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2 X 1017 carriers/ cc and an epitaxial layer thickness of 1.2 /Lm. The 
processing is done by the photoresist, etching, and zinc-diffusion proc­
ess developed by C. A. Burrus10 for fabricating planar millimeter-wave 
varactor diodes with zero-bias cutoff frequencies above 500 GHz for 
breakdown voltages between 10 and 20 volts. Contact to the gold­
plated junction with a diameter of 20 /Lm is made with a gold wire 
with a diameter of 75 /Lm and a length of 150 /Lm. The gold wire is 
embedded in epoxy and the diode is mounted in the circuit between the 
gold-plated contact area on the silica substrate and a spring-loaded 
ground contact made with a gold-plated phosphor bronze tab which is 
shown in Fig. 2. The diodes can be easily replaced and the mount has 
the smallest possible series inductance which can be achieved without 
making a hole in the silica substrate. 

III. PERFORMANCE OF HYBRID INTEGRATED MULTIPLIER 

The microstrip and diode properties used for building the hybrid 
integrated multiplier are listed in Table 1. The output power of this 
multiplier is 50 m W at 30.3 GHz for a pump power of 178 m W at 10.1 
GHz. The available output power at burnout is 150 m W. A plot of the 
output power as a function of pump power is shown in Fig. 3 and spe­
cific performance data are listed in Table II. 

The output is measured in RG-96/U rectangular waveguide by using 
a microstrip-to-waveguide transition which is similar to the side 
launcher developed by K. H. KnerrY The only major difference is that 
the Knerr launcher is used for balanced microstrip line while the pres-

TABLE I-SUBSTRATE AND DIODE PROPERTIES 

Substrate Material 
Dielectric Constant 
Loss Tangent 
Substrate Thickness 
Substrate Dimensions 
Substrate Metallization 

Weight of Gold 
Varactor Diode 

Epitaxial Layer Thickness 
Doping Level 
Mobility and Resistivity 
Properties of N+ Material 
Junction Diameter 
Wafer Thickness 
Wafer Dimensions 

Silica 
Er = 3.828 ± 0.003 at 8.5 GHz 
104 • tan 0 = 1.29 ± 0.2 at 8.5 GHz 
0.34 mm 
4.06 mm X 20.4 mm 
100 A Nichrome and 1000 A Gold 
evaporated, 3 �~�m� Gold electroplated 
4.7 milligrams (0.57 cent) 
Planar zinc-diffused junction into epitaxial 
GaAs N/N+ 
�1�.�2�~�m� 
1.9 X 1017 carriers/cc 
4290 cm2/Vsec, 0.0076 Qcm 
Orientation (100), Te doped, 1 X 10-3 Qcm 
20 �~�m� 
0.20 mm 
0.35 X 0.35 mm 
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Fig. 3-0utput power of multiplier at 30.3 GHz as a function of pump power 
at 10.1 GHz. 

TABLE II-INTEGRATED FREQUENCY MULTIPLIER PERFORMANCE 

Input Frequency 
Input Power 
Output Frequency 
Output Power 
Efficiency 
DC-Bias 
Capacitance at Zero Bias 
Capacitance at Breakdown 
Breakdown Voltage 
Input Microstrip Filter 

Output Microstrip Filter 

Input of Multiplier 

Output of Multiplier 

10.i GHz 
178 mW 
30.3 GHz 
50mW 
29% 
Self-bias, 6 rnA at 3V 
0.15 pF 
0.09 pF 
15 volts 
Five element semi-lumped low-pass filter 
with three capacitive and two inductive 
sections, cutoff frequency 11.2 GHz 
Band-pass filter with two parallel-coupled 
microstrip resonators, center frequency 
30A GHz, 3-dB bandwidth 6 GHz 
Coaxial-to-microstrip transition, 50-ohm 
coax to 50-ohm microstrip 
Microstrip-to-waveguide transition, 50-ohm 
microstrip to RG-96jU waveguide 
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ent launcher is optimized for a standard microstrip line on a silica 
substrate. 

The tuned output power versus frequency for a pump power of 137 
m W is plotted in Fig. 4. The 3-dB bandwidth is 2.5 GHz or 8.5 percent 
and has been achieved by optimizing both diode bias voltage and 
plunger position of the microstrip-to-waveguide transisition at each fre­
quency. The maximum output power is obtained at 30.3 GHz and is 
related to the fixed frequency resonance of the idler which occurs at 
20.2 GHz. The corresponding overlilize multiplier is optimized for an 
input frequency of 272.7 MHz and an output at 818 MHz .. The scaling 
factor used for building the multiplier shown in Fig. 2 is 37.5 times 
and the optimized output after reduction of the circuit should be 
reached at an output frequency of 30.7 GHz. This means that the total 
error in scaling is 1.3 percent. The error is very small because the pho­
tolithographic technique is one of the most accurate methods to reduce 
the physical dimensions of a microstrip circuit arid also because the 
dielectric constant of the substrate does not change with frequency.12 

Figure 5 shows the frequency spectrum of the multiplier from 29.3 
to 31.3 GHz. The output is stable and free of spurious signals to the 
maximum sensitivity of the spectrum analyzer which is 40 dB below 
the output of the multiplier. Good stability and spurious-free opera­
tion are also obtained for the oversize multiplier with an 80-percent 
efficiency and a power output of 2.5 W at 818 MHz. 
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Fig. 4-Tuned output power versus frequency of multiplier for fixed pump 
power of 137 mW. 
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IV. CONCLUSIONS 

1941 

Hybrid integrated multipliers on a dielectric substrate can now be 
built with output frequencies up to 30 GHz. The power levels and the 
overall efficiencies which are obtained with a. single planar diffused 
gallium arsenide diode are useful for many future millimeter-wave 
systems applications. 2

,13 Scaling of oversize circuits is a powerful 
technique for building optimized integrated millimeter-wave circuits. 
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Some Analytical Investigations of 
Phase Contrast Imaging 

By C. M. NAGEL, JR. 
(Manuscript received December 1, 1970) 

An analytical study of phase contrast imaging is performed. It is 
shown that the complex disturbance in the image plane can be repre­
sented as a convolution of the object disturbance and the Fourier 
transform of the transmission function of the phase plate. The simple 
theory of the phase contrast microscope is then derived as a limiting 
case of this more general result that is applicable when the size of the 
phase object is small compared to the area of the entrance aperture of 
the system. The response of a general system to several simple large 
phase objects 1~S also examined, and it is shown thal qualita.tive infor­
mation about these objects can be obtained from the intensity pattern 
when the phase perturbations are small, providing the background is 
sufficiently uniform, and the size of the phase spot on the phase pla,te is 
carefully chosen. The study provides insight into the type of perform­
ance that can be achieved, for example, if phase contrast imaging is 
used to extract phase information from an optica,l memory or if it 
is used as an experimental tool to study the qualitative behavior of 
such phenomena as clear air turbulence. 

1. INTRODUCTION 

One of the most popular techniques for converting a spatial phase 
variation into a spatial intensity variation is the phase contrast 
imaging scheme originally proposed by F. Zernikel

-
3 in 1935. Pro­

ceeding mainly from a heuristic point of view, Zernike recognized 
that, with a conventional imaging system, most of the direct light 
passes through a small region R in the focal plane while, in many 
instances, most of the diffracted light is scattered away from this 
region. If a plate whose transmission function is given by 

{
ae

1

iCi in R T= 
otherwise 

1943 

(1) 
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is placed in the focal plane, the direct light can be modified and made 
to interfere with the diffracted light to produce an intensity pattern 
in the image plane. Moreover, if the phase perturbations cf> that are 
introduced by the object are small enough so that the approximation 

eirf> ~ 1 + icf> 

holds, the intensity in the image plane and the phase of the object 
may be linearly related. These concepts led to the design of the phase 
contrast microscope. 

The key assumption in the theory is that the effect of the phase 
plate on the diffracted light is negligible. In 1953, H. H. Hopkins4 
rigorously demonstrated that, if this assumption holds, a phase object 
will produce an intensity pattern given by 

(2) 

In this exptession, M is the magnification of the system, and it is 
assumed in the derivation that the object is illuminated by a unit 
amplitude monochromatic plane wave. When cf> is small, a linear 
relationship, 

I = ~2 (a2 + 2acf> sin a), (3) 

results, as predicted by Zernike.t 

There are many potential applications of phase contrast imaging 
in which the basic assumption employed in Refs. 1-5 will not be 
valid. Therefore, it is interesting to examine what results will follow 
if these assumptions are not made. In this regard, Hopkins6 rigorously 
studied the diffraction images of circular disks under coherent illumi­
nation, and M. De and S. C. Som/ and De and P. K. Mondal,8 in­
vestigated the images produced by similar objects under incoherent 
illumination. In this paper, we will derive the theory from the point of 
view of Fourier optics and demonstrate that, in general, the complex 
disturbance over the image plane can be represented by a convolution 
of the object disturbance and the Fourier transform of the transmission 
function of the phase plate. The approximate theory, equations (2) 
and (3), is then shown to be a limiting case of the general theory, 
applicable if the size of the phase object is small compared to the 
entrance aperture of the system. Such is usually the case when the 

t A related analysis is also given in Born and WOlf,5 Chapter 8. 
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magnification of the system is large. For larger objects, the convolution 
integral yields a, complicated relationship between the phase of the 
object and the intensity of the image. 

The response of the system to several simple large phase objects is 
then studied, and it is shown that qualitative information about the 
phase distributions of these objects can be obtained when the phase 
perturbations are small if an appropriate phase plate is employed. 

The work that is discussed in this paper complements the experi­
mental investigations carried on at Bell Telephone Laboratories by 
N. J. Kolettis. 

II. GENERAL THEORY 

The optical system that we will consider is shown in Fig. 1. A 
circular entrance aperture with radius Ro is located a distance do in 
front of the lens, and a phase plate with a transmission function 

rf ~ R; 
R; < rf ~ R fo (4) 

R fo < rf 
is centered in the focal plane. The phase object is assumed to occupy 
some portion of the entrance aperture, and the illuminating light is 
taken to be a normally incident unit amplitude monochromatic plane 
wave. 

Let the complex disturbance in the object plane be denoted by 
Vo(xo , Yo) where Vo is assumed to be zero at points outside the 
entrance aperture. Then, from the Fresnel approximation,9 it follows 

If~o -: ------ f -----F~ d -----i-
I 

ENTRANCE LENS PHASE 
PLATE APERTURE 

U = Uo (xo, Yo) U = Uf (Xf,Yf) 

Fig. l-System geometry. 

IMAGE 
PLANE 

U = Ui. (:X:L,Yi.) 
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that the complex disturbance in the focal plane to the left of the 
phase plate is 

U ( ) - exp [jk(do + f + n ~o)] [jk (1 _ do)( 2 + 2)J 
I XI ,YI - j"Af exp 2f f XI YI 

. II: u.(xo , YOlPL(XO + ~o x, , Yo + ~o y,) 

(5) 

In this expression f is the focal length of the lens, A is the wavelength 
of the illuminating light, k is the wavenumber 27r/A, and knllo is the 
phase shift introduced by the lens. P L is the pupil function of the lens 
which assumes the value of unity over the region covered by the lens, 
and is zero elsewhere. 

Now, the complex disturbance on the right side of the phase plate 
is simply VfTf , and, therefore, if the Fresnel approximation is also 
used to describe the propagation from this plane to the image plane, 
the complex disturbance in the image plane becomes 

K fICO fICO (do do ) = "A2fd -co -co Vo(xo , Yo)P L Xo + T XI , Yo + T YI TI(xl , YI) 

. exp { _i;; [(Mxo + x,lx, + (Myo + y,lY,l} dxo dyo dx, dy" (6l 

where 

K = -exp [ik(do + f + d + n doll exp [~~ (x; + y;l 1 
Here we are assuming that the distances do , d, and f obey the lens law, 

T( 1 - ~o) + ~ = 0, 

and we have denoted the magnification of the system, d/f, by M. 
The integral in (6) is complicated by the coupling of the coordinates 

Xo , Xf and Yo, Yf via the pupil function of the lens. This phenomenon, 
known as the vignetting effect,f' can be ignored if it is assumed that 
the lens is large enough so that the sum of the squares of the argu­
ments of PL is always less than the square of the radius of the lens 
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for all values of Xo , Xj, Yo , and Yt for which Va and T j are nonzero.t 

With this assumption PL may be taken as one. 
To further simplify equation (6) we introduce the notation 

X· 

Xi = M' 
Then, neglecting the vignetting effect, 

where 

F[Tfl ~ Ii: 1'f(Xf , Yf) exp [ _i2;: (XXf + YYf) ] dXf dYf' (7) 

We observe that the disturbance in the image plane can be written 
as a convolution of the disturbance in the object plane and the Fourier 
transform of the transmission function of the phase plate evaluated 
at the spatial frequencies MX/Ad, MY/Ad. 

Let us now examine the form of F [Tj ] more carefully. The transmis­
sion function of the phase plate, from (4), is given by 

with 

and 

Tf(rf) = (ae ia 
- 1) eire (rdR;) + eire (rdRfo) 

circ (rf/R) = {I rf ~ R 
o rf > R. 

It follows then that 

l J (27l".Z~IR; ) J (27l"MRfO )J 
F[T ] = ~a.!.- (aei a_I) MR; 1 ~ r + MRfo _l __ A~ 

f M2 Ad r Ad r 

(8) 

where 

r = (X2 + y2)!, 

and J 1 is the Bessel function of the first kind of order one. 

t Recall Uo = 0 for Xo 2 + Yo2 > Ro, and T t = 0 for X,2 + y,2 > R,o . 
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Now, at optical wavelengths, Rfo/A is exceedingly large, and for all 
practical purposes, the second term in (8) can be approximated by a 
two-dimensional delta function with little error.t On the other hand, R; 
is typically of the order of the radius of the Airy disk of the diffraction 
pattern of the entrance aperture so that the first term cannot be so 
simplified. To emphasize this fact, R; will be written as 

R; = 'Y Af 
Ro 

where'Y is a constant of the order of unity. ('Y ~ 0.61 if R; is the radius 
of the Airy disk.) 

With this notation and the definition of M, equation (8) becomes 

A 2 d2 [ . J 1 (~'Y r ) ] 
F[Tf ] ~ ---:r (aeUl 

- 1) l 0 + oCr) . (9) 
M Ro r 

Returning to the expression for the complex disturbance in the image 
plane (7), we conclude that 

U ( ) K [( i a 1) 'Y fl oo 

u (Xi Yi) 
i Xi ,Yi ~ M ae - Ro -00 0 X - M ' Y - M . 

J, [~1l"'Y (X' + y')! ] ] 
.- ~;, + y'y- dx dH U.( -~ , - Xi)· (10) 

Equation (10) is the fundamental result that will be employed through­
out the remainder of this paper. 

III. SMALL PHASE OBJECTS-THE PHASE CONTRAST MICROSCOPE 

The form of equation (10) indicates that, in general, a complicated 
relationship exists between the obj ect and the image. We will now 
demonstrate, however, that the simple theory, equations (2) and (3), 
may be employed if the ratio of the area of the phase object to the 
area of the entrance aperture is sufficiently small. This is usually the 
case for a. microscopic system. 

We will assume that the phase object is centered in the entrance 

t We shall observe later that this approximation yields sharp jumps in intensity 
when the phase object possesses phase discontinuities. In practice some smooth­
ing of the discontinuities in the intensity pattcrn will always rcsult. (See Ref. 
10 for example.) We are neglecting these lower order effects for simplicity. 



PHASE CONTRAST IMAGING 1949 

aperture and write Vo (xo , Yo) as 

V ( ) . rex: + y:)!] + ( iq, l)P 
o Xo ,Yo = Circ L Ro e - 0 , 

where Po has a value of one over the region covered by the phase 
object and a value of zero elsewhere. In the limit of a very small 
phase object,t the contribution of the second term in Vo to the integral 
in (10) approaches zero, and the integral can be approximated by 

The convolution is most easily evaluated by first taking the Fourier 
transform of I and then taking the inverse transform of the results. 
These two operations yield. 

(11) 

where ri is the radial coordinate in the image plane. 
If we now restrict the coordinates in the image plane to the region 

corresponding to the image of the phase object, the ratio ri/MRo will 
be small, and I can be approximated by 

I ~ 121r'Y J1(t) dt = 1 - J o(27r-Y). 

Finally, with an appropriate choice of the radius of the central spot 
of the phase plate (and thus y), the contribution from the Bessel 
function Jo (27rY) can be made to vanish, and we conclude that, for a 
sufficiently small phase object and a suitable y, 

The intensity of the image is then 

J(x, , V,) "" 1 U, I' ~ ~, 1 (ae'· - 1) + exp [i<l>( -~ , - Xi)] I' 
which agrees with equation (3). The simple theory of the phase con­
trast microscope is, therefore, a limiting case of the more general 
approach. 

t Consider a single cell under a microscope, for example. 
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IV. MACROSCOPIC SYSTEMS 

In many potential applications of phase contrast imaging the mag­
nification of the system may be of the order of unity, and the area of 
the phase obj ect may be comparable to the area of the entrance 
aperture. In these cases, the approximations that were employed in the 
last section cannot be used, and the complex disturbance in the image 
plane can, in general, only be determined via a direct application 
of equation (10). In order to provide some representative results, we 
have chosen a few simple, yet important, examples for which the 
integral in (10) can be easily evaluated. 

4.1 Background 

The purpose of any phase contrast system is to give a visual repre­
sentation of the phase distribution in the entrance aperture. If a system 
is to yield meaningful results, therefore, the intensity of the image of 
the aperture should be essentially constant when no phase objects are 
present. In this case 

Uo(Xo , Yo) = eire [(X; ~o y;)l] 

and from (10) and (11) it follows that 

I(r,) = ~21 (ae'" - 1) { J,(t)Jo(~ko t) dt + 1 I' 
where the notation z = 27r'Y has been introduced. 

(12) 

For our later purposes, it is convenient to define a normalized in­
tensity, I = M2I. Plots of this function are shown in Figs. 2-5 for 
various values of z. Clearly, the response of the system to the illumi­
nating light is critically dependent upon the size of the central spot of 
the phase plate. Where a = 1 and a = 7r /2, a typical case that is em­
ployed in phase contrast imaging, near uniform backgrounds result 
for values of z corresponding to spot sizes on the order of one":'half the 
Airy disk or smaller.t For larger z, the background varies considerably 
until several rings in the diffraction pattern of the entrance aperture are 
covered by the phase spot. ~ We shall see later that these variations 
produce distortions in the intensity pattern of phase objects when they 

t The task of making a phase plate with a spot size this small may be difficult. 
:\: The phase contrast system will begin to behave like a direct imaging system 

for spot sizes larger than those shown, and thus large z values are not practical. 
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Fig. 2-Background intensity distributions for spot sizes less than or equal to 
the Airy disk (a =1, a '= 7rj2). 

are placed in the aperture. The case a = 1, a = 7r/2, Z = 1.5 will be of 
special interest to us, since in this case the integral in (12) is approxi­
mately 1/2 except when ri is near the edge of the image of the aperture, 
the background is essentially constant, and several interesting results 
can be obtained. 

Frequently, a phase contrast system will employ a partially absorbing 
phase plate (a < 1) to improve the contrast between the image of the 
phase object and the background [see equation (3)]. Background in­
tensities for a = 0.1, a = 7r/2 and various values of z are shown in 
Figs. 4 and 5. There it may be observed that, in general, the back­
ground intensity is reduced, although a bright ring appears in the . 
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Fig. 3-Background intensity distributions for spot sizes larger than the Airy 
disk (a = 1, a= 7rj2). 

region close to the edge of the image of the aperture. (This ring has been 
observed experimentally by Kolettis.) If this edge effect is ignored, near 
uniform backgrounds are obtained for values of z that include five or 
six Airy rings. 

Taken together, the above results indicate that care must be exercised 
in designing a phase contrast system if near uniform backgrounds are 
to be achieved. 

4.2 Phase Disk 

Consider the "phase disk" defined by 

Uo(xo , Yo) = (eN - 1) eire [(x; :"y;)I] + eire [(x; ~o y;)l] 

(0 ~ R~l) ~ Ro) (13) 

where ¢ is a constant. The geometry corresponds to a disk with radius 
R~l) centered in the entrance aperture which introduces a constant 
phase shift ¢ in the incident wave. Substituting in equation (10) and 
using the technique that was employed to derive equation (11), we 
obtain the intensity distribution 
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(14) 
1 (aeia - I)[(ei<l> - I)I(1)(ri) + I(ri)] + 1 1

2
, 

MR~l) < ri ~ MRo . 

In this expression I(ri) is the integral given in (11) and 

I(l>Cri)= ~:) i 2q 

Jl(~l:t)JO(~~o t) dt. (15) 

Note that the integral I only takes into account the finite extent of the 
entrance aperture, while 1(1) includes the size of the phase object as well. 

Plots of (14) are shown in Figs. 6-8 for a = 1, a = 7r/2 and z = 1.5. 
The value of z has been chosen to correspond to a near uniform back-

N 
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II 

/H 

0.7.-------------------, 

0.6 Z = 1.0 

0.5 

0.3 

0.1 

Fig. 4-Background intensity distributions for spot sizes less than or equal to 
the Airy disk (.a= 0.1, a = 7r'j2). 
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Fig. 5-Background intensity distributions for spot sizes larger than the Airy 
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ground when R~l) = Ro or when R~l) = O. It is clear from the figures 
that, for the small value of q, chosen, the qualitative behavior of the 
phase distribution in the entrance aperture is reproduced quite nicely. 
The phase disk can be readily observed and the magnitude of the dis­
continuity in I is on the order ofq,. t 

In Fig. 9 we have indicated the response of the same system with 
the exception that q, has now been assigned a value of 7f. Note that in . 
this case, the jump in I depends critically upon the size of the phase 
object. Moreover, it appears that a value of R~l) exists for which no 
contrast results and beyond which the contrast is reversed. This sug­
gests that for larger q, values, the system performs quite poorly. 

To explain this behavior, we need only to return to equation (14) 
from which it immediately follows that the magnitude of the dis;' 
continuity in I is 

D.I = 2 Re {(ae ia - 1)(eitb - 1)[(eitb - I)I(l)(MR~l» + I(MR~l»]} 
= 2(a cos a - 1)(1 - cos q,)(2I(1) - I) + 2aI sin a sin q,. (16) 

For small q" 

D.I ~ (2aI sin a)q" 

while for larger q" the full equation (16) must be employed. Recalling, 
that for z = 1..5, I ~ 0.5 for most values of r i , we conclude that, for 

t The increase in intensity in the outer portion of the image is due to the slight 
nonuniformity of the background in this region. 



1956 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1971 

0.60.---------------------------------------------, 

a = 1.0 

a: = 'lr/2 

0.55C--- Z = 1.5 

H 
N 

~ 0.50-

II 
~H 

0.45C---

0.40 I I I I 
0 0.2 0.4 0.6 0.8 1.0 

riJMRo 

Fig. 8-Response to a phase disk (cp = 0.1, Ro (1) IRa = 0.8). 

2.5.---------------------------------------------, 
I--- R (1) 

--0_=01 
Ro . 

0.3 
2.0 I--

1.5 t=""_-t-___ 0.;...5--1 ____ ~ 

1.0 I--_......J __ ......:..O:...;.. 7-lf-----+-----

a = 1.0 

a: = 'lr12 

Z = 1.5 

r--

OL-______ ~I ________ ~I ______ ~I ______ ~~I~------
o 0.2 0.4 0.6 0.8 1.0 

rL /MRo 

Fig. 9-Rcsponsc to phase disk:s of various sizes (¢ == r.). 



a 1, a = 7r/2, Z 

PHASE CONTRAST IMAGING 

1.5, and ¢ small, 

~l~¢ 

as observed. 
When ¢ 7r, however, equation (16) reduces to 

~l = 4(a cos a - 1)[21 0
) (MR~l)) - I(MR~l))]. 
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From the definitions of the integrals (11) and (1.5), it is clear that for 
¢ = 7r there exists a value of R~l) for which ~l = 0 and beyond which 
the contrast is reversed. 

In the preceding section, we observed that nonuniform backgrounds 
can result when the size of the central spot of the phase plate is not 
carefully chosen. Figure 10 demonstrates the response of a phase con­
trast system to a phase disk when this is the case. The value of z has 
been chosen so that the spot size corresponds to the Airy disk of the 
diffraction pattern of the entrance aperture. The background corre­
sponding to this value of z is shown in Fig. 2. Note that the phase 
disk simply perturbs the background pattern yielding an intensity pro­
file that does not have the desired step function shape. 

4.3 Phase Rings 

The analytical results presented in Section 4.2 indicate that a dis­
continuity in the radial coordinate of the phase distribution of the en­
trance aperture can be qualitatively reproduced in the intensity pattern 
providing a sufficiently uniform background is chosen and the magni­
tude of the discontinuity is small. In other cases, such as a large dis­
continuity or a nonuniform background, rather poor results are obtained. 
We will now generalize these results to a more complicated radial phase 
distribution. 

Suppose the phase distribution in the entrance aperture consists of a 
central disk and a sequence of annular rings in each of which the phase 
is some constant ¢k . Let the radii defining the location of the phase 
discontinuities be R~k), k = 1, ... , n - 1, and let ~~n) = Ro • Then Uo 

can be written as 

where 

{
exp [i¢k] - exp [i¢k+l] 

exp [i¢n] 

k = 1, ... ,n - 1 

k = n. 

(17) 
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Fig. lO-Response to a phase disk when the phase plate spot size equals the Airy 
disk of the entrance aperture (cp = 0.1, Ro(l)jRo = 0.2). 

The normalized intensity distribution immediately follows as 

1 (ae i
• - 1) t, U~k)I'k)(r,) + exp [i</>.J I' 

o ~ ri ~ JJ;[R~l) 

1 (aeia 
- 1) t. m"I'k)(r,) + exp [i</>l.'] I' 

l = 1, ... ,n - 1. 

(18) 

In this expression I(k) (ri) is the generalization of (15) which is given by 

R(k) l z (R(k») ( ) 
I(k>Cri) = Ii 0 J 1 Ro t J o ~Ro t dt. (19) 

Plots of (18) are shown in Figs. 11-13 for a = 1, ex = 7r /2, and z = 1.5. 
The assumed phase distributions in the entrance aperture are given at 
the top of the figures and the resulting intensity profiles are shown 
below. A qualitative reproduction of the phase distributions results in 
each case. 

The behavior of (18) in the limit of small phases, <Pk , explains some of 
the success that was achieved in the figures. From the definition of the 
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coefficients U~k) it follows that, if all the CPk are small and, in particular, 
if CPn = 0, 

k = 1, ... ,n - 1 

k = n. 

