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(al (b) (C) (d) 

Fig. 6-Examples of systematic codes with infinite lag (1 = 00). (a) Greatest 
common divisor 2; N(d) = 0 1 0 3 090 270 81 .... (b) Uniform composition; 
f = 2, N(d) = 0 1 2 3 4 5 6 7 .... (c) Anagrammatic; N(d) = 0 2 2 2 2 2 2 
.... (d) None of the three classes; N(d) = 0 1 1 2 3 5 8 13 21 .... 

machine (the inverse or "quasi-inverse") for the decoder.16 In an 
earlier paper,3 the author explored the use of particular input sequences 
to the encoder (synchronizing input sequences) each of which synchro­
nizes the encoder to a particular known state. Also involved are partic­
ular output sequences from the encoder (synchronizing output 
sequences) whose presence in code text (in the absence of errors) guar­
antees the occurrence of a particular state of the encoder at a particular 
point in the code text. Synchronizing output sequences correspond to 
the synchronizing sequences for prefix codes. 

Given an encoder with both synchronizing input sequences and 
synchronizing output sequences, the entire system is self-synchronizing 
on the average. That is, following some arbitrary errors, two things 
happen. First the encoder resynchronizes itself and begins to encode 
correct text again. Then the decoder tends to resynchronize itself with 
the encoder (the synchronizing ;butput sequences for the encoder act 
as synchronizing input sequences for the decoder), and correct decod­
ing resumes. This occurs spontaneously as an intrinsic property of the 
coding system, with no externally imposed resynchronization required. 

A (first-order) sequential encoding is a mapping of symbols S (i) 
onto code words w (i I j) where the code word selected depends on the 
previously encoded symbol S (j) �a�~� well as on S (i). If the set of code 
words {w (i I j)} for each j is a prefix code, then the set of code words 
{w (i I j)} for all i, j is a sequential prefix code. For such codes a syn­
chronizing sequence is a sequence of code __ digits the end of which must 
correspond to the end of a code word (possibly unknown) resulting 
from a known symbol S (i), irrespective of what preceded that se­
quence. Thereafter subsequent decoding is correct, irrespective of the 
initial ambiguity. The remainder of this paper is concerned with 
sequential prefix codes, and investigates their compression, decoding 
and self-synchronizing properties. (The development is also applicable 
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to higher-order sequential encodings, with the code word depending on 
the present message S (i) and some finite number of previous messages.) 

As an example, consider the sequential encoding given by Table I. 
A, B, C and D represent four source symbols S (i), i= 0, 1,2,3, where 
i is the level of the symbol. This is an example of an encoding in which 
the code word w (i I j) to be transmitted is a function of the cyclic 
difference between the level of the symbol S (i) to be encoded (column 
headings) and the level of the symbol S (j) just previously encoded 
(row headings): w (i I j) = W (k), where k = i - j (mod 4). This 
encoding is thus a difference encoding. Note that, irrespective of the 
choice of the code {W (k) }, there is always ambiguity in decoding as 
soon as an error is made. If for example S (2) is decoded instead of 
S (1) as a result of a transmission error, subsequent decoding will 
consistently produce S (i + 1) instead of S (i) where i + 1 is modulo 
4, as long as further errors do not compensate for the original errors. 
(Throughout the paper, all additive operations involving i and j are 
modulo n.) 

As a second example, consider the sequential prefix code of Table II. 
In this example four different prefix encodings w (i I j) are used for 
j = 0, 1, 2, 3, depending upon the symbol S(j) previously encoded. 
For example, if "A" was just encoded, then A, B, C, D are encoded 
as 0, 11, 100, 101, respectively. Thus any symbol S(i) as input to the 
encoder acts as a synchronizing input sequence. (The encoder is a 1-
definite machine,t with its output being a function of the present input 
symbol and the previous input symbol.) 

A state diagram for the decoder is given in Fig. 7. The states A, B, 
C, D represent the successful decoding of these four symbols, while the 
states a, b, c, d, a', b', c', d' are intermediate states. The state diagram 
is shown in four pieces, which fit together as the upper-case letters 
indicate. The synchronization diagram for this state diagram is shown 
in Fig. 8. Its construction follows the usual technique3

,lO and is similar 
to the synchronization diagram for prefix codes (cf. Fig. 3). The top 

TABLE I-FoUR-LEVEL DIFFERENCE CODE 

i = 0 I 2 3 
S(j) SCi) = A B C D 

j=OA W(O) W(I) W(2) W(3) 
j = I B W(3) W(O) W(I) W(2) 
j = 2 C W(2) W(3) W(O) W(I) 
j = 3 D W(I) W(2) W(3) W(O) 
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TABLE II--A GOOD SEQUENTIAL PREFIX CODE 

i = 0 1 2 3 
SCj) SCi) = A B C D 

j=OA 0 11 100 101 
j = 1 B 010 1 00 011 
j=2C 100 11 0 101 
j=3D 010 011 00 1 

node corresponds to the set of all states. E-ach terminal node corre­
sponds to the occurrence of the end of a code word resulting from a 
particular symbol S(i). Given a "0" input, the next state must be one 
of A, C, b, d, a', c', for example, beginning with the set of all states. 
The synchronizing diagram of Fig. 8 results after noting several 
equivalences (e.g., Abda'c' with ACbda'c'). 

From the synchronizing diagram of Fig. 8 it is seen that the se­
quence 0011 can arise in code text only if the corresponding source 
sequence ends in a "B". Thus 0011 synchronizes the decoder to the end 
of a code word corresponding to the symbol "B" irrespective of what 
preceded it; similarly 00101 synchronizes to "D", 1100 to "C", and 
11010 to "A". Assuming 0 and 1 are random in the above sense, it is 
easily shown that synchronization results from total ambiguity after 
an average of J = 7.67 digits. The sequential synchronization lag J 
is the average number of code digits until the end of a code word is 
achieved corresponding to a known symbol; that is, J is the average 
length of the synchronizing sequences. In this example, the occurrences 
in code text of the encoded versions of CB, CD, BC and BA imply 
synchronizing sequences for the decoder. (For example, note that CB 
is encoded as 0011 following a "B" or "D", as 10011 following an "A", 

A B c D 

c o A D A o A B 

Fig. 7-State diagram for the decoder for the code of Table III. 
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ABCDabcda'b'c'd' 

D A 

Fig. 8-Synchronizing diagram for the decoder of Fig. 7, J 
J" = 4.67. 

963 

7.67, J' 3, 

and as 011 following a "e"; in the last case, 011 must have been 
preceded by a "0".) 

In the example, any sequence ending in 00 or 11 (cf. Fig. 8) guar­
antees the end of a code word, although not the code word for a known 
symbol. For purposes of this paper, synchronization to the end of some 
(unspecified) code word is called first-stage synchronization. Synchro­
nization to the end of a code word corresponding to a particular symbol 
is called second-stage synchronization. The former is of concern in 
prefix codes, and both are of concern in sequential codes. In rare cases 
(particularly asymmetric ones), the second stage is achieved simul­
taneously with the first stage. In many useful cases, however, they 
may be treated independently. (In all but one example given in this 
paper, second-stage synchronization implies a particular known code 
word as well as a particular known symbol.) 

[A word of caution is again needed regarding the randomness as­
sumption. Again, the actual lag may be defined in terms of the actual 
probabilities. If synchronizing sequences occur naturally in code text, 
then the lag J is a fair estimate of the actual lag. If the sequences occur 
only as a result of unlikely sequences of symbols, then the lag J is 
smaller than the actual lag. However, in such cases the encoding can 
often be altered so that J is realistic. In general, it is desirable to have 
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codes with widely distributed likely synchronizing sequences, as in 
Fig. 8, rather than being totally dependent on a few obscure sequences.] 

IV. CODING COMPLEXITY 

It is clear that the choice of the code of Table II (with J = 7.67) 
is (infinitely) superior to the code of Table I (with J = 00) in terms of 
resynchronizability. If W(k) = 0, 11, 100, 101 in Table I for k = 
0, 1, 2, 3, then the codes of Tables I and II are identical with respect 
to compression capabilities. The significant concern remaining is the 
computational complexity of the encoder and the decoder for the code 
of Table II. Intuitively, one might expect that an n-state sequential 
prefix code would be almost n times as complex as a difference code in 
terms of its encoding and decoding circuitry. Somewhat surprisingly, 
codes are developed below for which the complexity is essentially the 
same as the differ~nce codes, while attaining good synchronizability 
and compression. 

Examination of the code w (i I j) of Table II shows that the prefix 
code w (i 11) for state B (j = 1) is the binary complement of the code 
w (i I 0) for state A (j =:= 0), cyclically shifted by one word: w (i I 1) = 
w' (i - 1 I 0). Further, the code w (i I 2) for state C (j = 2) is related 
to w (i I 0), having the same code words but with a different mapping. 
In particular, w (i I 2) = w (2 - i I 0). Finally, the code for state D 
(j = 3) is the shift of the complement of w (i I 2), or the complement 
of the shift, and thus w (i I 3) = w' (3 - 1~ I 0). Thus all four of the 
prefix codes arc closely related to anyone of them. 

The code w (i I j) as a function of w (i I 0) is summarized in Table 
III for each j. The structure of the code is somewhat more transparent 
when related to the difference code of Table I, with W (k) = 0, 11, 100, 
101 for k = 0, 1, 2, 3 and k= i - j (mod 4). In this case, w (i I j)= 
W(k), W'(k), W(-k), W'(-k) for j= 0, 1,2,3, respectively. The 
encoder and decoder for Table II are thus easily specified in terms of 
the difference code. If (p, q) is the binary representation of j as shown 
in Table III, then W (k) is replaced by TV ( -k) if p = 1, and the result 
is complemented if q= 1. The encoder for the difference code is shown 
in Fig. 9, while the encoder for the sequential prefix code of Table II 
is given in Fig. 10. (" 6" represents a one-digit delay.) It is seen that 
an AND gate (.) and two EXCLUSIVE OR gates (EB) represent the 
marginal cost of encoding the latter code, compared to the difference 
code. The same is true of the decoder, which employs precisely the 
same set of gates. 



SELF-SYNCHRONIZING CODING 965 

TABLE III-SUMMARY OF ENCODER AND DECODER FOR THE CODE OF 

TABLE II 

j p q Code w(ilj) 
- --
0 0 0 w(i/O) = w(i/O) = W(k) 
I 0 I w(i/I) = w'(i-I/O) = W'(k) 
2 I 0 w(i/2) = w(2 -i/O) = W(-k) 
3 I I w(i/3) = w'(3-i/O) = W'( -k) 

V. CONSTRUCTION OF GOOD SEQUENTIAL PREFIX CODES (WITH SMALL LAGS) 

The synchronizing properties of sequential prefix codes fall into two 
classes, those which depend on the individual choice of the encoding 
w (i I j) for each i, j, and those (in varying degrees) which are inde­
pendent of the actual choice of w (i I j). [The encoding of Table I, 
for example, has J = 00 irrespective of the w (i I j) .] Such properties 
are said to be choice-dependent and choice-independent for these two 
classes. An example of how choice-independent properties may be 
treated separately is given by the following theorem. 

5.1 Very Bad Codes (J = (0) 

Theorem 1: A sequential prefix code has J = 00 in each of the 
following cases: (a) if there are precisely n distinct code words among 
the n X n {w(i I j)}, each of which occurs exa.ctly once for each i 
(a ((Latin square" code); (b) if for some value of s (0 < s < n) the 
relation w(i + s I j + s) = w(i I j) holds for all i and j. 

Proof: Case (a). Consider an ambiguity between any two symbols 
which could have led to a given code word. Then any subsequent code 
word could have resulted from either of two distinct symbols. Thus 
ambiguity is never reduced, and J = 00 irrespective of the choice of the 
n independent w (i I j). [Note that if the prefix code for any j (the same 
code words, but a different encoding for each j) is self-synchronizing 
(1 < 00), then it is possible to reduce ambiguity to the end of some 
(unknown) code word, but no further. Recall that in the definitions, a 
distinction is made between the code (the set of code words) and 

l,---I_0_~~Gt--_----.<EJt----CO_DE TEX----.T 

Fig. 9-Encoder for the difference code of Table I. 
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p 

q i.-j k 

Fig. lO:....-Encoder for the sequential prefix code of Table II. 

CODE 
TEXT 

the encoding (the mapping between code words and source messages).] 
Case (b). Without loss of generality, suppose that s is the smallest 

value of s for which w (i + s I j + s) = w (i I j) for all i and j. (If s is 1, 
the code is a difference code.) Then w (i + gs I j + gs) = w (i I j) for all 
i, j, for every integer g. Let 1t be the smallest value of 9 > 0 for which 
gs = ° (mod n). Then since s is as small as possible, it follows that 8U 

= n, i.e., s divides n: Thus there are 8 prefix codes w (i I j) , e.g., for j = 
0, 1, 000,8 - 1, which completely determine the prefix codes for j = s, 
s + 1, 000, n - 1. That is, the same prefix code (shifted) occurs for 
each j= gs + h (mod n) for 9 = 0, 1,000, (n - s)/s, for any fixed 
value of h, ° ~ h ~ s - 1. Thus there must always remain an ambi­
guity among all the symbols with i = g8 + h (mod n) for 9 = 0, 
1, 000, (n - s) Is, for any particular value of h, 0 ~ h ~ s - 1. There­
fore J is infinite again, irrespective of the choice of the 8n independent 
w (i I j) . QED. 

[Case (b) of Theorem 1 can easily be extended to include cases for 
which w(i + s I j + t) = w(i I j) for all i, j: if sand t are each 
relatively prime to n, or more generally if 8 and t have the same order 
in the field of integers {i.e., if u = v, where u and v are the smallest 
non-zero values for which us = ° (mod n) and vt = ° (mod n)}. As 
these cases are less natural to the present environment, they are men­
tioned parenthetically.] 

The difference codes satisfy both cases (a) and (b). Another example 
of case (b) is given in Table IV. If e, f, g, h are replaced by b, c, d, a, 
respectively; this example also satisfies case (a), and is a "sum" code 
rather than a difference code. 

5.2 Properties of Good Codes 

It is highly desirable that sequential codes {w (i I j)} have consider­
able structure, in order to simplify encoding and decoding, to simplify 
the analysis of synchronizing properties, and to facilitate the construc­
tion of good large codes. Several intuitively evolved properties have 
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been examined which are found to contribute considerably to this 
desired structure. Firstly, to simplify encoding and decoding, the num­
ber m of distinct prefix codes (not counting complements) used to form 
a sequential code should be small (one or at most two). If a prefix 
code and its complement are both used, the sequential code is comple­
mented. In the complemented code of Tables n and III, m is one 
since the prefix code for each j is W (k) or its complement. Since the 
circuitry required is up to m times as complex as when m = 1, large 
values of m are to be diligently avoided. The m distinct prefix codes 
(ignoring complements) are called kernels. The property of keeping 
m small is called the symmetrization property; it is choice-independent. 
Secondly, if all code words w (i I j) for a given i end in the same digit, 
irrespective of j, then first-stage synchr'onization is greatly enhanced. 
This property of making code-word endings uniform by column (as in 
Table II) is called the colwrnnization property. (It' is more or less 
choice-independent.) A third property involves the number of different 
symbols to which a given code word can correspond. (In the example 
of Table II, half of the code words occur only for one value of i each.) 
Second-stage synchronization is greatly aided by having almost all code 
words occur only for a relatively small number of different symbols, 
avoiding having each occurrence correspond to a different symbol S(i). 
This -is called the association property, and is also choice-independent. 

It should be noted that none of the above properties is necessary for 
obtaining finite lag codes; however, these properties are found to be 
helpful in achieving low lags. Although the example of Table V is a 
(complemented) one-kernel code,· it violates both the columnization 
property and the association property. (Note that each code word 
occurs only twice, but always for different symbols.) Its ~ag J, though 
finite, is quite horrendous (around 200), wit~ the shortest synchroniz­
ing sequences being of 'length ten (e.g., 0101000100). It thus compares 
badly with the code of Table II with respect to its lag. (It even com­
pares badly with the worst columnized one-kernel finite-lag code using 
the given prefix code, for which J == 23.1.t ' 

TABLE IV-EXAMPLE OF A CODE 'VITH J 
n = 4, s = 2 

a 
e 
c 
g 

b 
f 
d 
h 

c 
g 
a 
e 

d 
h 
b 
f 

00 BY THEOREM 1 (b) 
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TABLE V-A BAD FINITE LAG CODE 

o 
1 

101 
010 

11 
00 

100 
011 

100 
011 

11 
00 

101 
010 

o 
1 

An example of a two-kernel code which satisfies the columnization 
property and the association property is shown in Table VI. The code 
words which occur for only one value of i are indicated by asterisks. 
This code has J = 8.9, with synchronizing sequences including 0011 
(forB) and 11100 (for C). 

In a columnized code, the set of symbols S(i) for which all code 
words end in "0" ("1") is called the O-set (1-set). In the example of 
Table VI, the sequence 00 (among others) guarantees the end of a code 
word corresponding to the O-set A, C or E (i even), while a 111 guaran­
tees the end of a code word corresponding to the I-set B or D (i odd). 
These are two of the first-stage synchronizing sequences. Having re­
duced the ambiguity to a O-set symbol or to a I-set symbol, the associ­
ation property within these sets is of great aid to second-stage synchro­
nization. For example, the code words which optimally satisfy the 
association property (e.g., those with asterisks in Table VI) themselves 
act as second-stage synchronizing sequences in this example. Associa­
tion is especially helpful to second-stage synchronization if the prefix 
code is the same for each symbol S (j) in the O-set, and similarly for 
the I-set. This is the bijurcatio;' property of columnized codes, that 
the O-set and the I-set use one prefix code each (although the two 
codes may be identical). Note that this property is found in the code 
of Table VI, in which two distinct prefix codes are used. If present, the 
bifurcation property implies that the'symmetrization property is met 
with m = 1 or 2. (By definition, bifurcated codes must be columnized.) 

An example of a one-kernel code satisfying all four of the above 
properties is given in Table VII. Apart from 00 and 01, no code word 

TABLE VI-A Two-KERNEL EXAMPLE, J 8.9, ]' = 4, J" = 5.1 

SCi) SCi) = A B C D E 

A 0 11* 100 1011* 1010 
B 010* 1 00* 0111 0110* 
C 1010 11* 0 1011* 100 
D 010* 0111 00:1< 1 0110* 
E 1010 11* 100 1011* 0 

" 
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TABLE VII-A ONE-KERNEL EXAMPLE, J = 20.2, I 8, JII 14.7 

S(j) SCi) =A B 0 D E F G H 

A,B 00 01 100 101 1100 1101 1110 1111 
O,D 1100 1101 00 01 100 101 1110 1111 
E,F 1100 1101 100 101 00 01 1110 1111 
G,H 1100 1101 1110 1111 100 101 00 01 

occurs for more than two symbols S(i) (i.e., III more than two 
columns). The lag is seen to be J = 20.2. 

5.3 Balanced Codes 
If the columnization property is to be achieved in a complemented 

sequential code, then any kernel prefix code and its complement must 
each have the same number of code words ending in zero (or one). 
Consequently, the prefix code (and its complement) must have half 
of its code words ending in each digit. Such a prefix code is called a 
balanced code, and of course must have an even number of code words. 
The codes of Tables II and VII are examples of balanced prefix codes 
used in complemented and uncomplemented one-kernel codes, respec­
tively. 

Theorem 2,' For every set of code-word lengths with n even for 
which there exists an exhaustive prefix code, there exists at least one 
balanced prefix code. 

Proof,' A simple proof involves a construction procedure during 
which the number of code words ending in "0" differs by at most one 
from the number of code words ending in "I". Thus since n is even, 
the resulting code is balanced. Such a procedure is easy to construct, 
but is omitted here since it does not contribute to a basic understand­
ing of the paper. [It can in fact be shown that the ratio of balanced 
exhaustive codes to all exhaustive codes is asymptotic for large n to 
I/(n'1l')t.] 

A few balanced exhaustive codes are shown in Fig. 11, including one 
for each structure function N (d) with n = 4 and 6. In each of these 
cases, the code shown has the smallest possible lag I among all bal­
anced codes with the given N (d) . 

If the sequential code is not complemented, the kernels need not be 
balanced. However, the use of balanced prefix codes as kernels is 
highly beneficial. It greatly enhances flexibility in the assignment of 
the w(i I j) according to the needs of synchronization (e.g., via colum­
nization and association), coding complexity and compression. 
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CODE n=4 n =6 

/A ~ ~1 Euf 
Ntd) 04 112 11112 1032 1104 024 0312 

I 00 6 5.2 5.3 7 to 12 

I' 00 3 3 6.1 5.5 to 11 

l' 00 5 31 6.3 5.9 10 13 

1* 00 2 2 5.1 4.5 9 10 

Fig. ll-Some balanced codes for n ~ 6. 

5.4 Analysis of First-Stage Synchronization 

Another property emerges from considering the relation between 
the lag J of a bifurcated sequential code and the lags of the kernel 
codes. For an un complemented one-kernel code, first-stage synchroni­
zation is guaranteed by the synchronizing sequences of the kernel, i.e., 
with the lag I of the kernel. Thus this lag should clearly be small. On 
the other hand, for a bifurcated complemented one-kernel code, the 
lage I is not relevant to first-stage synchronization. Instead the mu­
tual lag l' of a prefix code and its complement is needed. The mutual 
lag of a O-set code and a I-set code is obtained by considering the state 
diagrams of both codes. Imposing the restriction that a code word 
ending in "0" ("I") is followed by a O-set (I-set) code word, these 
two state diagrams become one just as the four diagrams in Fig. 7 
become one. The mutual lag I' is then the lag of this combined state 
diagram, obtained from the mutual synchronizing diagram, i.e., the 
synchronizing diagram for the combined state diagram. Terminal nodes 
consist of first-stage synchronization, i.e., solely of O-set or I-set code­
word ends. (Note that the mutual lag is partially choice-independent, 
depending on the choice of the O-set and I-set prefix codes, but not on 
the actual 'W (i I j) .) Mutual lags are relevant primarily for balanced 
prefix codes and their complements, as used in (one-kernel) bifurcated 
complemented codes; this case is assumed unless otherwise specified. 
They are also meaningful for two-kernel bifurcated codes, for which 
the mutual synchronization diagram also guarantees first-state syn­
chronization. (For example, the two prefix codes used in Table VI have 
I' = 4.) Note that the mutual lag of a code with itself is I' = I (since 
the O-set code and the I-set code are identical). 

Consider as an example the prefix code {O, 11, 100, IOI} used in 
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Table II. Suppose that it is used for the O-set symbols A and C (Fig. 
12a) , while its complement is used for the I-set symbols Band D (Fig. 
12b). The state 0 (1) corresponds to a code word ending in "0" ("I"), 
and implies that the next code word is taken from the O-set (I-set) 
code. (Note that irrespective of the actual w (i I j), the occurrence of a 
00 or a 11 suffices to guarantee the end of a code word, as in Fig. 8.) 
The mutual synchronization diagram is given in Fig. 12c, and has 
I' = 3. 

Values of the mutual lag l' are given in Fig. 11 for each code shown 
there and its complement. In each case, the code shown has the smallest 
value of I' for any balanced code with the given set of code-word 
lengths N (d). A nU1nerological cu.riosity is provided by Fig. 11: for 
each N (d), the indicated best value of l' is precisely one greater than 
the best value F-C of I attainable by any code (unbalanced, in fact) 
with the given N (d). Since this curiosity is true of all N (d) for ex­
haustive codes with n ~ 6, including those for odd n, it seems highly 
likely for all n, for all N (d) for which exhaustive codes exist. 

[It should be noted that the value of l' for a given prefix code and 
its complement is obtained with the given code as the O-set code. If 
it is used instead as the I-set code, the resulting value of l' is the 
mutual lag of the complemented prefix code, and is designated by r. 
Values of r are also shown in Fig. 11. It is seen that l' and r are not 
usually the same.] 

The kernel lag J' of a bifurcated code is then defined as the synchro­
nization lag of the first stage. For a one-kernel uncomplemented code, 
J' = I; for a two-kernel (uncomplemented) code, or a one-kernel com­
plemented code, J' = 1'. The kernel Zag property then states that the 
kernel lag J' of a bifurcated code should be small, in order to help mini­
mize the lag J. 

