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Fig. 3 - Mean square beam deviation averaged over 5,000 confocal guides 
with the two-state correctors. 

two-state systems, respectively. The staircase appearance of the 
plotted points is because of the effects of the displacements of alter­
nate lenses are independent in a confocal guide, for example, displac­
ing even numbered lenses causes the beam displacement only at odd 
numbered lenses. The plots of (r2) in Figs. 2 and 3 approach straight 
line asymptotes. The increase in (r2) is linear until it has increased to 
the point where the control mechanism begins to act to maintain (r2) 
at a constant equilibrium value. In the appendix, an approximate ex­
pression relating the equilibrium value of ,0'1' tOO'L is derived for both 
the two-state and three-state position control systems. Figure 4 con-
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Fig. 4 - The rms beam displacement versus the rms lens misalignment. 
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tains plots of this approximation. The experimental points marked 
on the plot were obtained from computer simulations of the two­
state mechanism. 

Figures 5 and 6 are the distribution of beam displacements from 
the confocal guide axis at the 25th lens, when the guide is controlled 
with a three-state system. The lens displacements are uncorrelated, 
gaussian, and have a standard deviation,u'J" of 0.1 in Fig. 5 and 0.5 
in Fig. 6. In Figs. 5 through 9, (An/N)/Ar is the fraction of beam dis­
placements per unit displacement. When (TL equaled 0.1 (Fig. 5) in 
the three-state system, the mechanism kept the beam displace­
ment below the threshold in all of the 5,000 guides simulated. Figures 
7, 8, and 9 are the distributions of beam displacements from the con­
focal guide axis at the 25th lens when the guide is stabilized using a 
two-state position corrector. The lack of symmetry of the corrector is 
evident in the distributions. A comparison of Figs. 5 and 7 shows that 
when the rms lens deviation is small (0.1 of the threshold) the two­
state system performs nearly as well as the three-state system. 

The system can be further simplified by allowing only every nth 
lens to be movable. Then for both the two- and three-state systems, it 
follows from equation (1) that the guide misalignment produces an 
increase in the mean square beam displacement of 2n(T i between each 
corrector. Therefore the performance of a system where only every 
nth lens is adjustable is equiva1ent to the performance of a system where 
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Fig. 5 - Distribution of beam displacements for a three-state corrector with 
the rms lens misalignment 'UL equal to 0.1. 
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Fig. 6 - Distribution of beam displacements for a three-state corrector with 
the rms lens misalignment UL equal to 0.5. 

each lens is adjustable, provided the lens displacements are uncorrelated 
and the mean square lens displacement is less by a factor of lin. 

Since, in a confocal guide, corrections in the beam position are in­
troduced at the even lenses by displacing the odd lenses and at the 
odd lenses by displacing the even lenses, the distribution of correctors 
must be evenly spread between the even and the odd numbered lenses. 

V. CONCLUSION 

The use of two- and three-state beam position controllers in optical 
waveguides stabilizes the beam position in the guide. 

When the misalignment of the lenses in a confocal guide forms waves 
at Wo , the resonant spatial frequency of the guide, the rms displacement 
of the beam reaches an equilibrium value beyond which it does not 
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Fig. 7 - Distribution of beam displacements for a two-state corrector with 
the rms lens misalignment UL equal to 0.1. 
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Fig. 8 - Distribution of beam displacements for a two-state corrector with the 
rms lens misalignment O"L equal to 0.3. 

grow, as long as the amplitude of the wave of lens displacements is less 
than T /2 for the three-state system or T /4 for the two-state corrector. 

When the lens displacements are gaussian, uncorrelated, and have 
an rms value,uL, that is less than 0.1 of the threshold the two-state 
system works nearly as well as the three-state system. If ,UL < 0.1, 
then Ur < 0.5 and the distribution of the beam displacements is ap­
proximately gaussian. The probability of the beam exceeding the 
threshold at any given lens is less than 10-4 if 'UL < 0.1. 

APPENDIX 

Approximate Statistical Theory 

It has been shown that in a beam waveguide with misaligned lenses 
the probability distribution of the beam displacement from the guide 
axis is gaussian with a standard deviation that increases with in­
creasing distance of propagation through the guide.12 In a confocal 
guide the average value of this increase is given by 

(1) 

where .6. g u; is the change in the mean square beam deviation resulting 
from guide misalignment and u L is the rms lens displacement. 

When a discrete-state beam position control system is used, the 
probability distribution is stationary and the mean square beam devia­
tion, u; , does not increase with increasing distance of propagation. 
The increase in u; resulting from lens misalignment is counteracted by a 
decrease in u; resulting from the action of the controller. 

Assume that P(r) is the probability that beam displacement equals 
r before the controller acts. When the controller is a three-state cor-
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rector, the mean square beam deviation after the controller acts is 

(2) 

expanding the term (1' - 1) 2 in the second integral yields the equation 

(3) 

where (r2)b and P(I r I > 1) are the mean square beam deviation be­
fore the controller acts and the probability that the magnitude of the 
deviation before the controller acts is greater than one, respectively. 

When Per) drops off rapidly for r > 1 an approximation to the in­
tegral in equation (3) can be obtained by setting l' equal to one in the 
integral. This results in the following expression for the change in the 
mean square beam deviation resulting from the controller 

(4) 

where P(I rb I > 1) is the probability that the magnitude of the beam 
deviation before the controller acts is greater than one. It is also the 
probability that the controller acts. Since ~gO"; = - ~cO"; it follows 
from equations (1) and (4) that 

P(11'b I > 1) ~ 20"i . (5) 

Equation (5) is the probability that the three-state system has re­
sponded to a threshold crossing. Assuming that Per) is gaussian it 
follows from equation (5) that 

(6) 

where O"r is the rms beam displacement and erf ( -l/O"r) is the error 
function of -1/ u r . 
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rms lens misalignmentuL equal to 0.4. 
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Equation (6) is approximate. In order to apply it to the guide one 
must assume (i) that the probability distribution of beam displace­
ments at any given lens is gaussian, and (ii) that the change in the 
distribution at any lens resulting from the guide misalignment is 
small. These assumptions are more accurately satisfied as the TInS 

misalignment decreases. A comparison of the distribution obtained 
from the simulations when (TL = 0.1 and the gaussian used to ap­
proximate it is shown in Fig. 5. 

An analysis of the two-state system that proceeds in the same man­
ner as above yields the following relationship between the rms beam 
and rms lens displacements 

cri; = ! erf (-l/cr r ); (7) 

the probability that at any given lens the control system will respond 
to a threshold crossing is 

P(r > 1) = 2cri . (8) 

The relationships between (Fr and UL given by equations (6) and (7) 
are plotted in Fig. 4 along with experimental points obtained from 
simulations of the two-state system. 
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Eigenmodes of an Asymmetric Cylindrical 
Confocal Laser Resonator with a Single 

Output-Coupling. Aperture 

By D. E. McCUMBER 

(Manuscript received February 24, 1969) 

Previous calculations of the low-loss modes of a symmetric cylindrical 
confocal laser resonator have been extended to the asymmetric case. Diffrac­
tion losses are governed by the geometric-mean Fresnel number N m of the 
two end mirrors and, in the system we consider, by the Fresnel number No 
of an output coupling aperture in one of the mirrors. Loss factors and 
mirror field distributions have been calculated numerically for different No 
for Nm in the range 0.6 ~ Nm ~ 2. 

1. INTRODUCTION 

In a previous paperl we described the diffraction losses and the field 
distributions at the reflectors of the low-loss modes of a symmetric 
cylindrical confocal resonator for Fresnel numbers 0.6 ~ N m ~ 2. We 
considered the effect of output-coupling apertures in the reflectors but 
we assumed that both reflectors were identical, each with the same 
output aperture and the same maximum radius. In this paper we again 
consider the cylindrical confocal geometry, but we do not require 
identical reflectors and, in particular, we assume that only one reflector 
is pierced by an output-coupling aperture, as in the coupling scheme 
proposed by Patel and others.2 

Figure 1 shows an axial section of the confocal resonator in question. 
The cavity is bounded at its two ends by confocal spherical mirrors 
(more exactly, confocal paraboloids3

). The first mirror is perfectly 
reflecting over the annular region 0 ~ alo ~ P ~ aIm, the second over 
the circular section 0 ~ p -~ a2m . The maximum radii (aIm, a2m) are 
both much less than the mirror separation b. 

Expressions for the eigenvalues and eigenfunctions of asymmetric 
rectangular confocal resoIlators with output coupling slits have been 

1919 
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Fig. 1-Axial section of cylindrical confocal laser cavity. The cavity is 
bounded at its two ends by confocal spherical mirrors with radius of curvature b. 
One mirror is perfectly reflecting over the annular region 0 ~ alo ~ p ~ alm, the 
other over the circular section 0 ~ p ~ a2m. Both alm and a2m are much less 
than b. 

derived by Boyd and Kogelnik.4 Properties of symmetric resonators 
without coupling apertures are summarized with an extensive list of 
references in the review article by Kogelnik.5 Equivalence relations 
relating asymmetric and symmetric resonators with circular mirrors 
have been derived by Gordon and Kogelnik. 6 

Our analysis of the resonator of Fig. 1 closely parallels that of the 
symmetric resonator.l Assuming that all dimensions are large com­
pared with the optical wavelength A, we again use a scalar formula­
tion of Huygens' principle.3

-
5 For the cylindrical confocal geometry 

the field amplitude at reflector j, j = 1 or 2, for a typical mode can 
be written in the form 

F~~)(p, cp) = f~~)(p) exp (-ilcp), (1) 

where (p, cp) are radial and angular coordinates in a plane perpendicular 
to the resonator axis and where (l, p) are angular and radial quantum 
integers (transverse quantum numbers). For this asymmetric system 
with nonidentical mirrors, we cannot require for an eigenmode that the 
field amplitude distribution F~~) (p, cp) at one mirror be a constant 
multiple of that at the other. Rather, we must require for eigenmodes 
that after a round-trip transit of the resonator the field amplitude at one 
mirror be a constant mUltiple of the initial field amplitUde at the same 
mirror. This more elaborate self-reproducing requirement together with 
Huygens' principle gives the following pair of simultaneous integral 
equations which must be satisfied by the radial eigenfunctions f~~) (p) 
and eigenvalues K~~) [compare equation (2) of Ref. 1]. 

K~!)f~;) (P2) = ~~ l alm 

dpi PIJI(27rP2PI/bA)f~!) (PI), (2a) 
a,O 
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K~!)f~!)(Pl) = ~~ fa.
m 

dP2 P2JI(27rPIP2/b'A)f~!)(P2). (2b) 

J I (z) is the Bessel function of order 1 l I. The loss factor is 

1 1 
(1) (2) 1 

alp = - Kip Kip , (3) 

which is the fractional energy of a mode lost per reflection (or during 
the one-way transit time b/c, where c is the velocity of light in the 
resonator).5 The phase of the eigenvalue product K~!) K~!) determines the 
resonant wavelength: 

resonant 'A = 47rb/[(l + 1)7r - Arg K~!) K~!) - 27rn], (4) 

where n is an arbitrary integer (longitudinal quantum number). 
It is useful to introduce the mirror Fresnel numbers 

(5a) 

and their geometric mean 

N m == [N~l) N~2)]! = a1ma2m/'Ab. (5b) 

In place of the variables Pi and the functions f~~) (Pi) in equations (2), 
we introduce new variables 

(6a) 

and functions 

(6b) 

where r ~ = N m • We characterize the size of the radius-alo hole in 
the first mirror by the Fresnel number 

(7) 

With no significant loss of generality we can define the functions f~~) (Pi) 
such that 

(8) 

and 

(9a) 

(9b) 
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With this notation the eigenvalue equations (2) become 

Klpg~!) (r2) = 271" jrm drl rlJl(271"r2rl)g~~) (rl) , 
ro 

(lOa) 

Klpg~!)(rl) = 271" fr
m 

dr2 r2Jl(271"rlr2)g~!) (r2). (lOb) 

Equation (3) simplifies to 

(11) 

which depends upon the parameters (al O , aim, a2m , b, ;\) only through 
the Fresnel numbers N m = r~ and No = r: . In what follows we de­
scribe how the loss factor alp and the amplitudes g~~) (r) change with 
No for N m in the interval 0.6 ~ N m ~ 2. Solutions for No = 0 are 
described elsewhere. 1.3.7-9 

Our numerical method is similar to that previously described for 
the symmetric resonator.1 We expand the Bessel-function kernels 
in equation (10) as power series, truncate the series after a finite 
number M = max(10 N m + 1, 10) of terms, and reduce the integral 
equations (10) to M-dimensional matrix equations which are solved 
numerically with standard matrix routines. [The reduction of equa­
tion (10) to matrix form is described in the Appendix.] The merits 
of this technique remain as described before.1 

II. ANALYTIC METHODS FOR SMALL No 

The eigenvalues Kl p and field amplitudes glp(r) for No = 0 are de­
scribed elsewhere. l

•
3

• 7-9 The loss factor alp = 1 - 1 Kl p 12 for the four 
lowest-loss modes (compare with Fig. 2 of Ref. 1) are tabulated for 
0.6 ~ N m ~ 2 in Table 1. For l = 0, the field amplitude glp(r) at r = 0 
is finite; for l ~ 0, it vanishes as rill. As before, we expect the modes with 
angular quantum number l = 0 to be more sensitive to the coupling 
aperture (No> 0) than the l ~ 0 modes. 1 

If we use a superscript "0" to lable the eigenvalues and field ampli­
tudes for No = 0, then for small r, to within corrections of relative 
order r2, 

(12a) 

(12b) 

where coefficients ggp(O) are listedih Table II (an expanded version of 
Table III, Ref. 1) and coefficients c~p in Table III. The forms (12) are 
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TABLE I-Loss FACTOR alp FOR No = 0 

Nm aooO aOlO alOO a200 

0.6 3.614 X 10-2 0.7931 0.2724 0.6679 
0.7 1.301 X 10-2 0.6131 0.1371 0.4712 
0.8 4.448 X 10-3 0.4131 6.103 X 10-2 0.2900 
0.9 1.471 X 10-3 0.2411 2.477 X 10-2 0.1563 
1.0 4.759 X 10-4 0.1233 9.417 X 10-3 7.505 X 10-2 

1.1 1.515 X 10-4 5.651 X 10-2 3.424 X 10-3 3.285 X 10-2 

1.2 4.767 X 10-5 2.382 X 10-2 1.206 X 10-3 1.343 X 10-2 

1.3 1.485 X 10-5 9.462 X 10-3 4.151 X 10-4 5.225 X 10-3 

1.4 4.59 X 10-6 3.601 X 10-3 1.403 X 10-4 1.961 X 10-3 

1.5 1.41 X 10-6 1.328 X 10-3 4.674 X 10-5 7.164 X 10-4 

1.6 4.3 X 10-7 4.78 X 10-4 1.539 X 10-5 2.561 X 10-4 

1.7 1.3 X 10-7 1.69 X 10-4 5.01 X 10-6 9.000 X 10-5 

1.8 4 X 10-8 5.89 X 10-5 1.62 X 10-6 3.116 X 10-5 

1.9 1 X 10-8 2.02 X 10-5 5.2 X 10-7 1.066 X 10-5 

2.0 4 X 10-9 6.86 X 10-6 1.7 X 10-7 3.60 X 10-6 

useful for estimating the perturbations induced by a small finite No . 
To first order, the perturbed field amplitudes are 

g:!'(rl = g1.(rl{ 1 + 11" [' dr, r,[g1.(r,l]2} 

TABLE II-FIELD AMPLITUDE AT r = 0 FOR l = 0 
MODES WITH No = 0 

Nm gooO(D) gOlO(D) g02O(D) 

0.6 1.2770 1.2251 1.6159 
0.7 1.3021 1.1541 1.4851 
0.8 1.3213 1.1254 1.3735 
0.9 1.3354 1.1286 1.2760 

1.0 1.3457 1.1511 1.1930 
1.1 1.3536 1.1807 1.1291 
1.2 1.3597 1.2093 1.0890 
1.3 1.3647 1.2336 1.0742 

1.4 1.3688 1.2532 1.0812 
1.5 1.3723 1.2688 1.1025 
1.6 1.3752 1.2814 1.1302 
1.7 1.3778 1.2918 1.1580 

1.8 1.3800 1.3006 1.1826 
1.9 1.3820 1.3081 1.2033 
2.0 1.3838 1.3146 1.2203 

00 v'2 = 1.4142 1.4142 1.4142 

(13a) 
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TABLE III-FIELD-AMPLITUDE COEFFICIENT FOR 

l ~ 0 MODES AT r = 0 FOR No = 0 

Nm C100 CllO C200 

0.6 2.6428 4.4649 3.9948 
0.7 2.7222 4.0086 3.9131 
0.8 2.8269 3.7024 3.9979 
0.9 2.9266 3.5247 4.1770 

1.0 3.0094 3.4618 4.3917 
1.1 3.0746 3.4932 4.5999 
1.2 3.1255 3.5889 4.7809 
1.3 3.1659 3.7148 4.9305 

1.4 3.1988 3.8431 5.0526 
1.5 3.2260 3.9580 5.1531 
1.6 3.2491 4.0549 5.2371 
1.7 3.2690 4.1351 5.3087 

1.8 3.2862 4.2017 5.3704 
1.9 3.3014 4.2578 5.4244 
2.0 3.3148 4.3059 5.4721 

co 271'1/2 = 3.5449 23/271'1/2 = 5.0133 271' = 6.2832 

o 0 
o ( ) ~,o ( ) KZpKZa 

gzp r - L., gZa r (0)2 _ ( 0 )2 
a¢p KZp KZa 

To second order, the loss factor is 

(14) 

In deriving (14), we used the fact that for the cylindrical confocal 
geometry the eigenvalues Kz p are real and K7p = 1 Kz p 12. 

The last terms in (13) and (14) describe mode mixing by the aper­
ture. The amount of mixing depends upon the separation of the 
eigenvalues as well as upon the strength of the perturbation. Degener­
ate or nearly degenerate modes are much more sensitively coupled than 
are modes with greatly different losses. In the symmetric resonator the 
even-p and odd-p modes of a particular angular quantum number l 
do not mix; such modes do mix in the asymmetric geometry.1 

For No sufficiently small, we can neglect the second-order or mode-
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mixing term in (14). If we use the small-r approximations (12) in the 
remaining integral, we find for l = 0 that 

(15a) 

and for l ~ 0 that 

alp = a~p + (1 - a~p)7r(c~p)2N~II+1/(ll I + 1). (15b) 

These expressions confirm our previous conj ecture that modes with 
l = 0 are more sensitive to aperture loss than are modes with l ~ o. 

A quantity of interest in the design of lasers with aperture output 
coupling is that value Noe of No for which the losses of the longitudinal 
(00) mode equal the losses of the (least lossy) transverse (10) mode.2 

All other things being equal, the laser will operate in the (00) mode 
for No < N oe , in the (10) mode for No > N oe , and in still another 
mode for larger values of No. Using Eqs. (15), we estimate that 

(16) 

III. NUMERICAL RESULTS FOR No FINITE 

Let us compare estimates based upon the approximate expressions 
(15) and (16) with accurate numerical results. Using the numerical 
technique outlined at the end of the introduction and in greater detail 
in the Appendix, we have computed the loss factor alp for No finite and 
N m in the range 0.6 ~ N m ~ 2. Results for N m = 0.8 and No variable 
are shown in Fig. 2 and similar results for N m = 1.6 in Fig. 3. Results 
for No = 0.001 and N m variable are shown in Fig. 4. These examples 
were chosen to facilitate comparison with the two-aperture symmetric 
geometry of Ref. 1. The results are qualitatively similar to those ob­
tained before, except that here odd-p and even-p modes interact whereas 
before they did not. 

Predictions based upon the first-order expressions (15) and Tables 
I to III are shown as dashed lines in Figs. 2 and 3. The fit to the exact 
results is good for sufficiently small No, but deviations are large for 
those No's for which the interaction between the (l, p) and (l, p + 1) 
modes is evident as a repulsion in the calculated loss curves. 

The critical single-aperture Fresnel number Noe for which the loss 
factor alp of the longitudinal (00) mode equals that of the lowest 
transverse (10) mode is shown as a function of mirror Fresnel number 
N m in Fig. 5. This is an important parameter in the design of aperture-
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Fig. 2-Loss factor alp versus single-aperture Fresnel number No for low-loss 
modes when N m = 0.8. (Compare with Fig. 9 of Ref. 1 for the symmetric two­
aperture geometry.) The dashed lines are estimates based on equation (15) and 
the data from Tables I through III. 

out-put-coupled cavities having good mode selection.2 Also shown in 
Fig. 5 is the estimate of NOG derived from Eq. (16) and the data from 
Tables I through III. The agreement is reasonably good, and consistent 
with what one would expect from the accuracy of the estimates derived 
from Eqs. (15) in Figs. 2 and 3. 

The effect of mode coupling is apparent in the amplitude g~!) (r) of 
the field at the two mirrors. Consider the l = 0 modes, which are those 
most sensitive to finite No. The field amplitudes and intensities at the 
mirrors of the two lowest-loss modes are shown for N m = 0.8 in Figs. 6 
and 7 and for N m = 1.6 in Figs. 8 through 11. Figures 6 and 8 show 
the distributions for No = 0; they are the same on both mirrors. [Distri­
butions for other (lp) modes are shown for No = 0 in Ref. 1.] The other 
figures show how the distributions change for No> O. In each figure 
the dashed lines indicate the field distributions on the mirror pierced 
by the aperture, the solid lines those on the intact mirror. The radius of 
the mirrors and the radius of the aperature are indicated on the plots. 

One should distinguish two effects apparent in the field plots as No 
increases. First, there is a change in the magnitude of the field ampli­
tude g~!) (r) on the pierced mirror. This is a simple renormalization 
correction implicit in the requirement (9) that the fields be normalized 
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over the reflecting areas of the mirrors. Second, there are changes in 
the shape of the field distributions on both mirrors. This is a consequence 
of mode mixing, which becomes appreciable for those No's for which 
significant mode repulsion is apparent in the curves of Figs. 2 and 3. 
In each case the effect is to reduce the intensity of the less-lossy mode 
in regions where the mirrors are not reflecting, at the expense of the 
more lossy of the two interacting modes. This is apparent, for example, 
in Fig. 9 with N m = 1.6 and No = 0.0001, for which there is appreciable 
interaction between the (00) and (01) modes (compare with Fig. 3). 
The amplitude of the (00) mode at the aperture is decreased below that 
in Fig. 9; that of the (01) mode is increased. In Fig. 11 with N m = 1.6 
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Fig. 3 - Loss factor (~Ip versus single-aperture Fresnel number No for low-loss 
modes when N m = 1.6. (Compare with Fig. 11 of Ref. 1 for the symmetric 
two-aperture geometry.) The dashed lines are estimates based on equation (15) 
and the data from Tables I through III. 
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Fig. 4-Loss factor alp versus Fresnel number Nm for low-loss modes with No 
fixed at 0.001. (Compare with Fig. 16 of Ref. 1 for the symmetric two-aperture 
geometry.) 

and No = 0.01, the amplitude of the (01) mode at the aperture is re­
duced as a consequence of interaction with the (02) mode (Fig. 3). 

IV. DISCUSSION 

Our previous treatmene of a symmetric cylindrical confocal laser 
cavity is extended here to the asymmetric cylindrical confocal geometry 
of Fig. 1 and specific numerical values for the loss factor and for the 
field distributions at the mirrors have been calculated for Fresnel 
numbers 0.6 ~ N m ~ 2. The transformations outlined in Section I 
show that the loss factor of a cavity with different-sized mirrors 
(N~l) ~ N~2» equals that of a cavity having two mirrors with the 
same outer dimensions [N m = (N~l) N;:» !J. The field distributions 
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scale accordingly [see equations (6)]. Similar results also obtain in the 
rectangular confocal geometry." 

For sufficiently small aperture Fresnel numbers No the cavity losses 
associated with a single output coupling aperture can be estimated as 
in equations (15) from first-order perturbation theory. Just as in the 
symmetric two-aperture case considered previously, the value of No 
for which such first-order calculations fail decreases rapidly as the 
Fresnel number N m increases, because the field distributions distort 
through mode mixing to minimize the aperture losses in the lowest­
loss modes. I As before, this distortion occurs at approximately those 
values of No and N m for which an observer at one reflector, using light 
of the relevant wavelength and optics limited by the radius r m = N! , 
can resolve the aperture of radius ro = N! from the other reflector.l,lo 

APPENDIX 

Reduction of Integral Equations to l11atrix Equations 

We express the Bessel-function kernels in power-series form. (l 
III throughout this appendix.) 
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Fig. 5 - Critical single-aperture Fresnel number N oc for which diffraction 
losses of longitudinal (00) mode equal those of the lowest transverse (10) mode 
versus Fresnel number N m. (Compare with Fig. 18 of Ref. 1 for the symmetric 
two-aperture geometry.) The dashed line is an estimate based on equation (16) 
and the data from Tables I through III. 
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(a) 
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Fig. 6- (a) Field amplitude (lIP(r) and (b) field intensit~ 1 (lIP(r) 12 for modes 
(lp) = (00) and (01) with N m = 0.8 and No = o. The field distributions are 
identical on both mirrors. 