Therefore, the jumps in intensity at the points ri = MR~k), to first order 
in the phase jumps, is just 

jj,.1(MR~k) ~ 2 Re {(aei 
a - I)j(cpk+l - cpk) r(n) (MR~k) } 

(20) 

Now, in the cases shown in the figures, a = 1, a = n/2, and z = 1.5. 
Recalling that for z = 1.5, r (n) ~ 0.5 we conclude that 

jj,.1(MR~k) ~ cpk - cpk+l • 

Thus, if the cpk are sufficiently small, and an appropriate value of z 
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is chosen, the jumps in intensity are of the order of the jumps in phase. 
Figures 11-13 also indicate that, for the values of the parameters 

chosen, the piecewise constant behavior of the phase distributions is 
essentially reproduced in the intensity profile. The success here is 
mainly due to the fact that not only was z chosen to yield a nearly 
uniform background, but also the z value selected was relatively small. 
Under these conditions the dependence of the integrals I (lc) (ri) is 
suppressed,t and the effect of the phase object is to introduce essen­
tially piecewise constant perturbations to a nearly uniform background. 

To demonstrate what effects can occur for a larger z value, we have 
plotted in Fig. 14 the response of a phase contrast system to a 
sequence of phase rings when a = 0.1, a = 7r/2, and z = 21.21163.~ 
This is a practical case to consider since small values of a are fre-

t Consider equation (19) in the limit of small z. 
:j: This value of z corresponds to a phase plate spot size that includes about 

five and one-half Airy rings. 
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quently employed in phase constant microscopy to improve the con­
trast between the phase object and the background. (For our purposes, 
large z values are needed to give a fairly uniform background over a 
large portion of the image of the entrance aperture when a is. small.) 
Unfortunately, the results that are observed are then quite poor. The 
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Fig. l3-Response to phase rings with alternating phase. 

problem here is that the integrals l(7e) (ri) are now highly nonlinear 
functions of ri , and, therefore, nonlinear perturbations of the order of 
the background are introduced. t 

4.4 Semi-circular Phase Disks 

The results of the last section demonstrate that with an appro­
priate choice of the parameters a, a, and z, circularly symmetric phase 

t Figure 5 demonstrates that for the values of the parameters chosen, the back­
ground is of the order of a2 = 0.01. However, from equation (20), we observe that 
the jumps in I, which we may take as indications of the magnitudes of the perturba­
tions of the background, are of the same order when CPk - CPk+l is small. 



1962 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1971 

II 

0.4....-----'1-------------------, 

"0-0.2 - 1 

I 
ASSUMED PHASE VARIATION 

o I I I I 
o 0.2 0.4 0.6 0.8 1.0 

ro/RO 

0.25....------------------------. 

0.20 

0.15 

a = 0.1 

a = 7T12 

Z = 21.21163 

/1-1 0.10 

0.05 

o~ ___ ~ ___ ~ ___ ~ ___ ~ ___ ~ 
o 0.2 0.4 0.6 1.0 

rL/MRo 

Fig. 14-Response to phase rings (a = 0.1, Z = 21.21163). 

distributions possessing discontinuities in the radial coordinate can be 
qualitatively reproduced in the intensity patterns. As a final example, 
we now examine the response of a phase contrast system to a simple 
angular discontinuity. 

Let the coordinates in the object plane be ro and (Jo and consider the 
complex disturbance 

where 

o ~ eo ~ 7r 

7r < eQ < 27r 

(21) 
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with Yl and Y2 assumed constant. With this phase object, the entrance 
aperture is divided into two semi-circular regions in each of which 
the phase is constant. 

In order to calculate the intensity pattern that is produced by (21), 
we must compute the convolution integral (see equation (10)): 

(22) 

As in our previous analysis, we will accomplish this task by first taking 
the Fourier transform of Is and then taking the inverse transform of 
the result. 

Now, it is a well-known result in the theory of Fourier transforms9 

that if a function g(r, f)) is separable in r and f), i.e., g(r, f)) = 
gr(r) go(f)), then the Fourier transform of g can be expressed by the 
following infinite series of Hankel transforms: 

00 

F[g] = L Ck( - j)keikcf>Hk[gr(r)] 
k=-oo 

where 

and 

Hdgr(r)] = 27r 10
00 

rgr(r)Jk(27rrp) dr. 

In these expressions p and cf> are the coordinates in the transform 
space, and J k is the Bessel function of the first kind of order k. 

Applying this result to (22) yields 

F[I.] = cire (~~O)27r ktoo Ck( _j)keikcf> i RO 

rJk(27rrp) dr (23) t 

where 

J 
!( exp [j-y d + exp [j-y 2 ]) , k = 0 

o k even. 

1--* (exp [j-y 2] - exp [it'1]) , k odd 
7rJIC 

t Here we have used the easily established result that 

F[r~/1(27r'Yr/Ro)] = eire (pRoh). 

(24) 



1964 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1971 

The appropriately normalized inverse transform of (23) IS 

18 = irfJ i21r 

F[I8]p exp [j27rr\p COS ((Ji - cj»] dp dcj> 

00 l'YIRO iRO 

= 47r2 k~rfJ Ck exp [jle(Ji] a p a rJk(27rrp) drJk(27rl\p) dp. 

Here (Ji is the angular coordinate in the image plane, and we have already 
introduced r\ = rdM for later simplicity. Now, letting t = 27rR op, 
8 = r/Ro , and substituting expressions (24) for the coefficients Ck 
finally gives 

1. = ~(exp [hd + exp [h2])h o(ri) + ; (exp [h2] - exp [hd) 

. L hk(ri) sin le(Ji 
k odd Ie 

(25) 

where 

(26) 

Note that the integral ho(rJ is just the integral given in (11), and that 
the integrals hk(ri) are higher order generalizations of it. 

The intensity in the image plane is obtained from equations (10) 
and (25) as 

o ~ (Ji ~ 7r 

o ~ ri ~ MRo . 

7r < (Ji < 27r (27) 

Clearly I depends upon both the radial and the angular coordinates in 
the image plane while the phase distribution over the entrance aperture 
depends only upon (J. Therefore, one would not expect, in general, that 
the semicircles would be visible in the intensity pattern. We will now 
demonstrate, however, that if a small value of z = 27r')' is used for 
which the background is essentially uniform, and if 1'2 - 1'1 is small, 
the semicircles can be reproduced, and the jump in the normalized 
intensity will be proportional to 1'2 - 1'1 , at least to first order. More­
over, as in our previous analysis, if a = 1, €X = 7r /2, and z = 1.5, the 
first condition will be satisfied, a~d the proportionality factor will be 
approximately unity. 

To observe these facts we need only to substitute the first term of the 
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power series for the Bessel functions in (26) and conclude that for z 
sufficiently small 

( )

k 2k+2 

hk(ri) ~ ~Ro (2 kk!)2(k ~ 2)(2k + 2)' 

Thus for small z, the coefficients hk(r i ) are small, and they decrease 
extremely rapidly as k increases. Hence, if 1'2 - 1'1 is sufficiently small, 
the first term in (25) will dominate the second and I. can be approxi­
mated by 

With this approximation the normalized intensity is approximately 

1 Haeia 
- 1)(exp [hI] + exp [h2])h o(ri) + exp [h2] 1

2
, 

o ~ ()i ~ 7r 

o ~ ri ~ MRo . 

1 Haeia 
- 1)(exp [hI] + exp [h2])h o(ri) + exp [hI] 1

2
, 

7r<()i<27r. 

Now, if the background is essentially uniform, the integral ho(ri) in 
the above expression is essentially constant, and we observe that, for all 
practical purposes, 1 is constant iri each of the semicircular regions 
o ~ ()i ~ 7r, 7r < ()i < 27r. Furthermore, the jump in 1 between these 
two regions is just 

III ~ 2 Re a(aeia 
- 1)(exp [-h2] - exp [-hI])(exp [hI] 

+ exp [h2])h o(ri)} 

= 2a sin a ho(ri) sin (')'2 - 1'1) 

~ 2a sin a ho(ri)(1'2 - 1'1). 

From our previous work, we may recall that, for z = 1.5, ho (ri) ~ 0.5, 
and thus, for a = 1, a = 71"/2, and z = 1.5, 

III ~ (1'2 - 1'1)' 

The same conditions that permitted radial discontinuities in the phase 
distribution to be qualitatively observed in the intensity pattern 
appear to permit a simple angular discontinuity such as (21) also to 
be observed. The representative results of numerical computations of 
the exact expressions (25), (26), (27) shown in Fig. 15 bear this out. 
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Fig. 15-Response to a semi-circular phase disk. 

V. CONCLUSIONS 

A general expression for the intensity distribution that is produced 
by a phase contrast imaging system with a circular phase plate was 
derived. It was shown that the results reduced to the well known 
expression for the phase contrast microscope when the size of the phase 
object is small compared to the area of the entrance aperture of the 
system. To obtain the intensity distribution for larger phase obj ects, 
a convolution integral must be evaluated by analytical and/or nu­
merical techniques. 

The intensity patterns that are produceq by phase disks, phase 
rings, and semicircular phase distributions were derived, and the re­
sults of numerical computations that were based on these derivations 
were studied. In general, it appeared that qualitative reproductions 
of these simple phase distributions could be observed in the intensity 
patterns if the size of the phase spot on the phase plate was chosen 
to yield a uniform background, if the resulting parameter, z, was 
small, and if the magnitudes of the phase perturbations were small 
enough so that the approximation ej~ ::::::: 1 + jep held. Moreover, it 
appeared that, if these conditions were not met, rather poor reproduc­
tions of even these simple phase distributions could result. 
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Start-Up Digital Communication 
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The use of transversal filters for automatic equalization has made 
possible high-speed da,ta communication over voiceband telephone 
channels. Recently much attention has been focused on the possible 
use of the high-speed data sets in private line multiparty polling 
systems. However, for such applications, it is necessa,ry to reduce 
the start-up time of the present automatic equa.lizer dr:astically. This 
paper examines the start-up time (settling time) oj the: transversal 
filter equalizer for two important classes of data communication 
systems: Class IV partial-response systems and single-sideband 
Nyquist systems. (The latter represents the limiting case of vestigial­
sideband systems with small roll-off bandwidth.) It is shown that in 
single-sideband Nyquist systems the input signals to the gain controls 
of the transversal equalizer may bel nearly orthonormal. Consequently 
the equalizers may have a short settling time. It is also shown that the 
e'qualizer settling time is much longer in Class IV padia,l-response 
systems, because such systems use controlled intersymbol interference 
and the input signals to the gain controls are h'£ghly correlated. 

The possibility of reducing the settling time of the automatic 
equalizers is examined. A new equalizer structure is developed based 
on the following principles : (i) Equalizer settling time can be mini­
mized by making the input signals to the gain controls orthonormal, 
and (ii) Such a. minimization does not chang'e the noise power, the 
mean-squa,re equalization error, the convexity oj the ga,in control 
adjustment, and the feedback control loops in the equalizer. These 
principles are general in that they apply regardless of the type of 
modulation-single- , vestigial- , or double-sideband (SSB, VSB, or 
DSB)-or the signaling scheme (Nyquist or partial-response). Appli­
cation of these principles to Class IV partial-response systems is con­
sidered. For private line systems and systems where amplitude 

1969 
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distortions in the communication channels a,re not severe (delay 
distortions can be arbitrary), the new equalizer can be implemented by 
simply adding ,a prefixed weighting matrix to the conventional trans­
versal equalizer. Analysis and computer simulat1'on show that the 
use oj such a new equalizer can result in a significant reduction in the 
system's start-up time. 

I. INTRODUCTION 

In order to meet the needs of· the rapidly growing computer and 
data. processing industries, a number of high-speed data sets have been 
developed in recent years for voiceband telephone channels. Most of 
these data sets use transversal filtersl for precise automatic equaliza­
tion. The transversal equalizer consists of a tapped delay line with 
variable tap gains. During a start-up period prior to data transmis­
sion, the tap gains are adjusted automatically to minimize the peak 
distortion1 or the mean-square error2

•3 •4 of the received pulses. The 
time required to adjust the tap gains to nearly their optimum settings 
is usually called the settling time of the equalizer. Most automatic 
equalizers have settling times of a few seconds. The start-up time of 
the system can be longer because there are usually other operations to 
be performed in the start-up period (operations such as synchroniza­
tion, carrier recovery, and so forth). 

Recently, much attention has been focused on the possible use of 
the high-speed data sets in private-line multiparty polling systems 
(such as airline reservation systems, on-line banking systems, and so 
forth). Such systems are generally real-time information retrieval 
systems where the inquiry and response are short (the message lengths 
are usually less than 1000 bits5). With a 4800 bls data set, it takes 
only 0.208 second to transmit a message of 1000 bits. Consequently 
the actual transmission time can be much less than the start-up time 
of the system (which can be five seconds). In order to allow addi­
tional stations to be served or to reduce the response time of the 
system (response time is important in real-time systems), it is 
necessary5 to reduce the start-up time of the high-speed data sets 
drastically. This means that the settling time of the automatic 
equalizer must be reduced drastically (for example, from a. few seconds 
to tens of milliseconds). 

Such a drastic reduction in the start-up time of the high-speed data 
sets raises a number of theoretical questions. For example, it is no 
longer sufficient to just prove the convergence of the equalizer adjust-
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Irlent; it must be shown that the convergence is sufficiently fast to 
meet the requirement. It becomes necessary to examine the dependence 
of equalizer settling time on modulation and signaling schemes. Instead 
of considering synchronization, carrier recovery, and automatic equali­
zation separately, one has to consider the mutual dependence of these 
adjustments and the possibility of minimizing the overall adjustment 
time. The start-up time requirement also provides a strong motivation 
to search for a new equalizer that has a settling time shorter than 
that of the conventional transversal equalizer. Answers to some of 
these problems are presented in this paper. Because the paper is 
lengthy, the contents of each section are outlined here; the results 
are summarized in Section VIII (the reader may read Section VIII 
first) . 

Section II includes a description of the mathematical model and 
reviews some of the fundamental works on automatic equalization 
(particularly those by Lucky and Gersho). Section III examines 
the equalizer settling time for two important classes of digital com­
munication systems: the Class IV partial-response system and the SSB 
Nyquist system. (The latter represents the limiting case of VSB 
systems with small roll-off bandwidth.) Surprisingly, the results show 
that the equalizer settling times of these two systems can be very 
different. The reason for this difference (eigenvalue spread) is ex­
plained so that the method of analysis can be extended to other sys­
tems. Sections IV and V consider a general data communication 
system and develop a new equalizer structure for fast start-up pur­
pose. These sections stress the underlying principle (condition of 
orthogonality) and analyze the various properties of the new equalizer 
(including convergence rate of equalizer adjustment, residual noise 
power, minimum mean-square error, and convexity of the adjustment). 
In Sections VI and VII, application of the new equalizer to the Class IV 
partial-response system is considered. Most importantly, it is shown 
that the new equalizer can be implemented by simply adding a pre­
fixed weighting matrix to a conventional transversal equalizer. The 
related analytical studies and computer simulation are described; 
fast convergence of the equalizer adjustments is demonstrated. Sec­
tion VIII is a summary of the results. 

II. REVIEW OF FUNDAMENTALS 

An amplitude modulation data communication system utilizing a 
transversal equalizer is depicted in Fig. 1. The equalizer consists of 
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Fig. I-Block diagram of an amplitude modulation data communication sys­
tem with a conventional transversal equalizer. 

a delay line tapped at T-second intervals, where T is the signaling 
interval of the system. Theith tap, i = 1 to N, is connected through a 
variable gain control Ci to a summing bus. During data transmission, 
the transmitter transmits the information digits sequentially at time­
instants t = ... , tl - T, tl , tl + T, tl + 2T, .... The equalizer 
output is sampled sequentially at time-instants t = ... , t2 - T, 
t2 , t2 + T, t'2 + 2T, ... , and the time-samples are used to recover 
the information digits. To simplify the notations, we shall shift the 
origin of the time-axis to make t2 = O. 

When an impulse 0 (t - t1 ) is applied at the transmitter input, the 
equalizer input and output are, respectively, x (t) and y (t). Since we 
consider only linear systems, y (t) is the overall impulse response. The 
desired overall impulse response of the system is d(t). In this study, 
we adopt the familiar mean-square error criterion3 ,4,G and adjust the 
gain controls of the equalizer to minimize the mean-square error 
between y(t) and d(t) at the receiver sampling instants t= 

-T, 0, T, 2T, .... The mean-square error can be written as 

00 

E = L [y(iT) - d(iT)]2. (1) 
i=-oo 

It can be seen from Fig. 1 that 

N 

y(t) = L CkX[t - (k - I)T]. (2) 
k=l 

For the sake of simplicity, we shall use the abbreviations Yi = Y (iT), 
di = d(iT), and Xi = x(iT). It can he Reen from (2) that, (1) can be 
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written in the following matrix form 

00 

e = c' Ac - 2c'v + 2: d; , (3) 
i=-oo 

where 

c = (4) 

(5) 

aNl aN2 aNN 

00 

aij 2: Xl-i+1Xl-j+l , all i, j, (6) 
1=-00 

Vl 

V 
V2 = (7) 

VN 

00 

Vk = 2: Xi-k+1d i , all k. (8) 
i=-oo 

It can be shown that A is positive definite. 
Let a€/ aCi be the partial derivative of € with respect to Ci , i = 1 to 

N, and iet a€jac represent an N X 1 column vector whose ith element 
is a€/BCi; i.e., 

ae 
aCl 

ae ae 
ac aC2 

ae 
aCN 



1974 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1971 

From (1), we obtain 

a€ 
ae - 2Ae - 2v. (9) 

The measured ch/ae in actual data sets will deviate4 from that in (9) 
due to noise in the receiver. However this deviation is negligible in 
high signal-to-noise ratio systems. For example, it has been found 
(Section 7.3) that at a 3D-dB signal-to-noise ratio this deviation has 
only a minor effect on the settling time of the equalizer. In this paper 
we consider high signal-to-noise ratio systems and neglect such a 
deviation. 

The optimum value of c that minimizes the mean-square error E will 
be called Copt. It is clear that C minimizes E if and only if a-Ej.ac = D; 
therefore, from (10) the optimum e is 

(10) 

The difference between c and Copt is denoted bye: i.e., 

e = e - A-lv. (11) 

Let 'Emin be the minimum value of E when C = Copt. From (3) and (10) 

00 

- "" d2 'A- l 
€min - ~ i-V V. (12) 

i=-oo 

Now consider the adjustment of the equalizer. As is well known/,7 
the equalizer can be adjusted in the training period prior to data 
transmission by transmitting either a succession of isolated test pulses 
or a sequence of Pseudo-random numbers. Since'these two methods 
differ considerably, we shaH consider only the first method (isolated 
test pulses) in this paper. 

In the training period, isolated impulses are applied to the trans­
mitter input. For instance, ,8 (t - t 1 ) in Fig. 1 may be the kth such 
impulse. The transmission of ,8(t - t1 ) produces the test pulse x(t) at 
the equalizer input. From x(t) the partial derivatives a4.ac~, i = 1 
to N, are computed3,4,6 and the gain control Ci is changed by an amount 
proportional to aE/aCi,. This process is then repeated for the next 
test pulse. 

The adjustment made after the kth test pulse, k = 1, 2, 3, ... ,will 
be referred to as the kth adjustment. The initial values of c, e, and E 

(i.e., their values prior to the first adjustment) will be denoted, 
respectively, by Co, eo, and EO • The values of c, e, and € after the 
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kth adjustment are denoted, respectively, by Ck, e'k, and €k. From 
(11) 

ek = Ck - A-tv k = 0, 1, 2 .... (13) 

It can be easily shown from (3), (12), and (13) that 

Ek = Emin + e~Aek' k = 0, 1, 2, .... (14) 

The kth adjustment is made according to the equation 

(15) 

where ak, k = 1, 2, 3, ... , are suitably chosen constants.4 

The subscript k ofa€j,ac indicates that the a4 ac is computed from 
the kth test pulse. It can be shown from (9), (15), and (13) that 

ek = (1 - akA)ek-t, k = 1, 2, 3, .... (16) 

We now proceed to study the convergence of the mean-square error 
for several data communication systems. 

III. A STUDY OF CONVERGENCE FOR PARTIAL-RESPONSE AND NYQUIST 

SYSTEMS 

We have defined Ek as the value of E after the kth adjustment. Note 
from (14) that Ek consists of two terms. The first term Emin is the ir­
reducible value of E. Only the second term e~Aek depends on C and the 
adjustments. Thus, we shall study the convergence of the second 
term in this section. 

It can be seen from (6) that A is a symmetric matrix. Let the eigen­
values of A be denoted, in the order of increasing magnitude, by }\i , 

i = 1 to N, so that 

i\t ~ i\2 ~ ... ~ i\N , (17) 

and let Ui, i = 1 to N, be a set of orthonormal eigenvectors of A (ll.£ is 
the eigenvector corresponding to Ai). It is well known that A can be 
represented in the form 

A = QDQ', (18) 

where D is an N X lv diagonal matrix whose ith diagonal element is 
Ai, and Q is an N X N matrix whose ·ith column is the eigenvector Ut . 
It is also well known that Q is an orthogonal matrix; i.e., 

(19) 
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From (18) and (19), 

I - akA = Q[I - akD]Q'. (20) 

By repeated application of (16), one obtains 

k 

= II (I - anA)eo , k = 1,2,3, .... (21) 
n=l 

Substituting (20) into (21) and noting that Q'Q = I gives 

e, = Q[g (I - anD)]Q'eo , k = 1,2,3, .... (22) 

From (22) and (18), 

e:Ae, = e:Q[g (I - anDl]D[g (I - anDl]Q'eo , 

k = 1, 2, 3, (23) 

Using the properties of D and Q described one can carry out the 
matrix mUltiplications in (23) and obtain 

N 

e~Aek = L ~i(k), k = 1,2,3, (24) 
i=l 

where 

i = 1 to N. (25) 

In a similar manner, we find that 
N 

eriAeo = L~i(O), (26) 
i=l 

where 

~ = 1 to N. (27) 

Since A is positive definite, Ai > 0 for all i. Thus, ~i(k) ;?; 0 for all i. 
Consequently, e~Aek converges to zero if and only if ~Jk), i = 1 to N, 
all converge to zero (see (24». For this reason, ~i(k) will be called, the 
ith error component. If the error components all converge rapidly 
to zero as k increases, e~Aek converges rapidly to zero. 

It is clear from (25) that ~i(k) converges to zero if and only if the 
factor 
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converges to zero. Thus, the convergence of ~dk) to ~N(k) depend 
only on two sets of parameters: al , •.. ,ak and Al , •.. ,AN' The first 
set of parameters corresponds to the magnitudes of the gain-control 
adjustments [As can be seen from (15), ak determines the magnitude 
of the kth adjustment.]. In the following subsections, we show that the 
second set of parameters, AI, ... , AN, depend on the modulation 
scheme and channel characteristics. In some systems, AI, ... , AN 

differ only slightly in value. Consequently ak can be selected such 
that each adjustment reduces each of the error components by a large 
factor (such as 100). However, this is not possible in some other 
systems. 

3.1 Class IV Partial-Response System 

There are several classes of partial-response systems.8 We shall 
consider the most important one: Class IV partial response sys­
tem. 9 ,lO,1l,12,13 The results can be easily extended to other classes. 

As depicted in Fig. 1, the transfer functions of the transmitting 
filter, transmission medium, and receiving filter are, respectively, Fl (f) , 
F2 (f), and F3 (f). The amplitude and phase characteristics of Fi (f) 
will be denoted, respectively, by IFi(f) I and (3i(f) , i.e., 

i = 1,2,3. (28) 

Note that in this paper J will be used to denote the imaginary number 
V=1 (j is used as an index). 

In a Class IV partial-response system, the transmitting and the 
receiving filters are band-limited; that is, 

when 

I f I ~ f 1 and I f I ~ f 2 , (29) 

where 11 and 12 are, respectively, the lower and the upper cutoff 
frequencies. The demodulating carrier frequency, Ie, is usually equal to 
12' This implies that the system is SSB. According to the previous 
definition, when an impulseS (t - td is applied at the transmitter 
input, the equalizer input is x (t). Let X (f) denote the Fourier trans­
form of x(t). It can be shown from (28), (29), and the demodulation 
process that 
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X(f) = ! IF1(f - fe)F2(f - fe)F3(f - fe) I 
. exp {J[{J1(f - fJ + (J2(f - fe) + (J3(f - fe) - 27r(f - fe)t1 + OJ}, 

o ~ f ~ f2 - f1 

= ! IF1(f + fe)F2(f + fe)F3(f + fe) I 

. exp {J[(J1(f + fe) + (J2(f + fe) + (J3(f + fe) - 27r(f + fe)t1 - OJ}, 

-(f2 - f1) ~ f ~ 0 

= 0, all other frequencies. (30) 

Now we can determine the A matrix. From (6), the elements of A 
are 

00 

aij = L Xl-i+1 Xl-j+1 . 
1=-00 

In a Class IV partial-response system the signaling interval is 

(6) 

(31) 

It is clear from (30) that x(t) is band-limited from 0 to (f2 - 11) Hz. 
Thus, the time-samples x(kT), k = ... , 0, 1, 2, ... , are taken at 
the Nyquist rate. Therefore, according to the sampling theorem 

fOO x[t - iT + T]x[t - jT + T] dt = 2(f ~ f-) t Xl-i+1 Xl-j+1 . 
-00 2 1 1=-00 (32) 

Comparing (6) and (32) shows that 

aij = 2(f2 - f1) i: x[t - iT + T]x[t - jT + T] dt. (33) 

From Parseval's theorem and (30), one can rewrite (33) as 

1
/2-/1 

aij = (f2 - f1) 0 [cos 27rf(i - j)T] 

. [iF1(f - fe)F2(f - fe)F3(f - fe) W df. (34) 

It can be seen from (34) that aij is independent of the following 
parameters: demodulating carrier phase (), system timing t1 , phase 
characteristics of the transmitting and receiving filters, and phase 
characteristic of the transmission medium. To evaluate Q.;,j , we need to 
specify only the amplitude characteristics IFdl - frJ I, If2(f - Ie) I, 
and IFs (f - Ie) I. In a Class IV partial-response system, the trans-



NEW EQUALIZER FOR FAST START-UP 

mitting and receiving filters are designed such that 

1F,(f) 11M) I = sin ".[~, --:..fiJ ' 

= Sin".[ j,f ~ lJ ' 
Substituting (35) into (34) gives 

1
1.-/1 

aij = (f2 - 11) 0 [cos 27T}(i - j)T] 

1979 

(35) 

.[ (Sin,,- f, ~ fJ IF,(f - fe)IJ df. (36) 

We first consider the case where the transmission medium has a 
constant amplitude characteristic 

(37) 

in the pass band f 1 ~ f ~ /2' Substituting (37) into (36) and evaluat­
ing the integral, we obtain 

= 0, 

(f2 - /1)2 
4 

i - j = -2 or 2 

i-j=O 

allother i-j. (38) 

The constant term (f 2 - 11) 2/2 in ai j may be dropped (this corresponds 
to introducing a gain of \12/(12 - 11) in the channel). Then (38) becomes 

aij = 1 i-j= -2 or 2 -2", 

= 1, i-j=O 

= 0, all other i - j. (39) 

Thus, the matrix A is of the following form 

1 0 -.1 0 0 2 

0 1 0 -.1 0 2 

-.1 0 1 0 0 
A= 2 (40) 

0 1 0 1 0 -2" 

0 0 0 0 1 
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In particular the main diagonal elements are 1, the second off­
diagonal elements are -.1/2, and the other elements are all 0 (notice 
that A belongs to a class of matrixes known as the "Toeplitz"14). We 
have defined A1 to AN as the eigenvalues of A, and U1 to UN as a set 
of orthonormal eigenvectors of A. These eigenvalues and eigenvectors 
are determined in Appendix A. Since transversal equalizers usually 
have an odd number of taps, we shall assume that N is odd in the 
following discussion. From Appendix A, the N eigenvalues of A are 

krr 
1 - cos N + 1-- , 

-2-+ 1 

and 

krr 
1 - cos N _ 1 ' 

-2-+ 1 

N+ 1 k=12···--
" , 2 ' 

k = 1,2, ... N - 1 
-2-· 

(41) 

(42) 

Thus, the eigenvalues of A are points on the curve 1 - cos ,0, 0 < 0 
< rr (see Fig. 2). The minimum eigenvalue 

rr 
1 - cos N + 1 

--+1 
2 

2.-----------------------~r__, 

o~~ ________ ~ ____________ ~~ 
o w/2 w 

o~ 

Fig. 2-Distribution of the eigenvalue~ of A(Amln and Amax shown are for 
N = 17). 
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and the maximum eigenvalue 

N+ 1 
--2- 7r 

1 - cos N + 1 
-2-+ 1 

1981 

are also shown in Fig. 2. Other eigenvalues lie betwe13n these two 
points. It can be seen from this figure that, for typical values of N 
(13, 17, etc.), the minimum eigenvalue is very close to 0 and the 
maximum eigenvalue is very close to 2. For example, consider a trans­
versal equalizer with 17 taps (N = 17). From (41) and (42), the 17 
eigenvalues of A are 0.0489, 0.0603, 0.1910, 0.2340, 0.4122, 0.5, 0.6910, 
0.8263, 1, 1.174, 1.309, 1.5, 1.588, 1.766, 1.809, 1.940, and 1.951. 

