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Fig. 4—Assembled shipload transmission tests.
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the equipment at one end performing the function the shore equipment
will perform when tests are made between ship and shore. The length
of each assembled shipload is short enough to allow power to be supplied
by a power supply at one end only, with the other end grounded. The
connection block diagram therefore shows that each end is placed in
a power separation filter, which connects the shipboard dc¢ power
plant to the center conductor at one end, grounds the center conductor
at the other end, and provides 75-ohm coaxial connections for trans-
mission tests. Before de power is applied to the system, the insulation
resistance between inner and outer conductors is measured with the
far-end open circuited to ensure that there are no faults to ground
which would prevent the proper application of power and cause the
power plant to shut down. A measurement of the de¢ resistance through
the center conductor path of all the cable, repeaters, and equalizers
ensures that the system is properly connected.

Transmission tests through the entire assembled shipload are not
feasible because, in general, the high shipboard temperature relative
to that of the sea~-bottom causes the cable loss to be very high. Therefore,
signals are sent only through one block; that is, between two adjacent
ocean block equalizers or between an equalizer and the adjoining cable
end. Testing one block at a time has the added advantage that it is
easier to localize any trouble that may be indicated by the test.

Refer again to Fig. 4. Transmission tests are made at a fixed set of
frequencies in the low band and the high band. The paperwork, laying
test sets, and computer programs are prearranged for these frequencies.
For the assembled shipload tests 0-dBm test tones are generated by
the test set at one end in, say, the high band and are received by the
set at the other end of the block. For tests in the low band the test
set at each end is reconnected to interchange transmitting and receiving
functions. The laying test sets measure with an accuracy of 0.1 dB and go
from one frequency to the next automatically. The frequency and re-
ceived power are printed by the teletypewriter, which also prepares a
punched paper tape of the data. The transmission tests at the 26 stand-
ard frequencies in the low band and 24 frequencies in the high band are
completed with a permanent typed copy and a paper tape prepared
in about 5 minutes per block. The power of the test tones applied to
the repeaters is controlled by attenuators in the high-frequency lines.
Different transmitting and receiving attenuator settings are required
depending on whether the transmission connection is at an equalizer
or a power separation filter, due to the different paths the test tones
take between the nearest repeater and the test equipment.
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4.2 Computations

The raw transmission test data become useful only if one can interpret
them and decide whether or not the system is operating properly.
The factory measurements on actual repeaters, equalizers, and cable
sections in each block are compiled and used as a standard with which
all test results are compared. The factory measurements on these items
and the place in the system to which they are assigned are the inputs to
a computer program which processes the data and prints out the
compiled information, called the system data book. The system data
book, prepared at Bell Telephone Laboratories before the loading
or laying begins, is available in printed form and is also stored in the
shipboard computer. Data at two conditions, the predicted sea-bottom
temperature and pressure and at atmospheric pressure and 10°C are
provided. Assembled shipload test data are compared with the system
data book block loss (Fig. 4) at atmospheric pressure and 10°C, since
these conditions require smaller corrections to match the shipboard tem-
perature and pressure than sea-bottom conditions do. To determine
the block loss from the measured data, the losses and gains encountered
by the test tones at cach frequency in the transmitting and receiving
high-frequency lines, the power separation filters, all patch cords and
test trunks, and the path through the equalizer taken by the tone
must be known. These gains and losses are measured, at the 50 standard
frequencies and for all the various attenuator settings needed, prior
to the tests on the system.

The connection to each equalizer used for transmission tests is a
bridge across the main transmission path between the power separation
filter in the equalizer and the high- and low-band equalizing networks
(Fig. 4). The test connection and the orientation of each equalizer in
the system put the equalizing networks in both bands between the
shore station and the ship test connection during laying. The test
equipment has a 75-ohm impedance which is bridged across the 59.4-ohm
system impedance. A bridging loss of 3.91 dB used in the calculations
allows for the mismatch loss and an additional factor to convert the
test measurements to the power which would represent the power at
the bridging point if the bridge connection were not there, since this
lead is removed (open-circuited) after tests are completed.

After the computation of the measured block loss from the measured
data, the cable temperature coefficient must be used to correct the
data to 10°C for direct comparison with the system data book. This
requires temperature data from various points in the ship’s cable
tanks, obtained using thermocouple sensors and a multichannel readout
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panel. This temperature detection is the least accurate part of the
test, so the difference between the temperature-corrected measured
block loss and the system data book value often has a characteristic
proportional to the square root of frequency, caused by the temperature
measurement inaccuracy. This disparity becomes recognizable when
plotted and can be subtracted out to give the real transmission devia-
tion. This process amounts to using the transmission data as a measure
of average block temperature.

All computations described here for assembled shipload tests and
also all computations during laying are performed by the ship and
shore personnel using specially prepared forms and procedures. The
same computations are also performed using the shipboard computer.
The shipboard computer installation is shown in Fig. 5. (The teletype-
writer shown in Fig. 5 for use with the computer is separate from the
teletypewriter shown in Figs. 4 and 6 for use with the transmission
test equipment.) A shipboard computer rather than a land based com-
puter was chosen for several reasons:

(7) Certain computations are done as the ship steams to the cable
grounds; land based computers demand the maintenance of a data
link between ship and shore.

(#7) A shipboard computer is available as a real time, on-line machine
with a system of utility programs for general computations.

(#72) A shipboard computer allows laying a system from any shore
station.

The repeater supervisory tones’ are also measured during assembled
shipload tests. Odd-numbered repeaters send tones in one direction
and even-numbered repeaters in the other. The difference between
the power of two tones gives the loss between the two repeaters at
the frequency of the tone. Simple computation refers the absolute
power and frequency of each tone to the repeater output for comparison
with the system data book values to ensure that each tone is working

MAGNETIC X-Y INCREMENTAL
TAPE TRANSPORTS PLOTTER
TU-55 TYPE 645
PDP-8
MAIN
PROCESSOR
ASR 35 OPTICAL READER
TELETYPE TYPE 3500

Fig. 5—Shipboard computer installation.
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properly. The loss between two repeaters can also be manipulated
for direct comparison with the system data book information.

4.3 Ocean Block Equalizer Adjustment Tests

The switchable networks in each equalizer’ are used to modify
the transmission characteristic to correct for misalignments detected
during laying. Tt is important to verify that the networks are all on a
known reference setting prior to beginning the lay and also to test the
equipment used to switch the networks. This is done during assembled
shipload tests by making three transmission runs on each block: the
first run with the equalizer networks as shipped from the factory,
the second with each of the seven networks in each band switched to
the complement of the desired reference setting, and the third with
the networks all set to the reference setting. This testing exercises all
the switching relays and stepping equipment. Addition and subtraction
of the three runs shows whether or not the equalizer was shipped with
the correct reference settings and ensures that the equalizer has the
reference settings for the lay. Tables of the expected transmission
change between the reference setting and each of the 127 other possible
combinations in each band, for each of the 50 standard frequencies,
are used to check the measurements.

V. TESTS DURING LAYING

The actual laying of a shipload can begin under a variety of circum-
stances. For example, the first 92 nm at the Florida end of the Jack-
sonville-St. Thomas SF System were installed by the c. ¢. a. s. JouN
caBor and part of this load was buried for protection.® Transmission
tests were performed on this part of the system, but no equalizers
were involved. The first shipload carried by the c. s. LoNe LINEs was
installed starting at the end of the cable left by the casor.

5.1 Transmaission Tests

After bringing the previously laid cable end aboard ship, tests are
made from the recovered end to the shore station to verify the integrity
of the previously laid system, followed by the splicing of the recovered
end to the outboard end of the assembled shipload. At this point the
shore, ship, and undersea parts of the system appear as in Fig. 6.
Schematically, Figs. 4 and 6 are similar, but the physical separation
of ship and shore by hundreds or thousands of miles represented in
Fig. 6 makes the performance of transmission tests quite a different
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problem from the assembled shipload tests. The main communication
link is the laying order wire, which provides twelve 4-kHz channels
for voice, teletype data, and laying test set automatic control. After
splicing, de power is applied from the ship’s power plant, and from
the shore if the length requires double-ended feed.* The first trans-
mission tests are made from the shore through the shipboard equalizer
which will be laid first.

Transmission tests at the standard frequencies in both bands are
made hourly during laying. At both ship and shore, attenuators in the
high-frequency lines are adjusted before the first test through each
block so that the tone power at the output of the first repeater in the
transmitting direction is —10 dBm at the top frequency of both bands.
The laying test set on the ship generates 0 dBm at each frequency in
the ship-to-shore band, and when the shore test set has measured one
tone it automatically goes to the next frequency and signals the set
on the ship to do likewise via the laying order wire. For this case the
shore teletypewriter prints the measured frequency and power and
punches a paper tape. Since both shore and ship have two complete
test sets, transmission tests in both bands can be made simultaneously.
As the measurements are being made, only the receiving station for
each band obtains a printed page and a paper tape of the data, so the
data are exchanged between ends by running the tapes through the
teletypewriter tape readers which transmit via the data sets and laying
order wire.

Other tests during laying include: (¢) continuous monitoring of one
frequency in each band when no transmission tests are being made,
with automatic alarms for a =4 1 dB variation, (¢7) tests of the received
power and frequency of the supervisory tones from the repeaters,
(#77) measurements of thermal noise, () transmission tests at more
closely spaced frequency intervals, (v) transmission tests through the
next ocean block immediately before starting to lay the block to re-
verify its integrity, and (vi) monitoring of the power plant current
and voltage.

5.2 Setting an Equalizer

The general discussion at the beginning of this article explains that
the data from each transmission run must be plotted versus cable
mileage, for each of the 50 frequencies, since the measured power
continuously changes as the system is laid. The test tones are transmitted
at a constant power, but as the cable leaves the ship’s tanks and sinks
to the ocean floor it cools and the pressure on it increases. The net
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effect is a decrease in loss with time which is linear (in decibels) if the
ship’s laying speed, ocean bottom temperature, and depth are constant.
Fig. 7 gives a typical example, showing that the absolute value of the
received power increases as the laying proceeds.

About three hours before the predicted time at which the equalizer
should go overboard, the received power versus cable mileage data
(Tig. 7) are used to predict what the measured power would be at
the end of the block, that is, if it were possible to continue the trans-
mission measurements until all the cable up to the equalizer had sta-
bilized at ocean-bottom conditions. Extrapolating the power versus
mileage data to a point near the actual equalizer mileage* provides this
information. Direct comparison of the extrapolated block-end power with
the transmission objective gives the block deviation. The transmission
objective for each block is the expected test set received power computed
assuming that the misalignment in the system is a desired amount
called the misalignment objective. The misalignment objective allows
the system to be laid and equalized with a desired misalignment, to
take care of factors such as annual temperature variations, so that
the time-averaged misalignment is minimized. The transmission
objective is found by tracing the path of the 0-dBm transmitted test
tone through all the known gains and losses up to the receiving test
set. Referring to Fig. 6, the transmission objective for the shore-to-ship
band, in minus dBm (decibel referred to 1 milliwatt), is: 0-dBm trans-
mitted power + patch cord loss AB + shore transmitting loss BC +
shore PSF loss CD + shore section loss DE — misalignment objective
EF — cable loss FG — equalizer PST loss GH + equalizer bridging loss
H - test trunk loss HI — ship receiving gain IJ -+ pateh cord loss JK.

The block deviation is the cumulative error in the system up through
the equalizer about to be laid and represents the correction which
should be applied by switching the equalizer’s networks from the
reference settings to their final settings. The block deviation definition
for both directions of transmission specifies that excess gain produces
a positive deviation. The 128 possible switchable combinations in each
band are tabulated and plotted versus frequency as added loss relative
to the reference setting, so that a direct comparison of the block devia-
tion gain with the new equalizer setting’s added loss ean be made. The
comparison can be made manually by superimposing a plot of deviation
and plots of the available equalizer settings and choosing the setting

* The extrapolation mileage used is a function of the ship’s speed, shipboard
cable temperature, ocean temperature and depth, and the thermal time constant
of the cable.
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Fig. 7—Typical transmission test received power versus mileage plot (data apply
to block four and 5000 kHz on Jacksonville-St. Thomas SF System).

which most closely matches the deviation over the desired frequency
range. A separate decision must be made for each band. Fig. 3 shows
the effect of setting the equalizer of block four of the Florida-St. Thomas
SE system.

While it ean be done manually, the shipboard computer operator
performs the calculations which result in choosing the optimum equalizer
setting by using programs stored in the computer. There are two
classes of programs. Those that are designed to compute specific items
such as transmission objectives, and a general set of utility routines
which can be used to manipulate data under the control of the operator.
Both classes of programs reside on one of the magnetic tape units
and are called into the machine for use at the option of the operator.
One of the other tape units is used for the logging of measured data.
Operationally, a punched paper tape containing received power versus
frequency and cable mileage is prepared using the test sets, data trans-
lator, and associated teletypewriter. This tape is read by the computer
with the optical reader using a utility routine and logged onto magnetic
tape. When approximately 20 frequency runs have been logged in
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this way the extrapolation routine is called into core. The data are
extrapolated to find the extrapolated block-end power, defined above,
and the results of this extrapolation are both printed and logged on
the data tape. Next, a special program is used to compute the block
deviation, using the transmission objective and extrapolated block-
end power. Finally, the equalization program is used to choose the
optimum equalizer setting for each band. The equalization program
minimizes the frequency weighted sum of squares of the difference
between the block deviation and the available equalizer switchable
shapes. A weighting function that gives equal weight to the deviations
at the standard frequencies which are in-band but away from the
band edges and that gives zero weight to the deviations at the other
standard frequencies has been found to give satisfactory results.

Two of the factors which are considered when making the equalization
decision are (3) the misalignment of the last repeater in the block
being laid and (¢7) the misalignment of the first repeater in the next
block. Tigure 1 shows typical misalignments of first and last repeaters,
with the equalizer causing the sharp changes between these adjacent
repeaters and an assumed linear change over the remainder of the
repeaters in a block. The misalignment of the last repeater in the block
being laid eannot be changed by switching the equalizer. This misalign-
ment is computed from the block deviation and the system data book
value of the loss between the outputs of the repeaters on either side
of the equalizer for the equalizer reference setting. The misalignment of
the first repeater in the next block equals = the block deviation for
the equalizer reference setting and can be computed for any other
equalizer setting by using the equalizer added loss due to switching.
The question of which sign (Z4=) becomes evident upon considering
which band is involved, and the facts thdat (7) gain always gives a
positive block deviation and (¢¢) during cable laying the output of
the repeater nearest shore is always taken as the point of zero misalign-
ment for both directions of transmission. Hence, during cable laying
a system gain in both bands will give a positive misalignment in the
shore-to-ship band and a negative misalignment in the ship-to-shore
band.

After the equalization decision has been made and about two hours
before the equalizer must go overboard, a transmission test is made,
the equalizer stepping control equipment is used to switeh the 14
networks, followed immediately by another transmission test. These
two transmission tests are compared to verify that the transmission
change does represent the desired new equalizer setting. The trans-
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mission and switch control leads are then transferred to the next
equalizer in the system, and the two leads on the equalizer to be laid
are sealed. Testing is then begun from the shore through the next
equalizer.
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Power-Frequency Characteristics of the
TRAPATT Diode Mode of High
Efficiency Power Generation in

Germanium and Silicon
Avalanche Diodes

By D. L. SCHARFETTER
(Manuscript received October 23, 1969)

We calculate in this paper the output power obtainable, versus frequency,
for TRAPATT diodes. This high efficiency mode of operation is analyzed
by means of a simplified model for both germanium and silicon avalanche
diodes. The model evolved from a study of detailed computer simulations
of experimental diode-circuit systems. The simplified analysis assumes:
(z) The avalanche zone transit, plus the recovery time to the swept-out stale,
occurs tn o half period of the TRAPATT frequency. (vi) The ratio of
IMPATT frequency to TRAPATT f{requency vs 3:1. (#22i) The diode
area 1s chosen to provide 10 ohms negative resistance, a reasonable value
for microwave circuits. The calculated electrical characteristics agree well
with experimental observations. Consideration of circuit and thermal
limitations results in o design for maximum power output for a millimeter
wave stlicon oscillator. Power output in excess of 1 watt CW, with an
efficiency of 40 percent, is predicted at a frequency of 50 GHz.

I. INTRODUCTION

High efficiency oscillations in silicon avalanche diodes were first
reported in April 1967 by Prager, Chang, and Weisbrod.' The new
high efficiency mode was shown experimentally to be capable of con-
verting de to microwave power with efficiency greatly exceeding that
predicted for the classical IMPATT mode.””* For example pulsed
bias operation with 60 percent efficiency at about 750 MHz was re-
ported.® Normal IMPATT operation for this structure would be at
about 4 GHz with perhaps 10 percent efficiency.

799
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The first theoretical caleculation® of the high efficiency mode was
obtained by computer simulation of carefully characterized experimental
results” on germanium structures. Pulsed bias operation, with output
power of 7.5 watts at 2.6 GHz with efficiency of 40 percent was re-
ported.® The mode of oscillation was named TRAPATT, for TRApped

Plasma Avalanche Triggered Transit, which describes the new physical

mechanisms discovered by the computer simulations.

Characterization of experimental circuits’ which support TRAPATT
oscillations and additional more detailed simulations™ of the diode-
circuit system further verify the avalanche-triggered-trapped plasma
description of the high efficiency mode.

In this paper a simplified model, previously described,'*'’* for the
physical processes occurring in TRAPATT operation is employed in
order to analyze a wide range of structures and operating conditions.
Detailed terminal voltage waveforms are calculated, using appropriate
ionization rates, velocities, and other materials parameters, for germa-
nium and silicon structures. The avalanche-zone-transit model, first
described in Ref. 11, is presented in detail, and in a form suited for the
calculation of the detailed spacial variation of carriers and electric
field. Analysis of the diode recovery from the “trapped-plasma’” state
follows the treatment presented in Ref. 12. Solutions are obtained by
applying a terminal current waveform with sharp wavefronts appro-
priately chosen to represent the effects of the multiresonant circuit to
the diode terminals.’'*® A power generating cycle commences with the
application of a large terminal current to a completely swept-out diode
structure in which the only carriers available for impact ionization result
from thermal generation via defect centers. A rapidly moving avalanche
zone results which sweeps through the depletion region from the p-n
junction to the heavily doped substrate-base interface. A dense electron-
hole plasma is left behind the zone and constitutes a high conduction
current essentially zero voltage state which lasts for approximately a
half period. Recovery to the essentially zero conduction current-high
voltage state is also controlled by terminal current waveform. The
avalanche zone transit oceurs in a time considerably less than the transit
time of a carrier moving at saturated velocity. The sweep-out recovery
period cannot be less than the transit time.

The TRAPATT phenomena described above cannot exist as a small
signal effect. Instead it results as the natural (and ultimate) large signal
limit of the chain of events which occur when a sufficiently large drive
is applied to a swept-out avalanche diode. Obviously, a wide range of
characteristics result over the range from small signal to large signal,
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and between single resonance and multiresonance circuits. In this paper,
we calculate only results in the range of the TRAPATT large-signal
limit. Furthermore, to facilitate comparisons between germanium and
silicon semiconductors, structure designs, bias levels, and operating
frequencies, we present detailed results for only a particular terminal
current waveform. This waveform, however, would be expected to
permit the highest power output at a given frequency, and analysis
of the output spectrum agrees with experimental circuit characteristics.
This waveform is a perfect square wave of terminal current chosen so
that the avalanche zone transient and the subsequent sweep-out of the
generated electron-hole plasma occurs precisely over the positive half
period. The negative half period is one of high reverse voltage and low
saturation current.

The next two sections (IT and III) are mathematical and develop the
expressions®* which are evaluated for a wide range of parameters in
Section IV. Section II develops in detail the mathematical character-
ristics of the avalanche zone transient, which occurs when the step in
current is applied to a completely swept-out diode. Section IIT is a
development of the mathematical expressions which describe the re-
covery period back to the ecompletely swept-out state. Section IV con-
tains: (¢) A summary of the expressions developed in Sections II and
ITI, required for the complete analysis. (Readers not interested in
mathematical detail may omit Sections IT and IIL.) (¢Z) A discussion of
the structure design which results as a requirement imposed by the
particular current waveform. (¢7¢) Results of efficiency, input power
density, and diode impedance versus operating frequency for two typical
structure designs. (@) For particular optimum structures, results of
depletion layer thickness, epitaxial impurity concentration, diode junc-
tion area, average voltage, average current, and output power versus
operating frequency. Section V presents a discussion of these results,
and their comparison with experimental information.

