



































































































































































































































































































































The Effects of Strain on Electromagnetic
Modes of Anisotropic Dielectric
Waveguides at p-n Junctions

By JAMES McKENNA and J. A. MORRISON

(Manuscript received May 22, 1968)

A first order perturbation expansion is carried out in order to analyze the
effect of small spatially uniform strains on the lowest order (even) TE and
TM modes in an anisotropic dieleciric waveguide. This generalizes the
results of an earlier paper in which the effects of certain special cases of
uniform strain were calculated. Unlike in these special cases, the perturbed
modes are, in general, neither purely TE or TM, and one effect of two of the
offdiagonal components of the strain is to tilt the plane of polarization and
change the relative phase of the two polarizations. To first order, the modes
are not exponentially attenuated. Some numerical examples are considered
in order to tllustrate the results. It is found that, under appropriate condi-
tions, the effect of the small sirain may be quite large in relation to its
magnitude.

I. INTRODUCTION

The concept of a multilayered dielectric waveguide is central to
the theory of the GaP electro-optic diode modulator.’-® As part of a
detailed study of the properties of electro-optic diode modulators,
Nelson and McKenna* have investigated the possible discrete modes
which can propagate in a number of such waveguides and have cal-
culated the detailed properties of the lowest order mode of each
polarization.

In the fabrication of a p-n junction a certain amount of strain is
always introduced. Because of the photoelastic effect?® this strain will
induce a change in the dielectric matrix describing the unstrained p-n
junction. In general the strain will be spatially nonuniform, making
it extremely difficult to calculate modes in such a structure. However,
a knowledge of the effect of a spatially uniform strain on the mode
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structure would provide insight into the effects of nonuniform strain.
The effects of certain special cases of uniform strain on the modes of
a simple model of a dielectric waveguide were calculated in Ref. 4.
In the present paper we complete this investigation and calculate the
modes in the same model dielectric waveguide when subjected to an
arbitrary uniform strain. We use first order perturbation theory in a
small parameter describing the magnitude of the strain.

Although the work presented in this paper was motivated by re-
search on the theory of the electro-optic diode modulator, the results
have considerable relevance to the theory of the GaAs injection laser.
Here too, various dielectric waveguide models have been used to
explain the light containment.’*¢ The same problems of strain exist,
and the results of this paper give a qualitative picture of the effects
of strain on modal structure. The effect of strain on completely
different types of electro-optic light modulators have been studied by
Kaminow?® and by DiDomenico and Anderson.*®

II. FORMULATION OF THE PROBLEM, AND RESULTS

In Ref. 4 the symmetric step model was used to study the effects
of strain. This very simple model exhibits many of the main features
of interest in dielectric waveguide models.

The model consists of an anisotropic crystalline slab bounded by the
planes * = o w, whose refractive index is raised uniformly by some
constant amount, the physical origin of which is still obscure, and which
is embedded in an isotropic medium of relatively lower index of refrac-
tion. The central slab represents the junction region whose anisotropy is
caused by the junction field E, acting through the electro-optic effect.’
The direction of the z-axis is always taken parallel to E;. The isotropic
medium represents the normal GaP.

The model is determined by its dielectric matrix, which in the absence
of strain and for certain orientations of E, with respect to the crystal
axes can be diagonal in a coordinate system having its z-axis parallel to
E,. For such orientations of E;, the diagonal matrix elements of the
dielectric matrix K{’(z), « = 1, 2, 3, depend only on z. (We use z, y, 2
for the coordinates rather than z,, x,, #;.) The matrix elements in the
absence of strain are then defined by the equations

KP@ =K., Jz|<w n
KEP@ = K, , lz|>w )

where o = 1, 2, 3 (see Tig. 1).
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Fig. 1 — (a) The coordinate system used in the symmetric step model. (b) A
graph of Ku(z).

There are two orientations of E; of particular interest which allow us
to diagonalize the dielectric matrix in the desired coordinate system.
If E; is in the [111] direction, then the z, ¥, and z axes can be taken in
the [111], [110], and [112] directions, while if E, is in the [100] direction,
the z, y, and z axes can be taken in the [100], [011], and [011] directions.
The set of axes determined by the unstrained model will be used in all
the strain calculations and the dielectric matrix will always be referred
to these axes. See Ref. 4 for further details of the model.

In the presence of a uniform strain, the dielectric matrix is in
general no longer diagonal, and we can write for the dielectric matrix
elements Kqp(z), :

Keo®) = K@) + 1800, a=1,2,3 ©)

Kaﬁ(x) = nsaﬁ ’ a # 18' (4)

The symmetric matrix (5Sq5) is the contribution of the photoelastic

effect'® which we have written in this form for convenience in the

perturbation analysis. The matrix elements S,5 are spatially constant.

We assume that n2S.4 is of order unity, where n is the index of refrac-

tion of GaP and 5 is a small parameter. In Section II we express 7Sqg

in terms of the strain matrix and give estimates for the size of 1.
We now seek solutions of the Maxwell curl equations

Il

V XE = _#OH, (5)
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V X H = ¢K(@)-E, (6)

of the form
E = e(z) exp i(w! — Bk2), )
H = h(2) exp i(wf — Bk2). ®

These solutions correspond to waves travelling in the positive z direc-
tion, where k = w(uoeo)? = 2/ is the free space wave number and A the
free space wavelength of the light.

In the strain free cases (y = 0), there are both TE and TM modes
and these modes can be either even or odd functions of z. At most
only a finite number of modes can exist, and Ref. 4 shows that for the
typical parameter values encountered in GaP diode modulators only
the lowest order even TIZ and TM modes can exist. For that reason
we confine ourselves here to solutions which in the limit of zero
strain (5 = 0) reduce to even modes. However, the perturbation
technique used here applies equally well to solutions which in the
limit » = 0 reduce to odd modes.

When 5 = 0, we seek solutions of Maxwell’s equations of the form
() = A, exp —kp(z — w)

+ B, exp —kq(x — w), rT=w 9)
=C,expkr(zr + w) + D, exp ks(z + w), == —w (10)

= I, exp ikfx 4 G. exp —ikgx
+ L, exp tklx + M, exp —ikma, lz] = w (11)
for « = 1, 2, 3. The general solution in each region is a sum of four
linearly independent solutions, but in the regions |z | > w, the bound-

ary conditions at infinity eliminate two of these solutions. The expres-
sions for h,(x) can be obtained from equation (5). The various coef-

v

fIA

ficients and parameters 4, ..., p, ... can be expanded in powers of 5
A, = A0 + 940 + -+, (12)
p =P+ 7p. + ---, and so on. (13)

In Section IIT we list the terms in these expansions of order zero and
one in 7, and in Section IV we outline their derivation. In this section
we merely discuss some of the features of the solutions.

We refer to solutions which in the limit as » — 0 reduce to even
TE modes as “perturbed TE modes”; similarly, we refer to “perturbed
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TM modes.” Expressions for the unperturbed TE and TM modes
(p = 0) are given in equations (25) through (32).

Although the expressions we have obtained for the coefficients and
parameters are quite complicated, several features of the perturbed
modes stand out. If S,; # 0 or S;; ¥ 0, then the modes cannot be purely
TE or TM. In general an important effect of the strain is to tilt the plane
of polarization. This tilt is in general a function of z but not of 2. Since
the coefficients A,, ... are complex in general, the relative phase
between E, in the perturbed TE mode and E, in the perturbed TIM mode
is a function of z. This relative phase at £ = 0 cannot be determined
unless the method of excitation is known, since all the A, cannot be
determined, as is shown in Section IV. Ref. 4 considers the special case
where S;; = 8.3 = 0, S;3 % 0 and shows that the modes are rigorously
TE or TM. That paper calculates only such parameters as 8 and p, not
such coefficients as 4, and B,. The parameters are expanded in two
small quantities § and A describing the unstrained dielectric matrix. If
we expand the expressions for the parameters in this paper to first order
in the same small quantities 4 and A (to second order for 8) complete
agreement is obtained with the Ref. 4 results.

In the absence of strain, the surfaces of constant phase for both
TE and TM modes are the planes z = constant. However, in the
presence of strain, the surfaces of constant phase are no longer planes,
and are different for the perturbed TE and TM modes.*

Finally, Bo 4+ 781 is real in all cases. Thus at least to first order in
n the modes experience no exponential attenuation as they propagate.

In order to get some feel for the magnitude of the effects involved,
we consider several numerical examples. We first estimate the order
of magnitude of 5 by relating it to observable phase differences.
Consider a plane wave whose free space wavelength is A propagating
over a distance [ in a medium of index of refraction n + An. The phase
difference Ap which this wave would experience over the same wave if
the index of refraction were n is

Ap = %\E I(An). (14)
1f »n?* is the photoelastic contribution to the dielectric constant, then

An = (n® + ) — n = Lng. - (15)
Therefore, we have

n 2 No/nlr. (16)
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Now the upper limit of phase shifts observed'” in GaP at A = 6328 A
over a length I = 0.6 mm is about =/4. Taking'® n = 3.31 this yields
7 2 0.8 X 107% This probably represents an extreme upper limit, and
so we will assume n = 107° in our examples. Recent X-ray measure-
ments'® of strain in P doped Si yield a value of 5 of about 10™° when the
concentration of the dope is N, =~ 10'® atoms per cubic centimeter.’

It can be shown that the matrix (45 ,;) is approximately related to the
strain matrix (e,s) by the equations

3

nSaﬂ = —’I‘L4 Zl Paﬂl-“’el-”' (17)
Byy=
where 7 is the index of refrgction and P ;,, are the elasto-optical coeffi-
cients. Crystals of class 43m have only three different elasto-optic
coefficients when referred to the crystal axes. (See p. 251 of Ref. 10.)
For GaP these are®

P;u = _0.151, P44 = "_0.074, P12 = —0-082- (18)

Since'® n = 3.31 for GaP, and n?S.s is at most of order one, it
follows that the magnitude of the strain is roughly proportional to #.
In order to obtain the values of the elasto-optic coefficients in the
coordinate system used in this paper, it is necessary to make a trans-
formation of the elasto-optic tensor from its representation in the
crystal axes. We will not do that here; rather we take (3S.s) as given.
In Table I we define three possible strain contributions to the dielectric
matrix, labelled a, b and ¢. Matrices a and b were chosen to demon-
strate the effect of the off-diagonal elements S;» and Sss, respectively
(Ref. 4 considered the effect of S;3 alone), while ¢ was chosen to dem-
onstrate a possible effect when all the off-diagonal elements are nonzero.

For a GaP diode modulator we can write? *

K, = n2(1 - 6,1), a=0123, (19)
where n = 3.31 is the index of refraction of GaP'’ and the quantities
0ay a = 1, 2, 3 are functions of the applied bias voltage V. In the original

TABLE I —STRAIN CONTRIBUTION TO THE DIELECTRIC MATRIX*

Type 7 Su S22 Sz Stz Sz3 Si
a 10-¢ 0 0 0 10 0 0
b 10-¢ 0 0 0 0 10 0
c 10-¢ 7.07 7.07 7.07 7.07 7.07 7.07

* Components of the strain contribution, S;; , and the magnitude parameter 7.
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symmetric step model &, is independent of V. Tor E, || [111] Ref. 4
showed that

51 = ‘_26, 62 = 63 = 6, (20)
where
5 = — Eran®/(3)} (21)

and where E, is the (spatial) average junction field, r,, is the electro-optic
coefficient, and n is the index of refraction. For a typical diode (diode
KC46CA of Ref. 9), E,(measured in V/m) is related to the diode half
width w(measured in m) and bias voltage V (measured in V) by®

E; = 2~ V)/Cw). (22)

The half width can be determined by capacitance measurements® ®
and related to the bias voltage by

U)(V) = 0.139 X 10_6(1 _ V/]“S)O.SSO' (23)

Using the value 74y = —0.86 X 1072 m/V,* we can now calculate
81, 83, and 83 as functions of V.

For this diode, 8 = 1.612 X 10-°. However, it has been shown
that the voltage dependence of the parameters of the symmetric step
model is not correct, and the double walled waveguide much more
closely describes the true voltage dependence.*® We have not used
the double walled model because it is analytically complex. Instead,
since the modes in the single and double walled guides are very similar
in form because they both decay exponentially as functions of x out-
side the guide, we have used the single walled model but simulated
the voltage dependence of the double walled model. This has been
achieved by letting 8, vary with voltage. The voltage variation of §
has been obtained by requiring the equality of expressions (2.33) and
(3.18) in Ref. 4 for the decay constants p, and letting w; = w(0) and
we = w (V). This yields the relation

s = (2.24 X 107'%) /w. (24)

In Table II we list these basic constants describing the unstrained
diode as functions of V. Using these values, we can calculate from
equations (33) through (37) the parameters of the unstrained TE

*This is the unclamped value of ra given in Ref. 18. After these calculations
were made it was determined that the clamped value rq = —0.97 X 1012 m/V
should be used. However, since our results supply only qualitative information
about actual diodes, we have not redone the numerical example.
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TABLE II-— CHARACTERISTICS FOR A Typical GaP Diopr*

Bias
voltage w
V) (107 cm) 104 & 104 52 104 &3 104 8o
—2 1.87 —-1.17 0.58 0.58 12.00
—12 3.04 —2.51 1.25 1.25 7.38
—24 3.85 —3.67 1.84 1.84 5.82

* Given as functions of the applied reverse bias voltage V. The half width of the
junction is w, and the components of the unstrained dielectric matrix are K; =
n2(1 — §),7 =0, 1,2, 3, where n = 3.31 is the index of refraction of GaP.

and TM modes for A = 6328 A. These values are listed in Table IIT.
Tinally, in Tables IV and V we list the parameters of the correspond-
ing perturbed TE and TM modes respectively. The accuracy of those
terms less than 10~* is uncertain in case ¢ of Tables IV and V. In
Figs. 2 through 7 we plot some of the components of the perturbed
TE modes correct to first order in ». In Figs. 2, 3, 5, 6, and 7 the
imaginary part of the component is negligible and is neglected, while
in Fig. 4 the real part is negligible with respect to the imaginary part
and is neglected. In all cases the e; component is negligible compared
to the e; component. We have chosen the undetermined coefficients
so that at # = 0, 2 = 0, e, in the perturbed TE mode and e; in the
perturbed TM mode have zero phase to first order in 7.

This example illustrates how much tilting of the plane of polariza-
tion, or coupling of the TE and TM modes, is to be expected. The
S;12 component produces the main effect, which from Figs. 2 and 3,
is a maximum tilt of the plane of polarization of 3.5°. This effect

TABLE III— UNPERTURBED MODE PARAMETERS®

Type Bias

of voltage
mode ) Bo Do Jo lo
TE -2 3.308 0.0226 0.1096 0.1180t
TE —12 3.309 0.0195 0.0796 0.1022}
TE —24 3.309 0.0160 0.0641 0.1007}
TM -2 3.308 0.0259 0.1089f 0.1174
TM —12 3.309 0.0307 0.07597 0.0994
TM —24 3.309 0.0363 0.0552f 0.0953

* Describing the unstrained TE modes, and the parameters 8o, po and I, de-
seribing the unstrained TM modes as functions of the applied reverse bias voltage V.
The wavelength of the light is 6328 }.

t Derived parameters [, for the TE modes and f, for the TM modes. These derived
parameters appear only in first and higher order corrections to the field.
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TABLE IV—PARAMETERs FOR PERTURBED TE MobpEs*

Type Bias 1 qQ
of voltage
strain W) BL Re(p1) Im(p) Re(q1) Im(q) [ m
-2 |0 221 —221 0 0
a —12 |0 257 —257 0 0
—24 (0 312 —312 0 0
-2 |0 1.51 —1.51(0 0
b —12 |0 1.51 —1.5110 0
—24 |0 1.51 —1.5110 0
—2 [1.07| 156 —0.3X1077| —156 | —2.14 (2.13 | —0.4X1078
c —12 |1.07| 181 +0.2X1077| —181 | —2.14(2.13| —0.4X107¢®
—24 |1.07| 221 —0.2X1077| —221 | —2.14|2.13| —0.4X1078

* For all perturbed TE modes fi = ¢ = 0.

decreases with increasing reverse bias voltage. However, it should be
noticed from Figs. 4 and 5 that the coupling effect resulting from
Saz increases with reverse bias voltage. The e; component is roughly
proportional to 5, so a doubling of the strain would double the mode
coupling. Mathematically, the existence of this relatively large effect
results from the largeness of the factor ¢ given in equation (64) for
perturbed TE modes and in equation (84) for perturbed TM modes.
The TM modes exhibit a similar behavior.

From Tables IV and V we see that the changes in the parameters,
7P1, 191, 781, and so on, are indeed small, which gives us confidence
that the perturbation treatment is reasonable.

III. FORMULAS FOR THE SOLUTIONS

To list the formulas for the coefficients and parameters, 44, . . .,
D, . . . (which appear in the expressions (7) through (11) for the
solutions in terms of the various parameters describing the symmetric
step model and the strain matrix), we begin by writing down the solu-
tion for the strain free (y = 0) case for both the even TE and TM
modes. When » = 0, we have for the even TE modes

e(x) = es(x) = 0, all z (25)
e:(x) = cos (kf.x), lz| 2w (26)
= cos (kfow) exp kps(w — |z |), [z 2w 27)

while for the even TM modes



TABLE V—PARAMETERS

FOR THE PERTURBED TM MODES

Type Bias 1 q
of voltage
strain ) B Re(p1) Im(p1) Re(qn) Im(q) N 0 I m
-2 0 193 —193 0 0 0 0
a —12 0 163 —163 0 0 0 0
—24 0 138 —138 0 0 0 0
-2 0 1.51 —1.51 0 0 0 0
b —12 0 1.51 —-1.51 0 0 0 0
—24 0 1.51 —1.51 0 0 0 0
—2 1.07 136 —0.2X1077 —136 —2.13 —1.2X10* —1.2X10™* 2.13 —-2.13
¢ —12 1.07 115 —0.2X1077 —115 —-2.14 1.9X10™* 1.9X10* 2.13 —2.13
—24 1.07 97.3 —0.3X1077 —97.3 -2.14 0.72X10* 0.72X10~* | 2.13 —2.13

4741
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x (10-4cm)

102Re (e4)

Fig. 2 — The relative amplitude of the real part of e: for the perturbed TE mode.

e,(z) = cos (klz), |z ]| = w (28)

= L cos () exp ot — 5 ), 2] 2w (29)
e(x) = 0, all 2 (30)
es(r) = ﬁg sin (kloz), lz]Sw (31)

- ﬁﬁ cos (low) sen (@) exp kpow — |z ), |z | = w. (32)

The parameters in these equations are given for the TIE modes by
the positive roots of the system of equations for po, Bo, and fo

po = B — Ko, (33)
fo=K.— 6, (34)
fo tan(kwfo) = po (35)

while for the TM modes the parameters are the positive roots of the
system of equations for po, Bo, and lo, consisting of equation (33) and

lg =K, — (K3/K1)ﬁ(2,, : (36)
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Fig. 3 — The relative amplitude of the real part of e: for the perturbed TE mode.
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— — %
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-60  -4.8 36 -2.4 -l2 0 1.2 2.4 3.6 4.8 6.0

x (10-4cm)

Fig. 4 — The relative amplitude of the imaginary part of e for the perturbed
TE mode.
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x (1074cm)
Fig. 5-— The relative amplitude of the real part of e. for the perturbed TE mode.

I{()lg tan(kwlo) = I{3p0. (37)

The expressions for h(z) can be obtained from equation (5).
We now turn to listing the formulas for the coefficients and param-

eters of the solutions for the perturbed TE and TM modes. For both
the perturbed TE and TM modes we have the relations

P 0 —
« = ( ).31 <4p0K0)[K0(822 + Si) + ﬁo(Su Sz3) + 2tpoBoSis]

+ (4 K, ){[1{0(322 — Ssz) — Bo(S1 — Sss) — 2ip0ﬁ0313]2

+ 4K,[BoS:2 + iposm]?}%v (38)
where p; corresponds to the “+” sign and ¢y to the “—7”
also true, at least to first order in 4, that

ea(_x) = ea(x)*’ a = 1) 2) 3) (39)

hence we only list those parameters determining the solution inz = —w.

For the perturbed TE modes py, fo, and B, are the positive solutions
of the system of equations (33) through (35), and [y is then given
in terms of By as the positive root in equation (36). The remaining
parameters are

sign. It is

Qo = pO 1 | (4:0)
go = To , (41)
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Fig. 6 — The relative amplitude of the real part of e: for the perturbed TE mode.

my = Iy, (42)
B = Szz/(zﬁo)- (43)

The quantities p; and ¢; are now determined by equations (38) and
(43). Next we have

=g = (Szz - 2,30.31)/(2f0)y (44)

1.0
STRAIN
TYPE C

N 1=10"6

0.8 A

Iy 4 \\
Aé/ | N
]

Re (ez)

>~
™~

0.2

-60 -4.8 -36 -2.4 -2 ) 1.2 2.4 3.6 4.8 6.0
x (1o=4cm)

Fig. 7— The relative amplitude of the real part of e, for the perturbed TE mode.
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nfi 2Kz [S1(Ks — 13) — 2K.BoBs + Saa(Bs — B5) &= 28uloBal,
(45)

where [; corresponds to the “+” sign and m; to the “—’ sign, and in
equations (44) and (45) B; is given in equation (43). Notice that
from (43) and (44), f; = g; = 0 for the TE case.

The expressions for the coefficients are

A = —By(BoSiz2 + 1PoSzs) cos (kfow)/[2Kepo(ps — q)], (46)
s = —q cos (kfow)/(pr — qv), 47
Aa(O) — z(po/Bo)A(O) (48)
O _q© (49)
2(0) = pl COS (kfo’b())/(pl - ql)v (50)
3(0) — ,L(po/BO)B(O) (51)
FO =GP =0, «=1,3 (52)
© - GO =1 (63)
LL()) — M,(JO) =0, a=1,23 (54)
1)
11) = 3¢ [F Saubofo — Sua(Kz — )], (55)
1
P = G, (56)
@
= %‘C [:F Sl?BOfO - Sla(I<1 - B(ZJ)] ’ (57)

1)
3
(1)
3

= 11, cos (kwf,) {aszs[Qﬁg(Kl — Ky — 1]

o
”"“ Sul2piKo — Kge — 11}, (58)
D = @K,/ LKLY, (59)

P = —(B,Ks/LK)MS", (60)
2 = M" =0, (61)
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where
a = [lK, cos (kwly) + poKs sin (kwl)]™, (62)
b = [lK,sin (kwly) — poks cos (kwly)]™, (63)
¢ = (KK, — K68 — K97, (64)

and p; and q; are the values appropriate to the TE modes.
Finally, we write down the three combinations

AP + BY = —i(Bo/p)[A5"° + B5V]
— cos (kfow)[(py — Ko)S1> + 18epoSesl/(2Kops),  (65)
- BV = cos (kfaw)[FsV 4 G5V, (66)

AP 4+ BSY = [F5° 4+ G5V cos (kfow) + [ — G5V sin (kfow)
+ (L7 + Ms] cos (Blow) + (LY — M3P] sin (klaw). (67)

The coefficients F{"’ = G, and hence A" + BV, are arbitrary and
correspond to an overall multiplicative constant. They can be set equal
to zero with no loss in generality. We discuss this point further in
Section III. Moreover, the individual coefficients 4", A", B{", and
B{" cannot be determined at this stage. However, the terms we have are
sufficient to determine each component of the field up through order
one in 7.