When the amplitude characteristic of the transmission medium is 
not exactly a constant in the passband 11 ~ I ~ 12, the calculations 
from (38) to (42) will change slightly. Consequently the eigenvalues 
will differ slightly from those above. 

Having determined the distribution of the eigenvalues, we now 
consider the convergence of the error components ~i(k), ~ = 1 to N. 
Prior to the kth adjustment, the ith error component is 

~i(k - 1) = (e6ui)2~i [IT (1 - an~i)2] . 
After the kth adjustment, the ith error component is 

~i(k) = (e~Ui)'A.[g (1 - ".Ai)'l 
Substituting (43) into the above equation gives 

(43) 

(44) 

It is easily seen from (44) that the kth adjustment will reduce each 
of the error components by a large factor if 

for all i 

or if 

for all z. (45) 

Unfortunately, .ctk cannot satisfy (45) because AI, , AN are very 
different in value. Therefore, the kth adjustment cannot reduce each 
of the error-components by a large factor. To illustrate this quantita-
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tively, consider again the 17-tap transversal equalizer (A1 = 0.0489 
and A17 = 1.951). In order to reduce the first error-component ~dk) , 
we set (1 - ,C¥kA1)2 « 1 or oC¥k ~ I/A1 = 20.4. However, this C¥k, will 
cause a large increase in some other error-components. For example, 
the 17th error-component will increase about 1505 times because 
(1 - oC¥kA 17) 2 = (1 - 20.4 X 1.951)2 = 1505. On the other hand, if we 
wish to reduce the 17th error-component, we should set (1 - akA17)2 

« 1, or C¥k ~ I/A17 = 0.512. However, this C¥k is too small to reduce 
some other error-components rapidly. For instance, the first error­
component will reduce only five percent because (1 - akA1) 2 ,= 
(1 - 0.512 X 0.0489') 2 = 0.95. These examples clearly demonstrate 
that the kth adjustment cannot reduce each of the error-components 
by a large factor .. 

We now summarize the results in this subsection: 

(i) In a Class IV partial-response system, the eigenvalues ~1 to 
~N of the A matrix depend only on the amplitude characteristic 
of the channel, but not on carrier phase, system timing, and 
phase characteristic of the channel. 

(ii) These eigenvalues are very different in value. For typical values 
of N (13, 17, etc.), the minimum eigenvalue ~1 is very close 
to 0, while the maximum eigenvalue ~N is very close to 2. 

(iii) Because of the large differences in the eigenvalues, each adjust­
ment of the gain controls cannot reduce each of the error­
components by a large factor. 

3.2 SSB Nyquist Systems 

In this section, we study SSB data communication systems which 
transmit at the Nyquist rate with sin x/x pulses (hereafter referred 
to as SSB Nyquist systems). Such a system has the same configuration 
as the Class IV partial-response system except that its transmitting 
and receiving filters have constant amplitude characteristics in the 
passband. The main advantage of an SSB Nyquist system is that it 
transmits at the maximum possible bauds (Nyquist rate) without noise 
penalty. Saltzberg15 has shown that, this signaling method is not as 
sensitive to timing error as is commonly believed. In fact we show 
in this section that this scheme exhibits fast start-up advantages. 

The transmitting and receiving filters are specified by 

= 0, other f. (46) 
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I F3(f) I = 1, 

= 0, 

fl ~ If I ~ f2 

other f. 

1983 

(47) 

The signaling interval T is again given by (31), and rLij by (34). Sub­
stituting (46) and (47) into (34),wehave 

(48) 

Note again that aij (and hence the eigenvalues A1 to AN) depends only 
on the amplitude characteristics of the transmission medium and the 
filters. When the transmission medium has a constant amplitude 
characteristic 

I F2(f) I = 1 

in the passband 11 ~ I ~ 12 , (48) yields 

i-j=O 

= 0, i - j ~ O. (49) 

Neglecting the constant (f2 - Id 2 above, we see that A is simply the 
identifying matrix and the eigenvalues of A are 

Ai = 1, i = 1 to N. (50) 

Now consider the convergence of the error components ~i(k), i = 1 to 
N. Prior to the first adjustment, the ith error component is 

~i(O) = (e6uJ2J\i . (51) 

After the first adjustment, the ith error component is 

tel) = (e6ui)2Ai(l - alAJ 2. (52) 

Substituting (50) and (51) into (52) yields 

tel) = (1 - al)2~i(0). (53) 

If we set a1 = 1, ~i(1) = 0 for all i. In other words, when a1 = 1, the 
first adjustment reduces all the error-components to zero. Conse­
quently the mean-square error f is reduced to its irreducible value 
fmin after only one adjustment. This fastest possible convergence is 
obtained regardless of the initial equalizer settings, the carrier phase 
and system timing, the phase characteristic of the transmission 
medium, and the phase characteristics of the transmitting and receiv-
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ing filters (because the eigenvalues Al to AN are independent of all 
these parameters). 

From (48), a'ij can be computed for any given IF2 (f) I. When 
/F2 (f) / is not exactly a constant in the passband, A will not be an 
identity matrix and the eigenvalues will not be all equal. However, 
fast convergence is obtainable as long as the differences between the 
eigenvalues are small. For example, consider the case where the 
minimum eigenvalue is 0.9 and the maximum eigenvalue is 1.1. If we 
use ,al = 1, the maximum value of (1 - .alAi) 2 will be (1 -0..9) 2 = 0.01. 
Consequently the first adjustment will reduce each of the error com­
ponents by at least a factor of 100 (as will each following adjustment). 
The equalizer adjustme~t therefore will be completed after only a 
few adjustments. 

IV. A NEW EQUALIZER STRUCTURE 

In the preceding sections, we have clearly shown that, when the 
eigenvalues of A have close magnitudes, each adjustment of the 
equalizer reduces each of the error-components by a large factor (such 
as 100). We have also shown that such a fast convergence is not pos­
sible when the eigenvalues are very different in magnitude (such as in 
the case of a Class IV partial-response system). These results suggest 
that in order to improve the convergence rate we should attempt to 
reduce the differences between the eigenvalues. 

Now we ask: What causes the eigenvalues to be d.ifferent? Is it 
possible to reduce such differences (and hence increase the con­
vergence rate) by changing the equalizer structure? Does the use oj 
the new equalizer structure alter the system's performance otherwise? 
We shall consider the first two questions in this section, and derive a 
new equalizer structure. The last question will be considered in the 
next section. Application of the results to a Class IV partial-response 
system and the various related problems will be studied in Sections VI 
and VII. 

It may appear that the new equalizer structure derived in this 
section requires complicated mathematical operations (computation 
of eigenvalues and eigenvectors of a matrix). However, it will be 
shown in Section VI that such mathematical operations can be com­
pletely eliminated for the systems of interest here. 

Now consider the first question: What causes the eigenvalues to 
be different? From the definition in (6) 
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00 

aii = L x[(l - i + l)T]x[(l - j + l)T]. 
1=-00 

Since the input to the ith gain control is x[t - (i - 1) T], x[ (l - i + 
1) T] are time-samples of the input to the ith gain control, while 
x [(l - j + 1) T] are time-samples of the input to the jth gain control. 
Therefore, a'ij is simply the cross-correlation between the inputs to the 
ith and the jth gain control, and A has the interpretation of a corre­
lation matrix. Therefore, we might state that it is the correlations 
between the inputs to the gain controls that result in the differences 
between the eigenvalues. When the inputs to the gain controls are 
orthonormal, A is an identity matrix and the eigenvalues are equal. 
When the inputs to the gain controls are correlated, the eigenvalues 
are different. 

The above discussion suggest that, if we could construct a new 
equalizer such that the inputs to the gain controls are orthonormal, 
the eigenvalues of the correlation matrix of the new equalizer might 
be all equal and it might be possible to minimize the mean-square 
error in a single adjustment. Following this line of thinking, we obtain 
the generalized equalizer structure depicted in Fig. 3. As shown in 
Fig. 3, the equalizer input x(t) is connected to a bank of filters. The 
output of theith filter is connected through a variable gain control Ci 

to the summing bus. The equalizer output is 

N 

yet) = L CiZi(t) , (54) 
i=1 

where Zi (t) is the input to the ith gain control Ci • These signals Zi (t) , 
i = 1 to N, are orthonormal when 

00 

L zi(lT)Zi(lT) = Oii . (55) 
1=-00 

In the following, we show that, for any given channel, the filters in 
Fig. 3 can be designed to satisfy (55). We also show that, when (55) 
is satisfied, the mean-square error can be minimized by a single 
adjustment of the gain controls. 

Because of the press toward digitalization and integrated circuits, 
we shall specify the filters in Fig. 3 directly in digital filter form 
(instead of specifying them in analog filter form and then approxi­
mating them with digital filters) . We shall use nonrecursive digital 
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;x:(t)-_ ..... ----...... --

'-----........ -------+--y(t) 

Fig. 3-Generalized equalizer structure. 

filters16 because they do not have stability problems and can be 
implemented most easily. 

A realization of the generalized equalizer using nonrecursive digital 
filters is depicted in Fig. 4. The N digital filters share the same tapped 
delay line. The ith digital filter, i = 1 to N, consists of the tapped 
delay line and the N coefficients Pil to PiN . Its output is 

N 

Zi(t) = L Pijx[t - (j - 1)T], i = 1 to N. (56) 
j=l 

The gain controls Cl to eN are again adj usted to minimize the mean­
square error f defined in (1). From (54) and (56), we can rewrite (1) 
into the following matrix form 

00 

e = c'PAP'c - 2c'Pv + L d~ (57) 
k=-oo 

Id (t) 

Fig. 4-A new equalizer structure (a realization of the generalized equalizer 
structure using nonrccursive digital filters). 
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where c, A, and v have been defined previously [see (4), (5), and (7)]. 
The matrix P is defined by 

P= (58) 

PNl PN2 PNN 

As in Section II, we define BE}Bc as the N X 1 column vector whose 
ith element is BfjBci. It can be shown from (57) that 

Be 
Bc = 2PAP'c - 2Pv. (59) 

It can also be shown from (57) that c minimizes f if and only if 
BE} Bc = 0; therefore, from (59) the optimum value of c, Copt, is 

Copt = (PI) -1 A-IV. (60) 

We again define e as the difference between C and Copt; hence, from 
(60) 

e = c - (P,)-IA -IV. (61) 

As in Section II, the initial values of c, e, and f are denoted, respec­
tively, by Co , eo , and fO • The values of c, c, and f after the kth adjust­
ment are d~noted, respectively, by Ck, el.; , and fk. From (61) 

k = 0,1,2, (62) 

It can be shown from (57) and (62) that 

00 

ek = L d~ - v' A -IV + e~PAP'ek k = 0,1,2, (63) 
k=-oo 

The kth adjustment, k = 1, 2, 3, ... , of the gain control is again 
made according to (15). From (62), (15), and (59), 

1 [Be] (P,)-IA- 1 
ek = Ck-l - "2 ak Bc k - V 

= Ck-l - (P,)-lA-1v - adPAP'ck-l - Pv]. (64) 

From (62), we have 

ek - 1 = C'c-l - (P') -1 A-IV. (65) 

Using (65), we can rewrite (64) as 
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ek = ek- 1 - adPAP'Ck-l - PV] 

= ek- 1 - akPAP'[Ck-l - (P,)-lA -IV] 

= [I - akPAP']ek-1 , 

k = 1, 2, .... (66) 

Now we can prove the first statement after (55) l that is, for any 
given channel, P can be chosen to satisfy (55)]. It is easily shown 
from (58), (5), (6), and (56) that PAP' can be written in the form 

(67) 

where 

00 

bii = L zi(lT)Zi(lT). (68) 
1=-00 

Equation (55) is therefore equivalent to b ij = Oij, or 

PAP' = I. (69) 

From (18), 

A = QDQ'. (18) 

Let H be an N X N diagonal matrix whose ith diagonal element is 
~,that is, 

V~l 0 

H= 
o ~ 

o o 
Then D = HH' and (18) becomes 

A = QHH'Q'. 

Substituting (71) into (69) yields 

PQH(PQH)' = I. 

o 
o 

(70) 

(71) 

(72) 

Equation (72) holds if and only if PQH is an orthogonal matrix G. 
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From Q'Q = I, we can rewrite 

PQH = G (73) 

as 

(74) 

For any given channel [i.e., for any given x (t) ], we can compute aij 

from (6) and determine the eigenvalues Al to AN and the eigenvectors 
Ul to UN. This determines D, Q, and H. There are an infinite number 
of N X N orthogonal matrices. Any of them can be used as G (the 
choice of G will be discussed later). Then from (74) P can be deter­
mined, and this P satisfies (72), (69), and (55). This proves that, for 
any given channel, the digital filters in Fig. 4 can be designed to 
satisfy (55). 

Next we prove the second statement after (55). As in Section II, 
we use E:min to denote the minimum value of E: when C = Copt. Substitut­
ing Copt in (60) into (57) yields 

<Xl 

'"" dk
2 

- v'A-tv. Emin = L..J (75) 
k=-<Xl 

Combining (63) and (75) gives 

k = 0,1,2, .... (76) 

From (76), the initial value of E: is 

EO = Emin + e~P AP' eo , (77) 

and the value of E: after the first adjustment is 

El = Emin + e~P AP' e l . (78) 

From (66), el = [I - HlPAP'] eo . Substituting this into (78), we have 

El = Emin + e~[I - alP AP']P AP'[I - alP AP']eo . (79) 

when P satisfies (74), (69) holds; i.e., PAP' = I. If we set HI = 1, 
I - alP AP' = 0 . Then from (79) E:l = E:min . This proves that, when P 
satisfies (74) and l¥l = 1, the mean-square error E: reduces to its 
minimum value E:min after only one adjustment of the gain controls. 

In general it can be seen from (66) that, when P satisfies (74) and 
Hk = 1, ek = [I - l¥kPAP'] elc-l'= 0, regardless of the value of 
elc-l . Consequently E:k =E:min, regardless of the value OfE:lc-l . This 
means that each of the adjustments is capable of reducing the mean-
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square error to its minimum value fmin , regardless of what is the value 
off prior to that adjustment. 

Now we summarize this section. It is emphasized at the beginning of 
this section that it is the correlations between the inputs to the gain 
controls that determine the differences between the eigenvalues and 
consequently the rate of convergence of f. When the inputs to the 
gain controls are orthonormal, f can be minimized in one adjustment. 
The inputs to the gain controls can be made orthonormal by using the 
generalized equalizer structure depicted in Fig. 3. The generalized 
equalizer can be realized with digital or analog filters. A realization 
using nonrecursive digital filters is depicted in Fig. 4, and is analyzed 
in detail. It is shown that, for any given channel, one can design the 
digital filters from the simple equation (74) to orthonormalize the 
inputs to the gain controls. When the digital filters are so designed, 
each adjustment of the gain controls can reduce f to its minimum value, 
regardless of the value of f prior to that adjustment. Therefore, € 

can be minimized by only one adjustment of the gain controls. 

V. FURTHER PROPERTIES OF THE NEW EQUALIZER 

We have seen in the preceding section that it is possible to minimize 
f in one adjustment. In this section we show that such an improvement 
in convergence rate is obtained without changing the residue noise 
power, the minimum mean-square error, and the convexity of the 
adjustments, and without complicating the gain-control adjustment 
loop. 

5.1 Residual N01:se Power and 1l1inimum Mean-Square Error 

As described in Section II, during data transmission the equalizer 
output is sampled sequentially at time-instants t = ... , t2. - T, t2 , 
t:2 + T, t2 + 2T, . .. , and the time-samples are used to recover the 
transmitted information digits. Each of these time-samples consists of 
f1 signal and anoise component. The variance of this noise component 
(that is, the residue noise power) can be determined for both the new 
and the conventional equalizer. 

Consider first the new equalizer (Fig. 4). Let the noise at the input 
of the equalizer be denoted by n (t). The resulting noise at the 
input of Ci is denoted by !1-i (t), while the resulting noise at the 
equalizer output is denoted by v (t). Clearly 

N 

JJ.i(t) = L: Pijn[t - (j - l)T] , i = 1 to N (80) 
i=1 
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and 

N 

vet) = L: CiP-i(t). (81) 
i=1 

We assume that the noise n(t) is a zero-mean stationary Gaussian 
process. Then /ki (t) , i = 1 to N, and v (t) are also zero-mean stationary 
Gaussian processes. Consequently, the variance of v (tk ) is the same for 
all tk . It is therefore sufficient to consider a, single tk (for example, 
tk = 0). From (SO) and (S1) 

N N 

v(O) = L: Ci L: Piin[(1 - j)T]. (82) 
i=1 i=1 

Let n be an N X 1 vector whose ith element is n[ (1 - i) T]. It can 
be easily shown from (S2) that 

v(O) = c/Pn. (S3) 

The noise vector n is distributed normally with zero mean. Let the 
covariance matrix of n be denoted by A. Then v(O) is distributed as 
the normal distribution with zero mean and variance C/p AP' c. Since c 
can be optimized in the training period, we assume that during data 
transmission c = Copt • Thus, during data transmission the variance 
of v(O) is Var [v(O)] = C~PtP AP' Copt • Substituting (60) into above gives 

Var [v(O)] = v' A -lAA -IV. (84) 

Note from (S4) that Var[.v(O)] is independent of P. 
Next consider the conventional equalizer. It can be easily seen that 

when P = I the new equalizer in Fig. 4 is reduced to the conventional 
equalizer in Fig. 1. Since Var[v(O)] in (S4) remains unchanged when 
P is set to I, Var[v(O)] of the new equalizer is equal to Var[v(O)] of 
the conventional equalizer. In other words, the use of the new equalizer 
does not change the residue noise power of the system. 

The minimum mean-square error,fmin , has already been determined 
in the preceding sections. Comparing (12) with (75) shows that the 
minimum mean-square error does not change when the new equalizer 
is used instead of the conventional equalizer. 

5.2 Convexity of the Adjustment 

It has been shown3
•
4 that, when the conventional equalizer is used, 

e is a strict convex function of the gain controls c. This ensures that e 

converges for all initial settings of c, and that e converges when the 
gradient method [equation (15)] is approximated by certain other 
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iterative techniques. In this subsection we show that e remains as a 
strict convex function of c when the new equalizer is used. 

Let X denote the open convex set {c: - CX) < Ci < CX), i = 1 to N} . 
Let h be an N X 1 vector whose ith element is hi . Clearly/7 e is a 
function of class C (2) on the set X. If we can show that 

(85) 

for every c t X and every h ~ 0, then 17 e is strictly convex on X. 

It can be shown from (57) that 

(86) 

where bii has been specified in (68). From (86) and (67), we have 

N N a2e 
t; ~ hih i aCi aC

j 
= 2h'PAP'h. (87) 

It can be seen from (87) that (85) holds for every c t X and every 
h ~ ° if and only if PAP' is positive definite. Since P is a nonsingular 
matrix [see (74)], and A is positive definite, PAP' is positive definite. 
Therefore, (85) holds for every c E X and every h ~ 0, and consequently 
e is strictly convex on X. This proves that e remains as a strict convex 
function of c when the new equalizer is used. 

5.3 Gain-Control Adjustment Loop 

In the case of the conventional equalizer, the gain controls care 
adjusted according to (15). The partial derivative [h/aCi used in (15) 
is obtained3 by correlating the time-samples of the tap signal and 
the time-samples of the error signal y (t) - d (t). 

In the case of the new equalizer, the gain controls c are again 
adjusted according to (15). Since 

N 

y(t) = I: CiZi(t), 
i=l 

j~ = ~ {f [y(kT) - d(kT) ]2} 
aCi aCi k=-oo 

00 

= 2 I: [zi(kT)] [y(kT) - d(kT)], 
k=-oo 

1: = 1 to N. (RR) 
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It is seen from (88) that ·[lEl aCi can be obtained similarly by correlat­
ing the time-samples of Zi (t) and the time-samples of y (t) - d (t) . 
Therefore, the gain-control adjustment loop of the new equalizer is 
essentially the same as that of the conventional equalizer. 

VI. APPLICATION OF THE NEW EQUALIZER STRUCTURE 

In this and the next sections, we consider how to use the new 
equalizer structure for a Class IV partial-response system. It will be 
shown, both analytically and by computer simulation, that when the 
amplitude characteristic of the transmission medium does not vary 
appreciably from channel to channel (such as in the case of multiparty 
private line polling systems), we can use a fixed P matrix for the new 
equalizer (that is, Pij need not be adjusted in each training period). 
Such a simplification is possible even though the system timing, the 
demodulating carrier phase, and the phase characteristic of the trans­
mission medium change from channel to channel. 

It has been shown in Section IV that € can be minimized in one 
adjustment if .Q!k = 1 and P satisfies the equation 

PAP' = I. (69) 

As pointed out in Section 3.1, the elements aij of the A matrix are 
independent of the demodulating carrier phase, the system timing, the 
phase characteristics of the transmitting and receiving filters, and the 
phase characteristic of the transmission medium. Therefore, from (69), 
P is independent of all these parameters. It can also be seen from 
(36) in Section 3.1 that ~j depends only on the amplitude charac­
teristic IF2 (f) I of the transmission medium (amplitude distortions of 
the transmitting and receiving filters are usually negligible). In some 
systems, such as private-line polling systems, IF2 (f) I does not vary 
appreciably from channel to channel. For such systems, a fixed P 
matrix may approximately satisfy (69) for aU channels. Therefore, in 
designing such systems, we may estimate IF2 (f) I and compute from 
this an estimate of A (this estimate of A will be denoted by S). We 
can then estimate P from the equation 

PSP' = I. (89) 

and use this estimated P for all channels. When the estimated IF2 (f) 1 

agrees with the actual IF2 (f) I, SI agrees with A. Consequently the 
estimated P satisfies (69), and € is minimized in one adjustment. When 
the estimated IF2 (f) I differs from the actual IF2 (f) I, the estimated P 
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will not satisfy (69) and the convergence rate of € will be reduced. 
In order to see whether the reduced convergence rate is satisfactory, 
we need formulas to relate the convergence rate to IF2 (f) I. Such 
formulas will be derived in this section, and will be used in the next 
section for a hypothetical data communication system. 

Let the difference between the estimate of A and A be denoted by 
R, that is, 

R = S - A. (90) 

Since S is an correlation matrix, it is symmetric. Therefore, R is also 
a symmetric matrix. 

From (66) and (90), we have 

ek = [I - akPSP' + akPRP']ek-l , 

As in Section IV, we set 

all k. 

k = 1,2, .... (91) 

(92) 

Since the estimated P is computed from (89), we can substitute (89) 
and (92) into (91) to obtain 

e" = PRP'ek-l , k = 1,2, ... (93) 

It can be easily seen from the recursive equation (93) that 

ek = (PRP') keo , k = 1, 2, ... . (94) 

From (76), the mean-square error after the kth adjustment is 

Ek = Emin + e~PAP'ek . (76) 

We now evaluate the last term e~PAP'ek in the equation above. It 
can be shown from (89) that 

P'P = S-I. 

From (95), (94) can be rewritten as 

ek = PR(S-lR) k- 1P'eo , 

From (96) and (95), we obtain 

(95) 

k = 1,2 .... (96) 

eiP AP'ek = e~P(RS-l) k A(S-lR) kP'eo , k = 1, 2, .... (97) 

Using A = S - Rand (89), we can rearrange (97) into the following 
form 

k = 1, 2, ... . (98) 
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From (77), the initial value of mean-square error is 

EO = Emin + e~PAP'eo . 
It can be easily shown from (90) and (89) that 

e~PAP'eo = e~P[I - RS-1]p-1eo . 