II. SIMPLIFIED MODEL FOR ZONE TRANSIENT

Selected frames of a computer simulation,'® shown in Figs. 1-3
illustrate the zone transit of TRAPATT operation. Shown are solutions
for hole and electron concentrations and electric field profiles at suc-
cessive instants of time. A zone transit begins, as shown in Fig. 1, when
a large current charges a previously swept-out diode structure until
impact avalanche generation of carriers begins. For circuit conditions,

* The results of the analysis are identical to those presented in Ref. 12, although
the derivation follows from a different point of view.
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Fig. 1—Start of zone transient. Hole concentration (4 ), electron concentration
(—), electric field (solid) versus distance.

which maintain this large current, the avalanche zone sweeps through
the depletion region, as shown in Fig. 2. A dense electron-hole plasma
is left, as shown in Fig. 3, after the completion of the zone transit. The
computer simulations utilize a model for the semiconductor diode,’
which is quite general and has been quite successful in simulating large-
signal operation of the various modes of power generation in avalanche
diodes. Simulated solutions are obtained for the evolution in time of
the diode variables (hole and electron concentrations and electric fields)
and circuit variables (terminal current and voltage). The main disad-
vantage of the program is the cost, which generally prohibits a large-
scale parameter investigation of the diode-circuit system.

In this section the expressions are derived which form the basis for a
large-scale parameter study for the zone transient. The treatment is
necessarily simplified, and it is assumed that holes and electrons have
identical properties, except for sign, and in particular the ionization
rate @ and carrier velocity v are identical functions of the electric
field & The one-dimensional continuity, transport, and space-charge
equations are simplified to
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Fig. 3—Termination of zone transient.
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in which diffusion transport has been neglected, gr represents thermal
generation via defects where significant, and Dop is the net ionized
impurity concentration.

A reduction in the number of required equations can be obtained by
differentiating the space-charge equation and substituting from the
expression which results when the two continuity equations are added:

8 ( 08\ _ 98 (=i, )

eax(”ax)_qax( q +v-Dop/, ©
9 (Gp + dn N .
57(1”—1;9=2gr+2a(7p+1n)—5;(h—yn) @

or
PN AL 3 N jc)
< (,%8) - , L. 20, — 2L (L
€ oz <” ax> @ 55 @ Dop) + 27 + 2aje — (v ®)
where j, is the conduction current (j, = 7, + j.) and

. a8
]c=JT_651 (9)

where J p is terminal current density.

A single equation in & results by substituting equation (9) into (8),
but is of no particular advantage. The solution for & and j, is instead
obtained from the following two equations, where doping gradients
have been neglected:

97, . jv’ .
a]t = 20(gr + ajs) + % (Jr — 70
9°8 a8 ( aa)
& P “+ w e g Dop — ¢ 32/ (10)
LA S a1
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Equation (10) is obtained from equation (8) by expressing dv/dx in
terms of an incremental mobility »* = dv/d§, that is, dv/dx = v' (98/9z),
and (dv/at) = v'(98/91).

2.1 Coordinate Transformation

The zone transient period of a TRAPATT oscillation is distinctively
characterized by the rapid movement of an avalanche zone from the
p-n junction to the base-substrate interface,'’''” in which computer
simulations®'*'*® indicate that all quantities at a time £, + At have
profiles related to those existing at time ¢, , by the relationship

&z, ty + A) = 8(x — v, AL, ty),

where the electric field is used for illustration. Incorporation of this
“experimentally’”’ observed phenomena into the mathematical model
results in the elimination of all partial derivatives with respect to time,
and replacing them with an ordinary special derivative. That is by
making a change of variable z = x — v, Al,

. d
ot “dz

where v, is the velocity of the zone and is assumed constant. Incorpora-
tion of transformation (12) into equations (10) and (11) yields

12)

2

e dfe _ €V, 3'278 — 20,(gr + aj.) (13)

. dz

<

and
dé .
—e, = Jr — ., (14)

for the case where the velocity is saturated at value v, . The velocity of
the zone is readily obtained''''? from equation (14), when evaluated in
the region in front of the avalanche, where . < Jr and d&/dz = —
(¢/e)N4 : v, = Jr/qN, . If thermal generation is neglected, once the
avalanche zone is formed, equations (13) and (14) can be separated
and integrated to yield the detailed structure of the avalanche zone
for any «(&) function, and most interestingly predicts the magnitude
of multiplication of eonduction eurrent through the zone—independent
of the exact form of the «(8) function: Substitution into equation (13)
of the derivative of equation (14) with respect to z yields

. 8 z d'c
%, = (”— - ”—) L. (15)

V. Vs
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TFurther substitution of dz from equation (14) yields

(e _ v die (7_—J_)
20 = <vz vs) ds €, !

which can be rearranged as

. v, 0, jc—JT) .
2 = (2 =) (=) gy,
w,a(8) d§ <v, 7)5)< i dj. (16)
With the condition that the conduction current in front of the zone
has constant value j, (as a result of thermal generation during the
previous clear-out sequence), the relationship between value of electric
field in the zone and conduction current is given by

¢ fow (8 dg = (’;— — ‘;-:)[JT In <;—) —j.+ ,] /(202). (17)

FFrom equation (15) we see that v, must be greater than v, in order to
multiply up conduction current from the value j, . The total current
multiplication j§., across the entire zone is obtained by evaluating the
upper limit of the left side of equation (17) also at zero field, in which
case the left side equals zero and 7., is given by

]'cm — jae(“m_i'/JT), (18)

which shows that the effect of an increase in j, , is a decrease in j,,, ."

2.2 Individual Hole and Electron Concentrations

The individual hole and electron concentrations can be obtained from
the value of j, . The expressions are derived for two regions. One is
anywhere within the zone where » = v, , and the other is to the left of
the zone where v may be less than v, .

Forv = v, :
jo = qui(p + ),
which can be solved simultaneously with

g_ _ _ — jc - J7‘
€ @ —n—=NJ w,

obtained by equating equations (5) and (14), as
i (1 1
p=]—<~+—); (19)

29 \w v,
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_ J (L _ _1), o
n= 2q (v,, v (20)

z

Therefore if the detailed variation of j, is determined, for a particular
«(8) function, from equation (17), equations (19) and (20) yield the
detailed profiles of carriers through the zone. In particular the values
of holes and electrons, see I'ig. 2, when j, = j.,, are simply

— j“" l_ _1> 2

pm - 2q <vs + i); y (‘-’1)
_ lem (L _ ;1>, 99

om 5 \n. "2 (22)

2.3 forv < v, :

In this region impact ionization can be neglected and we return to
the individual hole and electron continuity equations (1) and (2)
written as

dp _ _d

-0, dz = dz (pl)), (23)
dn _ d

-0, ag - dz ( U)y (24)

where v is the carrier drift velocity. Inspection of the above equations
reveals that any solution must satisfy the following constraints:

¢ = pl. — ), (25)
n(, + v), (26)

where ¢, and ¢, are constants. The validity of equations (25) and (26)
can be checked by differentiation.

The value of ¢, and ¢, can be obtained by substitution of p,, and 7.,
from equations (21) and (22), and reveals that ¢, = ¢, = ¢ :

c:m@_q. @7

2q v, v,

Cn

The values of p and n for any v = v, are given by

p=t= (B2 [ e, (29)

29 \w, v,

=l (-%) /o + o) (29)

v&
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2.4 Trapped Plasma Solution

The profiles of holes, electrons and field in the transition region over
which the carriers change from values p,, and #,, to their values in the
trapped plasma, p, and 7, , can be obtained from the simultaneous
solution of equations (28) and (29) and equation (14) for any arbitrary
v(8) relation. However the solution in the trapped plasma is inde-
pendent of the exact form of v(8), and the plasma concentration of holes
and electrons is even independent of the value of low field mobility.

In the trapped plasma the values of holes, electrons, and field (p, ,
n, , and §,) are related by

Py — Ny =Ny, (30)
']T = qvﬁ(pp + nzr): (31)
v, = u§, . (32)

The solution for v, is obtained from equations (28), (29) and (30):

\v, v,

Once v, is found, the values of p, and n, are given by .

po=a (21 1), (34)
- @

2.5 Discussion of Zone Transient

A simplified model for the zone transient which results from the
transformation, equation (12), has been presented. In the numerical
analysis the calculation begins at the point where the electric field is a
maximum and j. = Jp . Solutions are then obtained by the simul-
taneous solution of equations (16) and (14) for j, and & as functions of
position to the left and to the right of this point. The hole and electron
profiles are then obtained from equations (19) and (20). The value of
plasma velocity v, is obtained from a solution of equation (33), and
the plasma density from equations (34) and (35).

It is of great significance to note that the solution in the trapped
plasma is independent of the exact form of the «(§) and v(8) relations
and is determined uniquely by the value of j, , N4, and Jr .

A simplification for the trapped plasma solution results for the condi-
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tion v, << v, . Equations (33), (34) and (385):
Jr

2= (36)
ol - )
Na (Jem (v _ Vs

e BEED). w
Na (om (vo _ 0,

metg G l-n ) @9

In the next section we present an analysis of the recovery period of the
diode from the trapped plasma state to the state in which the diode is
completely free (exeept for thermal generation) of mobile carriers.

III. RECOVERY TRANSIENT

In this section the transient solution is calculated for a plasma filled
n*pp” diode after the application of constant reverse bias current Jp ,
which is a good approximation to the recovery portion of a TRAPATT
oscillation. The analysis also applies to the devices treated by Benda
and Spenke for the reverse recovery in power rectifiers,"* and by Moll
and Hamilton for step recovery diodes.'”> However, the recovery from
the large density plasma to a swept out state of large voltage, which
occurs in TRAPATT operation, differs substantially from the earlier
treatment'*''® which applies to low density plasmas and slow removal
rates.

It is found that the removal rate of the electron-hole plasma and
build-up of the electric field profile is quite accurately described by a
simple model” which includes the effects of displacement current and
carrier drift at constant mobility and saturated velocity. For a given
p-region width the total recovery time can be as small as the transit
time of the slower carrier if the plasma density is less than a critical
value and the reverse current equals a critical value. For current
greater than a critical value avalanche occurs before complete carrier
removal. The first part of this section pertains to a more general system
in which holes and electrons are not required to have equal character-
istics; while the second part is for the special ease of equal properties
and couples the zone transient analysis with the recovery analysis.

3.1 Part 1

Figures 4a and 4b are frames from a computer simulation run to test
the analysis to follow and will serve for notation.
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Pp
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0 Vi —> Vg w
(@)
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Fig_. 4—Recovery transient. Hole concentration, electron coucentration, a}ld
elec_tr(lic field versus distance. (a) Plasma velocity period and (b) saturated velocity
period.

At ¢ = 0 the diode has a uniform plasma p, and n, and the center
region is characterized by:

Do = NA + Ny,
Jr = qu(.uppv + ,u,,’ﬂ,)),

where &, is the field in the plasma p, and p, the hole and elec-
tron mobilities, and J 5 the reverse or recovery current.

The solution for carrier density p, , n, and velocities v, and v% is
obtained by an integration of the continuity equations over the transi-
tion region from the plasma to the regions where the field has built up
to that required for saturated velocity:

9 :
qatfpdx_ _fd"’

* v and vy are the hole and electron velocities, respectively, in the plasma.
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and
J .
q&fndx = fd],,

Py — DIVE = VsuDs — WoDpSp ,

or

(M, — N = Vs, — RDRE,y
npvli = M gpnp y

DL = M &, -
From the relations above:

Ur = Mn 8p ) (59)
Vp = Up ((_;p s (40)
_ . (o tw)
Ps = Do (Ulz + USII) ’ (41)
_ (UL + vR) D)
o =T (r + vsg)’ (42)

where vg; and vgy are the saturated hole and electron velocities. The
solution as shown in Fig. 4a, with values for v, , vz, p., n, as given
above (and verified by computer simulations), is valid until a time {, ,
when the plane moving at velocity v, reaches the plane moving at
veloeity vy :

to = W/ + v1). (43)

For ¢ £ {, the terminal voltage is given by

2

o~

V = :‘—Z [Uizps +vins + NA(Ui - 7)?3)] (44)

Lo

For the remainder of the clear-out cycle refer to Fig. 4b. For times
greater than ¢, three regions exist:

Region 1 extends from z = 0 to the plane moving at velocity vsy .
The field here has slope given by

98 _

_1 5
L w4, (45)

and the field &; has a magnitude given by

GSL/t = JR — QUgph, = qu(ns + NA). (46)
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Region 3 extending from the plane moving at velocity vsy to x = W.
The field here has slope given by

9¢ _a. _

ax - € (ps NA)y (47)

and the field &5 has a magnitude given by

6813/t =Jp — QsuaPs = (ZUR(T): — N,). (48)
Region 2, the remainder, has electric field with slope
98 _ ¢
T = e Ny. (49)

The terminal voltage V for ¢ = {, is obtained, with reference to Tig.
4b as follows.

V=1(6+ &/2:Wg,
+ (& + &n)/2: Wy,
+ (& + 811)/2‘(W — We — Whn),
or rearranged as
V= 3[eWr + &xWu + 8x(W — Wy) + &x(W — Wp)], (50)
where
Wg = vpty — vsp(t — ),
Wy = vglo — vsull — L)
&x and &y are given by equations (46) and (48) and

SE = SL - 'EQ(NA +ns)]VE )
&y = & — :l (ps - NA)WII .
Equation (50) is valid until W or Wy equals zero, the time required

to completely remove electrons or holes. The times required to com-
pletely clear-out electrons and holes are

W n,
Al = ven . (51)
Wop
Aty = — 22| 52
" Usu ps ( )

where p, and n, are given by equations (41) and (42).
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3.2 Minimum Recovery Time

If the recovery current J 5 is chosen so that v, = vsp and vz = vgy,
that is,

Jr = qsuD, + vsen,) = J., (53)

the clear-out will proceed at its most rapid rate. Any further increase
in J will not speed up the recovery but will result in a 98/3¢ in the
plasma which will result in an unnecessarily large value of &, or &z near
the end of the recovery period and premature avalanche before clear-
out. For Jp = J,:

Pe = Dy,
Ny =N, .

A constraint on p, is obtained by requiring the field &, (obtained from
equation (46) with J, = J,.) to be less than the value obtained there
in steady-state breakdown &, , that is,

Do < €8o/qW, (54)

for ¢ = Aty . Since p, > N, , equation (54) indicates that the diode
must have a punch-through voltage less than the breakdown voltage.
The computer simulation shown in Fig. 4 is for silicon with equal
properties assumed for holes and electrons at 300°K, W = 10 microns,
P, = 1.52 X 10 n, = 0.514 X 10", N, = 1.0 X 10", and J, =
1.5 X 10° A/em®.

3.3 Part I1

For the remainder of this section it is assumed that holes and
electrons have equal properties and therefore only one plasma velocity
v, replaces vx and vz , and one saturated velocity vs replaces vsz and
. vgy in the previous equations. Furthermore, the plasma velocity ob-
tained during the zone-transit period while current J, flows is not the
same as the plasma velocity characteristic of the recovery period while
current Jz flows; unless Jr = Jjy . Therefore the following notation
is used:

vpp = velocity of plasma while eurrent J, flows,

Il

vpp = velocity of plasma while current J 5 flows.

A factor F is defined by reference to Fig. 5. The breakdown voltage of
the diode is V, , the field at the n*p junction at breakdown is &, , and
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%o

ELECTRIC FIELD =——>

\‘
WxF —*,

DISTANCE =—>

Fig. 5—Definition of punch-through factor F. Electric field versus distance at
breakdown.

the width of the depletion region is smaller than the value e&,/¢N 4 by
a factor FF > 1. That is F is a measure of the degree of punch-through.
(In the numerical calculation &, and W are obtained by an iterative
process for any given value of N, and F.)

It is the purpose of this section to derive design requirements for
TRAPATT operation by coupling the zone-transit analysis and the
recovery analysis. It will be shown that the value of recovery current
Jz which will result in complete removal of the plasma just as the
diode voltage (and field profile) are the breakdown values V, and &, is,

Jr = qN v5@2F — 1);

and for the condition that the plasma be extracted in one transit time
the following constraint must be imposed on the zone transit:

v,/ vpr = 2F — 1.

The above constraint yields a unique value for J,, for any given
structure. This value is uniquely determined by material (Ge or Si),
N4, F, and Jg. For an additional constraint, for example that we
minimize the sum of zone-transit time and recovery time or that this
time period have a fixed relationship to the IMPATT transit time, a
unique value of F' can be determined. By such constraints then a unique
(except for weak dependence on Jg) power-versus-frequency curve can
be obtained for a given material. The derivation of the expressions
required follows.
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At the end of the zone transit the diode has plasma density given by
equations (34) and (35). The clear-out densities p, and n, are

v v
.= Yz 1) ___YPrR , 55
p NA(UPT T Vpr + v, ()))
v v
s — — — 1> rE N
" N“<vpr Vpr 0, (56)

Utilizing equations (55) and (52) the electrie field &, , obtained from
equation (46), just as the carriers are cleared out has value

(a0 = @ean, + N V22)

€VPs

and when set equal to &, (from IFig. 5 & = (¢/e)N ,FW) yields

Verlsy

(7'LS+NA) ?)sPs =NAF

Tfurther substitution from equations (41) and (56) yields
oF =1+ 2% <@ﬂ>
Vs \Upr.

or utilizing equations (41) and (42)
Jr = N4, 2F — 1). (57)
The equation above results solely from the requirement that right
when the last remnants of the plasma are leaving the depletion region,
the diode is at breakdown voltage V, . We have the interesting result
that the degree of punch-through (F) uniquely determines—an upper
limit on the reverse recovery current, independent of the zone transit

current Jr , ionization rate, mobility or saturation current.
The critical current for removal of the plasma in one transit time is

Jo = @.(p, + n,).
TFor p, and n, given by equations (34) and (35),

Jo = @.N./vpr,
and for the condition J, = J, ,

vl

=oF — 1. (58)

Upr

Equation (58) imposes a constraint on the zone transit process so that
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the resulting plasma can be removed in one transit time. From the
zone-transit analysis, in particular equation (33), a relationship was
derived relating v, , v, , jem , N4 and vpp . Therefore, combining equa-
tions (33) and (58) yields a relationship between I, N4 , v, , Jr and j§, ,
which must be satisfied if the plasma is to be extracted in one transit
time. However, the condition for maximum frequency is one which
minimizes the sum of three characteristic times: the charging time ¢, ,
the zone transit time ¢, and the recovery time (compare Fig. 6).

The power output of an avalanche diode is limited by realizable
circuit impedance or thermal limitations. Both have the effect of
limiting the area of the diode. For a given upper limit on circuit im-
pedance the best design is one which maximizes the product of power
output times frequency squared. This figure of merit (F.M.) will have
a maximum value determined by a judicious choice for J, , Jz , the
duration of time they are applied, and the duration of time the break-
down voltage-saturation current state persists. Such optimum condi-
tions are not sought in the present analysis, inasmuch as after they
were found it would probably be quite difficult to design a realistic
circuit which could provide such a waveform. Instead, optimum values
of I and current amplitude are found such that the F.M. is a maxi-
mum for perfect square wave current drive. (This is experimentally
observed'® where the square wave is made up of a limited number of
odd harmonics; the circuit is an open circuit at all even harmonics,

B

0.2 0.3 0.4 0.5 0.6 0.7
TIME IN NANOSECONDS

Fig. 6—Example of calculated voltage (solid) and assumed diode current (dashed)
versus time. Zone transit (v.), plasma velocity recovery (v,), and saturated velocity
(vs), periods indicated.
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the fundamental has impedance as calculated herein, and the third
harmonic corresponds to the IMPATT frequency.) The next section
reports results of a calculation for such a power-frequency characteristic.

