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Fig. 21—The effect of excluding certain SXS offices on bit and block error rate
at 2000 b/s.

the static impairments determine the sensitivity to these transients.
Samples of the 2000 b/s line signal were recorded at six of the twelve
receive sites to obtain information on the types of transient disturb-
ances causing errors for this data set.

An analog to digital converter was used to obtain samples of the
line signal entering the Data Set 201 receiver. When the received bit
stream contained an error, a 50 ms sample of the line signal containing
the error causing disturbance was stored for later analysis. No further
samples were taken for approximately ten seconds. After this interval,
another segment of line signal was stored for comparison with the
first. The error causing transient had usually ended before the second
segment was recorded.

This information has been analyzed, and major error causing dis-
turbances have been separated into four categories: Short Transients,
Additive Signals, Amplitude Changes and Phase Changes.

Short transients are defined arbitrarily as any disturbances of the
line signal lasting for 4 ms or less. Transients observed affected both
the amplitude and phase of the signal. The most common type of
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short transient observed was additive impulse noise. However, tran-
sients which appeared to affect only the phase of the line signal were
also common, especially in the long mileage category. Examples of an
additive impulse and a phase transient are given in Figs. 22a and b.
In Fig. 22a, the top trace is the line signal segment which contains
the error causing transient; next is the reference version of the same
line signal segment. The third trace is the difference between the
upper two traces. The bottom trace is the bit pattern with the error
bits indicated. This pattern is displaced to the right by approximately
2 ms from the line signal disturbance due to propagation delay
through the data set receiver. Figure 22b has the same format, but
the top two traces are superimposed. This disturbance caused one
error which is not indicated on the figure, since it occurred beyond the
last bit shown.

A second category of observed disturbances, additive signals, in-
volved the addition of an extraneous waveform to the data signal.
By the definition employed here, these additives lasted for more than
4 ms. Some causes of these disturbances were speech signals or tones
crosstalking into the test line, or increases in noise level.

Data signal amplitude changes were observed where the resulting
level lasted for more than 4 ms. Included in this category were occur-
rences of loss of line signal, generally referred to as dropouts. An
example of an observed dropout is given in Fig. 22c.

Phase changes were also observed; the resulting phase differed from
the original phase for more than 4 ms. Typically the phase change
occurred in less than 1 ms. An example is shown in Fig. 22d. Other
phase changes took place more gradually as the phase appeared to
rotate slowly.

Categorizing the line signal samples allows some determination of
the relative frequency of occurrence of these disturbances and their
effects on error performance. Table V lists the percent of observed bit
errors which were caused by the various categories of transient phe-
nomena. It also lists the percent of observed line signal disturbances of
each type, and the average number of errors per disturbance for each
category. So that the results would not be dominated by a few calls
with relatively poor performance, this table only includes calls with
error rates better than 104 Causes of errors for calls with error rates
poorer than 10-* are discussed in the next section.

At this point, it should be emphasized that these results are based
on the observation of line signal disturbances resulting in errors
incurred using a Data Set 201. Although the categorization is done on
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TaBLE V—OBSERVED CAUSES OF ERRORS
FOR OPERATION AT 2000 b/s

Average

Percent of Number of

Type of Percent of Line Signal Errors Per

Disturbance Errors Disturbances Disturbance
Short Transients 63 79 3
Additive Signals 25 6 17
Amplitude Changes 5 4 8
Phase Changes 7 11 2

the basis of transient disturbances, static impairments have a role
in determining these percentages. Also, the results are based on a
portion of all errors experienced during the survey. Thus, the results
are useful to indicate trends, but caution must be used in extending
these results to other modem types or to the performance of Bell
System data services in general.

Additional information is obtained by analyzing the line signal
samples on a mileage band basis. Disturbances such as phase changes
and phase transients accounted for approximately three percent of the
bit errors observed in the short mileage band, but accounted for ap-
proximately 26 percent of the observed errors in the long mileage
band. On the other hand, impulse noise is a significant cause of errors
in all mileage strata. Short transients identified as additive impulses
accounted for 45 percent of all the bit errors observed.

Results presented earlier in this paper have given information on
the occurrences of carrier off indications on the data sets tested.
Carrier off indications are usually thought of as being the result of line
signal interruptions or dropouts. However, analysis of the line signal
samples for the Data Set 201 indicates that 25 percent of the observed
carrier off indications were caused by dropouts. The remaining 75
percent were caused by severe line signal disturbances such as high-
level additive impulse noise.

12.1 Analysis of 2000 b/s Calls With Error Performance Poorer Than 10™*

Although only 3.5 percent of the connections (20 calls) on which
the 2000 b/s modem was tested had error rates poorer than 104, 66
percent of all errors made by the Data Set 201 occurred on these calls.
These connections were well distributed throughout the survey with
no more than two such calls between any primary-secondary pair, and
no primary site with more than three.
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It was determined that the principal source of errors in more than
half of these calls was additive impulse noise and other additive sig-
nals. Line signal dropouts and the various phase related phenomena
mentioned earlier also caused several calls to have error rates poorer
than 10—,

XIII. COMPARISONS WITH PREVIOUS SURVEYS

The results presented in this paper show a considerable improvement
in error performance compared with the results of the 1959 Alexander,
Gryb, Nast Survey.* For example, results of the present survey show
that for operation at 1200 b/s 82 percent of the calls have error rates
of 10~° or better, for equal weighting in the three mileage bands. The
AGN Survey reported 63 percent of their test calls achieving this
performance level for operation at the same data rate. It should be
pointed out, however, that a number of differences in the sampling
plans and testing procedures exist between the two surveys precluding
a detailed comparison of results. For example, the present survey
used a sampling plan based on toll traffic which gave a wide distribu-
tion of test site locations, whereas the AGN Survey concentrated more
on backbone routes. Also all test calls in the present survey were
dialed. In the earlier survey a substantial number of calls were
operator handled. Mileage categories were defined differently for the
two surveys. Loops were not used in the present survey but were
used by AGN. Also, the transmit level was —12 dBm at the serving
central office for the present survey. It was —6 dBm at the same point
for the AGN Survey. ,

Improvements in error performance of approximately the same size
as those noted at 1200 b/s can be shown by comparing the results
presented in this paper for 2000 b/s operation with results from the
1962 Townsend-Watts? field measurement program. Again, differences
in sampling plan and {est procedures do not allow precise comparisons.

For operation at 3600 b/s, bit error rate results presented in this
paper are very similar to those obtained from the 1965 Farrow-
Holzman?® field measurements, even though the data set used in the
1969-70 Connection Survey employed a data scrambler, and the data
set used in the earlier survey did not.

XIV. SUMMARY AND CONCLUSIONS

This paper has reported estimates of data transmission error per-
formance for operation at 1200, 2000, 3600 and 4800 b/s based on
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measurements made as part of the 1969-70 Connection Survey. Toll
traffic was used as the basis for the sampling plan which resulted in the
selection of approximately 600 dialed toll connections between geo-
graphically dispersed Bell System local switching offices.

A substantial improvement in performance has been noted in com-
parison with previous surveys.

Performance estimates have been based on the following measures:
bit error rate, burst rate, block error probabilities and distribution of
time between errors. Information has also been given on the structure
of error bursts and the duration of data set carrier off indications.

A general tendency for performance to degrade with transmission
distance has been noted. The magnitude of the degradation is not the
same for all measures of performance.

In comparing the performance of the three data sets it must be
remembered that they employ different transmission formats, modula-
tion techniques, and widely differing bit rates. Because of transmis-
sion techniques used in the Data Set 203 it tends to have more errors
per burst than either of the other sets. For this reason bit error per-
formance at 3600 and 4800 b/s does not compare as well to bit error
performance at 1200 and 2000 b/s as does block error performance
at the higher speeds to block error performance at the lower speeds.

Line signal samples containing transient disturbances which resulted
in bit errors for the 2000 b/s data set were recorded. The results indi-
cate that impulse noise accounted for a large percentage of the ob-
served errors. A strong relationship between transmission distance
and the percentage of phase related disturbances was obscrved.
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1969-70 Connection Survey:

Low-Speed Data Transmission Performance
on the Switched Telecommunications
Network

By H. C. FLEMING and R. M. HUTCHINSON, JR.
(Manuscript received December 4, 1970)

Error statistics of low-speed, start-stop data transmission over the
Bell System switched telecommunications network are reported in this
article. During the 1969-70 Toll Connection Survey, measurements
were made on 534 connections with over 21 million characters trans-
matted, to give an overall average character error rate of 1.46 X 107
Owver 90 percent of the low-speed test calls contained about 36,000 or
54,000 characters. A character error rate of 10~* or less is indicated
for 77.6 percent of all calls, while 95.0 percent of calls have a lost
character rate of 10 or less. Error-free performance is shown for 48.3
percent of all calls, and 89.3 percent have no lost characters. Statistics
of bursts, error-free intervals, block errors, and carrier failure dura-
tions are also presented.

I. INTRODUCTION

1.1 Reasons for Measuring Low-Speed Data Performance

Measurements of the accuracy of low-speed data transmission over
the Bell System switched network have been included in the 1969-70
Toll Connection Survey ; the results are presented in this article. There
is widespread use of teletypewriters, computer ports, and other ter-
minal devices that communicate by means of data organized in char-
acters comprised of several bits, using start-stop transmission, at rates
up to 300 bits per second (b/s). About 80,000 terminals of this type
were being used for Data-Phone® service at the end of 1970.

This article presents the quantity and distribution of the character
errors and lost characters observed during the low-speed data tests.
These results are expected to meet a need for characterization of the
switched telecommunications network for start-stop transmission of

1385
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low-speed data. Further analysis of the data is planned to pinpoint
causes of errors for which remedial measures would be profitable, to
suggest possible improvements in design of transmission equipment,
and to indicate possible usefulness of error control systems.

The measurements were planned with the objective of characterizing
low-speed data transmission performance as viewed by users. The
error statistics are reported for channels extending from a transmitting
data set, into which an error-free data signal is sent, to the point at the
receiving end at which the characters are used or displayed.

1.2 Design of Survey

Detailed planning of the survey is described in a companion article
by F. P. Duffy and T. W. Thatcher!; a very brief summary is pre-
sented here. A random selection of end points for approximately 600
toll calls was made by means of a three-stage sampling plan. The
first stage consisted of division of the 48 contiguous United States
and the provinces of Ontario and Quebec in Canada into 12 geo-
graphical areas that originated roughly equal numbers of completed
toll calls. A “primary” end office was randomly chosen from each area
with probability proportional to the originated toll traffic from that
office. In the second stage, two to six calls which determined “sec-
ondary” or far-end test offices were selected randomly in each of three
mileage bands (0-180, 180-725, and 725-2900 miles) relative to each
primary office location. The calls were selected from traffic printouts
from each primary office; thus the chosen secondary offices had prob-
ability of selection proportional to traffic originated from the primary
office destined to the secondary office. The third stage consisted of
six or more test calls dialed from each primary office to each of its
associated secondary offices. Numerous analog transmission parameters
and error performance for four Bell System data sets were measured
on most connections.® Results for the Data Sets 201(2000 b/s),
202(1200 b/s), and 203(3600 and 4800 b/s) are reported by M. D.
Balkovic, H. W. Klancer, S. W. Klare, and W. G. McGruther.? This
article gives results for Data Set 103 at 150 b/s.

1.3 Start-Stop Transmission

The data transmitted at low speed were organized into successive
10-bit characters, and were sent in a start-stop mode. In this type of
transmission the character consists of an initial “start” bit (binary 0,
or space), followed by seven information bits used to encode 128
different characters—alphabetic, numeric, punctuation, and control
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(American Standard Code for Information Interchange, ASCII), fol-
lowed by a parity check bit (selected to give an even number of ones
for the information bits and parity bit), and terminated by a “stop”
interval of indefinite duration, one bit minimum (binary 1, or mark).
Many terminal devices are designed to generate and respond to
characters thus constituted.

Character error statistics, rather than bit error statistics, are the
parameters of interest in this type of transmission because the message
consists of a display (in teletypewriters) or use (in computers) of
characters in most applications. Start-stop transmission is susceptible
to sequences of character errors caused by a single bit error. This
occurs because of the mechanism used to distinguish the start of a
new character: the transition from a stop interval (mark) to a start
bit (space). A disturbance that produces a space during a prolonged
stop pulse, or changes a start bit (space) to a mark thus prolonging
the stop pulse, will cause the receiving terminal to detect the start of
the next character at the wrong point in the bit sequence and to
record a character error. This condition—loss of character synchroni-
zation—persists until the correct stop-start transition is detected in
a subsequent character. Some receiving circuits, for example regen-
erators, have built-in algorithms that minimize the resynchronizing
interval. In other cases, the correct position is reached accidentally as
a result of the pseudo-random bit pattern of the usual message. In
short, loss of character synchronization may result from a single bit
error and cause propagation of many character errors—an effect which
is not present in synchronous transmission.

II. IMPLEMENTATION

2.1 Test Arrangement

Figure 1 shows the test arrangement used to measure the low-speed
data transmission performance. The data were always transmitted
from the secondary site because considerably less equipment was re-
quired at the transmitting end than at the receiving end with this
arrangement, and tests were conducted for two weeks or more at a
primary location compared to one or two days at a secondary site.

2.1.1 Transmitting End

A test sentence generator (WECo 911B) generated a repeated
72-character test sentence (FOX sentence) using ASCII 10-bit char-
acters at 15 characters per second, or 150 b/s. The 72-character
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Fig. 1—150 b/s data transmission test of the 1969-70 Toll Connection Survey.

sentence produces the following line of printing on a teletypewriter
followed by a delete character, two carriage returns, and a line feed:
THE QUICK BROWN FOX JUMPED OVER A LAZY DOG’S
BACK 1234567890 TESTING. A Bell System 103 type data set was
chosen for the low-speed data transmission tests. This set is typical
of the 100 series sets which are used to transmit low-speed serial data
in all Data-Phone applications. It uses frequency shift keying (fsk)
between 1070 (space) and 1270 (mark)Hz (low band) in one direction
of transmission and 2025 (space) and 2225 (mark) Hz (high band)
in the other direction, at rates up to 300 b/s. The 103 data set at the
transmitting site modulated the test sentence to a binary fsk signal
at either the low-band (F;) or high-band (F:) frequencies; these were
alternated on successive calls.

The output signal power delivered to the connection was between
—12 dBm and —13 dBm; both F; and Fs; were transmitted at the
same power. These are the values normally produced at the central
office. In a standard installation, there is a subscriber loop from the
customer’s premises to the main frame in the central office. In the sur-
vey, the test setup was connected to the main frame, thus including
a loop of essentially zero loss. It was considered unnecessary to add
real loops to customer locations because loops should not degrade the
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error performance of a connection significantly. Moreover, real loops
are nonrandom in nature; that is, a subscriber station uses the same
loop for all calls.

2.1.2 Receiving End

The data set at the receiving site demodulated the binary fsk
received signal to baseband mark or space voltage. The data set con-
tains a frequency modulation discriminator which continuously makes
the binary decision as to whether marking or spacing frequency is
being received. There is no timing or sampling associated with this
decision. ;

The data signal at the output of the receiving data set differs from
the signal at the input to the transmitting data set because of imper-
fections in the transmission charaecteristics of the connection. One dif-
ference is displacement in time of the mark to space transitions—
telegraph distortion. This was measured by the distortion measuring
set (WECo 911C) in Fig. 1. Receiving terminal devices differ in their
error performance susceptibility to telegraph distortion. The test .
arrangement included a regenerator at the output of the receiving
data set which reduces the telegraph distortion to a negligible amount,
Thus, the test results apply to any terminal arrangement that uses
this regenerator, and are independent of the following receiving cir-
cuits. With this arrangement, the receiving terminal—regenerator plus
detecting circuits—resembles many terminals in use. The specific
regenerator employed is one used optionally with the Model 37 Tele-
typewriter.?

The computer at the primary site interpreted the regenerator output
in terms of ASCII characters in the same manner that a teletypewriter
would in most instances. The computer detected and recorded char-
acters received in error and carrier failure indications, which occur
when the received line signal level drops to a very low value (approxi-
mately —50 dBm or lower).

The parity failure counter incremented whenever a received char-
acter failed parity. Since a large fraction (about 80 percent) of
characters received in error will also fail parity, the parity count
provided the testers with an immediate indication of the occurrence
of character errors.

2.2 Data Collection
Information identifying each low-speed data test run and giving
measurements of parity failure counts and distortion was recorded
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on log sheets at the primary location. It was also entered into the
primary site computer by teletypewriter, and then transmitted over a
data link to a computer at Bell Telephone Laboratories in Holmdel,
New Jersey, where it was stored on magnetic tape. The data link was a
switched network connection with transmission accuracy enhanced by
error detection and block retransmission.

The computer at the primary site was proglammed to recognize
characters from the low-speed data regenerator and compare them
with the expected characters, making use of a FOX sentence which
was stored in its memory. Any discrepancy in the character’s bits was
considered to be a character error; the computer recorded the identity
(bit pattern) of the received erroneous character and the number of
characters received since the last previously recorded event.

As described earlier, character synchronization may be lost as the
result of an error in a start or stop bit, usually causing several suc-
cessive character errors. Character synchronization might be recovered
on the wrong character—a condition described as loss of sentence
synchronization. To prevent the computer from recording character
errors interminably, when five character errors were detected in suc-
cession the computer was declared to be out of sentence synchronism
(O8SS) and a resynchronizing procedure was begun. During an OSS
period, a complete record of the bits in all received characters was
taken.

The recorded information described above and a record of the time
of occurrence and duration of all carrier failures were transmitted
over the data link to the Holmdel computer. This information was
recorded on magnetic tape, along with the other low-speed test infor-
mation mentioned above and other similar information about the
high-speed data tests.?

2.3 Data Processing

The low-speed test results were separated from the other informa-
tion on the magnetic tape and edited. The result was a complete
record of (¢) the bit pattern and time of occurrence of all characters,
except those removed by the editing, reported by the primary site
computer (isolated character errors and characters reported during
OSS periods) and (i7) the time of beginning and end of carrier failure
indications and OSS conditions.

Every transmitted character was classified as to whether it was re-
ceived correctly, received in error, or not received (lost)—a conse-
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quence of a carrier failure. The first character in a carrier failure was
defined to be a character error, since this character is very likely to
be received in error because of loss of signal during the transmission
of the character. A teletypewriter would very probably print an error
for this character. (This definition was necessary because the primary
site computer did not check this character for bit errors.)

OSS intervals were analyzed as follows., The received characters
reported by the computer were compared with the FOX sentence char-
acters. When the received character was in the FOX sentence, checks
of subsequent characters determined whether sentence sync had been
recovered. This generally occurred before the computer completed its
resynchronizing procedure, which was based on detection of a specific
FOX sentence character. Characters transmitted during that part of
an OSS interval preceding recovery of sentence sync were character
errors. Status of characters following recovery of syne was based on
comparison with the corresponding FOX sentence characters.

Finally, cards were punched for each call containing information
identifying the call and summarizing the character statistics. In addi-
tion, the entire call was recorded on cards in a format which described
the exact sequence of characters received correctly, in error, or lost.
This information was condensed by recording the length (in char-
acters) of intervals of received characters for each category.

This set of cards comprised the input data from which all error sta-
tistics reported in the remainder of this article were computed.

