



















































































































































































































































































































































































































































































































































































































































































































































































SELF-SYNCHRONIZING CODING 961

to higher-order sequential encodings, with the code word depending on
the present message S(z) and some finite number of previous messages.)

As an example, consider the sequential encoding given by Table I.
A, B, C and D represent four source symbols S(z}, = 0, 1, 2, 3, where
1 is the level of the symbol. This is an example of an encoding in which
the code word w(¢]j) to be transmitted is a function of the cyclic
difference between the level of the symbol S(z) to be encoded (column
headings) and the level of the symbol S(j) just previously encoded
(row headings): w(i|j) = W(k), where k =1 — j (mod 4). This
encoding is thus a difference encoding. Note that, irrespective of the
choice of the code {W (k) }, there is always ambiguity in decoding as
soon as an error is made. If for example S(2) is decoded instead of
S(1) as a result of a transmission error, subsequent decoding will
consistently produce S(z + 1) instead of S(i) where ¢ + 1 is modulo
4, as long as further errors do not compensate for the original errors.
(Throughout the paper, all additive operations involving 7 and j are
modulo 7.)

As a second example, consider the sequential prefix code of Table II.
In this example four different prefix encodings w(7|j) are used for
j = 0, 1, 2, 3, depending upon the symbol S(j) previously encoded.
For example, if “A” was just encoded, then A, B, C, D are encoded
as 0, 11, 100, 101, respectively. Thus any symbol S(7) as input to the
encoder acts as a synchronizing input sequence. (The encoder is a 1-
definite machine,' with its output being a function of the present input
symbol and the previous input symbol.)

A state diagram for the decoder is given in Fig. 7. The states A, B,
C, D represent the successful decoding of these four symbols, while the
states a, b, ¢, d, a’, b’, ¢/, d’ are intermediate states. The state diagram
is shown in four pieces, which fit together as the upper-case letters
indicate. The synchronization diagram for this state diagram is shown
in Fig. 8. Its construction follows the usual technique®!° and is similar
to the synchronization diagram for prefix codes (cf. Fig. 3). The top

TaBLE I—Ifour-LEVEL DirfERENCE CODE

i=0 1 2 3

8() 8@) = A B c D
j=0A W(0) W(1) W) W(3)
7=1B W(3) W(0) W(1) W(2)
j=2¢C W(2) W(3) W(0) w()
7=3D w(1) W(2) W) W(0)
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TaBLE II—A Goop SEQUENTIAL PREFIX CODE

i=0 1 2 3

S() 8@) = A B C D
i=0A 0 11 100 101
7=1B 010 1 00 011
i=2¢C 100 11 0 101
7=3D 010 011 00 1

node corresponds to the set of all states. Each terminal node corre-
sponds to the occurrence of the end of a code word resulting from a
particular symbol S(7). Given a “0” input, the next state must be onc
of A, C, b, d, &/, ¢/, for example, beginning with the set of all states.
The synchronizing diagram of Fig. 8 results after noting several
equivalences (e.g., Abda’c’ with ACbda’c’).

From the synchronizing diagram of Fig. 8 it is seen that the se-
quence 0011 can arise in code text only if the corresponding source
sequence ends in a “B”. Thus 0011 synchronizes the decoder to the end
of a code word corresponding to the symbol “B” irrespective of what
preceded it; similarly 00101 synchronizes to “D”, 1100 to “C”, and
11010 to “A”. Assuming 0 and 1 are random in the above sense, it is
easily shown that synchronization results from total ambiguity after
an average of J = 7.67 digits. The sequential synchronization lag J
is the average number of code digits until the end of a code word is
achieved corresponding to a known symbol; that is, J is the average
length of the synchronizing sequences. In this example, the occurrences
in code text of the encoded versions of CB, CD, BC and BA imply
synchronizing sequences for the decoder. (For example, note that CB
is encoded as 0011 following a “B” or “D”, as 10011 following an “A”,

Fig. 7—State diagram for the decoder for the code of Table III.
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ABCDabcdab'c’d’

D A

; Fig. 8~78ynchronizing diagram for the decoder of Fig. 7, J = 767, J/ = 3,
"’ = 467.

and as 011 following a “C”; in the last case, 011 must have been
preceded by a “0”.)

In the example, any sequence ending in 00 or 11 (cf. Fig. 8) guar-
antees the end of a code word, although not the code word for a known
symbol. For purposes of this paper, synchronization to the end of some
(unspecified) code word is called first-stage synchronization. Synchro-
nization to the end of a code word corresponding to a particular symbol
is called second-stage synchronization. The former is of concern in
prefix codes, and both are of concern in sequential codes. In rare cases
(particularly asymmetric ones), the second stage is achieved simul-
taneously with the first stage. In many useful cases, however, they
may be treated independently. (In all but one example given in this
paper, second-stage synchronization implies a particular known code
word as well as a particular known symbol.)

[A word of caution is again needed regarding the randomness as-
sumption. Again, the actual lag may be defined in terms of the actual
probabilities. If synchronizing sequences occur naturally in code text,
then the lag J is a fair estimate of the actual lag. If the sequences occur
only as a result of unlikely sequences of symbols, then the lag J is
smaller than the actual lag. However, in such cases the encoding can
often be altered so that J is realistic. In general, it is desirable to have
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codes with widely distributed likely synchronizing sequences, as in
Fig. 8, rather than being totally dependent on a few obscure sequences.]

IV. CODING COMPLEXITY

It is clear that the choice of the code of Table II (with J = 7.67)
is (infinitely) superior to the code of Table I (with J = ) in terms of
resynchronizability. If W (k) = 0, 11, 100, 101 in Table I for k =
0, 1, 2, 3, then the codes of Tables I and II are identical with respect
to compression capabilities. The significant concern remaining is the
computational complexity of the encoder and the decoder for the code
of Table II. Intuitively, one might expect that an n-state sequential
prefix code would be almost n times as complex as a difference code in
terms of its encoding and decoding circuitry. Somewhat surprisingly,
codes are developed below for which the complexity is essentially the
same as the difference codes, while attaining good synchronizability
and compression,

Examination of the code w(i|j) of Table IT shows that the prefix
code w(i|1) for state B (j = 1) is the binary complement of the code
w(1]0) for state 4 (j = 0), eyclically shifted by one word: w(i| 1) =
w’(¢ — 1| 0). Further, the code w (7| 2) for state C (j = 2) is related
to w(i|0), having the same code words but with a different mapping.
In particular, w(7|2) = w(2 — 7¢|0). Finally, the code for state D
(7 = 3) is the shift of the complement of w(¢|2), or the complement
of the shift, and thus w(i|3) = w’(3 — ¢]0). Thus all four of the
prefix codes are closely related to any one of them.

The code w(z|j) as a function of w(z|0) is summarized in Table
IIT1 for each j. The structure of the code is somewhat more transparent
when related to the difference code of Table I, with W (k) = 0, 11, 100,
101 for k = 0,1,2,3 and k = ¢ — j (mod 4). In this case, w(i|j) =
Wiky, W k), W(—=k), W (=k) for j = 0, 1, 2, 3, respectively. The
encoder and decoder for Table II are thus easily specified in terms of
the difference code. If (p, q) is the binary representation of j as shown
in Table IIT, then W (k) is replaced by W(—k) if p = 1, and the result
is complemented if ¢ = 1. The encoder for the difference code is shown
in Fig. 9, while the encoder for the sequential prefix code of Table 1T
is given in Fig. 10. (“A” represents a one-digit delay.) It is seen that
an AND gate (-) and two EXCLUSIVE OR gates (®) represent the
marginal cost of encoding the latter code, compared to the difference
code. The same is true of the decoder, which employs precisely the
same set of gates.
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TaBLE III—SuMMARY oF ENCODER AND DECODER FOR THE CODE OF

TasLE IT
J P |q Code w(il7)
0 0 0 w(Z]0) = w(7]0) = W(k)
1 0 1 w(il) = w'(i—1|0) = W'(k)
21 1 10 | w@2) = w@—i0) = W(—k)
31 1 |1 | w@d) = w'(3—i0) = W(=FK)

V. CONSTRUCTION OF GOOD SEQUENTIAL PREFIX CODES (WITH SMALL LAGS)

The synchronizing properties of sequential prefix codes fall into two
classes, those which depend on the individual choice of the encoding
w(i|j) for each ¢, j, and those (in varying degrees) which are inde-
pendent of the actual choice of w(i|j). [The encoding of Table I,
for example, has J = o irrespective of the w(7|j).] Such properties
are said to be choice-dependent and choice-independent for these two
classes. An example of how choice-independent properties may be
treated separately is given by the following theorem.

5.1 Very Bad Codes (J = )

Theorem 1: A sequential prefix code has J = o in each of the
following cases: (a) if there are precisely n distinct code words among
the n. X n {w(i | j)}, each of which occurs evactly once for each i
(a “Latin square” code); (b) if for some value of s (0 < s < n) the
relation w(t + s|j + s) = w(i|j) holds for all © and j.

Proof: Case (a). Consider an ambiguity between any two symbols
which could have led to a given code word. Then any subsequent code
word could have resulted from either of two distinet symbols. Thus
ambiguity is never reduced, and J = <o irrespective of the choice of the
n independent w (¢ | j). [Note that if the prefix code for any j (the same
code words, but a different encoding for each j) is self-synchronizing
(I < ), then it is possible to reduce ambiguity to the end of some
(unknown) code word, but no further. Recall that in the definitions, a
distinetion is made between the code (the set of code words) and

i.‘_i K W(k) CODE TEXT

Fig. 9—Encoder for the difference code of Table I.
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j lp > j CODE

L A > ®
a i | ok ¥ W(k*)—»

Tig. 10—Encoder for the sequential prefix code of Table II.

the encoding (the mapping between code words and source messages).]

Case (b). Without loss of generality, suppose that s is the smallest
value of s for which w(i 4 s |j+s) = w(/]|j) foralliand ;. (If sis 1,
the code is a difference code.) Then w (i + gs | j + gs) = w(¢|j) for all
1, j, for every integer g. Let « be the smallest value of ¢ > 0 for which
gs = 0 (mod n). Then since s is as small as possible, it follows that su
= n, i.e., s divides n: Thus there are s prefix codes w(? | j), e.g., for j =

0,1, -+, s — 1, which completely determine the prefix codes for j = s,
s + 1, -+, n — 1. That is, the same prefix code (shifted) occurs for
each j = gs + h (mod n) forg = 0,1, -+, (n — §)/s, for any fixed

value of h, 0 = h = s — 1. Thus there must always remain an ambi-
guity among all the symbols with ¢ = gs + & (mod n) for g = 0,
1, -+, (n — s)/s, for any particular value of 2,0 = h = s — 1. There-
fore J is infinite again, irrespective of the choice of the sn independent
w(i|j). QED.

[Case (b) of Theorem 1 can easily be extended to include cases for
which w(t + s|j + ) = w(i|j) for all 7, j: if s and ¢ are each
relatively prime to n, or more generally if s and ¢ have the same order
in the field of integers {i.e., if u = v, where » and v are the smallest
non-zero values for which us = 0 (mod n) and vt = 0 (mod n)}. As
these cases are less natural to the present environment, they are men-
tioned parenthetically.]

The difference codes satisfy both cases (a) and (b). Another example
of case (b) is given in Table IV. If ¢, f, g, h are replaced by b, ¢, d, a,
respectively; this example also satisfies case (a), and is a “sum” code
rather than a difference code.

5.2 Properties of Good Codes

It is highly desirable that sequential codes {w (i | j)} have consider-
able structure, in order to simplify encoding and decoding, to simplify
the analysis of synchronizing properties, and to facilitate the construc-
tion of good large codes. Several intuitively evolved properties have
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been examined which are found to contribute considerably to this
desired structure. Firstly, to simplify encoding and decoding, the num-
ber m of distinct prefix codes (not counting complements) used to form
a sequential code should be small (one or at most two). If a prefix
code and its complement are both used, the sequential code is comple-
mented. In the complemented code of Tables II and III, m is one
since the prefix code for each j is W (k) or its complement. Since the
circuitry required is up to m times as complex as when m = 1, large
values of m are to be diligently avoided. The m distinct prefix codes
(ignoring complements) are called kernels. The property of keeping
m small is called the symmetrization property; it is choice-independent.
Secondly, if all code words w (7 | j) for a given 7 end in the same digit,
irrespective of j, then first-stage synchronization is greatly enhanced.
This property of making code-word endings uniform by column (as in
Table II) is called the columnization property. (It is more or less
choice-independent.) A third property involves the number of different
symbols to which a given code word can correspond. (In the example
of Table II, half of the code words occur only for one value of 7 each.)
Second-stage synchronization is greatly aided by having almost all code
words oceur only for a relatively small number of different symbols,
avoiding having each occurrence correspond to a different symbol S(z).
This'is called the association property, and is also choice-independent.

It should be noted that none of the above properties is necessary for
obtaining finite lag codes; however, these properties are found to be
helpful in achieving low lags. Although the example of Table V is a
(complemented) one-kernel code,-it violates both the columnization
property and the association property. (Note that each code word
occurs only twice, but always for different symbols.) Its lag J, though
finite, is quite horrendous (around 200), with the shortest synchroniz-
ing sequences being of length ten (e.g., 0101000100). It thus compares
badly with the code of Table II with respect to its lag. (It even com-
pares badly with the worst columnized one- kernel finite- lag code using
the given preﬁx code, for which J = 23 1),

TasLE IV—ExamprLE oF A CopE wWiTH J = « BY THEOREM 1 (D)
n=48=2

"rRoe
[=p =Nk
PR O
ho e e
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TaBLE V—A Bap FiNitE Lac Cope

0 11 100 101
1 00 011 010
101 100 11 0
010 011 00 1

An example of a two-kernel code which satisfies the columnization
property and the association property is shown in Table VI. The code
words which occur for only one value of 7 are indicated by asterisks.
This code has J = 8.9, with synchronizing sequences including 0011
(for B) and 11100 (for C).

In a columnized code, the set of symbols S(¢) for which all code
words end in “0” (“1”) is called the 0-set (1-set). In the example of
Table VI, the sequence 00 (among others) guarantees the end of a code
word corresponding to the 0-set A, C or E (2 even), while a 111 guaran-
tees the end of a code word corresponding to the 1-set B or D (¢ odd).
These are two of the first-stage synchronizing sequences. Having re-
duced the ambiguity to a 0-set symbol or to a 1-set symbol, the associ-
ation property within these sets is of great aid to second-stage synchro-
nization. For example, the code words which optimally satisfy the
association property (e.g., those with asterisks in Table VI) themselves
act as second-stage synchronizing sequences in this example. Associa-
tion is especially helpful to second-stage synchronization if the prefix
code is the same for each symbo] S(j) in the O-set, and similarly for
the 1-set. This is the bifurcation property of columnized codes, that
the 0-set and the 1-set use one pre‘ﬁ‘x code each (although the two
codes may be identical). Note that this property is found in the code
of Table VI, in which two distinet prefix codes are used. If present, the
bifurcation property implies that the symmetrization property is met
with m = 1 or 2. (By definition, bifurcated codes must be columnized.)
~ An example of a one-kernel code satisfying all four of the above
properties is given in Table VII. Apart from 00 and 01, no code word

TasLe VI—A Two-KerneL Exampre, J = 8.9, I’/ = 4, J”’ = 5.1

S(7) S#Z =A B C D E
A -0 - 11* 100 1011* 1010
B 010* 1 00* 0111 0110*
C 1010 11* 0 1011* 100
D 010* 0111 00* 1 0110*
E 1010 11* 100 1011* 0
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TaBLE VII—A OnNe-KerNEL Examerg, J = 20.2, [ = 8, J" = 14.7

S(j) S@E)=A B C D E F G ist

A'B 00 01 100 101 1100 1101 1110 1111
C, D 1100 1101 00 01 100 101 1110 1111
E,F 1100 1101 100 101 00 01 1110 1111
G H 1100 1101 1110 1111 100 101 00 01

occurs for more than two symbols S(¢z) (ie., in more than two
columns). The lag is seen to be J = 20.2.

5.3 Balanced Codes

If the columnization property is to be achieved in a complemented
sequential code, then any kernel prefix code and its complement must
each have the same number of code words ending in zero (or one).
Consequently, the prefix code (and its complement) must have half
of its code words ending in each digit. Such a prefix code is called a
balanced code, and of course must have an even number of code words.
The codes of Tables IT and VII are examples of balanced prefix codes
used in complemented and uncomplemented one-kernel codes, respec-
tively.

Theorem 2: For every set of code-word lengths with n even for
which there exists an exhaustive prefix code, there exists at least one
balanced prefiz code.

Proof: A simple proof involves a construction procedure during
which the number of code words ending in “0” differs by at most one
from the number of code words ending in “1”. Thus since n is even,
the resulting code is balanced. Such a procedure is easy to construct,
but is omitted here since it does not contribute to a basic understand-
ing of the paper. [It can in fact be shown that the ratio of balanced
exhaustive codes to all exhaustive codes is asymptotic for large n to
1/ (nar) ]

A -few balanced exhaustive codes are shown in Fig. 11, including one
for each structure function N (d) with n = 4 and 6. In each of these
cases, the code shown has the smallest possible lag I among all bal-
anced codes with the given N (d).

If the sequential code is not complemented, the kernels need not be
balanced. However, the use of balanced prefix codes as kernels is
highly beneficial. It greatly enhances flexibility in the assignment of
the w(i | j) according to the needs of synchronization (e.g., via colum-
nization and association), coding complexity and compression.
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CODE n=4

O AR

N(d) 04 12 1z 1032 1104 024 0312
I c0 6 5.2 5.3 7 10 12
T’ %) 3 3 6.1 5.5 10 "
T o0 5 31 6.3 5.9 0 13
* oo 2 2 5.1 4.5 9 10

Fig. 11—Some balanced codes for n = 6.

5.4 Analysis of First-Stage Synchronization

Another property emerges from considering the relation between
the lag J of a bifurcated sequential code and the lags of the kernel
codes. For an uncomplemented one-kernel code, first-stage synchroni-
zation is guaranteed by the synchronizing sequences of the kernel, i.e.,
with the lag I of the kernel. Thus this lag should clearly be small. On
the other hand, for a bifurcated complemented one-kernel code, the
lage I is not relevant to first-stage synchronization. Instead the mu-
tual lag I’ of a prefix code and its complement is needed. The mutual
lag of a 0-set code and a 1-set code is obtained by considering the state
diagrams of both codes. Imposing the restriction that a code word
ending in “0” (“1”) is followed by a 0-set (1-set) code word, these
two state diagrams become one just as the four diagrams in Fig. 7
become one. The mutual lag I’ is then the lag of this combined state
diagram, obtained from the mutual synchronizing diagram, ie., the
synchronizing diagram for the combined state diagram. Terminal nodes
consist of first-stage synchronization, i.e., solely of 0-set or 1-set code-
word ends. (Note that the mutual lag is partially choice-independent,
depending on the choice of the 0-set and 1-set prefix codes, but not on
the actual w(i|j).) Mutual lags are relevant primarily for balanced
prefix codes and their complements, as used in (one-kernel) bifurcated
complemented codes; this case is assumed unless otherwise specified.
They are also meaningful for two-kernel bifurcated codes, for which
the mutual synchronization diagram also guarantees first-state syn-
chronization. (For example, the two prefix codes used in T'able VI have
I’ = 4.) Note that the mutual lag of a code with itself is I’ = I (since
the 0-set code and the 1-set code are identical).

Consider as an example the prefix code {0, 11, 100, 101} used in
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Table II. Suppose that it is used for the 0-set symbols A and C (Fig.
12a), while its complement is used for the 1-set symbols B and D (Fig.
12b). The state 0 (1) corresponds to a code word ending in “0” (“17),
and implies that the next code word is taken from the 0-set (1-set)
code. (Note that irrespective of the actual w(z ] j), the occurrence of a
00 or a 11 suffices to guarantee the end of a code word, as in Fig. 8.)
The mutual synchronization diagram is given in Fig. 12¢, and has
Ir=3.

Values of the mutual lag I’ are given in Fig. 11 for each code shown
there and its complement. In each case, the code shown has the smallest
value of I’ for any balanced code with the given set of code-word
lengths N (d). A numerological curiosity is provided by Fig. 11: for
each N (d), the indicated best value of I’ is precisely one greater than
the best value I* of I attainable by any code (unbalanced, in fact)
with the given N (d). Since this curiosity is true of all N(d) for ex-
haustive codes with n = 6, including those for odd n, it seems highly
likely for all n, for all NV (d) for which exhaustive codes exist.

[It should be noted that the value of I’ for a given prefix code and
its complement is obtained with the given code as the O-set code. If
it is used instead as the 1-set code, the resulting value of I” is the
mutual lag of the complemented prefix code, and is designated by I.
Values of I' are also shown in Fig. 11. It is seen that I’ and I' are not
usually the same.]

The kernel lag J’ of a bifurcated code is then defined as the synchro-
nization lag of the first stage. For a one-kernel uncomplemented codé,
J” = I; for a two-kernel (uncomplemented) code, or a one-kernel com-
plemented code, J = I’. The kernel lag property then states that the
~ kernel lag J’ of a bifurcated code should be small, in order to help mini-
mize the lag J.

0,1,2,3,4,5

Fig. 12—Example of first-stage synchronization in a complemented code with
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5.5 Further Properties of Bifurcated Codes

The second-stage lag may be approximated by the structural lag J”
which assumes first-stage synchronization, and results in a known
symbol (at the end of a code word). It is obtained by averaging the
second-stage lags, K beginning with the 0-set and K’ beginning with
the 1-set; K and K’ are weighted according to the probabilities of
reaching the 0-set and 1-set, respectively, in the mutual synchroniza-
tion diagram. (In the example of Table VI, for example, it is seen that
these weights are ¢ and }.) The structural lag property states that this
lag should be as small as possible. A rough measure of J” may be
made independent of the prefix code by assuming all code words of
equal length, and the 0-set and 1-set equiprobable.

Theorem 3. For a bifurcated code,
J=J +J".

Proof: The theorem follows from the definitions. Inequality occurs
when, in the sequential synchronization diagram, first-stage synchro-
nization occurs in at least one case as the result of an advantageous
subset of either the 0-set or the l-set. By “‘advantageous’” is meant
a subset which accelerates second-stage synchronization. The value of J’
gives precisely the first-stage synchronization lag in any event. When
there are no such subsets, equality holds, as in Fig. 8. (For example,
the code of Table VI has J' = 4, J"” = 5.1 and J = 8.9; the sequence
1100 guarantees not just the O-set, but specifically a “C” or an “E”
at its end. The code of Table VII also has such subsets. These subsets
are obtainable from the first-stage synchronization diagram, and may
be used to calculate the exact second-stage lag J based on the subsets
with their appropriate weights, rather than just on the 0-set and the
1-set. Then J = J’ + J . In all cases J”/ = J . Also, if J” is infinite,
then so is J~.)

