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3.1 The Importance of Low-Density Parity-Check Codes 
The memories to be considered store information in the form of 

code words from an error correcting code. Each memory consists of 
one or more noisy registers and a noisy correcting network that 
performs operations which are very similar to those performed by a 
decoder. It is our objective to show that noisy memories of this type 
can be stable. Since the complexity of a stable memory is required 
to be bounded by cx' k, where k is the information storage capability 
and a is a proportionality factor which does not depend on k, the 
complexity of the correcting network in any stable memory can 
grow only linearly with k. There are only two kinds of correcting 
networks (decoders) known to have this property. One is a correcting 
network based on a sequential decoder6, 7 and the other is a correcting 
network based on a low-density parity-check decoder.lo 

In deciding whether a particular correcting (decoding) procedure 
is suitable for use in a noisy correcting network, one must consider 
whether there are any essential steps in the procedure which could 
not be performed with a small probability of error by a noisy device. 
For example, almost all parity-check decoders are required to com­
pute the modulo-2 sum of a set of digits where the number of digits 
in the set is proportional to the constraint length, N, of the code. 

To compute the probability that a noisy device makes an error 
in performing this operation, consider the noisy addition network 
shown in Fig. 4. This network, consisting of N - 1 adders (modulo-2), 
computes the modulo-2 sum of N binary inputs. Let us assume that 
each adder in the network has a probability of error Pa and that adder 
errors are statistically independent from one adder to another and 
from one use of a particular adder to another. The output of the noisy 
addition network will be in error if an odd number of adders make 
errors. It can be shownlo that the probability of this event equals 

1 - (1 - 2 )N-l 
Prob of error = Pa. 

2 

This probability approaches 112, exponentially with N, as N approaches 
infinity. 

The memories under consideration store coded information. To 
make the probability of a memory failure arbitrarily small (as re­
quired for stability), one would expect that it would be necessary to 
make the constraint length of the code arbitrarily large. Therefore, 
the noisy correcting network must be able to perform error correction 
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Fig. 4 - Modulo-2 addition network. E9 represents one adder (modulo-2). 

even if the constraint length of the code is very long. This implies 
that no correcting procedure involving a modulo-2 addition operation 
of the type just described is suitable for use in a noisy correcting 
network. For example, the correcting network based on a sequential 
decoder must generate hypothesized branches of a code tree. Each 
digit on one of these branches is computed by forming the modulo-2 
sum of a set of digits where the number of digits in the set is propor­
tional to the constraint length of the code. The probability that a 
noi8eless sequential decoder makes an error can be made arbitrarily 
smnn only if this constraint length is made arbitrarily large. But 
mnking the constraint length arbitrarily large makes the probability 
of nn nddition error within the noisy decoder arbitrarily close to 112. 
Therefore, a noisy correcting network should not be based on a se­
quential decoder. 

Fortunately the correcting network based on a low-density parity­
check decoder does not have this problem. A low-density parity-check 
decoder does evaluate parity checks, modulo-2 sums of the digits in 
parity-check sets; however, the number of digits in each parity-check 
set is not a function of the block length of the code. 

3.2 The Correcting Algorithm 
The memories to be considered consist of several registers and a 

correcting network and they store information in the form of code 
words from a low-density parity-check code. It is our objective to 
show that memories of this type can be stable. The first step is to 
consider the details of the correcting algorithm. This requires a brief 
explanation of low-density parity-check codes. 
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An (N, J, K) low-density parity-check code is defined to be a code 
with block length N such that there are I( digits in each parity-check 
set and J parity-check sets containing any particular digit. Such a 
code can be represented by a parity-check matrix which has I( ones 
in each row and J ones in each column. For example, an (N = 20, 
J = 4, K = 5)" low-density parity-check matrix is shown in Fig. 5. 

111 
000 
000 
000 
100 
010 
001 
000 
100 
010 
001 
000 
100 
000 
010 
001 

1 1 0 0 0 
o 0 1 1 1 
o 0 000 
o 0 0 0 0 
o 0 1 0 0 
o 1 000 
00010 
1 000 1 
10000 
00010 
o 0 0 0 1 
o 1 100 
o 0 1 0 0 
1 0 0 0 0 
00010 
o 1 0 0 1 

o 0 0 0 0 0 000 
1 1 000 0 000 
001 1 1 1 100 
o 0 0 0 0 0 0 1 1 
001000010 
o 1 000 1 000 
100 1 0 0 0 0 1 
o 0 0 0 1 0 100 
10000 1 000 
o 1 1 0 0 0 0 0 1 
000 100 0 1 0 
000 0 1 0 1 0 0 
100 0 0 0 1 1 0 
000 1 0 1 001 
o 1 0 0 1 0 0 0 0 
o 0 1 0 0 0 0 0 0 

o 
o 
o 
1 
o 
1 
o 
o 
1 
o 
o 
o 
o 
o 
o 
1 

o 
o 
o 
1 
1 
o 
o 
o 
o 
o 
o 
1 
o 
o 
1 
o 

o 
o 
o 
1 
o 
o 
o 
1 
o 
o 
1 
o 
o 
1 
o 
o 

d21 d31 d41 d1 d42 d22 d32 d43 d2 d33 do du d12 d13 d14 d23 d34 d44 d24 d3 

Fig. 5 - The parity-check matrix for a (20, 4, 5) low-density parity-check code. 
The digit positions, denoted by d with appropriate subscripts, are numbered in 
the way described in Fig. 6. 

Gallager has described two schemes for decoding low-density parity­
check codes, both of which are iterative.10 However, we shall only be 
concerned with the simpler one. Each iteration of this scheme consists 
of first computing all the parity checks and then changing the value 
of any digit that is contained in more than a certain fixed number of 
unsatisfied parity-check constraints (if a parity check equals one, 
the corresponding parity-check constraint is unsatisfied). Provided 
that there were not too many errors initially, each successive itera­
tion decreases the number of digits in error and, eventually, all parity 
check constraints are satisfied indicating that the resulting word is 
a code word. 

To illustrate how this method works, let us suppose that the digit 
do is in error but that all other digits are correct. In this case, all 
parity-check constraints involving do will be violated, whereas at 
most one parity-check constraint involving any other digit will be 
violated. Therefore, do will be changed whereas all other digits will 
be unchanged. In this way the digit do will be corrected. If there are 

* Notice that K is always greater than J. 
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errors among the digits used to check do, this digit may not be cor­
rected during the first iteration. However, after one or more iterations 
sufficiently many of these errors may have been corrected to allow 
do to be corrected also. 

This simple decoding algorithm does have one problem. Recall that 
for any digit do, the original values of all the other digits in the J 
parity-check sets containing do are involved in the determination of 
the new value of do and similarly that the original value of do is used 
in computing the new value of each digit in these J parity-check sets. 
This means that on successive iterations the values of the digits 
involved in making a new estimate of do depend on the previous 
estimate of do. This leads to a complex interrelation between the 
errors which degrades the de('oder'~ performance and, needless to say, 
greatly complicates its analysis. Fortunately Gallager has suggested 
a way to modify the algorithm which at least partially solves this 
problem. Using this modified algorithm, J estimates of each digit are 
made, each one being computed using a different combination of J - 1 
out of the J parity-check sets containing the digit to be estimated. 
The value of a particular estimate is changed if J /2 or more out of 
the J - 1 parity checks are equal to one. 

To construct a correcting network based on this algorithm, one 
starts with J registers of length N. Although the assignment of digit 
estimates to register locations can be arbitrary, one would probably 
choose to assign one estimate of each of the N digits in a code word 
to the corresponding N locations in each register. Since each estimate 
of a digit, say do, is to be made on the basis of J - 1 parity-check 
sets, each containing J( - 1 digits other than do, there must be (J - 1) 
. (I( - 1) other digits interconnected with the input to do. Using the 
modified algorithm, it is necessary to specify not only the digits to 
be interconnected but also the appropriate estimate of each digit. 
For example, consider the parity check set (do, dll , d12 , d13 , d14 ). The 
appropriate estimate of the digit dll to be used in correcting do is that 
estimate based on the J - 1 parity check sets which omit the one 
containing do. This estimate is used so that the values of the digits 
involved in computing the new estimate of do do not, themselves, 
depend on a previous estimate of do. 

This correcting network performs many iterations. During the 
first iteration each digit is estimated on the basis of the (J - 1) 
. (I( - 1) digits to which it is interconnected. Since, during the second 
iteration, the same operations are performed, the resulting second 
estimate of each digit depends on the first estimates of these (J - 1) 
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. (K - 1) interconnected digits which, in turn, depend on the initial 
estimates of a much larger set of digits. The sets of digits involved 
in making successive estimates of some digit, say do, can be repre­
sented by means of parity-check set trees of the type shown in Fig. 6. 
The branches rising from do represent one set of J - 1 parity-checks 
containing this digit. The interconnected nodes on the first tier of this 
tree represent the digits, other than do, in one of these parity-check 
sets. Each digit on the first tier of the tree is also contained in J - 1 
other parity-check sets. These other parity-check sets are represented 
by the branches rising from the first tier to the second tier of the tree. 
This parity-check set tree can be extended indefinitely. The structure 
of the tree, beyond the first tier, is completely specified by the parity­
check sets of the codes which, in turn, are specified by the parity-check 
matrix. 

To see how the tree represents the digits involved in estimating 
do, let us suppose that the decoder has performed i iterations. During 
each iteration the digits on each tier of the tree are used to estimate 
the digits on the tier immediately below. Hence, after i iterations, the 
value of each digit, particularly do, has been influenced by the values 
of the digits on the first i tiers above it. 

If a parity-check set tree is extended for many tiers, eventually 
some digit will appear in two different places in the tree. If the first 
repetition within any of the J. N trees occurs on the (m + l)th tier, 

111\1/111\11 111111\1/111 11111111/111 
III III III III III III III III III III III III 

TIER 2 

TIER 1 

Fig. 6 - Two representations for the parity-check constraints involving do. At 
the top is one of the J parity-check set trees rising from do. Beneath it are the 
parity-check equations containing do. 
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then, according to Gallager's nomenclature, the code has m independent 
iterations. Notice that this number, m, is a :parameter of the code 
which is unrelated either to the statistics of the noise or to the par­
ticular decoding algorithm. This number plays a particularly impor­
tant part in the analysis of the correcting procedure as it is shown 
that errors in specific sets of digits are statistically independent 
during these first m iterations. 

The physical configuration of the memory is shown in Fig. 7. 
Within the correcting network there are J. N identical sets of com­
ponents. Each set of components performs the operations required to 
estimate one particular digit. Let us consider a set of components 
which computes estimates of the digit do. The first operation that 
must be performed by this set of components, the computation of the 
J-1 parity checks rising from do, requires (J-1)· (I(-1) two-input 
binary modulo-2 adders. The second operation, deciding whether the 
digit do should be changed, can be performed by a decision device 
(threshold device) the output of which is a 1 if do is to be changed 
and a 0 if do is not to be changed. Finally, the output of this decision 
device must be added modulo-2 to the previous estimate of do, the 
operation requiring one binary adder (modulo-2). Similar operations 
are performed to obtain estimates of all J. N digits. These operations 

NOISY COMMUNICATION CHANNELS WITH PROBABILITY OF ERROR = Pc r---- J·N BINARY INPUTS ---~I 

COMPONENTS PROBABILITY 
OF ERROR 

BINARY MODULO-2 Pa 
ADDERS 

DECISION ELEMENTS Pd 

Fig. 7 - Physical configuration of a memory based on a low-density parity­
check decoder. 
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constitute one correcting cycle (iteration). The correcting network 
performs correcting cycles continuously once information has been 
read into the registers. 

Finally, let us consider the situations which cause the estimate of 
the digit do to be in error after a particular iteration. Since any digit 
do which is in error will be corrected only if a sufficient number of the 
parity checks containing do are equal to 1, ideally, we would like 
every parity check containing do to equal 1 if do is in error but to 
equal 0 if do is correct. If a parity check does not equal the desired 
value we say that the parity check is in error. Thus a parity check 
error depends on errors made by the adders and errors in the digits 
involved in estimating do, but not on the value of do itself. 

To simplify the mathematical analysis, we restrict our attention 
to the class of low-density parity-check codes with J = 2l, l =,2, 3, 4, 
... and the correcting algorithm stated previously. A set of events 
each one of which alone leads to an error (indicated by €) in the esti­
mate of the digit do after a particular iteration are: 

(i) do = e after previous iteration and J /2 or more parity checks are 
in error. 

(ii) do ~ e after previous iteration and J /2 or more parity checks are 
In error. 

(iii) The decision (threshold) device makes an error. 
The first two conditions demonstrate an interesting property of this 
class of low-density parity-check codes. For this class of codes the 
conditions leading to an error in any digit after any iteration are the 
same whether or not the digit was in error before the iteration. This 
property will help to simplify the following mathematical analysis. 

3.3 The Stability Theorem for N oisy Memories 

Theorem 1,' There is a stable sequence of noisy memories where every 
component in every memory has a fixed, nonzero probability of error 
per 'use. 
Proof: The memories under consideration consist of J registers of 
length N, a noisy correcting network based on a low-density parity­
check decoder, and a set of communication channels over which the 
inputs are transmitted. The definition of stability given in Section 2.2 
includes specific conditions that must be satisfied by stable memories. 
To prove that the memories under consideration are stable, we must 
show that they satisfy all these conditions. 

The definition of stability requires that there be a set of allowed 
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inputs for each memory. Each allowed input for a memory of the type 
under consideration consists· of J copies of a code word from some 
(N, J, K) low-density parity-check code. If R equals the information 
rate of the code, the memory having registers of length N has 2RN ~ 2k 
allowed inputs. This memory is denoted by M k • To define a sequence of 
memories, we allow k(and N) to be a variable but keep the parameters 
of the code, J and 1(, fixed.* Let the 2k allowed inputs to Mk be denoted 
by {I ki} 0 < i ~ 2k. With each input we must associate a class of states 
of M k • The classes to be used are essentially the decoding equivalence 
classes of the code. To be more precise, the classes can be described in 
terms of the equilibrium states of M k , denoted by {Ekd 0 < i ~ 2\ 
where an equilibrium state is one in which every register contains one 
and the same code word. With each input, 1ki , there is a corresponding 
equilibrium state, E ki , in which the registers contain the code words 
represented by 1ki . The state of Mk belongs to the class C(1ki ) if a 
noiseless correcting network (that is, a noise1ess low-density parity-check 
decoder) could correct all the errors; in other words, if its final state 
would be the equilibrium state, Eki . 

The definition of stability requires that for each sequence of mem­
ories there must be ana such that for every k the complexity of M k is 
bounded by a· k. The complexity of the correcting network in M k is 
computed in Section 3.2. If each of the J registers in M k is of length 
N, the correcting network must contain [1 + (J-1) (K-1)] JoN bi­
nary adders (modulo-2) and J. N decision devices. Since a decision 
device must determine whether J /2 or more out of the J -1 parity 
checks are in error, the complexity of each decision device depends 
only on the code parameter, J, which is fixed for any particular se­
quence of memories. Thus the complexity of each decision device, 
denoted by D, is independent of k. Finally, the noisy registers within 
the memory must contain JoN storage components. Therefore the 
complexity of M k is: 

Complexity of Mk = [2 + D + (J - l)(K - l)]J·N 

= [2 + D + (J - 1)(1( - l)]J.
k R . 

Since Gallager10 has shown that R ~ 1 - J /K, the complexity propor­
tionality factor for the sequence of memories under consideration is 
upper bounded by 

. * There are low-density parity-check codes for all, values of N which are 
integer multiples of K.10 
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[2 + D + (J - 1)(K - l)]J 
1 - J/K 

2319 

Every component has a nonzero probability of making an error. 
The error probabilities are denoted: 

Pr = probability that one particular binary digit within the register 
changes during a time interval r, the time required for one 
correcting cycle. 

Pa = probability that an adder makes an error on anyone use. 
Pd = probability that a decision device makes an error on anyone use. 
pc = probability of an error in transmitting a digit across a communi-

cation channel. 

It is assumed that errors are statistically independent from one com­
ponent to another and from one use of a particular component to another 
use. 

To prove that the information storage devices in question are stable, 
it must be shown that for any £, the probability of a memory failure 
in M k during the time interval 0 ~ t ~ £r can be made arbitrarily small 
by choosing k sufficiently large. In the remainder of this section, the 
probability of a memory failure for the typical device, M k' is upper 
bounded. To determine whether a memory failure has occurred at some 
particular time we use the following algorithm. 

Imagine that M k becomes noiseless at that time and that the noise­
less correcting network within 111 k performs m more iterations where 
m is the "number of independent iterations" described in Section 3.2. 
These are precisely the same operations that a noiseless low-density 
parity-check decoder would perform. If the final state of the hypothet­
ical noiseless memory is error free (that is, equals the equilibrium 
state corresponding to the original input) then, by definition, no 
memory failure occurred. Thus, to bound the probability of a memory 
failure we must bound the probability that the final error pattern is 
not error free. 

In general, the error pattern within the registers of Mk depends on 
all the component errors that have occurred since the original input 
was transmitted to the memory. However, if certain conditions are 
satisfied, the error pattern is a function of only the component errors 
that occurred during the most recent m iterations. If no component 
errors occur during these m iterations and if the required conditions 
are satisfied, the final error pattern will be error free. On the other 
hand, if these conditions are not satisfied we say that a propagation 
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failure has occurred. Therefore, to bound (upper bound) the prob­
ability of a memory failure, we bound the probability that a propaga­
tion failure occurs on the mth noiseless iteration of the hypothetical 
noiseless memory. 

The first step is to show that, in the absence of a propagation failure, 
the probability of error for digits stored in the memory (the probability 
of error per digit) has an upper bound, denoted by Po, such that Po «!. 
This can be seen intuitively by comparing the performance of a noisy 
corrector with that of a noiseless corrector, that is, a noiseless low­
density parity-check decoder. Provided that the initial probability of 
error is not too large, a noiseless corrector decreases the probability of 
error per digit with each iteration until this probability reaches zero. 
If the probability of error for the components within the noisy corrector 
is small, compared with the initial probability of error per digit, for the 
first few iterations the noisy corrector decreases the probability of error 
per digit just as the noiseless one did. However, eventually this proba­
bility reaches the same order of magnitude as the probability that the 
noisy corrector itself makes an error at which time the probability of 
error per digit reaches an equilibrium value. Notice that although such 
an equilibrium value is attained, it is still possible for errors to occur in 
sufficient digits so that a memory failure results. If a memory failure 
does occur, a propagation failure will also occur and the bound on the 
probability of error per digit will no longer be valid. 

In light of this intuitive argument, we expect that the time at which 
the probability of error per digit is at its maximum value is just 
before the end of the first correcting cycle. In Appendix A upper 
bounds are computed on this probability evaluated just before the 
end of the first and successive correcting cycles. It is shown that, 
provided no propagation failure occurs, these bounds form a mono­
tonically decreasing sequence; hence, the bound on this probability 
evaluated just before the end of the first correcting cycle, denoted 
by Po, is the desired bound. 

The next step is to bound the probability that the initial propaga­
tion failure occurs at some particular time. A propagation failure 
occurs whenever the error pattern in the memory is related to the 
component errors that occurred m or more iterations previously. In 
most cases the error pattern depends only on component errors that 
occurred in the last few iterations since any digit errors caused by 
previous component errors would have already been corrected. In 
order for a propagation failure to occur, the effect of component er­
rors must have propagated from one iteration to the next for at least 
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m iterations. Thus we expect that the probability of such a propaga­
tion decreases as m is increased and, since increasing k increases m, 
that the probability of a propagation failure can be made arbitrarily 
small by making k sufficiently large. The explicit relationship be­
tween the probability of the initial propagation failure and k is 
derived in Appendix B. The result is 

Pr [initial propagation failure] < Ck-~+l 

where C and f3 depend only on the parameters of the code (J and K) 
and the bound on the probability of error per digit, Po; hence, C and 
f3 are constants for any particular sequence of memories. 

Some typical values for f3 are shown in Table 1. For example, if 
J = 14, K = 15, and Po = 10-8 then f3 = 7.55; therefore, in this case, 
the probability that the first propagation failure occurs at some 
particular time is upper bounded by a function that decreases as the 
sixth power of the information storage capability of the memory. By 
choosing the information storage capability sufficiently large, this 
probability can be made arbitrarily small. 

For the moment, let us assume that neither a memory failure nor a 
propagation failure has occurred within M k during the time interval 
o ~ t < £' T. We now use the bound on the probability of the initial 
propagation failure to find an upper bound on the probability that either 
the initial memory failure or the initial propagation failure occurs at 
t = £'T. To determine whether the initial memory failure occurs at 
t = £'T we must imagine that Mk becomes noiseless at t = £'T and that 
the noiseless correcting network within M k performs m more iterations. 
As explained previously, the initial memory failure can occur at t = £' T 

only if the initial propagation failure occurs at t = £' T or during the 
m noiseless iterations performed after t = £'T. Thus the sum of the 

J 

4 
6 
8 

10 
12 
14 

TABLE I-TYPICAL VALUES OF (3'(J, K, Po) AND 

(3(J, K, Po). 

R 
K (low'er bound) po f3 

5 0.20 10-8 2.66 
7 0.14 10-8 3.91 
9 0.11 10-8 4.95 

11 0.09 10-8 5.89 
13 0.07 10-8 6.75 
15 0.06 10-8 7.55 

f3' 

0.66 
1.91 
2.95 

3.89 
4.75 
5.55 
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probabilities that the initial propagation failure occurs at t = £'r, 
(£' + l)r, ... , (£' + m)r is an upper bound on the desired probability. 
Therefore, 

Pr [initial memory failure or initial propagation failure 

att = £'r] < (m+ l)·C·k-{J+l. 

Gallager10 has shown that 

m < log N 
log [(J - l)(K - l)J 

Therefore, 

log N 
m + 1 < log [(J _ l)(K _ l)J + 1 

log L _kJ/KJ 

if k > 2. 

(N ote : K > J ~ 4). 

The probability that the initial memory failure occurs during the time 
interval ° ~ t ~ £r is upper bounded by the sum of the probabilities 
that either the initial memory failure or the initial propagation failure 
occurs at t = 0, r, 2r, ... , £r. This bound equals 

Pr [failure during time interval 0 ~ t ~ £r] 

< (£ + 1)·C ·log [1 _ ~J /K].k-P+' 

< (£ + 1). C .k- f3 +2 

l-.T/K 

= (£ + l),C'·k- f3 ' 

where 

C'~ C 
1 - J IK and (3' ~ (3 - 2. 

To show that there is a stable sequence of noisy memories, we must 
show that it is possible to choose J, K, and Po such that f3' > O. Re­
call that when we speak of a particular sequence of memories, {Md, 
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we mean that k is a variable whereas the values of J, K, and the 
probabilities of component errors are all fixed. Certain conditions have 
already been imposed on J, K and Po. These conditions are: 

(i) J = 2l, l = 2, 3, 4 ... 

(ii) I( > J 

(iii) Po > 2pr + Pc 

(iv) Po > (JJ /2 1)[(1( - l)(po + Pa)]JI2 + Pd + Pr 

(v) Po > pa 

where Po, Pd , Pr and Pc must all be fixed and greater than zero. To 
demonstrate that there are values of J, I( and po which satisfy these 
conditions and for which {3' > 0, consider an example where Po = Pd = 
Pr = Pc = 10-9 and where po = 10-8

• For this example conditions (iii), 
(iv), and (v) are satisfied for all reasonable values of J and K (that is, 
where J < K « p;l). The values of (3'(J, 1(, Po = 10-8), which corre­
spond to some typical values of J and 1(, are shown in Table I. For all 
the values of J and K which are considered, the value of {3' is greater 
than zero. Therefore, in all these cases, the probability of a memory 
failure in Mk at t = £T can be made arbitrarily small by making k 
sufficiently large. This proves that there are stable sequences of noisy 
memOrIes. 

