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[N l+l(f)]! 
I Al(f) I ' l = 0, ... ,L 

have appeared in the previous equations, such as in (30). It is obvious 
from Fig. 1 that [N1(f) Pll/IAo(f) I may be interpreted as the noise­
to-signal ratio of the first analog link, [N2 (f)] % IIAl (f) I as the 
noise-to-signal ratio of the second analog link, and so on. A similar 
noise-to-signal ratio has4, 5 appeared in optimizing the transmitting 
and receiving filters for a given channel (see Section II). Since such 
noise-to-signal ratios are usually not periodic functions in j, it is 
customary to assume that for any j and k we have either 

(31) 

or 

(32) 

This assumption is valid for most practical cases. 
In the following we assume that (31) or (32) holds simultaneously 

for l = 0, 1, ... , L. Physically, this means that the pass and attenua­
tion bands (valleys and peaks of the noise-to-signal ratios) of the 
analog links coincide. Important applications where this assumption 
is valid are considered in Part II of this study.2 It should be em­
phasized that this assumption is usually valid because carrier modula­
tion can and should be used at the analog repeaters to shift the fre­
quencies so that the pass and attenuation bands of the analog links 
coincide and the transmission media are best used. 

From the above assumption, it is easily seen that 

(33) 

for any f and Ie 0, regardless of the values of the Az's. Comparing 
(33) with (19) to (21), we see that (21) is not satisfied. Therefore, 
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from Section V, (15) and (25a) cannot be satisfied at both f and f -
kl T for any f and k ~ 0. Consequently, the set of integers ffi, defined 
after (25a) cannot contain more than one element, and (26a) becomes 

I Bo(J - m i k) I ~ 0, for m dill, Ie ~ 0. (34) 

Substituting (34) into (25b) gives 

M(f) I Ao(t)J I B (t) 12 
[N1(f)J! a 

= T[Tltl(J2]! _ T ± [AINI+l(t)]! 1 f 
Ao 1=0 Ao I A I (f) I ' I: g:. 

From this the transmitting filter is determined as 

(35) 

For the solution of the optimization problem to be valid, the solu­
tions of IBz (f) I must satisfy the conditions 

l = 0, 1, ... ,L + 1. 

These conditions can be used· to determine the appropriate signs of 
(AI)!' l =0, ... , L. Consider first the possibility that (Ao)! < 0. It 
can be seen from (8) that (Ao)! < 0 and I Bl(f) 12 ~ 0, l = 1, ... , L, 
together require 

(AI)! < 0, 

But, from (35), the conditions 

(AI)! <0, 
would imply that 

l = 1, ... ,L. 

l = 0, 1, ... , L, 

I Bo(f) \2 ~ 0, 

which is not a valid solution. Therefore, (Ao)! cannot be negative and 
must be positive. It can be shown from (35), (8), and (9) that (Ao)! > ° 
and \ Bz(f) 12 ~ 0, l = 0, ... , L + 1, together require that* 

* D(j) defined in (36) is an abbreviation used later. 
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D(i) 

(36) 

and that (AI) % > 0, l = 1, ... , L. From these and the fact that 
(Ao) % must be positive, it is concluded that the solution is valid only 
when (36) is satisfied and 

l = 0, ... ,L. (37) 

The necessary conditions in (36) and (37) are used later in determining 
fJ and dlf • 

By substituting (26b), (35), and (8) into (3), together with some 
algebraic manipulation, it can be shown that the power constraints 
in (3) can be expressed as: 

L 

"iPl = Bl - L ,,~ahl , l = 0, 1, ... ,L (38) 
h=O 

where 

(39) 

m £ dlf • (40) 

Clearly, if fJ and dlf are known, {3z , ahZ , and (Az)! can be computed, 
the validity conditions in (36) and (37) can be checked, and the filter 
characteristics can be computed from (35), (8), and (9). Thus, the 
optimization problem is reduced to that of determining the fJ and dlf 
which minimize the mean-square error 8 in (30), subject to the power 
constraints in (38) to (40) and the validity conditions in (36) and (37). 

6.1. Mean-Square Error versus dlf 

Before a design procedure can be proposed, it is necessary to under­
stand the relationships among 8, fJ, and dlf • Such are the subjects of 
this section and the next, and Section 6.3 gives a simple design procedure 
based on the results. 
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From (30) and (39), the mean-square error can be written as 

o = mo - i TM(f) df + t, AI/3z . 

From the definition of M(f) in (2), it is easily shown that 

j
l/2T 

TM(f) df = mo . 
-1/2T 

From (41) and (42), we may decompose 0 into 

o = 01 + 02 

where 

j 1l2T 1 
01 = -1/2T TM(f) df - if TlIl(f) df 

and 
L 

02 = L At/3z . 
z-o 

(41) 

(42) 

(43) 

(44) 

(45) 

Since T and M (f) are given, 01 depends on ff, but not on the integer 
in ffiJ • Therefore, for any ff, the integer in ffiJ must be chosen to minimize 
02 subject to the power constraints in (38) and (40) and the validity 
conditions in (36) and (37), 

If we define 

A~ /30 

A= At 
~ = 

/31 (46) 

At L 

Po + aoo alO aLO 

l Q= aOl PI + au aLl (47) 

aOL alL P L + aLLJ 

then the power constraints in (38) take the compact form 

QA = ~ (48) 

and (45) becomes 

02 = A'~ = A'QA. (49) 
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It can be shown that Q is positive definite; hence, Q-l exists and 
we may combine (48) and (49) to obtain 

82 = ~'A = ~'Q-l~. 

For each j, one may choose m to minimize the ratios 

[N1+1(f - mIT)]!/\ AI(f - 1n1T) \ . 

(50) 

When this is done, {3z and Cihl decrease-see (39) and (40)-and the 
elements of ~ and Q decrease-see (46) and (47). However, it is difficult 
to see from (50) whether 82 would decrease or increase (the elements 
of ~ and Q decrease, but the elements of Q-l may increase). 

We resolve this difficulty by first considering the increment in 82 

resulting from arbitrary changes in the ratios 

[ N,.,(f - 'f) T 
I A,(f - ;) I ' 

l = 0, ... ,L. 

For brevity, we use the abbreviations 

[ NI+l(f - !J}) J! 
I A,(f - ;) I ' 

l = 0, ... ,L; (51) 

Let r z (j) denote the increment in C z (f), l = 0, ... , L. The resulting 
increments in At , 82 , A, ~, and Q are denoted, respectively, by ~l , 

d, A, ~, and Q. 
Notice that the increments rz(!), l = 0, ... , L, are not necessarily 

small. 
Replacing Q, A, ~, and 82 , by (Q + Q), (A + A), (~ + ~), and 

82 + d, respectively, one has from (48) and (49) 

(Q + Q)(A + A) = ~ + ~ 
82 + d = (A + A)/(~ + ~). 

From (52) and (48) 

QA = ~ - QA - QA. 

From (53) and (49) 

(52) 

(53) 

(54) 

(55) 
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Multiplying (48) by A', transposing A'QA in the resulting equation, 
noting that Q is symmetric, and using (54), one obtains 

A'~ = A'~ - A'QA - A'QA. (56) 

Substituting (56) into (55) gives 

d = A'~ + ~'(A + A) - A'Q(A + A). (57) 

By the definitions of f3z and .aM in (39) and (40), and by the defini­
tions of the increments, one can show after some manipulation that 

A'Q(A + A) = ~ [Ai + A,] 1, [~ )-1c,(f) },(f) dt 

+ ~ Al 1, {~ [AI + A,][C,(f) + r,(f)]}r,(f) dt (58) 

:S'(A + A) = ~ [At + Ll l] 1 [TM(f)]!rl(f) df (59) 

A'~ = ~ At 1 [TM(f)]!rl(f) df· (60) 

We are looking for a condition to determine the sign of d. We must 
decompose or combine the terms in such a way that the condition, if 
it exists, can be detected. This is done by substituting (58) to (60) 
into (57) and casting the resulting equation in the following form: 

d = 1;, [Ai + A,] 1, {[TM(f)]1 - ~ Atc,(f) }r,(f) dt 

+ 1;, At 1, {[TM(f)]1 - ~ [Aj + A,][C,(f) + r,(f)]}r,(f) dl· (61) 

From (61) we can prove a theorem about the selection of CR., for any 
given §. 

It has been shown after (35) that the solution of the optimization 
problem is valid only when (36) and (37) are satisfied. From the defini­
tion of Cl (1) in (51), (36) can be written as 

L 

D(f) = [TlIl(f)]! - L Atel(f) ~ 0, for fE §. (36) 
1=0 

For any given §, let us define: 

{ CR.,} d = the set of all the choices of CR., 
which, together with the given §, 

satjsfy (36) and (37). (62) 
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We have assumed that (31) or (32) holds for anl; therefore, there is a 
choice of ffi l in {ffi l 1 tI which simultaneously minimizes C l (f), l = 0, ... ,L. 
For later use, let us define: 

cR/.d = the ffi l in {ffi/l d which minimizes Cz(f), l = 0, ... ,L. (63) 

If we change ffi I from cR/ . d to cR/. d , which is also in {ffi l 1 d, C Z (f) will 
be increased, say, from Cl(f) to Cz(f) + rl(f), where 

l = 0, ... ,L. 

We have shown that if Cz(f) is increased to Cl(f) + rz(f), l = 0, .... , L, 
82 is changed to 82 + d, where d is given in (61). Since cR/.d is in {ffi/l d , 

(36) and (37) are satisfied. Since cR/.d is also in {ffi / } d, (36) and (37) 
are again satisfied, but in the form 

L 

[T1I1(f)]! - L [At + .1z][C lCf) + rlCf)] ~ 0, for f t 9 
z=o 

and 

At + .1 z > 0, l = 0, ... ,L 

because Cz(f) is increased to [Cz(f) + rz(f)] and (Az)! is changed to 
[(Az)! + .1zl. Substituting (36), (37), and the two inequalities above 
into (61) shows that 

d> 0. 

Therefore, 82 and 8 increase when cR/.;! is chosen instead ofcR/ .iI (81 

is fixed for a given 9). This proves: 

Theorem 1: For any given 9, the mean-square error 8 is minimized by 
selecting cR/. iI in {ffi I 1 iI • 

Clearly, cR/.iI is the optimum ffi l for the given 9 because it minimizes 
the mean-square 8, subject to the power constraints in (38) to (40) 
and the validity conditions in (36) and (37). 

6.2 111 ean-Square Error versus 9 

We now consider the variation in the mean-square error when a set 
of frequencies is deleted from a given 9. Let us define a frequency set 
JJ as 

g = {f : - 2~ ;'i f ;'i 2~ and (Ilf is an empty set}. 

Clearly,9 n JJ is an empty set and 9 U JJ is the frequency set -1/2T ~ 
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f ~ 1/2T. Equation (43) can be written as 

8 = ~ TlIICf) df + A'~. (64) 

Let n be a set of frequencies in 9. By deleting n from 9 we mean that 
ffi.1 is changed to an empty set for f £ n, but remains unchanged for 
f 1/ n. When n is deleted from 9 (that is, when 9 is changed to 9 - n), 
gI, Q, A, ~, (AI)l, and 8 are changed to (gI + n), (Q - Q), (A - A), 
(~ - ~), [(AI)l - AI], and (8 + e), respectively. Equation (64) is 
changed to the form 

~. \ 

8 + e = f TlIl(f) df + (A - A)'(~ - ~). (65) 
g+o 

Since n C 9 and 9 n gI is an empty set, n n gI is an empty set. From this 
we may subtract (64) from (65) and obtain 

e = In TlIl(f) df - A'~ - A'~ + A'~. 
It is seen from (48) that 

A'~ = A'QA. 

When 9 is changed to 9 - n, (48) is changed to 

(Q - Q)(A - A) = ~ - ~. 

(66) 

(67) 

(68) 

Subtracting (48) from (68) and combining the resulting equation with 
(67) yields 

A'~ = A'~ - A'QA + A'QA. (69) 

Substituting (69) into (66) gives 

e = In TM(f) df - A'~ - (A - A)'~ + A'Q(A - A). (70) 

The ith element of the vector ~ is 

The ith element of the vector A is Ai - 1 • The element in the ith row 
and the jth column of Q is 
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Using these element values, it can be shown from (70) that 

e = I, {[TM(1ll1 - t, (AI - /l,le,(!) }{[TM(1ll1 - t. Ale,(!)} dt· 

(71) 

We have shown in Theorem 1 that Cl(f) should be minimized. Thus, 
CR, should be selected to avoid those frequencies where Cl(f) = 00 

(for instance, where discrete tone interferences exist). Furthermore, 
the validity conditions in (36) and (37) cannot be satisfied at such 
frequencies. Therefore, we may assume, without loss of generality, 
that Cz (f) ¢ 00 for the given ill,. The variation in (Az)\ Az, then 
approaches zero when the variation in £I, [2, approaches zero. There­
fore, if [2 is replaced by an infinitesimal frequency set 0, Az becomes 
negligible and (71) becomes 

e = J, {[TM(tl]1 - t. Ale,(f)Y dt· (72) 

We have defined in (36) the abbreviation 
L 

D(f) = [TA{(f)]! - L AtCz(f). (73) 
z=o 

It is seen from (71) that if 

D(f) = 0, for all f t [2, (74) 

then e is zero and 8 is unchanged when [2 is deleted from £f. 
If D(f) ¢ 0 for some f t [2, there is, in [2, an infinitesimal frequency 

set 0 in which D(f) ¢ O. If 0 is deleted from £I, e is given by (72). The 
integrand of (72) is [D(f)]2 and is positive; therefore, when 0 is deleted 
from £I, e > 0, and 8 increases. Repeating the deleting process we see 
that 8 can only increase when any frequency set [2 is deleted from £I 
and D(f) ¢ 0 for some f t [2. 

The above proves the theorem: 

Theorem 2: For any given £I and ill, which mayor may not satisfy the 
validity conditions in (36) and (37), and for any [2 C £I, deleting [2 from 
£I will not change the mean-square error 8 if D(f) = 0 for all f t [2, and 
will increase 8 if D(f) ¢ 0 for some f t [2. 

6.3 A Design Procedure 

The ambiguity in (50) is resolved in Section 6.1. It is proven in 
Theorem 1 that, for any given £I, the CR, which minimizes Cl(f), l = 
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0, ... , L, is the optimum choice among all the solutions of (R, which 
satisfy the validity conditions and power constraints. Theorem 2 shows 
that deleting a frequency set n from a given g will increase or not change 
the mean-square error (never decrease). It is clear from these results 
that, in searching for the optimum g and (R" one should begin with 
the largest possible g and with the (R, which minimizes Cz(f), l = 0, 
. .. , L. From the definition of g in (27), the largest possible g is seen 
to be 

_ {. -.L < < -.L}. g max - f· - 2T = f = 2T (75) 

Thus, we can propose the following simple design procedure: 

Choose g = gmax. For each f in g max, choose the (R, which minimizes 
Cz(f), l = 0, ... , L. Compute {3z , (Xhl , and (~l)t from (39), (40), and 
(48), respectively. If the resulting values of (~z)! satisfy the validity 
conditions in (36) and (37), the above choice of g and (R, is optimum. 
The power constraints are satisfied by computing (~z)! from (48). 
The mean-square error & is minimized. 

Increasing Cz (f) or deleting some frequencies from gmax will increase &. 

See Theorems 1 and 2. 
The optimum filter amplitude characteristics are given by (35), 

(8), and (9). The over-all phase of the system, (J(f), is given by (24) 
(the system may have an additional time delay). As discussed previously, 
(J(f) may be distributed arbitrarily among the repeaters. The minimum 
mean-square error is given by 

L 

8 = L ~t{31 
1=0 

Thus closed form results are obtained if the choices of g and (R, in 
the above design procedure satisfies the validity conditions in (36) 
and (37). As illustrated by the applications in Part II, such validity 
conditions are usually satisfied under normal operating conditions.2 

VII. CONCLUSION 

The joint optimization problem is solved in closed form for deter­
ministic sampling under two conditions: 

(i) The pass and attenuation bands of the transmission media must 
coincide: (31) or (32) holds for all l. This is usually the case, because 
similar transmission media are usually used. Moreover, carrier modu­
lation can and should be used at the repeaters to shift the frequencies 
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so that the pass and attenuation bands coincide and the transmission 
media are best used. 

(ii) The validity conditions in (36) and (37) must be satisfied (see 
Section 6.3). As illustrated in applications in Part II, such conditions 
are usually satisfied.2 

The closed-form expressions for the optimum repeater character­
istics and the minimum mean-square error can be computed using the 
procedure in Section 6.3. 

Two theorems are proven in Section VI for resolving the ambiguity 
in the selection of the transmission band. These theorems hold regard­
less of the second condition above. 

Timing error is also considered. It is shown that in the transmission 
band, the jth analog repeater (j = 1, ... ,L) should have an ampli­
tude characteristic proportional to the given function (see Fig. 1). 

This simple specification holds regardless of the timing jitter distri­
bution, the message sequence spectral density, and the two conditions 
above. These conclusions are deduced from this result: 

(i) Since the above given function is in general well-behaved, and 
since the analog repeaters may have arbitrary phases, the optimum 
analog repeaters can be closely realized. 

(ii) It is not only economical, but also optimum, to use identical 
analog repeaters (which may have different gain factors) in many 
systems where the repeater noise spectral densities differ only by 
multiplicative constants (but are not necessarily flat with frequency), 
and the amplitude characteristics of the transmission media differ 
only by gain constants. 

(iii) If the repeater noise spectral densities differ only by multipli­
cative constants (and are not necessarily white), each analog repeater 
will be required to provide amplitude equalization for its adj acent 
transmission media (with arbitrary phase equalization). This specifi­
cation for digital transmission is the same as the requirement for 
analog repeaters in a voice system.1 Thus, by installing a digital as 
well as an analog repeater at the (L+ 1) th repeater location, a hybrid 
system can be used for either digital or voice transmission without 
changing the L analog repeaters between. 
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Hybrid Digital Transmission Systems 
Part II: Information Rate of 

Hybrid Coaxial Cable Systems 

By S. L. FREENY and ROBERT W. CHANG 

(Manuscript received March 11, 1968) 

The information rate of a hybrid coaxial cable transmission system using 
multilevel pulse amplitude modulation is studied, assuming that the additive 
repeater noise has a flat spectral density and that statistically independent 
message symbols are transmitted. Questions considered theoretically are: 
(i) Reduction in information rate when some repeaters in an "all digital 
repeater" system are Teplaced by analog Tepeaters, (ii) Number of digital 
repeaters required for converting an analog system to digital service, (iii) 
Information rate versus number of added analog Tepeaters in a fixed digital 
repeater section, (iv) System sensitivity to repeater output power and noise 
spectral density t'ariations, and (v) Bit rate versus baud rate and achieving 
the greatest bit rate. Curves and tables answer these questions. 

I t is economical and theoretically optimum to use identical analog 
Tepeaters and uniform repeater spacing for the coaxial cable systems con­
sidered. The optimum gain-frequency characteristic for the analog repeaters 
is the same for both analog and digital transmission. Analog cable systems 
can be adapted directly to hybrid digital service with no compromise in 
theoretical performance. 

1. INTRODUCTION 

In Part I,t the general problem of optimizing the parameters in a 
hybrid (combination digital and analog) transmission system was 
considered. Closed form expressions were obtained for the transmit­
ting, receiving, and analog repeater filters which would minimize the 
total mean square error at each digital regenerator. In this part these 
formulas are applied to the important special case where the transmis­
sion medium is coaxial cable, under the assumption that the additive 
repeater noise has a flat spectral density and that statistically in-

1687 
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dependent message symbols are transmitted. No attempt was made 
to include practical details of circuit and filter design. 

II. A COAXIAL CABLE HYBRID DIGITAL TRANSMISSION SYSTEM 

A hybrid digital transmission system is illustrated in Fig. 1. In­
formation symbols {ak} are transmitted from one digital repeater to 
the next through L analog repeaters. Multilevel pulse amplitude 
modulation is considered. Each symbol ak can assume anyone of v 

equally spaced levels with probability Ill'. The spacing between two 
adj acent levels is denoted by d. The levels are assumed symmetrically 
spaced about zero; hence, 

E[ak] = 0 

E[a~] = d
2

(l - 1). 
12 

(1) 

Notice that v can be an odd as well as an even integer. As usual, the 
ak's are assumed to be statistically independent. 

The ak's are transmitted sequentially at T second intervals. The 
baud rate of the system is liT, and the bit rate is 

R = (1/ T) log2 v bps. (2) 

It is assumed that the input amplifiers of the analog and digital 

No 

NOISE 

No 

FIRST 
ANALOG 

REPEATER 

No 

SECOND 
ANALOG 

REPEATER 

RECEIVING 
DIGITAL 

REPEATER 

Fig. 1- A hybrid coaxial cable digital transmission system. 

TO 
DECISION 
CIRCUIT 
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repeaters introduce zero mean thermal noise of constant spectral den­
sity No watts per hertz over the frequency band of interest. The av­
erage signal powers at the analog and digital repeater outputs are 
constrained to be P. 

As in all linear pulse amplitude modulation systems, the signal at 
the decision circuit input-X (t) in Fig. I-is sampled sequentially 
at T second intervals, and the kth time sample bk is used as an esti­
mate of ak. The system's performance is measured by the familiar 
criterion of mean square error between bk and ak, that is, by the 
quantity 

(3) 

The system is said to be optimum if 8 is minimized by jointly designing 
the analog and digital repeater characteristics. 

It is shown in Appendix A that for the coaxial cable systems con­
sidered the mean square error 8 is further minimized if the analog 
repeaters are equally spaced along the cable. Therefore, uniform repeater 
spacing is henceforth considered. The transfer function of the coaxial 
cable between each two repeaters is denoted by A (f) (see Fig. 1). Over 
most of the useful frequency range one may assume2 

I ACt) I = e-S(lfllfo)! (4) 

where 

S = cable length in miles 

fo = frequency at which one mile of cable has attenuation of one 
neper (a cable constant). 

The analog and digital repeater characteristics that minimize 8 
can be determined using the general results in Part I (see Appendix B). 
The main purpose of this part is to explore the interesting characteristics 
and potentialities of hybrid cable systems. Let us define 

N = (L + I)No 

8 = The minimum value of 8 that can be attained by jointly de­
signing the analog and digital repeater characteristics. 

S 
J.L = (2Tfo)~' (5) 

Notice that }J. is the cable attenuation in nepers measured at a fre­
quency equal to one half the symbol rate. Using results in Part I, it 
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is shown in Appendix C that if 

(6) 

then the bit rate of the optimum system can be related to all other 
system parameters by 

1 f fj;- + (21' - l)e" + 1 &1 
R = - IOg211 + .2f· 

2T 3~2 [(JL - l)e lL + 1]2 d 
(7) 

The condition in equation (6) requires that the signal-to-noise ratio 
of the system be larger than a certain value. This condition is satis­
fied under normal operating conditions for the following reason. It 
can be shown that the quantity 

~ [2JLe 21L 
- 3e2

J.1 + 4eJ.l - 1] 
p. 

in equation (6) is zero when p. is zero, and increases with p.. There­
fore, the right side of equation (6) increases with the number of 
analog repeaters, the symbol rate liT, the repeater spacing S, and 
the attenuation in the cable (that is, lifo). It can be shown that if 
L, liT, S, and lifo are made so large that equation (6) is not satis­
fied, the optimum system will be forced to use a bandwidth less than 
the Nyquist bandwidth 1/2T to reduce thermal noise. A system should 
not be designed to operate under such an extreme condition since 
intersymbol interference increases rapidly as the bandwidth is reduced 
to less than the Nyquist bandwidth 1/2T. 

For equation (7) to be useful one must assume something about the 
probability distribution of the total interference (intersymbol plus 
noise). This allows one to relate the ratio S/d2 to the average probability 
of error. In the remainder of this paper the natural and useful assump­
tion will be made that the total interference is normally distributed. 
Evidence to date indicates that this assumption is actually conservative 
and that average error probabilities even less than those stated would 
actually be obtained in most cases.3 

III. SELECTION OF SYMBOL RATE 

To faciJitate comparing bit rates of systems which have different 
values, we ignore the variation of error probability with number of 
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levels, which can be at most a factor of two (for details see Ref. 4, 
pp. 114-118), and assume that it depends only on 8/d2

• Specifically, 
a value of d2

/ 8 = 126 gives an error rate of 10-8 for binary transmission. 
Unless stated otherwise, this value for the ratio will be used throughout. 

Consider now the system parameters. The cable constant fo is usually 
a given parameter. Values which the thermal noise spectral density No 
and the power constraint P may assume are restricted in most cases. 
As already discussed, if the error rate is specified, the ratio d2

/ 8 is also 
approximately fixed. Thus, the factors over which the system designer 
may exercise the most control are the symbol rate 1/ T, the number of 
levels v, the number of analog repeaters L, and the repeater spacing S. 

Let us consider the selection of 1/ T. 

R = (1/ T) log2 v bps (2) 

where log2v is the number of bits per symbol. It is proven in Appendix 
D that under the normal operating condition represented by equation 
(6), log2v decreases when liT increases. Thus, usually there exists a 
symbol rate which maximizes the bit rate R. To illustrate this and the 
significance of selecting the symbol rate, we consider a typical sys­
tem in the following. 

Consider a system using standard %-inch coaxial cable which has 

fo = 5 X 106 hertz. (8) 

The analog or digital repeater output power is constrained to be 

P = 0.1 watt. (9) 

The thermal noise spectral density depends on the noise figure of the 
amplifiers. A reasonable assumption;(- is that 

No = 1 X 10-19 watts/hertz 

corresponding to a noise figure of 13.8 dB. 

(10) 

Let us assume a repeater spacing S of 1.25 miles. (11) 

Consider the case L = 9, that is, nine analog repeaters are used 
between each two digital repeaters. The ratio d2

/ 8 is fixed to 126, 
corresponding to an error rate of approximately 10-8 per 12.5 miles. 

If we vary the baud rate l/T, we obtain the results in Fig. 2. When 
the baud rate 1/ T increases from zero, the bit rate R first increases 
and then decreases. There is a peak of R at l/T t'J 2.8 X 108

• Also 

* A thermal noise spectral density of 1.67 X 10-19 watts per hertz was used 
in Ref. 2 based on a noise figure of about 1>6.2 dB. 
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Fig. 2 - Bit rate and number of levels vs symbol rate liT. 

shown in Fig. 2 is the quantity "bits per symbol" (that is, log2 v) which, 
as proven in theory, decreases when the baud rate increases. Notice 
that the results are meaningful only when v is an integer. Therefore, 
one should consider only those points where v is an integer, or commonly 
used integers such as 2, 3, 4, 8, and 16. 

