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Fig. I9-Single-row rack installed in an equipment line-up. 

field trial locations by Western Electric personnel with the new per­
manent cell interconnections used in some of these sites. 

As these tests proceed, we expect to learn more about the advantages 
and flexibility of the cells and mounting arrangements. These results 
might considerably temper the approach outlined here, but we expect 

Fig. 20-Two-row stand in an equipment lineup with doors added to improve 
appearance. 
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that the integrated systems approach used in the development of the 
cells and their introduction into the plant will yield immediate and 
long-term benefit to the Bell System by providing more reliable service 
at substantially reduced cost. 

REFERENCE 
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Traffic in Connecting Networl(s Whell 
Existing Calls Are Rearranged 

By V. E. BENES 
(Manuscript received February 9, 1970) 

Recent mathematicall
, 2 and engineering studies3

,4 of the possibility 
of rearranging existing calls in a connecting network (so as to add more 
calls) have raised the problem of loss (probability of blocking) for networks 
operated in this manner. We consider and solve this problem in the context 
of a Markov traffic model, for a connecting network operated according 
to the rule that if a new call is blocked, but can be accommodated by re­
arranging the calls in progress, then it is put up, after some choice of 
rearrangement. 

1. INTRODUCTION 

Each state of the network realizes a given assignment of inlets to 
outlets, a specification of who is to talk to whom. There is a natural 
map "I that takes the set S of states into the set A of assignments. 
The equilibrium probabilities of the process X t on S we use as a traffic 
model are complicated and unknown functions of the offered load. 
But it turns out that, because of the policy of rearranging whenever 
necessary, "I(x t ) is also a Markov process, and one whose state prob­
abilities are easy to calculate. 

We give explicit analytical formulas for the equilibrium probability 
of a given assignment of inlets to outlets, for the probability of n calls 
in progress. For networks that are one-sided (inlets = outlets) or two­
sided (inlets n outlets = l{)), all the important constants of traffic 
engineering can be obtained from a partition function, a polynomial 
in the offered load with coefficients depending only on network structure; 
these constants are the loss, the load carried, the calling rate, and the 
load variance. These analytical formulas arise from an unexpected 
connection with the "thermodynamic" model for telephone traffic, 
described in an earlier paper. As an application, we solve the problem 
of calculating the loss in a connecting network, made of stages of 

1471 



1472 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1970 

rectangular switches, which is rearrangeable except for the fact that 
the outermost stages are concentrators. 

II. STATES AND ASSIGNMENTS 

A mathematical model like that of Ref. 5 will be used. The elements 
of this model separate naturally into combinatorial and probabilistic 
ones. The former arise from the structure of the connecting network 
and from the ways in which calls can be put up in it; the latter represent 
assumptions about the random traffic the network is to carry. We 
discuss the combinatorial and structural aspects in this section; ter­
minology and notation for these aspects are introduced. The prob­
abilistic aspects are considered in a later section. 

A connecting network v is a quadruple v = (G, I, n, S), where G 
is a graph depicting network structure, I is the set of nodes of G which 
are inlets, n is the set of nodes of G that are outlets, and S is the set 
of permitted states.1 Variables x, y, and z at the end of the alphabet 
denote states, while u and v (respectively) denote a typical inlet and a 
typical outlet. A state x can be thought of as a set of disjoint chains 
on G, each chain joining I to n. Not every such set of chains represents 
a state: sets with wastefully circuitous chains may be excluded from S. 
It is possible that I = n, that Inn = cp = null set, or that some 
intermediate condition obtains, depending on the "community of 
interest" aspects of the network v. 

The set S of states is partially-ordered by inclusion ~, where x ~ y 
means that state x can be obtained from state y by removing zero or 
more calls. If x and y satisfy the same assignment of inlets to outlets­
that is, are such that all and only those inlets utI are connected in x 
to outlets v t n which are connected to the same v in y (though possibly 
by different routes), then we say that x and yare equivalent, written 
x rv y. 

We denote by Ax the set of states that are immediately above x in 
the partial ordering ~, and by Ex the set of those that are immediately 
below. Thus 

Ax = {states accessible from x by adding a call} 

Bx = {states accessible from x by a hangup}. 

Also, we let Acx be the set of states that could result from x by putting 
up call c. A call c is new in x if the terminals of c are idle in x. A call c 
new in x is blocked in x if there is no y t Ax with c in progress in y; it is 



TRAFFIC AND REARRANGING 1473 

completely blocked in x if there is no way of rearranging the calls of x 
to an equivalent state z, Z r-..J x, such that c is not blocked in z. 

The number of calls in progress in state x is denoted by 1 x I. The 
number of calls which are not completely blocked in x is denoted by 
<T(x) , for "successes in x." The functions 1·1 and <T(') defined on S 
play important roles in the stochastic process to be used for studying 
traffic. In addition, we use the notations 

{3x = number of idle inlet-outlet pairs completely blocked in state x, 

ax = number of idle inlet-outlet pairs in state x, 

and we note that a = (3 + <T. 
It can be seen, further, that the set S of states is not merely partially 

ordered by ~, but also forms a semi-lattice, or a partially ordered 
system with intersections, with x n y defined to be the state consisting 
of those calls and their respective routes which are common to both 
x and y. 

An assignment specifies what inlets should be connected to what 
outlets. The set A of assignments can be represented as the set of all 
fixed-point-free correspondences from subsets of I to n. The set A 
is partially ordered by inclusion, and there is a natural map ')'( . ): S --7 A 
which takes each state XES into the assignment it realizes; the map 
,),(.) is a semilattice homomorphism of S into A, since 

x ~ y implies ')'(x) ~ ,),(y) , 

')'(x n y) ~ ')'(x) n ')'(y). 

Variables a and b are used for members of A. For a E A, I a 1 is the 
number of inlets (or outlets) which are "busy" if assignment a is speci­
fied. 

A unit assignment is, naturally, one that assigns exactly one inlet 
to some one outlet, and it corresponds to having just one call in progress. 
It is convenient to identify new calls c and unit assignments, and to 
write ')'(x) U c for the larger assignment consisting of ')'(x) and the 
call c together, with the understanding of course that none of the 
terminals of c is busy in ')'(x). 
Remark 1 : Not every assignment need be realizable by some state 
of S. Indeed, it is common for practical networks to realize only a 
small fraction of the possible assignments. Since we are studying a 
network operated with rearranging when necessary, blocking will occur 
in a state x only when a call c idle in x is completely blocked in the 
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sense that no state realizes ')'(x) U c; that is, when ')'(x) U c ¢ ')'(S). 
The set ,),(S) of realizable assignments is also partially ordered by 

inclusion. We use the notations, for a t ,),(S), 

Aa = {realizable assignments immediately above a} 

Ba = {realizable assignments just below a}. 

I X I is the number of members of a set X. 
Remark 2: For x t S, u(x) = 1 A'Y<x) I. 

The set of calls which can be put up In state Y IS the same 
for all y t ,),-l[,),(X)]. 

III. ASSUMPTIONS 

A Markov stochastic process X t taking values on S is used as a 
mathematical description of an operating connecting network subject 
to random traffic. A Markov process similar to that of Ref. 1 will be 
used. This model can be paraphrased in the informal terminology of 
"rates" by two simple assumptions: 

(i) The hang-up rate per call in progress is unity. 
(ii) The calling-rate between an inlet and a distinct outlet, both 

idle at time u, is A > O. 

The transition probabilities of x, will be described after a discussion of 
system operation and routing. 

It will be assumed that attempted calls to busy terminals are re­
jected, and have no effect on the state of the network. Successful 
attempts to place a call are completed instantly with some choice of 
route, or are rejected, in accordance with some routing policy. 

It remains to say what happens to blocked or unsuccessful attempts 
to make a call. We assume that a policy of total rearranging is followed, 
according to which if a call can be put up at all, by a rearrangement of 
the existing calls if necessary, then it is completed. We say a call c 
is completely blocked in X if there is no state whatever satisfying the 
assignment ')'(x) U c, that is, if there is no way of rearranging the calls 
in progress in x so as to create a free path for c. Completely blocked 
calls are refused, with no change of state. 

The map')' is fundamental in our study of the effect of rearranging 
on blocking. This is because if c is a new call blocked in x which is 
accommodated by rearranging, then the resulting state of the system 
is one of the states in,), -1 hex) U c}. 

It is convenient to modify the matrix R, used in Refs. 1 and 5, to 
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cover rearranging as well as routing. This will be done by adding some 
more non-zero entries to represent ways of putting up calls by network 
rearrangement, for example, calls that are blocked but not completely 
blocked. A general description will be given which actually covers the 
use of rearrangement for unblocked calls. 

Consider the set 'Y- 1 {A'Y(z)}' consisting of all states obtainable from 
x by (possibly) rearranging the calls in x and then adding another 
call. The equivalence relation r-..J of "having the same calls up" (or 
satisfying the same assignment of inlets to outlets) induces a partition 
IIz of 'Y-

1 {A'Y(z)}. It can be seen that ITz consists of exactly the sets 
'Y -1 h(x) U c} for calls c not completely blocked in x. For Y £ ITz , rZI/ for 
y £ Y is a probability distribution over Y, and r Xll = 0 in all other cases. 

The interpretation of the matrix R is to be this: any Y £ ITz represents 
all the ways in which a call c (free and not completely blocked in x) 
could be added when the network state is x, both with and without 
rearranging; for y £ Y, rZI/ is the chance that if call c is attempted in 
state x, it will be completed (by choice of a route for c and possibly 
by choice of a rearrangement for x) so as to take the system to state y. 

It is to be noted that routing and rearranging are carried out with 
complete knowledge about the current state of the network. 

IV. PRINCIPAL RESULTS 

The probabilistic and operational assumptions we have made give 
rise to a Markov stochastic process X t taking values on S. This process 
is determined by its transition rate matrix Q = (qzl/), given by 

1 y £Bz 

qZY = 
Xrzl/ Y £ 'Y-

1(A'Y(z» 

-Ixl - X<T(x) y = X 

0 otherwise. 

Theorem 1: 'Y(x t ) is a Markov process with transition rate mal1'ix 
r = ('Yab) given by 

1 b £ Ba 

X 
'Yab = 

b (: A" 

-\al - X IAal b = a 

0 otherwise. 
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Proof: Since X t is itself a l\1arkov process, it is enough to prove that 
if 0 < tl < ... < tn then 

distr h(x t .), .,. ,,,(xtJ I xo} 

depends only on " (xo) . We have 

P h(xt J = ai, i = 1, ... ,n I xo} 

L P {x t i = Xi, 1, = 1, . .. ,n I xo} ; 
xitoy-'{a;] 

with PXlI(t) = P{xt = Y I Xo = x}, this is 
n 

L II PXi-,Xi(ti - ti-I) 
Xntoy-'(an) i~1 

L L 
x, toy -, (ad Xn-ltOY-' (an-') 
n-I 

. II PXi_,X;(ti - ti-I) L PXn-,x,,(tn - tn-I)' 
i=1 Xntoy-'(an) 

If we can show that for x, a t 8 X A, the function 'Pxa (.) defined by 

'Pxa(t) = L PxvCt) 
lItoy-'(a) 

depends only on " (x) , the rightmost sum above will factor out because 
it would depend only on an-I' By iteration it would follow that with 
Zi an arbitrary element of ,,-I(ai) 

n 

II L PZiy(ti - ti - 1), 
i=ll1 toy-'(ai) 

whence the theorem. 
The matrix function pet) = [PXlI(t)] satisfies the backward Kolmogorov 

equation 

d 
dt PxvCt) = z~ PZlI(t) + A Hoy-,ft"l (,,» rXZPZy(t) - [Jxl + cr(x) ]PXy(t). 

By integration, this is equivalent to the integral equation 

PXlI (t) = e-Ilxl+ACT(X)]toXY 

+ 1t e-Ilxl+ACT(X)]U [ L PZlI(t - u) + A L rxzPzlIU - U)] duo 
o ztB" ztoy-' (A'Y (x» 

Let a t ,,(8), and sum over Y t ,,-I(a) to find, with qx = I x I + Acr(X) , 

lPza(t) = e- ast ooy (x)a 

+ it e-a"u [ L lPza(t - u) + A L rzzlPzaU - U)] duo 
o ztB" ZEoy-l(A'YC",» 
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These equations can be solved by successive approximations as 

c,oxa(t) = lim 1/;;:)(t) 

with 1/;;~)(t) = e- l1x
(t) o'Y(x)a and 

1/;~:+1)(t) = 1/;~~>Ct) 

n-+oo 

1477 

+ 1t e- l1xu 
[ L l/;;:>Ct - u) + A L rxz 1/;!:)(t - u)] du. 

o ztB x Zt'Y-' (A'Y (x» 

We have qx = \ x \ + A<T(X) = \ 'Y(x) \ + A \ A'Y(x) \, by Remark 1, 
so 1/;;~) depends only on 'Y(x). As a hypothesis of induction, suppose 
that 1/;;:) depends only on 'Y(z). Then, since z t Bx implies 'Y(z) t B'Y(x) 
and I Bx I = \ B'Y(x) \ = \ x I, with 1/;i:)(t) the value of 1/;;:)(t) on 'Y- 1 (b) , 

L 1/;;:)(t - u) = L 1/;i:)(t - u) 
ztB x btB'Y (d 

depends only on 'Y(x). 
Similarly, since LZt'Y-'(b) Txz = 1 if b t A'Y(x) , 

L rxz 1/;;:)(t - u) L L rxz 1/;;:)(t - u) 
zt'Y-'(A'Y (x» btA'Y (x) zt'Y-'(b) 

L ( L rxz) 1/;i:)(t - u) 
btA'Y (x) zt'Y-'(b) 

L 1/;i:1 (t - u), 
btA'Y (x) 

thus 1/;;:+1) depends only on 'Y(x), It follows that c,oxa depends only on 
'Y(x). Let c,oba(t) = the value of c,oxa(t) on 'Y- 1 (b)=P{')'(x t )=a \ 'Y(xo)=b}. 
By differentiation we obtain 

ddt c,oba(t) = L c,oda(t) + A L c,oda(t) - [\bl + A IAbl]c,oba(t) , 
dtBb dtAb 

whence it follows that the Markov process 'Y(x t ) has the transition rate 
matrix r as stated in the theorem. 
Theorem 2: The equilibrium distribution P of 'Y(x t ) is given by 

Pa = PoA 1al
, Po = ( L A1bl)-1 = 1/<I>(A). 

bt'Y(S) 

I t satisfies the equation 

(\a\ + IAa\)Pa = L Pb + A L Pb, at (S). 
btA. a btBa 

Among all distributions q over 'Y(S) satisfying the condition 

L qalal L Pa\al, at'Y(S) a£'Y(S) 

(1) 

(2) 



1478 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1970 

p maximizes the entropy functional 

H = - L qa log qa' (3) 
at'Y(8) 

Proof: Equation (2) is the equilibrium condition for the matrix r of 
Theorem 1. The solution (1) can be verified by substitution, and the 
external property (3) of equation (1) is well known. 
Remark 3: It can be seen that ')I(x t ) is the same stochastic process as 
would be obtained by applying the so-called "thermodynamic" mode16 

proposed by the author to the state space X = ')I(S). This fact is the 
heuristic reason behind Theorem 2. As a result, all the special features 
of the "thermodynamic" model are present here, with cI>(.) playing the 
role of the partition function. 
Remark 4: ')I(x t ) is a reversible process. Its rate matrix is symme­
trizable-that is, a symmetric operator in the space with inner product 
Laf'Y (8) SataPa • From this fact follow useful inequalities for the co­
variance of ')I(x t ), as noted in an earlier work.6 These inequalities have 
application to sampling error in traffic measurements. 
Corollary: The carried load E I 'Y(x t ) I (=E I Xtl) is given by 

d 
Elxt I = A dA log <I> (A) , 

and the variance of the load is 

( 
2 d

2 

d ) 2 (d ) 2 
A dA + A dA log <I> - A dA log <I> 

Theorem 3: If ax = alxl , then the pTobability of blocking is given by 

Proof: This proof comes directly from Theorem 2 and Ref. 1, since 
only completely blocked calls are rejected. Note that in Ref. 1, {3 counts 
the blocked calls, whereas here it counts only the completely blocked. 
Remark 5: If the network is two-sided with N terminals on a side, 
then ax = (N - I x I) 2 and the loss is 

d 
dA cI> 

1 - ~--------------------~~ 

[ N' - (2N - l)X ~ + X' ::,] ~ 
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(
1'-21 I) If it is one-sided, with T terminals, then a:z: = 2 X ,and the loss 

IS 

d 
2 d}.. <I> 

1 -

[ T2 - T - (4'T - 6)}.. !L + 4}..2 LJ <I> 
d}.. d}..2 

V. APPLICATION: CONCENTRA'l'ING OUTER SWITCHES 

Let us consider a connecting network of the familiar type used in 
recent studies1

•
4 and depicted in Fig. 1. For our purposes the r X r 

networks in the middle stage might themselves be multi-stage net­
works; we shall require only that they be rearrangeable, so that if 
n ~ m the whole network itself is rearrangeable. However, we are 
interested in the case n > m of "concentrating outer switches" . We 
pose and answer the question what is the probability of blocking if 
n > m and if we follow a policy of complete rearrangement, that is, if 
the existing calls are assigned new routes whenever this is necessary 
to accommodate a new, not completely blocked, call. The blocking 
is of course due entirely to the concentrators. By Theorem 3 and the 
remark following it, it suffices to calculate the partition function. 

I t is evident that to calculate the partition function <p(}..) it is enough 
to know I Lk I, the cardinality of the set Lk of realizable assignments in 
which k inlets are busy, for k ~ O. Since the network can be obtained 
from a rearrangeable one by substituting concentrators for square 

I'xI' 

nxm mxn 

n : • n 

n : : n 

Fig. l-A connecting network. 
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TABLE I-VALUES OF tf;(r, k) FOR n = 3 AND m = 2 
k 

r 0 1 2 3 4 5 6 7 8 9 
------------------------

I 1 3 3 0 0 0 0 0 0 0 
2 1 6 15 18 9 0 0 0 0 0 
3 1 9 36 81 108 81 27 0 0 0 
4 1 12 66 216 459 648 594 324 81 0 

outer switches, the realizable assignments will be precisely those in­
volving m or fewer busy terminals on each outer switch. With m and n 
fixed, let tf;(r, k) be the number of ways of choosing k inlet terminals 
from among the nr available, so that no more than m are from anyone 
inlet switch. Let i1 , ••• , i k be such a choice of inlets, and let 0 1 , ••• , Ok 

be a similar choice of outlets, also feasible in tf;(r, k) ways. These chosen 
inlets can be mapped into the chosen outlets in k! ways; each of these 
assignments will be realizable, and no others involving exactly k termi­
nals will be. Hence in this case, 

I Lk I = tf;2(r, k)le! 

To obtain a recurrence relation for tf;(r, Ie), let us calculate tf;(r+l, Ie) 
in terms of tf;(r, j), 0 ~ j ~ Ie. In this case we have one more outer 
switch available, and it can be seen that there are exactly m + 1 ways 
of using it: With no calls on it, with one call, with two, and so on up to 
m calls on it. In the first instance there are k on the other r switches, 
choosable in tf;(r, Ie) ways; in the second there are k - 1 on the other 
r switches choosable in tf;(r, Ie - 1) ways, and so on, up to m. If the 
(r + l)th switch is to have j calls, these can be chosen in G) ways, but j 
must not exceed m. Thus 

tf;(r + 1, Ie) = t (n.) tf;(r, k - j), 
i=O J 

o ~ Ie ~ (r + 1) m. 

It can be seen that tf;(I, k) = (~) for 0 ~ k ~ m. Introducing the generat­
ing function 

mr 

'¥r(x) 2: xktf;(r, Ie), 
k=O 

we find at once that 

We recall that if A (x) = ~anxn, an real, then 
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To calculate <I> (A) , finally, we note that 

<I>(A) = L: AlaI 
atA 

L: Akyi(r, k)k! 
k-O 

where i = (-I)! and 

Q(x) = t (n.) Xi 
i=O J 

1481 

is the generating function of the binomial coefficients G') truncated 
at m. This formula expresses <1>(.) in terms of known polynomials and 
constitutes a complete solution of the problem posed, since all interest­
ing quantities can be obtained from the partition function <1>(.). 

For small values of m and n, the recurrence for l/;(r, k) is easily run 
out to give numerical answers. In Tables I and II we give some values 
of l/;(r, k) and I Lk I for n = 3, m = 2, and r = 1, ... , 4. 

TABLE II-VALUES OF Lk FOR n = 3 AND m = 2 
k 

r 0 1 2 3 4 5 

1 1 9 18 0 0 0 
2 1 36 450 1944 1944 0 
3 1 81 2592 10566 
4 1 144 8712 
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The Flat Plate Problem for a 
Semiconductor 

By J. A. LEWIS 

(Manuscript received March 20, 1970) 

A closed-form solution for the potential in a current-free semiconductor 
surrounding a semi-infinite fiat plate, carrying a small potential, is 
derived. We show that, just as in the case of the classical potential problem, 
there is a weak (square-root) singularity in the electric field at the edge oj 
the plate. The solution also supplies an estimate of the effect of edge cur­
vature, on edge field for a thick plate, found from equipotential contours. 
For a plate along the positive x-axis the normalized potential u is given by 

= 11 erfc (~ + rJ) + -11[1 _ erfc (~ - rJ)] 
u e 2 e 2' 

where erfc is the complementary error function; ~, rJ parabolic coordinates, 
such that (~ + irJ)2 = X + iy; and x and yare in units of Debye length. 

I. INTRODUCTION 

In this paper we calculate the electrostatic potential in a current­
free semiconductor surrounding a semi-infinite fiat plate carrying a 
small potential. Our objective is to determine the nature of the sin­
gularity in the' field at the plate edge. Such information should be 
useful in the application of finite difference methods to similar, but 
more complicated, problems. We find that the field near the edge has 
the same weakly singular behavior as in the classical potential problem, 
being inversely proportional to the square root of the distance from 
the edge. 

It turns out, more or less fortuitously, that the present boundary 
value problem has a closed form solution, in terms of exponentials 
and error functions, so that it has some intrinsic mathematical interest. 
The solution was originally obtained by a very tortuous path. The 
problem was first attacked by the Wiener-Hopf technique. Then it 
was recognized that the inverse of the Fourier transform of the x-

1483 
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derivative of the solution had a very simple form. After several changes 
of integration variable, integration of this derivative led to the closed 
form solution. 

Here we bypass this involved procedure and derive the solution 
directly, first factoring a particular solution and then transforming 
to parabolic coordinates. This after-the-fact derivation is admittedly 
artificial; in particular, up to now no other nontrivial boundary value 
problem has been solved by this "method." 

In the sections which follow we first derive the solution, then record 
various special forms, and finally consider its behavior in the neighbor­
hood of the plate edge. The method of solution is discussed in Sections 
II and III; the results are discussed in Sections IV and V. 