1995 

(77) 

(99) 

Since A is symmetric, PAP' is symmetric. Let '1 , t2, , 'N be the 
eigenvalues of PAP', and let WI , W2, ••• WN be a set of orthonormal 
eigenvectors of PAP' (Wi corresponds to 'i). From 

(100) 

and [see (99)] 

(101) 
we have 

(102) 

It is seen from (102) that the ith eigenvalue of RS- 1 is (1 ri), and 
the ith eigenvector of RS-1 is p-1w i . We shall denote the ith eigenvalue 
of RS- 1 by Xi so 

i = 1 to N. (103) 

Now consider the matrix product P(RS-1)2k(I - RS-1)P-1 in (98). 
To facilitate writing, we shall denote this product by «1», that is 

(104) 

From the eigenvalue and eigenvectors of RS-\ we see that the ith 
eigenvalue of «I» is X~k(1 - Xi), and the ith eigenvector of «I» is Wi. 
We shall denote the ith eigenvalue of «I» by Oi , so 

(105) 

We have shown in the above that the orthonormal eigenvectors 
WI to WN of PAP' are also eigenvectors of «1». Hence, PAP' and «I» can 
be simultaneously diagonalized by WI to WN . By such diagonalizations 
we can reduce (99) to the form 

N 

e~PAP'eo = L (1 - Xi)(e~wi)2 (106) 
i=l 

and reduce (98) to the form 
N 

e~PAP'ek = L X~k(1 - Xi)(e~wi)2, k = 1, 2, .... (107) 
i=l 
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It can be seen from (106) and (107) that the convergence rate of € 

depends on Xl to ~N • Let I Xi I max denote the largest I Xi I among I Xl I 
to I ~N I, that iR, 

i = 1 to N. (108) 

Since PAP' is positive definite, itR eigenvalues must all be positive. 
Hence, 

Si = 1 - ~i > 0, i = 1 to N. (109) 

From (106) to (109), the following bound is obtained 

e~PAP'ek ~ [ I Xi I maxl2ke~PAP'eo, Ie = 1,2, (110) 

Based on (110), we have the first method of estimating the con­
vergence rate of e{PAP'ek : 

First lI!fethod. From each I F2 (f) I , compute Xl to ~N • This gives 
I Xi Imax . According to (110), e~PAP'ek reduces by at least a factor of 
[ IX i I maxr 2 after each adjustment. This completes the estimation. 

This method will be illustrated in the next section. In certain ap­
plications, measurements of I F 2 (f) I may not be available. It may 
only be specified that I F 2 (f) I varies within certain bounds. In such 
cases, I Xi Imax cannot be determined. However, it can be bounded 
from the bounds of I F 2 (f) I . It is shown in Appendix B that 

i = 1 to N. (111) 

where 

(112) 

As explained in Appendix B, IF2 (f - Ie) lact is the actual value of 
IF2 (f - Ie) I, IF2 (f - Ie) lest is the estimated value of IF2 (f - Ie) I, 
[TJ (f) ] max is the maximum value of TJ (f) in the frequency range 0 =::; 
I ~ 12 - 11, and [TJ (f) ] min is the minimum value of 'I} (f) in the 
frequency range of 0 ~ 1 ~ 12 - 11 . 

Based on (110) to (112), we have the second method of estimating 
the convergence rate of e~P AP' ek : 

Second 111ethod. From the bounds of I F2 (f) I, determine [1J(f)]max 
and [1J(f)]min from (112). If 

11 - [1J(f)]min I > 11 - [1J(f)]max I, 

use 11 - [1J(f)]min I as the upper bound of I Xi Imax . If 

11 - [1J(f)]max I > 11 - [1J(f)]min I , 
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use 11 - [lJ(f)]max I as the upper bound of I ~i Imax Use the upper 
bound of I ~i Imax as I ~i Imax to obtain from (110) an estimate of the 
minimum convergence rate of e~P AP' ek • 

As illustrated in the next section, the second method requires only 
some simple hand-calculations, and hence may be applied first even 
if measurements of I F2 (f) I are available. However, it should be warned 
that the second method is usually too pessimistic because the upper 
bound of I ~i Imax , obtained in the above fashion, can be several times 
larger than the actual I ~i Imax . (Consequently, the convergence rate 
may appear to be unsatisfactory when it is actually satisfactory.) 
Therefore, for borderline cases, the first method should be used. 

We illustrate these two methods in the next section. 

VII. NUMERICAL EXAMPLES AND COMPUTER SIMULATION 

In order to illustrate the methods we consider a hypothetical private­
line data communication system (hereafter referred to as the 
hypothetical system). We assume that the system uses a Class IV 
partial-response signal and transmits over voiceband at a baud rate 
of 4800 bauds. The cutoff frequencies tl and t2 defined in Section 3.1 
will be 400 and 2800 Hz respectively. The demodulating carrier fre­
quency te is equal to t2 . It is assumed that the new equalizer in Fig. 4 
is used with N = 13 and a prefixed P matrix computed from (89) 
(see footnote in Section 7.1). The two methods will be used in Sections 
7.1 and 7.2, which follow, to estimate the convergence rate of e~PAP'ek 
{the convergence rate of the mean-square error € is identical to the 
convergence rate of e~PAP'ek [see (76) in Section IV]}. A third and 
very elaborate method, computer simulation of the data communication 
system, will be used in Section 7.3 to demonstrate the convergence 
rate. 

7.1 Estimation by the First Method 

Since I F 2 (f) I of private lines does not deviate considerably from 
a constant in the frequency band 400 to 2800 Hz, we shall simply use 
a constant as the estimate of I F 2 (f) I in this frequency band, and 
compute a P matrix accordingly from (89). This prefixed P matrix 
will be used for all lines. 

N ow consider what happens to the convergence rate when the private 
line has a I F 2 (t) I as depicted in Fig. 5. It can be seen that this I F 2 (f) I 
varies from -4.8 dB to 0.4 dB, and then to -6.3 dB in the frequency 
band 400 to 2800 Hz. Such a variation is large for private lines. How­
ever, we show that even for this large variation the prefixed P matrix 
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Fig. 5-The IF!!(J) I used in Section 7.1. 

can be used and the convergence rate of the mean-square error IS 

satisfactory. 
In order to use (110), we compute the eigenvalues ~l to ~N in the 

following steps: 

Step 1. Compute the elements aij of the A matrix from (36) and 
the I F 2 (f) I in Fig. 5. It is sufficient to compute only the first row of A. 
To see this, note from (6) that au satisfies the condition 

(113) 
and the condition 

aij = a(i+h) (j+h) • (114) 

From (113) and (114), we see that A can be written in the form 

al1 al 2 al3 al4 alN 

a l2 all al2 a l 3 al(N-l) 

A= al3 al2 a1l al2 al(N-2) (115) 

al4 al3 al2 al1 al(N-3) 

alN al (N-I) al (N-2) al (N:""3) all 
where the elements on the diagonal line are all equal to all , and the 
elements on each off-diagonal line are equal (for example, the ele­
ments on the second off-diagonal line are all equal to a13). Thus, it is 
sufficient to compute only the first row of A. 
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Step 2. Compute the S matrix. It can be seen from Section 3.1 
(from (37) to (40)) that, when 

I F 2(f) I = a constant, 11 ~ 1 ~ 12 , (116) 

we have 

A = a 11.:1 , (117) 

where 

1 0 -.! 0 0 2 

0 1 0 -.! 0 2 

-.! 0 1 0 0 
.:1= 2 

0 -.! 0 1 0 2 
(118) 

0 0 0 0 1 

Since we have used a constant as the estimate of IF2(f) I, we have 

s = a11.:1. (119)* 

Step 3. Compute R = S - A, and compute the eigenvalues ~1 
to ~N of RS- 1

• 

The computations in the above three steps can best be carried out 
by a computer program. Such a program has been written. For the 
I F2 (1) I in Fig. 5, the eigenvalues of RS- 1 are found to be: -0.1573, 
-0.1434, -0.0902, -0.0615, -0.0034, 0.0242, 0.0716, 0.1084, 0.1834, 
0.1945, 0.2954, 0.3797, and 0.4651. The largest magnitude of these 
eigenvalues is 0.4651; therefore, 

I ~i Imax = 0.4651. (120) 

Substituting (120) into (110) gives 

e(PAP'e, ~ [4.~2Je~pAP'e, . (121) 

It can be seen from (121) that e~PAP'ek reduces at least 4.62 times 

* From (119) and (89), we may determine the P matrix. Since P is not needed 
for the following computation, we do not carry out such calculations here. How­
ever, it should be pointed out that the method from (69) to (74) may be used 
for such calculations. It should also be noted that by setting the G matrix in 
(74) to I, we can reduce most of the elements in P to zero. For example, when 
N is a multiple of four, it is sufficient to implement only N2/8 of the Pi; s in 
Fig. 4. This greatly simplifies the implementation. 
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after each adjustment. In other words, each adjustment reduces the 
mean-square error by at least 6.65 dB. This convergence rate is satis­
factory. For example, let Emin be 0.01 and let the initial mean-square 
error Eo be as large as 4 (see computer simulation in Section 7.3). From 
(76), (77), and (121), we see that after four adjustments (approximately 
16 milliseconds) the mean-square error E reduces to less than 0.0187. 
Clearly, this convergence rate is satisfactory. 

7.2 Estimation by the Second Method 

When measurements of I F 2 (F) I are not available, we may estimate 
the convergence rate from the bounds of I F2 (f) I. For illustrative 
purposes, let us assume that I F 2 (f) I does not deviate from unity by 
more than - 2.5 dB or 1.5 dB, that is, 

400 ~ f ~ 2800. 

Notice that I F 2 (f) I can vary in any manner within these bounds. 
We simply use unity as the estimate of I F 2 (f) I. Then from (112), 
[77 (f)]max = 1.414 and [77(f)]min = 0.562. Since 11 - [77(f)]min I > 
11 - [77(f)]max I, we use 11 - [77(f)]min I as the upper bound of I ~i Imax , 
that is, I ~. Imax ~ 0.438. Using I ~i Imax = 0.438, we obtain from (110) 

e(PAP'e, ~ U2]'e:PAP'eo • 

Thus, e~PAP'ek reduces at least 5.2 times after each adjustment (a 7.16 
dB reduction per adjustment). Notice that since the actual value of 
I ~i Imax may be much less than 0.438, the actual convergence rate can 
be much faster. 

7.3 Computer Simulation of the Hypothetical System 

The analytical methods in the preceding subsections yield bounds 
of the convergence rate. In order to demonstrate the actual con­
vergence rate, we simulate the hypothetical system on the computer, 
using a, number of private-line characteristics obtained from field 
measurement. In order to conserve space we describe here only the most 
important results. Fig. 6 shows the convergence of the mean-square 
error for a private line which has severe amplitude and phase dis­
tortions (see Table I). Other lines simulated have less severe distor­
tions and hence faster convergence rates. A 30-dB signal-to-noise 
ratio is assumed at the equalizer input. The bottom curve shows the 
convergence of € when the new equalizer is used (with a prefixed P 
matrix computed from (119) and (89)). It can be seen that, when the 
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TABLE I-RELATIVE ENVELOPE DELAY AND RELATIVE Loss CHARAC­

TERISTICS OF PRIVATE LINE USED IN SECTION 7.3. 

Relative Envelope 
Frequency Delay Relative Loss 

(Hz) (jLs) (dB) 

300 5500 6.3 
500 2830 2.4 
600 2060 1.9 
800 1040 0.6 

1000 590 0 
1200 390 -0.9 
1400 280 -1.3 
1600 150 -0.8 
1800 0 0 
2000 -100 0.7 
2200 - 80 1.0 
2400 15 2.2 
2600 270 2.7 
2800 260 4.5 
3000 1500 7.1 
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new equalizer is used, € converges rapidly to its minimum value, and 
the training period may be terminated after the third adjustment 
(three adjustments require approximately 12 milliseconds). These 
simulation results are in full agreement with the theoretical results 
in the preceding subsections. 

The top curve in Fig. 6 shows the convergence of € when the con­
ventional equalizer in Fig. 1 is used (also with N = 13). It can be 
seen that the convergence of € is rather slow, and that it takes more 
than 11 adjustments (approximately 44 milliseconds) to reduce € to 
close to its minimum value. 

Figure 6 is obtained with a specific setting of system timing and 
demodulating carrier phase. The computer program has also been 
executed for a sufficiently large number of other timing and carrier 
phase settings. Curves similar to those in Fig. 6 have been obtained. 
The results may be summarized in Fig. 7. The horizontal axis in Fig. 7 
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Fig. 7-Number of equalizer adjustments required to reduce the mean-square 
error to less than 0.05 for different timing and canier-phase settings. 
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shows the setting of the timing and the carrier phase, while the 
vertical axis shows the number of adjustments required to reduce 
the mean-square error { to less than 0.05. For example, when timing 
is set to O.IT and the carrier phase is set to 90 degrees, three adjust­
ments are required to reduce { to less than 0.05 when the new equalizer 
is used, while 11 adjustments are required when the conventional 
equalizer is used. It can be seen from the top curve in Fig. 7 that when 
the conventional equalizer is used, the number of required adjustments 
varies a great deal with timing and carrier phase, and as many as 19 
adjustments can be required. On the other hand, when the new equalizer 
is used (bottom curve), the number of required adjustments remains 
small for all time and carrier-phase settings. (This is due to the first 
convergence of the new equalizer.) Thus, when the new equalizer is used, 
it is not necessary to make fine adjustments of timing and carrier 
phase at the beginning of the training period. We may simply set these 
parameters to some reasonable values, and then use the new equalizer 
to quickly reduce the mean-square error. It is possible that the whole 
process of adjusting the timing, the carrier phase, and the equalizer 
can be completed in a brief training period. 

VIII. SUMMARY AND CONCLUSIONS 

Section II considers amplitude modulation data communication sys­
tems that use transversal filters for automatic equalization. The gain 
controls of the transversal filters are adjusted by the gradient method 
[equation (15)] to minimize the mean-square error between the 
received and the desired pulses. After the fundamentals are reviewed, 
the mean-square error is decomposed into N error-components (N is 
the number of taps on the transversal filter). The error-components 
depend on the eigenvalues Al , ... , AN of the correlation matrix A. 
These eigenvalues and the convergence of the error-components 
depend on the signaling scheme and the channel characteristics. Two 
important classes of digital communication systems are examined: the 
class IV partial-response system and the SSB Nyquist system. It is 
shown that for both systems, the engenvalues AI, ... , AN are inde­
pendent of the demodulation carrier phase, the system timing, the 
phase characteristic of the transmission medium, and the phase 
characteristics of the transmitting and receiving filters. Consequently, 
the eigenvalues depend on only the amplitude characteristics of the 
transmission medium and the filters. Since amplitude characteristics of 
the filters depend on the signaling scheme, it might be said that the 
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eigenvalues depend on only the signaling scheme and the amplitude 
characteristic IF2 (I) I of the transmission medium. For applications 
where IF2 (f) I does not vary considerably from channel to channel 
(such as private-line systems), the eigenvalues depend primarily on 
the signaling scheme. For the SSB Nyquist system, the eigenvalues 
A1, ... , AN are nearly equal. Consequently, as shown in Section 3.2, 
each adjustment reduces each of the error-components by a large 
factor, and the mean-square error can be minimized after only a few 
adjustments (for example, two adjustments). For the class IV partial­
response system, the eigenvalues A1, ... , AN are very different in 
magnitude. (The ratio of the maximum eigenvalue to the minimum 
eigenvalue is very large; e.g., 40 or larger.) Therefore, each adjustment 
cannot reduce each error-component by a large factor, and, as can be 
seen from Figs. 6 and 7, the convergence rate may not be satisfactory 
for fast start-up purposes. 

The results in Section III suggest that in order to improve the con­
vergence rate an attempt should be made to reduce the differences 
between the eignevalues. As emphasized in Section IV, differences in 
eigenvalues are caused by the correlation between the inputs to the 
gain controls. When the inputs to the gain controls are orthonormal, 
the eigenvalues are all equal and the mean-square error can be min­
imized in only one adjustment. The inputs to the gain controls can be 
made orthonormal by using the generalized equalizer structure in Fig. 
3. The generalized equalizer can be realized with digital or analog 
filters. Because of the press toward digitalization and integrated cir­
cuits, digital filters are used. A realization using nonrecursive digital 
filters is depicted in Fig. 4. This equalizer structure, referred to as 
the new equalizer structure, is analyzed in detail. It is shown that for 
any given channel the coefficients of the digital filters can be set 
according to (69) or (74) to make the inputs to the gain controls 
orthonormal. Then each adjustment of the gain controls can reduce 
the mean-square error € to its minimum vah)e, regardless of the mag­
nitude of € prior to that adjustment. In Section V it is shown that such 
a fast convergence (one-step convergence) is obtained without chang­
ing the residual noise power, the minimum mean-square error, and the 
convexity of the adjustments, and without complicating the gain­
control adjustment loops. 

The theory in Sections IV and V is general in that it applies regard­
less of the type of modulation (SSB, VSB, or DSB) or the signaling 
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scheme (partial-response or Nyquist). Sections VI and VII consider 
the application of the theory to a Class IV partial-response system. 
Most importantly, it is shown that the coefficients Pij of the digital 
filters in the new equalizer can be prefixed. It is first observed that 
for Class IV partial-response systems the coefficients Pij in the new 
equalizer depend only on the amplitude characteristic IF:! (f) I of the 
transmission medium. Consequently, for private-line systems and sys­
tems where IF2 (f) I does not vary considerably from channel to channel 
(delay distortion can vary arbitrarily), we may compute the co­
efficients Pij from an estimated (typical) IF2 (f) I and use these pre­
fixed P ij for all channels. One-step convergence is obtained when actual 
IF2 (f) I agrees with the estimated IF2 (f) I· When actual IF2 (f) I differs 
from the estimated IF2 (f) I, the convergence rate of the mean-square 
error is reduced. In order to determine if the reduced convergence rate 
is satisfactory, two analytical methods are developed to relate the 
convergence rate to IF 2 (f) I. These methods are first presented in 
Section VI, and are used in Section VII for a hypothetical data com­
munication system. This hypothetical system uses a Class IV partial­
response signal and transmits over private voice lines at a data rate 
of 4800 bauds. For private lines, 1F.2 (f) 1 does not vary considerably iIi 
the passband 400 to 2800 Hz; therefore, a constant is used as 
the estimate of IF'2 (f) I and the prefixed P ij are computed from 
(89) and (119). It is shown analytically in Section 7.1 that the 
use of the prefixed Pij yields a satisfactory convergence rate even 
when the line has severe amplitude distortion. To further demon­
strate the convergence rate, the hypothetical system is simulated on a 
digital computer, using the prefixed Pij and a number of private-line 
characteristics obtained from field measurements. A 30-dB signal-to­
noise ratio at the equalizer input is assumed. Figs. 6 and 7 illustrate 
the convergence of the mean-square error for a private line that has 
severe amplitude and phase distortion. (The convergence is faster 
for other lines.) It can be seen from these figures that, when the new 
equalizer is used, the equalizer settles after three adjustments (ap­
proximately 12 milliseconds). Furthermore, because of the fast con­
vergence, the settling time remains small for all settings of timing and 
demodulating carrier phase. Thus, when the new equalizer is used, it is 
not necessary to make fine adjustments of timing and demodulating 
carrier phase in the start-up period. These parameters can simply be 
set to some reasonable values at the beginning of the start-up period. 
This can further reduce the overall start-up time of the system. 
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APPENDIX A 

A.l Determination of Eigenvalues and Eigenvectors 

In this appendix we determine the eigenvalues and eigenvectors of 
the N X N matrix A in equation (40). The two cases of odd Nand 
even N are considered separately. 

Case 1. Odd N. 

Let A be an eigenvalue of A, and let 

U= (122) 

be the corresponding eigenvector. We can rewrite the equation A u = 
;\ U as 

N 

L aijUj = AUi , 
j=1 

i = 1 to N. 

Equation (123) can be split into the following two equations: 

and 

N 

L aijUj = AUi , 
j=1 

N 

L aijUj = AUi , 
j=1 

i = odd 

i = even. 

(123) 

(124) 

(125) 

From (39), Uij = 0 when i - j is odd. Thus (124) can be reduced to 

L aijUj = AUi , i = 1,3, ... ,N. 
j=1,3, .. ·.N 

Using (39), we can write the above equation as 
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1 -.1 0 0 0 Ul I U, 
2 

-! 1 -! 0 0 U3 U3 

0 -.1 1 1 0 U5 = 'A U5 2 -z (126) 
0 0 -.1 1 0 U7 U7 2 

o o o o 
The first matrix on the left-hand side of (126) is an (N + 1)/2 X 
(N + 1) /2 tridiagonal matrix. In addition to the trivial solution 

there are (N + 1) /2 nonzero solutions to (126). The kth such solu­
tion, k = 1,2, ... , (N + 1) /2, is14 

and 

k7r 
'A = 1 - cos N + 1 (127) 

-2-+ 1 

· k7r 
sm N + 1 

--+1 
2 

· k27r 
sm 

[ 

2 Ji N t 1 + 1 
N+l+ 1 . 

2 . 

· k~7r 
sm N + 1 

-2-+ 1 

(128) 

From (39), (125) can be written as 

1 -.1 0 0 U2 U2 2 

-.1 1 -.1 0 U4 U4 2 2 

0 -.1 1 0 U6 = 'A U6 (129) 
2 

0 0 0 1 U(N-l) LUCN-l) 
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where the first matrix on the left-hand side is an (N - 1) /2 X 

(N - 1) /2 tridiagonal matrix. In addition to the trivial solution 

there are (N - 1)/2 nonzero solutions to (129). The kth such solu­
tion, k = 1,2, ... , (N - 1)/2, is 

and 

k7r' 
~ = 1 - cos----

N - 1 + 1 
2 

· k7r' 
sm N - 1 

--+1 
2 

· k27r' sm 

[ 
2 1t N ;- 1 + 1 

N - 1+ 1 . 
2 . 

kN - 17r' 
· 2 

sm N - 1 
-2-+ 1 

(130) 

(131) 

It can be shown that the A given by (127) is not equal to that given 
by (130). Therefore, (126) and (129) do not have the same nonzero 
solution. 

We have split (123) into (124) and (125), and rewritten (124) and 
(125), respectively, as (126) and (129). Thus, A and u satisfy (123) 
if and only if they satisfy both (126) and (129). Since (126) and 
(129) do not have the same nonzero solution, A and u are given either 
by the nonzero solution of (126) plus the trivial solution of (129), or 
by the nonzero solution of (129) plus the trivial solution of (126). 

The above may be summarized in the form of a lemma: 

Lemma A-J: For odd N, the eigenvalues and eigenvectors of A may be 
divided into two groups. The kth eigenvalue and eigenvector, k = 1, 2, ... , 
(N + 1)/2, in the first group are given by (127), (128), and 
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The kth eigenvalue and eigenvector, k = 1, 2, ... , (N 
second group are given by (130), (131), and 

Ul = U3 = U5 = ... = UN = O. 

2009 

1)/2, in the 

It can be shown that the eigenvectors specified in Lemma A-I form 
a set of N orthonormal eigenvectors. 

Case 2. Even N 

Using the same method as in Case 1, one can verify the following 
lemma: 

Lemma A-2: For even N, the eigenvalues and eigenvectors ot A may 
be divided into two groups. The kth eigenvalue and eigenvector in the first 
group, k = 1, 2, ... , N /2, are given by 

and 

U3 

and 

k7r 
A = 1 - cos---

N + 1 
2 

· k7r sm---
N + 1 
2 

· k27r 
.1 Sln---

[~l' ~ +1 -+ 1 . 2 . 

N 
k-7r 

· 2 sm---
N + 1 
2 

(132) 

(133) 

(134) 

The kth eigenvalue and eigenvector in the second group, k = 1, 2, ... ,N /2, 
are given by 

k7r 
A = 1 - cos---

N + 1 
2 

(135) 
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and 

and 

· k7r sm---
N + 1 
2 

· k27r sm---

[F-]! ~ + 1 
-+ 1 . 2 . 

N k-7r 
· 2 sm---

N + 1 
2 

(136) 

UI = U3 = U5 = ... = U(N-l) = O. (137) 

The eigenvectors given by (133) and (134) together with the 
eigenvectors given by (136) and (137) form a set of N orthonormal 
eigenvectors. 

APPENDIX B 

B.1 Bounds on Eigenvalues 

It has been defined in Section VI that ~i , i = 1 to N, are the eigen­
values of RS- 1

• In this appendix we study the relation between ~i 
and the amplitude characteristic I F2 (f) I of the transmission medium. 
It is easier to first study the relation between I F 2(1) I and the eigen­
values of AS-I. Let X denote the eigenvalue of AS-I. Since AS- 1 and 
S-IA have the same eigenvalues, X is also the eigenvalue of S-lA. Thus 

S-l AX = Xx, (138) 

where x is the eigenvector of S-lA. Pre multiplying both sides of (138) 
with x'S gives 

x' AX = Xx/Sx. (139) 

Since S is a correlation matrix like A, S is positive definite. Consequently 
x/Sf > 0 for every x except x .= O. Since x is an eigenvector, x ¢ O. 
Therefore 

x/Sx> o. 
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From (139), we have 

- x'Ax 
A = X'SA' (140) 

In this appendix, e is the vector defined in (4) for the conventional 
equalizer. Let [(e' Ae)/(e'Se)]min denote the minimum value of (e' Ae)/ 
(e'Se) over all e ~ 0, and let [(e' Ae)/(e'Se)]max denote the maximum 
value of (e' Ae)/(e'Se) over all e ~ O. Then since the eigenvectors x 
are elements of the set {e I e ~ O}, we have 

[
e' Ae] x Ax' [e' Ae] --- < --- < ---
e'Se min = X'SX = e'Se max' 

(141) 

Now we evaluate the two bounds in (141). Using the notations in 
Section II, we can easily show that 

00 

e'Ae = L Y; . (142) 
i=-oo 

Since Yi are time samples of Y (t) taken at the Nyquist rate, we have 
by sampling theorem 

(143) 

According to Parseval's theorem 

i: [y(t)]2 dt = i: Y(f) Y*(f) df, (144) 

where Y (f) is the Fourier transform of y (t), and y* (f) is the com­
plex conjugate of Y (f). From (2), we obtain 

N 

Y(f) = X(f)eJ27rfT L cke-J2rfkT. (145) 
k=l 

Substituting (145) into (144) gives 

L: [yet)]' dt = L: [X(j) [' [t, c,e-Hr/kT] [t, C,e',,/kT] df· (146) 

One can rearrange (146) into the following form 

(147) 

where 
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q(l) = [~Ck COS 21rlkT T + [~Ck sin 21rlkT]'. (148) 

Since we are considering a Class IV partial-response system, we can 
use (30) in Section 3.1 to determine IX (f) I, and use (35) for the 
product IFdl ~ le)F3 (f - Ie) I in IX(!) I· From these equations, (147) 
can be reduced to the following form 

f oo 1 11
.-

/1 [f J2 
-00 [y(t)]2 dt ="2 0 IF2(f - fe) 12 sin f2 ~ fl q(f) df. (149) 

Combining (142), (143), and (149) gives 

(150) 

In the following discussion, we have to distinguish between the actual 
IF2 (f - Ie) I (denoted IF2 (f - Ie) la~d and the estimated IF2 (f - Ie) I 
(denoted 1F'2(f - Ie) lesd. In order to emphasize that the IF2(f - Ie) I 
in (150) is the actuallF2 (f - Ie) I, we rewrite (150) as 

(151) 

When the actual IF2 (f - Ie) I is replaced by the estimated IF2 (f - Ie) I, 
A is replaced by S, and (151) becomes 

11.-/1 . [f J2 
e'Se = (f2 - fl) 0 [lF2(f - fe) lest]2 sin f2 ~ fl q(f) df. (152) 

Let 'YJ (f) be defined as 

(153) 

From (151), (152), and (153), we obtain 

e' Ae i'·-/1 

1] (f) n(f) df 
-,- = 
e Se i,o

-
/1 

n(f) df 
(154) 

where 

fl(j) = [iF,(1 - I,) 1 •• .J{Sin I, "!. I,} q(I)· (155) 

It can be easily seen from (155) and (148) that 

fl(f) ~ 0, f\./'.£./'.£ .£ 
V == / == /2 - /1 • (156) 
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Furthermore, for e =F 0, n (I) cannot be identically 0 in the frequency 
range 0 ~ / ~ /2 - /1 (for if so e'Se would be 0, contradicting the 
fact that S is positive definite). It can be seen from (153) that 

YJ(f) ~ 0, q57) 

From these properties of n (f) and 1] (I), one can see that 

(158) 

where [1] (I) ] max is the maximum value of YJ (I) in the frequency range 
o ~ / ~ h - /1 . It can alse be seen that 

(159) 

where [YJ (I) ] min is the minimum value of 1] (f) in the frequency range 
o ~ / :s; /2 - /1 . Now we tie the results together. From (140), (141), 
(154) , and (158), we have 

- _ ~ < £.-.--E. < -'A- ['A] X - x'Sx = . c'Sc max = [YJ(f)Jmax . (160) 

Similarly, from (140), (141), (154), and (159), 

"\ = x_-,' Ax_- _~ [c,' ACJ-' ~_ ) 
1\ S S [YJ(f Jmin . x x C C min 

(161) 

We may combine (160) and (161) as 

(162) 

It can be easily shown that the eigenvalue ~i of RS- 1 is related to the 
eigenvalue X of AS- 1 by 

1 - ~i = X. (163) 

From (163) and (162), we obtain the final result 

i = 1 to N. (164) 

Equations (164) and (153) are, respectively, (111) and (112) in 
Section VI. 
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Combining Correlated Streams of 
Nonrandom Traffic 

By SCOTTY NEAL 
(Manuscript received October 6, 1970) 

The Equivalent Random method is used for engineering many of 
the telephone overflow-networks in the Bell System. But since this 
method is not directly applicable to the analysis of graded-multiple 
trunk-groups whic:h carry overflow traffic, we extend the method to 
cover such arrangements. The key to this extension is a technique for 
taking correlation into account 1()hen combining dependent streams 
of traffic. which are themselves more variable than Poisson. In prin­
ciple, the technique is applicable wherever a stream of overflow traffic 
is divided, submitted to independent trunk groups, and then recom­
bined. 