° 0,1,2,3,4,5 

° o o 

(a) (b) (c) 

Fig. 12-Example of first-stage synchronization in a complemented code with 
I' = 3. 
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5.5 Further Properties of Bifurcated Codes 
The second-stage lag may be approximated by the structural lag J" 

which assumes first-stage synchronization, and results in a known 
symbol (at the end of a code word). It is obtained by averaging the 
second-stage lags, K beginning with the O-set and K' beginning with 
the I-set; K and K' are weighted according to the probabilities of 
reaching the O-set and I-set, respectively, in the mutual synchroniza­
tion diagram. (In the example of Table VI, for example, it is seen that 
these weights are i and l) The structural lag property states that this 
lag should be as small as possible. A rough measure of J" may be 
made independent of the prefix code by assuming all code words of 
equal length, and the O-set and I-set equiprobable. 

Theorem 3: For a bifurcated code, 

J ~ JI + J". 

Proof: The theorem follows from the definitions. Inequality occurs 
when, in the sequential synchronization diagram, first-stage synchro­
nization occurs in at least one case as the result of an advantageous 
subset of either the O-set or the I-set. By "advantageous" is meant 
a subset which accelerates second-stage synchronization. The value of JI 
gives precisely the first-stage synchronization lag in any event. When 
there are no such subsets, equality holds, as in Fig. 8. (For example, 
the code of Table VI has JI = 4, J" = 5.1 and J = 8.9; the sequence 
1100 guarantees not just the O-set, but specifically a "C" or an "E" 
at its end. The code of Table VII also has such subsets. These subsets 
are obtainable from the first-stage synchronization diagram, and may 
be used to calculate the exact second-stage lag J- based on the subsets 
wjth their appropriate weights, rather than just on the O-set and the 
I-set. Then J = JI + J-. In all cases J" ~ J-. Also, if J" is infinite, 
then so is J-.) 

Theorem 4: A bifurcated code has J = 00 if and only if either JI 
01' J" is infinite. 

Proof: The "only if" follows as a corollary of Theorem 3. The "if" 
requires two cases. If J" = 00, then J = 00 since the O-set and I-set 
are subsets of the set of all states, on which J is based. If JI = 00, 

first-stage synchronization is never reached. Since a bifurcated code 
must go through this stage in order to reach second-stage synchro­
nization, and since JI is the true value of first-stage lag even when 
there is inequality in Theorem 3, it follows that J = 00. QED. (Note 
that in Theorem 4 J" may be replaced by J-.) 
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In many symmetric cases, the O-set and the I-set are equivalent 
structurally, and J{ = J{' = J". This occurs in the example of Table II, 
since the code obtained under the transformation A <=> D, B <=> C is 
the complement of the Table II code (a complementary reflective 
symmetry). It also occurs in Table VII, since the O-set and I-set sym­
bols are paired with identical encodings. Such symmetric cases are 
advantageous for encoding/decoding and analytic simplicity. 

In certain cases it is desirable to use complemented bifurcated codes. 
If the above numerological curiosity is true in general, there is essen­
tially no sacrifice in the best l' of a balanced code compared to the 
best I = I{f for the given N (d). That is, first-stage synchronization is 
just as rapid for these complemented codes, while avoiding the diffi­
culties arising from the use of an unbalanced code. Further, considering 
only balanced codes for a given N (d), the best value of I' is often 
better than the best value of I (cf. Fig. 11). Thus the overall lag is 
frequently better. Furthermore, the flexibility of compression available 
with the complemented codes is often greater. For example, consider 
again the code of Table II, this time only in terms of its code-word 
lengths. Using an e~haustive prefix code, it is impossible to have length 
one on the i = j diagonal with an un complemented one-kernel code 
unless the columnization property is violated; this in turn may greatly 
increase the lag of the code. 

[Surprisingly, prefix codes with I = 00 are not altogether useless. If a 
one-kernel code uses a block code or a code the greatest common divi­
sor (gcd) of whose lengths is greater than one, then it follows that 
J' = J = 00. It is interesting to note, however, that many uniformly 
composed codes and anagrammatic codes (with I = 00) have I' < 00, 

and thus may give rise to one-kernel codes with J < 00, assuming 
J' < 00. The smallest possible finite exhaustive anagrammatic code 
with I' = r = 00 has n = 18, and is its own complement. An infinite 
example with the same properties is provided by the self-complement­
ing ana grammatic code of Fig. 6c. Thus the use of such prefix codes 
in a one-kernel sequential code must result. in J = 00, by Theorem 4.] 

VI. GOOD STRUCTURE FOR LARGE SEQUENTIAL CODES 

The codes of Tables II and VII are rather small examples, albeit 
good ones, of one-kernel codes. Since great compressions are found 
primarily in large codes, the next question is whether low lags can be 
achieved for large codes without sacrificing coding simplicity and 
compression. 
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Assume for now that it is possible to approximate the second­
order probabilities associated with the code words 10 (i I j) as a function 
of k = i - j (mod n), and hence that from a compression point of 
view a difference code is meaningful. (This assumption will be general­
ized below.) Now consider the general n-level one-kernel encoding 
framework shown in Fig. 13. The difference k is modified as a function 
of j, and the result k~< is encoded by an ordinary prefix encoding 
W (k"::.). If the code is a complemented code, the result is complemented 
(e.g., if j is odd). (Otherwise the complementing circuitry is not needed, 
as in Table VII.) The corresponding decoder is shown in Fig. 14. 
(Again the complementing circuitry may n9t be required.) In many 
cases the dcmodification circuitry of Fig. 14 is identical to the modifi­
cation circuitry of Fig. 13, with the input and output interchanged. 
Note that the codes of Tables II (see Figs. 9 and 10) and VII are 
examples of codes amendable to this framework. 'The incremental cost 
of encoding and decoding compared to difference codes is embodied in 
the modification logic and the trivial complementing logic; as long as 
the modification logic can be kept simple, the incremental cost is low. 
The compression can in general be made at least as good as the differ­
ence code. 

If a balanced code is used, the framework defined by Fig. 13 makes 
it easy to satisfy the columnization property, the symmetrization 
property (with m = 1), and the bifurcation property. The choice of a 
prefix code is dictated by the kernel lag property, and by the condi­
tional probability distribution of the symbols S(i), given S(j). The 
suitable strllpture is dictated by those probabilities, mitigated by the 
structural lag property, and by the complexity of the modification logic 
desired. Considerable experimentation has shown that the properties 
discussed here are central to the construction of good codes. Columni­
zation and the cpoice of prefix codes with small J' greatly facilitate 
first:-stage synchronization. Association greatly influences second-st~ge 
synchronization. Bifurcation greatly simplifies coding complexity and 
improves second stage synchronization. The use' of balanced codes is 

SOURCE 
L 

Fig. 13-Generalized encoder for one-kernel codes. 
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Fig. 14-Generalized decoder for one-kernel codes. 
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RECOVERED 
SOURCE 

i. 

very helpful. If the number n of messages is odd, however, it may be 
de~irable to use a two-kernel code as in Table VI to achieve columni­
zation. 

If the conditional probabilities are strongly asymmetric and/or 
not approximately representable by difference probabilities, it may 
be advantageous from a compression standpoint to use a multi-kernel 
code. Alternatively, or additionally, it may be desirable to eliminate 
the difference/sum circuitry in Figs. 13 and 14, and to deal directly 
with the i and j. The properties described in this paper are equally 
relevant in such cases. No restrictive assumptions have been made 
regarding the first-order probabilities. It is also unnecessary for O-set 
and I-set code words to match even and odd i, respectively; this is 
merely a descriptive convenience. 

6.1 Large Balanced Codes: 

In order to erihance the kernel lag property for codes with large n, 
it may be desirable to use truncated systematic prefix codes rather 
than optimal prefix codes as kernels. In this way it is possible for I to 
remain small as n increases. Several examples of such codes which may 
easily be truncated to give balanced codes are summarized in Fig. 15, 
along with their structure functions N (d) and their lags I, l' and r. 
The best lag I{~ for any code with the specified N (d) is also given, 
along with the random average code-word length L for N (d). The 
selection of efficient codes for compression purposes is considered in 
Ref. 1. 

There exist niany classes of codes for which J remains finite (and 
in fact quite small) as n increases without limit. A simple (rather 
extreme) example is indicated in Table VIII for n = 8. The code is 
columnized, complemented, bifurcated, and maximally associated with­
out being trivial. (It assumes very high probability of i = j for com­
pression purposes.) To avoid confusion, the symbols are given as A to 
H for i and j from 0 to 7; the integer k is given to indicate the occur­
rence of the code word W (k). If j is odd, the complementary code word 
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CODE I I' I' r* L N(d) FOR d = 
1 234 5 6 7 8 9 ••• 

a 

~ 4 3 00 2 2 1 1 1 1 1 1 1 1 1 ... 

b c(p 5 5 5 4 3 022222 2 2 2 ••• 

---
c 

~ 6 5 8 4 LI 0 1 2 3 4 5 6 7 8 ••• 

--

d~ 8 - - 8 8 002244 8 12 24 ••• 

~ 
\ 

9 9 9 £3 7 a a 2 2 4 6 10 16 26 ••• 

-----
f 

~ 8 9 10.5 ::;8 6 a a 1 3 6 10 15 21 28 ••• 

--- --

g~ 8.5 8.5 8.5 ~7.5 4 a a 4 444 4 4 4 ••• 

Fig. I5-Some systematic prefix codes easily truncated to balanced codes. 

W' (k) is used, and the table is read from the bottom up. The code 
thus has complementary reflective symmetry. If W(k) = 0, 11, 100, 
1011, 10100, 101011, 1010100, 1010101 for k = 0, 1, "', 7, then 
J = 8.62. This code is readily extended to arbitrary even n with a 
similar pattern of k's: for each even j other than 0, k = ° for 1~ = j, 
k = j for i = 0; otherwise k = i; code words for odd j are then 
specified by the complementary reflective symmetry. The modification 
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logic of Figs. 13 and 14 is thus exceedingly simple, and the comple­
menting logic is again a single EXCLUSIVE OR gate as in Fig. 10. 
The limiting prefix code is code (a) of Fig. 15. Analysis shows that a 
sequential code with J' = l' = 3, J" = 4[1 + Ys + 'iir; + %:{ + ~~r;r; 
+ ... ] < 5.7, J < 8.7 exists for every even n. (For suitably skewed 
distributions, the compression factor arising from this code approaches 
the base two logarithm of n.) This is an example of a class of codes for 
which the differential circuitry is not relevant; it is easier to encode 
directly as k = i, with (n - 1) /2 pairs of exceptions. Variants for 
which the I-set is treated in this fashion while the O-set is treated 
differentially as before are also easily implemented. These variants 
provide a very simple structure which results in low J and simple 
circuitry. 

[A word of caution is in order when considering sequences of ex­
haustive prefix codes approaching systematic codes in the limit: the 
limit of a sequence of values of I (or 1') thus obtained is normally 
somewhat larger than the value of I (or 1') for the limiting systematic 
code. (The previous example is an exception with respect to 1'.) Code 
(b) of Fig. 15 is an example in point, with I = I' = 5. The limit of the 
value of I (or 1') for the codes 01,10,001,110,000,111 (I = l' = 10), 
01, 10, 001, 110, 0001, 1110, 0000, 1111, (I = l' = 8), etc., is seven, 
although this sequence approaches the systematic code (with I = l' = 
5) in the limit. In general, truncated systematic codes have better 
synchronization properties than their finite exhaustive approximations, 
since the values of I and l' are essentially unaffected by truncation. 
For large codes, there is little if any noticeable degradation in com­
pression caused by using truncated infinite codes.] 

The use of definite codes is suggested since their lags are minimal 
(I = L), while I > L for non-definite codes. However, non-definite 
codes can be quite good. Codes (a) and (c) in Fig. 15, for example, 

T ABI;E VIn - EXAMPLE OF A GOOD CODE FROM AN INFINITE CLASS OF 

CODES FOR 'VRICH J < 8.7 FOR ALL n 

J k for desired W (k) 
even A B C D E F G H =S(i) 
-------- --------
j: A 0 1 2 3 4 5 6 7 H 

C 2 1 0 3 4 5 6 7 F 
E 4 1 2 3 0 5 6 7 D 
G 6 1 2 3 4 5 0 7 B:j 

---- ----
SCi) = H G F E D C B A j odd 

k for desired W' (k) 
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have N (d) for which definite codes exist (whence 1* = L). In these 
cases, l' = L + 1, recalling the above numerological curiosity. No 
counterexample to this curiosity is known among N (d) for which 
definite codes exist, or even among all systematic codes. In general, 
there are many non-definite cases for which I or l' is quite close to 
L + 1. Thus in these cases the non-definite systematic codes do almost 
as well as comparable definite codes in achieving first-stage synchroni­
zation. Subsequently the non-definite codes may be much better in 
reaching the second stage. Definite codes are necessarily completely 
unbalanced/·2 with all code words ending in the same digit; therefore 
a complemented columnized code is impossible. Although a non-com­
plemented code is thus automatically columnized if it uses a definite 
prefix code as its kernel, second-stage synchronization often must 
begin with the set of symbols, not just half of them as in the case of a 
balanced code. However, some definite codes are balanced on two 
distinct terminal sequences, e.g., on the next to last digit of each code 
word or on some earlier digit position. In these cases, it is possible to 
columnize on the two distinct terminal sequences. As an example, con­
sider code (d) of Fig. 15. This is a definite code defined by the set of 
sequences {OIOO,OllO}, with N (d) = ° ° 2 2·4 4 8 12 24 .... For each 
length there are exactly as many code words ending in 00 as in 10. If 
the sequential code is columnized according to the last two digits of 
each code word into a 00-set and a 10-set, first-stage synchronization 
results in one of these two sets, as in the balanced code situation. Since 
I = L = 8, this code has synchronization properties excelling any non­
definite code with the given N (d). 

6.2 Guidelines for Choosing Good Encodings 

Because of the perversity of the three-dimensional tradeoffs among 
compression, complexity and synchronizability, it is pointless to try to 
give a specific algorithm for choosing the best encoding for a given 
application. Optimality in anyone dimension is of little concern, for 
slight sacrifices in any of these dimensions often result in great savings 
in the other two. Besides, no sensible cost metric is known. Nevertheless, 
the techniques of this paper provide a set of guidelines for the con­
struction of good codes and good encodings. 

The first step in selecting a sequential encoding is to establish for 
each j the code-word lengths which are optimal for the code word 
wei I j) in the prefix code for the given j, based on the conditional prob­
abilities of SCi), given S(j). This may be done simply using any variant 
of the Huffman algorithm6 which derives the code-word lengths. In-
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spection of the matrix of lengths thus obtained (i.e., of the set of n 
structure functions, one for each j) indicates what kind of symmetries 
the code might reasonably have, e.g., whether a reflective symmetry is 
in order, and whether the code can be a one-kernel code. A comple­
mented bifurcated code may be required for compression reasons, as 
in Table II. The next step is to choose the basis code(s), considering the 
set of lengths and the first-stage lag J'. For large codes, techniques of 
Ref. 1 may be required to aid code selection. The encodings should then 
be arranged to have the columnization and association properties to 
help minimize the first- and second-stage lags, respectively. The de­
sired code-word lengths should be taken as suggestive rather than as 
mandatory; slight departures from these lengths are generally not 
harmful to compression (especially among large lengths), and may 
help greatly in decreasing J-. Care should be taken to avoid having 
short synchronizing sequences occur only as the result of unlikely 
sequences of source messages. 

VII. CONCLUSIONS 

The object of this paper is to present codes with low redundancy, 
reasonable complexity and intrinsic error tolerance, within a single 
class of codes designed for that purpose. The approach taken is by 
no means the oilly one, although the codes exhibited here seem quite 
powerful in view of their capabilities. In combination with some 
additional redundancy (e.g., as in Refs. 1, 4, 17 and 18) to be used 
for error-detection and/or correction and/or forced framing, the in­
trinsic properties described here may be used to great advantage. 

The sequential prefix codes of this paper can be useful for a wide 
range of conditional probability distributions. Quantized video picture 
information provides an example of a class of distributions10-21 to which 
these codes seem suited, with respect to compression and synchroniza­
bility, as well as to the meaningfulness of tolerating errors for a short 
period of time. Such distributions are strongly geometric,20 for which 
the codes presented here are naturally applicable. 

The techniques described here are also applicable to other com­
pression situations. Examples include run-length coding (which has the 
same essential synchronization problem as differential coding) and 
predictive, averaging or smoothing schemes, or combinations thereof. 
In addition, the same techniques are applicable when code words 
w (i I j) need not be provided for many of the transitions, for example, 
when only relatively small differences are possible. 
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In conclusion, a wide variety of sequential prefix codes has been 
presented, with a considerable range of tradeoffs among coding com­
plexity, compression and synchronizability. By not insisting on opti­
mality in any of these, it is possible to obtain codes which are highly 
satisfactory in all of these respects at the same time. 
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A two-wire active asynchronous time-division switch has recently 
been proposed by J. O. Dimmick, T. G. Lewis, and J. F. O'Neill. The 
interrupted energy transfer from one filter to another is accomplished 
asynchronously in order that more efficient use may be made of pro­
cessing time of talk~r pairs on the switch1~ng bus. After first formulat­
ing, in a· concise mathematical fashion, the effect of passing a signal 
through such a randomly time-varY1'ng cirCll,it, we focus attention on 
op,timizing an important filter response function. TYPI'cal'ly , two per­
cent rms jitter 'L'n the transfer times yields an output S/ N of 30 dB 
inde!fJendent of sI·gna.l spectrum. The timI'ng stabiUzation required to 
obtain small jitter 1'S also discussed and an exact solution for ex­
ponential processing time is obtained. This laUer result: may be put 
to good use in studying the efficiency of the switch. Conservatively, 
asynchronous operation should increase traffic capa'city threefold. 

Finally, a speech wave which passes through a, sample-and-hold 
circuit with random sampling times is considered upon being recon­
structed with a fixed filter. This is a model for a, four-wire a'ctive 
asynchronous switch, and results are compared with the two-W1,'re 
situation. 

1. INTRODUCTION 

Voice switching systems have most commonly been based on con­
trolling electromechanical switches which select and hold a spatially 
distinct path for each conversation. The technology used to implement 
such a space-division network (crossbar or ferreed switches) usually 
results, in practice, of an individual path having much larger band­
width than is required for faithful transmission of the signal. The 
space and cost of these switches makes other solutions desirable for 

983 
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many applications. One line of attack has been to keep the space-divi­
sion concept, but replace the electromechanical ~'elays with semicon­
ductor switches. These :techniques, however, . stiil suffer from the 
hard-to-grow nature of multistage space division networks. A more 
promising solution seems to be to place all the conversations on a 
wideband bus using time-division techriiques. In fact, the 101 Elec­
tronic Switching System (ESS) is such a time-division switch. This 
system uses resonant energy transfer to "move" periodically measured 
samples of a speech w~ve from an incoming line to an outgoing one"In 
the same vein, an asynchronous time-:division switch has recently 
been proposed by .J. O. Dimmick, T.· G. Lewis, and J. F. O'Neill,! This 
switching arrangement makes use of active energy transfer between 
filters rather than resonant energy transfer and allows a variable time 
slot for transferring each speech sample through the switch. The asyn­
chronous nature of this switch allows a more efficient use of processing 
time than is possible to achieve synchronously. However, a consequence 
of this virtue is a periodic sampling of the input waves. While the 
synchronous switch can make use of the usual sampling theory to 
guarantee faithful reproduction, the asynchronous switch cannot. 
Further, the modifications of the theory which are required to discuss 
the proposed asynchronous switch are not simple, for the random 
sampling causes some feedback energy which is later retransmitted, 
further adding to the output noise. Our immediate purpose will be, 
then, to present theoretical work r~levant to this problem. We discuss 
the quality of transmission [measured by the output signal-to-noise 
ratio (SIN)] as a function of jitter in the sample values and as a 
functional of a certain filter response function upon which the feed­
back energy depends. The optimum function is found. Also a tech­
nique suggested in Ref. 1 for keeping the jitter small is discussed 
theoretically, and the combined question of how jitter, quality of 
transmission, and increased efficiency are related is answered. 

Section X summarizes our conclusions and, barring some terminology 
introduced in the text, may be read next. 

II. MATHEMATICAL MODEL 

Consider the diagram in Fig. 1 which represents a talker and listener 
on a switching bus. There will be many such pairs on a particular bus, 
but we need now concentrate on only one. The way the switch works 
is that, at approximately periodic instants of time, the two identical 
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x(t) INPUT-l ~ C. ~ FILTER FILTER OUTPUT 
(TALKER) ~__ __---' (LISTENER) 

v(t} I IW(t} 

Fig. I-Model for a "talker"-"listener" pair on an asynchronous switching bus. 

capacitors which are shown in Fig. 1 are interchanged-X
- and energy 

transfer is effected. The following assumptions are made: 

(i) The input· signal x(t) is bandlimited to W Hz and the switching 
occurs at times tn = nT + En where T ~ 2Wand En is small com­
pared to T. 

(ii) The filtering aspect of the filter is neglected in the sense that if 
no switching is performed, then vet) = x(t). In particular this 
means that if current impulses of area x(n T) are applied at times 
n T to the listeners capacitor, x(t) will occur at the output. 

(iii) Suppose that one volt is placed on the listening capacitor when 
no energy is stored in the filter. The voltage across the capacitor 
(t ~ 0) under these conditions will be called z(t), and we assume 
z(O+) = l. 

Our goal will be to determine, for given spectrum of the input, and 
for given second-order statistics of the €n sequence, the output SIN. 
The proper design of z (t) will be of major concern in the analysis. 

We shall call the problem just described two-wire switching. 

III. FUNDAMENTAL EQUATIONS 

In this section an exact equation which describes the two-wire 
talker-listener switching situation will be derived. As in Fig. 1, let vet) 
be the actual voltage on the talker's capacitor and w (t) the actual 
voltage on the listener's capacitor. In the absence of switching, v (t) = 
x(t). In addition, at times nT + €n voltages [wenT + €n-) - venT + 
€n- )] are placed on the capacitor, where w (t-) means the limiting 

* Of course in reality they are not interchanged. What happens is that at the 
given instant of time at which the "switch" is to occur, the instantaneous voltages 
are measured, certain current sources (not shown) are activated and a fixed value 
of current flows for a duration just sufficient to effect the interchange of charges, 
and hence voltages, of the equal capacitors. All this occurs in a negligible period 
of time compared with the response time of the filters. 
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value of w (t') as t' approaches t from below. Since switching occurs at 
times nT + 'En , continuity cannot be assumed at these instants and left 
and right limits must be distinguished. Using the definition of z (t) we 
have by the superposition principle 

I (t) 

vet) = x(t) + I: [wenT + En-) - venT + En- )]z(t - nT - En) (1) 
n=O 

where l(t) is the integer which satisfies 

l(t)T + El ~ t < (l(t) + l)T + EI+1' 

Likewise for w (t) we may write 

I (t) 

wet) = I: [venT + En-) - wenT + En- )]z(t - nT - En). (2) 
n=O 

If we let t ~ (kT + Ek-) in equations (1) and (2), we have the 
pair of equations 

. I (t) 

v(kT + Ek-) = x(kT + Ek) - I: [venT + En-) - wenT + En-)] 
n=O 

·z[(k - n)T + Ek - En-] (3) 

and 

I (t) 

w(kT + Ek-) = I: [venT + En-) - wenT + En-)] 
n=O 

·z[(k - n)T + Ek - En- J. (4) 

It is very useful to now introduce the vectors Y, V, Wand a matrix Z 
defined by 

and 

Yk = x(kT + Ek), 

Vk = v(kT + Ek-), 

Wk = w(kT + Ek-), 

Zkn = z[(k - n) T + Ek - E,,-]. 

Note Zkn = 0 if k ~ n since z (t) = 0 for t < O. 
Using equations (5) and (6), (3) and (4) become 

v = y - Z(V - W), 

W = Z(V - W). 