For the perturbed TM modes py, Iy, and B, are the positive solu-
tions of the system of equations (33), (36), and (37), and f, is given
in terms of B¢ as the positive root in equation (34). The parameters
qo and po are still related by equation (40), me and ly by equation
(42), and g and fy by equation (41). The remaining parameters are

B = [1/@B)IK(Erls + Kipy) + ¢17
{ISuBs/ KAl K Kap; + Kils + ¢]
+ [K:Sale/ KSNK(K; — Ko)ps + ¢1},  (68)
where
¢ = (bpow)(Kzpe + Kilk). (69)

With the aid of (68) and (69) for 8:, p; and ¢; are determined by
equation (38), f; and g; by equation (44), and l; and m; by equation
(45).
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The expressions for the coefficients are

A" = —K, cos (kwl)(28o81 — 2DeP1 — S22)/ 120K o(p1 — q1)], (70)
s = —K, cos (kwlo)(BoS12 + 1PoS23)/ [2PeBeKo(pr — q1)], (71)
{9 = K, cos (kwl))(2B81 — 2Doq: — S22)/ 120Ky — q1)],  (72)
© = —aP, (73)

where 8, is given by equations (68) and (69), p; and ¢, are the values
appropriate to the TM modes, and A” is related to 4{” by equation
(48) and B” to B{® by equation (51). Furthermore,

FO =@® =0, «=1,23 (74)
© = MO =4, (75)
O = M =0, (76)

LY = =M = (I,K,)/(26,Ks), 77)
@ = = e =60 =0, (78)

Py

i

cos (kwlo) {BoaS12[ K + 201’3(1(0 — K3)]

o
%+ pobSas[K, + 206?)(]{1 — K)1}/(4poBoKo), (79)

LZ(I)
M
30 4 BY = [FV + G3V] cos (kwfo) + [F5” — @3] sin (kwf,)

4 [L8Y 4 M 7] cos (kwly) + i[LsY — MV sin (kwly), (81)

= —%c[812 &= LK18:/(B:Ks)] (80)

where
a = [p, cos (kwfo) — fo sin (kwfy)] ™", (82)
b = [fo cos (kwfo) + po sin (kwfo)]™, (83)
c= (K, — 1 —8)". (84)

Just as in the perturbed TE case, the coefficients cannot all be deter-
mined uniquely. We can with no loss of generality set

P = —MP =o. (85)
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Once this choice is made, we have

7 = [Sis — By — UBo + (Ssa — 2LL) (LK 1/BK3)1/(2B0ls), (86)

1 = [=8is = LBy — muBs + (855 — 2lma) (LK1/BoK3)1/(2Bolo),
87)

37 =+ Bs" = {~(Supokw)/K,

+ [3hw(K:B8581/ Ky + Kil58s3/Ks — 2K4848:)1/(KsB0)} cos (kwlo)

(88)

A + BY = —i(Bo/po)[As” + Bs"] + (Ki cos (kwlo)/Kofopo)

[—KoBi/po — BoSus(ps — Ko)/(2poKo)

+ PoBoSsa/(2Ko) — ipgslii/KO]' (89)
A knowledge of these terms is sufficient to determine each component
of the field up through order one in 7.

IV. DETAILS OF THE CALCULATIONS

In standard fashion H can be eliminated from equations (5) and (6)
by taking the curl of equation (5) and by making use of the assumed form
of the solutions, equations (7) and (8). There results the system of
equations

3
89 _ g 4 3 Kiseu = 0, (90)
dE poret |

dEz 6 + aZl I{2ae = 01 (91)

d’e, de, S _
d£2 + ﬂ dg + ;Kﬁmea - O, (92)

where we have introduced the new independent variable

£ = ka. o 99)

The standard boundary conditions® on E and H yield the conditions
that e, es, de,/dE, and des/d + iBe, must be continuous at £ = ¢ = kw.

The general plan of the calculation is first to consider the equations
obtained by substituting into equations (90) through (92) the expres-
sions for e, in the various regions given by equations (9) through
(11). From these equations, one can determine up through first order
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in 5 all but one of the parameters and some of the coefficients as
funetions of the parameter B;. Upon substituting these values into
the boundary condition equations, a set of equations is obtained from
which B3; and some of the remaining coefficients can be determined.

Since the components of the electromagnetic field satisfy a linear,
homogeneous system of equations, it follows that if e,(z), « = 1, 2, 3
is a solution set, then so is (1 + a1p + axy® + .. Jex(x),a = 1,2, 3,
where the constants ai, as, . . . are arbitrary. For example, if the
coefficients 4,, Bq, . . . given by expansions of the form (12) rep-
resents a solution, then the coefficients given by expansions of the form

Ay = A + 9@ A + AP+ -+, (94
with the same a; used in each expansion, represent another solution.
Thus unless the corresponding zeroth order coefficient is zero, the first
order coefficient cannot be uniquely determined. We do, however,
have the arbitrary constant a; at our disposal. The multiplicative
constant (1 + a;p + ...) can only be determined from a knowledge
of the excitation of the mode.

If the assumed expressions for e, in £ = o given by equation (9) are
substituted into equations (90) through (92) we get the set of homoge-
neous, linear equations in 4,, @ = 1, 2, 3,

Ko + 98u — )62)1‘11 + 9S4 + (081 — iBp)4s = 0, (95)
77S12Al + (Ko + 77822 + P2 - 62)A2 + nstAa =0, (96)
("7'313 - iﬁp)Al + 184, + (Ko + 1Ss: + pz)A3 = 0, (97)

plus a similar set of equations with 4, replaced by B, and p replaced
by q. The condition that these equations have a nontrivial solution,
the vanishing of the determinant of coefficients, yields a relation be-
tween B and p of the form

D(p: B) =0, (98)

where D (p, 8) is a quartic polynomial in p and 8. The second set of
equations involving the B, and ¢ yields the same determinantal equa-
tion with p replaced by q,

D(q’ ﬁ) = 0. (99)

That is, ¢ is a second root of the quartic. If p, g, and 8 are expanded
in powers of 5 as in equation (13), equations (98) and (99) can be
expanded in powers of 5 and the coefficients of the various powers of
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n can be equated to zero. The vanishing of the lowest order term
yields equation (33), which is satisfied by both p, and g, thus also
yielding equation (40). The vanishing of the first order coefficients
shows that p; and gy are the two roots of a quadratic which are
given by equation (38). These results are independent of the TE or
TM character of the mode.

Equations (95) through (97) can now be expanded in powers of 5
by substituting in the expansions of p, 8, and A,. The three similar
equations involving g, 8, and B, can be expanded in powers of 5 in
the same way. Because po and B, satisfy equation (33), equation (96)
vanishes to zeroth order in 5, while equations (95) and (97) yield

(K, — BE)A{O) - iﬁopoAéO) = 0, (100)
—12BsPo © (K, + pg)A;O) = (. (101)

The determinant of this pair of homogeneous equations vanishes because
equation (33) is satisfied, so a nontrivial solution exists. The quantities
B{” and B{? satisfy the same equations. Using equation (33), it follows
from equation (101) that A{” and A{” are related by equation (48), and
B{® and B{” are related by equation (51).

To first order in 5, equations (95) through (97) are

(Ko — B)AL” — 1Bopods”
= —[(Su — 2B:8)A{” + S1245” + (815 — poBy — P1B)AS” ],
(102)
81241 + @Cpopr — 2881 + S) A5” + S A5” =0,  (103)
—1Bepodi” + (Ko + pi)As”
= —[(S1z — poB: — 1B)AL” + Sasdi” + (Sss + 2pops) 4571,

(104)
With the replacement of A, by B, and p by ¢ in equations (102)
through (104) we obtain the first order equations satisfied by the B,.
At this stage we must differentiate between the perturbed TE and

TM modes. For the perturbed TE modes we must have
A" 4+ B{® = —i(Bo/po)[A:s” + B:”] = 0, (105)
A" + B” = cos (kfw), (106)

while for the perturbed TM modes

1+ Bl” = ~i(Bo/po)[A5” + Bi”] = (Ki/Ko) cos (klw), (107)



WAVEGUIDE STRAIN 1953

s + By = 0. (108)

If we now add to equation (103) the equivalent equation in B,, and
make use of the fact that A + BL”, @ = 1, 2, 3 are prescribed for the
perturbed TE modes, in equations (105) and (106), we get a new equation
involving only A{” and B{”. This equation together with equation (106)
can be solved for 4{” and B{” to yield (47) and (50). Once A" is known,
A and A{” can be determined from equations (103) and (48) yielding
(46). We get B{” and B{” from equation (105). In the same fashion we
determine A” and B, @« = 1, 2, 3 for the perturbed TM modes.

Equations (102) and (104) [and the two equivalent equations in B{"
and B{"] are two inhomogeneous equations whose determinant vanishes.
Thus the left side of (102) is a multiple of the left side of (104), and the
equations are compatible only if the right side of (102) is the same
multiple of the right side of (104). This can be shown to be the case, and
50 (102) and (104) provide just one relationship between A"’ and A{>.
There is a corresponding relationship between B{" and B{".

By replacing 4., B,, p, ¢ by C,, D,, —r, —s, respectively, in the
equations so far obtained, the formulas for the region ¢ £ —o are ob-
tained. Here —r and —s are the remaining two roots of the quartic
D(p, ) = 0. '

Next, if the assumed expressions for e, in |§| < ¢ given by equation
(11) are substituted into equations (90) through (92) we get four sets
of three homogeneous, linear equations in ¥, , G, , L, , and M, ,
respectively, which hold for both the perturbed TE and TM modes.
These equations are obtained from equations (95) through (97) by
replacing A , and p by F, and —3f, G, and 79, L, and —+!, and M , and
im, respectively.

The determinental equation for each of these four sets of homo-
geneous equations can again be expanded in powers of 5, and the coef-
ficient of each power of 5 separately equated to zero. The vanishing
of the zeroth order coefficients yields equations (34), (41), (36), and
(42) relating fo, go, lo, and my to Bo. The vanishing of the first order
coefficients yields equations (44) and (45) relating fy, g1, &1, and m,
to Bi.

Each of the four sets of homogeneous equations can be expanded in
powers of 7, just as for the equations describing the region ¢ = ¢. To
proceed further, we must again differentiate between the perturbed
TE and TM modes. For the perturbed TE modes, equations (52)
through (54) must be satisfied, while for the perturbed TM modes,
equations (74) through (77) must be satisfied. These values satisfy the
lowest order equations identically.



1954 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1068

For both the perturbed TE and TM modes, the first order equations
can be written as
Ky — B — Bofols” = —8,.F:”, (109)
~BofoFi” 4 (Ks — fo)F5” = —85F5”, (110)
K, — fo — B)F:"
= =Sl — 8B — (Sn — 2fefs — 2WBIFL.  (111)

For both the perturbed TE and TM modes, equation (111) vanishes and
yields no information, while equations (109) and (110) have a nonzero
determinant and so can be solved for F{"’ and F{" yielding the solutions
given in (55), (67), and (78). If we replace I, and f by G, and —g, we
get equations which can be solved for G{* and G{" yielding solutions
given in (65), (57), and (78). The equations obtained when F', and f are
replaced by L, and [, and M, and —m, respectively, have a different
character. The two equations in L{"® and MV corresponding to (111) do
not vanish identically and can be solved for L{" and M{". The solutions
are given in (61) and (80). The equations in L{" and LV, and M{* and
M{", have a vanishing determinant. In the perturbed TE case, the
equations are homogeneous and yield (59) and (60). In the perturbed
TM case, the equations are nonhomogeneous but compatible, and yield
the relations

—BoloLi + (Kof6/ K1) Ls"

= =381 — Iy — LBo) — 3(Ses — 2LL)(LK./BKs),  (112)
BoloMs" + (Ku5/ KoM

= =581 + b + mibo) + 3(Sss — 26mi)(LK,/BKs).  (113)

We finally turn to the boundary conditions at § = =¢, of which there
are eight, four at each boundary. They can be grouped as follows

Ay + By = Fo®™ o G + Lod'™ + Mo, (114)

Co + D, = Foe 7 4+ Goe™ + Loe ™' 4 Moe™, (115)
—pA, — qBy = ifF.e’" — igGhe™ " + 1116’ — imM,e "™, (116)
rCy 4 8D, = ifFe™"" — igGae™ + ilL.e " — imM.e™, (117)
A + By = Fae'’" + Goe ' + Lie''™ + My ™™, (118)

Cy 4+ Dy = Fye™ " + G4' + Lye™ ™" + Mae™, (119)
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—pA,; — ¢B; + 18(A, + B)) = i(fFs + BF)e”" + i(—gGs + G **°
4 i(IL; + BLYe'" + i(—mM; + BM,)e "™, (120)
rCy + sD; + i8(Cy + D)) = i(fF; -+ BF)e " + i(—gGs + BG)e™”

+ (L + BLYe™ + i(—mM, + BM)e™ . (121)
These equations split naturally into two groups, one group involving
only the subseript 2 and the other group involving only the subscripts
1 and 3. These equations can be expanded in powers of 5. The zeroth
order equations are satisfied as long as (35) holds in the perturbed
TE case and (37) holds in the perturbed TM case.

For the perturbed TE modes, the first order expansion of equations
(114) through (117) yields four nonhomogencous equations in A" +
BV, C{® 4+ D, F{" and G{". The inhomogeneous terms on the right
side of these equations contain the parameter 8,. The determinant of the
equations vanishes, and then the condition that they be compatible
provides an equation from which 8, given in (43), is determined. Once 3,
is determined, these equations yield (56) and (66). We can now choose
the arbitrary parameter a,—indicated in (94)—so that F{" = 0. Then
from (56) and (66) G{V = A" + B$" = 0. In addition, since 3, is real,
it can now be shown that r; = p*, s, = ¢%, (¥ = A"* D® = B{"*
and C 4+ D = [AY + BP1* « = 1, 2, 3, which justifies equation
(39). Finally, the first order expansion of equations (118) through (121)
can be combined with equations (59) and (60), equation (102), and the
corresponding three equations in B{"’ and B{", C{" and C{", and D"
and D{" to form a set of equations from which 4 + B = [C{
4+ D1*, and M’, « = 1, 3, can be determined. These are listed in
(58), (65), and (67).

For the perturbed TM modes the procedure is virtually the same,
except that it is now the first order expansion of equations (118)
through (121) which has a vanishing determinant. The condition
that these be compatible then yields the expressions (68) and (69)
for B,. This set of equations also yields the result that

LY + M = 0. (122)
We can now pick the arbitrary parameter a, so that L{"’ = 0, which
combined with (122) yields (85). Equations (112) and (113) now yield
(86) and (87). The first order term of equation (118) then yields (88), and
this result, combined with the equation obtained by adding equation
(102) to the corresponding equation in B yields (89). Finally, equations

(114) through (117) yield expressions (79) through (84) for F{", GV,
L, M, A5 + B,
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A State Variable Method of Circuit Analysis
Based on a Nodal Approach

By R. E. PARKIN

(Manuscript received April 12, 1968)

A method which is well suited for implementation on a digital computer
is presented for the solutions of active circuits. Unlike many state variable
approaches the state vector is defined as the set of voltages which exist between
certain nodes and the reference node. An advantage of this approach is that
degeneration in the order of complexity of the network caused by capacitance
loops is handled automatically. Any type of controlled source can be specified.
From the basic algorithm the circutt is specified in matriz form by inspection
using standard nodal methods, and the solution is oblained by a systematic
reduction of this one matrix equation. An upper bound on the order of
complexity of the network s evident from the network topology or the
partitioned form of the original matriz. Inductors are included in this
approach by considering the equivalent gyrator-capacitor combination.

I. INTRODUCTION

State variable techniques presently being used to analyze networks
require a detailed knowledge of graph theory.*” Another method of
state variable analysis that is based partly on a nodal approach and
does not require a detailed knowledge of graph theory is very re-
strictive.® The method presented here performs a nodal analysis on a
transformation of the network in which all magnetic storage elements
have been replaced by gyrator-capacitor equivalents, and nothing
more than a basic knowledge of graph theory nomenclature is re-
quired. The rcLmsT* network can be transformed to an equivalent

* Resistor, capacitor, inductor, mutual inductor, source and ideal transformer.
1957
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Fig. 1 — Inductor and transformer equivalents.

resistance capacitance source network using the gyrator-capacitor
equivalents shown in TFig. 1. Each gyrator shown in Fig. 1 has the
indefinite admittance parameters

1, 0 1 —1| |V,
Iz|=|-1 0 111 Vs
Is 0 —1 0]V,

choosing this type of gyrator enables the capacitor value in farads of
the equivalent pair to be equal to the inductor value in henries.

Let the number of nodes of a transformed network be n. Using
Kirchoff’s current law, it can be shown that for an n-node RCS net-
work

CV=1-GV €y

where Iis an (n — 1)th ordered column vector representing the currents
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injected into the nodes, V is an (n — 1)th ordered column vector repre-
senting the voltages between the nodes of the network and the reference
node. If the transformed network contains ! capacitors then the matrix
Cis an (n — 1)th ordered symmetric matrix which contains imbedded
within it I second order indefinite matrices, each having the dimensions
of farads. Similarly @ represents the resistors and has the dimensions of
mhos, but G may be asymmetric. Node 7 is the common or ground node
of the network; for convenience this node is always assumed to have
capacitors connected to it.

The objective is to find an upper bound on the rank of the ca-
pacitance matrix C' by partitioning C as described in Section II, and
reducing the matrix equation (1) containing the partitioned matrix
C to the rank of C; this reduction is symbolic and does not take into
account degenerate cases which can occur. It is shown in Appendix B
that for all conditions, for any type of circuit, an upper bound on the
order of complexity of the network (rank of C) can be found from
the network topology.

II. PARTITIONING OF THE CAPACITANCE MATRIX

There are basically four types of voltage source (vs), the independ-
ent vs (1vs), the voltage dependent vs (vpvs), the current dependent,
vs where the current is through a resistor (cpvsr), and the current
dependent vs where the current is through a capacitor (cpvsc). It will
be shown that the only current source (cs) which can effect the parti-
tioning is the current dependent cs where the current is through a
capacitor (cpcsc). As a result, any type of c¢s will be termed simply
a cs, unless it is a cpcsc.

The method of partitioning makes the reduction of the matrix
equation (1) to its rank a simple process. Generally only the voltage
at a node to which a capacitor is connected can be a state variable
node. However it is possible to choose a node to which a cpcsc or
cpvsc is connected as a state variable node instead of one of the
nodes of the capacitor whose current supplies the dependence, but this
possibility is avoided automatically in the partitioning method pre-
sented here.

The presence of inductors and time-invariant, independent cs’s
forming a cut-set in the original untransformed network causes a
linear dependence problem in the transformed network. In the trans-
formed network such a cut-set appears as a capacitor tree with gyra-
tors only connected to the end nodes of the tree as shown in Fig. 1,
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and gyrators and perhaps time-invariant independent c.s.’s connected
to the central node (the cenopr) ; the nodes of this capacitor tree will
be called the ceser nodes.

The capacitors in the transformed network can be divided into two
classes, those connected to the reference node directly or through a
vs-capacitor chain (the fixed capacitors), and those not so connected
(the floating capacitors). The m floating capacitor subgraphs are
defined as the m unconnected subgraphs obtained from the floating
capacitor plus imbedded vs graph of the transformed network.

The partitioning of the capacitance matrix will be related to the
example of Appendix A in the discussion that follows. Partition the
matrix C as

nl n2 n3 n4 n5
nl [Cy Ci Ci 0 Cy
n2 |Cy Cyp Cou O
n3 (Cy Cyp Ci O
nd| 0 0 0 0 O
n5 (Cy Cs Cs O

where

(#) The nodes nl are all the nodes to which capacitors are connected
omitting the following nodes:

(a) A node for each vs imbedded in a capacitor chain (these nodes are
in the n2 section), but each capacitor must be specified by at least one
node.

(b) A node for each of the m floating capacitor subgraphs (these nodes
being in the n3 section).

(c) A node for each gcseT which is specified in section n2.

In the example in Appendix A, nl contains nodes 1 — 9.
(#7) The nodes n2 represent:

() A node for each pvs imbedded in a capacitor chain.

(b) A node free of capacitors for each cpvsc and cpcsc free of capaci-
tors on at least one node.
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(¢) A node for each GcsSET.
In the Appendix A example n2 contains nodes 10 and 11.

(i72) Section n3 contains a node for each of the m floating capacitor
subgraphs.
In the example n3 contains nodes 12 and 13.

(iv) Section n4 contains the nodes to which only resistors and cs’s (but
not cpcsc) are connected, including a node for each 1vs, vDVs or cpcsc
free of capacitors, other cpvsc’s or cpcsc’s on both nodes. (The other
nodes of these sources are specified in section n5).

In the example n4 has no entries.

(v) Section n5 contains all the remaining nodes. These are:
(@) A node for each 1vs.

(b) A node free of capacitors for each vDvs or cpvsr free of capacitors
or CDVSC or ¢pesc on at least one node.

In the example n5 contains node 14.
The rank of the C matrix isnl, and nl = 9 for the example of Appendix A.
Notice that the presence of capacitance loops in no way alters the method
of partitioning.

III. REDUCTION OF THE CIRCUIT DESCRIPTION TO A MINIMAL FORM

Theorem: An upper bound on the order of complexity of a network is the
order of nl.

This theorem is proved in Appendix B, where it is shown that every
row in sections n2, n3, n4, and n5 is linearly dependent on rows in section
nl; the subspace spanned by sections n2, n3, n4, and n5 is contained innl.

The systematic reduction of equation (1) is accomplished by first
eliminating section n5 by applying the voltage restrictions caused by the
vs’s in section n5. Secondly, section n4 is eliminated using the fact that
these nodes are free of capacitors. Next, section n3 is eliminated to
correct the over specification of the floating capacitor subgraphs.
Finally, the remaining dependencies of the system are caused by the
pvs’s imbedded in capacitive chains, the cpvsc and cpcesc free of capaci-
tors on at least one node, and a node for each capacitive tree in which a
GCSET has occurred; these dependencies are eliminated with section n2,
yielding equation (9) of Appendix B.

Equation (9) of Appendix B can be written as
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vl =B — Avl @)

where

— -

vl
v2
v=|v3
v4
Lv5_

and vl is the voltage vector for nodes nl, n2, n3, ete.

An example of a solution based on the problem set by Pottle is
given in Appendix C.

IV. CONCLUDING REMARKS

A state variable technique has been described that offers two ad-
vantages over traditional methods:

(¢) The network can be specified completely by inspection using
well known nodal techniques with little skill required, the problem
then becoming one of simple matrix reduction (easily programmed
for a digital computer).

(%) Capacitor loops present no problem and are not even recognized
as such since the partitioning and matrix reduction are unaltered if
there are any capacitor loops present.

The main disadvantages are that currents must always be ex-
pressed as functions of node voltages and inductors must be replaced
by gyrators and capacitors; inductor cut-sets must be recognized and
the circuit redrawn before inductors are eliminated so that the cut-
set encircles one node only, and this is sometimes inconvenient,

APPENDIX A
Example of Partitioning

For the example of Fig. 2(a), the transformed circuit without in-
ductors is given in Fig. 2(b). (This is a theoretical problem and the
circuit has no practical value.) This circuit is deseribed by the equa-
tions
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(b)

Fig. 2 — Circuit to demonstrate transformation and partitioning.
where I; and I, are the unbalance currents due to the vs’s and

Vig = Vs .

Notice that except for degenerate cases (for example, if Cg = 0), the
order of complexity of this network is 9.

APPENDIX B

Matriz Reduction

Consider the partitioned form of equation (1). The section n5 can be
eliminated as follows: for an 1vs of « volts connected between nodes k
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and I (node k is in section n5, node [ is not)
UV, = Uy =+ «a.

For a vbpvs or cpvsr connected between nodes k and I, where the vs is
dependent on the voltage vector v,, (each voltage of v,, is not in section
nj).

v = v; + BV,
Thus the system can be reduced to

nl n2 n3 n4
nl [C;;, Cp; Oy

(=}
<
[
-

[

Gl 1 Gl 2 Gl 3 G1 4 vl
n2 021 022 023 ‘-72 — i2 _ G21 ng G23 G24 V2 (3)
n3 031 C:; 2 033 "’3 i3 G32 G3 3 G34 V3

G3 1
n4 O 0 0 O |_"/4 i4 \_G,; 1 G4 2 G4 3 G44 V4

o O

Nodes n4 can be eliminated by first writing part of equation (3) as
- menoal2]
v4 = @4 — [Gy Gyp Gys] | V2 4)
1 o)
Thus
Cu Cu Cy|[v1] [i1 Gu G G|Vl Gis
Co Co Cop|| V2= |12 = |Gy Go Ga||V2|— |G,y v4
Car Ch Cap]LV3 Li3 Gsy Gy Gyl V3 Gy
[it1]  [6ly Gl Gl |[v1
=1it2| — |Glyy Gls Glys||v2)|.
L it3 Gl Gl Gl (V3

®)

The matrix
Cu Ci Cy
Cyi Cy Cy
Csi Cy Cas

has order nl 4+ n2 4 n3 and rank no greater than nl 4+ n2. The n3
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linearly dependent rows and eolumns can be deleted from equation (5)
by adding selected rows in the section nl and n2 to rows in the range n3.
The selection is made as follows: starting with any row in the section n3,
examine the first entry. If it is nonzero add row 1 to this row. Continue
along the row, repeating if necessary, until all the entries are zero.
Proceed for the other dependent rows. Equation (5) can then be written
as

C,, Cip Cig|| V1 it1 Gl,, Gl,, Gl,;||vl
V2 | = — v2 (6)
021 022 023 “73 itZ G121 Glgg Gl 23 V3

and

v3 = Glg;‘{its' — Q1Y G14) “}}. @
v2

It is a simple process for the reader to prove to himself that elimi-
nating a node of a floating capacitor subgraph which is part of a
ceseET as deseribed above yields the same result as equating the alge-
braic sum of the voltages across the capacitors in the GcseT to zero
(analogous to the algebraic sum of the currents entering the inductor
cut-set node through the inductors adding up to zero).

Substituting equation (7) and its derivative into equation (6) we

obtain
[02“ 02,1 |iv1} _ [iplil _ [G2n G212J [VIJ' @®
02, (255 11V2 ip2 G2, G2, | V2
The total number of restrictions have not yet been placed on the

network.