III. DISTRIBUTIONS OF CHARACTER ERROR AND LOST CHARACTER RATES®
OF CALLS

3.1 Calls Included in Analysis

The set of calls for which data transmission error statistics are
reported in this article is the same as that for which error statistics
are reported for the high-speed voiceband data sets,®> except for con-
nections on which both low-speed and high-speed data measurements
could not be completed. For reasons given in companion articles,: the
set differs somewhat from the set selected by the sampling plan de-
scribed earlier. The essential difference is that two primary offices in
the original sample were replaced by nearby offices, from which high-

* Character error rate of a call = character errors/characters transmitted in
that call.
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speed voiceband data users in that area would normally be served.
In addition, all calls that were switched by panel type central office
equipment at either end of the connection were excluded; panel offices
do not normally serve data customers. Only one primary office con-
tained panel equipment, but it also contained crosshar equipment and
calls originated through the latter equipment were included.

3.2 Magnitude of Low-Speed Data Survey

Table I summarizes the quantities of calls and primary and sec-
ondary locations. ' .

The duration of a low-speed data test was nominally 40 minutes
except when the 3600-4800 b/s data set was not tested (for about
half the calls in the first half of the survey). In this case, the dura-
tion was about an hour. Equipment problems and dropped connec-
tions sometimes resulted in shorter runs—13 calls shorter than 23
minutes, with a minimum of 1.1 minutes. In 15 cases, extra available
time was used for tests longer than 65 minutes, with a maximum
of 145 minutes.

Table IT summarizes some of the total survey statistics. Character
errors are characters in which at least one bit is received in error,
with the result that an erroneous character may be printed or an
undesired action may take place (for example, carriage return) on
the receiving teletypewriter. Lost characters are those for which no
bits are received, usually because of a loss of the received signal,
resulting in characters missing from the teletypewriter printout. Sta-
tistiecs are presented separately for these two types of impairments
because they differ in the extent to which they damage the commu-
nication. Character errors may result in acceptance of incorrect infor-
mation (an order for one carload might be received as an order for
nine carloads), whereas lost characters represent missing information,
perhaps requiring retransmission of the message.

TABLE I—CALL AND LOCATION STATISTICS

Mileage Band
Total Short Medium Long
Calls 534 171 186 177
Primary Locations 12
Secondary Locations 91 29 32 30
Secondaries Per Primary 5to 1l
Calls Per Primary 22 to 62 5 to 33 6 to 29 8 to 23
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TaBLE II—ToTAL SURVEY CHARACTER ERROR AND LosT CHARACTER

STATISTICS
Mileage Band
All Calls Short Medium Long

Calls 534 171 186 177
Characters

Transmitted 21.31 X 10¢ 7.00 X 108 | 7.48 X 10¢ | 6.83 X 108
Character Errors 3,110 751 1,053 1,306
Lost Characters 14,511 9,581 1,476 3,454
Character Error

Rate 1.46 X 104 | 1.07 X 10 | 1.42 X 10— | 1.90 X 10
Lost Character

Rate 6.81 X 10 | 13.7 X 104 | 1.98 X 10~ | 5.03 X 10~

3.3 Overall Average Rates

Overall average error rates are also listed in Table II. These are
useful as single number parameters that characterize the survey. Dis-
tributions of per call statistics are more significant; these are presented
later in this article. The average character error rate—total character
errors observed during the survey divided by total characters trans-
mitted—is 1.46 X 10~%, which corresponds to one error for every 1.7
pages of average single-spaced typed text. As Fig. 2, curve (A), shows,
the average character error rate was not dominated by a few bad
calls; it drops by a factor of only 1.6 (to 9.1 X 10-°) when the eight
worst calls are omitted.

The average lost character rate is 6.81 X 10, corresponding to
about 2.7 lost characters per page of text. This average is definitely
dominated by a few bad calls; omission of the eight worst calls, which
contain 93.3 percent of the total lost characters, improves the average
by a factor of 14.5 to 1, to 4.7 X 10~° [Fig. 2, curve (B)].

The average character error rate becomes progressively poorer as
the mileage band gets longer, although the span of the increase is not
large, only a factor of 1.8. Lost character rate is poorest in the shortest
mileage band; however, omission of two calls—the worst and third
worst for all calls—improves the rate in the short band to 1.55 X 10+,
which is better than the medium and long bands.

3.4 Weighting of Data for Calls

Error statistics of calls include application of weighting factors to
each call, based on the details of the sampling procedure by which
the set of calls was selected. One contribution to the weighting arises
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from unequal toll traffic originated within the 12 areas into which the
United States and Canada were divided. A second and much larger
component, of the weighting factor which is applied to the set of all
calls results from large differences in the total toll traffic from a pri-
mary to offices in each mileage band. A third component is the actual
number of calls for which low-speed data error statistics were col-
lected between specific primary and secondary locations. In this
article, weighting was applied only to the error statisties of calls pre-
sented in Section 3.5 and not to the remaining parameters, which are
related to the time sequence of occurrence of errors.

3.5 Cumulative Distributions

Figures 3a, b, ¢, and d show weighted cumulative distributions for
character error rate and lost character rate of calls. The unweighted
distributions for all calls are shown for comparison.

The curves in Figs. 3a, b, ¢, and d have been left unsmoothed to
reflect the actual results observed. Large discontinuities sometimes
occur when the number of character errors or lost characters changes
from 0 to 1, 1 to 2, ete.

The weighted results of average character error rates (Figs. 3a and b)
for all calls are closer to the results for the short mileage band than

1073
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“’ ]
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24
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41074 S
5 s AN |
& <
3 s N
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0 2 4 6 8 16 2

NUMBER OF CALLS OMITTED
IN ORDER OF DECREASING NUMBERS OF ERRORS PER CALL

Fig. 2—Sensitivity of overall average rates to omission of worst calls.
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the unweighted data because this band has more toll traffic (85 percent
of the total) and therefore a larger weighting factor than the other
bands. However, application of weighting does not change the results
markedly. At error rates above 107, the results tend to get poorer as
the mileage increases but not to a large degree.

Lost characters (Figs. 3¢ and d) were observed on relatively few
calls; close to 90 percent of all calls have no lost characters. Their
occurrence appears to be unrelated to mileage band. All distributions
have long tails to the right because of the occurrence of a few long
bursts of lost characters with rates per call greater than 10-2.

Some of the results shown by the distributions are listed in Table
III1.

The weighted statistics show almost 50 percent of calls to be error
free and almost 90 percent free of lost characters. About 78 percent of
the calls have error rates equal to or less than 104, and 95 percent of
the calls have lost character rates equal to or less than 10-* About
81 percent have error rates better than the average for all calls; the
corresponding number for lost characters is 96 percent.

Table III includes 90 percent confidence intervals for most of the
parameters (p = A), meaning that there is 90 percent confidence that
the true value of the parameter (p) for the entire population of switched
network toll calls from which the survey sample was selected lies within
the stated interval.*

The confidence interval for the average of lost character rate of calls
(LCR) is very wide. This is because of the very large variance of
LCR, the values of LCR ranging from 0 (89 percent of the calls) to
0.13. Ten calls had values of LCR greater than 0.01; the large de-
parture from the average of 9.5 X 10~* contributes to the large variance
and wide confidence interval. The poor confidence indicated for this
parameter is consistent with the sensitivity of the overall average LCR
for all calls to the omission of a few bad calls, as noted in Section 3.3.
It is concluded that average LCR for this survey is not a very sig-
nificant parameter.

All other confidence intervals in Table III are reasonably narrow.

IV. BURST PROPERTIES

The distribution in time of character errors is far from uniform,
nor is it Poisson (equal probability, overall average character error

* Stating this more precisely, if another survey were conducted, there would be
0.9 probability that the confidence interval for that survey, p £+ A, would contain p.
Intervals were computed as described in Ref. 1. The formulas are derived for a normal
distribution; the confidence intervals herein reported are only approximate because
of departures of the distribution from normal.



TasLe III—ERRrOR StaTISTICS OF CALLS

(A) Average Character Error

Rate (CER) of Calls

Mileage Band (Weighted)

Weighted Unweighted Short Medium Long

Average CER* 1.12 £0.31 X 1074 [ 1.46 X 107 |1.03 =20.39 X 107*|1.22 2 0.62 X 107*|1.56 £ 0.56 X 10~¢
Percent of Calls

with CER = 0 48.3 4+ 8.5 45.8 50.5 &= 10.8 38.5 7.5 489 = 11.4
Percent of Calls

with CER Z 104 77.6 £ 5.8 73 .4 80.1 5.6 71.2 £ 8.5 70.8 + 13.3
Percent of Calls

with CER < Average 81.0 80.5 80.8 77.0 80.7
(B) Average Lost Character
Rate (LCR) of Calls
Average LCR 9.53 £12.6 X 107¢| 6.8 X 107 |1.16 ==1.78 X 10783 {2.82 £ 2.53 X 107¢ [4.91 & 7.56 X 10~¢
Percent of Calls

with LCR =0 89.3 £7.1 88.3 90.3 += 8.0 86.0 £ 10.0 87.0 £6.6
Percent of Calls

with LCR Z 10 95.0 & 3.5 95.1 95.4 4.4 93.0 4.5 95.4 4 2.1
Percent of Calls

with LCR £ Average 96.4 97.2 96.0 94.2 97.8

* Note that & values represent 90 percent confidence intervals.
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rate, that any single character is received in error, regardless of the
previous history). Instead, there is considerable bunching of character
errors; once an error occurs, the probability of another error in any of
the next several characters is much higher than the overall average
character error rate.

These burst properties are shown in Figs. 4a and b. Burst density
is here defined as the character error rate in an interval of L characters
following a character error. No new interval is observed until the
previous one is completed. Each interval (rather than each call) is
weighted equally in computing the average burst density. This analysis
of burst properties differs from that used in the analysis of high-speed
voiceband error statistics.? Figure 4a is a plot of average burst density
for all intervals on all calls in the survey, versus L. The probability
that the character following an error is also received in error is about
0.45 for all calls, compared to 0.000146—the overall average character
error rate. Complete subsiding of burst properties for interval lengths
greater than a specific value of L would result in a plot approximately
as shown (for L = 10), starting with a slope of unity (on a log-log
plot). The actual plot for all calls settles into a straight line with
slope less than unity beyond L == 10, indicating that there is little
correlation of errors beyond this value, although there is no clear-cut
maximum value of L at which burst properties subside completely.

Plots of average burst density for the three mileage bands separately
are almost indistinguishable from that for all calls, indicating that
burst properties are independent of distance.

The standard deviation of the distribution of burst densities is
plotted versus L in Fig. 4b. The value for all calls decreases monoton-
ically as L increases. The standard deviation is greater than the
average (Fig. 4a) for all values of L; clearly, the distribution departs
considerably from normal. Again, the plots for the separate mileage
bands differ little from that for all calls.

V. ERROR-FREE INTERVALS

An error-free intett’al (EFI) occurs when one or more characters
are received correctly between character errors. Its length (L) is the
number of correctly received characters between the two character
errors. Statistics of the duration of EFIs are of interest to users whose
applications include error control.

5.1 Interpretation of EFI at Start and End of Call
The lengths of the EFIs preceding the first and following the last
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character errors in a call are unknown. These intervals are called end
intervals (EIs). Since most calls have few if any errors, there are nearly
as many Els as complete error-free intervals.

An EI is part of an error-free interval which is at least as long as
the EI. This information was used in estimating the probability, P(¢),
that the length of an error-free interval is at least £ characters long,
using the iterative procedure* of equation (1),

P{t) = Prob (L2 ¢|L =t — a}P{t — a). 1)

The procedure started with P(0) = 1. Each step required only the
estimate of Prob {L = {| L = { — a}. This estimate equals the fraction
of error-free intervals or Els at least £ — a characters long which were
also at least € characters long. EIs shorter than £ were not used for this
estimate.

5.2 Cumulative Distribution of EFI Length

This distribution is plotted in Fig. 5a. A Poisson distribution is
shown for comparison. The difference between the survey and the
Poisson curve shows the tendency of character errors to oceur in bursts.
For example, the survey data for all calls show that both short and
long EFIs are more probable than for a Poisson distribution. For
example, 19.5 percent of the survey EFIs are shorter than 100 char-
acters compared to 1.45 percent for Poisson, and 48.6 percent of the
survey EFIs are equal to or larger than 10,000 characters compared
to 23.2 percent for Poisson. The latter comparison indicates that more
error-free messages of long duration will result from the survey distri-
bution than from Poisson. Equally spaced errors at the average error
rate would result in all intervals having lengths of 6850 characters
(Fig. 5a).

5.3 Lost-Character-Free Intervals

A lost-character-free interval (LFI) is the interval between lost
characters; it is the corresponding parameter to EFI for lost char-
acters. Its length is the number of received characters between the
two lost characters.

The procedure described in Section 5.1 was followed for nontermi-
nating lost character intervals. The cumulative distribution of LFI
lengths is plotted in Fig. 5b. The plot shows that most LFIs tend to
be much longer than EFIs (Fig. 5a); 95 percent exceed 10,000 char-
acters for all calls. This seems inconsistent with the higher overall
average lost character rate, almost five times the character error rate

*This is the same as the product limit method used in Ref. 2.
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(Table II), but is explained by the occurrence of lost characters in
long, continuous bursts.

VI. BLOCK ERROR STATISTICS

Error statistics in terms of blocks of many characters are useful in
describing to a customer the accuracy that he might expect in trans-
mission of messages of fixed length that he normally sends. For ex-
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ample, the customer may be interested in what percent of his messages
will be error free, or have no more than one error, ete. In addition,
block error statistics are useful in evaluating performance of error
control systems.*®

Figures 6a and 6b give block error statistics for the survey data.
These are obtained by dividing each call into consecutive blocks of
equal duration (L characters). To obtain statistics independent of
an arbitrary starting point, the division is made for 10 different start-
ing points (phases) of the first block: 0, 1, 2, ete., tenths of a block
from the beginning of the call. The statistics are then averaged for
all 10 phases. Figure 6a shows average block error rate plotted against
block length for various minimum numbers of character errors per
block. Plots for uniform distribution and Poisson distribution of
character errors are included for blocks with one or more errors.

Figure 6b shows cumulative distributions of block errors: proba-
bility of a block having more than E character errors versus E, for
various block lengths.

The distribution for Poisson distributed errors is shown for blocks
of 1000 characters. The bunching of errors in the survey data is shown
by the comparison of the appropriate curves. The Poisson distribution
has less probability of error-free blocks (0.864 versus 0.964) and
greater probability of less than several errors (0.9999 versus 0.9928
for five errors); that is, the Poisson curve is much steeper than the
survey curve.

VII. CARRIER FAILURES

Figure 7 shows a cumulative distribution of durations of carrier
failures. These curves resemble the distributions of lost character
rates per call (Figs. 3¢ and d). A large percentage of carrier failures
have durations of one character or less (90.4 percent for all calls).
Nevertheless, several long duration carrier failures (0.4 percent longer
than 1000 characters) contain the bulk of the lost characters. The
crisscrossing plots for the three mileage bands indicate the random
occurrence of carrier failures and the lack of dependence on length
of connection.

VIII. CONCLUSIONS

Several parameters describing error performance of low-speed,
start-stop, data transmission over the Bell System switched telecom-
munications network have been presented. These include distributions



LOW-SPEED DATA PERFORMANCE 1403

rd
POISSON DISTRIBUTED _ £ T
ERRORS, P=1~{(1-p)t ’///’?

E=1 }/ A
coumLL seacep yé %
E=
t’: /'/ 5 /
w /
i /,,;/AVV
20,
/
1(,../// // (a)

p'= AVERAGE CHARACTER
ERROR RATE = 1.46x10™4

3

n

N
Q
N

R
AN

1075 | l
1 10 102 103 10* 10°
4 E L J
p=1-3 &P (Lol
2 P J=0 J:
\/* p = AVERAGE CHARACTER
107 1h ERROR RATE
B‘3 AN
N
AN
4 || N
2 I~
\N \ ~ 10000
102 P {
N ~5000
s+ \\ —~]
i
4 :\\ P~ 2000
.
2 AN N =
2 AN N T
[« 10'3 1 N\ \
N AVA W AN
o
6 — N
. \\\ AN . 5.{
zk A\ \\\\\ 200
-4
1074 N 50 ~C
I N AN T N
10
4—IL=5—g \\ \‘
1 N
AN
~L.=1000,POISSON (b)
1075 1 1
0 4 8 12 6 2¢c 24 28
E

Fig. 6a—Probability. of at least E character errors in block of length L (char-
acters). P(=E, L) versus L.

Fig. 6b—Probability of more than E character errors in block of length L
(characters). P(>E, L) versus E.



1404 THE BELL SYSTEM TECHNICAL JOURNAL, APRIL 1971

100 — —
2 =
vi ///:- {—"""/ £
Z 98 et AT A
o TR 1 Pl
'é_ A _.—2-::45‘\_( <_ MILEAGE BAND
2 g6 v VAL >~ sHoRT

e Z / ~o_ “-MEDIUM
£ A 4B \\\\LONG
= e [ B
i L~ “ALL CALLS
w 94 =7
14 g 717
3 L / //

2 Y/
L ogp / /
o r/ 7
w //
E V
< /
S 90f—
S /
= /
@ 88 ,’
o
&
86
1 2 4 6 810 2 4 6 8102 2 4 6 8103 2 4 6 3104
L

Fig. 7—Cumulative distribution of duration of carrier failures.

of averages per call of character error and lost character rates, and
other parameters that relate to distributions in time of erroneous
and missing characters. The intent has been to characterize accuracy
of transmission from the sending data set input to the receiving device
display by a teletypewriter or storage in a computer.

There have been no previous low-speed data surveys with which to
compare the results of this one. Some comparisons with the results of
the voiceband data measurements? are possible. The distribution of
durations of carrier failures during low-speed data tests (Fig. 7) tails
off to considerably longer periods than for the voiceband data tests
(Ref. 2, Fig. 10). During low-speed tests, two percent of all calls
had carrier failures longer than 7.5 seconds. The corresponding period
for the voiceband tests was less than 0.3 second. The relatively long
carrier failures and the resulting high lost character rate in the low-
speed tests are believed to be fortuitous.

A comparison of error performance requires estimating the bit error
rate at low speed, since this has not been computed. A rough approxi-
mation of the bit error rate is one-tenth of the character error rate
since a character contains 10 bits. Isolated character errors have one
bit or more in error, but this factor is compensated by the occurrence
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of many character errors in OSS periods with no bit errors. Thus the
low-speed result of 78 percent of calls with a character error rate of
10~ or less may be compared with about 88 percent, for the 2000-b/s
data set, and 84 percent, for the 1200-b/s data set, with a bit error
rate of 10~° or less (including bit errors during carrier failures), both
greater than the percent for low speed. However, the overall average
error rates for the voiceband datéd are about 1.9 X 107 (2000 b/s)
and 6.6 X 105 (1200 b/s), greater than the low-speed value (approxi-
mately 1.46 X 10-%). This apparent contradiction results from long
tails on the voiceband distributions—a few calls with high error rates.

The results of the low-speed survey give much needed information
on the error performance that may be expected on switched network
calls. It is expected that further analysis of the statistics will give
insight to the causes of errors which will suggest approaches to im-
prove error performance.

