




























































































































































































































































































































































































































































































































































































dC-CONSTRAINED CODES 

we have 

where the a/S are members in the alphabet set. For example, 
n-l 

Amax = max 2 L XiXi+l, 
nxlI=l ;=1 

in the binary case; 

in the ternary case; and 

Amax = max 2{'£ XiXi+1 + '£ X;Xi+3} 
IIxlI=l i=l i=l 

in the quaternary case. 
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(47) 

(48) 

(49) 

(50) 

Fig. 3-Limiting efficiency vs allowable states ternary alphabet (+1, 0, -1). 
*n = M+ - M- + 1, where M+ and }r[- are the upper and lower bound of 
the RDS. 
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In this formulation, Amux becomes the extreme value of a quadratic 
form with an equality constraint. There are a number of ways to 
effect a numerical solution. 

4.2 Approximation Formula 
To search for Amux using equation (47) is not an easy alternative, 

but it leads to an estimation of Amux. If we let Xl = X2 = ... = Xn , 

then, from equation (47), we have 

(51) 

Any other choice of the xi's will lead to a different estimate of Amnx 

which may be better or worse than that of equation (51). We justify 
the present choice by noting the simplicity of equation (51). Using 
equation (51), we obtain an approximation formula for the limiting 
efficiency TJ, 

7]= 

log2 ( L n - (Xi + L n + (Xi) 
a;;"O n {'(;<O n (52) 

where ai's are members of the K-ary alphabet set. The approximate 
TJ are also plotted in Figs. 1 to 3 (dashed curve). 

As expected, the approximation is reasonably good for large nand 
it's for large n that we may have to rely on the approximation formula. 

4.3 Discussion 
(i) It is of some interest to see how the efficiencies of various codes 

with the dc-constrained property compare with the limiting curves. 
We have located the following known codes: 

ZDN (Zero-Disparity Binary Code of Block Length N) 5 and 
LDN (Low-Disparity Binary Code of Block Length N) 6 in Fig. 1; 

and 
BP (Bipolar Code) 1, n = 2, TJ = 0.63 t , 

PST (Paired Selected Ternary Code)7, n = 4, TJ = 0.63, 
BNZS (Bipolar with N Zero Substitution Codes) 8, 

n = 4, 'fJ = 0.63, 
VIA3 (Variable Length Ternary Code) D, n = 5, TJ = .84, and 
MS43 (Fixed Length Ternary Code) 9, n = 6, TJ = 0.84, in Fig. 3. 

* N = 6. The allowable states for BP are -1 and 0 or 0 and +1 depending 
upon whether the first pulse transmitted be -1 or +1. A similar situation exists 
for PST, BNZS. 
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The BP and BNZ;<- codes are used in T-l and T-2 systems1
,2 re­

spectively and PST is used in the experimental T-4 system.3 In 
comparison with their limiting efficiencies, one gets the impression that, 
barring the fact that these codes have other properties in addition to 
the dc-constraint, there is some room for improving the coding ef­
ficiency. VL43, and MS43 are examples along this direction. 

It should be pointed out;' that the real engineering problem is to 
control baseline wander. A true comparison of different coding schemes 
should therefore be done on this basis. The relation between RDS 
and baseline wander is an elusive one. It depends upon the detailed 
structure of the code in question and the channel to which the signal 
is applied. In terms of RDS, it depends not only on the bounds and 
the distribution of the allowable RDS but also on its dynamics. By 
dynamics we mean the "speed" of moving from one state to another, 
the dynamic behavior is of importance because the channel has 
"failing memory", so to speak. For example, it can be shownll under 
certain conditions that a quick jump from one extreme state to the 
other results in a larger amount of baseline wander than would occur 
from staying in an extreme state for a long time. 

(ii) As a general observation, the limiting curves saturate rapidly. 
This implies that, to make a high efficiency code possible, a physical 
system should be designed to operate beyond the fast rising portion 
of the curves. It would be reasonable then to expect that a simple 
ternary block code could be found with 90 percent efficiency or better 
for, say, n = 15. 

(iii) An interesting question which arises naturally in connection 
with the limiting efficiency is its realizability. If one accepts infinite 
delay, the answer is affirmative. If one thinks in terms of block codes 
of finite length, then the limiting efficiency cannot be realized. 

V. CONCLUSION 

vVe have shown that, for a dc-constrained code, the limiting effi­
ciency is related to the number of allowable RDS states in a very 
simple way. The result is effective in the sense that it lends itself 
easily to numerical evaluation. 

The underlying mathematical fact in our proof is the property of 
non-negative matrices and vectors. Using the theorem of Frobenius 
on non-negative matrices,I° our result can be proved in a few steps. 

* The discussion here is heuristic in nature. A thorough treatment of the sub­
ject is beyond the scope of this paper. 
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We retain our approach for the reasons that it only requires ele­
mentary knowledge of matrix theory and it gives more insight to the 
problem. 

The technique developed in this paper can be used to investigate 
bounds for some other classes of codes, say timing codes. This will 
be done elsewhere. 
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APPENDIX 

The class of matrices which we want to investigate has the follow­
ing general form* 

0 1 
0 

1 0 1 

An = 1 (53) 

1 
0 

1 0 
E,ach matrix An is a square matrix of size n and it has ones in the 
super- and sub-diagonal and zeros elsewhere. 

Let <Pn (A) denote the characteristic polynomial of An. By definition, 

CPn("A) ~ det ["A1n - An] 

"A -1 

-1 "A -1 

= det -1 

o 
The first few polynomials <Pn (A) are 

* A special class of Jacobi matrix.12 

o 

. -1 

-1 "A 

(54) 
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cPo("A) = 1, 

cPtC"X) = "A, 

cP2("A) = "A2 - 1, 

cP3("A) = "A3 
- 2"A, 

cP4("A) ="A4 - 3"A2 + 1, 

2283 

(55) 

where cPo (A) is defined to be 1. The polynomials cPn (x) have some 
interesting properties. We state them as lemmas. 

Lemma 1: cPn(x) satisfies the following recursive relations: 
For n ~ 2 

(56) 

and for n > m, 

(57) 

Proof: To prove equation (56), we expand the determinant in (54) 
with respect to the first column. To prove (57), we expand the 
determinant with respect to the first m columns and observe that the 
only two nonzero products of minors are of size m and n - m. 

Lemma 2: cPn (A) is an even (odd) polynomial if n is even (odd), i.e., 

(58) 

Proof: Assume that (58) is true forcpn-dA) and CPn~2 (A), then by 
(56) , 

cPn(-"A) = -"ACPn-l(-"A) - CPn-2(-"A) , 

= (-It"ACPn-l("A) - (-It- 2cPn_2("A) , 

= (-Ir["AcPn-l("A) - cPn-2("A)], 

= (-I)cPn("A). 

Since (58) is true for cpo (A) and CPl (A) by inspection of (55), (58) is 
true for any n by induction. 

Lemma 3: If "Ao is a root of cPn(A) and "Ao ~ 0, then -"Ao is also a root 
of cPn("A). 

Proof: Follows directly from the previous lemma. 
By definition, the roots of cPn("A) are the eigenvalues of matrix An • 

Since AT' is real symmetric, it follows that all the roots of CPn("A) are 
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real. Let A~~~ denote the root of CPn(A) with largest absolute value. In 
view of the result in Lemma 3, A~~~ can always be taken to be positive. 

Lemma 4: For any finite n, A~:~ of CPn(A) has the following ordering: 

A~!~ < A~~~ < ... < A~~~ < 2. (59) 

Proof: We will prove this lemma again by induction. Clearly, ¢n(A) ---t 

00 as A ---t 00 for any n = 1, 2, .... It follows that CPn(A) > 0 for A > 
A~:~ the largest positive root of CPn(A). Now, assume that (59) holds for 
\~na-:l) and A~na-:2), then, from (56), 

(60) 

Hence CPn(A) changes sign at least once between A~na-:l) and 00. This 
implies that 

Since (59) holds for n = 1 and 2, it holds for any n. 
To show that A~:~ < 2 for any finite n, we make the observation 

that for A > 2, the matrix Aln - An is a dominant matrix,13 and there­
fore nonsingular. For A = 2, 

(62) 

= n + 1 ~ 0, 

by repeated use of the recursive relation (56). 
Lemma 5: For some number Ao, if ¢n(AO) = 0, then ¢n-l(Ao) ~ o. 
Proof: Assume the contrary, i.e., 

Then from the recursive formula (56), 

¢n-2(Ao) = O. 

Repeating the same argument, we conclude 

which is impossible. 
Lemma 6: ¢n(A) has only simple roots. 

(63) 

(64) 

(65) 

Proof: Let Ao be a root of cpn (A), then the matrix [Aoln - An] is 
singular. On the other hand, from the previous lemma, [Aoln-I -
An-I] is nonsingular. Hence the null space of the matrix [AoIn - An] 
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is one-dimensional. From the fact that An is diagonalizable, we con­
clude that ;\0 must be a simple root of CPn (;\) • 

Lemma 7: Write 

An = PDAP' (GG) 

where 

D A = diag [A 1 , ••• , An] (67) 

and 

PP' = 1; (68) 

then in general, P can be expressed in terms of 4> (;\) 's 

¢O(AI) ¢o(Az) ¢o(An) 
¢(AI) ¢(A2) ¢(An) 

P= (G9) 

~n-I(A~ ~n-I(A2) ¢n-I (An) 
¢(AI) ¢(A2) ¢(An) 

where 

¢(A) = [E ~;(A)T 
0=0 

(70) 

is a normalization constant. 

Proof: Let x be an eigenvector corresponding to an eigenvalue 
A of An, 

(71) 

Write 

and expand (71), we have 

(72) 
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and 

Xn-l = XXn • 

Delete the last equation in (72) and then compare with equations (55) 
and (56). We can make the following identification: 

Xl = cPo (X) , 

X2 = cPI(X) 

Xn = cPn-I(X), 

(73) 

To normalize x, we divide (73) by the inner product of x. Denoting 
the inner product bycP (>..) , 

cP(X) = [~cP~(X)]!, 
.~o 

(74) 

the normalized eigenvector corresponding to the eigenvalue A is 
given by 

[
cPo(X) ... cPn-l (X2] , . 
cP(X) cP(X) 

(75) 

It is well known that eigenvectors corresponding to different eigen­
values are orthogonal. Therefore, for P as defined in (69), P'P = In. 

Since each column of P is an eigenvector of An, it follows that 

AnP = PDA 

and equation (66) is immediate. 
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Pull-In Range of a Phase-Lock~ed Loop 
With a Binary Phase Comparator 

By JAMES F. OBERST 
(Manuscript received May 25, 1970) 

We develop a method tor calculating the pull-in range ot a phase-locked 
loop with a binary phase comparator and an arbitrary loop filter. Complete 
numerical results are presented for loop filters of the phase-lag and low-pass 
types. The problem of stability is also considered, and it is proved that with 
these loop filters no steady-state phase jitter can exist after frequency 
acquistion has been achieved. 

1. INTRODUCTION 

The phase-locked loop (PLL) is an important element of many 
modern communication and control systems. A PLL block diagram is 
shown in Fig. 1. The input V1 (wot + (h) is a narrow-band signal with 
carrier frequency Wo and phase (h (t). This phase is compared with 
the phase ()2(t) of the voltage-controlled oscillator (VCO) in the phase 
comparator (PC). The PC output f (cf», where cf> = ()1 - (J2 , is filtered 
by the loop filter H (p) and applied to the VCO control terminal. 

Depending on the values of the PLL parameters, the phase error cf> 

can be kept small even with input phase modulation. Thus with ()1 (t) 
= ot + 010 , which represents a constant input frequency offset, the 
system can produce a synchronized signal Vz (t) with frequency <vo + 
o. This synchronization capability leads to PLL applications in carrier 
extraction/ frequency synthesis/ narrow-band filtering/ FM demodu­
lation,3 timing extraction in PCM and data transmission systems/ etc. 

In this paper, we examine the acquisition, or pull-in, range of a 
PLL with a binary PC. We present numerical results for the special 
case of a second-order PLL with either low-pass or phase-lag loop 
filter. 

The PC characteristic considered here is the binary curve shown in 
Fig. 2. It is of interest in at least three situations. First, since many 
synchronization systems are designed to operate with very small 

2289 
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PC 
H¢) 

Fig. I-PLL block diagram. 

phase errors, dynamic range limitations in the PC circuitry often pro­
duce severe saturation effects. The characteristic of Fig. 2 corresponds 
to the extreme case of vanishing linear range near zero phase error. 
However, it is a useful approximation for systems with small but non­
zero dynamic range for the purpose of studying pull-in performance. 
Second, a binary PC can be easily implemented with logic circuits. 
The resulting characteristic differs from the ideal of Fig. 2 by exhibit­
ing small hysteresis about the zeros at cf> = n7r, but this hysteresis has 
no effect on the pull-in range achieved. Finally, J. J. Stiffier5 has 
shown that for a first-order PLL with additive white gaussian noise 
and no frequency offset, the cross-correlation type PC which mini­
mizes Pr { I cf> I > ,cpo} for all cpo has the characteristic of Fig. 2. 
Although such a square-wave correlation function is unrealizable, 
this result suggests that PLLs employing other types of PC having 
this characteristic are worthy of consideration. In addition, similar 
"bang-bang" control characteristics are known to be optimum for 
PLL acquisition.6 

II. CALCULATION OF PULL-IN RANGE 

The phase model corresponding to the PLL block diagram in Fig. 
1 is shown in Fig. 3. We assume that the gain of the loop filter H (p) 
is unity at DC. The input-signal frequency differs from the VCO center 
frequency by n rad/s: 

(1) 

It is convenient to normalize the detuning n to the dc loop gain * a: 

'Y = nla. (2) 

* Since no gain can be defined for the binary PC being considered, the symbol 
a does not represent the usual small-signal loop gain. 
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f(¢) 

- +1 

-7T 0 7T 27T 
¢ 

1 ~ 

Fig. 2-Phase comparator characteristic. 

When the normalized de tuning y is not too great, the VCO frequency 
changes toward the input frequency, and eventually the PLL synchro­
nizes to the input signal with zero frequency error and finite phase 
error. The normalized lock range YL is the maximum detuning I Y I 
for which the PLL can remain locked after synchronization has been 
established. Inspection of dc conditions in the phase model of Fig. 
3 shows that YL = 1. The normalized pull-in range YP is the maximum 
I Y I for which eventual synchronization is assured from any initial 
conditions in the loop filter and VCO. In general YP < 1 for PLLs of 
order higher than first. The order of a PLL is defined as one plus the 
number of poles in H (p). Calculation of YP is the subject of this paper. 

The method employed here is similar to that used by A. J. Gold­
stein1 to calculate YP for a PLL with a sawtooth PC. Due to the binary 
nature of f(cp), the PC output waveform f[cp(t)] is piecewise constant, 
assuming only the values ±1. Assume that the PLL is not synchronized 
to the input signal. Then cp (t) increases with time (for ,0 > 0), and the 
waveforms </>(t) and f[cp(t)] appear as shown in Fig. 4. The time ori­
gin has been selected so that cp (0) = O. The transition instants are 

(3) 

Fig. 3-Phase model of PLL. 
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cfJ(t) 
3 'iT 

f[¢(t)] 

t t 

Fig. 4-Phnse and PC output waveforms. 

where 

cp(t il ) = (2j - 1)71' (negative transition), 

cp(t j2 ) = 2j7l'(positive transition). (4) 

An expression can be written for I [ cp (t)] by summing all of the seg­
ments corresponding to 271' increments in cp (t) : 

00 

f[cp(t)] = L: [u(t - ti - l ,2) - 2u(t - tjl) + u(t - t j2)]. (5) 
j=-oo 

The j = 1 segment is shown crosshatched in Fig. 4. Since the PLL is 
not synchronized to the input signal, the steady-state PC waveform 
Iss [cp (t)] is periodic, and the transition instants can be written: 

t j2 = j(T3 + T4), (6) 
til = j(T3 + T 4 ) - T4 . 

T3 and T 4 are the times between transitions as indicated in Fig. 4. 
Using equation (6), equation (5) becomes: 

00 

f •• [cp(t)] = L: [u(t - [j - 1][T3 + T4J) 
j=-oo 

- 2u(t - j[T3 + T4] + T4) + u(t - j[T3 + T4J)]. (7) 

From equation (1) and Fig. 3, the phase error in steady state is: 

(8) 

where cpo is some constant. Since 188 ['cp (t)J is composed only of step 
functions, the last term in equation (8) can be written as a sum of 
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delayed functions g (t) , where 

,£ {g(t)} = G(p) = HC:[). 
p 

The general expression for cPss (t) is then 

00 

cP8.(t) = nt + cPo - a L [get - [j - IJ[T3 + T4J) 
j=-oo 

2293 

(9) 

- 2g(t - j[T3 + T4J + T 4 ) + get - j[T3 + T4J)J. (10) 

From equation (4) and Fig. 4, we have the following conditions on 
cPss (t) : 

cP •• (O) = 0, 

cPss(T3) = 'iT, (11) 

cP •• (T3 + T 4 ) = 2'iT. 

These conditions are sufficient to determine the unknown constants CPo , 
T3 , and T4 in equation (10). Thus equations (10) and (11) together 
define the relationship between the normalized detuning y and the 
loop-filter parameters [through a (t)] which must be satisfied for the 
PLL to be out-of-Iock in the steady state. Then clearly yp is the 
minimum value of y for which these equations possess a solution. 

III. RESULTS FOR SECOND-ORDER PLL 

In this section, the method derived above is applied to the second­
order PLL with loop filter 

H(P) - 1 + T 2P 
- 1 + TIP 

(12) 

This is a phase-lag filter for 0 < T2 < T1 . It becomes a simple low­
pass filter for T2 = 0, and setting T2 = Tl reduces the PLL to first 
order. The corresponding 9 (t), from equation (9), is 

get) = [t - (TI - T 2)(I - exp (- tjTI))JU(t). (13) 

In Appendix A, equation (10) is rewritten using equation (13) and is 
evaluated at t = 0, T3 , and Ta + T4 • Equation (11) is then applied, 
along with the normalization 

1" = 1,2,3,4. (14) 



2294 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1970 

The equations which result are 

(15) 

4(Tl - T2)(T3 + T4) 

= [T.(T3 + 7r) + T3h - 7r)J[ coth ;;, + coth ;;J. (16) 

According to the discussion following equation (11), the pull-in range is 

(17) 

subject to the constraint equation (16). It is important to note that 
equation (15) is simply the dc balance equation for the PLL model 
of Fig. 3, and therefore holds for any H (p) with unity dc gain. Since 
equation (15) gives y explicitly in terms of T3 and T4 , it can always 
be used to eliminate y from a constraint equation corresponding to 
equation (16). Therefore Yv can be calculated from equation (17) 
for any H (p) subj ect to the appropriate const.raint equation which 
relates the loop-filter parameters t.o the transition-time parameters 
T3 and T4 • Hence only CPss(O) and ~ss(T3) actually had to be evaluated 
in Appendix A. 

The method employed to evaluate Yv for various values of Tl and T2 

was to choose T3 > 0, use equation (16) to obtain the corresponding T4, 

and calculate y from equation (15). The T3, T4 relationship was found 
to be single-valued for all loop filters investigated. Examples of the 
behavior of y with T3 are given in Fig. 5. The filter parameter r is 
defined as 

(18) 

In all cases the curves y (T3) are smooth and exhibit a single local min­
imum. This minimum is found by computing a sequence y (T3n) , where 
T3n > T3,n-l • When this sequence begins to increase, the minimum Yv 
has just been passed, and can be estimated accurately from the last 
three computed values of y. 

Curves of ')'p versus Tl with r as a parameter are presented in Fig. 6. 
Several characteristics are notable. First, ')'p = 1 for r ~ 0.5 indepen­
dent of Tl • Second, as Tl increases with r constant, ')'p approaches an 
asymptotic value ')'pa which is a function only of r. Later we shall derive 
an explicit formula for ')'pa • The same results are presented in a differ­
ent way in Fig. 7, which shows curves of constant ')'p on the Tl , T2 
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Fig. 5-'}' versus T3. 

1.2 

ASYMPTOTE: yrv2~--'" 
I 

1.0 
!I = 0.5 

0.3 

0.8 
0.2 

0.15 

0.1 
0.6 

Yp 

0.05 
0.4 

0.2 

O~ __ ~ ____ -L __ ~-L~ ____ L-__ ~ __ -L~~ ____ ~ __ ~ 

1 4 400 

Fig. 6-'}'p versus T1 with parameter r. 
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20~--------------------------------------, 

Yp = 1 REGION 
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Fig. 7-72 versus 71 with parameter "/1) • 

parameter plane. Below we derive the equation for the curve in this 
figure corresponding to /,p = 1. 

. IV. FURTHER RESULTS 

Let us consider the important case of very large 71, which corre­
sponds to strong filtering in the PLL. Noting that 

Lim coth x = !. 
x-o x 

(19) 

and using equation (18), equation (16) becomes for large 71 : 

471 (1 - r)(73 + 74) = [74(73 + 7r) + 73(74 - 7r)J[271 + 271J. (20) 
73 74 

This simplifies to 

(21) 

Substituting equation (21) into equation (15) gives the result for y 
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with Tl large: 

(22) 

All minima of y must satisfy 

(23) 

Applying equation (23) to equation (22) yields a single positive value 
of Ta: 

1 - 2r 
r < 0.5. (24) 

Substituting equation (24) into equation (22) gives the result 

'Ypa = {2[r(1 - r)J!, 

1, r ~ 0.5. 

o ~ r < 0.5, (25) 

This agrees with the numerical results in Fig. 6 and with a result 
obtained by lVI. V. Kapranov by a different method in an untranslated 
Russian paper.8 The existence of only a single minimum of y (T3) for 
large Tl supports our hypothesis of a single minimum for all Tl which is 
based on the curves in Fig. 5. 

The region 'Yp = 1 in Fig. 7 corresponds to Tl , T2 such that 'Y ~ 1 
for all T3 , T4 • From equation (15), this implies that 

(26) 

Thus from equation (16), Tl, T;!, and Ta on the yp = 1 boundary must 
satisfy 

'l(r, - r,)(r, + 11") ~ 1I"(r, + 11">[ coth ;;, + coth 2:,] . (27) 

Examination of Fig. 5 shows that the critical y curves approach y = 1 
from above for very large Ta. Using 

Lim coth x = 1, (28) 

equation (27) becomes 

4(r, - r,)r, ~ lrT'[ 1 + coth 2:,]' (29) 
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This reduces to the simple expression for the yp = 1 curve: 

T2 = Tl - ~/ [1 - exp (-niTl)]' (30) 

Finally, let us consider the following problem. The periodic behavior 
ofcf>ss (t) assumed throughout this paper which led to equations (15) 
and (16) is known as a limit cycle of the second kind in the phase 
plane.9 The nonexistence of such limit cycles for Iyl < yp proves that 
frequency lock is eventually attained for these values of y. Physically 
speaking, cf>88 (t) cannot increase monotonically with time as assumed 
in Fig. 4. However, proper synchronization of the PLL requires that 
phase lock also be achieved. This means that after a long enough time, 
the system comes to rest: 

Lim cf>(t) = 2n7r, 1"/ I < ,,/p • (31) 
'-+00 

Because of the gross nonlinearity f (cf» in the system considered here, 
it is not obvious that equation (31) will be satisfied. Specifically, it is 
conceivable that a series of self-sustaining overshoots in cf> (t) could 
become established after pull-in which would produce a periodic phase 
jitter. This behavior corresponds to a limit cycle of the first kind in the 
phase plane. Although this problem is not solved in general here, a 
test which is valid for any H (p) is applied to the phase-lag filter case 
in Appendix B. It is found that in this case, phase lock described by 
equation (31) is always achieved. 