(7) For a pvs imbedded in a capacitor chain or a cpvsc free of capaci-
tors on one node connected between nodes k& and I, where node k is
specified in section n2,

v = v, + YV
or
= v + v,

where v; is the set of voltages upon which the source is dependent. A
particular voltage of v; may be in any section nl, n2, n3, n4, or n5.
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() For a cpcsc connected between nodes k and I, the currents
I, and I, injected into nodes & and ! with the cpecsc removed must be
modified to

I v+ ﬂvi
and
I, — Vi,

respectively, where 4 has the dimensions of farads.

(417) For a gesET with node j of the capacitor tree containing the
GCsET specified in section n2, node j is eliminated as follows: examine the
entries of row j of the remaining capacitance matrix. If entry C;,; £ 0,
subtract C;,;/C,,; times row [ from row j, where ! = 1, p; p is the order of

nl - n2. Thus row j is reduced to a row of zeros.
The system can now be written as

[Clv1l = iF1 — [G]vl. 9

Barring degeneracy, matrix C is nonsingular with rank nl.

APPENDIX C

Example of the Method

For the circuit of Fig. 3 (the example of C. Pottle®), nodes 1, 2, and 3
are placed in the nl section, and node 4 is placed in the n5 section. Thus,
by inspection

C] + 04 0 0 _04 _1)1 |7_2C4(U4 - 7)1) - 2G2(112 - Ul)

0 C. 0 0 ||oo]_ 0
0 0 C; O D3 0
—C, 0 0 C, Uy I, J
G+ G, —G, —G, 0 ][
| -G G +G 0 —Gi||u
—Gs 0 G:—G, 0 Vs
0 -G, 0 G, u,.l
where

v, =I; v, = L.
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4 CI:[A 1 Ga 3 ‘
Gy Gz
E _-F‘ 2 (L) 7= C| C3 §G4
Ca 2C4(Va-Vy)+ /‘\
T 2G4(V2-Vi)

Tig. 3 — Example of Appendix C.

The derivative of the source E must be considered if a capacitor is
connected to both of its nodes. Clearing out the voltage terms in the

current array,

Ci,—Cy 0 0 Cyf|tn
0 C, 0 0|0
0 0 C; 0|
-0, 0 0 C,fLlw
[0 G, — G G -G 0 |[n
_|0|_| -G G+G 0 -G | v,
0 —G, 0 G:+G. 0 ||
LI, 0 -G, 0 G | Ly
Eliminating v, and 9, as described in Appendix B,
co—c, 20, 0 |[a] [—CE] [6G,—6. G, ~G; [w
0 C, 0 |lo,|=| GY |—| —G, G+ G, 0 v, |.
0 0 Cullo, 0 -~@, 0 G+ G, |l

This is as far as we can go symbolically and as far as the method
takes us. Normally all that remains is a simple inversion of the re-

maining capacitance

matrix, but Pottle chose C; = C4. This makes

the capacitance matrix singular and so another node must be elimi-
nated. Eliminating node 1,

20402
G3 - G2

2C,G,
- @,

C, + 0

Cs

4G2

G3‘—G2

C.G,
G3 - G2

G.E + E

U2

E

0y
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G GG
_ Gl + GZ + G3 _— Gg G3 — Gz 02 )
GG, @
(;3_G2 G3+G4_G3_G2 U3

The vector

i
¥s
can now be expressed explicitly.
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Uniform Asymptotic Expansions for Saddle
Point Integrals—Application to a
Probability Distribution Occurring

in Noise Theory

By STEPHEN O. RICE
(Manuscript received June 5, 1968)

The mnoncentral chi-square distribution occurs in moise interference
problems. When the number of degrees of freedom becomes large, the middle
portion of the distribution is given by the central limit theorem, and the tails
by a classical saddle point expansion. Here recent work by N. Bleistein and
F. Ursell on “uniform” asymptotic expansions is combined and extended
to obtain an asymptotic series which apparently holds over the entire range
of the distribution. General methods for expanding saddle point integrals in
uniform asymptotic series are discussed. Recurrence relations are given for
the coefficients in two typical cases, (¢) when there are two saddle points and
(%) when there is only one saddle point but it lies near a pole or a branch
point.

I. INTRODUCTION

This paper deals with the problem of obtaining asymptotic series
for the complex integral

J = f P79(0) exp [eh(9)] d )

when x becomes large. Problems of this sort are quite often encoun-
tered in applied mathematies, particularly in wave propagation. The
material presented here grew out of some recent work by G. H. Rob-
ertson! on the “Marcum @Q-Function.” This function, which appears
in the study of radar interference, gives the distribution of the random
variable (noncentral x*)

o= (1/2) D42 @

n=1

1971
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Here z is a positive integer and ¥;, ¥, . . . , Y- are independent gaus-
sian random variables with unit variances and mean values which
may be different.

Mr. Robertson has devised an algorithm for computing the @-func-
tion which may be used for a wide range of the parameters appearing
in the function (that is, in the noncentral x? distribution). In an
earlier paper on information theory, by working with an integral of
the type in equation (1), I had obtained an asymptotic (for large
x) expression for the tails of the distribution.? However, comparison
with results obtained by Robertson showed that my expression failed
badly in the central part of the distribution where the central limit
theorem holds.

The need for an asymptotic expansion which holds uniformly over
the entire range of the distribution led to a study of the recent work
on ‘“uniform” asymptotic expansions of integrals. The first part of
this paper is an exposition, plus extensions and generalizations, of
some of the procedures which have been used to obtain uniform
asymptotic expansions of integrals of the type in equation (1). The
theory is then applied to the noncentral x* distribution.

Two procedures are considered. For convenience, we call them the
“Bleistein method”® and the “Ursell method.”t Although these names
are among the best that suggest themselves, they are not entirely
satisfactory because they contain no hint of the earlier work by
others, especially Olver, Chester, Friedman, and Ursell.> ¢ Here we
have recast the underlying ideas used by Bleistein and Ursell into
forms better suited to our purpose.

Both methods lead to the same asymptotic series. The Bleistein
method gives a compact expression for the coefficients in the expan-
sion. However, from the few examples that have been studied, it
appears that the labor required to reduce this compact expression to
a computable form is at least as great as that required by the Ursell
method.

Section III and Appendices A, B, and C are concerned with a prelimi-
nary change of variable in the integral J. The case, denoted by “A = 1”
for brevity, in which the exponent A is a positive integer, is discussed in
Sections IV, V and VI. This material is applied to the problem of two
saddle points in Appendix E. The case in which \ is general, denoted
briefly by “\ £ 1,” is discussed in Seetions VII, VIII, and IX, and in the
examples in Appendices F, G, and H. The results of Section IX are ap-
plied in section X to obtain the desired type of expansion for the non-
central x” distribution. Useful results regarding classical saddle point
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expansions are stated in Appendix D. Some of the results given in
Appendix T for the general case of a saddle point near a branch point are
applied in Appendix G to obtain an asymptotic series for the Poisson-
Charlier polynomial, a polynomial of interest in traffic theory.

II. STATEMENT OF PROBLEM

The general problem is to obtain an asymptotic series for the inte-
gral J defined by equation (1) when z becomes large and most of the
contribution to J arises from a (rather loosely defined) “critical re-
gion” around £ = 0. The path of integration L’ is supposed to start
and end at [tf| = e in “valleys” in the complex t-plane where
exp[zh(t)] = 0 as |{| = . Let the starting and ending valleys be
denoted by S and E, respectively. The path L/ starts in S, climbs up
to and passes through the critical region, and then descends down
into E.

The functions A{t) and ¢(f) are analytic in the critical region;
and one or more saddle points, that is, points where A’(t) = dh(t)/dt
vanishes, lie in the critical region. We assume A (0) = 0 and that z is
real and positive. If  were complex, the factor exp (¢ arg z) could be
ineluded in A (%).

The path I/ may be deformed into a path D consisting of (7) paths
of steepest descent which pass through some or all of the saddle
points plus possibly (i2) loops around branch cuts and poles. The
path D is independent of x. When z is extremely large, all but a
negligible part of J arises from contributions of very small portions
of D. If t = 0 is a singularity, one portion may lie close to ¢ = 0.
Another portion is centered on the highest (that is, largest exp[zh (%) ])
saddle point. If the two highest saddle points are of the same height,
a portion is centered on each, and so on. Thus when z is extremely
large, the asymptotic series for J may be obtained by the classical

r “usual” saddle point method.

However, we may wish to compute J for values of  which, though
large, are not large enough to allow J to be evaluated by the classical
saddle point method. For such 2’s the highest saddle points and the
singularity (for A 5£ 1) at ¢ = 0 cannot be treated separately, that is, their
interaction must be taken into account. If other saddle points of lesser
height lie in the critical region, they must also be considered. This is the
range of x of interest here. Qur problem is to obtain the appropriate
expansion of J in descending powers of z. The type of expansion we seek
is shown in equation (46) for J.



1974 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1968

This type and the type shown in equation (15) have occurred in
earlier publications®® and have been called “uniform” asymptotic
expansions because they hold uniformly as a saddle point approaches
a singularity or another saddle point.

III. CHANGE OF VARIABLE

In Appendix A it is shown that, in the critical region, 2 (f) behaves
much like a polynomial of degree . + 1 in ¢. Here p is the number of
saddle points in the critical region. This suggests changing the variable
of integration from ¢ to v where

F(v) = 1) (3)

and F(v) is a polynomial of degree ¢ + 1 in v. When F(v) is known,
solving (3) for v as a function of ¢ gives p -+ 1 branches. The branch
chosen for the change of variable is the one for which dt/dv = ¢ through-
out the critical region, ¢ being a constant. That one and only one of the
x - 1 branches has this property is rendered plausible by the discussion
in Appendix A.

‘Fortunately we do not have to solve equation (3) to obtain the
asymptotic series we desire. However, for some steps we do need the
values of dt/dv and higher derivatives at the saddle points. These
may be obtained by repeated differentiation of (3).

F(v) is not uniquely determined by h(f). The factors which influ-
ence its choice are reviewed in Appendix B.

The change of variable from ¢ to v carries the integral (1) for J into

J = fL 20) exp [F@)] dv @)
where

) = g@® @/0)" 7w, 1P = di/dv. (5)

The path of integration L starts in the v-plane valley corresponding
to valley S in the ¢-plane, passes through the critical region surround-
ing v = 0, then descends into the v-plane valley corresponding to
valley E.

IV. THE BLEISTEIN METHOD FOR A = 1

For the case A = 1, the integral J becomes
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I= j; g(t) exp [zh(t)] dt = j;f(v) exp [F@)] dv, ©

— d_t_ —_ (1)

@) = g(&) 7 = 9()2".
The Bleistein method begins by constructing a polynomial P,(v) of
degree p — 1 such that Py(v,) = f(v,), r = 1,2,..., p where vy, vz,

. ., Uy are the zeros, assumed simple, of IV (v). By Lagrange’s inter-
polation formula,

~ __[@)F' ()
PO = R =@ 0

where the primes denote derivatives. The polynomial may be written as

_ IOF'@d: 1 F'(¢) — F'()
P = 10+ g5 [ 1S - o o] F o) « ©
(DO, v)
5 | acTEESD
where Q({‘, v) is a polynomial in v of degree p — 1,
o,y = =0 ©

§—v '
and f(v) has been added to remove the contribution of the pole at
¢ = v. The path C is taken in the counter-clockwise sense and encloses

¢ = v and the zeros of F’(¢) but no singularities of f().
The expression for f(v) obtained from (8) gives

7= /[ dv 1) exp [2F@)] (10)
A QP @)
¢ (& — 0)F'()

In order to simplify interchanging the order of integration in the
double integral, we cut off the tails of L in the usual fashion. The
error introduced by truncation is exponentially small compared with
the terms that remain. Deforming C so that it encloses the truncated
L (in the sense that it encloses the point ¢ = v for all v’s on the trun-
cated L), interchanging the order of integration, integrating by parts
with respect to v, neglecting the contributions from the integrated
portions at the ends of L, and reverting to the original order of inte-

_ fL dv Po@) exp [zF®)] + j; dv exp [2F )] 2—71n
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gration carries (10) into

[, o 16) exp [2P0)) = f dv Po(v) exp [2F@)]

f dv exp [2F )] z—= 2m F(,i i g;(é_)( (11)

Incidentally, if the contributions from the ends (say at a and b)
of the truncated I. were not neglected, the right side of (11) would
contain the additional term

[[f(v) — Py(v)] exp [xr(m]
O a

The procedure used to establish (11) can be used to show that,
for any function f,(£) analytic inside C, we have

[ @1.6) e r)]

~ [P0 e wF@) +1 [ @1 e BFO]T (12
where

_ L[ A=)
e = 50 L Tl =

(13)
P = & [ arr| 2],
Setting fo(¢) = f(¢) and using (12) repeatedly gives
1= 30 [ doP.) exp [F)] + R
n=0 L (14:>

Ry = o7 f dv fyn®) exp WG] .

Since Q (¢, v) is a polynomial of degree p — 1 in v, the same is true
of P,(v) and we write

u—1
Pn(v) = anlvla n=07 172:' °

p=1

I= Z U, () anﬂ + Ry

(15)
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where

U,(z) = j;v’ exp [F@)] dv, 1=0,1,--- ,u—1. (16)

The series (15) is the type of expansion we seek. It would be desir-
able to have close inequalities for Ry, but none are available at the
present time.

Another expression for P,(v) may be obtained from (13):

1 [drQ@E ) 1 [ defi@(=1)
mide () 27 do. TR — 0

1 3 Qv
Sh f"_1<z>[m5;——;(;] an

1 1 9 I"Q(,v)
i |, f@[lf”(o a—c] P
In the first line C, must enclose the point z = ¢ in the z-plane in addi-
tion to the zeros of F’(z). Hence initially C, encloses C. When the
order of integration is interchanged, the only singularity of the inte-
grand in the ¢-plane lying outside C is the double pole at ¢ = 2. Ex-
pand C until it consists of a circle of infinite radius at o plus a nega-
tive loop around ¢ = z. The contribution of the infinite circle vanishes
because the integrand is a rational function of ¢ of 0(£?) at o. The
contribution of the pole at ¢ = z gives the derivative.

Notice that the coefficients p,; in (15) are independent of the path
L in the v-plane.

The procedure used to obtain the integral (17) for P,(v) may also
be used to show that

o) = 55 [ 100 s & ped =] - @

When px =1 and F(@) = ¢°, the polynomial P,(t) reduces to
(—1)"1*" (0)/(4"n!) and f,.1(v) is equal to [f,(0) — vf(v) — 1.(0)]/(20°).

P.@) =

i

V. COMPUTATION OF P,(v), A = 1. BLEISTEIN METHOD

We shall regard the functions U;(x) in the series (15) for I as tabu-
lated or easily computed. For example, when p = 2 the functions
Uos(z) and U, (z) may be expressed in terms of Airy functions. Then
the most difficult step in applying the series is the calculation of the
coefficients p,;, I = 0, 1, ..., n — 1, of the polynomial P,(v). We
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desire an expression for p,; in terms of the values of the functions
g(t), h(t) and their derivatives at the saddle points ¢ = ¢, r = 1, 2,

N T

Let ¢t = t(v) denote the change of variable from ¢ to v, and let the
saddle point v = v, in the v-plane [F’(v,) = 0] correspond to ¢, in the
t-plane: ¢, = t(v,). We shall use the notation

o ={(@o] e =[]
KY = [(d_ﬁ”t(v):l,.,, , r=1,2,,n.

When convenient, we shall write A, for 2 = h(t,) and g, for ¢! = g(t,).
First consider the expression (7) for Py(v). As shown in Appendix
B, F(v) is a polynomial of degree u + 1,

(19)

ptl

F@) = 2_: A (20)

whose coefficients 4; may be expressed as functions of the A,’s. When
this equation for F(v) is used in (7), the coefficient of v* in the result-
ing expression for Py (v) gives

p+i

Por = Z ]A Ef(?#l/)(_) y l = Ov ]-y Tty M T 1. (21)

i=l+2 rel

Multiplying the right side of (21) by —1 and changing the limits
of summarion for j from ! 4+ 2, p + 1 to 1, I + 1 gives another ex-
pression for py;.

Since f(») = g()t'”, we also need an expression for ("’ in terms of g(t)
and h(f). Differentiating F(v) = h(f) twice with respect to » and using
A = 0 leads to

1) = g0, 7 = [F"@)/h> T (22)

The sign of the square root is chosen to agree with the constant cin ¢ & cv,
the form assumed by the change of variable throughout the ecritical
region.

Since the 4;s and v,’s may be expressed in terms of the ks, equa-
tions (21) and (22) show that po; depends only on the &,s, g,’s and
h,(2)s,

When 7 is general, an expression for p,; similar to (21) for po; may
be obtained by expanding the derivative in the integral (17) for P,(v)
in partial factions and then using the Cauchy integral theorem. For
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n = 11it is found that

Pu = Z ]A Z Z I’"(v)l""(v)

F=1+2 r=1 s=1

i—a1| f0,) — f@,) f(v) 1@,
v, [(v ) + —I— 5 ] (23)

where the prime on >’ denotes that the term for s = ris omitted. The
primes on f(v) and F(v) denote derivatives with respect to v.
The expression obtained for P, (v) is of the form

n 2n+1

P.@) = 2 2 alf " P )/(m — 1)! (24)

r=1 m=1

where «,7) is a polynomial in v. Recurrence relations for the &’s may be

obtained w1th the help of the partlal fraction expansion
(c —v)" , (0, — [ 1 v, — )" ]
77 - a+ . 25
R Y T el Ferel vy ] R

The relation ' [1/F"(v,)] = — 1/F"(»,) can be used to simplify the
coefficient of (¢ — v,) ™.
The mth derivative of f(v) evaluated at v,,

60 = 3 (M (&) o] @0

i=0

contains derivatives of {(v). They may be obtained by extending the
method used to get £". Straightforward differentiation of F(v) = h(f)
with respect to v leads to

2
t()'_'

1
— 3t(1)h(2) [F(B) . h(B)t(l)slr

(27)
t'(‘li) — 4t(1)1h(2) [F(4) _ 6h(3)t(2)t(1)2 - h(4)t(1)4 _ 3h(2)t(2)2]r

where the nth derivative F®™ of F(v) is evaluated at v, and A™,
t™ are evaluated at ¢,

The values of tU+V for larger j’s may be obtained with the help
of equation (94), namely

F™@) = Z R ()en s (28)

k=1

where ¢, = t™, ¢,,, = £™®" and the remaining c¢’s are given by the
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recurrence relation (96). Setting &k = 1in (96) gives

n—2
Coo = nt(n_l)t(l) + Z (n m ]-)I:(n—m)t(m) (29)
m=2

forn = 3, the last summation being omitted when n=3. The term in (28)
for k = 1 vanishes when v = v,, t = t,. Substituting for c,,, its value
given by (29) and solving for t* leads to the desired result whenn = 3:

. 1 . n . n2 n— ]- n—m} (m
Jom» - i [F( S e, — Y < N )t( )¢ )] . (30)
r T k=3 m=2 ’

The value of F™ (v) is zero for n > p + 1.

VI. COMPUTATION OF P,(v), A = 1: URSELL METHOD

The Ursell method avoids the evaluation of the derivatives of f(v)
which appear in equation (24) for P, (v). Instead, it makes use of
classical saddle point expansions about the individual saddle points
in the ¢ and v planes.

Let u different paths of integration, L{, Lj, ... , L’ be chosen in (6)
such that the chief contributions (as z — ) along the paths correspond-
ing to r, namely L! in the {-plane and its mate L, in the v-plane, occur at
the saddle points ¢ = ¢, and v = v, , respectively. Let the classical
asymptotic expansions around ¢, and », be

I, = f g(t) exp [zh()] dt ~ exp [zh{t,)] i a2 " (31)

®
1

U.@). = f o' exp [2F®)] dv ~ exp [aF(@,)] Brwx " (32)

m=

Using h(t,) = F(v,), substituting (31) and (32) in the uniform asymp-

totic expansion (15) with N = o, and equating coefficients of ™" gives
=1 n
Aqppy = Z Z Brlmpn—m.l
l=0 m=0 (33)
p=1 p=1 n

= 67‘10an + ﬁrlmpn—m,l
=1

1 m

1
=]
1
=)

where the second sum in the last line is omitted when n = 0. The
expression (17) for P,(v) shows that P,(v) remains the same, irrespective
of the path of integration L, as long as f(v) and F(v), that is, g(¢) and h(%),
remain the same. Hence, forn = Oandr = 1,2, ..., u, (33) furnishes p
simultaneous linear equations which may be solved for py, I =
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0,1, -+, — 1. Similarly whenn = 1, (33) determines the pu’s, and so
on. It turns out (see equation 39) that 8,10 = 8.0 - This allows us to
write the simultaneous equations in the form

Py,) = ao/Broo » r=1,2, .-, n

P,w,) = {2 Zi (6”"’)7)" mat

m=1 1=0 1'00

(34)

Expressions for a, and ﬁrzm may be obtained {from the classical
saddle point asymptotic expansion (103) given in Appendix D. Chang-
ing n to j in order to agree with the notation of Appendix D gives

i+t 27 (”J—ﬂ)
(71') [} (::I Z (r)] _ ’I'L)' Z bmn(%)rrﬁi (3‘5)

m=0

where k™, g!™ are the derivatives defined in equations (19), and
@) =1, @), =z(x+1) ... (x +n — 1). Theb,,’s are computed from
the recurrence relation (100), namely

1 n—m+1
bost mar = R ]; kapbo poier
starting with bgp = 1 and using
h(k+2)

a = k=12 . (36)

CER RN

The value of arg [—2/h]! is equal to arg (¢ — ¢,) on the portion of L/

(deformed into a path of steepest descent through ¢,) leaving ¢,.
Similarly,

o= @ 3| SRR S

n=0

where now the b,,,’s are computed from (100) with

__—2r? ™ _ [(d ) ]
- (k + 2)' F:z) ) Fr - dl) F(”) v=“° (38)
Setting j = 0in (35) and (37) gives

= (m) [h(z)] g;")’ Brio = (m)? IiFu)ilei s

F(z) (0) (1) (0)
Py, = 6 w0 h® g =1 = f@.)

where ¢! and f(v,) are the same as in equation (22). The relation

Q.

(39)
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Py(v,) = f(v,) is the starting point for the Lagrange interpolation formula
(7) in the Bleistein method.
Setting n = 1in (34) and j = 1 in (35) and (37) leads to

Pi0) = 5 = 5 50

v —2t @ Mp @ B 5,32
ﬁ = |: e :I{gT — __g4h(2) + g(O [16h(2) + 2852 (40)

Br“ l(l . 1) l s lvl-lF(:i) . __F(4) 5F(3)2

BrOO I’V(2) 4 - 41;1(2) + v 16F(2) + 48F(2)2 ,
where the subseript r on the braces indicates that the enclosed g¢’s,
R’s, v’s, s have the subseript r.

VII. THE BLEISTEIN METHOD FOR A\ 3£ 1

Here we deal with

J = fL (1) exp [ah(D)] di = f @) exp [¢F®)] dv

f0) = g®Em1Y, 1P = dt/dv.

The origin is now a singularity, and its vicinity may contribute to J just
as the vicinities of the saddle points do. Accordingly, we now require that
the polynomial P,(v) be such that P,(0) = f(0) in addition to P,(v,) =
fw),r=1,2, ..., u. Assume for the moment that F/(0) = 0,that is,
that the origin is not a saddle point. Starting with Lagrange’s interpola-
tion formula and proceeding as in Section IV gives

HOWF'G) eI 0)
ri) = Cpe? + 2 6 ey

HWF" @) dg
=10+ 5 [ 0 X5 O (O

_ L [ ©ek, ) dt
2ri Je  CF(D)

(41)

(42)
7 — pF!
ot - Q=20
where C encloses { = v,¢({=0,¢({ =v,,7r=1,2,...,nbut no singu-

larities of f(¢). Here Py(v) and Q(Z, v) are polynomials of degree
p instead of p — 1.
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When the origin is a saddle point, P,(») is still given by the expressions
in (42) which contain integrals. In fact, we have P,(0) = f(0) (with

primes denoting derivatives) in addition to Py(0) = f(0).
Much as in Section IV, we obtain

[ @97 1,6 exo 10

= [ @00 P,0) exp @FO] + = [ @0d™ i) oxp 2FO)]
where fo (v) = f(v) and

o) = g [ SEOCD O = 2
n+l 27T’L o4 ) t — v) ,

1 df (A, v)
Pu) = omi CF'(3)

Equations (43) and (44) lead to the desired series for J:

J

i

le: 2" f dv v’ P,@) exp [xF®)] + Ry ,

Ry =27V f A ™" fyer®) exp [2F@)] dv.

