
































































































































































































































































































































































































































































































































































































TIME-VARYING SPECTRA 2371 

which relates the input and output time histories in terms of the 
transfer function of the system and the error fqnction in (9). The 
time-history of the response function y (t) can also be related to the 
time-history of the input �f�u�~�c�t�i�o�n� x(t) through the simple expression 

(15) 

Notice �t�h�~�t� the above relation is �a�d�v�a�n�t�a�g�e�o�~�s� when �t�4�~� direct multi­
plication of input and output' functions is involved. We prove (15) in 
the following. Consider the �i�n�t�e�g�r�~�l� ' . 

} 

i t 1 100 1t o x(r)y(r) dr == 27r -00 H(w) 0 x(r)X(r, w) exp (iwr) dr dw. 

It follows from the causal property of the system and Parseval's 
theorem that 

L x(T)yH dT �~� �2�~� ( H(w) 1 X(t, w) I'dw. 

Differentiating both sides with respect to t, (15) immediately follows. 
We now establish the upper bound for Iy (t) 1 'and Iy (t) 12 in terms of 

transfer characteristics of the system and input spectrum. From (7), 
Schwarz's inequality yields 

\ yet) \2 �~� E(t)N, 

I yet) \ �~� E(t)!N!, 

(16) 

(17) 

where E(t) is the total energy of the input function x(t) up to the time t 
and is given by (4), and N = �f�~�o�o� \ her) \2 dr > O. Equations '(16) and 
(17) are also valid if x(t) is a random process. In this case the left-hand 
side quantities \ yet) \2 and \ yet) \ are replaced by E[ \ yet) \2] and 
E[ \ yet) \] respectively. For our simple system, N = (4Xw!)-\ and 

(18) 

3.3 Total Energy of the System 
,I ... 

The total energy Es (t) of the system described by (6) at time t is 
given by . 

(19) 

where Z(t, p) is the running spectrum of z(t) = x(t) exp('\wot) at the 
frequency p. The relation (19) can be proved as follows. Taking, 
according to (1), the running Fourier transform of both sides of (6) 
and integrating by parts, we have 
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[y + (iw + 2~wo)Y] exp (-iwt) + [w! + 2i~wwo - W2]Y(t, w) = X(t, w) 

in which the initial conditions have been used. The second term on the 
l~ft-hand side of the above equation vanishes when setting w = (h = 
iAWo + p or W = ()2 = iAWo - p. Thus 

[y + (i01 + 2~wo)Y] exp (-i01 t) = X(t, 01) = Z(t, p), (20) 

[y + (i02 + 2~wo)Y] exp (-i02t) = X(t, O2) = Z*(t, p). (21) 

Multiplying (20) and (21) and dividing the result by 2, we have 

~[y2 + 2AwoyiJ + W!y2] = ! 1 Z(t, p) 12 exp (2AWJ). 

But the left-hand side is the total energy of the system and therefore 
(19) is proved. 

Taking expectation of both sides of (19), we obtain the expected 
energy of the system subjected to the random excitation x(t) 

E[E.(t)] = ~ [trfJ [trfJ Rx(T1 , T1 - T2) 

. exp [~Wo(T1 + T2) - ip(T1 - T2)] dT1 dT2 . (22) 

For the undamped system, i.e., at the limit when ~ ~ 0, (19) reduces 
to !(y2 + y2) = ! 1 X(t, wo) .1

2 which agrees with the principle of energy 
conservation. It is also interesting to note that a simple manipulation 
of (20) and (21) can lead to the familiar convolution relation between 
input and output 

1 ft yet) = - X(T) exp [-AWo(t - T)] sin pet - T) dT 
P -rfJ 

as given by (7). 

3.4 Bounds on the Shock Spectrum 

The shock spectrum of x(t), t t [a, b] is the maximum absolute response 
defined as Siwo , A) = sup! 1 y 1 = the displacement spectrum or 
Sv(wo, A) = sup! 1 y 1 = the velocity spectrum. We establish the 
following upper bounds to them: 

Siwo , ~) ~ sup [1: 1 Z(t, p) 1 exp (- AWot)] ~ sup 1: 1 Z(t, p) I, (23) 
t p t P 

S.(wo , A) ~ s~p [(1 _1 A1' 1 Z(t, p) 1 exp (- AWot)] ~ s~p 1 Z(t, p) I. 

(24) 
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The proof of these relations is straightforward. Write Z (t, w) = 
IZ(t, w)/ exp [-icpz(t, w)] in which the phase angle cpz(i, w) = tan-1 

[-S;:(t,w) /Oz(t, w)], Sz and Oz are the running sine and cosine trans­
form of z(t) respectively. It follows from '(20) or (21) that 

if + AWoY + ipy = I Z(t, p) I exp {-Awot + i[pt - ¢zCt, p)]}. 

The above relation leads to 

if + AWoY = I Z(t, p) I exp (-Awot) cos [pt - ¢z(t, p)], 

py = I Z(t, p) I exp (-Awot) sin [pt - ¢z(t, p)], 

and (23) and (24) follow directly. 
For the undamped system (A ~ 0), p = W o , Z(t, p) = X(t, wo); 

therefore (23) and (24) reduce to 

woSiwo , 0) ~ sup I X(t, wo) I and Sv(wo , 0) ~ sup I X(t, wo) I, 

respectively. 

IV. ILLUS'rRATIONS 

We now consider the following nonstationary processes for their 
time-varying spectra. 

4.1 J1{ ultiplicative Process 

x(t) = n(t)¢(t), 

where n(t) is a stationary process with an autocorrelation function 
Rn(r) and spectral density Sn(w), and cp(t) is a causal deterministic 
function. The time dependent correlation function and power spectrum 
are 

Rx(t, r) = Rn(r)¢(t - r), 

Sx(t, w) = 2¢(t) 1t Rn(r)¢(t - r) cos WT dr. 

When n (t) is a. white noise with Rn (r) = RoB (r), Ro > 0, then 
Sx(t, w) = S(t) = 2Rocp2(t) becomes frequency independent. When 
cp(t) is slowly varying such that cp(t - r/2) ~ cp(t + r/2), then 
Rx (t,r) = cp2 (t) Rn (r) and Sx (t, w) = cp2 (t) Sn (w). This implies that 
x(t) is loca.lly stationary and its power spectrum changes with respect 
to time not in the general shape but in its area covered with the 
w-axis only. 
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4.2 Periodic N onstationary Process6
•
7 

In this class of processes, the time dependent autocorrelation func­
tion is given as Rx (t, T)= ~tf;k (T) exp (27Tikt/T) for a constant T. It 
can be readily shown that 

where ~k (w) is the Fourier transform of ~d T) and has the property 
that ~o(w) ~ 0 and ~k(W) = ~k(27Tk/T - w). Moreover, it is easy to 
show that the time-varying power spectral density of the response 
process y (t) is also periodic with the same period T: 

Sy(t, w) = 21 2:: qk(W) exp (27Tikt/T) 
7r k 

in which qk (w) = ~k(w)H (w)H (27Tk/T - w). 
The application of the rest of the input-output, relations of Section 

III to these two types of nonstationary processes for either direct 
analysis or numerical computation is a straightforward exercise. 
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Multiple-Path Fading on Line-of-Sight 
Microwave Radio Systems as a Function 

of Path Length and Frequency 

By C. L. RUTHROFF 

(Manuscript received March 22, 1971) 

Transmission over line-of-sight microwave radio paths is analyzed with 
the aid of a piece-w1:se linear approximation of the atmospheric index of 
refraction. The simple model is adequate; it predicts published experimental 
results. 

A short path is defined on which no deep fading can occur and the 
maximum length of such a path is estimated from measured data for 
New Jersey. Expressions are presented for the worst-case amplitude­
frequency response and for the maximum echo delay for short paths. It is 
shown that if the normal Fresnel-zone clearance is maintained on short 
paths, no fading will occur due to substandard conditions of propagation. 

W. T. Barnett's result is also predicted from this model: the distribution 
of attenuation on long paths is a function of L3/A where L is the path length 
and A is the free space wavelength. 

The distribution of deep fades on long paths is predicted by this model 
to have the same slope as the Rayleigh distribution, the slope normally 
found in measurements of attenuation distributions on long paths. 

1. INTRODUCTION 

Terrestrial and satellite radio systems for common carrier applica­
tions at frequencies above 10 GHz have been proposed recently.l,2 
For terrestrial systems the lengths of transmission paths may be lim­
ited to a few kilometers by the attenuation caused by rain.3

-
5 A similar 

limitation holds for satellite systems-for that part of the transmis­
sion path which is contained in earth's atmosphere. 

For both terrestrial and satellite systems, it is anticipated that econ­
omies can be achieved if the information can be transmitted as 
sequences of short pulses. But O. E. DeLange has shown that pulses 
with durations of a few nanoseconds can suffer serious degradation 

2375 
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during transmission over a 22.8-mile path at a frequency of 4 GHz; 
in his experiment, the degradation occurred during conditions of 
frequency-selective fading.'6,7 For the proposed systems, this result 
raises an important question-for the path lengths of interest, can 
pulses of a few nanoseconds duration be transmitted without suffering 
intolerable degradation due to frequency-selective fading? No answer 
to this question has been found in the literature; one of the purposes 
of this paper is to answer it. 

In pioneering work on the propagation of microwaves, A. B. Craw­
ford, DeLange, W. C. Jakes, and W. M. Sharpless have shown that 
severe frequency-selective fading on line-of-sight transmission paths 
can be explained in terms of multiple-path transmission.6-9 Their 
results have been confirmed by others and it is generally accepted 
that the mechanism of multiple-path transmission is responsible for 
most severe frequency-selective fading.1o- 15 

In this paper, fading due to multiple-path transmission and fading 
due to substandard refraction are discussed with emphasis on short 
transmission paths. In the model used, signal power from the trans­
mitter travels to the receiver over two or more paths.13 Multiple-paths 
are caused by a layer of atmosphere above the transmission path 
which has a negative gradient in the index of refraction. Generally 
the energy traveling over the separate paths will undergo unequal 
phase shifts; if the received signal, which is the vector sum of the 
signals received from these paths, is reduced substantially below its 
free-space value by this mechanism, multiple-path fading is said to 
occur. 

Multiple-path fading, then, is a function of the magnitude of the 
gradient in the index of refraction of the refracting layer. It is reason­
able to assume that there is a maximum value of this gradient which 
occurs in a climatic region. Based on this assumption, it will be shown 
that a path length Lo exists such that for any path of length L ~ Lo­
called a short path-deep multiple-path fading cannot occur. The 
length Lo is estimated for New Jersey from transmission measure­
ments made by Crawford and J akes. 7 For example, at 30 GHz, Lo ~' 
4.8 km in New Jersey. 

Expressions are also derived for the frequency selectivity, maximum 
echo delay, and the path clearance required to eliminate fading due 
to substandard refraction. 

Fading on long paths is also discussed and it is shown that the 
path attenuation distribution is a function of L3/).. where L is the path 
length, and ).. is the wavelength. This agrees with Barnett's result 
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which is based on extensive measurements. The correct slope of the 
distributions of deep fades on long paths is also predicted from this 
model. 

II. REFRACTION IN A SINGLE LAYER 

Most severe selective fading occurs during clear summer nights 
when temperature inversions and associated meteorological effects 
produce negative gradients in the index of refraction of the atmo­
sphere.1 ,lO,13 Figure 1 illustrates a simple profile of the index of refrac­
tion which can produce two or three transmission paths between 
transmitter and receiver; two transmission paths are shown.1 As is 
usual, the index of refraction is assumed to change only in the vertical 
dimension. From geometric optics, the position of the elevated negative 
gradient in the index of refraction allows a direct ray between trans-

INDEX OF REFRACTION 

REFRACTING 
LAYER 

\ 

Fig. I-Refraction from a single layer. 

z 
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mitter and receiver as shown in Fig. 1, and causes another ray, launched 
upward at a small angle, (Jo , to be refracted into the receiver. 

The magnitudes of the gradients in the index of refraction are 
small and only those rays which are launched at small angles to the 
horizontal can be refracted into the receiver. For small angles it hae 
been shown that if the gradient in the index of refraction is constant 
the refracted ray follows the arc of a circle with radius R, where13 

1 ~ _ dn(z) = -10-6 dN(z) . 
R dz dz 

(1) 

The height above earth is z, n(z) is the index of refraction, and 
N (z) = [n (z) - 1] 106 • The dispersion in the index of refraction is 
known to be small so we assume n (z) and R are independent of 
frequency.13 

The model of Fig. 1 is a simple approximation to the actual varia­
tions in the index of refraction which occur on transmission paths. 
The model is not used because it is simple but because it does all that 
can be asked of a model-the results predicted from it agree with the 
results measured in corresponding experiments: 

(i) Either one, two, or three discrete rays are predicted by the 
model and all of these combinations of rays have been observed.7 

Four or more discrete rays have not been observed. 
(ii) Frequency-sweep measurements, which heretofore have been 

approximated by more than three and as many as eleven distinct 
signals, are easily approximated by three distinct signals if time 
variations are assumed in the height, thickness, and index of refrac­
tion of the refracting layer.7 ,lo 

(iii) Barnett has determined the dependence of attenuation distri­
butions on path length and wavelength from measurements on many 
paths at several frequencies; the same result is predicted by this 
model. 

(iv) The correct slope of deep-fading distributions on long paths 
is also predicted from this model. 

2.1 Phase-Shift Along a Ray-General Case 

The geometry for a single refracting layer is shown in Fig. 1. The 
direct ray has radius Ro and an angle of departure a ~ L j2Ro . A 
refracted ray leaves the transmitter at angle (Jo and follows the arc of 
a circle with radius Ro until the ray reaches height Zl . At this point 
the slope of the index of refraction changes and in the region Zl ~ Z ~ 

Z2 the ray follows an arc of a circle with radius R. When the ray 
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passes into the region Zo ~ z ~ Zl , it again follows an arc of a circle 
with radius Ro and arrives at the receiver at the angle (}o above the 
horizontal axis. 

The phase shift, cp, between the transmitter and receiver is given by 

27rJ cp =): n(z) ds, (2) 

where, n(z) is the index of refraction, 
A is the free-space wavelength, and 
ds is the element of length along the ray. 

The integral in (2) is the optical length of the ray . 
. It is possible for a refracted ray to rise above the refracting layer 

and still reach the receiver. To include this case we use the geometry 
of Fig. 2 to derive the phase shift along a refracted ray. There are 
three regions to consider. 

REFRACTING 
LAYER "-

'\ 
\ 

DISTANCE ALONG EARTH 

Z 

Zz 
Z, 

Zo 

Fig. 2-Single-layer refraction with a ray rising above the refracting layer. 
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Region I 

In the region below Zl , n = no - moz, and a point on the ray is 
given by z = Zo + Ro (cos e - cos eo), ()1 ~ () ::; eo . Substituting for 
z in n and noting that dnjdz ,= -mo = -lIRo, 

n = no - moZo - cos 0 + cos 00 , f)l ~ 0 ~ 00 , (3) 

The element of length along the arc in this region is d", = Rod(). 

Region II 

In the refracting layer, n = no - mOZl - m(z - Zd, and a point 
on the ray is given by z = Zl + R(cos if; - cos Bd, 0::; if; ~ ()1. From 
Fig. 2, cos ()l = cos ()o + (Zl - Zo) IR,o . Substituting for cos ()1 in z, 
for z in n and noting that dnldz = -rn = -lIR, 

n = no - 1noZo - cos 1/1 + cos 00 , 

In the refracting layer, ds= Rdif;. 

Region III 

(4) 

Above the refracting layer, n = no - moz + moo (Z2 - Zl) -
m(Z2 - Zl) and a point on the ray is given by z = Z2 + Ro(cos y -

cos ()2), 0 ~ y ~ ():2 • From Fig. 2, cos e:2 = cos ()o + (Zl - Zo) IRo + 
(Z2 - ZdIR. Substituting for cos ():2 in z, for z in n and noting that 
dnldz = -mo = -lIRo, 

n = no - moZo - cOS'Y + cos 00 , (5) 

In this region ds = Rody. 
Since moZoo« no, it will be omitted from (3), (4), and (5). By 

substituting these equations into (2) the optical length of the refracted 
ray can be written. 

Ac/> 100 

-2 ~ 2 (no - cos 0 + cos Oo)Ro dO 
7r 01 

t1 + 2 Jil (no - cos 1/1 + cos Oo)R d1/l 
o. 

1
0. 

+ 2 0 (no - cos 'Y + cos Oo)Ro d'Y 

~ 2Ro[(no + cos (0)(00 - ( 1) - sin f)o + sin (1)] 

+ 2R[(no + cos (0)(01 - ( 2 ) - sin 01 + sin O2] 

+ 2Ro[(no + cos (0) O2 - sin O2], 

(6) 

(7) 
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Only those rays which reach the receiver are of interest. For a ray 
to be refracted into the receiver the geometry of Fig. 2 requires that 
the following two relations be satisfied. 

Ro sin ()o - (Ro - R)(sin ()l - sin ()2) = L/2, (8) 

o ~ ()2 ~ ()l ~ ()o • (9) 

. The launch angle, ()o, and the angles 81 and 82 are related to the 
height, h, of the refracting layer above the path axis and its vertical 
thickness, v, by the following equations. 

h == Zl - Zo = Ro cos ()l - Ro cos ()o, and (10) 

v == Z2 - Zl = R cos ()2 - R cos ()l • (11) 

In principle, (),o, ()1 and ()2 can be found from (8), (10), and (11) 
in terms of the path length, gradient of the index of refraction, and 
the height and thickness of the refracting layer. These values of 80 , 

81 and 82 can then be substituted into (7) to determine the optical 
length of the refracted ray. Our purpose is better served, however, by 
specializing the solution. 

2.2 Phase-Shift Along a Ray-Special Case 

The worst case of interference, that is, the largest difference in 
phase between the direct and refracted rays, occurs when the layer 
it thick enough that no ray which reaches the receiver rises above the 
layer. This can be demonstrated by the usual methods and the proof 
is not reproduced here. 

The rest of this paper will be concerned primarily with the worst 
case interference, for which 82 = o. 

When 8:2 = 0, (8) and (9) become 

Ro sin ()2 - (Ro - R) sin ()l = L/2, and (12) 

o ~ ()l ~ ()o • (13) 

The limits on the launch angle, 80 , are found by substituting (13) 
into (12). 

L/2Ro ~ sin ()o ~ L/2R. (14) 

We introduce a normalizing parameter k such that 

k 
2Ro • 

== T Sln ()o, then, from (14), 1 ~ k ~ Ro/R. (15) 

Now, 
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(16a) 

1 (kL )2 
COS 00 ~ 1 -"2 2Ro ' and (16b) 

L(k - 1) 1 (L(k - 1))3 
01 ~ 2(Ro - R) +"6 2(Ro - R) . (16c) 

With (14), (15), and (16) and recalling that (j'2 = 0, the optical 
length of the refracted ray is 

X¢R L L3 [( ) 3 (no + 1)(k - 1)3 e] 
2;- ~ no + 24R~ no + 1 k - (1 _ R/Ro)2 - 3 . (17) 

The index of refraction no ::::: 1, so (17) can be written 

X¢R L3 [, 3 2(k - ]y k 2 ] 

27r ~ L + 24R~ 2k - (1 _ R/Ro)2 - 3 , (18) 

for 

1 ~ k ~ Ro/R. 

The interference between the direct and refracted rays will be deter­
mined from (18). First, however, we need expressions for the departure 
angle and the distance a ray rises above the path as functions of the 
height of the refracting layer. 

2.3 The Relation Between the Angle of Departure and the Height of the 
Refracting Layer 

The distance of the refracting layer above the path axis is h = 
Zl - Zo . From Fig. 1, 

h = Ro(cos 01 - cos 00 ), 

It is convenient to express h in terms of the maximum distance, hD , 
that the direct ray rises above the path axis, 

hD = Ro(1 - cos a). 

Substituting from (16) and noting that a ::::: L/2Ro, 

hD ~ L2/8Ro , and (19) 

(20) 

2.4 The Distance a Ray Rises above the Path 

From Fig. 1, the maximum distance, d, that a ray rises above the 
path axis is 
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d = R(1 - cos ( 1) + h. 

Substituting from (16), (19), and (20), 

d 2 (k - 1)2 
hD ~ k - (1 - R/Ro) (21) 

2.5 The Optical Length of the Direct Ray 

If ()1 = 0 the refracting layer is too high to affect transmission. In 
this case, transmission is normal and a single ray, launched at an 
angle a = sin-1 L/2Ro , will reach the receiver. This is the direct ray 
and its optical length is given by setting ()1 = ()'2 = 0 and ()o = a = 
sin-1 L/2Ro ~ L/2R.o + 1/6 (Lj2Ro) 3 in (7). 

"AcPD r-.J L + (no - ~ L3 
271" r-.J no 24R~ . (22) 

The index of refraction no ~ 1 and (22) can be written 

"AcPD L3 
271" ~ L - 24R~' (23) 

2.6 Three-Path Transmission 

The height of the refracting layer above the path axis, the maximum 
height that a refracted ray rises above the path axis, and the phase 
shifts, CPR, along the refracted rays are shown in Fig. 3 as functions of 
k for Ho/R = 4. The abscissa is approximately proportional to the 
angle of departure of a ray because ()o is small and k = (2Ro/L) sin ()o • 

The curves in Fig. 3 were computed from (18), (20), and (21). 
From Fig. 3 it can be seen that either one, two, or three rays can 

reach the receiver depending upon the height of the refracting layer; 
several examples are shown in Fig. 4. In Fig. 4a the layer height is 
2.2 hv. In addition to the direct ray, two rays are refracted into the 
receiver. As the layer height decreases the vertical separation between 
the two refracted rays increases as indicated in Figure 4b. 

