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TaBLE IV—LoNG-TERM STANDARD DEVIATION

Channel oin dB
4-9 0.56
4-11 0.59
6-14 0.58
6-17 0.56

GHz channels were simultaneously lined up at their reference level which
was specified as 0 dB. By inspection, 29 dB values were chosen over the
fading range in order to give minimum ambiguity over the entire set of
channels; thus each quantizing step on each channel was not used more
than once. In this way all the 6- and 4-GHz channels were simul-
taneously calibrated; this was done so that an arbitrary subset could
be chosen for analysis without having to recalibrate. Tigure 5 gives an
example of the results of the calibration procedure for channels 4-7,
4-2, and 4-9 for fades greater than 20 dB.

Beeause the calibration curve is nonlinear, this process requires some
judgment. The minor combined effects of the nonlinear calibration

4-7 4-2 4-9
13 - -
20 20.4 — 12 13
14 - 2
22.7 e 13 =
24.4 =
25- ” - 16
26 47 12 =
’ 17
27.6 18— LIS —
- a
19 17w -
o 29.1 12 —.F 5
30 - 4 20 i8
< 3y = =2 20
19 z }_z =
0 — 19 NE:AR
o #4EE— 5o )E e
T 33.6 == - " Z 23
24 a2l 5 3
35 — 34.8 —¢ 22— O =
26 23 22
36.6 —= 24— _2%_-
7 — 2
e aa -
H = 3
27 30
40 — 40.1 —5— i
41,3 29 _
30
42.3 _

Fig. 5—Calibration example.
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curve and differing reference levels for different channels are discussed
in conjunetion with the single channel outage statistics.

V. SINGLE CHANNEL RESULTS

The raw data were obtained continuously for almost all of the 68 days
(5.9 X 10° seconds). Of this total, 5.26 X 10° seconds was used as the
data base; the balance was lost mainly because of routine radio main-
tenance. To condense the data, a criterion was used to select by computer
only those time periods which exhibited fading. The start of such a time
period was defined by, and included, ten consecutive measurements
containing any one channel faded below approximately 10 dB. The
end of the time period was defined as that instant for which the next
110 consecutive measurements on any channel did not have a fade
exceeding approximately 10 dB.

Trom the total of 5.26 X 10° seconds, 7.8 X 10° seconds (14.8 percent)
were selected for analysis. The average length of the periods selected
was sizeable. There were only 96 distinct periods selected; these had
an average length of 8.1 X 10* seconds (2 1) hours.) Further one-half
of the analysis time was in intervals of four hours or longer. Thus
any effects due to beginning or ending a time period should be minimal.

The data were processed by computer to determine the total amount
of time during which each signal was less than a certain amount. The
4-GHz single-channel fading results are given on Fig. 6 for fades greater
than 20 dB. These results and all those to follow are given as a fraction
of 5.26 X 10° seconds. It is apparent that these statistics are essentially
the same for all the 4-GHz channels and have the Rayleigh slope,
that is, 10 dB per decade of probability over the entire range of data
points. The solid line on the figure is a least-square fit of a Rayleigh
slope line to the data points, most of which are within &1 dB as shown
by the dashed lines. This scatter is due to both the uncertainties in
the reference value and to the nonlinear calibration.

The 4-2 points outside the 2-dB corridor from 22 to 29 dB are due
to the nonlinear quantized calibration. From Fig. 5 note that for 4-2
the dB wvalues used lie near the bottom of the quantizing levels up to
31 dB at which point they change to the middle of the quantizing levels.
This gives the effect noted on Fig. 6, that is, the data points are shifted
to higher fade values for a constant probability. Other anomalies of
this type in the single-channel results are explainable in this manner.
For these results and for all others described here, the polarization of
the signal (s) had no apparent effect.

The 6-GHz signal channel results are given on Fig. 7 for fades greater
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Fig. 6—Fade-depth distribution; 4-GHz channels.

than 20 dB. Again all 6-GHz channels have essentially the same statistics
with the solid line being the least-squares fit with a Rayleigh slope-
Almost all data points are within 1 dB of the average above 40 dB
except for 6-15 from 37 to 40 dB. This discrepancy is attributable to
nonlinear quantizing as discussed for 4 GHz. The increased scatier
above 40 dB is thought to be due to deereasing measurement sensitivity.

The single-channel results for the space diversity grouping'® (the
6-18 signal is received on the horn reflector and two dishes) and for
the 4-GHz channel on the Paulding route are given on Fig. 8. The lines
are the least-squares fit with a Rayleigh slope.

Figure 9 gives a summary of the single-channel statistics and for
comparison, the true Rayleigh curve. The equations of the least-square
lines are

West Unity  4: P = 0.251077"°
6: P =0.5310"""

SD: P =0.43107""°

Paulding 4: P =07710""""

where F is the fade depth expressed in dB (F = 20 dB). The channel
with the most fading was the 4-GHz Paulding followed by 6 GHz, space
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Fig. 9—Summary of fade-depth distributions.

diversity grouping (SD) and 4 GHz. The 4-GHz channels have signifi-
cantly less fading than either 6-GHz (by 3.3 dB) or 4-GHz Paulding
(by 4.9 dB). The 0.9-dB difference between signals on antennas of
different height, that is, 6 GHz compared to SD, is thought to be more
apparent than real, although it may be a small height effect.

It should be noted that having essentially the same fade distribution
for the 6-18 signal as received on both the dishes and horn reflector
implies two things. First, the effect of 6-GHz multimoding in the horn
reflector, circular waveguide, and combining networks must be negligible
because the dishes use dominant mode elliptical waveguide and no
combining networks. Secondly the effect of decreased clearance at
midpath for the lowest dish is less than 0.9 dB.

One way of explaining the significant differences shown on Fig. 9 is
to examine them in terms of the terrain and the radio path lengths.
Pearson’ has given data taken in Britain on the relation between worst-
month fading and the terrain as characterized by the path roughness.*

* Path roughness is the standard deviation of terrain height measurements at

one-mile intervals on a line between transmitter and receiver with the end points
of the path excluded,
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Assuming that the 68-day period is equivalent to the British worst-
month data, Table V can be compiled from Fig. 9 and Ref. 7.

The 6-GHz British point has been obtained by assuming that the
path length is 50 percent longer at 6 GHz than it is at 4 GHz; that is,
the path length is cast in terms of wavelengths.

There is good agreement between the British and the West Unity data.
Thus the difference in depth of fade for a given percentage of time is
apparently directly related to the terrain roughness and to the path
length in wavelengths. Of course this is not sufficient evidence to justify
the extensive use of these parameters. It has long been known, at least
qualitatively, that fading is more severe over smooth terrain or water
than on rough paths of comparable frequency, length, and atmospherie
conditions.

VI. FREQUENCY DIVERSITY RESULTS

The simultaneous measurements on a number of different frequencies,
together with computer processing of the differences in signal level with
frequency, have provided much more quantitative information than
previously available on the improvements to be expected from the use
of frequenecy diversity. The diversity results specify the total amount of
time during which the stronger of two signals was less than a certain
amount (this means that both signals simultaneously were less than
the given amount).

6.1 6 GHz
The results for the 6-GHz pairs for fade depths = 20 dB are given

on Figs. 10 through 16. Fifteen pairs were obtained from the six 6-GHz
channels and they are grouped according to frequency separations as
shown in Table VI.

Four lines are shown on each figure. The uppermost is the nondiversity

line which is the average single-channel fade-depth distribution as dis-

TaBrLE V—Para RoucHNEsSS ErrFEcTs

0.1 Percent Fade Depth

Roughness British West Unity

Pleasant Lake 4 GHz 16.0 meters 23.5dB 24.0 dB
6 GHz 16.0 meters 29.0 dB 27.3 dB

Paulding 4 GHz 8.5 meters 28.0 dB 28.9 dB
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Fig. 10—6-GHz frequency diversity; 30-MHz separation.

cussed previously. The bottom solid line which is tagged with a value
of a parameter my is a curve fitted to the data. The dashed lines are
relative to the fitted line and denote a £=2-dB corridor which is an estimate
of the uncertainties in the data due to nonlinear calibration and reference
value determination. The fitted curve is obtained by assuming that the
diversity data is jointly Rayleigh distributed with respect to the non-
diversity curve. The parameter my, is related to the amount of correlation
between the two components of the distribution. This concept will be

discussed in more detail 1

ater.
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Fig. 11—6-GHz frequency diversity; 60-MHz separation.

Inspection of these results (Figs. 10 through 16) shows that for a
fixed frequency separation, the scatter of the data points with respect
to the fitted diversity line is small below 30-dB fade depth but increases
somewhat for larger fade depths.* However for fade depths of 40 dB
or less, all the data points lie within the +2-dB corridors except for

* On_the figures, 10~% = 5.26 seconds which means that there were few samples
at the higher fade depths.
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17/18 on Fig. 10. This latter result is an anomaly because all other
combinations which include 6-17 or 6-18 are quite consistent within
their group. In fact, the consistency of the data points for different
pairs having the same frequency separation is remarkable. Also note
the excellent agreement between the data and the fitted line for the
pair with the maximum frequency spacing (210 MHz).

As the frequency separation increases, it is to be expected that the
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Fig. 12—6-GHz frequency diversity; 90-MHz separation.
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Fig. 13—6-GHz frequency diversity; 120-MHz separation.

diversity performance will improve. This is borne out on Figs. 10 through
16 and is described by increasing values of my for increasing frequency
separation. The performance of frequency diversity relative to non-
diversity will be discussed in a later section.

6.2 4 GHz

The results for the 4-GHz frequency diversity pairs are given on
Figs. 17 through 24. Twenty-one pairs were obtained from the seven
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Fig. 14—6-GHz frequeney diversity; 150-MHz separation.

different TD-2 channels and they are grouped according to frequency
separations as shown in Table VII.

The lines on the figures have exactly the same meaning as in the 6-GHz
case discussed in the previous paragraphs.

Inspection of the results shows that the scatter of the points with
respect to the fitted diversity line is small for fade depths less than 30
dB except for 7/1 on Tig. 17 which has been ignored as an anomaly.
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For greater fade depths, the scatter increases and the data points tend
to fall off faster than the fitted line except for Fig. 23 which has a distinet
upward bulge. The fast rolloff might result from noise or interference
effects in the radio system. Since the 6-GHz results do not exhibit these
effects, the MIDAS system and the data reduction procedures are
probably not the source of this rolloff since all of the radio channels
were treated identically. Further some of the pairs follow the fitted
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Fig. 15—6-GHz frequency diversity; 180-MHz separation.
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line without any rolloff, for example, 4-9/11 on Fig. 21 and 4-7/2 on
Fig. 20. The reasons for the anomalies are not explicitly known but it is
assumed that they are not generated by multipath fading. In any case,
the fitted line is a conservative approximation to the data except for
Fig. 23.

Just as in the 6-GHz case when the frequency separation increases,
the diversity performance improves. This is described by increasing
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TasLeE VI—6-GHz FrREQUENCY DIvERSITY RESULTS

Frequency Number

Figure Separation (MHz) of Pairs
10 30* 3
11 60 3
12 90 3
13 120 3
14 150 1
15 180 1
16 210 1

* This is also the nominal bandwidth of the working channel.

values of mg for increasing frequency separation and will be discussed
in g later section.

VII. DESCRIPTION OF SIMULTANEOUS FADING AT DIFFERENT FREQUENCIES

Multipath fading is eaused by complicated interference phenomena
and it is possible that various descriptions of simultaneous fading are
useful. Models for fading can be postulated on two levels. First there
is a mathematical (statistical) description of the characteristics of
multipath fading. Second, on a more fundamental level, there is the
model for the physical process that creates fading and from which the
mathematical (statistical) model could be derived. At the present
time there is no physical process model which gives results that agree
well with the experimental data. On the other hand, a statistical model
based on the joint Rayleigh probability distribution has been useful
in the description of space diversity, and it is applied here (with con-
siderable success) to frequency diversity. However the physical process
model is still the ultimate goal and the experimental data and empirical
formulas presented here should aid in attaining this goal.

The following discussion briefly gives the relevant details of the joint
Rayleigh distribution as applied to the data. For a Rayleigh variate,
the probability that the envelope voltage R; of the signal normalized
to its rms value has a value less than L is

Pr(R, < L) = 1 — exp(—L?. (1)
Similarly the probability distribution of the envelope voltage R, of a
second signal normalized to the rms value of the first signal is

Pr(R, <L) = 1 — exp (—%) 2)
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where

V' = (R ((BD)w) 3)
The joint probability distribution function of the variables R, and R, is"’

Pr(R, < L, Ry < L) =f

0

L3/(1—k?) (L/v)2/(1—k?%)
ix, f dX,P(X, , X,)
0
@)
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with
P(X:, X2) = (1 — E)I[2k(X.X2)"*] exp[— (X + X>)

where k? is the correlation coefficient of B? and R? . For use in this paper
mp has been defined as

my = 10°(1 — k). %)
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Typical computed results are shown in Fig. 25 for »* = 1. For deep fades,
asymptotic forms of equations (2) and (4) are quite useful.

Pr(R, < L) =~ L** (6)
and .
Pr(R, < L, R, < L) =2 (10°/mz) (L*/v"). )

The region of validity of equations (6) and (7) depends on v, L, and m;, .
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Fig. 19—4-GHz frequency diversity; 80-MHz separation.



LINE-OF-SIGHT PROPAGATION 1853

a \NONDIVERSITY

2b—a N\ N

e
/

FRACTION OF TIME THAT FADE DEPTH - ABSCISSA

2 o AN
mg=13 (\@ \ \
1073 A \\
o \
\ )
5
Na\ [\
\ \
2 \‘ )
3 \
R \
\
6 AN
10 o 11/86 \ \
o 7/2 A \
5 \
Re\ [
\
\ \
\ o \
2 —N— \
\ \ \
N
1077 \ \
20 25 30 35 40 45

FADE DEPTH IN dB (RELATIVE TO MIDDAY NORMAL )
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For example it is the region in Fig. 25 where the lines are parallel to
the my = 10° line.

The joint Rayleigh distribution, calculated from equation (4), was
fitted to the diversity data points by overlaying plots of the joint dis-
tribution for various values of my and choosing the one with the best
apparent fit. The results of this are the bottom solid lines on the diversity
plots with the value of mz next to each line. In the fitting, somewhat
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Fig. 21—4-GHz frequency diversity; 140/160-MHz separation.

more weight was given to the values at 30-dB fade rather than at 40 dB
because of relative sample size. Also note that the curvature of the
joint Rayleigh fits the curvature of the data points for the smaller fade
values.

VIII. IMPROVEMENT

The quantity of interest in any diversity scheme is the amount of
improvement relative to the nondiversity performance. Iere this per-
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formance measure is defined as the ratio of fractional outage of the
nondiversity signal to that of the diversity signal for a fixed fade depth.
Description by this factor () is convenient because it avoids detailed
description of the many schemes that are used to process the two signals.
The best of these switching or combining schemes will provide per-
formance equal to or somewhat better than that described by the fade
reduction factor.

The fraction of the total time that a nondiversity signal is faded
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depends on frequency, path length, terrain, antenna placement, and
climate. The last of these determines the fraction of the total time that
fading conditions exist on a given path. The periods used in analysis
were those for which fading conditions were in existence. Any change
in the total time of such fading periods would have no effect on the
statistics since they pertain to the fading phenomena and not to the
length of time (assuming an adequate number of samples are available).
However, the statistics have been normalized by adding in the remaining
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Fig. 23—4-GHz frequency diversity; 300/320/340-MHz separation.
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Fig. 24—4-GHz frequency diversity; 400/420-MHz separation.

or nonfading time. The effect of this or any like change in the amount
of the nonfading time is a uniform shift in the nondiversity and diversity
curves without changing their shape or their ratio; that is, the fractional
time scale is multiplied by a constant. This last fact has been heavily
utilized in the analysis where this ratio has been called the improvement
factor (I). Note that the improvement factor does not depend on how
often fading conditions exist but rather upon what happens within
these selective fading periods.
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TaBLE VII—4-GHz IFREQUENCcY DIivERSITY RESULTS

Frequency Number

Figure Separation (MHz) of Pairs
17 20* 2
18 60 2
19 80 3
20 100 2
21 140 1
160 2
22 220 1
240 1
260 1
23 300 1
320 2
340 1
24 400 1
420 1

* This is also the nominal bandwidth of the working channel,

Referring to the asymptotic forms for the joint Rayleigh model,
equations (6) and (7), the asymptotic form of the improvement factor
(I) for Rayleigh fading can be stated as

PR <L) __(my/10% ®
Pr(R, <L,R, <L) Pr(® <L)

where, for the time being, it is assumed that both signals have the same
rms value (that is, v* = 1).

The experimental improvement factors were obtained from the ratio
between the fitted diversity line and the nondiversity lines for the 6-GHz
and 4-GHz frequency pairs at a 40-dB fade depth. The values are plotted
on Fig. 26 versus the parameter Af/f. Here f is taken as 3950 MHz for
the 4-GHz band and 6175 MHz for the 6-GHz band and Af is the average
frequency separation for a grouping on a single figure, for example,
Af = 240 MHz for Fig. 22. If the =2-dB uncertainty were included,
the points plotted on Fig. 26 would change to vertical lines between
1.58 and 1/1.58 of the average value shown. Even with this Iarge range
of uncertainty, it appears that the improvement and Af/f are linearly
related as shown by the lines on the figure. The equations of the lines are

I

4 GHz: I = 1 (Af)L"2 for I = 10, good accuracy;
2\{
©)
6 GHz: I = i (%)L‘Z for 1 £ 1 £ 10, less accurate but conservative;
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where F' = —20 log L is the fade depth in dB. This is the asymptotic
form of the formulas including the variation with fade depth as shown
in equation (8).

Using equation (8) as a guide, it is conjectured that the experimental
improvement can be separated into two parts which contain respectively
the nondiversity fading and the frequency diversity effect, that is,
m/10°
P(L)

[= (10)

(NONDIVERSITY)

AN
ANAN N
. NN

§'° ) \

5, \
AANANAANEN
pzd 2

\ N

- \

[IRANARANA

o™ .NDEPE;;:«\T\ \
RAVAVAN

SIGNALS
DECIBELS RELATIVE TO NORMAL

Fig. 25—Probability that both signals are simultaneously less than a given
amount (Joint Rayleigh Distribution).
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where P(L) is the measured probability that a nondiversity fade exceeds
—20 log L dB and m is a frequency diversity parameter. Of course both
these quantities are functions of frequency, path geometry, terrain,
and antenna placement.

Consider first the variation of m with Af/f and secondly the difference
in improvement between the 4-GHz and 6-GHz bands.

The nondiversity results [P(L)] can be written as (see Fig. 9)

6 GHz: P, = (.53)L%
4 GHz: P, = (25)L7,

1n

where F = —20 log L is the fade depth in dB. Then from equations (9)
and (10)

6 GHz: my = (103)(1> (A—f)L—Z(ﬁg)L?,

4
f (12)
A
= 132.5 Tf s
1000

500 ud
= 200 g
-
z
b
Z 100 ol
>
e 4 GHz o
o
2 50

0,
1 Af, -2
4 GHz: [ =5 —L
6 GHZ 2 f
20 L p = L Af -2
6 GHz: [ =7 ;3 L
old I I
0.004 0.0l 002 004 0.1 0.2
_Af _ SEPARATION BETWEEN FREQUENCIES
£ CENTER FREQUENCY

Fig. 26—1966 West Unity in-band frequency diversity improvement ratio at
40-dB Fade Depth (L = 0.01).
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4 GHz: my = 003)(%)(%’3—2(25)”’ (13)
= 125 A7f .

The difference between m, and m, is small. Thus as desired m depends
primarily upon normalized frequency spacing and not upon either the
nondiversity fading distribution or the radio frequency band (4 vs 6 GHz).
For further use it is assumed that m = 130 Af/f.

Using equations (9) and (10) again and forming a ratio gives

I, _Ps

I—ﬁ = E = 2.1 (14)
which agrees very closely with the experimental ratio of 2 shown on
Fig. 26. Thus equation (10) correctly predicts the relative improvement
between the 6- and 4-GHz bands. Further this relative improvement
depends upon the nondiversity fading results and not upon the normalized
frequency spacing.

To recapitulate, the asymptotic value of improvement of an in-band

frequency diversity pair relative to the nondiversity signal at a fade
depth of —20 log L dB can be stated for the experimental data as

0.13 —A);I

I =55 (15)
where P(L) is the probability that the nondiversity signal fades below
the given depth. In this formula, I is not affected by the relative amount
of time that fading conditions do or do not exist. However both the
numerator and denominator in equation (15} would change by the
same multiplicative constant when the ratio of nonfading to fading
time changes. Thus the terms P(L) and 0.13 Af/f individually apply
only to the experimental path but their ratio is more generally useful.
This ratio (I) characterizes frequency diversity during multipath
fading periods. Although I was obtained from experimental data on
one path, it should pertain to other paths of about the same length
but having different terrain and climate. The terrain and climate play
a major role in determining the fraction of time that multipath fading
conditions exist but they probably will have only a secondary effect
on the relation between a nondiversity signal and a diversity signal

within a multipath fading period.
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IX. CROSSBAND FREQUENCY DIVERSITY

Results were also obtained for a subset of the 4-GHz and 6-GHz
channels where the diversity pair consists of one channel from each group.
The channels used for analysis were 4-2, 4-1, 4-7, 4-6 and 6-11, 6-15, 6-18.
The results are given in Figs. 27 through 30. The groupings for each
figure are for one of the 4-GHz channels in diversity with each of the
6-GHz channels. As before, there are several curves on each figure. The
two uppermost are the average nondiversity results for each band with
the 6 GHz being 3.3 dB poorer than the 4 GHz for a fixed probability.
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Fig. 27—4/6-GHz crossband frequency diversity.
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Fig. 28—4/6-GHz crossband frequency diversity.

Again the joint Rayleigh distribution was fitted to the data by over-
laying plots of the joint distribution for various values of m, . In this
case the rms values are unequal by an amount

—10 logv?® = 3.3dB

or (16)

= 0.47.

The asymptotic form of the improvement factor I between the diversity
curve and the top nondiversity curve (6 GHz) is given as in equation (8)
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Fig. 20—4/6-GHz crossband frequency diversity.

by
me/10°
Pr(R, < L)

This corresponds to the improvement obtained if a 4-GHz channel were
used to protect a 6-GHz channel.

The asymptotic ratio between the bottom nondiversity curve (4
GHz) and the diversity curve is then

2 mR/103 _
Pr(R, <L)

Imax = (17)

Imin =7 DZImax (18)
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which corresponds to the improvement obtained if a 6-GHz channel were
used to protect a 4-GHz channel. In these formulas, m; and Pr (R, < L)
are Rayleigh quantities with m related to the correlation coefficient and
—20 log L equal to the fade depth in dB exceeded by the envelope voltage
R,.

Inspection of the results shows that the points have more scatter than
the 6-GHz in-band diversity data and just about the same scatter as the
4-GHz in-band diversity data, that is, the fitted line is a good repre-
sentation of the data from 20 to 30 dB with increasing divergence for
greater fade depths.

As to quantitative interpretation, the results do not appear to be as
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Fig. 30—4/6-GHz crossband frequency diversity.
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yielding to analysis as the in-band diversity. This may result because the
frequency spacings are a significant percentage of the average center
frequeney, for example, spacings of 1775 MHz (4-6/6-11) to 2405 MHz
(4-7/6-18). The improvement values obtained from the fitted lines on
the figures at 40-dB fade depth are presented in Table VIII.