Theorem 4: A bifurcated code has J = o if and only if either J’
or J'' is infinite.

Proof: The “only if” follows as a corollary of Theorem 3. The “if”
requires two cases. If J”/ = o, then J = o« since the 0-set and 1-set
are subsets of the set of all states, on which J is based. If J' = e,
first-stage synchronization is never reached. Since a bifurcated code
must go through this stage in order to reach second-stage synchro-
nization, and since J’ is the true value of first-stage lag even when
there is inequality in Theorem 3, it follows that J = «. QED. (Note
that in Theorem 4 J'* may be replaced by J".)
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In many symmetric cases, the O-set and the 1-set are equivalent
structurally, and K = K’ = J'. This oceurs in the example of Table II,
since the code obtained under the transformation 4 & D, B & C is
the complement of the Table II code (a complementary reflective
symmetry). It also occurs in Table VII, since the 0-set and 1-set sym-
bols are paired with identical encodings. Such symmetric cases are
advantageous for encoding/decoding and analytic simplicity.

In certain cases it is desirable to use complemented bifurcated codes.
If the above numerological curiosity is true in general, there is essen-
tially no sacrifice in the best I’ of a balanced code compared to the
best I = I* for the given N (d). That is, first-stage synchronization is
just as rapid for these complemented codes, while avoiding the diffi-
culties arising from the use of an unbalanced code. Further, considering
only balanced codes for a given N (d), the best value of I’ is often
better than the best value of I (cf. Fig. 11). Thus the overall lag is
frequently better. Furthermore, the flexibility of compression available
with the complemented codes is often greater. For example, consider
again the code of Table II, this time only in terms of its code-word
lengths. Using an exhaustive prefix code, it is impossible to have length
one on the 1+ = j diagonal with an uncomplemented one-kernel code
unless the columnization property is violated; this in turn may greatly
increase the lag of the code.

[Surprisingly, prefix codes with I = o are not altogether useless. If a
one-kernel code uses a block code or a code the greatest common divi-
sor (ged) of whose lengths is greater than one, then it follows that
J’ = J = . It is interesting to note, however, that many uniformly
composed codes and anagrammatic codes (with I = ) have I’ < oo,
and thus may give rise to one-kernel codes with J < o, assuming
J’ < . The smallest possible finite exhaustive anagrammatic code
with I” = I' = c« has n = 18, and is its own complement. An infinite
example with the same properties is provided by the self-complement-
ing anagrammatic code of Fig. 6¢. Thus the use of such prefix codes
in a one-kernel sequential code must result in J = oo, by Theorem 4.]

VI. GOOD STRUCTURE FOR LARGE SEQUENTIAL CODES

The codes of Tables II and VII are rather small examples, albeit
good ones, of one-kernel codes. Since great compressions are found
primarily in large codes, the next question is whether low lags can be
achieved for large codes without sacrificing coding simplicity and
compression. ‘
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Assume for now that it is possible to approximate the second-
order probabilities associated with the code words w(7 | j) as a function
of £k =1 — j (mod n), and hence that from a compression point of
view a difference code is meaningful. (This assumption will be general-
ized below.) Now consider the general n-level one-kernel encoding
framework shown in Fig. 13. The difference k is modified as a function
of j, and the result &% is encoded by an ordinary prefix encoding
W (k*). If the code is a complemented code, the result is complemented
(e.g.,if 7 is odd). (Otherwise the complementing circuitry is not needed,
as in Table VII.) The corresponding decoder is shown in Fig. 14.
(Again the complementing circuitry may not be required.) In many
cases the demodification circuitry of Fig. 14 is identical to the modifi-
cation circuitry of Fig. 13, with the input and output interchanged.
Note that the codes of Tables II (see Figs. 9 and 10) and VII are
examples of codes amendable to this framework. The incremental cost
of encoding and decoding compared to difference codes is embodied in
the modification logic and the trivial complementing logic; as long as
the modification logic can be kept simple, the incremental cost is low.
The compression can in general be made at least as good as the differ-
ence code. ‘

If a balanced code is used, the framework defined by Fig. 13 makes
it easy to satisfy the columnization property, the symmetrization
property (with m = 1), and the bifurcation property. The choice of a
prefix code is dictated by the kernel lag property, and by the condi-
tional probability distribution of the symbols S(7), given S(j). The
suitable strygture is dictated by those probabilities, mitigated by the
structural lag property, and by the complexity of the modification logic
desired. Considerable experimentation has shown that the properties
discussed here are central to the construction of good codes. Columni-
zation and the choice of prefix codes with small J” greatly facilitate
first-stage synchronization. Association greatly influences second-stgge
synchronization. Bifurcation greatly simplifies coding complexity and
improves second stage synchronization. The use of balanced codes is

SOURCE X
L A J J\\ J\\ CODE
g o MODIFI-| "yo* COMPLE- | TEXT
) - —| CATION W(k*) MENTING ——b
- k LOGIC

LOGIC

DIFFERENCE PREFIX
DECODER

Fig. 13—Generalized encoder for one-kernel codes.
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‘ PREFIX" : RECOVERED
CODE DECODER | % SUM . SOURCE
TEXT k k L i
~———{ DECOMPLE- 0 » DEMODIFI- - .

MENTING - W~ CATION i+ .
LOGIC I,k J

e P [ ]

Fig. 14—Generalized decoder for one-kernel codes.

very helpful. If the number n of messages is odd, however, it may be
desirable to use a two-kernel code as in Table VI to achieve columni-
zation.

If the conditional probabilities are strongly asymmetric and/or
not approximately representable by difference probabilities, it may
be advantageous from a compression standpoint to use a multi-kernel
code. Alternatlvely, or additionally, it may be desirable to eliminate
the dlfference/sum circuitry in Figs. 13 and 14, and to deal directly
with the ¢ and j. The properties described in this paper are equally
relevant in such cases. No restrictive assumptions have been made
regarding the first-order probabilities. It is also unnecessary for 0-set
and 1-set code words to match even and odd 7, respectively; this is
merely a deseriptive convenience.

6.1 Large Balanced Codes:

In order to enhance the kernel lag property for codes with large n,
it may be desirable to use truncated systematic prefix codes rather
than optimal prefix codes as kernels. In this way it is possible for I to
remain small as n increases. Several examples of such codes which may
easily be truncated to give balanced codes are summarized in Fig. 15,
along with their structure functions N (d) and their lags I, I’ and I
The best lag I* for any code with the specified N(d) is also given,
along with the random average code-word length L for N (d). The
selection of efficient codes for compression purposes is considered in
Ref. 1.

There exist niany classes of codes for which J remains finite (and
in fact quite small) as n increases without limit. A simple (rather
extreme) example is indicated in Table VIII for n = 8. The code is
columnized, complemented, bifurcated, and maximally associated with-
out being trivial. (It assumes very high probability of ¢ = j for com-
pression purposes.) To avoid confusion, the symbols are given as A to
H for i and j from 0 to 7; the integer k is given to indicate the occur-
rence of the code word W (k). If j is odd, the complementary code word
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CODE I I & T* L N(d)SFC;Rd=

d

8 - - 8 8 002244 812 24 ¢+~
€

9 9 9 3 7 002246 1016 26 » +

f
8 9 10.5 <8 6 O 0Ol 361015 2128 ¢«

Fig. 15—Some systematic prefix codes easily truncated to balanced codes.

W’ (k) is used, and the table is read from the bottom up. The code
thus has complementary reflective symmetry. If W(k) = 0, 11, 100,
1011, 10100, 101011, 1010100, 1010101 for k = 0, 1, ---, 7, then
J = 8.62. This code is readily extended to arbitrary even n with a
similar pattern of k’s: for each even j other than 0, k = 0 for 7 = j,
E = j for 1 = 0; otherwise k& = i; code words for odd j are then
specified by the complementary reflective symmetry. The modification
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logic of Figs. 13 and 14 is thus exceedingly simple, and the comple-
menting logic is again a single EXCLUSIVE OR gate as in Fig. 10.
The limiting prefix code is code (a) of Fig. 15. Analysis shows that a
sequential code with J' = I" = 3, J” = 4[1 + Y% + Y5 + Yy + Yoss
+ -] < 5.7, J < 8.7 exists for every even n. (For suitably skewed
distributions, the compression factor arising from this code approaches
the base two logarithm of n.) This is an example of a class of codes for
which the differential circuitry is not relevant; it is easier to encode
directly as k = 1, with (n — 1)/2 pairs of exceptions. Variants for
which the 1-set is treated in this fashion while the O-set is treated
differentially as before are also easily implemented. These variants
provide a very simple structure which results in low J and simple
circuitry.

[A word of caution is in order when considering sequences of ex-
haustive prefix codes approaching systematic codes in the limit: the
limit of a sequence of values of I (or I’) thus obtained is normally
somewhat larger than the value of I (or I’) for the limiting systematic
code. (The previous example is an exception with respect to I’.) Code
(b) of Fig. 15 is an example in point, with I = I’ = 5. The limit of the
value of I (or I’) for the codes 01, 10, 001, 110, 000, 111 (I = I’ = 10),
01, 10, 001, 110, 0001, 1110, 0000, 1111, (I = I’ = 8), ete., is seven,
although this sequence approaches the systematic code (with I = I’ =
5) in the limit. In general, truncated systematic codes have better
synchronization properties than their finite exhaustive approximations,
since the values of I and I’ are essentially unaffected by truncation.
For large codes, there is little if any noticeable degradation in com-
pression caused by using truncated infinite codes.]

The use of definite codes is suggested since their lags are minimal
(I = L), while I > L for non-definite codes. However, non-definite
codes can be quite good. Codes (a) and (¢) in Fig. 15, for example,

TasLe VIII—ExamprLE oF A Goop Cope FRoM AN INFINITE CLASS OF
CobEes ror WHicH J < 8.7 FOR ALL 7

7 k for desired W (k)
even A B C D E F H=S()
ji A 0 1 2 3 4 5 6 7 H
C 2 1 0 3 4 5 6 7 F
E 4 1 2 3 0 5 6 7 D
G 6 1 2 3 4 5 0 7 B:j
S¢)= H G F E D C B A Jj odd
k for desired W'(k)
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have N (d) for which definite codes exist (whence I* = L). In these
cases, I’ = L + 1, recalling the above numerological curiosity. No
counterexample to this curiosity is known among N (d) for which
definite codes exist, or even among all systematic codes. In general,
there are many non-definite cases for which I or I’ is quite close to
L + 1. Thus in these cases the non-definite systematic codes do almost
as well as comparable definite codes in achieving first-stage synchroni-
zation. Subsequently the non-definite codes may be much better in
reaching the second stage. Definite codes are necessarily completely
unbalanced,'? with all code words ending in the same digit; therefore
a complemented columnized code is impossible. Although a non-com-
plemented code is thus automatically columnized if it uses a definite
prefix code as its kernel, seccond-stage synchronization often must
begin with the set of symbols, not just half of them as in the case of a
balanced code. However, some definite codes are balanced on two
distinet terminal sequences, e.g., on the next to last digit of each code
word or on some earlier digit position. In these cases, it is possible to
columnize on the two distinet terminal sequences. As an example, con-
sider code (d) of Fig. 15. This is a definite code defined by the set of
sequences {0100,0110}, with N(d) =00224481224 --- . For each
length there are exactly as many code words ending in 00 as in 10. If
the sequential code is columnized according to the last two digits of
each code word into a 00-set and a 10-set, first-stage synchronization
results in one of these two sets, as in the balanced code situation. Since
I = L = 8, this code has synchronization properties excelling any non-
definite code with the given N (d).

6.2 Guidelines for Choosing Good Encodings

Because of the perversity of the three-dimensional tradeoffs among
compression, complexity and synchronizability, it is pointless to try to
give a specific algorithm for choosing the best encoding for a given
application. Optimality in any one dimension is of little concern, for
slight sacrifices in any of these dimensions often result in great savings
in the other two. Besides, no sensible cost metric is known. Nevertheless,
the techniques of this paper provide a set of guidelines for the con-
struction of good codes and good encodings.

The first step in selecting a sequential encoding is to establish for
each j the code-word lengths which are optimal for the code word
w(i | 7) in the prefix code for the given j, based on the conditional prob-
abilities of S(z), given S(j). This may be done simply using any variant
of the Huffman algorithm® which derives the code-word lengths. In-
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spection of the matrix of lengths thus obtained (i.e., of the set of n
structure functions, one for each j) indicates what kind of symmetries
the code might reasonably have, e.g., whether a reflective symmetry is
in order, and whether the code can be a one-kernel code. A comple-
mented bifurcated code may be required for compression reasons, as
in Table I1. The next step is to choose the basis code(s), considering the
set of lengths and the first-stage lag J'. For large codes, techniques of
Ref. 1 may be required to aid code selection. The encodings should then
be arranged to have the columnization and association properties to
help minimize the first- and second-stage lags, respectively. The de-
sired code-word lengths should be taken as suggestive rather than as
mandatory; slight departures from these lengths are generally not
harmful to compression (especially among large lengths), and may
help greatly in decreasing J . Care should be taken to avoid having
short synehronizing sequences occur only as the result of unlikely
sequences of source messages.

VII. CONCLUSIONS

The object of this paper is to present codes with low redundancy,
reasonable complexity and intrinsic error tolerance, within a single
class of codes designed for that purpose. The approach taken is by
no means the only one, although the codes exhibited here seem quite
powerful in view of their capabilities. In combination with some
additional redundancy (e.g., as in Refs. 1, 4, 17 and 18) to be used
for error-detection and/or correction and/or forced framing, the in-
trinsic properties described here may be used to great advantage.

The sequential prefix codes of this paper can be useful for a wide
range of conditional probability distributions. Quantized video picture
information provides an example of a class of distributions®*-2?* to which
these codes seem suited, with respect to compression and synchroniza-
bility, as well as to the meaningfulness of tolerating errors for a short
period of time. Such distributions are strongly geometric,?® for which
the codes presented here are naturally applicable.

The techniques described here are also applicable to other com-
pression situations. Examples include run-length coding (which has the
same essential synchronization problem as differential coding) and
predictive, averaging or smoothing schemes, or combinations thereof.
In addition, the same techniques are applicable when code words
w (4] j) nced not be provided for many of the transitions, for example,
when only relatively small differences are possible.
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In conclusion, a wide variety of sequential prefix codes has been

presented, with a considerable range of tradeoffs among coding com-
plexity, compression and synchronizability. By not insisting on opti-
mality in any of these, it is possible to obtain codes which are highly
satisfactory in all of these respects at the same time.
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Theory for Some Asynchronous
Time-Division Switches

By J. E. MAZO
(Manuseript received September 24, 1970)

A two-wire active asynchronous time-diwision switch has recently
been proposed by J. O. Dimmick, T. G. Lewis, and J. F. O’Neill. The
interrupted energy transfer from one filter to another is accomplished
asynchronously in order that more efficient use may be made of pro-
cessing time of talker pairs on the switching bus. After first formulat-
ing, i a concise mathematical fashion, the effect of passing a signal
through. such a randomly time-varying circust, we focus attention on
optimizing an important filter response function. Typically, two per-
cent rms jitter in the transfer times yields an output S/N of 30 dB
independent of signal spectrum. The timing stabilizdation Fequired to
obtain small jitter is also discussed and an exact solution for ex-
ponential processing time is obtained. This latter result. may be put
to good use in studying the efficiency of the switch. Conservatively,
asynchronous operation should increase traffic capacity threefold.

Finally, a speech wave which passes through a sample-and-hold
circuit with random sampling times ts considered upon being recon-
structed with a fired filter. This is a model for a four-wire active
asynchronous switch, and results are compared with the two-wire
situation.

I. INTRODUCTION

Voice switching systems have most commonly been based on con-
trolling electromechanical switches which select and hold a spatially
distinet path for each conversation. The technology used to implement
such a space-division network (crossbar or ferreed switches) usually
results, in practice, of an individual path having much larger band-
width than is required for faithful transmission of the signal. The
space and cost of these switches makes other solutions desirable for

983
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many applications. One line of attack has been to keep the space-divi-
sion concept, but replace the electromechariical relays with semicon-
ductor switches. These :techniques, however, still suffer from the
hard-to-grow nature of multistage space division networks. A more
promising solution seems to be to place all the conversations on a
wideband bus using time-division techniques. In fact, the 101 Elec-
tronic Switching System (ESS) is such a time-division switch. This
system uses resonant energy transfer to “move” periodically measured
samples of a speech wive from an incoming line to an outgoing one:.In
the same vein, an dsynchronous time-division switch has recently
been proposed by J. O. Dimmick, T. G. Lewis, and J. F. O’Neill.! This
switching arrangement makes use of active energy transfer between
filters rather than resonant energy transfer and allows a variable time
slot for transferring each speech sample through the switch. The asyn-
chronous nature of this switch allows a more efficient use of processing
time than is possible to achieve synchronously. However, a consequence
of this virtue is a periodic sampling of the input waves. While the
syrichronous switch can make use of the usual sampling theory to
guarantee faithful reproduction, the asynchronous switch cannot.
Further, the modifications of the theory which are required to discuss
the proposed asynchronous switch are not simple, for the random
sampling causes some feedback cnergy which is later retransmitted,
further adding to tlie output noise. Our immediate purpose will be,
then, to present theoretical work relevant to this problem. We discuss
the quality of transmission [measured by the output signal-to-noise
ratio (S/N)] as a function of jitter in the sample values and as a
functional of a certain filter response function upon which the feed-
back energy depends. The optimum function is found. Also a tech-
nique suggested in Ref. 1 for keeping the jitter small is discussed
theoretically, and the combined question of how jitter, quality of
transmission, and increased efficiency are related is answered.

Section X summarizes our conclusions and, barring some terminology
introduced in the text, may be read next.

II. MATHEMATICAL MODEL

Consider the diagram in Fig. 1 which represents a talker and listener
on a switching bus. There will be many such pairs on a particular bus,
but we need now concentrate on only one. The way the switch works
is that, at approximately periodic instants of time, the two identical
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x(t) meut OUTPUT

|
{TALKER) FILTER | . Il FILTER ——=(_isTENER)
‘ |
v(t) w(t)
T

Fig. 1—Model for a “talker”—“listener” pair on an asynchronous switching bus.

capacitors which are shown in Fig. 1 are interchanged® and energy
transfer is effected. The following assumptions are made:

() The input-signal z(f) is bandlimited to W Hz and the switching
oceurs at times ¢, = nT + ¢, where T < 2W and e, is small com-

pared to 7.
(i) The filtering aspect of the filter is neglected in the sense that if
no switching is performed, then v(t) = z(t). In particular this

means that if current impulses of area z(nT) are applied at times
nT to the listeners capacitor, z(f) will occur at the output.

(#27) Suppose that one volt is placed on the listening capacitor when
no energy is stored in the filter. The voltage across the capacitor
(¢ = 0) under these conditions will be called z(¢), and we assume

2(0+) =
Our goal will be to determine, for given spectrum of the input, and
for given second-order statisties of the ¢, sequence, the output S/N.
The proper design of z(¢) will be of major concern in the analysis.
‘We shall call the problem just described two-wire switching.

III. FUNDAMENTAL EQUATIONS

In this section an exact equation which describes the two-wire
talker-listener switching situation will be derived. As in Fig. 1, let v(¢t)
be the actual voltage on the talker’s capacitor and w(¢) the actual
voltage on the listener’s capacitor. In the absence of switching, v (¢) =
z(t). In addition, at times nT + ¢, voltages [w(nT + e,.—) — v(nT +
en—)] are placed on the capacitor, where w({—) means the limiting

* Of course in reality they are not interchanged. What happens is that at the
given instant of time at which the “switch” is to occur, the instantaneous voltages
are measured, certain current sources (not shown) are activated and a fixed value
of current flows for a duration just sufficient to effect the interchange of charges,
and hence voltages, of the equal capacitors. All this occurs in a negligible period
of time compared with the response time of the filters.
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value of w(#’) as t’ approaches ¢ from below. Since switching occurs at
times nT + ¢, , continuity cannot be assumed at these instants and left
and right limits must be distinguished. Using the definition of z(t) we
have by the superposition principle

() = z(t) + l(;t; [wnT + e,.—) — o(nT + e,—)]e(t — nT — ¢,) (1)

where [(t) is the integer which satisfies

T + e =t <) + DT + e

Likewise for w(f) we may write

w(t) = Z(Zj,) T + e.~) — w@Tl + ¢.—)k(t —nT — ). (2

If we let t — (kT + e—) in equations (1) and (2), we have the
pair of equations ‘

1(t)

uw+q4=uw+@y—;Mw+%4—wmwwrn

2k =T + & — =1 (3)
and

()
wkT + ¢—) = 2 0T + e,—) — wnT + ¢,—)]
n=0
2k — )T + e, — e,—]. 4
It is very useful to now introduce the vectors ¥, ¥V, W and a matrix Z
defined by

I

x(kT + ek)y
v(kT + &—), ®)
Wy = ’w(kT -+ Gk—)y

Yk

U

Il

and

an = Z[(k —_ n)T + € — Gn—]. (6)
Note Zy, = 0if £ = n since z2(f) = 0 for £ < 0.
Using equations (5) and (6), (3) and (4) become

V=Y-—-2Z(V-—-W), )
W = Z(V —- W). 8



TIME-DIVISION SWITCHES 987
Solving the above pair for (V — W) gives®
V—W) =1+ 22]"'Y. 9)

Equation (9) determines exactly the behavior of the switch, for the
output is determined by applying the sequence {V; — W)} at times
kT + ¢ to the filter (here assumed ideal). We emphasize that the
jitter enters not only through the time at which the §-functions are
applied, but also in the quantities Z and Y.

Consider now a z(t) such as that shown in Fig. 2 which passes
through zero at all times kT, k > 0. If further there is no jitter, then
Z = 0, and equations (5) and (9) show that impulses of area z(nT')
are applied at times nT, thus giving «(¢) at the output. In short, in
the absence of jitter, any z(¢) which passes through zero at all positive
integer multiples of the sampling interval will be optimum. One might
now conclude that a z(t) which is zero in a sufficiently large neighbor-
hood of each such crossing will not see the jitter and would therefore
be optimum in the presence of jitter. However the following argument
(by J. F. O'Neill) suggests that such is not the case. Consider sampling
a dc signal at random times. We must get enough power through the
switch to reproduce the signal. Surely if we sample late, we are lagging
in power .and we would like to increase the area of the impulse; like-
wise if we sample early, we seem to be supplying extra power and so
should decrease the impulse area. There should be a design of z(t)
which would conspire with the jitter to reduce jitter noise even below
that noise obtained for the class of z(¢) which do not see the jitter.

1IV. WHAT IS THE OUTPUT NOISE?