When the height of the layer equals the height of the direct ray, 
h = hn and the direct ray coincides with one refracted ray; two rays 
reach the receiver. And finally, when the layer height is less than hn , 
only one ray, refracted from the layer, reaches the receiver as shown in 
Figure 4d. 

The direct ray exists when the height of the layer equals or exceeds 
hn , that is, when h ~ hn . As illustrated in Figure 4c, the direct ray 
and one refracted ray coincide when h = hn . This occurs when k = 1 
for the refracted ray. 
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Fig. 3-Phase and height relations in single-layer refraction for Ro = 4R. 

III. SHORT PATHS 

It has been known by many people for a long time, and it is intui­
tively obvious, that if a path is short enough, no deep fading will 
occur. Apparently no quantitative analysis of short paths has been 
published; therefore, we present a definition of a short path, estimates 
of short path lengths in New Jersey for several frequencies of interest, 
and an analysis of transmission over short paths. 

3.1 Definition of a Short Path 

The largest phase difference between rays occurs when hi hD = 1. 
In this case the direct ray and one refracted ray coincide, reducing the 
number of rays to two. The corresponding values of k are 

kl = 1, and 
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REFRACTING LAYER .... 

PATH AXIS-...... (b) I 
h = 1.sho 

~ T R I 
(c) h=ho 

~l 
~----- L ---__ ~t 

h=o.sho 
(d) 

Fig. 4-Single-layer refraction. 

The phase difference between these two rays is (3 = CPD - CPR. From 
(18) and (23), 

X{3 X L3 (1 - R/Ro)4 
271" == 271" (CPD - CPR) ;:::::; 24R2 (1 - R/2Ro)2 (24) 

The direct and refracted rays arrive at the receiver out of phase 
as shown in Fig. 5. The total received signal, E I( , is the vector sum 
of the signals received along the two rays. 

where (3 = CPD 
to be 

ER = Eo + Ee j
(!, 

CPR • The magnitude of the received signal is found 

(25) 
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REFRACTED RAY 

Eo 

Fig. 5-Phase relations between the signals received via the direct and re­
fracted rays. 

A deep fade occurs if IERI « Eo, where Eo is the amplitude of the 
received signal during normal transmission. 

It may be seen from (25) that deep fading cannot occur unless 
cos f3 is negative. Now suppose that the path length is chosen so that, 
for the maximum negative gradient which occurs in the index of 
refraction, 1f31 does not exceed a maximum value lf3maxl ~ 71". Then the 
deepest fade-the minimum value of IE R I-can be computed from 
(25). For instance, if lf3maxl ~ 71"/2 the minimum value of IERI is Eo 
and occurs when E = 0, and if lf3maxl > 71"/2 the minimum value of 
IERI is given by IERlmin = Eo sin lf3maxl which occurs when E= -Eo 
cos lf3maxl. The minimum received signal amplitude is plotted in Fig. 
6 as a function of the maximum difference in phase between the two 
rays. 
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Fig. 5-The minimum amplitude of the received signal as a function of the 
maximum phase angle between the two received rays. 
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We now define a path length, L() , such that for any path of length 
L ~ Lo , there is no deep fading. Lo is chosen arbitrarily as the path 
length for which lf3maxl = (37T) 14 radians. The deepest fade which 
can occur on a path of length Lo is 3 dB as may be seen in Fig. 6. Lo 
can be computed from (24) with f3 = (37T)/4 radians. 

£3 = 9AR2 (1 - R/2Ro)2. 
o (1 - RIRot 

(26) 

The definition has been made for the largest phase difference which 
can occur between the direct ray and a refracted ray. This situation 
occurs when the layer is tangent to the direct ray in which case only 
two rays exist. If the layer rises a third ray will be refracted into the 
receiver. The maximum phase difference between any two rays will 
be less than 37T/4 radians in this situation and the maximum fade will 
be less than 3 dB. It should be noted that no restriction has been put 
on the magnitude of the signal received via the refracted rays; for a 
short path the maximum fade is 3 dB regardless of the magnitude of 
the sum of the refracted rays as illustrated in Fig. 7. 

3.2 An Estimate of Lo 
Crawford and Jakes, and Sharpless, measured angles of arrival for 

several years on a 22.8-mile transmission path at a frequency of 24 
GHZ.7-!l The maximum difference in the angle of arrival between rays 
arriving at the receiver was 0.65 degree, the rays arriving at angles 
of 0.05, 0.35, and 0.7 degree above the normal angle of arrival. From 
this data, Lo has been computed for several frequencies of interest 
and listed in Table 1. The details of the computations are given in the 

Fig. 7-Phase diagram showing V min independent of refracted signal amplitude 
E for a short path where {:3max = 311/4. 
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TABLE I-THE LENGTH OF SHORT PATHS IN NEW JERSEY 

Frequency in GHz 

4 
6 

10 
20 
30 
60 

X in cm 

7.5 
5.0 
3.0 
1.5 
1.0 
0.5 

Lo in km 

9.37 
8.20 
6.93 
5.5 
4.R 
3.8 

Appendix. A reasonable interpretation of this result is that for path 
lengths less than those given in the table, in similar climatic regions, 
a deep fade would be a rare event. Paths of length L ~ Lo will be 
called short paths. 

Since the values of Lo in Table I were computed from data taken 
on a 22.8-mile path in New Jersey at 24 GHz, they should be regarded 
as approximate. More accurate values can be determined from meas­
urements on shorter paths. 

3.3 The Slope ot the Amplitude as a Function ot Frequency 

Recalling that f3 is a function of frequency it follows from (25) that 
the magnitude of the received signal is also dependent upon frequency. 
Now, 

dIn IER 1 _ _ 1_d IER 1 

d{3 - 1 E R 1 d{3 
and performing the indicated operations using (25), we get 

d 1 ER 1 [ (EjEo) sin (3 ] 
1 ER 1 = - 1 + 2(EjEo) cos {3 + (EjEo)2 d{3. 

The maximum value of the quantity in the brackets for a, path of 
length Lo occurs for E = Eo and is 

d{3 
2(v'2 - 1) 

Now, after substituting df3 = f3df If we have 

d 1 ER 1 I {3 dt 
1 ER I max 2(v'2 - 1) !' (27) 

Example: 

For a path of length Lo 1 (3 = (371") 14 and (27) becomes 

d I ER II 
1 ER I Imax 

37r dt ___ df 
8(v'2 - 1) 1 = -~.~b l' 
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For a 500-MHz bandwidth at 20 GHz, the maximum change III 

amplitude across the band is approximately 7 percent or 0.6 dB. 

3.4 The JJfaximU1n Echo Delay 

The received signal is the sum of the signals transmitted over the 
direct and refracted paths. From the definition of a short path the 
maximum phase difference between the received signals is (3max = 
(3n) /4 radians corresponding to a difference in path length !::t.L = ! A. 
The maximum time delay T is 

!::t.L 3 
T = ~ = 8f seconds. (28) 

At a frequency of 20 GHz the maximum echo delay on a short path 
is 0.01875 nanosecond. Pulses with a duration of one nanosecond would 
suffer little degradation on a short path at this frequency. 

IV. LONG PATHS 

Radio systems at 4 and 6 GHz normally have paths much longer 
than Lo. Consider a path at 6 GHz of length L = 5Lo ;:::::; 41 km. For 
the same negative gradient of the index of refraction used to derive 
Lo , the path difference between the direct and refracted rays is 

37r (L )3 37r 12 d' 
{3 = 4 Lo = 4 X 5 ra Jans. 

On the phase plane the phase difference between the direct and refracted 
waves corresponds to 46 complete revolutions plus an angle of 7 7r / 4 
radians. This situation is illustrated in Fig. 8. Small changes in the 

46 REVOLUTIONS PLUS 
77T/4 RADIANS -, 
"­, 

\ 
\ 

I Eo 
/ 

Fig. 8-The phase between signals received via the direct and refracted rays 
on a 41-km path at 6 GHz for the gradient in the index of refraction correspond­
ing to Lo '= 8.20 km. 
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gradient of the index of refraction will cause the vector Eej~ to make 
a complete revolution-and pass through one of the phases (2n - l)7r, 
n = ±1, ±2, ... ,where it is possible for deep fading to occur. Similarly, 
changes in frequency can cause Eej~ to rotate through large angles, a 
mechanism reflected in the frequency selectivity of this type of fading 
on long paths. 

4.1 Effect of Small Changes in the Gradient of the Index of Refraction on 
Interference 

From (1) and (24) the fractional change in (3 as a function of the 
fractional change in the gradient of the index of refraction can be 
derived. 

d{3 _ 2 d(dN /dz) 
{3 - (1 - R/Ro)(l - R/2Ro) dN /dz 

(29) 

For the 6-GHz, 41-km path, the fractional change in dN /dz required to 
produce a rotation of EeH through 271" radians is, for Ro/R = 4, 

d(dN /dz) aN /dz = 0.7 percent. 

Thus, small changes in the gradient of the index of refraction can 
produce large changes in the amplitude of the received signal on long 
transmission paths. 

4.2 Effect of Changes in Frequency on Interference 

Taking the derivative of f3 with respect to frequency in (24), we 
get df3 = f3df/f. For the 6-GHz, 41-km path, the change in frequency 
required to cause a change in f3 of 27r radians is 

d{3 6 X 103 X 271" 
df = f {i = 371" X 125/4 = 128 MHz. 

During such fading conditions a frequency-sweep experiment would 
show minima separated by approximately 128 :MHz. 

Swept-frequency measurements have been reported in the literature 
and the results have been approximated by adjusting the amplitudes 
and phases of a number of sinusoidal signals to obtain. a good fit to 
the experimental amplitude-frequency response. 7

,lO Each sinusoid 
represented a discrete ray with constant amplitude and delay. In all 
cases, more than three sinusoids-rays-were required to obtain a 
satisfactory fit to the measured data. 

The apparent contradiction between these results and the three-ray 
theory disappears when time-variations in the height, the thickness, 
and the gradient of the index of refraction of the refracting layer are 
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included. All of the approximations were made with the tacit assump­
tion that the optical lengths of the rays remained constant during the 
time of a single sweep. This assumption does not hold in practice; the 
best evidence of this is the sequence of amplitude-frequency responses 
shown in Fig. 10 of Ref. 7. Each frequency-sweep took one second 
and sweeps are shown at ten-second intervals. The substantial changes 
in response which occur in ten seconds imply that non-negligible 
changes in response may occur during the one-second sweep time. 
Instead of postulating additional rays to approximate the measured 
frequency-swept response of the path, it is reasonable to postulate 
appropriate time variations in the height, the thickness, and the 
gradient of the index of refraction of the refracting layer. 

There is another argument in support of this view. Four or more 
distinct rays have never been observed in measurements of angle-of 
arrival although two-ray or three-ray transmission has been observed 
on many occasions.7 And while transmission with four or more rays 
is conceivable-for instance, with two layers like those in Fig. 2~the 
incidence of such conditions is apparently much less than the incidence 
of two-path or three-path transmission. 

4.3 The Onset of Fading on Long Paths 

It is reasonable to suppose that the negative gradient of the index 
of refraction develops slowly on clear summer nights. At some time 
a second ray may form and interfere with the direct ray at the 
receiver. For a small gradient the received signal may increase 
initially since (3 is small. As the negative gradient increases in mag­
nitude the angle (3 will increase and cause the received signal to de­
crease when (3 approaches 7r radians. The angle (3 will continue to 
increase as the magnitude of the gradient increases. When (3 is large, 
rapid fading may occur due to small variations in the magnitude of 
the gradient as described previously. Small changes in the height or 
thickness of the layer may have a similar effect. 

Now, smaller inversions of the index of refraction occur more often 
than do larger ones. Therefore, for a relatively small inversion, a long 
path may have fading whereas a shorter path may not. We may 
expect, then, that the fading distribution is a function of (3 and hence, 
of path length L and wavelength A. 

4.4 Distribution of Attenuation as a Function of Path Length and Frequency 

The attenuation distribution is usually written as the probability­
fraction of time-that the received signal amplitude, IERI, is less than 
a specified value, Vo . 
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ATTENUATION DISTRIBUTION == P( IER I/Eo ~ Va/Eo). (30) 

In the present model, the amplitudes of the signals received via the 
refracted rays are nominally equal to the amplitude of the signal 
received in the absence of the refracting layer. Since the probability 
of three rays of equal amplitude combining to form a deep fade is much 
less than the probability of two rays of equal amplitude combining, to 
form a deep fade, we conclude that the distribution of attenuation is 
dominated by two-ray interference. The received signal is written 

ER/Eo = 1 + (E/Eo)e i
(3, 

where, from (18) and (23), 

27rL
3 [3 2(k - 1)3 . J, 2 ] 

/1 = CPD - CPR ~ 24AR~ 2k - (1 _ R/Ro)2 - 3 {; + 1 . 

By virtue of (1), (11), (15), (16), and (20), fJ can be written 

27rL3 
1 

/1 ~ 24AR~ F (dN /dz, h, v). (31) 

Although E and Eo are nominally equal, there are always small 
variations in their magnitudes due to small inhomogeneities in the 
atmosphere. The ratio EjEo may therefore be expected to have a 
rather narrow probability density function which has a mean value 
of unity and which changes very little in the interval 1 - Yo/Eo ~ 
E/Eo ~ 1 + Vo/Eo, where Vo « Eo . On long paths the model sug­
gests that E/Eo and fJ are statistically independent. Then, 

and the integral is evaluated over a circle of radius Vo/Eo centered 
at the origin of the phase plane. 

For deep fades, Vo « Eo and the distribution can be written 

P(I ER I/Eo ~ Va/Eo) = J P1(E/Eo) deE/Eo) J P2({1) d/1 

~ P(l - Va/Eo ~ E/Eo ~ 1 + Va/Eo) 
00 

. L P((2n + 1)7r - Va/Eo ~ /1 ~ (2n + 1)7r + Va/Eo) 
n=O 

2Vo 00 

~ PI(l) Eo ~ P((2n + 1)7r - Va/Eo 

2 T3 
~ 2;;~~ F(dN /dz, h, v) ~ (2n + 1)7r + Va/Eo). (32) 
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The probability density function of F(dN/dz, h,. v) is not a function 
of path length or frequency, hence, the relationship in (32) agrees 
with Barnett's results which were obtained from measured distribu­
tions on long paths; the attenuation distribution is independent of 
path length, L, and wavelength, A, as long as the ratio LB/A remains 
constant.16 

Most of the time the sum in (32) is zero. During periods of heavy 
fading on long paths f3 may be regarded as being uniformly distributed 
in the interval 0 ~ f3 ~ 27T. In this case, (32) may be written 

P(I ER I/Eo ~ Va/Eo) a: ; Pl(l)(~:r· (33) 

The slope of the distribution in (33) is the same as that of the 
Rayleigh distribution normally resulting in measurements of deep 
fading on long paths. 

V. THE EFFECT OF SUBSTANDARD CONDITIONS ON SHORT PATHS 

On long transmission paths fading can also be caused by an un­
usually large positive gradient in the index of refraction of the atmo­
sphere. 7

,13 During such conditions the rays from the transmitter bend 
away from the earth. If the gradient is large enough, a ray which is 
tangent to the earth in the direction of the receiver will be bent upward 
enough to miss the receiving antenna. This means that no direct ray 
will reach the receiver; the receiver is therefore in the diffraction 
region and the received signal amplitude will be substantially reduced 
below the level received when the conditions of propagation are nor­
mal. This type of fading is said to be caused by substandard refrac­
tion.7 ,13 

We assume that the gradient in index of refraction is in the vertical 
direction only and extends over the length of the path. The radius 
of curvature of a ray is computed as described in Section II; in this 
case the center of curvature is above the transmission path. The 
geometry is shown in Fig. ga, and the substandard gradient is illus­
trated in Fig. 9b. As long as the gradient in the index of refraction 
results in a bending radius R ~ Rmin , a ray can reach the receiver. If 
the gradient increases further, the bending radius is reduced and there 
is no ray which can reach the receiver; the ray with radius Ra; in 
Fig. 9a illustrates this condition. 

The geometry is shown in Fig. 10 for the tangent and normal rays 
for a flat earth approximation. The clearance between the direct ray 
and the surface of the earth is d, and from the geometry of Fig. 10. 
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Fig. 9-(a) Ray bending during substandard conditions. (b) The index of 
refraction of the atmosphere during normal and substandard conditions. 

(34) 

If the smallest value of Rmin can be determined, a path clearance, d, 
can be computed from (34) such that no fading of this type is pos­
sible on a path whose clearance exceeds d. It is not possible to 
guarantee a value of Rmin but a useful estimate can be made. 

Crawford and Jakes observed no such fading on a 22.8-mile path 
during several years of measurement. 7 The path clearance was 280 feet. 
The radius of the limiting ray for this path, computed from (34), 
is Rmin ~ 2 X 108 cm. Since no fading due to substandard refraction 
was observed, a ray with a radius this small probably did not occur. 
For any path, in a similar climatic region, with a clearance d, com-

DIRECT RAY\ 
\ 

\ 
Rmtn 

~----r---""""'.--------'\--"':""-----", RECEIVER 

Fig. to-Ray bending during conditions of substandard propagation. 



MULTIPLE-PATH FADING 2395 

puted from (34) with R min = 2 X 108 cm, such a fade would be a 
rare event. 

Since no fading due to substandard refraction was observed the 
radius Rmin = 2 X 108 cm may be conservative. However, Crawford 
and Jakes did observe such fading on another path of length 12.6 miles 
and with a clearance of 63 feet.7 Fading due to substandard refraction 
on this path could occur for rays with radii less than 2.84 X 108 cm. 
Evidently rays with radii less than 2.84 X 108 cm did occur but there 
were no rays with radii less than 2 X 108 cm. The use of R min ,= 
2 X 108 em to determine path clearances in similar climates is there­
fore not unduly pessimistic. 

Path clearances, do , sufficient to eliminate fading due to substandard 
refraction on short paths can be computed from (34) using the lengths 
of short paths in Table 1. These are shown in Table II. 

It is of interest that do , for short paths, is always less than V'ALo/2. 
Therefore, if a short path meets the usual Fresnel-zone clearance 
objective of V'AL-:/2, such a fade would be a rare event. 

VI. CONCLUSION 

Negative gradients in the index of refraction of the atmosphere 
are believed to be the cause of most severe fading on line-of-sight 
transmission paths operated at microwave frequencies. It has been 
shown in this paper that if the gradient has a maximum value, there 
is a length of transmission path, Lo , below which there is no deep 
multiple-path fading. Paths of length less than Lo are called short 
paths. This path length has been estimated for New Jersey from 
measurements, reported by Crawford and Jakes, of the angle-of­
arrival of microwave energy during conditions of severe multiple-path 
fading. The path length Lo depends upon the maximum difference in 
the angles-of-arrival measured, and the largest difference recorded in 

TABLE II-CLEARANCE REQUIRED TO PREVENT FADING DUE TO SUB­

STANDARD REFRACTION ON SHORT PATHS 

Frequency in GHz A in em Lo in km do in em 

4 7.5 9.37 548 
6 5.0 8.20 420 

10 3.0 6.93 300 
20 1.5 5 .. 5 189 
30 1.0 4.8 144 
60 0.5 3.8 90.4 
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several years of measurement was used to compute Lo at several fre­
quencies of interest. These are shown in Table 1. A reasonable inter­
pretation of this result is that for short paths a deep fade would rarely, 
if ever, occur. 

It is also shown that for short paths-paths shorter than Lo-the 
transmission is insensitive to bandwidth; pulses with durations of the 
order of one nanosecond will not suffer severe degradation on short 
paths. 

The distribution of attenuation of fading on long paths is predicted 
from this model to be independent of the path length, L, and the 
wavelength, A, as long as the ratio L3/A remains constant. This result 
is in agreement with Barnett's result which was obtained by other 
means. 

The frequency-selectivity of long paths was also derived from the 
model. Using the values of Lo presented in Table I, the minimum fre­
quency separation between adj acent minima in a frequency-sweep 
measurement on a long path can be computed. The frequency separa­
tion between adj acent minima is inversely proportional to the third 
power of the path length. 

The lengths of short paths were computed from measurements made 
in New Jersey and probably apply to regions with similar fading 
experience. The negative gradierits in the index of refraction are 
functions of meterological parameters including temperature and 
humidity, and these may vary substantially in different climates. We 
may expect, for instance, that path length Lo may be different in 
desert regions than it is in New Jersey. 
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APPENDIX 

In the experiments of Crawford and Jakes, the maximum difference 
in the angle of arrival between rays arriving at the receiver was 0.65 
degree. This event occurred in the month of August and three rays 
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were present, arriving at angles of 0.05, 0.35, and 0.7 degree above the 
normal angle ~f arrival. 

The index of refraction at the surface of the earth, N s , and its 
gradient dNsjdz, vary from season to season as described by B. R. 
Bean and E. J. DuttonY In our notation, 

_ dN. = 7 32 (O.005577N,) 
dz . e , (35) 

where the unit of height is a kilometer. In the month of August, Ns ::::; 
360 in New Jersey. From (1) and (35), 

dN. = -54.5N units/km, and 
dz 

Ro = 1.83 X 109 cm. (36) 

We assume that the normal angle of arrival during non-fading con­
ditions is determined by this value of Ro. In addition to seasonal 
variations in Ns and dNsldz, there are diurnal variationsY It is 
assumed here that such a variation increased the angle of arrival of 
the direct ray by 0.05 degree for the event described above. A new 
value of R o , corresponding to the new angle of arrival will now be 
computed. 