Two observations are made from Fig. 2: 

(i) If a low symbol rate such as 1/ T t'J 107 is selected, not only is 
the resulting bit rate too low (about 1/10 of the maximum R), the num­
ber of levels must also be extremely large (approximately 214 levels) 
in order to attain this very low bit rate. 

(ii) At the maximum bit rate v is approximately 32, an impractically 
large number. However, reducing v to 16, 8, or 4 levels only reduces 
R from 1.38 X 109 to 1.35 X 109

, 1.21 X 109
, or 0.96 X 109

, respectively. 

These observations clearly show the significance of selecting the 
baud rate and how a baud rate can be chosen for best use of a given 
system. 

Notice that the above results are computed from equations (7) 
and (2) and that equation (7) is valid if equation (6) holds. By re­
arranging the terms of equation (6) together with some algebraic 
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manipulation, it can be shown that equation (7) is valid if the R 
computed from equation (7) satisfies the inequality 

> 1 [ 6,u2 8J R = 2T log2 1 + - -d2 
~ ,u-l+el" 

(6a) 

of if v computed from equations (7) and (2) satisfies the inequality 

log2 v ~ ! log2 [1 + 6,u2 -I" -d~J· 
,u-l+e 

(6b) 

Notice that equations (6a) and (6b) represent lower bounds on bit 
rate and bits per baud, respectively. The lower bound on bits per 
symbol is plotted in Fig. 2. It is seen that, as discussed in Section II, 
equation (6) is easily satisfied in practice. 

IV. REPLACEMENT OF DIGITAL REPEATERS 

vVhat happens if some of the repeaters in an all-digital repeater 
system are replaced by analog repeaters? Because in multilevel trans­
mission analog repeaters might be less expensive than digital repeat­
ers, this may reduce the cost of the system. 

Since analog repeaters introduce thermal noise, replacing digital 
repeaters with analog repeaters decreases the bit rate of the system 
(assuming a fixed error rate), but the reduction might not be much. 

Let us consider the same system specifications (8), (9), (10), and 
(11), as in Section III, and let us consider three cases: 

(i) The repeaters in the system are all digital. 
(ii) 90 percent of the digital repeaters are replaced by analog 

repeaters (10 percent digital). 
(iii) 99 percent of the digital repeaters are replaced by analog 

repeaters (1 percent digital). 

The ratio d2/8 is set to 144, 126, and 108, for cases i, ii, and iii, 
respectively. As discussed in Appendix E, this gives an error rate of 
approximately 10-7 over a distance of 125 miles for all three cases. 

Under the above conditions, the bit rates of the three cases are 
computed using equations (7) and (2). The results are compared in 
Table I and plotted in Fig. 3. 

In comparing cases i and ii, we see that the bit rate decreases only 
18 to 28 percent when 90 percent of the digital repeaters are replaced 
by analog ones. From cases i and iii, we see that the bit rate de-
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TABLE 1- COMPARISON OF BIT RATES 

Bits per second (X 109) 

Type of Transmission Case i Case ii Case iii 

Binary 0.71 0.58 0.46 
Ternary 1.02 0.82 0.63 
4-level 1.21 0.96 0.74 
8-level 1.56 1.21 0.91 

I6-level 1. 77 1.35 0.98 
32-level 1.86 1.38 0.98 
64-level 1.85 1.33 0.91 

creases 35 to 50 percent when 99 percent of the digital repeaters are 
replaced by analog ones. The reductions in bit rate are moderate 
compared with the amount of replacement. 

It is important to observe that the bit rate of case i is best at 32-
level transmission, but it is difficult, if not impossible, to realize a 
32-level transmission system. Therefore, one is forced to consider a 
reduced bit rate. If one uses only digital repeaters, there is only one 
choice, reducing bits per symbol. However, hybrid systems give an­
other degree of freedom: one may consider various combinations of 
transmission levels and numbers of analog repeaters. 
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Fig. 3 - Comparison of bit rates of three arrangements. 
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For example, consider the two choices from Table I: 

(i) Repeaters all digital, ternary transmission used, bit rate reduced 
to 1.02 X 109 bits per second. 

(ii) 90 percent of the repeaters are analog, 4-1evel transmission, 
bit rate reduced to 0.96 X 109 bits per second. 
Since the bit rates are very close, the selection depends largely on 
the cost of the repeaters, installation, maintenance, and so on. 

V. HYBRID SYSTEM FLEXIBILITIES 

We have considered a digital system and computed the reductions 
in bit rate when digital repeaters are replaced by analog repeaters. 
But in other applications, the system may be originally built for voice 
communication with all analog repeaters. As is well known, the 
analog repeater gain-frequency characteristic for voice communica­
tion is shaped to match the loss-frequency characteristic of the coaxial 
cable.5 Appendix B shows that such shaping is also optimum for multi­
level digital transmission. Thus, an analog system is basically suited 
for digital transmission provided that digital repeaters are inserted; 
the question is how many. 

Tables such as Table I can be helpful in making such decisions. 
Case ii in Table I corresponds to inserting one digital repeater after 
every nine analog repeaters, and case iii corresponds to inserting a 
a digital repeater after every ninety-nine analog repeaters. Bit rate 
can be easily computed for other values of L, v, S, fo, P, No, and er­
ror rate using equations (7) and (2). The results reveal the capacities 
of various systems. 

A hybrid system can be used for either digital or voice communica­
tion by installing a digital as well as an analog repeater at the (L + 
1) st repeater location. The L analog repeaters between can be used 
for both services without sacrificing the system performance because 
of common gain-frequency shaping requirements. 

VI. INSERTION OF ANALOG REPEATERS 

Replacing digital repeaters with analog ones or inserting digital 
repeaters into an analog system amount to changing the parameter 
L of a hybrid system. The repeater spacing S is unchanged. 

In certain cases, one might wish to fix the distance between two 
digital repeaters, and vary the number of analog repeaters between. 
In these cases S varies with L. 
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Let the distance between two digital repeaters be YJ miles. Then 
S = YJ/L + 1. Thermal noise spectral density at the input of the re­
ceiving digital repeater is N = (L + l)No. vVhen L increases, ther­
mal noise increases, but S and cable loss decrease. Hence, the bit rate 
may increaiile or decrease depending on thermal noise and cable loss. 
For instance, if No and to are both very small, increasing L will in­
crease the bit rate; if No and to are large, increasing L will decrease 
bit rate. The following shows that for typical values of No and to, in­
creasing L increases bit rate. 

Let to = 5 X 106
, P = 0.1 and No = 10-19 as considered earlier, and 

assume a distance YJ of 100 miles. Table II shows L for each of the 
following: 

(II T) m = The baud rate that maximjzes the bit rate 
Rmax = lVlaximum bit rate in bits per second at (lIT)m 
(logz V)m = bits per symbol baud at (lIT)m . 

For all L, d2 18 is set to 126 (error rate r-.J 10-8 for each digital repeater 
section). Notice that the table contains values of L which are both 
impractically small and impractically large, which are included only 
for completeness. 

From Table II, we see that when L increases from 1 to 10, 100, and 
1000, Rmax increases 17, 550, and 12,700 times, respectively. Similarly 
rapid increases in bit rate are also obtained for YJ as small as 10 miles 
or as large as 200 miles. It is concluded that, for the typical values 
of No and to considered, the insertion of analog repeaters increases 
the theoretical bit rate rapidly. The number of analog repeaters, how-

TABLE II - BIT RATE VERSUS L FOR rJ = 100 MILES 

Bits per second 

L (l/T)m Rmax (log2 V)m 

1 3.68 X 105 2.58 X 106 7.00 
2 7.60 X 105 5.10 X 106 6.71 
5 2.60 X 106 1.62 X 107 6.22 

10 7.53 X 106 4.37 X 107 5.80 
20 2.32 X 107 1.24 X 108 5.35 

50 1.06 X 108 4.99 X 108 4.73 
100 3.31 X 108 1.41 X 109 4.25 
200 1.02 X 109 3.85 X 109 3.77 
500 4.30 X 109 1.36 X 1010 3.16 

1000 1.22 X 1010 3.27 X 1010 2.68 
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ever, is limited by such practical considerations as misalignment, 
equalization, and economy. 

VII. BIT RATE, POWER, AND NOISE 

We have assumed a repeater output power, P, of 0.1 watt and a 
thermal noise spectral density, No , of 10-19 watts per hertz. Although 
these are conservative figures, it is nevertheless interesting to ask how 
sensitive the system is to variations in P and No . 

Let us consider the coaxial cable system specified by (8), (11), and 
d2 18 = 126. Notice from (7) that we need to consider only the ratio 
P INo , not P and No separately. 

:0 = l~=h = 10
18

• 

It is very unlikely that PINo will vary by a factor of 101, but let us 
consider such a range. 

Since N = (L + 1) No and since L appears only in the ratio PIN 
in (7), we may vary PIN instead of P INo so that the results can be 
used for all L. For instance, when L = 9, varying PIN from 1018 to 
1011 corresponds to varying P INo from 1019 to 1012

• 

In Fig. 4, PIN is varied from 1018 to 1011. For each PIN, bit rate 
is shown versus bits per symbol (that is, versus the logarithm of the 
number of levels of transmission). vVe see that the reduction in bit 
rate is moderate compared with variation in P IJ.V. For instance, when 
PIN reduces from 1018 to 1016 (by a factor of 102

), bit rate reduces 
only 37 percent at binary transmission, or 40 percent at 4-level trans­
mission. Thus, the system can tolerate a reasonable amount of varia­
tion in PIN. However, as one should expect, an extremely severe re­
duction in PIN is not tolerable. For example, if PIN reduces from 
1018 to 1011, the maximum bit rate would be reduced to 6 X 101. 

Figure 4 shows that binary transmission is the least sensitive to 
variation in PIN. As PIN decreases, the peak of the curve shifts to 
the left, reducing the theoretical advantage of multilevel transmis­
sion over binary. 

VIII. CONCLUSIONS 

The information rate of a hybrid coaxial cable digital transmission 
system has been evaluated theoretically. Because of the assumptions 
made, the various curves involving information rate are to be inter-
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• 

preted more in the nature of upper bounds than actual performance 
curves to be attained in practice. Taken as such, the curves never­
theless illustrate the interesting characteristics and potentialities of 
hybrid cable systems. Among the more important results of the study 
are: 

(i) In general it is not only economical but also optimum to use 
uniform repeater spacing and identical analog repeaters. Moreover, 
the optimum gain-frequency characteristic for the analog repeaters 
is the same for both analog and digital transmission. Therefore, an 
analog system can be adapted directly to hybrid digital service with 
no compromise in theoretical performance over the frequency band 
that the analog repeaters were originally designed for. 

(ii) In general, hybrid systems give system designers an additional 
degree of freedom. For example, the curves of Fig. 3 show that, for 
the particular system illustrated, the sacrifice in theoretical informa­
tion capacity for binary transmission between a system using all 
digital repeaters and one in which only one in ten repeaters is digital 
is about 20 percent. In order to remove low frequency energy from 
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the transmitted pulse spectrum, it is customary in present binary 
PCM systems to actually use some form of 3-level transmission, thus 
incurring a sacrifice of 37 percent of the information capacity. There­
fore, another method of solving this dc problem (for example, some 
form of amplitude modulation) which is too expensive for use in each 
repeater might profitably be used here where it would appear in only 
every tenth repeater. 

(iii) System parameters which have a first order effect on informa­
tion capacity are the symbol rate, repeater spacing, and cable diam­
eter. On the other hand, the hybrid cable system is relatively insensi­
tive to variations in repeater output power, repeater noise figure and 
average probability of error. 

APPENDIX A 

Best Uniform Repeater Spacing 

8 denotes the minimum value of e attained by jointly designing the 
analog and digital repeater characteristics as pointed out in Part 1.1 

Some terms in 8 are extremely small for the coaxial cable systems con­
sidered. With such terms neglected, 8 can be further minimized by using 
uniform repeater spacing. 

Minimum notations are used in the text for clarity, but it is necessary 
to add a rather large number in the appendices. 

Part I showed that under two conditions we have 

(12) 

where 

Q 

aLO l 
aLl , 

PLiaJ 

J
l / 2T 

-1/27' 

l = 0, .,. ,L 

J
1/ 2T 

-1/2T 

h, l = 0, ... ,L. 
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In the above, m is the integer that minimizes the ratios [NZ+l (f 
miT) ] 1h I I Az (f - miT) I (notice that m may vary with f), liT is 
the symbol rate, and M (f) is the spectral density of the stationary 
random message sequence {ad. Furthermore, as illustrated in Fig. 1 
of Part I, N z (f) is the spectral density Of the noise at the input of the 
lth analog repeater Bz(f), N L+ 1 (f) is the spectral density of the noise 
at the input of the receiving filter B L+ 1 (f), Az (f) is the transfer func­
tion of the transmission medium between B z (f) and B z+ 1 (f), and P z 
is the average output power of Bz(f). 

Equation (12) is valid under the two conditions: 

(i) For any frequency f and integer 1(, and for l = 0, ... , L, we 
have either 

for all l (13) 

or 

for all l. (14) 

(ii) Let 

A= (15) 

then we must have 

[T 111 (f)]~ -
1 1 

~ 0, for - 2T ~ f ~ 2T (16) 

and 

l = 0, ... ,L (17) 
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where m, as defined previously, is the integer that minimizes the ratios 
[NZ+l (f - miT)] %/IAz(f - miT) I· 

Notice that condition 1~ guarantees that In does not vary with l. 
Now we consider the coaxial cable systems. vVe assume in Section 

II for the coaxial cable systems that 

E[aiai+i] = 0, j ~ 0, 

Nz(f) = No , l = 1, ... ,L + 1, 

and 

P z = P, l = 0, ... ,L. 

By definition l 

00 

Af(f) = E[a~] + 2 L E[aiai+;] cos 27rfjT. 
;=1 

Substituting (19) and (20) into (23) gives 

M(f) = d
2
(p2 - 1). 

12 

In order to consider repeater spacing, let us define 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

Sz = length of the cable (in miles) between the repeaters Bz (f) 
and BZ+l (f), l = 0, ... , L. Over most of the useful fre­
quency range one may assume2 

1 A z (f) I = e - S I (J J I 1 J 0) l , 

where 10 is a cable constant. 
From (21) and (25), 

[NZ+1(f)]! = (N)t Sz(llIl!o'· 

I Az(f) I 0 e , 

l = 0, ... ,L (25) 

l = 0, ... ,L. (26) 

Since the right side of (26) increases monotonically with I, condition 
i is satisfied (that is, for any I and K either (13) holds for all l, or 
(14) holds for alll). 

Notice from (26) that, in general, the ratios [NI+dj)] %/1 A1(f) 1 

will increase monotonically with I even if the repeater noises are not 
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white (the variation in the exponent usually outweighs possible varia­
tions in the noise spectral densities). Thus, condition i will usually be 
satisfied even if white noises are not assumed. 

The second condition in (16) and (17) serves as a final check. It is 
not used in any computation, and we only have to show that our re­
sults satisfy it. This is done at the end of this appendix. 

As already discussed, for each f in -1/2 T ~ f ~ 1/2 T, we should 
choose the integer min (3z and iXhZ to minimize the ratios 

[N,+,(t - ¥)T 
I A,(t - ;) I ' 

l = 0, ... ,L. 

It is clear from (26) that these ratios are minimized by choosing 

m = 0, f 11 f . ~ < f < ~. or a III - 2T = = 2T (27) 

Substituting (24), (21), (25), and (27) into the definition of f3l gives 

{31 = tf;.12 [1 + (I-'- Z - 1) ell I ], l = 0, ... ,L (28) 
I-'-z 

where 

8 z 
I-'-z = [2Tfo]!' 

Substituting (21), (25), and (27) into the definition of Cl!hl gives 

Substituting (22) into (12) gives 

8 = ~/[PI + arl~ 
where I is the identity matrix and 

a= 

h, l = 0, ... ,L. 

(29) 

(30) 
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The total distance between the two digital repeaters Bo (j) and 
B L +1 (j) is 

(31) 

Clearly, we should regard 1] as fixed when varying the repeater spacings 
So to 8 L to minimize S. 

It is customary to use uniform repeater spacing, that is, 

1] 

Sl = L + 1 = 8, l = 0, ... ,L (32) 

where S is the common repeater spacing. It is shown in the following 
that: 

(i) Uniform repeater spacing minimizes the mean square error S 
if 0: is negligible in (30). 

(ii) 0: is indeed negligible for the coaxial cable systems considered. 
(Therefore, uniform repeater spacing is considered in the text.) 

Let us prove the first statement. When 0: is negligible in (30), we have 

(33) 

where 80 is an abbreviation. 
Substituting (28) into (33) yields 

1 2 L 1 
80 = p- if; L: 4 [1 + (Ill - 1)eIl1

]2. 

1=0 III 
(34) 

We now determine the repeater spacings 8 0 to S L which minimize 
80 in (34), subject to the constraint in (31). Since there is a one-to-one 
correspondence between Sl and III , the problem is equivalent to deter­
mining the values of Ilo to ilL which minimize 80 in (34), subject to the 
constraint 

Ilo + III + ... + ilL = Iltotal (35) 

where Iltotal is a fixed constant. 
A necessary condition for III to minimize 80 subject to the constraint 

in (35) is 

Xl = A = 0, l = 0, ... ,L (36) 

where A is a Lagrange multiplier and 

2 4 
Xl = 3" [1 + (Ill - 1)e Il1 ]e Il1 

- 5 [1 + (Ill - 1)eIl1
]2. (37) 

III III 
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Clearly (36) requires that 

Xi = Xj, i, j = 0, ... , L; i ~ j. (38) 

\Ve may solve (35) and the L equations in (38) for fJJo to fLL. Clearly, 

f.Ltota I 

f.L1 = L + 1 ' l = 0, ... ,L (39) 

is a solution. It is also the only solution because since repeater spac­
ing Sl > 0, we havefLl > 0. It can be shown for aUl = 0, ... , L that 

Xl = i when III = 0, 

and that Xl increases montonicaUy with III when III > 0. From this it 
is clear that Xl'S cannot be all equal as required by (38) if Ill'S are not 
all equal. Therefore, (39) is the unique solution of the constraint (35) 
and the necessary conditions (38). It can be easily established that 
80 is a minimum, not a maximum, at (39). Therefore, (39) minimizes 
80 , or, uniform repeater spacing minimizes 80 • 

N ext we must show that a is so small that for all practical purposes 
minimizing 80 minimizes 8. Notice that it is not necessary to show this 
for all possible repeater spacings. Clearly we do not have to show this 
for classes of nonuniform repeater spacings which we know will produce 
8 larger than the 8 of uniform repeater spacing. One such class is that 
which calls for 

Sl> YS, for at least one l, 

or equivalently 

for at least one l, 

where 

S 
Il = (2Tfo)! , (40) 

and Y is given by the equality 

Td
2

(/ - 1) [(Y _ 1) YJL + 1]2 
3(Y f.LtT2 f.L e 

(41) 
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The right side of (41) is the 8 of uniform repeater spacing (see Ap­
pendix C). The left side can be easily shown to be a lower bound of 8 
for the class of nonuniform repeater spacings which calls for Sz > y S 
for at least one l. Hence, this class produces an 8 larger than that of 
uniform repeater spacing, and should be ruled out. Consequently, 
it is only necessary to show that a is negligible when 

Sz ~ YS, for all l = 0, ... , L. (42) 

This can be easily shown for the coaxial cable systems considered. For 
example, consider the typical system parameter values (Section III); 
fo = 5 X 106 hertz, P = 0.1 watt, No = 10-19 watts per hertz, S = 
1.25 miles, L = 9, and 1/ T = 2.8 X 108

• Substituting these values into 
(41) gives 

y = 1.2. 

Notice that it is not necessary to specify d and v because they cancel 
out in (41). Furthermore, it can be shown that the left side of (41) 
increases monotonically with Y under the conditions in (16) and (17). 
Hence, the solution of Y is unique. Substituting the above values into 
(42) and (29), one can show that the largest element in a cannot exceed 
0.00003, which is extremely small compared with 0.1 for the diagonal 
elements of PI. Thus, a is negligible in (30), and, for all practical 
purposes, minimizing 00 minimizes 8. 

Finally, before adopting uniform repeater spacing, we must show 
that it satisfies (16) and (17) in condition ii. As shown in Appendix C, 
for uniform repeater spacing, (17) is automatically satisfied and (16) 
is equivalent to (6). As discussed in Section II and demonstrated in 
Section III, (6) is easily satisfied. Therefore, uniform repeater spacing 
easily satisfies (16) and (17) in condition ii. 

APPENDIX B 

Optimum Repeater Characteristics 

Part I showed that,1 under the same conditions-(13) to (17) in 
Appendix A-the analog and digital repeater characteristics which 
minimize the mean square error 0 are: 

1 Ba(t) 12 

T[N] (f)]! {[ . (~ ~ ~ [N I +1(f) ]!} f 
= 111(f) I Ao(f) I "t TJJI f)]> - ~ "I I A l(f) I or f F ~, 

= 0, for t ¢ ~ (43) 
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= arbitrary, for t 1/ ;J, j=I,2,···,L (44) 

(45) 

and the repeater phases need only satisfy the condition 

e-iO(f) = 1, for tl:;J, 
= arbitrary, for t?;J (46) 

where O(f) is the over-all phase of the system that is defined by 

Xt A Jt)B;(f) ~ I g A;(f)BJf) I e-f8(f). 

A time delay may always be added to (J(f). Furthermore, (J(t) may be 
distributed arbitrarily among the repeaters. The notations above are 
al1 defined in Appendix A after (12) except if which is the frequency set 

-{t.t- m ~< <~} ( ) ;J - . - g - T ' - 2T = g = 2T 47 

where m is also defined after (12). 
Now apply these general equations to the coaxial cable systems 

considered. Substituting m in (27) into (47) gives 

:J ~ {t : -~ ;;:; t ;;:; 2~}' (48) . 

The best uniform repeater spacing has been discussed in Appendix 
A. In this and the following appendices, we adopt uniform repeater 
spacing. Therefore, 

Sl = S, l = 0, ... ,L (49) 
and 

l = 0, ... , L. (50) 

Substituting (49) into (28) and (29) gives 

(3 I = 1/; 12 [1 + (p, - 1) ell], l = 0, ... , L (51) 
P, 

O'hl = 2~T [1 + (2p, - 1)e21l L h, l = 0, .,. ,L (52) 
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where 

s 
p, = [2'Tfa]!' 

Notice that now f3l and CXhl do not vary with hand l. Substituting 
(51), (52), and (22) into (15), one obtains 

if; \ [1 + (p, - l)ell
] 

[Azl! = p, 

P + (L + 1) 2~~ [1 + (2p, - 1)e
21l

] 

l = 0, ... ,L. (53) 

Now AZ does not vary with l. 
Substituting (21), (24), (48), (50), and (53) into (43) to (45) 

gives the repeater amplitude characteristics which minimize the mean 
square error as: 

for o < f < 1 = = 2T' 

= 0, for 
1 

f> 2T (54) 

[AO d'(v' - 1) T 
IBL + 1Cf) 1 = 12TNa 1 Ba(f) I, for all f (55) 

and 

1 BiCf) 1 
= eS (fIfo) t , o < f < 1 = = 2T' 

= arbitrary, 
1 1,2, ... ,L. (56) f > 2T J = 

Several observations are made from (54) to (56). First, I Bo (f) I 
and I BL +1 (f) I differ only by a multiplicative constant. Therefore, 
identical filters may be used for the transmitting and receiving filters 
in the digital repeaters. [As discussed after (46), an all-pass network 
may be used at any point of the system to adjust overall phase of 
the system.] 

Second, the IBj (f) I, j = 1, ... , L, do not vary with j; hence, iden­
tical analog repeaters may be used. Furthermore, IBj(f) I in (56) is 
just the reciprocal of IAz (f) I in (50); therefore the analog repeater 
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gain-frequency characteristic is shaped to match the loss-frequency 
characteristic of the coaxial cable. 

Third, it is much more difficult to realize the transmitting and 
receiving filters in the digital repeaters than it is the analog repeater 
filters. This is because IBo(f) I and IBL+df) I must be zero for f > 1/2T 
(usually requiring a vertical cutoff, or discontinuity, at f = 1/2T) , 
while the analog repeater filters Bdf) to BL (f) may have arbitrary 
amplitudes for f > 1/2T (no discontinuity is required at f = 1/2T 
and the filters may cut off in any convenient manner). 

APPENDIX C 

Information Rate 

Substituting f3l in (51), CXhl in (52), and (22) into (12) yields 

.. T d
2

(v
2

3
- 1) *' [(JL - l)el' + 1]2 

8 = P 1 
N + 2lT [(2JL - l)e

2
1' + 1] 

(57) 

where 

N = (L + I)No • 

Solving (57) for v2
, yields 

2 f:k + (2JL - l)e
2

1' + 1 8 
jJ = 1 + 2 ·d2 • 

3l [(JL - l)e" + 1] 
(58) 

The bit rate R is therefore given by 

1 
R = T log2 V 

1 J f[; + (21' - l)e'" + 1 S 1 
~ 21' IOg'r + 3~' [(I' - 1)e" + 1]' . a']' 

which is (7) in Section II. 
Equation (12) and hence (7) are valid under the conditions stated 

in (13), (14), (16), and (17). Appendix A showed that the condition 
in (13) and (14) is satisfied. Furthermore, it can be easily shown 
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from (53) that (17) is satisfied. Hence, the only condition remaining 
is (16) ~ From (21), (24), (27), and (50), it is clear that now (16) 
is satisfied if and only if it is satisfied at f = 1/2T, or (rearranging 
the terms) if and only if 

~ > L + 1 [2 2iJ. _ 3 2iJ. + 4 Il - 1] No = 2TJ,L2 J,Le e e 

which is condition (6). 

APPENDIX D 

Symbol and Bit Rates 

This appendix proves that under the normal operating condition 
in (6), the number of bits per symbol, 10g2 v, decreases monotonically 
when the baud rate increases. 

Clearly, 10g2 v decreases if v2 in (58) decreases. For a given system, 
the quantities S, fa , P, L, and No do not vary with the baud rate l/T. 
The quantity S/ d2 is fixed to obtain an approximately constant error 
rate. The quantity J,L, however, is a function of 1/ T. Therefore, we have 

aev2
) _ aep2) aJ,L 

aT - aJ,L aT 

S a J~ + (21-' - l)e" + 11 a S 

= d' a!, 1 3:' [(I' - l)e" + I]' J aT (2Tto)! 

