
the linear equivalent circuit replacing the nonlinear devices at each
step.

In view of the above remarks it is apparent that if one has some
facility for solving linear network problems (a computer program, for
example) then it might easily be adapted to solve many nonlinear
problems as well.

We finally remark that the use of the first iteration scheme is, in
essence, the same as using the Newton-Raphson technique to compute
the root of (1).

We now prove a theorem which specifies conditions which are suf-
ficient to ensure convergence of each of the above iteration schemes.
We emphasize, however, that these iteration schemes will converge
for many problems in which the conditions of the theorem are not
satisfied—especially if a good enough starting point is provided.

In the following we denote the origin in E* by 6 and, for the points
z, y ¢ K", the notation ¢+ = y means z; < y; forz = 1, --- , n. The
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relations ¢ < y, * = y, € > y are defined similarly. We also make use
of the concept of a matriz of monotone kind.® The matrix A is said to
be of monotone kind if z ¢ E”, Az = 6§ = = = 6. It is easy to show that 4
is of monotone kind if and only if A™' contains only nonnegative
elements. It is also easy to show that if 4 is of monotone kind and
z, y ¢ B" with Az < y, then z £ A™'y. Ref. 6 shows that if the strict
inequality > holds in condition (¢7) of Section I, then conditions (7z) and
() are sufficient to ensure that 4 is of monotone kind.

Theorem 8: For an arbitrary starting pownt x', both of the above
iteration schemes will converge to the solution of (1) if conditions
(1) through (iv) of Section I are satisfied.

Proof: We give here only the proof for the second iteration scheme,
assuming that all of the functions f; are convex. The other three
cases are quite similar and it will be apparent to the reader how
this proof may easily be modified to take care of them.*

We first remark that the iteration scheme is well defined. The fact
that for every 4* ¢ E*, F/(F™'(y*)) is a diagonal matrix containing all
positive numbers on the main diagonal, and the fact that A satisfies
conditions (72) and (@) of Section I, assures us that the matrix
[F"(F7*(")) 4+ A] is nonsingular (it is, in fact, of monotone kind—see
Ref. 6, p. 376).

Let 2* be an arbitrary point in E". Then, since for ¢ = 1, --- , n
and k = 2, 3, 4, -+ each of the points (z} , y%) lies on some straight
line, tangent to the corresponding function f, , and since each f; is strictly
monotone increasing and convex, we have that F~'(3*) < z* for k =
2, 3,4, --- . We now show that F~'(y*) = 2* implies that *** £ 2"
Obviously,

‘ F'(F7 (y") " — F'(@yY) = 6.
But, by definition, Az* + y* — B = §; hence,
FEGNE = F@) + 42"+~ Bz 6,
which implies
F'F' ) + Al* =2 B — o + FFF'@)F ().
But then, since [F’'(F-*(y*)) + A] is a matrix of monotone kind,

* After this manuscript had been completed, the author became aware of
J. 8. Vandergraft’s paper (Ref. 7). With a certain amount of reformulation, the
(monotone) convergence of the first iteration scheme, when all fi are convex,
can be shown to follow, in essence, from his Theorem 5.1.
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a2 [F'(FWN) + AT7VB — o + F(FTGNFGEY),
or, z¥ = «**'. Thus, the sequence z°, z°, &', - - - has the property
Pzl zatz
We now show that fork = 2, 3,4, --- , 2" = 2°, where 2° is the solu-

tion of (1). For each 2", & = 2, 3, 4, --- , there is some point p ¢ E"
(p = F'(*")) such that

Ag" — B = F'(p)p — F'(p)c" — F(p). (10)

Furthermore, from the convexity of each f;, it is clear that for every
pair of points ¢, g% ¢ E7,

F(@) z F(@) + F(d)@ — ¢).
In particular,

F(2°)

v

F(p) + F'(p)(=® — p).
Hence,

F'(p)p — F(p) + F(°) = F'(p)a’°
which implies
F(p)p — 2" — Flp) + F&°) = F'(p)a” — o).
Using (10) we have, therefore,
Az* — B+ F(i°) = F'(p)(@° — a%).
But, F(2°) = — A2° + B, hence

A@" —2%) z F'(p)(@® — a")

or,
[F'(p) + AlG" — 2°) = 0.

But then, since [F’(p) - A]is of monotone kind, 2" — 2° = 6, or 2* = 2°.
Thus, we have shown that each sequence x5, 2%, zf, - -+ is a bounded
monotone sequence and hence the sequence 2% 2°, 2*, --- converges
to some point z* in E”. We now prove that z* = 2°; that is, we show
that z* satisfies (1).

Let y* = —Aa* + B. Then, as k — o, 2° — z* and y* — y*. Thus,
F () — F~*(y*) and each element of the matrix F’(F~* (")) approaches
the corresponding element of F'(F~'(y*)). Now, from (9), we have

Axk+l + F/(F—l(yk))xk+l — Axk + F/(F—l(yk))F—l(yk)
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which implies
FEG)EG) - 2 = 4G = o)
and hence
FEIGNEG) — o* = A = 25 — FFEG) e — o).

k+1 k+1

But as k — o, ("' — 2*) — 6 and hence A(@**' — 2*) — 6; also,
(@* — 2**") — 0 and hence F'(F™'(y*)) (&* — 2**") — F'(F ' (y*))6 = 6.
Thus, as kb — «,

FEIYNEG) — 2% — 6
which implies
P = ot = 0

or

F7(y") — o
and therefore

Yt — F*).
Hence, y* = F(2*), and thus,

F(z*) + Az* = B.

Thus, the iteration converges to the solution of (1). O

Although Theorem 3 states that both of our iteration schemes will
converge for the same class of problems, only one of the schemes
might converge for some problems for which all of the conditions
(7) through (iv) of Section I are not satisfied. Also, for some problems
a prior knowledge of the region in which the solution lies might dictate
the choice of one iteration scheme over the other. For example, if it
is known that some of the functions f; are quite steep in the neighbor-
hood of the solution then perhaps F-* may be evaluated in this region
more accurately than F. In this case Scheme 2 might be preferred
to Scheme 1.

VII. SPEED OF CONVERGENCE

Section II mentions that in certain situations our iteration schemes
may converge to the solution of (1) more rapidly than those based
upon the contraction-mapping fixed point theorem. To illustrate this
property we have chosen to compare the rate of convergence of
Sandberg’s iteration scheme to that of our schemes.?
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If we define the operator G mapping E™ into E” by
G(x) = F(z) + Az,

then, as a special case of Sandberg’s Theorem I, we have the result:
If there are positive constants k; and k. such that

G) — G,z —y)y =kl —y % (11)
and
|G@) — G II* £ ko[l 2 — ¢ |, (12)

for all z, y ¢ E", then there is a unique solution of (1) and the solution
is given by lim z*, where ' is an arbitrary point in E*, and

k~co
= 7’:—‘ [B — G(@@"] + 2,
2
for £ = 1, 2, 3, --- . The proof of this theorem consists of showing

that the mapping
k,
H(z) = % B — G(x)] + =

is a contraction.
It is interesting to observe that if the inequalities (11) and (12)
are satisfied then positive constants k3 and k, exist, such that

(G@) — Gz —y) S ks ||z — vyl (13)
and

1G@) — G " z ks llz =y %, (14)

for all z, y ¢ E". In fact, a simple application of the Schwarz inequality
to (11) and (12) yields (13) and (14) with &k, = (k)* and k, = k2.
Now (13) and (14) are of the same form as (11) and (12), except that
the inequalities are reversed. Thus, if one uses (13) and (14) in the
proof of Sandberg’s theorem, reversing all inequalities, one obtains:

|H@) — Hy |’z K|z -y,
where,

K =1 — 2(k/k)* + (k3/k2)"

It is readily seen that if 4k} < k. , then K is positive. If we let z° denote
the solution of (1), and hence H(z°) = 2°, we have, fork = 1,2, --- ,

|2 — 2| = | HG@") — HG") " 2 K |]2* — 2°|]*
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Thus, (K)? represents, in this case, a lower bound on the rate of con-
vergence of the iteration scheme. It is true that (K)? is always in the
interval (0,1), for indeed Sandberg has proved that the sequence
z* does converge to z°. However, as k, becomes small, and as &, becomes
large, K approaches 1 and the sequence converges quite slowly. For
(1) the largest value that may be used for k; and the smallest value that
may be used for k, will many times be dictated by the positive constants
which are bounds on the slopes of the functions f; . If, for example,
the slopes of the f; become so large for large z; , and so small for large
negative z; that one must choose k; = 107 and k, = 10° then one
easily computes (K)* =~ 0.99. Thus, no matter how close any iterate
is to the solution, the next iterate will be no more than about one per-
cent closer.

It is of course true that Sandberg’s iteration scheme is applicable
to a much more general class of problems than we consider in this
paper. If, however, for any problem to which it is applied, the con-
stants k; and %, must be restricted such that k;/k. is quite small,
then the rate of convergence will always be adversely affected. In
the Katzenelson-Seitelman application of Sandberg’s iteration scheme,
their “heuristic refinement” (see Ref. 2) attempts to overcome this
difficulty.