The angle of arrival of the direct ray during nonfading conditions is 
computed using (36), 

ao = 2io = 0.001 radian = 0.0573 degree. 

During the fading event, ao increased to a new value 

al = 0.0573 + 0.05 = 0.1073 degree. 

The new radius of curvature is Ro = Lj (2ad = 0.98 X 109 cm. The 
angles of arrival of the two refracted rays are 

From (16a), 

01 = 0.35 + 0.0573 = 0.4073 degree and 

O2 = 0.7 + 0.0573 = 0.7573 degree. 

kl ~ Ol/al = 3.8, an~ 

k2 ~ 02/al = 7.05. 

These values of k occur for the same layer, that is, for the same 
h/hD . Then, from (20), 
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k2 
2 -

(k2 - 1)2 
(1 - R/Ro)2 

Solving for (1 - Rj Ro) 2, 

for which 

Ro/R = 10.3. 

After substitution into (23) we get, 

0.815, 

Lo = 4.8A.1 kilometers, A. in cm. 
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Data Transmission by Combined 
AM and PM 

By J. SALZ, J. R. SHEEHAN, and D. J. PARIS 

(Manuscript received March 2, 1971) 

This paper presents theoretical analysis and experimental verification 
of the performance of a digital data modem, which uses combined amplitude 
and phase modulatl·on (AlVI-PJJ1). The theoretical model assumes operation 
over the bandlimited additive Gaussian channel. The receiver used in the 
experiment, and for which theoretical results are pl·esented, uses an envelope 
detector in parallel with a phase detector to recover the data. The criteria 
of error rate and communication efficiency (measured in bits per cycle of 
bandwidth) as functions of average signal-to-noise ratio (SjN) are used 
to make comparisons with other 1nodulation schemes. The theory predicts a 
performance from 1 to 4- dB poorer than what can be realized from single 
sideband (SSB) modulation. We present experimental results which 
indicate excellent agreement with the theory. 

1. INTRODUCTION 

Theoretical investigations of the performance of combined ampli­
tude and phase modulation systems have been reported on by C. R. 
Cahnl (1960), J. C. Hancock and R. "V. Lucky 2 (1960), Lucky and 
Hancock3 (1962), and more recently by M. Leiter and M. P. Talbot4 

(1967). These investigators found that, on the additive white Gaussian 
channel, combined AM and PM yields a better error rate at fixed 
signal-to-noise ratio than PM or AM alone when the number of total 
levels is ~ 8. 

Here we rigorously establish these claims for a practical system. 
Instead of using linear matched filter detection (Ref. 2), we use dif­
ferential or coherent phase detection to estimate the phase and a con­
ventional envelope detector to estimate the amplitude. While theoreti­
cally optimum signal locations in two-dimensional space are generally 
not quantized but subject only to fixed power limitation, we consider 
practical signal sets which are quantized. 

2399 
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The questions we answer in this paper are the following: Given an 
N-level system and the facility to use L amplitudes and M phases such 
that N = LM, what is the value of L, and consequently M, such that 
the error rate is smallest for a fixed amount of SIN when signaling 
over the bandlimited additive Gaussian channel? How does this com­
bined modulation scheme compare with only PM or AM at fixed SIN? 
How efficient is this modulation scheme in terms of attainable bits per 
cycle of bandwidth at fixed error rate? And finally how close can these 
theoretical results be realized in the laboratory with actual hardware? 

II. THE MATHEMATICAL MODEL 

'Ve represent the transmitted signal by the time series 

Set) = L (V + Abn) cos [wot + OnJg(t - nT) (1) 

where bn = ± (2k - 1), k = 1,2, ... ,L/2, for all n are the amplitude 
symbols and {en} is a set of ~1 equally spaced phases. The signal g (t) 
is a bandlimited ideal pulse such that g (nT) = 1, when n = 0 and 
g (nT) = 0 for all other n. For the calculations that follow we take 
g(t) = sin [(7rt)IT]/[(-rrt)/T] without loss of generality. The positive 
constants V, A, and Wo are so far arbitrary. The total amount of in­
formation carried by S(t) is liT (lOg2 L + log2 M) = liT (lOg2 N) 
bls, N = ML. We regard the amplitude symbols {bn } and the phase 
symbols {en} as independent random variables. By introducing a uni­
formly distributed phase in the argument of the cos (.) function in 
equation (1) and also randomizing the epoch of g (t) renders the signal 
S (t) stationary. A straightforward calculation ~< reveals that the total 
average power in S (t) is 

(2) 

where (.) denotes the ensemble average. 
For the added noise we use the standard representation 

wct) = x(t) cos wot + yct) sin wot 

where x(t) and y(t) are stationary zero mean independent baseband 
Gaussian processes possessing identical variance (12. 

The data receiver processes the sum signal S (t) + W (t) to obtain 
estimates of {bn} and {en}. Reception is accomplished jn two. parallel 

* Detailed calculations of power in data, signa.ls may bA found in Ref. 5, pp. 
51-55. 
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detectors. These detectors will be denoted respectively by E-the en­
velope detector and ¢-the phase detector. 

The E detector operates by first computing the envelope of S (t) + 
W (t) and then synchronously sampling the result at every T seconds. 
The ¢ detector computes the phase of signal plus noise (see Ref. 5 for 
a detailed discussion of phase modulation and demodulation) which is 
then synchronously sampled to derive estimates of {en}. In all these 
operations we assume that correct timing information is available at 
the receiver. 

We begin by analyzing the E detector first. The envelope of the sum 
signal is 

E2(t) = [L: (V + Abn) cos eng(t - nT) + X(t)J2 
n 

and a sample taken at t = 0 gives 

E2 = {(V + Abo) cos eo + X}2 + {(V + Abo) sin eo + y}2 (4) 

where we have used some obvious notational shorthands. In order that 
a genuine envelope exist we must have V + Abo> 0 for all values of 
bo . This results in the condition 

V > (L - l)A (5) 

since max bo = (L - 1)A. Our task in the next section will be to eval­
uate the error rate in the E detector from estimates of the probability 
distribution of E2. 

The ¢ detector computes either the phase differential of S (t) + W (t) 
or the actual phase. As long as S (t) has a nonvanishing envelope these 
measurements are unambiguous. 

III. ERROR RATE ANALYSIS 

The error rate of the E detector is determined from the conditional 
tail probabilities of E2 [equation (4)] 

Fa = P r[E
2 ~ ell x, 111 

and 

where 
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and 

g = (V + Abo) sin 00 • 

It is difficult to analyze the exact representation of these probabilities 
and therefore we resort to exponentially tight upper bounds. 

The lower tail probability is upper bounded by 

Fa = leo u(c/ - E2) dP(E2) ~ leo eXa'e- XE ' dP(E2) 

= ia'ME.(-A), A ~ 0 (6) 

where u(·) is the unit step function, P is the probability distribution 
of E2, and ME' (A) = (eXE') is the moment generating function of E2. 
In a like manner an upper bound to the upper tail probability is 

Ffj ~ e-fj2x1l1 E.(A). (7) 

Since E2 [equation (4)] is the sum of squares of two independent 
Gaussian random variables with means x, g and identical variance (J2 
the moment generating function is readily calculated (see Ref. 5, p. 270). 
The result is 

(8) 

where 

£2 + g2 = (V + Abo)2 = a2. 

Using equation (8) in equations (6) and (7) gives 

1 
F a ~ 1 + 2A(J2 exp E+(A), 

1 
Ffj ~ 1 _ 2A(J2 exp E_(A) (9) 

where 

and 
2 

E_(A) = -A{32 + A 1 _a
2A

(J2' 

The upper bounds just derived hold for only positive A. As is usual 
in these calculations there exists an optimum A for each of these bounds 
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which makes them exponentially tightest. To find these A'S we set the 
derivative of E + and E _ to zero to obtain: 

d E ( ) - a
2 + c/ 2 (2)2 dA. + A. = 0 ~ -~ + A.(}" + A.(}" = 0 

yielding the two roots 

A. = ~ (-1 ± ~). 2(}" . a 

For a positive root to exist it is necessary that a2 > 0:
2 (a physically 

reasonable condition) and the optimum A is therefore 

(}"2A. = ~ (~ - 1). 
When this value of A is substituted into (9) we get the final result 

F. ~ ~ exp {-2~" (a - a)'}' (10) 

Similarly when d/dA E_ (A) is set to zero we obtain two roots for A 
namely ,\(}"2 = 1/2 (1 ± a/(3). Here the physically reasonable condi­
tion is that a;/ {3 < 1 giving rise to two positive roots. When both of 
these roots are substituted into E _ (A) it is found that A(}"2 = 1/2 (1 -
a;/ (3) yields the smallest value. Using this root in equation (9) results 
in the final answer for an upper bound on the upper tail probability. 

F(j ~ f!. exp {-~2 ({3 - a)2}. 
a 2(}" 

(11) 

We now have all the ingredients to perform error rate calculations. 
Symbol detection is obtained by comparing the received envelope 

to fixed thresholds. The received envelope in the absence of noise is 
V + Abo = V ± A (2k - 1), k= 0, 1,2, ... ,£/2 and the thresholds 
are set to V± 2Ak. We see from equations (10) and (11) that the ex­
ponents of both upper and lower tail probabilities depend on the dif­
ference between the received amplitude value and the threshold. The 
maximum of the difference is simply A. Consequently when only 
adjacent errors are considered, the error rate is upper bounded by 

P. ~ C exp {-2~:} (12) 

where the constant C is of minor impor:tance. More general techniques 5 

for studying the behavior of tail probabilities of arbitrary Gaussian 
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quadratic forms show that equation (12) is also an asymptotic 
formula, approaching the actual error rate as 0-2 ~ O. We therefore 
use exp( - A2j20-2) as a good estimate for the error rate in subsequent 
calculations. 

The probability of error for phase detectors is well known (see Ref. 
5). The explicit formula for differential phase detection is 

P { 
D2 2 . 2 7r} 

q,d = exp -20-2 sm 2M (13) 

while for coherent phase detection 

p., = exp {-~: sin' ~} (14) 

holds where D is the minimum value of the envelope in the absence of 
nOIse. 

D = V - A(L - 1). (15) 

It is reasonable to require that the error rates in the E and cp detec­
tors be exponentially identical. This requirement leads to the condition 

(

2(V - AL + A)2 sin
2 2~I ' 

A2= 

(V - AL + A)2 sin2 
; , 

differential detection (D. D.) 
(16) 

coherent detection (C. D.). 

Solving for V explicitly gives 

V = Afd(L, M), D.D. (17) 
Afc(L, M), C.D. 

where 

f deL, M) = L - 1 + ~. 1 , D.D. 

Ism2~ I 
and 

fc(L, J.VI) = L - 1 + 1 
C.D. 

These formulas indicate how the power is to be partitioned between 
the signal that carries phase information and the signal that carries 
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the amplitude information and consequently determine the threshold 
levels in the E detector. 

Using equation (17) in equation (2) we obtain a formula for the 
total" average transmitted power as a function of the number of ampli­
tude levels L and the number of phases M 

(18) 

where Ii is either Id or Ie depending on the type of phase detector em­
ployed. 

IV. THEORETICAL COMPARISONS 

We now wish to compare the probability of error exponents of the 
mixed modulation system with that of pure phase and pure amplitude 
modulation at fixed signal-to-noise ratio. For the mixed modulation 
system we first express A2/2 as a function of the power using equation 
(18) and then substitute into equation (12). Neglecting the constant 
coefficient we obtain . 

P {
Ps 1 } 

Eq, r-v exp - ~2 g7(L, M) (19) 

where 

g7(L, M) = f7(L, M) + L2 ;- 1. 

"\Vhen only phase modulation is used with total number of levels N = 
Mf.;, ~he error rates become 

exp {- ~i2sin' 2;;L}' D.D. 
Pq, r-v 

{ 
P s . 2 7r} C exp - ~2sm ML' .D. 

When only amplitude modulation-:' is used, V = 0 and {()n 

equation (1), the error rate for LM = N levels is5 

{ 
Ps 3 } 

Pa r-v exp - ~2 (LM)2 _ 1 . 

(20) 

O} in 

(21) 

We have thus far ignored the front-end filter which precedes the de­
tectors. Since the data spectrum is flat across the band, no distortion 

* We assume that coherent demodulation is used. 
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will result if the transfer function of the front-end filter is also flat. 
We therefore use the characteristic 

J 1 1 
H (1) = 1, f 0 - 2T ~ I 1 I ~ 10 + 2T 

lo, elsewhere 

(22) 

where wo = 27Tfo. 
Assuming that the added noise has a fiat double-sided spectral den­

sity No , the variance {12 is 

2 2No 
(J = T (23) 

and the common factor in all the error-rate expressions becomes 

A = P S"2 = TP s = energy/bit. 
(J 2N 0 watts/ cycle 

The factors multiplying A in equations (19), (20), and (21) are all 
equal to or less than unity and therefore may be regarded as a degrada­
tion over binary systems. (These factors reduce to unity for binary 
systems.) 

Comparisons between these systems can conveniently be made by 
noting the relative sizes of these coefficients as functions of Land M 
such that N = LM. Toward this end the following definitions are 
made. 

DE¢i = 10 logio g:(L, N), 

D¢ = -10 logio (2 sin2 2~) 

D¢c = -10 logio (sin ~) 

(
N2 - 1) 

Da = 10 loglo 3 . 

i = c or d 

(24) 

A natural question which now arises is the following: for fixed N is 
there an L which minimizes DE¢i(L, N)? The answer is yes and the 
comparisons we present are based on this optimum choice of L - the 
number of amplitude levels. 

Our first results are summarized in Table I for typical values of N. 
For instance, in a 4-level system all phase modulation yields better 
performance than a combined system since D¢ is less than DE¢i by 1.7 
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TABLE I-TABULATION OF PERTINENT PARAMETERS 

Optimum I Optimum 
L M 

(For combined systems DE",,z DEdc D", Da D",c 
N only) in dB in B in dB in dB in dB 

----------------------------------
4 2 2 7.0 7.0 5.3 7.0 3.0 
8 2 4 9.6 8.3 11.2 13.2 8.3 

16 2 8 13.5 11 .,1'; 17.3 19.3 14.2 
32 4 8 16.9 15.6 23.2 25.3 20.2 
64 4 16 20.4 18.5 29.2 31.3 26.2 

128 8 16 23.5 22.2 35.2 37.4 32.2 

dB. There is no advantage here in splitting the levels. On the other 
hand for an 8-level system, 2 amplitudes and 4 phases appears pre­
ferable than just 8 phases or 8 amplitudes and the advantages gained 
are 1.6 dB when 8 phases are used and 3.6 dB when 8 amplitudes are 
used. It is always advantageous to mix the levels when N ~ 8. The 
advantage becomes more pronounced as N becomes large. 

We now turn attention to the communication efficiency of the various 
modulation schemes considered. The figure of merit used is the attain­
able number of bits per cycle for a given signal-to-noise ratio and 
fixed error rate. The rate R in bits per cycle attained by these systems 
is 

R = log2 N = !!... log N 
TB B 2 

(25) 

where p is the symbol signaling rate and B is the required bandwidth. 
For ideal double-sideband systems such as PM and AM-PM, p/B is 
equal to unity while for baseband and single sideband systems, p/B is 
equal to two. We therefore have 

(R)n SB = log2 N bits/ cycle 

(R) S SB = 2 log2 N bits/cycle. 
(26) 

Since we are comparing systems operating over unequal bandwidths, 
it is appropriate to give an alternative interpretation of the constant 

A = P s =~. (27) 
2No 2Nop 

It is tempting to call A the signal-to-noise ratio. However the quantity 
2N.op is not necessarily the noise power in the physical bandwidth. The 
harmful noise power can only be determined once a relationship be-
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tween the signaling rate and the physical bandwidth is given. For 
double sideband systems A is in fact the actual signal-to-noise ratio: 
since p = B. However for baseband and 8SB, A = i(S,IN). We dwell 
on this point because often the parameter A is used to make compari­
sons and it is very easy to overlook the 3-dB factor when what is often 
of interest is the actual SjN. For example, we see from Table I that 
4-level AM is 1.7 dB worse than 4-level PM. We must bear in mind 
however that the AM system for which the figures are given in the 
table are double sideband AM. If, however, the comparison is sought 
for baseband AM or SSB-AM then 3 dB more must be added to the 
7 dB. 

We see from equations (20) or (21) that in order to maintain a fixed 
error rate in PM and AM the signal-to-noise ratio must vary as the 
square of the number of levels when the latter is la.rge. When SjN is 
expressed in dB it then is directly proportional to the logarithm of the 
number of levels and hence to the efficiency expressed in bits per cycle. 
Plots of efficiency vs SIN in dB for AM and PM will therefore appear 
linear with identical slopes. (The intercepts may be different.) A simi­
lar argument applies to SSB modulation but the resulting slope is twice 
as large compared with PM and AM. This is evident from the fact that 
in SSB twice as many bits per cycle can be attained as in PM or 
double sideband AM with the same number of levels. 

We shall now show that the efficiency of combined Al\1 and PM as a 
function of SIN expressed in dB is also linear and follows the same 
slope as the efficiency of SSB. In order to prove this claim we must 
demonstrate that in combined AM and Pl\1 SIN varies linearly with 
the number of levels to maintain a fix error rate. This variation can be 
deduced by considering the asymptotic behavior of g~(L, N) [equation 
(19)]. Disregarding all multiplicative factors of Land N and dropping 
the additive constants we see that 

g~(L, N) r--v (L + ~r + L2 

r--v L2 + N + N 2L-2. 

The optimum L is proportional to V N since 

ag~(L, N) r--v L _ N~ = 0 
aL L3 

implies that 

g~(N) r--v N. 

(28) 

(29) 

(30) 
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The various relationships using similar calculations as above are 
briefly summarized below 

SSB or AM BQ))eband 

20 
(S/N),lB t'-' 20 loglo N = log2 10 log2 N 

and since 

(R) bits/cycle = 2 log2 N 

we have that 

R t'-' lO~20 10 (S/N)dB . 

Combined AM and PM 

10 
(S/N)dB t'-' 10 loglo N = log2 10 log2 N 

and since 

(R) bits/cycle = log2 N 

we have that 

R t'-' log2 10 (S/N) 
10 dB . 

PM and Double Sideband AM 

20 
(S/N)dB t'-' 20 loglo N = log2 10 log2 N 

and since 

(R) bits/cycle = log2 N 

we have that 

R t'-' log2 10 (S/N) 20 dB . 

To complete the picture we find from Shannon's capacity formula 
that 

(R)capacity t'-' log2 (S/N) 

= iCS/N)dB 
(31) 



2410 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1971 

and since ! is very close to in log2 10 we see that SSB and combined 
A1VI and Pl\1 follow the capacity slope. 

It now remains to uncover how far these curves are from one another. 
The results appear in Fig. 1. A most interesting picture is revealed; 
combined Al\1 and Pl\1 is indeed only 3-4 dB worse than SSB when 
differential phase detection is used. When coherent phase detection is 
employed only 1-2 dB is given up. 

v. SYSTEM IMPLEMENTATION 

We now discuss the implementation of a combined AM-PM modem 
which was used to evaluate the performance of the various signal 
formats analyzed in the previous sections. For convenience a basic 
signaling rate of 1200 symbols per second was used operating over an 
ideal linear channel in the frequency range of 600-3000 Hz. The sig­
naling elements were designed to have raised cosine shapes with 100-
percent excess bandwidth.5 In order to optimize performance in the 
presence of additive Gaussian noise, signal shaping was divided be­
tween transmitter and receiver. 

The transmitter was designed to have the capability of generating 
the signal vectors shown in Fig. 2. For noncoherent (differential) 
demodulation of PM, the generated signal phases were spaced at odd 

W 
-l 
U 

6 

t) 5 
0: 
W 
a.. 

1:2 
in 4 

~ 

t 
~ 3 
~ 
u. 
u. 
W 
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SIDEBAND 

OR BASEBAND 
AM "-

"-
" " "- ........... 

"­
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" \ 
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DETECTION 

COMBINED AM­
PM DIFFERENTIAL 

DETECTION 

\COMBINED AM­
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DETECTION 

ERROR RATE=10-5 

11 .... 0--~----'-------'---.L..----'----....L..--_....J 
20 25 30 35 40 45 

SiN IN DECIBELS 

Fig. I-Theoretical efficiency vs SIN for various modulation systems. 
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4¢ 4¢ 01 

01 00 

0 0 11 
0000 

It 10 

to 

8¢ 8¢ Otl 

Ott 001 
010 001 

0
0 110 00000 

111 100 

111 101 
101 

(a) (b) 

Fig. 2-Tail-to-head phase shifts: (a) noncoherent (differential) demodulation 
of PM; (b) coherent demodulation of PM. 

multiples of 45 degrees and 22-1/2 degrees for 4cp and 8cp, respectively. 
For coherent PM demodulation, the spacing was multiples of 90 de­
grees and 45 degrees, respectively. 

Generation of the amplitude levels was accomplished in a balanced 
amplitude modulator according to the formulas given in equation (17) 
and repeated on Fig. 3. 

The receiver is shown in block diagram form in Fig. 4. The receiving 
filter eliminates out-of-band noise and provides signal shaping. Ampli­
tude and phase demodulation was accomplished in separate parallel 
paths. 