Define the vector
y=V -W (10)
and the functions
sin’,_% (t — nT)

bl = ——— (1)
T (t — nT)

for all integer n. The properties of y,(t) that we use are

1!/,,()5) = ‘p—n(—t)v (12)

* The inverse of (I 4 2Z) always exists since it is triangular and all its diagonal
elements are unity.
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o\ /'\

TIME =—>

2(t) =—>

Fig. 2—An illustrative curve for z(¢).

[ wiwatty dt = 7o, (13)

and

Gl = 1) = 3 Yuen(b)¥u(le). (14)

We assume that the reconstructing filter impulse response is given by
o (¢) and thus the output error signal is

e(t) = Zo 7n¢n(t - en) - Z xn‘l/n(t) (15)
and has average power® N where
i 1 KT \
N = 1}61_1'151° KT | on e'(h) dt = lknz ﬁ eK(t) dt. (16)

In the right side of equation (16), we have mtroduced ey (t) which
is the error signal truncated to K pulses; that is, the upper limit of the
sums in equation (15) is K instead of infinity. If we use equation (14)
to expand y.(f — ¢) which occurs in equation (15), find e*(¢) and
do the time integral, we obtain

f_ () =T Z e 2 Unle) Unsmen(er)

n,k=0 m=—00
K
+ T Z xi — 2T Z Ty Wn-n(er). @amn
0 n,k=0

* This corresponds to the noise in a band up to 1/27 Hz. If T is less than the
Nyquist rate, then some out-of-band noise is included here. In practice 7' will be
about half the Nyquist interval in order to make filter design problems easier,
but then the inclusion of the out-of-band noise seems fair at this stage. Figure 3
shows a picture of the relevant bandwidths.
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Equation (14) may be used again to recombine the first terms of the
right side of equation (17) and so

K

1 [ 1
I_{_T—'y [w e;(t) = I?,,ZO PYn’Yk‘Pn—k(fk - n I Z

K
)]
2 K
- I.—{- ; Yk 1l/n—k(fk (18)

]

Recall again that
Zin = 2l(k — )T + & — &),
vi = (A + 22)ay, , (19)

v, = z(T + ¢).
It is useful to define a new matrix 8 by

It

2Z
1+ 2Z

8 = (20

so that
=Y — 9Y. 21)

Substitution of equation (21) in equation (18) splits the expressions
into two types of terms. The first type, called collectively Ax, do not
involve the filter z(t) while the remaining ones, called By, do. We
thus have

= lim E[Ax] + lim E[Bx] = A + B, (22)
K- K—w
where in equation (22), the expectation is taken over both the signal
and jitter statistics. The quantities A; and Bj are given by

1 & , 9 X
ynyk‘Pn—k(elc - fn) + F7d Z Tn — 77 Z xnyklpn—k(ek)v (23)
K 45 K

0 n, k=0
IDEAL
RECONSTRUCTING
.7 FILTER
/
r-———=---- —--7-!-1
1 |
! SIGiNAL | ALIASED
] i SIGNAL
L i h =
i a1
we \1 2T T
T 2T,

Fig. 3—Relevant bandwidths in terms of the sampling interval 7.
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= %n; Yn(OPe[¥n-r(e — &) — Yar(en)]

0

_ I%,.kz (ay)k[yn — Za)¥n—i(er)

0

K

TS o — @) @

n,

One may note that if z(t) is such that when the ﬁlter is designed
so as not to feel the jitter (as described in Sectlon IIT), then B = 0
and the noise would be given by the filter independent term A alone.
The function of the filter design is to make B as negative as possible.

To proceed further we make essential use of the fact that the ¢ are
small. In addition, sirice z(kT) = 0 is an optimum solution in the
absence of jitter we shall keep the requirement

2(kT) = 0, E=12 - (25)

and see what further optimization can now be made. This will amount
to designing the slopes of the function z(¢) when it goes through zero.
The evaluation of A4 and B for small ¢ is carried out in Appendix B.
Introducing the correlation function of the signal

R(r) = Elz(x(t + 1)] (26)

and the correlétion function of the jitter

J(k — n) = Elee,] @7)

we find that when the jitter is independent from sample to samiﬂe,
2 ‘ .
A = lim E[4k] = af[—R(O) + %%R(O)]- (28)

In equation (28), o2 is the variance of the jitter and is given, for inde-
pendent jitter, by

t=&— & =J0) — J(n = 0). (29).

To write the corresponding expression for By we intfoduce, as is done
in Appendix B, the derivatives 2, of the function z(¢) at the zeros,
that is

zag(n §=1,2,3, - (30)

z=3T
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and also the constants®

L= O = d(- = S oo 31)

Then, for jitter independent from sample to sample,

B = lim E[Bg] (32)
_ o = . 2 2 °°R(s) 2 Rs—0 |
= 4R(0)as|:; Tz, + 2 ?;:’ g RO 2, + 2 32;1 2.2, —_—R(O) ]

3>t

Expressions for Ay and Bj which include the effects of correlation in

the jitter are also derived in Appendix B and will be discussed in

Section V. At the moment we merely state that positive correlation

between jitter values will tend to reduce the noise power given by the

sum of equations (28) and (32). Equation (32) gives, incidentally,
more of a physical interpretation as to the breakup of the noise into

A and B terms. The filter mentioned at the end of Section III which

does not see the jitter certainly has 2(¢) = 0 at each crossing, and thus

from equation (32), B = 0 for that filter. Thus the A term is the
noise power for the “blind” ﬁlter it will be improved upon whenever

B is negative.

If we now define the functional F[z] of z (t) by

0

Pl = f;I‘z 42 géf ;g% ,+232=1 i R(O)‘), (33)

then optimum choice of any 2; is found by simple differgntiation of
equation (33): '

aFfe] R(k) Rk —1) - ..
9, ~ 0= 11k+2"—}!z(0)+2tz=; RO * k=L2Z

(34)

Thus for given signal statistics, equation (34) must be solved for the
optimum set of {z;}. In reality, equation (34) does not have to be
taken seriously for all positive integer k, since the response of a
realistic filter will die off rapidly with time. Thus in equation (33),
most of the Z; can be set to zero and only a few retained. If the first Z
are thus retained we shall refer to this as designing the first Z zero

* Recall the definition of y.(¢) given in equation (11). Also in equation (31),
dots denote diffefdntiation with respect to the time variable.
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crossings. Of course equation (34) will hold only for the k such that
& 5= 0 a priort.

As our first example we consider the case where the signal spectrum
is flat and extends to Quu.. = =/T rad/sec. We refer to this as the
full spectrum case. The interval 7' in this case is also the Nyquist
interval, and no oversampling is done as one would expect to do in
practice (the latter case will be treated shortly). We have

Full Spectrum Case:
R(7) = R(0)yo(r),
R(s) = 0, s #0,
R(0) = 0, (35)

ke =RO) G, a0,

2
T
T+

—R(0) = R(O)

QO | =t

Thus equation (34) yields as the optimum solution for designing all
zeros in the full spectrum case

. _ (=D _ 1,
“=Tomp T T2 (36)
Proceeding to evaluate A and B, we have
2 7|'2 2
A = R(O)-?—)irztre ,
(37)
]. 7|'2 2
B = —R(O)'§T§ o, .
Since R (0) is the signal power, we have
S 17
¥=3 %ﬁ ot . (3%

An important fact can be gleaned from equation (37): one should not
generally expect the optimum filter to be very much better than the
“blind” filter.* In the reasonable example which we have just worked,
only a gain of 3 dB is achieved.

* Of course the blind filter is itself a highly designed filter.
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TaBLe I—FuLL SPECTRUM

Jitter Standard Deviation

Output S/N o,
15 dB 0.1 7T
21 dB 0.057T
29 dB 0.027T
35 dB 0.017
55 dB 0.001 7T

Table 1 calculates equation (38) for several values of jitter. For an
output S/N of 30 dB, two percent jitter is required.

V. EFFECTS OF SIGNAL CORRELATION

Equation (34), the basic design equation for the filter response z (¢),
can be conveniently rewritten in matrix notation

I+ M) =4 (39)

where the vectors Z and A have components
(z)k =2, (408,)

and the matrix M is defined by

Bk —1)
M, = RO) (401?)
The matrix I is of course the identity. The dimension of all the above
quantities is Z, where Z is the number of zero crossings that one wishes
to design for.

To solve equation (39) one must in general invert the matrix
(I + M). This was possible in the full spectrum case because M was a
diagonal matrix; in general it is hard to do exactly, unless the dimen-
sion Z is small. A case of special interest for applications is a qualita-
tive understanding of the situation for a flat signal bandwidth up to
Quax = #/27T. This corresponds to sampling at twice the Nyquist rate
and better approximates the situation to be encountered in practice.
We call it the half spectrum case. We have
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Half Spectrum Case:

2 .7
R(sT) = R(0) Gsings, s # 0;
cos < s sinTs
. . 2 2 2
BG6T) = RO)| —7— — = =7~ | 5 (41)
-—R(O) _1 (I_)Z.R(O)
—3\er ’
The A term yields, from equation (28)
A 5 =
I?(O—) 13 %5 g. = 3% (4 16). (42)

In the B term we must solve equation (39). We do so by inverting the
matrix by hand fof the cases of designing either the first zero, the first
two zeros, or the first three zeros (Z = 1, 2, 3 respectively). We obtain

[—0.409],

[—0.454} ’ “3)
+0.145

These numbers give for B

B
RO) - sz( 1.34),

B
R(O) ge2 T2 ( 1 49)7

B
RO T (~150).
From equations (44) and (42) we note that Z = 1 design improves the
“blind” filter by only 1.7 dB and Z = 2, 3 by 1.8 dB. Output S/N are

given in Table II. For a given fraction of jitter essentially the same out-
put S/N is obtained as for the full spectrum case shown in Fig. 1. Let

(44)
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TaABLE II—HALF SPECTRUM*

Output S/N /T
Z
1 2 3

15.5 dB 0.1
21.5dB S S 0.05
29.5 dB A A 0.02
35.5dB M M 0.01
55.5 dB E E 0.001

|
* The noise is here measured in a bandwidth twice the signal bandwidth.

us emphasize here that the jitter is listed as a fraction of the nominal
sampling time and not in absolute units. Thus for a fixed signal spec-
trum and fized jitter in seconds, one percent jitter for the full spectrum
case would correspond to two percent for half spectrum situation.

The effect of positive correlation can be seen by comparing equation
(43) with equation (36). Positive correlation tends to flatten the slopes
at the zero crossings somewhat. Pursuing positive signal correlation to
the utmost, we consider one more case, the case of a de signal. In this
case B(r) = 0, and we want to solve

(I + M) = —3iT (45)
where
21 11
T4+ M = 1 211 (46)
11 2 1
111 2

N

Let us first consider the (Z X Z) version of equation (45). One may
verify that for de

I+M™7' =1~ Z_HU 7

where U is the Z X Z matrix that has all its elements equal to unity.
If we let V equal the Z dimensional vector which has all its com-
ponents equal to unity, then we get

. T H**!
i= L +9(Z+1)T[Z( ) :|V (8)
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Finally for de signal we have

i Ei.’r_z (49)
RO)  T° 3

and

25 af<—4>z'*(—§)

which has the limiting value (Z = «)

L_I_‘é il_._ _‘737_": (50)

RO) T° &s T 6 *
Again we see for an exact solution that only 3 dB is gained by pursu-
ing optimum design past the “blind” filter design. The output (S/N)
is 3 dB better than equation (38); one would expect de to be influenced
less by jitter. '

We note the remarkable fact that as Z — oo, equation (48) yields
exactly the same solution 2, = —T'./2, as one gets for the full spectrum
case. This is not true for a fixed finite Z.

Judging from our two exact and one approximate solution, designing

T,
T2
s an optimum design independent of signal spectrum. Also the “blind”
filter is a very good design independent of signal spectrum, being about
only 3 dB worse than optimum. This all assumes that the jitter is in-
dependent from sample to sample.

29

Z'k-:

VI. EFFECTS OF JITTER CORRELATION

Until now, any correlation between jitter samples has been ignored.
In fact, some positive correlation is to be expected in the jitter statis-
tics. We do not feel it is large for the way we have described the jitter
in the previous sections® (call it e-jitter), so that our previous design
is not, affected. Nevertheless, we should note that any positive correla-
tion which exists between the jitter values will improve the output
S/N above that obtained by assuming that the jitter from sample to
sample is independent. The physical argument as to why this should
be true is quite simple. Assume ¢; is a nonzero constant, the same con-

* See Section VII.
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stant for all 7. Then we are sampling at time ¢, = nT + e From equa-
tion (19), Z = 0 and we are supplying current impulses of area
x(nr + ¢ at times nr + ¢ to the output filter and the signal is recon-
structed perfectly. Positive correlation helps.

An important check on our work thus far can be made by assuming
¢ = const., and checking that the A and B terms, which for jitter are
given in Appendix B, vanish. Since for this case

J(0) =' J(s), for all s, (52)

the B term given in equation (112) obviously vanishes. The explicit
demonstration of the vanishing of the 4 term in equation (107) is not
at all so obvious. Term (107), the A term, for constant jitter, is seen to
be proportional to [note y¥,(0) = 0]

—£(0) - T ROV +2 X REOV.O)
= —RO) — TROUGED) — 2 TEOUCD).  63)

Define a function of time g(t) by

d2
g(t) = EF [R(t)\bn(t)]
Then the right side of equation (53) is

f: 9(sT)

§=—c0

and by Poisson’s sum formula

Zon =1 % oFn) @
where G'(w) is the Fourier Transform of g(¢). Now yo(¢) is band-
limited to |o| < x/T and so is R(t). The spectrum of R (t)yo(t) ex-
tends only to 2x/T and in fact vanishes at v = 2#/T since it is a con-
volution. Thus only the m = 0 term of equation (54) could possibly
contribute, but this contribution also vanishes because the second time
derivative in the definition of g(¢) introduces a double zero in the
spectrum of G (v) at o = 0.

Further use will be made of the expression for output noise with cor-
related jitter when the e-model for jitter is compared with another
model discussed later in Section IX.
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VII. TIMING STABILIZATION

At this point we return to consideration of many talker-listener
pairs. Let L be the number of possible such pairs. This number depends
on how rapidly each talker can be processed (switched). For example,
if each talker is sampled at a nominal rate of 1/7T and ¢; is the process-
ing time for the ith speaker, a constraint which reads something like

EL: ti~T (55)

i=1
must be imposed. Further, the timing errors ¢ are hopefully small. A
scheme for stabilizing the sampling rate has, in fact, been proposed
but T. G. Lewis.»*? An interpretation of this scheme due to Saltzberg
and Pasternak is shown in Fig. 4. For immediate convenience let us not
worry about normalization and let the dashed line have unity slope.
The large dots in Fig. 4 represent a talker starting to be sampled, and
let the length of time required for the 7th sample be ¢;. The time ¢
represents the length of time that the current source pumps current to
effect the interchange of the talker-listener capacitors and, in accord-
ance with our earlier assumptions about measurement times being
short compared to filter bandwidths, we have ¢t; < T. After many
counts (measurements), say L, we return to resample a given talker.
We particularly note that a talker is never sampled early. We see that
in Fig. 4 after the time ¢3, our path hits the 45° line early, and we

NUMBER OF COUNTS

Fig. 4—Timing stabilization.
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“pad” time until the fourth count occurs. Also, as shown, the variables
qn represent the horizontal distance from the 45° line to the dot repre-
senting the count. They are positive random variables and are given by
the equation®

g = max {0 (56)
Got F+ oy — 1.

The random length of times ¢, ; are assumed to be identically dis-
tributed and independent of q,_; . We shall proceed to derive an in-
tegral equation for the probability distribution funection for g¢,.t We
note the possibility of a 8-function at ¢, = 0 and thus write for the
density function g, (x)

3(@) = o, 8(z) + (1 — a)pa(x). (57)

The number «, is the probability of having ¢, = 0, and p,(z) describes
the continuous portion of the density. If we let u(¢) denote the density
of ¢, and * denote convolution, we have, using equation (56),

a = s [ @+~ ) [ o *ular, (550)
T sl 4+ 1 — 1)
dn(2) = oty %ﬁj_i + 1 = o) ‘/;w ° :
f u(t’) dt’ f dt f Duca()u(t — ) dt’

(58b)

A steady-state « and p(x) would obey equation (58) with all indices
removed. We shall write the steady-state equation. Let K denote the
known constant,

KE[MWW, (59)
1
let, for z > 0, v(¢) denote the known density function
o = MWD (60)
* Except for a time scale normalization, the sequence {gnz} n = 1, 2 -+ corre-

sponds to the sequence {e.} of previous sections when there are L talkers on
the switch.

'+ B R. Saltzberg and G. P. Pasternak? had also derived an integral equation
for ga, and no doubt our equation is substantially equivalent to their equation.
An entirely different approach (ie., an equation for a different set of variables to
describe the same problem) has also been discussed by J. Salz and R. D. Gitlin4
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and introduce the unknown constant

1
o= [ ru@ar. (61)
V]
Then the steady-state solution (lim n — o) satisfies, if it exists,
a=(1—Ka+ (1— a)p, (62a)
p(2) = (@ + (1 — o) f P — 1) . (62b)
1]

If we let C'(0) denote the characteristic function of p (x) then equation
(62) yields ’

_ aV(w)
0@ =11 — 7@ ©3)
where
- P
*TEK+o» (64

One may now imagine determining the unknown constant p in the
following manner. Equation (63) determines C(w) and therefore the
density p(x) in terms of p. Form the convolution of p with w and set
the finite integral of this convolution equal to p in accordance with
equation (61). This then is an equation which can be used for the
numerical determination of p. For the case :

u(t) = B exp (—BY) (65)

the procedure may be carried through exactly. We find that the dens-
ity p(z) of the ¢ variable is also exponential and is

p(x) = af exp (—af), (66)
where the probability « of having g exactly zero is related to g8 by
' 1 — a = exp (—Ba). (67)

Using the inequality
1l—z<e?, x#0,

we see that equation (67) has a nonvanishing solution for « if and
only if B8 > 1. Realizing that the average of ¢; is 1/8, this says the
system will be stable if the average ‘duration of & is less than one.
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From the above considerations we calculate that

ol = g (63)

VIII. EFFICIENCY OF SWITCH

We propose here to give an idea of how much is gained by asyn-
chronous (but stabilized) versus synchronous sampling. We have
shown in the previous section that (introducing unnormalized quanti-
ties now) for a speech processing duration distributed exponentially,
ie.,

u(t) = pe™”, (69)
we have
1 _ 2
o= (70)

where « and 8 are related by

1= ep| -2, an
which requires
L
8> T (72)

Again, L is the number of talkers. To effect the comparison with the
synchronous version of the above scheme a new parameter has to be
introduced which represents the peak-to-average voltage (not power)
ratio of the signal. Recall 1/8 is the average processing time, and
therefore represents the average voltage. In the synchronous case a
maximum time, tn,., is allowed for each talker. Clearly tn.. is a
representative of the peak voltage. The ratio A is then

A = ﬁtmax . (73)
If L, is the number of synchronous talkers, we also have
Lstmax = T‘ (74)

Now use equation (70) to solve for «, substitute the expression for «
into equation (71), eliminate 8 via equations (73) and (74) and obtain
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1 -4 (%)

I S L/ 75
vVizz ®Vitz @5)

1

where

2
7’ = A2L§(”—Tj> . (76)

An approximate solution to equation (75), which is accurate for large
Lg y is that

L

Lg
i.e., in the large Lg limit, the ratio of possible asynchronous talkers to
synchronous ones is approximately the peak-to-average voltage ratio
of the speech signal. One would expect this number to be at least
four. Actually for Lg of interest (77) is not an accurate cnough ap-
proximation. The solution of equations (75) and (76) is shown if
Figs. 5 and 6 for A = 4 and 8 respectively. Taking A = 4 (which is
conservative), we see from Fig. 5 that if the technology would permit
50 talkers to be put on the switch synchronously, the switch could
accommodate 150 simultaneous speakers, sampled on a stabilized asyn-
chronous manner, with an output S/N of 35 dB.* To repeat, factor of
3 increase in efficiency seems like a conservative estimate.

~ A, 77

IX. FOUR-WIRE CONSIDERATIONS

The last topic we consider is what we call a four-wire treatment of
the problem. Here we treat the details of a model proposed by F. K.
Becker® which should deal with active asynchronous energy transfer
when four-wire facilities are available. The model is this. A speech
waveform is sampled and held for a variable time A; before the next
sample is taken (see Fig. 7). The holding times A; are independent,
identically distributed, and have average value

Z,’ = T. (78)

The initial speech waveform is approximately reconstructed by passing
the jittered box car through a filter having an inband characteristic

oT
hw) = Zw 7 exp (L‘;I) (79)
sin >

* The S/N is read from Table 1I for o./T = 001.
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L
Ls

EFFICIENCY )

[ N 1

30 40 50 60 7080 100 200
NUMBER OF SYNCHRONOUS TALKERS, Lg

300 400 500

Fig. 5—Efficiency versus number of synchronous talkers for peak-to-average

voltage ratio A = 4.

The A; in the above model will not necessarily be assumed to be
sharply distributed about T'; later a stabilized version using an e-jitter

model will be used.

Let x(¢) denote the speech wave and z;(¢) denote the jittered box
car version. Further denote the spectra of the two processes by S(o)
and S, () respectively. Our major interest shall focus on determining
the spectrum E () of the error

error = h * x;(f) — z(t),

(80)

L
Ls

EFFICIENCY)

1 ] I R I N O |

L1
5 6 7 8910

20 30 40 50 60 7080 100
NUMBER OF SYNCHRONOUS TALKERS, LS

200

Fig. 6—Efficiency versus number of synchronous talkers for peak-to-average

voltage ratio 4 = 8.
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A,

Az

to ty ta ts
Fig. 7—“Jittered-boxcar” sampled speech wave.

assuming h(t) is the reconstructing filter. The output noise power can
then be obtained by integrating the spectrum. It may be shown that for
the A-model of jitter described above the exract error spectrum is

E@ = S@ |1 — 5 m@[ - c@)|
+ 2B0F g {11 - ove [ s0) 25590 2 @

In equation (81), the function C (w) is the characteristic function of the
variable A, that is,

cw = [ : exp (GwA)p(d) dA, (82)

p(A) being the probability density of A. Also

hw) = f_ : exp (—iwt)h(l) d.

The symbol P in front of the integral in equation (81) denotes that
the principal value is to be taken for the simple pole 1/[1 — C(o’ —
w) ]. If the term in the braces in equation (81) is rewritten as

, 1 — C*w)A — cw»] do’
f S(’) Re [ — O — w) 2’ (83)
the reader should be assured that now no singularity will arise in the
integrand, and the principal value distinction need not be made.