(5) 

(6) 

(7) 

(8) 
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Solving the above pair for (V - W) gives~~ 

(9) 

Equation (9) determines exactly the behavior of the switch, for the 
output is determined by applying the sequence {Vk - Wd at times 
kT + fk to the filter (here assumed ideal). We emphasize that the 
jitter enters not only through the time at which the ~-functions are 
applied, but also in the quantities Z and Y. 

Consider now a z (t) such as that shown in Fig. 2 which passes 
through zero at all times kT, k > o. If further there is no jitter, then 
Z= 0, and equations (5) and (9) show that impulses of area x(nT) 
are applied at times nT, thus giving ~(t) at the output. In short, in 
the absence of jitter, any z (t) which passes through zero at all positive 
integer mUltiples of the sampling interval will be optimum. One might 
now conclude that a z (t) which is zero in a sufficiently large neighbor­
hood of each such crossing will not see the jitter and would therefore 
be optimum in the presence of jitter. However the following argument 
(by J. F. O'Neill) suggests that such is not the case. Consider sampling 
a dc signal at random times. We must get enough power through the 
switch to reproduce the signal. Surely if we sample late, we are lagging 
in power and we would like to increase the area of the impulse; like­
wise if we sample early, we seem to be supplying extra power and so 
should decrease the impulse area. There should be a design of z (t) 
which would conspire with the jitter to reduce jitter noise even below 
that noise obtained for the class of z (t) which do not see the jitter. 

IV. WHAT IS THE OUTPUT NOISE? 

Define the vector 

and the functions 

'Y=v-w 

sin f (t - nT) 

f (t - nT) 

for all integer n. The properties of 1jJ1l (t) that we use are 

(10) 

(11) 

(12) 

* The inverse of (1 + 2Z) always exists since it is triangular and all its diagonal 
elements are unity. 
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t 

Fig. 2-An illustrative curve for z(t). 

(13) 

and 
00 

if;nCtI - t2) = L if;n+mCtI) if;mCt2)' (14) 
m=-oo 

We assume that the reconstructing filter impulse response is given by 
t/lo (t) and thus the output error signal is 

00 

e(t) = L I'nif;nCt - en) (15) 
n=O 

and has average power':f N where 

1 JKT 1 Joo 
N = ~~ KT -KT e

2
(t) dt = ~~ KT -00 e~(t) dt. (16) 

In the right side of equation (16), we have introduced ek (t) which 
is the error signal truncated to K pulses; that is, the upper limit of the 
sums in equation (15) is K instead of infinity. If we use equation (14) 
to expand t/ln (t - En) which occurs in equation (15), find e2 (t) and 
do the time integral, we obtain 

i: e~(t) = T nto I'nl'k mtoo if;m(€n) if;n+m-k(€k) 

K K 

+ T L x! - 2T L xn"lkif;n-k(€k). (17) 
o n.k=O 

* This corresponds to the noise in a band up to Ij2T Hz. If T is less than the 
Nyquist rate, then some out-of-band noise is included here. In practice T will be 
about half the Nyquist interval in order to make filter design problems easier, 
but then the inclusion of the out-of-band noise seems fair at this stage. Figure 3 
shows a picture of the relevant bandwidths. 
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Equation (14) may be used again to recombine the first terms of the 
right side of equation (17) and so 

Recall again that 

Zkn = z[(k - n)T + Ek - En], 

'Yk = (1 + 2Z)~!yz , 

Yz = x(lT + EZ)' 

It is useful to define a new matrix B by 

2Z 
o = 1 + 2Z 

so that 

'Y = Y - OY. 

(19) 

(20) 

(21) 

Substitution of equation (21) in equation (18) splits the expressions 
into two types of terms. The first type, called collectively AI( , do not 
involve the filter z (t) while the remaining ones, called BJ[, do. 'Ve 
thus have 

N = lim E[AK] + lim E[BK] == A + B, (22) 
K-+oo K-+oo 

where in equation (22), the expectation is taken over both the signal 
and jitter statistics. The quantities Ax; and Bx; are given by 

IDEAL 
RECONSTRUCTING 
// FI LTER 

/ _____ 1_-, 
r---t----,. : 

\ 
\ 

W=_1-
2To 

I 
I 

Fig. 3-Relevant bandwidths in terms of the sampling interval T. 
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1 K . 

+ K n~o (OY)n(OY)k1/!n-k(Ek - En). (24) 

One may note that if z (t) is such that when :ihe filter is desIgned 
~o as not to feel the jitter (as described in Secti~n. III), then B= 0 
and the noise would be given by the filter independent term A alone. 
The ftInction of the filter design is to make B as negative as possible. 

To proceed further we make essential use of the fact that the €k are 
small. In addition, sirice z (kT) = 0 is an optimum solution in the 
absence of jitter we shall keep the requirement 

z(kT) = 0, k = 1,2, .,. (25) 

and see what further optimization can now be made. This will amount 
to designing the slopes of the function z (t) when it goes through zero. 
The evaluation of A and B for small € is carried out in Appendix B. 
Introducing the correlation function of the signal 

R(T) = E[x(t)x(t + T)] (26) 

and the correlation function of the jitter 

(27) 

we find that when the jitter is independent from sample to sample, 

In equation (28), <1~ is the variance of the jitter and is given, for inde­
pendent jitter, by 

<1; = E2 - e2 = J(O) - J(n ~ 0). (29) 

To write the corresponding expression for Bk we introduce, as is done 
in Appendix B, the derivatives Zs of the function z (t) at the zeros, 
that is 

Zs :=; ddt z(t) I 
z=sT 

s = 1,2,3, ... (30) 
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and also the constants* 

r. = ~.(O) = ~o( -s) 
( -1)"+1 

Ts 
s ~ O. 

Then, for jitter independent from sample to sample, 

991 

(31) 

B = lim E[BK ] (32) 

4R(O) 2 [~ r' + 2 ~.2 ~ R(s) . + 2 ~ .. R(s - t)] 
= CT. f::t .Z. f::t Z. - f::t R(O) Z. .~1 Z8Z t R(O) . 

• > t 

Expressions for Ak and Bk which include the effects of correlation in 
the jitter are also derived in Appendix B and will be discussed in 
Section V. At the moment we merely state that positive correlation 
between jitter values will tend to reduce the noise power given by the 
sum of equations (28) and (q:;n. Equation (32) gives, incidentally, 
more of a physical interpretation as to the' breakup of the noise into 

t 

A and B terms. The filter mentioned at the end of Section III which 
does not see the jitter cer.tainly has z (t) '= 0 at each crossing, and thus 
from equation (32), B == 0 for that filter. Thus the A term is the 
noise power for the "blind" filter; it will be improved upon whenever 
B is negative. . 

If we now define the functional F [z] of Z (t)' by 

F[ ] ~ . + 2 ~.2 ~ R(s) . + 2' ~ .. R(s - t) 
Z = f::t r.z. f::t Z. - f::t R(O) Z8 .~1 Z.Zt R(O) , (33) 

8>t 

then optimum choice of any Zk is found by simple differentiation of 
equation (33): ' 

8F[z] = 0 = r + 2z' - R(k) + 2 ~ Z R(k - t) k. = 1,2, .... 
8zk k k R(O) f:1. t R(O) , 

(34) 

Thus for given signal statistics, equation (34) must be solved for the 
optimum set of {Zk}' in reality, equation (34) does not have to be 
taken seriously for all positive integer k, since the response of a 
realistic filter will die off rapidly with time. Thus in equation (33), 
most of the Zk can be set to ze:io ~nd <)DIy a few retained. If the first Z 
are thus retained we shall re~er to this as designing the first Z zero 

* Recall the definition of y;.(t) given in equation (11). Also in equation (31), 
dots denote differentiation with respect to the time variable. 
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crossings. Of course equation (34) will hold only for the k such that 
Zk # 0 a priori. 

As our first example we consider the case where the signal spectrum 
is flat and extends to f2max = 7r/T rad/sec. \Ve refer to this as the 
full spectrum case. The interval T in this case is also the Nyquist 
interval, and no oversampling is done as one would expect to do in 
practice (the latter case will be treated shortly). \Ve have 

Full Spectrum Case: 

R( r) = R(O) 1/;0 ( r), 

R(s) = 0, 

R(O) = 0, 

s ~ 0, 

, (-It 
R(s) = R(O) -r;- , 

.. I 7r
2 

-R(O) = R(O) 3 T2 ' 

(35) 

s ~ 0, 

Thus equation (34) yields as the optimum solution for designing all 
zeros in the full spectrum case 

. (_I)k r k 
Zk = 2Tk = -""2' (36) 

Proceeding to evaluate A and B, we have 

( ) 
2 7r

2 
2 

A = R 0 '3 T2 (J"E , 

(37) 

( ) 
I 7r

2 
2 

B = -R 0 '3 T2 (J". ' 

Since R (0) is the signal power, we have 

(38) 

An important fact can be gleaned from equation (37): one should not 
generally expect the optimum filter to be very much better than the 
"blind" filter,* In the reasonable example which we have just worked, 
only a gain of 3 dB is achieved. 

* Of course the blind filter is itself a highly designed filter. 



TIME-DIVISION SWITCHES 

TABLE I-FuLL SPECTRUM 

Output SIN 

15 dB 
21 dB 
29 dB 
35 dB 
55 dB 

Jitter Standard Deviation 

0.1 T 
0.05 T 
0.02 T 
0.01 T 
0.001 T 

993 

Table I calculates equation (38) for several values of jitter. For an 
output S/N of 30 dB, two percent jitter is required. 

V. EFFECTS OF SIGNAL CORRELATION 

Equation (34), the basic design equation for the filter response z (t) , 
can be conveniently rewritten in matrix notation 

(I + M)i = A 

where the vectors z and A have components 

(39) 

(ih = i k , (40a) 

1 [R(k) ] Ak ="2 R(O) - r k k = 1,2, 

and the matrix M is defined by 

R(k - l) 
Mkl = R(O)-' (40b) 

The ma.trix I is of course the identity. The dimension of all the above 
quantities is Z, where Z is the number of zero crossings that one wishes 
to design for. 

To solve equation (39) one must in general invert the matrix 
(I + M). This was possible in the full spectrum case because J.11 was a 
diagonal matrix; in general it is hard to do exactly, unless the dimen­
sion Z is small. A case of special interest for applications is a qualita­
tive understanding of the situation for a flat signal bandwidth up to 
Oll1fiX = 7r/2T. This corresponds to sampling at twice the Nyquist rate 
and better approximates the situation to be encountered in practice. 
We call it the half spectrum case. We have 



994 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971 

Half Spectrum Case: 

R(sT) = R(O) ~ sin 71"2- s I 
7I"S 

s ~ 0; 

[ 

71" • 71" ] . cos 2 s 2 sm 2 s 
R(sT) = R(O) -- - --2 - • 

sT 71" s T ' 
(41) 

.. 1 ( 71" )2 -R(O) = 3 21' ·R(O). 

The A term yields, from equation (28) 

A 5 71"2 2 CT; ( ) 
R(O) = 12 T2 CT. = T2 4.16 . (42) 

In the B term we must solve equation (39). We do so by inverting the 
matrix by hand for the cases of designing either the first zero, the first 
two zeros, or the first three zeros (Z = 1, 2, 3 respectively) . We 0 btain 

ZoPt = -T
1 

[-0.409], 
Z=l 

. 1 [-0.454J 
Zopt Z=:'2 T +0.145 I 

[

-0.442] 

ZoPt z=:'a f +0.179 . 

-0.118 

These numbers give for B 

R~O) Z=:'l ~~ (-1.34) I 

R~O) Z=:'2 ~~ (-1.49) I 

R~O) z=:'a ~i ( -1.50). 

(43) 

(44) 

From equations (44) and (42) we note that Z = 1 design improves the 
"blind" filter by only 1.7 dB and Z = 2, 3 by 1.8 dB. Output SIN are 
given in Table II. For a given fraction of jitter essentially the same out­
put SIN is obtained as for the full spectrum case shown in Fig. 1. Let 
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TABLE II-HALF SPECTRUM* 

Output SIN u.IT 

Z 

1 2 3 

15.5 dB 0.1 
21.5 dB S S 0.05 
29.5 dB A A 0.02 
35.5 dB M M 0.01 
55.5 dB E E 0.001 

I 
* The noise IS here measured III a bandwIdth tWIce the sIgnal bandwidth. 

us emphasize here that the jitter is listed as a fraction of the nominal 
sampling time and not in absolute units. Thus for a fixed signal spec­
trum and fixed jitter in seconds, one percent jitter for the full spectrum 
case would correspond to two percent for half spectrum situation. 

The effect of positive correlation can be seen by comparing equation 
(43) with equation (36). Positive correlation tends to flatten the slopes 
at the zero crossings somewhat. Pursuing positive signal correlation to 
the utmost, we consider one more case, the case of a de signal. In this 
case R(T) = 0, and we want to solve 

where 

(I + M)i = -!r 

I+M = 

2 1 1 1 

1 2 1 1 

1 121 

1 1 1 2 

(45) 

(46) 

Let us first consider the (Z X Z) version of equation (45). One may 
verify that for dc 

(I + M)-l = I - Z ~ 1 U (47) 

where U is the Z X Z matrix that has all its elements equal to unity. 
If we let V equal the Z dimensional vector which has all its com­
ponents equal to unity, then we get 

. r 1 [ Z (-If+ 1
] 

z = -"2 + 2(Z + l)T ~ n V. (48) 
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Finally for dc signal we have 

(49) 

and 

B u;( -4)zt(-£2) R(O) -

which has the limiting value (Z ~ 00) 

(50) 

Again we see for an exact solution that only 3 dB is gained by pursu­
ing optimum design past the "blind" filter design. The output (SIN) 
is 3 dB better than equation (38) ; one would expect dc to be influenced 
less by jitter. . 

We note the remarkable fact that as Z ~ 00, equation (48) yields 
exactly the same solution Zk = - T,j2, as one gets for the full spectrum 
case. This is not true for a fixed finite Z. 

Judging from our two exact and one approximate solution, designing 

(51) 

is an optimum design independent of signal spectrum. Also the "blind" 
filter is a very good design 1:ndependent of signal spectrum, being about 
only 3 dB worse than optimum. This all assumes that the jitter is in­
dependent from sample to sample. 

VI. EFFECTS OF JITTER CORRELATION 

Until now, any correlation between jitter samples has been ignored. 
In fact, some positive correlation is to be expected in the jitter statis­
tics. We do not feel it is large for the way we have described the jitter 
in the previous sections~:· (call it f- jitter), so that our previous design 
is not affected. Nevertheless, we should note that any positive correla­
tion which exists between the jitter values will improve the output 
SIN above that obtained by assuming that the jitter from sample to 
sample is independent. The physical argument as to why this should 
be true is quite simple. Assume fi is a nonzero constant, the same con-

* See Section VII. 
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stant for all i. Then we are sampling at time tn = nT + 't:. From equa­
tion (19), Z= 0 and we are supplying current impulses of area 
x (nr + €) at times nr + € to the output filter and the signal is recon~ 
structed perfectly. Positive correlation helps. 

An important check on our work thus far can be made by assuming 
€ = canst., and checking that the A and B terms, which for jitter are 
given in Appendix B, vanish. Since for this case 

J(O) = J(s), for all s, (52) 

the B term given in equation (112) obviously vanishes. The explicit 
demonstration of the vanishing of the A term in equation (107) is not 
at all so obvious. Term (107), the A term, for constant jitter, is seen to 
be proportional to [note ~o(O) = 0] 

-R(O) - L R(s)V;.(O) + 2 L R(s)~.(O) 
8 • 

= - R(O) - L R(s) V;o(sT) - 2 L R(s) ~o(sT). (53) . 
Define a function of time 9 (t) by 

Then the right side of equation (53) is 

IX) 

L g(sT) 

and by Poisson's sum formula 

(54) 

where G(w) is the Fourier Transform of g(t). Now if;o(t) is band­
limited to I,wl < 7r/T and so is R(t). The spectrum of R(t)if;o(t) ex­
tends only to 27r/T and in fact vanishes at ,w = 27r/T since it is a con­
volution~ Thus only the Tn = 0 term of equation (54) could possibly 
contribute, but this contribution also vanishes because the second time 
derivative in the definition of 9 (t) introduces a double zero in the 
spectrum of G (.w) at w = o. 

Further use will be made of the expression for output noise with cor­
related jitter when the €-model for jitter is compared with another 
model discussed later in Section IX. 
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VII. TIMING STABILIZATION 

At this point we return to consideration of many talker-listener 
pairs. Let L be the number of possible such pairs. This number depends 
on how rapidly each talker can be processed (switched). For example, 
if each talker is sampled at a nominal rate of liT and ti is the process­
ing time for the ith speaker, a constraint which reads something like 

(55) 

must be imposed. Further, the timing errors €i are hopefully small. A 
scheme for stabilizing the sampling rate has, in fact, been proposed 
but T. G. Lewis.1

•
2 An interpretation of this scheme due to Saltzberg 

and Pasternak is shown in Fig. 4. For immediate convenience let us not 
worry about normalization and let the dashed line have unity slope. 
The large dots in Fig. 4 represent a talker starting to be sampled, and 
let the length of time required for the ith sample be t i . The time ti 
represents the length of time that the current source pumps ourrent to 
effect the interchange of the talker-listener capacitors and, in accord­
ance with our earlier assumptions about measurement times being 
short compared to filter bandwidths, we have ti « T. After many 
counts (measurements), say L, we return to resarnple a given talker. 
We particularly note that a talker is never sampled early. We see that 
in Fig. 4 after the time ta , our path hits the 45° line early, and we 

~ z 
~ 

8 

4 

3 

LL 
02 
0:: 
w 
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Fig. 4-Timing st.abilization. 
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"pad" time until the fourth count occurs. Also, as shown, the variables 
qn represent the horizontal distance from th~ 45 0 line to the dot repre­
senting the count. They are positive-random variables and are given by 
the equation* 

qn = max {O 
q .. -I + tn - 1 - l. 

(56) 

The random length of times tn - 1 are as~umed to be identically dis­
tributed and independent of qn-l . We shall proceed to derive an in­
tegral equation for the probability distribution function for qn. t We 
note the possibility of a 8-function at qn = 0 and thus write for the 
density function qn (x) 

(57) 

The number an is the probability of having qn = 0, and Pn(x) describes 
the continuous portion of the density. If we let u(t) denote the density 
of tn and * denote co.p.volution, we have, using equation (56), 

an = an-l i 1 

u(t) dt + (1 - an-I) 11 [Pn-l * u] dt', (58a) 

u(t + 1) i oo 

Pn-l (t')u(x + 1 t') dt' 
= an-l + (1 - an-I) ---=-----------

[00 U(t') dt' [00 dt i OO 
Pn-l(t')U(t - t') dt' 

(58b) 

A steady-state a and p(x) would obey equation (58) with all indices 
removed. We shall write the steady-state equation. Let K denote the 
known constant, 

K == [00 u(t') dt', (59) 

let, for x > 0, v (t) denote the known density fUllction 

(t) = u(t + 1) 
v - K ' (60) 

* Except for a time scale normalization, the sequence {qnL} n = 1, 2 ... corre­
sponds to the sequence {en} of previous sections when there are L talkers on 
the switch. 

t B R. Saltzberg and G. P. Pasternak3 had also derived an integral equation 
for qn, and no doubt our equation is substantially equivalent to their equation. 
An entirely different approach (i.e., an equation for a different set of variables to 
describe the same problem) has also been discussed by J. Salz and R. D. Gitlin.4 
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and introduce the unknown constant 

p = 11 [p * u(t')] dt'. (61) 

Then the steady-state solution (lim n -7 00) satisfies, if it exists, 

a = (1 - K)a + (1- a)p, (62a) 

p(x) = av(x) + (1 - a) i oo 

p(t')v(x - t') dt'. (62b) 

If we let C (w) denote the characteristic function of p (x) then equation 
(62) yields ! 

aV(w) 
C(w) 

1 - (1 - a)V(w) 
(63) 

where 

p 
a = ---. 

K + p 
(64) 

One may now imagine determining the unknown constant p in the 
following manner. Equation (63) determines C (w) and therefore the 
density p (x) in terms of p. For~ the convolution of p with u and set 
the finite integral of this convolution equal to p in accordance with 
equation (61). This then is an equation which ca~ be used for the 
numerical determination of 'p. For the case 

u(t) = {3 exp (- {3t) (65) 

the procedure may be carried through exactly. We find that the dens­
ity p (x) of the q variable is also exponential and is 

p (x) = a{3 exp (- a{3x) , (66) 

where the prob~bility a of having q exactly zero is related to {3 by 

1 - a = exp (-{3a). (67) 

Using the inequality 

x ~ 0, 

we see that equation (67) has a nonvanishing solution for a if and 
only if {3 > 1. Realizing that the average of ti is 1/ {3, this says the 
system will be stable if the average duration of ti is less than one. 
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From the above considerations we calculate that 

(68) 

VIII. EFFICIENCY OF SWITCH 

We propose here to give an idea of how much is gained by asyn­
chronous (but stabilized) versus synchronous sampling. We have 
shown in the previous section that (introducing unnormalized quanti­
ties now) for a speech processing duration distributed exponentially, 
i.e., 

we have 

where a and f3 are related by 

u(t) = {3e -{3t, 

2 1 - a
2 

(J'. = ----z-2-
a{3 

1 - a = exp [ - a~T J. 
which requires 

L 
{3 > -. 

T 

(69) 

(70) 

(71) 

(72) 

Again, L is the number of talkers. To effect the comparison with the 
synchronous version of the above scheme a new parameter has to be 
introduced which represents the peak-to-average voltage (not power) 
ratio of the signal. Recall 1/ f3 is the average processing time, and 
therefore represents the average voltage. In the synchronous case a 
maximum time, tmax , is allowed for each talker. Clearly tmax is a 
representative of the peak voltage. The ratio A is then 

A == {3tmax • (73) 

If Ls is the number of synchronous talkers, we also have 

L.tmax = T. (74) 

Now use equation (70) to solve for a, substitute the expression for a 

into equation (71), eliminate f3 via equations (73) and (74) and obtain 
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(75) 

where 

(76) 

An approximate solution to equation (75), which is accurate for large 
L s , is that 

L 
Ls ~ A, (77) 

i.e., in the large Ls limit, the ratio of possible asynchronous talkers to 
synchronous ones is approximately the peak-to-average voltage ratio 
of the speech signal. One would expect this number to be at least 
four. Actually for Ls of interest (77) is not an accurate enough ap­
proximation. The solution of equations (75) and (76) is shown if 
Figs. 5 and 6 for A = 4 and 8 respectively. Taking A = 4 (which is 
conservative), we see from Fig. 5 that if the technology would permit 
50 talkers to be put on the switch synchronously, the switch could 
accommodate 150 simultaneous speakers, sampled on a stabilized asyn­
chronous manner, with an output SIN of 35 dB.-::· To repeat, factor of 
3 increase in efficiency seems like a conservative estimate. 

IX. FOUR-WIRE CONSIDERATIONS 

The last topic we consider is what we call a four-wire treatment of 
the problem. Here we treat the details of a model proposed by F. K. 
Becker5 which should deal with active asynchronous energy transfer 
when four-wire facilities are available. The model is this. A speech 
waveform is sampled and held for a variable time .Ili before the next 
sample is taken (see Fig. 7). The holding times ~i are independent, 
identically distributed, and have average value 

(78) 

The initial speech waveform is approximately reconstructed by passing 
the jittered box car through a filter having an inband characteristic 

wT 
2 (. T) hew) = -- exp ~w_ . 

. wT 2 
(79) 

sm 2 
* The SIN is read from Table II for (fElT = 0.01. 
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Fig. 5-Efficiency versus number of synchronous talkers for peak-to-average 
voltage ratio A = 4. 

The A~ in the above model will not necessarily be assumed to be 
sharply distributed about T; later a stabilized version using an f- jitter 
model will be used. 

Let x(t) denote the speech wave and xJ(t) denote the jittered box 
car version. Further denote the spectra of the two processes by S (w) 
and SJ(.w) respectively. Our major interest shall focus on determining 
the spectrum E (w) of the error 

U 
LL 
LL 
w 

error = h * Xi(t) - x(t), (80) 

8,-------------------------------------------------------, 

6 7 8 9 10 20 30 40 50 60 7080 100 200 
NUMBER OF SYNCHRONOUS TALKERS, Ls 

Fig. 6-Efficiency versus number of synchronous talkers for peak-to-average 
voltage ratio A = 8. 