Although the classes of equations to which our iteration schemes
and the Katzenelson-Seitelman algorithm may be applied are not
identical, in those cases where both techniques may be used the ad-
vantage that our schemes offer is now clear. From (8) and (9) one
easily obtains

$k+1 _ [F'(:c) + A (F(x) _ F(x) F'(xk)(xo _ xk)),
and

xk+1 - xo —

[F'FGN) + AT PR —y" — FEGNE = F'@H),
respectively. These equations show that || 2**' — z°|| will be small
(even if || 2° — 2°|| is rather large) so long as fori = 1, -+ , n,

s (x) f(x) ~ T
o =18~ pieh,
for Scheme 1, or

f(x) Ys o srer73 (o
f (y) fi(fz’ (yl))7
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for Scheme 2. That is, as soon as the kth iterate comes close enough to
the solution that each of the functions f; is approximately linear, the
rate of convergence of our iterations becomes quite rapid. In fact, the
rate of convergence increases without bound as the iterates approach
the solution. It is also clear that if each of the functions f; is piece-
wise linear then our iterations will converge in a finite number of
steps.

From the standpoint of computational efficiency it is, of course,
the amount of time required to compute an approximate solution
that is the major concern. For those problems to which both our
iteration schemes and the Katzenelson-Seitelman algorithm may be
applied, it can happen that our methods might still be slower than
theirs even in the case when the convergence rate of our methods is
faster. This can happen because, for some problems, the equation
with which we are concerned may be of a higher order than theirs,
and also because we must compute the inverse of a matrix at each
iteration step. On the other hand, it is clear that for many problems,
even from the standpoint of total computation time, our techniques
will be more efficient.
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Convergence Criteria for Transversal
Equalizers

By D. W. LYTLE*
(Manuscript received March 22, 1968)

Two basic problems in the equalization of data channels using pulse-
amplitude modulation are considered. The first of these is to determine just
what pulses can be equalized and what the general equalization solution is
when using a transversal filter. The second problem s to determine if a
simple iterative search routine will converge to a solution if its exists.

The unequalized channel impulse response 1s represented by a polynomial
whose coefficients are the sample values of the tmpulse response. If no
roots of this polynomial lie on the unit circle, the channel can be equalized.
The transversal filter which equalizes the pulse has tapwetght values given
by wetghted sums of powers of the polynomial roots.

Various necessary and sufficient conditions for iterative convergence
are developed. Iterative convergence can be guaranteed if the proper linear
wetghting of the output sample errors s used in adjusting the tap-weights.

I. INTRODUCTION

This paper is concerned with certain aspects of the automatic equal-
ization of low-noise, linear channels which are to be used for multi-
level pulse-amplitude modulated (PAM) signals. The purpose of the
equalizer is to compensate for the channel transfer characteristics in
such a way that the over-all impulse response of the channel is a
Nyquist-I type of pulse,* # 3 that is, as is illustrated in Fig. 1, a pulse
with a central peak and uniformly spaced zeros with period T. If
such an impulse response is achieved, a sequence of amplitude modu-
lated impulses with period T can be transmitted and the sequence of
amplitudes can be recovered at the receiver by simply sampling in
synchronism with period 7.

Certain obvious questions such as how to achieve synchronism and

* University of Washington, Seattle.
1775
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Fig. 1— A Nyquist-I pulse with central sample and zeros at periodic sample
times.

the effects of sampling jitter, nonlinear distortion, and additive noise,
although of great importance, are neglected in this presentation in
order to concentrate on the methods of adjusting the equalizer. Thus,
we assume a perfectly synchronized, noiseless, linear channel with
an ideal sampler. Some further constraints which should simplify and
clarify the presentation are as follows. We specify that the equalizer
is to be a transversal (tapped delay-line) filter with tap weights {as}
which can be adjusted. If the input to this filter, illustrated in Fig. 2,
is 8 (t), then the output, y(t), is

N

V) = 2 alt + iT). )

Notice the tap-weight numbering convention and the treatment of
the delay-line as being composed of negative as well as positive delay.
These conventions will simplify the notation in future derivations.
Although the equalizer may be placed at many points within the
communication system, for convenience we will consider it to be the
final component other than the final sampler. Thus, the objective is

po—= v 1 201 1 100

&7 (1)

Fig. 2 — A transversal filter with input g(¢), tap weights «;, and output v(¢).
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to adjust the tap weights so that the output, y(¢), is a Nyquist-I
pulse when the input, 8(¢), is the impulse response of the system be-
fore equalization.

As a final simplification we assume that the tap-weight adjust-
ment is to be carried out when the impulse response is available at
the input. This “training period” assumption avoids the added com-
plexities of extracting channel characteristics when data are being
transmitted.* However, the properties to be developed can be readily
extended to continuously adaptive equalization.

II. TIMING AND THE ROOTS OF THE IMPULSE RESPONSE

Since the output of the equalizer is to be sampled, we need con-
sider only its effect on the output sample values {y:}. Ideally, with
an impulse applied to the channel input, one of the output samples,
say vyo, should have unit amplitude while all the others are zero. The
tap weights are to be adjusted in order to approach this goal. An ad-
ditional parameter which will affect the equalization is the timing,.

Let the sample values of the impulse response at the equalizer
input be the set {8;} where

B; = B(GT) 2)
and

B = A + 7). 3)
Equation (3) is to indicate that the sampling times are arbitrary.
This is, if 2(¢) is the channel response to an impulse applied at ¢t =
0, then the sample set {8;} is a function of the factor r. Notice that
our assumption of perfect synchronization means that the periodicity
factor, T, in equation (2) is the proper value. But it does not imply
that = is preseribed. We shall see that the operation of the equalizer
depends very strongly upon the value of ~.
This impulse response is to be equalized by the transversal filter
with tap weights {a;}. The transversal filter output sample set is
{vx} where

Ye = Z a@;Biri . (4)
The sample set {8;} will be considered finite in extent, that is,
Bi=0 for j< —m and j§> M. 5)

This is a reasonable approximation for any actual channel.
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This sample set may be treated as the coefficients of a polynomial
B(z).

B(z) = Ba™*™ 4 ﬁn{-v”iﬂ”mﬂl + .-
+ B2+ o+ Bowiiz + Bom. (6)

In factored form B (z) may be written as

B@) = Bulz— 6)@z — 62) -+ (2 — 0)(z — d1)2 — ¢2) -+ (2 — $a) (7)
where the roots inside the unit-circle are denoted by the 6 values and
the roots outside by the ¢ values.

ol <1<|e]| ®
I+Q=M -4 m. 9)

As we have noted, the sample set {8;} is a function of the factor r.
Thus, for any particular channel, the roots of equation (7) will
wander as = is varied. Each root will wander on some cyelic path
which has a period 7. That is

0;(r + nT) = 0,(7) (10)

This is illustrated in Fig. 3 where a pulse shape is shown and in Fig. 4
where the root loci are shown for variations in . Notice that as = in-
creases from 0 to T, at least one of the roots, regardless of the pulse
shape, will cross the unit circle.

Perhaps the periodicity of the roots can be better understood if
the sampling is thought of as multiplication by a comb of impulses
with spacing T'. Each impulse has associated with it a power of z. For
example, in equation (6), we see that the impulse yielding the earliest
nonzero sample (B8_,) is associated with the zero power of z, the next
impulse yielding B_, .1 is associated with the first power, and so on.
As the comb is moved relative to the pulse, 8(t), the impulses produce
different samples and when moved a whole period T, the comb will
reproduce the original samples again. However, each sample would
be paired with a one-higher or one-lower power of z than previously.
Thus, for example, if the comb were shifted by T so that the powers
of z were one higher, the factorization of equation (7) would be ob-
tained with the same roots except for an additional root at z = 0
since the original polynomial is multiplied by the first power of z.
As the comb is shifted along, the additional root, which must even-
tually go to z = 0, comes in from z = oo and at some particular shift
crosses the unit circle.
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4
NN S

20 2! 22 4

Fig. 3— A pulse and four nonzero sample positions which yield a polynomial
with roots marked 1 in Fig. 4. Nine additional sets of roots are obtained by mov-
ing the positions above to the right in increments of 7'/10.
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Fig. 4 — Root loci for pulse of Fig. 3. Scale inside circle is magnified four times.
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III. IDEAL TAP-WEIGHT ADJUSTMENT

Let us now consider the problem of forcing the y; to zero. The
desired conditions are

Yo = Zaiﬁi =1 (11)
and !

e = 2 B =0 k0. (12)

1

Equations (11) and (12) in the form of a matrix array is as follows.
We shall assume temporarily that the number of taps is infinite.

-00 Bar =o - B- ,31 Bo B .3—2 """ B 0
00 By -+ Bs B2 fBr Bofy B --v - Bom O -
0 Bar »++ Bs BoBr Bo By Bo +vv - B-r O ---
0 Bar *++ Bs Bz Bi Bo Bt B +vv v+ Bow -
) r | -:_\ B
(s 0
ay 0
ag | _ 1 (13)
oy 0
s 0
o_g 0
Now let us consider a typical equation of the form,
M=k
2 b =0 (14)

where we will take either the case where & < —m or k > M. If these
conditions on k are satisfied, then equation (14) involves « values with
only positive subscripts or only negative subscripts. Equation (14) is
a linear homogeneous difference equation in the variable o;. Such
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equations have solutions of the form

«; = zi. (15)
Substitution of equation (15) into equation (14) yields

Ba2" ™ A Bapm@” T A - BT
+ B B T BT
= z-m-k[ﬁuzﬂ“m + Bﬂl—lzﬂl+m—1 + o BR™ + Bl
=2""B(k = 0. (16)
Equation (16), and hence equation (14), will be satisfied for z
equal to one of the roots of the impulse response polynomial B (z).