I t() (_I)m-l(7rr
1
r2)2(m- O 

J I (27rr1r2) = (7rr1r2) ]; (m + l _ I)! (m _ I)! (17) 

Truncating this series after M terms and substituting the result into 
(lOa), we obtain 

(18a) 

[
(7rT;)IJ! M (_I)m-l(7rr;)m-l (1) 

-Z-: ]; [em - I)! (m + Z - 1) !/Z!]~ Gm (l, p), 

(18b) 

where 

G;;\Z, p) 27r jrm d (2)m-l+lI2 (1)( ) 
[em + l - I)! (m - I)!]! ro r 1 r 1 7rr1 Qlp r 1 • 

(19) 
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Likewise we obtain from (1 Ob ) 

[(71T~)Z]~ AI (_I)m-l(71T~)m-l (2) 

Kzpg~!)(rl) = -l!- r~ [em - I)! (m + l _ l)!/l!]~ Gm (l, p), (20) 

where 

G~)(l, p) 27r fr
m 

d (2)m-l+ZI2 (2)' ) (21) 
[ (m + l - I)! (m - I)!] ~ 0 r 2 r 2 7rr 2 g I p (r 2 • 

Substituting the expression (20) for g~!) (r1) into the right hand side of 
(19) and the expression (18b) for g}~)(r2) into (21), we obtain after 
simple manipulations 

KlpG;;) (l, p) 

AI (-I)k-l[(7rN m)Z+m+k-l - (7rNo)Z+m+k-l] (2) 

t; [(m-I)! (m+ l-I)! (k-I)! (k+ l-I) !]~(l+m+k-l) Gk (l, p), 

(22a) 

-1 

,01 I 
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Fig. 7 - (a) Field amplitude Yz/J>(r) and (b) field intensity 1 Ylp(J)(r) 12 for 
modes (lp) = (00) and (01) with N m = 0.8 and No = 0.03. The dashed lines 
refer to mirror 1 (Fig. 1) and the solid lines to mirror 2. The radius of the 
aperture in mirror 1 is ro = 0.173. 
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2~--~-----'-----'-----r-'--'-----. 

(a) 

2 

Fig. 8- (a) Field amplitude Yip (r) and (b) field intensity I Ylp(r) \2 for modes 
(lp) = (00) and (01) with N m = 1.6 and No = O. The field distributions arc 
identical on both mirrors. 

KZpG;:\l, p) 

}.[ (-I)k-l(rrN m)Z+m+k-l (1) 

t; [(m-I)! (m+l-I)! (k-I)! (k+l-I) !]!(l+m+k-I) Gk (l, p). 

(22b) 

We have used the definitions (5b) and (7) to replace (r~ , r~) by the 
Fresnel numbers (N m , No). 

It is convenient to view G;,t) (l, p) as the mth component of an M­
dimensional vector G ( i) (l, p). We define B to be the M X M diagonal 
matrix with elements Bmm = (_l)m-l. We also define real symmetric 
matrices S(1) (l) and S(2) (l) with elements 

(ll (7rN m)Z+m+k-l 

Smk(l) = [em-I)! (m+l-I)! (k-I)! (k+l-I)!]!(l+m+k-I) ' (23a) 

(2) [(7rN m/+m+k-l - (7rNo)Z+m+k-l] 

Smk(l) = [em-I)! (m+l-I)! (k-I)! (k+l-I)!]!(l+m+k-I) (23b) 
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With these definitions equations (22) can be written more compactly 

KlpG(l) (l, p) 

Kl p G(2,(l, p) 

Eliminating G(2l, we obtain 

S(2l(l)·B·G(2l(l, p), 

SC1l(l)·B·G(1)(l, p). 

which is a single 111 -dimensional matrix eigenvalue equation. 

(24a) 

(24b) 

(25) 

It is generally useful to transform equation (25) such that the matrix 
to be diagonalized is real symmetric (or Hermitian). Because S(2) (l) 
is real symmetric with nonnegative eigenvalues, we can find a real 
lower-triangular matrix pel) such that 

(26) 

(a) 

-t~ __ ~ ____ ~ ____ ~ ____ ~ __ ~ ____ ~~~ 

(b) 

1.4 
RADIUS r 

Fig. 9- (a) Field amplitude gIP<J)(r) and (b) field intensity 1 gIP(J)(r) 12 for 
modes (lp) = (00) and (01) with N m = 1.6 and No = 0.0001. The dashed lines 
refer to mirror 1 (Fig. 1) and the solid lines to mirror 2. The radius of the 
aperture in mirror 1 is ro = 0.01. 
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If we define a new vector 

F(l, p) (27) 

then (25) can be written 

K;pFCl, p) = P(l)T·B·S(l)(l)·B·P(l)·F, (28) 

for which the matrix on the right hand side is obviously real symmetric. 
If U(l) is the real orthogonal matrix which diagonalizes this matrix, then 

(29) 

where K(l) is diagonal with elements Kpp(l) = K~p , P = 1 to M. The 
eigenvector F(l, p) of (28) corresponds to the pth column of U(Z) and, 
from (27), 

G(l) (l, p) = P(l)· F(l, p). (30) 

(a) 

(b) 

04---~~~~~~~~~~~--~+-~ 
o 1.4 

ro RADIUS r 

Fig. 10 - (a) Field amplitude gzp<J)(r) and (b) field intensity I gIP(J)(r) 12 for 
modes (lp) = (00) and (01) with N m = 1.6 and No = 0.001. The dashed lines 
refer to mirror 1 (Fig. 1) and the solid lines to mirror 2. The radius of the 
aperture in mirror 1 is ro = 0.0316. 
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0.2 0.4 0.6 0.8 1.0 1.2 I 1.4 
RADIUS r rm 

Fig. 11- (a) Field amplitude gl/J>(r) and (b) field intensity 1 gIP(J)(r) 12 for 
modes (lp) = (00) and (01) with N m = 1.6 and No = 0.01. The dashed lines 
refer to mirror 1 (Fig. 1) and the solid lines to mirror 2. The radius of the 
aperture in mirror 1 is ro = 0.1. 

The elements of U(l) and K(l) are easily computed numerically; the 
vectors G(l) (l, p) follow from (30); the vectors G(2) (l, p) follow from 
(24b); and the amplitudes g~~) (r) follow from (ISb) and (20). 

The program used to compute the results reported in this paper 
required a nominal 0.0003 hr. of GE 635 processor time to compute the 
M different eigenvalues I Kz p I and eigenvectors [G(1)(l, p), G(2)(l, p)] 
for M = 20. Timing for other values of M varies roughly as M3. 
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Some Basic Characteristics of Bl"oadband 
Negative Resistance Oscillator Circuits 

By K. KUROKA W A 

(Manuscript received January 14, 1969) 

This paper discusses the behavior of oscillators with multiple-resonant 
circuits. It discusses the condition for free-running stable oscillations, 
the injection locking phenomena, the stable locking range, the noise of 
free-running and injection-locked oscillators, and a condition for para­
sitic oscillations in detail, and presents a graphical interpretation 
of this study for clarity. Finally, this paper shows how broadbanding of 
oscillators can be achieved with a double-resonant circuit. This provides 
a systematic guide for the design of broadband frequency deviators and 
broadband injection-locked oscillators for numerous applications. 

1. INTRODUCTION 

With the advent of high-frequency negative resistance elements 
such as tunnel diodes, Gunn diodes, and IMPATT'S, it now appears prac­
tical, at microwave frequencies, to build negative resistance oscillators 
which perform various functions other than that of a fixed frequency 
oscillator.1 Among the proposals recently made are variable frequency 
oscillators as FM deviators, and locked oscillators as FM amplifiers, 
limiters, and FM demodulators.2-4 In the past, the analysis of these 
oscillators was primarily based on a simple model with a single­
resonant circuit.5

-
8 In practice, however, the designer of such a micro­

wave circuit provides a number of tuning elements and adjusts them 
by trial and error until a desired bandwidth of locking or frequency 
deviation is obtained. During this adjustment, the designer observes 
numerous phenomena, including sudden changes in noise or oscillating 
frequency, as well as various hysteresis effects which could not be 
explained by the simple oscillator model. 

This paper presents a more realistic model of oscillators in which 
the load is separated from the active device by a multiple-resonant 
circuit. This gives us a better understanding of the ·oscillator behavior 

1937 
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and, hopefully, a more systematic approach toward an oscillator de­
sign for broadband applications. 

II. EQUATIONS FOR AMPLITUDE AND PHASE OF OSCILLATING CURRENT 

Consider the circuit shown in Fig. 1. The active device is represented 
by - R + jX and the load by Z L. The box between the active device 
and the load represents a multiple-resonant circuit; Z(w) is the imped­
ance looking into the box from the active device. As far as the active 
device is concerned, the entire circuit can be expressed as a series con­
nection of Z(w) and - R + jX, as shown in Fig. 2 where e(t) represents 
noise or locking signal voltages that may be present. Let the current 
flowing through the active device be 

i(t) = A cos (wt + cp), (1) 

where A and 'P are assumed to be slowly varying functions of time. 
From the beginning, the effects of higher harmonics are neglected since 
they disappear in the process of averaging over one period of the 
oscillation which we perform later.7 ,s The voltage drop across the 
active devices is given by 

v = - RA cos (wt + cp) - XA sin (wt + cp) (2) 

where R and X are functions of the current amplitude A. In the follow­
ing discussion the frequency dependence of R and X are neglected, 
which is generally justifiable over the frequency range of interest. 
Furthermore, the magnitude of X is assumed to be small, which is 
usually justifiable after lumping any large constant portion of the 
device reactance in with Z(w). 

In order to calculate the voltage drop across Z(w), consider the time 
derivative of i(t). The first derivative is given by 

~~ - -A(w + ~) sin (wt + cp) + ~~ cos (wt + cp) 

Fig. 1-Schematic diagram for an oscillator. 
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Let) 

I 
v 

I 

-R + jX 

Fig. 2 - An equivalent circuit of the oscillator in Fig. 1. 

Similarly, to first order approximation, the nth derivative is given by 

dni ~ R {[.( + dcp) + ~ dAJnA iCwt+<P>}. 
dtn - e J w dt A dt e 

In ac circuit theory, the time derivative corresponds to multiplication 
by jw. Therefore, replacing w by w + dcp/dt - j(l/A)(dA/dt) every­
where in Z(w), Re {ZI} should give the desired voltage drop, where I 
is the expression for i(t) in the form of Aei(wt+<p>. Assuming dcp/dt « w 
and (1/ A) (dA/dt) « w, we have 

( 
dcp . 1 dA) 

Z w + dt - J A dt 

~ Zf ) + dZ(w) (dcp _ .~ dA) 
- \w dw dt J A dt 

= R(w) + jX(w) + [R'(w) + jX'(w)J(~; - j ~ ~~) (3) 

where R(w) = Re [Z(w)], X(w) = 1m [Z(w)], and the primes indicate 
the derivatives with respect to w. Using the above approximate ex­
pression, Re {ZI} is calculated to be 

[ 
dcp 1 dAJ Re {ZI} = R(w) + R'(w) dt + X'(w) A dt A cos (wt + cp) 

[ 
dcp 1 dAJ . - X(w) + X'(w) dt - R'(w) A dt A sm (wt + cp). 

Referring to Fig. 2, we have v + Re {ZI} = e(t) which is equivalent to 
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[ 
- dcp 1 dAJ R(w) - R + R'(w) dt + X'(w) A dt A cos (wt + cp) 

[ 
- dcp 1 dAJ . - X(w) + X + X'(w) dt - R'(w) A dt A SIn (wt + cp) = e(t). 

After multiplying this equation by cos (wt + cp) and sin (wt + cp), 
respectively and integrating over one period of oscillation, we obtain 

R(w) - R + R'(w) ~r + X'(w) ~ ~1 = ~ ec(t) (4) 

- X(w) - X - X'(w) ~r + R'(w) ~ ~1 = ~ e.(t) (5) 

where 

2 fl ec(t) = T e(t) cos (wt + cp) dt 
o 1-7'0 

(6) 

2 fl e.(t) = T e(t) sin (wt + cp) dt 
o I-To 

(7) 

and To is the oscillation period. Equations (4) and (5) both contain 
dcp/dt and dA/dt. However, by multiplying equation (4) by X'(w) 
and equation (5) by R'(w) and adding, an equation with dA/dt alone 
is obtained. Similarly, multiplying equation (4) by R'(w) and equation 
(5) by -X'(w) and adding, gives an equation with dcp/dt alone. These 
are 

[R(w) - R]X'(w) - [X(w) + X]R'(w) + 1 Z'(w) 12 ~ ~1 

1 
= A [X'(w)ec(t) + R'(w)e.(t)] (8) 

[R(w) - R]R'(w) + [X(w) + X]X'(w) + 1 Z'(w) 12 ~r 

1 
= A [R'(w)ec(t) - X'(w)e.(t)]. (9) 

Equations (8) and (9) are the basic equations for the amplitude and 
phase of an oscillating current. 

For a steady-state free-running oscillation, we assume ec(t) = 
e8 (t) = 0, dA/dt = 0 and dcp/dt = O. Thus, from equations (8) and (9) 
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we have 
R(w) - R = 0, X(w) + X = 0 (10) 

which determine the amplitude Ao and the frequency Wo of the oscil­
lation. Suppose A somehow deviates from its steady-state value Ao 
by a small amount oA. We then have 

(11) 

where Ro indicates the value of R at A = Ao [which is also equal to 
R(wo)], andsRo and rRo represent Ao( -8R/8A) and A o(8X/dA) , 
respectively, as indicated in Fig. 3. 

From equations (8) and (11), we obtain a differential equation for 
SA. To first-order approximation, it is 

If SA decays with time, we have 

sRoX'(wo) - rRoR'(wo) > O. (12) 

An operating point determined by equation (10) is stable if and only 
if it satisfies condition (12). 

III. CONDITIONS FOR IN JECTION LOCKING 

Let us next investigate injection locking of the oscillator. The in­
jection signal is represented by 

T 
I 

SRo 
I 

+ I 
I 
I 

Ro 
I 
I 
I 

~~------------+----. 
Ao A 

Fig. 3 - R versus A; X versus A. 
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e(t) = ao cos Wit. 

Then, from (6) and (7), we have 

ec(t) = ao cos cp, e8 (t) = ao sin cpo 

Since Wi may differ from wo, and A from A o , we write 

(13) 

- .0. A 
X(Wi) + X = Aa rRo + .0.X 

(14) 

where .0.R = R(Wi) - R(wo) and .0.X = X(Wi) - X(wo). Substituting 
(13) and (14) into (8) and (9) gives 

( ~~ sRo + .0.R )X'(Wi) 

- (~~ rRo + .0. X )R'(Wi) + \ Z'(Wi) \2 10 d ~A 

= ~oo {X'(Wi) cos cp + R'(Wi) sin cp} (15) 

( ~~ sRo + .0.R )R'(Wi) + (~~ rRo + .0. X )X'(Wi) . + \ Z'(Wi) \2 ~~ 

= ~oo {R'(Wi) cos cp - X'(Wi) sin cp}. (16) 

When the oscillator is locked d 6A:/dt = 0, dcp/dt = O. Substituting 
these conditions into (15) and (16) and eliminating 6A we have 

~o (i + r2)! sin (CPo + 0) = r .0.R - s .0.X (17) 
o 

where CPo is the phase of the steady-state current and {j is defined by 

tan 0 = rls. (18) 

Since the magnitude of sin (CPo +0) must be less than one, (17) leads 
to the condition 

(19) 

which determines the possible locking range. 
Next, assume that 6A and cp deviate from the steady-state values 

6Ao and cpa and write 6A = 6 Ao + SA and cp= cpa + Scpo Then, (15) 
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and (16) become 

= ~oo [ - X'(Wi) sin <Po + R'(Wi) cos <Po] o<p (20) 

~~ [sRoR'(Wi) + rROX'(wi)] + 1 Z'(Wi) 12 dd:<P 

= ~oo [ - R'(Wi) sin <Po - X'(Wi) cos <Po] o<p. (21) 

EliminatingoA from equations (20) and (21) gives 

1 Z'(Wi) 12 d~t~<p + {sROX'(Wi) - rRoR'(w;) 

+ ~oo [R'(w,) sin <Po + X'(w,) cos <pol} d d~<P 

+ ~oo Ro(S2 + r2)! cos (<Po + 0) o<p = O. 

For stable operation, I o!p I must decrease with time if it is not al­
ready zero. Thus, we have two conditions 

sRoX'(w;) - rRoR'(Wi) + ~o [R'(Wi) sin <Po + X'(Wi) cos <Po] > 0 
o ~m 

~oo Ro(S2 + r2)! cos (<Po + 0) > O. 

The first is usually satisfied if sRoX' (Wi) - r RoR' (Wi) is positive, as 
required for a stable free-running oscillation at Wi (not wo). The second 
condition is equivalent to 

cos (<Po + 0) > O. (23) 

The term !po is uniquely determined from equations (17) and (23). 
Using this !po, the left-hand side of equation (22) must then be calcu­
lated to check whether or not the locking is stable. 

The above discussion was in terms of voltage and current. Since 
power is a more meaningful quantity at microwave frequencies, let 
us rewrite equations (17), (19'), and (22). For simplicity, we assume 
that the box in Fig. 1 is lossless. Since the available power is invariant 
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under a loss less transformation the injected signal power Pi is given 
by 

2 

P ao 

i = 8(Ro + 6R) 

The free-running output power is equal to 

A2 
Po = R --.£. 

o 2 

Using the above relations, equation (17) can be rewritten as 

6R sin (J - 6X cos (J t'J 2Ro(PJPo)! sin (CPo + (J) (24) 

where higher order terms of DR are neglected. The locking range is 
determined from 

I 6R sin (J - 6X cos (J I ~ 2R o(P JP o)! (25) 

(tl + r2)!Ro sin C8 - (J) + 2RoCP i/Po)! sin (8 + CPo) > 0 (26) 

where 

X'(Wi) 
tan 8 = R'(Wi)· (27) 

Equations (25) and (26) correspond to equations (19) and (22), 
respectively. To the same order of approximation, the output power 
of the locked oscillator is given by 

P = Po{l + 6R _ ~ 6RX;CWi) = 6~R'(Wi) 
Ro Ro sX (wJ rR (Wi) 

+ 4(
P i)![X'(Wi) cos CPo + R'(Wi) sin CPo - .1 ]} 
Po sX' (Wi) - rR' (Wi) 2 cos CPo (28) 

where the power wave concept has been used in the calculation.9 

IV. NOISE AND PARASITIC OSCILLATIONS 

Oscillator noise near the carrier can be discussed in terms of fluctua­
tions in A and <p, just as in a single-tuned oscillator. Let e (t) indicate 
a noise voltage in equations (6) and (7); then we have (see Ref. 5) 

ec(t) = n1(t), e8 (t) = n2(t) 

where nl (t) and n2 (t) represent the cosine and sine components of the 
noise voltage e (t) and 

n2(t)2 = 2e(t)Z, 
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Substituting the above expressions into equations (8) and (9), we 
obtain 

sRoX'(wo) 5A - rRoR'(wo) 5A + \ Z'(W O ) \2 d :t
A 

= X'(W O)n1(t) + R'(wo)n2(t) 

sRoR'(wo) 5A + rRoX'(Wo) 5A + \ Z'(Wo) \2 Ao ~r 

= R'(w O)n1(t) - X'(w O)n2(t) 

from which the frequency spectra of SA and 'P are calculated as 

2 2 \ Z'(W o) \2 \ e \2 
\ 5A(t) \ = w2 \ Z'(wo) \4 + [sRoX'(wo) _ rRoR'(wo)]2 (29) 

2 2 \ e \2 w2 \ Z'(Wo) \2 + (i + r2)R: 
\ cp(t) \ = --:2A;- w2 \ Z'(wo) \4 + [sRoX'(wo) _ rRoR'(wo)]2 (30) 

These equations indicate that the oscillation becomes very noisy as 
we approach the boundary of the stable region defined by equation 
(12). This is what we expect. However, equation (29) and (30) are 
not valid near the boundary since SA is no longer small, as was ini­
tially assumed. 

Sometimes we need to consider additional current components at 
frequencies w ± 6.w, so far away from the oscillating frequency w that, 
although 6.w « w, equation (3) is no longer a valid approximation. In this 
case, we express the current in the form 

i(t) = A cos (wt + cp) + A+ cos {(w + 6.w)t + cp+} 

+ A_ cos {w - 6.w)t + cp_} (31) 

where A, 'P, A+, 'P+ A_, and 'P- are all slowly varying functions of time. 
Assuming that A+ « A and A- « A, and neglecting higher order terms 
of small quantities, the current can be expressed as 

i(t) = .if cos (wt + cp) 

where 

A = A + A+ cos (6.wt + cp+ - cp) + A_ cos (.6.wt - cp_ + cp) 

cp = cp + ~ {A+ sin (.6.wt + cp+ - cp) - A_ sin (6.wt - cp_ + cp)} . 
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The voltage drop across the active device is then given by 

v = - R(.J) 1 cos (wt + cp) - X(.J)l sin (wt + cp) 

r-.J -RA cos (wt + cp) - XA sin (wt + cp) 

- (2R + ~~ A) ~+ cos [(w + Lw)t + cp+J 

- ~~ A ~- cos [(w + Lw)t + 2cp - CP-J 

- (2X + ~! A) ~+ sin [(w + Lw)t + cp+J 

- ~! A ~- sin [(w + Lw)t + 2cp - CP-J 

( -ail ) A - 2R + aA A 2 cos [(w - Lw)t + CP-J 

- ~~ A ~+ cos [(w - Lw)t + 2cp - cp+J 

- (2X + ~! A) ~- sin [(w - Lw)t + CP-J 

- ~! A ~- sin [(w - Lw)t + 2cp - cp+J (32) 

where R and X express the values at A, that is, R(A) and X(A), respec­
tively. To derive equation (32), an assumption was made that the 
values of R and X change with time following the envelope of the 
current, which is generally a valid assumption when Lw « w, as assumed 
here. The voltage drop across the impedance Z(w) can be calculated 
as follows. 

[ 
dcp dAJ Re {ZI} = AR(w) + AR'(w) dt + X'(w) dt cos (wt + cp) 

- [ AX(w) + AX'(w) ~~ - R'(w) ~1 ] sin (01/ + ,,) 

+ (A+R+ + A+R~ d;/ + X~ d~+) cos [(w + Lw)t + cp+J 

- (A+X+ + A+X~ d;t - R~ d~+) sin [(w + Lw)t + cp+J 
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+ (A_R_ + A_R~ d:
t
- + X~ d~_) cos [(w - L.w)t + rp-l 

- (A_X_ + A_X~ d:
t
- - R~ d~_) sin [(w - L.w)t + rp_] 

where R+ = R(w + L.w), X+ = X(w + L.w), R_ = R(w - L.w) 
and X_ = X(w - L.w). 

Let n be defined by 27r/To l1w. IVlultiplying Re {ZI} + v = e(t) by 
cos (wt + rp) and sin (wt + rp), and integrating the results over a period 
of nTo, we obtain approximate equations for A and rp. These are identical 
to equations (4) and (5), except that ec(t) and ea(t) are now defined by 

2 ft 
ec(t) = nTo t-nTo e(t) cos (wt + rp) dt, 

2 jot e8 (t) = -T e(t) sin (wt + rp) dt. 
n ° t-nTo 

This means that A and rp of free running and of injection-locked oscil­
lators behave exactly in the same manner. For example, the amplitude 
of the free-running oscillation is determined by equation (10) and 
hence (8Rj8A)A and (8Xj8A)A in equation (32) can be replaced by 
-sRo and rRo, respectively. The integration of Re {ZI} + v = e(t) 
over a period of nTo after multiplying by cos [(w + L.w)t + rp+J.. and. 
so on, gives 

(R+ - R + !sRo)A+ + R:A+ d:t + X: d~+ 

+ (sRo cos 8 - rRo sin 8) ~-

2 ft 
= nTo t-nTo e(t) cos {(w + L.w)t + rp+} dt, 

- (X+ + X + !rRo)A+ - X:A+ d~+ + R: d~+ 

- (rRo cos 8 + sRo sin 8) ~-

2 ft 
= nTo t-nTo e(t) sin {(w + L.w)t + rp+} dt 

(33) 

(34) 

and two similar equations, in which the subscripts + and - are inter­
changed and + L.w is replaced by - L.w. These are the basic equations 
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determining the behavior of A+, A_, cP+, and cp_. In equations (33) 
and (34), 0 stands for 2cp - cp_ - cp+. 

When e(t) equals zero, the above equations usually give A+ = A_ = O. 
However, if the condition 

R+ - R + !sRo 
X+ + X + !rRo 

R_ - R + !sRo 
X_ + X + !rRo 

(35) 

is satisfied, the steady-state values of A+ and A_ can become finite 
even when the integrals in equations (33), and (34) (and the other 
two equations) are all zero. Condition (35) is not satisfied by a single­
tuned oscillator. With a multiple-resonant circuit, however, the locus 
of Z(w) on the complex plane may form a loop (or loops) which inter­
sects with itself; the above condition is often satisfied at a certain 
oscillation frequency (or frequencies). This means that as the oscilla­
tion frequency approaches this particular value the noise output power 
at w ± !:::,.w increases enormously, resulting in a noisy parasitic oscilla­
tion; this first-order discussion then becomes invalid. 

The noise of locked oscillators with a mUltiple-resonant circuit can 
be treated in a way similar to that of a single-tuned locked oscillator. 
For simplicity, let us assume that the locking signal is noise-free. Then, 
we have 

\ oA \2 = [(w2A2 \ Z' \2 + a~)2 \ e \2J 

. {[w2 A \ Z' \2 - ao(sRo cos CPo - rRo sin cpo)r 

+ w2[A(sRoX' - rRoR') + ao(R' sin CPo + X' cos CPo)J2} -1 (36) 

\ ocp \2 = {[w2 \ Z' \2 + (i + r2)R~J2 \ e \2} 

. {[w2 A \ Z' \2 - ao(sRo cos CPo - rRo sin CPo)J2 

+ w2[A(sRoX' - rRoR') + ao(R' sin CPo + X' cos CPo)J2} -1 (37) 

where Z', R' and X' indicate their values at Wi • 

The parasitic oscillations also take place in the injection-locked 
oscillators at the same frequency as before. This is because the injec­
tion-locked signal does not contribute to the values of the integrals in 
equation (33), and the condition for parasitic oscillations remains the 
same. 

V. GRAPHICAL INTERPRETATION 

An excellent discussion of oscillator behaviors using a graphical 
method was already presented by Slater in his book Microwave Elec-
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tronics. This section will extend his method first by including the case i tl 
which the locus of Z(w) forms a loop (or loops),* and then by discussing 
inj ection locking. 