IV. POWER OUTPUT AND STRUCTURE DESIGN

The application of terminal current Jr to a swept-out diode results
in the zone transients shown in Figs. 1-3. In Section II we presented
a considerably simplified analysis for the zone transient, as shown for
example in Fig. 2. In Section IIT we analyzed the recovery transient,
as shown in Figs. 4. A recovery current J, = ¢N,v,(2F — 1), equa-
tion (57), is required to completely remove the plasma in as short a
time as possible, such that the diode voltage and field profile have
just attained the breakdown values. The structure factor I’ and break-
down values are defined by Fig. 5. In the first part of this section
results are presented on a per unit area basis. The voltage waveform,
as shown for example in Fig. 6, is calculated for various values of N4 ,
ranging from 10"° em™ to 10" em™°, and values of F equal to 1.5 and
2.0. The current density J, is determined by equation (57). The re-
sulting waveform is Fourier analyzed, the frequency determined, and
results presented in IMigs. 7-9. In the second part, results are presented
for an optimally chosen structure: (z) The value of F is found for each
value of N4 such that the ratio of IMPATT frequency (= transit
angle) to TRAPATT frequency is 3 : 1. (#) The diode area is chosen
to provide 10 ohms negative resistance, a reasonable value for micro-
wave circuits. These results are presented in Figs. 10-15.

4.1 Part I

As shown in Section II the zone transient solution is logarithmically
related to the thermally generated current j, . In the calculations the
current j, is given by

j, = qniW/T. (59)

The intrinsic carrier concentration is evaluated at 300°C. for silicon
and 100°C. for germanium, and the lifetime 7 is 100 nsec. Effects of
variations of j, on device design are considered elsewhere.'” The satu-
rated velocity v, is 8.9 X 10° em/sec for silicon and 6.5 X 10° cm/sec
for germanium. The ionization rate o = ae™*’* has @ and b 1.6 X 10°
em™}, 1.9 X 10° V/em for silicon and 3.5 X 10° em™, 7.5 X 10° V/ecm
for germanium.*®

The waveform of diode voltage for a particular structure is shown
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Trig. 7—Efficiency versus frequeney, I’ = 1.5 and 2.0.
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Fig. 8—Input (average) power density versus frequency, F = 1.5 and 2.0.
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Tig. 11—Impurity concentration N4 versus frequency.
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Fig. 15—Output power versus frequency.

in Fig. 6. The time ¢, is a depletion layer capacitance charging time,
required to overdrive the diode to the point at which the avalanche
zone transient begins. The zone transient lasts until time {, . The re-
covery ftransient characterized by the plasma velocity v, lasts until
time #; . The remainder of the recovery time, to ¢, , is characterized by
carriers moving at saturated velocity. After complete sweep-out of
carriers, the diode voltage equals the breakdown value and the diode
current equals the saturation value j, , for a half period of duration ¢, .

The voltage waveforms are calculated according to the simplified
models presented in Sections 1T and III. The voltage for times between
i, and ¢, , the zone transient, are calculated by “sliding” the field pro-
file, shown for example in Fig. 2, from the point where the maximum
field occurs at the N*P junction, corresponding to time ¢, , to the right
at velocity v, . The time £, corresponds to the time when the location
of the right-most point of the plasma region would enter the substrate.
The voltage is the area under the field curve, within the confines of the
depletion region. The voltage thus calculated is only an approximation
at the beginning of this transient. However, the value of trapped
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plasma left in the depletion region at time ¢, is independent of the actual
avalanching conditions, and this plasma constitutes the initial condi-
tions for the recovery voltage waveforms from time ¢, until ¢, . The
voltage waveform in the neighborhood of time ¢, is determined by
complicated space charge effects shown in Fig. 1. It is felt that detail
occurring over such a short period of time would not significantly
affect the overall power output and efficiency calculation, but this is
one of the major limitations of this simplified analysis.

Results for two values of punch-through factor F are shown in Figs.
7 and 8. The frequency is calculated (for particular values of N,) and
results shown versus frequency. Figure 7 is a plot of calculated power
conversion efficiency versus frequency; Fig. 8, dc power density versus
output frequency. The diode impedance, as calculated by IFourier
analysis of the waveforms, is shown in Fig. 9 for F = 1.5.

4.2 Part IT

Results shown in Figs. 7-9 are on a per unit area basis, and no opti-
mization for the F factor has been attempted. The area of an avalanche
oscillator is determined by circuit impedance limitations and thermal
dissipation limitations for CW operation. Results of the calculation
are presented in Figs. 10-15 for an area chosen such that 10 ohms
negative resistance at the TRAPATT frequency is obtained. In addi-
tion, the F' factor was chosen by an iterative process for optimization
of the diode structure. Initially optimization was sought for the cri-
terion of maximization of the products of output power times operating
frequency squared. Results clearly indicated that the maximum was
for values of F only slightly larger than 1.0. For such cases the recovery
time is very nearly one transit time, the minimum value. The total
half period of the oscillation would be only slightly larger than two
transit times, and therefore a ratio of IMPATT-to-TRAPATT fre-
quency of 2 :1 could be obtained. Instead results for a frequency ratio
of 3 :1 are presented. This will be somewhat less than the optimum,
but more realistic, as this mode of operation is more easily obtained
experimentally.’*°

Device depletion layer thickness W, epitaxial impurity concentra-
tion N, , and device area A, calculated for the 3 : 1 mode, are shown
in Figs. 10-12, versus output frequency. Operating characteristics are
presented in Figs. 13-15. Plotted versus frequency are average voltage,
average current, and output power. As discussed previously, device
area was chosen to provide 10 ohms negative resistance at the operating
(TRAPATT) frequency. No other circuit limitations on area are in-
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cluded, such as might be imposed by IMPATT considerations. Such
considerations will be discussed later. The output power calculated for
a silicon deviee, if the area is chosen for CW operation, is shown as a
dashed line in Fig. 15. The choice of maximum device area permitting
CW operation was obtained from silicon IMPATT diode thermal
resistance and burnout analysis collected over the past several years
at this laboratory.”” Based on this analysis, circuit impedance limita-
tions determine device area for operating frequencies above about 10
GHz. In addition, device area may have to be reduced to provide
sufficient negative resistance to overcome losses at the IMPATT fre-
quency. This effect has not been considered in the present analysis.

V. DISCUSSION

We have presented calculated operating characteristics of the
TRAPATT mode of high efficiency power generation in germanium
and silicon avalanche diodes. The calculated results were obtained by
analysis of solutions of a simplified model for the avalanche zone
transit and reverse recovery periods which characterize the TRAPATT
mode. The calculated solutions agree well with solutions obtained by
detailed computer simulation studies, except for detail missing at the
beginning of the zone transit, as the avalanche zone is forming.

Characteristics were presented, on a per unit area basis, for diodes
with two degrees of punch-through, of the electric field at breakdown,
into the terminating substrate. The silicon structures are more efficient
than the germanium but require considerably more input power. For
both materials input power requirements increase with F, the degree of
punch-through, at a particular frequency.

A particular design was obtained by choosing F such that the
TRAPATT frequency would be one-third the IMPATT (7 transit
angle) frequency of the structure. The calculated epitaxial impurity
concentration and depletion layer width were presented. The calcu-
lated results are in excellent agreement with our experimental Ge
structure (f = 2.4 GHz, W = 4.5 ym, N, = 4.2 X 10*° em™®).>'*° Cal-
culated results of power output versus frequency were presented for
diode areas chosen to yield 10 ohms negative resistance at the
TRAPATT frequency, and for silicon diodes with areas determined
by thermal limitations. Power output in excess of 1 watt CW, with
efficiency of 40 percent is predicted at a frequency of 50 GHz.
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An Integral Charge Control Model of

Bipolar Transistors

By H. K. GUMMEL and H. C. POON
(Manuscript received December 17, 1969)

We present in this paper a compact model of bipolar transistors, suitable
for network analysis computer programs. Through the use of a new charge
control relation linking junction voltages, collector current, and base charge,
the model includes high injection effects. The performance substaniially
exceeds that of existing models of comparable complexity. For low bias
and with some additional idealization, the model reduces to the conventional
Libers-Moll model.

I. INTRODUCTION

Since its formulation in 1954, the Ebers-Moll model' has been the
major large-signal model for bipolar transistors. It is based directly
on device physics and covers all operating regimes, that is, active,
saturated, and cut-off operation. But various approximations limit the
accuracy of the model. In the original paper the frequency dependence
was deseribed in terms of frequency-dependent current generators.
For time-domain analysis, this required use of Laplace transforms.

In 1957 Beaufoy and Sparkes® analyzed the bipolar transistor from a
charge control point of view. The charge control model® or the equiva-~
lent®'* charge control form of the Ebers-Moll model, is directly useful
for transient analysis. It is this model, in various forms, that is presently
used in all the major general purpose network analysis programs. More
elaborate models®™ are useful for detailed device studies, but they have
not found widespread use in analysis programs due to their complexity.

As device technology evolved over the years making possible devices
of reproducible characteristics, and as deeper understanding was gained
in device-theoretical studies, many new effects were identified that are
not represented by the basic Ebers-Moll model. Among these are a
finite, collector-current-dependent output conductance due to basewidth
modulation® (Early effect), space-charge-layer generation and recombi-
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nation® (Sah-Noyce-Shockley effect), conductivity modulation in the
base'® (Webster effect) and in the collector' (Kirk effect), and emitter
crowding.'*"*®

Some of these effects have been included into the Ebers-Moll model
in various ways. The common approach has been to specify some param-
eters of the model as functions of bias and to describe this bias de-
pendence in tabular form or through parametric expressions. Thus,
in the NET-1 program, for example,’ the common-emitter current
gain is given by a series expansion in the emitter-base voltage. In the
CIRCUS program,' forward and reverse current gains and forward
and reverse transit times are specified as functions of collector current
in tabular form. Such “curve-fitting”’ modeling tends to require large
numbers of parameters or table entries for an accurate description.
Also, frequently the parameters are not easily interpretable in terms
of the device structure and thus can be obtained only a posteriori, from
detailed measurements, but cannot be predicted.

The present paper makes use of a new, general charge-control re-
lation"™ which links junction voltages, collector-current, and base
charge. This new charge-control relation, used in conjunction with
conventional charge-control theory, allows many of the effects not
contained in the basic Ebers-Moll model to be incorporated in an
integral, physical way, in compact form and with good parameter
economy.

In the conventional treatment of the transport equation, as used in
the derivation of the Ebers-Moll model, attention is focused on re-
combination in the base (which in modern transistors is generally not
the dominant source of base current). Through the use of simplified
“boundary conditions” relating carrier concentrations at the edges of
the base to the junction voltages, and through neglect of the variation
of the electric field in the base with bias, the voltage dependence of
emitter and collector currents contains errors, except near zero bias.

The new charge control relation arises from the treatment of the
transport equation for the carriers that pass between emitter and
collector. Use is made of the fact that recombination has only a very
small effect on the junction-voltage dependence of the current passing
from emitter to collector (later called the dominant current component).
Hence for this dependence, but of course not for the base current,
recombination is neglected. A direct, closed-form solution of the trans-
port equation from inside the emitter to inside the collector is then
possible. An important feature of the result, quoted in equation (10),
is a denominator containing the base charge, that is the charge of all
those carriers that communicate with the base terminal.
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With the concentration in the base of the carriers carrying the domi-
nant current component known, recombination in the base could be
computed, and the small effect that this recombination has on the
dominant current component could be applied as a correction.” Actu-
ally, however, for typical transistors this correction is negligible. The
base current is modeled by empirical relations since detailed recombi-
nation parameters are not available.

The general features of the new model are presented in Section II.
Details of a particular implementation using 21 model parameters are
given in Section III.* Table I contains a list of the model parameters.
Appendix A describes the treatment of base push-out. Discussion of
some aspects of the model, and a set of computed characteristics of a
sample transistor are given in Section IV. A compact summary of the
model is given in Appendix B. A discussion of the significance of the
model parameters and of default values is contained in Appendix C.
This paper considers mainly the de and low-frequency aspeets of the
model. Use of the model for ac or transient analysis will be presented
elsewhere.

II. GENERAL CONSIDERATIONS

As a point of departure we will consider the Ebers-Moll equations.’
They may be written in the form

<I,> _ [T]<exp (qVo/ET) — 1> )
I. exp (¢Va/kT) — 1

where T is a symmetric matrix of coefficients that are constant, that is,
bias independent. At the time when the Ebers-Moll model was de-
veloped, attainable base widths were large by today’s standards, and
in order that useful current gains could be obtained lifetime in the
device had to be long. Reverse saturation currents were used as indi-

cators of lifetime. These circumstances are reflected in the notation
used in Ref. 1 for the elements of 7':

Ieo _ aiIco
T — 1— [e Mo N 1 - e e (2)
— a"I¢ﬂ ‘[CU
L1 — e 1 — a,a;

where I,, and 1., are emitter and collector reverse saturation currents

* A simplified implementation of model, and a comparison with measurements,
have been presented in the Digest of Technical Papers, 1970 IEEE International
Solid State Circuits Conference, Paper 7.1.
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TABLE I—MoODEL PARAMETERS

Group 1: Knee parameters and transit times
I Knee current*
V1 Abs. value of knee voltage, in unit of k7 /q
7 Forward tau (forward transit time)
r; Tau ratio (ratio of reverse to forward transit time)

Group 2: Base Current
71 Ideal base current coefficient
22 Nonideal base current coefficient
ne Forward base current emission coefficient
73 Reverse base current coefficient
n. Reverse base current emission coefficient

Group 3: Emitter Capacitance
v, Abs. value of emitter offset voltage, in units of k7'/q
m. Emitter grading coefficient

P.\a., Emitter zero bias capacitance coefficient
a.: Emitter peak capacitance coefficient

Group 4: Collector Capacitance
vo. Abs. value of collector offset voltage, in units of k7 /q
m, Collector grading coefficient

P a. Collector zero bias capacitance coefficient
ac2 Collector peak capacitance coefficient

Group 6: Base Push-out
vrp Abs. value of base push-out reference voltage, in units of k7' /q
rv Effective base width ratio
r, Base push-out transition coefficient
n, Base push-out exponent

Auziliary Quantilies

er = exp (—vgr)
ere = exp ( —vi/ne)
ere = exp ( —vr/n.)

* Quantity is negative for npn transistor.

([

and o, and «; are forward and reverse common base current gains. A
simpler and more appropriate but fully equivalent notation is

T = (l + 1/:3/)[: —Is
-1, 1+ 1/8,)1,

Here 8; and 8. are forward and reverse common emitter current gain
and I, is the “intercept” current, that is, the current obtained when
on a semilog plot of I, vs. V,, the collector current is extrapolated to
V. = 0. The notation of equation (3) is considered more appropriate
since the intercept current I, is nearly independent of current gains.
The matrix elements T, and T, in equation (2) show an apparent
dependence on lifetime through the forward and reverse current gains.

: ®3)
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Actually, this dependence is nearly cancelled by that of I., and I, .
To a very good approximation the intercept current 7, depends only on
the total number of impurities in the base.™

Equation (1) with matrix T given by equation (3) suggests the
following interpretation: The emitter and colleetor current have a
common, dominant component

I.. = —1I[exp (qV./kT) — exp (qV../kT)]. 4)
In addition the emitter and collector currents have each a separate

component I, and I, , which is proportional to the reciprocal forward
and reverse common emitter current gain:

L. = (I./8)lexp (¢Vo/kT) — 1], (5)
L. = (1./8.)[exp (qVeo/kET) — 1]. (6)
The terminal currents are then given by
I, = —1I.+ L., ()
I, =1.+ I, (8)
I, = —I,, — I.. 9)

So far, we have made no changes in the content of the Ebers-Moll
equations; we have only brought them into a form that will facilitate
the development of the new model. We shall retain equation (7) through
(9)* but we will replace equations (4) through (6) by relations giving
an improved representation of the physical processes in the transistor.

The separation of emitter and collector currents into the dominant
I,. component and the base current components in equations (7) and
(8) allows us to give different voltage dependence to the individual
components. For example, at low injection levels, collector current
and emitter-base voltage are related through the ‘‘ideal” diode law;
that is, the collector current is proportional to exp (¢V.,/nkT) where
the “emission coefficient”’ n is very close to unity. The base current at
low forward bias, on the other hand, is typically a “nonideal’” current,"
that is it has an emission coefficient n» with values typically between
1.5 and 2. This nonideal current results from space charge recombina-
tion® or surface recombination, or the presence of both effects. At
higher forward emitter-base voltages the base current is dominated
by an ideal component.*

In principle, it is possible to compute the base current as a function

* These equations are not independent. Equation (7) will be dropped later.
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of V., (for given V,,) for one-dimensional structures,"” **~** provided
that the doping profile and the recombination parameters, for example
the concentration as a function of distance of the important species of
recombination centers, as well as their energy levels and capture cross
sections, are known. However, in practice, the recombination properties
are not known to the detail required for such caleulations. Even the
assumption of a constant concentration of one species of recombination
centers is a gross oversimplification. In real transistors the lack of
lIattice perfection in heavily doped regions causes enhanced recombi-
nation, and interfaces between substrates and epitaxial layers provide
local regions of high recombination.

Nevertheless, detailed studies have confirmed that the base current
can be described by a sum of terms exponential in voltage with emission
coefficients of the magnitude indicated above. Equations (5) and (6)
are thus replaced by more general funections of V., and V,, that are
characterized by pre-exponential coefficients and emission coefficients
which become model parameters and which represent the overall
recombination properties and influence the dependence of forward .
and reverse current gain on bias. In the next section we will use a
specific set of base current components.

The new charge control relation', derived from basic physical
considerations, permits the dominant current components 7., to be
obtained without use of low-injection approximations:

exp (¢V../kT) — exp (¢V/kT)
Qs

Here Q, is the “base charge”, that is, the charge of all carriers of the
type that communicate with the base terminal: electrons in a pnp
transistor and holes in an npn transistor. The base charge is a function
of bias; @,, is the zero-bias value. The bias dependence of @, is the
subject of the conventional charge control theory'? which approximates
the excess (or stored) base charge @, — @, as the sum of capacitive
contributions and products of collector current components and transit
times. The essential feature of the model presented here is the simul-
taneous use of conventional charge-control theory and relation (10).
As shown before,’® relation (10) is a good approximation for one-
dimensional transistors for a wide range of bias conditions, including
those leading to high-injection and base push-out effects.

It is of interest to note that the Ebers-Moll equations embody
superposition, that is that the collector current can be expressed as the
sum of a function of the emitter voltage and a function of the collector

Icc = —Iszo (10)
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voltage. For real transistors, violations of the superposition principle
are easily observed. Consider, for example, the Early effect® that is,
the dependence of the low-frequency output conductance on bias. As
shown schematically in Fig. 1, a region of bias exists in which the
collector current varies approximately linearly with collector-emitter
voltage for fixed base current, in such a way that the straight-line
sections, when extrapolated, intersect (approximately) at a negative
voltage which we shall call the “Tarly voltage”, V, . For superposition
to be valid, the lines would have to be nearly parallel to each other.
The base charge @, in the denominator of equation (10) through its
dependence on collector voltage via the collector capacitance disables
superposition and provides a realistic description of the output con-
ductance.

Another point of interest concerns high-injection effects in the base
region. The “ideal” voltage dependence of I.. on V., is caused primarily
by the dependence of the minority carrier concentration in the base
pear the emitter as exp (¢V../kT). This dependence holds, however,
only as long as the minority carrier concentration is small compared
to the doping concentration. If the minority carrier (the word minority
starts to lose its literal meaning here) concentration is large compared
to the doping concentration, then it varies as exp (¢V../2kT), and so
does, approximately, I.. except for additional complications due to
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base push-out. The intersection of the n = 1 and n = 2 asymptotes
to I, represents an important characteristic feature of the transistor.
We shall call it the “knee point” and use its coordinates, V, and I, as
model parameters and as a basis for normalizations.*

Consolidating the development up to this point, the model, exclusive
of parasitic effects, is described by

exp (¢Vo/kT) — exp (¢Vo/kT)
Q

L, = —1,,—1,. (12)

As discussed above, the base current components I,, and I,. depend
strongly on the recombination properties of the structure and are in
practice not readily calculated from first principles. By contrast, the
base charge as a function of bias depends primarily on the doping pro-
file and is nearly independent of recombination properties. Hence, given
the doping profile, @, as a function of V., and V., can be computed by
existing techniques. However, for such a calculation considerable com-
puter resources (memory and time) are required. For network analysis
programs it is preferred to approximate @, by simple algebraic or
algorithmic (implicit functions) representations which, depending on
complexity, can give reasonable accuracy. One such representation is
given in the next section. Special features are use of a modified rep-
resentation of junction capacitance® which avoids the problem of an
infinite capacitance when the junction voltage equals the built-in
voltage, and use of a 4-parameter representation of base push-out.

