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ADDRESS IN 

COINCIDENCE 

CLOCK >---4~ 

Fig. 7 - Bit-parallel, word-serial organization of B storage loops with asso­
ciative addressing. A coincidence signal is produced when the content register 
agrees with a stored word, as the latter passes through the comparator. 

of the spectral energy of the input pulse falls into the pass band of 
the delay line. Storage capacity N and bit rate Ib are interrelated by 

(15) 

so that within certain limits storage capacity can be traded off in 
order to synchronize the store with an external clock frequency deter­
mining the bit rate. However, usually it will be more advantageous 
to operate the store asynchronously with respect to the outside world. 
One then avoids the problems in distributing frequencies of 100 MHz 
over an extended system with a predetermined phase. Moreover, one 
can then slave the store clock to a delay line used as a timing track.2 

As in any asynchronous organization, buffer registers must be pro­
vided which temporarily store information entered at one transfer 
rate and withdrawn at a lower one. Information accumulates in the 
buffer at a rate equal to the difference between the two rates until 
the complete block is transferred. This determines the buffer capacity 
required. It is therefore of advantage to know how a delay line store 
can be accessed at rates nearly equal to those of the equipment it 
serves, so that the buffer capacity can be kept low. 

If bits are loaded every t.e second into a delay line loop of capacity 
N, bit (N + 1) will coincide in time with the first bit loaded if 

(16) 

where p ~ 1 may be any positive integer. However, if p has common 
factors with N, bits earlier than the (N + 1)-st one will akeady co­
incide in time, so that such values of pshould be avoided. For N = 1024, 
p. may thus assume all odd numbers. 
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Combining (16) and (15) one obtains 

II = l/tl = Ib/P (17) 

as the permissible loading rates. These generally cause the bits to be 
stored internally in a scrambled sequence, with the exception of the 
choices 

P = qN + 1 q = 1, 2, 3, ... , (18) 

which cause storage in the original sequence, and 

p = qN - 1 q = 1,2,3, ... , (19) 

which cause storage in time-inverted sequence. Equation (18) is the 
basis of the well known delay line time compression (DELTIC) sig­
nal processing systems described in the literature in which digital 
data are written into storage at a slow rate 1£ but are read at the fast 
bit rate Ib = (qN + 1)/£.6 Also, all pairs of loading rates Ib and 1£2 
given by 

Ill/112 = p/(qN + p) (20) 

cause storage in the same, although internally scrambled, sequence 
so that the bit addresses can be set by sequential counting rather than 
address comparison. 

Series-parallel conversion can be utilized to keep the difference of 
transfer rates between stores at a minimum. For instance, certain 
core memories provide access to, say, 72 bits every cycle with a cycle 
time of 1 microsecond. Parallel to serial conversion would make use 
of a bit rate of 72 MHz quite feasible, which would increase even 
further if various checking bits were added to each 72-bit word. 

VI. CONCLUSIONS 

Sequential storage in recirculating loops, consisting of ultrasonic 
delay lines in combination with integrated regeneration circuitry of 
medium scale complexity, has reached a state of the art where bit 
rates can be obtained which are, at present, unattainable with large 
scale integrated circuit registers. At bit rates around 100 MHz and 
beyond such storage appears economically competitive with LSI im­
plementations operating at much lower speeds. Such bit rates have 
already been demonstrated. 

With modules storing blocks of 1000 bits at 100 MHz bit rate, 
larger stores can be built with latency times of about 10 microseconds, 
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for possible use as main memory in small computers or as fast trans­
fer stores shuttling information between a slow external bulk memory 
and a fast random access memory in large computers. 

In spite of the inherently fixed recirculation time of such a store, 
it should be adaptable to various processor and bulk store speeds 
without having to provide more than a few words of buffer storage by 
a judicious combination of measures such as clock frequency varia­
tion, DELTIC modes, and series-parallel conversion. This opens the 
prospect of using only one or a few basic types of storage modules 
with a standardized delay time so that maximum advantage could 
be taken of the savings inherent in mass fabrication. 
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Queues Served il1 Cyclic Order 

By R. B. COOPER and G. MURRAY* 

(Manuscript received September 30, 1968) 

We study two models of a system of queues served in cyclic order by 
a single server. In each model, the ith queue is characterized by general 
service time distribution function Hi ( .) and Poisson input with param­
eter ~i • 

In the exhaustive service model, the server continues to serve a particular 
queue until the server becomes idle and there are no units waiting in that 
queue; at this time the server advances to and immediately starts service 
on the next nonempty queue in the cyclic order. 

The gating model differs from the exhaustive service model in that when 
the server advances to a nonempty queue, a gate closes behind the waiting 
units. Only those units waiting in front of the gate are served during this 
cycle, with the service of subsequent arrivals deferred to the next cycle. 

We find expressions for the mean number of units in a queue at the 
instant it starts service, the mean cycle time, and the Laplace-Stieltjes 
transform of the cycle time distribution function. 

I. INTRODUCTION 

We consider a system of queues served in cyclic order by a single 
server. The ith queue is characterized by general service time dis­
tribution function H i (·) and Poisson input with parameter ~. 

We study two variations of this model. In the first, called the 
exhaustive service model, the process begins with the arrival of a 
unit at some queue, say A, when the system is otherwise empty. The 
server begins on this unit immediately, and continues to serve queue 
A until for the first time the server becomes idle and there are no 
units waiting in queue A. The server then looks at the next queue 
in the cyclic order, queue A + 1, and serves those units, if any, that 
have accumulated during the serving period of queue A. The server 
continues to serve queue A + 1 until for the first time the server 

* The RAND Corporation. 
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becomes idle and there are no units waiting in queue A + 1. The 
process continues in this manner, with the queues being served in 
cyclic order, until for the first time the system becomes completely 
empty. The process is then re-initiated by the arrival of the next 
unit. No time is required to switch from one queue to the next. 

The second variation, called the gating model, differs from the first 
in the following way: When the server moves to a queue with at 
least one waiting unit, the server accepts only those units that were 
waiting when the server arrived, deferring service of all subsequent 
arriving units until the next cycle. That is, in the gating model, at the 
instant the server advances to a nonempty queue a gate closes behind 
the waiting units, and only those units waiting in front of the gate are 
served during that cycle. 

The exhaustive service model is analyzed in detail. We obtain the 
generating function for the joint probability distribution of the num­
ber of units in each queue at an instant at which the server finishes 
serving anyone of the queues. We then obtain expressions for the 
mean number of units in a queue at the instant it starts service, the 
mean cycle time, and, in a form suitable for numerical computation, 
the Laplace-Stieltjes transform of the cycle time distribution function. 

Finally, we note that the equations describing the gating model 
differ only trivially from those of the exhaustive service model, and 
that the same method of solution applies to each. 

Systems in which a single server is shared among several queues 
are common. For example, in the No.1 Electronic Switching System 
the central control spends much of its time polling various hoppers 
and performing work requests that it finds in these hoppers. Similarly, 
in a time-shared computer system the users have access through tele­
typewriters to a central computer which is shared among them. The 
cyclic queueing models studied here are of a type which may be useful 
in the analyses of these and similar problems. 

The exhaustive service model for the special case of two queues 
has been studied by L. Takacs,1 B. Avi-Itzhak, W. L. Maxwell, and 
L. W. Miller,2,3 and M. F. Neuts and M. Yadin.4 Avi-Itzhak et al 
used an argument based on the properties of mean values, to obtain 
an expression for the mean waiting time suffered by a unit in either 
queue. Takacs, by a more direct argument, utilizing the Markov 
chain imbedded at the epochs of service completion, obtained the 
corresponding Laplace-Stieltjes transform and formulas for the wait­
ing time moments assuming service in order of arrival. Neuts and 
Yadin obtained waiting time results for the transient case. 
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The more general two-queue model in which the time required to 
switch from one queue to the next has some arbitrary distribution 
function is also studied in Ref. 3, and has been investigated in addi­
tion by M. Eisenberg5 and J. S. Sykes.6 M. A. Leibowitz7

•
8 has stud­

ied a multiqueue model similar to the gating model studied here. A 
nonprobabilistic approach to cyclic queueing problems has been used 
by J. B. Kruskal. 9 

In the present paper we use the imbedded Markov chain approach 
but, as with Neuts and Yadin, our chain is imbedded at the instants 
at which the server completes serving a queue, rather than at the set 
of all instants of service completion used by Tablcs. Whereas Takacs 
and Neuts and Yadin obtained waiting time results, our analysis yields 
cycle time results. The mathematical analyses characterizing the three 
approaches share some common ground, although the differences, espe­
cially those arising from our consideration of an arbitrary number of 
queues, are significant. 

Also, in a recent nontechnical article on queues by Leibowitz/o the 
present problem is offered as a prime example of an important, dif­
ficult, unsolved queueing problem. 

II. PRELIM IN ARIES 

In the analysis of the exhaustive service model, we take the number 
of queues to be N + 1 ~ 2. Units arrive at the ith queue according to 
the Poisson process with rate Ai ; that is, the probability Qi(k; t) that 
k units arrive at the ith queue in an interval of length t is 

Qi(k; t) = (Ak~)k exp (-AJ)" (k = 0,1,2, ... ;i = 0,1, ... ,N). 

The length of time required to serve a unit from queue i has distribution 
function H i (·) with mean hi (i = 0, 1, ... , N). 

In the analysis of the exhaustive service model, we shall use the 
concept of busy period, discussed at length by Takacsll• For the ordinary 
single-server queue, the busy period is defined as the length of time 
from the instant a unit enters a previously empty system until the 
next instant at which the system is completely empty. Both the distri­
bution function of the busy period and its Laplace-Stieltjes transform 
are known explicitly for the MIGI1 queue. In particular, the MIGI1 
queue with arrival rate A and mean service time h has a busy period 
with mean b = hl(1 - Ah) if Ah < 1 and b = 00 if Ah ~ 1. 

Consider now the MIGI1 queue with j waiting units; define the 
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j-busy period as the length of time from the instant at which service 
starts on the first of the j units until the next instant at which the 
system is completely empty. (When j = 1, the j-busy period and the 
busy period are identical.) Each of the j units, which together generate 
a j-busy period, individually generates a I-busy period. Thus (as 
Takacs shows) the distribution function of the j-busy period is the 
j-fold convolution with itself of the distribution function of the I-busy 
period. 

Denote by B i (·) the distribution function of a I-busy period for 
queue i, by (3i(') its Laplace-Stieltjes transform, and by bi = hj(1 -
"ihi) its mean. Let Br i (. ) be the j-fold convolution of B i (·) with itself, 
B*!(·) = B i (·). Then a j-busy period for the ith queue has distribution 
function Br i (.) and Laplace-Stieltjes transform «(3i(' )) i. 

III. FORMULATION OF IMBEDDED MARKOV CHAIN STATE EQUATIONS FOR THE 

EXHAUSTIVE SERVICE MODEL 

There are N + 1 ~ 2 queues. Suppose that the system is idle and a 
unit arrives at some queue at epoch To • The server immediately com­
mences service at that queue, and continues to serve units at that 
queue until the first instant TI at which that queue becomes empty. 
If the system is not empty at TI , the server advances to the next queue 
in the cyclic order. The server immediately commences work at this 
queue until the instant T2 at which this queue becomes empty (where 
T2 = TI if the server finds the queue empty), and continues on in this 
manner until for the first time, Tn say, the server finishes serving a 
queue and there are no units waiting anywhere in the system. The 
process terminates at Tn and is reinitiated by the next arrival. 

Thus the process generates a set of points To , TI , ••• , Tn , where To 

is the arrival instant of a unit at some queue in the previously empty 
system, and Tn is the first instant at which the system becomes com­
pletely empty again. The next arrival, at epoch To' say, reinitiates the 
process, and a new set of points, To' , TI' , ••• , Tn' is generated. We call 
the points TI , ••• , Tn (and TI' , ••• , Tn') switch points. 

Note that To is not a switch point, whereas Tn is a switch point. 
Successive switch points may occur simultaneously in time, but are 
nevertheless considered distinct. Thus, with each switch point is as­
sociated a queue, namely, that queue at which the server has just 
completed its visit. 

When the server finishes serving a queue and finds the system com­
pletely empty, a switch point associated with that queue is recorded. 
The next switch point is recorded when the server leaves the queue at 
which the process is reinitiated, and is associated with that queue. 
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Let (i; n 1 , "', nN) denote the state of the system at an arbitrary 
switch point, where i is the index of the associated queue, and nk is the 
number of units waiting in queue i + k(k = 1, ... ,N). [For simplicity, 
no special notation will be used to denote arithmetic mod (N + 1).] 
Let th~ state (i; n 1 , ••• , nN) have probability Pi(n 1 , ••• , nN); that is, 
Pi(n1 , ••• , nN) is the joint probability that at a switch point, the 
server has just completed a visit to queue i (i = 0, 1, ... , N) and n 1 

units are waiting in queue i + 1, n2 units in queue i + 2, ... , and UN 

units in queue i + N. 
The state (i; n 1 , ••• , nN) can occur through the following exhaustive 

and mutually exclusive contingencies: 

(i) The server leaves queue i-I and finds j E?; 1 units waiting 
for service in queue i, where it thus spends a length of time 
equal to a j-busy period. 

(ii) The server leaves queue i-I and finds j = 0 units waiting 
for service in queue i, but at least one unit waiting for service 
somewhere else in the system, so that the server then 
"passes through" queue i in zero time. [That is, the state 
(i; n 1 , ••• nN-l , 0) necessarily follows the state (i - 1; 0, 
n 1 ,"', nN-l) where at least one of the nk~O(k=I,"', N-l).] 

(iii) The server leaves some queue and finds no units waiting any­
where in the system. With probability AdA (A = Ao + '" + AN) 
the next arrival (which reinitiates the process) occurs at queue i, 
where the server then spends a I-busy period. 

These considerations lead directly to the imbedded (at the switch 
points) Markov chain probability state equations: 

"N-l 

L Pi-l(j, kl , ... ,kN - 1) 

kN-l=O 

• [c5(X) = {I if x = 0; 
o if x ~ 0 

i=0.1.··· .N)' (1) 
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[Throughout the analysis, arithmetic mod (N + 1) in subscripts 
will not be specially denoted.] Assuming it exists, the distribution 
{Pdnl, ... ,nN)} is uniquely determined by (1) and the normaliza­
tion equation 

eo 
L P i(nl , ... ,nN) = 1. (2) 

(Intuitively, one would expect a unique stationary distribution to 
exist when Lf~o Aihi < 1.) 

IV. FUNCTIONAL EQUATIONS FOR GENERATING FUNCTIONS 

We define the probability generating functions at (Xl, ... ,XN): 
eo eo 

gi(Xl , ... ,XN) = L ... L Pi(nl , ..• ,nN)x~l ... X';.N 

(i = 0, 1, ... ,N). (3) 

Substitution of (1) into (3) yields, after some rearrangement, 

gi(Xl , ..• ,XN) 
eo eo eo 
L L ... L Pi-l(j, kl , ... ,kN_I)X~l .•. X;;:'ll 
j=1 k1=O kN-l=O 

·l
eo 

exp (- t f Ai+m(1 - Xm)) dB1\t) 
o m=l 

. o(nN)Pi- 1(0, nl , ... ,nN_l)x~l ••• X';.N 

A. N leo (N ) + ; {; Pk(O, ... ,0) 0 exp -t ~ Ai+m(1 - Xm) dBi(t) 

(i = 0,1, ... ,N). (4) 

The integrals on the right side of (4) are recognized as the Laplace­
Stieltjes transform (f3i(' »i of the j-busy period distribution function 
with argument L~=1 Ai+m(1 - Xm). Hence (4) yields the set of simul­
taneous functional equations 

gi(XI , ... ,XN) = gi-l(f3i(t. Ai+m(1 - Xm») ,Xl, ••• ,XN-I) 

Ai (N , ) N + "' f3i L Ai+m(l - Xm) L Pk(O, ... ,0) 
A m=l k-O 

- Pi-leO, ... ,0) (i = 0, 1, ... ,N). (5) 
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v. SOLUTION OF THE FUNCTIONAL EQUATIONS 

For notational convenience, we define the nesting operator :a: for any 
sequence of functions {fk(·)} for which it is meaningful: 

We shall denote by x the vector with components Xl , ••• , XN , and 
by 0 the vector with all components zero. Both vectors and vector­
valued functions will be denoted by boldface type, and square brackets 
will be used to enclose vector arguments of vector-valued functions. 
Finally, we will denote by cf>(v) the first component of a vector v. 

Define the vector functions 

Z,[x, •...• XN] = [!l,(i; Ai+m(l - Xm)) • x, •...• XN-' ] 

(i = 0, 1, ... , N) (6) 

so that (5) can be rewritten 

Ai' N 

gi(X) = gi-l(Zi[X]) + X cf>(Zi[X]) ~ Pk(O) - Pi-1(O) 

(i = 0, 1, ... , N). (7) 

Iterating v-I times on i in (7) we obtain 

(i = 0,1, ... ,N;v = 1,2, ... ). (8) 

In particular, when v = N + 1 (8) can be written 

(i=O,I,···,N) (9) 

where we have set 

N 

P(O) = L Pk(O). . (10) 
k-O 

We shall now solve (9) by extending a method devised by M. F. 
Neuts12 for the solution of a related equation in one variable. 
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Define the iteration procedure 

N 

V!j) [xl = Z zi_dv~i-l) [x]] 
k .. O 

(i = 0,1,·" ,N;j = 1,2, ... ; viO) [x] = x). (11) 

Using (11) in (9) gives 

gi(V!i) [x]) - gi(V~i-l) [x]) 

= P(O)(1 - ~ t Ai-m<P( i Zi_k[Vi i
-

1
) [X]])) 

1\ m=O k-O 

(i = 0,1, ... ,N;j = 1,2, ... ). (12) 

Adding equations (12) for j = 1,2, ... ,n yields 

gi(v~n) [x]) - gi(X) = P(O) ~ (1 - ~ t Ai-m<P( i Zi_k[v!il [X]])) 
1-0 1\ m-O k-O 

(i = 0,1, ... ,N; n = 1,2, ... ). (13) 

N ow let n --) 00 in (13). We will show in the next section that 

lim v~n) [x] = I (Xl ~ 1, ... ,XN ~ 1; i = 0, 1, ... ,N) (14) 
n->oo 

where I = [1, 1, ... , 1], so that (13) becomes 

gi(l) - gi(X) = P(O) t (1 - ~ t Ai-m<P( i Zi_k[vi il [X]])) 
1-0 1\ m-O k=o 

(i = 0,1, ... ,N). (15) 

Notice that 

(16) 

and 

N 

L g;(O) = P(O) (17) 
i-O 

so that upon setting x = 0 in (15) and adding for i = 0, 1, ... , N 
we obtain 

P(O) = (1 + t, Ai(O»)-l (18) 
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where 

(i = 0,1, ... ,N). (19) 

(We remark that P(O) ~ 1 - L~=o A)"i because the set of switch points 
is not an arbitrary subset of the set of all points at which units leave 
the server.) 

It remains to calculate gi(l). Physically, gi(l) is the probability that 
at the instant the server leaves some queue, that queue is queue i. This 
event occurs if 

(i) the last time the server left a queue the system was empty, and 
the next arrival occurred at queue i, or 

(ii) the last time the server left a queue the system was not empty, 
and the queue was queue i - 1. 

Event (i) has probability (AdA)P(O); event (ii) has probability gi-l (1) -
gi-l(O). Hence 

(i = 0, 1, ... , N). (20) 

[Equation (20) can also be obtained directly from (7) with x = 1.] 
But the difference (gi-l (1) - gi-l (0)) can be evaluated from (15) with 
x = O. Hence 

Ai 
gi(l) = >: P(O) + P(O)Ai-I(O) (i = 0, 1, ... , N) (21) 

so that (15) can be rewritten 

Ai >: + Ai-I(O) - Ai(X) 
gi(X) = N (i=O,l, .. · ,N). (22) 

1 + L Aj(O) 
j=O 

The quantities on the right side of (22) are completely specified; the 
set of simultaneous functional equations (5) has been solved in the 
sense that gi(X) may be calculated for any x ~ 1. 

VI. PROOF OF CONVERGENCE 

We wish to prove statement (14) : 

(Xl ~ 1, ... , XN ~ 1; i = 0, 1, ... , N). 
n-+oo 



684 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1969 

Note first that v~n)[x] is a vector whose (N + 1 - m)th element 
(m = 1, 2, ... ,N) is 

Therefore, we need show only that 

lim cp( Z Zi_k[v~n) [X]]) = 1 
n-oo k~O 

(i = 0, 1, ... ,N; m = 1,2, ... ,N; Xl ~ 1, ... , XN ~ 1). (23) 

From the definition (11) it is clear that the sequence {v~n)[x]} is bounded 
as n ~ 00 for x ~ 1, and therefore the sequence {gi(v~n) [xl)} is bounded 
as n ~ 00 for x ~ 1. Also, 

° ~ cp( Z Zi_k[Vin
) [X]]) ~ 1 (n > 1, x ~ 1). (24) 

k=O 

We now turn our attention to equation (13). From (24) we see that the 
right side of (13) increases monotonically with n for x ~ 1, and there­
fore the sequence {gi(v~n)[xl)} increases monotonically with n for x ~ 1. 
Thus the sequence {gi(v~n)[x])} is monotonically increasing and bounded 
for x ~ 1, and therefore has a limit. Hence the left side of (13) has a 
limit, which implies that the series of nonnegative terms on the right 
side of (13) converges. This in turn implies that 

lim ~ f Ai-mcp( Z Zi_k[v~n) [X]]) = 1 (x ~ 1). (25) 
n-OO 1\ m-O k~O 

Statements (24) and (25) together imply (23), completing the proof. 

VII. MEAN NUMBERS OF WAITING UNITS 

Denote by niCk) the mean number of units waiting in queue i + k when 
the server leaves queue i (i = 0, 1, ... ,N; k = 0, 1, ... ,N; ni(O) = 0). 
For convenience, let gi(l)ni(k) = mi(k) and mi(l) = mi . Then L:f-o mi 
is the mean number of waiting units found by the server in the next 
queue in cyclic order at a switch point, and L:f-o mi(k - i) is the 
mean number of waiting units in queue k at a switch point. We shall 
evaluate mi(k) (i = 0, 1, ... , N; k = 1, 2, ... , N). 

We first note that m,(k) is given by 

mi(k) = ~ gi(XI , ••• ,XN) I 
aXk %1-" '-%N~l 

(i = 0,1, ... ,N; k = 1,2, ... ,N) (26) 
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and the mean I-busy period bi = 
in queue i is given by 

ki/ (1 - 14k,,) generated by a unit 

bi = _!i (3i(S) I 
ds 8~O 

(i = 0, 1, ... ,N). (27) 

Differentiating through (5) we obtain 

a 
-a gi(Xl ,' .. ,XN) 

Xk 

a (N ) a = -a (3i L Ai+m(1 - xm) a{3. gi-l({3i , Xl , ••• ,XN-l) 
Xk m=1 , 

a + (1 - o(N -k)) a- gi-l({3i , Xl , ••• ,XN-l) 
Xk 

Ai a (N ) + T P(O) aXk (3i ]; Ai+m(1 - Xm) 

(i = 0, 1, ... ,N; 7~ = 1, 2, ... ,N) (28) 

which upon setting Xl = ... = XN = 1 gives the two-dimensional set 
of linear equations 

iiii(k) = Ai+kbiiiii-l + ~i P(O)Ai+kbi + (1 - o(N -k))iiii-l(k + 1) 

(i = 0,1,'" ,N;k = 1,2,'" ,N). (29) 

For each i, (29) can be solved successively starting with k = N 
and working backward: 

i+l i+l 
iiii(N - j) = Ai+N-i L bi+l-viiii-v + A -lp(O)Ai+N_i L Ai+l-vbi+l-v 

v=l v=1 

(i=O,I, .. · ,N;j=O,I, .. · ,N-l). (30) 

In particular, when j = N - 1 equation (30) can be written 
i+N i+N 

iiii = Ai+l L bv+liiiv + A -lP(O)Ai+l L Av+lbv+l 
v=i+l v=i+l 

(i = 0,1, ... ,N). (31) 

When Ai+lbi+liiii is added to both sides of the ith equation of the set 
(31) we have after rearrangement 

i+N i+N 
iiii(l + Ai+lbi+l)A~1l - A -lp(O) L Av+lb,,+l = L bv+liiiv 

v=;+l v=i 

(i = 0, 1, ... ,N). (32) 
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The sum on the right side of (32) is a constant independent of the 
value of the index i. Hence 

i+N 
in i (1 + Ai+lbi+l)A~:'l - A -lp(O) L Av+lbV+l 

v=i+l 

i+i+N 
rni+i(1 + Ai+i+lbi+i+l)A;;'i+l - A -lp(O) L Av+lb v+ 1 

v=i+;+l 

(i = 0, 1, ... ,N; j = 0, 1, ... ,N). (33) 

Combining (33) and (31) yields 

mi = A;1 P(O) P 1~;1 (i = 0,1, ... ,N) (34) 

where we define Pi = Aihi and P = L~-o Pi • Note that for (34) to be 
meaningful we must have P < 1. The {mi(k)} can now be calculated 
from equations (34) and (30). 