IX. ACKNOWLEDGMENTS

Miss A. C. Weingartner and F. Brophy prepared the computer
programs used to compact the data and determine the error statistics;
the former also gave important assistance in the preparation of this
article. Programs to separate the low-speed test results from the other
records on the Holmdel computer magnetic tape were written by Mrs.
K. D. Malleus. Editing of thé preliminary records and other clerical
tasks were performed by members of the Holmdel clerical pool, i
particular, Mrs. 8. D. Claus. Implementation and maintenance of
test circuits was performed mostly by H. Hagen, who also devoted
considerable time to the collection of data, as did many others.

REFERENCES

1. Duffy, F. P., and Thatcher, T. W., Jr., “1969-70 Connection Survey: Analog
Transmission Performance on the Switched Telecommunications Network,”
B.S.T.J., this issue, pp. 1311-1347.

2. Balkovie, M. D, Klancer, H. W., Klare, S. W.,, and McGruther, W. G,
“1969-70 Connection Survey: ngh-Speed Voiceband Data Transmission
Performance on the Switched Telecommunications Network,” B.S.T.J,
this issue, pp. 1349-1384.

3. Model 37 Regenerator—Clrcult Description 8383 WD, Issue 3, Teletype Cor-
poration, Skokie, Illinois,

4, Elliott, E. O, “A Model of the Switched Telephone Network for Data Com-
municatlons BSTJ. 44, No. 1 (January 1965), pp. 85-109.

5. Elliott, E. O, “Estimates of Error Rates for Codes on Burst-Noise Channels,”
BS.TJ., 42, No. 5 (September 1963), pp. 1977-1998.






Copyright © 1971 American Telephone and Telegraph Company
Tue Beir SysteEM TECHNICAL JOURNAL
Vol. 50, No. 4, April, 1971
Printed in U.S.A.

Maximum Power Transmission Between
Two Reflector Antennas in
the Fresnel Zone

By T. S. CHU
(Manuscript received August 11, 1970)

Power transfer between two ellipsoidal reflector antennas with com-
mon. focal points and dual-mode feeds has been investigated. Assuming
a cireularly symmetric feed pattern, the H-plane pattern of an open-
end circular waveguide excited by the TE,; mode, the maximum trans-
mission coefficient between reflector apertures is found to be within
0.5 percent of the value computed for transmission between two circular
apertures with optimum lumination described by the generalized
prolate spheroidal function. Transmission loss between two reflector
antennas versus illumination taper is computed for various values of
the parameter [p = (kaia)/R]. The minimum transmission loss is
obtained as a compromise between feed spill-over and aperture trans-
maission efficiency. v ‘ . :

In view of the inconvenience of building different ellipsoidal reflec-
tors for different antenna spacings in order to achieve mazimum power
transfer, we examine the feastbility of using a defocused ellipsoid to
simulate ellipsoids of different focal lengths. The deviation of the
aperture phase distribution of a defocused ellipsoid from a required
spherical phase front 1is approximately given by an explicit expression.
A sumple upper bound of the transmission loss due to small phase devi-
ation 1s obtained for a given maximum phase deviation.

I. INTRODUCTION

Millimeter waves have never been used in long-haul radio transmis-
sion systems because of rain attenuation. However, wideband transmis-
sion over short span (say less than 1 km) can be accomplished by
millimeter wave systems, for example, the Picturephone® distribution
in large cities proposed by R. Kompfner. The very high transmission

1407
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efficiency may leave a large margin for rain attenuation to insure high
reliability. Here the transmitting and receiving antennas may be
within the Fresnel zones of each other.

Maximum power transfer between two apertures in the Fresnel
region takes place when the field distribution appears as the lowest or-
der mode of a confocal open resonator.’» 2 Two ellipsoidal reflectors
with common focal points may provide the required aperture phase
distribution which is a spherical wave front with the center of curva-
ture located at the center of the other aperture. The optimum ampli-
tude distribution is a prolate spheroidal funection for a rectangular
aperture or a generalized prolate spheroidal function for a circular
aperture. S. Takeshita? has shown that truncated gaussian illumination,
which is asymptotically identical to the generalized prolate spheroidal
function, may give a transmission efficiency between two circular aper-
tures almost as good as that using generalized prolate spheroidal illum-
ination. However, the truncated gaussian distribution only looks simpler
in terms of mathematical manipulation while its practical realization
appears not any easier than that of prolate speroidal functions. Fur-
thermore, if a lens or reflector is used to produce the spherical phase
front, the feed spill-over must be taken into account. The maximum
power transfer between the feeds of two reflector antennas will be ob-
tained as a compromise between feed spill-over loss and aperture trans-
mission efficiency. This procedure is similar to optimizing the gain of a
paraboloidal antenna. The aperture blocking effect can be made very
small by using the periscope type structure* which virtually eliminates
the feed supports. This paper will present the calculated results. of
Fresnel zone transmission between two ellipsoidal reflector antennas
with dual-mode feeds. In view of the inconvenience of building differ-
ent ellipsoidal reflectors for different antenna spacings, we will also ex-
amine the feasibility of using a defocused ellipsoid to simulate ellip-
soids of different focal lengths.

II. MAXIMUM POWER TRANSFER

Neglecting the interaction between the antennas and assuming that
the tangential components of the electric and magnetic fields are re-
lated by the free space impedance at each point of the two apertures
A4, and A,, the ratio of the received to transmitted power between two
apertures* at any separation can be shown?® to be

* Not to be confused with transmission between two antennas which includes
spill-over of the feeds.



FRESNEL ZONE POWER TRANSFER 1409
f f Et eXp ( ]k’L) E2 d d 2
Al

R mral{ el

where E; and E; are tangential components of the aperture field dis-
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small angle Fresnel approximation, the distance L may be approxi-
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Fig. 1—Two ellipsoidal reflectors with common focal points.
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If the aperture distributions are circularly symmetrlc equation (3)
can be reduced to

f f E.(r) \/r B0V Jo(prr’) \/prr dr dr'

{f | B Vr P dr}{ f | BV ! dr’}

where p = (kalan )/R for two circular apertures of radii a; and az.
One notes that the transmitting and receiving apertures may have
different radii, while the optimum illumination function is identical
for the two apertures. When both E; and E, are real, the Schwartz
principle gives the following condition for the maximization of equa-
tion (5)

2

©®)

'3|DQ

\/g EOVr = f "BV Toor) Vo dr. (6)

The subscript of £ has been dropped because equation (6) is satisfied
by both E; and E,. The above integral equation has been thoroughly
investigated by D. Slepian’ and ¢(r) = E(r)4/r is designated as a
generalized prolate spheroidal function. The optimum transmission
coefficient 7' taken from Slepian’s work is given in Table I for reference.

Now a simple way of approximately realizing the optimum aperture
distribution appears to be the illumination of an ellipsoidal reflector by
a dual-mode feel. In the vicinity of the reflector, the reflected field will
follow the geometrical optics rays which are pointed toward the remote
focal point as shown in Fig. 1, and thus the required spherical phase
front will be created in the aperture. An experiment on dual-mode
apertures’, one to two wavelengths in diameter, showed the measured
patterns to be circularly symmetric and essentially in agreement with
the H-plane pattern of an open-end circular waveguide excited by
TE11 mOde, i.e.,

F() = [\/1 — (1 i41> + cos 0] % )

where w is the circumference of the waveguide in Wavelengths Since
‘the ellipsoidal reflector is very closely a defocused paraboloid, as will
be shown in the next section, the space attenuation factor needed for
the variable distance from the feed to the reflector surface is essen-
tially the same as that of a paraboloid. Then the aperture distribution
is related to the feed pattern by '
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2 0

5 ®)
where ar/2f = tan 6/2 and f is the focal length of the reflector. The
combination of equations (7) and (8) can be used to determine the
value of u for any corresponding illumination taper as plotted in Fig.
2. Substituting equation (8) into equation (5), numerical integration
will give the transmission coefficient between two ellipsoidal reflector
apertures excited by dual-mode feeds. The computed data have been
plotted in Fig. 3 for f//D = 0.5 and various values of the parameter p.
The maximum efficiency using dual-mode feed and excluding spill-over
has been tabulated in Table I for comparison with the optimum effi-
ciency using amplitude illumination of generalized prolate spheroidal
functions.

The agreement between the second and third columns in Table I is
indeed excellent. The insensitivity of the transmission coefficient to
small differences in illumination is not surprising in view of the sta-
tionary property of equation (5). Table I does not show the maximum
efficiency with dual-mode feed for p = 2 and 10, because the mathe-
matical model in equation (7) for the dual-mode pattern has not been
experimentally verified for the circumference of the waveguide outside
the range 3 = w = 6. However, this model covers the most interesting
range and demonstrates that efforts to synthesize a truncated gaussian
distribution are unwarranted. As far as maximum power transfer be-
tween two apertures is concerned, any aperture distribution which re-
sembles the generalized prolate spheroidal function may achieve prac-
tically the optimum transmission efficiency. As an example of tolerable
discrepancy, the dual-mode feed illumination function of a taper
strength which maximizes the transmission coefficient for p = 5 is com-
pared with the corresponding generalized prolate spheroidal function

E@) = F(6) cos

TABLE I—PowER TRrRaANSFER ErriciENCY OF Two
CIRCULAR APERTURES

Optimum Illumination Dual Mode Illumination
aaz/R Efficiency Maximum Efficiency

k

2.0 0.630

3.0 0.887 0.886
4.0 0.975 0.972
5.0 0.995 0.992
0.0 1.000
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in Fig. 4. One notes that the over-all similarity is sufficient to achieve
transmission coefficients differing by only 0.3 percent while the edge
illuminations differ by more than 3 dB.

Next we turn our attention to the spill-over loss of a feed. If the re-
flector is illuminated by a circularly symmetric feed pattern F(6),
then the fraction of the energy intercepted by the reflector will be

o= f " PO sin 0 do / f " PO sin 0 46 )

where 6, is the half angle subtended by the reflector at the focus and
the back lobes have been neglected. Substituting equation (7) into
equation (9), we compute the total spill-over loss in decibels from
2[10 logyo (1/a)] as shown in Fig. 3. The presence of two feeds in the
system accounts for the factor two. It is seen that the spill-over loss is
as important as the power transfer loss between two reflector apertures
in determining the total transmission loss between two reflector an-
tennas. The minimum total transmission loss between feeds will always
be greater than the power transfer loss between the reflector apertures,
and always occurs at an illumination taper stronger than that for the
maximum transmission between two apertures. Any slight decrease in
transmission loss due to deviation of the aperture distribution from
the generalized prolate spheroidal function will certainly be swamped
by the feed spill-over loss. Figure 3 indicates that the illumination
taper corresponding to the maximum power transfer decreases as the
parameter p decreases. As the distance between two reflectors increases
toward the far zone condition p = 0, the optimum illumination taper

30
f/D=o0.5

4
2 20}~
o
(o)
w
Q
z
&
a 10~
<
[y

0 ! ! !

) 2 4 6 8

u=2wa/\

Fig. 2—Relation between feed pattern parameter and taper.
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Fig. 3—Power transfer between ellipsoidal reflector antennas with dual mode
feeds. (a) kaa/R = 2, (b) kma:/R = 3, (¢) kaaz/R = 4, (d) kaya:/R = 5.

will approach 12 dB which maximizes the Fraunhofer gain of a para-
boloidal antenna.® One notes that 12-dB aperture taper corresponds to
10-dB feed pattern taper, allowing a 2-dB space attenuation factor, for
0.5 f/D ratio. When f/D decreases to smaller values, the spill-over loss
curve will be shifted to the right because of increasing space attenua-
tion factor. Then the minimum of the sum will be also moved to the
right and upward. Large f/D ratio which requires narrow feed pattern
may cause significant loss due to aperture blocking which has been
neglected in the above calculations.

III. OPTIMUM DEFOCUSING OF AN ELLIPSOID

In the preceding section we have shown that ellipsoidal reflectors
are needed for maximum power transfer between two reflector antennas
in the Fresnel region. The required focal lengths of the ellipsoidal re-
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Fig. 4—Comparison between optimum aperture distributions.

flectors are determined by the distance between the reflectors and the
desired f/D ratio. It is obviously inconvenient to build different ellip-
soidal reflectors for different antenna spacings; however, approximat-
ing ellipsoids of different focal lengths by a defocused ellipsoid can be
an attractive possibility in some practical situations. The necessary
displacement of the feed along the axis will be first determined. Then
we will calculate the approximate phase deviation between the wave
front reflected from a defocused ellipsoid and the spherical wave front
in the aperture of a required ellipsoidal reflector. An upper bound of
the transmission loss will be obtained for a given maximum phase
deviation.
The equation of an ellipsoid can be written as

PVES Ty "

where f and B* are the two focal lengths. Now let us consider another
ellipsoid with corresponding focal lengths f* and R’

*R may be taken as any distance between f; — fi and f», where f; and f. are
the two focal lengths of the ellipsoid. This slight ambiguity results from the
aperture approximation for reflector antenna, and is unimportant provided that
fa is orders of magnitude greater than fi. '
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These two ellipsoids coincide at the tip p = 0. We will impose the con-
dition that the two ellipsoids also coincide at the edge p = a as shown
in Fig. 5. Taking the first three terms of the binomial expansion of
the square root in equations (10) and (11), we obtain an expression
for the required defocus distance: '

o TR-R) [ (_>]
in which the approximations f € R and f* < R’ have been used. Sub-
stituting equation (12) into equations (10) and (11), the approximate
deviation between the two ellipsoids becomes .

_L(aY .y _ o @E —R)

AZ = 1 (2f> (1 —r%) BR (13)
where r = p/a is the normalized radius. Multiplying equation (13) by
the factor (1 + cos 6) yields the phase deviation between the two wave
fronts reflected from the two ellipsoids as shown in Fig. 5. Since these

ellipsoids differ little from paraboloids, the relation tan /2 = ar/2f is
approximately valid. Then one arrives at the following expression

(5)

2f @ R —R'
: > INR" R

ay o

1‘-|- (2 f) T
The last factor in equation (14) is always less than unity when B
> R’. This factor approaches unity when R — oo, i.e., approximating
an ellipsoid by a defocused paraboloid. The quantity inside the bracket
of equation (14) is the phase deviation® of a wave front produced by a

= (3’1 — ) (14)
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Fig. 5—Geometry of defocused ellipsoid.
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defocused paraboloid from a desired spherical wave front for a Fresnel
number (a?/AR) of unity, and has been plotted in Fig. 6 for various
values of f/D ratio. The maximum phase deviation is found to be lo-

cated at
v =l () -] a

When (a/2f)2 < 1, the above equation can be reduced to

#=5 =3 o

If the variation of antenna spacing covers a range from R; to Rs, the
optimum ellipsoid for minimizing the phase deviation of equation (14)
can be found by equating

-0.02

-0.04

-0086

PHASE DEVIATION IN WAVELENGTH

-0,08

~0.10 ! P L !
o] 0.2 0.4 0.6 0.8 1.0

T, NORMALIZED RADIUS

Fig. 6—Aperture phase deviation between a defocused paraboloid and an
ellipsoid for unity Fresnel number.
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R, — R’ R —R,

RE ~ RE {17
Solving the above equation, we have
2R.R
R = _ctbetla | 18
E, +E, a8

Substituting equation (18) into equation (14), the maximum phase
deviation becomes

)
2f o R, — R,
a\?,| M 2R,
1+ (2 f) r

One notes that the above total phase deviation is twice the maximum
absolute magnitude of the phase error for the defocused ellipsoid.
In the Appendix an upper bound of the transmission loss due to small
phase error has been approximately determined as (m, 4+ m,)* for
optimum aperture distributions where m, and m, are the maximum
absolute magnitudes of phase error of the two apertures respectively. As
a numerical example, if the antenna spacing varies by a factor of 3,
equation (19) and Fig. 6 will give m; = m; = (3(6/N\)) 27 = 0.03 for
a Fresnel number of unity and an f/D ratio of 0.5. Then the fractional
transmission loss due to phase error will be less than 0.4 percent.

= |31 —7) 19)

>l

IV. DISCUSSION

The above calculations have demonstrated the potential of optimum
Fresnel zone transmission between two antennas with ellipsoidal
reflectors illuminated by dual-mode feeds. In spite of the discrepancy
between the illumination function of a dual-mode feed and the
optimum illumination of a generalized prolate spheroidal function,
the maximum power transmission between reflector apertures is prac-
tically the same for the two cases. However, the feed spill-over loss is
as important as the transmission loss-between reflector apertures in
determining the total transmission loss between reflector antennas.
More sophisticated feed design, such as the synthesis of more than
two modes, may reduce the spill-over loss. Here the resulting increase
in aperture blocking of the reflector is undesirable. The use of a lens
in place of a reflector would avoid aperture blocking but would give
rise to interface matching problems. Furthermore, the proper organiza-
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tion of many modes implies narrow bandwidth and stringent toler-
ances. .

From a geometrical optics point of view, one is tempted to have the
ellipsoidal reflectors focused at the midpoint between them. This
scheme corresponds to a concentric resonator. The aperture distribu-
tion created by the two reflectors which are portions of the same
ellipsoid, as shown  in Fig. 1, is equivalent to a confocal resonator.
The diffraction loss of a concentric resonator is much greater than
than of a confocal resonator. The gaussian beam theory*® predicts a
beam waist, i.e., an effective focal region, in the middle of the confocal
resonator. These observations indicate the failure of geometrical optics,
although the reflectors are in the Fresnel zones of each other. Con-
verting the reflected field into the aperture distribution employs
geometrical optics ray tracing only in the immediate vieinity of the
reflector. The validity of this procedure should be as good as that of
calculating the diffraction pattern from the aperture distribution of
a paraboloidal antenna.

The feasibility of using a defocused ellipsoid to simulate ellipsoids of
different focal lengths has been investigated. The optimum defocusing
of an ellipsoidal reflector for obtaining another spherical wavefront is
similar to that of defocusing a spherical reflector for obtaining an
approximate plane wave front. The explicit expression for phase
deviation shows its simple dependence on the f/D ratio, the Fresnel
number, and the variation of antenna spacing. Since a defocused
paraboloid is a special case of a defocused ellipsoid, the criteria ob-
tained here will also be useful for measuring the Fraunhofer radiation
pattern of a paraboloidal antenna in the Fresnel region. In particular,
it clarifies the inconsistency among various schemes for this latter
problem, proposed by D. K. Cheng.>1*
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APPENDIX
An upper bound of the transmission loss due to small phase error
will be given below for nearly optimum aperture distributions. The

phase error may be either deterministic or random. A small phase
error simply introduces an additional factor exp(jA¢) into the
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numerator of equation (5), where A¢ = A(r) + A(+). For small
values of A,

exp (jAg) ~ 1 — $(A¢)” + jAs. (20
Then the modified equation (5) becomes

Lo | [ [ aonsersson v [1 - 4] arar

2

2

+ ‘j; ‘/; Ml(T)Mz(r’)Jo(p'rrl) —\/W A dr dr' a1)

where

E0Vr
[ 1B@~VF P ar
If E; and E’2 are optimum aperture distributions, then fdr any pertilr-

bation factors A (r) and B (') with maximum magnitudes m, and mp ,
the following inequality holds,

M) = ) 1=1,2. (22)

2

' f 1 f L AOMOBE) M) o) N ord dr dr”

1 ‘ 1 2
< mimd | [ [ M@M)Tlor)Vord drar|,  (23)
o Jo .
where A and B can be either of the following combinations
{A = A(r)’ {A [A(r)], {A L
B =a¢) B=1 B = [AQ)
It follows that ;
212
T 2 T [1 - (i”—J;ﬂ] , (25)

where m; = |A(7)|max and my = |A(7) |max - The maximum fractional
transmission loss due to small phase error is '

l—nyitbé(mx‘sz)z [1_(—1&1_%%)_2]  (26)

The above upper bound of the effect of phase error on the Fresnel
zone transmission loss represents a conservative estimate.
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A Digital Approach to Adaptive
Delta Modulation

By DAVID J. GOODMAN
(Manuscript received November 12, 1970)

A fized-step-size delta modulator followed by digital circuits for
generating an adaptive delta modulation signal provides an attractive
compromise between code efficiency and cost. In order to control the
total quantizing noise, the fixed-step-size delta modulation sampling
rate 1s higher than the adaptive delta modulation output rate. Com-
puter simulations, based on the adaptive delta modulation technique
described by N. 8. Jayant, indicate that the sampling rate required
for negligible degradation relative to a conventional adaptive delta
modulator is well within the current state of the art. Our approach
lends 1itself to any scheme of step-size variation and may use any
means of single-integration, fixed-step-size delta modulation.