3.4 Stability of )1;[ emories Constructed from Failure-Prone Components 
Thus far we have restricted our attention to memories in which 

component malfunctions are assumed to be statistically independent 
both from one component to another and from one use of a particular 
component to another use. These assumptions form the basis of a 
mathematical model for the component malfunctions that are com­
monly attributed to "noise" in the system. Unfortunately, the model 
does not adequately represent the most common type of component 
malfunction that one finds in computing systems: malfunctions where 
individual components fail permanently. 

To see whether memories of the type considered in the previous 
section can be stable, if their components fail permanently, let us 
recall the proof of the stability theorem for noisy memories. In carry­
ing out this proof, it is necessary to show that there are types of 
memories for which the probability of error per digit can be bounded 
(see Appendix A). If one attempts to find memories in which the 
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components fail permanently and for which a similar bound on the 
probability of error per digit exists, it becomes clear that memories 
constructed from these components cannot have such a time inde­
pendent bound of value less than 112. This is because the probability 
that any particular component has failed increases with time given 
that components fail permanently; hence, if one hypothesizes any 
bound on the probability of error per digit which is less than 112, it is 
always possible to find a time at which the hypothesized bound is 
violated, showing that such a bound cannot exist. By using argu­
ments such as those in Section 2.3, one can obtain a statistical model 
for the errors after each correcting cycle in terms of an equivalent 
channel whose capacity decreases with time. Since the capacity de­
creases, it is always possible to find a time at which the capacity of 
the equivalent channel is below the information rate of the code used 
in storing the information in the memory, thus precluding the pos­
sibility of effective error correction and hence the possibility of 
stability. 

Fortunately, in most "nonspace" applications, regular maintenance 
is performed on computing systems, that is, components which have 
failed are periodically replaced with good ones. Numerous specific 
failure probability distributions and maintenance schemes could be 
considered individually; however, for the purpose of this analysis 
we consider instead a general case which includes many of the com­
mon probability distributions and maintenance schemes. This gen­
eral case is the one for which it is possible to upper bound, during 
each correcting cycle, the probability that each component has failed 
up to or during that correcting cycle. For example, suppose that each 
component is replaced every T seconds and that PI represents the 
probability that any particular component initially fails during any 
particular correcting cycle. For this example, the desired upper bound 
on the probability of component failure equals T 'PI which, by ap­
propriate choice of T and PI, can be made less than 112. Notice that 
we are free to choose both T and PI since, as before, we are only try­
ing to show that there exists some memory of the type under consid­
eration which is stable. 

One can now perform an analysis identical to that performed in 
the previous section. Since the technique used to prove th,e stability 
theorem for noisy memories does not rely upon the assumption that 
component errors are statistically independent from use to use, pre­
cisely the same technique used previously can be used here to prove 
that periodically maintained memories can be stable. In fact, in most 
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cases, the changes required to make this proof apply when compo­
nents fail permanently merely involve replacing the words "com­
ponent error" with the words "component failure." 

One change which requires some reinterpretation of terms involves 
the concept of a propagation failure. This concept was introduced for 
the purpose of establishing a condition under which the parity checks 
used to estimate any particular digit would be conditionally inde­
pendent. To facilitate an intuitive discussion of propagation failures, 
the original definition of a propagation failure was made more gen­
eral than necessary for the mathematical analysis. This analysis, in 
Appendix B, uses the fact that undesirable statistical dependencies 
can occur only if the effects of previous component malfunctions form 
a A propagation path in some parity check set tree. It is now desirable 
to redefine a propagation failure in terms of the formation of such a 
A propagation path. This is because permanent component failures 
can result in recurrent errors in a particular digit during m or more 
iterations thus causing a propagation failure, according to the original 
definition. However, since these recurrent errors do not lead to the 
undesirable statistical dependencies unless they also correspond to an 
undesirable A propagation path, the original definition of a propaga­
tion failure should be changed to exclude recurrent errors. 

Once these changes have been made, if one represents the bounds on 
the probabilities of component failures by the same symbols that 
were used previously to represent the actual probabilities of com­
ponent errors during each iteration, not only is the method of prov­
ing the stability theorem identical to that used previously but so 
are the forms of all the results. Thus one proves the following theorem. 

Theorem 2: There is a stable sequence of memories where every com­
ponent in each of the memories in the sequence has a nonzero prob­
ability of permanent failure but where components which have failed 
are periodically replaced with good ones. 

IV. CONCLUSIONS 

In Section I we compare the results obtained by Shannon con­
cerning the reliability of communication systems with the results ob­
tained by von Neumann, Elias, Winograd, and Cowan concerning the 
reliability of computing systems. Shannon's results were basically 
different from the other results considered. Shannon was able to show 
that it is possible to design arbitrarily reliable communication sys­
tems through which information can be transmitted at a nonzero 



2326 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1968 

information rate. The maximum rate for which the probability of 
error can be made arbitrarily small is called the capacity of the com­
munication channel. In analogy with this result, one might expect 
that it should be possible to design arbitrarily reliable computing 
systems which have a bounded redundancy. Unfortunately, none of 
the computing systems proposed previously has this property; there­
fore, none of these computing systems has a nonzero "computing 
capacity." 

In Sections II and III we restrict our attention to one part of a 
computing system, namely the memory. It is shown that there are 
noisy memories and periodically repaired memories constructed from 
failure-prone components which have the property that the prob­
ability of failure can be made arbitrarily small for certain bounded 
values of the redundancy. The memories which have this property 
are called "stable memories." This result is analogous to Shannon's 
result and is basically different from the other results obtained thus 
far concerning the reliability of computing systems. The fact that it 
is possible to make a memory arbitrarily reliable while keeping its 
redundancy bounded indicates that a memory has an "information 
storage capacity" analogous to the capacity of a communication 
channel. The information storage capacity of a particular memory 
equals the reciprocal of the minimum redundancy for which the 
memory is stable; hence it can be expressed in bits per component. It 
is a function of the probabilities of error for the components within 
the memory. The method used to prove the stability theorem does 
not allow one to compute an explicit value for the information storage 
capacity of the memories which were considered; however, the fact 
that these memories can be stable indicates that they do have a non­
zero information storage capacity. 
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APPENDIX A 

A Bound on the Probability of Error Per Digit 

The first step in computing a bound on the probability of a propa­
gation failure is to bound the probability of error for any digit stored 
in the registers within the memory. 'Ve assume that initially one set 
of J code words is transmitted across the noisy channels and inserted 
into these noisy registers. Some time during the next r seconds the 
correcting network reads the contents of the registers and starts to 
perform the first correcting cycle on the newly inserted digits. The 
time at which this first correcting cycle starts is denoted by t = 0 and 
successive correcting cycles start at t = r, 2r, 3r, .... vVe denote the 
instant just before the end of the first correcting cycle by t = r-8. If a 
digit is in error at t = r-8, at least one of the following events must 
ha ve occurred: 

(i) An error was made in transmitting the digit across the BSC. The 
probability of this event is Pc . 

(ii) The digit was changed because of a component error in the register 
which occurred either during the time interval - r < t ~ 0 or 0 < t ~ 
T - o. The probability of this event is less than 2pr • 
Therefore, by the union bound, the probability of error per digit at 
t = r -8 is bounded by 

Pr [digit = € at t = T - 0] < 2p .. + Pc < Po 

where the parameter Po has been introduced to simplify the form of 
the results. Other conditions on Po will be imposed later. 

Next let us compute a bound on the probability of error per digit 
at t = 2r-8, 3r-8, .... If the digit do is in error at anyone of these 
times, at least one of the following events must have occurred: 

(i) A set of J /2 parity checks used to estimate d.o were in error 
during the last correcting cycle performed on do. 

(ii) The decision device made an error during the last correcting 
cycle. 

(iii) An error occurred while do was stored in the register. 

There are (J J /2 1) possible events of the first type. We now compute 

the probability that anyone of these events occurred. If the ith parity 
check used to estimate do , Ci , were in error there must have been at 
least one error among the K - 1 adders used to evaluate this parity 
check, or at least one error among the [( - 1 digits denoted by dil 
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di2 , ••• , diK- 1 • According to the union bound, the probability that Ci 

(for any 0 < i ~ J - 1) is in error is bounded by 

K-l 

Pr [Ci = e] < L Pr [dii = e] + (K - I)Pa . 
i-I 

During the first correcting cycle Pr [d ii = e] < Po for all 0 < j ~ K - 1; 
therefore, for this iteration 

Pr [Ci = e during first correcting cycle] < (K - l)po + (K - I)Pa . 

To compute the probability of error per digit just before the end of 
the second iteration, we use the fact that, during the first m iterations, 
the structure of the code guarantees that errors in the parity checks used 
to estimate any particular digit are statistically independent. To see 
this, consider the parity-check set tree rising from the digit do as shown 
in Fig. 6. Each node on this tree represents a particular digit. With each 
digit there is associated a set of components used to compute each 
estimate of the digit. Just as the tree represents a history of the digits 
which have been involved in the computation of the successive estimates 
of do , it also represents a history of the components which have been 
involved in the computation of these estimates. The later interpretation 
is more useful for our purposes since it is the components which cause 
the errors. If the code has m independent iterations, all the digits on the 
first m tiers of the tree must be different and all the components asso­
ciated with these digits must be different also. There are (K - 1) (J - 1) 
digits on the first tier of this tree. Provided that m ;;; 1, the errors in 
these digits after the first iteration must be statistically independent 
since the digits are all different, and hence the components used to 
compute the estimates of these digits are all different. (It is assumed that 
errors in different components are statistically independent.) In general, 
the errors in the digits on the first tier of the tree, and hence the J - 1 
parity checks, are statistically independent provided that the sets of 
components used to compute the estimates of these digits are disjoint. 
The structure of the tree guarantees that this condition will be satisfied 
for the first m iterations. 

Since, during the first m iterations, the errors in the parity checks 
used to estimate any particular digit are statistically independent, 
the probability that a set of J /2 parity checks is in error equals the 
product of the probabilities that each one of these J /2 parity checks 
is in error. Thus the probability of error per digit at t = 2T - S is 
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bounded by 

Pr [digit = e at t = 2T - oJ 

< (JJ/21)[(K - l)(po + Pa)f/2 + Pd + pr 

tJ. 
= Pl' 

Since we are not attempting to show that all memories of the type 
under consideration are stable but merely that there exist some mem­
ories of this type which are stable, we shall restrict our interest to 
those memories for which it is possible to make PI < Po. This is not 
a serious restriction since in most cases there is no difficulty in bound­
ing PI by PO' For example, if 

Pa ,Pr and Pd = 10-9
, Po = 10-8

, J = 14 and K = 15, then PI ~ 2.10-9 

illustrating one case where Pl < Po . 

Precisely the same argument can be used to obtain a bound on the 
probability of error per digit at t = 3r-8, 4r-o, .. , (m+1)r-8. The 
results are: 

Pr [digit = e at t = 3T - oJ 

< (JJ /2 l)[(K - l)(pl + Pa)JJI2 + Pd + pr 

Similarly 

Pr [pigit = e at t = (m + l)T - 0] 

< (JJ /2 l)[(K - l)(Pm-l + Pa)]JI2 + Pd + pr 

~ pm < pm-l < ... < PI < Po . 

If no propagation failure occurs at t =. mr, the error pattern 
evaluated at that time depends on the component errors that occurred 
during the previous m iterations, but not on the original errors that 
were present at t = O. Imposing this condition changes the probability 
of error per digit at t = (m+1)r-oj however, as we now show, the 
probability computed above is an upper bound on this conditional 
probability. Using Bayes rule, 
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Pr [digit e I no propagation failure] 

Pr [no propagation failure I digit = e]· Pr [digit = e] 

Pr~[no propagation failure] 

It is easily shown, using techniques similar to those in Appendix B, 
that 

Pr [no propagation failure I digit = e] ~ Pr [no propagation failure], 

therefore 

Pr [digit = e I no propagation failure] ~ Pr [digit = e]. 

If no propagation failure has occurred, the errors in the set of parity 
checks used to estimate any particular digit are conditionally in­
dependent. This is because, if there is no propagation failure, the er­
rors in each set of parity checks depend on errors in unrelated, dis­
joint sets of components. Thus the technique used to bound the 
probability of error per digit during the first m iterations can be ap­
plied after the mth iteration provided that no propagation failure has 
occurred. The general result is 

Pr [digit = e at t = (i + l)r - 0 I no propagation failure] 

< (JJ/21)[(K - l)(Pi-l +Pa)]JI2 +Pa +Pr 

~ Pi < Pi-l < ... < Pi < Po . 

This monotonically decreasing sequence of bounds shows that the 
probability of error per digit is upper bounded by Po provided that 
it is possible to choose Po, J, and I{ such that PI < Po and provided 
that no propagation failure occurs. In general, the probability of 
error per digit is upper bounded by Pi provided that the memory has 
performed i or more correcting cycles and provided that the condi­
tions stated above are satisfied. 

APPENDIX B 

The Probability of a Propagation Failure 

Intuitively, the concept of a propagation failure is very simple. A 
propagation failure occurs whenever the present error pattern in. the 
registers is in some way related to the component errors that oc­
curred more than m iterations before, where m is the number of in-
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dependent iterations. This intuitive concept can be made more pre­
cise by defining "error configurations" which are hypothetical error 
patterns that are functions of some subset of the actual set of com­
ponent errors. In particular, a type i error configuration, for any i 
> 0, is a J. N -tuple corresponding to the error pattern that would be 
present if there had been no component errors before the last i itera­
tions. If no propagation failure has occurred, all error configurations 
of type m and higher must be identical, thus we are really interested 
in the difference between error configurations. For this reason, it is 
more convenient to restate the definition of a propagation failure in 
terms of "~ configurations" where, for all i > 0, the type i ~ configura­
tion is the difference between the type i and type i+ 1 error configura­
tions. The type ° ~ configuration is defined to be equal to the type 1 
error configuration. A propagation failure occurs if there are one or 
more l's in any ~ configuration of type m or higher. 

Let us consider the situations which, for any i, lead to a 1 in the 
type i ~ configuration evaluated at some particular time, say t = 
Lr. Suppose that there is a 1 in the position corresponding to the digit 
do in this ~ configuration. This means that the value of the digit do 
in the type i error configuration is different from that in the type 
i+ 1 error configuration where both configurations are evaluated at 
t = Lr. This change in the value of do must be related to component 
errors that occurred during the time interval (L-i-1) r < t < (L-i) r 
since all the other component errors upon which the type i and type 
i+ 1 error configurations are based are the same. We refer to the com­
ponent errors that occurred during the time interval (L-i-l) r < t < 
(L-i) r as the controlling errors for the type i ~ configuration eval­
uated at t = Lr and we say that the value of do at t = Lr has been 
changed by these controlling errors. 

If the value of do is changed at t = Lr, the controlling errors must 
have changed at least one of the digits used to estimate do. These are 
the digits on the first tier of the parity-check set tree rising from do, 
and changes in them are represented by l's in the appropriate posi­
tions in the type i-I ~ configuration evaluated at t = (L-1) r. In gen­
eral these controlling errors must have caused changes in some digits 
on the lth tier of the parity-check set tree, the changes being rep­
resented by l's in the appropriate positions in the type i-l ~ con­
figuration evaluated at t = (L-l)r. These changed digits define at least 
one continuous path in the parity-check set tree rising i tiers from 
do. We call these paths ~ propagation paths. The particular ~ prop­
agation path which has just been described is referred to as the i-tier 
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a propagation path rising from do at t = Lr (see Fig. 8). Every 1 in a 
type i a configuration must have at least one i-tier a propagation 
path associated with it. To bound the probability that there is a 1 in 
the entry corresponding to the digit do in the type i a configuration 
evaluated at t =, Lr, we shall bound the probability that one or more 
i-tier a propagation paths rise from the digit do at t = Lr. 

Since a propagation paths must be continuous, for each 1 in a type 
i a configuration evaluated at t = Lr there must have been at least 
one 1 in a type i-I A configuration evaluated at t = (L-l) r. If no 
propagation failure occurred before t = Lr, the a configurations of 
type m and higher must have beeen all zero for all t < Lr. This im­
plies that the a configurations of type m+ 1 and higher must be all 
zero at t = Lr. Hence, the only way that the initial propagation fail­
ure can occur at t =. Lr is if there is a 1 in the type m a configura­
tion evaluated at that time. Therefore, to bound the probability that 
the first propagation failure occurs at some particular time, we need 

t - (L-L-I)T TIER L+I ¥-*-*-~ t TIME INTERVAL DURING 
I WHICH CONTROLLING 
l ERRORS OCURRED 

", ___ NEW ERROR 

t = (L- L)r TIER L )t-*-~~ 

t=(L-L+I)r 

t = (L-'Lh 

t = (L-z)r 

t = (L- I)T 

t = Lr 

FOR ANY o-st-sL, AT 
/----- t= (L-t)r THER~ IS 

I // A I IN THE TYPE (L-l) 

TIER 'L ~()( )( POSITION CORRESPONDING ¥ b. CONFIGURATION IN THE 

TO THE CIRCLED DIGIT. , , , 
TIER 3 

TIER Z 

TIER I 

Fig. 18 - An example of an i-tier A propagation path rising from do at t = LT. 
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only bound the probability of one or more l's in the type m A con­
figuration evaluated at that time. Since we assume that the memory 
fails whenever the first propagation failure occurs, we shall never be 
concerned with computing the probability of a 1 in any A configura­
tion of type m+ 1 or higher. It is important that we can restrict our 
attention to the type m A configuration since this A configuration can 
be computed for any particular time by considering only the compo­
nent errors that occurred during the previous m+ 1 correcting cycles. 
The first of these correcting cycle results in statistically independent 
digit errors and, as explained in Appendix A, the structure of the 
code guarantees that during the next m correcting cycles the errors in 
the parity checks used to estimate any digit are statistically inde­
pendent. 

To bound the probability that the initial propagation failure oc­
curs at t = LT, we must compute a bound on the probability of one or 
more l's in the type m A configuration evaluated at t = LT. This is 
done by bounding the probability that an m-tier A propagation path 
rises from one or more of the J. N digits in the registers within the 
memory at t =, LT. At first we restrict our attention to one particular 
digit dQ • A bound is computed on the probability that an m-tier A 

propagation path rises from do at t = LT. The first step in this com­
putation is to bound the probability that the component errors that 
occurred during the time interval (L-m-1) T < t < (L-m) T would 
cause any particular digit on the mth tier of the parity-check set tree 
rising from do to be in error at t = (L-m)T. Any m-tier A propaga­
tion path rising from do at t = LT must terminate on one of these er­
rors which we call new errors. The next step is to bound the prob­
ability that at t = (L-m+i) T an i-tier A propagation path rises from 
any particular digit on the (m-i)th tier of the parity-check set tree 
rising from do. This probability is denoted by Pr[dm-i=Ai]' By sub­
stituting m for i, we obtain a bound on the probability that at t = 
LT an m-tier A propagation path rises from the digit do (that is, 
Pr[do = Am]). The probability that an m-tier A propagation path 
rises from one or more of the J. N digits at t = LT is upper bounded 
by J·N·Pr[do =Am]. 

The first step, namely bounding the probability of a new error at 
t = (L-m)T, is particularly simply. In Appendix A we computed a 
bound on the probability of error per digit which was denoted by Po. 
Since this bound was computed by considering all possible errors that 
could exist at a particular time, it must certainly be a bound on the 
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probability of a new error at some particular time. Therefore, Po is a 
bound on the probability that a new error occurs at t = (L-m)r. 

The next step is to bound Pr [dm - i = 6,] for alII ~ i ~ m. Let us 
consider a particular digit on the (m - i)th tier of the parity-check set 
tree rising from do and denote this digit by dm - i • Now consider the 
conditions which must be satisfied if the value of dm - i is changed by the 
controlling errors; that is, if an i-tier 6 propagation path rises from dm - i 

at t = (L - m + i)r. 
To describe this "change" in more detail, we must consider two sets of 

component errors. One is the set of component errors that occurred 
since t = (L - m - l)r and the other is the set of component errors that 
occurred since t = (L - m)r [assume that no component errors occurred 
before t = (L - m - l)r and t = (L - m)r, respectively]. When we say 
that the value of dm - i has been changed by the controlling errors, we 
mean that the value of dm - i at t = (L - m + i)r is correct when it is 
computed under the assumption that one of these sets of component 
errors actually occurred, whereas it is incorrect when it is computed 
under the assumption that the other set of errors actually occurred. 
There are two necessary conditions for this change. Assume that the 
value of dm - i was changed by the controlling errors. Denote the set 
of component errors for which dm - i = e by SE and the set for which 
dm - i ~ e by SC(Hrect • If the value of dm - i is changed by the controlling 
errors, both of the following conditions must be satisfied: 

(i) There must have been at least one parity check used to estimate 
dm - i which was wrong [at t = (L - m + i)r] under the assumption 
that SE occurred but which was correct under the assumption that 
Scorrect occurred. Denote one of these parity checks by Cil • 

(ii) On the basis of the errors in the set SE , J /2 - 1 or more parity 
checks other than C~ must have been wrong at t = (L - m + i)r. 

In order for condition i to be satisfied, the value of at least one of 
the (J-l) (I{-l) digits immediately above dm--i in the parity-check 
set tree must have been changed [at t = (L-m+i-l)r] by the con­
trolling errors. The probability of such a change has been denoted by 
Pr[dm--i+l = Ai-d. Therefore, the probability that the value of one or 
more of these digits was changed is upper bounded by 

Pr [condition i is satisfied] 

< Pr [value of any digit immediately above dmi is changed by con­
trolling errors] 

< (J - l)(K - 1) Pr [dm - i + 1 = ~i-l]. 
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A bound on the probability that condition ii is satisfied was derived 
in Appendix A. This bound equals 

Pr [condition (ii) is satisfied] < (J~2 __ 2
1
) [(K - 1)(po + Pa)f/2-1. 

As explained previously, the structure of the code guarantees that 
parity-check errors are independent; hence, during the m iterations 
of interest, these two conditions are independent. Therefore, the prob­
ability that both conditions are satisfied, which is a bound on Pr[dm-i 
= ~i]' is given by 

Pr [dm - i = Ai] < (J - 1)(K - 1) Pr [dm - i + I = Ai-I] 

. (J~2--2
1

)[(K - 1)(po + Pa)]JI2-1. 