VIII. LAPLACE-STIELTJES TRANSFORM OF CYCLE TIME DISTRIBUTION 

FUNCTION 

Consider the set of switch points associated with queue i, and append 
to this set every switch point associated with queue i-I at which the 
server finds the system completely empty. Call the elements of this 
augmented set the record points associated with queue i. 

We define the partial cycle time for queue i as the elapsed time be­
tween a switch point associated with queue i-I and the temporally 
preceding record point associated with queue i. Denote by Gi (·) the 
distribution function of the partial cycle time for the ith queue, and by 
-9 i ( .) its Laplace-Stieltjes transform. 

Since queue i is necessarily empty at an associated record point, all of 
the units waiting for service in queue i at a switch point of queue i-I 
must have arrived during the preceding partial cycle time. Let Pi-l(j) 
be the conditional probability that j ~ 0 units will be waiting for 
service in queue i, given that a switch point associated with queue i-I 
has just occurred. Then the distribution function Gi (·) of the partial 
cycle time for the ith queue and the distribution {Pi-l(j)} of the 
number of units that arrive (according to the Poisson process with rate 
Ai) during the partial cycle time are related as follows: 

(i = 0, 1, ... ,N; j = 0, 1, ... ). (35) 
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Notice also that the distribution {P i - 1 (j)} has probability generat­
ing function 

00 

L Pi_1(j)X i 

;=0 

g;-l(X, 1, ... , 1) 
gi-l(l) 

(i = 0, 1, ... ,N). (36) 

Substitution of (35) into (36) yields, for the Laplace-Stieltjes transform 
1 i ( .) of the partial cycle time distribution function for queue i, 

(
A.. - S ) gi-l _1_A.-. - , 1, ... , 1 

1i(S) = ' . (1) 
gl-l 

(i = 0, 1, ... ,N). (37) 

We define the (full) cycle time for queue i as the partial cycle time 
plus the time required to serve those units, if any, waiting in queue 
i when the server finishes queue i - 1. (Notice that in order to be 
counted as a cycle for queue i, a time interval must contain a partial 
cycle ending at a switch point at queue i - 1.) Denote by Gi (·) the 
distribution function of the cycle time for the ith queue, and by 'Y i ( • ) 

its Laplace-Stieltjes transform. 
The cycle time distribution function Gi (·) is related to the partial 

cycle time distribution function Gi (·) as follows: 

Gi(t) = it ~ (A.j~)~ exp (-A.i~)Bri(t - ~) dGi(~) 
(BrO( .) = 1; i = 0, 1, ... ,N). (38) 

Taking Laplace-Stieltjes transforms throughout (38) we obtain 

(i = 0, 1, ... , N). (39) 

Hence we have for the Laplace-Stieltjes transform Yi(S) of the cycle 
time distribution function for the ith queue 

. (A. J3i (S) - S 1 '" 1) 
gl-l A.. " , 

'Yi(S) = 1 . (1) 
gl-l 

(i = 0, 1, ... ,N). (40) 

By differentiating through (40) we obtain for the mean cycle time 
ti the intuitively obvious result 

(i = 0, 1, .. , ,N). (41) 

IX. THE GATING MODEL 

Consider now a system of N ~ 1 cyclic queues described by the 
gating model of Section 1. Define Pi(n1 , ••• , nN) as the joint prob-
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ability that at the instant the server leaves a queue, that queue is 
queue i (i = 0, 1, ... , N - 1) and nl units are waiting in queue i + 1, 
n2 units in queue i + 2, ... , and nN units are waiting in queue i (that 
is, nN units arrived at queue i after the closing of the gate). Denote by 
H~f (.) the j-fold convolution with itself of the service time distribution 
function Hi ( . ). Then 

Pi(nl , ... ,nN) 

Ao N-l 100 N . o (nN) + .. : L: Pk(O, ... ,0) II Qi+m(nm ; t) dHi(t) 
1\ k=O 0 m~l 

(i = 0,1, ... ,N - 1) (42) 

where Qi = Qi+N. 
Equation (42), for the N-queue gating model, is only trivially dif­

ferent from (1), which describes the (N + 1) - queue exhaustive ser­
vice model. The analogue of (5) is 

gi(Xl , ... ,XN) = gi-l( 'I1i(t, Ai+m(l - Xm») , Xl , ••• ,XN-l) 

Ai (N ) N-l + ~ 'I1i ~ Ai+m(1 - Xm) t; Pk(O, ... ,0) 

(i = 0,1, ... ,N - 1) (43) 

where 'I1i ( .) is the Laplace-Stieltj es transform of the distribution func­
tion Hi ( • ), and gi (Xl, ... , XN) is now the generating function for the 
gating model state probabilities. The solution of (43) follows that 
given for (5), and a complete analysis may now be carried out in a 
manner similar to that employed for the exhaustive service model. 
(We remark in passing that the equations originally considered by 
Neuts are those of the gating model with N = 1.) 

x. SUMMARY 

Two models of a system of queues served in cyclic order by a single 
server have been presented. One of these, the exhaustive service model, 
has been analyzed in detail. This model is described by the imbedded 
Markov chain probability state equations (1), from which a set 
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of functional equations (5) for the probability generating functions 
are derived. The functional equations are solved with the help of a 
generalization of an iteration procedure used by Neuts. The equa­
tions (5) are then used to obtain explicit expressions for various 
mean values, such as the mean number of units found waiting by the 
server in the ith queue, given by equation (34), and the mean cycle 
time, given by equation (41). The Laplace-Stieltjes transform of the 
cycle time distribution function is given, in a form suitable for nu­
merical computation (and hence numerical inversion), by equation 
(40) . 

It is then shown that the gating model is described by state equations 
only trivially different from those of the exhaustive service model. It 
is now easy to adapt the methods and results of the detailed analysis of 
the exhaustive service model to a similar analysis of the gating model. 

It is noteworthy that all results are expressed directly in terms of the 
single state probability P(O) and the relevant generating functions, so 
that there is no need to evaluate the individual state probabilities. The 
calculations are thus reduced to the iteration algorithm, which may be 
suited to digital computer solution. 
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A Hybrid Coding Scheme for Discrete 
Memoryless Channels* 

By D. D. FALCONER 
(Manuscript received June 6, 1968) 

We consider a coding-decoding scheme which can permit reliable data 
communication at rates up to the capacity of a discrete memory less channel, 
and which offers a reasonable trade off between performance and complexity. 
The new scheme embodies algebraic and sequential coding-decoding stages. 
Data is initially coded by an algebraic (Reed-Solomon) encoder into blocks 
of N symbols, each symbol represented by n binary digits. The N n-bit 
symbols in a block are transmitted separately and independently through 
N parallel subsystems, each consisting of a sequential coder, an inde­
pendent discrete memoryless channel, and a sequential decoder in tandem. 
Those coded n-bit symbols which would require the most sequential de­
coding computations are treated as erasures and decoded by a Reed­
Solomon decoder. We show that the hybrid technique reduces the variability 
of the amount of sequential decoding computation. We also derive asymp­
totic results for the probabilities of error and buffer overflow as functions 
of the system complexity. 

I. INTRODUCTION 

It is well known that the use of block coding and maximum-likeli­
hood decoding permits transmission of information at rates up to the 
capacity of a discrete memoryless channel with an error probability 
which decreases exponentially with the code block length.1-4 A discrete 
memoryless channel (DMC) may be an adequate model for some 
types of real one-way digital communication channels consisting of a 
transmission medium, transmitting and receiving equipment and modu­
lation-demodulation scheme. An arbitrary DMC is assumed to have 

* This research is partly, based on a Ph.D. thesis, Department of Electrical 
Engineering, Massachusetts Institute of Technology, 1966, carried out at the 
Research Laboratory of Electronics, Massachusetts Institute of Technology, 
supported by the National Aeronautics and Space Administration (Grant NsG-
334) and a Hughes Industrial Fellowship. 
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a P-symbol input alphabet and a Q-symbol output alphabet. During 
each channel use, an input symbol is selected and transmitted and 
an output symbol is received. Successive input-to-output transitions 
are random and statistically independent; the probability that the 
output is symbol j (j = 1, 2, ... , Q), given that the input is symbol 
i (i = 1, 2, ... , P), is qij. (Table I contains a list of the symbols 
used throughout this paper) 

Maximum-likelihood decoding, which is known to be optimum, 
involves the cross-correlation of a received block code word with all 
possible transmitted code words. The number of code words, and 
hence the required number of decoding operations, grows exponentially 
with the block length; this exponential growth in decoding complexity 
makes maximum-likelihood decoding impractical, even for moderate 
block lengths. There has thus been considerable incentive to find 
suitable classes of codes having nonoptimum decoding schemes, for 
which the complexity (reflecting the number of components and the 
number of decoding operations per unit of transmitted information) 
does not increase exponentially with the block length. 

A number of coding-decoding schemes have previously been pro-
posed. Among the most widely known are: 

(i) Algebraic coding and decoding schemes.5
, 6 

(ii) Elias' iterated coding and decoding.1 
(iii) Massey's threshold decoding of convolutional codes.s 

(iv) Gallager's low density parity check codes.s 

(v) Sequential coding and decoding.10-12 

For some performance-versus-complexity criteria, one or more of 
these schemes may be well suited. However, lower bounds on the 
performance and complexity of these schemes show that none can 
yield an exponentially low error probability for a rate arbitrarily 
close to channel capacity without incurring exponentially growing 
complexity; Ziv, Pinsker, and Forney have proposed some more gen­
eral coding-decoding schemes for use with discrete memory less chan­
nels,13-16 The common feature of these schemes and of the earlier 
scheme of Elias is that they incorporate two or more separate stages 
of coding and decoding as Fig. 1 illustrates.1 The "inner stage" is an 
arbitrary block coding-decoding scheme, generally using maximum­
likelihood decoding, which has just enough complexity to guarantee 
a fairly low probability of decoding error. Then the chain consisting 
of the inner coder, DMC, and inner decoder constitutes another dis-
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HYBRID CODING SCHEME 

TABLE I-LIST OF SYMBOLS 

Definition 

Size of channel input alphabet 
Size of channel output alphabet 
Transition probability that output is J' if input is i 
Block length of RS code 
N umber of information symbols per RS code word 
Dimensionless rate of RS code. R = K. / N 
Minimum distance of RS code 
N umber of erasures to be corrected per parallel block 
Maximum number of correctable errors per parallel block 
N umber of channel symbols per tree branch 
Rate of sequential code in bits per channel use 
Computational cutoff rate 
Time interval for transmission of a single channel symbol 
N umber of tree branches per serial block 
Number of redundant (known) branches per serial block 
Overall information rate in bits per channel use 
Defined by: S = No - 1 
Probability of decoding error for one serial block 
Upper bound on P u( e) 
Constants, for a given sequential code 
Sequential decoding error exponent 
Probability of error for a super block 
= - xfny - (1 - x) in(l - y) 
= - xfnx - (1 - x) fn( 1 - x) 
Overall block length 
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Number of sequential decoding computations to decode the jth super 
block 
Upper bound on the probability that Ci exceeds x 
Pareto exponent 
= max(a, 1) 
Number of computation units to decode a given super block 
= n( a' I alAe exp [H(o)/ao] 
= Noa/(Noa - 1) Ae exp [H(o)/aoj 
Size of buffer allotted to each sequential decoder 
Probability that buffer overflows before first L super blocks are decoded 
Queue size after ith super block is decoded 
Number of new super blocks joining queue during the decoding of the 
ith super block 
Maximum number of computations each sequential decoder can do per 
received branch 
N umber of computation units to decode the lth super block 
= 1 + e6 

= p.n/AI 
Total decoder buffer storage 

Fig. 1-Two-stage coding-decoding scheme. 
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crete channel with a low probability of error or erasure. Scrambling 
and descrambling may be necessary to make this new channel mem­
oryless. The "outer" stage or stages embody available coding and 
decoding techniques with long block length, which drive the proba­
bility of decoding error down to a negligibly small value with a 
relatively small degree of complexity. The overall block length is the 
product of the block lengths of the individual coding stages, and the 
overall information rate is the product of the individual rates. 

The overall block lengths for these schemes are much larger than 
those known to be necessary to achieve a given error probability with 
a given information rate. However, this penalty, which is reflected 
in increased coder complexity, may be compensated for by the more 
favorable tradeoff between performance and decoder complexity. 

These multistage schemes allow transmission at any information 
rate up to channel capacity with error probabilities which decrease 
exponentially with overall block length (or its square root in Ziv's 
scheme) ; the total decoder complexity may be large but it increases 
only algebraically with the overall block length. Notice that if the 
inner stage uses maximum likelihood decoding in order to achieve 
a low error probability for a rate close to channel capacity, its com­
plexity increases exponentially with its block length. Thus the com­
plexity of the inner stage may well dominate the total complexity, 
for rates close to capacity. 

We propose yet another two-stage coding-decoding scheme, which 
we call a hybrid scheme and which is described in detail in Section 
II. The inner stage involves sequential coding-decoding, which is 
known to be capable of yielding exponentially small error proba­
bility for any rate less than the channel capacity. The decoding effort 
required of the inner stage is actually alleviated by the use of the 
outer stage, which involves algebraic coding-decoding. Section III 
contains derivations of upper bounds on error probability, distribu­
tion of decoding computation, average decoding computation and 
probability of buffer overflow for the hybrid scheme. These bounds 
display the asymptotic performance capabilities of the scheme. The 
bounds are not sufficiently tight to be useful in obtaining detailed 
performance parameters for actual systems, but must be supplemented 
by simulations. Section IV contains some simple calculations, based 
on a previous simulation, for the performance of a hybrid scheme. 
Before describing the new scheme, we briefly review some salient fea­
tures of algebraic coding and of sequential coding. 
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1.1 Algebraic Coding and Decoding 
Any algebraic code has an underlying algebraic structure, upon 

which the coding and decoding algorithms are based.5 For a code 
with block length N, each code word consists of N symbols picked 
from a finite field. Thus the symbol alphabet size must be a prime 
or power of a prime. The channel is assumed to either change a symbol 
to a different symbol in the field with some probability p (thus mak­
ing an error) or change it to a symbol not in the field with some 
probability q (thus making an erasure), or pass the symbol on un­
changed with probability 1-p-q. 

Algebraic codes may be put in systematic form; K of the N sym­
bols in a code word are information symbols and the remaining N-K 
are check symbols. The ratio KIN is the dimensionless rate of the 
code. The required coder complexity is generally proportional to N. 

An important property of an algebraic code is its minimum dis­
tance, d, which is the minimum number of symbols in which any two 
code words differ. Practical decoding algorithms are available for 
certain classes of algebraic codes with specified minimum distance 
properties. These decoding algorithms generally involve a finite num­
ber of algebraic (finite field) operations, and guarantee the correc­
tion of up to T errors and S erasures for any T and S such that 

2T + S ~ d - 1. (1) 

The best known algebraic block codes are the BCH codes, for 
which both the number of decoding operations per block and the 
number of components vary with N approximately as N log Nand 
with T approximately as T log N, as shown by Berlekamp.6 A special 
case of BCH codes, involving roughly the same order of decoder 
complexity, is the class of Reed-Solomon (RS) Codes.17,18 A RS 
code can be defined with any rate R and block length N, provided 
that the size of the symbol alphabet exceeds N. It can be shown that 
a RS code's minimum distance is the largest possible, given Rand N, 
that is 

d = dm"x = (1 - R)N + 1. (2) 

Reed-Solomon codes are useful where the size of the code's symbol 
alphabet can be large. 

1.2 Sequential Coding and Decoding 
Sequential coding and· decoding is applicable in principle to any 

DMC. Sequential coding is also known as tree coding.10-12 Included 
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in the clas£ of tree codes are the easily implemented convolutional 
codes.10 

A sequential coder accepts a sequence of consecutive binary infor­
mation digits and, for each1 generates v channel input symbols. Cod­
ing is sequential; each channel input symbol depends only on pre­
vious binary input digits. 

Implicit in the structure of a sequential coder is a tree, as typified 
in Fig. 2 for v = 3. Each branch is labeled with v channel input 
symbols. A sequence of binary inputs to the coder is conceptually a 
sequence of directions which sequentially steer the coder along a path 
(called the correct path) starting at the origin of the tree. Successive 
branches along the correct path are transmitted over the DMC as 
v-tuples of channel symbols. The rate of the tree code in bits per 
channel use is r = l/v. If a rate r = u/v is required, bits entering the 
coder would be grouped into u-tuples, and there would be 2U branches 
stemming from each node of the tree. 

INPUT "0"_1 
INPUT "1/1 r 

101 

ORIGIN 

010 

110 

001 

101 

010 

101 

010 

110 

001 

100 

011 

111 

000 

000 

1 
T 111 

011 

1 
T 100 

001 

1 
T 110 

010 

1 
T 101 

011 

1 
T 100 

010 

1 
T 101 

001 

1 
T 110 

000 

1 
1 111 

Fig. 2 - Tree structure of a sequential code. 
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Sequential decoding is a form of probabilistic decoding, which is 
applicable to tree codes. It is termed "probalistic" because the general 
decoding procedure applies to any randomly selected tree code and 
because the decoder is guided to a final decision by probabilistic 
considerations rather than by a fixed sequence of algebraic operations. 
A sequential decoder implicitly contains a copy of the tree, and must 
hypothesize a path through the tree, starting at the origin, which 
with high probability is the correct path. 

The Fano sequential decoding algorithm is a specific sequential 
tree search procedure which is efficient, practical to implement, and 
is amenable to analysisY· 12 The decoder examines received branches 
successively, makes tentative hypotheses for the corresponding branches 
of the correct path, and advances along them through the tree, if 
their likelihood, measured by an appropriate "path metric," appears 
high enough. If the current hypothesized path appears not sufficiently 
likely, the decoder retreats one branch and starts searching for a 
more likely path. Thus there is backward and forward searching 
through the tree, with a trend toward the right, as the decoder con­
tinually extends and revises its estimate of the correct path. If the 
rate r is less than the capacity of the DMC, the Fano algorithm 
sequential decoder can be shown to eventually trace out the correct 
path with high probability. 

The number of branch examinations, or computations done by 
the decoding algorithm to advance one branch deeper into the tree 
is a random variable. Analysis and simulation have shown that its 
mean is bounded, independent of the coder complexity, only if the 
code rate r is less than a "computational cutoff rate," R cQmp , which is 
characteristic of the channel and is always less than the channel 
capacity. 

Since the rate of transmission and the decoder's operating speed 
are fixed, a buffer must be provided at the decoder to store arriving 
branches which accumulate during periods of intensive tree searching. 
The buffer is necessarily of finite size, and hence may overflow if a 
span of received branches requires an unusually large amount of 
computations. Buffer overflow is catastrophic, since it is accompanied 
by loss of data and subsequent disruption of the decoding process. 
It is generally the most prevalent mode of failure in systems which 
use sequential decoding. 

Restarting the decoding process after an overflow occurs is gener­
ally possible only if the sequence of transmitted channel symbols is 
divided into blocks which are coded and decoded independently. That 
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is, at regular intervals, the coder starts afresh at the tree origin and 
erases its memory of previous information bits. Then if an overflow 
occurs, decoding can resume at the beginning of the next block. 

It will be shown that the hybrid coding-decoding scheme described 
in the Section II reduces the severe variability in decoding effort that 
is characteristic of sequential decoding, and furthermore, that for 
any rate up to channel capacity, the probability of decoding failure 
(error or overflow) asymptotically decreases nearly exponentially 
with the total system's complexity. 

II. DESCRIPTION OF CODER AND DECODER 

2.1 The Coder 
Figure 3 shows the structure of the hybrid coder. We assume that 

N parallel independent DMC's are available, each of which is used 
for transmission once every T seconds. These N parallel channels 
could be created by time-multiplexing a single DMC which is used 
once every T/N seconds. The input to each DMC is from a separate 
sequential coder. The code rate is r = l/v bits per channel use. Every 
VT seconds each sequential coder accepts a binary input digit and 
generates v successive channel input symbols which, in accordance 
with the tree structure of the code, depend on present and past coder 
inputs. However, each coder's memory of past input bits is erased 
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Fig. 3 -Hybrid coder structure. 
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at nvr-second intervals. Thus, successive blocks of n inputs are coded 
independently into blocks of nv channel input symbols; such inde­
pendently coded blocks are called serial blocks, and the correspond­
ing blocks of n coder input digits are called n-symbols. 

If a coder input digit is to be decodable with a low error probability, 
it must affect a certain minimum number of subsequent channel input 
symbols. However since the coder's memory of previous inputs is 
erased at the beginning of each serial block, the final coder input digits 
in any n-symbol can affect relatively few channel input symbols. The 
error probability is kept low by making the last m (m < n) digits of 
each n-symbol a fixed sequence known to the decoderP Then each a 
priori unknown coder input digit can affect at least mv channel input 
symbols. The last m coder input digits are redundant; the net informa­
tion rate of each sequential coder is then (I-mini) v bits per channel 
use. In general, n is chosen to be much greater than m, so that the 
decrease in net rate resulting from the periodic "resynchronization" 
is acceptably small. 

The N serial blocks simultaneously coded and transmitted in paral­
lel over the N DMC's comprise a super block. The corresponding set 
of N n-symbols which enter the coders in parallel is called a parallel 
block. NR of the n-symbols in a parallel block are independent sub­
blocks each consisting of n-m information bits followed by m known 
bits. The remaining N (1-R) n-symbols in a parallel block are parity 
check symbols generated from the information n-symbols by an alge­
hraic block coder operating on a field of 2n elements (that is, the coder 
operates on n-symbols rather than individual bits). Each n-symbol is 
made to enter its respective sequential coder serially, as a sequence 
of binary digits at vr-second intervals. 

A parallel block is thus a member of a block code with block length 
N and a 2n-symbol alphabet. The code's dimensionless rate is R, and 
the number of words in the code is 2nNR. 

The overall information rate of the system is 

R' = R(l - mln)lv bits per channel use. (3) 

Since each DMC is used once every r seconds, the overall information 
rate is NR'lr bits per second. A source producing information at this 
rate would determine which of the 2 nNR block code words would be 
generated in each nvr-second interval. 

For moderate-to-Iarge parallel and serial block lengths (greater 
than, say 50) the most eligible available block code would be a Reed-
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Solomon code, since the required alphabet size is generally large, and 
RS codes have the largest possible minimum distance for given rate 
and block length. The alphabet size must be a power of two and must 
exceed (N + 1). This imposes a constraint on n, 

n ~ Iog2 (N + 1). (4) 

Typically, m might be between 10 and 100, n might be 10 or 20 times 
m, and N might be between 10 and 1000. Forney16 has pointed out that 
if n = n'l (n' and I integers) and 2nl ~ N then a RS code of block 
length N on a field of 2n elements can be implemented more simply as 
I repetitions of a RS code of block length N on the subfield of 2n' ele­
ments. Use of this smaller field for algebraic operations makes for 
simpler implementation of the RS coder and decoder. Figure 4 shows the 
structure of a super block. 

The Reed-Solomon coder may be implemented with a number of 
components proportional to N. Each of the N sequential coders may be 
realized as a convolutional coder, constructed from at most n shift 
register stages. Thus, the overall coder complexity is proportional to nN. 

2.2 The Decoder 
Not surprisingly, a decoder appropriate to the two-stage coding 

scheme just described consists of sequential and algebraic stages, as 
illustrated in Fig. 5. The first stage consists of N parallel sequential 
decoders which simultaneously and independently utilize the Fano 
sequential decoding algorithm to decode serial blocks emerging in 
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Fig. 4 - Code structure: (a) block of bits entering RS codes, (b) parallel 
block (output of RS coder), (c) super block (output of sequential coders). 
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parallel from the N DMC's. This stage might be implemented by a 
time-sharing technique, in which a single logic unit is allocated to one 
decoder after another in turn. The second stage is an algebraic de­
coder for the RS code. 

During the decoding of a super block, all N sequential decoders 
attempt to decode their respective serial blocks into the original input 
n-symbols. In general, some serial blocks require more computations, 
and therefore more computing time, than others. After all but some 
fixed number 8 (8 < N) of the N serial blocks have been sequentially 
decoded, the S sequential decoders still at work are halted, and then 
all sequential decoders are free to start work on the n-symbols of the 
following super block. 

Meanwhile the present super block is passed on to the RS decoder 
in the form of a parallel block consisting of N - S sequentially de­
coded n-symbols and S undecoded n-symbols which are treated as 
erasures. If the RS code's minimum distance is d, and no more than 
T of the sequentially decoded n-symbols contain errors, where 

2T + S = d - 1, (5) 

then the RS decoder is guaranteed to decode the parallel block cor­
rectly, using a fixed number of decoding computations that varies 
roughly as N log N and as T log N.6.16 In this way, those S serial 
blocks which normally would be sequentially decoded last are es­
sentially all corrected by the algebraic decoder as soon as the first 
(N - S) serial blocks have been sequentially decoded. Thus the 
algebraic decoder's assistance should tend to curtail the very long 
decoding times which occasional serial blocks may require and should 
thereby reduce the chances for overflow of the sequential decoders' 
buffers. 