1004 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971 

/:"0 

,12 

Fig. 7-"Jittered-boxcar" sampled speech wave. 

assuming h (t) is the reconstructing filter. The output noise power can 
then be obtained by integrating the spectrum. It may be shown that for 
the A-model of jitter described above the exact error spectrum is 

E(w) = S(w) 11 - w~ h*(w)[l - C(w)ll' 

+ 2 Ih(~) 12 Re {[I _ C*(w)]P 100 

Sew') 1 - C,(w') dw'}. (81) 
Tw -00 1 - C(w - w) 271' 

In equation (81), the function C (.w) is the characteristic function of the 
variable A, that is, 

C(w) = i: exp (iw~)p(~) d~, 
p (A) being the probability density of A. Also 

hew) = i: exp (-iwt)h(t) dt. 

(82) 

The symbol P in front of the integral in equation (81) denotes that 
the principal value is to be taken for the simple pole 1/ [1 - C (w' -
w)]. If the term in the braces in equation (81) is rewritten as 

{ } = 100 

Sew') Re [(1 - C*(w))(; - C(w'))] dw' , (83) 
- 00 1 - C (w - w) 271' 

the reader should be assured that now no singularity will arise in the 
integrand, and the principal value distinction need not be made. 

For numerical purposes, we plot the error spectrum given in equa­
tions (81) and (83) for the case when A is gaussian distributed about 
mean value T, and for standard deviations (atJ./T) = 0.316, 0.1.* 

* The random variable .1 is always positive, while the gaussian assumption al­
lows it to become negative with some probability. We have verified that this 
effect is not significant here. 
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These larger variances are chosen here because we are mainly in­
terested in the unstabilized version. Figures 8 and 9 show, respec­
tively, these error spectra, assuming the input spectrum is fiat up to a 
maximum frequency 0= 7r rad/s, and assuming a sampling interval 
T = 0.5 s. This corresponds to sampling at twice the Nyquist rate. 
Also in calculating the out-of-band noise we have taken the reconstruct­
ing filter (79) to extend to twice the baseband spectrum. This em­
phasizes the higher frequencies more than desirable, perhaps. Thus 
in Fig. 9, the SIN for noise measured in twice the baseband interval is 
24 dB while inband we have a S/N of 29 dB. Thus for independent ili 
a 10 percent jitter about the mean value seems tolerable for sampling 
at about twice the Nyquist rate.~~ 

In the event that the unstabilized four-wire version is unsatisfactory, 
we recalculate the error spectrum when timing is stabilized according 
to €-model discussed earlier. In this case the Fourier transform eL(W) 
of the truncated error signal is found to be given by 

eL(w) ~ ~ t, x(nT + ,.) exp ( -iwnT - iw~) 

[ ( iwT .) (iwT.)] X exp -2 - 'lW€n+l - ~xp 2 - 'lW€n 

X rW[ . 1wT exp (i~)l_ (:~e :e~m;). 
sm 2 J 

(84) 

Again, the reconstructing filter (79) has bee~ assumed. Further details 
of the calculation will not be recorded, but we simply· state that the 
error spectrum E (.w) is, retaining only second-order terms as in pre­
vious work involving €-jitter, 

2 wT .. 
~ sin -2 R(s)J(s) 

* Let us remark that the Ll model for jitter described here is significantly dif­
ferent from the f-model used previously. The Ll model implies positive correlation 
between adjacent f variables and for a given variance produces less noise. We 
shall return to these questions shortly. 
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w wT [... ( iwT) + "2 sin 2 J(s) (-R(s) + R(s + 1)) exp -2 

.. (iwT)J} - (-R(s) + R(s - 1)) exp 2 . (85) 

One may verify that the above expression is indeed real, that is, it 
vanishes when €i = € and when the correlation function corresponds 
to a dc input signal. The noise power N In any bandwidth n is gotten 
from equation (85) by 

1 ff! N = -2 E(w) dw. 
7r -f! 

Choosing n = 7r/T we obtain from equation (86) 

N = -R(O)J(O) + ,j., .t;~ a. J(s>[ R(s) - R(s + 1) ~ R(s - 1)] 

+! f (1. J(s) R(s + 1) - R(s - 1) 
T .=-00 2 

(86) 

- f .too o. J(s) [ ~ R(s) + R(s + 1) t R(s - ~) ] ' (87) 

~ 
::> 

0.04 

~ 0.03 
U 
w 
0.. 
(f) 

a:: 
~ 0.02-
a:: 
w 

0.0 1 

S 
N';T = 18.5 dB 

~~----~----~----~----~4~·----_~L"----~6-2Lrr-

Fig. 8-Error spectrum for l' = 1/2, ut:./T = 0.316. Undistorted spectrum is one 
for -rr ~ w ~ rr, and zero otherwise. S/N". = 18.5 dB, S/N21r = 14 dB. 
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Fig. 9-Error spectrum for T = 1/2, (J't./T= 0.1. Un distorted spectrum is one 
for -7r ;£ W ;£ 7r, and zero otherwise. S/N" = 29 dB, S/N2" = 24 dB. 

where 

(88a) 

X 11" cos "9 
(3. == - x cos sx ---""' dx, 

7r 0 • x 
sm 2 

(88b) 

1 1" = (-1)' +_1 08 = - x sin sx dx 
7r 0 S 

s ~ O. (88e) 

Numerically 

ao = 2(30 ~ 2.78, 

a1 -0.469, (89) 
(30 1.39, 
(31 = 0.386. 

For the ease of independent €-j ittcr, equation (87) reduces to 

noise power; 
independent € 

2 [R(O) 1 ( R(I)) 1 R(I)] 
= R(O)cr. -RfO) + T2 ao 1 - R(O) + T (30 R(O) . 

(90) 
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The results for the stabilized full spectrum and half spectrum cases 
are obtained by using equations (35) and (41) in equation (90). 

Full Spectrum: 

(!) ~ ¥~ [;' + ~o ] ~ ¥~ (4.67). (91) 

Half Spectrum: 

(!) ~ ¥~ [~~ + <>0(1 ~ ~) - ~o ~J ~ ~:, (0.946). (92) 

By comparison with equation (38), the four-wire full spectrum answer 
(91) is about 1.5 dB worse than the optimum two-wire result, but 
the four-wire result has about a 4.5-dB advantage for the half-spec­
trum ease [compare equation (92) with equations (42) and (44)]. 
The latter case corresponds more to the case of practical interest. We 
note further that in this comparison the four-wire might be penalized 
by two dB or so due to the (xl sin x) characteristic being used out of 
band also. Secondly, the more concentrated toward dc the signal spec­
trum . is, the better the four-wire version will become since it has 
vanishIng distortion for dc, while the optimum two-wire version does 
not. 

Before leaving this topic, a comment on the relation between 6.-jitter 
and €-jitter should be made. 'Ve begin by looking at two successive 
6.-variables 6.n and 6.n+1 in terms of €-variables. 

Clearly 

E(l1) = T, 

<T~ = 27(1 - p), 

(93) 

(94a) 

(94b) 

E[(l1n+l - T)(l1n - T)] = 2? p - e2 
- 7. (94c) 

In writing equation (94 a through c), we define 

E[€n€n+d = ?p (95) 

and assume no €-correlation after one displacement, i.e., 

E(€O€2) = e2
• 

To make two succeSSIve 6. variables un correlated, we set equation 
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(94c) equal to zero and obtain 

(96) 

and 

(97) 

Thus to compare independent A-jitter with €-jitter, a good way to 
do it is to choose the same variance according to equation (97) and 
introduce a correlation between adjacent €'s by equation (96). This 
simple way of comparing the two schemes is not exact, but should be 
good if signal correlations do not persist for extended periods. In any 
event, it illustrates why for u 1 = u; the independent A-model will yield 
appreciably better results than the independent € model. The first 
implies positive correlation in the second. 

X. CONCLUSIONS 

We began our study with consideration of the two-wire switching 
problem (Fig. 1). After obtaining a concise mathematical description 
of the operation of this switch, [equation (9-)], attention focused on 
the optimum capacitor discharge z (t) when one volt is placed on the 
capacitor (Fig. 2). We have seen that a good design for the slopes Zk 
of the function z (t) as it passes through its zeros (see Fig. 2) are the 
values Zk = (-1) k I (2kT). Exact solutions for full spectrum and for 
dc indicate that this result is not sensitive to the signal spectrum. This 
optimum design can be expected to yield only a 3 dB improvement 
over the "blind" filter which is defined to be fiat at the zero crossings 
and consequently does not "see" the jitter. Typically two percent jitter 
yields an output SIN of 30 dB. Any positive correlation in the jitter 
will tend to improve this figure. 

When the processing time of an individual speaker is exponentially 
distributed, an exact distribution of the timing jitter with a stabilized 
clock is obtained. This result is used to study the efficiency of the 
asynchronous switch. This increase in capacity over a switch using the 
same technology but employing a synchronous strategy is, roughly, 
the peak-to-average voltage ratio of the signal. More accurate descrip­
tions are presented in Figs. 5 and 6. Conservatively, the asynchronous 
switch should handle three times the traffic. 

Finally, a four-wire version modeled as a jittered boxcar recon­
structed with a filter has been considered. Under the independent 
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A-model for jitter, Fig. 7, 10 percent jitter can yield 30 dB SIN, largely 
because of the correlations this implies for €-jitter. Exact error spectra 
have been plotted for this case also (Figs. 8 and 9). With timing 
stabilization, and consequently the €-jitter model, the reconstructed 
boxcar should yield several dB improvement over the two-wire results 
for cases of practical interest (spectrum concentrated at dc). 
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APPENDIX A 

Some Lemmas on Limits of Sums 

We list here certain lemmas which will be needed in Appendix B. 

Lemma 1: If either L::'=o I f(s) I or L::'=o sf(s) converges,* then 

1 K 
lim - L f(n _. k) 
K-+oo K n,k=O 

n?;k 

Lemma 2: If L::'=o f(s) converges, then 

00 

L f(s). 
8=0 

1 K n 00 

~~ K ~ ~ f(s) = ~ f(s). 
Likewise 

00 

L f(s, t). 
3, t=1 

00 

Lemma 3: If L f (j, s) converges, then 
8=1 

i=-oo 

1 K k K-k 

lim - L L L fU, s) 
K-+oo K k=1 8=1 i=-k 

00 

L f(j, s). 
8=1 

i=-oo 

APPENDIX B 

Derivation of Output Noise Power 

Our first step is to derive the filter independent noise, i.e. 

(98) 

(99) 

(100) 

(101) 

* Neither condition implies the other; each implies the convergence of 'l;j(s). 



TIME-DIVISION SWITCHES 1011 

where AI{ is given by equation (23). Our expressions are valid to 
second order in the {€i}. 'Ve note the following relations 

Yn = x(nT + En) ~ x(nT) + €nx(nT) + !€~x(nT); (102) 
2 

Y;m(€Z) ~ 1 + -fo ~ , if m = 0; 

~ tj;m(O)€Z + !-fm(0)€U2, 

tj;k(O) = - tj;-k(O); 

if m ~ 0; (103) 

making use of this in equation (23), we have, to second order in {€i} 

A 1 ~ (2 .2 2 .. ( ) 2) 
K = K f::'o €nXn - Xnl/lO 0 €n 

(104) 

Averaging over the signal statistics by using equation (26) and the 
further relations 

E[x(t + T)X(t)] = R(T) = -E[x(t)x(t + T)], 
(105) 

E[x(t + T)X(t)] = -R(T), 

and also averaging over the jitter variables using equation (27) gives: 

EAK = ~ ~ [-R(O)J(O) - -fo(O) J(O)R (0)] 

- ~ t [R(n - k)J(n - k)-fn-k(O) - 2rn- kJ(n - k)R(n - k)]. 
n~~~o (106) 

Observing that the second sum is a symmetric function of (n - k) 
and using Lemma 1 of Appendix A, the required limiting operation 
yields 

00 00 

A = -R(O)J(O) - L R(s)J(s)-f.(O) + 2 L r.J(s)R(s). (107) 

We list for further possible use 

8=-00 

8,.<0 
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s ~ 0; 
(108) 

and also 

(109) 

The latter relation may be derived by direct evaluation of the sum, of 
course, or by using the Poisson sum formula and the band limited 
nature of tf;(t). 

We now proceed to derive an expression for the filter dependent 
terms B, starting from equation (24). Gathering the second-order 
terms proceeds much as it did for the Ak terms, with the following 
additional complication. Recall from equation (20) that B is given by 

() = 2Z = 2Z _ 4Z2 + 8Z3 _ 

1 + 2Z 

From equation (6), 

if k > n: 

= 0, if k ~ n. 

Thus the matrix B is at least linear in the {€i}. Proceeding now to 
collect terms and averaging, we have to second order 

4 K n-l. • 

E[BK ] = K n~ m~o zn-mzn-IR(l - m) 

·[J(O) + J(m - l) - J(n - m) - J(n - l)] 

4 K n-l • 

- - 2: 2: zn-mR(n - m)[J(O) - J(n - m)] 
K n=l m=O 

(110) 

4 K k-l 

+ K n~l ]; rn-kzk-mR(n - m)[J(n - k) - J(n - m)]. 
nr'-k 

In the second term of the above, we change summation variables by 
replacing the sum over m with a sum over s, where 

s = n - m, s = 1,2, ... , n. 
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We make the same change in the first term, and also introduce 

t = n - l, 

In the last term let 

t = 1,2, ... , n. 

Then 

s = k - m, 

j = n - k, 

s = 1,2, ... , k, 

j = -(k - 1), 

j ~ O. 

,K - k, 

4 K n, 

E[BK ] = K ~ 8~1 Z8ZtR(S - t)[J(O) + J(s - t) - J(s) - J(t)] 

1013 

4 K n • 

- K 1t ~ ZsR(s) [J(O) - J(s)] (111) 

4 K k K-k . : 

+ K L: L: . L: riz8Rei + s)[J(j) - Jei + s)]. 
k=1 8=1 1 =-k+1 

ir'O 

Making use of Lemmas 2 and 3 of Appendix A yields 

00 

B = lim E[BK ] = -4 L: z8R(s) [J(O) - J(s)] 
K-+oo s=1 

00 

+ 4 L Z8ztR(S - t)[J(O) + J(s - t) - J(s) - J(t)] (112) 
s. t =1 

00 00 . 

+ 4 L: L: rizsR(j + s)[J(j) - Jei + s)]. 
8=1 i=-oo 

ir'O 

The simpler equations (28) and (32) which hold for independent 
jitter may be gotten from the above by using the result of Section 
VI. Namely for J(s) = canst., all s, the A and B terms vanish. vVhen 
we have independent jitter J (s) = canst., s =7= O. So we add and sub­
tract a term with J (0) replaced by J (s =1= 0) and use equation (29) to 
obtain the independent jitter results. 

APPENDIX C 

Exact Error Spectrum for Independent D.-Jitter 

Consider a long time L, and denote by [L] the best integer so that 

L ."-1 [L] T. (113) 
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The jittered box car (truncated to the long interval L) can then be 
represented as 

[Ll 

xAt) = L x(tn)B[tn+l' tn], (114) 
n=O 

where B is a unit box extending from tn to tn+i . The Fourier transform 
of this truncated version is then 

• [Ll 

SLeW) = !. L x(tn) exp (-iwtn)[exp (-iw ~n) - 1]. (115) 
w n=O 

The power spectra for a process y (t) is generally calculated according 
to 

G(w) = lim -L
1 

E lyL(w) 1\ 
L--+r;;:) 

where yL (.w) is the Fourier transform of y (t) truncated to an inte~val 
L, and E denotes an ensemble average with respect to all random 
parameters. If we apply the above to spectrum of the error signal 
(80), we obtain immediately, using notation of the text, 

E(w) = 1 hew) 12 SAw) + Sew) + D(w) (116) 

where 

D(w) = - lim [L
1
]'T' 2E Re h*(w)x~*(w)xL(w). (117) 

[Ll--+r;;:) 

Expressing XL (.w) as a time integral and performing the signal a verag­
ing we get 

D(w) = -lim [~T Re h*(w){ :i ~ exp (iwt.)[exp (iw d.) - 1J 
(118) 

x L: exp (- iwt')R( t' - t.) dt}. 

Expressing the signal correlation function in terms of the spectrum, 
doing the integrals and remaining averages, gives 

-2 (i) D(w) = T Re h*(w) ~ S(w)[l - C(w)]. (119) 

There remains the calculation of SJ(.w). Using equation (115), we have 
(performing averages over signals) 
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1 [Ll [n-l m-l ] 
E \SL(W)\2 = ~2 E n.~o R ~ ~k - ~ ~k 

X [exp (-;w d,,) - l](exp (iw Am) - 1] [exp - ;w(% A, - % A,)] 

(120) 

where we note the fact 

(121) 

Performing the 6.-averaging yields 

E \SL(W) \2 = R(O) 2 2[1 - Re C(w)] I: 1 
[L]T [L]Tw n=O 

2 { . [L] [L] 

+ [L]Tw2 Re [1 - C*(w)] n!;.l ]; 

. foo ~w' S(w')C(w' - w). [C(w' - w) - C(w,)]}. (122) 
-00 271" . 

To perform the limits of the sums \ve first replace Cn--m-l (oW' - w) by 
[exp (-:-€) C-n-m-l (w' - w)] to insure convergence and then let € ~ O. 
We then have 

SAw) = lim [L
1
]T E \SL(w) \2 

[L]-+oo 

= ~3T Re {[I - C*(w)] 1: ~: SCw') 1 _lc(f~'~)e .}- (123) 

Making use of the general relation 

_1_. = p 1: =r i7l" o(x) 
x±u x ' 

where P denotes principal value, finally yields 

SAw) = ~f(w) \2 S(~) 
w T 

+ T~ Re {[I - C*Cw)]P 1: ~' SCw') 1 2 ~c5c'"2 J. (124) 

The interested reader may indeed check that for 

C(w) = exp (iwT), 
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the above expression reproduces the known result for a wave-form 
impulse modulated at precisely T-second intervals. 
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Error Probability of a Multilevel Digital 
System With Illtersymbol Interference 

and Gaussian Noise 

By E. Y. HO and Y. S. YEH 
(Manuscript received October 16, 1970) 

In a previous paper a series expansion method for calculating the error 
probability of a binary digital AliI system in the presence of inteTsymbol 
interference and additive gaussian noise was derived. 1 In this papel' those 
results aTe extended to the multilevel case. In the examples calculated for a 
four-level system, this method is 104 times faster than the exhaustive method 
and is 102 times more accurate than the Chernoff bound. The actual compu­
tation time with an 11-sample approximation to the real system impulse 
response is only 1.3 seconds with the GEM ark I I time-sharing system. 

1. INTRODUCTION 

In a recent paperl we have developed a new method to calculate the 
error probability of a binary digital data system in the presence of 
intersymbol interference and additive gaussian noise. A similar method 
has also been reported by M. 1. Celebiler and O. Shimbo.2 The purpose 
of this paper is to extend the previous results to multilevel systems. 

The existing methods for the estimation of the error probability are 
the Chernoff bound or the worst case bound,3,4 the results of which are 
generally too loose. Another alternative is the time-consuming exhaus­
tive method.3 For example, it would require 410(~ 106

) calculations of 
the error function to find the error probability of a four-level digital 
system where intersymbol interference resulted from ten nonzero 
samples of the channel impulse response. 

II. DEHIVATION OF THE EXPRESSION FOR ERROR PROBABILITY 

For a 2m-level digital AM system, the corrupted received sequence at 
the input to the receiver detector is 

1017 
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0:> 

yet) = L a/ret - IT) + n(t), (1) 
/=-0:> 

where 

net) is additive gaussian noise, 

a/ ±1, ±3, ... , ±(2m - 1) with equal probability, 

and 

ret) is the given noiseless system impulse response. 

At the detector, yet) is sampled every T seconds to determine the 
amplitude of the transmitted signal. At sampling time to , the sampled 
signal is, 

0:> 

y(to) = aor(to) + L a/rCto - IT) + nUo). (2) 
/=-0:> 

/;"'0 

The first term is the desired signal while the second and the third terms 
represent the intersymbol interference and gaussian noise respectively. 

The set of slicing levels are,5 

0, ±2r(to), ±4r(to), ... , ±(2m - 2)r(to). (3) 

Given a particular transmitted signal level, ao, the conditional error 
probability is, 

Pr(e/ao) 

P {YCto) ~ - 2(m - l)r(to)}, 

P {y(to) ~ 2(m - l)r(to)}, 

ao = -(2m - 1), 

ao = 2m - 1, 

P {(y(to) ~ (ao + l)r(to)) U(y(to) ~ (ao - l)r(to))} , 

ao ~ ±(2m - 1), 

where AUB is the union of the events A and B. 
Substituting equation (2) into (4), we obtain 

Pr(e/ao) 

P{ L a/r(to - IT) + n(to) ~ r(to)}, ao = -(2m - 1), 
/"'0 

P{ L alr(to - IT) + nCto) ~ -r(to)} , ao = 2m - 1, 
/;"'0 

P {( L a/rCto - IT) + n(to) ~ r(to)) U, 
l"'O 

(L a/r(to - IT) + n(to) ~ -r(to))} , ao ~ ±(2m - 1). 
/;"'0 

(4) 

(5) 
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Since L:z,.<o azr(to - IT) and n(to) are equally likely to be positive or 
negative, equation (.5) reduces to 

Pr(e/ao) 

{ 

P{ L: azr(to - IT) + n(to) ~ r(to)}, z,.<o 
= 2P { L: alr(to - IT) + n(to) ~ r(to)}, z,.<o 

The error probability of the system is, 

p. = L: Pr(e/ao)Pr(ao) , 
all ao 

ao = ±(2m - 1), 

ao ~ ±(2m - 1). 

2m - 1 '" = P { £...J alr(to - IT) + n(to) ~ r(to)}. 
m 1"-0 

(6) 

(7) 

We note that equation (7) is similar to equation (7) of Ref. 1, with 
the only exception that the al can now assume multiple values. Accord­
ing to equation (9) of Ref. 1, we obtain the following expansion for Pe, 

P = 2m - 1 f (_r(to)) 
• 2 er c . In m v2u 

2m - 1 ex> 1 (l)k 1 [r2(to)] 
+ m t; (2k)! 2u2 y; exp - 2u2 

(8) 

where 

u 2 is the noise power, 
H 27.:-1 is the Hermite polynomial, 
erfc is the complementary error function, 
M2k is the 2kth moment of the random variable X, 

and 

X = L: alr(to - IT), az = ±1, ±3, ... , ±(2m - 1). (9) 
1r'0 

The moments can again be obtained through the characteristic function 
of X without the explicit evaluation of the distribution function. The 
characteristic function is, 

<I>(w) = Do Lt+, exp [jw(2k - 1)r(to - IT)1/2m} , 

= II {-21 sin [2mwr(to - IT)]· csc [wr(to - IT)]}. (10)* 
1"-0 m 

* See Ref. 6, equation (1.342). 
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Therefore, 

cI>'(w) = <I>(w){2m L r(to - IT) cot [2mw(to - IT)] 
z,.<o 

- L r(to - IT) cot [wr(to - IT)]}. (11) 
z,.<o 

Since ]'J2k = (-1)k<I>2!.; (0) and ]Vf2k - 1 = 0, we obtain a recurrence 
formula for .L1f'2k by successive differentiation of equation (11), 

where B2i is the Bernoulli number obtained by series expansion of 
cotangent function about the origin. Knowing that Mo = 1, all the 
1I12/s can be calculated successively through equation (12) for an 
N-sample approximation of the channel pulse response. The N-sample 
truncation is equivalent to the approximation of Lz,.<o r(to - IT)2k by 
(N - 1) summation terms. 

The error probability of a 2m-level system can thus be obtained by 
equations (8) and (12). In the special case m = 1, equations (8) and 
(12) agree with the results of the binary system, i.e., equations (9) 
and (15) of Ref. 1. 