The extended Equivalent Random method provides adequate esti­
mates of load-service relations for graded multiples which carry 
overflow traffic, provided the grad£ng ca,pacity is not substantially in­
fluenced by the network that precedes the grading. 

1. INTRODUCTION 

The Equivalent Random method1
,2 is used for engineering many 

of the telephone overflow-networks in the Bell System. However, the 
method is not directly applicable to the analysis of graded-multiple 
trunk-groupst which carry overflow traffic; e.g., gradings used as 
alternate routes in step-by-step switching systems having common 
control and alternate-routing capability. Apparently, Lotze5,6 is the 
only author with results for estimating load-loss relations for gradings 

t The reader should have some knowledge of graded multiples and the methods 
associated with the engineering of telephone overflow-networks. Some familiarity 
with the step-by-step switching system would also be helpful. Those not ac­
quainted with these concepts may find it worthwhile to consult Ref. 1 for a dis­
cussion of telephone overflow-networks. An introduction to graded multiples is 
given in Ref. 3. Reference 4 contains a description of the pertinent aspects of the 
step-by-step system. 

2015 
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which carry overflow traffic. Unfortunately, his method requires data 
which cannot be obtained in a step-by-step system at reasonable cost. 

We extend the Equivalent Random method to cover such applica­
tions. The key to the extension is a technique for taking correlation 
into account when combining dependent streams of overflow traffic. 
(In principle, the technique is applicable wherever a stream of over­
flow traffic is divided, submitted to independent trunk groups, and 
then recombined.) In Section II, we derive the appropriate covariance 
function. In order to describe how the covariance function is used to 
extend the Equivalent Random method, t we begin with an example 
of an application of the extended method for the analysis of a step­
by-step graded multiple. 

Figure 1 represents schematically a step-by-step grading which 
might be used as a final route. Each horizontal bar denotes one trunk 
(server). The traffic offered to the gradingt is an overflow stream 
from a subordinate network. The traffic is represented by the mean 
a and variance v of the number of simultaneous calls that would be 
in progress if this traffic were carried on a full-access group without 
blocking. The diagram is designed to indicate that an arriving call is 
first directed at random to one of the four first-choice subgroups; 
i.e., an arrival is directed to the ith subgroup with probability Pi. 
After reaching a particular subgroup, the call hunts vertically upward 
for an idle trunk. If all three trunks in the subgroup are busy, the 
call overflows into the second maj or level of the grading. The call 
then seizes the lowest idle trunk in the second-level subgroup. If both 
trunks in the second level are busy, the call overflows to the third 
maj or level containing five trunks (usually called finals). If all five 
finals are busy, the call leaves the system and does not return; i.e., the 
call is blocked and cleared. The symbol ao and Vo denote respectively 
the mean and variance of the overflow from the grading. 

In a step-by-step system, the arrangement of line-finders and 
selectors through which calls reach a grading causes an inherent load­
balancing4 over the first-choice subgroups; there is positive correlation 
between the numbers of occupied trunks in the individual subgroups. 
Attempting to introduce the correlation into our model, we assume 

t The Equivalent Random method is known to be adequate for estimating 
load-service relation for overflow-networks having Poisson inpup,8 

t For the present study, we assume that all offered loads are constant. Hence, 
we are estimating single-hour capacities of gradings. Utilization of our results 
for normal engineering involving average busy-hour loads, would require periph­
eral operations to adjust the load-service relationship to reflect the effects of low, 
medium, or high day-to-day variations in the load.!) 
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(ao,vo)} STREAM OF t BLOCKED CALLS 

FINAlS{ -----------------­

SECOND-LEVEL -( 
TRUNKS ---------

FIRST-CHOICE-( ----
SUBGROUPS 

t } 
STREAM OF OFFERED 
CALLS HAVING MEAN 

(a,V) a AND VARIANCE V 

2017 

Fig. I-Schematic representation of a step-by-step graded multiple containing 
21 trunks. 

the configuration given in Fig. 2. The four arrows above the full­
access group denote (correlated) overflow streams caused by the 
corresponding input streams. The intensity of the ith input stream 
is ai = Pia. 

At this stage, we have modeled an arrival process having mean a 

and variance v. The individual substreams to the first-choice sub­
groups of the grading are certainly correlated. How well the correla-

t t t t } THE SUPERPOSITION 
OF THESE FOUR 

aUVj a2,V2 a3,v3 a4,V4 STREAMS HAS MEAN 
I I I I a AND VARIANCE V 

}c TRUNKS 

t t t 
8 1 8 2 83 a4 

"- / 

t 
a 

Fig. 2-A model for correlated input streams. 
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tion approximates the correlation that exists in an actual step-by-step 
system is a point which must be tested. In Section III, we show that 
the approximation works quite well when a large group of selectors 
is connected to the grading. In any event, we can view the above 
figure as a first approximation for the step-by-step problem. More­
over, the general features of the above configuration are not restricted 
to step-by-step systems. 

Figure 2 also illustrates the two basic features of the Equivalent 
Random method. First, the method assumes that, for engineering, 
purposes, only the first two moments of an overflow process are 
required. Second, the method assumes that any overflow process having 
mean a and variance v is adequately approximated by the overflow 
from a unique "equivalent system" consisting of a full-access trunk­
group with Poisson input. Whenever a and v are known, standard 
techniques are availablel to obtain the equivalent system of c trunks 
and intensity a = al + a:! + a3 + a4 of the Poisson input. 

The next step consists of using results obtained independently by 
Desclouxlo and Lotze6 to determine the mean ai and the variance Vi 

of the overflow (due to ai) which is submitted to the ith first-choice 
subgroup of our grading. This "splitting" is determined bylO 

(1) 

and 

(2) 

The covariance Cij between the ith and jth "split" streams is given bylO 

Cii = PiPj(V - a). (3) 

After splitting, our system is represented as 

Fig. 3-Graded multiple with correlated input streams. 
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where it is understood that the parameters ai and Vi of the individual 
substreams satisfy equations (1) through (3). Using the Equivalent 
Random method, we now approximate the individual substreams as 
overflows from full-access trunk groups. Moreover, to determine the 
total overflow which goes to the second major level of the grading, 
we view the entire system in the following manner: 

t 
(a,v) 

t 
/ "-

t t t 
(ali ,Vii) (a12 ,V;2) (a I3, v13 ) (aI4,V14 ) 

t t t f 

t t t 
(a1,V;) (av v2 ) (a3 ,V3 ) (a4 ) v4 ) 

t t t t 
cl1 { C12{ }C13 }C14 

t t 
all a12 a13 a104 

Fig. 4-First cycle of application of the extend~d equivalent random method. 

Figure 4 indicates that an overflow of mean ai and variance Vi re­
sults from a Poisson stream of intensity ali being offered to a full­
access group of eli trunks, i = 1, "', 4. Furthermore, the ith sub­
stream is offered to the three trunks in the ith first-choice subgroup 
of the grading, and causes an overflow of mean ali and variance VIi 

to be submitted to the second major level of our grading. 

One can see the main reason for looking at the grading in the manner 
described above: the parameters ali and Vli are easily computed byl 

and 
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where E1,s(a) denotes the first Erlang loss-function (Erlang-B block­
ing pro ba bility ) . 

To complete the first cycle of computation, we need to obtain the 
mean a and variance v of the total overflow submitted to the second 
major level of our grading. The mean a is given by a = ~~=l ali . 

Unfortunately, the variance v is more difficult to obtain, since the 
individual substreams are correlated. 

To obtain v we need the covariance, cov (i, j), between the ith and 
jth overflow streams which are offered to the second level. A reasonable 
method for computing cov (i, j) has not been available in the past. 
Our extension of the Equivalent Random method consists of an algo­
rithm for computing cov (i, j) in a fairly efficient fashion for many 
configurations of interest. A derivation of the algorithm is given in 
Section II. 

After cov (i, j) has been determined, v is obtained from 
4 4 

V = ~Vli + ~ cov (i, j). (4) 
i=l i,i=l 

ir'i 

Having a and v, we reduce the system configuration to that shown 
in Fig. 5. 

t 
Ccx)v) 

Fig. 5-Starting point for the second cycle of the extended equivalent random 
method. 

The proportion of the traffic (a, v) offered to the first subgroup of the 
second level is PI = (all + a12)/a, and P2 = (a13 + a14)/a is the pro­
portion offered to the second subgroup. Consequently, one cycle of 
computation is completed. 

Repetition of the logic described above will yield estimates of the 
overflow mean aa and variance Va • Moreover, the cyclic nature of the 
procedure allows the logic to be programmed on a digital computer 
so that load-service tables and other relevant information can be 
generated in a stra.ightforward manner. 



CORRELATED TRAFFIC-STREAMS 2021 

II. MATHEMATICAL MODEL 

A service system S is composed of a collection mI of c first-choice 
servers, two groups m.1 , m.2 containing d1 , d2 second-choice servers 
respectively, and two last-choice groups £1 , £2 each containing an 
infinite number of servers (see Fig. 6). The arrivals into the system 
are generated by v independent groups of customers G1 , ••• , Gp • The 
arrivals from group Gi occur according to a Poisson process with in­
tensity ai . All service times throughout the system are independent 
and have a negative-exponential distribution with unit mean. 

A customer, arriving to find an idle first-choice server, selects an 
idle server from mI, and service commences immediately. If an arrival 
from group Gi , i = 1, 2, occurs when all c of the first-choice servers 
are busy, but at least one of the d i servers from the second-choice 
group m. i is idle, a server is selected from m. i , and service commences 
at once. If a customer from group Gi arrives to find all the servers 
busy in both mI and m.. , then he is served by one of the servers from 
the group £i . If k ~ 1 and k ~ 2, requests for service from group 
Gk , which occur when all c servers in mI are busy, are dismissed and 
do not return. 

We assume that the system is in statistical equilibrium and define 
M, Ni , Li to be the number of busy servers in mI, m. i and £i respec­
tively (at a random instant of time) for i = 1, 2. Define the state of 
the system to be (M, Nl , N 2, Ll , L 2) with joint probability density 
function f(m, nl , n2 , II , l2) = 

P{M = m, Nl = nl , N2 = n2 , Ll = II , L2 = l2}. 

LAST - CHOICE { LJ 
GROUPS 1 lJ 

f 1 
SECOND-CHOICE-( G 

GROUPS 1 GJ 
t i t t 

FIRST -CHOICE { I 
GROUP M 

i t f t 
a1 a2 a3 

Fig. &-System configuration. 
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Setting a = a1 + a2 + ... + av , it follows that f must satisfy relations 
of the following form: 

For 0 ~ m ~ c - 1, 0 ~ ni ~ di, and li ~ 0, 

(a + m + n1 + n2 + 11 + 12)f(m, n1 ,n2 , 11 , 12 ) 

= af(m - 1, n1 ,n2 , 11 , 12) 

+ (m + 1)f(m + 1, n1 ,n2 , 11 , 12) 

+ (n1 + 1)f(m, n1 + 1, n2 , 11 , 12) 

+ (n2 + 1)f(m, n1 ,n2 + 1, 11 , 12) 

+ (ll + 1)f(m, n1 ,n2 , II + 1, 12) 

+ (12 + 1)f(m, n1 ,n2 , 11 , 12 + 1). (5) 

Similar relations hold on the boundary of the state space { (m, n1 , n2 , 
h , l2): 0 ~ m ~ c, 0 ~ n~ ~ di , li ~ O}. We define f to be zero at all 
points not in the state space. 

The preceding infinite set of equations is quite difficult to solve. 
However, when it suffices to know the various moments of the random 
variables L1 and L2 , the problem can be ~implified by introducing a 
two-dimensional binomial-moment generating-function. This function 
is defined by 

00 00 

= L L f(m, n1 ,n2 , 11 , 12)(1 + X1)11(1 + X2)1. (6) 
1, =0 1.=0 

for - 1 ~ Xi ~ 0, 0 ~ m ~ c, and 0 ~ ni ~ di . Assuming that the 
binomial moments 

(7) 

exist, it follows thaU 
00 00 

L L Bz,.I.(m, n1 ,n2)x!'x~·. 
1, =0 1.=0 

Of course, the binomial moments B 1,.1. (m, n1 , n2) are the entities 
of interest since 

t Various manipulations of these double series will be carried out in the sequel. 
The mathematical justification for the validity of the manipulations can be 
obtained from Ref. 11, Sections 5.3 through 5.5. 
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In particular, B (1,0) = E (Ll)' B (0,1) = E (L2 ), and B (1,1) = E (LlL 2 ) 

SO that COV(LI , L2 ) = B(1,!) - B(1,o) B(O,l) . 

Relations for the binomial moments are obtained by multiplying 
both sides of Equation (5) (and the boundary equations which were 
not given) by (1 + Xl)ll(1 + X2)l. and summing on II and l2 . Equating 
like powers of Xl and X2 yields the following finite system of equations: 

If 0 ~ m ~ c - 1 and 0 ~ ni ~ d i , 

(a + m + n l + n2 + II + l2)B l1 ,l2(m, nl , n2) 

= aBll,l.(m - l,nl ,n2) + (m + I)Bll'l2(m + 1,n! ,n2) 

+ (nl + I)B I1 ,12(m,n! + l,n2) 

+ (n2 + I)B ll ,l,(m, n l , n2 + 1). 

For 0 ~ ni ~ d i - 1, 

(al + a2 + c + n l + n2 + II + l2)Bll,12(C, n l , n2) 

= aBll,l.(C - 1, n l ,n2) 

+ alB I1 ,l2(C, n l - 1, n2) + a2Bll'12(C, n l , n2 - 1) 

+ (nl + I)Bll,12(C, n l + 1, n2) 

+ (n2 + I)B l1 ,12(c,n l ,n2 + 1). 

Whenever 0 ~ nl ~ d l - 1, 

(a l + C + n l + d2 + II + l2)B l1 ,l.(C, n l , d2) 

= aBll,I.(C - 1, n l , d2) + alBll,I'(C, n l - 1, d2) 

+ a2Bll,12(C, n l , d2 - 1) 

(9) 

(10) 

+ (nl + I)Bll'l2(C, n l + 1, d2) + a2B ll ,12-l(C, n l , d2). (11) 

A similar result holds for 0 ~ n2 ~ d2 - 1. At the extreme boundary 
point (c, d l , d'2), 

(C + dl + d2 + II + l2)B l1 ,12(C, dl , d2) 

= aBll,12(C - 1, dl ,d2) + alB ll ,l2eC, dl - 1, d2) 

+ a2B ll ,l2(C, dl , d2 - 1) 

+ alBl,-l,l.(C, dl ,d2) + a2B I1 ,l2-l(C, dl ,d2). (12) 
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Since Bo,o (m, nl , n2) = P{M = 1n, Nl = nl , N:'2 = n2}, it follows 
that 

C d l d. 

~ ~ ~ Bo,o(m, n 1 ,n2) = 1. (13) 
m=O nl =0 n. =0 

We set BII,I.(m, n1 , n2) = 0 for any point (ll , l2 , m, n1 , n2) not in 
the set 

{(l1 , l2 , m, n1 , n2): li ~ 0, 0 ~ m ~ C, 0 ~ ni ~ dd. 
A very useful relation can be obtained by summing all of equations 

(9) through (12) to obtain 
d. 

(ll + l2)B(lt,I.) = a1 ~ Blt-l,l.(C, d1 ,n2) 
n.=O 

d l 

+ a2 ~ B II ,I.-1(c,n1 ,d2). (14) 
nl=O 

Consequently, B(1,'l) = E{LlL:!,} can be obtained from 

d l 

Q1(m, n2) 4: ~ B 1,0(m, n1 ,n2) (15) 
nl=O 

and 

d. 

Q2(m, n1) 4: ~ B O,l(m, n1 ,n2)' (16) 
n.=O 

That is, 

(17) 

Relations for ql and q:!. are obtained directly from equations (9) 
through (12) (see Appendix B). However, the relations require 
Bo,o (c, nl , d:!.) and Bo,o (c, dl , n:!.) for 0 ~ ni ~ di . (See Refs. 12 and 
13 for a related problem.) Setting II = l:!. = 0 in equations (9) through 
(13) yields, with equation (14), a system of (c + 1) (dl + 1) (d2 + 1) 
independent linear equations for Bo,o which in principle can be solved 
numerically. Unfortunately, for the step-by-step applications de­
scribed in the introduction, c can be quite large (20 or more) although 
dl and d;!, normally do not exceed 5. Consequently, systems of 500 
and more equations would not be uncommon. Since a solution might 
be required for several sets of parameters in any particular network, 
a direct numerical solution is not attractive. 

In Appendix A, we obtain a closed-form expression for Bo,o (m, n1 , 
n2) in terms of the (d l + 1) (d:!, + 1) constants 
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(18) 

Furthermore, these constants satisfy (d 1 + 1) (d.~ + 1) independent 
linear relations, so that a numerical solution is quite practical. In fact, 
the maximum size of the system of equations requiring solution for 
step-by-step systems is reduced from more than 500 to 36. 

A closed-form expression for qtCc, d2 ) and Q"2(c, d1 ) is derived in 
Appendix B. These results combine into the following computational 
algorithm for cov (L1 , £2) : First of all, 

(3(0,0) = El,c(a) (19) 

(the Erlang-B blocking probability for the first-choice group), and 
for 0 ~ ni ~ di , nl + n2 > 0, 

(nl + n2)vn1 +n.{3(nl ,n2) 

= al{3(nl - 1, n2) + a2{3(nl ,n2 - 1) 

- a l [ d
l 

](3(dl ' n2) - a2 [ d
2 

](3(nl ' d2). (20) 
nl - 1 n2 - 1 

By definition, p(n!, - 1) = P( - 1, n2) = 0 for 0 ~ ni ~ di . The 
numbers Vn are intimately related to various aspects of overflow sys­
tems l and satisfy the following recurrence relation: 

(21) 

and 

a c - a 
Vn = -- + 1 + -- for n ~ 1. 

nVn-l n 
(22) 

Then, (from Appendix B) 

(23) 

and 

(24) 
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From Appendix A, 

so that 

2 COy (L1 , L2) = a1Q2(c, d1) + a2Q1(c, d2) - 2a1a2(3(d1 ,0)(3(0, d2). (26) 

Equations (19) through (26) constitute an algorithm for the com­
putation of cov (L1 , L 2 ). 

Whenever 

a1 = a2 and d1 = d2 

the symmetry of the problem (see Fig. 1 and equation (18)) implies 
that 

(27) 

The symmetry required by (27) would prevail for most step-by-step 
graded multiples. In such cases (27) can be used to reduce the number 
of equations to 112 (d1 + 1) (d l + 2). Consequently, the dimensions 
of the systems of equations needed for an analysis of most step-by-step 
graded multiples would not exceed 21. Such systems can be solved 
very efficiently by numerical matrix inversion. 

III. NUMERICAL RESULTS 

In order to establish a base for comparison, we used a simulation 
to obtain load-service relations for a 25-trunk and a 45-trunk step­
by-step graded multiple. We obtained results for several values of 
variance-to-mean ratio z = Via and several selector configurations. 
We found that the extended Equivalent Random method furnished 
adequate estimates of blocking probability in each case where the 
maximum number of selectors was used. However, as the number of 
selectors was reduced for a particular grading, the inherent load­
balancing4 caused actual grading capacity to be higher than indicated 
by the extended Equivalent Random method. Consequently, we con­
clude that the extended Equivalent Random method provides adequate 
estimates of load-service relations for graded multiples which carry 
overflow traffic, provided that the network through which calls reach 
the grading does not significantly influEnce grad1'ng ca,pacity. 

In view of the effort required to obtain the covariance cov (Li , L j ) , 

one naturally questions the necessity of accounting for the correlation 
which occurs in our prohlem. In fact, on several occasions, we en-
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countered the following question: What sort of results would be 
obtained if both mean and variance were split by proportion (i.e., 
ai = Pia and Vi = PiV) when splitting is required, and cov (L i , L j ) 

were assumed to be zero whenever a variance recombination is re­
quired? 

In order to consider the preceding question, as well as to obtain a 
better understanding of the behavior of cov (Li , L j ), three computer 
programs were written to generate load-loss relations for step-by-step 
graded multiples. These programs were based respectively on the 
following assumptions: 

(i) The input traffic is completely random, i.e., Poisson. t 

(ii) The input traffic is nonrandom. Mean and variance are split 
by proportion when required and cov (Li , L i ) is assumed to 
be zero.t 

(iii) The input traffic is nonrandom, and the gradings are analyzed 
by using the extended Equivalent Random m~thod. ' 

Throughout the study, the offered traffic was assumed to be balanced 
over the subgroups of any grading under consideration (i.e., Pi = pj 
for all i, j). 

For comparison, we used each of the three assumptions to compute 
load-service relations for a 25-trunk and a 45-trunk graded multiple. 
The results are displayed in Fig. 7. For these examples, the variance­
to-mean ratio of the' nonrandom offered traffic was' held constant 
at 2.25. 

The different results arising from assumptions (ii) and (1,~ii) were 
surprising. It was o'riginally felt by some that assumption (ii) would 
cause over-trunking,' but not by the amounts indicated. For example, 
notice that the 45-trunk grading yields a B.O! blocking probability 
for an offered lo~d of 330 ccs (9.17 erlangs) with a variance-to-mean 
ratio of 2.25 when the· correlation is neglected as outlined in assump­
tion (ii). However, Fig. 7 indicates th,at the same traffic can actually 
be handled at B.O! on the 25-trunk grading when the correlation is 
taken into account: Hence, assumption (ii) leads to at· least 80 percent 
oV'ertrunking for the example. An examination of other portions of 
the curves yields similar results. Consequently assumption (ii) must 
be disca~ded. ' 

Lower houn~s to the load-loss relations for nonrandom traffic 

t Assumption (i) is known to cause an underprovision of trunks.1 

:I: Assumptidn (ii) was considered by many to be the most natural approach 
to improving on assumption (i). 
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Fig. 7-Load-loss relations for the 25-trunk and the 45-trunk graded multiples. 
Variance-to-mean ratio of the offered load is z= 2.25. 

result from assumption (i) as illustrated in Fig. 7. For these examples, 
undertrunking by 18 to 25 percent results from approximation (i). 
Since the disparity will increase for larger variance-to-mean ratios, 
assumption (i) does not seem applicable either. 

Two other approximations were also tried but the results were very 
poor. The first used the correct splitting equations (1) through (3) 
but assumed cov (Li' L j ) = o. As a result, some of the load-service 
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curves actually intersected each other. The second also used the 
correct splitting formulas but assumed the correlation coefficient. 

(L. L.) = cov (Li ,Lj ) 1-

p ., j [var (Li) var (L j )]' 

to be constant at recombination points and equal to the correlation 
coefficient for the split (nonrandom) offered traffic. The predicted 
blocking resulting from the last approximation actually decreased as 
the intensity of the offered traffic increased. 

IV. CONCLUSIONS 

We have presented a technique for taking correlation into account 
when combining certain dependent streams of overflow traffic. The 
result was used to define an extension of the Equivalent Random 
method; an engineering approximation for estimating the capacities 
of overflow networks. 

The extended Equivalent Random method yields good estimates 
of load-service relations for graded multiples which carry overflow 
traffic provided the network through which calls reach the grading 
does not significantly affect grading capacity. Consequently, for ap­
plication to step-by-step gradings, the extended method is restricted 
to gradings which are connected to large groups of selectors. We are 
currently investigating techniques which would allow us to consider 
systems which do influence grading capacity. 
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APPENDIX A 

System State Probabilities 

In this section, we obtain the solution for the system of equations 
(9) through (13). We use a generalization of a technique employed 
by Kosten.14 
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For notational simplicity, let p(m, ni , n2) = Bo.o (m, ,nl , n2), and 
let PI (m, ni , n2) denote any function which belongs to the family a 
of functions satisfying equation (9) for 0 ~ m < 00 and 0 ~ ni ~ d i . 
Define 

00 d, d. 