I. INTRODUCTION

Since the invention of delta modulation, considerable effort has
been devoted to devising means of improving code efficiency without
sacrificing the inherent simplicity of the analog-to-digital converter.
The key to success in this respect is the retention of a single binary
decision for each sample of the analog input. Early work concentrated
on sophisticated linear signal processing to be introduced either at
the input to the delta modulator, as a predictor in the feedback loop,
or as an error filter in the forward loop.** In recent years, the use
of a time-varying step size in the feedback loop has been empha-
sized.*® Although the step-size variation, in a sense, transforms the
delta modulator from a binary to a multilevel device, implementation
is likely to be more economical than that of a conventional multilevel
quantizer. The variable-step-size, sometimes called “adaptive” or
“companding,” mechanism provides considerable improvement in
efficiency and it is possible that for speech encoding, this form of

1421
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delta modulation will result in better performance characteristics in
the 20-40 kilobit/second range than conventional PCM.

II. THE DIGITAL DELTA MODULATOR

The purpose of this paper is to present a new approach to the
implementation of adaptive delta modulators. The approach is moti-
vated by current trends in electronic device technology that suggest
that digital hardware implementations based on standardized building
blocks will offer advantages of economy and flexibility relative to
analog techniques. This hypothesis combined with the observation
that transmission rate rather than analog-to-digital conversion rate
influences the overall cost of a digital communication system suggests
the use of the very simple. single-integration delta modulator for
analog-to-digital conversion and digital hardware for converting the
single-integration, fixed-step-size representation to the desired efficient
format. By separating analog-to-digital conversion from source en-
coding, we obtain a compromise between the goals of economy of
implementation and efficiency of representation. This compromise,
based on the addition of only digital devices to the simple delta
modulator, promises, in many situations, to be more economical than
the conventional approach of performing analog-to-digital conversion
and source encoding in one step. This point of view has led to a new
type of PCM encoder that combines a delta modulator with a non-
recursive digital filter.®

The digital circuits requ1red to convert a simple delta modulatlon
signal to a variable-step-size format comprise a “digital delta modu-
lator” operating on the integrated output of the first delta modulator.
In addition to a sequential circuit that determines the appropriate
step size at each instant, the.digital delta' modulator contains only
binary counting and addition circuits and one simple decision element.
Figure 1 is an operational block diagram of the entire encoder.

III. PERFORMANCE CHARACTERISTICS

Computer simulations have verified the feasibility of the combi-
nation of a fixed-step-size delta modulator and a digital delta modu-
lator. N. 8. Jayant’s scheme of adaptive delta modulation® was simu-
lated by means of software provided by Jayant and Mrs. K. Shipley.
For a given output rate, the operation of the digital delta modulator
in Fig. 1 is determined completely by the step-size logic. At each
instant, the step size depends on the previous step size and the cur-
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rent and previous binary outputs. If the binary outputs are identical,
the current step size is 1.5 times the previous step size; if they differ,
it is 0.66 times the previous step size. In addition to the output rate
of the digital delta modulator, the design parameters in Fig. 1 are
the step size and sampling rate of the fixed-step-size delta modulator.
In our simulations, the product of step size and sampling rate, and
thus the maximum slope of the delta modulator, was held constant.
This constant was chosen on the basis of previous simulations by
Jayant of fixed-step-size delta modulators operating on the speech
tapes used in our simulations.

Our results are shown in Fig. 2 as curves of output signal-to-noise
ratio (S/N) plotted against the sampling rate of the fixed-step-size
delta modulator for two different output rates. It is not surprising that
for low sampling rates of the first delta modulator, it is the error per-
formance of this device that largely determines the overall S/N. As
the sampling rate increases, the integrated output of the fixed-step-size
delta modulator becomes arbitrarily close to the analog input and the
asymptotic S/N is identical to that of an adaptive delta modulator
operating directly on the analog input. (A separate simulation has
verified this statement.) The simulation results are quite encouraging
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because they show that for the output rates considered, which are in
the range of practical interest, the high-speed sampling rate required
for negligible performance degradation relative to a conventional
implementation is well within the state of the art.

By contrast with this empirical means of determining the rate and
step size of the high-speed delta modulator, one may take the follow-
ing conservative approach: (i) Set the step size at the minimum step
size of the adaptive delta modulator, thus assuring that the quantizing
resolution is not compromised and (%) let the high-speed clock rate
be the final output rate times the ratio of maximum to minimum step
size so that the maximum slope is not reduced. A typical ratio of
maximum to minimum step size is 128:1 so that with an output rate of
64 kb/s, the fixed-step-size delta modulator is required to operate at
8,192 kHz according to this conservative criterion.

IV. PRACTICAL IMPLEMENTATION

Figure 1 is a functional block diagram which indicates the required
signal processing operations. In a hardware implementation, consid-
erable simplification is possible. The up-down counter and the adder
and accumulator of the digital delta modulator may be combined in
a single accumulator as shown in Fig. 3. This accumulator is modified
by +1 or —1 for each sample of the fixed-step-size delta modulator
and it changes by the magnitude of the step size at each output
sampling instant.

The two-level quantizer determines the polarity of each output
pulse according to the state of a single bit of the accumulator. The
step-size logic provides a digital representation of the current step
size, Various means of providing this indication are possible, each
appropriate to a different scheme of step-size variation. One method
involves choosing the step size from a “dictionary’” according to the
output state of the adaptation logic. This technique lends itself to
implementation by means of a “table-look-up” from a set of read-only
memory registers, each containing one of the possible step sizes.
Another technique is to specify the current step size as an arithmetic
function of the previous step size—for example a multiple of or incre-
mental change from the previous step size. For this type of adaption,
the digital delta modulator could conveniently contain a step-size
register which is arithmetically modified according to the output of
the adaptation logic.
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Fig. 3—Simplified implementation.

V. CONCLUSION

The technique described in this paper combines the simplicity of
analog-to-digital conversion provided by fixed-step-size delta modu-
lation with the code efficiency of variable-step-size delta modulation.
Only a single step size need be precisely controlled with analog hard-
ware; the step-size variation is controlled digitally, and is therefore
exact. The technique lends itself to any scheme of step-size variation
and any means of fixed-step-size, single-integration delta modulation.
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This paper provides an overview of work on statistical formulations
and analyses associated with the problem of identifying persons on the
basis of spectral energy representations of acoustical utterances. The
tnvestigation has been largely empirical and the paper focuses on the
statistical techniques and strategies that have been developed in the
contert of analyzing two sizeable bodies of data. The problems and
procedures to be discussed tnclude: (i) data condensation and repre-
sentation; (1) efficient and practical criteria for classification and dis-
crimination; and (i) strategies for automatic identification of talkers
in relatwely large populations.

I. INTRODUCTION

Many of us can perhaps recall the experience of identifying a caller
on the telephone from a relatively short utterance such as the word
“Hello.” This might indicate that even short utterances contain suffi-
cient information for identification, and it is an intriguing and interest-
ing problem to inquire whether automatic, objective, accurate and eco-
nomic methods can be developed for talker recognition. The authors
of at least ten papers in the last eight years have reported experiments
with (simulated) automatic talker recognizers. Using a variety of ap-
proaches to different aspects of the problem, these experimenters have
met with strikingly similar success—90 percent (or more) correct rec-
ognition.

Previous studies may be classified into two groups according to
whether the problem addressed was verification (is the speaker who he
claims to be?) or identification (assignment of an unknown utterance
to one person in a given group of speakers). While two studies of the
first kind involved 34 voices or less,? the third® and most extensive
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(118 voices) was most successful, achieving an average of 99 percent
correct verifications. Four studies of the second type used quite dif-
ferent bases for identification in small (10-30 voices) populations,
varying from spectral analyses of nasal sounds* or whole words®® to
measurements of phonological features.” Whereas all the above studies
required the speaker to utter a prescribed text, three others have
achieved from 90 to 100 percent correct identification with no con-
straints on what the speaker says, provided that a sufficient quantity
of speech from each talker is available. Again, the procedures employed
in these last three studies have differed widely: spectral analyses of
whole speech?® or of vowels only,® and intervals between extremal points
in various frequency bands!® were used with three different recognition
schemes.

These results with small populations suggest that the speech signal
contains so much information about the talker that one can be distin-
guished from among 30 or so by a variety of procedures, and that we
cannot learn from these studies the relative merits of various ways of
representing the signal and reaching a decision. The only one of these
studies that used a hundred or more voices® required only that each
unknown be assigned to one of two classes (genuine or impostor) ; there
have been no studies of identification in large populations. This paper
describes the evolution of work addressed to both the small- and large-
population identification problems by a group of people, including the
present authors, over the last few years. Aside from the present
authors, others who have participated in different facets of this work
are: Mrs. M. H. Becker, Mrs. L. P. Hughes, T. L. DeChaine, R. S.
Pinkham and M. B. Wilk.

The work to be described here evolved empirically and experi-
mentally in the context of analyzing two bodies of data. With no gen-
eral theory being available to aid in designing a process for talker
identification, this work relied heavily on the analysis of data not only
to generate ideas and techniques of possible relevance but also to assess
the performance of any scheme. Thus, the pragmatic criterion of ob-
served proportions of correct recognition in the two bodies of data was
utilized as the touchstone rather than any general theoretical opti-
mality properties. The data analytic orientation in this problem proves
to be practical and productive, and most of the successful ideas and
methods are fairly obvious—especially after the fact!

The presentation of the data analysis and decision processes may be
viewed in four parts: (¢) The data—the two bodies of data studied will
be described, the basic digital format of an acoustical utterance will
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be described and displayed, and finally, some features of the data will
be discussed. (i7) Data condensation—several primitive procedures
will be mentioned for deriving manageably low-dimensional representa-
tions from the original data. (#7) Definition of a space and metrics—
the unknown, and the various candidates for assigning it to, may be
represented in the space of the summary data, and several metrics may
be specified for measuring the distance between the unknown and the
candidates for identification. (1v) Classtfication schemes and strategies
for identification—i.e., procedures for assigning an unknown in a
relatively small population of contending speakers, as well as statisti-
cal strategies for allocation in relatively large populations of speakers.

II. THE DATA

The two bodies of data involved in our study both deal with repeated
utterances of single words. The first set of data (ef. 8. Pruzansky?® for
a detailed description) is from ten talkers each of whom yielded several
repetitions of ten words commonly used in telephone conversations.
The actual utterances were excerpted from sentences in which the
words were embedded and the talkers, in fact, read the sentences. For
most talker-word combinations there were seven replications with only
a few missing. (693 utterances were available instead of 700 = 10 X
10 X 7.) :

The second body of data, which was collected subsequent to promis-
ing results obtained with the first set of data, deals with a population
of 172 speakers each of whom repeated each of five digit names (one,
two, three, four and nine) five times. The words were uttered in isola-
tion rather than being embedded in sentences. The second body of
data involved many more speakers, fewer words and fewer replications
relative to the first set of data.

Whereas the first set of recordings was made under carefully con-
trolled conditions (see Ref. 5), the second set was made in an unat-
tended booth in a busy concourse. Although a high-quality microphone
was used, it was housed in a telephone handset, held a short (but vari-
able) distance from the lips. Automatic equipment controlled a display
in the booth which cued the talkers as to which digit name to say and
when. In both cases, all utterances by a given talker were recorded in
one session.

In the present report, the displays and examples are drawn from
analyses of both bodies of data and the presentation will switch back
and forth between the two sets of analyses.
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The most raw form of the data is just the audio recordings. However,
for purposes of analysis, the audio recordings were fed into an analog
filter bank and the filter outputs were sampled at fixed, frequent inter-
vals of time (10-millisecond intervals in the first body of data and
6-millisecond intervals in the second set). In the first set of data, the
outputs from 17 frequency channels covering a range of 100 to 7000 Hz
were retained; the first 16 channels were approximately equally spaced
along a Kocnig scale from 200 to 4000 Hz, while the 17th covered the
range 4000 to 7000 Hz. In the second set of data, the outputs from 20
frequency channels spanning the range 20 to 2900 Hz were retained;
the upper and lower cutoff frequencies of each of the 20 filters are
shown on the abscissa of Fig. 5. Each audio utterance input thus
yielded a certain number (17 in the first set of data and 20 in the
second) of separate time series as outputs, with each series representing
the energy in a specific frequency band as it varies across time. To-
gether the series represent the short-time spectrum of the utterance.

Thus, the basic digital form of the data for an utterance consists of
a matrix of spectral energies classified according to frequency bands in
each of a sequence of time intervals. (see Pruzansky & Mathews® for
a description of energy-frequency-time quantization.) Table I is an
example of a data matrix from the second set of data. One can obtain
pictorial representations of such a matrix. The classic representation is
the sound spectrogram, which is unfortunately not in a form easily
read by computers. Figure 1 shows a contour plot of log energy as a
function of time and frequency; it was obtained as a computer printout
from a data matrix. Although derived in a straightforward way from
computer-readable data, this plot conveys some of the visual aspects
of the sound spectrogram.

Some comments on certain aspects of the data are in order: (¢) The
total volume of data is large. (it) The basie digital representation of

TABLE I—DATA MATRIX FOR AN UTTERANCE

Time in milliseconds

Frequency in Hz. 006 012 018 024 030 036 ...
0-100 14 11 7 19 35 62
50-150 16 17 11 20 44 74

100-200 14 8 16 17 25 56
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the data for an utterance is intractably high in dimensionality for per-
forming statistical analyses. [For the first set of data the matrices were
17 X 50 (approx.), or 850-dimensional, per utterance; for the second
they were 20 X 275 (approx.), or 5500-dimensional, per utterance!]
(@) The general level of the energies may shift from utterance to
utterance of even the same speaker due to artefactual reasons. (Loud-
ness may vary for example because of varying proximity to the micro-
phone.) (2v) There is no natural time origin for the data and its spec-
ification is arbitrary in that what is labelled as time slot 1 does not
depend on the actual commencement of the utterance; this implies a
lack of alignment of the data for different utterances of a given word
even by the same speaker.

The conjunction of the above four issues conveys certain impliea-
tions for the subsequent analyses. First, it is essential, even for explora-
tory investigations, to pay attention to practicality and efficiency in
computer procedures. Second, it is crucial to find effective lower-di-
mensional representations of the data using methods of summarization
that will be of general utility both for different persons and for dif-
ferent words. Finally, adjustment must be provided for artefactual ef-
fects, such as energy-level variation and arbitrariness of the time
origin. Such adjustments may be accomplished either by treating the
data prior to analysis or by adopting analytical procedures which make
provisions for the artefactual effects. Thus, for example, energy-level
variation can be handled either by normalizing the energies so that
their sum is unity for each utterance or by using classification pro-
cedures which allow for level changes amongst the replicated utter-
ances of a speaker (cf. R. Gnanadesikan & M. B. Wilk!). Similarly,
the arbitrariness of time origin may be handled either by pre-aligning
the utterances by some criterion, such as the one used by Pruzansky®
with the first body of data, or by using origin-invariant time informa-
tion in later analyses.

III. DATA CONDENSATION

The high dimensionality of the basic quantitative representation of
an utterance (viz., the matrix of spectral energies) is not only
computationally untenable and conceptually difficult but also perhaps
unnecessary. One would expect that the high physical and statistical
correlations among the energies should imply redundancy. The limited
number of replications available would, moreover, impose a mathema-
tical constraint on usable dimensionality. For all these reasons, sum-
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marization is necessary. The choices for summary statistics are legion
and the consequences important. Various schemes for condensing the
information in terms of manageably low-dimensional statistics were
studied.

Table II shows a list of some of the types of information summaries
that were investigated.

For instance, summarizing via the time margin means that one
considers the energies (normalized) collapsed on to the time scale alone
without any frequency breakdown. Similarly, frequency margin means
that the energies (normalized) are summed over all the time intervals,
thus eliminating the information about time variation of the spectrum.
Looking at frequency slices implies the consideration of the energy
distributions in each of the frequency channels. Within each of these
ways of looking at the data, several alternate methods were investi-
gated for summarizing the information. For instance, in studying the
time margin both the energies themselves as well as characterizations
of their distribution across time in terms of certain low-order moments
{mean, standard deviation, etc.) were investigated. The distribution of
energy within a frequency slice, however, was typified either by the
deviations of its two tertiles (i.e., time values which divide the energy
distribution into three equal parts) from the marginal time median or
by the inter-tertile distance. These two time-dependent characteriza-
tions are origin invariant. (See Becker, et al.,** for more details con-
cerning the reduction and analyses of first set of data.)

One of the important summaries, from the standpoint of perform-
ance in identification procedures, turns out to be the frequency margin
normalized energies. This led to a 17-dimensional representation with
the first body of data and a 20-dimensional representation in the

TABLE II—SUMMARIZATIONS OF DATA

(z) TIME MARGIN
(a¢) Moments
(b) Energies (normalized)

(#7) FREQUENCY SLICES
(a) Tertile deviations from marginal median
(b) Inter-tertile ranges

(777) FREQUENCY MARGIN
(a) Power spectral estimates derived from energies
(b) Energies (normalized)

(iv) TIME X FREQUENCY
(a) Moments
(b) Variously grouped normalized energies

(v) VARIOUS COMBINATIONS OF INPUTS
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second set. To illustrate how this summary representation may look,
Figs. 2a and b each show the normalized energies in the frequency
margin for all the utterances of a word by a specific talker. Figure 2a
is for one speaker and Fig. 2b is for another. Qualitative and quantita-
tive differences between the two speakers are evident as viewed against
the relative cohesiveness of the different utterances within a speaker.

1V. SPATIAL REPRESENTATION AND CHOICE OF METRICS

Each scheme for summarizing the basic data leads to a set of input
statistics whose values for each utterance yield a vector corresponding
to that utterance. The analysis involved designating certain of the
utterances from each speaker as unknown and treating the remaining
utterances as the reference set of known utterances to be used for
purposes of statistical estimation, ete., of the features of the reference
population.

Thus, as shown in Table III, corresponding to the wuth reference
utterance (i.e., the talker is known) of a specific word by the ith talker,
one would have a p-dimensional row vector of input statistics,

Y4u=(yi1u:y1'2u;"')yipu); 7’.=1)2)"')kx u=1:27"':n»‘7

where the jth element of the vector, ;. , is the value of the jth input
statistic for the uth utterance of the 7th talker. There are k talkers in
all and n; known utterances from the 7th talker. The n; known utterances
of the 7th talker may then be used, as shown in Table III, to obtain the
p-dimensional centroid, ¥/ , and the p X p covariance matrix, S, ,
for the 7th talker.