II. THE BOUNDARY VALUE PROBLEM 

The potential u(x, y) due to a semi-infinite flat plate electrode in a 
current-free semiconductor or a quasi-neutral, stationary plasma sat­
isfies the equation 

the boundary condition 

u(x, 0) = 1, for x ~ 0, 

for unit potential on the plate, the symmetry condition 

ull(x, 0) = 0, for x < 0, 

and the limiting condition 

u(x, y) ~ 0, 

(1) 

(2) 

(3) 

(4) 

far from the plate. In the above the Debye length AD has been taken 
as the unit of length and the plate potential - <Po ( < 0) as the unit of 
potential. The potential <p(X, Y) in dimensional form is then given by 

<p(X, Y) = -<PoU(X/AD, Y lAD)' 

Equation (1) only holds for small electrode potential. Specifically, 
for an n-type semiconductor, we require that 

q<PolkT « 1, 

for electronic charge q, Boltzmann constant k, and absolute tem­
perature T. In this case the Debye length is given by 

AD = (ekT Iq2N d)l 

for semiconductor dielectric constant € and donor number density N d • 
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III. THE SOLUTION 

Without preamble we now write down the solution to the above 
boundary value problem, justifying its form after the fact. Its structure 
is best displayed in a mixed notation. We find 

(5) 

where ~ and rJ are parabolic coordinates, such that 

and the function 1 is given by 

21(8) = erfc 8 = 1 - erf 8 = 27r-! J.ct:> e- t
' dt. 

By using the identities 

1.( e . e) 
~ ± rJ = r' cos 2 ± sm"2 ' 

we may also express u in terms of polar coordinates r = (x2 + y2)!, 
e = tan- 1 (y/x). 

Now let us attempt to unravel this rather involved expression for u. 
The occurrence of parabolic coordinates is not surprising. They are 
natural coordinates for flat plate problems with the family of parabolas 
rJ = constant degenerating into the positive x-axis for rJ = 0 and the 
orthogonal family ~ = constant giving the negative x-axis for ~ = O. 
The way in which ~ and rJ appear in equation (5) and the factors e±!J 

are a little more unusual. As we shall see, these two features are tied 
together. 

The exponential factors explicitly display the behavior of the po­
tential far out along the plate, for fixed y and large x, where the potential 
should approach the one-dimensional potential e- 1yl

• For our purposes 
they are also essential in simplifying the form of the differential equa­
tion in parabolic coordinates. If we transformed equation (1) directly 
to parabolic coordinates, the resulting equation would be complicated 
by the presence of the "magnification factor" of the transformation, 
a function of ~ and rJ. On the other hand, with an exponential factor 
removed, the resulting differential equation does not contain the 
magnification factor. We have a special case of the following general 
result for equation (1): 

Suppose that u*(x, y) is any particular solution of equation (1). 
Then u(x, y) = u*(x, y)v(x, y) also satisfies equation (1) if v satisfies 
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the equation 

\J 2
V + 2\J(ln u*)· \Jv = O. 

Now, because the same factor occurs in both the Laplacian and in 
the product of gradients, this equation has the same form in all or­
thogonal coordinate systems; that is, 

VH + V1/1/ + 2[(ln u*)~v~ + (In u*)1/v'1] = O. 

In general, this identity is of no help, since In u* is a complicated 
function of ~ and TJ; but, for u* = eV

, In u* = y = 2~TJ. Then we have 

VH + V'1'1 + 4(TJv~ + ~v'1) = O. 

Notice the way that ~ and TJ occur in this equation. If we set 

V(~, TJ) = f(~ + TJ), 

the equation reduces to the ordinary differential equation 

an equation satisfied by f(~+TJ) = constant and by f(~+TJ) =erfc (~+TJ)· 
A similar result obtains for the multiplier of e-v

, except that now we 
find a function of ~ - TJ, g(~ - TJ), say. To satisfy the boundary condi­
tion on the plate, we must have g(~) = 1 - f(~). Weare then left 
with two arbitrary integration constants in f which are determined 
from the conditions for fixed y and large positive and negative x. The 
result is equation (5). 

IV. THE POTENTIAL AND FIELD IN POLAR COORDINATES 

In polar coordinates equation (6) becomes 

+ r 8 in 8 { [( () ()) ] } 
U = T 1 - erf r! cos 2" + sin 2" 

-rBin8{ [( ° O)]} + T I + erf r! cos 2" - sin 2" . 

(6) 

Various special values of u are of particular interest. Along the x-axis 
we have 

u(x, 0) = {I, for x ~ 0(0 = O,r = x), 

erf c I x I!, for x ~ 0(0 = 7r, r = I x/), 
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while on the y-axis (0 = 7r/2, r = y) 

eY ~ e- Y 

u(O, y) = 2" erfc (2y)' + T' 

Since for large y, erfc (2y) t "-J (27rY) -te- 2Y
, this vanishes exponentially 

for large y, as it should. 
Near the edge of the plate (that is, for small:r) 

u ~ 1 - 2(r/7r)! sin !to 
2 

The x and y components of electric field are given by 

( ) -~ -r • 0 
U = 7rr 'e sln-

x 2 ' (7) 

( )
_1. -r 0 

U y = - 7rr 2e cos 2" 

e + r sin 8 { [ 1 ( 0 . O)]} + -2- 1 - erf r2 cos "2 + sm '2 

-r sin 8 { [( 0 O)]} - T 1 + erf rt cos 2" - sin '2 . (8) 

Note the simple form for ux , a separable solution of equation (1) in 
polar coordinates. The explicit form for u was in fact originally derived 
by first calculating U;J: and then integrating with respect to x, a rather 
laborious procedure. According to equations (7) and (8), the field near 
the edge of the plate is weakly singular; that is, I \/u I "-J (7rr)-! for 
small f, just as in the case of the classical potential problem. Along 
the x-axis 

( ) io for x > 0, 
U x x, 0 = ' 

C7r I x 1)-te- 1xl
, for x < 0, 

( 0) = {-C7rX)-te- x 
- erf (x)t, for x > 0, 

U y x, 
0, for x < O. 

Note that U II tends very rapidly along the plate to the one-dimensional 
value U y = -1. The equipotentials near the plate then rapidly become 
straight and parallel to the plate. Anyone of them can be chosen 
as an electrode in the form of a thick plate with the electric field large, 
but not infinite, at its edge, which now has a finite radius of curvature. 
Thus, at least for this family of plates, we can calculate the maximum 
field strength as a function of edge curvature. 
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v. THE EFFECT OF EDGE CURVATURE 

Suppose that x = x(y) is the equation of the equipotential u = Uo ; 
that is, 

u[x(y), y] = U o . 

Then 

and 

At the edge y = 0 

x = x(O) = xo, x'(O) = 0, 

where erfc I XO I! = U o • Thus the radius of curvature of the edge is 
given by 

R = III x"(O) I I ux(xo J 0) luyuCxo , 0) I 
I ux(xo , 0) \1 \ u(xo J 0) - uxx(xo , 0) /, 

using the differential equation (1). Now 

u(x, 0) = erfc I x I!, 
for x ~ 0, so that 

and 

(1 + ! I x /)ux(x, 0). 

Thus 

R = 2 I XO II/I + 2 / Xo I (1 - llw) I, 
where the normalized gradient 

(9) 

w = / Vu(xo , 0) /lu(x o ,0) = e- I xol 1(7r I Xo /)! erfc I Xo I!. (10) 

If equations (9) and (10) are evaluated for various x o , one obtains 
the edge field strength due to unit potential applied to a plate with 
the shape u = u o , as a function of the edge radius of curvature, shown 
in Fig. 1. As R increases, one might expect that the edge field should 
approach the field on a circular conductor of radius R. This field, 
shown as a dashed curve in Fig. 1, is given by ](l(R)IKo(R), where 
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Ko and Kl are the modified Bessel functions of the second kind. Except 
for very small edge radius, the fields very nearly coincide. 

Figure 1 also shows a sketch of a typical equipotential, that is, 
a thick plate of the family u = uo • The shape shown is typical of 
moderately small edge radius R. For large R the plate thickness d 
tends to 2R, so that thick plates in the family tend to have semicircular 
noses. On the other hand, thin plates (uo ~ 1) have "wedge-shaped" 
noses, R tending to zero like (1 - uo)2, while d tends to zero like 1 - U o • 

Figure 2 shows the exact shapes, for 0.1 ~ U o ~ 1. Note the sharp­
ness of the equipotential u = 0.9, compared with u = 0.1, even allow­
ing for the difference in horizontal and vertical scales. For small edge 
radius then, unless the plate under consideration has a shape similar 
to the above, the present analysis is not likely to furnish useful estimates 
of the edge field. 
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Some Calculations on Coupling Between 
Satellite Communications and 

Terrestrial Radio-Relay Systems 
Due to Scattering by Rain 
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(Manuscript received March 9, 1970) 

Interference coupling due to rain is an important factor in coordinating 
the shared use of frequencies between satellite-communications and ter­
rest1'ial microwave radio-relay systems. Calculations of the coupling between 
a satellite ground station and a radio-relay station due to scattering by 
rain are given for the frequencies 4,6,11, 18.5 and 30 GHz. Several models 
of the rain environment are considered, one in which the rain falls uniformly 
over the path, and others involving localized showers in the earth-station 
beam. The beam of the earth-station antenna is taken to be elevated 300 

above the local horizon. I nterstation distances ftom 5 km to 200 km and 
rain rates up to 400 mm/hr are considered. The analysis includes the 
near field of the earth-station antenna and shows that attenuation by the 
1'ain on the path plays an important role at the higher frequencies. The 
greatest coupling occurs when the beam of the earth-station antenna is 
pointed opposite to the azimuth of the relay station. In that case, when 
the radio-relay antenna response in the direction of the earth station is 
isotropic, the maximum couplings are -132 dB and -164 dB at 4 GHz 
with separations of 5 km and 200 km respectively, for a rain rate of 400 
mm/hr. 

1. INTRODUC'l'ION 

Sharing of microwave bands by terrestrial and satellite-communica­
tion systems has stimulated investigation of the factors which lead 
to mutual interference. Of course, antenna characteristics are of prime 
importance; very low immediate and far side lobes in the antenna 

1491 
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radiation patterns are mandatory in reducing coupling between sta­
tions of the two systems. However, even with ideal antennas, there are 
certain propagation mechanisms that can introduce coupling, one 
being scatter by precipitation, in particular, rain. 

Much knowledge of scattering by rain has been gained through 
studies with weather radar.! Relationships between the backscattering 
coefficient, the size of the raindrops, the rain rate, and the radio wave­
length have been established. These commonly accepted relationships 
are used in our calculation. Attenuation by the rain is also germane 
to the calculation, especially at frequencies exceeding 10 GHz, be­
cause power from one station that is scattered by a particular volume 
of rain may well pass through additional precipitation before reaching 
the other station. The attenuation constants used here are based on 
measurements with terrestrial systems;2 for high rain rates they agree 
with calculations using the Mie theory with a Laws-Parsons drop-size 
distribu tion. 

In these calculations, the satellite-communications antenna is assumed 
to be large in terms of wavelengths and to have a well-tapered quasi­
gaussian illumination. As mentioned above, the latter is necessary 
in practice to produce low immediate and far side-lobe levels. However, 
this assumption is also advantageous because when the antenna illumina­
tion taper is taken to be gaussian, the radiation pattern is readily 
described analytically at any cross section along the beam from the 
aperture to infinity.3.4 This is an important factor because the "near­
field zone" of a large space communication antenna may extend for 
miles; the coupling due to scattering by rain within this near zone 
can be larger than in the far zone of the pattern and, of course, power 
scattered in the near zone is not subject to as much attenuation in 
the path to the antenna. 

Several models of the rain environment are discussed to greater 
and lesser extents. An obvious model is one of uniform rain extending 
over the entire path between and beyond both stations; this is referred 
to as Case I in the text. However, this is an unrealistic model where 
very high rain rates are involved because very heavy rainfall occurs 
in showers that are quite localized spatially.s A more realistic model 
for heavy rains is that of a shower over only the satellite-communica­
tions antenna. This model, treated in Cases II and III, obviates the 
effect of attenuation over the whole path, which is quite dominant in 
the case of uniform rain. Case IV, the one that produces the largest 
coupling between the stations, involves a wall of rain which approaches 
the satellite communication antenna from along a line which is an 
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extension of the path beyond that antenna. Since the radiation patterns 
of both antennas look toward this wall of rain, the effect of attenua­
tion is small. 

The computations have been made for rain rates up to 400 mm/hr. 
The largest coupling occurs when the wall of rain is present (Case IV); 
this amounts to -132 dB at 4 GHz for a rain rate of 400 mm/hr and a 
separation of 5 km between stations and applies to cases where the 
level of the radiation pattern of the terrestrial radio-relay antenna 
(looking in the direction of the ground station) is isotropic. 

It is of interest to compare the co-channel interference resulting 
from these couplings (of the order -140 dB) with the thermal noise 
level in the receiver of a typical satellite-communication ground station. 
Suppose the system noise temperature of a 4-GHz ground station is 70 
kelvins within a 40-MHz band; the noise power referred to the input 
is P'II = kTsB, namely -134 dBW, with the signal typically 25 dB 
above this value. Radio-relay systems have transmitted power rarely 
exceeding 10 watts; thus with -140 dB coupling, the interference level 
would be -130 dBW, 4 dB above the thermal noise. However, if the 
radio-relay antenna pattern has a sidelobe level say 10 dB above 
isotropic, the interference would exceed. the thermal noise by 14 dB. 
Since in many systems it is desirable that the interference be several 
decibels below the thermal noise, couplings of the order -140 dB 
are indeed significant. 

II. GENERAL ANALYSIS 

Figure 1 shows a ground-station antenna (T) of a space-communica­
tions system with a beam elevated 30°* (01) above a path of length d 
to a station (R) of a terrestrial radio-relay system. The effective radius 
of the earth, a, and the altitude, h, at which the rain originates are 
also shown. 

For descriptive purposes, let the ground-station be transmitting 
at wavelength, A. Because of a well-tapered (quasi-gaUl~sian) illumina­
tion, the flux on axis decreases with distance rl from the antenna to a 
volume element of the beam (see Fig. 1) in the following manner: 

(1) 

rJ being the free-space impedance and p the radius at which the aperture 

* Thirt.y degrees is typical for the elevation angle of a mid.:.latitude station ob­
serving a synchronous satellite. 
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Fig. I-Geometry of the path; 81 = 30°, 8 = d/2a, a = 8500 km, and the rain 
originates at height h. 8 and 8' are dimensions of showers (see text). 

field is e- 1 of its axial value, Eo . The volume element is dV = 27rp dp dr1 

where P is the radial coordinate of the beam. The flux at a point in the 
volume element is 

S( ) E~"t (- 2p2) p, T1 = -- exp --2-

11 PI 

where PI is the radius of the annular volume element at which the 
field is e-

1 of its axial value (Eor.). Most of the flux is contained within 
the beam cross section of radius PI , and PI will be used to define the 
boundary of the beam in what follows. 

The power scattered into an antenna at R (see Fig. 1) with an effective 
~rea A 2 (82 ) in direction 82 toward dV is therefore 

PR = l ru 

jPl S(p, rl) 4°\ A 2(82) exp [-a(rl + T2)]27rp dp dr) (2) 
rz 0 7rT2 

where a is the attenuation coefficient of the rain and r2 the distance 
from the volume element dV to the receiver at R. The limits rl and 
ru onrl depend upon the geometry of the rainstorm, and u~ is the 
scattering coefficient per unit volume of the rain; these are discussed 
later. 
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Substitution of S(p, rl) in equation (2) and integration with respect 
to p results in 

iT" E2 2 

~ 7r
2
Pl (1 - e- 2

) 4(]\ A 2(82) exp [-a(rl + r2)] drl . 
rI 1'/ 7rr2 

However, the gaussian beam expands such that 

P: = p'[ 1 + C;; Y] and one has, using equation (1) 

E2 _2 i r 
.. 

P R = ---.£.7r
2
P (1- e- 2

) 40"~2A2(82) exp [-a(rl + r2)]drl 
1'/ rz 7rr2 

(3) 

But the transmitted power is 

E 2 jP (-2 2) E2 _2 P T = ---.£. exp --:J!- 27rp dp = ---.£. ~ (1 _ e- 2
). 

1'/ 0 P 1'/ 2 

Therefore, from equation (3), one obtains 

P
p R = i ru 

40" ~ 2 A 2( ( 2) exp [-a(rl + r2)] drl . 
T rI 7rr2 

(4) 

Of course equation (4) takes into account the near-field zone of the 
ground-station antenna; equation (4) is independent of the aperture 
diameter of that antenna. 

For the computations that follow, equation (4) was simplified in 
two respects. First, the response of the radio relay antenna was taken 
to be isotropic that is, A2 = 'A2/47r, independent of 82 • Other cases 
computed consider particular configurations where the beams of typical 
radio-relay antennas with given radiation patterns A2(8) are pointed 
toward the space station. In some of these cases, the scattered power 
is simply increased by the gain of that antenna, but instances where 
this rule does not hold are discussed toward the end of the paper. 

Secondly, the scattering by the raindrops is taken to be isotropic, 
and we use a relationship6 based upon the Laws and Parsons drop-size 
distribution 

5 

0"" = 0.18 ~4 10-l5R1. 6(m- l
), 

R being the equivalent rain rate in millimeters per hour.* It is known 
that large raindrops do not scatter isotropically, especially when the 

* Rigorously, one should evaluate the Stokes parameter and the differential 
scattering cross sections for all drops in a given rain. 
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operating wavelength approaches the millimeter band, but the error 
is not large6 for the wavelengths considered here. Perhaps more serious 
is that the drop-size distribution (and indeed the equivalent rain rates 
themselves) are not well determined for the upper troposphere. Here we 
will be guided by rain rates measured at ground level, 7 and carry this 
parameter to 400 mm/hr in certain cases. 

The computations are made for the frequencies 4, 6, 11, 18.5 and 30 
GHz and the corresponding attenuation coefficients, (x, used here 
(taken in part from Refs. 2 and 6) are: 0.23 10-6RI. \ 0.69 10-6 R1. 22 , 
2.5 10-6R1. 28

, 16 10-6Rl. 09 and 55 10-6Rl. O
, in units of inverse meters, 

R being in millimeters per hour. 
The several sections that follow deal with various rain geometries. 

The rain is assumed to originate at a height, h, of four kilometers in all 
cases. 

III. CASE I-RAIN UNIFORM OVER THE PATH BE'l'WEEN THE TWO STATIONS 

3 .1 Computation 

The lower and upper limits in equation (4) are 

rz = d sin O/sin (0 1 + 20) and 

ru = (a2 sin2 01 + 2ah + h2)! - a sin 01 

for this case. These limits apply specifically when one station is beyond 
the horizon from the other, a being the effective earth radius and O2 the 
angle between the tangent plane and the chord between the stations 
as shown in Fig. 1. In the event the two stations are within line-of-sight 
of one another, the above limits reduce to 

rz = 0 and ru = h/sin 01 • 

Computations have been made using both sets of limits (for this case 
r2 = 1 ri + d2 

- 2r1 d cos (0 1 + 0) 11/2). At the distances of transition 
from line-of-sight to beyond-horizon conditions (d > 50 km) the data 
are found to behave properly. 

3.2 Results 

Plots of coupling between Tand R are shown in Figs. 2a through e 
for the frequencies 4, 6, 11, 18.5 and 30 GHz, interstation separation 
being a parameter. The abscissa is the equivalent rain rate in millimeters 
per hour, assumed uniform between stations to a height of four kilom­
eters. 
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Fig. 2-Coupling for uniform rain originating at a height h = 4 km versus rain 
rate; elevation of ground-station antenna beam is 30°; isotropic antenna at R. 
(a) 4 GHz, (b) 6 GHz, (c) 11 GHz, (d) 18.5 GHz, and (e) 30 GHz. 
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The curves of Fig. 2 are computed for A 2 (O) = h2/47r in equation 
(4); that is, for an isotropic receiving antenna at R. * Data for an antenna 
with a gain of the order 40 dB beamed from R toward T have also 
been computed; in this case, often one need only add the gain of the 
antenna (in decibels) to the curves of Fig. 2, a procedure discussed in 
more detail in Section VII. 

An obvious characteristic of the curves in Fig. 2 is that they possess 
a maximum. As one proceeds from Fig. 2a through e (4 GHz to 30 GHz) 
the maxima move to ever lower rain rates. This feature evidences the 
effect of attenuation. Likewise for a given set of curves (Fig. 2a, for 
example) the maximum occurs at ever lower rain rates as the path 
length increases, as one would expect in an attenuating medium. 

Although these results for uniform rain are instructive, some of 
them represent situations which do not occur in nature. For example, 
it is possible that rain rates of the order 200 mm/hr occur over a 5 km 
path; but it is highly unlikely (or impossible7

) that such high rates 
occur over a path of length 200 km. Thus the high rain rate and long 
path length portion of the data in Fig. 2 should be considered somewhat 
academic. At the higher frequencies this portion of the data is of little 
significance anyway (Fig. 2d, for example). 

The maximum value of the coupling for Case I appears in Fig. 2a 
(4 GHz) for the shortest interstation distance (5 km) and the highest 
rain rate considered (400 mm/hr); it is -136 dB. But maxima of the 
order -150 dB occur for higher frequencies and the same pathlength 
at lower rain rates. 

IV. CASE II-LOCALIZED SHOWER AT THE SATELLITE STATION 

4.1 Computation 

As shown in Fig. 1, one can introduce another parameter, s, which 
defines the extent of a shower along the path from the ground-station 
T toward R. As discussed above, very heavy rainfall is spatially re­
stricted, therefore Case II is more realistic than Case I in the high 
rain rate regime. 

For computation of Case II, both the limits on r l and the exponent 
of the exponential in equation (4) must be modified, the latter because 
much of the path (r2) from R to the beam of the ground-station antenna 
no longer introduces attenuation, the rain being localized near T. Let 
r~ be that portion of r2 with no precipitation. Then the exponent in 

* Representative of the case where the back or far side lobes of a radio-relay 
antenna are directed toward the ground station. 
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equation (4) becomes -a(rl + 1'2 - rn where 

[ Sin2 0 - _1 + ~J 
r~ = d cos 0 d 

[Sin' 8 + co! 8 + sin 8 sin (8 + 8,)J cos (8 + 8,) 

The limits in equation (3) for this case are 

rz = d sin 0 sin (01 + 20) and ru = s/cos 01 

which for line-of-sight conditions (0 = 0) reduce to 

rz = 0, and 1'u = s/cos OJ • 

In both cases 1'u , and also the effective height of the shower, depend 
upon its lateral extent, s. Again, the computations show that the 
transition from line-of-sight to beyond-horizon conditions is well be­
haved. The expression for r2 is given in Section III. 

4.2 Results 

Plots of coupling for this case are given in Figs. 3a through e, the 
antenna at R again being taken to be isotropic. The shower has an 
extent one kilometer along the path from T and a height of 4 kilometers. 

At the higher frequencies in Fig. 3 maxima in the coupling appear, 
somewhat as in Fig. 2, but the former occur at much higher rain rates 
than the latter. For example, at 11 GHz, the maxima in Fig. 3c are 
at about 100 mm/hr, whereas in Fig. 2c no maximum occurs above 
the rain rates of 25 mm/hr. Since one is dealing with a localized shower 
it is not surprising that the effect of attenuation sets in at rain rates 
higher in Fig. 3 than in Fig. 2. 