P(t, qi , q2) = L: L: L: PI(m, n i ,n2)tmq~'q~'. (28) 
m=O n,=O n.=O 

It follows from equation (9) that 

ap ap aP 
(1 - t) at + (1 - ql) aql + (1 - q2) aq2 = a(l - t)P. (29) 

This linear first-order partial differential equation can be solved by 
(Lagrange's) method of characteristics (see Ref. 15, Chap. 2). The 
characteristic equations are 

~_~_~_ dP 
1 - t - 1 - qi - 1 - q2 - a(1 - t)P 

with solutions 

1 - q i = k. and k = e -at P 
1 - t 1 

where k and k£ are arbitrary constants. Hence, the solution to equation 
(29) is given by 

P( ) atH(l - qi 1 - q2) t, qi ,q2 = e ~ , 1=t (30) 

where H (Zl, z~) denotes any analytic function of the arguments 
Zl, Z2. From (28), it follows that the Taylor series for H must be 
finite, and so 

(31) 

Following the notation of Riordan (Ref. 1, p. 89), let {Uk (m) : 
m = 0, 1, ... } be the sequence with generating function 
(1 - t)-k exp(at) , that is, 

(32) 

The variables u,..(m) satisfy the following recurrence relations.1 •14 

For In ~ 0 and k ~ 0, 

(33) 
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and 

i 

L Uk(m) = Uk+i(j). (35) 
m=O 

I t is convenient to define 

U-i(m) = uk(-I) = O. (36) 

Hence, from Equations (31) and (32), 

pet, qi , q2) 
00 d , d 2 

= L L L a(ni ,n2)undn.(m)tm(1 - qit'(1 - q2t· (37) 
m=O n, =0 n. =0 

.t. .~o to [(-1)", +0. ,t., ,t. [::] [::1 a(k, , Ie,) 

. cr,.H.(m)}mq;'q;'. (38) 

Comparing equations (29) and (38), one can see that the functions 
Pi in (t are of the form 

p,(m, n, , n,) ~ (-1)"'+" ,t, ,t. r::l [::]a(k, , k,)cr',H.(m), (39) 

and are determined up to the (di + 1) (d2 + 1) constants {a(ni , n2): 
o ~ ni ~ di }. There are (d i + 1) (d2 + 1) independent linear equations 
among equations (10) through (13), and so it follows that there is 
exactly one function, p*, in (t which satisfies equations (9) through 
(13). The appropriate restriction of p* must be p. The remainder of 
this section is devoted to a derivation of the relations which the con­
stants {a(ni , n2)} must satisfy in order to obtain the solution. 

An equivalent but less complex set of boundary conditions is ob­
tained by putting m = c in (9) and subtracting equations (2) through 
(13) respectively. Hence, if 0 ~ ni ~ di - 1, 

(a - ai - a2)p(c, n i ,n2) + aiP(c, n i - 1, n2) + a2P(c, n i ,n2 - 1) 

= (c + l)p(c + 1, n i ,n2), (40) 
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(a - al)p(c, n l , d2) + aIP(c, n l - 1, d2) + a2P(c, n l , d2 - 1) 

= (c + l)p(c + 1, n l , d2), (41) 

and a similar relation holds for 0 ~ n2 ~ d:!, - 1. Finally, 

= (c + l)p(c + 1, d l , d2 ). (42) 

Now, define 

d. d. 

P m(ql , q2) = L L p(m, n l , n2)q~'q~', (43) 
n.=O n.=O 
d. 

Gm,n.(q2) = L p(m, n l ,n2)q~', (44) 
n.=O 

and 

d. 

Hm,n.(ql) = L p(m, n l ,n2)q~'. (45) 
n.=O 

It follows from equations (40) through (42) that 

[a - al(l - ql) - a2(1 - q2)]Pc(ql , q2) + al(l - ql)q~'Gc,d.(q2) 

+ a2(1 - q2)q~·Hc,d.(ql) = (c + 1)PC + 1(ql , q2). (46) 

Equa tions (39) and (43) through (45) imply that 

d. d. 

P m(ql , q2) = L L a(nl ,n2)CTn.+n.(m)(1 - qlt'(1 - q2t·, (47) 
n.=O n.=O 

d. 

GC ,dl(q2) = (_l)d. L a(dl ,n2)CTd.+n.(c)(1 - q2t·, (48) 
n.=O 

and 

d , 

Hc,tl.(ql) = (_l)d. L a(nl , d2)CTn.+d.(c)(1 - qlt·. (49) 
n,=O 

Using the identity qi = 1 - (1 - qi) and the relations (47) through 
(49) in (46) obtains 

d. d. 

aLL a(nl ,n2)CTn.+n.(c)(1 - qlt'(1 - Q2t· 
n,=O n.=O 

d.+l d. 

- a l L L a(nl - 1, n2)CTn.+n.-I(c)(1 - qlt'(l - Q2r' 
i'i.l=l iiJl=O 
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d, d.+1 
- a2 ~ ~ a(ni , n2 - l)undn.-I(c)(1 - qlt'(1 - q2t· 

n,=O n.=l 

- (-I)d'a, :t: %:0 (-I)"t ~ J 
·a(d1 ,n2)uddn.(c)(1 - qlt'(1 - q2t· 

- (-I)d'a, %:0 :t: (-1)"' L ~ 11 

'a(n1 , d2)undd2(c)(1 - qIt'(1 - q2t· 
d , d. 

= (c + 1) ~ ~ a(nl ,n2)Undn.(c + 1)(1 - QlY'(1 - Q2Y·' 
n,=O n.=O 

Equating the coefficients of (1 - QIr' (1 - Q2f' yields 

[aunl +n.(c) - (c + l)undn2(c + 1)]a(nl ,n2) 

= [a1a(n1 - 1, n2) + a2a(nl ,n2 - 1) + a2a(nl ,n2 - l]undno -l(c) 

+ (_I)ddnl a1 [ dl ]a(d1' n2)ud,+n2(C) 
n i - 1 

+ (-lfo+ d'a2 [ d2 1 a(nl , d2)undd.(C). 
n 2 - 1 

Using (33), we see that 

au n 1 + n 2 (C) - (C + 1 ) Un d n 2 (c + 1) 

I t is worthwhile to define 

(50) 

(3(nl ,n2) = (-lrdn'a{nl ,n2)Undn2(C), and n = nl + n2' (52) 

Now, substitute (51) and (52) into (50) to obtain 

n Un+(l(~) (3(nl ,n2) = a1(3(n1 - 1, n2) + a2{3(n1 ,n2 - 1) 
Un C 

- a1 [ d1 ] {3(dl , n2) 
n 1 - 1 

- a2 [ d
2 

](3(n1 ' d2) (53) 
n2 - 1 

for 0 ~ ni ~ di and n > O. (Both sides vanish for nl = n2 = 0.) 
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One additional relation is required. Using (39), 

d, d. d, d. 

L: L: p(m, n1 ,n2) = L: L: a(nl ,n2)Un.+n.(m) 
n, =0 n. =0 n, =0 n. =0 

= a(O, O)uo(m). 

Consequently, noting relation (36), one obtains 

Thus, 

and 

c d, d. c 

1 = L: L: L: p(m, n1 ,n2) = a(O, 0) L: uo(m) 
m=O n,=O n.=O m=O 

1 
a(O, 0) = -r) 

Ul\C 

(54) 

i.e., /3(0,0) is the Erlang-B blocking probability (also known as the 
first Erlang loss-function) for the first-choice trunk group. 

Equations (53) and (54) completely determine /3(nl, n2) for 
o ~ ni ~ di . Using (52) and (39), we see that the state probabilities 
are given by 

p(m, nl ,n2) 

= t I: (_l)k,-n,( _1)k.-n.(k1 )(k2 )(3(k
1 

, k
2

) uk.+k.(m) . (55) 
k, =n, k. =n. nl n2 Uk, +k. (c) 

U sing the relation 

it is straightforward to show that if 
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for 0 ~ m. ~ c and 0 ~ ni ~ d i , then an inverse relation is given by 

. A(i ,k1,k.) (56) 

for 0 ~ m. ~ c and 0 ~ ni ~ di . 

Consequently, comparing (55) and (56) we see that 

(57) 

Equations (14) and (55), imply that 

E{Ld = ad3(d1 ,0), (58) 

and 

E{L2 } = a2f3(0, d2 ). (59) 

For the computation of (3 (nl , n:2) using (53), the ratio 

O"n+ 1 (c) 
lin = ~:C~ 

is required for n ~ 1. A recursive relation for the ratio is obtained 
from (32) via 

that is, 

a(l) e-a 
lin = - - + -- + 1 for n ~ 1. 

n lIn-I n 
(60) 

The first-order (nonlinear) algorithm is initiated with 

.1 = O"o(e) = E (a) . 
lIo 0"1 (e) l,e, 

(61) 

i.e., the Erlang-B blocking probability for the first-choice trunk group. 
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APPENDIX B . 

A C onditional Mean 

In this appendix, a formula is obtained for the computation oft 

d, 

q (m, n) = L BI.o(m, n 1 ,n) 
n,=O 

= E{LI 1M = m, N2 = n}P{M = m, N2 = n}. (62) 

From equations (9) through (12), it follows that for 0 ~ m ~ c - 1 
and 0 ~ n ~ d2 , 

(a + m + n + 1) q(m, n) = aq(m - 1, n) 

+ (m + l)q(m + 1, n) + (n + l)q(m, n + 1) (63) 

and for 0 ~ n ~ d2 - 1, 

(a2 + e + n + l)q(e, n) = aq(e - 1, n) + a2q(e, n - 1) 

+ (n + l)q(e, n + 1) + aIBo,o(e, dl ,n). (64) 

Also, 

(e + d2 + l)q(e, d2) = aq(e - 1, d2) + a2q(e, d2 - 1) 

+ aIBo,o(e, dl ,d2). (65) 

Using the methods and results presented in Appendix A, we can 
show that 

q(m, n) = t (-It-kwk CTk+I(m) for 0 ~ m ~ e 
k=n CTk+l (e) 

and 0 ~ n ~ d2 , (66) 

where W-l = 0, and 

(n + l)vn +lwn = a2Wn -1 - a2 [ d
2 1 Wd. + ad3(dl ,n) 

n - 1 

for 0 ~ n ~ d2 • (67) 

In particular, q(c, d2 ) = Wd2' and can be obtained from (67) in the 
following closed form: 

t Throughout this appendix, the subscript 1 on ql has been omitted for nota­
tional simplicity. 
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a1 t [(3(d1 ,j) lY ~2-J 
a2 i =0 k=i +1 kVk 

l+t[[ d2l1Y~l 
i=1 j _ 1 k=i+1 kVkJ 

(68) 

A similar expression is valid for q2 (c, dd. 
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Phase and Amplitude Variations in 
Multipath Fading of Microwave Signals 

By K. BULLINGTON 

(Manuscript received November 10, 1970) 

Experimental data on the durab'on of individual fades in a 4-GHz 
radio signal are used to derive the rates of change in amplitude and 
phase of a signal propagated through a 30-mile multipath medium. A 
by-product is a relation between the rate of change in phase and the 
effective vertical velocity of the atmospheric irregularities that can be 
considered to be the cause of the multipath phenomena. The derived 
distribution of velocities is then used to predict the variations in fade 
duration over a wide range of frequency and path length. 

I. INTRODUCTION 

Multipath fading on line-of-sight paths causes substantial variations 
in the amplitude and phase of the received signal. Theoretically, if the 
response to an impulse function were known with sufficient a.ccuracy, 
all magnitudes and rates of change could be computed. In practice, 
this possibility is somewhat of an illusion because many different 
impulse responses occur on any given path, with significant diurnal 
and seasonal variations. Moreover, the desired accuracy is generally 
not achieved, because either the required impulse function needs to 
be only one cycle of the radio frequency or extensive correlation 
techniques are needed to achieve a comparable result. 

The quantitative estimates given below are based on elementary 
theory and on the measured distribution of fade durations. The results 
agree with (or at least do not contradict) the available experimental 
data. 

II. GENERAL CONSIDERATIONS 

The signal received through a multipath medium can be represented 
by the sum of the principal wave plus the delayed components (ameilltm): 

2039 
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(1) 

Avei(w+AW)t 

where am and 6.t/l1 represent the magnitude and relative time delay of 
the mth "echo." 

The effect of frequency deviation, 6. (J)/2-rr , is discussed in a later 
section on the variation in net loss within the modulation bandwidth. 
For the single-frequency case (6.{j) = 0), it is convenient to define 
R, L, 9, and y as follows: 

R sin ¢ tan 'Y = ------
1 - R cos ¢ 

(2) 

where Rand ¢, respectively, are the instantaneous amplitude and 
residual phase of the "composite echo" given by the summation term 
in (1) with Aw = O. For the deep fades L « 1, 11 - R I ~ L, I ¢ I ~ L, 
and n is an even integer. 

It is shown in Appendix A that 

and 

where 

dL = d¢ [sin'Y - (cos'Y - L) dR] (3) 
dt dt R d¢ , 

L d'Y d¢ [ . dR ] dt = dt (cos'Y - L) + sm 'Y R d¢ , 

dL -- = tan (a - (3) 
L d'Y 

-1 ( sin 'Y) -1 ( sin ¢ ) 
a = tan cos 'Y - L = tan cos ¢ - R 

-1 ( tan'Y ) 
= tan I=- L/ cos -:; ~ 'Y, 

(3 t -1 dR 
= an R d¢· 

(4) 

At the bottom of a fade dL/dt = 0 and L dy/dt has a maXImum 
value of 

de/> R2 
dt (cos'Y - L) 



MULTIPATH FADING 

conversely, dL/dt has a maximum value of 

d¢ R2 
- ---;-- when d'Y = O. 
dt sm 'Y 

2041 

Frequency selective fading requires that dcp/ dt » dR./ dt (f3 « 1), 
but dR/dt may not be entirely negligible at the very deep fade levels. 
This observation is consistent with physical models of "reflecting" 
layers that are slowly rising or faIling with time. The physical model 
suggests that during any particular fade dc/>/dt and dR/dt can be 
constant, or at least they vary much more slowly with time than the 
"non-linear" parameters L, y, dL/dt, and dy/dt. This information is 
useful in examining the detailed wave interference characteristics 
during a few seconds or minutes in time. On the other hand, the 
process is nonstationary and the average fading characteristics taken 
over many fades depend on the long term average values of dc/>/dt and 
dR/dt, and hence on meteorological conditions. 

Since the variations in signal level are caused by variable metero­
logical conditions along the path, experimental data are needed to 
obtain quantitative results. In principle, it should be possible to pre­
dict the radio results from meteorological theory, if the meterological 
parameters were known with sufficient accuracy. In practice, this 
indirect approach is not feasible and direct radio measurements are 
required. Data on the number and durations of deep fades will be used 
to estimate the probability distribution of cos y and dc/>/dt for use in 
(3) and (4). 

III. NUMBE>R OF FADES VS DEPTH OF FADE 

Experimental data show that 20-dB fades occur about ten times 
more often than 40-dB fades and on the average last about ten times 
longer. In other words, both the number of fades and their average 
duration are proportional to L.1 Of all the fades reaching a given level 
L1 ,30 percent will "bottom out" at or before 0.7L1 , 50 percent will not 
go deeper than 0.5L1 , and only 10 percent will reach or go deeper than 
0.lL1 . Thus the probability can be written as 

Prob (LLiln ~ X) = X 
where X varies uniformly from 0 ~ X ~ 1. 

It can be seen from (2) that 

L = (1 - R cos ¢) V 1 + tan2 'Y = 1 - R cos ¢ = R sin ¢ 
cOS'Y sin 'Y 
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and cP ~ L. At the bottom of a fade, cp ~ 0, dL = 0, "I = 0, and 

L min ~ 1 - Ro. 

It follows that at any level L1 < 0.1 the ratio 

Lmin ( 1 - Ro ) -- = cos "11 
Ll 1 - Rl cos CPl 

~ cos "11 for Rl ~ Ro . (5) 

Thus the experimentally determined cumulative distribution for 
Lmin/Ll also applies to cos y, when dR/dt « d¢/dt; that is 

Prob (cos "I ~ X) = X 

and the average values are 

Lmin --

-y;: ~ cos "I 

The corresponding average value of sin "I, needed in a later section, 
is given by 

IV. DURATION OF FADES 

The average duration of a 40-dB fade (L = 0.01) at 4 GHz on a 
3D-mile path is about 3 or 4 seconds, and the average duration of a 
20-dB fade is about 10 times longer. The results of an extensive pro­
pagation experiment have shown that the distribution of fade dura­
tion T follows a log normal distribution with a standard deviation of 
about 10 log(T16/T5o) = 5.6 or In (T16/T50) = 1.3. Quantitatively, these 
results are summarized as follows for 4 GHz on a 3D-mile line-of-sight 
path: 

99 percent of the fades are shorter than 4000 L seconds, 
70 percent of the fades are shorter than 400 L (average duration), 
50 percent of the fades are shorter than 200 L (median duration). 

These data are plotted on Fig. 1 and it is assumed that fade durations 
shorter than the median are given by the extension of this log normal 
distribution with the same standard deviation.'~ 

* Recent unpublished data on the duration of rapid fades indicate that the 
standard deviation may be somewhat larger than the "5.6 dB" used in this paper, 
whieh means that the lines on Fig. 1 might be more nearly vertical than shown. 
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Fig. 1-Duration of fading at 4 GHz on a 30-mile path. 

99.9 99.99 

The voltage-time diagram shown on Fig, 1 defines L, L min , cp, and 
the fade duration T for a fixed frequency, From the diagram it can be 
seen that for dR/dt = 0 the fade duration T is given by 

2 jSin-' (L
, sin 'Y , / R ) 2 L1 sin 1'1 

T = - de/> ~ - -----=-----"....::. 

de/> 0 de/> R 
dt dt 

and since the average value 

1T' 

sm 1'1 - 4 ' 

de/> 1T'L1 
dt = 2TR' 

Substituting into (3) and (4), the average values are 

dL _ d(lnL) = ~ 
L dt - dt STR' 

(6a) 

(6b) 

(7 a) 
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d'Y 7r (1 - 2L) 7r 
dt = 2rR 2 ~ 4rR for L« 1. (7b) 

It follows that, since 20 log L = 8.7 In L dB, 

d-y 2 d(ln L) 2 dBls dBls 
dt~;-d-t-= 8.77r = 13.6· (8) 

Figure 2 shows the distribution of rate of change of phase dyJdt and 
the rate Of change of L in dB/second, based on (7a) and (7b) and 
on the distribution of fade durations shown on Fig. 1. 

It will be noted that if 'Y were uniformly distributed (sin 'Y = cos 'Y) 

it would be expected that 
-- d'Y 
dB/s = 8.7 dt ' 

but this assumption is not consistent with the experimental result that 
the number of fades is proportional to L. 

In a similar manner, when dcfJ/dt = 0 (lcfJl is a constant < Lmin ) 

the fade duration might be represented by 

2 fRl 2 
r = dR dR = dR (Rl - Ro) 

_ Ro _ 

dt dt 
or 

0 300 0 
Z 
0 Z 
U 10 0 
w U 
(/) 100 w 
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Fig. 2-Rates of change in amplitude and phase during fading at 4 GHz on a 
30-mile path. 
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dR = 2L [Rl - RoJ. 
dt T L CoS¢ 

(9) 

There is no obvious way to relate a change in R to a change in mete­
orological conditions and there is doubt that it is important to do so. 
The frequency selective 'nature of fading requires that d¢/dt be con­
trolling most of the time. In addition, essentially all fast "fiat" fading 
can be explained as a phase interference effect with a delay of one 
or three half-cycles as well as by a supposed change in R. Moreover, 
the experimental results that the number of fades and their average 
durations are both proportional to L are characteristic of a Rayleigh 
type distribution, which is usually explained on the basis of near'­
random phase. Consequently, it is assumed' in the remainder of the 
paper that 

d¢» dR. 
dt dt 

V. VERTICAL VELOCITY OF ATMOSPHERIC IRREGULARITIES 

Although dL/ dt and dy / dt are important parameters in the design 
of communication systems, the search for a better physical under­
standing of the fading mechanism needs to begin with the less com­
plicated parameters R, ¢, and d¢/dt of the composite echo given by the 
bracketed term in (1). It may be seen from (4) that for dR/dt = 0, 

d¢ _ L d'Y 1 
dt - dt (cos 'Y - L) 

which on the average is' 

d¢ 2L d'Y 
d t ~ -------a:t. (10) 

In principle, the rate of change in phase d¢/dt might also be 
obtained by either: (i) direct measurement of phase, or (ii) compu­
tation from known or assumed values for vertical motion in the 
atmosphere. For example, it is reasonable to expect that 

d¢'_ 7rV 
dt - Hn - H n- 1 

(11) 

or conversely, 

v = 
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where dcj>/dt is the rate of change in phase caused by an echo source 
moving vertically through a thickness (Hn - Hn-d at a velocity v. Hn 
is the height of the nth Fresnel zone and H n - H n-l is the thickness of 
the nth Fresnel zone .. The relation between dcj>/dt and the effective 
velocity v is shown on Fig. 3 and the probability of exceeding specified 
values of dcp/dt pas been obtained from (10) and from Fig. 2. It ap­
pears that a vertical motion of only a few centim~ters per second (a 
few feet' per minute)· is sufficient to explain the fade duration measure­
ments and the values of dy/ dt and dB/s derived therefrom. An al­
ternative derivation of (11) is given in Appendix B. 

VI. FADE DURATION AT OTHER FREQUENCIES AND PATH LENGTHS 

The distribution of velocities obtained in the preceding paragraph is 
expected to be a meteorological phenomena independent of radio 
frequency. It should be pos~ible to use this information to predict the 
fade duratidn at other frequencies and path lengths. 

Substituting (6b) into (U), and using equation (17), it follows 
that the 

lL __ L~"'D Average Fade Duration = -2 -::: (Hn - Hn- 1) . v 8v n 
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Fig. 3-Change in phase at 4 GHz vs vertical velocity on a 30-mile path. 
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where D is the path length and A is the wavelength. Equation (12) 
indicates that the fade durations vary as the VA D, if the effective 
value of n is essentially independent of frequency for the average fade. 

The preceding information and assumptions lead to the following 
estimates for the average fade duration at various frequencies, when 
the path length D is measured in km. 

Frequency 

160 l\1Hz 

4 GHz 

6 GHz 

6 X 105 GHz 
(visible light) 

Average Fade Duration 
in Seconds 

2000 L ~fo 

400 L ~fo 

320 L ~fo 

L~fo 
The experimental results at 4 and 6 GHz are not accurate enough to 

establish the A 1/2 variation over this narrow range, but at lower fre­
quencies the fades, when they occur, last longer than at 4 and 6 GHz 
so the fading rate is not independent of A. 

An extrapolation of the radio data to optical frequencies indicates 
that the average fading rate on a 5-km path through the atmosphere 
would be of the order of one or two cycles per second with much more 
rapid fluctuations for a small percentage of the time. In principle, 
scintillations are rapid multipath phenomena. Although differences, 
such as the effect of water vapor, antenna beamwidth, etc., need to 
be included, the fading rate" must vary with the wavelength as AP, 

where p is a positive fraction less than one. A variation of as much 
as A 1 is unrealistic because it would predict that the twinkling of the 
stars would ordinarily be above the flicker rate acceptable by the 
human eye. A consideration of both radio and optical phenomena 
requires a variation in fade duration with frequency close to A1/2 (at 
least in the range between A1

/ 3 and A2 / 3 ), so the elementary result 
shown in (12) is a reasonable working hypothesis. At optical fre­
quencies the Fresnel zones are more nearly comparable in size to the 
atmospheric irregularities and both horizontal and vertical motion of 
atmospheric irregularities produce significant scintillations. 
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VII. VARIATIONS IN NET LOSS WITH FREQUENCY 

The principal interest thus far has been in the characteristics. of 
fading at a single fixed frequency. gven if an automatic equalizer 
could be built to compensate perfectly for the effects of fading at any 
reference frequency, the resulting equalization would be less than per­
fect at frequencies other than the reference frequency.2-4 This type of 
distortion results in variations in net loss (deviations from a constant 
output level) over the modulation bandwidth. By the use of the con­
cept of Fresnel zones and some simplifying assumptions, it is shown in 
Appendix C that the variations in net loss relative to a fixed level 
at the carrier or pilot frequency is given approximately by 

20 log [I - i ~i' [ , (13) 

(14) 

where 

Ilf 
Deff = f 7rneff • 

20 log L is the depth of fade in decibels (L « 1) and neff is the effec­
tive number of half-wavelengths in the relative delay of the strongest 
delayed component (or composite "echo") that is causing the fade 
at the reference frequency. The corresponding variations in net loss 
are shown in Table I and on Fig. 4. Table I indicates that most of 
the deep fades are caused by "echo" delays. of 1, 3, or 5 half-wave­
lengths (neff ~ 5), because experience has shown that good diversity 
requires a frequency separation greater than 1 percent and that accept­
able transmission quality can almost always be obtained with band­
widths of 0.1 percent or less. The corresponding values of ill/! for a 
20-dB fade are ten times larger than shown in Table 1. 

A comparison between theory and experiment is shown on Fig. 4 
for the case of 40-dB fades. This figure also suggests that the median 
40-dB fade corresponds to 1 ~ neff ~ 5, but that 10 percent of the 
40-dB fades correspond to delays of many half-wavelengths. The curve 
for n = 100 represents the approximate upper boundary set by 40-dB 
antenna patterns at 4 GHz on a 30-mile path. The corresponding 
theoretical curves for a 20-dB fade would be shifted one decade to the 
right. The crossover of the experimental 40-dB fade data and the 
n = 1 curve shO\vn on the figure is not possible ,vith a single echo, 
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TABLE I-VAHIATIONS IN NET Loss 

i for 40-dB fade 

Net Loss -----
(jeff 

Variation neff = 1 neff = 3 neff = 5 L (dB) Quality (%) (%) (%) 
----------------------------------------

0.1 0.04 Excellen t transmission 0.03 0.01 0.006 
0.3 0.4 Acceptable transmission 0.1 0.03 0.02 
1.0 3.0 Poor transmission 0.3 0.1 0.06 
3.0 10.0 Fair diversity 1.0 0.3 0.2 

10.0 20.0 Good diversity 3.0 1.0 0.6 

and is an indication that more than two components are present much 
of the time. The "experimental 40-dB fade" frequently represents 
the combination of two or more echoes whose effects add to 40 dB; 
in this case, the limiting theoretical curve for n = 1 is shifted to the 
right because the principal component of the composite echo, taken 
by itself, represents a fade of less than 40 dB. 

The agreement between theory and experiment is considered satis­
factory and as evidence that most of the fades are caused by strong 
components delayed by only a few half-wavelengths. It has been 
suggested that a better fit with the shape of the experimental data 
exceeded 10 percent and 50 percent of the time can be obtained if the 
i = V=-l in (13) could be omitted; such an assumption is rejected 

25~--------~--------~--------~--------'---------, 

20~--------+---~----+-------~~---T~--~--------~ 

/ 
/ n= 100 

j15~--------+-~------+----F--4-+-~------~--------~ 

w 
III 

U 

~10~--------*---------~--~r-~+---------~--------~ 
/ --- THEORY 

I -- MEASURED DATA FROM 
KAYLOR, B.S.T.J. SEPT. 1953 

5 ~---/-----'f---+-----;----+---t~---:~----l TI ME DELAY = ~ X 10-9 SECONDS 

." n+l=NO.OF FRESNEL ZONES 
~ 

10 

Fig. 4-Variations in net loss during 40-dB fades at 4 GHz on a 30-mile path. 
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because it seems contrary to logic and because it would create dif­
ficulties in explaining the data exceeded by, say, 90 percent of the fades. 