[r: = —Iszo + ]ha y (11)

III. SPECIFIC MODEL IMPLEMENTATION

In this section we present a specific implementation of the general
model, equations (11) and (12). The bias dependence of base charge
and base current will be modeled. The polarity assumed is that of a
pnp transistor.

The dominant current component I,, may be separated into an
emitter and a collector component, or a forward and reverse component:

exp (qV/kT) — 1
Q.
exp (qV/kT) — 1

+ Iszo Qb = _If + Ir . (13)

Icc = _Iszo

* The exact definition of these parameters is given in the following Section.
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We then model the excess base charge as consisting of emitter and col-
lector capacitive contributions @, and Q. , and of forward and reverse
current-controlled contributions™®

Qb = Qbo + Qe + Qc - TIB[]' - TrIr . (145)

Here 7, and r, are forward and reverse transit times. The coefficient B
has been included to model the increase of the transit time when base
push-out occurs; it has a value of unity in the absence of base push-out.

For modeling these parameters it is convenient to normalize all
charges in equation (14) with respect to the zero bias charge @,, and
to denote the normalized charges by lowercase symbols. Also, we replace
I, and I, according to equation (13). Then

Lt g, + g+ o o (rBlexp @Va/bT) — 1+ mlexp (qVa/kD) — 11
1
1 -+ % qs .

Multiplication of equation (15) by g, removes ¢, from the denominator
of the last term on the right side of equation (15) and gives rise to a
quadratic equation in ¢, . Its solution gives ¢, explicitly in terms of the
junction voltages, except for a possible ¢,-dependence of B:

oy (@) ] w

The term ¢, represents the sum of the zero-bias charge and the charge
associated with the junction capacitances; ¢, represents the excess base
charge, or the current-dependent charge associated with diffusion capaci-
tances. The latter charge contains a dependence on the base push-out
effect through the parameter B which is treated in Appendix A.

For high forward bias the charge ¢, is the dominant component of
the base charge ¢, . Except for the base push-out term B, it is char-
acterized by four parameters: I, , @, , 7/, and 7, . It will be convenient
to normalize these parameters. For this we define the knee voltage V,
as the emitter voltage for which g, equals unity (for zero collector voltage
and with negleet of terms small compared to the exponential of the
emitter voltage):

* The minus sign arises because the base charge contains electrons veutralizing
the positive charges 7,BI; and 7.1,. Qs, Qbs, Q., and Q. are all negative quantities
for positive V., and V.

(15)
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Vlc = @ ln —Qbo

q Ich . (17)

The low-injection-extrapolated collector current for V,, = V; is
I, = ot 17 (18)

It will be convenient to normalize all quantities having dimensions of
current with respect to I, , and to express voltages by their difference
from V, , in units of kT/q. We shall use lower-case symbols for normal-
ized quantities. Thus, we define

v
vk = g’;ﬁ ) (19)
V.
v, = % — 0, (20)
Vc
v = Lo — 1)
e, = exp (—uvy). (22)
With these normalizations, equations (11) and (12) become
I. = L. = Ik(—9—3—61 + i,,c) , 23)
/(3
Ib = Ik?:b = Ik(_ibe —_ 7:5;). (24)
Tor the base charge we obtain :
Q2 = B(e“ - ek) + (r,/r,)(e"‘ - ek): (25)
o= ¢/2+(@/2" + &), (26)
Q= —ILirsqs . 27

With these normalizations, we can use the set I, v;, 77, 7, = 7;/7, as
the four model parameters describing g, for the case B = 1. These
four parameters constitute Group 1 of the model parameters listed in
Table 1.

The charge contribution from the emitter and collector junction
capacitances will be considered next. The conventional representation
of junction capacitance is through an expression containing three
parameters:

const

¢= (V - Vbuilt-in)m.

(28)
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The parameters are Vyyi1e-in (Which for silicon is typically ~.7V),
the grading coeflicient m, and the constant in the numerator which can
be related to the zero-bias capacitance. This expression causes diffi-
culties when the junction voltage V approaches the built-in voltage and
C goes to infinity. In a real transistor, of course, a finite amount of charge
is stored for all bias conditions, and the derivatives of charge with
respect to junction voltages are finite. As shown in detail in Ref. 23,
equation (28) can be modified so as to be free of singularities by the
introduction of a fourth parameter which relates to the forward-bias
capacitance inferred from measurements of transit time vs. emitter
current. For compactness of notation, we express the four parameters
as elements p,, P2, ps, and p, of a four-dimensional vector P (see
Table I and Appendix C). If we now define a function

L1

D (29)

o T

then the normalized emitter and collector charges are given by:

. qub )
qe = f( kT 3 Pe ’ (30)

0= (1= ), (31)

where P, and P, are the four-parameter vectors describing the emitter
and collector junctions, respectively. These two vectors constitute
Groups 3 and 4 of the model parameters listed in Table I. As discussed
in Appendix C, some of the parameter values can be estimated or ap-
proximated in terms of other model parameters. In any case, these
parameters are readily amenable to numerical evaluation from the
device structure.

As mentioned in the previous section, the recombination in transistors
is best handled through a description of the base current as a sum of
exponentials in the junction voltages. Pertinent model parameters are
pre-exponential factors and emission coefficients. For typical transistors
the forward base current is adequately described by two components,
one ideal (n = 1) and the other nonideal (n = n,). For the reverse base
current a single nonideal (» = n.) component is adequate. We define

e = exp (—v), (32)
€re = €Xp (’—vk/ne)7 (33)
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e = exp (—v,/n,). 34)

Then we let
G = 0,(€7° — e) + 187 — ), (35)
Te = 15(€"™ — eg,). (36)

The quantities ¢, , 75, n,, 73, n, are the five parameters which char-
acterize the recombination behavior of the transistor. They are listed
as Group 2 in Table I.

The last set (Group 5) of the model parameters listed in Table I
describes the base push-out effect. For its description four parameters
are required. The details of the base push-out modeling are given in
Appendix A.

We thus have a total of 21 parameters which describe the transistor
model. For several of these parameters default values can be used as
discussed in Appendix C.

The following features are a consequence of the normalizations used:

(#) I, is proportional to the emitter area. All other parameters are,
to first order, independent of area. Area scaling (neglecting com-
plications caused by lateral effects such as emitter crowding) is
achieved simply by changing the value of I,. This feature is
particularly convenient for integrated circuit work, where transis-
tors on a given slice differ nominally only in their lateral dimensions.

(77) For pnp transistors all model parameters have positive numerical
values. For npn transistors two changes are required: a) I, must
be made a negative quantity; b) the Boltzmann voltage £7 /¢ must
be given a negative value (or the Boltzmann voltage is given the
sign of I, for pnp’s and npn’s). When this is done, the polarity
of terminal currents and voltages is in agreement with standard
practice (currents positive if flowing info the device).

(#77) The offset voltages V,, and V,, used in modeling the capacitive
charges (see Appendix C) are approximately proportional to the
absolute temperature. Hence use of constant, that is, temperature
independent, values for the normalized quantities v,, and »,, imple-
ments automatically the temperature dependence of the offset
voltages. The normalized knee voltage v, is not, to first order,
temperature independent, but varies with temperature approxi-
mately as

) =)+ e (Leoy) @
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where T, is a reference temperature (for example, room tempera-
ture) and V, is the band-gap voltage (1.12 V for silicon).

IV. DISCUSSIONS AND EXAMPLES

This Section will illustrate the performance of the new model. The
following features are of interest:

(#) For low bias so that @, is nearly equal to Q,, (or ¢, & 1) and with
the choice n, = n, = 1, the model reduces to the Ebers—Moll
model.

(7¢) Superposition which is operative in the Ebers-Moll equations, is
disabled through the base-charge denominator @, in equation (11).
The dependence of @, on collector voltage produces a finite output
conductance, that is, the Early effect.

(77) The rapid increase of @, when base push-out occurs causes fall-off
of current gain and frequency response.

() If we define an effective emission coefficient 7 by

1 KIY/q dI,

- 7 )
n Ic dT/eb Veb=const

(38)

then it is seen that for the model, n varies from approximately
unity at low currents to approximately two at high currents (and
larger values when base push-out occurs). The shift to a value of
two represents high injection effects. The n = 1 and n = 2 asymp-
totes intersect approximately at I, = I, and V,, = V, (see I'ig. 2).

If we define an emitter capacitance C, by
Y iQL 2(
Ce - stb Veb=const ’ (SJ)

then the effective emission coeflicient at low current values, where
the current contribution to @,, equation (14), is negligible, is
given by*

(lcTébq)Q ) (40)

Thus, small deviations from the ideal exponential law are caused
by the emitter capacitance. These deviations are present even at

n=1+4+

* If the transistor is used in a common emitter configuration it may be useful to
define the effective emission coefficient as in equation (39), but with V.. instead
of V¢ held constant. For this case, shown in Fig. 2, the emitter capacitance C. in
equation (40) is to be replaced by the sum of emitter and collector capacitances.
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Fig. 2—Collector and base currents for three values of collector-emitter voltage
versus base-emitter voltage. Also shown are ‘“knee” point (Vg, Ig), and slopes
corresponding to values of 1 and 2 for the emission coefficient n.

low forward currents’. Additional increases of n at intermediate
currents are caused by base resistance (not considered in this
paper).

(v) For currents low enough such that base widening effects are
negligible, the emitter-collector delay time 7; for common emitter
operation is given by

o,
4 dIc Vce=enn!b,
4 M (€40
= 1 . (41)
1 _ k_T (Ce + Ce)
q Qs

1 In principle, equation (40) could be used to obtain the emitter capacitance from
a dec semilog plot of I, vs. V5. However, very accurate temperature control would
be required.
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At low current values, and for C, « C, , the denominator of equa-
tion (41) is approximately 1/n, equation (40). Then the value of
the emitter capacitance C, may be obtained from the slope
n(kT/q)C, of a plot of delay time r, versus reciprocal collector
current (see Fig. 6). It is this forward-bias emitter capacitance
that may be used to set the parameter a,, (see equation 1 of Ap-
pendix C).

As a demonstration of the proposed model, various characteristics
for a double diffused silicon npn transistor at room temperature (7'/q =
0.02585 V) were computed with the parameter values listed in Table
II. The results are shown in Figs. 2 through 7. We treat the intrinsic
transistor model, without inclusion of parasitics, such as base resistance
and inactive base region. Figure 2 is a semilog plot of collector and base
current vs. emitter-base current for V., = 1, 2 and 3 V. Note the transi-
tion fromn = 1ton = 2 near I, = 19 mA and V, = 0.74 volts. Figure
3 shows common-emitter low-frequency current gain B8 vs. collector
current for various collector voltages. The frequency dependence is
conveniently characterized by the low-frequency approximation to the
unity-gain frequency,* f,. (For high-current-gain transistors in the
active region, f, is synonymous with the conventional cut-off frequency
fr .) Figure 4 shows f,, vs. collector current for various collector voltages.

TaBLE II—MopEL PARAMETER VALUES

I, = —1.875 X 1072 amps.
v = 28.7

7 = 3.2 X 1071 secs.
ry = 10.0

2y = 2.35 X 10~
12 = 2.19 X 1073
ne = 1.5

23 = 7.65 X 1073
ne =1.5

Voe = 27.1

me = 0.24

aa = 0.337

a.. = 1.03 X 1072
Voo = 27.1

m, = 0.1265

ae1 = 0187

Qez = 7.17 X 103
vp = 18.2

re = 10.0

rp = 4.55

np = 3.0
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Fig. 3—Small-signal low-frequency current gain ks, versus collector current for
three values of collector-emitter voltage.

Figure 5 presents a family of I, vs. V., characteristics, with I, as param-
eter. Figure 6 gives results of simulated r, vs. 1/1, measurements of the
model. The same information is displayed as . contour plots in Fig. 7.

V. CONCLUSION

With the aid of a new charge control relation, a compact bipolar
transistor model, suitable for network analysis computer programs, has
been developed. This model is an “integral model” in that parameters
important for the ac response also shape the de characteristics. The
model includes high-injection effects; for low bias and idealized emission
coefficients it is equivalent to the Ebers—Moll model. Figures 2-7 exhibit
many features of real transistors that conventional models do not con-
tain, or can give only by curve-fitting with the use of many parameters.
These figures were obtained for an implementation of the model using
21 parameters (Table I, Appendix B). For several of these parameters,
values can be estimated a priori. Such values may be used as default
values. Sometimes users may be willing to make some sacrifice in the
accuracy of the model in return for having to specify only few key
parameters. It appears feasible to require that only I, (proportional to
emitter area), the Early voltage V,, maximum § (at some collector
voltage, for example, V., = 5 V), maximum f, (at V., = 5 V) and the
collector current at which maximum f, occurs, need be specified and
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Fig. 4—Low-frequency approximation to unity-gain frequency f, versus collector
current for three values of collector-emitter voltage.
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that the full set of model parameters is automatically computed with
the use of default values.

Not included in this paper, but to be included in careful modeling,
are parasitics such as base resistance, inactive base region, collector
resistance, and so on. The base resistance may be modeled as consisting
of a constant, exterior resistance incurred in the inactive base and an
interior resistance. To reflect conduectivity modulation of the base,
the value of the interior resistance may be made inversely proportional
to the base charge @, . It appears feasible to extend the intrinsic model,
for example to include carrier generation by impact ionization.
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APPENDIX A

Base Push-Out Effect

The approach towards modeling the base push-out effect was guided
by results obtained in a detailed analysis of this effect.”® The discussion
is based on pnp polarity (I, is a negative quantity). Assuming constant
resistivity p in the collector region adjacent to the base (epitaxial region),
the base push-out effect starts approximately at a collector current
value

Ae(Voc - Vcb)
oW,

where A, is the emitter area and W, is the width of the lightly doped
collector region. Let W, be the effective width of the base. For —1I, <
I, , the effective base width is equal to the metallurgical base width, W, ,

Wef i = Wb . (43)
TFor —I, > I,, the effective base width is approximately given by

I, = (42)

W = W, + Wc<1 _ §—) (44)

Equations (43) and (44) can be written as

m [(Ic + Il)z]é - (Ic + Il)
2 I,

Equation (45) gives much too abrupt a transition for W, from W, to

IVeff = Wb + ‘ (45)
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W, + W.), and becomes numerically unstable when I, approaches
zero. Hence, we modify equation (45) with an additional parameter I, ,
such that

.+ 1)+ I} — . + 1)}*
I.+ I

7
Were = 19, + 1 1l (46)
The low-current forward transit time 7, is to be modified by the square
of the ratio of the effective base width to metallurgical base width, to
give the total base transit time 7, :

e T’( W;,f> =B )
with
_ W, A+ 1) + I — .+ 1»}2}2.
B = {1 + a7 F+ I 48)

The quantity B may be expressed in terms of model parameters and the
normalized collector current 7, = I,./1x

B - {1 4 ol i J;T.:r_ (G + il)§2F )
with
()
R i Iy’
and
iy = W p;VcT;;B)Ae _ Uy —vi: — v, 50)

So far, equation (49) models effects in a one-dimensional transistor.
Emitter crowding and carrier storage in the inactive base cause the
transit time at high currents to increase more strongly than given by
cquation (49). For a first-order modeling of emitter crowding we replace
the exponent 2 outside the square brackets by an adjustable model
parameter n, (‘“push-out exponent’’):

G, 4+ 1)° + ) — G + m}"v}i
467 + 1)

The quantities 7., , 7, , vs» , 7, and v,, are model parameters (groups 5
and 4).

B = {1 + 7y (51)
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APPENDIX B

A Summary of the Model

Terminal quantities are: collector current I, , base current I, , emitter-
base voltage V., , collector base voltage V., , and base charge Q, .
Define the following normalized quantities: <. = I./I,, 7, = I,/I,,
ve = (@Vo/kT) — vi, 0. = (@Vo/kT) — vi, ¢ = Qu/(Li7y), and define
the function

1 @/p, = 1)
o0 = pg{(l S R T Ve pd“}'

Then the following relations hold between the normalized quantities
e = 1,(€" — &) + 10" — en), (62)
Ge = 136" — ), (53)
G =~ — Tue , (54)
o =1+ Qo — Ve — 0)/Vry , (55)
B = {1 4, Al ;F(ZQJJF;;}} (56)
¢ =1+ f@. +v,P)+ 0. +v., P, (57)
g = Bl —e) +r.e’ —e), (58)
o= 0/2+ [(0/2° + ¢F, (59)
G (60)

'

APPENDIX C

Discussion of Model Parameters

The knee parameters I, and v; , and 7, are related to the conventional
intercept current I, (saturation current), the base charge at zero bias
Q. , and the nominal value of the low frequency approximation to the
unity-current-gain frequency f, , by

= e, (61)
s = In (%) , 62)
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and
1
T, = E (63)
In terms of structural parameters 7, is given approximately by
2
w
Ty = 277 bD (64)

where w, is the base width and where 5 represents the drift effect in the
base.” 7 is unity for uniform base doping and has typical values between
two and ten for diffused-base transistors.

The zero-bias base charge is approximately given by

Qbo = '—AeqNb (65)

where 4, is the emitter area, ¢ the electronic charge and N, the number
of impurities per unit area in the base. Typical values for N, are a few
times 10" per em® (lower values would cause premature punch through
and high values cause low injection efficiency and/or low f.). The
intercept current is given by

qiD  Ai¢niD
¢ N b Qbo
where n; i1s the intrinsic carrier concentration and D is the effective

diffusivity of carriers in the base. From equations (62) and (64) through
(66), one obtains

I, =4

(66)

N b/ Ws 1 1 2. ©7)

Uy = 2 In ——=

The parameters ¢, , 7, , 7, determine the current gain of the transistor.,
The variation of forward gain with current at low currents is governed
by n, and the inverse gain variation by =, .

The group 3 parameters model the emitter junction capacitance. The
offset voltage V,, is approximately the conventional “built-in”’ voltage,
which has a typical value near 0.7 volts for silicon at room temperature,
or v,, = V,./(kT/q) = 27. The grading coefficient m, depends on the
type of doping transition: it is one-fourth and one-sixth for ideal step
and linearly graded junctions respectively. Typical values for emitter
junctions are in the neighborhood of 0.2. Parameter a,, is related to
the zero-bias capacitance C,, by

Cae Vue

0nll — 2m)’ (68)

asl =
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If one assumes the emitter junction to be a step junction and the base
doping to be uniform, and if one expresses base doping and base width
in terms of the number of impurities per em?® in the base, N, , and in
terms of . , then an approximate formula for a., may be derived to be
_ 1 (wesz,,)% (o) .
%1 =0 = 2m,) \4¢D ) (N’ 69
(f./10° Hz)*

(N,/5 X 10" em™)*’

where ¢ is the permitivity and D the diffusivity of electrons (holes)
in an npn (pnp) transistor. For a silicon npn transistor, the numerical
value for A based on equation (69) is 0.147. For an actual double dif-
fused transistor of f, = 400 MHz, the value of A obtained from param-
eter fitting was found to be 0.202.

The last parameter a.. in this group is related to the forward bias
capacitance, C,; , deduced from the slope of delay time versus reciprocal

emitter current by**
1 —2m)yC,, |™™
a.s [(_TL_J] (71)

where r is a numerical coefficient approximately equal to unity, the
exact value depending on the doping profile. Typical values for a,»
range from 1072 to 107°. If emitter capacitance effects are not of im-
portance to the users, and if the user does not want to specify group 3
parameter values, the following default values are suggested:

=4 (70)

v,, = 27, silicon;
m, = 0.2;

(/10" Hz)*
(N,/5 X 10" em )% ’
@ = 3 X 107°,

The group 4 parameters model the collector junction capacitance.
The parameters v,,, m,, a,; and a., have similar meanings as their
counterparts in the emitter junction capacitance. Typical default values
(for silicon transistors) for v,. , m, , and a., are

A,y = 0.2

v,, = 27, silicon;
m, = 0.15;

@ = 107°,
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We shall relate a,; to the output characteristics of the transistor. The
EFarly voltage as defined in Section II is of magnitude comparable to
that of the punch-through voltage V ; , defined as that voltage for which
the charge associated with collector capacitance, @.., equals minus
@5, . We denote the coefficient relating the Early voltage and the punch-
through voltage by r,

VT = 'I"AVA . (72)
Then a,, is given in terms of the Early voltage by

1

raVa — Voa>1~2m£ _ '
( V.. !