The results do not show a consistent behavior as a function of frequency
separation. 4-7, which has the largest frequency separation, shows slightly
more improvement than 4-1 or 4-2 but less than 4-6 which has the smallest
frequency separation. However, 4-2, 4-1, 4-7 are tightly bunched in
frequency whereas 4-6 is about 300 MHz closer to the 6-GHz band.

In any case, these results are comparable to the in-band diversity re-
sults, that is, the improvement from crossband diversity was not sig-
nificantly better than in-band diversity of two percent or more separation.
Thus there may be a saturation effect which will appear for frequency
separations above say 10 percent. There is neither enough data nor a
theory to prove or disprove such speculation.

X. CROSS ROUTE DIVERSITY

Diversity results were obtained for various 4-GHz and 6-GHz channels
on the Pleasant Lake hop in diversity with the single 4-GHz channel
measured on the Paulding hop. The previous data strongly implies that
it may be very misleading to rely on the results for a single channel.
However, this data is included for completeness. To review: the Paulding
data is for a different path but for the same time periods. One would there-
fore expect the diversity performance to be very good since the signals
from the pair of paths should be reasonably independent. However this
did not appear to be the case.

The data are shown in Figs. 31 and 32 in the groupings presented in
Table IX. The lines on the figure have exactly the same meaning as the
corresponding ones in the crossband section. In this case the 6-GHz fit

TaBLE VIII—CRoSSBAND IMPROVEMENT VALURS

Imux Imin*
Tig. 27 250 125
Fig. 28 200 100
Fig. 29 150 75
Fig. 30 500 250

* Imin = % Imax from equation (16) with » *= 0.47 but 0.5 has been used in this
table for convenience.
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Fig. 31—4/6-GHz cross route diversity.

is good but the 4-GHz fit is poor below 30 dB in that the data has an
upward bulge. There is no explanation available for this anomaly.

In any case, the improvement obtained when the two channels in the
diversity pair are on different hops is not significantly better than in-band
diversity (see Fig. 26). This is surprising and raises questions about the
correlation between fading on adjacent hops, for example, the maximum
possible diversity improvement may be limited to values less than that
expected from independent fading.

To repeat, this is based on a single channel and as such the data base
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Tanre IX—Cross-RouTe RESULTS

Figure Diversity Pairs Tmax Imin*
31 6-11 with 4-6 PA 400 300
6-18 with 4-6 PA
32 4- 7 with 4-6 PA 800 250
4- 6 with 4-6 PA

* Imm = 1') Ima
4/4-PA, »* = 0. 322 (used 0.31)
6/4-PA, »» = 0.715 (used 0.75)
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is simply not sufficient to draw any profound conclusions about cross-
route effects.

XI. COMPARISON OF FREQUENCY AND SPACE DIVERSITY IMPROVEMENT

The empirical results for space diversity given in Vigants'® can be
compared with those obtained here for frequency diversity. The improve-
ment factor for space diversity is

ISD - IOF/IO (19)

s
275D\
where

s is vertical separation between equal antennas in feet,
D is path length in feet,

M is wavelength in feet, and

F is fade depth in dB.

Using D = 28.5 miles and equation (9) gives the various diversity
improvement factors as presented in Table X.

These are plotted in Fig. 33 for a fade depth of 40 dB. Several points
are immediate. First the improvement increases with frequency for space
diversity and decreases with frequency for frequency diversity; that is,
space diversity becomes relatively more effective as the operating fre-
quency increases. The maximum improvement for frequency diversity
is 100 for the maximum allowable spacing of 4 percent in the standard
6-GHz frequency plans. Space diversity of 26 feet will give this improve-
ment. Since this spacing is reasonable, it can be said that space diversity
is “better’” than frequency diversity at 6 GHz. At 4 GHz, the correspond-
ing values are I = 625 for 12.5 percent and 79’ spacings. In this case,
frequency and space diversity are comparable in performance.

These comparisons have been made only for one-for-one space and
frequency diversity on a single hop; additional data and studles are
needed to clarify our understanding.

TABLE X—DIVERSITY IMPROVEMENT FFACTORS

4 GHz 6 GHz
Frequency 0.5(Af/f)10F/10 0.25(Af/f)10F 10

Space (s2/108)107 10 1.5(s2/105)10F 10
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Fig. 33—Comparison of space and frequency diversity at a 40-dB fade depth.
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Computed Transmission Through Rain at
Microwave and Visible Frequencies

By DAVID E. SETZER

(Manuscript received May 5, 1970)

In this paper we present tables which contain the Mdie scattering coef-
ficient, absorption coefficient, extinction coefficient, equivalent medium index
of refraction and phase delay for rains conforming to the Laws and Parsons
drop-size distribution. These transmission characteristics have been calcu-
lated for microwave frequencies of interest in common carrier radio relay
systems, 300 to 1.43 GHz, that is, 0.1 to 21.0 cm, at rain rates from 0.25
to 150.0 mm/hr. We also include the extinction coefficients for the visible
wavelength 0.6328 u.

The microwave tables were generated by using a Mie scaltering computer
program stmilar to that designed and previously reported by Deirmendjian.
The calculations at 0.6328 u were made separately by employing the usual
assumptions for droplets with very large circumference to wavelength ratios.

I. INTRODUCTION

The Mie extinction properties are of basic importance to those
interested in developing an understanding of the influence of rainfall
on open air communication systems. In this connection we have gen-
erated a rather extensive set of tables of extinction properties of rain.
The tables have been used within Bell Laboratories to study a variety
of transmission problems, examples of which are the investigation of
satellite ground station interference by Gusler and Hogg (1970),* the
study of microwave transit time variations by Gray (1970), Pierce’s
(1969) investigation of the problems associated with the synchronization
of digital networks and Setzer’s (1969) study of the extinction properties
of atmospheric aerosols.'™* A set of tables with similar results was
published by Medhurst (1965); however, his presentation only includes

* The attenuation constants used by Gusler and Hogg were based on empirical

da{a. The calculated values presented in this paper were used for comparison purposes
only.

1873
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total attenuation.® Our tables include the Mie scattering coefficient,
absorption coefficient, extinction coefficient, the van de Hulst equivalent
medium index of refraction and the van de Hulst phase delay for rains
conforming to the Laws and Parsons drop-size distribution. These
transmission characteristics have been calculated for incident micro-
wave wavelengths of 0.1, 0.2, 0.3, 0.5, 1.0, 1.62, 1.88, 2.73, 5.0, 7.5, 10.0,
15.0 and 21.0 em (corresponding to 300, 150, 100, 60, 30, 18.5, 16, 11,
6, 4, 3, 2 and 1.43 GHz) at rain rates of 0.25, 1.25, 2.5, 5.0, 12.5, 50.0,
100.0 and 150.0 mm/hr. Also included are the extinction coefficients
for the visible wavelength 0.6328 u at the above rain rates.

The calculations in the microwave region were performed on a
GE 635 computer using a scattering program similar to that previously
presented by Deirmendgian (1963).° Since the raindrop circumference-
to-wavelength ratio (wd/)\), that is, size parameter, for the visible
wavelength, is outside the range of validity of the computer program,
approximate characteristics were calculated for 0.6328 u. The usual
assumptions for spheres with very large parameters were employed.

The indices of refraction used in this report and shown in Table I
are for a rain temperature of 20°C. They were obtained by cross check-
ing many of the standard optical and microwave references and are
thought to be reliable.

II. DROPLET SIZE DISTRIBUTION

All computations in this paper are based on the assumption that
raindrops are spherical and the distribution of rain is as was measured
by Laws and Parsons and quoted by Kerr (1951).” The Laws and
Parsons distribution is presented in Table II as the percentage of
total water volume within specific size ranges. In order to use the
computer program, it is necessary to express the distribution in terms
of the number of droplets per unit volume within specific size ranges.
If the droplets are assumed to fall at the terminal velocity V, , that is,
up and down drafts are neglected, then the conversion is

D(dss1 , d1) = By Pdira , )/ V(@) Vo(d)], ey

where D(d;., , d,) represents the size distribution in units of droplets
per unit volume in the droplet diameter range d;,, to d; . Henceforth,
the diameter range d;.; to d; will be called Ad; . R, is the total rainfall
rate which is typically specified in mm/hr; P(d;., , d;) is the volume
percentage rainfall in the diameter range Ad; as measured by Laws
and Parsons; d is the average diameter in the range Ad; ; and V(d)
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is the volume of a sphere of diameter d. The terminal velocities of
raindrops Vo(d) are presented in Table III.”

For an example of the function D(d;,, , d;) resulting from the use of
equation (1), refer to Fig. 1.

III. TRANSMISSION PARAMETERS FOR MICROWAVE FREQUENCIES

The Mie coefficients and the equivalent index of refraction of the
rain medium are defined by van de Hulst (1957).® For a detailed des-
cription of these parameters, please refer to his work. Essentially,
the scattering coefficient 8,,.. (A\) and the absorption coefficient B,,. (\)
are measures of the total energy scattered and absorbed by a unit
volume of rainfall. In the simple case of a single scattering aerosol
the ratio of intensity of the transmitted beam I,(\) to that of the
incident beam I,(2) is

Ir(N)/Io(N) = exp[—Bexe(N) -1, 2)

where [ is the length of the propagation path through the rain and the
extinction coefficient B...(\) is

Bext(N) = Bacat(N) + Bans(A). (3)

A plane-parallel medium containing many scattering particles can
be represented by a slab of homogeneous material having a complex
refractive index . Carefully note that this sort of representation can-
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Fig. 1—Laws and Parsons drop-size distribution for 150 mm/hr rain.
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be designed, by selecting the appropriate value of i, to preserve the
input-output relationships but all detail of the scattering process
within the medium is lost. According to the van de Hulst (1957) defini-
tion of #i, the amplitude and phase of the incident wave are changed
by the slab in the proportion

expl— 2xl/N)Im(1 — M)]- expl— (2#l/N)Re(fi — 1)], (4)

where the first term is recognized as defining the amplitude ratio and
the second the phase.® The values of Bexs ; Bavs 5 Bscat , 7 and the phase
angle described above have been calculated for the specified microwave
frequencies. The results appear in Tables IV through XVI. The reader
is advised to use special care when attempting to apply the van de Hulst
phase angle and medium index #i. It is recommended that van de Hulst’s
derivation be studied carefully so that the meaning and limitations of
these functions are well understood. For example, light reflected from
the slab cannot be derived by using the refractive index #%, but should
be computed by means of the actual scattering functions.

Also, it should be noted that although # is caleculated, (7 — 1) is
used to determine the phase angle. Since i is very close to one, cancel-
lation of the leading terms reduces the significant places in the numerical
value of the phase angle to one or two at most. Consequently the values
given in the phase change column of Tables IV through XVI exhlblt
noticeable discontinuous jumps.

IV. TRANSMISSION PARAMETERS FOR 0.6328 u

The Mie coeflicients 8; are defined as

B:0) = f T, @) dr, i=1,2,3, )

where r is the droplet radius; n(r) is the continuous size distribution,
and v;(\, r), 2 = 1, 2, 3 are the extinction, scattering and absorption
cross sections, respectively for droplets of radius r. The smallest ratio
of raindrop circumference to wavelength for the combination of a Laws
and Parsons rain and 0.6328 u is approximately 1500. For most purposes,
the laws of geometric optics can be applied in such cases and therefore

Yext (N, 1) R 207, (6)

Also, since the index of refraction of water at 0.6328 u is a real number,
1.33, the absorption coefficient will be zero. It follows from equations
(3), (6) and (6) that

ﬁext(0'6328”') = ﬁscat(0-6328”')y (7)
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~ 21 f . ) dr. (8)

This expression and the Laws and Parsons distribution were used to
generate Table XVII. In this connection the Laws and Parsons dis-
tribution D(d.., , d;) was used to approximate the continuous function

n(r).

V. GRAPHICAL REPRESENTATION

For the purpose of illustration, a graph of extinction coefficients
versus total water content and rain rate is included (see Fig. 2). Not
all wavelengths are represented because some of the curves are too
closely grouped in the neighborhood of those shown. Those that were
excluded, were excluded for reasons of clarity only. One point of some
interest is the location of the attenuation curve for 0.6328 p in Fig. 2.
Note that it represents a reversal of the trend exhibited as wavelength
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Fig. 2—Rainfall water content and rain rate versus extinction coefficient Bex:.
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TaBLE I—INDEX oF REFRACTION OF WATER AT 20°C
Wavelength (cm) | Index of Refraction

0.10 2.587 - 0.937(i)
0.20 3.039 - 1.575(i)
0.30 3.505 - 2.007(i)
0.50 4.364 - 2.521(i)
1.00 5.900 - 2.900(i)
1.62 7.001 - 2.544(i)
1.88 7.500 - 2.500(1)
2.73 8.070 - 1.990(i)
5.00 8.670 - 1.202(i)
7.50 8.770 - 0.915(1)

10.00 8.871 - 0.628(i)

15.00 8.916 - 0.422(i)

21.00 9.000 - 0.275(1)
0.6328 1 1.33 -0.0%)

TaBLE II— Laws AND ParsoNs Dropr-SizE DISTRIBUTIONS FOR
VARIOUS PRECIPITATION RATES

Rain Rate (mm/hour)
Drop
Diameter (ecm) | 0.25 | 1.25 | 2.5 5 12.5 25 50 100 150
Percent of Total Volume
0.05 2801109 7.3 | 47| 26| 1.7| 1.2 1.0] 1.0
0.1 50.1 137.1|27.8|203[11.5| 7.6 | 54| 4.6 4.1
0.15 18.2 | 31.3 {32.8 {31.0|24.5|18.4 | 12.5 8.8 7.6
0.2 3.0113.5119.0|22.2|25.4|23.9]|19.9|13.9 | 11.7
0.25 0.7 49| 7.9|11.8|17.3{19.9|20.9|17.1|13.9
0.3 1.56] 3.3 5.7110.1|12.8|15.6 | 18.4 | 17.7
0.35 0.6 1.1 2.5 4.3 8.2110.9|15.0 | 16.1
0.4 0.2 0.6 1.0 2.3 3.5 6.7 9.0 11.9
0.45 0.2 0.5 1.2 2.1 3.3 5.8 7.7
0.5 0.3 0.6 1.1 1.8 3.0 3.6
0.55 0.2 05| 1.1 1.7 2.2
0.6 0.3 0.5 1.0 1.2
0.65 0.2| 07| 1.0
0.7 0.3

TasLE III—RAINDROP TERMINAL VELOCITY

Radius, ecm Velocity, m/sec

0.025
0.05
0.075
0.10
0.125
0.15
0.175
0.2
0.225
0.25
0.275
0.30
0.325

[}
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TasLe IV—MiE ExrtiNcrioN PARAMETERS AT 0.1 cm WavELENGTH (300 GHz), H,O INDEX OF REFRACTION
2.587—0.937i, For Laws AND Parsons RaiN '

Phase

Change
Scattering Absorption Extinction Medium Index of Refraction 7 deo

Rain Rate Coef. Coef. Coef. (k ")
(mm /hr) (km)™? (km)™1 (km)—? Re(m — 1) Im(1 — ) m
0.25 0.05390 0.05878 0.1127 0.0 X 10°¢ 0.1051 X 1077 0.0
1.25 0.1705 0.1723 0.3428 0.0 X 10°¢ 0.3051 X 1077 0.0
2.5 0.2760 0.2693 0.5452 0.0 X 10°¢ 0.4763 X 1077 0.0
5.0 0.4550 0.4306 0.8856 0.0 X 10-¢ 0.7630 X 1077 0.0
12.5 0.8913 0.8133 1.705 0.0 X 10-¢ 1.451 X 1077 0.0
25.0 1.452 1.284 2.736 0.0 X 10°¢ 2.305 X 1077 0.0
50.0 2.270 1.914 4.187 0.0 X 10—® 3.471 X 1077 0.0
100.0 3.993 3.354 7.347 0.0 X 10~ 6.109 X 1077 0.0
150.0 5.636 4.730 10.37 0.0 X 10°¢ 8.636 X 1077 0.0

NIVY J0 SHILYId0Yd NOLLONILXH
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TaBLE V—Mi1E ExTiNcTioN PARAMETERS AT 0.2 cM WavVELENGTH (160 GHz), H.O INDEX OF REFRACTION
3.039—1.5751, For LAws AND PARSONS RAIN

Phase

Change
Scattering Absorption Extinction Medium Index of Refraction % deg

Rain Rate Coef. Coef. Coef. (k—>
(mm /hr) (km)—! (km)~? (km)—t Re(m — 1) Im(1 — %) m
0.25 0.05581 0.05445 0.1103 0.0 X 10-¢ 0.2276 X 1077 0.0
1.25 0.1828 0.1685 0.3514 0.0 X 10-¢ 0.6657 X 1077 0.0
2.5 0.2991 0.2686 0.5677 0.0 X 10-¢ 1.042 X 1077 0.0
5.0 0.4965 0.4349 0.9314 0.0 X 10 1.671 X 1077 0.0
12.5 0.9766 0.8283 1.805 0.0 X 106 3.176 X 1077 0.0
25.0 1.596 1.315 2.911 0.0 X 108 5.044 X 1077 0.0
50.0 2.512 1.988 4.500 0.0 X 10-¢ 7.592 X 1077 0.0
100.0 4.406 3.449 7.856 0.1 X 10-¢ 13.33 X 1077 18.0
150.0 6.212 4,846 11.06 0.1 X 10-¢ 18.83 X 1077 18.0

0881
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TaBLE VI—MIE ExTINCTION PARAMETERS AT 0.3 ¢cM WavELENGTH (100 GHz), H,0 INDEX OF REFRACTION
3.505—2.007i, ror Laws AND Parsons Rain

Phase
Change
Scattering Absorption Extinction Medium Index of Refraction m deg
Rain Rate Coef. Coef. Coef. (k—>
(mm /hr) (km)~1 (km)™? (km)—? Re@inn — 1) Im(1 — 1) m
0.25 0.04252 0.04991 0.09243 0.0 X 10°¢ 0.2886 X 1077 0.0
1.25 0.1544 0.1586 0.3130 0.0 X 10°¢ 0.8927 X 1077 0.0
2.5 0.2634 0.2555 0.5189 0.1 X 107¢ 1.432 X 1077 12.0
5.0 0.4520 0.4175 0.8695 0.1 X 10-¢ 2.342 X 1077 12.0
12.5 0.9211 0.8026 1.723 0.1 X 10¢ 4.542 X 1077 12.0
25.0 1.542 1.283 2.825 0.2 X 10°¢ 7.320 X 1077 24.0
50.0 2.502 1.957 4.459 0.2 X 10-¢ 11.27 X 1077 24.0
100.0 4.382 3.389 7.770 0.4 X 1078 19.72 X 1077 48.0
150.0 6.153 4.751 10.90 0.6 X 10°¢ 27.76 X 1077 72.0

NIVY J0 SHITIHJdOYd NOLLDNILXH
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TaBLE VII—MiE ExTiNcTION PARAMETERS AT 0.5 cM WavELENGTH (60 GHz), H,O INDEX OF REFRACTION
4.364—2.5211, For LAaws AND Parsons RAIN

Phase
change
Scattering Absorption Extinction Medium Index of Refraction s de

Rain Rate Coef. Coef. Coef. ( E_g>
(mm /hr) (km)—! (km)™! (km)~1 Re(m — 1) Im(1 — m) m,
0.25 0.01638 0.02856 0.04493 0.0 X 10°8 0.2281 X 1077 0.0
1.25 0.08590 0.1085 0.1945 0.1 X 10°¢ 0.9094 X 1077 7.2
2.5 0.1667 0.1876 0.3544 0.1 X 10°¢ 1.608 X 1077 7.2
5.0 0.3157 0.3236 0.6393 0.2 X 10~¢ 2.832 X 1077 14 .4
12.5 0.7145 0.6574 1.372 0.4 X 10-¢ 5.924 X 1077 28.8
25.0 1.279 1.089 2.368 0.6 X 10-¢ 10.06 X 1077 43.3
50.0 2.233 1.743 3.977 0.8 X 10-¢ 16.59 X 1077 57.6
100.0 3.934 2.999 6.933 1.3 X 108 28.80 X 1077 93.6
150.0 5.505 4.165 9.670 1.8 X 10—¢ 41.65 X 1077 129.6

2881
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TaBLE VIII—MiE ExTincrioN PARAMETERS AT 1.0 oM WaveLENGTH (30 GHz), H,O INDEX OF REFRACTION
5.9—2.9i, ror Laws AND Parsons RaIN

Phase
Change
Scattering Absorption Extinction Medium Index of Refraction de

Rain Rate oef. Coef. Coef. - (k—g>
(mm /hr) (km)™? (km )1 (km)™t Re(i — 1) Im(l — ) m
0.25 0.001459 0.009006 0.01046 0.0 X 10°¢ 0.01046 X 1077 0.0
1.25 0.01303 0.04392 0.05695 0.1 X 10°¢ 0.5248 X 1077 3.6
2.5 0.03112 0.08465 0.1158 0.2 X 10~ 1.038 X 1077 7.2
5.0 0.07387 0.1617 0.2355 0.4 X 10~ 2.066 X 1077 14 4
12.5 0.2210 0.3751 0.5961 0.8 X 108 5.106 X 1077 28.8
25.0 0.4939 0.6890 1.183 1.4 X 10°°¢ 9.978 X 1077 50.5
50.0 1.071 1.234 2.305 2.1 X 107 19.16 X 1077 75.6
100.0 2.184 2.207 4.397 3.6 X 10~ 36.26 X 1077 130.0
150.0 3.280 3.106 6.386 4.9 X 10°¢ 52.58 X 1077 177.0

NIVY JO SAITYAd0dd NOILONILXHA
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TABLE IX—MI1E EXTINCTION PARAMETERS AT 1.62 oM WavELENGTH (18.5 GHz), H,O INDEX OF REFRACTION
7.001—2.544i, For Laws AND PArsons Rain

7881

Phase
Change
Scattering Absorption Extinction Medium Index of Refraction deg
Rain Rate Coef. Coef. Coef. <l )
(mm /hr) (km)~1 (km)t (km)—? Re(m — 1) Im(1 — 1) <m
0.25 0.0001932 0.002970 0.003162 0.0 X 10°¢ 0.05064 X 1077 0.0
1.25 0.002003 0.01814 0.02015 0.1 X 10°¢ 0.2982 X 1077 2.2
2.5 0.005166 0.03855 0.04372 0.3 X 10°¢ 0.6316 X 1077 6.6
5.0 0.01373 0.08067 0.09440 0.5 X 10°¢ 1.336 X 1077 11.1
12.5 0.04672 0.2093 0.2560 1.0 X 10 3.544 X 1077 22.2
25.0 0.1198 0.4172 0.5370 1.7 X 10°¢ 7.320 X 1077 37.8
50.0 0.3051 0.8111 1.116 2.9 X 10°¢ 15.01 X 1077 64.5
100.0 0.7365 1.525 2.262 5.2 X 10°° 30.19 X 1077 115.5
150.0 1.209 2.210 3.420 7.4 X 10°¢ 45.49 X 1077 164.4
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TaBLE X—MiE ExTiNcrioN PARAMETERS AT 1.88 ¢cm WavELENGTH (16 GIz), H,O INDEX OF REFRACTION

7.5—2.51, For Laws AND PArsons RAIN

Phase

Medium Index of Change

Refraction % deg

Rain Rate Scattering Coef. Absorption Coef. | Extinction Coef. (—)
(mm/hr) (km)~! (km)—1 (km)™! Re(m — 1) Im(1 — M) km
0.25 0.0001035 0.002018 0.002121 0.0 X 10°¢ 0.03934 X 1077 0.0
1.25 0.001083 0.01299 0.01407 0.1 X 10-¢ 0.2410 X 1077 1.91