The phase detector was designed to operate in either a coherent mode 
or in a differentially coherent mode. For differential demodulation the 
signal from the receiving filter was multiplied with delayed and phase­
shifted versions of itself. Low-pass filtering of these products produced 
in-phase (I) and quadrature (Q) baseband eye patterns. Analog arith­
metic performed on I and Q at the sampling instants yielded the re­
covered data which was fed out in serial form. For coherent demodula­
tion, everything was done in the same manner except that a coherent 
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(M = NUMBER OF 
PHASES) 

o VOLTS de 

PM DEMODULATION 

DIFFERENTIAL COHERENT 

V=Afd(L,M) v=AfC (L,M) 

f - 1 1 
d (L,M) - L -1 + r;- I I 

V 2 SIN~ 
2M 

feeL M)=L-lt __ 1_ 

, I SIN ~ I 
Fig. 3-Definition of amplitude levels. 

local carrier signal was used to multiply the phase-shifted delay line 
output'S. 

Amplitude demodulation was performed by extracting the envelope 
of the signal from the receiving filter. The coded information contained 
in the envelope (E) was obtained by slicing the envelope and folded 
envelope. The AM data was then fed out in serial form . 

LIMITER ..... , DIFFERENTIAL 

BIT 1 
PARALLEL 

BIT 2 TO PM D 
ARITHMETIC SERIAL 

ATA 

Q BIT 3 CONVERTER 

Fig. 4-Receiver block diagram. 
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Figures 5 thru S show baseband eye patterns of some of the signal 
formats generated for the experiments. Also shown are polar plots, 
generated by attaching the I and Q signals to the horizontal and verti­
cal inputs of an oscilloscope. Z-axis intensification at the sampling 
instant produced the points in signal space.6 Note that the coherent 
polar plots are rotated 45 degrees from this position in Fig. 2b. This 45-
degree rotation eliminates a zero-voltage level which would otherwise 
appear in the eye patterns. 

VI. EXPERIMENTAL RESULTS 

The configuration shown in Fig. 9 was used to evaluate the error 
performance of various signal formats in the presence of additive band­
limited Gaussian noise. The various signal formats generated in the 
experiments are summarized below: 

4cp 
8cp 

2L, 4cp 
2L, 8cp 
4L, 8cp 

Differential (D) 
Coherent (C) 

D,C 
D,C 
D,C 
D,C 

Since timing jitter and phase off-set are not included in the theory, 
timing phase and coherent carrier phase were adjusted manually at 
the receiver. 

The experimental results are shown in Fig. 10. These results were 
used to generate the efficiency curve of Fig. 11. The theoretical results 
are again repeated (properly scaled) on this curve. 

Correspondence between predicted and measured performance is 
seen to be quite good. For example, the predicted difference in per­
formance between Scp differential and (4cp, 2L) differential is 1.6 dB. 
The measured difference is found to be 1.5 dB. 

Another indicator of how closely the implementation and the the­
oretical model match can be seen from Fig. 10. The measured per­
formance of 4cp differential departs from theory by only O.S dB. 
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(a) 

(b) 

(c) 

Cd) 

Ce) 

(f) 

Fig.5-Four-phase eye patterns: (a) Q coherent; (b) I coherent; (c) Q dif­
ferential; (d) I differential; (e) polar plots, 1. to r., differential, coherent; (f) 
polar plots intensified at sample time. 
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~ig. 6-Four-phase, two-level eye patterns: (a). I diff~rential; (b) Q differ­
entIal; (c) AM envelope; (d) polar plots, 1. to r., differentIal, coherent· (e) polJir 
plots intensified at sample time. ' \ 
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(a) 

(b) 

Fig. 7-(a) Eight-phase eye patterns; (b) Eight-phase, two-level eye patterns. 
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(a) 

(b) 

(c) 

(d) 

Fig. 8-Eight-phase, four-level eye patterns: (a) I differential; (b) Q differ­
ential; (c) AM envelope; (d) folded envelope; (e) polar plots. 
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Fig. ll-Performance comparisons for noise impairment. 
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Crosstall( in Outside Plant Cable Systems 
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A transmission model of outside plant wire pair cable systems is given. 
The model includes direct crosstalk within cable units and has been adapted 
for computer manipulation in the form of a voice-frequency simulation 
program. The program can simulate the terminal behavior of any coterm­
inous system composed of a cascade of mixed gauges of pulp and PIC 
cables, load coils, and bridged taps. There is evidence that the simulation 
capability can provide useful estimates of direct, within unit, FEXT at 
least up to the high kilohertz frequency region. Factory data on capacitarl;ce 
unbalance are the essential data source for the crosstalk portion of the 
simulation program. 

For many systems studies a nominally specified cable should be repre­
sented stochastically. In this development a Brownian motion process is 
used to model the stochastic behavior of the capadtance unbalance. The 
diffusion constants for the various pair-to-pair combinations of capacitance 
unbalance can be expressed in terms of cable geometry. The development 
of this expression using capacitance unbalance data forms a basis for 
selecting pair twist lengths. 

r. INTRODUCTION 

A transmission model of outside plant wire pair cable systems which 
includes direct crosstalk is developed here. We begin by presenting a 
deterministic model of outside plant systems by means of matrix repre­
sentations of the various elements. The perturbation technique for 
handling pair-to-pair coupling is developed in detail. An adaptation 
of the model in the form of a simulation program is discussed and 
comparisons between simulations and experiments are made. A stochas­
tic treatment of pair-to-pair capacitive coupling is given which is 
shown to lead to a method of optimal twist length selection. 

We stress that the theory we present here has its origin in the work 
of others (see, for example, Ref. 1 through 4). The ideas of direct cross­
talk and of treating capacitance unbalance as random functions with 
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a delta function covariance are familiar to those who have worked on 
crosstalk. We organize and extend available techniques in the direction 
of furnishing a suitable systems engineering model of crosstalk. The 
transformation of our model into a practical engineering tool extends 
the use of routine data on pair-to-pair capacitance unbalance that 
are taken at Western Electric's cable manufacturing locations on a 
daily basis. 

II. OUTSIDE PLANT SYSTEMS-GENERAL 

For simplIcity we limit the discussion to an idealized version of the 
outside plant. We assume that a plant system is comprised of a cas­
cade of passive n-port networks as depicted in Fig. 1. 

These networks are primarily wire pair cables, although we include 
load coils, splices, and open circuited bridged taps. The obj ective is to 
be able to simulate the response of a broad class of outside plant sys­
tems to single-frequency excitations. We seek a programmed simula­
tion capability that will enable the evaluation of crosstalk perform­
ance. The crosstalk performance (near end or far end) is usually 
expressed in the form of the cumulative distribution function of pair­
to-pair crosstalk values. These cumulative distributions form the basis 
for answering a large class of systems engineering questions concerning 
crosstalk. 

At this point in the development of this work only t.he stochastic 
nature of pair-to-pair capacitance unbalance is included. The effects 
of moisture, temperature, aging, externally generated noise, or manu­
facturing variability of other cable parameters are not considered. 
Active devices are also not included. For many problems involving 
active devices it is important to characterize the behavior of the pas­
sive portions of the plant that interconnect these devices. Furthermore, 
the technique we present for handling crosstalk appears to be extend-
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ible to the problem of modeling variations in other cable parameters as 
will be indicated in the next section. However, the available data on 
the variability of other cable parameters is sparse and it is therefore 
premature to attempt to include these at this time in a numerical 
model. 

The mathematical representation of the terminal behavior of these 
systems is generated from the solutions to the differential equations that 
characterize the physical laws that the constituent sybsystems obey, 
and the boundary relations that characterize the interaction between 
contiguous subsystems. In our model the system is characterized at 
each point in space (x) and time (t) by the vector of pair voltages vex, t) 
and pair currents t(x, t). Thus longitudinal symmetry is implicitly 
assumed, that is, metallic mode propagation is not affected by any 
series or shunt primary constant unbalance. Each of the networks is 
described by a mathematically well behaved first-order homogeneous 
system of linear differential equations. We make the standard simplifica­
tion of suppressing the time variable by restricting the excitations to 
be of the same frequency and in phase. The solution matrices to these 
differential equations with initial value equal to the identity matrix are 
ideally suited to cascaded structures. Following the terminology in 
2-port network theory, we call this solution the ABCD chain matrix 
of the SUbsystem where 

[
V(Xm)] = [Am Bm] [V(Xm-1)]. 
t(xm) Cm Dm 1(Xm- 1) 

I t then follows that 

[
V (L)] = g [Ap+l-k Bp+l-k] [V (0)] 
teL) - Cp + 1 - k Dp + 1 - k t(O) 

where the order of multiplication is important. 
Generally when a system is specified there is some degree of uncer­

tainty concerning its behavior. This uncertainty is modeled by assuming 
any chain matrix to be of the form D + eS(w)* where D is deterministic 
and Sew) is a matrix random process with zero mean. The parameter e, 

which is called the perturbation coefficient, will be needed to facilitate 
our analysis. Since different system elements have different physical 
constants we unify the theory by treating these constants as parameters 
in the chain matrices. Thus the chain matrices are indexed over a set of 
parameter values and so they are stochastic processes. 

* Here w is used to indicate a random sample point not an angular frequency. 
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First we deal with the deterministic features of our systems. That is, 
we discuss features that are common to all realizations of these stochastic 
systems. Therefore, in the next section the fact that we are really 
dealing with stochastic subsystems is unimportant and is neglected. 

III. THE PERTURBATION COEFFICIENT-€ 

We express here the known fact that unwanted coupling between 
wire pairs in a cable system produces low-level interference on all pairs 
in proximity to an energized pair. The parameter € > 0 can be thought 
of as a scale to measure just how close a system is to an ideal one (€ = 
0) in which the pairs are uncoupled. We shall develop some simplifica­
tions that occur as € tends to zero. 

We begin by showing the central role of the perturbation coefficient 
in reducing the size of a cable crosstalk computation. An n-pair cable 
of length L is a linear passive bilateral 2n-port network, and at any 
frequency it has a chain matrix (ABeD) characterization which we 
shall denote by T (L) 

[
V (L)] = T(L) [V(O)] , 
tCL) teO) 

(1) 

where the v's and the t'S are the voltages and currents at the 2n ports 
of the network. We assume that T(x) is defined by the matrix initial 
value problem 

dT(x) = _ [0 Z(X)] T(x) and T(O) = I, 
dx Vex) 0 

(2) 

where I is the identity matrix. The matrix Z(x) is a symmetrical n X n 
impedance matrix with entries that are continuous complex functions 
of the real variable x and whose diagonal terms are all equal and are 
denoted by z, which is a constant. Similarly for the admittance matrix 
Vex). We write Z(x) = zI + E{(X) and Vex) = yI + en(x) where {(x) 
and n(x) have zero diagonals and z and yare constants with positive 
real and imaginary parts. Recall that E is the perturbation coefficient. 

We shall be interested in making crosstalk computations of the type 
where one pair in a cable is energized and the near-end voltages and 
far-end voltages on the other pairs are to be solved for. Using T(L), 
the chain matrix characterization of the cable, and the boundary 
conditions, we obtain 2n equations with 2n unknowns. If there are 
100 pairs in the cable we must invert a 200 X 200 complex matrix to 
solve for the crosstalk voltages. Practical considerations in inverting a 
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matrix of this size places the problem out of reach of the computer. 
We shall develop an approximation whereby the computation is de­
composed into the inversion of 99, 4 X 4 matrices. This enables the 
calculation to be handled quite easily by the computer. 

For simplicity in what follows we shall assume that at both ends the 
cable pairs are terminated in their "characteristic impedance" 
Zo = v;ry. Also we shall normalize by assuming that the energized 
pair is impressed with a voltage generator of voltage V (~ 2 volts) 
and an internal impedance Zo so that one volt is established across the 
terminals of the energized pair. We shall follow the convention that 
the near-end crosstalk NEXT(i, j) = [Vi(O)/Vi(O)] and the far-end 
crosstalk FEXT(i, j) = [vi(L)/Vi(L)] denote the ratios of the voltage on 
pair j due to the disturbing voltage on pair i at the cable terminals. 

Using the boundary relations and substituting into equation (1) we 
can obtain the equations for NEXT(i, j) and FEXT(i, j). 

Consider the hypothetical cable containing only two pairs whose 
defining equation is 

0 0 z ESii(X) 

dT(x) 0 0 ES ii(X) Z 
T(x) and T(O) = I. a;- = 

y Erli i (x) 0 0 

EfJii(X) Y 0 0 

If pair i is energized the equation for the crosstalk on pair j becomes 

1 1 

vi(L) 
FEXT(i, j) 

= T(L) 
NEXT(i, j) 

(3) 
l/Zo (V - l)/Zo 

FEXT(i, j)/Zo -NEXT(i, j)/Zo 

The hatted variables NEXT(i, j) and FEXT(i, j) are called direct 
crosstalks. The direct crosstalk which considers only the existence of 
pairs i and j in the cable and the crosstalk which considers the existence 
of all n-pairs in the cable are asymptotically equivalent as is shown in 
the appendix. That is, 

. NEXT(i, j) 
l.~ NEXT(i, j) = 1. 

There is strong experimental evidence that in the systems of interest 
E is so small that for most practical purposes asymptotic equivalence 
can be interpreted as equality. 
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N ext we decompose the problem of determining a 4 X 4 matrix T 
into a problem of determining two 2 X 2 matrices. To accomplish this 
we introduce some artificial voltages and currents Vl(x), V 2(x), Il(x), 
and I 2 (x), via the following transformation, which we shall call P 

VI (x) 1 1 0 0 VI (x) 

-1 

o 
o 

1 

o 
o 
1 

o -1 

o V2(X) 

1 i l (x) 

1 i 2(x) 

The above transformation maps the problem of two uniform coupled 
pairs to that of determining the chain matrices for two nonuniform but 
uncoupled pairs. The dependence of T on e will be important now. So, 
since x is understood to be fixed at L > 0, we shall write T(e) instead 
of T(L). Letting T(e) denote the chain matrix of the system of two 
uncoupled pairs we have T(e) = p-l'J'(e)P. As a consequence T(e) has 
the following form: 

Al(e) + A2(e) AI(e) - A2(e) Bl(e) + B2(e) Bl(e) - B2(e) 

T(e) = ! Al(e) - A2(e) AI(e) + A2(e) Bl(e) - B2(e) Bl(e) + B2(e) 

Cl(e) + C2(e) CI(e) - C2(e) DI(e) + D2(e) DI(e) - D2(e) 

CI(e) - C2(e) CI(e) + C2(e) DI(e) - D2(e) Dl(e) + D2(e) 

where the matrices 

[
Ai(e) Bi(e)] 

Ci(e) Di(e) 
~ = 1,2 

are the ABeD matrices for the nonuniform lines without coupling. 
Figures 2a and 2b portray the transformation in detail. So A2(e) = 
AI(-e), B2(e) = BI(-e), C2(e) = Cl(-e), and D2(e) = Dl(-e). Using 
the definition of derivative we obtain that for e sufficiently small 

T(e) ~ [Al(O)I Bl(O)I] + e [Ai(O)J Bi (0) J] , 

CI(O)I Dl(O)I Ci(O)J Di(O)J 
where 

J = [~ ~]. 
This formula is particularly useful for generat.ing t.he linear approxi­

mation to the T(e) matrix for the case of constant coupling, that is, 
the case when 17(X) and rex) are constant functions. The matrix is as 
follows, with r = V;:;;, 
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-e 2 

(Zo1J + Z;;l r)L sinh r L 
-e 2 

cosh rL 

-Zo sinh rL ( (Z;;l r + Zo1J)L cosh r L eZo ~ 

( (Z;;l r + Zo1J)L cosh r L 
eZo 2 

(1JZo - Z;;l r )L sinh rL) 
2rL 

(1JZo - Z;;lr)L sinh rL) 
2rL 

-Zo sinh rL 

_ 1 . 
Zsmh rL 

o 

1 ((Z01J + Z;;l r )L cosh r L 
e- 2 Zo 

cosh rL (Zo1J + Z;;l r)L sinh r L 
-e 2 

(1JZo - Z;;l r )L sinh rL) + 2rL 
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_ 1 . 
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- ;0 iL 
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EZo iL 

(ZoYJ(x) sinh2 rx - Z;l sex) cosh2 rx) dx 
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Substituting this evaluation of T (E) into equation (3) and solving for 
the linear approximations to the crosstalks yields the classical formula 

NEXT(i, j) ~ -e i L 

(Zo77(X) ; Z~l sex»~ e-2rx dx 

FEXT(i, j) ~ -e i L 

(Zo77(X) ~ Z~lS(X» dx. 

In this section we have achieved a canonical representation of 
coupled pairs in a cable. Our representation is complete enough to 
permit pair-to-pair crosstalk calculations to be made, 'but our repre­
sentations are approximate. We have not developed any analytical 
relationships between the magnitude of errors involved and E. Prag­
matically we have not had any need for such relationships as we have 
been able to rely on experimental verification of our assumptions. 

The structure of the cable chain matrix that we have developed 
expedites the determination of the chain matrix experimentally using 

Zo Ll (x) 

Vt(x) I Z,Y 

l2 (xl 

NEXTI v 2(x) r Z,Y 

I I ;: 
0 L 

0 0 Z r(x) 
V 2 (:X:) 0 0 r(x) Z V2(X) 

II (x) Y 1/(x) 0 0 

(V' (x) , 

L2 (x) 1/(X) Y 0 0 
(

VI (X)) 

Ll (xl 
l2(X) 

VI (0)+ Zo Ll (0) = V 

v2 (0)+ Zo L2(0) = 0 

(a) 

VI (L)=zo l,(L) 
V2 (L) =zO L2 (U 

Zo 

Zo 

o L 

I
V.(X) 1'= - ( 0 z+ r(x)) (V1(X),) 
I.(x) Y +1/ (x) 0 I, (x) 

VI (0) + ZoIl (0) = V 

V, (L) = ZoI, (L) 

o L 

(
V2 (X) I ~- ( 0, Z - r(x)) (V2 (;x:)} 
12 (xj Y-1/(;c) 0 12 (:x:l 

V2(0)+Zo I 2(0) = V 
v2 (L)=ZoI 2 (L) 

(b) 

Fig. 2a-Two identical coupled transmission lines and their characterizing 
equations. 

Fig. 2b-Two nonuniform uncoupled transmission lines and their characteriz­
ing equations. 
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a generalized open circuit-short circuit technique. Specifically each of 
the A, B, e, and D matrices has the form of a perturbation of some 
nonzero multiple of the identity. A straightforward generalization of 
the classical open circuit-short circuit technique, capitalizing on the 
approximation that can be made in inverting a matrix of the afore­
mentioned form, makes for a simple determination of the A, B, e, and 
D matrices. Since the experimental technique is straightforward we 
shall not discuss it further.' 

In this sectIon we have discussed crosstalk computations for a single 
cable. The extension to a cascade of cables is straightforward. We need 
only modify (3) by replacing T(L) by the ordered product II~=l Tp - k + 1 

and Zocan be replaced by possibly distinct impedances at x = 0 and 
x = L. In the Appen4ix we have proven asymptotic equivalence in a 
special case of a single cable. (We spare the reader the general proof for 
cable systems.) We shall use asymptotic equivalence of crosstalk and 
direct crosstalk for cable systems in the sections that follow. We note 
that if bridged taps ,are excluded the extension of the asymptotic 
equivalence to cable systems is immediate. 

IV. SIMULATING T'HE PLANT AT VOICE FREQUENCIES 

The first phase of the computer simulation of the outside plant has 
been limited to voice frequencies. The program generates the subsys­
tem chain matrices and multiplies them together to get a realization of 
the ABeD matrix for the system. The program can simulate an exten­
sive class of coterminous systems; specifically, the loop can be com­
prised of any cascade of PIC cables, pulp cables, load coils, and bridge 
taps. Thus, given the termination impedances and excitations we can 
solve for any of the terminal voltages and currents. The important 
feature of the program is that it provides the capability to make cross­
talk computati'op.s. 

There were a number of reasons why we began the simulation effort 
with the voice plant. First the very vastness of the overall project of 
outside plant cable simulation dictates that one should begin by 
handling a somewhat self-contained portion of the proj ect that could 
form the basis for future effort. The simplification that arises in deal­
ing with voice plant makes it an attractive starting place as we now 
show. 

Ostensibly the basis for the simulation of individual cables is equa­
tion (5). The chain matrices for load coils and bridge taps can be 
obtained from the matrix for the cable. We note that the entries of the 
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ABeD matrix depicted in equation (5), that involve pair-to-pair un­
balances have the following form 

iL 

[H 1(f, x)Zo7](x) + H 2(f, X)Z~l~(X)] dx, 

where the Hi are continuous complex hyperbolic functions. For any 
common set of cable parameters the f:' (x) term is negligible at voice 
frequencies (f < 4000 Hz) . To help see why inductance unbalance can 
be neglected at voice frequencies we first note that for any of the cable 
pairs simulated, the absolute value of the characteristic impedance 
decreases by an order of magnitude in changing from its dc value to 
its high-frequency asymptote. Then by looking at the manner in which 
Zo appears in (5), or (~), we see that the capacitive coupling effect is 
accentuated while the· inductive coupling effect is de-emphasized at 
voice frequencies. Hence in the voice band we need only consider 

Replace the continuous function H 1(f, x) by its average value 
L-1 f~ H 1(f, x) dx in the integral. By continuity we shall lose negligible 
accuracy so long as L is sufficiently small. For values of t in the voice 
band the actual cable section lengths between splices are sufficiently 
small. Hence the integral becomes 

t [i t H,(/, y) dy J~(X) dx = [i t ~(x) dxJ t H,(/, y) dy. 

So in effect we have replaced 1] (x) by its average value. That is to say 
we can treat 1] (x) as if it were a constant function. So equation (4) 
with f:'(x) = 0 becomes the basic representation of cables in the voice 
band. 