Corresponding to an unknown utterance (i.e., the talker is unknown
and is to be identified), which is known only to be an utterance of some
one of the talkers in the study, one would similarly have a p-dimensional
representation, shown in Table IIT as

Z = (217z27 "',2,,).

Also shown in Table III are the overall centroid ¥’ and two matrices
B and W. B is a measure of the dispersion of the speaker centroids in
p-space and is called the between-talkers covariance matrix. W is a
pooled measure of dispersion of the replicate known utterances around
the talker centroids and is called the within-talkers covariance matrix.

If a metric or distance measure were defined in the p-dimensional
space of the input statistics, then one could calculate the distance of
the unknown, viz. Z’, from each of the centroids, viz. ¥/’s, of the
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different talkers, and then use these distances to assign the unknown
to one of the talkers.

All the measures of squared distance used in our work were positive
semidefinite quadratic forms, a class whose typical member may be
algebraically defined as shown in item (0) of Table IV. This class
ineludes not only the familiar unweighted Euclidean squared distance
(M = I) and the weighted Euclidean squared distance, which makes
allowances for unequal variances of the different variables, but also
measures of squared distance which allow for correlations among the
variables. Figure 3, dealing with the case of two variables, shows an
appropriate manner of measuring squared distance when the correla-
tion is positive. According to such an elliptical measure of squared
distance, points like A; and B; which lie on the same ellipse are con-
sidered to be the same distance away from the center C of the ellipse,
whereas points like Ay, A5 and A; which lie on the different ellipses
numbered 1, 2 and 3 are considered to be at increasing distances away
from C. The way to reflect this choice formally in the definition of
squared distance is to use for M the inverse of an estimate of the
covariance matrix of the variables.

Table IV also shows three specializations of the matrix M that lead
to three squared distance measures D, , Dy and D3 shown, respectively,
as equations (1), (2) and (3).

The choice of M that leads to D, uses each talker’s individual covar-
iance matrix in measuring the distance of the unknown to that talker’s

TABLE III—NoTATION AND ESTIMATES FOR REFERENCE SETS

D) Y= Wau)sYirus " s Yimd; ¢=1, - kbu=1,2 - 0.

@ V=23V 8- otg e - DL - T
| i=1,-,k

B Z'= (2,2, " ,2,).

@ Y =1_11, :;nj'," where n = f;n,-,
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TaBLE IV—METRICS

©0) DE) =2Z~-¥)yMZ-%); i=12 ...,k
M is p.s.d. so that D(z) = 0.
(1) M=8;7 D) =@Z-YySa1Z2—-Y); i=12 ...,k
(2) M = AA/, whereA,is (p X r) with r eigenvectors of
W-B for columns (r = 1,2, ... ,1);
Dy(@) = (Z — ¥)AA(Z~Y); i=1,2,...,k
B) M=W71 Di(¢)=@Z-F)WYZ-%); i=12 ...,k

centroid. This choice of M implies that the covariance matrix for each
talker be nonsingular. This in general requires that the number of
known utterances for every talker is at least one more than the number
of input statistics. If p were large, therefore, in order to use D; one
would require a large number of known utterances (replications) for
each talker.

Also, this choice for M means that M changes from talker to talker
with a consequent increase in computational time and effort. The hope
is that there will be a pay-off in terms of efficiency to be gained from
using a distance measure that is sensitive not only to the location
(centroid) features of a talker but also to his individual covariance
pattern. The use of this distance measure is thus particularly appropri-
ate when different speakers do not have the same covariance matrix
for their replicate utterances.

A second choice for M, leading to D in equation (2) of Table IV,
is provided by the so-called discriminant analysis approach of multi-
variate statistical analysis. Here M is the product of a matrix by its
transpose and the columns of the matrix are eigenvectors obtained
from a discriminant analysis. The disecriminant analysis attempts to
reduce the number of dimensions in the space in which distances are
measured by selecting a subspace which in a sense contains the most
important information for diserimination purposes.

Broadly speaking, statistical discriminant analysis is concerned, in
part, with finding a representation of the data from several prespecifi-
able groups (talkers) in terms of coordinates which separate the group
centroids maximally relative to the variation within groups. Specific-
ally, as shown in Table V, if y;, - -+, ¥, denote the variables in the
initial p-dimensional representation of an utterance, then at the first
stage one considers a linear combination, z, of the original coordinates.
A one-way analysis of variance for this derived variable would lead to
the F-ratio shown, where B and W were defined earlier. One can now
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specify maximization of this F as a criterion for choosing the coeffi-
cients (ay, -, ap) in the linear combination. The required solution
is to choose, for a, the eigenvector corresponding to the largest eigen-
value of W-*B, Having chosen one linear combination, a second dif-
ferent from the first may be sought so that its F-ratio will be maxi-
mized and so on. This method of seeking a linear transformation
involves the eigenanalysis of W-*B. There will be ¢ positive eigenvalues,
¢, C2, "+, ¢, in general, where ¢ is the smaller of p and (k — 1).
This is a consequence of the fact that if k (the number of talkers) is
less than p (the dimensionality of the input data), then the k talker
centroids are contained in a (k — 1)-dimensional hyperplane. At any
rate, one can use each eigenvector that corresponds with one of the
nonzero cigenvalues to obtain the new coordinates z;, xs, --- . The.
space of 2’s may be called the discriminant space and the coordinates,
2y, s, + + - called discriminant coordinates, or CRIMCOORDS.

A geometrical interpretation of the discriminant analysis for the
case of two variables is shown in Fig. 4. Centroids of the known talkers
are shown in Fig. 4a surrounded by an ellipse indicating the distance
measure appropriate to W, the pooled within-talkers covariance matrix.
The discriminant measure of distance is equivalent to: (¢) transforming
the space of Fig. 4a to one in which the ellipses have become circles
by suitably compressing or expanding and reorienting the various
coordinates—this space, with axes y* and y% , is shown in Fig. 4b;
(77) rotating the coordinates y* and y% in Fig. 4b so that the speaker
centroids have maximum mean square separation in the direction of
the first coordinate (x;), next smaller separation in the direction of the

Y2

Y

Fig. 3—Elliptical measure of squared distance.
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TABLE V—STATISTICAL DISCRIMINANT ANALYSIS

@) ¥ =, 92, o0 Yp)
(2) ayr + @y + ...+ agyp, = a'y.
One-way Analysis of Variance
D.F. M.S.

8
1

Between Talkers &£ — 1 a’Ba,
F, = a’Ba/a’'Wa.
Within Talkers n —k a'Wa,

(3) Choose a so as to maximize F, , .
Solution: a = a, the eigenvector of W~!B corresponding
to its largest eigenvalue.

(4) CfgCIzg...gCt>0, t=min(p,k—1).

a as PRV a;
B5) = =a'y, 2z:=a’y,

second coordinate (z,), etc; and (¢4¢) measuring simple Euclidean
distances in the space thus derived. (Note: With more than two vari-
ables, one may decide to use only the subspace formed from the first r
coordinates of the discriminant space.) Discriminant analysis makes
more intuitive sense if the individual talkers all have similar covariance
matrices for their repeated utterances (so that each is similar to the
pooled covariance matrix) than if they have widely differing covariance
matrices. .

The measure of squared distance, Do, is just that Euclidean squared
distance measure in the space of the first (= ¢) CRIMCOORDS.
While M, chosen thus, does not change across talkers, yet it does de-
pend on 7, the number of eigenvectors to be used in the discriminant
analysis approach. This use of an increasing number of the eigenvec-
tors implies diminishing returns and may not necessarily improve the
identification. By trial and error, a satisfactory value of » when the
frequency margin energies were used as the initial variables was found
to be 5 in the first body of data and 10 in the second set.

A third choice for M, leading to the squared distance measure D3 of
equation (3) in Table IV is obtained by taking M equal to the inverse
of the pooled within-talkers covariance matrix- W, defined earlier.
This choice of M, which requires'W to be nonsingular, is in general
possible whenever the number of input statistics, p, does not exceed
the total number of known utterances of all talkers minus the number
of talkers. This constraint on p (or, equivalently, on the number of
known utterances) is far less restricting than the constraint on p im-
posed by the choice of M that leads to Dy.
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Fig. 4—Sketch to indicate geometrical interpretation of discriminant analysis.

There are certain relationships and equivalences amongst these
three measures of squared distance. D; and D, are similar ellipsoidal
measures (in the sense of Fig. 3) of squared distance and are identical
if the talkers all have the same covariance matrix for their repeated
utterances. Using r = ¢, the “maximum” number of eigenvectors from
the eigenanalysis of W-*B would make D, entirely equivalent to Dj.
Furthermore, D is entirely equivalent to a discriminant analysis ap-
proach with a pairwise comparison of the distances of the unknown
utterance from the centroids of the talkers considered in all possible
pairs.

Other metrics, which were approximations to Dy, D2 and D3 in vary-
ing degrees of appropriateness and simplicity, were also investigated,
but the results to be presented here are confined to these three measures.

V. IDENTIFICATION SCHEMES

5.1 Classification Procedures for Small Populations of Talkers
The distance measures are used for assigning an unknown utterance
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to one of the speakers. For relatively small populations of speakers,
one can compute the distance of an unknown from each of the speaker
centroids, using any measure of distance, and then assign the unknown
to the speaker whose centroid is closest. The empirical criterion used
for evaluating the operating characteristics of any combination of in-
put data and distance measure was the percent of unknowns that were
correctly identified.

Table VI, based on the findings of the analysis of the first body of
data, shows a summary table of percent correctly identified, for some
of the different data summaries, when used with the three squared

TABLE VI—SUMMARY OF AVERAGE PERCENT CORRECT
FOR VARIOUS TALKER IDENTIFICATION TECHNIQUES
Usep wita FirsT Bopy oF DaTa

Input Statisties Distances
D, D, D,
Time Margin
Moments 34t 55 62*
Energies — 30 34
Frequency Slices .
Deviation of Tertiles from Median (TER) — 82 —
Inter-Tertile Range (ITR) — 67 —
Frequency Margin
Power Spectral Estimates — 73 —
Energies —_ 91 97*
Time X Frequency Groupings
by s ar iy orey Nao 30t — —
2 X 17 — 86 100t
2X 7 — 83 90t
2% 3 — 57 70t
3 X 2 — 47 501t
16 X 2 — 40 40t
Combinations of Inputs
Frequency Energies 4+ Time Moments — 91 97*
Frequency Energies -+ Time Energies — 83 90
Frequency Energies 4 ITR — 88 —
Frequency Energies + TER EIG — — 93
Frequency Energies + ITR EIG — — 94
Combinations of Eigenvector Transforms (EIG)
Frequency Energies EIG 4+ TER EIG — 87 —
Frequency Energies EIG + ITR EIG — 94 93
Combinations of Words — 98 —

* All utterances of each word used as unknowns.
t Only used word 1.
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distance measures D;, D2 and D3. The dimensionality of several of the
inputs was too high, relative to the number of replicated utterances
available per talker, so that D; could not be used with these inputs.
Dashes in the table denote such cases and others, wherein the particu-
lar combinations of input and distance measure were not studied.

As far as the distance measures are concerned, D, appears to per-
form best. However, D, because of the reduced dimensionality asso-
ciated with it, and D; because of its sensitivity to variations in the dis-
persion characteristics of the talkers, may be more appropriate and
efficient for some uses and should not necessarily be discarded.

The general conclusion to be drawn from the various attempts to
summarize the original data in terms of input statistics appears to be
that, by and large, frequency information is more important than
time information. This is evident from the low percentages of correct
identification (30 percent and 34 percent) for the time margin energies,
at one extreme, and the high ones of 91 percent and 97 percent for the
frequency margin energies, at the other extreme. The results for the
various time-by-frequency groupings also suggest the same conclu-
sion. As the time structure increases, the percent correctly identified
decreases (cf. also Pruzansky & Mathews®). Certain schemes for
using the time information as an adjunct to frequency information,
however, do seem promising. Thus, using Ds, one achieves 91 percent
correct identification on the basis of frequency margin energies alone,
whereas an increase to 94 percent is possible by augmenting the fre-
quency margin information with certain kinds of time information from
the frequency slices.

A general indication of the results shown is that significant improve-
ment may be achieved by using appropriate statistical methods for
the choice of both the input statistics and the distance measures. Thus,
for example, using the normalized energies in the frequency margin as
a summary of the data, one could go from 91 percent correct identi-
fication to 97 percent by using D3 instead of D,, thus achieving a re-
duction in error rate by a factor of 3.

5.2 Strategies for Large Populations

Encouraged by the results of the first analysis, we undertook the
collection of the second body of data. In order to simulate more prac-
tical situations, the recording conditions were not as strictly controlled
this time and we also decided to increase the number of speakers and
to prune the number of replications per speaker. The increase in the
size of the speaker population introduces an immediate challenge for
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the analysis. Even with the aid of modern high-speed computers, the
effort required for comparing the distances of the unknown from
every talker centroid would become prohibitive with a very large
number of talkers. For this case of a large number of talkers, which
is of great practical interest, one has to develop a method for limiting
the number of contenders for assignment of an unknown.

The approach to be described next in broad outline is simple and
seems to be effective for accomplishing the task with the 172 speakers
involved in the second body of data. For the present discussion, only
the normalized frequency margins (viz., the 20-dimensional input)
will be used as the representation of any utterance.

The basic idea is to use the first few CRIMCOORDS for restricting
the set of speakers with whom an unknown is to be compared. Before
describing the essential nature of the approach, it is perhaps in order
to comment on some properties of CRIMCOORDS as related to the
present, problem.

Firstly, there is the question of interpretability. Figure 5 shows a
pictorial representation of the five eigenvectors of W-'B that cor-
respond to the first five CRIMCOORDS. The lengths of the bars
correspond to the magnitudes of the elements of a specific eigenvector
and the orientations correspond to their signs. The first CRIM-
COORD, which seems to be largely a difference between the energies
in the two lowest frequency bands, appears to be reflecting a difference
between male and female glottal fundamental frequencies for the early
vowel part of the word one, which was the word that gave rise to the
set of eigenvectors in Fig. 5. The first CRIMCOORD does indeed
efficiently separate male and female speakers in the study. Unfortu-
nately, the second and later CRIMCOORDS do not seem to have
as easy an interpretation, perhaps due to the mathematical constraints
imposed on the eigenvectors at the later stages.

The linear transformation to CRIMCOORDS is dependent on only
the reference set of known utterances. It is perhaps interesting to
inquire about the validity of the pooling of the separate within-talker
dispersion matrices to obtain the pooled estimate W of variation
among the replicate utterances. The pooling also underlies the justifi-
cation for using unweighted Euclidean squared distance (viz., Ds) in
the CRIMCOORDS space. An internal comparisons statistical tech-
nique was developed (cf. R. Gnanadesikan and E. T. Lee'®) for
assessing the comparability of the individual talker covariance
matrices in terms of certain measures of their sizes. This method of
assessment, when used with the frequency margin energies, suggested
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that it is not unreasonable to pool the speaker dispersions to obtain W.

A third issue concerning CRIMCOORDS is their stability as they
depend on the words and on the speakers. Based on an empirical
investigation using the second body of data, they do seem to be word
dependent but fairly stable with respect to the speakers, in that they
do not seem to change substantially once they are based on the known
utterances from about 80 speakers.

Returning now to the question of using the first few CRIMCOORDS
for limiting the contenders for an unknown, one can look at a repre-
sentation of the knowns in the space of say the first two CRIM-
COORDS. As shown in Fig. 6, with only the ten speakers in the first
study, some talkers are clearly separated (e.g., talkers 2, 4, 7 and 10)
while others are clustered (e.g., talker 8 and 9) even in this two-
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Fig. 6—Representation of utterances of ten speakers in space of first two
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dimensional representation. However, with the 172 centroids of the
talkers in the second set of data, one gets the configuration in Fig. 7a.
There appear to be no obvious clusters here in the space of the first
two CRIMCOORDS.

In this case, one approach is to divide the two-dimensional
CRIMCOORDS space arbitrarily up into boxes as a first step. Figure
7b shows a division of the space into forty boxes which was accom-
plished by arbitrarily specifying nine quantiles (or percentage points)
of the distribution of centroids along the first CRIMCOORD and
three quantiles of the distribution along the second CRIMCOORD.
Next, one determines in which of these boxes an unknown under
consideration for assignment falls (cf. Fig. 7¢) and then one can
compare the unknown with all the speakers who fall in the same or
a few nearby boxes (ef. Fig. 7d), discarding the speakers who are far
removed. In the particular example used for Figs. 7a-d, while the O
denotes the unknown, the x (cf. Fig. 7d) corresponds to the centroid
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of the speaker from whom the unknown arose. While the x is not in the
same box as the 0, it is in a neighboring box whlch is included for
identification purposes.

The comparison of the unknown with the speakers in the neigh-
boring boxes is made by calculating distances not just in the space of
the first two CRIMCOORDS but by including additional CRIM-
COORDS (e.g., using five or ten CRIMCOORDS in all). Based on the
magnitude of the distance to the closest speaker and on the ratio of the
second smallest distance to the smallest, a decision is made whether
identifying the unknown with the .closest speaker is safe or suspect.
Statistical benchmarks for comparing observed values of quantities;
such as the smallest distance or the ratio of the second smallest to
the smallest distance, are obtained from ‘“null” distributions (i.e.,
distributions of these quantities when a correct identification is made)
generated from the data on hand. Since we are dealing with a situation
in which there are sufficient data under “null” conditions (i.e., success-
ful identification) one can obtain adequate estimates of the statistical
distributions to enable reasonable assessments of the magnitudes of
observed distances (or ratios) and decide whether they are small
or large.

At any rate, either if an identification is suspeet or if an insufficient
number of comparisons have been made, the process enlarges the
population of contenders by considering the speakers in additional
boxes nearby. As soon as a safe identification is made, no further
loops are made to add more contenders. After all the speakers have
been exhausted, if the identification in terms of the closest speaker is
still suspect, then the process.terminates by identifying the speaker
as the closest one, despite the weakness of the evidence. For the
illustrative example in Fig. 7, this method led to a safe and correct
identification. ,

Figure 8 shows a simple flow-chart of the steps involved in the
above process for identifying an unknown by a preliminary limiting of
the number of contenders. On the left, in Fig. 8, are shown the steps
in the initial processing of the reference utterances leading to (?) a
determination of the CRIMCOORDS, (i{) a representation of the
speaker centroids in CRIMCOORDS space, and (tit) a specification of
the boxes or cells in the space of the first few (e.g., two) CRIM-
COORDS. On the right, in Fig. 8, is shown the identification process
for an unknown utterance. From the representation of the unknown
in CRIMCOORDS space, one finds which box the unknown falls into
and retains for comparison all speakers whose centroids fall in a cer-
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tain number of nearby boxes, while discarding all speakers who are
farther away than a cut-off distance. If an adequate number of
speakers have been retained for comparing the unknown against, then
one computes the distance of the unknown from each of the retained
speakers in an enlarged (5- to 10-dimensional) CRIMCOORDS space.
If the ratio of the second smallest to the smallest is large enough
(> 4.2), then the identification of the unknown with the closest
speaker is assumed to be safe. Also, if this ratio is moderately large
(= 4.2 but > 1.75) and the smallest distance is small enough (< 8.0),
the identification is deemed safe. If not, it is deemed suspect and more
speakers in additional boxes are included for comparison with the
unknown. Furthermore, if the number of speakers compared with an
unknown is not large enough, then also one adds more speakers by
considering additional adjacent boxes.