.. 2 

8 J,L (Il JJ + 1)-3 -2- J,Le - e 'al 
d 2T 

(59) 

where 

(60) 

a2 = 3J,L2e31l + 6J,L2e2JJ 
- 3leiJ. 

- 9J,te3 iJ. + 6J,te2 iJ. + 3J,teiJ. + 3e31l 
- 3i ll 

- 3eiJ. + 3. (61) 

Clearly, I'- = S/ (2Tfo) 1h > O. It can be shown that 

J,te ll 
- eiJ. + 1 > 0 for J,L > O. 

Therefore, from (59), if CYl < 0 forI'- > 0, then av2/aT > 0 and log2v 
decreases when baud rate l/T increases. 
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We now prove that, under the normal operating condition in (6), 
at < 0 for J1. > O. It can be shown that 

-3le" + 3J.Le" - 3e" + 3 < 0 

for J1. > O. The condition in (6) can be written as 

S2p > 2 2" _ 3 2" + 4-P - 1 foN = J.Le C fJ • 

From (62) and (63) 

S2P 
foN [-3J.L2e" + 3J.Le" - 3e" + 3] + lX3 ~ 0 

where 

lX3 = [2J.Le2" - 3e2" + 4e" - 1][3ie" - 3J.Le" + 3e" - 3]. 

I t can be shown that 

Therefore, from (60), (65), and (64) 

S2p 
(Xl = [-3J.L2C" + 3}.Le" - 3e" + 3] foN + (X2 

(62) 

(63) 

(64) 

(65) 

S2p 
< [-3}.L2e" + 3}.Le" - 3e" + 3] foN + lX3 ~ 0 for }.L > O. (66) 

Inequality (66) shows that at < 0 for J1. > O. From previous discus­
sion, this implies that the number of bits per symbol, log2v, decreases 
monotonically when symbol rate liT increases. The proof is complete. 

APPENDIX E 

Error Rates 

The system from one digital repeater to the next (including L analog 
repeaters-see Fig. 1) is referred to as a "digital repeater section" in 
the following. 

In case i of Section IV, L = 0 and each digital repeater section covers 
a distance of 1.25 miles. There are 100 digital repeater sections in 125 
miles. If d2 jS is set to 144, error rate is approximately 10-9 for each 
digital repeater section, or approximately 10-7 over a distance of 125 
miles. 

In case ii, L = 9 and each digital repeater section covers 12.5 miles. 
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If d2 j 8 is set to 126, error rate is about 10-8 for each digital repeater 
section, or approximately 10-7 over a distance of 125 miles. 

In case iii, L = 99 and each digital repeater section covers 125 miles. 
If d2 j 8 is set to 108, error rate is approximately 10-7 for each digital 
repeater section, that is, a distance of 125 miles. 

The bit rates in Table I are not sensitive to variations in d2 j S. For 
instance, if one sets d2j S to 126 for all three cases (comparing the three 
cases with the same mean square error at decision circuit inputs), the 
bit rate of case i increases only about 1.5 percent from that in Table I, 
the bit rate of case ii is unchanged, and the bit rate of case iii decreases 
only about 2 percent. 
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TIle Binary Regenerative Channel* 

By RICHARD II. McCULLOUGH 

The nature of the errors in a regenerative digital transmission system 
is such that a mel1wryless channel is a poor model for predicting the error 
phenomena. In this paper we present a model which provides a reasonable 
approximation to observed error phenomena. The mel1wry of the channel is 
represented by a JJ1 arkov model. This model is similar to the model de­
veloped by E. N. Gilbert, but several important modifications greatly 
simplify the estimation of parameters, and make the model correspond 
more closely to the physical phenomena involved. 

Bounds for the channel capacity of the binary regenerative channel are 
obtained. Error separation, block error, and burst statistics are derived. 

Error model parameters are derived from available experimental data 
on the Tl digital transmission line and the switched telephone network. 
The JJ1 arlwv model is shown to provide a good representation of the observed 
error phenomena. 

I. INTRODUCTION 

The Gilbert burst-noise channel introduced the idea of error states.1 

The error states represent different error processes, each of which 
generates independent errors. Gilbert's model yields a "renewal er­
ror process," that is, an error process for which the gaps between 
successive errors are independent random variables with the same 
probability distribution. Elliott2 introduced a generalization which 
yields what we shall call a "Markov error process," that is, an error 
process for which the gaps between errors are dependent random 
variables with probability distributions which depend only on the 
last gap between errors. More recently, Elliott used a renewal error 
process, with component error processes which do not generate in­
dependent errors. 3 In order to match experimental data for block 

* This paper is based on material taken from a dissertation submitted to the 
Polytechnic Institute of Brooklyn in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy in 1967. 
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error distributions, he found it necessary to introduce three empiri­
cally derived error separation distributions. 

Berger and Mandelbrot proposed a renewal error process in which 
the error separation follows a Pareto distribution.4 Sussman has used 
the Pareto distribution to model the switched telephone network. 5 

Gilbert's model and Elliott's model both assume that the transition 
probabilities for the error states are independent of the occurrence of 
errors. In this paper we drop that assumption to define a general 
l\1arkov error process. We then consider a particular Markov error 
process in which transitions between error states are allowed only 
when an error occurs. We associate this error process with the 
"binary regenerative channel." Error separation, block error, and 
burst statistics are derived for this latter process. Error model param­
eters are calculated from available data for the T1 digital transmis­
sion line, and for the switched telephone network. We discuss briefly 
the possible usefulness of the Pareto distribution for approximating 
a many-state Markov error process, or for approximating a non­
stationary error process. 

This author extends this model to apply to a ternary channe1.6 

II. ERROR MODEl, 

An error model must be able to reproduce the burst error phe­
nomena which are known to occur in digital channels. Real channels 
seldom appear to be memoryless, and it is common for a large frac­
tion of the errors to be burst errors. To reproduce the burst phe­
nomena, we have chosen to use a Markov model similar to Gilbert's.l 
Our model differs from his in two important aspects. l~irst, we have 
attempted to make the model correspond more closely to the physical 
phenomena involved by introducing several error-producing states, 
each with different error rates. Second, transitions between states are 
allowed only immediately following an error. This assumption greatly 
simplifies estimation of the parameters of the model, since the num­
ber of digits between adj acent errors is determined by a single error 
state. 

The similarities and differences between these models are most 
easily understood by examining the transitions between error states. 
We shall restrict our present discussion to two-state error processes. 
We define: 

~n = error state for the nth error digit 
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Zn = nth error digit = 1 for error and 0 for no error 
Pii Prob {~n = j I ~n-l = i, Zn-l = O} 
qii = Prob {~n = j I ~n-l = i, Zn-l = 1} 

1715 

Pi = Prob {Zn = 1 I ~n = i} = average error probability (for the 
binary symmetric channel) of state i. 

The state diagram of the general Markov model is shown in Fig. 1. 
A renewal error process is obtained if qij is independent of i (so that 
the next error state is independent of the state which produces the 
error), or if P 1 or P2 is zero (so that only one state produces errors). 

The Gilbert burst-error processl assumes that Pii = qii and P2 = O. 
The assumption that P2 = 0 makes this process a renewal error process. 
Elliott's generalization2 assumes Pi; = qij but P2 ~ O. This process is 
a renewal error process only if qu = q2t (and q12 = q22)' Our model, the 
"binary regenerative channel," assumes that PH = Oii' the Kronecker 
delta. This process is a renewal error process only if qn = q21 (and 
ql2 = q22)' 

Our assumption that state transitions can occur only after errors 
(Pij = Oij) seems reasonable for two reasons. First we hold the opera­
tional viewpoint that all our information comes from the occurrence 
of errors, and we might as well assume that nothing changes between 
errors. This also provides a practical technique for estimating transi­
tion probabilities from error separation data. Furthermore, this model 
seems to be quite "stable" in that extremely small transition proba­
bilities are not encountered in practice, so that statistical estimates 
are relatively easy to obtain. 

Fig. 1-State diagram of general Markov model. 
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Second, this is exactly the model we would choose for an error process 
consisting of random errors plus signal-correlated errors, where a certain 
fraction of the random errors produce a wake of closely spaced errors. 
In the case of bursts which are not correlated with random errors, our 
physical intuition suggests something like Pll = 1, P12 = 0 and P21 ~ 

q21 « 1 would be more appropriate. Operationally, however, it really 
does not matter if the first error in a burst is "incorrectly" identified 
as a random error. 

Although the mathematical descriptions of the Gilbert model, the 
Elliott model, and our new model are different, we suspect that the er­
ror separation, block error, and burst statistics obtained from the 
three models will be quite similar. (We show that the form of the 
error separation statistics is identical for the Gilbert model and our 
new model.) We contend, however, that the new model is more use­
ful because the parameters of the model are easily determined from 
experimental data and are easier to interpret in terms of physical 
noise processes. 

In the above discussion we have considered the two error states to 
correspond to different physical error processes in a single channel. How­
ever, this single channel is clearly equivalent to a two channel trans­
mission system where the "error" state indicates which channel is 
being used. We use this latter interpretation in the next section. Notice 
that the two channels are simply binary symmetric channels with 
different error rates. In practice we have P2 « P 1 ~ 1/2; therefore, 
we refer to state (channel) 1 as the burst error state (channel) and state 
(channel) 2 as the random error state (channel). 

III. CHANNEL CAPACITY 

Closed form expressions for the capacity of the l\,farkov channel have 
not yet been found* so that we are limited to determining the capacity 
for specific numerical values of the parameters. On the other hand, we 
can find reasonably simple and tight bounds on the capacity which 
are quite useful. Therefore we consider only bounds on the channel 
capacity. 

Let the sequences of input, output, and error digits be denoted by 
Xi' Y i , and Zi , respectively, with Y i == (Xi + Zi) mod 2 and i = 
1, 2, .... Since the noise sequence is independent of the input sequence, 

* Note that the method used by Gilbert! is valid only for a renewal error 
process, and did not yield a closed form solution. 
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the channel capacity is given by 

C = max [H(X) - H(XI Y)] 
p(X) 

= max [H(X) - H(Z)] = 1 - H(Z) 
p(X) 

where H denotes the entropy of the sequence and p (X) is the prob­
ability of the sequence X. Following Ash' we define the entropy of 
the noise sequence by 

H(Z) = lim H(Zn I Zn-l , ... , Zl)' 
n-->oo 

'Ve shall find bounds on the channel capacity by bounding the en­
tropy of the noise, using the steady state probabilities of the Markov 
noise sequence. 

Consider the state diagram in Fig. 1. There are really only four 
states which we shall designate by Si = 11, 10, 21, or 20, i = 1, 2, ... , 
where the first digit indicates which of the two binary symmetric 
channels is being used (~i = 1 or 2) and the second digit gives the 
value of the error digit (Zi = 1 or 0) . Thus the state diagram may be 
redrawn as shown in Fig. 2 (using Pij = Oij). The steady state proba­
bilities 1'ij are the solutions of the equations 

q11P I q11(1 - PI) q12P2 q12(1 - P 2) 

[r111'101'211'20J = [1'111'101'211'20J 
PI 1 - PI 0 0 

q2IP l q21(1 - PI) q22P2 q22(1 - P 2) 

0 0 P2 1 - P 2 

I t can be shown that 

where 

RI = P e ~: Ql = q21 
q12 + q21 

R2 = P e ~: Q2 = qI2 
q12 + q2I 
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Fig. 2 - State diagram of binary regenerative channel. 

1 
P 6 Q Q = RIP 1 + R2P 2 • 

-..-!+~ 
PI P 2 

We notice that Rl and R2 are the steady state probabilities of li' Ql 
and Q2 are the steady state probabilities of li given that Zir-l =, 1, and 
Pe is the steady state probability that Zi = 1 (that is, Pe is the av­
erage error rate). 

We are now ready to compute upper and lower bounds on H (Z) . 
An upper bound is 

H(Z) ~ lim H(Zn I Zn-l) 

~ P,h(Q,P, + Q,P,) + (1 - P,)lt ~. P, (1 - Q,P, - Q,P,) ] 

where h(P) = -P log P - (l-P) log (l-P). A simpler (and looser) 
upper bound is 

n--+oo n--+oo 

Since Sn is determined by a first order Markov process, a lower 
bound is 

n--+oo 
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n-+OO 

= R1P1h(ql1P l + q12P2) + R1(1 - P1)h(P1) 

+ R2P2h(q21P l + Q22P2) + R2(1 - P2)h(P2). 

Using the fact that h (P) is a convex function we obtain a simpler 
(and looser) lower bound 

+ R2P2[Q21h(P1) + Q22h(P2)] + R2(1 - P2)h(P2) 

= R1h(P 1) + R2h(P 2) 

= lim H(Zn I ~n)' 
n-+oo 

From the loose bounds we see that the capacity of the binary regen­
erative channel is greater than the capacity C = 1-h(Pe) of a binary 
symmetric channel with the same average error rate, and is less than 
the capacity C = Rd1-h(P1 )] + R2 [1-h(P2 )] which could be 
achieved if we always knew which component channel was being used. 

A convenient way to describe the channel capacity is to give the 
probability Po of the binary symmetric channel with capacity C, that 
is, H (Z) = h (Pc), From the bounds given above it follows that 

n-+oo 

n--+oo 

For the practical case where P 2 « P 1 ~ 1/2 and Ql ~ Q2 ~ 1/2 the 
above inequalities are approximately 

P2 ::S P2 ::S Pc ::S (1 - Q1P1)Ps ::S Pe 

or 

Q2P e ::S Pc ::S (1 - QI Pl)Pe . 

The loose bounds given above can be generalized to apply to any 
finite number of memoryless, nonsymmetric channels in the form 

where R, is the steady state probability of using channel i and R(P,) 
is the capacity of channel i. 
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Digital transmission systems may use many digital links, with 
regeneration of the transmitted signal at the end of each link. For a 
system of N identical links where N P 2 « P 1 , we can approximate the 
over-all system by a single digital regenerative link with the same qii 

and P 1 but with P 2 replaced by P~ = N P 2 • This substitution yields 

which agrees with one's intuitive notion of how the over-all system 
should behave. That is, the number of random errors and burst errors 
both increase by a factor of N, and the length of the bursts remains 
the same. 

IV. ERROR STATISTICS 

We shall now derive error separation, block error, and burst statis­
tics for the two-state Markov error process. 'Ve assume two com­
ponent error processes which generate independent errors with dif­
ferent average error rates, Pi, i = 1, 2. Transitions between error 
states are allowed only after errors, with the probabilities given by 

qii = Prob {state i --7 state jllast digit was an error}. 

For the error separation statistics we shall make use of several re­
sults for independent errors. We begin by deriving the basic equations 
for an independent error process. Let P be the probability that any 
digit is in error. The error sequence then contains a 1 with probability 
P and 0 with probability I-P. Given an error, the probability that 
the next error occurs on the kth digit is 

p(k) = Prob {0"-1111} = Prob {0"-11} = P(l _ P)"-l. 

The average error separation is 

~ ~ 1 
k = L kp(k) = P L k(l - p)k-l = P-' 

k D l k=1 

The probability that the number of good digits between errors is 
greater than or equal to n (that is, the error separation is n+ 1 digits 
or greater) is given by the cumulative distribution 

n 

Q(n) = Prob {k > n} = 1 - L p(7c) 
k=1 

n 

= 1 - P L (1 - p)k-l = (1 - Pt. 
k=1 
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For P « 1 the following approximation is quite useful 

The probability of getting m errors in n digits is 

P(m, n) = , (n~ ) , pm(1 - Pt-m. 
m. n m. 

The probability that a block of n digits contains an error is 

1 
P(~ 1, n) = 1 - pea, n) = 1 - (1 - Pt ~ nP for P «1, n« p' 

Let Qj, j = 1, 2, be the unconditional probability of being in state 
j at the first digit following an error. Making use of the results for 
the independent error process, we have 

p(k) = QlP l (1 - Pl)k-l + Q2P 2(1 - P2)k-l 

k = Ql + Q2 == l 
P l P 2 p. 

where P e is the average error rate. 
The expression for P (m, n) for the Markov error process is a very 

complicated function of the parameters of the process. However, the 
form of the dependence upon n is easily found through an appropriate 
set of recurrence relations. The recurrence relations are also useful 
for computing numerical values on a digital computer. 

Let Ai(m, n) be the probability that m errors have occurred (that 
is, m occurrences of state 11 or 21) in n digits and that channel i is 
used for the n+ 1st digit (that is, ~n+l = i). Then 

P(m, n) = Al(m, n) + A 2 (m, n). 

Considering all possible events which may occur at the nth digit we 
obtain the following pair of recurrence relations. 

At(m, n) = Al(m, n - 1)· (1 - Pl) + Al(m - 1, n - 1) ·P1ql1 

+ .A-2(m - 1, n - 1)· P 2 Q21 

A 2 (m, n) = A 2 (m, n - 1)· (1 - P 2) + A 2(m - 1, n - 1)· P 2Q22 

+ Al(m - 1, n - 1) ·P1Q12 • 

Solving the equations for successive values of m we find that the 
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general solution has the form ll 

P(m, n) = Gm (n)(1 - Plr-m + G!(n)(l - P 2r- m 

where Gm (n) is a polynomial of degree m in the variable n, and the 
asterisk denotes a cyclic permutation of the parameter subscripts, 
that is, 1 ~ 2 and 2 ~ 1. Assuming that the Markov process is in the 
steady state at digit "zero," the first two polynomials are 

Go(n) = Rl 

Gl(n) = 2(~2 __ ~)RlPlq12 + [R lP1Q11]n. 

It is possible to determine the functional dependence of P (m, n) upon 
n because we assumed that the error state changes only after an er­
ror occurs. This effectively decouples the set of recurrence relations 
so that Al (m, n) and A2 (m, n) can be determined separately. For 
larger m the explicit expressions for the coefficients of Gm (n) become 
so complicated that they are of little use. Thus one can only hope to 
gain some insight into the behavior of P (m, n) as a function of m by 
numerical evaluation for a typical case. 

The average number of digit errors in a block of n digits is 

n 

iii = L iP(i, n) = nPe • 

i-O 

Given that the block contains one or more errors, the average number 
of digit errors is 

_ iii n 
e = P(~ 1, n) = Ql[1 - (1 - PlfllPl + Q2[1 - (1 - P2f]/P2' 

In practice we usually have P 2 « P 1 ~ 1/2 and Rl « R2 ~ 1. There­
fore, we have 

P(m, n) ~ G!(n)e-<n-m)P. for n - m » 1/ PI . 

Specifically, we find that 

pea, n) ~ e-nP• 

P(~l, n) ~ 1 - e-nP• 

- 1 nP2 f I e "-' -. or n» 1 Pl' "-' Q2 1- e -nP. 

The burst error behavior of the channel is indicated by the num-
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ber of successive occurrences of state 1, the burst error state. Let 

pCb) = Prob {leave state 1 after b errorslnow in state I} 

b = 1,2, .... 

Notice that b occurrences of state 1 implies b + 1 "closely spaced" 
errors. 

In the next section we calculate error model parameters from avail­
able data on transmission of binary information over the Tl digital 
transmission line, and over the switched telephone network. A three­
state model is required to provide a reasonable match in some cases. 
Therefore, we digress briefly to generalize our results to apply to a 
three-state model. (Actually, we give the results in a form which is 
suitable for any finite number of states.) 

vVe assume three component error processes which generate inde­
pendent errors with different average error rates, Pi, i = 1, 2, 3. 
Transitions between error states are allowed only after errors, with 
the probabilities given by 

qij = Prob {state i ---7 state jjlast digit was an error}. 

Let Qj, j = 1, 2, 3, be the unconditional probability of being in state 
j at the first digit following an error. The Qj are the solutions of the 
following set of equations: 

Ql = Qlqll + Q2q21 + Q3q31 

Q2 = Qlq12 + Q2q22 + Q3q32 

Q3 = Qlq13 + Q2q23 + Q3q33 . 

Corresponding to the previous results we now have 

p(lc) = Q1P 1(1 - P 1)k-1 + Q2P2(1 - P2)k-1 + Q3P3(1 - P3)k-1 

k = Q1 + Q2 + Q3 == l 
PI P 2 P 2 P e 

Q(n) = Q1(1 - PIt + Q2(1 - P2t + Q3(1 - P3t 

where P e is the average error rate. The recurrence relations become 

A 1(m, n) = (1 - P1)A1(m, n - 1) + Plq1lAl(m - 1, n - 1) 

+ P 2q21A 2(m - 1, n - 1) + P3q31A3(m - 1, n - 1) 

(1 - P 2)A2(m, n - 1) + P2q22A2(m - I, n - 1) 



1724 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1968 

+ P3q32A 3(m - 1, n - 1) + P1Q12Al(m - 1, n - 1) 

(1 - P 3 )A3(m, n - 1) + P3Q33A3(m - 1, n - 1) 

+ P1Q13A 1(m - 1, n - 1) + P2Q23A 2(m - 1, n - 1) 

where Ai(m, n) is the probability that m errors have occurred and the 
error process is in state i after n digits. The solution of the recurrence 
relations gives 

P(m, n) = A1(m, n) + A 2(m, n) + A 3(m, n) 

= Gm (n)(l - P1r-m + G!(n)(l - P2r-m + G!*(n)(l - P3r-m 

where Gm(n) is a polynomial of degree m in the variable n. The coeffi­
cients of Gm(n) are complicated functions of the model parameters. 
G!(n) is Gm(n) with the parameter subscripts cyclically permuted, 
that is, 1 ~ 2, 2 ~ 3, 3 ~ 1. G!*(n) is G~(n) with the same cyclic 
permutation. We again have Go(n) = Rl so that 

P(O, n) = R I (l - Pir + R 2 (1 - P 2r + R 3 (1 - P3r 
P(~l, n) 

= 1 - P(O, n) 

= p,[ Q, 1 - (~,: P,), +Q, 1 - (~,- P')'+Q, 1 - (~: P,)"]-

The probability of being in state i at any digit is 

V. EXPERIMENTAL PARAMETERS 

5.1 Tl Digital Transmission Line 

For the T1 digital transmission line~' (see Refs. 8 and 9), the error 
data was obtained by measurementslO on three different lines, each 
looped to obtain an equivalent system length of about 24 miles. In 
total, there were five runs of approximately one hour duration, that 
is, about 5 X 109 digits each. The transmitted pattern was 10000000 
repeated. Each run produced about 100 errors. The data were proc-

* Manufactured for Bell System use only, by Western Electric Co./ manufac­
turing and supply unit of the Bell System. 
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essed in real time with an IBM 7094 computer equipped with a 
direct data device. The results (a sequence of numbers aI, a2, 
where aj is the number of good digits between the jth and [j + 1] st 
errors) were recorded on a magnetic tape. 

To determine the parameters of the Markov error process model, 
we processed the experimental results as follows. 

(i) Add 1 to each a to get k, the error separation. 
(ii) Classify each k as state 

1 = "burst error state" 1 ~ k < 10 
2 = "intermediate error state" 10 ~ k < 103 

3 = "random error state" 103 ~ k. 
(iii) For each state i, find the average error separation, ki = l/Pi' 
(iv) From the sequence of states find the relative frequency of 

occurrence of state i, Qi , and the relative frequency of occurrence of a 
transition from state i to state j, qij • 

Steps iii and iv were carried out for each run individually, and 
with all runs together (considered as one big sample). Table I lists 
the parameters (rounded to two significant digits) which were ob­
tained by the above procedure. Notice that the conditions qll = q21 = 

TABLE I - MARKOV lVloDEL FOR T1 

Run qij Qi Pi P. 

.35 .00 .65 .23 .46 
1 .43 .07 .50 .19 3.2 X 10-3 1.5 X 10-8 

.12 .31 .57 .58 .86 X 10-8 

.35 .26 .39 .36 .46 
2 .67 .08 .25 .19 4.0 X 10-3 1.4 X 10-8 

.24 .17 .59 .45 .61 X 10-8 

.29 .33 .38 .35 .37 
3 .62 .19 .19 .23 4.9 X 10-3 1.0 X 10-8 

.24 .17 .59 .42 .44 X 10-8 

.53 .22 .25 .38 .53 
4 .50 .15 .35 .20 3.6 X 10-3 2.4 X 10-8 

.19 .20 .61 .42 1.0 X 10-8 

.47 .13 .40 .19 .26 
5 .31 .31 .38 .17 3.7 X 10-3 1.6 X 10-8 

.08 .14 .78 .64 1.0 X 10-8 

.42 .21 .37 .31 .43 
All runs together .51 .16 .33 .20 3.7 X 10-3 1.6 X 10-8 

.16 .20 .64 .49 .77 X 10-8 
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q31 and q12 = q22 = q32 and q13 = q23 = q33 are not satisfied. Hence, 
the T1 error process does not appear to be a renewal error process. 
(This does not mean that we should discard the renewal error process. 
In essence, it is a first approximation to a real error process, the 
Markov error process is a second approximation, and higher order 
Markov processes are higher order approximations. The first approxi­
mation may be satisfactory in some applications.) Using the param­
eters of Table I, the validity of the model was checked in three ways. 

First, the theoretical cumulative distribution of the error separation, 

Q(n) = QJ (1 - P1t + Qz(l - Pzt + Q3(1 - P3t 

was plotted for each run. The theoretical and experimental curves 
matched within approximately ±O.05, for all five runs. Typical curves 
are shown in Fig. 3a (semilog plot) and 3b (log-log plot). Notice that 
we could have derived rough values for the Qi and Pi by inspection 
of the experimental Q(n) curve. 
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Second, to check the burst error behavior of the channel, we compared 
the experimental and theoretical probability densities, p (b), of suc­
cessive occurrences of the burst error state 

The agreement is excellent as illustrated in Fig. 4. (Since our sample 
size is only 49, we should not expect the experimental points to follow 
the theoretical curve for probabilities of about 1/49 ~ 0.02.) The ex­
perimental and theoretical curves matched within approximately 0.02 
in all five runs. Notice that the procedure for calculating q11 simply 
provides an exact match at b = 1. 

Third, to check the adequacy of the model for predicting block error 
statistics, we compared the theoretical and experimental (averaged 
over all possible phases) curves for P(m, n). Figures 5 and 6 show 
P(m, n) versus nand m, respectively. The agreement is excellent for 
m ~ 4. For m ~ 5 the experimental curves are somewhat erratic owing 
to the small sample (the quantum of probability is approximately 
2 X 10-10 in this case), which happened to contain two unusual error 
patterns. 