2.5 0.002821 0.02836 0.03118 0.3 X 10-¢ 0.5216 X 1077 5.74

5.0 0.007659 0.06135 0.06901 0.5 X 10-¢ 1.131 X 1077 9.56
12.5 0.02667 0.1661 0.1928 1.0 X 10-¢ 3.094 X 1077 19.1
25.0 0.07037 0.3422 0.4126 1.8 X 10 6.524 X 1077 34.4
50.0 0.1853 0.6849 0.8702 3.1 X 10-¢ 13.58 X 1077 59.2
100.0 0.4643 1.308 1.773 5.5 X 10-¢ 27.44 X 1077 105.5
150.0 0.7701 1.907 2.678 7.9 X 10-¢ 41.31 X 1077 151.0
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TaBLE XI—MiIE ExTiNcTiON PARAMETERS AT 2.73 WavELENGTH (11 GHz), H,O INDEX OF REFRACTION
8.07—1.99i, For Laws aND Parsons Raiv

9881

Phase

Medium Index of Change
. Refraction deg
Rain Rate Scattering Coef. Absorption Coef. | Extinction Coef. (1——>
(mm/hr) (km)—1 (km)—1 (km)~1 Re(m — 1) Im(1 — m) <m
0.25 0.00002176 0.0006630 0.0006630 0.0 X 10~ 0.01786 X 1077 0.0
1.25 0.0002257 0.004325 0.004550 0.1 X 10-¢ 0.1123 X 1077 1.3
2.5 0.0005954 0.009876 0.01047 0.3 X 10-¢ 0.2525 X 1077 4.0
5.0 0.001664 0.02377 0.02543 0.5 X 10—¢ 0.6008 X 1077 6.6
12.5 0.005980 0.07349 0.07947 1.1 X 1076 1.844 X 1077 14.5
25.0 0.01652 0.1725 0.1890 1.9 X 10-¢ 4.330 X 1077 25.0
50.0 0.04603 0.3936 0.4396 3.4 X 10-¢ 9.956 X 10~7 44 .8
100.0 0.1227 0.8482 0.9710 6.3 X 10-¢ 21.80 X 1077 83.0
150.0 0.2057 1.303 1.508 8.9 X 10~¢ 33.72 X 1077 118.7

061 WIFOLOO “TVNUNOC 'TVOINHOAL WHISXS TTId THIL



TaprLe XII—Mie ExTiNcTION PARAMETERS AT 5.0 cM WavELENGTH (6 GHz), H,O INDEX oF REFRACTION
8.670—1.202i, For Laws aND Parsons Rain

Phase

Medium Index of Change
Refraction i deg

Rain Rate Scattering Coef. Absorption Coef. | Extinction Coef. (k_>
(mm/hr) (km)™1 (km)—1 (km)™1 Re(it — 1) Im(1 — ) m
0.25 0.000001855 0.0001138 0.0001156 0.0 X 10-¢ 0.05728 X 108 0.0
1.25 0.00001769 0.0005516 0.0005692 0.1 X 10-¢ 0.2604 X 1078 0.7
2.5 0.00004546 0.001138 0.001183 0.3 X 10-¢ 0.5262 X 1078 2.2
5.0 0.0001254 0.002589 0.002714 0.5 X 10-¢ 1.177 X 10°# 3.6
12.5 0.0004493 0.007932 0.008380 1.0 X 10-¢ 3.564 X 108 7.2
25.0 0.001290 0.02076 0.02205 1.9 X 10-¢ 9.200 X 10—¢ 13.7
50.0 0.003760 0.05599 0.05975 3.5 X 10-¢ 24 .63 X 108 25.2
100.0 0.01065 0.1509 0.1615 6.8 X 1078 66.19 X 1078 49.0
150.0 0.01777 0.2542 0.2720 10.1 X 107¢ 111.4 X 1078 80.0
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Tasue XIII—M1e EXTINCTION PARAMETERS AT 7.5 oM WAvELENGTH (4 GHz), H,0O INpEX 0F REFRACTION
8.77—0.915i1, For Laws AND PArsons RaIN

Phase

Medium Index of Change
. . Refraction 7 deg

Rain Rate Scattering Coef. Absorption Coef. | Extinction Coef. <k—>
(mm/hr) (km)—! (km)—1 (km)—1 Re(m — 1) Tm(l — ) m
0.25 0.0000003639 0.00004853 0.00004889 0.0 X 10-¢ 0.03631 X 10-8 0.0
1.25 0.000003433 0.0002078 0.0002112 0.1 X 10-¢ 0.1456 X 107 0.5
2.5 0.000008733 0.0003957 0.0004044 0.3 X 1078 0.2712 X 1078 1.4
5.0 0.00002337 0.0007859 0.0008092 0.4 X 10~¢ 0.5307 X 102 1.9
12.5 0.00008091 0.002002 0.002083 1.0 X 10-¢ 1.335 X 10°8 4.8
25.0 0.0002185 0.004256 0.004474 1.8 X 107 2.823 X 1078 8.6
50.0 0.0006030 0.009508 0.01011 3.3 X 10-8 6.285 X 1078 15.8
100.0 0.001629 0.02251 0.02414 6.4 X 10-¢ 14.90 X 1078 30.7
150.0 0.002705 0.03549 0.03820 9.5 X 10~¢ 23.54 X 10°¢ 45.6

8881
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TaBLE XIV—MIit ExTiNcTION PARAMETERS AT 10.0 cM WAVELENGTH

(3 GHz), H,O InpEx oF REFRACTION 8.871—0.62801, FOR LAWS AND PARsoNs RaIN

Phase

Medium Index of Change
Refraction deg

Rain Rate Scattering Coef. Absorption Coef. | Extinection Coef. ( >
(mm/hr) (km)—t (km)~ (km)~ Re( — 1) Im(1 — ) km
0.25 0.0000001149 0.00002309 0.00002320 0.0 X 10—¢ 0.02296 X 10-8 0.0
1.25 0.000001081 0.00009474 0.00009582 0.1 X 10-¢ 0.08815 X 10-8 0.36
2.5 0.000002746 0.0001758 0.0001786 0.2 X 10-¢ 0.1599 X 10-8 0.72
5.0 0.000007326 0.0003369 0.0003443 0.4 X 10-¢ 0.3017 X 1078 1.44
12.5 0.00002528 0.0008147 0.0008400 1.0 X 1075 0.7200 X 10°8 3.6
25.0 0.00006790 0.001627 0.001696 1.8 X 10=¢ 1.430 X 108 6.5
50.0 0.0001857 0.003336 0.003521 3.3 X 1078 2.924 X 108 11.9
100.0 0.0004946 0.007142 0.007637 6.2 X 10~¢ 6.302 X 10-8 22.3
150.0 0.0008220 0.01099 0.01181 9.2 X 1076 9.729 X 1078 33.2

NOILD NILXH
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TABLE XV—MIE EXTINCTION PARAMETERS AT 15.0 cMm WaveELENGTH (2 GHz), H,O INDEX OF REFRACTION
8.916—0.42201, ror Laws AND PAarsoNs Rain

0681

Phase

Medium Index of Change

Refraction 7 deg

Rain Rate Scattering Coef. Absorption Coef. | Extinction Coef. (~)
(mm/hr) (km)™? (km)™! (km)™? Re(m — 1) Im(l — m) km
0.25 0.002267 X 1073 0.9807 X 1075 0.9830 X 1075 0.0 X 10-¢ 0.01459 X 10°8 0.00
1.25 0.02129 X 10°5 3.894 X 1073 3.916 X 10-° 0.1 X 10~¢ 0.05408 X 10-8 0.24
2.5 0.05403 X 1078 7.087 X 107% 7.141 X 1078 0.2 X 107® 0.09604 X 10-® 0.48
5.0 0.1439 X 107% 13.22 X 107% 13.37 X 1073 0.4 X 10~¢ 0.1760 X 108 0.96
12.5 0.4957 X 1078 30.73 X 107¢ 31.23 X 1073 1.0 X 107¢ 0.4022 X 10-8 2.40
25.0 1.328 X 1078 58.70 X 1075 60.03 X 107 1.8 X 10°¢ 0.7612 X 1073 4.32
50.0 3.622 X 10— 113.2 X 103 116.8 X 1073 3.2 X 107 1.456 X 108 7.68
100.0 9.608 X 1078 227.4 X 10°° 237.0 X 10°°® 6.1 X 10°¢ 2.941 X 10°® 14.64
150.0 15.96 X 1075 341.7 X 1078 357.6 X 1078 9.0 X 10°¢ 4.429 X 10°¢ 21.60
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TapLE XVI—MiE EXTiNcTiON PARAMETERS AT 21.0 cM WaveELENGTHE (1.43 GHz), H,O INDEX OF REFRACTION
9.00—0.2751, For LaAws AND ParRsoNs RAIN

Phase

Medium Index of Change
Refraction dec

Rain Rate Scattering Coef. Absorption Coef. | Extinction Coef. (——”)
(mm/hr) (km)™ (km)™t (km)~? Re(® — 1) Im(1 — ) km
0.25 0.0005909 X 10~® 0.4531 X 1073 0.4537 X 10°°® 0.0 X 10°¢ 0.009192 X 1078 0.0
1.25 0.005543 X 107% 1.746 X 1078 1.752 X 1075 0.1 X 108 0.03347 X 1078 0.17
2.5 0.01406 X 1073 3.137 X 107 3.151 X 1075 0.2 X 10°¢ 0.05885 X 1078 0.34
5.0 0.03743 X 107% 5.774 X 107 5.811 X 1075 0.4 X 10°¢ 0.1065 X 108 0.68
12.5 0.1288 X 1078 13.17 X 1073 13.30 X 107® 1.0 X 107 0.2390 X 1078 1.71
25.0 0.3449 X 1078 24.66 X 1078 25.01 X 107% 1.8 X 10°¢ 0.4431 X 108 3.09
50.0 0.9399 X 1078 46.29 X 1075 47.23 X 1075 3.2 X 10°¢ 0.8237 X 1078 5.50
100.0 2.491 X 1075 90.75 X 1075 93.24 X 107® 6.1 X 10°¢ 1.619 X 1078 10.5
150.0 4.138 X 1073 |134.8 X 1075 |139.0 X 1075 8.9 X 10°¢ 2.408 X 1078 15.3

SHILYAJOUd NOILDNILXH
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TaBLE XVII—Mie ExrincrioN PARAMETERS AT 0.6328 u WAVE-
LENGTH, H,0 INDEX OF REFRACTION 1.33—0.0i, FOR LAWS AND
Parsons Rain

Rain Rate Scattering Coef. Absorption Coef. Extinction Coef.
(mm/hr) m)~? (km)™! (km)—?
0.25 0.08093 0.00 0.08093
1.25 0.2482 0.00 0.2482
2.5 0.3977 0.00 0.3977
5.0 0.6519 0.00 0.6519
12.5 1.273 0.00 1.273
25.0 2.069 0.00 2.069
50.0 3.221 0.00 3.221
100.0 5.689 0.00 5.689
150.0 8.046 0.00 8.046

decreased from 21 to 0.1 cm. This phenomenon is also illustrated in
Fig. 26 of a paper previously presented in this journal by Chu and

Hogg (1968).°

It serves to warn the reader that he should be very

careful when applying the common rules of thumb relating wavelength
and attenuation.
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A Linear Phase Modulator for
Large Baseband Bandwidths

By C. L. RUTHROFF and W. F. BODTMANN
(Manuscript received June 3, 1970)

A linear phase modulator with a stable carrier frequency would be a
useful component in radio systems—espectally in coherent phase-shift-
keyed PCM systems with baud rates of the order of 100 megabauds per
second.

The Armstrong modulator appears adequate for these applications; the
circuit functions required for its realization are well understood and
amenable to the techniques of integrated circuitry.

In this paper, an analysis of the signal and distortion properties of
the Armstrong circutt and variations of it are presented and applied to
three system applications: as a replacement modulator for existing low-
index analog systems; for muliilevel coherent phase-shift-keyed PCM
systems; and for frequency-division frequency-modulation multiplex
systems which are of interest in radio trunk systems.

I. INTRODUCTION

A linear phase modulator with a stable carrier frequency would be
a useful component for the following three applications.

(#) As a replacement modulator for the reflex Klystron in an
otherwise all solid-state repeater of the TL System.’
(#) For frequency-division frequency-modulation multiplex systems
with baseband bandwidths of the order of 100 MHz.?
(772) For multi-level coherent phase-shift-keyed PCM systems with
baud rates of the order of 100 megabauds per second.’

The modulator described in this paper appears adequate for these
applications. It is based upon the original Armstrong circuit which is
well suited to large baseband bandwidths and is reasonably linear for
low modulation indexes.* An important feature of this method of
modulation is that the carrier frequency can be stable with respect

1893



1894 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1970

to ambient effects since it can be derived from a temperature-stabilized
quartz crystal oscillator. The baseband bandwidths which may be
achieved are those for which low-index double sideband amplitude
modulators can be built.

An analysis of distortion is presented for the types of baseband
signals used in the three applications discussed above, and a circuit is
described in which the phase deviation can be increased to any desired
value.

II. CIRCUIT DESCRIPTION

The Armstrong modulator is illustrated in Fig. 1. The baseband
signal is modulated in a double-sideband suppressed-carrier amplitude
modulator with a sufficiently low index of modulation to ensure suitable
linearity. At the modulator output another carrier, 90° out of phase
with the first, is added to the sidebands. The residual AM is removed
by the limiter whose output is a low-index phase-modulated signal.
The phase distortion can be made arbitrarily small by choice of the
carrier to sideband power ratio at the limiter input; the result is a
nearly linear, low-index phase-modulated signal.

Let the baseband signal be

e = o), with |o@)]| = 1. ¢H)]

The output of the double-sideband suppressed-carrier amplitude modu-
lator is

e, = mu(l) cos wyt 2)
where m =< 1 is the index of modulation.

A quadrature carrier is added to e, in approximately the correct
phase to obtain

e, = sin (wol + €) + mo(t) cos wt. 3)

PHASE

BASEBAND DSB-SC €a €p MODULATED
— IT > > LIMITER

SIGNAL V(t) HOBULATOR + ' QUTPUT

SIGNAL

‘ Cos wot SN (wot +¢) siN[wot +e +¢ (1]

STABLE

-90°
CARRIER et
SOURCE PHASE SHIFT

Fig. 1—Armstrong phase modulator.
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e, = V1 4+ 2mo(l) sin € + m**(})

o -1 mw(l) cos e ]
sin I:wot + ¢ + tan T+ mo(f)smel ’ 4)
where e is small and represents any error in carrier phase.

If this signal is passed through a perfect limiter the envelope be-
comes constant, leaving an angle modulated signal whose phase modu-
lation is
mu(t) cos e

o(t) = tan™" T+ mo() sin e ®)

When the nonlinear distortion is small, the controlling distortions
will be second and third order so terms in the expansion of equation (5)
beyond the third will be omitted and (5) becomes

o(t) = mu(t) cos e — m’(t)® sin € cos ¢ + m(t)® sin’ € cos e

n

3

Ideally, ¢ = 0 and the first term in equation (6) is the desired modu-
lating signal; the second and third terms will be zero and the last term
is the third-order distortion. When e 5% 0, second-order distortion
occurs and the desired output signal amplitude is reduced by the
factor cos e

It can be seen from equation (6) that the distortion can be made
as small as desired by the proper choice of m, which is proportional to
the phase deviation. In order to determine suitable values of m, v({)
must be specified; we shall consider three signals of interest, corre-
sponding to the three applications listed in Section I.

v()® cos® e. (6)

2.1 Case I

The signal »(f) is gaussian noise uniformly distributed in a band-
width extending from O — W Haz.

For nonlinearities of the type described in equation (6) the desired
results can be computed by well-known methods.®

:308: - e o |flsw, (@
: 2m’s” sin® e(l — ﬁ)
S0 - . os(fi=w, @®

S s el:l - é (%)] |
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where,

So(f) = m® cos® e(a’/2W), with —W < f < W, is the spectral density
of the phase of the output signal,

Sa(f), Ss(f) are the spectral densities of the second- and third-order
distortion terms, respectively.

¢ is the mean square value of »(f), that is, the power in v(f), and

mo is the rms phase deviation.

2.2 Case IT

o(t) = Z} Q cos (np + gu)l. ©)

The baseband signal, v(f), is a frequency-division frequency-modu-
lated multiplex signal. Each term in equation (9) is an FM carrier with
its own frequency modulation ¢,. Bennett has derived the number
and types of modulation products produced by the last three terms of
equation (6) for v(f) as in equation (9).° The second-order term of
largest amplitude has the form

e, = m*Q” sin e cos e cos [(m = n)p + (g. &= g.)]t. (10)
Similarly, the controlling third-order product has the form

3
% Q®cos’ecos [(I = m £n)p + (q: &+ ¢. £ g)]t.  (11)

e; =
The total power in the signal of equation (9) is
2
s=NL (12)

where N is the number of terms in equation (9). From equation (6)
the output phase modulation for an individual channel is

e; = mQ cos e cos (np + gu)i. (13)
The ratios of signal-to-distortion power for single modulation prod-
ucts are,
41~ ]
les |° LmQsine]’ (14)
le, |2 I: 2 ]2
les |° Lm*Q% cos® e ° (15)

In order to determine the total signal-to-distortion power ratios it is
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necessary to compute the number of products falling in the kth channel,

1 £k £ N. Assuming power addition for these products the total
signal to distortion ratios become

s __ 1 <ﬁ>
D, 2m%"sin® € \N, (16)

S 2 <N2>
D, ~ m's" cos* € \2N, (17)

where

N is the total number of channels, i.e., the number of terms in
equation (9),

N, is the equivalent number of m 4= n type products and includes
other second-order products weighted in accordance with their
contribution to the distortion power. It is a function of £ and N,
and

N, is the equivalent number of I &= m -4 n type products and in-
cludes other third-order products weighted in accordance with
their contribution to the distortion power. It is a function of %
and N.

Expressions (16) and (17) for the signal consisting of N sine waves
are much like expressions (7) and (8) for the case of the noise-like
signal. It has been shown by Bennett that the sum of randomly phased
sine waves of equation (9) behave like noise as N increases without
bound and if the power and bandwidth are finite.” It is of interest to
see in the present context how fast expressions (16) and (17) approach
(7) and (8) as N increases; this is shown in Figs. 2 and 3. It is evident
from the figures that the signal-to-distortion ratios are not a strong
function of the number of channels, the ratios changing a maximum of
2 dB while the number of channels goes from 10 to infinity.

For a more detailed look at the behavior of the distortion products,
the number of the various types of products falling in the kth channel
for the 500-channel case are shown in Figs. 4 and 5.

2.3 Case II1

In this case the baseband signal is a sequence of pulses which phase
modulate a carrier in the format of a phase-shift-keyed system. A
4-level polar baseband signal is written

o) = Vo 3o haplt — ), (18)

n=-00
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Fig. 2—The effect of the number of channels on the ratio of signal-to-second-
order distortion.

where,

p(t) is the pulse shape,
T is the time interval between adjacent pulses, and

k, = +1, £3.

In a 4-level PSK system, a maximum peak deviation of =37/4 radians

4
n 3
-t
w
o
g N=10
o}
z2r
”
prd
o
> 25
Z
100
v/ [- (v3) (f/W)?]
0 | ; !
) 0.2 0.4 0.8 1.0

0.6
k/N or[f| /W

Fig. 3—The effect of the number of channels on the ratio of signal-to-third-
order distortion.
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Fig. 4—Number of second-order distortion products.
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Fig. 5—Number of third-order distortion products.
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Fig. 6—Modulator input and output pulses.

is required. Deviations of this magnitude may be obtained by multi-
plying the output of the modulator in a resistive multiplier circuit.

As an example, suppose the modulator output is multiplied by four.
The peak deviation required in the modulator is then 3x/16 radians.
Raised cosine input pulses, »(¢), and the corresponding phase devia-
tions in the output of the modulator are shown in Fig. 6 for this case.
The output pulses were computed from equation (5) for ¢ = 0. The
value of m was chosen to result in a peak deviation of 37/16 radians
for the pulse corresponding to k, = 3. For this example, m = tan
3w/16, and

27rt:| , T < T.

o(t) = %" |:1 + cos T

In Fig. 6, the phase deviation, ¢, is shown for pulses having k, = +1,
+3. Some pulse compression is present in the larger pulse and the
parameter m has been chosen for the correct peak deviation. For the
smaller pulse the peak deviation is seen to be too large by about five
degrees. If uncorrected, this error would cause the system performance
to be degraded a few tenths of a dB.* The peak deviation can be cor-
rected by a gain adjustment in the circuits in which the smaller pulses
are generated.’

TII. MODIFIED ARMSTRONG MODULATORS

There may be applications in which it is desirable that the output
carrier frequency equal the frequency of the source carrier. The circuit
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of Fig. 7 will accomplish this purpose while minimizing the degradation
due to tones generated in the final mixer. The carrier frequencies of
any high-order products of the two input signals which fall into the
output band will be exactly at the carrier frequency of the output
signal and result in minimum degradation.

If the times (N — 1) frequency multiplier is replaced by a times
M multiplier the flexibility in the choice of output carrier frequency
is increased while the feature described above is retained. In either case
the frequency multipliers should be resistive rather than reactive.

Finally, in the balanced modulator illustrated in Fig. 8 the phase
deviation is doubled for a specified ratio of signal-to-third-order dis-
tortion.

IV. CONCLUDING REMARKS
The Armstrong modulator has three attractive features.

(z) The carrier frequency can be derived from a frequency stabi-
lized oscillator. For example, a single source can be used in both
modulators used to derive two cross-polarized channels for a
short hop radio system or a satellite radio system. The identical
carrier frequencies serve to minimize the effect of co-channel
interference due to cross-polarization coupling.

(#¢) The functions required to realize the modulator—limiting,
mixing, and multiplication—are amenable to circuit integration.
(#2) The modulator is suitable for very large baseband bandwidths,
particularly high-speed pulse sequences for PSK-PCM systems.

A short hop radio system has been described recently which has about
the same communication capacity for either large index analog phase
modulation or digital PSK-PCM.® In a system designed for either type
of operation, it is convenient to do the digital processing at the inter-

vit) DSC-SC
AMPLITUDE } LIMITER xN[ MIXER

MODULATOR

°

PHASE SHIFT

STABLE T « (N—l)

CARRIER
SOURCE

Fig. 7—A modulator with output frequency equal to frequency of stable carrier
source.



1902 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1970

DSB-SC
—! AMPLITUDE
MODULATOR
SIN wot
cos wgt 20
o PHASE SHIFT siN [wot + ¢4 (t)]
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Fig. 8—Balanced Armstrong modulator.
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Fig. 9—Repeater of configuration for analog phase modulation or digital CPSK-
PCM modulation.
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mediate frequency; if PSK-PCM is to be used, the IF amplifier can be
replaced by a digital regenerative repeater and no other changes need
be made (See Fig. 9).

A digital regenerative repeater has been described which is appro-

priate for this application; it requires a phase modulator with require-
ments which are met by the configuration of Figure 7: that incidental
AM be small, that the frequency be stable, that the linearity be adequate
for multi-level operation, and that the power consumption be small.’
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Eventual Stability for Lipschitz
Functional Differential Systems

By GERALD A. SHANHOLT
(Manuscript received April 3, 1970)

In this paper it is established that for Lipschitz functional differential
systems, the eventual uniform asymptotic stability of the origin is preserved
under absolutely diminishing perturbations.