Substituting i = 1,2 ... m, we obtain 

Pr [dm- I = AI] < (J - 1)(K - 1)po(J~2-_21)[(K - 1)(po + Pa)]JI2-1 

Pr [dm - 2 = A2] < (J - 1)(K - 1) Pr [dm - I = AI] 

·(J~2-_21)[(K - 1)(po + Pa)]JI2-1 

< po{(J - l)(K - 1) 

. (J~2 -_ 2
1
)[(K - 1)(po + Pa)f 12-1 r 

Pr [do = Am] < po{ (J - 1)(K - 1) 

. C~2 -_2 
J(K - l)(po + Po)]" I'-f· 

Gall~ger has found a technique for constructing low-density parity­
check codes10 with m, the number of independent iterations, bounded 
by 

log [~- 2J(:- l)J < < logN . 
2 log [(J - 1)(K - 1)] = m = log [(J - 1)(K - 1)J 
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Substituting this lower bound into the equation for Pr[do = ~m] gives 

Pr [do = Am] < po{(J - l)(K - 1{/;2-_21) 

where 

. [(K - 1)(2po)]J/2-1 
}

IOg (N/2K)-(N/2J(K-Oll/2 log [(J-l) (K-l) 1 

= po{Lk - 2J(K
1 

- l)]Nr 

log {(J - l)(K - 1)C~2-_2 J(K - 1)(2Po)]Jl2-'} 
2 log (J - l)(K - 1) 

We have assumed that Po has been chosen such that Po > Pa. For any 
L, probability that the initial propagation failure occurs at t = Lr is 
bounded by 

Pr [initial propagation failure occurs at t = Lr] 

=0 

< J. N . Pr [do = ~m] 

for L < m 

for L ~ m 

since, by definition, a propagation failure cannot occur before t = mr. 
We have chosen to number the memories according to their informa­

tion storage capability, k. We can express this result in terms of k 
by noting that N = kjR and 1 - JjK ~ R ~ 1; therefore, 

Pr [initial propagation failure occurs at t = Lr] 

=0 for L < m 

for L ~ m 

where 

t:. J [ 1 1 ]-fJ 
C = 1 - JjK' Po ' 2K - 2J(K - 1) . 

Both C and {3 are functions of J, K and Po. For any particular se­
quence of memories, J, K and Po will all be constants. For example, if 
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J = 14, K = 15, and Po = 10-8
, then f3 = 7.55; therefore, in this case, 

the probability that the first propagation failure occurs at t = Lr (for 
any L) is bounded by a function that decreases as the sixth power of 
the information storage capability of the memory. By choosing the 
information storage capability sufficiently large, this probability can 
be made arbitrarily small. 
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This is the second of two papers which present information-theory-type 
results pertaining to the reliability of computing systems designed from 
unreliable components. Two models for component malfunctions are con­
sidered. The first is based on the assumption that malfunctions of a partic­
ular component are statistically independent from one use to another. The 
second is based on the assumption that components fail permanently but that 
the components which have failed are periodically replaced with good ones. 
In both cases, malfunctions in different components are assumed to be 
independent. Just as a channel capacity is defined for communication 
channels, a computing capacity is defined for computing systems. For both 
component failure models, it is shown that there are computing systems, 
designed entirely from unreliable components of the assumed type, which 
have nonzero computing capacities. 

I. INTRODUCTION 

The objective of this paper is to show that it is possible for a com­
puter, designed entirely from unreliable components, to perform op­
erations reliably on information stored in stable memories. The con­
cept of a stable memory is introduced in the paper preceding this, 
where it is shown that it is possible to store information reliably in 
memories constructed entirely from unreliable components.1 Two dif­
ferent models for component malfunctions are considered. The first 
is based on the assumption that component malfunctions are statis­
tically independent from one use of a particular component to an­
other use. The second is based on the assumption that components 

* This work, which is based on part of a doctoral thesis submitted to the 
Department of Electrical Engineering, M.LT., September 1966, was supported 
by the National Aeronautics and Space Administration (Grant NsG-334). 
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fail permanently but that the components which have failed are 
periodically replaced with good ones. In both cases component mal­
functions are assumed to be statistically independent from one com­
ponent to another. For both component malfunction models it is 
shown that there are types of memories, called "stable memories," 
that have a nonzero information storage capacity; that is, for cer­
tain fixed values of the memory's redundancy, the probability of a 
memory failure can be made arbitrarily small. A particular type of 
stable memory is considered in some detail. 

Since the operation of the computers to be described in this article 
is closely related to the operation of these stable memories, let UP 

look briefly at these memories. They consist of several registers and 
a correcting network as shown in Fig. 7 of Ref. 1. The registers store 
information which is coded according to a low-density parity-check 
code2 and the correcting network periodically monitors the contents 
of the registers, corrects errors and reinserts the corrected words into 
the registers. The correcting network is very similar to a low-density 
parity-check decoder. Such a decoder, if constructed from reliable com­
ponents, decreases the probability of error for digits stored in the 
registers with each successive correcting cycle (iteration) provided 
that the initial probability of error is not too large. 

In order to understand the operation of a low-density parity-check 
corrector constructed from unreliable components, let us suppose that 
the initial probability or error for stored digits is somewhat higher 
than the probability of malfunction for any component in the correc­
tor. For the first few interations the corrector decreases the prob­
ability of error per digit almost as much as the reliable decoder does. 
However, eventually this probability becomes comparable to the 
probability that a new error is made by the correcting network itself. 
Thus an equilibrium probability of error per digit is established such 
that the probability of error per digit before and after each correct­
ing cycle is the same. Figure 1 is typical graph of this probability. 

Although the probability of error per digit approaches an asymptotic 
value, it is still possible for a memory failure to occur. A memory failure 
occurs whenever the configuration of errors within the registers of the 
machine is such that a noiseless decoder would be unable to correct all 
the errors. The probability of a memory failure during the time interval 
o ~ t ~ £r is calculated in Ref. 1 and it is shown to have the same form 
for both component malfunction models considered. For any k and £, 
the probability of a memory failure in llfk , a memory of the type under 
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consideration which can store k bits of information, is given by 

Pr[failure of Mk during 0 ~ t ~ £7] < (£ + 1) ·C'·k- fJ
' 

where C' and (3' are constants for any particular type of memory, or 
to be more mathematically precise, for any particular sequence of 
memories, {Mi }, where the members of the sequence are ordered ac­
cording to their information storage capabilities. It also is shown that 
it is possible to make (3' > 0; in fact, a numerical example is presented 
where (3' = 5.55. Therefore, for this example, it is possible to make 
the probability of a memory failure arbitrarily small by choosing k, 
the number of bits stored, sufficiently large. Furthermore, it is shown 
that increasing k does not increase the redundancy of the memories 
being considered, thus completing the proof of stability for these 
memories. 

Our objective is to show that it is possible to design a reliable com­
puter which performs arithmetic operations on operands stored in 
stable memories and which presents the result in a form that can 
itself be stored in a stable memory. The latter condition assures that 
successive arithmetic operations can be performed by computers of 
this type. Just as stability is defined to be a property of sequences of 
memories, reliability will be defined to be a property of sequences of 
computing systems. 
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Fig. 1 - The probability of error per digit. 
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II. DEFINITION OF RELIABILITY 

The computing systems we are considering consist of a number of 
stable memories for information storage and some logic circuits which 
perform the arithmetic operations. The operations are performed on 
operands which have been stored in stable memories and the results 
of the operations are stored in stable memories. Before it is possible 
to define "reliability," it is necessary to establish a criterion for deter­
mining whether a particular result is correct. We consider a result 
(coded) toO be correct if a noiseless low-density parity-check decoder 
could correct all the errors; that is, if it could obtain the desired un­
coded result. Thus, the class of correct results is precisely the decod­
ing equivalence class which contains the code word whose informa­
tion digits correspond to the desired uncoded result. 

Now consider a sequence of computing systems {Si} where, for 
any k, the computing system Sk contains memories having an in­
formation storage capability of k binary digits. We require that all 
the computing systems in {Sd be able to perform the same set of 
operations. The sequence {Sd is called reliable if it satisfies the fol­
lowing conditions: 

(i) For all k, the redundancy of Sk must be less thana where a is 
a constant independent of k. The redundancy of a computing system 
is defined as the ratio of the complexity of the system to the amount 
of computation performed by the system. * 

(ii) For any 3 > 0 and 0 > 0, there must be a member of {Si} for 
which the probability that the result of any sequence of 3 operations 
(within the allowed set) will be in error is less than o. 

The reciprocal of the minimum redundancy for which a particular 
sequence of computing systems is reliable is called the computing 
capacity for these systems. 

III. OPERATION OF VECTOR ADDITION MODULO-2 

The operation of vector (bit-by-bit) addition modulo-2 is con­
sidered first because low-density parity-check codes have the prop­
erty that when this operation is performed on two code words, the 
result is always another code word. This is the only nontrival opera­
tion that can be performed without using some elaborate procedure 
for generating the check digits required to form the coded result. For 

* Ref. 1 gives precise definitions of "complexity" and "amount of computation." 
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this reason, the operation of modulo-2 addition is particularly easy 
to perform. 

The computing system to be considered consists of stable memories 
which store the operands and the results, and logic circuits which perform 
the arithmetic operation. It is assumed that all components within the 
computing system have a nonzero probability of malfunction. Let the 
stable memories containing the operands for one particular operation be 
denoted by M~ and M~' . At t = T, the operation of vector addition 
modulo-2 is performed on the contents of these memories and the result 
is stored in another stable memory. It is assumed that all the memories 
within a particular computing system are physically identical. This 
means that all memories must have the same set of possible states; 
furthermore, since the states of a stable memory are divided into classes 
of equivalent states, the classes of states must be the same for all of these 
stable memories. Let us suppose that at t = T, the state of M~ belongs 
to C(IkiJ, the class of states containing the code word Ikit , and that the 
state of 1l1r belongs to C(IkiJ. If the operation is performed correctly, 
the state of the stable memory containing the result will belong to 
C(Ikil EB IkiJ. 

To show that computing systems of this type are reliable, we must 
show that a sequence of 3 operations can be performed with an overall 
probability of error that can be made arbitrarily small by choosing k 
sufficiently large while keeping the redundancy fixed. To compute the 
redundancy we evaluate the ratio of the complexity of the system to the 
amount of computation performed by the system. Each modulo-2 vector 
addition performed by the system involves three stable memories, each 
with an information storage capability of k, and a number of modulo-2 
adders equal to the number of information storage components in one 
stable memory. 

In Ref. 1 it was shown that the complexity of a stable memory is 
proportional to k; hence the complexity of these three memories and 
the associated modulo-2 adders must also be proportional to k. The 
amount of computation, that is, the number of two-input binary 
operations that an equivalent irredundant computer would perform, 
equals k since this irredundant computer would perform k additions 
(modulo-2) on its two k-bit operands. Since both the complexity of 
the systems being considered and the amount of computation that 
they perform are proportional to k, their ratio, the redundancy, is 
independent of k as required. 

Let us start by considering just one operation performed by the 
computing system. We assume that before the operation was performed 



2344 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1968 

both M~ and M~' performed at least one correcting cycle on the stored 
operands. Thus, according to Fig. 1, the probability of error for digits 
stored in each of these memories is upper bounded by Pl which, in 
general, is very small compared with the maximum allowable probability 
of error per digit. After the operation has been performed, the probability 
of error (e) for digits in the memory storing the result is upper bounded 
by 

Pr[digit = e] < 2Pl + Pa + 2pr 

since anyone of the following events could lead to an error in one 
particular digit: 

(1,) The corresponding digit was in error in M~(probability ~ Pl)' 
(ii) The corresponding digit was in error in M~'(probability ~ Pl)' 

(iii) The adder that performed the operation on these digits made an 
error (probability denoted by Pa). 

(iv) An error occurred in this particular digit position in the result 
memory between the time the result was stored and the end of the first 
correcting cycle performed on the result (probability ~ 2p .. ). 

Provided that the resulting probability of error per digit is less 
than the maximum allowable value, successive iterations of the re­
sult memory decrease this probability as shown in Fig. 1. After the 
result memory has performed one iteration, the contents of this 
memory can be used as an operand in a second operation. Successive 
operations can be performed provided that at least one correcting 
cycle is performed on each intermediate result. 

An error is made on one of these operations if the state of the 
result memory does not belong to the desired class of states, or 
equivalently, if a memory failure occurs within the result memory im­
mediately following the operation. The method for computing the 
probability of such an error is almost identical to that used in Ref. 
1 to compute the probability of a memory failure. The result, which 
is obtained in the Appendix, is: 

Pr[any EB operation is performed incorrectly I all 

previous EB operations were performed correctly] 

C k-fl +3 

< (1 - J/K)2' 

where C and f3 are functions of the parameters of the code (J and K) 
and Po, the bound on the probability of error per digit. For any par-
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ticular sequences of computing systems, J, Ie, and Po, and hence C 
and /3, are all constants. This result applies for either of the component 
malfunction models discussed in the introduction. 

Finally we must bound the probability that an error occurs on any 
one of a sequence of J operations. It is assumed that neither a memory 
failure nor a propagation failure occurred in any stable memory between 
the time when an operand was originally stored and the time when the 
first operation was performed on that operand. We need not concern 
ourselves about the concept of a propagation failure except to notice 
that the bounds on the probability of a memory failure were actually 
derived by bounding the probability of either a memory failure or a 
propagation failure. Hence, imposing the condition of no propagation 
failure does not make the requirements any different from those which 
have already been used. The probability of an error during J operations 
is upper bounded by the sum of the probabilities that the initial error 
occurs on anyone of these operations; that is, 

Pr[error during a sequence of J EB operations I no 

memory failure or propagation failure in 

memories containing the original operands] 

C k- I3+3 < J·(l _ J/K)2· 

If J = 14, K = 15, and Po = 10-8 then {3 = 7.55; therefore, for this 
sequence of computing systems, the probability of an error in J vector 
modulo-2 additions can be made arbitrarily small by choosing k suffi­
ciently large, thus providing that this sequence of computing systems 
is reliable. 

IV. GENERAL VECTOR OPERATIONS 

Consider a sequence of computing systems, {St}, in which each sys­
tem is capable of performing many different operations. The inputs to 
each of these systems are stored in stable memories, as before; how­
ever, the inputs must specify not only the operands but also the 
desired operations. The digits stored in each memory are coded ac­
cording to a low-density parity-check code, but now it is assumed 
that the code is in systematic form; that is, the information digits 
appear first in each code word. When an operation is performed on 
two code words, the desired result is the code word whose information 
digits are computed by performing the desired operation on the in­
formation digits of the two operands. 
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The allowed operations for the computing systems under considera­
tion consist of any vector (bit-by-bit) operation on the information 
digits of the operands. That is, the operation performed on a particular 
pair of information digits in the operands can be anyone of the 16 
Boolean functions of two variables. Each of these operations is assigned 
a four-bit operation code. Since different operations can be performed on 
different pairs of information digits in the operands, the computing 
system Sk , which contains memories having a storage capability of k 
bits, is able to perform (16)k different operations on any pair of operands. 
The desired operation is specified by means of four code words. For all 
o < i ~ k, the set of four digits in the ith digit position in each of these 
four code words gives the operation code for the operation to be per­
formed on the ith information digit in each operand. For each pair of 
informa.tion digits in the operands, the computing system first selects 
the operation specified by the operation code and then performs this 
operation on the appropriate pair of digits in the operands. In this way 
all the information digits in the result are computed. 

Since the desired result is a code word, it is necessary for the 
computing system to generate the appropriate check digits to go with 
the desired information digits of the result. The operation of vector 
addition modulo-2 is particularly easy to perform on the information 
digits of two code words because the appropriate check digits can be 
generated by performing the operation of vector addition modulo-2 
on the check digits of the two operands. In general, it is more diffi­
cult to generate the appropriate check digits. 

We consider first a method by which a noiseless system could generate 
the check digits, then show that by making a rather simple modification 
to this method, it is suitable for use in a noisy system. Finally we bound 
the probability that an error occurs in a sequence of 3 operations 
performed using this modified method. To simplify the terminology 
throughout this and subsequent discussions, we contrast noiseless and 
noisy systems. A noiseless system is one in which there are no component 
malfunctions whereas, for these discussions, a noisy system is anyone 
in which the components have nonzero probabilities of malfunction. All 
results presented apply for either of the component malfunction models 
described in the introduction. 

Let us consider how a noiseless system consisting of memories, 
operation selectors, and computing devices might compute the desired 
result. Since there are 16 operations that could be performed on any 
pair of information digits in the operands, there must be 16 types of 
computing devices. One device of each type and one operation selector 
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is associated with each pair of information digits in the operands. Each 
operation selector decodes the operation code and selects the appropriate 
computing device. This device then performs the desired computation 
on one pair of information digits. In this way all the information djgits 
in the desired result are computed. These resulting information digits 
are represented by the row vector v. 

The second step in computing the desired result is to compute the 
check digits. Let us assume that, within the computing system, k noise­
less memories are used to store a set of k basjs vectors for the code. This 
set of k basis vectors is represented by the generator matrix, G. It is 
assumed that the basis vectors have been chosen in such a way that Gis 
in reduced-echelon form. (That is, G = [IkP] where Ik js a k X k identity 
matrix and P is a k X (N - k) matrix. The notation D = [AB] means 
that the matrix D can be partitioned into two sub matrices, A and B.)3 
The desired result is obtained by performing the operation v 0) G 
where 0) represents the operatjon of matrix multiplication in which all 
additions are performed modulo-2. 

This matrix multiplication operation is performed in two steps. The 
first step consists of performjng the bit-by-bit AND of the digits repre­
sented v T with the digits represented by each column of G (see Table I). 
The resulting row vectors, represented by the matrix G', are stored in 
another set of k noiseless memories. A row of G f is all zeros if the corre­
sponding digit in v T is 0 but it is identical to the same row of G if the 
corresponding digit in v T is 1. Therefore, the nonzero rows of G' are the 
generators of the desired result. The final step in performing the matrix 
multiplication operation consists of adding modulo-2 the rows of G'. 

Let us see if a noisy computing system, containing stable memories 
rather than noiseless memories, can obtain the desired result in the 

TABLE I-AN EXAMPLE OF THE OPERATION V 0) G. 

v = [1 0 1] 

[
1 0 0 1 1J 

G= 01010 
o 0 1 0 1. 

vT ANDed with columns of G 

[
1 0 0 1 1J 

= 0 0 0 0 0 
o 0 101 

£ G' 

Vector sum modulo-2 of the rows of G' 
= [1 0 1 1 0] 
£ vaG 
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same way. The information digits of the result are computed by the 
method described above. This time, however, there is a nonzero proba­
bility that any particular information digit is in error. There is now 
a problem when we try to use these digits to find the generators of 
the desired result. If there is any error in these information digits, 
the generators of the result will be specified incorrectly, in which 
case the resulting state of the stable result memory will almost cer­
tainly be outside the desired class of states. Since there is no way to 
eliminate the errors in the information digits, the computing method 
as described is not suitable for use in a noisy computing system. 

The problem with the computing method that has just been described 
is that there is only one copy of the information digits of the result and 
there is no way to guarantee that this copy is error free. Suppose that 
we had many copies of these information digits such that the errors were 
statistically independent from one copy to another. We shall show later 
that it is actually possible to obtain copies with these properties. These 
copies of the desired information digits can be represented by means of 
a matrix V in which each column represents one of these copies. Each 
row of V is almost all zeros or almost all ones and the errors across any 
row of V are statistically independent. Each row of V that is almost all 
ones indicates that the corresponding row of the generator matrix is one 
of the generators of the desired result. Suppose that the generators of 
the code are stored in stable memories, the generator set. Since each 
stable memory containing k bits of information actually contains J. N 
binary digits (N is the block length of the code and J is a parameter of 
the code described previously), the contents of these stable memories in 
the generator set can be represented by a k X IN matrix g. If we require 
that V be a k X IN matrix too (that is, that we have IN copies of the 
information digits), an operation can be performed on the memories 
equivalent to ANDing corresponding entries in the matrices 9 and V, the 
result being represented by a k X IN matrix g'. This operation leaves 
the desired generators essentially unchanged but it replaces the unde­
sired generators with vectors which are equivalent to the zero vector. 

In this case an error in one copy of the information digits causes at 
most one error in the digits represented by g'. This is much better than 
the result of the previous method where one error in the information 
digits causes errors in an entire row of G'. If the probability of error per 
digit in g' is not too high, it would be hoped that each stable memory 
corresponding to a row of g' would be able to reduce this probability of 
error by performing one correcting cycle. The operation of vector addi­
tion modulo-2 could then be performed to obtain the desired result. Since 
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this method looks promising, it will be considered in more detail. The 
first step is to make sure that it is possible to obtain copies of the infor­
mation digits "'ith the desired properties. Then a sequence of computing 
systems "'hich perform operations by this method is analyzed to deter­
mine if the sequence can be made reliable. 

When the computing system is ready to operate on a particular 
operand it copies the operand IN times and each copy is stored in a 
stable memory. A set of J N stable memories corresponding to one 
operand is called an operand set (see Fig. 2). An operand matrix, 
Ai i = 1, 2, is defined in the following way. Each column of Ai is assoc­
iated with one stable memory in the corresponding operand set. The 
digits in a particular column of Ai equal the digits in the first noisy 
register within the stable memory corresponding to that column of Ai . 
Recall that each register within a stable memory contains a noisy approx­
imation to the same code word. Thus the digits in each row of an operand 
matrix are almost all ones or almost all zeros. The digits different from 
the dominant one in each row correspond to errors in different stable 
memories within the operand set. Let each operand memory perform m 
(111, = the number of independent iterations2

) iterations on the digits 
contained in it. If no memory failure or propagation failure occurs in 
any stable memory within an operand set, the errors in the digits stored 
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Fig. 2 - The generator set and typical operand sets. The digits are typical of 
the digits in each of the J noisy registers within the stable memory. 
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within a stable memory depend only on the component errors that 
occurred in that memory during the last m iterations, l and these com­
ponent errors are assumed to be statistically independent from one 
stable memory to another. Since the contents of these stable memories 
are represented by the columns of the operand matrix Ai , the errors in 
one coJumn of this matrix are statistically independent of the errors in 
any other column. Therefore, after m iterations, the errors across any 
row of the operand matrix are statistically independent. 

The four stable memories which contain the code words that specify 
the operation code are called the "operation code memories." The 
contents of each of these memories are copied IN times to form an 
operation code set (see Fig. 3). Each memory in each operation code set 
performs m iterations just as the memories in each operand set do. An 
operation code matrix 0 i , 0 < i ~ 4, is defined for each operation code 
set; the definition is analogous to the definition of each operand matrix 
as stated previously. 

Let us consider a particular digit position in each of the operation 
code matrices and each of the operand matrices. The four digits in this 
position in the four operation code matrices form the operation code for 
the operation to be performed on the two digits in this position in the 
two operand matrices. After each memory in each set of memories has 
performed m iterations, the operations specified by the operation code 
matrices are performed. The digits which are the results of these opera-

OPERATION CODE 
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OPERATION CODE 
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Fig. 3 - The operation code sets. 
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tions can be represented by k X IN matrix, each column of this matrix 
being an approximation to the information digits of the desired result. 

Since the errors in each row of each operand matrix and each opera­
tion code matrix are statistically independent, and since the errors made 
by the components which perform the operations are statistically inde­
pendent, the errors along any row of this resulting matrix must be 
statistically independent. Therefore, this is precisely the matrix V 
described previously. The digits represented by this matrix are ANDed 
with the digits represented by 9 to form the matrix 9'. The operation 
of vector addition modulo-2 is then performed on the digits in the regis­
ters represented by the rows of the matrix 9' to obtain the desired 
result (see Fig. 4). 

Finally we must compute the probability that all of the operations 
are performed in such a way that the state of the result memory belongs 
to the desired class of states. The first step required that m iterations be 
performed by each memory in the operand sets and the operation code 
sets. There are a total of 6· J. N stable memories in these sets. The 
memories represented by the generator matrix 9 must also perform m 
iterations. There are k memories in this generator set. It is assumed that 
neither a memory failure nor a propagation failure occurred in any 
stable memory before the m iterations were started. We wish to bound 
the probability that a memory failure or a propagation failure occurs in 
any memory during these m iterations. 

In Ref. 1 the probability that either a memory failure or a propagation 
failure occurs in anyone memory on any particular iteration, given that 
no memory failure or propagation failure occurred previously, was upper 
bounded. This bound equals 

Pr[memory failure or propagation failure I no 

previous memory failure or propagation failure] 

< C k-~+2 
1 - J/K 

where C and f3 depend on the parameters of the code and the proba­
bilities of component errors but not on k. This bound has the same 
form for either of the two component malfunction models discussed 
in the introduction. 