For numerical purposes, we plot the error spectrum given in equa-
tions (81) and (83) for the case when A is gaussian distributed about
mean value 7', and for standard deviations (ea/T) = 0.316, 0.1.*

* The random variable A is always positive, while the gaussian assumption al-
lows it to become negative with some probability. We have verified that this
effect is not significant here.
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These larger variances are chosen here because we are mainly in-
terested in the unstabilized version. Figures 8 and 9 show, respec-
tively, these error spectra, assuming the input spectrum is flat up to a
maximum frequency © = = rad/s, and assuming a sampling interval
T = 0.5 s. This corresponds to sampling at twice the Nyquist rate.
Also in calculating the out-of-band noise we have taken the reconstruct-
ing filter (79) to extend to fwice the baseband spectrum. This em-
phasizes the higher frequencies more than desirable, perhaps. Thus
in Fig. 9, the S/N for noise measured in twice the baseband interval is
24 dB while inband we have a S/N of 29 dB. Thus for independent A,
a 10 percent jitter about the mean value seems tolerable for sampling
at about twice the Nyquist rate.” :

In the event that the unstabilized four-wire version is unsatisfactory,
we recalculate the error spectrum when timing is stabilized according
to e-model discussed earlier. In this case the Fourier transform ez, (w)
of the truncated error signal is found to be given by

(33 (w)

. L
=1 S xnT + e,) exp (——z'wnT — 1w %)
W n=0

[ ( 2T . ) (in . )]
X | exp S Wy | — €XP 5 1We,

ol 1 (w_T) _ (same terms).
X 1T e Py with ¢ = 0 (84)

2
Again, the reconstructing filter (79) has been assumed. Further details
of the calculation will not be recorded, but we simply state that the
error spectrum E (o) is, retaining only second-order terms as in pre-
vious work involving e-jitter,

E '@
L )

E() = lim

Lo

T

2 exp (—wsT){‘;—2 J(s)[R(S) _ R+ 1)-2}—R(3 — 1)].
sin® —2— em=w

— sin® ‘3211- R(s)J(s)

* Let us remark that the A model for jitter described here is significantly dif-
ferent from the e-model used previously. The A model implies positive correlation
between adjacent e variables and for a given variance produces less noise. We
shall return to these questlons shortly.
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+%Sm%§J@4}—R®-FR@%-D)up(—%g)

— (—=R(s) + R(s — 1)) exp (u;T):l} (85)
One may verify that the above expression is indeed real, that is, it
vanishes when ¢ = ¢ and when the correlation function corresponds

to a dc input signal. The noise power N in any bandwidth Q is gotten
from equation (85) by

1 Q
=ﬂﬁﬁ@m. (86)

Choosing © = =/T we obtain from equation (86)

= —ROJO + 5 3 a s Re - Her DL RE= D]

Tz s=—00
i _;_1 8=Z_w 8, J(s) R(s + 1) ;R(s - 1)

0.04

o
o
w

ERROR SPECTRUM
o
o
ny

0.01

Fig. 8—FError spectrum for 7' = 1/2, o./T = 0.316. Undistorted spectrum is one
for —r = w = , and zero otherwise. S/N, = 18.5 dB, S/N.r — 14 dB.
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0.004

o©
o
S.
w

0.002

ERROR SPECTRUM

0.001

Fig. 9—Error spectrum for 7 = 1/2, ¢a/T = 0.1. Undistorted spectrum is one
for —m = w = =, and zero otherwise. S/N» = 29 dB, S/Nar = 24 dB.

where
« = ‘_1_ COs sz o dz, (88a)
200 in® z”
2
x
1 r CcOoS 5
B, = —f Z COS ST = dx, (88b)
™o sin &
2
T . s+1
63=1f xsinsxdx=£—l)—, s # 0. (88c)
™ Jo S
Numerically
oy = 280 & 2.78,
a; = _—.9469’ (89)
B, = 1.39,
B = 0.386.

For the case of independent e-jitter, equation (87) reduces to

noise power; 9 E@) 1 R(1) R(l):l
independent ¢ R(O)a‘[—R(O) E "‘0(1 R(0)> 75 %0

(90)
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The results for the stabilized full spectrum and half spectrum cases
are obtained by using equations (35) and (41) in equation (90).

Full Spectrum:

Q-ifoleiom  w

Half Spectrum:

(-5 lrel-)-sdxsoon @

By comparison with equation (38), the four-wire full spectrum answer
(91) is-about 1.5 dB worse than the optimum two-wire result, but
the four-wire result has about a 4.5-dB advantage for the half-spec-
trum case [compare equation (92) with equations (42) and (44)].
The latter case corresponds more to the case of practical interest. We
note further that in this comparison the four-wire might be penalized
by two dB or so due to the (z/ sin x) characteristic being used out of
band also. Secondly, the more concentrated toward dc the signal spec-
trum -is, the better the four-wire version will become since it has
vanishing distortion for de, while the optimum two-wire version does
not. ’

Before leaving this topic, a comment on the relation between A-jitter
and e-jitter should be made. We begin by looking at two successive
A-variables A, and A,.; in terms of e-variables.

An = 7’ + €, — en—l)

(93)

An+1 =T + €nr1l T €ne

Clearly

E(A) =T, (94a)
o = 281 — p), (94b)
E[(Air — T)(A, — T)] = 28p — & — €. (94c)

In writing equation (94 a through c¢), we define
Eleenii] = €p (95)

and assume no e-correlation after one displacement, i.e.,

E(ee) = &.

To make two successive A variables uncorrelated, we set equation
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(94c) equal to zero and obtain
£ (96)
€

and
¢l = oe. 97)

Thus to compare independent A-jitter with e-jitter, a good way to
do it is to choose the same variance according to equation (97) and
introduce a correlation between adjacent ¢'s by equation (96). This
simple way of comparing the two schemes is not exact, but should be
good if signal correlations do not persist for extended periods. In any
event, it illustrates why for ¢ = ¢° the independent A-model will yield
appreciably better results than the independent ¢ model. The first
implies positive correlation in the second.

X. CONCLUSIONS

We began our study with consideration of the two-wire switching
problem (Fig. 1). After obtaining a concise mathematical description
of the operation of this switch, [equation (9)], attention focused on
the optimum capacitor discharge z(¢) when one volt is placed on the
capacitor (Fig. 2). We have seen that a good design for the slopes 25
of the function z(¢) as it passes through its zeros (see Fig. 2) are the
values 2, = (—1)*%/(2kT). Exact solutions for full spectrum and for
de indicate that this result is not sensitive to the signal spectrum. This
optimum design can be expected to yield only a 3 dB improvement
over the “blind” filter which is defined to be flat at the zero crossings
and consequently does not “see” the jitter. Typically two percent jitter
yields an output S/N of 30 dB. Any positive correlation in the jitter
will tend to improve this figure.

When the processing time of an individual speaker is exponentially
distributed, an exact distribution of the timing jitter with a stabilized
clock is obtained. This result is used to study the efficiency of the
asynchronous switch. This increase in eapacity over a switch using the
same technology but employing a synchronous strategy is, roughly,
the peak-to-average voltage ratio of the signal. More accurate deserip-
tions are presented in Figs. 5 and 6. Conservatively, the asynchronous
switch should handle three times the traffic.

Finally, a four-wire version modeled as a jittercd boxcar recon-
structed with a filter has been considered. Under the independent
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A-model for jitter, Fig. 7, 10 percent jitter can yield 30 dB S/N, largely
because of the correlations this implies for e-jitter. Exact error spectra
have been plotted for this case also (Figs. 8 and 9). With timing
stabilization, and consequently the e-jitter model, the reconstructed
boxear should yield several dB improvement over the two-wire results
for cases of practical interest (spectrum concentrated at de).
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APPENDIX A

Some Lemmas on Limats of Sums

We list here certain lemmas which will be needed in Appendix B.

Lemma 1: If either D 2o | 1(s) | or D %, sf(s) converges,* then

lim kl— E o =B = 310, )
Lemma 2: If 3.2, {(s) co;;;:rges, then
lim % > 310 = 5 6. (99)
Likewise
limk 3 3 6,0 = 3 16,0, (100)

Lemma 8: I Y, {(j, s) converges, then
s=1
j=—0c0

K k —k

lim & > 3 % 16,9 = 2 16,9, (101)

APPENDIX B
Derivation of Qutput Noise Power

Our first step is to derive the filter independent noise, i.e.

* Neither condition implies the other; each implies the convergence of =f(s).
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A = lim Ag

K-

where Ax is given by equation (23). Our expressions are valid to

second order in the {g}. We note the following relations
Yo = x(nT + €,) = z(nT) + ¢2(nT) + 1Ei(nT); (102)

if m=0;

2
Ynle) =1+ %;_z’
if m s 0;

R Ym0 + 39n(0)e1/2, (103)

~

¥(0) = —¢-.(0);

making use of this in equation (23), we have, to second order in {e}

(i) — 229e(0)é)
(104)

n=0

Ag =

o1l

o0

1 .
Z [TaTrener — 2T1Tn€nerPm_r(0)].

K n,k=0

n#k
Averaging over the signal statistics by using equation (26) and the

further relations

Efi(t + ne(®)] = B(x) = —El®a(t + ), (105)
E[i(t + nNa(®)] = —R(x),

and also averaging over the jitter variables using equation (27) gives:

EAx = ; [—R©0)J0) — ¥o(0)J O)R(0)]

==

- % f [Rn — k)J(n — k)§ni(0) — 2T, (0 — K)R(n — k)].
(106)

n,k=0
n#*k
Observing that the second sum is a symmetric function of (n — k)

and using Lemma 1 of Appendix A, the required limiting operation

yields
A = —R(0)J(0) — g_: R(s)J(s)¢.(0) 4 2 g IL.J(SR(). (107)

We list, for further possible use
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¥.(0) = 2 (—_‘%)12— , s 0;
$ (108)
17’
¥o(0) = —3 7%
and also
; $,(0) = 0. (109)

The latter relation may be derived by direct evaluation of the sum, of
course, or by using the Poisson sum formula and the bandlimited
nature of ¢ (¢).

We now proceed to derive an expression for the filter dependent
terms B, starting from equation (24). Gathering the second-order
terms proceeds much as it did for the A; terms, with the following
additional complication. Recall from equation (20) that 4 is given by

27
1427

From equation (6),

6 = =27 — 47° + 87° —

hlgher) $ k>

Zlcn = (ek - en)z'k——n + (terms
=0, it k<n.

Thus the matrix 6 is at least linear in the {¢}. Proceeding now to
collect terms and averaging, we have to second order

BB = 23S hd k(- m)
LTO) 4+ Jm — 1) — o — m) — T — D]
~ £ 3 S sk — O — o — m)] (110
+%§;ghﬂmwww%M—M—J@—mL

In the second term of the above, we change summation variables by
replacing the sum over m with a sum over s, where

s=n—m, s=1,2, .-+ ,n.
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We make the same change in the first term, and also introduce

t=n—1 t=12 -, n.
In the last term let

s=k— m, s=1,2---,Fk,
i=n-—Fk, j=—-Fk—-1, - ---,K —F,
j# 0.
Then

n

BB = 1 3 3 2R — OLIO) + 6 — ) — J6) — JO]

n=1 s,t

3 =

Ezs ®0) = JE)] (111)

8=

M ZMx‘

+
= Nlm-

> 2_3 LARG + 9UTG) — TG + 9.

k= s=1 7

—-

Making use of Lemmas 2 and 3 of Appendix A yields

= lim BB = —4 3 2ROLIO) — J6)]

K-

+4 i 2R — HIJO) + J(s — ) — J(s) — J(#)] (112)

8,t=1

+ 4 FzR(J+S)[J(J)—J(J+S)]

[v]s
St

s=17

The simpler equations (28) and (32) which hold for independent
jitter may be gotten from the above by using the result of Section
V1. Namely for J(s) = const., all s, the A and B terms vanish. When
we have independent jitter J(s) = const., s = 0. So we add and sub-
tract a term with J(0) replaced by J (s 7é 0) and use equation (29) to
obtain the independent jitter results.

APPENDIX C

Ezact Error Spectrum for Independent A-Jitter
Consider a long time L, and denote by [L] the best integer so that

L =~ [LT. (113)
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The jittered box car (truncated to the long interval L) can then be
represented as

(L]

zs() = 2 (t)Bltus, L], (114)

n=0
where B is a unit box extending from ¢, to t,.; . The Fourier transform
of this truncated version is then

- [L])

z(t,) exp (—iwt,)[exp (—iw 4,) — 1]. (115)

)
SL<w = ; =
The power spectra for a process y(t) is generally calculated according
to

G = lim 7 F @),
L-

where yr(w) is the Fourier transform of () truncated to an interval
L, and E denotes an ensemble average with respect to all random
parameters. If we apply the above to spectrum of the error signal
(80), we obtain immediately, using notation of the text,

E(w) = | h(w) |* S;(w) + S(w) + D(w) (116)
where
D(w) = — lim [L]T 2F Re h*(w)z (w)z" (). 117)

Expressing 2 (») as a time integral and performing the signal averag-
ing we get

;&
D(w) = —lim == Re h*(w) > exp (twt,)[exp (iw A,) — 1]
[L]T { n=0 (118)

X f " exp (—it)R( — 1) dt}-

Expressing the signal correlation function in terms of the spectrum,
doing the integrals and remaining averages, gives

D(w) = —77— Re h*(w)( >S(w)[1 — C(w)]. (119)

There remains the caleulation of S;(w). Using equation (115), we have
(performing averages over signals)
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2] n—1 m—1
E ") = —EE > R[}: A — 2 Ak:l
n,m=0 k=0
n—1 m=—1
X [exp (—iw A,) — 1}(exp (iw A,) — 1][exp — w(Z Ay — D Ak>:|
k=0 k=0
(120)
where we note the fact
tors = D A, (121)
k=0
Performing the A-averaging yields
E |s"@[* _ _R(0) S

Lr = [L]Twz 2[1 — Re C(w)] Z 1

[L] (L]

+ T [L]T s Re {[1 —C*e 2 2

n=m+1 m=0

. f_ ) g-:— S@NCE — @) [Cl" — w) — C(w’)]}- (122)

To perform the limits of the sums we first replace C*™1(o»’ — ) by
[exp(—e) C"™ (o’ — )] to insure convergence and then let ¢ — 0.

‘We then have

Ssw) = [}ll]rilw [L]TE ls ("")‘

- 2 Re {[1 — o1 [ s _lcfw'cﬁ‘%e-e}' (123)

Making use of the general relation

1 1__ .
P —Px:Fmr 8(x),
where P denotes principal value, finally yields
C(w)l2 S(w)

8, = L=LOL 30

dw’ - C (w) }
= * —_ / .
+ Re {[1 C*(w)]P f S’ =7 = C( o) (124)
The interested reader may indeed check that for

Clw) = exp (1wT),
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the above expression réproduées the known result for a wave-form
impulse modulated at precisely T-second intervals.
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Error Probability of a Multilevel Digital
System With Intersymbol Interference
and Gaussian Noise

By E. Y. HO and Y. S. YEH
(Manuscript received October 16, 1970)

In a previous paper a series expansion method for calculating the error
probability of a binary digital AM system in the presence of intersymbol
interference and addilive gaussian noise was derived.! In this paper those
results are extended to the multilevel case. In the examples calculated for a
four-level system, this method is 10" times faster than the exhaustive method
and 1s 10? times more accurate than the Chernoff bound. The actual compu-
tation time with an 11-sample approximation to the real system impulse
response is only 1.3 seconds with the GE Mark 11 time-sharing system.

I. INTRODUCTION

In a recent paper' we have developed a new method to calculate the
error probability of a binary digital data system in the presence of
intersymbol interference and additive gaussian noise. A similar method
has also been reported by M. I. Celebiler and O. Shimbo.? The purpose
of this paper is to extend the previous results to multilevel systems.

The existing methods for the estimation of the error probability are
the Chernoff bound or the worst case bound,*** the results of which are
generally too loose. Another alternative is the time-consuming exhaus-
tive method.® For example, it would require 4'°(= 10°) calculations of
the error funetion to find the error probability of a four-level digital
system where intersymbol interference resulted from ten nonzero
samples of the channel impulse response.

TI. DERIVATION OF THE EXPRESSION FOR ERROR PROBABILITY

For a 2m-level digital AM system, the corrupted received sequence at
the input to the receiver detector is

1017
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©

y() = X ar(t = IT) + n(), (1)
where
n(t) is additive gaussian noise,
a, = +1, £3, -+, =(2m — 1) with equal probability,
and

r(t) is the given noiseless system impulse response.

At the detector, y(t) is sampled every T seconds to determine the
amplitude of the transmitted signal. At sampling time ¢, , the sampled
signal is,

Yw) = ar() + 3 arlo = 1) +n(t), @

The first term is the desired signal while the second and the third terms
represent the intersymbol interference and gaussian noise respectively.
The set of slicing levels are,’

0, =2r(ty), £4r(ts), -+, £@Cm — 2)r(ty). (3)

Given a particular transmitted signal level, ag, the conditional error
probability is,

P,(e/a,)
Ply(ty) = —2(m — Dr(ty)}, a = —2m — 1),
Ply(ty) = 2(m — Dr(t)}, a, = 2m — 1,

@)
P{(y(t) z (a0 + Drt)Uy(l) = (@, — Drt)},

ao # :!:(2777, - 1),

where AUB is the union of the events A and B.
Substituting equation (2) into (4), we obtain

P, (e/a)
P{2 ar(t — IT) + n(ty) = r(to)}, Qo

JP{ Z ar(to — IT) + n(t) £ —r(ty)}, @ = 2m — 1,
_ 170 (5)
P ar(ty — IT) + n(ts) = r(t)U,

(g ar(ty — IT) +n(ty) £ —r(ty)}, @ = =(2m — 1).

\
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Since Zz,m a,r(ty — IT) and n(t,) are equally likely to be positive or
negative, equation (5) reduces to

P.(e/a,)

P{ Z az”‘(to - lT) + n(to) > T(to)}y Ay = i(2m - 1);
— 1#0 (6)
P> aw(ty — IT) + n(ty) = r(t)}, ao = £(2m — 1).

The error probability of the system is,
Pe = Z Pr(e/ao)Pr(ao)y

all ao

= =L p( S ity — IT) + nt) = 7(t0). @)

1#0

We note that equation (7) is similar to equation (7) of Ref. 1, with
the only exception that the a; can now assume multiple values. Accord-
ing to equation (9) of Ref. 1, we obtain the following expansion for P,,

P, = 2m — 1 erfe (—m)

2m V2
+ i 2k)! (20’ )k \_1/; P ["%%Q:I

where

o? is the noise power,

Ho;_ 4 is the Hermite polynomial,

erfc is the complementary error funetion,

Moy, is the 2kth moment of the random variable X,

and
X = 3 ar(t, — IT), a = x1, £3, -+, £(2m — 1). 9)
170
The moments can again be obtained through the characteristic function
of X without the explicit evaluation of the distribution function. The
characteristic function is,

m

®(w) = ll;IO{ Z exp [jw@k — Dr(t, — lT)]/Qm},

k=—m+1

=11 {ﬁ sin [2mar(t, — IT)]-ese [wr(t, — ZT)]}' (10)*

1#0
*See Ref. 6, equation (1.342).
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Therefore,

P'(w) = P {2m 2 r(t, — IT) cot [2mw(t, — IT)]

— > r(ty — IT) cot [wr(t, — IT)]}. (11)

1#0

Sinee My, = (—1)*®2%(0) and M., = 0, we obtain a recurrence
formula for Mo, by succéssive differentiation of equation (11),

2 21 2%
Mo = =3 (37 Dty =1

o\

12t — )], (12)
1#0

where B,; is the Bernoulli number obtained by series expansion of
cotangent function about the origin. Knowing that M, = 1, all the
Ms’s can be calculated successively through equation (12) for an
N-sample approximation of the channel pulse response. The N-sample
truncation is equivalent to the approximation of ;.. 7(t, — IT)* by
(N — 1) summation terms.

The error probability of a 2m-level system can thus be obtained by
equations (8) and (12). In the special casec m = 1, equations (8) and
(12) agree with the results of the binary system, i.e., equations (9)
and (15) of Ref. 1.

III. TRUNCATION ERROR BOUND

The error incurred by truncating the series expansion of equation (8)
at a finite term n — 1 is,

R”%%szi]x@ P%ﬂ

(), -

Let

A = maximum {l Z ar(ty — IT) |}:
120

@2m — 1) ZZ | 7ty — IT) |. (14)
=0
It can be shown that the moments satisfy the following inequality,

]‘/[2k+2p = M2k>\2p; P = 0, 1: 2: Tt (15)
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For (2% — 1) > z, the Hermite polynomials are ﬁpper bounded by,
| Hooo(2) | £ 28732k — 3)11] 1V/2k — 1 exp [2%/2]. (16)

Substifutlng equations (16) and (15) into equation (13) and grouping
the terms into geometric series, we obtain an upper bound for R, .

[Ren | S e = 25 (exp [0/ 4]
M L 1 .an
(26" n1v2n — 1 [ [(em — 1) X | r(ty, — IT) nT
1 - l¢0. 3
2ne

IV. EXAMPLE

We have calculafed the error probability of a four-level digital AM
system with the received pulse given by

r(t) = %sin (t)T).

4
CHERNOFF BOUND 1.88 x 10~

107 -
ol
SERIES EXPANSION~
o N
N\
41
Pe
2
1078
B TRUNCATION _—
8 ERROR BOUND
o
4
2 | | { ! l L ! ! I L
3 4 5 6 7 &8 9 10 1 12 13 14 15
NUMBER OF TERMS IN EQUATION (8) K —>

Fig. 1—Comparison of Chernoff Bound and series expansion method. Sin
‘ [wt/T]/(w/T)t pulse, 11-pulse truncation approximation, t, — 0057, (S/N) =
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CHERNOFF BOUND 8.83x107°
=
10—6 -
sl , EXHAUSTIVE METHOD
6l !/: 5.2 x10~7

TRUNCATION ERROR

==~ BOUND
2 S~ __ SERES
EXPANSION
1078
6
{ | | 1 | | { | 1 1 i
3 4 5 6 7 8 9 10 11 12 13 14 15
NUMBER OF TERMS IN EQUATION (8) K —

Fig. 2—Comparison of series expansion method with Chernoff Bound and
exhaustive ‘method. [SIN =#t/T1/(w/T)t pulse, 5-pulse truncation approxima-
tion, & = 0.057, (S/N) = 24 dB.