From relation (2), governing the minimum distance of an RS code, 

2T + S = (1 - R)N; (6) 

the numbers of correctable errors and erasures are proportional to N, 
for fixed rate R. 

A hybrid scheme closely related to the one described here was de­
scribed and analyzed in Ref. 19. In that scheme the sequence of chan­
nel input symbols is not divided into independently coded serial 
blocks. Instead, once the sequential decoding algorithm advances a 
certain fixed number of branches beyond a given n-symbol, that n­
symbol is considered irrevocably decoded, and thus is presented to the 
block decoder as a nonerased symbol in a parallel block. As in the 
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scheme described here, n-symbols which would require excessive 
numbers of sequential decoding computations may be decoded by 
the Reed-Solomon decoder. The asymptotic bounds on computation 
statistics are essentially similar for both hybrid schemes. The scheme 
described here appears somewhat more practical to implement. Ref­
erence 19 also describes a simulation of the earlier scheme in which 
there are ten parallel sequential coding-decoding systems, and the 
block code word rate is either 8/10 or 9/10. The outer stage was in­
tended to correct erasures only. The tail of the observed distribution 
of sequential decoding computation behaved as predicted by the upper 
bound of Section 3.2; the frequency of very large peaks of computa­
tion was considerably reduced. 

III. BOUNDS ON PERFORMANCE AND COMPLEXITY 

In deriving bounds on the probability of error, distribution of com­
putation, average computation, and probability of buffer overflow, 
we assume arbitrarily that the RS decoder corrects T = N8/2 - 1 
errors and S = N8 - 1 erasures per parallel block, where 0 < ,8 < 112. 
Half the RS code's minimum distance is then used to correct erasures 
and half to correct errors. The value of 8 is then fixed by (6); 

o=l-R+~>l-R 
2 2N = 2 ' 

(7) 
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and S is essentially independent of the block length N for large values 
of N. 

Arbitrarily set m/n = S. Then the overall rate is 

R' = rR(l - m/n) = r(l - 0)(1 - 20 + ~) > r(l - 0)(1 - 20). 

(8) 

It will turn out that the performance of the hybrid scheme depends 
on the distribution of computation and on the error probability for 
the Fano sequential decoding algorithm. Previously known upper 
bounds on these statistics are summarized in Appendix A. The bounds 
are on averages over ensembles of tree codes. Following an argument 
of Shannon, one can show that most tree codes picked at random 
satisfy all the bounds at least to within a small constant factor.l For 
example, suppose the ensemble averages of error probability and mean 
computation per decoded bit are upper bounded respectively by X 
and Y. Then at least 9/10 of all possible tree codes have error prob­
abilities less than lOX, at least 9/10 have mean computations less 
than lOY, and therefore at least 8/10 satisfy both of these bounds. 

The upper bounds on the error probability20 and on the distribu­
tion of computation23 for rates r exceeding Rcomp are known to apply 
also to the ensemble of convolutional codes, for which the coder's 
complexity is proportional to n. This extension to convolutional codes 
has not been analytically established for the distribution of computa­
tion for rates below Rcomp;21. 22 however, it seems a reasonable con­
jecture that the degradation in performance due to the implementa­
tion of a tree code by a convolutional code is small for all rates. 

3.1 Error Probability 

From a result of Yudkin, it is inferred in Appendix A that the prob­
ability Pu (e) that a sequential decoder decodes a serial block incor­
rectly is bounded by a negative exponential function of m, the number 
of redundant coder input bits in each n-symboPO With m = nS, 

puCe) < p~(e) = nAe exp [-novE,,(r)] (9) 

where Ae is a constant and Eu (r) is a function of the tree code rate r 
and of the transition probabilities of the DMC. The exponent Eu (r) 
is positive for any rate less than the capacity of the DMC. It is 
sketched for a typical DMC in Fig. 6. The probability of error p(e) 
for the hybrid decoder is the probability that NS/2 or more undetected 
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o Rcomp Co 

Rate r (BITS PER CHANNEL USE) 

Fig. 6 - Sequential code error exponent Eu(r) for a typical DMC. 

serial block errors occur within a parallel block. Thus 

(10) 

The asymptotically tight Chernoff bound for the distribution of 
sums of binomially distributed random variables may be applied to 
the right-hand side of (10) .10 

pee) ~ exp (-N {Te[0/2, puCe)] - H( 0/2)}) 

where 

o ~ puCe) < 0/2 (11) 

Te(x, y) = -x en y - (1 - x) en (1 - y) 

H(x) = -x en x - (1 - x) fn (1 - x). 

It can readily be shown that for y < x < 112, 

Te(x, y) - H(x) > O. 

Thus the bound decreases exponentially with N. Notice that 

a 
8pu(e) Te[0/2, puCe)] < 0 puCe) < 0/2. 

(12) 

(13) 

Thus, the exponent in (11) is monotone decreasing in pu(e), provided 
that puCe) < 0/2; therefore pee) can be further upper bounded by 
substituting p~(e) for puCe) in (11) 

pee) < exp (-N{Te[0/2, p~(e)] - H(0/2)}) p~(e) < 0/2. (14) 

The exponent in (14) will be positive if p~(e) < 0/2 < !. By virtue of 
(9), this will be true if 

1 
n > ovE,Jr) en (2nA e/o). (15) 
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Thus p (e) decreases exponentially with N if (15) is satisfied. But 

1 - R 3 
0=-2-+2N; (7) 

o > 0 if R < 1 

and 

Eu(r) > 0 if r < channel capacity. 

Thus, values of r, 0, and n can be found for which the constraint (15) 
is satisfied, while the overall rate, given by (8), is arbitrarily close 
to the channel capacity; that is, 0 arbitrarily close to zero and r 
arbitrarily close to capacity. 

The overall block length is Se = nN. The serial block length n is 
constrained by (15) and by the constraint on the alphabet size of 
an RS code: 

n ~ log2 (N + 1). (4) 

Thus for fixed overall rate R', and very large values of N, n behaves 
essentially as log2 N, or at most as log2 B •. This implies that for a fixed 
rate less than the channel capacity, the probability of error is bounded by 
a quantity that asymptotically decreases almost exponentially (approxi­
mately as B./log2 B8 ) with overall block length 8 •. Notice also that the 
quantity B. is proportional to the complexity of the hybrid coder, if 
the tree codes are convolutional codes. As mentioned earlier, it seems a 
reasonable assumption that the bounds on error probability and distri­
bution of computation apply to convolutional codes of any rate. 

The choice of T = N 0/2 - 1 was arbitrary but convenient. For 
practical systems where N is less than, say 50, it would undoubtedly 
be more efficient to make m large enough that p~(e) is negligible and to 
use the RS decoder to correct only erasures, that is, set T = 0 and 
8 = N(l - R). 

3.2 Distribution of Computation 

A sequential decoding computation is done every time a tree branch 
is examined and compared to a received branch. Let c be the total 
number of computations to decode a given serial block, that are done 
by a sequential decoder operating alone, without aid or relief from 
an algebraic decoder. Appendix A uses the results of References 19, 
21, 22 and 23 to show that the probability distribution function of 
c is bounded by a function which asymptotically is a pareto distribu-
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tion. That is, 

(16) 

where ex' = max {I, a}, Ac is a constant, and a is the pareto exponent, 
a function of tree code rate r and of the channel statistics. The pareto 
exponent is positive for all rates less than channel capacity, and is 
greater than unity for all rcLtes less than Rcomp , which is less than channel 
capacity. The pareto exponent is sketched as a function of r for a 
typical DMC in Fig. 7. Note that the average of c is finite if and only 
if a is greater than one. It is clear that the smaller a is, the slower is the 
asymptotic decrease in pr (c ~ x), and hence the greater is the varia­
bility of the random variable c. The bound on pr (c ~ X) will be used to 
upper bound the distribution of the number of computations done by 
the hybrid decoder in decoding a super block. 

For analytical convenience it will be assumed that sequential de­
coding of any serial block within a super block does not start until: 

(i) The preceding super block has been decoded. 
(ii) The entire serial block has been received and stored in the 

sequential decoder's buffer. 

These conditions ensure that successive super blocks are decoded 
independently, and that during the decoding of any super block there 
is no idle time spent by the sequential decoders waiting for new 
branches to arrive. These assumptions can only delay the operation 
of the sequential decoders in our model, and hence lead to a conserva­
tive estimate of the buffer overflow probability. 

Decoding of a super block is essentially completed when all but 
S of its N serial blocks have been sequentially decoded. The number 
of decoding operations then done by the RS decoder is bounded by 
a fixed quantity, and will be neglected. Accordingly we define C, the 

a 

Rcomp Co 

Rate r (BITS PER CHANNEL USE) 

Fig. 7 - Pareto exponent a for a typical DMC. 
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number of computation units to decode the super block to be the 
(8 + 1) th largest of {Cl, C2, ••• , cn}, where Cj is the number of com­
putations that the jth sequential decoder, acting alone, would require 
to decode the jth serial block. Then, no more than 0 computations 
are done by anyone sequential decoder during the decoding of the 
super block. One computation unit represents one or more (up to N) 
sequential decoding computations done simultaneously by the corre­
sponding number of sequential decoders. 

The number of computation units 0 exceeds X if (8 + 1) or more 
of {Cl,C2, .•. ,cN}exceedX.From (16), 

pr (Cj ~ X) ~ p:r; = [nalaAc/Xr. (17) 

Then analogous to (14) we have, for S + 1 = N a, 

pr (0 ~ X) ~ exp {-N[Tc(o, p:r;) - H(o)]} p:r; < o. (18) 

A cruder but simpler bound is obtained by bounding To(a, P:xJ by 
-a In P{J}. Thus for P{J} < a 

pr (0 > X) ~ exp [NH(o)]p~~ (19) 

where 

Al = exp [H(o)/ao]na'/ a Ac . 

From t.he definitions of Al , and H(o), and expression (17) for pr, it is 
easy to show that the condition Px < 0 is certainly t.rue if X > Al . 
Also, pr (0 ~ X), being a probability, is certainly bounded by unity. 
Thus 

pr (0 ~ X) ~ {[Al/X]N5a X > Al . 

1 X ~ Al 
(20) 

Notice that the right-hand side of (20) asymptotically has the 
form of a pareto probability distribution, but that the effective pareto 
exponent is Na times the pareto exponent for pure sequential de­
coding. Now, 

1 - R 3 
0= -2- +2N; (7) 

o > 0 if 0 < R < 1 

and 

a> 0 if r < channel capacity. 
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As the overall rate approaches channel capacity, a and 0 both ap­
proach zero and the "break point" Al grows very large [AI also in­
creases as the 1/ ath power of log2 (N + 1) for very large values of N]. 
However, for arbitrarily small but fixed values of a and 0, the RS code's 
block length N may be chosen sufficiently large that the effective pareto 
exponent N oa can be arbitrarily large and hence pr (C ~ X) arbitrarily 
small, for any X greater than Al . 

For a fixed value of N, the upper bound (20) is interesting only for 
X » Al or for values of a and 0 large enough that Noa» 1. For values 
of X for which (20) is not tight, the probability pr (C ~ X) is upper 
bounded by the probability that the largest of {CI , C2 , ... , CN} exceeds 
X; that is, it is bounded by N pr (C ~ X) where pr (C ~ X) is bounded 
in (16). 

3.3 Average Computation 

Presumably, the average number of computation units done per 
super block is bounded if N oa > 1, even if 0 < a ~ 1. This is true, as 
will now be shown. The average of C is written 

00 

(C)av = L Xpr (C = X) 
X=I 

00 

= L X[pr (C ~ X) - pr (C ~ X + 1)] (21) 
X=I 

00 

= L pr (C ~ X). 
X=I 

Then by (20) 

00 

(C)av ~ Al + L (A I/X)N5 " . 
X=A 1 +I 

The sum can be bounded by an integral from Al to infinity, since the 
integrand is positive and monotone decreasing. 

(C)av ~ Al + foo (A I /Xt 5
" dX 

Al 

= NoaAI < 0:> if Noa> 1 
Noa - 1 

No~: 1 [exp [H(o)/ao]n"""A c]' 

(22) 

Thus the average number of computation units per super block is 
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bounded if the effective pareto exponent N oa exceeds unity for any 
overall rate that is arbitrarily close to capacity, if N is chosen sufficiently 
large. 

The bound on (C)av varies with n as nat/a. Note that the number of 
computation units C is a bound on the number of computations done by 
each of the N sequential decoders, and that the number of information 
bits decoded by each sequentjal decoder per super block is no more than 
n. Thus the average number of sequential decoding computations per 
information bit is bounded by 

Noa> 1 (23) 

where 

Noa 
A2 = Noa _ 1 [exp [H(o)/ao]Ac]. 

Since the block code is Reed-Solomon, n is constrained by 
n ~ log2 (N + 1). The overall block length (reflecting the complexity 
of the hybrid coder) is nN. Thus the minimum possible value of n 
behaves as the logarithm of the overall block length, and the average 
computation per bit increases as the (a' / a - l)th power of the loga­
rithm of overall block length. Furthermore, if l' < Rcomp then a' = a > 1, 
and the average computation per bit is independent of the overall block 
length. 

For rates above Rcomp , the exponent a' / a increases rapidly with rate, 
approaching infinity at channel capacity. Thus the bound on the 
average computation, although finite, increases very rapidly with rate 
above Rcomp • The average computation observed in the simulation 
reported in Reference 19 did indeed increase very rapidly with rate 
above Rcomp • 

3.4 Probability of Buffer Overflow 

A new super block arrives to be decoded once every nVr seconds. 
Each of the N sequential decoders is provided with a buffer which 
is assumed to store the latest Bv received output symbols from its 
respective DMC. Since we have assumed that all symbols comprising 
a super block must have been received before any decoding of the 
super block can start, the total storage must be large enough to con­
tain one or more super blocks, that is, B must exceed n. Whole or 
partial super blocks stored but not yet decoded form a queue. 

If the queue exceeds Bin super blocks (Bv channel output sym-
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boIs per DMC) buffer overflow occurs. We wish to upper bound 
PL (B), the probability that the buffer overflows before the first L 
consecutive super blocks are decoded, given that the decoder starts 
with initially empty buffers. 

Let qi be the number of undecoded super blocks in the queue just 
after i consecutive super blocks have been decoded. Let Xi be the 
number of new super blocks which arrive to join the queue during 
the decoding of the ith super block. Because of our convention that 
decoding of any super block does not begin until the entire block 
has joined the queue, the number Xi does not include the ith super 
block itself or later super blocks. The random variables Xi and qi 
are not necessarily integers, since a fraction lin of a super block 
arrives to be decoded every VT seconds. 

When decoding of the first super block starts, the queue consists 
of only the first super block. Just after the first super block is decoded, 
the queue is thus diminished by one but has been increased by X 1. 

Thus 

ql = 1 - 1 + Xl = Xl . 

Just after the second super block is decoded, 

{
q I-I + X 2 if ql ~ 1 

q2 = 

X2 if ql < 1. 

This is upper bounded by ql + X 2 for any ql ~ O. Therefore 

q2 ~ Xl + X 2 . 

Similarly, 

{
q2 - 1 + X3 if q2 ~ 1 

q3 = 
X3 if q2 < 1 

~ Xl + X 2 + X3 for any q2 ~ O. 

By induction then, 

i 

qi~ LXI' 
1=1 

(24) 

(25) 

(26) 

(27) 

(28) 

This upper bound increases monotonically with i. It is clearly a crude 
approximation for large i. However it will turn out to yield a theoret­
ically interesting upper bound on PL (B), at least for values of L 
which are small relative to B. 
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PL(B) = pr [(ql + 1 ~ B/n) or (q2 + 1 ~ B/n) or 

(qL + 1 ~ B/n)] 

= pr [max {ql , q2 , ... , qd ~ (B - n)/n] 

~ pr [tx,;;; (B - n)/n} 

This inequality follows from (28) and the fact that all X e ~ o. 

711 

(29) 

Suppose each sequential decoder is capable of doing up to JL computa­
tions in each vr-second interval, during which time a new branch arrives 
in each buffer. The parameter JL must be several times greater than the 
average number of computation units that the hybrid decoder does per 
information bit, if the decoder is to keep up with the incoming data. 
The hybrid decoder is "busy" (doing exactly JL computation units every 
vr-second interval) until it is about to start decoding a super block 
which has not yet completely entered the buffer. From that instant it 
is idle until the entire super block has entered the buffer, at which time 
it becomes busy again. Thus, a busy interval can only be initiated just 
after the arrival of some super block, and can end only upon completion 
of the decoding of some subsequent super block. Suppose that during 
a partiCUlar busy interval, the lith through (ll + 17)th super blocks are 
decoded (1I, 17 integers; L ~ 1I ~ 1, 17 ~ 0). Let C I be the number of 
computation units to decode the lth super block. Thus L~~~ C 4 is the 
total number of computation units done during the busy period. The 
first new super block to arrive during the busy interval arrives after 17 
computation units have been done; thereafter, super blocks arrive every 
JLn computation units. Thus (1/ I.m) L~~~ C I super blocks arrive during 
the entire busy interval. Successive busy intervals do not overlap, and 
therefore until the Lth super block is decoded, 

L L 

L Xl ~ (l/JLn) L Cl • (30) 
1~1 1=1 

Thus, from (29), 

P L(B) ~ pr [t C I ~ JL(B - n)]. 
1=1 

(31) 

Since coding and decoding is independent from one super block to the 
next, the random variables {C I , .e = 1, 2, ... , L} are statistically 
independent, and have a common cumulative probability distribution 
function which is bounded by the asymptotically-pareto distribution 
function (20). 
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The probability that overflow occurs before the first block is de­
coded is 

[ 
Al ]Naa 

Pl(B) ~ pr [C1 ~ (B - n)] < }.t(B _ n) . (32) 

In appendix B an upper bound is obtained for the probability distri­
bution of a sum of L statistically independent pareto-distributed ran­
dom variables.* If the distribution of each random variable is upper 
bounded by pr (C i ~ X) ~ (A/X)8, S > 1 then it is shown that 

pr [t, C, ;;; Y] < DL(Ac/y)" (33) 

where D = 1 + eGo This bound is valid for values of L which are small 
relative to y; specifically, for 

(33a) 

Applying inequality (33) to (31), we obtain the following bound 
for the probability of buffer overflow before L super blocks are 
decoded: 

[
A ]NOa 

PL(B) < DL }.teB ~ n) , Noa> 1 (34) 

provided that 

_ LAI fn {[}.teB - n)]NOa} in {}.teB - n)} < e- 1 • (34a) 
/.L(B - n) A~oa L Al 

Condition (34a) will be satisfied for values of L which are small 
relative to the product of decoder speed and available buffer size 
p.(B-n). Inequality (34) then indicates that PL(B) tends to increase 
linearly toward one with L and to decrease asymptotically as the 
negative (Noc<) th power of p. (B-n) . 

The techniques used to bound PL (B) were too crude to yield a useful 
result for small values of p. (B-n) or relatively large values of L; if 
condition (34a) is not satisfied, PL (B) can only be estimated by heu­
ristic reasoning. The waiting line of undecoded super blocks can 
increase during the decoding of a given super block only if C, the 
number of computation units to decode the super block exceeds the 
number of computation units the decoder can do in nVr seconds, that is, 

* Jelinek has given a more easily derived upper bound, which in its dependence 
on L, is at least as tight as our bound for 1 ~ s ~ 2.30 
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if C > np... The probability that the queue increases is bounded by 
(20) with X = np... 

pr (0 > nJ.t) < (A l/nJ.t)Naa . 

If the decoder's speed factor p.. is made large enough so that np.. > 
(C)av where (C)uv is bounded by (22), then the probability that the 
queue increases during the decoding of any super block approaches 
zero as N approaches infinity. Then the queue would be expected 
to remain close to zero most of the time, and consequently the proba­
bility that the buffer overflows during the decoding of a given super 
block would be approximated by pdB), the probability that the first 
super block causes buffer overflow. For this reason, we use Pl (B) , 
bounded by (32) as a measure of buffer overflow probability. 

It was shown in Section (3.3) that if Noa > 1, the mean computa­
tion per super block is bounded by 

(22) 

A hybrid decoder which can perform at least <C)uv computation units 
in a nVT-second interval can, on the average, keep up with the in­
coming stream of super blocks arriving at nVT-second intervals. A 
necessary condition for np.. > <C)uv is 

(35) 

where p..o is any number greater than Noa/ (Noa - 1). 
Under condition (35) Pl (B), given by (32), is bounded by 

(36) 

A fairly realistic measure of the cost of the hybrid scheme is the 
total amount of buffer storage utilized. If each of the N individual 
sequential decoders has a buffer capable of storing Bv channel output 
symbols, the total number of symbols which can be stored is 

St = BNv. (37) 

Suppose we set 

B = n(l + e/J.to). (38) 

Then 
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PICB) < exp [-Noa] 

= exp [- St oa/Bv] 

[ -St oa 'J 
= exp vn(1 + e/ fJo) • (39) 

For very large values of N (and therefore of St), the necessary 
value of serial block length n increases no faster than log2St to fulfill 
the constraints (4), (37) and (38). Consequently, the buffer overflow 
probability PI (B) is bounded by a quantity that asymptotically 
decreases almost exponentially with the total decoder storage St (that 
is, as St/log2 St). Furthermore, the exponent in (39) is positive pro­
vided that ,8 > 0 and a > O. These conditions may be met for any 
overall rate R' which is less than channel capacity if the tree code 
rate r is less than channel capacity, and 0 is small enough so that 
condition (8) is fulfilled. The derivation of this result suggested that 
best use would be made of a large but fixed amount of buffer storage 
if the number of parallel sequential coding-decoding systems is as 
large as possible, while the amount of storage allocated to each is a 
relatively small fixed multiple of the serial block length n. 

[v. A NUMERICAL EXAMPLE 

The upper bounds of the previous section are generally useful only 
if one is interested in asymptotic performance. Calculation of per­
formance parameters for an implementable system should be based 
on the results of simulations. In this section we illustrate the estima­
tion of performance parameters, based on a simulation of a sequen­
tial decoder. 

Reference 25 describes the computer simulation of a Fano algorithm 
sequential decoder which decodes convolutionally coded binary anti­
podal signals received from a quantized phase-coherent white gaus­
sian noise channel. For a convolutional code rate r = 1/7 bits per 
channel use, a signal-to-noise ratio of -6.5 dB, and an 8-level channel 
output quantization scheme, the pareto exponent '0: was very close to 
unity, that is, Rcomp was close to 1/7. Other parameters are: 

(i) serial block length n = 360 branches 
(ii) number of redundant branches per serial block m = 24 
(iii) convolutional code constraint length = 24 branches. 

The net information rate of this system was then 

! 360 - 24 = 0 133 bits per channel use. 
7 360 . 
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Assume the following RS code parameters 

(i) Block length N = 31 = 25 
- 1. 

(ii) Alphabet size = 32 = 25
, so that each super block is a se­

quence of 72 RS code words. 
(iii) Rate R = 26/31, so that 5 serial blocks out of 31 are check 

symbols. 
(iv) The RS decoder is designed to correct no errors and up to 5 

erasures per RS code word. 

The RS decoder would be easy to implement. A 155-bit register is 
required to store a RS code word consisting of 31 32-ary symbols. In 
addition, circuitry must be provided to solve 5 parity check equations 
to find the values of up to 5 erased 32-ary symbols. Forney has de­
scribed efficient techniques for finding values of erasures.16 The number 
of RS decoding operations is on the order of the square of the number 
of erasures which can be corrected. 

Reference 25 shows empirical probability distribution functions for 
the total number of computations per serial block as observed in the 
simulation. For example, for the - 6.5 dB channel, the probability that 
c, the number of computations per serial block exceeds 36,000 is approxi­
mately 10-2

• Thus the probability pr (C ~ 36,000) that the number of 
computation units to decode a super block exceeds 36,000 equals the 
probability that 6 or more of the 31 serial blocks require more than 
36,000 computations. This probability is obtained from tables (S. 
Weintraub, Tables of the Cumulative Binomial Probability Distribution 
for Small Values of p, London: Collier-Macmillan, 1963). 

pr (C ~ 36,000) = I: [3?Jpi(1 - p)36-i = 6 X 10-7 (p = 10-2
). 

i=6 'L 

Now assume that each sequential decoder is fast enough to do p. = 
50 computations between received branches. Then, up to 360ft = 18,000 
computations can be done by each decoder in the time taken for one 
new serial block to enter the buffer of each; hence if each sequential 
decoder has a buffer with a storage capacity of three serial blocks, 
the buffer storage will overflow (starting from the initially empty 
state and assuming that decoding of a block starts after it is within 
the buffer) if the first super block requires more than 2 X 18,000 = 
36,000 computation units. Then, assuming overflows are rare enough 
to be nearly statistically independent, the buffer overflow probability 
per super block would be about 6 X 10-7

• Each decoder's buffer stores 
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3 X 360 = 1080 received branches, and the total number of branches 
stored is thus 1080 N = 33,480. The total number of bits (one per 
branch) per super block is 360 X 31 = 11,160. 