Suppose that the locus of Z(w) and the line representing R - jX are 
drawn on the complex plane as shown in Fig. 4. The parameters are w 
and A; the arrows indicate the directions of increasing wand A. Ac­
cording to equation (10), the intersections of these two curves give 
possible operating points. For intersection (a), sR'(w) > 0 and 

Ro(:,'(:; - ;) = RoCtan 8 - tan 0) > o. 

R,- jX 

Fig. 4 - Z (w) and R - jX on the complex plane. 

From equation (12), (a) is a stable operating point. For intersection (b), 
sR'(w) < 0 and hence equation (12) becomes 

(
X'(w) r') 

Ro R'(w) -; = Ro(tan 8 - tan 0) < o. 

This inequality is satisfied and intersection (b) represents another stable 
operating point. However, intersection (c) is unstable since sR'(w) < 0 
and tan 8 - tan 0 > o. 

Which of the two stable operating points the oscillation selects de­
pends on the oscillation's history. Suppose an oscillation corresponding 
to (a) is taking place and X is gradually decreased, then the curve 
R - jX moves up and the intersection (a) moves toward the right until 
it reaches (a'). If we further decrease X the intersection (a') disappears 
and the operating point jumps to (b'). Just before it jumps the oscilla­
tion becomes very noisy [since 

sRoX'(w) - rRoR'(w) = (i + r2)!Ro I Z'(w) I sin (8 - 0) 

m the denominator of the noise expression (29) becomes zero and 

* In this case w = W1 + jW2 becomes a multivalued function of impedance. 
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I oA (f) I becomes infinite as w ~ 0]. After the jump, if X is increased to 
its original value, operating point (b) is reached. Similarly, with the 
operating point initially at (b) we can realize operating point (a) by 
increasing X sufficiently and then bringing it back to the original value. 
If X cannot be changed, we might still be able to change the circuit so 
as to move the locus of Z(w) up or down, thereby producing the same 
effect. During these adjustments, if three points R-!sRo-j(X+lrRo), 
R+ + jX + , and R_ + jX _ happen to fall on a straight line as illustrated 
in Fig. 5, then condition (35) is satisfied and we observe simultaneous 
oscillations at three different frequencies (sometimes more than three at 
w ± m6.w, with m representing integers). 

Let us next consider the injection locking case. Suppose that the 
free-running operating point is at (a) in Fig. 6. In order to lock the 
oscillator at w corresponding to point (e) in Fig. 6, the conditions for 
stable locking, equations (25) and (26), must be satisfied. Since I 6.R sin 
o - 6.X cos 0 I corresponds to the distance from (e) to the line R-jX 
as illustrated in Fig. 6a, we see that if this distance is less than 2Ro 
. (Po/Po)! the first condition is satisfied. Then, from equations (23) and 
(24) cp can be graphically obtained as shown in Fig. 6b. In this particular 
case cp is negative, but when (e) is located sufficiently below (a), cp be­
comes positive. Using this cp, 2Ro(PJPo)! sin (8 + cp) can be evaluated; 
for example, as shown in Fig. 6c, and if condition (26) is satisfied, (e) 
is in the stable locking range. This condition is generally satisfied when 
Pi « Po , unless (e) is located near the boundary point of the stable 
free-running oscillation such as (a') in Fig. 4. (Notice that s is equal to 2 
if the circuit is adjusted for maximum power.) 

Im 

t 
I 
I 

l..rRo 
2 I 

I 
I 

.l..-
I 
I 

I I 
~--- tSRo ---~ Re 

Fig. 5 - Condition for parasitic oscillations. 
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Fig. 6 - Graphical explanation of locking conditions. 

1951 

The apparent impedance presented to the active device is given by 

where E and I are the complex representations of e(t) and i(t) , re­
spectively. The last term on the right, including the minus sign, corre­
sponds to a vector drawn from (e) to (f) in Fig. 6b. Consequently, the 
effect of the injection signal can be considered as that of adding to Z(w) 
an impedance corresponding to this vector; the active device is operat­
ing at (f). This can be confirmed by calculating the amplitude of the 
oscillating current from equations (20) and (21) under steady-state 
conditions. 

VI. BROADBAND OSCILLATOR CIRCUITS 

Let us consider the frequency deviator. The oscillating frequency can 
be deviated by changing X of the active device, which may be a function 
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of supply voltage or current. For an oscillator with a single-resonant 
circuit, the relative frequency deviation is given by 

(38) 

where b.X indicates the variation in X. In order to increase the magni­
tude of the frequency deviation for a given b.X/ Il, the external Q of 
the circuit, Qext , must be reduced. However, it cannot be made smaller 
than the Q of the active device, and in practice it tends to be larger by 
as much as an order of magnitude because of the difficulty in obtaining 
strictly lumped-constant elements at microwave frequencies. 

Suppose that everything has been done to reduce Qext to its practical 
limit; the next thing to consider is the possibility of adding another 
resonant circuit as shown in Fig. 7. The series arm of Ll and 0 1 repre­
sents the original resonant circuit; the parallel resonant circuit L2 , O2 

has been added. For simplicity, let us assume 

Wo = (L10 1)-! = (L20 2)-1. 

The locus of the impedance Z(w), looking from the active device, should 
then look like Fig. 8, depending on the relative magnitude of the Q's 
of the resonant circuits (which are defined by Ql = WoLl/ RL = Qext , 
Q2 = Wo02RL). The markers indicate equally spaced frequencies. Figure 
8a shows the limiting case of L2 ~ 00 and O2 ~ 0, which corresponds to 
the original single-tuned oscillator. From Section IV, it is now obvious 
how the oscillator behaves in each case. Thus, the conditions of Figs. 8c 
and d are to be avoided if smooth frequency deviation is desired. Conse­
quently, we should concentrate on the case where Q2 < Ql . In the 
vicinity of the operating point shown in Fig. 8b, 

I"'V 2 b.w X(w) = RL(Ql - Q2)--
wo 

(39) 

where b.w = w - Wo , so that the frequency deviation corresponding to l:t 

Fig. 7 - An oscillator with a double-resonant circuit. 
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Fig. 8-Z(w) for the oscillator shown in Fig. 7. 

small ~jt is given by 

.6/ r-v 1 .6X 
-/ = 2(Q1 - Q2) R-' 

(d) 

As Q2 approaches Ql , .61// increases for a given small .6 X/ R. 

1953 

R 

(40) 

However, there are several disadvantages in bringing Q2 too close to 
Ql . The first is noise: since R' (w o) = 0 and X' (w o) becomes small, from 
equation (30) the oscillator output becomes noisy. The second is non­
linearity: unless Q2(2.6w/wo ) « 1, equation (39) and hence (40) become 
poor approximations. In fact, the frequency markers will be crowded 
near Wo ; they rapidly get sparser away from it. This means that the 
relation .61 versus .6X is highly nonlinear, which is objectionable in 
certain applications. Finally, the output power ! RA 2 may change 
rapidly as we deviate from Wo • This is because the intersection between 
R - jX and Z(w) moves to the left; hence, both A and R change. If the 
operating point is selected to maximize the output power, then the 
increase in A and the decrease in R may compensate for each other 
to produce approximately the same output power over a wide range of 
deviation, which is, however, highly dependent on the saturation charac­
teristic of the device itself. 

If the double-resonant circuit does not offer a satisfactory result be­
cause of its nonlinearity or power variation, one should consider triple 
or even higher order resonant circuits. If all the resonant circuits in the 
ladder structure shown in Fig. 9 are tuned to the same frequency Wo , 
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and if the Q's of the circuits satisfy 

Ql + Q2 + Q4 + ... > Ql + Q3 + ... > Q2 + Q4 + ... , 
then a broadbanding effect can be obtained near Wo • However, the rate 
of return diminishes as we increase the complexity of the circuit. 

Let us next consider injection locking of oscillators. It is clear from 
the discussion in Section IV that the circuits corresponding to Figs. 8c 
and d are not suitable. We, therefore, concentrate on Figs. 8a and b. 
The total locking range III can be calculated from 

~f _ ~ (Pi)! _I_ 
f - Q ext Po cos (} 

~f 2 (Pi)! 1 
-f- = Ql - Q2 Po cos (} 

for a single-resonant and a double-resonant oscillator, respectively. 
As Q2 approaches Ql, the locking range increases for given (Pi/PoP. 
However, the output becomes noisy if we bring Q2 too close to Ql. 
Thus, some compromise must be made. 

If a precise limiter action is desired, equation (28) should be closely 
investigated. If good linearity of cp versus ~w is desired, multiple-reso­
nant circuits are worth investigating. In any case, once the desired 
characteristic is given, it determines the necessary locus of Z(w). Then, 
well-known techniques developed in connection with the design of 
filters are available to optimize the circuit parameters until the desired 
locus is sufficiently approximated. 

In the above discussions, impedances were used exclusively. The 
same discussions can be carried out using admittances, producing no 
new results. However, when the active device has a large parallel 
capacitance, using admittances may have certain practical advantages 
since the capacitance can be more easily included in the multiple 
resonant circuit. 

C, 

RL[ ~ ~4-+-----+-------1-R t jX 

Fig. 9 - An oscillator with a multiple-resonant circuit. 
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VII. CONCLUSION 

We have discussed, in detail, the expected behavior of negative resis­
tance oscillators with multiple-resonant circuits. The systematic realiza­
tion of microwave hardware which simulates these equivalent circuits 
still remains a problem for the future. Also, an accurate method to 
evaluate the device impedance - R + jX must be developed before 
this discussion becomes more than just a guidance. Efforts in these 
directions are presently undertaken. 
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A Method for Digitally Simulating 
Shorted Input Diode Failures 

By HERBERT Y. CHANG 

(Manuscript received September 26, 1968) 

Most existing digital fault simulators can simulate only a somewhat 
restrictive class of failures; namely, stuck at "1" and stuck at "0" faults. 
The problem seems to be the lack of techniques for properly treating the 
effects due to "backward propagation" of errors. This paper describes 
a method for illustrating how shorted input diode failures, which previously 
could not be simulated, can be handled by digital methods. The method is 
applicable to all other modes of failures describable by truth tables or 
Boolean expressions. Furthermore, we examine the problem of circuit 
oscillations caused by backward propagating errors. We conclude that 
failure induced oscillations can only occur under very restrictive conditions. 

r. INTRODUCTION 

Digital fault simulation is the method of predicting the behavior 
under failure of a logical circuit by a computer program: that is, 
the use of a computer to aid in computing the output(s) of a logical 
circuit for a given input or a given set of inputs.1 One of the drawbacks 
of existing digital fault simulators is that the class of failures capable 
of being simulated is somewhat restrictive. Most simulators, such as 
IBM's Saturn Fault Simulator and Seshu's Sequential Analyzer (see 
Refs. 2 and 3) consider only those failures which cause some connec­
tion in the logic circuit to appear stuck at "I" (stuck-at-l )or stuck at 
"0" (stuck-at-O).* Shorted input diode failures of low level logic 
(LLL) gates, for example, therefore cannot be simulated because they 
are not describable by stuck-at-l or stuck-at-O types of faults. 

In this paper we describe a method illustrating how shorted input 
diode failures can be simulated digitally, using a technique somewhat 

* Other common assumptions made are (i) the fault-free circuit is well be­
haved; (ii) the class of faults considered is finite and nonintermittent; and (iii) 
the single-fault assumption is used. 

1957 
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different from the conventional approaches. The method can be easily 
extended to simulate other types of failures describable by means 
of truth tables or Boolean expressions. The oscillatory circuit behavior 
resulting from "backward propagation" of errors is also analyzed. 

II. NATURE OF THE PROBLEM 

The effectiveness of any simulator depends largely on how ac­
curately the structure and the behavior of a physical model can be 
described by the model used in the simulator. In the case of a fault 
simulator, one must ascertain that the presence of any fault in the 
physical model can be accurately reflected in the simulator by ap­
propriately changing the structural description of the simulated model. 
Experience has shown that stuck-at-1 and stuck-at-O faults are quite 
cornmon in most logic circuit realizations, and that these faults can be 
conveniently represented in the simulator by a technique called the 
failure-injection-word approach (see Ref. 3).t However, for shorted 
input diode failures, and possibly for many other unforeseen integrated 
circuit failure modes, the failure-injection-word approach will no 
longer be applicable. Some means for digitally simulating faults other 
than those of stuck-at-1 or stuck-at-O types must therefore be devised. 

Consider the three-NAND low level logic gate circuit shown in Fig. 1 
and investigate, respectively, the possible malfunctions of this circuit 
caused by (i) shorting diode Dl between input terminal a and tran­
sistor Q1 and (ii) shorting diode Dz between transistors Q1 and Q2. 

Case (i): When Dl is shorted, point x will always be at the same 
potential as point a. Whenever the potential at terminal b goes "low," 
the level at point x, and therefore terminal a, will also go "low." How­
ever, since there is no fanout at terminal a, other gates will not be 
affected. Furthermore, it can be easily verified that for all combina­
tions of inputs at terminals a and b, the output of Q1 remains normal; 
no trouble symptoms will be propagated to other parts of the circuit. 
Hence, we may conclude that the shorting of diode Dl does not affect 
the operation of this circuit. 

Case (ii) : When diode D2 is shorted, we can verify that no erroneous 
signals will be observed at the output terminal of Q2. However, be­
cause of the presence of fanout at point y, whenever the potential level 
at terminal c goes "low," the level at point y will also go low, causing 
a possible erroneous output at terminal t. Thus although the fault is 

t Other methods of analysis can be found in Refs. 4 and 5. 
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Fig. 1-A logic circuit with the NANDS. 

associated with gate Q2 (from a logic viewpoint), trouble symptoms 
caused by the fault are not observable at the output of Q2, but are 
observable at the fanout gate Q3. This is the "backward propagation" 
of errors. In the case where there is fanout to many gates, all these 
gates would be affected. 

At this point, we may summarize that the behavior of a logic cir­
cuit under a shorted input diode failure is inconsistent. If the input 
terminal of the faulty diode has no fanout, the circuit outwardly be­
haves in the same manner as a fault-free circuit; if the input terminal 
has fanout, malfunctions then propagate to other fanout gates but do 
not affect the gate to which this faulty diode is connected. At first 
glance it may appear that faults, such as shorted input diode failures, 
causing errors propagating backwards are difficult to analyze and 
therefore unsuitable for digital simulation. However, further study 
shows that if the nonstuck at "1" and nonstuck at "0" types of failures 
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are describable by truth tables, a systematic procedure can easily be 
devised to cope with these situations. 

III. A SOLUTION 

Consider a three-input NAND gate with input terminals x,y, z, and 
output terminal Q. As previously mentioned, any time an input diode 
is shorted, the output of a NAND behaves in the same way a fault-free 
NAND behaves. However, if anyone of the input terminals goes "low," 
the terminal associated with the shorted diode will also go "low." The 
condition can be described by constructing a truth table for the 
faulty three-input NAND as shown in Table 1. Part (i) enumerates all 
the input combinations; part (ii) shows the effect of input diode x 
shorted on all input and output terminals. Equivalently, by realizing 
Table I, we may represent the condition using the following expres­
sions: 

QNAND(X shorted) = (Xyz)'}. 

x(x shorted) = Q' 
(1) 

Equation (1) indicates that to simulate a shorted input diode fault, 
say at terminal x, of a NAND gate, one first computes the output Q as 
usual; one then changes the logic state of terminal x to be the com­
plement of the gate output Q. This must be done before other gates 
which are fanouts from terminal x are simulated. In other words, 
simulation is accomplished in two passes (over the gate), rather than 
in one pass, as was the case with the failure-injection-word approach. 

In order to avoid the complication resulting from backward error 

TABLE I-TRUTH TABLE REPRESENTATION OF SHORTED INPUT 
DIODE CONDITIONS FOR NAND GATE 

(i) Inputs (ii) Diode x shorted 

x y z x y z Q 

0 0 0 0 0 0 1 
0 0 1 0 0 1 1 
0 1 0 0 1 0 1 
0 1 1 0 1 1 1 
1 0 0 [9] 0 0 1 
1 0 1 [9] 0 1 1 
1 1 0 [Q] 1 0 1 
1 1 1 1 1 1 0 
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propagations, all gates in a logic circuit must be organized by "level," 
as was done in the conventional approach.3 By "level" we mean that 
all primary inputs and feedback inputs (in the sense of Huffman, see 
Ref. 6) are of level zero; a gate is of level n if all the inputs at the gate 
are of level n - 1 or less and at least one input is of level n - 1. To 
begin simulation, we apply a particular combination of primary inputs 
and feedback inputs to all gates of level 1; we compute the logic states 
of gate outputs and then all input terminals that have fanout using 
equation (1) to reflect the shorted input diode failure mode (of NAND 

gates). We proceed in a similar fashion to compute the outputs of all 
gates of level 2, all gates of level 3, and so on. 

Notice that faults can still be simulated several at a time if, as in 
the failure-injection-word approach, each fault is represented by a 
"bit" of a computer word and these bits are properly packed. Finally, 
we resimulate the whole circuit once more, in a way similar to the 
failure-injection-word approach. The reason for resimulating the cir­
cuit is that there are gates of level j whose input (s) may be fed from 
some gate of level k, and j > k (see Fig. 2). When gates of level j 
are being simulated, the states of all gates of lower levels, such as 
those of level k, have already been computed. Thus, to insure that the 
effect of shorted input diode fault(s) at any level properly propagates 
backward to gates of lower level (s), such as shown in Fig. 2, another 
pass must be computed over the whole circuit to obtain the correct 
results. With this approach, backward error propagations resulting 
from fanouts can be properly handled. 

The technique can easily be extended to simulate the same failure 
for other types of gates, as long as they are describable by Boolean 
expressions. The truth tables describing shorted input diode failures 
for AND and OR gates are given in Table II.* 

The equivalent Boolean expressions for Table II are 

and 

QAND(X shorted) = X· Y 

x(x shorted) = QAND 

QOR(X shorted) = x 

y(x shorted) = X· y. 

(2a) 

(2b) 

* We assume the driving element is much more potent in the zero-going (posi­
tive logic) direction than in the positive-going direction, as in the case of the col­
lector of a saturating n-p-n transistor with resistive pull-up. 
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Fig. 2 - Backward propagation of error resulting from shorted input diode 
failure. 

It is apparent that the truth table or Boolean expression approach, 
for describing failure modes of gates for digital simulation, can also 
be used to represent stuck-at-l and stuck-at-O faults. It should also 
be mentioned that methods for handling certain nonstuck at "1" and 
nonstuck at "0" types of failures have been treated by Roth.5 However, 
the technique for constructing the singular cover of the faulty gate (s) 
for shorted input diode types of failures is not discussed. 

TABLE II-TRUTH TABLE REPRESENTATIONS OF SHORTED 

INPUT DIODE CONDITIONS 

2-Input AND 
+v 

(i) Inputs (ii) Diode x shorted 

x y x y QAND 

0 0 0 0 0 
0 1 0 1 0 :x: 
1 0 @] 0 0 
1 1 1 1 1 ~ 

2-Input OR 

9-V 
(i) Inputs (ii) Diode x shorted 

x x QOR <-y y .2 
<> 

0 0 0 0 0 
0 1 0 [Q] [Q] :x: 1 .. 1 

p-

1 0 1 0 1 Q OR 
1 1 1 1 1 ~ P'" 
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IV. INDUCED OSCILLATIONS 

In some cases the backward propagation of errors can produce oscil­
lations in a normally well-behaved circuit. For example, consider the 
exclusive-oR circuit (realized in terms of NAND gates) as shown in Fig. 
3. With inputs a = 1, b = 1 and the input diode from b to NAND gate 
Q2 shorted, the error will propagate around the "loop" Q2 -7 b -7 Ql 
-7 Q2 and thus makes Ql oscillate, which in turn causes Q4 to oscil­
late.t At first glance, it seems that the problem presented by induced 
oscillation can be extremely complicated. However, the situation is 
still manageable. 

One of the necessary conditions under which oscillations caused by 
backward propagation of errors may result is that the site of failure 
be located at a place where reconvergent fanout paths converge. Re­
convergent fanout paths are defined to be those fanout paths of some 
gate of level k that reconverge at some gate of level k + i (i ~ 1). This 
is because if there are no reconvergent fanout paths in a circuit, no 
"loop" can be formed when an input diode of any gate is shorted. 
Consequently, no oscillation is induced. Thus in circuits having no 
reconvergent fanouts, the two-pass technique accurately simulates the 
circuit behavior. 

Now, suppose a circuit has some reconvergent fanout paths. Con­
sider gate Qa of level k whose fanout paths reconverge at some gate Qb 
of level k + i (see Fig. 4). Call the number of gates traversed by a 
reconvergent fanout path from Qa to Qb the degree of that path. It is 
not difficult t.o see that another necessary condition for the existence 
of induced oscillation (caused by a shorted input diode at Qb) is that 
there is at least one path of degree zero from Qa to Qb' In other words, 
if every reconvergent fanout path from Qa to Qb is of degree one or 
greater, errors at Qb cannot propagate backwards to QaJ as they will be 
"blocked" by gate(s) lying in paths between Qa and Qb. Consequently, 
induced oscillation is not possible under these conditions. 

Furthermore, in the case where one of the reconvergent fanout paths 
from Qa to Qb is of degree zero, oscillation will not result if there is no 
"sensitized" path (s) , under the given input condition, from Qa to Qb .4,5 
This is because if there are no sensitized path, errors originated at Qb 
and propagated backwards to Qa will not be able to propagate forward 
to Qb' Even in cases where there is some sensitized path (s), if the 
number of inversions of logic signal along the sensitized path (s), from 

t Physically, if the temporal length of the loop is short with respect to circuit 
operation time, oscillation will not occur. 
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a ----+--1 
b---+--I 

~ 
"-SHORTED DIODE 

Fig. 3 - An exclusive-oR circuit. 

0--- ab' + a'b 

Qa to Qb is even, no oscillation will result either, since all those inputs 
of Qb belonging to the reconverging fanout paths will have the same 
parity (as that of the particular input where the diode is shorted). 

As a result, we conclude that oscillations caused by backward propa­
gation of errors can occur, but only under a very restrictive set of con­
ditions. In the case of shorted input diode failures, oscillation can 
occur if (i) the site of failure is located at a place where some recon­
vergent fanout paths converge, and is on at least one reconvergent 
fanout path of zero degree (see Fig. 4), and (ii) for the given input 
condition, the number of inversions of logic signal along some sensi­
tized, reconvergent, and gain producing path (s) terminating at the 
site of failure is odd. 

There are a number of ways to handle the problem presented by in­
duced oscillations. One method is to first locate, from the circuit de­
scription, all groups of reconvergent fanout paths in which at least one 

LEVEL k 

I 
I 

LEVEL k+ 1 I 

~""--RECONVERGENT PATH 
OF DEGREE ZERO 

LEVEL k + L 

Fig. 4 - A circuit with a reconvergent path of degree zero. 



DIGITAL FAULT SIMULATION 1965 

path is of degree zero. Then, by flagging those gates that are members 
of these groups, we can repeatedly interrogate those flagged gates dur­
ing simulation runs to determine whether there is any oscillation. As 
multipass simulation can be very time consuming for large circuits, it 
may not be economically justifiable in view of the stringent set of 
constraints that must be met for oscillations to occur. The other 
method is to modify the logic design by eliminating all zero-degree 
reconvergent fanout paths. This can be done by either inserting a gate 
in series in the zero-degree path, or by adding a gate in parallel at 
the site of fanout to replace the zero-degree path, or by using some 
other design tricks. The choice of method depends largely on the cost 
of its implementation and the reliability requirement of the particular 
application. 

V. CONCLUSION 

A method has been described illustrating how shorted input diode 
failures, which previously could not be simulated by digital fault 
simulators, can be handled by digital methods. It has also been shown 
that the method can be easily extended to simulate all other modes of 
failures, including stuck-at-1 and the stuck-at-O types of faults, de­
scribable by truth tables or Boolean expressions. 

Furthermore, it has been pointed out that the backward propaga­
tion of errors can sometimes produce oscillatory behavior in a nor­
mally well-behaved circuit. Failure induced oscillations, although 
occurring only when a rare combination of conditions exists, can 
nevertheless complicate the simulation process, and make the circuit 
behavior unpredictable. It is therefore desirable to eliminate these 
problems by modifying the logic circuit during the design stage. 
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Amplitude and Phase Modulations in 
Resistive Diode Mixers 

By C. DRAGONE 

(Manuscript received April 30, 1968) 

This paper presents some new aspects of mixer operation and shows that 
the behavior of a mixer, using a resistive diode, can in general be represented 
by means of an equivalent circuit consisting of two transducers connected in 
cascade. The first of these two transducers transforms the input signals into 
amplitude modulations; the second is an AM detector which transforms 
these amplitude modulations into output signals. An important feature of 
this equivalent circuit is that it gives the dependence of the conversion loss 
upon certain important mixer parameters. 

We also show that extremely low « o.s dB) conversion losses can be 
achieved from a Schottky barrier diode, if the pump frequency Wo is much 
smaller than the cutoff frequency of the diode. To achieve such low con­
version losses the diode must be open-circuited at the harmonics 2wo , SWo , 

4wo , and so on, of the pump frequency. 

1. INTRODUCTION AND SUMMARY OF THE PRINCIPAL RESULTS 

The process of frequency conversion and its applications are well 
known and are extensively treated in the literature. 1

-
12 This paper 

considers the special case of a resistive diode frequency converter. We 
assume that the diode is pumped periodically by a strong source, the 
pump, which generates power at a single frequency Wo • In most of the 
analysis we assume that the frequency converter is required to transform 
small input signals occurring in the vicinity of Wo into low-frequency 
output signals. 