With an 11-sample approximation, a S/R of 24 dB and a sampling
time of ) = 0.05 T, the error probability obtained by the Chernoff” *
bound is 2 X 10~ The result obtained by our method is 3.4 x 10°¢
indicating an improvement of two orders of magnitude. The conver-
gence of equation (8) is presented in Fig. 1. Reasonable accuracy is
achieved after eight terms of the series are calculated. A check of the
accuracy of our method by comparison with the exhaustive method is
impossible in this case becausc the latter requires 10* times more com-
putation time as compared to the series expansion method. Instead, we
checked our method with the exhaustive method for the case of a five-
sample approximation. The results agree well and are presented in

* 11-simple approximation to the channel response is used in calculating the
Chernoff bound.
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Fig. 2. The computation time spent on GE Mark II time-sharing sys-
tem is approximately 1.3 seconds for the series expansion method in
both the eleven-sample and the five-sample approximations. The
truncation error bounds are also presented in both figures.

V. CONCLUSIONS

We have extended the series expansion evaluation of the error prob-
ability of a binary digital AM system in the presence of intersymbol
interference and additive gaussian noise to the 2m-level systems. The
results are extremely encouraging. For the case examined the series ex-
pansion method was calculated several orders of magnitude faster
than the exhaustive method, and it was more accurate than the Cher-
noff bound by two orders of magnitude. '
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Spectral Density of a Nonlinear
Function of a Gaussian Process

By SCOTTY NEAL
(Manuscript received September 10, 1970)

We derive an expression which can be used in a relatively straight-
forward manner to obtain either the autocorrelation function or the spectral
density of any “reasonable”’ function of any stationary gaussian process.
The expression is used to study the speciral density of a stnusoidal wave
which is phase modulated by a hard-limiled gaussian process.

I. INTRODUCTION

A band-limited gaussian process having a rectangular power spec-
trum is assumed for some purposes to be an adequate approximation
for several classes of modulating signals encountered in phase modu-
lation (PM) systems.! However, in an actual implementation of a PM
system, the modulating signal passes through circuitry which saturates
when the signal rises above a fixed level. This clipping (i.e., limiting)
level is usually adjusted fairly high (nominally at four times the rms
of the modulating signal) and then ignored in any subsequent analysis
of the system. Consequently, the objective of this study is to deter-
mine the qualitative effect of hard-limiting the modulating signal in
a PM system.

From a mathematical viewpoint, we can obtain an understanding
of the preceding question by investigating the following problem:
Find the spectral density of a sinusoidal wave which is phase modu-
lated by a function g(X;) of the stationary gaussian process X;. Of
course, this version of the problem can also be viewed as finding the
spectral density of a (composite) nonlinear function of a gaussian
process; a problem originally studied by S. O. Rice,? D. Middleton®
and W. R. Bennett.* In fact, we do use their approach (representing
the nonlinearity in terms of a transform) to derive an expression
which is essentially the starting point of our analysis. However, using
our relation avoids some of the complexity associated with the trans-

1025
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form method. A derivation of the expression is given in Appendix A.

The notation and general results are presented in Section IT along
with two examples. In the third section, we obtain specific results for
the hard-limiting case.

II. SPECTRAL DENSITY OF A PM WAVE MODULATED BY A NONLINEAR
FUNCTION OF A GAUSSIAN PROCESS

Let W(t) denote a constant-amplitude sinusoidal wave which is
phase modulated by a real-valued function g(X;) of the stationary
gaussian process X;. That is,

W(t) = A cos (vt + g(X,) + 6) 1)

where A is the wave amplitude, f, = w./27 is the carrier frequency,
and 6 is a random variable with probability density function

1
—_— <
o for 0 <6< 27,

™ 9(9) = (2)
0, otherwise.
To obtain the spectral density for W (t), it is convenient to express

the wave in terms of complex variables as®

W) = Re (W)} 3)
wheret
W(t) = A exp [j(wt + 0V (), (4)
and
V() = exp [19(X.)]. (5)

Since X, is stationary and 6 is uniformly distributed, both W(t) and
V(t) are wide-sense stationary.” Moreover, the spectral density S, (f)
of W(t) is given by

S.(f) = iS.(f — f) + S.(—f — f)] (6)

where S, (f) is the spectral density of V(¢).’
If we define B, (v) = (V(¢ + 7)V(¢)), the Wiener-IKhintchine theorem
implies that

S0 = [ R exp [(—ione] dr. @

t We use Re (2) and Im (2) to denote respectively the real and imaginary parts
of the complex variable z. The symbol Z denotes the complex conjugate of z.



SPECTRAL DENSITY 1027

So, assume that X,,, and X, are gaussian with joint probability
density function

(@ 22 = 1 ox <~_xf — 2rzx, + x§>
P, ) = T — 2 P 2r*(1 — 1%/
—w < x; < o, (8)

where R;(+) = (X;+,Xs), T* = R,(0) and r = R,(r) /T2 It {ollows
that

RO = [ [ e lilo@) — g@lp@ , ) dnda . ©)

In Appendix A, we show that if G/(z) is of exponential order and
of bounded variation on bounded intervals, then

[ | 6@t ) dedn = Sar, Irls1, 0

n=0

where

H

= | o)

and

© = Ao (—)
P = e TP AT
is the probability density for X;. Setting G (xz) = exp[jg(z)],

R = 3 O, (11)

n=0

where?

2

FZn
n!

[ e tig)| L pte) | do (12)

Recall that the Hermite polynomial of degree n, H,(x), satisfies the
relation

C"=

n

L oxp (—a) = (—~1'H,(@) exp (—29).

¥ We define such functions to be “reasonable.”

tSince |exp [jg(2)1] = 1 for all finite g(z), it follows that equations (11) and
(12) are valid for all functions g(z) which are of bounded variation on finite
mtervals This should include most functions which one might encounter in
engineering applications.
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Consequently,

€. = g5y | [ e tiowa (i oo e |

Since the coefficients {C,} are independent of E,(r), an infinite
series representation for the spectral density S,(f) can be obtained
from equations (7) and (11). To obtain the series, let

(13)

80 = [ R) exp (—2efr) dr (14

and define S,(f) to be the n-fold convolution of S,(f) with itself; i.e.,
S.{) = S.a(f) * 8i(f) for n = 2. It follows that

S.() = ooa<f>+zo S, o << (1)

Using equations (13) and (15), one can see that the carrier power
is given by

= | (exp [jg(X)]) . (16)

2.1 Examples

To obtain a better understanding of the preceding results, we present
two examples. The first example uses g (x) = z (and serves as a partial
check on our results since this case is well known®). The second
example assumes extreme clipping,

b for = >0,
g9(@) =
|—=b for z <0,

and serves as a preview for the hard-limiting case presented in
Section III.
2.1.1 Phase M odulation

For this example, g(x) = « for all z. Consequently, from equation (13)
we have, forn = 0,

l e f_w exp (jv2 T'z)H,(z) exp (—2°) dx ’ n

C = ol i
Thus,
2
, (18

Can cos (V2 T'x)H,,(z) exp (—z°) dx

sl
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(I-.Z)?n
@n)!°
(see Ref. 6, Section 7.388-3).

In a similar fashion Cs,.; = exp(—T?) (T2)2"+1/(2n + 1)!, which
implies that

C,, = exp (—T%) (19)

I~|2n

Co = exp (=T 5

for n = 0. (20)

Now, substitute equation (20) into equation (11) to obtain the well-
known result® '

R,(r) = exp [-T*(1 — 1)]. (21)

2.1.2 Phase Modulation by an Extreme-Limited Gaussian Process

For this case,

g(x)={ b if >0, (22)
—b if z<0O.

Using equation (22) in equation (13), one obtains

exp (jb) j; i H y.(\/—?xf)p(x) dz

+ exp (—ib) f : H,K%I:)p(x) dz

C.

1
ol
2

y o (23)

which reduces to

oo GG [ momns) o

and

C2n+1 =

(sin (b)) (

22n+1(2n Y _é_; j:o H,,,(z) exp (—2% dx) ’ (25)

for n = 0. Since

[ e (G dy = Ho©) for mz1, @)

we have
Co = (cos ()7, 27
Con=0 for n21, (28)
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and

___Gin@®)?* (.2 :
C2n+1 - 22n+1(2n + 1)! <’\/7_r H2n(0)> (29)

Using the fact that H,(0) = 1 and H,,(0) = (—=1)"2"[1-3 -+ (2n — 1)]

for n = 1, we see that

¢, = 2 sin ()
™
and

sin @ 15T

Substituting equations (27), (28) and (30) into equation (11) and
recalling the series éxpansion for Arcsin z, one obtains

1) for n = 1. 30)

Consr =

2
T

R.(7) = (cos (b))* + (sin (b))? ?r Arcsin (’Igg) ) (31)
for —o <7< .

Notice that the carrier power, Co= (cos (b))?, vanishes if b==/2-+kr,
k=0,1, ---, while all the power goes into the carrier whenever b = kur,
k=0,1,--..Ifb # kw, the continuous part of the spectrum is simply a
scaled version of the spectrum for an amplitude modulated wave when
the modulator is an extreme-limited gaussian process This problem was
studied by J. H. VanVleck.”

III. PHASE MODULATION BY A HARD-LIMITED GAUSSIAN PROCESS

A problem of interest arises when the function ¢ represents an ideal
hard-limiter; i.e.,

b for x>0,
ge) =y = for [z] =0, (32)
—b for x < —b,
for some b = 0.

3.1 Carrier Power

Noting equations (13) and (16), one can see that the carrier power
is given by
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1 b x°
C, = <WT?§ f_b cos (x) exp (—éf§> dx
2 0 x2 2
R )
-+ cos (b) Vo exp or?) 4@

Defining « = b/T (the relative clipping level), we have

C, = <~\3—7—r foa/vz cos (V2 I'z) exp (—z°) dz + cos (b) erfe <\—/:>)2 (33)

where

) = f " exp (—£) dt (34)

is the error function® and erfe (z) = 1 — erf(z).
A more useful expression for C, can be obtained in terms of the
error function with complex argument. Apparently,

% f;a/ﬁ cos (V2 Tz) exp (—z°) dx
1 Ve
= {\/ﬂ_ ‘/;a v exp (—jv2 I'v — 2%) dx} , (35)
= exp { \/T _0::2 exp (—<x + 3 -\%)2) dx} , (36)
= % exp (—%2) Re {erf (% +3 \2) erf (\/ 5“2‘)} 37
= exp <—I;> Re {erf (\/- + \/—>} f (38)
Consequently,

C, = (exp <——I‘;> Re {erf (% + ]\—%)} + cos (b) erfe <%))2 (39)

can be calculated numerically.®* However, we can obtain a better
analytical understanding of the carrier power by expressing the
integral in equation (36) as

t To make the last step, we used the relations® )
erf (—z) = —erf (2) and erf (2) = erf (2).
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o (B [ (e

F2 a/V2+i(T/V?2)
= exp <—7) Re {f exp (—22) dz} (40)

(r/v2)

Since exp (—z°) is an entire function, the integral in equation (40) is
independent of the path taken from j(I'/V2) to a/V2 + j(I'/V2). It
is useful to use a contour consisting of three straight line-segments: the
first from 3(I'/V2) to 0 (on the imaginary axis), the second from 0 to
a/V2 (on the real axis) and the last from «/V2 to o/VZ + j(T'/V2).
Integrating along these lines, it is straightforward to show that

< I‘2) { 9 a/V2+i(T/V) . }
2 £ - d
P 2 Re \/71' [(rm/i) exp (=) dz
= exp (—Ij> erf <i>
= 5 7
( az) 2 r/vz ) \/_ < (Fz 2>>
+ exp -5 77_1_[0 sin (V2 ay) -exp | — 3 Y dy (41)

Combining equations (33) and (41) yields

C, = <exp (_%2> erf <%> + cos (b) erfe <%)

+ exp (—;—2> \/l; fOPNE sin (V2 ay) exp <—<%2 — y2>> dy)z- (42)

When I' < 1 (low-index case), the last term inside the brackets is
negligible so that

C, ~ (exp <—%> erf <%) —+ cos (b) erfe (%)) when T < 1. (43)

It is interesting to observe that erf («/v2) is the probability that X,
is inside the clipping levels [—b, b] [and erfe («/V2) is the probability
that X, is outside the clipping levels]. Hence, we can reason that
exp (— I'*/2) is the average de voltage associated with V() when X, is
inside the clipping levels while cos (b) is the average voltage when X,
is outside the limits. [One can see from equation (16) that the carrier
power C, = | (V(8)) |°.]

Pursuing these thoughts further, one might conclude that the
integral in equation (42) represents a high-order correction (to the
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preceding approximation) associated with transitions of X; across the
clipping thresholds. When T is small, these transitions are rapid and
the correction (i.e., the integral) is small. However, as T increases, the
transitions are slower (at least when X, is bandlimited) and the
integral in equation (42) can increase in magnitude for certain values
of «. Moreover,

~ sin (b)F(%) when T > V2,

where F(z) = 2/ % exp [—(@@® — ¢%)] dt is Dawson’s function.®
Consequently it follows that when I' 3> V2 (i.e., the high-index case),

2

Co = <exp (—%) erf <—\%) =+ cos (b) erfe (5—?)

+ sin (b) exp <—§)F<—\%))2 (44)

Thus, when « is not too large,

2 2
Co = (cos (b) erfc (%) + sin (b) exp (—%—)F(—\%)) . (45)
The quantity inside the brackets is a sinusoidal function of «. Hence,
there are various values of « (for fixed T') which will completely null
the carrier power C, while other clipping levels give rise to a relative
maximum carrier power.
Using

(V(8)) = exp <—%2> Re {erf <—5-—2 + ]%)} + cos (b) erfe <—a\/§) ,

we computed exp (I'*/2)(V (£)) as a function of « for several values of T'.
Some of the results are displayed in Fig. 1. (Since the dynamic range of
this function is so large, we used a lznear scale between —1 and 1 on the
ordinate axis and a logarithmic scale otherwise.)

The general features of the three functions are as indicated above.
Since (V(¢)) = 1 whenever « = 0, each curve starts at exp (I"°/2)
fora = 0. For T' £ 1 (not shown in Fig. 1) the curve decreased mono-
tonically to one. For T' = 2, this relative average remains positive but
oscillates slightly before converging to unity. However, for the high-
index case, the relative mean is similar to a damped sinusoid (as dis-
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Fig. 1—Relative mean of V(¢) as a function of relative clipping level. a is
the ratio of the clipping level b to the rms modulation-index T.

cussed above). This extreme oscillation about zero apparently occurs
for ' = 3. Notice that the value of « required for the relative mean
(and therefore the carrier power) to stabilize increases as I increases.
Hence, for high-index modulation, setting « = 4 does not necessarily
guarantee that the carrier power is unaffected by the clipping.

3.2 Continuous Part of the Spectrum

Numerical techniques are required to obtain the continuous part of
the spectrum. However, one can see from equations (23) and (31)
that the coefficients {C,} in the series are independent of R,(r) and
need only be computed once for any particular configuration of the
hard limiter (and choice of T'}. Consequently, it seems worthwhile to
derive an algorithm for efficient computation of {C,}.

Noting equations (11), (12) and (13), one can see that

R = 3 (E2Ye, (46)

where

¢ = ™ vl 7

n!
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and
o) = [ exp (= ig@)( i p)) as. 3)
Consequently,
(1)
= [ e (—ia) dp@) + e (=i) [ dp@) + ev ) [ dpi@),
D)l 5)

Next for n = 2 we have

n—1

7o) = [ exp (—in) d s p@) + exp (~0) [ o L p)

+ exp (Jb)f (d = lp(x))

Integrating the above expression by parts, we have
1 . (d"“
v(n) = = j:b exp (—jz) Wp(x)) dz. (50)

Recall that

v ow (—im) = (G0 2(F ) v (-0)

so that integrating equation (50) by parts obtains
1 . n—1 z . 2 5
o =t =~ L= (o) i) oo (i - 2) |
(51)

Of course, H,(—x) = (—1)"H,(z), which implies that the exact
determination of equation (51) depends on whether n is even or odd.
It is straightforward to show that

v(2n) = v(2n — 1)

4 (—1)sin (b) —2= v exp( 2)( \/-‘ F)z,,_le_l)<%) (52)

and
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¥@n 1) = »(@m) — (=1)" cos (8) 7= exP( 2>(W r)2 Hz- ‘<5§>

forn = 1.

It is known that?

Hy(z) = 1, H\(z) = 2z
and

Hos(@) = 20H,(@) — 20H, @) 53)

for n = 1, so that in principle, the sequence {C,} can be computed
by using equations (47), (52) and (53). However, in practice the dif-
ference-equations (52) and (53) are unstable and care must be taken
in their implementation. We found it best to use the following approach:
- Let [z] denote the largest integer not exceeding z and let nl! =
nl/207/2 [n/2]1. [So that (2n — 1)!!1 = 1:3:5--+(2n — 1).] Now, one
can use equations (52) and (53) to obtain stable algorithms for

T V(n)

Ln) = ———F—= and 4@ =
2]

which are used to compute
C, = ty(n)ts(n).

3.3 Numerical Results

To obtain insight into the effect of hard-limiting, we assume that X,
_is bandlimited with-a rectangular power spectrum. That is to say

sin 27 W ‘
R.(7) = r?—Q;;’VT—Z for |7]< . (54)
In this case,®
S.(f/W) = Co 8() + 5 Z C.E.(f/W), (55)
for —w < f < . The functions F,,()\) are defined as follows:?
£y = {71', -1<2<1, (56)
0, otherwise,

and forn = 2,
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(I}\ +n k)""

M(n,N\) 2

F.(\) = {nr I; (_l)k k' (n — k! , 0= l)‘]<n) (67)

0, otherwise,

where M (n, ) = [n + |A|/2]. We use [z] to denote the integer part
of z.

As M (n, M) increases, it becomes increasingly difficult to accurately
sum the alternating series displayed in equation (57). Since

ro~ (2] an{ - )

(see Ref. 9), we used the asymptotic approximation (58) whenever
F.(\) was required for n = 15. The threshold 15 was determined
empirically. We attempted to keep our numerical estimates of the
various spectra accurate to one percent relative error.

We considered three cases: low modulation-index (I' = 0.1), mod-
erately high index (I' = 1) and high index (I = 5). The results are
displayed in Figs. 2 through 4. In each case, we have computed the
effect of changes in the relative clipping level o = b/T.

3.3.1 Low Modulation-Index

When T' < 1, it is evident from Fig. 2 and equation (55) that the
principal part of the spectrum is well approximated by

Co 8(f) + 537 FrG/W), for |f| < W,

S.(f/W) =~ (59)

0, otherwise.

Using results from the preceding section, we can show that when
I'<1,0C ~ I?exp (—TI? (erf (a«/Vv2))’. Hence, for I' < 1,
S,(f/W)
a \\’ I exp (=TI - .
oo + (e (&) T2 ED mgm, 111<w, g

0, otherwise.

That is to say, in the low-index case (I' < 1), hard-limiting causes
the principal part of the spectrum to be scaled down by the multiplica-
tive factor (erf (o/v2))>.

Figure 2 illustrates the actual behavior [as opposed to the approxi-



1038 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

107!
az4 a=£
F=qaz2 T
——1
10-2 —
1073 — 1
N
\
a2k \
—~N 4l \ \
S0 \
3 \
z 3\
E s ‘\ \
[\Y — \\ \
\ AN
W\
- o\
10 61— \\\ \
N
UNCLIPPED N N
\\
1077 |— N
\
\
\ 4
\
\\
1078 ] v ]
o 2 4 6 8
f/W

Fig. 2—Spectrum of low-index PM wave (I = 0.1) for various relative clipping
levels. « is the ratio of the clipping level b to the rms modulation-index T

mation (60)] of S,(f/W) for f > W. Notice that the tails of the spec-
trum are raised considerably as the relative clipping level « decreases.
This phenomenon is noticeable even for « = 4 (ie., clipping at a
four-sigma level). The increase in high-frequency content is appar-
ently caused by the introduction of points at which the derivative of
W (t) is discontinuous.

3.3.2 Moderately High M odulation-Index

The results for I' = 1 are displayed in Fig. 3. The qualitative results
are similar to those observed for T' = 0.1; i.e., the principal part of the
spectrum tends to decrease and the tails increase, as the relative
clipping level « decreases. However, notice that for a particular value
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of @, the frequeney f/W at which the tails of the spectrum begin to
rise is somewhat larger for I = 1 than for T' = 0.1.

3.3.3 High Modulation-Index

When T' = 5, the behavior of (V(¢)) as a function of « is quite dif-
ferent from that observed for I' < 1 (see Fig. 1). In fact, small changes
in « can change the discrete component of the spectrum, C, = (V{(t))?
from a relative maximum to zero. Consequently, we originally suspected
that the continuous part of the spectrum might change significantly
as the discrete component changed from a relatively large value to
zero. To check this point, four values of a were selected for testing;

10 - 106
b
®=—
T
1 —{1077
N ;=
\\t:- 4
\\
all ~_ —10°8
10 \\\ 10
UNCLIPPED
—_ -2 — -9
g 10 10
S
n
%
y 1073 | -0
o 8 10
104 =1
\\
N N
1075 N
~
~
~
~
\\
\\4
1076 |
8 10

Fig. 3—Spectrum of waves having moderately high modulation-index (r=1)
for various relative clipping-levels. « is the ratio of the clipping level b to the
rms modulation-index T.
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two at points of relative maxima for C, and two where C, was nearly
zero. The results are displayed in Figs. 4a and b.

From Figure 4a, we see that the qualitative behavior of S,(f/W)
for high modulation-index (I' = 5) differs significantly from that
observed for I' £ 1. However, whether or not C, vanishes does not
seem to affect the general characteristics of the continuous part of the
spectrum. Generally speakmg as a decreases, the portion of the spectrum
for 0 < f/W < 1 tends to increase while the part for 1 < f/W < 10
tends to decrease. Notice that a discontinuity is introduced at f/W =1,
a characteristic of lower modulation-index. Of course, limiting reduces
the variance of the modulating signal X, , so that the discontinuity
at f/W = 1 is not surprising.

To examine the behavior of the tails of the spectra, look at Figure 4b.
As in the other cases, decreasing « raises the tails of the spectrum,
although the effect is considerably less than that observed for I' = 1.
In faet, for o > 3, we observed very little difference between the clipped
and unclipped cases.

3.4 Comments

Computation of the spectrum for large values of f/W, using the
infinite series approach, is expensive since many terms are required.
Moreover, accurate computation of C, and F, , for large n, is difficult
(if not impossible) because of numerical problems. Consequently, a
good estimate of the spectrum for large f/W would be very desirable.
Unfortunately, we do not have such an approximation. However, it
is possible to estimate the relative frequency f/W at which the tails of
the spectrum for a clipped modulator will begin to depart from the
unclipped case.

More precisely, consider equations (48) and (49) which constitute
an algorithm for the computation of v(n). Since the tails of the spec-
trum of W(t) can rise only when v»(n) increases as a function of n,
we need to examine v(n) for large n.