Takingno = m = 24, v = 7, Eu(r) 10g2 e ~ R COIDP ~ 1/7, and assuming 
that A" ~ 1 and that the upper bound (9) holds for convolutional codes, 
we have a rough upper bound for p.(e), the probability of undetected 
error per serial block. 

puCe) :s 360 X 2-24 = 2.23 X 10-5
• 

(In the simulation, none of 1331 decoded blocks contained undetected 
errors.) 

The probability of an undetected error for a super block is the 
probability that one or more of the 31 serial blocks has undetected 
errors; this probability is upper-bounded by 31 X 2.23 X 10-5 = 
6.9 X 10-4 • This probability may be considered too high. It may be 
decreased about 3 orders of magnitude by increasing the value of 
m from 24 to 34. The resulting increase in the serial block length 
from 360 to 370 should cause negligible effect on the distribution of 
computation per serial block. 

The net information rate of this system is rR (n-m)/n = 0.109 bits 
per channel use. It can be shown that the required signal-to-noise 
ratio per information bit is about 4.7 dB above Shannon's theoretical 
minimum for the infinite bandwidth white gaussian noise channel. 

By such simple calculations based on extensive simulations, one 
can optimize the parameters of a hybrid scheme to meet given cost 
and performance criteria. 

v. CONCLUSIONS 

In the hybrid decoding scheme the number of decoding computation 
units per super block is a random variable, reflecting the probabilistic 
character of the sequential decoders' operations. However the pareto 
exponent is proportional to N; the frequency of large peaks of compu­
tational effort is reduced by algebraic decoding of the occasional serial 
blocks which otherwise would require excessive sequential decoding 
computation. 

It was shown that for any overall information rate that is strictly 
less than the channel capacity, a finite minimum value of parallel block 
length N can be specified such that the average number of sequential 
decoding computations per bit is bounded by a quantity varying as 
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ncx1/cx-r, where a is the original pareto exponent for the sequential 
decoding components and a' = max {a, I}. The number of algebraic 
decoding computations per bit is a fixed number which is almost inde­
pendent of parallel or serial block length.6 

It was also shown that for a proper choice of parameters, the error 
probability decreases nearly expooentially with the overall block length, 
and (heuristically) that the probability of buffer overflow asymptotically 
decreases almost exponentially with the total amount of storage at the 
decoder. These results can hold for any overall information rate which is 
strictly less than the channel capacity. 

A rigorous upper bound was also obtained on PL(B), the probability 
that the buffer overflows before L super blocks are decoded. The bound 
is valid for /.L(B - n) » L, and behaves as L[Ale/ /.LB]Nacx for B »n and 
fixed effective pareto exponent N oa. 

The hybrid scheme shares the multistage feature with the schemes 
of Ziv, Pinsker, and Forney.13-16 In Ziv's scheme, there is an in­
termediate stage in which errors made by the inner block coding 
stage are detected and treated as erasures. After a scrambling-de­
scrambling procedure these erasures are corrected by an outer block 
coding-decoding stage. Forney's scheme has two stages; a large alpha­
bet RS code outer stage corrects errors and/or erasures made by an 
arbitrary inner block coding-decoding stage. Pinsker's scheme utilizes 
sequential coding-decoding for the outer stage. The principle is that if 
the inner stage has a sufficiently low error probability, the rate Rcomp 

seen by the outer stage is little different from channel capacity. (This 
is, in a sense, the inverse of our hybrid scheme.) 

In the hybrid scheme described in this paper, the inner and outer 
stages embody sequential (pro ba bilistic) coding-decoding and alge­
braic coding-decoding respectively. Sequential coding and decoding is 
practical to implement and is efficient for any given DMC, which 
might be created from a physical communication channel by effi­
cient modulation, demodulation, and quantization. 26 , 27 The number of 
computation units per super block is a random variable, reflecting 
the probabilistic nature of sequential decoding and of short-term 
channel behavior. However, the variability of the sequential decoding 
computational load is eased substantially by the outer (algebraic) 
stage. Thus, in contrast with previous multistage schemes, the outer 
decoding stage assists the inner decoding stage, as well as correcting 
its errors. 

Modifications and generalizations of the hybrid scheme are pos-
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sible. A related scheme, in which channel symbols are not organized 
into independently coded blocks, was studied in Reference 19. An­
other modified hybrid scheme, falling into the general class of con­
catenated schemes considered by Forney, is implemented by imposing 
an upper limit Xo on the number of computations any sequential 
decoder can do on a serial block.16 Assuming the speed factor p. is large 
enough that Xo computation units may be done in the time taken 
to receive one super block, no queue of undecoded super blocks can 
build up, and the buffer overflow problem is eliminated. Instead, any 
super blocks requiring more than Xo computation units are passed on 
to the user as erasures. The probability of erasure is then bounded 
by the right-hand side of (19) with X = Xo > Al , that is, it de­
creases exponentially with parallel block length N. 

The multistage approach embodied in the hybrid scheme would 
also appear to be useful for real channels with memory, where errors 
or severe channel disturbances occur in bursts, usually separated by 
fairly long intervals with only scattered random errors. If the N 
serial blocks comprising a super block are transmitted consecutively, 
a burst occurring during the transmission of one or more consecutive 
serial blocks would likely render them nearly undecodable by se­
quential decoding. Then if the burst did not extend over more than S 
serial blocks, an outer Reed-Solomon or other burst-correcting stage 
could correct the resulting erasures. The application of hybrid or 
other multistage coding schemes to real channels with memory is an 
interesting area for future investigation. 

Any "hybrid" or "concatenated" coding-decoding scheme, incor­
porating a number of separate parallel coders and decoders would 
likely be orders of magnitude more complex than present day coding­
decoding schemes for discrete memoryless channels. However the ad­
ditional complexity may be a tolerable price to pay for the benefits 
of increased reliability and more efficient utilization of the commu­
nication channel. It is also well to remember that highly complex 
digital systems are becoming increasingly feasible as a result of rapid 
progress in integrated circuit technology. 
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APPENDIX A 

Bounds on Performance for Sequential Decoding 

Various upper bounds on the probability of error and the distribu­
tion of computation for the Fano sequential decoding algorithm have 
been given in References 20, 21, 22, and 23. All these bounds were 
obtained by random coding arguments, that is, by averaging over an 
ensemble of tree codes with a given probability distribution. The 
results apply to an arbitrary DMC with a P-symbol input alphabet 
and Q-symbol output alphabet, and a transition probability matrix 
{qij}. We shall summarize some of these previous bounds and then 
shall relate them to the performance of the hybrid scheme. 

Using Gallager's notation, we define the function 

where 

{Pi} i = 1, 2, ... , P is the probability distribution on the channel 
input symbols which maximizes Eo(p).3 

It can be shown that Eo (p) is a nondecreasing function of p, that 

and that 

lim 1: Eo(p) = Co 
p-o p 

where Co is the capacity of the DMC in bits per channel use. 
Any transmitted serial block is a sequence of nv channel input 

symbols which label the corresponding correct path through the 
code tree. A path which diverges from the correct path is termed an 
incorrect path. A sequential decoder makes an undetected error at 
some node lying on the correct path, if the pattern of channel symbol 
transitions causes the decoder to reach the end of the serial block 
while on some incorrect path stemming from that node. One or more 
branches following the node will then have been decoded incorrectly. 
Of the n coder input bits which generate a serial block, m (the final 
m) are known to the sequential decoder. Hence a necessary condition 
for an undetected error to occur in decoding any serial block is that 
an incorrect path exists whose corresponding sequence of coder input 
digits matches that of the correct path in m or more places, and 



720 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1969 

which the decoding algorithm can follow past those m places. The 
probability Ph (e) that this necessary condition is fulfilled for say 
the hth node lying on the correct path has been upper-bounded by 
Yudkin, by random coding arguments.20 

(40) 

where Ae is a constant and EuCr) > 0 for 0 ~ r < Co . The exponent 
Eu(r) is sketched for a typical DMC in Fig. 6. It is considerably greater 
than the unexpurgated error exponent for block codes ~with the same 
rate.3 In fact, Eu(r) = Eo(l) for rates below r = Eo (1) log2 e bits per 
channel use. This result for convolutional codes was also shown by 
Viterbi.29 The probability of error puCe) for a serial block is upper 
bounded by the probability that the necessary condition for undetected 
error occurs for one or more of the n nodes on the correct path. By 
the union bound, 

n 

puCe) ~ L Ph(e) ~ nA. exp [ - mvEuCr)]. (41) 
h=l 

Inequality (9) follows from this result with no substituted for m. 
Consider tree codes of rate r bits per channel input, where the tree 

extends infinitely to the right. The incorrect subset of the hth node 
lying on the correct path is defined to consist of that node plus the 
infinite set of nodes lying on incorrect paths which stem from the hth 
node. Let "fh be the total number of computations (examinations of 
branches) ever done on nodes within this incorrect ubset. Then "III iss 
a random variable over the ensemble of tree codes and channel transi­
tion sequences. The 8th (8 > 0) moment of "Ih is bounded by a fixed 
quantity A: for rates r such that 

r < (EoC8)/8) log2 e. (42) 

The quantity A: is a function of 8, T, {Pi} and {qij}. This was established 
for integral values of 8 by Savage, for all 8 ~ 1 by Yudkin, and for 
o < 8 ~ 1 by Falconer.19 ,21-23 In particular, note that the mean of "Ih 

is only bounded for r < Eo(l) log2 e. The quantity Eo(l) for a DMC is 
also denoted by Rcomp , that rate below which the mean computation is 
finite. This bound on ('Y~)av leads to an upper bound on the probability 
distribution pr ('Yh ~ x) by use of the Chebyshev inequality.21 

( > ) < < 8) -, pr 'Yh = x = 'Yh avX 8 > 0 (43) 
r < CEo(8)/8) log2 e. 
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The pareto exponent a is defined parametrically by 

(44) 

Then for any € > 0 

(45) 

The right-hand side of (45) is proportional to a pareto probability 
distribution. The positive quantity € may be made arbitrarily small 
by setting Ac large enough. Henceforth, we shall ignore € as trivial 
since it would not affect our asymptotic results. Thus, we write 

(46) 

and 

(47) 

where 

Eo(a)/a = r/log2 e, 

where the rate r is in bits per second. The pareto exponent for a 
typical DMC is shown in Fig. 7. The exponent on the right-hand 
side of (47) agrees asymptotically with that of a lower bound on the 
distribution of sequential decoding computation derived by Jacobs 
and Berlekamp.24 

Let us now relate this upper bound on the distribution of computa­
tion for the Fano sequential decoding algorithm to the sequential 
decoding of serial blocks in the hybrid system. Only the portion of 
the code tree to a depth n branches from the origin is used to code 
and decode a serial block. Furthermore the last m information digits 
are known to the sequential decoder. Truncating a tree at a depth of 
n branches and making known the final m information letters can 
only reduce the number of branches a sequential decoder must exam­
ine before completing all computations in the first n incorrect subsets 
of an infinitely deep tree. Furthermore, it can be shown that for 
the Fana sequential decoding algorithm, allowing the decoder to 
search branches beyond depth n cannot reduce the number of com­
putations ultimately done within a depth of n branches. Therefore, 
if c is the total number of computations to decode a serial block, 

(48) 



722 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1969 

and 

(a > 0). (49) 

The right-hand side of (49) may be bounded with well-known in­
equalities.28 

Since 

o < a < co, for all h, 

we have 

or 

( a) a'Aa c av < n e 

where 

a' = max (1, a). 

Then pr (c ~ x) is bounded using Chebyshev's inequality 

pr (c ~ x) ~ (ca)avx- a ~ n a' (Ae/x) a 

where a is given parametrically by r = [Eo(a)/a] log2 e. 

APPENDIX B 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

Probability Distribution of a Sum of Independent Pareto-Distributed 
Random Variables 

It is required to upper-bound 

pr [t c, ~ yJ ' _-I 

where the {Ct } are a set of independent positive integer-valued ran­
dom variables whose distribution is asymptotically bounded by a 
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pareto distribution function 

pr [C, ~ x] ~ {(A/Xr , x ~ A 
1, 0 < x < A 

(56) 

where s is greater than one. The following assumption will be found 
necessary 

r1 
(A/y) en (yB / A "L) en (y/ A) < ~L' (57) 

This assumption is tantamount to requiring that y be large relative 
to L. 

We shall split the required probability into two parts, one of 
which is bounded by a union argument, and the other by use of a 
Chernoff technique (Reference 12, p. 97). That is, we write 

where 

But 

pr [t Ci ~ yJ = PI + P2 
0=1 

p, = pr [t, C, ;,; y; one or more of {Cd;,; yJ 
P2 = pr [ t c, ;,; y; all { c, I < y 1 

Pl < pr [one or more of {C.} ~ y] 
L 

~ Lpr(C i ~ y) 
i=1 

(58) 

(59) 

by the union probability bound. So, substituting (56) into (59), we get 

PI < L(A/yr y > A > 1 

s > 1. 
(60) 

The probability P2 may be bounded using the Chernoff technique, 
since each random variable Ci, being upper-bounded by y, has a finite 
moment generating function. To bound P2 we first define 

Zi = 1, 2, ... , y; 
(61) 

i = 1,2, ... ,L 



724 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1969 

and 

Then by definition, 

{
I x ~ 0 

<p(x) = 0 
x<o 

(62) 

p, ~ .~, f" J;, f" ...• ~, f'L q{ t, z, - Y 1 (63) 

We upper-bound the step function <I>(x) by the exponential function 
exp(Ax) , where>.. is an arbitrary positive quantity. We shall later 
choose a convenient value for >... The right-hand side of (63) can 
now be bounded by a product of sums. 

p, ~ .~, f" .~, f" ...• f, f'L exp [A( t, z, - Y) ] 

~ exp (-AY) g L~, f .. exp (M')] (64) 

~ exp (-AY) [~ f. exp (Az) r, (65) 

since the random variables {Zi} are identically-distributed. 
Now let 

1/-1 

1/1 = L: fz exp (~z). (66) 
z=1 

This may be expressed in terms of the distribution function pr (C ~ z). 

f z = pr (C = z) = pr (C ~ z) - pr (C ~ z + 1) (67) 

So, 

1/-1 

1/1 = L: exp (~z)[pr (C ~ z) - pr (C ~ z + 1)] 
z=1 

1/-1 

= 1 + L: [exp (~z) - exp (}..(z - 1))] pr (C ~ z) 
z=l 

- exp (}..(y - 1)) pr (C ~ y), (68) 

since 

pr (C ~ 1) = 1. 

Taking out the common factor [1 - exp (->..)] and upper-bounding 
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it by A, we get 
11-1 

tP < 1 + [1 - exp ( - ,,)] L exp (Xz) pr (C ~ z) 
z-1 

11-1 

~ 1 + " L exp (AZ) pr (C ~ z). (69) 
z=1 

The function tP is further bounded by employing the upper bound 
(56) for pr (C ~ z). 

A 11-1 

tP < 1 + A L exp (AZ) +" L exp (AZ) (A/zt . (70) 
z=1 z=A+l 

We now express the exponential functions as convergent power series 
and interchange the order of summation to yield 

tP < 1 + ± A exp (AZ) + t "h A,sh I: Zh-l-S. (71) 
z=1 h=1 h. z=A+l 

The sum over Z may be upper bounded by an integral, which can 
be evaluated and bounded by simple expressions 

11-1 fll 
'"' h-I-8 < h-I-8 d < 
L.J Z = Z Z = 

z=A+l A 

A h -8 

s-h 

A h-8 en (y/ A) 

y 

h-B 
-y­
h-s 

s-l<h~s 

s<h~s+1 

h>s+1 

(72) 

These bounds will be used to bound the right-hand side of (71). 
The first sum in (71) is bounded by the number of terms times the 
largest (last) term. 

A 

L A exp (AZ) < A exp (A A) . (73) 
z=1 

Therefore, defining ho to be that integer for which ho + 1 > s ~ ho, 
we have 

ho-l "hAh "hoAho 
tP < 1 + "A exp (AA) + t; (h _ I)! (s _ h) + (h

o 
_ I)! en (y/ A) 

+ Aho+l A By + (A/yr t (Ay)hh. (74) 
hoI h=ho+2 h! (h - s) 

In the final sum in (74), h ~ ho + 2 > s + 1, and hence the sum may 
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be upper bounded by bounding h/(h - s) by ho + 2 and then extending 
the summation down to h = o. Thus, 

(A/yY i: , (Ay)hh ~ (ho + 2)(A/yY i: (Ayt 
h-h.+2 h. (h - s) h-O h. 

= (ho + 2)(A/y)8 exp (Ay). (75) 

Furthermore in the first sum in (74), h ~ ho - 1 ~ s - 1, and hence 
the sum may be bounded by bounding l/(s - h) by 1 and then ex­
tending the summation to infinity. Thus 

h.-l (AA)h 00 (A A/ t; (h - 1)! (s _ h) < AA t; ~ = AA exp (AA). (76) 

Since s ~ ho , 

'" < 1 + 2AA exp (A A) + (s + 2)(A/yt exp (AY) 

(AAt (AA)8 + (ho _ 1)!en (y/A) + ~ Ay. (77) 

We shall now choose a particular value for A: 

A = A =! fn (--'1L). 
o y LAB 

We also assume that L is small enough relative to y so that 

1 
AoA[fn (y/ A)] < eL· 

(7S) 

(79) 

This assumption is equivalent to (57). This condition also ensures 
that AoA < 11eL < 1. The terms of (77) may now be bounded 
separately to yield a convenient upper bound on 1/1. Thus, 

2AoA exp (AoA) < 2/L. (SO) 

From (78), 

(s + 2)(A/yY exp (AoY) = (s + 2)/L. (81) 

Finally, using (7S) and (79) it is easy to show that 

(AoAt (AoAY 
(h

o 
_ I)! en (y/ A) + ~ AoY < 2/L. (S2) 

The function 1/1 is now upper bounded for A = Ao by using (SO), 
(S1), and (S2) in (77), 

'" < 1 + 4/L + (s + 2)L = 1 + (6 + s)/L. (S3) 
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Then, 

y," = [~f' exp (Az) r < [1 + (6 + 8)/Ll". (84) 

Now for any L, a ~ 0, 

[1 + a/L]L = 1 + a + L(L2~ 1) (a/L)2 

Hence, 

+ L(L - ~!(L - 2) (a/L)3 ... + (a/L)L. 

< 1 + a + a2/2! + ... = exp (a). 

",L < exp (6 + 8). 

Substituting (86) in (65), we obtain 

P2 < L(Ae/y)8 exp (6). 

Finally, after substitution of (87) in (58) and (60), 

pr [t, C, ;S; yJ < DL(Ae/y)', 

where 

D = 1 + l. 
This bound is valid under the condition (57), 
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Convolutional Reed-Solomon Codes 

By P. M. EBERT and S. Y. TONG 

(Manuscript received July 28, 1968) 

We derive a new family of convolutional character-error-correcting 
codes which are a convolutional form of the Reed-Solomon block codes and 
as such have nonbinary symbols . We also derive a bound on the error cor­
recting capabilities of these codes in which the error-correcting capability 
per constraint length grows approximately with the square root of the 
constraint length. 

When these codes are used on a binary channel they are effective for both 
random and burst error correction because a single character spans several 
channel digits. 

These codes have greater error-correcting capabilities than the Robinson­
Bernstein self-orthogonal codes but are harder to decode. The single­
character-error-correcting codes, when interleaved, are shown to be more 
powerful than the equivalent H agelbarger code and appear to be simpler to 
implement. They are also slightly better than the interleaved version of 
Berlekamp's code. 

We discuss encoding and decoding algorithms and illustrate a simple 
decoding algorithm for some of the codes. These codes are closely related 
to the Bose-Chaudhuri-Hocquenghem block codes and share with them the 
decoding simplification for character erasures in place of errors. Any 
Bose-Chaudhuri-H ocquenghem decoding algorithm can be used to decode 
these codes. 

1. INTRODUCTION 

This paper is concerned with a family of character error correcting 
convolutional codes which are derived from Reed-Solomon block 
codes.1 The derivation of the error correcting capabilities is easy be­
cause of the algebraic nature of the code; the convolutional nature of 
the code allows the use of a simple encoder even at high rates. Also, 
sequential decoding techniques might be applicable. 

Throughout the paper we use elements of a finite field as symbols 
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instead of just 1 and O. The elements can be represented by k-tuples 
of ones and zeros if the field has 27.; elements; these k tuples are called 
symbols or characters. Thus with this code we are able to correct 
character errors which may be bursts of binary errors. All that one 
need know about finite fields is that each nonzero element has an in­
verse and that there exists at least one element which when taken to 
successive powers will generate the entire field with the exception of 
the zero element. This is called a primitive element. 

The capability of the codes is given by the number of errors that 
can be corrected within a fixed number of characters (the constraint 
length). Suppose a code can correct three errors within a const.raint 
length of 12. Then the code can correct any pattern of errors as long 
as no sequence of 12 characters has more than three errors in it. In 
the context of error correcting ability one can define a minimum dis­
tance of the code. For linear codes the minimum distance (d), is 
equal to the minimum weight code word segment, one constraint 
length long, which has a nonzero first character. With this definition 
the code can correct up to (d-1) /2 errors occurring within one con­
straint length. 

The rate of a code, R, is the fraction of characters used as informa­
tion symbols. 

A convolutional code has its check symbols formed as a convolu­
tion or weighted sum of a fixed number of the past information sym­
bols. The weighted sum is formed in the algebra of the finite field. 

The codes described in Section II are capable of correcting t char­
acter errors within a constraint length of (2t 2 

- t + 1)/(1 - R) 
channel characters. The channel characters must be elements of a 
finite field of size at least [R(2t - 1) (t - 1) + 1]/(1 - R). If 
one uses as channel symbols elements of a much larger field it is pos­
sible to construct a code which will correct t errors with a constraint 
length of only 2t/ (1 - R). Those codes can be encoded by a stand­
ard convolutional encoder or by a number of accumulators which can 
also perform multiplication. Decoding can be accomplished by a 
modified Bose-Chaudhuri-Hocquenghem decoder. 

II. CONSTRUCTION OF THE CODES 

For a code of rate R = (b - l)/b one can use every bth symbol as a 
check symbol. To define the code completely one need only give the 
weights used in the convolution of past channel symbols. For con­
venience we put these weights in an N by b = 1/(1- R) matrix, B. Bi ,j = 
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W i - 1 +bi (The constraint length is Nb.) If Xi is a check symbol we write 

or 

bN-l 

Xi = - L Xi-kWk , 
k=l 

bN-l 

L Xi-kWk = 0, 
k=O 

i = b,2b, ... 

Wo = 1. (1) 

Following Wyner and Ash we take the N by b matrix called B and form 
it into an infinite A matrix by shifting B to the right b places and 
down one place:2 

Then by (1) any code sequence written as a vector x will satisfy 

Ax = O. (2) 

We define the code by defining the elements of the matrix B. B is used 
instead of the weights Wi because the notation is clearer. Denote the 
elements of B by Bij . Then let Bii = {3/y~-l where the b 'Y/s are c/, 
a\ ... , a b

-
2

, 0. The symbol a is a primitive element of the field, and 
00 is taken as 1. The 'Y/s are called locators. Let: {3i = a"w (b-l) 

where 

v (f) = .I: i = (j - 1) (j - 2). 
i=O 2 

Thus for any b, N, and finite field a code is defined. 
As an example we take the special case which was presented by 

Wyner, where N = 2 and the Bij are given by3 

{,,"-'HHl i ~ b 
Bii = 

OU-I) i = b 

B = [~ 1 1 

~l (3) 
2 b-2 a a a 

This code has d = 3 and thus can correct single errors, or double 
erasures in a constraint length of 2b. It has the additional advantages 
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that it can be easily implemented, it is optimal/" and it has no error 
propagation. We describe, in Sections III through V, the implementa­
tion and some properties of the single-character-correcting codes. 

III. DECODING TECHNIQUE FOR SINGLE CHARACTER CORRECTING CODES 

Single errors are particularly easy to correct because the first 
syndrome (difference between the calculated check character and the 
received check character) is equal to the error, and the second syn­
drome is equal to the error multiplied by the error location. Since 
we take 

i-l 
"Ii = a , 

"Ii = 0, 

i ~ b 

i = b 
(4) 

the error location i can be found by dividing the second syndrome Sl 
by ex and comparing the result to the first syndrome, So. This is 
repeated until they agree. The division can be implemented by a 
shift register whose feedback path corresponds to the coefficients of 
9 (x) the generator polynominal of ex, the primitive element.4 

IV. HARDWARE IMPLEMENTATION FOR SINGLE CHARACTER CORRECTING CODE 

The implementation is described through the example: symbols in 
GF (2k) k = 2, b = 4. The elements of GF (4) are represented as 
binary 2-tuples. Since X2 + x + 1 is a primitive polynomial in GF (2), 
division by ex can be instrumented by a two-state shift register with 
appropriate taps. The decoder takes form of Fig. 1. The entire re­
ceived vector is shifted into the data buffer and then the syndromes 
So and S1 are computed and stored in two registers Ro and R1, respec­
tively. So identifies the error pattern. If So is nonzero, it is assumed 
that a single character error of the pattern shown occurred. For each 
character shifted out of data buffer the R1 register is shifted once 
with the feedback path connected (which corresponds to a division 
by a). The error pattern So in Ro matches that contained in register 
R1 when the erroneous character just emerges out of the data buffer. 
This character need only have So subtracted from it to complete cor­
rection. It is possible to do all of this with simple logic circuitry and 
a storage of 2bk bits. 