VIII. CONCLUSION 

Experimental data on the number and duration of fading have been 
used to estimate the rate of change in phase and the rate of change in 
amplitude of an electromagnetic wave received through a multipath 
medium. The elementary theory used herein achieves quantitative 
results, primarily because it explicitly includes the first-order effects of 
phase associated with the use of Fresnel zones. Alternative methods 
starting from the more fundamental wave equations are more sophis­
ticated and may be more exact in a mathematical sense, but their 
inherent generality does not ordinarily lead to results that can be 
compared with experiment, unless somewhat arbitrary "constants" or 
correlation functions are assumed. 

APPENDIX A 

The relative magnitude and phase of a multipath signal can, by 
definition, be represented as 

v = 1 + Rei1rJ>+(n-1l'll"] = Le-i'Y 

where n is an even integer and Rand cp are, respectively, the instan­
taneous magnitude and residual phase of the sum of all the delayed 
components. It follows that 

L = V (1 - R cos ¢)2 + (R sin ¢)"i 

(1 - R cos ¢) VI+t;;r~ 

V(1 - R)2 + 2R(1 - cos ¢) 

1 - R cos ¢ = R ~in ¢ . 
COS'Y SIll 'Y 

By differentiation, 

dL = R sin ¢ d¢ - (cos ¢ - R) dR 
L 

. d (R cos ¢ - R2 + 1 - 2R cos ¢ - 1 + 2R cos ¢) dR = SIll'Y ¢ - -L R 

. d (1 - R cos ¢ - L2) dR 
= SIll'Y ¢ - T P 

\ ~ I .LtJ 
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= sin'Y d¢ - (cos'Y - L) dR. 
R 

In a similar manner, 

L d'Y = (cos 'Y - L) d¢ + sin 'Y ~ . 

APPENDIX B 

As shown in several textbooks, the height of the nth Fresnel zone at 
the middle of path length D is given by 

..j", Dn 
Hn = Yn = -2--· (15) 

The corresponding phase delay is On = n7r, by definition of Fresnel 
zones. 

In order to restrict the parameter n to integral values, we can gen­
eralize as follows: ' 

and 

It follows that 

() = n7r - ¢; 
d() 
dt 

_de/> 
dt 

Y = ! ~'" D( () + ¢) . 
2 7r 

(16) 

where v is the effective velocity in a plane perpendicular to the direc­
tion of propagation. 

From (15) we have 

Hn - Hn- 1 = !V", Dn (1 _ ~n ~ 1) 

~ ~ ~"': for n > 3. (17) 

By substituting (17) into (16), we have 

d¢ _ 7rV 

dt - Hn - H n- 1 ' 

which is the same as equation (11). 
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APPENDIX C 

As noted in (1) the signal received through a multipath medium 
can be represented by the sum of the principal wave plus the delayed 
components (ameitdm): 

E = Aei{w+IlW)t( 1 + t. amei{W+IlW)lltm) (18) 

where am and b.tm represent the magnitude and relative time delay of 
the mth "echo." The term in brackets can also be resolved into Fresnel 
zones so that 

N 
V = 1 + L a

n
e i {w+llw){n7r/w) (19) 

n=l 

where n is an integer and an is the magnitude of the signal in the 
(n + l)th Fresnel zone. The upper limit N is the maximum number of 
Fresnel zones enclosed by the antenna beam width; components with 
longe.r delays, if present, are relatively unimportant because their 
magnitudes are reduced by the off-beam antenna patterns. The ex­
pression for v can be separated into the following three terms: 

N N 

V = 1 + L a ne
in7r + L a ne

in7r 
(e

i5 
- 1) (20) 

n=l n=l 

where 8= (b.j/f)n7r. The first two terms in (20) show the fading 
characteristic at frequency j, which in principle can be corrected by 
a perfect automatic equalizer based on a carrier frequency or pilot 
tone. The third term on the right in (20) shows the relative variation 
(distortion) at frequency b.f. 

By definition, let the first two terms be 

N 

1 + L a ne
in7r = Le-i'Y. (21) 

n=l 

Substituting into (20) and introducing an effective value of 8, we have 
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By this series approximation and a suitable choice for the effective 
value of a (aeff), the last term on the right can be made negligible 
during fading conditions (L « 1) ,.:< so that 

L -i'Y(I iOeffei'Y) v;:::::; e --L--' 

A "perfect" equalizer (at any given fixed frequency) would 
residual distortion of 

(23) 

leave a 

(24) 

The phase angle y is zero at the bottom of the fade, is ±45 degrees 
at 3 dB above the bottom, and varies over the range - 7r/2 < y < 7r/2. 
In the region of good transmission (aeff / L « 1) it is sufficiently ac­
curate to approximate the net loss variations as 

20 log v' ~ 20 log 11 - ill£, I ~ 10 log [1 + (~-''L'),J. (25) 

While both aeff and L are individually less than unity (and usually 
<0.1) their ratio can be greater than unity, and in that case the net 
loss variations calculated from (25) need to be interpreted as the 
median value of a distribution of net loss variations. 
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The Computation of Error Probability 
for Digital Transmission 

By F. S. HILL, JR. 
(Manuscript received October 19, 1970) 

A method is presented for calculating the probability of error for 
a digital signal contaminated by intersymbol interference and additive 
Gaussian noise. The method constructs a close approximation to the 
probability density function of the intersymbol interference, circum­
venting the heretofore formidable computational problems by decom­
posing the calculation into a sequence of simple calculat?:ons. This 
method is appl~'cable to binary transmissions, as well as 4-, 8-, 16-, ... 
level transmission. The method is rapid enough for use on time-sharing 
facilities. As part of the method, a new and rather simple scheme is 
presented for including the effects of partial response source coding. 
Several interesting examples which use and give insight into the 
method are included. 

I. INTRODUCTION 

In a large class of digital transmission systems, a succession of 
amplitude modulated pulses is sent over a channel to the receiver. The 
signal suffers two main types of distortion: additive noise and inter­
symbol interference (lSI). The latter arises from dispersion in the 
channel, and is a noise-like process due to the overlapping of many 
neighboring pulses.1 The number of these neighboring pulses, or "in­
terferers," depends on the system impulse response, and can be rather 
large for systems with restricted bandwidth. 

To properly analyze a system one must compute its probability of 
error due to the noise and intersymbol interference. The effect of the 
additive noise is simple to analyze, but that of the lSI is extremely 
difficult to find due to the complicated nature of its probability density 
function (pdf). The complexity of the pdf grows exponentially with 
the number of interferers, and for more than about 12 interferers the 
computation of error probability has long seemed impossible. 

2055 
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Until recently researchers have analyzed such systems by one of 
three main routes: (i) they have used more tractable-although less 
meaningful-performance measures such as peak distortion2 or mean 
squared error/,3 (ii) they have found upper bounds on the probability 
of error/ or (iii) they have found the probability of error using a 
truncated impulse response, for which only a few interferers were 
assumed to be significant.5 ,6 Unfortunately, in many restricted-band­
width systems as many as 50 or 60 interferers can be important, so the 
use of a truncated impulse response is inadequate for a large class of 
systems. The goal is therefore to find methods which will treat large 
numbers of interferers while avoiding the exponential growth of com­
putational complexity. This paper describes such a method. 

Recently two other schemes have been presented which also provide 
accurate estimates of the error probability for large numbers of inter­
ferers. 7 ,8 These methods do not provide the pdf of lSI, but calculate 
instead the terms in a series expansion of the expression for the error 
probability. They were devised primarily for the binary transmission 
case, and the extension to multilevel transmission would be rather 
awkward. 

The new technique presented here constructs a close approximation 
to the pdf of intersymbol interference, and uses it to find the error 
probability. Knowledge of the pdf can provide useful information 
about the intersymbol interference process, illuminating for the sys­
tem designer the relationship between certain types of channel charac­
teristics and error performance. The technique is applicable to binary 
transmission, as well as to 4-, 8-, 16-, ... level transmission. The 
method also allows simple inclusion of certain kinds of source coding 
such as partial response.!) The ability to treat the multilevel case and 
different kinds of source coding is very important. In feasibility studies 
a system designer might know the general type of channel charac­
teristics the signal will encounter, but he does not know how sensitive 
the signal will be to various combinations of numbers of source levels 
and source coding. The method given here is envisioned as providing 
a valuable tool in such studies. 

In Section II the probability of error is related to a single random 
variable, the error voltage z, which then characterizes system per­
formance. It is this random variable whose pdf is sought. Examples 
taken from the applicable class of source coders are presented and it 
is shown that the effects of coding can be transferred from the source 
statistics to the channel description. Alternative performance measures 
are noted for later use. In Section III the details of the method are 
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described with the computer programmer in mind, and various em­
pirical rules-of-thumb are suggested. In Section IV several simple 
examples are presented which illuminate some of the potential uses of 
the method. In Section V the accuracy of the method is considered, 
and guidelines for choosing some parameter values in the method are 
given. The method presented here is an extended and refined version 
of a technique developed by W. E. Norris.lo 

II. ANALYSIS 

Figure 1 indicates the system under consideration. The source emits 
a symbol every T seconds. The symbols are statistically independent, 
and form the sequence {ad where each ak takes on one of the N 
equally likely values 1n (i) 

m(i) = (2i - N - 1)V I(N - 1), ~ = 1, 2, ... , N. (1) 

The outermost levels are ± V volts. The sequence is then passed 
through a coder to form the sequence {cd. Only two kinds of coding 
are treated in the main body of the paper, although the method is 
extended to more general coders in the Appendix. The two special 
types treated here are the uncoded case and the class IV partial re­
sponse case,9 where 

uncoded: Ck = ak , 

partial response IV: Ck = ak - ak-2 . (2) 

Partial response IV coding provides useful shaping of the signal spec­
trum, and precoding of the source sequence can be used to prevent 
error propagation.9 It is assumed that the sequence {ad has already 
been pre coded appropriately. 

The sequence {Ck} modulates the impulse response r(t) of the chan­
nel. White Gaussian noise is added, and the received signal y (t) is 
sampled every T seconds. The decision device (typically an AID con­
verter), determines which of the possible transmitted levels each 

,,-,,' 
IMPULSE RESPONSE _..... NOISE 

rCt) 

Fig. I-System configuration. 
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sample is nearest, and outputs the sequence {dk }. (The receiver can 
base its decision simply on the present sample because of the pre­
coding.D) Ideally, each dk = Ck, but because of the noise and lSI they 
will occasionally differ, and an error is made. The method discussed 
here calculates the probability of occurence of such an event. 

The sample at t = 0 has the form 

co 

yeO) = L Ckr ( -kT) + n, (3) 
k=-co 

where n is a realization of a zero mean Gaussian random variable 
with variance (1"2. Because the sequence {ak} and the noise are sta­
tionary in a statistical sense, studying the error probability for the 
single sample y (0) is equivalent to studying it for the entire ensemble 
of samples y (mT) . 

Ideally y (0) will equal Co . The error voltage z is therefore given 
by 

co 

Z = L CkXk + n, (4) 
k=-co 

where 

(5)* 

are the "error samples" of the system. It is very convenient to in­
corporate the effects of any source coding in the error samples. In the 
case of partial response coding: 

00 

Z = L (ak - ak-2)xk + n 
k=-oo 

(6) 

where 

(7) 

are the "coded error samples." Thus z of (6) depends on the simple 
statistics of the uncoded source symbols ak. (If no coding is used, then 
ek = Xk .) 

The error voltage z is the sum of a large number of independent ran­
dom variables. Each ak has the same discrete probability density 
function: A set of N equidistant Dirac delta-functions with weights 

* Ok = Kronecker delta function: 00= 1; Ok = 0, k =1= o. 
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liN. Each ak is scaled by the coded error sample ek . The n is Gaussian, 
and assumed independent of the ak's. The pdf pz ( .) of z is found by 
convolving the individual density functions of the constituent random 
variables. Because each of these constituents has a symmetrical pdf, 
about z = 0, pz(') is also symmetrical. Once pz(') has been found, the 
error probability for the sample y (0) is simply the probability that 
y (0) is further from Go than from some other level. When Co is an inner 
level this is just the probability that Izi > V/(N - 1). When Co is an 
outer level only one polarity of z causes an error, and an error occurs 
with the probability that z > V I (N - 1). For uncoded symbols outer 
levels occur with probability liN, while for partial response IV coding 
they occur with probability I/N2. Hence the error probability is 

P e = 2(1 - N- h
) 100 

) pz(e) de, 
V/(N-l 

(8) 

where h = 1 for an uncoded source, and h = 2 for a partial response 
IV coded source. 

Clearly, the real task in finding Pe lies in computing pz('), since so 
many random variables are involved. The method used to achieve this 
is described in the next section, after two simpler measures of system 
distortion have been introduced. These measures have been widely used 
in the past, and will provide useful definitions in the discussion to 
follow. They are both defined in the noise-free case (i.e., n =0) here 
in order to isolate the effect ~f the intersymbol interference. 

2.1 Mean Squared Errorl
,3 

The variance of the error voltage z is given by 

E[y(O) - CO]2 = E[ L akek]2 = E[a2
] L e~, (9) 

k k 

where E [a2
] is the variance of the source. A simple calculation based 

on equation (1) shows that E[a2
] = iV2(N + I)IN - 1). A nor­

malized version of the mean squared· error then depends only on the 
coded error samples, and will be called MSE: 

MSE=Le~. (10) 
k 

2.2 Peak Distortion2 

The maximum value that z of equation (6) can have when n = 0 is 

max z = V L I ek I , (11) 
ak k 
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which occurs when all of the ak symbols have maximum amplitude V 
and such signs that the interfering symbols add constructively. Such 
a sequence occurs with very low probability. Peak distortion here is 
defined' as D: 

D = E I ek I· (12) 

III. THE COMPUTATIONAL METHOD 

The starting point for computing pz ( .) is the set of coded error 
samples {ek}. The only other relevant parameters are V, Nand (12. 

Because each random variable ak has the saine pdf, and this function 
is symmetrical, one need on'ly consider the magnitudes I ek I, and these 
can be relabelled to rank order the samples for convenience. 

3.1 Obtainin~ the Error Samples 

Channel characteristics are typically measured or calculated in the 
frequency domain, although in some simple cases an analytical expres­
sion for the channel impulse response' is available. If the impulse 
response is indeed available, it is simply sampled as in equation (5) 
to obtain the error samples. Otherwise the error samples are com­
puted from R (f) as follows.~(- Because by inspection 

f
OO fl/2T 00 

r(kT) = -00 R(t)e
i27r 

JkT dt = -1/2T e
i27r 

JkT m~oo R(f - miT) dt (13) 

the Fourier coefficients of Ret) = Em R(t - miT) are desired. A 
Discrete Fourier Transform (DFT)-perhaps using a Fast Fourier 
Transform algorithm-of Ns samples of R(f)INsT, ti = (i --.: 1)INsT, 
i = 1, 2, ... , Ns , yields Ns samples of the aliased version r(t) = 
Em ret - mT), tk = (k - l)T, k = 1, 2, ... , Ns .11 Although the 
samples of ret) are not identical to those of r(t), for well-behaved channels 
and sufficiently large N s the two are indistinguishable. 

The error samples of equation (5) are formed by removing unity 
from ro . The coded error samples (for the partial response' IV case) 
are then formed by subtracting from each sample the value of the 
error sample two places to the right in accordance with (7)-. The last 
two error samples, eN.-l and eN. are formed making use of the periodic 
nature of r(t):ll e.g., because XNs+2 = X2 we have eN. = XNs - X2 • 

Finally, only the magnitudes are retained, and these are rank ordered. 

* Upper and lower case letters indicate Fourier Transform pairs. 
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The result is the vector e: 

(Anyek = 0 could be discarded.) 

3.2 Formation of the Pdf for Binary Transmission 

The number of levels N is normally a power of two. In such cases 
the pdf pz(') for N levels can be built up from the pdf for the binary 
case as discussed below. Thus the binary case is of fundamental im­
portance. Ignoring the Gaussian noise for the moment, the error voltage 
z of equation (6) is 

(15) 

where the ek are elements of e and for the binary case each ak takes 
on the values ± V with equal probability. There are 2N

• possible realiza­
tions of the sequence (aI' a2 , ... , aNJ, each occuring with probability 
2-N 

•• Each realization yields a value for z, (not necessarily all different), 
which contributes a delta function of weight 2-N

• to the pdf of z. Since 
N 8 can be 10.0 or more, an attempt to form z for each possible sequence 
of ak would be futile (2100 = 1030

). Instead, decomposition and quan­
tization are used to reduce this formidable task to a sequence of rather 
simple ones. 

3.2.1 Decomposition 

The solution used here to circumvent the overwhelming computa­
tional problem is to decompose the N8 samples into blocks of K samples, 
and to find the pdf of lSI due to the samples for each block. * The 
resulting pdf's are convolved together to form the final binary pdf 
of z. Using specific numbers for concreteness, if N8 = 54 and one chooses 
K = 9, then z can be written as a sum of six random variables 
Al , ... ,A6 , where 

9i 

Ai = L akek, 
k=9i-8 

~ = 1, ... ,6. (16) 

Each A iis a discrete random variable, being the sum of nine discrete 
random variables. As the pdf of each Ai is formed, it is convolved 
with previous ones until all 54 samples have been included. 

* Assume for the moment that N. is an integer multiple of K. A rule-of-thumb 
for discarding some of the small error samples in order to reduce the computation 
time is described in the following text. 
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Consider the formation of Al . Since ak can take on values ± V, 
there are 29 possible values for A I • The largest value, denoted as At, 
occurs when all ak = V, and has value At = V(e l + e2 + ... + e9)' 
The 29 delta functions that make up the exact pdf of A I will therefore 
lie in the interval [ - A t, A t]. Since the pdf is symmetrical it is sufficient 
to compute it for nonnegative values of Al only. Every combination 
of ± V values for al , . .. , ag is tried. For each the corresponding value 
of Al is found according to equation (16), and is discarded if Al < 0. 

The following simple technique insures that all combinations are 
included. A 9-digit binary number B is initialized to zero, and then 
in turn incremented by one until all digits are one (29 iterations in all). 
For each value of B, the value of ak is V if the kth digit of B is 1, and 
- V otherwise. 

3.2.2 Quantization 

Decomposition alone would not significantly reduce the size of the 
computation, since the total number of delta functions in the final 
binary pdf of z would still be on the order of 254. Quantization of the 
voltage axis is used to keep the number of possible levels of z within 
reasonable bounds. lo

. 

The interval [0, A t] is marked off with 2N 1 + 1 "location" points 
ti , i = 0, 1, ... , 2NI . Associated with each ti is a probability Pi . 
Instead of recording the exact value of Al , it is tested to see which ti 
it is nearest, and the corresponding Pi is incremented by 2-9

• There 
are many roughly equivalent ways of assigning the values ti . The 
following scheme was adopted for its computational simplicity. The 
interval [0, At] is broken into two parts at some level kA t, and then 
each part is uniformly quantized into N I levels. Hence, the ti are 
given by 

f. = {kA ti/NI' 
• kAt + (1 - k)At(i/Nl - 1), 

i = 0, 1, ... , N I , 
(17) 

i = N 1 + 1, ... , 2N 1 • 

For k = 1/2, the quantizing is therefore uniform over the whole 
interval. For k > 1/2 the quantizing is finer for larger values of Al , 
so that the most important levels of error voltage are most accurately 
represented. An efficient choice for k is 0.6, as shown in Section V. 
(However, uniform quantizing may have other advantages since con­
volution could be performed using a Fast Fourier Transform 
algorithmY 

The pdf's of A.2 , ••• , A.9 are computed in the same way .... A ... fter 
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each has been found, it is convolved with the resultant pdf for the 
previous ones. Quantization is also used in the convolution process. 

3.3 Formation of the N-Level Pdf 
o.nce the binary pdf for z has been obtained, it is a straightforward 

matter to find the pdf for 4-, 8-, 16-, ... level sources. The key to this 
is to envision N level transmission as the sum of lo~ N independent 
binary transmission systems.lO For instance, an 8-level source with 
voltage range from -V to V can be decomposed into three binary 
sources with symbols fk' gk, and hk having only values ± V. Each 
8-level symbol ak can be written as: 

(18) 

and the error voltage for eight levels can be written in the noise-free 
case as 

z = i- L f kek + t L gkek + i L hkek 

= i-El + tE2 + iEl' (19) 

where E 1 , E2 , and E3 are independent random variables, all having 
the same pdf as z in the binary case. (The generalization to any power 
of 2 is straightforward.) Since z is the sum of three random variables, 
and the pdf of each is known, it is a simple matter to convolve scaled 
versions of the binary pdf to obtain the 8-level pdf. Quantization is 
used here also, employing the scheme described above. The final pdf is 
thus approximated over the interval [0, D· V] by a set of 2Nl + 1 
delta-functions having locations ti similar to those in equation (17), 
and probabilities Pi . By symmetry there is the same pattern of delta­
functions at location -ti with probabilities Pi. 

3.4 Calculation of the Error Probability 

The Gaussian random variable n of equation (6) is reinserted by 
convolving its pdf with that found above. The result is simply 

1 2N, 

Pz(x) '"'" {-(X-ti)'/2U' + -(X+ti)'/2U'} = --=- L..J Pi e e . 
V27r0'" i=O 

(20) 

From equation (8) the error probability is then 
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where Q (x) is the normal probability integral 

Q(x) = _ ~_ foo e- t
'/

2 dt. 
v 27f" x 

(22) 

The accuracy of the method is examined in Section V, following a 
set of examples of the method applied to typical channel distortions. 

3.5 Reducing the Computation Time by Discarding Samples 
In the preceding discussion all Ns error samples of equation (14) 

were involved in the computation of the pdf of lSI. In most practical 
cases, however, a sizable number of the error samples are very small, 
and consequently their effect on the nature of the pdf as calculated 
is negligible. In order to save some computation time it behooves one 
to truncate the rank-ordered vector e of (14) at some index M, and to 
lump the other samples together in some fashion. This is an optional 
procedure, since the computation time grows only approximately 
linearly with the number of blocks of K samples processed, but it can 
indeed improve the efficiency of the method. 

One way to approximate the effect of the remaining samples is to 
treat the random variable 

N. 

Ar = L: akek 
K=M+l 

as a Gaussian random variable with variance4 

N. 

0-; = E[a2
] L: e~. 

K=M+l 

(23) 

(24) 

The effect of these samples is thus a contribution to the Gaussian 
noise n, replacing the previous variance 0-2 in equation (21) with o-i = 
0-2 + 0-; . 

The question of choosing M still remains. One rule of thumb is that 
the sum of the samples lumped together should not exceed 1 percent of 
the total sum D. This was found to be very useful empirically: for all 
choices of channel studied Pe was the same whether all Ns samples 
were used, or only M of them, while if only M were used the saving 
in computation time was significant. 

There are some pathological cases of mainly academic interest where 
D is theoretically infinite. This is true, for instance, for an ideal band­
limited signal with a timing error. Saltzberg has shown, using an 
upper bound method, that the error probability can still be small in 
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such cases.4 The present method will not work, however, since the 
value of D is a crucial landmark in the computational procedure, and 
it must be finite. Such a restriction does not significantly reduce the 
power of the method. 

IV. EXAMPLES OF ERROR RATE CALCULATION 

In each of the examples the following definitions are used: 

Error Rate = 1 PeN' 
Og2 

SNR = E[~2] = h .• ~2(N + 1) 
(1' 3(1' (N - 1) 

(25) 

Pe is normalized by the number of information bits in each symbol 
so that comparisons between different values of N will be more mean­
ingful. Signal-to-noise ratio is given by the ratio of the variance 
E [c2 ] of transmitted levels to average noise power. Since twice as 
much power is transmitted (if V is unchanged) when partial response 
IV coding is used, hs = 1 for uncoded sources, and hs = 2 for partial 
response IV sources. 

(i) Error in Sampling Time: 

A convenient example of an ideal signal shaping characteristic 
S(f) is shown ill Fig. 2. S(f) satisfies the Nyquist criterion 
and consequently if R(f) of Fig. 1 were equal to S(f) no inter­
symbol interference would be present at the receiver. Instead 
it is assumed that the sampling time is in error by pT seconds, 
so that R (f) is given by 

R(f) = S(f)e -i27rfpT. (26) 

Figure 3 shows the vector of error samples e of equation (14) 

....... ~!TI._~ 
\

5 (t) = slne fyt/T) scn e(tlT) 

_ '=0.11 

1 1+y 

2T 2T 
FREQUENCY, f ---

Fig. 2-Ideal signal shaping characteristic. 



2066 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1971 

1o-1r-------r-------~-------r-------.-------. 

'P= 0.02/ 

/ 
/ 

--- UNCODED 

----- PARTIAL RESPONSE 

10-5~------+-------4_------~------_+--~~~ 

10-8 
0~----~2~0------~40~----~6~0~-----8~0~----~100 

Fig. 3-Error samples e" for timing error. 

for p = 0.02 and p = 0.1, and for coded and uncoded sources. 
The samples fall off rapidly in each case, and the significant 
samples are somewhat larger for partial response IV coding. 
In order to include 99 percent of D, six blocks of nine samples 
must be used in the partial response IV case, and eight blocks 
of nine in the uncoded case. Figure 4 shows the resulting prob­
ability density functions for an uncoded source with timing 
error p = 0.1. (In the quantization process N 1 = 40 so that 
81 locations were used in the interval [0, V ·D].) The binary and 
8-level pdf's are shown along with a Gaussian pdf having the 
same value of MSE. The Gaussian function is a reasonably 
good approximation to the binary case near the origin, but 
is of course very poor near z = D· V, since the pdf's of inter­
symbol interference are strictly zero beyond this poJnt. Figures 5 
and 6 show curves of error-rate versus SNR for several values 
of timing error. An 8-level source is of course much more sen­
sitive to timing error than is a binary source. In the absence 
of intersymbol interference a partial response IV signal requires 
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about 3 dB more signal-to-noise ratio than an uncoded signal 
to achieve the same error-rate, under a constraint of equal 
average signal power. It is clear from the figures that this 
"SNR cost" need not be maintained when intersymbol inter­
ference is present. The partial response IV signal is more sen­
sitive to timing error than is the uncoded signal, such that at 
p = 0.15 the cost is around 9 dB. However, for types of dis­
tortion other than timing error, this situation can be markedly 
reversed, since a partial response IV signal is rather impervious 
to distortions near dc or the Nyquist frequency.1 

(ii) Single Echo in the Channel: 

Echoes frequently occur in transmission channels, generated for 
instance by mismatched terminations. A sizable amount of 
analysis has been done on echo theory in relation to system 
distortion. 1,12 Here a single echo of amplitude g and relative 
delay (3T IS assumed to occur in the ideal channel of Fig. 2, 
so that 

Ret) 

UNCODED SOURCE 

--- BINARY 

------ 8- LEVEL 

--- GAUSSIAN 

30 40 1 50 60 
I 

0.6 D·V 

Fig. 4-PDF of intersymbol interference. 