V. CONCLUSION 

A method has been presented for calculating the pull-in range yp of 
a PLL with a binary phase comparator and an arbitrary loop filter. 
The result is obtained as the minimum value of a function of two 
variables, subject to a constraint equation which relates these variables 
to the parameters of the loop filter. Complete numerical results for 
yp were obtained for loop filters of the phase-lag and low-pass types. 
Explicit formulas were given in this case for the asymptotic value of 
yp with strong loop filtering, and for the set of filter parameters which 
result in unity pull-in range. Finally, it was proved that no steady­
state phase jitter can exist after pull-in with these loop filters. 

VI. ACKNOWLEDGMENT 

The author thanks M. R. Aaron for his suggestions and encourage­
ment throughout the course of this work, 



PHAsE-tacKED tOOl' 2299 

APPENDIX A 

Evaluation of <p.~s (t) 

Consider one period of cpss (t), and define the functions <Pi (t) as: 

CP •• (t) = {¢l(t) , 0 ~ t ~ T3 , (32) 

¢2(t) , T3 ~ t ~ T3 + T4 . 

From Fig. 4, <pdt) includes all terms in equation (10) which correspond 
to transitions prior to tll = Ta. Using equation (13) in (10), (Pt (t) 
becomes: . 

1 

¢l(t) = Qt + ¢o - a L [t - (j - I)(T3 + T4) - (Tl - T2) 
i=-<J:J 

. (1 - exp [- (t - [j - I][T3 + T4])/TlJ)] 
o 

+ 2a L [t - j(T3 + T4) + T4 - (Tl - T2) 

o 

- a L [t - j(T3 + T4) - (Tl - T2) 
j=-<J:J 

. (1 - exp [ - (t - j[T3 + T4])/Tl])]. 

Absorbing all constant terms into cpo, equation (33) becomes: 

o 

- a(Tl - T2) exp (- t/Tl) L [exp [j(T3 + T4)/Tl ] 
i--oo 

- 2 exp [(j[T3 + T4] - T4)/Tl ] + exp [j(T3 + T4)/Tl]], 

Qt + ¢~ - at - 2a(Tl - T2) 

(33) 

1 - exp (-T4/Tl) 
. exp (- t/Tl) 1 _ exp [ _ (T3 + T

4
)/Tl ] (34) 

¢~ is eliminated from equation (34) using 

¢l (0) = 0, (IIa) 

which yields 

¢l(t) = (n - a)t + 2a(Tl - T2) 

1 - exp (-T4/Tl) 
·1 - exp [- (T3 + T4)/T1

] (1 - exp (- t/Tl». (35) 
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Now requiring that 

results in 

7r = (n - a)T3 + 2a(TI - T2) 

(1 - exp (-T3/Tl))(1 - exp (-T4/T})) 
1 - exp [- (T3 + T 4)/T1] 

which after some manipulation becomes 

(lIb) 

(36) 

1r ~ (n - a)T3 + 4a(T, - T,) / [coth ::r, + coth i;']· (37) 

Next, CP2(t) is obtained from equation (35) by adding the term in 
equation (10) which corresponds to the transition time tll = T3: 

CP2(t) = (n - a)t + 2a(TI - T2) 

1 - exp (-T4/Tl) ( (/r1)) 
1 - exp [-(T3 + T4)/1\] 1 - exp - t 11 

+ 2a(t - T3) - 2a(TI - T2)(1 - exp [- (t - T3)/T1]). (38) 

Requiring that 

¢2(T3 + T 4 ) = 27r 

and performing some simple manipulation leads to the result 

27r = n(T3 + T4) - a(T3 - T4)' 

Equations (37) and (39) can be normalized by letting 

'Y = n/a, 

i = 1,2,3,4. 

Equation (39) becomes 

which is equation (15) in Section III. Equation (37) becomes 

(lIe) 

(39) 

(2) 

(14) 

(15) 

"Y ~ 1 + ;3 {1r - 4(7. - T,) / [coth ;;, + coth ;;J}. (40) 

Eliminating y between equations (15) and (40) gives the constraint 
equation (16). 
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APPENDIX B 

'£he Phase Jitter Probleln 

In this appendix it is proved that whenever the second-order PLL 
studied here achieves frequency lock, it also achieves phase lock: 

. Lim ¢(t) = 2n7r, I /' I < /,p • (31) 
1->00 

It can be shown that for this system any steady-state phase jitter ¢(t) 
is confined within the ±7r neighborhood of some lock point ¢ = 2n7r. 
T\his is a result of the periodicity of the phase-plane geometry in the ¢ 
direction. However, since this proof requires a rather lengthy description 
of the properties of the phase-plane trajectories, it wiII be omitted. 
Below we prove that equation (31) holds when the phase error remains 
within such a ±7r neighborhood of a lock point. 

The technique used previously to calculate /,p can also be employed 
here. Assume that in the steady state, a periodic phase jitter ¢(t) 
exists. Then the waveform f[¢(t)] is binary and periodic, and the phase 
error is again given by equation (8). Since we are now considering a 
phase jitter within ±7r of ¢ = 2n7r, the requirements on ¢8S(t) are: 

(41) 

Proceeding as in Appendix A, we obtain the equations 

2(r, - T,)h + T,) ~ T3 T,[coth ;;, + coth ;;J (43) 

These equations may be written directly from equations (15) and (16) 
by replacing 7r with O. Below it is demonstrated that T3 = T4 = 0 is the 
only solution of these equations when /)'/ < 1, which proves equation 
(31) . 

Using /yl < 1 in equation (42) yields 

(44) 

so that only equation (43) must be considered. Using r of equation 
(I8) and dividing by TaT4 gives 
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Defining 

J = 3,4, 

equation (45) becomes 

(1 - r)(.l + 1-) = coth Xa + coth X 4 • 
Xa X4 

Recalling that r ~ 0, we have for x > 0: 

1 1 - r 
cothx > - ~ --. x - x 

Thus the only possible nonnegative solution of equation (47) IS 

which is the desired result. 
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A Fast Method of G'enerating 
Digital Random Numbers 

By c. M. RADER,* L. R. RABINER and R. W. SCHAFER 

(Manuscript received June 12, 1970) 

In this article we propose a fast, efficient technique for generating a 
pseudorandom stream of uniformly-distributed numbers. The arithmetic 
operations required are an L bit exclusive-or, a rotation, and a shift to 
update the state of the number generator. With moderately large values of 
L we have been able to generate sequences of numbers whose periods are 
quite long (on the order of 2 X 107 long). Its simplicity of construction, 
as well as its ability to generate long streams of independent pseudorandom 
uniformly-distributed integers make this noise generator a worthy candidate 
for use in high-speed digital systems. 

I. INTRODUCTION 

Almost all methods of generating digital random numbers use as 
input a set of previously generated random numbers which were pro­
duced by an iterative arithmetic process (modulo a large integer)-e.g. 

Xn == F(Xn- 1 , X n- 2 , ••• , Xn-J)mod N 

with initial conditions 

X- J = CJ • 

n = 0,1, ... 

For each new random number, X n , this arithmetic process is repeated. 
The integer N and the initial values 0 1, O2 , '.', OJ are chosen to 

* Mr. Rader is with Lincoln Laboratories, Massachusetts Institute of Tech­
nology, Lexington, Massachusetts. Lincoln Laboratories is operated with sup­
port from the U. S. Air Force. 
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guarantee a large period of repetition. Methods of the type described 
above involve a considerable propagation delay, representing at the 
least one addition or one multiplication time, between the time the 
nth random number is put into its storage register, and the time at 
which the (n + 1) st random number is available. This delay is not 
generally a problem in most applications, because computational de­
lays in other parts of most digital systems are far greater than those 
encountered in generating random numbers. However, it is conceivable 
that in the future a need will arise for which random numbers must 
be computed far more rapidly than is now necessary. 'Vith such a 
time in mind we propose the following algorithm, for which the time 
necessary to produce a new random number is equal to the sum 
of a flip-flop settling time, and the propagation delay of an exc1usive­
or gate. 

II. THEORY 

The algorithm for generating the L-bit random number Xn from 
the two previous L-bit numbers X n - 1 and X n - 2 may be stated as 

where T p ( .) denotes a cyclic rotation of P places to the right and EB 
denotes exclusive-or. The algorithm requires L flip-flops to store X n - 1 

and L flip-flops to store X n- 2 • Each bit of the new random number Xn 
is derived by an exclusive-or operation on a pair of corresponding 
bits in the previous random numbers. These bits are not stored in the 
bit positions from which they were produced, but instead each new 
bit is rotated cyclically to the right by P bit positions, with overflow 
on the right being fed into the left. The process is illustrated in Fig. 1 
for P = 1. At each cycle, the new random number generated (X n) 
is clocked into the lower flip-flops (Xn - 1); at the same time the number 
stored in the lower flip-flops (Xn - 1) is clocked into the upper flip-flops 
(Xn - 2 ). For maximum period, P should be chosen mutually prime to L. 
Otherwise, the bit rotation may be shown to be composed of several 
interleaved rotations of shorter words. As seen from Fig. 1, the bit 
rotation does not constitute a separate hardware operation. In physical 
terms, the exclusive-or of two flip-flops in corresponding bit positions 
is clocked into a third flip-flop while one of the pair of flip-flops is 
clocked into the other. An example of the process is given in Table I 
for L = 3, P = 2. (The starting values of X-I = 000, X -2 = 001 are 
used here.) The period of this generator is 15. It is easily shown that 
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Fig. I-Schematic diagram showing how the random numbers are generated 
and stored. 

with the output depending on the state of six (2L) flip-flops, the maxi­
mum theoretical period of any random number generator is 64, or in 
general (22L), and the maximum period of any random number generator 
using only flip-flops and exclusive-or elements is 63, or in general 
(22L - 1), since the state when all the flip-flops are zero is succeeded 
only by itself. 

Even though the period of the generator of Table I, and the periods 

TABLE I-TYPICAL OUTPUT SEQUENCE FOB NOISE GENERATOR 

"\YITH L = 3, P = 2 

~\n-l X n- 2 Xn 
New Random 

Clock Number :Most Recent Next Most Recent Number 

a 000 001 010 
1 010 000 100 
2 100 010 101 
3 101 100 010 
4 010 101 111 
5 111 010 all 
6 all 111 001 
7 001 all 100 
8 100 001 all 
9 all 100 111 

10 111 all 001 
11 001 111 101 
12 101 001 001 
13 001 101 001 
14 001 001 000 
(15) [repeats! (repeats! [repeats! 

000 ) 001 ) 010 ) 
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for other values of L, are small fractions of the theoretical maximum, 
it is possible to choose L to obtain a very long period. It is also pos­
sible, as we shall see, to combine the results of several generators to 
get still longer periods. We have theoretically predicted all the word 
lengths (L ~ 25) for which very short periods result*, and we have 
measured the periods associated with the remaining values of L. The 
longest periods result for word lengths of L = 11, 13, 17, 19, 22, 23 
and 25. For 25 bits, the longest period results, and is 17,825,775. How­
ever, since 225 is about 3.3 X 107

, not all the possible 25 bit numbers 
appear at the output of the generator. The computation of the period 
assumes that the word is rotated a number of bits mutually prime to 
the word length (e.g., P = 1) and that the starting states are reasonable 
(e.g., X-I = 0, X- 2 = 1). There exist unreasonable starting states, such 
as all zeros in one word and all ones in the other word, which have 
much shorter periods than those prescribed, but these can be avoided 
in all cases by restricting the starting values to 0 and 1. 

Table II lists the periods of the generators for values of L from 1 
to 25, as well as the factorization of these periods. The factorization 
is useful in predicting the periods associated with generators made up 
of two or more of these simple generators with interleaved bits. For 
example, it is possible to generate a 48 bit random number by inter­
leaving the bits of a 25 bit word with the bits of a 23 bit word. The 
periods of the two generators may be found to have only the prime 
factor 3 in common, as seen from Table II. Thus the joint period (the 
least common multiple) is i of the product of the periods of the 
individual generators, resulting in a period of about 2 X 1013

• Sim­
ilarly a 24 bit word could be made up of an 11 bit word and a 13 bit 
word, with a joint period of about 2 X 109

• The disparity of prime 
factors among several interesting cases seems surprisingly fortuitous. 

III. TESTS FOR RANDOMNESS 

It is clear that a long period does not by itself indicate a good ran­
dom number generator (e.g. the iteration r n = r n-l + 1 would have a 

* It is possible to equate any bit (as a function of time) to the mod 2 sum 
of the same bit delayed by various amounts. For example, with L = 3 the equa­
tion for any bit of the 3 bit word is: 

bn = bn--{3 ffi bn-4 ffi bn-5 ffi b n-6 . 

This equation describes a particular 6 bit shift register with feedback. The 
analysis of such shift registers is described in Ref. 1. Specifically it is possible 
to obtain the maximum period associated with a given shift register, and there­
fore with a given random number generator, by obtaining the factors of certain 
characteristic polynomials over the Galois Field mod 2. 
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TABLE II-THE PERIOD AND ITS DECOMPOSITION INTO ITS PRIME 

FACTORS FOR NOISE GENERATORS WITH VALUES 

L 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

OF L FROM 1 TO 25 

Period 

3 
6 
15 
12 
255 
30 
63 
24 
315 
510 
33825 
60 
159783 
126 
255 
48 
65535 
630 
14942265 
1020 
4095 
67650 
4194303 
120 
17825775 

3 
(2) (3) 
(3) (5) 
(2)2 (3) 

Factors 

(3) (5) (17) 
(2) (3) (5) 
(3)2 (7) 
(2)3 (3) 
(3)2 (5) (7) 
(2) (3) (5) (17) 
(3) (5)2 (11) (41) 
(2)2 (3) (5) 
(3) (13) (17) (241) 
(2) (3)2 (7) 
(3) (5) (17) 
(2)4 (3) 
(3) (5) (17) (257) 
(2) (3)2 (5) (17) 
(3) (5) (13) (19) (37) (109) 
(2)2 (3) (5) (17) 
(3)2 (5) (7) (13) 
(2) (3) (5)2 (11) (41) 
(3) (23) (89) (683) 
(2)3 (3) (5) 
(3) (5)2 (11) (17) (31) (41) 

very long period, but would be unacceptable to most users). A better 
indication of the acceptability of a random number generator is the 
autocorrelation function of the output of the generator, Rx(n). It is 
difficult to obtain Rx(n) theoretically for the generators described 
here; so instead we have estimated Rx(n) by standard techniques for 
several cases of interest. In Fig. 2 we show the estimated autocorrelation 
function for the generator with L = 13. Approximately N = 15000 
samples were used in the estimate, and Fig. 2 shows the results for up 
to 512 delays. It seems clear that there are no irregularities present in 
the autocorrelation function. The peak values of the autocorrelation 
function of Fig. 2, for n ~ 0, are ±0.026. It is easily shown that esti­
mates of the autocorrelation function (for n ~ 0) tend to be normally 
distributed random variables with zero mean, and variance of liN. For 
the data of Fig. 2, the standard deviation, (J, was calculated to be 0.008. 
Cramer2 shows that the expected value of the upper extreme of 512 
values from a normal population with zero mean, and standard deviation 
of (J, is approximately 3.25 (J, or 0.026 in this example. The 50 percent 
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1.0.----------------------------. 

-0.02 

-0.04 
~------------------------~ o 512 

TIME IN SAMPLES 

Fig. 2-Autocorrelation function of noise generator with L = 13. 

confidence interval for the upper extreme is about 0.4 (J' wide, thus peak 
values of the autocorrelation estimates from 0.024 to 0.028 would be 
quite common. Therefore the peak values of ±0.026 in Fig. 2 are not 
inconsistent with the above theoretical results based on a true normal 
population. 

To empirically test the uniformity of the output of the generators 
for L = 11 and L = 13, we measured the number of occurrences of 
each of the 2£ output states during a single period. For both cases all 
states were present at the output of the generator. In Fig. 3, we show 
plots for L = 11 and 13 of the number of occurrences of each of the 
128 cells specified by the 7 most significant bits of the output as a 
function of cell number. The upper plot shows the measured result 
for L = 11, and the lower plot shows the measured result for L = 13. 
The solid lines across the plots indicate the expected number of oc­
currences of each state based on uniformity assumptions. The plots 
of Fig. 3 tend to validate the assertion that the amplitude distribution 
of the output of the noise generator is uniform for certain values of L. 

"'\Ve have also measured the mean value for the entire sequence for 
L = 11 and L = 13 and it is near to 2£-1 if the L bits are interpreted 
as a positive integer. The nearest means obtained were 1024.3169 for L 
= 11 and 4095.8326 for L = ] 3. (Starting values for the two sequences 
were X-I = 341, X- 2 = 0 for L = 11, and X-I= 151, and X_'2 = 0 
for L = 13.) Also, it was found that a scatter diagram from the gen­
erator with L = 17 showed no tendencies to order, such as are common 



N onorthogonal Optical Waveguides 
and Resonators 

By J. A. ARNAUD 

(Manuscript received May 4, 1970) 

The modes of propagation in optical systems which do not possess 
meridional planes of symmetry (nonorthogonal systems) are investigated 
in the case whel'e the effect of apertures and losses can be neglected. The 
fundamental mode of propagation is obtained with the help of a complex 
ray pencil concept. An integral transformation of the field, based on a 
quasi-geometrical optics approximation and a first-order expansion of the 
point characteristic of the optical system, is given; it shows that the complex 
(three-dimensional) wavefront of the fundamental mode is transformed 
according to a generalized "ABeD law." A simple expression is also 
obtained for the phase-shift experienced by the beam. The higher ordm' 
modes of propagation are obtained from a power series expansion of the 
fundamental mode. These higher order modes are expressed, in oblique 
coordinates, as the product of the fundamental solution and finite series of 
Hermite polynomials with real arguments. In the special case of systems 
with rotational symmetry, these series reduce to the well-known generalized 
Laguerre polynomials. The theory is applicable to media such as helical 
gas lenses and optical waveguides suffering from slowly varying deforma­
tions in three dimensions. N onorthogonal resonant systems are also in­
vestigated. An expression for the resonant frequencies, applicable to any 
three-dimensional resonator, is derived. Numerical results are given for the 
1'esonant frequencies and the resonant field of a twisted path cavity which 
exhibits interesting properties: the usual polarization degeneracy is lifted 
and the intensity pattern of all of the modes possesses a rotational symmetry. 

1. INTRODUCTION 

An optical system, or a resonator, is called "nonorthogonal" when 
it is not possible to define two mutually orthogonal meridional planes 
of symmetry (Ref. 1, p. 240). The helical gas lens2,3 is an example 
of a nonorthogonal lens like medium. A conventional ring type cavity 

2311 



2312 THE BELL SYSTEM TECHNICAL ,JOURNAL, NOVEMBER 1970 

generally ceases to be orthogonal when its path is twisted, i.e., be­
comes nonplanar. 4 

Let us briefly review the maj or approaches in the theory of optical 
resonators. The field in a resonator can be expressed exactly in 
terms of known functions only for a few simple boundary surfaces. 
No exact solution is available for nonorthogonal systems. However, 
we are interested only in the high frequency operation of large 
resonators. In that limit, the waves have a tendency to follow closed 
curves in the resonator, either clinging to the concave parts of the 
boundary (whispering gallery modes5

) or connecting opposite points 
of the boundary (bouncing ball modes). One defines the axial mode 
number as the number of wavelengths existing along such closed 
curves. The nodes of the field in the transverse planes define the 
transverse mode numbers. More insight concerning the mode structure 
and the resonant frequencies can be gained by using a geometrical 
optics approximation, or a paraxial form of the Huygens diffraction 
principle. The geometrical optics approach was developed by Keller 
and Rubinow.G It consists of setting up in the resonator a manifold 
of rays tangent to a caustic. The location of the caustic and the 
resonant frequencies are obtained from the condition that the varia­
tions of the eikonal along three independent closed curves are equal 
to an integral number of wavelengths (or an integer plus one-half 
or one-quarter). This theory, which is analogous to the Born ap­
proximation of quantum mechanics, gives the exact resonant fre­
quencies of paraxial modes. The geometrical optics field, when ex­
tended in the shadow of the caustic by analytic continuation, provides 
an acceptable approximation to the exact field for large transverse 
mode numbers but, for the fundamental mode, it differs vastly from 
the exact field. The caustic line however, does coincide, in two di­
mensions, with the mode profile. 7 ,s This geometrical optics method 
has been extended to non orthogonal resonators incorporating homo­
geneous media by POpOV,9 who gave an expression for the resonant 
frequencies. vVithin the paraxial approximation, exact solutions for 
the field can be obtained from the Huygens principle; for that reason, 
the geometrical optics method, in spite of its general interest, will 
not be discussed further in this paper. 

For the case of resonators incorporating inhomogeneous media, 
the Huygens principle must be supplemented by a quasi-geometri­
cal optics approximation. This approximation consists of assuming 
that a point source at the input plane of the system creates at the 
output plane a field which can be adequately represented by the 
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Fig. 3-Measured distribution functions for noise generators with L = 11 and 
L =13. 

in the simple multiplicative congruence generators. It is expected that 
this result would be true for any of the generators with reasonably 
long periods. 

It was stated earlier that it is possible to generate longer random 
numbers than 25 bits by interleaving bits of shorter generators. Be­
sides the prerequisite that the periods of the individual generators have 
few or no prime factors in common, it is important that the outputs 
of the individual noise generators be uncorrelated. To check whether 
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Fig. 4-Cross-correlation function of noise generators with L = 11 and L = 13. 
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or not the individual outputs of the noise generators, for the desirable 
values of L, were uncorrelated, we again used standard statistical tech­
niques to measure the cross correlation function. Figure 4 shows the 
cross-correlation function, Rxy (n), for the case where one input was 
the output of the generator with L = 11, and the other input was the 
output of the generator with L = 13. The cross-correlation function is 
ploUed for delays up to 512 samples, and is again based on approxi­
mately N = 15,000 samples. There are no apparent irregularities seen 
in this figure, and the peak values of the cross-correlation function, 
±0.027, are quite close to similar peaks observed for the autocorrela­
tion function of Fig. 2, and again consistent with the assumption that 
these 512 estimates are from a normal population with G' = 0.008. 

The reader should be cautioned that a poor choice of the rotation P 
can cause an ordering in the pseudorandom outputs which may be 
harmful for some applications. For example, consider the set of all 
triples (xn , Xn+l , Xn+2) when P = 1. If the sign bits (using two's com­
plement integer notation) of Xn and Xn+l are the same, the most signif­
icant bit of Xn+2 will always be zero. Thus, if (xn, Xn+l) lies in quadrants 
1 or 3, Xn+2 is constrained to either 

o ~ Xn+2 < 2L- 2 

or 

A similar constraint results when (xn, Xn+l) lies in quadrants 2 or 4. 
This effect is eliminated by choosing P ~ L/2, but mutually prime to 
L. We have not considered what ordering might exist in quadruples, 
quintuples, etc., for various choices of P. 