Since 

k 
N ~ 1 - J/K and for k > 2, 
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Fig. 4- (a) The result set corresponding to matrix 9 (illustrates the vector AND of 
the two operands). (b) The addition operation. 

the probability that a memory failure or a propagation failure occurs 
during the m iterations is bounded by 

Pr[memory failure or propagation failure during m iterations] 

< {{I !~/KJ + k}-{log L _ kJ/KJh _ CJjI(ok-'+' 
for k > 2. 

The operation is performed following these m iterations. The result of 
this operation should be the generators of the desired result, each 
generator being stored in a stable memory. These memories are called 
the result set and are represented by the matrix gf. Let us suppose that 
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no memory failure or propagation failure occurred during the m itera­
tions. We now bound the probability that a digit within a memory in the 
result set is in error just before the time when the memory has completed 
the first correcting cycle on the newly inserted digits. If one of these 
digits is in error, at least one of the following events must have occurred: 

(i) The corresponding digit was in error in either one of the operand 
sets. The probability of this event is bounded by 2PI (see Fig. 1). 

(ii) The corresponding digit was in error in the generator set. The 
probability of this event is bounded by Pl. 

(iii) An error was made in determining the operation to be per­
formed. This probability is denoted by pcontrol. 

(iv) An error was made in performing the desired operation. This 
probability is denoted by Poperation. 

(v) An error was made in performing the AND operation. This 
probability is denoted by PAXD. 

(vi) An error occurred ,vithin the memory in the result set. The 
probability of this event is bounded by 2pr. 

Therefore, by the union bound 

Pr[error in any digit within the registers in the result set] 

< 3Pl + Pcontrol + POlleration + PAND + 2pr 

and we require that this sum of probabilities be less than Po. In order 
to show that it is possible to satisfy this inequality, let us consider 
a numerical example where 

pcontrol = POlleration = PAND = Pa = pr = Pd = 10-
10

, 

po = 10-8
, J = 14 and K = 15. 

For this example PI :::::: 2 X 10-10 , therefore 

3Pl + pcontrol + POIleration + PAND + 2pr ~ 1.1 X 10-9 < 10-1! = po 

showing that the condition on Po is satisfied. 
The probability that a memory failure or a propagation failure 

occurs in anyone of the memories in the result set can be computed 
by exactly the same method used in the previous section to compute 
the probability of a memory failure in the stable result memory fol­
lowing the operation of vector addition modulo-2. In fact the result 
is exactly the same as that obtained in the previous section since 
introducing the bound Po makes all the relevant probabilities iden-
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tical. The result is as follows 

Pr[memory failure or propagation failure in one memory in result set] 

C k-{3+3 

< [1 - J/KJ2· 

Therefore, the probability that any memory failure or propagation 
failure occurs anywhere in the result set is bounded by 

Pr[inemory failure or propagation failure in result set] 

C k-{3+4 

< [1 - J/I{]2· 

The final step consists of performing the operation of vector addi­
tion modulo-2 on the contents of the memories in the result set. The 
adder network, shown in Fig. 4, performs k -1 vector additions mod­
ulo-2. According to the results of the previous section, the proba­
bility that anyone of these operations is performed incorrectly is 
bounded by 

Pr[error in any of k - 1 EB operations] 

< (k - 1) -[l--C- . k-{3+3 
J/KJ2 

C 7 -{3+4 

< [1 - J/KJ 2·'C . 

The result is in error only if a memory failure or propagation failure 
occurs during the first m iteration, during the computation, or during 
the vector additions modulo-2. Therefore, the probability that the 
result is in error is bounded by 

Pr[result is in error] 

< 6{[1 _ JJIK] + 1 }'{1 _ CJ IK . log [1 -\7J( ]}k-P+' 

2C 7 -{3+4 

+ [1 - J/KJ2·'C for k > 2 

~ Presult • 

Finally, we must bound the probability that an error occurs during a 
sequence of J operations. This probability is bounded by the sum of the 
probabilities that an error occurs on anyone of the J operations. There­
fore, 
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Pr[error during a sequence of ~ operations] < ~·Presult. 
The dominant term in this bound is proportional to k-{3+4 where {3 is a 
constant for any particular sequence of computing systems. Ref. 1 gives 
a numerical example where {3 equals 7.55. For this example, the prob­
ability that an error occurs in a sequence of ~ operations is bounded by 
a function which decreases as k- 3

• Therefore, for the sequence of com­
puting systems for which {3 = 7.55, the probability of an error during 
~ operations can be made arbitrarily small by making k sufficiently large. 

Thus far we have not considered the complexity of these computing 
systems. The "basic processor," that is, the machine that performs one 
operation on each of the k 'pairs of digits has a complexity which is 
proportional to k2

• Let us suppose that the system Sk is capable of 
performing a sequence of ~ operations on each of the k digits. In genera], 
this requires ~ basic processors. Thus the complexity of the system is 
proportional to ~. e. The amount of computation, the number of 
operations performed on pairs of digits, is equal to ~. k. Thus, for Sk , 
the ratio of the amount of computation to the complexity, is proportional 
to k- 1

• The computing capacity equals the maximum value of this ratio 
for which the probability of error can be made arbitrarily small. Since 
the probability of error for Sk is proportional to ~. k-{3+4, this probability 
of error can be made arbitrarily small only in the limit as k approaches 
infinity; but in this limit the ratio described above approaches zero. 
Thus the computing capacity for these systems equals zero. 

V. ARITHMETIC OPERATIONS ON OPERANDS OF BOUNDED MAGNITUDE 

The systems described in the previous section have two major 
shortcomings. The first is that the computing capacity equals zero 
and the second is that the systems are restricted to performing op­
erations on corresponding bits in the operands. Let us consider the 
first of these shortcomings. We would like to show that it is possible 
to modify these systems in such a way that the amount of computa­
tion per component is independent of k, whereas the probability of 
error decreases with increasing k. In order to obtain such a result, 
we must reuse the basic processor. This means that we must be able 
to "program" the computing system. We have already shown that 
it is possible to "program" the basic processor to perform different 
operations. We must now show that it is possible to store the program 
and the operands in memories which can be located when the contents 
are needed. 

In the previous section we described a method for locating desired 
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generators which were stored within the generator set. The jth genera­
tor was found by first setting up an "address set" consisting of J. N 
stable memories each of which has a one in the jth information symbol 
position and zeros in all other information symbol positions. After 
all stable memories had performed m iterations, the generators were 
ANDed with the address set and the result was propagated through 
a modulo-2 addition network as shown in Fig. 4. We can store the 
program and operands in a "program set" consisting of k memories 
and use precisely the same method to locate a memory in this set. 
Thus, the "address" of the jth memory in the program set is a 1 in 
the jth information position of a code word. 

In order to keep track of the next operation to be performed, we 
need to use one memory as an "instruction counter." Initially this 
memory contains a code word with a 1 in the first information posi­
tion and a zero in all other information positions. After each opera­
tion, we shift the information digits one position to the right. A 
simple modification of the basic processor allows it to perform this 
shift operation. In order to specify whether a shift is desired we add 
one more operation-code set. The information digits in the memories 
within this additional set are all l's if a shift is desired and all O's 
otherwise. (Notice that we are really wasting (k-l) of the informa­
tion digits in each memory in this additional set since only one digit 
is required to specify whether a shift is desired). 

The processor checks the "shift bit" before performing any opera­
tion to see if a shift is desired. If the shift bit equals 1, the shift is 
performed on the first operand and no other operations are performed. 
If the shift bit is 0, the operations specified by the other operation code 
sets are performed. In either case, the result is computed as before 
by adding the appropriate generators. 

The second major shortcoming of the systems described in the 
previous section is that only operations on corresponding bits in the 
operands can be performed. In order to perform more general opera­
tions we might consider permuting the digits in one of the operands 
before the operation is performed. Unfortunately, the probability that 
a particular digit is permuted incorrectly depends on k and, in fact, 
approaches 1/2 as k approaches infinity. This problem arises because 
we have attempted to perform one operation that involves all k 
information digits, but it can be avoided by dividing the k digits into 
a number of segments where the number of digits in each segment 
does not depend on k; that is, the number of segments must grow 
with k. We can then treat each segment as a separate operand. This 
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means that we must restrict our attention to operations performed 
on operands of bounded magnitude, which is certainly not a severe 
restriction. 

Let us consider the digits in one particular segment. If it were 
possible to permute these digits before each operation, we could 
compute the sum or product of the digits in this segment or, in fact, 
any finite sequence of arithmetic operations on these digits by per­
forming a sequence of bit-by-bit operations on the appropriately 
permuted digits. Consider the additional modifications that must be 
made to the basic processor in order to allow it to perform these 
permutations. For the purpose of specifying the desired permutation 
we must again increase the number of operation-code sets. If the 
longest segment contains s digits, the permutation can be described 
by the contents of the memories in log 8 additional operation-code 
sets. The permutation of a particular segment of digits is specified 
by the corresponding segments of the memories in these additional 
operation-code sets. (Notice that a permutation of 8 digits can be 
described by 8 • log 8 digits.) The operation is performed according 
to the method described previously. However, in this case the infor­
mation bits within each segment of one operand are permuted just 
before the actual operation is performed. 

Let us consider how these modifications affect the bound on the 
probability of error for the 1?asic processor. This bound is given in 
Section IV. The first term bounds the probability that either a mem­
ory failure or a propagation failure occurs anywhere within the 
operand sets, the operation code sets, or the generator set during the 
first m iterations. Since there are now [log s] + 1 additional operation­
code sets, the coefficient of this first term must be changed from 

to 

However, the dependence on k of the first term is unchanged. 
The second term bounds the probability that a memory failure 

occurs either in the result set or in one of the memories required for 
the modulo-2 addition operation. In deriving this second term, it 
was necessary to bound the probability of error for digits in the 
result set. We considered a set of events at least one of which must 
have occurred if a particular digit is in error. There are now two 
additional events which could lead to such an error. The first is that 
the shift instruction was interpreted incorrectly and the second is 
that the permutation operation was performed incorrectly. In both 
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cases, the probability of error per digit is independent of k. Therefore, 
it is possible to find examples where Po bounds the probability of 
error for digits in the result set. 

For example, consider the numerical values presented in Section 
IV. If the probability of a permutation error equals 10-10 and the 
probability of a shift error also equals 10-1°, then Po = 10-8 is still 
a bound on the probability of error per digit. Thus the second term 
is not changed by the system modification. Therefore the dominant 
term in this probability of error is still proportional to k-f3+ 4

• The 
equipment required to select the appropriate memory from the program 
set is similar to a basic processor. Therefore, the probability of mak­
ing an error in one selection operation is of the same form as the 
probability of error for the basic processor. In particular the dominant 
term in this probability of a selection error is proportional to k-f3+ 4

• 

Finally, let us consider the number of operations that can be per­
formed by this modified computing system. We have allowed k mem­
ories for storing the program and the operands. This means that the 
number of steps in the computation can be at least proportional to 
k where each step consists of one set of k operations performed by 
the basic processor. Therefore the amount of computation can be 
proportional to k 2

• Furthermore, the complexity of the system is also 
proportional to k2 since only one basic processor and one operation 
selector is needed. Therefore, the amount of computation per com­
ponent is independent of k and in general is nonzero. 

The probabibity of an error during the k steps in the computation 
is upper bounded by k times the probability that an error occurs 
during anyone step. Therefore, this overall probability of error is 
proportional to k-f3+ 5

• Since we have already presented an example 
where f3 = 7.55, in this case the probability of error can be made 
arbitrarily small by making k sufficiently large while keeping the 
redundancy fixed. This shows that the computing capacity for sys­
tems of this type is nonzero. 

VI. CONCLUSIONS 

There are basic processors, designed entirely from unreliable com­
ponents, which can perform arbitrary binary operations on the corre­
sponding information bit of two operands stored in stable memories. 
These information bits can be shifted, by one bit, or permuted, within 
segments of bounded length, before performing the operation. The 
probability of error for the· basic processor can be made to vanish 
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as k-f3+ 4 where k is the number of information bits in eacli operand 
and f3 is a function of the component malfunction probabilities and 
the information rate of the code used in storing information in the 
memories. 

A program, including the necessary operands, can be stored in k 
stable memories and the operations specified by the program can be 
performed in sequence by a single basic processor. It is possible to 
perform arbitrary k-step computations on numbers of bounded mag­
nitude. Furthermore, the number of these computations that can be 
performed simultaneously is proportional to k. The complexity of the 
equipment required to perform the computations and the amount of 
computation are both proportional to k 2

• Thus the amount of com­
putation per component and hence the computing capacity is nonzero. 

These results apply to systems designed from either of two types 
of unreliable components. The first type is one which malfunctions 
because it is perturbed by random noise in the system. The malfunc­
tions of these components are modeled mathematically by assuming 
that they are statistically independent from one component to another 
and from one use of a particular component to another use. The 
second type of component is one which fails permanently; however, 
it is assumed that components which have failed are regularly re­
placed by good ones. In this case the mathematical model is based 
on the assumptions that components fail independently of each other 
and that there is an upper bound, of value less than lh, on the proba­
bility of malfunction of any particular component on any single use. 

All the results are existence proofs. Therefore, the criterion for 
choosing the particular systems to be considered was simplicity of 
analysis rather than efficiency of operation. Furthermore, the emphasis 
was not placed on obtaining the tightest possible bounds but rather 
on obtaining simple bounds that were sufficient to prove the desired 
results. In particular, one would hope that the probability of error 
would decrease exponentially with k rather than algebraically with 
k. However, the particular techniques used here do not lead to such 
a bound. 

There are many questions still to be considered concerning the 
design of practical systems constructed from unreliable components. 
There are also many theoretical questions concerning the derivation 
of bounds which are tighter than those derived here. It is hoped that 
the development of practical, reliable computing systems will follow 
the presentation of existence theorems like those presented here just 
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as the development of practical, reliable communication systems 
followed the presentation of the existence theorems of information 
theory. 
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APPENDIX 

A Bound on the Probability of Error 

In this appendix we upper bound the probability of error for one 
vector addition modulo-2. The method for deriving this bound is 
based on the one used in Ref. 1 to upper bound the probability of a 
memory failure. Since the method is long and rather involved, it is 
not reviewed here. Please see the proof in Ref. 1, because here we dis­
cuss only those places where the two proofs differ. Both the terminol­
ogy and the notation here is the same as in Ref. l. 

The computing systems being considered are described in Section 
III. It is assumed that the operation was performed at t = T. The 
operation takes top seconds to be performed. Some time during the 
T seconds following t = T + top, the stable result memory starts to 
perform the first correcting cycle on the newly inserted digits. We 
denote the time at which this correcting cycle starts by t = T + (J' 

(see Fig. 5). 
It is assumed that neither a memory failure nor a propagation failure 

has occurred in either operand memory up to t = T. A bound has 
already been derived on the probability of error per digit in the 
result memory. We must now bound the probability of a propagation 
failure occurring in the result memory. This involves relating the t::.. 
configurations for the result memory to the t::.. configurations for the 
two operand memories. Finally, the probability of a propagation 
failure will be used to obtain the desired bound on the probability of 
making an error in performing the operation. 
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Fig. 5 - Sequence of events pertaining to EB operation. 
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To relate the ~ configurations for the result memory to those for the 
two operand memories, let us consider the type i(i > 0) ~ configuration 
for the result memory evaluated at t = T + (J. If there is a 1 in the entry 
corresponding to the digit do , the controlling errors must have changed 
the value of do in the result memory; but this change can occur only if 
the controlling errors changed the value of one but not both digits in 
position do in M~ and M~/. If both these digits in position do had been 
changed, the two changes would cancel each other when the operation 
of vector addition modulo-2 was performed. Therefore, the type i(i > 0) 
~ configuration for the result memory evaluated at t = T + (J is equal 
to the vector sum modulo-2 of the type i Ll configurations for M ~ and 
M~' where the ~ configuration for M~ (or M~/) is evaluated at the end 
of the last correcting cycle performed before t = T (that is, at t = T - t' 
or t = T - til). 

The type 0 ~ configuration evaluated at t = T + (J is computed in 
a different way. A 1 in this type 0 ~ configuration represents a new 
error in the stable result memory at t = T + (J. To compute the con­
figuration of new errors, we imagine that the computing system was 



2362 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1968 

noiseless up to the beginning of the most recent correcting cycle per­
formed on the digits stored in the result memory at t = T + cr. In this 
case, the "most recent correcting cycle" consists of the last correcting 
cycle performed by M ~ before t = T and the last correcting cycle 
performed by M~' before t = T (see Fig. 5). 

Since the probability of error per digit at t = T + cr can be bounded 
by Po , the probability of a new error at t = T + cr can also be bounded 
by po . Therefore the probability of a 1 in the type 0 A configuration 
evaluated at t = T + cr must be less than Po • Since the type i(i > 0) 
A configuration for the result memory evaluated at t = T + cr is the 
modulo-2 sum of the type i A configurations for M~ and Mr, the 
probability of a 1 in the type i A configuration evaluated at t = T + cr 
is bounded by twice the probability of a 1 in the type i A configuration 
for M~ (or M~') evaluated at t = T - t' (or t = T - til). 

The method for computing a bound on the probability of a memory 
failure at t = T + ,cr is exactly the same as that used to compute a 
bound on the probability of a memory failure at any other time for 
any stable memory. This method consists of bounding the probability 
that a noiseless correcting network could correct all errors present at 
t = T + (1' by performing m iterations. This probability is bounded 
by the probability that the initial propagation failure occurs at t = 
T + ,cr or during the m noiseless iterations performed after t = T + cr. 

The initial propagation failure occurs whenever there are one or more 
1's in the type m A configuration. Since, by assumption, no propagation 
failure occurred in either M~ or M~' before t = T, the type m A con­
figuration for M~ and M~' must be all zero for all t < T. The type m A 
configuration for the result memory evaluated at t = T + cr is the vector 
sum modulo-2 of two of these type m A configurations for M~ and M~' . 
Therefore, the type m A configuration evaluated at t = T + cr must be 
all zero. Hence, no propagation failure can occur at t = T + cr. 

A bound is derived in Ref. 1 on the probability of a 1 in the entry 
corresponding to the digit do in the type m ~ configuration evaluated 
at t = LT. The equation used to compute this bound is; 

Pr[1 in one particular entry in type m A configuration 

evaluated after Lth iteration] 

< (J - 1)(K - 1)(J~2 -_ 2
1
)[(K - 1)(2po)]JI2-1 

. Pr[1 in one particular entry in type m - 1 ~ configuration 

evaluated after (L - 1)th iteration] (1) 
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where po is both a bound on the probability of error for digits in the 
registers of Mk and a bound on the probability of a 1 in the type 0 A 
configuration. To compute a bound on the probability that the initial 
propagation failure occurs at t = T + u + r, we apply this recurrence 
relation. By applying it m - 1 times, we obtain the probability of a 1 in 
the type (m - 1) A configuration for M~ evaluated at t = T - t', 
namely 

Pr[l in one particular entry in type (m - 1) A configuration evaluated 
at t = T - t'] 

< p,{(.J - l)(K - 1)(,~2-_\)[(K - 1)(2P,)]JI'-r-
1 

~ Pm-I. 

The probability of a 1 in the type (m - 1) A configuration evaluated 
at t = T + q is bounded by 2 . P m-l. One final application of the 
recurrence relation leads to 

Pr[l in one partiCUlar entry in type m A configuration evaluated at 
t = T + u + r] 

< 2P,{(J - l)(K - 1)(,~2-_\)[(K - 1)(2P,)]"'-f· 

Gallager has shown that there are low-density parity-check codes2 

for which 

log [~ - 2J(K
k 

_ l)J log L _ kJ/KJ 

2 log (J - l)(K -, 1) < m < log (J - l)(K - 1) 

Therefore, 

Pr[l in one particular entry in type m A configuration evaluated at 
t = T + () + r] 

< 2P,{(J - l)(K - 1)(,~2-_\) 

. [(K - 1)(2po)]J/2-1 
}

IOg (k/2K)-(k/2J(K-l)))/2Iog (J-l)(K-l) 
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where 

log {(J - 1)(K - 1)C~2-_21)[(K - 1)(2Po)),/H} 
2 log (J - l)(K - 1) 

The probability that the initial propagation failure occurs at t = 
T + cr + T is bounded by the probability of one or more l's in the 
type m ~ configuration evaluated at t = T + cr + T. Since there are 
J. N entries in this ~ configuration, and since N ~ kj (1 - J jK), by 
the union bound, 

Pr[initial propagation failure occurs at t = T + u + T] 

< J·[1 _ kJIKl2Po{Lk - 2J(K
1

_ 1)}r 
~ 2Ck- fJ +1

• 

This same bound applies to the probability that the initial propaga­
tion failure occurs on anyone of the m iterations performed after 
t = T + (T. 

A memory failure can occur at t = T + u only if the initial propa­
gation failure occurs on one of the m iterations performed after t = 
T + cr. Therefore, by the union bound, 

Pr[memory failure at t = T + u I no memory failure or 

propagation failure for t < T] 

= Pr[EB operation is performed incorrectly] 

< 2·C·m·k- fJ+
1 

< 2·C·log [1 _ kJ1Klk-'·' 

< 2. __ C __ .k-fJ +2 

1 - J/K . 

To show that the computing systems being considered are reliable, we 
must show that it is possible to perform a sequence of G operations with 
an overall probability of error that can be made arbitrarily small by 
choosing k sufficiently large. After one iteration of the stable result 
memory (that is for t ~ T + u + T), the result stored in this memory can 
be used as an operand for another vector addition modulo-2. Let us 
suppose that another addition operation is performed at t = T + u + 
T ~ T' and that the first correcting cycle on this second result starts at 
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t = T' + u'. We now bound the probability that this second operation 
is performed incorrectly given that the first operation was performed 
correctly (that is, given that no memory failure or propagation failure 
occurred at t = T + u). The method for deriving this bound is identical 
to the one used above. We bound the probability that the initial propa­
gation failure occurs at t = T' + u' or on anyone of the next m itera­
tions. In this case, the probability that the initial propagation failure 
occurs at t = T' + u' is not zero since a propagation failure could have 
occurred at t = T'. 

Equation 1 relates the probability of a 1 in the type i D. configura­
tion evaluated after one particular correcting cycle, to the probability 
of a 1 in the type (i - 1) D. configuration evaluated after the pre­
vious correcting cycle. The application of this equation is simple 
except in cases where an addition operation has been performed 
between successive correcting cycles. It has been shown already that 
in each case where an addition operation has been performed, we 
must double the probabilities that otherwise would have been sub­
stituted into the equation. Since, in this case, there were two addi­
tion operations performed within the m correcting cycles of interest, 
the value of this bound must be twice the value of the bound derived 
above. 
Therefore, 

Pr[second EB operation is performed incorrectly I first EB 

where we have used the bound 

operation was performed correctly] 

< 22 ·[m + l]·C·k-P
+1 

< 22 .C.log [ k J.k-P
+1 

1- J/K 

< 22. C .k-P+2 
1 - J/K 

log [1 _kJ/KJ [k J 
m + 1 < log (J _ l)(K _ 1) + 1 < log 1 _ J /K for k > 2. 