When P, (v) is written out we get
P,) = Zp,,,vl, n=20,12 ---
1=0

" N
J = 126 Vi(z) ZO pu™™ + Ry,

Vi) = [ o7 exp P @] v, 1=10,1,2, 0, n

Furthermore, the recurrence relation (44) for f,(v) leads to

1 dcf,.-l(s“) » 8 £7Q, v)
Py =55 ). "0 [‘” Q) ]

A—1 1 9 |"Q(, v)f—)‘
27rzf ds f2)¢ [F'(s‘) a—f] 7o)

fan® = 7= f dg f(s“)(-l)s“"‘[Fl i]" (& — W+ )¢

‘®ocd (¢ —0)F(©)

(43)

(44)

(45)

(46)

47)
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When A = 1 the formulas of this section do not reduce to those of
Section IV sinece they contain the additional condition P, (0) = f(0).
However, (46) gives the same series for J as (14) does for I because
V.(z) can now be expressed as a linear combination of Vy(z), . . .,
Vy—1(x) [which become Up(),...,U,_1(x)].

The only singularities enclosed by C in the integral (47) for P,(v)
arepolesat ¢ = O0andat ¢ = v, r = 1,2, ..., p. Evaluating the
integral by Cauchy’s theorem gives the coefficients in P, (v) as the
sum of derivatives of f(v) at ¥ = 0 and at v = v,. The derivatives
at the saddle points may be obtained by differentiating

Inf@) = Ingt) + (\ — 1) In Zf +In @ (48)

with respect to » and using the expressions for ¢t developed in Section V.
The derivatives ™ (0) may be computed with the help of the series

2
L L0 (49)

_
=t 2' 30

where £” denotes the nth derivative of ¢ with respect to » at v = 0. The
t&’s may be obtained by differentiating F(v) = h(f) repeatedly with
respect to v and then setting v = 0. If F’(0) = 0,

()
(1 FO

0o T 3

° (50)
@ _ (2) h(2)t(1)2

0 - (1)
where the subscript O refers to £ = 0 when it is on & and to v = 0
when it is on F. Higher order derivatives may be computed by using
the results of Appendix C in much the same way as in Section V.
It may be verified that

10) = g g

A 1 (O)t(2)
f(l)(o) (1))\[ (l)tél) ( —12_ ) t(l)

where ¢{™ is the nth derivative of g(f) with respect to ¢t evaluated at ¢ = 0.

(51)

VIII. THE URSELL METHOD FOR N # 1

When the origin is not a saddle point, the x + 1 linear equations
to be solved for the coefficients pu, L = 0,1, ..., pin P,(v) turn out
to be
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Pn(vr) = Qrn - Z Z <M)pn—m.l 3 r = 1) 2} A ] (52)

BTOO m=1 1l=0 ;BrOO

Dno = % - Z Z <M>pn—q.l (53)

q=1 l+m=¢q 6000
where the summations are omitted when n = 0. The summation condi-
tion ! 4+ m = ¢ in (53) is also subject t0 0 = I = 4,0 S m = .
Equations (52) are given by the analysis of Section VI for the
case A = 1 when ¢(t) is replaced by t*—¢(¢), v* by v+ I, by J,,
and U;(z) by Vi(x). The o’s and g’s in the rth equation of (52) are
the coefficients in the classical saddle point expansions about £, and v,:

J, = f £7g(t) exp [xh()] dt ~ exp [zh(t,)] i aa !
Lr? »=0 (54)

V,(2)], = f o' exp [2F@)] dv ~ exp [2F@,)] mz.:; Brima ™ E

The «,; in (52) (with j for =) is given by equation (35) for e,; with
g% replaced by ¢ ™™ where

iy = 07ty = 3 Lt g
e ) (55)

g =t 2 (Z)gf""“(—l)"(l — Nl
k=0

The By in (52) is given by equation (37) for B,y with I replaced by
l + X — 1 on the right side.

Equation (563) arises from a consideration of the region around the
singularity at the origin. As deseribed in connection with equation (106)
in Appendix D, let L} be a loop enclosing the branch cut running out
from ¢t = 0, and let L, be its mate in the v-plane. Then, as x — «, the
a’s and B’s in (53) are defined by

I, = f 2D exp [h(D] di ~ S g™
Lo’ n=0 (56)

[Vi@)]o = f ' exp [xF@)] dv ~ i Bornz™ "1,

m=0
Substituting (56) in the uniform asymptotic expansion for J, given
by (46) and equating coefficients of t="—* gives (53).
Using the asymptotic series (106) to determine «p, and B, leads to

1\ 4 (i=n) n
i — tél))\( <11>) Z go Z b"m()‘)mﬂ‘ (57)
0 n=

aU—O‘ Og_n)!mﬂ)
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where the subscript 0 refers to the origin and b,,, 1s computed from
(100) with a;, given by

= —h*V /[ + D! A, (58)

The value of & is the value of dt/dv at v = 0 determined by the change
of variable from ¢ to v. Similarly,

i

601:’ -1 i
rae ‘Z,?((’)iT Z bni(N)marsi (59)

6000 m=0

where, replacing j by n, b,., is computed from (100) with
= —F*V/[(k + DV FP], ko2 1. (60)

In Appendix IF the theory which has just been developed is applied to
the case of one saddle point (u = 1, A & 1).

So far in this section it has been assumed that the origin is not a saddle
point. Now let the pth saddle point coincide with the origin so that F§"

and 2{" vanish. The p 4+ 1 equations determining p,,; I = 0,1, ... ,
are now
,,(l)) 22<r1m>pn-ml 7'=1,2,"',/.L—1 (61)
BrOO m=1 1=0 ﬁrOO
Dro = So.zn _ Z E < OZm)pn—a l (62>
Booo a=1 m+i=2¢ \Booo
1 n
P = 5— [a0,2n+1 — BoorPro — Z E Botmpn—q,z] (63)
010 a=1 m+1l=2q+1

where the summations are omitted when n = 0. The values of [ and m
occurring in the inner summations in (62) and (63) must also satisfy
0<!l<pand0 =mz= o,

Equations (61) are the same as (52) except that r runs from 1 to
# — 1 instead of from 1 to u. The «’s and 8’s in (62) and (63) are the
coefficients in the asymptotic expansions

Jo = f £7'g(t) exp [xh(t)] dt ~ D apa” V7
L'o 2
(64)
[Vi@)]o = f Pt exp [zF(@)] dv ~ Z ‘301mx—(m+z+)\)/2
LO ot

where, as discussed in connection with equation (109), the paths Lf, L,

coincide with the paths of steepest descent through ¢ = 0, » = 0 except
for indentations at those points.
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Equation (62) is obtained by substituting (64) in the uniform asymp-
totic series for J, given by (46) and equating coefficients of x~“"*/2,
Equating coeflicients of z~“"*'*M/? gives equation (63).

Some results for the case of two saddle points, one of which is at

the origin, are stated in Appendix H.

IX. SIMPLE POLE AT THE ORIGIN

When there is a simple pole at £ = 0 and one saddle point in the
critical region, a case discussed briefly by Bleistein,* we have

J = fL 0 exp [eh(t)] dt. (65)

In the ecritical region, L’ is assumed to coincide with the linear path
running from e — 20 to @ + o0, @ > 0.

Let h(t) be real when ¢ is real and in the critical region. Let the saddle
point ¢ lie on the real axis. As usual, i, = 0, AV = 0; and we assume
h =0, 1 > 0. As suggested by example (2) of Appendix 3, we choose

F) = v* — 2u, = —hy
where v, is real. We write

2
|t |
in order to make v; and ¢ have the same sign.

Equation (46) shows that the uniform asymptotic expansion for
J has the form

(_hl)%) (_hl)% =20

v, =

J ~ V(@) E Pa "+ V() Zo P (66)

where, with L parallel to, and to the right of, the imaginary v-axis,
Volz) = f vt exp [2F@)] dv = ir[l — erf (v,2})]
L
Vi) = [ exp [2F@)] dv = i(r/x)* exp (—ar?)
L

erf (2) = —2% f exp (— &) dt.
T Jo
Putting A = 0 in the integral (47) for P, (v) gives

P,@©) = puo + pa
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_ L ds‘f(f)( 1 1)"(:+v—vl)
2t Je 2'¢ \§ — v, OF §—un

f@) = vtV /t, 1Y = dt/dv

where C encloses ¢ = 0 and ¢ = v; but no singularities of f(&). Setting
v =01in (67) gives

(67)

Py0) = poo = f(0) = 1,
Pn(0)=pn0=0’ n>0'

Here the series (49) for ¢t/v has been used to show that f(0) = 1.
Therefore the series for J reduces to

J ~ir{l — erf [0,2%]} + i(x/2)! exp (—avd) D puz ™. (68)
Setting v = vy in (67) gives

) — 1/, = - — 2

t Uy

_ 1 [ dei® ( 1 i)( ¢ )
P =55l 2o \r—vot) \e—n) "0

From (22) and F”(v) = 2 it follows that ¢ = [2/A{®]%. The integral

for p,, may be evaluated in terms of the 2nth derivative of f(v)/v =

tV/t = (d/dv) In t(v). Thus, writing ¢/(¢ — ) as 1 + 0,(¢ — v,)7"

and using

i

Dor
(69)

<§' —1 v, %)"(i’ — ) = (=D"13...Cn— D¢ —v)" >0

leads to

_(=D"Q), {v“;"“ [( g)“ ﬂ] B 1}
P = 2 o)t L\a@o/ "t ...,

The first of the pu’s required in the series (68) for J is given by
equation (69) for po:. The remaining ones may be obtained by using
the Ursell method equation (52). Since poo = 1 and p,o = 0 for n > 0,
equation (52) gives forn > 0

P = 1 [am — Bion — Z 611mpn—m.1:l . (70)

18100 m=1
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From equation (55), §(t) = ¢! and its nth derivative at £, is §{” =
(—1)"nli;™"'. Replacing g by 4 in (35) leads to

n

—2 i+ d ng—2i+n—
oy = W[W] 2 (=T 3 bn(Bmes

=0 =0

where arg [—2/h®)f = /2 and the b,,.’s are computed from (100) with
a = =207 /[ + 2)! B, k=1,2,---. (71)

Equation (54) shows that the B1,’s are the coefficients in the asymp-
totic expansion of [V;(x)],, that is, in the asymptotic expansion of an
integral, which has the same integrand as V,(z), taken along the
path of steepest descent through the saddle point v = v;. Instead of
obtaining the #’s by the general procedure outlined in Section VIII,
we notice that the “asymptotic” series for V,(z) consists of only one
term. Consequently Biim is 0 when m > 0 and the summation in
equation (70) for p,, disappears. Moreover, the asymptotic series for
the error function gives, when v; > 0,

Vile) ~ i@ exp (—a) 3 (= D" @) ™.

When v; > 0 and 2 = o0, Vo(2z) is given asymptotically by the con-
tribution from v;. When v; < 0, the asymptotic expression for V,(z)
contains the constant term 27, but the contribution from a path of
steepest descent through v; is still given by the same expression as
for positive v;. Hence, irrespective of the sign of v,

Biom = im}(—=1)"(Hnor ™"

These results enable us to write equation (70) (with j for n) as

—1)i(1y. (1) |27+1 27 n
p = RO S e S b+ 1 - 1

n=0 m=0

for j > 0. Here, to repeat,

b (1)_[_2_]% nt? 1 [—2n |
vl—ltxl( hy)?, L= i2) ) 4 _ltll §2) y

(© = 1, ©n=clc+1)---c+n—1)

and the b..’s are computed in succession from equation (100) with
ay given by (71).

(73)
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The first two p,1’s are

1 (1)
Por = > [vl—tl“ - 1:‘
1 1 (74)

_ _ 1 Jjut®y 1 — 2 208 15,2
Pu = _2vf t 1 — 2ta, + ti(Ea, + Fa))] — 1
and the b,,,’s for p.; may be read from the table in Appendix D.

When | ¢, | is small, the expressions which have been given for p,, are
essentially small differences between large numbers. If the caleulation is
being performed on a digital computer it may be advisable to use double
precision. Expanding h(f) about ¢ = ¢, and then setting ¢ = 0 leads to a
series for —k, which may be used to obtain v7% 7" as [t{"/4,]***"* times a
power series in ¢, . Series of this type can be used to show that

Por = % 4 0(t) ‘
(75)
Pu = ”“%til)s(gas + a0, + B;‘CL?) + 0(t,)

where ay, is given by (71).

X. THE NONCENTRAL Xz DISTRIBUTION

Let x be a positive integer and y,, ¥, . . . , ¥ be independent gaussian
random variables with unit variances and respective mean values
Ty T2y - - - » 9= . Let 2z be the (noncentral x°) random variable

c=13 . (76)

It may be shown that the mean value of zis 2 = 1 4 r and that its
variance is (2 - 4r)/x where

r=;15'2yi.

n=1

Furthermore, from Ref. 2 (with a change of variable) the distribution
function of z is

Prob[0 £z £ 5] = 2—;[ T exp [xh()] dt (77)

where ¢ > 0 and
h(t) = st — In(1 + &) +r(1 + )7 — 7. (78)
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The integral on the right side of (77) is seen to be equivalent to
minus Marcum’s Q-function (and also to an expression given by
R. A. Fisher) when (77) is written as

Prob (0 52551 =% [ /)™ exp [—ate + /2 cym-ilae2) e

Here I denotes a Bessel function with imaginary argument.

We are interested in computing the distribution of z when z is large.
The equation A (t) = 0 gives two saddle points. However, as pointed
out in Ref. 2, when z is large only the one at

14+ (1 + 4r)?
2s
need be considered. The value of ¢, is real and > —1. When s = 1
+ 7, t; is zero; and when s increases through 1 + r, ¢; decreases
through 0. ‘
From equation (68) the desired asymptotic expansion is

o= —1+

Prob [0 £ 2z < s] ~ L{1 — erf [v,2%]}

+ ()~ eXp( av}) Z P (79)

where p,; is given by (72). The quantities entering p,; are

Uy

l t | ( hl) y h, = h(t1)7 tlm = [2/}1;2)]%

R = 5= — D! r + 07"+ 1+ 07", n=2
=l )T+ 27A + )7
(=D [w+2w+1+a] N
k + 21 + t)* 2r + 1+t ’ =
The values of po; and py; may be obtained from (74) by substitution

of the parameter values (80).

When s — Z2 = s — 1 — r is small, the central limit theorem in the
theory of probability states that

Prob[0 <z < 5] ~ { +erf[((i;_'28):§i|}

This agrees with the approximation given by the error function term in
(79) when it is noted that t, ~ — (s — 1 — r)/(1 4+ 2r) and — b, =~
Hh®/2if s — 1 — ris small.

(80)

a, =
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The ordinary x* distribution is obtained by setting r = 0 in the
noncentral x? distribution. In this case we have

1—s

L = s s tl(l) = 2/s,
1 —-s (s—=1— lns)%
”1‘[1—s|( 5 ’ (81)
k
a; = i(+8)2 , k g 1.

Equations (74) show that the first two coefficients po;, P11 in the
asymptotic series (79) are now

py = =2 1
o1 = -
1—s v 82)
__L](_2¥ <1—s>2] 1}
Pu = ‘2{(1 —s) [“L 12 |
‘When s is close to its average value 1, equation (75) gives
P = 2/3 + O(ty) (83)
P = 1/135 + O(L).
Setting x = 2¢ and r = 0 gives
Prob[0 £z <s] = 1 u' ™ exp (—u) du
P(C) V] (84)
_ (cs)" exp (—cs)
- ,.Z.; n!

where ¢ is assumed to be an integer (z even) in the last equation.
These relations may be combined with the foregoing formulas to
obtain asymptotic results for the incomplete gamma function and
the Poisson distribution.

There is reason to believe that the asymptotic expansion (79) for
Prob [0 < z = s] may hold over the entire range 0 < s < «. For exam-
ple, consider the ordinary (r = 0) x* distribution. In this case the first
two terms in (79) give

Prob[0 £ 2 < s] ~ {1 — erf v,z ¥}

+ 3[r2] ™ [1 3 - —I:IeXp (—xi)  (85)

s
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where z = 2¢ and v, is given by (81). Let ¢ be held fixed at some large
value and consider further the three cases s — 0, s — «, and s — 1. In
all three cases it may be verified that the leading terms in Prob
[0 = 2z £ 5] given by (85) agree with those obtained from the exact
equations (84) and the asymptotic properties of the incomplete gamma
function. The expressions obtained from (84) are

Prob[0 £z £ 5] = 2re) % [expc] [1 + Ofcs) + 0(c™], s—0
Prob[0 <z <s] =1 — (2re) s '[exp (c —cs)][1+ O") + 0 Y],
§— (86)

Prob[0 £2=1] =%+ @m0t + 0™, s=1.
APPENDIX A

The Behavior of h(t) in the Critical Region

In this appendix we show that, in the critical region, k() behaves
much like a polynomial of degree p + 1, and we examine the change
of variable from ¢ to v.

First write

p+1 tih(i)
MY = 2 R (87)
i=1 .

where A" is the value of (d/dt)’h(t) at t = 0, h{**" is not 0, and R ,,,
is O(t**®).

One of the distinguishing features of a polynomial in ¢ of degree
r + 1is that when ¢ is much larger than », where | ¢ | = 7 is the smallest
circle which encloses the zeros, the dominant term in the polynomial is
the one containing ¢***. The function A(f) has a corresponding property.
Suppose that the saddle points ¢, &5, ... , £, all lie within a distance e of
the origin, and for the moment suppose that they may be moved towards
the origin so that ¢ may be made as'small as we desire. Also suppose that
hi¥*Y = A + O(e) where A 5 0. We shall show that by making e small
enough we may find a range p < | ¢| < 5 throughout which

h(t) = ¢ R (w4 DI (88)

Here 7 is such that when |¢]| and ¢ are less than 7, the remainder E ., in
(87) is negligible in comparison with the (x -+ 1) term T ,,, = t"*'AS**2/
(& + 1L Once 7 is fixed, p may be chosen to be arbitrarily small, subject
only to p < 7.

In order to show that (88) holds when p < |¢| < 7, notice that by
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repeated differentiation of the representation
W) = (@ —t)t—1t) ... ¢—1t) G0
it may be shown that G(0) = h{**"/u! + O(¢) and that RS’ is

Ole""""h{** VY forj = 1,2, -+, p. Hence when | t]| > ¢,

(i)
Z ”; = O[t* e V] = o<§ T> .
i=1 !

Choosing p to be arbitrarily small, subject only to 0 < p < 7, and then
choosing e so that ¢/p << 1 establishes (88).

This property of h(t) suggests that some insight into the change of
variable from ¢ to v, specified by F(v) = h(f), may be obtained by
considering A(t) to be a polynomial ¢(t) of degree u + 1. Then a natural
choice of F(v) is F(v) = o(cv + b) where ¢ and b are constants. For
simplicity we take ¢ = 1 and b = O so thato, = ¢, r=1,2, ... ,
where v, is the rth saddle point on the v-plane. The equation F(v) = h(t)
goes into ¢(v) = ¢(f) which we write as

u+1

o) — () = 2:, 4,0 = 1)
= — O[A; + A0 + &) + A4,0° +ot + ) + -]
= 0.
The branch used in the change of variable is

v=1t (89)

for which dv/dt = 1 everywhere. The remaining p branches, which
are ignored in the change of variable, may be obtained by solving

A+ A0+ 0+ o F A @ ot L+t =0 (90)

for v as a function of ¢. Writing (90) as

oo, 5 = 2=l _ g

and expanding G(v, t) about v = ¢,, { = t, shows that, near ¢t = {,, one
of the remaining branches behaves likev = t, — (¢ — ¢,). On this branch
v ="t and dv/di = —1latt=t,. Again,letv = 9,,s=1,2, ..., p — 1,
be one of the p — 1 roots of G(v, t,) = 0 which is not equal to ¢,. Expand-
ing G(v, t) about v = 9,, t = t. shows that near { = ¢, the correspond-
ing branch behaves like
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v=10,+

and that dv/dt = 0att = ¢,.

The examination of special cases suggests that there is a one-to-one
correspondence between the p branches of (90) and the u saddle points
in the sense that dv/dt for a particular branch is equal to —1 at its
corresponding saddle point and is zero at the other saddle points. Thus
it appears that the branch v = t [or its analogue for general h(¢)]
is the only one suitable for the change of variable throughout the
entire critical region.

APPENDIX B

The Choice of F(v)

The polynomial F(v) used in changing the variable of integration
will be written as

u+1

F@) = Z) Ap'. (91)

The positions £, ts, . . ., t, of the saddle points and the associated
values h, = h(t,) are supposed known. We require expressions for
the A;’s which are either pure numbers or depend only on the h,’s.
Although one or more of the zeros vy, ve, ..., v, of F/(v) = dF (v)/dv
may appear in our final expression for F (v), they will always be ex-
pressed in terms of the h,’s.

Since F (v) = h(t), we have the 2p equations

F(U,) = hr ’ (92)
F/(Z)T)_-—‘O, T=1127°"7“
relating the 2u + 2 unknowns v, vy, ... , v,, Ao, 4y, ... , 4 ,4;. Con-

sequently we have at least two arbitrary choices (4 ,., = 01is forbidden).
For the case X # 1 we shall always require the change of variable to be
such that v is 0 when ¢t = 0 and thus we take A, = 0. In some instances
the form of A(f) aids in the choice of the A ;’s. For example, when h(?) is
an even function of {, we can take F(v) to be an even function of v.

In choosing F(v) it is helpful to notice that in the critical region the
change of variable takes the form ¢ & cv, ¢ being a constant. Conse-
quently, from (87),

Bt1 (cv):'héi)

Fo) ~ >, 2 (93)

i=1 7!
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and it follows that the u zeros, v,, of F’(v) have nearly the same configura-
tion in the v-plane (except for a possible rotation and magnification
given by arg c and | ¢ |, respectively) as do the zeros, ¢,, of h'(f). For the
case A = 1 there may also be a small displacement so that { & cv can be
written more accurately as t & cv + b, or dt/dv = ¢. Furthermore, from
(88), we can take ¢ to be one of the roots of

Aper = R (w + DT

The following examples illustrate possible choices of F(v).
(@) p =1, XN # 1, ¢, 5~ 0. Initially there are 4 unknowns, v;, 4,, 4., 4.
related by 2 equations, and F(v) given by

F@) = A2® + A + Ao

We take 4, = 0 (because A ¢ 1) and arbitrarily choose A, = 1 (for
convenience). This carries the two equations into

VP4 Ap, = kb
20, + A, = 0.
Consequently
Fv) = v* — 20y 2} = —h,.
This case has been considered by Bleistein.?
(12) p = 2, X = 1. Initially there are six unknowns vy, va, 49, 4;, 42, 43
related by four equations, and F (v) given by
F(v) = Ap® + A® + Aw + A,.
We take 42 = 0 in order to simplify F’(v). The four equations become
F'v,) = 3405+ A, =0
3Fw,) = —Ap, + 34w, + 34, = 3h, , r=1,2.

It follows that Vo = —Vq, A‘o = (hl + h:_),)/z, Alvl = 3(h1 - hz)/4.
For the remaining choice we take A; to be equal to —A4,/3 and
obtain,

F@) = §(hs = k) (0" — 30) + 3(hs + hy).
Another choice for 4; is 3 which gives
F@) = 30° — v + 3(hs + hy)
v} = 2(hs — h), v, = —u, .

This case has been considered by Chester, Friedman and Ursell.’
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@) =2\ 14 0,1 = 0. Here the unknowns and F(v) are the
same as in example (iz), but because of h, = h(0) = 0 it turns out we
have three arbitrary choices. Since N 5% 1 we take A, = 0. Then both
F(v,) = hpand F'(v;) = O aresatisfied by choosing v, = 0 and A, = 0. This
leaves F(v,) = h, and F'(v,) = 0 to be satisfied by the remaining three
unknowns v, A,, A;. Our third choice is 4; = 2. It leads to

Fp) = 20° — 3v°, v = —h, .

@) p = 2, N # 1, &, &, ¥ 0. This case illustrates the complication
encountered for the general case when g = 2. The value of 4, must be 0
and we choose A; = 1. Then

F@) =0v° + Ap® + Ap
F') = 3v® 4+ 24w + A, .
The last equation shows that 4, = — 3(vy; + v2) /2, 41 = 3v1v,. Sub-
stituting in F (v,) = h, gives
vi(—v, + 3v)/2 = hy
1)2(—1)2 + 31)1)/2 = h2 .
Setting a = ha/hy and p = va/v; leads to
=380 +3m —a=0
which has the three roots
po=1+ 10— a1 — o, + (1 + a)e?]

where w;, = 1, w, = 1%, w3 = ¢** and the star denotes “conjugate

complex.” When ¢, and {, tend to zero, one of the p,’s tends to ¢,/t,, and
this is the value of p to be used. The value of % is equal to 2h,/(3p — 1),
and we have

A, = =3n(1 + p)/2, A, = 3pv;.

(v) p = 3. The general case of three saddle points may be handled
by a procedure similar to that used in example (:v). We do not dis-
cuss this case beyond mentioning that when we set vs = pv1, v3 = 0¥y
the variable v = (p—1)/(s—1) must satisfy the equation

uw — 2u° 4+ 2qu —a = 0, a = (hy — hy)/(hy — hy).
(vi) p = 3, t3 = 0, h(t) even. Since h(t) is even we start with

F(v) = 1)4 + sz2 + An
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and find that

F) =o' — 2}*, v} = —h,.