IV. CONCLUSION 

In conclusion, we have presented a fast and efficient technique for 
generating digital random numbers. The simple statistical tests to 
which we have subjected several of these noise generators indicate they 
are more than adequate for use in simulation programs for communi­
cations systems. 
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geometrical optics field. This approximation is generally applicable 
to optical waveguides and resonators if one disregards the effect of 
apertures and assumes that no diffraction gratings or other wave­
length-dependent scatterers are present. This quasi-geometrical optics 
method provides an integral transformation for the field which is 
equivalent to a partial differential equation of the parabolic type 
(see Section II). The similarity between this parabolic equation and 
the Schroedinger equation has often been pointed out.l0-13 The 
matched modes of propagation in uniform lens-like media with 
hyperbolic secant refractive index laws, for instance, can be found 
in Landau and Lifshits' Quantum M echanics14 [whereas the ray 
trajectories are given in Ref. (1), p. 179]. The more general prob­
lem of unmatched beams in nonuniform lens-like media corresponds 
to the time-dependent Schroedinger equation with time-varying po­
tentials. The adiabatic approximation usually applied to this problem, 
is based on conditions12 which are too stringent for most optical 
systems. Generalized modes, where allowance is made for a wave­
front curvature, were introduced by Goubau and Schwering15 and 
Pierce16 for the free-space case, in agreement with the theory of 
confocal resonators proposed by Boyd and Gordon.17 These results 
were extended to orthogonal square law media.18,19,2o The transforma­
tion of the complex curvature of beams through arbitrary optical 
systems with rotational symmetry and the resonant frequency of 
linear cavities was obtained by Kogelnik. 21 ,22 Vlasov and Talanov23 

have observed that, in two dimensions, the phase shift experienced by 
a matched beam in an optical system is equal to the phase of one 
of the two ray-matrix eigenvalues. This result is easily demonstrated 
and generalized to astigmatic orthogonal systems by using a complex 
ray pencil concept.4,24 

The generalization to nonorthogonal systems is substantially more 
intricate. Arnaud and Kogelnik24 have obtained a generalized gaus­
sian mode of propagation in free space by giving complex values 
to the three parameters which define an astigmatic ray pencil, i.e., 
the position of the focal lines and the angular orientation of one of 
them. This solution can be used to obtain the beam transformation 
in a sequence of thin astigmatic lenses arbitrarily oriented, by 
matching the complex wavefronts at each lens. This method does not 
give, however, a general expression for the phase shift experienced 
by the beam, knowledge of which is essential in studying resonators. 
For that reason, a somewhat different approach is used here, where 
the ray pencil is defined by two of its rays. The field of the funda-
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mental mode of propagation is obtained (Section III) by allowing 
these two rays to assume complex positions while remaining solu­
tions of the ray equations. 

The higher order modes of propagation are studied in Section IV. 
They are obtained by application of differential operators related to 
those used in quantum mechanics. An oblique coordinate system 
is introduced which diagonalizes the complex wavefront of the funda­
mental mode. In this oblique coordinate system, the higher order 
modes can be expressed as the product of the fundamental solution 
and finite series of Hermite polynomials with real arguments. An 
alternative procedure is also given which leads to Hermite polynomials 
in two complex variables. The simple formula for the resonant fre­
quencies of linear resonators given by POpOV!l,26 is shown to be ap­
plicable to ring type resonators incorporating inhomogeneous media 
(Section V). Finally these general results are applied to a new type 
of optical resonator called "cavity with image rotation" which pre­
sents interesting resonance and polarization properties (Section VI). 
Numerical results are presented. 

The present theory is limited to paraxial first-order solutions in 
loss-less isotropic media. As indicated before, it is assumed that no 
apertures or diffraction gratings are present in the system, and the 
problem of mode selection is not discussed. The electromagnetic field 
is treated as a scalar quantity and the polarization effects are in­
troduced only at a later stage; this is permissible within the paraxial 
approximation. Fresnel reflection at surfaces of discontinuity is also 
neglected. 

II. PARABOLIC WAVE EQUATION AND INTEGRAL TRANSFORMATION OF THE 

FIELD 

In this section an approximate form of the scalar Helmholtz equa­
tion is derived which is applicable to paraxial beams, i.e., to beams 
propagating at small angles with respect to the system axis. It is 
subsequently compared to an integral transformation derived from 
Huygens principle. 

The scalar Helmholtz equation can be written in a Xl , X2 , Z rectang­
ular coordinate system 

(1) 

where E is a component of the field and n (Xl, X2, z) the refractive 
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index of the medium. Let us introduce a reduced field 

"'(x, , x, ,Z) ~ E(x, , x, , Z) exp [ik [ nCO, 0, z) dz ] ' (2) 

and neglect the second derivative of tf; with respect to z. This approxi­
mation physically means that only waves propagating in a direction 
close to the z axis are considered. Denoting n(O, 0, z) by no , for brev­
ity, one obtains 

a
2
l/; + a2

l/; _ 2·k al/; _ ·k.I, dno + k2( 2 _ 2).1, = 0 
a 2 a 2 J no a J 'I' d n no 'I' • 

Xl X2 Z Z 
(3) 

This equation can be simplified if one introduces the following 
changes of function and variables24 

One obtains 

a2w a2w . aw e( 2 2) ax; + ax; - 2Jk at + n - no w = O. 

Let us further assume that n 2 
- n~ is a quadratic form in Xl , X 2 

n 
2 

= n~ + nllxi + 2nl2XIX2 + n22X; • 

(4) 

(5) 

(6) 

(7a) 

n ll , n l2 and n22 are real functions of z since the losses in the medium 
are neglected. The quadratic form given in equation (7 a) describes a 
nonorthogonal optical system when the directions of its axes change as z 
varies. In that case, the diagonal term 2nl2x l x 2 cannot be eliminated by 
rotating the coordinate system about z. We discuss this general case. 

Let us rewrite equation (7 a), for brevity, in matricial form 

(7b) 

where l' denotes a column matrix with elements Xl , X2 and 1] denotes a 
2 X 2 real symmetrical matrix. The sign,......, indicates a transposition. 
Inserting equation (7b) in equation (6), the wave equation assumes 
the form 

(8) 

where "'12 denotes the laplacian operator in the tran,sverse Xl , X 2 plan(?, 
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It is henceforth assumed that n2 
- n~ is small compared with unity. 

Within this (first-order) approximation, the refractive index law, equa­
tion (7b), becomes 

(9) 

Let us now consider the ray trajectories. A ray <R is defined at any 
transverse plane z by its position q(z) and by the projection p(z) on 
that plane of a vector directed along the ray, of length equal to the 
refractive index n. q(z) and p(z) are called respectively the position 
vector and the direction vector of the ray. It is convenient to represent 
these vectors by column matrices whose elements are the vector 
components on Xl , X2 • As long as only fixed coordinate systems are 
used, such matrices can be denoted without ambiguity q(z) and p(z), 
or simply q and p. The exact ray equations are (see, for instance, Ref. 1, 
p.90) 

p = -no\1H(r, p), 

q = no \1 pH (r, p) , 

(lOa) 

(lOb) 

at l' = q. In equation (10) the upper dots denote differentiations with 
respect to r, and H(r, p) denotes the Hamiltonian of the system de­
fined by 

(IOc) 

\1 denotes the gradient operator in the transverse Xl , X 2 plane, and \1 p 

denotes a gradient operator relative to the p variables. Within the first 
order approximation [equation (9)], equations (IOc), (lOa) and (lOb) 
reduce respectively to 

H(r, p) 

and 

-no - (rTJr - fJp) / (2nD) , 

P = TJq, 

q = p. 

Equations (lla) and (lIb) are called the paraxial ray equations. 

(llc) 

(lla) 

(lIb) 

Let us now consider two arbitrary rays, <R and ell, defined by their 
position and direction vectors q, p and q, p, respectively, and let the 
"product" of these two rays be defined by the scalar expression 

(<R; ell) == qp - §p. (12) 

(<R; ell) is sometimes called the Lagrange invariant (see Ref. 1, p. 251). 
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It is easy to show that this quantity is independent of S- (or z). Indeed, 
applying equations (IIa) and (lIb) to both ill and err, and remembering 
that YJ is a symmetric matrix, one obtains t 

d ~ d - .. - -
dS- (ill; ill) == dS- (gp - qp) = gp + gp - qp - qp = O. (13) 

The Lagrange invariant (ill; err) plays an important role in the present 
theory. Notice that no does not appear explicitly in equations (8), 
(IIa) and (lIb). It can therefore be assumed, without loss of generality, 
that no == 1. 

The properties of propagating beams are sometimes more easily 
understood by considering the transformation of the field between the 
input plane and the output plane of an optical system described by its 
point characteristic. Let us now choose as optical axis, for generality, 
an arbitrary ray a which need not be a straight line nor even a plane 
curve. Let us further define, at a distance z' from an origin 0, a rec­
tangular coordinate system xi , x~ , whose axes are oriented respectively 
along the principal normal and the binormal to a (see Fig. 1). At any 
given transverse plane, a ray is defined by its position vector q and its 
direction vector p. Let us assume that there is one ray, and only one 
ray which goes from a point r at z = 0 (input plane) to a point r' at 
z = z' (output plane). This assumption implies, in particular, that the 
planes z = 0 and z = z' are not conjugate. The optical length '0 (1', 1") 
of such a ray is called the point characteristic of the optical system. 
As is well known, the direction vectors of a ray can be obtained from '0 
by differentiation (Ref. 1, p. 97) 

p 

p' 

- \7'O(r, r'), 

\7''O(r, r'), 

(I4a) 

(I4b) 

at r = q, r' = q'. The primes always denote quantities at the output 
plane z = z'. 

The law of transformation of the field can be obtained from the 
Huygens principle supplemented by a quasi-geometrical optics appro xi­
mation. 28 The Huygens principle states that each point of an incident 
wavefront can be considered as the source of a secondary wave. The 
quasi-geometrical optics approximation consists of assuming that the 
field created at the output plane of the system by a point source at 
the input plane is adequately represented by the geometrical optics 

t Recall also that, for any conformable matrices a and b, (ab)~ = fja and that, for 
allY scalar (one element matrix) c, we have c == c. 
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Fig. i-Optical axis of a ring type resonator. 'D denotes the point characteristic 
of the system included between two transverse planes, z = 0 and z = z'. 

field. These two assumptions allow us to express the field E' (r') at the 
output plane as a function of the field E(r) at the input plane. Within 
the paraxial approximation, we have 

E'(r') = ±X -1 Ii:"" E(r)K(r, r') d2r, (lSa) 

where 

K(r, r') == I a2oo/aXi ax: I! exp [-jlcOO(r, r')]. (lSb) 

The term I a2oo/aXi ax: Ii, where the bars denote a determinant, is 
obtained by recognizing that the power flowing through a small area 
at the output plane is equal to the power flowing in the corresponding 
cone of rays leaving the point source at the input plane, and using 
equation (14a). 

To first order, the quantity S == 00 - z' is a quadratic form in Xl , 

X2 , xf , x~ which can be written, in matricial notation 

S = !(fUr + fVr' + f'Vr + f'Wr'), (16) 

where U and Ware 2 X 2 symmetric real matrices and V is a 2 X 2 
real matrix. Equation (16) can be rewritten, more concisely 

s = Hrrt~ ;I~ ] ~ ![fT'][st 1 (17) 

Introducing equation (16) in equations (14a) and (14b), one obtains 
linear relations between p, p' and q, q' in the form 
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(18) 

I t is sometimes convenient to introduce a ray matrix which relates 
q', p' to q, p. Simple relations exist between [S] and the ray matrix; 
they are given in Appendix A. 

Let us now go back to the integral transformation and observe that, 
if S is a quadratic form [equation (16)], the determinant 

(19) 

is independent of rand r'. This term can consequently be taken out of 
the integral in equation (15). The integral transformation of the re­
duced field tf; rtf; == E exp (jkz)] becomes 

tf;'(r') = ±A-1 1 V I' Ji:~ tf;(r) exp (-jkS) d2r, (20) 

whose kernel is essentially 

Ko == 1 V I! exp (-jkS). (21) 

Let us show that, in a rectangular coordinate system, Ko represents 
the Green function of the parabolic wave equation, equation (8), i.e., 
that 

£'Ko == (V,2 - 2jk a~' + er'17'r')U V I! exp (-jkS)] = O. (22) 

The first term in equation (22) can be written, using equation (16) 

v,2[1 V I! exp (-jkS)] 

I V I! (_jkV,2S - k2V'S·V'S) exp (-jkS) 

I V I! exp (-jkS)(-jkSpur W - eV'S·V'S). (23) 

To evaluate the second term in equation (22) one needs to know the 
derivative of S with respect to z'. We have (Ref. 1, p. 97) 

~~ = -H(r', p') ro..J 1 + (r'17'r' - p'p')/2, (24) 

where the paraxial approximation of H, equation (1Ic), has been used. 
Therefore, introducing the expression for p', equation (14b) in equation 
(24), one obtains 

as a'O _ 
az' = az' - 1 = (r'17'r' - V's· V'S)/2. (25) 
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One also needs to know the derivative of V with respect to z'. It is 
obtained by introducing the quadratic form, equation (16), in both 
sides of equation (25) 

- dU + 2- dV '+ _, dW , 
. r dz' r r dz' r r M r 

= r''YJ'r' - (rV + r'lV)(Vr + 1Fr'). (26) 

Equation (26) shows, upon identification, that 

~~ = - VTiV. (27) 

Therefore (see Ref. 29) 

d~' I V I ~ = ! I V I-t d~' I V I ! I V I! Spm' ( V-
1 ~j) 

= -! I V I! Spur W. (28) 

Upon substitution of equations (23), (25) and (28), one finds that 
equation (22) is satisfied. 

Consequently, within the first-order approximation, one may use 
indifferently the parabolic wave equation, equation (8), or the integral 
transformation, equation (20). l\1ost of the demonstrations given in 
the following sections are based on both formulations. 

III. FUNDAMENTAL MODE OF PROPAGATION 

We know that in the high frequency limit, propagating beams 
closely resemble ray pencils. Let us therefore consider first the field 
of such ray pencils, and subsequently see how this solution can be 
generalized to take' into account diffraction effects. 

A ray pencil is, in general, astigmatic; it can be defined, in free 
space, as the manifold of rays which intersect two mutually perpen­
dicular focal lines. At any point, a surface exists, called the wave­
front, which is perpendicular to all of these rays. The field of ray 
pencils propagating in inhomogeneous media can be written in a 
Xl, X2, Z rectangular coordinate system 

(29) 

where A and S are real functions of Xl , X2 and z. A is an amplitude 
factor and S is called the eikonal of the geometrical optics field. The 
surfaces S = constant are the equations of the wave fronts associated 
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with the manifold of rays. Let us assume that one of the rays coin­
cide with the z-axis and that the refractive index of the medium is 
unity on that axis. 'Vithin the first-order approximation, cI> = S - z 
is a quadratic form in the transverse variables Xl and X2 , whose co­
efficients are slowly varying functions of z, and A is independent of 
Xl , X2. cI> can be written, in matrix notation 

<p(r, z) == !r}l(z)r, (30) 

where }l(z) is a 2 X 2 symmetrical matrix which generally depends on z. 
The law of conservation of power dictates that A and }l cannot be 
independent; a wavefront with a positive curvature, for instance, corre­
sponds to a contraction of the ray pencil as z increases, which necessarily 
results in an increased intensity. To express this relation between A 
and }l (transport equation), let us choose any two rays of the ray pencil 
such as <R and m. Since <R and m are both perpendicular to the wave­
front, one has, from equation (30) 

p = V <p(q) = }lq, 

P = V <p(q) = }lq, 

(31a) 

(31b) 

where V denotes as before the gradient operator in the Xl , X 2 plane. 
Equations (31a and b) can be written more concisely: 

where we have defined 

Q = [q ql, 
P=[pp]. 

(32a) 

(32b) 

(32 c) 

Equations (31) and (32) show that the product of <R and m, defined in 
equation (12), is equal to zero at any plane 

(<R; m) == (jp - §p = O. (33) 

Any ray defined by a linear combination of <R and m also belongs to the 
ray pencil since its product with either <R or m is equal to zero. There­
fore, the one-parameter manifold of rays e<R, eCR + m, em, <R + em, 
with 0 < e < 1, defines a tube of rays in the ray pencil whose cross 
section is a parallelogram with sides eq, eq + q, eq and q + eq (see 
Fig. 2). The area of this parallelogram is given by the length of the 
vector product of q and q 

(34) 
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----------~------~~--------~~----_r---z 

Fig. 2-An astigmatic ray pencil is defined in free space by the manifold of rays 
which intersect two mutually perpendicular focal lines such as Fl and F 2• At any 
transverse plane the intensity of the field is inversely proportional to the square 
root of the area defined by q and q, the position vectors of any two rays of the ray 
pencil (CR and ell). 

Conservation of power requires that A 2(z)h(z) be a constant. A (z) can 
therefore be obtained from equation (34). Notice that, at a focal line, 
the sign of h(z) changes from positive to negative. Therefore A(z) ex: 

[h(z)r! becomes imaginary. If one insists on keeping A(z) real, a 7r/2 
phase shift must be subtracted from S at such points (anomalous 
phase shift). 

The elements of the wavefront matrix J.L can also be obtained from 
the components of two rays satisfying equation (33). One obtains, 
solving for J.L equation (32a) 

J.Lll = (Q2Pl - q2'/h)h -1, 

J.L12 = J.L21 (qdh - QIP1)h- 1
, 

(Q2P2 - q2P2)h-1• 

The reduced field of the ray pencil is therefore 

l/;(r, z; CR, ffi) = ±h-! exp (-j ~rJ.Lr) , 

(35a) 

(35b) 

(35 c) 

(36) 

where hand J.L are given by equations (34) and (35a, b and c) respectively. 
The sign ambiguity in the expression of l/; can be resolved only by 
counting the number of focal lines along the ray pencil, from some 
reference plane. 



NONORTHOGON AL OPTICAL SYSTEMS 2323 

Let us now show that the field of a ray pencil, as given by equation 
(36), is a solution of the parabolic wave equation, equation (8), i.e., that 

£1f(r, z; ill, ffi) == (\12 
- 2jk :z + er'1]r) 

. [h-l exp (-j ~ TilT)] ~ O. (37) 

The first term on the right side of equation (37) is 

,,2[h-1 (. k ~ )] 
v • exp -l"2/J.Lr 

I _1 (. k ~ ) X ( 'k S 7 2- 2 ) = 1, • exp -1 '2 rJ.Lr -1 pur J.L - IC rJ.L r . 

The second term is 

... ·k a [h- 1 
(. k - )] -::'1 az • exp -1'2 rJ.Lr 

h- 1 
(. k -) ('7h'jh 7?-) = • exp -1'2 rJ.Lr X l lc - Ic-rflr . 

Using now equations (34), (32a) and (lIb), one notices that 

h/h = Spur J.L. 

(38) 

(39) 

(40) 

Differentiating both sides of equations (3la and b) with respect to z 
and using the paraxial ray equations [equations (lla) and (lIb)] one ob­
tains 

(fl + J.L2 - '1])q = 0, 

(fl + J.L2 - '1])q = o. 
(4la) 

(4Ib) 

Since q and q are generally linearly independent, it results from equa­
tion (41) that 

fl+l = '1]. (42) 

Upon substitution of equations (38), (39), (40) and (42) in equation 
(37), one finds that the field of a paraxial ray pencil is, as expected, a 
solution of the parabolic wave equation. 

It is important to remark that it has nowhere been specified that 
q, p, q and p are real quantities. The right side of equation (36) therefore 
remains a solution of the wave equation if ill and ffi are allowed to be 
complex valued while remaining solutions of the paraxial ray equations. 
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In that case, J.L(z), whose elements are given by equations (35a, b and c), 
becomes a complex matrix and the exponential term in equation (36) 
describes the intensity pattern of the beam as well as its wavefront. 
As observed before25 the axes of the constant intensity ellipse do not 
coincide, in general, with the axes of the wavefront surface. It is possible, 
however, to define at any plane an oblique coordinate system in which 
both the real part of J.L, corresponding to the beam wavefront, and the 
imaginary part of J.L, corresponding to the beam intensity, are diagonal. 
This coordinate transformation is given at the end of this section and 
used in Section IV to express in a convenient form the higher order 
modes of propagation. 

h(z), given by equation (34), and therefore the amplitude term A(z), 
become complex quantities too. The ±j ambiguity pointed out for the 
case of ray pencils does not exist any more since the phase of A(z) 
changes in a continuous manner along the z axis. 

Let us now consider an optical system described by its point charac­
teristic matrix [s] and calculate the transformation experienced by an 
incident gaussian beam whose reduced field has the form given in 
equation (36). Introducing this expression in equation (20), one obtains 
a reduced field at the output plane 

t/I'(r') = ±A -1 I V I! h-! 

. Ji:ro 

exp {-j ~ [feU + iL)r + 2fYr' + f'Wr'l} d'r. (43) 

The integral in equation (43) is easily integrated if one notices that, 
for any nonsingular square matrix 111, and any comformable column 
matrices l' and s one has 

1'm1' + 21'S = (1' + 8111,-1)m(r + m-ls) - 8m- I s. (44) 

Using equation (44) one finds that, if m is a symmetric matrix 

Ji:oo 

exp [- (1'mr + 21's)] d2r = 7r \ m I-! exp (8m- I s), (45) 

provided the integral is defined, i.e., provided: l' (real part of m) r is a 
positive definite form. Substituting 

m = j ~ (U + J.L) 
2 

(46a) 

and 

.k V s = J - r' 
2 

(46b) 
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in equation (45), one obtains a reduced field at the output plane 

~'(r') = ±( -h I U + Il I I V I-I)-! 

2325 

. exp {-j ~ "'[TV - V(U + 1')-' VIr} (47) 

This field has the same general form as the input field and describes 
a gaussian beam with a wavefront matrix 

Il' = TV - 17(U + Il)-IV, 

or, in terms of the ray matrix (see Appendix A) 

Il' = (C + DIl) (A + BIl)-I. 

(48a) 

(48b) 

This interesting relationt generalizes the "ABeD law" which describes 
the transformation of the complex wavefront in two dimensions.21

•
22 

In some applications, it is also of interest to know the phase shift 
experienced by the beam through the optical system. It is given, from 
equation (47), to within II, by the simple expression 

8 = lcz' - ! Phase of ( I U + Il I I VI-I), (49) 

where lcz' is the geometrical optics phase shift. Equation (49) reduces 
to the expression given in Ref. 24 in the case of systems with rotational 
symmetry. One also verifies, after a few rearrangements, that the 
amplitude of the beam at the output plane assumes the form gIven 
in equation (34), i.e., that 

h' == -h I U + Il I I V 1-1 = qiq~ - q~qi , (50) 

where q' and q' denote the output (complex) ray position vectors. 
Equations (48), (49) and (50) completely define the transformation of 
fundamental gaussian beams propagating along the axis of nonor­
thogonal optical systems. 