*No other code, of the same constraint length, which corrects single errors, 
can have a higher rate (that is, fewer check symbols). 
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Fig. 1-Decoder for single error correcting code. Go and Gl are timing signals: 
Go is high during the time information characters appear; Gl is high when parity 
character appears. 

V. PROPERTIES OF THE SINGLE CHARACTER CORRECTING CODE 

Observe that for every b character one must decide, based on the 
current syndromes of 2k bits, the error pattern and the location of 
the error. Since there are b possible error locations one needs at least 
[log2b] = k bits for identification if 27.:-1 < b, and as there are 27.: error 
patterns in a character (including the no-error pattern) that calls for 
k bits of information; thus the lower bound on the number of syn­
drome bits is 2k which shows the code is optimal~~ when b > 2k-l. 

Notice that since the syndrome is reset to zero after correction (cor­
responding to the removal of the effect of the error on syndrome) no 
error propagation is possible. 

Interleaving can be applied to this class of codes to achieve a class of 
near-optimal burst-error correcting codes. If the interleaving degree is 

* It is optimal in the number of check symbols. 
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m then two adjacent characters in the original code are separated by 
m - 1 characters or L = k (m - 1) binary digits. A burst of length L 
+ 1 bits will never affect two adj acent characters of the original codes; 
hence the interleaved code is capable of correcting an L + 1 bit burst. 
Since the original code has a storage requirement of 2bk bits, the in­
terleaved code requires, at most, 2kbm bits. Observe that to correct a 
particular character one need not store the last character of the other 
m - 1 interleaved codes; therefore the storage requirement is 2 bkm 
- (m - l)k = 2 bk(l + L/k) - L. 

The required guard space is simply one less than the constraint 
length.~r, This can be seen by observing that in correcting a burst the 
syndrome must be set to zero when the last character in the burst is 
corrected. It follows that the guard space must always be shorter 
than the constraint length. Table I compares some members of this 
class of codes with some Hagelbarger burst-error-correcting recur­
rent codes as well as the Berlekamp burst-error-correcting recurrent 
codes (assuming Massey's decoding algorithm) .5-7 Table I shows this 
class of codes requires less guard space and hence is more powerful. 

TABLE I-COMPARISON OF BURST CORRECTING CODES 

Decoder cost* Guard space 

Rate Burst A B C A B C 

R = 1/2 20 44 - 61 61 - 60 
19 - 60 58 - 61 57 

R = 2/3 21 132 - 112 170 - 111 
22 - 120 - - 122 -

R = 3/4 20 183 - - 223 - -
21 - 168 156 - 171 155 

R = 4/5 20 326 - - 384 - -
21 - 225 - - 229 -
22 - - 219 - - 218 

* More precisely, the number of shift registers. 
Note: A - Hagelbarger codes. 

B - Berlekamp's type B2 burst-error correcting codes modified by inter­
leaving. 

C - Single-character correcting codes modified by interleaving. 

Although the number of shift register stages is not an accurate meas­
ure of decoder cost, it is seen that, except for the rate of 112, Hagel­
barger's codes generally cost more, especially at higer rates. Although 

* In our case the constraint length is equal to the storage requirement. 
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the interleaved single character correcting codes are slightly better 
than Berlekamp's code for correcting type Bl bursts, they are both the 
same (and optimal) for type B2 burst correction.2 

VI. GENERALIZATION 

In order to demonstrate the minimum distance of codes with a 
longer constraint length we rely on the following lemma. 

Lemma: If the code with N = Nl ~ 1 has a minimum distance of at 
least dl , then the code with N2 = Nl + dl - 1 has a minimum distance of 
at least dl + 1. 

The proof of this lemma depends on showing that no code word with 
dl or less nonzero elements can satisfy Ax = 0, which is equivalent to 
showing that any d] columns of A form a matrix of rank at least dl 

and thus equation (2) can be satisfied only by x = ° among all x with 
weight d1 or less. 

Proof: By the assumption that the code with N = Nl has minimum 
distance dl , there must be at least dl nonzero elements in the first Nlb 
symbols of x. Assume that there are just dl and no more, as well as no 
additional nonzero symbols in the rest of the constraint length N2 . 
We write x' as a dl dimensional vector consisting of only the nonzero 
elements of x. Accordingly A'x' = 0, where A' is a N2 by dl matrix with 
columns corresponding to the elements of x'. We must choose dl rows of 
A' which have a nonzero determinant. Assume for the moment that 
none of error locations are zero. We then choose the bottom dl of A'. 
We have a dl by dl array of nonzero elements. Each of the matrix 
element is guaranteed to be nonzero by the fact that all the nonzero 
elements of x lie within the first Nlb elements and consequently A' can 
only have no zeros in the dl th or lower rows. 

We now take the dl by dl array and divide each column by the first 
element. The first row is now alll's and the kth row is 

Bli + k - 1) 
Bij 

{3i+k-1'Y~ +k-2 

{3 
i-1 

('Ii 

= (ai(b-l)'Yi/-la[{k-l) (k-4)(b-l)/2). (5) 

We next divide each row by 0:[(k-1) (k-4) (b-1)/2] thus obtaining a Van­
der-Monde matrix. The determinant of the matrix cannot be zero since 
the quantity 

f(b-l) 
a 'Y. (6) 



736 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1969 

is unique for each column. If q of the locators are zero, we choose the 
bottom d l - q rows and those q rows which correspond to the l's in the 
q zero locator columns. This determinant is nonzero by the same logic. 
Consequently, the equation A'x' = 0, can only be satisfied by x' = 0, 
which contradicts our assumption. Therefore, the assumption is untrue 
and the minimum weight code word which satisfies (2) must have 
weight d l + 1 or larger, therefore providing the lemma. 

We now prove the general result by induction. When N = 1 the 
matrix 1 obviously has rank 1 and thus the minimum distance is 2. 
To obtain a minimum distance of 3 we need to add 2 - 1 = 1 to b, 
thus N = 2. Each time we increase the minimum distance by 1 we 
increase N by d - 1, thus 

N = 1 + I: i = (d - 2)(d - 1) + 1 
i-I 2 

2N - 4 = d(d - 3) for any value of d ~ 2. Since this is a lower bound 
on d we can be assured that for any d ~ 2 we can build a code with 
2N - 4 ~ d(d - 3). 

The field must be of sufficiently large size so that all the "locators" 
of (6) be different. This can be done if the field has at least (b - 1) 
[(d - 2) (d - 3) + 2]/2 nonzero elements. Thus for example we 
could build a code which corrects two errors (d = 5), has a rate of 
% (b = 4) with a 16 element alphabet. The constraint length would 
be Nb = 7 X 4 = 28. This could be implemented by using 4-tuples as 
symbols with an overall constraint of 112 binary digits. 

VII. ALTERNATIVE CODE 

It is also possible to obtain a minimum distance of N + 1 if one uses 
only a certain set of symbols as locators. In the previous section one 
needed a field with at least (b - 1) [(d - 2) (d - 3) + 2]/2 nonzero 
symbols. In this section we show that N can be made equal to (d - 1) 
if one is willing to use symbols from a much larger field. For this pur­
pose we define B by: 

r 
1 1 1 

I 2 b 
1'1 1'2 'Yb 

B= {3'Y~ {3'Y~ {3'Y~ 

(3~(N) N-l '- al ... (3~(N) N-l 
ab 
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( .) ~. (j - 2)(j - 1) 
V~ = L-J't= 

':~l 2 

where Yi is the locator and f3 will be defined later. As in Section VI 
we wish to show that 

Ax = 0 (7) 

only if x has d or more nonzero elements, given that there is at least 
one nonzero element among the first b. Suppose there exists a code word 
x with weight d - 1 or less such that (7) is met. Then take the N by 
d - 1 matrix consisting of the d - 1 columns of A corresponding to the 
nonzero components of x, and call it A'. The determinant of A' is a 
polynomial in {:3, where the lowest power of {:3 is no lower than that found 
along the main diagonal. This comes about because the right-hand 
columns are shifted down and thus contribute least to the power of {:3 
in the bottom rows. The highest power of {:3 is shown in the appendix to 
differ from the lowest power by no more than: 

If we call the difference between the highest and lowest power of {:3, r, 
then the determinant can only be zero when {:3 is a root of an rth order or 
smaller polynomial with coefficients from the field containing the 'Y /s. 
Consequently we can choose (:3 from an r + 1 order extension field such 
that it is a root of an irreducible r + 1 order polynomial. Then it cannot 
be the root of a polynomial of degree r or less, and the determinant 
cannot be zero. Consequently x = 0 for (7) to be met. 

We have now defined a as a member of the field with qr+l elements 
where GF(q) is the locator field. In other words our symbols are 
taken from a qr+l element field and the locators (Xi are confined to the 
q element subfield. For example, suppose we require a double-error­
correcting code (N = 4) with a rate %. We use the four element field 
as locators, and since r + 1 = 4 the symbols must come from a 44 = 
256 element field. This results in an overall constraint length of 
8 X 4 X 4 = 128 bits. 

VIII. IMPLEMENTATION 

The encoding can be accomplished by the standard convolutional 
encoder. The decoding presents the same problems as the decoding of 

* [ .] is the symbol for the integer part of .. 
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a nonbinary Bose-Chaudhuri-Hocquenghem code. One takes increas­
ing estimates of the number of errors within a constraint length and 
solves for the error locations and values. If the estimate is incorrect 
there is no consistent solution for the error values. The problem of 
error propagation can be easily handled by introducing a second set 
of syndrome calculators which are not changed when errors are cor­
rected. A guard space equal to the constraint length, with no errors, 
will then produce zeros in all these syndromes, indicating that there 
have been no errors in the last constraint length. 

In both coding and decoding, symbols must be added and multi­
plied. This is easy to implement when the symbols are represented as 
binary k tuples. Addition is just bit by bit modulo two addit.ion; 
multiplication by a (the primit.ive element) is accomplished by a 
linear shift register. 4 

IX. CONCLUSIONS 

We have presented a class of algebraic convolutional codes. These 
codes can be compared to other convolutional codes, such as Robinson 
and Bernstein's self-orthogonal codes. 8 The Robinson-Bernstein codes 
are binary error correcting codes which have a constraint length bounded 
hy N ~ [(2t2 - t)(b - 1) + 1]b. Our codes have a constraint length 
bounded by N ~ (2t2 - t + 1)b, which is less than the above for 
b ~ 2. Ignoring the fact that our code is a character error correcting 
code, our code is more powerful than the Robinson-Bernstein code. 

If one takes account of the fact that characters are several bits long, 
one can still make a comparison by taking the constraint length of our 
code as 

N ~ (2t2 - t + 1)b({ n2[(b - 1)(2e - 3t + 1) + b]} + 1), 

[.] integer of. 

One now finds that our code is more powerful than the Robinson­
Bernstein code for sufficiently large b. More specifically, if e ~ 2b j16b 
our code is more powerful. The Robinson-Bernstein codes have the 
advantage that they can be decoded by majority logic devices while we 
require much more complex devices. 

The codes described in this section may be useful when one desires 
a high rate code. Here the amount of storage needed at the encoder 
can be made equal to the redundancy per constraint length. The 
decoder must store the entire constraint length in order to make cor-
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rections but the part of storage needed to compute the error locations 
and values is only equal to the redundancy. The disadvantage is that 
the decoder must perform finite field multiplication, division, and 
addition. 

The code is also capable of correcting erasures; decoding is much 
simpler in this case. Therefore it may be advantageous to let the 
k tuples (which represent symbols) be code words in a binary sub­
code. The subcode then could be used to detect binary errors (produc­
ing an erasure), and the convolutional code used to correct these 
erasures. This is a convolutional version of Forney's concatenated 
block codes.9 

The decoding algorithm is also simple for any code of distance four 
or less. This includes the single-error correcting code, the double­
erasure correcting code, and the single-error-plus-single-erasure code. 
The decoding complexity is comparable to that of Hamming codes. 

APPENDIX 

Bound on the Powers of f3 

We wish to bound the difference between the maximum and minimum 
power of {3 in the determinant of A'. The matrix will be made up of 
columns taken from B or columns from B shifted downward. This 
shifting downward of columns is the only parameter which effects our 
bound. Therefore we take Z i as the amount that the ith column is 
shifted; the ith column is headed by Z. zeros. By ordering we make Z. a 
nondecreasing function of i. We can assume that Z. < i; otherwise this 
would put a zero on the main diagonal and produce a zero determinant. 
One could then take the largest nonsingular upper left minor A" and 
write A"X" = O. The only difference here is that A" has smaller size; 
but the bound will still be valid. 

The determinant of the matrix is given by 

(8) 

where (j is a permutation of the numbers 1 to N. The term b •. tlco is 
zero if u(i) ~ Z. ; otherwise it contains (3 to the {[u(i) - Z. - 2] 
. [(j(i) - Z, - I]} /2 power. For any given (j the product of (8) contains 
{3 to the 

N 

! 2: [(j(i) - Zi - 2J[cr(1,} - z. - 1J (9) 
.=1 
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power, provided that for all i u(i) > Zi. Equation (9) can be re­
written 

N 

! L (i(i) - 30"(z,') - 2(~')Zi + (Zi + 2)(Zi + 1). (10) 
i-I 

The only term which depends on u is 
N 

- L O"(i)Z, . (11) 
i=1 

The minimum power of /3 in (8) is given by (10) when we minimize 
(11). Since Zi is nondecreasing the term which minimizes (11) is 
clearly u(i) = i. Furthermore, the only other terms of (8) which con­
tribute to this lowest power of f3 come from u's which permute the i's 
over regions where Zi is constant. 

The difference between the maximum power of f3 and the minimum 
power is 

N N 

D = L iZi - Min L O"(i)Zi 
i=1 <T.<T(i»Zi i=1 

N N 

Max L [i - O"(i)]Zi = L (i - O"min(~')]Zi • (12) 
<T.<T(i»Zi i=1 i-I 

The minimization in (12) is accomplished by assigning the smallest i 
to the largest Zi, subject to the constraint that u(i) > Zi. This can be 
done by starting with ZN and assigning the smallest possible integer 
to u(N), namely ZN + 1. The term ZN-l then receives the next small­
est integer which is still free, and so on. This is the minimum as any 
other acceptableu can be converted into this <Tmin by a sequence of 
pairwise permutations which do not increase the sum. In Fig. 2 we 
show an example of the assignment on a square array where the O's 
indicate the u which minimizes the sum and the x's that which maxi­
mize it [<T (i) = i]. The D's in Fig. 2 are not exactly as described above 
but are permuted somewhat above equal value Z/s for reasons which 
will be clarified in this appendix. 

We now show that we can increase various Z/s to Z~'s so that Ll~ = 
Z~+l - Z~ ~ 1 (in Fig. 2 we increase Z4 , Zs and Zs) and D will not de­
crease. When we change the Z, , 0" min (i) does not change. When Ll i ~ 1, 
our construction of O"min(i) gives O"min(i) = Zi+l < i + 1; thus O"min(i) ~ i, 
and i - O"min(i) ~ O. Once we have the new Z~ with Z~+1 - Z~ ~ 1 we 
write D' ~ D in terms of a sequence 

Ai' = Z:H - Z: = t· 
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Fig. 2 - Bounds on the minimum and maximum powers of {3 in the determinant 
of A. 

Since 

i-I 

Z~ L ~i , 
i=1 

then 
N N i-I 

D' L [i - o-(i)JZ~ L [i - (i)] L ~~ 
i=1 i=1 i=1 

N-l N 

= L t1i L [i - o-(i)] 
i=1 i=1'+1 

= ~ Ll{ (N - j)(~ + j + 1) - J~, 0-(.)]. (13) 

'Ve observe that our choice of ,(T(i) gives 

N 

L (T(~) 
i=i+l 

when t1i 1, 

and (13) becomes 

N-l 

L ~i(N - j)(j - 1 - Zi)' 
i=1 

For each value of Zi(O, 1, 2, ... ) there can be only one nonzero t1i ; if 
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one takes ]( to be the number of nonzero Ll~ , then 
K-l 

D' = L (N - tk)(tk - 1 - k), 
k-O 

where tk is that value of j for which Zi = k and Ll~ 
that 

1. We now show 

K-l N 

L (N - tk)(fk - 1 - k) ~ L (N - i)(to - 1). 
k=O i-fo 

The terms on the right are all nonnegative and for every k on the left 
there is an i on the right with i = tk . For that term tk ~ to + k, as tk 
cannot increase faster than k. 

tk - 1 - k ~ to - 1, 

(N - tk)(tk - 1 - k) ~ (N - tk)(tO - 1). 

D' ~ £ (N - i)(to - 1) = (to - 1) (N - to}(N - to + 1). (14) 
i=fo 2 

The integer value of 10 which maximizes this is 

[ .] = integer part of· 

and 

(15) 

This bound on D can actually be achieved for any N. 
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Error Rate Considerations for Coherent 
Phase-Shift I(eyed Systems with 

Co-Channel Interference 

By v. K. PRABHU 
(Manuscript received July 23, 1968) 

In this paper we present a theoretical analysis of the performance of an 
m-phase coherent phase-shift keyed system in the presence of random 
gaussian noise and interference. An explicit expression is given for the 
probability of error of the phase angle of the received signal; we show that 
this probability of error can be expressed as a converging power series. 
We show that the coefficients of this series are expressible in terms of well­
known and well-tabulated functions, and we give methods of evaluating 
the character error rates of the systems. We also show that this error rate 
is minimum when all the interference power is concentrated in a single 
interferer, and that it attains its maximum [P m]max when the total inter­
ference power is equally distributed amongst the K interferers. The limit­
ing case when K goes to infinity is considered. The cases of K = 1, and 
m = 2, 4, 8, and 16 are treated in some detail, and the results are given 
graphically. The usefulness of the results presented in this paper is that 
the designer can have at his disposal very simple expressions with which to 
evaluate the performance of any given Coherent Phase-Shift Keyed sys­
tem when the received signal is corrupted by both interference and random 
gaussian noise. 

I. INTRODUCTION 

The performance of coherent phase-shift keyed (CPSK) systems 
has been investigated by many authors ;1-5 in the transmission of in­
formation the CPSK system has been shown to be one of the most 
efficient techniques for trading bandwidth for signal-to-noise ratio. 
However, the type of noise considered by these authors is almost 
always limited to be random gaussian noise although most authors 
admit that interference other than normal noise must be considered 
in the design of any modulation scheme for digital transmission. 

743 
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Consider the following situation. In the frequency bands above 10 
GHz where the signal attenuation resulting from rain storms could 
be very severe, close spacings of the repeaters are almost always 
mandatory for reliable communication from point to point and for 
all periods of time.6 In such cases the problem of interference may be 
much more important than the problem of noise in the optimum detec­
tion of the desired signal; hence it is very desirable to evaluate the per­
formance of a CPSK system with co-channel and adj acent channel in­
terference so that, for the selection of an optimum transmission scheme, 
comparative advantages of CPSK over other broadband modulation 
techniques (like FM) in combating interference can be determined. 

We consider in this paper the performance of a CPSK system when 
the received signal is corrupted by both interference and random 
gaussian noise.* We first discuss binary (2-phase) and quaternary 
(4-phase) CPSK systems and show that exact expressions can be 
obtained for their probability of error Pm. These expressions are in 
the form of infinite power series which are shown to converge for all 
values of signal-to-noise ratio and for all signal-to-interference ratios 
above a certain level determined by the system. For m =, 2 and 4, 
these error rates are calculated and the results are given in graphical 
form. 

For m = 3 and for m > 4 we show that exact expressions for Pm 
are very complicated functions of signal-to-noise ratio, and signal-to­
interference ratios; in this paper we only indicate how these expressions 
can be obtained. However, we do obtain expressions for upper and lower 
bounds to Pm and show that the difference between these two bounds is 
a monotonically decreasing function of signal-to-noi.se ratio, signal-to­
interference ratios, and the number m of phases used in the system. 
For m ~ 4, signal-to-noise ratio p2 ~ 5 dB, t and for signal-to-interference 
ratio 1/L2 ~ 20 dB, we show that this difference is less than 5 percent, 
and that the upper bound can be used as a good approximation to Pm. 
For m = 8 and 16, we calculate these upper bounds and we present the 
results graphically. 

For a given amount of interference power, we show that the char­
acter error rate is minimum when all the power is concentrated in 
a single interferer. If the total number of interferers is K we also 
show that the error rate Pm reaches its maximum [ Pm] max when the 
interference power is equally distributed among all the interferers. It 

* The word "noise" indicates random gaussian noise corrupting the desired 
received signal. 

t We use the notation b == a dB if 10 loglob = a. 
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follows that [ Pm] mnx is a monotonically increasing function of I( and 
attains its maximum when I( goes to infinity. We show that the case 
of K going to infinity can be treated in a simple manner. 

For the computation of error rates Pm (or upper bounds to Pm, m 
> 2) it is necessary to calculate the central moments P2n'S of a certain 
random variable 1] defined in terms of the K interfering carriers. For 
large values of I( the conventional method of evaluating P2n'S can be 
rather tedious; we give some simple methods of evaluating these mo­
ments. 

In conclusion, this paper determines the performance of m-phase 
CPSK systems for the important case of signals corrupted by random 
gaussian noise and interference. The cases of m = 2, 4, 8, and 16 are 
treated in some detail. 

II. PHASE ANGLE DISTRIBUTION IN CPSK SYSTEMS 

Let us consider an m-phase CPSK system. We assume that there 
is a steady received signaP< which is corrupted by random gaussian 
noise and interference. The gaussian noise is assumed to have zero 
mean and variance .0.

2
• The signals under consideration consist of 

phase-modulation pulses of specified width transmitted at a known 
repetition rate; we assume that there are I( interferers, each interferer 
having the same form as the signal. 

If we assume that each signal transmitted has a duration T, the 
received signal waveform in the absence of noise during the Nth in­
terval can be represented as 

SN(t) =' (2S)! cos (wot + ()), NT ~t ~ (N + 1) T, (1) 

where S is the received signal power, Wo is the angular frequency of the 
signal, and () will have some value in the discrete set 27rk/m, 0 ~ k ~ 
m - 1, corresponding to the Nth message. All m messages are assumed 
to be equally likely. In the absence of noise and interference, the set of 
m possible received signals is described by a set of m equally-spaced 
vectors in the complex plane as shown in Fig. 1. The noise and inter­
ference corrupting the signal distort the signal both in amplitude and in 
phase; a zero-phase signal (corresponding to k = 0), as disturbed by 
noise and interference, is also shown in Fig. 1. 

If we now assume that poweI in the jth interferer is Ii, the jth inter-

* In this paper we do not consider the effects of fading on the error rates of 
CPSK systems. The effects of fading can usually be accounted for by a further 
integration of error rates obtained in this paper.r 
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Fig. 1-Phasor representation of CPSK signals for m = 4. 

ferer as received during the Nth interval can be represented as* 

iiN(t) = (2Ii)! cos {Wit + (Ji + J.l,}, NT ~ t ~ (N + 1) T (2) 

where Wi is the angular frequency of the jth interferer, (Ji is some value 
in the discrete set (2-Ir/m) k, 0 ~ k ~ m - 1, and the probability density 
7r J!/ (J.li) of J.li is given by 

7r J.llJ.li) = {2
1
7r ' 

0, 

o ~ J.li < 27r 

otherwise. 

(3) 

Since the I( interferers are assumed to originate from I( different 
sources, it is reasonable to assume that all fL/S are statistically in­
dependent of each other and are also independent of gaussian noise 
n (t). 

The total received signal during the Nth interval can then be writ­
ten as 

K 

rN(t) (2S)! cos (wot + (J) + L: (2Ii)! cos (Wit + (Ji + J.li) + n(t) , 
i=l 

NT ~ t ~ (N + I)T (4) 

where n(t) has zero mean and variance (12. 

Assuming that the receiver used in the system detects only the 
phase angle <P of rN(t) and does not respond to its amplitude varia­
tions,t we can writeS 

* We assume that all iJN'S, 1 ~ j ~ K, are in the passband of the CPSK 
receiver used in the system. 

tThis can be achieved in practice by using an ideal limiter at the front end 
of the receiver. If A(t)eH,m is the input to an ideal limiter, its output is given 
by AoeJ~m where Ao is a constant. 
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;r... - t -1 rN(t) - t 
'J:' - an rN(t) Wo (5) 

where {'N(t) is the Hilbert transform of rN(t) and is given by 

rN(t) = ! f<Xl rN( T) dT. 
7r -<Xl t - T 

(6) 

Let us write 

net) = Ie cos (wot + 0) - 18 sin (wot + 0). (7) 

We can show9 that Ie and Is are two independent gaussian random 
variables each distributed with mean zero and variance 0

02
." From 

(4)-(7), we can now show that 

cI> = 0 + tan- 1 

K 

I. + L: (2Ii)1 sin [(Wi - wo)t + 0i - 0 + ILi] 
i-I 

K 

(28)' + Ie + L: (2Ii)! cos [(Wi - wo)t + 0i - 0 + ILi] 
i~1 

Let us now write 

where 

and 

S1 
P =­(j , 

K 

o = L: Ri sin Ai , 
i~1 

K 

?J = L: Ri cos Ai , 
i-I 

(10)' Ri = S ' 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

* It is assumed that the spectrum of gaussian noise is symmetrical around the 
frequency w = WI). 
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Let us also denote the set {AI , A2 , ... , Ai , ... , AK} of random 
variables A/s by ~. 