The excellent match between the experimental data and the model 
indicates that a three-state Markov error process with independent 
transitions is a good representation of the T1 error process. Since 
this is the case, it is useful to consider a physical interpretation of 
the mathematical model. The three different error states correspond 
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to different sources of error, of which only one is controlling at any 
given time. Allowing state transitions only at error digits corresponds 
with the fact that we cannot identify the controlling error process 
except by the error (and error separation) which it produces. 

As for the sources of error, we can make several speculations. Fur-



REGBNERATIVE CHANNEL 1729 

1 P (m,n) VS. m 

\ 
RUN 4 

~ 
- THEORY 

r- f- EXPERIMENl 

~ 
(5.51 X 109 BLOCKS) 

0 n= 8 
~ • n = 15 

~~ "'- ONLY TWO ERROR 
-- PATTERNS FOR m~ 5: 

'~ ~ 1111101001 

- B~5~KS 
1111100101 

~ 
5 TWO 1,,\ 'I'-
~ BLOCKS \ '" *- BE~lK 1\ ~ 

n=8~ ~ n = 15 DIGITS PER BLOCK 

t 

2 3 4 5 6 7 8 9 10 11 12 13 14 15 
m = NUMBER OF ERRORS PER BLOCK 

Fig. 6 - Block error statistics (errors per block) for Tl digital transmission line. 

ther experimental data will be required to determine which of the 
suggested possibilities is correct. "Burst errors" may result from signal 
correlated errors (generated in successive regenerators) following a 
random error, or from burst-like interferences such as impulse noise 
(all errors of the burst generated at the same regenerator). "Inter­
mediate errors" may be caused by looping effects (outgoing and 
incoming regenerators are packaged together and are thus subject to 
the same interference), or by slowly propagating interferences such 

TABLE II-SIGNAL DEPENDENCE OF T1ERRORs 

Run Number of errors for each signal digit Total ------------------
1 0 0 0 0 0 0 0 

-------------
I 0 31 13 6 8 5 4 7 74 
2 1 19 8 12 6 7 6 6 65 
3 1 26 13 7 5 9 7 2 70 

-------------------
4 2 63 15 11 10 11 8 10 130 
5 1 54 7 3 4 4 1 4 78 

All runs 5 193 56 39 33 36 26 29 417 
----------------

Percent all 
runs 1.2 46.3 13.4 9.4 7.9 8.6 6.2 7.0 100.0 
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as teletype or other dc signaling. "Random errors" are assumed to 
come from thermal noise. 

We have thus far ignored the question of whether the error sequence 
is really independent of the transmitted signal sequence. Table II 
summarizes the available experimental data concerning this point. 
We observe that the average probability of error is roughly 5 to 40 
times greater when the signal digit Xi = 0, depending on the number 
of digits since the last 1. (Notice, however, that Table II does not 
really tell us the number of digits since the last 1 because errors 
cause the "signal" to be different in successive regenerators.) Over 
all, the average probability of error is roughly 10 times greater when 
~=Q . 

What does this imply about our model? First, since there are so 
few errors when Xi = 1, our component channels are nonsymmetric 
and the model parameters derived above essentially apply only when 
Xi = O. In fact, it is possible that the error rate for Xi = 1 is the same 
in all three component channels, so that no burst phenomena occurs 
if Xi = 1 for all i. Second, the dependence of the error rate on the 
number of digits since the last 1 probably results from intersymbol 
interference. This suggests that bursts might very well be signal cor­
related errors which are generated in successive regenerators, in which 
case the average length of a burst should increase with the number of 
regenerators. Unfortunately, the available data are not sufficient to 
verify or disprove these conj ectures. 

How do we correct our model to take into account the data presented 
in Table II? As a first approximation we would replace the three com­
ponent binary symmetric channels with memory less nonsymmetric 
binary channels with error probabilities PI , P 2 , and P 3 for Xi = 0, 
and Pf , P~ , and P~ for X. = 1. With the limited data available the 
best we can do is to use the previously calculated values for PI , P 2 , and 
P 3 , and let (using the figures for all runs) 

Pi = P~ = p~ = -d-7(1.6 X 10-8
) = 1.9 X 10-10

• 

The computation of channel capacity and error statistics now becomes 
more difficult because we must consider the joint probability densities 
of the source and channel. However, we can still use the bounds for 
channel capacity given at the end of Section III. 

To get any better approximation we must replace the three channels 
with three nonsymmetric binary channels with memory. The memory 
would contain d, the number of digits since the last 1, and could probably 



REGENERA'rrVE CHANNEL 1731 

be limited to three states: d = 1, d = 2, and d ~ 3. (As already dis­
cussed this memory would also generate burst phenomena so that we 
might possibly require only two channels for this model.) This approach 
is intuitively appealing for modeling the effects of intersymbol inter­
ference, but we should use ternary channels with memory because the 
T1 digital transmission line actually transmits ternary signals. 

The fact that the average error probability is always greater for 
Xi = 0 (that is, even for d ~ 3) probably is because of long term 
intersymbol interference, which in the case of T1 may persist for 
hundreds of digits. This interference is approximately proportional to 
the running sum of the digits lVi = Xl + X2 + ... + Xi. The Bipolar 
Code used in the T1 digital transmission system guarantees that Wi 
can assume only the values 0 or -1 in the absence of errors::!- We 
assume that the output of each regenerator is recoded into Bipolar 
so that the Wi satisfy the same constraint in successive links, and 
the channel can be described using a finite memory. Recoding allows 
one to localize errors to a particular digital link and reduces the 
error rate in successive links. If the output is not recoded, the Wi 
are theoretically unbounded which requires an infinite memory to 
describe the channel. 

To summarize our thoughts on the Tl error process, we may say 
the following. The Markov model analyzed in the preceding sections 
of this paper provides a good representation of the signal-independent 
errOr phenomena, and reproduces all the gross error statistics. The 
extension of the model suggested in this section shows promise of 
providing a good representation of the signal-dependent error phe­
nomena, and should reproduce the fine grain error statistics; addi­
tional data are required to determine the parameters and validity of 
the suggested extension. Notice that the signal-dependent memory is 
realized as a simple Markov process when the source digits are inde­
pendent random variables. 

5.2 Switched Telephone Network 

We now consider the error model for the switched telephone net­
work. Gilbert1 has shown that a two-state Markov model provides a 
good approximation to the cumulative error separation distribution 
for an individual digital channel. Although Gilbert used a different 
model, his theoretical results for error separation are identical in 

* McCullough6 treats the general class of ternary restricted sum codes for 
which the digit sum is bounded (-a ~ lV i ~ b) for every code sequence. 
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form to the results of Section IV, that is, 

Q(n) = Ql(l - Plr + Q2(1 - P2r. 
We notice, however, that if we choose Q i and Pi so that the error 
separation distributions are identical, the "equivalent" binary regenera­
tive channel will have a higher average error rate. When P « hq Gilbert's 
equation (14) becomes 

Q(n) ~ (1 - Q ~ hq)(hq)" + (Q ~ hq)(l - P)" 

so that 

Q r-...I P 
2 r-...I Q _ hq 

or 

and 

P( ) 1 - Q2 P 2 1 - Q2 
1 ~ 1 - Q2P 1 Q~ ~ 1 - Q2P I P e • 

In our notation, the parameters for his examples (see Gilbert's Fig. 
3) are 

Channel 1146: QI = 0 

Q2 = 1, 

Channel 1296: Ql = 0.816 

Q2 = 0.184 

P 1 arbitrary 
P 2 = 5.4 X 10-3 

PI = 0.190 
P 2 = 2.57 X 10-3

• 

For an average of many digital channels, a three-state Markov 
model can provide a reasonable numerical fit. Q" and Pi were deter­
mined for samples of the Alexander-Gryb-Nast,ll Townsend-Watts,1-2 
and Kelly13 data on the error performance of the switched telephone 
network. Table III lists the parameters, which were determined by 
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TABLE III - MARKOV MODEL FOR SWITCHED TELEPHONE NETWORK 

Alexander-Gryb-Nast Townsend-Watts Kelly 

Ql 0.46 0.58 0.75 
Q2 0.22 0.10 0.10 
Q3 0.32 0.32 0.15 

Pl 0.544 0.567 0.56 
P2 10-2 10-2 10-3 

P a 10-4 «10-3 5 X 10-6 

trial and error matching of the Q (n) curves. It should be obvious 
that the Qi and Pi were quantized rather coarsely. Figure 7 shows 
that the maximum difference between the experimental and theore­
tical curves is about ±O.05. 

Although the numerical fit is reasonably good, it is evident that 
the sharp transition of a single independent-error process is not a 
good match to the gradual slope of the experimental curves at larger 
error separations. However, the experimental curves represent an 
average over many different channels. The parameters of the model 
will vary from channel to channel, resulting in an over-all error process 
which contains many states. Each state will have a small probability 
of occurrence (Qi) and a slightly different average error probability 
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(Pi). Q (n) for such an error process will exhibit a gradual slope at 
larger error separations. 

It is obvious that we could use a larger number of states in the 
Markov model, and match the experimental Q (n,) curves to any 
desired degree of accuracy. At this point we should consider whether 
it is an individual channel or an average of many channels that we 
wish to match. Usually it will be the former, in which case a three­
state (or perhaps even a two-state) Markov model will be satisfac­
tory. If it is the latter, it makes sense to seek a single (noninde­
pendent) error process which provides a better match for the gradual 
slope observed at larger error separations. A likely candidate is the 
Pareto distribution proposed by Berger and Mandelbrot.4 They also 
give statistical evidence which supports the renewal error process 
hypothesis. Sussman5 has shown that the Pareto distribution pro­
vides a good fit to the Alexander-Gryb-Nast data. It is interesting 
that Sussman hypothesized that the Pareto distribution may be the 
limiting form of "the superposition of many unrelated error-causing 
events," which is exactly what our model suggests. 

To incorporate the Pareto distribution into our model, we would 
represent the cumulative distribution of error separation as 

where a is a parameter which would be chosen so as to give the best 
match to the experimental data. It should be recognized that the 
above distribution will not be a good approximation for the Markov 
error process for very large values of n. As n -7 00 the Markov dis­
tribution approaches 

where Q<Xl and P <Xl describe the channel with the smallest average 
random error rate. 

In some situations the Pareto distribution may also be a good 
representation of an individual channel. We have implicitly assumed 
stationary channels. A nonstationary channel whose parameters vary 
rapidly with time is essentially equivalent to the average of a large 
number of stationary channels, each with different parameters. Such 
a model may be appropriate for digital communication systems using 
radio links. On the other hand, a slowly varying nonstationary chan­
nel is essentially equivalent to a single stationary channel, since the 
parameters will not change appreciably during any message of rea-
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sonable length. This kind of model appears to be appropriate for 
digital communication systems using paired cable or coaxial cable. 

To summarize, we feel that the Markov model is a good representa­
tion for the error process of an individual digital channel. The Markov 
model also explains the observed measurements for the average of a 
large number of digital channels, and leads naturally to the idea of 
using the Pareto distribution to approximate the behavior of a 
Markov error process with many states. 
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Quantizing Noise al1d Data 
Transmission 

By JAMES E. MAZO 

(Manuscript received February 20, 1968) 

Methods for calculating the power in the quantizing noise on digital 
transmission facilities have been known for some time. A more difficult 
but unavoidable problem is the effect that this noise has on data signals 
intended for analog transmission. This paper demonstrates that to assume 
that the noise will behave as a white Gaussian noise process will always 
(except for a simple factor) yield an upper bound on the probability of 
error when no companding is present. We assume that linear detection will 
be used, as for a P AM system, and the result is true whether or not filtering 
or demodulation is involved. Results are illustrated by applying them 
to a model of an existing V SB modem whereby the additional degradations 
resulting from data set imperfections are included as added baseband noise. 

A modem operating perfectly would make no errors at all at the higher 
transmission levels. For example, with no companding, a set with an eight­
level eye closed by even 30 percent would not yield errors for input powers 
down to -15 dBm. Thus quantizing noise is not a basic limiting factor in the 
error rate for all input levels. A similar rigorous theory is not available for 
compandored systems, but for special situations reasonable estimates can 
be made. For logarithmic companding and eight-level V SB transmission, 
worst case estimates indicate error rates about 10-6 for one link of T1 
carrier. 

1. INTRODUCTION AND SUMMARY 

The T1 carrier system is a digital transmission scheme for analog 
signals. 1 Even though the digits in the coded bit stream might be 
transmitted without error, when the analog signal (which may in 
fact be a data signal designed for analog facilities) is reconstructed 
at the receiving terminal, quantizing noise is inevitably added and 
can be large enough to cause errors in the customer's data. 

1737 
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We show that, under some simple constraints between sampling 
rates and bandwidths which are satisfied in practice, and independent 
of the particular data signal used, an upper bound on error rates is 
obtained if the quantizing noise is assumed to be a white Gaussian 
process of power ~2/12 and bandwidth 1/2Tl:~' We assume that linear 
detection will be used, and the result is true even if additional filter­
ing is done (as one might do with a receiving filter). And it is true 
whether or not a demodulation process takes place. Using the model 
in Fig. 1 for the digital transmission scheme, results are specialized 
to obtain error rates for eight-level VSB transmission (Fig. 2). 
Imperfections of the data set are included as added baseband noise. 
If it were not for these imperfections, error free transmission would 
result over an appreciable range of power levels (see Table I). For 
a logarithmic compandor and VSB data, even using worst case esti­
mates, the error rate for one link is quite low, about 10-6

• 

II. QUANTIZED TRANSMISSION SCHEME 

Let us consider a transmission scheme for a single channel that, 
for our purposes, typifies the T1 carrier system. As suggested in Fig. 
1, the signal to be transmitted is assumed not to have any power 
beyond B Hz. The signal is sampled at the Nyquist rate Tl = II (2B) 
and these samples are passed through an instantaneous nonlinear 
device with characteristic VOl1t = F (Vin). The compressed samples are 
then quantized by a uniform quantizer of step size ~, and coded into 
binary sequences. The binary sequences are assumed to be trans­
mitted without error and the process is reversed: sequences are de­
coded into pulses, expanded according to the inverse function F-l (x) 
and the impulses are used to excite an ideal filter of bandwidth B 
and amplitude Tl.t A receiving filter G generally follows the ideal 
filter and we include this in our description, although it would not 
be part of a T1 transmission system. If the bandwidth of G is en­
tirely contained in B then one may consider the impulses to excite 
T 1 G directly. 

To be more specific, we are concerned with two particular com­
pandor characteristics F (x). One is F (x) = x, that is, quantizing 

* Here Ll is the quantizer step size and 1fT! is the sampling rate. Also this 
statement is true only modulo a simple factor given in the text. 

t The amplitude gain of the ideal output filter for the carrier system is chosen 
to be Tl in order that the signal component will undergo no gain relative to 
its sampled values at the transmitter. 
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Fig. 2 - Model of back-to-back transmission of VSB modem. The noise added 
at baseband represents imperfections of the modem. 
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TABLE I-QUANTIZING NOISE* 

Mean 
squar~ 

P(dBm) nmax 

- 5 0.221 
-10 0.394 
-15 0.698 

-20 1.245 
-25 2.21 
-30 3.94 

-35 6.98 
-40 12.45 
-45 22.1 

* Peak values of quantizing noise as a function of input power P. The noise scale is 
such that a perfect receiver would make no errors for nmax < 1. The power scale is 
such that the quantizer overloads at an instantaneous power of +6 dBm. 

without compandoring. The other case is (in normalized units) 

F(x) -F( -x) 

In (1 + fJ,x) 
In (1 + fJ,) , 

F(x) (1) 

= 1 x > 1, 

where p., the degree of compandoring, is large. Typically, p. = 100 
for a good approximation to existing devices. 

Finally, when specific values are required, we assume 7 bit coding 
to be used for the quantized samples and use ~ = 1/63. 

We hasten to add that quantizing noise is not the only degrading 
factor for the existing T 1 facilities. Apparently mismatch and mis­
tracking of compressor and expandor cause nonlinearities which are 
responsible for peculiar behaviors of error rate versus signal power 
curves.2 

III. GENERAL THEORY 

Let us represent the signal l(t) which is to be sampled and quan­
tized by 

let) = x(t) cos wet - yet) sin wet, 

and the sampling wave as 

L oCt - kTl - r), 
k 

(2) 

(3) 
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where the random timing phase is uniformly distributed over the interval 
o ~ T ~ T 1. The pulse trains representing (2) immediately after 
sampling, compression, and quantization are given by expressions (4), 
(5), and (6), respectively. 

~l(kTl + r)o(t - kTl - r); (4) 

~lcomp(kTl + r) oCt - kTl - r); (5) 

~tomp(kTl + r)o(t - kTl - r), (6) 

where 

lcomp(kTl + r) = F[l(kTl + r)] 
is the compressed sample value and tomp(t) is the particular one of the 
(2N - 1) levels that the quantizer output gives as the value for lcomp(t). 
If we let the subscript "exp" stand for the result of operation of the 
expandor at the receiving terminal, then the impulse associated with 
time (kTl + T) has area 

[tomp(kTl + r)]exp = l(kTl + r) + e(kTl + r). (7) 

Because the expandor has as its input an estimate of the compressed 
pulse area, the error term e(kTl + T) is not zero but may take any 
value in an interval, that is, 

€(tle [ -~(t) • Il~t) 1 (8) 

The spread ~ (t) that the quantizing error may take is not neces­
sarily equal to the quantizer step size ~ when companding is present, 
but is given by the formula (see Appendix A) 

d 
d(t) = I F'[l(t)] I (9) 

In (9), F'[l(t)] is the derivative of the compressor characteristic 
evaluated at that input amplitude of the signal at the time of the 
sampling. The error signal generated at the output of the receiving 
filter is obtained by convolving the impulse train 

(10) 

with the impulse response T1g (t) of the receiving filter.* Denoting 

* Again, (J(t) is associated with the receiving filter of the data set and the 
constant Tl is the gain of the ideal output filter of the carrier system. 
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this noise by nz (t) we have 

(11) 

To proceed further we make the assumption that the quantizing 
error eel) of the output sample in (10) is uniformly distributed over 
the interval 

[ 
- !J (t) b ( t) J 

2 '2 ' 

thus having mean zero and variance ~2 (t) /12, and that different sam­
ple errors are independent. Notice that the latter assumption is not 
the same as assuming that different sample values are independent. 

IV. SUMS OF UNIFORM VARIATES 

As (11) illustrates, a basic problem which must be dealt with is 
the probability distribution of sums of independent and uniformly 
distributed random variables. We will obtain an upper bound on the 
tail probabilities of interest by applying the technique of the Chernoff 
bound.3,4 This bounding technique states that if a probability den­
sity p (x) has a moment generating function (mgf) M (s), where 

M(s) = i: [exp (sx)]p(x) dx, (12) 

then 

Q = Prob [x ~ a] ~ M(s) exp (-sa), s ~ o. (13) 

Thus to obtain an upper bound one simply multiplies the moment 
generating function by an exponential, both evaluated at an arbi­
trary positive s. Actually it is known that there is a best s to choose, 
and it is that one, if it exists, which satisfies the equation 

d 
ds In M(s) = a. (14) 

Equation (14) assures a stationary value for the right side of (13) 
and it can be shown that such an s in fact minimizes M(s)e- Ba

• 

For example, for a Gaussian variate of mean m and variance ci, 
the moment generating function is well known to be given by 

[ 
S2 2J 

M(s) = exp ms + -f . (15) 
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Thus the best s to choose is, using (14), 

(a - m) 
s = 2 • (16) 

U 

Notice that only if a ~ m is this s ~ o. Thus, as long as a is greater 
than the mean, we have for the Gaussian case 

< [(a - m)2] 
Q = exp - 2u2 , (17) 

where (17) results from using (15) and (16) in (13). For the Gaus­
sian variate under discussion the exact answer is also well known to 
be given by 

1 (a - m) 
Q = "2 erfc (2)!u ' (18) 

where erfc x is the coerror function. 5 In addition, equation (7.1.13) 
of Ref. 5 states that 

(19) 

and hence the difference between the Chernoff answer (17) and the 
exact answer (18) for the Gaussian case is no more than the multiplicative 
factor (7r)![(p)! + (p + 2)!] where (p)! = (a - m)/[(2)iu]. 

We modify this procedure for our problem with the following obvious 
lemma. 

Lemma 1: If G(s) is an upper bound for the moment generating function, 
that is, M(s) ~ G(s) for all s, then 

Q ~ e-saG(s), s ~ O. (20) 

In particular, a positive s = So which satisfies 

:Sln G(s) 1._,. ~ a (21) 

is legitimate. 
Next consider a random variable x which is uniformly distributed 

over [-6../2, 6../2]. The variance of this variable is 6..2/12, and it has a 
moment generating function M (s) un if 

Jl;[ (S )uni f 

. h S.:1 
sm 2 

8.:1 
2 

t (S.:1)2n 1 
n=O 2 (2n+l)! 

(22) 
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Now the nth term of the sum in (22) is positive and upper bounded by 

Hence 

00 [(S.1)2 1 In 1 [.12 S2J 
M(S)uni f ~ ~ 2 6 n! = exp 12"2 . (23) 

Thus we have shown that the moment generating function of a zero­
mean uniform density is upper bounded by that of a zero-mean Gaussian 
having the same variance.* If the uniform variable has mean m the 
theorem is still true if we use instead the moment generating function 
of a Gaussian with mean m. 

Weare now ready to write down a whole class of random variables 
which have moment generating functions upper bounded by those of a 
Gaussian of the same variance. Suppose the result is true for two inde­
pendent random variables, x and y, of variances u; and u!, namely 

M,(8) ~ exp [s';:J 
JJf,(8) ~ cxp [8';1 

(24) 

Then using the theorem that the moment generating function of a 
sum of two independent random variables is the product of their 
individual moment generating functions, we have 

M,+,(8) = M,(8)M,(8) ~ exp [8;:J exp [8;;J 
S 2 2 S u x + y [ 2 J [22 J = exp 2" (u x + uy ) = exp -2 - , 

where 

is the variance of (x + y). Thus the moment generating function of 
a sum of any number of independent uniforms of arbitrary means 
and variances is upper bounded by the appropriate Gaussian one 
(same mean and variance as the sum), and thus use of (17) through 
(21) provides a rigorous upper bound for tail probabilities of the sum. 

* A similar theorem was discussed by, Saltzberg for the case of equally spaced 
delta functions.6 We have followed his method of proof here. 
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V. FURTHER ANALYSIS WITHOUT COMPANDING 

When no companding is present, the independent random variables 
e(leTl + r) have variance .6.2/12 and the variance of the noise (11) is 

..12 00 

cr; == (n;(t) = Ti '12' k~OO g2(t - leTl - r). (25) 

We evaluate the infinite sum in (25) by using the Poisson sum for­
mula, namely 

t g2(t - leTl - r) = 1.... t exp [27rim(t - r)JG2(m 27r), (26) 
k=-oo Tl m=-OO Tl Tl 

where O2 (w) is the Fourier transform of g2 (t). Now since the band­
width of the filter G is assumed not to exceed 1/2Tl Hz, only the 
m = 0 term of (26) contributes and we obtain 

2 ..1
2 

crl = Tl '12' G2(0). (27) 

Equation (27) implies that the noise power measured before the 
receiving filter is ~2 /12. This result has been obtained by Bennett1 

who also showed that the spectrum of this noise is flat across the 
band. Further, equation (27) is consistent with filtering white noise 
since 

100 2 1 100 

2 

G2(0) = -00 9 (t) dt = 27r -00 I G(w) I dw. (28) 

An important fact about (27) is that the received passband noise 
power without companding is independent of many properties of the 
signal. Thus it is independent of signal power and multilevel struc­
ture. It is not independent of rate, however, since this enters implicitly 
into the factor G2 (0), and likewise it is not independent of roll-off. 
By halving the speed and doubling the number of levels, one decreases 
the noise by 3 dB, but loses 6 dB in noise margin, thus leaving one 
with a net loss of 3 dB in noise margin. Thus it is best to use as few 
levels as possible consistent with given speed objectives, at least if 
the quantizing noise behaves anything like Gaussian noise. 

Let us discuss further some statistical aspects of the quantizing 
noise at baseband. The "line" signal must be demodulated as in VSB 
transmission by multipling the (filtered) received signal by cos wet 

and eliminating double frequency components. We represent the 
impulse response 9 (t) of the passband receiving filter G by 

g(t) = gx(t) cos wet - gy(t) sin wet. (29) 
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Further we specialize to the practical constraints;~ We > Bi and 271" /T 1 

> 2 (we + Bi). The demodulated noise is 

nb(l) = ;1 !'e(kTI + T) {gx(t - kTl - T) cos (wekTl + WeT) 

+ guCl - 'f,T1 - T) sin [wekTI + WeT]}. (30) 

The general expression (29) can be simplified for a VSB receiving 
filter which is symmetric about midband frequency WI, and linear 
phase characteristic, by writing 

(31) 

where l/T is the symbol repetition frequency. Of course a gx and a gy 
may be immediately written down from (31). 

From (30) we derive in Appendix B, equation (32) for the baseband 
variance CT~ (t): 

(32) 

where G2i (W) is the Fourier transform of g;(t). We now will show that 
this result is identical to the baseband noise power that would appear 
if flat Gaussian noise of power ~2/12 were on the line. We do not regard 
this as obvious; in fact it is not true that the signal power at baseband 
is the same as if one had Gaussian noise of the same power and spectrum 
on the line that the signal has. The proof depends on a few simple 
observations. If passband Gaussian noise is represented by 

(33) 

then 

(34) 

and so baseband noise power is CT!/4. Next we notice that white Gaussian 
noise, having same total power as quantizing noise over the band 
(-1/2Tl' 1/2T1) Hz, has two sided spectral density 

~2 
N(w) = N o/2 = 12 ·T1 watts per cycle. (35) 

* B, is the bandwidth of g,(t), i = x, y. 
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Thus the Gaussian noise power out of the receiving, filter G would be 

2 tJ. 
2 100 

dw 1 G( ) 12 
O"n = 12· Tl -00 27r \w 

tJ.2 100 

2 = 12 Tl -00 get) dt 

= tJ.2 Tl[l°O g~(t) + g~(t) dt + 100 g~(t) - g;(t) cos 2wct dt 
12 -00 2 -00 2 

+ L: g.(t)g,(t) sin 2""t dt 1 (36) 

Since neither gx(t) nor gy(t) are assumed to have any frequencies as 
high as We the last two integrals above vanish. The final remark that 
completes the proof is 

Thus noncompandored quantizing noise behaves, at least concerning, 
its power, as zero mean white Gaussian noise, flat over the band 
(-1/2Tl' 1/2T1 ) Hz, and total power ~2/12. This statement is true 
with or without demodulation. 