The maximum value attained by the coupling is about -135 dB 
as shown at 400 mm/hr on Figs. 3a and b for an interstation separation 
of 5 km. However, maxima of the order -140 dB occur in Figs. 3c 
through 3e at lesser rain rates. 

A feature of the data in Fig. 3 is that the coupling decreases drasti­
cally as the distance increases from 50 to 100 km. This decrease is 
associated with the effective height of the shower, as governed by its 
width s; beyond d = 50 km the scattering volume decreases rapidly. 
Computations not shown here have been made for showers of lateral 
extent up to 8 km and, as one would expect, such data lie between 
those of Figs. 2 and 3. As the extent of the shower increases, the rapid 
decrease in coupling for distances beyond 50 km becomes less marked. 
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Fig. 3-Coupling for a shower (8 = 1 km) originating at a height of 4 km above 
ground station (T) versus rain rate; elevation of ground-station antenna beam is 
30°; isotropic antenna at R. (a) 4 GHz, (b) 6 GHz, (c) 11 GHz, (d) 18.5 GHz, (e) 30 
GHz. The dashed lines correspond to a shower S' = 1 km in extent located at the 
intersection of the ground-station beam and the tangent plane of the earth (see 
Fig. 1). 
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V. CASE III-LOCALIZED SHOWER AT BEAM INTERSECTION 

5.1 Computation 

A modification of the localized shower model (Case II) is achieved 
by moving the shower (extent s') along the path toward R thereby 
locating the rain at the intersection of the earth station beam and earth 
tangent at R as shown in Fig. 1. This geometry results in a scattering 
volume for the over-the-horizon cases (d > 50 km) much larger than 
that considered in Case II while retaining the limited rain extent. 

For the computations of Case III, the lower limit in equation (4) 
again becomes 

1'z = d sin Ol[sin (01 + 20)]. 

The upper limit for this case depends upon whether the earth-station 
beam emerges from the vertical boundary of the precipitation or from 
the upper boundary defined by h. 

Introducing two new parameters 0' and 0" where 

0' = 20 - tan- 1 {[1'~ + d2 - 21'z dcos (01 + 0)]1I2ja} 

and 

0" = s'la, 
the upper limit where the beam emerges from the vertical boundary is 

ru = a sin (0' + O")/cos (0 1 + 0' + 0"), 

or where the beam emerges from the upper boundary 

ru = (a2 sin2 01 + 2ah + h2)112 - a sin 01 • 

For computational purposes, the smaller upper limit is the correct 
value for a given set of conditions. The path length r2 from the differ­
ential scattering volume is given by 

1'2 = [ri + d2 - 21'1 d cos (0 1 - 0)]112. 

The exponent in equation (4) must also be further modified because 
portions of both 1'1 and r2 no longer introduce attenuation. Let ri and r~ 
be those portions of rl and 1'2 with no precipitation. The exponent in 
equation (4) then becomes -a(rl + 1'2 - ri - rD where 

1'i = rz , 

1'~ = [a sin (20 - 0' - O")]/cos (02 + 20 - 0' - 0"), 
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and 

O2 = sin-1 {[(rl - rl) sin (01 + 20)J/r2} 

is the elevation angle between r2 and the tangent plane at R. 

5.2 Results 

The coupling for distances of 100 and 200 km is shown with the 
data for Case II as broken lines in Figs. 3a through e, the conditions 
being identical to Case II except for the lateral displacement of the 
rain region to the beam intersection. The coupling for distances of 50 km 
or less have been omitted since the results and configurations are es­
sentially the same as Case II for line-of-sight conditions of 50 km or less. 

Comparing the results for Case II and III, the coupling at distances 
greater than 50 km is greatly increased over the corresponding results 
for Case II due to the larger scattering volume. At distances greater 
than 200 km, the scattering volume would be limited by the assumed 
rain height of 4 km and one would expect a drastic decrease in coupling 
beyond 200 km. 

VI. CASE IV-A WALL OF RAIN NORMAL TO THE PATH EXTENDED BEYOND 

THE SATELLITE STATION 

6.1 Computation 

In cases I through III, the region of rain is located on the path 
between the ground station and the relay station (Fig. 1). However, 
"off-path" orientations of the ground-station beam relative to the 
terrestrial radio-relay station are typical of actual system configurations. 
We examine one such "off-path" orientation in which the ground­
station beam points directly away from the radio relay in azimuth. 
The region of rain is then located on the path extended beyond the 
earth station, and the energy may be scattered from the boundary 
of the rain without additional attenuation on the path to the relay 
station. 

The model used for analysis is shown in Fig. 4. A wall of rain normal 
to the path is located at the intersection of the axis of the ground­
station beam and the earth tangent plane from the relay station. 

For computation of this case, the limits in equation (4) become 

1'1 = d sin O/sin (0 1 - 20) 

and 
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Fig. 4-Geometry for a rain originating at altitude h on the path extended beyond 
'1'; (It = 30°, () = d/2a, a = 8500 km. 

The path length r2 from the differential scattering volume is given by 

r2 = [ri + d2 + 2r1 d cos (01 - O)p12. 

The portions of paths 1'1 and 1'2 with no precipitation, r~ and r~ are 
given by 

r~ = a sin (0' + 20) cos (0' + 20 + (2) 

where the angles O2 and 0' (Fig. 4) are 

O2 = sin- 1 {[(rl - rz) sin (Ol - 20)]r2! 

and 

0' = tan- 1 {[1'i + d2 + 2rz d cos (01 - O)p12/a} - 20. 

As for Case III, the exponent in Equation (4) then becomes 

-a(r1 + r2 - r~ - r~). 

6.2 Results 

Plots of the coupling for the extended path scattering are shown in 
Figs. 5a through e for a rain height of 4 km and earth station elevation 
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of 30 degrees. The most notable feature is that the coupling increases 
with rain rate for all frequencies over the range of rain rates considered. 
This is in contrast with the previous cases where the curves possessed a 
maximum at the higher frequencies. 

lVlaximum coupling, approximately -132 dB, occurs at 4 GHz for a 
separation of 5 km and a rain rate of 400 mm/hr. However, the coupling 
is reasonably independent (within about 4 dB) of frequency for rain 
rates greater than about 100 mm/hr. At lower rain rates, the coupling 
increases with frequency as one would expect; for example, at 5 mm/hr 
and 100-km separation, the coupling is about -183 dB at 4 GHz and 
-171 dB at 30 GHz. 

VII. EFFECT OF DIRECTIVE ANTENNAS 

The effect of the directivity of typical terrestrial radio-relay antennas 
on the coupling has been computed for all cases treated above. For 
each case, the beam of the radio relay antenna is assumed to be directed 
toward the ground station, that is, along the horizon plane (dashed) in 
Figs. 1 and 4. This is a very pessimistic condition and one hopefully 
not encountered too often in practice. 

The response pattern of the radio-relay antenna A 2 (82 ) in equation (4) 
is assumed to be of the form 

82 being the angle measured in degrees from the axis of the relay station 
beam and Ao the effective area. The first term in equation (5) is the 
familiar gaussian approximation for the main beam. The second term 
represents the envelope of the far side lobes of the pattern using con­
stants K2 and K3 of 5.5 and 0.115 respectively. 

At 4 and 6 GHz, the radio relay antenna is assumed to have a beam­
width of one degree (Kl = 2.8) with 43 dB gain. At 11, 18 and 30 GHz, 
the beamwidth is taken to be two and a half degrees (Kl = 0,41) with 
36 dB gain. 

In what follows, the gain realized or coupling relative to the iso­
tropic case is plotted versus rain rate. Thus, the coupling for the di­
rective case is obtained by adding the gain realized to the coupling for 
the corresponding isotropic case; thus, if the gain realized is 30 dB and 
the isotropic coupling is -130 dB, the coupling in the directive case 
is -100 dB. 



1506 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1970 

35 

34 
(f) 
-.J 
W 
III 

U 
w 
a 32 

~ 

~ 
0-
o 
c:: 30 
f-o 
~ 

o 
f-
w 28 
> 
~ 
-.J 
W 

c:: 25 
t9 
z 
'J 
0... 
:> 
S 24 

22 
2 

d (km) 
200 -
100 -

l--- / 
V 

50 ---
/ 
V v· 

l?-V V 

25 / 
V V 

[7 

~ ~ 
~ 

5- V - I----'" 
15 

4 5 8 10 20 40 50 80 100 
RAINRATE IN MILLIMETERS PER HOUR 

Fig. 6-Coupling for an antenna with 36 dB gain located at R and directed toward 
T relative to an isotropic antenna at R (gain realized) versus rain rate; frequency 
11 GHz. 

7.1 Uniform Rain (Case J) 

The effect of directivity at 11 GHz is shown in Fig. 6 where the 
coupling relative to the isotropic case (gain realized*) is plotted versus 
rain rate for various separations between the ground-station and ter­
restrial radio-relay antennas. It is clear that at low rain rates most of 
the nominal gain is realized for the larger separations. At 100 to 200 km 
separation, the beam of the radio-relay antenna illuminates about the 
same volume as does an isotropic antenna, the volume in this case 
being limited by the horizon plane and the upper boundary of the 
rainstorm (see Fig. 1). But as the separation is decreased to, say, 25 km, 
Fig. 6 shows that the gain realized is decreased by about 10 dB, the 
intersections of the ground-station and radio-relay beams define the 
effective volume whereas an isotropic antenna at R would see essentially 
all of the ground-station beam. 

* Of course, antenna gain is a constant but the concept of gainrealizedinpropagating 
through a given medium is convenient and will be used here. 
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Figure 6 also shows that the gain realized increases with rain rate, 
especially for the lesser separations. This is caused by attenuation of 
the signal scattered from the further (upper) portions of the ground­
station beam (see Fig. 1) which, for heavy enough rain rates, produces 
an effective scattering volume (for an isotropic antenna at R) which 
is not too much larger than the volume defined by the two beams in 
the directive case. 

A somewhat more subtle effect is the minimum in gain realized which 
occurs at some separation between 5 and 25 km in Fig. 6. For example, 
at a rain rate of 50 mm/hr, the gains realized at separations of 50, 25, 
15 and 5 km are 31,27,24 and 29 dB. Thus, the gain realized begins to 
increase when the separation is decreased below about 10 km. Now the 
axis of the beam directed toward space intersects the upper boundary 
of the rain at a distance of about 7 km along the earth's surface from 
the ground station and it is at this separation that the total path from 
R to the upper portions of the volume occupied by the beam (see Fig. 1) 
is a minimum; that is, r 2 for the upper portions of the beam is a minimum 
at d ~ 7 km. Thus, for d < 7 km the effective volume for an isotropic 
antenna at R is further decreased and the gain realized with a directive 
antenna (relative to the isotropic case) increases. For these small 
separations, the gain realized also increases with rain rate as discussed 
in the previous paragraph. 

At 18 and 30 GHz, the behaviour of the data is similar to that of 
Fig. 6 but the effect of attenuation is so high that the curvatures are 
more pronounced. At 4 and 6 GHz, the antenna gain is realized and is 
relatively independent of separation and rain rate. 

7.2 Extended Path (Case IV) 

The results for the extended path scattering are shown in Fig. 7 
for (a) 4 and 6 GHz and (b) 18.5 GHz. As in the previous case, the 
gain realized is nearly equal to the nominal gain at the maximum 
separation distance of 200 km where the common volume is not limited 
by the relay antenna beamwidth. For lesser separations, the gain 
realized decreases depending on both the separation and rain rate. 
The gain realized at the shortest distance (5 km) is reduced below the 
nominal gain by a maximum of about 15 dB at 4 and 6 GHz and about 
11 dB at 18 GHz the 4 dB difference corresponding to the ratio of the 
assumed beamwidths of one degree at 4 and 6 GHz and two and one 
half degrees at 18 GHz. 

The gain realized at low rain rates with small separations is some­
what larger than in Case 1. For example, the gain realized at 18 GHz 
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and 3 mm/hr (Fig. 7b) with 25 km separation is about 6 dB below the 
nominal gain whereas the reduction for the Case I (Fig. 6) is 10 dB 
below nominal. In Case IV; the directive radio relay antenna confines 
the significant volume to the lower region of the rain; but the significant 
volume where the isotropic antenna is involved is also near the ground 
station antenna because r2 is a minimum there. On the other hand, in 
Case I, the upper portion of the isotropic scattering volume contributes 
significantly as discussed in the previous section. 

In Case IV, the gain realized also increases with attenuation and 
hence rain rate as shown in Fig. 7 because the attenuation decreases 
the effective depth of the isotropic scattering volume. For very high 
attenuation, most of the energy is scattered from that volume of the 
rain nearest the ground station and the gain realized is approximately 
equal to nominal gain; for example, the gain realized is within 2 dB 
of the nominal gain for rain rates greater than 100 mm/hr at 18 GHz 
(Fig. 7). 

The plots of the gain realized at 11 and 30 GHz (not shown here) 
are within ±3 dB of the 18 GHz curves, the gain realized being greater 
at 30 GHz and smaller at 11 GHz. The maximum deviation occurs at 
5 km and decreases with increasing separations. At 50 km, the difference 
is ±2 dB and decreases to only ±1 dB at 100 km. 

VIII. DISCUSSION AND SPECIAL EFFECTS 

What does all of this mean in terms of what happens in a real-life 
situation? The various models which have been presented do not repre­
sent all the possible orientations and rain conditions that would exist 
in real situations; however, the coupling caused by realistic rainstorms 
should range between the results for localized showers (Cases II, 
III, IV) and those for uniform rain (Case I), depending of course on 
the spatial distribution of the rain over the path. At 4 and 6 GHz, the 
effects of rain attenuation are smail, at least for realistic sizes of areas 
with high rain rate, and the results for Cases II and III give a good 
estimate of the coupling which might be expected for a given rain rate 
in the ground-station antenna beam. Thus, couplings of the order 
-140 dB at 5 km to -170 dB at 200 km (Fig. 3a and b) for an iso­
tropic level response at the relay station are typical at 4 and 6 GHz 
for rain rates of 100 mm/hr or greater. 

At frequencies above 10 GHz, attenuation by the rain over the 
entire path is a dominant factor and it gives rise to large variations 
in the coupling for the various cases considered. For example, the 
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coupling at 30 GHz for a uniform rain of 10 mm/hr over a 25 km path 
(Case I) is -210 dB, whereas, the corresponding coupling with local­
ized showers is -175 dB and -160 dB for Cases II and IV, respectively. 
However, the maximum couplings with localized showers are about the 
same as the couplings at 4 and 6 GHz. Thus the spatial distribution of 
rainfall is an important factor in evaluating the potential interference 
coupling due to scatter by rain in future systems which may use fre­
quencies exceeding lOG Hz. 

Satellite systems above 10 GHz will no doubt use a diversity system 
of two or more earth stations spaced some few miles apart to avoid 
outages due to attenuation by rain. Such a path-diversity system will 
minimize the rain-scatter interference problem since the earth station 
wHh the least attenuation and hence with the least rain in its antenna 
beam will carry the information-bearing signal. 

Other factors which will affect the coupling due to scatter should be 
mentioned. First, the height of the rain for all cases has been taken to 
be 4 km whereas weather radar data8

•
9 show that high effective rain­

rates may exist at heights of 10 km. This will extend to horizon for 
direct rain-scatter coupling to distances of 400 km or more. Also, 
polarization has been neglected in the calculation; for certain orientations 
of the ground-station and radio-relay antenna beams, the coupling will 
be decreased due to this effect. 

Another important consideration is that the scattering and attenua­
tion constants, based on empirical data in each case, are not consistent 
for very high rain rates. Based on these data, we have taken the scatter­
ing coefficient to increase as the 1.6 power of rain rate whereas the 
attenuation constant increases as a lesser power; this gives an in­
consistent result at 30 GHz for rain rates greater than about 100 mm/hr 
in that the attenuation is less than the power lost due to the predicted 
scatter! Thus, at 30 GHz, and high' rain rates, the scattering is less 
than we have calculated. At frequencies less than 30 GHz, the dis­
crepancy is very small. 

In summary, the calculated results show that couplings of the order 
-140 dB to -170 dB at distances of 5 km to 200 km, respectively, 
can be expected with an isotropic antenna response at the terrestrial 
radio relay station, for the small percentages of time associated with 
heavy rain rates.* These couplings are increased significantly if the 
response of the relay station exceeds isotropic in the general direction 
of the earth station. As discussed in the introduction, since couplings 

* In New Jersey, rain rates of 200 mm/hr have been observed for periods of the 
order five minutes during a year (0.001 percent of the time). 
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of the -140 dB are significant, interference due to scatter by rain is a 
factor which should receive consideration in locating satellite stations. 
Of course, direct coupling via antenna side lobes and coupling via 
tropospheric scatter must also be taken into account. In essentially all 
cases considered here, the coupling due to scatter by rain is less than the 
line-of-sight coupling but exceeds the median tropospheric scatter 
coupling between isotropic antennas at the two stations. 

There are several previous publications concerned with interference 
caused by scattering from precipitation 10-14 but experimental data 
are sparse. We find agreement between the present calculations and 
the limited data given in Refs. 10 and 12. 
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The NUluber of Fades in Space-Diversity 
Reception 

By ARVIDS VIGANTS 
(Manuscript received February 11, 1970) 

Experimental and theoretical results are presented which show that 
deep fades due to 11wltipath propagation on line-of-sight microwave links 
are greatly reduced in number when two vertically sepm'ated receiving 
antennas are used and the stronger of the two received signals is selected 
as the diversity signal. The experimental results are based on 6 GH z 
propagation data obtained for a 72-day period on a 28.5 mile path in 
Ohio, with a 27.5 foot vertical separation of the receiving antennas. The 
theoretical results are obtained by treating the 1'eceived signals as correlated 
Rayleigh distributed random variables. Theoretically predicted variations 
with fade depth agree with experimental observations. Combination of the 
theoretical results with experimentally determined parameters provides 
results which can be used, for example, to calculate the reduction in the 
number of fades as a function of the vertical separation of the receiving 
antennas, wavelength, path length, fade depth, and the gain difference 
(if any) of the receiving antennas. 

I. INTRODUCTION 

Line-of-sight microwave transmission is affected by a phenomenon 
called multipath propagation. When this phenomenon is present, the 
output from a receiving antenna can be practically zero for seconds 
at a time. However, such deep fades rarely occur simultaneously in 
the outputs of two vertically separated receiving antennas, and this 
is the basis for space-diversity reception on line-of-sight microwave 
links. 

The number of fades and the average durations of fades are fun­
damental properties of the line-of-sight microwave channel. In high 
performance systems, they may determine the limit of attainable 
performance. Previous discussions of space diversity do not cover 
the number of fades and their average durations. 1

-
3 Experimental 
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data on these are difficult to obtain because long periods of time are 
needed to observe a number of fades sufficient for theoretical analysis. 
We present a set of experimental results obtained from measurements 
made in 1966 in Ohio. We also present, and this is a major part of 
the paper, theoretical results on the number of fades and their average 
durations. 

The diversity scheme for which our results are obtained is one where 
the diversity signal is, at all instants of time, the stronger of two received 
signals. This scheme is of interest because of its inherent simplicity, 
and because experimental values for the diversity signal can be obtained 
easily during computer processing of experimental observations of the 
received signals. From a broader point of view, this provides information 
about simultaneous behavior of pairs of received signals that can be 
used in reliability and interference calculations, and in performance 
calculations for diversity schemes other than the simple one above. 

The number of deep fades is greatly reduced when space-diversity 
reception is used. We show how to calculate this reduction as a function 
of the vertical separation of the two receiving antennas, wavelength, 
path length, depth of fade, and the gain difference (if any) of the 
receiving antennas. Our results are based on a combination of theory 
and experiment. The outputs of the receiving antennas during deep 
fades are treated as random variables that are jointly Rayleigh dis­
tributed.4

,5 This provides a description of how various quantities 
change with fade depth. Parameters describing the occurrence of fading, 
correlation in space, and the spectral width of the fluctuations are 
determined from experimental data. 

The theoretical expressions describe our experimental observations 
quite well. However, both theoretical knowledge of fading and the 
amount of experimental data on fading are limited, and the theoretical 
model presented here may need modifications as work proceeds and 
more data become available. 

II. EXPERIMENTAL RESULTS 

The transmitted power in microwave line-of-sight communication 
systems is constant (angle modulation is used). Fading information 
can therefore be obtained from working systems, without interfering 
with their operation, by installing additional equipment to monitor 
the power output of the receiving antennas. This was done at West 
Unity, Ohio, where, in addition, two 8-foot diameter parabolic reflector 
antennas were installed below existing antennas to provide information 
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Fig. 1-Essential parameters of the experiment. 

about space-diversity reception. We will discuss the fades observed 
on these two receiving antennas. 

The microwave link on which the data were obtained is shown 
schematically in Fig. 1. The boxes labeled "envelope detector" represent 
rather sophisticated equipment used in the investigation of fading. The 
path length was 28.5 miles.* The transmitting antenna at Pleasant 
Lake; Indiana, was a standard system antenna-a 10-foot horn reflector. 
The center-to-center vertical separation of the receiving antennas was 
27.5 feet. The basic experimental data consisted of observations of 
the envelopes of received angle-modulated signals centered on 6.1528 
GHz. 

An important feature of the experiment was long-term coverage. 
Deep fades are rare events, and the received power must be observed 
continuously for long periods of time to arrive at a sample of adequate 
size. Reliability of equipment must be high, and the subsequent process­
ing of the data is a formidable task, even with a computer, because 
of the high data volume. The data discussed here cover a 72-day period, 
July 19, 1966, to September 29, 1966. 

The power received by the two antennas was sampled essentially 
simultaneously every 0.2 seconds, converted to a decibel scale, and 
recorded in digital form for subsequent computer processing (in the 

* Ground reflections were negligible, and transmission to the bottom antenna 
had a clearance of about 15 feet (over trees) at 2/3 earth radius conditions. 
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absence of fading the recording rate was less than the sampling rate). 
The quantizing steps in the analog-to-digital conversion were somewhat 
less than 2 dB, which represented a compromise between quantization 
error and the number of bits needed to encode the power levels (five 
bits were used). During computer processing, the power level at a 
sampling instant was assumed to hold until the next sampling instant. 

The data were first processed to determine the received power levels 
on each antenna in the absence of fading. The received power levels 
during fading were then normalized to the corresponding power levels 
in the absence of fading. We denote by 20 log Rl and 20 log R2 the 
normalized dB readings from the top and the bottom receiving antennas 
respectively. The voltage envelope from the top antenna is R 1 , and 
the voltage envelope from the bottom antenna is R2 . As a consequence 
of the normalization, both Rl and R2 are unity in the absence of fading. 

The diversity signal was synthesized during processing by taking 
the stronger of the two received signals at each sampling instant. 
The envelope of the diversity signal is 

(1) 

The diversity signal is synthesized from signals that are quantized, 
and 20 log R can therefore have errors with an upper bound of roughly 
2 dB. 

A signal is said to be in a fade of depth L and duration T when its 
voltage envelope (R 1 , R2 , or R) becomes less than L and remains 
less than L for T seconds. During processing, the number of fades of 
depth L were counted for a set of values of L, and the average fade 
durations were obtained by dividing the sum of the durations by the 
number of fades. We restrict our discussion to fades deeper than - 20 dB; 
that is, to values of L that are less than a tenth. 