The function 1] (x) has the form 

7](x) = V-! 27r'fc(x) , 

where c (x) is the distributed capacitance unbalance. In an idealized 
situation where only two pairs are present, let 1', 1" and 2', 2" denote 
the wires in the first and second pairs, respectively; then we have from 
Ref. 1, 

c(x) ~ i[C1 '2'(X) - C2'1"(X) + C1"2"(X) - C2"1'(X)]. 

At voice frequencies the numerical values of a cable chain matrix can 
be obtained if the values of r, Zo , and f~ c(x) dx are known. For quality 



2432 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1971 

assurance, Western Electric undertakes a bridge measurement of 
I J~ cex) dx I for various pair combinations in the cables that it manu­
factures. Thus we have the data necessary to compute these chain 
matrices at voice frequencies. 

Another important reason for beginning with the simulation of voice 
plant is that there are several systems engineering studies for which 
voice plant crosstalk data is an essential ingredient. For example, the 
comparison of unigauge plant with existing plant, determining gain 
limitations for station sets, and evaluating the performance of PBX 
trunk circuits are some of the topics of interest where crosstalk per­
formance, particularly near-end crosstalk performance, is important. 

To test the program two 3000-foot sections of cable and a bank of 
load coils were measured for unbalance of capacitance and inductance 
respectively. The cables were spliced together first with and then with­
out the load coils at the splice. The near-end crosstalk distributions 
were measured in both cases. The unbalance data along with the nomi­
nal values of primary constants for the cables and coils were fed to 
the program. Figures 3 and 4 depict the success of the simulation. 

In most systems engineering studies, a cable's behavior is evaluated 
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from a combination of nominally specified transmission constants and 
empirically derived crosstalk estimates. We are striving to utilize more 
of a cable's inherent communication capacity and so a more detailed 
description of cable crosstalk behavior is needed. By modeling the 
stochastic nature of cable crosstalk we get a pertinent refinement of 
the crosstalk evaluation capability. In this section we indicate the 
reason why crosstalk should be treated stochastically. We give a 
heuristic technique for simulating this stochastic behavior at voice 
frequencies. 

For convenience we order the array of pair-to-pair capacitance 
unbalances {f~ CiJX) dx; 1: = 2, 3, ... , n, i < j} to form a vector eeL). 
We have limited i < j since Cii(X) = Cji(x). Ample Western Electric 
quality assurance data on capacitance unbalance are on file. Data are 
available on all types of cables from all Western cable manufacturing 
plants going back many years. 

To provide a voice plant crosstalk simulation capability we need 
data on eeL) for all the kinds of cable involved in the outside plant. 
The information concerning a cable that is usually available to the 
systems engineer is the pair size, gauge, mutual capacitance, insulation, 
and length. A review of quality assurance capacitance unbalance data 
shows that the values of eeL) for cables meeting the same nominal 
specification are not identical. Thus we see the need to treat eeL) as a 
stochastic process eeL, w) where w indexes the sample space Q. 
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N ext we discuss how representative quality assurance data were 
selected for simulation purposes. 

The vector C(L, w) has signs associated with its components as will 
be explained in the next section. The quality assurance samples of 
C(L, w) are unsigned. Some special measurements on signed values 
of C(L, w) were made and it was concluded that C(L, w) could be as­
sumed to have mean O. For simulation purposes the quality assurance 
data were randomly signed with equal probability of being positive or 
negative. (Thus we are implicitly assuming that the components of 
C(L, w) are symmetrically distributed. This assumption is consistent 
with the detailed model of capacitance unbalance in the sequel. Of 
course the accuracy of the simulation ultimately tests our assumptions.) 

Another shortcoming of the quality assurance data is that for cable 
units in excess of 25 pairs a biased sampling of the capacitance un­
balance values is taken. Only certain pair combinations that are prone 
to high capacitance unbalance are measured. So the data needed for 
simulation are incomplete. Techniques can be developed for determin­
ing the parameters of the true distributions from the biased samples. 
Because of the difficulty involved with such techniques it was decided 
to approximate units of 50 and 100 pairs as combinations of 25-pair 
units. Because of this approximation the pair combinations prone to 
high crosstalk loss are not correctly modeled. This is of no conse­
quence since it is the distribution of the values of low crosstalk loss 
that we seek. The degree of success of a simulation of one of the field 
experiments on in-place cables in Scranton, Pennsylvania, is depicted 
by Fig. 5. Finally, to use the data, the individual capacitance values 
are adjusted for length according to a, square-root correction factor. 
The square-root correction factor is well known; it has been verified 
experimentally and will be discussed further in the next section. 

For each type of cable several capacitance unbalance matrices are 
necessary since several sections of a single type of cable may be used 
in one system. Capacitance unbalance data on 19-, 22-, 24-, and 26-
gauge pulp insulated cable and 22-, 24-, and 26-gauge PIC cable were 
obtained. The data spanned a I-year period at the Western Electric 
Plant in Hawthorne, Illinois, and at least 25 reels of each type of cable 
were represented in the data. The annual interval is particularly sig­
nificant for pulp data since the capacitance unbalance is sensitive to 
the humidity at the time of manufacture. An analysis of the data 
substantiated the view that the pulp capacitance unbalance is not a 
function of gauge. 

To use a square-root length correction on the data means that, given 
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Fig. 5-Comparison of measured and computed I-kHz within unit (50 pair) 
near-end crosstalk on 2800 feet of 22-gauge pulp cable (600 n termination). Two 
I9-gauge, 25-pair pulp units we~e used in the computer simulation of the 50-pair 
unit. (On normal probability paper.) 

a sample C(L, w), to get a sample of C(l, w) we multiply C(L, w) by 
vIY7L. As we mentioned, the data was randomly signed and a pulp, 
PIC distinction was maintained while a gauge distinction within pulp 
was not acknowledged. The problem remained of providing separate 
sequences of capacitance tables for pulp and for PIC cables. The 
problem was resolved differently for pulp than for PIC. In both cases 
a distribution, called a universal distribution, was constructed by pooling 
accumulated data from over 25 cables. For pulp a typical cable was 
modeled by using a set of 300 pair-to..;.pair capacitance unbalance values 
whose distribution matched the universal distribution. Numerous 
shuffled copies of the list of 300 values were prepared to enable modeling 
of randomly spliced pulp sections. Since PIC is spliced color to color 
the procedure used to represent pulp was not valid for PIC. For each 
PIC gauge the tables were sequenced to give the most representative 
distributions priority in selecting tables for a simulation study. In 
comparing the individual distributions to the universal distribution 
particular emphasis was given to the fit of the high capacitance tail. 
The simulation scheme provides for placing the most representative 
distributions at the near end in order to assure the most representative 
estimates of near-end crosstalk. 
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The formulas used for NEXT and FEXT were obtained as follows. 
Let {Ti} i = 1, 2, ... , k represent the chain matrices of k subsystems 
ordered so that Tl is at what we shall arbitrarily call the near end 
and Tk is at the far €lid. Thus the terminal behavior of the system is 
described by T = TkTk- 1 ••• Tl . Let u. = (1]1 , 1]2 , ••• , 1]k)t be a 
vector such that YJi is the coupling in the ith subsystem. Recall that the 
A, B, 0, and D submatrices of Ti contain YJi in the off-diagonal posi­
tions only. Neglecting quadratic terms and higher in the YJi variables 
we obtain 

al a2 b1 b2 

T~ 
a2 a1 b2 b] 

~ 

Cl C2 d1 d2 

C2 C2 d2 d1 
k 

II 
i=] 

Let us assume that the near end is terminated in an impedance Zs and 
that the far end is terminated in an impedance ZR . Using the boundary 
conditions we obtain 

1 1 

FEXT NEXT 

vl(L) 
1 

T 
V-I 

ZR Zs 

FEXT -NEXT 
-~--

ZR Zs 

Solving and neglecting quadratic terms in the variable with a subscript 2 
we obtain 

NEXT ~ [b2 - zRd2 _ ZSa2 - b2 - C2ZSZR + d2ZRJ 
b1 - zRd] zsa1 - b1 - C1ZSZR + d1zR 

and 

FEX'P ~ Lr (a1d2 - a2d1 - b2Cl - b
1C2) _ zsa z - bz - CZZSZR + dZzR lJ . 

zsa1 - b1 - CIZSZR + d1zR 
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If the system does not contain bridged taps then the parenthetic term in 
the expression for FEXT can be neglected. Since we have neglected 
higher order terms both NEXT and FEXT are linear in n. We are led 
to introduce Nand F such that 

NEXT = (n, N) and 

FEXT = (n, F). 

In our simulation studies the system description yields the information 
necessary to determine Nand F and the sample space of n. We randomly 
select enough n vectors and form the scalar products to determine the 
statistics of NEXT and FEXT. 

V. THE STOCHASTIC NATURE OF A CABLE AND OPTIMAL TWIST 

LENGTH SELECTION 

In the previous section it was mentioned that the nominal specifica­
tion of a cable leaves its behavior somewhat uncertain. It followed 
that the class of cables that meet a nominal specification has different 
chain matrix representations. Here we present a model for this stochas­
tic behavior of the chain matrices. Specifically we deal only with the 
coupling terms in these matrices and the other terms are assumed to 
be constants. * 

A Gaussian process X (t, w) with zero mean and covariance k2 X 

min (tl, t2) is called a Brownian Motion or Wiener Process. If X (0, 
w) = 0 with probability one the process is said to be centered. 

The process was first used to model the motion of a particle in a 
fluid where X (t, w) is one of the displacement coordinates a.fter time t 
and w indexes over all particles. The number k is called the diffusion 
constant. This constant is a measure of the tendency of a particle to 
stray from its initial position. 

In what follows we shall concentrate on capacitance but analogous 
statements are to be applied to inductance as well. Let Cii(X, w) represent 
the capacitance coupling function between pair i and pair j. Let Cii(X, w) 
represent the accumulated capacitance, that is, let 

* The model we present is intended for standard PIC and pulp cable designs 
and should not be applied to highly precision engineered cables wherein de­
terminism would playa more significant role than we allow here. 
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Here w indexes over all realizations of a cable of a particular type. We 
shall model the accumulated capacitance unbalance Cij(x, w) by treating 
it as a sample function of a Brownian Motion process. This is an approxi­
mation that was reached after considering the manufacturing process 
and after reviewing quality assurance records on accumuiated capaci­
tance unbalance data. The model is in agreement with the empirically 
established correction of a IO-dB translation of FEXT distributions for 
a tenfold increase in cable length. 

In our application, distance plays the role of time. Therefore, the 
coupling terms in the cable matrix can be viewed as stochastic integrals 
of the form J~ H(x) dC(x, w). When J~ c(x, w) dx is a Brownian Motion 
process the stochastic integral * is called a linearly conditioned Brownian 
Motion process. The matrix of stochastic integrals is a multivariate, 
centered, linearly conditioned Brownian l\10tion process. 

The capacitance unbalance function Cij(x, w) represents an effective 
distributed capacitance. It is a mathematically simple idealization 
which attempts to include the effects of all the capacitive coupling 
between pair i and pair j. The strongest contribution to this coupling 
function is believed to arise from the capacitances between each wire of 
pair i and each wire of pair j. The net effect of these four capacitances 
is expressed as a difference of nearly equal quantities. This difference 
can be positive or negative at x depending on the geometric relationship 
of the pairs at x. The pairs are twisted with different twist lengths in an 
attempt to cause the coupling capacitance to be positive as much as it 
is negative. 

Presently available data is in the form of samples of I J~ c(x, w) dx I 
where only one value of L is associated with each w. This provides no 
information pertaining to the covariance of c(x, w) and so we make an 
assumption. Pair twist lengths are short (a few inches long) in compari­
son with the cable lengths of interest (thousands of feet). Thus in the 
light of our previous statements, it is reasonable to suggest that c(x, w) 
be modeled as having a delta function covariance and this assumption 
is consistent with the Brownian motion model. From equation (5) we 
see that the coupling interacts with hyperbolic functions of rx so that 
the assumption of a delta function covariance is most reasonable at 
voice frequencies where for the cables of interest the wavelengths are 
of the order of at least tens of miles. 

There are many reasons to suspect that the capacitance unbalance 
function is an extremely irregular function when considered over thou-

* For 11 treatment of Brownian Motion and the stochastic integral concept see 
Ref. 5. 
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sands of feet. There are random disturbances that can change the 
function drastically over inches. For example, the vibrations of the cable 
manufacturing machinery, impurities or eccentricities in the insulation, 
tertiary coupling paths, slipping of the twist, etc. Furthermore the twist 
lengths are not precisely maintained. Thus, for cable lengths of interest 
(a thousand feet or so), it is quite reasonable to treat n Cii(~' w) d~ 
stochastically. 

We are assuming that Var Cii(X, w) = k7 j x, where k ij is a constant 
and x is the cable length. If we let C(x, w) denote the random variable 
whose sample space is all pairs in cables of a particular type then 
Var C(x, w) is simply the average of the individual variances, that is, 

VarC(x,w) = (2 _1 )/2 LEC~i = (2.!: )/2 L k7j. 
n n i<i n n i<i 

So by pooling data on accumulated capacitance for all the different i, j 
combinations the data should still exhibit a variance which is linear 
with length; 

Following the work reported here W. N. Bell has explored the accuracy 
and effectiveness of this Brownian motion model utilizing factory data. 
His conclusions (unpublished) are positive. Extensive data at two 
different lengths verified the linear dependence of Var C(x, w) with 
length [Var C(O, w) = 0 at the third pointJ. Thus the use of the Vi 
correction of the data that was mentioned previously is indicated. 
The C(x, w) are shown to be normal in the tails while in the neighborhood 
of the mean (0) the density is lower than normal and this is compensated 
for by an excess at zero. The departure from normality may be due to 
the measurement technique but the departure is unimportant since 
tail behavior is what concerns us. Furthermore if there really is an 
excess of zero capitances unbalances then the Brownian motion model 
is a slightly pessimistic one and hence useful in bounding system 
performance. 

The diffusion constant kij appears to be an excellent way to express 
the capacitance unbalance of the pair combination. Furthermore, maxi­
mUmi,j kij is a good measure of the capacitance unbalance of a cable. 
A statistical analysis of the quality assurance data reveals the rela­
tionship between kij and the twist lengths of pair i and pair j (ti and 
t j ). The uncovering of this relationship provides a basis for optimal 
twist length selection. To demonstrate this idea W. N. Bell used 
quality assurance data on 145 25-pair PIC cable units to estimate the 
diffusion constants for the neighboring pair combinations. As sus­
pected, the data revealed a strong relationship between the diffusion 
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constants and cable geometry. An extensive statistical analysis of this 
relationship was undertaken by A. K. Jain who determined that the 
formula 

[ 

to.62tO.62 J2 
k7jL = 0.090 X It~- :i \0.23 L 

(k jj has dimensions of pi/Ut) ¥2.) 
explained 79 percent of the total variation in the data. Besides estab­
lishing the relationship between the cable geometry and crosstalk 
performance, statistical analysis also provides an alternate means for 
simulating capacitance unbalance distributions for standard PIC and 
pulp cable designs. 

As in the motion of particles in a liquid the mathematical model of 
Brownian motion is an approximation of the physical situation that 
must be applied discriminately. We stress this point since the con­
tinuity of Cij (x, w) was used to solve the 'differential equations that 
lead to the chain matrix while the mathematical model of Brownian 

. motion does not account for this continuity. Thus while Cij(X, w) is suf­
ficiently irregular so as to model its integral as Brownian Motion, it 
is smooth enough to be called continuous when expressing the physical 
laws that a cable must obey. 

The inductance unbalance process (fI~ lii(X, w) dx) has not been 
studied. A small appreciation for how the inductance unbalance relates 
to the capacitance unbalance enables us to speculate that it is also a 
Brownian :Motion process that is correlated with the capacitance 
process. Since both forms of unbalance derive from the cable geometry, 
it is reasonable to attempt to relate these unbalances. In our simulation 
program we neglect inductance unbalance since this neglect causes 
negligible error at voice frequencies. The frequency at which inductance 
unbalance causes an appreciable contribution to crosstalk remains to be 
determined. 

A computer simulation of Scranton, Pennsylvania, field measure­
ments of far-end crosstalk was made. In this case the distribution tails 
were nearly reproduced up to 775 kHz. At the higher frequencies it 
appears that the inductance unbalance is the cause of the departure 
between the measured and computed tails (see Fig. 6). Another simula­
tion was made of three sets of factory far-end crosstalk measurements 
(3.15 l\1Hz). In each case the computed tails were about 5 dB different 
from the measured tails due to inductance unbalance (see Fig. 7 where 
one of these cases is depicted). Figures 6 and 7 do indicate a significant 
correlation between 1 kHz capacitance unbalance and the crosstalk at 
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Fig. 6-Comparison of measured and computed distribution tails of within 
unit (50 pair) far-end crosstalk. The system is 2702 feet long, it has 4 splices, and 
is composed of 22-gauge pulp cable. The measured tails are based on measure­
ments of in-place cable in Scranton, Pennsylvania. The computed tails are based 
on a random selection of 1-kHz factory capacitance unbalance data. (On normal 
probability paper.) 

higher frequencies. In conclusion it seems that voice-frequency capac­
itance data can be used as a basis for simulating the crosstalk perform­
ance of a system up to at least the high kHz frequency range. 

Weare now in a position to give an abstract definition of the outside 
plant. Let L index over [0, (0). Let (n, <x, p) be a probability space. 
By an outside plant subsystem we mean any 2n X 2n complex matrix 
stochastic process XL (w) of the form 
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Fig. 7-Comparison of measured and computed distribution tails of 3.15-MHz 
within unit (50 pair) far-end crosstalk on 1000 feet of 22-gauge pulp cable. The 
computed distribution is based on 1-kHz capacitance unbalance data. (On normal 
probability paper.) 
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XL(W) = [O(L)1 b(L)1] (I + e Y(L, w)), 
e(L)1 o(L)1 

where (~~~~ ~~~~) is the chain matrix characterization of a physically 
realizable, linear, passive, bilateral, symmetric t\VO port and Y(L, w) 
has a multivariate Gaussian distribution with mean O. Let x denote an 
independent set of all such XL(W). Let xa and X f3 belong to x. By 
xa . X f3 we mean the ordinary matrix product with the e2 term neglected. 
Since the product of 2 X 2 symmetric matrices with determinant one 
is again a symmetric matrix with determinant one and since the sum of 
independent Gaussian matrices with mean zero is again a Gaussian 
matrix with mean zero it follows that X is closed under this multiplica­
tion. We note that X clearly containR the identity matrix and that the 
mUltiplication we have defined is associative. A collection of elements 
closed under an associative multiplication rule and containing the 
multiplicative identity element is called a semigroup. Our definition of X 

is a bit too general so we present the characters of interest: the cables, 
the bridged taps, and the load coils. 

Cable Representation 

Equation (5) defines the cable. The integrals involving capacitance 
and inductance unbalance are to be considered as stochastic integrals 
with respect to the Brownian motion process. The statistics of the 
capacitance portion of the cable process are known if the statistics of 
the matrix (J~ Cii(X, w) dx) are known. Recall the way the stochastic 
integral' was defined. The cable matrix has mean 

[
cosh rLI -Zo sinh rL1j. 

_Z~l sinh rL1 cosh rL1 

The"dispersion matrix involves terms of th,e form 

Io L 

(¢(x)iJt(x) t ([>(x)t/;(x)) dxk1m,Ts , 

where ¢(x) and t/;(x) are deterministic hyperbolic functions of the 
primary constants and 

which can be determined from capacitance unbalance data. 
Given r, Zo, j, and capacitance unbalance data the chain matrix 

can be sampled. For example, to get a sample of 
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-eZo iL 

sinh 2I'x 7]ii (x, w) dx 

merely multiply the sample of f~ Cii(X, w) dx by 

e ~ ~., 1 21Z" I' J,L sinh 2rx sinh 2rx dx. 
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This follows from the fact that if X(w) is normally distributed with 
mean zero and variance V and e is a constant then eX(w) is normally 
distributed with mean zero and variance I e 1

2V and from the definition 
of stochastic integral. 

The Representation of a Cable in the 
Open Bridged Tap Arrangement 

Let (~~) be a cable matrix. By the representation of an open­
circuited bridged tap we mean the first two terms in the power series 
in e for (A l'e ~). 

The Representation of a Load Coil 

By the representation of a load coil we mean the random matrix 

[ 
[1 + (R+i21T-jL) (G+ i27rfC)] I - (R + i27rfL) I ] 

- (G+i2n-jC)[R-i27rfL)(G+i27rjC)+2]I [1 + (R+i27rfL) (G+i27rfC)] I 

o 

o o 

o 
o 

o 
o 

o 
where M i i is Gaussian with mean zero. 

Let X(w) = (~~) (I + eY(w» be a system. Let Vs and VR denote 
voltage stimuli and let Vs and V R denote voltage responses. Let 
(YSI , YS2 , ... , YSn)t = Ys and (y Rl , Y R2, ... , Y Rn)t = YR denote the 
vector terminal admittances. The basic relation is 
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For € sufficiently small we can solve for the random variables VI{ and Vs • 

It is easy to show that these random variables are asymptotic to a 
multivariate normal distribution as € tends to zero. 