One would like to go further and treat the baseband noise as zero 
mean Gaussian of variance given by (32). There is a justification 
for making this additional step. Recall the result of Section IV, which 
stated that if 

(37) 

is a sum of independent and uniformly distributed variates tJ., , then 
(provided 0"2 = 1/12~tJ.~ < (0) for all A such that A > ~<tJ.i)' 

Prob (z > A) ~ (7r)![(p)! + (p + 2)!]P yeA). (38) 

In (38), (p)% = A/[(2)%a], and Pg(A) is the probability that a 
Gaussian variate of the same mean and variance as z is greater than 
A. Since Pg (A) depends exponentially on p, the coefficient structure 
in (38) is not nearly as important as P g (A) . We would like to argue 
(but not prove) that ignoring the coefficient in (38), that is, simply 
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assuming Gaussian behavior, is quite accurate for the baseband noise 
(30) for the error rates of practical interest. 

Thus consider eight-level, 50 percent roll off, transmission over 
our hypothetical "noncompandored T1" transmission facility. From 
(30) and (31) 

nb(t) = ;1 ~ e(kTl + r)hl(t - kTI - r) 

. cos [(We - Wl)(t - kTl - r) + we(kTl + r)], (39) 

where, according to an appropriate normalization, 

7rt 
4 cos T 

hl(t) = ~ ----:--
7rT 1 - (~r 

(40) 

Notice that since hI ~ lie, t large, the sum in (39) is bounded. 
A computer study of (39) for various values of t and r shows this bound 
to be not too sensitive (about 5 percent variations) to choices of t and T. 

Numerically we find 

I nb(t) I ~ ;1 .~. (!~)(5.31). (41) 

From the sum formula (26) the variance of (39) is obtained. We 
calculate 

(42) 

Thus a peak-to-mean square ratio of the baseband noise power may 
easily be shown to be 15 dB. To obtain some insight from this value, 
consider the question of how many (N) identical independent, zero­
mean uniform densities one would have to convolve to get a peak to 
rms value of 15 dB; the answer is N = 10. Ten uniforms generate, 
we feel, a reasonable approximation to a Gaussian curve. As a check, 
consider that our ten uniform densities each have range [-0.5, 0.5]. 
To check (not prove) the approximation on the tails we calculate 

Prob [sum ~ 4.5] = 1~! = 2.75 X 10-7
• 

The Gaussian assumption gives 4.46 X 10-7• Thus we will assume 
that for error rates > 10-7 the Gaussian assumption will yield rea­
sonably accurate answers, not just being a bound in the sense dis­
cussed above. 
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The above theory showing that noncompandored quantizing noise 
may be considered to be additive white Gaussian noise with zero 
mean, variance 6,.2/12, of 4 kHz bandwidth has been compared with 
the experimental results of Gustafson on the performance of the VSB 
(203) data set which operates at 5400 bits per second. Fortunately 
an experimental curve is available for error rate versus signal-to­
noise ratio without companding and this is shown in Fig. 3 along 

10-2.-------,-------.. .n-----.-------. 

w 10- 4 f--------'f------II---I-t ------+-----j 

f-­
<{ 
a: 
a: 
o 
a: 
a: 

THEORY 
GAUSSIAN 
/ 

w 10 - 5 1------+-----+ 

10-7L-______ L-______ ~------~------~ 
o -10 -20 -30 -40 

AVERAGE INPUT POWER IN dBm 

Fig. 3 - Comparison of experimental and theoretical error rates for one link 
of noncompandored transmission. Theory neglects overload distortion. Instan­
taneous input power of +6 dBm is the onset of overload. 

with the results of present theory'* (for one link of Tl.) The rise in 
the experimental curve at high input signal power results from over­
load distortion of the quantizer which has been neglected for the 
present analysis. Overload occurs at a peak power of +6 dBm on the 
scale used in Fig. 3, and thus the peak power to average power for 
the eight-level VSB set (including pilot tones) appears to be around 
11 dB. In general the observed error rate is higher than the theoret-

* To model the performance of the actual 203 receiver, an additional noise 
source is included at baseband, as suggested by Saltzberg8 and shown in Fig. 2. 
The baseband SIN for this noise is chosen to be 28.08 dB. This noise alone 
would yield an error rate of 2.5 X 10-9

• 
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ical prediction, and for low P e is even higher than the theoretical 
upper bound. Perhaps this is caused by other distortions in the system 
not considered here. 

For multiple links of transmission one should take the quantizing 
noise to have the same properties as above, but the total noise power 
i'l N . A2/12, where N is the number of links. 

We wish to emphasize that the curve drawn in Fig. 3 does not 
represent any theoretical ideal; we have tried to understand the 
performance of an existing data set and its imperfections. Actually, 
if the data set were functioning perfectly, there is a range of input 
power where no errors would be made. We have normalized units so 
that no errors can be made if the baseband noise is less than unity 
in magnitude. Table I shows the peak value of quantizing noise cal­
culated from equation (41) as a function of input power measured 
in the same units as in Fig. 3. An input power of -15 dB would be 
near typical operating levels. If the data set were imperfect but the 
eight-level eye were no more than 30 percent closed (but one had 
perfect timing), then one would still not make errors down to -15 
dBm. In general we see that quantizing noise is not a basic limiting 
factor on the error rate for all input power levels. 

VI. ANALYSIS WITH COMPANDING 

Equation (9) indicates that the derivative of the compressor char­
acteristic is an important quantity. For the logarithmic curve given 
in equation (1), 

F'(x) = In (I
JL 
+ JL) 1 + ~ I x I 

The average of A2 (t) now is not A2/12 but is 

,,;v ~ (l>'(t» ~ ~~. (I P'tx) I') 

(43) 

~ ~~ [In (11'+ 1') J (1 + 21'(1 x I) + I"P). (44) 

where the average power P = (X2). Now (Ixl) cannot be less than zero 
nor more than (P) 1h. Hence 

K(l + JL2P) ~ <T:v ~ K[l + JL(P)!]2 (45) 
where 

(46) 
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The lower and upper bounds in (45) indicate that for large J.I.(P)! 
the average noise power is not a sensitive function of the probability 
density of the input signal. The knowledge of u;v cannot be used here 
to obtain a strict upper bound for the probability of error as was done 
in the uncompandored case, for the "instantaneous" noise variance is 
correlated with signal values. Thus large input signals "see" bigger 
step sizes, in effect, than smaller inputs would. One concludes from this 
that for multilevel transmission the outermost levels would have the 
greatest noise associated with them. 

To make exact calculations on this matter is a difficult task, and we 
confine ourselves to some estimates of the effects. Estimates can be 
obtained by restricting attention to special sequences. Thus for an 
eight-level P A1VI system let an arbitrary sequence consisting only of 
the outer levels (± 7) be transmitted, and compare this with another 
sequence consisting of (±5) transmitted in place of (± 7). Then the 
quantizing noise will be-considering the l term in (44) to be of prin­
cipal importance-in the ratio 72/52

• Thus the outer level will have, 
in this circumstance, 3 dB more noise than the next inner level. The 
contrast between these levels will be somewhat lessened in a random 
sequence using all levels, but it is clear that the 3 dB number quoted 
here provides an upper bound to the difference. 

Worst case estimates of error rate in the compandored case may be 
made by replacing ~2/12 in (42) by the upper bound for u;v given in 
(45), and finally using peak power instead of average power in (45). 

For the eight-level VSB system considered previously, operating 
on T1 facilities, this procedure yields error rates of 10-5 

- 10-6 over 
one transmission link (for the interesting ranges of input power). 
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APPENDIX A 

Derivation of Quantization Error 

Equation (9) of the text relating the output sample error A (t) to 
step size A, compressor characteristic F (x), and signal amplitude 
l (t) at time of sampling is easy to derive if the chain rule is used 
to differentiate the relation 

(47) 
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to obtain 

dF~,}) I dP(v) I = 1 
du u~F(x) dv v=x • 

(48) 

Now clearly, if the error made when lcomp is quantized is small, that is, 
if A is small, then 

output = P-l(l ) + L\ dP-
1 I (49) 

sample comp du u=/comp' 

or 

output = l + -$-
sample P (l) , 

(50) 

where (48) has been applied to (49) to obtain (50). 

APPENDIX B 

Derivation of CTb 

Squaring (30) and averaging over {E} gives 

CT~(t) = ~;.~~. L {g;(t - kTl - T) 

. cos2 [wekTl + WeT] + g!(t - kTl - T) 

·sin2 [wekTl + WeT] + 2gx(t - kTl - T)gy(t - kTl - T) 

(51) 

or, 

2( ) 1 (T; L\ 2) " [ 2 2] CTb t = 2 4 12 L..J gx + gil 

+ ~ (~; ~~) { L (g; - g!) cos [2wekTl + 2WcT] 

+ 2 L gxgll sin [2wckTl + 2WeT]}. (52) 

All the sums in (52) may be evaluated using the Poisson sum formula 
quoted in equation (26). The first term on the right of (52) is simplest 
to handle. Since g. has no frequencies higher than 1/2Tl , the Fourier 
transform G2i (W) of g2(t) has support contained in [-27r/T t , 27r/T1], 

and further, since it is a convolution, G2.(±27r/Tt ) = O. Thus 

(53) 
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The other sums in (52) are all zero, for a typical sum is (where 0 = 

2wcTl) 

L f(t - nT - r) cos [nO + ~] 

== cos [t : , + 'P - ~~ ] I: f( t - nT - T) cos (t - nl', - T) : , 

+ sin [t ~ + ~ - ~J L f(t - nT - r) sin (t - nT l - r) ~. 
Tl Tl Tl 

(54) 

The sum formula is now directly applicable to the functions 
t(t) cos 2wct and f(t) sin 2wct. The functions have Fourier transforms 
which, according to the discussion following equation (29), vanish at 
6) = ±27r / T 1 • k, where k is any integer, including zero. The results 
claimed follow. 
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On the Solutions of Equations for 
Nonlinear Resistive Netwol'll{.s 

By A. N. WILLSON, JR. 

(Manuscript received December 13, 1967) 

Several theorems are proved concerning the solutions of equations that 
arise in the study of resistive nonlinear electrical networks. The first, an 
existence and uniqueness theorem, applies to equations describing an 
interesting class of networks which includes certain active and nonreciprocal 
networks for which the existence and uniqueness of solutions has not 
previously been established. A method of computing bounds on the location 
of the solutions is given, and two iterative techniques are presented for 
computing the solutions. It is proved that the iterative techniques converge 
for a subclass of the equations which also includes equations describing 
certain active and nonreciprocal networks. Finally, the rate of convergence 
of the iterative techniques is compared with that of another well-known 
iterative technique and some practical computational aspects are pointed 
out. Computations for two example problems, not reported here, were carried 
out to show the practicality of applying these iterative techniques to the 
equations of specific networks. 

I. INTRODUCTION 

In this paper we consider the solution of the equation 

F(x) + Ax = B (1) 

where x - ::J is a point in the n-dimensional Euclidean space E", 

[

fl(Xl)] 
F(x) - : is a nonlinear function mapping En into En, A is an 

fn(xn) 

1755 
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n X n matrix of real numbers, and B == [IJ is an arbitrary point 

in En. We prove (Theorem 1) that there is a unique solution of (1) if: 
(i) Each fi is a strictly monotone increasing function mapping 

E1 onto E1 , 
and 

(ii) The elements ai; of the matrix A satisfy the inequality 
n 

au ~ 2: I aij I, for i = 1, ... ,n. 
;=1 
ir'i 

We then demonstrate a straightforward method of computing bounds 
on the location of this solution. Finally, we present two iterative tech­
niques for computing the solution; and prove (Theorem 3) that the 
two additional assumptions: 

(iii) Either all of the functions fi are convex, or else all fi are concave, 
and 

(iv) aij ~ 0 if i ~ j, 
are sufficient to guarantee that the iterations converge to the solution. 

Equations of type (1) occur often in the study of nonlinear electrical 
networks. For example, if a linear n-port containing resistors, inde­
pendent sources, and dependent sources has a two-terminal device 
whose V vs I curve is specified by Ii = fi(Vi), for i = 1, ... , n, con­
nected across each port, then the port voltages may often be expressed 
as the solution of an equation of type (1). In this case the matrix A 
will be the y-parameter matrix of the n-port, the constant vector B 
will account for the presence of the independent sources, and the com­
ponents of the vector x will be the desired port voltages. 

II. ACTIVE AND NONRECIPROCAL n-PORTS 

In case the n-port of the above example contains no dependent 
sources and the functions fi satisfy condition (i) above, the existence 
and uniqueness of a solution of (1) follows immediately from the 
well-known result of R. J. Duffin.l In fact, with the additional as­
sumption that the slope of each fi is bounded by positive constants 
the computational technique of J. Katzenelson and L. H. Seitelman 
may be used to compute the solution.2 This computational technique 
is based upon a theorem of I. W. Sandberg which relies upon the 
contraction-mapping fixed point theorem. 3 
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Sandberg's theorem may, in fact, be used to prove the existence 
and uniqueness of a solution of (1), and to construct a convergent 
iteration process for computing this solution, whenever the matrix 
A is positive semidefinitei~ and the slope of each Ii is bounded by 
positive constants. Other theorems which do not require that the 
slopes of each strictly monotone increasing Ii be bounded by positive 
constants also exist. (For example, see Ref. 4.) These theorems guar­
antee existence and uniqueness of a solution of (1) whenever A is 
positive semidefinite but do not specify a procedure for computing it. 

Suppose, however, that the matrix A is not positive semidefinite; 
that is, suppose the n-port in the above example is active. Then the 
above results no longer apply. It may often happen that the matrix 
A is not positive semidefinite but still satisfies condition (ii) above. 
The matrix 

A ~ G ~J. 
for example, has this property. It is interesting to notice that in this 
case the matrix A will necessarily also be nonsymmetric (the corre­
sponding n-port will be nonreciprocal). This follows from the fact 
that for symmetric matries A, condition (ii) implies that A is a 
dominant matrix5 which, in turn, implies that A is positive semi­
definite. It is for this class of active nonreciprocal n-ports that our 
work provides entirely new results. Even for the passive case, how­
ever, notice that our computational techniques do not require that 
the slopes of the functions Ii be bounded. Also, there is reason to 
believe that for certain problems our iteration schemes may converge 
more rapidly than the ones based upon the contraction mapping 
theorem. More is said about this in Section VII. 

III. EXISTENCE AND UNIQUENESS 

Before proving the existence and uniqueness theorem we first prove 
a lemma which is used many times in this and the following section. 

Lemma 1: Let the n X n matrix A of real numbers satisfy condition 
(ii) of Section I. For j = 1, ... , n let Pi denote the jth component of 
P £ En. Let k £ {1, "', n} be chosen such that \Pk\ = max UPi\ : j = 
1, ... , n}. Then, 

* The n X n matrix A is said to be positive semidefinite if (x, Ax) ~ 0 for 
all x in En. 
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n 

Pk > 0 =:} L akjpj ~ 0, 
j~1 

and 
n 

Pk < 0 =:} L akjPi ~ O. 
j~1 

Proof: 

a" 1 p, 1 ~ t, 1 aM I· 1 p, 1 ~ t, 1 a"p, 1 ~ 1 1;, a"p, I· 

Thus, 

;¢k j¢k ;¢k 

n 

akk I Pk I ~ ± L akiPj . 
j=1 
jr<k 

But then, 
n n 

Pk > 0 =:} akkPk ~ - L akjpj =:} L akjp; ~ 0, 
j=1 j=l 
jr<k 

and, 
n n 

Pk < 0 =:} -akkPk ~ L akjpj =:} L akjpj ~ O. D 
;=1 ;=1 
;r<k 

Theorem 1: There exists a unique solution of (1) whenever conditions 
(i) and (ii) of Section I are satisfied. 

Proof: We first prove that if a solution exists it is unique. Let Xl 

and X2 be solutions of (1). Then, 

F(x2
) - F(xl

) = A(xl 
- x2

). 

For j = 1, ... , n let x~ and x~ denote the jth components of Xl and x2
, 

respectively, and choose k E {I, ... , n} such that 

I xi - x~ I = max {I x~ - x~ I : j = 1, ... ,n}. 

If x! > x~ then, by Lemma 1, 
n 

fk(X~) - fk(X!) = L ak;(x~ - xD ~ O. 
;=1 

If x! < x~ then, by Lemma 1, 
n 

L aki(x~ - x~) ~ O. 
j=1 
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Both of these conclusions contradict the fact that tk is strictly monotone 
increasing. Thus, xi = x~ and hence x~ = x~ for j = 1, ... , n. That is, 
the solution of (1) is unique, if it exists. 

We prove existence of a solution by induction. For k = 1, ... , n let 

[

fl(XI)] 

Fk(X) == : ' 
fk(xk) 

Clearly, the matrix Ak satisfies condition (ii) of Section 1. Also, it is 
clear that there exists a unique solution* of FI(x) + Alx = BI for 
every strictly monotone increasing function I I mapping EI onto EI. 

Assume that there exists a solution of Fk(x) + Akx = Bk for arbi­
trary strictly monotone increasing functions Ii' i = 1, ... , k mapping 
EI onto EI. Then, for every real number Xk+l, the equation 

[

a
l

•
k

+
l

] 

Fk(x) + Akx + : Xk+l = Bk 

ak.k+l 

has a (unique) solution; since for i = 1, ... , k the function Ii (Xi) + 
ai.k+IXk+1 is strictly monotone increasing from El onto El. Let the 
components of this solution be denoted by Xi = mi(xk+l) fori = 1, ... ,k. 
We have thus defined k functions mi on EI. 

We now prove that for every Xi+l , X~+l t Et, 

I X~+l - Xi+l I ~ Imj(x~+l) - mj(x!+l) I, for J = 1, ... ,k. (2) 

This inequality, incidentally, implies that each m, is continuous. 
Let Xi+l , X~+l t El and choose l t {I, ... , k} such that 

ImZ(x~+I) - mZ(xi+l) I 

= max {Imj(x~+l) - mj(xi+l) I : j = 1, ... ,k}. 

Assume that ImZ(x~+I) - mZ(x!+I) I > I X~+l - XiH I . Clearly, then, 
mz (X~+l) - mz (X!+l) ~ o. If mz (X~+l) - mz (X!+l) > 0 then, 

* We take the liberty of using the same symbol x to denote points in any of the 
spaces Ek, 1 ::; k ::; n. No confusion should arise since the subscripts on F and A 
will make our choice clear. 
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Also, since the matrix Ak +1 satisfies condition (ii) of Section I, letting 

we have, by Lemma 1, 

Thus, 

k 

L: a'j[mi(x~+l) - mi(x!+l)] + aZ,k+1(x~+1 - X!+l) ~ o. 
j=l 

k 

fz[mZ(x~+l)] + L: aZimi(x~+l) + aZ.k+1x~+1 
i=1 

k 

> fz(m ,(X!+l)] + L: aZimi(x!+I) + a',k+lx!+l , (3) 
i=1 

which is a contradiction since the quantity on each side of this inequality 
is equal to bz • If mZ(x~+I) - m,(x!+l) < 0 then, 

fZ[m,(xi+l)] - fz(m,(X!+I)] < o. 
By applying Lemma 1 again, as above, one arrives again at (3) with 
> replaced by <. This is also a contradiction. Thus, we must have 

\ X~+1 - X!+l \ ~ \ mZ(x~+I) - mZ(x!+I) \, 

and hence (2) is proved 
Now, consider the function 

implies 

k 

L: ak+l,jmi(Xk+l) + ak+l,k+lXk+l 
i-I 

k 

ak+l,k+l ~ L: \ ak+l,i \ 
i=1 

k 

(4) 

= ak+l,k+l \ X!+1 - X~+1 \ ~ L: (\ ak+l,i \.\ X~+1 - X~+1 \). 
i-I 

But, using (2), 

k 

ak+l'~+I(X~+1 - X!+I) ~ L: \ ak+l,j[mi(x;+I) - mi(x!+I)] I 
i-I 
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k 

~ - L ak+l.j[m;(X~+l) - mj(X!+l)], 
j=1 

which implies 
k k 

L ak+l.i m i(X!+l) + ak+l.k+lX~+l ~ L ak+1.im i(X;+I) + ak+l.k+lXi+l 
i~1 i=1 

That is, the function (4) is monotone increasing. Clearly (4) is con­
tinuous. It follows, therefore, that if fk+l is a strictly monotone In­

creasing function mapping El onto El, then so is the function 

k 

fk+l(Xk+l) + L ak+l.i m i(Xk+l) + ak+l.k+1Xk+l 
i=1 

Thus, there exists a unique solution of the equation 

k 

fk+l(Xk+1) + L ak+l.i m i(Xk+l) + ak+l.k+1Xk+1 
j=1 

If X~+l denotes this solution then 

is the (unique) solution of 

Thus, we have proved that there exists a unique solution of (1). 0 

IV. BOUNDS ON THE SOLUTION 

Having established the existence and uniqueness of a solution of 
(1) a natural question to arise is: What can one say about the loca­
tion of this solution? It turns out that we can say quite a bit (again 
assuming that conditions (i) and (ii) of Section I are satisfied). One can, 
in fact, with little effort (compared with the effort required, in general, 
to actually compute the solution) determine a finite region R in En, 
in which the solution must lie. This region 'is the cartesian product of 
finite intervals lie Et, for i = I, ... , n, each of which has the property 
that if 
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x" = [] 

is the solution of (1) then x~ (: I. and, as 
n 
L I aij I --70, 
j=1 
i,ei 

the length of Ii, l(Ii) --7 o. Thus, when the off-diagonal elements of 
A are small, the region R will also be small. 

In many applications it may be sufficient to know only that there 
exists a unique solution of (1) and to know the region R in which it 
must lie. If, however, one actually does want to compute the solution 
by some iterative technique, the knowledge of R should be useful in 
determining a starting point for the iteration. In fact, it will be 
shown that if the point x{} is the solution of 

F(x) + diag [all' ... , ann] X = B, (5) 

then x* is also in R and thus might be a reasonable starting point 
for an iterative computation of xo. 

The computation of bounds for the solution of (1) proceeds in two 
steps. First, one solves each of the equations 

h(x.) = bi , for i = 1, ... , n. 

Letting (Xi denote the solutions of (6), and defining 

a = max {I ai I : i = 1, ... ,n}, 

B' = 

n 

L I ali I 
j=1 
j,e1 

n 

L I anj I 
j=1 
j,en 

one then solves each of the equations 

F(x) + diag [all' ... , ann] X = B - aB', 

F(x) + diag [all' .•. , ann] X = B + aB'. 

(6) 

(7a) 

(7b) 
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Denoting the solutions of (7a) and (7b) by 

respectively, one has R = II X ... X In, where 

Ii = ['lJi '~i], for i = 1, ... , n. 

It is clear from the fact that each component of the vector aB' is a 
nonnegative number and from the monotone nature of the left-hand 
sides of (7) that x*, the solution of (5), is (as claimed) always in R. 
It is also clear that, for i = 1, ... , n, as 

11 

L I aij I ~ 0, 
i=1 
ir"i 

the ith components of both B - aB' and B + aB' approach b, , and 
hence 'YJi ~ x~ and ~i ~ x~ . Thus, l(Ii) ~ 0. We now prove that the 
solution of (1) is in R. 

Theorem 2: If R is constructed as described above, then the solution of 
(1) is contained in R whenever conditions (i) and (ii) of Section I are 
satisfied. 

Proof: Let XO be the solution of (1) and let k £ {I, ... , n} be chosen 
such that 1 x~ 1 = max{\ x~ I: i = 1, ... , n}. Then, by Lemma 1, if 

11 

x~ > 0, L akix~ ~ ° and hence, 
i=1 

11 ° = fk(X~) + L akix~ - bk ~ fk(X~) - bk 
j=l 

o .., 
or fk(XkL ~ bk . 

Thus, because of the monotonicity of jk, 

and hence 1 x~ 1 ~ a for i = 1, ... , n. Similarly, by Lemma 1, if x~ < 0, 
11 

L akix~ ~ ° and hence, 
;-1 
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and thus 

and hence 1 X~ 1 ~ a, for i = 1, ... , n. Thus, in any case, 1 x~ 1 ~ a, 
for i = 1, ... , n. 

Now, for all x with 1 Xi 1 ~ a for j = 1, ... , n, and for each 
i £ {I, ... , n} we have, 

which implies 

and 

Thus, 

i=! 
i~i 

n 

n 

n 

L (I aii \ a) 
i=! 
i~' 

n 

n 

~ L \ aiixi \, 
i=! 
iF'; 

a L \ aii \ 
i=! 
i,,<i 

~ L aiixi , 
i=! 
i,,<i 

n n 

-a L \ aij \ ~ L aijXj . 
j=! i=! 
j,,<i i,,<i 

n n 

aUXi - aLI aiiil 
j=! 

~ L aijXj ~ aiiXi + aLI a,i I· 
i=1 i=1 

ir<i i,,<i 

In particular, for x = xo, we have 
n n 

fi(X~) + aiiX~ - aLI aij \ ~ bi ~ fi(X~) + aiiX~ + aLI aij \. 
j=1 j=1 
j,,<i i,,<i 

Comparing this result with (7) we have, as a consequence of the 
monotonicity of the functions on the left-hand sides of (7), 

YJ. ~ x~ ~ ~i' for i = 1, ... , n. 

Hence, XO £ R. 0 
Since in the above proof it was shown that 1 x~ 1 ~ a for i = 1, ... , n 

it might seem to some readers that the intervals Ii might be reduced 
in length if we simply define them to be: Ii = [-a, a] (\ [YJ; , ~i]. This, 
however, is unnecessary since it is easily shown that - a ~ YJi ~ ~i ~ a, 
for i = 1, ... , n. 

v. EXAMPLE 

We now give an example of the use of the above method for the 
computation of solution bounds. Consider the equation 
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~:~::~J + [-: :J [::J [~:] 
where 11 and 12 are defined by 

and 

-3 < X2 < 3 

Figure 1 shows the graphs of 11 and 12 . Since we know that the region 
R will be small if the off-diagonal terms of A are small enough, we have 
intentionally chosen an example in which these terms are rather large. 

The computation of a by solving (6) may be done by inspection for 
this example. One finds that 4 a1 = 17 implies that a1 is slightly greater 
than 2, and since a2 = 4 we have a = 4. Using this result in (7) one 
readily computes 

~ ~ [2.23]. 
3.2 

Fig. 1-The nonlinear functions 11 and 12 for the example. 
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Actually, it is easily verified that the solution of this example is XO = (~). 
VI. COMPUTATION OF THE SOLUTION 

For i = 1, ... ,n we denote by i~(Xi) the right-hand derivative of ii at 
the point Xi EEl. For each x E En we denote by F' (x) the following matrix: 

F'(x) = diag [f~(XI)' ... , I~(xn)]. 