I. INTRODUCTION AND NOTATION

In two recent papers, A. Strauss and J. A. Yorke have investigated
“eventual” stability properties for systems of ordinary differential
equations.’'® In particular, they have shown that for Lipschitz systems,
diminishing perturbations preserve eventual uniform asymptotic sta-
bility.! It is the purpose of this paper to extend a somewhat weaker
form of this result to functional differential systems. Namely, it will be
shown that for Lipschitz functional differential systems, the eventual
uniform asymptotic stability of the origin is preserved under absolutely
diminishing perturbations.

The following notation will be used in this paper: E” is the space of
n-vectors, and for z in E*, | z | denotes any vector norm. For a given
number 7 > 0, C denotes the linear space of continuous functions
mapping the interval [~-7, 0] into E", and for¢ in C, || ¢ || = sup | ¢(6) |,
—7 =< 6 £ 0.For H > 0, Cyy denotes the set of ¢ in C for which || ¢ || <H.
For any continuous function z(u) whose domainis — 7 = u < q,a = 0,
" and whose range is in £", and any fixed {, 0 < ¢ £ a, the symbol z, will
denote the function z,(0) = z(¢ + 0), —7 = 0 < 0; that is, z, is in C,
and is that segment of the function z(u) defined by letting » range in the
intervalt — r S u £ &.

Let F(t, ¢) be a function defined on Dy = [0, ») X Cy into E”, and
let ©(¢) denote the right hand derivative of xz(u) at u = {. Consider the
functional differential system

&(t) = F@t, ). (1)
1905
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Let (s, ¢) be in Dy. A function z(s, ¢)(¢) is said to be a solution of
equation (1) with initial function ¢ at ¢ = s if there exists a number
b > 0 such that

(1) fortels, s + 1), z.(s, ¢) is defined and in Cp;
(@) z,(s,¢) = ¢; and
(175) z(s, ¢) () satisfies equation (1) fors <t < s + b.

x(s, ¢)(?) is unique if every other solution with the same initial function
¢ att = s agrees with z(s, ¢) (f) in their common domain of definition.

If F is continuous on Dy, then for every (s, ¢) in Dy there is at least
one solution of equation (1) with initial function ¢ at ¢t = s.* If, more-
over, I is Lipschitzian in ¢, that is, there is a constant L such that for
every ¢y, ¢, in Cy

|F@t, ¢) — F(t, ¢2) | £ Ll — o2 | 2

for t = 0, then there is only one such solution. Generally, under such
assumptions, one can only expect solutions to exist over a finite interval.

1I. PRELIMINARIES

We now define the stability concepts to be used herein. These defini-
tions are stated for equation (1) in which it is assumed that for some
H,0 < H £ o, F is continuous and Lipschitzian on Dy.

Definition 1: The origin is eventually uniformly stable (EvUS) if for
every € > 0, there exists a 6 = 8(¢) > 0 and o = a(e) = 0 such that
[| (s, 8) || < eforall{l¢|| < dandt = s = o. It is uniformly stable
(US) if one can choose a(e) = 0.

Definition 2: The origin is eventually uniformly attracting (EvUA) if
there exists constants » > 0 and 8 = 0, and if for every ¢ > 0 there
exists a T = T(e) > 0 such that || z.(s,¢) || < efor||¢ || < n,s= 8,
and t = s + T. It is uniformly attracting (UA) if one can choose 8 = 0.

Definition 3: The origin is eventually uniform-asymptotically stable
(EvUAS) if it is both EvUS and EvUA. It is uniform-asymptotically
stable (UAS) if it is both US and UA.

The above definitions show that EvUS, EvUA, and EvUAS are
weaker stability concepts than their respective Lyapunov counterparts:
US, UA, and UAS. Also, it should be noted that in these definitions we
do not require that the zero function be a solution of equation (1).
When the origin is US, this implies that the zero function is a unique
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solution of equation (1) for any s = 0. Thus, we see that EvUS
(EvUAS) is a natural generalization -of US (UAS) in which it is not
assumed that the zero function is a solution. Finally, it is important
to note that UA does not imply that the zero function is a solution
(Ref. 1, example 2.8).

Definition 4: Let V (i, ¢) be a function defined for (¢, ¢) in Dy. The
Qerivative of V along solutions of equation (1) will be denoted by
V ult, 2.(s, $)] and is defined to be

Violt, 2.6 9] = limsup 3 VIt + b, 2asls, )] = VI, 2,65, 601

If F is continuous and Lipschitzian, and if the origin is EvUAS,
then the existence of a Lyapunov type comparison function can be
established. By following D. Wexler* and A. Halanay® one can prove
the following theorem.

Theorem 1: Let F be continuous and Lipschitzian on Dy, and let the
origin be EvUAS. Then there exists a number K, 0 < K < H, and a
function V(t, ¢) with the properties: (1) there exists functions a(r), b(r)
continuous, positive, and monotone increasing for r > 0, with a(0) =
b(0) = 0, such that for m in (0, K]

allle ) =V, é) = b(|[e]])

form = ||¢]|| £ K, t = d(m), where d(r) is a continuous, nonnegative,
and nonincreasing function for r > 0; (i1) there exists a function c(r)
continuous, positive, and monotone-increasing for r > 0, with ¢(0) =
such that

V(1)[t z.(s, ¢)] = H (s, ¢) H

for ||¢|| £ K, t = s = d(K); and (iii) for 0 < r £ [|¢: ]| £ K
¢ > d(K)

[V ¢1) — V(L o) { ]I{(T)H ¢ — b2 ],

where M (r) is continuous and monotone-decreasing on (0, KJ.

III. PERTURBED EQUATION

We now prove a theorem which shows that the EvUAS of the origin
of the nominal equation

y@t) = F(t, y.) )
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is preserved for the perturbed equation
i(t) = F@, z.) + G@, =) )

when F and G satisfy certain conditions. In particular, G(i, ¢) is required
to be absolutely diminishing, that is, for every m in (0, H), there exists
a v, = 0 and a function ¢,(f) continuous on [y,, «) such that for
m= |||l <H tZynm

|G, ¢)| < ga(t) and I.() = fm gu(s)ds —0 as t— o,

Theorem 2: Suppose that F and G are continuous and Lipschitzian
on Dy, that G is absolutely diminishing, and that the origin is EvUAS for
equation (N). Then the origin is EvUAS also for equation (P).

Proof: Define J,,(t) = sup [[.(s):t — 1 = s < »]fort = 1. Since
I,,@) — 0ast— «, this implies J,.(f) — 0 monotonically as { — .

Let 0 < ¢ £ K, choose ||¢]|] < 8(¢) = b7'[a(e)/2], and pick
6 = 6(¢) = 0 and such that
2LM (8)J5(t) < min [a(e), c(8)] 3)

for t = 6, where L is the Lipschitz constant associated with F. Then
fort = s = a9 = max [, 8(e), d(®)], || z.(s, ¢) || < e. Suppose not,
that is, for some t = s, || z.(s, ) || = e. Let ¢ be the first i-value greater
than s for which || z,(s, ¢) || = ¢ and let p be the last {-value less than
g for which || z,(s, ¢) || = 8. Then

sllaollse p=t=sg 4)
For ¢ in an interval on which z(s, ¢)(f) exists, we evaluate
Vinlt z.6s, )] £ Vanlt, x,(s ?)]

+ hmsup (V{t + h, z.alt, 205, §)1}

=0t

- V{t + h) yt+h[t7 111:(8, ¢)]})
= —clllz.s, ¢)|l]

-+ hm Sup L th+h[t Ty (S ¢‘)]

- yt+h[t) CB;(S, (I’)]H}

where the function V is as described in Theorem 1. By assuming—?with
no loss of generality—that I, > 1, we obtain® from the above inequality

v(P)[t: .’Bg(S, )] = —cl th(s’ ¢) “] + LM l G[ty (s, ¢)] l
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Employing the absolute diminishing character of @ and equation (4),
we obtain by integrating the above from p to ¢

o £ b() — (¢ — pe(@) + LM | g.(0) dr. (%)
Using the easily shown fact that
t t
f gm(s) ds = f I,.(s) ds, tzuz=1,
u u—1

and equations (3) and (5), we see that
a(e) = b(8) — (¢ — p)e(d) + LM(g — p + 1)J:(»)
< b(8) + ale)/2 = ale).

Hence, we arrive at a contradiction which shows that the origin is
EvUS.

Let 9 = 8(K), 8 = a(K), and
T(e) = ale) + 2[LMJ;(1) + b(K)]/c(5). (6)

Consider s = 8 and || ¢ || < 5. Thus, z(s, ¢)(t) exists for all ¢ = s
Moreover, since the origin is EvUS, to prove EvUA it is sufficient to
show the existence of au, s + @ £ u < s + T, such that || z.(s, ¢) || <
3(e). Assume the contrary, that is,

Sllas ol =K stast=s+ T
Employing the same procedure as above, we arrive at the estimate
a(®) < bK) — (T — a)e(8) + ML(T — a + 1)J:(s + a).

Using the monotonicity of J; and equations (3) and (6), we compute
a(9) < b(®) — “2 (1 — o) + MLIL1) =
This contradiction then completes the proof of this theorem.
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Information Theory and Approximation of
Bandlimited Functions

By DAVID JAGERMAN
(Manuscript received April 15, 1970)

For bandlimited functions, stmulianeous approximation of a function
and several of its derivatives is considered. Concomitant eniropy estimates
are obtained. A feasible algorithm for the transmission of information is
discussed. This algorithm has been applied to the design of a class of PCM
systems."

I. INTRODUCTION

It is the purpose of this paper to discuss both the best approximation
of sets of bandlimited functions under Sobolev norms and the con-
comitant information-theoretic estimates. The Sobolev norms are
useful when it is desired to approximate simultaneously the function
and some of its derivatives. This requires an amount of information
beyond that for approximating only the function. Section II gives the
necessary background definitions of width, entropy, and capacity;
theorems providing representations of bandlimited functions, as well as
a form of Mitjagin’s inequality relating approximability to entropy,
are proved. The distinction between capacity and entropy is comparable
to that between communication and storage, since capacity refers to
the number of distinguishable functions transmitted from a signal
source while entropy measures a bit requirement for the reproduction
of a function to within a specified accuracy. A constructive approach
to communication requirements implies an explicit means of representing
any function of the signal source by numbers with a uniformly bounded
number of digits. The procedure or algorithm used is usually obtained
from an infinite series representation with subsequent truncation and
quantization. Pulse code modulation systems provide examples of this
procedure. Section IT gives a precise definition, while Section ITI presents
an explicit construction of a feasible algorithm. This algorithm has been
applied to the design of a class of PCM systems.’

1911
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Sections IIT and IV contain the theorems and proofs which provide
upper bounds on widths and entropies. Section III discusses signal
sources with finite instantaneous power. Section IV considers signal
sources in which the total energy is finite.

II. PRELIMINARIES

Let A be a subset of a Banach space X; it is desired to approximate 4,
that is, uniformly all elements of A by means of n-dimensional sub-
spaces X, of X. The deviation Ex,(4) of A from X, is defined by

Ex,(4) =sup inf || f — ¢ ||. ey
fed geXn
The deviation provides information on how well A may be uniformly
approximated by elements of the given space X, ; however, another
choice of X, might provide a smaller deviation. Accordingly the nth
width, dX(A4), of A relative to the space X is defined by®
dX(A) = inf Ey,(A). 2
XncX
If the infimum is attained, then a corresponding X, is called an extremal
subspace. The following properties are immediate.

0=d5,(4) £d%4), nz0, 3)
dy(4) = sup Iz, 4)
B C A= d3(B) £ di(4). (5)

If X has finite dimension m, then d*(4) = 0 for » = m.

A set of sets whose diameters do not exceed 2e¢(e > 0) and whose
union contains A is called an e-covering of A. A finite set S C X such
that for f ¢ A thereisage Swith {|f — g || £ eis called an enet of 4.
Clearly dX(A) < efor a set A possessing an enet of n elements. If 4 is
totally bounded then lim,.., d%5(4) = 0. To see this, choose a covering
of A consisting of n eballs, then their centers constitute an enet of A.

Let N.(A) (presumed finite) be the number of sets in a minimal
e-covering of A; then the absolute e-entropy, H.(4), of A is defined by

H.(4) = log N.(4) 6)

in which the logarithm is taken to base two.*™*

Let N%(A) be the number of elements in a minimal e-net S C X of 4;
then the relative e-entropy, H%X(4), is defined by

H7(4) = log N'(4) ()
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in which the logarithm is taken to base two.?™* For A totally bounded,
let 2, , + -+ , @, be the elements of an enet, and let B;(1 < j < n) be a
ball of radius e about z; ; then the sets U; = B; M A constitute an
e-covering of A; hence

H.(4) £ H*(A). ®)

The minimum number of binary digits, d, of an integer expressed in
radix two needed to identify uniquely every element in a minimal
e-covering of A satisfies

[H(A)] =d = [HA)] +1 (9)

in which [z] designates the integral part of z, that is, the unique integer
satisfying « — 1 < [2] £ 2. Thus H.(4A) may serve as an absolute
measure of efficiency for processes designed for the storage and trans-
mission of information.

Let a set w of n real numbers be chosen, and also a mapping from 4
onto @, = w X -+ X w (p times); that is,

zed—oa= (o, " ,0)ed,,a, *,Ew

Let the algorithm I' define a one-to-one and onto mapping of 2, to an
enet S of 4 in which I'() £ S approximates x ¢ 4 to within ¢; then the
volume V(T) is defined by

V() = p log n. (10)
In view of expression (8), one has
V(T) z H{(4) =z H(4). (11)

Thus the greater V(I') is, the less efficient is the algorithm I' compared
to the absolute standard H,.(4).
If D C A has the property that

f=g, fgeD=|f—gll > ¢ 12)

then D is called e-distinguishable. Let M .(4) be the number of elements
(presumed finite) in a maximal e-distinguishable subset of 4, then the
e-capacity, C.(A4) is defined by

C.(4) = log M. (4), (13)

the logarithm being again taken to base two.® For a transmission
system, C.(4) measures the number of distinguishable signals of the
source or of the processed signal at the output of the receiver depending
on the identification of A. The following inequalities hold between
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e-capacity and e-entropy:
C:(4) = H(4) = C(4). (14)

To show this, consider the inequality on the right. Let D be a maximal
e-distinguishable subset of A4; then eballs about each element of D
constitute an e-covering of A for, otherwise, there would be an z ¢ A
not covered and hence more than e away from every element of D. This
would contradict the maximality of D. For the inequality on the left,
let D be a 2e-distinguishable subset of A, then the number of elements
of D cannot exceed the number of covering sets of diameter 2¢ or less
in an e-covering of A for, otherwise, there would be at least two elements
of D in the same covering set. This would contradict the 2e-distinguish-
ability of D.

It is possible to bound H*(A) above and below in terms of d*(4)
(refer to Ref. 2 where Mitjagin’s inequalities are given). An improved
form of Mitjagin’s upper bound is proved below.

Theorem 1: Let A be a totally bounded subset of & real, normed, vector
space X. Let the nth widths relative to X be d*(A), and let

N =max [n :di,(4) = (1 — a)e]
with @ an arbitrary number satisfying 0 < « < 1; then

X
HX(4) = N log (% +2= "‘)-

(4

Proof: Let Ey be an N-dimensional subspace of X for which Ez,(4) <
(1 —a)gthen Ve AJye EySlz —y|| < (1 — @)e Let Ay be the
set of all such y for every z ¢ A. An ae net of Ay is an e-net of 4; hence
H%(A) = HX.(4y) £ C.(Ay). Let yy, - - -, yu be an ae-distinguishable
subset of Ay, and let B, C Ey be balls with centers y, and radius 3ae,
then they are disjoint and are all contained in the ball B with center
the origin and radius d% 4+ (1 — %a)e. Let Ay be the volume element
in Ey ; then \yM (Rae)” = M[dE + (1 — 1a)€". The inequality of the
theorem follows on taking logorithms.

The class of functions to be studied consists of the space B, defined
by the conditions that f(f) ¢ B, be analytically continuable into the
complex plane as an entire function of exponential order one and type o,
and that it be bounded on the whole real axis — © < ¢ < «. The follow-
ing inequality is valid for B, :°

sup [ O | <o _swp SO I (15)

—oo<t <

Important subspaces of the space B, are the space C, defined by
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JeC,= A(n) = o(e") (16)
in which
A(n) = s [ 1E+m |, &2 real, 17
and the space W, defined by
feW,=fe L*(—w, o). (18)

Several representations for B, exist;’ however, the following repre-
sentations are needed for the present investigation. Let

8(t, o) = 22, (19)
¢1’(ty O') = d’(t - ]hy U); h = 77/”) (20)

then one has the following:
Theorem 2:

e Coef) = 25 f(j)$:(t, o)
for all complex t. The sertes converges uniformly in every closed, bounded
region.
Proof: Consider the integral

1 __I®

Y 2m Jop (6 — 1) sin o¢

g, ¢ =§&+um, 1)

taken over a square Cy with corners at (N 4+ 3) (%1 =%2)h, and N so
large that ¢ is in the interior of the region bounded by Cy . The theorem
is clearly true when ¢t = kh (k integral); it will hence be assumed ¢ # kh
for any integral k. The index N = 0 is an integer. Evaluation of Iy by
use of residues yields

N
f) = 22 fGMi(t, o) + Lysin ot; (22)
i=—N
thus, to prove the implication to the right, it is sufficient to show I — 0,
N — . Let I be the integral (21) extended over that part of Cy given
by ¢ = (N 4+ 3)h; then

1 1
| I ] < 5
(N+3)h Al
f TN XD F i =i sm GOV £ 5 T aom |9 @
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Since
[N+ Hh+in—t]z N+ Dh—|t],
[ sin (#(N + %) + 4o9) | = cosh o = Leoin!,

one has
(N+4)h

(N + 2)h - l ¢ \‘[(N-!—%)h
Writing equation (25) in the form

(1) 2 (2N + l)h b —alnl
e =GN+ Dh =211 @GN + Ok fw,,.e An) dn,
(26)

<1 AG) dn. (25)

I I(l)

using equation (16) and the following lemma’

=0, [nlow=lmd [ faa=0, @)

shows that I${" — 0 uniformly in ¢. The same conclusion applies to the
integral extended over § = — (N -+ $)h.
Let I be the integral (21) extended over n = (N + 1)h; then

2) 1
I | = 27r
f‘”*"" f + (W + DI & (28)
wepn | &+ 1N + Dh — ¢ | | sin (& + 7NV + 1)) |
Since
6+ N +Dh—t] =N+ dDh—|t] (29)
|sin (ot + iV + ) | = LS5 ey,
one has
P | s —2 @N kDb -eomed g 4 31). (30)

71 —e ™) @N +Dh —2|¢t]

In view of equation (16), I — 0 uniformly in ¢. The same conclusion
applies to the integral extended over = — (N + %)h. For the implica-
tion to the left, one may observe that ¢;(f, ¢) € C, , and that the series
converges uniformly.

The series of Theorem 2, which is clearly interpolatory, is called the
cardinal series,®
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Tor f(t) ¢ L*(— «, =), the Fourier transform relations are given by

1 * —iut
Fa) = gy [0 a (31)
1 ® iut
f(t) = @ f e™F ) du. (32)
The Fourier transform of ¢;(%, ¢) is
D WEAR )
q’i(u; 0') s (2> € ) Iu I < o; (33)
=0, |u| > 0.

The Parseval relation now shows that the sequence ¢;(t, ¢), — 0 <j < =
is orthogonal over (— «, =) with respect to unit weight; thus,

[ ot ositpa=0,  i=k; ”
= h, j=k.

The following theorem may now be stated for f e W, .
Theorem 3: fe W,

= [l ra=n3 G
) = (2—:0% f_a ™ Fu) du,

F) = g 5 106, Ju| <o,

j=—00

Proof: The Paley-Wiener theorem® shows that f ¢ W, has the repre-
sentation given in Theorem 3; hence, by the Cauchy—Schwartz inequality

| ¢+ in) | < {s“;};:’? f_ | F) 12du}’ = o(e”'™). (35)

Equation (35) shows that W, C C, ; thus, by Theorem 2, f is in the
closure of the system ¢;(f, ¢), — ® < j < . The Parseval relation now
follows from equation (34). To establish the formula for F(u), it is
only necessary to show

o N
f ot Z f(jh)e—iuih du — 0, M,N—> o, M,N— —o, (36)

i=M

because each term is the Fourier transform of the corresponding ¢; term
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of the cardinal series. One has

T N
f eiut Z f(jh)e—iuih du

i=M

2

> fGhye ™t | du,  (37)

i=M

2 [
< 2¢ f
< N » ‘2 N
e S gt a5 4 3 G0 P06
-0 i=M i=M
The limit zero is obtained as a consequence of the Parseval relation of

Theorem 3.
To obtain a representation for the class B, ,*° let

6 m
o) = d’(t’ (1 —Ua)m> ¢(t’ 1 = 5) (39)
m > 0 integral, 0o,

0,0) = 0¢t — jh), h=2(1—0); (40)

then one has
Theorem 4: feB,

=10 = 2 10,0
The series converges absolutely and uniformly in every closed, bounded
region.
Proof: The function

. oo "
sin ———— (s — 1)
MJ 0= o |

a=am® Y

(41)

belongs to W, -5, for each positive integer m and arbitrary s, hence the
cardinal series applied to this function yields the expansion

[sin —~—(1 _('Soa)m (s — t)lm

o0
a1— 6)m(s_ ) [

1
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Let s = ¢; then the required representation is obtained. The absolute
convergence follows from the boundedness of | f(jh) | and

[0;()) | = 0Cl3 ™). (43)

Approximation will be studied in the uniform norm and the following
Sobolev norm

il = {f/ AP+ mfOF+ - +wlf7OP dt}f (44)

in which g, , -+ + , u, are positive numbers. For the space B, , the symbol
Bf, will be used for the corresponding normed space. The symbol
B! (M) will be used for the subset defined by | f(t) | £ M, — o <t < .
For the space W, , the corresponding normed space will be denoted by

W, ,and W7 (B) for the subset in which

{ [ dt}% <5 (45)

I1I. THEORETICAL INVESTIGATION OF B,

Let BT designate the vector space B, normed by
10~ max 1101, ()

-T/25tsT,
and let BZ(M) be the subset of BY satisfying
[f®) ] = M, —w <t < o, (47)
The completion of B” is the space C” of functions continuous over
[—T/2, T/2] and normed by equation (46).
Let

T 2\ 2
¢=", 5,,=1—(Ec), n>;c, 48)

2
m=|:%(n—1)], m = 1;

then the following theorem provides a bound on the nth width,
d°"(BZ(M)), of BZ(M) relative to the space C”.