Consider the problem of characterizing the near-end crosstalk per­
formance of a certain loop. Here VI{ = 0, Vs = (0,0, ... 0, 2,0, ... O)t 
where the 2 is in the ith position. VRl ,VR2 , ••• ,VRCi-l) ,VRCi+l) , ••• ,VRn 

are the far-end crosstalks and VSl , Vs 2 , ••• , VSCi-t) , VS(,+l) , ••• , VSn 

are the near-end crosstalks. There is a set of these random variables 
for each i. For each W€Q there corresponds a distribution of near-end and 
far-end crosstalk. The set of all these distributions characterize the 
crosstalk behavior of the system. We illustrate the stochastic nature of 
systems. To accomplish this, capacitance unbalance data on nine 
22-gauge PIC cables was selected at random from Western Electric's 
cable manufacturing plant at Hawthorne, Illinois. In an unbiased 
manner, this data was used to simulate three 9-kft systems having 
two splices each. The three far-end crosstalk distributions are shown in 
Fig. 8. There were only twenty-five pairs in this system. Apparently, 
as the number of splices and/or the number of pairs is increased the 
distributions of different realizations of the same system tend to look 
more and more alike. Further study of the implication of the stochastic 
nature of outside plant systems is needed. 

VI. CONCLUSIONS 

A mathematical model of outside plant wire pair cable systems that 
includes crosstalk is given. The voice-frequency version of the model 
has been used to develop a computer simulation capability. It appears 
that this simulation capability can be extended to at least high kHz 
frequencies. Quality assurance data is the key to this simulation effort. 
This same data can be used to provide the basis for optimal twist 
length selection. 
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Fig. 8-Three separate realizations of the 1-kHz near-end crosstalk distribu­
tion of a nominally specified system. The nominal specification is a 25-pair, 22-
gauge PIC system which is composed of three 3000-foot sections. The termina­
tions are 600 n. (On normal probability paper.) 
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APPENDIX 

We shall give a detailed proof that NEXT(i, j) and NEXT(i, j) are 
asymptotically equivalent. In what follows we shall lose no generality 
by assuming that i = 1 and j = 2. The solution to equation (2) is 
given by 

T(x) = exp [- [v: ~H' 

n~ [, exp [ + [v: ~l~K;~) ~~)l cxp [- [v: ~l~l (6) 
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(See Ref. 7 for the definition and basic properties of n~(·) and the 
proof that (6) is the solution. Equation (6) offers another method from 
which equations (4) and (5) can be obtained.) Because of the way e 

appears in n~ ( .) and because n~ ( .) converges we can view n~ ( .) and 
hence T(x) as a convergent power series in e. From elementary con­
siderations it can be shown that 

exp - L = 
[ [ 

0 ZI] ] [COSh r L1 

y1 0 -~ sinh rL1 

-Zo sinh nL1] . 
cosh rL1 

For the manipulations we shall do here it will be convenient to partition 
T(e) into square matrices, namely, 

[
A' Z B'l [A~ T(e) = CII 0 = f e

i C~· 
- D' .=1 ~ 

Zo Zo 
D~ 

We are now prepared to determine the relation between NEXT(l, 2) 
and NEXT(l, 2). Note we have 

veL) 

veL) 
Zo 

o 

v (0) 0 
rp(e) + 

_ v (0) V 
Zo Zo 

o 

I t will suffice to deal with (7) which we can rewrite as 

(A' + D' - (B' + C'»v(O) 

V 

CD' - B') 0 

o 

(7) 

Since lim.-->o CD' - B') = erL I is nonsingular, we conclude that for e 

sufficiently small, say I: < 1:1, the matrix (D' - B') is nonsinguln.r. 
Thus for e < e! , we can write 
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(I + (D' - B'f] (A' - C'))v(O) 

v 
o 

o 
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Now lim.--.o (I + CD' - B,)-I(A' - C')) = 21 thus for e sufficiently 
small, say e < min (el , e2) we can write 

v 

v (0) (1 + (D' - B'f\A' - C,))-1 0 

o 
Since D' and B' are convergent power series, we can write 

D' - B' = erL [1 + e(e-rL[(Di - BD + e(D~ - BD + ... ])]. 
Thus for € sufficiently small, say € < min (€1 , €2 , €3) the inversion of 
D' - B' is essentially the inversion of the identity plus an operator 
small enough to permit the Neumann inversion, see Ref. 8. Hence 

(1 + (D' - B,)-I(A' - C')) 

= I + e-rL(I - ee-rL((Di - BD + ... ) 
+ e2e- rL((Di - BD + ... )2 + ... ) 

·erL(I + ee-rL(Ai - CD + ie-rL(A~ - CD + ... ) 
21 - ee-rL(Di - Bi + Ai - CD + 0(e2

). 

Once again if we assume that e is sufficiently "small, say e < 
min (el , e2, e3 , e4) we can use the Neumann inversion to obtain 

v 

v (0) (8) 

o 
N ow we note that (8) can be viewed as a 2n X 2n system resulting 
from (7) or a 2 X 2 system corresponding to (6), in the latter case, all 
quantities needed to be hatted. Evidently lim.-.o Vee) = 2. Since 
Ai , 'bi , Bi , and Ci are merely the 2 X 2 upper right-hand corner 
submatrices in Ai , Di , Bi , and Ci it follows from (8) that the power 
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series expressions for NEXT(i, j) and NEXT(i, j) have identical 
coefficients of €, (but not of €n, n ~ 2). Thus NEXT(i, j) and NEXT(i, j) 
are asymptotically equivalent. 

An analogous proof goes through for FEXT(i, j) and FEXT(i, j). 
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This paper is concerned with mutual sychronization-a scheme for 
synchronizing a nationwide network of clocks for an integrated digital 
transmission and switching communications system. Described is an 
approach to the problem of detennining values for the design parameters 
of a one-sided, linear phase averaging scheme with no filters. Two different 
sets of performance objectives are considered. The primary results concern 
the bounds which the effects of delay change force on the parameters which 
describe the inherent clock stability. Specifically, if a performance objective 
is no slips, and a limit is imposed on the amount of buffer storage, then 
an upper bound is forced on the allowable randorn drift in the free-running 
frequencies of the clocks. Alternatively, if an objective is that the slip rate 
not exceed some specified rate, again with a linl,ited buffer size, then an 
upper bound is forced on the rate of random drift. Both bounds depend 
on the network configuration with the so called "dumbbell" configuration 
representing the worst case. A numerical example is included. 

1. INTRODUCTION 

This paper is concerned with mutual synchronization-a scheme for 
synchronizing a nationwide network of clocks for an integrated digital 
transmission and switching communication system. The clock at a 
switching center in such a system determines the rate of flow of data 
bits through the switch and to the output links. Buffer stores can 
make allowances for small, temporary differences in the received rate 
(determined by a distant clock and delay change) and the local switch 
clock rate. However, if a frequency difference persists then a buffer 
will occasionally overflow (or underflow) causing deletion (or repeti­
tion) of data bits from the output stream. Either such error is referred 
to as a slip. In this paper a synchronous network is one in which there 
are either no slips or, alternatively, in which the slip rate does not 
exceed some given rate. 

Mutual synchronization was conceived about 10 years ago! as an 
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alternative to a master-slave synchronous timekeeping plan for large 
telephone networks. This new plan aimed at eliminating the possible 
need to reorganize a master-slave network in the event of failure of 
a timing link or the master clock. Previous analyses have been largely 
concerned with questions of stability,2 equilibrium frequency,3 dynamic 
response,4,5 and control strategies.6 

Questions relating to the system's ability to meet specific perform­
ance objectives, e.g., no slips, have been largely ignored. It has been 
noted that since changes in phase differences between clocks remain 
finite, sufficiently large buffers could be placed in each communications 
link to avoid such slips. However, the relationships between required 
buffer size and clock stability, delay changes, network configuration, 
and control parameters have not been established. It is to this question 
that this paper is addressed. A simple control strategy is considered, 
viz., one-sided, linear phase averaging with no filters. Two different 
sets of performance objectives are considered and the results are ex­
pressed as bounds which are forced on parameters which describe the 
inherent clock stability. A statement of these performance objectives 
and a description of the network model follow. 

II. ALTERNATIVE PERFORMANCE OBJECTIVES 

2.1 Performance Objective #1 
Let a performance objective be no slips. Assume, also, a given 

amount of buffer storage (of sufficient size to account at least for 
changes in link delay). As an additional objective, the variation of 
system frequency (i.e., that common frequency at which all clocks 
operate in equilibrium) must not exceed the bandwidth limitations of 
transmission and switching equipment (which might typically be of 
the order of one part in 105). To meet the first objective, changes in 
phase difference between any pair of clocks must not exceed a given 
value. Due to the effect of delay change on clock phase and system 
frequency, this requirement will be seen to force an upper bound on 
the allowable random drift in a clock's free-running frequency (i.e., 
that frequency at which it would operate in the absence of a control 
input). The second objective forces an upper bound on the allowable 
total drift of a clock's free-running frequency. 

2.2 Performance Objective #2 
As an alternative, suppose slips are permitted to occur but at no 

more than a given rate. In addition, assume the same objective, as in 
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Section 2.1, on variations of system frequency. Again, a given amount 
of buffer storage is assumed. In this case frequency differences between 
pairs of clocks (that persist long enough for several slips to actually 
occur) must not exceed some preset value. This value will depend on 
the slip rate requirement and the amount of buffer storage and might 
typically be of the order of one part in 10D. Due to the effects of delay 
change, this requirement will be seen to force an upper bound on the 
allowable rate of random drift of any clock's free-running frequency. 

Changes in equilibrium phase differences occur as a result of changes 
in the free-running frequencies of the clocks or the transmission delays 
between clocks. Frequency differences between pairs of clocks are 
nonequilibrium effects which occur while the free running frequencies 
or the transmission delays are changing. The magnitude of both these 
effects depends critically upon the network configuration. The "dumb­
bell" configuration, consisting of two equal size groups of mutually 
synchronized clocks with full interconnection within a group but only 
a single intergroup link (Fig. 1), appears to represent the worst case. 

It is assumed that performance objectives must be met without 
knowledge of network configuration; specifically, all clocks and timing 
links are to be considered "equal," regardless of their location in the 
network. Design parameters are determined, then, so that objectives 
are met in the dumbbell configuration. 

III. CONTROL MODEL 

In one-sided phase averaging the frequency of each office clock is 
controlled by an average of the observed phases of signals received 
from distant clocks, as measured with reference to the phase of the 
local clock. The frequency of each clock responds then to both a change 

REGION L REGION R 

Fig. I-Dumbbell configuration. 
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in the phase of a distant clock and to a change in the transmission 
delay from a distant clock. (Two-sided controls, in which the results 
of phase comparisons are transmitted back, on a special data link, to 
control the distant clocks, can eliminate the effect of delay on fre­
quency.5,6) The general control equation is 

N 

fi(t) = Fi(t) + Ki L aidpj[t - Tij(t)] - Pi(t) + ct>id. (1) 
j=l 

In this equation: N is the number of clocks; Ii is the frequency of the 
ith clock; Fi is the free-running frequency of the same clock (fre­
quency in the absence of a control input) ; Ki is a control gain with 
the dimensions of reciprocal time; aij are averaging coefficients such 
that 

N 

L aij = 1 ~ = 1,2, ... ,N; 
j=l 

Pi is the phase of the ith clock, related to frequency by 

Tij is the transmission delay encountered by a pulse arriving at the ith 
office, from the jth, at time t; and ct>iJ is a reference phase whose value 
depends upon initial conditions. 

IV. SYSTEM FREQUENCY 

Previous studies3 have shown that if the system parameters remain 
constant and there exists at least one clock which distributes timing 
control to every other clock (either directly or indirectly via some 
intermediate clocks) then the system will asymptotically approach an 
equilibrium state in which all clocks run at a common frequency­
called the system frequency. Under these conditions the system equa­
tions can be solved algebraically for the system frequency; the re­
sult is3 

f ~ ~ b;(F; + K; ~ a;;<p;;) 

~ b;( 1 + K, ~ a;;T;;) , 
(2) 

where the weighting coefficients bi depend upon the gains and the 
averaging coefficients. In the general case b'i is the cofactor of any 
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element in the ith row of the matrix K (I-A), where K is the diagonal 
matrix with diagonal elements Ki , I is the identity matrix, and A is the 
matrix of the averaging coefficients aij. The proof of these results is 
found in Ref. 3. 

The effects of delay change and free-running frequency drift on 
the system frequency will be considered separately, allotting to each 
one-half the maximum-allowable variation. 

v. EFFECTS OF DELAY CHANGE ON SYSTEM FREQUENCY (BOUND 

ON GAIN) 

To obtain some feel for the effects of delay change on the system 
frequency consider first a network of two clocks with equal control 
gains and suppose that the transmission delay between them increases 
by an amount ~T. By symmetry each clock is subjected to the same 
influence and, hence, signals will arrive ~T seconds later at both 
clocks. The corresponding change in both observed phases is, then, 
iT - (f + ~f) (T + ~T) ~ - (f~T + T~f), where ~i is the (as yet 
undetermined) change in the system frequency. But this change IS 

equal to the gain K times change in observed phase; hence, 

Af "-' - KfAT . 
L.1 "-' 1 + Kr 

To estimate the effects of delay changes in a more general network 
suppose that all gains Ki are equal and that identical delay changes 
~T occur on all links at the same time. The above reasoning, with the 
identical conclusion, applies also to this case as may be verified from 
equation (2). That is, with Ki = K and Tij = T, 

from which 

Af "-' - KfAr = 
L.1 r-.J 1 + KT 

Kr f~2:. 
1 + Kr r 

Since the fractional change in delay, ~T/T, is typically several orders 
of magnitude greater than the allowable fractional change in i, it 
follows that K must be chosen so that KT is much less than unity; 
hence, neglecting the sign of the change, 



2454 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1971 

Dr.f ~ KfDr.r. (3) 

If the maximum allowable variation of system frequency (due to delay 
change) is i6./s , then K must satisfy the upper bound 

K < K - _1_ Dr.f. 
= 8 - 2Dr.r. fa ' (4) 

where ~rs is the maximum delay change (assumed to occur at the 
same time on all links) and /0 is the nominal system frequency. This 
is one of two upper bounds on the gain which will lead to an upper 
bound on either the total random drift or rate of random drift in a 
clock's free-running frequency. 

VI. EFFECT OF CLOCK DRIFT ON SYSTEM FREQUENCY 

With Kr « 1, the change in the system frequency is, approximately, 

Dr.f I'..J ~biDr.Fi. 
I'..J 'Zb

i 

Thus, if the drifts are systematic, i.e., all in the same direction, then 
(assuming a simple average over N clocks) each clock must have the 
property that its total free-running frequency drift does not exceed 
the allotted variation in the system frequency (i.e., i~/8). If, however, 
the drifts are not correlated then the standard deviation of the system 
frequency is (again assuming a simple average over N clocks) in­
versely proportional to the square root of the number of clocks. In this 
case the allowed drift can, for large networks, be somewhat greater 
than i6./s • 

VII. DUMBBELL CONFIGURATION 
\ 

The magnitude of the effects of delay and clock drift on the phase 
and frequency differences between pairs of clocks, unlike their effects 
on system frequency, depends critically upon the network configura­
tion. The "dumbbell" configuration, illustrated in Fig. 1, appears to 
represent the worst case. In this configuration the N offices are divided 
into two equal groups, with a direct timing link from every clock ,to 
every other clock in the same group, but only one timing link (the 
bar of the dumbbell) connecting one group to the other. In this con­
figuration changes in the free-running frequencies or the delays can 
force a relatively large change in the phase difference between clocks 
in opposite halves. An intuitive feeling for such an effect may be 
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obtained by supposing that each bar clock has but one "vote" out 
of N /2 in determining the common frequency of the clocks in its half 
of the dumbbell, while signals on the bar link have but one of N /2 
votes in determining the frequency of a bar clock. On this basis one 
might guess then that a given change /).¢ in the phase difference be­
tween the bar clocks would tend to produce a change of magnitude 
1(/ (N /2) 2 I/).¢I in the common frequency of the clocks in each half 
(one half up, the other down). Assuming this to be true, suppose then 
that all the delays in one half should increase by an amount /).T, thus 
tending to decrease the frequency of the clocks in that half by I(f/).T 
[equation (3)], while the opposite occurs in the other half. By sym­
metry the system frequency will not change. Hence, to compensate 
for the tendency of each half to change frequency by all. amount 
±Kj/).T, the phase change b.¢ must be such that 

K 
(N/2)2 1 tl¢ 1 = KftlT, or 

N2 

1 tl¢ 1 = 4- :f 1 tl T I· 

This result will be formally verified below. The dumbbell is not the 
only configuration which can give rise to the factor N2. For example, 
the phase difference between the end clocks in a bilateral chain also 
grows, under similar conditions, as the square of the number of clocks. 
However, the dumbbell is worse in the sense that this dependence on 
network size holds for any two clocks in opposite halves. 

The conclusions pertaining to the dumbbell configuration are based 
on the following assumptions: 

(i) The gain Ie at each clock has the same value K. 
(ii) Each control link (shown in Fig. 1) is assigned the same weight; 

hence, for N /2 » 1, all (nonzero) aij are approximately equal 
to 2/N. 

(iii) The delays on all links within region R and within region L 
(see Fig. 1) are approximately equal, respectively, to TR and TL 

and the difference 1 Tn - TL 1 changes at a constant rate Tn for 
t~ seconds. The maximum change ATD persists for tDoT seconds 
at which point the difference returns to its original value (Fig. 2). 
Such a situation might reflect an effect of a cold front moving 
successively through the two regions. 

(1'v) The free-running frequency of each clock drifts at a constant 
rate of ±F for tic seconds, with the maximum drift ±tlF per-
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DELAY CHANGE 

PHASE DIFFERENCE 

C\J 

-e: 
<l 

Fig. 2-Response of dumb ell to delay change. 

sisting for tt:.F seconds. The drifts are uncorrelated and hence the 
standard deviation of the difference I F R - F L I of the numerical 
averages of the free-running frequencies in each half grows at a 
rate 2F / VN up to maximum change of 2/lF / VN. 

To gain some insight into the results to be presented, the effects of 
a step change in delay will be considered first. Thus, suppose that the 
delay on each link within region R suddenly increases by an amount 
Lh, while the opposite occurs on each link within region L-with no 
change in the bar-link delay. By symmetry there will be no change in 
the system frequency nor in the phase differences between any pair 
of clocks both within region R or both within region L (Note: Rand L 
excludes the bar clock). Consider then, anyone of the clocks within 
region R; the following statements apply: 

(i) Signals from each of the other (N /2 - 2) clocks within R arrive 
later by an amount /lr, thus tending to make this clock run 
slower. 

(il:) To balance this tendency, signals from bar clock #2 must arrive 
earlier by an amount (N /2 - 2)/lr; i.e., the phase of bar clock 
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#2 must advance with respect to that of each clock within R 
by an amount (N /2 - 1)fLlT. 

Next consider bar clock #2; the following statements apply: 
(i) Signals from each of the (N /2 - 1) clocks within R arrive later 

by an amount (N /2) LlT, thus tending to make this clock run 
slower. 

(ii) To balance this tendency, the signal from bar clock #1 must, 
then, arrive earlier by an amount (N /2 - 1)(N /2)LlT, i.e., the 
phase of bar clock #1 must advance with respect to that of bar 
clock #2 by approximately (N 2 /4)fLlT as suggested above. 

An estimate of the time required to reach equilibrium may be ob­
tained by noting that the initial effect of the step change is to decrease 
the frequency of bar clock #2 by ](.jotlT and to increase that of bar 
clock # 1 by the same amount-resulting in an initial frequency 
difference of 2KfollT. If this difference persisted, an interval of dura­
tion N2/8K would be required to reach equilibrium. The actual ap­
proach to equilibrium is an exponential with time constant T D= 

N2/8K. 
The response'to a ramp change in delay could, if the system equa­

tions were linear, be derived directly from the response to a step 
change. That is, a ramp change is the integral of a step change and 
hence, were the system linear, the response to a ramp change would 
be the integral of the response to a step change. Although the systems 
equations are not linear in the delays, it is assumed that changes are 
slow enough so that a linear approximation is justified. The frequency 
difference tlf12 between the bar clocks is then shown, in the Appendix, 
to be given by the solution of the following linear differential equation: 

where fo is the nominal value of the system frequency. 
In what follows, the effects of delay and free-running frequency 

changes will again be considered separately. 