And since we have a linear homogeneous equation, any linear com-
bination of solutions is a solution. Thus, the general solution is

a; = Ci61 + Co6; + -+ + Ci07 + Digi + ++ + Doga  (17)
The constants, Cy, Ca, ..., C1, Dy, Ds, ..., Da, are arbitrary and
will be adjusted to meet the boundary conditions. One boundary con-
dition which should be imposed is the following. Eventually, we must
approximate this infinite delay line with one of finite extent. This
truncation should throw away only taps of small magnitude, and thus
the tap weights should decrease in magnitude away from the center
tap. Consequently, we demand that «; — 0 as |j| = 0. Thus,

C,=0C,=-.-=0C;, =0 for jnegative.

D, =D, = --- =Dy =0 for jpositive. (18)

In effect, we have two solutions; one for taps with negative sub-
seripts and one for taps with positive subscripts.

a; = C.0] 4+ C.00 4+ -+ + C0f for j>0

a;j = Dip] + Duogi + -+ + Dogh for j <O0.

The region of overlap in equation (13), that is, the region where
the equations involve tap weights with both positive and negative
subscripts, will determine the arbitrary constants. To illustrate this,
let us consider the impulse response of Fig. 2. For one set (No. 8) of
samples, the samples are —2, 3, 11, —6 and the roots are 0.5, 3, —2.
Thus

(19)

a; = C,(0.5) for j>0
Di@B) + Dy(—2) for j <O.

(20)

Q;
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Now, C;, Dy, and D, may be found by using equation (20) in equa-
tion (13). However, first we must assign an origin in our pulse. That
is, we must decide whether —2, or 3, or 11, or —6 is to be called Bo.
Solutions exist for each of these possibilities, but only one of these has
certain desirable properties which we will discuss later. In this case,
Bo should be the sample of magnitude 11. With this assignment, equa-
tion (13) may be written

—2[C,(.5)"] + 3[C:(.5)°] + 11[Ci(.5)*] — 6[C:(.B)] = O (21a)
—2[Cy(.5)°] + 3[C,(.5)°] + 11]|C,(.5)] — 6y = O (21b)
—2[Cy(.5)°] + 3[Ci(.5)] + 1lay — 6[D,(3)™" + Do(=2)7'] = 1 (210
—2[C(.5)] + Bag + 11[D1(3)™" + Du(—2)7"]
= 6[Di3)* + Do(=2)) =0 (21d)
—2a0 + 3[D:(3)”" + Do(=2)""] + 11[Di(3)* + Dy(—2)7"]
—6[D:(3)" 4+ Dy(=2)71 =0  (2le)
—2[D(3)7" + Do(—2)7"] + 3[D:(3)"* + Du(—2)7"]
+ 11[Di3)™" + Do(=2)7°] = 6[Di(3) " + Do(=27' 1 =0 (21f)

Equations (21a) and (21{) and all others above and below these two
are automatically satisfied for any choice of C;, Dy, D2. Consider
equation (21b). In order for it to be satisfied, ap must be equal to C;
(0.5)°. Similarly, for equation (2le) to be satisfied, oo must equal
D, (3)° + D2(—2)°,

Cl = D1 + D, = ap (22)

and equation (21) yields the following values for the C and D con-
stants.

D, = 2/95]
D, = 5/95(8, = 11. (23)
7/95[

K
!
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If we had chosen to let By be the sample of magnitude 3, we would
obtain

D, = —10/951
D, = 15/95(B, = 3. (24)
C, = 5/95J

If the sample of magnitude 2 is made By, then
D, = 9/25{
D, = 4/25/8, = —2. (25)
C, = 1/50[

In these last two examples, the solutions may be considered inferior
because the tap weights away from the center tap will be larger than
in the first example. However, stronger objections to the last two
choices for 8y will be raised shortly.

A point of considerable interest is apparent in the development
above. If any of the roots fall on the unit circle, then no solutions
exist in which the tap weights decay in magnitude in both directions
away from the center tap.

IV. TRUNCATION EFFECTS

In any practical equalizer, the number of taps available is not
infinite. Thus, we must investigate the effects of limiting the number
of taps to some reasonable finite value. For example, let us suppose
that we have N + n + 1 taps.

a; =0 for {j < (26)
ij>N
Let us consider two schemes for setting the truncted tap weights.
A more or less obvious way is simply to take the infinite solution
[for example, equation (23)] for all available taps. This can be rep-
resented in matrix form:

[Bullar] = Iv]. @7)

The matrix [B,,] is the infinite matrix of g values shown in equation
(13). The truncated tap set is [ar],
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Ay—1
251

lar] = | a (28)

and [y] is the matrix of output sample values. Notice that [er] may
be written as

lar] = [a] — [a)] (29)
where [a] is the infinite set of tap weights which give us the desired
output and

On+2

Ay +1

[l =] 0 | (30)

G-t

A_p-g
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Thus, equation (27) becomes

[B.llaz] = [B.llaw] — [Belle] = [u] — [€]. 31)

The desired output [n], all zero samples except the central one with
unit magnitude, is given by [B,][as] while the error set [e] is given
by [Bo] [e:]-

It is possible to calculate this error set exactly, but an approxi-
mate bound should suffice. Assume that N and n are large so that the
a values in [«;] depend only on the roots which are the nearest to the
unit circle. Let the magnitude of nearest inside and outside roots be
0, and ¢,,. Then approximately

6. for j>N
. for j < —m

Consequently the largest component of any error term in [¢] will be
about

Il

(32)

«;

Max comp = ﬁmax . Ou 911‘\7+1 = ﬁmax uqb;n- (33)

and each error term is the sum of less than N + n + 1 components.
Thus, an upper bound on the error terms is

emax | < | (N +0)C00" | = | (N + 1) Dy (34)

which vanishes as IV and n are made very large.

V. A SECOND METHOD OF TRUNCATION

This second method offers no improvement in ultimate equaliza-
tion over the method just discussed. However, it does lend itself to
iterative adjustment techniques whereas the first method tacitly as-
sumes a computation which provides the proper infinite solution to
begin with. In this second method we require that all the output sam-
ples (excluding vo) corresponding to the N + = + 1 taps, that is,
YNy YN-1y o« o 3 Y2y Y1y V1) V-25 ¢« - « 5y Y-nt1, ‘}/-n, be zero. This criterion
may be called the Lucky criterion since it is the one R. W Lucky
has used in his work.®

What does this criterion mean in terms of the solutions (powers of
impulse response roots) we discussed for the infinite tap case? We are
essentially constraining our system further by another set of boundary
conditions. We will call these boundaries the positive boundary at ay
and the negative boundary at a_,, in addition to the central boundary
around «p where we have already discussed satisfying boundary con-
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ditions (those specifying Cy, Cs, ..., Dy, Ds, ... ). As an example,
let us consider the equations at the positive boundary.
Boaw + Boyoyy + cee e + Bowoty—m = V¥ =0 (352)
Biay + Boay—1 + <+t Bowtn—min = Yy =0 (35b)

Bar—10n + Bar—y-1 + 0 + Bon@y—(mirr—1y = Yv-r-1 = 0 (35(3)

Buay + Bar—oy—y + -0 o + Bony-miay = Yy-ar =10 (35d)

Equation (35d) can be satisfied with the solutions determined by
the central boundary, that is

a; = 010;‘ + 020; + -+ 019; . (36)
However, this solution will not satisfy the M equations above equa-
tion (35d) since the complete set of 8 values is missing in these equa-
tions. The exponentially growing solutions which were discarded
earlier must be used now. Thus,

a; = 019i+ cee o 019;+ 010;.’*‘ 020;"" IR o ch’X’; for j>0
37

a; = D1¢; + - 4 Ds1¢§z+d10{ +d20;+ +d10}. for j<0
(3%
must be used in order to satisfy all the boundary equations. If 0 = M,
then the lower case ¢’s in equation (87) provide just enough con-
stants to satisfy the M equations of equations (35a through c¢). Fur-
thermore, I will equal m and the I lower case d’s will provide just
enough constants to satisfy the m boundary equations at the nega-
tive boundary.