Theorem 5: dS"(BE(M) = (2M /xm)e™™.
Proof: The series representation of Theorem 4 will be used. The func-
tion

o0 = > f(Gh)6;(0) (49)

ils=N
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establishes an approximation to f(f) whose error is given by
@ — g = sz 1R 0;(8). (50)

From equations (39) and (40), one has

1 ({m\" 1 . T T
"’f“"é;(ﬁ)ﬁ)—’:" 31> 5 [H1=5 6D
I]l—2h
Define the function p(z) by
pry=3—2z 0=2z<1,

= plx +1) forall =z,

(52)

then the Sonin (Euler-Maclaurin) summation formula'® is

> w6 = [ Weyds + p(x)W@e)]i ~ [ @ @

a<igh a

in which @ < b are arbitrary numbers. Use of equation (53) with

1{m\" 1
W) = - (1r6> ( _T)"'” , x> T/h, (54)
T2k
a=N+ %: b= o«
yields
2 m n
2 1o)== (55)
HES Tm 7r6(N+l——T>
2 2h
Let
T 1 T .
m—[;(N—I—E—?—h)]gl, (56)
then
S 100 ] s 26 7
sy - am
Thus, from equation (50), one obtains
2M _.
Wf—=gll=s—"e™ (58)
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and hence
asia(Bian) = 2L o, 59
For n odd, one has
-5
d ’(Bf (M)) L2 TP U WL (60)
T Td T
[EZ <" - ﬁﬂ
while if 7 is even, one has d¢” < d°”, ; hence, in all cases
-1
T < 2M expi 2 \" h . (61)

T e )]

The fractional guardband é is now chosen as in equation (48) from which
the inequality of the theorem follows.

When 7 is large, a more accurate estimate of d°” may be obtained by
using a polynomial approximation to BY . Let

0 = 1(%4) = o), ©2

and let L(z) be the Lagrange interpolation polynomial established for
g(z) on the zeros of T,(z), the nth Tchebysheff polynomial of first kind,
over [—1, 1]; then the standard error formula for Lagrange interpola-
tion'" yields

1 n
max | g(z) — L@) | £ ~oer max | g™ (@) |. (63)
—15zs1 n: ~15z51
Bernstein’s inequality (15) and equation (62) now yield
' 2 oM (c>
— jll < S ().
H 1(?) L(T t) =78 (64)

hence one has

Theorem 6:
or 2M [c\"
d. (Bf(M)) =< T <§) , n = 0.

Let HZ be the space of functions f(¢) possessing derivatives up to
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order s satisfying f, f, -+ , ' ¢ L*(—T/2, T/2) and normed by equa-
tion (44); then Theorem 7 provides an estimate of the nth width of
BT (M) relative to HY .

Theorem 7: Let

> }
b {Z:oTz’(s —r- 1)!2(;;— 2r — 1)(s — 1) +T722_s#3}:
in which po = 1 and the sum 1is considered zero when s = 0, then
MT TH20)™*
(2”)(2n + 1t

Proof: Tor the function g(z) of equation (62), the identity

u)s 1

9@ = P + [ BN g0 au, (65)

&t (B S

(in which P(z) is a polynomial of degree not exceeding s — 1), will be
used to obtain a polynomial approximation to g(z) in the Sobolev norm
(44). Let L(z) be the Lagrange interpolation polynomial for ¢*’(x)
formed with n nodal points on [—1, 1] and w(z) the corresponding
fundamental poynomial; then one has

1 e
0" @) = L@ + 70" " ®ek), fe[-1,1] (66)
The polynomial I(x) defined by

I(z) = P() + f @ =Wy 67)

1)1

will be used to approximate g(z) in the Sobolev norm; its degree does
not exceed n + s — 1. Let

L@ = M;, x| =1 (68)
then, from equation (66), one has

g (@) — I‘”(x) |
s—r—1

/. X U
n! ) Es—r)— 1)!Ico(u)|0lu, 0=r<s, (69)

| 9”@ — IV@) | < "” | (@), |- (70)
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The norm (44) for the interval [—1, 1] may be written

1 8
lg=1IE=[ Trnle"@ 1@ Fd, @
-1 r=0
in which »y, --+ , », = 0; the », and u, are related through the change
of variable ¢ = (T'/2)z. Using equations (69) and (70), one has
2 ﬂ[:+s
g — I = e

.fl{Efw<_:%%;%%;gilwW)l¢02+-mw@f}d% (72)

-1 r=0

Define the function k(u, v) by

kmm=f @ — 0" — o) da; (73)

max (u,2)

then equation (72) may be written:

2 s—1
— 2 < ﬂ[we-s{ Vy
Il =Tl =% ,Ego(s—r——l)f

1

-f_ll f_ll k@, v) | o@w@) | du dv + v, fl w(z)? d’r} (74)

The Cauchy-Schwartz inequality shows that

1 — )7 — )t

(
<
k(u) U) = 28 _ 27_ _ 1 b (75)
hence,
M = v
. 2 < n+s r
Iy Im=nﬁ{ﬂww—nm%—w—n

1 2 1 A
<f (1 — w7} | w@) | du> + v, f w(x)? dx}- (76)
-1 -1
Further application of the Cauchy—-Schwartz inequality yields

le:,+s
lg—T1F= WE

s—1 Vr22s~27 1 2
{gg 2 —r — D 2s —2r — (s — 1) T Vs} [1 wle) de. (77)

A good choice for w(z) is
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(@) = 2 P.(a), 8)

()

n

where P,(z) is the nth Legendre polynomial. The coefficient of P,(z)
in equation (78) makes w(z) monie. Since

_1 P.(2)* dx = (79)

_2
2n + 17

one obtains

"M s s ( 2 )*
<2n) on + 1
n!
n

51 Vrzzs—zr 3
{,z_% 2 —r—D¥@s—2r — (s — 1) + ”8} ) (80)

The Bernstein inequality (15) shows that

g =11 =

M,... £ Mc, (81)
hence
Morert® 2 )’ﬂ‘
lg— Tl s e

2n

()
-1 Vr228-—2r 3

{Eo 56 —r—DF@ —2r—De—n T Vs} - (82)

Finally the change of variable ¢ = (T'/2)x and the replacement of », by
the original g, yield the result of the theorem.

The results of Theorems 5, 6, and 7, may be translated into estimates
of entropy by use of the Mitjagin inequality of Theorem 1. The estimates
so obtained will apply only to the subset of B,(M) for which f(¢) is real.
Doubling the bounds will provide estimates for complex valued (7).

Theorem 8: Let0 < a < 1, (1 — a)e < (2M/we), {(£) real,

2M
) 1+ In (1 — a)e .
€ 2M 2M ’
1+ 1o (1 — a)e - ln. In (1l — a)e

2M
(1 — a)

m = |In
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H(BIM) = {2 + Ef (1 + (i (m + 1)>%)2:|} log (—i—e +

1925

Proof: According to Theorems 1 and 5, one must solve the inequality

g—ﬂ—l—e—m = (1 — a)e
m
for the largest integer m; thus

y
me” = 7?1%;.
Consider the function
Flz) =6 —z — Inax, 6> 1.
One has

oy = 1 L.
F'z) = —1 o

hence, by the mean value theorem,

F(a—h)=—1na+h<1+1>, 5 —h <<

£
Let
F(6 — h) = 0

then, since A is positive,

1

0< —8Ins+ Al + 6+ 1nd) — A%

thus
oln 6
P> s fme
and
1+
S h < T T s
The inequality
z+Inz =%

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

oD

(92)

(93)
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is thus satisfied by
1435

SRS L ®
hence, setting
2M
§=1In m’; (95)
and taking cognizance of the integral character of m, one has
14+ m—2M
2M (1 — a)e
m =< | In . (96)
(1l — a)e 1+ 2M Ll 2M
7(1 — a)e n (1 — a)e
provided
(1 — a)e < 2L, ©o7)
me
For the computation of d,_; , one has from equation (48)
m = [216 8naln — 2)]° (98)
Hence
—;—eai_zn—z)<m+1, (99)
2¢ 12 2¢
{1 - <m>}(n_2) <;—(m—|—1) (100)
Let
n=2-+ 2 v; (101)
™
then
1Y e
Vl_ﬁ <(—:(m—l—1); (102)
accordingly

y < {1 + (i (m + 1)>%}2- (103)
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Thus n satisfies

n=24 Ef {1 + (i (m + 1)>§}2] ; (104)

the theorem now follows from equations (96), (97), (104), and Theorem 1.
When e1s small, a more accurate estimate of entropy may be obtained

by use of Theorem 6 in place of Theorem 5. Accordingly one has

Theorem 9: Let0 < a < 1,7 = (2M/(1 — a)e(rec)?),

1 ,e”z) , J()  real,;

> max <—
= ec

then

H(BI1)
2

to i im ()

J n 7y 2 5 In ecnn 1t10g<w+2—3>‘

1 e «a

=31+ )
1 1n(e_clnn>+l+2lnnj

Proof:  According to Theorem 6, one may consider

% (g) > (1 — . (105)
Stirling’s formula provides the inequality
n! > e "(2mn)t, (106)
and hence one may consider
Let
n=%e  n=g —205)1{ — (108)
then equation (107) becomes
xz+l/ec é 772/”- (109)
Consider the function
(110)

Fl)y =6 — (x + a) In z;
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then, by the mean value theorem

2
F@—m=a—(m+@ma+dma+1+%—fle—%f
0 2 \& ¢
5—h<Ei<ad. (L)
Let
r=0—hz=a, F(6 — h) = 0; (112)
then
oga—(w+@ma+hm(m+1+§- (113)
Let
8= 1/e; (114)
then
hé(a+a)1n5—5’ (115)
ms+1+%
and hence
x§25—|—a——aln¢$. (116)
ma+1+%
Thus, in terms of n and %, one has
2mn+%—%m(%m@
n = 117

2 1
1n<e—cln11)—I—1—l——-—2h177

The lower bound on % in the theorem assures the satisfaction of the
conditions on z and § in equations (112) and (114). Use of Theorem 1
now provides the inequality of the theorem.

Theorem 10 provides an entropy estimate deduced from the width
result of Theorem 7.

Theorem 10: 0 < a < 1,7 = (MI'(2)°/(1 — a)eles)?)

”gm“eafﬂ, v =1+ mo® + -+ + wo®™)l, fO) real;

then
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H (B (M)

2
21nn+%—%ln<—lnn>1 )
c _
<Jdsai1a . e 1 Iog(zzw.r Jr2 a).
1\ ln<&lnn>+l+ J

(673 (64
21n 9

Proof: The investigation parallels that of Theorem 9. A difference
occurs in the estimation of d, . The Bernstein inequality of (15) shows
that

dy < MyT (118)

hence the estimate of the theorem.

The case m = 1 of the representation given in Theorem 4 may be used
to obtain an explicit e-net for B,(M), and hence to provide a constructive
algorithm for the transmission of information from such a source. The
representation for f(¢) ¢ B,(M) takes the form

. sinla_aa(t—jh)sinlza(t—jh)

0 = 3 1Gh) — . :

o T—s¢—h 50—k

oh = a1l — 8.  (119)

In order to proceed, it is necessary to estimate the quantity A(6)
given by

o Lsin =27 (¢t — inysin —%— (1 — jn)
1— 9 1 — 6

AO = s 2| T e | 4
T ¢~ ¢~

Theorem 11: A@5) < 1/8for0 < 5 < 1.

Proof: The Cauchy-Schwartz inequality yields

oo 2

sin 7 B(t_]h)

AGP < sp 3

~0<t<0 j=—c do .
T & —ih

ag

2
o sinl_a(t—jh)
sup D, .21

—0<t<0 f=—00 a (t _ jh)

1—23
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TI'rom the Parseval relation of Theorem 3, one has
1 f N
hJ o

\
(t — jh) sin

_lf”
-3/

2
[on

1—36

T

oo
1— 4

oo
1_a(t—s)

T
= 1—35
2

iTTw 4 o
T~k )

t—9|

(t — jh) sin

sin

do
1—3

oo .
1= ¢ )

t—s) 2
ds

sin

©

2

j=—c0

o |

The theorem is established.
Let

S sup |(fih) |;

—< i<

then a corollary to Theorem 11 is
Corollary:
sup | f(t) | = S/¢'.

—<t<w
From equations (119) and (120), one has
1) | = SA(9).

Proof:

sup

—o<t <o

The result follows from Theorem 11.
The function

oo
1 — 6

oo .
;¢

[

i

T (t — jh)

sin (t — gh) sin

ih)

fGh)

RS

g(t) = I

1—3

ds =1,

THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1970

(122)

- (123)

(124)

(125)

(126)

constitutes an approximation to f(¢). The error may be assessed by
application of equation (51) for m = 1, and Sonin’s formula (53); thus

M 1 T\ 1T\
llf—gHué;fs<(N+§‘z—h) +<N+§+§z> )
For0 < a < 1, let
N/ _@;.M)}) _ 1]
N—[l—a)e7r25<1+{l+<(1—6)]” 2 +1

then direct verification establishes

I =gl <@ = a)e

(127)

; (128)

(129)
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It may be observed that for large ¢, one has

¢ T

N =~ m =5 (130)
that is, N is approximately the number of nodal points jhin (—7/2, T/2).
Let
B(p ~ AU 131)
and
B() = B-~(), -+, Bx(); (132)

then the set Uy, is defined to consist of all f(£) generating the same vector
B = B(f). It will now be shown that the diameter of U does not exceed
2¢. Let 1,(), f2(t) € Uy ; then

G — 160 | = T (13)
One has
1O = 10 = 35 (GG = 1)
oo oy . [ .
sin (t — jh) sin 7 (t — jh)
laa_ P 10— 5 sy

TS Gl (O e S Gl 1))
and hence, by equation (129),

L) — 100 | = |§v | fiGh) — f2(GiR) |

oo . . I .
1_6(t—jh)s1n1_6(t—]h)

sin

+ 2(1 — a)e (135)

oo . 4 .
1_5(t—]h) 1 6(t—yh)

in which N is chosen as in equation (128). From equation (133), one has

10 = £ | = 505
ey . . T .
sin 7—— (t — jh) sin 7——= (¢ — jh)
3 ; 8 1 J 1201 — e, (136)

i Gl /O B e A Rl )
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Use of equation (120) shows that
i = f2llu S 2e (137)

The sets Uy are centerable with respect to themselves; that is, there
exists an element ¢(f) = U whose distance from any other element of Uy
does not exceed e. Consider the function ¢(t) defined by

. oo . . .
sin —— (¢ — jh) sin (t — gh)
90 = 15 T 6.0+ e -
1= ¢~ ih jh)
(138)
One has
160 = gGh) | £ 47 11 SN, (139)
and
1@ — g(®
1_ 5 jh)sm E(t—jh)

- 6 — gy —
bitsy T—5¢—h 1= 6(t—jh)

sm1“ (t—hysing o= (t— )
+ > 1) 5 ; (140)
17 I>N (t ) 'it—a (t —_— ]h)
hence, by equations (120), (129), and (139)
Nf—gll = e (141)

The required constructive algorithm, T, is thus given by the mapping
f — ¢ in equations (131) and (138).

Theorem 12: V(T') = (2N + 1) log {{A(5)M /2ce] — [—A(8)M /2we] + 1},
in which N s given in equation (128).

Proof: Tt is necessary to enumerate the number of distinct g(¢) which
are generated by I'(B,(M)). Since

A®) |10 | _ A@M

2ae = 2o0e

) (142)
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the number of distinet values of 8;(f) is

[A(_B)M] _ [_M] +1, (143)

2we 2ce

and hence the number of distinet vectors 8(f) is

{[%?f‘—[] - [—%i)j—w] + 1}2“1. (144)

The theorem follows from equation (144).

Corollary 1: V(T) < 2N + 1) log (M /2aes?] — [—M/2aes*] + 1).
Proof: Theorem 11.

Corollary 2. V(I) < (2N + 1) log (M /ae(5)? + 2).
Proof: Corollary 1 and the inequalities

M M
[Qae( a)%] = Sne(8)F (145)

M M
—[—20[6(5)%:‘ < 2ae(5)% + L.

IV. THEORETICAL INVESTIGATION OF W,

Using Theorem 3 for f, g ¢ W, , the Sobolev inner product

T/2 —
G = [ Ga+mfi+ o+ ufga (140
takes the form

. sm
, 9. = f_f_ W(u_v)

(L + g + - F p U )F@)G) du dv,  (147)

in which F(w), G(u) are the Fourier transforms of f, ¢ respectively. The

corresponding positive definite quadratic form @ is

, 8in = (u
e=lirE= [ [ ,fu_,,)
1+ g + -0 F wuV)F@)FE) du dv, (148)

and an operator K generating @ is given by
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wmgw—m

KF = f_, r(u — v)

- A puw + -0+ puV)FQE) do, [u| £ o; (149)
thus

Q= f_ FKF du. (150)

The equation defining the eigenvalues and eigenfunctions of K is
I{q)k = )\kq)k’ k g 0, (151)

in which the ordering A\ = N\, = N\, = .- - is used. It follows from the

Hilbert-Schmidt theory'® that the eigenvalues are denumerable and of

finite multiplicity and the eigenfunctions form an orthonormal set

which, from the positive definite character of K, is complete in L*(—g, o).
Let

olt) = @,lr—) [ e au; 152)

then the Parseval relation for Fourier transforms shows that the
sequence ¢o(t), ¢,(t), ¢2(t), - - - is orthonormal over (— », «); further,
from equations (147), (150), and (151), one has

@, b, = f BKD, du = ) [ BB, du=0 j=h

=N j=Fk (153
Thus the sequence {¢:(t)}% forms an orthogonal system with respect to
the Sobolev inner product (146). The system {¢.(t)}% is also complete
in W!, as a consequence of the completeness of the system {&,(u)}% in
L*(—o, o).
Define the n-dimensional subspace X, C W, by

Xn = Xn(¢0 y T 7¢n—1) (154)
then Theorem 13 provides the nth width of W7 (B), relative to HY ,
in terms of the eigenvalues of K.
Theorem 13: d&*" (W7 ,(B)) = B\

Proof: Let f(t) ¢ W, .(B); then

f(t) = fl (D). (155)

k=0
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Let
00 = % apu( e X, (156
then the orthogonality of the ¢.(¢), (153), yields
Ilf~gllf=§;|aklzkk. 157
Thus
il = glEs X laln. (158)

From the monotonicity of the A, , one has

inf |1 =g IEsh > |l (159)

9eXn

however, the orthonormality of the ¢,(f) over (— «, «) shows that

00

[lra=Siarss (160)

and hence from equation (159)

Ex,W7.B)) = sup inf [[f—g]l, B\ (161)

feWs,s(B) geXan

Thus
d (W7 .(B)) = BN (162)
Consider the ball U,,, defined by

n

g®) = 2 ad®, |9l BN (163)

k=0
then, by a theorem on balls in a finite dimensional subspace of a Banach
space,”
du(Unsr) = BN (164)
Thus the theorem will be established if it is shown that the ball U,.,

defined in equation (163) is contained in W, (B). It is only necessary
to verify that

fw [g(9) " dt = ; | @ |* £ B (165)
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One has from

Ngllf = 2 la |\ = B\, (166)
k=0
that
n n k
Zlal=s Zlal B, (167)

and hence the theorem is proved.

Use of the series representation of Theorem 4 permits one to estimate
d®"(W? ,(B)). The quantities m and 3, are as in equation (48); addition-
ally, the corresponding interval h, is defined by h, = «(1 — 4,)/0.

Theorem 14:

HoT T 2_ B B—M
aTWIB) S 25 G
(o o1

Proof: Let
0 = % 1000, (168)
and
9() = 3 1h)6:(0; (169)
then
110 — 9@ 1= 32 116 116:0) |- (170)

Since, by Parseval’s relation of Theorem 3

[ Fac=n 3 G ¢ = B am)

-—- ==

Schwartz’s inequality applied to equation (170) yields

1) = o0 = 5 3 6,07 a72)

One has, from equation (51)

i>N

: _ 2B’ <ﬁ)'" 1 T
Hf_gHUéﬁ Y Z( )2m+27 N>2h' (173)
J
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One may use Sonin’s formula, equation (53), to effect the summation
in equation (173); thus

B m
1i=gls =7 L .
Wm+”@+§—ﬁ»’4N+yﬁﬂ
(174)
The choice
_ |78 1_ T
m= I:e (N Ts 2h>:| (175)
leads to
B o
17=gllss= 265 ()
("@m + D(N t5— ﬁ)
Thus equation (176) shows that
¢ (177)

o7 B (2 :
a1 (W o(B)) = - (h) ((2m N 1)(N 41 29)% ’

and, hence, for n odd

d"(WE(B)) < %% a Y (178)
(en + (- 1))
h
For n even, one has
dWEB) £ 25 a (179)
T h

% ((2m + 1)(n —-1- %))é ;

thus equation (179) applies in all cases. The fractional guardband is
now chosen as in equation (48), and the inequality of the theorem
follows.

Theorem 13 permits an immediate corollary to be obtained from
Theorem 14.

Corollary: For s = 0, one has

4: e—2m

“(2m+1)(n—1— T>.

hn—l

An

IIA

2
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As was done in Theorem 7, polynomial approximation will be used
to estimate d”"* (W ,(B)). The estimate is given in Theorem 15.
Theorem 15:

2e)"** )
n! @)((27» + D@ + 25 + D)

a2 @) = Br(%)

Proof: The estimate will be obtained from equation (80). In order to
estimate M,,, , consider

1 ! Tut
0 = Gy | ¢ au, (180)
from which one has
g(@) = (77% f_ e™ TP (u) du. (181)
Accordingly
(r) T " 1 ’ u(T/2)xf ) \T -
g7 () = (§> @t f_ e (W) Fu) du. (182)

By use of the Schwartz inequality, one obtains
1@ s () & (v [ 1rw ra asy
=\2/ 2r /)., . ’
The Parseval relation for Fourier transforms
[ lioFa= [ |FePdasp (184)

and equation (184) now yields

ch

%+ 1

g7 @) |* = Bzf (185)

Thus

3 nits

2 C

@n + 25 + 1)}

The remainder of the analysis is the same as in Theorem 7.
Theorem 13 again permits an immediate corollary to be obtained
from Theorem 15.

M,., £ B(j‘r) (186)
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Corollary:
(20)2n+25

nl (2”") ©@n + 1)@n + 25 + 1)

2¢
Auss S = I

Theorems 14 and 15 lead to corresponding estimates of entropy
through use of Theorem 1.

Theorem 16: Let

n=2 4+ (1 + <%§>%>2, 0<a<l, f(f) real,
and
then
H.(W;+(B))

o fon ) e 4229

Proof: TFrom Theorem 14, one has

4077 = 2 (1) (8D
" ((Zm + 1)(n -2 - 7 ))
From equation (48), one has
S R (—2—6 (n — 2))7; (188)
(- T
hence
V2B = 2 B(2) e Lo aso
s 3 m 1 20 *\?
(=2~ (Z))
Since
ne
1 %§1 for n§2+<1+<72r—0)>, (190)

(-2 - ()
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d.—1(W? ,(B)) obeys the inequality

r 2 (2_c) -
b (WEo(B) = =5 B(Z) . (191)
According to Theorem 1, one may consider
2 (2 . )
W—\/?;B(;) e = (1 — ae; (192)
and hence
[t )
m= []n <7r\/§ 1 — a)e \m (193)

The remaining analysis is the same as that of Theorem 8. The inequality
of the theorem now follows.

Theorem 17: Let 0 < a < 1,7 = TB(2)*/(1 — a)ee(nc)?,

7 = max (6—2%5 , e”?) , f(t) real,

then
H(W...(B)
2
21nn+1——1n(~1n7;>1 .
ec 7 —
S+l 2 1 {log(2§:0+2aa)'
1 ln<a:1nn>+1+l—ﬁ—n'

Proof: 'The proof parallels that of Theorem 9.
It may be useful to observe

Ao

lIA
Rt

Y. (194)
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A Satellite System for Avoiding Serial
Sun-Transit Outages and Eclipses

By C. W. LUNDGREN
(Manuscript received March 20, 1970)

The motions of satellites phased in particular, slightly inclined orbits
are timed so that different satellites are north and south of the equaltor
when sun-caused outages occur in geostationary equatorial systems.