VIII. EFFECT OF DELAY CHANGE (ADDITIONAL BOUNDS ON GAIN) 

The solution of equation (5), while the delay difference TR - TL is 
changing at a constant rate TD , is shown in the Appendix to be 

At N
2 t . (1 -t/TD) 

.I..l 12 ~ 8 oTD - e , (6) 
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where T D = N 2/8K is the previously suggested time constant. The 
complete solution for ~f12 and for the change .D.¢12 in the phase .dif­
ference between the bar clocks is sketched in Fig. 2 (for the case when 
both t; and tta are large compared with TD)' 

If the "equilibrium" frequency difference 

N 2 

~f I max = 8- forD (7) 

does not exceed the maximum allowable difference iD.jn, i.e., if 

N ~ N = (4~fD)! 
- f fOrD (8) 

then no restriction need be placed on the gain K. However, if N > N f 
then an upper bound, determined from equation (6) with t = t;, is 
forced on K. For (N2/8)forD » t~fD the bound is 

K <K -~. f N>3N = f - 2fo~TD' or ;::;J f • 
(9) 

Similarly, if the "equilibrium" change in phase difference 

(10) 

is less than the allowable change iD.cpn , i.e., if 

N ~ N¢ = (4~¢D)! 
foTD 

(11) 

then K may be chosen arbitrarily. However, if N exceeds N¢ an 
upper bound must be placed on K. When the equilibrium value is 
much larger than the allowable change, the least upper bound is easily 
determined. For, then, the time constant Tn = N2/8K must be made 
long compared with the interval over which the delay disturbance 
persists. The phase difference grows then nearly as if the two halves 
were not connected and hence approaches the value KjotnD.Tn , which 
will not exceed the maximum allowable value provided K meets the 
upper bound 

K < K - ~¢D . f N > 
= ¢ - 2fotD~TD' or ;::;J 3N¢ (12) 

where tD = t; + t!J.T . 
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IX. BOUNDS ON CLOCK STABILITY 

It is assumed that the stabilities of the clocks under consideration 
are such that performance objectives would not be met if the halves 
of the dumbbell were not joined by the bar link (for small numbers of 
clocks this is nearly equivalent to assuming that objectives would 
not be met with all clocks operating independently). Thus, the interval 
during which the free-running frequencies drift and that for which the 
maximum drift persists must both be long compared with the dumbbell 
time constant T D. Hence, the frequency difference between the bar 
clocks approaches (N 2/8K) I F R - F L I , while the change in phase 
difference approaches (N 2/8K) I ~F R - ~F L I . For the assumed model 
these numbers are random variables; however, for purposes of further 
discussion they will be replaced by the values of their standard devia­
tion, i.e., 

and 

Ni . 
~f I max =-F 

8K 
(13) 

(14) 

If the performance 0 bj ective is no slips then !lcp must not exceed 
i!lCPD and hence, from equation (14), the random drift in each clock's 
free-running frequency must satisfy the bound 

4K 
~F < Nl ~cf>D , 

where K must not exceed K. , as given by equation (4), and further, 
if N ~ 3N", , must not exceed K", as given by equation (12). Assuming 
K", < K. (see Section X), the maximum value of ~F Ifo is 

! 
2 ~cf>D ~f. 

~Flfo I max = N~~T. T T N < N", (15) 

2 (~cf>D)2 
N-!-- -f- N ~ 3N"" 

tD~TD 0 

where 
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Similarly, if the performance objective is expressed as a maximum 
slip rate then b./ must not exceed tb./n and hence, from equation (13), 
the rate of random drift in the free-running frequency of each clock 
must satisfy the bound 

. 4K 
F < N! AtD , 

where K must not exceed K. and further, if N ~ 3Nf , must not exceed 
K f as given by equation (9). Assuming K f < K. (see Section X) the 
maximum value of F /to is 

(16) 

where 

X. NUMERICAL EXAMPLE 

Assume that all links are approximately 300 miles in length with a 
nominal delay of 6.5 microseconds per mile and a delay variation of 
0.035 percent per degree Fahrenheit (these values apply to pulp­
insulated cable). In considering the effect of delay change onthe system 
frequency assume a temperature variation of ±40oF, leading to (Ar). ~ 
30 }.Ls. As the worst case condition in the dumbbell configuration, assume 
that the temperature difference between the two halves changes at a 
rate of about 2°F per day for about 1 week, leading to T D ~ 2 X 10- 11 

and ArD ~ 10 }.Ls; and assume that the maximum difference persists 
for about 1 week. 

Assume, also, that the system frequency corresponds to the digital 
sampling rate in D-type PCM channel banks, viz., 8 X 103 frames/ 
second, and that it is to vary by no more than one part in 105 (which 
sets the total allowable free-running frequency drift). Furthermore, 
assume that b.¢n = 1 frame (which is ample allowance for the link 
delay change /ob.rs ;:::::: 1/4 frame) and that b./D is not to exceed one 
part in 109

• 

Under these conditions, the various upper bounds on K are 

Ka = 1/68-1
, 
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K¢ = 5 X 10- 6 8-\ 
K f = 5 X 10-5

8-
1

• 
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If there are to be no slips (performance objective #1), then the 
maXImum allowable random drift in any clock's free running is 

1
4 X 10-5 

--y:j-.a.-
AF I f 0 I max = 2 

2 X 10-9 

--y:j-! -

N < 7 

N ~ 21. 

The first bound corresponds roughly to the performance obtainable 
from relatively inexpensive crystal oscillators. However, the second 
bound, which must be met if the number of clocks exceeds about 20, 
implies atomic standards. . 

Alternatively, if it is the slip rate that is to be bounded (perform­
ance objective #2) then the rate of random drift in any clock's free 
running must not exceed 

[

6 X 10-
5

/ 
---.a.- day 

. N' 
Fifo I max = 

2 X 10-
8

/ 
N! day 

N < 14 

N ~42. 

Again, the first bound is met by relatively inexpensive crystal oscil­
lators while the second, which applies if there are more than about 40 
clocks, implies either the best present day crystals or atomic standards. 

XI. CONCLUDING REMARKS 

It should not be concluded that a mutually synchronized system 
must be designed as described above. For example, although the 
dumbbell configuration represents a worst case, it is perhaps too 
unlikely a case on which to base parameter specifications. Further­
more, the dependence of clock frequency on delay can be eliminated 
with two-sided controls5 (which, however, requires a special data link). 
Alternatively, sufficient reliability without the problems associated 
with a large-dumbbell network might be obtainable from some type of 
hierarchical system-composed, for example, with clocks of varying 
degrees of stability7 ~r of a small number of mutually synchronized 
clocks at a top level with lower levels consisting of a number of 
similar small groups each redundantly slaved to higher levels. Finally, 
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it should be noted that the relatively large phase shift which may 
occur between the bar clocks in the dumbbell configuration could be 
reduced by increasing the "weight" given to the bar link (i.e., by 
increasing the averaging coefficients associated with this link). This, 
however, is not really in the original spirit of mutual synchronization, 
as it requires that the system configuration be known and used in 
determining the averaging coefficients. This introduces administrative 
complications comparable to those involved in reorganizing a master­
slave network. 
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APPENDIX 

Phase and Frequency Difference 't'n the Dumbbell 

It is assumed that the solutions of equation (1) are continuous 
functions of the delays and that frequency changes are slow enough so 
that the approximations 

Pi(t - TJ ~ Pi(t) - fiTi 

are justified. Furthermore, changes in fiTi are assumed dominated by 
changes in delay (i.e., doppler shift) so that fi' in this product, may be 
replaced by the nominal frequency fo. Since the delay T is small 
compared with the response time 11K, i.e., KT « 1, these approxi­
mations appear reasonable. 

The control equation [equation (1)] for the left-hand bar clock 
may, then, be written in the form 

where f L is the arithmetic average of clock frequencies in region L (which 
excludes the bar clock) and, from equation (1), satisfies 

jf = Ff - KfoTL + !/i2 {fl - if}· (18) 

Similarly, for the right-hand bar clock 

(19) 
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where 

(20) 

The network shown in Fig. 3 is equivalent in that it is described by 
the above set of equations. 

With x and y denoting, respectively, the frequency differences II - 12 
and f{ - I~ , it follows from equations (17) through (20) that 

x + K( 1 + ~)x = Ky + F\ - F2 - Klo( TL - TR) (21) 

and 

. + 2K _ 2K + F" F' , KI ( . . ) y N y - N x L - R - 0 TL - TR . (22) 

Eliminating y from equation (21) it follows that x satisfies (for 
N» 1) 

and its solution, subject to the initial conditions x(t = 0) = 0 and 
yet = 0) = 0 which implies x(t = 0)' = (Fl - F2 ) - Klo(TL - TR), is 

x(t) ~ ~2 fO(+L - TR)(l - e- t
/

TD
) + :; (J!\ - F R) 

+ CFL - FI ) - CFR - F2) -Kt 

K(l - 81N2
) e 

where T D = N 2/8K. 

Fig. 3-Equivalent dumbbell configuration. 



2464 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1971 

REFERENCES 

1. Runyon, J. P., "Reciprocal Timing of Time Division Switching Centers," 
U. S. Patent No. 3,050,586, August 21, 1962. 

2. Karnaugh, M., "A Model for the Organic Synchronization of Communications 
Systems," B.S.T.J., 46, No. 10 (December 1966), pp. 1705-1736. 

3. Brilliant, M. B., 'The Determination of Frequency in Systems of Mutually 
Synchronized Oscillators," B.S.T.J., 45, No. 10 (December 1966), pp. 1737-
1748. 

4. Brilliant, M. B., "Dynamic Response of Systems of Mutually Synchronized 
Oscillators," B.S.T.J., 46, No.2 (February 1967), pp. 319-356. 

5. Sandberg, 1. W., "Some Properties of a Nonlinear Model of a System for 
Synchronizing Digital Transmission Networks," B.S.T.J., 48, No.9 (Novem­
ber 1969), pp. 2975-2997. 

6. Candy, J. C., and Karnaugh, M., "Organic Synchronization: Design of the 
Controls and Some Simulation Results," B.S.T.J., 47, No. 2 (February 
1968), pp. 227-259. 

7. Pierce, J. R., "Synchronizing Digital Networks," B.S.T.J., 48, No.3 (March 
1969), pp. 615-636. 



Copyright © 1971 American Telephone and Telegraph Company 
THE BELL SYSTEM TECHNICAL JOURNAL 

Vol. 50, No.7, September, 1971 
Printed in U.S.A. 

A Combinatorial Analysis of the Mail1 
Distributing Frame: Spare Requirements 

for Conversion to Preferential Assignment 
from Random Assignment 

By M. A. SCHUMER 
(Manuscript received September 24, 1970) . 

This paper presents a combinatorial analysis of a nwthematical model 
of the 111 ain Distributing Frame (1I1DF). Results are found concerning 
the amount of additional spare needed to convert a randomly connected 
1I1DF to a preferentially assigned mode of operation. The analysis is first 
perfoT1ned for an Jl!J DF having two sections and serving one class of service. 
The results are subsequently extended to an J1IDF with multiple sections 
and several classes of service. 

1. INTRODUCTION 

The Main Distributing Frame (MDF) is that equipment in a cen­
tral office building whose main function is to permit the flexible inter­
connection of cable from outside the building to central office equip­
ment inside the building. This primary function accounts for most 
of the terminal capacity of a typical MDF. The remaining capacity 
serves a wide variety of other cross-connecting functions ranging 
from tying together two outside plant cable pairs to cross-connecting 
two or more pieces of central office equipment. 

The conventional MDF is a double-sided steel structure with pro­
tectors or terminal strips mounted on one side, and terminal strips on 
the other. These are referred to as the "verticals" and "horizontals" 
due to their mounting orientation. The vertical side is the part of the 
MDF where the 9utside cable is terminated. The horizontal side is the 
part of the MDF where cables, which connect to the equipment of a 
central office (mainly line and trunk equipment), are usually termi­
nated. To provide the maximum capacity of interconnections as well 
as complete flexibility in the connection of any outside plant equip­
ment to any central office equipment, administration of the MDF 
must result in small numbers of long cross-connections. This can only 

2465 
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be accomplished by having the outside plant terminals opposite or 
nearly opposite the central office equipment terminals. The MDF at 
present is handled on a completely manual basis by framemen and 
framewomen who connect and disconnect the large number of wires 
which terminate on the MDF. 

Cables terminated on the vertical side of the MDF are connected to 
the horizontal side by wires referred to as "cross-connections" or 
"jumpers." Where the outside plant terminals are not directly opposite 
the central office equipment terminals, these wires are run along hori­
zontal shelves in order to connect these vertical and horizontal ter­
minals together. Presently, assignment of outside plant terminals to 
central office equipment terminals is on a random basis, i.e., no attempt 
is made to make assignments so that jumper lengths are kept to a 
practical minimum. Therefore, when cross-connections become too 
numerous or too long they accumulate excessively, become unmanage­
able, and exceed the capacity (jumper volume) of the horizontal 
shelves. 

One proposed method of keeping cross-connections short is the use 
of preferential assignment. In this mode of operation the MDF is 
divided into several zones, and records are kept which show in which 
zones cables and central office equipment are terminated. When con­
nections are to be made, for example, between a cable pair and line 
circuit, a cable pair is first selected based on outside plant economics 
and availability. Then, line equipment is selected which is located in 
the same zone as the cable pair or in the closest zone to it. This 
method reduces jumper pileup and increases the MDF capacity. There 
arises the question of how many additional spare terminals and, 
therefore, how much central office equipment is required to convert 
from a randomly connected MDF to a preferentially assigned mode of 
operation. Although some people may feel that a prohibitive amount 
of spare would be needed, the following sections show that under the 
specified conditions a relatively small amount of spare is required by 
this conversion. 

The approach used in this analysis is the following. Initially, it is 
assumed that there is a single class of service on the MDF. Given the 
initial number of wires which cross from one zone to another, and a 
model for the introduction of preferential assignment, the probability 
of exhausting spare in at least one zone can be found exactly for a 
2-zone MDF and bounded for the general case. Since running a few 
jumpers between zones is not considered a problem, this probability 
is an upper bound on the probability of the MDF encountering trouble 
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while converting to preferential assignment. For a given probability 
of MDF trouble, we can, therefore, find an upper bound on the 
amount of spare equipment required by conversion. If the number of 
zone crossings is not known for a randomly connected MDF, the 
probability of exhausting spare can be averaged over the joint prob­
ability of the number of crossovers of each kind. 

When dealing with several classes of service," each service can be 
treated as a separate MDF with its own zone structure. To do this we 
make a simplifying assumption about the manner in which changes 
in service occur. 

It should be noted that the analysis performed here finds the addi­
tional spare required initially for conversion to preferential assign­
ment. However, once the conversion is completed, all that is needed is 
some small amount of spare to effectively administer service changes. 

II. DISTRIBUTION OF CROSSOVERS IN A 2-Z0NE MDF 

In this section and in the next section, a model is developed for a 
2-zone MDF. This model can be used to determine how much spare 
is required for conversion to preferential assignment. In later sections 
the more general and more useful case of multizone MDF is considered. 

As illustrated in Fig. 1, zone 1 and zone 2 of the MDF terminate 
N1 and N2 outside plant cable pairs (side 0) respectively. On the 
inside plant side (side I) there are N1 + 81 and N2 + 82 terminals 

SIDE 0 

N, 

z, 

n, CROSSOVERS 

SIDE I 

Fig. 1-Model of a 2-zone MDF. 

* This term usually refers to the class of subscriber's line. Here this term will be 
used in a more general sense and will refer to various classes of all equipment 
or cable pairs terminated on the MDF. 
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respectively. 81 and 82 are the nominal number of spare equipment 
terminals available for each zone of the MDF. 

First, assume that the MDF is used to capacity (i.e., all N1 + N2 
outside plant terminals are connected to equipment or inside plant 
terminals). Further, assume that the terminals are randomly con­
nected. We wish to find the probability p (nl, n2) of having exactly nl 
jumpers crossing from side 0 of zone 1 to side I of zone 2, and exactly 
~2 jumpers crossing from side 0 of zone 2 to side I of zone 1. This 
situation is illustrated in Fig. 1. After finding a suitable model to 
account for preferential assignment, the probability of exhausting 
spare at any time during the implementation of preferential assign­
ment will be found using p (n1 , n2)' This will be done in Section III. 

In order to calculate p (nl, n2) we assume all possible ways, W o , to 
wire the MDF are equally likely (random connections). p (n1 , n2) is, 
then, the ratio of W (n1 , n2), the total number of ways to connect the 
MDF with n1 and n2 crossovers of the respective types, to Woo 

First, let us find Woo As a first step, we choose at random Nl + N2 
terminals of side I to be used. We can do this in C (T, N) * ways where 
T = N1 + 81 + N2 + 82 and N = N1 + N 2 • In addition, we will use 
the following notation: 8 = 81 + 82 , T1 = 81 + Nl , and T2 = 82 + 
N2 . Now let us permute the N terminals we are using; there are N! 
ways. Since the two operations of choosing and permuting are inde­
pendent, the total number of ways to connect the MDF is the product 
of the separate enumerations, or . 

Wo = N! CCT, N) = TV 8!. (1) 

Next, W (n1 , n2) is found as follows. First, let us choose n2 terminals 
from side I of zone 1, which will accommodate jumpers from side 0 
of zone 2. There are C (T1 , n2) distinct ways to make this choice. 
Likewise, there are C (T2 ,n1) distinct ways of making the analogous 
choice for zone 2. Now zone 1 has N 1 -n1 unused terminals on side 0 
which will require direct connection to the remaining terminals of side 
I of zone 1. There are Tl -n2 unused terminals on side I of zone 1 
(~ have been used to connect to side 0 of zone 2). Therefore, there 
are C(T1 -n2, .J.V:1 -n1) possible ways to make direct connection in 
zone 1. Similarly, the direct connection in zone 2 can be made in any 
of C (T2 -n1, N2 -n2) ways. Thus far, N1 terminals from side I 
(N1 -n2 from zone 1 and n2 from zone 2) have been chosen for con-

* C(n, k) = (:) = n!/k!(n - k)! 
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nection to the Nl terminals on side 0 of zone 1. Upon choosing the Nl 
terminals, each permutation of ~he chosen terminals corresponds to a 
unique configuration. There are Nl! such permutations. Similarly, 
there are N2 ! permutations for the N z terminals of side 0 of zone 2. 
Since each of the enumerations listed above is independent of the 
others, the total number of configurations, W (nl , nz), is the product 
of each of the individual enumerations or 

W(nl ,n2) = C(TI , n2)C(T2 , n1)C(Tl - n2 , Nl - nl) 

·C(T2 - n 1 , N2 - n2)N1! N2!. 

Upon expanding into factorials, simplifying, and regrouping, we have 

(2) 

p(nl , n2) is the ratio W(nl , n2)/WO or 

p(nl' n2) = C(Nl' n1)C(N2, n2)C(8, 81 + nl - n2)/C(T, Tl)' (3) 

III. PROBABILITY OF EXHAUSTING SPARE IN A 2-Z0NE MDF 

Now suppose that a 2-section MDF has nl and n2 crossovers of the 
two types discussed above; and that it is decided to begin using prefer­
ential assignment. Note that simplifying assumptions are made that 
the MDF is filled to capacity (i.e.,all Nl + N2 outside plant terminals 
are connected to equipment or inside plant terminals) and that all 
lines have the same class of service." 

With preferential assignment, the desire is to keep all jumpers within 
the zone, i.e., not to have crossovers from one zone to. another. Suppose 
a change occurs for a jumper which does not cross the boundary. If no 
spare is available in that zone, the change cannot occur (unless the 
boundary is crossed, which we will assume is not allowed). However, 
if a spare is available, there will be just as much spare available after 
the change. Clearly then, a change for such a line does not affect the 
total amount of available spare. Therefore, since our goal is to find 
the probability of running out of spare while implementing prefer­
ential assignment, we need only consider the nl + n2 lines that cross 
the boundary between sections. 

Since we start with nl crossovers from side 0 of zone 1 to side I of 

* It is shown in a later section that under certain restricting conditions, the 
results for a single class of service can be extended to the case of many classes 
of service. 
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zone 2 and with n2 crossovers from side 0 of zone 2 to side I of zone 1, 
the number of remaining spare terminals (on side I) is 81 + nl - n2 for 
zone 1 and 82 + n2 - nl for zone 2. The process of changing service 
for the nl + n2 ~ines can be described as a, random walk starting at 
(0, 0) with til + n2 epochs. 'At each epoch (corresponding to a, change 
for one of 'the nl + n2 lines) we move to the right and one step up if 
one of the nl lines has a change, and a step down if one of the n2 lines 
has a change. We denote the location of a point on the path by 
(hr , r) where hr is the height at epoch r. This situation is described 
in Fig. 2. The final point of the random walk will, in all cases, be 
(nl - n2, nl + n2) as illustrated in Fig. 2. Each step up in the random 
walk brings zone ,lone step closer to running out of spare and zone 2 
one step further from running out of spare, and conversely for steps 
down. The probability of exhausting spare, Pr{ exhaust/nl , n2}, is then 
the probability tha't a randomly chosen path from (0, 0) to (nl - n2, 
nl + n2) (there are C (nl + n2, nl) such paths) touches or crosses 
one or: both of the boundaries at height 81 + nl -' n2 and height 
- 82 + nl - 1't2 . 

More precisely stated, our problem is to determine the probability 

Pr {exhaust/n1 , n2} = 1 - Pr {-82 + nl - n2 < hr < 8 1 + n 1 - n2 

for r = 1,2, ... ,n1 +n2}. (4) 

As discussed in Appendix A, this problem is equivalent to a form of 
the ballot problem! arid the solution to our problem becomes 

Pr {exhaust/nl ,n2} = 1 - L [C(nl + n 2 ,n2 - k8) 
k 

- C(nl + n2 , 8 1 + nl + k8)J/C(nl + n 2 ,n1) (5) 
i 

where the summations are over all integers (positive, negative, and 
zero) for which the summands exist. 

If we know nl ~nd n2 in advance this is the desired result. Howflyer, 
if we do not have this knowledge (e.g., if we do not wish to count all 
of the crossovers) this result should be weighted by the joint prob­
ability of nl and n2. Now let us assume that we have no a priori 
information about nl and n2. To find the probability of exhausting 
spare, equation (5) is weighted by p (nl , n2) , i.e., 

Pr {exhaust} = 1 - L: L: Pr{ exhaust/n1 ,n2 }p(nl ,n2). (6) 

Substituting equations (3) and (4) into equation (6) and simplify­
ing yields 
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SPARE EXHAUST 

Sl+ nl- n2 I-------+-~~-----------

-S2+ n1 -n"2 1---------------------

Fig. 2-Random walk model for a 2-zone MDF. 