An efficient set of computer programs implementing this process is
in use (cf. K. W. Wachter'*). The programs provide for flexible
specification of many of the parameters involved (e.g., number and
size of the boxes, cut-off values for comparing the smallest distance
or the ratio of the second smallest to the smallest, etec.).

Using a single word for identifying talkers in the second set of data,
the above strategy yielded 81 percent correct identifications, i.e., for
81 percent of the unknowns the first most likely match was correct.
In fact, if one counted the percent of times that the correct speaker
was either the closest or second closest then one obtains 90 percent.
The comparable percentages to these figures of 81 percent and 90 per-
cent are 84 percent and 93 percent when one performs an exhaustive
check of the unknown against every speaker. The computational cost
for the exhaustive comparisons in this example involving 172 talkers,
is about 70 to 90 percent more than that involved in the strategy based
on preliminary limitation of the number of contenders for an unknown.
The difference in computational cost will, of course, vary as one
changes the number and size of the boxes chosen and the other specifi-
cations involved in the method. Also, with much larger populations of
speakers, the cost differential between the two approaches would be
expected to increase substantially. In the present example, the com-
puter cost per identification is approximately 1.4 cents for the scheme
which initially limits the number of contenders for an unknown.

The percentages of correct identification appear to be improvable by
utilizing the identification information in additional words. Thus, in-
stead of using the single word, one, when one combines the information
from the separate identification results for the two words, one and two,
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the percent correct identification moves up to 94 percent from the
earlier stated 81 percent. Hence, the preferable direction for large
populations appears to be to stay with the type of strategy described
here but to combine information from more than one word.

Not all methods for combining the information from two or more
words will be equally successful; however, a scheme has been devel-
oped which appears to be promising and, in fact, led to the improve-
ment from 81 percent to 94 percent in percent correct identifications.
Figure 9 shows a flowchart of the procedure. If the identification on the
basis of the first word is deemed safe, then no use is made of the sec-
ond word. If, on the other hand, the identification using the first word
is suspect, then one looks at the identification results for the second
word. If the same speaker is the closest one to the unknown utterances
in both words, then this is taken as a safe indication that he is in fact

Ly = LIST OF KNOWNS FROM WORD i,
ORDERED BY DISTANCE TO UNKNOWN

L2 = LIST OF KNOWNS FROM WORD 2,
ORDERED BY DISTANCE TO UNKNOWN

e.9., L2 (1) REPRESENTS THE KNOWN
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WORD { AND WORD 2 DISTANCES YCORRECT" TALKER

!
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TAKE L3(1) AS
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Fig. 9—Combination of word 1 and word 2 information into a single identifi-
cation.
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the speaker despite the weakness of the evidence for this in considering
the first word by itself. If two different speakers turn out to be closest
for the two words, then one considers these two speakers along with
all speakers who appear concurrently on the lists of a certain number
(e.g., 10) of closest speakers for both the words. For each of these
speakers, one can compute a new squared distance by calculating a
weighted sum of the squared distances of the speaker centroid from the
unknown as obtained in the separate analyses of the two words. The
weights for combining the squared distances could reflect the diserimi-
nation abilities of the two words. (Note: Implicit to this scheme is an
assumption that the first word is more useful for discriminating talkers
than the second.) The new squared distances may then be sorted and
the identification would be made as the closest speaker in terms of
this pooled measure of distance.

VI. DISCUSSION

The emphasis in the present report has been on the statistical facets
of talker identification rather than on the acoustic significance of the
results. The gratifying identification successes have been achieved, in
fact, with relatively unsophisticated representations of the data (viz.,
energy- (time)-frequency analyses of whole words). We have already
mentioned that interpretation of CRIMCOORDS beyond the first is
elusive. At this juncture, we approach the relation between identifica-
tion techniques and acoustic factors from the other end, asking what
speech production theory and related experimental results have to say
about augmenting or modifying our representations for future work.

In the course of replicating our second body of data, we encountered
two factors which will be dealt with systematically in forthcoming
studies. The first of these is inter-session variation within talkers.
W. A. Hargreaves and J. A. Starkweather® as well as J. E. Luck? have
reported that this effect is so strong as to render identification or veri-
fication significantly poorer when reference and test recordings are
made at widely separated times. We are now collecting new recordings
from talkers who return at scheduled times on different days, having
found evidence of a sessions effect for those few talkers who returned
to our unattended booth voluntarily. The other factor was “circuit
variability.”” The collection of data from the unattended booth in-
volved a second set of 172 speakers in addition to the set of 172 used
in the earlier discussion in this paper. The samples from the two sets
of speakers were, however, processed separately at two different times,
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and the two sets of data could not be combined because of unrecover-
able variations in the “circuit” (the process involved in going from the
physical utterance to its digital representation, especially the behavior
of the analog filter bank). Our approach to this problem is two-
pronged: (v) We are using elaborate control and calibration procedures
in making the new recordings, and obtaining our spectral energy rep-
resentations directly from Fast Fourier Transforms performed on a
digital computer. (7) We shall deliberately vary the circuit (by mak-
ing some telephone recordings simultaneously with the high-quality
recordings and by passing them through switched connections) to learn
how to make identification robust in the face of circuit variations.

Another major concern is with the use of information from different
words and the number of replications required from each speaker for
constituting the reference set. of utterances. Both Pruzansky® and
J. W. Glenn and N. Kleiner* found improvement when they combined
utterances in the simplest way, at the level of spectral analysis. It is
worth noting that the work of 8. K. Das and W. S. Mohn,* the most
successful of the verification studies, used separate analyses of ten
different segments (of a fluently uttered phrase), while the other
two'-2 used only one or two. In connection with the question of number
of replications, no statement about the ultimate resolving power of
automatic voice identification schemes can be made until the relation-
ship between performance and number-of-samples-known-to-be-from-
one-talker is better understood.

Perhaps the gravest issue is whether measures thought to have acous-
tic or speech-theoretic significance should supplant or supplement raw
spectral energy representations of the utterances. Examples of such
measures, used with success by J. J. Wolf,” are glottal fundamental fre-
quency, nasal resonance frequency, vowel formant frequencies,. and
voice-onset time in voiced stop-consonants. The basic argument for this
approach is that a talker’s uniqueness lies perhaps in the shape of his
vocal apparatus, and we should use measures sensitive to that shape.
Glenn and Kleiner,* taking an extreme position, maintain that nasal
sounds are ideal because the apparatus is stationary during the time
the oral passage is occluded and radiation is chiefly from the nose. Das
and Mohn? worked with features chosen to be relevant to their acoustic
segmentation, but no report on the relative merits of their many (405
in all) features is available.

One might well have reservations about using features which are
significant in speech synthesis to perform talker recognition, because
what is signal in the former problem may be noise in the latter. How-
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ever, it is worth noting that some recent analysis-synthesis schemes
for speech transmission (e.g., R. W. Schafer and L. R. Rabiner®) are
reported to be capable of producing speech that sounds strikingly like
the original, though based on only a few parameters per time sample.
Although such resynthesized speech may not be capable of reflecting
subtle variations of the shapes of intra-cranial cavities, it typically
quite accurately reflects two important characteristics of the individ-
ual: his average “pitch” (glottal fundamental frequency) and the
temporal pattern of changing glottal and formant frequencies.

“Pitch” is clearly a vital talker cue. The present work evolved a
CRIMCOORD devoted to this characteristic even though our input
data did not include an explicit measure of it. Wolf” found pitch to be
the most important of his features, and B. S. Atal'® based an entire
small-population recognition scheme on it. We are investigating eco-
nomical means of including such a measure in our future work.

As for the temporal aspect of utterances, it should be recalled that
certain representations of time information did augment frequency
information to advantage in the analysis of our first set of data. In
fact, Gnanadesikan and Wilk'" found that transforming the energies
logarithmically (the common “decibel” transformation) improved the
“additivity” of the frequency and time effects. Finally, it is worth
learning how to use both time and “pitch” information for one very
important reason: neither is unduly affected by common variations
among speech transmission circuits, whereas the raw spectrum is very
vulnerable.

The search for efficient representations of the speech signal is now
at a choice-point. In one direction lies the extraction of features based
on speech production theory, with its current high cost but the promise
of robustness in the face of circuit variation and perhaps other sources
of interference. In the other direction is the development of procedures
for correcting obtained spectra to compensate for distortions due to the
circuit, with a non-negligible cost and unknown ultimate technical
feasibility. In the last analysis, technical and economic considerations
will determine which of these types of representation will play the
major role in practical talker identification techniques.
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Estimated Outage in Long-Haul Radio
Relay Systems with Protection Switching

By W. Y.-S. CHEN

(Manuscript received November 24, 1970)

A general outage formula relating a number of important system
outage factors has been derived for long-haul radio relay systems
utilizing in-band or crossband automatic channel switching. This
formula is used to estimate the outage of TD and TH systems with
various switching strategies.

The results indicate that the crossband 2 X 18 protection-to-work-
ing channel switching system appears to be a very attractive arrange-
ment from the standpoints of good system reliability and effictent use
of the radio frequency spectrum.

I. INTRODUCTION

In order to achieve the high reliability demanded for long-haul TD
and TH microwave radio relay systems, frequency diversity by
automatic channel switching is used as an effective means to protect
services against outages due to propagation, equipment failure, and
maintenance activity. In this arrangement, each radio relay route is
divided into a number of switching seetions. One or two of the total
number of radio channels in a given band are designated as protec-
tion channels. The automatic protection switching system uses pro-
tection channels to replace failed or otherwise unavailable regular
channels by operating either IF or baseband switches at the trans-
mitting and receiving ends of the switching section.

The first protection switching system developed for use with the
long-haul TD-2 system (TDAS) is capable of protecting up to five
regular working channels with one protection channel (1 X 5 switch-
ing).! It was first placed in service in 1953, and it accounts for about
45 percent of the long-haul radio switching systems now in the field.
Another frequency diversity switching system was developed for ap-
plication to the 6-GHz TH-1 system which was overbuilt on TD-2
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routes or used on new routes. It was initially installed in 1960 and
forms about 10 percent of the switches now existing in the field. This
switching system uses two protection channels to protect up to six
regular channels (2 X 6 switching).? About 1960, the TD-2 radio
route capacity was expanded to a total of 12 channels through the
use of channels placed interstitially between the original six assign-
ments, and a second one-for-five switching system was initially re-
quired to provide protection for these interstitial channels. A much
more reliable overall protection switching arrangement could be
realized by combining the regular and the interstitial channels into
a two protection and ten regular working channel system (2 X 10
switching), and accordingly, the 100A protection switching system
was developed.® The 100A system was originally designed to operate
with both the existing TD-2 system and the new solid-state TD-3
system. Subsequently, it wds modified to provide 2 X 6 protection for
the TH-3 system. Since 1964, the 100A system has become the pri-
mary heavy-route protection facility for the microwave network in
this country.

Each switching installation is now operated exclusively either in
the 4-GHz band (the TD systems) or in the 6-GHz band (the TH
systems), and for reasons of reliability, with the exception of TDAS,
two protection channels in each band usually are specified. Thus, a
total of four channels out of 20 on a fully loaded route are reserved for
system protection use. In order to utilize the frequency spectrum
efficiently, the number of protection channels should be kept to a
minimum consistent with the system requirements on reliability. The
large-scale use of solid-state devices in TD-3 and TH-3 and higher
fade margins achieved in these systems should result in less system
outage®* with present switching arrangements. This leads to reduced
demand for protection channels and the observation that a reduction
in the number of protection channels might be made possible by com-
bining 4 and 6 GHz in one crossband switching operation because the
fading correlation is relatively small between 4- and 6-GHz channels.

In this paper, outage is estimated for systems using various in-band
and crossband diversity switching arrangements. A general expression
for the system outage of a working channel is first derived consider-
ing the number of channels, fading, equipment failure, maintenance,

*In this paper, “outage” refers to the case in which the number of channels
simultaneously unavailable because of fading, equipment failure, maintenance, or
any other cause exceeds the number of protection channels. It therefore implies
an interruption of service to one or more of the working loads.
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and other outage factors. The derived formula is then applied to
various TD and TH systems to estimate the reliability* to be achieved
by automatic channel switching. Recommendations of switching strat-
egies are made, based on comparison of reliabilities and utilization of
the radio frequency spectrum.

II. OUTAGE FACTORS

2.1 Selective Fading

The most serious source of outage encountered in current 4- and
6-GHz microwave radio systems is considered to be selective fading
caused by the multipath transmission of microwave signals. The
mechanism and effects of multipath transmission have been discussed
quite thoroughly in numerous articles published in the past two dec-
ades.*® Selective fading is characterized by deep excursions of the
received microwave signal level below its free space value. The time
scale varies from a few seconds for large excursions (average dura-
tion of 40-dB fades) to a few hundred seconds for small excursions
(average duration of 10-dB fades). The distribution of fading varia-
tion with time depends upon variable or temporary conditions in the
transmission path in a complex manner. Enough data now exists to
support an empirical formula relating the most important parameters.*
Consideration of all pertinent and available selective fading data in
general indicates that the fading distribution for a single hop is char-
acterized by a fixed slope of 10 dB of fade per decade of probability
for fade depth greater than 20 dB, i.e., the slope but not necessarily
the amplitude of the Rayleigh distribution. Since this type of fading is
frequency selective, the use of either frequency or space diversity
would be effective in reducing its effect on outage.

2.2 Flat Fading

In addition to selective fading, there are occasional long periods
of depressed signal in a microwave path caused by “earth bulge” or
obstructive fading. This type of fading is rare and occurs only under
substandard atmospheric conditions. In areas of high moisture con-
tent, stable calm air conditions at night and during the hours of early
morning and ground fog are usually conducive to fading of this type.
Widely separated frequencies and vertically spaced antennas are

* The term “reliability” is being used in the general sense and the more appro-
priate terminology might be “availability.”
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affected alike with regard to the average signal level (Ref. 6, page
72). Therefore, protection against flat fading can be accomplished
only by providing adequate vertical path clearance and restricting the
length of radio paths.

2.3 Equipment Failure and Maintenance

Unlike selective fading, the outages due to equipment failure and
maintenance are of relatively long duration. Most microwave radio
stations are unmanned, and therefore, the down time of a channel
due to an equipment failure is longer than the average repair time
actually used. Routine maintenance also increases the hazard of out-
ages because the number of protection channels available in a system
is reduced when routine maintenance is being done on any of the
channels. 1t has been recognized that the equipment failures and
maintenance can control the system outages in a long-haul system
having only one protection channel.”-® In the past, inband frequency
diversity with two protection channels has been used effectively for
both fading and equipment protection. New solid-state systems are
expected to be more reliable than vacuum tube systems. Thus, lower
equipment outage rates would be expected from the newer TD-3 and
TH-3 systems.

24 FM Terminal Failure and Others

Solid-state 3A FM terminal equipment together with solid-state
3A wire line entrance link equipment and the 200A protection switch-
ing system (a 1 X 12 baseband to IF system) have been introduced
for maintenance and baseband circuit protection. Therefore, it is ex-
pected that the level of system outage resulting from terminal failures
will be small.* Other system outage factors are power failure, human
error, and switch failures.! These outages ean be made small in a
long-haul system.

IIT. ANALYSIS AND COMPUTATIONAL TECHNIQUES

Here we develop a method for the calculation of 4000-mile two-
way annual outage resulting from the joint effects of selective fading,
equipment failure, and maintenance for a radio system with auto-

* Reliability analysis of the FM terminals using a 200A switch indicates that
the average outage from FM terminals in a 4000-mile system is less than 0.001%.7

t The effect of using protection channels for restoration and occasional TV
service on system outage is a separate area of interest. No attempt has been
made to study this effect in detail in this paper.
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matic channel switching. It is noted that, without protection switching
systems, the outage from the aforementioned factors in a 4000-mile
route would be several hundred (about 800 in the 2 X 10 TD-2 sys-
tem) times the total outage of the system with protection switching.
Thus, these three factors are among the most important in the con-
sideration of system reliability.

3.1 Assumptions

The basis of any estimation of the reliability of a system is a mathe-
matical model of that system. Assumptions are made as to the behavior
of this model which we expect will give the model the attributes of
the working system. The following assumptions were made in the study
of radio system reliability:

3.1.1 Fading and Fading Frequency Correlation

Fading rates are based on the MIDAS 1966 West Unity data.* These
data, shown for a 68-day summer period (July 22 to September 28,
1966) are given in Fig. 1. The average fading rate shown in the figure
represents the percent probability of the signal being faded to a cer-
tain depth (or greater) relative to free space for the total time of 68
days. Fading versus frequency correlation is based on an empirical
formula developed by W. T. Barnett.*

3.1.2 Fading Activity

Fading is assumed to occur only during a six-hour period per day.
This is a reasonable assumption over the fade depth of 35-40 dB
and is supported by the Bryan-Wauseon data.l® Figure 2 shows the
ratio of fading rates during the midnight to 6 A.M. period of measure-
ment divided by that observed during the 8 P.M. to midnight period.
Fading activity was negligible during the remaining times.

3.1.3 Fading Simultaneity

Outage resulting from simultaneous fading activity in different hops
in the same switching section is calculated on a daily basis. Daily
fading rate assumed as a variable is given in Fig. 3.°

3.14 Fading Hops
Fading is assumed to occur in only one-half of the hops.

3.1.5 Annual Fading Distribution
Heavy fading is assumed to occur for two months, medium fading
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(rates reduced by 1/2) for two months, and negligible fading is
assumed for the remaining eight months of the year.

3.1.6 Switching System Operation

To simplify the computation, the switching system is assumed to
have no hysteresis, that is, no width or threshold in the ‘“channel
good” versus “channel bad” decision maker (Initiator) and no dif-
ferentiation between regular and protection channels with regard to
the switch point. It is also assumed that the switch point (fade depth
at which a protection switch is requested) is equal to the fade margin.

3.1.7 Joint Fading and Maintenance

Fading activity and maintenance activity are assumed to be mu-
tually exclusive as a result of maintenance rules.
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Fig. 1—Average fading rate of a 4- or 6-GHz channel based on the MIDAS
West Unity data (July 22 through September 28, 1966).
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Fig. 2—Ratio of fading rates based on the Bryan-Wauseon data.

3.1.8 Maintenance

The maintenance rate for solid-state equipment is assumed to be
the same as for TD-2, i.e., 4-1/2 hours per year per T/R bay (1-1/2
hours per T/R bay at four-month intervals). Maintenance is assumed
to be concentrated during a six-hour period per day.

3.1.9 Equipment Failure

The failure rate for the solid-state repeater is assumed to be 0.014
failure per T/R bay per month. This represents about 3 to 1 improve-
ment over present vacuum tube TD-2 equipment failure rates. The
failure rate of TD-2 is estimated at one per T/R bay every two
years, and the average time to repair an equipment failure is as-
sumed to be 2-1/4 hours.* This corresponds to a fractional outage rate
per vacuum tube T/R bay of 0.013 percent. The solid-state rate is
taken to be 0.0043 percent.

3.1.10 Two Constraints on Maintenance Operation
(?) Maintenance is not to be undertaken on one channel while any
other channel in the same switching section has an equipment failure.