This case has been treated by Felsen.”

APPENDIX C

Derwatives of Composite Functions

A result used in Section V to compute the nth derivative, £, of t(v)
at ¥ = v, is stated in this appendix. Let the argument % in h(u) be a
funection ¢(v) of ». Then

(& wwn = £r%., nz1 e

where A" stands for (d/du)¥h(u) evaluated at v = t(v), and the
coefficients c¢,, , are computed from the recurrence relations

Ch1 = t(ﬂ)} (95)
cn+1,k+l = Z (Z)t(n+l_m)cm.k ) ]- é k § n (96)
m=k

n
m
Equation (96) may be proved by induction. Differentiating (94) gives

in which ¢ denotes (d/dv)"t(») and ( > the binomial coefficient.

Crv1,k+1 = tmcn,k + (%Cn,kn y 1=k=n-—1. (97)

We assume that (96) holds when n is replaced by n-1 and use it to
express Cp, r41 as a sum. Then one of the terms in the summand for
d ¢y, x+1/dv contains d ¢, 1/dv. From (97), assuming k > 1,

(%)Cm,k = Cmsr,x t(l)cm,k—l .

Equation (96), with (n—1, k—1) for (n, k), lets us sum the terms
containing t®e¢,, ,_1 with respect to m. Equation (96) follows upon
combining binomial coefficients and using c¢; . = t™cp_y, x—1-

The recurrence relations may also be obtained by writing the right
side of (94) as a Bell polynomial and using the recurrence relation
for these polynomials.® Expressions for the ¢y, x's (up to n = 8) as
polynomials in the £™’s may be obtained from Riordan’s table of Bell
polynomials given on page 49 of Ref. 8.
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APPENDIX D

Formulas for Classical Saddle Point Asymptotic Expansions

A result useful in obtaining asymptotic expansions of integrals is

fo #71G(r) exp [cH(")] dr

o 1(_1)(;’*—1’)/1' i n ( P+ ]>
> o, Z Gion 20 buaT{m + 5 (98)

i=0 V =0

where * = o, Re p > 0, v is a positive integer, and

©

d(r) = Z G, , H(r) = i —H, . (99)

n=0 n=y
The b,,’s depend only on H () and are computed in succession, start-
ing with bgo = 1 and by, = 0 forn > 1, from

1 n—m+1
bm+1,n+1 = n+1 };1 kakbm,nAk+l . (100)
Here a, = — H,,y/H,, k =1,2,....

Special values of b,,, are given in Table 1.
The asymptotic expansion (98) is based upon the gamma function
integral

mu’"1 exp (—u’) du = L (2 (101)
/ :

14
and the expansion
exp [y 21: ang":l = z_:o £ Zﬂ bnly” (102)

The recurrence relation (100) may be obtained by differentiating
(102) with respect to &, replacing the exponential by its series, and
then equating coefficients of &y™+2,

TABLE I —SprECIAL VALUES OF b,

n bon bin bon ban ban ban
0 1
1 0 5}
2 0 Qs /2
3 0 as a0 @3/6
4 0 ay mas + 27lap? 27ay%a, at/24
n>1 0 an — — — a*/n!
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For an integral, say I, in equation (31), having a simple saddle point
att = ¢, and a path of integration L/ which runs up to, through, and then
down from ¢, , we can use (98) withv = 2, p = 1,7 = ¢ — ¢, G(r) =
g, + 7), and H(r) = h(t, + 7) — h(t,). The contribution of the saddle
point is obtained by deleting the terms in (98) for which j is odd,
doubling the terms for j even, and taking arg (—1/zH,)! = arg
[—2/xh{®]t to be equal to arg (t — t,) on the part of L’ just leaving ¢,.
The result is

f g0) exp [eh(t)] di

r

ity 21 (2j—n)
~ exp [h.] E [ h] 2 Bl ; Z baT(m + 5+ 3)  (103)

where the derivatives of g(¢), h(¢) are defined in equation (19) and
b,y 18 computed with

2h(k+2)
N

a = (104)

The gamma function T'(m 4+ j 4 1) may be written as V7 (&) wa+;-

For the integral J, given by equation (56) most of the contribution
comes from the region near the branch point at ¢ = 0. When ¢ = 0 is not
a saddle point, there is only one path of steepest descent {for exp [zh(¢)]}
leaving ¢ = 0. This path may be taken to be the branch cut in the ¢-plane
and the path of integration L for J, may be taken to be a positive loop
enclosing the cut. Then the asymptotic series for J, may be obtained
from (98) by settingv = 1,p = N\, 7 = ¢, G(r) = ¢(t), H(r) = h(t) and
using in place of (101) the integral

f::ﬂ w ™ exp (—u) du = [1 — exp (—2q2)|T(2) = %f—a—){{t)ﬁri)-

(105)

Here arg w is 0 on the part of the path of integration leaving ¢ = 0.
The positive real u-axis in (105) is a branch cut. The path of integra-
tion starts at w = + o0 on the top side of the cut, comes in along the
cut, encircles u = 0 in the positive direction, then runs out to u = 4+ oo
along the bottom side of the cut.

It is found that
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Iy = f P1g(0) exp [eh(d)] dt
Lo’

) -1 A+i d (j—n)
~ Z [W_J 3 9o

w0 (G —m)!

(106)

. 2 bma[l — exp (—2mN)T(m + N\ + j)

where arg [—1/zh{"] is equal to arg ¢ on the part of L} leaving ¢ = 0, and
bmn is computed with

(k+1)
0 .
(k + DAy

The last relation in (105) may be used to handle the case in which A
is 0 or a negative integer.

When ¢t = 0 is a simple saddle point as well as a branch point, the
path L} can be taken to coincide with the path of steepest descent
through ¢ = 0 except for an indentation at ¢ = 0. The indentation is
chosen so that a man walking in the positive direction along L} would
have the point ¢ = 0 on his left. We put » = 2, p = \, G(r) = ¢(1),
H() = h(f) in (98) and use in place of (101) the integral

(107)

a, =

_ i exp (—172/2)

3

(108)
Here K runs from 4 = — o0 to 4 = 4+ o with a downward indentation
at w = 0, and arg u is 0 on the part of K leaving v = 0. Instead of
(106) we now have

fL P7g(0) exp [eh(D] dt ~ > (&;T%,ywm Z g

o i=0 = (G —n)!

Jow e (i au = 311 — exp (~imar(2)

(j—n)
0

- . . A j
22 b3 {1 — exp [—ir(\ + 9)]}I‘(m + —?) (109)
m=0

where arg [—2/zh{®]! is equal to arg ¢ on the part of L} leaving ¢t = 0
and b,,, is computed with

k
2hé +2)

I o)

a, =
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APPENDIX E

Two Saddle Points

In order to illustrate some of the results of Sections IV, V, and VI,
we consider the case of two saddle points, p = 2. This case has been
discussed by Chester, Friedman, and Ursell.* ¢ From (15) the desired
expansion is of the form

[ 00 e @) dt ~ U 3 put™ + U@ 3 pua™,

(111)
Pn(v) = pn(] + pnlv
where, from example (%) of Appendix B and equation (16),
Ui(2) = f o' exp bF@)] dv, 1=0,1
L
Fo) = 1° — ok + 4, (112)

Ay = 3(hy + hy), v} = §(he — hy), Uy = —0; .
Arg v, is determined by the correspondence of v; with ¢; which comes
with the change of variable from ¢ to v.
Let L’ and the change of variable from ¢ to v be such that L runs
in from v = o exp(—iw/3) to the critical region near v = 0 and

then out to o exp(ir/3) (it may be necessary to reverse the direc-
tion of L’). Then

Uyz) = 2riz tAiz%?) exp (z4,) ,
Ui(z) = —2riz A7 (2%?) exp (xAy)

where At(z) is the Airy function and A7'(z) its derivative with re-
spect to z.

From F’'(v) = v* — v? and equation (9) it follows that Q(¢, v) is ¢ 4 v.
Consequently equation (17) for P,(v) gives

(113)

Pn(v) = 5%; fc d¢ f(g‘)l:g.z 1_ v? :%.]n 3 +vz' (114)

B
=0

Here f(v) = g@)t"" in which t'V = dt/dv is obtained by differentiating
F(v) = h(t) with respect to v. The path of integration C encloses { = %,
but no singularities of f(¢).

From v, = — v, and

Poo + U, por = Po(v,) = (v,), T

Il

1,2
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we get

—0 v) — f(—v
Doo = f(ih) +2f( 1) , Do = f( 1) 21}]:( 1) (115)
which may also be obtained from equation (21) for py;.

Putting v = v;, n = 1 in (114) and expanding the integrand in
partial fractions leads to

P,\@) = é%? f(=v) — ) + 201f(1)(vl) - 2v§f‘2)(v1)]. (116)

Expressions for pjo and py; which agree with equation (23) for py,
may be obtained from (116) by changing the sign of v; to get P, (—v,)
and usingn = 1in

_ Pn(vl) + Pn(_vl>
pnﬂ - 2

117)
_ P,) — Pu(—v)
P = 2,

If we were to continue with the Bleistein method we would have to
evaluate f™ (v,) by using equations (26) through (30). Instead we
turn to the problem of obtaining P, (v,) by the Ursell method. For p =
2, equations (34) become

Py@,) = a0/Broo r=1,2

(118)

Pn(vr) _ Y i:ﬁmmpn—m,o + BrimPa-m.1
BTOO m=1 6:‘00
where «,; and B, are given by equations (35) and (37).

Since ¢(t) and A(t) in the original integral (111) are quite general, we
use equation (35) for «,; as it stands. However, equation (37) for 8,,;
simplifies considerably. This is to be expected since it gives essentially
the coefficients in the asymptotic expansions of Ai(z) and A7'(2). From
F® =2, , F® =2 and F” = 0 forn > 3 we have ¢, = —1/(3v,),
and a;, = 0 for & > 1. It turns out that b,,,1s 0 for m £ n and b,, =a}/n!.
When [ is set equal to 0-in (37), all terms vanish except the one for
n = 2j, m = 2j. When [ = 1, all terms vanish except those for n = 2j,
m = 2jandn = 2j — 1, m = 2§ — 1. It is found that

- —)! - =1\ ()
6r00 - < vr) 3 Broi - BrOO( vr) 97(2])'

1+ 6j>
Bri = Ur(l — 6 Broi -

(119)
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Changing P,(v,) into P;(v,) in order to avoid confusion with the
n used in Appendix D carries (118) into

Py = 02| S S
K\Yr) — Ur hi?) (2k _ n)! mn\2/m+k

n=0 m=0
Lo (—1)3’" . [ (1 + 6m) ] .
— ";1 (2m)! v, (7)3‘"! Pi—m,0 + U, 1 — 6m Pi—m,1 |- (120)
Herer = 1, 2; v, = —u;; and b,,, is computed from (100) with a. given

by equation (36). The value of t{" is given by

o-@ (/)

where arg t{ is calculated either from (¢) the form { = cv assumed by
the change of variable in the critical region or from (¢%) arg [—2/h®]?
and arg (—1/v,)% being equal to arg (¢ — ¢,) and arg (v — v,), respec-
tively, on the portions of the paths of steepest descent leaving {, and
v, . The last summation in (120) is omitted when & = 0. The expression
for P,(v,) may be written with the help of equations (40).

Equation (120) was checked by using it to obtain the first few terms
in the known'® uniform asymptotic expansion for the Bessel function
H(xz) with 0 < 2z < 1. Here h(t) = 2 sinh ¢ — ¢, the saddle points
are at =t, ({; > 0) on the real axis, and the path of integration runs
fromt = — o tot = « -} ¢r. If the direction of the path of integration
is reversed [so that (111) gives —H{"(x2)], the paths L’ and L can be
brought into correspondence by a rotation of 120°. In the approximate
form ¢t & cv of the change of variable, arg ¢ = 27/3; and v, corresponding
to t, is v, = | —3hy/2|* exp (—12x/3). Furthermore, f(v) turns out to
be an even function, (114) gives P,(—v) = (—1)"P,(), and pau.1,
Pans1.0 are zero forn = 0,1, 2, +-- .

When ¢, and ¢, approach each other, 2{®, h{¥, v, and v, tend to zero.
In this case the asymptotic behavior of the integral (111) may be
determined with the help of the equation obtained by setting » = 3
in equation (98). However, if one is interested in the behavior of the
coefficients p,,; , the following relations are useful. Putting v, = 0 in the
integral (114) for P,(v) shows that in the limit

Poo = 1(0), Po = 1(0), (122)

Do = —f(s)(o)/3!, Pu = "2f(4)(0)/4!
and so on. The derivatives t™ appearing in the derivatives of f(v) =
g(t)t® are now obtained by differentiating 3-1v3 = h(t) repeatedly
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with respeet to v. The leading coefficients are found to be
Poo = gx(O)tl(l) tlm = [2/}7;3)]!i
pm — gil)til)Z + g{O)t:2) :2) _h§4)t§1)5/12.

(123)

APPENDIX F

Saddle Point Near Branch Point

Here we apply the theory of Sections VII and VIII to a case discussed
by Bleistein,’ namely, X 5 1 and p = 1. The paths L', L and the func-
tions A(t), F(v) are assumed to be the same as in Section IX where the
singularity at the origin was a simple pole instead of a branch point.
In the critical region L' is parallel to, and to the right of, the imaginary
t-axis. Only the case in which ¢, and v, are real and of the same sign
will be considered. When ¢, and v, are positive the cut associated with
the branch point is assumed to start out from the origin along the posi-
tive real axis, and then quickly bend downward to run out to —ze.
When ¢, and v, are negative, the cut starts out along the negative axis
and then bends downward to —ie.

Equation (46) and F(v) = v* — 2v,v lead to

J ~ Vo) ;}pnox—" + V,(z) zopmx_" (124)

where, with ¢ > 0 and the path of integration lying to the right of
the cut,

c+ico © _ P
V@) = [ 07 exp FE)] do = ima > ( 2019; >+ ,
o " nl I‘<1 - )

Replacing A by A + 1 gives Vi(z). Vo(z) and Vy(x) are parabolic
cylinder functions (Bleistein,® and pair No. 740.2 in Campbell and
Foster Table?).

P.0) = pao + pav

_ 1 drf(:)r“[ 1 i}"(uv_vsr’
27t c 2" §‘—v16§‘ g‘—vl

where C encloses ¢ = 0 and ¢ = v;. Setting n = 0 and using f(v) =
g(t) (t/v) W leads to

Po(O) = Poo = f(O) = géo)tél))\’ (()1) —‘21)1/h¢()1)
Pyv)) = @), n = [2/’11{2)]%-

(125)

Il
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Setting n = 1 gives
A
P,(0) = 22 [/(0) ~ J@)) + v,/ (0)]

1— 2 Ay
Pi) = 152 110) — f) + wf e - 2.
1
The values of pno and p,, may be obtained by followmg the steps
outlined in the first part of Section VIII. Equation (52) and (53)
become

P,@,) = ﬁ_l'" [aln - Z (BiomPr—m.o + ﬁumpn—m,l):l
100 m=1 (126)
Pno = [‘31— |:010n - Z (BooaPn-a.0 + Bo.1.0-1Pn-q.1)
000 q=1
The path L; in (54) is parallel to the imaginary axis and passes
through the saddle point at v = v;. The path Lo in (56) runs up along
the right side of the cut, encircles the origin in a positive direction, and
then runs down to v = —tc along the left side of the cut.

To get By we replace [ on the right side of (37) by I + A — 1 and
notice that a; given by (38) is 0 for the values of k used in computing
byn. Consequently, the only nonvanishing b,., is b,, = 1 and (37)
gives

Bui _ (=4~
6100 .7'
The expression for ey, obtained by replacmg g% in (35) by ¢,
where ¢(t) = t*'g(t), contains [—2/h{®]* which may be written as zt“)

In equation (57) for ay;/Bese We replace b,. by ba. to indicate that
b.nn is computed with a; given by (58) instead of the a; used in computing
a1n/Broo - A still different ay. , given by (60), is used to compute Bo:;/Booo -
From equation (60) all of the a,’s used to compute B,;;/Be00 are zero
except a, = 1/(2v;). Therefore b,,, is zero unless m = n, and it follows
from (59) that

Broo = i(ﬂ')%v)l\-ly (=l =2+ 1)2;‘11:_2".

Bori/Booo = ()‘)l+2i(201)_l_2i/j!'
When all of these results are used in the expression (126) for p,, we
get, with j for n,

(i—n)

Pio = (20)) 7 DO z (]90 n)' E b e\t 5

= 3O+ 25 = Dprss + 2apend (2D
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where h(0) = hy = 0, hy < 0, A® > 0, v, = ¢, | t, | (=h)} P =
—2v,/h{Y, and b, is computed from (100) with a; replaced by d, where

a = —h&V Ik 4+ DYR®P], ko= 1.

When j = 0 the summation with respect to s is omitted. Similarly,
Pn (vl) giVeS

27 (2j-n) n.
o (1)t M @it _0 1y _ Pio
pll ( 1) Ul tl FZO (2] _ n)! 1;) bmn(z)m+1 vl
A (=DA = Ny [—x + 2s B }
; S! (22}1)28 ?, pj—s.O )‘pi—s.l (128)

where t& = [2/h®1%, ¢(0) = *'g(1), and b,., is computed from (100)
with
= —2hV/[(k + 2! hP].
It is interesting to notice that when x = 0, (127) and (128) give
values of pj and py; which agree with those obtained in Section IX.

When the saddle point approaches the branch point, ¢, , hy , AS", and
v, tend to zero. In this case the integral J may be evaluated with the
help of equation (109). The behavior of the coefficient p, may be
studied by putting »; = 0 in the integral (125) for P,(v). It is found that

Do = [(0), Por = f(])(o)i (129)
Do —)\f(Z)(O)/Q, P11 _()‘ + 1)f(3)(0)/12

and so on. The derivatives ¢t appearing in the derivatives of f(v) =
g(t) (t/v) 1™ are now obtained by differentiating v* = h({) re-
peatedly with respect to v.

Forn = 1and 2,

i = [2/h7F, 67 = —hV4PY/6. (130)

Substituting these values in equations (51) for f(0) and f®(0) and
using (129) gives the limiting expressions for pee and po;.

APPENDIX G

Poisson-Charlier Polynomial

In this appendix equations (127) and (128) for pj; and p; are used
to obtain an asymptotic series for the Poisson-Charlier polynomial
¢, (y, ¢) when y is O(1) and both n and a are large and positive.
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Multiplying the generating function

m, m

(1 —w” exp (aw) = 3“5 c,(y, @) (131)

m=0
by w* and integrating u around a small circle enclosing © = 0 gives
a contour integral for c,(y, a). Instead of ¢,(y, a), we find it more
convenient to deal with the polynomial (in y)

dy, @) = TR o ). (132)
Setting x = n + 1 and making the change of variable { = 1 — % in
the integral for ¢, (y, a) leads to

1 1+ieo ”

d (y! a’) 27”/ . (lexp () at) dt x> Vi + 1
1 j+ico y
= 5.7 i exp [zh(1)] dt
J_
2 !

(133)
Mt) = —rt — In(1 — )
where 7 = a/x. The ratio r is positive.
We wish to use equations (127) and (128) to compute Pno, Pn1 in
the expansion obtained by dividing (124) by 2#¢, namely

d(y, @) = J ~ V@) anox_" + V() Zp,,lx*". (134)

Here V,(z) = Vo(z)/2wi with A = y -+ 1. The function V,(z) is obtained
from V,(x) by increasing v by 1.
We have

Vo(x)

i

c+1ic0
2—71nf - v”exp [20® — 20@)]dv, ¢>0

(135)
— x—(v+1)/2G[y’ le-}-]

where arg v is 0 at v = ¢ and G(y, 2) is the parabolic cylinder func-
tion

Gly,?) = 212 f  uw’exp (' — 2eu) du
c— 100 (136)
PR —22)"
P S S
; l1—y—n
ni 1‘(——-———5 )
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The function G is related to the function U discussed and tabulated
in chapter 19 of Ref. 10 by the equation

—y/2

2
G@&)=§5ﬂmﬂ—%ﬁUPw—%J?L

The saddle point ¢ = ¢, is obtained by setting the derivative A () =
—r 4+ (1 — #)7" to zero; and the saddle point v = v, is given by the

relation v] = —h,; together with the condition that v, and ¢, be of the
same sign:
h=1-2 5 ¢ —1 — It (137)
r | t, |
The values of the derivatives t®) = dt/dv at v = 0 and v = v; are
)
P = o = 2

2

£ = 2/hP) = =

Tor k > 1 the kth derivative 1 (f) is (k — DI1 — 7" and the
coefficients used to compute b, , , b, from (100) are

dp = =kl + DA =] = 1/[(k+ D& — 1]
and

ay = —20k + DU/ + 217 = —2%/(k + 2),
respectively.

Comparison of the integral (133) for d.(y, a) with the integral (1)
for J shows that g(f) = 1and A = y + 1. Consequently §(t) = £ "g(t)
becomes §(f) = t*. For k > 0 the derivatives are ¢ = 0 and §* =
yly — 1 - (y — k 4+ e

Setting 7 = 0 in (127) and (128), and using the results just ob-

tained gives
_ﬁgm _@@1@
Poo = (r 1) 0 PTG T o, (138)

for the leading coefficients in the asymptotic expansion for d,(y, a).
Here ¢; and v; are given by (137). The next two coefficients, obtained
by setting j = 1, reduce to

1 1 + Dpo
- ]_@ )p

v+ Dy + 2)p0°|:2(r % = 1?7 %

)

(139)
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Some idea of the behavior of the series (134) for d,(y, a) may be
gained from Table II. Equations (127) and (128) were programmed for
calculation on a high speed digital computer. The table lists results for
the typical case z = 30, ¢ = 25, and y = —5. Here Term,, =
Vo(x)p,.ox_", Termy,.: = Vl(x)pnlx_n) and S, =t + & + -0 + ta.
The “exact’” value, 381.02, was calculated by using the recurrence
relation for the Poisson-Charlier polynomials.

No study was made to decide whether the relatively large value of
Term; results from accumulated round-off error (an accuracy of 1
part in 107 was used) or whether the asymptotic series actually starts
its divergence around m = 5 or 6.

When 7 is near unity, v; and ¢; are small and the individual terms
in the expressions (127) and (128) for pjo, pj1, become large. In this
case considerable cancellation occurs, and a high degree of preciston in
the calculations is required to obtain accurate values of pjo and pj;.

An asymptotic series (nonuniform) which is useful when r — 1 is
small may be obtained by a variation of the classical method which is
sometimes used in cases of this sort. Instead of using an expansion
about both £ = 0 and ¢ = ¢;, which is done (in effect) in obtaining the
uniform asymptotic expansion, an expansion is made only about ¢t =
0. Thus, the exponent h (t) may be written as

ah(t) = [—a(r — 1t + at*/2] + @)/3 + /4 + ).

Changing the variable of integration from ¢ to u = ¢(z/2)* and as-
suming that » — 1 is so small that z = (r—1) (x/2)*% is O(1) gives

exp [zh(t)] = exp [—2eu + v°] exp (W’ (2t/3 + 2£7/4 + -+ 4)]

(140)
0 n
= exp [—2zu + u?] X (2/2)"* D b,
n=0 m=0
The last series is obtained from equation (102) with ¢ = ¢ = « (2/z) %,
TABLE II —PARTIAL SUMS FOR dy(—5, 25)
m Termm Sm m Termm 1 Sm
0 276.62 276.62 4 0.015 381.03
1 82.82 359.44 5 —0.008 381.02
2 20.19 379.63 6 0.008 381.03
3 1.39 381.01 7 —0.144 380.88

Exact dag( —5, 25) = 381.02
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y = 4% and a, = 2/(n+2). The coefficient b, is computed from the
a,’s and (100).
Substituting (140) in the integral (133) for d.(y, a) leads to

d.(y, a) ~ 22 /D)7 30 bpKamin (141)
n=0 m=0
where
K, = —1— o W exp W’ — 2zu du)
" 2771 c—=1i%0

=G+ 1,2 =Gn+y r— /2.

The recurrence relation
Koot = 2K, — + ntUg. (142)

permits Ks,,1, in (141) to be expressed as a linear function of K, and
K. Equation (142) is obtained by integrating the derivative

C—Z—Lu”“ exp (U’ — 2zu) = [(n + Yu + 2u — 2= exp W — 22u)

As 7 — 1 the leading term, (2/2)“""”?K,, in (141) tends to the
leading term Vo(2)poo in the uniform asymptotic series (134). Although
(141) is much simpler than (134), it does not hold for nearly as wide a
range of values of r — 1.

APPENDIX H

Saddle Point at Origin

Here we are concerned with the leading term when X\ # 1 and there
are two saddle points, one at { = 0 and the other at ¢t = ¢, . We assume
that ¢, is real and positive, and that A(f) is real on the real axis. Further-
more, we assume i, < 0, b < 0, h{® > 0 so that the saddle point
at t, is lower than the one at 0, and the paths of steepest descent at 0
and ¢, are parallel to the real and imaginary axes, respectively. A cut
extends from 0 to — « along the negative real axis.