To illustrate the preceding discussion, let us return to the specific
example discussed previously. We use the results of equation (23)
with

B = —2, B = 3, Bo= 11; B-; = —6. (39)
The positive boundary equations are

11{C,(.5)Y + @)Y + e(—2)"]

— B[Ci(H + e (=2 = 0
3[Ci(B)" + e3)" + co(—2)"] + 11[C:(.5)" " + ex(—2)"7')

— B[Ci(.5)"" + e8)F + eo( =2V = 0

(40)
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[ 3133 — 6) —2¥"1(—22 — 6) J[ﬂ
327 +33 —6) —2V7%(12 — 22 — 6) Jlc..
——
_ L 5Y11 — 12)C, J (1)

5Y(3 + 22 — 24)C,

If we assume that N is large enough so that the value of the C
and D variables are unaffected by inclusion of the other roots, then
these C and D values may be used to determine the ¢ and d values.
With C, = 7/95, equation (41) becomes

o

where
d=3% = (-2% = (%)(.5)”. 43)
Thus,
¢l = €/12 ¢t = —e/8
7 ¥ 7 ¥
_ <§5>(-5) _ <§g)('5) ' (44)
e (-2

Similarly, d; can be found by the single boundary equation at the

negative boundary.
ko offhr ]

12 (45)

dl':_'

The results worked out above can be roughly represented graphi-
cally as in Fig. 5 where the magnitudes of the roots to the tap-number
power are illustrated. This figure shows what will be called a “good”
solution. That is, the decaying solutions predominate with the grow-
ing solutions contributing only a small amount at the positive and
negative boundaries. The residual errors, that is, the y; values for &k >
N and k& < —n, will be of the same order of magnitude as those of
the first truncation method.

In order to have a good solution as demonstrated above, the proper
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Fig. 5 — Solution behavior for truncated equalizer.

number of arbitrary constants must be available to satisfy the posi-
tive and negative boundary equations. The number of equations at
the positive boundary is M, and the number of available constants
(outside roots) is @; similarly, there are I constants (inside roots)
available for the m equations at the negative boundary. Thus, the
necessary conditions for a good solution are

no. outside roots = @ = M = no. of samples following ﬁo}. (46)
no. inside roots = I = m = no. of samples preceding 8,

We may use the same simple pulse to demonstrate a “bad” solu-
tion. If we go back to equation (24), we see that an infinite (non-
truncated) solution exists for the situation in which we decided to let
Bo = 3. The number of inside and outside roots remain the same in
this case, but M and m are both changed. Now M = 1 and m = 2,
and equations (46) are no longer satisfied. All the boundary condi-
tions can still be satisfied, but not in such a simple manner. That is
to say, in the preceding example, satisfying equations (46), a sepa-
ration of solutions is possible. The central boundary specifies the
values of the upper-case constants, then the lower-case constants are
set to compensate for the truncation effect at the positive and nega-
tive boundaries. Since the necessary compensation is small, and since
the effect of the lower-case constants dies out towards the central
boundary, only minor or negligible corrections to the upper-case con-
stants are necessary to keep the eentral boundary conditions satisfied.

Now let us consider what takes place when this step-by-step solu-
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tion is attempted when equations (46) are not satisfied. Suppose Cjy,
Dy, and D are set to satisfy the central boundary according to equa-
tion (24). At the positive boundary, only one of the lower-case ¢’s is
needed so no difficulty arises and the positive tap solutions will, to this
point, be little different from that illustrated in Fig. 5. However, at
the negative boundary, the single available arbitrary constant d; is
not enough to satisfy the two boundary equations which occur in this
case. All the upper and lower case d-constants can be adjusted to
satisfy the negative boundary conditions, but this will destroy the
equilibrium of the central boundary solution since any change in the
upper-case D’s does effect the central equations. If one of the upper-
case D’s is constrained by the negative boundary, then the remaining
unused lower-case ¢ can be brought in to provide enough arbitrary
constants to satisfy the central boundary conditions. The net effect of
all this will generally be that a growing solution must be made to
have a nonnegligible contribution at the central boundary. Conse-
quently, it will be large at the positive boundary. This is illustrated
in Fig. 6.

When the situation discussed above and represented in Fig. 6 oc-
curs, the residual values of y; outside the equalization region will be
large and will generally grow larger as the number of taps is increased.

As an actual example of a bad solution of the type discussed above,
consider the pulse illustrated on page 563 of Ref. 5. The polynomial

J
|C1¢‘1|—\\

[Cpdal~

Fig. 6 — Typical solution behavior when the conditions of equations (46) are
not satisfied.
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which represents this pulse with 8, set as the peak value is
B(z) = 1528 — 202" + 402° — 602° 4 02* 4 1152°
+ 602* + 20z + 10. 47
Notice that with this choice for 3,,

M=5 m=3. (48)

The root locations for this polynomial are illustrated in Fig. 7. There
are four inside roots (I = 4) and four outside roots (@ = 4). Con-
sequently, equations (46) are not satisfied and no good truncated
solution exists. This is verified by the fact that when Lucky at-
tempted to equalize this particular pulse, the equalizer gave an output
pulse with large y;, &k > N. This indicates that a solution such as that
shown in Fig. 6 has been approached.

%
|

|
[
o /
i ~
'S
UNIT CIRCLE—" \0\
|
|

?

Fig. 7— Root locations of pulse page 563 of Ref. 5. B(z) = 1528 — 2027 +4 4026 —
6028 -+ 0zt 4 11523 4 6022 - 20z + 10 6, 6,* = 0.404 £ L 89.8° ¢,, 6.* = 0.652
£ £169.9° ¢y, 1* = 1.642 £ £ 27.7° ¢s, ¢po* = 1.894 £ £ 94.4°,

b Im(2)

o
~

>

Re(z)
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If B, were shifted (delayed) one sample so that it would be the
coefficient of the fourth-degree term of B(z), then equations (46)
would be satisfied and a good truncated solution would exist. Notice
however, that in this case 8, would be zero which presents a severe
problem in iteratively searching for this good solution.

VI. ITERATIVE SEARCH FOR EQUALIZATION

The discussion has indicated that, except for singular cases where
one or more roots of B(z) are on the unit circle, equalization solutions
exist (for the infinite tap case) in which tap weights decrease expo-
nentially in both directions from the center tap. Furthermore, good
truncated solutions exist which force all v, (—n = k = N, k == 0)
to zero if B, is selected to satisfy equations (46), which can always
be done. The question which now arises is whether a simple iterative
search routine will lead to a desirable equalization.

When presented with an impulse response to be equalized using a
trunecated equalizer and the Lucky criterion of forcing output samples
to zero, a hierarchy of questions must be considered:

(2) Is the pulse equalizable? That is, are all the roots off the unit
circle? (If there are roots on or very close to the unit circle, a change
of timing, that is, varying = in equation (3), will usually move the
roots off the unit circle.)

(%) If the pulse is equalizable, does a good truncated solution exist?
A shifting of 8 subscripts can always guarantee the existence of a good
solution by satisfying equations (46), but will sometimes create con-
vergence problems.

(777) If the pulse is equalizable and a good truncated solution exists,
will a simple iterative search find this solution?

The iterative method of searching for a solution which we consider
first consists of measuring the value (yz) of the kth output sample,
then subtracting some part of this from the kth tap weight.* That is

a£r+1) — a’(cr) _ A'Yl(cr) (49)

where the superscripts indicate the iteration number and A is a posi-
tive number less than one. This iterative process is not identical to
the method presented in Ref. 5 which increments the tap according

. *This is not the only possible iterative search method, but it is one of the
simplest.
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to only the sign of vy.

(r+1) {r)
27> ]

= af” — Asgn [ys

(50)

However, the two methods are very similar, and convergence of one

will almost always guarantee convergence of the other.

In matrix notation, the linear iterative search of equation (49) can
be written as

where

1 )
a(r+) — a(r) . Ae(r

6(r) — Ba(r) —

o
0
0
p=|1]
0
0
L0
I 6. 0 0 0
Bt Py verereeeees 8.,
Bo By Bog +vrvrriennn 8.,
Bi Bo By Pz cereeeeeen B

Bo
Bo
Bo

8o

(51)
(52)

(53)
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Equation (52) can be modified by using equation (51),
e(r) — B[a(r—l) . Aégf—l)] —
= (I — AB)" ™V

= (I — AB)’¢"” (54)
where I is the identity matrix.
Clearly, the iterative routine will converge if
lim 7 = 0. (55)
However, it does not quarantee convergence to a good solution as
illustrated by the pulse of equation (47) and Fig. 7. There, con-
vergence does occur as was illustrated in Ref. 5 and hence, equation
(55) 1s satisfied but convergence is to a bad solution. In that case
no good solution exists to which the routine can converge.
The necessary and sufficient condition for convergence is that
lim (I — AB)" = 0. (56)
The matrix of equation (56), that is, the matrix I—AB will converge to
zero if and only if all its eigenvalues are less than one in magnitude.®
This is equivalent to the condition, illustrated in Fig. 8, that the
eigenvalues of B lie within a circle of radius 1/A centered at 1/A on
the real axis. Assuming that A can be made as small as necessary, «
necessary and sufficient condition for iterative convergence is that all

b A,

IMAGINARY. AXIS

REAL
AXIS

o
Bl—

Fig. 8 — Necessary relation of A to location 6f eigenvalue in complex plane.
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etgenvalues of B should have a positive real part. If this condition is
not satisfied, (I—AB)" will diverge, and even if the initial error vector
€© is very small, the final error vector will grow without bound.

The italicized condition above, coupled with the root location con-
dition of equation (46), guarantees convergence to a good solution.
Certain other more restrictive sufficient (but not necessary) condi-
tions can be derived. These conditions may be easier to check for a
channel impulse response.