; * This is the average time required to restore a2 channel under equipment
ailure.
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(¢7) In the event of an equipment failure on any other channel while
maintenance is in progress, the channel under maintenance will be
restored to service within a short specified interval (say, 10 minutes).

3.1.11 Distribution of Switching Section Lengths )

The switching section length distribution is assumed as indicated
by Fig. 4. This distribution is based on the results of a 1962 TD-2
survey with the exception that 50 percent of the one-hop switching
sections were deleted to compensate for the number of one-hop mes-
sage sidelegs not found in a main route. The results of a 1967 TD-2
survey (with 50 percent of the one-hop sections deleted) substantially
agree with the assumed distribution.

3.1.12 Repeater Spacing

The average repeater spacing is assumed to be 27 miles. This is
based on TD-2 route data as of 6-30-65 indicating an average hop
length of 26.65 miles.

3.2 The Weighted Average Qutage

Consider a multichannel radio relay switching section having n
channels of which (m — 1) are protection channels. At least m simul-

DAILY RATE PER MONTHLY RATE

1t 2 3 4.5 6 7 8 9 10 11 12
DAYS BY RANK

Fig. 3—Daily fading rate based on the Bryan-Wauseon data.
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Fig. 4—Normalized distribution of switching section lengths based on the
results of 1962 and 1967 TD-2 surveys with the exception that 50 percent of the
one-hop sections are deleted

taneous failures or interruptions are required before there is an actual
outage or a loss of service. Those outages corresponding to more than
m simultaneous channel failures should be weighted in the system
outage computations since, for example, the event of two working
channels failed and unprotected: simultaneously is obviously twice as
serious as the event of one working channel failed and unprotected
at a time in a given system. Thus, we may define the weighted aver-
age outage of a working channel as follows:

the weighted average outage of a worklng channel,

¢av

[the expected number of working channels fa,ﬂedjl
and not protected at a time

[the total number of 'working channels]

Expressed in probability notation, we' have

1

nm Z G+ 1)Pr (exactly (m + ])) 1)

Pav =

where Pr (exactly (m + j)) is the probability of exactly (m 4 j) channels
being failed simultaneously in a given system.

3.3 Derivation of the Weighted Average Outage From a Switching Section

Let us now compute the weighted average outage from a switching
section based on equation (1). Referring to Fig. 5, the switching sec-
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tion on a TD or TH route forms a link of a chain. Each switching
section is completely self-contained and has no switching connection
with adjacent sections. A switching section protects both directions of
transmission simultaneously and independently. Thus, it is necessary
only to compute one-way outage and double the result. In order to
apply to MIDAS data and the empirical formulas in equation (1),
it is required that we express the weighted average outage ¢,y in terms
of the purely simultaneous unavailability of (m + j) channels, i.e.,
to eliminate explicit inclusion in the probability statement of chan-
nels which are not suffering a failure. It can be shown that a different,
representation for ¢,, is

1 = fym+i—2 »
b = T [Z (~1Czti T Pr(m + a)o] @
where C72i7? is the number of ways we may choose (m — 2) out of
(m + j — 2) objects without regard to order and (m + j), is a par-
ticular set of (m -+ 7) channels suffering simultaneous failures. The
notation Y m.;, Pr ((m + 7),) means that the outage of all possible
(m + j) simultaneous channel failures are to be summed (there will be
C,,.; of them). Equation (2) is a very general expression in which no
restriction on channel independence has been made. Observe that
equation (2) is an alternating series which converges if all channels are
independent and if the failure rate of each individual channel is low.
The series converges very slowly if the channel failures are highly cor-
related as the MIDAS data has shown. Thus, we will consider all the
terms in the series related to fading for system outage computations.
The unavailability of a single channel per hop is given by

P3=PI+P¢+Pm (3)
where
P, = unavailability due to multipath fading,
P, = unavailability due to equipment failure, and
P.. = unavailability due to maintenance.

The unavailability of a single channel in a switching section is then
modified as follows:

P,, =rP, + hP, + hP,, o0sr=h 4)

where h is the number of hops in the switching section, and r is the
number of hops in the switching section which are liable to experience
heavy fading.



1466 THE BELL SYSTEM TECHNICAL JOURNAL, APRIL 1971

In order to apply equation (2) for the computation of outage from
a switching section, we first assume that the channels fail independ-
ently of each other, i.e., that the failure of an arbitrary set of chan-
nels does not change the availability of the other channels, the cor-
relation among channels due to fading will be considered later in our
mathematical development. When all channels are independent, we
obtain from equation (2)

. 1 = _ im+i—2n m+i]
¢uv - n—m + 1 [;’( 1) Cm—? Cm+iPcs (5)
where P, is the unavailability of a channel in a switching section
given by equation (4).

Let

P = C. P,
= CZH('I‘P, + hP, + hPm)"”j- (6)

By grouping the first and third terms in the parentheses of equation
(6) and applying the binomial expansion, one gets

m+4

P = C:.H‘ Z C,’c"”(rPf + hPm)mH_k(hPe)k’
k=0

m+i

= > Oy miTRen Py + RP)"TTHRP,)E. )
k=0
Further expand the common factor (rP; + hP,)™*7—F* in equation
(7) as follows:

(P; + WP, )"t 7*
m+i—k

Z C:”+i—k(TP/)m+j_k_8(hPm)s, m + ] _ k # 0

§=0

Those eross terms in equation (8) which have factors P™*""*=*P? for
m-+j—k—s=1ands = 1will be ignored because daytime main-
tenance routines have been put into effect in practice, and therefore,
selective fading and maintenance are not considered to occur simul-
taneously. Thus, equation (8) is simply reduced to

(P; 4+ RP)" " = (PY™ T+ (WP)™TTF, m 4§ — k0,
=1, m4+j—Fk=0. 9
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Substitution of equation (9) in equation (7) yields

m+j—1

P = {C",,,+,~+ > C}:‘"”*j""Cfn+,-_k[(rP,)'"+’"’°+(hP,,,)””"’"]}-(hP,)'“.
k=0
(10)
From equations (5), (6) and (10), we obtain

_ 1 £ _\iym+i-2
¢av_n_m+1{i;’( I)Cm—2

{er 78 oo ey R 0P
k=0
(1

Observe that all those terms in equation (11) having factor Pp*i~*
with m + j — k = 2 vanish because maintenance is a controlled ac-
tivity, and the rules of operation prohibit simultaneous maintenance
of two or more channels in the same direction in a switching section
(i.e., maintenance is assumed to be done on one channel at a time).
It follows, therefore, from equation (11) that '

1
¢nv_n_m+1

n—m m+i—1
-{Z [(—1)"0:::;‘2- > CZ""”"’“’C;‘,+j_k(rP,)’"”“k(hP,)":I

i=0

+ 3 (— ) RO CP ) (P
i=0

+ Z; (—l)iC,’,’.‘ié_QCZ‘,H,-(hP,,)"'”}- (12)

It may be verified that the last two series on the right hand side of
equation (12) converge rapidly when the factors P, and P, are small
and independent. Thus far, we have considered only events of outage
arising from independent channels in a given system. Let us now
impose multipath fading. This will modify term by term the first
series on the right hand side of equation (12). We see that a common
factor in the series is

C;+i—k(rPf)m+j_k

which denotes the probability of (m + j — k) uncorrelated channels
fading simultaneously. Actually, simultaneous fading can occur in two
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ways; either all the fading may occur in one hop and be highly corre-
lated, or it may occur in different hops in the section with less corre-
lation. Since there are r fading hops, all fades in the same hop can oceur r
ways, and fades in ¢ different hops can occur €7 ways (without regard
to order). The probability P,, of simultaneous fading of (m + j — k)
correlated channels becomes

Py= S 10 3 Pdlm+ =)l (13)
where D (eici, Pi((m =4 j — k),) is the unavailability of all possible
(m + j — k) simultaneous failures in ¢ different hops of a switching
section. For example, if three channels fade simultaneously in two
hops,ie., m + j — k = 3 and t = 2, then we have

r Z_k) P(m+j—k),) = ;P2(3), (14)
where P,(3) is the unavailability of three arbitrary channels in the set
of n which fade simultaneously in two different hops. Therefore, if all
channels are correlated due to fading, we may write equation (12) as

_ __~__l‘____ n—m m+ij—=1 r ; i3 et ) v
b =7t 578 5 1y Do

i=0 k=0 t=0

I 2 Pl(m+i— k))IRP)

(m+i=k)s

+ X (= 1O (P (P
i=0

+ n-zm (——l)iC,'",,f;_sz,H,-(hP,)"‘”}- (15)
i=0

Since the fading is assumed to occur only during a six-hour period and
since we want an average outage, the terms in the first series of equa-
tion (15) having the factor

> Pd(m+j— k).

(m+i—k),

should be multiplied by a time weighting factor ' where = in this
case is 4, and fading in different hops should involve a factor «; to
account for the peakedness of daily fading among ¢ fading hops.* Let
us designate the first series in equation (15) by S; . Then the complete
expression for S; becomes

* The expression of a; in terms of ¢ is given in Appendix B.
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_ 1 AR miill & imyi=2,4n—(m+i=k)yr _t-1
5= {575 5 e oe

i=0 k=0

al D2 P{m+j— 70)3)](hP¢)k}' (16)

(m+i=k)s

The formula can be modified for reduced fading rates in other months
by expressing the fading rate as b;P;/B; where b, < 1, B; = 1 to
account for fading in other months. In nonfading months, b; = 2/3,
B; = o; in medium fading months, b; = 1/6, B; = 2; and in heavy
fading months, b; = 1/6, B; = 1. The joint equipment failure and
maintenance outage term in equation (12) should also be modified,
based on maintenance constraints. Let

P(m, e) = P, Pr+i~* 17
Reference to Appendix A will show that this expression may be
modified as follows:

P(m, e) = P,P5;’™ (18)
where

Py, = the equivalent equipment failure probability;

= :—:Pc ;
7. = assumed duration of one equipment failure; and
7. = time required to restore a channel under maintenance to
service in the event of an equipment failure on any other
channel.

Summarizing then, the weighted average outage of a working channel,
as defined in equation (1), in a switching section one may be ex-
pressed as:

n—m m+j—1 r

_— m+j—2yn—(m+j—k) Nr t— l
o = _m+1{2222( 1)'CriiTCr Cir
F L X Pun+ i — DGR

+ Z( DiCmi e mh™ P, P’

+ E( D'CRiT ';H(hPe)'“"} (19)
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= total cross-sectional number of channels in the system;
number of protection channels;

number of hops in the switching section;

number of fading hops in the switching section;

hourly variation parameter;

a, = daily variation parameter;

= monthly variation parameters; and

I = upper limit for the index of monthly variation parameters.

s >=3
If Il

s
w
|

3.4 Empirical Formulas for the Correlated Fading Channels in the Same
Hop (t = 1)
An empirical formula derived by W. T. Barnett'' can be used to
evaluate the simultaneous fading of an arbitrary set of (m + § — k)
channels at 4 and 6 GHz:

2(21/m+i—k)L4

Py(m +j — k),) = (20)

4
gy gy LY

i

where

m 4+ j — k = total number of channels in set;
! = number of 6-GHz channels in set; and
i Ay; = sum of fractional frequency difference between all
possible pairs in the set ( there are C7*7~* of them).

The value of (A;;) can be calculated when the pair is from the same
common carrier band. For the crossband case when one channel is from
the 6-GHz band, a value of 0.05 has been used.'

3.5 Annual Outage From a 4000-mile Two-Way Circuit

Results given in this work are based on annual outage® for a 4000-
mile two-way system. In order to evaluate the equations derived so
far, it is necessary to assume values for h, the number of hops in a
switching section. In actual computation, the distribution of hop
length and switching section in a 4000-mile route are used. The com-
putation procedure involves computing switching section performance
for various combinations of 2 and r, multiplying the (&, r) reliability
estimate by the appropriate weighting factor determined from the
data, summing the results and extrapolating the answer to give an
estimate of 4000-mile two-way performance.

* Including outage due to flat fading.
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IV. RELIABILITY OBJECTIVES

The usual measure of reliability is outage, i.e., the total time that
the circuit does not deliver the signal information within the limits
of acceptable performance. This is generally considered to be at a
noise level of 55 dBrncO or worse, or no service. The outage that can
be tolerated is generally based on the worst fading month. However,
there is an approximate relation between the outages in the worst
month and yearly outage, so the radio relay system requirement is
specified on a yearly basis. The present reliability objective for a
long-haul microwave system (4000 miles two-way) is that outage
time of a channel should not exceed 0.02 percent or 1-3/4 hours per
year. This objective has historically been allocated among contribu-
tory causes as follows:

() Outage due to flat fading =< 0.019,
(#7) Outage due to selective fading equipment fail-
ure and maintenance < 0.008%,
(777) Outage due to FM terminal failure and others < 0.0029,
(2v) Total < 0.029%
V. RESULTS

The general expression developed in Section III was used to com-
pute the outages for various TD and TH systems. Figure 6* shows
the TD-2 1 X 5 switching performance at 4 GHz for the six original
channels 1, 2, 3, 4, 5, 6 or the six interstitial channels 7, 8, 9, 10, 11, 12.
A wvalue of 0.013 percent is assumed for the unavailability due to
equipment failure (see Section 3.1.9). It is seen that, for these sys-
tems, the 0.02 percent outage objective cannot be met even with very
high fade margin because of the high equipment failure rate for
vacuum tube systems. The effect of equipment failure can be seen by
comparing the bottom two curves in the figure. As a measure of the
sensitivity of these results to changes in equipment failure rate, the
outage was recomputed after doubling and then after redoubling the
equipment failure rate. For high fade margins, the equipment failure
rate controls the system outage.

*In this figure, the annual average outage in percent is expressed in terms of
fade margin which is a fixed number for a given system design. For example, the
fade margin of a given system may be 35 dB. The reason for assuming the
fade margin to be a variable is to show the controlling factors and how they
change with different switching strategies.
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Tig. 6—Expected average outage of a vacuum tube 4-GHz system with 1 X 5
switching,.

In Fig. 7, 1 X 5 switching is contrasted with 2 X 10 switching. It
is noted that a reduction in the outage floor is obtained by virtue of
the second protection channel. In contrast to the 1 X 5 system, the
outage from a 2 X 10 system is‘a strong function of fade margin, and
equipment failure no longer controls the system outage. The 1 X 11
curve illustrates the result of full time use of one protection channel
of a 2 X 10 system; the “1 X 11 no maintenance” condition is ob-
tained during part time use of one of the two protection channels in a
2 X 10 system when maintenance is deferred as for example when
restoration is in progress. It is seen that the objective can be met at
fade margin of 35.9 dB.

Figure 8 shows a set of comparable curves for 6-GHz systems.* The
2 X 6 system meets the reliability objective at 39.6-dB fade margin.
Since the outage from selective fading at 6 GHz is higher than at 4

*In Fig. 8, the value of 0.0043 percent is the unavailability per T/R bay per
channel due to solid state equipment failure as indicated in Section 3.1.9.
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GHz, the outage is a strong function of fading margin for both the
2 X 6and 1 X 7 arrangements.

Figure 9 shows the limits for a vacuum tube system operating in
crossband diversity up to 2 X 18 capacity and, of course, 2 X 12,
2 X 14, ete., would fall between these curves.

The curves in Fig. 10 show the insensitivity of a 2 X 18 system
to reasonable equipment failure rates. Again, an unavailability of
0.013 percent is assumed for vacuum tube equipment failures. Note
the effect of doubling this rate once, twice, three times. The conclusion
to be made is that 2 X 18 reliability is relatively insensitive to the
equipment failure rate.

The effect of using one protection channel for other service, full or
part time, in a 2 X 18 system is indicated in Fig. 11.

The outage from a 3 X 17 system was also computed as shown in
Fig. 12 in contrast with the 2 X 10 and 2 X 18 systems. The improve-
ment using three protection channels is not large because, in this sys-
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Fig. 7—Expected average outage of a vacuum tube 4-GHz system with various
switching strategies.
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tem, outage is controlled by the fading, and it is indicated from the
MIDAS data that fading is a highly correlated phenomenon.

VI. OUTAGE FROM A SYSTEM IN THE ABSENCE OF SELECTIVE FADING

A question arises as to whether, by use of space diversity,? one
protection channel might be enough to achieve the operational objec-
tives in a long-haul system. To answer this question, we compute the
outage by suppressing the selective fading terms in. the total system
outage expression, i.e., assume that there is no selective fading on the
propagation paths. Table I shows the results of this computation.
Note that the circled items exceed the basic 0.02 percent objective. All
the circled items correspond to vacuum tube systems having only one
protection channel. We may thus say that one protection channel is
not enough for vacuum tube equipment protection in a long-haul
system.
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Fig. 8—Expected average outage of a vacuum tube or solid-state 6-GHz sys-
tem with 2 X 6 and 1 X 7 switching.
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Fig. 9—Expected average outage of a 4- and 6-GHz crossband 2 X 18 system
versus the 2 X 10 system.

VII. CONCLUSIONS AND RECOMMENDATIONS

The reliability of long-haul radio relay systems utilizing automatic
channel switching is estimated under a few realistic assumptions.
The results are illustrated in figures for various arrangements for
comparison. The conclusions and recommendations drawn from these
reliability curves are as follows:

() System outage is a strong function of fade margin when the fade
margin is low (~ 30 dB) for all cases.

(#7) In systems having one protection channel, the variation of outage
is strongly influenced by the equipment failure rate. With two
protection channels, the outage rate is not very sensitive to equip-
ment failure.

(#77) A reduction of the total number of protection channels can be
achieved by crossband operation without seriously affecting the
system reliability.
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(i) For vacuum tube systems, one protection channel does not offer
adequate reliability and should not be used for long-haul appli-
cations.

(v) Two protection channels are sufficient to protect up to at least 18
crossband working channels (vacuum tube or solid state) assuming
a fade margin of 40 dB. Multipath fading will be the primary
outage variable beyond the 0.012 percent flat fading and terminal
allowances.
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APPENDIX A

Outage Due to Equipment Failure and Maintenance
with Constraints

This appendix develops a method to compute the outage in a multi-
channel radio system due to the joint effects of equipment failures
and maintenance when two maintenance constraints are applied.

A.1 Outage Due to Joint Equipment Failure and Maintenance Without
Constraints
Let us consider the simultaneous unavailability of (I + 1) radio
channels in which ! channels experience equipment failure and one
channel is being maintained. Over an interval of time r, the per-bay
unavailabilities due to equipment failure and maintenance are given by

p, = LT @1

T
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P, = bnin (22)

T

where

7. = duration of one equipment failure;

7» = duration of one maintenance routine on a radio bay;
p, = equipment failure rate over the interval r; and

pn = maintenance rate over the interval 7.