This result can be extended to any number of vector additions 
modulo-2 performed in series. However, since only m iterations are 
considered in deriving this bound, the largest value that this bound 
can have corresponds to the case where an addition operation has 
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been performed between each iteration for the last m iterations. For 
this "worst case" the bound on the probability that the mth vector 
addition modulo-2 is performed incorrectly, given that all previous 
additions were performed correctly, is 

Pr[any EB operation is performed incorrectly I all previous 

EB operations were performed correctly] 

< 2m
·C·log [1 _ kJ/K].k-'" 

C I [ k ] k-f3+2 < 1 - J / K' og 1 - J / K . 

C .k-t!+3 
< [1 - JjK]2 

In this Appendix we have not made any reference to the underlying 
assumptions concerning the models for component malfunctions. We 
are interested in two models as explained in the introduction. Since 
equation 1 applies for either of these models and since the mathe­
matical development based on equation 1 also applies for either 
model, the final result, namely the probability of the initial modulo-2 
operation error, has the form given above for either component mal­
function model. 
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A Self-Healing Control 

By BRUCE E. BRILEY 
(Manuscript received April 30, 1968) 

This article describes an electronic computer self-repair technique which 
does not require system duplication. It identifies the properties demanded of 
control hardware to effect this end and considers their practicability. It also 
decribes a prototype computer constructed to test the feasibility of this form 
of self-repair, and discusses test results. 

r. INTRODUCTION 

In electronic computing machines, where a high degree of availabil­
ity is a requisite, some form of self-repair is provided. The rational in 
most such machines is that a given piece of hardware must be backed 
up by an identical part which may be switched in upon failure of the 
first. 

Work in nonreplicative self-repair has chiefly centered about the 
arithmetic unit and other controlled entities where the solutions, 
though not trivial, are relatively straightforward. The control portion, 
however, has consistently been avoided as unmanageable short of 
replication.1 This paper describes a technique for what will be called 
"self-healing" the control of a machine which differs radically from 
conventional self-repair, and displays potential for considerable eco­
nomic savings. 

II. DEFINITIONS 

Terms used in describing the technique and their definitions are: 
Order denotes that portion of an instruction conventionally used to 

identify the instruction type, not including the address and other 
fields of the instruction, even when used for augmentation rather than 
addressing. 

An order structure is called closed (closure under imitation) if to 
each order there corresponds at least one program of finite length 
using only a subset of the order structure diminished by the object 
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order such that the program imitates the salient actions of the object 
order in every detail except timing. 

A control is called failure autonomous if the circuitry associated 
with the sequencing of an order is unique to it and does not propagate 
the effects of an internal failure beyond the associated circuitry's 
geographic bounds. 

A control unit is called self-diagnosing if, under failure, (i) the con­
trol immediately ceases activity, (ii) the identity of the offending 
order is immediately available, and (iii) the control is failure au­
tonomous. 

A control unit is called entropic if the circuitry associated with each 
order assumes a state under failure such that any subsequent attempt 
to execute that order will cause a summary hang-up without any of 
the order's control signals having become active. 

Self-diagnosing means immediate "incidental" diagnosis as a basic 
property, as opposed to "self-diagnosable," which means lending itself 
to easy but finite diagnostic processing, and contains the former term. 

The fact that all order structures are not closed may not be ap­
parent, but examination of the repertoire of a typical computer will 
bring to light orders which violate the definition. 

Proof of the existence of a nonclosed order structure capable of all 
the conventional operations requires only observation of the effect 
of a failure upon Van der Poel's limiting case machine.2 (Van der 
Poel shows that a computer with only a specialized subtract instruc­
tion can perform all essential operations.) This machine is left with 
the empty set upon diminishing its repertoire by one. However, exist­
ence in the repertoire of any order which performs a unique function 
such as setting a flip-flop accessible to no other order is sufficient to 
render the structure, of which it is a member, outside the closure 
definition. 

A seemingly trivial example of a closed order structure is the case 
of a repertoire with each instruction duplicated; the imitating routine 
for a given instruction, in this case, is of length one. This extreme 
appears to be, at best, equivalent to conventional duplication ap­
proaches, and certainly worse than any other self-healing case. How­
ever, H. Y. Chang has pointed out that no conventional checking 
circuits would be necessary in the control and imitation would be per­
formed with no reduction in efficiency. This form of duplication, then, 
may be viewed as the boundary between self-healing and conventional 
self-repair, with some of the advantages of both. 



SELF-HEALING CONTROL 2369 

III. BACKGROUND 

The definitions are chosen advisedly because a control which is se1£­
repairing in the sense described must be the realization of an order 
structure which is closed, and must be entropic and self-diagnosing 
(which implies failure autonomy). 

The practical possibility of building a self-healing control came to 
light as the result of study of a (picoprogramming) control with self­
diagnosing properties. ~< 

Self-diagnosing is a required attribute because (i) the identity of 
the offending order must be immediately available without processing 
(the control cannot be trusted to perform diagnostic processing), 
(ii) control activity must cease until remedial action is taken or insane 
processing may be performed, and (iii) failure autonomy must be 
realized or several orders may be rendered imperfect by a single failure. 

Entropic behavior is required so that (i) the repairing entity may 
be called automatically into play each time the defunct order is to be 
executed and (ii) the defunct order's circuitry will remain inactive 
and not interfere with the repairing entity's action. 

The order structure realized must be closed to permit the technique 
to function; this requirement is central to the technique's operation. 

IV. PRACTICABILITY 

These requirements may seem artificial; indeed, unattainable. How­
ever, the self-diagnosing control has the very properties demanded 
above, so that the only otherwise artificial requirement to meet is that 
of order-structure closure. 

We conjecture that the addition of about 10 percent to the repertoire 
of a typical machine would effect closure. Recalcitrant instructions, 
the length of whose imitating routines threaten to increase without 
bound, can be handled by the compromise of duplicating those instruc­
tions only. Their imitating routines then shrink to one instruction in 
length. (A machine designed specifically to be self-healing would, of 
course, try to avoid such instructions.) 

V. THE TECHNIQUE 

The technique is relatively simple. An inductively coupled detec­
tion lead monitoring all order circuits observes a continuous sequence 
of pulses during normal operation. However, because of the second 

* See the Appendix and Refs. 3 through 6. 
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property of the self-diagnosing feature, when the circuitry associated 
with an order fails, the monitoring lead will notice a cessation of ac­
tivity. A time-out will take place, and the machine will be placed in 
the remedial mode. 

In the remedial mode, the entire (failed) instruction is stored, then 
control is transferred to a location in memory whose address is gen­
erated from the order field of the instruction, and normal operation 
is resumed. The transferred-to location in memory contains the first 
word of a routine which imitates the action of the failed order using 
only other orders. This is possible because of the closed order structure. 

The transition from imitation to a continuation of the program 
being run is smooth, requiring no intervention. The next time execu­
tion of the failed instruction is called for the machine hangs up again, 
without any control pulses being generated, because of the control's 
entropic character. The same procedure as before is then followed. 

A simple example is logical left shift (shift the contents of the ac­
cumulator logically one binary place to the left), because its imitating 
routine is brief. Figure 1 shows the effective mechanization of self­
healing for the shift left instruction. The action of sensing the health 

,/' IS ~ I STORE I I GENERATE I I TRANSFER I 
< SHIFT LEFT ~ (CONTROL H ADDRESS OF L-......J TO I 

OPERATIVE?.....-------J COUNTER) + 1 IMITATING ~. I IMITATING 
. IN ROUTINE FROM J 

~,/' L LOCATIO~I~ LORD~ CODEJ L ~OUTI~ 

./' IS ......... 
./' NEXT ......... < INSTRUCTION )::--..N;..;.O __ • 
............ OPERATIVE (/-

.......... ,/' 

r-, 

IMITATING 
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Fig. 1 - Example of self-healing. 
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of an instruction is indicated by the test preceding each instruction; 
actually, the test takes place throughout the duration of an instruc­
tion's execution, and is much less specific than the illustration im­
plies, asking only the general question, ills the machine still run­
ning?" rather than, "Is shift left operative?" 

The net result is that the machine is, in effect, healed; software is 
used as a patch over the "crack" in the hardware. Execution of the 
failed instruction will be, in general, very inefficient, but if the time­
out is short, the overall speed of the machine generally will be only 
slightly affected. 

If fast memory is considered too expensive or limited in size to 
contain all of the imitation routines, they may reside in auxiliary 
storage, and the one selected under failure would be called into a 
standard block in fast memory. Subsequent uses of the defunct order 
would execute its imitation routine out of this block. Such "calling" 
would require more elaborate remedial hardware. 

VI. REALIZATION 

The picopragrammed control lends itself to self-healing because of 
certain properties peculiar to its implementation: 

(i) The circuitry implementing each order is segregated to a single 
card and is unique to it; magnetic coupling to the control leads pre­
vents propagation of failure effects. 

(ii) Because the control is autochronous3 (self-timed), a failure in 
a sequencer causes an asynchronous hang-up, leaving the order reg­
ister in one-to-one correspondence with the failed sequencer. 

(iii) The nature of the ferrite disk7 sequencer is such that any fail­
ure in the active sequencing mode will leave the disk in a partially 
switched condition (in a state representing one element of a continuum 
of states) which prevents the success of any subsequent attempts at 
switching, and results in a hang-up. No control signals are generated 
by attempts at switching subsequent to failure. 

To a "conventional" picoprogrammed control must be added intel­
ligence to perform remedial action. The remedial tasks illustrated in 
Fig. 1 are: 

(i) Store in an appropriate location the nonorder fields of the in­
struction (which usually change each time the order is executed). 

(ii) Store in an appropriate location the current address (or the 
current address + 1). 
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(iii) Derive from the order field the location of its imitating routine. 
(iv) Transfer to the imitating routine. 

The imitating routine alters its instructions according to the non­
order fields of the defunct instruction, performs the imitation, and 
transfers to the defunct instruction's successor in the interrupted pro­
gram. 

VII. PROTOTYPE IMPLEMENTATION 

A small prototype computer was built at Bell Laboratories to test 
the feasibility of self-healing (see Fig. 2). Picoprogramming was 
used, providing the necessary properties for self-healing. 

7.1 Duplication 

The special (limiting) case of duplication is the simplest to im­
plement, and was the first tried. In effect, dual repertoires are in­
stalled whose order codes differ by one bit (are adjacent). Any num­
ber of techniques could be used in a full scale system to guarantee 
that both halves of the extended repertoire are exercised regularly, 
such as assembler insertion or internal bit complementing. The 
equivalent of the second technique was used in the prototype because 

READ 

(4) 

READ 

WRITE 

(2) (2)t------J---+-I 

Fig. 2 - Prototype self-healing processor. 

(4) 
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it does not require an additional bit per order in main memory; the 
internal order code was augmented with a bit which served to choose 
between twin instructions. 

The mechanism used to recognize failure (cessation of activity) was 
a simple integrating circuit, which monitored the completion signal 
common to all instructions, and a level discriminator. 

The remedial action consisted simply of complementing the "twin" 
bit and injecting a bogus completion signal to start the system again. 

Physically simulated failures were experimentally shown to yield 
to self-healing independent of the instruction class, and the imple­
mentation of this grade of self-healing was definitely proved possible. 

7.2 N onduplication 

A test off the boundary line was necessary to show that a non­
duplicating grade of self-healing is possible. The limited size of the 
prototype's repertoire, however, precluded a complete closed repertoire 
from being tested. Instead the properties of self-healing were studied 
"in the small"; repertoires were chosen which could imitate a subset 
of themselves, but which did not include duplicates. 

The procedure followed was to place the machine in a convenient 
program loop performing calculations easily checked for accuracy, 
such as a first order Markov chain. In another memory area was 
stored a routine that could imitate the action of an order used in the 
calculating routine. 

A manual switch was provided to either disable or invoke self­
healing capability, and another to disable the object order. 

With the machine running in the calculation loop, and with self­
healing disabled, it was easily shown that disabling (simulating a 
failure) the object order would bring the machine to a halt, leaving 
on display its location, its identity, and its nonorder fields. 

Invoking self-healing capability, and running in the calculation 
routine, disabling the object order had no effect upon the calculations' 
accuracy in most cases; however, occasionally an error would occur. 
The errors (which will be explained) occurred only at the instant of 
simulated failure; calculations after that (while self-healing) were 
properly performed. When the simulated failure was removed, the 
machine automatically reverted to its original mode of operation. 

An order is always assumed innocent until proven guilty. That is, 
whether or not an order failed the last time it was to be used, an at­
tempt is made to use it the next time the program calls for it. The 
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innate properties of a failed order thus provide the necessary memory 
that the order is inoperative, and prevent these attempts from causing 
trouble. Should the order spring back to life again, however, either 
because the "failure" was caused by noise or because the failed card 
is replaced, the order "takes over" again, and self-healing ceases. 

This technique does not solve all problems. One difficulty is that a 
fragment of an instruction may be executed before failure occurs 
(this was the cause of the occasionally observed errors at the instant 
of failure), and it may be impossible to reconstruct the status of the 
system before execution of this instruction began. Two solutions are: 

(i) Defensive programming, a technique which is recommended 
for all real time programming applications, but difficult to implement 
as a complete solution. It consists of programming in such a fashion 
that errors (the outward manifestation of a partial instruction execu­
tion) do not appreciably disturb operation. 

(ii) Picoinstruction counting, which forces the picoinstructions to 
count themselves as they are executed (the counting regi3ter is reset 
upon the successful completion of each instruction). Under failure 
the contents of this register are digested by the imitating routine, 
which (the first time) performs only those operations not yet per­
formed by the defunct instruction. 

VIII. HARDCORE 

8 .1 Control H ardcore 
The hardcore (that portion whose failures cannot be healed) 

specifically associated with a self-healing control consists of a fixed 
and a variable component. The fixed component includes the instruc­
tion register, an order register which copies the order field of the 
instruction register, and their associated circuitry; in addition, a 
relatively simple integrating and level sensing circuit to recognize 
and react to failure, and a flip-flop and timing circuit to store the 
control mode and provide interinstruction timing, are required. 

The variable component depends upon the degree of duplication. 
For full duplication a flip-flop is needed to differentiate between 
twin instructions. Zero duplication requires a means for storing the 
nonorder field of the failed instruction and its address for use by 
the imitating routine, and a means for generating the address of the 
first instruction of the imitating routine and placing it in the instruc­
tion counter register (assuming a single address format). 
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8.2 N oncontrol H ardcore 

The non control portions of the machine are not directly aided 
by self-healing, but the indirect help is far reaching. For automatic 
diagnosis, the hardcore of the machine does not include the entire 
control, but rather the control's relatively small hardcore. This means 
that much more of the machine may be automatically diagnosed. For 
extension beyond diagnosis to self-repair (and possibly self-healing) 
in the noncontrol portions of the machine, the more effective diagnosis 
and more trustworthy control are substantial aids. 

Among the more interesting possibilities is that of building an all 
memory machine (including the control) which would use tables in 
a manner reminiscent of the IBM 1620 to replace the arithmetic 
unit and reduce the diagnostic problem to one of handling memory 
(which, because of its relatively homogeneous nature, tends to be 
tractable) . 

IX. ANALOGIZING VIEW 

Suppose it were feasible to store a set of remedial routines for each 
order, which could imitate the order's action for all possible combina­
tions of order failures. Then as the machine grew old, and one by one 
the orders failed, the control would survive but become increasingly 
slower until a minimum critical subset (possibly one order) remained. 
Under these conditions the control would be acting in a manner anal­
ogous to the compilation of a high-level language, written in itself. It 
is necessary in the latter case (the compilation) to (software) im­
plement a critical subset of the language which can bootstrap the 
remainder of the language, just as it is necessary to have a healthy 
(hardware) implementation of a critical subset of the instructions 
in the former case (the aged machine). Extending the analogy further, 
a correspondence may be seen between the computer's microinstruc­
tion language (if it exists) for the former case, and the machine lan­
guage of the computer used in the latter case. 

X. CONCLUSIONS 

Self-healing is a practicable and potentially useful variation of 
self-repair. 

(Comment: Although picoprogramming was used in this work, it 
was a vehicle of convenience, not an essential constituent. Other im­
plementations are possible.) 
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APPENDIX 

Picoprogramming 

This is a very brief description of picoprogramming; the serious 
student should see Ref. 3. 

Picoprogramming may be viewed as a logical extension of micro­
programming wherein the control memory, which in a practical 
microprogrammed machine constitutes some fraction of the control, 
is allowed to expand until it is identical with the control. Figures 
3 through 5 depict the evolution in oversimplified form. 

Figure 3 illustrates the typical pre-third-generation machine con­
trol, with the order portion of the instruction used to identify a 
sequence implemented, in general, with ill partitioned circuitry de­
noted by crosshatohing. 

Figure 4 shows the microprogrammed control where the order field 
identifies the starting address of a microprogram in the control mem­
ory, but a conglomerate of circuitry is still required to implement 
the microinstructions, count through them, and the like. 

Figure 5 shows a picoprogrammed control consisting only of a 
memory with the order field now choosing a single memory element. 

1/7,01 NONMODULAR 
~ CONTROL 

Fig. 3 - Conventional control. 
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Fig. 4 - Microprogrammed control. 

The memory element in Fig. 5 is a square loop ferrite disk called 
a myra (for myria-apertured) disk. This disk has the property that, 
when selected, it can spill out many sequential strings of control 
pulses temporally juxtaposed in almost any desired fashion and at 
voltage and driving point impedance levels capable of driving most 
logic circuits directly. Most instructions can thus be implemented 
with a single disk. 

'---,------1, __ _ 

o MYRA 
/ \ MEMORY 

/ \ 
/ \ 

\ 
\ 

Fig. 5 - Picoprogrammed control. 
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When these disks are mounted separately with their drivers, they 
exhibit failure autonomy. Further, since no clock is used, the disk 
corresponding to an instruction under execution is in complete and 
independent control, and the machine stops if it fails. In fact, an 
unequipped card can be used to implement a HALT instruction. 

The instruction cards can, in general, be interchanged to provide 
a variable repertoire. 

REFERENCES 

1. Avizienis, A., "Design of Fault Tolerant Computers," Proc. Fall Joint Com­
puter Conf., 31 (November 14-16, 1967, Anaheim, Calif.) pp. 733-743. 

2. Van der Poel, W. L., "The Essential Types of Operations in an Automatic 
Computer," Nachrichtentechnische Fachberichte, 4- (1956), pp. 144-145. 

3. Briley, B. E., "Picoprogramming: ANew Approach to Internal Computer 
Control," Proc. Fall Joint Computer Conf., 27 (Las Vegas, Nev., Novem­
ber 3D-December 2, 1965), pp. 93-98. 

4. Valassis, J. G., Macrander, M. C., Pacer, T. A., and Rekiere, R. J., "An 
Integrated-Circuit MYRA Picoprogrammed Computer," Automatic Elec­
trical Technical Journal, 10, No.8 (October 1967) pp. 326-336. 

5. Valassis, J. G., Mehta, M. A., and Holden, J. R., "Analysis of the MYRA 
Picoprogramming Control Technique," Automatic Electric Technical 
Journal, 10, No.8 (October 1967), pp. 327-348. 

o. Valassis, J. G., "Modular Computer Design with Picoprogrammed Control," 
Proc. Fall Joint Computer Conf., 31 (November 14-16, 1967, Anaheim, 
Calif.) pp. 611-619. 

7. Briley, B. E., "MYRA: A New Memory Element and System," IEEE Inter­
mag. Conf. Proc., Washington, D. C. (April 21-23, 1965), pp. 14.8-1-14.8-6. 



Efficient Spacing of Synchronous 
Communication Satellites 

By HARRISON E. ROWE and ARNO A. PENZIAS 
(Manuscript received April 10, 1968) 

Satellites in equatorial circular synchronous orbit remain fixed with 
respect to an observer on the earth, while those in a circular synchronous orbit 
inclined with respect to the equator appear to move in a figure 8. A number of 
satellites can move on a given 8. Optimum packing jor a single 8 is de­
termined; the number of satellites per 8 increases as the 8 becomes larger and 
as the allowable closest approach between satellites decreases. Several 
packing schemes using multiple 8' s, regularly spaced, are presented. For 
potential systems using frequencies above 12 GHz, with perhaps 1 0 closest 
approach between satellites, the best scheme described here permits approxi­
mately six tintes as many satellites as an equatorial system. An illustrative 
system serving North America has space for a total oj 477 satellites, com­
pared with 95 satellites if only equatorial orbits are allowed. 

r. INTRODUCTION 

\Vhen a satellite is in an orbit whose period is equal to that of the 
earth's rotation, it is said to be synchronous. A satellite in a synchro­
nous, circular, equatorial (in the plane of the equator) orbit will 
appear stationary when viewed from the earth. The number of such 
satellites that can be used in a communication system in the same 
frequency band is limited by the directivity of the ground-based 
antennas.1 The maximum number would be obtained by spacing them 
equally, at an angular separation just sufficient to keep crosstalk down 
to a tolerable level. 

If the synchronous orbit is inclined to the equator, a satellite will 
no longer appear stationary when viewed from the earth, but will 
appear to move in a figure 8. By placing several satellites in a single 8, 
and spacing different 8's regularly along the equator, a greater number 
of synchronous communication satellites can be used than with an 
equatorial orbit alone. 

2379 
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A price must be paid for increasing the number of synchronous 
satellites by using inclined circular orbits: 

(i) The earth-based antennas must track the satellites. 
(ii) The satellite-based antennas must track the earth stations. 
(iii) As the angle of inclination of the orbits is increased (in order 

to increase the number of satellites), the range of latitudes on earth 
within which the satellites will always be visible decreases. 

In this paper we study optimum ways of packing satellites on 
inclined circular synchronous orbits, and determine the maximum 
number of such satellites that can be used under various conditions, 
assuming: 

(i) Strictly circular, synchronous orbits, with consequent uniform 
satellite velocity. 

(ii) Each satellite is usable at all times; that is, each satellite 
remains in view of ground stations located as far north as the 
Canadian-United States border, over a strip of substantial east-west 
width. 

(iii) If the angular separation between any two satellites exceeds 
a certain minimum value, the crosstalk requirements will be satisfied. 
This minimum value is a parameter in the analysis. 

(iv) The angular separation between satellites is computed as seen 
from the center of the earth. 

These assumptions have the following corresponding consequences 
for this analysis: 

(i) The problem is a kinematic or geometric one, rather than one 
in mechanics as if elliptical orbits, the oblateness of the earth, the 
effects of the moon, and so on, were considered. (Notice that we do not 
consider synchronous elliptical orbits.) This assumption implies that 
the satellites have sufficient on-board fuel to correct their orbits for 
various small perturbations (such as those mentioned above) over the 
expected life of the satellites, in addition to any fuel needed to track 
the earth stations if this is done by mechanically rotating the satellites 
(rather than by electronic beam-steering of the satellite antennas). 

(ii) Assumption ii guarantees that there need be no switching from 
one satellite to another in such a communication system; this estab­
lishes a convenient bound on the present investigation. Once switching 
from one satellite to another is allowed, the system complexity appears 
to have no natural bound; one could theoretically fill the sky with 
satellites, and find a convenient one somewhere. 
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(iii) The minimum separation assumption avoids a detailed analysis 
of crosstalk. Such an analysis would have to include, for example, the 
type of modulation (AM, FM, PCM, and so on), the (angular) 
distances to all the satellites in the neighborhood of the one under 
study, the location of the ground stations, ground- and sateUite- based 
antenna patterns, and the like. 

(iv) By computing separation relative to the center of the earth, we 
neglect the small corrections which depend on the location of the 
ground stations; these corrections in satellite separation can vary 
between zero and as much as + 18 percent in the worst case, as shown 
in Appendix C (see also Fig. 1 or 2, discussed below). However, 
assumption iv leads to simple, exact expressions for almost all of the 
interesting results. 