These solutions are easily generalized to the case where the axis of 
the incident beam is a ray mCq, p), distinct from the system axis. Let 
~(r, z) denote the field of an arbitrary beam and m denote an arbitrary 
ray; one can show24 that 

~(r, z; en) == ~(1' - ij, z) exp [-jlc(fp - !qp)] (51) 

is a solution of the parabolic wave equation, equation (8). An equivalent 

t The transformation of the complex curvature of gaussian beams through non­
orthogonal systems has been given before (in a very complicated form) by 
y. Suematsu and H. Fukinuki.30 Equation (48b) can alternatively be obtained 
without integration by writing down the laws of transformation of (real) astig­
matic ray pencils, as suggested in Ref. 25. 
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result can alternatively be obtained from the integral transformation, 
equation (20), by introducing a change of variables. According to 
equation (51), a general form for the propagation of gaussian beams is 
obtained by introducing the expression for the field obtained before 
[equation (36)] into equation (51) 

.p(r, Z; (1\, cR) ~ h-l exp {-j ~ [(f - gMr - ij) + 2rp - ijiil}. (52) 

Notice that ij and p need not be real for the right side of equation (52) 
to satisfy the parabolic wave equation. It is merely required that they 
satisfy the paraxial ray equations. When ffi assumes complex values, 
however, it cannot be interpreted any longer as a beam axis. Such 
solutions, with ffi complex, are of interest to generate higher order modes 
of propagation, as shown in the next section. 

Let us now show that the fundamental mode of propagation can be 
written in a form resembling the form obtained in the case of orthogonal 
systems. This can be done by introducing, at each transverse plane, a 
coordinate system in which p. is diagonal. 

The reduced eikonal <I> can be written 

(53) 

where p.T and p. i denote the real and imaginary parts of p., respectively. 
Two quadratic forms such as Tp.Tr and Tp.ir can be simultaneously 
diagonalized if a proper (generally oblique) coordinate system is intro­
duced.31 The explicit expression for this transformation is not necessary 
here, because we are interested only in the general form of the field; 
it is given in Appendix C. To deal with oblique coordinates, it is con­
venient to introduce a tensorial notation. The expression for the scalar 
product of two real vectors t q and P in oblique coordinates assumes the 
form 

i 
q'P = q Pi , (54) 

where q1 and q2 denote the (contravariant) components of q, obtained 
by drawing lines parallel to the axes from the tip of the vector q as 
shown in Fig. (3), and where P1 , P2 denote the (covariant) components 
of p, obtained by drawing lines perpendicular to the axes. For brevity 
the summation sign over repeated indices is omitted. 

t The following relations are also applicable to complex vectors since such 
vectors can be defined as linear combinations V r + jV" of two real vectors V r 
and V,. 



NONORTHOGON AL OPTICAL SYSTEMS 2327 

-=:;;.---f-+---------J:1 

...... -- PHASE = CONSTANT 

............ -- INTENSITY = CONSTANT 

Fig. 3-This figure represents the oblique coordinate system, defined in the XIX2 
transverse plane, which diagonalizes both the real and the imaginary parts of the 
wavefront (represented schematically by ellipses). The contravariant components 
of the position vector q, and the covariant components of the direction cosine 
vector p are also represented. It is assumed that the unit vectors of the coordinate 
system have a unit length. The index in the rectangular coordinate system is placed 
at a lower position only to distinguish it from the oblique coordinate system. 

The reduced eikonal <I> is now written 

(55) 

where Xi, i = 1, 2 (or Xi, j = 1, 2) denote the contravariant components 
of a position vector r, and fJ. denotes a twice covariant tensor. With this 
notation, equations (31) and (32) are valid in any coordinate system. 
Therefore, in the coordinate system in which fJ. is diagonal (fJ.12 = 0), 
we have 

PI 

P2 

fh 

P2 

Let us set 

I 
fJ.llq, 

2 
fJ.22q , 

,,1 
fJ.llq, 

,,2 
fJ.22q . 

(56a) 

(56b) 

(56c) 

(56d) 

(57a) 

(57b) 
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In equation (57), C i and -2k-1W~2 denote the real and imaginary 
parts of Ilii , respectively. The reason for the notation 2k-1W~2 is that 
Wi represent the beam radii along the coordinate axes, as shown in 
equation (59). 

In the new coordinate system (with base vectors of unit lengths), 
the area of the parallelogram constructed on the vectors q and q is 

(58) 

where 'Y is the angle between the two coordinate axes. The field of the 
fundamental mode, equation (36), can consequently be rewritten 

1/;oo(x\ X2, z; ill, cR) = (sin 'Yf!(qlq2 _ q2 ql)-! 

. exp { - [(Xl/WJ)2 + (X2/W2) 2] } 

. exp { - j ~ [C,(x')' + C,(x')'l}' (59) 

The first exponential term in equation (59) describes the beam in­
tensity pattern and the second one describes the wavefront of the beam. 

In the special case where the lens-like medium is orthogonal, one 
may choose ill and cR in two mutually orthogonal planes. Assuming that 
these planes coincide with the X1Z and X2Z planes, respectively, we have 

(60) 

and equation (59) reduces to the known form (see, for example, Ref. 24) 

1/;00 (Xl , X2 ,z; ill, cR) = q-;! exp [ -(Xl/WJ)2 - j ~ CIX~J 

,,_.1 [( /)? . k C 2J • q2 2 exp - X2 W 2 - - J 2" 2 X 2 _ • (61) 

IV. HIGHER ORDER MODES OF PROPAGATIO~ 

Two procedures are given in this section to obtain the higher order 
modes of propagation. One is based on the power series expansion of the 
field of off -set gaussian beams and the other is based on the application 
of differential operators on the fundamental mode. These two methods 
can be shown to be equivalent. They lead however to two different 
representations of the field, one in terms of Hermite polynomials in 
two complex variables and the other in terms of finite series of ordinary 
Hermite polynomials. Both representations are of interest. 

It has been shown in the previous section that the field of a gaussian 
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beam propagating along the axis of an optical system is fully described 
by two complex rays, denoted CR and ill, satisfying equation (33). This 
solution of the wave equation can be generalized to include the case 
where the beam axis is a ray ffi. It was pointed out also that ffi may 
assume complex values provided its position and direction vectors 
(q, p) remain solutions of the ray equations. Let us define ill as a linear 
combination of the rays CR* and ill*, conjugate of CR and ill, respectively. 
We have 

(62) 

(63) 

where al and a2 are two arbitrary parameters. Introducing these ex­
pressions in equation (52) one obtains 

1/;(1", z; CR, ill; al , (2) = 1/;00(1', z; CR, ill) X exp (ay - !ava), (64) 

where 1/;00(1", z; CR, ill) denotes the fundamental mode field and where we 
have defined 

. (65a) 

v == [Vl1 V12] == -2kQ*J.liQ*, 

Vl2 V22 

(65b) 

Y == llYl] == -2klJ*J.lir . 
Y2 

(65c) 

Notice that v is a symmetric matrix as a result of equation (33). 
One now observes that the exponential term in equation (64) is the 

generating function for Hermite polynomials in two variables32 

0() m n 

( - 1 - ) _ ~ a l a2 H (-1 . ) exp ay - -:.lava - LJ -" mn V y, v , 
m,n=O 1n. n. 

(66) 

where the polynomials H mn have the form 

H ( . ) - '" n [1 m(m - 1) rn-2 n 
!fin YI , Y2 ,v = Y IY2 - 2" 1 Vl1YI Y2 

(67) 
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and, for m + n ~ 3 

Hoo = 1, 

HlO = Yl , 

HOI = Y2 , 

H2o = yi - Vll , 

Hu = YIY2 - VIZ, 

H 02 = y~ - V22 , 

H30 = y~ - 3VllYl , 

H 21 = yiY2 - 2V12Yl - VllY2 , 

H 12 = YIY~ - 2V12Y2 - V22Yl , 

H03 = y~ - 3V22Y2 . 

(68) 

Each coefficient in the expansion of 1/I(r, Z; CR., cR; al , (2) in power 
series of al , a2 is necessarily a solution of the wave equation since al 

and a2 are arbitrary numbers. New solutions of the wave equation are 
therefore obtained in the form 

1/Imn(r, Z; CR., cR) = 1/Ioo(r, Z; CR., ffi)H mn(Q*-l r; v). (69) 

It is demonstrated in Appendix D that this set of solutions forms an 
orthogonal system, provided the condition (CR.; ffi*) = 0 is satisfied 
[in addition to equation (33)]. The fact that Yl and Y2 are complex does 
not raise any particular difficulty in calculating H mn(YI , Y2 ; v) from 
equations (67) and (68). This prevents us, however, from identifying 
Yl and Y2 with real coordinates. It is important to notice that multiplica­
tionof CR. by a factor A (i.e., q -7 Aq, P -7 Ap) and cR by a factor 
~ (q -7 ~q, P -7 ~p) leaves essentially unchanged the field given in 
equation (69); it is merely multiplied by a constant. This property 
results from equation (65) and the general form of H mn given in equa­
tion (67). Consequently CR. and cR need to be defined only to within 
constant factors. 

In the special case where the optical system is orthogonal, one may 
choose CR. and cR in two mutually perpendicular meridional planes co­
incident with the XIZ and X2Z planes respectively (q2 = P2 = 0, 
ql = PI = 0). The matrix v becomes diagonal and the Hermite poly­
nomials in two variables reduce to a product of two Hermite poly­
nomials jn on~ vl1riabl~, To within a (!on,stant one has l in that special 
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case32 

H mn(YI , Y2 ; v) = V~:2V~;2 H m(2-!YIV ~~)H n(2-!Y2v-;t) (70) 

where Hk(X) denotes a Hermite polynomial in one variable of order k 
(as defined in Ref. 33). Using equation (57), the right side of equation 
(70) can be written, to within a constant 

(q~/ ql)m/2(q~/q2r/2H m(2!XI/w1)H n(2!X2/W2) ' (71) 

in agreement with previous results. ll 

The procedure just described for obtaining new solutions of the 
wave equation can be applied to an arbitrary field 1f;(r, z). The coefficients 
of the power series expansion are obtained in that case by repeated 
differentiation. If one calculates the coefficients for the few first orders, 
one finds that they assume the form 

1f;mn(r, z; CR, m) = Am (CR*)An (m*)1f;(r, z), (72) 

where A(CR) and A(m) are differential operators defined by 

A(CR) == p1' - jk-1ijV, 

A(m) == fir - jk-l~V. 

(73a) 

(73b) 

It is not difficult to show, using equation (33), that these two operators 
commute with one another. For generality, let us demonstrate equa­
tion (72) on the basis of the integral transformation, equation (20). t 

Let 1f;(1') and 1f;' (r') denote fields at the input and output planes, 
respectively, of an optical system described by its reduced point charac­
teristic s. Let us prove that a field A(CR)1f;(r) is transformed into 
A'(CR')1f;'(1") at the output plane, i.e., that 

(p'r' - jr' 1i''V'){/(" >/-(r) exp (- jkS) d'r} 

= li:oo 

[Cpr - jk- 1 ijV)1f;(r)] exp (-jkS) d2r. (74) 

Notice that the constant term ±A -1 I V I! in equation (20) can be 
dropped. The primes in equation (74) refer as before to quantities taken 
at the output plane. 

Using equation (16), one finds that 

V' exp (-jkS) = -jk(Vr + Wr') exp (-jkS). (75) 

t Alternatively one can show that the operator A(CR) [or A«R)] commutes with the 
wave equation operator, equation (8). This result has been obtained before by 
POpOV26 for a special form of A(CR). 
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Therefore the left side of equation (74) can be written 

11:00 

[p'r' - q'(Vr + lFr')],p(r) exp (-jkS) d2r. (76) 

To evaluate the right side of equation (74), notice that, for any function 
F(x i , X2) which tends exponentially to zero as Xl , X2 ~ ± 00, one has 

11_+0000 V F(XI , X2) dX I dX2 = o. (77) 

Therefore, setting 

F(XI , X2) == ,per) X exp (- jkS) 

in equation (77), one obtains 

1[:00 V,p(r) X exp (- jkS) d2r 

(78) 

= - J1:00 

(-jkVS),p(r) X exp (-jkS) d2r. (79) 

Using again equation (16) to evaluate VS, the right side in equation (74) 
becomes 

J1:oo 

[pr + q(Ur + Vr')],p(r) exp (-jkS) d2r. (80) 

The identity of the two terms in brackets in equations (76) and (80) 
results from the ray equations, equation (18). 

The property established for A(CR) clearly holds true also for the 
operator A"'(CR) corresponding to m applications of A(CR) , and for the 
operator An(ill) associated with another ray ill. 

When applied to a gaussian beam (defined by CR, ill), the operators 
A(CR) and A(err) give a result identically equal to zero. Higher order 
modes are obtained, however, if one considers the operators associated 
with the conjugate rays CR*, err*. One therefore calculates 

,pmn(r, z; CR, err) = Am(CR*) An(err*),poo(r, z; CR, err). (81) 

To give a convenient form to the right side of equation (81), let us 
write down explicit ely in tensorial notation (see Section III) the operator 
A(CR*), defined by equation (73a) 

A(CR*) = p~Xi - jk-1qi*V i 

== (P1X1 - jk-1ql* a~l) + (p~X2 - jk-1q2* a~2). (82) 

Using equations (82) and (59) and the relation33 



NONORTHOGON AL OPTICAL SYSTE~IS 2333 

d 
dXHk(x) = 2xHk(X) - Hk+l(X), (83) 

where Hk(x) denotes a Hermite polynomial of order k, one finds that 

A(ill*){Hm(2txl/Wl)Hn(2tx2/W2) if; 0 0 (Xl , X2, z; ill, cR)} 

= if;oo(x\ X2, z; ill, cR)[ql* /wlHm +l (2 tXl/wl)H,,(2!x2 /W2) 

+ q2* /W2H m(2!Xl/wl)Hn +l (2 tX2/W2)]' (84) 

A similar relation holds for A (cR*) . These two relations show, by recur­
rence, that the field of the mode 1n, n can be written 

l/Imn(X\ X2, z; cR, cR) Am(cn*) An(cR*) if; 0 0 (Xl , X2, z; ill, cR) 
if; 0 0 (Xl , X2, z; ill, cR) X [ql* /wlH(2tXl/Wl) 

+ q2* /w2H(2!x2 /w2)r X [I?* /wlH(2!Xl/W l) 

(85) 

where the convention is made that, after multiplication of the two 
binomials, Hk(x) actually represents a Hermite polynomial of order 
k: Hk(X), This form of the field shows that the higher order modes of 
propagation can be obtained by multiplying the fundamental solution 
by a finite series of Hermite polynomials in one real variable.t Since 
q2/ ql and f/ / (/ are generally complex, the wavefronts are different for 
each mode. It is shown in the next section that q2 / ql and (/ / (/ happen 
to be real, however, at the end mirrors of linear resonators. From this 
observation, it results that the wavefronts of all of the resonating 
modes generally coincide with the end mirror surfaces. 

Another special case of interest is the case where q2/ ql and (/ / f/ are 
both equal to j. This happens in the case of systems with rotational 
symmetry, such as the "cavities with image rotation" which are investi­
gated in Section VI. 

V. NONORTHOGONAL RESONATORS 

'IV e are concerned in this section with the resonant fields and the 
resonant frequencies of nonorthogonal resonators. Ring-type resonators 

t In the case where m = 0 (or n = 0) it is not difficult to show that the two 
expressions given for the mode mn in equations (69) and (85), respectively, 
coincide. This result can be obtained by writing equation (69) in the coordinate 
system in which f.t (but not necessarily v) is diagonal and using an expansion 
formula [equation (22), p. 371 of Ref. 32] for II mn and a condensation formula 
[equation (31), p. 345 of Ref. 32] for the right side of equation (85). In the 
general case a direct comparison of the two expressions appears to be difficult. 
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being conceptually simpler than linear resonators, their properties are 
considered first. A ring-type resonator is essentially a section of wave­
guide closed on itself. An optical beam is a mode of the resonator, if, 
after a round trip, its field reproduces itself exactly. 

The general form of the solutions obtained in the previous sections 
(Sections III and IV) is preserved as the beams propagate through 
an optical system. In general, however, the field distribution at the 
output plane of a section of waveguide does not coincide with the 
field distribution at the input plane [see, for instance, the transforma­
tion law, equation (48b) for the fundamental mode]. By a proper 
choice of the mode parameters it is possible, however, to achieve 
coincidence between the fields at the two planes (except, perhaps, 
for a constant phase factor). In that case, the beam is said to be 
matched to the section of waveguide considered. Clearly, such a beam 
would also be matched to a sequence of identical sections, forming 
a periodic waveguide. For the fundamental mode, the matching con­
dition can be obtained by specifying that p,' = p. in equation (48b) 
and solving for p,. However it is more convenient to look first for 
rays which reproduce themselves after a round trip in the system 
(except for a constant factor) and calculate the wavefront matrix p, 

associated with these rays. Such rays are called eigenrays; they are 
always complex in the case of stable resonators. 

To obtain the eigenrays, let us replace q' and p' by Aq and 
AP, respectively, in equation (18). One obtains the relations 

-p = (U + A V)q, 

p = (A-IV + W)q, 

and, by addition and subtraction 

° = (U + W + A V + A-I V)q, 

p = t(W - U + A-I 11 - A V)q. 

(86a) 

(86b) 

(87a) 

(87b) 

Equation (87a) actually represents a system of two homogeneous 
linear equations which admit a solution only if 

I U + W + AV + A-IV 1= 0, (88) 

where the bars denote a determinant. Equation (88) can be rewritten 
as a second-degree equation in (A + A-1

) as shown previously21 for a 
special case. One obtains 

I V I (A + A-l)2 + [VllK 22 + K llV 22 - K 12 (V12 + V 21 )](A + A-I) 

+ I K I - (V12 - V 21 )2 = 0, (89) 
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where we have defined 

]( == U + W. (90) 

The resonator is stable when the solutions of equation (89) for 

(91) 

are real and are in the range -1 to + 1; this is assumed henceforth. 
In that case, two real characteristic angles, denoted 8 and 0, are ob­
tained, the two other characteristic angles being clearly - 8 and - O. 

If one introduces one of the four eigenvalues A = exp (j8), ~ = 

exp (j0), A * = exp (- j8) or ~ * = exp (- jO) in equations (87 a) and 
(87b), one obtains (to within arbitrary constants) the components of the 
four eigenrays denoted respectively ffi, ill, ffi* and ill*. Let us show that 
the product of ffi and ill [defined in equation (12)] is equal to zero. 

Since (ffi; ill) is invariant, one may choose a reference plane along the 
path where the matrix V is symmetric. At such a plane, equations (87 a) 
and (87b) assume the form 

o = [U + W + (A + A-I) V]q, 

p = ![W - U + (A- I 
- A)V]q. 

Since both U + Wand V are symmetric, one has31 

qVq = §Vq = 0, 

provided the absolute values of e and 0 are distinct. Therefore 

(ffi; ill) == qp - §p 

(92a) 

(92b) 

(93) 

= !q[W - U + (X- 1 
- X)V]q - !§[W - U + (A- I 

- A)V]q 

= !C~ -1 - X)qVq - !CA -1 - A)§V q = O. (94a) 

One also has, replacing X by ~ -1 and/or A by A-I 

(ffi*; ill*) = 0; (ffi; cR*) = 0; (ffi*; ill) = O. (94b) 

Therefore, according to the results of Section III, each pair of eigenrays 
in equation (94) defines a gaussian beam. The choice between the four 
pairs of eigenrays can be made by giving either a positive or a negative 
sign to 8 and O. It is made in such a way that the imaginary part of J.I. 

is a negative definite form. This ensures that the power carried by the 
beam in finite. After traversing a period of the optical system, the 
position q and the direction p of ffi become q exp (je) and p exp (je) 
respectively. Similarly, q and p become q exp (jO) and p exp (jO). Equa-
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tions (35a through c) and (34) show that p, assumes its original value 
after a period (round trip) in the optical system; h, however, is multi­
plied by exp [j(e + 0)]. The field of the fundamental gaussian beam 
defined by ill and cR consequently reproduces itself after a period except 
for an additional phase shift equal to kL - (e + 0)/2, where L denotes 
the period (round trip) path length. 

To clarify the above discussion let us observe that the modal matrix 

fjkQ* Q], (94c) 

~'kP* P 

where Q and P were defined before in equations (32b and c), is itself a 
ray matrix, i.e., satisfies equation (112). As shown in Appendix D, the 
imaginary part of p, can be written - (k-1/2) (QQ*)-l; this is clearly a 
negative definite form, as required. It can also be shown, using equations 
(111), (16) and (21), that the mode generating function l/I(r; a) given in 
equation (64) is precisely the output field created by a point source 
located at the input plane of a (lossy) optical system whose ray matrix 
is the modal matrix, equation (94c). 

Considering now the form, equation (85), obtained for the higher 
order modes, it appears that the operators Am and An are responsible for 
an increase of the phase of l/Imn equal to -me - nO. Therefore, the 
general expression for the resonant frequencies is 

klmnL = (m + ~)e + (n + ~)O + 2f7f", (95) 

where .e is an integer defining the number of wavelengths along the 
system axis. This result was obtained by POpOV9

,26 for the special case 
of linear nonorthogonal resonators incorporating homogeneous internal 
media. It is shown here to be applicable to the general case. 

Let us now investigate the case of linear cavities (cavities with 
folded optical axis). It is convenient to replace the two curved end 
mirrors of such resonators by plane mirrors and thin lenses, and take the 
reference plane at one of the end mirrors. In a round trip along the 
folded optical axis two optical systems are encountered which are 
mirror images of one another. It is shown in Appendix B that the point 
characteristic matrix assumes in that case the simple form 

[s] = [U V], 
V U 

(96) 

where both U and V are real and symmetric. The characteristic equa­
tions (92a) and (92b) become simply 

(U + cos eV)q = 0, (97) 
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p = -j sin eVq, (98) 

where e is the characteristic angle. 
Let q, p and q, p denote two solutions of equations (97) and (98) 

(eigenrays). Equation (97) shows that the ratio of the two components 
of q and q, q2/ ql and q2/ ql , respectively, are real (in any coordinate 
system) since, for a stable resonator, the solutions e and e of the charac­
terjstic equation 

I U + cos eV I = 0 (99) 

are real. One also observes that the wavefront matrix J.L is imaginary. 
This result shows that, at the end mirrors of linear resonators, the wave­
front of all of the modes coincide with the mirror surfaces, except 
perhaps in some cases of degeneracy. Since U and V are symmetrical, 
one further notices that31 

qVq = 0, (100) 

provided the absolute values of e and e are distinct. Therefore, from 
equation (98), 

qp = pq* = O. (101) 

This relation is useful in checking numerical calculations. 

VI. CAVITIES WITH IMAGE ROTATION 

As an example of application of the general theory discussed in the 
previous sections, let us calculate the resonant frequencies and the 
resonant field of a new type of optical cavity that one may call "cavity 
with image rotation." 

Consider a nonplanar closed path (see Fig. 4) and let n be the rotation 
experienced after a round trip by rays parallel to the optical axis. 
(The value of n for a given orientation of the mirrors can be found in 
Ref. 4.) The case where the optical system has a rotational symmetry is 
of particular interest. Let [~ ~] be the 2 X 2 ray matrix of the optical 
system with rotational symmetry introduced along the path. The round 
trip point characteristic matrix of the resonator IS, in rectangular 
coordinates 

a o : -cos Q -sm Q 
I 

[s] 
o a: sin Q - cos Q 

---- ________ 1 ___________ _ (102) 
- cos Q sin Q II d 0 

I 

-sin n - cos Q : o d 
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/ .. __ FOCAL LENGTHS fl-' f2 
,/ 

Fig. 4-A cavity with image rotation is represented. It incorporates a lens and 
four plane mirrors which define a nonplanar path. As a result of the twist of the 
path, this resonator is nonorthogonal. When the lens is astigmatic, the resonating 
modes do not exhibit the same patterns as in the case of more conventional 
cavities. 