For large n, we know that®

H,.(z) = (—1)"2"(2n — D!l exp (x2/2){cos (Vin + 1 x) + O<%;>}

(61)
and

Hpin@) = (=12 @n — DIV20 + 1
- exp (x2/2){sin (Van + 32) + 0(%;)} (62)
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Hence, for large n we have the approximation

v(2n) =~ u(2n — 1) — 2I'sin (b)\[ cos (@V'2n — 3/2)

oo (~5) T (*
v(2n + 1) ~v(2n) + cos (b)\[ sin (@V/2n + 3/2)
exp (_g) V21;2+ 1 "ﬁ (%1; 1). (64)

k=1

Y, @

It is evident that the sequence u, = []7., [(2k — 1))T] is a decreasing
function of n for n < n, = [I® + 3/2] and is an increasing function
for n > n, . For any finite «, u, will ultimately exceed exp (a’/4) and
the forcing funetion for »(2n) will begin to grow without bound. It
follows that »(2n) will exhibit instability when = is so large that K >
exp (a’/4). This will certainly be true when (2n — 1)/T? = exp («*/4)
or for

n z 3[T” exp (’/4) + 1. (65)

An inspection of Figs. (2), (3) and (4) shows that equation (65) gives
a good indication (at least for those cases considered) of the value
of /W where the tails of the clipped spectra begin a significant depar-
ture from the unclipped case. Equations (63) and (64) also indicate that
for large n, »(n) will oscillate as it increases in magnitude. Consequently,
it appears that it will be difficult to get tight bounds on S,(f/W) for
large f/W. It is interesting that the carrier power is most significantly
altered by the hard-limiting when T' >> 1 while the effect (of hard-
limiting) on the tails of the spectrum decreases as T' increases.

IV. CONCLUSIONS

In principle, equation (68) can be used to obtain either the auto-
correlation function or the spectral density of any “reasonable” func-
tion of a stationary gaussian process. We made use of the identity to
study the spectral density of a sinusoidal wave which is phase-
modulated by a hard-limited gaussian process.

The main disadvantage of this approach (i.e., using an infinite series
solution) is that numerical techniques are usually required to obtain
a solution. Consequently, estimates of the tails of spectra (of interest
for PM systems having high modulation-index) are difficult and
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expensive to compute accurately. However, when no better alternative
is available, our approach can be used to obtain numerlcal results in
a relatively straightforward manner.
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APPENDIX

A Relation

Let X, denote a stationary gaussian process with probability
density function

1 z’ ‘
p@) =g mexp|—gm), —o <zl (66)

The joint probablhty density function for X;,, and X, is

(x ) = 1 ex [_azf — 2rx,x, + xﬁ]
p 1y %2 — 27rI‘2 /——1 — 7‘5 p 21‘2(1 _ 7_2) )

—o <z, < ©, (67)

where

R, (T) (Xl+fX >, T = RI(O) and r = RZ(T)

for — <7< oo,

If G(z) is an exponentlally bounded complex-valued function of the
real variable z (i.e., there are real numbers » and v such that |G(z)| =
vexp (u |z]) for —o < z < ») and if G(z) is of bounded variation
on finite intervals, then we shall show that

f_ i f_ ) G)Gao)p(x, , x3) d, das
Z (R (r))"

(68)

[ e L) ae |

A1 Comments

All the improper integrals displayed in this Appendix are defined
in the sense of principal value. For example, equation (68) is more
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precisely expressed as

hm : f G(z)G(z)p(x, , ) dx; dx,

, Ta—0
T dn
Lim f_T G(x)(dx" ”(x)) de

Since G(z) is exponentially bounded and integrable over (— T, T)
for all T = 0, it follows that the integrals in equation (69) exist and
are bounded. Consequently, the improper integrals in equation (68)
also exist. Moreover, one can show that

2

- 3 @Oy

n=0

(69)

T

lim G(xoG(xz)p(xl o) dny = [ GGt , 2) o

PTi—e0 V=

uniformly for —e0 < z, < .

It follows that the double limit in equation (69) can be expressed
as an iterated limit and further that the improper integral in equation
(68) can be evaluated as an iterated improper double integral.

A.2 Proof of Identity

We first establish equation (68) for all functlons G'(z) which are of
bounded variation and satisfy

f_ | G@) | de < .

In this case (following Rice,? Middleton® and Bennett*), G'(z) has a
Fourier transform

Glw) = f_ Z G(z) exp (—jwz) dv (70)

such that for almost all x, — 0 < 2 < 0,

6@ = 5 [ 56 exp (o) do. 1)

Using equation (71), we can write

f_w f_w G(xl)(—?@p(xl ) T2) dzy dz,

[T 500 exp G do ) | G exp o) )

Py 5 2) dxy do, (72)
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Since G (z) is of exponential order, one can show that all combinations
of the integrals in the right-hand side of equation (72) converge uni-
formly so that we are justified in interchanging the order of integra-
tion to obtain

f_ ) f_ ) G(xx)G(wz)p(xl , %) dz, dz,

- [ [ sedge

(j:w j;w p(xs , T2) exp [j(w,x; + w,2,)] da, da:z) dw; dw, . (73)

Using the fact that
f_ ' f_ p@: , 72) exp [jlwz + w,25)] dz, dz,

1‘2 2 2\ \-
= exp ——' (w1 + 27'0)10)2 + 0-’2)

(see Ref. 5, pp. 30-35), and recalling that Z,,,O z"/n! converges uni-
formly to exp (z) for —x < z < o, we obtain the following from
equation (73):

f_ : f_ ) G(x)G(x)p(z, , z2) da, dz,
= Z RD)" (r)) {trf:o (joor)"G(w,) exp (—EZi wf) dwl}

n=0

{2—17r [ g e (~Za2) dwz}- @

An application of Parseval’s theorem yields
1 ® s \n I‘z e dar
oo s e (5 ) ao = [ oa(ow) e an

and a similar expression for G and G. Using equation (75) in equation
(74), we obtain equation (68).

Now, we only assume that G(z) is exponentially bounded and of
bounded variation on finite intervals. For k = 1, 2, -- -, define

k<<
6.(@) = {G(x), for k<z=£k,

0, otherwise.
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It follows that G, (z) is of bounded variation and that [, | G,(z) | dz <
fork = 1, 2, --- so that the above results imply that

[ [ 6w 2 du da

2 (RoAT)"
= ;( n!

2

- (76)

X

[ eo(Eow) as

fork=1,2, ---.
We know that

200 = s () ) e (—5)

a P T s\ Ve T Ve T/ P\ T

[H.(z) is the Hermite polynomial of degree n], so that the series in
equation (76) can be expressed as

i) = 3 aor” )
where
1 1 o \ 2
Gt = i P f_w G.(V2 T2)H,(2) exp (—2°) dz | - (78)

Making use of the inequality®

2 ——
| H.(2) | < £ exp (926—)2"” Vnl, = 1.086435,
and the assumption

|G@) [ =vexp (u|z), —= <z< o,

we can see that
2£v 0 . 2
0Za,, <| == exp V2 I'x — 2 dz) < o,
\/7r 0

for all » and all k. Hence, when | r | < 1, Weierstrass’ M-test implies that
the series S.(r) converges uniformly for k = 1, 2, --- . Consequently,
we have

tim [ [ GGG , ) de da,

k=0

2

~= (R (o))"
P (79)

n=0

| lim f: Gk(x)(% p(x)) dz

k—o0

for all 7 such that R.(r)/T? 5 +1;1ie. for|[r]| < 1.
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One can also show that

lim [ f Gk(xl)—G_I;(—x;)p(xl y xz) dz, dz,

k-0

= f_ j: G(xy)G(x)plz, , 22) dx, dz, (80)
and that

lim Z Gk(x)<i7f; p(x)) dx = j: G(x)(jn,. 'p(x)) dz. (81)

k—o ¢ — X X

Substituting equations (80) and (81) into equation (79) yields the
identity (68) for all = such that R,(r)/T? % +1.
We saw above that our identity can also be expressed as

f f G(xl)G(%)P(xl ) T2) diy d, = z a.r", IT | <1, (82)
—0 V= n=0
where

o= 5| 2= [ e o e (- ae [ o

Since the left-hand side of equation (82) exists for » = =41 and since
a, = 0 for all n, it follows that equation (82) is also valid for » = +1.
(The proof of this result is a Tauberian theorem. For example, see
Ref. 10, page 427, exercise 13-34.)
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Television Codihg Using Two-

Dimensional Spatial Prediction

By D. J. CONNOR, R. F. W. PEASE and W. G. SCHOLES
(Manuseript received September 30, 1970) ‘

Three classes of differential coders have been built which exploit
the two-dimensional spatial correlation present in television pictures.
The three classes are distinguished according to the technique used to
predict the value of the picture element (pel) to be coded. In the first
class, the prediction is the value of the previous element along the
scan line averaged with one or more elements in the previous line
(of the same field). In the second class, the prediction is the sum of
the value of the previous pel with the local element difference in. the
previous line. In the third class, the transmaitter and receiver choose
the prediction from either the previous element or somé combination
of the previous element with the elements in the previous line. The
choice 1s based on differences measured between elements already
coded. These are available both at the transmitter and receiver, so
no extra nformation need be transmitted. In the absence of trans-
mission errors, the pictures resulting from all three classes of coder
are markedly improved over those in which only the previous element
s used as a prediction. In particular, vertical and sloping edges are
now well defined. The effect of a transmission error on a single frame
of the received picture is scarcely visible in the first class of coder
but s much more visible in the second and third classes.

I. INTRODUCTION

Intensity correlation in television pictures extends both horizontally
and vertically.** For a number of good reasons, most practical predic-
tive encoders have exploited only the horizontal correlation:?

(z) In a noninterlace system, access to the verticaliy adjacent
picture element (pel) requires storage of one line of information
(about 8,000 bits for broadcast TV or 2,000 bits for Picture-

1049
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phone® Service). In a 2 : 1 interlaced system, a field plus a line
must be stored (10° bits for broadecast or 250,000 for Picture-
phone Service). If access to the vertically adjacent pel in the
same field is desired, a line of storage is required.

(¢7) Most television systems, including Picturephone Service, use an
interlaced scan. Because of the storage problem, access to the
vertically adjacent pel in the same field is most practical. How-
ever, this pel is about twice as far away (spatially) from the
current pel as is the previous pel in the same scan line. The
vertical correlation of intensity within a ﬁeld is thus less than
the horizontal correlation. v

(777) Statistical studies of television pictures suggested that for
linear predictive encoding very little extra redundancy could
be removed by exploiting the vertical correlation as well as the

horizontal correlation.?*®

Given these reasons, why lock at the use of vertically adjacent pels
in various predictive encoding schemes? First, in recent years the cost
of storage has fallen dramatically and hence the extra memory re-
quired for storing one line is not a serious objection. At present, a
2,000-bit line store using MOS shift registers costs about $600.00
and fits on one printed circuit board containing 40 dual-in-line pack-
ages. Future costs should be much lower (less than $100.00).

To counter the second and third points above, let us consider for a
moment the operation of a differential quantizer. A differential quan-
tizer predicts the value of the current pel by using information that
has already been transmitted. The discrepancy between the uncoded
value and the prediction is quantized and added to the prediction to
form the coded value of the current pel.

Most practical differential quantizers which make use of the
horizontal correlation of intensity produce pictures of generally aceept-
able quality, except for sharp vertical or diagonal edges. These are
blurred and have an ahnoying “busyness.” The problem is in the predic-
tion. The differential quantizer has no way of “anticipating” a vertical
edge. Consequently, the prediction it makes is grossly in error at these
edges.

By making use of mformatlon from the previous line, it is possible to
anticipate the vertical edges and most of the diagonal ones. To study
this possibility, we have built and/or simulated on a computer a num-
ber of differential quantizers. These coders can be divided into three
classes which are distinguished by the way in which the information
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from the previous line is used to “anticipate” or predict the value of
the current pel. In Fig. 1 we give a labelled diagram of the pels near the
current pel.

In the first class of coder, the prediction is the average of the value
of the previous pel, 4, and the value of one or more of the vertically
adjacent pels, B, C, and D. We call this “averaged prediction.” In the
second class of coder, the prediction is the sum of A and the scaled
horizontal element difference or slope between elements on the previous
lirie, e.g., C — B or 3 (D — B). This has been called “planar predic-
tion.* ‘

These first two classes of coders use linear prediction since the pre-
diction is a linear sum of previously coded intensities. The third class of
coder uses a nonlinear prediction in that the choice of prediction mode
is signal-dependent. The prediction can be either A or some linear
combination of A, B, C and/or D. The choice is dependent on the mag-
nitude of intensity differences between the pels in the previously coded
neighborhood of the current pel, X. This class of coder can be called
“optional prediction.” (R. E. Graham has proposed and simulated
some coders of this type.?)

In the following sections we describe the particular coders we have
built, and give some examples of processed pictures. We also include
a discussion of the effect of transmission errors for the various coding
strategies.

II. DESCRIPTION

The scan format is similar to that used in Picturephone Service:
there are 271 scan lines with a 2:1 interlace, 248 elements per line and
the frame rate is 30 Hz.

A schematic of a general differential quantizer that uses information
from the preceding line is given in Fig. 2. The quantizer characteris-
tics are shown on Table I. The particular coders to be described below
differ only in the implementation of the predictor. Note that with the
use of sign prediction® these are three-bit coders.

For comparison, we chose as a reference an element-coder (i.e., the

- T T )cumRENT
FIELD
INTERLACED
FIELD ‘[ A X

Fig. 1—Diagram of picture elements (pels) near the current pel.
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_ PREDICTION =P PREDICTOR
P P
INPUT
1 I-P| 9-LEVEL 1- PEL ool I W LT 1-PEL
QUANTIZER —{oELAY A (BeLar| D |PELAY[ ¢ [PELAY[T
I TO CHANNEL
CODER

_Fig. 2—Diagram of differential quantizer using information in previous line to
aid prediction of current pel. The letters 4, B, C' and D refer to the pels whose
positions are shown in Fig. 1.

value of pel A is used as a prediction) having the same quantizer
characteristics as above. Although it might be argued that it would
make more sense to optimize the quantizing scale for each type of
prediction, we.found that the subjectively optimum quantizing scale
varied as much with picture content as with prediction strategy. For
most experiments, therefore, we used one quantizing scale; a few
results on varying the quantizing scale are, however, also described in
the next section. )

In the subjective tests, the 53 inch by 5 inch raster was viewed
through a polarizing screen from a distance of 36 inches in a room
having average office illumination (70 foot candles). Two scenes were
used: (z) a model head, “Penelope,” with a draped background (Fig.
3a); and (¢t) a photographic slide, “Karen,” (Fig. 3b).

III. AVERAGED PREDICTION

In this type of coder, the prediction is formed by adding the value of
pel A to the value of some combination of the pels B, C and D. Three
coders were built and tested; the predictions used were: (7) (4 +
D)/2; (i) (A + C)/2, (i) [A + (C + D)/2]/2. Figure 4a shows a
diagram of the arrangement used to test coder (7).

In the absence of channel errors, the displayed picture at the trans-

TABLE I—ENCcODER CHARACTERISTICS

Input Levels +0-1 2-7 8-17 18-33 34-255
Output Levels 0 4 11 25 42
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mitter is the same as at the receiver® and hence only the transmitter
loop was built for the real time tests.

In comparison with the reference coder, all three of the coders gave
significantly improved rendition of the vertical and most of the sloping
edges. Horizontal edges and those sloping slightly upward appear
blurred in comparison with the same edges encoded by the element
coder. However, it is a static blurring which is subjectively much less
annoying than the “edge busyness” which occurs on some edges en-
coded by the element coder. The granular noise in pictures encoded
with the averaged prediction coders is associated more with high
vertical spatial frequencies than with high horizontal spatial fre-
quencies. This effect is to be expected because the relatively large
vertical step size will result in more frequent use of the larger (and
less accurate) quantized difference signals in regions containing vertical
detail. In picture areas with no directional properties, the noise level
is about the same as with the element coder. Some observers, however,
mentioned that it appeared to be a higher frequency noise.

In comparisons among the “averaged prediction” coders, (i) and
(112) appeared preferable to (i7) since they were able to adequately
encode edges with smaller positive slopes than was (:2). This is under-
standable since the presence of pel D in their prediction mcans that
such edges are anticipated. There was very little to choose between
coders () and (217) and so we carried out subjective tests in which
eight unskilled and eight skilled observers were asked to state a pref-
erence between pictures obtained using coder (7) and the reference
coder. With “Penelope,” all eight of the skilled and seven of the eight
unskilled observers preferred the picture given by coder (z). With

Fig. 3—Scenes viewed for evaluating coders, (a) Penelope and (b) Karen.
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—— PREDICTOR ___ -
PREDICTION _ :
T —2
P=(A+D)/2
P S
B-BIT
INPUT Z
I 9-LEVEL | + _ 1-PEL LE
I-P | QUANTIZER DELAY A lpeLar| D
DIGITAL TO
ANALOG  |—s! DISPLAY
CONVERTOR
(a)
____ __PREDICTOR
PREDICTION _ [_ . > B
P=A+({D-B)/2 | : o8 |
P (E I I
9-LEVEL N N 2-PEL
QUANTIZER DELAY A oot D T|PELAY[ B
L—_J
DIGITAL TO
ANALOG —| DISPLAY
CONVERTOR
(b)
. ____ PREDICTOR
PREDICTION |
P=A OR (A+D)/2
2 |
8-BIT — ]
INPUT
QUANTIZER COMPAR-
AlpeLar| D B ATOR | |
| |

T
. DIGITAL TO | A B
DISPLAY ANALOG  fe— -
CONVERTOR [ lA-8] —

Fig. 4a—Diagram of apparatus used to evaluate coder (2) in which the value
(A 4 D)/2 is used as a prediction of the current picture element. The displayed
picture is equivalent to the received picture providing there are no channel errors.

Fig. 4b—Apparatus used to evaluate coder (v) in which 4 + (D — B)/2 is
pseg as a-prediction of the current pel. The position of pels 4, B and D is shown
in Fig. 1. .

Fig. 4c—Apparatus used to test the optional prediction encoder. If |4 — B| >
|D— BJ, A is used as the prediction. If |[A — B| =|D — B|, (A + D)/2 is used.
The positions of A, B and D are shown on Fig. 1.
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“Karen,” all subjects preferred the picture given by coder (7). (The
skilled observers all remarked on the better edge rendition of the verti-
cal stripes in Karen’s blouse.) As the quantizing scale is made coarser,
there is improved rendition of vertical edges in the picture from the
reference coder but the granular noise also increases. In this situation,
the comparison between the two coders is closer, but coder (¢) was still
preferable.

The element coder and coders (7), (&) and (1) were simulated on
a DDP-224 computer system. Only a single frame was processed so
it was not possible to judge frame to frame noise. In the first set of
experiments the magnitude of the difference between the original pic-
ture (coded as eight-bit PCM) and pictures from the above coders
was displayed. Figures 5a and 5b show the discrepancy between the
PCM coded picture and pictures coded with the element coder and
coder () respectively. (Figures 5¢ and d are for coders discussed

Fig. 5—Magnitude of the difference between a picture coded as 8-bit PCM and:
(a) the reference coder; (b) coder (?) ([4 + D1/2 is prediction); (c) coder (v)
([A 4+ (D — B)/2] is prediction) ; (d) optional prediction coder of Fig. 4c.
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below.) As expected, the element coder showed differences along verti-
cal and diagonal edges. The average prediction coders, on the other
hand, gave differences chiefly along horizontal edges. Coder (1)
seemed to show the least discrepancy from the eight-bit coded picture.
No subjective improvement was realized by choosing coder (i7) over
coder (¢) in the experimental model.

We also investigated on the computer the effect of transmission
errors on a single frame of the received picture. It has been suggested
that because the average prediction coders made use of information
from the previous line as well as from previous pels on the current
line, the effect of an error on subsequent lines would be serious. How-
ever, because the prediction is an average, the effect of the error decays
spatially. For example, consider the effects of an error of 64 quantum
levels in coder (). This error results in the array of intensity errors
shown in Table II. Note that the effect of the error decays rapidly
both horizontally and diagonally, but more slowly vertically. Also,
the spatial derivative of the error pattern is small except near the
original error. This fact should help reduce the visibility of the error
pattern. In fact, the pictures generated on the computer showed that
even serious errors (e.g., a change of sign on the outer level) resulted
in a pattern that was scarcely visible.

Contrast the visibility of the errors in Figs. 6a and b. The picture
in Fig. 6a was coded with the reference coder. The upper, dark line
was caused by a positive-to-negative sign change in an outer quantizer
level. The lower light line results from a negative-to-positive sign
change in the third quantizer level. The identical type of errors are
present in the picture in Fig. 6b which was coded with coder (7). The
error in the outer quantizer level is visible as a small black dot at the
outside corner of the left-hand eye. The error in the third quantizer
level appears as a white streak toward the right end of the upper lip.
In any event, the errors are far less visible than the equivalent errors
in Fig. 6a.

1V. PLANAR PREDICTION ENCODERS

Two coders were built and tested. The predictions used were (iv)
A+ (C —B),and (v) A + (D — B)/2. Figure 4(b) shows a sche-
matic for coder (v).

Both coders showed improvement over the reference coder, but not
over the coders in the previous section. In particular, the planar pre-
diction encoders gave rise to “edge-busyness” on edges sloping upward



TABLE II—INTENSITY ERRORS FOR AVERAGE PREDICTION ENCODER*

Horizontal
Distance
3 4 5 6 7 8 9 10 11 . 12 13 14 15 in Pels

1 64 32 16 8 4. 2 1

2

3 32 32 24 16 10 - 6 3 1

4

5 16 24 24 20 15 10 7 4 2 1

6

7 8 16 20 20 18 15 11 8 5 3 1

8

9 4 10 15 18 18 16 14 11 8 6 3 2 1

10

11 1 5 10 14 16 16 15 13 11 8 5 3 2 1

12

13 3 7 10 14 15 15 14 12 10 7 5 3 2 1

14

15 4 7 11 13 14 14 | 13 11 9 7 5 4 2 1

16 .

17 5 8 10 12 13 13 12 10 9 7 6 4 3 2 1
Vertical 18
Distance
in Lines 19 6 8 10 12 12 12 11 10 8 7 6 4 3| 2 1

vl

* The pattern of intensity errors that results from an error of 64 levels at pel 8,1.(zx = 8,;y = 1) when (A + D)/2 is used as a
prediction of the current pel. The intensity of the error decays spatially and, perhaps more importantly, there is no abrupt large
spatial difference in intensity except near pel 8, 1.