The paths of integration L’ and L are taken to run in from co
exp (—1r/3), cross the positive real axis in the critical region, and the
run out to oo exp(ir/3). Example (112) of Appendix B leads us to
choose

F) = 20° — 3up®, o} = —h, (143)
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with arg v; = 0. From equation (46), the uniform asymptotic ex-
pansion is of the form

J ~ Vi) Z:Opnox"" + Vi(x) Zop,,lx"" 4+ V(2 gopnzx‘" (144)
where
Vi) = f 2" exp WF@)] dv, 1=0,1,2.
L

Expanding exp (—3zv,v?) and integrating termwise with the help of

fL u’ exp @) du = 2xi/ [3I‘(2—:3——p>]

gives
i) = 2 oy 5 G/ (145
"l I‘(l - —%—”)

from which V;(x) may be obtained by replacing A by A + . When A =
1, Vo(x) reduces to the product of an Airy function and an exponential.
Setting n = 0 in the integral (47) for P,(v) gives

P,®) = poo + porv + p0202

1 ? — 9 ? — 1
= g0 [ 1 KA 2 —will g )
= f(0) + 'O + [f(v)) — f(0) — vuf" ()",
The values of £, ¢, t{"’ appearing in {(0), f'(0), f(v,) are
1 = I:_‘le]% 1@ 12 — kéa)téns
0 é2) ) 0 3h((]2)t(§1)
(147)

W _ [601 :r
7 = Tﬁ .

The derivatives £§, t{¥’ are positive and nearly equal when the saddle
points are close together.
When n = 0, the Ursell equations (61), (62), and (63) become

Py@1) = a10/B1oo
Poo = @oo/Booo (148)

Qoy Boos

pOl - ﬁOIO BOIO poo )
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The values of o, B100 Otbained from the leading terms in the asymp-
totic series (54) defining the «,,’s and B,4,’s give

Py, = g;m(tl/vl))_ltil)' (149)

Similarly, comparing the asymptotic series (64) defining the ag’s and
Boun's with the series (109) leads to expressions which give

(0) j(1IA
go lo ",

1 ¥
{ 1y __ ()\ + 1) (U)|:3vlt(1) + h(2)]} [SPXEN 1)'

The remaining coefficient, poe, in Po(v) may now be obtained by com-
bining (149) and (150). The coefficients po; give the leading part of
the desired expansion (144) for J.

Poo = (150)

Do1
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Gain Control for Diversity Receivers

By STEPHEN S. RAPPAPORT
(Manuscript received April 18, 1968)

Previous work on optimum gain control is extended to an tmportant
class of diversity receivers used for digital data transmission through fading
media and for radar. As in the single diversity case the optimum gain
(which yields minimum average cost of receiver saturation) is extremely
insensitive to relative costs of saturation at the upper and lower dynamic
range bounds. The sensitivity to relative cost decreases as the order of
diversity increases.

Optimum gain and performance characteristics are given from which
dynamic range requirements for diversity receivers can be deduced.

I. INTRODUCTION

A good part of detection theory literature deals with the determina-
tion of statistically optimum or near optimum receiver structures.
However, in any practical implementation of these receivers the signal
processing must be performed by components of finite dynamic range.
To effectively use the amplitude range of a signal processing chain
it is common to scale the received signal by adjusting the receiver
gain. Optimum gain settings for minimum average cost of excluding
(from a receiver’s finite dynamic range) the envelope of a narrowband
signal plus gaussian noise were presented last year.! Here similar
results are presented for an important class of diversity receivers
used for comunications through fading media and for radar. For
the single diversity (M = 1) case, these results reduce to those
given previously.

II. PREVIOUS RESULTS

Consider the problem of determining the normalized attenuation,
a to optimally scale a positive homogeneous functional, & of the
received signal so that the average cost, [, of excluding ¢ from the
receiver’s dynamic range is minimized. It follows from Ref. 1 that

2015
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the average exclusion cost is given by

= [ n0a+s [ ped M

in which d denotes the dynamic range of the receiver (such that D(dB) =
20 logyo d, d > 1), v is the ratio of cost of saturation at the upper dy-
namic range bound to the cost of saturation at the lower, v is a vector
parameter determined by signal noise and channel conditions, and p,
is the probability density function of £. When the optimizing value of a
is a stationary point of I it can be found as a real positive solution to

p.(@) = v dp,(ad). )]
If a, is the optimum @ then the minimum average exclusion cost is
l=P,a) + 1 — P, d)] ®3)

in which P, is the cumulative distribution corresponding to p,. For
v = 1, I becomes the exclusion probability. Ref. 1 considered this prob-
lem in detail for the case in which # represents the envelope of a narrow-
band signal plus gaussian noise received through a Rician fading me-
dium. The results are based upon the solution of (2) for the case in
which p, is the Rician® probability density function defined by

py(®) = Eexp [— (& +v)/21L(H) v, (=0 @)
where y is a suitably defined signal-to-noise ratio. (yap = 20 logiey).

III. GAIN SETTINGS FOR DIVERSITY RECEIVERS

In various diversity receivers formation of the test statistic leads
to the generalized Rician probability density function given by

po(R) = R(R(M)}/v)" ™" exp [—(R® + v°/M) /2Ly [yR/ (M)} (5)
R, v, 20
M=12,---

where I denotes the modified Bessel function of the first kind and order
K and o is the vector (y, M). Such is the case for example in square-law
combining M-fold diversity receivers for noncoherent frequency shift
keyed signaling through Rician or Rayleigh (if v = 0) fading channels,
in radar receivers using post detection square law integration of M
pulses, T and in partially coherent diversity reception of N-ary orthogonal

7 In these cases the functional £ is the test statistic. More generally however,
the functional used for determining the optimum gain need not be actually
formed in the receiver.
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signaals transmitted through M independent slow Rician fading chan-
nels.®"*

The probability density function (5) has interesting properties. It
can be shown that (5) is the probability density function of the
square root of the sum of squares of M independent normalized
Rician variates, each variate having a probability density function
of the form (4) with y replaced by y/(M)*. For M = 1, (5) of
course reduces to the Rician probability density function (4), and
if in addition y = 0 it becomes the Rayleigh probability density
function. The density (5) can be viewed as the probability density
function of the square root of a noncentral chi-square variate with
2M degrees of freedom and noncentrality parameter v2. With y = 0
it becomes the density of the square root of a chi-square variate with
2M degrees of freedom.

In many practical cases y? is proportional to the ratio of the total
specular energy received via the M diversity branches to the sum of
the scatter and noise energy received via any diversity branch (as-
suming that this latter sum is the same for any diversity branch).
Thus v2/M can be thought of as the power signal-to-noise ratio per
diversity branch or per pulse in the case of time diversity if, as is
commonly assumed, the diversity branches are statistically independ-
ent but have identical parameters.

Since (5) arises in various applications, let us consider the canonical
problem. Specifically the solutions to (2) will be obtained in which p,
is given by (5). Letting a = 4(2)* and & = v/(M)* leads to the following
transcendental equation for 4:

A® = AT+ (1 + 1)/2] A5 + [1/(@* —~ D]
{In Iyeoifad d(2)}) — In Iy, [cA(2)]}
(6)
in which

2Ind

determines the optimum required attenuation for the Rayleigh case
with unity cost ratio (v = 1), and

4ra v ®

For the single diversity case (M = 1), (6) reduces to the trans-
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cendental equation encountered previously.! One is thus led to seek
an iterative solution along the same lines. Before obtaining the
required iteration equations consider some properties of (6). The
equation can be written in the form

A* = A+ MAS + [1/(@ = Dl [(@4 d@)" " Lir-i(@d d@))]

— (M =1 Ind — In[@A@H" L @A@D]}. )
Combining the logarithmic terms on the right side of (9) and using
the fact that Ix(Z) — (ZF)/2EK! as Z — 0 it is seen that the quan-
tity in braces goes to zero as y = 0. Hence the optimum attenuation
for the chi-square case (y = 0) is determined explicitly by 4 = A,
where

A & AT+ MAS. (10)

In the same manner it is seen that if A2, = 0, then A = 0 is a solution
to (9) for any v and d. It is easy to show that the right hand side of (9)
is an even function of A having a minimum of A, at A = 0. The left
hand side of (9) is of course a standard parabola centered at the origin.
These curves (7) do not intersect if 4%, < 0, (47) intersect only at A = 0
if A2, = 0, and (77%) intersect at positive (and negative) values of 4 if
A?, > 0. Thus meaningful values of A which minimize [ are stationary
if and only if A%, > 0. From (7), (8), and (10) this requires »d*" > 1,
which for M = 1 reduces to the constraint encountered previously.}!

The solution to (6) or (9) can be obtained using the extrapolated
iteration scheme described in Ref. 1. The iteration formulas require the
derivative of the right side of (9) which can be found using the identity

d/d.{‘ [g‘"In(g-)] = g-”In—l(g‘) n = --- _2’ '_'lv 0’ 11 2: MY (11)
The result is

¥ Iioo[A da(@?]  I_o.[Ac(2)]
1(A?) = 7(2) { M-2 S a2 _ 12
FA) = 3@ DA\ Tyald da@l] ~ Lualda@f) 12
in which f denotes the right hand side of (9) and the prime denotes dif-

ferentiation with respeet to the argument.
For computational purposes it is convenient to define the functions

V() = (exp —¢) Ix(§) (13)
which are uniformly bounded on the semi-infinite interval [0, oo ].
For any argument ¢ these functions can be readily generated by
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numerical techniques using the recurrence relations and asymptotic
expansions for the modified Bessel functions.

Using (12) and (13) the following iteration formulas to solve
(6) are obtained.

A?+1=F1’—'66(A?_F1') B: &= -1
A%+ [(f + 1)/2] 43

A,-a(2)%’ s ‘IfM_l(A; da(2)%)
tar T W@ -1l [h‘ Vo r(A@)) ]

I

F,

(14)
G. = 01(2)% {d ‘I’M—2[Ai da(?)%] _ \I/JII—Z[A:‘OZ(2)%]}
P2 — DA; U 0y[A4; da(@)] Wy [Aa(2)]

B: = G/A —@G) G, #1

The iteration is begun with 7 = 1,y small, and A} = A?, and stopped
when | (4., — 4,)/A, | is less than the allowable error. By this method
the optimum required normalized attenuation was found for various
values of », v, d, and M.

Inasmuch as the optimum attenuation satisfies the nonlinear equation
(6) it will be helpful in interpreting results to find some useful approxima-
tions. Accordingly one notes that for 4°/M >> 1 and d >> 1 the second
term in the brackets on the right side of (6) is negligible compared with
the first. Then taking I, (xz) = exp z leads to a quadratic equation in A
whose solution

4

2
. 04 Y 2 (M + 1) 2:|§
approximates the required attenuation over the range specified.
Forv*/M <« 1, on the other hand, one may take I;,(z) =~ (x/2)* /M|
in (6). Some further approximations and manipulation lead to the
result

A=A+ (P2 /M KL1 (16)

which is exact for y = 0.

When the solution to (6) is found for given parameters the mini-
mum average exclusion cost can be determined. For the probability
density function (5), (3) becomes

I=1— Qula, A2)Y + vQyla, Ad(2)}] (17)
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where

Qe v) = [ 6@/ e = + &)/ sed) d (19)

is the generalized Marcum Q-function.?

IV. EFFECT OF COST RATIO ON REQUIRED ATTENUATION

Since one cannot easily decide how much better or worse it is for
the receiver to saturate at its upper limit than at its lower limit, the
ratio, v, is generally difficult to assess accurately. It is interesting (even
fortunate!) that here as in the single diversity case,® the solutions
obtained using (14) show that the optimum receiver attenuations
for a wide range of cost ratios do not differ appreciably from those
for the minimum exclusion probability case (v = 1).

For given v, y, d and M one may define the sensitivity, S,, of the
optimum attenuation to the cost ratio by the difference in required
attenuation between the given case and the corresponding minimum
exclusion probability case. Specifically, the sensitivity to cost ratio is

Sc(vr v, d, M) £ 20 logio A(V; v, d, M)

- 20 loglo A(V = 1, Y d, ]‘1) (19)
in which the functional dependence is shown explicitly. In (19) a positive
value of S, indicates an increase in required attenuation compared with
the minimum exclusion probability case. It can be shown that (¢) the
sign of (19) depends only on v (positive if » > 1, negative if » < 1), and,
(@) | S.(v,v,d, M) | £ 8c(»,0,d, M) | . Thus, one can define a maximum
sensitivity

S# & 8.(0,0,d, M) = 10 log,, A2, — 10 log,, MA; (20)
where the second equality follows from (19) and (10). Using (7)

and (8), (20) can be written
S% = 10 logy [1 + (van/2MD)] (21)

in which

vas = 20 logy, » (22)
is the cost ratio expressed in dB. S* is an easily calculated bound which
gives, with the correct algebraic sign, the maximum change (in dB) of the

optimum required attenuation from the optimum for the minimum ex-
clusion probability case. Figure 1 is a plot of S*%. It follows from (21)
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that for cost ratios in the range —MD =< »;s = 2MD, the maximum
change in required receiver attenuation is less than about 3 dB. Equiva-
lently, with v, », and d fixed, the maximum sensitivity, S* decreases as

the order of diversity, M, increases.
Since the optimum attenuation is exfremely insensitive to cost

ratio for typical parameters, the minimum exclusion probability
case (v =1) is of special import among all average cost criteria of
the form (1). The numerical results presented in this paper, there-
fore, include only the case v = 1, although the formulas derived apply
more generally and can be used to generate numerical results in an
entirely similar manner.

V. EFFECT OF DIVERSITY ON REQUIRED ATTENUATION

It is interesting to consider how the order of diversity affects the
optimum required attenuation. Accordingly, in a manner analogous
to (19) one can define the difference in required receiver attenuation
resulting from diversity by

Sm(”: Y d: M) = 20 loglﬁ A(V) 7, d, M)

— 20 logyo A(v, v, d, M = 1). (23)
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Let
An(V’ v d} ]'[) & 20 1Oglo A(V) v, d, M) (245)

be the required normalized attenuation in dB. Then (23) can be
written

Sm(”: v, d, M) = A,,(v, v d; J‘l) - An(V: v, d, 1) (25)

Values of S, (1, y, d, M) were obtained for various v, d, and M
using (14) and (23). These are shown in Fig. 2 where all quantities
except M are in dB. The optimum normalized attenuation A,(1, v,
d, M) required for the minimum exclusion probability case can be
found using (25). Specifically one finds S, (1, v, d, M) from Fig. 2,
and adds to it the quantity A,(1, y, d, 1) from Fig. 6 in Ref. 1.
Notice that in Ref. 1 only the single diversity case (M = 1) was
considered so that the functional dependence of A, on M was sup-
pressed in the notation. That is, A,(v, v, d, 1) here is identical to
Ay (v, v, d) in Ref. 1.

From Fig. 2 it can be seen that if y is sufficiently small (or large),
S, 1s positive (or negative) so that more (or less) attenuation is
required if multiple diversity is used than would be required if the
same specular energy were concentrated in a single diversity branch
or pulse. Also for sufficiently small (or large) y the required attenua-
tion increases (or decreases) as the order of diversity, M, increases.
There is of course a transition region which bridges the above cases
and in which, for y fixed, the differences S,, cross one another depend-
ing on the particular values of M, and D (and, in the general case,
v). The curves for yqg = 15, for example, exhibit this behavior.

Using (10) and (16) it can be shown that for y — 0

Sulv,v,d, M) ~ 10 log,, M

1+ (V.m/QMD)] [1 + (’72/2M):|
o 10 1 —_— =" 2
T+ Gw/2D) ] T10MB [T GRG0
which is exact for y = 0. For the minimum exclusion probability

case and y = 0 (26) yields S,, (1, 0, d, M) = 10 logyp M which is in-
dependent of d. Similarly it ean be shown using (15) that

+ 10 log;, |:

lim S,.(v,v,d, M) = —10 log,, M @7
Y0
which is independent of » and d. The differences S, for vy = =+
therefore appear as horizontal lines in Fig. 2. One also observes that
over the range of parameters shown, the limit (27) is approached within
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0.5 dB for v4s = 30. Noting that for v° < v < #%, S, is bounded by
S, v* d, M) < 8,0, v, d, M) < 8,0, 7%, d, M) (28)

it follows from (26) through (28) that for the minimum exclusion proba-
bility case all the differences S,.(1, v, d, M) lie between two horizontal
linesin Fig. 2 determined only by the order of diversity. | S..(1,v,d, M) |<
10 log,, M. The difference between the required optimum attenuation
for dual diversity and that required for single diversity with the same
total received specular energy is less than about 3 dB.

VI. EXCLUSION COSTS FOR DIVERSITY RECEIVERS

The optimum normalized attenuations obtained using the iteration
equations (14) were used to obtain the minimum average ex-
clusion costs (17) for the case v = 1. These are shown in Fig. 3(a)
and for smaller values of D in Fig. 3(b). The generalized @ function
(18) was evaluated by computer, using relations derived from those
given by Sagon.®

It can be seen that for small values of y, the smallest dynamic range
D required to obtain a given exclusion probability decreases rapidly
as the order of diversity is increased; the most substantial decrease is
obtained in going from single to dual diversity. This trend is lessened
as the available signal-to-noise ratio y increases. As a matter of fact
if y is sufficiently large (for example, y = 20 dB) the dynamic range
required to achieve a given exclusion probability increases as M
increases. However at the large values of y where this latter effect is
apparent, even modest values of D yield extremely small exclusion
probabilities. Moreover on the types of channels where diversity re-
ceivers are useful one would generally encounter small values of 5.

Consider a diversity receiver operating in a small signal-to-noise
ratio and let the dynamic range of the components used be such that
the probability of excluding the signal at any point in the receiver is
the same throughout. Then it follows from Fig. 3 and the foregoing
discussion that the dynamic range required of the components used
in the post-combining portions of the receiver may be considerably
smaller than that required of those components used in the individual
diversity branches.

VII. SUMMARY AND CONCLUSIONS

An important class of diversity receivers used for communications
through fading media and for radar is considered. The required gain
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is determined which minimizes the average cost of excluding from a
finite dynamic range the signal appearing in the post-combining por-
tions of the receiver. For the single diversity case (M = 1) the results
reduce to those given previously.

It is shown that the required receiver gain is extremely insensitive
to the relative costs of saturation at the upper and lower dynamic range
bounds, differing at most by about 3 dB from the optimum for the (equal
cost) minimum exclusion probability case for relative costs in the range
—MD = vy £ 2MD. One also finds that the sensitivity to relative cost
therefore decreases as the order of diversity increases.

The difference between the required optimum receiver gain for
various orders of diversity M, and that required for a single diversity
receiver having the same total received specular energy is considered.
Exact differences are given for the minimum exclusion probability
case, and it is shown that these are less than 10 log;o}/ dB independent
of other parameters. Bounds on the difference are also given for non-
unity cost ratio.

Performance characteristics derived show minimum exclusion prob-
abilities obtainable as a function of dynamic range for various signal-
to-noise ratios and orders of diversity. For a small signal-to-noise
ratio the dynamic range required of the components used in the post-
combining portions of the receiver can be considerably smaller than
that required of those components in the individual diversity branches
in order to achieve uniform exclusion probability throughout.

Notice that in some applications the normalization assumed in
writing (4) and (5) may depend upon M and y. This fact must be
accounted for if one is calculating the actual required attenuation
from the required normalized attenuation discussed in Sections IV
and V. The optimum exclusion costs however, depend on the normal-
ized attenuation and not on the normalizing factor. The results of
Section VI therefore apply directly.
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Multimoding and its Suppression
in Twisted Ring Counters

By W. BLEICKARDT
(Manuseript received March 21, 1968)

Many digital systems, such as PCM systems, data processing and data
transmission systems, use twisted ring counters. Most of these twisted ring
counters are subject to multimoding. This paper develops tools and methods
for predicting all possible modes in twisted ring counters, and derives a
general solution for suppressing the wrong modes. Suppression s ac-
complished by adding a few circuit connections from the output of certain
stages to the input of another stage. The paper derives the number of neces-
sary connection lines and their connection points for the vartous types of
counters.

I. INTRODUCTION

Twisted ring counters of various types have been used for many
years, and have been described in many publications.*® They are
designed for creating a well-defined periodic pulse pattern. But they
all have one problem in common: under certain circumstances they
can multimode, that is, they can create undesired patterns. Each
mode of a counter creates a particular pattern. Only one of these
modes is the desired one, the “correct mode;” the rest are all “wrong
modes” and must be suppressed. To the knowledge of the author,
none of the publications on twisted ring counters presents a rigorous
treatment of the problem of multimoding, although it must have
shown up in many instances and often was solved empirically.® The
lack of a general theory on possible modes in twisted ring counters
and on the prevention of undesired modes led to this investigation.

Terminology for the characterization of modes, and relations be-
tween the parameters, make it easy to find the entire set of possible
modes for any twisted ring counter. There is a method for suppressing
all wrong modes by adding a few circuit connections, and a general
formula that indicates these additional connections for any individual

2029
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ring counter. The method for suppressing all wrong modes in any
twisted ring counter is summarized in Section 5.5.

II. OPERATION OF TWISTED RING COUNTERS

A twisted ring counter consists of a shift register whose output is
fed back over a twist to its input in a ringlike manner (Figs. 1, 2,
and 3). An input clock keeps a certain pattern circulating around the
ring. In the correct mode the stages create the desired pattern by
switching on sequentially with subsequent clock pulses, and then
switching off in the same sequence (part a of Figs. 1, 2, and 3).* With
each clock pulse only one stage is switching. A counter with n stages
creates a periodic pattern with a period of 2n time slots as shown in
the first three figures. Some possible implementations of counter stages
are shown in Fig. 4, using AND gates, NAND gates and set-reset flip-
flops. Equivalent stages can be built by using or gates and Nor gates,
or any custom-designed circuit.

There are two general types of twisted ring counters: single-phase
counters with one input clock line (example in Tig. 1), and double-
phase counters with two input clock lines supplying interleaved pulses
(examples in Figs. 2 and 3). Many of the single-phase counter stages,
such as the ones shown in Fig. 4a and b, require short input clock
pulses to prevent racing. The clock pulses must be shorter than the
propagation delay of one stage. An example of a stage that does not
require short clock pulses is shown in Fig. 4¢.* Double-phase counters
permit the use of simple gated set-rerest flip-flop stages (Fig. 4d and e)
without the restriction of short clock pulses. Notice that in counters
with an even number of stages (Fig. 2) the two clock phases are dis-
tributed in a different way from those in counters with an odd num-
ber of stages (Fig. 3).

The problem of multimoding arises whenever more than one mode
can exist. In that case, errors can switch the counter to other (wrong)
modes with undesired patterns. Such errors can be created by noise
transients, aging components, marginal design, and so on. The first
three figures show some examples of wrong modes. In general, the
number of wrong modes possible increases with the number of stages
of a counter, and is higher for single-phase counters than for double-
phase counters. To design reliable circuits, one must prevent un-

* The numbers in parentheses in Figs. 1, 2, and 3 are a symbolic notation for
different modes; they indicate the numbers of time slots a particular counter
stage remains in one state. This notation is explained in Section III.
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desired patterns from circulating for more than a very short time
(typically less than one counter period).

III. GENERAL CHARACTERIZATION OF MODES

There is a unique way in which a pattern, that is, a sequence of
states 0 or 1, is circulated around the counter ring. Any pattern is
shifted by one stage per time slot, as can be seen from the pulse dia-
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grams in Figs. 1, 2 and 3. The state of the last stage appears in in-
verted form at the first stage in the subsequent time slot. For a
counter with n stages, the pattern, seen as a time sequence at each
stage, repeats itself in inverted form after n time slots; the whole

counter period is 2n time slots long,

This well-defined behavior allows us to reconstruct the entire pulse
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diagram for a particular mode, if we only know the states of all n
stages at any one time, or if we know a sequence of n states at any
single stage. Therefore, a sequence of n binary digits uniquely de-
seribes a mode.

3.1 Definitions

(7) We will call the state of a particular stage in a particular time
slot an element. An element can have a state 0 or 1.

(%) Elements in successive time slots, or in successive stages that
have the same state, form a logic group.

(1) The size of a logic group (g;) is the number of its elements.

(7v) The smallest size logic group of a particular mode has gmin
elements.

(v) The positive direction of a sequence of elements corresponds
to the sequence as observed on the positive time axis. This corresponds
to a sequence backwards through the stages. (This can be illustrated
with Fig. 1b. The sequence 1 1 1 0 1 appears at stage S; in the time
slot sequence 1, t2, ts, s, &5, and it appears at time ¢; in the stage
sequence Sz, 8y, S3, 82, S;.)