Equations (89) and (102) show that the characteristic angles are simply 

where we have defined 

e = eo + Q, 

{j = eo - Q, 

cos eo == (a + d)/2. 

(103a) 

(103b) 

(104) 

The resonant frequencies are therefore given, from the general rela­
tion equation (95), by 

klmnL = (m + n + l)eo + (m - n ± l)Q + 2l1r. (105) 

The additional term ±n in equation (105) is to be introduced when 
polarization effects are taken into account. It has been assumed that 
the mirrors are perfect conductors, even in number, and that the medium 
is isotropic. In that case the polarization vector experiences the same 
transformation as an image,4 i.e. a rotation O. The + and - signs in 
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equation (105) refer to the clockwise and counterclockwise polarization 
states, whose degeneracy is therefore lifted. 

The eigenvectors q, p and q, p have respectively clockwise and counter­
clockwise circular polarizations too, as one expects from the rotational 
symmetry of the system; they are independent of the image rotation n. 
The components of m(q, p) and ffi(q, p) are respectively, to within 
arbitrary constants 

CR{q(jb, b) 

p( -sin ()o , j sin ()o) 

ffi{q(jb, - b) 
p( -sin ()o , - j sin ()o). 

(106) 

Setting for brevity, 2!x
l /w = Xl and 2!X2/W = X2 , where w is the beam 

radius, the mode 1/;mn assumes in rectangular coordinates, from equa­
tion (85), the form 

(107a) 

This expression, bejng independent of n, should coincide with known 
forms (see Ref. 15 or 11) which can be written 

(-lfn! 2m
+
nz m-nL;:-n(zz*) 1/;00 if m ~ n, 

( -1)mm! 2m+nz*n-mL:,.-m(zz*) 1/;00 if m ~ n, 

where L~ denotes a generalized Laguerre polynomial, and 

Z == Xl + jX2 . 

(107b) 

(107 c) 

(108) 

A relation between Hermite polynomials and generalized Laguerre 
polynomials was given before, in a different form, by J. R. Pierce and 
·S. P. Morgan (private communication). The identity of the right side 
of equation (107a) and equations (I07b) and (I07c) is easily demon­
strated for the special cases n (or m) = 0, and m = n, using well­
known formulas,* and verified for the first values of m, n. The 
field consequently assumes the same form as in ordinary cavities. A 
rotation 0 about the z axis of the beam pattern can be expressed by 
a multiplication of Z by exp (jO) and consequently, from equation 
(107), by a phase shift (m - n) 0, in agreement with equation (I05). 
The distinctive feature of cavities with image rotation compared with 
ordinary cavities, in addition to the polarization properties mentioned 
before, is that the intensity pattern of the resonant field has neces­
sarily a circular symmetry. 

When the optical system introduced along the nonplanar path is 

* See Ref. 33. Notice that a factor 22n is missing in equation (32), p. 195, of this 
book. 
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astigmatic, one must use the general expressions given in the previous 
sections. This case has been studied numerically, using equation (85), 
for the case of a resonator incorporating a single spherical mirror of 
radius R = 6m, operating at an incidence angle of 30° and an odd 
number of plane mirrors. The spherical mirror is equivalent to an 
astigmatic lens of focal lengths 11 = 2.6m and 12 = 3.47m. Assuming 
a round trip path length L = 1m and an image rotation 0 = 20°, 
one obtains for the point characteristic matrices, from equation (115), 
with d = 1, v = 0 

u = [0.615 0] , 
o 0.712 

V = lr -0.94 -0.34l, 
0.34 -0.94J 

W ~ [~ ~l 
The characteristic angles are 

(j = -13°3, 

{j = -54°, 

from which the resonant frequencies can be obtained. The components 
of the eigenrays <R and cR are respectively, in a rectangular coordinate 
system 

<R{Q(l, -j1.35) 

p(0.19 - jO.66, -0.62 - jO.19), 

cR{§(l' jO.91) 

p(0.19 - jO.57, 0.49 + jO.13). 

These two eigenrays fulfill, as expected, the condition {jp 
define a wavefront matrix 

J.L = [0.096 - jO.305 0.0206 ] 

0.0206 0.072 - jO .246 

§p; they 

whose imaginary part is a negative definite form, as required. The 
intensity pattern for the mode tf20 is shown in Fig. 5. It is inter­
mediate between the circularly symmetric patterns observed when 
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Fig. 5--This figure represents the constant intensity curves of the TEMm mode 
in a nonorthogonal cavity incorporating a 6m radius mirror with an incidence 
angle of 30° and an image rotation of 20°. The optical a,xis path length is 1m, and 
the wavelength is l,um. 

11 = 12, and the usual orthogonal patterns observed for n 
for instance, the TEM20 mode in Fig. 7 of Ref. 11). 

VII. CONCLUSION 

o (see, 

It has been shown that, within the first order approximation, the 
solutions of the scalar wave equation can be expressed in terms of the 
solutions of the (simpler) ray equations. The fundamental mode of 
propagation in nonorthogonal media was obtained by generalizing the 
expression for the field of astigmatic ray-pencils. An oblique coordinate 
system has been introduced which reduces this solution to the form 
assumed by ordinary gaussian beams. The higher order modes of prop­
agation were also obtained; they can be expressed as the product of 
the fundamental solution and Hermite polynomials in one real variable. 
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The results of POpOV9 ,26 for the resonant frequencies of nonorthogonal 
resonators were extended to resonators incorporating arbitrary lens-like 
media and were applied to a new type of cavity which exhibits interest­
ing resonance and polarization properties. This theory may also be 
useful for special optical waveguides such as the helical gas lenses, and 
for analysis of optical systems which are nominally orthogonal, but 
which suffer from small distortions in three dimensions. 

APPENDIX A 

Relations Between the Point Characteristic Matrix and the Ray Matrix 

It has been shown in the main text [equation (18)] that the direc­
tion vectors p, p' of a ray at the input and output plane of an optical 
system are related to the position vectors q, q' by the following matri­
cial relation 

[-p] = [U V]i q ] == [S][q] , 
p' l V W Lq' q' 

(109) 

where U and Ware 2 X 2 real symmetric matrices, V is a 2 X 2 real 
matrix. [S] is a 4 X 4 symmetric matrix which has been called the point 
characteristic matrix. One also sometimes defines a ray matrix, [mr] 
which relates the position and direction vectors of a ray at the output 
plane to the values assumed at the input plane 

(110) 

where A, B, C, Dare 2 X 2 real matrices. Since, from equation (109), 
only 10 numbers suffice to define the optical system, the elements of the 
4 X 4 ray matrix [mr] must be related by 16 - 10 = 6 relations. To 
obtain these relations, let us compare equations (109) and (110). One 
obtains readily 

U = B-1A, 

V = _B- 1
, 

V = C - DB-lA, 

W = DB-I. 

Since U and Ware symmetrical one has 

AB - BA = 0, 

(l11a) 

(lllb) 

(illc) 

(l1ld) 

(1l2a) 
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BD - DB = 0, (112b) 

and, by comparing the expressions obtained for V and V, equations 
(l1lb) and (lllc), and using equation (112b), one finds that 

DA - BC = 1. (112c) 

Equations (112a, b and c) are equivalent to those given by Luneburg.1 

They effectively correspond to six independent relations. The relations 
inverse of equations (lIla through d) are 

B = - V-I, 

c = V - WV-IU, 

APPENDIX B 

(113a) 

(113b) 

(113c) 

(113d) 

Point Characteristic Matrix of a Sequence of Thin Lenses and M irrors­
Symmetrical Systems 

The point characteristic matrix [S] of a sequence of thin astigmatic 
lenses and plane mirrors, arbitrarily oriented in space, can be obtained 
in closed form. 

Let us first consider a thin astigmatic lens oriented at an angle p 

with respect to the Xl axis ofaxlx2z rectangular coordinate system, 
with focal lengths 11 , 12 . This lens is followed by a section of free space 
of length d. For generality, one further assumes that the output co­
ordinate system is rotated by an angle n about the z axis. This rotation 
has to be introduced in the case of non planar paths.4

•
34 Using the 

expression for the optical thickness of a lens, and the paraxial approxi­
mation of the length of tilted rays in free space, one obtains 

[s] ~ [~ ;l (114) 

with 
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sin nJ ' 
cos n 

(115) 

These expressions are applicable to curved mirrors under oblique inci­
dence with little modification since a curved mirror is equivalent to a 
plane mirror and a lens, in the most general case.34 It remains to calcu­
late the point characteristic matrix of a sequence of optical systems 
such as the one described by equations (114) and (115). 

The point characteristic matrix [St] of a sequence of two optical 
systems whose point characteristic matrices are respectively [sd and 
[S2] is obtained by using equation (18) of the main text, and specifying 
that the rays are continuous at the junction between the two systems. 
One obtains 

[S t] = [Ul -_ V 1(W1 + ~2:~1 VI 
- V2(W1 + U2 ) VI 

- Vl~Wl + U2)-1:2 J. (116) 

VV2 - V2(W1 + U2) V 2 

In the special case where the second optical system is the mirror 
image of the first system with respect to their common plane, [St] 
reduces to 

-! VW-1V ] 

U - ! VvV-1V 
(117) 

where the index 1 has been omitted. Equation (117) shows that, in 
a symmetric system, U t is equal to W t and V t is a symmetric matrix. 

Repeated applications of equation (116) and equations (114) and 
(115) give the point characteristic matrix of an arbitrary sequence of 
lenses or mirrors. 

APPENDIX C 

Diagonalization of a Complex Wavefront 

The need for introducing an oblique coordinate system at each 
transverse plane has been outlined in the main text. Detailed transforma­
tion formulas are given in this appendix. 

Let el , e2 be th~ ~ase vectors, of unit length, of the original rectangular 
coordinate system, and el , e2 the base vectors, also of unit length, of a 
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new coordinate system. t The ei , i = 1, 2 are linearly related to the 
ej , j = 1,2 by 

(118) 

where 8~ is the mixed tensor which expresses the coordinate transforma­
tion. The reduced eikonal cp is a complex quadratic form which was 
written in the original coordinate system [equation (53)] 

(119) 

where J.LT and J.Li are real symmetric matrices. 
By stipulating that, in the new coordinate system, the off-diagonal 

terms of J.LT and J.L i are both equal to zero, one obtains the transfor­
mation [8] which diagonalizes cp 

[8] == [8~ DiJ = [(1 + v2r! v(1 + V2)-!] , (120) 

D~ 8; u(1 +: u2)-! (1 + u2)-! 

where 

u = (c/a)v = [- b + (b 2 
- 4ac)!]/2a, 

r i i r 
a == J.LllJ.L12 - J.LllJ.L12 , 

b == J.L~1J.L;2 - J.L~1J.L;2 , 

(121) 

(122a) 

(122b) 

(122c) 

The law of transformation of the contravariant components of a vector q, 
denoted respectively qi in the old system and' qi in the new system is 
(omitting the summation sign) 

(123a) 

This reI at jon is also applicable to the coordinate x j 

(123b) 

The covariant components of a vector p, denoted Pi in the old system 
and Pi in the new system, transform according to the inverse relation 

(124) 

Expressions for the new components of J.L are derived in the main text. 

t Quantities relative to the new system are denoted by'bold face'l~tters in this 
Appendix. Ordinary letters are used in the main text, where there is no risk 
of confusion. 
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APPENDIX D 

Orthogonality of the Modes 

Let q, p and q, p be any two solutions of the paraxial ray equations, 
equations (lla and b), and assume that the matrix PQ-t, where 

is symmetric. 

Q == [q q], 

P == [p p], 

(125a) 

(125b) 

An infinite set of solutions of the parabolic wave equation has been 
obtained in the main text in the form [equation (69)] 

1/Imn(r, z; Q, P) = I Q I-! exp ( - j ~ fPQ-1r )Hmn(X; v), (126) 

where H mn denote the Hermite polynomial in two variables Xl , X2 

associated with the quadratic form xvx, where 

v == jkQ*(PQ-I _ P*Q*-I)Q* 

JQ-IQ*, 

J == - jk[qp* - pq* 
qp* - pq* 

~p* - ~q*J' 
qp* - pq* 

Let us now impose on the rays the additional condition 

(CR; m*) == qp* - pq* = 0 

(127) 

(128) 

(129) 

(130) 

and assume that the diagonal terms of J are positive. Since, as pointed 
out in the main text, the two rays need be defined only to within con­
stants, they can be normalized in such a way that J is the unit matrix. 
In that case we have, from equations (127) and (128) 

Consequently 

V-I = v*, 

vX = x*. 

(131) 

(132) 

H'!'n' (x; v) = Hm'n' (x*; v*) = Gm'n' (x; v) (133) 

where we have introduced the adjoint polynomials G mn defined by 

Gmn(X; v) == Hmn(vx; V-l). (134) 
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The orthogonality condition for two solutions 1/;mn and 1/;m'n' [equation 
(126)] can now be written in the form 

Ji~~ 1/;mn(r) 1/;!'n' (r) d
2
r 

I Q-IQ* I! Ji~~ exp (-!xvx)Hmn(x; V)Gm'n'(X; v) d
2
x, 

27rm! n! if m' m and n' = n, 

o if m' ~ m or n' ~ n. (135) 

The biorthogonality property32 of the polynomials H mn and G mn has 
been used in equation (135). 
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Optical Resonators With Variable 
Reflectivity Mirrors 

By H. ZUCKER 
(Manuscript received May 27, 1970) 

In this paper we investigate ci1'cular optical resonators with gaussian 
profiles of the mi1Tor reflectivities. Closed form solution to the integral 
equations for such resonators are obtained. The dominant TE1Ylo,o mode 
characteristics of a resonator consisting of one variable reflectivity mirror 
(V RM) and one uniform reflectivity mirror (U RJJI) are considered in 
detail for a variety of parameters. This resonator is particularly suitable 
for high-gain lasers. Its advantages in compm'ison to the conventional type 
are: (i) there is larger mode volum,e utilization, and (ii) the power trans­
mitted at the variable reflectivity 1nirr01' can in principle be utilized as the 
power output. We discuss dependence of the spot sizes on laser gain and 
mirror-curvatu1'e tolerances and p1'esent a specific design of a Fabry-Perot 
resonator for fundamental mode operation and the expected performance. 

I. INTRODUCTION 

The dominance of the fundamental mode in optical resonators with 
uniform reflectivit.y mirrors is due to the lowest diffraction loss of this 
mode. The power output of this mode is commonly obtained by using 
a partially transparent mirror. These two features could be combined 
in a resonator consisting of one uniform reflectivity mirror (URM) 
and one variable reflectivity mirror (VRlVI). 

Resonators with VRlVI were investigated previously. S. N. Vlasov 
and V. 1. Talanov1 considered symmetrical two-dimensional resona­
tors with two types of variations of the mirror reflectivities including 
the gaussian and obtained solutions for the eigenvalues of the resonator 
integral equations. N. G. Vakhimov2 investigated the natural resonant 
frequencies and field distributions of symmetrical resonators with 
gaussian VRlVI by using an asymptotic method of solution to the wave 
equation subject to impedance boundary conditions. N. Kumagai and 
others3 investigated Fabry Perot resonators with VRlVI of finite dimen-

2349 



2350 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1970 

sions by solving numerically the resonator integral equation for differ­
ent mirror reflectivities. Y. Suematsu and others4 studied beam wave­
guides with gaussian transmission filters for the improvement of the 
stability of beam transmission. 

In this work we investigate nonsymmetrical circular resonators con­
sisting of one URM and one VRM. The radii of curvature of the 
mirrors are arbitrary. The reflection coefficients of the VRM are as­
sumed to have gaussian profiles in the radial direction. For such 
resonators with infinite mirrors, solutions to the resonator integral 
equations are obtained in terms of Laguerre functions with complex 
arguments. The modal fields decrease off-axis very rapidly and con­
sequently these solutions are also applicable to resonators with finite 
mirrors. 

Resonators of the type considered seem to be particularly suitable 
for high-gain lasers as for example CO2 lasers. It is shown subsequently 
that for the fundamental TEo ,0 mode, the spot sizes obtainable are 
considerably larger than those obtained with URM resonators of the 
same length and the same fundamental mode threshold gain ratio. 
This should result in a larger mode volume utilization. Furthermore, 
the power loss due to the transparency of VRM could be utilized as 
the power output. 

In the following sections the solutions for the resonator modes and 
eigenvalues of nonsymmetrical resonators are obtained. It is shown that 
the solutions for symmetrical resonators consisting of two identical 
VRM are readily obtainable as special cases. Mode-stability criteria 
are established as functions of the resonator geometries and VRM 
parameters. The spot sizes of the fundamental TEo ,0 mode are com­
puted as a function of the threshold-gain ratio for a variety of pa­
rameters. A comparison is made between the obtainable spot sizes 
with Fabry Perot resonators with VRM and URM. We show that 
much larger spot sizes can be achieved with the VRM resonator. 
vVe show also that the spot-size diameters of VRM mirrors depends 
basically on the threshold-gain ratio and on the mirror-curvature tol­
erances. A specific design of a Fabry Perot resonator with a VRM is 
examined and the expected performance is presented. 

II. NONSYMMETRICAL RESONATORS 

2.1 Solutions to the Integral Equation (IE) 

The geometry of the nonsymmetrical resonator is shown in Fig. 1. 
It consists of one mirror with variable reflectivity (Ml) and one mirror 
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with uniform reflectivity (M2). The separation between the mirrors 
is d, and the radii of curvature are designated by Rl and R2 respectively. 
The reflection coefficients of the VRlVI, r, is assumed to vary in the 
radial direction P as follows: 

r = ro exp (-{3/) (1) 

where ro and {3 are constants with I ro I ~ 1. 
The reflection coefficient of the URM is assumed to be unity. (A 

reflection coefficient different than unity can readily be included in the 
solution.) 

The integral equations for this resonator are obtained in a manner 
analogous to a URM resonator, by imposing the condition that the 
field should reproduce itself after a round trip. With the azimuthal 
dependence for the electric field E(p, cf» = exp (-jtcf»Fl(P), the two 
simultaneous integral equations are:5 

K~2)F~2)(P2) = jl+l exp (-jkd)1l1 1~ F~l)(PI) exp [-jM(gIPi + g2P;)/2] 

. J eCM PIP2) PI dpI' (2) 

K;1) F;I)(PI) = jl+1 exp (- jkd)1l1ro exp (- (3pi) 1~ F~(P2) 

·exp [-j1l1(gIP~ + g2P;)/2]·JeCMpIP2)P2 dP2' (3) 
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where F~l) (PI)' F;2) (p.J are the radial field distributions at (1\1:1) and 
(M2) respectively, K~l) and K;2) are the associated eigenvalues, J t 

is a Bessel function of order 1, 111 = 271" lAd, A is the free-space wave­
length and 

02 = 

(1 - ~) , 

(1 - l~J· 

(4) 

(5) 

The integral equations (2) and (3) are solved by using the self­
reciprocal properties of the Laguerre functions on the Hankel trans­
form. 6

•
7 These properties are 

10
00 

xv+1 exp (-(3x2)L~(ax2)Jv(xy)(xy)~ dx 

= 2- V
-

1yv+!((3 - afrrn
-

v- 1 exp (-y2/4(3)L~(4(3(:y~ (3)) (6) 

where L! is a Laguerre function of order 1, n. 

Based on equation (6), the modal solutions to the integral equatiOllt5 
are: 

F?)(Pl) = exp (-'YIPU2)L~(alpi)(~ Pl)t, 

F~2>CP2) = exp (-'Y2p;/2)L~(a2p;)( V a 2 P2/· 

(7) 

(8) 

After some algebraic manipulations, the following relations are ob­
tained for the parameters. 

(9) 

2 J112 [ ( 1 )J2 
al = 40; + (3 + j1l1 gl - 2g2 . (10) 

It is convenient to express (Xl in terms of a complex trigonometric func­
tion as follows 

111 
al = - cosh 0 (11) 

2g2 

withS = A + jD.. In equations (9) and (10), A and D. are related to 
the resonator geometry and reflectivity parameters by 

~inh A cos ~ = 2g2(3 
OJ ill ' (12) 
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cosh A sin Ll = (2g 102 - 1). 
Furthermore 

= Jll 2 (c~s Ll + j s inh A). 
CX2 g sm Ll + cosh A 

The associated eigenvalues K~I) and K ~2)are: 

(1) ( , ) [1 + j exp (- o)J (+1 
I(t = ro exp - Jkd in ') exp (-no), 

... g2 

[ 
'2 J(+1 

K;2) = exp(-jkd)f expJ(~2+] exp(-no). 
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(13) 

(14) 

(15) 

(16) 

(17) 

The eigenvalue I(t which gives the decrease of the reflected field 
after a double pass is the product of the above two eigenvalues given 
by equations (16) and (17). 

Ie = K?)K~2) = (-lfjl+1 exp (-j2kd)ro exp [-(2n + f + l)oJ. (18) 

The eigenvalues I(( are exponentially decreasing with f, n. The largest 
eigenvalue is obtained for n = f = 0, corresponding to the fundamental 
TEIVIo,o mode. The next eigenvalue corresponds to the TEIVl1 ,o mode 
(f = 1, n = 0). Since the eigenvalues are related to the power loss, the 
fundamental mode selectivity will depend primarily on the eigenvalues 
for the TEo,o and TE1 ,o modes. 

I t is of interest to examine the special case g2 = 1, which corresponds 
to a resonator with a perfectly reflecting planer mirror 1V12. This reso­
nator is completely equivalent to a symmetrical resonator consisting 
of two identical VRlVI separated by 2d. Both the eigenvalues and the 
fields are the same with the fields beyond d being equal to the reflected 
fields of the nonsymmetrical resonator. 

The modes of the nonsymmetrical resonator are orthogonal at the 
uniform mirror 1\12, since 1'2 = CX2. Howerer, at the VR1\1 neither the 
incident modes nor the reflected modes are orthogonal. This is shown in 
Appendix A. In addition it is shown that for any particular mode, the 
ratio of the reflected to the incident power at the VRM is precisely 
equal to the absolute value square of the eigen value I(( . Physically this 
condition corresponds to conservation of power. 

2.2 Stability Criteria 

For a resonator made to be stable, it is necessary that the exponential 
factors 1'1 and 1'2 in equations (7) and (8) be finite and have a positive 
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real part. Both these factors are dependent on cos t::. and (J2 • The limits 
of the stability regions are thus: (a) (J2 = 0 and (b) cos t::. = o. The 
second condition can be expressed in terms of the resonator parameters 
by using equation (13). 

COS t::. = [1 _ (2g1(J2 - 1)2J! 
cosh A 

and the second limit of the stability region is 

1 ± cosh A 
(Jz = 

(19) 

(20) 

Equation (20) contains the special case of the uniform reflectivity 
resonator (cosh A = 1). For this special case equation (20) reduces to the 
stability criterion derived by G. D. Boyd and H. Kogelnik.8 

In Fig. 2 illustrative stability diagrams are shown as a function of 
01 and 02 with exp (2A) as a parameter. (The choice of this parameter is 
discussed subsequently.) 