I. INTRODUCTION

Communication satellite systems experience predictable service
interruptions involving the sun. A sun-transit outage occurs when the
pointing angles from a receiving earth terminal to a satellite and to
the sun so nearly coincide that the additional noise power presented
by the sun renders transmission unusable.! When a satellite passes
through the earth’s shadow, its solar primary power is interrupted and
its sunlight-dependent heat balance is upset.

A geostationary system serving a common coverage region may in-
clude several satellites spaced less than 10° (175 mrad) in the syn-
chronous equatorial orbit. Figure 1 illustrates the timing of sun transits
and eclipses occurring in rapid series for three geostationary satellites
during one day at the spring equinox, observed from an earth terminal
located on the equator at longitude 0°W. One sun transit near noon
and one eclipse 12 hours later are observed for each satellite served by
this terminal. Eclipses of closely spaced satellites may occur at the same
time, and sun transits of different satellites may also occur simultane-
ously within a large coverage region.

Daily sun transits of all geostationary satellites serving an earth
terminal occur during one week in the spring and again in the fall.
Service interruptions can last five minutes or more per satellite. Affected
outage regions are large and move so rapidly that terrestrial restoration
is unattractive.

Conversely, a minimum of one working and one spare geostationary
satellite are required for restoration independent of terrestrial facilities.

1943
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_.—SUN TRANSIT OF
SATELLITE 1

PARAL LEL
() = RAYS FROM
SUN

{
“~ECLIPSE OF SATELLITES
SATELLITE 1

Fig. 1—Sun transits for earth terminal on equator, and eclipses of geostationary
satellites at equinox.

Such redundancy is also required for adequate protection against
satellite failure, since satellite replenishment intervals are prohibitively
large.

A fully redundant geostationary system incorporates duplicate trans-
missions to working and spare satellites and duplicate reception from
these satellites continuously at all earth terminals. Partially redundant
systems depend upon redirection of earth antenna beams to spare
satellites.* ,

Rapid, highly coordinated switching between geostationary satellites
is required at all earth terminals to restore serial sun-transit outages.
Numerous residual transmission ‘“hits” result from such switching.
Also, the orbit spacing must be sufficiently large to prevent simul-
taneous mutual outages of the different satellites at different locations
within the coverage region to avoid additional switching complexity.
A spacing as large as 8° (140 mrad) is necessary to prevent mutual
sun-transit outages within the contiguous United States.?

Alternatively, serial sun transits are avoided by phasing the satel-
lites in particular, slightly inclined orbits with motions timed so that
one satellite is north of the equator and the other is south during both
the spring and fall outage events. Only one switch of reception between

* If the earth terminals are equipped with duplicate antennas, transmitters, and
receivers, the capacity of both satellites can be utilized except during outage periods.
t The 48 continental states, excluding Alaska and Hawaii.



DIVERSITY SATELLITES 1945

the separated satellites is required per sun-transit season. The exact
timing (hour) is unimportant and may be different for the convenience
of each earth terminal. Except for these two switches, all earth termi-
nals throughout the coverage region are afforded uninterrupted recep-
tion throughout the year. Mutual sun transits within the same coverage
region are also avoided by this satellite diversity, and the large orbit
spacing discussed above for geostationary satellites is unnecessary.

II. SUN TRANSITS AND ECLIPSES

Sun transits and eclipses of geostationary satellites occur during the
spring and fall seasons. The exact dates of the former depend primarily
upon the latitude of the receiving earth terminal.

2.1 Sun Transits of Geostationary Satellites

The geometry and duration associated with a sun transit are con-
trolled by (¢) the off-axis gain of a properly pointed earth antenna,
(¢%) the receiving system noise temperature, (¢4¢) the solar noise power
profile, and (7v) the minimum acceptable signal-to-noise ratio.

In Fig. 2 the sun’s rays are assumed to be parallel; refraction cor-

BCRRE AT OUTAGE

CENTER P - PATH OF OUTAGE
\ - CENTER P

~—SATELLITE
( (/ SHADOW AXIS

SUN

'\
e e
. _— . /]’_‘__
\ DESIRED /s

SIGNAL PATH—

E <<77~ A
NGEOSTATIONARY \ 'TUDE g™
SATELLITE N_EARTH

TERMINAL

PLANAR CCNIC SECTION
————— ACTUAL OUTAGE REGION

Fig. 2—Planar approximation of geography affected by a sun-transit outage.

rections are neglected, assuming a sufficiently large angle of incidence
to the atmosphere for the desired ray SE. The affected outage region
is defined approximately by the locus of all points on the illuminated
earth’s surface for which earth antennas aimed at satellite S also point

¥ See Sections 3.3 and A.5.
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a preseribed minimum angular distance «® away from the sun’s center.

An estimate of the geography involved is provided by the elliptical
intersection of a cone of angular radius «°®, symmetrical about satellite-
shadow axis SP with its apex at S, and the horizontal plane at P. It is
elongated north-south in the figure.

The sun is assumed to be a uniform disk source of thermal noise
about 0.5° in diameter.* Shapes and magnitudes of the solar noise
power profile vary strongly with time and radio frequency. Edge
brightening at the lower microwave frequencies approaches a factor of
two, and comparable variations of total flux with time are common.*"*

A minimum solar noise temperature for the mean quiet sun (total
flux averaged over the disk) is about 25,000 K for a single polarization,
inferred from measurements at a wavelength of 10.3 em.*™* This is
approximately the minimum temperature presented to a sun-pointed
ideal antenna at 4 GHz whose beamwidth is less than 0.5°.

Convolution of an appropriate solar noise profile with a known earth
antenna gain pattern provides an estimate of increased noise versus
angular displacement of the sun center from the main beam axis.
Istimates for the minimum displacement permitting acceptable recep-
tion at 4 GHz range from about 0.6° (10 mrad) for very large earth
antennas (30 m) to greater than 1° (18 mrad) for small antennas
(8m)."® Corresponding minor axes of outage regions range from 800
to 1300 km. Major axes occurring along satellite-earth longitudes are
equal to the minor axes at the equator and approach 1.5 times the
latter at high latitudes.

Because of synchronism between earth rotation and satellite revolu-
tion, each outage region appears to move. One at 41° north latitude
traverses the contiguous United States from west to east in approxi-
mately one-half hour at noon of the time zone at the satellite’s longitude
(see Appendix A).

Figure 3 illustrates the path of an outage region. Each path is tangent
to the latitude intercept of the center of the satellite’s shadow at ap-
parent noon at the satellite’s longitude. For all other longitudes in the
Northern Hemisphere, the path lies slightly to the north of this latitude.

Hence, in very late February or early March, short daily outages
affect earth terminals situated near the United States—Canadian border.
Two to three days later these terminals experience maximum outages
lasting five minutes or more, depending upon transmission parameters
and permissible signal-to-noise ratios. Outages at these terminals end

* The optical disk has a diameter of about 29 minutes of are, in geocentered
angular measure.
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SATELLITE
LONGITUDE
95°w

Fig. 3—Approximate paths of sun-transit outages for geostationary satellite.

after an additional two to three days, the outage paths progressing
southward at a rate of about 3° latitude per day. All outages affecting
United States earth terminals above north latitude 26° cease prior to
mid-March.

Conversely, in the fall the daily outage paths progress from south
to north, affecting southern United States terminals about October 1
and ending in the north about mid-October.

In Fig. 3, based on parameters adopted in Appendix A, a given earth
terminal is affected about six days, twice yearly, while the contiguous
United States experiences outages throughout a 14-day period, again
twice yearly. If a multiple-feed antenna or a rapid-slewing antenna is
employed to switch reception at an earth terminal from an affected
satellite to another 6.8° (120 mrad) westward in the geostationary
orbit, transmission from the latter satellite is interrupted only 30
minutes later.

2.2 Eclipses of Geostationary Satellites

Eclipses of geostationary satellites can be expected for a total of
about 90 evenings per year in the spring and fall. Concurrent eclipses
occur for geostationary satellites spaced less than 17.6° (310 mrad).
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Eclipses occur near apparent midnight of the time zone at each satel-
lite’s longitude, beginning in late February or early March and ending
by mid-April. Fall events begin about September 1 and end about mid-
October. Eclipses lasting about 70 minutes occur on the dates of the
spring and fall equinoxes; those lasting longer than one hour occur
about 50 days per satellite per year.

Communication satellites are provided with batteries to prevent
circuit outages and to maintain antenna pointing, attitude control,
station keeping, telemetry, and command capabilities during eclipses.
However, concomitant voltage and temperature fluctuations, loss of
the solar reference for antenna pointing, and related ground command
activities may contribute to an increased likelihood of satelite failure
or a reduction in transmission capacity during eclipses.

III. DIVERSITY SYNCHRONOUS SATELLITE SYSTEM

A minimum arrangement of two slightly inclined, circular synchro-
nous orbits with deliberate phasing of one working and one spare
satellite in their respective orbits is suggested for providing space
diversity during outage periods. The specific orbit parameters and
satellite phasing are chosen so that they may remain unchanged
throughout the year. Thus satellite station-keeping fuel expenditures
are comparable to geostationary values. The parameters are also chosen
so that only one noneritical handover of reception between satellites is
required per sun-transit season.

8.1 Basic Satellite Phasing in Specific Inclined Orbits

Figure 4 illustrates the relationship between a ‘‘figure 8’ pattern
traced out by a synchronous satellite and the magnitude of its orbit
inclination. Recent descriptions of such patterns are given by Rowe
and Penzias,’ treating the efficient use of orbit longitude.

Figure 5 illustrates the satellite phasing and timing of motions
required for a two-satellite diversity system. The time reference selected
for describing these motions is initial time ¢, mean solar hours, marking
the advent of 12 o’clock noon (apparent, or sun time) on the date of
the vernal equinox at average 6 of mean longitudes 6, and 8, degrees
west for satellites S, and S, , respectively (8 = (8, + 6:)..). For satel-
lites sharing radio frequency bands, a minimum orbit spacing between
interfering satellites is generally specified consistent with resolving
powers of the earth antennas. Accordingly, a minimum satellite spacing
x degrees is assumed between mean longitudes 6, and 6, .
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Fig. 4—Earth synchronous orbits and figure 8 patterns.

In terms of 4, chosen for service to a particular geographiecal region,
the mean orbit longitudes shown in Fig. 5 are

6, = (0 — x/2), 6, = (0 + z/2) degrees west. ¢))]

Dimensions of 8 patterns allowing adequate diversity between
properly phased satellites are determined in Appendix B. Peak satellite
displacements from the equatorial plane (geostationary orbit in Fig. 5)
coincide in the spring and fall with sun transits of each satellite’s mean
longitude meridian.

For example, in Fig. 5(a) satellite S, is northernmost in its 8 pattern
prior to apparent noon at average longitude 6. To an observer located
at earth longitude 6, , this coincides with alignment of the sun behind
the 8 pattern for satellite S, .

At apparent noon at longitude 6, satellite S, in Fig. 5(b) moves
very slowly toward the geostationary orbit, while S, is approaching
the southernmost point in its 8 pattern. The sun is located midway
between the 8 patterns.

Shortly after apparent noon at longitude 8, the sun aligns behind the
8 pattern for satellite S, , as observed from earth longitude 6, . At this
time, satellite S, reaches its peak excursion, while satellite S; moves
more rapidly towards the geostationary orbit [Fig. 5(c)]. Tick marks
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on the 8 patterns are labeled according to each satellite’s location at

times referred to longitude 6.

Paths of the sun on consecutive days during the spring sun-transit
season are also indicated. Note that these daily paths progress from
south to north in accordance with a decreasing southern declination of

the sun’s rays at this time of year (ef., Fig. 3).
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Circles of radius «° centered at each satellite define the minimum
pointing angle to the sun for earth antennas directed at the satellites.
Hence, reception from satellite S, is interrupted when the sun is within
the circle for S, . Tick marks give positions of the sun along its path,
again at times referred to longitude 6.

In Tig. 5, uninterrupted reception from satellite S; is assumed
throughout the late fall and winter, until March 7. At any convenient
time between March 1 and March 7, an earth terminal observing these
motions redirects its reception from satellite S; to satellite S,. This
allows uninterrupted reception from S, until the fall sun-transit season,
during which this noncritical procedure is reversed.

Note that the 8 patterns in Fig. 5 are larger than required by a
single earth terminal. The dimensions determined in Appendix B are
sufficient to prevent serial sun transits throughout the entire latitude
range of the coverage region, so that only one outage region from
either satellite may traverse any part of the coverage region on any
day. This simplifies switching between satellites in restoration schemes
involving large numbers of working satellites and a minimum of one
spare satellite.* However, for the basic scheme involving duplicate
transmission via equal numbers of working and spare satellites, the
dimensions of the 8 patterns may be reduced until the outage circles
(a®) are almost tangent to the geostationary orbit. Redirection of the
earth antenna appropriate for Fig. 5 is required on or about March 4
for such reduced 8 patterns.

Note also that the satellites spend most of the time near the extremes
of the 8 patterns, providing near-maximum diversity separation for
several hours near noon. This tolerance to timing errors is particularly
useful since the apparent alignments of the sun in Fig. 5 and the timing
of transit events are somewhat different for observers at different loca-
tions within the coverage region. Allowances are made in Appendix B
in the computation of required diversity separation for both latitude
and longitude ranges of the coverage region, assuming that uninter-
rupted reception from the unaffected satellite is required continuously
at all earth terminals throughout the coverage region.

The diversity performance is made nearly independent of arbitrary
satellite spacing x by phasing each satellite so that its maximum lati-
tude excursion occurs at sun transit of its mean longitude meridian.

Tick marks in Fig. 6 illustrate a daily progression of satellite posi-
tions at apparent noon at longitude 6 throughout the year. This regular
shift is observed in the ideal case at the earth terminals because such

* Discussed in Section 3.3.
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Fig. 6—Shift of daily satellite positions.

inclined synchronous orbits tend to maintain fixed orientations in
space as the earth revolves around the sun (about 1° per day), illus-
trated in Fig. 7, by virtue of conservation of orbit angular momenta
m; and m, . Orbit perturbations, or departures from the above ideal
motions, are approximately the same as those for geostationary orbits
and are corrected by firing small station-keeping rocket motors at
intervals throughout the lifetime of the satellites.

Specification of orbit stabilization with respect to the fixed stars is
necessary to obtain properly timed satellite diversity automatically
throughout the year; the precision required for diversity is needed only
during outage seasons.

Hence, the daily period of satellite motions in their figure 8 patterns
is less than 24 hours of civil time (mean solar hours). The actual side-
real period is 23" 56™ 045.09054 in mean solar time measure.

The daily shift of positions is utilized, by the deliberate orbit orien-
tations and satellite phasing in the orbits, so that the apparent positions
of satellites S, and S, are reversed automatically in time for diversity
reception again during the fall outage season (see Fig. 7). Positions are
also reversed daily, providing diversity for satellite eclipses near mid-
night, assuming sufficiently large orbit inclinations.

Conversely, lesser accumulated shifts must also be considered in
computing the minimum diversity separation for sun transits for
coverage regions located far from the equator, sinee sun transits occur
either before, or after actual equinoxes (see Figs. 5 and 6, and Appen-
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dix B). Sun transits are observed in the Northern Hemisphere prior
to the vernal equinox and again after the autumnal equinox. Offsets of
approximately two weeks from the symmetrical case are representative
for the contiguous United States. Of course, dates of satellite eclipses
are independent of earth latitude and the ideal symmetry is applicable.

3.2 Orbit Parameters

Satellite motions and initial conditions are illustrated in Figs. 7 and
8 for two diversity satellites.

3.2.1 Inclination of Orbits

The planes of orbits for satellites S; and S, are tilted slightly with
respect to the earth’s equatorial plane by inclination angles ¢, and <, .

For the idealized case of equal inclinations, the minimum required
magnitudes range from about 2 degrees for avoiding serial sun transits

to about 9 degrees for avoiding serial and concurrent eclipses (see
Appendix B).

3.2.2 Alignment of Inclined Orbit Planes

Positioning of the figure 8s is accomplished by aligning the orbit
planes in slightly offset opposition as shown in Fig. 8. Two plane inter-
sections with the earth’s equator result, each forming acute angles
(90 — z/2) degrees symmetrically with the mean equinox axis (inter-
section of planes of the equator and of the earth’s orbit around the
sun; direction from earth towards the sun at the vernal equinox).

LONGITUDE e‘i SATELLITE
\ SHADOWS — __

EQUINOX AXIS

MIDNIGHT SPRING

O%/re

T ~———EQUATORIAL
PLANE

Fig. 8—Synchronous orbits phased for sun diversity.
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3.2.3 Phasing of Satellite S,

The time of the ascending node in orbit 1 for satellite S, , for spacing
x degrees is

&, = t, — [(6 4+ 2/30)] mean solar hours, (2)

so that at time ¢ = {, — x/30 hours satellite S; necessarily assumes its
maximum north latitude (upper limit of excursion for left-hand figure 8
pattern in Fig. 5). From Fig. 8, note that the semi-major axis of the 8 in
geocentered angular measure is equivalent numerically to orbit inclina-~
tion 7, .

3.2.4 Phasing of Satellite S,
The descending node in orbit 2 for satellite S, is specified by
t, = t, — [(6 — x/30)] mean solar hours, 3)

for which satellite S, assumes its maximum south latitude at time
t = t, + /30 hours.

3.2.5 Satellite Motions Related to the Sun and Seasons

By synchronizing satellite motions and timing with respect to the
earth’s revolution about the sun as shown in Fig. 7, the required space
diversity is obtained during both spring and fall outage seasons.

Satellite motions and timing are specified above in terms of initial
conditions at the vernal equinox. Of course, actual satellite launching
is not restricted to any season, provided that satellite motions coincide
with those for the specified system at the times when sun-caused
outages oceur in geostationary equatorial systems.

3.3 Phased Multisatellite Systems

Two satellites are required for the basic diversity system. The
diversity satellites may be placed as desired in orbit longitude con-
sistent with an assumed minimum orbit spacing .

An obvious system growth is to add uniformly spaced, alternately
phased working and spare satellites along the orbit (Fig. 5). Note that
one of a diversity pair of spare satellites can restore all working satel-
lites if fast switching may be employed daily at the affected earth
terminals. Reception is transferred in sequence between transitted
active satellites and the unaffected spare.* The orbit spacing between
second-adjacent satellites (same phasing) should be sufficient to prevent
mutual sun transits of the latter satellites within the coverage region.

* The affected spare is available as an additional working satellite.
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For this case, only half of the orbit spacing required by geostationary
satellites is required by the diversity satellites (about 4° for avoiding
mutual outages within the contiguous United States).

Conversely, for satellites which may be closely spaced (x = 1°),
efficient use of the orbit may result from judicious incorporation, in a
manner consistent with the satellite phasing and timing described
above, of orbit loading techniques suggested by Rowe and Penzias.’
Deliberate relative phases in adjacent 8 patterns may prevent major
multiple sun transits of all satellites near the same latitude and mini-
mize daily switching to different unaffected satellites (Section 3.1).

For large orbit inclinations,* (¢) tracking of satellite and earth
antennas is required, (i7) reduction in latitude of the coverage region
results, (¢27) transmission at low angles of arrival is more susceptible
to atmospheric degradation, and (¢v) the interference exposure between
radio relay and satellite services is increased.

3.4 Antenna Requirements for Earth Terminals and Satellites

Only slight geometric departures from the geostationary case are
required to obtain diversity for avoiding sun-transit outages; some-
what larger departures are required for avoiding eclipses. Hence,
satellite radio transmission parameters appropriate for corresponding
geostationary designs are essentially retained.

Earth antennas need follow only slow and very small periodic satel-
lite motions. These motions are accomodated reliably by conventional
24-hour cyclic cam drives (sidereal time measure). Costs and mainte-
nance for such antenna drives are virtually insignificant when compared
with those for full automatic tracking. Cyclic drives are appropriate
for a large deployment of small earth antennas requiring moderate
beam-pointing precision, while costs for full automatic tracking are less
significant for a smaller number of large antennas requiring precise
beam pointing,.

A minimum earth antenna steering requirement accommodating
orbit inclinations up to 10° (175 mrad) and satellite longitude drifts
from assigned orbit stations of +10°, for satellite elevations of 5° or
more, is reported by the Communications Satellite Corporation for
quasi-stationary satellites.” Such earth terminals are compatible with
the diversity satellites, since in the ideal application the smaller de-
sired orbit inclinations are also maintained continuously.

The spin axis of a satellite is maintained perpendicular to its orbit
plane, in the simplest wheel-mode attitude stabilization. Satellite

*Forz = 1° 7 = 10.7° and for x = 5°, 7 = 24°, from equation (7) of Ref. 6.
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antenna pointing referred to this axis benefits from partial compensa-
tion of pointing errors otherwise accompanying departures from the
equatorial plane in the inclined orbits.*

IV. CONCLUSIONS

Space diversity is provided automatically at times of sun transits
and eclipses by a convenient modification of a geostationary system
in which the satellites appear to move in figure 8 patterns. Alternate
satellites are oppositely phased, so that when one satellite is north the
other is south. Orbit orientations and timing of satellite motions are
arranged so that near the spring and fall equinoxes, when geostationary
satellites transit the sun, the diversity satellites are at extreme north
and south positions, allowing uninterrupted reception from at least
one satellite.

The contiguous United States is cleared of serial sun-transit outages
if orbit inclinations of about two degrees are employed. Concurrent
satellite eclipses are also reduced in frequency and duration, and are
avoided by increasing the orbit inclinations to about nine degrees.

Neglecting perturbations ecommon to synchronous orbits including
the geostationary orbit, the satellite deployment is steady state.
Satellite launching requirements, mean station-keeping precision, and
lifetimes are comparable to the geostationary case.

Diversity is provided automatically during both spring and fall
outage seasons, requiring two nonecritical switches between satellites
per year.

Relatively minor modifications of earth terminals and satellites
designed for geostationary service are required.

The diversity satellites are positioned as desired in orbit longitude
without degrading system performance significantly, consistent with
minimum orbit spacings to control interference from neighboring
satellites.

Transmission via the unaffected satellite of a diversity pair can be
switched in sequence daily to restore all transitted active satellites of
a larger system.

One-half the minimum orbit spacing required by geostationary
systems to prevent mutual outages of neighboring satellites within
large coverage areas is required by the diversity system, since only
alternate satellites experience outages on a given day.

Sun-transit outages in satellite circuits can be restored without
involving terrestrial facilities.

* For ¢ = 2° a peak uncompensated pointing error of 0.3° is representative,
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APPENDIX A
Simplified Geometry and Numerical Examples for Geostationary Satellites

A1 Minimum-Latitude Circle Tangent to Outage Path

At the satellite longitude, conjunction of the sun and satellite occurs
at apparent noon and the satellite’s shadow intercepts a minimum
Iatitude, shown in Fig. 9. On successive days in the spring, the shadow
path becomes tangent to a smaller north latitude at the satellite’s
longitude, and lies slightly to the north of this latitude for all other
longitudes.