3.2 Description

For describing one particular mode, it is sufficient to write the size
and sequence of the logic groups ¢; that are built by n elements. The
following symbolic notation is used:

G+ g:+gs+ - + 92

where

>~ g; = n = number of stages

z = odd number.

For example, (3 + 1 4+ 1) denotes a mode of a 5-stage counter, with
three logic groups, the first containing three elements, the second and
third containing one element each (shown in Fig. 1b).

This symbolic notation describes one half of the periodic cycle.
Since each half is always the complement of the other half, the ele-
ments of the first and the last logic group in the mode notation have
the same state. Therefore, the number x of logic groups in this nota-
tion is always an odd number. This is illustrated with a 7-stage coun-
ter, for which a time sequence of states, as observed on the oscillo-



2036 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1968
scope connected to one of the stages, may look like this:

counter period = 14 states

< >
< >

first half ! second half
> — >
time sequence: - - 011]/000010011111011[(000 -

‘—\r-—’ww—’llu—r_’w —

logic groups: 4 1 2 4 1 2
4+ 142
mode notations: 1+24+4
@2+4+ 1
4+ 1+2.

The period consists of 2n. = 14 states. Describing this particular mode,
the logic groups built by n = 7 elements can be written in three differ-
ent ways: (4 4+ 14+ 2), (1 + 2+ 4),and (2 + 4 + 1).

These mode notations are cyclic permutations. Hence they are
equivalent and describe the same mode. The 7-stage counter could
have another mode with the same set of logic groups. This different
mode can be described by the following three equivalent mode nota-
tions: (4 4+ 24 1), (2+ 1+ 4),and (1 + 4 + 2). If a certain wrong
mode can exist, all possible permutations can exist also.

The correct mode always is the one with z = 1, that is, with one single
logic group of size n. All other possible modes with z = 3 are wrong
modes.

IV. PREDICTION OF POSSIBLE MODES

4.1 Possible Logic Groups

Not all possible partitions of #» into an odd number z of logic croups
result in a possible mode, because there are some restrictions in pos-
sible logic group sizes g; for the different counter types.

In single-phase counters, the logic groups can have any even or
odd number of elements, up to n, since in any time slot, either a “1”
or a “0” can be shifted from any stage to the following stage (Fig. 1).
This is not so in double-phase counters.

In double-phase counters with an even number of stages (Fig. 2),
a clock pulse A can shift either a “1” or a “0” to any odd-numbered
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stage from the preceding stage, and a clock pulse B can shift either a
“1” or a “0” to any even-numbered stage from the preceding stage.
This results in the restriction that only logic groups with an even num-
ber of elements can appear in a possible mode.

In double-phase counters with an odd number of stages (Fig. 3), a
clock pulse A can shift a “1” to any odd-numbered stage and a “0”
to any even-numbered stage, and a clock pulse B can shift a “0” to
any odd-numbered stage and a “1” to any even-numbered stage,
always from the preceding stage. This results in the restriction that
only logic groups with an odd number of elements can appear in a
possible mode.

4.2 Exzamples of Possible Modes

We are now able to predict all possible modes of a twisted ring
counter with n stages by breaking n into an odd number of logic
groups in all possible ways, taking the restrictions of possible logic
group sizes into account. This is shown in three examples.

Example 1: A single-phase counter with n = 6 stages can have six
different possible modes:

(6) correct mode

@4+1+01
B+2+1
B+14+2) »  wrong modes.
2+2+2

@+14+14+1+1)

In this counter type, the logic groups can have an even or odd number
of elements.

Ezample 2: A double-phase counter with an even number of n =
6 stages (F'ig. 2) has only two possible modes:

(6) correct mode
2+2+2 wrong mode.

In this counter type, the logic groups can only have an even number
of elements. Because of this restriction, there are always fewer wrong
modes than in a single-phase counter with the same number of stages.

Ezxample 3: A double-phase counter with an odd number of n = 9
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stages has ten different possible modes:
9 correct mode
74+14+1
G+3+1
(G4 1+3)
G+1+1+1+1)
B+ 3+ 3 & wrong modes.
B+3+1+1+41)
B+1+3-4+141)
B4+14+1414+14+14+1)
A+14+1+141+141+141)

In this counter type, the logic groups can only have an odd number
of elements. In general, the higher the number n of stages, the higher
is the number of wrong modes.

4.3 Lzperimental Verification of Predicted Modes

Many counters of the three types shown in Figs. 1, 2, and 3 have
been built, with various numbers of stages, and with different types of
stages, including all types shown in Fig. 4. All of the predicted modes
for these counters have actually been observed. Any desired mode can
be induced by presetting all stages before turning the clock pulses
on, but only the possible modes will be able to circulate without being
altered.

V. SUPPRESSION OF WRONG MODES

All wrong modes can be suppressed by adding a certain small num-
ber of circuit connections. A general method for finding the necessary
and sufficient additional connections for any twisted ring counter is
to find criteria that are common to all wrong modes but do not ap-
pear in the correct mode. By suppressing these criteria, all wrong
modes will be prevented. To find these common criteria, it is useful
to define the concept of common logic groups.

5.1 Common Logic Groups

For a particular counter, the common logic groups represent the
set consisting of the smallest logic groups (gm:) from each wrong
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mode. For example, the 9-stage double-phase counter, whose wrong
modes are listed in example 3 of Section 4.2, has two common logic
groups of sizes 1 and 3. Each wrong mode contains at least one of the
common logic groups. Taking the g,i.-values of all wrong modes as
common logic groups results in the smallest possible set of logic
groups with the property of each wrong mode containing at least one
of these logic groups.

The size of the smallest common logic group (ms) is equal to the
smallest g,.i,-value of all wrong modes, gmin min. That is

Gmin min = 1 for single-phase counters,

Jmin min = 1 for double-phase counters with odd number of stages, and

Gmin min = 2 for double-phase counters with even number of stages.
The size of the largest common logic group (me) is equal to the

largest gmm-value of all wrong modes, that is, g mas

z
Mo = Jmin max Of Z gi =n
i=1

with = 3 for wrong modes. Every possible partition of the above sum
represents a possible wrong mode with a certain value ¢,.:, . The maxi-
mum of this value for all possible partitions iS §min mez - 1t 0Occurs with
the minimum value of + = 3 and is

gmin mazx é 7’1/3.

The largest common logic group is therefore

my = n/3, 1)

the next possible logic group size equal or less than n/3. This is
me = (n — 2)/3 for single-phase counters, 2)
me = (n — 4)/3 for double-phase counters. 3)

This results is only a single mo-value in each case, when the restric-
tions of possible logic group sizes are taken into account. Combining
the latter and expressions (1), (2), and (3) into a single expression,
we geb for the largest common logic group m,:

n 2
mo=—3-—?p-A 0<A=1 (4)
with A chosen to make 14 an integer, and

n = number of stages
p =1 for single-phase counters
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P 2 for double-phase counters
me =1,2,3,4, - for single-phase counters
m, = 2,4,6,8, -+ if n = even } for double-phase counters.
my =1,3,57, -+ if n = odd

The set of common logic groups for a particular counter consists
of the smallest and the largest common logic groups and all possible
sizes of logic groups between. It is given in Table I for counters up
to 20 stages. For single-phase counters with two stages and for double-
phase counters with two or four stages there are no common logic
groups, since these counters do not have any wrong mode.

5.2 Suppressing the Common Logic Groups

Suppressing all common logic groups in a counter leads, by defini-
tion, to the prevention of all possible wrong modes, and does not in-
troduce any new modes. This section shows that there is a subset of
common logic groups (Table II) whose suppression is sufficient for

TABLE I — ComMmoN Locic GroUPs

(Common logic groups are all different gmin values of all wrong modes)

For double-phase counters
Number of For single-phase
stages counters With even With odd
number of number of

n stages stages
2 — .
3 1 1
4 1 —_
5 1 1
6 21 2
7 21 1
8 21 2
9 321 31
10 321 2
11 321 31
12 4321 42
13 4321 31
14 4321 42
15 54321 531
16 54321 42
17 54321 531
18 654321 642
19 654321 531
20 654321 642
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suppressing all common logic groups and is thereby sufficient for
preventing all wrong modes.

5.2.1 Method of Suppressing a Group

If we want to suppress a particular common logic group of size m;,
we must prevent one of the following two patterns consisting of an
undesired sequence of ones and zeros

+001111111100---
or  (-++110000000011:--")

m; elements

from circulating around the counter ring. The inverse pattern, in paren-
theses, always appears with the first one. This suppression can be
accomplished by preventing stage S, from switching from “0” (‘1)
to “1” (“0”’) whenever stage S,_;_n; is in state “0”’ (“1”’). The position
of the patterns immediately before suppression is:

A Si1 S
! i
-».+001111111100---
or (-~+110000000011---).
m;el;ments

If stage S, does not switch to “1” (“0”) with the next clock pulse, the
logic group of size m; is prevented from passing through stage S,. It
is sufficient to suppress only one of the two patterns, since the in-
verse of it is then suppressed automatically.

This suppression can be implemented by adding a circuit connection
from the output of stage S,.,_.. to the input of stage S., preventing
8. from switching from “0” to “1” whenever S,-;_n., is in state “0.”
This cireuit connection, shown in Fig. 5a, bridges m; stages, and there-
fore is called a “bridging connection”; its associated parameter m; is
called a “bridging parameter.”

The bridging connection could also be made on the inverse side of
the stages S,-1-.; and S,, thus preventing S, from switching from
“1” to “0” whenever S,_;_,; is in state “1.” These two bridging con-
nections are equivalent, and one of them is sufficient. However, if both
connections are applied for each m,-value, a wrong mode is cleared
within half a counter period instead of a full period.
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BRIDGING CONNECTION
My STAGES

—-—— —_—————— b————

Sz1-my —1Sx-m; — Sz-1 — Sz

GATED SET-RESET
FLIP -FLOP STAGES: BRIDGING CONNECTIONS

m=1

Sx-3 Sx-2 | Sg-y Sy [T

= = —Dt

= s,
[-=D—

FOUR-GATE STAGES:
(WITH NAND GATES)

SIX-GATE STAGES: _
(WITH NAND GATES) m=3 *
m=1
Sx
S
6(
*INPUTS FOR ADDITIONAL Ge)}

BRIDGING CONNECTIONS

Fig. 5—Suppression of wrong modes by adding bridging connections, bridg-
ing m: stages. Part a shows the principle; b, ¢, and d show an example with
the two bridging connections m = 3 and m = 1 for counters with different
types of stages.

S, may be any particular stage of the counter, but it should be the
same stage for all bridging connections (although this is not essential
with many counters). The correct mode is not affected by this inhibition,
since in the correct mode S,_,_,,, is always in state ‘1’ (“0’’) when S,
is switched from “0” (“1”) to “1” (“‘0”) because m, is always smaller
than n.
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5.2.2 Automatically Eliminated Wrong Modes

If we suppress one common logic group of size m; by using the
described method, we prevent the pattern

and hence eliminate not only the wrong modes containing the com-
mon logic group m;, but also all other wrong modes that show this
pattern at any one position.

The remaining wrong modes, which do not contain this pattern,
require additional steps for their prevention. It can be shown that if
a mode with g, < m; satisfies both of the following two conditions,
it does not contain the above pattern and therefore is not eliminated
by suppressing m;:

(#) All possible sums of the elements of an even number 2v of con-
secutive logic groups must be =m; for at least one value of v (v = 1 or
20r3 ---).

(77) All possible sums of the elements of an odd number 2v 4+ 1 of
consecutive logic groups must be =m; 4 1 for the same value of v that
satisfies condition <.

Ezxample: Suppose we have a single-phase counter with 19 stages,
and we suppress the common logic group of size m; = 6 by adding
a bridging connection bridging 6 stages as shown in Fig. 5a. Would
themode (2 +3+3+ 1+ 5+ 1 - 4) be suppressed?

We check whether this mode satisfies both conditions. Condition 2
is satisfied with » = 1, since all pairs of consecutive numbers in the mode
notation 2 43,34 3,34+ 1,1+ 5,5+ 1,1 44,4 + 2) sumup
to £6. That is, all sums of the elements of a pair (2v) of consecutive logic
groups are =m, . Condition z could not be satisfied with » > 1 in this
example. Condition 4 is also satisfied with » = 1, since all triplets of
consecutive numbers in the mode notation (2 + 3 + 3,3 + 3 + 1,
34+14+514+5+1,5+1441+4+24+ 2+ 3) sum up to
=7. That is, all sums of the elements of a triplet (2v + 1) of consecutive
logic groups are =m; -+ 1.

The above mode satisfies both conditions, and therefore would
not be eliminated by suppression of the common logic group of size
my = 6.
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5.2.3 Sufficient Subset

Suppression of a particular common logie group of size m; generally
does not prevent wrong modes with g > m;, but it does prevent
some of the wrong modes with ¢gnim < m;. In the remaining unsup-
pressed modes with ¢ < m;, which all satisfy the two conditions
stated in Section 5.2.2, the largest possible gnm-value, called gmin maes,
follows from condition %:

29
> g = ms w=1lor20r3---).
i=1
Every possible partition of this sum delivers a value gms,. The maxi-
mum of these gum-values for all possible partitions is gmim mez- It oC-
curs with the minimum value of v = 1 and is
gmin mazx é mi/2'

This is the next lower common logic group size m;,; that must
be suppressed:

Miv1 = mi/2- (5)

M:4: 18 the next possible logic group size equal to or less than m./2,
which is

My = (m; — 1)/2  for single-phase counters, (6)
Mipy = (m; — 3)/2  for double-phase counters. (7)

This results in only a single m; 4 ;-value in each case, when the re-
strictions of possible logic group sizes are taken into account.

Combining the restrictions and the inequalities (5), (6), and (7)
into a single expression, we get for the next lower common logic
group m; 4 1 that must be suppressed:

m;

Miny = 7 —(p—-3%H-A 0=A=1 8)
with A chosen to make m,,, an integer, and
p=1 for single-phase counters
p =2 for double-phase counters
mip =1, 2, 3, 4, for single-phase counters
M, = 2,4, 6,8, ifn = even}
Moy = 1,3, 5,7, -+~ if n = odd for double-phase counters.
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If we suppress m; , it is sufficient to supress m,., as the next lower
common logic group, since suppression of m,; prevents all wrong modes
with m; 2 @gmin > M. . Recursion formula (8) determines the maxi-
mum spacing of successive common logic group sizes m, to be suppressed
for sufficiently suppressing all common logic groups within the covered
range. By extending this range from the largest common logic group
mo to the smallest common logic group m; , we get the sufficient subset
of common logic groups

Moy My, Ma, >, Ny

that must be suppressed for preventing all wrong modes. m, is de-
termined by expression (4); m; through m; are obtained by expres-
sion (8).

5.2.4 Necessary Subset

The m;-values resulting from expressions (4) and (8)
Mo, My, Moy =y, My, =, My

always represent a sufficient subset of common logic groups to be sup-
pressed for preventing all wrong modes. But for some particular counters,
the necessary subset m, , m, , m,, + -+ , m; may be smaller by a few m;-
values. That is, the smallest values m;,, - -+ m; of the set are not neces-
sary. There is not a simple expression like (4) and (8) for giving only
the necessary m;-values but, for a particular counter, they may be
found by using the two conditions in Section 5.2.2, which have not yet
been used to their full extent in Section 5.2.3. In a first step, the last
value m; is left off and a check is made whether any wrong mode exists
that could satisfy both conditions for the remaining m,-values. Such
modes can be found by listing all possible combinations of logic groups
that satisfy those two conditions (for 1 = v < m,/2). If there is no mode
consisting entirely of these listed combinations, m, is not necessary. In
the next step, m-; is left off, repeating the procedure, until the last
necessary value m; is found.

For counters up to 20 stages, Table IT gives the sufficient m;-values
(bridging parameters) according to expressions (4) and (8), with
the unnecessary ones in parentheses.

5.3 Implementation tn Different Counter Circuits

Each bridging parameter m; denotes one bridging connection, bridg-
ing m; stages, which has to be added to prevent wrong modes (as
described in Section 5.2.1 and shown in Fig. 5a). Figures 5b, ¢, and d
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TABLE 11— BRIDGING PARAMETERS m;

(Numbers without parentheses denote the necessary and sufficient bridging
connections.)

Tor double-phase counters
Number of Tor single-phase
stages counters ‘With even ‘With odd
number of number of
stages stages

n mi m; mi
2 * *

3 1 1

4 1 *

5 1 1

6 2 (1) 2

7 21 1

8 2 (1) 2

9 3 (1) 3 (1)
10 31 2

11 3 (1) 3 (1)
12 4 2 (1) 4 (2)

13 4 2 1 3 (1)
14 4 2 (1) 4 2

15 5 2 (1) 5 (1)
16 5 2 (1) 4 (2)
17 5 2 (1) 5 (1)
18 6 3 (1) 6 (2)

19 6 3 1 5 (1)
20 6 3 (1) 6 2

* No bridging parameters because these counters have no wrong modes.

show the bridging connections for the values m = 3 and m = 1 for
counters with different types of stages. In counters with 6-gate stages,
as shown in Fig. 5d, additional gates are required for proper sup-
pression of common logic groups without impairment of the correct
mode. For not impairing the correct mode, a feedback connection is
required from the output of stage S,. These counters need one addi-
tional gate if there is one bridging connection or two additional gates
if there is more than one bridging connection.

As an example, we obtain for a 3-stage single-phase counter only
one bridging parameter my = m; = 1. This means that only one
bridging connection is needed, bridging one stage. Figure 6 shows
three possible locations of the bridging connection. If bridging con-
nections pass the twist, they must also be twisted, as illustrated in
Figs. 6b and c.

For double-phase counters with an odd number of stages, one also
has to make sure that the signal from stage S,-,-., does not reach stage
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(@]

S ,_D— S, @ Ss

W
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Flé
5

0o

5

Fig. 6 — Single-phase counter with three stages requiring one bridging con-
nection, m = 1. Parts a, b, and ¢ are three equivalent solutions. If a bridging
connection passes the twist, as in b and ¢, it must also be twisted.

S, earlier than the signal from stage S.-, caused by the same clock pulse.
Otherwise a pattern --- 1+ 14141 -1 .. might not be prevented
under certain worst case propagation delays of the logic circuits in-
volved. It is easy to assure this timing condition if logic gates are used
that also provide a complementary output (as is the case in emitter-
coupled gates). Figure 7 shows such an example with Nor/oR gates. In
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A
(o
B
m=i
Sho Sko Sr g,
A}
S, S,
s, Sk S5
STO S?.O
il

Fig. 7—Double-phase counter with three stages (with Nor/or gates). Use
of complementary gate outputs (or output Sw instead of Nor output S;, and
Sx instead of S:) for increasing the permissible gate propagation delay tolerance
range.

the case of a wrong mode (1 + 1 -+ 1) in this double-phase counter
with three stages, output S;, appears one gate propagation delay later
than S, upon an input pulse 4, and output S,, one propagation delay
earlier than S, upon the same input pulse A. This is sufficient to meet
the above timing condition. If complementary gate-outputs are not
available, a small delay may be introduced into the bridging connections.
This additional timing condition does not exist in single-phase counters
and in double-phase counters with an even number of stages.

5.4 Experimental Verification

Proper suppression of all wrong modes by bridging connections
determined according to the deseribed procedures has been verified
experimentally with counters of all three types (Figs. 1, 2, and 3),
with different stages (Fig. 4) and with many different values of n.
Counters for which the necessary set of bridging connections is
smaller than the sufficient set resulting from the formulas were
given special attention.

5.5 Summary: Suppression of Wrong Modes

A small number of additional circuit connections (bridging con-
nections) are sufficient for suppressing all wrong modes in a twisted
ring counter. The bridging connections are determined by the bridg-
ing parameters m;, which can be found by the formula:

m0=%_2_3p—‘A
0=AE=1
m;
Miv1 = &5 — _%)A
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with A chosen to make m, and m,., integers, and

I

n = number of counter stages

p =1 for single-phase counters
p=2 for double-phase counters
m; = 1,2, 3, 4, for single-phase counters
m; = 2,4,6,8, ---if n = even}
me = 1,357 - ifn = odd for double-phase counters
i=0;1’2:31 ')j}"':k'

Each of the resulting bridging parameters m,; denotes one bridging
connection in the eircuit, which bridges m; stages (Fig. 5). The
bridging connection can be located anywhere in the counter ring; if
it passes the twist, it must also be twisted. See Fig. 6.

The resulting & + 1 bridging parameters denote a sufficient set of
k + 1 bridging connections in every case. For certain counters, how-
ever, the necessary set of j + 1 bridging connections is slightly
smaller; it can be determined by the procedure deseribed in Section
52.4.

Table II gives the & + 1 bridging parameters according to the
above formula for different counter types up to 20 stages. The bridg-
ing parameters denoting unnccessary bridging connections aceording
to the above procedure are in parentheses.

VI. CONCLUSION

Tools and methods for predicting and suppressing wrong modes
in twisted ring counters have been developed. As a result we have
gained a better insight into the multimoding mechanism and ob-
tained a simple method for preventing multimoding. This method is
summarized, and the required additional cireuit connections are given
in Table IT for counters up to 20 stages.

VII. ACKNOWLEDGMENTS

I wish to thank Mr. D. Koehler for many helpful suggestions and
his eritical reading of the manuseript, and Mr. W. J. Kusner for
experimentally verifying various results of this study.

REFEREN CES

1. Ware, W. H., “The Logical Principles of a New Kind of Binary Counter,”
Proe. IRE, 41, No. 10 (October 1953), pp. 1429-1437.



2050 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1968

2. Tarczy-Hornoch, Z., “Five-Binary Counting Technique Makes Faster Deci-
mal-Counting Units,” Elec. Design, 9, No. 2 (January 1961), pp. 34-37.

3. Millman, J., and Taub, H., Pulse, Digital, and Switching Waveforms, New
York: McGraw-Hill Book Co., Inc., 1965, p. 682,

4. Boag, T. R., “Practical Applications of an IC Counter/Shift Register,”
Elec. Design News, 10, No. 7 (June 1965), pp. 18-33.

5. “TTL Integrated Circuits: Counters and Shift Registers,” Texas Instruments,
Inc., Application Report SC 10660 (March 1968), pp. 28-29.



Synthesis of Rational Transfer Function
Approximations Using a Tapped

Distributed RC Line With Feedback

By DAVID A. SPAULDING
(Manuscript received June 26, 1968)

This paper describes a stmple procedure for synthesizing an active
distributed RC network which, by using dominant poles and zeros, realizes
a very accurate approzimation of an arbitrary stable rational transfer
Junction. The network uses a single untformly distributed RC line with taps
spaced along 1its length. A linear combination of tap voltages is added to the
input signal to form the driving voltage for the RC line; the output signal is
also a linear combination of the tap voltages.

The network offers a number of significant advantages. Since it realizes a
nearly rational transfer function, the approximalion problem can be
conveniently solved using readily available resulls on rational function
approximation. Also, the network uses only one uniform RC line, the transfer
function can be changed simply by changing reststor values, and the frequency
can be scaled by minor connection changes. Thus one standard network with
menor modification is useful for a wide variety of applications.

This paper develops the design procedure and derives the various sensi-
tivity functions of importance. Two example designs are carried oul: an
approximation to a second-order low-pass transfer function and an approxi-
mation to a second-order band-pass transfer function with a @ of 100. The
sensitivities for the examples are very reasonable and the measurements made
on laboratory models indicate excellent agreement with theoretical predictions.

I. INTRODUCTION

The progress being made in miniaturizing electronic circuits has
stimulated a continuing interest in the synthesis of networks using
distributed RC components. Numerous techniques are available for
synthesizing transfer funections using distributed RC components in
conjunction with various active network elements.* Generally, these
synthesis procedures are applicable only if the transfer function has

2051
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a very special form. This form is not a rational function of the com-
plex frequency variable s but involves hyperbolic functions of s. If
the problem posed to the network designer were merely to realize
given transfer functions of this special form using distributed RC
networks, there would be no difficulty.

However, the problem is generally not this but rather to realize a
network which achieves certain system specifications such as band-
limiting or pulse shaping. Thus, a realizable transfer function must
be developed which approximates the specifications (that is, the ap-
proximation problem must be solved) before a network can be
synthesized. Because the transfer functions realizable by distributed
RC networks have a somewhat complicated form, the approximation
part of the network designer’s work is more difficult when using dis-
tributed RC networks. This fact has led to a continuing effort to
develop distributed RC networks which realize rational transfer
functions. Since rational functions are easier to manipulate, and many
applicable results are readily available in the literature, the approxi-
mation problem is made much easier. This paper develops a simple
procedure and network for realizing an accurate approximation to a
rational transfer function using an active network incorporating a
distributed RC line.

Available techniques for synthesizing rational transfer functions
using distributed RC networks are documented by Heizer, Barker,
Woo and Hove, and Fu and Fu.>® Each of these techniques uses the
fact, first demonstrated by Heizer, that some of the immittance
parameters of a distributed RC line can be made rational functions
of s by cutting the conducting layer of the RC line in a particular
manner.