We can now write eq. (8) as 

;J; = 0 + t -1 V + 0 
'J:' an 1 + U + T} 

(16) 

where 0 and T} are functions of ~. 
If K is a finite number, we can show1o that the probability density 

P'YJ (7]) can be represented as':-

(17) 

where Jo(x) is the Bessel function of the first kind and of order zero. 
For I( = 1, we can show that10 

(18) 

otherwise. 

For I( = 2, p'YJ (7]) can be expressed in terms of elliptic functions, and 
for I( > 2, no closed form expressions can be obtained for p'YJ (7]). In 
Ref. 10 p'YJ (7]) has been expressed as a converging sum and has been 
evaluated for I( =, 10. It is easy to show that 

K 

piT}) = 0, for I T} I > L R j , (19) 
i-I 

and 

(20) 

III. CPSK RECEIVER 

An ideal CPSK receiver is shown in Fig. 2. The ideal limiter re­
moves all the amplitude variations of the received signal before it 
reaches the ideal phase detector of the system. We shall assume maxi­
mum likelihood detection for our analysis of the receiver. Let us as­
sume that the receiver shown in Fig. 2 has zero-width decision thres­
holds as shown in Fig. 1. 

* We can also write similar expressions for p6(a). 
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OUTPUT 

INPUT SIGNAL 

Fig. 2 - CPSK receiver. 

3.1 Error Rates for Binary C P SK Systems 

For a binary CPSK system the set of two possible received signals 
in the absence of noise and interference is shown in Fig. 3. The noise 
and interference corrupting the desired signal distort the signal both 
in amplitude and in phase; a zero-phase signal (corresponding to 
k = 0) as disturbed by noise and interference is also shown in Fig. 3. 

When the message k = 0 is sent, and when the phase angle <I> of the 
received signal lies in the second and third quadrants of the complex 
plane shown in Fig. 3, an error is made in detecting the received signal. 
For a given /, and for an arbitrary set of A;'s let us assume that the 
origin of the gaussian noise vector is at point G in Fig. 3. When the 
terminus or tip of the gaussian noise vector lies in the left half of 
the complex plane (the shaded portion of Fig. 3) an error is made by the 
receiver. Since Ie and I. are two independent gaussian random vari­
ables and since they are distributed independently of A/s, the prob­
ability P2(~) that the terminus of the gaussian noise vector lies in the 

QUADRATURE 
.--./ AXIS 

~--=--+'------

I N-PHASE AXIS 

Fig. 3-Phasor representation of CPSK signals for m = 2. Ie and I. are the 
in-phase and quadrature components of gaussian noise corrupting the desired 
received signal. 
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left half of the complex plane is given by* 

P2("D:) = Pr [- 00 < Is < 00] 

,Pr [ - 00 < I, < -(28)! + t, (21;); cos A;) ] 
1 f-{(2S) i + j~, (21;> i C08 'Xi} 2 2 

= (2'71iO" -00 exp (- t /20" ) dt. (21) 

We can show from Equation (21) that 

where 

2 l x 

erf (x) = --r exp (_u2
) du 

7r' 0 
(23) 

and 

erfc (x) = 1 - erf (x). (24) 

The character error rate P2 for a binary CPSK system is, therefore, 
given by 

(25) 

where E[P2 ("D:)] represents the mathematical expectation of the random 
function P 2 ("D:). 

From Equations (22) and (25) we have 

P 2 = !E[erfc {p + P17}]. (26) 

We now note that we can writell , 12 

2 00 l 

erfc [x + z] = erfc [x] + 7r i exp (_x2
) ~ (-1)lH l_1(x) Tr ' (27) 

where Hn (x) represents the Hermite polynomial of order n. The series 
converges for all values of x + z such that 

x + z ~ o. (28) 

From Equations (26) and (27) we have 

* The notation Pr[a < x < b] denotes the probability that the random vari­
able x satisfies the inequality a < x < b. It may also be noted that P2("A) is a 
conditional probability conditioned on ~: -
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Let us denote by p-n the nth central moment of '1]. 8 It can then be 
shown that10 

J.tU+l = 0, f, = 0, 1,2, .... (30) 

We, therefore, have 

1 00 21 

P2 = ! erfc (p) + 7r! exp (- p2) tt HU-l(P) (;f,)! J.tu • (31) 

The series given in Equation (31) converges for all values of p and 
R/s such that 

P + PrJ ~ ° for all ~. (32) 

From Equations (13) and (32) we can show that the series converges 
when 

(33) 

where 

(34) 

Equation (34) states that the sum of the normalized amplitudes of all 
the interfering carriers may not exceed the normalized amplitude of 
the desired signal. This is not a very stringent requirement and it is 
almost always satisfied when low error rates are desired. 

Since we also know that'~ 

{.l ± Ri} ~ IT RyK, 
1( i=1 i=1 

(35) 

when Equation (33) is satisfied, we have 

K (Ii) (1 )2K II - ~ - . 
i=1 S 1( 

(36) 

The expression Sjlj denotes the signal-to-interference ratio of the 
jth interfering carrier. 

When there is only one interfering carrier we can show that, 

(37) 

* Equation (35) states that the arithmetic mean of a set of real variables 
is always greater than or equal to its geometric mean. 
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and equation (31) can be written as 

[pRJ" 
P2 = ! erfc (p) + 71"\ exp (-l) ~ H 2l- 1(p) ~!]2. (38) 

The series in equation (38) converges for all signal-to-interference 
ratios such that 

liS ~ 1. (39) 

The values of P2 have been calculated from equation (38) and the 
results are given in graphical form in Fig. 4.* 

Notice that we need to calculate only the even order moments 
P-2n'S of the random variable 'IJ in determining P2 from equation (31). 
Some methods of calculating these moments are given in Appendix A. 

3.2 Error Rates for Quaternary CPSK Systelns 
Let us now consider a 4-phase CPSK system. For this system the 

set of four possible signal phasors and the four optimum decision 
thresholds are shown in Fig. 5. A signal phasor (corresponding to 
k = 1) as disturbed by noise and interference is also shown in Fig. 5. 

For a given set of A/s let us assume that the gaussian noise is rep­
resented by a vector from the point G. If the message k = 1 is trans­
mitted, an error is made if the received phase angle lies in areas 
marked 1, 2, and 3. The phase angle of the received signal will lie 
in areas marked 1, 2, and 3 if the terminus of the gaussian noise 
vector lies in this area of the plane.14 

We notice that 

and 

GB = (2S)! sin ~ + ± (2li)! cos (~~+ Ai)' (41) 
4 i=l 4J 

Let us denote by l1k1 • k2 , ••• , kn(~) the probability that the terminus 
of the gaussian noise vector lies in area 

* The results obtained in Fig. 4 indicate that the error rates obtained in Refs. 
13, 14, and 15 agree well with those obtained in this paper. 

tThe notation u i=lk. denotes the union of all elements of the set {k1 ,k2 ,· •• ,knJ. 
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Fig. 4 - Error rates for a 2-phase CPSK system with one interferer. 

We can show from Fig. 5 that 

n",(~) = ! erfc [p sin ~ + P t, R, cos (~ + Xi)]' (42) 

n",(~) = ! erfc [p sin ~ + p t, R, sin (~ + Xi)]' (43) 

and 

n,(~) = 1: erfc [p sin ~ + p t, Ri cos (~ + X,)] 
·erfc [p sin ~ + p t, R, sin (~ + Xi)]' (44) 

The probability P4(~) of an error due to noise is, therefore, given by 

(45) 

The probability of an error due to noise and interference is therefore 
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Fig. 5 - Phasor representation of CPSK signals for m = 4. I" and I" are two 
orthogonal components of gaussian noise. 

given by 

(46) 

From equations (27), and (42) through (46) we can show that 

p, = erfc [p sin ~J -1 erfc' [p sin ~J 

+ ~ exp (- p' sin' ~){2 - erfc [p sin ~J} 

(47) 

{ 
K )2i .' L: R I sin 01 • 

1-1 
(48) 
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For a given set of R/s, jJ.;t,2;'S may be evaluated from equation (48). 
For K = 1, we can show that 

* _ R2 (H8) (2£)! (2s)! (49) 
jJ.U,2s - 22 ((+8) t! s! (t + s)! 

For I{ = 1, we have calculated P4 from equation (47) and the 
results are presented in Fig. 6. 

VVe can again show that the series given in equation (47) con­
verges for all values of p and Ris such that 

• 7r 1 
n ~ Sill 4 = \1"2' (50) 

For I{ = 1, equation (50) becomes 

S/I ~ 2. (51) 

Equation (50) is usually satisfied by systems encountered in practice. 
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3.3 Error Rates for Multilevel CPSK Systems 

In this section we shall investigate the performance of a multilevel 
(m ~ 3) CPSK Systems and indicate a method in which an exact 
expression can be obtained for the probability of error of the system. 
This exact expression is a very complicated function of signal-to-noise 
ratio and R/s; we do not obtain this expression in this paper. However, 
we obtain upper and lower bounds to Pm and show that the difference 
between these two bounds is a monotonically decreasing function of 
p, m, and signal-to-interference ratios. For K = 1, m ~ 4, p2 ~ 5 dB, and 
SjI ~ 20 dB, we show that this difference is less than 5 percent of 
the lower bound, and hence the upper bound is a good approximation 
to Pm when low error rates are desired. 

A signal phasor corresponding to k = 0 as disturbed by noise and 
interference is shown in Fig. 7. For a given set of A/s let us again assume 
that random gaussian noise is represented by a vector from the point 
G shown in Fig. 7. If the message k = 0 is transmitted, an error is 
made if the terminus of the noise vector lies in areas marked 1, 2, and 3. 

We can show that * 

TI1 •2(6) = ! erfc [p sin ~ + p t Ri sin (~ - Ai)J (52) 
m 1=1 m 

and 

TI2 •3(6) = ! erfc [p sin ~ + p t Ri sin (~ + Ai)J. (53) 
m 1=1 m 

The probability of error due to noise is, therefore, given by 

(54) 

By looking at Fig. 7 we can see that no simple expression can be 
obtained for TI2 (6) (except when m = 4). TI2 (6) denotes the probability 
that the terminus of the gaussian noise vector lies in area 2; we shall 
now obtain upper and lower bounds to TI2 (6). Assume that 

(55) 

* Note that 

GA = (28)' sin ~ + ± (2Ii)! sin (~ - Ai) 
m i-I m 

and 
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Fig. 7 - Phasor representation of CPSK signals for m = 8. I .. and Iv are the 
in-phase and quadrature components of gaussian noise. 

so that nl.2(~) and n2.3(~) are nonnegative for all values of~. If equa­
tion (55) is satisfied, it is easy to see (see Fig. 7) that 

for all ~, (56) 

and n2(~) reaches its maximum when* 
K 

7J = - I: Ri = - n. (57) 
;=1 

For this value of 7J it can be shown (see Fig. 8) that 

1 1-110 1-<11+110) tan '!rIm 
n2(~) = -2 exp ( - y2/2/i) dy exp ( - x2 /2(i) dx 

~U -~ 0 

or 

(58) 

where 

Yo (59) 

Since we always have 

o ~ exp (- X
2 /2u2

) ~ 1 for all real x, (60) 

* We can show that 7] = -0 when all hi's are odd multiples of 71". 
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L--- yo ---

Fig. 8- Computation of lower bound to Pm. 

we have 

tan 7r/m 100 
2 2 II2(~) ~ 2 (y - Yo) exp (-y /2u ) dy. 

7rU 110 

(61) 

Equation (61) can be simplified to* 

. [1 - (7r) !p(l - n) exp [p2(1 - n)2] erfc {p(l - n)}]. (62) 

From equations (54), (56), and (62) we have 

IIl.2(~) + IIl.3(~) - Qmo ~ P m(~) ~ IIl.2(~) + IIl.3(~)' (63) 

Since 

Pm = E[P m(~)], (64) 

we can show from equations (52), (53), (55), and (63) that 

Qm - QmO ~ Pm ~ Qm (65) 

where 

2 
( ) 

00 H U - 1(p sin ~) 
2 '2

7r '"" m U + (7r)! exp - p sm m ~ (2C) ! p J.l.u • (66) 

* For large values of p and small values of 0, Qmo is approximately equal to 

tan 7r/m exp [- /(1 - n)2] 
27r /(1 - n)2 
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The series given in equation (66) converges if equation (55) is 
satisfied, or if 

n ~ sin~· - m (67) 

When low error rates are desired, equation (67) must be satisfied. 
Equation (65) gives an upper and a lower bound to Pm; as can be 

seen from equation (62) the difference QmO between these two bounds 
is a monotonically decreasing function of p, m, and signal-to-inter­
ference ratios. From equation (65) we have 

(68) 

For K = 1, Rl = To, and for m = 4, 8, and 16, we have plotted in 
Fig. 9 Qmo/(Qm - Qmo) as a function of p2. From Fig. 9 we see that 
Qmo/(Qm - Qmo) is less than 5 percent for / ~ 5 dB and for m ~ 4. 
We can, therefore, use Qm as a good approximation to Pm for high values 
of signal-to-noise ratio (p2 ~ 5 dB) and for high values of signal-to­
interference ratio (I/Rl ~ 10 dB). 

In these cases we then have 

Pm ~ erfc (p sin ~) 

2 
( ) 

co H 2k-l(P sin ...!) 
2 • 2 7r ~ m 2k ( + (7r)t exp - p sm m·~ (2k)! p JL2k • 69) 

For K = 1, and for m = 8 and 16, the values of Pm obtained from 
equation (69) are given in Figs. 10 and 11. The error made in this 
a pproxima tion can be estimated from equation (68). 

IV. ERROR RATE AS A FUNCTION OF NUMBER OF INTERFERERS 

Let us now investigate how Pm varies as a function of K for a total 
given interference power. Let us assume that the total interference 
power is some number SL2 where 

(70) 

This power SL2 can be distributed among the K interferers in a 
variety of ways; everyone of these distributions will in general lead 
to a different character error rate of the system. Let us find out those 
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distributions of power (if they exist) which make this character error 
rate a maximum or a minimum. 

4.1 Error Rates for K Interferers 

Let us first consider the case when p» 1 and n « 1. In this case the 
series corresponding to Pm (or Qm) converges very rapidly; let us say 
that the first N terms of the series are sufficient to evaluate Pm to the 
desired degree of accuracy. 

For all t and z, we have 

H 2t- 1 (z) = 2zH2t_ 2 (z) - 2 (2t - 2)H2t- a(z). (71) 

From equation (71) we can show that 

H 2i - 1(P sin ~) ~ 0, 1 ~ j ~ N, (72) 
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(73) 

If Equations (72) and (73) are satisfied notice from Equations (31) 
unci (69) that Pm's are monotonically increasing functions of J.l.21'S, 

t ~ 1. For a given J.l.2 , it can be shown from Equation (13) that J.l.2Z'S 

t ~ 2, reach their minimum when n is minimum and they reach their 
maximum when n is maximum. 

We can then say that Pm's (or Qm'S) attain their minimum when n 
is minimum and that they are at their maximum when n is maximum. 

From Figs. 3, 5, and 7 this seems to be true for all values of p and n 
which satisfy Equation (55). 

Let us now find out when n is minimum for a given value of signal-
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to-interference ratio. The signal-to-interference ratio 1/L2 is given by 

Clearly 0 is minimum when 

and 

L2 = ± Ii. 
i=l S 

1 ~ j ~ K, 

1 ~ f, ~ K, f, ~ j. 

(74) 

(75) 

(76) 

We can then say that the character error rate Pm is minimum when the 
total interference power is concentrated in a single interferer. 

Now from equations (14), (34) and (74), 0 is a maximum when 

a [K (1.)' K (I')J - L: 2 - € L: 2 = 0, 
ali i=l S i=l S 

1 ~ j ~ K. (77) 



PHASE-SHIFT KEYED SYSTEMS 763 

€ is a constant and is the Lagrange multiplier used in finding the 
extremum of n. 

Solving equation (77) we observe that n is a maximum or that 
Pm is a maximum when 

(78) 

or that the total interference power is equally distributed among the 
I( interferers. 

Let us now assume that K is a variable number. It is clear from 
equation (78) that [P m]max is a monotonically increasing function of 
1(, 

4.2 Error Rates for a Large Number of I nterferers* 

Let us now consider the limiting case when K goes to infinity and 

(79) 

We can show10 that the probability distribution function oft 

K 

yet) = L (2Ij)t cos {Wit + 0i + J.ti} (80) 
i=1 

as K goes to infinity approaches that of gaussian noise with mean 
zero and variance SL2 under certain conditions. 

In this case we have from equation (4) 

rN(t) = (2S)! cos (wot + 8) + yet) + net). (81) 

Since y (t) and n(t) are independent gaussian random variables their 
sum 

bet) = yet) + net) (82) 

is also a random gaussian variable with mean zero and variance SL2 
+ (T2. 

From equations (81) and (82) we can write 

rN(t) = (2S)! cos (wot + 8) + bet) 

where b (t) is a gaussian random variable. 

(83) 

* The results of this section are applicable for an~ signal-to-noise ratio and 
any signal-to-interference ratio. 

t Ruthroff has shown that for K ~ 50 the distribution of y(t) can be considered 
to be gaussian in practice for the computation of distortion in PM systems.16 



764 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1969 

The case where rN(t) can be described by equation (83) has been 
considered in detail in Ref. 17 ;{(o we can easily determine the deteriora­
tion in performance produced by interference from the results pre­
sented in that paper. For example, suppose that 1n = 4, S/a2 = 16 dB, 
and L2 = -16 dB. Clearly 

2 

~ + L2 
S 

and P 4 from Ref. 17 is given by 

-13 dB 

P4 = 7.9 X 10-6
• 

(84) 

(85) 

For the calculation of the effect of interference in CPSK systems, 
we note that we have not shown the validity of the gaussian approxi­
mation of y (t) for I( » 1. However, this assumption seems to be 
justified for large signal-to-noise ratios and small interference-to­
signal ratios.15 

In conclusion, this section gives methods of evaluating character 
error rates of CPSK systems for all values of 1n and for all values of 
IL It shows that the error rate Pm is minimum when all the inter­
ference power is concentrated in a single interferer and that it attains 
its maximum value [Pm]max when the interference power is equally 
distributed amongst all the interferers. We further show that [Pm]max 
is a monotonically increasing function of the number I( of interferers. 
'Ve also show that the case, K going to infinity, can be treated and that 
the deterioration in performance produced by interference can be de­
termined. 

V. CONCLUSIONS 

A method to evaluate the character error rates of CPSK systems 
has been presented in this paper. The received signal is assumed to be 
corrupted by both interference and random gaussian noise. 'Vhen the 
number of interferers is very large it can be shown that the inter­
ference and random gaussian noise can be combined together to give 
rise to an equivalent noise source having gaussian properties. The 
variance of this random variable is the sum of variance of random 
gaussian noise and total interference power. In this case the analysis 
of the CPSK system can be done by methods presented in Ref. 17. 

When K is a finite number and when 1n = 2 or 4, exact expressions 

* The results presented in this paper for 8/1 = 00 are also sufficient to deter­
mine Pm for a large number of interferers. 
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are given for the probability of error Pm. When m ~ 3, upper and lower 
bounds to Pm are derived. We show that the difference between these 
two bounds is a monotonically decreasing function of signal-to-noise 
ratio /, signal-to-interference ratio I/L2, and the number m of phases 
used in the system. For K = 1, m ~ 4, p2 ~ 5 dB, and 1/ Rl ~ 10 dB 
we show that this difference is less than 5 per cent, and that the upper 
bound can be used as a good approximation to Pm . 

We then show that for any m-phase CPSK system the character 
error rates can be expressed in terms of the central moments of a 
certain random variable 1] and that they can be calculated to any 
desired degree of accuracy by using a set of tables or by using a 
digital computer. 

For a total given interference power we show that the character 
error rate Pm attains its minimum when all the power is concentrated 
in a single interferer, and that it reaches its maximum [Pm]max when 
the power is equally distributed among all the K interferers. It is also 
shown that [Pm]max is a monotonically increasing function of K. 

The cases of K = 1, m = 2,4, 8, and 16, have been treated in some 
detail and the results are given in graphical form. The required signal­
to-noise ratio for any value of signal-to-interference ratio can be 
determined from these figures. 

The usefulness of the presented results is that they provide the 
designer with some relatively simple expressions with which to eval­
uate the performance of any given CPSK system with interference 
and random gaussian noise. The only quantities he must have at his 
disposal are the central moments of a certain random variable 1] 

defined in terms of the K interfering carriers. 
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APPENDIX 

Evaluation of Central Moments of 1] 

In the computation of character error rates for CPSK systems it is 
necessary to calculate the even order moments of the random variable 
1]; we shall give in this section two alternate methods to evaluate these 
moments. 
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By definition fL2n is given by 

1 12,.. 12,.. 12,.. [ K J2n f.l2n = --K dOl d02 ... dOK L Ri cos 0i . 
(271') 0 0 0 i=l 

(86) 

By the multinomial theorem 

(87) 

where n/s are positive integers such that 
K 

Lni = 2n. (88) 
i=l 

Since O/s are statistically independent of each other, and smce 
JL2l+1 = 0 for all .c, we have from Equations (86) and (87) * 

(2n) ! K (nt) ! 

L fr n,! n (R,),' 2·,[(nt ) 'J2 , 
t=l 2 . 

f.l2n = (89) 

where nt's are a set of even positive integers satisfying Equation (88). 
Even though equation (89) gives an exact expression to evaluate 

fL2n'S, it can-be rather tedious ,to' evaluate ft2n'S from equation (89) 
for large val~es of n and Ii. We shall therefore give an alternate 
method to evaluate the central moments of the random variable 'f}. 

It can be shown that the probability density function P71('f}) of the 
random variable 'f} can be expressed aslO 

p,(~) = 2
1
n [1 + 2 t cos "';~ n Jo(S1r~;)} (90) 

The 2nth moment of 'f} canbe represented as 

f.l2~· r= fn lnpTJ(z) dz. 
-0 

(91) 

From equations (90) and (91) we can show that 

= Q2n( 1 + 2 ~ (_l)l+l 
f.l2n 2n + 1 ~ 

.{[g Jo(C1r~;)J t, (-I)' [2n _ 2~2~!ll! (C1r)2k})· (92) 

---* For K = 1, equation (89) reduces to equation (37). 
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It can be seen that the infinite series appearing in equation (92) 
converges rapidly for all values of R/s; we need take only a finite 
number of terms from equation (92) to estimate P-2n'S. It is, therefore, 
easier to evaluate P-2n'S from equation (92) than from equation (89) 
when there are a large number of interferers, and we have to take a 
large number of terms in estimating Pm. 
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Spectral Density Bounds of a PM Wave 

By V. K. PRABHU and H. E. ROWE 

(Manuscript received November 5, 1968) 

In this paper we derive upper and lower bounds of the spectrum of a 
sinusoidal carrier phase modulated by gaussian noise having a rectangular 
power spectrum. It has been found in practice that such a random process 
adequately simulates for some purposes, a frequency division multiplex 
signal, a composite speech signal, and so on. We show that these upper and 
lower bounds of the spectrum are very close to each other if the root mean 
square phase deviation of the carrier is even moderately high. Also, a simple 
method called the saddle-point method can be used at all frequencies f to 
estimate the spectrum with less than ten percent error. We also show that 
the results obtained from the quasistatic approximation, often used in 
such cases, are too small for large f, and that this low-frequency approxi­
mation cannot be used in cases where the behavior on the tails is 
of importance. 

1. INTRODUCTION 

It has been found in practice that a bandlimited random gaussian 
noise having a rectangular power spectrum adequately simulates for 
some purposes a wideband composite speech signal, a frequency divi­
sion multiplex baseband signal consisting of a group of single side­
band carrier telephone channels, and so on.1 In the design of commu­
nication systems, the spectral characteristics of a sinusoidal carrier 
phase modulated by such a baseband signal are of great interest; 
various methods have been used in recent years to estimate this 
spectrum for large and small values of mean square phase deviation 
of the wave, both close to and far from the carrier frequency (that is, 
in the principal part of the spectrum and far down on the tails of the 
spectrum respectively) .1-8 

It has been shown that the spectrum may be expanded as an 
infinite series of weighted convolution terms.2 ,5,7,8 This series may 
be used to estimate the principal part of the spectrum (close to the 

769 
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carrier) for small or moderate index (that is, small or moderate values 
of rms phase deviation). However, for large index, or far down on 
the tails for small index, too many terms would have to be included 
if this series is to be used directly. 