Figure 9 illustrates the sun’s rays on March 4, 1970. From an alma-
nac, the apparent declination of the sun for 0 hours ephemeris time
(E.T.) is —6° 40’ 54"".5 and on March 5, is —6° 17/ 49".0.°

Ephemeris transit of the sun on March 4 is given as 12» 11™ 505.39
and the reduction AT from universal time (U.T.) to E.T. for the year
1970.5 is approximately 405, The ephemeris time corresponding to solar
transit at west longitude A° is

A

ET. = E.T. (TRANSIT) 4 [1.002738] 360

(24" hours,

A< 180°, (4

where the coefficient in brackets is the approximate ratio of the mean
solar day to the mean sidereal day. Allowing for a 6-hour time differ-
ence from the Greenwich Meridian to the Central Time Zone,

C.S.T. = E.T. — AT — 6" hours. (5)
Assume a transit of geostationary satellite stationed at A = 95°W:
C.S.T. = 124 11m.84 4 6"20m.93 — OF 0™.67 — 6" O™. (6)

From equation (4), the ephemeris time of this event is 18* 32™.77 on
March 4. Interpolating between 0 on March 4 and 0" on March 5, the
sun’s apparent declination is

, ., 18.55 .
D = —6.682° + 5“0 (0.385°), @

= —6.38°.
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Note from Fig. 9,

- —l%sin D, ®)
_ h + R(l — Cos ﬁpmin)
S = s D km, 9)

where ¢,.;. 1s the north latitude of the satellite’s shadow at the time of
sun transit.
Then

sin D[(l — €OS @min) T 1—}21]

sin Pmin = T cos D ) (10)

from which it is determined that ¢,;, = 41.0° north latitude, assuming
geostationary orbit altitude 2 = 35,900 km and mean spherical earth
radius B = 6373 km.

A2 Estimate of Speed with Which Outage Centers Traverse U.S.A.

Figure 10 shows the contiguous United States represented by a
longitude span of 60° centered at the satellite longitude and located at
north latitude ¢n,;,(41°). Consider a projection of the extreme longitude
meridians (i.e., =30° referred to the satellite longitude) parallel to an
assumed shadow axis between the span center at B’ and the satellite

at B, such that orbit arc intercept AC is specified.
The geocentric orbit radius is

AO = CO = R + h = 42,270 km. (11)
Then the radius of latitude circle ¢, is

R"” = R cos onin = 4810 km. (12)

The approximate distance measured along latitude circle ¢,;, for this
model of the United states is

= 2760
| A'C7 oo = %R“ = 5040 km. 13)
Recognizing equilateral triangle A’OC’, the orbit chord is
AC = A'C" = R” = 4810 km. (14)

The solution of an oblique triangle with sides a, b, ¢ and opposite
angles 4, B, C'is
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. 2 2 2
cos A = __a_%él;_—i—_c , (15)
so that the orbit are may be found from
. 2 2
cos (A-0-C) = (AC) + 2R + h). (16)

2(R + n)’

Then the desired geocentered angle representing the orbit intercept of
all parallel sun’s rays simultaneously illuminating this model is

AC = cos ' (4-0-C) = 6.5 degrees. an

The time required for a satellite’s shadow to traverse a stationary
representation of the United States is numerically equivalent to the
time for the fractional revolution of a satellite from position A to C:

(24 X 60)"

teta = 6.5° X
360°

= 26.0 min. (18)

However, the actual elapsed time ¢, is greater by virtue of earth rota-

tion during this interval. The effective longitude span of the United

States is very approximately
N

—~ [=¢]
A'CT 4 A = 60° + 2670 X LD

m

= 66.5°. 19

Accounting for a correspondingly enlarged orbit intercept,

o=t X 0 = 288 min, (20)

so that an outage region traverses the United States from west to east
in approximately one-half hour. The exact interval depends primarily
upon. @pin -

A3 Estimation of Size of Outage Region—Example

A conic figure of revolution about axis SP in Fig. 2 defining the
affected outage region subtends total angle 2o measured at the satellite.
To enable example calculations without specific reference to antenna
pattern data, a worst-case minimum angular separation & = 1° be-
tween a satellite and the sun center is adopted.*

*The value @ = 1° is assumed for a hypothetical 4-GHz satellite system incor-
porating 55 percent efficient, 30-ft diameter parabolic reflector earth antennas, a
receiving system noise temperature of 200 K, and a 3-dB allowable increase in
received thermal noise power. .
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The horizontal plane at the location of the satellite’s shadow P at
time of transit is shown in edge view in Fig. 11. Slant range S = SP
is found from equation (9) to be about 37,470 km. The conic section
defined by this plane and the outage cone is elliptical; point P specifies
its motions.

The east-west semi-minor axis r is equivalent to the radius of the
right circular intersection of the cone and a plane through P normal to
satellite-shadow axis SP:

r = Ssina
= 655 km. (21)

The north-south semi-major axis ¢’ in Ifig. 11 is found from a pro-
jection of the above circular intersection upon the local horizontal
plane at P:

_r
€08 (¢min — D)

= 970 km. (22)

a4 Estimate of Outage Duration

The maximum duration of an outage occurring at an earth terminal
located on latitude ¢, is approximately that fraction of time ¢, [equa-
tion (20)] for the satellite’s shadow to travel the 1310-km width of the

Pmin

EQUATOR

2.
N Min~~ et

~
-
Pinin-p ——

Fig. 11—Determination of outage region at P.
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above outage pattern. Allowing for earth rotation, and noting that the
—~

60° longitude span A’C’ at latitude ¢,.; corresponds to chord A’C’:

2r o
ttX/'\<td<t:XTa7;
|[A7C|

(23)
7.5 minutes < {; < 7.8 minutes.

Iror the satellite stationed at longitude 95° west, the path of its
shadow on March 4, 1970, approaches latitude 41° north near Omaha
at 12:32 p.m. C.8.T. Taking dimensions of the outage region into
account, the West Coast should just begin to experience outages north
of Eureka, California, at about 10:16 a.m. Pacific Standard Time, and
the last outages, near Boston, should cease about 1:50 p.m. Eastern
Standard Time.

A.5 Geostationary Satellite Spacing and Serial Outages

Several identical satellites are assumed deployed along the geo-
stationary orbit. Earth terminals are assumed capable of receiving
signals from at least one pair of adjacent satellites, either simultane-
ously or one at a time. The orbit spacing between satellites is assumed
to be uniform, but adjustable to alter the timing of serial sun transits.
Numerical assumptions made in previous sections are retained for
illustration; earth terminals are assumed to be located along the outage
path (worst case).

A.5.1 Case I-Minimum of 30 Minutes Between Swrilches at an Earth
Terminal

If each satellite is assumed to possess spare circuit capacity adequate
for the restoration of one transitted satellite, it is of interest to esti-
mate the orbit spacing between satellites required for a prescribed
outage-free interval between switches at an affected earth terminal.
The interval between onsets of serial outages at a given earth terminal
for satellites spaced 6.5° in orbit, allowing for earth rotation is about
28.8 minutes (Section A.2). Then, an approximate minimum satellite
spacing for a 30-minute clear interval is (30=/28=.8) X 6.5° = 6.8°,

A.5.2 Case 2-Minimum of 30 Minutes Between Adjacent Outages

If multiple satellites are deployed without spare capacity and an
earth terminal receives simultaneously from adjacent satellites, but
does not switch between them, a 30-minute required clear time be-
tween outages of the adjacent satellites leads to a greater estimated
satellite spacing. The elapsed time for the center of a first (easterly)
outage region to depart an affected earth terminal and travel eastward
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until reception is regained (a distance equal to the semi-minor dimen-
sion; Section A.4) is approximately 72.6/2 = 3.8 minutes. The elapsed
time for the center of a second outage region to approach the same
earth terminal is also 3.8 minutes, measured from onset of the second
outage. The sum of elapsed times and the required 30-minute clear
interval is 37.6 minutes. The minimum satellite spacing, scaled from
the 28.8-minute interval between arrivals of shadows at the terminal
for satellites spaced 6.5° (Section A.2) is approximately (37™.6/28™.8) X
6.5° = 8.5°,

A.5.3 Case 3-Minimum of 80 Minutes Free of United States Outages

An estimate of the satellite spacing required for a 30-minute clear
interval between outages of earth terminals throughout the contiguous
United States for the case without switching is desired. A time equiva-~
lent of the satellite spacing for a 30-minute clear interval between
adjacent outages at a single earth terminal is about 37.6 minutes
(Section A.5.2). A satellite spacing of 6.5° is necessary for simultaneous
sun transit of a first satellite at the extreme eastern terminal and a
second satellite at the extreme western terminal; a time equivalent of
this spacing is approximately 28.8 minutes (Section A.2). The sum of
these intervals, 66.4 minutes, accounts for transits of all terminals
within the assumed 60° longitude span at 41° north latitude. The
approximate minimum satellite spacing for a 30-minute clear interval
throughout the United States is (66.4/28=.8) X 6.5° = 15.0°.

A.5.4 Case J—Minimum of 30 Minutes Free of Outages Throughout One
Time Zone

The time equivalent of spacing for a 30-minute clear interval at a
single terminal without switching is 37.6 minutes. The time equivalent
of spacing for simultaneous sun transits of adjacent satellites at eastern
and western terminals bounding a 15° time zone is approximately
(15°/60°) X 28=.8 = 7.2 minutes. The required interval is about 44.8
minutes, accounting for outage dimensions and all terminals within
one time zone. The resulting minimum satellite spacing is approxi-
mately (44=.8/28=.8) X 6.5° = 10.1°.

APPENDIX B
Estimation of Mintmum Required Space Diversity

B.1 Minimum Orbit Inclinations for a Prescribed Coverage Region

Figure 12 relates the latitude extremes of a desired coverage region
to limits of the sun’s apparent declination angle for which sun transits
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of diversity satellites can affect transmissions. First, two conic figures
of revolution as described in Section A.3 having angular radius o
define the northernmost and southernmost outage regions for geo-
stationary satellite S, . Minimum orbit inclinations for diversity satel-
lites S, and S, are estimated by geometric construction. Parallel sun
rays are assumed and atmospheric refraction is neglected for all but
extreme latitudes in the presence of fairly large angles of incidence.’

One approximation implicit in the figure is that the satellites occupy
the same mean orbit longitude. This enables a highly simplified geo-
metrical analysis and the uncertainty introduced is shown later to be
insignificant.

B.2 Determination of Minimum Orbit Inclinations

For geostationary satellite S, in Fig. 12, apparent declination angle
limits 6§, and &, are calculated for which the satellite shadows intercept
north geographic latitude limits ¢, and ¢, of an assumed coverage
region in the Northern Hemisphere between points P, and P, respec-
tively. Slant range segment P,S,, is determined from the solution of
oblique triangle P,OS,, :

P.S,. = [R* + (R + h)*> — 2R(R + h) cos ¢,}}, (24)
and
P.S,. = [R* + (R + h)?* — 2R(R + h) cos ¢,]! km. (25)

The declination angles corresponding to northern and southern
boundaries of the coverage region are

5 — cos~! [—RZ + (P.S,)° + (R + by
" 2(P,S,.)([E + h)

:l degrees S, (26)

and

5. = cos™! [—R + (P.S,)' + (R + 1)

2(P.S,) (B + h)

where the units designation S denotes angular displacement south from
the celestial equator.
The angle measuring bisector P, S,, is denoted by 4, , where

0w = (0, + 85)uv degrees S. (28)

:| degrees S, 27

Synchronous satellites S, and S, are shown in Fig. 12 located on
great circle C of a geocentered sphere of radius (B -+ %) whose plane
contains the mean geopolar axis and an assumed common satellite
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meridian circle. The satellites are also assumed to be symmetrically
opposite and equidistant from the equatorial plane. The required
distance between parallel sun’s rays through satellites S, and S, having
mean apparent declination §,, is determined by constructing segment
0,0, perpendicular to S, P, through P, . The base of isosceles triangle
0.8.0, represents the required ray separation. Making the approxi-
mation

0.8. = 0,8, = P,S.., (29)

and denoting the angle O,-S.-O, by 4,
¥ = 8, — 8, + 2a degrees. (30)

From the solution of an isosceles triangle,
0.0, = [2(P.S.)*(1 — cos 7] km. (31)

Constructing segment S,S, perpendicular to S,P, through S,, its
length is

S.S. = 0,0, km. (32)
The length of chord S,.S, between the satellites on circle C is
8.8, = 8.S./cos §,, km. (33)
VS

The total geocentered arc S.S, on circle C corresponding to chord

8.8, is found from the solution of isosceles triangle S,0S, (not illus-
trated). Note that

08, =08, =08, = (R + h) km. (34)
Then

—~ 2 2
_ (8.8 + 2008,
COS (Snsa) - 2(0Sm)2

Note from Fig. 12 that equal orbit inclinations 7, and 7, are determined
by the minimum geocentered angular displacements of synchronous
satellites S, and S, from the equatorial plane, necessary for avoiding
simultaneous sun-transit outages between latitudes ¢, and ¢, . Hence,

(35)

—~
tn = 2, = (8,8,)/2 degrees. (36)

While the simplified geometry of Fig. 12 results from an assumption
that the satellites’ mean longitudes are identical, recall from Section 3.1
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that the maximum satellite excursions are made to occur at the instant
of zenith transit viewed by an observer at each satellite’s longitude.
Thus, for earth terminals situated along the longitude meridian of—
and receiving from—satellite S;, the minimum required orbit incli-
nation %, is identical to 4, Very slightly increased inclinations are
necessary to accommodate receiving earth terminals far from this
longitude.

B.3 Correction for Longitude Span and Latitude Location of Coverage
Region

The maximum time difference Af, between sun transit of a geosta-
tionary satellite centered over the United States and observed along its
longitude, and sun transit of the same satellite observed at a longitude
displaced by +30°, for a minimum latitude of 26°N is about =F0.3
hour, allowing for earth rotation (Fig. 3; Section A.2). The magnitude
of accumulated time shift Ai, (civil time versus sidereal time) relating
positions of satellites at O to O* at the vernal equinox, arising from
location of the affected coverage region north of the equator, is about
1 hour (Fig. 6). An approximate worst-case adjustment of orbit inclina-
tions providing the required displacement of diversity satellites from
the equator at times when sun transits would otherwise be observed is

e in
Y s an | 1 | A6 D@00 28y “oEe 37

B.4 Illustrative Calculation

It is assumed that latitude limits ¢, and ¢, for the United States
coverage region to be cleared of outages are 49°N and 26°N, respec-
tively. A spherical earth model is assumed with radius B = 6373 km.
The height of the geostationary orbit % is assumed to be 35,900 km. A
conic sun-transit outage figure is assumed (Fig. 12), having a radius in
angular measure of « = 1°.

Numerical results are obtained using all preceding relationships:

From equations (24) and (25), P,S. = 38,394 km,
P8, = 36,652 km.

From equations (26) and (27), 8, = 7.200°,

8, = 4.375°.
From equation (28), o, = 5.788°.
From equation (30), v = 4.825°.
From equation (31), 0.0, = 3,232 km.

From equation (33), S.S, = 3,249 km.
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From equation (34), 08, = 42,273 km.
/N

TFrom equation (35), cos (S,8,) = 0.997047.

From equation (36), 1, = 1, = 2.201°.

From equation (37), 7 = 2.337°.

For larger earth terminals, assuming « = 0.7° for 25-m antennas,
the corresponding worst-case minimum equal orbit inclinations pro-
viding the specified diversity is 2.045 degrees.

B.5 Minimum Orbit Inclinations for Avoiding Serial Eclipses

The earth’s shadow is assumed to be a circular cylinder with a
diameter equal to the mean diameter of the earth. This amounts to
neglecting atmospheric refraction and the distinction between the
umbra and penumbra shadow regions. For satellites with batteries,
the net radiation energy lost per eclipse corresponds to a time inte-
gration of the actual solar-array power output. This is nearly the energy
loss which would result if the solar source were completely obstructed
while the satellite traversed the assumed eylindrical shadow.

An approximate relationship between declination D and the orbit
arc eclipsed is illustrated by Figs. 13 and 14. The length of geosta-
tionary orbit radius OS is (B + A) km, so that

0'S = (R + h) |sin D | km. (38)
Angle ¥ in Fig. 14 is thus determined:

’

Y = sin™! (ORS> degrees. (39)

GEOSTAT!

Fig. 13—Simplified geometry describing satellite eclipses.
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Fig. 14—Projection of points A, C upon right section of earth’s shadow through S.

The length of the chord intercept common to both the orbit and the
cylindrical earth shadow is determined by a normal projection of the
orbit upon a right circular section of the shadow through S. From
equations (38) and (39),

AC = A4'C" = 2R cos {sin" [(R + h)RI sin D q}km. 40)

If the fraction in brackets in equation (40) is smaller than unity for
a given declination D, an eclipse of the orbiting satellite is indicated.
For zero values of apparent declination, the chord AC is simply twice
the mean earth radius R. —

The corresponding orbit arc AC is next calculated from the solution
of oblique triangles:

~ _ 2 2
AC = cos™* {-—(499%—;——2&} degrees. (41)

Hence, the minimum space diversity in geocentered angular measure
necessary for avoiding serial satellite eclipses is identified numerically
with the maximum orbit arc intercept, occurring for D = 0°. From
equation (41), the maximum resulting geocentered angle, corresponding
to one earth diameter, is approximately 17.6°. Then each minimum
orbit inclination 7, = 7, necessary for avoiding serial eclipses in the
manner of Section 3.2 is approximately 17.6°/2 = 8.8°.

Finally, it is of interesi;\to estimate the time required for the satellite
to traverse shadow are AC. The interval A¢, is numerically equivalent

to the resulting arc fraction times the orbit period, corrected for the
earth’s revolution about the sun:

~

At, = [1.002738](24 X 60)" X % minutes. (42)
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Adaptive Predictive Coding of
Speech Signals

By B. S. ATAL and M. R. SCHROEDER
(Manuscript received December 13, 1968)

We describe in this paper a method for efficient encoding of speech
signals, based on predictive coding. In this coding method, both the trans-
mitter and the recetver estimate the signal’s current value by linear pre-
dictton on the previously transmitied signal. The difference between this
esttmate and the true value of the signal ts quantized, coded and trans-
matted to the recetver. At the receiver, the decoded difference signal is added
to the predicted signal to reproduce the input speech signal. Because of the
nonstationary nature of the speech signals, an adaptive linear predictor
is used, which 1s readjusted periodically to minimize the mean-square
error between the predicted and the true value of the stgnals.

The predictive coding system was stmulated on a digital computer. The
predictor parameters, comprising one delay and nine other coefficients
related to the signal spectrum, were readjusted every 6 milliseconds. The
speech signal was sampled at a rate of 6.67 kHz, and the difference signal
was quantized by a two-level quaniizer with variable step size. Subjective
comparisons with speech from a logarithmic PCM encoder (log-PCM)
indicate that the quality of the synthesized speech signal from the predictive
coding system is approximalely equal to that of log-PCM speech encoded
at 6 bits/sample.

Preliminary studies suggest that the binary difference signal and the
predictor parameters together can be transmitted at approximately 10
kilobits/second which is several times less than the bit rale required for
log-PCM encoding with comparable speech quality.

I. INTRODUCTION

The aim of efficient coding methods® is to reduce the channel capacity
required to transmit a signal with specified fidelity. To achieve this
objective, it is often essential to reduce the redundancy of the trans-
mitted signal. One well-known procedure for reducing signal redundancy

1973
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is predictive coding.**~® In predictive coding, redundancy is reduced
by subtracting from the signal that part which can be predicted from
its past. For many signals, the first-order entropy of the difference
signal is much smaller than the first-order entropy of the original
signal; thus, the difference signal is better suited to memoryless encod-
ing than the original signal. Predictive coding offers a practical way of
coding signals efficiently without requiring large codebook memories.

Many previous speech coding methods® have employed schemes
which attempt to separate the contributions of the voecal excitation
from that of the vocal-tract transmission function. The well-known
channel vocoder of Dudley’ was the first attempt in this direction. Al-
though vocoders can reproduce intelligible speech, there is appreciable
loss in naturalness and speech quality. This degradation in speech
quality arises from various operations in the vocoding process, which
are either inaccurately performed or are based on certain idealized
approximations of speech production and perception processes.

The present paper describes a different approach®® to encoding of
speech signals, based on predictive coding, which avoids the difficulties
encountered in vocoders and vocoder-like devices. Although predictive
coding utilizes such well-known characteristics of speech signals as
pitch and formant structure, its operation does not rely solely upon a
rigid parameterization of the speech signal. That part of the speech
signal which cannot be represented in terms of these characteristics is
not discarded but suitably encoded and transmitted to the receiver
where it is used in the synthesis of a close replica of the original speech
waveform.

Previous studies of predictive coding systems for speech signals®
have been limited to linear predictors with fixed coeflicients. However,
due to the nonstationary nature of the speech signals, a fixed predictor
cannot predict the signal values efficiently at all times. For example, the
speech waveform is approximately periodic during voiced portions;
thus, a good prediction of the present value of the signal can be based
on the value of the signal exactly one period earlier. However, the
period of the speech signal varies with time. The predictor, therefore,
must change with the changing period of the input speech signal. In
the predictive coding system described below, the linear predictor is
adaptive; it is readjusted periodically to match the time-varying charac-
teristics of the input speech signal. The parameters of the linear pre-
dictor are optimized to obtain an efficient prediction in the sense that

* Another name often used for this kind of encoding is Differential Pulse Code
Modulation.
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the mean-square error between the predicted value and the true value
of the signal is minimum.

II. PREDICTIVE CODING SYSTEM

2.1 Description

A block diagram illustrating the principle of predictive coding is
shown in Tig. 1. The input signal s(f) is sampled at the Nyquist rate
to produce the samples s, of the signal. The predictor forms an estimate
8, of the signal’s present value based on the past samples 7, , 7z, + +*
of the reconstructed signal at the transmitter. The predicted value §,
of the signal is next subtracted from the signal value s, to form the
difference 6, , which is quantized, encoded, and transmitted to the
receiver. At the same time, the transmitted signal is decoded at the
transmitter and the signal reconstructed in exactly the same manner as
is done at the receiver. The reconstructed signal is then used to predict
the next sample of the input signal.

At the receiver, the transmitted signal is decoded and added to the
predicted value of the signal to form the samples 7/, of the reconstructed
signal. The predictor used at the receiver is identical to one employed
at the transmitter. The samples 77, of the reconstructed signal are finally
low-pass filtered to produce the output signal 7'(z).

2.2 Signal-to-Quantizing Noise Ratio

Consider the predictive coding system shown in Fig. 1. Let P, be
the mean-square value of the input signal samples s, , P; be the mean-
square value of the difference signal samples 8, , P, be the mean-square
value of the quantizing noise in the decoded difference signal 82, and

TRANSMITTER RECEIVER
B DIGITAL
s(t) Sn In CHANNEL T'T)
I SAMPLER || — || QUANTIZER [ ENCODER — —»{ DECODER LOR PASSL 1o
+
— ’s\n 8'
n
+ | DECODER PREDICTOR

PREDICTOR | I'py

Fig. 1—Block diagram of a predictive coding system.
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P, be the mean-square value of the quantizing noise in the reconstructed
signal , . We will now show that, in the absence of digital channel
transmission errors, the signal-to-quantizing noise ratio P,/P, of the
reconstructed signal is given by
P._P.Py

P, P; P,
In other words, the signal-to-quantizing noise ratio of the reconstructed
signal exceeds the signal-to-quantizing noise ratio of the decoded differ-
ence signal by a factor equal to the ratio of the mean-square value of
the input signal to the mean-square value of the difference signal. The
predictive coding system is thus superior to a straight PCM system
whenever P,/P; is much greater than 1. For a signal such as speech,
this is indeed true. The results obtained by computer simulation of
the predictive coding system (see Section 3.3) show that P,/P; is
about 100 for speech signals. By using predictive coding, one could thus
expect improvement of about 20 dB in signal-to-quantizing noise ratio
over a PCM system using identical quantizing levels.

To prove equation (1), we will first show that the error between any
sample of the reconstructed signal and the corresponding sample of
the input signal is identical to the error introduced by the quantizer,
the encoder and the decoder.