III. TRUNCATION ERROR BOUND 

The error incurred by truncating the series expansion of equation (8) 
at a finite term n - 1 is, 

(13) 

Let 

A = maximum {I L azr(to - IT) I}, 
z,.<o 

= (2m - 1) L 1 rCto - IT) I· (14) 
z,.<o 

It can be shown that the moments satisfy the following inequality, 

p = 0,1,2, ... (15) 
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For (2k - 1) » x, the Hermite polyn'omials are upper hounded by. 

I H 2k - 1(X) I ~ 2k -![(2k - 3)!!JV2k - 1 exp [x2/2J. (16) 

Substituting equations (16) and (15) into equation (13) and grouping 
the terms into geometric series, we obtain an upper bound for R 2n • 

(17) 

IV. EXAMPLE 

We have calculated the error probability of a four-level digital AM 
system with the received pulse given by 

Pe 

4 

2 

4 

ret) = ;t sin (7rt/T). 

SERIES EXPANSION, 
"-

"­
\ 

TRUNCATION __ ----/ 
ERROR BOUND 

/ 
/ 

2L--L __ ~~~-L __ ~~~~ __ ~ __ ~~ __ ~~ 

3 4 5 6 7 8 9 10 11 12 13 14 15 
NUMBER OF TERMS IN EQUATION (8) k~ 

Fig. I-Comparison of Chernoff Bound and series expansion method. Sin 
[7rtITJ/(-rrIT)t pulse, ll-pulse truncation approximation, to ::::; O.05T, (SIN) ::::; 

. 24 dB. 



1022 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971 

4 

2 

Pe 
10-7 

8 

4 

2 '-'- __ SERIES 

EXPANSION 

TRUNCATION ERROR 
--- BOUND . 

3 4 5 6 7 8 9 10 11 12 13 
NUMBER OF TERMS IN EQUATION (8) 

Fig. 2-Comparison of series expansion method with Chernoff Bound and 
exhaustive method. [SIN 7rtIT]/(7rIT)t pulse, 5-pulse truncation approxima­
tion, to = O.05T, (SIN) = 24 dB. 

With an ll-sample approximation, a SIR of 24 dB and a sampling 
time of to = 0.05 T, the error probability obtained by the ChernofF * 
bound is 2 X 10-4

• The result obtained by our method is 3.4 X 10-6 

indicating an improvement of two orders of magnitude~ The conver­
gence of equation (8) is presented in Fig. 1. Reasonable accuracy is 
achieved after eight terms of the series are calculated. A check of the 
accuracy of our method by comparison with the exhaustiyc method is 
impossible in this case because the latter requires 104 times more com­
putation time as compared to the series expansion method. Instead, we 
checked our method with the exhaustive method for the case of a five­
sample approximation. The rcsults agree well and are presented in 

* ll-sample approximation to the channel response is used in calculating the 
Chernoff bound. 
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Fig. 2. The computation time spent on GE Mark II time-sharing sys­
tem is approximately 1.3 seconds for the series expansion method in 
both the eleven-sample and the five-sample approximations. The 
truncation error bounds are also presented in both figures. 

V. CONCLUSIONS 

We have extended the series expansion evaluation of the error prob­
abilit.y of a binary digital AM system in the presence of intersymbol 
interference and additive gaussian noise to t~e 2m'-level systems. The 
results are extremely encouraging. For the case examined the series ex­
pansion method was caJculated several orders of magnitude faster 
than the exhaustive method, anq it was more accurate than the Cher-
noff bound by two orders of magnitude. ' 
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Spectral Density of a Nonlillear 
Function of a Gaussian Process 

By SCOTTY NEAL 

(Manuscript received September 10, 1970) 

We derive an expression which can be used in a relatively straight­
forward manner to obtain either the autocorrelation function or the spectral 
density of any "reasonable" function of any stationary gaussian process. 
The expression is used to study the spectral density of a sinusoidal wave 
which is phase modulated by a hard-limited gaussian process. 

1. INTRODUCTION 

A band-limited gaussian process having a rectangular power spec­
trum is assumed for some purposes to be an adequate approximation 
for several classes of modulating signals encountered in phase modu­
lation (PlYI) systems.! However, in an actual implementation of a PM 
system, the modulating signal passes through circuitry which saturates 
when the signal rises above a fixed level. This clipping (i.e., limiting) 
level is usually adjusted fairly high (nominally at four times the rms 
of the modulating signal) and then ignored in any subsequent analysis 
of the system. Consequently, the objective of this study is to deter­
mine the qualitative effect of hard-limiting the modulating signal in 
a PM system. 

From a mathematical viewpoint, we can obtain an understanding 
of the preceding question by investigating the following problem: 
Find the spectral density of a sinusoidal wave which is phase modu­
lated by a function g (X t ) of the stationary gaussian process X t . Of 
course, this version of the problem can also be viewed as finding the 
spectral density of a (composite) nonlinear function of a gaussian 
process; a problem originally studied by S. O. Rice,2 D. Middleton3 

and W. R. Bennett. 4 In fact, we do use their approach (representing 
the nonlinearity in terms of a transform) to derive an expression 
which is essentially the starting point of our analysis. HO'wever, using 
our relation avoids some of the complexity associated with the trans-

1025 
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form method. A derivation of the expression is given in Appendix A. 
The notation and general results are presented in Section II along 

with two examples. In the third section, we obtain specific results for 
the hard-limiting case. 

II. SPECTRAL DENSITY OF A PM WAVE MODULATED BY A NONLINEAR 

FUNCTION OF A GAUSSIAN PROCESS 

Let W (t) denote a constant-amplitude sinusoidal wave which is 
phase modulated by a real-valued function 9 (Xt ) of t.he stationary 
gaussian process X t • That is, 

(1) 

where A is the wave amplitude, fe = we/27r is the carrier frequency, 
and 0 is a random variable with probability density function 

{
;7r for 0 ~ 0 < 27r, 

7ro(O) = (2) 
0, otherwise. 

To obtain the spectral density for W (t), it is convenient to express 
the wave in terms of complex variables as5 

Wet) = Re {W(t)} (3) 

where t 

Wet) = A exp [j(Wet + O)]V(t), (4) 

and 

Vet) = exp [jg(X t )]. (5) 

Since X t is stationary and 0 is uniformly distributed, both Wet) and 
Vet) are wide-sense stationary.5 Moreover, the spectral density Sw (f) 
of Wet) is given by 

(6) 

where Sv(f) is the spectral density of V(t).5 
If we define Rv(r) (V(t + r)V(t», the Wiener-Khintchine theorem 

implies that 

Sv(f) = i: Rv(r) exp [-j27rfr] dr. (7) 

t We use He (z) and 1m (z) to denote respectively the real and imaginary parts 
of the complex variable z. The symbol z denotes the complex conjugate of z. 
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So, assume that X t + T and X t are gaussian with joint probability 
density function 

- 00 < Xi < 00, (8) 

where Rx(T) = (Xt+TXt), r 2 = Rx(O) and r = R,r:(T)jr 2
• It follows 

that 

Rv(r) = i: i: exp [j(g(x l ) - g(X2))Jp(Xl , X2) dX l dX2 . (9) 

In Appendix A, we show that if G (x) is of exponential order and 
of bounded variation on bounded intervals, t then 

i: i: G(Xl )G(X2)P(Xl , x2) dXl dX2 = I r I ~ 1, (10) 

where 

r2n 11
00 

( d
n 

) 12 an = -;J -00 G(x) dxn p(x) dx , 

and 

p(x) = V 1 2 exp (- ')xr
2

z) 
27rr ... 

is the probability density for X t • Setting G (x) = exp [jg (x) ], 

00 

Rv(r) = L Cnrn, (11) 
n=O 

where:l: 

r2n 1100 

[ d
n 

] 12 Cn =;T -00 exp [jg(x)] dxn p(x) dx . (12) 

Recall that the Hermite polynomial of degree n, Hn (x), satisfies the 
relation 

t We define such functions to be "reasonable." 
:I: Since lexp [jg(x)] I = 1 for all finite g(x), it follows that equations (11) and 

(12) are valid for all functions g(x) which are of bounded variation on finite 
intervals. This should include most functions which one might encounter in 
engineering applications. 
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Consequently, 

Cn = 2n~! [ I: exp [jg(X)]Hn(v2' r~(X) dx I'· (13) 

Since the coefficients {Cn } are independent of Ra; (T), an infinite 
series representation for the spectral density Sv (f) can be obtained 
from equations (7) and (11). To obtain the series, let 

(14) 

and define Sn(f) to be the n-fold convolution of 8 1 (1) with itself; i.e., 
Sn(f) = Sn-1 (f) * 8 1 (f) for n ~ 2. It follows that 

S.(I) = Co oCt) + ~ Cn S;~!L , -00 <1< 00. (15) 

Using equations (13) and (15), one can see that the carrier power 
is given by 

(16) 

2.1 Examples 

To obtain a better understanding of the preceding results, we present 
two examples. The first example uses 9 (x) = x (and serves as a partial 
check on our results since this case is well known5 ). The second 
example assumes extreme clipping, 

g(x) = { b for x > 0, 

-b for x < 0, 

and serves as a preview for the hard-limiting case presented in 
Section III. 

2.1.1 Phase 1I1odulation 

For this example, g(x) = x for all x. Consequently, from equation (13) 
we have, for n ~ 0, 

1 I 1 100 

[2 Cn = 2nn! I y; -00 exp (jv2 rx)Hn(x) exp (_x
2

) dx . (1J{j 

Thus, 

1 [2 100 

2 [2 C2n = 2~(2n)! y; 0 cos (v2 rx)H2n(x) exp (-X) dx , (18) 



SPECTRAL DENSITY 1029 

(19) 

(see Ref. 6, Section 7.388-3). 
In a. similar fashion C2n+1 = exp(-r2) (r2)2n+l/(2n + I)!, which 

implies that 

(20) 

Now, substitute equation (20) into equation (11) to obtain the well­
known result5 

Rv(r) = exp [- r2(1 - r)]. 

2.1.2 Phase Modulation by an Extreme-Limited Gaussian Process 

For this case, 

g(x) = J b if x > 0, 

l-b if x < o. 
Using equation (22) in eqlJ.ation (13), one obtains 

C. ~ 2'~! / exp (jb) f H.(~ r)P(X) dx 

(21) 

(22) 

+ exp (- jb) L H.( ~ r )P(X) dx /', (23) 

which reduces to 

y (cos (b»2 (2 ('S:; 2 )2 
C2n = 22n(2n)! yf; J

o 
H2n(X) exp (-X) dx 

and 

(sin (b»2 (2 r:l 2 )2 
C2n+1 = 22n+l(2n + I)! yf; J

o 
H 2n+1(X) exp (-x) dx , 

for n ~ O. Since 

we ha.ve 

C2n = 0 for n ~ 1, 

(24) 

(25) 

(27) 

(28) 
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and 

(sin (b))2 (2 )2 
C2n+1 = 22n+1(2n + I)! V; H 2n(0) . (29) 

Using the fact that Ho(O) = 1 and H 2n(0) = (-I)n2n[I·3 ... (2n - 1)] 
for n ~ 1, we see that 

and 

2. 2 1· 3·5 . .. (2n - 1) 
C2n+1 = :; (sm (b» 2nn! (2n + 1) for n ~ 1. (30) 

Substituting equations (27), (28) and (30) into equation (11) and 
recalling the series expansion for Arcsin x, one obtains 

R.(T) = (cos (b»2 + (sin (b»2 ;. Arcsin (~~~~) , (31) 

for - ex) < T < ex). 

Notice that the carrier power, Co= (cos (b»)2, vanishes if b=7r/2+k7r, 
Ie = 0, I, ... , while all the power goes into the carrier whenever b = le7r, 
Ie = 0, 1, .... If b ~ le7r, the continuous part of the spectrum is simply a 
scaled version of the spectrum for an amplitude-modulated wave when 
the modulator is an extreme-limited gaussian process. This problem was 
studied by J. H. VanVleck. 7 

III. PHASE MODULATION BY A HARD-LIMITED GAUSSIAN PROCESS 

A problem of interest arises when the function 9 represents an ideal 
hard-limiter; i.e., 

g(x) = L: 
for some b ~ o. 
3.1 Carrier Power 

for x > b, 

for I x I ~ b, 

for x < -b, 

(32) 

Noting equations (13) and (16), one can see that the carrier power 
is given by 
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Co = CvLr' L cos (x) exp (-2
x
;,) dx 

+ cos (b) 2 -= 100 

exp (-~2) dX)2. 
~2~r2 b 2r 

Defining a = b /r (the relative clipping level), we have 

Co = (~ tN' cos (v2 rx) exp (-x') dx + cos (b) erfc (~))' (33) 

where 

2 t 
erf (z) = ~; J

o 
exp (- e) dt (34) 

is the error functionS and erfc (z) = 1 - erf(z). 
A more useful expression for Co can be obtained in terms of the 

error function with complex argument. Apparently, 

2 (,,,/'\1'2 

~; J
o 

cos (v2 rx) exp (_x
2

) dx 

{
I 1£>/'\1'2 } = Re _ /- _ exp ( - jv2 rx - x2

) dx , 
-v ~ -£>/'\1'2 

(35) 

( r2) {I 1£>/'\1'2 (( r )2) } = exp -2 Re ~; -<>/'\1'2 exp - x + jv:2 dx, (36) 

(37) 

(38) 

Consequently, 

Co = (exp ( - ~') Re {erf (~ + j £)} + cos (b) erfc (~))' (39) 

can be calculated numerically.s However, we can obtain a better 
analytical understanding of the carrier power by expressing the 
integral in equation (36) as 

t To make the last step, we used the relatiom;8 
erf (-z) = -erf (z) and erf (z) = erf (z). 
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( r2){ 2 l a

/

vz 
(( r )2) } exp - 2 Re v; 0 exp - x + j V2 dx 

( r2) {jC1/V2+i(f/VZ) } 
= exp - 9" Re _ exp (-l) dz ' 

*-I ief/V2) 
(40) 

Since exp (-l) is an entire function, the integral in equation (40) is 
independent of the path taken from j(r/~) to a/~ + j(r/~), It 
is useful to use a contour consisting of three straight line-segments: the 
first from j ( r I~) to 0 (on the imaginary axis), the second from 0 to 
a/~ (on the real axis) and the last from a/~ to a/~ + j(r/~), 
Integrating along these lines, it is straightforward to show that 

( r2) {2 ja/vz+i(f/VZ) } 
exp --2 Re _ /- _ exp (-l) dz 

. 'v 7r i(f/V2) 

= exp ( _ ~2) erf (~) 

+ exp (-~') ~; tV'sin (v2 ay) ·exp (-(~' - V')) dy (41) 

Combining equations (33) and (41) yields 

Co = (exp ( _1;2) erf (~) + cos (b) erfc (~) 

+ exp ( - ~') ~; tv, sin (v2ay) exp (-(~' - y')) dyr (42) 

When r « 1 (low-index case), the last term inside the brackets is 
negligible so that 

Co ~ (exp ( - ~2) erf (~) + cos (b) erfc (~) Y when r« 1. (43) 

It is interesting to observe that erf (a/~) is the probability that X t 

is inside the clipping levels [-b, b] [and erfc (a/~) is the probability 
that X t is outside the clipping levels], Hence, we can reason that 
exp (- r2/2) is the average dc voltage associated with Vet) when X t is 
inside the clipping levels while cos (b) is the average voltage when X t 

is outside the limits, [One can see from equation (16) that the carrier 
power Co = 1 (V(t) > 12

,] 

Pursuing these thoughts further, one might conclude that the 
integral in equation (42) represents a high-order correction (to the 
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preceding approximation) associated with transitions of X t across the 
clipping thresholds. When r is small, these transitions are rapid and 
the correction (i.e., the integral) is small. However, as r increases, the 
transitions are slower (at least when X t is bandlimited) and the 
integral in equation (42) can increase in magnitude for certain values 
of a. Moreover, 

~ tv, sin (v2 ay) exp (-(~' - v')) dy 

~ sin (b)F(~) when r» \12, 

where F(x) = 2/ y; J~ exp [- (x 2 
- t2

)] dt is Dawson's function. s 

Consequently it follows that when r » V2 (i.e., the high-index case), 

Co ~ (exp ( - ~2) erf (~) + cos (b) erfc (~) 

+ sin (b) exp ( - ~2)F(~) y. (44) 

Thus, when a is not too large, 

Co ~ (cos (b) erfc (~) + sin (b) exp ( - ~2)F(~) y. (45) 

The quantity inside the brackets is a sinusoidal function of a. Hence, 
there are various values of a (for fixed r) which will completely null 
the carrier power Co while other clipping levels give rise to a relative 
maximum carrier power. 

Using 

(V(t)) ~ exp ( - ~') Re {erf (~ + j ~)} + cos (b) erfc (~) , 
we computed exp (r2/2) (V(t) ) as a function of ex for several values of r. 
Some of the results are displayed in Fig. 1. (Since the dynamic range of 
this function is so large, we used a linear scale between -1 and 1 on the 
ordinate axis and a logarithmic scale otherwise.) 

The general features of the three functions are as indicated above. 
Since (V(t») = 1 whenever ex = 0, each curve starts at exp (r2/2) 
for ex = 0. For r ~ 1 (not shown in Fig. 1) the curve decreased mono­
tonically to one. For r = 2, this relative average remains positive but 
oscillates slightly before converging to unity. However, for the high­
index case, the relative mean is similar to a damped sinusoid (as dis-
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Fig. 1-Relative mean of V(t) as a function of relative clipping level. ex is 
the ratio of the clipping level b to the rms modulation-index r. 

cussed above). This extreme oscillation about zero apparently occurs 
for r ~ 3. Notice that the value of ex required for the relative mean 
(and therefore the carrier power) to stabilize increases as r increases. 
Hence, for high-index modulation, setting ex ~ 4 does not necessarily 
guarantee that the carrier power is unaffected by the clipping. 

3.2 Continuous Part of the Spectrum 

Numerical techniques are required to obtain the continuous part of 
the spectrum. However, one can see from equations (23) and (31) 
that the coefficients {Cn } in the series are independent of Rx (T) and 
need only be computed once for any particular configuration of the 
hard limiter (and choice of r). Consequently, it seems worthwhile to 
derive an algorithm for efficient computation of {Cn }. 

Noting equations (11), (12) and (13), one can see that 

where 

00 (R(T))" 
Rv(T) = ~ ~ Crt (46) 

(47) 



SPECTRAL DENSITY 1035 

and 

rv(n) = i: exp [-jg(x)JCt:n p(x)) dx. (48) 

Consequen tly, 

jv(l) 

= ibb exp (- jx) dp(x) + exp (- jb) 1~ dp(x) + exp (jb) i: dp(x), 

(49) 

N ~xt, for n ~ 2 we have 

I
b 

( dn
-

1 

) . 1~ (dn
-

1 

) rv(n) = -b exp (- jx) d dxn-1 p(x) + exp (- jb) b d dxn-1 p(x) 

I-
b (dn

-
1 

) + exp (jb) _~ d dxn- 1 p(x) . 

Integrating the above expression by parts, we have 

1 Ib . (dn

-
1 

) 
v(n) = r-1 -b exp(-Jx) dxn-1P(x) dx. (50) 

Recall that 

d
n (x2 ) (- 1 )n . ( x) (X2 ) 

dxn exp -2r2 = v2 r Hn v2 r exp -2r2 

so that integrating equation (50) by parts obtains 

pen) ~ p(n - 1) - J;;: (vd rrH.-,(~ r) exp ( -jx - 2x;,) I~.· 
(51) 

Of course, HnC-x) = (-l)nHn(x), which implies that the exact 
determination of equation (51) depends on whetper n is even or odd. 
It is straightforward to show that 

v(2n) = v(2n - 1) 

2 (2)( 1 )2n-l () + (-It sin (b) V; exp - ~ v2 r H 2 (n-1l ~ (52) 

and 
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for n ;;; 1. 

It is known that8 

1, 

and 

(53) 

for n ;;; 1, so that in principle, the sequence {Cn } can be computed 
by using equations (47), (52) and (53). However, in practice the dif­
ference-equati~ns (52) and (53) are unstable and care must be taken 
in their implementation. We found it best to use the following approach: 

Let [xl denote the largest integer not exceeding x and let n!! = 
n!j2[n/2] [n/2] !. [So that (2n - I)!! = 1·3·5·" (2n - 1).] Now, one 
can use equations (52) and (53) to obtain staple algorithms for 

t1(n) = rnp(n) and t ( ) = rnp(n) 

[J 2n nIl 
2(n/2] ~ ! 

which are used to compute 

3.3 Numerical Results 

To obtain insight into the effect of hard-limiting, we assume that X t 

. is bandlimited with'a rectangular power spectrum. That is to say 

(54) 

In this case,9 

1 00 

Sv(f/W) = Co o(i) + 27rW ~ CnFn(f/W), (55) 

for - 00 < f < 00. The functions F n (A) are defined as follows: 9 

FtC)-..) = {7r' 
0, 

-1 < A < 1" (56) 
otherwise, 

and for n ;;; 2, 
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[ 

(

I }.. 1 + n )n-l 
M(n,X) k 2 - k 

Fn(}..) = n7r r; (-1) k! (n - k)! ' 

0, 

° ~ 1 A. 1 < n, (57) 

otherwise, 

where M (n, A) 
of x. 

[n + /A//2]. We use [x] to denote the-integer p.art 

As lYf (n, A) increases, it becomes increasingly difficult to accurately 
sum the alternating series displayed in equation (57). Since 

(58) 

(see Ref. 9), we used the asymptotic approximation (58) whenever 
Fn(}..) was required for n ;;; 15. The threshold 15 was determined 
empirically. We attempted to keep our numerical estimates of the 
various spectra accurate to one percent relative error. 

We considered three cases: low modulation-index (r = 0.1), mod­
erately high index (r = 1) and high index (r = 5). The results are 
displayed in Figs .. 2 through 4. In each case, we have computed the 
effect of changes in the relative clipping level a = biro 

3.3.1 Low Modulation-Index 

When r « 1, it is evident from Fig. 2 and equation (55) that the 
principal part of the spectrum is well approximated by 

S.(f/W) ~ {Co h(f) + 2:W F,(f/W), for I f I < W, (59) 

0, otherwise. 

Using results from the preceding section, we can show that when 
r « 1, C1 ~ r2 exp (- r2) (erf (a/ v'2) )2. Hence, for r « 1, 

S.(f/W) 

~ {CO oCt) + (erf (~) y r2 ei:; r2) F1(f/W), 

0, 

1 f 1 < W, (60) 

otherwise. 

That is to say, in the low-index case (r « 1), hard-limiting causes 
the principal part of the spectrum to be scaled down by the multiplica­
tive factor (erf (a/v'2»2. 

Figure 2 illustrates the actual behavior [as opposed to the approxi-
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Fig. 2-Spectrum of low-index PM wave (r = 0.1) for various relative clipping 
levels. a is the ratio of the clipping level b to the rms modulation-index r. 

mation (60)] of 8v (f /W) for f > W. Notice that the tails of the spec­
trum are raised considerably as the relative clipping level ex decreases. 
This phenomenon is noticeable even for -ex = 4 (i.e., clipping at a 
four-sigma level). The increase in high-frequency content is appar­
ently caused by the introduction of points at which the derivative of 
W (t) is discontinuous. 

3.3.2 Moderately High Modulation-Index 

The results for r = 1 are displayed in Fig. 3. The qualitative results 
are similar to those observed for r = 0.1 ; i.e., the principal part of the 
spectrum tends to decrease and the tails increase, as the relative 
clipping level -ex decreases. However, notice that for a particular value 
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of a, the frequency f jW at which the tails of the spectrum begin to 
rise is somewhat larger for r = 1 than for r = 0.1. 

3.3.3 High M odulation-I ndex 

When r = 5, the behavior of (V(t) as a function of a is quite dif­
ferent from that observed for r ~ 1 (see Fig. 1). In fact, small changes 
in a can change the discrete component of the spectrum, Co = (V{t) )2, 
from a relative maximum to zero. Consequently, we originally suspected 
that the continuous part of the spectrum might change significantly 
as the discrete component changed from a relatively large value to 
zero. To check this point, four values of a were selected for testing; 

to r--------,-----------. 10- 6 

~ 10-2 
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3; 
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r 
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Fig. 3-Spectrum of waves having moderately high modulation-index (T = 1) 
for various relative clipping-levels. ex is the ratio of the clipping level b to the 
rms modulation-index T. 
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Fig. 4b-Tails of spectrum for PM waves having high modulation-index (r = 5) for various relative clip­
ping levels. a is the ratio of the clipping level b to the rms modulation-index r. 
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two at points of relative maxima for Co and two where Co was nearly 
zero. The results are displayed in Figs. 4a and b. 