6.1 Necessary and Sufficient Condition for Monotonic Convergence.

The convergence of the iterative process will be called monotonic
if for any starting error vector «©, the following inequalities hold (a
superseript ¢ indicates the transpose of a matrix).

e U > 11 > M1e® 1> > e 1> ™™ ] > -

(67
¥
e [l = e = 2, [T (58)
Since
Y = (I — AB)e™, (59)
it, follows that
| €7 || = "™ = I — AB)'(I — AB)e™
= M 1 A[Be ) [Be™] — Ae("‘[B' + Bl
= [l e” || + A% [| Be” || — A¢™'[B' + Ble”. (60)

Thus, equation (57) will be satisfied for all possible initial error vec-
tors if an only if

é[B' + Ble > A || Be|| = A(Be)'(Be). (61)

Since the right side of the inequality is always positive, the inequality
can be satisfied for all possible nonzero e only if [B?* 4+ B] is positive-
definite. If this is true and

min ¢[B' + Ble
e I Bell

then equation (61) will be satisfied for all ¢ and the iterative process
will be monotonically convergent.

> A (62)
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If [B* + B] is not positive-definite, convergence can still occur.
However, stating the conditions for convergence becomes more dif-
ficult. For example, if [B*+B] is not positive-definite then for some
vector, say ™), :

"B 4+ Bl <0 (63)
and
e < 11 ] (64)
But if for e = ¢V

(BB + BYBe) > as (A" || Be || + 24% || Be ||

+ A || [B' + Ble || — 2A¢'[B* + Ble} (65)
then

e 1> {7 ] (66)

Very roughly speaking, equations such as (65) which can be developed
indicate that [B‘+B] should yield a predominantly positive quadratic
form in order to have convergence. What we mean by this can best
be illustrated graphically, as in Fig. 9.

6.2 Further Sufficient Conditions for Monotonic Convergence

The positive-definiteness of [B!4-B] is a necessary and sufficient
condition for monotonic convergence. Being somewhat more restric-
tive will yield other sufficient (but not necessary) conditions. We
notice that [B* 4+ B] is a Toeplitz matrix, that is,

[B' + B] = [bi:’]? bii = blz’—s’l = Bu-in t Bi-o - (67)'

3

et(5t+ B)E€E

~— NEGATIVE REGION

VARIATION IN DIRECTION OF VECTOR € WITH
ITS MAGNITUDE ||€|| HELD CONSTANT

Fig. 9 — Illustrating a predominately positive quadratic form.
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Thus, it has some of the necessary attributes of a correlation matrix.
A correlation matrix is positive-definite, so if we can show that
[B'+B] is a correlation matrix, then this is sufficient for positive-
definiteness. If [B* + B] is a correlation matrix then the polynomial
B(z) + Bi(z) = P(2), where

B(z) = ﬁMzM*”' 4+ s B
B‘(Z) = )8—mz2m 4o 4 BMZm_M (68)

must have no odd order roots on the unit circle. Root locus methods
may be applied here, that is, the loci of

g,(é)) = —k (69)
must not cross the unit circle. Notice that this is a necessary condi-
tion that [B? 4+ B] be a correlation matrix and it is sufficient but not
necessary for [B! + B] being positive-definite.

A more restrictive condition leads to another sufficiency condition.
If (Lucky condition, Ref. 5)

BO > Z lﬁk Iy thatr iS, DI) <1 (70)
E#0

then it is easy to see that B!(z) + B(z) has no roots on the unit
circle and thus [B! 4+ B] is a correlation matrix and positive-definite.
Notice that equation (70) is not a necessary condition for [B* + B]
being a correlation matrix.

The various conditions discussed above are summarized in Fig. 10.

- — SPACE OF ALL B MATRICES
Ve

//Bo SATISFIES ROOT-LOCATION CRITERION, Eq.{(46)

1 + — CONVERGENT REGION
~ WHERE Re (A) >0

Ve
o 4 1 — MONOTONIC CONVERGENCE
> WHERE (Bt+B) IS
POSITIVE — DEFINITE

— (Bt+B)IS CORRELATION
MATRIX

!

N
™ —INITIAL ABSOLUTE DISTORTION Do <t

Fig. 10 — Illustrating the different convergence regions.
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VII. MODIFIED ITERATION PROCESSES

In the sample iteration process which has been discussed to this
point, the change in tap weight «; depends only on the output sam-
ple value y;. Let us generalize so that the change depends on a linear
combination of output samples.

Ba(r) — ’y(r) I
€(r) — ’Y(T) —u = Ba(r) — ur- (71)
a(r+1) — a(r) _ Ave(r) J
That is to say, the (r + 1)st value of tap j is
a;r«kl) — a;r) — A Zyjlofl(ar)' (72)
k

Manipulation of equations (71) leads to a result similar to equation

(54)
¢” = [I — ABV] 9. (73)

Consequently, all the sufficient and necessary conditions which have
been developed on the previous pages can now be applied to the
matrix BV. Now, however, we have considerably more latitude since
we are free to specify V.

As an example, let us suppose that V is chosen to equal Bf. Then

BV = BB' = positive-definite (74)

and monotonic convergence is guaranteed. This is a particularly ap-
pealing way of selecting V since the sample weighting can be deter-
mined directly from the initial channel impulse response.

Vig = Vi = Br-j. (75)

It is very interesting that the weighting suggested above is very
nearly equivalent to inserting a tapped-delay-line matched filter
ahead of the equalizer. A matched filter, whose tap weights are equal
to the g values in reverse order, will yield an output whose samples
will form a B matrix which is a correlation matrix. Thus, the itera-
tive search will be monotonically convergent in this case also. The
weighting suggested above yields the same matrix except for “edge
effects.”

This can be illustrated by the following example. Suppose there
are just three g values: B_; =1, By = 2, B1 = —2. Then, with V set
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equal to B!, and assuming a six-tap equalizer so that B is a 6 X 6
matrix, we obtain

BV = BB' = . (76)

L 0 o0 0 -2 -2 8

On the other hand, the modified B matrix following a matched
filter would be

9 -2 =2 0 0
-2 9 -2 -2 0 0
B, — -2 =2 9 -2 =2 7
0 -2 -2 9 -2 -2
0 0 -2 -2 9 -2
L O 0 0 -2 -2 9

Setting V = B! will guarantee monotonic convergence. However,
since in most cases B is such that [B? 4+ B] is close to being positive-
definite, it is probable that a less extensive V would be sufficient to
guarantee monotonic convergence. As an example, suppose that V
is chosen to be a small deviation on the standard iteration of equa-
tion (58)

V =1 4+ 8B, 8> 0. (78)

Now,

BV = B + $BB' (79)

will have a quadratic form which is greater for every vector e than
the quadratic form for the matrix B alone. Thus, if the negative re-
gion such as is illustrated in Fig. 8 is small, then BV can become posi-
tive-definite for relatively small 8.

Perhaps a more reasonable way of selecting a V which approximates
Bt is to modify equation (75) in the following manner.
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Vig = Vj—r = {ﬁi_k i 1Ay | 2 L. (80)
0 if |B| <L

Thus, only the more significant values of 8 are used in weighting the

errors. In general such a V will forece B towards positive-definiteness.

However, there seems to be no general rule for selecting the critical

value of L, that is the maximum L which will just permit positive-

definiteness.

VIII. CONCLUDING REMARKS

Virtually all input pulses are equalizable in the sense that there
exist tap-weight adjustments which will force the output samples in
the adjustment interval to zero while the output samples out of the
adjustment interval remain small. Furthermore, the residual samples
outside of the adjustment interval will become smaller as the number
of taps (length of transversal filter) is increased.

There are just two necessary conditions in order for the preceding
statement to hold. The first is that the polynomial representing the
input pulse have no roots on the unit circle. Although the singular
case where roots are exactly on the unit circle is highly improbable,
roots very near the unit circle lead to relatively larger residual er-
rors and greater potential for instability.

The second necessary condition is that the selection of the central
sample value must be such that equation (46) is satisfied.

Although a pulse may be equalizable, the simple first-order itera-
tive search for the proper tap weights given by equations (51) and
(52) may not be convergent. If it is convergent, and assuming the
two conditions above are satisfied, it will converge to the proper tap-
weight settings. If it is not convergent, it will be divergent with in-
creasing errors in the adjustment interval. The c¢onvergence or diver-
gence is independent of the initial tap settings. Thus, even though
the tap weights might be set to optimum initially, if the system is in
the iterative search mode and is divergent, it will eventually diverge.

The necessary and sufficient condition for convergence is given in
Section VI along with a hierarchy of more stringent sufficient condi-
tions. In general, convergence will be dependent upon the absolute
timing of the sampling. Consequently, a particular pulse which is
equalizable for two different timings might be convergent for one
timing and divergent for the other.

If the first-order iterative procedure is divergent, a more complex
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weighting of the output errors in adjusting the tap weights can im-
prove the situation. At least one weighting given by equation (75)
will guarantee convergence.
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On Solutions for Two Waves with

Periodic Coupling

By S. E. MILLER
(Manuscript received January 25, 1968)

An exact solution for the coupling effects between two waves with a
particular complex periodic coupling function is presented; the particular
coupling funcition gives the same wave interactions as constant coupling but
at a translated value of differenital phase constani. A transformation is
given which permaits known theory for constant coupling to be applied to the
periodic coupling case.