A few special cases are considered 

(i) 01 = o. 
This resonator is stable for all values of (jz , except (Jz = o. 

(ii) (Jz = O. 
This resonator is unstable independent of the curvature of Ml. 

(iii) (J1 = 02 = o. 
This is the very special case of the confocal resonator and is in 
general unstable, except for a URM resonator ({3 = 0). 

(iv) (J1 = (J2 = l. 

This is the Fabry-Perot resonator and is stable with a variable re­
flectivity mirror. 

2.3 The Threshold-Gain Ratio 

To sustain oscillations in a laser resonator a necessary condition is 
that the active medium should have enough gain such that after a 
double transit the field has the same amplitude. This condition can be 
written in terms of the eigenvalues of the resonator modes as9 

G IKllz = 1 (21) 

where G is the power gain per double transit. 
In particular for the TEMo.o and TlVIl,o modes, equation (21) can be 

written using equation (18) as: 

Go.or~ exp (-2A) = 1, (22) 
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GLO r~ exp (-4A) = 1, (23) 

where Go. 0 and G1 • O is the threshold -power gain required for oscilla­
tion in the respective modes. A quantity of interest is the threshold­
gain ratio, t defined by: 

G1 0 () t = -' = exp 2A . 
Gooo 

(24) 

This ratio is a measure of the gain tolerance required for oscillation 
in the dominant TEMo.o mode, and is independent of To. 

The threshold-gain ratio may also be expressed in terms of the loss 
per round trip L'O. 0 for the TEMo. 0 mode. Since 

Lo•o = 1 - r~ exp (-2A). (25) 
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The threshold-gain ratio can be written, 

2 

t = ro 
1 - Lo.o 

(26) 

Equation (26) is shown in Fig. 3 as a function of Lo.o • It is evident 
that the threshold-gain ratio increases with the loss and hence better 
mode discrimination is obtained as the loss increases. 1 Furthermore, the 
power output is related to the power loss per transit. Therefore different 
values of r~ can be used to shape the spatial distribution of the power 
output. 

A comparison is made (similar to that in Ref. 1) between the threshold­
gain ratio of a Fabry-Perot resonator with URl\1 and a resonator with 
VRl\1 as a function of the loss per transit. 

Based on the Vainshtein resonator theorylO for the URM resonator 
the threshold gain ratio 

t = (1 ~ L)[(Vl,o!vo,O)2-
11 

(27) 

W here La is the diffraction loss for the TEo. 0 mode and Vn , 0 is the first 
nonzero root of J n (v) = O. 

Equation (27) is also plotted in Fig. 3. It is evident from this figure 
that the threshold-gain ratio as a function of the diffraction loss is 
higher for the Fabry-Perot resonator with uniform mirrors than the 
corresponding ratio for the variable reflectivity resonator. This con-
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clusion was previously reached by Vlasov and Talanov/ who also 
showed that the highest threshold-gain ratio is obtained with confocal 
resonators with uniform reflectivity mirrors. However, the high thres­
hold-gain ratio is only of primary importance for low-gain lasers, 
where the output power obtained by partial transmittivity of the 
mirrors is only a fraction of the power lost by diffraction. For high­
gain lasers, however, the mode utilization volume is of prime impor­
tance and the threshold-gain ratio can be kept at a specified level by 
the proper choice of the loss per pass. For such lasers the resonators 
with variable reflectivity mirrors have the advantage that the power 
loss which is necessary for mode discrimination can also be utilized as 
the power output. The mode volume utilization aspect is discussed later. 

III. COMPUTED TEMo, 0 MODE CHARACTERISTICS 

3.1 Spot Sizes 
The TEMo, 0 mode is of particular interest since it is the funda­

mental mode having the highest eigenvalue and hence the lowest loss. 
For this mode the field distributions are gaussian with quadratic phase 
variations. Specifically the field distributions for the TEo, 0 mode 
from equations (7) and (8) are 

F;, = exp {-~~, [exp C - A) cos Ll + j sinh A sin Ll]p;} , 

F .. = exp {-1~, [exp CA) cos Ll + j sinh A sin Ll]P;} , 

F = ex {_lII g2 (cos ~ + j sinh A) 2} 
r2 P 2 sin ~ + cosh A P2 , 

(28) 

(29) 

(30) 

where Fil and Frl are the field distributions of the inr,ident and reflected 
fields at Ml, and Fr2 is the reflected field at M2. 

The reflection coefficient can be expressed in terms of A and Ll is 
by using equation (12) as 

r = ro exp (-Mj2g2 sinh A cos ~ p~). (31) 

The eigenvalue for the TEJ\1o, 0 mode is 

Ko = ro exp (-j2kd) exp [- (A + j1/;o)] (32) 

with 

1/;0 = ~~- cos ~. (33) 
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The amplitudes of the field distributions at the mirrors are com­
pletely characterized by the spot sizes defined by that radius when the 
above quantities assume the value of l/e. Since the exponents in equa­
tions (28) through (31) are proportional to M, it is convenient to intro­
duce the Fresnel numbers of the spot sizes. For example, for Fil the 
spot size is defined by 

1 (34) 

or 

N _ ~ exp (A) 
i 1 - 7r cos D. g2 (35) 

where Nil = p~l/'A.d is the Fresnel number. The corresponding Fresnel 
numbers of equations (29) through (31), Nrl , Nr2 , N m are defined 
in an analogous manner. 

The above Fresnel numbers have been computed as a function of the 
threshold-gain ratio t = exp (2A), with the radii of curvature as param­
eters. Two types of resonators were considered: (i) a resonator with 
a uniformly reflecting plane mirror and a curved mirror with variable 
reflectivity with radius of curvature as a parameter, and (ii) a resona­
tor with plane mirror with a variable reflectivity and a uniformly 
reflecting mirror with radius of curvature as a parameter. 

For resonator (i), Figs. 4 through 6 show the Fresnel numbers of: 
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the incident beam at M1, Nil, the reflected beam at M2, N 1"2 and the 
Fresnel number of the variable reflectivity mirror N In • Figure 7 shows 
the phase of the eigenvalue t/lo, equation (33). Figures 8 through 10 
show the corresponding quantities for the type (ii) resonator. The 
phase t/lo is the same as in Fig. 7 but with g1 and g2 interchanged. 

A comparison of the characteristics for the two types of resonators 
shows that the most pronounced differences are when either of the 
mirrors have curvatures g1 or g2= 0.5. Larger spot sizes are obtain­
able with the type (i) resonator. The Fabry-Perot resonator for which 
g1 and g2= 1.0 is a special case for both types. It also may be noted 
that a large increase in the spot size occurs when one of the mirrors is 
slightly convex, e.g., g1 or g2 = 1.01. This increase is caused by the 
curvature of the resonator mirror which approaches the unstable 
region, Fig. 2. 

For a finite resonator, the resonator diameter will be limited by the 
minimum obtainable reflectivity at the mirror edges. At the spot-size 
diameter the reflection coefficient of the mirror has the value lie. The 
spot-size diameter may be considered as a measure for the diameter of 
the VRM. The Fresnel number of the spot size of the incident beam, 
which for a variety of geometries is the maximum spot size of the 
beam along the resonator is related to the Fresnel number of the 
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mirror spot size by: 

N' l N: = [exp (2A) - 1] = t - 1. (36) 

For a resonator with finite dimensions to be a good approximation to 
the infinite resonators, it is necessary that beam power outside the 
mirrors be small. To obtain an estimate of this power, a resonator is 
assumed with a diameter equal to the mirror spot size diameter. 

The ratio p, of the incident power outside the mirror spot-size diam­
eter to the total incident power is from equations (28) and (1) given 
by 

p 
f'" -exp [- JJ1/2g2 exp (- A) cos ~P~]Pl dpl 

l/VP 

fa'" exp [-M /2g2 exp (- A) cos ~P~JPl dpl 

(37) 

After performing the integration and substituting equation (12), 
this ratio can be written as 

p = exp {-2/[exp (2A) - I]}. (38) 
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It readily follows from equation (38) that for a threshold-gain ratio 
t = exp (2A) smaller than 1.43, p is less than one percent. 

A comparison is made between the characteristics of Fabry-Perot 
resonators with one large (such that the diffraction loss is negligible) 
uniformly reflecting mirror and with the other mirror being either of 
uniform or variable reflectivity. For the resonator with VRM, the 
Fresnel number for a given diffraction loss has twice the value than 
that if both mirrors are of the same size. Figure 11 shows the Fresnel 
number of the uniform mirror as a function of threshold-gain ratio. 
The curve is based on the Vainshtein resonator theory.lo In the same 
figure is also shown the Fresnel number of the spot size of the incident 
field Nil. It is evident from this figure that the spot-size diameter at 
the VRM is considerably larger than the diameter of the uniform 
reflectivity mirror for the same values of t. As an example the special 
case of a resonator with a uniform mirror with a Fresnel number of 
two is considered. For this resonator, the field at the mirror has been 
computed by T. Li.5 Though the field distribution for the TEMo,o is 
not gaussian, for comparison purposes the Fresnel number of the spot 
size (based on the lie value for the field) is estimated to be about 
1.6. For the same value of t the Fresnel number of spot size for the 
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VRM resonator is 5.2. For lower values of t the difference in the spot 
sizes is even more pronounced. One of the advantages of VRM reso­
nator is therefore the larger spot sizes and hence the large potential 
for mode volume utilization. 

3.2 Field Distributions in the Resonator 

For efficient mode volume utilization, the field along the resonator 
should be reasonably uniform. The uniformity of the fields is strongly 
dependent on the mirror curvatures. Referring to Fig. 1, let Bl be the 
reflected beam from Ml and B2 the reflected beam from M2. The 
functional dependence of the two beams on the longitudinal z coordi­
nate has been obtained from the fields at the mirrors, and is given by 
the following equations 

with 

and 

I'2(Z) = 

2 

Bl = exp [-'YI (z)] ~1 , 

2 

B2 = exp [ -I'2(z)] ~2 , 

J1f{2g,(~)' exp (A) cos,1 + j ~ [(exp (A) + a sin ,1)' 

+ a2 cos
2 

L1 - 2g2 ~ (exp (A) sin L1 + u) J} 
(exp (A) + a sin L1)2 + a2 cos2 L1 

a = 1 + 2g2(~ - 1) , 

(39) 

(40) 

(41) 

(42) 

M[2g,C ~ J exp (A) cos,1 + iC ~ z){(exp (A)b - sin ,1)' 

+ cos' ,1 + ~ [exp (2A)b + 2 exp (A)sin,1(g, -1) -1]} ] 

[ exp (A)( b + d ~ .) + C ~ z - 1) sin ,1 ]' 

(43) 
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with 

b = (2g2 - 1). (44) 

The real part of equations (41) and (43) has been evaluated as a 
function of z, in terms of the spot-size Fresnel number Ndz) and 
N2 (z) defined in accordance with equation (34) as N 1 ,2 (z) = 2/ 
Y1 ,2 (z) Ad. For a resonator with g2 = 1.0, Fig. 12 shows the spot-size 
Fresnel number as a function z/d for a number of parameters. 

It is characteristic of resonators with VRlVl, that minimum-beam 
spot size even for symmetrical resonators does not occur at half the 
mirror spacings in contrast to resonators with uniform reflectivity 
mirrors. In Fig. 12 this characteristic is particularly evident for the 
equivalent confocal resonator gl = 0.5. 

The uniformity of the beams along the resonator increases with the 
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increasing value of gl up to gl = 1.0 which corresponds to the Fabry­
Perot resonators. For this resonator the beams are most uniform. For 
the higher value of gl (gl = 1.01) the uniformity of the beams within 
the resonator decreases. 

3.3 Minimum Spot Sizes 
The uniformity of the beams within the resonator depends on the 

locations of the minimum spot-size diameters. The beam diameters are 
more uniform if the virtual minimum spot-size diameters occur at 
distances, away from the mirrors, which are large in comparison to 
the separation of the mirrors. The positions of the minimum spot sizes 
are obtained either by determining the maxima or by setting the imag­
inary parts of equations (41) and (43) equal to zero. Either condition 
gives the same result (i.e., at the minimum spot-size positions the 
beams have constant phase). 

The minimum positions for the two beams (zI/ d) min and (Z2/ d) min 

are: 

(~) = 2 2 [2g2 - 1 - exp (A) sin .1] . - (45) 
d min g [exp (2A) + 2(1 - 2g2) exp (A) sin .1 + (1 - 2g2)2] 

and 

(~) = 2 2 ex (A) [exp (~)(2g2 - 1) - sin .1] . 
d min g p [exp (2 A) (1 - 2g2) + 2(1 - 2g2) exp (A) sin .1 + 1] 

(46) 

The Fresnel numbers of the minimum spot sizes [Nl (z) ]min and 
[N2 (z) ]min are: 

2g2 cos .1 exp (A) 
[N1(z)]min = 7r[exp (2A) + 2(1- 2g2) exp (A)sinL\ + (1- 2g2)2] (47) 

and 

2g2 cos .1 exp (A) 
[N2(z)]min = 7r[exp (2A)(1- 2g2)2 + 2(1- 2g2) exp (A)sin.1 + 1]· (48) 

The minimum positions and minimum spot sizes have been computed 
for a resonator with a VRM and variable radius of curvature and a 
uniform plane mirror g2 = 1.0. Since this resonator is equivalent to a 
symmetrical resonator with two VRM, the two minimum positions 
are mirror images with respect to the uniform mirror, and the minimum 
spot sizes are the same. For this resonator 

1 cos.1 
[N1(z)]min = [N2 (z)]min = - [ h A . .1] 7r cos - sm (49) 
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For specified A equation (49) has a maximum for cosh A sin A = 1, 
which from equation (13) corresponds to the Fabry-Perot resonator 
(gl = g2 = 1.0). The corresponding Fresnel number NllI is: 

1 
NM = . h A 

7r sm 
(50) 

Figure 13 shows (Z2/d) min as a function of gl with t = exp (2A) as 
a parameter. As gl increases, so does (z2/ d) min assuming relatively 
large values in the vicinity of gl = 1.0. The large values of (Z2/ d) min 

explain the uniformity of the beams in the Fabry-Perot resonator. 
Figure 14 shows the dependence of the minimum spot on the mirror 
curvature gl with t as a parameter. 

3.4 Dependence of the Spot Sizes on the Curvatures of Spherical Mirrors 
The previous calculations show that large spot sizes are obtainable 

in the vicinity of the instability region. How critically the spot sizes 
depend on mirror curvatures is of importance. 

The Fresnel number of the spot size for the incident beam Nil 
is directly related to the Fresnel number of the VRM by equation (36). 
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Equations (12) and (13) give the relation between the Fresnel number 
of VRM, the mirror curvature and A. Solving these equations for gl 
gIves: 

ctnh A [(7rN m sinh A)2 - g;J! + 7rN m 
g1 = 

27rg2N m 

(51) 

where Nm is related to (3 in equation (1) by N m = (l//3)..d). 
Equation (51) has been computed as a function of g2 with t as a 

parameter. Figures 15 through 18 show the computed characteristics 
for Nm = 10,20,40,100. 

The critical dependence of the beam spot size Nil on the mirror 
curvatures is evident from these figures, particularly as N m in­
creases. A small change in gl or g2 results in a large change in 
t and there is a very large change in the beam spot size Nil for a 
specified N m • 

The conclusion based on these computations is that though large 
Fresnel numbers for the beam spot sizes are in principle possible, the 
critical tolerance requirements for the mirror curvatures may set a 
practical limit on spot sizes relative to those obtainable with a Fabry­
Perot resonator with one VRM. 
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3.5 Resonator Design 

As an application, a resonator design is considered for a CO2 laser. 
In view of the realizable high gain per pass, the power loss per pass 
and the related power output should be large. A Fabry-Perot resonator 
with a VRM mirror seems to be most suitable for this application. The 
remaining parameter to be specified is the threshold-gain ratio, t. 
This ratio should be as low as possible in order to obtain large beam 
diameters (see Fig. 11). For the fundamental TEMo, 0 mode operation, 
the limitation on t is based on the accuracy with which the gain can 
be controlled. A value of t of 1,2 is assumed. 

Using the above parameters in equations (28) and (31) (Figs. 4 
and 6) the Fresnel number of the spot size of the VRM is 38.35 and 
that of the incident beam at the VRM is 7.65. For a resonator with 
length d = 100 cm and for a wavelength A = 10-3 cm (10 micron), 
the radius of the spot size of the VRlVI, am = 1.95 cm. 

Some of the characteristics of this resonator are shown in Fig. 19. 
Illustrated is the dependence of the power-reflection coefficient r2 as a 
function of the normalized radius pi am . Also shown is the normalized­
incident power density at the VRl\T, and power loss density at the VRIVI 
for different values of the reflectivity at the center, r~, as functions of 
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Fig. 18-Relation between mirror curvature parameters gl and g2 and Fresnel 
number N H of spot size at Ml. 

pi am· The power-loss density is the laser-power output when the 
absorptivity of the VRIVI is zero. Figure 20 shows the ratio of the power 
loss to the incident power as a function pi am with r~ as parameters. 

The actual diameter of the VRM can presently be determined only 
by assuming that a finite resonator will behave similarly to a resonator 
with infinite mirrors when the beam power outside a certain diameter is 
small. For the resonator considered, 0.5 percent of the incident beam 
power is contained outside the mirror radius of 0.73 am and one percent 
outside the radius 0.68 am which corresponds for the above value of am to 
1.41 em and 1.31 em radii. For a resonator with a VRM of radius am 
the perturbation of the fields should therefore be very small. 

IV. CONCLUSIONS 

The characteristics of optical resonators with gaussian radial varia­
tions of the mirror reflectivities have been investigated. These variable 
reflectivity mirror (VRM) resonators seem to be particularly suitable 
for high-gain and high-power laser application such as the 10.6 micron 
CO2 laser. For the fundamental TEMo, ° mode generation, these 
resonators have the advantage in comparison to conventional resonators 
that larger beam spot sizes are obtainable (with better mode-volume 
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utilization) and the power loss necessary for mode discrimination can 
be utilized as the power output. 

The factors limiting the spot are the threshold-gain ratio and the 
mirror-curva ture tolerances. 

The Fabry-Perot resonator with a VRM is stable and furthermore 
the field distribution along the resonator is more uniform in diameter 
relative to other resonator geometries. A specific design of such a 
resonator with a gain threshold ratio (GI.oIGo.o) of 1.2 shows that 
a spot size Fresnel number of 7.65 with a power loss (or power output 
depending on the absorptivity of the mirrors) as high as 40 percent 
of the incident power are obtainable. 

In this investigation it was assumed that the mirrors are infinite. 
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The results presented should be a good approximation to a finite 
resonator when the beam power outside a certain circular region 
has a negligible value (say less than one percent). 
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APPENDIX A 

Integrals of Laguerre Functions 

In order to determine the orthogonality and power relations for the 
modes in resonators with variable reflectivity mirrors, the following 
integral I~.n of product of Laguerre functions is evaluated. 

I~.n = 2100 

exp (-s/)L~(o:p2)L~({3p2) /l+l dp, 

= 100 

exp (-st)L~(o:t)L~({3t)tl dt. (52) 

For the special case 1n = n the integral is known.11 ,12 The integral 
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(52) is evaluated by considering this integral as a Laplace transform 
of two functions Idt) and 12 (t) and using the Faltung relation 

(53) 

where Fdz) and F2 (z) are the Laplace transforms of 11 (t) and /2 (t), 
y is a constant with Re(8) > Re(y) > O. 

Let 

(54) 

and 

(55) 

The Laplace transform of equations (54) and (55) are readily ob­
tained. Furthermore with the transformation ~ = l/z together with 
equation (53), equation (52) reduces to: 

I t (n + t)! ( l)t 1 1. (1 - (3s-t [( ) 1Jm+t d 
m,_ ~ n! sm+> -;;; 2'1rj j (, _ ~r+> s - a 1" - " 

(56) 

In equation (56) the contour of integration encloses the point 
~ = l/s. Equation (56) is therefore evaluated by determining the 
residue at z = l/s, which yields 

I~,n = (:!~m+t!! (- ~r :;m {(1 - (3s-t[(s - a)S- - 1J m +t}r=1I8. (57) 

Equation (56) can be expressed in terms of Jacobi polynomials12 by 
rotating and translating the coordinate system with the result that 

It = (n + t)! (_ _ (3)m( _ (3)n-mpt,n-m( ) m,n ,n+t+l S a S m YJ 
n.8 

(58) 

with 

YJ = 
8

2 + 2a(3 - sea + (3) 
s(s - a - (3) 

(59) 

and p!;n-m is a Jacobi ploynomial defined by 12 
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As an application let F ~(p) and F~*(p) designate the reflected fields at 
the VRl\1 given by equation (7) and the* indicate the complex con­
jugate. The integrals which enter in the evaluation of the total reflected 
power due to several modes of the same index t, can be written as 

(61) 

where al is given by equation (11). Using equations (7), (9), (11), (12) 
and (58), it follows that 

(a 1a;)fl2 (I~ n)r = (-It; + tll g2 exp [- A(n + n + 1 + t)] 
, n. cos 

with 

. [1 + sin 2h2 A] fl2 [sin hA ex (_ '~)Jm-np;,;n-m( ) 
cos ~ cos ~ P J 7] 

7] = - [1 + 2 sin 2h2 A] . 
cos ~ 

(62) 

(63) 

For stable resonators with VRl\1 equation (62) is not equal to zero for 
m ~ n. Hence, the total reflected power is in general not equal to the 
sum of the powers of the individual modes. 

The reflected field F~e) (p) for any particular mode is related to the 
incident field F;,;) (p) i by reflection coefficient (1). The evaluation of 
the corresponding integral (61) for the incident fields yields the same 
value for 7]. Furthermore setting m = n the following relation if obtained 

(I:,n)r = r~ exp [- 2Ao(2n + t + 1)] = \ Ke \2. (64) 
(In,n) i 

The meaning of equation (64) is that the ratio of the reflected to 
incident power for a particular mode is precisely equal to absolute value 
of the eigenvalue squared. 

REFERENCES 

1. Vlasov, S. N., and Talanov, V. r., "Selection of Axial Modes in Open 
Resonators," Radio Eng. and Elec. Phys., 10, No.3 (March 1965), pp. 
469-470. 

2. Vakhimov, N. G., "Open Resonators With Mirrors Having Variable Reflec­
tion Coefficients," Radio Eng. and Elec. Phys., 10, No. 9 (September 
1965), pp. 1439-1446. 

3. Kumagai, N., et. al., "Resonant Modes in a Fabry-Perot Resonator Consisting 
of Nonuniform Reflectors," Elec. and Comm. Japan, 49, No.7 (July 1966), 
pp. 1-8. 



2376 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1970 

4. Suematsu, Y., et aI., "A Light Beam ·Waveguide Using Gaussian Mode 
Filters," Elec. and Comm. in Japan, 51-B, No.4 (April 1968), pp. 67-74. 

5. Li, Tingye, "Diffraction Loss and Selection of Modes in Maser Resonators 
With Circular Mirrors," B.s'T.J., 44, No.5 (Ma.y-June 1965), pp. 917-932. 