It is easy to prove that if F satisfies condition (i) of Section I then 
F'(x) exists for all x t En. Also, it is clear that each element of the main 
diagonal of F'(x) is nonnegative for all x t En. (Each element is in 
fact positive if, in addition, F satisfies condition (iii) of Section 1.) 
Finally, we note that 

is defined for all y t En, assuming again that F satisfies condition (i) of 
Section I. 

The following two iteration schemes are proposed for the computation 
of the solution of (1): 
Scheme 1: For given Xl t E the sequence Xl, x2

, X
3

, ••• of points in En is 
constructed by use of the formula 

Xk
+
l = [F'(xk) + Arl(B - F(xk) + F'(Xk)Xk). (8) 

Scheme 2: For given Xl t En the sequence x\ x2
, x3

, ••• of points in En is 
constructed by use of the formula 

Xk+l = [F'(F-I(yk)) + Arl(B _ yk + F'(F-I(yk))F-I(yk)), (9) 

where yk = -Axk + B. 
In order to explain the origin of (8) and (9) we make the following 

observations: If for i = 1, ... , n (x~ , y~) is a given point in E2, and 
if we draw the graph of each of the functions ii , then each of the points 
in the sets {(x~, ii(X~)): i = 1, ... , n} and {(f~l(y~), y~): i = 1, ... ,n} 
lies on the graph of the corresponding function Ii . Suppose we now 
replace (approximate) each ii by the straight line which is tangent to 
it at the corresponding point in one of the above sets. * Choosing the 

* Our definition of tangent coincides with the usual one, except that the right­
hand derivative is used at those points where the derivative fails to exist. 
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first set of points we approximate F by 

F(x) == F'(xk)x + F(xk) - F'(Xk)Xk. 

Choosing the second set gives 

F(x) == F'(F- 1(yk»X + yk _ F'(F- 1(yk»F- 1(yk). 

If we now define yk = - Axk + B and compute the solution of the 
equation 

F(x) + Ax = B 

and call it X k +1 , we obtain (8). Calling Xk+l the solution of 

F(x) + Ax = B, 

yields (9). 
The above remarks have a very meaningful interpretation for problems 

arising from nonlinear electrical networks of the type described in 
Section 1. Iteration Scheme 1 implements the following procedure: 
Given the vector Xk of port voltages for the linear n-port, replace each 
two-terminal nonlinear device with a linear Thevenin's "equivalent" 
circuit whose V vs I curve is a straight line, tangent to the given curve 
at the point (x~, fi(X~». Compute the port voltages in the resulting 
linear network to obtain Xk+l. 

Iteration Scheme 2 has a similar interpretation; this time, how­
ever, the vector of port currents, yk = -Axle + B, is used to determine 
the linear equivalent circuit replacing the nonlinear devices at each 
step. 

In view of the above remarks it is apparent that if one has some 
facility for solving linear network problems (a computer program, for 
example) then it might easily be adapted to solve many nonlinear 
problems as well. 

We finally remark that the use of the first iteration scheme is, in 
essence, the same as using the Newton-Raphson technique to compute 
the root of (1). 

We now prove a theorem which specifies conditions which are suf­
ficient to ensure convergence of each of the above iteration schemes. 
We emphasize, however, that these iteration schemes will converge 
for many problems in which the conditions of the theorem are not 
satisfied-especially if a good enough starting point is provided. 

In the following we denote the origin in En by (J and, for the points 
x, y £ En, the notation x ~ y means Xi ~ Yi for i = 1, ... , n. The 
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relations x < y, x ~ y, x > yare defined similarly. We also make use 
of the concept of a matrix of monotone kind. 6 The matrix A is said to 
be of monotone kind if x l: En, Ax ~ 0 ==> X ~ o. It is easy to show that A 
is of monotone kind if and only if A-I contains only nonnegative 
elements. It is also easy to show that if A is of monotone kind and 
x, y l: En with Ax ~ y, then x ~ A -ly. Ref. 6 shows that if the strict 
inequality> holds in condition (ii) of Section I, then conditions (ii) and 
(iv) are sufficient to ensure that A is of monotone kind. 

Theorem 3: For an arbitrary starting point xl, both of the above 
iteration schemes will converge to the solution of (1) if conditions 
(i) through (iv) of Section I are satisfied. 

Proof: We give here only the proof for the second iteration scheme, 
assuming that all of the functions fi are convex. The other three 
cases are quite similar and it will be apparent to the reader how 
this proof may easily be modified to take care of them. ~< 

We first remark that the iteration scheme is well defined. The fact 
that for every yk l: En, F'(F-1(yk» is a diagonal matrix containing all 
positive numbers on the main diagonal, and the fact that A satisfies 
conditions (ii) and (iv) of Section I, assures us that the matrix 
[F'(F- 1(yk») + A] is nonsingular (it is, in fact, of monotone kind-see 
Ref. 6, p. 376). 

Let Xl be an arbitrary point in En. Then, since for i = 1, ... , n 
and k = 2, 3, 4, ... each of the points (x~ , y~) lies on some straight 
line, tangent to the corresponding function fi , and since each Ii is strictly 
monotone increasing and convex, we have that F- 1 (yk) ~ Xk for k = 
2, 3, 4, .... We now show that F- 1 (yk) ~ Xk implies that Xk

+
l ~ Xk. 

Obviously, 

F'(F-1(yk»(Xk _ F-1(yk) ~ o. 

But, by definition, Ax" + y7" - B = (); hence, 

F'(F-1(yk»(Xk _ F-1(yk» + Axk + yk - B ~ 0, 

which implies 

[F'(F-1(yk» + A]xk ~ B _ yk + F'(F-1(yk»F-1(yk). 

But then, since [F' (F-I (yk)) + A] is a matrix of monotone kind, 

* After this manuscript had been completed, the author became aware of 
J. S. Vandergraft's paper (Ref. 7). With a certain amount of reformulation, the 
(monotone) convergence of the first iteration scheme, when all j, are convex, 
can be shown to follow, in essence, from his Theorem 5.1. 
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Xk ~ [F'(F-I(yk» + Arl(B _ yk + F'(F-I(yk»F-I(yk», 

or, Xk ~ Xk+l. Thus, the sequence x2
, x3

, X4, ... has the property 

x2 ~ x3 ~ X4 ~ ... . 

We now show that for k = 2, 3, 4, ... , Xk ~ xo, where Xo is the solu-
tion of (1). For each x\ k = 2, 3, 4, ... , there is some point pEEn 
(p == F-I(yk-l» such that 

AXk - B = F'(p)p - F'(p)xk - F(p). (10) 

Furthermore, from the convexity of each fi' it is clear that for every 
pair of points ql, q2 E En, 

In particular, 

F(xO) ~ F(p) + F'(p)(xO - p). 

Hence, 

F'(p)p - F(p) + F(xO) ~ F'(p)xO 

which implies 

F'(p)(p - Xk) - F(p) + F(xO) ~ F'(p)(xO - Xk). 

Using (10) we have, therefore, 

AXk - B + F(xO) ~ F'(p)(xO - Xk). 

But, F (X O
) = - Axo + B, hence 

A(xk - XO) ~ F'(p)(xO _ Xk) 

or, 

[F'(p) + A](xk 
- Xo) ~ e. 

But then, since [F'(p) + A] is of monotone kind, Xk - XO ~ 0, or Xk ~ xo. 
Thus, we have shown that each sequence x~ , x~ , x~, ... is a bounded 
monotone sequence and hence the sequence x2

, x3
, x\ ... converges 

to some point x* in En. We now prove that x* = xo; that is, we show 
that x* satisfies (1). 

Let y* = -Ax* + B. Then, as k -7 cx:l, Xk -7 x* and yk -7 y*. Thus, 
F- I (yk) -7 F- I (y*) and each element of the matrixF' (F- I (yk» approaches 
the corresponding element of F'(F- 1(y*». Now, from (9), we have 

AXk+l + F'(F- 1(yk»Xk+1 = AXk + F'(F- 1(yk»F-\yk) 
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which implies 

F'(F- 1(yk»(F- 1(yk) _ Xk+ 1
) = A(Xk+ 1 

_ Xk) 

and hence 

F'(F- 1 (yk»(F- 1(yk) _ x* = A(Xk+ 1 
--.-: Xk) _ F'(F- 1(yk»(X* _ Xk+ 1

). 

But as k ~ co, (Xk
+

1 
- Xk) ~ f) and hence A(Xk

+
1 

- Xk) ~ f); also, 
(x* - Xk

+
1

) ~ f) and hence F'(F- 1 (yk»(X* - Xk
+

1
) ~ F'(F- 1 (y*»f) = f). 

Thus, as k ~ co, 

which implies 

or 

and therefore 

yk ~ F(x*). 

Hence, y~. = F (x~'<) , and thus, 

F(x*) + Ax* = B. 

Thus, the iteration converges to the solution of (1). D 
Although Theorem 3 states that both of our iteration schemes will 

converge for the same class of problems, only one of the schemes 
might converge for some problems for which all of the conditions 
(i) through (iv) of Section I are not satisfied. Also, for some problems 
a prior knowledge of the region in which the solution lies might dictate 
the choice of one iteration scheme over the other. For example, if it 
is known that some of the functions Ii are quite steep in the neighbor­
hood of the solution then perhaps F-l may be evaluated in this region 
more accurately than F. In this case Scheme 2 might be preferred 
to Scheme 1. 

VII. SPEED OF CONVERGENCE 

Section II mentions that in certain situations our iteration schemes 
may converge to the solution of (1) more rapidly than those based 
upon the contraction-mapping fixed point theorem. To illustrate this 
property we have chosen to compare the rate of convergence of 
Sandberg's iteration scheme to that of our schemes.3 
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If we define the operator G mapping En into En by 

G(x) == F(x) + Ax, 

then, as a special case of Sandberg's Theorem I, we have the result: 
If there are positive constants kl and k2 such that 

(G(x) - G(y), x - y) ~ kl II x - y W, (11) 

and 

II G(x) - G(y) W ~ k2 II x - y W, (12) 

for all x, y (: En, then there is a unique solution of (1) and the solution 
is given by lim x\ where Xl is an arbitrary point in En, and 

X
k

+
l = ~: [B - G(xk

)] + Xk, 

for k = 1, 2, 3, .... The proof of this theorem consists of showing 
that the mapping 

H(x) == ~: [B - G(x)] + x 

is a contraction. 
It is interesting to observe that if the inequalities (11) and (12) 

are satisfied then positive constants ks and k4 exist, such that 

(G(x) - G(y), x - y) ~ ka II x - y W, (13) 

and 

II G(x) - G(y) W ~ k4 II x - y W, (14) 

for all x, y (: En. In fact, a simple application of the Schwarz inequality 
to (11) and (12) yields (13) and (14) with ka = (k2)i and k4 = ki. 
Now (13) and (14) are of the same form as (11) and (12), except that 
the inequalities are reversed. Thus, if one uses (13) and (14) in the 
proof of Sandberg's theorem, reversing all inequalities, one obtains: 

II H (x) - H (y) W ~ K II x - y W, 
where, 

K = 1 - 2(kUk2)! + (k~/k2)2. 
It is readily seen that if 4ki < k2 , then K is positive. If we let XO denote 
the solution of (1), and hence H(xO) = xO, we have, for k = 1, 2, ... , 

II Xk+l - XO W = II H(xk
) - H(xO) W ~ K II Xk - XO W· 
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Thus, (K)! represents, in this case, a lower bound on the rate of con­
vergence of the iteration scheme. It is true that (K)! is always in the 
interval (0,1), for indeed Sandberg has proved that the sequence 
Xk does converge toxo. However, as kl becomes small, and as k2 becomes 
large, K approaches 1 and the sequence converges quite slowly. For 
(1) the largest value that may be used for kl and the smallest value that 
may be used for k2 will many times be dictated by the positive constants 
which are bounds on the slopes of the functions ti . If, for example, 
the slopes of the t i become so large for large Xi , and so small for large 
negative Xi that one must choose kl = 10-1 and k2 = 102

, then one 
easily computes (K)! ~ 0.99. Thus, no matter how close any iterate 
is to the solution, the next iterate will be no more than about one per­
cent closer. 

It is of course true that Sandberg's iteration scheme is applicable 
to a much more general class of problems than we consider in this 
paper. If, however, for any problem to which it is applied, the con­
stants kI and lC2 must be restricted such that kdk2 is quite small, 
then the rate of convergence will always be adversely affected. In 
the Katzenelson-Seitelman application of Sandberg's iteration scheme, 
their "heuristic refinement" (see Ref. 2) attempts to overcome this 
difficulty. 

Although the classes of equations to which our iteration schemes 
and the Katzenelson-Seitelman algorithm may be applied are not 
identical, in those cases where both techniques may be used the ad­
vantage that our schemes offer is now clear. From (8) and (9) one 
easily obtains 

Xk+l _ XO = [F'(xk) + ArI(F(xO) - F(xk) - F'(xk)(xO _ Xk», 

and 

k+l ° X - X = 

[F'(F-\yk» + Ar 1 (F(xO) _ yk _ F'(F- 1 (yk»(XO _ F-\yk)), 

respectively. These equations show that II Xk+l - XO II will be small 
(even if II Xk - XO II is rather large) so long as for i = 1, ... , n, 

for Scheme 1, or 

fi(X~) - fi(X~) r-.J f'( k) ° k r-.J i Xi , Xi - Xi 

fi(X~) - y~ r-.J f'(f-I( k) 
o f-I( k) r-v i i Yi , 

Xi - i Yi 
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for Scheme 2. That is, as soon as the kth iterate comes close enough to 
the solution that each of the functions fi is approximately linear, the 
rate of convergence of our iterations becomes quite rapid. In fact, the 
rate of convergence increases without bound as the iterates approach 
the solution. It is also clear that if each of the functions fi is piece­
wise linear then our iterations will converge in a finite number of 
steps. 

From the standpoint of computational efficiency it is, of course, 
the amount of time required to compute an approximate solution 
that is the major concern. For those problems to which both our 
iteration schemes and the Katzenelson-Seitelman algorithm may be 
applied, it can happen that our methods might still be slower than 
theirs even in the case when the convergence rate of our methods is 
faster. This can happen because, for some problems, the equation 
with which we are concerned may be of a higher order than theirs, 
and also because we must compute the inverse of a matrix at each 
iteration step. On the other hand, it is clear that for many problems, 
even from the standpoint of total computation time, our techniques 
will be more efficient. 
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Convergence Criteria for Transversal 
Equalizers 

By D. W. LYTLE* 
(Manuscript received March 22, 1968) 

Two basic problems in the equalization of data channels using pulse­
amplitude modulation are considered. The first of these is to determine just 
what pulses can be equalized and what the general equalization solution is 
when using a transversal filter. The second problem is to determine if a 
simple iterative search routine will converge to a solution if its exists. 

The unequalized channel impulse response is represented by a polynomial 
whose coefficients are the sample values of the impulse response. If no 
roots of this polynomial lie on the unit circle, the channel can be equalized. 
The transversal filter which equalizes the pulse has tapweight values given 
by weighted sums of powers of the polynomial roots. 

Various necessary and sufficient conditions for iterative convergence 
are developed. Iterative convergence can be guaranteed if the proper linear 
weighting of the output sample errors is used in adjusting the tap-weights. 

1. INTRODUCTION 

This paper is concerned with certain aspects of the automatic equal­
ization of low-noise, linear channels which are to be used for multi­
level pulse-amplitude modulated (PAM) signals. The purpose of the 
equalizer is to compensate for the channel transfer characteristics in 
such a way that the over-all impulse response of the channel is a 
Nyquist-I type of pulse/' 2, 3 that is, as is illustrated in Fig. 1, a pulse 
with a central peak and uniformly spaced zeros with period T. If 
such an impulse response is achieved, a sequence of amplitude modu­
lated impulses with period T can be transmitted and the sequence of 
amplitudes can be recovered at the receiver by simply sampling in 
synchronism with period T. 

Certain obvious questions such as how to achieve synchronism and 

* University of Washington, Seattle. 

1775 



1776 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1968 

~--- CENTRAL SAMPLE VALUE 

t t t SAMPLE TIMES WITH SPACING T t t t 

Fig. 1-A Nyquist-I pulse with central sample and zeros at periodic sample 
times. 

the effects of sampling jitter, nonlinear distortion, and additive noise, 
although of great importance, are neglected in this presentation in 
order to concentrate on the methods of adjusting the equalizer. Thus, 
we assume a perfectly synchronized, noiseless, linear channel with 
an ideal sampler. Some further constraints which should simplify and 
clarify the presentation are as follows. We specify that the equalizer 
is to be a transversal (tapped delay-line) filter with tap weights {aT,J 
which can be adjusted. If the input to this filter, illustrated in Fig. 2, 
is f3 (t), then the output, y (t) , is 

N 

'Y(t) = 2: a;(3(t + jT). (1) 
i--n 

Notice the tap-weight numbering convention and the treatment of 
the delay-line as being composed of negative as well as positive delay. 
These conventions will simplify the notation in future derivations. 

Although the equalizer may be placed at many points within the 
communication system, for convenience we will consider it to be the 
final component other than the final sampler. Thus, the objective is 

f3 (t) 

">--~'Y(t) 

Fig. 2 - A transversal filter with input p(t), tap weights a;, and output 'Y(t). 
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to adjust the tap weights so that the output, y (t), is a Nyquist-I 
pulse when the input, f3 (t), is the impulse response of the system be­
fore equalization. 

As a final simplification we assume that the tap-weight adjust­
ment is to be carried out when the impulse response is available at 
the input. This "training period" assumption avoids the added com­
plexities of extracting channel characteristics when data are being 
transmitted. 4 However, the properties to be developed can be readily 
extended to continuously adaptive equalization. 

II. TIMING AND THE ROOTS OF THE IMPULSE RESPONSE 

Since the output of the equalizer is to be sampled, we need con­
sider only its effect on the output sample values {Yle}. Ideally, with 
an impulse applied to the channel input, one of the output samples, 
say Yo, should have unit amplitude while all the others are zero. The 
tap weights are to be adjusted in order to approach this goal. An ad­
ditional parameter which will affect the equalization is the timing. 

Let the sample values of the impulse response at the equalizer 
input be the set {f3j} where 

(3i = (3(jT) (2) 

and 

(3(t) = h(t + r). (3) 

Equation (3) is to indicate that the sampling times are arbitrary. 
This is, if h (t) is the channel response to an impulse applied at t = 
0, then the sample set {f3j} is a function of the factor r. Notice that 
our assumption of perfect synchronization means that the periodicity 
factor, T, in equation (2) is the proper value. But it does not imply 
that T is prescribed. vVe shall see that the operation of the equalizer 
depends very strongly upon the value of T. 

This impulse response is to be equalized by the transversal filter 
with tap weights {ale}. The transversal filter output sample set is 
{Yle} where 

(4) 

The sample set {f3j} will be considered finite in extent, that is, 

{3j = 0 for j < -1n and j > M. (5) 

This is a reasonable approximation for any actual channel. 
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This sample set may be treated as the coefficients of a polynomial 
B (z). 

B(z) = f3MZ M
+m + f3M_ 1Z

M
+

m
-

1 + ... 
+ f30zm + ... + f3-m+lZ + f3-m . (6) 

In factored form B (z) may be written as 

B(z) = {3l1f(z - ( 1)(z - ( 2) ••• (z - (1)(z - <Pl)(Z - <P2) ... (z - <Po) (7) 

where the roots inside the unit-circle are denoted by the () values and 
the roots outside by the <p values. 

\O\<1<\<p\ 
I+n=M+m. 

(8) 

(9) 

As we have noted, the sample set {Pj} is a function of the factor T. 

Thus, for any particular channel, the roots of equation (7) will 
wander as T is varied. Each root will wander on some cyclic path 
which has a period T. That is 

(10) 

This is illustrated in Fig. 3 where a pulse shape is shown and in Fig. 4 
where the root loci are shown for variations in T. Notice that as T in­
creases from 0 to T, at least one of the roots, regardless of the pulse 
shape, will cross the unit circle. 

Perhaps the periodicity of the roots can be better understood if 
the sampling is thought of as multiplication by a comb of impulses 
with spacing T. Each impulse has associated with it a power of z. For 
example, in equation (6), we see that the impulse yielding the earliest 
nonzero sample (P-m) is associated with the zero power of z, the next 
impulse yielding P-m+l is associated with the first power, and so on. 
As the comb is moved relative to the pulse, P (t), the impulses produce 
different samples and when moved a whole period T, the comb will 
reproduce the original samples again. However, each sample would 
be paired with a one-higher or one-lower power of z than previously. 
Thus, for example, if the comb were shifted by T so that the powers 
of z were one higher, the factorization of equation (7) would be ob­
tained with the same roots except for an additional root at z = 0 
since the original polynomial is multiplied by the first power of z. 
As the comb is shifted along, the additional root, which must even­
tually go to z = 0, comes in from z = 00 and at some particular shift 
crosses the unit circle. 
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--~~~--------~L-------------------------~------~------~t 

t 
7.0 

• I 
I 
I 

Z 4 

Fig. 3 - A pulse and four nonzero sample positions which yield a polynomial 
with roots marked 1 in Fig. 4. Nine additional sets of roots are obtained by mov­
ing the positions above to the right in increments of T /10. 

llMAGINARY AXIS 

...... --UNIT CIRCLE 

4 

REAL AXIS-

z PLANE 

Fig. 4 - Root loci for pulse of Fig. 3. Scale inside circle is magnified four times. 
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III. IDEAL TAP-WEIGHT ADJUSTMENT 

Let us now consider the problem of forcing the "'/k to zero. The 
desired conditions are 

1'0 = L ad3 i = 1 (11) 
and i 

I'k = L aJ3 i +k = 0 k ~ O. (12) 
i 

Equations (11) and (12) in the form of a matrix array is as follows. 
We shall assume temporarily that the number of taps is infinite. 

o 0 {311f •.. ••. {32 {31 {3o {3-1 {3-2 ... ..• {3-m 0 1 
o 0 {311f •.• {33 {32 {31 {3o {3-1 {3-2 ••• • .• {3-m 0 

o {311f ••. {33 {32 {31 {3o {3-1 {3-2 ... • •• {3-m 0 ... j 
o f3 M ... f30 f3, ~' f30 f3-1 f3-, •.. ... f3-m .. . 

a2 0 

al 0 

ao 1 
(13) 

a-l 0 

a-2 0 

(X-3 0 

Now let us consider a typical equation of the form, 

M-k 

L (Xi{3k+i = 0 (14) 
i=-m-k 

where we will take either the case where k < -m or k > M. If these 
conditions on k are satisfied, then equation (14) involves a values with 
only positive subscripts or only negative subscripts. Equation (14) is 
a linear homogeneous difference equation in the variable aJ. Such 



EQUALIZER CONVERGENCE 

equations have solutions of the form 

Substitution of equation (15) into equation (14) yields 

{3MzM-k + {3M_IZM-k-l + ... + {3lZl-k 

+ {3oZ-k + {3_lZ-l-k + ... + {3_mz-m-k 

= Z-m-k[{3MZ M+m + {3M_1ZM+m-1 + ... + {3ozm + (3-m] 

= z-m-kB(z) = O. 

1781 

(15) 

(16) 

Equation (16), and hence equation (14), will be satisfied for z 
equal to one of the roots of the impulse response polynomial B (z) . 
And since we have a linear homogeneous equation, any linear com­
bination of solutions is a solution. Thus, the general solution is 

ai = Cler + C2e~ + ... + C1e~ + Dl¢r + ... + Dn¢~ (17) 

The constants, C 1, C 2, .•• , C I, D 1 , D 2 , ••• , D!l, are arbitrary and 
will be adjusted to meet the boundary conditions. One boundary con­
dition which should be imposed is the following. Eventually, we must 
approximate this infinite delay line with one of finite extent. This 
truncation should throwaway only taps of small magnitude, and thus 
the tap weights should decrease in magnitude away from the center 
tap. Consequently, we demand that (Xj ~ 0 as Ijl ~ 00. Thus, 

= C1 = 0 for j negative. 

Dl = D2 = = Do = 0 for j positive. (18) 

In effect, we have two solutions; one for taps with negative sub­
scripts and one for taps with positive subscripts. 

(19) 
ai = D 1¢r + D2¢~ + + Dn¢~ for j < o. 

The region of overlap in equation (13), that is, the region where 
the equations involve tap weights with both positive and negative 
subscripts, will determine the arbitrary constants. To illustrate this, 
let us consider the impulse response of Fig. 2. For one set (No.8) of 
samples, the samples are -2, 3, 11, -6 and the roots are 0.5, 3, -2. 
Thus 

ai = C1(0.5/ for j > 0 
(20) 

ai = D1(3)i + D 2 ( _2)i for j < o. 
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Now, C1 , D1 , and D2 may be found by using equation (20) in equa­
tion (13). However, first we must assign an origin in our pulse. That 
is, we must decide whether -2, or 3, or 11, or -6 is to be called /30, 
Solutions exist for each of these possibilities, but only one of these has 
certain desirable properties which we will discuss later. In this case, 
f30 should be the sample of magnitude 11. With this assignment, equa­
tion (13) may be written 

-2[CJ (.5t] + 3[C1(.5)3] + 11[C1(.5)2] - 6[C1(.5)] = 0 (21a) 

-2[C1(.5)3] + 3[C1(.5)2] + lllC1()5)] - 6ao = 0 (21b) 

-2[C1(.5)2] + 3[C1(.5)] + 11ao - 6[DJ(3)-1 + Dl-2)-1] = 1 (21c) 

-2[C\(.5)] + 3ao + 11 [D1(3)-J + D2(-2)-I] 

- 6rD1(3)-2 + D 2 ( -2f2] = 0 (21d) 

-2ao + 3[D1(3)-1 + D 2(-2)-1] + II[D1(3)-2 + D 2(-2f2] 

- 6[DJ(3)-3 + D 2 ( _2)-3] = 0 (21 e) 

-2[D1(3)-1 + D2 ( _2)-1] + 3[D 1(3)-2 + D 2 ( _2)-2] 

+ 11 [DJ(3)-3 + D 2 ( _2)-3] - 6[DJ(3)-4 + Dl-2f4] = 0 (21£) 

Equations (21a) and (21£) and all others above and below these two 
are automatically satisfied for any choice of C1 , D1 , D2 • Consider 
equation (21b). In order for it to be satisfied, ao must be equal to C1 

(0.5)°. Similarly, for equation (21e) to be satisfied, £Yo must equal 
Dd3)0 + D 2 (-2)0, 

(22) 

and equation (21) yields the following values for the C and D con­
stants. 