The simplest analysis-often called the quasistatic approxima­
tion-yields a gaussian spectrum for large-index angle-modulated 
waves2

.4-8 in most cases.~~ This approximation fails far out on the 
tails of the spectrum; a careful investigation has been given in only 
a few cases.7 We obtain below upper and lower bounds for the spec­
trum of an angle-modulated wave with white, band-limited phase 
modulation; far out on the tails the spectrum far exceeds that pre­
dicted by the quasistatic approximation. 

This problem is of interest in considering interference between 
two (or more) phase modulation (PM) systems in neighboring loca­
tions. Consider the following situation. In the frequency bands above 
10 GHz, where the signal attenuation due to rain storms could be very 
severe, close spacings of the repeaters are almost mandatory for 
reliable communication from point to point.9 In such cases the prob­
lem of interference between neighboring systems may be much more 
important than the problem of noise; the system may thus be in­
terference limited. In order to combat this interference it is very 
likely that broadband modulation techniques like PM [or frequency 
modulation (FM)] or pulse code modulation (PCM) will have to be 
used. In order to investigate the effect of this interference between two 
co-channel PM (or FM) waves it is necessary to evaluate the spec­
trum of a PM wave, so that the parameters (such as rms phase 
deviations) of the two PM systems can be properly chosen to keep 

'the interchannel interference below a certain desired level. 
We first obtain an expression for the covariance function of the 

PM wave. From this covariance function we then derive an expres­
sion for the spectrum of the PM wave and show that it can be 
expressed as an infinite series. This series has been evaluated for 
certain values of rms phase deviation N.6 

We then show that the autocorrelation function of the PM wave 
is analytic at all points in the finite part of the complex plane deter­
mined by the argument of the autocorrelation function. In determin­
ing the Fourier transform of the autocorrelation function we change 
the path of integrationt so that the contour is very close to the path 

* For exceptional cases see Ref. 7, Ch. 4, pp. 131-135. 
t The method used in this paper to evaluate the spectrum is a close relative 

of the method of steepest descent (or the saddle-point method) used in evaluat­
ing certain kinds of integrals.1 , 7, 10, 11, 12 
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of steepest descent of the integrand. We then divide this contour into 
four (or five) disjoint sections and show that the major contribution 
to the integral comes from one of these sections. 

We next derive upper and lower bounds to the spectrum Sv(f) of the 
PM wave and show that these bounds are very close for all f and for all 
values of rms phase deviation N ~ 5. For N ~ (10)! we show that the 
spectrum can be evaluated by this saddle-point method in a very 
simple manner with a very small fractional error (less than 10 percent), 
and we give this method. 

We finally compare the quasistatic approximation to the saddle­
point approximation. For large values of frequency f, we show that 
the quasistatic approximation gives too small a value for the spec­
trum, and that it cannot be used in cases where the spectral behavior 
on the tails is of importance. However, as we show, the saddle-point 
method can be used in all cases in which N is moderately high. 

In conclusion, this paper gives a simple method of evaluating the 
spectrum of a sinusoidal carrier phase modulated by gaussian noise 
having a rectangular power spectrum and having a moderately high 
modulation index. 

II. SPECTRAL ANALYSIS OF PM WAVES WITH RANDOM PHASE MODULATION 

A sinusoidal wave of constant-amplitude phase modulated by a 
signal n (t) may be written as 

wet) = A cos [wot + net) + 0], (1) 

where A is the amplitude of the wave, fo = wo/271" is the carrier fre­
quency of the wave, and 0 is a random variable with probability density* 

{
l 0 ;£ 0 < 271" 

71"0(0) = 271"' 

0, otherwise. 

(2) 

Assume that n(t) is a stationary bandlimited white gaussian ran­
dom process with mean zero and variance N2.t Its spectral density 

* If n(t) is a stationary random process the introduction of random variable 
() in equation (1) makes W(t) a random process which is at least wide-sense 
stationary so that its spectrum can be calculated from the Wiener-Khintchine 
theorem.2

•
7 If we do not have () in equation (1), W(t) is no longer (even wide­

sense) stationary, and the spectrum of W(t) is usually calculated from the time 
autocorrelation function of W(t).7 The results obtained in the two cases are 
identical. 

t The parameter N represents the rms phase deviation (or modulation index) 
of the PM wave given in equation (1). 
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Sn (j) can be represented (see Fig. 1) as 

I! 1< W, (3) 
otherwise. 

Such a random process n(t), is often used to simulate a multiplex 
signal, a composite speech signal, and so on.1 , 5 

We can show from equation (3) that the covariance function Rn(T) 
of n (t) is given by 

R ( ) = N 2 sin 27r W T • 

n T 27rWT ' (4) 

this function Rn(T) is shown in Fig. 2. Since net) is a stationary gaus­
sian random process it can be shown that W (t) is at least wide-sense 
stationary and that its covariance function RlY (T) can be represented 
as2 ,7 

A2 
RW(T) = 2" exp [-RN(O)] exp [RN(T)] cos WoT. (5) 

From the Wiener-Khintchine theorem, and from equation (5), the 
spectrum SlY (j) of W (t) can be written as 

or 

where 

Sw(!) = i: RW(T) exp [-j27rfTJ dr, 

SPECTRAL DENSITY 
IN RAD2/Hz 

-w W FREQUENCY IN Hz 

Fig. 1-Spectral density of phase modulation. 

(6) 

(7) 
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Fig. 2-Covariance function of n(t). Since Rn(T) is an even function of T we 
only show Rn(T) for T ~ o. 

From equations (4) and (8) we have 

Sv(f) ~ 2"'~ ( exp {-N'[ 1 - si~ p]} exp HAp] dp, (9) 
where 

f 
w· 

III. SERIES EXPANSION OF SPECTRUM FOR GAUSSIAN MODULATION 

The integral in Equation (9) can be evaluated by expanding 

exp { - N{ 1 - s~ P ]} 

into a Taylor series; integrating term by term we can write{f 

{ 2[ sin p]} 2 00 N U 
(sin p) t exp -N 1 - -- = exp [-NJ L-, -- . 

P t=o t. P 

(10) 

(11) 

* We note that L~ -0 xn/n! converges uniformly to exp [x] for all finite values of x. 
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From equations (9) and (11) we have i
< 

By(/) = exp [_N2] 

{
I 00 N

U 
100 (sin p)l } 

. 0(/) + 271"W t; T! -00 P exp [-jAp] dp, 

where 0 (f) is the Dirac delta (unit impulse) function. 
We now note that 

100 sin p { -- exp [-jAp] dp = FI(A) = 71", 
-00 P ° , 

1 A 1 < 1, 

otherwise, 
or 

FI(A) = 71"[U-I(A + 1) - U-I(A - 1)], 

where U-l (x) is the unit step function defined by 

U-I(X) = {I, 
0, 

and that1 , 13 

100 (sinp)l 
-00 p exp [-jAp] dp = Ft(A) 

f (_I)k (I AI + t - 2k)t-1 , 
k=O k!·(t - k)! 

0, 

where 

x> 0, 

x < 0, 

° ~ 1 A 1 < t, t ~ 2, 

otherwise, 

and INT[x] represents the largest integer not greater than x. 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

It can be shown that FI(A), t ~ 2 is a continuous function of A and 
that FI (A) is discontinuous at A = 1. For large t, we can show from the 
central-limit theoremt that2 

(6 )t [3A2J FI(A) "-' ; exp -2t . (18) 

* The term containing aC!) in equation (12) represents the dc component of By (!). 

(
sin P] I . t See pp. 362-366 of Ref. 2. It can be shown that p can be mterpreted 

as the characteristic function of the sum n of t independent random variables with 
identical uniform probability distributions.5 The function F leX) /27r therefore 
represents the probability density function of n. Alternatively FICX) is the ct - 1)­
fold convolution of the fiat spectrum with itself. 
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From equations (12), (13), and (16) we can write 

[ 
1 co N

2l J Sv(f) = exp [_N2] o(f) + 27rW t; T! Flf/W) . (19) 

For N 2 = 6, we have calculated the spectrum from equation (19) 
and the results are shown in Fig. 3. Notice that the spectral density is 
discontinuous at f/W = l. 

For N 2 « 1 (low-index modulation), we have from (19) 

Sv(f) ~ Svo(f) = exp [-N'{ o(f) + 2~~ F,(flw) J ' (20) 

and the error in this approximation may be investigated from equations 
(9) and (20).* The approximation given in equation (20) represents the 
low-index approximation for the spectrum; this result has been obtained 
by many authors.3

-
6 

The series given in equation (19) may be used to estimate the princi­
pal part of the spectrum (close to the carrier) for small or moderate 
index, since only a small number of terms need to be included in the 
partial sum. However, for large N 2

, or far down on the tails of the 
spectrum for small N 2

, too many terms would have to be included to 
estimate the spectral density. In fact for N 2 » 1, or for f /W » 1, 
the degree of complexity required in estimating Sv(f) from equation 
(19) becomes inordinately high. 

When N 2 » 1, and for low frequencies, several authors have givenl
-

7 

the quasistatic approximation t 

2 1 ( 3 )! [ 3 (f )2J Sv(f) ~ exp (-N) o(f) + NW 27r exp - 2N2 W (21) 

for the spectrum. The question arises whether equation (21) can 
be used for large f. Since RlV (T) is infinitely differentiable there is 
no simple way (known to the authors) of investigating, for large j, 
the error is this approximation.7 

In the problem of interference between two neighboring channels 
it is necessary to evaluate Sv (f) for large j so that the effect of this 
interference can be determined. As we shall show later on in this 
paper equation (21) gives too small values to Sv (f) for large j; it is 
therefore essential to have a simple and elegant method (different 
from the series method) to evaluate Sv(f) for large j and for large N2. 

* At times the low-index approximation for the spectrum is written as exp 
[-N2]o(f) + (N2/21l"W)F1(f/W). For N2 « 1, exp [-N2] ~ 1. 

t Note that mean square frequency deviation is N 2W 2/3. 
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Fig. 3 - Spectral density of a PM wave for N 2 = 6. The discrete part of Sv(f) 
for f = 0 is not shown in this figure. Note the discontinuity in the spectrum at 
f/W = 1. 

Readers who might be interested in the final results without wishing 
to work through the detailed analysis, might skip Section IV of this 
paper. 

IV. SPECTRUM EVALUATION BY CONTOUR INTEGRATION 

Let us now consider the integral given in equation (9). Since 8 (f) 
and Fl (f/W) are discontinuous functions of j, let us define an integrali~ 

sm ~ 1: exp [-N'l{ exp [ N' s~p ] - (1 + N' s~p)} cos Xp dp 

* In Ref. 14 this integral has been studied by Lewin for A = 0 and A = 1. It 
also occurs in several limiting cases in Ref. 1. It is sometimes referred to by 
the name Lewin's integraP 
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or 

S(f) I: exp [-N'l{exp [N,Si~pJ - (1 + N'Si~P)} 
. exp (- j'Ap) dp. (22) 

Since all Fe(f), .e ~ 2 are continuous, it can be shown from equations 
(19), and (22) that Set) is a continuous function of f. 

From equations (9), (19), and (22) we can then write{' 

Sv(f) = exp (-N'l{ Ii(f) + ~ [u-,(f + Wl - u-,(f - Wll} 

1 + 271'W Re S(f). (23) 

Notice from equation (22) that the integration is carried out along 
the real axis, and that for large I A I (or It I/W), the final factor of the 
integrand exp (-jAp) is a very rapidly oscillating function of p. From 
Refs. 7, 10-13 notice that in such circumstances the method of steep­
est descent (or saddle-point method), or one of its close relatives, is 
often useful to get an approximate expression for the integral; we 
shall now apply such a method to evaluate Sv (f). 

In applying this method to the evaluation of an integral with a 
real variable of integration, we must first be able to regard the inte­
gral as a contour integral along the real axis of the complex plane, 
with an analytic integrand. We note that the integrand in equation 
(22) is an analytic function of p, and that it has no singularities in 
the finite part of the complex plane (defined by p). From Cauchy's 
theorem it therefore follows that the contour of integration can be 
arbitrarily deformed as long as one end is at p = - 00 + jO and the 
other at p = 00 + jO.u 

In making use of the method of steepest descent the contour must 
be deformed so that the phase of the integrand remains constant (or 
almost so), while the magnitude of the integrand is small except in 
one or more localized regions, where it varies rapidly. This is usually 
accomplished by deforming the contour so that it goes through one 
or more saddle points. In other cases there may be some additional 
constraints on the contour;7 then only a portion of the path of steep-

* Re z and Im z denote respectively the real and imaginary parts of complex 
number z. 
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est descent through a saddle point may be used in finding the integral, 
and the deformed contour may not actually reach the saddle point. 
In this case the original integral is usually reduced to a virtually real 
integral whose integrand behaves sufficiently simply on the modified 
path of integration so that an approximate evaluation of the integral 
with rigorous (upper and lower) bounds on the error may be obtained. 

Departures from the strict method of steepest descent occur in this 
paper in that approximate paths of steepest descent are chosen. Al­
though not quite optimum, they are analytically tractable and serve 
to give useful bounds on the integral under consideration. 

Consider equation (22). Since the integrand in equation (22) is 
an analytic function of p, let us assume that p = x + jy is a complex 
variable, and let us deform the contour so as to obtain the path of 
steepest descent. Since the integrand behaves properly on the contour 
for large I pi, it is clear that the contour of integration can be de­
formed in quite a general way in the complex p-plane without modify­
ing the value of the integral. 

From equation (22) it can be shown that the major portion of the 
integrand 

R(:P) '" exp [-N'] exp [N'Si~P ] exp [jXp] (24) 

has a saddle point on the imaginary axis, with the path of steepest 
descent parallel to the real axis at this point. The location Ps = jys of 
this saddle point is given by 

cosh y. sinh y. A f 
-y-.- - ---y; = N 2 = N 2W ; (25) 

for a given f/N2W, equation (25) can be solved numerically to give 
the required Ys. We plot Ys as a function of f/N2W in Fig. 4, and In 
R (jys) in Fig. 5. 

Let us now deform the contour so that it passes through the point 
Ps = jys and is parallel to the real axis at this point. From equation 
(22) we then have 

S(/) = exp [ -2N'( cosh' ~ - Sin:' y,) ] Re I (26) 

where 
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I [ N 2 sinh Ya] =exp - --
Ys 

. fco {exp [N2 sin (x +. jY8)] _ [1 + N2 sin (x +. jYs)]} 
-co x + JY s X + JY s 

. exp [jAX] dx. (27) 

Rewriting equation (27) 

(28) 

where 

G(x, Y,) == exp [-QR(X, Ys)] exp [jQI(X, Ys)] 

_ exp [_N2 sinh YS]{l + N2 sin (x +. jY8)} exp (jAX), (29) 
Ys x + JY, 

where QR(X, Ys) and Qr(x, Ys) are real and 

~ 
~ 

-12 

Q (x ) = N2{Sinh Y. _ Re [sin (x +. jYs)]} 
R , Y 8 Y 8 X + JY s 
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Fig. 4 - Location of saddle-point 1}'. 

(30) 

6 
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or 

and 

or 

---)!.' 
'-' N 
--- Z n:: C\J 

C 
r-' 

1 

10~----~----~----~----~----~----~ 

8 1-------t---+----I---++--1--t----------l 

II 
6 ----------- ----~-----

4 ----"1------\----

2 ---~---r_-~r_--+_--1_---~ 

~--SMALL Ys APPROXIMATION 

O~~~~--~--~--_--~J~~I __ ~I~ 
o 1 2 3 4 5 6 

Ys 

Fig. 5-Value of -[In R(jy.)]/(2N2). 

1 _ _ Y_s_sin x 
tanh Y s x + 1 - cos x 

Q ( ) = N2 sinh Ys x 2 Y; x
2 

R x, Ys Ys 1 + (X/y.)2 

Q (X y) = N 2 1m Isin (x + jys)] + AX 
r I • L x + jys I 

]Sinh Ys cos x - y. cosh y.sin x [sh . h ]} 
= N 21 2 2 x + ~ - sm 2 y. X. 

X + y. y. y, 

(31) 

(32) 

(33) 

The functions QR(X, Y.) and Qr(X, Y.) have been plotted in Fig. 6 for 
a set of values of y. . 

Since we are primarily interested in the high-index case let us assume 
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that N 2 » 1. From equations (27)-(33) we now observe that the 
principal contribution to the integral I comes from small x. For small x, 

(34) 

It can be shown (see Figs. 6, 7, and Appendix A) that QR(X, Ys) is a 
monotonically increasing function of x for 0 ~ x ~ 7r' and that it oscil­
lates for values of x > 7r'. For large x, 

>-1/) 
~ N 

X Z 
...... 
a 

c::: 
0 

>-1/) 
~ N 

2:S z 
c::: 
a 

10 

9 

8 

7 

6 

5 

4 

3 

2 

" " " 

--QR(X,YS ) 

----Qr(X'Ys) 

r---~~--~-+r-----+-4---~--------7~-+------+-----~ 

" " 

O~~~~ __ ~~ ______ L-____ ~ ____ ~ ______ ~ ____ -L ____ ~ 

o 2 4 6 8 10 12 14 16 
x 

Fig. 6-Functions QR(X, Y.) and Qr(x, Ys). 
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2.0 r----.,....---~--_.__--__r_--~--___:::t=__r-_, 

1.6 f----+-----+-----+-------+--------,~______,I(C 

1.2 f----+-----+----+---/--fr--------"~-_:::__"'7""'l~-____l 
0: 

V)°l~ 
:n ~ 0.8 f----+-----+----+-h"------,.,c.-----+--..,c------,:>"""+~ 

-12 
0.4 f----+------,,£J7L-~--7'~~=-----+----+--___j___+-____l 

o~==~~--~--~---L--~--~~-~ 
o 0.5 1.0 1.5 2.0 2.5 3.0 3.5 

Fig. 7 - Function QR(X, Y8)' From this figure, it can be seen that QR(X, Ys) is a 
monotonically increasing function of x for 0 ~ x ~ 71'. 

G() [ N 2 sinh Y8] 
X, Y. ~ exp - ---

Y. 

{ [ 
2 h s in X] [·N2. h cos X] . exp N cos Y. -x- exp J sm Y. -x-

[1 + N 2( h sin X + . . h cos X)]} p .. x (35) - cos Y 8 -x- J sm Y 8 -x- e I 

and we note that the first and second terms both have small and 
almost equal magnitude, and almost opposite phase angle, so that 
they almost cancel. As I X I ~ 00 the cancellation becomes exact. For 
these reasons it is convenient to divide the range of integration in 
equation (27) into at least four regions: 

o < I X I < XI, small I X I, 
XI < I X I < 7r, intermediate I X I, 
7r< I X I < X2 , intermediate I X I, (36) 

X2 < I X I < 00, large I X I· 
From equations (25), (30), and (32) we can show that" 

* These expressions for QR and QI may be obtained from the Taylor series 
expansion of the function [sin (x + jys)]/(x + jys). 



SPECTRAL DENSITY BOUNDS 783 

00 2l 

QR(X, YB) ==; N
2 t.; (-I)l- IAu (~£)!' (37) 

and 

00 U+l 

QI(X, Ys) = N
2 t.; (-1) HI Au+! (2: + I)! ' (38) 

where 

A _ sinh Y. 
o - Y. ' 

(39) 

(40) 

Au = sinh Y8 _ 2£ AU-I, 
Y8 Y8 

£=1,2,3,···, (41) 

and 

A
2l

+
1 

= cosh Ys _ (2£ + 1) Ayu , 
Y8 8 

£=1,2,3,··· (42) 

It can also be shown that 

A 2k-
1 

= f 1 ( y;l+l ) , ' 
l=O 2£ + 2k + 1 2£ + 1 . 

k = 1,2,3, ... , (43) 

and 

k = 1,2,3, .... (44) 

Since the spectrum is an even function of f we can assume without 
loss of generality that 

y. ~ o. (45) 

For Ys ~ 0, from equations (43) and (44) all A/s are monotonically 
increasing functions of Ys , and we can further show that 

o < A 2(k+l) < A2k , k = 0,1,2, ... , (46) 
and 

£ = 1,2,3,-··· (47) 

For large Ys (for large f /W), it can also be proved that 

exp (Y8) 
Au ~ A U - 1 ~ 2 . 

Y8 
(48) 
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Since it appears that the main contribution to the integral I comes 
from the region of small I x I, assume that I Xl I is small and that 

(49) 

where 

(50) 

and 

IR = [~Xl G(X, YS) dx + i~ G(x, Ys) dx. (51) 

For small I X I, we have from equations (37) and (38) 

QR(X) ~ N 2!A2X2, (52) 

and 

QI(X) ~ N2iA3X3. (53) 

Let us choose* Xl so that exp (_!N2A2X2) falls to exp (-5) ~ 0.0067 
for X = Xl ,t or that 

( 
10 )! 

Xl = N2A2 . (54) 

Since it can be shown from equations (39)-(44) that the minimum 
value of A2 is * (at Ys = 0), 

(55) 

Assume that 

(56) 

so that exp { -QR(X, Ys)} is a monotonically decreasing function of X for 
o ~ X ~ Xl • Equation (56) will be satisfied for all Ys if 

N 2 ~ 3~ ~ 3.039. 
7r 

(57) 

Since we are primarily interested in the high-index case, this is not 
a significant restriction. 

* See equation (34). 
t While there is some degree of arbitrariness in such choices, the bounds 

obtained are not too sensitive to small variations in the value of Xl, X2, and so on. 
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. < 
SIn x = x, O~x< 00, 

785 

(58) 

1 
sin (x +. ,iY.) 1_ (sin

2 
x + sinh

2 
Y.)! < (X2 + sinh

2Jl!)!. (59) 
x + JY 8 - (x 2 + Y;)! = x2 + Y; 

Since (sinh Y8)/(YB) ~ 1, it can be proved from equation (59) that 

1 

sin (x +. ,iY.) 1 ~ sinh Y.. (60) 
x + JY8 Y8 

We can show from equations (29), (50), and (60) that 

I II I < 2 iX1 
{exp [-QR(X, Y8)] + H(x, Y8)} dx, (61) 

where 

H(x, Y.) = exp [ -N' Sin~ y.J[ 1 + N' sin~ y1 (62) 

From equation (37) 

Q ( ) 2{1 A 2 1 A 4 1 A 6[ 61 As 2J 
R x, y 8 = N "2 2X - 24 4X + 61 6X 1 - 81 A6 X 

1 A 10[ lOlA 12 2J + } + 101 lOX 1 - 121 AlO x . .. . 

From equations (46) and (63) it can be shown that for all Ys 

QR(X, Y.) ~ NH A,x' - 2~ A4X
4J ' 

We then have 

(63) 

lX~ {[I 1 J} lX1 I II I ~ 2 0 exp _N
2 "2 A2X2 - 24 A4X4 + 2 0 H(x, Y8) dx. 

(65) 

One can show that 

I < 1 + eR 

- 1 t 
e = R' o ~ t ~ R. (66) 

Since we have 

(67) 
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J exp [25 A4 _1 ] - 1 l 
I II I ~ 21301 

exp [-N2!A2X2] 11 + 6 A~f2 A2 x 4f dx 

+ 21301 

H(x, Ys) dx < 21r:J'J exp [-N2!A2X2] 

+ 21";1 H(x, Ys) dx. (68) 

From equation (68) it can be shown that 

( 
2?T )! I II I < N 2 A2 [1 + Ed, (69) 

where 

E, = 1~0 {exp [2:~: N2~J - I} 
+ 2(~)' exp f _N2 8m;. YJ 1 + N 2 Sin~ YJ (70) 

Since we kIiow that 

-\ p \ ~ Rep ~ \ p \, p any arbitrary complex number, (71) 

equation (69) gives an upper bound to Re 11. Let us now find a 
lower bound to Re 11. 