6. Howell, W. T., "On a Class of Function Which are Self Reciprocal in the 
Hankel Transform," Phil. Mag, 25, Series 7 (April 1938), pp. 622-628. 

7. Erdelyi, A., et. a.l., Tables of Integral Transform, Vol. 2, New York: McGraw­
Hill, 1954, p. 43. 

8. Boyd, G. D., and Kogelnik, H., "Generalized Confocal Resonator Theory," 
B.S.T.J., 41, No.4 (July 1962), pp. 1347-1369. 

9. La Tourette, et. aI., "Improved Laser Angular Brightness Through Diffrac­
tion Coupling," Appl. Opt., 3, No. 8 (August 1964), pp. 981-982. 

10. Vainshtein, L. A., "Open Resonators for Lasers," Sov. Phys., JETP, 17 
(September 1963), pp. 709-719. 

11. Buchholz, H., Die Konfluente Hypergeometrische Function, Berlin: Springer­
Verlag, 1953, p. 144. 

12. Gradshteyn, 1. S., and Ryzhik, 1. M., Tables of Integrals, Series and Products, 
New York: Academic Press, 1965, pp. 845 and 1035. 



Projecting Filters for Recursive Prediction 
of Discrete-Tinle Processes 

By ALLEN GERSHO and DAVID J. GOODMAN 
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We consider the design of tinw-invariant recursive filters of constrained 
order for one-step prediction of discrete-time stationary processes. For 
this purpose, we introduce the projecting-filter concept. An nth-order 
projecting filter for a given process has the characterizing property that 
with the process as input, the output at each instant is the optimal linear 
combination of the n previous output and n latest input sa1nples. This 
definition implies that (i) the filter is stable, (ii) any n + 1 consecutive 
samples of the prediction error sequence are nLUtually uncorrelated, (iii) 
the mean-square prediction error is at least as low as that of the best nth 
order nonrecursive predictor, and (iv) if the spectral density of the process 
is rational of order 2n or less, then the nth-order projecting filter coincides 
with the optimal (unconstrained) linear predictor. 

A design algorithm for nth-order projecting filters iteratively generates 
successive sets of coefficients of a time-varying nth-order recursive filter 
which asymptotically approaches the desired time-invariant filter. The 
only input data needed for the algorithm are the autocovariance coefficients 
of the process to be predicted. When the order of the filter is matched to 
the order of the process, the time-varying filter is the same as the Kalman 
predictor. The algorithm has yielded effective projecting filters for several 
specific processes. Our results indicate that near optil1wl prediction may 
often be obtained with filters of order lower than that of the optimal uncon­
strained predictor. 

I. INTRODUCTION 

Although the optimal linear predictor of a random process must 
make use of the entire past of the process, any practical predictor can 
store only a finite number of data. One way to design a finite storage 
predictor is to determine the best linear combination of the n latest 
sample values of the process. However, for many processes, a large 

2377 
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value of n is required to achieve a performance quality approaching 
that of the unconstrained optimal linear predictor. An alternate 
approach is to find the best recursive predictor constrained to operate 
only on the n latest data samples and the n latest predictions. This 
approach has the advantage of using condensed information from the 
entire past of the process with the consequence that optimal or near 
optimal prediction can often be achieved with a relatively small 
amount of storage. 

The purpose of this paper is to introduce the projecting-filter ap­
proach to recursive prediction and to present an algorithm for the 
design of projecting filters that has yielded effective low-order pre­
dictors not otherwise attainable. 80 far, a complete theory of project­
ing filters has not been established. We do not yet know how broad 
is the class of processes which possess proj ecting filters of a given 
order; nor have we determined the class of processes for which our 
design algorithm is effective. However, we can report very favorable 
experience in the design of projecting filters for a variety of specific 
processes. We have also established some important theoretical proper­
ties of projecting filters. 

1. 1 Optimal and Finite Memory Predictors 

In certain special cases the optimal (least mean-square error) un­
constrained predictor is realizable with a finite-storage filter.1 In 
particular, for an nth-order autoregressive, or wide-sense Markov, 
process the optimal unconstrained predictor is a finite-memory non­
recursive filter operating only on the n latest data samples. More 
generally, the optimal unconstrained predictor of any stationary proc­
ess whose spectral density is rational of order 2n may be implemented 
as an nth-order recursive filter. The characteristics of the optimal filter 
may be determined by applying the discrete-time form of Wiener's 
spectral factorization technique. Even more generally, consider any 
non stationary process which can be modeled as the response of an 
nth-order linear time-varying recursive filter to an uncorrelated noise 
input. The optimal unconstrained predictor is an nth-order time­
varying recursive filter2 which may be determined by use of the 
Kalman filtering equations,3 or, more efficiently, by a generalization 
of the approach taken in Section VI of this paper. 

If a random process cannot be modeled as the response of an nth­
order recursive filter to an uncorrelated input, then the optimal un­
constrained one-step linear predictor cannot be realized by an nth­
order filter. Nevertheless, it is realistic to preselect the desired order, 
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n, of the predictor and to seek the best recursive filter of this order. 
In this way the structure of the predictor is conveniently specified 
for digital filter implementation while only the 2n parameter values 
need be supplied according to the process to be predicted. Un­
fortunately, with the least-mean-square error criterion, the con­
strained-order prediction problem is a special case of the unsolved 
problem of L2 rational approximation on the unit circle. 4 No analytical 
solution is known and optimization search techniques are severely 
hampered by the multimodal nature of the error surface." 

1. 2 Projecting Filters 
In this paper we introduce the projecting filter principle of recursive 

prediction. Although the projecting filter is not a solution of the L2 
rational approximation problem, it has the local optimality property 
that at each step it forms the best linear combination of the available 
data. The term "projection" alludes to the geometrical interpretation 
of random variables as vectors in I-Elbert space.6

,7 Each prediction 
error of the proj ecting filter is a vector orthogonal to the n most recent 
inputs and the n previous errors. Hence the projecting filter performs a 
partial whitening of the input process. In this sense it approximates 
the action of the optimum unconstrained predictor, the error of which 
is a white-noise process-the innovations process of the input. If the 
input can be represented as the response of an nth-order filter to white 
noise, the nth-order projecting filter is the optimum unconstrained pre­
dictor. For any process, the mean-square error of a projecting filter is 
never greater than the mean-square error of the optimum nonrecursive 
filter of the same order. Projecting filters are stable. 

1.3 An Example 
These properties of projecting filters are observed in the example of 

the eighth -order process {Xk} represented by 

+ O.1€k-6 + 0.4€k-7 - O.08€k-8 

in which {€k} is a stationary white-noise process with zero mean and 
unit variance. The power spectral density function of {xd has zeros 
at the 16 points in the z-plane indicated in Fig. 1. The eighth-order 
proj ecting filter for {xd, which is the optimum unconstrained predic-

* The complexity of the error as a function of the parameters is evidenced 
by the work of R. S. PhiIIips5 on the corresponding continuous-time problem. 
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Fig. 1-Locations of zeros of the spectral density function of an eighth-order 
process. The eighth-order projecting filter has poles at the zero locations that are 
outside the unit circle. 

tor, has poles at the eight locations indicated in Fig. 1 that are outside 
the unit circle. The pole positions of a seventh-order projecting filter 
are shown in Fig. 2. There are poles extremely close to all of the loca­
tions outside the unit circle indicated in Fig. 1, except the one furthest 
from the origin. Figures 3, 4, and 5 indicate the pole locations of the 
sixth-, third-, and first-order projecting filters, respectively. The poles 
of these filters do not coincide with zeros of the power spectral density 
function of {xd. 

Figure 6 demonstrates the projecting-filter mean-square-error per­
formance for this process. Here the horizontal base line is the optimal 
unconstrained prediction error. The white bars indicate errors of opti­
mal constrained order nonrecursive predictors and the shaded bars are 
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Fig. 2-Pole locations of seventh-order projecting filter. 
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Fig. 3-Pole locations of sixth-order projecting filter. 

the errors of the proj ecting filters. It is significant that the error of 
the seventh-order projecting filter is extremely close to the optimum 
linear-prediction error; the ratio of the two errors is approximately 
1 + 10-7

• By using the projecting filter approach to prediction, we have 
discovered a means of reducing predictor complexity with virtually no 
loss in accuracy. In addition, Fig. 6 shows the error resulting from 
low-order recursive filters and the advantages relative to nonrecursive 
prediction. 

1. 4 Organization ot the Paper 

The content of the paper falls into two categories. Some sections 
contain descriptive and analytic material relevant to predictors and 

tIm (z) 
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Re(z) -. 
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Fig. 4-Pole locations of third-order projecting filter. 
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tIm (z) 

Fig. 5-Pole location of first-order projecting filter. 

proj ecting filters in general and other sections pertain to the particular 
design method that has been used in synthesizing the predictors de­
scribed in Section 1.3. Sections II, III and IV are in the first category; 
they define the prediction problem and the projecting-filter principle 
and focus attention on the essential properties of unconstrained pre­
dictors and projecting filters. Section V introduces the design method, 
an iterative scheme based upon successive proj ections in Hilbert space. 
This technique leads to a time-varying filter that asymptotically tends 
towards the desired projecting filter. Section VI shows that when the 
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Fig. 6-Mean-square errors of projecting filters and optimal nonrecursive 
filters of orders 1 through 8. 
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order of the filter is matched to that of the process, the design algorithm 
converges and the projecting-filter approach results in an efficient 
analysis and design (equivalent to but simpler than the Kalman filter­
ing equations) for the unconstrained optimum time-varying filter with 
a given initial state. Section VII presents a derivation of the design 
algorithm. 

II. PROBLEM STATEMENT 

We consider a purely-nondeterministic·l< stationary process {Xk} with 
known covariance function, r1; = EXiXi+7c. We assume that the 
spectral density function of the process f (z) = 'lr7cz7c has no zeros on 
the unit circle, Izl = 1. The purpose of this paper is to describe a new 
approach to the design of a stable one-step predicting filter with the 
nth-order recursive structure 

n-1 " 

Yk = L aiXk-i + L biYk-i. (1) 
.-0 i=l 

A natural measure of the performance of the predictor is the mean­
square value of the prediction error 

(2) 

Because the determination of the optimum filter coefficients with re­
spect to this criterion is an intractable problem of approximation 
theory, our design method is based on a different performance objec­
tive. Rather than synthesize the least-squares nth-order recursive 
filter, we seek a stable time-invariant filter with the following 

Projecting property: With input {Xk}, the output, Yk, is, at each in­
stant k, the least mean-square linear combination of the data {Xk' 
Xk-l, ... ,Xk-n+l, Yk-l , •.. ,Yk-n} currently in the filter memory. 

This implies that the filter coefficients ai and bi satisfy a set of linear 
equations involving the covariance functions of {Xk} and {Yk}. The 
auto covariance of {Xk} corresponds to the given data of the prediction 
problem but the cross-covariance between {Xk} and {yd and the 
autocovariance of {yd are transcendental functions of ai and bi . It 
follows that an explicit solution for the coefficients from the con­
straints imposed by the projecting property is not possible. An algo­
rithmic solution is presented in Section VII. 

* See Ref. 1, p. 23. 
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III. UNCONSTRAINED PREDICTION 

We refer to the problem defined in Section II as a constrained-order 
prediction problem because the order, n, of the predictor is prespecified. 
Another problem, "\vhich we refer to as unconstrained linear prediction, 
has received considerable attention in the literature of stochastic 
processes. loS The optimum unconstrained prediction, Xk+1 , of Xk+1 is 
the least mean-square linear combination of the entire past, Xk , Xk-l , ••• 

of I Xk}. In the terminology of the Hilbert space description of random 
variables, Xk+1 is called the projection of Xk+1 into the past of Ixd, and 
we thus adopt the following convenient notation: 

X" - psx I x x ... } k+I - l k+l '" • 10-1 , • (3) 

When Ixd is gaussian, the projection coincides with the conditional 
expectation. 

3.1 The Error Process 

The error process I v" }, defined by 

(4) 

is the innovations process of I xd. It has the key orthogonality prop­
erties: 

i = 0, 1, 2, ... ; 

i = 0, 1,2, .... 

(5) 

(6) 

Equation (5), which characterizes the projection operation, indicates 
that the best linear predictor cannot make better use of the past of 
I Xk}. Equation (6), a direct consequence of equation (5), shows that 
the error process is white noise. 

3.2 Stability 

The optimal unconstrained prediction, Xk+I , mav be characterized 
as the limit of an infinite sequence of const,rained-order nonrecursive 
predictions: 

n-I 

lim L hinxk-i (7) 
n-too i=O 

where hin(i = 0, 1, ... , n - 1) are the coefficients of the optimum 
nth-order nonrecursive predictor which may be calculated by means 
of well-known quadratic minimization techniques. The unconstrained 
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predictor is a stable function of the data in the sense that 
n-l 

lim L h7n < 00. (8) 
i*=Q 

This is proved in Section IV. 

3.3 Process Representation 

We say {Xk} is of nth-order if it can be represented as the response 
of a stable recursive nth-order filter to white noise so that 

n n 

L aiXk-i = L f3i€k-i (9) 
i=O i=O 

in which an or f3n is nonzero, {€d is a white-noise process, and ~aizi 
has no zeros in Izl ~ 1. If {Xk} is of order n, it is known that there exists 
an nth-order recursive filter which generates {Xk} in response to {Xk}. 

The error process of this filter is {vk }, the innovations process of {Xk}. 

If ~f3i Zi ~ 0 for Izl ~ 1, then Vk = €k • 

Conversely, if {xd does not possess an nth-order representation of 
the form of equation (9), the best unconstrained predictor cannot be 
realized by an nth-order filter. To prove this we assume that such a 
realization does exist. That is, we assume 

n-l n 

Xk+l = L dixk-i + .L:: CiXk+l-i. (10) 
i=O i=1 

This combined with equation (4) implies 

n-l n-l 

Xk+l - L (d i + Ci+l)Xk-i = Vk+1 + L Ci+lVk-i (11) 
i=O i=O 

which shows that {xd is in fact the response of an nth-order filter to 
the white-noise process {Vk}, which is a contradiction. 

IV. PROJECTING FILTERS 

4. 1 Orthogonality Properties 
We have shown that an nth-order recursive filter cannot perform op­

timal unconstrained linear prediction of a process of order greater 
than n. With such a process as input, the error process {ed, of an nth­
order filter will necessarily have a higher mean-square value than that 
of the innovations process and {eJc} will fail to meet the orthogonality 
conditions of equations (5) and (6). However, when the nth-order 
predictor possesses the projecting property defined in Section II, its 
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error process satisfies some but not all of the orthogonality conditions 
met by innovations process. In particular, the projecting property 
requires that 

which is characterized by the orthogonality conditions 

i = 0, 1, ... , n - 1; 

i = 0, 1, '" , n - 1. 

(12) 

(13) 

(14) 

Note that in this case, equation (14) is not a direct consequence of 
equation (13). In fact equation (13) is satisfied by the error of the 
optimum nth-order nonrecursive filter, while equation (14) is not sat­
isfied by this error unless {Xk} is an nth-order autoregression, that is, 
an nth-order process with {3i = 0 for i > O. 

4.2 Stability 
Projecting filters are inherently stable. In fact, some kind of sta­

bility property is implicit in any statement of steady-state properties 
of a time-invariant filter. In this paper we say that a filter is stable if 
its impulse response is square summable, which implies if the spectrum 
is rational, that the filter transfer function is analytic on and in the 
unit circle. We assume that the predicting :5lter has zero in each mem­
ory element prior to k = ° at which time {Xk} is applied to the input. 
The projecting property stated in Section II implies that in the limit 
as k ~ 00, Y'c tends toward the projection indicated in equation (12). 
Thus in the limit, the orthogonality conditions of equations (13) and 
(14) are satisfied from which it follows that Eek+1Ylc ~ ° and since 

Yk + eM1 = Xk+1, 

lim [Ey~ + Ee~+d = EX~+l = ro 
k .... oo 

from which we infer 

lim sup Ey~ < roo (15) 
k->oo 

We also know that the filter output for each k f;; ° is the finite sum 
k 

Yk = L: giXk-i 
i=O 

(16) 

in which gi. is the filter impUlse response. Equations (15) and (16) 
imply the existence of a positive number c, which bounds the mean-
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square output: 

Ey~ < c, for all k. (17) 

The existence of this bound leads to the following 

Theorem: If a filter with impulse response gi is a projecting filter, it 
is stable in the sense that 

(18) 

Proof: In terms of f(z), the power spectral density function of {xd, 
and the frequency transfer function of the filter we have 

Ey: ~ 2~ f It; gme,"ml' W") dw ;?; A t; g~. (19) 

in which A = min1zl=1 f(z) > 0 according to the assumption stated 
in Section II. Equations (17) and (19) may be combined in the 
expression 

k 

L: g! < ciA, for all k, (20) 
m=O 

from which equation (18) follows. 
The same reasoning leads to a proof of the stability of the un­

constrained predictor. Replacing gi is hin , the impulse response of the 
nonrecursive predictor described in Section 3.3. 

v. PROJECTING-FILTER DESIGN APPROACH 

As we stated in Section II, an attempt to determine the filter co­
efficients by directly combining equation (1) and equations (13) and 
(14) leads to an intractable set of transcendental equations relating 
the coefficients and the auto covariance function of {xd. On the other 
hand, the iterative approach introduced in this paper leads to the 
computation of the desired coefficients by means of standard opera­
tions of arithmetic and matrix algebra. 

Our design method results in a time-varying filter which, starting 
with zero in all memory elements, sequentially predicts Xl , X2, ••• 

according to the projecting principle. At each step the filter forms 
the optimum linear combination of the available data. 

Thus we define the process {x~} such that 

k < 0; 

k ~ 0; 
(21) 
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and we adopt as our prediction of Xk+ 1 , 

Yk = 0, Ie < 0; 

k ~ o. 
(22) 

Equation (22) uniquely defines the time-varying linear transformation 
which generates the nonstationary process {Yk} from the stationary 
process {xk } • 

At each step the prediction error of the time-varying filter meets 
the orthogonality conditions of equations (13) and (14) so that Eek+1Yk = 
o and therefore Ey~ < ro for all k. Following the proof of the theorem 
in Section 4.2 we can show that with the filter output represented by 

k 

Yk = L:::g;kXk-i, 
;=0 

k ~ 0, 

the time-varying filter possesses the stability property 
k 

lim sup L::: g~k < 00. 
k-rx> ;=0 

(23) 

(24) 

Furthermore, if this filter approaches the time-invariant projecting 
filter with impulse response g; in the sense that 

k 

lim L::: (gik - gi)2 = 0, (25) 
k-rx> i=O 

we are assured that this filter is stable and that it has the desired 
nth-order recursive structure. Hence if we determine, for each 
k, ~k and biT. such that 

n-l n 

Yk = L::: aikx~-i + L::: bikYk-i (26) 
;'=0 i=1 

is equivalent to equation (22), then successive computation of these 
coefficients leads to the desired time-invariant projecting filter. 

Note that although Yk is uniquely determined by equation (22), 
the coefficients aik and bile in the representation of equation (26) are 
not unique when the set of stored data is linearly dependent. This 
situation is analyzed in Section 7.4. 

VI. MATCHED-ORDER PROCESSES 

We prove in Section 6.1 that when {Xk} is of order n, the projecting­
filter design technique results in least mean-square time-varying pre­
diction in the sense that each output Y7;; is the optimum linear com-
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bination of the entire observed past of {X7C}. Thus Yk is equal to the 
output of the optimal nonrecursive filter of order k + 1 as described 
in Section 3.2 so that 

lim (Yk - Xk+l)2 = 0, 
k-oo 

indicating that the design algorithm converges to the optimal uncon­
strained predictor. In Section 6.2, we derive simple formulas for the 
filter coefficients generated by the design procedure. 

6.1 Optimality 

We denote by JCk the subspace spanned by the random variables 
in the filter memory at time k: x~ , X~-l , ••• , X~-n+l , Yk-l , ••• , Yk-n ; 

and we denote by Cfh the subspace spanned by the observed past of 
{Xk}: Xk , Xk-l , ••• , Xo . Note that another spanning set of Cfh is ek , 

ek-l , ••• , el , Xo , where {ek } is the error sequence of the projecting 
filter. This statement follows by induction since Xo spans (Ro and if 
{ej , ei-l , ••• , el , xo} spans CR i then {ei+l , ei , ••• , el , xo} spans CR i +1 

because ei+l = Xi+l - Yi with Yi in CR j • 

In this section we assume that {Xk} is an nth-order process represented 
by equation (9) with ao = 1 so that 

n 

Xj+l = Ui+l - L aiXi+l-i 
'~1 

in which {ud is the moving average process with 
n 

Ui+1 = L: {3.Ei+l-i 
i-a 

(27) 

(28) 

and {Ek} is a unit-mean-square white-noise process. Because ~aizi ~ 0 
for Izl ~ 1, equation (27) may be expressed in the form 

00 

Xk+l = L hiEk+l-i, 
i~O 

in which {hi} is square summable. Equation (29) shows that 

i ~ 0, 

and equations (28) and (30) imply 

i ~ n. 

(29) 

(30) 

(31) 

If we let X1+1 denote the optimal "growing-memory" prediction of 
Xk+l with the projection characteristic 
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we have the following 

Theorem: At each instant k, the time-varying filter output defined by 

11k = P!Xk+l I JCk} 

is the optimal growing-memory predictor in the sense that 

(32) 

Proof: We will show that Xl+ 1 (: 3Ck which implies equation (32) because 
JCk C Cfh • Clearly, for ° ~ k < n, 3Ck = CRk so that Yk = Xl+ 1 • We assume 
Yk = Xt+l for all k < j and show that this implies Yi = XT+l . Hence, 
by induction, equation (32) is valid for all k. 

Let j ~ n and assume equation (32) holds for all Ie < j. Then 

for k = 0, 1, ... ,j - 1; 

i = 0, 1, ... ,k. (33) 

This implies that the vectors ei , ei-l, ... , el , Xo , which span CR i are 
mutually orthogonal. Thus a projection into CR i is the sum of the pro­
jections into each of these basis vectors. In particular 

;-1 

P!Ui+l I CRd = P{Ui+1 I Xo} + L P{Ui+1 I ei-d· (34) 
i=O 

Now note that ei-i (: CR i - i and that equation (31) states that Ui-H 1-
CR i - i for i ~ n. Thus the first term in equation (34) and all but the first 
n terms of the summation are zero so that 

n-1 

P{Ui+l I CRd = L P{Ui+1 I e;-d· (35) 
i=O 

We now consider XT+l by noting that the projection operator is 
linear and that P{Xk-i I CRk } = Xk-i for i = 0, 1, ... , k. Thus equation 
(27) implies 

n 

XT+l = P {Xi+l I CRd = P {Ui+1 I CRd - L (¥iXi+1-i (36) 

or, from equation (35) 
n-l 

XT+l = L P {Ui+l I ei-i} 
i=O 

i=1 

n 

L (¥iXi+l-i. 
i=l 

(37) 

Note that the ith term in the first summation is proportional to ei-i 
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so that XT+l is a linear combination of Xi , Xi-I, , Xi-n+l , Yi-l , 

Yi-n , the basis vectors of Je i . Thus XT+l E Xi and 

XT+l = PIXi+1 I Je i } = Yi· 

Hence X[+l = Yk for all le. Q.E.D. 