These synthesis techniques have some definite disadvantages. They
require two RC lines with cuts in the conducting layer which depend
upon the transfer function being realized; this is undesirable from a
manufacturing point of view and makes tuning difficult. Also, the
synthesis procedure involves a test to determine that the curve cut
in the conductor satisfies certain restrictions, that is, it does not “at-
tempt” to create a negative capacitance in the line. If it does, a new
try at the design is required. Fu and Fu eliminate this problem at
the expense of a significant increase in circuit complexity.s

Recently techniques have become available for approximating
rational transfer functions by using the dominant poles and zeros of
distributed networks. A few representative approaches are those of
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Kerwin, Bello and Gausi, and Wyndrum. Kerwin’s approach, in gen-
eral, requires the use of lumped components.” Bello and Gausi con-
sider only low-pass transfer functions and use different configurations
to realize an arbitrary transfer function.! Wyndrum’s technique also
deals only with low-pass transfer functions.?

The synthesis technique deseribed here offers advantages over the
other available techniques since only one uniformly distributed RC
line is used and it is capable of realizing an accurate approximation
to an arbitrary transfer function. In addition, the design procedure
is very simple.

II. TRANSFER FUNCTION OF UNIFORM RC LINE WITH FEEDBACK

Chen and Levine'® ** have suggested that filters could be built
using a uniform RC line driven by an input voltage source and hav-
ing the output formed as a linear combination of the voltages ap-
pearing along the line as in Fig. 1. This procedure is useful in some
cases but is not general enough because it synthesizes transfer func-
tions by using zeros of transmission. What is needed in addition to
zeros are poles; poles can be realized by using feedback as in Fig. 2.

The network of Fig. 2 consists of a uniform RC line with taps
spaced along its length. The tap voltages are appropriately scaled by
the infinite input impedance coefficients a; and added to the input
signal to form the driving voltage for the line. The output voltage is
the sum of the tap voltages appropriately scaled by the infinite input
impedance coefficients b;. The RC line is the three-layer structure
shown in Fig. 3, where it will be assumed that there is no voltage
variation in the y direction.

To determine the voltage transfer function of the network of Fig.

Fig. 1— Tapped RC line.
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hvi

a1\l =

1 =

Fig. 2 — Tapped RC line with feedback.

2, we first determine the voltage gain G;(s) from the input of the line
to a point z; meters from the input. The result is?

cosh (I — z,)(res)?
cosh l(res)

where [ is the total length of the line in meters, and r and ¢ are the
resistance and capacitance per meter. If the distances ! and z; are
constrained to be integral multiples* of some fixed length d,, that is,
l = Ld, and z; = id, , and we let 7 = red; , G(s) becomes

cosh (L — ©)(zs)?
cosh L(rs)t @

Using (1) the voltage transfer function of the network of Fig. 2 be-
comes

Gi(s) =

Gi(s) =

}L: b; cosh (L — 5)(rs)*
G(s) = K =° , 2
>~ ¢; cosh (L — 6)(rs)?

i=0

where ¢, = 1 and ¢; = —a; for Z ## 01 . The real constant K is such that
b; = 1 for the smallest ¢ for which b; s 0. By making the substitution
p = exp (rs)? and factoring the resulting polynomials in p, it can be

*TFor any set of 2; and [, a small enough dy can be found that error in this
assumption is negligible. .
T oo has been set to zero which can be done without any loss of generality.
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Fig. 3— Uniform RC line.

shown that (2) can be factored into the form

oF-k IRI [cosh (rs)f —
Gis) = K =t 3)

L

H [cosh (rs)f — P

t=1

where 1 £ R = L [unless the numerator in (2) is unity in which case the
numerator of (3) is 2'7*] and the quantities P, and Z, are real or oceur in
complex conjugate pairs.

Before considering the question of stability, we will determine the
locations of the poles and zeros of G(s). Notice that, in spite of the fact
that (s)? is involved, G(s) is single valued. To determine the pole (zero)
locations, we set the denominator (numerator) factors in (3) equal to
zero and solve for s. For a typical denominator factor (cosh (rs)} — P;)
we calculate the s-plane pole positions to be

= In"|p:| — (arg p: + 2n7)* + 2jIn | p. | (arg p; + 207) (4)

where n = 0, &1, &2, ... and p; = P; + (P? — 1)} The term p;
comes from the solution of a quadratic equation which has two roots.
However, these roots are always reciprocals of one another and, as can
be seen from the form of (4), these two values of p; give the same s, .
Hence, only one of them need be used. A simple check shows that each
of the poles resulting from the single term (cosh (rs)! — P,) as given by
(4) is simple.*

When P; is real, the s; given by (4) are on the negative real axis for
| P;| £ 1 and occur in complex conjugate pairs for | P, | > 1. When P;
is complex, (3) involves a term [cosh (rs)} — P#] which gives poles that
are the complex conjugates of those of (4).

It is easy to see from (4) that the infinite set of poles generated by one

* For P = =+1 double roots occur but not for P = +1 withn = 0.
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denominator factor lie on a parabola given by

_ I’ |p, | W’z
- T _4ln2|pa|' ‘ ®)
Figure 4 shows the location of these poles in the normalized, 7 = 1»
s-plane. The poles due to the term [cosh (rs)} — P,] are indicated by
single circles and those due to the term [cosh (rs)}! — P#] by double
circles. Similar comments hold in the case of numerator factors in (3).
Knowing the locations of the poles of G(s) permits the question of
stability to be answered easily. For simplicity we assume that in (2)
b, = 0. If this is not the case, G(s) can be separated into the sum of a
constant plus a G(s) which is of the form of (2) where G(s) has the same
denominator as G(s) but different numerator and b, = 0. The constant
gain is stable. With b, = 0, G(s) is stable, that is, its impulse response
remains bounded for large values of time, if all the poles lie in the left

(o2

NORMALIZED S-PLANE J(D
w2
oi=1n?|pyl-——
alnz(pyl .<~~—(arg pi+ 4mr)2--——»]

»‘ (arg py +2m)? <
=+

<« r-24n2 |py|

f—-targ pp?

n=-

‘e———> --(arg py—2mw)?

n=-2

L——(arg pi— 4m)2--»

| o0 oy

Fig. 4 — S-plane roots resulting from a pair of complex conjugate factors in
G(s).
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half of the s-plane and those on the jw axis are simple. This result can be
proved by finding the inverse transform of G(s) by using the Cauchy
residue caleulus."

Notice that G(s) is a meromorphic function and G(s) — 0 as s — 0.
The Laplace inversion relation is written as

a+iyn
o) = 1im§1—. f (e ds.
n—w0 a=iun

This integral is evaluated by closing the contour in the left half plane
so that it does not pass through any poles of G(s) and encloses a
finite number of poles. The value of the closed contour integral is
determined by the residues of the poles enclosed. As n = e« Y, =
and the contours in the left half plane become larger without bound.
Using Jordan’s lemma?? the integral over the left half plane contour
approaches zero and ¢(f) is determined. For large values of time the
behavior of g(¢) is dominated by that pole with the most positive
real part. The stability requirement follows directly from this.

IIT. TRANSFER FUNCTION SYNTHESIS

A glance at Fig. 4 shows that, if the n = 0 pole is close to the jw axis,
the response of the network will approximate that of this single pole
alone for values of w near the pole. An examination of (4) shows that this
dominance can always be made to occur by an appropriate selection of .
From (4) the pole positions in the s-plane are proportional to 7 .
Therefore, by decreasing = the poles become more widely spaced and
hence those near the jw axis become more dominant. Since p; can be
adjusted so as to cause the n = 0 pole to be arbitrarily close to the
s-plane origin, a decrease in 7 can be offset, for the n = 0 pole, by chang-
ing p, . Therefore, the » = 0 pole can be made dominant. Hence, a
rational transfer function can be approximated by the system considered
here by making its dominant poles and zeros match those of the desired
rational function. To calculate the feedback and feed forward coeffi-
cients of (2) we calculate the P; and Z; of (3) by using the desired pole
or zero for s; in

g:} = cosh (rs,)} (6)

and multiply the factors in (3).
The scale factor = controls the dominance of the n = 0 poles and zeros;
the dominance improves as 7 is reduced. A lower limit on practical
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values of 7 occurs because the network sensitivity generally deteriorates
with reduced values of 7. An upper limit on 7 occurs because the n = 0
poles are restricted to the shaded area of Fig. 5. If r is large enough so
that a desired dominant pole s; lies outside the shaded region, the net-
work will realize this pole for a nonzero value of n. It is clear from Fig. 4
that the network will then have an n» = 0 pole with a more positive real
part than that of s; . This pole can destroy the desired dominance or
cause instability if it lies in the right half s-plane. The region permitted
for n = 0 poles in Fig. 5 is determined from (4) by setting n = 0,
substituting a value for w; and solving for the most negative value of o, .
The resulting restriction is

2
020'1'2’_7;_72:_717‘_" (7)

Except in rather unusual situations = will be much smaller than the
maximum implied by (7).

To synthesize an approximation of a given rational transfer func-
tion, the following simple steps are performed.

(1) = is selected so that all the poles of the transfer function lie in
the region shown in Fig. 5, and the resulting n = 0 poles and zeros
realized by the RC line are dominant.

jw

Fig. 5 — Permitted n = 0 pole positions in s-plane,
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(i) The desired transfer function poles and zeros are used in (6)
to determine the P; and Z; which, when substituted in (3) and multi-
plied out, yield the feedback and feed forward coefficients for the net-
work. .

(711) The exact response of the network is calculated using (2) or
(3) to verify that a good approximation has been achieved.

As pointed out in the examples in Section VI, a wide range of values
of = gives a very accurate approximation. Thus, a little experience
will then make step % unnecessary. The selection of r also affects the
sensitivity of the network; hence sensitivity considerations may de-
termine the best value of r.

IV. SENSITIVITY

One of the most important aspects of any active network synthesis
technique is its sensitivity to various parameter variations. In addi-
tion, sensitivity results are necessary to show how a physical network
may be tuned to achieve an accurate realization of the requirements.
Of the several different sensitivity functions that could be derived,
we have chosen to consider the relative changes of the poles and
zeros with a variety of parameters. These seem to give good physical
insight, into the behavior of the circuit and result in reasonably con-
cise expressions. The sensitivity functions derived are the relative
changes of the poles resulting from relative changes in feedback
coefficients, r, tap positions, and tap loading. Similar results hold for
the zero sensitivity functions. The details of the derivations are con-
tained in the Appendix.

If ); is the pole in question and the sensitivity of that pole to some
parameter X is defined as

v N X
U aX N
and P, = cosh (rAg)*% where A, is the gth pole, then we have the fol-

lowing:*
(7) Pole sensitivity to feedback coefficients:

a; cosh (I — 2)(m\,)? .
L

257%(a\) sinh ()} TT @5 — P
k=1

7

S = (®)

* )\, is assumed to be a simple pole.
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Simple relations for determining the numerator of (8) are given in
Appendix equations (20) and (21).
(72) Pole sensitivity to RC product, r:

S);i = —1. (9)
(#7) Pole sensitivity to improper tap spacing®

. . 7 . %
8= — 1a; sinh (L Lz)(rk,) ’ i L (10a)
2% %sinh (r\)! T (P; — Py
k=1

#i

L-1
L Y ¢ sinh (I — k)(r\)}
Sy, = ——+=0 - . (10b)
25 %ginh (w\)! [T (P; — P))
k=1

#q

(iv) Pole sensitivity to tap loading:

i—1
g:R cosh (I — 9)(m\)} D ¢, sinh (¢ — k)(r\)*
Syl = — = (11)
2522, sinh (7))} [ (P; — Py)
k=1
i

where g; is the conductance loading the tth tap and B = dgr.

V. SECOND ORDER DESIGN EQUATIONS

For the case where L = 2, that is, where the RC line is realizing an
approximation to a second order transfer function H(s), the design
and sensitivity relations given above take on the very simple forms
below (A and p, which are complex, are the pole and zero positions in
the upper left half s plane) :

P = cosh (m\)?}, Z = cosh (rp)?
a =0,a, =4Re(P),a, = — 1+2|P|?
by = b, = 0, b, = 1 for H(s) with no finite zeros

by = 1,b; = —4 Re(Z), b, = 1 + 2| Z |* for H(s) with finite complex
zeros

1l

*lido = : where z: is the distance from the input of the RC line to the ith tap.
Nominally I; = <.
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bo = 0,b, =1, b, = — 1 for H(s) with one zero at zero

Sy = —1
@ = 2P Re (P) @ o —A+2]|P)

e 7 j(#N)?¥sinh (2! Im (P)’ @ 2§(+N)¥ sinh (#A)! Im (P)
$ = —2 Re (P) S = 2P*

T jIm(P) "7 jIm (P)
S = —g,RP S = g.RP*

e 2jrh Im (P)’ 2 jrn Im (P)

2

S;, = 2z —1 for H(s) with finite complex zeros.

~ 2j(rp)* sinh (rp)! Im (2)

For the case where H (s) has two complex zeros, the zero sensitivities are
the same as for the poles with p and Z replacing A and P, except for S},
which is given. For the case where H (s) has a zero at zero and at infinity,
the sensitivity of the zero at zero is infinite (due to the normalization by
1/p), but unnormalized,

~ e 2 g S 2R

9b,  ob, T ag. T

Other sensitivities not given are zero.

VI. EXAMPLES

Two examples of approximations to second order rational transfer
functions will be worked out and compared with experimental results
achieved with a thin film line. The two functions to be approximated
are, normalized in frequency,

Gs) = S/ + 1

82 + (2)%8 + 1 (12)
0.01s
@O = F oo+ 1 .

The first is a noncritical low-pass function with a pair of zeros on the jw
axis and the second is a band-pass function with a @ of 100.

For the low-pass function (12), sensitivity is not a problem be-
cause the poles are very low Q. Therefore,  can be selected to satisfy
(7) and to insure dominance of the poles. Letting r = 1 we have the
following results:
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A= (=14 5)/@} P = 0646 + 0.313],
p = +i4, Z = 0.342 + j1.9
a =0, a =259, a, = —2.032
bp=1, b = —136, b, = 8.5, K = 0.0544
Sh, = 3.332154°, S), = 3.65£—52°
Y, = 4.12£90°, ., = 4.64£—116°
Sy, = 1.15g,R £ —19°, 8}, = 2.3¢.R £109°
¢, = 0.508 £125°, Sp, = 0.162£—137°, Si, = 0.512/£ —37°
2. = 0.359£90°, 7, = 2.034£—170°

Si, = 0.1269,.R £80°, 8], = 0.254¢.R £100°

TFigure 6 shows a block diagram of the experimental circuit, the theoreti-
cal response, and the measured results. Notice that the theoretical
response realized by the RC line and that of the rational function cannot
be distinguished on the scale used for this figure, since they differ by
1 percent at most.

In the case of G,(s) which has a pole with a @ = 100, dominance is
achieved for a wide range of values of 7 for which (7) holds, and the
selection of 7 is influenced primarily by sensitivity considerations. The
parameter r affects the sensitivity in a rather complicated way as can
be seen from the various sensitivity relations. An examination of the pole
sensitivity to coefficient variations has shown that 8%, has a rather broad
minimum in the range 2 < = < 14 and that S, goes to zero in this range
when @, = 0. Therefore, without an exhaustive study to determine an
optimum value of 7, we select that value which gives a, = 0, that is,
7 = 4.94. With this value of = the following result:

A= —0.005 + j P = j2.34

a =a, =0 a, = —11.95

bpb=0, b =1, b, =—1 K = 0.051
S, = 0.452 £ —45° Y, = 2/180°
83, = 0.1015¢,R £90° S, = 0.203¢,R £90°
dp dp dp

£ = 22 = 0.405 £180°

ab. 3b. 5!;; = (0.405R £180° for the zero at zero.
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Fig. 6 — (a) RC line with feedback approximating Gi(s). (b) Gain vs fre-
quency for Gi(s).

GAIN IN DECIBELS
N L
o (=]

]

-30

The block diagram of the experimental circuit, the theoretical re-
sponse, and measured results are shown in Fig. 7. The difference between
the theoretical gain of the RC line and that of the rational function is
not noticeable since it is approximately 0.1 percent over the frequency
range shown in the figure.

The sensitivity of this network is quite acceptable. S}, can be con-
trolled by the proper selection of impedance levels; I, , @, and = can be
stabilized so that the values of S}, , S?, and S are satisfactory. I, should
not change after manufacture; a, can be made to depend only on the
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Fig. 7— (a) RC line with feedback approximating G.(s). (b) Gain vs fre-
quency for G:(s).

ratio of two resistors which track with temperature and 7 can be stabi-
lized by selecting the temperature coefficients of the resistive and
capacitive materials of the line to be negatives of one another.*

Several final notes concerning the network are in order. By isolat-
ing the taps on the line with emitter followers when necessary, it is
possible to reduce to two the number of operational amplifiers in the
network used for combining and scaling, one for the feedback voltages
and another for the feed-forward voltages. When several of these net-
works are cascaded, one of these two can be eliminated by using an
operational amplifier from the succeeeding network. One RC line can
be constructed with a large number of taps. Then by selecting the ap-
propriate set of taps, the line can be used for a variety of purposes
and at different frequencies.

* Tantalum resistors on a substrate can be made to track within = 5 ppm/°C and
RC products can be made to track within & 30 ppm/°C.
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Although only second-order examples were worked out and built, it
is not unreasonable to expect that advances in building thin film RC
lines and resistors using tantalum may eventually yield the stability
of the various parameters required to make higher-order realizations
possible.

VII. CONCLUSIONS

A network has beeen described which uses a single uniform RC
line with feedback to approximate an arbitrary rational transfer
function. The design procedure is simple as is the physical network.
Theoretical calculations indicate that the transfer function realized
by the RC line is an accurate approximation of the desired rational
transfer function and measurements made on experimental circuits
agree well with the theory.
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APPENDIX

Deriation of Sensitivity Expressions

This appendix derives the sensitivity expressions given by (8)
through (11). The sensitivity of quantity A to parameter « is defined as

A 6)\ 23

S = N 14)
If s; is a network pole and D (s) is the denominator of (2), D(s;) =
0. The equation D(s;) = 0 defines s; as an implicit function of the
parameters in D (s). By differentiating the equation D(s;) = 0 with
respect to a parameter «, we can determine the quantity 9s;/de. This
result will hold for general values of the various parameters in D (s).
For the particular case when all the parameters in D(s) have their
nominal values, s; will in fact be one of the desired network poles,
that is, s; = A;. Furthermore, the factorization used in going from (2)
to (3) can then be used to simplify the expression for dA;/da. The
sensitivity of A; to « is then determined by using (14). A similar pro-
cedure using the numerator of (2) gives the sensitivity functions of

the zeros.
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A. 1 Sensitivity of Poles to Feedback Coefficients
From (2) the denominator of G (s) is
L
D@) = D ¢, cosh (L — k)(rs)t. (15)
k=0
If s;is a root of D (s;) = 0, we have

9 P sinh (L — B)(rs)? | 95,
6_0; D(s;) =0 = [;) c(L — k) 2(7s,)? T] Jc

+ cosh (L — 9)(rs;)t.

Setting all the parameters to their nominal values gives s; = \; . As
shown in (18), the term in brackets is nonzero if A is a simple pole and
7A; ¥ — n’n” where n is a nonzero integer. Therefore, solving the above
equation gives

AN, cosh (L — 7)(7\)*

g & h (@ — B() (16)

i ch(L—])Sln ()\)% TA;

k=0
As was done in (3), (15) can be factored, when all parameters have
their nominal values and Py, = cosh (vAz) %, into

L L
D(s) = ) ¢, cosh (L — k)(rs)t = 257" J] [cosh (rs)! — P,].  (17)
k=0 k=1
Differentiating this equation with respect to s gives

(L = Bsivh @ — B
e 2rs)"

= oo™t zﬁ“;? f;? 11 Ceosh (re)" — Py,

m=1 k=1
#m

and letting s = A;, we have

:L:g o (L — k) 5131(1T§\L) — k)(r)x) _ gi-2 sm(h)ET))\) g P, -
i (18)

(18) is nonzero provided ), is a simple pole and 7\; ¥ — n’z” where n is
nonzero integer.
Using this and dc¢;/da; = — 1, ¢ = 0, with (16) gives

a; cosh (L — 7)(7\,)?
L
257 (r\) sinh (e\) TT (P — P
k=1

=i

N
SG:. =

(19)
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The numerator can be simplified by expressing «; in terms of the P
by using (17) and by factoring cosh (L — 1) (zA;) %. The results are

ag=0

L
2 > P,

i=1 (20)

L L

@=—L~-2 ZPf[ZPk]
k=1
i

ay

i=1

we v EretEr{Ee[ £ nlf

i=1 i=1
A1 Hi,7

and
L o1 )
_ At (L~i—1) L —
cosh (L — 2)(7),)* = 2 g {P’ [Q(L %)

t #% L. 21)

A. 2 Sensitivity of Poles to Tap Position

The tap positions are directly proportional to the integers k in (15).
If k in (15) is replaced by l; which is no longer constrained to be an
integer and s; is a root of the resulting D (s), we have

L
D(s;) = Zc,c cosh (I, — 1)(rs,)} = 0.
k=0

As in the previous section, differentiating with respect to I, solving
for 8s;/dl;, using the nominal values I, = k so that s; = A;, and using
(18), we have

S = sinh (L — 9)(=\)? i I 22)
2772 ginh (7))} H (P; — Py

75]

and
L
L 3 c.sinh (L — E)(r\,)?
Sy = ——*= 3 . (22)
2¥ 2 sinh (m\)! T (P; — Py
k=1

ekl

*Divide as by 2 if ¢ = L,
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Fig. 8— RC line model for loading analysis.

A.8 Pole Sensitivity to Tap Loading

To calculate the sensitivity of a pole A; to the loading at the <th tap
by a conductance g; , we assume that all other taps are not loaded, that
is, g; = O for j 5 1, and calculate the voltage transfer function from the
input to the various taps. Having found these, we calculate the denomi-
nator of the system transfer function, D(s), and proceed to calculate
9\;/dg; in the same way as was done in Section 4.2.

To calculate the voltage transfer function we will use the chain matrix
description of the line which is

A = [ cosh k(rs)!  Z, sinh k(-rs)*j|
L =
Z5 sinh k(rs)}  cosh k(rs)

where Z, = (r/cs)* and kd, is the length of the line. The line, loaded
by g; at the ith tap, can be considered as the cascade connection of
an RC line of length id, connected to a two-port consisting solely of
g; which in turn is connected to an RC line of length (L — 7)d, as seen
in Fig, 8. The chain matrix of g; is

4, =[1 0].
g: 1

From Tig. 8 and the properties of the chain matrix we have for 0

k<
liek = Ai—kAy;AL—i{ o jl 'A= BkL o J
7] —1z —1

and fOI' i .< k < L
k [ L -

With 4, = 0 the above relations give the voltage transfer functions
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from the line input to the kth tap as
Gi(s) = ew(s)/ev(s) = Bin/Bou

where B,,, is the (1, 1) element of the matrix B, .
The matrices B, for0 £ k <7and< =k £ L, are

Hcosh (L — k)(zs)} } { . }
B = + g:Z, sinh (& — k)(rs)} cosh (L — )(rs)}
{{ bofeed

and
B, = {cosh (L — k)(zs)* {-- }1 ,
-} {34
respectively, which give the gains G,(s) as
cosh (L — E)(rs)* + g.:Z, sinh (¢ — k)(rs)* cosh (L — 4)(rs)}
cosh L(rs)* -+ g,Z, sinh i(rs)* cosh (I — )(rs)} ’

forO0 £k <4, andforti =k =L

cosh (L — k)(rs)* _
cosh L(rs)* + ¢.Z, sinh i(7s)! cosh (L — 2)(rs)*

By using these equations in the expression for the gain of the feed-
back structure and multiplying the numerator and denominator of
this expression by Bpi:, we have the following expression for the
denominator, D (s).

Gi(s) =

Gi(s) =

L
D(s) = kZOCkBku

L
> ¢, cosh (L — k)(rs)*
k=0

i—1
+ g:Z, cosh (L — 9)(rs)* 3. ¢ sinh (i — &)(rs)".
k=0

Now proceeding as in the previous sections, let D(s;) = 0 and differ-
entiate with respect to g; to get

§i L Ck(L - k)T

50, 2 20! sinh (L — E)(rs;)}

i—1
4+ B cosh (L — )(rs)t S e sinh (G — B)(rs)t + gi(-+) = 0.
(7'35)2 k=0
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With g; = 0, s; = A; and the above gives with (18)
i—1

g:R cosh (I — 9)(r\,)} X ¢psinh (& — E)(r\)?
k=0

X'
Sv:' = -

L
25722\, sinh (\)! [ (P; — Py
k=1

#1

A. 4 Sensitivity to RC Product Changes

It is assumed that the product RC = = of the line is uniform but not
correct. The sensitivity of the poles to changes in = is easily seen to be

8= -1

since = always appears multiplying s in the transfer function and is
a frequency scale factor.
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