In such a frequency converter the large signals occurring at the 
frequencies 0, Wo , 2wo , 3wo , and so on, are perturbed by small ampli­
tude and phase modulations caused by the input signals. The occurrence 
of these modulations can be shown by using the amplitude-phase 
representation (sometimes called AM-PM representation) which 
describes the small signals occurring in the vicinity of the kth harmonic 

1967 
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of Wo in terms of the corresponding amplitude and phase modulations. 
When this representation is used, a convenient way of determining 
the small-signal terminal behavior of the frequency converter is pro­
vided by the incremental method. This method consists of perturbing 
the large-signals by introducing small and stationary variations in the 
pump level and in the dc bias. Then, from the relations between these 
variations and the perturbations they cause in the large signals, the 
small-signal terminal behavior of the frequency converter can be 
readily determined. In fact, we show that the connection between the 
foregoing relations and the desired terminal behavior can be represented 
by means of a simple equivalent circuit. 

This equivalent circuit represents the frequency converter as a cas­
cade connection of two transducers, as shown in Fig. 1. The first of 
these two transducers transforms the input signals into amplitude 
modulations with carrier frequency Wo • The second is an AM detector 
which transforms these amplitude modulations into the desired low-fre­
quency output signals. 

In other words, when a small signal generator at some frequency 
Wo + p, with p « Wo , is connected to the input terminals of the fre­
quency converter, small signals are produced in the diode at Wo + p 
and Wo - p. These signals contain two distinct types of components, 
the components which are produced by amplitude modulations, and 
the components which are produced by phase modulations. The second 
transducer of Fig. 1 shows that there is a one-to-one correspondence 
between the output signals of the frequency converter and the amplitude 
modulation components. The first transducer represents the relations 
between these components and the input signals. 

An important feature of the foregoing equivalent circuit is that it 
shows the dependence of the conversion loss upon certain important 
parameters of the frequency converter. This follows from the fact that 
the first transducer can be represented by means of a network con­
sisting of two ideal transformers and two admittances. One of these 
two admittances is the admittance YPI terminating the diode at the 

INPUT 
FIRST SECOND 

TRANSDUCER f---o----l TRANSDUCER 

AMPLITUDE MODULATIONS 

(Wo) 

OUTPUT 

Fig. 1-Equivalent circuit representing a frequency converter as a cascade 
connection of two transducers. 
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Fig. 2 - First transducer of Fig. 1 for Yilt = O. 

image frequency; the other is the nonlinear admittance gp presented 
by the diode at the pump frequency Wo • In particular, if Yf31 = 0 then 
the first transducer can be represented as shown in Fig. 2. An analogous 
equivalent circuit is obtained when Yf31 = 00. 

Finally, we examine the conversion loss of a Schottky barrier diode 
frequency converter. Its minimum value can be expressed as 

L r-.J 1 + 4 exp ( - IT ~V) , (1) 

if the parasitic capacitance of the diode can be neglected. In equation 
(1) 6. V is the difference between the maximum and minimum values 
of the large-signal voltage of the diode. In order to achieve this con­
version loss the diode must be open-circuited at all frequencies except 
W = 0, W = Wo , and the input and output frequencies. 

Practical considerations almost always require that the input and 
output impedances be much smaller than the impedances required for 
achieving the conversion loss given by equation (1). If these practical 
considerations are taken into account, one finds that the frequency 
converter can be represented by means of the equivalent circuit shown 
in Fig. 3. The conversion loss of this equivalent circuit depends upon: 
the impedance R of the input signal generator, the diode series resist­
ance R s , and the dc component leo of the current flowing through the 
diode. In fact, the conversion loss can be expressed as 

L = 1 + ~ (Rs + KT). 
R q1co 

(2) 

Notice that the operating frequencies at which this conversion loss 

INPUT OUTPUT 

0---------------------0 
Fig. 3 - Low frequency equivalent circuit of a Schottky barrier diode frequency 

converter under optimum circuit conditions. 
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can be achieved are limited by the junction capacitance Cj of the 
diode. Finally, notice that equation (2) implies that Rs does not set, 
by itself, any limit to the conversion loss. 

II. SMALL-SIGNAL TERMINAL BEHAVIOR OF PUMPED NONLINEAR RESISTORS 

Consider a nonlinear element in which the terminal voltage is related 
to the current by 

i = f(v) (3) 

and let 

giv) df(v) =a;;' (4) 

Then, if the voltage v is the sum of a large component vc(t) and a 
small component8v (t), that is, 

v = vet) = Vc (t) + ov(t) , (5) 

the current can be written to a first approximation as 

i rv (t) = ic(t) + M(t) , (6) 

where 

ic(t) = f[vcCt)] (7) 

and 

oi(t) = get) ov(t) (8) 

with 

(9) 

Equation (8) completely describes the small-signal terminal be­
havior of a nonlinear resistor pumped by a large-signal voltage vc(t) , 
in the absence of internal noise sources. 

In equation (8) get) is the time-varying differential conductance of 
the nonlinear resistor, as shown by equations (4) and (9). In the follow­
ing analysis we assume that vc(t) is periodic with some frequency Wo • 

Therefore icCt) and gCt) also are periodic. Furthermore, we assume that 
the circuit connected to the nonlinear resistor is resistive at the har­
monics 2wo , 3wo , 4wo , and so on, and at these frequencies, does not 
contain generators. Under these conditions it is always possible to choose 
the origin of time in such a way as to make vc(t), ic(t), and gCt) even 
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functions of time. 4
-

6 Thus let 

get) = g(-t). (10) 

This allows one to write Vc (t), ic(t) , and g (t) in the form 

00 

ve(t) = VeO + 2 L V ek cos kWot (11) 
k=l 

i~(t) = leo + 2 tIck cos kWot (12) 
k~l 

00 

get) = go + 2 L gk cos kwot. (13) 
k=l 

III. AMPLITUDE-PHASE REPRESENTATION OFSV (t) AND Si (t) 

Normally, it is convenient to represent the perturbationsSv (t) and 
Si(t) in terms of the Fourier coefficients of their frequency compo­
nents. The discussion of certain properties of the behavior of a pumped 
diode is often simplified by the use of an alternative representation, 
the so-called amplitude-phase representation. The main feature of 
this representation is that it emphasizes the amplitude and phase 
modulations occurring, because of Sv (t) andSi(t), in the various 
quasisinusoidal harmonic components of v (t) and i(t). 

This representation is well known and has already been shown to 
be particularly useful in simplifying the analysis of certain pumped 
nonlinear systems.13

-
15 In this section a complete derivation of it is 

given, in a form suitable for the discussion of the behavior of a fre­
quency converter. We regard oV (t) andSi(t) as representing small 
perturbations produced on v (t) and i(t), about the condition v (t) = 
Vc (t) and i(t) = ic (t). In accordance with this point of view, which is 
clarified by the following discussion,Sv(t) andSi(t) are often referred 
to as perturbations. 

An arbitrary voltage perturbationSv (t) can always be expressed 
in the form 

00 

ov(t) = ovao(t) + v2 L [OVak(t) cos kWot + OVpk(t) sin kwot] (14) 
k=O 

where OVaO(t), OVak(t), and OVpk(t) are low-pass functions limited to the 
band I w I < wo/2. Therefore in equation (14) the time function 

OVk(t) = v2[OVak(t) cos kWot + OVpk(t) sin kwot] (15) 
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represents the components of ov(t) occurring in the frequency range 
between kwo - wo/2 and kwo + wo/2 and between - kwo - wo/2 and 
-kwo + wo/2. In particular, if ov(t) contains frequency components 
at only the side-frequencies rwo ± p(1 r I = 0, 1, 2, and so on; 
o ~ p < wo/2), then OVk(t) and ovao(t) can be written as 

OVk(t) = 2 (Re){ V ak exp [j(p + kwo)t] 

+ VfJk exp [j(P - kwo)t]} (lc = 1,2, and so on) (16) 

ovaO(t) = 2(Re)(Vaoeipt) (17) 

where VaO , Yak and VfJk are the complex amplitudes of the components 
of ov(t) occurring at p, p + kwo , and p - lewo , respectively (le = 1, 
2, 3, ... ). Equation (16) can be rewritten in the form 

ovk(t) = 2(Re)[(Vak + VfJk)eiPt cos kWot 

+ j(Vak - Vj3k)i
pt sin lewot]. (18) 

A comparison of this expression and equation (15) shows that the 
low-pass functions SValc(t) andSvpdt) are sinusoidal of frequency p. 
That is, if equation (16) is satisfied one can write 

OVak(t) = 2(Re)(VakeiPt) 

oVpk(t) = 2(Re)(VPkeiPt) 

(k = 0, 1, 2, ... ) 

(k = 1, 2, 3, ... ). 

(19) 

(20) 

Furthermore, by comparing equation (18) and the expressions that 
one obtains by substituting equation (19) and (20) into equation (15), 
one obtains the following relations between the Fourier coefficients 
of BVadt) and OVpk (t) and those of OV (t) 

[ Yak] = ~ I~ 
Vpk LJ 

(le = 1,2,3, ... ). (21) 

Furthermore, 

Vao = VaO. (22) 

The two sets of low-pass functionsovao(t) ,OVal (t), and so on, and 
SVpl (t), ,SVp2 (t), and so on, defined by equation (14) provide a com­
plete representation of the voltage perturbation ov(t). Their signifi­
cance can be readily obtained by noticing that if V (t) is written as 

co 

vet) = Vo(t) + v'2 L Vk(t) cos [kwot + O~k(t)], (23) 
k=l 
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where Vo(t) , Vk(t) and O'Pk(t) are low-pass functions limited to the 
band I w I < wo/2, from equations (5), (11), and (14) one obtains 

Vo(t) = VeO + ovao(t) 

Vk(t) = v'2 V ek + OVak(t) 

-1 
O'Pk(t) = . r.\ V OVpk(t) 

v2 ek 

(k > 0) 

(k > 0). 

(24) 

(25) 

(26) 

That is, if one decomposes the voltage v (t) into a sum of harmonic 
terms, one finds that, because of the presence of the perturbation Sv (t), 
each harmonic component is modulated. The kth harmonic component 
is amplitude modulated bySvalc (t) and phase modulated by SVpk(t). 
Because of this property the representation ofSv (t) in terms of the 
low-pass functions SVak (t) and SVpk (t) (or of their Fourier coefficients 
Vale and Vpk) is called the amplitude-phase representation of Sv(t). 
The direct representation of Sv (t) by means of the Fourier coefficients 
Yak and V {3k is called the a-f3 representation.13 

The foregoing discussion can be extended toSi(t) by replacing v 
with i throughout. That is,Si(t) can be represented in terms of low­
pass functions Siak (t) and Sipk (t) 

00 

Di(t) = Oiao(t) + v'2 L [Oiak(t) cos kWot + oipk(t) sin kwot]. (27) 
k=l 

Furthermore, in the special case where Si(t) of the type 

oi(t) = 2(Re){ ~ 1 ak exp U(p + kWo)t] 

+ t, I,k exp [j(P - Ie",o) tj } , (28) 

the low-pass functions Siak (t) and Sipd t) are sinusoidal of frequency 
p and, if Iak and I plc are their Fourier coefficients, one has 

[
lak] = J:... [1 
I 

v'2. 
pk J 

1 ][1 ak] 
-j l{3k 

(k = 1, 2, 3, ... ) (29) 

and 

laO = lao. (30) 

Equations (21) and (29) can be interpreted, because of their partic­
ular form, as the relations describing the terminal behavior of a four­
terminal-pairs lossless network consisting of ideal transformers, such 
as the network T shown in Fig. 4. 
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Iak 

V,ek~ 
0--_-----' 

i -jVpk 

'--~-___ ---o 
I,ek ,/2: 1 -jIpk 

Fig. 4 - Network T describing the relations between the a - (J signals at 
p ± kWo and the corresponding amplitude and phase modulations. 

IV. SMALL-SIGNAL TERMINAL BEHAVIOR OF THE DIODE IN THE AMPLITUDE­

PHASE REPRESENTATION 

According to equations (14) and (27) 

OV(t) = Ova(t) + OVp(t) 

Oi(t) = oia(t) + Oip(t) 

(31) 

(32) 

where 8va(t) and 8ia(t) are the amplitude modulation components of 
8v(t) and8i(t), and 8vp (t) and 8ip (t) are the phase modulation com­
ponents. Thus 

00 

ova(t) = ovao(t) + V2 L OVak(t) cos kWot (33) 
k=l 

00 

oVp(t) = V2 L OVpk(t) sin kWot (34) 
k=l 

00 

oia(t) = Oiao(t) + V2 L oiak(t) cos kWot (35) 
k-l 

00 

oip(t) = V2 L Oipk(t) sin kwot. (36) 
k=l 

Since from equations (13), (35), and (33) one has that cva(t") g (t) only 
contains amplitude modulation components and8vp (t) g (t) only con­
tains phase modulation components, by substituting equations (31) 
and (32) into equation (8) one obtains 

oia(t) = get) Ova(t) 

oip(t) = get) oVp(t). 

(37) 

(38) 

The relations between the low-pass functions8iao (t) , cia! (t) , and so 
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on and3vao (t) ,3vadt), 3Va2, ••• may now be obtained by substituting 
equations (13), (33), and (35) into equation (37). One obtains 

C() 

Oiao(t) + V2 L: oiak(t) cos kWot = go ovao(t) 
k=l 

+ v'2 t, g, ov.,(t) + t, [2Y, ov.,(t) 

+ v'2 t, (y,., + Y"-kl) ov.,(t) ] cos kw,t, (39) 

which gives 

Oiao(t) go , v2 gl , v2 g2 , v2 g3 , ov·,(t)1 
oial(t) v2 gl , go + g2 , gl + g3 , g2 + g4 , OVal (t) 

Oia2(t) v2 g2 , gl + ga , go + g4 , gl + g5 , OVa2(t)· 

Oiaa(t) v2 ga , g2 + g4 , gl + g5 , go + g6 , ov.;(t) J 

(40) 

In a completely similar way, from equations (13), (34), (36) and (38) 
one obtains 

oipl(t) 

Oip2(t) 

Oipa(t) 

OVP1(t) 

oVp2(t) 

ovp3(t) 
(41) 

Equations (40) and (41) provide the amplitude-phase admittance­
matrix representation of the small-signal terminal behavior of the 
diode, in the absence of internal noise sources. If the various low-pass 
functions 3Vak(t) and 3Vpk(t) are sinusoidal of frequency p, then equa­
tions (40) and (41) give 

Ia] = [Ga] Va] 

Ip] = [Gp ] Vp ] 

(42) 
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where the matrix notation is defined as 

go , v2 gl , v2 g2 , v2 g3 , 

v'2 gl , go + g2 , gl + g3 , g2 + g4 , 

[Ga ] v'2 g2 , gl + g3 , go + g4 , gl + g5 , (43) 

v2 g3 , g2 + g4 , gl + g5, go + g6 , 

(44) 

and 

(45) 

Notice that I ak , Yak, Ipr, and V pr are the Fourier coefficients of8iak (t), 
8Vak(t), 8ipr (t), and 8vpr (t) , as shown by equations (19) and (20). 

Equation (42) shows that the terminal behavior of the diode has the 
following special property: the diode does not produce any coupling 
between the amplitude modulation components and the phase modula­
tion components of the perturbations8v (t) and 8iU) ; or equivalently, 
the diode does not produce amplitude ~ phase conversion. This prop­
erty can be useful in simplifying the discussion of the terminal be­
havior of the diode because it allows the two types of signals (ampli­
tude and phase) to be treated separately. 

According to equation (42) the small-signal terminal behavior of 
the diode can be represented by two separate linear and time-invariant 
networks Da and Dp , as shown in Fig. 5. In these two equivalent net­
works the terminal voltages and currents occur at the same frequency 
(p) and their Fourier coefficients are equal to those of the various low­
pass functions of 8v (t) and8i(t). Notice that from equations (43) and 
(44) one has that [Ga] and [Gp ] are real symmetric matrices and 
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lao - lPl 
-'"' 

tVao tVPl 
1"'> 

la 1 lp2 
-'"' -" 

t Val t Vp2 
1"'> 

Da Dp 

lak Ipk 
~ -" 

tVaK tVPk 
--0 -" 

Fig. 5 - Time-invariant equivalent networks Da and Dp providing the ampli­
tude-phase representation of the terminal behavior of a resistive pumped diode. 

therefore the two networks Da and Dp can be realized by means of 
ordinary resistive networks. 

V. TERMINAL BEHAVIOR OF A FREQUENCY CONVERTER IN THE AMPLITUDE­

PHASE REPRESENTATION 

In the following part of this paper the results obtained in the pre­
ceding sections are applied to the study of a very common type of 
frequency converter, a frequency converter which is required to trans­
form input signals occurring at some frequency Wo + p, with p « Wo , 

into output signals occurring at w = p. We assume that ov(t) and M(t) 
contain components at only the pairs of side-frequencies kwo + p and 
kwo - p(1 k I = 0, 1, 2, and so on; 2p < wo). 

In this section attention is focused on the signals occurring at p and 
p ± Wo • At set of relations among these signals is derived, from the 
equations describing the small-signal terminal behavior of the diode, 
by taking into account the constraints imposed by the external circuit 
on the signals occurring at the side-frequencies of 2wo , 3wo , 4wo , and 
so on. We show that these relations establish the existence of a one-to­
one correspondence between the output signals (Vao and lao) and the 
amplitude modulation coefficients (Val and la1) of the signals occurring 
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at p ± Wo • That is, they do not impose any relation between the output 
signals and the phase modulation coefficients (Vp1 and 1'])1) of the 
signals occurring at p ± Wo • 

Let Yk , Yak and Yf3k (k > 0) denote the admittances terminating the 
diode at kwo , p + kwo , and p - kwo , respectively. We assume that 

Yk = Yak = Yf3k , k> 1, (46) 

a condition satisfied in many practical applications. Notice that this 
condition is satisfied for p ~ 0 because Yk is real. 

Consider the equivalent network T shown in Fig. 4. One can verify 
that if one terminates the two terminal pairs relative to the (a, (3) 
signals with two admittances equal to Yk then its behavior at the re­
maining two terminal pairs is described by the relations 

lak = -Yk Yak , (k > 1), (47) 

which show that, if condition (46) is satisfied, then the external circuit 
does not produce amplitude ~ phase conversion. That is, if Yak = Yf3k, 
then in the amplitude-phase representation the behavior of the ex­
ternal circuit at p ± kwo can be represented by means of two separate 
one-terminal-pair networks, Furthermore, the admittances of these 
two networks are equal to the admittance presented by the external 
circuit at p ± kwo • 

Now, consider the relations among the signals occurring at p ± Wo 

and p when the remaining signals are constrained by the conditions 
imposed by the external circuit at p ± 2wo , p ± 3wo , and so on. If 
the two networks Da and Dp shown in Fig. 5 are terminated as speci­
fied by equations (47) one obtains the two networks A and P shown in 
Figs. 6 and 7. The relations between the terminal voltages and currents 
of these two networks can be written in the form 

(48) 

(49) 

where gp and [G~] can be derived from equations (42) and (47). For 
example, in the special case where Yk = 00 for k > 1, from equations 
(42) and (47) one obtains 

[G~] = [gO v2 gl ] gp = go - g2 . (50) 
v2 gl go + g2 ' 
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Fig. 6 - Network A representing the relations in a frequency converter between 
the output signals and the amplitude modulation signals at p ± Wo. 
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Fig. 7 - Network P representing the behavior of the diode at p ± Wo with 
respect to phase modulation. 
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Notice that equation (49) establishes the existence, in a frequency 
converter satisfying equation (47), of a one-to-one correspondence 
between the output signals VaO and lao and the amplitude modulation 
signals Val and Ial . 

The significance of the two networks A and P is best understood by 
considering the following alternative method of deriving gp and [G~]. 

Suppose, for the moment, that ov(t) = oi(t) = 0 and that the level of 
the pump and the dc bias applied to the diode are variable. That is, 
assume that the amplitudes of the various harmonic components of 
vet) and i(t) can be varied, by changing the level of the pump and the 
dc bias, while the terminations Y2 , Y3 , Y4 , ... presented by the ex­
ternal circuit to the diode are kept constant. The functions Ve (t) and ie (t) 
must satisfy the constraint ie(t) =f[ve(t)] imposed by the diode. Further­
more, the harmonic components of ve(t) and ie(t) must satisfy the 
constraints Iek = -Yk V ek (Ie > 1) imposed by the external circuit. 
Clearly, from these constraints two independent nonlinear relations 
can be derived, among the four variables VeO , Vel' leO and leI. That is, 
if one considers the variables 170 = leo , 171 = v2Iel , Xo = VeO and 
Xl = v2Vel , one can write 

170 = Fo(xo , Xl) 

171 = FI(xo , Xl) 

(51) 

where the two nonlinear functions Fo(xo , Xl) and Fl (xo , Xl) are de­
termined by the particular function f (v) describing the diode non­
linearity and by the parameters Y2 , Y3 , Y4 , .... Notice that the vari­
ables 170 , 171 , Xo and Xl represent the root mean square values of the 
harmonic components of order zero and one of i(t) and vet). 

Now, suppose ov(t) and oi(t) differ from zero and are produced by 
small generators occurring in the external circuit at the frequencies 
p ± Wo and p. We want to derive from equation (51) the relations 
among the coefficients Val, I al , VaO , lao, V pl and I pl of ov(t) and oi(t). 
Since the terminal behavior of the two networks A and P (shown in 
Figs. 6 and 7) is frequency independent, the relations in question are 
independent of p and therefore one can set p = 0 without loss of gener­
ality. Thus, let ov(t) and oi(t) be produced by small-signal generators 
occurring at w = Wo and w = O. These small-signal generators can be 
interpreted as follows. A small-signal amplitude modulation generator 
occurring at Wo can be regarded as representing a small change of the 
level of the pump; a small-signal phase modulation generator occurring at 
Wo can be interpreted as a small change ocp of· the phase of the pump. 
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Finally, a small-signal generator occurring at dc can be interpreted as 
a small change produced in the dc bias circuit. When small changes of 
the above three types occur in the external circuit, the components of 
ov(t) and oi(t) at w = 0 and w = Wo can be evaluated as follows. 

First, consider the amplitude modulation components ova(t) and 
oia(t) of ov(t) and Oi(t). Clearly, the harmonic components of order zero 
and one of ve(t) + va(t) and ie(t) + ia(t) must satisfy equation (51). 
From equations (11), (12), (33), and (35) and from the fact that ovak(t) = 

2Vak and Oiak(t) = 21ak because p = 0, the root mean square values of 
the harmonic components in question are Xo = VeO + 2Vao , Xl = 

v2VCl + 2Val , rJo = leO + 21ao and rJl = v21el + 21al . Therefore, 
from equation (51), 

leo + 21ao = Fo(v2 Vel + 2Val , VeO + 2Vao) 

v2 leI + 21al = Fl(v2 Vel + 2Val , Veo + 2Vao), 

and since Yak « V ek , from equations (49) and (52) one obtains 

[(
aF 0) (aF 0) 1 

[G~J = aXO e aXl e , 

( aFl) (aFl) 
aXO e aXl e 

(52) 

(53) 

where ( )e indicates that the partial derivatives are calculated for 

Xo = V eo , (54) 

N ext, consider the phase modulation components oVp(t) and oip(t) of 
ov(t) and oi(t). They are produced by a small change ocp of the phase 
of the pump. Such a change is equivalent to a small change ocp/ Wo of 
the origin of time. Therefore 

ve(t) + oVp(t) = Ve( t + ~) 

ie(t) + Oip(t) = i e( t + ~). 

(55) 

(56) 

From these relations and from equations (11), (12), (34), and (36) 
one can calculate the phase modulation coefficients Vpl and I pl of 
oVp(t) and Oip(t). One obtains 
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Therefore, from these relations and equation (48), 

(57) 

In words, gp is the nonlinear conductance presented at Wo by the 
diode to the external circuit iInder normal operating conditions. 

The foregoing discussion presents two alternative methods of evaluat­
ing the terminal behavior of the two networks A and P. One method 
consists of analyzing these two networks by using equations (42) and 
(47), as suggested by the equivalent circuits of Figs. 6 and 7. There­
fore, it requires that the small-signal terminal behavior of the diode 
be determined. The other method consists of deriving [GaJ and gp di­
rectly from the large-signal terminal behavior, at w = 0 and w = Wo , 

of the nonlinear network consisting of the diode terminated with 
Y2 , Ya , Y4 , •.. , at 2wo , 3wo , 4wo , ..•. If these admittances are non­
zero and finite, considerable analytical difficulties often arise when one 
tries to analyze the equivalent circuits A and P by using the representa­
tion shown in Figs. 6 and 7. In these cases the second method may be 
used. Furthermore, it is important to point out that a well known 
technique of measuring frequency converters is based on the second 
method, which is often called the incremental method.4

-
6 

In the special case where Yk = 00 for k > 1, one can readily verify 
that 

and (58) 

and by using equations (53) and (57) one obtains equation (50). 

VI. COMPLETE EQUIVALENT CIRCUIT OF A FREQUENCY CONVERTER 

In Section V a one-to-one correspondence between the output sig­
nals of a frequency converter and the amplitude modulation coef­
ficients Val and Ial was derived. In this section the terminal behavior 
of the frequency converter is completely determined by deriving the 
relations between these coefficients and the input signals. The relations 
in question can be obtained with the help of the equivalent circuits T 
and P shown in Figs. 4 and 7. In fact, they are given by the terminal 
behavior of the network shown in Fig. 8. 
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Fig. 8 - Network T' describing the transformation of the input signals of a 
frequency converter into amplitude modulation signals at p ± Wo. 

Now, by connecting the two networks of Figs. 6 and 8 in cascade, 
as shown in Fig. 9, one obtains a two-terminal-pairs network, which 
provides a complete representation of the terminal behavior of the 
frequency converter. This network corresponds to the equivalent cir­
cuit shown in Fig. 1. Notice that in Fig. 9 the input terminals of the 
frequency converter are connected to a small-signal generator with 
short-circuit terminal current Is and with internal admittance Yal, 
and that the output terminals are connected to a load YaO. 