Figures 1 and 2 show to scale the earth and a synchronous satellite, 
at declinations of 25° and 30° south latitude. The latitudes of repre-
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Fig. 1-Synchronous satellite on an inclined orbit; southernmost declina­
tion = inclination = 25°. 
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Fig. 2 - Synchronous satellite on an inclined orbit; southernmost declina­
tion = inclination = 30° . 

sentative points in the United States and Canada are shown. Much 
of the United States is south of 45° north latitude; a ground station 
at this latitude will observe a synchronous satellite at the same longi­
tude (as the ground station) at an elevation of 11.6° (Fig. 1) or 6.4':> 
(Fig. 2) above the horizon. The smaller the satellite elevation the 
greater the path length lying within the atmosphere, with attendant 
greater rain attenuation, wavefront distortion, and other atmospheric 
effects. 

Section II indicates that the extreme value of latitude (north and 
south) attained by a synchronous satellite is equal to its orbit's angle 
of inclination from the equator. Figures 1 and 2 suggest that the 
maximum angle of inclination of interest for the United States is about 
30°. Such large angles will probably rule out major parts of Canada. 
However, in the systems described below, 8's containing several satel-
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lites each will be regularly spaced along the equator, separated by a 
smaller number of satellites in equatorial orbit equally spaced between 
the 8's. These equatorial satellites could probably be used to serve the 
lighter traffic to the more northern regions of North America or the 
more southern regions of South America, while both the figure 8 
satellites and the equatorial satellites serve the heavy traffic within 
the continental United States. 

II. GEOMETRY OF INCLINED, SYNCHRONOUS ORBITS 

Let us compute the angular separation between satellites as seen 
from the center of the earth (assumption iv, Section I). This permits 
the calculation of all desired quantities by the straightforward use 
of the results of spherical trigonometry. By convention in spherical 
trigonometry, great circle distances on a sphere are measured by the 
angle they subtend at the center of the sphere; we use this convention 
throughout this article without further comment. By convention, with 
one principal exception, all lines drawn on the surface of a sphere in 
any figure of this article are great circles; the exception is the 8 
described in the Introduction. Thus, longitude lines are allowed, while 
latitude lines are not. 

Figure 3 shows the earth with north and south poles, the equator, 
and the proj ection on the earth of a (circular) synchronous orbit, 
inclined at an angle a to the equatorial plane, passing through the 
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Fig. 3 - Reference point for satellite. c = 0°. 
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equator at its midpoint as seen by the observer. Since the orbit is 
viewed edge-on, it appears as a straight line rather than as an ellipse. 
A satellite is shown on the orbit line as a heavy dot. At the instant 
shown in Fig. 3, the satellite is at the intersection of the orbit with 
the equator; this configuration provides a convenient reference from 
which to measure time (or, equivalently, rotation). Finally, a longitude 
line is shown as a convenient reference on the earth, passing through 
the point on the equator which the satellite crosses; this also appears 
as a straight line in Fig. 3, since the plane of this longitude line con­
taips the observer at this particular instant. 

Figure 4 shows the satellite and the earth after some time has 
evolved: after the earth and the satellite have travelled an (angular) 
distance c. Of course, c will vary linearly with time in all of the 
following, increasing by 271" radians or 360° in one day. In Fig. 4, 
c = 7r/4 radians = 45°. Since both the satellite and the point on the 
equator that coincided with it when the satellite crossed the equator 
have travelled a distance c < 90°, the satellite will lie to the left to 
the reference longitude line, on the dashed longitude line shown in 
Fig. 4. When c = 90° the satellite will have caught up with the longi­
tude line and have attained its maximum north latitude (at the right­
hand edge of the earth in Fig. 4). As c increases further the satellite 
will get ahead of the longitude line and start south; at c = 1800 the 
satellite crosses the equator and the longitude line simultaneously, the 
situation being as shown on Figure 3 except that satellite and longitude 
line lie on the far side of the earth. For 180° < c < 360° the above 
sequence is simply repeated symmetrically below the equator. 

It is clear from the above description that such a satellite will move 
in a figure 8 as seen from the earth. Figures 5a and b illustrate this 
8 pattern superimposed on Figs. 3 and 4. 

The geometric parameters that describe the 8 are defined in Fig. 4, 
where we recall that all (great circle) distances, namely, c, l, a, e, and 
t/J, are measured by the angle they subtend at the center of the sphere. 
l is the latitude of the satellite, e the longitude of the satellite mea­
sured with respect to a fixed observer located at the point on the 
orbit where it crosses the equator, tf; is the relative longitUde of the 
satellite measured with respect to an observer on the earth at the 
equator and the reference longitude line, a is the great circle distance 
from this earth observer to the satellite, and £ the relative angle 
(azimuth) between the earth observer's north and the satellite; a and 

E: correspond to local polar coordinates fixed to the surface of the earth. 
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In Fig. 4 and subsequent figures we adopt the convention that dimen­
sions marked with two arrows are regarded as positive quantities; 
those with only a single arrow are positive in the direction of the 
arrow, and negative in the opposite direction. 

Figure 6 shows an enlarged drawing of the 8 of Fig. 5b viewed from 
directly overhead, indicating those parameters of Fig. 4 that are 
measured relative to the earth observer. In addition, x measures the 
great circle distance from the satellite to the reference longitude, and 

SATELLITE 

I 

(a) (b) 

Fig. 5 - Figure 8 pattern, (a) c = 0° as in Fig. 3 i (b) c = 45° as in Fig. 4, 
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Fig. 6 - Enlarged 8 with relative geometric parameters. c = 45°. 

t the (great circle) distance from the satellite to a point on the equator 
a distance, from the "cross" of the 8.* 

The following results hold true for the parameters of Fig. 4 and 6: 

. a . a . 
sm 2 = sm 2·sm c. (1) 

. a 
sm 2· cos c 

(2) sm e 

* The instant illustrated in Fig. 6 (c = 45°) is rather special, in that x has its 
maximum value and the dashed longitude line passing through the satellite is 
almost tangent to the 8. These conditions obviously do not hold in general. 
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sin l = sin a ·sin c . 

• 2 a . 2 
. sm 2'sm c 

sm y; = --------. 
(1 - sin2 a ·sin2 c)! 

cos a·sm C 
sin e = -(1---s-i-n2 a .sin2 c)!' 

e + y; = c. 

• • 2 a . 
sm x = sm 2·sm 2c. 

2
a . 2

a ( ) cos t = cos 2"' cos r + s m 2"' cos 2c + r . 
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(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

Next, we consider the (great circle) separation of two satellites 
travelling on the same 8. 'Vhile these satellites lie on the same 8, they 
lie on different orbits. The geometry of this situation is illustrated in 
Fig. 7. One orbit is viewed edge-on, as in Figs. 4 and 5; the other orbit's 
plane is inclined, and so it appears as an ellipse in this figure. The 

N 
I 

_ -SATELLITE I 

s 

Fig. 7 - Two satellites on the same 8. Cl = 45° C2 = 90° . 
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distance between the two satellites is denoted by v. The two satellites 
have phases C1 and C2, with phase difference Co; C1 and C2 of course 
have the same linear variation with time, while Co is fixed. Then the 
distance between the two satellites is given by 

• 2 V • 4 a . 2 +. 2 • 2 Co 2 ( + co) sm 2 = sm 2·sm Co sm a·sm 2· cos C1 2' 

Co = C2 - C1 • (9) 

Equation 9 yields equation 1 by setting v = a, C1 = C, C2 = o. 
Consider next Fig. 8, which shows two identical 8's spaced by a 

distance , along the equator. The parameter u denotes the (great 
circle) distance between symmetrically located points at the same 
latitude. u is illustrated at two representative times, indicated as U1 

and U2. The corresponding ranges for C2 are shown on Figure 8, where 
C2 is the phase parameter on the right 8. Then 

• U 2 a . r . 2 a . (2 r) sm 2 = cos 2·sm 2 - sm 2·sm C2 -"2 . (10) 

Our final result contains some of the preceding results as special 
cases. Consider two 8's of differing size, characterized by parameters 
a1 and a2, spaced by a distance, along the equator. This situation is 
illustrated in Fig. 9. While for clarity the two 8's in Fig. 9 have been 
drawn as not overlapping, this is not a necessary restriction in the 

__ --REFERENCE LONGITUDE L1NES---

_---- -U2---- - __ 

--I--------------i--EQUATOR 

Fig. 8 - Distance between identical 8's at the same latitude. C2 = phase param­
eter on right-hand 8. Ul:O < ~ < 90°; u2:90° < C2 < 180 0

• 
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Fig. 9- Distance between two satellites with arbitrary phases, located on dif­
ferent 8's of arbitrary sizes. 

following. Consider a sah~llite on each 8, having phases Cl and C2. Then 
the great-circle separation s between these two satellites is given by 

2 al 2 a2 cos S = cos r· cos -. cos -2· 2 

+ sin al . sin <X2 [( ) (+)] 2 cos C2 - Cl - cos C2 Cl 

• 2 a2 2 al ( ) + sm 2·cos 2·cOS 2c2 - r 

+ . 2 al • 2 a2 (2 2 ) sm 2· sm 2· cos C2 - Cl - r . (11) 

The followi l1g specializations of equation 11 yield the indicated 
above results: 

Equation Parameters in Equation 11 

1 S = a : al =a2 = a, Cl =0, C2 = c,' r = O. 
, 8· s ~ t : 'al =' a, Cl == C, ·C2 '= 0 or a2 = O. 

9 ,s . . ==: .,~ : ,al .= _a~ ~ _.~, J. _~ 9·., 
fO § ::"u : a1 = -a2'= a, 'Cl '=.7f - C2. 
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One final specialization of this result is of interest, in which the two 
8's have the same size. For convenience we denote the phase difference 
for the two satellites (each on its separate 8) by c(), as in equation 9. 
Thus setting 

(12) 

in equation 11, yields 

. 2 S [ 2 a . t + . 2 a . ( t)J2 sm 2 = cos 2·sm 2 sm 2·sm Co - 2 

+ [sin a-sin (co; ,) -cos (c, + ~)J (13) 

This relation also reduces to equation 9 for ~ = 0, in an obvious way. 
All of the above results are exact; no small-angle or any other ap­

proximations have been made. Their derivation is sketched in Ap­
pendix A. They are necessary for calculating minimum satellite sepa­
ration in various packing schemes, discussed in Sections III through V. 

III. OPTIMUM PACKING ON A SINGLE 8 

Equation 9 shows that the separation between two satellites on 
the same 8 varies periodically with time in a simple way. This rela­
tion, together with Fig. 7, readily permits the exact calculation of 
the closest approach or minimum separation Vmin and the correspond­
ing satellite phases Cl min and C2 min at which it occurs. 

(14) 

• Vrnin • 2 a I' I smT = sm 2' smco , 

where all c's are measured in radians. 
Figure 10 illustrates the satellite positions at minimum separation 

for two representative cases. Minimum separation for any two satel­
lites occurs when the two lie at the same latitude. (A similar study 
for maximum separation is easily performed; maximum separation is 
illustrated in Fig. 11 for the same satellite distributions shown in 
Fig. 10.) 

Consider N satellites placed on an 8, with phases Cl, C2, ••. CN, all 
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(a) (b) 

Fig. 10 - Satellite positions at minimum separation. Identical (minimum) sep­
aration in both figures. (a) Co = 20°, (b) Co = 160°. 

having the same linear variation with time t (but different values at 
t = 0) ; each C increases by 271' radians in one day. We represent the 
phases of these satellites by points on a circle at angles Cl, C2, ••• CN. 

This pattern of points will rotate uniformly counterclockwise at one 
revolution per day, and the relative angular positions of these repre­
sentative points will remain constant with time. One such point is 
shown in Fig. 12 at angle Cl. Suppose the desired minimum separation 
between any two satellites on this 8 is specified as Vmin. The separation 
between the satellite with phase Cl in Fig. 12 and any other satellite 
will equal or exceed Vmin if (equation 14) 

• Vmin sm-

I . 1> __ 2_=. 
SIn Co = - SIn COmin , 

• 2 a 
sm "2 

(15) 

(a) 

Fig. 11- Satellite positions at maximum separation. (a) Co = 20°, (b) Co = 160 0
• 
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Fig. 12 - Phase of a satellite with associated sector. Co min given by equation 15. 

where Co is now regarded as the phase separation between the satellite 
under study (No.1) and any other satellite on this 8. 

Suppose we associate with the point Cl on Fig. 12 a shaded sector of 
angle COmin centered on'Cl , and the image of this sector reflected through 
the axis. Next imagine a second representative point placed on the circle 
at angle C2 , with a similar pair of shaded ~ectors. If the shaded regions 
corre~ponding to the two representative points do not overlap, equation 
15 will be satisfied and v ~ Vmin . Additional points C3 , C4 , ... may be 
similarly added such that none of the shaded areas overlap, and the 
separation v between any pair of satellites at any time will be guaranteed 
to exceed Vrnln . 

It is clear that efficient packing requires adjacent shaded areas to 
just touch; optimum packing will be attained if the entire area of the 
circle is filled with shaded sections, that is, if 

N=~ 
COmin ' 

(16) 

where N is the total number of satellites (co min is in radians). The 
minimum separation with optimum packing for N satellites on the 8 
is therefore given by 

• Vmin • 2 ex • 7r 
smT = sm 2·sm N' (17) 

Equation 17 is illustrated in Fig. 13, where the pertinent angles, Vmin 

and ,ex, have been expressed in degrees rather than in radians. 
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It remains only to illustrate the possible geometric distributions of 
sa tellites corresponding to the optimum packing of equation 17. Figure 
14 illustrates the geometry for an odd number of satellites, N = 3. 
The time has been arbitrarily selected so that one satellite is located 
at the "cross" of the 8, at zero phase. In Fig. 14a the satellites have 
been uniformly distributed over half the circle; this may be regarded 
as the canonical optimum distribution, with others derived from it. 
The discussion in connection with Fig. 12 makes it clear that an 
equivalent optimum distribution results from shifting the phase of 
any of the satellites by 180°. 

Figure 14b shows a possible alternative. In general, if the even 
numbered satellites for N odd are shifted by 180°, then the satellites 
will be equally-spaced in phase over the entire circle, as il1u~trated 
in Fig. 14!J. This may be regarded as a second canonical distribution, 
of subsequent interest for an odd total number of satellites on the 8. 
Other distributions are clearly possible, although not for N = 3. Figure 
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o 5 10 15 20 30 
a - ORBIT INCLINATION OR MAXIMUM DECLINATION IN DEGREES 

Fig. 13 - Closest approach of satellites on a single 8 with optimum packing. See 
equation 17. N = number of satellites on a single 8. 
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PHASE SPACE SATELLITE GEOMETRY 

(a) 

(b) 

Fig. 14 - Optimum packing for N = 3. Uniform phase spacing over (a) 180 0 

and (b) 360 0
• 

15 shows the satellites at different times for the two situations in Fig. 
14; the instants of closest approach indicated in Fig. 15 have identical 
minimum separation. 

In general, the optimum uniform distribution over 1800 is given by 

7r 
cp = c1 + (p - 1) N ' p = 1,2, '" N; 

uniform phase spacing over 180° (18) 

For an odd number of satellites, we have alternatively 

Cp = C1 + 2(p - 1) ~ , p = 1,2, '" N, N odd; 

uniform phase spacing over 360°, (19) 

(The Cp are measured in radians in equations 18 and 19.) 
All equivalent optimum packing schemes, for a given N and a, result 

in the identical Vmin, that is, minimum separation or closest approach 
between any pair of satellites at any time. However, other geometric 
properties (such as the average spacing) may vary widely for the 
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various packing schemes. The minimum separation is the only param­
eter considered here by assumption iii of Section 1. The systems im­
plications of different packing schemes are discussed briefly in Section 
VII. 

The results in this section, giving optimum packing of satellites 
on a single 8, are exact (subject to the assumptions of Section I). 
They are used in Sections IV and V to determine the best way to 
stack 8's under various conditions and so determine the maximum 
number of synchronous satellites that can be used in an extended 
portion of the sky, subject to different constraints. 

~ A eM bGa bGa 
~ PHASE 

~a V- \J C bV SPACE 

~ b ace 
b c ~ !; b ~ a ... ETC. 

~ tat t 
a b 

f 

CLOSEST CLOSEST CLOSEST 
APPROACH APPROACH APPROACH 

CLOSEST 
APPROACH 

(a) 

CLOSEST 
APPROACH 

(b) 

SATELLITE 
GEOMETRY 

PHASE aG SPACE 
~ 

b 
... ETC. 

\ 
c 

CLOSEST 
APPROACH 

SATELLITE 
GEOMETRY 

Fig. 15 - Satellite motion for N = 3, optimum packing. Phase increment 
300

• Uniform phase spacing over (a) 1800 and (b) 360 0
• 
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IV. OPTIMUM PACKING-UNSYNCHRONIZED, SEPARATED 8's 

Assume that we are given: 
(i) The minimum allowable separation (that is, the closest ap­

proach) between any two satellites = Vmin. 

(ii) The maximum allowable orbit inclination (equal to the maxi­
mum declination of the satellites) = C¥max. 

Optimum packing on a single 8 has been studied in Section III. 
We seek to increase the number of synchronous satellites (over the 
number available in an equatorial system, that is, using a synchronous 
equatorial orbit only) by using such 8's spaced equally along the 
equator. 

The canonical distribution for N satellites on an 8 is given by equation 
18 for general N, or for odd N by equation 19 (with other distributions 
possible as mentioned in Section III). For a given N and a given Vmln , 

it is obviously desirable to use the minimum a allowed, given by equation 
17 or Fig. 13, to minimize the space occupied by these N satellites. This 
equation and figure yield the maximum number of satellites N mnx that 
can be placed on a single 8 for a specified Vmin , amBX • We therefore con­
sider the improvement possible for N = 2, 3, ... N mnx , with corre­
sponding a = at , a2 , •.. aNmax ~ ~nl< given by equation 17 or Fig. 13. 

It might have been anticipated for specified Vrnin , arnax that the largest 
number of satellites per 8 (that is, N mn't) will yield the greateFlt improve­
ment. This is indeed true for the smaller values of N mnx (perhaps N mAlt 

< "'10). Although cases exiRt for Nmnx > 13 where Nmnx -lorNmnx - 2 
are slightly better, the difference is not significant. Consequently, it 
seem" likely that the configuration corresponding to N max, aNmax will 
either be optimum or very close to it. 

Assume that 8's each with N optimally packed satellites are spaced 
equally along the equator. The N satellites on each 8 must of course 
be carefully synchronized; however, we assume in this section that no 
synchronization will be required between the relative phase of groups 
of satellites on different 8's. Two such 8's are shown in Fig. 16. The 
minimum (great circle) distance between these two 8's, Umin, must 
equal or exceed Vmln in order that the closest approach between satel­
lites on different 8's equals or exceeds Vmin. The distance between 8's 
along the equator is denoted by ~; its minimum value, tmin, corre­
sponds to Umin = Vmin, that is, the minimum distance between 8's 
equal to Vmin. Two points are shown on the equator, whose minimum 
distance to their respective 8's, tmin , is set equal to Vmin ; these points 
are a distance ~' from each 8 measured along the equator. There is a 
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Fi~.16-Geometry of adjacent 8's. ~ = ~mln for Umln = Vmln. Vmln = closest 
approach among N optimally packed satellites on each 8. 

portion of equator, - 2r long, available for additional synchronous 
equatorial satellites, separated from each other by a distance Vrnin .~:­

We now define an improvement factor 1 that measures the effective-

* The possibility of using smaller 8's, rather than only equatorial satellites 
between the major 8's. has also been consirlered. However, a crude analysis that 
replaces sines of small angles by their arguments and effectively nC'glects the 
curvnture of the sphere shows that for N < 16 there is not enough room for a 
small 8 containing even two satellites between the two main 8's spaced at the 
minimum distance tmln • This suggests that small 8's will be of no value for the 
range of interest in this paper (N < f'OoI 25-see Fig. 13), although the packing 
can obviously be improved for very large N (N » 25) by this means. A precise 
investigation of this problem requires a detailed study based on equation 11. 
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ness of our satellite packing schemes as follows: 

number of satellites per unit of longitude for 
packing scheme under consideration 

1= (20) 
number of satellites per unit of longitude 
using equatorial orbit only (that is, without 8's) 

with closest approach the same in numerator and denominator. If 
E denotes the number of equatorial satellites between adjacent 8's, 
then from Fig. 16 

(21) 

where the { } denote "the largest integer contained in" the enclosed 
expression.~· For the packing scheme under consideration N + E satel­
lites occupy a longitude interval,. For an equatorial system one satel­
lite occupies a longitude interval Vmin, so that effectively '/Vmin satel­
lites occupy a longitude interval ,. Therefore from equation 20 and 
21 the improvement factor is 

I ~ N + 1+ {l" :;~l"'} 
--L 

(22) 

(Notice that the denominator of equation 22 need not be an integer, 
as must the numerator.) 

I of equation 22 is a function of ,. Suppose we first set t = tmin, 
that is, place adjacent 8's as close as possible without causing (asyn­
chronously phased) satellites on the two 8's to approach each other 
closer than Vmin. In general the E equatorial satellites of equation 21 
will not exactly fill up the available space on the equator of length 
'min -2"; that is, the quantity (~min -2t')/Vmin will not be exactly an 
integer. 

We now inquire if increasing the spacing t between adj acent 8's 
beyond its minimum value can improve I of equation 22. The answer 
is sometimes yes, sometimes no. Intuitively, if (tmin -2t') /Vmin in the 
numerator of equation 22 is only slightly greater than an integer, that 
is, if there is only a little extra room on the equator at minimum 
distance between 8's, then t = tmin gives the largest improvement 

* Equation 21 is obviously valid only when it predicts E ~ 0; it will appear 
below that E ~ 1. 
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factor 1. However, if ('min -2~')/Vmin is only slightly less than an 
integer, in other words, if there is almost enough room on the equator 
for an extra satellite for ~ = ~min, it pays to increase ~ a little beyond 
~min to just accommodate the extra equatorial satellite. It clearly 
never pays to increase ~ further. 

Consequently, we evaluate I and E of equation 22 and 21 for the 
following two values of ~: 

(23) 

r _ 2 r ' + + {Smin - 2s'} ~ 2 - ~ Vmin Vmin . • 
Vm1n 

(24) 

The corresponding improvement factors II and 12 , with corresponding 
numbers of equatorial satellites El and E 2 , are: 

(25) 

(26) 

The optimum improvement factor is the greater of II and 12 • It re­
mains only to evaluate equation 25 and 26 from the results of Sections 
II and III. 

From equation 17 

• Vmin • 2 a . 7f' 

smT = sm 2'8m N' (27) 

From equation 10 and Fig. 8 

• Umin 2 a . r . 2 a 
smT = COS 2'8m 2 - sm 2; (28) 

consequently, 

(29) 



2400 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1968 

We set Umin -:) Vmin and 1,; -:) 1,;min in equation 29 to obtain 

. t min 2 a (1 + . 7T') sm - = tan - sm - . 
2 2 N 

(30) 

From equation 8 and Fig. 6, with 1,; ~ 1,;' to conform to the notation 
in this section and Fig. 16, 

cos t COS2 ~. cos r' + sl'n2 ~. min = 2 ~ 2 (31) 

Using the double-angle formula for the two cosines, this becomes 

• tmin a . t' 
sm 2 = cos 2 'sm"2 ; (32) 

finally setting tm1n ~ Vrnin in equation 32, 

• 2 a . 7T' 
. t' sm 2·sm N 

sm"2 = a (33) 
cos 2 

Equations 27, 30, and 33 substituted in equations 25 and 26 permit 
evaluation of I (the improvement factor) and E (the corresponding 
number of satellites on the equator between 8's), as a function of N 
(the number of satellites per 8) and a (the orbit inclination or 
maximum declination of the satellites on the 8's), for the two interest­
ing values of spacing (along the equator) between 8's given in equation 
23 and 24. These results are plotted on Figure 17; equation 25 is 
shown by solid lines, and equation 26 by dashed lines. 