SYIAOD TVILNIIHTAAId TVILVAS
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Flg. 6—Decoded pictures showing the effect of intensity errors resulting from
channel errors. Figures (a) and (b) each contain two error patterns resulting from
errors of 84 and 50 levels (out of 255 levels). (a) Derived using the reference coder
(differential quantizer using A as the prediction); (b) results from the use of
coder (?) ([4 4 D1/2 is prediction); (c) results from the use of coder (v)
([A + (D — B)/2] is prediction) when there is a single intensity error of $4
levels; (d) results from the use of the optional predictor (see Fig. 4¢) when there
is a smgle intensity error of 50 levels. Copies of the original prints may be ob-
tained from the authors.

to the left. In addition, coder () gave rise to the same problem on
edges sloping upward to the right.

Consider .an edge passing to the left of B in Fig. 1 and between
4 and X so that (C — B) = (D — B) = 0. The values of 4 +
(C — B) and 4 + (D — B)/2 will both be poor predictions of X
(the same as the element coder but worse than (4 + D)/2.) Also,
if an edge passes between A and X and between D and C, then 4 +
(C — B) will be a poor prediction of X.

The discrepancy between the picture coded as eight-bit PCM and
that coded with coder (v) is shown in TFig. 5c. Although on the
average, the picture shows less discrepancies than the equivalent



TaBLE III—INTENSITY ERRORS FOR PLANER PREDICTIVE ENCODER*

Start of Blanked
Horizontal Distance in Pels Region

210 211 212 213 214 215 216 217 218 219 220 221 222 223

1 0 0| 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 0
3 0 32| 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 32 0
5 0| 16 | 48 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 48 16 0
7 0| 8| 32 | 56 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 56 | 32 8 0
9 4120 44 | 60 | 64 | 64 | 64 | 64 | 64 | 64 | 64 | 60 | 44 | 20 4 0
11 2112 |32 52 | 62 | 64 | 64 | 64 | 64 | 64 | 64 | 62 | 52 | 32 | 12 2 0
13 1 7122|142 57 | 63 | 64 | 64 | 64 | 64 | 64 | 63 | 57 | 42 | 22 7 1 0
15 0| 4114|3250 | 61 64 | 64 | 64 | 64 | 64 | 64 | 61 | 50 | 32 | 14 410 0
17 10| 2| 9|23 |41 (56|63 | 64 | 64 | 64 | 64 | 64 | 63 | 56 | 41 | 23 9 210 0
19 {1 6|17 33|49 |60 | 64 | 64 | 64 | 64 | 64 | 64 | 60 [ 49 | 33 17 6 1 0 0
0

21 3111|125 4|54 |62 | 64 | 64 | 64 |-64 | 64 | 62 | 54 | 41 25 11 3 0 0

Vertical Distance in Lines
(unlike Table II, the interlaced lines are not shown)

* Pattern of intensity errors resulting from an error of 64 levels. At pel 212, 1 when A+ (D — B)/2 is used as a prediction of the
current pel. Note that the intensity error is constant to the right of pel 212, 1 until the start of the blanked portion of the line (pel
223, 1) when the accumulated value is forced to zero. On successive lines this (correct) reset value is partla]ly used in the prediction
near the right-hand side and so the error is reduced.

SYAAOD TVILNTYIIAIA TVILVIS
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picture for coder (z), the discrepancies that do occur lie on vertical
or diagonal edges sloping upward to the left. It is on just these edges
that the “edge busyness” occurs. ’

The effect of a transmission error is an area of uniformly altered
brightness as shown in Fig. 6¢. How this pattern arises is illustrated
in Table III where we have assumed an error of +64 levels in the
element in the top row of numbers. '

In view of the increased visibility of error patterns and the absence
of a significant improvement in picture quality over the averaged
prediction encoder, we saw no overall advantage in the planar pre-
diction encoders for fixed length codes.

V. OPTIONAL PREDICTION ENCODERS

A number of varieties of optional prediction encoders were investi-
gated. The one examined most closely uses either A or (A + D)/2 as
a prediction. If the difference |4 — B| is greater than the difference
|[D — BJ, A is used as the prediction, otherwise (4 + D)/2 is used
(Fig. 4c). These differences are made up of pels already .coded and
available (in the absence of transmission errors) at both the receiver
and transmitter. Thus, no extra information need be sent to the re-
ceiver to indicate the prediction used by the transmitter.

The pictures obtained showed less granular noise than those from
any of the other encoders. They showed little deviation (Fig. 5d)
from the pictures coded as eight-bit PCM. Most edges are reproduced
well, but those sloping at about 45 degrees upward to the left showed
some local slope overload due to a mistaken choice of prediction. Un-
fortunately, a mistaken choice on one line tended to lead to similar
mistakes on the next line and hence such clusters of mistakes tended
to be visible. Different strategies for making the choice altered the
slope of the edges on which the trouble occurred. So far only simple
strategies have been tried; more complicated ones may well eliminate
the problem. Obviously, there is a wide variety of techniques to be
explored. For instance, there can be more than two options. In view
of the low granular noise of the encoded pictures, such exploration is
well worthwhile. .

The effect of a transmission error on the decoded picture can be
catastrophic. The receiver can lose track of the prediction option
selected by the transmitter. Indeed, the effect of a large error tends to
make the receiver choose incorrectly. This is illustrated by supposing
the pel D has an error of +64 levels. This generates a large spatial
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change; |D — B| is large and hence (4 + D)/2 will probably be used
as the prediction. This propagates the error to the next line. If 4
should have been used as a prediction instead of (A4 + D)/2, then the
differences are added to the wrong prediction at the receiver. The
effect on the decoded picture can be catastrophic as is illustrated in
Fig. 6d.

VI. DISCUSSION

Because of the improved picture quality and the insensitivity to
transmission errors compared with a standard differential quantizer,
coders (7) and (#i7) seem at present to be the most practical for intra-
field coding of pictures for transmission. This is especially true when
fixed length codes are to be used. We have still to determine the best
quantizing characteristics and the best weighting of pel A with pels on
the previous line to form a prediction.

Except for a few poorly predicted pels, the optional prediction en-
coders give a better rendering of the scenes described than do the fixed
prediction encoders [e.g., coders (7) through (v)]. Hence we are con-
tinuing to study ways of removing the last few flaws in the coded
picture. The sensitivity of this type of coder to transmission errors
may be a serious problem. We are considering a number of methods
for reducing this sensitivity.
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On the Control of Linear Multiple
Input-Output Systems*

By B. GOPINATH
(Manuscript received July 1, 1970)

The control of linear time-invariant systems is one of the most basic
problems of modern automatic control theory. Although “optimal con-
trollers” which minimize certain costs associated with control can be
determined, in most applications “simple controllers” suffice, and are
often more desirable. The criteria by which these simple controllers
are designed are closely related to the problem of assigning the
eigenvalues of the fundamental matriz (i.e., the poles of the system)
to arbitrary but specified locations. This paper presents an approach
to the design of such control systems. Our approach does not involve
computing complicated canonical forms, as do some previous methods,
and at the same time generalizes easily to multi-input-output systems.
A simple solution of the problem of designing feedback control systems
with a mintmum number of dynamic elements is also presented.

I. INTRODUCTION

In recent years there has been a considerable amount of interest in
the problem of designing controllers for linear systems. Although
most of the theoretical interest has centered around optimal control
approaches, it is generally known that in most standard control sys-
tems, simple and usually nonoptimal controllers suffice. One of the
oldest problems of control theory is that of stabilizing a linear control
system by using feedback (see Fig. 1). Although this problem has
been solved in the single input-output case by many people, one of the
first clear statements was that by D. G. Luenberger.! In the case of
multiple input-outputs, elegant solutions are of recent origin (see Ref.
2). Almost all of the published solutions resort to canonical forms,
and in the multiple input-output case are not convenient to work

* A talk based on this paper was presented at the Second Assilomar Con-
ference on Circuits and System Theory, 1968.
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INPUT OUTPUT
u PLANT 2 OR y
= THE SYSTEM
TO BE CONTROLLED

FEEDBACK
SYSTEM
%

Fig. 1—Model of controller.

with. Also, in almost all cases, since the system is often described in
terms of variables that are of direct interest, a transformation to
canonical form is inconvenient.

In this memo we present a solution of the problem including the
problem of designing controllers of minimal dynamic order (i.e., a
controller using the, least number of dynamic elements). The present
solution does not resort to the use of canonical forms for the design.
This approach also helps to systematically exploit the additional
freedom that is obtainable due to the multiplicity of the inputs and
outputs. In fact there is no previous solution known to the author
which solves the problem of designing “minimal order” observers
without resorting to complicated canonical forms.

We begin by introducing certain preliminaries and establishing the
notation, and then solving the problem of designing controllers and
observers in Sections IIT and IV. In Section V, the problem of design-
ing controllers of low dynamie order is solved.

After this paper was written, the author became aware of the paper
by W. M. Wonham.®* Wonham derives Lemma 1 in the following sec-
tion. The proof given in Wonham however uses the theory of minimal
polynomials, as compared to the proof given in the following section
which uses only the concept of linear spaces. Wonham himself has
commented in his paper that an abstract proof of his results would
be very worthwhile. The author feels that the proof given in the
following section is an abstract version. The results of Sections III
through V are not to be found in Wonham'’s paper.

II. LINEAR TIME-INVARIANT SYSTEMS AND THE PROBLEM OF CONTROL

The following definitions contain certain undefined but generally
understood concepts such as dynamical system, ete. For a more
detailed discussion of these ideas, the reader is referred to Ref. 4.
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2.1 Linear Time-Invariant System

A linear time-invariant system 3 is a dynamical system governed
by the following equation.

£(t) = Fz(l) + Gu(t), ¢y

y(t) = Ha(1), 2)

where z2(t) € E" is the state of £ and u(t) ¢ E™ and y(f) ¢ E” are the
inputs and outputs of 2 respectively. F, G, and H are n X n,n X m
and p X m matrices respectively, and are independent of time t.

A “system” hereinafter shall denote a linear time-invariant system
for brevity. '

2.1.1 Cyclic System

Z is eyclic if there exists z ¢ E" such that the matnx [ Fz - -- F" 'z]
is nonsmgular °

2.1.2 Complete Controllability

2 is completely controllable if the rank of [GFG -:- F*'G] is n.
See Ref. 4 for details.

2.1.3 Complete Observability

2 is completely observable if the rank of [H’ F'H' --- F'"'H]is n.
Finally Z is ordinary if

(4) 2 is cyclic; and
(#7) Z is completely controllable and observable.

Most systems ordinarily dealt with are cyclic, because, as will be
shown in this section, the condition of not being cyclic is caused by
having two identical subsystems embedded in one system and yet
completely decoupled from each other. Hence it is a singular situation
in the sense that whenever a system is completely reachable and com-
pletely observable, a slight amount of feedback can make the system
cyclic (see Ref. 5).

It is very interesting to note that most theorems to be given in this
paper are dependent on a simple and basic property of linear spaces.
This property is stated as the following lemma,

Lemma 1: Lgt 3,-, it =1 .-+ n, be n distinct linear subspaces of a
linear space. Let £ be a linear space contained in the set union of J, ,
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2=1---n. Then
£ C dg; for someje {l, 2 --- n}, (3)
where C denotes “contained in’’.

Proof: The proof will be based on the principle of finite induction.
The lemma is obviously true for n = 1. Now suppose the lemma is
true for all n < ng ;i.e., suppose that, givend, ,2=1,2, -+ ,n < n,,
then & € \U.., 9; implies that £ C 9, for some j < n. It will then be
proved that the lemma is true for n = n, , which will complete the
proof of the lemma by finite induction.

Assume £ is not contained in the set union of any m (m < n,) of
the 9.’s, for if it is so contained, then the lemma trivially holds (from
previous paragraph). Therefore there exists n, vectors x; such that

v, e8, v, ed; and x;¢9; if 7= (4)
Consider now any two of these n, vectors z; , z; and
z; + ax;, T # j, aeR. (5)
(The set of real numbers).
Since £ is linear, z; + oz, ¢ £ V «; also, since £ C \U, .. 9.
x; + ax; e 9, forsome s(a)e{l,2, -+, no}. 6)

However, since there are only a finite number of 4,’s while « can assume

any values from the uncountably infinite set R, there exists an “s”

such that for at least two distinct values of @, namely «; and «, ,
z; + oz and T+ oz e 9, .
But this implies that
(s — ap)x; e 9, since 4, is linear; )
ie.,
x; e 9, since a; # «a, and g, are linear. (8)

Therefore s = j by (4), i.e., 2; + oyz; € 9;, whence z, £ J; since z; £ 9;
and ¢; is linear. Once again using (4), z; € 9, = 1 = j which contradicts
equation (5). Q.E.D.

Note: As can easily be seen, Lemma 1 does not hold in general for
an uncountable union of linear spaces.

Definition: A square matrix F' has simple structure if and only if for
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each eigenvalue A; , of F there exists one and only one eigenvector e; .
(In other words, F is simple if no two uncoupled Jorden blocks in the
canonical form have the same eigenvalue.)

Note: All the eigenvectors are assumed to be normalized such that
the first nonzero component is 41.

Lemma 2: The statement that the system Z s cyclic tmplies that the
square matriz F in equation (1) has simple structure.

Proof: Suppose there exists two eigenvectors e, and e, of F corre-
sponding to the eigenvalue A\. Then 3J two eigenvectors, d, and d, of
the matrix F’ corresponding to X\, where F’ is the conjugate transpose
of F. Let « be any vector in E”. Then suppose y is the projection of 2
in R(d, , d»), the subspace spanned by d, and d, . Let

ze R(d,,d;) suchthat (z,)* =0, z 0. 9)

Then since ((x — ), 2) = 0 becaus‘e z e R(d,, d,), it follows that
(z, 2) = 0 by equation (9) and since z ¢ B(d, , d5), 2 = aid; + aud,.

Therefore
(z, F'x)

It

(erdy + axds), F'x),
= N((udy, + ady), ),
=N@2)=0 Vv r.

Therefore the proof is complete. Q.E.D.

Definition: A subspace £ of E® is an invariant subspace of F if
ze L= Fre&. 9,(F) denotes an s-dimensional invariant subspace of F.

Lemma 8: The statement that 2 s ordinary implies that 3 an o ¢ E™
and 8 e E*, such that

p(IF = Ga]) = p([F" : H'B]) = n'.

Proof: Notice that the number of invariant subspaces of F' are finite,
since the number of one-dimensional invariant subspaces are finite. [This
follows from the familiar structure of invariant subspaces, see equa-
tion (6).] Suppose x ¢ R(@), the space spanned by the columns of G and

o([F : z]) = s(z) < n.

* (2, ) is inner product of z and y.
t The matrix [F : A] will in general denote the matrix [4 FA --- F™14],
and p([F : A1) denotes the rank of [F : A]. )
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Therefore z ¢ ®(GF) belongs to some 9.(F), s < n. Therefore, from
Lemma 1 ®(G) < 9,(F) for some s < n, which contradicts p([F:G]) = n.
Therefore 3 an o € E™, such that p([F : Ga]) = n. Similarly the other
case. Q.E.D. '

The above lemma shows that 3 a single input-output system corre-
sponding to every ordinary system, such that the controllability and
observability of the new system is implied by that of the old system
with multiple inputs and outputs. Lemma 4 shows that the weighting
vectors a and 8 could almost be any vector in E™ and E” respectively.

Lemma 4: The statement that = ¢s ordinary, that « ¢ E™ and 8 ¢ E°,
wmplies that p([F : Ga]) = p([F' : H'B]) = n almost surely.*

Proof: Notice the determinant of [F : Ga] is a polynomial in «, and
by Lemma 3 we have shown is nonzero for at least one a. If the distribu-
tion of & does not allow nonzero probability to any surface of dimension
< m then

Probability that p([F : Ga]) = nis 1. Q.E.D.

The stability of =, and the transient response of 3 are generally
characterized by the eigenvalues of F, which in turn are given by the
characteristic polynomial x(#). Hence loosely by dynamics of 3 we
mean the characteristic polynomial or the eigenvalues of F.

Given that a system I models a “plant” to be controlled the problem
that we will consider is that of designing another system 3; such that
the resultant “closed loop” system has arbitrary dynamics.

III. THE DESIGN OF CONTROLLERS

In order to motivate the nature of the problem in Section IV, we
shall first solve the so-called control problem which essentially is a
simplified version of the problem postulated in Section II. The H
matrix in equation (2) is now assumed to be the “n” dimensional
identity denoted by I,, in other words, the complete state of 3 is
available for measurement. In this case, we show that we need only
feed back a certain linear function of the state “z” to achieve any
given dynamics for the closed loop system.

The problem formally reduces to the following.

Given a plant 3 described by equations (1) and (2) with H in (2)

*a and B are chosen from any joint distribution in E™ and E” respectively,
which does not assign nonzero probability to a surface of dimension less than
m and p, respectively. '



LINEAR TIME-INVARIANT SYSTEMS 1069

replaced by I,, it is required to find an m X n matrix K referred
to in the following as the feedback gain such that the resultant system
has the prescribed characteristic polynomial (10)

s Dy (10)
i=1

Let the characteristic polynomial x(F) be

x(F) = s + Z: ;s k. 1)

Then from Fig. 2 the problem reduces to finding K such that

xF — GK) ="+ 2 7" (12)

i=1
since the new differential equation is ¢ = (F — GK)x + Gu. The
solution is contained in the following theorem.

Theorem 1: If a system Z s cyclic and completely controllable then
With ¥, , Y2, -+ , Y. Teal constants,

W xF — GK) = & + 3y (13)

i=1

for any K of rank one satisfying

a, + tr (GK) (14)

Y1

Yo = Uy + Gy tr (GK) + - -+ + tr (F"'GK).

(2) Moreover there exists at least one K satisfying equation (14).
Proof: The new characteristic polynomial with feedback is

x(F — GK) = det (sI — F 4 GK),

—

/}:\1 G @ jlf> In
L~
] K [
L1

Fig. 2—Feedback control when the state is known.
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ie.,

det [(sI — F)(I + (sI — IY'GK)], (15)
x(F)det (I + (sI — F)"'GK).

Since K is of rank one, it follows that (sI — F)~*GK has rank one;
therefore

det (I + (sI — F)7'GK) = 1+ tr (sI — F)"'GK (16)

where tr (4) denotes the sum of the diagonal elements of 4. Therefore
from equation (15)

Il

x(F = GK) = x(F)[1 + tr (sI — F)"'GK], 17)
ie.,
x(F — GK) = x(F) + tr [x(F)(sI — F)"'GK] (18)
which since

I — F)™ = ) Fls O
i=0

outside an appropriate region in the complex plane (see Ref. 6),
becomes

x(F — GK) = x(F) + tr [X(F) Z [F"s“"“’GKJ]' (19)

Now using the Cayley-Hamilton theorem (see Ref. 6), i.e., using the
fact that

F*+ > aF" " =0. (20)
i=1

and equa.ting coefficients of equation (19), we have that the coefficient
of s" ¥ on R. H. 8. of equation (19) is (using a, = vy, £ 1)

=0, j>mn; (21)
v, =a; +a; ,trGK + --- + tr F/7'GK, n>ji>1; (22)
=0, §<0. (23)
Therefore
7. = a, + tr GK,

7.2‘= a, + a, tr GK + tr FGK, (24)

Yo =a,+ --- + tr F"'GK.
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This proves that if there exists K of rank 1 such that equation (14) is
satisfied, then K satisfies equation (24), and that if K satisfies equa-
tion (24), then equation (12) is satisfied.

Let

['71;"')7n]é7y (95)

fie

[aly aan] a/y

where 7 denotes the transpose. We have, rewriting equation (24),

1 0 --- 0 tr GK
'y=a+ C’h ]. ce 0 tI‘F'GK (26)
. a4y .
Gpey Qs - a1 tr F"'GK
Let
1 0 ---0 0]
a, 1 ---0 0
s ) @)
Ap—2 Qp—3 *** 1
LOn-1 Gpep -+ 0 1]
Notice here that A= always exists and can be evaluated easily.
tr GK
wIE = 47— a). (28)
tr F*'GK

Now we assume K = ok’ (¢ and k& are m X 1 and n X 1 matrices
respectively), such that K is of rank 1 then equation (28) becomes

tr Gak’

’
tr FGO[]C - A_l(’}’ _ a). v. (29)

tr F" 7' Gk’
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Since tr FiGak’ = o’ G'F’k, equation (29) becomes
a’'G’

CEF Ny~ 47 = o). (30)

G F™Y

But from Lemma 4 it is clear that p([F Ga]) = n for almost all a.
Therefore it follows that equation (30) has a unique solution for almost
any «, and this completes the proof.

Therefore from the proof of the above theorem, it is easy to see
how we can find the required gain matrix. Equation (28) is linear in
the elements of K. The freedom in the multi input-output case is
essentially one of picking «. Almost any solution of equation (28)
which has rank 1 will do the job. Notice that restricting K to be of
rank 1 also helps to reduce the number of amplifiers to implement
the system, for K then can be realized by (m + n — 1) amplifiers
instead of (mn).

IV. DESIGN OF OBSERVERS

In Section IIT we saw how a gain matrix K could be computed for
the system = with H = I, . However when H > I, , the state ‘n’ of 2
is not directly observable and an observer to estimate the state has to be
designed. It will become clear that Theorem 1 gives the solution to this
problem also. The solution consists of designing a linear system Z,
which is constructed in such a way that its state £ can easily be ob-
served, and such that the state of Z, tends to the state of = as “rapidly
as desired.” (The meaning will become clear in the following.)

The system 2, will consist of a model of Z driven by an input which
is equal to the sum of the inputs to a weighted error term which is the
difference between the state of = and that of Z, .

Let 2, be defined by

¢ =Ft+ LH@ — 4) + Gu. (31) -

Let the error # £ 2 — £. Then equations (1) and (31) imply
& = Fz — LH%. (32)

Now we would like & to decrease to zero according to some dynamics
in the sense that x(F — LH) should be some preseribed polynomial.
It is obvious that once again the problem is to find an L such that
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x(F — LH) is a prescribed polynomial which by Theorem 1 again is
easily done by solving

v = a, + tr LH,

’Y.2=a2+a1trLH+"‘+trLHF, (33)

Yo =+ G tvr LH + -+ + tr HF*™,

where y; are the coeflicients of the preseribed polynomial. Hence now
the complete solution can be stated as follows.

Step 1: By solving equation (33), construct an observer with dy-
namics such that it is sufficiently fast compared with the plant.

Step 2: By solving equation (26), construct the controller as in
Section III to have the required closed loop dynamics.

Step 3: Cascade the observer and the controller as in Fig. 3.
We can show that the characteristic polynomial of the entire closed
loop system of Fig. 3 is actually x(F — GK)x(F — LH).