From equations (29) and (50) we have 

Re II = 2 iX1 

exp [-QR(X, Ys)] cos [QI(X, Ys)] dx 

_ 2 Re {'"I exp [_N2 sinh Ys + jAX][l + N 2 sin (x +. jys)] dx. 
Jo Ys x + JYs 

(72) 

As shown earlier in this paper 

2 Re (Xl exp [_N2 sinh Ys + jAX][l + N 2 sin (~+. jys)] dx 
Jo Ys X JYs 

;;; 2x, exp [ ~N2 8m;.11.]{ 1 + N2 8m;. Y} (73) 
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One can also show that for z real 

Z2 

cos Z ~ 1 - 2 ' -00 <Z < 00. (74) 

Using equation (74) we can write 

2 i X1 

exp [-QR(X, Y.)] cos [QI(X, YB)] dx 

> 2 t1 [Q ( )][1 Q;(x, Y.)] d = J
o 

exp - R X, Ya - 2 x. (75) 

Now from equations (37), and (38) we have 

Q ( ) N2[1 A 2 1 A 4( 4! A6 2) R X, Y 8 = 2" 2X - 4! 4X 1 - 6! A4 X 

... ] , (76) 

and 

Q ( ) N2[1 A 3 1 A 5{ 5! A7 2} I X, Ya = "6 3X - 5! 5X 1 - 7! A 5 X 

1 A!l{ 9! All 2} 
- 9! 9

X 1 - II! ~ x - .. .J (77) 

From equations (76), and (77) one can show that 

(78) 

and 

(79) 

Equations (75), (78), and (79) yield 

2 i X1 

exp [-QR(X, Yo)] cos [QI(X, YB)] dx 

i
X1 

[N4] > 2 0 exp [_!N2 A2X2] 1 - 72 A;x6 dx 

= 2 frfJ exp [_!N2 A2X2] dx - 2 frfJ exp [_!N2 A2X2] dx 
Jo Xl 

(80) 
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Notice that 

1 ( 27r)1 15 
= 2" N 2 A2 (N2A 2)3' 

(81) 

We can also show that 

100 exp (_p2t2) dt < exp (-;~2a4) , 
a2 2a p 

(82) 

We can, therefore, write 

21~ exp [-!N
2
A2X2] dx < (5N~A2ye-s. (83) 

From equations (72)-(73), (75), (80)-(83) it can now be shown 
that 

( 
27r )t 

Re II > N 2 A2 [1 - En, (84) 

where 

Ef = (5!)! e-
s + 25~ (~:r N2~2 + 2(;Y 

.exp[ _N2Sin:'Y'][1 +N
2Sin

:.
Y} (85) 

We shall now obtain upper and lower bounds to Re IR in equation 
(51). According to equation (36) let 

(86) 

where 

(87) 

and 

IT = L~" G(x, Y.) dx + [00 G(x, Y8) dx. (88) 

From equation (87) we have 

12 I ~ 21" I G(x, Y8) I dx. 
Xl 

(89) 
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Now it can be shown from equations (29) and (60) that 

I G(X, Y.) I ~ exp [-QR(X, Y.)] 

+ exp [ -N'Sm:,y'][ 1 + N,sm:, y1 (90) 
From equations (89) and (90) we can write 

112 I ~ 2 f7r exp [-QR(X, Y.)] dx 
Xl 

+ 2(11" - x,) exp [ -N' sin:, v,][ 1 + N' sin:, y'l (91) 

From equation (64) 

QR(X, Y.) ~ N'U A,x' - 2
1
4 A.x'] '" N'v, 

where 

lA 2 1 A 4 
V =:2 2X - 24 4X. 

(92) 

(93) 

It can be shown (see Fig. 8) that v and dv/dx are positive for Xl ~ X ~ 
Xm = (6)!(A2/ A4)! ~ (6)! and that dv/dx is a monotonically increasing 
function of X for Xl ~ X ~ Xn where 

(94) 

We also know that QR(X, Y.) is a monotonically increasing function of X 
for Xl ~ X ~ 'Jr. Let us now assume that Xl < 0. 

V2 ------------

Xl -.f2 Xn Xm 

X 

F· 8 F· d dv .. . ( ) Ig. - unctIOns v an ax appearmg m equatlOn 95. 
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Equations (92)-(94) therefore yield 

2 i~ exp (-QR(X, y,)] dx 

where 

v -A _.:4..! 
2 - 2 6' 

and 

Since we know that 

we can write 

< [ N'x, ] r exp (-N'v) dv. 
5 1 _ §. A4 _1_ VI 

3 A2 N 2 A2 

Since it can be shown that 

100 [2t] dt _ exp [_p
2
a

2
] exp -p - 2 , 

a' P 
P 2~ 0, 

from equations (91), (95) and (100), we have 

(95) 

(96) 

(97) 

(98) 

(100) 

(101) 

(102) 
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where 

(
N2A )! + 2(77" - v2) 277" 2 exp [-QR(v2, YB)] 

+ 2(" - x,)(N;;,y exp [ -N' 8m:. y,][ 1 + N' sm:. y,] . 
Xl < v2. (103) 

Similarly, if Xl > V2, one can show that 

Let us now consider the range of integration 77" < X < co. For X» Y, 

exp [-QR(X, Y,) + jQI(X, Y8)] 

[ ( 
2 sinh y, N2 h sin X) 

~ exp - N -y-. - - cos y. -x-

+ j(AX + N 2 sinh y. co~ X)] , (105) 

and 

[ N 2 sinh Y s + ." ] exp - -- JI\X 
, Y • 

. [1 + N2 sin ex +. jys)] ~ exp [_N2 sinh Ys + jAX] 
X + JYB Y8 

.{l + N{S~x coshy, + j CO;X SinhY,]}. (106) 

Let us choose the point X2 + jy, along the path of integration so 
that the amplitudes of the two terms in equations (105) and (106) 
differ by less than 10.5 percent [(N2 cosh y,)/X2 ~ O.lland their relative 
angle departs from 1800 by less than 0.1 radian [(N2 sinh Y8)/X2 ~ 0.1]. 
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Such a point X2 + jy. is given by 

X2 = 10N2 cosh y •. (107) 

We assume that X2 > 7r' ~ Xl , or that 

N 2 7r > 10 ~ 0.31416. (108) 

Since from equation (57) N 2 ~ 30/7r'2, this inequality is always satisfied. 
We shall now write 

(109) 

where 

13 = L~~ G(x, Y.) dx + iX

' G(x, Y.) dx, (110) 

and 

14 = L~' G(x, Y.) dx + i~ G(x, Y.) dx. (111) 

Noticing that 

I sin (x + jy.) I < cosh y. < cosh y. 
I X + jy. I = (x2 + v!)! = x 

(112) 

we can show that 

and 

f x K f2l7r 

_ • exp [-QR(X, Va)] dx ~ L . exp [-QR(X, Va)] dx 
.. 1=1 (21-1) 7r 

K 1(2l+1)7r .. L exp [-QR(X, Y.)] dx, 
1=1 217r 

(114) 

where K is an integer such that 

(2K + 1)7r' > X2 ~ (2K - 1)7r'. (115) ~ 

One can show that equation (115) is satisfied if 
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J( = INT[X2 +!] 
27r 2 

or 

(116) 

'Ve now have 

n = 1,2,3, (117) 

and 

1 _ _ Y_s_ sin x + 2 1 -_cos x > 1 
tanh Y. x Y. x2 =, 

t = 1,2,3, .... (118) 

From equations (31), (117), and (118) we can now prove that 

K J2l1r: 
~ (21-1)11" exp [-QR(X, Y.)] dx 

< ~ [N2 sinh Y8 1 J = L..J 7r exp - --- 2 

/=1 Y. 1 + Y. 
7r2(2t - 1)2 

[ N 2 sinh Y8] ~ [N2yS sinh Ys 1 J = 7r exp - --- L..J exp 2 2 • 

Y. /=1 7r (2t _ 1)2 + 'lLi 
7r 

(119) 

Further it can be shown that;' 

~ [N2ys sinh Ys 1 ] 
~ exp 7r2 (2t - I? + Y;/7r 2 

[
N2Y8 sinh Y. 1 ] 

< exp 2 1 + 2/ 2 7r Y8 7r 

+ (K - 1) [N2ys sinh Y. 1 ]. 
exp 2 9+ 2/2 7r Y. 7r 

(120) 

* The upper bound derived in equation (120) can be improved in various 
ways. Since this makes only a minor contribution to the total integral we shall 
be satisfied with this simple bound. 
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From equations (119) and (120) we have 

K f2l'll" 8 (21-1)'11" exp [-QR(X, Y.)] dx 

< [ N 2 sinh YB]{ [N
2

y. sinh YB 1 ] 7r exp - -- exp 2 1 + ( /)2 Y. 7r Y. 7r 

+ (K 1) [
N2Y8 sinh Y8 1 ]} 

- exp 7r2 9 + (Y./7r)2 . 

For 2t7r + n/2 ~ x ~ (2t + 1)7r, f. ~ 1, we can show that 

1 _ _ Y_" _ sin x + 2 1 - cos x 
tanh Y. x Y8 x2 

> 1 Y. 2 . + Y; (1 ) 
- - tanh Y8 (4f. + 1)7r sm x (2f. + 1)27r2 - cos X 

== Je(x). 

In this range of x 

cos x ~ 0, 

sin x ~ 0, 

and 

aJ e = Y 8 2 + Y; . > 0 
ax -tanh Y. (4f. + 1)7r cos x (2f. + 1)27r2 sm x = . 

We, therefore, have 

1 _ _ Y_. _ sin x + 2 1 - cos x 
tanh Y. x YB x2 

(121) 

(122) 

(123) 

(124) 

(125) 

~ Jl(x) ~ Jl(2t7r +~) == VtCy.) , (126) 

where 

2 2 

V1(y.) = 1 - tan~ Y. (4f. + 1)7r + (2t ~'1)27r2 (127) 

It can be shown that 

(128) 
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that Vt(y.) reaches its minimum at 

(129) 

and 

1 [ 1 J2 [Vt(Ys)]min ~ 1 - 4 1 + 4t + 1 > 0, (130) 

N ow for 2t7r ~ x ~ 2t7r + 7r /2, it can also be shown that 

1 _ -Y-. - sin x + 1 2 1 - ~os x ~ 1 _ _ Y_" _ sin x 
tanh Y. x Ys x- - tanh Y. 2t7r 

+ (4t ~Yi?7r2 (1 - cos x) == Lt(x). (131) 

One can prove that Lt(x) reaches its minimum at 

= 2P + t -1 [(4t + 1)2 7r J 
X 1;7r an 8 P t nh ' 1; Y8 a Y. 

(132) 

and 

(133) 

Next we can show that 

1 2 
Ut(O) = 1 - 2t7r < 1 - (4t + 1)7r Vt(O) , (134) 

that Ut (Y8) is a monotonically decreasing function of Y8 (see Fig. 9), and 

. (4t + 1)2 
~8~ UtCY8) = 1 - 32(2 > 0, t ~ 1. (135) 

It can also be proved by numerical methods (see Fig. 9) that 

t ~ 1, (136) 

and 

(137) 
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We therefore conclude that 

1 _ ~ sin x + 2 1 - cos x > 
tanh Y. x Y. x2 = 

[ 
16y! y;]! 

- 62511"4 + 411"2 tanh2 Y. ' t "?;, 1, Y. "?;, 0, 

2t1l" ~ X ~ (2t + 1)11". (138) 

Equations (31), (117), and (138) show that 

( ) > N2 sinh Y. U () (2t) 211"2 
QR x, Y. = -- 1 Y. (2t)2 2 + 2, Y. 11" Y. 

2t1l" ~ X ~ (2t + 1)11". (139) 

From equation (139) we can now write 

K j(2(+I),.. 

L exp [-QR(X, Y8)] dx 
t-J 2t1l" 

< ~ [N2 sinh Y. () (2t) 211"2 ] = L..J1I" exp - -- VI Y. (2t)2 2 + 2 
t=l Y. 11" Y. 

[ 
2 sinh Y. U ( )] = 11" exp - N -y-. - 1 Y 8 

~ [N2Y8 sinh Y. 1] 
. ~ exp 11"2 u1(y.) (2t)2 + (Y./1I")2 . (140) 

It can be shown that 

~ [N 2
y. sinh Y. 1] 

~ exp 11"2 U 1(ys) (2t)2 + (Y8/1I")2 

[
N2Y8 sinh Y. 1] 

< exp 11"2 U1(Y8) 4 + (Y./1I")2 

+ (K ) [
N2y. sinh Y s U () 1 ] 

- 1 exp 11"2 1 Y. 16 + (Y./1I")2 . (141) 

Equations (140) and (141) yield 

L exp [-QR(X, Y8)] dx < 11" exp _N2 --Y-' V 1(Y8) 
K j(2(+1)1I" [Sinh] 

t-l 2t1l" Y. 

{ [N2 Y. sinh Y. U () 1 ] 
. exp 11"2 1 Y. 4 + (Y./1I")2 

+ (K - 1) Cxp [N' Y. s~ Y. U.(Y.) 16 + ~Y.;,.-)']}. (142) 
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From equations (113), (114), (121), and (142) we can write 

113 I < (N~~)!E3 , (143) 

where 

E (N2 A2)' J2 [N2 sinh Ya] 
27r Ys 3=--1 7rexp - --

[ (
N2ys sinh Ys 1 ) 

. exp 7r2 1 + (Ys/7r)2 

+ (K 1) (
N2yo sinh Ys 1 )] 

- exp 7r2 9 + (Ys/7r)2 

+ 2 .. exp [ -N' 8in:' Y. U,(Y.)] 

{ [N2 Y 8 sinh Yo U () 1 ] 
. exp 7r2 1 Ys 4 + (Ys/7r)2 

+ (K - 1) exp [ N' Y. s~ Y. U,(y.) 16 + ~Y.I")']} 

[
In (x2)]l 

+ 2(X2 - 7r) exp [_N2Sinh Yo] 1 + N 2 cosh Ys __ 7r_ J. (144) 
Y. X2 - 7r 

Finally, from equation (111) we have 

I 14 I ~ 21~ I G(x, Y.) I dx. 
z. 

(145) 

Now from equations (27)- (28) 

I G(x, Y.) I = exp [ -N' 8m::. y.] 
.1 ex [N2 sin (x +. JYB)] _ [1 + N 2 sin (x +. JYB)] I. 

p x + JY. x + JY 0 

(146) 

If z is a complex variable, it can be shown that 

hl I exp (z) - 1 - z I ~ 2 exp I z I· (147) 

From equations (112), (145)-(147), we can write 
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Since 

o ~ sin () ~ (), O _~ () _~ sl·n- 1 Y. < 7r 
( 

2 + 2)! 2- , 
X 2 Y2 

we can show from equation (148) that 

< N4 cosh
2 YB [N2 sinh YB] exp - ---

Ya Y • 

. . f i
'-' •• /«,' + •• ')! exp [N' c::h y. 0] dO 

2 h [N2 sinh YB] = N cos Y. exp - -Y-. -

{ [N2 cosh Y. . -1 y. ] I} . exp --- sm (2 + 2)! - . 
Y. X 2 Y. 

Now we have 

O < . -1 < 7r = sIn (J' = 2" (J', 0~(J'~1. 

From equations (149)-(151), we can write 

I I. I < N' cosh y, exp [ -N' sin:. Yo] 

. { [7r N2 cosh Y 8 
]} N 2 h 

exp 2" (100N 4 cosh2 Y;+ Y:)! - 1 < cos YB 

(149) 

(150) 

(151) 
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. exp [ -N' sin:. y.][ exp to) - 1] ~ ~:~JE4 , (152) 

where 

E, ~ (N~:'yN' cosh Y. exp [ -N' sin:, Y-J[ exp (;) - I} (153) 

From equations (27), (49), (69), (71), (84), (86), (102), (109), 
(143), and (152) we can write the following bounds for Re I: 

< Re I < (N~~)![l + El + E2 + E3 + E4]' 

It has been shown that 

V. UPPER AND LOWER BOUNDS TO SV (f) 

We have shown in the previous section that 

Sv(j) = exp ( - N"){ o(f) + ~ [u-. (f + W) - u_. (f - W) 1 } 

1 {N2[ h2 Ys sinh Ys]} + -- exp -2 cos - - -- jJ. 
27rW 2 Ys 

where 

(l\f~~)! {1 - E: - E2 - E3 - E4} 

< jJ. < (N~~)![l + El + E2 + E3 + E 4 ], 

cosh Ys s.linh Ys f ---:y:- - ----:y;-- = N 2W ' 

Parameter 
El 
E' 1 
E2 
Ea 
E, 

Equation 
70 
85 

103 or 104 
144 
153 

(154) 

(155) 

(156) 

(157) 

(25) 

(155) 
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For N2 
= 10 and 25 we plot, in Figs. 10-16, El , E~ , E2 , E3 , and E4 . 

Notice that El , Ef , E2 , E3 , and E4 appearing in these bounds are 
all very small compared to unity so long as the modulation index is 
moderately high, and that El ,E3 , and E4 are monotonically decreasing 
functions of I and N 2. Also notice that E~ and E2 may first increase 
(see Figs. 11, 12) with Y. (or I), reach their maxima and then decrease 
with Y • . * It can be shown that these maxima are all very small com­
pared to unity for all N 2 which are even moderately high. 

For all I, we can then write 

( 
27r )i ( 27r )i 

N2A2 (1 - C) < p, < N2A2 (1 + D), (158) 

where 

(159) 

and 

(160) 

From Figs. 10-16 and expressions for C and D, we can show that 
C and D are both small «2%) compared to unity for N2 > 25 and 
for all I. Hence we deduce that 

(161) 

and that the fractional error in this approximation IS very much 
less than unity «2%). 

For N2 = 10 and 25 the spectral density Sv (f) and the fractional 
error C and D obtained from equations (158)-(161) are plotted in 
Figs. 17-20. From these figures notice that C and D are less than 
10 percent for N2 > 10,t and that 

C < 2%, for N 2 ~ 25, 

D < 2%, for N 2 ~ 25, 

proving the assertion made earlier in this paper. 

(162) 

(163) 

For N2 = 6 the spectral density obtained from equations (158), and 
(161) is given in Fig. 21; the percentage error between this spectral 

* One of the terms in El' is independent of f and N 2
• 

t By modifying the contour of integration we also have been able to show 
that C and D are less than 8% for N 2 ~ 10. Since this modified contour leads to 
unnecessary complications, we have not given that modified contour analysis in 
this paper. 
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Fig. 9-Functions Ul(y.) and Vl(y.). It can be observed that Vt(Ys) > U1(Ys) > 0, 
e ~ 1. 

0.04,----r----.----r-----r----,---------., 

0.03 r-----''ct-----+ 

El 

0.02 r-----t-----~--

0.0 1 ~=--o-. _ __.....~--+__ 

O~ __ ~ ___ ~ ___ ~ __ ~ ___ ~ ___ ~ __ ~ 

o 2 3 4 5 6 7 

(~)V2 .£.. 
2N2 W 

Fig. lO-Parameter El as a function of (2~2};~' 



802 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1969 

0.020 

- .... 
/' --.. 

I N2~ 
~ 
~ 

/ -----

0.016 
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/ /V 
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(
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Fig. ll-Parameter E/ as a function of (2~2) t fv· 

0.04 
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Fig. 12-Parameter E2 as a function of [2~2) t fv· 
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Fig. 13-Parameter E3 as a function of [2~2J ~ ~, with N2 = 10. 
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Fig. 14-Parameter E3 as a function of [2~2J ~ ~, with N2 = 25. 
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Fig. 15-Parameter E4 as a function of [2~2J ~ ~, with N2 = 10. 
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10-10 

10-11 

~ 
~ 
~ 

10-12 

10-13 

E4 

10-14 

10-15 

10-16 
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~ 
I~ 
N2=2~ 
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~ 

"" 5 6 

Fig. 16-Parameter E4 as a function of [2~2J! ~, with N2 = 25. 
density and that obtained from equation (19) has been plotted in 
Fig. 22 (for a set of values of f /W). The scatter diagram in Fig. 22 
indicates that the spectral densities obtained from the two methods 
agree very closely and that the saddle-point approximation error is 
not related in a simple way to the truncation error (it does not seem 
possible to draw a smooth curve through the points shown in Fig. 22). 

For all practical purposes, including interference calculations, esti­
mation of the spectrum to such an accuracy is almost always suf­
ficient. It can therefore be said that the saddle-point approximation 
given by equations (25), (155), (158), and (161) is a good approxima­
tion to Sv(f) as long as the modulation index is even moderately high 
(N2 > 10). The spectrum can be estimated by this method for all 
values of f even when it is millions of decibels smaller than the con­
tinuous part of the spectrum at f = o. 

Now compare the spectrum obtained from the quasistatic approxi­
mation* to that obtained from saddle-point approximation. For this 
purpose, the spectra obtained from equation (21) for N 2 = 10 and 25 are 
plotted in Figs. 17, and 19. We see that the spectra obtained from the 
quasistatic approximation agree very closely with those obtained from 
the saddle-point approximation for low frequencies, but that the quasi-

* See equation (21). 
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Fig. 17 - Spectral density of an angle-modulated wave, with gaussian phase 
modulation with a rectangular spectrum. N = (10)1/2 ~ 3.162 radians, rms phase 
deviation. 

static approximation to Sv(f) is too small for large f.* In fact for N 2 = 10 
the quasistatic approximation is 30 dB too small for f jW ~ 13.5. We 
have therefore shown that the quasi static approximation to the spec­
trum cannot be used in any interference calculations or in any calcula­
tions where the behavior of the spectrum on the tails is of importance. t 
The saddle-point approximation can be used at all frequencies as long 
as N 2 is moderately high. 

* For small f (or small Ys) it can easily be shown that the saddle-point ap­
proximation reduces to the quasistatic approximation. 

t The higher the rms phase deviation, the further out will the low-frequency 
(quasistatic) approximation be valid, 
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o 2 3 4 5 6 7 
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Fig. 18 - Bounds on fractional error in saddle-point approximation to the 
spectrum. N 2 = 10. 

VI. RESULTS AND CONCLUSIONS 

A simple method (called the saddle-point method) has been pre­
sented in this paper to estimate the spectrum of a sinusoidal carrier 
phase modulated by gaussian noise having a rectangular power 
spectrum. 

This method gives upper and lower bounds to the spectrum and 
shows that these bounds are very close for all f and for all moderately 
high phase deviations. We also show that the fractional error in the 
saddle-point approximation is less than 2 percent for N2 ~ 25 and 
for all f. 

The calculation of the spectrum by the saddle-point method is 
rather simple. For a given value of f, N2, and W, we calculate Ys 
from equation (25) and A2 from equation (155). The spectrum Sv(f) 
is then calculated from equations (156) and (161). 

We have also shown in this paper that the quasistatic approxima­
tion to Sv(f) is only good at low frequencies, and that for large f the 
results obtained from that approximation are too small. 
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APPENDIX 

It can be shown (see Ref. 7, p. 114) that 

Sv(f) 1 fco [N2 fW ] 
27rW -co exp - 2W -JV (1 - cos 27rJ.J.T) dJ.1. 

·exp [-j27rfT] dT, (164) 

~ 
~, -, 

'\ 
\\. 

\~ 

\\ 
, \ 
'\\ 

I \.\ 
\\ 

10- 10 i 

, \ , 1\ , 
---- QUASI-STATIC APPROXIMATION \ \ -- SADDLE -POINT APPROXIMATION 

" \ ~ 
\ \ \ 

I \ I 

2 3 4 5 6 

(_3 )1!2£. 
2N2 W 

Fig. 19 - Spectral density of an angle-modulated wave, with gaussian phase 
modulation with a rectangular spectrum. N = 5 radians, rms phase deviation. 
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Fig. 20 - Bounds on fractional error in saddle-point approximation to the 
spectrum. N 2 = 25. 
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Fig. 21- Spectral density of an angle-modulated wave, with gaussian phase 
modulation with a rectangular spectrum. N = (6)1/2 ::::: 2.449 radians, rms phase 
deviation. 
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Fig. 22 - Percentage error between the spectral densities obtained from saddle­
point approximation and that obtained from equation (19). It does not seem 
possible to draw a smooth curve through the points shown in this figure. We 
have, therefore, shown the error as a scatter diagram. 

or 

S(f) L: {exp [ -~ ( (1 - cos ;;'p )dJL] 

- exp [-N'{ 1 + N' s~p ]}e;>' dp. (165) 

From equation (165), it can be shown that 

I [ N 2 sinh Yo] = exp - -----
Y • 

and 

. L: {exp [:~ ( cos ;;, (x + jy.) dJL ] 

[ 1 + N' sin x(~ j~lj.) ]}e;>' dx, (166) 

(167) 
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or 

2 sinh y s N
2 1 w J.l. J.l. 

QR(X, Ys) = N -y-s - - W 0 cos W x cosh W y. dJ.l.. (168) 

Equation (168) yields 

aQR(X, Ys) N21w J.l. • J.l. h J.l. d 
ax = W 0 W sm W x cos W Y 8 J.l.. (169) 

For 0 ~ JlX/W ~ 'Ir, 

• J.l. > 0 sm W x = . (170) 

For y. ~ 0, and 0 ~ Jl ~ W, 

(171) 

J.l. . Jl h J.l. W sm W x cos W Ys ~ 0, (172) 

and from (169), 

o ~ x ~ 'Ir. (173) 

From equation (173) we then conclude that QR(X, Y.) is a mono­
tonically increasing function of x for 0, ~ x ~ 'Ir. 
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B.S.T.J. BRIEFS 

Correction Concerning Reflecting Objects in 
Coherent Illumination 

By L. H. ENLOE 

(Manuscript received January 31, 1969.) 

In a recent paper, the author analyzed and discussed the noise-like 
structure in images of diffuse objects in coherent illumination." While 
the author's interest and discussion concerned objects viewed in re­
flection, a model illustrating a diffuse object was unfortunately shown 
in Fig. 1 as a granular transparency viewed in transmission. It turns 
out that the analysis presented is not sufficiently general to cover 
transparencies viewed in transmission. The object must be viewed in 
reflection because: 

(i) The direct beam, that is, the unscattered component, is not in­
cluded in the fundamental equation (1). 

(ii) The relative phase angles (Ji of the individual scatterers in 
equation (1) are not unqualifiedly random in the forward scattering 
direction. 

I would like to thank D. Berkley for bringing this to my attention. 

* Enloe, L. H., "Noise-Like Structure in the Image of Diffusely Reflecting 
Objects in Coherent Illumination," B.S.T.J., 46, No.7 (September 1967), pp. 
1479-1491. 
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