Pr {exhaust} 

= 1 - ~ ~ { f: [C(n, + n, , n, - kSl - C(n, + n, , S, + n, + kSlJ 

X C(N1 ,n1)C(N2 ,n2)C(S, S1 + n1 - n2)}. 
C(nl + n2 , n1)C(T, T1) 

(7) 

Expanding binomial coefficients in terms of factorials, simplifying, and 
regrouping yields 

Pr {exhaust} 

= 1 _ 1 
C(N1 + N2 , N 1)C(T, T 1 ) 

X L L L [C(Nl + N2 , Nl + kS)C(S, S1 + n1 - n2) 
1l,t n2 k 

X C(N2 - kS, n2 - kS)C(N1 + kS, N1 - n1) 

- C(N1 + N2 , Tl + kS)C(S, S1 + n1 - n2) 

X C(T1 + kS, Nl - n])C(N2 - S1 - kS, n2 - S1 - kS)]. (8) 

At this point the order of summation is interchanged, summing first 
with respect to nl then with respect to n2. In each case the basic 
combinatorial identity of Appendix B [equation (23)] is used with 
the final result: 
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Pr {exhaust} 

L [C(T, T1-kS)C(N, N 2 -kS)-C(T, N1-kS)C(N, T1+kS)] 
= 1 _ ~k ________________ ~ ____ ~~--~----------------__ 

C(T, Tt)C(N, N1) 
(9) 

As an example of the result of this equation, see Fig: 3. The curves are 
plots of Pr{exhaust} versus nominal percent spare, S (8 = S/N) , for 
2-zone (equal size) MDFs with 104

, 105
, and 106 lines* and one class 

of service. 
Equation (9) gives the probability of exhausting spare in one or 

both of the two zones. To find the probability of exhausting in a single 
zone, say zone 1, we wish to find the probability 

Pr {Zl exhausts} = L L Pr {Zl exhausts/n1 ,n2 }p(n1 , n 2). 

The probability conditioned on nl and n2 can be written 

Pr {Zl exhausts/n1 ,n2 } = 1 - Pr {h r < Sl + n 1 - n2 

for r = 1, 2, ... , n1 + n2}. (10) 

As discussed in Appendix A this is a. one-sided ballot problem1 with 
solution 

1.0 I'"""'o:""--.:----r------=~_____r------__r-------__r--------__, 

w-
0:: 

~ 0.8~~--~--~------_4--~----_+--------_+--------~ 
t:J 
Z 

f=~ 
~ ~ 0.6 1---4-------\--I--------_+-------T--__+----------+--------___t 
<t:<t: 
~I 
W X 
u.. W 
o i: 0.4 ~-+-------lI---------+--------_4~.,_____----_+--------~ 
~D­
:::i 
iIi 
<t: 0.21---4------~~----_+--------__+------~~--------___t 

CD 
o 
0:: 
(L 

0.4 0.8 1.2 1.6 2.0 
NOMINAL PERCENT SPARE, SX 100 

Fig. 3-Probability of exhausting spare vs nominal percent spare for a 2-zone 
(equal size) MDF. 

* Note that "line" is bein!! used here to mean cable termination of any kind 
on the MDF. ~ . 
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C(nl + n 2 , 8 1 + n 1) 

C(nl + n 2 , n 1) 
Pr {ZI exhausts/n1 ,n2 } 

Again, if we know nl and n2 exactly, then this is the desired solution. 
However, we assume no such a priori knowledge, and upon multiply­
ing by p (nl' n2) and summing over nl and n2 (as we did for 
Pr{ exhaust} ) , the result is 

Pr {ZI exhausts} C(T2 + N2 , N2 - 8 1) 

C(T2 + N2 , N2) 
(11) 

Figure 4 shows plots of equation (11) for zones which comprise one­
half of an MDF with 10\ 105

, and 106 lines and one class of service. 
In the case of a 2-zone MDF, an exact solution has been found for 

the probability of exhausting spare in the entire MDF and for the 
probability that a particular zone exhausts spare. As will be shown in 
the next two sections, the general solution for the probability for 
exhausting spare in an M -section MDF is difficult to find. Ins,tead, the 
result [equation (11)] for a particular section can be used to find 
upper and lower bounds on the desired probability. 

IV. DISTRIBUTION OF CROSSOVERS IN AN M-ZONE MDF 

In this section the distribution of crossovers for an M -zone MDF 
with a single class of service is found in much the same way as it was 
found for a 2-zone MDF in Section II. 

,-"-, 1.0___=:=-----r------.------.-----,---------. 
WCf) 
Zf-

8~ 
<{ 

~ ~ 0.81-+~r_---~..,._---+__----+__----+_---_____1 

-lW 
:::>~ 
Uw 
i=6 
~ N 0,6 f---\--\--f--------"..----f------f------+----------j 
0.. '-v-' 
<{ ~ 
f-CL 
1 ~ 0.41--+--~-+__----+__-----"'..,._--+__----+_---_____1 
f-<{ 
>-0.. 
f-Cf) 

:::q~ 
en Cf) 0.21---4--------"r------I------l----"'-o;;:------+__------I 
<{::J 
tIl<{ 
OI 
a:: x 
o..w 

0.4 0.8 1.2 
NOMINAL PERCENT SPARE, S X 100 

1.6 2.0 

Fig. 4-Probability that a particular zone exhausts spare vs nominal percent 
spare for a 2-zone (equal size) MDF. 
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The configuration of the M -zone MDF is illustrated in Fig. 5. For 
simplicity, the following notation will be used: 

M 

S = L: Si , 
i=1 

M 

T = L: Ti . 
i=1 

In addition, we define nij to be the number of crossovers from side 0 of 
zone i to side I of zone j with nii = 0 by definition. In this case the 
number of distinct ways to wire the MDF is again given by Wo of 
equation (1), using the more general definitions of T and S above. 

Now we must determine for a given matrix {nij} of crossovers the 
number, W ({ nij}) , of distinct. connections of the MDF that have 
{nij} crossovers of each type. Let us concentrate on the ith zone. Side 
I of this zone must supply the other zones with ~k nki terminals to con­
nect to side 0 of those zones. The number of ways to do this is 

where the summation is from k = 1 to k = M. As far as direct con­
nections are concerned, Ni - ~k nik terminals must be chosen from the 
Ni + Si - ~k nki terminals remaining on side 1. This may be done in 
C [Ti - ~k nki, Ni - ~k nik] ways. In addition, after choosing the 
particular terminals to be connected, the Ni terminals on side 0 of zone 
i can be permuted in N i ! ways. Each of the choices mentioned above 

SIDE 0 jjL CROSSOVERS 

/ NM 
-----'-"77--7"-/-

I 

Z, 

SIDE I 

Fig. 5-Model of an M-zone MDF. 
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is independent for each zone. Therefore, the number of ways to con­
nect the MDF with {nij} crossovers is the product of the three num­
bers enumerated above for each zone, viz., 

lIf 

W({nii}) = II C(Ti - L nki , Ni - L nik)Ni ! 
i=l k k 

. ('1\ ; nli , n2i , ... ,n.lli , Ti - L nkJ. 
i 

The pro ba bility, p ( {nij} ), of having {nij} crossovers is equal to the 
ratio W ( {nij} ) /Wo or upon regrouping 

p( {nii}) 

(S; 8 1+ L (nlk-nkl) , S2+ L (n2k- nk2) , ... ,SlIf+ L (nll/k-nkllf» 
k k k 

M 

X II (Ni ; nil, ni2 , ... ,nillf , Ni - L: nik)' (12) 
i=l k 

Equation (12) is, then, the distribution of crossovers for an M-zone 
MDF. Equation (12) reduces to equation (3) for M = 2, in which 
case 12.12 = n1 and n21 = n2 • 

V. PROBABILITY OF EXHAUSTING SPARE IN AN M-ZONE MDF 

The remarks about the random walk model of Section III can be 
generalized in the following way. Let there be a random walk for each 
zone starting at (0, 0). The number of epochs is equal to the total 
number of crossovers, viz., ~i ~j nij. For zone i, the height of the ran­
dom walk at epoch r is hir • Each' of the M random walks moves one 
step to the right at each epoch. In addition, each random walk moves 
up each time sp[tre is reduced and down when spare is increased in its 
corresponding zone. Thus, at each epoch one walk moves up, one moves 
down, and the others exhibit no change in height. Each random walk 
has associated with it a boundary, Si + ~j nij - ~j nji, and there is a 
further restriction that each walk reach the final point [~i ~j nij, 

~j nij - ~j njd. The probability that the' MDF exhausts is 

Pr {exhaust} = 1 - Pr {hiT < Si + L: (nii - nii) 
i 

for all i = 1, 2, ... , M 

and for all r = 1,2, ... , L L nid· (13) 
i i 
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This problem is equivalent to an M candidate ballot problem as 
described in Appendix C. This problem, unlike the simpler ballot 
problems of Appendix A, is as yet unsolved. However, upper and lower 
bounds for equation (13) can be f<:gmd, as shown in the next section. 

VI. BOUNDS ON THE PROBABILITY OF EXHAUSTING SPARE IN AN M-ZONE 

MDF 

In this section, the result [equation (11)] for the probability of 
exhausting spare in a single zone is used to find upper and lower 
bounds on the probability of exhausting spare in an M-zone MDF. 

If we denote the M zones by Zl , Z2' ... , ZM , we have 

Pr {exhaust} = Pr {Zl or Z2 or ... or ZM exhausts}. (14) 

For simplicity let us assume that zones are indistinguishable, * i.e., that 
Nl = 'N2 = ... = NM and that 8 1 = 8 2 = ... = 8M . Nbwequation 
(14) can be rewritten as2 

Pr {exhaust} = M Pr {Zl exhausts} - G(JJ1, 2) Pr {Zl and Z2 exhaust} 

+ G(M, 3) Pr {Zl and Z2 and Z3 exhaust} + ... 
+ (_l)M-l Pr {Zl and Z2 and··· and ZM exhaust}. (15) 

Successive partial sums of equation (15) oscillate about Pr {exhaust} 
and in particular 

M Pr {Zl exhausts} ~ Pr {exhaust} ~ M Pr {Zl exhausts} 

M(M - 1) 
- 2 Pr {Zl and Z2 exhaust}. (16) 

Given a randomly wired MDF, a zone is less likely to exhaust if it is 
known that another zone has exhausted, i.e., 

Pr {Zl exhaustsjZ2 exhausts} ~ Pr {Zl exhausts} 

and so 

Pr {Zl and Z2 exhaust} ~ Pr {Zl exhausts} Pr {Z2 exhausts}. 

Substituting into equation (16) and recalling that Pr {Z 1 exhausts} 
Pr {Z2 exhausts} (since the zones are of equal size) yields 

lYI Pr {Z 1 exhausts} ~ Pr {exhaust} ~ M Pr {Z 1 exhausts} 

* This assumes an even spread of equipment, which is not necessarily true in 
practice but can be approximately achieved through retermination of equipment. 
Retermination to achieve spreading has been done to enhance the effeeliveness 
of preferential assignment. 
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M(M - 1) 
- 2 (Pr {Zl exhausts})2. (17) 

Equation (11) gives Pr{Zl exhausts} for a 2-zone MDF. One can con­
sider the M-zone MDF as having two zones, one with Nl terminals 
and Sl spares and the second with (M - 1)N1 terminals and (M - 1)81 

spares. Thus, in equation (17), 

(18) 

and with the substitution, equation (17) gives the resulting upper and 
lower bounds for the probability of exhausting spare in any section of 
a multizone MDF with a single class of service. 

As an example of the results that can be obtained from equation 
(17), Fig. 6 shows plots of the upper and lower bounds on Pr{exhaust} 
for 10-section MDFs having 10\ 105, and 106 lines. The upper bound 
is shown as a solid line and the lower bound is shown as a dashed line 
and is incompletely drawn. Figure 7 shows plots of bounds on 
Pr{ exhaust} for 104

-, 105-, and 106-line MDFs with 103-line zones. 
Pr{ exhaust} for a 105-line 1VIDF with 5, 10, and 20 zones is plotted 
in Fig. 8. The meaning of these results will be discussed in greater 
detail in Section VIII. 
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VII. SEVERAL CLASSES OF SERVICE 

The analysis up to this point has considered a single class of service. 
The results for one class of service can be extended to the case of sev­
eral classes of service, CS1 , CS2 , ••• , asp, if we assume that a cable 
pair is always used for the same class of service. Then each class of 
service can be considered to comprise its own sub-MDF. This is also 
true for the less restrictive assumptions which follow. 

Assume first that the working and spare equipment for each service 
is evenly distributed throughout the M zones of the MDF. In addition, 
assume that whenever a customer in zone Zi requests a change in 
service fromCSj to CSk , another customer in Zi makes the symmetric 
request for change from CSk to CSj .* 

With these assumptions, we can consider the single M -zone MDF 
with P classes of service to consist of P sub-MDFs each with a single 
class of service and M zones. Side 0 of each of the P sub-MDFs is com­
prised of the terminals equipped for that particular class of service: 
At any time, side I of each of the P sub-MDFs consists of all side I 
terminals of the total MDF which are connected to equipment of the 
particular class of service for that sub-MDF. 

* This is .unlikely to always b!'l true in an instantan~ous sen~. ~o.w~,:e;-h~ !s 
reasonable In an average sense If the make-up of serVICes on we Wlial lYllJJ.1 IS 

stationary. 
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As an example of the use of this analysis, consider the following 
case. A 100,OOO-line MDF has three classes of service. Class A serves 
70,000 lines, class B serves 25,000 lines, and class C serves 5,000 lines. 
As described above, each class of service can be assumed, for the pur­
pose of analysis, to comprise its own sub-MDF. Suppose a 10-zone 
preferential assignment procedure is introduced. After considering each 
class of service as having its own sub-MDF and applying the analysis 
of Section VI, we find the results illustrated in Fig. 9. 

To assure negligible Pr{ exhaust} during conversion to preferential 
assignment class A needs about 3 percent spare (2100 equipped spare 
terminals), class B requires about 5 percent spare (1250 equipped 
spare terminals), and class C requires about 12 percent spare (600 
equipped spare terminals). Further, if there were only one class of 
service, Fig. 6 shows that about 2.5 percent spare would be required 
or 2500 equipped spare terminals as compared to 3950 for our example 
with three classes of service. 

Thus, we can conclude that for a given MDF size, multiple classes 
of service require more spare equipment to convert to preferential 
assignment. Furthermore, just as a small MDF requires more percent 
spare than a larger MDF, a class of service provided to a small number 
of lines in an MDF requires more percent spare than a class serving 
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more lines. Thus, there is an economy of scale for spare equipment 
during conversion to preferential assignment. 

VIII. DISCUSSION OF RESULTS 

From Fig. 6 we see that for an MDF serving lines with the same 
class of service, Pr{ exhaust} is negligible in a 10-zone, l06-line MDF 
if we have about 1 percent spare. For a 10-zone, 105-line MDF about 
2.5 percent spare is sufficient and for a 10-zone, 104-line MDF about 
8 percent spare is required. Thus, if we fix the number of zones, the 
required percent spare decreases as the size of the MDF increases. On 
the other hand, if, as in Fig. 7, zone size is fixed at say 103 lines, larger 
MDFs require more percent spare to attain the same value of Pr{ ex­
haust}. 

Figure 8 illustrates the effect of zone size on an MDF of a given 
size. For a 105-line MDF, 5 zones require about 1.75 percent spare 
for negligible Pr{exhaust}. If we have 10 zones, about 2.5 percent spare 
is required, while about 4 percent spare is required for 20 zones. 

It should be remembered that an MDF will not be in trouble simply 
because spare has exhausted. Running a "few" jumpers across the 
boundary between zones is not considered a problem. Trouble occurs 
when this happens too often. Thus, the spare requirements stated 
above, based on Pr{ exhaust}, are really upper bounds on the spare 
required for conversion to preferential assignment. We can heuristically 
say that the tightness of Pr{ exhaust} as an upper bound on the prob-
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ability of trouble increases with the size of the MDF. This is due to 
the fact that running jumpers between zones is more detrimental to 
larger MDFs. 

In addition to analyzing a single class of service, a method for 
analyzing the case of multiple classes of service has been discussed. 
The results indicate that multiple classes increase the need for in­
creased spare, since smaller classes require more percent spare than 
larger classes. It should be noted that the remark that Pr{ exhaust} 
is a better upper bound for larger MDFs carries over to multiple 
classes of service. Specifically, Pr{ exhaust} is a tighter upper bound 
for the probability of getting into trouble for a class of service which 
serves many lines rather than a few lines. 

The example for the case of multiple classes of service treated three 
relatively small classes of service. In practice central offices employ 
thirty or more subscriber classes of service, and several hundred other 
classes of cross-connections. If all classes of service were of equal size, 
then spare requirements could become quite large. Usually, however, 
a few classes of service account for most of the terminations on the 
MDF, while the many remaining classes of service have a relatively 
small number of terminations. These less widely used classes would 
require a disproportionate amount of spare equipment. However, if 
less spare were provided for these classes, the resulting number of long 
cross-connections would be small if such classes constitute a small 
percentage of MDF terminations. 

IX. CONCLUSIONS 

Preferential assignment is a method to reduce the volume of wire 
in the MDF and thus increase the effective MDF capacity. The 
analysis presented here investigates the spare requirements for con­
version of an MDF to preferential assignment from random assign­
ment. Starting with a fully loaded, randomly connected MDF, con­
version to preferential assignment first requires an even distribution 
of circuit types over the MDF. When, as discussed above, a few classes 
of service account for most of the terminations on the MDF, the over­
all percent spare required for conversion to preferential assignment is 
in the order of a few percent. If this assumption is not valid, then 
spare requirements may become relatively large. In either case the 
analysis presented here provides a useful method for estimating spare 
requirements. 
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APPENDIX A 

Ballot Problems and the Solution for a 2-Zone MDF 

As stated in Section III, the problem of finding Pr{ exhaust/nl , n2} 
is equivalent to the ballot problem (Ref. 1, problem 4) which states: 
In a ballot, candidate A scores a votes and candidate B scores b Yotes, 
and all the possible voting records are equally probable. Let c - d < 
b - a < c where 0 < c < d are integers. Denote by ar and f3r the 
number of votes registered for A and B, respectively, among the first 
r yotes recorded. Find the probability 

P = Pr {c - d < f3T - aT < c for r = 1,2, "', a + d}. (19) 

Takacsl shows the solution to be 

P = L [C(a + b, a - kd) - C(a + b, a + c + kd)J/C(a + b, a). (20) 
k 

To apply this solution to the problem at hand, let b = nl , a = n2 , 
c = 81 + nl - n2 , d = Sl + S2 . Also, let f3r be the number of upward 
steps and ar be the number of downward steps after r epochs in the 
random walk model of Fig. 2. Therefore, in the notation of Section III, 

Making these substitutions, we have 

Pr { - 8 2 + n1 - n2 < hr < 8 1 + n1 - n2 for r = 1,2, ... ,n1 + n2} 

= L [C(n1+n2 ,n2-kS)-C(n1+n2 , Sl+n1+kS)]/C(n1+n2 ,n1). 
k 

This is the result reported in equations (4) and (5). 
The problem of finding Pr{ zone 1 exhausts/nl , n2} is equivalent to 

the one-sided ballot problem (Ref. 1, problem 3) which states: In a 
ballot, candidate A scores a votes and candidate B scores b votes, and 
all the possible voting records are equally likely. Let b < a + c where 
c is a positive integer. Let ar and f3r be the number of votes registered 
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for A and B, respectively, among the first r votes recorded. Find the 
probability 

Qc(a, b) = Pr {t3r < a r + c for r = 1,2,,,,, a + b}. 

The solution is shown to be 

Q ( b) = 1 _ C(b, c) 
c a, C(a + c, c) 

Upon making the substitutions that were made for the two-sided 
ballot problem, we have 

P {h 8 + } = 1 _ C(n1 , SI + n 1 - n2) 
r r < 1 n 1 - n 2 (8 S ) C 1 + n 1 , 1 + n 1 - n 2 

After expanding binomial coefficients and regrouping, the result is 

P{h
r 

< 8
1 
+n1 -n2} = 1- C(n1 +n2 , 8 1 +n1) 

C(n1 + n 2 ,n1) 

as reported in equations (10) and (11). 

APPENDIX B 

A Basic Combinatorial Identity 

The basic combinatorial identity 

(21) 

(where r, s, m, and i are integers and the sum is over all integers for 
which the summand exists) is easily proven3 by considering the equa­
tion 

(1 + -xY(1 + x)' = (1 + xY+'. 

Expansion of each term in a binomial series yields 

(22) 

Equating terms on each side of equation (22) with exponent m results 
in equation (21). 

Equation (22) can be expressed in another, more general form. If 
we let i = k + j with k and i integers, equation (22) becomes 
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where the sum is again for all integers for which the summand exists. 
If we further let n, = m - k the result is 

(23) 

APPENDIX C 

An M -Candidate Ballot Problem 

In a ballot there are M candidates, viz., C1 , C2 , ••• , Cj}[ . Each of 
N voters casts a ballot which contains a vote in favor of one candidate 
and a vote against another candidate. Let bi and ai be the total pro 
and con votes for Ci • Let kij be the total number of ballots which have 
a vote for G.l and a vote against Cj . Thus bi = ~j k.ij and a'i = 2.j k ji . 
It is assumed that all possible voting records are equally probable. Let 
f3ir and air be the number of pro and con votes, respectively, registered 
for Ci among the first r ballots recorded. Find the probability 

P = Pr {,Bir - exir < d i for each i = 1, 2, ... ,M 

and for each r = 1,2, ... , Lad. (24) 
i 

Note that 2.iai = ~i bi . 

This problem is equivalent to the random walk model of Section V 
if we let hir = f3ir - air, di = Si + ~j (nij - nji) , and {kij } = {nij}. 

This problem is much more complex than the ballot problems of 
Appendix A, and has not, as far as the author knows, been solved. 
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