The results for the average fade durations are shown in Fig. 2. 
(The two theoretical solid lines will be discussed later. The diversity 
points for fades close to -40 dB are not shown, because an average 
based on only three observations would not be meaningful.) The 
durations can be substantial. For example, the average fade duration 
of a nondiversity signal at -40 dB is about five seconds. Diversity 
does not reduce these durations appreciably. The reduction is roughly 
by a factor of two, which can be inferred from a simple heuristic argu­
ment as follows. Because the receiving antennas are not very far apart, 
the fade durations of Rl and R2 are roughly the same, but offset in 
time. As fades become deeper they become shorter, and the offsets 
start to exceed the fade durations, which results in a large reduction 
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Fig. 2-Average fade durations (Ohio, 1966, 72 days, 6.1528 GHz-the two lines 
are theoretical). 

in the number of deep simultaneous fades (we will see this shortly). 
Suppose both Rl and R2 undergo fades of duration 7. An overlap of 
the fades, if it does occur, has a value between 0 and 7. There is no 
preferred overlap position, and (7/2) is therefore the average duration 
of a simultaneous fade. 

The results for the number of fades in the 72-day period are shown 
in Fig~ 3. Space diversity has been quite successful in reducing the 
number of fades. As a matter of fact, the reduction for the deeper fades 
is so large that the 72-day period was barely adequate for the observa­
tion of any -40 dB simultaneous fades at all. From the experimental 
points, the reduction at -40 dB is by about a factor of twenty. However, 
this is based on a small sample of only three simultaneous fades at 
-40 dB. The theoretical curves (discussed later) suggest that, on 
the average, the reduction at -40 dB will be by about a factor of 
sixty. There is a small systematic difference in the number of fades 
of Rl and R2 . We hope to obtain more information on this from experi­
ments now under way at Palmetto, Georgia. 

The conclusion from these observations is that space diversity acts 
mostly by reducing the number of fades, and that the reduction in­
creases as the fades become deeper. 
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III. THEORETICAL MODEL 

The number of fades and the average fade durations vary with fade 
depth. The functional form of the variations can be calculated from 
probability theory, using methods developed by Rice/,5 if various 
probability density functions associated with Rl , R2 , and R are known. 

To arrive at a set of probability density functions for the present 
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problem, we note that multipath fading normally occurs during relatively 
short intervals, separated by long periods that contain no fading. 
Let To denote the total time of observation (72 days in the case of 
the experimental data in the previous section), and let T(R t < L) 
and T(R2 < L) denote the respective amounts of time during which 
Rt and R2 have values less than L. A mathematical description of 
experimental observations3 of these times is 

T(R t < L) = rToL2, 

T(R2 < L) = 1'ToL2, 

L < 0.1 

L < 0.1. 

(2) 

(3) 

The parameter r is proportional to the ratio of time containing fading 
to total time. It is a function of the length of the line-of-sight path, 
frequency, time of the year (summer or winter), climate, and terrain.6 

To introduce some generality, suppose that the gain associated with 
the bottom antenna is changed, so that the value of R2 in the absence 
of fading changes from unity to a value v. If R2 is still measured on 
the same scale as Rt ,* then equation (3) becomes 

T(R2 < L) = rTo(L/v)2, (L/v) < 0.1. (4) 

The parameter v allows top and bottom antennas of different sizes 
(the gain difference in dB is 20 log v). If the bottom antenna is smaller 
than the top antenna, then v is less than unity. This is the case when 
a second antenna is added below a main antenna on an existing tower, 
and the size of the second antenna is limited by the allowable wind 
load on the tower. 

The probabilities that R t and R2 respectively are less than L are 
obtained by dividing T(R t < L) and T(R2 < L) by a normalized 
time rTo : 

Pr (R t < L) = (rTo)-lT(Rl < L) 

= L2, L < 0.1 (5) 

Pr (R2 < L) = (rTo)-lT(R2 < L) 

= (L/v) 2 
, (L/v) < 0.1. (6) 

The basis of our theoretical description of fading is the observation 
that the Rayleigh probability distributions 

Pr (R t < L) = 1 - exp (_L2) 

rov L 2 , L < 0.1 (7) 

* Fade depths of all signals are expressed in decibels relative to the value of the 
received signal from the top antenna in the absence of fading. 
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Pr (R2 < L) = 1 - exp (_L2/V2) 

"-' (L/v) 2 
, (L/v) < 0.1 (8) 

have the same form as equations (5) and (6) for deep fades. This sug­
gests that during deep fades pairs of received envelopes can be treated 
theoretically as correlated Rayleigh distributed variables. Note that 
in this theoretical model, as a consequence of equations (7) and (8), 
the mean square values of the envelopes are 

(R~) = 1, (9) 

where the angle brackets denote averages. 
Given that Rl and R2 are jointly Rayleigh distributed, one can 

proceed purely theoretically and obtain expressions for the number 
of fades and the average fade durations of R. The general expressions 
for the number of fades are obtained in Appendix A. The probability 
density functions are listed in Appendix B. The theoretical results 
can be expected to apply only to deep fades because of the restrictions 
on L in equations (2) through (8). Reduction to the case of deep fades 
is carried out in Appendix C, and the results are summarized and 
discussed in Section IV. 

IV. THEORETICAL RESULTS FOR DEEP FADES 

The theoretical results for the number of fades and for the average 
fade durations become relatively simple when fades are deep. Deep 
in the context here means, first, that 

L < 0.1, (L/v) < 0.1, (10) 

which is just a restatement of the conditions that appeared in the 
previous section. Second, there are associated conditions that come 
out of the mathematics in the appendices, 

(11) 

The parameter q describes the correlation of R~ and R; . It is unity 
when the receiving antennas are very far apart, and it becomes zero 
when the two receiving antennas merge into one. We give an empirical 
expression for q when we compare the experimental and theoretical 
results in Section V. The conditions in equation (11) show how the 
separation of the receiving antennas affects the range of fade depths 
for which the simple approximations presented in this section are valid. 
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The number of fades of the diversity signal is one of the main results. 
For deep fades, the number of fades of R per unit time is 

(12) 

where the parameter c is proportional to the rms value of the time 
derivative of R t , 

(13) 

The corresponding number of fades of the envelope R t per unit time is 

Nt r-.J cL. (14) 

The reduction in the number of fades provided by diversity is therefore 

FN = Nt/N 

(15) 

which can be a large number for deep fades (L close to zero). 
Numerical estimates of F N can be obtained using values of q given 

by equation (19) in Section V. For example, a vertical separation 
of the receiving antennas that often appears adequate is 40 feet.l.2 
For this, q is about 0.025 at 6 GHz on a 26.5 mile path, which is a 
typical average path length. For receiving antennas of equal size 
(v is unity), the reduction in the number of fades is (from equation (15)) 
about 125 at -40 dB. This means that at the -40 dB level there is, 
on the average, only one overlap in 125 fades of the nondiversity 
signals. 

The expressions for various quantities, when fades are deep, are 
summarized in Table I, where the first column refers to Rl and the 
second column to R. This shows that the average fade duration of R is 

(16) 

where (tt) is the average fade duration of Rl . The ratio of (t1 ) to (t) 
is independent of fade depth for deep fades, and it becomes two when v 

TABLE I-ExPRESSIONS FOR VARIOUS QUANTITIES FOR DEEP FADES 

Probability of fade 
Number of fades 
Average duration 

Nondiversity Diversity Improvement 

v2qL-2 
(1 + v)-tv2qL-2 

(1 + v) 
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is unity (same size receiving antennas), which supports the heuristic 
argument given previously in the section on the experimental results. 

The reduction in the total amount of time spent in fades is*, from 
the first row in Table I, 

(17) 

Therefore 

(18) 

When v is unity or less, conditions (10) and (11) translate into a simple 
statement that the approximations presented here are valid when F 
is larger than ten. 

V. COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS 

The theory predicts that the number of fades and the average fade 
durations are certain functions of the fade depth L. This can be verified 
experimentally. The theory also contains four parameters (r, v, q, c). 
One of these, the gain difference v, is a design parameter that we control. 
The other three (r for occurrence of fading, q for correlation in space, 
c for spectral width of fluctuations) depend on the inhomogeneities 
of the atmosphere and their interaction with electromagnetic waves. 
Since we do not know how to determine these parameters theoretically 
for deep fades on microwave line-of-sight links, we determine them 
from the experimental data. 

In the experiment, the gain difference parameter v is unity. An 
empirical resule for the correlation parameter q is 

(19) 

where 8 is the vertical center-to-center separation of the reCelvmg 
antennas, A is the wavelength, and d is the path length-all measured 
in the same units. For the receiving antenna pair discussed here, the 
value of q is 0.012, which is one of the experimental values3 on which 
equation (19) is based. The value of the fade occurrence parameter r 
is one-half (from Fig. 5 in our previous work3

). 

The theoretical description of the average fade durations of Rl 
and R2 in Fig. 2 is 

(20) 

* We have discussed this previously.3 The parameter q denotes the quantity 
(1 - k2 ) appearing in the earlier work and in Appendix B here. 
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Least squares fitting of equation (20) to the experimental points gives* 

(21) 

The data are in good agreement with the theoretically predicted de­
pendence on L to the first power. Theory also predicts that the average 
fade durations of the diversity signal should be shorter by a factor 
of two, and the corresponding theoretical line in Fig. 2 describes the 
experimental points quite well. The larger scatter in the diversity 
points is caused by the small number of observations of deep simul­
taneous fades. 

The number of fades can now be calculated entirely from theory. 
The number of fades per unit time of the nondiversity signals is given 
by equation (14). The corresponding number of fades in 72 days is 

(22) 

This equation, shown as the top solid line in Fig. 3, describes the data 
adequately. Similarly, the number of fades of the diversity signal 
envelope R in 72 days is, using (12), 

N' = rToN '"'-' 1.15 X 106L 3
• (23) 

The deep fade approximation in this case applies only to fades deeper 
than about - 30 dB, and the curved section of the bottom solid curve 
in Fig. 3 was therefore computed from expressions in the appendices. 
The departures from the curve when the number of simultaneous fades 
becomes small are very likely statistical in nature. Similar curves 
for frequency diversity (to be published), where we have more than 
one set of data, show deviations both above and below the theoretical 
curves in apparently random fashion over fifteen sets of data. Further­
more, as discussed earlier, experimental values for 20 log L can be in 
error by up to about 2 dB because the diversity signal is synthesized 
from quantized signals. 

* The parameter c is related to the spectral width of the fluctuations of Rl (the 
spectra of Rl and R2 are assumed to differ only by a multiplicative constant, which 
allows the mean square values to be different). For example, for a Gaussian spectrum 

w(!) = (2/7r)!jb-1 exp (-PI2jb2) 

the mean square derivative is 

«(dRddt)2) = (27rjb)2 

which can be substituted into equation (13) to relate c to jb. We do not have ex­
perimentally determined spectra. As a speculation, using the value for c from expres­
sion (21), we obtain 

jb ~ 4.5 X 10-4 Hz. 
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All in all, we think the theory describes the experimental data well. 
To describe the data we needed only one additional parameter, the 
spectral width parameter c, beyond those determined previously3 from 
amplitude distributions. The theoretical model based on the joint 
Rayleigh probability distribution therefore appears to give a highly 
consistent description of deep fades on line-of-sight microwave links. 

VI. CONCLUSIONS 

The experimental and theoretical results presented here show that, 
for fading caused by multipath propagation, simultaneous deep fades 
on vertically separated receiving antennas can be practically non­
existent. Furthermore, the theoretical results enable one to describe 
quantitatively what is meant by practically nonexistent. From a more 
general point of view, a theoretical description of the output of the 
receiving antennas may help in modeling the disturbances in the 
electromagnetic waves incident upon the antennas, on which much 
remains to be done. 
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APPENDIX A 

General Expressions for the Number of Fades 

For the diversity signal envelope R, the number of fades of depth 
20 log L dB is equal to the number of times R crosses L in an upward 
direction. Suppose that a time period T is divided into n intervals 
of length dt such that an interval contains either none or one of the 
upcrossings. Let m1 be the number of intervals containing upcrossings 
made at instants in time when R is R 1 , and let m2 be the number 
of intervals containing upcrossings made when R is R 2 • Then the 
quantities 

(24) 

are conditional probabilities (the conditions are stated III the next 
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paragraph) that RI and R2 respectively cross a given level in an interval 
of length dt. The number of up crossings of R per unit time is 

(25) 

and the task is to express P t and P 2 in terms of the appropriate prob­
ability density functions. 

To obtain an expression for PI' we look in detail at an interval dt 
in which RI crosses a level L in an upward direction, as shown in Fig. 4. 
The interval length dt will go to zero in the limit, and the envelopes 
in the interval can therefore be represented by straight line segments. 
The conditions for the indicated level crossing to occur are* 

R 2 (tt) < L 

R1(tt) > 0 

(the dot denotes a time derivative), and 

o < L -: R1(tl) < dt. 
RI(t l ) 

(26) 

(27) 

(28) 

Integration of the joint probability density function of (RI' R2 , Rt ) 

over the region in (R t , R2 , RI)-space specified by the three inequalities 
will give the probability PI . Let p(RI' R 2 , RI) be this probability 
density. Then, 

* This approach follows Rice,4 Section 3.3. The additional condition (26) comes 
in because we are treating a diversity signal. 
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where part (b) of Fig. 4 helps to vjsualize the integration with respect 
to RI as prescribed by the inequality (28). As dt approaches zero this 
becomes 

The variables Rl and RI are uncorrelated (a random variable and its 
derivative are uncorrelated when measured at the same instant of 
time). If so, then to a good approximation R2 and RI are also uncor­
related, and* 

(31) 

Therefore 

(32) 

The conditional probability P2 can be obtained from this by an ap­
propriate change of subscripts. 

In terms of probability densities, the number of upcrossings of R 
per unit time is therefore 

N = 100 

RIP(R!) dRIlL peL, R2) dR 2 

+ 100 

R2P(R2) dR21L peRl , L) dRI. . (33) 

The number of upcrossings of RI per unit time can be obtained from 
the first term in N by extending the integration with respect to R2 
to infinity, which gives 

(34) 

Similarly, the number of upcrossings of R2 per unit time is 

N, = {{ R,p(R,) dR,~,(L). (35) 

Note that the probability density function of R at the value L is 

* We are using the symbol p to denote probability density functions in general. 
The arguments of p specify the actual function. 



RECEPTION FADES 1527 

peL) = (ajaL) Pr (R < L) 

(a/aL) Pr (RI < L, R2 < L) 

(ajaL) 1L dRIlL dRzp(RI ,Rz) 

1L peRl , L) dR I + 1L peL, Rz) dR 2 • (36) 

This shows that N can be expressed in the same form as N I and N 2 
(a constant multiplied by a probability density function) only when 
the integrals with respect to III and Il2 are equal; that is, when these 
integrals in equation (33) can be factored out. _ 

The crossing rate N can be expressed in terms o( the rates N 1 and N 2 • 

Combining equation (33), (34), and (35), we obtain 

N = Nl Pr (R2 < L I Rl = L) + N2 Pr (R l < L I R2 = L) (37) 

where Pr (R2 < L I Rl = L) is the probability that R2 is less than L, 
subject to the condition that Rl is equal to L, and similarly for the 
second term. 

APPENDIX B 

Probability Density Functions 

To obtain the required probability density functions, the complex 
envelopes [R l exp (iO l )] and [R 2 exp (i02 )] are resolved into quadrature 
components 

Xl = Rl cos 01 

X2 = R2 cos O2 

Xa = Xl = III cos 01 - RIOI sin 01 

Yl = Rl sin 01 

Y2 = R2 sin O2 

Ya = ih = III sin 01 + RlOI cos 01 

(38) 

where the dot denotes a time derivative. The assumption that Xi 

and Yi (i = 1, 2, 3) have zero means and are normally distributed 
with second moments 

(XnXm) = (YnYm) = Anm , 

(xnYm) = 0 

n, m = 1,2,3 (39) 

(40) 
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leads* to the Rayleigh probability density for Rl 

PI (R l ) = (Rl/All) exp (-Ri!2All) 

(Ri) = 2All 

with a similar form for the probability density function for R2 . 

(41) 

(42) 

The probability density function of Rl can be obtained in a similar 
manner. The joint density function in this case is 

peRl , Ol ,Rl , 81) = Rip(Xl , X3 , Yl , Y3) 

= R;P(Xl)P(X3)P(Yl)P(Y3) 

Ri { xi + yi x~ + y~} = --2-- exp -
(271'-) AUA33 2All 2A33 

Ri {Ri Ri + RiOi} 
= (27T.yAllA33 exp - 2All - 2A33 . (43) 

Integration with respect to 81 (from 0 to 27r) and 01 (from - 00 to 00) 

gives 

from which 

peRl) = (27rA33r~ exp ( - Ri!2A33) 

(Ri) = A33 • 

It is interesting to note that Rl is normally distributed. 

(44) 

(45) 

(46) 

The joint probability density function of Rl and R2 is,7 in our nota­
tion, 

peRl ,R2) = (RlR2/qAllA22)'exp {_(2q)-1[(RUAll) + (R;/A22)]} 

10 {kRIR2/ q(AIIA22)! } 

where lois a modified Bessel function of the first kind, and 

k
2 

= Ai2/AllA22 

q = 1 - k 2
• 

(47) 

(48) 

(49) 

The conditional probability required in equation (37) is, therefore, 
from the probability density functions given above, 

* Details can be found in Davenport and Root,7 Section 8.5, where Rice's4 work 
is summarized. 
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Pr (R 2 < L I Rl = L) = 1L dR 2P(L, R 2)lpl(L) 

= e- U 1x 

e- t l o[2(yt)!] dt (50) 

where 

x = q-l(L2/(R;» 
y = q-lJc2(L2/(Ri». 

(51) 

(52) 

The other conditional probability Pr (R l < L I R2 = L) can be obtained 
from these equations by appropriate changes of subscripts. 

APPENDIX C 

Deep Fade Approxil1wtions 

For deep fades (small values of L) simple approximations of the 
various expressions can be obtained. First of all, 

Pl(L) r-..J 2LI(Ri), 

which immediately leads to 

(LI Rl rms) < 0.1 

1\{1 r-..J c(LIRlrms ), (LI Rl rms) < 0.1, 

where 

c = {(2/7r)(Ri)/(Ri»}!. 

The envelope fluctuations can be assumed to fulfill the condition 

(R;) I (Ri) = (R;) I (R;) . 

If so, then 

(LI R2 rms) < 0.1. 

(53) 

(54) 

(55) 

(56) 

(57) 

Now that the definitions are clear, we can start using the normalized 
mean square values 

(RD = 1, (58) 

In terms of these, 

N r-..J cL{Pr (R2 < L I Rl = L) + V-I Pr (R l < L I R2 = L)}. (59) 

When 

(60) 

the conditional probabilities become 

Pr (R2 < L I Rl = L) r-..J q-l(L2Iv 2
) (61) 
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(62) 

and 

(63) 

The average fade durations of the envelopes Rand Rl are, respectively, 

(t) = N- l Pr (R l < L, R2 < L) (64) 

(tl) = N-;l Pr (Rl < L). 

Deep fade approximations of the probabilities are 

Pr (R l < L, R2 < L) I"J q-1v-2L 4 

Pr (Rl < L) I"J L2, 

(65) 

(66) 

(67) 

and appropriate substitutions into equations (64) and (65) provide 
the expressions in Table 1. 

In cases where the deep fade approximations do not apply, we eval­
uated the various integrals numerically. It is possible (but we did not 
do this) to use tables for the conditional probability, equation (50), 
since it can be expressed in terms of Marcum Q functionss

.
9 that occur 

in communication theory. Similar integrals are denoted by J(x, y) 
by Luke,10 who gives references to tables that have to do with hitting 
a circular target (we could not obtain these tables). 
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Optimum Phase Equalization of Filters 
for Digital Signals 

By DAVID A. SHNIDMAN 

(Manuscript received February 17, 1970) 

Digital information transmitted by means of a pulse amplitude modula­
tion scheme depends critically on the pulse shape for reliable high speed 
communications. The pulse shape, in turn, depends in great measure on 
precise phase equalization. A new technique for the design of phase equal­
izers, based on digital mean square error, has been developed. This criterion 
is appropriate for a digital transmission system because it can be related 
to the system error rate. 

A lower bound to the digital mean square error is first obtained by 
determining the theoretically optimum phase. A physical equalizer consists 
of a cascade of many (say N) constant resistance all-pass networks. For 
each of several different values of N, an optimization search over the 
parameters of the all-pass networks is then done. The smallest value of N 
which yields an error satisfactorily close to the lower bound is utilized for the 
optimum physical phase equalizer. 

The major benefits derived from using this technique as opposed to the 
conventional one are: 

(i) A significant reduction in the number of all pass sections required. 
(ii) More practical element values, facilitating network manufacture. 

(iii) A substantial improvement in system performance. 

1. INTRODUCTION 

Most information transmitted via telephone facilities today is sent 
over analog channels. It is anticipated, however, that future systems 
will be largely digital. New services such as Picturephone@ will be 
transmitted over toll facilities in a digital format. The Bell System will 
need to provide a significant digital capacity by the late 1970s. In spite 
of this emphasis on digital transmission, analog demands will be rapidly 
increasing for some time to come. The L-4 system, originally conceived 
to provide increased analog capacity, is now being equipped to transmit 
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in a digital mode as well. L-4 can therefore temporarily satisfy increasing 
analog and digital requirements. The eventual transition from analog 
to digital can be accomplished smoothly by apportioning analog and 
digital usage according to demand. Similarly, the L-5 system will be 
able to handle both analog and digital signals. Digital transmission 
on L-5 is expected to be available earlier than any purely digital system 
of comparable capacity. These systems with their dual capabilities 
promise to play an important role in the future of Bell System long-haul 
transmission. 

The scheme (Fig. 1) employed for transmitting digital information 
over L-4 and L-5 is pulse amplitude modulation. The sequence of input 
digits, {ak}, is used to scale translates (displaced by T seconds) of a 
given pulse shape. If these pulses do not overlap, then their amplitudes 
can be determined from samples of the received waveform (assuming 
noise free transmission) and the scale factors ascertained. Efficient use 
of channel capacity dictates simultaneous transmission of several 
signals, each confined to a specific bandwidth. The fulfillment of these 
bandwidth restrictions causes the transmitted pulses to overlap, and 
complicates the process of extracting the information digits. For band­
widths of greater than 1j2T (for single sideband), there exist a class of 
pulses, known as Nyquist pulses, which allow, at one point in each T 
second interval, for the extraction of an interference-free sample. 
Unfortunately, it is not possible to build filters to realize these pulse 
shapes exactly or to build sampling equipment with zero pulse widths. 
Consequently, one is left with an unavoidable amount of "intersymbol 
interference" such that the output sequence, {b,c}, will not be an exact 
duplicate of the input sequence, {ak}' 

The filters have a second function no less important than pulse 
shaping, namely, to prevent serIOUS interference between signals III 

{ak}-+----i CD ~ __ --J 

cos 2'1Tfct 
SAMPLE 

AT 

Fig. I-Model for the digital communication system. [V(f) is the transfer charac­
teristic from 1 to 2.] 
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different bands. The filters must satisfy out-of-band rejection require­
ments as well as yield desirable pulse shapes. 