(73)

Ay =

The exact value of r, depends on details of the doping profile and on
the region in the I, vs V., domain from which the Early voltage is ex-
trapolated; a typical value of r,4 is 1.7. Thus, given the Early voltage
and the other group 4 parameters, equation (73) is convenient for
estimating a., . It should be noted that a., refers to the collector capaci-
tance of the intrinsic transistor. The terminal collector capacitance
will be dominated by that of the inactive base region.

The group 5 parameters model the base push-out effects. V,, =
(kT /q)v,, is the resistive voltage drop across the collector, caused by a
current of magnitude I . The ratio of the width of the collector epitaxial
region to the width of the metallurgical base is designated r, . The
parameter r, determines the steepness of the variation of the forward
delay time as a function of a collector current in the current range
where base push-out is incipient. The base push-out exponent 7, deter-
mines the fall-off of f;, for high currents. For n, = 2, f; has a tendency
to level off after it has decreased from its maximum value by a factor
of (1 + r,)% For n, > 2, the decrease continues beyond this level. In
the example given in Section IV of this paper, the following values for
Vep s Tw , Tp and n, are used.

Ve = 18.2,
r, = 10.0,
r, = 4.55,

n, = 3.0.
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The Potential Due to a Charged Metallic

Strip on a Semiconductor Surface

By E. WASSERSTROM!t and J. McKENNA
(Manuscript received December 30, 1969)

We solve numerically the problem of finding the potential and electric
field around a megatively charged metallic contact on the surface of an
n-type semiconductor. The semiconductor, which has permittivity € , fills
the half-space y < 0. The contact is an infinitely long strip of width
2a, defined by y = 0,0 =z < %20, — o < z < . The regiony > 01s
vacuum with permiftivity ¢ . In suitable dimensionless coordinales the
potential ¢ satisfies Laplace’s equation in y > 0 and the equation V¢ =
e —1iny < 0.0ntheboundaryy = 0,¢ = ¢ < 0,0 £ z £ 2a, and
the usual electromagnetic boundary conditions at the remainder of the
interface. Finite difference schemes are used to solve the resulting boundary
value problem.

In most practical cases |do| > 1 and 1 = e/e; K 1. We examine in
considerable detail the limiting case 3 = 0, first for the less practical
situation where |¢o| << 1 and then for |do| >> 1. In case the |¢o| K 1 we show
that our numerical solution agrees well with the exact analytical solution
of a linearized version of the problem. For |¢o| >> 1, we give plots of the
equipotential curves, curves of equal charge density, and curves of constant
electric field amplitude. These resulls also yield expressions for the capaci-
tance of both a strip and a circular electrode. The modifications of these
results when n > 0 are also given in some detail. Finally, we discuss the
numerical calculations at some length.

I. INTRODUCTION AND FORMULATION OF THE PROBLEM

In the study of a number of solid-state devices, it is important to
know the electrostatic potential in the neighborhood of a metal-semi-
conductor contact (Schottky diode) and in a metal insulator-semi-
conductor structure (MOS capacitor).

Motivated by this interest, we consider in this paper the following

1 On leave from the Technion-Isreal Institute of Technology, Haifa, Israel, when
this work was conducted.

853
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problem. An infinitely long metallic strip of width 2¢* and zero thick-
ness occupies the region 0 =< z* < 2a*% y* = 0, as shown in Fig. 1.
The region y* > 0 is filled with air and the region y* < 0 is filled with
an n-type semiconductor. The metallic strip is charged to a negative
potential, ¢% < 0, and we wish to calculate the potential, the electric
field and the electric charge density distribution in the semiconductor
under the assumption of no current flow. As will be shown later, this
solution also determines the potential, field and charge density around
a circular metallic contact. »

For the doping levels normally encountered in such devices, say
10°°-10** m™ the electrostatic potential ¢* in the semiconductor is
governed by the Poisson equation,

V¥e* = —p*/e, (0

where V** is the Laplacian, ¢, is the permittivity of the semiconductor,
and the net volume charge density p* is given by’

p* = qNJ[1 — exp (9¢*/kT)], @)

where —g is the charge of an electron, N, is the donor number density,
k is Boltzmann’s constant, and 7 is the absolute temperature. In
writing down equation (2) we have neglected the contact potential ¥
between the metal strip and the semiconductor,” since in many cases
of practical interest | ¢ | > | ¥ |. Here and in the following, starred
quantities have rationalized MIS dimensions; unstarred quantities,
except for a few obvious physical parameters, are dimensionless.

As in Ref. (1) we introduce the dimensionless length and potential

Y AIR (€g)
V2¢=0
0
[¢]=[€a—3:|=0 _o<0
£ x
le-————28————-»
N-TYPE SEMICONDUCTOR (€)
V2p=ef -

Fig. 1—A diagram of the geometry of the problem Pl showing the conducting
strip at the air-semiconductor interface and the coordinate system used. The dimen-
sionless parameters shown are defined in equation (3). The symbol [ ] is defined
in equation (8).
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by the relations
r = x*/kl) ’ y= y*/AD ’ a = a*/\,, (3)
¢ = q*/kT,  p = p*/qN.,

where the Debye length is given by®

Mo = (akT/¢°Ny)h (4)
Typical values for a lightly doped semiconductor device are N, =
10°' m™®, ¢/e; = .0625 for germanium and e/e; = .078 for silicon,

and a* = 107" m, where ¢, is the permittivity of free space. Then, for
example, for silicon at 7' = 300°K, A, = 1.35 X 107" m, ¢/kT = 38.8
volt™*, and @ = 740.

In terms of these dimensionless quantities the boundary value
problem to be solved for the potential ¢ can be summarized mathe-
matically as follows:

(¢) In the air, y > 0 (see Fig. 1), the potential satisfies Laplace’s
equation
V¢ = 0. )

(#) In the semiconductor, y < 0, the potential satisfies Poisson—

Boltzman’s equation
Vg = ¢ — (6)

1.
(#77) On the plate, ¥y = 0 and 0 = = = 2q, the potential is a given
(negative) constant

¢ = ¢ <O0. (7)

(iw) At the interface, ¥ = 0, |2 — a| > a, the potential and the
normal component of the electric displacement vector are continuous®

4(z, 0)] = ¢(z, 0+) — ¢(z, 0—) = 0, (8a)
[26,0] = 12600 - Le0=0, o

where
1 = €/€ . (8c)

(») At infinity
lim (p) = 0, 9)

-0

where r = (2 4+ y*)%.
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We refer to the boundary value problem defined by conditions
(©)-(v) as P1. We have been unable to solve this problem analytically,
and instead have studied its solution numerically.

Qualitatively, for large | ¢, | the potential can be described easily.
Within the semiconductor, the negative charge on the conducting
strip repels the mobile electrons. This action produces a layer around
the strip, called the depletion layer, from which almost all the mobile
electrons have been expelled. The positive donor ions left behind make
this a region of uniform positive volume charge density. Far from the
plate the semiconductor is almost neutral, and these two regions are
connected by a transition layer. When » = 0 this transition layer is
sharp and well defined and is several Debye lengths thick. However,
when 5 # 0, this transition region becomes broader and diffuse near
the semiconductor-air interface. In the air on the other hand, the
potential is essentially that due to the dipole formed by the negative
charge on the conducting strip and the positive charge due to the donor
ions in the depletion layer.

In Section II, we consider the special case n = 0. For bias voltages
¢, which are typically encountered in semiconductor devices, the thick-
ness of the depletion layer is large compared to a Debye length but
small compared to the width of the strip, 2a. We will show that we
then only need to consider a strip completely embedded in an n-type
semiconductor. This will reduce the solution of P1 to the solution of P2

() In the semiconductor V¢ = ¢* — 1. (6)
(%) On the plate, y = 0,0 S z = 2a,¢ = ¢, < 0. (10)
(4%%) At infinity lim,.., () = 0. (11)

Solutions of P2 are obtained by the method of finite differences. For
| ¢ | < 1, equation (6) can be linearized to

V% = ¢. (12)
The linearized version of P2 in the limit a = «, has been solved ana-
lytically by Lewis® and for small ¢, his results agree excellently with
our numerical solution in the region £ < a. This provides a good check
on our numerical methods. Note, however, that in our formulation we
neglected the contact potential and therefore the problem is not physi-
cally meaningful for this limit. For | ¢, | >> 1 numerical calculations of
both the electric field and the potential are presented in considerable
detail. Finally, the capacitance per unit length of the strip and the
capacitance of a circular electrode are presented with particular em-
phasis on edge effects.
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In Section III we briefly discuss what modifications of the results of
Section II must be made when 7 5 0. It is shown that the chief effect
of positive 5 in the semiconductor is a smearing out of the transition
region near the air-semiconductor interface.

In Section IV we give some of the details of the methods of numerical
analysis used.

II. THE CASE 7 = 0

In most practical applications ¢ << ¢, as was pointed out in
Section I, and it is therefore of interest to treat first the simpler, limit-
ing problem with = 0. When 5 = 0 condition (8b) becomes

do .
5 @ 0-) =0, (13)

and the solution for the potential in the semiconductor is decoupled
from the solution for the potential in the air. In fact, the solution of
P1 in the semiconductor is now identical with the solution of P2 be-
cause of symmetry.

There are three characteristic lengths in the problem of the finite
width strip: the half width of the strip, the Debye length, and the
thickness of the depletion layer. If the half width of the strip is very
large compared to both the Debye length and the thickness of the
depletion layer, the solution below the plate and sufficiently far from
the edges must be the one dimensional solution (independent of x).
Thus, for a “sufficiently wide” finite strip, there are really only two
characteristic lengths for the solution in the semiconductor: the Debye
length and the depletion layer thickness.

We determine more precisely what “sufficiently wide”” means. It is
well known that if one considers the one dimensional problem of an
n-type semiconductor filling the region ¥y < 0, with the plane ¥y = 0
held at a large negative potential ¢, << 0, then the thickness of the
depletion layer, R, is accurately given by®

R = |2¢'o P- (14)

[The accuracy of this approximation is also discussed in Ref. (1).] The
Debye length is equal to unity in our nondimensional coordinates.
Thus, if in addition to y = 0, we have

a>1, (15a)
and

a>R, (15b)
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then a disappears from the problem in the semiconductor as a char-
acteristic length. Reverse bias voltages of the order of ¢F ~ —5 to
—50 volts, (po ~ —200 to —2000) are typical, and this corresponds to
R ~ 19.7 to 63.0 at room temperature. Thus in most practical situa-
tions condition (15) is satisfied, since ¢ = 740, and we can expect the
solutions to be independent of a also near the edges of the strip.

If in addition to equations (13) and (15a) we have

[ ¢ | < 1, (16)

then P2 can be linearized, for equation (5) can be approximated by
Vg = ¢, (17)
since |¢ | = |¢o | everywhere. This linear problem with ¢ = o has

been solved analytically by Lewis,” and in polar coordinates (see
Fig. 2) the solution is given by

®/¢o = % exp (rsin 0){1 — erf I:r%<cosg + sin g):l}

+ % exp (—rsin 0){1 + erf [r%(cosg — sin g)]} , (18)

where erf (z) is the error function.® We have solved the (nonlinear)
P2 by a finite difference method to be described in Section IV. The
numerically calculated equipotentials are shown in Fig. 3, and in
Tig. 4 we compare the numerical solution of P2 (crosses) with the
analytical solution (18) of the linearized problem (continuous line).

y
SEMICONDUCTOR (€ )
2 ]
Vip=e'~1
r
Po<0
0 ~
c c *
b d
SEMICONDUCTOR (€4)
v2¢ = e®y
b d

Fig. 2—A diagram of the geometry of the problem P2 showing the coordinate
system used.
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Fig. 3—Equipotential curves for the case y = 0, ¢y = —.01, and a = 4.

These figures correspond to ¢ = —.01 and a = 4, using the mesh

size Ax = Ay = .1. The three curves in Fig. 4 are the potential along
thelinesb — b(z £ 0,y =0),c —clct =0,y = 0)and d — d(z = 4,
y = 0). These three lines are shown in Fig. 2. It is seen that the two
solutions agree very well.

In most practical cases, however, ¢, is very large (typically 200 <
| ¢o ] < 2000), so we shall concentrate on the large potential problem
from now on. When ¢, is not small, the problem cannot be linearized.
We have been unable to find approximate analytic solutions, and so
we have had to solve the problem numerically.

From the results of Ref. (1), we should expeet that if distances are
normalized with respect to the depletion layer thickness, then the
potential when normalized with respect to the plate potential should be
essentially independent of ¢, as | ¢, | — «. We introduce this normali-
zation here:

¢=2/R, §=y/E, d=qa/R $=0¢/%, bs=p (19

where R is the depletion layer thickness given in equation (14). In
terms of our new variables, the basic equation (6) for ¢(&, §) reads
Sox (62 62)~ dod -
Vo = W+a—g2'¢=2(l—e)=2p. (20)
We have solved P2 in the normalized (tilde) variables by the method
of finite differences. A detailed description of the method will be given
in Section IV. Caleulations for ¢ = —100 and —500 using the mesh
sizes AT = Aj = .05 and for ¢, = —2500 using the mesh sizes AZ =
Aj = .025 for @ = 3 and 4, have been carried out. In Fig. 5 we show the
equipotential (¢) lines and in Fig. 6 the lines of constant charge 5(=p)
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«~—-—ANALYTICAL
,-NUMERICAL
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(e} 1 2 3 4 5
DISTANCE FROM PLATE

Fig. 4—A comparison of the analytical solution of the linearized problem
(continuous line) with the numerical solution of the nonlinear problem P2 (crosses)
for the case = 0, ¢9 == —.01. The three curves are the potential along b — b
=0,y =0)c~c(x=0,y=0)andd —d(x =4,y = 0).

for the case ¢ = —500. These curves show clearly the depletion layer
and the transition layer. The curves for ¢, = —100 and —2500 (which
we do not show) are essentially the same; they differ only in that for
¢ = —100 the transition layer is thicker while for ¢, = —2500 it is
sharper. It might be pointed out that in the tilde coordinates the
thickness of the transition layer becomes vanishingly small as | ¢, | — «,

82
n

-1 (o} 1.0 3

&& l 0.7I C:ge 08
\g : o oa .

~——____ 0.2
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Fig. 5—Equipotential curves for the case n = 0, ¢ = —500, @
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Fig. 6—Constant charge density curves for the case = 0,¢y = —500 and @ = 3.

but in the true dimensional coordinates, the thickness is ~4)\; , inde-
pendent of ¢, as [ ¢y | — .

Figures 5 and 6 also show that for £ = 2, the equipotential and equi-
charge curves are essentially parallel to the & axis. Thus ¢ = 2R is a
sufficient condition for replacing the strip of finite width by a semi-
infinite strip. Furthermore, since d¢/0% = 98°¢/34° = 0 in the region
& = 2, the solution is one dimensional here. In Ref. (1) it was shown that
an excellent approximate solution of the one dimensional problem is
the “zeroth-order matching’” solution

. 1—|g))? —1=2§=20
¢={( iyl)v =Y = @1
From equation (21) we also see that for & = 2
Ei = _%g = Ov
(22)
5o 09 {—%l—lgb' -1=§=0,
E;; = _"a_,. =
Y 0, g= -1

In Fig. 7 we plot ¢ along the ines b — b( = 0,7 = 0) ¢ — ¢(& =
0,7=20)andd — d(z = 3,7 < 0) for the case ¢ = —500 and G = 3.
We superimpose on this a plot of ¢(3, 7) as given by (21). The agreement
on d — d between ¢ calculated by the finite difference method and ¢
given by (21) is excellent. This will be the case even for larger mesh
sizes since the truncation error due to approximating the Laplacian by
a five point difference scheme is proportional to the fourth derivatives
of ¢, which should be small since ¢ is essentially parabolic along d — d.
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Fig. 7—Graphs of ¢ along the linesb — b (£ £ 0,7 =0),c —c (& =0, £ 0)
andd — d (£ = 3,7 < 0) for the case n = 0, ¢ = —500 and @ = 3. Superlmposed
on the d — d curve is a plot of ¢(3, 7) (circles) given by equatlon (21).

In Fig. 8 we plot | B | along b — b and | Fi; | along ¢ — cand d — d
for the same case, and we superimpose on this a plot of | &;(3, 7) |
as given by equation (22).

Because of the singularities of the electric field (and all higher deriva-
tives of the potential) near the edge £ = § = 0, one cannot expect to
obtain a uniformly valid numerical solution there. Nevertheless, com-
parison of the numerical and analytical solutions for the small potential
case (Fig. 4) shows that even at the nearest mesh points to the plate
edge, the error in the numerical computation of the potential is not
large. The error in calculating the electric field is naturally greater.
In order to decrease the truncation error (the difference between the
exact solution of the differential equation and the solution of the dif-
ference equations), one can decrease the mesh size uniformly over the
computational field. This can become quite expensive and is not neces-
sary. A more efficient scheme is to refine the mesh size only in a small
region around the plate edge and to find the numerical solution inside
this region using at the boundary the values obtained from the coarser
grid. We have done this for a region of size 1 X 1 around the plate edge
with a mesh size of A% = Aj = .0125 in the case ¢, = —500 and @ = 3.
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o 0.2 0.4 0.6 0.8 1.0 1.2
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Fig. 8—A plot of |E;] along b — bz =0, =0) and {E | along ¢ — ¢ =
7=<0)andd —d (& = 3,7 =0) for the case n = —500, and @ =
Superlmposed on the d — d curve is a plot (circles) of [E (3, y)[ given by equatlo
(22).

For this refined solution we plot ¢ along b — b and ¢ — ¢ in Fig. 9, and
in Fig. 10 we plot | &; | along b — b and | &; | along ¢ — ¢. The squares
are points obtained from the solution using the coarser mesh (A% =
Ay = .05), and we see that several grid points away from the plates,
the two solutions agree nicely.

In addition to equipotential curves, curves of constant field amplitude

can also be plotted. We define
o as\” |* =
sen = (&) + (@] =z 29
From equation (23) we see that max; J(£, 4) = ¥(z,0) = 2for £ = 2.
Near the plate edge, however, there are much higher fields. In Fig. 11
we draw the curves of constant ¥, again for the case ¢, = —500 and
d = 3. The plate edge region can be defined as the region where (%, )
= 2. In Fig. 12 we show in more detail the curves of constant ¢ in the
plate edge region. The data is taken from the calculation of the potential
using a refined mesh around the plate edge discussed above.
An important application of the numerieal solution is the computation
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Fig. 9—Plots of ¢ along b — b (£ 0,7 =0)andec — ¢ (% = 0,§ < 0) for the
case n = 0, ¢ = —500, and @ = 3. The solutions were obtained with a mesh size of
AT = Af = .0125 (continuous line) and A% = A§ = .05 (squares).

of the capacitance per unit length of the strip, C*, where

_ g
C* = et (24)

and @* is the total (dimensional) charge per unit length on the strip.
To calculate @* we note that it is just equal and opposite to the total
net charge per unit length in the semiconductor:

0 [
@ =—[ [ ey daray. (25)

We introduce the nondimensional (tilde) coordinates normalized to the
depletion layer thickness and write

0 ®© 0 ©
@ = —N3k [ [ savag=cesr [ [ sazag. (0
This last integral, which is almost independent of ¢% for large | ¢¥ |,

was computed numerically by evaluating the sum Y, > 5 AZ A7 and
we write the result in the form
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Fig. 10—Plots of |E;| along b — b(z < 0, 7 = 0) and |E;| along ¢ — ¢(z = 0,
g = 0) for the case n = 0, ¢9 = —500, and @ = 3. The solutions were obtained with
a mesh size of AZ = Aj = .0125 (continuous line) and AZ = A7 = .05 (squares).

0.5

I&’ig. 11—Curves of constant field amplitude for the case n = 0, ¢o = —500,
and @ = 3.
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Fig. 12—A detailed plot of the constant field curves near the edge of the plate
for the case n = 0, ¢p = —500 and G = 3.

[[ 5z ag = 2a + 2, . @7

The first term on the right of equation (27) is the value we would obtain
if the effects of the edges and the transition layer were ignored,
and D, is the correction for these effects. For @ > 1 and [ ¢, | > 1, D,
should be essentially independent of @ and ¢, , that is, of a* and ¢¥ .
For our basic computation, @ = 3, ¢, = —500 and AT = Aj = .05, we
obtained

D, = 0.354. (28)
This value of D, was very insensitive to increasing a to 4, and it changed
only slightly when | ¢, | was increased to 2500 (with AZ = A = .025).