Figures 13 and 17 used in conjunction determine the improvement 
factor for the present packing scheme. (Some values of N have been 
omitted in these figures for clarity, but may of course be supplied by the 
equations from -which these figures were obtained.) Given Vmin and a max : 

(1) On Fig. 13, find the largest value of N corresponding to Vmfn and 
a ~ a max • Denote this value of N by N max , the associated value of 
a by aNmu ; aNmu ~ a max • 

(ii) On Fig. 17, find the two possible improvement factors .(f;olid and 
dashed) corre~ponding to Nmax , aNmB~ and choose the larger. Read the 
associated number of equatorial satellites from the appropriate curve.* 

* As mentioned at the bE'~inning of this section. it is pos~ihle that a smnIIer 
vnlue of N < Nmft':< may yield a sli~htIy, although not significantly. larger im­
provement factor. Fig. 17 makes it clear thnt this is possible only for large N, 
and of course for intermediate N not plotted in this figure. 
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A variety of possible types of behavior is illustrated in Fig. 17. 
For some N the solid curve always exceeds the dotted curve (for 
example, N = 2, 3, 7, 10) and the 8's should be spaced as closely as 
possible; for other N the reverse is true (as when N = 5) and the 
distance between 8's should be increased just enough beyond its mini­
mum value to permit one additional satellite on the equator between 
each pair of 8's. In both these cases the number of equatorial satel­
lites remains constant for all values of a shown. 

There are still other cases where both types of the above behavior 
hold for a given N; for small values ofa the 8's should be close-
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Fig. 17- Improvement factor for optimum satellite packing on unsynchronized, 
separated 8's. Use this figure ill cOlljllllCtioll with Fig. 13. E = number of satellites on 
e'1t1ator between two adjnC'cnt R's. N = IIlImber of satellites on a single Irq. --­
indicates minimllm Rpacillg between adjacent 8's; d,)sest approach for adjnl'ent 
8's = closest approach for a sillgle 8. (See fig. 13 and e'1l1ation 25), - - - - indicates 
increased spacing between adjacent 8's that just permits 1 additional equatorial 
satellite. See equation 26. 
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spaced, for large a there should be an extra equatorial satellite (such 
as, N = 4, 20). Here the number of equatorial satellites increases by 
1 at a critical value of a. 

Finally, for N = 15 the behavior changes at a critical value of a 

in a different way. Here the number of equatorial satellites remains 
constant for all a shown. For small a the spacing between 8's should 
be increased to allow for an extra equatorial satellite, while for large 
a the 8's are close-spaced. 

The above relations simplify as a ~ 0 or as N -7 00. We have: 

I 

N + J-1-l 
__ lsin;f. 

II - 1 + _1_ ' 
. 7r' 

sm N 

a=O 

N=oo 

• 2 a 
7r'sm "2 

----+1; 
• -1 2 a 

sm tan 2" 

E 
N-

• -1 2 a 
sm tan 2" 

• 2 a 
7r'sm 2" 

(34) 

(35) 

(36 

It is clear from equation 36 that an upper bound on the improvement 
factor for the present packing scheme is I = 7r + 1, with E/N = 1/7r. 
Figure 13 shows that this may be approached only for extremely small 
closest approach Vrnin; hence practical improvement factors will be 
smaller. 

V. OPTIMUM PACKING-SYNCHRONIZED, OVERLAPPING 8's 

In the packing schemes of Section IV, optimally-packed 8's are 
spaced far enough apart so that closest approach for satellites on 



SATELLITE SPACING 2403 

adj acent 8's equals or exceeds closest approach for satellites on the 
same 8, for arbitrary relative phasing on different 8's. We now inquire 
if the number of satellites can be increased (for a given closest ap­
proach and orbit inclination or maximum declination) by careful 
relative phasing on 8's in such a way that they can lie closer together, 
and even overlap (with proper interleaving of satellites on different 
8's). We restrict the present treatment to 8's of identical size (that is, 
identical orbit inclination a) for simplicity, with equatorial satellites 
between 8's as permitted. 

The basic relation needed for this study is equation 13 (and equa­
tion 12), which shows that the separation between two satellites on 
different 8's (of the same size) varies periodically with time in a 
simple way. We denote this minimum separation by Smin, occurring 
at satellite phases Cl min and C2 min on the left and right 8's (spaced by 
, along the equator), respectively. Then 

71' Co = ±- --
2 2' 

71' Co 
Cz min = ±2 + 2 ' 

• Smin • z a I . ( r) + z a . r I sm 2 = sm 2' sm Co - 2 cot 2·sm 2 (37) 

We see that closest approach for satellites on two different 8's of the 
same size occurs when the two satellites attain the same latitude; 
this behavior was observed in Section III for two satellites on the 
same 8 (compare the top lines of equations 14 and 37). Smin of equation 
37 reduces to Vmin of equation 14 for' = 0, the degenerate case in 
which the two 8's become identical. 

Assume now that Smin is given. Equation 37 then determines two 
forbidden regions for co; for every satellite on the left (No.1) 8, 
with phase Cl, two forbidden regions in phase space on the right (No. 
2) 8 are established, that is, two ranges of C2 within which no satellites 
may be placed. Thus, in addition to the self-phase-space of Section 
III (determined by equation 14), which governs packing on each 8 
considered independently, a mutual-phase-space (determined by equa­
tion 37) must be considered for each pair of 8's lying closer than 
'min of Section IV (equation 30). 

Figure 18 and 19 give a convenient geometric picture of this pair 
of forbidden regions. We assume each 8 of the pair considered to 
contain N optimally packed satellites, according to Section III. Then 
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(a) 

,......._-SIN Co 

I 
I 

SIN'lT/N 

Fig. 18 - Forbidden region for relative phase between satellites on different 8's 
(equation 37). N = 9. (a) General case. cot2 a/2'sin t/2 = 0.5 (separation about 
half that for two 8's just touching), K = 0.6. Enlarged portion of upper curve, 
containing forbidden region to left of origin, shown in Fig. 19. (b) Limiting case 
(single 8). r = 0, K = 1. This curve is the same as the lower curve of (a). 

closest approach on each 8 is Vrnin, given by equation 17 as 

• Vrnin • 2 a . 7r 
sm 2 = sm 2·sm N' (38) 

We assume that Sruin, closest approach between 8's, is less than Vruin, 

according to the following relation for later convenience. 

Thus, 

sin Smin = K .sin Vrnin 

22' 

sin Srnin = sin2 ~. I{ sin ~ 
2 2 N' 

O<K<1. (39) 

O<K<l. (40) 

For zero spacing, t = 0 (Fig. 18b), the principal forbidden regions are 
located symmetricaIJy about Co = -7r, O. In this case for K = 1 their 
width is d = 27r/N. As the distance between 8's increases (Fig. 18a) the 
centers of the forbidden regions approach each other symmetrically and 
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their width d increases, slowly at first. This pattern of forbidden regions 
repeats periodically with period 271". Figure 19 shows an enlarged portion 
of the principal forbidden region closest to the origin. The boundaries of 
the forbidden regions are defined in Fig. 18 and 19, the center of one of 
them in Fig. 19, at -D. Dimensions with a single arrow have a sign 
(for example, d+ , d_ , D, D), those with two arrows are positive (d, d/2), 
as before. 

From Figs. 18 and 19 and equations 37 through 39 the parameters 

k---------d--------~ 
I 

0.5 

0.4 

0.3 

:--......,--~__c_-""'""""__.::__---.::--~____c-___?il~---._---___::j 0.2 

0.1 

-0.1 

"'--....:::......_::....-~_~___.::._....::...._.:._..___.::._...::.....L ____ ..J._ ___ __=-0.2 

Fig. 19-Enlarged portion of upper curve of Fig. 18a, showing forbidden region 
closest to origin. 

Forbidden R.egion 

Exart 
D = 30.92° 
d = 27.55° 

d_ = 17.15° 

Approximflfe 
D = 30° 
d = 27.2° 

D - ~ = 16.4° 

D + ~ = 43.6° 
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defining the forbidden regions are: 

d . -1 ( 2 a . t T7' 11") 
'01: = Rm cot 2· sm 2 ± 1\' sm N . (41) 

(42) 

(43) 

The centers of the principal forbidden regions are located at - D, 
- (77" - D). In phase space they are located as follows: 

t d t d - - D - - < c < - - D + -. 2 2 0 2 2 
(44) 

t d t d 
- - 7r + D - - < c < - - 7r + D + -. 
2 2 0 2 2 

The parameter coe a/2· sin t /2, which appears throughout the above 
relations, is a normalized spacing parameter. For such a t that the two 
8's just touch, cot2 a/2·sin t/2 = 1; therefore, for overlapping 8's this 
parameter lies between 0 and 1, and for some of the following work 
where overlapping 8's lie very close together coe a/2· sin r /2 « 1. 
Since a < 30°, t /2 < 4.12° for overlapping 8's; consequently the 
approximation sin r /2 --7 t /2 is valid for most purposes. 

In the large N case certain approximations are useful. D and d of 
equations 42 and 43 are approximated by D and d, given by equations 
45 and 46 and illustrated in Fig. 19. 

D . -1 ( 2 a . t) D == sm cot 2·sm 2 ~ , N» 1. (45) 

2K sin :v 
d == D ~ d, cos 

N» 1. (46) 

While these results are not sufficiently precise for all purposes, they 
serve at least as a rough guide for initial thinking about the problem. 
For the case illustrated in Fig. 19 (N = 9, K = 0.6, cot2 a/2· sin ~/2 
= 0.5) the approximate results of equations 45 and 46 yield a first 
forbidden region 0.35° too narrow (out of a total width of 27.55°) 
and 0.92° too far toward the origin. This case has large spacing, and 
the error will decrease for smaller ~. In the approximation of equations 
45 and 46 the width of the forbidden regions varies linearly with the 
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secant of the displacement of their centers and with the separation 
reduction factor IC, and the location of their centers is independent 
of K. 

A phase-plane picture of the forbidden regions of Figs. 18 and 19 
is illustrated in Fig. 20; for later convenience different shading and 
edges are used to denote the two forbidden regions. For zero spacing, 
, = 0, the forbidden regions have minimum width d and are located 
symmetrically about 0 and 7r in the (co - '/2) plane; as , increases 
the forbidden regions approach each other and their width d increases, 
slowly at first. In Fig. 20a, K = 1 and d > 27r/N for' > 0; in Fig. 
20b IC = 0.6, and for the range of , shown d < 27r/N. It is clear that 
given an upper bound on " K can be chosen small enough so that 
d < 27r/N. 

r==o 

(a) K=l 

\ 
(,o~ 'Z. 

~ 
\ 
\ 
\ 

t---~;:::-----t-- - L 

r==o 

(b) K=O.6 

Fig. 20 - Forbidden regions of Figs. 18 and 19 in the (eo - r/2) phase plane. 
N = 9. Figures are symmetrical around the vertical axis (Co - r/2 = ± 7r/2). 
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We now make the additional assumption that each optimally­
packed 8 possesses uniform phase spacing over 3600

, as in equation 
19; this of course implies that N is odd. We inquire whether two or 
more such 8's can overlap in a useful way, that is, so that improve­
ment factors greater than those of Fig. 17 can be obtained (for the 
same minimum separation or closest approach). This assumption 
simplifies the following discussion by rendering all phase-space dia­
grams N-fold rotationally symmetric, and does yield significant in­
creases in the improvement factor. While superficial study of 1800 

packing on the individual 8's seems to indicate lower improvement 
factors in certain simple cases, we have not made a careful study of 
this alternative case to determine what, if any, advantages it might 
have. Furthermore, we have not considered other possible (non-1800 

or non-360° single-8) packing schemes of Section III at all. 
Consider the case of two interleaved 8's. The satellite phases on 

these 8's are (equation 19) : 

7f" 
Cl(p) = Cuo + 2(p - 1) N ' 

C2 (q) = C2(l) + 2(q - 1) ;. , 

We define 

p = 1,2, ... N; 
N odd. (47) 

q = 1,2, ... N; 

p = 1,2, ... N. (48) 

All of the CI'S and C2'S vary linearly with time, increasing by 27r in 
one day. Figure 21a shows the corresponding phase-space plots for 
each 8, as determined in Section III. In this figure we assume without 
subsequent restriction that the phase of the p = 1 satellite on the left 
8 is 0, CI(I) = O. We now inquire what is the optimum value for Co (the 
relative phase between corresponding satellites on the two 8's) to 
maximize 8min, (the closest approach between satellites on different 
8's) , and thus maximize the packing improvement factor I. 

We investigate this question by a mutual phase-space picture 
derived from Fig. 20. Associated with each of the N satellites on the 
left 8 (No.1) there are two forbidden regions in phase space C2 (or 
equivalently C2 - '/2 where this is more convenient) determined by a 
figure such as one of those in Fig. 20. The details depend on the two 
parameters I( (the separation reduction factor of equation 39) and t 
(the equatorial spacing between the two 8's). Figure 20 gives di­
rectly the forbidden regions in C2 - ,/2 phase space corresponding to 
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Fig. 21- Self and mutual phase-space plots for 360° packing on each 8. N is 
odd, N = 9, a = 30°, K = 0.75. (a) Self phase-space plots for two overlapping 
8's. Phase of satellite 1 = 0 on left 8. (b) Mutual phase-space plot: forbidden 
regions in (C2 - r/2) plane determined by satellites in left 8 with phases Cl of left 
figure in (a). 

the No.1 satellite on the left 8 in Fig. 21a; the corresponding forbid­
den regions for the other (N - 1) satellites are determined by rotat­
ing such a figure (N - 1) times by an angle 27T/N. 

The resulting mutual phase-space picture, shown in Fig. 21 b, gives 
the forbidden and permitted regions for satellites on the right (No. 
2) 8.* The values of parameters have been chosen in this figure for 
convenience of illustration, and not necessarily for optimum packing. 

* The phase-space plots of Fig. 21 correspond to the particular time at which 
e1(1) = 0; they rotate uniformly counterclockwise, at one revolution per day. 
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We may imagine that these figures arc generated by two spoked wheels 
rotating in opposite directions on a common shaft. The clockwise 
rotating wheel has spokes indicated by shading lines, the counter­
clockwise wheel by dots, corresponding to the two forbidden regions 
indicated in the drawings of Fig. 20. Clearly K < 1 in order that there 
be space between spokes for any'. As each wheel rotates the spokes 
widen, and the space between the spokes decreases, finally vanishing 
('/Vrnin = 2 in Fig. 21b) as the wheels become solid. Before this hap­
pens there are certain angles (,/vrnln = 0.5, 1.5 in Fig. 21b) at which 
the spaces between the spokes on the two counter-rotating wheels line 
up, offering permitted regions for satellites on the second (right) 8. 

As indicated in this figure, it proves convenient to normalize the 
equatorial spacing r between 8's to Vmin , the minimum separation or 
closest approach on each 8 (equation 38 or 17, or Fig. 13). Figure 21 
shows that there are a number of actual or potential "windows" for 
interleaving two 8's, at spacings of approximately r /Vmin ~ 0.5, 1.5, .... 
It is clear that the width of the corresponding permitted regions in 
C2-space decreases (and eventually disappears) as the order of the 
"window" increases, for a fixed K, since the spokes increase in width as 
r increases. Stated differently, the first window (corresponding to the 
closest spacing for the two 8's) has the highest permitted value of K(such 
that the width of the permittedregions in C2-space just approaches zero). 
Since the highest packing improvement factor corresponds to the largest 
K, it is clear that best packing (considering only closest approach) is 
obtained at the first window, that is, with r /vmin ~ 0.5 in Fig. 21. It is 
further clear that a larger value of K than indicated in Fig. 21 can be 
used.* 

Let '" denote the separation between 8's at the first window with 
the largest possible value of K, such that the permitted regions in 
C2-space approach zero width. Then from Figs. 20 and 21 

d + 37T • 
+ = 2N (49) 

From equation 41 

, l' 37T . 7T l . r" 2 ~ sm 2N - sm 2N 
sm- = tan -. 

, ,2 2 2 
(50) 

* Although not shown in Fig. 21, it is clear that for r = 0 there are no permitted 
regions (in C2 - space) for K > Y2. This is the degenerate case in which the two 
8's coincide, so that only single-8 packing is effectively considered. The present 
treatment provides an alternative phase-space derivation to that of Fig. 12 and 
Section III for the optimum single-8 packing results. 



SATELLITE SPACING 

• 7r • 37r 

sm 2N + sm 2N 
K = ------------

• 7r 
2sm N 
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(51) 

Noting equation 38, an equivalent form of equation 50 that is some­
times useful is 

sm 2 = sec2~. sm 2N - sm 2N . (52) 
. til [. 37r • 7r ] 

• Vrnin 2 2 • 7r 
sm 2 sm N 

Finally, the relative phase between corresponding satellites on the 
two 8's (equation 48) is 

7r til 
Co = 2N + 2' (53) 

LV is odd, of course, throughout equations 49 through 53 (see equation 
47). We denote the above geometry by the term "close-spaced inter­
leaved 8's". 

Figures 22 and 23 illustrate the spacing between interleaved 8's 
and the corresponding reduction in minimum separation or clos'est 
approach (for satellites on different 8's) for the above conditions. 
Except for the smallest N, the spacing between 8's ~" is close to 
vmin/2, one half the closest approach for satellites on each individual 
8, as in the first drawing of Fig. 21b. Similarly, the closest approach 
Smin for satellites on different 8's is only slightly less than Vmin except 
for the smallest N.* Similar results may be derived for the higher­
order windows, but as already mentioned they will have smaller 
values of K, and hence of the packing improvement factor. 

Figure 24 shows the geometric distribution of satellites for two 
close-spaced interleaved 8's in the region of the equator, at three suc­
cessive times, for large N. Corresponding satellites on the two inter­
leaved 8's have about the same longitude near the equator, neglecting 
the factor proportional to tan2 (0/2) in satellite phase on the right 
(dashed) 8. In addition to the two intersections shown near the equa­
tor in Fig. 24, the two 8's have two other intersections, near the ends 
of the 8's, where the satellites must also properly interleave, not 

* Smln/Vmln is approximately equal to K, as in Fig. 23, to one part in 10-4 for 
the worst case N = 3, and to five parts in 10-6 for N ~ 7. 
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Fig. 22 - Equatorial distance between two close-spaced interleaved 8's. See 
equations 50 and 52. N = number of satellites on a single 8. N is odd. 

shown in Fig. 24. Figure 25 illustrates motion over the complete 8's 
for a moderate value of N, showing the general nature of closest ap­
proaches near all four intersections. Each satellite has 8 closest ap­
proaches per day with four different satellites on the other 8 (in ad­
dition to four closest approaches per day, with two different satellites 
on its own 8). 

We calculate the improvement factor for such interleaved pairs 
(close-spaced-that iB, at the first "window," t/Vmin ~ 0.5 for large N) 
spaced equally along the equator. The 2N satellites on each interleaved 
pair must of course be carefully synchronized; no relative synchroniza­
tion will be assumed between different pairs.* Two such interleaved 
pairs are shown in Fig. 26. 

The following discussion is quitQ similar to that of Section IV and 

* By synchronizing all of the different pairs they could be placed slightly closer 
together; indeed, the same is true for the (nonoverlapping) 8's of the packing 
scheme of Section IV. The phase-space picture given earlier in the present section 
can easily deal with this problem; however, the possible increase in improvement 
factor is so slight, particularly for the larger N, that we do not pursue this 
additional complication here. 
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Fig. 16; however, the symbols have slightly different definitions here. 
The closest approach for satellites on different 8's of an interleaved pair, 
8 m iD , is a litt1e less than Vmin , the closest approach on each individual 8 
(see equation 39 and Fig. 23). Hence the equatorial satellites are assumed 
to be separated from each other and from the adjacent 8's by 8m in ; the 
minimum distance between adjacent 8's, Umin , must equal or exceed 
8m b. ; and the equatorial system used for comparison in computing the 
improvement factor is assumed to have satellites separated by 8m in • 

With these changes, and otherwise fol1owing the discussion of Section 
IV, we have: 

E( ) = {r - 2r'} + 1 number ~f equatorial s~tel1ites 
r Smin ' between mterleaved paIrs 

(54) 

where the { } denote "the largest integer contained in" the enclosed 

0.98 -

0.96 c-

0.94 I-

~I ~ (f) :> 0.92 r-

Il 
.lI:: 

0.90 r-

0.88 r-

0.86 r-

O~> ___ ~I~' __ ~'~' __ .J __ ~J~I __ ~'~' __ ~'_I~ 
o 3 5 7 9 11 13 15 17 19 21 23 25 

N-NUMBER OF SATELLITES ON A SINGLE 8 
N ODD 

Fig. 23 - Separation reduction factor for two close-spaced interleaved 8's. See 
equations 51 and 38 through 40. 

Smin 
- ~ K to graphical accuracy 
Vmin 

,Smin = closest approach for satellites on different 8's 
Vmin = closest approach for satellites on the same 8 
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CLOSEST APPROACH II'!DICATED BY ,---L----,. 

TIME - FRACTION 0 1 -.L 
OF A DAY aN 4N 

LEFT 8 
0° 45° 90° RELATlV} ~ PHASE OF N N 
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NEAREST 
ORIGIN-
DEGREES RIGHT 8 ~o + TAN2~,900 135°+ TAN 2 J!.., 90° 180~ TAN2 J!.... 90° 

--<>-- N 2 N N 2 N N 2 N 

Fig. 24 - Central portion of two close-spaced interleaved 8's. Uniform phase 
spacing over 360° on each 8. N is odd, N large, a = 28°. Tan2 a/2 neglected in 
plotting satellites on right 8. 

expression. 

2N+E 
l(t) = (t + t")/Smin 

(2N + E)Smin 
t + til 

12 = 1(t2); 

improvement factor. (55) 

(56) 

t2 = 2t' +smin,E(tmin)' 

11 corresponds to minimum spacing between adjacent interleaved 
pairs, 12 corresponds to just enough extra spacing to accommodate 
exactly one more equatorial satellite than with minimum spacing. 
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(57) 

(58) 

Smin is given by equation 38 and 39 or Fig. 13. In the case of close­
spaced interleaved pairs of 8's (that is, using the first "window"), t," 
is given by equation 50 or 52 or Fig. 22, and I( by equation 51 or 
Fig. 23. 

Figure 27 shows the improvement factor in this case in much the 
same way as Fig. 17 for nonoverlapping 8's. II (corresponding to 

Fig. 25 - Satellite motion for two close-spaced, interleaved 8's. Phases indicated 
on respective 8's. N = 5, a = 30°, phase increment = 9°, relative phase between 
two 8's = 19.03°. 
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Fig. 26- Geometry of adjacent interleaved pairs of 8's. f = fmln for Umln = 
Smln. Smln = closest approach among 2N optimally packed satellites on each 
interleaved pair of 8's. 

minimum separation between adjacent interleaved pairs) is shown by 
solid lines and 12 by dashed lines in Fig. 27. However, in contrast to 
Fig. 17, only the greater of II or 12 , corresponding to the largest im­
provement factor, is shown. As with the case of Section IV, simpler 
analytic forms are readily written for a ~ 0 and N ~ 00 • We omit the 
former; the latter yields: 

N=oo 

• 2 a 
sm 2 

I = 11 = 12 = 271" + 1 • 
• -1 t 2 a sm an 2 

(59) 
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Equation 59 shows that 217" + 1 is an upper bound on the improve­
ment factor for the present packing scheme, as compared with an 
upper bound of 17" + 1 for the scheme of Section IV (compare equa­
tion 36). Figure 27 shows that this upper bound, like that of Fig. 17 
for the prior scheme, may be approached only for extremely small 
closest approach (very large N); consequently, practical improve­
ment factors will be somewhat smaller. 