With traditional filter design techniques, phase distortion is not 
considered initially. * An amplitude characteristic, fulfilling out-of-band 
rejection requirements, is realized as closely to a Nyquist shape as 
possible. Then the phase is modified by means of a cascade of all-pass 
sections so as to minimize the "curve fit" mean squared difference 
(over the pertinent bandwidth) between the resulting delay and a 
constant delay. This method (of reducing curve fit mean squared error) 
was initially used in L-4 for the design of filters for digital transmission. 
The result proved to be unacceptable. The major difficulty with this 
procedure is the fact that the resultant phase distortion, as determined 
above, cannot be readily related to an error between an input symbol, 
ak , and the corresponding output, bk • That is, not all errors of equal 
size as measured by this criterion affect the digital error to the same 
extent. Any criterion which does relate to differences between the 
{ ak} and the {bk} would necessarily consider both amplitude and phase 
simultaneously. The digital mean square error, to be defined in the next 
section, is a criterion which is appropriate for our purposes and is 
related to the differences between digital input and output. 

Although it was originally planned that the amplitude and phase 
equalization would be designed simultaneously, it was found to be 
advantageous not to do this initially. The problem becomes much more 
manageable by separating amplitude and phase designs into two inter­
acting parts. In some cases, it was possible to achieve satisfactory 
amplitude characteristics by traditional methods. For these cases, the 
problem becomes one of designing a realizable phase characteristic 
approximating the optimum phase (which depends on the amplitude 
and which is not necessarily linear). Therefore, the first new effort is 
the development of a new technique for phase equalization using a 
criterion relevant to digital transmission. 

II. DIGITAL MEAN SQUARE ERROR 

The digital mean square error, Dk , of the kth digit is defined as the 
mean squared difference between the input, ak , and its corresponding 
output, bk 2,3; that is, 

(1) 

* In his paper, "Synthesis of Pulse-Shaping Networks in the Time Domain," 
D. A. Spaulding does consider amplitude and phase simultaneously. 1 
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where E { .} denotes expectation with respect to the random variables 
ak and bk • If the input sequence is wide-sense stationary and the channel 
is deterministic, conditions which we shall properly assume, then Dk is 
independent of le, and the subscript le will be dropped. 

It can be shown (see, for example, Ref. 4) that equation (1) can be 
written as 

D = mo + L: ilf(f) V*(f) exp (j27rfr) 

·{~.t V(t - ¥) exp [ -i2,,(t - ¥)rJ - 2} dt (2) 

where 

V(t) is the transfer characteristic between points 1 and 2 of Fig. 1, 
T is a constant representing a delay in the sampling time, 
T is the pulse repetition time interval, 

and 
M(t) is a factor arising from the correlation between input digits {ak}. 

If we define 

Pn = E {akak+n} = p-n, 

then, assuming convergence, we have for M(t), 
~ ~ 

(3) 

M (f) = L: Pn exp (- j27rfnT) = L: mn cos 27rfnT (4) 
n=O 

where we have defined 

mO = Po 

and 

n ~ o. (5) 

The error, D, can be written in a more convenient form if we define 
an error term, E(t), as: 

E(t) = 1 f V(f - ~) exp [-j27r(f - ~)TJ - 1. (6) 
T «=_QO T T 

Using equation (6) in equation (2) and noting the fact that the imaginary 
part of E(t) is odd, we can write D as: 

1
1/2T 

D = mo + T -1/2T M(t) [E(f) - l][E*(f) + 1] df 
(7) 

1
1/2T 

= 2T 0 M(f) I E(f) 12 df· 
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The function e(f) is a measure of intersymbol interference. If the 
pulse shape were Nyquist, e(f) would be zero. The term M(f), due to 
the correlation of the input digits, acts as a weighting function in the 
error expression. 

e(f) is determined from the transfer functions of the block diagrams 
in Fig. 1. We can take advantage of the linearity of the vestigial sideband 
system and, by translating appropriately, lump several filters together. 
We define, therefore, the frequency transfer function for the combination 
of the two low-pass filters as L(f), for the combination of two bandpass 
filters as B(f), and for the combination of the all-pass networks (that is, 
the phase equalizer) as A(/). The cable or analog system is represented 
by C(f). With this notation, we can write the baseband equivalent to 
the passband portion of the system as: 

H(j) = HA(f + fc)B(j + fc)C(f + Ie) exp (jO) 

+ A(f - fe)B(f - fe)C(f - fe) exp (-jO)] reet (1';) (8) 

where 

rect (x) == {I, 
0, 

I x 1< t (9) 
otherwise 

and where Ie is the carrier frequency and 0 the phase offset (the difference 
in phase between the modulation and demodulation cosine functions). 
The overall transfer function becomes simply 

v (I) = L(f)H (I). (10) 

In general L(/), B(/), and C(/) are not measured separately. Instead 
R(f) is measured where 

J ')~ L(f - fe)B(j)C(j) , 
R(f) = ... 

l2~ L(f + tJB(j)C(j) , 

with the result that 

V(f) = T[R(f + Ic)A(1 + Ic) exp (jO) 

f > ° 
(11) 

f < 0 

+ R(f - fc)A(1 - fJ exp (-jO)] reet (t~). (12) 
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If we define V t (f) as 

VI(f) == ~ VCf) exp (- j27rfr) , (13) 

where 9 is a scale factor, then e(f) becomes, in terms of VI(f), 

e(f) = ± VI (f - ~) - 1 
a~-l T 

(14) 

where the limits on the sum reflect the bandlimited nature of V(f). 
Since we are initially concerning ourselves with phase equalization 

only, we want to consider R(f) as fixed and modify e(f) by our choice 
of A (f) where 1 A (f) 1 = 1. The optimum design for A (f) is considered 
next. 

III. OPTIMUM PHASE 

In order to obtain a lower performance bound to the optimum design 
of the phase equilizer, it is necessary to determine, for a given amplitude 
shape, the phase associated with the minimum error, D. For this 
purpose, once again consider the error term, 

where CPt (f) is the phase of V I (f). 

Because VI(f) is zero, for I f I > -f' then for 0 ~ f ~ 2~ 

we have 

I e(f) 12 

II V,(I) I exp (j</>, (f) + I v, (f - -j;) I exp (i</>, (f - -j;)) 1 I' 
[I V,(I) I cos </>,(1) + I V, (f - -j;) I cos </>, (f - -j;) - 1 J 
+ [I V,(I) I sin </>,(1) + I V,(f - -j;) I sin </>,(f - -j;) l (16) 

Clearly, minimizing 1 e(f) 12 for each f minimizes D. Let us use the 
following shorthand notation 
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x = cos <Pl(t) , 

y = cos <P1 (t - ~) , 
and v = I V 1(f) I, 

V T = I V, (1 - f. H 
Then for f fixed we wish to minimize 

J(x, y) = (Vx + V TY - 1)2 + [V(1 - X2)~ + V T(1 - y2)~]2 (17) 

subject to the constraints 

I x I ~ 1 and I y I ~ 1. (18) 

Let F be the feasible region, that is, the set of points (x, y) which satisfy 
inequality (18). Let F be the interior of F. Since J(x, y) is differentiable 
in F, then the optimum point (x, y) is in F if and only if 

aJ(x, y) I = aJ(x. y) I = O. (19) 
ax (i.Y) ay (i.Y) 

If (x, y) lies on the boundary of F then equation (18) is not necessarily 
satisfied. 

We can now state the major result concisely as a theorem. 

Theorem: If 

then (x, y) I: F and x and yare determined by 

and 

yielding an error 

y = _1 -...:.+--,-C V.......::T'---+--'----V----')'--'.C_V-=-T _-_V) 
2V T 

J(x, y) = 0: 

however, if (20) is not satisfied then 

x = 1, y = -1, if V ~ V T 

(20) 

(21) 

(22) 
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or 

x = 1, Y = 1, if V < V T. (23) 

Proof; If (x, y) {: F then equation (19) holds and solving for x and y we 
obtain equation (21). We must show that if inequality (20) holds, 
then equation (21) is consistent with (x, y) {: F. In order to do this, 
we define u and A as; 

u=V+VT -1 (24) 

and 

A = 1 - (V - V T). (25) 

Now inequality (20) implies that u > 0 and 0 < A < 2. Therefore for 
u > 0 and 0 < A < 2 we must obtain the values of x and y such that 
I x I < 1 and I y I < 1. Using equations (24) and (25) in equation (21), 
we obtain for x 

Since we have 

£ = 1 + (1 + u)(l - A) 
2+0"-A 

1 _ 0".1 
2+0"-A 

O"A 
o < 2 + 0" _ A < 2, 

then Ixl must be less than one. Similarly, we obtain 

" 1 - (1 + 0")(1 - A) 
y = 0" + A ' 

2-A 
1 + (.1/0") 

= 1 -

(26) 

(27) 

Since the quantity 1 + .1/0" is greater than 1 and 0 < 2 - A < 2, then 
I y I < 1, proving that if inequality (20) is satisfied, then (x, y) E F. 

Substituting equation (21) into equation (17), we get 

J(x, '0) 

= [! + HV + V T)(V - V T) + ! - HV + V T)(V - V r) - 1]2 

+ [(4 V 2 
- 1 - 2V

2 + 22V~ - (V
2 

- V~)2r 

_ (4 V~ - 1 + 2V
2 

- 22V~ - (V
2 

- V~)2YJ = o. (28) 
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If inequality (20) is not satisfied, then the point (x, y) is on the boundary. 
In order to minimize J(x, y) we must eliminate the second term in J; 
that is, we must have I x I = I fJ I = 1. If V ~ V T then x = 1, Y = -1 
minimizes J; otherwise x = -1, y = 1 minimizes J. 

The optimum phases CPI (f) and CPI (f - liT) are obtained from the 
equations 

and 

y> 0; 

y < o. 
(29) 

In this manner, the optimum phase is determined for all f for the base­
band signal VI(f). Except in the Nyquist roll-off region, cp(f) is zero. In 
the demodulation step, there is a similar overlapping in the vestigial 
roll-off region and an identical procedure can be done provided the 
two roll-off regions do not overlap. If they do, then the process is nearly 
the same except that one must first determine, for the overlapping part 
of the vestigial region, a phase difference between the terms that add 
together after demodulation and then determine the phase of the base­
band waveform. The solutions are, in general, not unique. 

IV. REALIZABLE PHASE EQUALIZER 

The optimum phase, as specified in the previous section, can not be 
realized. For physical systems we are restricted to those phase charac­
teristics that can be achieved by cascading sections of constant resistance 
all-pass networks. A typical constant resistance all-pass network is shown 
in Fig. 2. Its transfer characteristic is 

(30) 

where (Fig. 3) 

(31) 

Using N such all-pass networks yields an overall response A(f)' such that 

(32) 

Substituting equation (32) into equation (12) and using measured 
characteristics for R(f), we obtain VI(f), e(f) and, in turn, D in terms 
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LATTICE REALIZATION BRIDGED T REALIZATION 

L1 = 2 __ R_ 
'iTbnfn 

O:S C1 < 1 ~n -~J 2'iTfn R 4 bn 

L= __ R __ 
'iTbn fn 

bn c=---
4'iTfn R 

L 2 = 1 bn R 
'2 4 'iT fn 

Fig. 2-Two realizations of a constant resistance all-pass network. 

Fig. 3-Typical phase lag characteristics of an all-pass section. 

f 
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of the bn and f n • The next step is the optimization search to choose the 
set of bn's and fn's to minimize D. 

v. THE MINIMIZATION OF D 

Since D is now seen to be a function of many parameters, it is more 
appropriately written as 

1
1/2T 

D(f, b, T, g, 8) = 2T 0 M(f) 1 e(f, f, b, T, g, 8) 12 dt (33) 

where V I (t) in equation (14) is equal to gV2 (f) and 

V 2 (f) = [I R(f + fe) I exp [j(¢(f + fc) - ft (J(f + fe , fn , bn) + 8)] 
+ R( -t + t,) exp [ -i(</>(t + 10) - t. (l( -t + t, , t .. b.) + 0)]] 

. exp (j2'Jr-jT) reet (f;) : (34) 

g is a scale factor for VI (f) ; band f are parameter vectors 

(35) 

and ¢(t) is the phase of R(f). 
If we adopt the following inner product notation 

1
1/2T 

[a (f) , (J(f)] M = 2T 0 lVI(f)a(f)(J*(f) df, (36) 

then D can be concisely written as 

D(f, b, T, g, 8) = [€(f, f, b, T, g, 8), €(f, f, b, T, g, 8)h[ . (37) 

We must first minimize D with respect to the gain, g, the delay, T, 

and phase offset, 8, before determining what changes to make in band f. 
After changing band f, we repeat the procedure by optimizing g, T, 

and 8, and then obtaining new band f. After each iteration, we evaluate 
D and stop when D ceases to improve more than a predetermined 
amount. 

To ascertain the optimum value for g, we solve aDjag = 0 for g 
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and obtain 

g = 
Re {U~, V,(t - fj) , 1 JJ 

(38) 

[ 
1 ( ) 1 ( )J L V 2 1 - ~ , L V 2 1 - ~ 

<>=-1 T <>~-l T 1>1 

g does depend on the phase of V 2 (1); however, if the roll-off region is 
narrow, g is relatively insensitive to it, especially when band f are near 
their optimum values. We can, therefore, eliminate repeating the cal­
culation of g at each iteration by replacing V 2 (f) by I V 2 (f) I in equation 
(38) to obtain 

(39) 

which, since it is independent of phase, need be calculated only once. 
We shall take a similar approach for the evaluation of (). Optimization 

with respect to () would have to be done jointly with optimization with 
respect to T. This would enormously complicate the minimization of D, 
since it would have to be repeated at each iteration. Instead we can 
choose () as 

N 

() = -¢(lc) + L (3(fc , In , bn) + ()o (40) 
n=l 

where ()o can be chosen so that () is very close to its optimum value for 
the final set of band f. Thus, as band f improve, the value chosen for () 
approaches its optimum. ()o depends on R(f) and is determined from the 
optimum phase. 

With g and () fixed, the optimization with respect to T has been 
simplified. Topt is a solution of the equation 

aD = 2 R [(1 f b ) afO(f, f, b, r)J 
a e E" ,T, a ' 

T T 1>1 

~ 2 Re [,(t, f, b, T), to i2.-(t - fj)v,(t - fj) t ~ O. (41) 

An initial value of T is chosen as described below and aD/aT is evaluated. 
If aD/aT > 0, then T is decremented, or if aD/aT < 0, then T is incre­
mented, until aD/aT changes sign. Using the last two values of aD/aT, 
we can employ the method of "false position" (regula falsi)5 to deter-
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mine a value of aD/aT < 10-5
• The T yielding this value of aD/aT is 

accepted as T opt • 

T i , the initial value of T, is chosen to correspond to the best linear 
mean square error curve fit to the resulting baseband phase. Thus we 
have 

where 
K 

L (fk - fc)1f;(fk) 
J1.= 

k=l (42) 

N 

1f;(f) = ¢(f) - L (3(j, fn , bn) + 0, 
»=1 

and the fk are the discrete values of frequency between f = 0 and f = 
1/2T used in evaluating D by a finite sum. 

The minimization is done by a parameter search utilizing the Fletcher­
Powell algorithm. 6

•
7 Since the effectiveness of the method depends on 

the accuracy with which the gradient is determined, it is particularly 
advantageous to use an analytic expression for its calculation. This 
expression is presented in Appendix A. 

The computer program to achieve the above minimization was written 
in its entirety by Mrs. Barbara E. Forman for the CDC 3300 and the 
IBM 360/75. 

Practical problems can arise in performing the parameter search. 
They are due mostly to the existance of many local minima. The 
Fletcher-Powell algorithm will approach a local minimum as readily as 
a global minimum. This difficulty is mitigated by three factors: (i) We 
have been able to determine, for a given amplitude characteristic, the 
theoretical phase which will yield the lowest value of D and thereby 
determine the practical utility of trying to find the global optimum-we 
have been able to find local minima which yield digital mean square 
errors insignificantly greater than the lower bound. (ii) We are able to 
specify the largest acceptable value of D. (iii) The parameter values at 
the global optimum may be impractical to realize by physical networks. 

The system error rate objective for L-4 and L-5 is that the probability 
of error (P E) be less than 10-8 per regenerative section. Walter E. N orris8 

has been able to relate aPE of 10-8 to a value of D of approximately 10-3
• 

This relationship is not unique, but it is accurate to within a practically 
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acceptable tolerance. We set our requirement for the theoretical filter 
at D = 5 X 10-4 since the physical realization will result in a larger 
error. We will accept a larger D for the implemented filter provided its 
value for D is reasonably close to this. If a minimization design yields 
a value of D near the lower bound and below the requirement, it is of 
no serious consequence that we do not achieve the global minimum. 
Since our design is based on a mathematical description of the network, 
it is important, however, that the parameter values be such that the 
physical realization approximates closely its mathematical representa­
tion. It is possible for a local optimum in a favorable parameter region 
to produce a better result than the global optimum in an unfavorable 
region due to attendant amplitude distortion and problems in its 
manufacture. 

VI. COMPARISON OF DESIGNS 

The data available from the L-4 system affords an opportunity to 
compare the conventional techniques of phase equalization with our 
method. The digital sequences on the system will be encoded in a partial 
response 9 format which yields an M(t) of M(f) = 4 sin2 47rfT. The 
amplitude characteristic of the cascade of filters for digital transmission 
is shown in Fig. 4. By conventional methods of phase equalization, 
20 all-pass sections were designed to reduce the phase deviation (devia­
tion from linear phase, see Appendix B) to the "best achievable" level 
across the entire bandwidth. The theoretical performance of the 20-
section equalizer (which does not consider the amplitude distortion of 
the phase equalizer) yields a phase deviation as shown in Fig. 5 and a 
digital mean square error of 1.45 X 10-4

• The "b" parameters (a 
measure of the steepness of the slope of the phase characteristics of an 
all-pass section, see Fig. 3) of several all-pass sections had values well 
above 25, the highest being 34.39. Values of b above 25 are undesirable 
for purposes of manufacture. The actual phase deviation as measured 
by J. S. RonnelO is shown in Fig. 6 and yields an error of 1.05 X 10-2

• 

An optimum phase deviation for the system, as determined by the 
method described in an earlier section, is shown in Fig. 7 and yields a 
digital mean square error of 5.69 X 10-5

• If the phase had been exactly 
linear, the error would be 7.52 X 10-5

• Our program will attempt to 
achieve the optimum phase. 

We must first determine the number of sections necessary to yield an 
acceptable error. In Fig. 8, the error, D, for the optimum design is 
plotted as a function of the number of all-pass sections. The curve shows 
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Fig. 4-Amplitude characteristics of cascade of filters. 
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that one obtains diminishing returns after 10 sections and that these 
10 sections have a theoretical error (1.41 X 10-4

) less than that of the 
original 20-section design. Taking into account the reduced amplitude 
distortion in realizing 10 sections as opposed to 20 sections, and a 
minimal theoretical improvement in going from 10 to 20, we would, in 
all likelihood, achieve better performance from the optimum 10-section 
design than from the optimum 20-section design. A comparison of 
calculated amplitude distortions is presented in Fig. 9. It indicates that 
it is very desirable to use as few sections as is possible. 

The optimum 10-section phase equalizer (all of whose b parameters 
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TABLE I-THE DIGITAL MEAN SQUARE ERROR FOR THE Two PHASE 

EQUALIZER DESIGNS 

Theoretical Measured 

Original Design 1.45 X 10-4 1.05 X 10-2 

(20 Sections) 

New Design 1.41 X 10-4 1.99 X 10-3 

(10 Sections) 

were equal to about 20) was built and tested. The phase deviation of 
the theoretical design is shown in Fig. 10 with a corresponding error 
of 1.41 X 10-\ while the phase deviations determined from the 
measurements of J. S. Ronne are shown in Fig. 11. This corresponds to 
an error of 1.99 X 10-3

• Table I summarizes the results. 
APE test was made on both the IO-section and 20-section designs at 
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a signal-to-noise (SIN) ratio of 40 dB. The error rate of the 20-section 
was 2000 times that of the 10-section. The two designs were also tested 
under the circumstances in which they would be used. Attached to the 
system is an adaptive equalizer which automatically adjusts to partly 
compensate for distortions in the system. The P E of both designs were 
taken as a function of SIN, with the adaptive equalizer included, and the 
results are presented in Fig. 12. These measurements indicate that 
the new design yields 3 dB more SIN margin at P E = 10-8 than the 
previous design. The lower bound on P E obtained from additive noise 
considerations (assuming a Nyquist pulse shape) by F. S. Hillll indicates 
that there is little room for additional improvement through manipula­
tion of the pulse shape. 

The advantages of the new design can be summarized as follows: 
(i) it is less expensive (fewer sections), (ii) it is easier to manufacture, 
and, (iii) most importantly, it yields better performance. 

VII. CONCLUSIONS 

The use of the digital mean square error, D, as a design criterion has 
proved to be of significant value in the design of the phase equalization 
for the transmission of digital information over the L-4 channel. Further 
studies indicate that comparable advantages exist in applying this 
technique to L-5 and other L-4 network designs. The use of the digital 
mean square error criterion is not limited to the phase equalization 
described here. Not mentioned above, but necessary, is amplitude 
equalization to compensate for the amplitude distortion introduced by 
the physical filters and all-pass sections. The design of this equalization 
is done optimally using the same techniques. 

With conventional techniques, the design of the band limiting filters 
considers amplitude characteristics alone. The passband of these filters 
should be designed to minimize D, in which case both the amplitude and 
phase influence the result. The next step, therefore, is the jointly opti­
mum design of these filters, together with equalization, on a digital 
mean square error basis. 
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APPENDIX A 

The Gradient 

The error D can be written 

1
1/2T 

D(f, b) = 2T a M(t) 1 e(f, f, b) 12 dt (43) 

where, for the band limited V(t)[ 1 V(t) 1 = 0, 1 f 1 > liT)] 

e(f) == VI(t) + VI(t - ~) - 1 (44) 

and 

V,(j) = g{1 R(f + t,) I exp [i(.p(t + f,) - t, /3(f + f, • f •• b.) + 0)] 
+ 1 R( - f + f c) I 

. exp [ -i(.p( -f + f,) - t, (3( -f + f, • f • • b.) + o)]} 

. exp (j27rtr) rect (t;). 
The gradient Gis 

G== 
aD 
abN 

(45) 

aD 
atl 

aD 
aJN 
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where 

D 1/2T J [V*(f) aV1(f - -Tl)]} 
L = 4T 1 M(f) Re l e(f) _a _1_ + df, 
a~ 0 a~ a~ 

aD 1
1/2 T J [V* (f) a V1 (f - -Tl)]l 

- = 4T JJI(f) Re le(f) _a _1_ + J df, 
afn 0 afn atn 

(46) 

and 

- t. [(3(j + t, . t • . b.) - (3(j, • t • . b.)l + eo}) 
-fn(f + fe)[(f + fe)2 - f~] + fnfeCf; - t~) 1 

' [fn(f + fe)]2 + ~~ [f! - (f + fe)2]2 (fnfe)2 + ~! [f~ - f;]2 

'J 
bnCf + fc) [t~ + (f + fe)2] bnfcCf~ + t;) J 

[fn(f + fe)]2 + ~! [f! - (f + fe)2]2 - (fnfe)2 + ~! f/! - f;]2 

+ I R(-t + t,) I exp (-i{<I>(-t + t,) - <I>(t,) 

-t. [fl(-t + t, . t •• b.) - (3(t, • t • • b.)l + eo}) 
fn( -f + fe)[( -f + fe)2 - f!] fnfe(f~ - f!) 