When we insert equation (27) into (26), expressing & in dimensional
coordinates, we obtain

@ = degi(% + i) | (29)

where
R* = MR = (—2e6f/qN,)} (30)

is the dimensional depletion layer thickness. From equations (24), (29)
and (30) we get

* *
= % (1 + 2D, R—*) @31

a

C*
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It is clear that our caleulations also give an accurate approximation to
the potential around a conducting dise of radius r¥ , situated at the air-
semiconductor interface, and charged to a large negative potential, as
long as

7o > R, (32)
where
To = T¥/\p . (33)

In all previous expressions for the potential and fields we need only
interpret z* as the radial coordinate r*.

We can now also calculate the capacitance of a circular disc. In this
case we have

Q* = —gNALR? f_: f:: f: 5 A& djj d3, (34)
and
f:f:f:,sdzdgdz=ﬂ3+2ﬁol)u, (39)
where
Fo = 1,/R, (36)

and of course we still have D, = 0.354. If we substitute equations (35)
and (36) into (34) and differentiate with respect to ¢% , we get
emry’ R* .
ox = 4 (1 4 ap, B). @7
Finally, the potential in the air, § > 0 is related to the potential on
the interface (%, 0) by Green’s formula’

dep) =1 e -y + a0 @ (39)

where implicit use has been made of boundary condition (8a). Using the
values of ¢(&, 0) obtained from the finite difference solutions in § < 0,
the integral in (38) has been evaluated numerically to give the potential
ing > 0.

III. THE CASE 7 &% 0

When 5 = ¢/¢, is not zero, the problem of solving P1 is complicated
by the fact that the solutions for the potential in the air and in the
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semiconductor become coupled and cannot be found separately. Never-
theless, the effects of this coupling can be taken into account in the
semiconductor, without actually solving the problem in the air, by
using Green’s formula (38). We did this and found the solution in the
semiconductor by an iterative finite difference scheme. Using this solu-
tion on the boundary, the integral in (38) was evaluated numerically
to obtain the solution in the air. The details of this numerical scheme
are given in Section IV. We continue to concentrate on the case of large
potential (| ¢, | >> 1) and a wide conductiong strip (¢ > R), so the
normalized (tilde) variables introduced in equation (19) are retained.

Except in a wedge shaped region at the interface at each edge of the
strip (see Fig. 13), the solution in the semiconductor is very insensitive
to changes in 5 and is little different from the solution for 4 = 0. The
main new feature of the solution in the semiconductor is the appearance
of a “shoulder” in the depletion layer near the surface, and a smearing
out of the transition layer there. In fact, the larger n is, the less sharp
the transition layer in this region is. This effect increases the charge in
the wedges and thus also increases the capacitance of the plate. The
solution in the air is, however, more sensitive to changes in 7.

We illustrate these qualitative remarks by a number of graphs. The
case illustrated in all these graphs is ¢, = —500, & = 3, and the mesh
size used was A% = Ay = .05. In Fig. 14 we show the equipotential
(¢) curves and in Fig. 13 we show the curves of constant charge (5)
for n = .1. These two figures illustrate the previous remarks. In Fig. 15
we give graphs of ¢ along the lines b — b(£ < 0,5 = 0) and ¢ — ¢(& =
0,7 < 0) for 4 = 0, .05, and .1. In Fig. 16 we give a vector plot of the
field around the plate for 4 = .1.

Finally, we have numerically evaluated the integral (27) in order to
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Fig. 13—Constant charge density curves for the case = .1, o = —500, and
a=3.
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Fig. 14—Equipotential curves for the case n = .1, ¢o = —5C0, and @ = 3.
calculate the capacitance for » # 0. This was done for ¢, = —500,

d = 3,for g = 0, .05, and .1 with A€ = A§ = .05, and for 4 = 0, .05,
.1, .15 and .2 with AZ = Aj = .1. For this range of values of 5, it was
found that (27) and the expressions (31) and (37) for the capacitance
remain valid if D, = .354 is replaced by

D(y) = .354 + 43 9. (39)

We believe the number .43 in equation (39) is correct to about 10 percent.

If we had approximated the depletion layer by a rectangle with sides
2a* and R* completed at each end with a quarter circle of radius R¥,
we would have obtained D(y) = w/4. With this value of D(4), equation
(37) yields the approximation of Goodman® and of Sze and Gibbons.’
By a completely different technique Copeland' has independently
obtained the values D(.078) = .375 and D(.0625) = .365 which agree
rather well with our results.

IV. DETAILS OF THE NUMERICAL METHODS

In this section we discuss some of the details of the various finite
difference schemes used in solving numerically the boundary value
problems P1 and P2. In each of the three cases studied, » = 0 and
| 60| K 1, and 5 % 0, | ¢o | >> 1, the basic nonlinear partial differential
equation (6) or (20) is replaced by a system of finite difference equations,



870 THE BELL SYSTEM TECHNICAL JOURNAL, MAY-JUNE 1970

1.0

0.8

0.6~
~
¢

~-C-C
-
0.4 x
X
-
//
0.2 b-b
0 *
0 0.2 0.4 0.6 0.8 1.0

DISTANCE FROM PLATE

Fig. 15—Graphs of ¢ along the lines b —
7 = 0) for the case o = —500 and @ = 3 fo

P
S W
I A
)
<

]

o
N

&

=}

[oH

(¢}

I

o
~
ES

I
N

but the boundary conditions, or the method of solving the finite dif-
ference equations differ from case to case.

In each case the infinite plane is replaced by a finite rectangle, as
shown in Fig. 17, where advantage is taken of the symmetry of the
problem around x = a. The rectangle is subdivided into a square mesh
with mesh spacing &, so the rectangle has length Mh and depth Nh.
In the small potential case, we define

¢:ii = dl@ — (¢ — Dh, =G — Db, (402)
while in the large potential case
bi; = ¢@ — (@ — Db, —(G — D), (40b)

where (1 £ 2= M 4+ 1,1 £4j £ N 4 1). In either case, at each interior
mesh point, V¢, , is approximated by the five point formula’

Vidii = (Pivri + bicri + iier + biion — 4ei)/0. (41)

At the boundary points (z = 1,2 < j = N) we make use of the basic
symmetry to write

Vi‘bl,i = (2¢2.i + D1,i41 + ¢b1,io1 — 4¢1.i)/hzy (42)
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and similarly in the case = 0 we write
Vid’i.l = (¢i+1,1 + o + 2¢i,2 - 4¢i.1)/h2 (43)

for (M, + 1 < ¢ = M), where M;h = afor |¢,| K 1 and M.h = @
for | ¢ | > 1.

When n = 0, | ¢ | <K 1, equation (6) is replaced by the difference
equations

Vidi.s = exp (—| ¢ ) — 1 (44)

for i =£M,2=<j=N)and M, +1<7 = M,j=1).Since
¢ = 0 everywhere, the replacement of exp ¢ by exp —|¢ | changes
nothing analytically, but numerically it eliminates certain instabilities
in some iteration schemes. Equation (43) must be supplemented by
further equations obtained from the boundary conditions. The con-
dition ¢ = ¢, on the strip yields

bi1 = o, (1 1= M, +1). (45)
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Fig. 16—A vector plot of the field around the edge of the plate for the case n =
¢o = —500, and & = 3. Each line segment has the direction of the field and the
length of the segment is proportional to the magnitude of the field.
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Fig. 17—A schematic drawing of the square grid used in the numerical calculations.

On the remaining boundaries condition (11) is approximated by re-
quiring the vanishing of the normal derivatives, which decay faster
than the potential itself. This yields the finite difference equations

Parer,i = Pari s 1=j=N), (46)
bine1 = bin, (1 7= M) (4-7)

Equations (44), (45), (46) and (47) form a system of MN + M + N
equations for the values of ¢;,; at MN + M + N mesh points (¢rrs1, 41
does not appear in these equations).

This set of transcendental equations has o unique solution'' which
was determined numerically by a point successive over-relaxation itera-
tive method.'*'** Briefly described, the method is as follows: an initial
guess, ¢;"} , is made for ¢, ; . At each interior point subsequent iterations

¢:"} are determined by the equations
ST = e + ol + ¢lla + ¢
— B exp (—| o ) + A%}, (48)

¢l = wdlli" 4 (1 — w)el (49)
The over-relaxation parameter w is given by '

w=1+d/[1+ @1~ (50a)

o = i{cos (x/N) + cos (w/M)}. (50b)

This value of w is optimal for the Dirichlet problem for Laplace’s
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equation. Equation (48) must be modified in an obvious way at the
boundary points where (44) is satisfied, and the ¢; ; at the remaining
boundary points must be eliminated with the aid of equations (45)
through (47). The iterations are repeated until either

8 = {max | 77" ~ o7} [}/] ¢o | (51a)

or

02

It

{ZZ | 607" — &8 11/ (] b0 | (MN + M + N)}} (51b)

is suitably small. It is important to note that the nonlinear term,
exp (¢:.;), appears on the right hand side of equation (48). For this
reason the method is referred to as an explicit scheme. Typiecally in the
small potential case we chose M, = 40, M = 100, N = 92, h = .1, and
#:°) = 0, and after 50 iterations we obtained 8, < 107° and §, < 107*.

The iteration scheme just outlined is only conditionally stable, and
it can be shown that an approximate condition for its convergence when
applied to a system of equations of the form

Vidii = 1(¢:.) (52)
is

w(l + ";C> <2 (53a)
where

C = max f'(¢). (53b)

When | ¢, | << 1, condition (53a) does not impose a severe restriction,
since the region over which the solution varies significantly is small.
Then h, M and N can be chosen so that M and N are not too large
and at the same time 2 and « satisfy equation (52) for economically
acceptable w. When | ¢, | >> 1, however, the depletion layer is so large
that M and N must be chosen excessively large in order for (52) to
be satisfied.

In order to avoid this difficulty, we have employed an implicit scheme
instead of an explicit one. For convenience we first introduce rescaled
(tilde) coordinates in (19). For n = 0, the resulting finite difference
equations are just those given in equations (41) through (47) exeept that
(44) is replaced by

Vigi.: = 2{1 — exp (—|dupi; )} (54)
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The explicit iteration scheme defined by equations (48) and (49) is
replaced by the following implicit scheme. The quantity ¢{*;* is now
the root of the transcendental equation

e % exp {—|¢od'i" [}

= o, + o ot Tl — 217 (55)
The solution of this equation, which can be found by the Newton-
Raphson method, is then substituted into equation (49) to obtain
Y Equation (55) must be modified in an obvious way at the bound-
ary points where (43) is satisfied, and the ¢; ; at the remaining boundary
points are eliminated as before. When 0 < w < 2, the iteration scheme
just defined can be shown to be unconditionally stable,'® that is, it
converges for any mesh size h and any ¢!"; . However, in practice we
found » ~ 1.5 to provide the most rapid convergence. The rapidity of
convergence is not very sensitive to small changes in w around o = 1.5.
Typically in the large potential case for » = 0 we chose M; = 60,
M = 100, N = 40, and h = .05, and after ~80 iterations we obtained
8o < 107" and 8, < 1.6 X 107"

When 5 5 0, this iteration scheme must be modified to take into ac-
count the coupling of the potential in the semiconductor to the potential
in the air. If we attempt to solve directly for the potential in both the
air and in the semiconductor by the method of finite differences, we
encounter difficulties. The potential in the air decays very slowly at
infinity, so that if we use a reasonable number of mesh points, boundary
conditions such as (46) and (47) introduce fairly large errors into the
calculation. In order to circumvent this problem without using an
inordinately large number of mesh points we proceed as follows. We
replace boundary condition (Sb) by the equivalent condition that*

~[ 2 = f [ o# aa ag, (56)

where G is a small square shown in Tig. 17, of side & centered at the
boundary point (M, + 1 < 7 < M, j = 1). The integral on the left of
equation (56) is a line integral around the boundary of G, and 8/dn*
denotes the normal derivative. The finite difference approximation to
(56) yields the equation in tilde coordinates

b; 2 -+ n%:.0 + _(_1__:_*2'__72 (¢i+1.1 + ¢i—1.1) - 2(1 + "7)‘1’4‘.1
= h*f1 — €Xp (’—l bodin D}: (67
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where ¢, , is the potential at the mesh point in the air (y = k). Equation
(57) now replaces (43) at the air-semiconductor interface points, and
yields the iteration equations

(n+1)

—(n+ h2 —_ 0P, 1 n+ n
ey — ORI BBD ot 4 o)

._].‘___ (n) (n) 2 .
+2(1+71) {npino + @72 — B}, M, +1 <2< M). (58)

Once the (n + 1) iterates ¢{"/" have been determined for all points
within and on the boundary of the semiconductor, the p{"s? , (M, + 1 <
t = M), are calculated from the finite difference version of Green’s
formula (38) using the values ¢{*i* already known. We did not prove
that this modified iteration scheme converges, but it works well in
practice. In this case also, the empirically determined value w = 1.5
seems optimal.

Finally, we make several brief comments about the difference between
the true solutions of P1 or P2 and the numerical solutions, that is, the
truncation errors. It is well known'® that when the true solution is
smooth enough (specifically when the fourth derivatives are bounded)
the truncation error is O(A%). However, in our problem, near the plate’s
edge x = y = 0, even the first derivative is not bounded, and the above
estimate fails. Wasow' considered a problem similar to ours with smooth
boundaries and piecewise analytic boundary values and found that the
truncation error vanished when h — 0.

It can be shown'® that near the corner x = y = 0, the singularity in
the field for arbitrary 7 is

Vo = 0@ ) (59)

for both the small and large potential cases (in the appropriate coordi-
nates) where 7 is the distance from the corner. Bramble, and others,'
investigated the truncation (or discretization) error of such problems,
and if we combine equation (59) with their Theorem 3.1, we find that
near the corner the trunecation error is

I¢i.1‘ - ¢exact(xy ?/) I = O(h%)’ (60)

and it vanishes as h — 0.

The truncation error is not uniform, and because of the slow con-
vergence near the corner, it is worthwhile to refine the mesh size in a
small region around it (as was described in Section II). This was done
for the small potential case for » = 0 and ¢, = —.01, for a refined
mesh size of b = .0125 and in Fig. 18 we compare the analytic solution
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Fig. 18—A comparison of the analytical solution of the linearized problem (con-
tinuous line) with the numerical solution of the nonlinear problem P2 (crosses) for
the case y = 0, ¢o = .01 and for a mesh size near the plate edge of Az = Ay = .0125.

(continuous line) with the numerical one (crosses) along the lines b — b
and ¢ — c.

All the ealeulations deseribed in this paper were performed on a GE
635 digital computer. The graphical output was obtained with the aid
of a routine for calculating level curves written by G. S. Deem, L. K.
Russell, and N. J. Zabusky."
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Television Transmission of Holograms

Using a Narrow-Band Video Signal

By J. E. BERRANG
(Manuseript received December 18, 1969)

It has been experimentally verified that holograms can be transmitted
via televistion using the synthesized carrier-frequency method. A vidicon
camera system was used lo transmit three on-axis holograms to the receiver
where the video signal was used to amplitude modulate a 15 MHz carrier.
This modulated carrier was applied to the control grid of a cathode-ray
tube, and the synthesized carrier-frequency hologram was then photo-
graphed from the tube screen. Several of the experimental problem areas,
such as mechanical stabilily, camera lube storage effects, and display-
recording process optimization, are considered in detail.

I. INTRODUCTION

Enloe, Murphy, and Rubinstein transmitted off-axis or carrier-fre-
quency holograms by means of television." Although they were suc-
cessful, they were severely restricted by the limited resolution of the
television camera tube. This fundamental difficulty has its roots in the
fact that a carrier-frequency hologram has spatial frequencies at least
four times higher than the highest spatial frequency contained in the
subject. (This fact is elaborated on in Ref. 2.)

Burckhardt and Doherty® were later able to produce carrier-frequency
holograms using an on-axis reference beam. Figure 1 shows the arrange-
ment they used. A Mach-Zehnder interferometer was used to align the
subject and reference beams, and a means was provided for shifting the
phase of the reference beam. A transmission grating was placed in front
of the photographic plate used to record the hologram. A series of four
exposures was made on a single photographic plate. Between exposures,
the transmission grating was translated laterally by one-fourth of its
spatial period, and the reference beam was shifted in phase by 90°;
the resulting synthesis at the photographic plate was a carrier-frequency
hologram.

879
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Fig. 1—Experimental arrangement used by Burckhardt and Doherty to synthesize
carrier-frequeney holograms from multiple on-axis holograms.

Burckhardt and Enloe® suggested that this method is applicable to
the transmission of holograms over a television system and showed that
its use would lower the resolution requirements on the television camera
by a factor of four. They also indicated that the minimum number of
on-axis holograms required to synthesize a carrier-frequency hologram
is three, with corresponding phase shifts of 120° being used. This paper
reports on the implementation of their proposal. Figure 2 shows the
basic technique.

A hologram of a subject transparency is formed with an on-axis
reference beam at the photosensitive surface of a vidicon camera tube
and is transmitted as a baseband signal to a receiver where it is multi-
plied with an electrical grating signal and applied to the control grid of a
cathode-ray tube. The resulting display is captured photographically.
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Fig. 2—Hologram transmission via television, with reduced resolution require-

ments on the camera tube.
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Three exposures are recorded on a single transparency with the reference
beam and electrical grating signal each shifted in phase by 120° between
exposures. The result is a synthesized carrier-frequency hologram which,
when illuminated with coherent light, reconstructs an image of the
subject.

II. DESCRIPTION OF THE EXPERIMENT

2.1 General

Figure 3 is a diagram of the system that was used for producing
and recording synthesized carrier-frequency holograms with a television
system. The light source used was a Speetra-Physics, model 124, 15
milliwatt, helium-neon laser operating at 6328 Angstroms; an attenuator
was used to reduce the light intensity to a level suitable for application
to the vidicon camera tube. An on-axis hologram of a two-dimensional
transparency was formed directly on the photosensitive surface of the
vidicon camera tube, no camera lens being used. A rotatable glass plate
was used in the reference beam path to provide phase shift.

The television camera system used was a RAM (Canoga Electronics)
V1000 closed-circuit television system, and the cathode-ray display
tube was a Westinghouse WX-30176P-4 with dynamic focusing. The
dynamic-focusing system provided a eomponent of focus voltage which
was a function of the distance from the scanning spot to the center of
the display sereen. This system was designed by M. E. Lukacs.*

The output of a 30 MHz crystal oscillator was divided by two in a
single binary count-down stage to give the 15 MHz signal which was
used to provide the electrical equivalent of the optical transmission
grating used by Burckhardt and Doherty. This electrical grating signal
was then shifted in phase by passing it through appropriate lengths of
coaxial cable to provide three phases with 120° separation between them.
The desired phase shift was selected by means of a manual switch. This
grating signal was then amplitude modulated with the holographic
video information from the television camera, amplified in a tuned
amplifier, and applied to the control grid of the cathode-ray tube.

The 15 MHz grating frequency was divided by 1024 in a ten-stage
binary count-down ecircuit giving the system horizontal line rate and
at the same time insuring that the grating remained fixed with respect
to the horizontal dimension of the cathode-ray tube display.

The vertical scanning rate was 60 Hz, synchronized to the ac power
line; consequently, any 60 or 120 Hz modulation of the horizontal
scanning due to power-frequency hum was fixed on the cathode-ray tube
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screen. This stabilization of hum patterns was essential because of the
extreme fineness of the spatial grating produced during each exposure.

The system horizontal and vertical scanning rates were not related.
This scanning format allowed for removal of the seanning-line structure
by means of photographic time exposures. The photographic recording
system consisted of a tripod-mounted camera.

2.2 Technique

As part of the experimental procedure, care was taken to prevent
reflections of laser light from causing unwanted interference patterns
at the vidicon photosensitive surface. The front surface of the vidicon
face plate was given an antireflecting coating as were both sides of the
glass plate used for phase-shifting the reference beam, and light-absorb-
ing screens were provided where they were deemed necessary.

Any differential change in the dimensions of the two legs of the inter-
ferometer during the formation of a hologram would cause the phase of
the reference beam to shift with respect to that of the object beam. In
this experiment, where three phases of reference beam were used, it was
necessary to maintain the relative path lengths constant to about 1/30
of a wavelength of light. The interferometer, as well as the laser and
television camera, were mounted on a heavy iron table which was
floated on partially inflated innertubes to isolate it from building vibra-
tions. The table was completely covered with a plexiglass shield to
keep out air currents, and remote controls were provided for all adjust-
ments which had to be made to the apparatus on the table during the
production of a hologram.