The packing scheme of Fig. 27 uses the first "window" for inter­
leaving the overlapping 8'8. For N satellites per 8, there are (N -1) 12 
different windows; expressions analogous to those of equations 49 
through 53 (for the first window) are readily written for the higher 
order windows. There are many different possible packing schemes 
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Fig. 27-Improvement factor for optimum satellite packing on separat.ed close­
spaced interleaved pairs of 8's. Use this figure in conjunction with Figs. 13, 22, and 
23. E = number of satellites on equator between two adjacent interleaved pairs. 
N = number of satellites on a single 8. N is odd. indicates minimum spacing 
between adjacent interleaved pairs; closest approach for adjacent pairs = closest 
approach for a single pair (I1 of equation 56). - - - indicates increased spacing 
between adjacent interleaved pairs that just permits 1 additional equatorial satellite 
(I2 of equation 56). 
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using the higher order windows; while it is clear that these have lower 
improvement factors, some of them may be of interest for other rea­
sons. The improvement factor of this paper is based entirely on closest 
approach-minimum separation between any pair of satellites. It may 
pay to degrade this improvement factor in order to increase the aver­
age separation between all pairs of satellites in some particular sys­
tem, for example. Figure 28 shows one possible geometry that will 
have a somewhat lower improvement factor than the scheme of Fig. 
26. The basic relations of this paper permit the study of any of these 
packing schemes, but we do not pursue this matter further. 

In the above examples (Figs. 26 and 27, or 28) only two 8's are effec­
tively interleaved in any given region; consequently, the fairly simple 
phase-space description of Fig. 21 suffices. We now inquire whether 

Fig. 28 - Geometry of symmetrically interleaved 8's. Satellites on all 8's must 
have correct relative phase. 
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VERTICAL PERIOD = 2 

~INDICATES LOCATION 
OF 5TH WINDOW 

Fig. 29-Windows in the r - Co plane. N = 17, a = 30°, K = 0.674. K is chosen 
such that the fifth window is just beginning to open. 

Initial Appearance of Window 

Window K 
Vmin 

1 0.996 0.529 
2 0.962 1. 569 
3 0.895 2.556 
4 0.798 3.456 

Present case ~ 5 0.674 4.239 
6 0.526 4.878 
7 0.361 5.350 
8 0.184 5.640 

greater improvement factors than those of Fig. 27 may be attained by 
using three or more interleaved 8's. We do not know any general techni­
que for investigating this problem, and investigation of a few special 
cases chosen at random has not produced any significantly greater 
improvement factor for parameters in the general region of interest 
(N :5 25). Figure 29 is an alternative picture that casts additional light 
on the general problem of interleaving 8's, even though its use has not 
yet led to higher improvement factors than those of Fig. 27. 

Figure 29 shows a plot of the "windows," or permitted regions of 
spacing and relative phase between 8's, for a given value of K, the 
separation reduction factor (and of course given values N = 17 and 
a = 30°). The assumptions here are the same as before in this Sec-
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tion, in particular, 360 0 uniform phase spacing on 8's of identical size 
(equation 47). Such an 8 may be interleaved with an existing 8 if the 
equatorial spacing t and the relative satellite phase Co (equation 48) 
between the two 8's are such that the corresponding point lies in a 
shaded region of Fig. 29. For I( = 1 there are no windows; as I( de­
creases successive windows open up and become larger. As shown by 
the Fig. 29 table, the first window appears at I( = 0.996, the second 
at I( = 0.962, ... , until the fifth appears at I( = 0.674, correspond­
ing to Fig. 29; as I( decreases further, additional windows open up, 
until all eight are open for J( < 0.184. 

For t > tmin (equation 58) in Fig. 29 for t/vmin > tmin/Vmin = 6.56, 
a (nonoverlapping) 8 may be placed with arbitrary relative phase Co. 

The border of the shaded region at the right edge of this chart is 
slightly scalloped; by choosing cO/(7(/N) = 0.85 the adjacent 8 may 
be placed a little closer, t/Vmin = 6.45, but as mentioned in the foot­
note on page 2412, the potential improvement is so slight (if not 
nonexistent because it may pay to increase the spacing slightly to ac­
commodate one more equatorial satellite) that we ignore it throughout. 

The curves of Fig. 29 are readily obtained from equations 41 
through 44 and associated discussion. Four sets of curves must be 
plotted: 

r 7r 
2" + d_ + N 

Co = + 2(p - 1), P = 1,2, ... N; N odd. (60) 
f_ d 2 + 

r 7r 
2" + d+ + N 

This figure is periodic in the vertical direction, with period 27(/ N for 
co, as a consequence of the 3600 uniform phase spacing assumed on 
each 8. 

A chart such as Fig. 29 may be used to consider the interleaving of 
a number of 8's in the following manner. Take a number of identical 
charts, cut out the windows, and cut away the paper to the left of the 
vertical axis. Lay the first chart down on a light-box. Subsequent 
charts are now laid down on top, with corresponding axes parallel, 
in such a way that the origin of each chart always lies on a lighted 
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area. Each chart corresponds to one interleaved 8, so that the total 
number of charts that can be so laid down equals the number of 8's 
that can be interleaved for the particular value of J( (and of Nand 
a) chosen. The charts must all be translated (with axes parallel), 
subject to the above constraints, to obtain the maximum total num­
ber; the vertical periodicity of these charts greatly reduces the num­
ber of possibilities. 

After this has been done, if more 8's must be interleaved it will be 
necessary to repeat the process for a smaller value of It. Since the 
resulting increase in the number of satellites per unit longitude is ac­
companied by a decrease in the closest approach Smin (and hence an 
increase in the denominator of equation 20 defining the improvement 
factor), it is not obvious, without carrying out this process, whether 
the improvement factor will be increased or decreased. 

It is clear that the process of the preceding two paragraphs does not 
provide an orderly approach to this problem. A few cases in the region of 
interest, N :5 25, have been tried at random without improving the 
packing. We recall that since other geometric properties than simply 
closest approach or minimum satellite separation may be of interest, 
alternative packing schemes with comparable improvement factors may 
be of interest; however, we have not pursued these possibilities. 

VI. ILLUSTRATIVE SYSTEM SERVING NORTH AMERICA 

Figure 30 shows a representative satellite system designed to serve 
the United States and Canada. ,\Vhile this system has not been opti­
mized, it should serve to illustrate the utility of the above results. 

In addition to the general assumptions of Section I, the following 
general restrictions guided this illustrative design: 

(i) The most efficient packing scheme that we have devised is used, 
close-spaced interleaved pairs of 8's (Section V, equation 54 through 
59, Figs. 26 and 27) . 

(ii) Closest approach, or minimum separation between any pair of 
satellites, is about 1°. This would require ground antennas with beam­
widths of a fraction of a degree. This might be achieved at frequencies 
above 12 GHz, possibly in the millimeter band. Such a proposal is 
somewhat speculative because of the lack of sufficient propagation 
data. 

(iii) Minimum elevation above the horizon = 6.4°. 

(iv) Space in orbit is roughly allocated to what seems the best use. 
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Fig. 30 - Satellite system for North American continent. Total satellites = 
477; total in equatorial system occupying same longitude = 95. Packing scheme: 
close-spaced interleaved pairs of 8's, at minimum spacing (r = fmln in Fig. 26). 
Design parameters: a = 25°, orbit inclination. Vmln = 0.986°, Smln = 0.982°, closest 
approach. N = 17, number of satellites on a single 8 (individual satellites not in­
dicated). E = 5, number of equatorial satellites between adjacent pairs of 8's. 11 = 5.34, improvement factor (Fig. 27). Minimum elevation = 6.4°. 8's and equa­
torial satellites that can serve representative paths without allowing elevation to 
decrease below 6.4° shown by horizontal arrows, determined from Fig. 32. 

Thus, space suitable for trans-Atlantic or trans-Pacific communica­
tion has generally not been used. Satellites have been placed farther 
from the United States coast over the Pacific than over the Atlantic 
because the Pacific is wider. 

(v) 8's have been omitted where they would not appear needed 
(over Hawaii), on the basis of a crude estimate about relative traffic 
density. 

(vi) In such a system each satellite might serve every ground sta­
tion that it can see, within limits imposed by the resolution of the 
satellite antennas.1 Referring to Fig. 2, for the minimum elevation 
chosen for this example (6.4°), an orbit inclination a = 30° allows 
no tolerance at all in longitude for a ground station at 45° north lati­
tude, somewhat south of the western United States-Canada border. 
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Consequently, a somewhat smaller inclination (0: 
chosen in Fig. 30. 
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Figure 31 shows the region of visibility of a satellite from ground 
stations at several different north latitudes to the same scale as Fig. 
30. Equatorial satellites and satellites at 25 0 south latitude, of inter-

r-
I--~----~----~.----~~~~--~~----~----~~--~r_--~ 
\ 
\ 

CORRESPONDS 
TO a ON FIG.30 

Fig. 31- Region of visibility of a satellite from ground stations at representa­
tive north latitudes, assuming minimum elevation of 6.4° above the horizon. Same 
scale as Fig. 30, so that these curves give directly permitted 8's and equatorial 
satellites for representative paths on Fig. 30. 

est in Fig. 30, are shown in more detail on Fig. 32.;< Using these data, 
the ranges of 8's and of equatorial satellites that can serve eight 
representative paths have been shown by the horizontal arrows on 
Fig. 30. 

Two general conclusions are readily apparent: 

(i) The equatorial satellites are more versatile than the 8's satel-

* The derivation of these results, which is elementary, is given in Appendix B 
for convenience. 
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Fig. 32 - Maximum relative longitude from ground station for which satellite 
is visible 6.4 0 above the horizon. 

lites; only the former can serve paths north of the United States­
Canada border. 

(ii) The most versatile of the 8's satellites lie over the central 
United States; the further from the center, the smaller the variety of 
paths served. 

Assuming that each satellite carries transponders to serve all ground 
stations that it can see, the equatorial satellites will be the heaviest, 
the central 8's satellites next heaviest, and the edge 8's satellites the 
lightest. 

It is obvious that the more easterly satellites of Fig. 30 can also 
serve Central and South America (with additional transponders for 
this purpose). 

Were-emphasize that this proposed system is only for illustration. 
Much detailed study would be required to choose the best parameters, 
even within the assumptions imposed here. 
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VII. DISCUSSION 

The best packing scheme in this paper yields an improvement fac­
tor of roughly six over a purely equatorial system in the range of 
probable interest (see Fig. 27). This result is based on a great many 
assumptions, already stated. We believe that the relaxation of all of 
these assumptions should be investigated further. While we have 
tried to make reasonable choices, we have no assurance either that the 
improvement factors of Fig. 27 are the best that can be obtained, or 
that further work will yield better packing schemes (or alternative 
packing schemes of interest for other reasons). 

The treatments of optimum packing a single 8 (Section III) and 
separated 8's (Section IV) are virtually complete.i~ However, the 
treatment of overlapping 8's in Section V, which yields the largest 
improvement factor, is far from complete. We do not know how to 
approach this latter problem in a general way. As a start, it seems 
possible that extending the present treatment of Section V to 8's of 
moderately different sizes (a'S) might allow the interleaving of more 
than two 8's with significantly greater improvement factors. 

All of the discussion has been based on the assumption that each 
satellite remains in view of every ground station that it serves and no 
switching is required. This represents one extreme; the other extreme 
is a low-altitude system, with frequency switching. Intermediate sys­
tems are also possible, with switching several times a day. If the as­
sumption is relaxed to allow this, other quite different systems become 
possible. Two considerations are: 

(i) Larger 8's (with a larger inclination a) may be used; whether 
this would lead to any advantage for the United States remains to be 
studied. However, Europe is enough farther north than the United 
States that figure 8 systems may not be useful unless occasional 
switching is allowed. 

(ii) The antenna scanning and beam shaping problems may be 
eased. For example with 3600 packing on each individual 8, as as­
sumed in the interleaved packing schemes of Section V, each beam 
would need to scan a much smaller angle. 

Once occasional switching is allowed, lower-than-synchronous orbits 
may be considered. All of the packing schemes discussed above still 
apply, being based only on circular orbits and not on how fast the 

* Not all items of interest have been investigated, but we believe the basic 
relations given here are sufficient for most purposes. 
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earth happens to be rotating. However, now the satellite would have 
to extend all the way around the earth, rather than say one quarter of 
the way around as in Fig. 30 for synchronous orbits. Further, the 
mutual visibility problem becomes worse as the altitude decreases; 
additional study would be required to determine the resulting im­
provement factors. 

In Sections IV and V different 8's and different interleaved pairs of 
8's, respectively, were allowed to have arbitrary relative phase. We 
now inquire what use can be made of this additional parameter. As 
already mentioned, slightly closer packing and hence slightly greater 
improvement factors can be obtained in some cases by the correct 
choice of relative phase, although this increase is small and will 
yield only a few additional satellites in the illustrative system of 
Fig. 30. 

A more interesting possibility is to use this parameter to reduce the 
number of different orbits required, so that one vehicle can launch 
many different satellites lying on the same orbit but on different 8's. 
From the basic definitions of Fig. 4, it is obvious that two satellites 
lying on the same orbit but on different 8's of identical size (a), 
spaced along the equator by (" have a relative phase of (,. The 2 X 12 
X 17 = 408 8's satellites of Fig. 30 generally require 408 orbits. By 
proper choice of relative phase ((, + f," = phase difference between 
adjacent pairs-see Fig. 26), only 34 different orbits are required; 
thus only 34 launch vehicles, each carrying 12 satellites, need be used. 

A study of the fuel requirements to maintain desired tolerances in 
satellite positions for the different systems is needed. It is not obvious 
whether this requirement is greatly different for the different systems. 
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APPENDIX A 

Deriv'ation of Fundamental Results of Section II 

Consider on Fig. 4 the isosceles (spherical) triangle composed of the 
equator, the orbit, and the great circle connecting the satellite to the 
earth reference point (at the intersection of the reference longitude and 
the equator). This triangle has two equal sides of (great circle) length 
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c (measured by the angle subtended at the center of the sphere) with 
included angle ex, and a third side of length 'a; let the remaining two 
equal angles be denoted by y (not indicated on Fig. 4). Noting that 
y + t: = 7T'/2, the law of sines yields 

sm a cos E 

sin a = sin c' 
(61) 

Now bisect the above triangle into two equal right triangles by bisect­
ing the angle ex (with a great circle). From the law of sines 

. a 
sm 2 1 

(62) 
. a sin c ' 

sm 2 
which yields equation 1. 'Ve now use equation 1 to eliminate the 
parameter a from equations 61 by means of the double-angle formula, 
yielding 

[ 

1 _ sin2 ~ ]t 
cos E = 

• 2 a . 2 
1 - sm 2·sm c 

(63) 

Equation 2 now follows directly. 
Equation 3 follows from the law of sines applied to the right tri­

angle of Fig. 4 whose sides are the orbit, the equator, and the dotted 
longitude passing through the satellite. The law of cosines applied 
to this triangle yields 

cos c = cos l·cos e. (64) 

This becomes 

sIn e = ( 

• 2 • 2 l)l sIn c - SIn 2. 

1 - sin2 l ' 
(65) 

substituting equation 3 into equation 65 yields equation 5. 
Consider next the right triangle formed by the equator, the dotted 

longitude, and the great circle joining the satellite to the earth ref­
erence point (defined in the first sentence of this appendix) in either 
Fig. 4 or 6. The law of cosines yields 

COS a = cos l· cos if;. (66) 
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Thus 

• .f, _ sm a - sm ~ 
( 

• 2 • 2 l)l 
sm Y' - 1 - sin2 l . (67) 

Using the double-angle formula, substituting equations 1 and 3 into 
equa tion 67 yields equation 4. 

Consider now the right triangle of Fig. 6 formed by the reference 
longitude, the great circle connecting the satellite to the earth ref­
erence point (see above), and the great circle of length x passing 
through the satellite and normal to the reference longitude. From the 
law of sines 

sin x = sin a·sin E. (68) 

Using equations 1 and 2 to eliminate a and €, together with the double 
angle formula, equation 7 is readily obtained. 

We next derive the general result of equation 11, obtaining all the 
remaining results of Section II by specializing this relation. Applying 
the law of cosines to the spherical triangle of Fig. 9 whose vertices 
are the north pole and the satellites on each of the two 8's, 

cos 8 = sin II • sin l2 + cos ll'COS l2'COS (r + if;} - if;2)' (69) 

Make the following substitutions in equation 69: 

(i) equation 3. 

(ii) Expand cos ('+"'1-1/12)' 
(iii) From equations 66 and 1, and the double-angle formula, 

cos l· cos if; = 1 - 2·sin2 ~·sin2 c 
2 

2
a + . 2

a 2 cos 2 sm 2' cos C 

(iv) From equations 3 and 4 

l . .f, • 2 a . 2 cos ·sm Y' = sm 2·sm c. 

After lengthy but straightforward transformations equation 11 is 
obtained. We readily obtain equation 8 (see Fig. 6) by the second 
transformation in the table following equation 11. For equation 10, 
the fourth transformation of this table yields 
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• 2 
4 a SIn a 

COS U = COS s· COS 2 + -2- [COS ( 2C2 - S) - cos 2c2] 

• 2 
SIn a . 4 a (4 + -2- + sm 2'cOS C2 - s)· 

Make the following substitutions in equation 70: 

(i) cos (2C2 - s) - cos 2C2 = 2 sin (2C2 - ~) .sin~. 

(ii) 

(iii) 

cos (j = 1 - 2 sin2 ~ • 
2 ' 

• 2 

sm a = 2 sin2 ~. cos2 ~. 
2 2 2 

(j = U, S, 4c2 - s· 

We have after combining terms 

sin2 Y: = [cos2 ~.sin r - sin2 ~.sin (2C - r)J2 
2 22 2 22' 

simply the square of equation 10. 
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(70) 

(71) 

To derive equation 13, substitute equation 12 into equation 11 and 
use the double-angle formula on the a-dependent factors of the third 
and fourth terms to yield, after some minor rearrangement, 

• 2 
4 a . 4 a ( ) sm a 

cos 8 = COS S· COS 2 + sm 2' cos 2co - s + -2-' cos Co 

• 2 
SIn a ) + -4- [cos (2c1 + Co - Co + s) + cos (2c1 + Co + Co - s 

- 2 cos (2c1 + co)]. (72) 

The three terms inside [ ] may be regarded as an AM wave and so 
are readily combined, to yield 

• 2 
4 a . 4 a ( sm a 

COS 8 = COS 2' cos s + sm 2' cos 2co - s) + -2-' cos Co 

• 2 • 2 (co - s) (2 + ) - sm a·sm --2- ·cos C1 Co· (73) 

J\![ake the following substitutions in equation 73: 

(i) ') 
• 2 (j 

cos (j = 1 - ... sm 2 ; (j = 8, S, 2co - s, Co • 
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(ii) 

(iii) 
• 2 

sm a = 2 sin2 ~. cos2 ~. 
2 2 2 

Equation 13 is obtained directly. Equation 9 follows immediately, as 
pointed out in the text. 

There are of course a great many alternate ways of deriving these 
various results. 

APPENDIX B 

Visibility of a Satellite from a Ground Station 

Figure 33 shows the earth, of unit radius, concentric with a sphere 
of radius R, equal to the radius of a circular satellite orbit. For syn-
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Fig. 33 - Region of visibility of a satellite. Synchronous orbit: R = 6.624. 
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chronous orbits R = 6.624. The elevation of a satellite viewed from a 
ground station must exceed the anglew; the satellite is restricted to a 
region of angle from the ground station (measured at the center of 
the spheres) less than a. Projecting the satellite on a sphere (the 
earth in Fig. 33), the satellite is restricted to a region within a circle 
centered on the ground station (shown dashed in Fig. 33) of (great 
circle) radius a, with the usual convention of spherical trigonometry 
that great circle distances are measured by the angle they subtend at 
the center of the sphere. From Fig. 33, 

Solving for a, 

R·cos a - 1 
tan w = R. ·sm a 

cot a _ csc a. 
R 

sm a = cos w[ 1 - (co~w),T - s~iw, 
At synchronous radius, 

sm a = cos w(1 - .0228 cos2 w)! - 0.0755 sin 2w, 

R = 6.624. 

(74) 

(75) 

(76) 

The relation between latitude l and relative longitude .tf; on the 
dotted circle is found from Fig. 34. The ground station is located at 
north latitude lo. From the law of sines, 

cos l·sin 'if; = sin a·sin E. (77) 

From the law of cosines 

sin l = cos a·sin lo + sin a·cos lo·cos E. (78) 

Substituting equation 76 into equations 77 and 78, the results of Figs. 
31 and 32 are readily computed parametrically in terms of the 
azimuth E:. 

APPENDIX C 

Error in Satellite Separation 

The error in separation between satellites resulting from displace­
ment from the center of the earth is readily calculated. Fig. 35 shows 
the earth and a pair of satellites in circular orbits of radius R, sepa­
rated at this instant by angle s subtended at the center of the earth. 
The side view shows a ground station; the plane of the paper includes 
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Fig. 34 - Latitude and longitude of region of visibility. 

the center of the earth, the ground station, and the upper satellite. 
The poles of the earth are not necessarily vertical in this figure. The 
lower satellite does not in general lie in the plane of the paper; the 
end view shows a line joining the two satellites, making an angle T 

with the plane of the upper satellite, ground station, and center of 
the earth. 

In the case of interest here the satellites lie close together. Con-

SYNCHRONOUS ORBIT:R=6.624 

foE----- - - ---R--- ------ ~ 
I I 

I 

L~!=:Jt:==========J-:-l~ I -1/ I 

'L 
" T - ___ RrS.:COST 

"GROUND STATION I r i 
Rs·cos T· COS 11 

SIDE VIEW END VIEW 

Fig. 35 - Satellite separation as a function of ground station location. s = 
angular separation between satellites at center of earth. Distance between satel­
lites (Rs) and its projections are true (not angular) lengths. 
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sequently we assume throughout this appendix that 

8« 1. (79) 

The ground station is restricted to the region of the earth where the 
satellite remains visible, the limiting case corresponding to zero eleva­
tion.* Consequently the angle f3 of Fig. 35 is bounded by 

f3 < f3max , sin f3max = 1/ R. (80) 

The distance R' from the ground station to the satellite has maximum 
and minimum values corresponding to maximum and minimum values 
of f3. Thus 

1 R' (1)1 1 - Ii < R < cos f3max = 1 - R2 . (81) 

We seek the angular separation between the two satellites as seen 
from the ground station; let this quantity be denoted by 8'. We pro­
ject the line segment joining the two satellites onto the plane perpen­
dicular to the line R' joining the satellites and the ground station as 
shown. Then 

(82) 

We have 

R 
1 < 8'/8 < --. R-l (83) 

For synchronous orbit 

1 < 8'/8 < 1.178. (84) 

Thus as stated in Section I, for synchronous orbit the approximation 
of this paper which determines separation between satellites as seen 
from the center of the earth (rather than from ground stations) ranges 
from correct to 18 per cent too conservative for the critical cases of 
closest approach. 
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