The error e, between the sample r/ of the reconstructed signal and
the sample s, of the input signal is given by

o))

€, =71 — s, . 2)

In the absence of digital channel transmission errors, we can replace 7/
in equation (2) by 7, and rewrite equation (2) as

e = (rn — &) — (s, — 8). &)
It is readily seen in Fig. 1 that
T, =0, + 8, 4)
and
8, = 8, — &, . )
On combining equations (3), (4) and (5), one obtains
e, = 8, — 4, . (6)

The right side of equation (6) represents the error introduced by the
quantizer, the encoder, and the decoder. Thus, the error in the nth
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sample of the reconstructed signal is identical to the error in the nth
sample of the decoded difference signal.
The signal-to-quantizing noise ratio of the reconstructed signal is

by definition P,/P, and can be written as

P, _P, P,

P, P; P, @)
Since the mean-square value P, of the quantizing noise in the recon-
strueted signal is identical to the mean-square value P, of the quantizing
noise in the decoded difference signal, P, on the right side of equation (7)
can be replaced by P, , and one obtains

P, _P, P;

.~ PP, @

III. APPLICATION OF PREDICTIVE CODING TO SPEECH SIGNALS

3.1 Linear Prediction of Speech Signals

Two of the main causes of redundancy in speech are:

(¢) Quasi-periodicity during voiced segments® and,
(%) Lack of flatness of the short-time spectral envelope.®

The exact form of the predictor for the speech wave depends on the
model used to represent the human speech produection process. A
reasonable model for the production of voiced speech sounds is obtained
by representing them as the output of a discrete linear time-varying
filter which is excited by a quasi-periodic pulse train (see Fig. 2). The
output of the linear filter at any sampling instant is a linear combination
of the past p output samples and the input. The number of past samples
p is given by twice the number of resonances (formants) of the voeal
tract which are contained in the frequency range of interest. For ex-
ample, in the case of speech signals band-limited to 3 kHz, it can be

_T__LT_LL”\* Unp Q Sn

| TRANSVERSAL
FILTER

Fig. 2—Model for the production of voiced speech sounds.
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assumed that there are typically three to four formants.” A suitable
value of p is thus 8.

Let s, and U, be the amplitudes of the output and input signals
(see Fig. 2) at the nth sampling instant. The nth output sample s, is
then given by

Sy = Z ASp—rk + Un b (8)
k=1

where
Un = BUIL—JII y (9)

M is the period of the excitation signal and 8 takes account of the
variation of the amplitude of the input pulse train from one period to
the next. For natural speaking conditions, the period of the excitation
signal is usually below 15 milliseconds, and, as a first approximation,
the effect of time variation of the coefficients «;, from one pitch period
to the next can be neglected. Under this assumption, we find

yd

Sn — BSuca = Zalc(sn—k - Bsn—-k—ll1> + Un — BUp-sr - (10)

k=1
Since U,, = BU,-r , equation (10) reduces to
Sy = BSu_nr + Z ak(sn—k - 6sn—k—ll1)y (11)
k=1
which determines completely the structure of the linear predictor.

A block diagram of the predictor as deseribed by equation (11) is
shown in Fig. 3. The delay M as well as the parameters «; , @y, -+ , o,

P(z)=pz"M

PREDICTOR
Py (2)

INPUT
OUTPUT

PREDICTOR

=Py (2) PZ(Z)

8
P2(2)=Zanz—”
n=1

Fig. 3—Block diagram of the predictor for speech signals.
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and 8 are variable and are readjusted periodically to match the charac-
teristics of the input speech signal. Ideally the readjustment of the
predictor parameters need be done only when there are significant
changes in the characteristics of the speech signal. This implies that
the predictor should be readjusted at short intervals during transitions
and at long intervals during steady state portions of the speech signal
and, consequently, a long buffer storage is needed to ensure transmission
of parameters at a uniform rate on the channel. In order to avoid the
use of a long buffer storage, the predictor parameters were readjusted
at a fixed time interval in our study. This time interval was chosen
to be 5 milliseconds to ensure that the prediction be efficient even
during rapidly changing segments of the speech wave.

For unvoiced sounds, the quasi-periodic excitation U, in equation (8)
is replaced by a noise-like excitation. Generally speaking, the transfer
function of the filter for unvoiced sounds must include poles as well as
zeros. However, we find that for all practical purposes it is sufficient to
include only the effect of poles. Equation (11), thus, represents the
linear predictor for unvoiced sounds too if B is assumed zero.

3.2 Determination of Predictor Parameters

The predictor parameters are determined by minimizing the mean-
square error between the actual speech sample and its predicted value.
The predicted value §, of the nth speech sample is given by

§, = Bsponr T 1; @ (Sn—r — BSn—p—2r)- (12)

The prediction error sample E, is then given by

E, =s,— 38,

bd

= (sn - ﬁsn—M) - Z ak(sn—k - ﬂsn-—k—M)' (13)

k=1

The mean-square prediction error (£2),, is given by
1
(Ei>av = N EEi ’ (14)

where the sum extends over all the samples in the time interval during
which the predictor is to be optimum.

The problem of minimizing the mean-square error (£2),, by suitable
selection of the predictor parameters does not admit a straightforward
solution due to the presence of the delay parameter M in equation (13).
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A sub-optimum solution was obtained by minimizing the total error
in two steps. First the parameters 8 and M are determined such that
the error E, , defined by

El = -Z]\? ; (sn - 6sn—1|1)2 = <(sn - 6sn—ﬂ!)2>av ) (15)

is minimum. Using these values of 8 and M, the mean-square error (£2),,
is minimized by a suitable choice of parameters o, , - -+ , o -

To find the values of the parameters 8 and M which minimize the
error F; as defined in equation (15), we first set the partial derivative
of E, with respect to 8 equal to zero:

at,

98 = —2((Sp — BSn-10)Sn=1r)av

=0, (16)

where the ( )., indicates the averaging over all the samples in the
given 5-millisecond time segment during which the predictor is to be
optimum.

On solving for 8 from equation (16), we obtain

B = <3n3n—at>av/<3,2,—M>uv . (17)

We next substitute the value of 8 from equation (17) into equation (15).
After rearrangement of terms, we obtain

By = (s3) — (SaSucr)on/{Sh-tt)av - (18)

Since the first term on the right side of equation (18) does not depend
on M, it can be omitted in finding the minimum value of the error.
Further, E, is minimum if the second term on the right side of equation
(18) is maximum. The optimum value of M is thus determined from
the location of the maximum of the normalized correlation coefficient
p given by

P = {(snsn—M>av}/{<8121>M<83—M>av}%’ M > 0 (19)

Next, the predictor parameters «; , --- , a, are obtained such that
the mean-square error (I2),, as given in equation (14) with 8 and M
fixed at their optimum values is minimum. Let

Up = 8 — Bsn-—ll[ . (20)
The error (E2),, is then given by



ADAPTIVE PREDICTIVE CODING 1981

The optimum values of the coefficients @, , +-- , @, which minimize
(E2)., are obtained by setting the partial derivatives of (E2),, with
respect to @; , - -+ , &, equal to zero. Or,
=0 for j=1,2,---,p. (22)
Equation (22) can be rewritten in matrix notation as
da = 4, (23)
where & is a p by p matrix with its (7f)th term o,; given by
@ii = (Vn=ilaiav 5 (24)

a is a p-dimensional vector whose jth component is a; and 4 is a p-di-
mensional vector whose jth component ¢, is given by

¥ = <vnvn—i>av . (25)

The optimum predictor coefficients «, , @z , - -+ , a, are obtained by
solving equation (23) for a. For the case when & is a nonsingular matrix,
the solution of equation (23) presents no difficulty. The vector a can
be obtained by multiplying ¢ with the inverse of the matrix ®. A more
efficient computational procedure' for solving equation (23), which
does not involve matrix inversion, takes advantage of the fact that @
is & symmetric matrix, and thus can be expressed as the product of a
triangular matrix and its transpose. Equation (23) can then be written
as three separate matrix equations. These equations involve triangular
matrices only and their solutions can be expressed by a set of recursive
equations.™

A singular ® matrix implies that one or more of its eigenvalues is
zero. The matrix & can be modified to become nonsingular by adding a
small positive constant to its diagonal elements. Equation (23) is
solved again with the matrix ® replaced by the matrix . The modi-
fied matrix @' is symmetrie and has the same eigenvectors as the matrix
®, but its eigenvalues are all positive; thus it is a positive definite sym-
metric matrix and has a unique inverse & .

3.3 Computer Stmulation of the System

The predictive coding system using adaptive predictors was simu-
lated on a digital computer to determine its effectiveness for coding
speech signals. The transmitter and the receiver are illustrated sepa-
rately in Figs. 4 and 5, respectively. The sampling rate used in this
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TWO-LEVEL
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PARAMETERS + DECODER
COMPUTER
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Fig. 4—Transmitter of the predictive coding system.

simulation was 6.67 kHz. Prior to sampling, the input speech signal
was filtered with a low-pass filter with 3-dB attenuation at 3.1 kHz
and an attenuation of 40 dB or more for frequencies above 8.33 kHz.
At the transmitter, the difference §, formed by subtracting the pre-
dicted value §, from the speech sample s, was quantized by a two-level
(1 bit) quantizer with variable step size ¢. The parameter ¢ was re-
adjusted every 5 milliseconds to yield minimum quantization noise
power. The parameters of the adaptive predictor were also computed
once every 5 milliseconds and sent to the receiver together with the
binary difference signal and the step size ¢ of the quantizer. The opti-
mum value of the delay parameter M was obtained by locating the
maximum of the correlation coefficient p as defined in equation (19)
for values of M between 20 and 150. The parameter p was set at 8.

The speech signal was reconstructed at the receiver by a feedback
loop containing an adaptive predictor identical to the one used at the
transmitter. Here, the predictor too, was reset every 5 milliseconds

’
DIGITAL , r'(t)
CHANN - rL | LOW PASS
CHANNEL | DEMULTI- || becoper uf + ool TFILTER | —YTRYT
PLEXER PEEC
3.1 kHz S H
I SIGNAL
| ADAPTIVE
| PREDICTOR
S |

PREDICTOR PARAMETERS

Fig. 5—Receiver of the predictive coding system.
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according to the predictor-parameter information received from the
transmitter. The reconstructed speech samples were finally smoothed
by a 3.1-kHz low-pass filter to form the output speech signal +'(¢).

IV. RESULTS OF SUBJECTIVE TESTS

Two different subjective tests were conducted to judge the quality
of the reconstructed speech signal produced at the receiver of the pre-
dictive coding system. In the first test, trained listeners compared the
reconstructed speech signal with speech from a logarithmic PCM
(log-PCM) encoder'” that used the same input signals and a sampling
frequency of 6.67 kHz. The compression characteristic employed in a
log-PCM encoder is defined by the equation

Vlog[1+“—|vil]
Y= T g T+ w)

where y represents the output voltage corresponding to an input signal
voltage z, u is a dimensionless parameter which determines the degree
of compression and V is the compressor overload voltage.'* The com-
pressed signal y was quantized at bit rates varying from 5 bits/sample
to 7 bits/sample with p = 100 and V = 8 X the rms speech signal
voltage.! Speech samples from both male and female speakers were
used in these tests. The results of the subjective tests indicated that
the quality of the reconstructed speech signal was better than that of
log-PCM speech with 5 bits/sample but slightly inferior to one with
6 bits/sample. The corresponding measured signal-to-noise ratios for
log-PCM speech were 21 dB and 27 dB, respectively.

In the second test, the reconstructed speech signal was compared
with the input speech signal contaminated by additive white noise
obtained by randomly inverting the polarity of successive Nyquist
samples of the input speech signal.’® This noise is subjectively similar
to the distortion introduced by predictive coding and is therefore
particularly appropriate for reproducible comparisons. This noise has
an added advantage in that its absolute amplitude at any instant of
time is proportional to the absolute amplitude of the input speech
signal. This proportionality permits the calculation of a precise signal-
to-noise ratio (S/N). Based on the results of these tests, the equivalent
S/N of the reconstructed speech in the predictive coding system de-

sgn x, (26)

t The integration time for computing the rms value of the speech signal was
several seconds and included speech samples from a number of speakers.
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scribed above was found to be about 25 dB which is in good agreement
with results obtained by the subjective comparison with log-PCM.

V. ADDITIONAL MODIFICATIONS OF THE PREDICTIVE CODING SYSTEM

5.1 Spectrum of Quantizing Noise and Its Influence on the Subjective
Quality of the Reconstructed Speech

For frequencies above 500 Hz, the frequency spectrum of voiced
speech sounds generally falls off with frequency with an average slope
between —6 and —12 dB per octave. The spectrum of quantizing
noise in the predictive coding system, on the other hand, is approxi-
mately uniform. The signal-to-quantizing noise ratio (S/N) of the
reconstructed speech, thus, also falls off with frequency. This is illus-
trated in Fig. 6 where the speetrum of a short segment of the speech
signal is compared with the spectrum of the corresponding quantizing
noise. As can be seen, the S/N is very poor at high frequencies. In-
formal listening tests of the reconstructed speech appeared to confirm
the above observation. The quality of the reconstructed speech can
thus be improved by a suitable shaping of the spectrum of the quantiz-
ing noise so that the S/N is more or less uniform over the entire fre-
quency range of the input speech signal. The desired spectral shaping
can be achieved by pre-emphasizing the input speech signal at high
frequencies by means of a fixed filter whose amplitude versus fre-
quency characteristic rises with frequency above 500 Hz with a

80
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Fig. 6—Spectra of speech and quantizing noise.
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slope of 12 dB per octave. The spectral distortion can finally be elimi-
nated by a filter at the output of the receiver whose frequency versus
amplitude characteristic is exactly opposite to that of the pre-emphasis
filter. The results of computer simulation indicate that the quality of
the reconstructed speech in the predictive coding system employing
pre-emphasis is considerably better than that of the system without
pre-emphasis.

5.2 Improved Prediction of Voiced Speech

The redundancy due to the quasi-periodic nature of voiced speech
is removed in the predictive coding system described earlier by a pre-
dictor P,(2) consisting of a delay of M samples and an amplifier with
gain 8 as shown in Fig. 3. It is possible to improve the prediction of
voiced speech by employing a predietor P,(z) consisting of two delays
and two amplifiers such that

Pi(z) = 612—M + .322-21”- 27

The parameters B, and B, are calculated by minimizing the mean-
square error F, defined by

Ey = ((sa = BiSu-1r — B2Sn-210)"Yav - (28)

The modified predictive coding system including pre-emphasis of the
input speech signal together with the second-order predictor P,(z) as
given in equation (27) was simulated on the computer. The results of
subjective tests similar to those described in Section IV indicated that
the quality of the reconstructed speech was somewhat superior to that
of log-PCM speech at 6 bits per sample. The equivalent S/N was found
to be 30 dB.

VI. QUANTIZATION OF PREDICTOR PARAMETERS

No attempt was made in the study reported here to quantize the
predictor parameters. Preliminary calculations were made to estimate
the number of bits required to transmit the information to the receiver.
Since the predictor parameters (one delay and nine other coefficients)
carry the information about the signal spectrum, it should be possible
to encode them at a bit rate comparable to one used in conventional
formant vocoders. This suggests a bit rate of approximately 10 kilobits
per second for transmitting the binary difference signal (6.67 kb/s)
and the predictor parameters (3 kb/s). Recent studies by Kelly™
indicate that it is indeed possible to encode the transmitted informa-
tion within 9600 b/s without significant loss in speech quality.



1986 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1970

VII. CONCLUSIONS

The study reported here shows that predictive coding is a promising
approach to digital encoding of speech signals for high-quality trans-
mission at substantial reductions in bit rate. Unlike past speech coding
methods based on the vocoder principle, the predictive coding scheme
described here attempts to reproduce accurately the speech waveform,
rather than its spectrum. Listening tests show that there is only slight,
often imperceptible, degradation in the quality of the reproduced
speech. Although no detailed investigation of the optimum encoding
methods of the predictor parameters was made, preliminary studies
suggest that the binary difference signal and the predictor parameters
together can be transmitted at bit rates of less than 10 kb/s or several
times less than the bit rate required for PCM encoding with comparable
speech quality.
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All Terminal Bubbles Programs Yield the

Elementary Symmetric Polynomials

By R. P. KURSHAN
(Manuscript received May 18, 1970)

R. L. Graham has discussed various combinatorial aspects of the
behavior of magnetic domains or ‘“bubbles”.! Representing the initial
state of a configuration of n magnetic domains by the n-tuple of in-
determinates B = (X, --- , X,), he showed that subsequent configura-~
tions of magnetic domains obtainable (within the constraints of the
problem) correspond exactly to subsequent n-tuples of Boolean ex-
pressions in the X,’s* obtainable from B through an application to B
of a product of transformations (“commands” in Ref. 1) of the form
T:;A £<<j=n)whereif P = (P, ---, P,) is an n-tuple of Boolean
expressions in the X.’s, then 7;(P) = (@, - -+ , @),

P, \UP, if k= il
Q. =3P, N\P; if k=i, E=1,-,n.
IP,, otherwise J
Furthermore, he showed that

if 3is an (3)-fold product of such transformations M
and if 7 is any other, then (7' o 3)(B) = 3(B).

This provides a limitation on the number of distinet n-tuples of the
form w(B) = (Py, --- , P,) where U is a product of transformations,
and hence provides a limitation on the number of distinct P,’s thus
obtainable from various U’s. Graham showed that for n = 11, this
limitation implies that not all Boolean expressions in the X,’s are
realizable as a P,.

This led to an (as yet unsuccessful) attempt to characterize those ex-
pressions which are realizable. The purpose of this note is to observe a
fragmentary result in this direction: that if J is as above, then 3(B) =

* A Boolean expression in the X.'s is either a term of the form X; (1 £ =< n), a
term of the form P U @ or a term of the form P N @, where both P and @ are Boolean
expressions in the X;’s; expressions may be reduced as if the X,'s were sets.
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(Sy, -+, 8.) where 8; is the elementary symmetric polynomial in
X,, +++, X, of degree ¢ (here interpreting \J as -+ and M as -). The
situation will be rephrased in terms of a semiring.

For a fixed n let R be the (Boolean) commutative semiring generated
by X,, - -+, X, subject to the relations:

for ¢=1,---,n, (1)X:=X,,
@ X, +f=1 forall {ER.

It follows that 2X; = X;(¢ = 1, --- , n) and hence, each f € Ris a
Boolean polynomial in the indeterminates X,, --- , X,, (that is, the
X.’s behave like sets with respect to + and - interpreted as \J and M
respectively).

Throughout, if x & R" (the set of n-tuples of elements of R), then
for 1 £ k £ n, z, will denote the kth coordinate of z, that is, z =
(@, *+* , X *+ , x,). Let T (or T,) be the set of transpositions of
{1, --- ,n} and fort € T—say t = (1, 9), 2 < j—define t : B*"—R" by

f+1f i k= zl
e = f:of; if k=3 - Let B=B,=X,,---,X,) eR"
L‘k otherwise {

and set @, = \Ur_,T*(B) wherem = ()*and T* = {t,t, -+ -t | by, b2, -+ -
i € T}. A point C € @, is said to be terminal if {(C) = Cforall¢ & T.
It is not hard to see that (S,, - -+ , S,) is a terminal element of €, where
S:(1 £ ¢ £ n) is the elementary symmetric polynomial in X, -+ , X,
of degree 7; in what follows it will be shown that this characterizes the
terminal elements of C,.

The elements of B may be partially ordered by f £ g & f —I— g =
ForD € R",1 £ j £ n, define D' € R" by D} = D,(X,, - X
0, X;y, -, X)), 12725 n.

Lemma 1: C ssterminal & C;, = C, = --- = C,.
Proof: Obvious.
* By (1), €, = U™k T*(B); on the other hand €, = U7 T¥B)=1r =

using notatlon developed below, this can be proved by induction on n as follows
If n = 11it is clear; assuming it is true for a given n, identify €, with {D»#1 | D &
Cni1} C Cuy1 (see remark following Lemma 3). Usmg the theorem below and the

induction hypothesis, there is a g such that §(Bny) = (817, S?, -+, 8 "+1,
Xny1), and ¢ is a product of at least (n) transpositions. Let 3’ = (1 2)(2 3)
(n n 4+ 1)g; then §'(Bnt1) = (Sy, - -, Say1), ¢ is a product of (;‘) +n = (”H)

transpositions and if for some U (‘LLg)(B,.+1) = §'(Bps1) then U must be a product
of at least n transpositions.
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Lemma 2: If f, g € R are such that X; divides no summand of either,
thenf + X:hy = g+ Xiho=f = g.

Proof: Writing f + X;h, as a sum of products of X,’s, both f and ¢
are precisely the sum of those products which are not divisible by X,.

Lemma 3: If D & @, then for each § = 1, -+« | n there exists ¢ such
that D% = 0.

Proof: Assume D € €,and 1 < j < n. Find ¢y, -+ - , ¢, € T such that
tB = Dwheret = ¢4, ---t,.Ifr = 1,sayt = (0, 8), 0 < B;if j # «
then Di = 0 and if j = « then Dj = 0. Now assume the assertion is
true whenever r < u, and D = ¢, -+ ¢,B. Find ¢ such that ({,-, --
tB)i = 0 and let ¢, = (o, 8), a < B. As above, if ¢ # « then D} = 0
and if 7 = « then D} = 0. Induction on r completes the proof.

Given D € @,, Lemma 3 provides the machinery for associating D’
in a natural way with an element D’ of ©,_,: making the initial associa-
tion X; » X._,inB,and ¢ — % — 1lin T, for ¢ > j, define D' = ¢/ ---
t/B,_, where if ¢, = (@, 8),a < 8 then

b {t,,, if (fpey -+ B # 0 for i =a, ﬁ}
identity otherwise

for 1 £ m £ r. It is clear that D’ represents a collapsing of D at a
coordinate ¢ where D! = 0 plus a permutation = of the other D’s:
D' = (D;(m D;.(z): ) € R™

However, the extent of possible permuting is limited by the com-
pleteness of the order < on the Di’s as is demonstrated in the next two
lemmas which apply for1 < 7,45,k = n.

Lemma 4: D € @,,D; £ D; = j = 1.

Proof: It suffices to note that an application of a transposition to a
member of @, preserves the order of the indices.

Lemma 6: D; £ D, = Di < Di.

Proof: Writing D; = D} + X;g and D, = Dj 4+ X;h, obtain Di +
X;h = D, = D; + D, = D} + Di 4+ X,;(g + h) which by Lemma 2
implies that Di = Di + D thatis, D! < Di.

It follows from Lemmas 1, 3, 4 and 5 that if C € @, is terminal, then
¢ = (Ci,Ci, -.-,Ci_,,0) and €’ is terminal in @,_, for 1 < j < n.

Theorem: C & @, isterminal & C; = S;, (1 £ 7 £ n).



1994 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1970

Proof: <. This direction is clear.

=. By induction on n—if n = 1 then € = {B} and B = (X,) so the
assertion holds. Now assume the assertion holds for n» < k, and let
C € e, be terminal. Then each ¢V is terminal in @,_, and hence by the
induction hypothesiseach C = Si(z=1,--- ,k—1;5=1,--- k).

In particular then C; # X, X, --- X, fore =1, --- |k — 1. Further-
more, each C; can be expressed as C; = P, 4+ -.- 4+ P, where each
P,, is a product of some but not all of the X,’s. It follows for ¢ < k that

k k
Ci= Y P, and consequently C; = ZﬂCi = ; Si = 8.

XitPum

It is left to the reader to show that €, = S, and thus complete the
induction argument.
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