If the vidicon camera tube were illuminated with one of the three
phase patterns for an extended time, that pattern would remain stored
on the vidicon photosensitive surface interfering with the proper addition
and cancellation of the three phases of reference beam during the making
of a hologram. To obviate this difficulty, the vidicon was mechanically
shuttered between exposures and when not in use.

The image aspect ratio at the camera had to be faithfully reproduced
at the cathode-ray tube screen. That is to say, the horizontal and vertical
size relationship of an image at the cathode-ray tube was required to
be the same as it was at the camera tube. Otherwise, an additional
cylindrical lens would have to be used during reconstruction to overcome
the resulting astigmatism.

A switeh was provided to permit operation of the cathode-ray tube
in either of two blanking modes: (¢) retrace blanking, and (¢7) continuous
blanking. To prevent displacement of the recording camera during the
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multiple-exposure process, the camera shutter was left open for the full
time (about two minutes), and the interexposure shuttering was done by
blanking the cathode-ray tube. Exposure times were relatively long,
and this shuttering could be performed manually.

An experimentally developed two-step photographic recording process
was used. Three exposures of 25 seconds each at f/8 were made on a
single Polaroid 55 PN film. The light output from the cathode-ray tube
during this part of the recording process was about 0.15 foot-lamberts.
To make the best use of the available resolution, the image size was
adjusted to fill the Polaroid film. When reconstructions were made
directly from the Polaroid transparencies, certain degradations (ap-
parently due to phase distortion) were observed. Therefore, a second
photographic step was introduced in which the synthesized hologram
was transferred to a IXodak 649T glass plate. Because of the high resolu-
tion of the 649F emulsion and to save processing time, several (two to
four) holograms were usually placed on a single plate at a proportionately
reduced size. The Polaroid transparencies were placed between two glass
plates and illuminated from behind with a uniform incandescent light
source. The luminance of the transparencies when thus illuminated was
adjusted to be about 650 foot-lamberts. The 649F plate was then ex-
posed at f/22 for 3 minutes and 20 seconds.

Care was taken during each photographic step to insure that exposure
was restricted to the linear portion of the film’s characteristic curve.
It was experimentally determined that following the exposure data
given above and the manufacturers’ recommendations for processing
gave good results. If elipping or compression of part of the visual in-
formation were experienced due to operation in the nonlinear regions of
the transfer characteristics of either of the films involved or of the
cathode-ray tube, the operating conditions outlined by Burckhardt and
Enloe® were not achieved and poor reconstructions resulted.

2.3 Reconstruction

The holograms were reconstructed using the system shown in Fig. 4.
A hologram was illuminated with a collimated beam of laser light and
the resulting output Fourier transformed with a lens, L. A spatial-
frequency filter was used to discard one image and the direct beam,
leaving the other image to be viewed or photographed. Because the
reconstructed image was small, an additional lens was used to magnify
it. Figure 5 shows examples of reconstructed images.
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Fig. 4—Reconstruction of synthesized carrier-frequency hologram.

2.4 Remarks

The modulator and amplifier circuits (Fig. 3) contain broadly-tuned
stages designed to have a bandwidth of 1 MHz. The finest horizontal
detail that can be recognized in the reconstructions (Fig. 5) is that
represented by the girl’s teeth, or 45 cycles per picture width. The
received holograms occupied 80 percent of the scanned width at the
cathode-ray tube, and the sean-to-retrace ratio was two. The horizontal
line rate was 15 X 10°/1024 lines per second. The highest spatial fre-
quency that is apparent in the reconstructions is, therefore, equivalent
to an electrical frequency of

cycles picture width seanned width
picture width 0.8 spanned width ) line

15 X 10° lines
1024 second

45

= 1.2 MHz.

Wide-band circuits could of course be used, but because of the low
signal-to-noise ratio of the narrow-band reconstructions, no experiments
were made with wider bandwidth signals. A

Several problem areas (that is, display tube resolution, relative motion
between camera and display tube, and film resolution) associated with
the display and recording of the hologram could be eased by reducing
the frequency of the electrical grating signal. The frequency of this
signal could easily be reduced by a factor of two, even if a wider band
video signal were used. bt

The two-step photographic process described above could be reduced
to a one-step process by using a glass plate having a higher speed than
the 649F plate. The Kodak Super Panchro-Press plate is four orders of
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Fig. 5—Original and reconstructions of “‘girl in checkered shirt,”” and recon-
struction of “BELL LABS.”
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magnitude faster than the 649F and has sufficient resolution but is
somewhat more granular. It would be a good plate to try.

III. SUMMARY

It has been experimentally verified that holograms can be transmitted
via television using the synthesized carrier-frequency method discussed
by Burckhardt and Enloe.” A vidicon camera system was used to
transmit three on-axis holograms to the receiver where the video signal
was used to amplifude modulate a 15 MHz carrier. This modulated
carrier was applied to the control grid of a cathode-ray tube, and the
synthesized carrier-frequency hologram was then photographed from
the tube screen. Reconstructions were obtained which contain resolution
compatible with the video bandwidth used but which have low signal-
to-noise ratios. Several of the experimental problem areas, such as
mechanical stability, camera tube storage effects, and display-recording
process optimization, were considered in detail, and suggestions were
made for lessening some of these difficulties.
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Burst Distance and Multiple-Burst
Correction™

By J. D. BRIDWELL and J. K. WOLF
(Manusecript received December 22, 1969)

This paper is concerned with burst error, burst erasure and combined
burst-error and burst-erasure correction. Part I introduces the concept of
burst distance and subsequently develops burst-correcting properties of a
code relative to its burst distance. Part II discusses product codes for
multiple-burst correction (MBC). The MBC properties of a product of
two codes are derived from the properties of the original codes. The cor-
rection of spot errors is generalized to multiple-spot correction. Theorems
are presented which strengthen the single-burst correcting (SBC) properties
of some codes. A class of codes which corrects single, triple and quadruple
bursts and & single errors is developed, and a decoding procedure is given.
Finally, a code from the new class of MBC codes is compared with three
other MBC codes.

I. INTRODUCTION

It is a property of many burst-noise channels that bursts oceur not
singly, but in bursts of bursts or in random multiple bursts.’ For this
reason, single burst-correcting (SBC) codes do not give good error-con-
trol performance on such channels. It is therefore desirable to have codes
which correct multiple bursts within a given block. Some multiple-
burst correcting (MBC) codes have been known for some time. How-
ever, until recently the complexity of the decoding process has not been
comparable to that of correcting single bursts. Naturally, we do not
expect the decoding process to be as simple for MBC codes as for SBC
codes. We would expect the ideal complexity of a double-BC code to
be in the same ratio as a SBC code that a double-error-correcting com-
plexity is to a single-error-correcting complexity.

* This work was partially supported by the U. S. Air Force Office of Scientific
Research under Contract AF 49 (638)-1600. This material was taken from a disserta-

tion submitted to the Faculty of the Polytechnic Institute of Brooklyn in partial
fulfillment of the requirements for the Ph.D. degree in Electrical Engineering.
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The Reed-Solomon® codes are useful for multiple-burst correction
as well as for single-burst correction. Consider a t-error-correcting
Reed-Solomon code over GI'(2™) transmitted in binary. No burst of
(t/l] — 1)m + 1* can corrupt more than ¢/l successive symbols of a
code word. Therefore, all patterns of [ bursts each of length ([t/I] —
1)m+ 1,1 =1, .-+, t are correctible. The disadvantage of these codes
is that the decoding process is more difficult than we would like. Opera-
tions must be performed over GF(2™), which introduces equipment
complexity that such operations over GF(2) do not require. Mac-
Williams® has had some success in converting Reed-Solomon codes
over GF(2%) into binary codes. In general, however, the operations
that must be performed to decode a t-error-correcting Reed-Solomon
code are nonbinary operations.

Interleaved codes are suitable for MBC as well as SBC.*"® A t-error-
correcting code interleaved b times corrects all patterns of [¢/I] bursts
each of length b for each integer I = 1, - - - | t. Binary interleaved codes
have implementation advantages over nonbinary Reed-Solomon codes.
However, interleaved codes reduce the single problem of correcting ¢
bursts of b to b separate problems of correcting ¢ errors. Correcting ¢
errors becomes a less and less trivial problem as ¢ becomes large.

Other multiple-burst-correcting codes have been proposed by Wolf,’
Stone,” and by Kasahara and Kasahara.®

Bahl and Chien’ show that the 3-dimensional product codes with
simple even parity check subcodes are double-burst-correcting. They
also demonstrate a simple decoding procedure. Bahl and Chien general-
ized their results, showing that m 4 1-dimensional product codes with
simple even parity check subcodes correct m bursts within a block. A
3-dimensional Bahl and Chien code of block length n,n.n; is generated by

g(x) - (xnﬂu + 1)(xn‘na + 1)(xnana + 1)
@™+ D™+ DE™ + 1)
where 7, , n, and n; are pairwise relatively prime.

This paper generalizes the use of product codes for multiple-burst
correction and presents a class of MBC product codes.

II. BURST DISTANCE

2.1 Introduction

In this part, we introduce a distance measure for bursts and relate
the burst error, burst erasure and combined burst-error and burst-

* [x] represents the largest integer within z.



MULTIPLE-BURST CORRECTION 891

erasure-correcting properties of a code to its burst distance, we also
give a simple example of the synthesis of a code with given burst dis-
tance.

2.2 A Distance Measure for Bursts

A burst of length b is a set of b consecutive symbols the first of which
is nonzero, A pattern of m bursts of length b is measured in an analogous
manner. Let the first burst of b be b consecutive symbols beginning with
a nonzero symbol. Let the first nonzero symbol following that burst
begin the second burst of b, and so forth. This measure can be taken
cyclically only when closed-loop burst patterns are allowed. If closed-
loop patterns are allowed, the first burst of b is allowed to begin at any
nonzero symbol among the first b symbols. The true burst measure will
be defined then as the minimum measure thus obtained. For example,
consider the pattern:

1234567891011 12
0101001001 0 1°

Beginning at the second position, a total of 3 bursts of 5 are measured.
Beginning at position 4, however, only 2 bursts of 5 are measured. Since
there are only 2 nonzero symbols among the first 5 symbols, these two
cases are sufficient to define the measure as 2 bursts of 5. The minimum
number of bursts of b in a nonzero code word is denoted d, , the mini-
mum burst-b distance.

2.3 Correction Capabilities of a Code With Burst Distance d,

We next relate the correction capability of a code to its minimum
burst-b distance. Theorem 1.0 is a generalization of the relation of
the number ¢ of errors correctible by a code to d, , its minimum Hamming

distance':
_ =1
z_[ - ]

Theorem 1: A linear code with minimum burst-b distance d, corrects
all patterns of [(dy — 1)/2] bursts of b.

Proof: The sum of two patterns each of [(d, — 1)/2] or fewer bursts
of b cannot be a code word, since all code words have at least d, bursts
of b. Therefore, all patterns of [(d, — 1)/2] or fewer bursts of b are
correctible.

Theorem 2 is a generalization of the erasure correction capability
e of a code with minimum Hamming distance d, : ¢ = d; — 1.°
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Theorem 2: A code with mintmum burst-b distance d, corrects all patterns
of dy — 1 erasure bursts of b.

Proof: Suppose a code word C, is transmitted and that d, — 1 or:
fewer erasure bursts of b occur. Then filling in the erased symbols with
all possible combinations from the signaling alphabet guarantees that
at least one code word, C,, will result. Suppose that another code
word, say C,, also results. Then C, and C, differ by only d, — 1 or
fewer bursts of b, meaning that another code word, C, 4 C, has burst
distance d, — 1 or less, contrary to hypothesis. Then all patterns of
d, — 1 or fewer erasure bursts of b are correctible.

Theorem 3 combines single-burst-erasure-correcting (SBXC) with
SBC. Its principal importance is its application to a cyclic code with »
check digits, which is » — SBXC.?

Theorem 8: A linear code that is r — SBXC corrects any erasure burst
of length e > 0 directly preceded by a burst of by and directly followed by
a burst of by, provided that b, and b, are arbilrary but fized integers such
that by + by + ¢ < 7.

Proof: Erasing the b; symbols preceding the erasure burst and the b,
symbols following the erasure burst produces an erasure burst of
or less, which is correctible.

The final theorem 4, states the combined MBC and MBXC ability
of a code with minimum burst-b distance d, .

Theorem 4: A linear code with minimum burst-b distance d, corrects
all patterns of my bursts of b and m, erasure bursts of length e; ¥ 0, each
directly preceded by a burst of by; and followed by a burst of by; (2 =
1; «o, my) if 2my + my < d, and if by; and by; are arbitrary but fixed
integers such that by; + e; 4+ bs; < b.

Proof: The first step is to make each error-erasure burst a pure erasure
burst by erasing the b,; symbols preceding and the b,; symbols following
the ith erasure burst e¢;, 7 = 1, --- , my. The result is m; pure error
bursts and m, pure erasure bursts, each of length b or less. Assume that
the code word C; was transmitted. Fill in all erasures with all possible
combinations of symbols. At least one filled-in result C{ is m; bursts
of b from a code word, thus C{ can be corrected to C; . Assume there
are two code words C, and C; each m, or fewer bursts of b from C{.
Then C, and C, differ from each other by m, 4+ m, or fewer bursts
of b. Then some code word C, -+ C, has burst distance 2m, + m.",
which is impossible. Next suppose that some other filled-in sequence C,
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is within m, bursts of b of a code word C; . Then C, and C, differ by
my + m, + m, or fewer bursts of b, which is impossible. Therefore there
is one and only one code word that will result from the decoding pro-
cedure defined.

2.4 An Ezample of a Code with Minimum Burst-b Distance d,

The correction capabilities of a code with minimum burst-b distance
dy have been presented. No mention has been made of how to construct
a code with minimum burst-b distance d,, however. An example of
such a construction is interleaving b times a code with minimum Ham-
ming distance d; = d,. The interleaved code has minimum burst-b
distance d, , while maintaining the minimum distance, also d, , of the
original code. This example illustrates that the minimum burst-b
distance of a code need be no greater than the minimum Hamming
distance. Product codes are investigated in Section IIT for MBC
properties, further illustrating the usefulness of the theory developed
in this section.

III. PRODUCT CODES

3.1 Introduction

In this part, we show the burst distance of a product code to be a
function of the parameters of the subcodes. Such parameters are the
burst distance, Hamming distanee, number of check symbols and block
length. Elspas’ spot-error correction is generalized to multiple-spot
correction.” We introduce a class of product codes which corrects single,
triple and quadruple bursts and five single errors, and present a simple
decoding algorithm which allows decoding by subcodes. Finally, the
performance of codes from this class is compared with other known
MBC codes.

3.2 Product Codes

A two-dimensional product code®’ is a two-dimensional array as
indicated in Figure 1. Each row is a code word from a systematic
block code with block length 7, , number of information symbols k, ,
number of check symbols n;, — k; = r;, and minimum Hamming
distance d,,; . This subecode* is an (n,, k) code. The column subcode,
also a systematic block code, is an (n, , k,) code with minimum Hamming
distance d; ;.

* The use of the terminology ‘‘subcode’ for the row code or column code is at

variance with another use of this term. In this paper, a subcode will always refer to
either the row code or the column code of a product code.
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e ——Kyj—— — =+~ ——— >=C-Ty ~ >

Fig. 1—A two-dimensional product code.

This two dimensional definition of a product code can readily be
extended to a multidimensional product code. For example, a three-
dimensional product code is formed by making each row in Figure 1
a code word from a two-dimensional product code. The column code
is just a one-dimensional code. The generalization to more than three
dimensions is easily made.

All product codes considered here are two-dimensional unless other-
wise noted. Moreover, all subcodes are assumed to be linear, hence all
product codes considered are linear. An (n, k) code that is the product
of an (n, , k,) row code and an (n, , k,) column code has block length
n = MmN, , number of information symbols £ = k;k, and minimum
Hamming distance d, = d,,.d;,. .'° For notation, the product code
(n, k) is given by (n, k) = (n,, k1) X (n, k). The transmission rate
R = k/n of the product codes is the product of the rates of the subcodes :

It is therefore clear that a product code with high rate requires subcodes
with even higher rates. A moderate-rate product code with reasonably
powerful subcodes might be readily achieved, while a high-rate product
code with very powerful subcodes might be difficult. This is an important
observation, since the properties of the product code depend on the
properties of the subcodes. We investigate this at length later in Section
3.3.

The technique of iteration of codes was introduced by Elias.’® Elias
proposed a coding system for use on the binary symmetric channel
that produces an arbitrarily small error probability at a nonzero trans-
mission rate. It is the only known block coding scheme for the binary
symmetric channel without feedback with this property. Moreover,
Elias’ decoding strategy is straightforward and simple. The decoding
scheme does not, however, correct all patterns of [(d, — 1)/2] errors.
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It succeeds by correcting many patterns of more than [(d, — 1)/2]
errors.

A general problem of decoding product codes by subcodes is that
errors guaranteed® correctible by the minimum distance of the product
code are not necessarily correctible by the technique of subcode de-
coding. Reddy'® gave an algorithm that guarantees correction of
[(d, — 1)/2] errors by subcode decoding if at least one of the subcodes
is majority decodable.’® No less stringent general condition has yet
been found.

Burton and Weldon'* showed that under certain conditions, product
codes of cyclic subcodes are themselves cyclic. Burton and Weldon
termed such a product code a cyeclic product code. Abramson investi-
gated cyclic product codes, introducing an interesting interleaving
argument,'® which is summarized below.

Let the nyn, digits in the array of Figure 2 be represented by a poly-

COLUMN INDEX ¢

28 8 23 3 18 33 13
14 29 9 24 4 19 34

0 l 1 2 3 4 5 6
0 0 15 30 10 25 5 20
ROW 1 21 1 16 31 11 26 6
INDEX 2 7 22 2 17 32 12 27
3
4

Fig. 2—An example of the mapping.
r = mod (ns); ¢ = 7 mod (n1).

nomial f(z) of degree n,m, — 1 or less, that is,

nina~—1

f@) = 2 fa'.

i=0

If n; and n, are relatively prime, if the row and column sub-codes are
cyelic, and if for

071 nn, —1
we define
and T=° mod nz}, (1)
¢c=17 mod n,

* Slepian' introduced the product code terminology. He showed that the generator
matrix for the iteration of two codes is combinatorially equivalent to the tensor
product of the individual generator matrices.
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and map the digit in row r and column ¢ of the array into f; of f(z),
then the product code is eyclic. An example of this mapping for which
n; = 7 and n, = 5 is shown in Fig. 2. The integer 17 corresponding
to column index 3 and row index 2 is the 18th transmitted symbol or
the term f,,2".

The generator polynomial of the produet code is given by

gl(xn’)gz(x"')
ged. {g:(@)g.(2™)}

where ¢,(x) generates the row subcode and g,(x) generates the column
subcode. Abramson points out that the mapping corresponds to inter-
leaving a code word from g¢,(x) on every n.th digit of f(z) and inter-
leaving a code word from g,(z) on every n,th digit of f(z). The inter-
leaving argument has merit in providing simple proof of Burton’s
and Weldon’s result and in providing a simple form for g(z) of the
cyclic product code. Another interesting consequence of the inter-
leaving argument is that it suggests burst correction. Burst-correcting
codes are trivially constructed by interleaving random-error-correcting
codes. So why not form burst-correcting codes by using a rather pe-
culiar interleaving?

Elspas investigated the burst-correcting properties of product codes.”
He showed that many error patterns could be corrected by detecting
errors through column decoding, then erasing the columns with de-
tected errors and using the row subcode to fill in the erased symbols.
An interesting application is spot correction. A spot error is a two-
dimensional pattern of errors within a product code array. Such errors
might occur in a communication system in which the digital channel is
considered to be a storage medium—a magnetic tape, for example.

g(x) =

3.3 Multiple-Burst Correction with Product Codes

We assume a two-dimensional (n, k) product code with minimum
burst-b distance d, . The row subcode is an (n, , k) code with minimum
burst-b distance d,,;. The (n,, k;) column subcode has minimum
burst-b distance d,,,. For example, d;,; is the Hamming distance of
the row subcode, while d; is simply the Hamming distance of the
product code.