.j 
[fn( -f + fe)]2 + ~! [f! - (-f + fe)2]2 (fnfe)2 + ~! [f! - f~] 

- bn( -f + te) [f~ + (-f + fc)2] + bl1fcCf~ + f;) 

[tn( -f + fc)]2 + ~! [t! - (-f + fc)2]2 (fnfJ2 + ~! [f! - f;] 

[fT] ·reet 2 . (47) 
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APPENDIX B 

Phase Deviation 

The phase deviation is defined as the deviation of the phase from the 
linear phase which best (in a mean square error sense) fits the phase. 

Therefore, if 1/;(/) is the phase and al + b is the best linear fit between 
11 and t2 then the phase deviation cPD is 

where 

a= 

and 

cPD(f) = 1/;(f) - (at + b) 

1:2 

11/;(/) dl - R (I:" 1/;(f) dl)(/:' 1 dl) 

I:' r dl - 12 ~ II (I:" IdlY 

1 [t· t· ] b = 12 _ 11 Jr, 1/;(/) dl - a Jr. I dl . 

Discretizing the above equations, we obtain 

a = k=k, l (k,+n n)2] 
k1+n L Ik 
L I~ - k=k, 

k=k, n 
k+n kl +n 
L 1/;(lk) - a L Ik 

b = k=kl k=k1 
n 
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A Unified Formulation of Segment 
Companding Laws and Synthesis 

of Codecs and Digital 
Compandors 

ByH. KANEKO 

(Manuscript received April 2, 1970) 

Segment companding laws are being considered for use in PCM to 
cater to the possibility of digital processing of uniformly quantized signals. 
A unified formulation of the segment companding laws is presented, 
which permits the detailed structure of quantization to be explicitly charac­
terized. Most important, it is shown that this formulation yields algorithms 
for the systematic synthesis of coders, decoders, and digital compandors. 
Examples of circuits synthesized from the algorithms are shown for two 
segment law companding families-the J.L-law and the A -law. 

1. INTRODUCTION 

Instantaneous companding of PCM is used to maintain a reasonably 
constant signal to quantizing noise ratio for a wide dynamic range of the 
input voice signal. A logarithmic "J.L-Iaw" is a typical "smooth" input/ 
output transfer characteristic that has been approximated in the Dl 
channel bank realized by a diode compandor.1

•
2 In contrast to the 

smooth law, segment type companding laws, which are piecewise linear 
approximations to the continuous laws, have also been considered. In 
early experimental PCM systems a segment law was used primarily 
to avoid implementation difficulties associated with tracking of diode 
compandors.3

•
4 However, since the mid-sixties segment laws have been 

reconsidered from the view point of digital linearization to cater to the 
possibility of digital processing in an integrated digital network. Two of 
the segment law families have been stressed-the l3-segment A_Iaw,I5·6 
and the l5-segment J.L-law used in the D2 channel bank.7 

The major advantage of the segment laws resides in the digital 
linearization feature, through which digital processing such as digital 

1555 
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filtering, conferencing, net loss adjustment, echo suppression, equaliza­
tion, companding law conversion, and so on, can be performed effi­
ciently.s Also, it has been argued that the segment laws, being well de­
fined laws, should readily permit an international interconnection on a 
digital basis. However, the defining features of the segment laws have 
not been clearly drawn. 

Many attempts have been made to characterize a particular law 
by table-look-up, by a set of equations, or by forming algorithms/'s 

but important parameters defining the particular law have not been 
delineated. What is most important, the lack of an explicit expression 
for the family of segment laws has produced difficulty in the under­
standing and design of codecs and digital compandors. 

In this paper a unified formulation is presented, which leads to the 
systematic synthesis of codecs and digital compandors for the binary 
code. * In the second section, starting from conventional concepts of the 
,u-Iaw and the A-law, we derive expressions for the decoder output level. 
Output levels are given in terms of a standard form with segment edge 
parameter a and centering parameter c. Coder decision levels may also 
be expressed by the same formulation with the addition of the coding 
parameter b, thus completely specifying the companding law. This 
approach avoids table-look-up. Relations between the step size, effec­
tive coder input, transfer gain, and other parameters of the law are 
derived. 

In the third section, we show that this formulation is directly 
related to the codec circuit implementation, and these circuits can be 
synthesized in a systematic and straightforward manner. Unipolar de­
coders are first synthesized from the formulation, and the synthesis is 
extended to bipolar decoders including the sign bit. We also show 
that the coding parameter b is related to the design of logic in a se­
quential comparison coder. 

Digital compandors can also be synthesized by using the same formu­
lation. In the fourth section we display digital expansion and com­
pression algorithms, and compandor circuits synthesized therefrom. 
At Bell Telephone Laboratories, pioneering studies on digital com­
pandors have been made by T. P. Stanley, M. R. Aaron and D. G. 
Messerschmitt in unpublished memoranda. W. L. Montgomery has also 
done work in this area.s The synthesis technique developed here serves 
to unify these separate works, and makes it possible to design the 
circuits in a systematic way. 

* Extension to arbitrary bases follows in a straightforward manner and will 
not be considered. 
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II. FORMULATION OF SEGMENT LAWS 

2.1 Definition of Variables 

Suppose that a digital compressed code X is composed of m binary 
digits called "characteristic bits" representing the segment number L, 
and n binary digits called "mantissa bits" representing the quantizing 
step V in a segment, as shown in Fig. 1. The total number M of seg­
ments in one polarity is equal to 2m

, and the total number N of quantiz­
ing steps within a segment is equal to 2n. Then the digital representation 
of the compressed signal X is expressed in terms of L and V, as 

or 

X(L, V) = V + N·L 

V = X modN 

I 
I 

L=o I L=t 
/~----'!'---------\y~---'-! ----.. 
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Fig. I-Segment companding laws-standard form. 

(1) 



1558 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1970 

where X, L and V are defined in the regions as 

X = digital compressed signal E to, 1, ... , MN - I}, l 
L = segment number E to, 1, ... , M - 1}, and J 
V = step number within a segment E {O, 1, ... , N - I}. 

(2) 

The definition of X, L and V beginning from "0" permits a consistent 
algebraic treatment and yields a straightforward circuit design. 

If we denote the decoder output level by Yo , then it is a function of 
the digital compressed signal and Yo = yo(X) = yo(L, V). The quantiz­
ing step size is then given by the difference of two adjacent output levels, 
and is 

110(L) == yo(L, V + 1) - yo(L, V), 

11~(L) == Yo(L + 1,0) - yo(L, N - 1), 

V~N-l} 
V = N-l 

(3) 

where 11~(L) is the step size at the segment edge. Within a segment the 
step size 1l0 (L) is constant and independent of V. 

2.2 Definition of the Segment p.-law 

We will define the segment p.-Iaw and derive an expression for an 
output level as a function of Land V. The "so-called" segment p.-Iaw 
should satisfy the following: 

(i) Except for the segment edges, the ratio of the step sizes of the 
adjacent segments is equal to 2; that is, 

L E to, 1, ... ,M - 2}, 

(ii) Yo(O, 0) = c ( centering) , 

(4) 

(5) 

(iii) 110(0) = 1 (normalization). (6) 

Solving the difference equation (4) subject to equations (3), (5) and (6), 
we have 

Yo(L, V) = 2L(V + N + a) - N - a + c 

= fl'(L, V + a) - a + c (7) 

for an arbitrary real a, where tl'(L, V) is the standard form of the seg­
ment p.-Iaw, and is 

(8) 

The standard form is interpreted in the following way. If we take a 
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continuous variable v such that 

v E [0, N] 

then j(L, v) represents a continuous segment ~-law as shown in Fig. 1. 
The continuous segment ~-law jp.(L, v) is a set of segment lines whose 
segment edges jp.(L, N) = jp.(L + 1, 0) satisfy the so called ~-lawl for 
x = LN + v, namely: 

~ _ log (1 + ~y/E2) 
El - log (1 + ~) (9) 

for normalization constants El = MN, E2 = N(2 M 
- 1), and ~ = 

2M - 1. In other words, the continuous standard form gives an exact 
"chord type" approximation to the smooth ~-law. On this continuous 
segment law the discrete point V should be defined as the truncation of v. 

The output level (7) is then the modified version of the standard 
form with parameters a and c, and it constitutes a class of "~-like" 
laws. The centering parameter c determines the origin, and the edge 
effect parameter a describes the discontinuity of step size at the seg­
ment edges. The continuous segment law varies with parameter a as 
shown in Fig. 2, and produces discontinuities at the segment edges. 

2.3 Extension to the Segment A-law 

To obtain the segment A-Iaw,5 we replace the condition (i) by 

I­
:::> 
a. 
I­
:::> 
o 

COMPRESSED SIGNAL,;X: 

Fig. 2-Effect of segment edge parameter a: Curve 1--a > 1; Curve 2--a = 0 
and Curve 3-a < O. 
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(i)' Except for the segment edges the ratio of the step size of the 
adjacent segments is 

Ao(L + 1) = {I, 
Aa(L) 2 , 

L = 0, 

L E {I, 2, ... ,M - 2}. 
(10) 

This implies that the Oth and 1st segments constitute a long colinear 
segment and the step size ratio of the adjacent segments elsewhere is 
equal to 2. Then solving equation (10) subject to equations (3), (5) 
and (6) we have 

YaeL, V) = fA (L, V + a) - a + c 

where fA (L, V) is the standard form of the segment A-law and is 

L = 0, 

L ~ O. 

(11) 

(12) 

Note that equation (11) is identical with equation (7) for the JL-Iaw, 
and the output level for the A-law is characterized by the standard 
form fA(L, V) in equation (12). 

As in the JL-Iaw case, where a discrete V is replaced by a continuous 
variable v E [0, N] in the standard form f(L, V), a "chord type" approxi­
mation to the so called A-law is obtained. The A-law has been de­
fined as5

,9 

(13) 

for]{ = 2, A = 128,* E3 = JIlIN, and E4 = N ·2M. 
Expression (11) applies for any type of segment companding law if 

the standard form fA (L, v) is appropriately defined to yield a continuous 
piece-wise linear approximation to a continuous curve. 

2.4 Decision Levels 

In the foregoing we have concentrated on the decoder output level 
because the level of primary importance in companding is the output 
level. The coder decision level should then be determined to yield an 
appropriate range of the input signal corresponding to that output level. 

* The parameter values A = 87.6, K = E (base of natural logarithms) are often 
used.5 However, to be consistent with a "chord type" approximation, K = 2 and 
A = 128 are used here. 
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First, the decoder output level should be a good representative of the 
signal range between two adj acent decision levels. It has been shown 
elsewhere that for a given set of output levels the locally optimum 
decision levels, which minimize the mean squared error, should lie 
halfway between two adjacent output levels irrespective of the input 
signal distribution. to This can be achieved, except at the segment 
edges, by shifting the output level a half step up or down in the com­
pressed signal domain; that is, the decision level is 

Yd(L, V) == YaeL, V + b) (14) 

where b is the coding parameter and takes on the values +0.5 or -0.5. 
When b = +0.5, Yd(L, V) gives the upper bound of the input range 
corresponding to X(L, V); when b = -0.5, it corresponds to the 
lower bound. The coder decision level Yd implies that an analog input Y 
is encoded into X(L, V) if 

yiX - 1 I b = +0.5) ~ Y < Yd(X I b = +0.5) (15) 

for the upper bound approach (b = +0.5), and if 

Yd(X I b = -0.5) ~ Y < yiX + 1 I b = -0.5) (16) 

for the lower bound approach (b = -0.5). In general, these two ap­
proaches are identical at all points except at segment edges. Now, for 
any points including segment edges, it can be shown (Appendix A) 
that the two approaches coincide if and only if the edge effect parameter 
a is equal to 0.5. As we will see in Section 3.4, the coding parameter 
b is closely related to the binary coding logic in a sequential comparison 
coder. 

2.5 Codec Transfer Characteristics 

The decoder output level and the coder decision level have been 
defined. Now, the characteristic from the coder input to the decoder 
output as shown in Fig. 3 can be expressed explicitly by two equations 
with the auxiliary variables L, V and the parameters a, band c; that is, 

YaeL, V) = f(L, V + a) - a + c } 

Yd(L, V) = teL, V + a + b) - a + c 
(17) 

where teL, V) is the standard form defined by equation (8) for the 
J.t-Iaw and equation (12) for the A-law. These equations characterize 
the precise quantization structures. 

The centering parameter c is 0 or 0.5, and when it is 0 the transfer 
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characteristic at the origin is "mid-tread" as shown in Fig. 3a. When 
c = 0.5, it is "mid-riser" as shown in Fig. 3b. 

To show the effect of the parameter a, a few examples of the transfer 
curves are shown in Fig. 4 for N = 4 and mid-tread operation (c = 0). 
As mentioned before, when a = 0.5, the transfer curves for b = +0.5 
and -0.5 are identical except for a shift in the numbering of X(L, V). 

2.6 Step Sizes 

The step sizes of the output levels and the decision levels are given, 
except for the segment edges, by 

!J.a(L) = YaeL, V + 1) - YaeL, V)}v ~ N _ 1 (18) 

!J.d(L) = yiL, V + 1) - Yd(L, V) 

and the corresponding step sizes at the segment edges are given by 

!J.~(L) = YaeL + 1, 0) - YaeL, N - 1) '} 

!J.~(L) = Yd(L + 1,0) - Yd(L, N - 1). 

It is easily shown that for non-edge points 

/::;:.a(L) = /::;:.iL) = 2L 

(19) 

(20) 

for the J.L-Iaw. However, for the edge points the step size is given by 

1l~(L) = t(L + I, a) - t(L, N - 1 + a) = llo(L)·(l + a)'1 

!J.~(L) = t(L + 1, a + b) - t(L, N - 1 + a + b) J 
= .1d(L)· (1 + a + b). 

(21) 

Step sizes at the segment edges are depicted in Fig. 5 with respect to a. 

3 3 
(b) 

0 (a) 
0 :n :n 

I- 2 1-2 
:J :J 
CL a. 
l- I-
:J :J 
0 0 

Fig. 3-Effect of centering parameter c, (a) mid-tread (c = 0), and (b) mid-riser 
(c = 0.5). 
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Fig. 4-Transfer staircases with N = 4 and mid-tread for (a) RLA (a = 0, b = 0.5), 
(b) DLA (a = 0.5, b = 0.5), and (c) RLA (a = 1, b = -0.5). 

For the A-law, equation (20) is modified to 

~o(L) = ~d(L) = { 1, L = 0, 
2L

-
1

, L ~ 0, 

and relation (21) applies for the A-law on the understanding that the 
"segment edges" exclude the colinear segment edge between Oth and 1st. 

2.7 Effective Coder Input 

Now, we will define an effective coder input y(L, V) such that y(L, V) 
is the statistical average of the input signal between two adj acent 
decision levels. If we assume that the input is uniformly distributed 
between two adjacent decision levels, then y(L, V) is equal to their 
average as shown below. For b = +0.5 (upper bound case) 

y(L, V) = {![YlL, V-I) + Yd(L, V)], V ~ 0, 

![Yd(L - 1, N - 1) + ylL, 0)], V = 0 (edge). 
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Fig. 5-Step size ratio at the segment edges relative to the lower segment step 
size: Curve l-output level; Curve 2-decision level (b = 0.5); and Curve 3-
decision level (b = -0.5). 

For b = -0.5 (lower bound case) 

y(L, V) = {![Yd(L, V) + Yd(L, V + 1)], 

![yiL, N - 1) + Yd(L + 1,0)], 

Except for the edge points, we have 

y(L, V) = YaeL, V) 

v ~ N - 1, 

V = N - 1 (edge). 

(22) 

and this is a direct consequence of our definition of Yd in equation (14). 
At the segment edges (Le , V e), it can be shown that 

fj(Le, V e) = Ya(Le , V e) - .6.a(L) ·b· (a - 0.5) (23) 

where edge point means 

(Le , V e) = {(L + 1,0) when b = +0.5, (24) 

(L, N - 1) when b = -0.5. 

Therefore, except for the segment edges the transfer gain from the 
effective coder input to the decoder output is unity. At these segment 
edges, if we define the tracking error e, which is the deviation from 
unity of the transfer gain from the effective coder input fj to the decoder 
output Ya , then e is 
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e == 1 - Y/Yo 

{

D.OCL) . b. (a - 0.5), at segment edges 
= Yo 

o , elsewhere. 

(25) 

The ratio e/ (.6.0/ Yo) is the gain error reI ative to the step size, and is 
depicted in Fig. 6, where it is seen that the tracking error is zero over 
the entire input range if and only if a = 0.5. 

2.8 Relation Between Parameters 

In Section 2.4 it was noted that for a given output level the locally 
optimal (minimum mean squared error) decision level is half way be­
tween adjacent output levels.lO It can be shown that this optimality 
condition is satisfied for any X including segment edges, if and only 
if a + b = 0.5, which means a = 0 for b = 0.5, or a = 1 for b = -0.5. 
Since optimal placement is made from the given output level, this is 
called "Reconstruction (or Output) Level Assignment" (RLA).8 

On the other hand, for given decision levels, assuming the uniform 
distribution of the input in each quantization step, the locally optimal 
(minimum mean squared error) placement of the output levels lies 
halfway between adj acent decision levels. lO It can also be proven that 
this condition is satisfied for any point X including segment edges, if 
and only if a = 0.5, irrespective of b = ±0.5. Since the optimal ap­
proach is based on the given decision levels, this is called "Decision 
Level Assignment" (DLA).8 Proof of the above statements is given in 
Appendix B. 
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Fig. 6-Tracking error at the segment edges. 
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As shown previously, when a = 0.5 (DLA) the effective tracking 
error is zero for all inputs, and the upper and the lower bound ap­
proaches give identical coding. Furthermore, as will be seen later, the 
digital compression algorithm and circuits are simpler in DLA than 
in RLA. The D2 channel bank has been designed according to D LA. 
Hereafter, our attention is mainly focused on DLA, although the 
analysis is easily generalized to include other cases. 

When M = 8, the segment It-law is generally referred to as the 
"15-segment It-law" including negative segments. In contrast, the 
segment A-law with M = 8 is called the "13-segment A-law." In 
Table I the output levels and the step sizes are listed for the 8-bit 
(including sign bit) l5-segment It-law and 13-segment A-law. The 
maximum and minimum output levels are shown in Table II for ready 
reference. 

Quantizing noise, as calculated for the Laplacian (negative expo­
nential) distributed speech input Yin ,yields the output signal to quantiz­
ing noise ratio shown in Fig. 7. Signal and noise are defined in a band 
of width equal to half the sampling rate. The average transfer gain (G) 
is chosen so as to minimize the quantizing noise, and is given by 
E[Yin 'Yo]/E[Y~n]' The idle channel noise, calculated for a zero-mean 
gaussian input noise, is simply leN = E[y~] and is shown in Fig. 7. 
The centering parameter c is important in the small signal range as is 

TABLE I-OUTPUT LEVEL STEP SIZES FOR m = 3 AND n = 4 

p-Iaw A-law 

edge points edge points 
segment non- tlo'(L) non- tlo'(L) 
number edge edge 

L tlo(L) a = 0 a = 0.5 a = 1 tlo(L) a = 0 a = 0.5 a = 1 

0 1 1 
1 1.5 2 1 1 1 

1 2 1 
2 3 4 1 1.5 2 

2 4 2 
4 6 8 2 3 4 

3 8 4 
8 12 16 4 6 8 

4 16 8 
16 24 32 8 12 16 

5 32 16 
32 48 64 16 24 32 

6 64 32 
64 96 128 32 48 64 

7 128 64 
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TABLE II --l\1AXIMUM AND MINIMUM OF OUTPUT LEVELS FOR m = 3 
AND n = 4 

Jl-law 

A-law 

(/) 
--l 
W 
[]) 

U 
W 
o 

mid-tread (c = 0) mid-riser (c = 0.5) 

a = 0 a = 0.5 a = 1 a = 0 a = 0.5 a = 1 

Yo(O, O) 0 0 0 0.5 0.5 0.5 

Yo(7, 15) 3952 4015.5 4079 3952.5 4016 4079.5 

Yo(O, 0) 0 0 0 0.5 0.5 0.5 

Yo(7, 15) 1984 2015.5 2047 1984.5 2016 2047.5 

I f-----t---12)l~' >.~ 1--+--1 -----+-1 --+---II l-----!-----IfII! 
r-~------~-=~ r-----~----~------~----~------~40 
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Vi 

Fig. 7-Average gain, signal-to-noise ratio, and idle channel noise for DLA with 
m = 3 and n = 4: Curve I-p-Iaw, mid-tread (c = 0); Curve 2-p-law, mid-riser 
(c = 0.5); Curve 3-A-law, mid-tread (c = 0); and Curve 4-mid-riser (c = 0.5). 
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well known, and it affects center clipping and idle channel noise. The 
effect of a on the signal quality is very small. The signal-to-noise ratio 
relative to the SIN for DLA case (curve 1 in Fig. 7) and the average 
gain are shown in Figs. 8a and b as curves 1 and 2 for the two RLA 
cases. The small difference (±0.14 dB) in SIN in the lower signal range 
is due to the difference in overload levels. However, if there is a mis­
tracking such that the signal is encoded with al = 0.5 and decoded 
with az = 1, the mismatch results in distortion and net loss variation. 
The penalty in the signal-to-noise ratio and the change in average gain 
are shown as curve 3 in Figs. 8a and b. Although the penalties are 
very small, the net loss variation barely meets toll quality requirement, 
and accumulated impairment in multi-link digital conversions would 
be intolerable. Therefore, the mixed use of DLA and RLA is to be 
avoided. 

2.9 General Formulation 

To summarize this section we give a general expression which is 
conveniently used hereafter in the synthesis of codecs and digital 
compandors. From equations (7), (8), (12) and (14) the general ex­
pression can be written as 

y(L, V) L\(L) . (V + P) - Q (26) 

where for the segment ,u-laws 

!i(f~~t~H 1-3i-~-¥~ 
Cf) 

!t:~ ~ 1-3- -Pl ',2 -p~~ 
80 70 60 50 40 30 20 10 

INPUT LEVEL IN DECIBELS BELOW FULL LOAD SINUSOID 

Fig. 8-Effects of parameters on SIN and average gain for ,a-law with m = 3 and 
n = 4: Curve 1-RLA (a = 0, b = 0.5); Curve 2-RLA (a = I, b = -0.5); and 
Curve 3-mistracking case coded by DLA and decoded by RLA (a = 1). 
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I1(L) = l1o(L) = I1.(L) = 2L ,1 
P = N + a + b, J 
Q = N + a-c. 