When P, and P, are independent, the outage rate due to equipment
failure and maintenance without constraints is given by

14
P(m,¢) = PP, = P55 .70 . (23)

A2 Evaluation of Outages with Constraints

Let us consider first the case of one protection channel (I = 1).
When [ = 1, equation (23) becomes
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Fig. 12—Expected average outage of a 3 X 17 crossband system versus the
2 X 10 and 2 X 18 systems.
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TaBLE [—4000-M1LE Two-Way OutacE DUE TO FLAT FADING,
EqQuipMENT FAILURE, MAINTENANCE, AND FM TERMINALS,
No SerLEcTivE FapiNg INCLUDED

Outage in Percent
P, = 0.00439% |P. = 0.013% P. = 0.026%,
Switching System Band (Solid State) (Vacuum Tube)
1 X5 4 0.0143 ©0.0241 0.0515
2 X 10 4 0.0120 0.0121 0.0124
1 X1 4 0.0166 0.0362 0.0910
2X6 6 0.0120 0.0120 0.0122
1 X7 6 0.0151 0.0281 0.0647
2 X 18 446 0.0120 0.0122 0.0132
1X19 446 0.0197 0.0523 0.1440
P(m, ¢) = 2202 7z, . (24)
T

Let S be the starting time of an equipment failure with respect to the
starting time of maintenance. It can be shown that equation (24)
can be expressed in a different form:

Pm, o) = 222 [* p(s) s 25)

where F(8) is the outage distribution shown in Fig. 13a. From equa-
tion (25), we see that P(m,e) is proportional to the area under the
curve F(S).

Now impose the first constraint: scheduled maintenance will not
be started during an equipment failure on another channel. This
constraint implies that an outage will result only for equipment
failure starting after maintenance is started, i.e., S = 0. The outage
distributions with the first constraint are reduced to those shown in
Fig. 13b. The outage P(m, e) cdn thus be obtained by integrating over
the appropriate regions. The results are given in column 4 of Table II.
It is seen that, with the first constraint, the expression of outage is
multiplied by a factor which is less than 1.

In addition to the first constraint, apply the second constraint: if
there is an equipment failure during maintenance, the channel under
maintenance is to be restored to service in a period of time =, where
7+ < Tm, T . This constraint implies that rapid restoration of the main-
tained channel limits the outage interval to r, or less. The outage dis-
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Fig. 13—Outage distributions of one variable. (a) Without maintenance con-
straints. (b) With the first constraint. (¢) With both the first and second con-
straints.

tributions F (S) when both constraints are applied are shown in Fig.
13c. The solutions are listed in column 5 of Table II. It is noted that
the solution with both constraints is in the same form for all cases,
although this is not true for the solutions obtained with the first
constraint alone. Therefore, it is concluded that the first and second
constraints are interrelated. The effect of the first constraint on outage
is partially wiped out when the second constraint is imposed. When
7 K 1, which is the usual case, the solutions in column 5 of Table II
can be approximated by those corresponding ones in the last column
of the same table. These approximations indicate that the effect of the
constraints is equivalent to limiting each equipment outage to =,
minutes,

The one-dimensional model can be extended to a two-dimensional
one for the case of two protection channels (I = 2). The outage rate due
to maintenance and double equipment failure will be of the form P, P? .
Let S, and S, denote the starting time of equipment failures #1 and #2,
respectively, with respect to the starting time of maintenance; the



TasLe II—SoruTioNs oF OuTAGES WITH CONSTRAINTS

Number of

Relative Lengths

Outage Due to Equipment Failure and Maintenance

No Constraints

First Constraint

First and Second Constraints

Protection Channels of Intervals Exact Exact Exact Approx.
17, r
T < Te PP, 5 :— P.P. (1 - 2—:—m)Pum PP
1 Tm = Te PmPe %Pmpe <1 - 2T':>PMPEQ PmPEQ
1 e T
Tm > Te P,P. (1 -5 :—m )PmPe (1 - 27’"1)P,,.PEQ P,Prq
1f7m)" 2
2 2 Tm 2 a7 2
Tm < Te P,P, 3(1- e) P,P, (1 3 Tm)P,,,PEQ P,.Pro?
1 27y,
2 Tm = Te PmPe2 ngPez (1 - g ;)PmPEQz PmPEQZ
2f7.\’ 2
Te T
T > Te P,.P2 (1_§<T_m,> )P,,,Pe2 (1 -3 ;;)P,,.PEQ'*’ P, Pgg?
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outage is then a function of S, and S, . Assume that the durations
of the two equipment failures are equal. The outage distribution for
various situations is shown pictorially in Fig. 14. The outage rate for
maintenance and double equipment failure can be derived by using the
following integral which is an extension of Equation (25).

2 ® ®
P(m, o) = £2£ f_ f_ FS. , So) dS, dS, (26)

where F(S;, S;) is the outage distribution of two variables given in
Fig. 14. Observe that P(m, e) is proportional to the volume under
the surface F(8;, S2). The effect of the first and second constraints
on F(S,, S;) is also shown in Fig. 14. The solutions for various cases
are presented in the lower half of Table II.

It is seen that, when 7, < 7, 7., an approximate solution for P(m,
e) with both maintenance constraints for arbitrary I can be expressed
by

P(m,¢) = P,Prq, 27)
where

Pgo = %P, . (28)

Equations (27) and (28) indicate that the effect of the two constraints
is once again equivalent to limiting the durations of equipment failures
to a short period equal to 7. The equivalent equipment unavailability
is then equal to (+,/7)p. which is equivalent to equation (28). Com-
paring with the outage given by equation (23), we see that the outage
with constraints can be treated by replacing P, by Pgq in the expres-
sion without constraints.

APPENDIX B
Deriwatton of the Daily Variation Parameter, a;

The purpose of this appendix is to explain the use of the parameter «a,
in the outage expressions for fading in different hops.*’

Consider ¢ channel failures due to fading which oceur simultaneously
in ¢ different hops of a switching section. Assuming independence of
fading among hops, the probability of ¢ simultaneous failures is P} ,
where P, is the probability of a fade on a single channel and fades in
different hops on different channels are assumed here to have the same
probability, since P, is normally given in terms of a monthly average.
If data on which the P, is based is examined in greater detail, it will be
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F(S,S2)

Fig. 14—Outage distributions of two variables. (a) Without constraints. (b)
With constraints.
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noticed that this fading is not equally distributed among the days of the
month. Some days have considerably more fading than others. If P,;
represents fading on the 7th day, then P, may be expressed as

1 T
P1=TZPH- (29)
i=1
The joint fading on the 7th day is
Py, (30)

and the average daily fading rate for the period would then be

1 o
TEPH- 31)

t=1

Each day’s fading can be related to the monthly fading rate by the
expression

Py = a;Py (32)

so that equation (31) could be written as

@Py)". (33)

=

T
i=1

Since P; is independent of ¢, the actual joint fading (33) becomes

T
(& )P - as (39
i=1
where
1 T
t = m _1‘,- 35
it P 3

Thus, in computing simultaneous fading activity on ¢ channels in ¢
different hops where fading probabilities are given in terms of monthly
averages, a factor «; should be included to account for the daily fading
variation. The model for daily fading used in this paper is given in
Fig. 3. Based on this model, we have

a2:6

and

o3 = 46.
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Some Extensions of the
Innovations Theorem*

By THOMAS KAILATH!
(Manuscript received December 4, 1970)

Consider an observed process that is the sum of a Wiener noise
process and the integral of a not necessarily gaussian signal process.
The innovations process is defined as the difference between the
observed process and the integral of the causal minimum-mean-square-
error estimate of the signal process. Then if the integral of the ex-
pected value of the absolute magnitude of the signal process s finite,
we show that the innovations process is also a Wiener process. The
present conditions are a substantial weakening of those previously
used in which the integral of the signal variance had to be finite. The
new result is obtained by using some recent results in martingale
theory. These results also enable us to obtain stmilar results when the
Wiener process is replaced by a square-integrable martingale.

I. INTRODUCTION AND DISCUSSION OF RESULTS

We shall be concerned with stochastic processes of the form

dy = zdt + dw, ie., y(i) = f de)ds +w(), 0=(=T (1)
0
where w(-) is a Wiener process with

Elw(@®)] = 0, Elw@®)w(s)] = min (¢, s) @1
and z(+) is a not necessarily gaussian process such that, for every
0=s<t=T

w(t) - T,U(S) usg, = U{y(7>; 0=sr= S} (3)

*This work was supported by the Applied Mathematics Division of the Air
Force Office of Scientific Research under contract AF 44-620-69-C-0101 and in
pﬁrt by Bell Telephone Laboratories (Summer 1969) and a Guggenheim Fellow-
ship.

t Stanford University, Stanford, California 94305.

)1 Later we shall replace w(-) by a square-integrable martingale (cf., Theorem
3).
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where o{-} denotes the smallest sigma-field generated by {-} and,
following K. It6, the symbol j will be used to denote statistical in-
dependence. In our earlier work," we also assumed that

EfT|z(t) P dt < . @)

This assumption not only enabled us to define the conditional ex-
pectation,

Elz(t) | 5] = &), say (5)

but also to conclude that [2(-)| and [2(-)|* (as well as [2(+)| and |z(+)])
have finite integrals a.s. Then in Appendix I of Ref. 1 and independently
in Refs. 2 through 4, the following result was proved:

Theorem 1: Under the assumptions (1) through (4), the ‘innovations’
process {v(t), F,} where

W0 =y~ [ #9ds, 0sisT ©)

1s a Wiener process, relative to the sigma-fields &, generated by y(-).
Moreover, v(-) has the same statistics as the original Wiener process w(-).

The reasons for the name “innovations” and some applications of
the concept are discussed in Refs. 1 through 5, and the references
therein, so that we shall not pursue them here. Our interest will be
in relaxing the conditions under which the theorem is true. In par-
ticular we shall show that the condition (4) can be replaced by the
weaker condition

Elez(t)|dt<oo. )

This is a substantial relaxation of (4), since now we can even consider
cases in which z(+) need not have finite variance and need not be
square-integrable in ¢ a.s., (examples of this type are easy to find for
gaussian z(-), cf., Ref. 6).

Nevertheless, even this weakening is not the best possible. Such a
claim seems surprising, since to begin with, the standard definitions
(see e.g., J. L. Doob?) of conditional expectation require that

Elz2(t)] < .

In our problem, however, L. Shepp has pointed out by example that
even this condition on z(:) is not always necessary.! In Shepp’s
example,
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2(f) = », a Cauchy distributed random variable,
independent of w(-).
Then it is easy to verify that z(-) as defined below by equation (8)
can be used to define the innovations process v(:), even though
E | z(t) | does not exist. Nevertheless, Bayes’ theorem shows that

50 = fotln exp [nw(t) — zﬁg—t]p(n) d,,.
[ T

It is true that there is a generalized definition of conditional expec-
tation (see, e.g., p. 342 of Ref. 9) that can be used when E |z | does
not exist, but the exact sense in which equation (8) fits this generalized
definition and the more general problem of trying to define z(-)
under just the assumptions (1) through (3) requires further investi-
gation. So much for the assumption (4). To see that equation (3)
is also not always necessary, we can let z(¢) = w(T), 0=t =T.
By using the results of Ref. 6, it can be shown that even in this case
we can define a variable z(-) such that the process v(+) of equation
(6) is still a Wiener process. Having discussed such examples however,
let us quote precisely the results that we can prove. The first is:

)

Theorem 2. Under the assumptions (1)-(3) and (7), the innovations
process {v(t), F.} defined by equation (6), is a Wiener process with the
same statistics as w(-).

Besides extending the range of applicability of the innovations pro-
cess, Theorem 2 is of interest, at least to us, because of the relatively
new techniques used to prove it. Thus Theorem 1 was proved in Ref. 1
by using a martingale theorem of Lévy and Doob (cf., p. 384 of Ref.
7) to the effect that a continuous-path, finite-variance martingale with
conditional variance equal to ¢t must be a Wiener process. The assump-
tion (4) that was made in Theorem 1 enabled us, with some computa-
tion,* to establish the finite-variance and conditional variance proper-
ties. In Theorem 2, the process z(-) may itself have infinite variance
and we cannot easily apply the theorem of Lévy and Dobb. Fortu-
nately, however, some recent developments in martingale theory, due
to H. Kunita and S. Watanabe'® and to P. Meyer,'**2 have provided a
generalized form of the Lévy-Doob theorem that we can use to prove
Theorem 2, and in fact with less computation than was needed in
Ref. 1 for Theorem 1. Moreover, the results in Refs. 10 through 12
have suggested our second result, which in fact includes the first one.
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Theorem 3: Let dx = z dt + dM, where
T
B[ 1«0 |t < o, M) = ME) L5, ©)
(1]
and M(+) is a square-integrable martingale. Then {n(t, w), F., P}, where
t
WO =20 — [ 20 ds, 20 = B |5

18 a locally square-integrable martingale with quadratic variation the same
as that of M.
P. Frost has obtained the result of Theorem 3 under the stronger
hypotheses that E|z(-) |* is integrable and M(-) is continuous."”
A special form of Theorem 3 was obtained earlier® by use of a result
of Doob (See p. 449 of Ref. 7) that a continuous square-integrable
martingale {M(f), ®,} satisfying

E{M® — MO |8} = E{fot | G(r, @) |* dr | 03«}

can be written as a stochastic integral with respect to a Wiener
process. In other words, this leads us to extend equation (1) by
allowing a stochastic coefficient for dw; we may note that Kunita and
Watanabe have shown that a (locally) square-integrable martingale
of a Wiener process can also be written as a stochastic integral.

Finally we may remark that the proof of Theorem 3 also yields the
following.

Corollary 4: Theorem 3 remains valid if hypothesis (7) s replaced by
T
4(-) exists and f 3t di < © as. (10)
0

Note that condition (7) guarantees (10), not just for conditional ex-
pectations with respect to the sigma-fields {F,} generated by dx =
2 dt + dw, but with respect to any family of sigma-fields {4,}; clearly
the condition (7) is too strong and does not, as we also noted earlier,
exploit the special nature of our problem. We have as yet found no
condition on z(-) simpler than (7) that will imply (10). It seems that
what will be needed is a condition on x(-) rather than on z(-) and M (-)
separately. In fact, we may observe that in all our examples [in the
lines below (7)], the process z(-) is absolutely continuous with respect
to a Wiener process; however, we have not yet worked out all the
implications of absolute continuity.
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II. PROOFS OF THE THEOREMS

We shall begin with some definitions; general references for the
following material are the paper of Kunita and Watanabe," and the
book™ and lecture notes'” of Meyer.

All our random variables will be defined on a probability space
(2, ®, P). We shall also assume that we have an increasing and right-
continuous family, @, , 0 < ¢t < T, of subsigma-fields of ®, each ®,
containing all the null sets; we shall write &, = ®.

A process {M(t, w)} will be called an L,-martingale or a square-
integrable martingale if M(-) has a.s. right-continuous sample paths*
and if

EM?(t, w) < o and E[M(@ )| ®,] = M(s, ) a.s.
Every Ls-martingale {M (¢, »)} has associated with it an increasing

function, called its quadratic variation [M(t), M ()], that can be
calculated as (cf., p. 92 of Ref. 12)

n—1
M), M()] = lim S [M(tie) — M) t
max |ti4+1—t5|—0 O (11)
where (ty, 1, ---, t,) is any partition of (0, {) and the convergence

of the sum is in L, i.e., in the norm ||A]|> = E| A|. When M (-) has
continuous sample-paths, the quadratic variation is often written
(M, M), and can be identified as the unique increasing process such
that process M2(t) — (M (t), M (¢)) is a martingale.

A positive random variable 7(w) is called a stopping time if for every
t > 0, the event {r(w) < i} belongs to ®, , i.e., it depends only upon
the history up to .

A example of a stopping time is the first time (M (f)) exceeds a given
level. An important property of a stopping time is that if M () is a
martingale process, then the “stopped’” process M ({Ar) is also a mar-
tingale.’

A process M(f, ), 0 <t < T, is said to be a (continuous) local L,
martingale, or a locally square-integrable martingale, if there exists
a sequence of stopping times r, £ 7, £ --- , increasing to T such that
the stopped processes are all (continuous) L,-martingales. The unique

* Meyer (p. 45 of Ref. 11) has shown that if E[M (¢, )] is right-continuous (and if,
as assumed above, {®.} is right-continuous) then there always exists a right-con-
tinuous modification of M(-). If the paths of M(-) are a.s. continuous, we shall
call the martingale continuous.

t This notation is a shorthand (cf. Meyer!2) for the usual procedure involving
a sequence of partitions.

t We use the notation ¢ A\ b = min(a, b).
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(continuous) increasing funetion lim,., [M(t{Ar,)] will be called the
function associated with the local L,-martingale M, or often, the
quadratic variation of M.

2.1 Example
The It6 integral

t
10 = [ 1, ) dw (s,0) (122)

V]
can be defined as a continuous function of t,0 < ¢t £ T, for every f(- , )
such that f(- , -) is independent of future increments of w(- , -) and

T
[ fe@ds< = as. (12b)
o

If in addition f(-) obeys

El:jj | 1G5, @) | ds:l < (13)

then the It6 integral I(t) is an L,-martingale and its quadratic varia-
tion is

1), 100 = 40, 10) = [ 6, @) ds.

By defining

min {t: ft (s, w) ds = n} ,

T, if {-} is empty,

we see that the It6 integral under equation (12) is always a continuous
local L,-martingale, with quadratic variation

[M(@t), M(®)] = lim f T s, @) ds = f s, ) ds.

2.2 Proof of Theorem 3
We note first that, with 2(f) = 2(¢) — 2(),

w) =90 — [ &0 ds = [ 20 ds + M

is a martingale relative to the fields {F,} because for 7 < ¢,
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Ep() | 5.]

) + 2| [ 56 ds + a1 |52,

@)+ [ BB |5, |5 ds + BN — MG |5

v(r) + f 0ds + 0 = (7). (14)

The interchange of E[-] and the integral is justified by Fubini’s theorem
and the assumption (7).
Now define a sequence of F,-measurable stopping times by

T,={inft :¢t=0, ult) = n}AT. (15)

Since u(t) < o a.s., the {T,} increase to T. Also it is clear that, for
each n, u(tAT,) is a square-integrable martingale. Therefore, u(-) is
a locally square-integrable martingale. To find its quadratic variation,
we first show that

[0(tATS), w(AT,)] = [M(AT.), MEAT.)] (16)

To obtain' equation (16), we use the definition (12), the fact that
[+,*] is zero for a continuous process of bounded variation, and the
inequality

% i) - u0F < £ [0 + T wr - e

v te¢

Finally by letting n tend to infinity, we see that

(w@®), »@®] = [M®), MO, 0=t =T,
This completes the proof of Theorem 3.

2.3 Proof of Theorem 2

- When M (t) is a Wiener process, its quadratic variation is ¢. To
obtain Theorem 2 from Theorem 3, we now use a theorem of Lévy and
Doob (See p. 384 of Ref. 7), as extended by Kunita and Watanabe
(See p. 217 of Ref. 10), that a continuous locally square-integrable
martingale with quadratic variation ¢ must be a Wiener process.

It is interesting to point out that the Kunita-Watanabe proof of the
extended result is also considerably simpler than the original proof be-
cause the new proof utilizes the powerful new tools of the stochastic
integral for L,-martingales and the It differential rule for such
processes.
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2.4 Proof of Corollary 4

We note that hypothesis (10) suffices to ensure that u(+) is a.s. finite,
so that the {T,} of equation (15) are well defined and tend to T, and
also to ensure that u(tAT,) is a squdre-integrable martingale. These
are the essential ingredients of the proof of Theorem 3.

The present wider conditions under which we have been able to
establish the innovations result will, of course, extend the range of
problems in which the innovations can be used. In particular, we have
applied Theorem 2 to show* that a general likelihood-ratio formula,
derived in Ref. 5, for processes obeying equations (1) through (4)
remains valid if equation (4) is replaced by the weaker conditions
that f22(t) dt < « a.s.and JE | z(t) | dt < o.
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