From Figure 4a, we see that the qualitative behavior of S.(f/W) 
for high modulation-index (r = 5) differs significantly from that 
observed for r ~ 1. However, whether or not Co vanishes does not 
seem to affect the general characteristics of the continuous part of the ,', 
spectrum. Generally speaking as a decreases, the portion of the spectrum 
for 0 < f /W < 1 tends to increase while the part for 1 < f /W < 10 
tends to decrease. Notice that a discontinuity is introduced at f/W = 1, 
~ characteristic of lower modulation-index. Of course, limiting reduces 
the variance of the modulating signal X t , so that the discontinuity 
at f /W = 1 is not surprising. 

To examine the behavior of the tails of the spectra, look at Figure 4b. 
As in the other cases, decreasing a raises the tails of the spectrum, 
although the effect is consideqtbly less than ,that observed for r ~ 1. 
In fact, for a > 3, we observed very little difference between the clipped 
and unclipped cases. 

3.4 Comments 

Computation of the spectrum for large values of f /~V, using the 
infinite' series approach, is expensive since many terms are required. 
Moreover, accurate computation of Cn and F n , for large n, is difficult 
(if not impossible) because of numerical problems. Consequently, a 
good estimate of the spectrum for large f /W would be very desirable. 
Unfortunately, we do not have such an approximation. However, it 
is possible to estimate the relative frequency f /W at which the tails of 
the spectrum for a clipped modulator will begin to depart from the 
unclipped case. 

More precisely, consider equations (48) and (49) which constitllte 
an algorithm for the computation of v (n). Since the tails of the spec­
trum of W (t) can rise only when v (n) increases as a function of n, 
we need to examine v(n) for large n. 

For large n, we know that6 

H,,(x) (-1)'2'(2n - 1) !I exp (x' /2){ cos (V 4n + 1 x) + O(~)} 
(61) 

(-lt2n+!(2n - I)!! V2n + 1 

·exp (X'/2){sin (V4n + 3 x) +O(!I)}· (62) 
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Hence, for large n we have the approximation 

. f2 
v(2n) ~ v(2n - 1) - 2r sin (b)'\); cos (aV2n - 3/2) 

( (2) n-l (2k - 1) 
·exp -4 11 r2 , (63) 

v(2n + 1) ~ v(2n) + cos (b)~! sin (a V2n + 3/2) 

• (_ (
2

) V2n + 1 nrr-l (2k - 1). 
exp 4 r2 k=l r2 (64) 

It is evident that the sequence J1.n = rr~=l [(2k - 1» r] is a decreasing 
function of n for n < no = [r2 + 3/2] and is an increasing function 
for n > no . For any finite a, J1.n will ultimately exceed exp (a2/4) and 
the forcing function for v(2n) will begin to grow without bound. It 
follows that v(2n) will exhibit instability when n is so large that J1.n » 
exp (a2/4). This will certainly be true when (2n - 1)/r2 ~ exp (~2/4) 
or for 

(65) 

An inspection of Figs. (2), (3) and (4) shows that equation (65) gives 
a good indication (at least for those cases considered) of the value 
of f /W where the tails of the clipped spectra begin a significant depar­
ture from the unclipped cas~. Equations (63) and (64) also indicate that 
for large n, v(n) will oscillate as it increases in magnitude. Consequently, 
it appears that it will be difficult to get tight bounds on Sv (f /W) for 
large f /W. It is interesting that the carrier power is' most significantly 
altered by the hard-limiting when r » 1 while the effect (of hard­
limiting) on the tails of the spectrum decreases as r increases. 

IV. CONCLUSIONS 

In principle, equation (68) can be used to obtain either the auto­
correlation function or the spectral density of any "reasonable" func­
tion of a stationary gaussian process. We made use of the identity to 
study the spectral density of a sinusoidal wave which is phase­
modulated by a hard-limited gaussian process. 

The main disadvantage of this approach (i.e., using an infinite series 
solution) is that numerical techniques are usually required to obtain 
a solution. Consequently, estimates of the tails of spectra (of interest 
for PM systems having high modulation-index) are difficult and 
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expensive to compute accurately. However, when no better alternative 
is available, our approach can be used to obtain numerical results in 
a relatively straightforward manner. 
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APPENDIX 

A Relation 

Let X t denote a stationary gaussian process with probability 
density function 

1 (X2 ) 
p(x) = 27l'r2 exp - 2r2 , -oo<x<oo. (66) 

The joint probability density function for X t +T and X t is 

. 1 [ 
p(x1 ,x2) = 2_ ~2 exp 

21l'r vI - r 
x~ - 2rx1x2 + x~-J 

21'2(1 - r2) , 

- 00 < Xi < 00, (67) 
where 

for - 00 < T < 00. 

If G(x) is an exponentially bounded complex-valued function of the 
real variable x (i.e., there are real numbers u and v such that IG(x)1 ~ 
v exp (u Ixl) for - 00 < X < 00) and if G(x) is of bounded variation 
on finite intervals, then we shall show that 

L: L: G(X1)G(X2)P(X1 , x2) dx] dX2 

~ t. (R~;»)" 1 1: G(X)(:[. p(x») dx I'· (68) 

A.I Comments 

All the improper integrals displayed in this Appendix are defined 
in the sense of principal value. For example, equation (68) is more 
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precisely expressed as 

f T' fT. 
lim G(Xl)G(X2)P(X1 , x2) dX1 dX2 

T"T.-+oo -T, -T. 

= t, (R~?'I ~~ f. G(X)(:~. p(x)) dx I'· (69) 

Since G(x) is exponentially bounded and integrable over (- T, T) 
for all T ~ 0, it follows that the integrals in equation (69) exist and 
are bounded. Consequently, the improper integrals in equation (68) 
also exist. Moreover, one can show that 

f T' 100 
;~~ -T, G(X1)G(X2)P(Xl" X2) dXl = . -00 G(Xl)G(X2)P(X1 , X2) dX1 

uniformly for - 00 < X2 < 00. 

It follows that the double limit in equation (69) can be expressed 
as an iterated limit and further that the improper integral in equation 
(68) can be evaluated as an iterated improper double integral. 

A.2 Proof of Identity 

We first establish equation (68) for all functions G(x) which are of 
bounded variation and satisfy 

L: I G(x) I dx < 00. 

In this case (following Rice,2 Middleton3 and Bennett4 ), G (x) has a 
Fourier transform 

g(w) = L: G(x) exp (-jwx) dx 

such that for almost all x, - 00 < x < 00, 

1 foo G(x) = 27r -00 g(w) exp (jwx) dw. 

Using equation (71), we can write 

L: L: G(x1)G(XJp(x1 , X2) dX1 dX2 

(70) 

(71) 

= 4~' I: I: (I: S(£O,) exp Vw,x,) cu.,)(I: S(wJ exp (jw,x,) d£O,) 

'P(XI , X2) dXl dX2 . (72) 
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Since G (x) is of exponential ordeor, one can show that all combinations 
of the integrals in the right-hand side of equation (72) converge uni­
formly so that we are justified in interchanging the order of integra­
tion to obtain 

1 foo foo 
= 47r2 -00 -00 S(Wl) S(W2) 

. (i: i: P(Xl , X2) exp [j(WJXl + W2X2)] dXl dX2) dw l dW2 . (73) 

Using the fact that 

i: i: p(xl , x2) exp [j(WlXl + W2X2)] .dXl dX2 

= exp { - ~' (w: + 2rw,,,,, + w:)} 

(see Ref. 5, pp. 30-35), and recalling that !::=o xn/n! converges uni­
formly to exp (x) for - 00 < x < 00, we obtain the following from 
equation (73): 

i: i: G(Xl)G(X2)P(Xl , X2) dXl dX2 

~ (Rx(r)t {I foo (. )n () (r2 2) d } 
= 20 n! 27r -00 lWl S WI exp -2 Wl Wl 

. {2~ L: (jw,)'S(w,) exp ( - ~' w:) dw,}. (74) 

An application of Parseval's theorem yields 

1 foo ( r2) roo ( dn 
) 

27r -00 S(w)(jwt exp -2 w2 
dw = )-00 G(-x) dxn p(X) dx (75) 

and a similar expression for "9 and G. Using equation (75) in equation 
(74), we obtain equation (68). 

Now, we only assume that G(x) is exponentially bounded and of 
bounded variation on finite intervals. For k = 1, 2, ... , define 

Gk(x) = JG(.x) , for -k ~ x ~ k, 

1 0, otherwise. 
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It follows that Gk(x) is of bounded variation and that J~oo 'I Gk(x) 1 dx < 00 

for k = 1, 2, ... so that the above results imply that 

i: i: Gk(Xl)Gk(XZ)P(Xl , xz) dXl dxz 

= ~ (R~~)r 1 r Gk(X)(:':. p(x») dx I' (76) 

for k = 1,2, .... 
We know that 

d
n 

1 ( l)n ( X) (XZ ) 
dxn p(x) = V271'r2 - v2 r Hn v2 r exp - 2r2 

[ H n (z) is the Hermite polynomial of degree n], so that the series in 
equation (76) can be expressed as 

00 
Sk(r) = L an,k rn 

n=O 

where 

1 1 1 [00 12 an,k = 2nn! V; -00 Gk(v2 rx)Hn(x) exp (_X2) dx . 

Making use of the inequality8 

1 Hn(x) 1 < ~ exp (~2)2nI2vn!, 
and the assumption 

1 G(x) 1 ~ vexp (u 1 x I), 

we can see that 

~ ~ 1.086435, 

-00 <X< 00, 

( 2~ 100 )2 o ~ an,k < V; 0 exp (uv2 rx - x
2
) dx < 00, 

(77) 

(78) 

for all n and all k. Hence, when 1 r 1 < 1, Weierstrass' M-test implies that 
the series Sk(r) converges uniformly for k = 1, 2, ., .. Consequently, 
we have 

~~ i: i: Gk(Xl)Gk(XZ)P(xl , x2) dXl dX2 

= ~ (R~?' 1 ~~ r Gk(X)(:':. p(x») dx I' (79) 

for all r such that Rx (r)/r 2 ~ ±1; i.e. for 1 r 1 < 1. 
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One can also show that 

l~ i: i: Gk(X 1)Gk(X2)P(Xl , x2) dX 1 dX2 

= i: i: G(X1)G(X2)P(X1 , X2) dXl dX2 , (80) 

and that 

lk~ i: Gk(X)(::n p(x)) dx = i: G(X) (::n 'p(x)) dx. (81) 

Substituting equations (80) and (81) into equation (79) yields the 
identity (68) for all T such that R.r;(T)/r 2 ~ ±l. 

We saw above that our identity can also be expressed as i: i: G(X1)G(X2)P(X1 , x2) dX1 dX2 = ~ anr
n
, I r I < 1, (82) 

where 

1 1 1 fOO 12 an = 2nn! vi; -00 G(v'2 rx)Hn(X) exp (_X2) dx . (83) 

Since the left-hand side of equation (82) exists for r = ± 1 and since 
an ~ 0 for all n, it follows that equation (82) is also valid for r = ± 1. 
(The proof of this result is a Tauberian theorem. For example, see 
Ref. 10, page 427, exercise 13-34.) 
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Television Coding Using Two­
Dimensional Spatial Prediction 

By D. J. CONNOR, R. F. W. PEASE and W. G. SCHOLES 
(MailUscript received September 30, 1970) 

Three classes of differential coders have been built which exploit 
the two-dimensional spatial correlation present in television pictures. 
The three classes are distingU1~shed according to the technique used to 
predict the value of the picture element (pel) to be coded. In the first 
class, the prediction ,is the value of the previous element along the 
scan line. averaged 1pith one or more elements in the previous line 
(of the same field). In the second class, the prediction is the sum, of 
the value of the previous pel w£th the local elem~nt difference in the 
previou.s line. In the third class, the transmitter and receiver choose 
the prediction from either the previous element or some combination 
of the previous element with the elements in the previous line. The 
choice is based on differences measured between elements already 
coded. These are a.vailable both at the transmitter and receiver, so 
no extra information need be transmitted. In the absence of trans­
mission errors, the pictures resulting from aU three classes of coder 
are markedly improved over those ,in which only the previous element 
is used as a predic60n. In particular, vertical and s,loping edges are 
now well defined. The effect of a transmission error on a, single frame 
of the received picture is scarcely visible in the first class of coder 
but is much more visible in the second and third classes. 

I. INTRODUCTION 

Intensity correlation in television pictures extends both horizontally 
and vertically.1-3 For a number of good reasons, most ~ractical predic­
tive encoders have exploited only the horizontal correlation: 3 

(i) III a noninterlace system, access to the vertically adjacent 
picture element (pel) requires storage of one line of information 
(about 8,000 bits for broadcast TV or 2,000 bits for Picture-

1049 
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phone® Service). In a 2 : 1 interlaced system, a field plus a line 
must be stored (106 bits for broadcast or 250,000 for Picture­
phone Service). If access to the vertically adjacent pel in the 
same field is desired, a line of storage is required. 

(ii) Most television systems, including Picture phone Service, use an 
interlaced scan. Because of the storage problem, access to the 
vertically adjacent pel in the same field is most practical. How­
ever, this pel is about twice as far away (spatially) from the 
current pel as is the previous pel in the same scan line. The 
vertical correlation of intensity within a field is thus less than 
the horizontal correlation. 

(iii) Statistical studies of television pictures suggested that for 
linear predictive encoding very little extra redundancy could 
be removed by exploiting the vertical correlation as well as the 
horizontal correlation.2

,3 

Given these reasons, why look at the use of vertically adj acent pels 
in various predictive encoding schemes? ·First, in recent years the cost 
of storage has fallen dramaticaily and hence the extra memory re­
quired for storing one line is not a serious objection. At present, a 
2,000-bit line store using MOS shift registers costs about $600.00 
and fits on one printed ci~cuit board containing 40 dual-in-line pack­
ages. Future costs should be much lower (less than $100.00). 

To counter the second and third points above, let us consider for a 
moment the operation of a differential quantizer. A differential quan­
tizer predicts the value of the current pel by using information that 
has already been transmitted. The discrepancy between the. uncoded 
value and the prediction is quantized and added to the prediction to 
form the coded value of the current pel. 

Most practical differential quantizers which make. use of the 
horizontal correlation of intensity produce pictures of generally accept­
able quality, except for sharp vertical or diagonal edges. These are 
blurred and have an annoying "busyness." The problem is in the predic­
tion. The differential quantizer has no way of "anticipating" a vertical 
edge. Consequently, the prediction it makes is grossly in error at these 
edges. 

By making use of information from the previous line, it is possible to 
anticipate the vertical edges and most of the diagonal ones. To study 
this possibility, we have built and/or simulated on a computer a num­
ber of differential quantizers., These coders can be divided into three 
classes which are distinguished by the way in which the information 
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from the previous line is used to "anticipate" or predict the value of 
the current pel. In Fig. 1 we give a labelled diagram of the pels near the 
current pel. 

In the first class of coder, the prediction is the average of the value 
of the previous pel, A, and the value of one or more of the vertically 
adjacent pels, B, C, and D. We call this "averaged prediction." In the 
second class of coder, the prediction is the sum of A and the scaled 
horizontal element difference or slope between elements on the previous 
line, e.g., C - B or t (D - B). This has been called "planar predic­
tion."4 

These first two classes of coders use linear prediction since the pre­
diction is a linear .sum of previously coded intensities. The third class of 
coder uses a nonlinear prediction in that the choice of prediction mode 
is signal-dependent. The prediction can be either A or some linear 
combination of A, B, C and/or D. The choice is dependent on the mag.; 
nitude of intensity differences between the pels in the previously coded 
neighborhood of the current pel, X. This class of coder can be called 
"optional prediction." (R. E. Graham has proposed and simulated 
some coders of this type.5

) 

In the following sections we describe the particular coders we have 
built, and give some examples of processed pictures. We also include 
a discussion of the effect of transmission err'ors for the various coding 
strategies. 

II. DESCRIPTION 

The scan format is similar to that used in Pictu,rer-phone Service: 
there are 271 scan lines with a 2: 1 interlace, 248 elements per line and 
the frame rate is 30 Hz. 

A schematic of a general differential quantizer that uses information 
from the preceding line is given in Fig. 2. The quantizer characteris­
tics are shown on Table 1. The particular coders to be described below 
differ only in the implementation of the predictor. Note that with the 
use of sign prediction6 these are three-bit coders. 

For comparison, we chose as a reference an element-coder (i.e., the 

--------B---C----D---------

{

-------_____ }CURRENT 

INTERLACED FIELD 
FIELD A---X--------------

---------

Fig. I-Diagram of picture elements (pels) near the current pel. 
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PREDICTION = P 

p p 

Fig. 2-Diagram of differential· quantizer using information in previous line to 
aid prediction of current pel. The letters A, B, C and D refer to the pels whose 
positions are shown in Fig. 1. 

value of pel A is used as a predictioI}) having the same quantizer 
characteristics as above. Although it might be argued that it would 
make more sense to optimize the quantizing scale for each type of 
prediction, we. found that the subjectively optimum quantizing scale 
varied as much with picture content as with prediction strategy. For 
most experiinents, therefore, we used one quantizing scale; a few 
results on varying the quantizing scale are, however,. also described in 
the next section. 

In the subjective tests, the 5i inch by 5 inch raster was ·viewed 
through a polarizing screen from a distance of 36 inches in a room 
having average office illumination (70 foot candles). Two scenes were 
used: (i) a model head, "Penelope," with a draped background (Fig. 
3a) ; and (ii) a photographic slide, "Karen," (Fig. 3b). 

III. AVERAGED PREDICTION 

In this type of coder, the prediction is formed by adding the value of 
pel A to the value of so~e combination of the pels B, C and D. Three 
coders were built and tested; the predictions used were: (i) (A +. 
D)/2; (ii) (A + C)/2, (iii) [A + (C + D)/2]/2. Figure 4a shows a 
diagram of the arrangement used to test coder (i). 

In the absence of channel errors, the displayed picture at the trans-

TABLE i-ENCODER CHARACTERISTICS 

Input Levels ±O-l 2-7 8-17 18-33 34-255 

Output Levels ±o 4 11 25 42 
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mitter is the same as at the receiver6 and hence only the transmitter 
loop was built for the real time tests. 

In comparison with the reference coder, all three of the coders gave 
significantly improved rendition of the vertical and most of the sloping 
edges. Horizontal edges and those sloping slightly upward appear 
blurred in comparison with the same edges encoded by the element 
coder. However, it is a static blurring which is subjectively much less 
annoying than the "edge busyness" which occurs on some edges en­
coded by the element coder. The granular noise in pictures encoded 
with the averaged prediction coders is associated more with high 
vertical spatial frequencies than with high horizontal spatial fre­
quencies. This effect is to be expected because the relatively large 
vertical step size will result in more frequent use of the larger (and 
less accurate) quantized difference signals in regions containing vertical 
detail. In picture areas with no directional properties, the noise level 
is about the same as with the element coder. Some observers, however, 
mentioned that it appeared to be a higher frequency noise. 

In comparisons among the " averaged prediction" coders, (i) and 
(iii) appeared preferable to (ii) since they were able to adequately 
encode edges with smaller positive slopes than was (ii). This is under­
standable since the presence of pel D in their prediction means that 
such edges are anticipated. There was very little to choose between 
coders (i) and (iii) and so we carried out subjective tests in which 
eight unskilled and eight skilled observers were asked to state a pref­
erence between pictures obtained using coder (i) and the reference 
coder. With "Penelope," all eight of the skilled and seven of the eight 
unskilled observers preferred the picture given by coder (i). With 

Fig. 3-Scenes viewed for evaluating coders, (a) Penelope and (b) Karen. 
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Fig_ 4a-Diagram of apparatus used to evaluate coder (i) in which the value 
(A + D) /2 is used as a prediction of the current picture element. The displayed 
picture is equivalent to the received picture providing there are no channel errors. 

Fig. 4b-Apparatus used to evaluate coder (v) in which A + (D - B)/2 is 
used as a'prediction of the current pel. The position of pels A, Band D is shown 
in Fig. 1.. 

Fig. 4c'-Apparatus used to test the optional prediction encoder. If IA - BI > 
ID - BI, A is used as the prediction. If IA - BI ~ID - BI, (A + D)/2 is used. 
The positions of A, Band D are shown on Fig. 1. 
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"Karen," all subjects preferred the picture given by coder (i). (The 
skilled observers all remarked on the better edge rendition of the verti­
cal stripes in Karen's blouse.) As the quantizing scale is made coarser, 
there is improved rendition of vertical edges in the picture from the 
reference coder but the granular noise also increases. In this situation, 
the comparison between the two coders is closer, but coder (i) was still 
preferable. 

The element coder and coders (i), (ii) and (iii) were simulated on 
a DDP-224 computer system. Only a single frame was processed so 
it was not possible to judge frame to frame noise. In the first set of 
experiments the magnitude of the difference between the original pic­
ture (coded as eight-bit PC1VI) and pictures from the above coders 
was displayed. Figures Sa and 5b show the discrepancy between the 
PCM coded picture and pictures coded with the element coder and 
coder (i) respectively. (Figures 5c and d are for coders discussed 

Fig. 5-Magnitude of the difference between a picture coded as 8-bit PCM and: 
(a) the reference coder; (b) coder (i) ([A + D]/2 is prediction); (c) coder (v) 
([A + (D - B) /2] is prediction); (d) optional prediction coder of Fig. 4c. 
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below.) As expected, the element coder showed differences along verti­
cal and diagonal edges. The average prediction coders, on the other 
hand, gave differences chiefly along horizontal edges. Coder (iii) 
seemed to show the least discrepancy from the eight-bit coded picture. 
No subjective improvement was realized by choosing coder (iii) over 
coder (i) in the experimental model. 

We also investigated on the computer the effect of transmission 
errors on a single frame of the received picture. It has been suggested 
that because the average prediction coders made use of information 
from the previous line as well as from previous pels on the current 
line, the effect of an error on subsequent lines would be serious. How­
ever, because the prediction is an average, the effect of the error decays 
spatially. For example, consider the effects of an error of 64 quantum 
levels in coder (i). This error results in the array of intensity errors 
shown in Table II. Note that the effect of the error decays rapidly 
both horizontally and diagonally, but more slowly vertically. Also, 
the spatial derivative of the error pattern is small except near the 
original error. This fact should help reduce the visibility of the error 
pattern. In fact, the pictures generated on the computer showed that 
even serious errors (e.g., a change of sign on the outer level) resulted 
in a pattern that was scarcely visible. 

Contrast the visibility of the errors in Figs. 6a and b. The picture 
in Fig. 6a was coded with the reference coder. The upper, dark line 
was caused by a positive-to-negative sign change in an outer quantizer 
level. The lower light line results from a negative-to-positive sign 
change in the third quantizer level. The identical type of errors are 
present in the picture in Fig. 6b which was coded with coder (i). The 
error in the outer quantizer level is visible as a small black dot at the 
outside corner of the left-hand eye. The error in the third quantizer 
level appears as a white streak toward the right end of the upper lip. 
In any event, the errors are far less visible than the equivalent errors 
in Fig. 6a. 

IV. PLANAR PREDICTION ENCODERS 

Two coders were built and tested. The predictions used were (iv) 
A + (C - B), and (v) A + (D - B)/2. Figure 4(b) shows a sche­
matic for coder (v). 