—

Fig. 3—The structure of a complete “controller.”
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The differential equation for the complete system of Fig. 3 is as

follows.
X LH F —GK + LH | £ G

Since the characteristic equation is unaltered by a nonsingular trans-
formation of the state [x’, '], consider the transformation T denoted by

;2

Obviously T is nonsingular and

Tl:F —GK }Tq:[F—GK GK:I
LH F — GK + LH 0 F — LH

whose characteristic polynomial is clearly
x(F — GK)x(F — LH).

V. DESIGN OF OBSERVERS OF MINIMAL ORDER

In Section IV, the design of observers was discussed and it was seen
that the observer is a system of the same order as 3, namely n. If it is
assumed that H has full rank (this assumption is obviously no loss
of generality), it is clear that the knowledge of Hx gives measurements
on part of the state immediately; for

y = Hx (34)

gives the projection of x on the row space of H. Hence it seems that
one should be able to find the other component in the complement of
the row space of H by making use of a dynamical system of order
(n — p) (H: p X n). This was first proved by Luenberger in 1964
in the single input/output case! and was proved in the multiple input/
output case by the same author in 1966.2
In the following section, a simple proof of this proposition is given
and a different method for constructing the observer is derived.
Let the given system be, as before:
& = Fz 4+ Gu, (35)
y = Hz.

Let H be of full rank. It can be assumed that H is of the form
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H=1,,0], p<mn; (36)
since a nonsingular transformation of the state of equation (35) can
always be found such that equation (36) holds. Hence, if

z = H” , (37
Toin — P
and
F — [Fll FIZ}I) , (38)
Foi Fyln — D
G = [Gl}” (39)
Gy n — p.
Then

& = Fux, + Fx, + Ghu,

Ty = Faz, + Fyx, + Gou.

Now the design procedure will be described in the form of two theorems
for clarity.

(40)

Theorem 2: If (H, F) s completely observable, then [Fis, Fool 18
completely observable.

Proof: The assertion of the theorem is in some sense intuitively
clear, since y = x; does not give any direct information about z2 . The
only information about z, is obtained from equation (40). That is,

[z, = & — Fuz, — G, (41)

which implies that Fys, Fas should be completely observable in order
that (H, F) be completely observable.

The proof of the theorem is immediate, since (H, F) completely
observable implies that the rank

p[(le F,H,: R} FM_IH,)] = Mn,
le., using the partition of F indicated in equation (38),
T I 0 N
Fll F12

P Ffl + F12F21 F11F12 + F12F22 (42)

I
S
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[In the following a row of a partitioned matrix will mean the “block”
row; for example, the first row of the matrix in equation (42) is
[I 0], the second row is [Fqy I'12], ete.]

The rank of the matrix in equation (42) is unaltered by adding to
any row linear combination of other rows. Hence

(1 0 |
Fiy
Pl F P, =n. (43)

LL' . F12 ;2-1_/

The third row of the matrix in equation (43) is the third row of the old
matrix — F;, (first row) — F,, (second row), ete. Equation (43) im-
plies that, irrespective of what the first column of the matrix in equa-
tion (43) is,

0
F.
p s = (n — p), (44)
F F5yt

which by the Cayley—~Hamilton theorem implies that one need only
include terms up to F,F3;7"" which gives

o(Fiy , FRF, . FET7'FL]) = (0 — ). (45)

Theorem 3: There exists -an ‘‘observer’” of dimension (n — p) for =
of Theorem 2.

Proof: Consider the “partitioned” system presented in Theorem 3.

From Section IV it is clear that since (Fi. , F2») is completely ob-
servable we can find an L such that (F., — LF,,) has arbitrary eigen-
values. Hence if &, is defined by

.’.Ez = Fy,%, + LF12(132 - 152) + qu + Faxy ) (46)
then £ = 2, — %, implies
f = (3'32 - x.z) = (Fzz — LF,)%, . (47)

Therefore by choosing L appropriately, we can make & — 0 as fast
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as we want. The only problem is observing (z, — &) in equation (46),
that can be solved as follows. Using equation (40), equation (46) re-
duces to

ip = (Fyy — LFy2)%, — LF 2 — LGu + Gyu + Foxy 4 L, . (48)

All the terms on the R. H. S. of equation (48) except Li;, can be ob-
served. In order to eliminate the need for getting Lz, we replace it by
(F22 - LFIZ)Lxl 3 i.e., if

£y = (Foy — LF,2)¢, — LFy 2, — LGyu

—l" Ggu + F21x1 + (Fzz - LFlz)Lxl . (49)
Then it can be shown by integration by parts that

T, = & + exp (Fzz - LF12)15

(#0) + LF2,(0) + LGu(0) — Gu(0)) -+ Lz, (2). (50)

Therefore by appropriately choosing initial conditions for the system
described by equation (49) we can make

hence the proof is complete. Note that even if the initial conditions
for equation (41) were not set, the error term, namely,

% — £, — Lx,(t) > 0 asfastas exp (Fs, — LF )t

The proof of the theorem, though complete above, is easier to see in the
form of figures.

Equation (48) says that the observer is of the form presented in
Fig. 4.

Theorem 3 implies that Fig. 4 is equivalent to Fig. 5, namely, the
input &, shifted over to the right of (n — p) dimensional integrator.

From the above theorems the following method evolves for the
construction of minimal-order observers.

Step 1: Construct by the method of §3 an L such that Foy, — LF,
is stable and has the required dynamies.

Step 2: Use the output z, in the configuration presented in Fig. 5
to get [x] , £;] which gives the required estimate.

VI. EXAMPLE

In order to illustrate the methods presented in this paper, we solve
a simple example of a control problem.
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Xy

by
P
Fig. 4—Minimal order observer with rate information.
The problem is to stabilize the control system
& [1 3 2| 10
Uy
j;2 = O 1 2 Zo + 2 0 y
Uz
:i:3J 0 0 1 x3 1 1
v ] (=] [1 0 o™
= = T, | (52)
LY X _O 1 0

T3
It is readily seen that the characteristic polynomial of this system is
$ — 3 +38s~1, or (s—1)° (53)
which shows that the system is unstable.

It is desired to design a controller which observes the output v and
computes a linear feedback law such that the plant (52) behaves as a

&Ly

Fig. 5—Minimal order observer without rate information.
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system with characteristic polynomial

(s 4+ 1)* = 0. (54)
Proceeding as in Sections IIT and IV, suppose (21, ®a, z3) were avail-
able; then the feedback control gain matrix say

‘rku k12 klajl_A_K (55)

PSR 7P

can be computed from equation (24) which gives

k1
121 0o 1]k 6
90 41 2 2 1|Ms|=]1s] (56)
106110 4 1)F= 38

ks,

L2

Almost any solution (56), subject to the condition that rank of K =
1, will do. For the purpose of this discussion a particular solution,

namely
[2/3 4/3 4/3J 57)
2/3 4/3 4/3

will be considered.

Now since 3 is not actually available, an estimate will be computed
and the error will be required to diminish as fast as exp(—2t), at the
same time using only one integrator in the feedback loop. From
equation (52) it follows that

Ty = X3 + Uy + Us, (58)

i P O

The expressions in equations (58) and (59) can be compared to the
more general treatment of Section 11T by noting that

F11=|:1 3:]: F12=l:2J;
01 2

F,, = [1], Fyy = [0 0].

(60)
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Then
2
Fopo — LF;; =1 — [L, Lz][ jl = —2. (61)
2
One solution for L is
L,=1L, = 3. (62)
The analogue of equation (23) is
Y R 2—‘ R
£, =4 + (3/2 3/2) J(xa — &) +uy + up (63)
2

that is, the solution of equation (46) obviously tends to x; as fast as
exp(—2t) for from equation (52)

%(h — &) = —2(, — 4. (64)

In order to construet the observer, in equation (63), x; has to be
replaced by z;, 2 which are directly measurable. Proceeding just as

in §3, equation (46) becomes

£y = —2%; + [3/2 3/2]{[55‘] - {1 3][””‘7 - {1 0]’“} +u +u.
Ty 01 fo 2 0Ju,

(65)

Therefore
£ = —28 —3/2x, — 6z, — 9/2u, + 3/2(&, + @) + uy + u, . (66)

The only quantity that is not available on the right-hand side of equa-
tion (66) is (&, + %), but appealing to Theorem 4 it follows that if

Ty = —28, — 3/21, — 6m, — 9/2u;, — 3(x, + 2,) +u +u,  (67)
£, — %3 + 3/2(551 + ) (68)

and the error tends to zero as exp (—2i) [it can be made zero by setting
the initial condition on the integrator simulating equation (62) to
£3(0) — 3(z.(0) + 22(0))].

Hence z; + £(x, 4+ z.) which can also be gotten as in Fig. 5 tends
to z; as exp (—2t). Therefore the controller design is complete. The
analog computer realization is shown in Fig. 6.
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u, .
=)
U, 4
2/3
4/3
+ +
4/3
Fig. 6—Example of a controlled system.
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HILO—An Improved Transmission Scheme
for Semiconductor Switching Networks

By R. R. LAANE
(Manuscript received July 25, 1969)

I. INTRODUCTION

- Foremost among the problems in semiconductor-switching network
implementations is the difficulty of fabricating a semiconductor cross-
point which duplicates the characteristics of metallic crosspoints of
nearly zero ‘“‘on’” impedance. A low crosspoint impedance is necessary
for low signal loss through the switching network.

A transmission technique is described in this paper which relieves the
requirement for low crosspoint ‘“on” impedance and which allows
excellent voice-band transmission characteristics with unbalanced
semiconductor switching networks. The technique called HILO con-
verts voltage inputs to the network into current changes using a high
input impedance current source and transmits the current changes
through the network crosspoints by modulating the network bias
current. A low output impedance is provided at the networks. receiving
terminal, where the modulated currents are decoded to recover normal
voltage-current levels.

II. CURRENT TRANSMISSION

The ac equivalent of the HILO current transmission circuit is shown
in Fig. 1. Assuming idealized transistor characteristics (zero emitter
impedance, infinite collector impedance, and unity «), an input signal
e, controls the current source, §, , converting the input into a current
change 7 = e,/R; . The current change is transmitted through a net-
work path and is supplied as an input to a common base amplifier,
Q. , at the receiving terminal. The recovered output is given by

€y = 'lRo = Ro/R;e; . (1)

Although equation (1) assumes idealized transistor characteristics to
1089
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SWITCHING
NETWORK

s

Q, i Q,

s
e | ReS e

+0

Fig. 1— Current transmission circuit for switching networks (assume « — 1).

keep the exposition simple, the equation remains reasonably valid for
voice-band applications using Darlington transistor pairs and normal
(600-ohm) transmission impedance levels.

Because information is transmitted only as a current change within
the switching network, ‘crosspoint resistance and crosspoint nonlineari-
ties do not impair the characteristics of the recovered signal. Recovered
transmission level becomes primarily a function of B; and R, . As a re-
sult, network gain (loss) characteristics,can be accurately controlled.

In addition to providing good signal transmission capability, the
technique allows nearly ideal isolation between network paths. Capaci-
tive crosstalk is minimized because only a small voltage change is pro-
duced within the network transmission path as a result of the trans-
mitted current changes. This is the result of a low input impedance at
the common base output stage and the result of relatively low series
resistance of the network crosspoints.

Inductive crosstalk is reduced because the high output impedance
of the current source driver makes the transmitted currents relatively
insensitive to inductive coupling between network paths.

ITI. BIASING; TRANSMISSION, AND CONTROL

As an example of current transmission, Fig. 2 illustrates the biasing,
transmission, and control circuitry necessary for operating an un-
balanced thyristor network. Only a single direction of transmission is
shown. For a bidirectional connection, a second, identical circuit is
required. _

To establish a connection through the network, a connNEcT signal
is applied at the transmit terminal. The signal sets the control flip-flop,
thereby turning off @, . As a result current source transistors, ¢, and
Qs , become forward biased. The coNNECT signal also saturates @, which
allows @, and Qs to saturate during selection.
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Next, appropriate thyristor base selection lines are pulsed simul-
taneously to form a path through the network stages. Crosspoints are
activated when the selected current path appears at the cathode terminal
and when a thyristor selection control signal is applied at the base
terminal. Thus, thyristors turn on in sequence starting with the stage
nearest the network input terminal.

Holding current for the crosspoints is supplied through thyristor
base terminals of successive stages until a path has been established
from the transmitting to the receiving terminal. At this time, appro-
priate holding current is supplied through Q, and Q; and thyristor
selection inputs may be terminated. Finally, the conNEcCT input is re-
moved, causing @, to turn off and forcing @, and @; to function as a cur-
rent source. ‘

Supply voltage V, is selected to set the level of the current source col-
lector voltage (@, and @) at a higher potential than the thyristor base
selection inputs. This prevents faulty connection to already active net-
work paths.

A network path is disconnected by applying a DISCONNECT input
to the control flip-flop. This causes Q, to saturate, terminating the
current flow in the network path'and thereby tearing down the connec-
tion.

DIs- +
CONNECT

L

ﬂ

Q NETWORK
{ 5 OUTPUT
CONNECT QG
O
MWy STAGE 1
NETWORK SELECT f
INPUT
Qs
o 1 T
STAGE N
SELECT
vy Ty,

Fig. 2. — Thyristor network using current transmission.
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|||—

Fig. 3—Combined hybrid and transmission gate (assume o — 1).

IV. COMBINED HYBRID AND TRANSMISSION CIRCUIT

A loss-less electronic hybrid can be combined with the transmission
and biasing circuits to convert two unidirectional transmission paths in
the switching network to bidirectional transmission paths at the net-
work terminals. Figure 3 shows the ac equivalent of the hybrid circuit.

Currents appearing at the emitter of @, are transmitted to the emitter
of @; via @ ; whereas, currents at the emitter of (); are transmitted to
Q, via @, and Q. . Inverter stage @, is necessary for proper phase rela-
tionship in the transmission loop. The circuit can be described by the
following z-parameters

e L
Vs . 0 I,

Consequently,
- R2R02
V., = RiR, Vi, (3)
and
v, = Sy, @
3

The input impedance at the two input terminals is given by

V. _ E.R;R,

Zl = I_1 - RzRgz ’ (5)
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N

T T
TERMINAL SWITCHING JUNCTOR SWITCHING  TERMINAL

'Fig. 4— Combining two hybrid-transmission circuits in a switching network.

and

Vs _ RiR.R,
I2 R2Ral

To cancel the inverse effect of B,; and R,, on input impedance two
identical circuits are cascaded between network terminals. Assuming
R,, R,, R;, and R, of the circuits are identical, the circuit acts as a
gyrator and termination impedances are reflected through the network
to the input terminals such that

Z]_ = Rgz 3 Zg = R,l . (7)

Z, = (6)

For symmetry, two stages are connected as shown in Fig. 4 to form a
switching network with unidirectional network paths and bidirectional
network terminals.

The contributions and suggestions of W. B. Gaunt, J. E. Iwersen and
D. Vlack on the hybrid circuit are gratefully acknowledged.
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A Telephone Traffic Model Based on Randomly Closing
Crosspoints, and Its Relationships to Other Models

By V. E. BENES

(Manuscript received December 23, 1970)

I. INTRODUCTION AND SUMMARY

In the theory of traffic in telephone connecting networks it is on one
hand a virtual necessity, for practical purposes, to compromise the true
complexity of the system under study and to introduce drastic simplify-
ing assumptions that allow some calculation to be done, and on the
other, it is perfectly feasible to pursue basic theoretical studies without
such compromise and simplification. For this reason, a spectrum of
several mathematical models for deseribing traffic in networks has been
developed in recent years.

These models range from ‘‘simple’” ones that furnish an incomplete
description based on strong stochastic independence assumptions, to
“‘complicated” ones that exactly mirror network structure and routing.
Each grade of model has its uses: “simple” ones for easy computation
and involved ones for general understanding.

An example of a useful “simple” model is the probability linear
graph® suggested by C. Y. Lee in 1955, an outgrowth of earlier work by
L. E. Kittredge and E. C. Molina. At the other end of the scale, an
example of a “complicated’” model is the Markov process® proposed by
the author in 1963 as an improvement of the “thermodynamic’” model.?

We shall describe here another “simple’” model, with a basic starting
point similar to that of Lee, and then show how a certain natural restric-
tion of this model yields in many cases precisely the thermodynamic
model. Our presentation thus clarifies the known relationships between
these models, and reveals some unsuspected ones; it strengthens our
understanding of them by showing how the apparently realistic ‘“com-
plicated” models can arise through natural and relatively minor mod-
fications of the “simple’” ones.

Whereas Lee’s model assumes that a link £ of the network is busy
or idle with a probability p, , all links being independent of each other,
we propose instead to assume that each (individual switeh or) crosspoint
¢ is closed with some probability p, , again independently. This
basis for caleulating probabilities has the virtue of assigning prob-
ability to every possible way of closing switches, physically meaningful
or not. We then modify the model by calculating all probabilities
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conditional on the system’s being in a physically meaningful state.
This procedure in effect rids our calculations of the irrelevant states by
normalizing them out. The resulting new model we call the crosspoint
model. If, as is usually the case, every call goes through the same num-
ber of switches, then conditioning in this way brings in the partition
function® in a natural way, and the crosspoint model turns out to be
formally equivalent to the thermodynamic one; when the latter is in
turn modified so as to take realistic account of routing and calling rates,
it becomes the Markov process model.

We stress that the suggestion made here of a new model does not
really improve our capacity to calculate blocking, load-loss curves,
or other practical items. Primarily, it provides a new derivation of the
thermodynamic model from simple (and strong) first principles similar
to those used for the probability linear graph model of Lee.

II. LEE’S MODEL AND ITS EXTENSION

The probability linear graph model has been extensively discussed''*
in the literature, so we include only a resume of the method: to calculate
the congestion incurred by traffic. between an inlet « and an outlet v,
attention is focused on the graph G defined by the permitted paths
through the network from « to »; G consists of all nodes and branches
through which some path from % to » passes. Given any complete
specification of which branches of G are busy and which are idle (at a
particular juncture of network operation), it is possible to examine G
to see if there is a path from « to » no branch of which is busy. The
method now assigns a probability distribution to the possible occupancies
by postulating that a link ¢ of G is busy with probability p, inde-
pendently of all other links. The congestion for w and v is then calculated
as the probability that this distribution assigns to the event ‘“There
is no path from u to v composed of idle branches.”

We have described the probability linear graph model as assuming
something only about certain events having to do with the graph @
of paths for a particular call from « to », and not as providing a prob-
abilistic description of the busy or idle condition of all the links in the
network. However, it is entirely possible to extend the probabilistic
description, used in Lee’s model for links of G, to all the links in the
network. This extension is natural because if the deseription is believable
for one inlet-outlet pair, it should be so for all such pairs, and so for
all links. It will of course still give only an incomplete stochastic model,
since it says rather little about what crosspoints are closed, so that
in general it is not possible to tell what inlet is connected to what outlet.



1096 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

However, the extension does shed some light on the character and ac-
curacy of Lee’s model, as we note in the next paragraph, and it also
suggests the new model to be proposed.

The fashion in which this extended version of Lee’s model works is
clear: the states of the network, i.e., all the possible ways of closing
crosspoints, whether physically meaningful or not, are partitioned ac-
cording to the equivalence relation of “having the same links busy,”
and probabilities are assigned to these equivalence classes. In this
situation, it is unfortunately true that physically meaningful and
physically irrelevant (microscopic) states occur in the same equivalence
class. Were this not so, one could try to remove the effect of the ir-
relevant states® by insisting that all probabilities be taken conditional
on being in the set of relevant states. This set, however, does not have
probability assigned to it.

I1I. THE CROSSPOINT MODEL

There is, nevertheless, a basic modification of Lee’s approach in
which the normalization device for eliminating the “irrelevant’ states
can be used. The change to be made is this: whereas Lee’s model assigns
a probability p, of being busy to each link ¢, we propose to assign a
probability p. of being closed to each erosspoint ¢, all independently
in both cases. The point is this: if it is known what crosspoints are
closed, then it is known what links are busy, but not vice versa. This
approach has the property of assigning probability to every state of
the network, physically meaningful or not.

In particular, the set of meaningful states is assigned probability.
Once this is true we can restrict attention to these states. We shall
eliminate the effect of the irrelevant states by simply normalizing them
out of the picture, i.e., by calculating all probabilities of interest condi-
tional on being in the set of meaningful states. The distribution of
probability (over the set S of physically meaningful states) obtained
in this way we shall call the ‘“crosspoint”’ model, because the basic
events to which probability is assigned are closings or openings of cross-
points. In a similar vein, Lee’s model might be called the “link” model,
because the basic probabilities are assigned to the busy or idle condition
of links.

IV. PROPERTIES OF THE CROSSPOINT MODEL

Let S be the set of physically meaningful ways of closing crosspoints:
and for z € S let ¢(z) be the number of switches or crosspoints closed
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in 2. Let us suppose that all crosspoints have the same chance p of being
closed. (This is likely to be true if the network traffic is uniform and
if there is neither concentration nor expansion.) The basic unconditional
probability assigned to z is then

pc(z)(l _ p)C-c(:c) xs S

where C is the total number of erosspoints in the network. The prob-
ability of « conditional on being in the set S of physically meaningful
states is then zero if x ¢ S, and '

pc(z)(l _ p)C-—c(z)
Z pc(y)(l _ p)C—a(y) ’

veS

for ze S,

or, with u = p/(1 — p),

c(x)

Z H'c(ﬂ)

veS
This is of the familiar Maxwell-Boltzmann form, with the function
¢(+) playing the role of the energy. The reader familiar with the thermo-
dynamic model® will at once recognize the resemblance of the above
expression to the basic (equilibrium) state probabilities in that model,
which assigns a meaningful state z ¢ S a probability

)\Izl

lyl ?
; A
with |y | = number of calls in progress in state y, and \ a positive
constant. As we have pointed out, this distribution is obtained by
maximizing the entropy functional subject to a fixed mean number
of calls in progress. Exactly the same arguments® characterize the
distribution over 8 in the crosspoint model, as follows:

Theorem: The distribution {q., x & S} of probability over S which maz-
imazes the entropy functional

H(g) = — ZS: ¢. log g.

subject to the constraint

2 .o(@) =c,

zeS



1098 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

with ¢ a fized number >0, is given by

c(z)

veS

where u > 0 4s the constant determined uniquely by the equation

c = ”ad; log g‘gp“‘).

Thus the crosspoint model differs from the thermodynamic model
only in that the average number of closed crosspoints, rather than
that of calls in progress, is fixed while maximizing the entropy. In an
important class of cases the two models formally coincide, even. This
can be seen from the

Corollary: If every call goes through exactly s swiiches, then the state
probabilities assigned by the crosspoint model with parameter p are exactly
the same as those assigned by the thermodynamic model with parameter

P 2
M= (1 — p)
For evidently in this case c¢(z) = s | z|. The property that every call

goes through the same number of switches is possessed by virtually
all the connecting networks used in practice.
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