From equation (15) the signals occurring at the terminals of the 
diode at p ± Wo can be expressed as 

r----------, 
I FIRST TRANSDUCER I 
I (NETWORK T'l I 

r---~-'~r---O-
Y,81 ,/2: 1 Ial 

I 
I 
I 
I 

1:./2 I 
L _________ ~ 

SECOND 
TRANSDUCER 

(NETWORK Al 

(59) 

Fig. 9 - Equivalent circuit representing a frequency converter as a cascade 
connection of two transducers. 
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From these relations one can verify that 

where 

PI = Pal + Ppl , 

PI = (OVl(t) Oil(t)av 

Pal = 2(oval (t) oial(t) COS
2 Wot)av = (OVal(t) Oial(t)/lV 

Ppl = 2(ovPl (t) oipl(t) sin2 WOt)/lV = (OVpl(t) oipl(t)/lV 

(60) 

(61) 

(62) 

and ( )/lV indicates the time average. Equation (59) shows that OVI (t) 
and Oil (t) contain two types of signals: the amplitude modulation 
components v2 OVal (t) COS wot and v2 Oial (t) cos wot, and the phase 
modulation components v2 OVpl (t) sin wot and v2 Oipl (t) sin wot. Equa­
tions (59) through (62) show that the total power PI flowing into the 
diode at p ± Wo is the sum of the individual powers Pal and Ppl carried 
by these two types of components. Furthermore, Pal and P 1'1 can be 
calculated directly from the modulating functions oval(t) and oia1 (t) as 
shown by equations (62). 

Now, consider the equivalent circuit shown in Fig. 9. The network 
T' can be regarded as a transducer which transforms the input signals 
of the frequency converter into amplitude modulations of the funda­
mental harmonic components of ve(t) and ie(t). These amplitude modula­
tions are then transformed by the network A into the output 
signals of the frequency converter. The network T' is dissipative be­
cause it contains the two admittances YIH and gp • The power dissipated 
in gp , P 1'1 , represents the power dissipated in the frequency converter 
because of the generation of phase modulation signals. The power 
flowing into the network A, at its left terminals, is Pal' Figure 9 clearly 
shows that Pal + Ppl ,the total power flowing into the diode at p ± Wo , 

is in general less than the power Pal flowing into the input terminals 
of the frequency converter. In fact the difference Pal - (Pal + Ppl) 
between these two powers is lost in the admittance Y{31 of Fig. 9. This 
is the power flowing from the diode into the external circuit at p - Wo • 

In general, only if either one of the two conditions 

Y{3l = 00 

Y{3l = 0 

(63) 

(64) 

is satisfied, is this power equal to zero. These two conditions are ex­
amined in Section VIII. 

In the following section the special and very important case of a 
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frequency converter in which 

Yf31 = Yal (65) 

is considered. The discussion of the terminal behavior of this frequency 
converter will also provide the background needed in Section VIII for 
the discussion of the two cases given by equations (63) and (64). 

VII. FREQUENCY CONVERTER WITH EQUAL TERMINATIONS AT Wo + P 
AND P - Wo 

One can verify that if Yr31 = Yal , then the Thevenin representation 
of the one-terminal-pair network connected to the left terminals of 
the network A of Fig. 9 has a short-circuit current 1./\12 and an internal 
admittance Yal , as shown in Fig. lOa. One can also verify that the one­
terminal-pair network connected to the terminals of gp , in Fig. 9, 
has the Thevenin representation shown in Fig. lOb. Notice that the 
only significant difference between the two equivalent generators of 
Fig. 10 and the generator connected to the input terminals of the fre­
quency converter (Fig. 9) is that the available power of this generator 
is twice the power available from each of the two equivalent generators 
of Fig. 10. Notice, furthermore, that Fig. 10 shows that if Yal = Yf3l , 
in the amplitude-phase representation the terminal behavior of the 
external circuit at p ± Wo can be represented by means of two separate 
one-terminal-pair networks, the two equivalent generators shown in 
Fig. 10. This property is in accordance with the remarks in Section VI 
about the significance of Equation (47). 

Thus, if Yal = Yf31, then only half of the power available from the 
input generator shown in Fig. 9 is used by the frequency converter to 

r------l 

I 
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I ~~~~~N6~G I 
I AT P :tWo 
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I
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1.;2 
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Fig. 10 - Equivalent generators in the amplitude-phase representation for 
the external circuit at p ± Wo, when Y{Jl = Val. 
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produce output signals. The remaining half is lost because of the gen­
eration of phase modulation signals, as shown by Fig. lOb. This ex­
plains why the minimum conversion loss of a frequency converter of 
the type considered here is always greater than two and can be ex­
pressed as 

L = 2La , (66) 

where La is the minimum conversion loss of the network A shown in 
Fig. lOa. The conversion loss given by equation (66) is achieved when 

Yal = Y a1 , YaO = Y aO , (67) 

where Yak (k = 0, 1) are the image admittances of the network A. 
A frequency converter of the type considered in this section is 

characterized by the following special behavior. If one minimizes its 
conversion loss, the frequency converter reflects, at its input terminals, 
a part of the power incident from the input generator. The reflected 
power Pp can be calculated with the help of the equivalent circuit 
shown in Fig. 8, by terminating with Y al the terminals relative to the 
signals Val and I aI, connecting the remaining terminals to the input 
generator shown in Fig. 9, and setting Yal = Y{3l = Yal • One finds that 
Pp is equal to the power dissipated in Y{3l and 

P = 1: (gp - Yal)2 P = 1: (gp - Yal)2p 
p 4 gp + Yal 8 4 gp + Y a1 8 

(68) 

where P a is the available power of the input generator. Therefore, 
the following conclusion can be drawn: in a frequency converter of the 
type considered in this section, minimum conversion loss is achieved 
only when the power reflected at the input terminals of the frequency 
converter is equal to the power dissipated in the admittance terminating 
the diode at p - Wo and is given by equation (68). 

This result can be given the following interpretation. The available 
power of the equivalent generator shown in Fig. lOa represents the 
amplitude modulation power available from the external circuit at 
p ± Wo • This power is entirely absorbed by the diode, when equations 
(67) are satisfied. Only a part of the power available from the generator 
of Fig. lOb, on the other hand, is generally absorbed by the diode, be­
cause normally gp ~ Y a1 = Yal • From Fig. lOb, the power reflected at 
the terminals of the generator in question is 



FREQUENCY MIXERS 1987 

Since half of this power is reflected at p + Wo and the remaining half is 
reflected at p - Wo , one obtains equation (68) and the conclusion 
following it. 

Notice that, in the special case where Yk = 00 for k > 1, from equa­
tions (50) one obtains the well known expressions: 4 

(69) 

(70) 

VIII. FREQUENCY CONVERTER WITH EITHER Yt31 = 00 OR Yfll = 0 

One can readily verify that in the two cases corresponding to condi­
tions (64) and (63), the equivalent circuit of Fig. 9 reduces to the two 
equivalent circuits shown in Figs. 11 and 12, respectively. In both 
cases the minimum conversion loss can be expressed as 

L = 4La{[(La + 1)2 +,),(L; - I)]! 

- [(La - 1)2 + ')'(L; - I)]!} -2 (71) 

where 

Y a1 
'Y =­

gp 

if Y{H = 00 (72) 

if Yj31 = o. (73) 

The values of Yal and YaO required for achieving this conversion loss 
are given in the appendix. 

Of great practical importance is the problem of determining which 

r--------, 
I FIRST TRANSDUCER I 
I Y fil = 0 I 

1:./2 9p 

A 

Fig. 11- Equivalent circuit of a frequency converter when Y{Jl = o. 
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r------l 
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Fig. 12 - Equivalent circuit of a frequency converter when YPl = 00. 

of the two conditions Y{3l = 00 and Y{3l = 0 yields the lowest conversion 
loss. Since equation (71) shows that L decreases with decreasing "I, 

for "I ~ 0, one has that of the two foregoing conditions the one which 
gives "I < 1 yields the lowest L. Therefore one obtains the fundamental 
result: Of the two conditions Y{31 = 0 and y{3l = 00 the one which yields 
the lowest conversion loss is Y{3l = 0 if gp/Yal > 1 and is y{3l = 00 

if gp/Yal < 1; the two conditions are equivalent if gp = Yal • 

Therefore, if Y{31 is so chosen as to minimize the conversion loss, 
then "I ~ 1 and from equation (71) one obtains 

L < L < 1 
a = = La - (L! - 1)~ 

(74) 

where the two equal signs occur when y = 0 and y = 1, respectively. 
The first inequality is a direct consequence of the fact that in both 
equivalent circuits of Figs. 11 and 12 the conversion loss is always 
greater than La, the minimum conversion loss of the network A. The 
second inequality shows that in a frequency converter of the type 
considered here the optimum conversion loss is always less than 2La , 

the lowet conversion loss obtainable when Yal = Yf31. In fact 

(75) 

where the equal signs occur when La = 1 and La = 00. 

Often practical considerations require that the admittance Yal of the 
input generator be equal to a prescribed value G, not necessarily 
equal to the value required for optimum performance. In such a. case 
it is important to point out that one can readily determine, with the 
help of the two equivalent circuits of Figs. 11 and 12, which one of 
the two conditions Yf31 = 0 and Yf31 = 00 is to be chosen, in order to 
minimize the conversion loss. Clearly the choice depends upon the 
values of G, Ya1 and La. 
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IX. SCHOTTKY BARRIER DIODE 

Among the various resistive diodes presently available, the Schottky 
barrier diode offers the most suitable electrical characteristics for 
microwave frequency conversion.9 ,16-18 The main features of this diode 
are that its low-frequency terminal behavior is described by the equa­
tion 

(76) 

over a very wide range of voltages, and that its frequency response is 
not limited by minority carrier lifetime. In equation (76) is is the 
saturation current, q the electronic charge, I( the Boltzmann constant, 
T the absolute temperature, and Rs the series resistance. Therefore, 

-iT f"J 40 for T = 290 oK. (77) 

The useful frequency range of the diode is limited primarily by 
the junction capacitance Cj. In some instances the lead inductance 
and the case capacitance also have to be considered. However, in Sec­
tion 9.1 consideration is restricted to the range of frequencies over 
which the foregoing parasitics can be neglected. 

9.1 Analysis 
Assume that 

and that 

i = i. exp [liT (v - R.i) ] 

for k > 1. 

Then from equation (78) one obtains 

dv = KT .! + R 
di q i • 

and, from equations (12) and (79), 

ic (t) = 1 cO + 21 cl cos wot. 

(78) 

(79) 

(80) 

(81) 

Therefore, by setting i = ic(t) in equation (SO), the differential resist­
ance of the diode can be expressed as 

ret) = R + KT 1 
• 2q1Cl ~ + cos wot 

(S2) 
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where 

~ = lco • (83) 
21cl 

From equation (82) one can readily calculate the Fourier coefficients 
of r(t). One obtains 

rn = 

where 

o(n)R. + KT ! 11' cos n() d() = o(n)R. + KT (-It 
2qlcl7r 0 ~ + cos () 2q1cl 

.~ ~ ~y(1 + ~r-{~! 1 - ~ ~ D7 (84) 

o(n) = {I, 
0, 

n=O 

n~O 

(85) 

Because of the formal analogy between the impedance-matrix repre­
sentation and the admittance-matrix representation, from equation 
(50) one has that the impedance matrix [R~] of the network A is 

[R~] = [ ro \1'2 r1 J (86) 
v'2 r1 ro + r2 

and the impedance rp presented at Wo by the diode to the pump is 

(87) 

Therefore, from equations (84), (86), and (87) one obtains 

[R'] = KT [ (e - 1)-! 
a 2qlcl -\1'2 [H~2 _ I)-! - 1] 

and 

-\1'2 [~(~2 - I)-! - I]J 

2HH~2 - 1)-! - 1] 

+ lR. 0 l (88) 
o R.J 

(89) 

Equation (88) shows that the network A can be represented by 
means of the equivalent circuit shown in Fig. 13, with 

R - KT 
1 - q1co (90) 
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n:l 

Fig. 13 - Network A for a Schottky barrier diode frequency converter with 
Yk= 0 for k > 1. 

KT ~ - (~2 - I)! 
R2 = q1eo (~2 - I)! (91) 

n = v2~. (92) 

Now, let VM and Vm denote the maximum and minimum values, re­
spectively, of vc(t) - Rsic(t) and let 

Then from equations (78), (81), and (93) one obtains 

leo + 21el = (leo - 21e1 ) exp (iT 6. V) 
which, by making use of equation (83), gives 

~ = 1 + z[ exp CiT b. V) - 1 r· 
At this point the assumption is made that 

6. V > 0.5 volts, 

(93) 

(94) 

(95) 

a condition satisfied in most cases of practical interest. Then, if one 
substitutes equation (94) into equations (89), (91), (92) and examines 
the behavior of n, R2 and rp for large q 6 V jKT, one finds that 

n "" v2 (96) 

rp "" 2 KIT + Rs 
q cO 

(97) 

"" KT (q 6. V) 
R2 = 2 q1eo exp \KT2 . (98) 

Furthermore, one can verify that the fractional errors in these ap­
proximate expressions decrease exponentially with 6 V and are less 
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than 0.01 per cent, because of condition (95). Therefore the equivalent 
circuit of Fig. 13 can be replaced by that shown in Fig. 14. 

Notice that 

R, , Rl « R2 , (99) 

because of condition (95) and of the fact that typically Rs < IOn and 

I cO « 100 rnA. (100) 

Then, with the help of the equivalent circuit of Fig. 14 and by mak­
ing use of condition (95), from standard network theory one obtains 

Z t'J Z t'J (2 + 2Rsq1co)i KT (q.6. V) 
al = aO = KT q1co exp K7' 4 (101) 

L ~ 1 + 2(2 + 3Rsqlco)! (_ -.-!L .6. V) 
a - KT exp KT 4 (102) 

where ZaO and Zal are the image impedances of the network A (that 
is, ZaO = 11Yao and Zal = 1IYal ). 

Equations (97) and (101) show that rp « Zal. Therefore, in ac­
cordance with the discussion in Section VIII, condition (64) yields 
better performance than condition (63). Thus let Yt31 = o. Then, from 
the equivalent circuits shown in Figs. 11 and 14 and from equation 
(97) one obtains the equivalent circuit shown in Fig. 15. 

9.2 Discussion of the Equivalent Circuit 

From the equivalent circuit shown in Fig. 15 one obtains the follow­
ing expression for the minimum conversion loss of a .schottky barrier 
diode 

L ~ 1 + 4(1 + Rsqlco)i exp (_ -.-!L .6. V) (103) 
- . KT KT 4 

which is achieved when 

_ t'J (1 + Rsqlco)! KT (-.-!L .6. V) 
Zal - ZaO = KT q1co exp KT 4 (104) 

where Zak = l/Yak. From equation (103), by selecting leo in such a way 
that 

one obtains equation (1). 

R.q1co // 1 
KT "" , (105) 
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KT 

va:Od1 

Rs L...-_......-R_=_.~_c:_e_;rp_(_:_S_t:N_)_-<)Il:.o 
2 2<lIeo KT 2 

Fig. 14 - Equivalent circuit of Fig. 13 when 6. V > 0.5 volts. 

Notice that it is always desirable that 6. V be as large as possible, be­
cause this increases the value of the resistance R2 shown by Fig. 15. On 
the other hand, equations (104) and (105) show that it ~ V is too large, 
then very high input and output impedances are required in order to 
achieve minimum conversion loss. For instance, if ~ V > 0.85 (which 
is a condition that can be readily satisfied in most practical cases 
since the breakdown voltage of the diode typically is greater than 1 
volt), leo = 10 rnA and Rs = 20, then from equations (103) and (104) 
one obtains 

L < 1.0015, but Zal = ZaO > 17000[2. (106) 

Since normally it is required that the input and output impedances be 
much smaller than this value, one concludes that practical considera­
tions almost always require that 

KT (q.6. V) 
Zal = ZaO « q1co exp KT 4 . (107) 

Because of this restriction, the equivalent circuit of Fig. 15 reduces to 
that of Fig. 16 which shows that, under practical conditions, the termi­
nal behavior of the frequency converter only depends upon the two 
parameters leO and R • . Furthermore, Fig. 16 clearly shows that low 
conversion losses require high dc currents (leo); that is, they require 

KT 

<lIeo RS 

Fig. 15 - Equivalent circuit of a Schottky barrier diode frequency converter 
with Yk = 0 for k > 1, Y{Jl = 0, and 6. V > 0.5 volts. 
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Fig. 16 - Equivalent circuit of a Schottky barrier diode frequency converter 
under certain optimum circuit conditions. 

that the impedance rp presented by the diode at Wo be small. Notice that 
from the equivalent circuit of Fig. 16 one readily obtains equation (2). 

The pump power Pp absorbed by the diode at Wo is 

(108) 

Therefore, by using equations (77) and (97) and the fact that leo 
~ 2lel one obtains 

p ~ leo + RJ~o 
p - 40 2000 (mW) , (109) 

where Rs and leo are measured in ohms and milliamperes, respectively. 

9.3 Optimum Terminations at 2wo , 3wo , 4wo , ••• 

The preceding analysis assumes that the diode is open-circuited at 
the frequencies p ± kwo and kwo , k > 1. In this section we show that the 
conversion losses obtainable when the diode is short-circuited at these 
frequencies are appreciably higher than those given by equation (1). 

Assume that the diode is short-circuited at p ± kwo and kwo(k > 1). 
Reference 10 shows that then the optimum termination at p Wo is* 

Y{31 = o. (110) 

With this optimum termination the minimum conversion loss can 
be expressed as follows4

-
1o 

* The analysis of Ref. 10 is valid only if the diode is short-circuited at p ± 
kwo, k > 1. Therefore, even though the analysis covers all cases where such an 
assumption can be made, it cannot be applied to the case (Yk = Yak = YfJk = 0). 
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( 
q 6. V) 

J 2 KT2 

( 
q 6. V) , 

J o KT -2-

J1(ir¥-) 
( 

q 6. V) , 
J o KT -2-

1995 

(112) 

(113) 

provided Rs can be neglected.IO From these equations, by making use 
of well known asymptotic expansions of the modified Bessel functions 
Jo, J1 , and J2 , one obtains 

L' = 1 + 2( KT )! + 2( KT ) + (5 + \12)( KT )! + '" . 
q6.V q6.V q6.V 

(114) 

Thus, if one compares L' with the conversion loss L of equation (1) 
one finds 

L' - 1 KT 
L _ 1 ---7 00 as q 6. V ---7 O. 

If for example l:l. V = 1, then equations (1) and (114) give 

L = 1.00018 (115) 

and 

L' = 1.39, (116) 

respectively. Clearly, condition (79) gives better performance than 
the condition Y k = co for k > 1. 

X. CONCLUSIONS 

It has been shown that, under certain circuit conditions, a resistive 
diode frequency converter can be represented by the equivalent circuit 
shown in Fig. 9. The general case where the diode cannot be regarded 
as a nonlinear resistor and the terminations Y2, Y3, Y4, ... are not re­
sistive has not been considered, in order to prevent the mathematical 
difficulties inherent in it from obscuring the significance of the results. 

However, the equivalent circuit of Fig. 9 is valid under conditions 
much more general than those considered in the preceding sections. 
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In fact, in this section we show that it is valid also in the general case 
of a frequency converter using an arbitrary nonlinear element which is 
pumped at Wo and is arbitrarily terminated at 2wo , 3wo , 4wo , and so on, 
provided that three conditions are satisfied. (2') p « Wo , (ii) small and 
slow changes of the level of the pump and of the dc bias do not cause 
phase variations in the fundamental harmonic components of vc(t) 
and ic(t), and (iii) the nonlinear admittance (gp) seen by the pump 
be real. 

Assume first that iii is satisfied. Then, the fundamental harmonic 
components of vc(t) and ic(t) have the same phase CPI • Let the origin of 
time be chosen in such a way that CPI = O. If one now defines the ampli­
tude modulation and phase modulation components of OVI (t) and oil (t) 
by means equation (59), the relations between Val, Ial , VPI , Ipi and 
Val' I al , VIlI , IIlI are provided by the terminal behavior of the net­
work T shown in Fig. 4. 

N ext, assume that p « Wo and let the incremental method be used 
to derive the relations between the output signals VaO and laO and the 
coefficients Val' I al , VPI and I pi • By using equations (51), which are 
valid even if the aforementioned three conditions are not satisfied, one 
finds that there is a one-to-one correspondence between the output 
signals of the frequency converter and the amplitude modulation 
coefficients Val and I al • More precisely, 

[(
aFO) (aFo) 1 I lao] = aXo c aXI c • [Vao] 

Ual (aFI) (aFI) Val 
aXO c aXl c 

(117) 

where Fo (xo, Xl) and F 1 (xo, xd have the significance given in Section 
V. 

Finally, assume that all of the three conditions are satisfied. Then, 
by using the incremental method one finds that Ipl/Vpl is independent 
of I al , Val, laO and V aO , because of ii. The ratio I pl!Vpl can therefore 
be determined by applying a small variation orp to the phase of the 
pump; and one finds 

(118) 

Now, from equations (117) and (118) and from the network T of 
Fig. 4 one obtains the equivalent circuit of Fig. 9, where the terminal 
behavior of the network A is now specified by equation (117). 

Notice that the validity of the equivalent circuit shown in Fig. 9 
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can be extended to the general case where only the condition p « Wo 

is satisfied, by properly modifying the first transducer. This follows 
from the fact that p « Wo is sufficient to guarantee the validity of 
equation (117). 

The special case of a Schottky varrier diode is examined in Section IX, 
which shows that the optimum terminations at the image frequency 
and at the harmonics 2wo, 3wo ,4wo, ... , are open-circuits. Furthermore, 
at low frequency and under optimum circuit conditions, the terminal 
behavior of a Schottky barrier diode frequency converter is quite simple. 
It can be adequately represented by means of the equivalent circuit 
shown in Fig. 16. 

Finally, the fact that consideration has been restricted to the fre­
quency range where the Schottky barrier diode can be regarded as a 
nonlinear resistor should not be interpreted as an indication that Cj 

can generally be neglected. However, the simple results obtained for 
the low frequency case serves as a guide for treating the high fre­
quency case, which is reserved to a future article. 

APPENDIX 

The conversion loss given by equation (71) is obtained when 

where 
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On Conditions Under Which It Is Possible 
To Synchronize Digital 
Transmission Systems 

By I. W. SANDBERG 

(Manuscript received January 7, 1969) 

J. R. Pierce has recently proposed a system for synchronizing an arbi­
trary number of geographically separated oscillators, and, under the as­
sumption of zero transmission delays between stations, has shown that a 
certain linear model of the system is stable in the sense that all of the station 
frequencies approach a common final value as t -+ 00. 

This paper reports on some J'esults concerning the dynamic behavior of 
Pierce's linear model. The results take into account transmission delays. 
More explicitly, we prove that if a certain set of simple inequalities in­
volving the delays is satisfied, then the system is stable and the oscillator 
frequencies approach their common final value at an exponential rate. 
These inequalities have the property that they are always satisfied for 
sufficiently small delays. This paper presents a simple example showing 
that the system can be unstable when the inequalities are not met. In addi­
tion, we present some information concerning the rate of decay of the 
natural modes of stable systems, discuss an alternative stability criterion 
not involving the transmission delays and derive an explicit expression 
for the final frequency. Finally, we discuss the mathematical relationship 
between Pierce's model and earlier models of synchronization systems. 

1. INTRODUCTION, DISCUSSION, AND SUMMARY OF RESULTS 

1.1 The Model 

It is well known that the problem of synchronizing the frequencies 
of geographically separated oscillators is of importance in connection 
with the detection and switching of pulse-code-modulated signals. 

J. R. Pierce has recently proposed a system for synchronizing digital 

1999 
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transmission networks~(· The system uses oscillators of adjustable rate 
of change of frequency, buffers which accept pulses at an incoming 
rate and which produce corresponding output pulses at the local clock 
rate, and adequate delay at each station to enable PCM frames to 
be properly aligned in time. 

In Pierce's model the content bij of the buffer at station i which 
accepts pulses from station j is assumed to satisfy the equation,t 

(1) 

in which Ij and Ii are the frequencies at stations j and i, respectively, 
and the overall system of coupled oscillators is assumed to be governed 
by the equations 

i = 1,2, ... ,n (2) 

for t ~ 0, where n is the number of stations, each Ci is a positive constant, 
tOi is the center frequency of the oscillator at station i, and each aij 

is nonnegative and satisfies aij = aji • 

In his discussion of equations (2), Pierce assumes that the trans­
mission delay between stations i and j can be neglected for all i ~ j, 
in which case equation (1) can be interpreted as 

bii(t) = t;(t) - ti(t), t ~ 0 (3) 

instead of as 

t ~ 0 (4) 

with each Tij a nonnegative constant. Under the natural assumption 
that there is some path from each station to every other station, 
Pierce has shown, by directing attention to a passive RLC net­
work analog of the equations,+ that the system is stable in the 

* The system is described in an unpublished memorandum which, after this 
paper was written, was considerably expanded and then published.1 Since the 
memorandum did not explicitly consider the "C = 0 system" of Ref. 1, it is not 
mentioned above. A nonlinear version of the "C = 0 system" is considered in 
some detail by; this writer in a paper to be published. 

t A dot over a mathematical symbol denotes the derivative with respect to 
time. 

The number bH (t) denotes, to within an additive constant, an approximation 
to the product of a fixed constant and the number of pulses stored in the ijth 
buffer at time t. 