Approximate solutions are given for periodically reversed coupling
(stnusoidal or square wave) between two waves, and calculations are pre-
sented which indicate the solutions are valid for arbitrarily long coupling
regions or arbitrarily large integrated coupling strengths. The region of
validity for earlier perturbation theory is defined and proved to include the
cases of interest for multtmode circular electric waveguides.

I. INTRODUCTION

This paper describes some solutions for two waves with periodic
coupling. Coupled waves have been important in a wide variety of
communication devices: transmission lines, directional couplers, am-
plifiers, and in describing mode interchange phenomena generally.
Multimode transmission lines have been advantageously deseribed
through coupled wave equations, and a particular situation of im-
portance exists in the circular electric waveguide.

As first shown by H. E. Rowe and W. D. Warters,> periodic
straightness variations cause periodically reversed coupling from the
circular electric wave to several other waves, and this interaction
results in the most difficult tolerances on the fabrication and instal-
lation of the waveguide itself. Publications by H. E. Rowe and
W. D. Warters have provided a comprehensive understanding of the
fundamentals involved and have given explicit expressions based on
perturbation theory for calculating the loss versus frequency varia-

1801
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tion resulting from such periodic mode conversion.®* A subsequent
publication by D. T. Young* has indicated how the approximate
solution of Rowe and Warters may be transformed mathematically
to show explicitly the way differential attenuation smooths out the
mode-coupling effects on the loss versus frequency characteristic.
Young’s solution depends upon a valid perturbation solution. A
discussion of the accuracy of the perturbation solution is given by
H. E. Rowe;® when the differential attenuation is too small the per-
turbation solution breaks down and it is of interest to know exactly
where and quantitatively how this occurs.

We show in this paper that a certain periodic coupling function
has exactly the same effect on waves of unequal phase constant as
uniform coupling between waves of identical phase constant. A trans-
formation is given to allow the use of earlier theory for periodically
coupled waves.

Also presented here is an approximate solution for the periodic
coupling distribution sketched in Fig. 2 valid for any value of dif-
ferential attenuation. It is true that known solutions for uniform
coupling, as in Fig. 1, can be applied to Fig. 2 by simplying solving
for the output values at ¢ = A, /2 and using these as the input bound-
ary conditions for the transmission region starting at £ = A,,/2. The
resulting exact expression representing conditions at z = M, can be
expressed as a matrix and raised to the n't power to represent the
solution at = n\,. We seek here a simpler form of expression in
which the functional interrelations can be visualized without exten-
sive numerical calculations.

II. EXACT SOLUTION FOR TWO PERIODICALLY COUPLED WAVES

We start with the following equations for two coupled waves:
d
d—zEl(z) = —7E; + ¢u)E, (1

2 5.6) = cu@B, — 1.Bs @

c(z)

Fig. 1 — Constant coupling.
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c(z)
+C —_— _—
z
¢k N T -
D

Fig. 2 — Square-wave coupling.

in which y; and y, are the complex propagation constants and cie
and cg; are coupling functions. Appendix A shows that the coupling
functions

¢ = je, exp (jk.2) = je,[cos kz + jsin k.2 3)

and
Ciz = jo, exp (—jkz) = je,[cos kez — jsin k2] C))
give the same solutions previously found® for k, = 0 provided that
kc = (62 - Bl) = AS (5)

where c, is a constant and

Ym = @ T+ B - (6)

When (5) holds, complete transfer of power between waves can

occur. When (5) does not hold, the resulting wave interactions can

be calculated using previously developed theory for k, = 0 and
substituting AB for AB in the k, = 0 solutions, where

AB = AB + k. )
III. PHYSICAL REALIZATION OF IDEAL PERIODICALLY COUPLED WAVES

We describe here a physical realization of waves coupled according
to equations (3) and (4), and cite an advantage in mode selective direc-
tional couplers.

Figure 3 shows a mode-selective coupler between TEJ of rectangular
guide and TEg, of round guide. The thin dielectric lining is used to break
the TES, — TM¢?, degeneracy. The longitudinal magnetic intensity A9
of the TES, wave is coupled to the longitudinal magnetic intensity A%
of TES in the off-axis longitudinal slots and is also coupled to the trans-
verse magnetic intensity A5 of TE [ in the 45° slots on-axis. In each case
the magnitude of the coupling is set by the length and width of the slot.
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v
COUPLING
LINING SECTION A-A SLOTS

!
DIELECTRIC

Fig. 3 — TE°,-TE %, coupler using unequal phase constants in the rectangular and
round waveguides.

The phase reversal of the longitudinal A% coupling is accomplished
by reversing the slot position relative to the centerline, and the phase
reversal of the transverse 2% coupling is accomplished by reversing the
slant angle of the slot. One set of slots represents the sine term. It is
not necessary that any particular fraction of \,, be used in a coupler,
since the coupling is always in the same phase relative to the desired
waves in the two guides. To accomplish the desired mode selectivity
the AB between the TE and TES, waves is made equal to k&, = 27/,
as in equation (5).

An advantage of a coupler of this form, compared with one in which
constant coupling is used with Ag = 0, is that the waveguides can have
the standard dimensions set by other considerations.

Other illustrations of useful coupling between waves of unequal phase
constants will be given in another paper which the author is preparing.

IV. SQUARE-WAVE OR SINUSOIDAL COUPLING

We present here the results of Appendices B and C which discuss
approximate solutions for the cases in which the coupling is a square
wave as in Fig. 2, or the corresponding sinusoidal

c(z) = sin (2wz/\,.). (8)

Both solutions are expressed in the form and notation of a previous
publication® giving the solution when the coupling is constant, and
the boundary conditions E,(0) = 1.0 and E;(0) = 0 are impressed:

E\(z) = e " {Ade™* + Be™™) 9)

Ey) = 2"\/— (e — o) (10)




SOLVING COUPLING EFFECTS 1805

in which
11 (%*_ ~ "\2c,
A = L B A v % (11)
2)- )
! <2c ~ \ac,
B=|5+53 *\/_ * (12)
" = A;* +ic,n/ (13)*

VAR = ey =
Ao = a; — ay

Ay, = Aa + A8, .

The wave interactions are described by the above equations provided
the following values of ¢, and AB, given in Table I are used.

TaBLE I — VALUES OF ¢, AND A8,

gl
Constant = ¢ ¢ AB = (B — B2)
Square-wave of 2
magnitude ¢ and 2. AR — ;—7r \/ 1 — f?‘_’")
period A, & m ™

. 27z c 27
¢ sin (V) 3 AB — EL

These solutions, equations (9) and (10), have been obtained in Appen-
dix B by relating the rate of transfer of power (that is, transfer over a
short length interval) for the periodically reversed coupling to that for
constant coupling, and noting the effective value of coupling ¢, and
effective differential phase constant AB, . The solutions are correct
for z equal to an integral multiple of \,,/2, and may be in error by less
than approximately 0.2¢),, /7 at intermediate values of z.

There probably should be a correction factor in Ag, for sinusoidal

*7, corresponds to the -4 sign and 7, corresponds to the — sign.
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coupling similar to the radical shown in Table I for the square wave
coupling; the work done thus far has not defined what it should be, but
for small ¢),, the radical is negligible for most purposes.

The values of AB: in Table I bear marked resemblance to equa-
tion (7); however, because the simple sinusoid or square wave cou-
pling phase is two-valued (versus z) instead of continually progressing
(equations 3 and 4) to provide coupling continuously in step with
the phase changes of waves 1 and 2, there are local maxima® in
coupling effects at other values of AB for sinusoidal or square wave
coupling. Appendix B shows that the wave interaction effects are
properly described for square wave coupling in the regions near

ABN,, = 27p (15)
P = 1; 3} 5; e
by the transformations
9 T s \2

AB, = A8 —p T \/1 - (“—m) (16)

m pﬂ'

2c

C* = ];I' (17)

Because c,, drops off rapidly with increasing p the corresponding wave
interaction effects drop off also.

4.1 Numerical Comparison of Approzimate and Exact Solutions

A few calculations have been made to find quantitatively the
error resulting from the approximations made in equations (9) and
(10) for coupling as in Fig. 2. An “exact” solution is obtained by
using exact uniform coupling theory on each interval of 0.5 A, the
output of one interval being taken as the input to the next interval.

We take first the simplest case,

Aa = 0.