Several theorems will be proven regarding the minimum burst distance
of product codes. Two different orders of transmitting the n;n, digits
will be considered. If the transmission is row-by-row, it will be called
row transmission. If the transmission is in accord with the mapping
(1), it will be called cyeclic transmission. In some cases, one method of
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transmission will allow stronger application of the theorem than the
other. Any differences resulting from the transmission method will be
discussed following the theorem. '

Theorem 4 relates the minimum burst-b distance of a product code
to the minimum burst-b distance of one of its subcodes and the minimum
Hamming distance of the other subcode. We assume the row code to
have minimum burst-b distance d,.; and the column code to have
minimum Hamming distance d, .

Theorem 4: dy = dy.1dy,s .

Proof: We must show that every nonzero word in the product code
has at least d,,,d.., bursts of b. Every nonzero row has at least d,.,
bursts of b. Let ¢;,2 =1, -+ , dy,1, +-- denote the column in which
each burst begins. Then for any c¢; and c¢;.1, €is1 — ¢; > b, where
closed-loop measure is allowed. Each column ¢; must have at least d; ,
nonzero entries. Clearly, a burst of b cannot intersect any given column
more than once, hence each column c¢; is intersected by at least d,..
bursts. Therefore, every nonzero word in the product code has at
least d,,.d;,» bursts of b.

There are two conditions under which equality in theorem 4 holds
and one condition under which equality does not necessarily hold. For
row transmission, it is always possible for a nonzero word of the produect
code to have exactly d,,.d;,» bursts of b. To see this, choose exactly
d,,» rows each containing exactly d, , bursts of b such that each nonzero
column is a word in the column subcode. Next, assume cyelic transmis-
sion. If d,,, = d;,1, then it is possible to have exactly d,,; nonzero
columns each with d,,, nonzero elements, hence d, = d,,1d;,2 . The most
interesting case is cyclic transmission and d;,, > d,,;. Under these
conditions, there is no guarantee, in the general case, that a code word
with exactly d..d:,, bursts of b exists. It is therefore possible that for
certain product codes, d, > d,,d;,.. To generalize this speculation
consider d,.; . There is no general guarantee that d,,, < d,, even if
dp+1,1 < dp,1 . It is conceivable then that a cyelic product code may exist
such that d,.; = d;,d;,» for some positive integer 7.

Another interesting observation results from considering a column
subcode with minimum burst-b’ distance d,.,, and a row subcode with
minimum Hamming distance d,,; . For row transmission, this is not
interesting, since the burst structure of the rows, not the columns, is
essential. For eyclic transmission, however, the same argument can be
applied to this case as was applied in the theorem. Thus

db' g dl.ldb’.z-
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This does not guarantee that the product code simultaneously corrects
[d; — 1/2] bursts of b’ and [d, — 1/2] bursts of b. However, that it may be
possible for such patterns to be simultaneously correctible indicates the
potential usefulness of such product codes.

Theorem 5 relates the minimum burst-r; distance d,, of a product
code to 7, , the number of check symbols of its burst-r,—detecting row
subcode and to the minimum Hamming distance d,,, of its column
subcode.

Theorem 6: d,, = 2d;,5.

Proof: We must show that every non-zero word in the product code
has at least 2d; . bursts of r, . Since the row subcode is burst-r, detect-
ing, d,,,1 = 2. Then by theorem 4, lettingb = r, ,d,, = d,, 1012 = 2d; 2.

Exactly the same conclusions can be reached regarding theorem 5 as
those following theorem 4. That is, for a eyelic product code it is con-
ceivable that d,,,; = d,, 1d,,» for some positive integer 2. It is also true
that for a cyclic product code with minimum Hamming distance d;
row subcode and burst-r, detecting column subecode, d,, = 2d, ;.
Again, there is no guarantee that [d,, — 1/2] bursts of 7, and [d,, — 1/2]
bursts of 7, are simultaneously correctible. The importance of theorem
5 results from the ability of a eyclic code with r; check symbols to detect
all bursts of r; .

Elspas used the burst-r,—detecting properties of subcodes to correct
a spot error.” A spot of r; symbols wide by r, symbols high occurring in
a row-transmitted produect code is correctible if the row subcode is
cyclic with r; check symbols and the column subcode is eyclic with 7,
check symbols. Theorem 6 generalizes this result to the correction of
multiple spots. Only row transmission is considered.

Theorem 6: A product code with linear subcodes having burst distances
dy, .1 and dy, s corrects all patierns of (dy,.1 — 1)(dy.,2 — 1) spols each of
dimension by X b, or less #f the spots fall in an array such that no more

than
{db"‘ - 1} sets of {b‘}
db,,2 - ]. b2

or fewer columns have errors. (See Fig. 3, for example.)

Proof: Detect all column errors and erase the detected errors. All
errors are detected since by assumption, no more than d,, , — 1 bursts
of b, or less occur in any column. The rows can now be corrected by
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Fig. 3—Example of a multiple spot correctible by a single-burst—b;—correcting
row code and a single-burst—bs—correcting column -code. The shaded areas are
spot errors.

filling in erasures. All erasure patterns are correctible, since there are no
more than d,,,; — 1 bursts of b; or less in any row. Theorem 6 reduces to
Elspas’ result by taking b; = r; and b, = 7,, since d,, = d,, = 2.

Theorem 7 states the SBC capability b, of a product code with row
subcode having block length n; and single-burst-erasure-correcting
(SBXC) capability r, and column subcode which corrects bursts of
b, .. and detects bursts of b;,, 4+ 1.

Theorem 7: by = nby» + 11

Proof: Correcting the burst of b, , and detecting bursts of by, + 1
using the column code leaves no more than r; consecutive columns with
detected errors. Erasing the r, or fewer columns allows correction by
SBXC rows.

Theorem 7 applies to row-transmitted product codes as long as the
subcodes have the stated properties. For eyelic transmission, however,
the additional requirement that n, = 1 mod (n,) must be made in order
that no more than b, ,, or by, + 1 adjacent rows have errors.

Theorem 8 gives the SBC capability b, of a product code with a
minimum Hamming distance d,,, column subcode and a b,,, — SBC,
r; — SBXC row subcode.

Theorem 8:
b, = ’n1<d_1'2‘2__1> + bl,l, d1.2 0dd§
b, = n1<d—12—2;2> 4+, d, . even.

Proof: Part 1 (Burton and Weldon'*): d; ., odd. In this case, the column
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codeis (d,,, — 1/2)—error-correcting. If the burst has length no greater
than n,(d, . — 1/2) + b, , then at most b, ; consecutive columns will
contain errors after column-correction. Since the row subcode is b, ; —
SBC, errors are correctible.

Part 2: d,,; even. The same argument applies as for part 1, except
that d,,,/2 errors are detectable. Therefore, if the burst is no longer
than n,(d, . — 2/2) 4+ r,, then no more than r, consecutive columns
have detected errors. Treating the r, or fewer detected errors in each
row as an erasure burst provides correction.

Theorem 8 applies for either row or ¢yclic transmission.

3.4 A Class of MBC Product Codes

Theorems 4 through 8 indicate the potential suitability of product
codes for multiple-burst correction. We present a class of codes in this
section which illustrates the use of theorems 4, 5 and 8, showing that
many error patterns are simultaneously correctible.

We consider a cyclic produet code, so cyelie transmission is assumed.
The row subcode is b,,; — SBC and has the constraint: n, = 3r, — 2.
The column code has d,,» = 4, and n, < n, . Of course, n; and n, must be
relatively prime. As a final restriction, r, = r,. We let b,, denote the
length of burst such that all patterns of m bursts of b,, are correctible.

Applying theorem 8 gives b; = ni(di,. — 2)/2 + 1 =n + 1. A
second application of theorem 8, reversing the roles of the subcodes
gives by = ns(dy,y — 1)/2 + b, ... Since the row code is SBC, its mini-
mum distance d;,, is at least 3 and b, is at least 1, giving b; = n, + 1.
Taking the maximum of these two lower bounds yields b, = n, + r, .
Applying theorem 5, we have

d,, 2 2d;,, =8, hence by =r,.

A second application of theorem 5 givesus d,, = 2d;,; = 6, from which
b, = 2. Since r, = r,, the latter bound is ignored and we take b; = r; .
Finally, theorem 4 is used to get d, = d,.; d; - = 12, thusbs = b,,,. To
simplify the decoding procedure, we let by = b;,; and bs = 1, which is
using the code in a somewhat suboptimum manner.

It has not yet been shown that all the error patterns defined above are
simultaneously correctible. One way to show that two error patterns
are simultaneously correctible is to show that the sum of the two error
patterns cannot be a code word. Another way, the one which we use
here, is to demonstrate a decoding algorithm which corrects any allow-
able error pattern.

The decoding procedure is to single-error-correct (SEC), double-
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error-detect (DED) columns. The pattern of columns with errors is
then examined to determine what type of row decoding to employ. In
many cases, a more powerful type of row decoding than is necessary
will be used, but in no case is an allowable error pattern miscorrected.
The flowchart for decoding is in Figure 4. Let I denote the span of
columns with errors, either detected or corrected, measured cyeclically.
Let p denote the span of columns with detected but not corrected errors,
also measured cyclically. Let the number of columns with detected or
corrected errors be k. Summarizing the allowable error patterns:

by = ny + 11 by = bi1;
b;; =T, b5 = 1.

Since di,, = 4, the column decoding corrects all but r, or fewer con-
secutive digits in any single burst, and detects the rest. All errors in
triple bursts are detected, however, a triple error in a column may be
miscorrected as a single error or interpreted as a double error. A quad-
ruple burst may cause undetected, miscorrected, or misinterpreted
errors, as may a pattern of five single errors.

The flowechart will be explained briefly, then the various error patterns
will be tested. Three distinet types of row-decoding will be used:

single-burst-correcting (SBC),
single-burst-erasure-correcting (SBXC),
double-burst-erasure-correcting (DBXC).

If I £ by,1, then SBCis used. If b,,, < I £ r,, then all [ columns are
erased and SBXC is applied to rows. If r, < [ and r, < p, then the
doubles (detected errors) are erased, and the rows DBX-corrected.
If p = 0and k& = 3, SBC is used. The next test is to determine whether
the columns of errors form a burst of [, , b,,, < I} £ 2b,,, — 1, followed
byl — (8by,; — 1) or more zeros followed by a burst of I, < b, ; without
detected errors. If so, the first r, digits are erased and SBXC is used on
rows. Next, a burst of [; £ b,,; followed by I — (3b,,, — 1) zeros followed
by a burst of I, by,; < I, £ 2b;,; — 1 is tested for. Erasing the last
7, eolumns allows SBXC.

Ifl, = b;,and I, £ by,,, then [, and I, are erased whence DBXC is
used. As a final test, if I < 2r,, the 2r; — [ center columns are erased
as are all double errors and SBXC is used. If I = 2r,, all doubles are
erased and SBXC is used.

The decoding procedure will now be tested for the various error pat-
terns.
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Fig. 4—A decoding procedure.

END
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3.4.1 Five Single Errors

The seven types of error patterns are indicated in Fig. 5.

For case (¢), 1 = 1, so SBC is successful. For case (¢7), if the four errors
are undetected, then I = 1, so SBC is used. If the four errors are de-
tected or miscorrected, then there result two bursts of =b,,,. This
is also true in case (77%), so that erasing both columns allows DBXC rows.
In case (), K = 3;so0if p = 0, SBC is employed successfully. If p = 1,
the triple error is treated as an erasure. In case (v), K = 3, but p = 2,
so SBC is not used. How this pattern is corrected depends on the separa-
tion of the columns with the double errors. If p > r;, the 2 columns are
erased, then DBX-corrected. If p < r,, then SBXC is used. This is
possible over any of the five remaining paths. For case (v7), the double
will be erased and SBXC used if I > 7, . This too can occur over one of
the last five paths. Since erasing doubles is a part of each of those paths,
and since no more than a burst of r, is induced in each row, decoding is
successful. Case (vi) is decoded successfully by columns. The row de-
coding will depend on the relative placement of the five singles, but in
no case will decoding fail.

3.4.2 Quadruple bursts of by ,
The five patterns of quadruple burst are shown in Tig. 6.

(#) Forl = b,,; SBC is suceessful.

(#7) Forb,,, <l = r,, we use SBXC.
(i77) For p > r,, simply erasing the doubles allows DBXC. For p < 7,
there are several possibilities. If either [; or I, is £b,,, and has no doubles,
and the other exceeds b, ;, then the last or first r, digits of the burst

X ’ X
() x () x (i) x
X X X

X X X

(w) x ) x x

X X X

r) x (v7) X X X X X

Fig. 5—The seven patterns of five errors.
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Fig. 6—The five patterns of quadruple bursts.

are erased and SBXC is used. If both [/, and [, are b, ; or less, then both
are erased and DBXC is used.

(%) In this case, care must be taken since the overlap of the three
bursts may cause miscorrected errors. Since I, < b;,; and has no doubles,
if [, is such that b,,, < I, < 2b,,, then the first r, digits of [ are erased.
If the roles of I; and I, are reversed, the last r, digits of [ are erased. In
either case, any miscorrected columns are erased, then SBXC is used.
If both [, and I, are b, , or less, then both are erased and DBXC is used.
If l; > 2b;,, — 1, then no miscorrection oceurs, and one of the last two
paths is followed, hence SBXC rows.

(v) All are corrected by column decoding, and again, no more columns
are erased than the row subcode can decode.

3.4.3 Triple Burst of r,
See Fig. 7 for the five types of triple bursts.
(%) This is handled by SBC or SBXC, depending on .

(#5) Care must be taken to erase any possible miscorrected columns.
If the pattern falls into the category of a quadruple burst, case (),
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then the first r, or last r; digits are erased and SBXC is used. If
not, and if r, < I < 2r;, the center 2r, — I digits and all double
errors are erased. It is easy to see that erasing 2r, — I center digits
erases any miscorrected columns, and that the total span of erased
columns does not exceed r, . Then SBXC can be used.

(#77) It is for this case that the block length restriction n, = 3r, — 2
is necessary, for without that constraint, there could result three
bursts of double errors. The doubles here are erased, then SBXC
is used.

(i) This is decoded as a previous case as is case (v).

3.4.4 Single Burst of ny + 1,

A single burst will leave no more than r, consecutive columns with
double errors after column decoding. The decoding used varies in ac-
cord with the pattern of column errors, but it is easy to see that all
single bursts are corrected by the row decoding.

3.5 Examples and Comparison with Other Codes

Table I lists some sample codes from this class. Their performance is
discussed below.
It is difficult to compare the MBC product codes of Section 3.4 as an

N N\

L——ﬂ,——> - — —— L — ——> L————— L ————

—pP —

® G (Uib)
e — — — — — — A __\_\*
(i) )

Fig. 7—The five patterns of triple bursts.



TasLe I—MBC Propucr CobpEs

m ko b ne ks dia b b bs bs  ROW CODE COL. CODE
5 7
35 92 4 31 25 4 1085 625 45 10 4 1 %ﬁlm BCH*
39 2 5 7 3 4 23 8 5 12 5 1 [plz BCH
13617
51 3 7 7 3 4 357 105 67 16 7 1 [7p. 13 BCH
304251
30 20 4 7 3 4 210 60 40 10 4 1 [17] BCH
4 3 4 7 3 4 315 105 55 10 4 1 [7]p.25 BCH
31 2 4 1395 85 55 10 4 1 [7]p. 25 BCH
31 21 4 7 3 4 217 63 41 10 4 1 [7]p. 28 BCH
31 21 4 15 10 4 465 210 41 10 4 1 [17]p.28 BCH
31 20 5 15 10 4 465 200 42 11 4 1 [17]p.32 BCH
21 15 4 651 300 42 11 4 1 [7p. 32 3] p. 11
123
31 25 2 21 15 4 651 375 37 6 2 1 BCH 151 p. 11
193
98 19 3 15 10 4 420 19 37 9 3 1 [17]p.23 BCH

* Bose-Chaudhuri-Hocquenghem.

t Generator polynomial in standard octal notation.
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entire class with other MBC codes. Therefore, we select two fairly
representative codes from Table I and compare them with roughly
similar codes from three other classes. Table IT provides the comparison.
Under the heading “code’”, the 2.0 means code from Table I, “B and
C” = Bahl and Chien, “I” means interleaved, and “R-8" stands for
Reed-Solomon.

TaBLE II—A ComparisoN oF Four Types or MBC CobpEis

CODE (n, k) k/n b1 bz b3 b4 b5 bG
2.0 (651, 375) .58 37 6 2 1
B&C (660, 420) .64 44 8
I (630, 390) .62 40 20 10
R-S (511, 403) .79 46 19 10 1
R-S (511, 421) .82 37 10 1
2.0 (465, 210) 45 41 10 4 1
B&C (455, 288) .61 35 9
1 (441, 273) .62 28 14 7
R-S (511, 421) .82 37 10 1

The two Bahl and Chein codes were selected from Table 1 of Ref. 9.
The (630, 390) interleaved code is a (63, 39) BCH** 4-error-correcting
code interleaved ten times. The (441, 273) code is the same (63, 39) code
interleaved seven times. The Reed-Solomon codes are over GF (2°).
The (511, 403) code is 6-error-correcting, while the (511, 421) code is
5-error-correcting.

In the first grouping of codes, the product code is about the same as
the R-S (511, 421) code in error-correcting ability, however, has a lower.
rate. It has slightly lower rate than the B and C code, but performs
somewhat better. The interleaved code and the R-S (511, 403) code
perform somewhat better than the other codes in the first grouping.
The product code and the B and C code (also a product code) are the
easiest to decode in the table. While the interleaved and R-S codes are
somewhat superior in performance to the product codes, they have
decoding disadvantages. The decoding operations in the R-S code must
be made over GF (2°), and furthermore, a 6-error-correcting decoder is
not trivial. The interleaved code must decode ten words of length 63
each containing up to four errors, also not trivial.

In the second grouping, the product code is at least as good in per-
formance as any of the others except for its lower rate.

* Bose-Chaudhuri-Hocquenghem.
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IV. CONCLUSIONS

The class of codes presented in Section 3.5 indicates the potential
usefulness of product codes for multiple-burst correction. The parameters
of the codes were chosen to make the decoding easy. For example, r, was
assumed to be less than 7, , thus avoiding the problem of correcting a
double burst. The double burst case necessitates an iterative use of the
decoding algorithm. It can easily be shown (although none of the theo-
rems indicates this) that b, = 7n,/2 if the minimum distances d, , and
d,,; are at least four (see Fig. 8). The double burst shown can be cor-
rected by SEC, DED columns, then rows, then columns again, and so
forth, until no errors exist. Such an iterative procedure is too slow to be
very useful except perhaps as a proof of double-burst-correcting ability.

D

AN

Fig. 8—Double burst of ns/2.

7,‘_
|
Nz

|
I
'

Other parameter selections were made to make the decoding scheme
work. One such parameter is b; = 1. Another is that the SBC ability
b..2 was not specified; the column code was assumed to be SEC, DED.
Still one more point is that the burst parameters b, , b; and b; were just
lower bounds. It is likely that certain eyelic product codes from this
class have greater burst-correcting abilities than these lower bounds.
Moreover, it is possible that a simpler decoding procedure exists. Con-
sidering all these factors, the usefulness of product codes for multiple-
burst correction seems clear.

As a final point, the problem of correction of up to four bursts or
five single errors has been reduced to single-burst correction or to single
or double-burst-erasure correction. This does not say that double-burst-
erasure correction is always easy. Bahl, Chien and Tang derived a
DBXC procedure which is simple for some codes and not so simple for
others.” Gilbert codes are codes for which DBXC procedure is simple.
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Erratum

“Radiation Losses of Tapered Dielectric Slab Waveguides,” B.S.T.J.,
Vol. 49, No. 2, February 1970, pp. 273-290, by Dietrich Marcuse
Equation (44) of my paper should read

exp [—i [ 66 - ds]~

The factor exp [—2(8, — B)2] appearing in equations (45), (53) and (54)
should be replaced by this correct phase factor. All other equations
remain valid.

The error has the effect of letting the radiation loss of & linear taper
shown in Fig. 8 appear too high. The point at L = 0 remains the same
but the loss at L/d;, = 40 is reduced from 0.036 to 0.014. All other
curves remain correct.

I am grateful to Mr. A. L. Jones of the IBM Corporation for pointing
this error out to me. (D.M.)
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