+ In the Laplace-transform domain, the equations can be written as the 
system of equations sF + CF + s-lAF = G, in which F is the transpose of the 
Laplace transform of (f1, f2, ••. , fn) and (with a set of common-ground node­
voltage equations analogy in mind) C and A may be interpreted as a diagonal 
conductance parameter matrix and an elastance parameter matrix, respectively. 
The "source vector" G takes into account initial conditions, the values of the 
center frequencies, and the values of the constants Ct. 
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sense that each frequency fi approaches the same final frequency as 
t ~ oo.t~ 

1.2 Example of An Unstable System 

We wish to show now that if transmission delays are taken into ac­
count, then the system described above need not be stable. Consider 
the equations of a two-station system with C1 = C2 = c, a12 = a21 = a, 
and r12 = r21 = fCc, a, f > 0): 

j1 + c/1 + a le 

[/l(r) - 12(r - f)] dr 

j2 + c/2 + a 1t [t2(r) - t1(r - f)] dr = ab21 (0) + Ct02 

for t ~ 0. It is not difficult to verify that these equations posses a 
solution 

for t ~ - T with VI , V2 , and w ~ ° constants if and only if 

-a Re [(VI - V2e- iWf)(iwf1] ab12(0) + CtOl (5) 

-a Re [(V2 - vle- iWf)(iwf1] ab21 (0) + Ct02 (6) 

and Mv = (), in which v is the transpose of (Vl, V2), () IS the zero 
2-vector, and 

M = [_w
2 + i~c _+ a _ae-

iwf 

] 

_ae- twT _w2 + iwc + a 

Thus if det M = ° for some real value of w ~ 0, then the system is 
unstable in the sense that for some values of the right sides of equations 
(5) and (6) there exists a pair of real-valued functions 11 (.) and 12(' ) 
such that the equations are satisfied for all t ~ 0, and at least one of 
these functions does not approach a limit as t ~ 00. Moreover, if 
for example w2 = a, c2 = a, and wf = !7r, then det M = 0, which shows 
that the two-station system can be unstable if additional restrictions 
are not imposed on c, a, and T.t 

* He has also exploited the network analogy further in order to obtain an 
expression for the final frequency and to make assertions concerning the be­
havior of the system when certain elements are nonlinear. 

t Note that f1(t) or f2(t) can be negative in this example. While it is cer­
tainly true that instantaneous frequencies are not negative, our analysis is in­
tended to show only that the solution of the equations can possess a sinusoidal 
mode. Thus, the conclusion and the essential details of the analysis are unchanged 
if we add a constant u to f1(t) and f2(t) provided that we subtract the constant 
cu from the right side of equation (5) and the right side of equation (6). 
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1.3 Summary of Results 

The purpose of this paper is to report on some results concerning 
the dynamic behavior of Pierce's model. The results take into account 
transmission delays. In particular, we prove that the (assumed con­
nected) system is stable whenever 

Ci > L aii!(Tii + Tji) 
iT'>i 

~ = 1,2, ... ,n. (7) 

In fact we prove that if condition (7) is satisfied, then the frequencies 
Ii approach their final value p at an exponential rate.* Concerning 
the final frequency p, we derive the explicit expression 

This paper also presents some material concerning bounds on the 
rate of decay of transients in stable systems. More explicitly, we 
derive a lower bound on the rate of decay of all complex natural 
modes. 

We prove also that the system is stable whenever 

Ci ~ (2 L aij)i i = 1,2, ... ,n (9) 
jr'i 

and that if condition (9) is satisfied, then [as in the case of condition 
(7)] the frequencies fi approach p at an exponential rate. 

Unlike condition (7), condition (9) is obviously not always satis­
fied for sufficiently small delays. On the other hand, if condition (9) 
is satisfied, then the system is stable independent of the values of the 
TiJ. In this sense the results corresponding to conditions (7) and (9) 
are complementary. 

Our results described above are stated in a more precise manner 
in Section II, and proofs are given in Section III. 

1.4 The Relation to Earlier Work 
The system governed by equations (2) and (4) is closely related 

to synchronization systems which have been studied earlier. This re­
lation is made clear as follows. From equations (2) and (4) 

* Of course in the vast majority of cases it is reasonable to assume that TiJ = 
TH for all i =1= j. We have proceeded without this assumption in order to show 
that our stability result is not critically dependent on it. 
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j. = Ci(fOi - fi) + L aij 1t [fj(r - riJ - fi(r)] dr 
j?'i 0 

+ L aijbij(O) i = 1,2, ... ,n (10) 
j?'i 

for all t ~ O. We write equations (10) as 

ji + cdi = ~ aij it [fj(r - rij) - fi(r)] dr + CdOi 

+ L aijbij(O) i = 1,2, ... ,n (11) 
i?'i 

for all t ~ O. Then, treating the right sides of equations (11) as "driving 
. functions," we can solve the n first-order differential equations (11) 
to obtain 

+ fiCO) exp (-Cit) + it exp [-Ci(t - r)][cdOi + t; aijbij(O)] dr 

for all i and all t ~ O. But 

i U 

fj(r - rii) dr = i(U-Tii> fj(r) dr + I_oTi; fj(v) dv 

for all j and all U ~ O. Thus, with 

Pi(t) = it fi(r) dr 

for all i, we have (after some simplification) 

Pi = 11 ki(t - r) L aij[pj(r - rii) - Pier)] dr 
o iP'i 

+ Vi + Ui(t), t ~ 0 i = 1,2, ... ,n (12) 

in which each Vi is a constant and each Ui(t) approaches zero as 
t ~ co. More explicitly, ki(t) = exp( -Cit), 

Vi = fOi + (Ci)-l ~ aij[jO .. fi(U) du + bii(O)] , 
1'" -T" 

and Ui(t) = [fiCO) - vd exp (-~t). 
Equations of the same type as (12) have been studied extensively 

in connection with linear models of synchronized networks, and many 
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interesting and informative results have been obtained (see Refs. 2-6). 
In particular, Benes has derived a sufficient condition for stability 
(see Refs. 2 and 3). His condition does not depend on the delays and is 
therefore of a very different type than condition (7). When applied 
to our system of equations (10) via the relation between equations 
(10) and (12), Benes' condition reduces to our condition (9).* It 
therefore does not yield Pierce's result obtained via the network 
analog. 

As is often true of pioneering work, Benes' proof is long and in­
volved. Our derivation of what amounts to his condition applied to 
our system is relatively simple and is much less involved compared 
with the rather long proof of our main result which asserts that if 
condition (7) is satisfied, then the system is stable. To a consider­
able extent, the methods of proof used here are very different from 
those of earlier writers concerned with the synchronization problem, 
and they provide some grip on the problem of estimating the rate of 
decay of the natural modes of the system. On the other hand, in this 
paper we do not consider several other important practical problems 
such as that of obtaining a useful upper bound on the contents of the 
buffers or of predicting the effects of variable transmission delays (re­
sulting from temperature changes). There is a clear need for much 
more work in this area, especially in connection with models which 
take into account purposely-inserted nonlinearities. 

II. STATEMENT OF RESULTS 

2.1 Definitions and Assumptions 

Let M denote an arbitrary complex matrix. We denote by Mtr and 
M'I.· the transpose of M and the complex-conjugate transpose of M, 
respectively. If M is not a row vector or a column vector, then (M)ij 
denotes the ijth element of M. If M is a column vector then (M) j 
denotes the jth element of M. If M is square, then Me;, j) denotes the 
matrix obtained from M by deleting the jth row and column. The zero 
element of complex Euclidean n-space is indicated by 0, and In denotes 
the identity matrix of order n. 

* Benes proves that a suitable equilibrium state is approached. He makes no 
assertions concerning the rate at which it is approached. However, it is possible 
to modify the alternative proof3 of Benes' result due to Gersho and Karafin to 
show that the equilibrium state is approached exponentially under reasonable 
additional assumptions. For example, it suffices to assume that each transfer 
function Ht(s) of Ref. 3 is a rational function of s. See the appendix. 
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The statement "for all i" means for all i = 1, 2, , n in which n 
denotes an arbitrary fixed positive integer (the number of geographically 
separated stations) such that n ~ 2. If Ii or F = (fl , 12 , ... , In) tr 
denotes a differentiable function of t or a differentiable n-vector-valued 
function of t, then ji or F indicates the derivative with respect to t of 
fi or F, respectively. 

We assume throughout the paper that 

(i) A is the real n X n matrix defined by 

for all i 

for all i ~ j 

in which aii = aii ~ 0, for all i ~ j. 

(ii) 

(iii) 

det A (n.n) > 0 

Tii ~ 0 for all i ~ j 

(13) 

(14) 

(15) 

(16) 

(iv) the operator £1 is a mapping of the set of n-vector-valued functions 
of t into itself defined by the condition that if F(t) = [/I(t), 12 (t) , 
In(t)]tr, then 

[(£1F) (t)] i L aii[fi(t) - li(t - T ii)] 
ir'i 

for all i. 

(v) 0 = diag (CI , C2 , ••• ' , cn) with Ci > 0 for all i 
(vi) X is the complex n X n matrix defined by 

for all i 

(17) 

(18) 

(X)ii = -aii exp (-STii) for all i ~ j and all complex S (19) 

(vii) .6:.(s) denotes the determinant det [s21n + sO + X]. 

Assumption (ii) is satisfied if there exists a path (not necessarily a 
direct path) from each'" station to every other station. * 

;:. This proposition is a special case of a known result in probability, theory. A 
simple proof is given in Ref. 3. A "network theoretic" proof is as follows. The 
matrix A may be interpreted as the indefinite conductance matrix of a non­
negative element n-node resistance network, and A (n, n) is the node-pair con­
ductance matrix of the network obtained by grounding node n. If the original 
n-node network is connected, then the common-ground network possesses an 
open-circuit resistance matrix, which means that det A(n. n) =1= O. But, since the 
network contains only nonnegative elements, det A (n, n) > o. 
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The equations of our system are 

ji = ci(foi - fi) + t; aii 1t [fi(T - Til) - fi(T)J dT 

+ L aijbij(O), t ~ 0 
j>"i 

for all i. Therefore, with F = (fl , f2 , ••• , fn)tr, we have 

F + CF + ,4F = 0, t ~ o. 
2.2 Results 

Theorem 1 is the principal result of this paper: 

Theorem 1: Let F(·) be a twice differentiable n-vector-valued function 
defined on [-r, 00), in which r = maXi>"j {Tii}, such that 

If 
F + CF + ,4F = 0, t ~ 0*. 

Ci > L aij!(Tij + Tji) 
j>"i 

for all i, then there exist a constant p, positive constants (3 and 'Y, and an 
n-vector-valued function G(·) defined for t E [0, 00) such that 

t ~ 0 

for all i, and 

F(t) G(t) + p(l, 1, .•• , 1) tr 

for all t ~ o. 
Some information concerning the rate of decay of the complex natural 

modes of the system, assuming that the stability condition of Theorem 1 
is satisfied, is provided by the following theorem. 

Theorem 2: Let Tii = Tii for all i ~ j. If there exists a positive constant 
o such that 

Ci - L aiiTij ~ 0 
j>"i 

for all i, and if I::::.(s) = 0 with 1m [s] ~ 0, then Re [s] ~ -aD in which 
ao is the solution of 

-2ao + max Ci = [max Ci - oJ exp (aor) 
• I 

* Questions concerning the existence and uniqueness of solutions of equations 
of this type are discussed in Ref. 7. 
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where T = maXi,..; {Ti;}' 

An expression for the final frequency p of the system is given in 
Theorem 3: 

Theorem 3: If F(·) is differentiable on [-T, 00) with T = maxir'; {Tij} 
such that for all i 

j. = ci(foi - fi) + L: aij 1t [fj(T - Tij) - fi(T)] dT 
jr'; 0 

+ L: a;jbii(O), t ~ 0 
jr'i 

in which the fo; and the bij (0) are constants, and if there exists a constant p 

such that for all i: Ct; - p) ~ 0 as t ~ 00, and Ct. - p) is (absolutely 
integrable on [0, 00), then 

Our final result is as follows. 

Theorem 4: The statement obtained from the statement of Theorem 1 by 
replacing the condition that 

Ci > L: aij!(Tij + Tj;) for all i 
jr'i 

by the condition that 

Ci ~ (2 L: a;j)! for all i 
jr" 

is a theorem. 

III. PROOFS 

3.1 Proof of Theorem 1 

Our proof consists of proving the following four lemmas. 

Lemma 1: !::. (s) has a simple zero at s = O. 

Lemma 2: If 

Ci > L: aij!(Tij + Tji) 
jr'i 

for i = 1, 2, ... , n then 



2008 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1969 

(i) 6(s) ~ 0 for Re [s] > 0 
(ii) there exists a positive constant ao such that if 6 (s) = 0 with s = 

-a + iw (a, w real; a ~ 0; w ~ 0), then a ~ ao . 

Lemma 3: Let F(·) be a twice differentiable n-vector-valued function de­
fined on [-T, 00), in which T = maXi r' i {T i i }, such that 

it' + CF + £1F = (J, t ~ o. 
Let 6 (s) have a simple zero at s = 0, and with the exception of this zero 
assume that 6(s) ~ 0 for all Re [s] ~ -ao for some positive constant ao . 
Then there exist a constant n-vector K, positive constants (3 and ,)" and an 
n-vector-valued function G(·) defined for t £ [0, 00), such that 

for all i, and F(t) = G(t) + K for all t ~ o. 
Lemma 4: If F(t) = G(t) + K satisfies 

F + CF + AF = 0, 

t ~ 0 

t ~ 0 

with G(t) ~ 0 as t ~ 00, and K a constant vector, then, for some constant p, 

K = p(l, 1, ... , l)tr. 

Proof of Lemma 1: The determinant 6(8) is analytic throughout the 
s-plane. It can be written as some power series 

which converges for all 8. Since 6 (0) 
Lemma 1, it suffices to show that 

det A = 0, ~o = o. To prove 

lim 6(s) ~ 0, 
a-+O S 

for then ~1 ~ O. We show this as follows. 
We write S-l det [s21n + sC + A] as det M in which 

M = diag (i + C1S, S2 + c2s, ... , S2 + cn - 1s, S + cn ) + A' 

where A' is obtained from A by dividing each element of the nth row 
of A by s. But, with M(n,n) the submatrix obtained from M by deleting 
the nth row and column, 

det M = (s + cn) det M(n,n) + S-l det P 

in which 
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P = A + diag (i + CIS, S2 + C2S, ... , S2 + Cn- 1S, 0). 

Since, by assumption, det A (n.n) > 0, we have 

o < lim (s + cn) det M(n.n) . 
8-->0 

The determinant of P is an analytic function of S for all s. For s = 0, 
it vanishes. Therefore its power-series expansion at s = 0 is of the form 

n=l 

We note that for s real and positive, det P > 0 because for s real and 
positive P is strongly dominant in its first (n - 1) rows and at least 
weakly dominant in its last row. * Thus PI is not negative, and 

lim S-l det P ~ O. 
8-->0 

Therefore 

lim S-1 det [i1n + sC + AJ > o. 0 
8-->0 

Proof of Lemma 2: If s is such that .6.. (s) = 0, then there exists a 
nonzero complex n-vector x such that 

(s21n + sC + A)x = e 
and consequently 

x*(i1n + sC + A)x = O. 

With Ali = !(A + A*) and As = !eA - A*), we have 

2 x*Cx x* AHx x* Asx 
s + S W 2 + TGlP + TGlP = 0 (20) 

in which II x II = (x*x)!, 

(AH)ij = -!aij[exp (-STij) + exp (-S*Tji)]' for all i ~ j 

for all i 

for all i ~ j 

for all i. 

* In other words, for such values of s, det P > 0 because (for each such value 
of s) there exists a diagonal matrix D = diag(1, 1, ... , k) with k > 1 such that 
PD is strongly row-sum dominant. 
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Notice that both All and (i)-lAs [i ~ (-I)! when not used as an index] 
are hermitian matrices, and that 

and 
x*Asx 
lr;-rp~ 

are real and pure imaginary, respectively. 

Sub lemma 1: If 6 (s) = 0 with s = a + iw and a ~. 0, then 

Proof: From 

w
2 ~ a

2 + a min Ci • 
i 

2 x*Cx x* AHx x* Asx 
s +s~+~+~=o 

(21) 

(22) 

for some nonzero x corresponding to the assumed value of s = a + iw, 
we have 

2 2 x*Cx x* Allx 0 
a -w +a~+W2= . 

But for a ~ 0, A is both at least weakly row-sum dominant and weakly 
column-sum dominant. Thus All is at least weakly dominant and hence 
nonnegative definite (that is, x* Allx ~ 0). Therefore 

Sub lemma 2: If 

Ci > L aii max (Tii , Tji) 
ir'i 

for all i, then 6(s) ~ 0 for Re [s] > o. 
Proof: Sublemma 1 implies that 6 (s) has no zeros on the positive-real 
axis. Assume now that s = a + iw with a > 0 and w ~ o. Then, using 
equation (20), 

2 . +. x*Cx + x* Asx 0 
a'lW 'lWW2 ~= 

or 

2 + x*Cx + x*[(iW)-1 AsJx = 0 
a IlxW IlxW . (23) 
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Let mil denote the ijth element of (iw)-lAs . Then mii o for all i, 
and for i ~ j: 

mij = -taij(iw)-l[exp (-aTij) exp (-iWTij) - exp (-aTj;) exp (iWTii)] 

-taij exp (-aTij)(iw)-l[eXp (-iWTij) - exp (iWTji)] 

+ ta;i(iwfl[exp (-aTj;) exp (iWTji) - exp (-aTij) exp (iWTii)] 

= aij exp (-aTij) exp [iwHTii - Tii)](W)-l sin a(Tii + Tji)W] 

+ ta;j exp (iWTji)(iwfl[exp (-aTji) - exp (-aTij)]. 

It follows that 

1 mij 1 ~ aijt(Tij + Tji) + taij 1 w-1[exp (-aT;;) - exp (-aTi;)] I· 
But, from inequality (21), w

2 ~ a
2

, so that 

1 w-1[exp (-aTj;) - exp (-aTij)] I 

~ 1 a-1[exp (-aTj;) - exp (-aTij)] I 

and, as can easily be verified, 

1 a-1[exp (-aTj;) - exp (-aTij)] I ~ 1 Tj; - Tii I· 
Therefore, for i ~ j, 

However, by the hypothesis of the sublemma, 

Ci > L: aij max (Tij , Tji) 
j"'i 

for all i, and thus C + (iW)-l As is a strongly-dominant hermitian 
matrix. This means that C + (iW)-lAs is positive definite, and hence 
that a in equation (23) is negative, which is a contradiction. 0 

Sublemma 3: If b1 , b2 , ••• , bn ate positive constants such that 

bi > L: aijt(Tij + Tji) 
j".i 

fot all i, then thete exists a positive constant u with the ptopetty that if 
Ci ~ bi fot all i, and if 6.(s) = 0 with s = a + iw and a ~ 0 and w ~ 0, 
then a > u. 

Proof: With s = a + iw and a ~ 0 and w ~ 0, and proceeding as in 
the proof of Sublemma 2, with any C such that Ci ~ bi for all i we have 
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for some nonzero vector x 

x*Cx x*Mx 
2a+TTXTr+W2 =0 

in which M is hermitian with elements mii = 0 for all i and mil (i =F- j) 
such that 

I mij I ~ aij!CTij + Tji) + !aij I w-
1[exp (-aTii) - exp (-aTii)] I. 

By Sublemma 1, 

w
2 ~ a

2 + ab 

in which b = mini bi . Thus I w 1-1 ~ (a2 + ab)-l. Since (for all a ~ 0) 

I exp (-aTji) - exp (-aTij) I ~ a I Tji - Tij I, 
we have (for all i =F- j) 

I mil I ~ aij!(Tij + TiJ + !aija(a
2 + ab)-l I Tji - Tij I· 

Let 

Of course € > O. Since b > 0, it is clear that there exists a positive con­
stant 0" such that (for all i =F- j) 

(2n)-1 € ~ !aija(a2 + ab)-l I Tii - Til I 
for all 0 ~ a ~ 0". It follows that (C + M) is positive definite for all a 

such that 0 ~ a ~ 0". This means that if a ~ 0 satisfies equation (23), 
then a > 0". 0 

Sub lemma 4: There exists a positive constant k, independent of C, such 
that if ~(s) = 0 with s = a + iw and a ~ 0, then 

I s I < max Ci + k. 
I 

Proof: The elements of A are uniformly bounded on Re [s] ~ O. 

Let k be any positive constant greater than 

sup {I ~'XA~2 II : Re [8] ~ 0, 

If ~(s) = 0 with s = a + iw and a ~ 0, then for some x =F- e 
2 x*Cx x* Ax 

s +sTTXTr+wz=o 
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and 

x*Cx [( X*CX )2 x* Ax )! 
2s= -~± ~ -4~ . 

Thus, since 

I [CI:C~,)' - 4 ~':~,T I ~ II:C~, + 21 ~':~, I', 
it follows that 

x*Cx I x* Ax Ii 
lsl~~+ ~ 

~ maxci + k. 0 
• 

By Sublemmas 1 and 3, if 

Ci > L: aii!CTii + Tji) 
iT"i 

2013 

(24) 

for all i, then 6, (s) has no zeros on the positive-real axis of the s plane, 
and 6,(iw) ~ 0 for all real w ~ O. We are now in a position to show that 
if condition (24) is satisfied for all i, then 6, (8) ~ 0 for Re [s] > O. 

Let Qi for i = 1, 2, ... , n be any set of positive constants such that 

Qi > L: aii!(Tii + Tii) 
iT"i 

for all i, and let Gi for i = 1, 2, ... , n be any set of positive constants 
such that Gi ~ Qi and 

Gi > L: aii max (Tii , Tii) 
iF' 

for all i. Let Ci E [Qi , Gi] for all i. Then, by Sublemmas 3 and 4 there 
exists a "half-moon-shaped" finite region ffi in the strict right-half 
plane bounded by a line Re [s] = (J' and a semicircular arc I s I ~ K 
such that if Ci E [Qi , ei] for all i and 6, (8) = 0 with Re [8] > 0, then 8 

lies inside ffi. By Sublemma 2, for Ci = Gi for all i, 6, (8) ~ 0 for Re [s] > o. 
On the boundary of ffi, 6, (s) ~ 0 for all Ci E [Qi , Gi]' 

For each i, we can write .6,. (s) as Ai (8) + c.B. (8) in which Ai and Bi 
are entire functions which are independent of c. . For Ci = Gi for 
i = 2,3, ... ,n 

on the boundary of ffi for all CI E [QI , GI ]. Thus .6,. (8) has no zeros inside 
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(R for Cl = !'h and Ci = Ci for i = 2, 3, ... , n.* Similarly, for Cl = fl and 
Cj = Cj for i = 3, 4, ... , n 

on the boundary of (R for all C2 E [f2 , C2]' Therefore 6 (s) has no zeros 
inside (R for C1 = fl , C2 = f2 and Ci = Ci for i = 3, 4, ... , n. By con­
tinuing in this manner we find that 6 (s) has no zeros inside (R when 
Ci = fi for all i, which shows that if condition (24) is satisfied for all i, 
then 6 (s) ~ 0 for Re [s] > o. 

The following argument completes the proof of Lemma 2. 
If 6(s) = 0 with s = -a + iw, then for some x ~ (J 

2 2 x*Cx x* AHx 
a - w - a ~ + W 2 = o. 

Since 6(s) is an entire function of s, in any circle in the s plane 6(s) 
has at most a finite number of zeros. Thus, either there exists a positive 
constant ao such that if 6(s) = 0 with s = -a + iw and a > 0, then 
a ~ ao , or there exists an infinite sequence SI , S2 , ... , such that 
6(sn) = 0 for all n and, with Sn = -an + iwn , Wn ~ 00 and an ~ 0+ 
as n ~ 00. In the later case, since for n = 1, 2, ... 

with Xn ~ (J an associate of Sn , we would have 

as an ~ 0+ which is impossible since for any real {3 < 0 

is bounded on the strip {3 ~ Re [s] ~ 0 uniformly in Xn . 0 

Proof of Lemma 3: We have 

it' + CF + AF = (J, t ~ o. (25) 

* Here we use the following known result. 8 Let CR be a closed region in the 8 plane, 
the boundary of which consists of a finite number of regular arcs; let the functions 
f(8) and h(s) be regular on CR. Assume that for no value of the real parameter c, 
running through the interval a :::; c :::; b, does the function f(8) + Ch(8) become 
equal to 0 on the boundary of CR. Then the number N(c) of the zeros of f(8) + Ch(8) 
inside CR is independent of c for a :::; c :::; b. 



DIGITAL TRANSMISSION SYSTEMS 2015 

Using the Bellman-Gronwall Lemma (see p. 31 of Ref. 7), we can prove 
that there are constants kl , k2 > 0 such that for all i 

I F.(t) I ~ kl exp (k2t) , 

Thus F(·) possesses a Laplace transform 

t ~ O. 

1CIJ 

F(t)e- st dt ~ F(s) 

which is well defined for all s such that Re [8] > k2 . Therefore 

s2F(s) + sCF(s) + AF(s) = sV l + V2 + W(s) 

in which the constant vectors VI and V 2 take into account the values 
of F(O) and F(O), and for all i 

[W(s)]. = ~ aii exp (-STii) LOTij Fj(t)e- st dt. 

Thus 

Of course 

F(t) = (271"i)-I f F(s)est ds, 
0+) 

t ~ 0 

in which (l+) is some line parallel to and to the right of the imaginary 
axis of the s plane. Let (l-) denote the line indicated in Fig. 1. Then 

Im [s] 

-a 2 +L.e 
\ 

.~:>--- ------( a, + i.e 

Re [s] 

(Q-) (t +) 

.,>--- __ ----< a,-L.e 
I 

-a~-L.e .e > 0 

al' a 2> 0 

Fig. 1- Relation between (l-) and (l+). 
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(see Fig. 1) 

f j
a.+ifJ 

= lim 
(1+) fJ-+r:t:) a,-ifJ ' 

and for t ~ 0 

j

a 1 +ifJ + j-a.+i fJ + j-a.-i fJ + ja 1
-i fJ = K 

at-ifJ al+ifJ -a.+ifJ -a.-ifJ 

in whichK is a constant n-vector(since the contour contains 
a single pole at the origin). Since the integrand ~ () uniformly in - a2 ~ 
Re [s] ~ al as , 1m [s] , ~ 00, the integrals over the horizontal pieces 
~ () as (3 ~ 00, and therefore for t ~ 0 

j

at+ifJ j-al-ifJ 
lim = K - lim . 
fJ-+<ij at-ifJ fJ-+<ij -a.+ifJ 

We now show that 

j

-al-ifJ 
lim ~ () 
fJ-+r:t:) -a.+ifJ 

exponentially as t ~ ex). 