Then equation (9) becomes

By sewo = o3 [i CESSY

.{COS [ Va %cz] - ﬂ(i—?[;—l) siné[ N %cz]} (18)

*Rowe and Warters noted this in their work recorded in Ref. 3.
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E; |pamo = —exp |:7, (8, —*2- 62)2]{\jc__ sin [V_gcz]} (19)

in which

V= (ﬁ%) +1 (20)

and AB, is as given in Table I for square wave coupling. We notice in
passing that for A8, = 0

E,

cos <§ cz) 21

E, = isin <§ cz) (22)

and the power exchanges completely back and forth between the
two waves as a function of z; this is of course identical to the be-
havior in uniformly coupled waves, but with a modified period given
by the 2/x factor. )

We take for the first numerical comparison the condition

so that at A, = 0, E; = 0 and | E, | = 1.0. The additional specific
numbers used are

e (2 -
cz
;S
CAm /
= [T 77T il 4
/i
/!
cAn yamvs
s
/ |
V>4 l
e
S
|
4 |
| ! -7
Am Am
2

Fig. 4 —Undriven-wave amplitude versus distance for lowest order square-
wave coupling.
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N, = 2 feet
2z = 1000 feet
c = 2.46740 X 107 ft~*.

Fig. 6 shows a plot of the loss 20 log | E, | (labelled | Aa/c | = 0) versus
AB,\,./2 and Table II shows the comparison of the exact versus approxi-
mate calculations, the latter obtained from equation (9) and associated
expressions. It may be kept in mind that Ag and AB, are inversely pro-
portional to frequency in many cases of interest, so that Fig. 6 is a loss
versus frequency plot associated with a particular periodic coupling
component. The radical in the expression for AB, was ignored in the
comparison of Table IT and this might account for the consistent positive
difference (approximate—exact) for AB\,./2 greater than . Aside from
the pole at ABM,./2 = =, the two calculations agree to better than 1
percent in dB even when the loss is a few tenths of a dB.

Figs. 6 and 7 and Tables I1I, IV, and V show similar comparisons
for Aa = — |¢|, Aa = =5 | ¢ |, and A« = —50 | ¢ |. Excellent agree-
ment is obtained in all cases.

Table VI shows a comparison of the phase angle on ¥, , computed by
the two approaches. For the points shown and for the other points
(not shown) corresponding to the amplitude values of Tables IT and V
the agreement is excellent. Fig. 8 shows a plot of the phase, where odd
symmetry about Ag, = 0 is understood.

A check has also been made on the accuracy of equation (9) in the
region near AB\,, = 6w, corresponding to p = 3 in equations (15) through
(17). The same parameters were used as in the calculations for Figs.
6 and 7. The results are plotted in Figs. 9 and 10 which represent both
the approximate calculation from equation (9) and the exact calcula-
tion. The differences are on the same order as given in Table II, and
are too small to show in the figures. Figures 9 and 10 may be compared
directly with Figs. 6 and 7 to see the “third harmonic” loss (labelled
E? in Figs. 9 and 10) in relation to the “fundamental’” loss, Figs. 6
and 7.

4.2 Interpretation and Further Simplification

Consider first the shape of the loss versus AB, (equivalent to loss
versus frequency) curves. In the limit

lAa
I

>1 23)
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E> (2)
CAm cz _—
6 Val _—
// ' _— -
CAm ;o
3w L 2cz
// | 3T —
|
=
|
- | { | z
Am Am Am
6 2

Tig. 5— Undriven-wave amplitude versus distance for “third harmonic” in
square-wave coupling.

TABLE II— ExAcT AND APPROXIMATE CALCULATIONS
oF E, ¥OR | Aa/c| = 0

Aﬂ()\—m) 20 log | Et | Approximate
2 Approximate Exact —exact
x — 0.0157079 — 0.1662db — 0.1680db + 0.0018db
= — 0.01413716 — 0.1389 — 0.1403 -+ 0.0014
= — 0.01256637 — 0.0094 — 0.0096 -+ 0.0002
r — 0.01099557 — 0.0951 — 0.0960 -+ 0.0009
= — 0.009424777 — 0.4270 — 0.4300 -+ 0.0030
x — 0.0078539816 — 0.4973 — 0.4999 + 0.0026
= — 0.006283185 — 0.1156 — 0.1161 -+ 0.0005
= — (0.0047123889 — 0.1260 — 0.1267 -+ 0.0007
= — 0.00314159264 — 1.6530 — 1.6582 + 0.0052
= — 0.0015707963 — 6.4362 — 6.4540 + 0.0178
T — 122.73 — 58.54

= 4+ 0.0015707963 — 6.4362 — 6.4184 — 0.0178
« 4 0.00314159264 — 1.6530 — 1.6481 — 0.0049
= + 0.0047123889 — 0.1260 — 0.1255 — 0.0005
= 4+ 0.006283185 — 0.1156 — 0.1154 — 0.0002
= 4+ 0.0078539816 — 0.4973 — 0.4949 — 0.0024
= 4+ 0.00942477 — 0.4270 — 0.4243 — 0.0027
= 4+ 0.01099557 — 0.0951 — 0.0944 — 0.0007
= 4+ 0.01256637 — 0.0094 — 0.00964 + 0.0002
= + 0.01413716 — 0.1389 — 0.1378 — 0.0011
= -+ 0.0157079 — 0.1662 — 0.1646 — 0.0016
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Fig. 6 — Driven-wave loss versus ABe near ABAm = 2= (fundamental) for
| Aafc| = 0,1,5.

earlier perturbation theory* has shown that the fractional frequency
interval between half-height points on the loss curve is

Af ABys _ A_a
Pl e
or
BBy =2 | Aa|. (25)

Table VII shows a comparison between that limiting value and the
true value for the numerical cases above, including | Aa/c | from one
to 50. Even at | Ae/c| = 1 there is only-a 30 per cent error. -
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Consider the limiting case Aa = 0. Then
= [1 — (&) (26)

and nulls in the loss curve occur when equation (19) representing
E, is zero. This gives

4c 2 \2
Aﬁ* llounull = ; (%) — 1. (27)

When we also have the perturbation condition, cz < 1, equation (27)

0.6
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Fig. 7— Driven-wave loss versus ABs near Aﬁ)xm = 2r (fundamental) for
[Aa/cl = 1,5,50. 4 e
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becomes

AB* |null =

27

z

(28)

which agrees with previously known perturbation theory.® For this

TABLE III—ExAcr AND APPROXIMATE CALCULATIONS

OF B, FoR | Aa/c| =1
As ()\_m) 20 log | Ex | Approximate
2 Approximate Exact —exact
= — 0.0157079 — 0.2898 — 0.2910db + 0.0012db
= — 0.01413716 — 0.3438 — 0.3450 + 0.0012
x — 0.01256637 — 0.4152 — 0.4164 + 0.0012
= — 0.01099557 — 0.5452 — 0.5440 + 0.0012
= — 0.009424777 — 0.7300 — 0.7319 -+ 0.0019
7 — 0.0078539816 — 0.9601 — 0.9620 + 0.0019
x — 0.006283185 — 1.3106 — 1.3126 + 0.0020
7 — 0.0047123889 — 2.0216 — 2.0243 + 0.0027
7 — 0.00314159264 — 3.3781 — 3.3823 -+ 0.0042
=~ — 0.0015707963 — 5.3475 — 5.3523 + 0.0048
T — 6.5701 — 6.5705 -+ 0.0004
= + 0.0015707963 — 5.3475 — 5.3434 + 0.0041
x 4 0.00314159264 — 3.3781 — 3.3746 — 0.0035
x -+ 0.0047123889 — 2.0216 — 2.0194 — 0.0022
= + 0.006283185 — 1.3106 — 1.3092 — 0.0014
= + 0.0078539816 — 0.9601 — 0.9588 — 0.0013
= -+ 0.00942477 — 0.7300 — 0.7289 — 0.0011
= + 0.01099557 — 0.5425 — 0.5416 — 0.0009
= + 0.01256637 — 0.4152 — 0.4146 — 0.0006
= + 0.01413716 — 0.3438 — 0.3430 — 0.0008
= + 0.0157079 — 0.2898 — 0.2892 — 0.0006

TaBLE IV —ExaAcT AND APPROXIMATE CALCULATIONS

oF E, For | Aafc| = 5
A,g()‘_"') 20 logio | B | Approximate
2 Approximate Exact —exact

= — 0.0314159262 — 0.2446db — 0.2452db + 0.0006db
x — 0.01884955 — 0.5337 — 0.5344 + 0.0007
T — 1.6195 — 1.6197 -+ 0.0002
= -+ 0.01884955 — 0.5337 — 0.5344 -+ 0.0007
x + 0.0314159 — 0.2446 — 0.2445 + 0.0001
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TABLE V—ExacT AND APPROXIMATE CALCULATIONS

oF E, For | Aa/c| =

Aﬁ()\—m> 20 logio | 1 | Approximate
2 Approximate Exact —exact
= — 0.314159 — 0.0234db — 0.0238db -+ 0.0004db
= — 0.1884955 — 0.0523 — 0.0525 — 0.0002
T — 0.1724 — 0.1727 -+ 0.0003
= + 0.1884955 — 0.0523 — 0.0525 -+ 0.0002
= 4 0.219911 — 0.0418 — 0.0421 + 0.0003
case, from (26)
B, ~1—-3%|E]
Jsm [J({fﬁ ) +1 —cz:ﬂ
C
—1-1 =/ (20
N
dr/c

and the loss has the form (just as in the case of sinusoidal coupling®)

(sin au)2
U
which in our terminology has half-peak loss (with AB, the variable) at

187,
2

BBy laamo = (30)

For the numerical case of this paper, z = 1000 feet and

AByy |aa=o = 0.00565.