D1 = 2/951 

D2 = 5/9~ff3o = 11. 

C1 = 7/9b 

(23) 
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If we had chosen to let /30 be the sample of magnitude 3, we would 
obtain 

-10/951 
1.5/95Jf3o = 3. 

5/95 

If the sample of magnitude 2 is made /30, then 

D, = 9/251 

D2 = 4/25Jf3o = 

C1 = 1/50 

-2. 

(24) 

(25) 

In these last two examples, the solutions may be considered inferior 
because the tap weights away from the center tap will be larger than 
in the first example. However, stronger objections to the last two 
choices for /30 will be raised shortly. 

A point of considerable interest is apparent in the development 
above. If any of the roots fall on the unit circle, then no solutions 
exist in which the tap weights decay in magnitude in both directions 
away from the center tap. 

IV. TRUNCATION EFFECTS 

In any practical equalizer, the number of taps available is not 
infinite. Thus, we must investigate the effects of limiting the number 
of taps to some reasonable finite value. For example, let us suppose 
that we have N + n + 1 taps. 

(Xi = 0 for {j < -n 
j> N 

(26) 

Let us consider two schemes for setting the truncted tap weights. 
A more or less obvious way is simply to take the infinite solution 
[for example, equation (23)] for all available taps. This can be rep­
resented in matrix form: 

(27) 

The matrix [Boo] is the infinite matrix of /3 values shown in equation 
(13). The truncated tap set is [aT], 
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0 

0 

aN 

aN-I 

al 

[aT] ao (28) 

a-I 

a-n 

0 

0 

and [y] is the matrix of output sample values. Notice that [aT] may 
be written as 

[ad = [a~] - [a ,] (29) 
where [aoo] is the infinite set of tap weights which give us the desired 
output and 

aN+2 

aN+l 

0 

0 

[at] = 0 (30) 

0 

a-n-l 

a- n -2 
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Thus, equation (27) becomes 

(31) 

The desired output [fL], all zero samples except the central one with 
unit magnitude, is given by [Boo] [aoo ] while the error set [e] is given 
by [Boo] [at]. 

It is possible to calculate this error set exactly, but an approxi­
mate bound should suffice. Assume that Nand n are large so that the 
a values in [ad depend only on the roots which are the nearest to the 
unit circle. Let the magnitude of nearest inside and outside roots be 
()u and cpu. Then a pproxima tely 

I"J e~ for j > N 
(Xj= (32) 

cf>~ for j < -n 

Consequently the largest component of any error term in [€] will be 
about 

(33) 

and each error term is the sum of less than N + n + 1 components. 
Thus, an upper bound on the error terms is 

which vanishes as Nand n are made very large. 

v. A SECOND METHOD OF TRUNCATION 

This second method offers no improvement in ultimate equaliza­
tion over the method just discussed. However, it does lend itself to 
iterative adjustment techniques whereas the first method tacitly as­
sumes a computation which provides the proper infinite solution to 
begin with. In this second method we require that all the output sam­
ples (excluding YO) corresponding to the N + n + 1 taps, that is, 
YN, YN-l, •.• ,Y2, Yl, Y-l, Y-2, ... , Y-n+l, Y-n, be zero. This criterion 
may be called the Lucky criterion since it is the one R. 'Y. Lucky 
has used in his work. 5 

What does this criterion mean in terms of the solutions (powers of 
impulse response roots) we discussed for the infinite tap case? Weare 
essentially constraining our system further by another set of boundary 
conditions. We will call these boundaries the positive boundary at aN 

and the negative boundary at a-n, in addition to the central boundary 
around ao where we have already discussed satisfying boundary con-
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ditions (those specifying C1 , C2 , ••• , D 1 , D2 , ••• ). As an example, 
let us consider the equations at the positive boundary. 

130(XN + f3-I(XN-I + ...... + f3-m(XN-m = 'YN 

131(XN + f30(XN-I + ... + 13-m(XN-(m+t) = 'YN-I 

= 0 (35a) 

= 0 (35b) 

13M-I(XN + f3M-2(XN-I + + 13-m(XN-(m+M-t) = 'YN-(M-I) = 0 (35 c) 

f3M(XN + 13M-I(XN-I + ... + 13-m(XN-(m+lIf) = 'YN-M = 0 (35d) 

Equation (35d) can be satisfied with the solutions determined by 
the central boundary, that is 

(Xj = clef + C2e~ + ... + Cre~ . (36) 

However, this solution will not satisfy the M equations above equa­
tion (35d) since the complete set of f3 values is missing in these equa­
tions. The exponentially growing solutions which were discarded 
earlier must be used now. Thus, 

(Xi = Cle~ + ... + Cre; + c1e: + C2e~ + ... + cncf>b for j> 0 
(37) 

(Xi = Dlcf>~ + + D!lcf>~ + dle~ + d2e~ + + dre; for j<O 
(38) 

must be used in order to satisfy all the boundary equations. If 0 = M, 
then the lower case c's in equation (37) provide just enough con­
stants to satisfy the M equations of equations (35a through c). Fur­
thermore, I will equal m and the I lower case d's will provide just 
enough constants to satisfy the m boundary equations at the nega­
tive boundary. 

To illustrate the preceding discussion, let us return to the specific 
example discussed previously. We use the results of equation (23) 
with 

132 = -2, f31 = 3, 130 = 11, 13-1 = -6. (39) 

The positive boundary equations are 

11 [C1(.5)N + cI(3)N + C2( -2t] 

- 6[C1(.5)N-I + cI(3)N-I + c2( _2)N-I] = 0 
(40) 

3[C I (.5)N + cI(3)N + c2( -2t] + 11[CI (.5)N-I + c2 ( -2t- l
] 
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_2
N-1( -22 - 6) J[CIJ 

- 2N
-

2(12 - 22 - 6) CL 
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[ 
.5N(1l - 12)C1 ] (41) 

= .5N (3 + 22 - 24)C
1 

• 

If we assume that N is large enough so that the value of the C 
and D variables are unaffected by inclusion of the other roots, then 
these C and D values may be used to determine the C and d values. 
With 0 1 = 7/95, equation (41) becomes 

[
9 14l[c~J = [- e] 6 -4J c~ e 

(42) 

where 

e = (;5)(.5t. (43) 

Thus, 

C' -1 - ej12 c' -2 - -ej8 

(;5)(·5)N (:~)(.5t (44) 
C1 = 

(3)N 
C2 = 

(_2)N 

Similarly, d1 can be found by the single boundary equation at the 
negative boundary. 

[2(~)(3)-n + 9(~)( _2)-n] 
d = _ 95 95 ( 5)" 

1 12 . . (45) 

The results worked out above can be roughly represented graphi­
cally as in Fig. 5 where the magnitudes of the roots to the tap-number 
power are illustrated. This figure shows what will be called a "good" 
solution. That is, the decaying solutions predominate with the grow­
ing solutions contributing only a small amount at the positive and 
negative boundaries. The residual errors, that is, the "/k values for k > 
Nand k < -n, will be of the same order of magnitude as those of 
the first truncation method. 

In order to have a good solution as demonstrated above, the proper 
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-------==-~----~------------~~~----~j 
-n o N 

Fig. 5 - Solution behavior for truncated equalizer. 

number of arbitrary constants must be available to satisfy the posi­
tive and negative boundary equations. The number of equations at 
the positive boundary is M, and the number of available constants 
(outside roots) is n; similarly, there are I constants (inside roots) 
available for the m equations at the negative boundary. Thus, the 
necessary conditions for a good solution are 

no. outside roots = n = M = no. of samples following (30}. (46) 
no. inside roots = I = m = no. of samples preceding (30 
We may use the same simple pulse to demonstrate a "bad" solu­

tion. If we go back to equation (24), we see that an infinite (non­
truncated) solution exists for the situation in which we decided to let 
(30 = 3. The number of inside and outside roots remain the same in 
this case, but M and m are both changed. Now M = 1 and m = 2, 
and equations (46) are no longer satisfied. All the boundary condi­
tions can still be satisfied, but not in such a simple manner. That is 
to say, in the preceding example, satisfying equations (46), a sepa­
ration of solutions is possible. The central boundary specifies the 
values of the upper-case constants, then the lower-case constants are 
set to compensate for the truncation effect at the positive and nega­
tive boundaries. Since the necessary compensation is small, and since 
the effect of the lower-case constants dies out towards the central 
boundary, only minor or negligible corrections to the upper-case con­
stants are necessary to keep the central boundary conditions satisfied. 

Now let us consider what takes place when this step-by-step solu-
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tion is attempted when equations (46) are not satisfied. Suppose C1, 
D1 , and D2 are set to satisfy the central boundary according to equa­
tion (24). At the positive boundary, only one of the lower-case c's is 
needed so no difficulty arises and the positive tap solutions will, to this 
point, be little different from that illustrated in Fig. 5. However, at 
the negative boundary, the single available arbitrary constant d1 is 
not enough to satisfy the two boundary equations which occur in this 
case. All the upper and lower case d-constants can be adjusted to 
satisfy the negative boundary conditions, but this will destroy the 
equilibrium of the central boundary solution since any change in the 
upper-case D's does effect the central equations. If one of the upper­
case D's is constrained by the negative boundary, then the remaining 
unused lower-case c can be brought in to provide enough arbitrary 
constants to satisfy the central boundary conditions. The net effect of 
all this will generally be that a growing solution must be made to 
have a nonnegligible contribution at the central boundary. Conse­
quently, it will be large at the positive boundary. This is illustrated 
in Fig. 6. 

When the situation discussed above and represented in Fig. 6 oc­
curs, the residual values of Yk outside the equalization region will be 
large and will generally grow larger as the number of taps is increased. 

As an actual example of a bad solution of the type discussed above, 
consider the pulse illustrated on page 563 of Ref. 5. The polynomial 

-----_-nL-~==----oL-----~---------NL-~j 

Fig. 6 - Typical solution behavior when the conditions of equations (46) are 
not satisfied. 
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which represents this pulse with Po set as the peak value is 

B(z) = 15z8 
- 20z7 + 40l - 60l + OZ4 + 115l 

+ 60z2 + 20z + 10. (47) 

Notice that with this choice for Po, 

M = 5 m = 3. (48) 

The root locations for this polynomial are illustrated in Fig. 7. There 
are four inside roots (I = 4) and four outside roots (0 = 4). Con­
sequently, equations (46) are not satisfied and no good truncated 
solution exists. This is verified by the fact that when Lucky at­
tempted to equalize this particular pulse, the equalizer gave an output 
pulse with large Yk, k > N. This indicates that a solution such as that 
shown in Fig. 6 has been approached. 

Im(z) 

~ 
\ 

\ 

/ 
/ 

Re(z) 

~ , 
UNIT CIRCLE-" 

I 

I 
t 

Fig. 7 - Root locations of pulse page 563 of Ref. 5. B(z) = 15z8 - 20z7 + 40z6 -

60z6 + OZ4 + 115z3 + 60z2 + 20z + 10 (h, (h* = 0.404 L ± 89.8° 02, O2* = 0.652 
L ± 169.9°1/>1,1/>1* = 1.642 L ± 27.7°1/>2,1/>2* = 1.894 L ± 94.4°. 
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If Po were shifted (delayed) one sample so that it would be the 
coefficient of the fourth-degree term of B (z), then equations (46) 
would be satisfied and a good truncated solution would exist. Notice 
however, that in this case Po would be zero which presents a severe 
problem in iteratively searching for this good solution. 

VI. ITERATIVE SEARCH FOR EQUALIZATION 

The discussion has indicated that, except for singular cases where 
one or more roots of B(z) are on the unit circle, equalization solutions 
exist (for the infinite tap case) in which tap weights decrease expo­
nentially in both directions from the center tap. Furthermore, good 
truncated solutions exist which force all 'Yk (-n ~ k ~ N, k ~ 0) 
to zero if f30 is selected to satisfy equations (46), which can always 
be done. The question which now arises is whether a simple iterative 
search routine will lead to a desirable equalization. 

When presented with an impulse response to be equalized using a 
truncated equalizer and the Lucky criterion of forcing output samples 
to zero, a hierarchy of questions must be considered: 

(i) Is the pulse equalizable? That is, are all the roots off the unit 
circle? (If there are roots on or very close to the unit circle, a change 
of timing, that is, varying T in equation (3), will usually move the 
roots off the unit circle.) 

(ii) If the pulse is equalizable, does a good truncated solution exist? 
A shifting of f3 subscripts can always guarantee the existence of a good 
solution by satisfying equations (46), but will sometimes create con­
vergence problems. 

(iii) If the pulse is equalizable and a good truncated solution exists, 
will a simple iterative search find this solution? 

The iterative method of searching for a solution which we consider 
first consists of measuring the value (/'7,;) of the kth output sample, 
then subtracting some part of this from the kth tap weight.* That is 

(49) 

where the superscripts indicate the iteration number and ~ is a posi­
tive number less than one. This iterative process is not identical to 
the method presented in Ref. 5 which increments the tap according 

* This is not the only possible iterative search method, but it is one of the 
simplest. 
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to only the sign of "/k. 

(50) 

However, the two methods are very similar, and convergence of one 
will almost always guarantee convergence of the other. 

In matrix notation, the linear iterative search of equation (49) can 
be written as 

where 

a= 

B= 

o 
o 

o 
J.1. = 1 

o 
o 

o 
f30 f3-1 f3-2 ........... f3-m 0 0 0 0 l 
f31 f30 f3-1 f3-2 ........... f3-m 

f32 f31 f30 f3-1 f3-2 ........... f3-m 

f32 f31 f30 f3-1 f3-2 ........... f3-m 

f30 

f30 

f30 

f30 

(51) 

(52) 

(53) 
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Equation (52) can be modified by using equation (51), 

(I - fl.B)E(r-n 

(I - fl.B),E(O) 

where I is the identity matrix. 
Clearly, the iterative routine will converge if 

lim E(r) = o. 

1793 

(54) 

(55) 

However, it does not quarantee convergence to a good solution as 
illustrated by the pulse of equation (47) and Fig. 7. There, con­
vergence does occur as was illustrated in Ref. 5 and hence, equation 
(55) is satisfied but convergence is to a bad solution. In that case 
no good solution exists to which the routine can converge. 

The necessary and sufficient condition for convergence is that 

lim (I - fl.BY = o. (56) 
r-+oo 

The matrix of equation (56), that is, the matrix I -6.B will converge to 
zero if and only if all its eigenvalues are less than one in magnitude.6 

:This is equivalent to the condition, illustrated in Fig. 8, that the 
eigenvalues of B lie within a circle of radius 1/6. centered at 1/6. on 
the real axis. Assuming that 6. can be made as small as necessary, a 
necessary and sufficient condition for iterative convergence is that all 

U) 

x 
4: 
>-a:: 
4: 
z 
(3 
4: 
;; 

REAL 

0 AXIS 

Fig. 8 - Necessary relation of Ll to location Of eigenvalue in complex plane. 
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eigenvalues of B should have a positive real part. If this condition is 
not satisfied, (1-AB) r will diverge, and even if the initial error vector 
£(0) is very small, the final error vector will grow without bound. 

The italicized condition above, coupled with the root location con­
dition of equation (46), guarantees convergence to a good solution. 
Certain other more restrictive sufficient (but not necessary) condi­
tions can be derived. These conditions may be easier to check for a 
channel impulse response. 

6.1 Necessary and Sufficient Condition for Monotonic Convergence. 

The convergence of the iterative process will be called monotonic 
if for any starting error vector .£(0), the following inequalities hold (a 
superscript t indicates the transpose of a matrix). 

II e(O) II > II e(l) II > II e(2) II > ... > II e(r) II> II e(r+l) II > 

Since 

it follows that 

(r)' (r) II e(r) II = e e 

(r+l) 
e 

N 

i .... -n 

II e(r+l) II = e(r+l)'e(r+l) = e(r)'(I - tl.B)t(I - tl.B)/r) 

= e(r)'e(r) + tl. 2 [Be(r)]t[Be(r)] _ tl.e(r)'[B t + B]e(r) 

(57) 

(58) 

(59) 

= II e(r) " + tl. 
2 "Be(r) " - tl.e(r)' [B' + B]e(r) . (60) 

Thus, equation (57) will be satisfied for all possible initial error vec­
tors if an only if 

e'[B' + B]e > tl. II Be II = tl.(Be) I (Be). (61) 

Since the right side of the inequality is always positive, the inequality 
can be satisfied for all possible nonzero £ only if [Bt + B] is positive­
definite. If this is true and 

(62) 

then equation (61) will be satisfied for all .£ and the iterative process 
will be monotonically convergent. 
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If [Bt + B] is not positive-definite, convergence can still occur. 
However, stating the conditions for convergence becomes more dif­
ficult. For example, if r Bt+ B] is not positive-definite then for some 
vector, say €(r-I), 

(63) 

and 

II E(r-l) II < II E(r) II . (64) 

But if for € =E(r-l) 

(BE/rB t + B](BE) > d~ 1L'l~ II B2E II + 2L'l2 II BE II 

+ L'l2 II [Bt + B]E \I - 2L'lEt[Bt + B]E} (65) 
then 

\I E(r-I) \I > \I E(r+1 II . (66) 

Very roughly speaking, equations such as (65) which can be developed 
indicate that [Bt+B] should yield a predominantly positive quadratic 
form in order to have convergence. What we mean by this can best 
be illustrated graphically, as in Fig. 9. 

6.2 Further Sufficient Conditions for Monotonic Convergence 

The positive-definiteness of [Bt+ B] is a necessary and sufficient 
condition for monotonic convergence. Being somewhat more restric­
tive will yield other sufficient (but not necessary) conditions. We 
notice that [Bt + B] is a Toeplitz matrix, that is, 

-- - NEGATIVE REGION 

VARIATION IN DIRECTION OF VECTOR £ WITH 
ITS MAGNITUDE 11£11 HELD CONSTANT 

Fig. 9 - Illustrating a predominately positive quadratic form. 
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Thus, it has some of the necessary attributes of a correlation matrix. 
A correlation matrix is positive-definite, so if we can show that 
[Bt+B] is a correlation matrix, then this is sufficient for positive­
definiteness. If [Bt + B] is a correlation matrix then the polynomial 
B(z) + Bt(z) =P(z),where 

B(z) = f3u zM +
m + ... + f3-m 

(68) 

must have no odd order roots on the unit circle. Root locus methods 
may be applied here, that is, the loci of 

B(z) 
Jjt(z) = -k (60) 

must not cross the unit circle. Notice that this is a necessary condi­
tion that [Bt + B] be a correlation matrix and it is sufficient but not 
necessary for [Bt + B] being positive-definite. 

A more restrictive condition leads to another sufficiency condition. 
If (Lucky condition, Ref. 5) 

f30 > L I f3k I, that is, Do < 1 (70) 
kr<O 

then it is easy to see that Bt(z) + B(z) has no roots on the unit 
circle and thus [Bt + B] is a correlation matrix and positive-definite. 
Notice that equation (70) is not a necessary condition for [Bt + B] 
being a correlation matrix. 

The various conditions discussed above are summarized in Fig. 10. 

I 
I 

/' - SPACE OF ALL B MATRICES 
/ 

/-(30 SATISFIES ROOT-LOCATION CRITERION, Eq.(46) 

/ 

"­
"-

- CONVERGENT REGION 
WHERE Re (A) > 0 

- MONOTONIC CONVERGENCE 
WHERE (st+s) IS 
POSITIVE - DEFINITE 

Cst+S) IS CORRELATION 
MATRIX 

'-- -INITIAL ASSOLUTE DISTORTION Do <1 

Fig. 10 - Illustrating the different convergence regions. 
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VII. MODIFIED ITERATION PROCESSES 

In the sample iteration process which has been discussed to this 
point, the change in tap weight (Xj depends only on the output sam­
ple value Yj. Let us generalize so that the change depends on a linear 
combination of output samples. 

Bex (r) (r) 

l =')' 

(r) (r) 
- JL = Bex (r) E; =')' -T (r+l) (r) - Ll VE;(r) ex =ex 

(71) 

That is to say, the (1' + 1) st value of tap j is 

(72) 

Nlanipulation of equations (71) leads to a result similar to equation 
(54) 

(r) 
e [1 - LlBVr /0) . (73) 

Consequently, all the sufficient and necessary conditions which have 
been developed on the previous pages can now be applied to the 
matrix BV. Now, however, we have considerably more latitude since 
we are free to specify V. 

As an example, let us suppose that V is chosen to equal Bt. Then 

BV = BBt = positive-definite (74) 

and monotonic convergence is guaranteed. This is a particularly ap­
pealing way of selecting V since the sample weighting can be deter­
mined directly from the initial channel impulse response. 

Vjk = Vj-k = {3k-i • (75) 

It is very interesting that the weighting suggested above is very 
nearly equivalent to inserting a tapped-delay-line matched filter 
ahead of the equalizer. A matched filter, whose tap weights are equal 
to thef3 values in reverse order, will yield an output whose samples 
will form a B matrix which is a correlation matrix. Thus, the itera­
tive search will be monotonically convergent in this case also. The 
weighting suggested above yields the same matrix except for "edge 
effects." 

This can be illustrated by the following example. Suppose there 
are just three f3 values: f3-1 =1, {3o = 2, f31 = -2. Then, with V set 
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equal to Bt, and assuming a six-tap equalizer so that B is a 6 X 6 
matrix, we obtain 

-2 -2 0 

9 -2 -2 

-2 9-2 

-2 -2 9 

o -2 -2 

o 0-2 

o 
o 

-2 

-2 

9 

-2 

(7G) 

On the other hand, the modified B matrix following a matched 
filter would be 

-2 

9 

-2 

-2 

o 

o 

-2 

-2 

9 

-2 

-2 

o 

o 
-2 

-2 

9 

-2 

-2 

o 
o 

-2 

-2 

9 

-2 

~1 
-2] 
-2 

9 

(77) 

Setting V = Bt will guarantee monotonic convergence. However, 
since in most cases B is such that [Bt + B] is close to being positive­
definite, it is probable that a less extensive V would be sufficient to 
guarantee monotonic convergence. As an example, suppose that V 
is chosen to be a small deviation on the standard iteration of equa­
tion (58) 

v = I + oBt, o > O. (78) 

Now, 

BV = B + oBBt (79) 

will have a quadratic form which is greater for every vector € than 
the quadratic form for the matrix B alone. Thus, if the negative re­
gion such as is illustrated in Fig. 8 is small, then BV can become posi­
tive-definite for relatively small o. 

Perhaps a more reasonable way of selecting a V which approximates 
Bt is to modify equation (75) in the following manner. 
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{~;-' if I (3k-i I ~L (80) Vjk = Vj-k = 0 
if I (3k-i I <L 

Thus, only the more significant values of (3 are used in weighting the 
errors. In general such a V will force B towards positive-definiteness. 
However, there seems to be no general rule for selecting the critical 
value of L, that is the maximum L which will just permit positive­
definiteness. 

VIII. CONCLUDING REMARKS 

Virtually all input pulses are equalizable in the sense that there 
exist tap-weight adjustments which will force the output samples in 
the adjustment interval to zero while the output samples out of the 
adjustment interval remain small. Furthermore, the residual samples 
outside of the adjustment interval will become smaller as the number 
of taps (length of transversal filter) is increased. 

There are just two necessary conditions in order for the preceding 
statement to hold. The first is that the polynomial representing the 
input pulse have no roots on the unit circle. Although the singular 
case where roots are exactly on the unit circle is highly improbable, 
roots very near the unit circle lead to relatively larger residual er­
rors and greater potential for instability. 

The second necessary condition is that the selection of the central 
sample value must be such that equation (46) is satisfied. 

Although a pulse may be equalizable, the simple first-order itera­
tive search for the proper tap weights given by equations (51) and 
(52) may not be convergent. If it is convergent, and assuming the 
two conditions above are satisfied, it will converge to the proper tap­
weight settings. If it is not convergent, it will be divergent with in­
creasing errors in the adjustment interval. The convergence or diver­
gence is independent of the initial tap settings. Thus, even though 
the tap weights might be set to optimum initially, if the system is in 
the iterative search mode and is divergent, it will eventually diverge. 

The necessary and sufficient condition for convergence is given in 
Section VI along with a hierarchy of more stringent sufficient condi­
tions. In general, convergence will be dependent upon the absolute 
timing of the sampling. Consequently, a particular pulse which is 
equalizable for two different timings might be convergent for one 
timing and divergent for the other. 

If the first-order iterative procedure is divergent, a more complex 
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weighting of the output errors in adjusting the tap weights can im­
prove the situation. At least one weighting given by equation (75) 
will guarantee convergence. 
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On SolutiollS for Two Waves with 
Periodic Couplillg 

By s. E. MILLER 
(Manuscript received January 25, 1968) 

An exact solution for the coupling effects between two waves with a 
particular complex periodic coupling function is presented; the particular 
coupling function gives the same wave interactions as constant coupling but 
at a translated value of differential phase constant. A transformation is 
given which permits known theory for constant coupling to be applied to the 
periodic coupling case. 

Approximate solutions are given for periodically reversed coupling 
(sinusoidal or square wave) between two waves, and calculations are pre­
sented which indicate the solutions are valid for arbitrarily long coupling 
regions or arbitrarily large integrated coupling strengths. The region of 
validity for earlier perturbation theory is defined and proved to include the 
cases of interest for multimode circular electric waveguides. 

I. INTRODUCTION 

This paper describes some solutions for two waves with periodic 
coupling. Coupled waves have been important in a wide variety of 
communication devices: transmission lines, directional couplers, am­
plifiers, and in describing mode interchange phenomena generally.l 
lVlultimode transmission lines have been advantageously described 
through coupled wave equations, and a particular situation of im­
portance exists in the circular electric waveguide. 

As first shown by H. E. Rowe and W. D. Warters/ periodic 
straightness variations cause periodically reversed coupling from the 
circular electric wave to several other waves, and this interaction 
results in the most difficult tolerances on the fabrication and instal­
lation of the waveguide itself. Publications by H. E. Rowe and 
W. D. Warters have provided a comprehensive understanding of the 
fundamentals involved and have given explicit expressions based on 
perturbation theory for calculating the loss versus frequency varia-

1801 
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tion resulting from such periodic mode conversion.3 A subsequent 
publication by D. T. Young4 has indicated how the approximate 
solution Df Rowe and Warters may be transformed mathematically 
to show explicitly the way differential attenuation smooths out the 
mode-coupling effects on the loss versus frequency characteristic. 
Young's solution depends upon a valid perturbation solution. A 
discussio~ of the accuracy of the perturbation solution is given by 
H. E. Rowe;5 when the differential attenuation is toO' small the per­
turbation solution breaks down and it is of interest to' know exactly 
where and quantitatively how this occurs. 