On (l-) each element of W(s) is bounded. Thus on (l-) each ele­
ment of 

Q(s) ~ [lns2 + se + Arl[V2 + W(s)] 

(we consider the part involving VI later) is bounded and of order at 
most's ,-2 as's , ~ 00. Therefore 

f Q(s)e't ds = exp (-a2t) lim r- ifJ 
Q( -a2 + iw)eiwt d(iw) 

(1-) fJ-+r:t:) lifJ 

But f7fJ
ifJ is uniformly bounded on the t-set [0, 00), and hence 

f Q(s)est ds 
(1-) 

approaches zero exponentially. 

Consider now the integral 

f [lns2 + se + Arls Vle't ds. 
(1-) 

We cannot directly apply the same argument as for the integration of 
Q because here it need not be true that on (l-) each component of the 
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integrand is of order at most 1 s 1- 2 as 1 s 1 ---7 00. However, if on (l- ) some 
component Ri(S) of [lns2 + sC + XrlSvl is not of order at most 1 s 1-2 

as 1 s 1 ---7 00, then it can be written (to within a constant multplier) as 

in-l~(2n-l) + in-2~(2n-2) + ... + ~(O) 
Ri(S) = s2n + ~D(S) 

in which s-2n~D(S) ---7 0 as 1 s 1 ---7 00 on (l-), and 2:(2n-l), 

2:<2n-2), ... , 2:(0) denote sums of exponentials (some sums may be 
constants). Thus the sum of Ri(S) and 

~(2n-1) 

---
s+u 

is of order at most 1 S 1-2 as 1 S 1---7 00 on (l-). Since the inverse Laplace 
transform of 

~(2n-1) 

s+u 

vanishes faster than some damped exponential, we see that 

f [lni + sC + Xr lsVle
8t ds, 

(1-) 
t ~ 0 

can be written as the sum of two integrals, the components of both of 
which approach zero at least as fast as some damped exponential. D 

Proof of Lemma 4: Since F(·) satisfies 

it' + cP + ,clF = 0, t ~ 0 

we have 

t ~ o. 

But F(t) ---7 K as t ---7 00. Therefore as t ---7 00, 

-P(t) ---7 lim 1t e-C(t-T) AK dT = C- l AK. 
t ..... oo 0 

In addition, since 

F(t) = it Pet) dt + F(O), t ~ 0 

we see that -C-lAK [that is, the limit of Pet) as t ---7 00] must be the 
zero vector, for otherwise F(t) could not approach a constant vector as 
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t ~ 00. Thus AK = (J. We note that A(l, 1, ... , l)'r = (J, and that A is 
of rank (n - 1). Therefore K = p(l, 1, ... , 1) tr for some constant p. 0 

3.2 Proof of Theorem 2 

By Lemma 2 of the proof of Theorem 1, ~(8) ~ 0 for Re [8] ~ 0 
and~8:~ O. Let ~(8) = 0 with 8 = -a + iw, a > 0, and w ~ O. Then 
for some x ~ (J 

2 . +. x*Cx + x* Asx 0 
- a'Zw 'Zw iT~lF ~ = 

or 

X*CX x*(iW)-l Asx 
-2a+Wz+ IlxW =0. 

for all i = j 

for all i ~ j. 

Thus since I (BS)ii I ~ aiiTii for all {~ j, all a > 0, and all w ~ 0; and 

for all i, it follows that 

x*Cx x*Bsx 
~±~~o 

for all a > 0 and all w ~ O. Therefore with 

we have 

x*Cx 
c=wz and 

x*Bsx 
b=wz , 

- 2a + c + beaT = 0 

with I b I ~ C - 0 and C ~ maXi Ci • But 

-2a + C ~ I -2a + C I = I b I eaT ~ (C - o)e aT 

and hence 

-2a + C ~ (c - o)eaT , 
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Therefore a must not be less than ao , the unique solution of 

-2ao + max Ci = [max Ci - o]eaoT'. 0 
i i 

3.3 Proof of Theorem 3 

We have for all i 

l = ciCioi - fi) + L: aiibii , t ~ 0 
i;J.i 

with 

Observe that 

iT fj(t - Tii) dt 

= ITT~:ij fi(U) du 

= l O

Tti fi(U) du + 1T

-

Tii 
[fi(u) - p] du + (T - Tii)P 

= (T - Tij)p + 10

TH f/u) du + 100 

[fi(U) - p] du 

2019 

-100 

[fi(U) - p] duo 
T-Tij 

Since 

fi = exp (-cit)fi(O) + it exp [ -ci(t - T)] 

. [CdOi + L: aijb ii ( T)] dT, t ~ 0 
i;J.i 

for all i, 

/, ~ exp (-cJ)/,(O) + l' exp [-C;(t - T)]{cdo; + ~ a"b,;(O) 

~ aiiTiiP + ~ aii LOTti ff(U) du + ~ ai/Pi - Pi) 

t::; a,,[q,,(T) - r,(T)]} dT, t ~ 0 (26) 
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for all i, in which 

Pi = i~ [/i(u) - p] du 

qii(r) f:Tii [/i(u) - p] du 

ri(r) = f~ [/i(u) - p] duo 

The functions qii(r) and ri(r) approach zero as r --7 00. In order that 
the asymptotic values (as t --7 (0) of both sides of equation (26) agree, 
we must have 

pCi = CdOi + L: aijbii(O) - L: aiiriiP 
i~i i~i 

for all i. But (using the assumption that aii = aii for all i ~ j) 

L: L: ai/Pi - Pi) = O. 
i i~i 

Therefore 

- P ~ t; aiirii + ~ t; aii lOTU li(u) duo 0* 

3.4 Proof of Theorem 4-

The following lemma and Lemmas 1, 3, and 4 of the proof of Theorem 
1 prove Theorem 4. 

Lemma 2': If 

Ci ~ (2 L: aiz)! for all i, 
i~i 

then there exists a positive constant ao such that .6 (s) = 0 and s ~ 0 imply 
that Re [s] ~ -ao . 

Proof of Lemma 2': With Do = diag {L:i~i aid and A' = A - Do , 

* The last part of this proof, which involves the observation that the double 
sum is zero, is similar to an argument used by Brilliant (see the appendix of 
Ref. 5). 
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.6.(s) = det [lns2 + se + A] 

= det [l nl + se + Do + A'] 

= det [lnl + se + Do] ·det [In + (lnl + se + Do)-I A']. 

The diagonal elements of Do are positive. It is therefore clear that 
there is a positive constant a~ such that if det [lns2 + se + Do] = 0, 
then Re [s] ~ -a~. It is also clear that det [In + (lns2 + se + Do)-IA'] 
is not zero for all s such that Re [s] ~ 0 and 

I (S2 + SCi + L: aii)-I L: aii I < 1 for all i, (27) 
i'" i i;6i 

since for those values of s the matrix [In + (lnl + se + Do) -IA'] is 
strongly row-sum dominant. 

By assumption, 

for all i. 

It is a simple matter to verify that this assumption implies that condition 
(27) is satisfied for all s = iw with w real and w ¢ O. Thus .6. (iw) ¢ 0 
for all w ¢ o. But for all i 

(S2 + SCi + L: aii)-I L: aii 
i;6 i i;6i 

is analytic throughout the closed right-half s plane, and 

I (S2 + SCi + L: aii)-I L: aii I ~ 1 
i;6 i i;6 i 

for all i and for all s = iw. By the Maximum Modulus Theorem, condition 
(27) is satisfied for all s such that Re [s] > 0.* Therefore L\(s) ¢ 0 
for all S ¢ 0 such that Re [s] ~ o. Finally, the argument used to prove 
the last part of Lemma 2 shows that there exists a positive constant ao 
such that if .6.(s) = 0 with s ¢ 0, then Re [s] ~ -ao. 0 

APPENDIX 

Left-Half-Plane Zeros of det [1 - B(s)] 

We wish to show here that all of the left-half-plane zeros of 
det [1 - B(s)], in which 1 - B(s) is as defined in Ref. 3, lie to the left 
of some line which is parallel to and lies to the left of the imaginary 
axis of the complex s plane, provided that each Hi(s), which enters into 
the definition of B(s), is a meromorphic function of s such that there 

* This type of argument is also used in Ref. 3. 
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exist positive constants Ui and Ki with the property that I Hi(s) I ~ Ki 
for all S with -Ui ~ Re [s] < o. 

Assume that what we wish to prove is false. Then, as in the proof of the 
last part of Lemma 2, there would exist a sequence S = {Sk}~ such that 
Re [Sk] < 0 for all k, Re [Sk] ~ 0 as k ~ 00, 1m [s,J ~ 00 as k ~ 00, 

and det [I - B(Sk)] = 0 for all k ~ o. But the complex numbers aij 
of Ref. 3 are bounded on Sand Hi(sk)[sk + Hi(sk)r 1 ~ 0 as k ~ <Xl. 

This means (see Ref. 3) that there is a positive number k' such that the 
matrix [I - B(Sk)] is strongly dominant for all k ~ k', which contradicts 
the assumption that det [I - B(Sk)] = 0 for all k ~ 0, and proves that 
our assertion is true. 
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Bounds on the Bias of Signal 
Parameter Estimators 

By JACOB ZIV 

(Manuscript received December 20, 1968) 

Any estimator which is constrained to take values in a finite range is, 
in general, biased. Many times the bias is unknown; furthermore, in some 
cases the bias may become the main contributor to the mean square error of 
an estimator. This paper derives upper and lower bounds on the bias of a 
finite-range, signal parameter estimator. 

1. INTRODUCTION AND MAIN RESULTS 

1.1 Introduction 

Let the parameter be denoted by a and let a take values in [-ex, ex]. 
We refer to 2ex as the a priori range (or space) of a. We assume that 
there exists probabilistic mapping from the parameter space to an 
observation space, that is, a probability law that governs the effect of 
a on the observation.1 This probability law will be referred to as the 
"channel." After observing the "outcome" which is a point in the 
observation space, we estimate the value of a. Let this estimate be 
denoted by a. Clearly, a is a random variable. 

We assume, throughout this paper, that a takes values in [-A, A]. 
Let the bias be defined 

b(a) ~ Ea[6 - a] = J (6 - a) dp(6 I a) (1) 

where p(6 I a) is the probability distribution function of 6 given a. 
Assume that we are now told that the true value of the parameter a 
is either at or -al with equal probabilities. Let Hal be the hypothesis 
that a = at and let H -al be the hypothesis that a = - a l • The minimum 
probability of error is (dropping the subscript 1 from al): 

Pe{a, -a} ~ IVIin {![Pr {a I -a} + Pr {-a I a}]} 

2023 
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where Pr{ a I -a} is the probabilit.y t.hat the decision will be a, given 
that -a is t.ransmitt.ed, and where the minimization is carried over all 
possible decision rules. (A decision rule is a mapping from the obser­
vation space to the set {-a; a}.) Then we show in Section II that 

Ub(a) - b( -a)] ~ -APe{ -a; a} + (A - a); 

Ub(a) - be-a)] ~ APe{ -a; a} - (A + a); 

By equation (2a) we have 

a ~ 0; 

a ~ o. 

!rl b( -a) 1 + 1 b(a) I] ~ APe{ -a; a} - (A - a); a ~ o. 
Hence, an estimator must have a nonzero bias if 

The bounds of equation (2) are the main result of this paper. 

(2a) 

(2b) 

(3) 

If we assume that for any a, b (a) = -b (-a) we have by equation 
(2) that 

b(a) ~ -APe{ -a; a} + (A - a) (4a) 

and 

b(a) ~ APe(-a; a) - (A + a). (4b) 

These bounds are sketched in Fig. 1. 
If, in addition, we assume a symmetry around a in the sense that 

iA+'a,~t.-a~A-'a' (d - a) dp(d 1 a) = O. 

We show (see ,section II) that in this case 

and 

b(a) ~ -aPe { -a; a}; -A<a<_A 
= = 2 

(A - a)Pe(-a; a) ~ b(a) ~ 0; 

b(a) ~ -aPe { -a; a}; 

_A < a < 0 
2 = = 

A 
A ~ a ~"2 

-(A + a)Pe(-a; a) ~ b(a) ~ 0; ~ ~ a ~ O. 

(5a) 

(5b) 

(5 c) 

(5d) 

(5e) 

The bias b (a) is unknown, in general. However, the probability 
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.0. = APe (-a, a ) 

b(a) 

~ [b(a)-b(-a)] 

A 

,_/ \ " a 

-A 

\ ,.0. 

\ l', 
\ EQUATION', 

\ (6d) , 
" '-~ 

.0. '- EQUATION 
'- (6C) 

Fig. 1-Bounds on the bias of an estimator. 
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Pc{a; -a} is known for many important cases. The bounds derived 
here depend on the channel probability law through Pc( -a; a) only, 
and therefore are easy to compute in many cases. 

1.2 Sharpness 

Section III shows that, for one special case, b (a) is given by 

b(a) = -2APe { -a; a} + (A - a); 

b(a) = 2APe {-a;a} - (A + a); 

a ~ 0, 

a ~ o. 
(6a) 

(6b) 

Section III also shows that, for another special case, b (a) is given by 

b(a) = 2AP.{ -a; a} - (A + a); 

b(a) = -2AP.{ -a; a} + (A - a); 

a ~ 0, 

a < O. 

(6 c) 

(6d) 

The comparison of equation (6) with the bounds of equations (4) and 
(2) indicates the degree of sharpness of these bounds (see Fig. 1). 

1.3 Examples 

Let the received message be a sample function of the random process 

ret) = set - a) + n(t), (7a) 
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where a is an unknown parameter constrained to take values in 
(-.ex; .ex). The term n(t) is assumed to be white gaussian noise with 
(double sided) spectral density No. 

Let 

(7b) 

1 100 

p(2a) = E -00 set - a)s(t + a) dt, (7c) 

q = ([1 - p(2a)]E/2No)~. (7d) 

Hence, in this case,2 

Pee-a; a) = (27r)-! 100 

exp (-x2/2) dx 
a (8a) 

Hence, by equation (3) 

I b(a) I > 0 for any I Aa I > 1 - (27r)-! foo exp (-x2/2) dx. 
(E/No)t 

(8b) 

Furthermore, if the channel is that of equation (7) and if a is a maxi­
mum likelihood estimator, then it follows from equation (7) that the 
conditions of equation (5a) are satisfied, since the maximum likeli­
hood procedure for estimating a is to evaluate 

X(a*) = L: r(t)s(t - a*) dt 

= L: set - a)s(t - a*) dt + L: n(t)s(t - a*) dt 

and to set a to the value of a*( -A ~ a* ~ A) for which X(a*) is maxi­
mum. Hence, the statistics of A(a~) are the same as those of A(a~) if 
!(a~ + a~) = a; also, b(a) = -be -a). Therefore by equations (5) 
and (8a), 

b(a) ~ 0; 
A -- < a < 0 2 = = 

-A ~ a ~ ~ (9a) 

(9b) 
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b(a) ~ -a(27r)-; Joo exp (-x2/2) dx; 
(EIN o )' 

b(a) ~ 0; 
A 

o < a ~ 2' 

II. DERIVATION OF THE BOUNDS3 

b(a) ~ J(a - a) dp(a I a) 

A - < a < A 2 = = 

= 1>0 (a - a) dp(a I a) + 1:ao (a - a) dp(a I a). 

Now, 

2027 

(9 c) 

(9d) 

(10) 

1>0 (a - a) dp(a I a) ~ -a Pr {a > 0 I a} (11a) 

1>0 (a - a) dp(a I a) ~ (A - a) Pr {a > 0 I a} (lIb) 

1~0 (a - a) dp(a I a) ~ - (A + a) Pr {a ~ 0 I a} (11 c) 

1 (a - a) dp(a I a) ~ -aPr {a ~ 0 I a}. (lId) 
&~o 

Also, we have that 

Pr {a > 0 I a} = 1 - Pr {a ~ 0 I a}. (12) 

Inserting equations (11) and (12) into equation (10), we have 

b(a) ~ A Pr {a > 0 I a} - (A + a) 

b(a) ~ -A Pr {a ~ 0 I a} + (A - a). 

(13) 

(14) 

Consider the following detection problem. Assume that a and 
-a (a > 0) are used as two signals for equiprobable binary signalling; 
decide on a if a > 0 and decide on - a if a ~ O. The probability of 
error associated with this detection procedure is given by 

p a ~ ! Pr {a > 0 I - a} + ! Pr {a ~ 0 I a}; a > O. (15) 

The error probability Pa is lower bounded by Pe ( -a; a) which is 
the probability of error that is associated with the optimal binary de­
tection scheme for this detection problem. In the same way Pais upper 
bounded by 1 - Pe(-a; a). 
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Hence, 

1 - Pee-a; a) ~ ![Pr {a ~ 0 I -a} 

+ Pr {a ~ 0 I a}] ~ Pee-a; a); a ~ O. (16) 

By equations (13), (14), and (16) we get equations (2a) and (2b). 
Now, if 

j (a - a) dp(a I a) = 0 
-A+ la I ;';tI.-a;';A-lal 

then 

b(a) = fA (a - a) dp(a I a) ~ 0; 
2a+A 

Hence 

b(a) > -a Pr [a > 0 I a]; 

b(a) < (A - a) Pr [a > 0 I a]; 

Also 

j
2a-A 

b(a) = -A (a - a) dp(a I a) ~ 0; 

Hence 

b(a) < -a Pr [a ~ 0 I a]; 

-A ~ a ~ O. 

_A<a<_A = = 2 

A -2" ~ a ~ O. 

A ~ a ~ O. 

(I7a) 

(I7b) 

(I7c) 

(l7d) 

(I7e) 

b(a) > - (A + a) Pr [a ~ 0 I a]; 0 ~ a ~ ~. (I7f) 

Equation (5) follows from equations (17) and (11). 

III. THE SHARPNESS OF THE BOUNDS 

In order to check the sharpness of the bounds on b (a), let us dis­
cuss the following example. 

Let a be some estimation of the parameter a. 
Let a be defined as 

~ 

a=A 

~ =-A 

if 

if 

a>O 

a ~ O. 

N ow, regard a as an estimation of a. The bias of a is given by 
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b(a) = (A - a) Pr [a > 0 I a] + (- A - a)[1 - Pr (a > 0 I a] 

= 2A Pr {a > 0 I a} - (A + a); a ~ 0 (18) 

and also 

b(a) -2A Pr {a ~ 0 I a} + (A - a); a> O. (19) 

Compare equations (18) and (19) with equations (13) and (14). 
In the special case where a is a maximum likelihood estimator and 

the channel is the one given by equation (7), we have that 

Pr {a ~ 0 I a} = Pr {a > 0 I - a} 

a ~ O. (20) 

Inserting equation (20) into equations (18) and (19) yields equation 
(6a) and (6b). By making ~ = -A if a > 0 and a = A if a ~ 0 we get 
equations (6c) and (6d) in a similar way. 

IV. APPLICATIONS 

4.1 Postdetection Integration 
Assume that one makes n independent, equally distributed, estima­

tions of a: a1, a2, a3, ... , ai, ... , an, and let 

_ 1 ~" 
a = - £..J ai ; 

n i-I 

a is sometimes called the "postdetection estimation of a". Such an 
estimator appears in many applications: radar range estimation, post­
detection diversity combiners in communication systems, and so on. 
Now 

e~ ~ E{(a - a)2 I a} = E[(a - b(a) - a)2 I a] + b2(a) 

= ~ <T~ + b2
(a) 

where <T! is the variance of ai (for any i), given a. Clearly, if the esti­
mator a is unbiased, the mean square error that is associated with a 
can be made arbitrarily small by making n large enough. However, if a 
is biased, then, for any n, the mean square error is lower bounded by 

e! ~ b2(a) ~ bi(a) (21) 

where bL (a) is the lower bound on I b (a) I given by equations (2), (4), 
or (5). 

Example: Let the channel be given by equation (7) and let a be 
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a maximum likelihood estimator; then by equations (9a), (9c), and 
(21) 

e! ~ a2 21 [fOO exp (- x2/2) dXJ2; A ~ I a I ~ A
2

· 
7r (E/No) i 

Assume that the a priori range of a, is smaller than (-A, A). 
Then 

e! ~ 2a
2 

[fOO exp (- x2/2) dXJ2 ; 
7r (E/No) i 

~ ~ I a I ~ a. 

Now, let 

Then, unless A ~ 2a (that is, unless the range of a is at least twice as 
large as the a priori range of a), we have that 

e2 ~ a
2

2 
[fOO exp (- x2/2) dXJ2 

7r (E/No) I 

even if n -7 co. 

4.2 Predetection Integration 

Let the channel be the one given by equation (7). Assume that 
the estimation is based on n repeated measurements; namely, the re­
ceived signal is given by 

n-l 

ret) = net) + L set - a - i2A). 
i=O 

In this case, an estimation is being made only after observing the com­
plete received signal ("predetection integration"). It then follows that 
for a maximum likelihood estimation of a . 

which is the same as for single measurement except for E being re­
placed by nE. In this case, unlike the previous case, the lower bound 
vanishes as n tends to infinity. 
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Solutions of Fol~l{.er-Plancl{. Equation 
with Applications in Nonlinear 

Random Vibration 
By s. c. LID 

(Manuscript received December 26, 1968) 

In the course of analyzing the dynamic behavior of mechanical systems 
subjected to random excitations, we investigate the associated Fokker-Planck 
equation. We also discuss the relationship between the characteristics of 
the random excitation and the nonlinear intensity coefficients governed by 
the physical properties of the system. This relationship leads to some 
simplified methods for solving the response probability density of certain 
nonlinear systems. We present general solutions to a class of multidimen­
sional problems with desirable constraints. The random motion of a single­
mode mechanical oscillator with various nonlinear stiffnesses and a charged 
particle moving in an electromagnetic field are examples. Cosine-power 
and sech-power distributions are found to be associated with the steady 
state response of a tangent stiffness system and a hyperbolic tangent stiff 
ness system, respectively. When the influencing magnetic vector potential 
Mis irrotational, the stationary probability for the moving particle in the 
6-dimensional response phase-space is statistically independent. 

1. INTRODUCTION 

Although the theory of stochastic processes has found wide appli­
cations in information and communication sciences for many years, 
only recent advances in rocket propulsion and aerospace industries 
have made random vibration problems subjects of growing importance 
in mechanical and civil engineering. These problems involve struc­
tural responses due to random loadings and are in general nonlinear 
resulting from large motions.1 Such nonlinear random transformation 
problems often encountered in practice are generally memory-de­
pendent; that is, the equations of motion are described by nonlinear 
differential equations.2

- 4 Under the Markov and Smoluchowski as­
sumptions, it has been shown that the probability density function 

2031 
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of a large class of random processes satisfies equations of the Fokker­
Planck (F-P) type.5- V Recently Pawula showed that generalized 
Fokker-Planck equations can be derived for many cases with both 
these assumptions removed.7 Many interesting problems with their 
governing equations of the Fokker-Planck type have been investigated 
by various researchers. Rosenbluth, and others, studied the Fokker­
Planck equation for the distribution function for gases with an inverse­
square particle interaction force ;10 van Kampen used an Fokker­
Planck equations to describe the thermal fluctuations in linear and 
nonlinear systems;l1 Ariaratnam found the steady state response distri­
bution for a class of nonlinear two-mode mechanical oscillators by 
applying certain constraints to decouple the governing Fokker-Planck 
equation ;12 and Hempstead and Lax used Fourier transform tech­
niques to eliminate the phase variable from the Fokker-Planck equa­
tion in the polar coordinates for a rotating-wave Van der pol oscillator 
and found the phase and amplitude spectraP 

The Fokker-Planck equation, satisfied by the random response 
probability density function of a dynamic system, is a parabolic 
partial differential equation which generally is rather difficult to solve. 
Although approximate results may be obtained by using the per­
turbation and equivalent linearization tehcniques (for which brief 
accounts are given in Appendixes A and B), the formal solution 
yielded by the appropriate Fokker-Planck equation is still the most 
sought one.14

-
17 In this paper, we investigate the relationship between 

the random input characteristics and the intensity coefficients of the re­
sponse process as governed by the physical properties of the system. 
Based on this relationship, we establish theorems concerning classes of 
potential-type and uncoupled-type solutions to the multidimensional 
stationary Fokker-Planck equations. Then, we present simple methods, 
based on these theorems, for solving such classes of random transfor­
mations and we describe the required natural restraints which justify 
applying these methods on physical grounds. 

As examples we analyze two separate cases, a simple mechanical 
oscillator with various nonlinear spring resistances and a charged 
particle moving in an electromagnetic field, which we also consider to 
be subject to random excitation. 

II. MARKOV PROCESSES AND RANDOMLY EXCITED DYNAMIC SYSTEMS 

A stochastic process which has no aftereffect is called a Markov 
process. If yet) = [Yl(t), Y2(Y), ... , YN(t)] is such a process (where 
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bold type indicates a vector) we can write 

P(YI I Y2 , ... , YN) = P(YI I Y2), 

and 

N>2 

2033 

(1) 

P(YI , Y2 , ... , YN) = P(YI I Y2)P(Y2 I Y3) .•. P(YN-l I YN)P(YN) (2) 

where p( I ) and p( ) represent the conditional probability density and 
the joint probability density, respectively; and YI = y(tl), ... , YN= y(tN). 

In examining the motion of a dynamic system under purely random 
disturbance, it is found that the phase point y(t2 ) of the system at time 
t2 depends only on the phase-point position y(tl) at the previous time 
tl . Therefore, the trajectory of the phase-point of a system under purely 
random disturbance is described by a Markov process yet) = [YI (t), 
Y2(t), ... , YN(t)] in the phase space. The components Yi , i= 1, 3, 5, 
... , N - 1 represent the generalized coordinates of the system and 
components Yi+1 represent the first time derivatives of Yi • These N 
variables completely defined the dynamic state of a viboratory system 
in the N-dimensional phase-space. 