6.2 Filter Coefficients 

In this section we derive explicit recursions for the coefficients and 
mean-square error of the optimal growing-memory predictor of a 
stationary nth-order process. We begin with equation (37) for the 
optimal prediction and observe that the projections have the form 

i = 0, 1, ... , n - 1, (38) 

where the coefficients are ratios of two expectations, 

(39) 

These expectations may be expressed as functions of the auto-covariance 
coefficients, 

(40) 

of the stationary moving average process {Uk}. 
Our derivation begins with the expression of the error at step le, 

ek+l = Xk+l - X[+l , as the difference between equation (27) for Xk+l 

and equation (37) for X[+l : 

n-l 

L 'Yikek-i. 
i=O 

Squaring equation (41) and taking the expectation we obtain 

n-l 

Ee~+l = CPo - L 'Y:kEe~-i 
i=O 

(41) 

(42) 

which gives the mean-square error at step k in terms of current filter 
coefficients and past errors. To find the next set of coefficients, 'Yi,k+l , 

we express ek+l-i as in equation (41) and we find the expected product 
of this random variable and 1lk+2 • Then we divide by the mean-square 
indicated in equation (39) with the result 

'Yn-l,k+l = CPn/Ee~+2-n , 

7, .'+' ~ [""+, - "t,' 7; .,-,7 '+1+' .,+,Ee;-'-f ] / Ee;+,_, , 

i = n - 2, n - 3, ... ,0, (43) 
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where the upper limit on the sum is a consequence of the property, 
EUk+2 ek-i-i = 0 for j ~ n - i - 1. [See equation (31)]. 

The filter coefficients aik and bile of equation (26) are related to the 
projection coefficients "Yile and the autoregressive coefficients, lXi, of the 
process representation by 

(44) 

bik = - 'Yi-l,k , 

because equations (37) and (38) combine to form 

n-l n 

Xl+l = L ('Yik - ai+l)xk-i - L 'Yi-l,kX[+l-i (45) 
i~O i=1 

Our recursive technique for finding the characteristics of the optimal 
nth-order growing memory predictor thus consists of alternately per­
forming the calculations of equations (42) and (43) and of obtaining 
the filter coefficients at each step by means of equation (45). 

6.3 Convergence of Filter Coefficients 

Since the time-varying filter output Yk converges to the optimal 
unconstrained predictor Xk+l , one would expect that the time-varying 
coefficients aik and bik will converge to constant coefficients ai and bi • 

Since we have excluded processes with zeros on the unit circle, an nth­
order recursive structure for the optimal predictor is known to exist. 1 

But this is not sufficient. It is also necessary to exclude the possibility 
that the intrinsic order of the process is less than n. Then the coefficients 
of the nth-order recursive equation for the optimal predictor are unique 
and the time-varying coefficients aik and bik will in fact converge to 
these constant coefficients. 

6.4 Relation to Kalman Filtering 

In addition to proving convergence of our design approach, we have 
shown for the matched order case that the time-varying filter generated 
by the design procedure is the optimal growing-memory predictor. 
At each instant, k, the 2n stored data samples contain all the needed 
information about the observed past of the process, Xo , Xl, ••• , Xk • 

It follows that the time-varying filter must be identical to the Kalman 
predictor3 which is obtained by expressing the process model in state 
equation form. However, the Kalman development is computationally 
less efficient as may be seen by comparing the Ricatti equations with 
the simpler recursions given in Section 6.2. 
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In recent months recursions similar to ours have been published in 
various contexts. They appear in a paper by J. Rissanen and L. Bar­
bosa!) as steps in the factorization of the covariance matrix of {UTe}, the 
nth-order moving average, and Kailath10 has indicated that such 
recursions follow from an innovations approach to prediction. Related 
formulas also appear in R. L. Kashyap'sll derivation of predictor char­
acteristics in terms of the parameters ai and f3i of the process represen­
tation. In our derivation, as in Refs. 9 and 10, the basic data are the 
set of ai and the autocovariance function of {Uk}' In contrast, the 
new design algorithm presented in Section VII uses only the covariances 
of the process to be predicted, quantities that are often more accessible 
in practice than the process parameters. 

VII. SYNTHESIS TECHNIQUE 

In this section we apply the projecting-filter design approach of 
Section V to obtain a computational algorithm for the general case in 
which the order of the process may differ from the order of the filter. 
The basic idea of the approach is to compute successive sets of weight­
ing coefficients for an nth-order time-varying recursive filter which 
asymptotically approaches the desired time-invariant projecting filter. 

As discussed in Section V, the time-varying projecting filter of in­
terest is characterized by the input-output relationship 

(46) 

where JCk denotes the subspace spanned by the 2n variates 

X~ , X~-l , •.• ,X~-n+l , Yk-l , Yk-2 , ••• ,Yk-n • 

Equation (46) uniquely defines Yk as the projection of Xk+l into JCk • 

This projection can be expressed explicitly as a linear combination of 
the 2n variates; that is, 

n-l n 

Yk = L aikx~-i + L bikYk-i (47) 
i=O i=l 

Let d(JCk) denote the dimension of the subspace JCk , i.e., d(JCk) is 
the minimum number of variates needed to span JCk • If d(JCk ) = 2n 
then the 2n spanning variates are linearly independent and the coef­
ficient set used in equation (47) is unique. On the other hand if d(JCk ) < 
2n, the 2n spanning variates are linearly dependent and consequently 
there is an infinite number of possible choices for the coefficient set. 
This situation always occurs in the first 2n - 1 iterations (0 ~ k < 
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2n - 1) and it may occur as well in subsequent iterations. To overcome 
this difficulty, we adopt a consistent procedure for selecting a linearly 
independent subset of the 2n spanning variates for each k. Variates 
are eliminated by setting appropriate coefficients to zero in equation 
(47). The remaining coefficients are then uniquely determined from the 
covariance matrix of the remaining variates and the cross-covariances 
between the remaining variates and Xk+l • 

The algorithm is initialized with Yo = aooxo and all of the other 
coefficients aiD and biO (i ~ 0) set to zero. Then each iteration consists 
of the following steps: (i) solving for the appropriate coefficient values, 
(ii) computing the needed covariances for the following iteration, 
(iii) determining an independent set of variates for the next prediction. 

7.1 Reduced Representation 

The procedure for eliminating dependent variates from the set of 
available data at time k leads to the following expression [equivalent 
to equation (47)] for the kth prediction 

p-l q 

Yk = 2: aikXk-i + 2: bikYk-i (48) 
i~O i~l 

with p ~ n, q ~ n. * The coefficients that do not appear in equation 
(48) are all set to zero in the process of eliminating dependent variates; 
that is, 

i = p, p + 1, ... ,n - 1; 

i = q + 1, q + 2, ... ,n. 

Note that Xk-i rather than xLi appears in equation (48). This is so 
because X~-i = 0 for i > k so that any set containing this variate is 
necessarily dependent. Hence, in the initial n steps, p ~ k - 1. Section 
7.4 presents the general method by which a set of independent variates 
is determined. 

7.2 The Filter Equations 

With the prediction error defined as ek+l = Xk+l - Yk , the projecting 
property implies the following orthogonality conditions 

i = 0,1, 

i = 0, 1, 

,p - 1; 

, q. 
(49) 

* Note that p and q depend on k. They will be denoted p(k) and q(k) when 
ambiguity might otherwise arise. 
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By substituting equation (48) for 1/k into equation (49), we obtain the 
following set of d(x,J linear equations in the d(Xk ) coefficients: 

p-l t] 

r;+1 = L aikri-; + L bi"w(k - j, k - i), 
i=O i=1 

j = 0,1, ... ,p - 1; 
p-I t] 

w(k + 1, k - j) L aikw(k - i, k - j) + L bikV(k - i, k - j), 
i-O i-I 

j = 1, 2, . .. , q; (50) 

in which we have adopted the notation: 

w(lc, j) = Ex"y; , 

v(lc, j) = EYkYi . 

The function r i comprises the given statistical information ot the pre­
diction problem and wand v must be expressed as functions of ri and 
previously computed filter coefficients. 

Equations (50) have the following partitioned matrix form 

with 

T p the p X p autocovariance matrix of {Xk}, 
X k the p X q cross-covariance matrix of {x,,} and {Yk}, 
Vk the p X p autocovariance matrix of {Yk}, 
Ak = [ao" , alk, ... , ap-l,"]', 
Bk = [b lk , b2", ••• , bqk]', 
Rp = [rl' 1'2, ••• , Tp]', 
W k = [w(lc + 1, k - 1), ... , w(lc + 1, lc - q)]'. 

(51) 

Note that Tp and Rp depend only on the given auto covariance function 
ri and on p, the number of forward coefficients to be computed. They 
are independent of previously computed coefficients. 

If we perform the multiplication indicated in equation (51) and 
then solve for A" and Bk we derive 

B" = [Vk - XtUpXkrl[W" - XtCp], 
(52) 
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where Up = T;l and Cp = UpRp, the column matrix of weights corre­
sponding to the optimum pth-order nonrecursive predictor. By using 
efficient algorithms developed for the analysis of nonrecursive pre­
dictors,t2,13 one may successively calculate Uo , U1 , ••• , Un-I, CO, 
C1 , ••• , Cn - 1 before the start of the synthesis procedure so that at 
the kth step, only a q X q matrix inversion [rather than one of order 
(p + q)] is required. We are assured that the matrix to be inverted 
is nonsingular because we have eliminated dependent variates by 
reducing the number of unknowns from 2n to p + q. Note that Ak 
consists of the coefficients of the optimum pth-order nonrecursive 
predictor modified by UpXkB k which indicates the effect of the feed­
back section of the predicting filter. 

7.3 Obtaining Successive Covariance Statistics 

The nature of w(k, j) depends on which time index is the greater. 
If j ~ k we observe that the projection property of the jth estimate 
implies that EXkei = 0 for k = j - 1, j - 2, ... , j - n. Thus if we 
substitute Xi+l -ej+l for Yi in the definition of w(k, j), we obtain 

(53) 
= rj+l-k , j = k, k + 1, ... ,lc + n - 1. 

For j < k, we substitute equation (26) for Y i in the definition of w(k, j), 
with the result 

n-l n 

w(k, j) = L aiiri-k-i + L bijw(k, j - i), 
i=O i=l 

j = 0, 1, '" ,k - 1. (54) 

Equation (54) indicates that {w(k, 0), w(k, 1), ... , w(k, k - I)} is 
the sequence of filter outputs when {r -k , r -k+1 , ... , r -I} is the sequence 
of inputs. This is an example of the property of linear filters that the 
cross-covariance between input and output is the correlation of the 
filter impulse response with the input auto covariance function. Using 
the initial conditions w(k, j) = 0 for j < 0, we may iteratively apply 
equation (54) in order to compute the required values of w(k, j) for 
j < k. 

The autocovariance coefficients of {Yk} may be determined from the 
orthogonality conditions. With k - n ~ j ~ k, we have Eek+lYi = 0 
so that 

v(k, j) = E[(Xk+l - ek+l)Yi] = w(k + 1, j), 

j = k - n, ... , k, (55) 
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and of course v(j, k) = v(k, j). Thus, equations (53), (54), and (55) 
express, in terms of known quantities, the covariance coefficients that 
appear in equation (51). 

7.4 The N U1nber of Independent Variates 

In Section 7.2 we have assumed that p and q, the number of forward 
coefficients and the number of feedback coefficients to be computed 
at time k are determined in a manner that assures the linear independence 
of the p + q variates that appear in equation (48) and therefore, the 
existence of the inverse matrix of equation (52). In many instances 
p = q = n so that all of the data in the predictor memory are linearly 
independent. On the other hand, there are two conditions under which 
the data are dependent. The first is called an initialization condition 
and this arises in the course of every synthesis procedure because the 
predictor begins to operate at k = 0 with zero in all memory elements 
except one. The initialization condition obtains for the first 2n - 2 
iterations of the design procedure during which d(JCk ) ~ k + 1 < 2n 
because JCk C Oh and d(Oh) = k + 1. The other condition under which 
d(JCk ) < 2n is called a reduced order condition, which arises when 
certain of the final feedback coefficients and/or final forward coef­
ficients are zero. A reduced-order condition arises for all processes of 
order less than n. 

7.4.1 Initialization 

In this section we assume that no reduced order condition ari.ses 
during the first 2n - 1 steps of the predictor synthesis. This implies 
that d(JCk ) = k + 1 so that p + q, the number of coefficients determined 
by orthogonality conditions, increases by one at each iteration. At 
k = 0, the predictor estimates Xl given Xo which implies p = 1, q = O. 
For increasing k, we alternately increase q and p by one so that for 
o ~ k ~ 2n - 2 

p = 1 + !k, q = !k, k even; 
(56) 

p = !(k + 1) q, k odd; 

when no reduced order condition arises. Table I shows the variates 
that appear in equation (48) during the initial design stages of a second­
order predictor. 

7.4.2 Reduced-Order Condition 

At time k + 1, the dependency of the data in storage can be de­
duced by observation of the coefficients computed at time k. In this 
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TABLE I-STEPS IN PREDICTOR DESIGN 

Time Predicted Variate Independent Data Projection 

0 Xl Xo Yo 
1 X2 Xl Yo YI 
2 X3 X2 Xl Yl Y2 
3 X4 X3 X2 Y2 YI Y3 

k Xk+l Xk Xk_l Yk-l Yk-2 Yk 

section we show how the values of certain coefficients, in particular 
whether or not they are zero, determine the relationship between 
d(Xk) and d(Xk+1 ), the numbers of linearly independent variates in 
storage at time k and at time k + 1. In the next section we present 
the algorithm for determining the number of forward coefficients and 
the number of feedback coefficients to be computed at each step of 
the design. 

The following theorem states that there is a dependence among the 
variates in storage at time k + 1 if and only if the coefficients deter­
mined at time k correspond to a filter of order less than n. 

Theorem: With d(JCk) = 2n, d(JCk+l) = 2n - 1 if and only if an-I ,I, = 
bn.k = O. Otherwise d(JCk) = 2n. 

Proof: Assume an-l,k = bn,k = O. Then 
n-2 n-l 

Yk = L: aikXk-i + L: bikYk-i 
i-O i-I 

which shows the linear dependency of the following variates in storage 
at time k + 1: Xk , Xk-l , ••• , Xk-n+2 , Yk , ... , Yk-n+l • Thus d(Xk+1) < 
2n. On the other hand, the 2n - 1 variates: Xk+l , Xk, •.. , Xk-n+2, 
Yk-l, ••• , Yk-n are linearly independent. All except Xk+l are independent 
because they are in storage at time k and d(Xk ) = 2n. In addition, 
the assumption that {xd is nondeterministic implies that Xk+l cannot 
be expressed as a linear combination of the other stored variates be­
cause each of these is in (Rk • It follows that d(Xk + 1) = 2n - 1. 

To prove the converse, assume d(Xk+l) = 2n - 1. It follows that 
there exists a linearly dependent set of stored data. By the reasoning 
given above this set does not include Xk+ 1 because all of the other stored 
variates are in (Rk • However the set does include Yk because all of the 
other variates are independent. Hence Yk can be represented as a linear 
combination of Xk , Xk-l, •.. , Xk-n+2 , Yk-l , ••• , Yk-n+l • But the data 
in storage at time k also includes Xk-n+l and Yk-n and the fact that 
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d(JCk) = 2n implies that the representation of Yk is unique. Therefore 
we have the coefficients of Xk-n+l and Yk-n , an-I," = bn,k = O. Q.E.D. 

By reasoning similar to that used to prove this theorem we may 
establish the dimensionality of the data in storage at time k + 1 when 
d(JCk ) < 2n. Thus we have the following corollaries which apply for 
all k including the initial steps of the predictor design. 

Corollary 1: With d(JCk) = p + q and p = q < n, d(JCk+l) = P + q - 1 
if and only if ap-l,k = ba,k = O. Otherwise d(JCk+l) = p + q + 1. 
Corollary 2: With d(JCk) = p + q and n ~ p = q + 1, d(JCk+l) = 
P + q if and only if ap-l,k = O. Otherwise d(JCk+l) = p + q + 1. 
Corollary 3: With d(JCk) = p + q and p = q - 1 < n, d(JCk+1) 

p + q if and only if bak = O. Otherwise d(JCk+1) = p + q + 1. 

7.4.3 The Number of Computed Coefficients 

On the basis of the theorem and corollaries of Section 7.4.2, we 
establish the procedure shown in Table II for determining the numbers 
of forward and feedback coefficients p(k + 1) and q(k + 1) to be com­
puted at time k + 1. The table indicates that p(k + 1) and q(k + 1) 
may be determined from p = p (k) and q = q(k) (shown in the left 
column) and from the final two feedback coefficients and the final 

TABLE II-THE NUMBER OF COEFFICIENTS COMPUTED 

Number of Number of 
Coefficients Coefficients 

Computed at Final Coefficients Computed at 
Time k Computed at Time k Time k + 1 

bq,k bq_1,k ap_l,k ap -2,k p(k + 1) q(k + 1) 
--- --- --- --- --- ---

I p=q=n ~O n n 
2 ~O n n 

3 p = q 0 ~O 0 p q - 1 
4 0 0 ~O p - 1 q 

5 p=q<n ~O p+l q 
6 ~O p q + 1 

7 p > q ~O p q + 1 
8 ~O 0 P q 
9 0 0 ~O p - 1 q + 1 

10 p<q ~O p+l p 
11 0 ~O P q 
12 0 ~O 0 p+l q - 1 

13 any p, q 0 0 0 0 irregular 
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two forward coefficients (shown in the central four columns) computed 
at time k. If there is no entry for one of the coefficients, the indicated 
relationship between p(lc + 1), q(k + 1) and p, q is independent of 
that coefficient. The other symbols indicate that a coefficient must 
necessarily be zero or nonzero for a relationship to be valid. 

If, at time le, p + q = d(Xk), the variates Xk , Xk-l, ••• ,Xk-p+l, 

Yk-l, ••• , Yk-Q. are independent. This condition and the theorem and 
corollaries imply that the set {Xk+l' Xk, ••• , Xk-p(k+l)+2 , Yk, ••• , 

Yk-Q.(k+l)+d is independent and spans JCk+l' Thus lines 1 and 2 of 
Table II follow from the theorem; lines 3 through 6, from the theorem 
and Corollary 1; lines 7 through 9, from Corollary 2; and lines 10 
through 12 from Corollary 3. 

The table accounts for all possible combinations of computed coef­
ficient values except those in which the last two forward coefficients 
and the last two feedback coefficients are all zero. This situation arises 
during the initial design stages whenever the input process is partially 
decorrelated. The manner in which independent variates are chosen 
for such a process is described in Section 704.5. When the irregularity 
arises in the design of predictors for other processes, there is no inde­
pendent basis of JCk + 1 that is the union of consecutive members of 
{Xk} beginning with Xk+l and consecutive members of {Yk} beginning 
with y" • Thus it is impossible to represent P {Yk I X k } in the concise 
form of equation (48). Nor is it possible in general to determine at all 
times subsequent to k an independent set of stored data solely by 
considering p, q and the previously computed coefficients. All this 
serves to complicate quite substantially the representation of Yk , the 
equations which determine the coefficients, and the algorithm for 
determining the numbers of coefficients to be computed after the 
occurrence of the irregular condition indicated on the last line of Table II. 

Rather than add substantially to the size of this paper by presenting 
a general technique for treating this situation, we simply note that 
except for partially decorrelated processes, it has never arisen in our 
experience of designing projecting filters and that in fact it appears to 
represent a pathological case. We have not discovered an example of a 
process for which four projection coefficients are simultaneously zero 
after one or more of their counterparts is nonzero at the previous 
time instant. 

7.4.4 Low Order Processes 

When {Xk} is the response of an mth-order filter to white noise and 
m is no greater than n, the order of the predictor, the synthesis method 
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leads to the mth-order form of the optimum unconstrained predictor. 
Section 6.1 contains a proof of this statement for 1n = n and in this 
section we show that if m < n, a reduced-order situation arises and the 
effective order of the predictor does not grow beyond n. 

Let aik and b ik be the coefficients of the optimal growing-memory 
mth-order predictor, determined m the manner indicated in Section 
6.2. Thus 

m-1 m 

Xr+1 = L aikXk-i + L b ikXr+1-i • (57) 
i=O i=1 

Note that for all k ~ 2m, - 1, Yk , the output of the nth-order predictor 
is identical to Xr+1 because the design proceeds as for a predictor of 
order 1n. 

Equation (56) indicates that at step 2m, the initialization procedure 
leads to p = 1n + 1, q = 111, and 

m m 

Y2m = L aL2mX2m-i + L b~,2mY2m-i (58) 
i=O i=1 

where a~,2m and b~,2m are determined uniquely by the orthogonality 
conditions. Hence it follows from the optimality of equation (57) 
that a:",2m = 0 and that the other coefficients are equal to the ones in 
equation (57) with k = 2m. Line 8 of Table I indicates that p(2m, + 1) = 
m + 1 and q(2m + 1) = 1n and once again we have a:",2m+1 = 0 and 
the other coefficients equal to those in equation (57) for the optimal 
mth-order predictor. It is clear that for all k ~ 2m, this sequence is 
repeated with p(k) = m + 1, q(k) = 1n and a:",k = O. Hence the algo­
rithm converges to the unique mth-order form of the unconstrained 
optimal predictor. 

7.4.5 Partially Decorrelated Input Process 

A partially decorrelated process is a nonwhite process for which 
every set of j + 1 (j > 0) adjacent samples is uncorrelated. In other 
words, {xd is partially decorrelated if for some j > 0, r1 = 1'2 = ... = 

rj = 0 and rj+1 ~ O. For example the error process of an nth-order 
projecting filter is partially decorrelated with j = n. 

Note that with a partially decorrelated input, the initial j generating 
filter outputs (corresponding to optimal nonrecursive predictions) 
are zero. Thus 

Yk = Xr+1 = 0 = aik = b ik , for 0 ~ k < j and all i. (59) 

This IS a reduced-order situation conforming to line 13 of Table II 
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(if we assume bOk = 0 and aik = bik = 0 for i < 0). For this ir­
regular case we adopt the following initialization procedure as an 
alternative to equation (56). 

(i) All coefficients are 0 for k < j. 
(ii) p(j) = j + 1, q(j) = o. 
(iii) p(k), q(k) according to Table II for k > j. 

VIII. CONCLUSIONS 

This paper introduces the projecting-filter principle of constrained­
order recursive prediction and presents one technique of proj ecting 
filter synthesis. This technique has led to the design of the predictors 
described in Section 1.3 and to several other successful designs for a 
variety of random processes. However, the class of processes for which 
the technique is valid (that is, for which the algorithm converges to 
a time-invariant filter) and indeed the class for which a projecting 
filter of a given order exists have not as yet been determined. These 
questions are the subject of current research. Another important area 
of investigation involves the numerical aspect of the synthesis-the 
study of the sensitivity of this or any other design method to round­
off in the calculation of coefficients. 

Our studies to date indicate that the projecting filter is valuable in 
that it predicts many processes more accurately than other known 
devices of equal complexity. Our results are readily extended to vector­
valued processes. Finally, we note that the projecting filter principle 
is applicable to a large class of estimation problems of which prediction 
one unit of time in the future is but a single example. 
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