(27) 

Equation (26) can represent either the output level by equating b to ° 
or the decision level with b = ±0.5. For the segment A-laws, expression 
(27) is replaced by 

I1(L) = L - ~, 1 
P = N'r] + a + b'J 

where 

III. SYNTHESIS OF CODECS 

Q = a - c, 

r] = {O, 
1, 

3.1 Synthesis of Unipolar Decoder 

L = 0, 

L ~ 0. 

(28) 

In this section, we show that the representation of the output level 
and the decision level by equation (26) leads directly to the implementa­
tion of the decoder. In the following, attention will be focused mainly 
on the segment ,u-Iaw. Extension to the A-law is readily accomplished 
by similar procedures. 

Equation (26) given by 

y(L, V) = ~(L)· (V + P) - Q 

is clearly interpreted as adding bias P to V, amplifying it by ~(L), 
and subtracting bias Q from this result, thus obtaining the decoder 
output y(L, V). 

Let us represent the nonlinear code X by an (m + n) bit binary 
sequence (except for the sign bit eo), e. E {O, I}, 

m+n 

'" 2m
+

n
-

i 
L..J 'ei • (29) 
i==l 
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Then, 

m 1 E 2m
- ie i , 

i-I 

~ 2n
-

iem +i • 

(30) 

v = V{em + 1 , ••• ,em +n } = 

From equation (27), Il(L) can be written as 

Il(L) = 2L = IT {2(2 m
-')}., (31) 

i-I 

and is realized by a cascade of switched amplifiers (or attenuators) 
whose gain is switched between 2(2 m

-') and 1 according to the digit 
ei = 1 or 0, respectively. Likewise, V in equation (30) is obtained 
directly from a uniform decoder of any of the known formsll operated 
by {em+l , em+2, ••• , em+n }. 

An example of the JL-Iaw decoder is shown in Fig. 9a. Biases P and 
Q are given by (N + a + b) and (N + a - c), respectively. The decoder 
output is either the decoder output level Yo(L, V) by replacing b = 0 
in P, or the coder decision level Yd(L, V) by choosing b = ±0.5. 

The decoder circuit for the segment A-law is synthesized in the same 
way using equation (28), and is shown in Fig. 9b. 

3.2 Consideration of the Sign Bit 

In the preceding, the sign bit eo has been excluded from considera­
tion. In practical cases it is desirable to use a bipolar decoder to cover 
the whole positive and negative signal ranges. We will give alternative 
representations of the decoder output in terms of the signed input 
codes. First, assume that the output level is symmetric with respect 
to the O-level line. * Suppose that the sign bit eo is equal to 0 for the 
positive signal region, and 1 for negative region. If we define 

ao = 1 - 2eo E {+ 1, -I}, 

then from equation (26) the bipolar decoder output is given by 

y(L, V) = ao{Il(L)·(V + P) - Q} 

= Il(L) tao V + aoP} - aoQ. 

(32) 

(33) 

(34) 

If we look at the binary representation of ao V = {eo, em+l' em+2, 

. .. , em +n } as in equation (30), the so-called "sign and magnitude" 

* This implies that in the mid-tread case the "0" output level is shared between 
the positive "0" and the negative "0". 
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Fig. 9-Synthesis of segment law decoders (m = 3, n = 4): (a) 15-segment M-Iaw 
and (b) 13-segment A-law. 

or "folded binary" representation results. Another representation often 
used in computer arithmetic is the "l's complement" code.12 

If we 
denote the l's complement code by 

then V'is related to positive V by 

ao V = V' - eo(N - 1) (35) 

and also 

em+i EB eo mod 2. (36) 
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Therefore, equation (34) can be expressed in terms of V' and 

y(L, V) = /1(L) {V' - eo(N - 1) + aoP} - aoQ. (37) 

Note that the modification in the representation applies only to the 
mantissa bits V, and the characteristics bits L should remain unchanged. 

3.3 Synthesis of Bipolar Decoder 

We can synthesize the bipolar decoder circuits according to the 
two alternative representations (33) and (37).* 

(i) Sign-and-magnitude (folded binary)-The "sign and magnitude" 
decoder according to equation (35) is obtained by inverting the decoder 
output of the unipolar decoder, or by inverting all the supply voltages 
to the unipolar decoder as shown in Fig. lOa. The former requires a 
precise analog inverter. In the latter circuit, the source switch must 
be in serial with the decoder switch, and stringent requirements arise 
due to the wide dynamic range of these analog switches. 

(ii) l's complement-Suppose that we use a bipolar source (+ E, -E) 
instead of unipolar source. (+ E, 0) By converting the unipolar code 
to a bipolar code, we have 

a:"+i = 2e:"+ i - 1 E {-1, +1}, (38) 

and also using equation (32), equation (37) becomes 

y(L, V) = .1(L>[ t. 2"-i-1·a~+; + ao~ + N ~ 1)] - aoQ (39) 

where 11(L) , P and Q are given by equation (27). This leads to the 
decoder circuit shown in Fig. lOb. The weighting currents of the decoder 
are given by the coefficients of the a's in equation (39). The weighted 
current [P + (N - 1)/2] that is switched by ao is about six times 
greater than the most significant digit weight (= 2n

-
2

) of the linear 
decoder. Therefore, the problem of the serial switch in Fig. lOa is 
replaced by a threefold increase in the accuracy requirements of the 
weighting network here. This appears to be a worthwhile trade in 
the practical design of codecs. 

3.4 Interpretation of Coding Parameter b 

As discussed in Section 2.4, the coder decision level Yd IS related 
to the decoder output level Yo by 

Yd(L, V) = Yo(L, V + b) 

* We have derived another representation for the "2'8 complement code" but 
it is omitted because of its increased complexity over the other two representations. 
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Fig. lO-Synthesis of bipolar decoders operated by (a) folded binary code and (b) 
l's complement code. 

for b = ±0.5. When b = +0.5 the decision level is an upper-bound 
for the corresponding output level, and when b = -0.5 it is a lower 
bound, in the sense given by inequalities (15) and (16). 

In the following we show how the lower or upper bound approach 
is related through the parameter b to the logic used in implementing 
a sequential comparison coder. 

Referring to Fig. 11, for the lower bound approach (b = -0.5) 
(from the "all reset" state "000"), the first digit trial "I" is made; 
and the decision level corresponding to "100" is compared with the 
input. As a result, if the error € defined as 

E = input - local decoded signal 
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LEVEL I 

DECISION LEVELS 

Fig. ll-Upper bound and lower bound decision levels. 

is negative the trial "I" is "reset" to "0", and remains unchanged 
if E is positive. This procedure is repeated digit by digit from the MSD 
to LSD, and the coding is performed sequentially so as to minimize E. 

On the other hand, for the upper bound approach (b = +0.5), 
the "all reset" is made to "I", the "trial" is made to "0", and the 
"reset" is made to "0" if E > O. Therefore, if we take a package of 
"all reset-trial-conditional reset", it is "0-1-0" for the upper bound 
approach, and "1-0-1" for the lower bound approach. From this 
package the circuit design of sequential coding logic and registers 
follows immediately. 

3.5 Synthesis of Sequential Comparison Coder 

From the result of Section 3.4, and using the unipolar decoder 
described in Section 3.1, the synthesis of a unipolar coder is straight­
forward. Here, we treat only the bipolar coder. It has been shown 
in Section 3.3 that the bipolar decoder in l's complement form has 
an advantage in circuit design. If the upper bound approach is taken 
(b = +0.5), the "all reset-trial-conditional reset" package is "0-1-0" 
for a positive signal. For the negative half if b = +0.5 the package 
becomes "1-0-1" because of the l's complement (inverted) representa­
tion. However, the logic package can be uniformly "0-1-0" for the 
entire range, if we take b = +0.5 for positive inputs and b = - 0.5 
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for the negative region. Figure 12 shows the schematic of a bipolar 
sequential comparison coder based on the l's complement code. The 
local decoder, which must have the nonsymmetric feature in b, is 
obtained from the l's complement decoder of Fig. lOb with b = o. 
In addition, a constant bias b = +0.5 is added, externally. Then, 
the register and logic are operated on the basis of the l's complement 
code, and the coding is performed with the logic package of "0-1-0." 
The segment characteristic bit should always be a "folded binary 
code", which is simply the inverse of the l's complement code. Of 
course, there are many other alternatives for building a coder, and 
the synthesis of any of those immediately follows from our formulation. 

IV. SYNTHESIS OF DIGITAL COMPANDORS 

In Section III we considered the conversion from analogue signal 
to digital compressed code or the converse. Here, we consider the 
conversion between the compressed code and the linear code. The 
conversion from the compressed code to the linear code is called "digital 
expansion" and the converse is called "digital compression." In Sec­
tions 4.1 and 4.2 the digital expandor synthesis is treated, and after 
that the digital compressor is studied. 

4.1 Digital Expansion Algorithm 

Suppose that a nonlinear code X(L, V) with bit length (m + n) 
is digitally linearized to Y. The linearized code Y should correspond 

CONSTANT BIAS (+b) 

I~ COMPLEMENT DECODER 
(FIG.IO (b) WITH b=o) 

e~ 

REGISTER AND CODING LOGIC 
IN I'S COMPLEMENT CODE 

INPUT 

ERROR 
SIGNAL 

Fig. 12-Bipolar sequential comparison coder with l's complement code logic. 
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to the decoder output level 

Y = Yo(L, V) = f(L, V + a) - a + c. (40) 

Suppose that the companding law is symmetric for positive and negative 
signals. We generally exclude the sign bit from consideration. In the 
case of RLA and mid-tread (c = 0), Y is an integer and is expressed 
by a linear code with length (2m + n) bits. In the cases of DLA (a = 0.5) 
or the mid-riser (c = 0.5), Y is expressed by (2m + n + 1) bits including 
one fractional digit. For example the D2 code (a = 0.5, c = 0, m = 3, 
and n = 4) is basically* expressed in terms of 13-bit binary code without 
the sign bit. 

The expanded signal Y should correspond to the output level. There­
fore, from equations (26) and (27) with b = 0, Y is given by 

y = ~ (L) . (V + P) - Q (41) 

where ~(L) = 2L is a shifting operator, by which the binary sequence 
(V + P) is shifted to the left by L bits. Therefore, the algorithm for 
code conversion from X (L, V) to Y is 

Algorithm 1 (expansion): For given X(L, V), Y is obtained such that 

(i) Add P to V, 
(ii) Shift (V + P) by L bits to the left, and 

(iii) Subtract Q, 

where P = N + a and Q = N + a-c. All variables and constants 
are assumed to be in binary representation. 

4.2 Synthesis of Digital Expandor 

The above algorithm leads directly to a parallel expandor circuit 
as shown in Fig. 13. The input L is written into a binary counter BC, 
and the input V is written into a shift register SR through a parallel 
adder with addend (N + a). Then, the binary counter BC counts 
down to "000", and stops. This interval is equal to L. The SR is shifted 
by the same clock pulses, and L shifts to the left js performed. Then, 
the entry of SR is read out through a parallel subtractor with sub­
trahend (N + a - c), thus yielding the parallel expanded output Y. 

In practice, a digital expandor is generally followed by a digital 
processor, in which serial arithmetic logic is most conveniently used 
when the signal sequence begins with the LSD (Least Significant 
Djgit). 12,13 In the sequel, we concentrate on the serial implementation. 

* Except for bit robbing for signalling and framing. 7 
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o 

CLOCK 

Fig. 13-Parallel digital expandor. 

If we replace (X2) by an operator z, which at the same time represents 
the delay operator by one clock interval, then Y is given by 

Y(z) = ZL. {V(z) + P(z)} - Q(z) (42) 

where V(z), P(z) and Q(z) are binary sequences beginning from the 
LSD. Therefore, a general form of digital expandor can be described 
schematically as shown in Fig. 14. 

Let us consider more specifically the ,u-Iaw expandor design. Using 
the z-transform notation, equation (42) can be written as 

Y(z) = ZL {V(z) + zn + a(z)} - {zn + a(z) - c(z)} 

= ZL {V(z) + zn} + a(z)· (ZL - 1) + c(z) - zn (43) 

where (±) implies addition/subtraction with carry, if necessary. As­
suming DLA [a(z) = Z-l], mid-tread (c = 0), 1n = 3 and n = 4, we 
have 

zY(z) = ZL[ZV(Z) + zP(z)] - zQ(z) 

= ZL(ZO + e7Z + e6z
2 + e5l + e4z

4 + Z5) - ZO - l. 

This can further be written in the form 

zY(z) = zL(e7z + e6z
2 + e5z

3 + e4z4 + l) + (ZL - 1) - Z5. (44) 

From this a serial expandor circuit follows as shown in Fig. 15. The 
inputs L and V are written into a binary counter Be and a shift register 
SR, respectively. Also "I" is written in the last stage of SR, and the 
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initial entry of SR, which is equal to (N + V), corresponds to the 
first term in equation (44) without delay ZL. The binary counter BC 
counts down until it becomes "000" and stops, thus giving a gating 
signal T L with length L. Instead of having a separate variable delay 
as in Fig. 14, SR is designed to wait for L intervals before shifting 
to the right. This gives a delay corresponding to ZL, and the output 
of the shift register U, which is equal to the first term in equation (44), 
is depicted as shown in the timing chart of Fig. 15. Next, notice that 
the second term (ZL - 1) in equation (44) is a sequence of successive 
l's with length L. It is exactly the same as the gating signal TL . Since 
TL does not overlap with the first term U, it can be simply added 
through an OR circuit to the output of SR. The last term z\ which 
is nothing but a timing pulse at the 5th time slot, is subtracted through 
a half subtractor. Thus, the output LSD-first sequence z· Y(z) is ob­
tained immediately after the write-in of the input. 

4.3 Digital Compression Algorithm 

In this section, we consider the conversion from a linear code Y 
to a nonlinear code X. Suppose that a linear code Y is a positive real 
number representing a signal amplitude normalized by the minimum 
quantizing step of the compressed code. This code Y is not necessarily 
an integer, and in general it has q fractional digits in binary representa­
tion. This corresponds to the common practice to have more digits 
in a digital processor than in the input/output digits to reduce the 
effect of rounding or truncation in arithmetic units (such as digital 
filters). 

As described in Section 2.4 nonlinear coding from an analog signal 
y to a compressed code X (L, V) is performed by comparing the input 
with the decision levels. Similarly, in equations (15) and (16), on 
replacing the analog input y by a discrete linear code Y, we have the 
following basic digital compression algorithm. 

Algorithm 2 (compression: basic): 

(i) Upper bound approach-Choose X such that 

YiX - 1 I b = +0.5) ~ Y < yiX I b = +0.5). (45) 

(ii) Lower bound approach-Choose X such that 

yiXlb = -0.5) ~ Y < yiX + lib = -0.5), (46) 

where Yd is exactly the decision level defined by equation (14). 
It has been shown that both approaches yield identical outputs 
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if and only if a = 0.5 (DLA). Also note that there is an equality only 
in the lower boundaries. There is the alternative algorithm in which 
the equality in equations (45) or (46) is given to the upper boundaries. 
As compared with the coding from analog input y described in Sec­
tion 2.4, Algorithm 2 is equivalent to analog coding with input y = 
Y - 2- 11

-\ and the alternative upper boundary algorithm is equivalent 
to analog coding with y = Y + 2- 11

-
1

• Both algorithms are asymp­
totically equivalent to analog coding for large q. We use the former 
since it is more directly related to circuit implementation. 

Though this algorithm is basic, it is not convenient for synthesizing 
the circuit. We will divide the above algorithm into the L-search 
process and the V-determination processes. Let us introduce a new 
variable W such that 

W(L, Y) = {.6.(L) r 1
• (Y + Q) (47) 

where Q = N + a-c. Then, for the DLA the compression algorithm 
is given by 

Algorithm 3 (compression: DLA): In the case of DLA (a 
conversion is performed as follows: choose L such that* 

W(L, Y) E [N,2N) 

determine V such that 

V = 3[W(L, Y)] - N. 

Here, 3[· ] is the truncation function and defined as 

3[x] == truncation of x 

= integer I such that I ~ x < I + 1. 

We also define the rounding function 

CR[x] == rounding of x 

= 3[x + 0.5]. 

0.5), the 

(48) 

(49) 

(50) 

(51) 

The derivation of this algorithm is given in Appendix C. If we take 
the inverse of 

Y = .6.(L)(V + P) - Q 

with respect to V, then 

V = {.6.(L)I- 1 .(y + Q) - P. 

* Semi-closed interval [N, 2N) means N ::;; W < 2N. 
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The first term is exactly W(L, Y) and P = N + a = N + 0.5 in DLA, 
and 

v = W (L, Y) - N - 0.5. 

By taking the rounding of V and using equation (51), we have 

m[V] = m[W(L, Y) - 0.5] - N 

= J[W(L, Y)] - N. 

This is the same as V in the algorithm. Therefore, the physical implica­
tion of the algorithm is that V is obtained by simply rounding the 
transformed variable V. 

For the Reconstruction Level Assignment (a = 0 for b = +0.5, 
or a = 1 for b = -0.5) the algorithm is more complicated,14 and is 
Algorithm 4 (compression: RLA): For the RLA, conversion IS ac­
complished in the following way: choose La such that 

W(Lo, Y) E [N, 2N), (52) 

determine Vo such that 

Va = J[W(Lo, Y)] - N (53) 

and correct by 

(54) 

where the corrector 8 is given by 

8 = W of - a (55) 

for W of , the highest fractional binary digit of W(Lo , Y). 
The proof is complicated, and so is the circuit, and both are omitted 

because of less interest in RLA. 

4.4 Synthesis of Digital Compressor 

We will synthesize a digital compressor circuit according to the 
above algorithms. For simplicity DLA is assumed. Also assume that 
an input Y is a binary sequence beginning with LSD. In Algorithm 2 
the L-search process by equation (48) is accomplished, first by forming 
a binary sequence (Y + Q), and then shifting bit by bit to the right 
until equation (48) is satisfied. The criterion (48) implies that the nth 
digit of W is "1", and the digits of W higher than the nth digit are 
all "0". 

Based on this algorithm an example of the J.L-law digital compressor 
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for DLA, m = 3 and n = 4 is synthesized as shown in Fig. 16. The 
input Y(z), consisting of 12 integer digits and q fractional digits, is 
fed into a serial adder and Q = (N + a - c) is added. Then, the output 
of the adder is written into the first shift register SRI and then to the 
second shift register SR2 • Let us denote the time instant by to when 
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the MSD of the input sequence is just stored in the first cell a1 . While 
the write-in proceeds, the counter BC, which is being counted down 
by the clock, is reset to the "Ill" state whenever the entry of the 
first cell a1 is 1. Therefore, at the instant to the BC entry is exactly L, 
and it is read out at to . This also means that the highest order "I" 
is located at the cell a8-£ , and an additional L shifts forces the last 
entry as of SR1 to be "1". This is accomplished by shifting SR1 and 
SR2 until the entry of BC becomes "000" at time t£ . 

From Algorithm 3 the mantissa output V is given by 3[W] - N. 
Circuit-wise, 3[W] amounts to discarding the smaller digits below the 
last stage a12 of SR2 , and (-N) means discarding a8 = 1. Thus, V 
is obtained from the cells (a9 , a10 , all , (12) of SR2 , which is being 
stopped after L shifts. The L output has been read out at time to from 
BC, thus completing the conversion. 

For mid-riser formulation, the circuit can be modified by changing 
the addend Q = N + a-c. A compressor for RLA is also achieved 
according to Algorithm 4 by adding a correction circuit by () after 
the circuit of Fig. 16. The correction circuit may be a parallel adder or 
a 7-bit binary counter, and obviously the RLA compressor is more 
complicated than the DLA one. 

Among many alternative circuits, a notable feature of the circuit 
in Fig. 16 is that it can process the input sequence in "real time." 
While the conversion for a code word is going on, the next code word 
is being shifted into the SR1 to prepare for the conversion of the next 
code word. One might argue that if an input to SR1 is a sequence 
beginning from l\/[SD the shift is made from the right to the left simply 
to yield equation (48). However, doing so one would need additional 
memory to convert the LSD sequence to the l\/[SD sequence before SR1 • 

4.5 Extension to the Segment A-law 

The synthesis procedure can be extended to the segment A-law 
using expression (28) instead of (27). The expansion algorithm (cor­
responding to Algorithm 1) for the A-law is obtained by replacing 
P = N· YJ + a, Q = a - c and the L-shifts by (L - YJ) shifts, where 
YJ is equal to 0 for L = 0 and 1 otherwise. Following the same procedure, 
a digital expandor circuit can be synthesized as shown in Fig. 17, 
for DLA, mid-riser, m = 3 and n = 4. The A-law expandor differs 
from the J.L-law expandor in Fig. 15 in several respects. The input to 
the first cell is "YJ", which is obtained from an OR circuit operating 
on e1 , e2 , and e3 . The input to the last cell of SR is "1". The gating 
pulse T L-T/ with length (L - YJ) is obtained by OR operation on e1 
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Fig. 17-Thirteen-segment A-law digital expand~r with DLA (a = 0.5), mid-
riser (c = 0.5), m = 3, and n = 4. 

and e2 , and inhibits SR shifting and the SR output. No adder is needed 
since Q = O. 

The compression algorithm (corresponding to Algorithm 3) for the 
A-law with DLA is obtained by replacing expressions (48) and (49) by 

W(L, Y) E [7]N, (1 + 7])N) 

and 

v = 3[W(L, Y)] - 7]·N. 

This algorithm leads to an A-law compressor circuit shown in Fig. 18. 
The overall performance of this compressor is similar to the ,u-law 
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circuit in Fig. 16. We will indicate only the differences between them. 
The number of cells in SRl is 7. There is no adder in the input since 
Q = O. The gating pulse TL-TI is obtained by the same circuit as in 
the expandor (Fig. 15). To facilitate the Oth segment output L = 0, 
a reset pulse L7 is added to BC. 

V. SUMMARY 

A unified formulation of segment type companding laws has been 
derived from which the detailed quantization structure of codecs can 
be explicitly represented. The decoder output levels and the coder 
decision levels are expressed in terms of standard forms and parameters 
a, b, and c. The standard form represents a chord-type piecewise linear 
approximation to smooth p.-law or A-law. The parameter a represents 
the segment edge effects, b relates to coding procedure, and the param­
eter c represents the centering. These parameters are typically: DLA 
(a = 0.5 for b = ±0.5), RLA (a = 0 for b = +0.5, or a = 1 for b = 
-0.5), mid-tread (c = 0) and mid-riser (c = 0.5). The effect of c is 
important in small signal range levels. The effect of a on the signal 
quality is very small, but the mixed use of DLA and RLA approaches 
introduce small degradations in SIN and net loss tracking. 

Synthesis of coders and decoders was described; and it was shown 
that the design figures such as amount of biasing in the decoder, the 

I~PUT Y(z) 

I 

READ V AT ts 

DOWN 

" e1 e2 e3 / 
I 

READ C. AT to CLOCK 

Fig. 18-Thirteen-segment A-law digital compressor with DLA (a = 0.5), mid­
riser (c = 0.5), m = 3, and n = 4. 
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type of logic to operate it, and the coding algorithm for the sequential 
comparison coder can be derived from our formulation. Bipolar codecs 
are also given in terms of the signed binary code representations. 