TaBLE VI—PHASE ANGLE oF E, FOR | Aa/c| =

= (3)

Angle for Ey

Approximate

Approximate Exact —exact
= + 0.0015707963 — 67.753° — 67.726° — 0.027°
= 4 0.00314159264 — 47.111 — 47.096 — 0.015°
= + 0.00471238891 — 30.086 — 30.092 + 0.006°
= + 0.0157079 — 9.085 — 9.104 -+ 0.019°
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Fig. 8 — Phase of driven wave versus AfsAm/2 near ABAm = 2= for | Aa/c| =
0,1,5.

In Table VII, the calculated value 0.0064 at | Aa/c| = 1 is reasonable,
since D. T. Young’s* work based on the perturbation theory indicates
that the true loss peak is the convolution of the shape for | Aa/c| > 1
with the shape for | Aa/c| = 0.

Consider now the peak loss at AS, = 0. When | Aa/c | > 1, and
€"** < 1, it can be shown that equation (9) simplifies to

Ei|=¢" 3L

Ax

>> 1

eAaz & 1

AB, =0
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where

(32)

In Table VIII we compare the loss computed from (32) with the
actual loss, and see that even for | Aa/c | = 1 the error is only ~30
percent. A consideration of the terms of equation (9) indicates that these
errors would be approximately constant with increasing 2.

A further simplification of the calculation of loss components now
seems justified. For | Aa/c | = 1 it would appear that (31) and (32) can
be used to calculate the peak loss due to a single square-wave coupling

2 T
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Fig. 9— Driven-wave loss versus AB« near ABAm = 6x (third harmonic) for

| Aa/c| = 0,15.



1816 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1968

0.2

b2
0.1

0.08
0.06

0.04

0.02

0.0!
.008 |- / \
.006 / \

0004_ / \

/ AN

y N

e AN

[ 7 ~
0.008

0.006 [

-0.8 -0.6 -0.4 -0.2 o 0.2 0.4 0.6 0.8

ARy (%) IN RADIANS

o o
T
N
1

20 LoG|E3]IN DECIBELS

Fig. 10 — Driven-wave loss versus AS» near ABAm = 6m (third harmonic) for
[ A/ | = 550.

component. And the shape versus AB, can be calculated from the work
of D. T. Young, leading to an over-all attenuation defined by

| B, | =€ (33)
where
1

o)

C

Aa 39

in which we require z and Ae/c such that ¢*** < 1, | Aa/c | = 1.

TasLE VII—LimiTiNG AND TRUE VALUES

1) @) @ .
Ratio of
‘ Aa ‘ Col. (3)

Limiting value of AB,1/2 | Calculated AB,1/2
from equation (25) from Figs. 6 and 7 Col. (2)

c

1 0.00493 0.0064 1.3
5 0.0246 0.0265 1.077
50 0.246 0.250 1.016
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TABLE VIII — Loss COMPARISON

AB. =0
Aa
— l Loss (dB) from Actual loss (dB)
c equation (32) equation (9)
1 — 8.68 — 6.57
5 —1.74 — 1.62
50 — 0.1737 — 0.1727
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APPENDIX A

Coupling Functions

We use the following equations to represent two coupled waves of

amplitude E; and E.:

d
d_zEl(z) = —vll, + cxR)E,

d
d—zEz(z) = C,(8)E; — v.E,

where y, = an + jB. = complex propagation constant. Let

ikecz

Ca1(2) = jese
Energy conservation leads to:

—ikez

c2(2) = je,e

Also let
E ="V,
E, =¢"V,.
Then (35) and (36) become:
ddT;'1 = jo, Vool e rikels
av, ~lra=yatikels

dz je. Ve

(35)

(36)

(37)

(38)

39)
(40)

(41)

(42)
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We now see that the solution for k, = 0 holds for k. nonzero provided
that we make the change

AB:Bl_BZ_I_kc

and put AB in place of A8 = B; — B2 in the solution for k, = 0.
Complete transfer of power between waves can occur when AB =
0 or

ke = (B2 — By). (43)
APPENDIX B
Square-Wave Coupling

We start with equations (1) through (4) representing uniformly
coupled waves with k., = 0 (see Fig. 1). Equations (9) through (14) with
¢, = c and AB, = AP give the amplitude of the output waves at z for
the conditions E, = 1.0 and E; = 0 at z = 0. We apply these equations
to the coupling distribution of Fig. 2 and find that the output amplitude

for the undriven wave at z = \,,/2 is:
A6)2 1
ljc)\m\/ 1+ <26 }L

N —+7 sin 5

E, lz:)\m/Q = exp [—](61 + 62) f:l 2 ‘
AB

i+ (38

C

In the above, the simplification A« = 0 has been assumed.

Using the output waves at z = ),/2 as input conditions to the
following coupling region (Fig. 2), the amplitude of the undriven
wave at z = ), 1s found to be:

@
GE
S CN e METEEN

The ratio of the undriven wave amplitude at z = A, to the undriven
wave amplitude at 2 = \,,/2 is [from (44) and (45)]

- (44)

E2 lz=)\m = (_1)
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A
E h, . 2(20)

SN TR

By imposing the condition

2

TG - &
we notice that the magnitude of (46) approaches two for Ag >> 2¢, that
is, for very small coupling. Fig. 4 sketches the undriven wave amplitude
as a function of z during the first two coupling intervals. We will now
express the approximate or average coupling between the waves by
using the linear approximation F.(z) = 2cz/w. We notice that uniform
coupling without phase reversal would have resulted in the relation
E,(2) = cz. We therefore arrive at the transformation

¢ (constant coupling) becomes
2¢/w (for periodically reversed coupling).
(48)

The associated transformation of the condition for maxmium energy
transfer, from (47), is

2 2
Aﬁ lmaximumconversion = )\—ﬂ-\fl -_ <C)\—m> . (49)

™

‘We might notice here that the departure of the actual amplitude in
Tig. 4 from the straight-line approximation, shown by e in Fig. 4, has a
maximum value which can be shown to be 0.21(cA,,)/#. Thus the devia-
tion between our straight-line approximation and the actual amplitude
becomes smaller for diminished values of coupling per unit \,, .

‘We now specify ¢, and AB, in equations (9) through (14) to represent
the waves with periodically reversed coupling using the average coupling
approach. Since the in-phase build-up of power in the undriven wave is
a maximum for AB specified by equation (49), we define a new dif-
ferential phase parameter to give a departure from this condition:

AB, = AB — i—”\/l _ (%)2 (50)

™
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By comparison with equation (7), which represents an exact solution
for complex coupling, this definition of AB, seems reasonable. Numerical
checks reported in the text verify this presumption. The value of ¢, is
given by (48).

It has already been noted, near equation (46) that two successive
N\./2 coupling intervals give twice the undriven line amplitude com-
pared with the first A,/2 interval, which is just what occurs for small
constant coupling (no reversal) and A8 = 0. We also find that Ag, and
¢, correctly give the wave amplitudes for periodically reversed coupling
at z equal to integral multiples of \,./2, even when A8 is not large com-
pared with 2¢. For example, letting E, at z = \,/2 be 0.707 requires
(AB/2c) = 1 (see equation 44); we maintain equation (47) and (48) as
before. Then, from (45), | B, | becomes unity at z = \,, which is also
predicted by AB, and c, in (9) through (14) and which is analogous to
the behavior of two conventional 3 dB directional couplers in cascade.

The above discussion represents the changes in wave propagation
introduced by coupling for A8 in the vicinity of the value given by
equation (49).

The perturbation solution® for sinusoidal periodic coupling is known
to yield coupling absorption peaks when

ABN,, = 27p
p=13,5---.

Similarly, there are other regions of strong interaction for the square-
wave coupling of Fig. 2. For example, consider Fig. 5, which represents
the situation when

(61)

ke,

w

™
5 =3 (52)
There is another region of Ag defined by
2 \/ (@\ >2
A maximum conversion — 3._— _ —m 53
81 - (& (53

where there is a Jocal maximum of conversion. As diagramed in Fig. 5,
the average conversion coefficient is 2¢/3w. Thus the appropriate values
of AB, and c, for equations (9) through (14) are

2c

c, = —
* 3r

(54)
AB, = AB — 3-?\—” 1 — <C>‘_m>2

m 3T
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More generally there are absorption peaks at

26, = 28— p 1 - (=) (55)
0, = 2 (56)

where p = 1, 3,5, ...
APPENDIX C

Sine Wave Coupling
We start with equations (1) and (2) with the coupling defined
Cyy = €2 = jesin <?> (57

Using perturbation theory?, and letting Aa = 0,

E; =c f sin (%\E)e_“’g’ ds (58)
0

m

which yields

2 —iaps| 2 2 o (2
o g e e () e ()
— AB

>\m
(59)
Evaluating at AB = 2#/),, and 2 = nA,,/2 yields
.C N\,
E, |Aﬂ=21r/)\m = "]5_2— (60)

withn =1,2,3. ...
It can be verified that AR = 2x/A, yields the maximum value of
E, at z = na,/2.

Thus the equivalent uniform coupling value for sinusoidal coupling is

c, =¢/2 (61)

which appears in Table 1.
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