\ 
\ 

70 

\ 
\ 
\ 
\ 
\ 

(27) 
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w 
~ 
a: 

_.- UNCODED '1 BINARY 

--- PARTIAL RESPONS!fSOURCE 

a:10-7~--~--~~----+---+---~----+-~~~--~ 
o 
a: 
a: 
w 

10-8~----r-+--4+---+-~--+-+-------~----4-~ 

\ 
10-10 ~------~----...L..-::l-:------IL...-~L-------:-'-:-____ ...L..-...J 

12 16 20 24 28 32 
SNR IN dB 

Fig. 5-Error rate vs SNR for timing error. 

Because set) is symmetrical and introduces no intersymbol 
interference, an echo at {3T is identical in its effect to an echo at 
(± {3 ± n)T for any integer n. For instance, echoes at {3 = 
± 0.4, ± 3.4 ± 0.6 all have identical error sample vectors. 
Consequently one need only consider values of (3 between 0 
and 0.5. 

Figure 7 shows curves of error rate versus SNR for echoes 
of various strengths, and for an 8-level partial response IV 
coded source. Direct calculation shows that, because of the 
narrow excess bandwidth 'Y of S(f) in Fig. 2, the sample error 
variance J\1SE of equation (10) is essentially independent of 
echo position. Echo strengths were chosen to yield convenient 
values of J\1SE = 0, 0.001, 0.003, and 0.005. It is clear that 
echo location has a strong effect on the error rate curves. Echoes 
at {3 = .5 yield the largest error rates. The error rate does not 
necessarily vanish as SNR ~ 00, as indicated by the asymptote 
labelled "isi alone." 
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(iii) Equal Error Samples: 

10-7 

10-8 

10-9 

lO- tO 
26 

Consider the error sample vector e consisting of n identical 
elements, ek = u, i = 1, ... , n. A considerable amount of 
insight is gained by examining this case, although it is unlikely 
that any physical system would give rise to such a vector of 
error samples. In addition, one can derive the pdf analytically 
for the binary case providing a useful check on the computer 
method. 

The error voltage z of equation (15) clearly has the value 
uV(n - 2r) if and only if r of the symbols ak equal - V, and 
the rest equal V. Such an event occurs with probability G) 2-n 

so that z has the pdf 

pz(e) = rt (~) 2-
n 

o(e - u V(n - 2r)) , (28) 

and the error probability follows immediately using the method 

_.- UNCODED }a-LEVEL 

--- PARTIAL RESPONSE SOURCE 

30 42 46 

Fig. 6-Error rate vs SNR for timing error. 
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0.5-· 

LsL~~~ 
(0)0.5 

ECHO STRENGTH MSE 
-33 dB 0.001 --

;.---+\--------',-\----t-- - 28.2 dB 0.003 -----

-26 dB 0.005 _.-

Fig. 7-Error rate vs SNR for single echo. 

of Section 3.4: 

(29) 

The case n = 1 is the same as an echo positioned at {3T = O. 
Figure 8 sho~s curves of error rate versus SNR as a function 
of n. (Curves formed using equation (29) and the method just 
given were indistinguishable.) The samples have size u = 
0.5/n so that d = 0.5 for all n, while MSE = 0.25/n. From 
the curves it is clear that a few large error samples are more 
degrading than many small ones for the same value of D. This 
is intuitively reasonable since only very special source sequences 
{ak} will cause the error voltage z to be large when e consists 
of many small error samples, and such sequences occur with 
very small probability. Figure 9 shows similar curves, where 
now the samples have sizes 0.1/ vi; or 0.2/ vi;, so that MSE 
is constant at 0.01 or 0.04. For MSE = 0.01 error rate is some-
"'.vhat insensitive to the number of error samples, because the 
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increasing value of D = 0.1 vi:;' with n is offset by the decreasing 
probability that sequences I ak} yielding large errors will occur. 
However, as n increases for MSE = 0.04, D approaches 1, the 
value at which errors occur due to intersymbol interference 
alone, CD = 1 for n = 25). The offset in probability is not 
strong enough here, and error rate is very sensitive to n. 

V. ACCURACY OF THE METHOD AND THE SALTZ BERG BOUND 

The applications of quantization at various steps in the computa­
tion shift the locations of some of the delta-functions slightly in one 
direction or the other, introducing some error in the ti locations of 
equation (17). It would be extremely difficult to estimate analytically 
the error resulting in the value of Pe • Instead an empirical check was 
made over several channel characteristics. Figure 10 shows how error 
rate converges with increasing N 1 for a typical example of channel 
distortion. Convergence was typically most rapid for k = 0.6. For 
high values of SNR uniform quantization (k = 0.5) was noticeably 

w 
I­
<: 
ex: 

BINARY 

UNCODED SOURCE 

D= 0.5 

lO-
S
J-----f---\lt\-\---'t-----t-\----'\-\---t------t-----j 

CONSTANT D 

10-
6
1-----1----\-\,.\----'\-/-\-----'\-\-\-1----1-----; 

g 10-7r----r--;+T-~-r-r;~---+_--~ 
ex: 
ex: 
w 

10-
8 r----r-------1r+4~t_-r---'Ht---+_--~ 

10-9 1--___ 1-__ -\-\-\----\_-\-+--+-\\-__ +-__ --; 

10- 10 '--___ "':-___ :'-:-'---'-----L----::'='----'-'.L..-----:-:-:-__ ----:! 
8 12 24 28 

Fig. 8-Error rate for equal error samples. 
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LU 
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~ 
~ 
LU 

1O-81------~f4_t\__t_---\-+__\_----+_--~--+_----___l 

10-91--------++--+\--\---'v------\---+_------+-~--___l 

10-10 '--______ J...-.L.-L.LL...L __ ..L--L ____ .L.--'--______ .+-____ -----' 
12 16 20 24 28 32 

SNR IN dB 

Fig. 9-Error rate for equal error samples. 

inferior. Because computation time grows rapidly with N l , values of 
Nl = 40 and k= 0.6 were used in the examples of Section IV. With 
these values the algorithm is acceptably rapid, even on time-sharing 
facilities. 

A much faster and simpler scheme was proposed by Saltzberg.4 
This technique found an upper bound for the error probability, but it 
was not clear from the theory how tight a bound was being computed. 
Figures 11 and 12 compare the error rate using the method given 
above with the upper bound found using this technique. For binary 
transmission the bound is between one and three orders of magnitude 
above the true value. For 8-level transmission the bound is less tight. 
The discontinuities in the bound versus signal-to-noise ratio occur 
due to the optimum partitioning of the error samples into two sets in 
the upper-bound method. 

(i) Choice of the Block Size in the Method: 

Given M error samples (the M "significant" samples from the 
original set of N 8), it was desired to find the binary pdf of z in 
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equation (15). To do this, the M samples were partitioned into 
M / K blocks of K samples each. Consequently one must compute 
M / K pdf's based on sets of K samples, and perform M / K - 1 
convolutions of these pdf's to obtain the binary pdf of z. The 
speed of the convolution process depends on 2Nl + 1, the number 
of quantization levels. By direct examination of the algorithm 
one finds: (i) that to form a pdf trying all combinations of K 
samples requires 2K multiplications; (ii) that each convolution 
requires 5(2Nl + 1)2 multiplications. The total number of 
multiplications is therefore 

Nmu1t . = 2KM/K + (M/K - 1)5(2N1 + 1)2. (30) 

For example, if Nl = 40 and M = 50, a search shows that N mu1t . 

has a minimum with respect to K of 1.2 X 105 at K = 12. The 
saving in computation effort is dramatic: if no decomposition 
were used (K = M), N mu1t . would be 1.1 X 1015

• More generally, 
examination of equation (30) reveals that if M / K » 1 then 
N mu1t . varies linearly with M. Therefore N mu1t . has a minimum 
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Fig. lO-Convergence of error-rate values. 
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Fig. ll-Comparison with upper bound. 

with respect to K that depends only on N 1 • This minimum is 
K = 12 for Nl = 40, and K = 13 for Nl = 60, although Nmu1t . 

is rather insensitive to K for Ke (8, 15). 

VI. CONCLUSIONS 

A method has been developed that accurately computes the prob­
ability of error for a multilevel digital signal contaminated by intersym­
bol interference and noise. The method constructs a close approximation 
to the probability density function for the intersymbol interference, 
which can provide useful insight into the nature of the interference. 
The method is rapid enough for use on time-sharing facilities, and can 
provide a useful tool to aid the analysis and design of digital communi­
catiDn systems. 

Starting with the transfer function or impulse response of the 
chann€l, a set of error samples is found, and the method operates on 
these to form the probability density function of intersymbol inter­
ference. Partial response coding of the source is easily included if 
desired. The formidable size of the computation that has heretofore 
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blocked direct calculation of this probability density function is cir­
cumvented by partitioning the problem into a sequence of easily 
handled computations. Quantization keeps the total number of ele­
ments in the probability density function within reasonable limits, 
and the density function for binary transmission is used repeatedly 
to form the density function for 4-, 8-, 16-, ... level transmission. 
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APPENDIX 

Extensiorl; to Other Coding Types 

The method described above considers only two coding types: the 
uncoded and partial response IV cases. With slight adjustments in the 
method one can also treat other interesting cases. The class of coders 
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considered is that of Kretzmer!l,13: each symbol Ck is related to the 
input symbols {ak} by 

Ck = bOak + b1ak-l + b 2a k-2 + ... + bvak-v , (31) 

where the elements bi of the vector bare integers. (The uncoded case 
is then bo = 1, all other bi = 0). Kretzmer tabulates five partial response 
classes which have proven most intereElting: (I) b = (1, 1); (II) b 
(1, 2, 1); (III) b = (2, 1, -1); (IV) b = (1,0, -1); and (V) b = 
(-1, 0, 2, 0, -1). Other simple types exist as well, such as b = 
(1, 0, 0, 0, 0, 0, 0, 0, 0, -1), a generalization of Class IV partial response 
that has five "lobes" in the signal spectrum.9 

To see how codes of the type in equation (31) could be included in 
the method, note that there are only three places where the coding 
scheme used makes a difference: (i) in forming the coded error samples, 
as in equation (7), (ii) in finding P e from the pdf, as in equation (8), 
and (iii) in evaluating signal-to-noise ratio, as in equation (25). 

(i) The coded error sainples are easily found for any vector b. 
Using equation (30) in equation (4), and manipUlating . 

Z = L E bmak-mXk + n 
k m=O . 
L b m L aixi+m + n 
m=O i 

where 

(32) 
m=O 

are the coded error samples. , 
(ii) Once the pdf of isi has been found from the coded error samples, 

the error probability follows as in equation (8). To use signal 
power efficiently a coder will be chosen so that the transmitted 
voltage levels are equally spaced. Thus one need only evaluate 
the probability of an outer level in order to adapt equation (8) 
to this larger class of coders. An outer: level of Clc occurs only 
if all relevant ak have their maximum size and correct polarity. 
For N-level ak symbols then, if M of the coefficients bi in equa­
tion (31) are nonzero, ea~h outer level has probability N- M

• 

Thus lv! replaces h in equation (8). 
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(iii) Finally, since the symbols ak are statistically independent and 
have mean square value E[a2

] as in equation (25), it is a simple 
matter to show that the symbols Ck have mean square value 
E[c2] = h. ~[a2], where 

v 

hs L: b~. (32) 
m=O 

Therefore hs replaces hs in equation (25) In the evaluation of 
signal-to-noise ratio. 

REFERENCES 

1. Lucky, R. W., Salz, J., Weldon, E. J., Jr., "Principles of Data Communica­
tions," New York: McGraw Hill BookCo., 1968. 

2. Lucky, R. W., "Automatic Equalization for Digital Communication," B.S.T.J., 
4-4, No.4, part 1 (April 1965), pp. 547-588. 

3. Gersho, A., "Adaptive Equalization of Highly Dispersive Channels for Data 
Transmission", B.S.T.J. 4-8, No.1, part 1 (January 1969), pp. 55-70. 

4. Saltzberg, B. R., "Intersymbol Interference Error Bounds with Application 
to Ideal Bandlimited Signaling,",' IEEE Trans. Inform. Theory IT-l4-
(July 1968), pp. 563-568. 

5. Aein, J. M., and Hancock, J. C., "Reducing the Effects of Intersymbol Inter­
ference with Correlation Receivers," IEEE Trans. Inform. Theory, IT-9, 
No.3 (July 1963), pp. 167-175. 

6. Aaron; M. R., and Tufts, D. W., "Intersymbol Interference and Error ~rob­
ability," IEEE Trans. Inform. Theory, IT-12, No.1 (January 1966), pp. 
26-34. 

7. Ho, E. Y., and Yeh, Y. S., "A New Approach for Evaluating the Error :prob­
ability in the Presence of Intersymbol Interference and Additive Gaussian 
Noise," B.S.T.J., 49, No.9, part 3 (November 1970), pp. 2249-2265'. 

8. Celebiler, M. 1., and Shimb6, 0., "Intersymbol Interference Considerations in 
Digital Communications," Int. Conf. on Commun., ICC 1970, San Francisco 
(June 8, 1970), pp. 8.1-8.10. 

9. Kretzmer, E. R., "Generalization of a Technique for Binary Data Communica­
tion," IEEE Trans. on Commun. Technology, COM-14, No.1 (Febru'ary 
1966), pp. 67-68. 

10. Norris, W. E., unpublished work, Bell Telephone Laboratories. 
11. Cooley, J. W., Lewis, P. A., Welch, P. D., "Application of ,the Fast Fourier 

Transform to Computation of Fourier Integrals, Fourier Series, and Con­
volution Integrals," IEEE Trans. Audio and Electroactoustics, A V-J5 (June 
1967), pp. 7'9-84. " 

12. Sunde, E. D., "Theoretical Fundamentals of Pulse Transmission," I and II, 
B.S.T.J., 33, Nos. 3 and 4, parts 1 and 2 (May, July, 1954), pp. 721-88, 
987-lO10. ' 

13. Gerrish, A. M., Howson, R. D., "Multilevel Partial-Response Signaling," IEEE 
Int. Conf. on Commun., Minneapolis, Minnesota, June 12, 1967, p. 186. 





Contributors to This Issue 

WALTER J. BERTRAM, JR., B.S., 1956, M.S., 1957, Ph.D. (Physics), 
1961, Carnegie Inst. of Tech.; Bell Telephone Laboratories, 1960-. 
Mr. Bertram's early work at Bell Laboratories was on the develop­
ment of low-noise traveling-wave tubes. From 1962 through 1966 
he supervised a group developing low-noise wide-band parametric 
amplifiers, tunnel diode amplifiers, and down-converters. He then 
supervised a group involved in the development of electroluminescent 
diodes and in the development of acousto-optic modulators. Since 
1970 he has supervised the development of imaging devices using the 
charge coupling principle. Member, American Physical Society, Insti­
tute of Electrical and Electronics Engineers, American Association 
for the Advancement of Science. 

KENNETH BULLINGTON, B.S., 1936, University of New Mexico; S.M., 
1937, Massachusetts Institute of Technology; Bell Telephone Labora­
tories, 1937-. Mr. Bullington has worked on transmission engineering 
problems on wire, radio, and submarine cable systems. He is now 
Radio Consultant. In 1956 he received the Morris Liebmann Memorial 
Prize of the Institute of Radio Engineers and the Franklin Institute's 
Stuart Ballantine Medal for contributions in tropospheric transmission 
and its application to practical communications systems. Fellow, 
IEEE. Member, Phi Kappa Phi, Sigma Tau, Kappa Mu Epsilon. 

J. C. CANDY, B.Sc., 1951, and Ph.D., 1954, University of Wales, 
Bangor, Wales; Research Associate at the University of Minnesota, 
1959-60; Bell Telephone Laboratories, 1960-. Mr. Candy has worked 
on digital circuits and pulse transmission systems. He is studying 
methods of processing video signals, and is designing digital coders. 
Member, IEEE. 

ROBERT W. CHANG, B.S.E.E., 1955, National Taiwan University; 
M.S.E.E., 1960, North Carolina State University; Ph.D., 1965, Purdue 
University; Bendix Corporation, 1960-1963; Bell Telephone Labora­
tories, 1965-. Mr. Chang has worked on a variety of problems in 
data transmission and communication system theory. Member, Phi 
Kappa Phi, Eta Kappa Nu, Sigma Xi, Association for Computing 
lVlachinery, IEEE. 

2079 



2080 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1971 

DONALD C. COX, B.S. (E.E.), 1959, and M.S. (E.E.), 1960, University 
of Nebraska; Ph.D. (E.E.), 1968, Stanford University; U. S. Air Force 
Research and Development Officer, Wright-Patterson AFB, Ohio, 
1960-1963; Bell Telephone Laboratories, 1968-. Since coming to Bell 
Laboratories from Stanford, where he was engaged in microwave trans­
horizon propagation research, Mr. Cox has been engaged in microwave 
propagation research in mobile radio environments and in high-capacity 
mobile radio systems studies. Member, IEEE, Commission II of 
USNC/URSI, Sigma Xi, Sigma Tau, Eta Kappa Nu, Pi Mu Epsilon. 

MRS. MARIE A. FRANKE, A.A.S., 1967, Fayetteville Technical In­
stitute; Bell Telephone Laboratories, 1967-. Since joining Bell Tele­
phone Laboratories, Mrs. Franke has been engaged in developing 
digital techniques to reduce the frame-to-frame redundancy in tele­
vision pictures for visual telephone applications. 

ARTHUR D. FRIEDMAN, B.A., 1961, B.S., 1962, M.S., 1963, and Ph.D., 
1965, Columbia University; Bell Telephone Laboratories 1965-. As a 
member of the Computing Techniques Research Department, Mr. 
Friedman has been interested in various switching theory problems. 
Member, IEEE, Eta Kappa Nu, Tau Beta Pi, Sigma Xi. 

BARRY G. HASKELL, B.S., 1964, M.S., 1965, and Ph.D. (Electrical 
Engineering), 1968, University of California; Research Assistant, Uni­
versity of California, 1965-68; Bell Telephone Laboratories, 1968-. 
Mr. Haskell is engaged in TV picture processing studies. Member, Phi 
Beta Kappa, Sigma Xi. 

FRANCIS S. HILL, JR., B.E., 1962, M.E .. , 1964, and Ph.D., 1968, Yale 
University; Bell Telephone Laboratories, 1967-1970. Mr. Hill was 
concerned with various analysis problems in the area of digital data 
communications. He is presently an Assistant Professor at the Univer­
sity of Massachusetts, Amherst, Mass. Member, IEEE, Sigma Xi, 
Tau Beta Pi, Eta Kappa Nu. 

WILLIAM B. JOYCE, B.E.P., 1955, Cornell University; Ph.D., 1966, 
Ohio State University; Bell Telephone Laboratories, 1966-. Mr. 
Joyce has worked on various mathematical aspects of semiconductor 
device development. Member, APS. 



CONTRIBUTORS TO THIS ISSUE 2081 

WILLIAM C.-Y. LEE, B.S.C. in Engineering, 1954, Chinese Naval 
Academy; M.Sc. in E.E., 1960, and Ph.D. in E.E., 1963, Ohio State 
University; Bell Telephone Laboratories, 1964-. Mr. Lee has been 
concerned with the study of wave propagation in anisotropic medium 
and antenna theory. His present work has included studies of mobile 
radio antennas, signal fading problems, and communication systems, 
particularly those relating to the UHF and X-band regions. lVlember, 
Sigma Xi, IEEE. 

JOHN O. LIMB, B.E.E., 1963, and Ph.D., 1967, University of Western 
Australia; Research Laboratories, Australian Post Office, 1966-1967; 
Bell Telephone Laboratories, 1967-. Mr. Limb has worked on the 
coding of picture signals to reduce channel capacity requirements. 
More recently this has included the coding of color pictures. He is now 
working on methods of reducing redundancy in moving pictures for 
Picturephone® visual telephone appllcations. 

DIETRICH MARCUSE, Diplom Vorpruefung, 1952, Dip!. Phys., 1954, 
Berlin Free University; D.E.E., 1962, Technische Hochschule, Karls­
ruhe, Germany; Siemens and Halske (Germany), 1954-57; Bell Tele­
phone Laboratories, 1957-. At Siemens and Halske, Mr. Marcuse 
was engaged in transmission research, studying coaxial cable and cir­
cular waveguide transmission. At Bell Telephone Laboratories, he has 
been engaged in studies of circular electric waveguides and work on 
gaseous masers. He spent one year (1966-1967) on leave of absence 
from Bell Telephone Laboratories at the University of Utah where he 
wrote a book on quantum' electronics. He is presently working on the 
transmission aspect of a light communications system. Member, IEEE, 
Optical Society of America. 

D. MAYDAN, B.Sc., 1957, and M.Sc., 1962, Technion, Israel Institute 
of Technology, Israel; Ph.D., 1965, Edinburgh University, Scotland; 
Israel Atomic Energy Commission, 1957-1962 and 1965-1967; Bell 
Telephone Laboratories, 1967-. Mr. Maydan is a member of the 
Active Optical Device Department and is working on acoustooptical 
devices and laser machining for fast image recording. 

PREMACHANDRAN R. MENON, B.Sc. 1953, Banaras Hindu University, 
India; Ph.D., 1962, University of Washington; Bell Telephone Lab­
oratories, 1963-. Mr. Menon is a member of the Computing Tech-



2082 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1971 

niques Research Department, and has been engaged in research in 
switching theory. Member, IEEE, Sigma Xi. 

F. W. MOUNTS, E.E., 1953, and M.S., 1956, University of Cincinnati; 
Bell Telephone Laboratories, 1956-. Mr. Mounts has been concerned 
with research in efficient methods of encoding pictorial information 
for digital television systems. Member, Eta Kappa Nu. 

CHARLES M. NAGEL, JR., B.S., 1964, and M.S., 1967, Stevens Institute 
of Technology; Bell Telephone Laboratories, 1965-1971. At the time 
of his death, Mr. Nagel was a member of the Applied Mathematics 
and Statistics Department, working in the area of optical communica­
tions theory. Previously, he had been engaged in research into the 
numerical aspects of various waveguide propagation problems, Fara­
day rotation in the ionosphere, and electromagnetic scattering. Mr. 
Nagel was a member of Tau Beta Pi, Pi Delta Epsilon, and the 
American Association for the Advancement of Science. 

SCOTTY R. NEAL, B.A. (Mathematics), 1961, M.A. (Mathematics), 
1963, and Ph.D. (Mathematics), 1965, University of California, River­
side; Research Mathematician, Naval Weapons Center, China Lake, 
California, 1964-1967; Bell Telephone Laboratories, 1967-. Since 
coming to Bell Laboratories, Mr. Neal has been primarily concerned 
with the analysis of various aspects of telephone traffic systems. He 
has also worked on applications of optimal linear estimation theory 
and certain aspects of communication theory. Member, American 
Math Society, SIAM, Sigma Xi. 

R. F. W. PEASE, B.A., 1960, M.A. and Ph.D., 1964, University of 
Cambridge; Bell Telephone Laboratories, 1967-. Mr. Pease held a 
faculty appointment at the University of California at Berkeley prior 
to joining Bell Laboratories and worked on electron microscopy. He 
is now trying to efficiently encode moving and still pictures. 

DOUGLAS O. REUDINK, B.A., 1961, Linfield College; Ph.D. (Mathe­
matics), 1965, Oregon State University; Bell Telephone Laboratories, 
1964-. Since joining Bell Laboratories, Mr. Reudink has been en­
gaged in electronic systems research with particular emphasis in the 
field of mobile communications. His recent work has been concerned 
with fundamentals of mobile radio propagation, diversity techniques, 



CONTRIBUTORS TO THIS ISSUE 2083 

and the configuration and control of mobile systems. Member, Sigma 
Pi Sigma, American Mathematical Society, Pi Mu Epsilon, IEEE. 

M. V. SCHNEIDER, M.S., 1956, and Ph.D., 1959, Swiss Federal 
Institute of Technology, Zurich, Switzerland; Bell Telephone Labo­
ratories, 1961-. Mr. Schneider has been engaged in experimental work 
on thin film solid-state devices, Schottky barrier photo detectors, and 
thin film mode selection filters. He has published contributions on 
microstrip and thin film technology, on the design of microstrip cir­
cuits, and on the reduction of conductor and dielectric losses in 
microstrip transmission lines. He is presently working on hybrid 
integrated circuits for systems applications at microwave and milli­
meter-wave frequencies. Member, American Physical Society, Ameri­
can Vacuum Society, IEEE. 

N. L. SCHRYER, B.S., 1965, M.S., 1966, Ph.D., 1969, University of 
Michigan; Bell Telephone Laboratories, 1969-. Mr. Schryer has 
worked on the numerical solution of parabolic and elliptic partial 
differential equations. He is currently studying problems of this type 
which arise in semiconductor device theory. 

WILLIAM W. SNELL, JR., Williamsport Technical Institute, 1951; 
Bell Telephone Laboratories, 1955-. In his first years with Bell Lab­
oratories Mr. Snell was concerned with the design of waveguide com­
ponents for use in the 4-, 6-, and 11-GHz common carrier band. He 
later participated in the Shotput and Project Echo satellite commu­
nications experiments where he designed several components of the 
Holmdel Space Communication Receive~. He is presently concerned 
with the design and fabrication of high-order varactor frequency 
multipliers, high-quality varactor diodes, and low-loss microstrip filters 
for use in hybrid integrated circuits at frequencies above 10 GHz. 

R. J. STRAIN, B.S.E.E., 1958, M.S., 1959, Ph.D., 1963, University of 
Illinois; Standard Telecommunication Laboratories, Harlow, Eng­
land; Bell Telephone Laboratories, 1965-. Mr. Strain's initial activi­
ties in the Electron Device Laboratory were concerned with electro­
luminescent display devices, particularly GaP diodes. In 1968 he 
joined the Semiconductor Device Laboratory as a supervisor, and he is 
now in charge of the Functional Interface Device Group. Member, 
APS, AAAS, ECS, IEEE, Sigma Xi. 





CONTENTS 

(Continued from front cover) 

A Scaled Hybrid Integrated l\1ultiplier from 
10 to 30 GHz M. V. Schneider and W. W. Snell, Jr. 1933 

Some Analytical Investigations of Phase 
Contrast Imaging C. M. Nagel, Jr. 1943 

A New Equalizer Structure for Fast Start-Up Digital 
Communication R. W. Chang 1969 

Combining Correlated Streams of Nonrandom Traffic S. Neal 2015 

Phase and Amplitude Variations in Multipath 
Fading of Microwave Signals 

The Computation of Error Probability for 
Digital Transmission 

Contributors to This Issue 

K. Bullington 2039 

F. S. Hill, Jr. 2055 

2079 



@ Bell System 