Another important consequence of this formulation is the systematic 
synthesis of digital compandors. The expansion algorithm is relatively 
straightforward. The compression algorithm for DLA was shown to 
be equivalent to employing the rule of "rounding" for the fractional 
digits of variable V. Examples of compandor circuits synthesized from 
these algorithms are shown for the segment IL-Iaw and segment A-law. 

The A-law companding circuit appears to be slightly simpler than 
that for the IL-Iaw, but the difference of the two is not so great as to 
weigh heavily in the choice between the IL-Iaw and the A-law. It is 
noted that the formulation and the conversion algorithms developed 
here can also be conveniently applied for the synthesis of a digital 
converter between IL-Iaw and A-law or a digital attenuator. 
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APPENDIX A 

Proof of Congruence of Equations (15) and (16) 

For nonedge points X(L, V), from equations (7) and (14) obviously 

(56) 

and, hence, (15) and (16) are congruent for nonedge points. For edge 
points 

Yd(L, N - 1 I b = +0.5) = f(L, N + a - 0.5) - a + c, (57) 

Yd(L + 1, 0 I b = - 0 .5) = f(L + 1, a - 0.5) - a + c 

= f[L, N + 2(a - 0.5)] - a + c. (58) 

Here, these two equations are linear functions of a. Therefore, the two 
equations are equal if and only if a = 0.5. Thus, equations (15) and 
(16) are congruent for any X if and only if a = 0.5. 
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APPENDIX B 

PToof of the Statements in Section 2.8 

For given output levels the optimum decision levels lie halfway 
between two adjacent output levels.lO At the nonedge points the proof 
is obvious from equation (14). At the edge points, the average of 
Yo(L, N - 1) and Yo(L + 1, 0) is given by 

!{Yo(L, N - 1) + Yo(L + 1,0)} = Yo(L, N - 1) + ! ~6(L) 

= Yo(L, N - 1) + ! ~o(L)· (1 + a) 

~ Yd(L,N -1 +~ I b ~ +0.5). 

(59) 

This is equal to yiL, N - 1 I b = +0.5) if and only if a = o. Also 
equation (59) is expressed as 

yo(L + 1, 0) - ! ~6(L) = yo(L + 1, 0) - i ~[)(L + 1)· (1 + a) 

= Yd{L + 1, (1 - a)/4 I b = -0.5}. 

Therefore, this is equal to Yd(L + 1, 0 I b = -0.5) if and only if a = l. 
This proves that the RLA condition is satisfied if and only if a = 0 
for b = +0.5 or a = 1 for b = - 0.5. 

N ext, for given decision levels the optimum output levels should 
be placed halfway between two adjacent decision levels. Io At the 
nonedge points this is obviously satisfied. For edge points, since the 
half way point is equal to fj(Le, V e), from equation (23) it is shown 
that fj = Yo if and only if a = 0.5. Therefore, the DLA condition is 
satisfied if and only if a = 0.5. 

APPENDIX C 

DeTivation of AlgoTithm 3 

Since in DLA (a = 0.5) the upper and lower bound approaches are 
identical, we will prove Algorithm 3 only for the case of b = - 0.5. 
From Algorithm 2, equation (46) can be rewritten as 

yiL, V) ~ Y < Yd(£' V + 1). 

Since a = 0.5, this is valid for all V E {O, 1, ... , N - I}. From equa­
tions (56) and (27) the above inequality can be written as 

V + N ~ W(L, Y) < V + N + 1. (60) 



1588 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1970 

Considering the range of iT E {O, 1, ... , N - I}, we have as the L 
determining criterion 

N ~ W(L, Y) < 2N. 

Then, from equations (50) and (60) we immediately have 

iT = ~[W(L, Y)] - N. 

This completes the derivation of Algorithm 3. 
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On the Computation of the Far Field of 
Open Cassegrain Antennas 

By H. ZUCKER 

(Manuscript received February 2, 1970) 

The far field radiation patterns of open cassegrain antennas have 
been previously computed by a double integration 1. Recently one 
integration has been eliminated by using a modified stationary phase 
approximation2

• The rather remarkable accuracy thus obtained moti­
vated an investigation to estimate the error in this approximation. 

In this note we present an alternate formulation for the computation 
of the far field and provide an additional estimate for the error in the 
modified stationary phase approximation. It is also shown that for 
certain illuminations, there exists a closed form solution to the azimuthal 
integration. For illuminations derived from a linear combination of 
TE~n and TM~n waveguide modes, the integrals can be expressed in 
terms of convergent series of Bessel functions. 

Based on the aperture field method, the far field electric E I of an open 
cassegrain antenna is related to the reflected field at the aperture, Er , 
by the following double integral1 

E, = j exp ~jkRa) 10m 121r Er(O, ¢) 

. exp [jk sin Oa(Xp cos ¢a + yp sin ¢a)Jr2 sin 0 dO d¢ (1) 

where Ra , Oa, ¢a are the far field spherical observation coordinates; 
'A is the free space wavelength and k = 27r/'A is the propagation constant; 
and Om is the illumination angle. Referring to Fig. 1, the rectangular 
Xp and yp coordinates are related to the spherical 0, ¢ coordinates by 

where 

Xp = r(cos 00 sin 0 cos ¢ + sin 00 cos 0), 

yp = r sin 0 sin ¢, 

r = 2//(a - b cos¢), 

a = 1 + cos 0 cos 00 , 

1595 

(2) 

(3) 

(4) 

(5) 
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b = sin () sin ()o , 

and 

c = cos () + cos ()o • 

()o is the offset angle, and 1 is the focal length of the paraboloid. 

1597 

(6) 

(7) 

(8) 

For combined TE~n - T1VI~n mode excitation and for y polarization 
of the horn feed the reflected electric field at the aperture, (E ry), can 
be written 

(1 + cos 8,)(E,.) ~ 1," sin ",[CK(O) cos </> + (b + a cos </»E,~) ] 

- 1,.[(a cos </> - b)E,(O) cos </> + CE,~) sin' </> ] (9) 

where Ec(O) and Ec(1I"/c) are the fields radiated by the subreflector in 
the principal planes cP = 0 and cP = 1I" /2 at a distance 2//(1 + cos ()o) 

from the focal point. 
The cp integration in equation (1) was recently approximated by a 

modified stationary phase approximation2
• An examination of this 

approximation reveals that the resulting phase factors and the arguments 
of the Bessel functions have a simple geometric interpretation. Specifi­
cally the phase factors are directly related to the location in the Xp , yp 
plane of the centers of the () = constant circles (see Fig. 2 in Ref. 2) 
and the arguments of the Bessel functions are related to the radii of 
these circles. 

This suggests, for the cp integration, the following coordinate trans­
formation 

with 

Xp = rc cos CPl + Xc , 

yp = rc sin CPl 

21 sin () 
c 

21 sin ()o 

c 

(10) 

(11) 

(12) 

(13) 

This transformation gives in the Xp , yp plane, for the () = constant 
coordinates the same set of circles as obtained from equations (2) and 
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(3), and for the CPl = constant coordinates a set of hyperbolas with the 
equation 

x! - y! - 2xpyp ctn CPl + 4/(xp - yp ctn CPl) ctn ()o = (2/)2. (14) 

The sets of curves which correspond to the transformation (10) and 
(11) are shown in Fig. 2. 

In the (), CPl coordinate system the rectangular x, y components of 
the far field have a much simpler'representation. In particular for y 
polarization these components are 

(EIII) = j exp ~~:kRa) lom (1£1/) sin () d() (15) 

where the subscript y is to designate the y polarization, and the x, y 
components of (Ell) are 

(E) 4r (.. ) 
11/ 1/ = (1 + cos ()o)c exp JXc sm ()a cos CPa 

and 

. J." [E,(O)(a cos </>, + b) cos </>, + E,(~)c sin' </>1] 

. exp [jkrc sin ()a cos (CPl - CPa)] dcp 
a + b cos CPl 1 

(E) = 4/2 exp (jkxc sin ()a cos CPa) 
1/ x (1 + cos ()o)c 

·127r 

~c(o)(a cos CPl + b) - Ec(~)C cos CPt] sin CPl 

. exp [jkrc sin ()a cos (CPl - CPa)] dcp 
a + b cos CPt 1 • 

(16) 

(17) 

In deriving equations (15), (16) and (17), the Jacobian, J, of the trans­
formation (10) and (11) was used, which is 

J = (2t)2 (a + b cos CPl) sin (). (18) 
C 

It is readily shown that by using a two term expansion of 

[l/(a + b cos CPl)] ~ (l/a)(l - b/a cos CPt), 

the integrals (16) and (17) give the same values as those obtained by 
the modified stationary phase approximation but without the term 
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Fig. 2-Transfonnation of (0, ifJl) coordinates in the (xp, yp) plane. 

(sin () sin ()o cos ¢a)2 in the denominator. This shows that the modified 
stationary phase approximation is at least of order (b/ a)2, for all ob­
servation angles and with the additional property that for large angles 
off axis it is of order [(b/ a)2 /2kf sin ()a]. 

There are two cases for which the integration of either equations 
(16) or (17) can be performed in closed form. 

(i) aEc(O) = CEc(~) 
where a and c are given by equations (5) and (8). 

Such illuminations can be approximately realized by combined 
TE~l - TM~l mode excitations. For this case the integration of equation 
(16) yields 

(E ) -87r2f2 exp (jkxc sin ()a cos ¢a) Ec(O)J (x) (19) 
y y = (1 + cos ()o)c 0 
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where J o is a Bessel function of order zero with the argument 

(20) 

The evaluation of the corresponding expression based on the modified 
stationary phase approximation yields 

87r2f2 exp (jxc sin (Ja cos cPa) 
(EI/)I/ = (1 + cos (Jo)c 

.Ec(O)[Jo(x) + 2 b~2 2,1.. J 1(X) COS 2cPa]. (21) 
a - cos 'fIa X 

The error in the approximation is the second term in equation (21). 
That term is zero in the planes cPa = 7r/4 and cPa = 3/47r. In other planes, 
the error is of order (bla) 2 lx, and is in agreement with the error estimate 
given above. 

The dependence of the second term in equation (21) on (J is shown 
in Fig. 3 for (Jo = 55°, f = 80A and (Ja = 2.5°. These parameters are the 
same as those used in the computations in Ref. 2, Fig. 5. A comparison 
of the two figures shows good agreement, as would be expected, since 
the condition for the illumination was approximately satisfied. 

(ii) cEcCO) = aE(~). 
These illuminations may also be approximately realized. For this con­
dition the cross-polarized component has a closed form solution given by 

(E) = j87r
2r exp (jkxc sin (Ja cos cPa) E (0) (!!.)J () . ,I.. 

1/ x (1 + (J ) c 1 X SIn 'fIa • cos 0 c a 
(22) 

An evaluation of the corresponding expression based on the stationary 
phase approximation gives* 

(E) = . 87r2r exp (jkxc sin (Ja cos cPa) 
1/ x J (1 + cos (Jo)c 

.Ec(O)(!!.) [Jl(X) sin cPa + 2 b~2 2cP J2(X)sin3cPa]. (23) 
a a - cos a X 

The error in the modified approximation is the second term and is 
of the same order as the error term in equation (21). 

For illuminations derived from a linear combination of TE~n and 
TM~n waveguide modes, the integrals (15) and (16) can be expressed 
in convergent series of Bessel function, by using the following Fourier 

* Equation (21) in Ref. 2 has a misprint and should be divided by 2. 
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Fig. 3-Error introduced by the modified stationary phase approximation. 
Angle off axis, (Ja = 2.5 degrees. -- cpa = 0 (H plane); 000 CPa = 7r/2 (E plane). 

series expansions 
00 

exp [jx cos (cp - CPa)] Jo(x) + 2 L: r In(x) cos n(cp - CPa) (24) 
n=l 

and 

1 = S! + :t en cos ncp 
a + b cos cP 2 n=l 

(25) 

with 

e = ~ 171" cos ncp d 
n 71" 0 a + b cos cP cp. (26) 

The integral (26) is tabulated3 and by using equation (7) gives 

2 (a - e)n/2 
en = C ( -1 r a + e . (27) 

With these expansions, after some mathematical manipulations the 
following expressions are obtained for the integrals 

(Ey)y = 871"f2 exp (jxc sin ()a cos CPa) {e[Ec(O) + Ec(!)] J (x) 
(1 + cos ()o)(a + e)e 2 0 

+ [aE,(O) - CE'(~)] [j(~ ~ ~r J,(x) cos <p, 

2e 00 • n(a - c)nl2 ]} - -+ L: (-J) -+ I n+ 2 (x) cos (n + 2)CPa a e n=O a c 
(28) 
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and 

(E) = 8-lIf exp (jxc sin Oa co~ cf>a) {'b[(a + 2c)Ec(0) + CEc(~)J 
Y x (1 + cos Oo)(a + C)2C J C 

·J,(x) sin.po + 2c[CEoCO) - aE.(~) ] 
00 (a _ c)nl2 } . L (- jt -+ I n+ 2 (x) sin (n + 2)cf>a • 

n=O a c 
(20) 

From equations (5) and (7) 

(: ~ ~r = tan 0/2 tan 80/2. (30) 

For most antenna designs, equation (30) is much smaller than one, 
the series in equations (28) and (30) are, therefore, rapidly converging, 
and can in principle be evaluated to any desired accuracy. 

It is noted that in the principal planes, these series can be related 
to Lommel functions of two variables3

• 
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Holographic Thin Film Couplers 

By H. KOGELNIK and T. P. SOSNOWSKI 
(Manuscript received June 17, 1970) 

Recently P. K. Tien and his co-workers have described a prism 
coupler as a convenient means to feed light into a single mode of a 
guiding thin optical film. 1 Distributed couplers of this kind are of great 
interest for integrated optical devices. In this brief we describe thin 
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film coupling with a thick dielectric grating. To produce these grating 
couplers, we have used the materials and techniques of holography 
where dielectric gratings are known to yield high (2: 90%) diffrac­
tion efficiencies. 2 Independently A. Ashkin and E. Ippen3 suggested 
that a grating could be used as a thin film coupling device, and very 
recently 1V1. L. Dakss, et al.,4 have reported successful light coupling 
into thin films by means of a (thin) phase grating made of photoresist. 

Figure 1 shows a grating coupler. A diffraction grating, placed in 
the vicinity of the guiding film, diffracts the incident light. If the 
diffracted wave is phase-matched to a mode of the film, then coupling 
occurs and light is fed into the film. The"grating coupler is a distributed 
coupler just as the prism coupler, and much of the concepts and the 
theory developed for the latterl can be applied. 

In order to make a good and efficient grating coupler one has to 
(i) use lossless and scatterfree materials, (ii) suppress unwanted grating 
orders, and (iii) provide for a sufficiently deep spatial modulation of 
the optical phase shift to achieve strong coupling and the associated 
short coupling lengths. Point (i) restricts us to phase or dielectric 
gratings. There are two possibilities to satisfy point (ii). The first is 
to use a thick grating and light incident near the Bragg angle. Then, 
Bragg effects will suppress all but one diffraction order. We shall call this 
coupler type a "Bragg coupler". The second possibility is to use a 
grating with a very large number of lines (or fringes) per millimeter. 
This results in such a large diffraction angle that only one diffraction 
order can propagate while all the others are beyond cutoff. This large 
diffraction angle leads to a thin film mode which travels in a direction 
reverse to that of the incident light, which is why we shall call this 
coupler a "reverse coupler." In many of the holographic materials 
which are available today, the achievable refractive index changes are 
relatively small (10-5 to 10-2

). It is, therefore, easier to satisfy point 
(iii) by using a Bragg coupler, where the phase shift accumulates 
throughout the thickness of the grating. The resulting strong coupling 
leads to short coupling lengths. These are desirable for miniaturization, 
and they make it easier to maintain the tolerances which are needed 
for phase-matching. 

Figure 1 shows the geometry of a grating coupler, the choice of the 
coordinate system, and several parameters of interest. In our case the 
dielectric grating is formed in a layer of gelatin of refractive index no 
which is deposited directly onto the guiding film of index n, > ng . 
The grating is characterized by the grating vector K which is oriented 
perpendicular to the fringe planes and has a magnitude 
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Fig. I-Cross section of a grating coupler. A is the fringe spacing, cf> the slant angle, 
and () the angle of incidence. A transmission grating is shown. For a reflection grating 
the light is incident from the substrate side. 

K = 27r/ A (1) 

where A is the fringe spacing. The fringes are slanted with respect to 
the grating surface by an angle cpo The propagation vector of the inci­
dent light is kin and has a magnitude equal to the free space propagation 
constant ko = 27r/A. In the gelatin the k-vector of this light is kg which 
is of magnitude ngko • 

The diffracted wave has a k-vector equal to (kg + K). It is phase­
matched to a film mode when this k-vector has a tangential (x-) 
component equal to the propagation constant {3 of the film mode, i.e., 
when 

{3 = (kg + KL = (kin + K)", . (2) 

Figure 2 shows the k-vector diagrams for the Bragg coupler (a) and 
the reverse coupler (b). The latter is shown for reasons of comparison. 
Note that in this latter case the grating vector K is parallel to the 
x-axis (which is typical for a thin grating). The cross marks the k-vector 
of the -1 order which is generated beyond cutoff. The circles of radius 
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ngko and ko respectively indicate the locus of the k-vectors of the input 
light in the gelatin and in air for a variable angle of incidence. The line 
spaced a distance {3 > nico away from the z-axis is the matching line. 
Phase-matching occurs when the vector sum (kg + K) terminates on 
this line, as shown in the figure. The Bragg condition is obeyed when 

(3) 

where Og is the angle of incidence in the gelatin. Geometrically this 
implies that the vector sum (kg + K) would terminate on the ngko-circle. 

It is clear from Fig. 2a that the Bragg condition and the phase­
match condition cannot be met for the same angle of incidence. One 
can show that there is a minimum possible difference flOg min between 
the Bragg angle and the matching angle which is approximately given by 

(4) 

where we have assumed that this "detuning angle" is small and that 
(3 ~ nfko . The detuning angle is typically a few degrees of arc. The 
angular width 2 flOg Bragg of the Bragg response between half-power 
points is2 

2flOgBragg = A/g 

for transmission gratings, and 

2flOg Bragg = (A/g) cot Og 

(5a) 

(5b) 

for reflection gratings, where 9 is the grating thickness. These formulas 

--(3--

t - - - - - - ~::-+--=""':;"--K--o 

z z 
(a) ( bi 

Fig. 2-k-vector diagrams for a Bragg coupler (a) and a reverse coupler (b). K is 
the grating vector; (3, the propagation constant of a film mode. 
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assume unslanted gratings. Formulas are available also for slanted 
gratings2

, and one expects widths of the order of A/ g, which is typically 
a few degrees. To take advantage of Bragg effects, we have to bring 
the matching angle as close as possible to the Bragg angle, and at least 
onto the wings of the Bragg response. Then we can expect suppression 
of unwanted orders and sufficiently strong coupling, which is, indeed, 
what we have observed experimentally. 

Our experiments were done with Bragg couplers. We made the di­
electric gratings in dichromated gelatin using the preparation and 
development techniques described in Ref. 5. Gelatin layers of about 
4 jlm thickness were deposited on the guiding films using a dipcoating 
technique. The films were low-loss sputtered films of Corning 7059 
glass which were kindly supplied by J. E. Goell and D. R. Standley.6 
They were about 0.3 jlm thick and had a refractive index of n f = 1.62. 

We designed the couplers for light of wavelength A = 0.6328 jlm, 

incident perpendicular to the film plane. This prescribes gratings with 
a slant angle cp of about 45° and a fringe spacing of A = 0.25 jlm (i.e., 
4000 lines/mm). To obtain the right grating parameters, some experi­
mentation is necessary because the gelatin shrinks during development. 
We produced the desired fringe pattern holographically by exposing 
the sensitized gelatin at the shorter wavelength of A' = 0.4416 jlm, 
which is a line of the cadmium laser. The k-vector diagram of Fig. 3 
indicates how the use of this shorter wavelength gives us fringes with 
the wanted k-vector at convenient angles of incidence. To get the 
proper interference angles in the gelatin, the two collimated light beams 

1~-2," ng/i\' -"'1 
-1 I 

Fig. 3-Arrangement for holographic exposure used to make the grating coupler. 
The k-vector diagram shows how the grating vector K is conveniently produced by 
the interference of blue light (A'). 
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Fig. 4-Angular transmission spectrum for 2wo = 0.3 mm. T is the transmittance 
of the coupler and () the angle of incidence (in air). Light is incident from the substrate 
side. 

were entered through a 45° prism which was joined to the film sub­
strate with matching oil as shown in the figure. The angles of incidence 
on the prism were approximately 01 = 55° and O2 = 50°. The edge of 
the coupler was produced by the shadow of a knife edge in one of the 
exposing beams about 5 cm away from the gelatin. The size of the 
resulting gratings was approximately 5 mm X 5 mm. 

We made several Bragg couplers and stuclied their characteristics at 
0.6328 jlm. We obtained coupling both on transmission and on re­
flection from the grating, but the better results (which we report below) 
were obtained with reflecting couplers, i.e., with light incident from 
the substrate side. We used a gaussian laser beam with its waist po­
sitioned near the grating. The beam was positioned at the edge of the 
coupler. To optimize the coupling further, we varied the waist di­
ameter 2wo and the spacing between the coupler and the waist. For 
our best coupler we found optimum coupling in a diverging beam with 
a waist diameter of about 2wo = 0.3 mm and a waist-coupler spacing of 
16 cm. For this case the beam diameter at the coupler was 2w = 0.6 mm. 
By analyzing the m-lines1 we found a value for the optimum coupling 
length which was of the same magnitude. The m-lines also indicated 
that our film guide supported only one TE and one T1VI mode. 

Figure 4 shows the angular transmission spectrum obtained for 
TE-coupling with the optimum beam parameters. This plot is obtained 
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by monitoring the transmittance T through the substrate-film-gelatin 
sandwich for a variable angle of incidence e. In the figure we notice a 
small modulation (t::.T ~ 0.1) superimposed on the spectrum which is 
due to substrate resonances. The large dip near () = 3 ° is caused by 
coupling into the film. The angular width of this dip is about 0.1°. 
The Bragg condition is obeyed near e = 6°. The Bragg response is 
strongly modulated by gelatin and film resonances. It has an overall 
width of about 3°. The measured reflectance of the coupler is also 
shown in the figure. From these data we arrived at the following power 
balance for optimum coupling: 3 percent of the incident light is ab­
sorbed in the substrate, film and gelatin, 8 percent reflected, 18 percent 
transmitted, and 71 percent coupled into the film. 

Coupling to the TM film mode is relatively weaker for the above 
coupler because it was designed for normal incidence (e ~ 0) where 
T1VI diffraction is at a minimum. 2 The same beam parameters which 
produced optimum TE-coupling yielded TM-coupling of only 15 percent. 

We would like to acknowledge fruitful discussions with J. E. Goell, 
R. D. Standley and R. Ulrich, and the technical assistance of lVI. Madden. 
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