If such a Markov process yet) = [YI(t), Y2(t), .•• , YN(t)] satisfies the 
following conditions 

(i) the Smoluchowski equation 

P(YI I Y2 , 6t) = J dY3 P(YI I Y3 , t + 6t)P(Y3 I Y2 , t) (3) 

holds for every YI , Y2 and Y3 defined in the N-dimensional phase space, 
(ii) the higher order intensity coefficients vanish, that is, 

and the first and second intensity coefficients 

exist, where the symbol < ) indicates ensemble average, * 
(iii) Ai , B i; are continuous and bounded, 
(iv) aAJay; exist for every Y; , and are continuous and bounded, 

* A Markov process which satisfies condition (ii) is said to be continuous. 



2034 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1969 

(v) 8Bit/8Yi and 82Bit/8Yi8Yi exist for every Yi and Yi , and are 
continuous and bounded, and 

(vi) Bi/ (y, t) form a positive definite matrix, 

then the conditional probability p(yo I y, t) of the process yet) satisfies 
the Fokker-Planck equation 

8p N 8 1 N 82 

!It = -?: ~y. [AiP] + -2 .~ ~y. ~y. [BiiP] 
U >=1 U > >.1=1 U > U 1 

(7) 

and the initial condition 

N 

p(yo I y, t) II O(Yi - YiO) as t ~ 0, (8) 
i-I 

where Yo is the initial state of y and 0 represents the Dirac delta function. 
Consider a class of n-degree-of-freedom nonlinear discrete dynamic 

systems whose motions are defined by the following system of differ­
ential equations 

+ bix i[1 + J1. iSi(X I , X2 , ... ,xn , XI , ••• ,xn )] = 1'Ji(t) 

i = 1, 2, ... ,n (9) 

where ai and bi are linear damping and stiffness coefficients, respec­
tively; €i and J1.i are nonlinear parameters; Di and Si are nonlinear 
functions; and 1'Ji(t) are excitations and are, in general, random processes. 

It is always convenient to transform the motion in n-dimensional 
generalized coordinates space into a 2n-dimensional phase-space, that 
is, let Yi = Xi and Yi+1 = Xi • Equation (9) can be written in a system 
of 2n first order differential equations as 

i = 1, 2, ... , 2n. (10) 

Assuming ('r]i(t) = 0 and ('r]i(t1 )'r]j(t2 ) = SijDij(tl - t 2 ) for constant 
Dij and applying equations (4) through (6) to equation (9), we obtain 

Ai(y, t) = Yi+1 , 

Ai+l(y, t) = -aiYi+l[1 + EiDi(Yl , ... , Y2n)] 

Bii(y, t) = 0, 

Bil(y, t) = 0, 

- biYi[1 + jliSi(Yl , ..• , Y2n)] , 
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and 

1 l{ft+6t 

~i,~o D. t \ I 1]i( r) dr 

- a,y,.,[l + .,D,] .6.1 - b,y,[l + 1',8,] .6.lt> 

From the above results we notice that the coefficients A i +1 are de­
termined by the specific nonlinear damping and nonlinear spring 
functions while coefficients Bij depend only upon the statistical proper­
ties of the random excitation functions. Therefore, we can conclude 
that for the random response components Yi(t) in equation (10) if 
the limits of their first and second increments 

exist, then the probability density function of the many random func­
tions Yl, "', Y2n satisfies the Fokker-Planck equation (7). 

Equation (7) can be written as 

(11) 

where 

(12) 

describe the components of a probability current vector 

G = (G1 , G2 , ••• , G2n). 

Because the general solution to the above multidimensional para­
bolic partial differential equation with arbitrary boundary condition 
is difficult and impracticable to find, no such attempt is made in this 
study. However, with certain constraints on the properties of the 
system as well as on the characteristics of the random input, equation 
(11) may be reduced to simpler and more readily solvable forms. Such 
forms are considered in Section III. 
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III. STATIONARY SOLUTION OF JOINT PROBABILITY DISTRIBUTION 

In the limiting case of equation (11) when t ~ 00 the transition 
probability density p(Yo I y) tends to a stationary joint probability 
density Pst (y) = Pst (Yl , Y2 , ..• , Y2n) which is independent of the 
initial conditions and approaches a stationary (steady state) value as 
the time of passage is sufficiently large. Under this stationary situation, 
equation (11) becomes 

(13) 

or 

~ = 1, 2, ... , 2n. (14) 

Therefore G may be regarded as being incompressible and there are no 
sources or sinks in the region R. Notice that since rotational probability 
flows can occur even for cases of zero boundary conditions, that is, 
the probability current G(G1 , G2 , ••. , G2n) satisfies 

i = 1,2, ... ,2n (15) 

on the boundary of the region R under consideration, G may not vanish 
within R. In a special case, however, discussed in Section 3.1, the 
current vector G vanishes in the whole region R. 

Two situations which readily yield steady state solutions to equation 
(10) are investigated in Section 3.1. 

3.1 Potential Distribution 

Under the assumption that the probability current vector G vanishes 
everywhere in R, a solution of the potential form exp (- U) can be 
constructed where U is a Liapunov type potential function of the system. 

If the equations of motion of a dynamic system satisfy the following 
conditions: 

(i) Gi = foralli, 
(ii) the matrix [BiI ] is not singular, 

(ii2) -f- ~ Dfu( ~ aaB~i - 2A;) 
Ya , 1 Yl 

a" (" aB·· ) = -a L.....t Dai L.....t -a '1 - 2A; , 
YfJ i i Yi 

a, {3 = 1, 2, ... ,2n 

and 
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(iv) there is no probability flow through the boundary of R, 

then the solution to the steady state Fokker-Planck equation (13) is 

Pst(Y) = C exp {- 111 

•• 

11 

...... 

11

•

11 

L [~ Dai a:~j -2 ~ DaiAiJ dYa} 
al.a!lt···.a~n a 1,1 Y, 1. 

L DaiBij = Oaj , 
i 

and C is the normalization constant determined by 

1 ... J Pst dYl , ... , dY2n = 1. 
2n-fold 

(16) 

(17) 

Equation (16) can be easily verified by a direct substitution of p(y) = 
exp (- U) into equation (13) to solve for U. A special case of interest is 
when the matrix [B i1·] is isotropic,that is, when 

(18) 

The solution ,for such a case, which can be obtained by substituting 
equation (18) into (16), is 

Patey) = C exp (- U) 
(19) 

1 111 •••••• 11 • 11 2n A. 
U = log - - 2 L -' dYi 

B(y) at.' ".a," i B(y) 

where C is the usual normalization factor. 

3.2 Uncoupled Distribution 
There are cases when all generalized response variables of a system 

in the 2n phase-space coordinates are independent of one another. 
There are two approaches by which the solutions can be achieved. 

3.2.1 Forward Approach 

The governing Fokker-Planck equation may be reduced to a form 
in which the final probability distribution function clearly shows a 
statistical independent character. For this type of motion it is some­
times possible to find appropriate partial operators which, when linearly 
operated on functions of the type gi(Yi)P + hi (Yi) (8p/8Yi), generate 
an equivalent nonlinear partial differential equation. If equation (13) 
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(20) 

where the coefficients Li are arbitrary first order partial differential 
operators, and if there exists a p(y) satisfying each 

(i = 1, 2, ... , 2n), 

then by Gray's uniqueness theorem such p(y) is the unique solution of 
equation (20).18 Such a solution is 

2n [ill. UlAi) ] 
P8t(Y) = C n exp - h.(A.) dAi 

.~1 O. • 

(21) 

and C is the normalization factor. 
Notice that previous investigators such as Ariaratnam and Klein 

had their problems satisfying equation (20) and therefore obtained 
their solutions in a form similar to equation (21). 

3.2.2 Backward Approach 
Sometimes it is more convenient to work backward. By this pro­

cedure, the statistically independent property is assumed in order to 
derive the desirable solution for the Fokker-Planck equation under 
investigation. This method gives a close insight into the physical prop­
erties of the system and enables the natural boundary conditions to be 
deduced. These deduced boundary conditions provide the necessary 
constraints for randomly excited systems which have independent dis­
tributions in their response variables. 

If equation (13) satisfies the conditions (22) 
(i) [Bij] is a constant diagonal matrix for i, j = 1, 2, "', 2n, and, 
(ii) the first order intensity coefficients Ai are functions of Yi and 

Yi+l only, and there are no cross terms in At, that is, 

Ai = Ai,i(Yi) + A i ,i+l(Yi+l) } 

Ai+l = Ai+1.i(Yi) + A i +1 ,i+1(Yi+l) 

for i = 1, 3, ... , 2n - 1; (23) 

then by setting P8t(Y) = II~'!,1 Pi(Yi) in equation (13), we obtain 

1 2n p(y) a2 
2" ~ Bii Pi(Yi) ay~ Pi(Yi) 

= t [p(y) (Ai,i + A i ,i+l) api(Yi) + p(y) aAi,;(Yi)]. 
i-I Pi(Yi) aYi aYi 
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Dividing the above equation by p(y), we obtain 

- LB .. ~ = L (A.· + A· '+1) Pi + A~· 1 2n " 2n [ 'J 
2 i-1 ... " Pi 1=1 t,t t,t Pi .... t. 

where the ' denotes 8/ 8y i • 

The above equation can be reorganized as 

2n-1 [p~ P~+1 ] 
= L - A i ,H1 + -- A i +1,i . 

i=1.3, .. · Pi Pi+1 

A sufficient solution p(y) for the above equation requires that it satisfies 
the following relations 

B " , 
(i) ---.ii~ - Pi A . . - A~.i = 0 for ~ = 1,2, ... ,2n (24) 

2 Pi Pi t,' 

and 

(ii) p~ __ 1_ = P~+1 1 
__ t - - __ = E = constant 

Pi Ai+l. i Pi+1 A.,i+1 

for ~ = 1, 3, ... ,2n - 1. (25) 

Equation (24) can be reduced to 

B ii d (') d ( A ) 2 dYi Pi = dYi Pi i,i' 

Integration with respect to Yi yields 

B ii , A + TPi = Pi i.i C1 

When compared with equation (25), C1 vanishes and the following con­
dition must hold 

2A i • i 

Ai+l. iBi,i 
2A i+1. i+l 

----'-'~-=-- = E, (i = 1,3, ... ,2n - 1). (26) 
Ai .i+1B H1. i+1 

Equation (26) is the natural restraint under which the backward 
method can be applied. From the above analysis and the uniqueness 
theorem stated, we can claim. If the steady state Fokker-Planck 
equation satisfies conditions (22), (23), and (26), and if the phase-space 
coordinates Y1 , Yz , ••• , YZn are statistically independent, then the 
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unique solution pat (y) of equation (13) is 

P .. (Y) ~ C ,Jr .. exp [f' EAi+l.,(A,) dA, 

- fH' EAi,,+l(Ai+l) dAHl] (27) 

where C is the normalized constant. 

IV. EXAMPLES 

4.1 Randomly Excited Nonlinear Simple Mechanical Oscillator 

When subjected to dynamic loadings ?J(t) the equation of motion for 
a single-mode oscillator with nonlinear spring F(x) is 

x + {3x + F(x) = ?J(t) 

where the excitation ?J(t) is a gaussian stationary process with 

('I](t» = 0 } 

('I](t l )'l](t2» = 2'1f-8 0 oCtl - t2) 

in which So is a constant power spectral density. 

(28) 

(29) 

Letting Yl = x and Y2 = X = ih , the intensity coefficients Ai and 
Bii can be found by using equations (4) and (5) as follows 

Al = All + Al2 = Y2, hence All = 0, 

A2 = A2l + A22 = - F(Yl) - {3Y2 , 

hence A2l = - F(Yl) , 

B22 = 2n-8 0 • 

Therefore the governing Fokker-Planck equation is 

a2p a a 
7rSo -a 2 - -a (Y2P) + -a {[F(Yl) + {3Y2]P} = O. (30) 

Y2 Yl Y2 

Forward approach: 
Equation 30 can be written in the form of equation (20) as 

a~, [F(Yl)P + "g" :~J + [Ii a~, - a~IY,p + "g" :~J ~ 0, 

from which we see that 
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8 
L1 = -8 ' Y2 
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Substitution of g1, g2, hI and h2 into equation (21) gives the following 
steady state solution for the system described by equation (28) 

{ l Yi (3F(r ) lY' {3 r } 
Pst(Y) = C exp - 0 7rS

o
1 

dr1 - 0 7rS
o 

dr2 

~ C exp {- ,,~o [f F(!:,) d!:, + ~:]}. (31) 

Backward approach: 
In this two-dimensional case, it can be shown that condition (26) is 

satisfied: 

E = 2All = -2A22 = -2( -(3Y2) (3 
Bl1A21 B22A12 27rSoY2 = 7rS o ' 

Therefore, according equations (22) through (27) the stationary solu­
tion can be written: 

p,,(y, , y,) ~ c exp [f EA,,(!:,) d!:, - [' EA,,(!:,) d!:,] 

= C exp {- ,,~o LC F(!:,) d!:, + ~:]} 
which is the same as equation (31). 

4.1.1 Cubic Stiffness Characteristics 

Let us consider various nonlinear spring resistance functions F (x) . 
The group of cubic stiffness characteristics is the classical case con­
cerned with the hardening spring type of nonlinearity, which is repre­
sented by 

3 
EX , (32) 

where ko is the initial linear stiffness and f is the nonlinear coefficient. 
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Substituting equa.tion (32) into (31), we obtain 

P .. (X, x) = C exp [ - !so (k;X' + ~' + ~')]. (33) 

Notice from equation (33) that the marginal probability density disitr­
butions for x and x are statistically independent and that p(x) follows 
the gaussian law. As E ~ 0, the system becomes linear and p(x) ap­
proaches gaussian. 

4.1.2 Tangent Stiffness Characteristics19 

The spring function F (x) in this case is shown in Fig. 1 and is repre­
sented by 

(2kod) (7rx) 
F(x) = 7rm tan 2d ' -d < x < d (34) 

in which m and d are constants. Notice that d is the threshold of the 
oscillator and m can be regarded as the mass of the oscillator. Again it 
follows from equation (31) that 

Pat (x, x) = p(x)p(x) 

[ ( X2) (4d2 7rx)] = C exp - 2cr:w: exp 7r2 cr: In cos 2d ' (35) 

F(x) 

------r-------~~~------~-------x 

Fig. 1-Tangent stiffness characteristics. 
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where w: = ko/m and 0": = 1I"So/2/3w: is the corresponding linear mean 
square response [that is, if F(x) = kox]. 

The cosine-power distribution p(x) is shown in Fig. 2 for various 
values of n = 4d2/1I"20": • It is interesting that for fixed 0": , p(x) ap­
proaches the gaussian distribution as d -7 co and approaches the uniform 
distribution as d -7 O. 

4.1.3 Hyperbolic Tangent Stiffness Characteristics 

Figure 3 shows a hyperbolic tangent stiffness model; the spring 
resistance function F(x) is given by 

F(x) = ~b tanh (bx) , b, ko , m > o. (36) 

Notice that the resistance F(x) developed during the vibration is 
bounded between ko/bm and - ko/bm. Therefore ko/bm may be re­
garded as the yield level and l/bm the corresponding yielding response; 
equation (36) can be used to model the familiar elastic-perfect-plastic 
behavior observed in many physical realities. The joint probability 
density function for this can be obtained from equation (31), 

pst (x, x) = p(x)p(x) = C exp [- 2 X2

2 

2 - b; 2 In cosh (bX)]. (37) 
WoO"o 0"0 

There are some interesting features about the limiting behavior of 
the marginal distribution p(x) which is of sech-power type 

p(x) = C1(b) sech(l!O'o'b') bx. (38) 

The sech-power term in equation (38) belongs to a class of distribution 
function fn(x) of a monotone decreasing sequence, integrable on [- co, co ] 

such that fn(x) ~ 1 for all x. It can be shown that 

lim [fn(x)/f<tJ fn(x) dX] = 0;20 and for lim p(x) = (2 ~l exp (_2x2 2)' 
n-+<tJ -<tJ b-+O 11" 0"0 0" 0 

the limit of the distribution function in equation (38) at zero, that is, 
limb-+o p(x) converges positively to a normal distribution with zero 
mean and variance 0": . The sech-power distribution p(x) is shown in 
Fig. 4 for various values of m' = 1/0":b2

• 

4.2 Random Vibration of a Charged Particle Moving in an Electromag­
netic Field 

As a second example, we consider a particle of mass m carrying 
charge q subjected to a random loading net) = 'YJ1(tH + 'YJ2(t)j + 'YJa(t)"k 
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2. 5 r--...,...---;-----r---,.----,------r-----r-~ 

2.0 t----t---t---+-~~-+---+--+----I 

" 1.5 1---+---+---1--/--1---\--!---+----I----1 

E 
c.. 

1.0 t----t---+--~~-I---~-----I----+---J 

0.5 

-0.75 -0.50 -0.25 o 0.25 0.50 0.75 1.00 
:t 

d 

Fig. 2 - Cosine-power probability density distribution function. 

where i, J, k are base vectors in the Cartesian coordinates. The particle, 
moving in an electromagnetic field M = lIf1 (x, y, z)i + M 2 (x, y, z)J + 
Ma(x, y, z)k, is also subjected to a friction force FI = - \7.if where 
if = !(A1V; + A2V; + AaV;) is an energy dissipation function. The com­
plete force on the particle is therefore, 

{
laM 1 } F = q - \7 cp- - - + - (v X \7 X M) 
c at c 

where cp is the scalar potential and c is a constant. 
If we introduce a velocity-dependent potential w, such that 

W = qcp - ,q M . v 
c 

then equation (39) can be written as 

d 
F = - \7 dw + dt \7 vw. 

(39) 

(40) 

(41) 

Therefore the Lagrangian function L can be expressed in terms of W as 

L = T - qcp + ,q M . v 
c 

(42) 

where T represents the kinetic energy of the particle, and the equation 
of motion of the charged particle can be derived from the Lagrange 
equation 

d (aL) aL aif 
dt aqi - aqi + aqi = 'YJj(t) (43) 
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F(x) 

I 
I. 
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JI ko 
I _ 

I m 
I 1 

--1----- __ _ 

I 
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I 

/ b1 

------------------------~-------------------------x 

I 
I 

I 
I 

I 

---- ____ L_ 

Fig. 3 - Hyperbolic tangent stiffness characteristics. 
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where qi represent the generalized coordinates of the motion. Using 
equations (42) and (43), one obtains 

.. + acP + !1 (aMl + aMl U 
mUl q aUl cat aU

3 
4 

0.5r---~-----r-----r----'----'~---.-----r----.-----r----. 

0.4~--~-----+----~----~--4-~--~~,~-r----~----+---~ 
_ m=2.0 

.0 0.3 
........ m'=l.o 

/ E 
0. / 
0.2~--~-----+----~----~-+~b-~~r----+----~----+---~ 

0.1~---4-----+----~----~~--r---~~~-+----~----+---~ 

OL-__ ~ __ ==~~~~~~~ ____ L-__ ~~ __ ~== __ ~~ __ ~ __ ~ 
-10 -8 -6 -4 -2 0 2 4 6 8 10 

b:c 

Fig. 4 - Sech-power probability density distribution function. 
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.. + acP + q (aM2 + aM2 
mUa q -a - -at -a- U2 

U a e U 1 (44) 

.. + acP + q (aMs + aMa mus q -a - -at -a- U4 Us e Ua 

where in equation (44), transformations UI = X, U2 = X = UI , Ua = y, 
U4 = if = ua , Us = z, and U6 = i = Us have been made. 

Define 

D, = (d13 - d,,)u, + (d15 - d31)U'1 
D2 : (d2l - dla)U2 + (d2S - daa)U6J 

Da - (dal - dlS)U2 + (daa - d25)U4 

(45) 

where d a{3 = da{3(ul , Ua , us) = aM a/aup , a = 1, 2, or 3 and f3 = 1, 3, 
or 5, are independent of the velocity variables. 

The following propertie8 are assumed for the forcing function net) 

for a = 1, 2, or 3 (46) 

('fJa(tl)r]a(t2» = 0 for a ~ f3}. 
= 2'lfB a (tl - t2) for a = f3 

(47) 

From equations (44) through (47), the six-dimensional Fokker-
Planck equation governing the transition probability density p(u1 , 

U2 , ... , U6), derived by the standard technique, is 

p(U I , ••• ,u6) 

= _~ (u p) - ~ {[- Al U _.!L acP - -.!L (aMl + D )Jp} 
aUI 2 aU2 m 2 maUl me at 1 

a a {[ A2 q acP q (aM2 ) ] } - - (u p) - - - - u - - - - - -- + D p aUa 4 aU4 m 4 m aUa me at 2 
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The initial condition for equation (48) is 
6 

p(UI ,U2 , ... ,U6) 110 = II O[Ui(t) - ui(lo)]. (49) 
i-I 

At t ~ 00, the motion becomes stationary; therefore p = 0 and P = Pal 
if aM/at = o. Imposing these conditions on equation (48) and making 
use of equation (45), the corresponding steady state equation for 
(48) is: 

(~L~ _ ~~)(mup + 7rSI ap ) + ~~ (q a¢ p + 7rSI ap ) 
m2 aU2 maUl 2 Al aU2 m aU2 aU I Al aU I 

+ (A~~ _ ~~)(mup + 7rS2 ap ) + ~~ (q a¢ p + 7rS2 ap ) 
m2 aU4 m aU3 4 A2 aU4 m aU4 aU3 A2 aU3 

Notice that in the above equation p = P. t • Terms in the last parentheses 
of equation (50) vanish if 

(i) DI = D2 = D3 = 0 (51a) 

or 

or 

(iii) V X M = 0 or M=G (51c) 

where G is a scalar potential function of x, y and z. 
If anyone of these conditions is satisfied, equation (50) is of the 

same form as equation (20) and its solution can be found immediately 
by using equation (21), that is: 

Pst(U I , ••• ,U6) 

= C exp [_ mAl (u;) _ qAl lUI acj> drl _ mA2 (u;) 
7rSI 2 7rSI 0 arl 7rS2 2 

_ qA2 l u

, acj> dr3 _ mA3 (u~) _ qA3 l u

, a¢ dr5
] , (52) 

7rS2 0 ar3 7rS3 2 7rS3 0 7rr5 

where C is'the normalization factor determined by 
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f ... f P a' dU l , ••• ,dU6 = 1. 

If damping factors in three directions are identical and the random 
loading n is uniform, that is, if 

and 

SI = S2 

then equation (52) becomes 

S, 

P., = C exp [~; (T + q</»} 

(53) 

(54) 

(55) 

Applying this result to single-mode conservative oscillators with 
potential V(x) and subjected to gaussian white random loadings, the 
stationary response probability density is 

pat = C exp ( - :S H) (56) 

where H = T + V is the Hamiltonian function of the system. 
It is interesting that if the magnetic vector potential is irrot.ational, 

the steady state response probability density of a charged particle 
under white noise type random disturbances is st.atistically independ­
ent. The solution can be immediately written down in terms of a 
quadrature. Extension of this result to a conservative dynamic sys­
tem shows that stationary probability solution is of the form Pst = 
C exp[ -fey, H)], where H is the Hamiltonian function of the system 
and y is a coefficient depending on the random input characteristics 
and the energy dissipation mechanism of the system. 

APPENDIX A 

Perturbation Technique 

The perturbation method is based on a series expansion in powers 
of the nonlinearity coefficient E. This method is valid for small values 
of E only. For example, consider a single-mode oscillator with non­
linear damping and stiffness, when subjected to random force 7J(t), the 
equation of motion is 

rJ(t) . (57) 
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A series solution can be assumed* 

X(t) = Xo + eXl + e2x2 + + enxn . 

From equations (57) and (58) it follows that 

Xo + 2{3xo + w:xo = rJ(t) 

.. + 2r.l· + 2 '"" (2r.lb ·n+l + 2 n+l) Xl fJXl WoXl = - L...J fJ nXo woanxo. 

Therefore the correlation function is 

where 

Rxy = (X(t)y(t + r). 

2049 

(58) 

(59) 

(60) 

(61) 

(62) 

Equations (59) and (60) are linear and their solutions can be readily 
obtained 

Xo(t) = iOO 

h(r)r](t - r) dr, 

and 

(63) 

Xl(t) = _100 her) L [2{3bnx:+\t - r) + w:anx:+\t - r)] dr (64) 
o n 

where her) = [e- f3r /w o(l - (32)!] sin (1 - (32)!wor is the transfer function 
for system described by equation (59). 

From equations (63) and (64), the nonlinear response moments can 
be found. Considering only the first-order perturbation, 

Rxox.(t) = _100 
her) L [2{3bn(xo(t)X:+l(t - r) 

o n 

+ w:an(xo(t)x:+l(t - r)] dr, 

which can be evaluated explicitly if Xv (t) is gaussian. 

APPENDIX B 

Equivalent Linearization Technique 

Consider the equation of motion 

x + (3x + w:x + eg(x, X, t) = rJ(t), (65) 

* Under fairly general conditions it can be shown that this series solution is 
convergent. 
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for a nonlinear function g, dependent on both x and X. The following 
equation is said to be equivalent to equation (65) in the sense that the 
mean square deficiency is minimized: 

x + (3ex + w;x + e(x, X, t) = 'r](t). (66) 

The deficiency e(x, X, t) = ({3 - {3e)x + (w~ - w;)x + eg(x, X, t), in 
which {3e and We are equivalent damping and frequency is determined by, 

a(e
2
)av = 0 d a(e

2
)av = 0 

a{3e an aw: ' 
(67) 

where the ( \v indicates time average, that is, 

(e2\v = lim 21T IT e2(x, x, t) dt. 
T-+oo -T 

(68) 

Using equations (67) and (68), we obtain 

Q = Q + (xg)av 
fJe fJ e (.2) 

X av 
(69) 

(70) 

From equations (69) and (70) and by neglecting the deficiency term e, 
equation (66) can be solved by using standard linear theory. If the 
system is nonhereditary, the time averages in equations (67) through (70) 
are replaced by ensemble averages. f3e and w: for this situation can be 
solved by a prior assumption for the probability density function of x(t). 
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