Both coders showed improvement over the reference coder, but not 
over the coders in the previous section. In particular, the planar pre­
diction encoders gave rise to "edge-busyness" on edges sloping upward 



TABLE II-INTENSITY ERRORS FOR AVERAGE PREDICTION ENCODER* 

1 2 3 4 5 6 7 8 9 10 11. 12 13 14 15 

Horizontal 
Distance 
in Pels 

1 1-1-1-1-1--I--I--I64I~I-WI-8-1-4-1-2-1-1-1-'-'-'--tX 

32 32 24 16 10 6 3 1 

16 24 24 20 15 10 7 4 2 1 

8 16 20 20 18 15 11 8 5 3 1 

2 
3 
4 
5 
6 
7 
8 
9 --'--'--'-4-1101~1181~1-----W-1141-11-1-8-1-6-1-3-1-2-1-1-'--

10 
11 
12 
13 
14 
15 
16 
17 

Vertical 18 
Distance 
in Lines 19 

yt 

-'-'-1-�-5-�10�----y.r�-----w-�-----w-�~1______r31-11-1-8-1-5 -1-3-1-2 -1-1-'--

-'--'-3-1-7-1101141~1~1141~1______w_1-7-1-5-1-3-1-2-1-1-'--

==:1 2 I 4 I 7 I 11 I 13 I 14 I 14 1 13 1 11 1 9 1 7 15 I 4 I 2 I 1 1== 

1 I 2 I 5 1 8 1 10 1 12 I 13 1 13 I 12 1 10 1 9 I 7 I 6 I 4 I 3 ·1 2 1_1_ 

1 3 6 8 10 12 12 12 11 10 8 7 6 4 3 . I 2 1 

* The pattern of intensity errors that results from an error of 64 levels at pel 8,1.(x = 8,y = 1) when (A + D)/2 is used as a 
prediction of the current pel. The intensity of the error decays spatially and, perhaps more importantly, there is no abrupt large 
spatial difference in intensity except near pel 8, 1. 
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FIg. 6-Decoded pictures showing the effect of intensity errors resulting from 
channel errors. Figures (a.) and (b) each contain two error patterns resulting from 
errors of 84 and 50 levels (out of 255 levels). (a) Derived using the reference coder 
(differential quantizer using Aas the prediction); (b) results from the use of 
coder (i) ([A + D]/2 is prediction); (c) results from the use of coder (v) 
([A + (D - B) /2] is prediction) when there is a single intensity error of 84 
levels; (d) results from the use of the optional predictor (see Fig. 4c) when there 
is a single intensity error of 50 levels. Copies of the original prints may be ob­
tained from the authors. 

to. the left. In addition, coder (iv) gave rise to the same problem on 
edges sloping upward to the right. 

Consider an edge passing to the left of B in Fig. 1 and between 
A and X so that (C - B) = (D - B) = O. The values of A + 
(C - B) and A + (D - B) /2 will both be poor predictions of X 
(the same as the element coder but worse than (A + D) /2.) Also, 
if an edge passes between A and X and between D and C, then A + 
(C - B) will be a poor prediction of X.' 

The discrepancy between the picture coded as eight-bit PCM and 
that coded with coder (v) is shown in Fig. 5c. Although on the 
average, the picture shows. less discrepancies than the equivalent 
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TABLE III-INTENSITY ERRORS FOR PLANER PREDICTIVE ENCODER* 

Horizontal Distance in Pels 
-----------------------4 

Start of Blanked 
Region 

1 
210 211 212 213 214 215 216 217 218 219 220 221 222 223 

o o 64 64 , 64 , 64 64 , 64 , 64 , 64 64 64 64 o 
o 32 , 64 64 , 64 64 64 , 64 64 , 64 64 64 32 o 

o I 16 I 48 I 64 64 , 64 64 64 , 64 64 , 64 , 64 , 48 16 o 
o 8 I 32 56 I 64 64 , 64 64 64 64 , 64 64 56 32 8 o 

4 I 20 I 44 I ·60 64 , 64 , 64 64 , 64 64 64 , 60 44 , 20 4 o 
2 I 12 I 32 I 52 62 64 64 , 64 64 , 64 , 64 62 52 , 32 12 2 o 

1 7 , 22 , 42 , 57 63 64 64 , 64" 64 64 , 63 57 42 22 7 1 o 
o 4 , 14 , 32 , 50 , 61 64 64 64 , 64 64 , 64 , 61 50 , 32 14 4 , 0 o 

o 2 9 , 23 , 41 , 56 , 63 64 , 64 64 , 64 64 63 56 41 23 9 2 , 0 o 

1 6 I 17 I 33 I 49 I 60 I 64 64 , 64 64 , 64 64 60 , 49 33 17 6 1 o o 
3 I 11 I 25 I 4 I 54 I 62 , 64 64 64 ',64 , 64 62 54 , 41 25 11 3 o o o 

Vertical Distance in Lines 
(unlike Table II,. the interlaced lines are not shown) 

* Pattern of intensity errors resulting from an error of 64 levels. At pel 212, 1 when A+ (D -- B)/2 is used as a prediction of the 
current pel. Note that the intensity error is constant to the right of pel 212, 1 until the start of the blanked portion of the line (pel 
223, 1) when the accumulated value is forced to zero. On successive lines this (correct) reset value is partially used in the prediction 
near the right-hand side and so the error is reduced. 
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picture for coder (i), the discrepancies that do occur lie on vertical 
or diagonal edges sloping upward to the left. It is on just these edges 
that the "edge busyness" occurs. 

The effect of a transmission error is an area of uniformly altered 
brightness as shown in Fig. 6c. How this pattern arises is illustrated 
in Table III where we have assumed an error of +64 levels in the 
element in the top row of numbers. 

In view of the increased visibility of error patterns and the absence 
of a significant improvement in picture quality over the averaged 
prediction encoder, we saw no overall advantage in the planar pre­
diction encoders for fixed length codes. 

v. OPTIONAL PREDICTION ENCODERS 

A number of varieties of optional prediction encoders were investi­
gated. The one examined most closely uses either A or (A + D) /2 as 
a prediction. If the difference IA - B I is greater than the difference 
ID - BI, A is used as the prediction, otherwise (A + D) /2 is used 
(Fig. 4c). These differences are made up of pels already. coded and 
available (in the absence of transmission errors) at both the receiver 
and transmitter. Thus, no extra information need be sent to the re­
ceiver to indicate the prediction used by the transmitter. 

The pictures obtained showed less granular noise than those from 
any of the other encoders. They showed little deviation (Fig. 5d) 
from the pictures coded as eight-bit ·PCM. Most edges are reproduced 
well, but those sloping at about 45 degrees upward to the left showed 
some local slope overload due to a mistaken choice of prediction. Un­
fortunately, a mistaken choice on one line tended to lead to similar 
mistakes on the next line and hence such clusters of mistakes tended 
to be visible. Different strategies for making the choice altered the 
slope of the edges on which the trouble occurred. So far only simple 
strategies have been tried; more complicated ones may well eliminate 
the problem. Obviously, there is a wide variety of techniques to be 
explored. For instance, there can be more than two options. In view 
of the low granular noise of the encoded pictures, such exploration is 
well worthwhile. 

The effect of a transmission error on the decoded picture can be 
catastrophic. The receiver can lose track of the prediction option 
selected by the transmitter. Indeed, the effect of a large error tends to 
make the receiver choose incorrectly. This is illustrated by supposing 
the pel D has an error of +64 levels. This ge~erates a large spatial 
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change; ID - BI is large and hence (A + D)/2 will probably be used 
as the prediction. This propagates the error to the next line. If A 
should have been used as a prediction instead of (A + D)/2, then the 
differences are added to the wrong prediction at the receiver. The 
effect on the decoded picture can be catastrophic as is illustrated in 
Fig.6d. 

VI. DISCUSSION 

Because of the improved picture quality and the insensitivity to 
transmission errors compared with a standard differential quantizer, 
coders (i) and (iii) seem at present to be the most practical for intra­
field coding of pictures for transmission. This is especially true when 
fixed length codes are to be used. We have still to determine the best 
quantizing characteristics and the best weighting of pel A with pels on 
the previous line to form a prediction. 

Except for a few poorly predicted pels, the optional prediction en­
coders give a better rendering of the scenes described than do the fixed 
prediction encoders [e.g., coders (i) through (v)]. Hence we are con­
tinuing to study ways of removing the last few flaws in the coded 
picture. The sensitivity of this type of coder to transmission errors 
may be a serious problem. We. are considering a number of methods 
for reducing this sensitivity. 
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On the Control of Linear Multiple 
Input-Output Systems* 

By B. GOPINATH 

(Manuscript received July 1, 1970) 

The control of linear time-invariant systems is one of the most basic 
problems of nwdern au,tomatic control theory. Although ((optimal con­
trollers" which minimize certain costs associated with control can be 
determined, in most applications ((simple controllers" suffice, and are 
often more desirable. The criteria by which these simple controllers 
are designed are closely related to the problem of assigning the 
eigenvalues of the fundamental matrix (i.e., the poles of the system) 
to arbitrary but specified locations. This paper presents an wpproach 
to the design of such control syste1ns. Our approach does not involve 
computing complicated canonical forms, as do some previous methods; 
and at the same time generalizes easily to multi-input-output systems. 
A simple solution of the problem of designing feedback control systems 
with a minimum number of dynamic elements is also pJ·esented. 

1. INTRODUCTION 

In recent years there has been a considerable amount of interest in 
the problem of designing controllers for linear systems. Although 
most of the theoretical interest has centered around optimal control 
approaches, it is generally known that in most standard control sys­
tems, simple and usually nonoptimal controllers suffice. One of the 
oldest problems of control theory is that of stabilizing a linear control 
system by using feedback (see Fig. 1). Although this problem has 
been solved in the single input-output case by many people, one of the 
first clear statements was that by D. G. Luenberger.1 In the case of 
multiple input-outputs, elegant solutions are of recent origin (see Ref. 
2). Almost all of the published solutions resort to canonical forms, 
and in the multiple input-output case are not convenient to work 

* A talk based on this paper was presented' at the Second Assilomar Con­
ference on Circuits and System Theory, 1968. 
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Fig. I-Model of controller. 

with. Also, in almost all cases, since the system is often described in 
terms of variables that are of direct interest, a transformation to 
canonical form is inconvenient. 

In this memo we present a solution of the problem including the 
problem of designing controllers of minimal dynamic order (i.e., a 
controller using the. least number of dynamic elements). The present 
solution does not resort to the use of canonical forms for the design. 
This approach also helps to systematically exploit the additional 
freedom that is obtainable due to the multiplicity of the inputs and 
outputs. In fact there is no previous solution known to the author 
which solves the problem of designing "minimal order" observers 
without resorting to complicated canonical forms. 

We begin by introducing certain preliminaries and establishing the 
notation, and then solving the problem of designing controllers and 
observers in Sections III and IV. In Section V, the problem of design­
ing controllers of low dynamic order is solved. 

After this paper was written, the author became aware of the paper 
by W. M. Wonham. 3 'Vonham derives Lemma 1 in the following sec­
tion. The proof given in W onham however uses the theory of minimal 
polynomials, as compared to the proof given in the following section 
which uses only the concept of linear spaces. 'Vonham himself has 
commented in his paper that an abstract proof of his results would 
be very worthwhile. The author feels that the proof given in the 
following section is an abstract version. The results of Sections III 
through V are not to be found in Wonham's paper. 

II. LINEAR TIME-INVARIANT SYSTEMS AND THE PROBLEM OF CONTROL 

The following definitions contain certain undefined but generally 
understood concepts such as dynamical system, etc. For a more 
detailed discussion of these ideas, the reader is referred to Ref. 4. 
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2.1 Linear Time-Invariant System 
A linear time-invariant system ~ is a dynamical system governed 

by the following equat'ion. 

x(t) = Fx(t) + Gu(t) , 

y(t) = Hx(t) , 

(1) 

(2) 

where x(t) (: En is the state of 2; and u(t) (: Em and y(t) (: E P are the 
inputs and outputs of 2; respectively. F, G, and Hare n X n, n X m 
and p X n matrices respectively, and are independent of time t. 

A "system" hereinafter shall denote a linear time-invariant system 
for brevity. . 

2.1.1 Cyclic System 

2; is cyclic if there exists x (: En such that the matrix [x Fx ... Fn-1x] 
is nonsingular. 0 

2.1.2 Complete Controllability 

2; is completely controllable if the rank of [G FG ... Fn-1G] is n. 
See Ref. 4 for details. 

2.1.3 Complete Observability 

2; is completely observable if the rank of [H' F'H' ... F,n-1H] is n. 
Finally 2; is ordinary if 

(i) ~ is cyclic; and 
(ii) 2; is completely controllable and observable. 

Most systems· ordinarily dealt with are cyclic, because, as will be 
shown in this section, the condition of not being cyclic is caused by 
havi~g two identical subsystems embedded in one system and yet 
completely decoupled. from each other. Hence it is a singular situation 
in the sense that whenever a system is completely reachable and com­
pletely . observable, a slight amount of feedback can make the system 
cyclic (see Ref. 5). 

It is very interesting to note that most theorems to be given in this 
paper are dependent on a simple and basic property of linear spaces. 
This property is stated as the following lemma. 

Lemma 1: Let g i, i = 1 ... n, be n distinct linear subspaces of a 
linear space. Let .£ be a linear space contain~d in the set union of g i , 
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i = 1 n. Then 

£ ~ fJ i for some j E {I, 2, ... n}, 

where ~ denotes "contained in". 

(3) 

Proof: The proof will be based on the principle of finite induction. 
The lemma is obviously true for n = 1. Now suppose the lemma is 
true for all n < no ; i.e., suppose that, given fJ i , i = 1,2, ... , n < no , 
then £ ~ Ui~n fJ i implies that £ C fJ i for some j ~ n. It will then be 
proved that the lemma is true for n = no , which will complete the 
proof of the lemma by finite induction. 

Assume £ is not contained in the set union of any m (m < no) of 
the fJ /s, for if it is so contained, then the lemma trivially holds (from 
previous paragraph). Therefore there exists no vectors Xi such that 

XiE~, XiEfJi and Xi¢fJ i if i~j. (4) 

Consider now any two of these no vectors Xi , Xi and 

i ~ j, a E R. (5) 

(The set of real numbers). 

Since £ is linear, Xi + aX i E £ '\/ a; also, since £ ~ Ui~no fJ i 

Xi + aXi EfJ 8 forsome sea) E {I, 2, "', no}. (6) 

However, since there are only a finite number of fJ /s while a can assume 
any values from the uncountably infinite set R, there exists an "s" 
such that for at least two distinct values of a, namely al and a2 , 

and 

But this implies that 

(7) 

i.e., 

Xi E fJ 8 since al ~ a2 and fJ 8 are linear. (8) 

Therefore s = j by (4), i.e., Xi + alXj E fJ i , whence Xi E fJ i since Xi E fJ i 

and fJ i is linear. Once again using (4), Xi E fJ i ==} i = j which contradicts 
equation (5). Q.E.D. 

Note: As can easily be seen, Lemma 1 does not hold in general for 
an uncountable union of linear spaces. 

Definition: A square matrix F has simple structure if and only if for 
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each eigenvalue Xi , of F there exists one and only one eigenvector ei . 
(In other words, F is simple if no two uncoupled Jorden blocks in the 
canonical form have the same eigenvalue.) 

Note: All the eigenvectors are assumed to be normalized such that 
the first nonzero component is + 1. 

Lemma 2: The statement that the system ~ is cyclic implies that the 
square matrix F in equation (1) has simple structure. 

Proof: Suppose there exists two eigenvectors el and e2 of F corre­
sponding to the eigenvalue X. Then '3 two eigenvectors, dl and d2 of 
the matrix F' corresponding to ~, where F' is the conjugate transpose 
of F. Let x be any vector in En. Then suppose y is the projection of x 
in R (d l , d2), the subspace spanned by d l and d2 . Let 

z t R(d l ,d2) such that (z, y)* = 0, z ~ O. (9) 

Then since ((x - V), z) = 0 because z t R(d l , d2), it follows that 
(x, z) = 0 by equation (9) and since z t R(d l , d2), z = a1d l + a 2d2 . 

Therefore 

(z, Fr x) = ((a1d l + a2d2), Fr x), 

= ~r((aldl + a2d2), x), 

= xr(z, x) = 0 

Therefore the proof is complete. Q.E.D. 

V r. 

Definition: A subspace £ of En is an invariant subspace of F if 
x t £ => Fx t £. fJ.(F) denotes an s-dimensional invariant subspace of F. 

Lemma 3: The statement that ~ is ordinary implies that :3 an a t Em 
and (3 t E P

, such that 
. I' 

p([F : GaD = p([F' : H'(3)) = n t. 

Proof: Notice that the number of invariant subspaces of F are finite, 
since the number of one-dimensional invariant subspaces are finite. [This 
follows from the familiar structure of invariant subspaces, see equa­
tion (6).] Suppose x t R(G), the space spanned by the columns of G and 

p([F : x)) = sex) < n. 

* (z, y) is inner product of z and y. 
t The matrix [F : A] will in general denote the matrix [A FA··· Fn-1A], 

and p ([F : A]) denotes the rank of [F : A J. 
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Therefore x t (R(G) belongs to some d.(F), s < n. Therefore, from 
Lemma 1 (R(G) C d.(F) for some s < n, which contradicts p([F:GD = n. 
Therefore 3 an a t Em, such that p([F : GaD = n. Similarly the othe~ 
case. Q.E.D. 

The above lemma shows that 3 a single input-output system corre­
sponding to every ordinary system, such that the controllability and 
observability of the new system is implied by that of the old system 
with multiple inputs and outputs. Lemma 4 shows that the weighting 
vectors a and (3 could almost be any vector in Em and E P respectively. 

Lemma 4: The statement that ~ is ordinary, that a t Em and (3 t E P
, 

implies that p([F : GaD = p([F' : H'(3D = n almost surely.* 
Proof: Notice the determinant of [F : Gal is a polynomial in a, and 
by Lemma 3 we have shown is nonzero for at least one a. If the distribu­
tion of a does not allow nonzero probability to any surface of dimension: 
< m then 

Probability that p([F : GaD = n is 1. Q.E.D. 

The stability of l, and the transient response of l are generally 
characterized by the eigenvalues of F, which in turn are given by the 
characteristic polynomial X (F). Hence loosely by dynamics of l we 
mean the characteristic polynomial or the eigenvalues of F. 

Given that a system l models a "plant" to be controlled the problem 
that we will consider is that of designing another system If such that 
the resultant "closed loop" system has arbitrary dynamics. 

III. THE DESIGN OF CONTROLLERS 

In order to motivate the nature of the problem in Section IV, we 
shall first solve the so-called control problem which essentially is a 
simplified version of the problem postulated in Section II. The H 
matrix in equation (2) is nbw assumed to be the "n" dimensional 
identity denoted by I~, in other words, the complete state of l is 
available for measurement. In this case, we show that we need only 
feed back a certain linear function of the state ((x" to achieve any 
given dynamics for the closed loop system. 

The problem formally reduces to the following. 
Given a plant l described by equations (1) and (2) with H in (2) 

* a and {3 are chosen from any joint distribution in Em and EP respectively, 
which does not assign nonzero probability to a surface of dimension less than 
m and p, respectively. 
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replaced by In, it is required to find an Tn X n matrix K referred 
to in the following as the feedback gain such that the resultant system 
has the prescribed characteristic polynomial (10) 

n 

n + '"'" n-i S L...J "I is . (10) 
i=1 

Let the characteristic polynomial X (F) be 

n 

x(F) = sn + 2: aisn-i. (11) 
i=1 

Then from Fig. 2 the problem reduces to finding K such that 

n 

x(F - GK) = sn + 2: 'YiSn-i (12) 
i=1 

since the new differential equation is j; = (F - GK)x + Gu. The' 
solution is contained in the following theorem. 

Theorem 1: If a system ~ is cyclic and completely controllable then 
with "11 , "12, ... , "In real constants, 

n 

(1) x(F - GK) = sn + 2: 'YiSn-i 
i=1 

for any K of rank one satisfying 

"11 = a1 + tr (GK) 

"In = an + an+ 1 tr (GK) + ... + tr (Fn-1GK). 

(2) Moreover there exists at least one K satisfying equation (14). 
Proof: The new characteristic polynomial with feedback is 

x(F - GK) = det (sI - F + GK), 

Fig. 2-Feedback control when the state is known. 

(13) 

(14) 
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I.e., 

= det [(sf - F)(f + (sf - F)-lGK)] , (15) 

= x(F) det (I + (sf - Ft1GK). 

Since K is of rank one, it follows that (sf - F)-lGK has rank one; 
therefore 

det (I + (sf - F)-lGK) = 1 + tr (sf - F)-lGK (16) 

where tr (A) denotes the sum of the diagonal elements of A. Therefore 
from equation (15) 

x(F = GK) = x(F)[1 + tr (sf - F)-lGK], (17) 

i.e., 
x(F - GK) = x(F) + tr [x(F) (sf - F)-lGK] (18) 

which since 
co 

(sf - F)-1 = 2: F is-(i+l) 
i=O 

outside an appropriate region in the complex plane (see Ref. 6), 
becomes 

x(F - GK) ~ x(F) + tr [X(F) t. [F'S-"H'GK] ] . (19) 

Now using the Cayley-Hamilton theorem (see Ref. 6), i.e., using the 
fact that 

n 

Fn + 2: aiFn- i = O. (20) 
i=1 

and equating coefficients of equation (19), we have that the coefficient 
of sn- i on R. H. S. of equation (19) is (using ao ~'Yo ~ 1) 

= 0, 

'Yi = ai + a i - 1 tr GK + ... + tr F i
-

1GK, 

= 0, 

Therefore 

1'1 = a1 + trGK, 

1'2 = a2 + a1 tr GK + tr FGK, 

j > n; 

n ~ j ~ 1; 

j < 0. 

(21) 

(22) 

(23) 

(24) 
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This proves that if there exists K of rank 1 such that equation (14) is 
satisfied, then K satisfies equation (24), and that if K satisfies equa­
tion (24), then equation (12) is satisfied. 
Let 

where I denotes the transpose. We have, rewriting equation (24), 

1 0 0 trGK 

'Y=a+ 
al 1 0 trFGK 

a l 

an - l an - 2 ... all tr Fn-IGK 

Let 

1 0 ... 0 0 

a l 1 ... 0 0 

A ~ 

an -2 an - 3 
... 1 

an - l an - 2 
... a l 1 

Notice here that A-l always exists and can be evaluated easily. 

trGK 

trFGK 

(25) 

(26) 

(27) 

(28) 

Now we assume K = exk' (ex and k are m X 1 and n X 1 matrices 
respectively), such that K is of rank 1 then equation (28) becomes 

tr Gak' 

tr FGak' 
(29) 



1072 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971 

Since tr FiGak' = a'G'F'ik, equation (29) becomes 

a'G' 

a'G'F' 
(30) 

a'G'F,n-l 

But from Lemma 4 it is clear that p ([ F Ga]) = n for almost all a. 
Therefore it follows that equation (30) has a unique solution for almost 
any a, and this completes the proof. 

Therefore from the proof of the above theorem, it is easy to see 
how we can find the required gain matrix. Equation (28) is linear in 
the elements of K. The freedom in the multi input-output case is 
essentially one of picking a. Almost any solution of equation (28) 
which has rank 1 will do the job. Notice that restricting K to be of 
rank 1 also helps to reduce the number of amplifiers to implement 
the system, for K then can be realized by (m + n - 1) amplifiers 
instead of (mn). 

IV. DESIGN OF OBSERVERS 

In Section III we saw how a gain matrix K could be computed for 
the system.~ with H = In . However when H ~ In, the state In' of ~ 
is not directly observable and an observer to estimate the state has to be 
designed. It will become clear that Theorem 1 gives the solution to this 
problem also. The solution consists of designing a linear system ~o 
which is constructed in such a way that its state x. can easily be ob­
served, and such that the state of ~o tends to the state of ~ as "rapidly 
as desired." (The meaning will become clear in the following.) 

The system ~o will consist of a model of ~ driven by an input which 
is equal to the sum of the inputs to a weighted error term which is the 
difference between the state of ~ and that of ~o • 

Let ~o be defined by 

i = Fx + LH (x - x) + Gu. (31) . 