We show in this paper that a certain periodic coupling function 
has exactly the same effect on waves of unequal phase constant as 
uniform coupling between waves of identical phase constant. A trans­
formation is given to allow the use of earlier theory for periodically 
coupled waves. 

Also presented here is an approximate solution for the periodic 
coupling distribution sketched in Fig. 2 valid for any value of dif­
ferential attenuation. It is true that known solutions for uniform 
coupling, as in Fig. 1, can be applied to Fig. 2 by simplying solving 
for the output values at x = Am/2 and using these as the input bound­
ary conditions for the transmission region starting at x = Am/2. The 
resulting exact expression representing conditions at X= Am can be 
expressed as a matrix and raised to the nth power to represent the 
solution at x = n'Am . We seek here a simpler form of expression in 
which the functional interrelations can be visualized without exten­
sive numerical calculations. 

II. EXACT SOLUTION FOR TWO PERIODICALLY COUPLED WAVES 

We start with the following equations for twO' coupled waves: 

d 
dz E1(z) = -"IIE I + cz1(z)Ez (1) 

d 
dz Ez(z) = CI2 (Z)E1 - "IzEz (2) 

.. z 

Fig. 1- Constant coupling. 
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c (z) 

+cr----

r-------------------------------------z 
-c 

Fig. 2 - Square-wave coupling. 

in which "/1 and "/2 are the complex propagation constants and C12 

and ~1 are coupling functions. Appendix A shows that the coupling 
functions 

(3) 

and 

C12 = jcp exp (- jkcz) = jcp[cos kcz - j sin kcz] (4) 

give the same solutions previously found 6 for kc 0 provided that 

kc = ({32 - (31) = f)..{3 

where cp is a constant and 

(5) 

(6) 

When (5) holds, complete transfer of power between waves can 
occur. When (5) does not hold, the resulting wave interactions can 
be calculated using previously developed theory for kc = 0 and 
substituting 6.B for 6.{3 in the kc = 0 solutions, where 

(7) 

III. PHYSICAL REALIZATION OF IDEAL PERIODICALLY COUPLED WAVES 

We describe here a physical realization of waves coupled according 
to equations (3) and (4), and cite an advantage in mode selective direc­
tional couplers. 

Figure 3 shows a mode-selective coupler between T E 1~ of rectangular 
guide and T E~l of round guide. The thin dielectric lining is used to break 
the TE~l - TM~l degeneracy. The longitudinal magnetic intensity h~ 
of the TE~l wave is coupled to the longitudinal magnetic intensity h~ 
of TEl~ in the off-axis longitudinal slots and is also coupled to the trans­
verse magnetic intensity h~ of TEl~ in the 45° slots on-axis. In each case 
the magnitude of the coupling is set by the length and width of the slot. 
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k-------- Am ---------~ \V' 

2 COUPLING 
SECTION A-A SLOTS 

Fig. 3 - TE"lO-TE °01 coupler using unequal phase constants in the rectangular and 
round waveguides. 

The phase reversal of the longitudinal h~ coupling is accomplished 
by reversing the slot position relative to the centerline, and the phase 
reversal of the transverse h ~ coupling is accomplished by reversing the 
slant angle of the slot. One set of slots represents the sine term. It is 
not necessary that any particular fraction of Am be used in a coupler, 
since the coupling is always in the same phase relative to the desired 
waves in the two guides. To accomplish the desired mode selectivity 
the 11(3 between the TEl~ and TE~l waves is made equal to lee = 27r/Am 

as in equation (5). 
An advantage of a coupler of this form, compared with one in which 

constant coupling is used with 11(3 = 0, is that the waveguides can have 
the standard dimensions set by other considerations. 

Other illustrations of useful coupling between waves of unequal phase 
constants will be given in another paper which the author is preparing. 

IV. SQUARE-WAVE OR SINUSOIDAL COUPLING 

We present here the results of Appendices Band C which discuss 
approximate solutions for the cases in which the coupling is a square 
wave as in Fig. 2, or the corresponding sinusoidal 

(8) 

Both solutions are expressed in the form and notation of a previous 
publication6 giving the solution when the coupling is constant, and 
the boundary conditions EdO) = 1.0 and E 2 (0) 0 are impressed: 

(9) 

(10) 
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in which 

(11) 

(12) 

(13)* 

( ila)2 _ i2(il(3*) (ila) 
2c* 2c* 2c* 

(14) 

ill' * = ila + iil(3. 

The wave interactions are described by the above equations provided 
the following values of c* and il(3* given in Table I are used. 

TABLE I - VALUES OF C* AND il(3* 

Coupling function c. A{3. (see Fig. 2) 

Constant = c c t:.~ = (~l - ~2) 

Square-wave of 2 t:.~ _ 27r ~ 1 _ (CAm y magnitude c and - c 
period Am 7r Am 7r 

. (27rZ) C t:.~ _ 27r csm Xm 2 Am 

These solutions, equations (9) and (10), have been obtained in Appen­
dix B by relating the rate of transfer of power (that is, transfer over a 
short length interval) for the periodically reversed coupling to that for 
constant coupling, and noting the effective value of coupling c* and 
effective differential phase constant il(3*. The solutions are correct 
for z equal to an integral multiple of Am/2, and may be in error by less 
than approximately O.2CAm/7r at intermediate values of z. 

There probably should be a correction factor in il(3* for sinusoidal 

* rl corresponds to the + sign and r2 corresponds to the - sign. 
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coupling similar to the radical shown in Table I for the square wave 
coupling; the work done thus far has not defined what it should be, but 
for small CAm the radical is negligible for most purposes. 

The values of Do{3* in Table I bear marked resemblance to equa­
tion (7); however, because the simple sinusoid or square wave cou­
pling phase is two-valued (versus z) instead of continually progressing 
(equations 3 and 4) to provide coupling continuously in step with 
the phase changes of waves 1 and 2, there are local maxima-lCo in 
coupling effects at other values of Do{3 for sinusoidal or square wave 
coupling. Appendix B shows that the wave interaction effects are 
properly described for square wave coupling in the regions near 

(15) 
p = 1,3,5, 

by the transformations 

!1{3. ~ !1{3 - P ~: ~1 - (c;j' (16) 

2c 
(17) 

Because c* drops off rapidly with increasing p the corresponding wave 
interaction effects drop off also. 

4.1 Numerical Comparison of Approximate and Exact Solutions 

A few calculations have been made to find quantitatively the 
error resulting from the approximations made in equations (9) and 
(10) for coupling as in Fig. 2. An "exact" solution is obtained by 
using exact uniform coupling theory on each interval of 0.5 Am, the 
output of one interval being taken as the input to the next interval. 

We take first the simplest case, 

~a = o. 
Then equation (9) becomes 

E, 1.«-0 ~ cxp [i (fl, ~ (3,). ] 

. {cos [ "'- ;cz ] - i]~;) sll[[ "'- ;cz J} (18) 

* Rowe and Warters noted this in their work recorded in Ref. 3. 
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[ 
. ({31 + (32)Z]{ ic . [_;- 2 ]} -exp 2--2-- V-sm V ;CZ (19) 

in which 

~(~{3*)2 + 1 
4c/7r 

(20) 

and ~{3* is as given in Table I for square wave coupling. We notice in 
passing that for ~{3* = 0 

(21) 

(22) 

and the power exchanges completely back and forth between the 
two waves as a function of Z; this is of course identical to the be­
havior in uniformly coupled waves, but with a modified period given 
by the 2/7r factor. 

We take for the first numerical comparison the condition 

so that at ~{3* = 0, El 
numbers used are 

CAm 
-2-

E2 (z) 

------If 
/ I 

/ 
/ 

2 7r -cz =-
7r 2 

o and I E2 I 

CZ 
/ 

/ 

2CZ 
'if 

/ 1 

/ 1/ 
----1--

/ 
/ 

,:: 

1.0. The additional specific 

~ ______ ~ ________ -L ________________ ~Z 

Fig. 4 - Undriven-wave amplitude versus distance for lowest order square­
wave coupling. 
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Am = 2 feet 

z = 1000 feet 

c = 2.46740 X 10-3 ft- 1
• 

Fig. 6 shows a plot of the loss 20 log I El I (labelled I ~a/c I = 0) versus 
.6.{3*Am/2 and Table II shows the comparison of the exact versus approxi­
mate calculations, the latter obtained from equation (9) and associated 
expressions. It may be kept in mind that ~{3 and ~{3* are inversely pro­
portional to frequency in many cases of interest, so that Fig. 6 is a loss 
versus frequency plot associated with a particular periodic coupling 
component. The radical in the expression for ~{3* was ignored in the 
comparison of Table II and this might account for the consistent positive 
difference (approximate-exact) for ~{3Am/2 greater than 7r. Aside from 
the pole at ~{3Am/2 = 7r, the two calculations agree to better than 1 
percent in dB even when the loss is a few tenths of a dB. 

Figs. 6 and 7 and Tables III, IV, and V show similar comparisons 
for ~a = - I c I, ~a = -5 I c I, and ~a = -50 I c I. Excellent agree­
ment is obtained in all cases. 

Table VI shows a comparison of the phase angle on El , computed by 
the two approaches. For the points shown and for the other points 
(not shown) corresponding to the amplitude values of Tables II and V 
the agreement is excellent. Fig. 8 shows a plot of the phase, where odd 
symmetry about ~{3* = 0 is understood. 

A check has also been made on the accuracy of equation (9) in the 
region near ~{3Am = 67r, corresponding to p = 3 in equations (15) through 
(17). The same parameters were used as in the calculations for Figs. 
6 and 7. The results are plotted in Figs. 9 and 10 which represent both 
the approximate calculation from equation (9) and the exact calcula­
tion. The differences are on the same order as given in Table II, and 
are too small to show in the figures. Figures 9 and 10 may be compared 
directly with Figs. 6 and 7 to see the "third harmonic" loss (labelled 
E~ in Figs. 9 and 10) in relation to the "fundamental" loss, Figs. 6 
and 7. 

4.2 Interpretation and Further Simplification 

Consider first the shape of the loss versus ~{3* (equivalent to loss 
versus frequency) curves. In the limit 

(23) 



CAm 
-6-

CZ 
------{ 

.t 

/ 
/ 

/1 
/ 1 

/1 
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~----~L-----~~----~----------------------~~z 
Am 

Fig. 5 - Undriven-wave amplitude versus distance for "third harmonic" in 
square-wave coupling. 

TABLE II - EXACT AND ApPROXIMATE CALCULATIONS 

OF El FOR I jj.a/c I = 0 

~~(~) 
20 log I El I Approximate 

Approximate Exact -exact 

11" - 0.0157079 - 0.1662db - 0.1680db + 0.0018db 
11" - 0.01413716 - 0.1389 - 0.1403 + 0.0014 
11" - 0.01256637 - 0.0094 - 0.0096 + 0.0002 
7r - 0.01099557 - 0.0951 - 0.0960 + 0.0009 
11" - 0.009424777 - 0.4270 - 0.4300 + 0.0030 
11" - 0.0078539816 - 0.4973 - 0.4999 + 0.0026 

11" - 0.006283185 - 0.1156 - 0.1161 + 0.0005 
11" - 0.0047123889 - 0.1260 - 0.1267 + 0.0007 
11" - 0.00314159264 - 1.6530 - 1.6582 + 0.0052 
11" - 0.0015707963 - 6.4362 - 6.4540 + 0.0178 

11" - 122.73 - 58.54 
11" + 0.0015707963 - 6.4362 - 6.4184 - 0.0178 
11" + 0.00314159264 - 1.6530 - 1.6481 - 0.0049 
11" + 0.0047123889 - 0.1260 - 0.1255 - 0.0005 
11" + 0.006283185 - 0.1156 - 0.1154 - 0.0002 
11" + 0.0078539816 - 0.4973 - 0.4949 - 0.0024 

11" + O. 00942477 - 0.4270 - 0.4243 - 0.0027 
11" + 0.01099557 - 0.0951 - 0.0944 - 0.0007 
11" + 0.01256637 - 0.0094 - 0.00964 + 0.0002 
11" + 0.01413716 - 0.1389 - 0.1378 - 0.0011 
11" + 0.0157079 - 0.1662 - 0.1646 - 0.0016 
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Fig. 6 - Driven-wave loss versus tl.f3. near tl.{JAm 
I tl.a/c I = 0,1,5. 

21T (fundamental) for 

earlier perturbation theory4 has shown that the fractional frequency 
interval between half-height points on the loss curve is 

~f ~ ~:;I ~ 21 ~; I (24) 

or 

(25) 

Table VII shows a comparison between that limiting value and the 
true value for the numerical cases above, including I D.a/C I from one 
to 50. Even at I D.a/C I = 1 there is only- a 30 per centerror.-
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Consider the limiting case ~a = o. Then 

(26) 

and nulls in the loss curve occur when equation (19) representing 
E 2 is zero. This gives 

4c I( 2 )2 
D.{3* Ilossnull = -; '\j ;cz - 1. (27) 

When we also have the perturbation condition, cz « 1, equation (27) 
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Fig. 7 - Driven-wave loss versus A{3* near A{3Am = 27!' (fundamental) for 
I Aalc 1= 1,5,50. 
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becomes 

(28) 

which agrees with previously known perturbation theory.3 For this 

TABLE III-ExACT AND ApPROXIMATE CALCULATIONS 

OFEIFORI~(X/cl =1 

A~(~) 
20 log I EI I Approximate 

Approximate Exact -exact 

7r - 0.0157079 - 0.2898 - 0.2910db + 0.0012db 
7r - 0.01413716 - 0.3438 - 0.3450 + 0.0012 
7r - 0.01256637 - 0.4152 - 0.4164 + 0.0012 
7r - 0.01099557 - 0.5452 - 0.5440 + 0.0012 
7r - 0.009424777 - 0.7300 - 0.7319 + 0.0019 

7r - 0.0078539816 - 0.9601 - 0.9620 + 0.0019 
7r - 0.006283185 - 1.3106 - 1.3126 + 0.0020 
7r - 0.0047123889 - 2.0216 - 2.0243 + 0.0027 
7r - 0.00314159264 - 3.3781 - 3.3823 + 0.0042 
7r - 0.0015707963 - 5.3475 - 5.3523 + 0.0048 

7r - 6.5701 - 6.5705 + 0.0004 
7r + 0.0015707963 - 5.3475 - 5.3434 + 0.0041 
7r + 0.00314159264 - 3.3781 - 3.3746 - 0.0035 
7r + 0.0047123889 - 2.0216 - 2.0194 - 0.0022 
7r + 0.006283185 - 1.3106 - 1.3092 - 0.0014 
7r + 0.0078539816 - 0.9601 - 0.9588 - 0.0013 

7r + O. 00942477 - 0.7300 - 0.7289 - 0.0011 
7r + 0.01099557 - 0.5425 - 0.5416 - 0.0009 
7r + 0.01256637 - 0.4152 - 0.4146 - 0.0006 
7r + 0.01413716 - 0.3438 - 0.3430 - 0.0008 
7r + 0.0157079 - 0.2898 - 0.2892 - 0.0006 

TABLE IV - EXACT AND ApPROXIMATE CALCULATIONS 

OFEIFORI~(X/cl =5 

A~(~) 
20 IOglO I EI I Approximate 

Approximate Exact -exact 

7r - 0.0314159262 - 0.2446db - 0.2452db + 0.0006db 
7r - 0.01884955 - 0.5337 - 0.5344 + 0.0007 

7r - 1.6195 - 1.6197 + 0.0002 

7r + 0.01884955 - 0.5337 - 0.5344 + 0.0007 
7r + 0.0314159 - 0.2446 - 0.2445 + 0.0001 
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TABLE V - EXACT AND ApPROXIMATE CALCULATIONS 

OF El FOR Il1a/c I = 50 

A~(~) 20 logJO I EJ I Approximate 
Approximate Exact -exact 

7r - 0.314159 - 0.0234db - 0.0238db + 0.0004db 
7r - O. 1884955 - 0.0523 - 0.0525 - 0.0002 
7r - 0.1724 - 0.1727 + 0.0003 
7r + O. 1884955 - 0.0523 - 0.0525 + 0.0002 
7r + 0.219911 - 0.0418 - 0.0421 + 0.0003 

case, from (26) 

JSin [ ~(~)' + 1 ;cz Jr 
1 - "1 1(11f3*)' + 1 J 

\j 47T"/c 

1813 

(29) 

and the loss has the form (just as in the case of sinusoidal coupling3) 

which in our terminology has half-peak loss (with 11f3* the variable) at 

I 
1.87T" 

11f3*! /la=O = -z-· (30) 

For the numerical case of this paper, z = 1000 feet and 

TABLE VI-PHASE ANGLE OF El FOR Il1a/c I = 0 

A~(~) 
Angle for El Approximate 

Approximate Exact -exact 

7r + 0.0015707963 - 67.753° - 67.726° - 0.027° 
7r + 0.00314159264 - 47.111 - 47.096 - 0.015° 
7r + 0.00471238891 - 30.086 - 30.092 + 0.006° 

7r + 0.0157079 - 9.085 - 9.104 + 0.019° 
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Fig. 8 - Phase of driven wave versus b.p.Xm/2 near b.pXm = 27r for I b.a/c I = 
0,1,5. 

In Table VII, the calculated value 0.0064 at I !la/ c I = 1 is reasonable, 
since D. T. Young's4 work based on the perturbation theory indicates 
that the true loss peak is the convolution of the shape for I !la/ c I » 1 
with the shape for I !la/ c I = O. 

Consider now the peak loss at !l{3* = O. When I !laic I » 1, and 
eAaz « 1, it can be shown that equation (9) simplifies to 

E 1
- r3Z 

1 - e (31) 

eAa:r « 1 
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where 

r3 = - ~ c I..E.-I· 
7r Aa 

(32) 

In Table VIII we compare the loss computed from (32) with the 
actual loss, and see that even for I Aa/c I = 1 the error is only ~30 
percent. A consideration of the terms of equation (9) indicates that these 
errors would be approximately constant with increasing z. 

A further simplification of the calculation of loss components now 
seems justified. For I Aa/ c I ~ 1 it would appear that (31) and (32) can 
be used to calculate the peak loss due to a single square-wave coupling 

2 

0.8 
~ 

I-
0.6 

I \ 
I \ 

I-

0.4 

~ 

0.2 

1 I dal I l'r---- c = 1 

UJ 
-.J 
w 0.1 
II) l-
Ll 0.08 
w ~ 

/ II \ " 
0 0.06 
~ I-

.;;-=-0.04 
w 

-0 
0 
~ 0.02 
C\J 

0.01 
\ I 

0.008 
l-

I-
0.006 

I-

0.004 

I-

0.002 

0·°.96.':-04----::0-':.0-:-3---0=-'.0::-::2,------'---:-0.-':-01:-'--~0---L..-::O:-':.0:-:-,..L---:-0.'=""02=---=0""'=.0-=-3--0=-',0·4 

d{3 * (~m) IN RADIANS 
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component. And the shape versus A{3* can be calculated from the work 
of D. T. Young, leading to an over-all attenuation defined by 

(33) 

where 

-~c 1 ~a 11+ (~)' (34) 

in which we require z and Aa/c such that et:.az « 1, I Aa/c I ~ 1. 

TABLE VII-LIMITING AND TRUE VALUES 

(1) (2) (3) 
Ratio of 

I ~ca I Col. (3) 
Limiting value of ~{:J.1/2 Calculated ~{:J.1/2 --

from equation (25) from Figs. 6 and 7 Col. (2) 

1 0.00493 0.0064 1.3 
5 0.0246 0.0265 1.077 

50 0.246 0.250 1.016 
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TABLE VIII - Loss COMPARISON 

tlfJ. = 0 

I :al Loss (dB) from Actual loss (dB) 
equation (32) equation (9) 

1 - 8.68 - 6.57 
5 - 1.74 - 1.62 

50 - 0.1737 - 0.1727 
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APPENDIX A 

Coupling Functions 

We use the following equations to represent two coupled waves of 
amplitude El and E2 : 

d 
dz E 2 (z) = C12(Z)E 1 - 'Y2E 2 

where Yn = an + jf3n = complex propagation constant. Let 

Energy conservation leads to: 

Also let 

Then (35) and (36) become: 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 
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We now see that the solution for kc = 0 holds for kc nonzero provided 
that we make the change 

jj,B = {31 - {32 + kc 

and put AB in place of Af3 ,= f31 - f32 in the solution for kc = o. 
Complete transfer of power between waves can occur when AB = 

o or 

(43) 

APPENDIX B 

Square-Wave Coupling 

We start with equations (1) through (4) representing uniformly 
coupled waves with kc = 0 (see Fig. 1). Equations (9) through (14) with 
c* = c and L).{3* = L).{3 give the amplitude of the output waves at z for 
the conditions El = 1.0 and E2 = 0 at z = o. We apply these equations 
to the coupling distribution of Fig. 2 and find that the output amplitude 
for the undriven wave at z = Am/2 is: 

In the above, the simplification Aa = 0 has been assumed. 
Using the output waves at z = Am/2 as input conditions to the 

following coupling region (Fig. 2), the amplitude of the un driven 
wave at z = Am is found to be: 

E, 1,-,_ ~ (-1) [(~:)' + 1 ] 

. 2 [CAm I (jj,Q)2] [. ({31 + (32) ] ·sm 2 ~1 + f- exp -J --2-- Am . (45) 

The ratio of the undriven wave amplitude at z = Am to the undriven 
wave amplitude at z = Am/2 is [from (44) and (45)] 
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2 (!l(3) 
E21>.m = j 2c 
E, 1,-" ~ 1 + ~n:)' 

·sin [C~m ~1 + (~:)'] exp [ -j ({3, ~ {3,) Am J (46) 

By imposing the condition 

CAm 'I + (!l(3)2 = ~ 
2 ~ 2c 2 

(47) 

we notice that the magnitude of (46) approaches two for !l(3)> 2c, that 
is, for very small coupling. Fig. 4 sketches the un driven wave amplitude 
as a function of z during the first two coupling intervals. We will now 
express the approximate or average coupling between the waves by 
using the linear approximation E 2 (z) = 2cz/-lr. We notice that uniform 
coupling without phase reversal would have resulted in the relation 
E 2 (z) = cz. We therefore arrive at the transformation 

c (constant coupling) becomes 

2c/7T' (for periodically reversed coupling). 

(48) 

The associated transformation of the condition for maxmium energy 
transfer, from (47), is 

_ 27T' I (CAm) 2 

!l(3 Imaximum conversion - Am ~ 1 - -;- . (49) 

We might notice here that the departure of the actual amplitude in 
Fig. 4 from the straight-line approximation, shown by E in Fig. 4, has a 
maximum value which can be shown to be 0.21 (cAm )/7T'. Thus the devia­
tion between our straight-line approximation and the actual amplitude 
becomes smaller for diminished values of coupling per unit Am • 

We now specify c* and !l(3* in equations (9) through (14) to represent 
the waves with periodically reversed coupling using the average coupling 
approach. Since the in-phase build-up of power in the undriven wave is 
a maximum for !l(3 specified by equation (49), we define a new dif­
ferential phase parameter to give a departure from this condition: 

27T' I (CA )2 
!l(3 * = !l(3 - Am ~ 1 - 7T' m • (50) 
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By comparison with equation (7), which represents an exact solution 
for complex coupling, this definition of A{3* seems reasonable. Numerical 
checks reported in the text verify this presumption. The value of c* is 
given by (48). 

It has already been noted, near equation (46) that two successive 
Am/2 coupling intervals give twice the undriven line amplitude com­
pared with the first Am/2 interval, which is just what occurs for small 
constant coupling (no reversal) and A{3 = O. We also find that A{3* and 
c* correctly give the wave amplitudes for periodically reversed coupling 
at z equal to integral multiples of Am/2, even when A{3 is not large com­
pared with 2c. For example, letting E2 at z = Am/2 be 0.707 requires 
(A{3/2c) = 1 (see equation 44); we maintain equation (47) and (48) as 
before. Then, from (45), I E2 I becomes unity at z = Am which is also 
predicted by A{3* and c* in (9) through (14) and which is analogous to 
the behavior of two conventional 3 dB directional couplers in cascade. 

The above discussion represents the changes in wave propagation 
introduced by coupling for A{3 in the vicinity of the value given by 
equation (49). 

The perturbation solution3 for sinusoidal periodic coupling is known 
to yield coupling absorption peaks when 

A{3A m = 2np 
(51) 

P = 1,3,5 .... 

Similarly, there are other regions of strong interaction for the square­
wave coupling of Fig. 2. For example, consider Fig. 5, which represents 
the situation when 

kCAm 371" 
-2- = 2' (52) 

There is another region of 6.f3 defined by 

271" I 
A{3 Imaximumconversion = 3'

Am 
,\/1 - (53) 

where there is a local maximum of conversion. As diagramed in Fig. 5, 
the average conversion coefficient is 2c/371". Thus the appropriate values 
of A{3* and c* for equations (9) through (14) are 

2c c =-
* 371" (54) 



SOLVING COUPLING EFFECTS 

}\i[ore generally there are absorption peaks at 

~(3* = ~(3 - P 271" 'I _ (CAm)2 
Am \j p7l" 

where p = 1, 3, 5, ... 

APPENDIX C 

Sine W ave Coupling 

2c 
p7l" 
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(55) 

(56) 

We start with equations (1) and (2) with the coupling defined 

. . (271"Z) 
C21 = C12 = JC SIn ~ . (57) 

Using perturbation theory3, and letting ~a = 0, 

E ' 1z
• (271"8) -jt.{38 d 

2 = C SIn - e 8 
o Am 

(58) 

which yields 

E, = w:r"- ~il'J {~: - e-;;'{~: cos (~:z) + j~ilsin (~:z)J}. 
(59) 

Evaluating at ~(3 = 27r/Am and Z = nAm/2 yields 

E I .C nAm 
{2 t.{3=2 7r lAm = - J 2 2 (60) 

with n = 1, 2, 3 .... 
It can be verified that ~(3 = 27T:/Am yields the maximum value of 
E2 at Z = nAm/2. 

Thus the equivalent uniform coupling value for sinusoidal coupling is 

(61) 

which appears in Table 1. 
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