Let the error x ~ x-x. Then equations (1) and (31) imply 

:i = Fx - LHx. (32) 

N ow we would like x to decrease to zero according to some dynamics 
in the sense that x(F - LH) should be some prescribed polynomial. 
It is obvious that once again the problem is to find an L such that 
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x(F - LH) is a prescribed polynomial which by Theorem 1 again is 
easily done by solving 

1'1 = a l + tr LH, 

1'2 = a2 + al tr LH + ... + tr LHF, 
(33) 

1'n = an + an- 1 tr LH + ... + tr HFn
-

1
, 

where Yi are the coefficients of the prescribed polynomial. Hence now 
the complete solution can be stated as follows. 

Step 1: By solving equation (33), construct an observer with dy­
namics such that it is sufficiently fast compared with the plant. 

Step 2: By solving equation (26), construct the controller as III 

Section III to have the required closed loop'dYI}amics. 
Step 3: Cascade the observer and the controller as in Fig. 3. 

We can show that the characteristic polynomial of the entire closed 
loop system of Fig. 3 is actually x(F - GK)x(F - LH). 

I----~----I 

I 

I I 
L ______ . ___ ~ 
1---------1 

I 
I 

I 

I F I 

I H I 
I L ________ 2:0 _____ ~ 

Fig. 3-The structure of a complete "controller." 
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The differential equation for the complete system of Fig. 3 is as 
follows. 

[x] [F -GK ][X] + [G] 
i. = LH F - GK + LH x G u. 

Si~ce the characteristic equation is unaltered by a nonsingular trans­
formation of the state [x', xT, consider the transformation T denoted by 

Obviously Tis nonsingular and 

T[ F -GK ]T-1 = [F - GK GK] 

LH F - GK + LH 0 F - LH 

whose characteristic polynomial is clearly 

x(F - GK)x(F - LH). 

V. DESIGN OF OBSERVERS OF MINIMAL ORDER 

In Section IV, the design of observers was discussed and it was seen 
that the observer is a system of the same order as ~, namely n. If it is 
assumed that H has full rank (this assumption is obviously no loss 
of generality), it is clear that the knowledge of Hx gives measurements 
on part of the state immediately; for 

y = Hx (34) 

gives the projection of x on the row space of H. Hence it seems that 
one should be able to find the other component in the complement of 
the row space of H by making use of a dynamical system of order 
(n - p) (H: p X n). This was first proved by Luenberger in 1964 
in the single inputjoutput case and was proved in the multiple input/ 
output case by the same author in 1966.2 

In the following section, a simple proof of this proposition is given 
and a different method for constructing the ·observer is derived. 

Let the given system be,· as before: 

x = Fx + Gu, 

y = Hx. 

Let H be of full rank. It can be assumed that H is of the form 

(35) 
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H = [Jp , 0], p < n; (36) 

since a nonsingular transformation of the state of equation (35) can 
always be found such that equation (36) holds. Hence, if 

x ~ [::J: _ p' (37) 

and 

Then 

F = [~1l F12JP , 
F 21 F22 n - p 

G = [G1JP 
G2 n - p. 

Xl = F llx1 + F12X2 + G1u, 

X2 = F21X1 + F22X2 + G2u. 

(38) 

(39) 

(40) 

Now the design procedure will be described in the form of two theorems 
for clarity; 

Theorem 2: If (R, F) is completely observable, then [Fl2' F22 ] U3 
completely observable. 

Proof,' The assertioI); of the theorem is in some sense intuitively 
clear, since y = Xl does riot give any direct information about X2 . The 
only information about X2 is obtained from equation (40). That is, 

(41) 

which implies that F12 , F22 should be completely observable in order 
that (H, F) be completely observable. 

The proof of the theorem is immediate, since (R, F) completely 
observable implies that the rank 

p[(H', F'R', '" , Ffn
-

1H')] = n, 

i.e., using the partition of F indicated in equation (38), 

I o 

(42) 
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[In the following a row of a partitioned matrix will mean the "block" 
row; for example, the first row of the matrix in equation (42) is 
[10], the second row is [Fll F 12 ], etc.] 

The rank of the matrix in equation (42) is unaltered by adding to 
any row linear combination of other rows. Hence 

1 0 l 

F12 

P F12F22 = n. (43) 

F12F~;1 

The third row of the matrix in equation (43) is the third row of the old 
matrix - F11 (first row) - Fll (second row), etc. Equation (43) im­
plies that, irrespective of what the first column of the matrix in equa­
tion (43) is, 

o 

p (n - p), (44) 

which by the Cayley-Hamilton theorem implies that one need only 
include terms up to F12F~;p-l which gives 

(45) 

Theorem 3: There exists an "observer" of dimension (n - p) for ~ 
of Theorem 2. 

Proof: Consider the "partitioned" system presented in Theorem 3. 

From Section IV it is clear that since (F12 , F22) is completely ob­
servable we can find an L such that (F22 - LF12) has arbitrary eigen-
values. Hence if X2 is defined by . 

£2 = F22X2 + LF12 (X2 - X2) + G2u + F21Xl , (46) 

then x = X2 - X2 implies 

~ = (X2 - £2) = (F22 - LF12)X2 . (47) 

Therefore by choosing L appropriately, we can make X2 ~ 0 as fast 
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as we want. The only problem is observing (X2 - X2) in equation (46), 
that can be solved as follows. Using equation (40), equation (46) re­
duces to 

i2 = (F22 - LF12)X2 - LFuXl - LGlu + G2u + F 21 X l + LXI. (48) 

All the terms on the R. H. S. of equation (48) except LXI can be ob­
served. In order to eliminate the need for getting LXI we replace it by 
(F22 - LF12)Lxl , i.e., if 

X2 = (F22 - LF12)1,2 - LFuXl - LGlu 

+ G2u + F 2lXl + (F 22 - LF l2)Lxl . (49) 

Then it can be shown by integration by parts that 

x2 = 1,2 + exp (F22 - LF12)t 

. (x2(0) + LFllx l(O) + LGlu(O) - G2u(0)) + LXl(t). (50) 

Therefore by appropriately choosing initial conditions for the system 
described by equation (49) we can make 

(51) 

hence the proof is complete. Note that even if the initial conditions 
for equation (41) were not set, the error term, namely, 

Xl - X2 - Lxl(t) ~ 0 as fast as exp (F22 - LF12)t. 

The proof of the theorem, though complete above, is easier to see in the 
form of figures. 

Equation (48) says that the observer is of the form presented in 
Fig. 4. 

Theorem 3 implies that Fig. 4 is equivalent to Fig. 5, namely, the 
input Xl shifted over to the right of (n - p) dimensional integrator. 

From the above theorems the following method evolves for the 
construction of minimal-order observers. 

Step 1: Construct by the method of §3 an L such that F22 - LF12 
is stable and has the required dynamics. 

Step 2: Use the output Xl in the configuration presented in Fig. 5 
to get [xi , x~] which gives the required estimate. 

VI. EXAMPLE 

In order to illustrate the methods presented in this paper, we solve 
a simple example of a control problem. 
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.::c1 

u 

53 2 

Fig. 4-Minimal order observer with rate information. 

The problem is to stabilize the control system 

(52) 

It is readily seen that the characteristic polynomial of this system is 

83 - 382 + 38 - 1, or (8 - 1)3, (53) 

which shows that the system is unstable. 
It is desired to design a controller which observes the output y and 

computes a linear feedback law such that the plant (52) behaves as a 

Fig. 5-Minimal order observer without rate information. 
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system with characteristic polynomial 

(8 + 1)3 = o. (54) 

Proceeding as in Sections III and IV, suppose (Xl, X2 , Xi!) were avail­
able; then the feedback control gain matrix say 

[

kIl kl2 k l3] 6 K 

k21 k22 k23 

can be computed from equation (24) which gives 

2 1 

4 1 

6 1 

o 0 

2 2 

10 4 

(55) 

(56) 

Almost any solution (56), subject to the condition that rank of K = 
1, will do. For the purpose of this discussion a particular solution, 
namely 

will be considered. 

[
2/3 4/3 4/3J 

2/3 4/3 4/3 
(57) 

Now since X3 is not actually available, an estimate will be computed 
and the error will be required to diminish as fast as exp (-2t), at the 
same time using only one integrator in the feedback loop. From 
equation (52) it follows that 

(58) 

[~l] = [1 3][XlJ + [2lx3 + [1 0JU
2. 

X 2 0 1 X 2 2J 2 0 U 2 

(59) 

The expressions in equations (58) and (59) can be compared to the 
more general treatment of Section III by noting that 

FH = [~ ~} 
(60) 

F22 = [1], F2l = [0 0]. 
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Then 

F" - LF" = 1 - [L, L,t] = -2. (61) 

One solution for Lis 

Ll = L2 = {. (62) 

The analogue of equation (23) is 

a\ = X3 + (3/2 3/2)[2l (X3 - x3) + UI + U2 ; (63) 
2J 

that is, the solution of equation (46) obviously tends to X3 as fast as 
exp (-2t) for from equation (52) 

:t (x3 - X3) = -2(X3 - X3). (64) 

In order to construct the observer, in equation (63), X3 has to be 
replaced by Xl , X2 which are directly measurable. Proceeding just as 
in §3, equation (46) becomes 

fa = -2fa + [3/2 3/2lt:l-l~ ;I::J -[~ ~]::} + u, + u . 

(65) 

Therefore 

The only quantity that is not available on the right-hand side of equa­
tion (66) is (Xl + x2 ), but appealing to Theorem 4 it follows that if 

£3 = -2£3 - 3/2 Xl - 6X2 - 9/2 UI - 3(x1 + x2) + UI + U2 (67) 

X3 -7 £3 + 3/2(x1 + X2) (68) 

and the error tends to zero as exp (-2t) [it can be made zero by setting 
the initial condition on the integrator simulating equation (62) to 
X3(0) - !(xI(O) + X2(0»]. 

Hence £3 + ! (Xl + X2) which can also be gotten as in Fig. 5 tends 
to X3 as exp (-2t). Therefore the controller design is complete. The 
analog computer realization is shown in Fig. 6. 
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+ 

Fig. 6-Example of a controlled system. 
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I. INTRODUCTION 

B.S.T.J BRIEFS 

HILO-An Improved Transmission Scheme 
for Semiconductor Switching Networks 

By R. R. LAANE 

(Manuscript received July 25, 1969) 

Foremost among the problems in semiconductor switching network 
implementations is the difficulty of fabricating a semiconductor cross­
point which duplicates the characteristics of' metallic crosspoints of 
nearly zero "on" impedance. A low crosspoint impedance is necessary 
for low signal loss through the switching network. 

A transmission technique is described in this paper which relieves the 
requirement for low crosspoint "on" impedance and which allows 
excellent voice-band transmission characteristics with unbalanced 
semiconductor switching networks. The technique called HILO con­
verts voltage inputs to the network into current changes using a high 
input impedance current source and transmits the current changes 
through the network crosspoints by modulating the network bias 
current. A low output impedance is provided at the networks receiving 
terminal, where the modulated currents are decoded to recover normal 
voltage-current levels. 

II. CURRENT TRANSMISSION 

The ac equivalent of the HILO current transmission circuit is shown 
in Fig. 1. Assuming idealized transistor characteristics (zero emitter 
impedance, infinite collector impedance, and unity a), an input signal 
Ci controls the current source, Ql , converting the input into a current 
change i = ed Ri . The current change is transmitted through a net­
work path and is supplied as an input to a common base amplifier, 
Q2 , at the receiving terminal. The recovered output is given by 

(1) 

Although equation (1) assumes idealized transistor characteristics to 

1089 
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SWITCHING 
NETWORK 

i. r--.. - .......• ~ 
~ 

+ 

Fig. 1-Current transmission circuit for switching networks (assume a -+ 1). 

keep the exposition simple, the equation remains reasonably valid for 
voice-band applications using Darlington transistor pairs and normal 
(600-ohm) transmission impedance levels. 

Because information is transmitted only as a current .phange within 
the switching network, crosspoint resistance and crosspoint nonlineari­
ties do not impair the characteristics of the recovered signal. Recovered 
transmission level becomes primarily a function of Ri and Ro . As a re­
sult, n,etwork gain (loss) characteristics, can be accurately controlled. 

In addition to providing good signal transmission capability, the 
technique allows nearly ideal isolation between network paths. Capaci­
tive crosstalk is minimized because only a small voltage change is pro­
duced within the network transmission path as a result of the trans­
mitted current changes. This is the result of a low input impedance at 
the common base output stage and the result of relatively low series 
resistance of the network crosspoints. 

Inductive crosstalk is reduced because the high output impedance 
of the current source driver makes the transmitted currents relatively 
insensitive to inductive coupling between network paths. 

III. BIASING; TRANSMISSION, AND CONTROL 

As an example of current transmission, Fig. 2 illustrates the biasing, 
transmission, and control circuitry necessary for operating an un­
balanced thyristor network. Only a single direction of transmission is 
shown. For a bidirectional connection, a second, identical circuit is 
required. 

To establish a connection through the network, a CONNECT signal 
is applied at the transmit terminal. The signal sets the control flip-flop, 
thereby turning off Ql . As a result cprrent source transistors, Q2 and 
Q3 , become forward biased. The CONNEqT signal also saturates Q4 which 
allows Q2 and Q3 to saturate during selection. 
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N ext, appropriate thyristor base selection lines are pulsed simul­
taneously to form a path through the network stages. Crosspoints are 
activated when the selected current path appears at the cathode terminal 
and when a thyristor selection control signal is applied at the base 
terID:inal. Thus, thyristors turn on in sequence starting with the stage 
nearest the network input terminal. 

Holding current for the crosspoints is supplied through thyristor 
base terminals of successive stages until a path has been established 
from the transmitting to the receiving terminal. At this time, appro­
priate holding current is supplied through Q5 and Q6 and thyristor 
selection inputs may be terminated. Finally, the CONNECT input is re­
moved, causing Q4 to turn off and forcing Q2 and Qa to function as a cur­
rent source. 

Supply voltage V 2 is selected to set the level of the current source col­
lector voltage (Q2 and Qa) at a higher potential than the thyristor base 
selection inputs. This prevents faulty connection to already active net­
work paths. 

A network path is disconnected by applying a DISCONNECT input 
to the control flip-flop. This causes Ql to saturate, terminating the 
current flow in the network path "and thereby tearing down the connec­
tion. 

NETWORK 
INPUT 

STAGE nj------
SELECT 

Fig. 2. - Thyristor network using current transmission. 

NETWORK 
OUTPUT 
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Fig. 3-Com~ined hybrid and transmission gate (assume a - 1). 

IV. COMBINED HYBRID AND TRANSMISSION CIRCUIT 

A loss-less electronic hybrid can be combined with the transmission 
and biasing circuits to convert ~wo unidirectional transmission paths in 
the switching network to bidirectional transmission paths at the net­
work terminals. Figure 3 shows the ac equivalent of the hybrid ,circuit. 

Currents appearing at the emitter of Ql are transmitted to the emitter 
of Q5 via Q3 ; whereas, currents at the emitter of Q5 are transmitted to 
Ql via Q4 and Q2 . Inverter stage Q4 is necessary for proper phase rela­
tionship in the transmission loop. The circuit can be described by the 
following z-parameters 

Consequen tly, 

and 

VI = - ~31 V 2 • 

The input impedance at the two input terminals is given by 

Zl = VI = RJR
3
R

4 

II R 2R g2 

(2) 

(3) 

(4) 

(5) 
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''--~I _--J/ "---,-/ ''-------,-1 ____ ----.J/ ~ , / 

TERMINAL SWITCHING JUNCTOR SWITCHING TERMINAL 

Fig. 4 - Combining two hybrid-transmission circuits in a switching network. 

and 

_ V2 RIR3R4 

Z2 - 12 = R
2
R

gl 
• 

(6) 

To cancel the inverse effect of RUl and Rg2 on input impedance two 
identical circuits are cascaded between network terminals. Assuming 
Rl , R2 , R3 , and R4 of the circuits are identical, the circuit acts as a 
gyrator and termination impedances are reflected through the network 
to the input terminals such that 

(7) 

For symmetry, two stages are connected as shown in Fig. 4 to form a 
switching network with unidirectional network paths and bidirectional 
network terminals. 

The contributions and suggestions of W. B. Gaunt, J. E. Iwersen and 
D. Vlack on the hybrid circuit are gratefully acknowledged. 
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A Telephone Traffic Model Based on Randomly Closing 
Crosspoints, and Its Relationships to Other Models 

By V. E. BENES 

(Manuscript received December 23, 1970) 

1. INTRODUCTION AND SUMMARY 

In the theory of traffic in telephone connecting networks it is on one 
hand a virtual necessity, for practical purposes, to compromise the true 
complexity of the system under study and to introduce drastic simplify­
ing assumptions that allow some calculation to be done, and on the 
other, it is perfectly feasible to pursue basic theoretical studies without 
such compromise and simplification. For this reason, a spectrum of 
several mathematical models for describing traffic in networks has been 
developed in recent years. 

These models range from "simple" ones that furnish an incomplete 
description based on strong stochastic independence assumptions, to 
"complicated" ones that exactly mirror network structure and routing. 
Each grade of model has its uses: "simple" ones for easy computation 
and involved ones for general understanding. 

An example of a useful "simple" model is the probability linear 
graph l suggested by C. Y. Lee in 1955, an outgrowth of earlier work by 
L. E. Kittredge and E. C. Molina. At the other end of the scale, an 
example of a "complicated" model is the Markov process2 proposed by 
the author in 1963 as an improvement of the "thermodynamic" model. 3 

We shall describe here another "simple" model, with a basic starting 
point similar to that of Lee, and then show how a certain natural restric­
tion of this model yields in many cases precisely the thermodynamic 
model. Our presentation thus clarifies the known relationships between 
these models, and reveals some unsuspected ones; it strengthens our 
understanding of them by showing how the apparently realistic "com­
plicated" models can arise through natural and relatively minor mod­
fications of the "simple" ones. 

Whereas Lee's model assumes that a link .e of the network is busy 
or idle with a probability Pl , all links being independent of each other, 
we propose instead to assume that each (individual switch or) crosspoint 
c is closed with some probability Pc , again independently. This 
basis for calculating probabilities has the virtue of assigning prob­
ability to every possible way of closing switches, physically meaningful 
or not. We then modify the model by calculating all probabilities 



CROSSPOINT MODEL 1095 

conditional on the system's being in a physically meaningful state. 
This procedure in effect rids our calculations of the irrelevant states by 
normalizing them out. The resulting new model we call the crosspoint 
model. If, as is usually the case, every call goes through the same num­
ber of switches, then conditioning in this way brings in the partition 
function3 in a natural way, and the crosspoint model turns out to be 
formally equivalent to the thermodynamic one; when the latter is in 
turn modified so as to take realistic account of routing and calling rates, 
it becomes the Markov process model. 

We stress that the suggestion made here of a new model does not 
really improve our capacity to calculate blocking, load-loss curves, 
or other practical items. Primarily, it provides a new derivation of the 
thermodynamic model from simple (and strong) first principles similar 
to those used for the probability linear graph model of Lee. 

II. LEE'S MODEL AND ITS EXTENSION 

The probability linear graph model has been extensively discussed1
•
4 

in the literature, so we include only a resume of the method: to calculate 
the congestion incurred by traffic. between an inlet u and an outlet v, 
attention is focused on the graph G defined by the permitted paths 
through the network from u to v; G consists of all nodes and branches 
through which some path from u to v passes. Given any complete 
specification of which branches of G are busy and which are idle (at a 
particular juncture of network operation), it is possible to examine G 
to see if there is a path from u to v no branch of which is busy. The 
method now assigns a probability distribution to the possible occupancies 
by postulating that a link f, of G is busy with probability Pl inde­
pendently of all other links. The congestion for u and v is then calculated 
as the probability that this distribution assigns to the event "There 
is no path from u to v composed of idle branches." 

We have described the probability linear graph model as assuming 
something only about certain events having to do with the graph G 
of paths for a particular call from u to v, and not as providing a prob­
abilistic description of the busy or idle condition of all the links in the 
network. However, it is entirely possible to extend the probabilistic 
description, used in Lee's model for links of G, to all the links in the 
network. This extension is natural because if the description is believable 
for one inlet-outlet pair, it should be so for all such pairs, and so for 
all links. It will of course still give only an incomplete stochastic model, 
since it says rather little about what crosspoints are closed, so that 
in general it is not possible to tell what inlet is connected to what outlet. 
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However, the extension does shed some light on the character and ac­
curacy of Lee's model, as we note in the next paragraph, and it also 
suggests the new model to be proposed. 

The fashion in which this extended version of Lee's model works is 
clear: the states of the network, i.e., all the possible ways of closing 
crosspoints, whether physically meaningful or not, are partitioned ac­
cording to the equivalence relation of "having the same links busy," 
and probabilities are assigned to these equivalence classes. In this 
situation, it is unfortunately true that physically meaningful and 
physically irrelevant (microscopic) states occur in the same equivalence 
class. Were this not so, one could try to remove the effect of the ir­
relevant states5 by insisting that all probabilities be taken conditional 
on being in the set of relevant states. This set, however, does not have 
probability assigned to it. 

III. THE CROSSPOINT MODEL 

There is, nevertheless, a basic modification of Lee's approach in 
which the normalization device for eliminating the "irrelevant" states 
can be used. The change to be made is this: whereas Lee's model assigns 
a probability P l of being busy to each link t, we propose to assign a 
probability Pc of being closed to each crosspoint c, all independently 
in both cases. The point is this: if it is known what crosspoints are 
closed, then it is known what links are busy, but not vice versa. This 
approach has the property of assigning probability to every state of 
the network, physically meaningful or not. 

In particular, the set of meaningful states is assigned probability. 
Once this is true we can restrict attention to these states. We shall 
eliminate the effect of the irrelevant states by simply normalizing them 
out of the picture, i.e., by calculating all probabilities of interest condi­
tional on being in the set of meaningful states. The distribution of 
probability (over the set S of physically meaningful states) obtained 
in this way we shall call the "crosspoint" model, because the basic 
events to which probability is assigned are closings or openings of cross­
points. In a similar vein, Lee's model might be called the "link" model, 
because the basic probabilities are assigned to the busy or idle condition 
of links. 

IV. PROPERTIES OF THE CROSSPOINT MODEL 

Let S be the set of physically meaningful ways of closing crosspoints, 
and for x £ S let c(x) be the number of switches or crosspoints closed 
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in x. Let us suppose that all crosspoints have the same chance p of being 
closed. (This is likely to be true if the network traffic is uniform and 
if there is neither concentration nor expansion.) The basic unconditional 
probability assigned to x is then 

pC(x)(l _ p)C-C(x) x (: S 

where C is the total number of crosspoints in the network. The prob­
ability of x conditional on being in the set S of physically meaningful 
states is then zero if x ¢ S, and 

pC(x)(l _ p)C-C(x) 

LpC(Y)(l _ p)C-C<Y) , 
IItS 

or, with p. = pl(1 - p), 

C (x) 
J.1. 

for x (: S, 

This is of the familiar Maxwell-Boltzmann form, with the function 
c(·) playing the role of the energy. The reader familiar with the thermo­
dynamic mode13 will at once recognize the resemblance of the above 
expression to the basic (equilibrium) state probabilities in that model, 
which assigns a meaningful state x £ S a probability 

with I y I = number of calls in progress in state y, and A a positive 
constant. As we have pointed out, this distribution is obtained by 
maximizing the entropy functional subject to a fixed mean number 
of calls in progress. Exactly the same arguments3 characterize the 
distribution over S in the crosspoint model, as fol~ows: 

Theorem: The distribution {qx , X (: S} of probability over S which max­
imizes the entropy functional 

subject to the constraint 
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with c a fixed number > 0, is given by 

where JJ. > 0 is the constant determined uniquely by the equation 

C = d log "" C (x) 
JJ. dll L..J JJ. • 

r- XES 

Thus the crosspoint model differs from the thermodynamic model 
only in that the average number of closed crosspoints, rather than 
that of calls in progress, is fixed while maximizing the entropy. In an 
important class of cases the two models formally coincide, even. This 
can be seen from the 

Corollary: If every call goes through exactly s switches, then the state 
probabilities assigned by the crosspoint model with parameter p are exactly 
the same as those assigned by the thermodynamic model with parameter 

A ~ 1" ~ (l~-P)'. 
For evidently in this case c(x) = six I. The property that every call 
goes through the same number of switches is possessed by virtually 
all the connecting networks used in practice. 
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